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Fractures filled with a proppant monolayer play an important role in the hydraulic fracture network. Predicting the conductivity of
these fractures is the basis of fracture network optimization. However, little attention has been paid to the conductivity of the
proppant monolayer. The change of conductivity under various conditions is currently not fully understood. Therefore, in this
paper, the conductivity variation under different conditions are simulated. The reduction of particle size was calculated by
existing analytical models. The permeability variation was calculated through computational fluid dynamics (CFD) combined
with COMSOL Multiphysics. The controlling factors of conductivity under a proppant monolayer were identified. Simulation
results indicate that elastic parameters, closure pressure, and proppant distribution have significant influence on conductivity,
while creep parameters, such as rock viscosity and time, have limited influence on conductivity. Moreover, the changes in
permeability, porosity, and tortuosity with variation of embedment were analyzed. Results indicated that with an increase in
embedment, the permeability and porosity decrease as expected. The main reduction (nearly half) emerges in the first 20% of
proppant embedment. Furthermore, the permeability of a single particle deviates largely from the prediction of Carman-Kozeny
(CK) equation. The tortuosity of proppant particle increases with a decrease in particle size due to embedment. A modification
of the Carman-Kozeny equation is proposed to address this influence.

1. Introduction

The reserve of oil and gas in conventional and unconven-
tional resources is abundant [1, 2]. Unconventional oil and
gas reservoirs have become the focus of exploration and
exploitation in petroleum industry. Horizontal drilling and
multistage fracturing are widely used in the exploitation of
these reservoirs [3]. Accurately measuring and understand-
ing these technologies are critical for ensuring successful
reservoir exploitation [4]. For hydraulic fracturing, it consists
of initiating, propagating, and maintaining a fracture from
the wellbore to pay zones. Proppants are pumped into the
created fracture along with the fracturing fluid. When the
hydraulic pressure is removed from a well, the surfaces of
fractures compress onto the proppants, creating a high-
permeability pathway in deep rock formations through
which natural gas and oil flow more freely.

The performance of fractured wells is controlled by two
types of parameters. One type of parameters is formation
parameters, such as porosity, permeability, and mechanical
properties [5]. The second type of parameters is fracture
parameters, such as fracture length and fracture conductivity
[6, 7]. Fracture conductivity reflects the transport capacity of
the high permeable channel, which limits the amount of
stimulation achieved from the fracturing treatments of many
wells [8]. It is defined as the product of fracture width and the
apparent permeability of the proppant pack. Results summa-
rized from over 80 field studies show the benefit of increasing
fracture conductivity [9]. As low-quality reservoirs become
the increasingly popular focus, increasing the conductivity
of hydraulic fracture is one of the possible strategies in the
future to improve the fracturing response [10]. Any measures
that intended to increase the fracture conductivity will
increase the cost. The International Energy Agency (IEA)
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indicates that the new worldwide oil and gas infrastructure is
projected to cost US $20 trillion between 2011 and 2035 [11].
However, no matter whether the project is onshore or off-
shore, many oil and gas projects experienced significant cost
overruns [12]. Under the condition of low oil and gas prices,
improving the evaluation efficiency of oil and gas reservoir
quality and optimizing the technical parameters are two
effective ways to cut the cost. Therefore, it is worth optimiz-
ing the fracture conductivity in order to reduce the costs and
improve postfrac performance.

Slick water fracturing is widely used in the development
of tight reservoirs [13]. A complex network of narrow
secondary fractures is generated to extend the contact area
between the network of flow channels and formation. Some
of these narrow fractures are only propped by a proppant
monolayer [14]. Initially, the industry believes that a mono-
layer is difficult to achieve. However, the situation changes
in unconventional reservoirs; many hydraulically activated
shear fractures propagate deeply in the reservoir. These
fractures could only open at a limited width and would
only be poorly propped by a monolayer of proppants.
Therefore, the conductivity of the proppant monolayer is
an important factor in the design and optimization of
hydraulic fracturing.

But little attention has been paid in previous studies.
The dominant factors that affect the conductivity of the
proppant monolayer are not clear. Besides, the prediction
of fracture conductivity is the foundation of fracture
optimization. In order to predict the fracture conductivity
with the proppant monolayer, a good understanding of the
changes of fracture width and permeability of the prop-
pant pack is required. Proppant embedment is the main
cause of fracture width reduction, which can be solved
by the models available in the literatures. On the calcula-
tion of permeability of proppant pack, Carman-Kozeny
(CK) equation was widely used [15–18]. The semiempiri-
cal Carman-Kozeny (CK) equation is the most famous
model that describes the permeability-porosity relation.
However, this relation has many limitations. It assumes
that the porous medium is a packing of identical spheres
and the tortuosity is an empirical constant. Then, when
there is only a proppant monolayer, whether the equation
is still applicable is unclear. Furthermore, after proppant
embedding into rock, the geometry of the proppant is no
longer a circular shape, as shown in Figure 1. How will

this affect the permeability and its deviation from the pre-
diction of CK equation?

Therefore, in this paper, the conductivity of the prop-
pant monolayer was studied. First, computational fluid
dynamic theory is used to study the influencing factors
controlling conductivity under a proppant monolayer.
Then, the permeability of the proppant monolayer with
different levels of embedment was studied. A modification
of CK equation is proposed based on numerical results.
The models and results can provide an insight into the
features and factors controlling the conductivity of the
proppant monolayer.

2. Numerical Methodology

A computational fluid dynamics (CFD) approach was
utilized to model the conductivity reduction due to proppant
embedment. A series of numerical simulation were
performed to study the variation of fracture conductivity
with the proppant monolayer. CFD has been widely used in
studying fluid flow [14, 17, 19, 20]. In this work, COMSOL
Multiphysics was used. If the structure of the medium is
determined, CFD can solve the steady-state Navier–Stokes
equations to obtain the velocity field and then compute the
permeability. Incompressible fluid and laminar flow model
were used, as shown in Table 1.

Actually, CFD simulation of fluid flow inside a field
scale geometry will require large computational efforts,
which exceeds the capacity of most computers. In order
to improve the computational efficiency, three computa-
tional domains were used as the physical model, as shown
in Figure 2. One is a simple regular lattice called face-
centered cubic (FCC) packing. Fluid flow in a FCC pack-
ing was demonstrated to be consistent with the Carman-
Kozeny equation [21]. Therefore, it was used to verify
the model and numerical solution of COMSOL Multiphy-
sics. The second one is a single particle, which is the focus
of this paper. The third one includes multiple particles,

No embedment With embedment

Figure 1: Geometry before and after proppant embedment.

Table 1: Basic parameters for flow simulation.

Model Fluid type Viscosity (mPa·s) Density (kg/m3)

Laminar flow Water 1 1000

2 Geofluids



which are used to study the influence of proppant distri-
bution on conductivity.

The Carman-Kozeny equation is a well-known formula
and a relatively simple way to predict permeability. The per-
meability k can then be expressed as

k = 1
2
ϕ3

s2τ2
, 1

where k is the permeability, m2; ϕ is the porosity, dimension-
less; τ is the tortuosity, dimensionless; and s is the specific
surface area per pore volume, 1/m. If the porous medium is
a packing of identical spheres, then s is given by

s = 6 1 − ϕ

d
, 2

where d is the diameter of particles, m. s in equation (2) does
not consider the influence of embedment. In later calcula-
tion, the definition of s is used to calculate its value. Equation
(2) can be substituted into equation (1) to yield

k = ϕ3

72τ2 1 − ϕ 2 d
2 3

For random packing of spheres with the same radius,
τ2 = 2 5 is commonly used and results in the following
well-known equation:

k = ϕ3

180 1 − ϕ 2 d
2 4

For the numerical simulations, it is assumed that the flow
was three-dimensional, single-phase, and laminar. Each
domain also contains an entrance and an exit on each side.
A constant pressure boundary was used at the inlet. A
constant zero static pressure was used at the outlet. Wall
boundaries were set on the other surfaces. Grid size affects
the accuracy of the numerical simulation. We conducted a
series of calculations with different grid sizes to check the
computational stability and accuracy. Each set of comparison
processes (data in the same figure) used the same mesh to
ensure the convergence and computational speed. Simulation
results indicate that the numerical permeability obtained by

this mesh is 919μm2, the analytical permeability calculated
by CK equation is 928μm2, and the difference is 0.9%.

3. Numerical Results and Discussions

In the reference [15], analytical models were derived to calcu-
late proppant embedment, proppant deformation, change in
fracture aperture, and fracture conductivity. And then, this
model has been improved by Zhang and Hou [16] with con-
sideration of the rock creep deformation. Here, we would like
to give a brief introduction of their models.

Proppant embedment, proppant deformation, and the
change of fracture width were derived as follows:

β = 1 04D1 K2p
1 − v21
E1

2/3
,

h = 1 04D1 K2p
2/3 1 − v21

E1
+ 1 − v22

E2

2/3
−

1 − v21
E1

2/3

+D2
p
E2

,

α = β + h

5

Then, considering creep deformation, these parameters
change to

β = 1 04D1 K2p
1 − v21
E1

1 − et/ η1/E1

2/3
,

h = 1 04D1 K2p
2/3 1 − v21

E1
1 − et/ η1/E1

+ 1 − v22
E2

1 − et/ η2/E2
2/3

−
1 − v21
E1

1 − et/ η1/E1

2/3

+D2
p
E2

1 − et/ η2/E2 ,

6

where β is the deformation of the proppant, mm; D1 is the
diameter of the proppant, mm; D2 is the thickness of rock,
mm; K is the distance coefficient; p is the closure pressure,
MPa; v1 is Poisson’s ratio of the proppant, mm; v2 is

(a) FCC packing (b) Single

particle

(c) Multiple particles

Figure 2: Schematic of the computational domains.
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Poisson’s ratio of rock, mm; E1 is the elastic modulus of the
proppant, MPa; E2 is the elastic modulus of rock, MPa; h is
the value of embedment, mm; α is the change in fracture
aperture, mm; η1 is the proppant viscosity, mPa·s; and η2 is
the rock viscosity, mPa·s.

This paper focuses on the effect of different factors on
the conductivity of the proppant monolayer. Therefore, ana-
lytical models [15, 16] were used to calculate the embed-
ment depth and fracture residual width under different
conditions. Then, fracture conductivity was evaluated by a
CFD method.

3.1. Effect of Elastic Parameters. To investigate the effect of
elastic parameters on fracture conductivity, a normalized
parameter can be defined as follows:

En =
E1
E2

, 7

where E is Young’s modulus (1 is proppant; 2 is rock), Pa.
Simulation tests were carried out with six different closure
pressure values under different En.

Figure 3 shows the relationship between En and normal-
ized conductivity at different stress conditions. The conduc-
tivity after proppant embedment and deformation is
normalized by the conductivity of fracture with a width that
equals the proppant diameter (0.85mm). As shown in the
figure, the conductivity decreases when En increases for all
the cases. With an increase in the proppant elastic modulus
or a decrease in the rock elastic modulus, the fracture con-
ductivity shows an approximately linear decrease. When
the closure pressure is 10MPa, the conductivity decrease
6.66% with an increase in En. However, when the closure is
60MPa, the conductivity decrease 26.91% with an increase
in En. Under high closure pressure, the conductivity is more
sensitive to En. For some reservoirs, such as shale, the rock
elastic modulus will decline when encountered with

fracturing fluid [22]. If the proppant with high elastic modu-
lus is used, the En will become higher too, which would
undoubtedly result in sharp decrease in fracture conductivity.

3.2. Effect of Creep Parameters. Figures 4 and 5 show the
relationship among rock viscosity, closure pressure, and
normalized conductivity. As the rock viscosity increases,
the conductivity increases. It is found that the conductivity
increases relatively obvious when the rock viscosity increases
from 1000mPa·s to 4000mPa·s and gradually levels off when
the rock viscosity is above 4000mPa·s.
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Figure 3: Effect of En on fracture conductivity at different closure
pressures.
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As shown in the figure, the conductivity increases by
4.22% as the rock viscosity increases from 1000mPa·s to
4000mPa·s under 10MPa closure pressure and by 16.62%
when the closure pressure is 60MPa. In the case of low clo-
sure pressure, the increase of rock viscosity does not make a
big difference to the increment of conductivity.

However, the influence of closure pressure on conductiv-
ity is significant. As shown in Figures 4 and 5, the conductiv-
ity decreases by 44.1% as the closure pressure increases from
10MPa to 60MPa with 1000mPa·s rock viscosity and by
35.78% when the rock viscosity is 10000mPa·s.

Besides, as shown in Figures 6 and 7, the conductivity
decreases by 11.93% as the time increases from 100 d to
600 d at rock viscosity of 1000mPa·s and by 8.07% when

the rock viscosity is 10000mPa·s. The time does not have a
significant influence on conductivity.

3.3. Effect of Diameter and Distribution of the Proppant.
Figures 8 and 9 show the relationship among proppant diam-
eter, closure pressure, and normalized conductivity. As the
proppant diameter increases, the conductivity increases
sharply. The relationship between the particle size and con-
ductivity satisfies the power function.

As shown in Figures 8 and 9, the conductivity increases
by 49.00% as the closure pressure increases from 10MPa to
60MPa with a proppant diameter of 0.2mm and by 28.87%
when the proppant diameter is 0.85mm.
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Several proppant distribution cases were simulated as
shown in Figure 10. When considering proppant embed-
ment, the changes of physical models are illustrated in
Figure 11. Simulation results are shown in Figure 12. Embed-
ment ratio is defined as the fraction of the proppant grain
embedment to the initial fracture width (proppant diameter).
As the proppant distribution changes, the conductivity varies
significantly. The patterns of A and E are better than the

other ones. The results demonstrate that the discontinuous
proppant placement is better than continuous placement
under different embedment ratios.

3.4. Modification of Carman-Kozeny Equation. Carman-
Kozeny equation can be used to calculate the conductivity
as evidenced in many analytical models, such as reference
[15]. However, as described before, the Carman-Kozeny

Flow in Flow out

(a)

Flow in

Flow out

(b)

Flow in Flow out

(c)

Flow in

Flow out

(d)

Flow outFlow in

(e)

Figure 10: Illustration of five proppant distributions.

Flow in

Embedment ratio 0%

Embedment ratio 40%

Embedment ratio 20%

Embedment ratio 60%

Flow in

Flow in

Flow in

Flow out

Flow out

Flow out

Flow out

Figure 11: Illustration of different embedment ratios for distribution (a) in Figure 10.
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equation does not consider the particle size change resulted
from embedment. A modification of the CK equation is pro-
posed based on numerical results.

Three particle sizes were simulated, ranging from 212μm
to 840μm (70 mesh to 20 mesh). The results are shown in
Figure 13. The permeability is normalized against the perme-
ability of a channel with the maximum initial fracture width,
which is the initial permeability of 20-mesh proppant-
supported fracture. The permeability can be affected by the
proppant size and the embedment ratio. With an increase

in proppant size and a decrease in the embedment ratio,
the permeability increases. For the proppant monolayer, the
permeability reduces to its half when the embedment ratio
increases to nearly 20%. Proppant has two embedment
mechanisms, elastic embedment and creep embedment
[16]. The fracture will keep closing under creep deformation.

Furthermore, results show that with an increase in the
embedment ratio, the porosity decreases and the specific sur-
face area remains constant, as shown in Figure 14. When the
porosity decreases to a certain value, the decreased amplitude
reduces. After the proppant embedment increases to 90%,
the porosity reduces to 20%. From equation (1), the
decreased porosity will also lead to a decrease in permeabil-
ity. However, the prediction of the CK equation is still larger
than the numerical results.

Therefore, tortuosity induces the difference. Previous
researches showed that tortuosity will change with porosity
[23]. Under each different situation, they meet a specific rela-
tionship. Four equations are used to fit the relationship
between porosity and tortuosity. Their results are shown in
Figure 15.

τ = a ⋅ e−b⋅ϕ, 8

τ = 1 − ϕ a

ϕb
, 9

τ = 1 − ϕ a

ϕb
+ c ⋅ ee⋅ϕ, 10

τ = 1
a + bϕ + ceϕ

11

Results are summarized in Table 2. It can be seen that all
the equations’ calculations fit the numerical results well with
a R2 > 0 9. Equation (11) achieves the best fitting with a
R2 = 1. However, when these results were used in the per-
meability calculation, only equation (11) matches well with
the results, as shown in Figure 16.

4. Conclusions

We have conducted a numerical study on the fracture
conductivity change caused by proppant embedment. Sim-
ulation results enhance the understanding of the conduc-
tivity variation under proppant monolayer condition. The
following conclusions can be summarized according to
the present study:

(1) Simulation results indicate that elastic parameters,
closure pressure, and proppant distribution have sig-
nificant influence on conductivity, while creep
parameters, such as rock viscosity and time, have lim-
ited influence on conductivity

(2) The numerical results showed that the first 20% of
proppant embedment can cause a significant perme-
ability reduction

(3) For a single proppant particle, with an increase in the
embedment ratio, the porosity decreases and the
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Figure 12: Effect of proppant distribution on conductivity at
different embedment ratios.
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specific surface area keeps constant. After the prop-
pant embedment increases to 90%, there is still 20%
porosity left. Meanwhile, tortuosity of the proppant
monolayer increases with the increase in embedment

(4) The numerical simulation was able to capture the
flow characteristics around the proppant. The per-
meability of a single particle deviates largely from
the prediction of the CK equation. A new correlation
between porosity and tortuosity was proposed to
solve this deviation

(5) The placement of the proppant is very complex,
which brings great difficulty to the prediction of the
fracture conductivity. One should note that in a real
fracture there is no perfect placement with uniform
size throughout a complex fracture network. The
models in this paper focus on the base case of the
proppant monolayer. Any displacement of the
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Table 2: Fitting results for different equations.

Equation a b c e R2

Equation (8) 4277000000000 111.7 — — 0.951

Equation (9) 85.73 16.98 — — 0.986

Equation (10) 116.2 21.82 119.2 −10.63 0.999

Equation (11) 11.48 19.43 −12.63 — 1
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proppant monolayer could be a combination of sin-
gle particle cases. However, the models consider sin-
gle phase, laminar flow, single particle, and their
combination. Any deviation from the assumptions
can make the prediction of the models different from
real cases. It is recommended to develop a more com-
prehensive model by the method given in this paper,
such as multilayers and two-phase flow

Nomenclature

a: Constant
b: Constant
c: Constant
d: Diameter of particles, m
D1: Diameter of the proppant, mm
D2: Thickness of rock, mm
e: Constant
E1: Elastic modulus of the proppant, MPa
E2: Elastic modulus of rock, MPa
En: Dimensionless Young’s modulus
h: Value of embedment, mm
k: Permeability, m2

K: Distance coefficient
p: Closure pressure, MPa
s: Specific surface area, 1/m
τ: Tortuosity, dimensionless
ϕ: Porosity, dimensionless
α: Change in fracture aperture, mm
β: Deformation of the proppant, mm
v1: Poisson’s ratio of the proppant
v2: Poisson’s ratio of rock
η1: Proppant viscosity, mPa·s
η2: Rock viscosity, mPa·s.
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Horizontal well (HW) has been widely applied to enhance well productivity and prevent water coning in the anisotropic reservoir
subject to bottom-water drive. However, the water-cut increases quickly after only one or two years’ production in China while oil
recovery still keeps at a very low level. It becomes a major challenge to effectively estimate production distribution and diagnose
water-influx locations. Ignoring the effect of nonuniform production distribution along wellbore on pressure response may
cause erroneous results especially for water-influx location determination. This paper developed an analytical method to
determine nonuniform production distribution and estimate water-influx sections through well-testing analysis. Each HW is
divided into multiple producing segments (PS) with variable parameters (e.g., location, production, length, and skin factor) in
this model. By using Green’s functions and the Newman-product method, the novel transient pressure solutions of an HW can
be obtained in the anisotropic reservoir with bottom-water drive. Secondly, the influences of nonuniform production-
distribution on type curves are investigated by comparing the multisegment model (MSM) with the whole-segment model
(WSM). Results indicate that the method proposed in this paper enables petroleum operators to interpret parameters of
reservoir and HW more accurately by using well-testing interpretation on the basis of bottom-hole pressure data and further
estimate water-influx sections and nonproducing segments. Additionally, relevant measures can be conducted to enhance oil
production, such as water controlling for water-breakthrough segments and stimulation treatments for nonproducing locations.

1. Introduction

Horizontal well technology is well established for enhancing
well productivity of low-permeability reservoirs, especially
for reservoirs with bottom water or gas cap [1–8] and
unconventional oil and gas resources [9]. However, oil pro-
duction decreases sharply when the water front arrives at the
horizontal wellbore so that well performance is much worse
than expected [10, 11]. How to effectively evaluate the well
performance and reservoir performance becomes significant
[12–14], including estimating production distribution and
diagnosing water-influx segments [15, 16]. On the one hand,
production logging has been carried out to obtain fluid-flow
profiles and determine water breakthrough sections for many
years [17]. Two examples were presented by Al-Behair et al.
[18] to diagnose gas entry intervals by advanced production
logging. Al-Muthana et al. [19] elaborated flow profiles by

using an integrated compact production logging tool. Later,
Bawazir et al. [10] presented three field examples on data
logging in dead horizontal wells and interpretation to pin-
point water-influx intervals. Aibazarov et al. [20] described
how to determine the downhole fluid flow path and further
to optimize water shut-off operations by using integrating
data from spectral noise logging tools and multisensor pro-
duction logging. Over the past few years, many researchers
pinpointed water entry intervals through production logging
[21–36]. On the other hand, another monitoring system can
provide vital data (e.g., pressure and temperature) for water-
influx detection. Marquardt [27] developed the Levenberg-
Marquardt algorithm for inverting temperature and pressure
data into desired inflow rates. Later, several interpretation
studies were conducted on how to obtain production profiles
by matching measurable data (e.g., pressure, temperature,
and density) [28–30]. Bui et al. [31] diagnosed inflow
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behavior in horizontal wells and identified intervals of fluid
influx by examining wellbore pressure sensing at multiple
points. Based on the variation of the pressure gradient in
the wellbore, water influx location can be identified based
on trending analysis according to data delivered by sensors
[32]. Yoshioka et al. [33–35] presented synthetic and field
examples for interpreting the flow profile of single phase
by using the inversion model. Li and Zhu [36] improved this
model and developed a transient, 3D, multiphase reservoir
model to predict pressure and temperature distribution.
However, important data (e.g., pressure, temperature, and
flow rate) at multiple points along the wellbore cannot
be obtained since this monitoring system such as the pro-
duction logging test is difficult to implement in some situ-
ations. Thus, well testing becomes a preferred choice.

Pressure transient analysis (PTA) has been extensively
used for evaluating production performance of horizontal wells
[5, 37–45]. Kamal et al. [44] pointed out that even if the hori-
zontal well is entirely open or perforated, some of the segments
are nonproducing. He et al. [45] and Qin et al. [46] established
a PTA model to estimate the effective producing length and
identify locations of underperforming horizontal segments.
Detailed description about PTA of MSM can be found in
He et al. [45]. Additionally, this phenomenon of nonuni-
form production distribution also exists in multifractured
horizontal wells [47–52]. Some works pointed out that the
phenomenon is mainly caused by reservoir heterogeneity,
formation damage, and selective completion [52, 53].

However, these models are not applicable for an HW in
the reservoir subject to bottom-water drive. To fill this gap,
this paper develops a novel approach to detect water entry
of a horizontal well in a low-permeability bottom-water drive
reservoir considering nonuniform production rate distribu-
tion through PTA.

2. Model

2.1. Physical Model. The physical model is shown in Figure 1.
Some assumptions are needed to derive the practical solu-
tions of this transient-flow model.

(1) There is an MSHW located in the horizontal-slab
reservoir with an upper impermeable stratum and a
lower bottom-water boundary. The formation is
infinite in the horizontal direction. The horizontal-
slab reservoir is considered to be anisotropic and
homogeneous, and it has a constant thickness (h),
permeability (kh = kx = ky and kv = kz in horizontal
and vertical directions), porosity (ϕ), initial reservoir
pressure (pi), and total compressibility (Ct).

(2) The HW is parallel to the x-axis and divided into
multiple segments. The length, production rate, and
skin factor of the ith segment can be defined as Lwi,
qwi, and Swi, and the total length of HW is equal to
L. The point (xwi, ywi, and zwi) is the center of the
ith segment.

(3) The fluid is single-phase, and the total production
rate is q.

(4) The effects of capillary and gravity are ignored.

2.2. Mathematical Model. The transient-flow equation can be
written as

∂2p
∂x2

+ ∂2p
∂y2

+ ∂2p
∂z∗2

= 1
η

∂p
∂t

,

z∗ = z
kh
kv

= z
β
,

ηh =
kh

ϕμCt
,

ηv =
kv
kh

ηh = β2ηh,

1

where z∗ is defined to characterize the permeability hetero-
geneity. ηh and ηv represent the diffusivities in horizontal
and vertical directions, respectively.

(xwi, ywi, zwi)

Lwi

L

Producing
segment 

Nonproducing
segment

X
Y

Z

h

Bottom-water

Impermeable strata

Figure 1: Physical model of MSHW subject to bottom water drive.
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In the horizontal-slab reservoir, the individual horizontal
segment can be considered as a line source with length Lwi.
By use of the instantaneous-source solutions [54, 55] and
the Newman-product principle [56], the pressure drop
caused by the ith segment can be expressed as

Δp x, y, z, t = pi − p x, y, z, t = 1
ϕCt

qwi
Lwi

t

0
GxGyzdτ, 2

where

Gx =
1
2 erf Lwi/2 + x − xwi

4ηhτ
+ erf Lwi/2 − x − xwi

4ηhτ
,

Gyz =
1
4πηhτ

exp −
y − ywi

2

4ηhτ

⋅
2
h∗

〠
∞

n=1
exp −

2n − 1 2π2ηvτ

4h∗2
cos 2n − 1 πzwi

2h

cos 2n − 1 πz
2h ,

h∗ = h
kh
kv

= h
β
,

3

where τ is the time variable and h∗ means the reservoir
thickness considering the effect of anisotropy.

Dimensionless variables are defined by

pD = 2πkhh∗ pi − p x, y, z, t
qμ

,

tD = kht

ϕμCtL
2 = ηh

t

L2
,

h∗D = h∗

L
,

rwD = rw
L
,

xD = x
L
,

yD = y
L
,

zD = z
L
,

xwiD = xwi
L

,

ywiD = ywi
L

,

zwiD = zwi
L

,

LwiD = Lwi
L

,

LDi =
Lwi
h∗

,

CD = C

2πh∗ϕCtL
2 ,

qwiD = qwi
∑N

i=1qwi
4

The analytical solution of pressure drop of an MSHW
subject to bottom water drive can be expressed as

pD xD, yD, zD, tD = 〠
N

i=1
π
qwiD
LwiD

tD

0
GxDGyzDdτD, 5

where

GxD = erf LwiD/2 + xD − xwiD
4tD

+ erf LwiD/2 − xD − xwiD
4tD

,

GyzD = 1
tD

exp −
yD − yyzD

2

4tD

〠
∞

n=1
exp −

2n − 1 2π2β2tD
4h∗2D

cos 2n − 1 πzD
2hD

cos 2n − 1 πzwiD
2hD

6

There exists formation damage around the HW during
the process of drilling, completion, production, and other
operations [52]. The skin factor (S) was introduced by Van
Everdingen [57] to quantitatively characterize the effect of
formation damage on transient-pressure behaviors. The
dimensionless transient-pressure solution considering the
effect of skin factor is

pSD xD, yD, zD, tD = 〠
N

i=1
π

tD

0

qwiD
LwiD

GxDGyzDdτD + qwiD
LDi

Swi ,

7

where Swi means the skin factor of an individual seg-
ment. Van Everdingen and Hurst [58] proposed that the
wellbore-storage effect can be incorporated by converting
the solutions into the Laplace space. The dimensionless
transient-pressure solution considering the wellbore-storage
effect can be expressed as

pwD CD, u =
tD

0
1 − CD

dpwD
dtD

dpSD t − τ

dτ
dτ, 8

where u is the Laplace variable. Therefore, the transient-
pressure solution in the Laplace space of an MSHW
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subject to bottom-water drive can be obtained by consid-
ering the skin-factor and wellbore-storage effect by use of
Laplace transformation.

pwD CD, S, u = pSD u
1 + u2CDpSD u

, 9

where pwD is the dimensionless pressure solution in the
Laplace space. Finally, the pressure solution in real space
can be obtained through a numerical algorithm [59].

3. Pressure-Transient Analysis

First, type curves are developed and flow regimes of MSHW
subject to bottom water drive are discussed. Further, we
analyze the effects of main parameters on pressure transient
behavior (PTB).

3.1. Flow Regimes of WSM. The pressure response of WSM
for different lengths of HW is shown in Figure 2. Compared
with the models in the reservoir without bottom-water
drive, early flow regimes still can be recognized easily
(i.e., wellbore-storage flow, transitional flow, and steady flow
regime), while the late pressure behaviors may be covered
due to the effect of bottom water. Radial flow occurs between
transitional flow and steady flow regimes when the HW is
long enough (e.g., LD = 0 9, 1.5, 2.1, 2.7). Furthermore, the
duration of radial flow becomes shorter as LD decreases.
Finally, the radial flow would be covered when LD is short
enough (e.g., LD = 0 3).

3.2. Flow Regimes of MSM. We assume that the HW is
divided into three PS with the same interval, and each PS
has the same length, since production rate distribution has
a distinct effect on PTB and flows regime. Here, we take
qwiD = 0 1 0 3 0 6 for example to analyze flow regimes of
MSM, as shown in Figure 3. In detail, this section can be
divided into four cases for further discussion according to
the length of HW and PS.

Case 1 (long HW (L = 1200m, h = 100m, β2 = 0 1))

Case 1-1. For short length of PS (Lwi = 133m), type curves are
shown in Figure 3(a). The wellbore storage flow is the first
regime, identified by a straight line with unit slope. The
second period is transitional flow regime, controlled by a skin
factor. After that, fluids flow into HW radially from the
formation, which is acknowledged as the early radial flow
regime. With pressure further spreading, spherical flow
occurs when the predominant flow pattern is towards a
point, which is recognized as −0.5 slope on the pressure
derivative curve. Since the length of HW is long and the
length of PS is quite short, intermediate radial flow appears
around each PS. When the effect of the bottom water reaches
the HW, the reservoir receives energy supplement and
pressure tends to be stable gradually, known as the steady
flow regime.

Case 1-2. For the long length of PS (Lwi = 360m), type curves
are shown in Figure 3(b). Flow regimes still include wellbore
storage flow, transitional flow regime, and early radial flow.
After that, fluid flows from outer zones and the pressure
derivative curve shows a straight line with 0.36 slope. Tiab
[60] derived the relationship between (PD′ × tD) vs. (tD) and
named this flow regime as elliptical flow. Finally, the effect
of the bottom water reaches the HW, which leads to a steady
flow regime.

Case 2 (short HW (L = 300m, h = 100m, β2 = 0 1))

Case 2-1. For short length of PS (Lwi = 20m), type curves are
shown in Figure 4(a). Different from Case 1, early radial flow
disappears since the length of HW is short in Case 2. The
pressure response for the short length of PS (Lwi) yields
four flow regimes: wellbore storage flow, transitional flow,
elliptical flow, and steady flow.

Case 2-2. For the long length of PS (Lwi = 90), spherical flow
with −0.5 slope disappears compared with that when the
length of HW is long (e.g., L = 1200m). As a result, the
flow regimes include wellbore storage flow, transitional
flow, linear flow, and steady flow regime. Furthermore,
the duration of elliptical flow lasts longer compared with
Case 2.1, as shown in Figure 4(b).

4. Sensitivity Analysis

The total production rate should be kept the same for
different cases. The effect of crucial parameters (e.g., produc-
tion rate distribution, the length of HW, the length of PS, the
number of PS, PS spacing, skin factor, and anisotropy degree)
is shown in Figures 5–12.
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4.1. Production Rate Distribution

4.1.1. Effect of Production Rate of Constant PS. An HW with
a length of 1200m is divided into four PS with equal
length of 300m. The dimensionless production rate of
each PS is defined as qwiD. To discuss the effect of the pro-
duction rate of a specific PS (i.e., qw1D, qw2D, qw3D, and
qw4D) on PTB, the production rate of other PS remain
constant and equal to each other (i.e., qw2D = qw3D = qw4D,
qw1D = qw3D = qw4D, qw1D = qw2D = qw4D, and qw1D = qw2D =
qw3D). Figures 5(a)–5(d) show that qw1D makes a visible influ-
ence on type curves. With the increase in qw1D, type curves
will move up overall. In detail, when the production rate

distributes uniformly along the HW (e.g., qw1D = qw2D =
qw3D = qw4D = 3/12), the early radial flow starts at tD/CD =
110 and ends at tD/CD = 12,000, which shows the longest
period of early radial flow compared with other conditions
of production rate distribution. The value of the pressure
derivative during this flow period equals to 0.9. Then, with
the increase in qw1D (e.g., qw1D = 4/12, qw1D = 6/12, qw1D =
9/12, and qw1D = 12/12), dimensionless pressure and its
derivative curves will move up, and vice versa (e.g., qw1D =
2/12, qw1D = 1/12, and qw1D = 0/12). Furthermore, when
only one PS produces, as the distance of producing PS
to the heel of HW becomes nearer (e.g., qwiD = 0 0 0 1,
qwiD = 0 0 1 0, qwiD = 0 1 0 0, and qwiD = 1 0 0 0),
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Figure 3: Type curves of MSM when the length of HW is long: (a) with short length of PS and (b) with long length of PS.
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q1D ≠ q2D = q3D = q4D
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Figure 5: Effect of production rate of specific PS on PTB: (a) qw1D ≠ qw2D = qw3D = qw4D, (b) qw2D ≠ qw1D = qw3D = qw4D, (c) qw3D ≠ qw1D =
qw2D = qw4D, (d) qw4D ≠ qw1D = qw2D = qw3D, and (e) comparison between the above four cases.
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transitional flow lasts longer while early radial flow becomes
shorter, shown in Figure 5(e). When the well is water-out, the
production at water-influx locations will be much higher
than that at other locations. Therefore, the water-influx
locations cannot be diagnosed if the effect of nonuniform
production distribution on pressure response was neglected.

4.1.2. Effect of Production Rate Distribution under Different
Lengths of HW. Since the length of HW affects flow regimes
of MSHW subject to bottom-water drive distinctly, three
cases are selected according to the length of HW to eliminate
the possibility that the length of HWmay disturb the effect of
production rate distribution on PTB.

The HWwith length of L (i.e., 2100m, 900m, and 300m)
consists of three PS. The dimensionless length of each PS

equals to 1/3, and the total dimensionless length of PS
equals to 1. We discuss the effect of different production rate
distributions (qwiD = 0 1 0 3 0 6, qwiD = 0 1 0 6 0 3,
qwiD = 0 2 0 2 0 6, qwiD = 0 2 0 6 0 2, qwiD = 1/3 1/3
1/3, qwiD = 0 4 0 2 0 4, qwiD = 0 4 0 4 0 2, qwiD = 0 6
0 1 0 3, and qwiD = 0 6 0 3 0 1) on PTB under different
lengths of HW, as shown in Figure 6.

In general, the following flow regimes (transitional flow,
the early radial flow, and steady flow) are influenced by
production rate distribution. It is clearly found that the
magnitude of influence caused by production rate distribu-
tion on pressure drop are shown as (from high to low) qw1D
(dimensionless production rate of heel on HW), qw2D
(dimensionless production rate of middle section of HW),
and qw3D (dimensionless production rate of toe of HW).
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Figure 6: Effect of production rate distribution on PTB under different lengths of HW: (a) L = 2100m, (b) L = 900m, (c) L = 300m, and
(d) comparison between above three cases.
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Furthermore, these nine kinds of production rate distribu-
tion can be divided into four categories: qw1D = qw2D = qw3D,
qw1D = qw2D ≠ qw3D, qw1D ≠ qw2D = qw3D, and qw1D ≠ qw2D ≠
qw3D. Specifically, when the production rate distributes uni-
formly (e.g., qwiD = 1/3 1/3 1/3), the duration of early
radial flow is the longest. When the production rate distrib-
utes nonuniformly, the value of qw2D influences the charac-
teristics of transitional flow between the early radial flow
and steady flow (qw1D is a constant). Type curves move up
with the increase in qw2D (e.g., qwiD = 0 1 0 3 0 6, qwiD =
0 1 0 6 0 3, and qwiD = 0 2 0 6 0 2), and vice versa
(e.g., qwiD = 0 4 0 2 0 4, qwiD = 0 6 0 1 0 3, and qwiD =
0 6 0 3 0 1). Especially, if qw1D equals to qw2D, transitional
flow will disappear (e.g., qwiD = 0 2 0 2 0 6; qwiD = 0 4

0 4 0 2). Type curves during the early steady flow regime
will intersect with each other when qw1D is equal to qw3D
(e.g., qwiD = 0 4 0 2 0 4, qwiD = 1/3 1/3 1/3, and qwiD =
0 2 0 6 0 2).

In addition, by comparing the results from Figures 6(a)–
6(c), results show that the length of HW only affects the
positions of type curves and duration of each flow regime,
and it does not influence the typical characteristics of type
curves, as shown in Figure 6(d). In these three cases, flow
regimes include wellbore storage flow, transitional flow, early
radial flow, and elliptical flow which appear before the steady
flow regime.

4.1.3. Effect of Different Production Distributions of PS. In this
part, an HW with the length of 1200m is divided into four
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PS. Figure 7 indicates that pressure and its derivative
curves are upper with a higher production rate of the first
PS (e.g., qw1D increases from 0.1 to 0.5) during flow
regimes including transitional flow, the early radial flow,
and steady flow regimes. As pressure further spreads, type
curves will bifurcate when qw2D is unequal during the early
radial flow regime (e.g., qw1D = 0 1, qw2D = 0 1, and qw2D =
0 4; qw1D = 0 3, qw2D = 0 2, and qw2D = 0 3; and qw1D = 0 5,
qw2D = 0 0, and qw2D = 0 5), based on Figure 7(a). Addition-
ally, type curves are lower when qw2D is smaller than qw1D
(e.g., qw2D = 0 0 < 0 5 = qw1D; qw2D = 0 2 < 0 3 = qw1D), and
type curves are higher when qw2D is bigger than qw1D (e.g.,
qw2D = 0 4 > 0 1 = qw1D) since a higher production rate leads
to a bigger pressure drop. Apparently, Figures 7(b) and 7(c)
demonstrate that the early radial flow is distinct when the

production rate distribution pattern behaves as dumbbell-
shaped (e.g., qwiD = 0 5 0 0 0 0 0 5; qwiD = 0 4 0 1
0 1 0 4) and spindle-shaped (e.g., qwiD = 0 1 0 4 0 4
0 1). However, due to the strong interference of bottom-
water, the value of the horizontal line does not equal to
0.5 during the early radial flow regime. Besides, according
to Figure 7(c), pressure derivative curves will intersect at
the early steady flow regime when the production rate
of the first and last PS are equal (e.g., qwiD = 0 1 0 4
0 4 0 1, qwiD = 0 4 0 1 0 1 0 4, and qwiD = 1/4 1/4
1/4 1/4) compared with the ladder shape (e.g., qwiD =
0 1 0 2 0 3 0 4; qwiD = 0 4 0 3 0 2 0 1). Finally, we
discussed the situation when only two segments are
producing. Figure 7(d) shows that the early radial flow
lasts longer while the linear flow with 0.5 slope appears
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Figure 8: Effect of number of PS on PTB when the total length of PS is (a) constant and (b) variable.
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Figure 9: Effect of length of PS on PTB: (a) UDLPS and (b) NDLPS.
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later as the second PS is far from the heel of HW (e.g.,
qwiD = 0 1 0 9 0 0 0 0, qwiD = 0 1 0 0 0 9 0 0, and
qwiD = 0 1 0 0 0 0 0 9).

4.2. Number of PS. In this section, the number of PS (N)
ranges from 2 to 5. For further discussion, this section is
divided into two parts.

4.2.1. Constant Total Length of PS. In this part, the total
length of PS equals to 0.36 L/N for MSM, while it is equal
to L for WSM. Parameters (e.g., length, production rate,
and skin factor of each PS) distribute uniformly along HW,
and the total production rate remains constant for different
cases. As shown in Figure 8(a), obvious differences exist
among type curves ofWSM andMSM except for the wellbore
storage flow and steady flow regime. The effect of the number
of PS on type curves for MSM can be observed during early
radial flow and transitional flow regime. As the number of
PS increases, early radial flow lasts shorter and pressure drop
decreases during the transitional flow regime. When the
number of PS is big enough, the early radial flow will disap-
pear and may be masked by transitional flow before the
steady flow regime. Furthermore, the pressure derivative
during the early radial flow regime remains constant for a
different number of PS (e.g., N = 1, 2, 3, 4).

4.2.2. Variable Total Length of PS (Constant Length of Each
PS). In this part, the length of each PS equals to 0.12 L for
MSM so that the total length of PS is variable for MSM.
The length of PS for WSM still equals to L. The total skin fac-
tor and total production rates are kept constant for different
cases. As shown in Figure 8(b), it is obvious that there exist
obvious differences during early radial flow and transitional
flow. Particularly, unlike the results from case one (total
length of PS is constant), the duration of early radial flow
does not change as the number of PS increases, while early
radial flow and transitional flow regime appear earlier with
the increase in the number of PS. Furthermore, since the

total length of PS is variable, WSM is a specific situation
of MSM when the number of PS is close to eight. In this
case, transition flow will be covered by the steady flow.

4.3. Length of PS. The length of PS distribution can be classi-
fied into two categories: uniformly and nonuniformly. First,
we discuss the effect of uniformly distributed length of PS
(UDLPS) on type curves in this section. An HW is divided
into three PS with equal length (e.g., LwiD = 0 05, 0.10, 0.20,
0.25, 0.30), as shown in Figure 9(a). It is clearly observed that
only wellbore storage flow and steady flow regimes are not
influenced by the length of PS. Particularly, when LwiD equals
to 0.05, spherical flow appears since the predominant flow
pattern in the reservoir is toward a point. Then, as LwiD
increases gradually, spherical flow disappears while elliptical
flow with 0.36 slope appears following early radial flow.

For further discussion, we investigate the effect of
nonuniformly distributed length of PS (NDLPS) (e.g.,
LwiD = 0 24 0 04 0 02, 0.14 : 0.02 : 0.14, 0.10 : 0.10 : 0.10,
0.05 : 0.20 : 0.05, and 0.02 : 0.04 : 0.24) on pressure drop. As
shown in Figure 9(b), obvious distinctions can be observed
during flow regimes including early radial flow and transi-
tional flow regimes which are different from those of UDLPS.
Furthermore, slopes of the transitional flow regime on pres-
sure derivative curves are equal in this situation.

4.4. PS Spacing. A horizontal well with the length of 1000m
consists of two PS with the length of 200m, one of which is
located at the heel of HW. The dimensionless spacing
between PS is defined as ΔxD = xw2 − xw1 /L. Different
dimensionless PS spacings (ΔxD = 0 20, 0.35, 0.50, 0.65, and
0.80) are taken into account for analyzing their effects on
type curves, shown in Figure 10. In the following cases, other
parameters (e.g., total production rate, the number of PS, and
skin factor of each PS) are constant. There exist distinct
differences during the early radial flow, transitional flow,
and early steady flow regime when PS spacing varies from
0.20 to 0.80. As ΔxD increases, early radial flow lasts longer
and pressure drop decreases during the transitional flow
regime. In detail, when tD/CD equals to 10,000, the value of
the pressure derivative changes from 0.35 to 0.9 as ΔxD
changes from 0.20 to 0.80.

4.5. Skin Factor. A horizontal well with the length of 1000m
consists of four segments with the same length of PS
(LwiD = 0 1) and PS spacing (ΔxD). For further discussion,
this section is divided into two cases.

4.5.1. Variable Total Skin Factor of PS (Equal Skin Factor of
Each PS). In this situation, the skin factor of each PS is
equal so that the total skin factor of PS is different for dif-
ferent situations. With the decrease in total skin factor
(Si = 8 8 8 8, Si = 4 4 4 4, Si = 2 2 2 2, Si = 1
1 1 1, and Si = 0 5 0 5 0 5 0 5), type curves during
the transitional flow regime move down as shown in
Figure 11(a).

4.5.2. Constant Total Skin Factor of PS. In this case, the total
skin factor is constant. If the length and production rate
of each PS are the same, the effect of the nonuniform
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Figure 10: Effect of PS spacing on PTB.
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distribution of the skin factor on PTB is unapparent. This
is because total pressure drop caused by skin effect
depends on the length, production rate, and skin factor
of each PS. When the length and production rate of each
PS are different, slight distinctions can be observed on
type curves, shown in Figure 11(b).

4.6. Anisotropy Degree. The HW with the length of 800m
consists of two segments located at the heel and toe of
HW, respectively, as shown in Figure 12. Other parame-
ters of each PS are kept the same (e.g., production rate,
length, and skin factor). The anisotropy degree (AD) can
be characterized using the ratio of vertical permeability

to horizontal permeability (AD = kv/kh). When kh remains
at 1000mD, AD can be changed by altering the value of
kv. The bottom water may rise faster when AD becomes
bigger, and the well can receive energy supply earlier so
that the late steady flow regime will occur early. Additionally,
the early-radial flow regime will disappear as the AD
increases, and the typical characteristic of the MSHW model
will be covered when kv is higher than 500mD, which is
adverse for diagnosis. The strong influence of the bottom
water will increase the multiplicity of well-testing interpre-
tation, so that this model is available when kv is lower
than 500mD.

5. Limitations and Future Work

The strong influence caused by bottom water will increase
the multiplicity of well-testing interpretation, so that this
model is available when kv is lower than 500mD. Since only
single-phase fluid is incorporated in the model, the proposed
model is mainly used to solve the interpretation of those wells
whose water cut are close to 100%.

Therefore, the multiphase model of MSHW may be
established to better distinguish the water and oil production
profile based on field test data. Furthermore, novel methods
need to be developed to reduce the nonuniqueness of
pressure interpretation with strong bottom water drive.

6. Conclusions

A novel approach was presented for determining nonuni-
form production distribution as well as detecting the location
of water entry. First, HW is divided into multiple segments
with arbitrary parameters (e.g., production, length, location,
and skin factor). Then, new pressure transient solutions for
HW are derived in the anisotropic reservoir with bottom-
water drive. Clear distinctions can be observed between type
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curves of MSM and WSM. As a result, neglecting nonuni-
form production distribution along the wellbore could lead
to erroneous results for detecting the location of water entry.
The early radial flow regime of MSM appears later than
WSM. Spherical flow and elliptical flow regimes appear on
type curves of MSM which do not exist on that of WSM.

Sensitivity analysis shows that anisotropy degree and
production rate distribution play important roles in pressure
response, followed by length, number, spacing, and skin
factor of PS. When the total skin factor remains constant,
the effect of the nonuniform distribution of skin factor on
pressure response can be ignored. Additionally, the late sta-
ble flow appears earlier with increasing vertical permeabil-
ity, which covers up the early radial flow and is bad for
parameter estimation. Besides, water controlling for water-
out segments and stimulation treatments for nonproducing
segments can be carried out to improve oil recovery based
on interpretation results.

Nomenclature

C: Wellbore storage coefficient, atm−1

CD: Dimensionless wellbore storage coefficient
Ct: Total compressibility, atm−1

h: Formation thickness, cm
h∗: Formation thickness considering

permeability anisotropy, cm
hD

∗: Dimensionless formation thickness
considering permeability anisotropy

kh: Horizontal permeability, D
kv: Vertical permeability, D
L: Total length of HW, cm
LD: Dimensionless length of HW
LDi: Ratio of the ith segment length to formation

thickness considering anisotropy
Lwi: Length of the ith segment, cm
LwiD: Ratio of the ith segment length to total

length of HW
N: Number of PS, dimensionless
p: Pressure, atm
pi: Initial reservoir pressure, atm
pD: Dimensionless pressure drop
pSD: Dimensionless transient pressure solution

considering the effect of skin factor
pwD: Dimensionless transient pressure solution

considering wellbore-storage effect
q: Total production rate, cm3/s
qwi: Production rate of the ith segment, cm3/s
qwiD: Dimensionless production rate of the ith

segment, cm3/s
rw: Wellbore radius, cm
rwD: Dimensionless wellbore radius
S: Skin factor
Swi: Skin factor of the ith segment
t: Time, s
tD: Dimensionless time
u: Laplace transform variable
x, y, z: Cartesian coordinates
xD, yD, zD: Dimensionless Cartesian coordinate

xwi, ywi, zwi: Coordinates of the center of the ith segment
xwiD, ywiD, zwiD: Dimensionless coordinates of the center of

the ith segment
z∗: z-Coordinate considering permeability

anisotropy, cm
ϕ: Porosity, fraction
ηh: Diffusivity in horizontal direction, cm3/s
ηv: Diffusivity in vertical direction, cm3/s
μ: Fluid viscosity, cP
β: Anisotropy coefficient
τ: Time variable
Δp: Pressure drop caused by the ith segment
pwD: Dimensionless pressure solution in

Laplace space.
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The widely used application of horizontal well makes it significant to effectively evaluate rate performance of horizontal well in
oil and gas reservoir. However, most models in previous work only focus on rate decline analysis (RDA) of horizontal well with
single section (HWSS); they hardly address the problem that production rate distributes nonuniformly along horizontal wellbore
in analyzing rate transient behaviors. However, only some horizontal segments contribute to the total production rates, and the
production of each section along horizontal wellbore is not the same in fact, which may be caused by reservoir heterogeneity,
selective completion, and nonuniform formation damage along horizontal wellbore. Therefore, the effect of these phenomena on
rate decline characteristics cannot be ignored. The aim of this paper is to propose an analytical model to investigate transient rate
response of a horizontal well with multiple sections (HWMS). The compound type curves, including the normalized production
curve, the normalized production integral curve, and the production integral derivative curve, are developed to distinguish the
different cases.The influences of some sensitive parameters ondecline curves are further discussed. Results showobviousdifferences
on the decline curves between the HWMS and HWSS. The parameters are sensitive on decline curves, which explore the feasible
application on production performance evaluation and parameters interpretation through history matching the production data
with the compound type curves in this paper.

1. Introduction

In the past decades, horizontal wells have been widely used in
exploration and development of low permeability reservoirs
and unconventional reservoirs [1–7]. Rate decline analysis
for oil and gas reservoirs is needed for well performance
evaluation and reservoir characterization [8]. Arps [9] pro-
posed a series of decline charts to make it convenient for
decline curves extrapolation. Then, Fetkovich [10] devel-
oped theoretical model and log-log curves to demonstrate
both infinite and finite reservoir solutions. To analyze rate
decline data where pressure drop and flow rate vary signifi-
cantly, Blasingame [11] established method for transforming
variable-rate system into equivalent constant system using
material balance time function.

Many researchers investigated transient rate behavior of
horizontal wells. Pratikno et al. [12] provided new type curves

for rate decline analysis of fractured well. For analyzing tight
oil reservoir, Clarkson and Pedersen [13] provided a method
which combines traditional techniques (e.g., flow regime
analysis, analytical model history matching, and type curve
matching). Duong [14, 15] developed a novel approach to
predict future rate for fracture-dominated well in unconven-
tional reservoirs. With considering slippage and desorption
in shale gas reservoir, Nobakht et al. [16] established an
analytical methodology to analyze rate transient behavior.
Belyadi et al. [17] evaluated the productivity of Marcellus
Shale wells based on rate transient analysis. On the basis of
the dynamic drainage area concept, Qanbari and Clarkson
[18] developed a new rate-transient-analysis technique for
shale reservoirs. Kuchuk et al. [19] presented the rate decline
response of fractured horizontal wells for both conventional
and unconventional formations.
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Figure 1: Physical model of HWMS (top view and side view).

In the last decade, numerous research works have been
presented on RDA of horizontal wells [20–27]. Although
most models in previous study focus on rate decline analysis
with one whole section, they did not specifically address
the problem that production rate distributes nonuniformly
along horizontal wellbore. This may be caused by several
reasons. On one hand, due to selective completion, total
production rate is contributed from less than the entire
well interval. On the other hand, even if the entire well
interval is open, on account of reservoir heterogeneity and
nonuniform formation damage, production rate of each
section along horizontal wellbore is not the same. Some of
horizontal sections have little or no contribution. Since this
phenomenon exists in horizontal wells with selective com-
pletion and open-hole completion, when analyzing transient
rate behavior, nonuniform distribution of parameters subject
to each section (e.g., length, production rate, skin factor, and
location) should be taken into consideration [28–30].

Pressure transient analysis (PTA) is a reliable method for
evaluating well performance and reservoir characteristics of
wells with multiple sections. Kamal et al. [31] presented an
analytical model which allows for a horizontal well to consist
of multiple sections. A new flow regime was found, which
behaves as a horizontal line with the value of 0.5 divided
by number of horizontal sections on pressure-derivative
curve. Other PTA models are proposed in different works
[32–36]. He et al. [37] proposed a method for estimating
malfunctioning horizontal wellbore through bottom hole
pressure data. Qin et al. [38] developed novel approach to
evaluate nonuniform production distribution of multifrac-
tured horizontal wellbore based on PTA. During past years,
although plenty of work has been developed for PTA of
horizontal wells and multifractured horizontal wells with
multiple sections [39–43], rate decline analysis of HWMS is
still rarely documented.

The major objective of this paper is to establish an ana-
lytical model for analyzing transient rate behavior of HWMS.
The effects of some sensitive parameters on decline curves are

further investigated (i.e., production rate distribution along
wellbore, number of horizontal sections, length of horizontal
sections, and spacing between adjacent horizontal sections).

2. Physical Model of Horizontal Well with
Multiple Sections

Figure 1 illustrates the physical model of HWMS (top view
and side view). Major assumptions are as follows:

(i) Formation is circular-bounded with a constant thick-
ness h, porosity 𝜙, horizontal permeability kh, vertical
permeability kv, initial pressure pi, and total com-
pressibility Ct.

(ii) The HWMS consists of n sections. Due to formation
damage, each section owns specific properties (e.g.,
length Lk, production rate qk, and skin factor Sk).

(iii) The fluid is assumed to be single-phase oil or gas in
this model. Total production rate equals to q.

(iv) The gravity effect and capillarity effect are negligible.

3. Solution of HWMS Model

In the circular-bounded reservoir, the analytical solution for
pressure drop of HWMS at any point can be derived on
the basis of the instantaneous source solutions raised by
Gringarten and Ramey [44] and Newman product method
[45].

Assuming that an HWMS is located in a circular-
bounded formation, horizontal wellbore can be regarded as
continuous-line-sources with length of L. Through the inte-
gration of point-source functions, the line-source solutions
can be derived.

For a single point source in the infinite-slab reservoir, it
can be considered as a result of plane sources in three different
directions (x-, y-, and z-).



Geofluids 3

By using Newman product method, the point-source
function can be obtained:

𝐺 (𝑥, 𝑦, 𝑧, 𝑡 − 𝜏)
= 𝑑𝑉𝜙𝐶𝑡

∙ 14𝜋𝜂ℎ (𝑡 − 𝜏) exp[−(𝑥 − 𝑥𝑤)2 + (𝑦 − 𝑦𝑤)24𝜂ℎ (𝑡 − 𝜏) ]

∙ exp[− (𝑧 − 𝑧𝑤)24𝜂V (𝑡 − 𝜏)] ∙ 1√4𝜋𝜂V (𝑡 − 𝜏)

(1)

𝜂ℎ = 𝑘ℎ𝜙𝜇𝐶𝑡 (2)

𝜂V = 𝑘V𝜙𝜇𝐶𝑡 (3)

𝛽 = √ 𝜂V𝜂ℎ (4)

where dV represents flow rate per volume. 𝜂ℎ and 𝜂V are
diffusivity in horizontal and vertical directions, respectively.

Through the integration of point-source function, the
line-source solution is given by

𝑝 (𝑥, 𝑦, 𝑡) = 𝑝𝑖 − 𝑑𝑠𝜙𝐶𝑡
∙ ∫𝑥𝑤+𝐿/2
𝑥𝑤−𝐿/2

1
2 [𝜋𝜂V (𝑡 − 𝜏)]1/2 exp[

[
− (𝑥 − 𝑥)2
4𝜂ℎ (𝑡 − 𝜏)]]

𝑑𝑥

∙ 14𝜂ℎ (𝑡 − 𝜏) exp[− (𝑦 − 𝑦𝑤)24𝜂ℎ (𝑡 − 𝜏) − (𝑧 − 𝑧𝑤)24𝜂V (𝑡 − 𝜏)]

(5)

where ds represents rate per unit length when t equals to 𝜏.
When there is a continuous flow with the rate of qk from

the k-th section located at point (xk, yk, zk), the pressure drop
at point (x, y, z) can be expressed as

�𝑝𝑘 (𝑥, 𝑦, 𝑧, 𝑡) = 1𝜙𝐶𝑡
𝑞𝑘2𝜋𝐿𝑘 ∫

𝑡

0
𝐺𝑥𝐺𝑦𝐺𝑧𝑑𝜏 (6)

𝐺𝑥 = 12 {erf [𝐿𝑘/2 + (𝑥 − 𝑥𝑘)√4𝜂ℎ𝜏 ]
+ erf [𝐿𝑘/2 − (𝑥 − 𝑥𝑘)√4𝜂ℎ𝜏 ]}

(7)

𝐺𝑦 = 1√4𝜋𝜂ℎ𝜏 exp[−(𝑦 − 𝑦𝑘)24𝜂ℎ𝜏 ] (8)

𝐺𝑧 = 1ℎ∗ [1
+ 2∞∑
𝑛=1

exp [−𝑛2𝜋2𝜂V𝜏(ℎ∗)2 ] cos (𝑛𝜋𝑧𝑘ℎ ) cos (𝑛𝜋𝑧ℎ )]
(9)

ℎ∗ = ℎ√ 𝑘ℎ𝑘V = ℎ𝛽 (10)

where ℎ∗ means the formation thickness considering perme-
ability anisotropy and 𝛽 is anisotropy coefficient.

Through the principle of superposition, pressure drop
caused by multiple sections can be obtained:

�𝑝 (𝑥, 𝑦, 𝑧, 𝑡) = 1𝜙𝐶𝑡
𝑛∑
𝑘=1

𝑞𝑘2𝜋𝐿𝑘 ∫
𝑡

0
𝐺𝑥𝐺𝑦𝐺𝑧𝑑𝜏 (11)

denoting

𝑞 = 𝑛∑
𝑘=1

𝑞𝑘 (12)

The dimensionless length and production rate of the
k-th section, dimensionless length of horizontal well, and
dimensionless time are defined as

𝐿𝑘𝐷 = 𝐿𝑘𝐿 ;
𝑞𝑘𝐷 = 𝑞𝑘𝑞 ;
𝑡𝐷 = 𝑘ℎ𝑡𝜙𝜇𝐶𝑡𝐿2 = 𝜂ℎ 𝑡𝐿2

(13)

Other dimensionless variables are defined as follows:

𝑝𝐷 = 2𝜋𝑘ℎℎ∗ [𝑝𝑖 − 𝑝 (𝑥, 𝑦, 𝑧, 𝑡)]𝑞𝜇 ;
𝐶𝐷 = 𝐶2𝜋ℎ∗𝜙𝐶𝑡𝐿2 ;
ℎ∗𝐷 = ℎ∗𝐿 ;
ℎ𝐷 = ℎ𝐿;
𝑥𝐷 = 𝑥𝐿 ;
𝑦𝐷 = 𝑦𝐿 ;
𝑧𝐷 = 𝑧𝐿;
𝑥𝑘𝐷 = 𝑥𝑘𝐿 ;
𝑦𝑘𝐷 = 𝑦𝑘𝐿 ;
𝑧𝑘𝐷 = 𝑧𝑘𝐿 ;

(14)
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As a result, dimensionless pressure drop of an HWMS
with n sections is given by

𝑝𝐷 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷) = √𝜋2
⋅ 𝑛∑
𝑘=1

𝑞𝑘𝐷𝐿𝑘𝐷 ∫𝑡𝐷
0

𝐺𝑥𝐷𝐺𝑦𝐷𝐺𝑧𝐷𝑑𝜏𝐷
(15)

𝐺𝑥𝐷 = erf [𝐿𝑘𝐷/2 + (𝑥𝐷 − 𝑥𝑘𝐷)√4𝑡𝐷 ]
+ erf [𝐿𝑘𝐷/2 − (𝑥𝐷 − 𝑥𝑘𝐷)√4𝑡𝐷 ]

(16)

𝐺𝑦𝐷 = 1√𝑡𝐷 exp[−(𝑦𝐷 − 𝑦𝑘𝐷)24𝑡𝐷 ] (17)

𝐺𝑧𝐷 = 1 + 2∞∑
𝑛=1

exp[−𝑛2𝜋2𝛽2𝑡𝐷(ℎ∗𝐷)2 ] cos(𝑛𝜋𝑧𝑘𝐷ℎ𝐷 )
⋅ cos(𝑛𝜋𝑧ℎ𝐷 )

(18)

Since formation damage caused by drilling and com-
pletion cannot be ignored, dimensionless pressure drops
resulted by skin effect can be written as

𝑝𝑆 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷) = 𝑛∑
𝑘=1

𝑞𝑘𝐷𝐿𝐷 𝑆𝑘 (19)

𝑝𝑆𝐷 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷) = 𝑝𝐷 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷)
+ 𝑝𝑆 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷) (20)

By converting solution into Laplace domain, dimension-
less pressure drop with considering the effect of wellbore
storage can be expressed as

𝑝𝐶𝐷 (𝐶𝐷, 𝑢) = ∫𝑡𝐷
0

[1 − 𝐶𝐷𝑑𝑝𝐷𝑑𝑡𝐷 ]
𝑑𝑝𝑆𝐷 (𝑡 − 𝜏)𝑑𝜏 𝑑𝜏 (21)

On the basis of Laplace transformation, analytical solu-
tion for unsteady-state pressure drop of HWMS with incor-
porating skin effect and wellbore-storage effect at any point
can be derived:

𝑝𝐶𝐷 (𝐶𝐷, 𝑆, 𝑢) = 𝑝𝐷1 + 𝐶𝐷𝑢2𝑝𝐷 (22)

where 𝑃𝐶𝐷 and 𝑃𝐷 represent the dimensionless pressure
with and without considering wellbore storage, respectively,
and u is the Laplace transform variable. Through numerical
inversion algorithm developed by Stehfest [46] and Duhamel
principle [47], rate solution of HWMS can be obtained.

The circular-boundary effect can be taken into consider-
ation by using the method from Pratikno et al. [12]:

(𝑝𝐶𝐷)boundary effect = 1𝑢 1√𝑢
𝐾1 (√𝑢𝑟𝑒𝐷)𝐼1 (√𝑢𝑟𝑒𝐷) ∫√𝑢

0
𝐼0 (𝑧) 𝑑𝑧 (23)

By using Duhamel principle [47], dimensionless rate
solution of HWMS under constant pressure located in
circular-bounded formation in Laplace space can be
expressed as

𝑞𝐷 (𝑠) = 1𝑠2𝑝𝐶𝐷 (𝑠) (24)

𝑞𝐷 can be converted into the real space using the Stehfest
inversion algorithm [46].

Furthermore, three types of rate-material balance time
curves can be plotted.

(i) The normalized dimensionless decline production
curve (𝑞𝐷𝑑)

(ii) The normalized dimensionless decline production
integral curve (𝑞𝐷𝑑𝑖)

(iii) The dimensionless decline production integral
derivative curve (𝑞𝐷𝑑𝑖𝑑)

4. Model Comparison

In this part, Blasingame type curves are developed by use of
HWMS model proposed in this paper and HWSS model in
previous study.

ForHWSSmodel, anHWSSwith length of L and constant
rate of q is located in circular-bounded reservoir. SinceHWSS
only consists of one section, in this case, n equals one.
For HWMS model, length of each section equals 0.1L and
production rate of each section is q/n. Two cases are further
discussed (i.e., n=1, n=5).When n equals 1, producing section
is located at the heel of horizontal wellbore. When n equals 5,
sections are distributed uniformly along wellbore.

By comparing type curves from HWMS model with that
from HWSS model, clear distinctions can be observed on
Blasingame compound type curves except for the boundary-
dominated flow period, shown in Figure 2. Three kinds of
curves (i.e., qDd, qDdi, and qDdid) belonging to compound type
curves are shown in Figure 3. Compared to Figures 3(a) and
3(b), the use of production integral derivative smooths the
derivative curve of measured data and makes it easier to
identify different features as shown in Figure 3(c). Therefore,
it is necessary and significant to establish the RDA model of
HWMS to analyze the rate transient behavior, which enable
us to better evaluate production performance.

5. Effect of Sensitive Parameters on
Decline Curves

To understand the effects of main parameters on rate tran-
sient behaviors of aHWMS, we develop the Blasingame com-
pound type curves to perform the sensitivity analysis through
the RDA model proposed in this paper (i.e., production rate
distribution along wellbore, number of horizontal sections,
length of horizontal sections, and spacing between adjacent
horizontal sections).

5.1. Production RateDistribution alongWellbore. Dimension-
less production rate is defined as the production rate of each
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Figure 2: Blasingame compound type curves of HWMS and HWSS.
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Figure 3: Blasingame type curve according to the solution of constant rate: (a) 𝑞𝐷𝑑; (b) 𝑞𝐷𝑑𝑖; (c) 𝑞𝐷𝑑𝑖𝑑.

producing section divided by total production rate of all
sections (𝑞𝑘𝐷= 𝑞𝑘/𝑞𝑡𝑜𝑡𝑎𝑙). A horizontal well with length of
L consists of three producing sections, and length of each
section equals 0.1L.Three sections located at the heel, middle,
and toe of wellbore, respectively, and production rate are
unequal for these sections. Figure 4 shows the compound
type curve. The red curves represent the normalized dimen-
sionless decline production curves (𝑞𝐷𝑑), the green curves
means the normalized dimensionless decline production
integral curve (𝑞𝐷𝑑𝑖), and the blue curves denote the dimen-
sionless decline production integral derivative curve (𝑞𝐷𝑑𝑖𝑑).
The effects of production rate distribution along wellbore
on production characteristic are obvious especially for the

production integral derivative curve during the transient flow
regime.The results tell us that we can estimate the production
distribution of different locations along horizontal wellbore
through the history matching of long-term production data.
If the field production data can match with these three curves
at the same time, the results can be reliable.

5.2. Number ofHorizontal Sections. For number of horizontal
sections, five cases are further discussed (i.e., n=1, 2, 3, 4,
5). In all cases, each section has the same length (𝐿𝑘= 0.1L),
production rate (𝑞𝑘= 𝑞𝑡𝑜𝑡𝑎𝑙/n), and skin factor, respectively.
All producing sections distribute uniformly along wellbore.
The compound type curves of different numbers of horizontal
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Figure 5:The effect of number of horizontal sections on type curves.

sections are shown in Figure 5. As the number of horizontal
sections decreases, all curves move downward. There exist
big differences between the results for n=1 and n=5 during
the transient flow period. Although the distinctions between
the normalized production curves (𝑞𝐷𝑑) and the normalized
production integral curve (𝑞𝐷𝑑𝑖) are not obvious enough,
the production integral derivative curves (𝑞𝐷𝑑𝑖𝑑) show clear
differences among them.Therefore, the number of horizontal
sections is sensitive and can be determined throughmatching
the production data with the compound type curves in this
paper.

5.3. Length of Horizontal Sections. Dimensionless length of
horizontal sections equals length of each section divided by
length of horizontal wellbore (𝐿𝑘𝐷= 𝐿𝑘/L). Two sections with
the same dimensionless length are located at the heel and toe
of horizontal well. Both sections have the same production
rate, skin factor, etc. Figure 6 shows the effect of length of
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Figure 6: The effect of length of two sections on type curves.

0.9
0.7
0.5
0.3
0.1

qDdid

qDdi

qDd

10110010−110−210−410−5 10−3 102

tcDd

100

10−1

10−2

q D
d,

 q
D

di
, q

D
di

d
ΔxD

Figure 7:The effect of spacing between adjacent horizontal sections
on type curves.

horizontal sections on type curves. The normalized produc-
tion curves and the normalized production integral curve
are quite different especially when dimensionless length of
horizontal sections become smaller. The production integral
derivative curves differ from other cases for different 𝐿𝑘𝐷,
which is benefit of estimating effective producing length of
the horizontal well.

5.4. Spacing between Adjacent Horizontal Sections. Dimen-
sionless spacing between adjacent horizontal sections is
defined as the spacing between adjacent horizontal sections
divided by length of horizontal wellbore (�xD = �x/L). Five
cases are designed to discuss the influences of dimensionless
spacing on decline curves. As the distance from the second
producing section to the heel becomes farther, decline types
move up, shown in Figure 7. Though the influences of
spacing between horizontal sections on type curves are not



Geofluids 7

obvious compared to other parameters, it is possible for us to
distinguish them based on the production integral derivative
curves during the transient flow regime.

6. Conclusions

This paper establishes the RDA model of a HWMS and the
compound rate decline type curves to analyze the effect of
production distribution, number and length of producing
horizontal sections, and spacing between sections on rate
transient behaviors.

(1) Since different horizontal segments make unequal
contribution to total production rates in fact, the effect
of these phenomena on rate decline behaviors should be
considered.

(2) The effects of production rate distribution along
wellbore on rate characteristic are obvious especially for the
production integral derivative curve during the transient flow
regime, which makes it possible to estimate the production
distribution through the history matching of production
data.

(3) The normalized production curves and the normal-
ized production integral curve are quite different especially
when dimensionless length of horizontal sections become
smaller.The production integral derivative curves differ from
other cases for different 𝐿𝑘𝐷, which is benefit of estimating
effective producing length of the horizontal well.

(4) Although the distinctions between the normalized
production curves and the normalized production integral
curve are not obvious, the production integral derivative
curves show clear differences among them. Therefore, the
number of horizontal sections can be determined through
matching the production data.

In conclusion, the proposed RDA model enables engi-
neers to evaluate the rate performance of horizontal wells
and interpret reservoir and well parameters more effectively
and accurately (e.g., estimating the production distribution
of different locations along horizontal wellbore and effective
producing length, permeability, well controlled area and
reserves, and skin factor) through the history matching of
long-term production data. If the field production data can
match well with these three curves at the same time, the
results can be reliable.

Nomenclature

𝐶: Wellbore-storage coefficient, atm−1𝐶𝐷: Dimensionless wellbore-storage coefficient𝐶𝑡: Total compressibility, atm−1ℎ: Formation thickness, cmℎ∗: Formation thickness considering
permeability anisotropy, cmℎ𝐷∗: Dimensionless formation thickness
considering permeability anisotropy𝑘ℎ: Horizontal permeability, D𝑘V: Vertical permeability, D𝐿: Length of horizontal well, cm𝐿𝐷: Dimensionless length of horizontal well

𝐿𝑘: Length of the k-th section, cm𝐿𝑘𝐷: Dimensionless length of the k-th section𝑛: Number of horizontal sections,
dimensionless𝑝: Pressure, atm𝑝𝐶𝐷: Dimensionless pressure drop with
considering wellbore-storage effect𝑝𝐷: Dimensionless pressure drop𝑝𝑖: Initial reservoir pressure, atm𝑝𝑆: Dimensionless pressure drop caused by
skin effect𝑝𝑆𝐷: Dimensionless total pressure drop with
considering skin effect𝑞: Total production rate, cm3/s𝑞𝐷𝑑: Normalized dimensionless decline
production𝑞𝐷𝑑𝑖: Normalized dimensionless decline
production integral𝑞𝐷𝑑𝑖𝑑: Normalized dimensionless decline
production integral derivative𝑞𝑘: Production rate of the k-th section, cm3/s𝑞𝑘𝐷: Dimensionless production rate of the k-th
section𝑠: Laplace-transformation parameter𝑆: Skin factor𝑆𝑘: Skin factor of the k-th section𝑡: Time, s𝑡𝐷: Dimensionless time𝑢: Laplace transform variable𝑥, 𝑦, 𝑧: Cartesian coordinates𝑥𝐷, 𝑦𝐷, 𝑧𝐷: Dimensionless Cartesian coordinate𝑥𝑘, 𝑦𝑘, 𝑧𝑘: Coordinates of the center of the k-th
section𝑥𝑘𝐷, 𝑦𝑘𝐷, 𝑧𝑘𝐷: Dimensionless coordinates of the center of
the k-th section𝜙: Porosity, fraction𝜂ℎ: Diffusivity in horizontal direction, cm3/s𝜂V: Diffusivity in vertical direction, cm3/s𝜇: Fluid viscosity, cP𝛽: Anisotropy coefficient𝜏: Time variableΔ𝑝: Pressure drop caused by all sectionsΔ𝑝𝑘: Pressure drop caused by the k-th section𝑝𝐶𝐷: Dimensionless pressure in Laplace space
with considering wellbore-storage effect𝑝𝐷: Dimensionless pressure in Laplace space
without considering wellbore-storage
effect𝑞𝐷: Dimensionless rate in Laplace space.
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Shale gas reservoir has been aggressively exploited around the world, which has complex pore structure with multiple transport
mechanisms according to the reservoir characteristics. In this paper, a new comprehensive mathematical model is established to
analyze the production performance of multiple fractured horizontal well (MFHW) in box-shaped shale gas reservoir
considering multiscaled flow mechanisms (ad/desorption and Fick diffusion). In the model, the adsorbed gas is assumed not
directly diffused into the natural macrofractures but into the macropores of matrix first and then flows into the natural
fractures. The ad/desorption phenomenon of shale gas on the matrix particles is described by a combination of the Langmuir’s
isothermal adsorption equation, continuity equation, gas state equation, and the motion equation in matrix system. On the basis
of the Green’s function theory, the point source solution is derived under the assumption that gas flow from macropores into
natural fractures follows transient interporosity and absorbed gas diffused into macropores from nanopores follows unsteady-
state diffusion. The production rate expression of a MFHW producing at constant bottomhole pressure is obtained by using
Duhamel’s principle. Moreover, the curves of well production rate and cumulative production vs. time are plotted by Stehfest
numerical inversion algorithm and also the effects of influential factors on well production performance are analyzed. The
results derived in this paper have significance to the guidance of shale gas reservoir development.

1. Introduction

Shale gas is an unconventional natural gas with the main
component of methane existing as adsorbed or free gas in
the rich organic shale or its interlayers, the reserve of which
is tremendous around the world. With the innovative tech-
niques of horizontal well drilling as well as hydraulic fractur-
ing in North American or other places of the world, the
annual production of shale gas in the USA has increased
from 564× 108m3 in 2007 to 4382× 108m3 in 2015. More-
over, well testing and production performance analysis in
shale gas reservoir, especially for multiple fractured hori-
zontal well (MFHW), is a hot research topic in recent years
[1]. Compared to conventional gas reservoirs, shale gas reser-
voirs have special features on the accumulation conditions,

occurrence manner, percolation mechanism, etc. For
instance, shale is a self-sourcing reservoir within which the
gas is stored either by compression in the pores and natural
fracture as free gas or by adsorption on the surface of the
solid material (either organic material or minerals) as
adsorbed gas. According to Hill and Nelson [2], the adsorbed
gas accounts for up to 85% of total gas, which is dependent
on a variety of geologic and geochemical properties [3]. The
pore network of shale gas reservoir is complex, which can
be further divided into 4 categories: nanoinorganic pore,
nanoorganic intragranular pore, macronatural fracture, and
large-scaled hydraulic fractures. The first two pore types
belong to matrix pores and the latter two belong to fractures
[4–7], so the mechanisms of gas flow in shale reservoirs is
very complicated. Shale gas reservoirs are generally described
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by the dual porosity model like Warren-Root model [8], in
which the matrix blocks serve as the main storage space of
gas and are separated by fractures.

Kucuk and Sawyer [9] first analyzed the transient pres-
sure response of wells in shale gas reservoirs by using the dual
porosity model (assuming cylindrical and spherical matrix
geometries), and the corresponding analytical and numerical
results were obtained. However, the analytical model pre-
sented in the paper did not take the effects of gas desorption
and diffusion into account and the numerical model ignored
the effects of gas diffusion.

On the basis of isothermal adsorption equation, Bumb
and McKee [10] analyzed the transient pressure of a vertical
well in coal bed methane (CBM) reservoir by introducing an
additional compressibility coefficient in their model. Their
method has been popularly used for production performance
analysis of unconventional gas. Many researchers followed
Bumb andMcKee’s [10] approach to consider the ad/desorp-
tion effects in their studies; the results of which were proved
to be much more realistic than previous studies [11–14].

Ertekin et al. [15] utilized a dual-mechanism model for
tight gas reservoirs, which considered Darcy flow (driven
by pressure gradient) and Fick diffusion (driven by concen-
tration difference). Subsequently, Carlson and Mercer [16]
investigated the gas flow behavior in shale gas reservoir by
coupling the gas diffusion and desorption with Fick’s law
and Langmuir isothermal adsorption equation. And then,
using the same method, Chawathe et al. [17] analyzed the
pressure and saturation distribution in the reservoir by
numerical solution.

Recently, many studies related to well pressure and rate
transient analysis have been presented [5, 18–33]. El-Banbi
[34] utilized a linear flow model to analyze the production
performance of a MFHW by ignoring the gas desorption
and diffusion. In this model, the reservoir was simplified by
continuous medium with slab dual porosity and Warren-
Root model [19, 20, 35]. However, most of these studies did
not consider desorption or diffusion effects, such as “trilin-
ear” model [24] and other models [36, 37].

In fact, a large number of core electron macroscope scan-
ning images show that there are many organic pores existing
in the shale matrix, the scale of which ranges from nanometer
to macrometer. Previous studies considered the matrix pores
as a whole without separating nanometer pores and macro-
pores. Song [38, 39] proposed a “triple porosity” conceptual
model to describe the gas storage mechanism, which was
equivalent to a dual porosity model combined with gas
adsorption. Thereafter, Zhao et al. [40] adopted the model
to analyze the pressure transient and rate decline behavior
of MFHW in shale gas reservoirs. Recently, a comprehensive
mathematical model of a MFHW in a box-shaped reservoir is
presented by Zhao et al. [32]. In this model, the reservoir was
divided into a dual porosity system, which included natural
fractures and nanopores. The gas flow in natural fracture sys-
tem obeyed the Darcy flow theory, while the Knudsen diffu-
sion and slippage effect were considered for the matrix low
permeability system.

According to Dehghanpour and Shirdel [41], the dual
porosity models have been widely used in naturally fractured

shale gas reservoirs with multiple hydraulic fractures. In
these models, only nanopores existed in the matrix blocks
which were surrounded by a fracture network. Gas flow in
the nanopores obeys the Fickian diffusion law and the storage
capability of the fracture system is very low, the theoretical
productivity of the well from such conceptual models is quite
low, and the decline rate of well productivity is very large,
which is not consistent with some practical data ([5, 24, 27]).

Most physical models proposed by previous investigators
did not take into account the nanopores and the macropores
in the matrix system [32, 40, 42]. According to the NMR
scanning results of the core from YY32 well from the Yan-
Chang formation in P.R. China (Figure 1), two peaks are
the most important characteristics for many shale gas reser-
voirs, which means that there are mainly two types of pores
in the matrix system: the nanopores and macropores.

In this paper, a new conceptual model is developed to
describe the gas flow in shale gas reservoir. The flow path is
presented by into three pore types: natural fractures, macro-
pores, and nanopores. It is assumed that the adsorbed gas first
desorbs from the organic particle surface into the nanopore
system. It then diffuses into the macropore system. Thereafter,
the gas in the macropores is transported into the natural frac-
tures with transient interporosity flow. Based on this physical
model, the production performance of a MFHW in rectangu-
lar outer-boundary shale gas reservoirs is analyzed.

2. Multiple Transport Mechanisms of Shale
Gas Reservoirs

2.1. Gas Ad/Desorption Mechanism. A large amount of shale
gas is adsorbed on the surface of rock particles. As the reser-
voir pressure depletes, adsorbed gas desorbs from the matrix
surface and becomes free gas. This feature differentiates shale
gas reservoirs different from conventional reservoirs. The
isothermal adsorption curves have the same shape as Lang-
muir isothermal curve [10], which is frequently used to
describe ad/desorption process of shale gas.

The occurrence time of gas desorption behavior also
depends on the amount of adsorbed gas at initial conditions.
As shown in Figure 2, if the adsorbed gas is statured under
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Figure 1: The pore size distribution map for shale gas reservoir in
Ordos Basin (P.R. China).
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initial conditions, the amount of adsorbed gas is at point B
and the gas quickly desorbs from organic surfaces as pressure
decreases. However, if the adsorbed gas is unsaturated, the
amount of adsorbed gas would be at point C (if reservoir con-
ditions are at point C and there is no free gas in matrix pores)
and the gas would not desorb from organic surfaces until res-
ervoir pressure decreases to the pressure at point A, which is
called critical desorption pressure. The difference between
the critical desorption pressure and the initial reservoir pres-
sure determines the starting time of gas desorption [1].

Langmuir isothermal adsorption equation is expressed as

Cm = CL
pm

pL + pm
, 1

where Gm is the gas volumetric concentration, m3/m3; GL is
the Langmuir adsorption volume of shale gas, representing
the limit adsorbence of unit reservoir, m3/m3; pL is the Lang-
muir pressure, which is the pressure when gas adsorbence
reaches 50% of limit adsorbence, Pa; and pm is the pressure
in matrix system, Pa.

The mass flow rate of desorbed gas from shale reservoir
of volume Vb in unit time is

qdes = ρgscVb
∂Cm
∂t

, 2

where qdes is the mass of desorption gas in unit time, kg/s; t is
the time, s; Vb is the shale matrix volume, m3; and ρgsc is the
shale gas density at standard conditions, kg/m3.

If gas desorption happens instantaneously and all des-
orbed gas transforms into free gas, then (2) can be introduced
directly into the continuity equation of the matrix or fracture
system, resulting in the steady-state adsorption-desorption
model ([10–13]; Civan, 2010; [37]; Wang et al., 2013).

2.2. Gas Flow in Natural Fractures and Macropore System.
Gas flow in natural and hydraulic fractures and macropores
is continuous flow. According to previous analysis (Civan,
2010; [37]), Darcy’s flow equation used for conventional
gas reservoir can be adopted to analyze gas flow behavior in
fracture and macropore systems in shale reservoirs, that is,

J l = −
plMg

ZRT
kl
μg

∇pl, l = f , mc , 3

where f presents the natural fracture system and themc pre-
sents the macropore system; Z is the gas deviation factor
(dimensionless), Z=1 for ideal gas; R is the gas constant
(8.314 J/(mol ⋅K)); T is the reservoir temperature, K; kl is
the permeability in l system, m2; Mg is the gas molar mass,
kg/mol; pl is the pressure in l system, Pa.

2.3. Gas Diffusion in Nanopores. Gas flow behavior in shale is
different from flow in fractures because the pores are of
nanoscale. In these nanopores, it is erroneous to assume
molecular continuous Darcy flow. Shale gas flow in nano-
pores includes not only viscous flow but also diffusion. In
some ultratight shale reservoirs, the flow of gas molecules
occur by only diffusion because the gas in the nanopores
exists only as absorbed gas and not free gas.

Fick’s law of diffusion is generally used to describe shale
gas migration in nanopores and at the surface of kerogen
[15, 40, 43–46]. Under the influence of concentration gradi-
ent, desorbed gas migrates from high concentration area to
low concentration area, and the diffusion stops when gas
concentration becomes uniform (as illustrated in Figure 3).
Assume that gas molecular diffusion satisfies Fick’s law, and
then gas diffusion flux could be expressed as

J F = −MgD ⋅ ∇Cm, 4

where D is the Fick diffusion coefficient, m2/s.
If gas concentration in matrix changed with coordi-

nates, meaning nonequivalent concentration at any time in
the matrix, unsteady state diffusion occurs, which can be
described by Fick’s second law. Otherwise, the Fick’s first
law is used when the concentration is assumed to be the same
at all locations in a given time (pseudosteady-state diffusion).
It is assumed in this paper that the desorption of the
adsorbed gas desorbed from the nanopores into the macro-
pores follows unsteady-state diffusion [15].

To simplify the hypothetical shale gas reservoir model, it
is assumed that the matrix element is spherical with radius
Rm; each matrix element is composed of organics and clay
grains, and diffusion is the only gas flow mechanism in the
matrix (Figure 4). Therefore, Fick’s second law can be applied
to describe gas diffusion from matrix elements into macro-
fractures or macropores.
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Figure 2: Shale gas isothermal adsorption curve and desorption
process diagram.
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Figure 3: Diagram of Fick diffusion.
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According to the unsteady-state diffusion theory, gas con-
centration in the matrix Cm is a function of time and space.
Therefore, the following mathematical expression can be
used to describe gas concentration change in the matrix,

∂Cm
∂t

=
1
r2m

∂
∂rm

Dr2m
∂Cm
∂rm

5

The initial condition of matrix unsteady-state diffusion
should satisfy the equation below.

Cm t = 0, rm = Ci pi , 6

where pi is the initial reservoir pressure, Pa.
The inner boundary condition can be expressed as

∂Cm t, rm = 0
∂rm

= 0 7

Since the outer boundary of matrix is connected with the
fracture system or macropore system, pressure at the matrix

surface equals that of fracture system, then, the outer bound-
ary can be represented as

Cm t, rm = Rm = Cm p , 8

where Rm is the radius of a spherical matrix element, m.
Using the above model and relevant boundary condi-

tions, the distribution of gas concentration in the shale
matrix can be solved. Then, the following equation can be
used to determine gas diffusion flow rate within matrix of
volume Vb,

qF =MgVb
3D
Rm

∂Cm
∂rm rm=Rm

9

3. Solutions of a MFHW in a Rectangular Shale
Gas Reservoir

3.1. Physical Model. In this section, continuous point source
solution for any point in a rectangular shale gas reservoir
with closed upper and lower boundaries is derived. The phys-
ical model is shown in Figure 5. The assumptions for this

(a)

(b)

(c)(d)

Rm

Macro-pore Representative
element volume of
shale matrix system

Shale particle
Nano-pore

Figure 4: Conceptual model used in this paper.
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Figure 5: Physical model of a MFHW in a rectangular closed outer-boundary shale gas reservoir.
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model are (1) the gas reservoir is homogeneous and aniso-
tropic with horizontal and vertical permeability kh and kz.
The width, length, and height of the reservoir are xe, ye,
and h; (2) a MFHW with length L is located in the middle
of the reservoir and parallel to the upper and lower bound-
aries. All hydraulic fractures are symmetrical and perpendic-
ular to the wellbore; the half length of the jth fracture is xf i;
the fractures are fully penetrating; (3) the well is perforated
at the intersections between the fractures and the wellbore,
which means that fluid flows from the reservoir to the frac-
tures and then from the fractures to the wellbore. Infinite
conductivity fractures are assumed with no pressure drop
across the fracture face and along the horizontal wellbore
length; (4) each fracture is evenly divided into 2N units with
unified flow rate [32, 47].

3.2. Continuous Point Source Solution. During the develop-
ment of shale gas reservoirs, natural fractures are the main
paths for gas flowing from the matrix to hydraulic fractures
and wellbores (Figure 6). Therefore, flow models for these
natural fractures are the key to deriving the point source func-
tion. The PDE of pseudopressure in cylindrical coordinates of
fracture systems for different models are derived in Laplace
domain (detailed derivation in the Appendix), which is

1
rD

∂
∂rD

rD
∂Δmf
∂rD

+
∂2Δmf
∂z2D

= f s Δmf , 10

where f s is the parameter group of the corresponding model
under different percolation mechanism, dimensionless.

For unsteady-state diffusion and transient interporosity
flow, the expression of f s is

f s = ωf s +
λmf
5

g s coth g s − 1 , 11

where g s can be expressed as

g s =
15ωm
λmf

+
β

λ
σ λθmf s coth λθmf s − 1 s,

β = 1 − ωf − ωm 1 − ϕf − ϕm

12

According to the mirror image and superposition princi-
ples (the schematic is shown in Figure 7) and Newman [48]
as well as Ozkan and Raghavan [49], the instantaneous point
source solution at the observation point MD′ generated by
unit source sink at point MD is [1]

G MD,MD′ , s = 〠
+∞

k=−∞
〠
+∞

m=−∞
〠
+∞

n=−∞

S1,1,1 + S2,1,1 + S1,2,1 + S1,1,2
+ S2,2,1 + S1,2,2 + S2,1,2 + S2,2,2

13

In the above equation, Si,j,k represents the pressure
response at any point of the gas reservoir caused by each
image well due to closed boundary.

Gas flow from natural fractures to artificial
fractures to well bore (viscous flow)

Gas flow from macro-pores to
micro-fractures

Gas desorption and flowfrom matrix to
macro-pores

Natural fractures
Hydraulic fractures

Horizontal well
Macro-pores

Representative
element volume Shale particle

Figure 6: Diagram of matrix desorbed gas flow through macropores to macrofractures.

Si,j,k =
exp − f s xDi − 2kxeD 2 + yDj − 2myeD

2
+ zDk − 2nhD 2

xDi − 2kxeD 2 + yDj − 2myeD
2
+ zDk − 2nhD 2

  i, j, k = 1, 2 , 14
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where

xD1 = xD − xwD,

xD2 = xD + xwD,

yD1 = yD − ywD,

yD2 = yD + ywD,

zD1 = zD − zwD,

zD2 = zD + zwD

15

Introducing the following Poisson summation formula,
which is [32, 49]

〠
+∞

n=−∞

exp − v a2 + ξ − 2nξe 2

a2 + ξ − 2nξe 2

=
1
ξe

K0 a v + 2〠
∞

n=1
K0 a v +

n2π2
ξ2e

cos nπ ξ

ξe

16

Then, the continuous point source solution for rectangular
gas reservoirs can be simplified and expressed as [32, 49]

G MD,MD′ , s =
2π

hDxeD

cosh uyD1 + cosh uyD2
u sinh uyeD

+ 2〠
+∞

k=1
cos kπ xD

xeD
cos kπ xwD

xeD

cosh εkyD1 + cosh εkyD2
εk sinh εkyeD

+ 2〠
∞

n=1
cos nπ zD

hD
cos nπ zwD

hD

×
cosh εn yeD − yD

εn sinh εnyeD

+ 2〠
+∞

k=1
cos kπ xD

xeD
cos kπ xwD

xeD

cosh εk,nyD1 + cosh εk,nyD2
εk,n sinh εk,nyeD

,

17
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Figure 7: Schematic of a point source in rectangular gas reservoir with closed boundaries.
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where

yD1 = yeD − yD − ywD 18

and

yD2 = yeD − yD + ywD 19

Then, the pressure drop in rectangular reservoir gener-
ated by the intensity qscins of the continuous point source is

Δmf‐ps =
pscT
Tsc

qscins
2πkfLref s

G MD,MD′ , s 20

Introducing (17) into (20) yields

Δmf‐ps =
pscT
Tsc

qscins
πkfLrefhDs

π
xeD

cosh uyD1 cosh uyD2
u sinh uyeD

+ 2〠
+∞

k=1
cos

kπxD
xeD

cos
kπxwD
xeD

×
cosh εkyD1 cosh εkyD2

εk sinh εkyeD

+ 2〠
∞

n=1
cos

nπzD
hD

cos
nπzwD
hD

cosh εn yeD − yD
εn sinh εnyeD

+ 2〠
+∞

k=1
cos kπ xD

xeD
cos kπ xwD

xeD

cosh εk,nyD1 + cosh εk,nyD2
εk,n sinh εk,nyeD

21

The above expression is the pressure drop at any point
of the reservoir generated by constant intensity qscins in rect-
angular reservoir. Noted that it can clearly see from the above
equation that some infinite summations of eigenfunctions
are existed, which generally have slow convergence char-
acteristics. Since the solutions presented in this work are
in the Laplace transform domain, we utilized the same
approach proposed by Ozkan and Raghavan [49] to improve
the computation efficient of source function given in (21).
The main routine to overcome this problem is to separate
in the infinite-acting and boundary-domained flow contribu-
tions in the solution and then recast the slow converging
summations and computationally difficult integrals into
computationally more efficient forms. In the previous paper
[32], the detailed expressions during different time are given,
and many authors has also reported them [49, 50].

3.3. Solution of the MFHW Producing with Constant
Bottomhole Pressure.As is shown in Figure 5, a horizontal well
with M fully penetrated fractures is drilled in a rectangular

outer-boundary reservoir. According to the source function
theory, the pressure drop at arbitrary point caused by each
discrete element can be obtained by integrating the continu-
ous point source function along the fracture element, which
is [40, 51]

Δmf i xD, yD =
Γ
Δmf‐ps xD, yD, xwDi, ywDi, s dΓ 22

Due to the fractures are parallel to the x-axis and all of
them are fully penetrated, the above equation can be con-
verted into the following formulation:

Δmf i xD, yD =
xmi+ΔL f i/2

xmi−ΔL f i/2

h

0
Δmf‐ps

xD, yD, xwDi, ywDi, s dzwdxw

23

Taking (21) into (23) and arranging it yield

Δmf i =
pscT
Tsc

qscLi
πkfLrefhDs

π
xeD

ΔLf i
cosh uyD1 + cosh uyD2

u sinh uyeD

+ 2Lref
+ΔL fDi/2

−ΔL fDi/2
〠
+∞

k=1
cos kπ xD

xeD
cos kπ xmDi + α

xeD

cosh εkyD1 + cosh εkyD2
εk sinh εkyeD

dα,

24

where qscLi is the continuous line source strength, which
has the following relationship with the continuous point
source qscins:

qscLi = qscinsh 25

Defining the following dimensionless production rate
and pseudopressure, we have

qDi =
qscLiΔLf i

qsc
26

and

mfD =
πkfhhTsc
pscTqsc

Δmf 27

Introducing (26) and (27) into (24), the dimensionless
pseudopressure drop generated by the ith unit at any reser-
voir location can be expressed as
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mfDi = qDiAji,

Aji =
π

sxeD

cosh uyD1 + cosh uyD2
u sinh uyeD

+
2

ΔLfDi

ΔL fDi/2

−ΔL fDi/2
〠
+∞

k=1
cos kπ xD

xeD
cos

kπ xmDi + α

xeD

cosh εkyD1 + cosh εkyD2
εk sinh εkyeD

dα

28

Due to the horizontal well is composed of many dis-
crete fracture units, the pressure at any point in the reser-
voir should be the superposition of the pressure drop
caused by all these units at the same point. For the obser-
vation point xDj, yDj , according to the superposition
principle, there is [32, 40]

mD xDj, yDj = 〠
M∗2N

i=1
qDiAji xDi, yDi, xDj, yDj, s 29

If setting the observation point on each fracture element,
then we can obtain 2N∗M linear equations and another
auxiliary equation of mass conservation for flux can be also
obtained; the detailed expressions can be referred to the
paper of Zhao et al. [32].

When well producing at a constant bottomhole pressure,
the dimensionless rate can be defined as follows:

qD =
qscpscT

πkfhTsc mf i −mwf
30

According to previous studies [52], there is the follow-
ing relation formula between dimensionless pseudopressure
and rate,

qD =
1

mwD × s2
, 31

where the definition of dimensionless pseudopressure in
(31) is

mwD =
πkfhTsc
pscTqsc

Δmf 32

The above equation is the production rate solution
when well producing at a constant pressure.

4. Results Analysis

4.1. Model Validation. In this section, we use the solution of
conventional dual-porosity reservoirs to prove the correct-
ness of our model. Comparing to the conventional model,
the difference between them is that our mode considers
the gas desorption and diffusion from the nanopores into

macropores. The model presented in this paper can simplify
into the conventional dual-porosity model by neglecting the
shale gas desorption and diffusion processes. For conven-
tional reservoirs, approximation expressions for f s in (11)
can be found in the literatures [8, 9, 53–55]. The expression
of f s introduced by Warren and Root for blocked matrix
with pseudosteady-state interporosity flow is

f s =
ωf 1 − ωf s + λmf
1 − ωf s + λmf

s 33

Using de Swaan’s approach [53], the solutions for
Warren and Root’s model can be extended to the solutions
of transient interporosity flow, which are

f s = ωf s + s
λmf 1 − ωf

3s
tanh

3 1 − ωf s
λmf

34

for horizontal slab blocks and

f s = ωf s +
λmf
5

15 1 − ωf s
λmf

coth
15 1 − ωf s

λmf
− 1

35

for spherical blocks.
The above three types of matrix block are the most pop-

ular idealization model for naturally fractured reservoirs;
they have been widely used in the petroleum industry since
they are proposed. So, the correctness of our model and
method can be validated by comparing the result to the
conventional model with spherical blocks.

In our model, if the gas diffusion and desorption are
neglected, the following relationship must be established,
which is

ωf + ωm = 1 36

Substituting the above equation into the expression of
g s in (11), which becomes

g s =
15 1‐ωf

λmf
s 37

It can be clearly seen that (11) can be simplified into
the same solution for spherical blocks described by (35)
for naturally fractured reservoirs by taking the above equa-
tion into it, which prove the correctness of our solution.

4.2. Well Production Performance Analysis. On the basis of
the above solution, the semianalytical solution in Laplace
domain can be transformed into real space using Stehfest
numerical inversion algorithm [56]. Therefore, when the well
is produced at a constant bottomhole pressure, the rate
decline semilog type curves of production rate and cumula-
tive production vs time can be obtained. The input parame-
ters for simulation sensitivities for the following models are
shown in Table 1.
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For a well producing at constant bottomhole pressure in a
rectangular gas reservoir, the production rate and cumulative
production vs. time curves in semilog coordinates with differ-
ent fracture numbers are shown in Figure 8. From the plot, it
can be seen that the early time production rate is increasing
with the increasing of fracture number, which is mainly
because the larger the M is, the bigger the drainage area of
the well will be during the early flow period. And when the
pressure wave transports to the outer region formation, this
effect will be gradually weaken. However, the cumulative pro-
duction with different M under the same production time in
later production period will be the same due to the reserve of
them are equivalent.

Figure 9 shows the influence of Langmuir volume CL on
the well production performance. Due to the mechanism,
physical model in this paper has divided the pores in matrix
system into the following two subspace: macropores and
nanopores. The adsorbed gas will be desorbed from the par-
ticle surface in the matrix and then flow into the macropores
by Fick diffusion. When the pressure in the macropore sys-
tem is lower than the Langmuir pressure, desorption phe-
nomenon will happen. So, when the well producing with

the constant bottomhole pressure of 4MPa, the pressure in
the vicinity of the well will be lower than the Langmuir pres-
sure, which will cause the adsorbed gas to desorb frommatrix
surface. So, we can find from Figure 9 that the production
rate is larger with the increasing of Langmuir volume. But
this effect is very small. When well is producing for a long
time, the cumulative production of well with bigger CL will
be larger than the others.

Figure 10 shows the effects of permeability in natural
fracture system on the well production performance.
Because the natural fracture system is the main flow path
of gas flow from the formation into hydraulic fractures, it
has a significant influence on well production performance.
According to the productivity equation of wells, the well
production rate has a proportional relationship with the
natural fracture permeability. And due to the constant con-
trol volume of our model, the bigger production rate at
early flow period will lead to a bigger rate decline in the
middle flow period. According to the cumulative produc-
tion curves on Figure 10, we can clearly see that the larger
the kf is, the larger the cumulative production will be in
our given time period.

Table 1: Synthetic data used in the examples.

Parameters Value Parameters Value

Initial reservoir pressure, pi, MPa 25 Reservoir temperature, T , K 320

Formation thickness, h, m 60 Gas specific gravity, rg, fraction 0.65

Well length, L, m 1200 Constant bottomhole pressure, pwf , MPa 4

Natural fracture system permeability, kf , mD 0.005 Natural fracture system porosity, ∅f , fraction 0.01

Macropore system permeability, km, mD 10−6 Macropore system porosity, ∅m, fraction 0.05

Langmuir pressure, PL, MPa 4 Langmuir volume, CL (m
3/m3) 10

Number of fractures, M (integer) 10 Half fracture length, Lf , m 100

Outer boundary size, xe, m 800 Outer boundary size, ye, m 3000
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Figure 8: Influence of fracture number on well production performance.
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Figure 11 shows the effects of permeability in macro-
pores on well production rate and cumulative production
rate curves. The bigger km represents a stronger supple-
ment of fluid from matrix system into natural fractures.
Because the fluid flow from matrix system into natural
fractures follows the transient interporosity flow, this sup-
plement will happen immediately after the well opens. The
bigger the km is, the larger the well production rate will
be, and this trend will be lasting for a long time. So, for
shale gas reservoir development, the permeability of the

matrix system is a very important parameter to evaluate
the well production performance.

Figure 12 shows the effects of macropores porosity (∅m)
on well production performance. The value of ∅m presents
the amount of free gas in macropore system of shale matrix
system. With the increase of the ∅m, the quantity of free
gas flows from macropores into natural fracture system by
interporosity will increase. So, when well produces at a con-
stant bottomhole pressure, the higher the porosity is, the
larger the well production rate will be. Although the
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Figure 9: Influence of Langmuir volume on well production performance.
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increment of production rate is not quite obvious, for the sit-
uation listed in this paper, the increment is still nearly
5000m3/d. If this increment for conventional gas reservoir
could be negligible, it is very considerable for shale gas reser-
voir due to the long production period.

Figure 13 shows the effects of gas desorption time (τ) on
the well production performance. As we know, the gas
desorption time presents the gas desorption rate of adsorbed
gas desorbed into free gas. The smaller the τ is, the faster the
desorption process happens. It can be clearly seen from
Figure 12 that the smaller the gas desorption time is, the
larger the well production time will be, and the correspond-
ing cumulative production will be larger too.

5. Discussion

This paper established a new mechanism model to describe
the gas flow in multiscaled shale gas reservoir, which divided
the pores in matrix systems into two subtypes: macropores
and nanopores. The gas flow in nanopores obeys the Fick’s
second diffusion and in macropores follows the inter-
porosity flow as conventional dual-porosity model. On
the basis of the above flow mechanism, the production
performance of a MFHW in a rectangular outer-
boundary shale gas reservoir is analyzed by semianalytical
solution method. Comparing to the solutions of conven-
tional naturally fractured reservoir, the correctness of our
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Figure 11: Influence of permeability in macropore system on well production performance.
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Figure 12: Influence of porosity in macropores on well production performance.
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model is certified by neglecting the gas desorption and dif-
fusion properties. After that, the effects of corresponding
sensitive parameters on well production rate and cumula-
tive production rate curves are analyzed. According to
the results, we can conclude that the fracture number only
affects the well performance in early flow period; the per-
meability of natural fractures mainly affects the early per-
formance due to the finite drainage volume in our
physical model. Comparing to the permeability of natural
fracture system, the effects of permeability in macropore
system on early and middle flow periods are obvious. So,
for some high rate well in field, the macropore may be an
important storage space, and which cannot be neglected
or combined with other system to analyze.

Appendix

Continuity Equation in Natural Fracture System

The continuity equation of shale gas flow in macrofracture
system is given in the cylindrical coordinate system by [32]

1
r
∂
∂r

r
∂mf
∂r

+
∂2mf
∂z2

=
ϕfμgicfgi

kf

∂mf
∂t

−
1
kf

2RT
Mg

qm A 1

For transient interporosity flow from matrix to fractures,
the continuity equation for flow in matrix is

1
r2m

∂
∂rm

r2m
∂mm
∂rm

=
ϕmμgicmgi

km

∂mm
∂t

+
1
km

2RT
Mg

qF A 2

The interporosity flow rate qm is expressed as

qm = −
3ρg
Rmac

km
μg

∂pm
∂rm

rm=Rmac
A 3

Gas diffusion from matrix to fractures in unit reservoir
volume is

qF =Mg 1 − ϕf − ϕm
dCm
dt

A 4

For unsteady-state gas diffusion from matrix to fractures,
there is

dCm
dt

=
3DF
Rm

∂Cm
∂rm rm=Rm

A 5

For transient interporosity flow model, define the follow-
ing dimensionless variables:

λmf = α
km
kf

L2ref ,

rD =
r

Lref
,

rmD =
rm
Rmac

,

tD =
kf t

ΛL2ref
,

ωf =
ϕfμgicfgi

Λ ,

ωm =
ϕmμgicmgi

Λ ,

λ =
kmτ

ΛL2ref

A 6

The other variable groups used in the above equations are
defined as
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Figure 13: Influence of desorption time on well production performance.
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Δmf =m pi −m pf ,

Δmm =m pi −m pm ,

Λ = ϕmμgicmgi + ϕfμgicfgi +
6kfh
qsc

R2
mac
L2ref

,

τ = R2
m

DF
, θmf =

kf
km

,

CmD = Cm pm − Cm pi ,

CED = CE pm − Cm pi ,

A 7

where the expression of pseudopressure m p is defined as

m p =
p

po

p′
μZ

dp′, A 8

where λ is the dimensionless interporosity flow coefficient
from nanopore into macropore system; λm−f is the dimen-
sionless interporosity flow coefficient from macropore into
natural fracture system; τ is the sorption time constant
which can be measured in the lab; ω is the storability
ratio, dimensionless; and Lref is the characteristic length,
m; in this paper, we can choose the horizontal well length
as the reference length.

And then the continuity equation in the natural fracture
and macropore system in the matrix system can be pre-
scribed as the following in Laplace domain, which are

1
r2D

∂
∂rD

r2D
∂Δmf
∂rD

= ωf sΔmf +
λmf
5

∂Δmm
∂rmD rmD=1

, A 9

∂
∂r2mD

r2mD
∂Δmm
∂rmD

=
15ωm
λmf

sΔmm

−
Mg

ρsc

qscpscT
kfhTsc

β

λ

∂CmD
∂rmD rmD=1

,
A 10

where β = 1 − ωf − ωm 1 − ϕf − ϕm .
According to the mathematical model of gas diffusion in

the nanopores described in (5)–(8) and combining the
defined dimensionless variables with them, we can obtained
the dimensionless diffusion equation in the Laplace domain
is [1]

1
r2mD

∂
∂rmD

r2mD
∂CmD
∂rmD

= λθmf sCmD, A 11

∂CmD s, rmD = 0
∂rmD

= 0, A 12

CmD s, rmD = 1 = CED m pf A 13

Define the following group as

WD = CmDrmD A 14

Substituting the above equation into (A.11) yields

∂2WD
∂r2mD

= λθmf sWD A 15

The general solution is

WD = A sinh λθmf srmD + B cosh λθmf srmD

A 16

Substituting (A.16) into (A.14) yields

CmD =
A sinh λθmf srmD + B cosh λθmf srmD

rmD

A 17

According to the inner boundary condition of matrix sys-
tem, we have

lim
rmD→0

CmD

= lim
rmD→0

A sinh λθmf srmD + B cosh λθmf srmD

rmD

= finite value
A 18

According to the L’Hospital rule, the solution of B
parameter can be derived from (A.18)

B = 0 A 19

Then, the following equation can be obtained from the
inner boundary condition:

lim
rmD→0

A
λθmf s cosh λθmf srmD − sinh λθmf srmD

r2mD
= 0

A 20

Similarly, the above equation can be simplified as

Aλθmf s
2

lim
rmD→0

sinh λθmf srmD = 0 A 21

Combining with the outer boundary condition and tak-
ing B into the corresponding equation, the parameter A can
be obtained as

A =
CED m pf

sinh λθmf s
A 22
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Substituting (A.19) and (A.22) into (A.17), and then the
solution of the gas concentration is

CmD =
CED m pf

sinh λθmf s

sinh λθmf srmD

rmD
A 23

According to the Langmuir isotherm desorption equa-
tion, the following equation is established:

CED m pf =
ρsc
Mg

L VLm pf
m pL +m pf

−
VLm pi

m pL +m pi
A 24

Define the following desorption coefficient σ as follows:

σ =
VLm pL

m pL +m pf m pL +m pi

qscpscT
kfhTsc

A 25

Then, (A.24) becomes

CED m pf = ρsc
Mg

σ m pf −m pi = −
ρsc
Mg

kfhTsc
qscpscT

σΔmf

A 26

Substituting (A.26) into (A.23) yields

CmD = −
ρsc
Mg

kfhTsc
qscpscT

σ

sinh λθmf s

sinh λθmf srmD

rmD
Δmf

A 27

Taking the derivation with rmD for the above equation,
we have

∂CmD
∂rmD rmD=1

= −
ρsc
Mg

kfhTsc
qscpscT

σ λθmf s coth λθmf s − 1 Δmf

A 28

Then, substituting (A.28) into (A.10), we have

1
r2mD

∂
∂rmD

r2mD
∂Δmm
∂rmD

= g s Δmm, A 29

where g s = 15ωm/λmf + β/λ σ λθmf s coth λθmf s
− 1 s .

Then, based on the previous research [8], the relationship
of macropores in matrix system with pressure in natural frac-
ture system can be solved. So, the uniform expression of the
governing equation in natural system can be changed into

1
rD

∂
∂rD

rD
∂Δmf
∂rD

+
∂2Δmf
∂z2D

= f s Δmf , A 30

where f s = ωf s + λmf /5 g s coth g s − 1 .

Nomenclature

Latin

cmgi, cfgi: Gas compressibility in fracture and matrix
system, respectively, Pa−1

Cm: Molar mass of gas in matrix, mol/m3

CE: Volume of gas adsorbed per unit volume of
the shale gas reservoir in equilibrium at
pressure pm, sm3/m3

CL: Langmuir volume, sm3/m3

D: Diffusion coefficient, m2/s
f s : The parameters group of the corresponding

model under different percolation mecha-
nism, dimensionless

f, mc: Fractures and macropore media
h: Formation thickness, m
J F: Fick mass diffusion flux (gas mass passing

through unit acreage in unit time), kg/
(m2 ⋅ s)

J l: Mass velocity of gas in media l, kg/(m2 ⋅ s)
kf : Permeability of natural fracture system,

m2

km: Permeability of macropore in matrix system,
m2

kh, kz: Horizontal and vertical permeability of
reservoir, respectively, m2

L: Well length, m
Lref : The characteristic length, m
M: Number of fractures
N : Discrete number of each half fracture
Mg: Molar mass of gas, kg/mol
p: Pore pressure, Pa
PL: Langmuir pressure, Pa
pi: Initial reservoir pore pressure, Pa
pf , pm: Pressure in fracture and matrix system,

respectively, Pa
psc: Pressure at standard condition, psc = 0 1MPa
pl: Pressure in media l, Pa
qm: Interporosity flow rate, kg/s
qscin: The intensity of the cylinder source sink
qdes: Mass flow rate of gas desorption from

reservoir of volume Vb, kg/s
qsc: Well production rate, m3/s
qF: Fick mass flow(gas mass passing through

volume Vb in the unit time), kg/s
rm: Inner diameter of sphere matrix element, m
Rm: Radius of sphere matrix, m
s: Laplace variables, dimensionless
t: Production time, hour, and day
Tsc: Standard temperature, Tsc = 273K
T: Reservoir temperature, K
Vb: Shale matrix volume, m3

x f i: The half length of the jth fracture, m
x, y, z: Distance coordinates, m
xe, ye: Effective reservoir width and length, m
xD, yD, zD: Dimensionless space coordinates,

dimensionless
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xwD, ywD, zwD: Dimensionless space distance between the
well with the bottom boundary,
dimensionless

Z: Gas deviation factor, fraction.

Greek

λ: Interporosity flow coefficient, dimensionless
τ: Sorption time, constant, s
ω: Storability ratio, dimensionless
μg Gas viscosity, Pa ⋅ s
ρgsc: Shale gas density at standard conditions, kg/m3

∇: Gradient operator, ∇ = ∂/∂x i + ∂/∂y j + ∂/∂z k
∅f ,∅m: Natural fracture and shale matrix porosity, respec-

tively, fraction
Σ: Desorption coefficient
π: 3.141…..

Superscript

−: Laplace domain.

Subscripts

D: Dimensionless
I: Initial condition
sc: Standard state
w: Wellbore
f: Fracture system
m: Matrix system
wD: Dimensionless wellbore.
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An accurate evaluation of coal rock fracture conductivity is an important prerequisite for predicting the productivity of CBM
wells. Coal rock is soft and fragile, with low elastic modulus and high Poisson ratio. In the process of fracturing flowback, the
contact deformation between proppant and fracture wall will affect the fracture conductivity when the proppant is embedded in
the coal rock; thus the calculation method of plate fracture conductivity is no longer suitable for the evaluation of coal rock. Based
on the contact deformation theory of elastic mechanics, a method for calculating contact deformation of proppant in fracture is
proposed. Considering the effect of the deformation and embedded depth of proppant and the tortuosity of pore flow channel
between proppant particles on fracture conductivity, a model for calculating fracture conductivity of coal rock fractures under
three kinds of proppant arrangement (Model 4-1, Model 3-1, and Model 2-1) is established. Comparison of calculation results of
theoretical model and experiments confirmed that the arrangement of proppant in coal rock fracture is closest toModel 3-1, and the
influence ofmechanical parameters of coal rock and proppant on fracture conductivity is calculated and analyzed by this theoretical
model.The study shows that the coal rock fracture conductivity is affected little by Poisson’s ratio of coal rock and proppant, which
is greatly influenced by the elastic modulus of them, and the effect of particle size of proppant is especially significant.

1. Introduction

Hydraulic fracturing is the primary means of stimulating
CBM wells and has been widely used in exploration of
coalbed methane [1–9]. The fractures produced by hydraulic
fracturing can communicate with natural fractures in the coal
seam [10–12], enhance the connectivity between natural frac-
tures, greatly improve the permeability of coal reservoir [9],
and have a very significant effect of increasing production [13,
14]. To study fracture conductivity, the evaluation begins with
the prediction of the fracture productivity after conventional
fracturing of sandstone and other conventional reservoirs
[15–17]. Much [18], Penny [19], and McDaniel [20, 21] have

studied the influence of time and temperature on the long-
term conductivity of cracks in medium and hard sandstone
formations under certain closed stress conditions. Pope [22]
and Gong [23] discussed the effect of the fracturing fluid vis-
cosity on the ability to support fractures, and they established
a prediction method of fracture permeability. On the basis of
mass balance and the pressure-matchingmethod, Rahim [24]
and Gu [25] theoretically analyzed the relationship between
fracture conductivity and formation permeability on the one
hand and fracture length and production time on the other
hand. After coal seam fracturing, it is more likely to have
the complicated conditions such as proppant embedded,
fractures wall compaction, and coal dust clogging [26–28].
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Therefore, the research on fracture conductivity in coal
seams cannot follow the methods of conventional oil and gas
reservoirs.

Researchers have carried out relevant experimental
research on fracture conductivity of coal rock, in terms of
proppant embedment, crushing and wall compaction, and
the damage of fracture fluid residue to fracture conductivity.
Gao [29] carried out a long-termdiversion experiment of coal
rock and tested the conductivity under the condition of clo-
sure pressure and proppant embedment. Liu [30] and Zhang
[31] simulated the experiments of fracture conductivity when
the proppant was embedded in different coal rock. They
proved that the fracture conductivity has a strong sensitivity
to stress, and the more severe the proppant is embedded in
the coal rock, the greater the damage degree of the fracture
conductivity of coal rock fracture is. Wang [32] and Zhang
[33], respectively, tested the effects of sand concentration,
proppant size, proppant type, fracturing fluid residue, and the
breakage and embedment of proppant particles on the frac-
ture conductivity. The results show that the reduction of con-
ductivity caused by the embedment is more serious than that
of fracturing fluid residue. Zhang [34] considered proppant
embedment and natural fracture and other factors, tested
the coal rock fracture conductivity under the condition of
low sand concentration, and found that single layer sanding
can support coal rock fractures under lower closed pressure
and obtain ideal fracture conductivity. Zheng [35] and Dong
[36] considered the influence of natural fractures and the
properties of coal rock on fracture conductivity and carried
out experiments on fracture conductivity of coalbed methane
wells. It is proved that natural fractures and cleats in the coal
plate have a significant influence on fracture conductivity,
and it is beneficial to improve fracture conductivity. Shen
[37] conducted a thorough study on the variation of fracture
conductivity under high closure pressure. They studied the
influence of proppant size and breakage rate on the fracture
conductivity, but did not consider the influence of proppant
embedment. Obviously, the study on the flow conductivity of
coal rock fractures is mostly based on experimental analysis,
and there is no more perfect theoretical model to evaluate
the conductivity of coal rock fractures accurately. This paper
has important theoretical and practical value to establish the
corresponding theoretical model.

2. Calculation Model of Fracture Width

2.1. Calculation of Deformation and Embedment Depth of
Proppants. The schematic diagram of proppant 1 and prop-
pant 2 under closure pressure is shown in Figure 1. According
to the literature [38] we can see that the two proppant
particles contact area is circular, assuming the radius of the
circle is a, then

𝑎 = (34𝑃𝐶𝐸 𝑅1𝑅2𝑅1 + 𝑅2)
1/3

(1)

𝐶𝐸 = 1 − V21𝐸1 + 1 − V22𝐸2 (2)

where

Proppant 1

Proppant 2

2a

P

P

Figure 1: Schematic diagram of contact deformation between
proppants.

Proppant 1

2a

Figure 2: Schematic diagram of proppants embedment.

𝑎 is the radius of the contact area of the twoproppants,
mm;
P is the external force acting on the two proppants, N;𝑅1 is the radius of proppant 1, mm;𝑅2 is the radius of proppant 2, mm;𝛾1 is the Poisson ratio of proppant 1, dimensionless;𝛾2 is the Poisson ratio of proppant 2, dimensionless;𝐸1 is the elastic modulus of proppant 1, MPa;𝐸2 is the elastic modulus of proppant 2, MPa.

The theoretical relationship between the two proppants is
verified by the following relationship [39]:

𝛼 = (3/4) 𝑃𝐶𝐸((3/4) 𝑃𝐶𝐸 (𝑅1𝑅2/ (𝑅1 + 𝑅2)))1/3 (3)

When 𝑅2 approaches infinity, proppant 2 can be approxi-
mated as the wall of coal rock fractures, as shown in Figure 2,
and (3) can be simplified as follows:

𝛼 = 2 ((3/8) 𝑃𝐶𝐸𝐷1)2/3𝐷1 (4)

where𝐷1 is the diameter of proppant 1, mm.
The value of 𝛼 is affected by two factors: the deformation

and embedment of the proppants. When the elastic modulus
of coal rock wall tends to infinity, the proppants will not
be embedded, and the value of 𝛼 will only affected by the
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deformation of proppants. Then the proppant deformation 𝛽
obtained from (4) can simplified as

𝛽 = 2 ((3/8) 𝑃𝐷1 ((1 − V21) /𝐸1))2/3𝐷1 (5)

Combining (4) and (5), the embedment depth can be
obtained:

ℎ = 2 ((3/8) 𝑃𝐷1)2/3𝐷1 [[(
1 − V21𝐸1 + 1 − V22𝐸2 )

− (1 − V21𝐸1 )2/3]]
(6)

According to Hooke’s law, when the proppant interacts
with the wall of coal rock, it will cause the compacted
deformation. It is assumed that the effective thickness of coal
seam is𝐷2, then the deformation Δ𝐷2 in closure pressure can
be expressed as

Δ𝐷2 = 𝐷2 𝑃𝐸2 (7)

where

𝐷2 is the effective thickness of coal seam, mm;
P is the closure pressure, MPa.

The deformation is caused by the embedment, so the
thickness of coal rock without embedding is still initial value.
Combining (4) ∼ (7), the following equations can be obtained:

𝛼 = 2 ((3/8) 𝑃𝐶𝐸𝐷1)2/3𝐷1 + 𝐷2 𝑃𝐸2 (8)

ℎ = 2 ((3/8) 𝑃𝐷1)2/3𝐷1 [[(
1 − V21𝐸1 + 1 − V22𝐸2 )

− (1 − V21𝐸1 )2/3]] + 𝐷2 𝑃𝐸2 .
(9)

2.2. Calculation of Fracture Width. Assuming that, under the
closure pressure, the number of proppant layers between two
walls of coal rock fracture is 𝑛, and the distance between the
two proppant layers is equal, expressed in ℎq:

𝑊 = (𝑛 − 1) ℎ𝑞 + 𝐷1 − 2 (𝛽 − ℎ) (10)

That is,

𝑊 = (𝑛 − 1) ℎ𝑞 + 𝐷1
− 2(2 ((3/8) 𝑃𝐷1 ((1 − V21) /𝐸1))2/3𝐷1

− 2 ((3/8) 𝑃𝐷1)2/3𝐷1 [[(
1 − V21𝐸1 + 1 − V22𝐸2 )

− (1 − V21𝐸1 )2/3]])
(11)

3. Calculation Model of Fracture Permeability

The total number of proppants embedded in the seam is
denoted by 𝑁, and 𝑁1 is the number of proppants adjacent
to the wall of fracture. 𝑁 denotes the number of internal
channels in the seam, and 𝑛 the number of channels of coal
walls.𝑁 represents the total number of proppant laying in the
coal rock fracture, and𝑁1 represents the number of proppant
adjacent to the double wall of the seam. Then the total
volume of embedded proppant 𝑉 and other parameters can
be expressed by the following equations:

𝑉 = 𝑁1 × 𝑉 = 𝑁1 × 𝜋ℎ2 (𝑅 − ℎ3) (12)

𝑁 = [𝑛 ( 𝐻2𝑅)int − 𝐴] ( 𝐿2𝑅)int (13)

𝑁1 = ( 𝐻2𝑅)int ( 𝐿2𝑅)int + [( 𝐻2𝑅)int − 𝐵] ( 𝐿2𝑅)int (14)

where

𝑛 is the layers for proppants in coal rock;

H and 𝐿 are respectively the height and length of coal
rock fracture, m.

A is constant; when n=3m-2, A=2m-2; when n=3m-1,
A=2m-1; and when n=3m, A=2m.

B is constant; when n=3m-2, B=0; when n=3m-1 or
n=3m, B=1.

Combining the definition of width and porosity of frac-
tures [39], the depth of embedment ℎ and the porosity of
fracture 𝜑 can be obtained:

𝜑 = 𝐿𝐻𝑊 − ((4/3) 𝜋𝑅3𝑁 − 𝑉)𝐿𝐻𝑊 (15)

𝑅1 and 𝑅2 are, respectively, the effective radii of the flow
channel on the wall and of the internal flow channel of coal
rock:

𝑟1 = √𝐿𝐻(2𝑅 − 2𝛽 + 2ℎ) − 𝑁1 (2𝜋𝑅3/3) + 𝑉𝑛𝜋𝐿 (16)

𝑟2 = √𝐿𝐻(𝑛 − 1) ℎ − (𝑁 (4𝜋𝑅3/3) − 𝑁1 (2𝜋𝑅3/3))𝑛𝜋𝐿 (17)
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(a) Model 4-1 (b) Model 3-1 (c) Model 2-1

Figure 3: Schematic diagram of 3 kinds of proppant arrangements.

The effective radius of flow channels and the tortuosity of
coal rock fractures can be, respectively, expressed as

𝑟 = 2𝑛 + 1𝑟1 + 𝑛 − 1𝑛 + 1𝑟2 (18)

𝜏 = 1𝜑𝜅 (19)

where 𝜅 is a constant with a value of 0.489.
The permeability of coal rock with embedment is

𝐾 = 𝜑𝑟28𝜏2 × 1012
= [𝐿𝐻𝑊 − ((4/3) 𝜋𝑅3𝑁 − 𝑉)]8𝜏2𝐿𝐻𝑊 𝑟2 × 1012

(20)

4. Calculation Model of Fracture Conductivity

4.1. Stress Analysis of Proppants under Different Arrangements.
In this paper, amodel for calculating the fracture conductivity
of coal rock under 3 kinds of arrangement modes (Model 4-
1, Model 3-1, and Model 2-1) are established. The schematic
diagram is shown in Figure 3.

In the different arrangements of proppant, the five, four,
and three proppants are, respectively, taken as the study
object.The center line constitutes a cube.Theupper and lower
proppants deform under the closure pressure 𝑃, while there
is no closure pressure between the same layers.The simplified
diagram under different arrangement is shown in Figure 4.

4.2. Calculation of the Fracture Conductivity. According to
the space geometry theory, the equation for calculating the
distance between two deformed proppants can obtained by
Figure 4(a):

ℎ𝑞 = √(𝐷 − 𝛼)2 − 12𝐷2 (21)

As shown in Figure 5, in Model 4–1, a stress unit consists
of four proppants in the same layer. Assume that every
proppant has the same diameter, that is, 𝑅1=𝑅2=D/2.

The proppant is arranged closely, and the center line
forms a square whose diameter is 𝐷. The area of the square𝑠 is

𝑠 = 𝐷2 (22)

The external force 𝑃 and the closure pressure 𝑝 satisfy the
following relationships:

𝑃 = 𝑝𝑠,
𝑝 = 𝑝0 − 𝑝𝑖 (23)

where

𝑝0 is the overburden pressure, MPa;𝑝i is the net pressure, MPa;
D is the diameter of proppant, m.

By the definition of fracture diversion capacity, the
fracture conductivity of coal rock KW is

𝐾𝑊 = [𝐿𝐻𝑊 − ((4/3) 𝜋𝑅3𝑁 − 𝑉)]8𝜏2𝐿𝐻 𝑟2 × 1014 (24)

With (8) ∼ (11) and (20) ∼ (23) substituted into the above
formula, a model for calculating the fracture conductivity of
coal rock considering the factors of proppant embedment
and deformation in Model 4-1 is given. Similarly, the fracture
conductivity of Model 3-1 and Model 2-1 can be obtained,
respectively.

4.3. Model Application and Validation. First, the theoretical
model is used to calculate the theoretical value of the fracture
conductivity of coal rock under the same conditions as
the experimental parameters in the laboratory. The number
of proppants layer 𝑛 can be obtained from the following
equation:

𝑛 = √62𝐷 ( 𝑚𝜌𝑆 − 𝐷) + 1 (25)

where
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Figure 4: Simplified diagram under three arrangement modes.
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Figure 5: Schematic diagram of stress unit in the same layer.

𝑚 is the mass of proppants, g;𝜌 is the apparent density of proppant, g/cm3;
S is the area of facture wall, cm2.
D is the diameter of proppant, cm.

The proppant in this paper is taken from Daqing oilfield,
the density and concentration are, respectively, 1.692 g/cm3

and 10 kg/m2, the total length of diversion chamber is 17.7 cm,
and its end is semicirclewith diameter 3.81 cm.The equivalent
particle size of 20 ∼ 40 mesh is calculated to be 0.6106 ×
10−4m by using geometric weighted average method, and the
corresponding sand layer is calculated as 12 layers when the
concentration is 10 kg/m2.

Parameters such as elastic modulus and Poisson’s ratio of
coal and proppant are provided by Daqing oilfield, and the
experimental parameters are shown in Table 1.

After the test of coal rock fracture conductivity, the coal
plate is shown in Figure 6. It can be clearly seen that the
coal plate and proppant did not rupture, indicating that the
experiment can adequately reflect the variation of fracture
conductivity.

The average value of fracture conductivity of each pres-
sure test point in the same period is taken as the test result of
the fracture conductivity of coal rock; the theoretical results
of fracture conductivity of coal rock under different pressures
and the comparison curves with experimental results are
shown in Table 2 and Figure 7(a). In order to ensure the

feasibility of the theoretical model, the data of Meng [40] is
also used to prove the accuracy of the theoreticalmodel in this
paper. It should be noted that Meng’s data lack mechanical
parameters of coal rock and proppants, so we assume that
the mechanical parameters of coal rock and proppant are the
same as those of this paper, and the comparison curves are
shown Figure 7(b).

The two groups of comparison curves of fracture conduc-
tivity between theoretical and experimental results in Figures
7(a) and 7(b) both show that the calculated results have the
same trend as experimental data; thus the accuracy of the
theoretical model is verified. With the increase of closure
pressure, the pore volume of fractures decreases, leading to
a significant decrease in the conductivity of coal rock. For
Meng’s experiments, the arrangement of proppants meets
both Model 3-1 and Model 4-1. But it is obvious that Model
4-1 is more consistent with the experimental results, and if
the next step of sensitivity analysis based on the experimental
data of Meng, Model 4-1 should be considered. However,
it can be seen from the comparison curves that, in the
actual fracturing process in this paper, the arrangement of
proppants in coal rock fractures meets Model 3-1. Therefore,
Model 3-1 is chosen as the theoretical model in this paper,
and the influence of various factors on fracture conductivity
of coal rock under the condition of Model 3-1 is discussed.

5. Sensitivity Analysis

Through the previous model verification, the theoretical
model of this paper is found to bemore consistent withModel
3-1, so the sensitivity analysis of this paper has been based on
Model 3-1, and the change of fracture conductivity with the
various factors is also based on the Model 3-1.

5.1. Influence of Poisson’s Ratio of Coal Rock. The theoretical
values of fracture conductivity of coal rock are calculated
under the condition that Table 1 and other parameters are
kept unchanged. The closure pressure is 20MPa and the
Poisson’s ratio of coal rock ranges from 0.15 to 0.35, the results
are shown in Table 3, and the curve of fracture conductivity
and Poisson’s ratio of coal rock is shown in Figure 8.

It can be seen from the diagram that the influence of coal
rock Poisson’s ratio on fracture conductivity is very small.
With the increase of coal rock Poisson’s ratio, the fracture
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Figure 6: Coal plate shape before and after fracture conductivity test.
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(a) Comparison curves of fracture conductivity between theoretical and
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(b) Comparison curves of fracture conductivity between theoretical and
experimental results (experimental data of Meng et al. 2014)

Figure 7

Table 1: Experimental parameters of coal rock and proppant.

Concentration
of proppant
(kg⋅m−2)

Diameter of
proppant (m)

Closure
pressure (MPa)

Elastic
modulus of
proppant
(GPa)

Poisson’s ratio
of proppant

Elastic
modulus of
coal rock
(GPa)

Poisson’s ratio
of coal rock

Height of
fracture
(m)

Length of
fracture
(m)

10 6.106×10−4 10∼30 20.338 0.142 1.205 0.221 0.0381 0.127
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Table 2: Comparison of experimental and theoretical results of coal rock fracture conductivity.

10MPa 15MPa 20MPa 25MPa 30MPa
Model 2-1 200.185 183.888 170.467 159.175 149.466
Model 3-1 110.027 96.936 85.905 77.268 69.955
Model 4-1 95.554 81.275 69.917 60.770 53.067
Experimental data 117.641 101.434 90.317 79.398 73.697

Table 3: Fracture conductivity under different Poisson’s ratio of coal rock.

Poisson’s ratio of coal rock 0.15 0.20 0.25 0.30 0.35
Fracture conductivity of coal rock/(𝜇m2⋅cm) 86.090 86.164 86.260 86.379 86.522
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Figure 8: Relationship curve of fracture conductivity and Poisson’s
ratio of coal rock.

conductivity increases slightly, but the increase rate is less
than 1%. Therefore, in the field of construction error within
the allowable range, the impact is negligible.

5.2. Influence of Elastic Modulus of Coal Rock. In order to
study the influence of elastic modulus of coal rock on fracture
conductivity, the theoretical values of fracture conductivity
of coal rock complex fracturing system under the condition
that the other calculation parameters of Table 1 remain
unchanged, the closure pressure is 20MPa, and the coal rock
elastic modulus changes in the range of 2GPa ∼ 6GPa are
calculated, as shown in Table 4.

The relationship between fracture conductivity and elas-
tic modulus of coal rock is obtained, as shown in Figure 9. It
can be seen that, with the increase of the elastic modulus of
coal rock, the fracture conductivity is gradually increasing,
but the increase rate is gradually slowed down. When the
coal rock elastic modulus is less than 3GPa, the coal rock
fracture conductivity increases greatly. When the coal rock
elastic modulus is greater than 3GPa, the coal rock fracture
conductivity increased to a lesser extent. This is mainly due
to the fact that the greater the elastic modulus of coal rock is,
the shallower the proppant embedment depth is, the greater
the fracture porosity is, and thus the higher the fracture
conductivity is.

5.3. Influence of Elastic Modulus and Poisson’s Ratio of Prop-
pant. Similarly, keeping the other calculated parameters in
Table 1 unchanged, the theoretical values are, respectively,
calculated at 20MPa when proppant Poisson’s ratio ranges
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Figure 9: Relationship curve of fracture conductivity and elastic
modulus of coal rock.

from 0.1 to 0.3 and proppant elastic modulus ranges from
10GPa to 35GPa.

As can be seen from Figure 10, Poisson’s ratio of proppant
has little influence on coal rock fracture conductivity, and the
trend of Poisson’s ratio of proppant has the same influence
as that of coal rock on conductivity. With the increase of
proppant Poisson’s ratio, the fracture conductivity increases
slightly, but the increase is less than 2%.As shown in Figure 11,
with the increase of proppant elastic modulus, fracture
conductivity increased, but the rate of increase slowed down
gradually. This is mainly due to the fact that the greater
the elastic modulus of proppant is, the more difficult it is
for proppant to deform, the larger the pore space between
proppant is, and thus the higher the fracture conductivity is.

5.4. Influence of Proppant Size. The theoretical values are
calculated at 20MPa when the other calculated parameters
in Table 1 are unchanged and the proppant size changes from
0.3mm to 0.7mm.

It can be seen from Figure 12 that, with the increase of
the particle size of proppant, the fracture conductivity is
gradually increased and the variation range is increasing.
When the proppant diameter is less than 0.5mm, the coal rock
fracture conductivity increased to a lesser extent. When the
proppant diameter is greater than 0.5mm, the conductivity
increases greatly, which is mainly due to the fact that, with
the increase of proppant size, the pore space between particles
increases, and the fluid is easier to pass through. So that the
fracture conductivity also increases.
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Table 4: Fracture conductivity under different elastic modulus of coal rock.

Elastic modulus of coal rock / GPa 2 3 4 5 6
Fracture conductivity of coal rock/(𝜇m2⋅cm) 95.628 102.207 106.070 108.614 110.417
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Figure 10: Relationship curve of fracture conductivity and Poisson’s
ratio of proppant.
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Figure 11: Relationship curve of fracture conductivity and elastic
modulus of coal rock.

5.5. Discussion. Theaccurate calculation of coal rock conduc-
tivity can provide important theoretical basis for CBM wells
fracturing scheme design and production prediction after
fracturing. Coal rock is soft and brittlewith the characteristics
of low modulus and high Poisson’s ratio; coal powder is easy
to fall off and plug fractures in the process of fracturing.
And under the closure pressure, proppant deformation and
embedment are prone to occur, which leads to significant
changes in fracture width and porosity and changes in frac-
ture conductivity. On the other hand, different arrangements
of proppants have a significant effect on the fracture width
and porosity under the closure pressure, thus affecting and
changing the conductivity of fractures. This paper properly
considered the special mechanical characteristics of coal
rock and the influence of proppants arrangements and
embedments. The paper studied the fracture conductivity of
coal rock both from theoretical and experimental aspects.
In the past, the research on coal rock fracture conductivity
basically used the method of experimental evaluation, Gao
[29], Liu [41], and Zhang [31] et al. analyzed the effects
of closure pressure and proppants embedment on fracture
conductivity experimentally. Wang [32], Zhang [33], and
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Figure 12: Relationship curve of fracture conductivity and proppant
diameter.

Shen [37] et al. mainly studied the influence of proppants
concentration and proppants size on the fracture conduc-
tivity. In this paper, not only is the influence of fracture
closure pressure and proppants embedment studied, but also
the calculation model describing the conductivity of coal
rock under different arrangements of proppants is established
theoretically. The research work is more theoretical and
innovative. According to the calculation results of the model,
the main factors affecting the conductivity of coal rock
fractures are the elastic modulus of coal and proppants and
the particle size of proppant. Relative to the unchangeable
mechanical parameters such as elastic modulus and Poisson’s
ratio of coal, the effective means to improve the fracture
conductivity is to increase the elastic modulus and particle
size of proppants. That is to say, if conditions permit, large
size and high strength proppants should be used as much as
possible so as to effectively increase fracture conductivity and
obtain higher CBM well productivity. However, the increase
of proppant size and strength may also adversely affect the
proppant transport and migration in the fracturing fluid
during fracturing, which also needs to be fully considered
in fracturing design. In addition, the calculation model of
coal rock fracture conductivity with different arrangements
of proppants did not consider the effect of the pulverized coal
and proppant breakage on the permeability and conductivity
of fractures, which is still needs to be supplemented and
improved. Through the follow-up study and solving this
difficult problem, the model assumptions can be more in line
with the actual situation, so that the research results have
more practical application value.

6. Conclusions

(1)The study in laboratory shows that the proppant arrange-
ment in coal rock fractures can be Model 3-1 or Model 4-1
when the proppant is packed tightly, but, in this paper, ismore
close to Model 3-1.
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(2)The fracture conductivity of coal rock is less affected
by Poisson’s ratio of coal rock and proppant, but obviously
affected by elastic modulus of coal rock and proppant. With
the increase of elastic modulus, the fracture conductivity
increases.(3) Proppant size has the most significant influence on
fracture conductivity of coal rock. With the increase of
particle size, the fracture conductivity increases significantly.
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The determination of miscible characteristic is one of the key technologies for enhancing oil recovery of gas flooding. If the
miscible characteristic at each development period of gas flooding can be known in real time, it will be helpful to guide gas
flooding development scheme. The minimum miscible pressure (MMP) is mostly used to describe miscible characteristic.
Currently, the MMP forecasting methods can be classified into two categories—the empirical method and theoretical
calculation method. In this paper, the main controlling factors affecting MMP are analyzed combined with reservoir
engineering method, phase equilibrium theory, reservoir numerical simulation technology, and so on. Based on this, new
empirical and theoretical MMP forecasting model was built. Meanwhile, new ideas for improving forecasting accuracy
through modifying miscible criterion were proposed. The calculation accuracies of the two MMP forecasting models can be
improved to over 90% that is more accurate and adapted than other methods. This research result can supply new ideas
for gas flooding MMP forecasting.

1. Introduction

Along with the world economic development, the demand
for energy is more and more pressing. Many petroleum engi-
neers try to find new resource to supply the demand of
energy. Oil and gas reservoirs are the main research object.
Many research institutions develop many evaluation models
to analyze the optimal development mode to improve the oil
and gas production in exploration, drilling, development,
transportation, etc. [1–3]. There are many researches in frac-
turing works which try to improve the permeability of reser-
voirs, and great progress have been got [4–7]. Enhanced oil
recovery (abbreviated EOR) is the most effective techniques
for increasing the amount of crude oil that can be extracted
from an oil field, like steam-assisted gravity drainage technol-
ogy and gas flooding technology [8, 9].

Gas flooding is a very popular method to enhance oil
recovery. And the MMP is a critical standard for judging
the miscible characterization between injected gas and crude

oil, which has a great impact on the implementation of gas
flooding. According to the investigation results of MMP fore-
casting method internationally, the MMP forecasting
methods can be classified into two categories— the empirical
formula method and theoretical calculation method, shown
in Table 1.

Theoretical calculation method includes state equation
method, numerical simulation method, tie-line analytical
method, and mix cell method. In these methods, the calcula-
tion results of theoretical calculation method are relatively
reliable; however, more data including the composition of
crude oil and injected gas, component critical parameters,
and reservoir temperature are demanded. The empirical
method concludes the MMP data of every oil field and com-
bines the main controlling factors affecting MMP to deter-
mine the basic forecasting model, and eventually, MMP
forecasting equation can be obtained through regression.
This method needs relevant simpler data conditions, but still
has some certain limitations.
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1.1. Research Status of Theoretical Calculation Method.
State equation method is a simple and practical MMP
forecasting method [10–12]. The basic theory is that the
vapor-liquid phase occurs interphase mass transfer in the
contact process which changes the properties of the two
phases. When the property of vapor phase is similar with
the property of crude oil, the vapor-liquid interface will
disappear, at which time miscible state is deemed to be
achieved, and the miscible process is shown in Figure 1.
The selection of critical parameters and state equation
determine the accuracy of forecasting results. However,
the determination of critical parameters needs the support
of PVT experiment and the result reliability of PVT
experiment determines the precision of critical parameters.
State equation is mainly used to conduct flash calculation
to determine the composition of gas and liquid phases.
Currently, PR3 is relatively widely utilized among various
state equations.

The numerical simulation method is a crucial method
for studying miscible displacement effect and designing
miscible flooding. Simulating slime-tube experiment utiliz-
ing numerical simulation method can predict the MMP
value. When using the numerical simulation method to
simulate slime-tube experiment, simplify the oil layer into
one-dimension model at maximum limit, as shown in
Figure 2(a). Its effect is to supply a consecutive contact
environment in porous medium for reservoir crude oil
and injected gas and exclude some adverse influence fac-
tors. Slime-tube experiment can obtain data as recovery
and composition of exit output fluid, through analyzing
the relationship between injected pressure and recovery
to determine MMP, as shown in Figure 2(b). This method

Table 1: Current MMP forecasting methods [5–8].

Analytical forecasting method Advantages Disadvantages Data conditions

Empirical formula method

Simple, convenient,
and quick, apply for
prescreening and
feasibility study

Forecasting method
has some certain

limitations

Surface crude oil density,
molecular weight of
heavy component,

critical pressure, critical
temperature, etc.

Theory calculation method

State equation method

Suit for crude oil
with relative few
components and

relative reliable result

Large calculation
deviation for

multicomponent system
Composition of crude
oil and injected gas,
component critical
parameters, reservoir

temperature

Tie-line analytical
method

Relative reliable result

Rely on the characteristics
of fluid components,
further improvement
is needed in terms

of multicomponent system

Mix cell methods Relative reliable result
Rely on the characteristics

of fluid components

Numerical simulation
method

Relative reliable result
Based on experiment,

time-consuming

Fluid pvt data,
phase permeability,
capillary pressure,

reservoir temperature,
composition of crude oil,

and injected gas

Gas

Oil

CO2,

C1, C2,
C3, C4

CO2, C1,
C2, C3

CO2, C1,
C2, C3,
C4
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Figure 1: Basic theory of state equation.

Injector Producer

(a)

Re
co

ve
ry

(%
)

Pressure (MPa)

80

60

40

20

0
0 5 10 15 20 25 30 35 40

(b)

Figure 2: (a, b) Numerical simulation method forecasting
MMP model.
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is similar with slime-tube physical simulation experiment.
Porosity and permeability simulated by slime tube are
not required to be exactly the same with reservoir
conditions, and the obtained recovery is not the crude
oil recovery of reservoir miscible displacement develop-
ment, but the MMP measured can represent the measured
oil-gas system.

Tie-line analytical method is based on tie-line analyti-
cal theory. It describes the changing process of multistage
contact miscible and fluid mass transfer process according
to tie-line pattern change to forecast MMP [13, 14]. Tie-
line analytical method is a MMP forecasting method
raised by John and Orr in 1993, which is based on one-
dimension component model and two-phase fluid flow in
pore. Assuming that there is no effect on proliferation
and mass transfer during flow process, initial conditions
and boundary conditions together with principle of mass
conservation constituting a Riemann problem and this
Riemann problem have an analytical solution. In accor-
dance with these assumptions, the analytical solution can
be achieved through determining the algebra and geometry
forms of a series of principal tie line. Once the principal

tie line is determined, the displacement process of multi-
contact miscible can be described by geometry form and
critical track, and further, the MMP can be elicited
through the geometry form of principal tie line. In the
tie-line analytical method, the composition of crude oil is
defined as initial tie line, and the composition of injection
gas is defined as injection tie line. Besides, cross tie line is
defined, which connects with initial tie line and injection
tie line and intersects with them, as shown in Figure 3.
When the length of any tie line reaches 0, it is deemed
that miscible state is achieved.

Mix cell method is based on tie-line analytical method.
Multistage mix cell method is suitable for predicting the
miscible pressure of three-phase or multiphase system while
tie-line analytical method limits to two-phase system of
any components. The calculation steps of this method
are as follows (Figure 4):

(1) Preset the initial temperature and pressure (pressure
lower than MMP)

(2) Calculate based on two cells (cells of injected gas and
crude oil). Equilibrium gas phase composition y and
liquid phase composition x are obtained through
flash calculation

(3) Equilibrium gas phase and equilibrium liquid phase
occur contact flash again with the oil phase and
injected gas of the adjacent cell, respectively, and
the new equilibrium liquid phase and gas phase are
obtained, as shown in Figure 2, until Nc-1 principal
tie line appears and meets the convergence require-
ment. The formation of principal tie line can mainly
be judged by whether the slopes of the three adjacent
consecutive grids are zero or not

(4) Calculate the length of principal tie line in step 3 and
reserve the smallest one
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(5) Increase pressure gradually and repeat steps 2~4. The
pressure amplification cannot be oversized, and
0.5Mpa is generally selected

(6) Repeat steps 2~5 until the length of one principal tie
line is zero, and the corresponding pressure at this
time is MMP

Among the four theoretical calculation methods, the state
equation method only considers the process of multiphase
mass transfer without considering the flow features in the
fluid medium. The numerical simulation method considers
relativity comprehensively; however, it needs more param-
eters and the operation time is relatively long, which is
detrimental to the quick forecasting of MMP. Tie-line ana-
lytical method not only has relative comprehensive consid-
eration by considering characteristics like multiple-contact
miscible changing process, fluid mass transfer process, and
flow in the two-phase fluid medium but also has the fea-
tures of convenient and quick calculation, which compen-
sate the disadvantages of the state equation method and
numerical simulation method. Mix cell method is based
on tie-line analytical method with some calculation opti-
mization. This study refers to mix cell method, amends
its miscible criterion, and establishes a new theory of
MMP forecasting method.

1.2. Research Status of Empirical Equation Forecasting
Method. The empirical equation method is also an important
method to calculate MMP. Its application is simple and time-
saving, which makes it the most direct method to obtain
MMP. Currently, there are plenty of empirical equations to
determine MMP, some typical ones will be introduced here.

MJP correlation is an amendment for J-P correlation.
Cronquist applies light components and intermediate com-
ponents in the crude oil into J-P correlation [15]. On the

basis of the prediction plate of Benham et al., Glaso gave
out that MMP is a function about reservoir temperature, oil
C7+ molecular mass, molar mass of methane in the injected
gas, and molecular mass of intermediate components
(C2~C6) [16]. Kovarik put forward two correlations to calcu-
late MMP, one thought that MMP was a function about the
mole fraction of CO2 including impurities (such as N2 and
CH4); the other recognized that MMP was a function about
the critical properties of the injected gas [17]. Cronquist
thought that MMP was related to reservoir temperature T ,
relative molecular mass of penthane and heavier fraction
MC+

5
, and mole percent between methane and nitrogen

yC1&N2
. Correlation of Yelling and Metcalfe only considered

the impact of temperature onMMP, and the relation between
MMP and temperature was simplified into a linear relation,
which makes the result to be unreliable. According to CO2
vapor pressure curve, PRI1 empirical equation was raised,
and this correlation only considered the effect of reservoir
temperature T on MMP. Stalkup thought that the MMP
was related to the critical temperature of CO2Tc, mass per-
cent of total C6+ hydrocarbon in the crude oil xC+

6
(alkane

plus arene) except reservoir temperature T , and molar per-
centage of methane in the injected gas yc1 [18]. Yuan and
Johns proposed MMP correlation of pure CO2 flooding and
flooding of CO2 with impurities according to the analytical
theory of application state equation determining MMP
[19]. Holm and Josendal raised a MMP forecasting correla-
tion related to temperature T and the average molar mass
of C5+ based on Benham correlation. Emera and Sarma pro-
posed two correlations to forecast MMP in 2004 and 2006,
respectively, on the basis of genetic algorithm, and the con-
sidered parameters included reservoir temperature T , aver-
age molar mass of C5+MC5

+ , the specific value (Xvol/Xint)
between the molar numbers (Xvol, Xint) of the volatile
fraction in crude oil components (N2 and C1) and inter-
mediate oil fracture (C2–4, CO2, and H2S). Empirical equa-
tions for predicting C5+ are plenty, but they all have
limitations, and the influence factors considered were not
comprehensive, which are mainly used for prescreening
and feasibility study.

Although there are many empirical equations, every
equation is regressed and matched under some specific reser-
voir characteristics and fluid properties. So these empirical
equations apply only to some specific reservoir and have
great limitations. This study optimizes empirical equation
method on the basis of former studies, and a new empirical
equation method is proposed.

2. Miscible Pressure Influence Factor Analysis

2.1. Effect of MMP on Crude Oil Components. Through wide
literature investigation [17, 19], it can be known that the
main influence factors on MMP include reservoir tempera-
ture, crude oil components (molecular mass of C5+
(MWC5+)), volatile components, intermediate components,
and the components of the injected gas.

The study used MMP as objective function and studied
the sensitivity of MMP to the mole fraction of volatile

Table 2: Light constituent, oil component, and MMP of China
typical reservoirs [19].

Oil sample
T
(°C)

MWC5+
(g/mol)

yvol
(%)

yint
(%)

yvol
yint

MMP
(MPa)

1 98.9 248.2 18.71 11.78 1.59 22.3

2 97.3 265.9 19.01 11.97 1.59 22.1

3 108.4 277.5 26.82 6.80 3.94 27.9

4 76 259.0 25.35 8.74 2.90 20.2

5 83.9 288.8 11.48 2.76 4.16 20.3

6 112 271.6 14.33 5.68 2.52 22.9

7 71 227.3 13.71 6.66 2.06 16.7

8 74.8 237.2 36.33 9.76 3.72 26.1

9 45 350.3 19.22 2.95 6.52 29.8

10 53 272.4 42.75 7.12 6.01 19.1

11 64 372.0 44.48 4.71 9.44 42.5

12 62.2 249.3 30.35 4.33 7.01 21.6

13 92 224.9 26.67 17.33 1.54 19.8

14 71.6 233.4 18.79 15.65 1.20 19.5
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components and intermediate components, reservoir tem-
perature, and MWC5+. 23 sets of light oil data (Tables 2 and
3) and 29 sets of nonlight oil data (Table 4) were adopted,
and the analysis results are shown in Figure 5.

Through the analysis of MMP sensitivity, theMMP of the
two types of oil (nonlight oil and light oil) increases with vol-
atile components, MWC5+, and reservoir temperature and
decreases with increasing intermediate components. This
trend is the same with the former results. However, the effect
of light oil components (volatile components, intermediate
components, and MWC5+) on MMP is larger than that of
nonlight oil while the effect of reservoir temperature is
smaller than that of nonlight oil. Former study based on non-
light oil thinks that the effect of reservoir temperature is the
most prominent, and this article has verified this point (sen-
sitivity coefficient is 0.776). For light oil, MWC5+ is the most
significant influence factor but not the temperature with the
sensitivity coefficient to be 0.85. As the light oil contains rel-
ative high light dydrocarbon content and relative low content
of heavy components which are sensitive to temperature, the
physical properties of light oil (density, viscosity, etc.) are rel-
atively low, and these properties changes little with tempera-
ture which further lead to MMP’s relative narrow fluctuation
range with temperature.

2.2. Effect of Injected Gas Components on MMP. Injected gas
components (such as CH4, H2S, N2, and intermediate com-
ponents) have significant impact on MMP. Dong et al.
noticed that the existence of H2S in the injected gas compo-
nents and intermediate components led to relative high
injected gas pseudocritical temperature and relative low
MMP. Meanwhile, through analyzing the P-T phase figure
of elementary gas (Figure 6), gases able to lower MMP, such
as H2S, C2H6, C3H8, C4H10, and CO2, all have relative high
critical temperature while gases detrimental to MMP, such
as N2 and CH4, possess relative low critical temperature.
For mixed gases, some researches think that the pseudocriti-
cal temperature and pseudocritical pressure of injected gas
have a great impact on MMP and should be analyzed as
influence factors.

Using MMP as the objective function, the sensitivity of
MMP to the pseudocritical temperature and pseudocritical
pressure of injected gas is studied. 23 sets of light oil data

(Tables 2 and 3) and 29 sets of nonlight oil data (Table 4) were
adopted, and the analytical results are exhibited in Figure 7.
Through sensitivity analysis, the MMP of the two oil types
(nonlight oil and light oil) increases with pseudocritical pres-
sure of injected gas and decreases with the increasing pseudo-
critical temperature. This trend is the same with the former
research results. Pseudotemperature of injected gas almost
has the same impact on the MMPs of light oil and nonlight
oil, and the sensitivity coefficients are −0.534 and −0.531,
respectively. However, the MMP of light oil is quite insensitive
to the pseudocritical pressure of injected gas with the sensitiv-
ity coefficient to be only 0.02, which has great difference with
the impact of pseudocritical pressure on the MMP of nonlight
oil (the sensitivity coefficient is 0.295).

3. Amended MMP Forecasting Method

3.1. Amended Empirical Equation Method. According to the
development process of MMP empirical equation, which

Table 4: Literature reported nonlight oil constituent and
MMP [18].

No.
T
(°C)

MWC5+
(g/mol)

yvol
(%)

yint
(%)

yvol
yint

MMPpure
(MPa)

1 54.4 171.2 29.48 31.82 0.93 11

2 71.1 207.9 4.4 13.9 0.32 15.52

3 32.2 187.77 10.5 14.28 0.74 6.9

4 40.6 187.77 10.5 14.28 0.74 8.28

5 57.2 187.77 10.5 14.28 0.74 11.86

6 48.9 205.1 12.5 22.62 0.55 10.59

7 110 180.6 32.51 35.64 0.91 20.21

8 59 205 5.45 11.35 0.48 12.8

9 54.4 185.83 5.4 38.4 0.14 9.48

10 61.1 185.83 5.4 38.4 0.14 10.35

11 54.4 185.83 5 7.5 0.67 10.35

12 54.4 185.83 22.9 38.4 0.60 10.35

13 57.8 202.61 0.5 1.2 0.42 11.72

14 54.4 235.56 5.4 35.5 0.15 12.76

15 110 180.6 32.51 35.64 0.91 20.21

16 71.1 207.9 4.4 13.9 0.32 15.52

17 54.4 171.2 29.48 31.82 0.93 11

18 42.8 196.1 19.35 26.8 0.72 10.62

19 32.2 187.77 10.5 14.28 0.74 6.9

20 40.6 187.77 10.5 14.28 0.74 8.28

21 57.2 187.77 10.5 14.28 0.74 11.86

22 57.2 182.6 0 5.11 0.00 13.1

23 87.8 182.6 0 5.11 0.00 17.24

24 54.4 170.5 0 1.57 0.00 12.07

25 42.8 204.1 17.07 20.95 0.81 10.35

26 59 205 5.45 11.35 0.48 12.8

27 48.9 205.1 12.5 22.62 0.55 10.59

28 137.22 136.17 24.68 39.37 0.63 19.38

29 73.89 231 0 0.002 0.00 22.83

Table 3: Literature reported light oil constituent and MMP [16].

No.
T
(°C)

MWC5+
(g/mol)

yvol
(%)

yint
(%)

yvol
yint

MMPpure
(MPa)

15 34.4 212.56 16.78 10.76 1.56 10

16 118.3 171.1 34.2 28.6 1.20 23.45

17 67.8 203.81 31 22.9 1.35 16.9

18 71.1 221 41.27 6.99 5.90 23.45

19 102.2 205 51.28 9.84 5.21 28.17

20 80 240.7 53.36 8.60 6.20 26.76

21 112.2 213.5 32.70 28.10 1.16 24.15

22 99 190.7 40.14 2.95 13.61 30.28

23 49 187.25 34.34 22.82 1.51 11.04
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was mentioned before, that compared with theoretical
analysis method, it needs relatively simple and easily
obtained materials, which make it widely utilized inter-
nationally. However, it also has some limitations. Its
application is always regional, and for reservoir beyond
the region, the accuracy of MMP forecasting is rela-
tively low.

Referring to Yuan’s empirical equation method, on
which basis, a new empirical method for predicting MMP
is raised [20, 21].

The forecasting method of empirical calculation equation
raised by Yuan et al. can be divided into 2 steps. Firstly, the
MMP of pure CO2 is calculated, as shown in

MMPpure = α1 + α2MC7+ + α3PC2−6

+ α4 + α5MC7+ + α6
PC2−6
M2

C7+
T

+ α7 + α8MC7+ + α9M
2
C7+ + α10PC2−6 T2

1

The relation of MMP between nonpure CO2 and pure
CO2 is as follows:

MMPimp
MMPpure

= 1 +m PCO2
− 100 , 2

where MMPpure = PCO2
is the MMP of pure CO2 (Psi),

PC2−6
is the mole percentage of crude oil C2–C6, constant,

MC7+ is the molar mass of C7 plus in the crude oil (g/mol), T
is the reservoir temperature (°F), and a (Table 5) is the
relevant coefficient, constant.

This study amends the MMP relation between nonpure
CO2 and pure CO2 (relative MMP) in Yuan’s method. The
amendment process is as below: take MMP value as objective
function and pseudocritical temperature of injected gas as
independent variable, then build relative MMP forecasting
model by data fitting and regression. The forecasting model
is stated in the following:

MPPr =
MMPimpure
MMPpure

, 3

MMPr = 27 6178 − 65 9478Tcr + 54 0497T2
cr − 14 7556T3

cr ,
4

where MMPpure is the relative MMP, decimals, and
MMPimp is the MMP between nonpure CO2 and crude
oil, MPa.

As shown in (1), the forecasting model of nonpure CO2
MMP still adopts the method raised by Yuan.

Applying this MMP empirical equation calculation
method (Y-Z model) and the predicted results are exhibited
in Table 6, from which it is easy to see that the calculation
accuracy of new model is significantly improved compared
with other widely utilized forecasting models currently, and
the deviation is controlled within 10%.
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Figure 5: MMP sensitivity analysis of crude oil.
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3.2. Amended Theoretical Calculation Method. The key
parameters of MMP theoretical calculation method include
state equation, critical parameters, and miscible criterion.
Currently, some scholars improve the accuracy of MMP
forecasting model through amending state equation, and
the critical parameters are generally acknowledged as rela-
tively precise. However, current researches all ignore the
effect of miscible criterion on the MMP. State equation
method thinks that the equilibrium K values of all the
components around the critical point is kin to 1, and there
is no interface between the two phases, which means that
the two phases become one phase and forming miscible.
Then, the miscible criterion of state equation method is
raised, as stated in

FM = −〠
n

i=1

zi Ki − 1
Ki

, 5

where FM is the miscible function, zi is the total mole
fraction of component i in the system, and Ki is the equi-
librium K value of component i in the system.

Equation (6) states that component zi changes with the
injection of injected gas and reaches critical state, at which
time the miscible function decreases progressively to 0.

However, tie-line analytical method and mix cell method
also have a parameter analogous to miscible criterion, which
is defined as tie-line length, as shown in

Ln = 〠
N

i=1
yni − xni

2, n = 1LN − 1, 6

where Ln is the tie-line length, yi is the gas mole composition,
and xi is the oil mole composition.

When the miscible state is achieved, the tie-line length
is approximate to 0. Tie-line length and miscible criterion
have the same physical significance. In the current MMP
calculation methods, during the process of MMP determi-
nation, it is recognized that the injected gas and crude oil
components are similar and the interface disappears at
miscible state, at which time the tie-line length or miscible
criterion is deemed to be less than a minimal value and
defaults to 0.001 in the practical program calculation.
The MMP forecasted by the above miscible criterion is
unstable and still has relative large deviation with the
MMP measured by slime-tube test. In this study, method
of improving calculation accuracy through changing misci-
ble criterion and minimal value is attempted. The miscible

criterion raised by this study is shown in (7). Minimal
value is determined to be 0.01 to offset the deviation
between experimental and theoretical calculations brought
by physical similarity criterion. This forecasting method
is adopted to predict the data obtained through collection
and investigation, as shown in Table 7. It can be seen that
the calculation accuracy of the amended model has the
minimum deviation which is controlled within 10%.

Fm = 〠
N

i=1
y2i − x2i 7

3.3. The Standard of Empirical and Theoretical Miscible
Characterization Method. In some oilfields, there are lim-
ited data of fluid property and no MMP experiment which
results in the difficulty to select the right MMP calculation
method and to forecast MMP. The first condition is that
only the basic physical property data of crude oil is avail-
able, then the empirical method could be considered. The
second condition is that the detailed PVT data or crude oil
composition data is available, and the theoretical calcula-
tion method could be used. The theoretical calculation
method can be used in light oil, heavy oil, and so on.

4. Discuss

Currently, there are many MMP forecasting methods. How-
ever, experimental methods always are used to evaluate the
reliability of MMP forecasting methods. MMP experimental
tests like slime-tube test have some deviations caused by
human factors in determining MMP value, such as naked
eye recognition capability and drawing technique of the
curve slope. However, the theoretical calculation method
bases on miscible principle, and the calculation result is more
incline to theorization. The MMP could be classified into two
types: one is experimental MMP, which reflects near-
miscible or miscible state, but I prefer that the experimental
MMP should reflect near-miscible state, and the other is the-
oretical MMP value, which reflects pure miscible state. This
explains the differences between theoretical calculation value
and the experimental value that reflect different miscible
states. In gas flooding process, displacement efficiency at
near-miscible state is already close to miscible state. Hence,
the experimental value also has significant guidance for the
design of injected gas development scheme. A mountain of
work still is needed to consummate the conclusion about
the causes and amendment of differences between the misci-
ble pressures predicted by experiment and theory.

5. Conclusion

(1) Factors affecting MMP were analyzed, and on the
basis of the current MMP empirical equation
method, a new miscible pressure forecasting model
was built and the forecasting accuracy was improved

(2) Key problems of the current MMP theoretical calcu-
lation method were concluded, and the idea of

Table 5: a coefficient table.

a1 −1.4634E + 3 a6 8.1661E + 3

a2 0.6612E + 1 a7 −1.2258E − 1
a3 −4.4979E + 1 a8 1.2283E − 3
a4 0.2139E + 1 a9 −4.0152E − 6
a5 1.1667E − 1 a10 −9.2577E − 4
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improving forecasting accuracy through changing
miscible criterion was raised. Through the amend-
ment of miscible criterion, the forecasting accuracy
of mix cell method was significantly improved with
the accuracy to be above 90%

(3) The two methods can be used in different data
conditions. If the reservoir temperature, mole
composition of crude oil, and injected gas are
available, Y-Z model can be selected. If more
detailed data, such as fluid high-pressure physical
property data and critical parameters, is available,
then the modified mix cell method can be selected
and utilized
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Different from conventional reservoirs, nanoscale pores and fractures are dominant in tight or shale reservoirs. The flow behaviors
of hydrocarbons in nanopores (called “confined space”) are more complex than that of bulk spaces. The interaction between liquid
hydrocarbons and solid pore wall cannot be neglected. The viscosity formula which is varied with the pore diameter and interaction
coefficient of liquids and solids in confined nanopores has been introduced in this paper to describe the interaction effects of
hydrocarbons and pore walls. Based on the Navier-Stokes equation, the governing equation considered liquid/solid effect in two
dimensions has been established, and approximate theoretical solutions to the governing equations have been achieved after
mathematic simplification. By introducing the vortex equation, the complex numerical seepage model has been discretized and
solved. Numerical results show that the radial velocity distribution near the solid wall has an obvious change when considering
the liquid/solid interaction. The results consist well with that approximate mathematical solution. And when the capillary radius
is smaller, the liquid and solid interaction coefficient n is greater. The liquid and solid interaction obviously cannot be neglected
in the seepage model if the capillary radius is small than 50 nm when n > 0 1. The numerical model has also been further
validated by two types of nanopore flow tests: from pore to throat and inversely from throat to pore. There is no big difference
in flow regularity of throat to pore model considering when liquid/solid interaction or not, whereas the liquid/solid interaction
of pore to throat model totally cannot be overlooked.

1. Introduction

Unconventional oil and gas are playing an increasingly
important role in global energy supply. Unlike conventional
reservoirs, tight or shale reservoirs possess unique character-
istics, such as ultralow permeability and strong heterogeneity
[1]. The length scales associated with transport phenomena
in tight and shale formations are rich, from nanoscale phe-
nomena to field-scale applications [2–4]. Nanoscale pores
and nanoscale fractures are still dominant in tight or shale
reservoirs. The extremely small size of tight or shale pores,
leads to strong intermolecular forces between fluid particles
and solid surface [5–7]. The flow behaviors of hydrocarbons
in nanopores (called “confined space”) are more complex
than those in bulk spaces [8]. The deviations in the prediction
of the phase behavior and production in confined nanoscale

tight or shale reservoirs from that of conventional oilfields
are needed to be calibrated [9–11].

In macroflow, fluid can be assumed as continuous
medium due to its characteristic size of the liquid molecules
is bigger than the mean free path. In microscale flow [12, 13],
when the characteristic size and the mean free path are in
the same magnitude, some macroscopic and laws based on
the continuous medium would not work anymore [14].
The viscosity coefficient is also needed to be discussed again.
Newtonian fluid presents the properties of non-Newtonian
fluid in nanochannels [15], such as the boundary layer effect.
The fluid in porous media can be classified into body fluid
and boundary layer fluid. Body fluid which is close to the
axial of porous media channel is not affected by the bound-
ary effect. The fluid which is affected by boundary effect is
easy to form a boundary layer on the pore wall [16].
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Many researches on the formation of boundary layer and
its influence on porous media seepage have been carried out.
Engelhardt [17] explains the reason the oil seepage deviating
from Darcy’s law is mainly due to the active component
adsorption on the surface of rock wall. Karimov [18] con-
firmed that the active surface substances in fluid could be
adsorbed on rock particle surface by experiments. Secondly,
tight rock such as shale and mudstone can adsorb the salt
components in water. Bhasin [19] found that oil viscosity of
boundary layer is 10–15 times higher than the body oil. The
distribution of crude oil composition is orderly in the bound-
ary layer, and the viscosity increased. The water presents non-
Newton characteristics in the tiny pore under the effect of
liquid-solid interface [20–22]. Lilatov pointed out that the
boundary layer thickness of polymer solution is 160 nanons
[23]. Zhang and Xiangan described the rheological properties
of the oil film by transforming the constitutive Bingham equa-
tion, in view of the increasing viscosity and yield stress of oil
film along the radial direction [24]. Hara and Tsuchiya exam-
ined water-(pyroclastic) rock interactions using flow-through
experiments to deduce the effect ofmass transport phenomena
on the reaction process [25]. Bea et al. presented a reactive
transport formulation coupled to thermohydrodynamic and
simplified mechanical processes, taking the heat and mass
transport and water-rock interactions into account [26].

For the Newtonian fluid, exact solutions and transforma-
tions of equations as well as different problems on the hydro-
dynamic boundary layer have been addressed by many
researchers. Pavlovskii began to obtain invariant solutions
to the steady-state boundary layer equations in 1961 [27].
And invariant-irreducible, partially invariant solutions of
steady-state boundary layer equations have been worked
out [28]. Vereshchagina fibered the spatial unsteady bound-
ary layer equations [29]. Then, many similarity solutions of
the two-dimensional unsteady and steady-state boundary-
layer equations came out [30, 31]. The reduction method of
partial differential equations has been proposed to describe
a laminar stationary flat boundary layer [32, 33]. Explicit
solutions of the boundary-layer equations have been found
[34–39]. Prandtl’s boundary layer equation for radial flow is
derived [40]. General solution and quasiexact solution of
equation is found, and norm of the residual function is pre-
sented. Equations of unsteady axisymmetric boundary layer
are studied [41]. The solutions are obtained with a new
method (direct method of functional separation of variables)
based on using particular solutions to an auxiliary ODE [42].
Su et al. put forward a method based on a mixed control
volume-discontinuous finite element formulation to accu-
rately simulate multiphase flow in fractured shale reservoir.
It has solved the problem of discontinuous or near discontin-
uous behavior of saturation in real oilfield [43].

Previous researches have studied flow behavior in big
channel considering the liquid and solid interaction, and
many numerical reservoir simulation models in terms of
shale or tight oil and gas have been investigated. Monteiro
et al. completed mathematical modeling of the flow in nano-
porous rocks based on the hypothesis that the permeability of
the inclusions substantially depends on the pressure gradient;
boundary layers are considered in this model [44]. Li applied

engineering density functional theory (DFT) combined with
the Peng-Robinson equation of state (EOS) to investigate the
adsorption and phase behavior of pure substances and mix-
tures in nanopores [45]. Wang incorporated the capillary
pressure effect and pore space compaction in a compositional
reservoir simulator to evaluate their effects on production
[46]. Mi et al. has established the DFN model with fracture
network to study the effect of the stress-dependent fracture
conductivity on the shale gas well performance [47, 48].
Wang et al. developed a new semianalytical model for
multiple-fractured horizontal wells (MFHWs) with stimu-
lated reservoir volume (SRV) in tight oil reservoirs by com-
bining source function theory with boundary element idea
[49]. However, there are no researches about the seepage
description in confined nanopores considering the liquid and
solid interaction. This paper establishes a two-dimensional
numerical model of seepage flow in confined nanopores. Vor-
tex equation has been applied to discretize the complexmodel.
The numerical results are compared with the approximate
mathematical results. The numerical model has also been val-
idated by two types of nanopore flow: from pore to throat and
inversely from throat to pore.

2. Liquid/Solid Interaction in Confined Pores

Molecular interactions include three parts, orientating effect,
inducing effect, and dispersing effect. The force of water mol-
ecules in boundary layer which is affected by inner interac-
tion action of water molecules and solid pore wall would
influence the viscosity. Since viscosity can represent molecu-
lar attraction, when the molecular attraction is greater, the
viscosity will be greater. According to this, we can assume
viscosity is proportional to intermolecular attraction. The
viscosity value in boundary layer is composed of two parts:
bulk fluid viscosity and additional viscosity imposed by
solid surface. In formula, the viscosity coefficient of fluid
[50] in nanoflow boundary layer can be arranged as

μ = μ0 +
ϕ′
yn

, 1

ϕ′ = 2
3
μ21μ

2
2

kT
+ α1μ′

2
2 + α2μ′

2
1

+
3
2

α1α2
I1I2
I1 + I2

2

From (1), on the solid surface where y→ 0, the viscosity
coefficient of water molecule is infinity, and the water
molecules would stand still, which is consistent with the
classical boundary layer theory without slip conditions.
While on the solid surface where y→∞, the water viscosity
is just normal.

3. Mathematical Modeling Description

3.1. Governing Equation. Rheological equation of nanoscale
porous media fluid in boundary layer has been revised based
on the Navier-Stokes equation considering the viscosity
coefficient formula of boundary layer fluid. Then, the
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governing equation of boundary layer fluid in the nanochan-
nel has established.

Velocity component w∗ is equal to zero in two-
dimensional flow; therefore all velocity variables has nothing
to do with z∗, that is, its partial derivative is equal to zero. The
continuity equation is as follows:

∂ρ
∂t

+
∂ ρu∗

∂x∗
+
∂ ρv∗

∂y∗
= 0 3

Momentum equations:

For steady incompressible fluid, (3), (4a), and (4b) are
as follows:

∂u∗

∂x∗
+
∂v∗

∂y∗
= 0, 5a

u∗
∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= −

1
ρ

∂p∗

∂x∗
+
μ

ρ

∂2u∗

∂x∗2
+
∂2u∗

∂y∗2
, 5b

u∗
∂v∗

∂x∗
+ v∗

∂v∗

∂y∗
= −

1
ρ

∂p∗

∂v∗
+
μ

ρ

∂2v∗

∂x∗2
+
∂2v∗

∂y∗2
, 5c

where μ = μ0 + ϕ′/y∗n , (5a), (5b), and (5c) are the fluid flow
control equations considering solid-liquid interaction.

3.2. Approximate Solution. If the effects of viscosity and
heat diffusion in boundary layer simply react in thin layer
close to the surface, the change of velocity and tempera-
ture mainly exists in the thin layer of this object plane.
These two kinds of thin layer thickness can be expressed
as velocity boundary layer thickness δV and temperature
boundary layer thickness δT. Compared with x∗, they are
so small that the order quantity is δ, so quantity order
y∗ within the boundary layer is δ. Velocity component u
changes from the speed 0 in the boundary layer to U
the mainstream speed beyond boundary layer. Taking x∗

and U as characteristic values, the order quantity is one.
At the same time, the continuity equation can be approx-
imatively written as

∂ρ
∂t

+
∂ ρu∗

∂x∗
+
∂ ρv∗

∂y∗
= 0 6

Of the viscous force and inertial force item in (4a), trun-
cating the order items with small quantity, respectively, it can
be obtained:

∂u∗

∂t
+ u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
=
1
ρ

−
∂p∗

∂x∗
+

∂
∂y∗

μ
∂u∗

∂y∗
7

According to (7), if the viscous force and inertial force
items are in the same amount of order, the order quantity
of μ/ρ should be δ2, so it is still the highest item in (4b):

∂p∗

∂y∗
= 0 8

For two-dimension nanoflow which is steady and incom-
pressible in boundary layer, when substituting (1) (μ = μ0 +
ϕ′/y∗n) into (7), the simplified continuity equation and
momentum equation can be obtained as follows:

∂u∗

∂x∗
+
∂v∗

∂y∗
= 0 9

u∗
∂u∗

∂x∗
+ v∗ +

nϕ′
y∗n+1

∂u∗

∂y∗
= −

1
ρ

∂p∗

∂x∗
+
1
ρ

μ0 +
ϕ′
y∗n

∂2u∗

∂y∗2

10

Boundary conditions are y∗ = 0, u∗ = v∗ = 0 ; y∗ =∞,
u∗ =U x∗ , (9) and (10) are approximation equations of
two-dimension nanoflowwhich is steady and incompressible.

Taking the flow of Newtonian fluid in circular cross
capillary tube as an example, the velocity distribution consid-
ering liquid-solid effect and not have been obtained by solv-
ing the approximation equations.

As shown in Figure 1, take the tube axes as x∗ axis, radial
coordinates as y∗ axis, both the circumferential and radial
velocity is zero, horizontal velocity component is u∗ which
is the only function of y∗, and the pressure on each cross sec-
tion is a constant value. When nanoflow boundary layer
equations are expressed in cylindrical coordinates, (9) and
(10) can be simplified to:

dp∗

dx∗
=

1
y∗

d
dy∗

μ0 +
ϕ′

R∗ − y∗ n y∗
du∗

dy∗
11

Boundary conditions are y∗ = R∗, u∗ = 0.
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For capillary, the diameter is so small that the fluid flow is
severely affected by tube surface and the viscosity of fluid
itself, so (11) can be simplified to

dp∗

dx∗
=

1
y∗

d
dy∗

ϕ′
R∗ − y∗ n y

∗ du
∗

dy∗
12

Integrating (11), combined with the boundary condi-
tions, the formula of fluid velocity distribution within the
capillary can be calculated as follows:

u∗ = −
1
2ϕ′

1
n + 1 n + 2

R∗ − y∗ n+1 n + 1 y∗ + R∗ dp∗

dx∗

13

When y∗ is equal to zero, the maximum speed in capillary
is as follows:

u∗max = −
1
2ϕ′

1
n + 1 n + 2

R∗ n+2 dp
∗

dx∗
14

The flow rate in capillary is:

Q = −
1
ϕ′

π

n + 1 n + 2
1

n + 2 n + 3
+

2 n + 1
n + 2 n + 3 n + 4

R∗ n+4 dp
∗

dx∗
,

15

where ϕ′ = μ0 and n = 0, and (15) is just the Poiseuille
formula.

Figures 2 and 3 are velocity distribution curves when
liquid-solid interaction coefficient is ϕ′ = μ0, pressure gradi-
ent is dp∗/dx∗ = 1Pa/m, and capillary radius R∗ = 50μm, con-
sidering the solid wall gravitation to water molecules. The
figure of velocity distribution curve in Figure 3 close to solid
wall is concave, explains that the fluid viscosity increased
under the interaction of solid and liquid, and when the addi-
tional viscosity close to the wall is greater, the velocity gradi-
ent is smaller. While the figure of velocity distribution curves

is convex without considering the solid wall gravitation. The
effect of solid molecules near the surface to liquid is not
obvious; the fluid viscosity is relatively small, and the
velocity gradient is relatively big. In addition, fluid flow
rate decreases significantly with the increase of liquid-
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Figure 1: Flow in circular section of capillary.
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Figure 2: Velocity distribution curves in the channel considering
the solid-liquid effect (n ≥ 1). (R∗ = 50μm, dp∗/dx∗ = 1Pa/m, μ0 =
0 0006Pa s, ϕ′ = μ0).
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Figure 3: Velocity distribution curves in the channel considering
the solid-liquid effect (n < 1). (R∗ = 50μm, dp∗/dx∗ = 1Pa/m, μ0 =
0 0006Pa s, ϕ′ = μ0).
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solid interaction index n as shown in Figure 4. That is to
say, the effect of solid molecules to liquid cannot be
ignored especially in the nanochannel.

Figure 5 shows the relationship between the average
velocity ratio of fluid Vn (which considers solid-liquid
interaction) and V0 (not considering the solid-liquid inter-
action) in different capillary radiuses and solid-liquid
index n. It can be seen from the curves, with the increase
of solid-liquid index n, the fluid velocity exponentially
decreases, and when the capillary radius is smaller, the
reduction gets bigger. On the condition of same solid-
liquid index n, small capillary radius would result in obvi-
ous effect of solid-liquid reaction. In addition, when the
liquid and solid interaction coefficient n is bigger than
0.1, the liquid and solid interaction obviously cannot be
neglected in the flow calculation if the capillary radius is
small than 0.05μm.

4. Numerical Modeling and Solutions

4.1. Numerical Equation

4.1.1. Constitutive Equation. Constitutive equation of New-
tonian fluid in the form of a tensor is as follows:

τ∗ij = 2με∗ij + −p∗ + λ∇ ⋅ V∗ δij

= μ
∂u∗i
∂x∗j

+
∂u∗j
∂x∗i

+ −p∗ + λ
∂u∗k
∂x∗k

δij,
16

δij =
1 i = j

0 i ≠ j
17

UnderCartesian coordinate system, the component forms
of τij and εij are as follows:

τ∗ =

τ∗xx τ∗xy τ∗xz

τ∗yx τ∗yy τ∗yz

τ∗zx τ∗zy τ∗zz

, 

ε∗ =

ε∗xx ·ε∗xy ε∗xz

ε∗yx ε∗yy ·ε∗yz
ε∗zx ε∗zy ε∗zz

18

The component form of incompressible Newtonian fluid
constitutive equation (16) under the Cartesian coordinate
system can be written as

τ∗xx = 2μ
∂u∗

∂x∗
,

 τ∗yy = 2μ
∂v∗

∂y∗
,

 τ∗zz = 2μ
∂w∗

∂z∗
,

19

τ∗xy = τ∗yx = μ
∂v∗

∂x∗
+
∂u∗

∂y∗
,

τ∗yz = τ∗zy = μ
∂w∗

∂y∗
+
∂v∗

∂z∗
,

τ∗zx = τ∗xz = μ
∂u∗

∂z∗
+
∂w∗

∂x∗

20

In the two-dimension flow, τ∗yy = τ∗yz = τ∗zy = τ∗zx = τ∗xz = 0.
Fluid constitutive equations considering liquid-solid

interaction: the apparent performance of solid wall gravi-
tation to fluid is the increase of fluid viscosity in the res-
ervoir nanoporous media flow. Resulting in changes of
fluid rheological properties, the linear relationship between
fluid viscosity and strain rate is no longer existed, that is,
the fluid viscosity is not a constant value but is the func-
tion of the distance to the solid wall. Substitute (4a) and
(4b) into (20); 2D boundary layer fluid constitutive equa-
tions can be obtained as follows:
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τ∗xx = 2 μ +
ϕ′
y∗n

∂u∗

∂x∗
, 21a

τ∗yy = 2 μ +
ϕ′
y∗n

∂v∗

∂y∗
, 21b

τ∗xy = τ∗yx = μ +
ϕ′
y∗n

∂v∗

∂x∗
+
∂u∗

∂y∗
21c

4.1.2. Dimensionless of Governing Equation. Due to the
orders of magnitude of the characteristic value of flow
parameters in the governing equation is generally within
the ranges of nanoscale, the governing equation can be
non-dimensionalized in order to proceed calculations more
easily and accurately. Therefore, introducing the characteris-
tic length and the characteristic velocity, the dimensionless
parameters of equation can be written as follows:

x =
x∗

L
,

y =
y∗

L
,

u =
u∗

U
,

v =
v∗

U
,

τ =
L

η0U
τ∗,

ϕ′ = 1
η0L

n ϕ′
∗,

p =
L
μU

p∗

22

It can be revised as "The characteristic length and charac-
terisic velocity can be defined as 1μm and 1μm/s respectively
in the calculation. After dimensionless, the governing equa-
tion is turned into continuity equation (mass conservation
equation):

∂u
∂x

+
∂v
∂y

= 0 23

Dynamic equation (momentum conservation equation):

Re u
∂u
∂x

+ v
∂u
∂y

= −
∂p
∂x

+
∂τxx
∂x

+
∂τxy
∂y

, 24a

Re u
∂v
∂x

+ v
∂v
∂y

= −
∂p
∂y

+
∂τxy
∂x

+
∂τyy
∂y

24b

Constitutive equation (rheological equation):

τxx = 2 1 +
ϕ′
yn

∂u
∂x

, 25a

τyy = 2 1 +
φ′
yn

∂v
∂y

, 25b

τxy = τyx = 1 +
ϕ′
yn

∂v
∂x

+
∂u
∂y

25c

4.2. Vortex Equation. In order to reduce the number of
unknowns in the solving procedure, derivation of y and x
in momentum (24a) and (24b), respectively, can be taken to
eliminate the pressure term in the momentum equation; the
results can be transformed as follows:

Re u
∂2u
∂x∂y

+
∂u
∂x

∂u
∂y

+
∂v
∂y

∂u
∂y

+ v
∂2u
∂y2

= −
∂2p
∂x∂y

+
∂2τxx
∂x∂y

+
∂2τxy
∂y2

,

26a

Re u
∂2v
∂x2

+ ∂u
∂x

∂v
∂x

+ ∂v
∂x

∂v
∂y

+ v
∂2v
∂x∂y

= −
∂2p
∂x∂y

+
∂2τxy
∂x2

+
∂2τyy
∂x∂y

26b

Subtracting (26b) from (26a), the results can be further
simplified to

Re u
∂2u
∂x∂y

−
∂2v
∂x2

+ v
∂2u
∂y2

−
∂2v
∂x∂y

=
∂2τxx
∂x∂y

+
∂2τxy
∂y2

−
∂2τxy
∂x2

−
∂2τyy
∂x∂y

27

The introduction of stream function and vorticity:

u =
∂ψ
∂y

,

v = −
∂ψ
∂x

,

Ω =
∂v
∂x

−
∂u
∂y

28

There is one curve AB between the two streamlines as
shown in Figure 6, and then the volume flow of unit thickness is

qV =
y2

y1

udy +
x2

x1

v −dx =
y2

y1

∂ψ
∂y

dy +
x2

x1

∂ψ
∂x

dx =
x2,y2

x1,y1
dψ

= ψ2 − ψ1 =
x2,y2

x1,y1
dψ = ψ2 − ψ1

29

The stream function equation:

∂2ψ
∂x2

+
∂2ψ
∂y2

= −Ω 30
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Momentum equation can be written into vorticity equa-
tion in the following form:

Re
∂ψ
∂x

∂Ω
∂ y

−
∂ψ
∂y

∂Ω
∂ x

=
∂2τxx
∂x∂y

+
∂2τxy
∂y2

−
∂2τxy
∂x2

−
∂2τyy
∂x∂y

31

After finishing, oval vorticity equation can be obtained as
follows:

∂2Ω
∂x2

+
∂2Ω
∂y2

+ Re
∂ψ
∂x

∂Ω
∂ y

−
∂ψ
∂y

∂Ω
∂ x

=
∂2τxx
∂x∂y

+
∂2τxy
∂y2

−
∂2τxy
∂x2

−
∂2τyy
∂x∂y

+
∂3v
∂x3

−
∂3u
∂x2∂y

+
∂3v

∂y2∂x
−

∂3u
∂y3

32

Since the above equation has third-order derivative, it is
difficult to determine the boundary conditions when apply-
ing difference methods to get the solution. Additional stress
tensor caused by non-Newtonian fluid can be introduced to
solve this problem, and the additional stress terms of Newto-
nian fluid is zero.

S = τ − L + LT , 33

where

L =

∂u
∂x

∂v
∂x

0

∂u
∂y

∂v
∂y

0

0 0 0

,

LT =

∂u
∂x

∂u
∂y

0

∂v
∂x

∂v
∂y

0

0 0 0

,

τ =

τxx τxy 0

τxy τyy 0

0 0 0

34

Therefore, (32) can be written as

F =
∂2

∂x∂y
τxx − 2

∂u
∂x

− τyy − 2
∂v
∂y

+
∂2

∂y2
−

∂2

∂x2
τxy −

∂u
∂y

+
∂v
∂x

=
∂2

∂x∂y
Sxx − Syy +

∂2

∂y2
−

∂2

∂x2
Sxy

35

Vorticity equation (32) can be written as

∂2Ω
∂x2

+
∂2Ω
∂y2

+ Re
∂ψ
∂x

∂Ω
∂ y

−
∂ψ
∂y

∂Ω
∂ x

=
∂2

∂x∂y
Sxx − Syy +

∂2

∂y2
−

∂2

∂x2
Sxy

36

4.3. Discretization of Governing Equation

4.3.1. Discretization of Stream Function. Stream function
equation is the elliptic equations; it can be dispersed by arrays
of central difference with second-order accuracy. The main
diagonal of the discrete equation coefficient is dominant,
which guarantee the convergence of algorithm, the discrete
equation is:

ψi+1,j − 2ψi,j + ψi−1,j

Δx 2 +
ψi, j+1 − 2ψi, j + ψi, j−1

Δy 2 = −Ωi, j, 37

ψn+1
i,j =

1
2 1 + β

ψn
i+1,j + ψn

i−1,j + βψn
i,j+1

+ βψn
i,j−1 + Δx 2Ωi, j ,

38

where Δx, Δy is the grid step length of x and y direction,
β = Δx 2/ Δy 2; n is the number of iterations.

4.3.2. Discretization of Vorticity Function. The left item of
vorticity equation (38) applies the first kind of windward
array of difference. That is, when coefficient of the first
derivative of vorticity is greater than zero, then discrete
the equation by array of backward difference; when the
coefficient is less than or equal to zero, then discrete
the equation by array of forward difference. Although dif-
ference equation has only first-order accuracy, this array
of difference is equipped with main diagonally dominant
unconditionally, thus the stability of numerical calculation
can be ensured. The right item of vorticity equation (38)
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O

dz
dy

(x2,y2)
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Figure 6: Sketch map of the planar flow field and flow line.
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applies central difference methods. The discrete form is
as follows:

k0Ωi, j + k1Ωi+1,j + k2Ωi−1,j + k3Ωi, j+1 + k4Ωi, j−1

=
1

4ΔxΔy Sxxi+1,j+1 − Sxxi−1,j+1 − Sxxi+1,j−1 + Sxxi−1,j−1

− Syyi+1,j+1 − Syyi−1,j+1 − Syyi+1,j−1 + Syyi−1,j−1

+
1
Δy 2 Sxyi,j+1 − 2Sxyi,j + Sxyi,j−1

39

The coefficients in the equation can be expressed as

b1 = Re
ψi+1,j − ψi−1,j

2Δx ,

b2 = −Re
ψi, j+1 − ψi, j−1

2Δy ,

k0 = −
2

Δx 2 −
2
Δy 2 −

b1
Δy −

b2
Δx ,

k1 =
1

Δx 2 +
b2
2Δx +

b2
2Δx ,

k2 =
1

Δx 2 + b2
2Δx −

b2
2Δx ,

k3 =
1
Δy 2 +

b1
2Δy +

b1
2Δy ,

k4 =
1
Δy 2 +

b1
2Δy −

b1
2Δy

40

4.3.3. Discretization of Constitutive Function. The first deriv-
ative of constitutive equation in (21a), (21b), and (21c)
applies first-order array of difference, and the discrete equa-
tions are as follows:

τxx i,j = 2
ui, j − ui−1,j

Δx , 41a

τyy i,j = 2
vi, j − vi, j−1

Δy , 41b

τxy i,j = τyx i,j =
vi, j − vi−1,j

Δx +
ui, j − ui,j−1

Δy 41c

4.4. Boundary Conditions

4.4.1. Velocity. In this paper, the flow velocity distribution at
the nanochannel can be determined by (13) considering
effect of solid and liquid. After dimensionless, it can be writ-
ten as follows:

u = −
1
2φ′

1
n + 1 n + 2

R − y n+1 n + 1 y + R
dp
dx

42

4.4.2. Velocity Derivative. According to the flow characteris-
tic of Poiseuille, the constitutive equation and the flow veloc-
ity distribution (4), the first-order derivative in the channel
can be written as:

∂u
∂y

=
1
ϕ′

∂p
∂x

R − y n

2
y 43
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Figure 7: Velocity distribution at different solid-liquid index in
capillary profiles (n = 0, 0 1).
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Table 1: Four kinds of parameters in pore to throat model.
Considering L/S interaction (μm).

Order
number

Pore-
throat
ratio

Throat
radius

Pore
radius

Throat
length

Pore
length ϕ′ n

1 5 0.01 0.05 20.0 50.0 3.0 0.1

2 10 0.005 0.05 20.0 50.0 3.0 0.1

3 20 0.0025 0.05 20.0 50.0 3.0 0.1

4 50 0.001 0.05 20.0 50.0 3.0 0.1
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4.4.3. Stress Value

τxx = 0, τxy = 1 +
ϕ

yn
1
ϕ′

∂p
∂x

R − y n

2
y, τyy = 0 44

Substitute (44) into constitutive equation and partial
stress equation, the boundary value of additional stress S
are as follows:

Sxx = Syy = 0 Sxy =
∂p
∂x

R − y n

2yn−1
45

4.4.4. ψ and Ω. Based on the definition of vorticity and
stream function, the distribution of stream function and

vorticity at the nanochannel can be determined by velocity
distribution as follows:

ψ =
∂p
∂x

1
2ϕ′ n + 1 n + 2 n + 3
n + 1 y + 2R R − y n+2 − 2Rn+3 ,

Ω = −
1
ϕ

∂p
∂x

R − y n

2
y

46

4.5. Sample Calculation and Results Comparison. Numerical
calculation of the capillary flowhas been proceeded in the cap-
illary with radius 5μm, the solid-liquid effect index n is 0, 0.1,
and 0.2, respectively, based on the established 2D numerical
boundary layer equations. Radial velocity distribution curves
in the capillary radius of 5μm are showed in Figures 7 and 8.
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Figure 9: The velocity distribution of different pore-throat ratios in pore to throat channels nonconsidering L/S interaction (left) and
considering L/S interaction (right).
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The interaction effect between solid and liquid phases in
nanocapillary can be obviously seen by comparing two
curves at different solid-liquid index in Figure 7. When n is
zero, the velocity distribution curve presents the convex type,
the flow characteristics of the Newtonian fluid. When n is 0.1
or 0.2, the curve near the wall presents the concave type, the
flow characteristics of the non-Newtonian fluid, which illus-
trates that the interaction effect is stronger close to wall sur-
face. And the velocity is getting smaller and the increase
amplitude is smaller from pore wall to the capillary center,
that is to say, fluid viscosity coefficient has big changes close
to the wall surface. Figures 7 and 8 are obtained by numerical
calculation, the shape of curves and indicated results are in
consistent with the approximate solutions obtained by the
governing equation. Results proved that the numerical seep-
age model established in this paper can fulfill the precision
and requirements of flow in confined nanopores.

5. Application in Two Typical Seepage
Types: from Pore to Throat and
Inversely from Throat to Pore

5.1. Pore to Throat. Parameters of pore to throat model
are shown in Table 1. Pressure gradient in the inlet is
0.0075MPa/m; numerical equation is used to calculate
the parameter field distribution of different sizes in pore
to throat flow channel is obtained. Pore radius is 0.05μm;
the throat radius can be automatically calculated according
to pore-throat ratio.

5.1.1. The Characteristics of Velocity Distribution. Figure 9
shows velocity distribution contours in pore to throat

channel nonconsidering L/S interaction and considering L/
S interaction. It shows that the flow velocity distribution of
the fluid altered obviously when considering L/S interaction
under the same inlet pressure gradient. First, the fluid veloc-
ity in the throat or inside the pore is affected by the throat
and the pore wall, so the velocity dramatically reduces near
the wall, and it is mainly influenced by the throat size. Sec-
ondly, when the pore-throat ratio is the same, the ratio of
the velocity considering L/S interaction to the velocity with-
out considering L/S interaction increases. When the pore-
throat ratio is equal to five, the dimensionless velocity of
the former near the throat of the lower pore is near 1, and
the dimensionless velocity of the latter is 0.15, the ratio of
the two is about 7, and the ratio is about 9 when the pore-
throat ratio is 10. Thirdly, the velocity distribution of fluid
changes obviously from the throat to the pore, that is, the
fluid velocity considering the L/S interaction in the pores is
very small. When the pore-throat ratio increases to a certain
degree, almost no fluid can flow, as shown in Figure 9h, the
dimensionless velocity in the pore reaches the order of mag-
nitude of 10−3, the characteristic speed is converted into the
actual flow rate, and its order of magnitude is 10−12m/s
(10−3 nm/s). In the real displacement process, the flow veloc-
ity cannot mobile or displace the oil.

5.1.2. Streamline distribution. Figure 10 shows flow diagrams
of different pore-throat ratios, as pore-throat ratio increases,
which means that when the throat radius reduces, the value of
the stream function inside the pores successively decreases;
when the pore throat ratio ranges from 5 to 50, the values of
the stream function at the center of the inner pores are 300,
35, 3.5, and 0, respectively. Fluid influx through the pores is very
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Figure 10: Streamline graph with different pore-throat ratios in pore to throat channels considering L/S interaction.
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small, the pore volume of corresponding fluid in the pores is
very low, and there is almost no effective injection pore volume.

5.2. Throat to Pore

5.2.1. The Characteristics of Velocity Distribution. The veloc-
ity distribution contours in throat to pore channel nonconsi-
dering L/S interaction and considering L/S interaction are
shown in Figure 11.

5.2.2. Streamline Distribution. According to the velocity
distribution, the distribution of velocity (Figure 11) and
streamlines (Figure 12) in throat to pore channels consider-
ing L/S interaction is the same with channels not considering
L/S interaction, and the value is slightly lower, but the magni-
tude is not very clear. Because the effect of solid boundary on

fluid is not obvious since the fluid inlet are pores with rela-
tively larger radius.

6. Conclusions

In summary, we have established a two-dimensional numer-
ical model of seepage flow considering the liquid and solid
interaction in confined nanopores. This complex model has
been discretized by the introduction of vortex equation.
And it has been applied in two types of nanopore flow: from
pore to throat and inversely from throat to pore. The results
and recognitions can be concluded as follows:

(1) The seepage behavior in confined nanopores is differ-
ent from bulk space, since the liquid and solid
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Figure 11: The velocity distribution of different pore-throat ratios in throat to pore channels nonconsidering L/S interaction (left) and
considering L/S interaction (right).
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interaction would increase the viscosity of hydrocar-
bons near the pore wall.

(2) Vortex equation can efficiently reduce the number of
unknowns in solving complex numerical equation.

(3) The liquid and solid interaction mainly affected by
capillary radius. It completely cannot be neglected
in the seepage model if the capillary radius is smaller
than 50nm when liquid and solid interaction index is
bigger than 0.1.

(4) When the hydrocarbons flow from nanoscale pore to
throat, the liquid and solid interaction cannot be
neglected. Nevertheless, the effect of liquid and solid
interaction is not critical when it flows from throat
to pore.

In addition, the complexity of wettability has not been
included in this model, since there are many situations, such
as water wet, oil wet, and mixed wet. This work has taken the
most common situation “water wet” in tight or shale reser-
voir into consideration. The other situations of wettability
combined with liquid and solid interaction effect will be fur-
ther investigated in the next work.

Nomenclature

μ 0: Bulk fluid viscosity, Pa.s
ϕ′/yn: Additional viscosity imposed by solid surface, Pa.s
n: Liquid/solid interaction index
y: Distance to a solid surface, meter
ϕ′: Interaction coefficient of liquid/solid molecule
μ 1′: Dipole moment of water molecule

μ 2′: Dipole moment of surface molecule
α 1: Polarizability energy of water molecule
α2: Polarizability energy of surface molecule
I 1: Ionization energy of water molecule
I 2: Ionization energy of surface molecule
μ: Fluid viscosity coefficient of boundary layer, Pa.s
μ∗: Velocity component of fluid particle, m/s
v∗: Velocity component of fluid particle, m/s
p∗: Positive pressure of fluid particle, Pa
R∗: Capillary radius, m
R: Dimensionless radius of channel
τ∗ij: Stress tensor, Pa
ε∗ij: Strain rate tensor, m/t
λ: The first and second fluid viscosity, Pa.s
δij: Ronnie Kerr mark.
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This paper establishes a flow equation using non-Newtonian fluid mechanics and defines the deformation of residual oil using
numerical computation in order to conduct a study on the flow law of residual oil in microchannels of rock during polymer
flooding, the influence of flooding fluid elasticity on the deformation of residual oil, and flooding mechanism of viscoelastic
displacing fluid. Computation shows that advancing contact angle increases and receding contact angle decreases as the viscosity
ratio decreases. The higher elasticity of polymer solution with higher concentration or molecular weight leads to significantly
more obvious deformation of residual oil and benefits migration and stripping of residual oil. The impact of the initial wetting
angle of residual oil film on deformation is analyzed. A smaller initial wetting angle corresponds to a bigger change of advancing
contact angle and smaller change of receding contact angle. A better understanding of the flooding process is gained via a study
on residual oil deformation in polymer flooding. Consequently, oil flooding efficiency and oil recovery can be enhanced. This is
the hydrodynamic mechanism of enhanced oil recovery (EOR) by polymer flooding.

1. Introduction

There are two reasons why polymer solution greatly
increases oil recovery of the oilfield flooded by water: (1)
with higher viscosity, polymer solution effectively improves
the oil-water mobility ratio, reduces the interlayer contradic-
tions, improves the fluid entry profile, and increases the
sweeping volume of flooding solution; (2) with viscoelastic
effect, polymer solution floods the residual oil after water
flooding and increases flooding efficiency and thus oil
recovery. Zhang and Yue [1] studied the flooding mecha-
nism of residual oil in the dead end and found that bigger vis-
coelasticity and sweeping volume of polymer solution led to
stronger stress on residual oil. Jamaloei and Kharrat [2] con-
ducted a detailed analysis of the mechanism of surfactant
flooding in oil-wet and water-wet porous medium. Shi et al.
[3] conducted a study on residual oil distribution by steam
flooding after polymer flooding with a refined numerical
method, which provides a reliable basis for further develop-
ment of specified oilfield blocks. Seppecher [4] computed
the flow of the fluid around contact line with numerical com-
putation and figured out the relation between the dynamic

contact angle and the static contact angle and its impact on
velocity. Chou et al. [5] computed the change of advancing
contact angle and receding contact angle of fluid drop on a
tilting plane and wetting hysteresis with numerical computa-
tion, which was consistent with the experiment. Harvie et al.
[6] conducted a parameter study on fluid drop deformation
through fluid flow microshrinkage. Garstecki et al. [7]
described the deformation process of fluid drops and gas
bubbles in a microscale T-shape flow channel and pointed
out that fluid drop bursting mainly depended on differential
pressure in case of small capillary number. Fang et al. [8]
conducted three-dimensional numerical simulation of con-
tact angle hysteresis of microscale two-phase flow and dis-
cussed the deformation and separation conditions of fluid
drops. Seevaratnam et al. [9] studied the water-driven defor-
mation of fluid drops adhering to a solid wall under constant
differential pressure and suggested that the deformation was
influenced by the quantity of flow, viscosity ratio, and fluid
drop volume. The critical condition of fluid drop sliding and
separation was taken by a high-precision camera. Cubaud
et al. [10] computed the coupling of fluid drop and viscous
laminated flow in the square micro pore-throat and pointed
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out that capillary number was an influencing factor for fluid
drop bursting and analyzed the influence of fluid drop burst-
ing to small fluid drops on the flow. Wang et al. [11–13] con-
ducted in-depth research on how viscoelastic fluid improves
flooding efficiency and pointed out that the elasticity of visco-
elastic fluid changes the force on residual oil and thus
improves the flooding efficiency. They defined microforces
for the first time and illustrates that microforces accelerate
the deformation and convex of residual oil and small oil drops
are separated from the main body. Yang et al. [14, 15] figured
out the flow equation of viscoelastic fluid in micro pore-
throats and numerical solution offlowfield, including velocity
field and stress field, with upper-convectedMaxwell constitu-
tive equation, compared the flooding force on residual oil by
different viscoelastic flooding fluids and corresponding resid-
ual oil deformation, and obtained hydrodynamic mechanism
of elastic flooding of residual oil drop. Rother et al. [16] stud-
ied the impact of the surfactant on the viscous interaction in
buoyancy flooding of deformed drops. Xiao et al. [17–19]
studied the influence of emulsion inertia on shearing, calcu-
lated the stress with the Batchelor formula to obtain the
interfacial stress and disturbance stress, initially forming the
dynamics mechanism of drops in oscillatory and elongational
flow with limited Reynolds number and reflecting elastic
effect of stress of viscous drop emulsion under inertia. Fu
et al. [20] observed the deformation and bursting of fluid drop
in transition from a drop shape to a jet shape in micro pore-
throats by experiment. Qi and Xu [21] obtained precise speed
field and stress field through discrete Laplace transform of a
series of fractional derivative, providing a good method for
studying the fluid with complex rheological property. Zhang
et al. [22] numerically studied the flow of fully developed vis-
coelastic fluid through a rotary quadrature tube and calculated
axial velocity and axial normal stress. Calculation results show
that secondary flow, axial flow, and axial normal stress are all
influenced by rotation. Hayat et al. [23] calculated the rota-
tional flow of generalized Newtonian fluid in porous media
with the slip condition of wall taken into consideration and
compared boundary conditions with slip and nonslip.

2. Mathematical Model

Residual oil refers to the crude oil remaining in the pores
within the flooding area in the flooding process and is usually
dispersed. Residual oil after water flooding can be classified
into five types, that is, oil drop, oil column, oil film, oil clus-
ter, and oil in a dead end, and oil film type has the largest
quantity and the broadest distribution. The formation of
residual oil is mainly influenced by the microscopic anisot-
ropy of oil formation, wettability on the rock surface, and
the interfacial tension between crude oil and water [24]. This
paper treats oil film type residual oil as the study object and
establishes a physical model of residual oil film on the surface
of pores of a certain rock (Figure 1). It mainly studies the
velocity and stress distribution of the flow field where poly-
mer solution flood residual oil film, analyzes the impact of
the viscosity ratio of flooding solution and residual oil and
the wettability of residual oil on the stress and deformation

of residual oil, and finally figures out the hydrodynamics
mechanism of polymer flooding.

2.1. Weissenberg Number. There are many rheological
parameters to characterize fluid viscoelasticity in the study
on the rheological property of viscoelastic fluid. This paper
mainly adopts the Weissenberg number (We) to identify
the ratio of elasticity to viscosity of fluid.

Different from pure viscous fluid, in addition to nonre-
versible deformation (viscous flow) under the external force,
viscoelastic fluid flowing in the channel has a certain strain
recovery and shows elasticity after the external force is gone.
In order to represent the role of the elastic effect in flowing, a
nondimensional number We is defined and it equates to
recovery strain (elastic strain).

We = N1
τ
, 1

whereWe is defined as the ratio of the first normal-stress dif-
ference N1 to viscous shear stress τ. WhenWe is big, flowing
is mainly determined by the first normal-stress difference:
elasticity plays a leading role. When We is small, flowing is
mainly determined by viscosity force. Therefore, the role
elasticity and viscosity plays in the flowing of viscoelastic
fluid can be clarified.

In the low shear laminated flow, we have

We = JeηU
D

, 2

where Je represents steady shear compliance with Je = 1/G, G
represents elasticity modulus, U represents characteristic
velocity, and D represents characteristic scale.

Therefore, for viscoelastic fluid flowing in the channel,
the characteristic scale can be set as the channel width, char-
acteristic velocity can be set as the average velocity in the
channel, and relaxation time is

λ = Jeη =
η

G
3

Then We can be calculated by the following formula:

We = λU
D

4

Weissenberg number represents the elasticity of visco-
elastic fluid. Elasticity plays a significant role in flooding,
especially in the third recovery. On the one hand, the bigger

Rock

Rock

Rock
Oil

Polymer solution

Figure 1: Physical model.
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elasticity of viscoelastic fluid leads to a bigger sweeping area
and higher sweep efficiency. On the other hand, the bigger
elasticity of viscoelastic fluid leads to bigger normal stress
and tangential stress on residual oil and makes residual oil
deformmore easily, increasing flooding efficiency. Given that
recovery efficiency equals to sweep efficiency multiplied by
flooding efficiency, increasing the elasticity (We) of viscoelas-
tic fluid can enhance oil recovery. Viscoelastic fluid has a
bigger influence on flooding efficiency.

The capillary number Ca = μpGh/σ represents the ratio of
viscosity force to interfacial tension [25], μp represents the
viscosity of polymer solution, μo represents the viscosity of
residual oil, and the viscosity ratio of residual oil and the
polymer solution is λμ = μo/μp.

2.2. Motion Equation. Since the interface is moving, inter-
facial tension is taken into consideration in the motion
equation [26, 27].

∂ ρu
∂t

+ ∇ ⋅ ρuu = ∇ ⋅ T +
∂B
dxBκnσδ x − xB , 5

where σ represents the interfacial tension between polymer
solution and residual oil, ∂B the residual oil surface including
point xB, κ the curvature of residual oil surface, n the outer
normal unit vector of residual oil surface, and δ x − xB is
the δ function of the second order. Here, interfacial tension
is treated as a mass force for numerical computation and a
source item in the motion equation. T represents stress
tensor. Since the residual oil film deforms as it flows with
polymer solution, transient computation is needed here.
The interface between polymer solution and residual oil is
coupled with a flow equation, and integral solution of a
motion equation should be performed in two steps. In step
one, pressure is ignored and velocity field is predicted as [28]

ρn+1u∗ − ρnun

Δt =
−∇ ρuu n + ∇ ⋅ τn

+
∂B
dxBκnσδ x − xB

n , 6

where Δt represents time step and u∗ represents new velocity.
Calculate un till a new interface is obtained, and obtain ρn+1

x via density equation (7) as follows:

ρ x = ρp + ρo − ρp I x 7

In step two, calculate the velocity field via the central
difference and obtain

un+1 − u∗

Δt = −
1

ρn+1
∇pn+1 8

Discretize the above equation. With incompressibility

∇ ⋅ un+1 = 0, 9
obtain a Poisson equation against pressure

∇ ⋅
1

ρn+1
∇pn+1 = −

1
Δt ∇ ⋅ u∗ 10

The flow field, including velocity field and stress field, can
be calculated via the above flow equation, and then deviatoric
stress and horizontal differential stress on the oil film and
residual oil deformation can be calculated. Residual oil
deformation because of viscoelastic polymer flooding is a
nonconstant issue involving fluid-to-fluid interface defor-
mation and reconstructing and complex rheological proper-
ties of polymer solution. Therefore, both interfacial tension
and time variance should be considered in the flow equa-
tion. Computational analysis of the polymer flow field can
be made with the flow equation improved according to a
real case.

3. Result Analysis

3.1. Flow Field Distribution. The polymer flow field includes
velocity field, pressure field, and deviatoric stress field and
stream function distribution shown in Figure 2 in which all
units are international standard units.

Figure 2 shows that flow channel becomes increasingly
narrower in the upstream of the oil film and flooding solution
flows at a greater velocity which hits the maximum on the top
of the oil film. At the oil film, pressure drop reaches the max-
imum, with bigger stress T11 and smaller T22, and there is
rotation in the flowing process. There is parallel linear flow
at the entry of flow channel. The flow line gets curved when
it is closer to the oil film with the largest curve on the top
of the oil film and then folds and returns to parallel linear
flow. A bigger velocity difference at the oil film leads to bigger
microscale stress on the oil film. A bigger differential pressure
leads to bigger macroscopical stress on the oil film. Stress T11
is close to differential pressure in terms of the order of mag-
nitude; T12 and T22 are relatively small. Therefore, T11 plays
a leading role in the stress and deformation of residual oil.

3.2. The Impact of the Viscosity Ratio on Residual Oil
Deformation. The following are the basic parameters: fluid
channel is 20μm wide and 100μm long, and residual oil film
is 40μm long and 10μm wide. Computation conditions are
as follows: the density of polymer solution is 1100 kg/m3,
and that of residual oil film is 850 kg/m3. Interfacial tension
is 0.001mN/m, initial wetting angle is 47°, quantity of flow
is 2e− 10m3/s, viscosity ratio is 0.25, Ca is 1.2, Re is
2.5e− 6, and We is 0.4. Figure 3 shows residual oil defor-
mation at different times.

Figure 3 shows greater residual oil deformation along the
viscoelastic polymer flooding direction. Figure 4 shows resid-
ual oil deformation when residual oil viscosity remains
unchanged, flooding polymer viscosity changes, and thus
viscosity ratio changes. Time t is equal to 0.4 s.

It is shown in Figure 4 that Reynolds number (Re)
decreases, capillary number (Ca) increases, flooding force
increases, and residual oil deforms more obviously as flood-
ing solution viscosity increases and thus viscosity ratio
decreases. The advancing angle and receding angle of resid-
ual oil are calculated in order to better reflect the deformation
scale [29–31]. Measurement of contact angle depends on
whether the solid surface is “nonwettable” or “wettable.”
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The former is called advancing angle θa, and the latter
receding angle θr, which are shown in Figure 5.

In the former case, the fluid drop becomes bigger if more
fluid is injected into it and the contact angle here is called
advancing angle represented by θa, while in the latter case
the fluid drop becomes smaller if fluid is taken out by an
injector and the contact angle here is called receding angle
represented by θr. The advancing angle is not equal to and
often larger than the receding angle, which is called contact
angle hysteresis. Table 1 shows how contact angle changes
with the viscosity ratio.

Table 1 shows that residual oil deformation is increas-
ingly obvious with an increasingly bigger advancing angle
and an increasingly smaller receding angle as the viscosity

ratio decreases. It is assumed here that three-phase junction
is fixed and the interfacial tension between residual oil and
rock is large enough. If this interfacial tension is not enough
to resist the flooding force of viscoelastic polymer solution,
point A will move forward when receding angle decreases
to the critical value; point B will move forward when the
advancing angle increases to the critical value. In this way,
residual oil moves forward and the flooding effect is achieved.

3.3. The Impact of Initial Wettability of Residual Oil Film on
Residual Oil Deformation. The following are the basic param-
eters: fluid channel is 20μm wide and 100μm long, and
residual oil film is 40μm long and 10μm wide. Computation
conditions are as follows: the density of polymer solution is
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Figure 2: The flow field distribution.
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1100 kg/m3, and that of residual oil film is 850 kg/m3. Interfa-
cial tension is 0.001mN/m, quantity of flowQ is 2e− 10m3/s,
viscosity ratio is 0.5, We is 0.4, Re is 5e− 6, Ca is 0.6, and t is
0.4 s. For oil films with the same length 40μm, the wetting
angle is set at 30°, 45°, and 60° since initial wettability differs.

Figure 6 shows that bigger initial wetting angle corre-
sponds to bigger residual oil film and more obvious deforma-
tion. However, it is biased to observe deformation scale only
from the above figures since their initial wetting angles differ.
Below are the computed changes of advancing and receding
contact angles (Tables 2 and 3).

It is found in Tables 2 and 3 that the bigger initial wetting
angle leads to bigger advancing contact angle and smaller
receding contact angle. However, when the initial wetting
angle is 30°, the advancing angle change reaches the maxi-
mum 74.33°; when the initial wetting angle is 60°, the reced-
ing angle change reaches the maximum 32.94°. In other
words, for oil films with the same length, a smaller initial wet-
ting angle corresponds to the bigger change of the advancing
contact angle and more obvious downstream deformation; a
bigger initial wetting angle corresponds to a bigger change of
the receding contact angle and more obvious upstream defor-
mation. For residual oil on the surface of the oil-wet rock
with bigger interfacial tension between residual oil and rock,

overall separation is very difficult but local separation is
relatively easy. Therefore, a bigger initial wetting angle leads
to easier partial separation.

3.4. Calculation of Normal Deviatoric Stress. The variation of
normal deviatoric stress under different conditions is shown
in Figure 7.

The normal deviatoric stress is the force perpendicular to
the surface of residual oil, and it causes the normal convex
and concave of residual oil, which benefits local deformation
and enlargement of regional oil. Figure 7 shows that the
smaller ratio of viscosity of residual oil and polymer solution
and the higher polymer solution viscosity result in higher
normal deviatoric stress on the residual oil film. Different
wetting angles (30°, 45°, and 60°) of the oil film with the same
length (40μm) result in corresponding variations of oil film
height, and the higher wetting angle and height of oil film
correspond to larger normal deviatoric stress on the oil film.
The normal deviatoric stress shows a similar trend in the
above conditions. In the upstream of the oil film, the normal
deviatoric stress gradually increases to reach the extremum
and then decreases, and the oil film is compressed. Around
the middle of the oil film, the normal deviatoric stress is
negative, and the oil film is in tension. In the downstream
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Figure 3: The deformation of residual oil with time.
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of the oil film, the normal deviatoric stress is positive, and
the oil film is compressed. This causes compression in both
ends and tension in the middle. The distribution of normal

deviatoric stress benefits the convex of the oil film in the
middle, and the oil film is deformed by flooding fluid and
separates from the main body.

3.5. Calculation of Tangential Deviatoric Stress. The variation
of tangential deviatoric stress under different conditions is
shown in Figure 8.

The tangential deviatoric stress is the force along the tan-
gent line of the residual oil film, and the higher tangential
deviatoric stress results in a larger angular deformation.
The trend of tangential deviatoric stress in Figure 8 shows
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Figure 5: The advancing angle and receding angle.

Table 1: Advancing and receding contact angle (viscosity ratio).

Wetting angle
Viscosity ratio (λμ)

2 1 0.5 0.25 0.125

Advancing angle θa (
°) 93.68 99.25 106.70 113.08 121.29

Receding angle θr (
°) 31.77 28.77 25.58 22.51 18.95
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that there is a dividing point between 1/4 and 1/2 lengths
along the flowing direction, and the tangential deviatoric
stress is negative before the point and positive behind the
point. The smaller ratio of viscosity of residual oil and poly-
mer solution and the stronger elasticity result in higher
tangential deviatoric stress on the residual oil film. Due to
the memory function of viscoelastic fluid, the elasticity of
flooding fluid has a hysteretic influence on the peak of tan-
gential deviatoric stress. The larger wetting angle of the oil
film with the same length (40μm) results in larger tangential
deviatoric stress on the oil film.

3.6. Calculation of Horizontal Deviatoric Stress. The variation
of horizontal deviatoric stress under different conditions is
shown in Figure 9.

Figure 9 shows the positive value of horizontal deviatoric
stress except for the part near the rock, indicating that the
horizontal component of the force of polymer solution on
the residual oil is in the same direction as the flowing. The
negative value in the part near the rock is due to the interfa-
cial tension in the triphase contact area. The horizontal
deviatoric stress is axisymmetrically distributed along the
middle of the oil film with the maximum value. The horizon-
tal deviatoric stress variation has the similar trend as the
normal deviatoric stress does.

3.7. Calculation of Vertical Deviatoric Stress. The variation of
vertical deviatoric stress under different conditions is shown
in Figure 10.

Figure 10 shows that the vertical deviatoric stress varia-
tion is positive in a small part of the middle of the oil film
and negative in the rest part, suggesting that the vertical com-
ponent of force of polymer solution on the residual oil has a
downward direction. The absolute value of vertical deviatoric
stress in the upstream of the oil film is higher than that in the
downstream of the oil film, indicating higher pressure. The
comparison with horizontal deviatoric stress shows that the
absolute value of vertical deviatoric stress is higher than that
of horizontal deviatoric stress in the same position. The
normal and tangential components of both horizontal and
vertical deviatoric stresses have the same direction as both
normal and tangential deviatoric stresses.

The oil has the smallest interfacial energy with a static
residual oil film and polymer solution in the equilibrium
state. The superficial area of the residual oil film tends to
decrease as much as possible and a shrinkage force along
the tangential direction, that is, interfacial force stops the
deformation of the interface. The shape of the contact area
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Figure 6: The deformation curve of residual oil with initial wetting angle.

Table 2: Advancing and receding contact angle (initial wetting
angle).

Wetting angle
Initial wetting angle θ (°)

30 45 60

Advancing angle θa (
°) 104.33 110.57 127.98

Receding angle θr (
°) 15.36 20.42 27.06

Table 3: The change of advancing and receding contact angle
(initial wetting angle).

Wetting angle
Initial wetting angle θ (°)
30 45 60

Advancing angle change θa (
°) 74.33 64.43 67.98

Receding angle change θr (
°) 14.64 13.58 32.94

7Geofluids



of the rock, oil, and flooding fluid results from the balance
between the interaction force (adhesive force) of oil mole-
cules in the adhesive layer and the rock molecules and the

mutual attraction (cohesion force) of oil molecules. If the
adhesive force is higher than the cohesion force, the rock
is wetted by the oil with the expanded adhesive layer.
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Figure 7: Curves of normal deviatoric stress variation.
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Figure 9: Curves of horizontal deviatoric stress variation.
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Conversely, the adhesive force is lower than the cohesion
force, and the rock is not wetted by the oil with the
shrunk adhesive layer. When the flooding fluid sweeps
through the residual oil, both shear and tension forces
are generated, changing the shape of residual oil, and the
wetting angle is changed correspondingly, causing wetta-
bility hysteresis. The wettability hysteresis is not obvious
with higher interfacial tension, while wettability hysteresis
is obvious with lower interfacial tension when the residual
oil is possibly completely separated. There is a critical
capillary number for the deformation and separation of
residual oil. With the capillary number below the critical
value, the residual oil is further stretched and reaches the
steady state. Otherwise, the residual oil continues to be
stretched. For a long time, the latter part of residual oil
is pushed downstream, and a negative curvature is gener-
ated toward the rock wall face. The front part of residual
oil rolls along the rock wall face. With the high interfacial
tension between the rock and residual oil, the residual oil
is broken, and a part is separated from the parent fluid
drop, and another part is still adhered to the rock wall.

4. Conclusions

With the same quantity of flow, this paper analyzes the
impact of the viscosity of flooding solution and the wettabil-
ity of residual oil on the stress of residual oil. The computa-
tion shows that residual oil deformation is increasingly
more obvious with an increasingly bigger advancing angle
and an increasingly smaller receding angle as the viscosity
ratio decreases. Through the analysis of the impact of the ini-
tial wetting angle on residual oil deformation, it is concluded
that the bigger initial wetting angle corresponds to the bigger
advancing angle and smaller receding angle. For oil films
with the same length, the smaller initial wetting angle corre-
sponds to the bigger change of the advancing contact angle
and more obvious downstream deformation; the bigger ini-
tial wetting angle corresponds to the bigger change of the
receding contact angle and more obvious upstream defor-
mation. Such analysis offers certain guidance to the prepa-
ration of polymer solution and understanding of residual

oil film distribution in microchannels and increases flood-
ing efficiency and oil recovery.

The horizontal stress difference reflects the force on the
flooded residual oil of different heights toward the flowing
direction. The horizontal stress difference increases with the
flooding fluid viscosity. As the viscosity increases by one
time, the horizontal stress difference increases by one time
correspondingly. The increase of flooding fluid elasticity
results in the change of the horizontal stress difference, which
increases to the extremum and then decreases gradually. The
point of the extremum is not located at the triphase contact
point, but somewhere in the upstream of the residual oil film,
which is related with the memory function of viscoelastic
fluid. The higher elasticity of flooding fluid results in a larger
extremum of horizontal stress difference.
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Unconventional oil and gas are important resources of future energy supply, and shale gas is the focus of the development of
unconventional resources. Shale is a special kind rock of porous medium, and an orderly structure of beddings aligned in the
horizontal direction where causing the strong elastic anisotropy of shale is easy. A new model has been established to calculate
the fracture initiation pressure with the consideration of mechanical characteristics of shale and the anisotropic tensile strength
when judging rock failure. The fracture initiation model established in this paper accurately reflects the stress anisotropy and
matches well with the actual situation in porous media. Through the sensitivity analysis, the results show that σv/σH , Ev/EH ,
υv/υH , m/s, and A/B have a certain impact on the tangential stress when the circumferential angle changes, and there is a
positive relationship between the initiation pressure and the above sensitive factors except for A/B. The results can provide a
valuable and effective guidance for the prediction of fracture initiation pressure and fracture propagation mechanism under
special stratum conditions of shale.

1. Introduction

Unconventional oil and gas are important resources
of future energy supply. And shale gas is the focus
of the development of unconventional resources. Shale
gas can only be profitable by hydraulic fracturing of
horizontal wells with the current volume fracturing
techniques. Fracture initiation of horizontal well hydraulic
fracturing is a technical difficulty related to fracturing
technology.

As for fracture initiation, a lot of studies have been
conducted on this topic in recent years [1–8]. There are
several studies that demonstrated the initiation of transverse
fractures by laboratory observations [9, 10] and field observa-
tions [11]. Fairhurst [12] revealed the possibility of a fracture
initiating as transverse and in the longitudinal direction.
However, it is shown [13] that the axial stress is not a good
predictor of transverse fracture initiation, because it remains
constant during hydraulic pressurization. Based on the

minimum strain energy density criterion, Ayatollahi and
Sedighiani [14] took the effect of T-stress into account, and
they studied and analyzed the effect of T-stress on the critical
mode stress intensity factor of brittle and quasi-brittle
materials. However, for all cases in their experiments, the
material was assumed to be homogeneous and isotropic with
linear elastic behavior. By true triaxial hydraulic fracturing
experiments, Peng et al. [15] observed the diversion and the
following propagation of hydraulic fractures both horizon-
tally and vertically after initiation from a directional wellbore
with a skew angle. They mentioned that due to strong
heterogeneity of coal rocks, primary and secondary cracks
were developed, which would lead to discontinuity and
anisotropy of mechanical characteristics in coal. However,
they did not make a further study of this problem in view
of this limitation. Fallahzadeh et al. [16] modeled various
scenarios of vertical and horizontal wells and in situ stress
regimes; in addition to experimental studies, analytical
solutions were developed to simulate the mechanism of
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fracture initiation in perforated boreholes in tight forma-
tions. Furthermore, it was found that stress anisotropy influ-
ences the fracturing mechanism in a perforated borehole and
affects the geometry of the initiated near-wellbore fracture.
Considering the existence of bedding planes, cracks and
other structural planes are the preconditions of the
simulated reservoir volume of shale formations. In order
to analyze the effect of bedding planes on the propagation
of hydraulic fractures in shale formation, Heng et al. [17]
carried out three-point bending tests of notched cylindrical
specimens with different bedding orientations, based on
the distribution of stress field around a crack tip of aniso-
tropic materials. In addition to the experimental methods,
theoretical research and numerical simulation methods
have also been applied to analyze the fracture initiation
mechanism. Lecampion [18] proposed an approximation
of the mixed criteria which accounts for solving a single
nonlinear equation. He held that a higher mean compres-
sive far-field stress tends to make the failure more
strength-driven, while a higher differential far-field com-
pressive stress promotes an energy-driven tensile failure.
But they are solely interested in tensile fracture initiation
and did not investigate shear failures which may occur
in the beginning depending on the stress condition.
Tunsakul et al. [19] investigated the failure behavior of
underground gas storage caverns under high pressure.
The observation and analysis results revealed that the
lateral earth pressure coefficient at rest has a strong influ-
ence on the position of this initiation point, while the
depth of the cavern has an insignificant effect. However,
the findings in this research are based on limited testing
conditions with specific rock, and therefore a broader set
of studies is needed to enhance the reliability. Xie and
Min [20] realized that there are several distinctive features
of enhanced geothermal system stimulation compared
with common hydraulic treatments in the hydrocarbon
reservoirs. Based on the hydroshearing concept, they
established generic models to estimate the location of the
shearing onset, the required injection pressure, and the
overall shearing growth direction during enhanced geo-
thermal system hydraulic stimulation. They adopt the
Coulomb failure criterion to define the shear strength of
a single rock joint but neglected the cohesion of fracture.
Mohr-Coulomb and Hoek-Brown [21] applied the shear
failure strength criteria to the borehole stability analysis
associated with a homogeneous linear poroelastic model,
which ignored the influence of the intermediate principal
stress on rock failure. Based on borehole stress solutions,
Zhang et al. [22] analyzed the influencing factors, such
as Poisson’s ratio and shear stress, but the solutions were
all derived from the homogeneous linear poroelastic
theory. Sun et al. [23] thought that shear failure, plastic
deformation, and the coupling effect near the fracture tip
play an important role in the fracture initiation and
propagation, and a new coupled model is presented. But
they assumed that the rock density and the fluid viscosity
and density are uniformly distributed in the formation
without the consideration of rock anisotropy. An orderly
structure of shale beddings aligned in the horizontal

direction caused the strong elastic anisotropy of shale.
Based on the rock transverse isotropic constitutive relation
and seepage and deformation coupling numerical method,
Li et al. [24] established a three-dimensional finite element
numerical model for a horizontal well with perforating
completion. Considering the elastic mechanics anisotropy
difference of shale, the sensitivity analysis of perforation
parameters on the fracture initiation pressure and location
of the horizontal well was proposed. With both the
numerical simulations and experiments, Huang et al. [25]
discussed the initiation mechanisms of natural fractures
during hydraulic fracturing. They concluded that the lat-
eral stress coefficient plays a critical role in determining
the stress magnitude and orientation around the fracture
tip and predicted that there is a high probability for devel-
oping inclined fractures in the coals with strong
heterogeneity. But no detailed reasons were given. Gong
et al. [26] analyzed variation rules of fracture in initiation
pressure and fracture starting point of hydraulic fractures
in a radial well; based on fluid-solid coupling effect and
the maximum tensile-stress criterion, they simulate and
study local stress accumulation situation caused by the
vertical and radial section in the drilling process and the
fracturing section in the hydraulic fracturing process
through the finite element method. By using Abaqus finite
element calculation software, Guo et al. [27] established
the fracture initiation models for a 3D single-stage three-
cluster perforation and a single-cluster perforation (contain-
ing natural fracture). The results show that the initiation
pressure of the open-hole perforation is far below that of
the casing perforation. However, the calculation model
assumes that the shale reservoir is homogeneously linear
and is different from the accrual situation.

To calculate the stress distribution around the borehole
and judge the failure of the wellbore rock, the previous
research work about fracture initiation of horizontal well
fracturing basically assumed that shale is an isotropic homo-
geneous rock. In fact, the shale rock has obvious anisotropic
mechanical properties. The influence of the anisotropy
should be considered when calculating the effective stress
distribution around the borehole and confirming the tensile
strength of the rock.

2. Borehole Stress Distribution of Transverse
Isotropic Shale

Because shale gas is mainly developed by horizontal wells
or extended reach wells and there is a certain angle
between the direction of the borehole axis and the
geographic coordinate system or the stress coordinate
system, therefore, the coordinate system transformation
should be performed before calculating the borehole stress
distribution, and the process is transforming the far-field
in situ stresses from a geographic coordinate system to a
borehole coordinate system.

Firstly, the far-field in situ stress distribution is
transformed from the principal stress coordinate system
to the geographic coordinate system as shown in
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Figure 1(a). The stress transformation relationship can be
listed as follows:

σg = RT
pg × σp × Rpg,

σp =

σH 0 0

0 σh 0

0 0 σv

,

Rpg =

cos αpg cos βpg sin αpg cos βpg sin βpg

−sin αpg cos αpg 0

−cos αpg sin βpg −sin αpg sin βpg cos βpg

,

1

where σp is the far-field stress tensor under the principal
stress coordinate system, σg is the far-field stress distribution
tensor under the geographic coordinate system, αpg is the
azimuth of the maximum horizontal principal stress,
and βpg is the angle between the direction of σv and Zg-axis.

Secondly, the far-field in situ stress distribution is
transformed from the geographic coordinate system to the
borehole coordinate system as shown in Figure 1(b). The
stress transformation relationship is shown as follows:

σb = Rbg × σg × RT
bg =

σxx,b τxy,b τxz,b

τyx,b σyy,b τyz,b

τzx,b τzy,b σzz,b

,

Rbg =
cos αbg cos βbg sin αbg cos βbg sin βbg

−sin αbg cos αbg 0
−cos αbg sin βbg −sin αbg sin βbg cos βbg

, 2

where σb is the far-field stress distribution tensor under the
borehole coordinate system, σxx,b, σyy,b, σzz,b, τxy,b, τxz,b,
and τyz,b are the far-field stresses under the borehole coordi-
nate system, αbg is the azimuth of the borehole axis, and βpg is
the deviation angle of the borehole axis.

The calculation method is based on the theoretical works
of Lekhnitskii [28], Amadei [29], Vahid and Ahmad [30],
and Lu et al. [31], and the induced stress distribution around
the wellbore can be calculated according to the analytical
work of Amadei [29] as follows:

σx = σxx,b + σx,i = σxx,b + 2Re μ21Φ1 z1 + μ22Φ2 z2 + λ3μ
2
3Φ3 z3 ,

σy = σyy,b + σy,i = σyy,b + 2Re Φ1 z1 +Φ2 z2 + λ3Φ3 z3 ,

τxy = τxy,b − τxy,i = τxy,b − 2Re μ1Φ1 z1 + μ2Φ2 z2 + λ3μ3Φ3 z3 ,

τxz = τxz,b + τxz,i = τxz,b + 2Re λ1μ1Φ1 z1 + λ2μ2Φ2 z2 + μ3Φ3 z3 ,

τyz = τyz,b − τyz,i = τyz,b − 2Re λ1Φ1 z1 + λ2Φ2 z2 +Φ3 z3 ,

σz = σzz,b −
1
a33

a31σx,i + a32σy,i + a34τyz,i + a35τxz,i + a36τxy,i ,

3

whereRe is the real component of an imaginary number,Φ’i
is the derivative of the stress analytical functions, and zi, μi,
and λi are the complex numbers and can be calculated using
the following formulations.

Under the borehole coordinate system, zi is

zi = a cos θ + μi ⋅ a sin θ, i = 1, 2, 3, 4

where a is the radius of the borehole, θ is the angle
measured counterclockwise from the axis Xb direction

�훼pg

�훽pg

XpXg (north)

Yg (east)

Zg (down)

�휎H

�휎v

Zp

Yp

�휎h

(a)

�훽bg

�훼bg

Yg (east)

Xg (north)

Zg (down) Zb
Yb

θ

(b)

Figure 1: Coordinate system transformation. (a) The principal stress coordinate system transforms to the geographic coordinate system.
(b) The geographic coordinate system transforms to the borehole coordinate system.
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(Figure 1(b)), ui is the pure imaginary number, and μ1 is
the positive root of

β55μ
2 − 2β45μ + β44 = 0 5

μ2 and μ3 are the positive roots of

β11μ
4 − 2β16μ

3 + 2β12 + β66 μ2 − 2β26μ + β22 = 0 6

In the above expressions, βij can be calculated by

βij = aij −
ai3 ∗ aj3
a33

, i, j = 1, 2, 4, 5, 6 7

And aij can be defined as

For transverse isotropic shale formation as shown in
Figure 2, the rock has the properties as follows:

Ex = Ey = Eh,
Ez = Ev,
υxz = υyz = υv ,
υxy = υh,

Gh =
Eh

2 1 + υh
,

Gxy =Gh,

Gv =
Ex ⋅ Ez

Ex + Ez + 2υxz ⋅ Ez
,

Gyz =Gxz =Gv,

9

where Ex, Ey, Ez , Eh, and Ev are Young’s modulus in different
orientations of the shale formation, υxy, υyz , υxz , υh, and υv are
Poisson’s ratio in different planes of the shale formation, and
Gxy , Gyz , Gxz , Gh, and Gv are shear modulus in different
planes of the shale formation.

In (3), λi can be calculated by

λ1 = −
l3 μ1
l2 μ1

,

λ2 = −
l3 μ2
l2 μ2

,

λ3 = −
l3 μ3
l2 μ3

10

And the functions l3 μi and l2 μi are as follows:

a11 a12 a13 a14 a15 a16

a21 a22 a23 a24 a25 a26

a31 a32 a33 a34 a35 a36

a41 a42 a43 a44 a45 a46

a51 a52 a53 a54 a55 a56

a61 a62 a63 a64 a65 a66

=

1
Ex

−
υxy
Ey

−
υxz
Ez

0 0 0

−
υxy
Ey

1
Ey

−
υyz
Ez

0 0 0

−
υxz
Ez

−
υyz
Ez

1
Ez

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gxz

0

0 0 0 0 0 1
Gxy

8

Ey

Ez

Ex

�휐xz,

Gxz

�휐yz, Gyz

�휐xy, Gxy

Figure 2: Rock mechanical parameters in shale formations.
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l2 μi = β55μ
2
i − 2β45μi + β44,

l3 μi = β15μ
3
i − β14 + β56 μ2i + β25 + β46 μi − β24

11

In (3), Φ’i can be calculated by

where pw is the fluid pressure in the borehole.
And the parameters Δ and ηi can be calculated using

Δ = μ2 − μ1 + λ2λ3 μ1 − μ3 + λ1λ3 μ3 − μ2 ,
ηi = eiθ, i = 1, 2, 3

13

Therefore, the borehole stress distribution can be solved
according to the above theoretical model. Because shale is a
porous medium, combined with the theory of effective stress,
the effective stress around a borehole can be determinated by
total stress and pore pressure as follows:

σij = σij − αijpp, 14

where pp is the pore pressure and αij is Biot’s coefficient
tensor; it describes the influence of pore pressure on the
elastic solid matrix for the anisotropic case.

According to the results of Shao [32] and Tan et al. [33],
Biot’s coefficient αij in three directions can be expressed as

αx = αy = 1 − M11 +M12 +M13
3Ks

,

αz = 1 − 2M13 +M33
3Ks

,
15

where Ks is the bulk modulus of the solid phase andMij is the
stiffness matrix.

Mij can be calculated using

M11 =
Ex Ez + Exυ

2
v

1 + υh Ez − Ezυh − 2Exυ
2
v
,

M12 =
Ex Ezυh + Exυ

2
v

1 + υh Ez − Ezυh − 2Exυ
2
v
,

M13 =M23 =
ExEzυv

Ez − Ezυh − 2Exυ
2
v
,

M33 =
E2
z 1 − υh

Ez − Ezυh − 2Exυ
2
v

16

Therefore, the effective stress in three directions around a
borehole can be defined as

σx = σx − 1 − M11 +M12 +M13
3Ks

pp,

σy = σy − 1 − 2M13 +M33
3Ks

pp,

σz = σz − 1 − M11 +M12 +M13
3Ks

pp

17

In fact, researchers are more concerned with the
tangential stress around a borehole when fracturing, so we
can convert the stress components as follows:

σr = pw,
σθ = sin2θ ⋅ σx + cos2θ ⋅ σy − sin 2θ ⋅ τxy,
σz = σz ,
τθz = τrz = 0,

τrθ =
1
2 sin 2θ ⋅ σy − σx + cos 2θ ⋅ τxy

18

3. Mechanical Model of Fracture Initiation

For compressive strength of layered shale, the variation of
uniaxial compressive strength in different inclination
angles of the bedding is established using the empirical
method by Hoek and Brown [21]. And the theoretical
calculation method of compressive strength is revised
and consummated by Rao et al. [34], Ramamurthy et al.
[35], Saroglou and Tsiambaos [36], Ismael et al. [37],
and so on. However, there are few studies on the anisotropic
tensile strength of shale. The existing fracture initiation
model also does not consider the impact of anisotropic
tensile strength of shale. In fact, the tensile strength of shale
has obvious anisotropic characteristics, and it has an obvious
effect on the fracture initiation.

Φ1 z1 = −
1

2 ∗ Δ ∗ η1 ∗ z1/a 2 − 1 − µ21

iτxy,b − σyy,b + pw μ2 − λ2λ3μ3 + τxy,b − iσxx,b + ipw λ2λ3 − 1 + τyz,b − iτxz,b λ3 µ3 − μ2 ,

Φ2 z2 = −
1

2 ∗ Δ ∗ η2 ∗ z2/a 2 − 1 − μ22

iτxy,b − σyy,b + pw λ1λ3μ3 − μ1 + τxy,b − iσxx,b + ipw 1 − λ2λ3 + τyz,b − iτxz,b λ3 μ1 − μ3 ,

Φ3 z3 = −
1

2 ∗ Δ ∗ η3 ∗ z3/a 2 − 1 − µ23

iτxy,b − σyy,b + pw λ2μ1 − λ1μ2 + τxy,b − iσxx,b + ipw λ1 − λ2 + τyz,b − iτxz,b μ2 − μ1 ,

12
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3.1. Analysis of Anisotropic Tensile Strength of Layered Shale.
The stress state of any point T x, y in the disc can be
obtained from (19), as shown in Figure 3.

σx =
2P
πt

sin2γ1 cos γ1
r1

+ sin2γ2 cos γ2
r2

−
2P
πDt

,

σy =
2P
πt

cos3γ1
r1

+ cos3γ2
r2

−
2P
πDL

,

τxy =
2P
πt

sin γ1 cos2γ1
r1

−
sin γ2 cos2γ2

r2
,

19

where P is the loading pressure (N), D is the diameter of the
rock sample (mm), and t is the thickness of the sample (mm).

In the disc center (point o and r1 = r2 = 0 5D and
θ1 = θ2 = 0), the horizontal and vertical tensile stresses can
be expressed as

σx = −
2P
πDt

, 20

σy =
6P
πDt

, 21

The initial experience failure criteria were proposed by
Hoek [32] as follows:

σ1 = σ3 + σci m
σ3
σci

+ s
0 5
, 22

where σci is the uniaxial compressive strength of the rock
(MPa) and m and s are material constants of rock mass.

According to (19), (20), and (21), the shear stress is 0 in
the disc center, and the stresses σx and σy are the minimum
principal stress σ3 and the maximum principal stress σ1,

respectively. By combining (22), the term for experience
failure criteria can be expressed as

−3σ3 = σ3 + σci m
σ3
σci

+ s
0 5

23

Because of the tensile strength σt = σ3, (23) can be
converted to

−
4σt
σci

0 5
−m

σt
σci

− s = 0 24

Considering that both m and s are positive for the rock
material constants, σt and σci are opposite, and the root is
obtained from (24) as follows:

σt = σci
m
32 −

m2

1024 + s
16

0 5
25

The empirical formula for the variation of the
compressive strength of different inclination angles of the
bedding for intact rocks is established by Jaeger [38] and
Donath [39]:

σci = A − B cos 2 βm − β , 26

where A and B are constants, βm is the inclination angle of
the bedding when the sample uniaxial compressive strength
is minimum (°), and β is the inclination angle of the bedding
when the uniaxial compression test is conducted (°).

To investigate tension failure along the inclination angle
of the bedding, we can substitute (26) into (25). This yields
an equation for the tensile strength of layered shale:

σt = A − B cos 2 βm − β
m
32 −

m2

1024 + s
16

0 5
27

Equation (27) reflects the characteristics of anisotropic
tensile strength of shale, and we can further study the fracture
initiation problem of a shale gas well by using it.

3.2. The Initiation Pressure Calculation Model. The frac-
ture initiates where and when the effective tangential stress
magnitude equals to the rock tensile strength. It can be
expressed as

σθ = −σt 28

Combining (27), the term for tensile failure from the
wellbore can be expressed as

σθ = − A − B cos 2 βm − β
m
32 −

m2

1024 + s
16

0 5

29

P

y

x

T (x,y) �훾1

r2

r1

�훾2
o

Figure 3: Forces acting on a point in the disc.
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Equation (29) is absolutely a new model, not only
considering the mechanical characteristics of shale when
calculating borehole stress but also considering the aniso-
tropic tensile strength when judging rock failure. The
fracture initiation model established in this paper is more
consistent with the actual situation.

4. Calculation and Discussion

4.1. Model Application. There is a horizontal well in a
transverse isotropic shale formation, and the rock mechani-
cal parameters and in situ stress are given in Table 1. The
principal stress coordinate system is the same as the
geographic coordinate system, and the direction of σH is
along with the Xg-axis (north). The horizontal well is drilled
along the principal stress of σh. In this situation, we calculate
and analyze the variation of the borehole stress in transverse
isotropic shale formation.

In order to observe the relationship between the tangen-
tial stress and circumferential angle based on the theoretical
model, the relationship curve of the two is shown in
Figure 4, and the theoretical model data are all based on
Table 1. It can be seen that tangential stress changes period-
ically with the increase of circumferential angle, and the
following analysis will be based on this model. Besides, the
transformation curve of the anisotropic tensile strength with
the circumferential angle is shown in Figure 5. The tensile
strength varies at different circumferential angles, and the
fracture is initiated at 85° instead of 90° with the initiation
pressure 81.24MPa, which shows the fact that the rock
tensile strength near the wellbore has the characteristics of

anisotropy. Therefore, based on the model established in this
paper with the consideration of transverse anisotropy, the
sensitivity factors will be analyzed in the following.

4.2. Analysis of Parametric Sensitivity

4.2.1. Sensitivity Analysis of σv/σH . The theoretical values are
calculated under the condition of Table 1, and other
parameters are kept unchanged except for σv. The ratios of
σv and σH are, respectively, 1.0, 1.1, 1.2, 1.3, and 1.4 by
increasing σv. The relationship curves between the tangential
stress and circumferential angle of different σv/σH are shown
in Figure 6. Regardless of the ratio of σv and σH , the five
curves have the same variation at different circumferential
angles but have different ranges of the change. With the
increase of σv/σH , the maximum tangential stress increases,
as well as the rate of change.

The relationship curve between initiation pressure and
σv/σH as shown in Figure 7 proves that σv/σH can
influence the initiation pressure, and there is a negative
correlation relationship between them. With the increase
of σv/σH from 1.0 to 1.4, the initiation decreased from
77.25MPa to 54.86MPa, about 30% reduction, which is

Table 1: The basic parameters used in the model calculation.

σH (MPa) σh (MPa) σv (MPa) pp (MPa) Ks (GPa) m (MPa)

55.00 45.00 51.00 30.80 39.50 0.77

Ex (GPa) Ey (GPa) Ez (GPa) υxy υyz s (MPa)

33.00 30.00 33.00 0.19 0.19 0.11

υxz a (m) A (MPa) B (MPa) βm (°)

0.20 0.1 87.70 48.40 45.00
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not a small value. It shows that the stronger the in situ
stress anisotropy is, the stronger the tangential stress
anisotropy will be, and the fracture is easier to initiate.
The value of σv/σH equals 1.0 when the in situ stress is
assumed to be isotropic, while the stress anisotropy of
shale is more and more obvious with the increase of σv/σH .
Therefore, the analysis of σv/σH is of great importance for
field construction.

4.2.2. Sensitivity Analysis of Ev/EH . The following calculation
data are all based on Table 1 and will be no longer restated.
Make Ev = 30MPa unchanged and decrease EH so that
Ev/EH , respectively, would equal to 1.0, 1.1, 1.2, 1.3, and
1.4. As shown in Figure 8, at the same circumferential angle
with the increase of Ev/EH , the tangential stress decreases.
Although the change law of these curves is the same as well
as the circumferential angle of the inflection points, they
cannot coincide when these curves are translated along the
Y-axis. In other words, the distances between any two curves
are unequal at any circumferential angle.

It can be seen from Figure 9 that the initiation pressure
decreases with the increase of Ev/EH ; the two have negative

correlation, but not linear relationship. The initiation
pressure decreases to 74.14MPa when the Ev/EH is 1.4, and
the rate of decline is getting smaller and smaller. It shows that
the fracture will be easy to initiate when the anisotropy of the
elastic modulus of shale became stronger.

4.2.3. Sensitivity Analysis of υv/υH . Keep υv = 0 19 and reduce
υH to make υv/υH = 1 0, 1.1, 1.2, 1.3, and 1.4. The change law
under the four conditions is shown in Figure 10. At the same
circumferential angle, the tangential stress increases with the
increase of υv/υH . Besides, the curves of different υv/υH
vary at different rates, and in the vicinity of the curve
inflection points, the four curves have the largest tangential
stress difference.

It is obvious from Figure 11 that with the increase of
υv/υH , the initiation pressure decreases from 80.99MPa
to 79.83MPa, but the range is very small. Compared with
the influence of Ev/EH , υv/υH has little effect on initiation
pressure.

4.2.4. Sensitivity Analysis of m/s. Both m and s are material
constants of rock mass. In order to analyze the sensitivity of
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m/s, keep s equal to 0.11MPa and increase m to make the
ratio ofm and s equal to 1.0, 3.0, 5.0, 7.0, and 9.0, respectively.
It can be seen from Figure 12 that the values of the peak and
trough in one cycle are not equal; this also proves the charac-
teristics of tensile strength anisotropy. At any circumferential
angle, the higher them/s is, the smaller the tensile strength is.

Initiation pressure and m/s show a nonlinear decreasing
relationship in Figure 13. It indicates that the ratio of m
and s can affect the anisotropy of tensile strength and further
influence the initiation pressure. It also indirectly shows
that the inherent properties of rock mass can influence the
shale anisotropy.

4.2.5. Sensitivity Analysis of A/B. Similarly, keep B equal to
48.4MPa and increase A to make the ratio of A and B equal
to 1.0, 1.5, 2.0, 2.5, and 3.0, respectively. The five curves in
Figure 14 have exactly the same change laws; the four can
be completely coincident by translating along the Y-axis.
Besides, the distance between any two curves is equal.

A and B are both constants of the equation for the tensile
strength of layered shale, which can characterize the
anisotropic tensile strength of shale. Different from the

change law mentioned earlier in this paper, the initiation
pressure increases from 78.8MPa to 84.82MPa with the
increase of A/B, and the two show a linear correlation in
Figure 15. By observing the variation of initiation pressure
with A/B, a more accurate prediction of fracture initiation
can be achieved.

5. Conclusion

(1) A new theoretical model was established to calculate
the fracture initiation pressure in this paper with
the consideration of mechanical characteristics of
shale and the anisotropic tensile strength when
judging rock failure.

(2) The sensitive factors σv/σH , Ev/EH , υv/υH , m/s,
and A/B have a certain impact on the tangential
stress and tensile strength when the circumferential
angle changes.

(3) Due to the limitations of the study conditions, this
paper does not carry out experimental research,
which will also be our future study direction.
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(4) Through the newly theoretical model established in
this paper, more accurate fracture initiation pressure
can be obtained, which is of great significance for
judging and controlling the initiation of the fracture
in the actual construction process.

Nomenclature

σp: The far-field stress tensor under the
principal stress coordinate system
(MPa)

σg: The far-field stress distribution
tensor under the geographic
coordinate system (MPa)

αpg: The azimuth of the maximum
horizontal principal stress (°)

βpg: The angle between the direction of σv
and Zg-axis (

°)
σb: The far-field stress distribution

tensor under the borehole coordinate
system (MPa)

σxx,b, σyy,b,σzz,b, τxy,b,
τxz,b, and τyz,b:

The far-field stresses under the
borehole coordinate system (MPa)

αbg: The azimuth of the borehole axis (°)
βpg: The deviation angle of the borehole

axis (°)
Re: The real component of an imaginary

number (dimensionless)
Φ’i: The derivatives of the stress

analytical functions (dimensionless)
zi: μi and λi complex numbers

(dimensionless)
Ex, Ey, Ez , Eh,
and Ev :

Young’s modulus in different
orientations of shale formation
(GPa)

υxy, υyz , υxz ,
υh, and υv:

Poisson’s ratio in different planes of
shale formation (dimensionless)

Gxy, Gyz , Gxz , Gh,
and Gv:

Shear modulus in different planes of
shale formation (dimensionless)

a: The radius of the borehole (m)

θ: The angle measured
counterclockwise from the axis
Xb direction

pw: The fluid pressure in the well (MPa)
pp: The pore pressure (MPa)
αij: Biot’s coefficient tensor

(dimensionless)
Ks: Bulk modulus of the solid

phase (GPa)
Mij: Stiffness matrix (dimensionless)
σci: The uniaxial compressive strength of

the rock (MPa)
m and s: Material constants of rock mass

(dimensionless)
σx: Minimum principal stress (MPa)
σy: Maximum principal stress (MPa)
A and B: Constants (dimensionless)
βm: The inclination angle of the

bedding when the sample uniaxial
compressive strength is minimum

β: The inclination angle of the bedding
when the uniaxial compression test is
conducted.
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This pore-scale modeling study in single self-affine fractures showed that the heterogeneous flow field had a significant influence
on the mixing-induced reaction transport. We generated the single self-affine fracture by the successive random additions (SRA)
technique. The pore-scale model was developed by coupling the Navier-Stoke equation (NSE) and advection-diffusion equation
with reaction (ADER). Eddies were captured in the self-affine fracture due to the increasing Reynolds number and the sudden
expansion of aperture. The flux-weighted breakthrough curves (BTCs) of reaction product showed the typical non-Fickian
characteristics (i.e., “early arrival” and “heavy tail”). It was found that the reactant was involved in eddies and then reacted inside the
eddy-controlled domain. Consequently, eddies played a significant role in delaying the mass exchange process between the eddy-
controlled domain and the main flow channel, which resulted in the “heavy tail” in BTCs. As the Reynolds number increased, the
breakthrough time increased while the concentration peaks of BTCs decreased. Furthermore, the dilution index presenting the
exponential of the Shannon entropy of a concentration probability distribution was used to quantify the degree of reactant mixing.
The results showed that the quantification of dilution for nonreaction transport was in good agreement with the outcomes of
mixing-induced reaction transport. The high Reynolds number and Peclet number had a negative influence on the mixing process
at the early time whereas they led to the enhanced mixing process at the late time.

1. Introduction

Reactive transport dominates the fate of groundwater con-
taminants in fractured rocks. Characterizing this fundamen-
tal transport process is of key importance to not only ground-
water remediation but also many natural and engineered
systems in the subsurface such as enhanced oil recovery,
geothermal energy development, and electrical conductivity
of geological formations [1, 2]. As a classical macroscopic-
scale approach, the advection-dispersion reaction equation
(ADRE), based on a perfect mixing assumption, commonly
overestimates the reaction rate and tends to generate a less
reliable prediction. Many studies [3–9] have shown that the
ADRE is generally incapable of describing the local mixing
phenomenon and the neglected pore-scale incomplete mix-
ing is a primary reason for the overestimated reaction rate.
Therefore, the mixing-induced reaction transport through
the fracture still needs to be better understood at the pore
scale.

Since transport behavior of solute is intrinsically coupled
with the fluid flow, the literatures on the fluid flow in the
rough fractures are briefly reviewed for the sake of complete-
ness. The roughness of fracture wall effecting the fluid flow
has attractedmuch attention in the last serval decades [10, 11].
Based on the ideal smooth parallel plate model, the classical
cubic law, which is the analytical solution of Reynolds equa-
tion derived from the linearization of the NSE, is widely used
to simplify the fluid flow in single rough fractures. However,
many numerical and experimental studies reported [12, 13]
that the classical cubic law was valid only when the flow
was laminar and may result in nonnegligible errors when the
fracture wall was rough. The assumption of the ideal smooth
parallel plate model at the macroscopic scale is the primary
factor which leads to the fact that the cubic law may be
insufficient for describing fluid flow and reaction transport.
In addition, the geological fracture walls can be described as
self-affine structures for length scales ranging from microns
to meters [14]. The self-affine structures can be generated
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by the successive random additions (SRA) technique [15,
16]. Therefore, in this study, the flow field in the single
self-affine fractures was solved directly by NSE at the pore
scale.

The traditional macroscopic reaction transport mod-
els rely on upscaling the transport equation and effective
transport parameters. The common procedure is to deter-
mine effective transport parameters by fitting model results
to flux-averaged breakthrough curves (BTCs) of a passive
tracer. Due to the heterogeneity of geological formation, the
BTCs might be non-Gaussian-shaped and could exhibit the
non-Fickian characteristics (i.e., “early arrival” and “heavy
tail”). Although applying macroscopic advection-dispersion
equation (ADE) to fit the non-Fickian BTCs could yield
a nonnegligible error, the non-Fickian BTCs may provide
important information for understanding the mixing pro-
cess. For example, “early arrival” in BTCs implies that the
preferential path (channelling) may occur in fractures while
“heavy tail” indicates that some slow mass exchange process
controls transport at the late time [17, 18]. Thus, one can
expect that the non-Fickian BTCs with “heavy tail” is capable
of serving as an indicator of mixing process occurring in
the heterogeneous geological formation. Luo and Cirpka [19]
numerically examined the validity of macroscopic transport
models, which are capable of describing all details of BTCs,
for predicting a reaction transport in heterogeneous media.
They found that directly applying the macroscopic transport
model to reaction transport is inappropriate due to the
presence of the concentration variations. Furthermore, the
mixing process, which differs from the spreading process,
represents the distribution of a solute over an increasingly
larger volume. This is the only process that allows mass
exchange between different streamlines and results in the
decrease of its peak concentration [20]. In fact, the mix-
ing can also be considered as the process that smears
out concentration contrasts. The reactant mixing process is
crucial for accurately predicting the mixing-induced reac-
tion transport. However, the influence of eddies on the
mixing process in a self-affine fracture is still an open
topic.

The main objective of this work was to investigate
mixing-induced reaction transport through single self-affine
fractures by using a pore-scale model.The self-affine fracture
was generated by the SRA technique. The flow field in the
single self-affine fracture was numerically solved by NSE.
The nonreaction transport and the mixing-induced reaction
transport were simulated by the ADRE. The flow field and
eddies formation were first examined under four different
Reynolds numbers (Re). Sequentially, the non-Fickian BTCs
for nonreaction transport and the mixing-induced reaction
transport were analyzed. Finally, reaction products under
different Re and Peclet number (Pe) were calculated. The
corresponding reactantmixing process, whichwas quantified
by the dilution index, was investigated.

2. Modeling Approach

2.1. Single Self-Affine Fracture Generation. Following the
seminal work of Mandelbrot and Pignoni [21], the height of

the self-affine rough fracture wall can be described as

𝜆𝐻ℎ (𝑥) = ℎ (𝜆𝑥) (1)

where 𝜆 is the constant, called scaling factor, and the
exponent 𝐻 is a measure of the fracture roughness and
defined as the Hurst exponent with the range from 0 to 1. For
generating self-affine fractures, the specific Hurst exponent
must be assumed. A large number of experimental studies
reveal that the Hurst exponent of the natural rock fracture
wall varies between 0.47 and 0.85. The Hurst exponent was
proved to depend on the mineral component of rocks. The
characteristic Hurst exponent of the fracture wall was around
𝐻 = 0.8 for granite and basalt, whereas it was𝐻 = 0.47±0.05
for sandstone [22]. However, our primary objective of this
study is not to perform an exhaustive analysis for the different
Hurst exponent of the fracture walls. The Hurst exponent
𝐻 = 0.8 suggested to be universal by the previous works
[23, 24] was assumed in the current study.

Once the Hurst exponent of the fracture wall is specific,
several methods are available for generating the self-affine
fracture wall (e.g., the SRA and the Fourier transformation).
In this study, we used the SRA technique [15, 16] to generate
the self-affine fracture wall.The application of the SRA can be
found in our previousworks [23, 24]. From the generated self-
affine fracture wall to the single self-affine fracture, we used
the shear displacement model [25] to construct the single
self-affine fracture, associating with the local aperture as a
function of longitudinal distance (see Figure 1). In order to
improve the possibility of the occurrence of eddies, we used a
relatively large standard deviation 𝜎𝑏 = 1.74mm and mean
aperture 𝑏 = 3.35mm. This results in the coefficient of
variation,𝜎𝑏/𝑏, equal to 0.52.The total length of the generated
fracture was equal to L=0.16 m.

2.2. Flow Model. The flow field in a single self-affine fracture
is solved directly by using the continuity equation and NSE,
which is assumed as the isothermal, incompressible, and
homogenous single Newtonian steady flow:

∇ ∙ 𝑢 = 0 (2)

𝜌 (𝑢 ∙ ∇𝑢) − ∇ (𝜇∇𝑢) = −∇𝑝 (3)

where 𝜌 is the density of fluid, 𝑢 = [𝑢, 𝑤] is the velocity
vector, 𝑝 is the total pressure, and 𝜇 is the dynamic viscosity
of fluid. In this study, we used standard water properties
at 20∘C, e.g., 𝜌=998.2 kg/m3 and 𝜇=1.002×10−3 Pa∙s. The
self-affine fracture walls were considered as the nonslip
boundaries. The steady-state flow was induced from left
to right by a given pressure drop over the entire fracture.
The flow model was solved based on the Finite Element
Method (FEM) and implemented in COMSOLMultiphysics.
There are about 148,000 triangular elements in the discretized
fracture domain where themaximum andminimum element
sizes were imposed as 1.2×10−5𝑚 and 7×10−9𝑚, respectively.
The results of the solved flow field served as the basis
and were coupled with the solute transport model. The
results of the mesh independence showed the steady-state
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Figure 1: Generated single self-affine fracturewithH=0.8 by using the successive randomadditions technique. (a) Illustration of the generated
self-affine fracture walls. (b) Local aperture as a function of longitudinal distance along the fracture.

flow rate under the pressure gradient −∇𝑝=100 Pa/m varies
from 5.0318 × 10−5m3/s to 5.0124 × 10−4m5/s when the
amount of triangular elements was changed from 148,000 to
365,000. This indicates that the 148,000 triangular elements
are sufficient to obtain the stable and accurate simulation
results.

2.3. Solute Transport Model: Nonreaction and Reaction. The
solute transport model based on the ADRE was used here
to simulate the nonreaction and reaction transport in the
single self-affine fracture. Based on the classical Fick’s law, the
general equation of the ADRE was given as

𝜕𝑐𝑖
𝜕𝑡 + ∇ ∙ (𝑢𝑐𝑖) − ∇ ∙ (𝐷𝑚,𝑖∇𝑐𝑖) = −𝑟𝑖 (4)

where 𝑐𝑖(𝑥, 𝑡) is the solute concentration at the space position
𝑥 at time 𝑡, 𝑢 is the flow velocity tensor, the 𝐷𝑚,𝑖 is the
molecular diffusion for the solute species 𝑖, and 𝑟𝑖 is the
reaction rate of the solute species 𝑖. As a special case of ADRE,
(4) could be recovered to the classical advection-diffusion
equation when 𝑟𝑖 = 0. Thus, to simulate the nonreactive
solute transport, we assume that the reaction rate is equal to
zero and the nonreactive tracer is instantaneously introduced
in a tiny rectangular region (0.5 mm×2 mm). There are no
absorption and reaction between the fracture wall and the
tracer. The fracture matrix is assumed to be impermeable.
The boundary conditions of the inlet and outlet for the
nonreactive solute transport are set as zero concentration and
zero longitudinal concentration gradients, respectively. The
flux-weight breakthrough curves (BTCs) can be obtained by
a ratio of effluent solute mass to fluid mass:

𝐶𝑓 = ∫𝑏
0
𝑢𝐶𝑑𝑧

∫𝑏
0
𝑢 d𝑧 (5)

By normalizing flux-weight BTCs and time,

𝐶 = 𝐶𝑓
𝐶0 (6)

𝑡 = 𝑄𝑡
𝐴 (7)

where 𝐶 is the dimensionless concentration, 𝑡 is the pore
volume (PV), 𝑄 is the flow rate per length, and 𝐴 is the area
of the fracture. Considering average flow velocity 𝑢 in the
fracture, an important dimensionless number, Peclet number,
is given by the ratio of the characteristic diffusion time scale
𝜏𝐷 to the characteristic advection time scale 𝜏𝑢:

𝜏𝐷 = 𝑏2
𝐷𝑚

(8)

𝜏𝑢 = 𝑏
𝑢 (9)

𝑃𝑒 = 𝜏𝐷
𝜏𝑢 = 𝑢𝑏

𝐷𝑚 (10)

The reactive solute transport was also performed in this study
with consideration of the simple irreversible reaction𝐴+𝐵 →
𝐶. Depending on the mass balance law, the reactants and
reaction products can be described as

𝜕𝑐𝐴
𝜕𝑡 + ∇ ∙ (𝑢𝑐𝐴) − ∇ ∙ (𝐷𝑚,𝐴∇𝑐𝐴) = −𝑟𝐴 (11)

𝜕𝑐𝐵
𝜕𝑡 + ∇ ∙ (𝑢𝑐𝐵) − ∇ ∙ (𝐷𝑚,𝐵∇𝑐𝐵) = −𝑟𝐵 (12)

𝜕𝑐𝐶
𝜕𝑡 + ∇ ∙ (𝑢𝑐𝐶) − ∇ ∙ (𝐷𝑚,𝐶∇𝑐𝐶) = 𝑟𝐶 (13)
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We assume that the compounds A and B cannot coexist and
react in a one-to-one molar ratio at the any node, which
means that the rate of production of C is equal to the rate
of loss of each reactant. Thus the reaction is a second-order
irreversible reaction. The general formula for such reaction
rate is given by [26]

𝑟𝑖 = 𝑑𝑐𝐶
𝑑𝑡 = −𝑑𝑐𝐴

𝑑𝑡 = −𝑑𝑐𝐵
𝑑𝑡 = 𝑘𝑐𝐴𝑐𝐵 (14)

where k is the reaction rate constant.TheDamkohler number
(Da) is defined as the ratio of advection (residence) time scale
𝜏𝑢 to reaction time scale 𝜏𝑟. For the chemical kinetics in well-
mixing conditions, the reaction time scale andDa are defined
by [27]

𝜏𝑟 = 1
𝑐𝐴𝑘 (15)

𝐷𝑎 = 𝜏𝑢
𝜏𝑟 =

𝑐𝐴𝑘𝑏
𝑢 (16)

In this study we assume that the reaction between A and B is
instantaneous, associating with a relatively large Damkohler
number (𝐷𝑎 ≫ 1). For the reactive solute transport, the reac-
tant A, as the invading reactant, is injected instantaneously
as the same rectangular pulse near the inlet boundary of
the self-affine fracture, while the reactant B is introduced as
the surrounding ambient water and is injected continuously
with a constant concentration at the inlet boundary where
the Dirichlet boundary condition was implemented. To avoid
the complete consumption of the invading reactant A, the
concentration of the invading reactant A is set to be 500
times higher than the reactant B, by which we can obtain
the BTCs for reactant A at the outlet. Under such condition,
the reaction between A and B is upon the magnitude of
the dilution (mixing) of A. This implies that the reaction
transport is mixing-controlled.

3. Problem Setup

This study first considered the cases with four different
pressure gradients to simulate the flow field in the generated
single self-affine fracture, hereafter, denoted as flow field
1–flow field 4 (FF#1-FF#4). For each FF#1-FF#4, both of
the nonreaction and reaction transport simulations with the
initial injection mode of the instantaneous rectangular pulse
were performed in the same single self-affine fracture. Since
themean aperture and the length of fracturewere specific, the
advection time scale and diffusion time scale only depended
on the average velocity and diffusion, respectively. Due to
the sudden expansion of the aperture, the eddies usually
form in the vicinity of the rough fracture wall [28]. Thus, to
capture the influence of eddies on the spreading and mixing
of the solute, the relatively large diffusion time scale was
assumed for both the nonreaction and reaction transport,
which resulted from a relatively large diffusion 𝐷𝑚 = 2.1 ×
10−7𝑚2/𝑠.

For the reaction transport, the reaction is assumed to
be the irreversible instantaneous reaction 𝐴 + 𝐵 → 𝐶. In

Table 1: Reynolds number, Peclet number, and Damkohler number
in FF#1-FF#4.

Flow field
Reynolds
number
(Re)

Peclet
number
(Pe)

Damkohler
number
(Da)

FF#1 30 142 273
FF#2 60 258 150
FF#3 100 456 85
FF#4 170 788 49.2

the flow-reaction system, the properties of the instantaneous
reaction are determined by the Da. For the large Damkohler
number (𝐷𝑎 ≫ 1), the advection time scale is much larger
than the reaction time scale, which indicates that once the
reactants encounter each other at any node, the reaction is
instantaneouswith respect to the reactants transport. In other
words, only if reactants are locally mixed, is the relatively
low concentration of the reactant completely depleted, and
the reaction stops.Thus, the further reaction depended upon
the further reactant mixing. Such reaction is that of mixing-
induced reaction. For all the reaction transports in our study,
the Da ranging from 4.92 × 101 to 2.73 × 102 is much larger
than 1 and the reaction is considered to be instantaneously
irreversible. Table 1 shows the dimensionless parameters for
nonreaction and reaction transport in the single self-affine
fracture.

4. Results and Discussion

4.1. Flow Field and Eddies Formation. Understanding flow
field in fractures is fundamental and necessary to study
the nonreaction and reaction transport. For the sake of
completeness, we briefly introduced and discussed the flow
fields. Since the occurrence of eddies was highly sensitive
to the characteristics of the flow field, we used the four
different pressure gradients to drive the flow field in the same
single self-affine fracture. Consequently, the four different
structures of the flow fields were obtained as shown in
Figure 2. Here, we introduced the Reynolds number (Re)
to qualify the characteristics of the flow field. The Reynolds
number (Re) is defined as a the ratio of inertial forces to
viscous forces:

𝑅𝑒 = 𝜌𝑄
𝜇𝑊 (17)

where 𝑄 is the flow rate andW is the width of fracture in the
out-of-plane direction (equal to 1 m in the 2D problem).

Figure 2 shows a segment (22 mm in length) of a
160 mm fracture with a Hurst exponent of 0.8. At low
Reynolds number (Re=30), there is no eddy in the segment.
In fact, the flow field under Re=30 shows that the main flow
channel occupies all of the cross sections and there is no
noticeable eddy-controlled domain at the full-length scale of
the fracture. As the Re increases, it can be seen that eddies
tend to occupy significant portions of the fracture where the
aperture shows the sudden expansion.Themain flow channel
becomes narrow due to the expansion of the eddy domain.



Geofluids 5

Tr
an

sv
er

se
di

re
ct

io
n 

(m
m

)

4
6

8

10

12

50 52 54 56 58 60 62 64 66 68 7048
Longitudinal direction (mm)

−2.99 × 10
−4

0.06

0.05

0.04

0.03

0.02

0.01

0

u [m/s]

(a)

Tr
an

sv
er

se
di

re
ct

io
n 

(m
m

)

4
6

8

10

12

50 52 54 56 58 60 62 64 66 68 7048
Longitudinal direction (mm)

−0.05

−0.05

0.26

0.25

0.2

0.15

0.1

0.05

0

u [m/s]

(b)

Tr
an

sv
er

se
di

re
ct

io
n 

(m
m

)

u [m/s]

4
6

8

10

12

50 52 54 56 58 60 62 64 66 68 7048
Longitudinal direction (mm)

−0.02

0.17

0.14
0.16

0.1
0.12

0.08
0.06
0.04
0.02
0

(c)

Tr
an

sv
er

se
di

re
ct

io
n 

(m
m

)

4
6

8

10

12

50 52 54 56 58 60 62 64 66 68 7048
Longitudinal direction (mm)

0.1

0.1
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01
0

−5.1 × 10
−3

u [m/s]

(d)

Figure 2: The flow field and eddies formation in the single self-affine fracture with the Re=30, 60, 100, and 170.

Several previous works [28–32] showed similar results for the
growth of eddies due to the increasing Reynolds number. At
high Reynolds number (Re=170), it can be seen clearly that
the eddy-controlled domain occupies a large portion of the
fracture.

Due to the occurrence of eddies, the streamlines can be
detached from the bulk flow and then are involved in the
downstream location again [33]. As a result, the regions of
detached flow do not contribute to bulk flow. The previous
study on porousmedia showed that the stagnant areas created
by eddies gave rise to enhance the dispersion coefficient
[34]. The velocity in the stagnant area is very low and the
streamlines meander even change directions. This may cause
the delayed solute transport since the local Pe is small and
molecular diffusion becomes the dominating mechanism
[35].

4.2. Breakthrough Curves. The flux-weighted BTCs of com-
poundA for the nonreaction transport were calculated under
the different flow fields in the single self-affine fracture, as
shown in Figure 3. For the nonreaction transport, the salient
tails can be observed in all BTCs, which indicates that the
nonreaction transport is non-Fickian or anomalous. It can
be seen in Figure 3 that as Pe and Re increase, the tails in
BTCs become heavy. Since there is no visible eddy in the
flow field with the small Pe and Re, the variable aperture
distribution in the fracture is primarily responsible for the
non-Fickian characteristic (i.e., tail). When Re is large, eddies
play a significant role in enhancing the tails in BTCs. Figure 4
clearly shows the retention of compound A in the vicinity of
the rough fracture walls where eddies form and grow. Once
the compound is captured by the eddy-controlled domain,
the mass exchange between the main flow channel and eddy-
controlled domain determines the length of the tail in BTCs
for a nonreaction transport.
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Figure 3: Breakthrough curves of compound A for the nonreaction
transport under the different flow fields in the single self-affine
fracture with Hurst exponent of 0.8.

Although eddies form and develop as the Re increases,
there is no tail in the BTCs of compound A for the reaction
transport, as shown in Figure 5. This is because the trapped
compound A in eddies is eventually consumed by the
reaction. This result further demonstrates that the transport
of the nonreactive compound is significantly delayed by
eddies. Comparing Figures 4 and 5, it can be seen that the
mixing-induced reaction leads to the decreasing concentra-
tion peak in BTCs for the same Re and Pe. However, this
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Figure 4: Nonreactive compound A transport through the self-affine fracture with Hurst exponent of 0.8 under in FF#1 and FF#4.
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Figure 5: Breakthrough curves of compound A for the reaction
transport under the different flow fields in the single self-affine
fracture with Hurst exponent of 0.8.

mixing-induced reaction has little influence on the variation
of concentration peaks in BTCs with the increasing Re and
Pe.

As expected, the BTCs of reaction product C exhibit
the heavy tails at the late time. It can be seen in Figure 6
that the length of tails in BTCs is longer in FF#4 than in
FF#1, indicating that eddies have influence not only on the
nonreaction compound transport but also on the reaction
product transport. Since eddies could be considered as a
segregated domain for the compound transport, there are
two possibilities causing the non-Fickian tail in the BTCs
of the reaction product. First, the reaction product was
transformed at the outside of the eddy-controlled domain
and then captured by eddies. Second, the reaction product
was transformed inside the eddy-controlled domain, which
required that the reactantwas involved in the eddy-controlled
domain. Comparing Figures 4 and 7, it was found that the
instantaneous transformation was inside the eddy-controlled
domain due to the involved reactant. This is important
because that the effective chemical kinetics of reaction trans-
port inside the eddy-controlled domainmight be significantly
different from that in the main flow channel.

Analogous to the nonreaction transport, the length of
tails in BTCs is highly dependent on the mass exchange
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Figure 6: Breakthrough curves of reaction product C under the
different flow fields in the single self-affine fracture with Hurst
exponent of 0.8.

rate between the main flow channel and eddy-controlled
domain. It is also found that the breakthrough time of
the reaction product decreases as Pe and Re increase. This
is mainly due to the narrow main flow channel caused
by the growing eddies. Another finding is that the peak
concentration in BTCs decreases as Pe and Re increase.
This implies that the effective chemical kinetics of reaction
transport is influenced by eddies. Since the reaction used
in this study is instantaneous, irreversible, and dependent
upon the reactant mixing, this influence of eddies on chem-
ical kinetics can be directly reflected by the magnitude of
reactant mixing. It should be noted that the analysis of
BTCs is only sometimes informative of incomplete mixing
process [36], especially in the heterogeneous geological
formations.

4.3. Reactants Mixing and Reaction Product. The influence of
incomplete mixing onmixing-induced reactions has recently
won much attention and been reported in many literatures
[36–41].Thekey point for this is that a fundamental difference
exists between spreading and mixing processes. Especially
in the heterogeneous flow field, the latter occurs at the
small spatial scale and cannot be quantified completely in
terms of spatialmoments of concentration distributionwhich
represents the spatial extent of compound (i.e., spreading).
Since the reaction transport may be influenced by incomplete
mixing, there are various methods for quantifying mixing
such as scalar dissipation rate [42] and dilution index. Here,
the dilution index, introduced by Kitanidis [43] based on
entropy concepts, was used to quantify the global compound
dilution (mixing) in the self-affine rough fracture and given

by

𝐸 (𝑡)
= exp [−∫+∞

−∞
∫+∞
−∞

𝑃𝐴 (𝑥, 𝑦, 𝑡) ln (𝑃𝐴 (𝑥, 𝑦, 𝑡)) 𝑑𝑥 𝑑𝑦] (18)

where 𝑃𝐴(𝑥, 𝑦, 𝑡) is the concentration probability function of
the compound A defined by

𝑃𝐴 (𝑥, 𝑦, 𝑡) = 𝑐𝐴 (𝑥, 𝑦, 𝑡)
∫+∞
−∞

∫+∞
−∞

𝑐𝐴 (𝑥, 𝑦, 𝑡) 𝑑𝑥 𝑑𝑦 (19)

Themaximum value of the original dilution index,𝐸(𝑡)𝑚𝑎𝑥, is
technically equal to the volume of the entire fracture, repre-
senting a nonuniform concentration distribution in fracture.
Then the dimensionless dilution index can be obtained by
𝐸(𝑡)/𝐸(𝑡)𝑚𝑎𝑥.

In order to investigate the mixing process under the
different flow fields, the direct simulations of nonreaction
transport for compound A were conducted with the same
initial concentration and boundary conditions. The dimen-
sionless dilution indexwas calculated in each flowfield before
the compound arrived at the outlet boundary, as shown in
Figure 8. It can be seen that the dilution index increases with
pore volume and the flow field has a significant influence on
the temporal evolution of the dilution index. At the early time
(PV<0.22), the dilution index is higher in FF#1 than in FF#4.
This implies that high Re and Pe have a negative influence
on the mixing process at the early time. However, at the late
time (PV>0.22), the dilution index is lower in FF#1 than in
FF#4.This indicates that high Re and Pe lead to the enhanced
mixing process at the late time. Increasing velocity causes the
increasing stretching and deformation of the plume, which
in turn enhances the diffusive mass exchange between the
plume and ambient water. Thus, the mixing process becomes
complete as Re and Pe increase.

Since the BTCs cannot accurately reflect the chemical
kinetics for the mixing-induced reaction transport, a global
measure of the chemical kinetics of the reaction transport is
defined in terms of the temporal evolution of the reaction
product mass within compound A through the single self-
affine fracture. The mass of the reaction product C can be
obtained as

𝑀𝐶 (𝑡) = ∫
Ω
𝑐𝐶𝑑𝑥 (20)

The temporal evolution of the mass of the reaction product
C is given in Figure 9 for FF#1-FF#4. In each case, the mass
of the reaction product C is normalized by the maximum
mass 𝑀𝐶(𝑡𝑎), where 𝑡𝑎 is the breakthrough time of the
reaction product C. It can be seen in Figure 9 that the
amount of the reaction product is lower in FF#4 than in
FF#1 for PV<0.3, while it is higher in FF#4 than in FF#1
for PV>0.3. In general, these results are in good agreement
with the temporal evolution of dilution index of compound
A for the mixing-induced nonreaction transport as shown
in Figure 8. This suggests that the chemical kinetics of
the mixing-induced reaction transport can be qualitatively
analyzed by the temporal evolution of the reactants mixing
process.
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Figure 7: Reaction product C transport through the self-affine fracture with Hurst exponent of 0.8 in FF#1 and FF#4.
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Figure 9: Dimensional reaction product mass for the nonreaction
transport under the different flow fields in the single self-affine
fracture with Hurst exponent of 0.8.
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5. Summary and Conclusion

To model the mixing-induced reaction transport through
a single self-affine fracture, we generated the single self-
affine fracture by the SRA technique and a pore-scale model
was developed by coupling the NSE and the ADRE. This
allowed us to directly capture fundamental physical processes
of flow, nonreaction, and mixing-induced reaction without
consideration of parameterizations at larger macroscopic
scales.The self-affine fracture wall led to the tortuous stream-
lines in the flow field. Eddies were observed in the vicinity
of fracture walls where the aperture showed the sudden
expansion for the high Reynolds number. The BTCs of
nonreaction and mixing-induced reaction showed the non-
Fickian characteristics such as “early arrival” and “heavy tail”.
Eddieswere primarily responsible for the “heavy tail” inBTCs
since themass exchange process between the eddy-controlled
domain and the main flow channel was significantly delayed
by eddies. However, it should be noted that the reactant was
first involved in eddies and then reacted inside the eddy-
controlled domain. This may result in the different effective
chemical kinetics of reaction transport between inside eddy-
controlled domain and the main flow channel.

It was found that asRe andPe increased, the breakthrough
time increased while the concentration peaks of BTCs
decreased. The degree of reactant mixing was quantified
by the dilution index. The quantification of dilution for
nonreaction transport was in good agreement with the out-
comes of mixing-induced reaction transport. The temporal
evolution of reactant mixing indicated that high Re and
Pe had a negative influence on the mixing process at the
early time whereas they led to the enhanced mixing process
at the late time. The pore-scale analysis performed in this
study highlights the critical role of the heterogeneous flow
field on the mixing-induced reaction transport through the
self-affine fracture. However, this role needed to be further
derived quantitatively and extended in 3D single fractures
and network fractures with consideration of the permeable
fracture matrix.
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This paper investigated fractal characteristics of microscale and nanoscale pore structures in carbonates using High-Pressure
Mercury Intrusion (HPMI). Firstly, four different fractal models, i.e., 2D capillary tube model, 3D capillary tube model, geometry
model, and thermodynamic model, were used to calculate fractal dimensions of carbonate core samples from HPMI curves.
Afterwards, the relationships between the calculated fractal dimensions and carbonate petrophysical properties were analysed.
Finally, fractal permeability model was used to predict carbonate permeability and then compared with Winland permeability
model. The research results demonstrate that the calculated fractal dimensions strongly depend on the fractal models used.
Compared with the other three fractal models, 3D capillary tubemodel can effectively reflect the fractal characteristics of carbonate
microscale and nanoscale pores. Fractal dimensions of microscale pores positively correlate with fractal dimensions of the entire
carbonate pores, yet negatively correlate with fractal dimensions of nanoscale pores. Although nanoscale pores widely develop in
carbonates, microscale pores have greater impact on the fractal characteristics of the entire pores. Fractal permeability model is
applicable in predicting carbonate permeability, and compared with the Winland permeability model, its calculation errors are
acceptable.

1. Introduction

Compared with sandstones, carbonate pore structures are
usually more complex. There are many diverse types of pore
space in carbonates such as intergranular pores, intraparticle
pores, moldic pores, fractures, and vugs. Generally, carbonate
reservoirs are more heterogeneous and flow mechanisms
are more intricate, making carbonate reservoir development
problematic. The Y oil reservoir is a porous carbonate reser-
voir in the Middle East[1, 2]. Even though fractures and vugs
develop in carbonates, grain pores are the main oil storage
space. In this paper, HPMI technique was utilized to describe
the sizes and distributions of carbonate microscale and
nanoscale pores, and the fractal characteristics of microscale
and nanoscale pores were also investigated.

Since Mandelbrot first proposed the fractal theory in
1980s [3], its application has been widely used for rock

pore structure characterization, due to its effectiveness in
describing complex and irregular structures with self-similar
characteristics. The microstructures of rock pore space have
been proven to be fractal [4–6]. With scanning electron
microscopy (SEM), Katz and Thompson [7] demonstrated
that sandstone pore space is fractal and self-similar with
over 3 to 4 orders of magnitude. Angulo et al. [8] calculated
fractal dimensions of sandstone usingmercury intrusion test.
Ever since, mercury intrusion method has been extensively
used to study fractal characteristics of pore structures in
sandstones [9–11] and coals [12–14]. On the other hand,
nitrogen adsorption technique is widely used to analyse
the fractal characteristics of nanoscale pores in shales [15–
17]. The fractal characteristics of carbonate pores have been
expansively studied by many scholars. Krohn [18] studied
fractal characteristics of carbonate pores with SEM. Xie
[19] calculated fractal dimensions of carbonate pores using
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box-countingmethod from environmental scanning electron
microscope (ESEM) images and indicated that carbonate
pores are multifractal. The previous studies have demon-
strated that fractal dimension can effectively reflect rough-
ness of pore surface and characterize heterogeneity of pore
structures.

Accurately predicting carbonate permeability is challeng-
ing due to high heterogeneity in carbonate pore structures.
Several models proposed have been commonly used to
estimate carbonate permeability, including Purcell model
[20], Winland model [21], Swanson model [22], and Pittman
model [22]. Besides pore structure analysis, fractal theory has
also been used to predict porous media permeability [23, 24].
One of the most broadly used methods was proposed by Yu
and Cheng [23]; their model was developed based on the
tortuous fractal capillary tube model, although no empirical
parameters were introduced in their model. Similarly, based
on the tortuous and fractal tubular bundle model, Buiting
and Clerke [25] developed a different fractal permeability
model, which had been verifiedwithmore than 500 carbonate
core samples, but empirical parameters were introduced.
With more than 200 carbonate core samples, Nooruddin et
al. [26] compared nine different permeability models using
mercury intrusion capillary pressure data, and they found
that Swanson and Winland permeability models gave the
best carbonate permeability prediction results. However, Yu
and Cheng’s permeability model was not evaluated in their
studies. In this paper, the adaptability of Yu and Cheng’s
permeability model for carbonate permeability prediction
was evaluated and compared with Winland model.

2. HPMI

16 core samples collected from the Y carbonate reservoir were
used for this study. The pore space of these carbonate core
samples excludes visible fractures and vugs. The measured
air permeability and porosity of core samples are shown in
Table 1. The porosity of core samples varies from 12.485%
to 31.805%, with an average of 17.526%, and air permeability
varies from 0.591 mD to 70.556 mD with an average of 12.380
mD. As shown in Figure 1, porosity-permeability correlation
is very weak, indicating high heterogeneity of carbonate core
samples.

Pore structures and pore size distributions of carbonate
core samples were characterizedwithHPMI technique. In the
experiment, the Auto Pore III-9420 was used, and the max-
imum mercury intrusion capillary pressure is approximately
276 MPa. Figure 2 presents mercury intrusion capillary pres-
sure curves of all the core samples. Mercury is nonwetting
to rock surface and has a high surface tension with air. With
mercury intrusion pressure increasing, nonwetting mercury
enters the small pores of the core samples, and the pore radius
can be calculated from the Washburn equation [28]:

𝑃𝑐 = 2𝜎 cos 𝜃𝑟 (1)

where 𝑃𝑐 is the mercury intrusion capillary pressure; 𝑟 is
pore radius; 𝜎 is the interfacial tension between mercury

Table 1: Air permeability and porosity of carbonate core samples.

Core No. Porosity 𝜙
(%)

Air permeability 𝐾air
(mD)

1 31.805 70.556
2 13.752 1.220
3 18.537 1.515
4 14.579 1.164
5 19.676 1.696
6 16.481 0.591
7 18.541 1.002
8 19.145 1.814
9 15.174 1.106
10 20.059 1.103
11 22.190 18.392
12 13.787 12.844
13 14.083 24.300
14 16.089 38.170
15 14.040 13.832
16 12.485 8.772
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Figure 1: Porosity-permeability correlation of 16 carbonate core
samples.

and air; and 𝜃 is mercury and rock contact angle. Under the
maximum intrusion pressure, the corresponding minimum
pore radius that can be detected is 2.7 nm.The structures and
distributions of almost the entire pores, fromnanoscale pores
to microscale pores, were tested during the HPMI test, and
then the parameters of pore structure were calculated from
HPMI curves as shown in Table 2.

3. Methodology Description

According to fractal geometry theory, when pore structures
are fractal, the relationship between the pore number and
pore radius can be presented as [3]

𝑁(> 𝑟) ∝ 𝑟−𝐷𝑓 (2)
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Table 2: Pore structure parameters of carbonate core samples obtained from HPMI test.

Core
No.

Displacement
pressure𝑃𝑑
(MPa)

Maximum
pore radius𝑟max

(𝜇m)

𝑟50
(𝜇m)

𝑟35
(𝜇m)

Sorting
coefficient𝑆𝑝

Skewness𝑆𝑘𝑝
Tortuosity𝜏

1 0.139 5.738 1.021 1.471 2.643 0.414 1.443
2 0.244 3.672 0.813 1.037 2.108 0.341 6.812
3 0.869 0.965 0.366 0.413 1.682 0.169 10.229
4 0.692 1.258 0.441 0.462 1.119 0.320 5.212
5 1.033 0.791 0.456 0.444 1.839 -0.029 11.880
6 0.689 1.251 0.517 0.539 1.068 0.386 5.680
7 1.033 0.790 0.345 0.339 0.846 0.340 6.307
8 1.202 0.668 0.328 0.341 2.377 -0.045 11.407
9 0.863 0.967 0.238 0.277 1.926 -0.149 10.381
10 1.202 0.667 0.327 0.324 1.081 0.449 9.658
11 0.243 3.679 1.245 1.412 1.798 0.495 2.219
12 0.251 3.629 0.850 1.293 3.005 0.035 3.774
13 0.243 3.679 1.094 1.582 2.338 0.334 2.235
14 0.156 5.065 0.686 1.364 2.660 0.190 1.638
15 0.156 5.065 0.907 1.576 2.998 0.092 3.242
16 0.087 9.588 2.295 2.903 3.431 0.298 4.394
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Figure 2: Mercury intrusion capillary pressure curves of 16 carbon-
ate core samples.

where 𝑟 is the pore radius (characteristic length); 𝑁(> 𝑟) is
pore number with pore radius larger than 𝑟; and𝐷𝑓 is fractal

dimension. There are several different methods to calculate
pore number𝑁(> 𝑟) based on different assumptions. In this
paper, four different fractal models were used to calculate
fractal dimensions frommercury intrusion capillary pressure
curves, and the most suitable fractal model was selected to
analyse the fractal characteristics ofmicroscale andnanoscale
pore structures.

3.1. I-2D Capillary Tube Model Method. In this method,
pore networks of core samples are made up of a bundle of
tortuous capillary tubes. The numbers of capillary tubes with
tube radius 𝑟 can be calculated with the volume of mercury
intrusion as given by

𝑛 (𝑟) = △𝑉𝐻𝑔 (𝑟)𝜋𝑟2𝑙 (3)

where 𝑛(𝑟) is the number of capillary tubes with radius 𝑟;△𝑉𝐻𝑔(𝑟) is the single volume ofmercury intrusion at radius 𝑟;
and 𝑙 is the core length. Then the cumulative number𝑁(> 𝑟)
can be calculated as

𝑁(> 𝑟) = ∫𝑟max

𝑟
𝑛 (𝑟) 𝑑𝑟. (4)

According to (2), fractal dimension 𝐷𝑓 can be determined
from the slope of the line of lg𝑁(> 𝑟) and lg 𝑟 in a log-log
plot.

3.2. II-3D Capillary Tube Model Method. Instead of using
single volume of mercury intrusion △𝑉𝐻𝑔(𝑟), Li [9] used
the cumulative volume of mercury intrusion 𝑉𝐻𝑔 to
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calculate the number of filled capillary tubes 𝑁(𝑟) as given
by

𝑁(𝑟) = 𝑉𝐻𝑔𝜋𝑟2𝑙 . (5)

Substituting (5) into (2),
𝑉𝐻𝑔
𝜋𝑟2𝑙 ∝ 𝑟−𝐷𝑓 . (6)

The core length 𝑙 is constant, and therefore (6) can be
simplified as

𝑉𝐻𝑔 ∝ 𝑟2−𝐷𝑓 . (7)
As 𝑉𝐻𝑔 can be expressed with mercury saturation 𝑆𝐻𝑔, and
pore radius 𝑟 can be expressed with mercury intrusion
capillary pressure 𝑃𝑐, (7) can be expressed as

𝑆𝐻𝑔 ∝ 𝑝𝑐−(2−𝐷𝑓). (8)

Then fractal dimension𝐷𝑓 can be calculated from the lg 𝑆𝐻𝑔−
lg𝑝𝑐 plot. With the same datapoints, the calculated fractal
dimensions using (6) and (8) should be the same.

Althoughmethods I and II are based on the capillary tube
model, they are essentially different. Method I reflects the
fractal characteristics of the capillary tube distribution in the
cross-section of core samples, which is in two-dimensional
space, and the range of the calculated fractal dimension
using method I is 1 < 𝐷𝑓 < 2. Method II obtains
fractal dimension by filling pore space of core samples with
different size of capillary tubes, which can reflect the fractal
characteristics of pore space in three-dimensional space, and
generally the calculated fractal dimension using method II is2 < 𝐷𝑓 < 3.
3.3. III-Geometry Model Method. Based on the geometry
fractal characteristics of coals, Friesen and Mikula [29]
proposed an equation to calculate fractal dimension which
can be expressed as

𝑑𝑆𝐻𝑔
𝑑𝑝𝑐 ∝ 𝑝𝑐

−(4−𝐷𝑓). (9)

The fractal dimension 𝐷𝑓 was calculated by plotting𝑑𝑆𝐻𝑔/𝑑𝑝𝑐 verse 𝑝𝑐 in a log-log plot.

3.4. IV-Thermodynamic Model Method. Based on the ther-
modynamic analysis of mercury intrusion process and fractal
characteristics of pore surface, Zhang and Li [30] pro-
posed a thermodynamic model, and the simplified equa-
tion for calculating fractal dimension can be expressed as
[31]

ln(𝑊𝑛𝑟2𝑛 ) = 𝐷𝑓 ln(
𝑉1/3𝑛𝑟𝑛 ) + 𝐶 (10)

where 𝑊𝑛 is the cumulative surface energy during the
mercury intrusion process; 𝑟𝑛 is pore radius; and 𝑉𝑛 is the
intrusion volume of mercury at stage 𝑛.

The calculated fractal dimensions using method III and
IV reflect the volume heterogeneity and surface heterogeneity
of carbonate pores, respectively [12, 32].

Table 3: The fractal dimensions of entire pores using different
fractal models.

Core
No.

Fractal dimensions
Method I𝐷𝑓1

Method II𝐷𝑓2
Method III𝐷𝑓3

Method IV𝐷𝑓4
1 1.853 2.296 2.777 2.679
2 1.640 2.253 2.428 2.574
3 1.585 2.335 2.433 2.549
4 1.441 2.367 2.274 2.451
5 1.267 2.298 2.059 2.427
6 1.480 2.338 2.356 2.430
7 1.518 2.448 2.325 2.467
8 1.559 2.281 2.413 2.537
9 1.674 2.355 2.504 2.594
10 1.614 2.367 2.503 2.547
11 1.602 2.231 2.523 2.537
12 1.562 2.213 2.678 2.592
13 1.509 2.199 2.624 2.557
14 1.772 2.276 2.858 2.683
15 1.733 2.256 2.858 2.680
16 1.774 2.215 2.763 2.689
Average 1.599 2.295 2.532 2.562

4. Fractal Dimension Calculation

Thecalculated fractal dimensions usingmethods I, II, III, and
IV were expressed as 𝐷𝑓1 𝐷𝑓2, 𝐷𝑓3, and 𝐷𝑓4, respectively.
The no. 2 core sample was selected as an example to demon-
strate the process of fractal dimension calculation using four
methods presented above. As depicted in Figure 3, fractal
dimensions were calculated from the slope of straight line in
log-log plots. All carbonate pores, from the maximum pore
radius to the minimum pore radius, were selected for linear
fitting, and therefore the calculated fractal dimensions reflect
the average fractal characteristics of entire carbonate pores,
including microscale pores and nanoscale pores. Method I,
method III, and method IV have good linear fitting results,
and the determination coefficients are larger than 0.96.
However, for method II, the determination coefficient of the
linear fitting is less than 0.60, the curve of lg 𝑆𝐻𝑔 − lg𝑝𝑐
breaks into two segments, and the linear fitting result with
one straight line is poor.

Table 3 shows the calculated fractal dimensions with the
four methods. The results show that the calculated fractal
dimensions depend on the methods used. The calculated
fractal dimensions with method I 𝐷𝑓1 vary from 1.267 to
1.853, indicating that 𝐷𝑓1 reflects fractal characteristics of
pore distribution in two-dimensional space. The calculated
fractal dimensions with methods II, III, and IV are between
2 and 3, which means 𝐷𝑓2, 𝐷𝑓3, and 𝐷𝑓4 reflect fractal
characteristics of pore structures in three-dimensional space.
Overall, 𝐷𝑓3 and 𝐷𝑓4 are close to each other, but larger than𝐷𝑓2.
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Figure 3: Fractal dimension calculation from the slope of straight line in log-log plots with different methods ((a) method I-2D capillary
tube model; (b) method II-3D capillary tube model; (c) method III-geometry model; (d) method IV-thermodynamics model).

To study the fractal characteristics of microscale pores
and nanoscale pores, respectively, method II was used to
calculate the fractal dimensions of microscale pores and
nanoscale pores by fitting the curve of lg 𝑆𝐻𝑔 − lg𝑝𝑐 with
two straight lines. As shown in Figure 4, the determination
coefficients of linear fitting with two straight lines are much
larger than that of linear fitting with one straight line, which
indicates that microscale pores and nanoscale pores have
different fractal characteristics.

Table 4 presents the calculated fractal dimensions of
microscale pores𝐷𝑓2m and nanoscale pores𝐷𝑓2n.The fractal
dimensions of microscale pores 𝐷𝑓2m vary from 3.006 to
5.044 and are much larger than the fractal dimensions of
nanoscale pores 𝐷𝑓2n, which vary from 2.028 to 2.122, indi-
cating that pore structures of microscale pores are complex

than those of nanoscale pores. According to fractal theory,
the calculated fractal dimension in three-dimensional space
should be less than 3. The reason for 𝐷𝑓2m being greater
than 3 may be the oversimplification of cylinder shape of
microscale pores [10]. When (8) was derived from (7), the
assumption was that that the shape of the pores is cylindrical,
hence rendering (1) valid. However, for the microscale pores,
especially for the carbonates, fractures and large pores with
complex shapes may exist, which can lead to the value of𝐷𝑓2m beyond 3.

Figure 5 shows the relationship between the fractal
dimensions of the entire microscale and nanoscale pores.
The fractal dimensions of microscale pores 𝐷𝑓2m strongly
agree with the fractal dimensions of the entire pores 𝐷𝑓2,
but poorly correlate with the fractal dimensions of nanoscale
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Figure 4: Fractal dimensions calculation for nano- and micropores with method II using two-straight-line fitting ((a) no. 2 core sample; (b)
no. 6 core sample).

Table 4: The fractal dimensions of microscale pores and nanoscale pores calculated with method II using two-straight-line fitting.

Core sample
No.

Microscale pores Nanoscale pores
Pore size range

(𝜇m)
Fractal dimension𝐷𝑓m

Pore size range
(𝜇m)

Fractal dimension𝐷𝑓n
1 0.7279-5.3582 3.259 0.0027-0.6226 2.084
2 0.5412-3.0502 3.428 0.0027-0.3549 2.066
3 0.2145-0.8553 3.616 0.0027-0.1443 2.057
4 0.2716-1.0746 4.078 0.0027-0.2152 2.046
5 0.2693-0.7197 4.482 0.0027-0.2163 2.031
6 0.3598-1.0786 4.927 0.0027-0.2706 2.037
7 0.2159-0.7192 5.044 0.0027-0.1434 2.028
8 0.2153-0.6184 3.845 0.0027-0.1431 2.047
9 0.1429-0.8607 3.131 0.0027-0.1077 2.047
10 0.2156-0.6181 4.824 0.0027-0.1432 2.039
11 0.7289-3.0633 4.117 0.0027-0.6229 2.055
12 0.5388-2.9625 3.061 0.0027-0.3609 2.079
13 0.8634-3.0627 3.512 0.0027-0.7205 2.094
14 0.7162-4.7693 3.126 0.0027-0.6114 2.122
15 0.8642-4.7698 3.200 0.0027-0.7211 2.111
16 1.4593-8.5343 3.006 0.0027-1.0897 2.079

pores𝐷𝑓2n, and with𝐷𝑓2m increasing,𝐷𝑓2n decreases. It can
be concluded that fractal characteristics of nanoscale pores
and microscales pores are different, and microscale pores
have greater impact on the fractal characteristics of the entire
pores compared with nanoscale pores.

Lai et al. [10] also used lg 𝑆𝐻𝑔 − lg𝑝𝑐 plot to study the
fractal characteristics of pore structures in tight gas sand-
stones. They found that nanoscale pores of tight sandstone
can represent the fractal characteristics of entire pores much
better than the microscale pores, which is opposite to the
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Figure 5: The relationship between fractal dimensions of entire pores 𝐷𝑓2, microscale pores 𝐷𝑓2m, and nanoscale pores 𝐷𝑓2n ((a) the
relationship between fractal dimensions of the entire pores𝐷𝑓2 and fractal dimensions ofmicroscale pores𝐷𝑓2m; (b) the relationship between
fractal dimensions of microscale pores𝐷𝑓2m and fractal dimensions of nanoscale pores𝐷𝑓2n).

results derived from carbonates studied in this paper. The
different deductions may be caused by the difference in
pore networks between carbonates and tight sandstones.
The porosity of the carbonate core samples studied in this
paper is much higher than that of tight sandstones. The
nanoscale pores of these carbonates are not well connected,
and carbonate pore networks are dominated by microscale
pores, such as nonvisible microfractures, which have better
connectivity.

5. Fractal Characteristic Analysis

The fractal dimensions calculated with the four methods are
not the same.The relationships between the carbonate petro-
physical properties and the fractal dimensions calculated
with the four differentmethods,𝐷𝑓1,𝐷𝑓2,𝐷𝑓3, and𝐷𝑓4, were
evaluated. Figure 6 shows the correlations between the air
permeability𝐾𝑎𝑖𝑟 of core samples and the fractal dimensions
calculated from the four different methods. In contrast, with𝐷𝑓2 increasing,𝐾air decreases logarithmically; however,𝐷𝑓1,𝐷𝑓3, and𝐷𝑓4 strongly agree with𝐾𝑎𝑖𝑟. According to Liu et al.
[33], for the fractal capillary tube model, the poor correlation
between permeability and fractal dimension is reasonable,
which means 𝐷𝑓2 is more suitable for fractal analysis of
carbonate pore structures and petrophysical properties. As
depicted in Figure 7, with 𝐷𝑓2 increasing, displacement
pressure 𝑃𝑑 and tortuosity 𝜏 increase and pore radius 𝑟50
and 𝑟35 decrease, indicating pore structures become more
complex.

Hydraulic Flow Unit (HFU) identification is impera-
tive in reservoir characterization. Amaefule et al. [33] first
introduced the reservoir quality index/flow zone indicator
(RQI/FZI) method to identify HFU. Figure 8 shows the

relationship between fractal dimensions of the entire pores𝐷𝑓2 and RQI and FZI. The results after the investigation
showed that reservoir quality becomes poorer when RQI
and FZI decrease with increasing 𝐷𝑓2. Using the improved
HFU identification method proposed by Mirzaei-Paiaman
et al. [27], HFUs were identified with the carbonate core
samples studied in this paper. As indicated in Figure 9, the
16 carbonate core samples belong to two different HFUs, i.e.,
HFU-1 and HFU-2.The average fractal dimensions of HFU-1
andHFU-2were calculated and are 2.34 and 2.24 respectively.
The higher the quality of the HFU is, the lower the average
fractal dimension will be.

The fractal characteristics of the microscale pores and
nanoscale pores were analysed. Figures 10 and 11 present the
fractal analysis of carbonate petrophysical properties using𝐷𝑓2m and 𝐷𝑓2n, respectively. Comparatively, fractal analysis
using 𝐷𝑓2 in Figure 7 and 𝐷𝑓2m provided similar results,
unlike𝐷𝑓2n which gave different result, and it can be inferred
that fractal dimensions of nanoscale pores 𝐷𝑓2n cannot be
used for fractal analysis.

The distributions of pore volume and permeability con-
tribution for microscale pores and nanoscale pores were cal-
culated. Figure 12 presents the result of the no. 2 core sample.
The pore radius distribution was from several nanometers to
dozens of micrometers with bimodal distribution. The first
and second peaks appeared around 0.1 𝜇m and 1 𝜇m, respec-
tively. Although nanoscale pores were widely predominant,
microscale pores contributed to most of the permeability.
The distribution of permeability contribution is unimodal,
and the peak appears at the same location of the maximum
volume of microscale pores.

Table 5 illustrates the total pore volume and permeabil-
ity contribution of microscale pores and nanoscale pores.



8 Geofluids

0.1

1

10

100

1 1.2 1.4 1.6 1.8 2

K
(m

D
) R2 = 0.3185

y = 0.0003e6.0502x

ai
r

Df1

(a)

0.1

1

10

100

2 2.1 2.2 2.3 2.4 2.5

R2 = 0.4257

y = 2E+15e-14.78x

K
(m

D
)

ai
r

Df2

(b)

0.1

1

10

100

2 2.2 2.4 2.6 2.8 3

R2 = 0.606

5.4131x

K
(m

D
)

ai
r

Df3

y = 5E-06e

(c)

0.1

1

10

100

2.2 2.4 2.6 2.8

R2 = 0.5007

y = 7E-14e12.39x

K
(m

D
)

ai
r

Df4

(d)

Figure 6: The correlation between the air permeability 𝐾𝑎𝑖𝑟 and the fractal dimensions calculated from different methods.

Although nanoscale pores averagely occupy more than 38%
of total pore volume, the average permeability contribution
is less than 4%. Even for the no. 2 core sample, nanoscale
pores only contributed 0.79% of the total permeability.
Contrarily, microscale pores averagely contribute more than
96% of the total permeability, though the average volumes of
microscale pores are only 55.14%. It could be concluded that
though nanoscale pores are predominant in the Y carbonate
reservoir, petrophysical properties are mainly dominated by
microscale pores. Figure 13 presents the relationship between
the permeability contributions and fractal dimensions of
microscale and nanoscale pores. As shown in the figure, the
permeability contribution of microscale pores and nanoscale
pores decreases with increasing fractal dimensions. It can be
explained that the increasing fractal dimensions indicated

much complexity in the pore structures, which can in turn
result in reduced permeability contribution.

6. Carbonate Permeability Modelling

Winland permeability model is an empirical equation con-
sidering the effect of pore size distribution on permeability,
and it has been commonly used for predicting carbonate
permeability. The Winland permeability model is expressed
as [21]

log 𝑟35 = 0.732 + 0.588 log𝐾 − 0.864 log𝜙 (11)

where 𝑟35 is the pore radius with 35%mercury saturation and𝜙 is porosity. Figure 14 presents the calculated permeability
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(d)

Figure 7: Relationship between fractal dimensions of the entire pores𝐷𝑓2 and some pore structure parameters and petrophysical properties
of carbonate core samples ((a)𝐷𝑓2 and displacement pressure 𝑝𝑑; (b)𝐷𝑓2 and 𝑟50; (c)𝐷𝑓2 and 𝑟35; (d)𝐷𝑓2 and tortuosity 𝜏).

using Winland permeability model compared with the mea-
sured air permeability. Overall, the calculated permeability is
smaller than the measured air permeability. It may be due to
the naturalmicrofractures existing in carbonate core samples,
which can enhance the permeability of the core samples.

The fractal permeability model proposed by Yu and
Cheng is based on the tortuous fractal capillary tube model
which can be expressed as [23]

𝐾 = 𝜋128
𝐿1−𝐷𝑇0𝐴

𝐷𝑓
3 + 𝐷𝑇 − 𝐷𝑓 𝜆

3+𝐷𝑇
max (12)

where 𝐿0 is the representative length; 𝐴 is the total section
area and 𝐴 = 𝐿20; 𝐷𝑇 is the tortuosity fractal dimension,

and it can be calculated with the average tortuosity which
can be measured from HPMI; and 𝜆max is the maximum
pore diameter. As (12) is based on the tortuous capillary
tube model, the two-dimensional fractal dimension should
be used. Therefore, the fractal dimensions calculated with
method I 𝐷𝑓1 were used to predict carbonate permeability.
Figure 15 shows the comparison between the calculated
permeability using (12) and the measured permeability.
Considering how heterogeneous carbonate pore structures
are, the calculation errors are acceptable. The calculation
errors may be due to the different fractal characteristics of
microscale pores and nanoscale pores. In general, the fractal
permeability model can be applied to model the permeability
of porous carbonates without visible fractures and vugs.
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Figure 9: HFU identification with the improved method proposed by Mirzaei-Paiaman et al.[27].

7. Conclusion

Fractal theory was used to analyse microscale and nanoscale
pore structures and petrophysical properties of carbonates
with HPMI. The following conclusions can be drawn from
this study:

(i) The calculated fractal dimensions strongly depend on
the fractalmodels used.When carbonate pore space is
assumed to be made up of bundles of capillary tubes,
3D capillary tubemodel can effectively analyse fractal
characteristics of carbonate pore structures. Strong

and correct correlations between carbonate petro-
physical properties and fractal dimension calculated
from 3D capillary tube model have been observed.

(ii) Microscale pores instead of nanoscale pores can rep-
resent the fractal characteristics of the entire pores of
the carbonates in the Y oil reservoir. With the fractal
dimensions increasing, the permeability contribution
of microscale pores and nanoscale pores can both be
reduced.

(iii) Fractal permeability model proposed by Yu and
Cheng is applicable in predicting the permeability of
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(f)

Figure 10: Relationship between fractal dimensions of microscale pores 𝐷𝑓2m and some pore structure parameters and petrophysical
properties of carbonate core samples ((a) 𝐷𝑓2m and air permeability 𝐾𝑎𝑖𝑟; (b) 𝐷𝑓2m and displacement pressure 𝑝𝑑; (c) 𝐷𝑓2m and 𝑟50; (d)𝐷𝑓2m and 𝑟35; (e)𝐷𝑓2m and sorting coefficient 𝑆𝑝; (f)𝐷𝑓2m and tortuosity 𝜏).
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Figure 11: Relationship between fractal dimensions of nanoscale pores𝐷𝑓2n and some pore structure parameters and petrophysical properties
of carbonate core samples ((a) 𝐷𝑓2n and air permeability 𝐾𝑎𝑖𝑟; (b) 𝐷𝑓2n and displacement pressure 𝑝𝑑; (c) 𝐷𝑓2n and 𝑟50; (d) 𝐷𝑓2n and 𝑟35; (e)𝐷𝑓2n and sorting coefficient 𝑆𝑝; (f)𝐷𝑓2n and tortuosity 𝜏).
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Figure 13: Relationship between fractal dimension and permeability contribution ((a) microscale pores; (b) nanoscale pores).
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14 Geofluids

0.1

1

10

100

1000

0.1 1 10 100 1000

A
ir 

Pe
rm

ea
bi

lit
y 

(m
D

)

Fractal Model Permeability (mD) 

Figure 15: Comparison between the measured air permeability and the calculated permeability using fractal permeability model.

Table 5: The total pore volume and permeability contribution of microscale pores and nanoscale pores.

Core No.

Microscale pores Nanoscale pores

Total pore volume𝑆Hgm
(%)

Total permeability
contribution𝐾𝑐m

(%)

Total pore volume𝑆Hgn
(%)

Total permeability
contribution𝐾𝑐n

(%)
1 50.00 97.93 44.69 2.07
2 55.00 99.21 39.52 0.79
3 55.81 96.34 36.55 3.66
4 60.83 95.29 35.40 4.71
5 64.73 93.41 28.16 6.60
6 64.34 94.00 33.01 6.00
7 68.93 94.85 28.65 5.15
8 54.04 93.33 35.75 6.67
9 61.16 97.71 28.97 2.29
10 61.51 92.98 34.10 7.02
11 61.45 96.49 35.10 3.51
12 49.84 98.44 41.61 1.56
13 45.31 95.96 47.54 4.04
14 41.45 98.01 52.26 1.99
15 41.77 97.04 51.20 2.96
16 46.04 98.41 43.73 1.59
Min 41.45 92.98 28.16 0.79
Max 68.93 99.21 52.26 7.02
Average 55.14 96.21 38.52 3.79

porous carbonates without visible fractures and vugs,
and compared withWinland permeability model, the
calculation results are acceptable.
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Hydraulic fracturing requires a large volume of fresh water, which is difficult and expensive to obtain in the desert area such as
Tarim Basin. Currently, flowback fluid is typically transported to the sewage treatment plant and then discharged after reaching
environmental requirements; however, this is not only costly, but also a waste of water resource. Therefore, it is imperative to
understand the potential interactions between fracturing fluid and reservoir rock, and then find solutions to reuse the flowback
water for subsequent fracturing. In this study, once flowback fluid was directly collected from the field, its chemical compositions
were analyzed; then, filtering, decoloring, and chelating methods were chosen to effectively remove or shield the unfavorable
reintroduced components. Moreover, pH value was further tuned during different stages of the recycling process to ensure good
gelation and cross-linking properties of guar. Cross-linked guar synthesizedwith the flowback fluidwas evaluated in the lab through
shear resistance tests and coreflood tests under the reservoir conditions; results indicated the recycled gel behaved similarly as the
original gel, or even better. From this work, a cheap and effective treatment process was proposed to reuse the flowback fluid in the
desert area.

1. Introduction

Hydraulic fracturing enables hydrocarbon production from
low-permeability or low-productive reservoirs to be econom-
ical. In theUS, 51%of crude oil production and 67%of natural
gas production came from the hydraulically fractured wells
in 2015 [1–3]. To fracture the formation, a large volume of
water is injected to create a fracture network that provides
pathways for hydrocarbon to flow [4–8]. In recent years,
fracturing experience from various fields indicates that the
larger the volume of water used per well, the more complex
the created fracture network, and thus the higher the initial
hydrocarbon production rate [9–13]. However, in desert area
where water resource is scarce, it is neither economic nor
sustainable to fracture the formation with a large volume
of fresh water. Therefore, it is imperative to understand the
potential interactions between fracturing fluid and reservoir

rock and then find solutions to recycle and reuse the flowback
water for subsequent fracturing.

During hydraulic fracturing, a large volume of proppants
is pumped along with fracturing fluid to prevent fractures
being closed. To maximize the proppant-carrying capacity of
the fracturing fluid, cross-linked gel is typically used [4, 14–
16]; this is attributed to its excellent viscosity and elasticity
that can prevent proppants settling [17–19]. However, fractur-
ing fluid can interact with formation minerals and the con-
nate water therein, resulting in high contents of suspended
and dissolved solids in the flowback fluid [20, 21]. When this
flowback fluid is reused, the proppant-carrying capacity of
the gel can be seriously weakened. Studies have shown that
the dissolved solids can affect the gelation and cross-linking
of the gel and thus reduce its viscosity and elasticity [22–
25]. Therefore, when flowback fluid is recycled and reused
to prepare the cross-linked gel for fracturing, all components
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that are unfavorable to its gelation and cross-linking must be
removed or shielded. Depending on properties of reservoir
and fracturing fluid, these reintroduced components in the
flowback fluidmay include suspended solids, dissolved solids
(i.e., anions and cations), and residual gel breakers. Besides,
the pH value and the density of the fracturing fluid may also
need to be tuned to fit the requirements of reservoir stimu-
lation design.

In the US, advanced integrated systems have been
reported that can collect and recycle the flowback fluid
through oxidation and precipitation methods [26, 27]; how-
ever, they are expensive to be used in the Tarim Basin, and
similar technology is not yet available in China. Therefore,
a simple and effective method is expected to be developed to
fill the blank. To remove the suspended solids, sand filtration,
flocculation, coagulation, and sedimentation methods are
typically used in the field [28–30]. In the field, cost is one of
the key factors that determines which technique is the best to
be used; therefore, this stepwas not the focus of this study, and
the filtration and adsorption were chosen to remove the sus-
pended solids. To remove the dissolved solids, membrane fil-
tration [31, 32], reverse osmosis [33, 34], and oxidation treat-
ments [28, 35–37] have been developed; however, they are
either energy-intensive or difficult to be equipped in Tarim
Basin. Therefore, an easier and cheaper chemical shielding
method needs to be proposed and evaluated in the lab.

In this study, after the flowback fluid was directly col-
lected from the field, its components were evaluated in the
lab to understand the interaction between the fracturing fluid
and the reservoir rock; thus, effective treatments could be
wisely chosen for reusing the flowback fluid. The formula-
tion for synthesizing the fracturing fluid with the recycled
flowback fluid was optimized by evaluating (1) the gelation
and cross-linking properties of gel, (2) the shear resistance
of gel under the reservoir temperature, and (3) permeability
damage due to gel residuals through coreflood tests.

2. Materials

2.1. Flowback Fluid. The target reservoir locates in the pied-
mont region of Tarim Basin, which is characteristic of desert
environment, great reservoir depth (over 3000m), and high
reservoir temperature (approximately 140∘C) [38–40]. To
hydraulically fracture this reservoir, cross-linked guar was
used as the fracturing fluid. Flowback fluid was directly
collected from the field and then tested in this study to explore
its recycling and reuse. Key properties of the flowback fluid
thatmay affect the gelation of guar were firstly analyzed in the
lab to design the corresponding treatments for recycling and
reusing the fluid. These key properties include the pH value,
the density, contents of the residual breakers, the suspended
solids, and the dissolved solids of the fluid. The analysis
results are shown in Results and Discussion.

2.2. Original Formulation of the Fracturing Fluid. Thefractur-
ing fluid applied in the field contained approximately
0.35 wt.% high-molecular-weight guar, 0.36wt.% cross-link-
ing agent (i.e., organic borate), 0.7 wt.% cross-linking regu-
lator (i.e., alkali), 1 wt.% temperature stabilizing agent (i.e.,

antioxidant), 1 wt.% flowback surfactant, 1 wt.% demulsifier,
and traces of other additives. To compare the properties of the
original gel with the gel synthesized with the recycled flow-
back fluid, the original fracturing fluid was synthesized in
the lab using the same formulation as used in the field.

2.3. Mimicked Formation Brine. In the lab, themimicked for-
mation brine was prepared with 2wt.% potassium chloride,
5.5 wt.% sodium chloride, 0.45wt.% magnesium chloride,
and 0.55 wt.% calcium chloride.

3. Laboratory Evaluation Methods

3.1. Cross-Linking Evaluation. Before gel cross-linking, the
base fluid was prepared by mixing high-molecular-weight
guar with all additives as introduced in the formulation sec-
tion except the cross-linking agent. As described above, these
additives included cross-linking regulator, temperature stabi-
lizing agent, flowback surfactant, demulsifier, and citric acid
for tuning the pH value.The base fluid was stirred for 30min
and left to rest for another 2 hr for hydrating and swelling.
Then, 100 g base fluid was mixed with 0.15 g cross-linking
agent at a slow stirring speed. The cross-linking time and the
morphology of the cross-linked guar were recorded for eva-
luation.

3.2. Temperature and Shear Resistance Test. HAAKEMars-III
rheometer was applied to measure the change of viscosity of
the cross-linked guar at a fixed shear rate of 170 s−1 under the
reservoir temperature (i.e., 140∘C).Guar synthesized from the
flowback fluid was compared with the one originally applied
in the field. Results can tell if the unfavorable components
were removed, and thus if the recycling was effective.

3.3. Coreflood Test. To further evaluate the permeability
damage due to different broken/degraded guar systems, core-
flood experiments were applied to determine the reduction of
rock permeability to the formation brine before and after the
gel breaking. Before conducting the coreflood experiment,
the reservoir rock sample was cut into smaller cylindrical
cores with diameters of 2.5 cm and lengths of 3.5 cm. For each
core sample, its porosity was determined by saturating the
dry core with the mimicked formation brine (i.e., material
balance), and it was found to be approximately 9%. Detailed
information about the porosity of each core sample tested in
this work refers to Results and Discussion.

Figure 1 shows the coreflood setup applied in this study.
Once a brine-saturated core sample was loaded vertically
in the core holder with a confining pressure of 10MPa,
an insulation jacket was used to wrap the core holder for
controlling the temperature (center in Figure 1). Due to
the limitation of this setup, all corefloods were conducted
under 90∘C instead of 140∘C; further testing might be needed
to fill this gap. After the system was stabilized, a 3-step
coreflood sequence was conducted on this core sample. The
broken/degraded guar system has a higher density than the
formation brine; to improve the stability of the displacement
front during the coreflood, the mimicked fracturing fluid
after gel breaking was injected from the bottom to the top of
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Figure 1: Coreflood setup in the lab.

the core sample while the mimicked brine was injected in the
opposite direction [41–43]. Details are as follows.

Step 1 (measure rock permeability to brine before gel damage
(i.e., 𝐾

0
)). The mimicked formation brine was injected into

the core sample at a constant flow rate from the top to the
bottom through a piston accumulator by an ISCO pump (not
shown in Figure 1); meanwhile, the pressure drop across the
core sample was recorded with time by a ROSEMOUNT
pressure transducer (left in Figure 1), and the effluent was
measured by an electronic balance (right in Figure 1). When
the pressure drop and the effluent were stabilized, rock
permeability was calculated from Darcy’s Law.

Step 2 (simulate rock damage due to the fracturing fluid
after gel breaking). To mimic the gel breaking process under
the reservoir condition, the cross-linked guar was mixed
with 100 ppm (0.01 wt.%) ammonium persulfate as the gel
breaker. This mixture was then placed in 140∘C water-bath
till the cross-linked gel was completely broken and degraded.
After the residual gel was filtered out, it was degassed under
the vacuum for 1 hr. The final product was the mimicked
fracturing fluid after gel breaking at the reservoir condition,
and it was defined as Fluid-X in this paper. Tomimic the rock
damage due to Fluid-X, it was injected into the core sample
at a constant flow rate from the bottom to the top through
another piston accumulator by the ISCO pump. After 3–5
PVs of Fluid-X was injected through the core, the pump was
stopped and the setup was left to rest for another 2 hr at 90∘C.

Step 3 (measure rock permeability to brine after gel damage
(i.e.,𝐾

1
)). The mimicked formation brine was injected again

into the core sample from the top to the bottom as in
Step 1. After the pressure drop across the core sample and
the effluent were stabilized, rock permeability was calculated
from Darcy’s Law.

4. Results and Discussion

4.1. Analysis of Flowback Fluid from the Field

4.1.1. PH Value and Density. Table 1 shows the change of pH
value and density of the flowback fluid with time from one
well in the piedmont region of Tarim Basin. Since this well
was previously acidized, the flowback fluid was weakly acidic
as shown in this table. The acidic environment is helpful to

Table 1: PH values and densities of the flowback fluid in Tarim
Oilfield in different flowback periods.

Sample number Sampling time PH value Density (g/cc)

1 2015-7-31-02:00 6.71 1.22
2 2015-8-1-02:00 6.36 1.173
3 2015-8-1-14:00 6.25 1.154
4 2015-8-2-02:00 6.00 1.144
5 2015-8-3-02:00 5.93 1.131
6 2015-8-3-14:00 5.86 1.124
7 2015-8-4-02:00 5.87 1.119
8 2015-8-5-02:00 5.79 1.108
9 2015-8-5-14:00 5.81 1.101
10 2015-8-5-19:00 5.72 1.100
11 2015-8-6-14:00 5.85 1.096
12 2015-8-7-02:00 5.72 1.093
13 2015-8-8-02:00 5.71 1.088

the hydration of the guar powder; therefore, no additional
operation is required to tune the pH value for reusing the
flowback fluid. In fact, the usage of citric acid in the original
formulation can be saved.

For the fluid density, it was above the fresh water since
sodium nitrate was used as the weighting agent during
hydraulic fracturing. Comparing to the original fracturing
fluid whose density was 1.30 g/cc, the density of the flowback
fluid decreased with time, indicating the loss of weighting
agent into the formation. When the flowback fluid is reused,
additional weighting agent might be needed depending on
the fracturing job; however, the dosage can be less than the
case using the fresh water.

4.1.2. Total Suspended Solids. The suspended solids can affect
the synthesis of cross-linked guar using the flowback fluid,
and it may further cause the formation damage once the fluid
is used again for fracturing. The flowback fluid was collected
at the early time (<1 week, Sample 1#), the mid time (2-3
weeks, Sample 2#), and the late time (4 weeks, Sample 3#) for
testing in this study, and their pictures are shown in Figure 2.
To examine the concentration of the suspended solids in each
sample, 10mL of sample fluid was centrifuged and dried, and
the mass of the total suspended solids was then measured by
an electronic balance. The results are shown in Table 2.

4.1.3. Residual Gel Breakers. Since the residual gel breaker
can also seriously impact the gelation and cross-linking of
guar, its amount in the flowback fluid needs to be examined.
In this case, the gel breaker was ammonium persulfate, and
potassium iodide was used to detect its existence because
their product iodine can turn the starch blue. The chemical
reaction equation is shown as follows.

(NH
4
)
2
S
2
O
8
+ 2KI = (NH

4
)
2
SO
4
+ K
2
SO
4
+ I
2 (1)
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Table 2: Analysis of total suspended solids and residual gel breakers in the flowback fluid in Tarim Oilfield.

Sample Name
5 ppm

Ammonium
persulfate

10 ppm
Ammonium
persulfate

50 ppm
Ammonium
persulfate

Sample 1#
(Early time)

Sample 2#
(Mid time)

Sample 3#
(Late time)

Total suspended
solid (mg/L) / / / 530 260 360

Color change Blue Blue Blue No change No change No change

1#. Early 2#. Mid 3#. Late

Figure 2: Flowback sample collected in different periods (Samples
1#–3#).

Figure 3: Comparison of flowback fluid Sample 2# with 5 ppm and
10 ppm ammonium persulfate control samples after both potassium
iodide and starch were added.

Ammonium persulfate solution was diluted into 5 ppm,
10 ppm, and 50 ppm as the control groups; they were com-
pared with the filtered samples 1#–3# to estimate the amount
of gel breaker therein. Specifically, 2 g of potassium iodidewas
added to 20mL of each fluid sample; then, 1 wt.% of starch
solution was added to the mixture for observation. Figure 3
shows the comparison of flowback fluid Sample 2# with two
ammonium persulfate control samples (5 ppm and 10 ppm)
after both potassium iodide and starch were added; Table 2
also lists the color test results of all six fluid samples.

Results indicate that this examination method can detect
as low as 5 ppm ammonium persulfate in the solution. Since
all three flowback fluid samples did not turn blue, the amount
of residual gel breaker could be negligible and thus it is
unlikely to affect the following recycling process.

4.1.4. Dissolved Solids/Ions from the Formation. Flowback
fluid also contains dissolved ions from the formation as well
as the formation water. Table 3 lists the change of chloride ion
content in the flowback fluid during different flowback peri-
ods. The content increased from 30000 ppm and plateaued
at 58000 ppm after 8 days. Since the original fracturing fluid
contained only trace amounts of chloride ions, high chloride

Table 3: Change of chloride ion content in flowback fluid in
different flowback periods.

Flowback time Chloride ion content (ppm)
Day 1 32000
Day 2 45000
Day 3 57000
Day 4 57000
Day 5 62000
Day 6 64000
Day 7 62000
Day 8 58000
Day 9 58000
Day 10 58000

ion content in the flowback fluid was attributed to the
dissolved solids from the formation. Although not measured
here, high cation contents were expected along with the
chloride ions, which can be sodium, calcium, magnesium,
iron, and other metal ions. These metal ions can seriously
affect properties of the cross-linked gel; thus corresponding
treatments are necessary for recycling the flowback fluid.

4.2. Removal of Suspended Solids. In the field, sand filtering
was typically applied to remove the suspended solid from the
flowback fluid; in the lab, this was mimicked by using the
filter papers. After flowback fluid samples 1#–3# were filtered,
they were heated up to 90∘Cwith 5wt.% activated carbon and
stirred for 30–60min for decoloring.

Figure 4 shows the concentrations of total suspended
solids in different flowback samples after filtering and
decoloring treatments in the lab, and Figure 5 shows the
appearances of these treated fluid samples. Results indicate
that filtering can effectively remove the suspended solid, and
the decoloring by activated carbon can further remove the
suspended solids, achieving similar values as the tap water
used in the lab.

4.3. Shielding of Dissolved Solids. The impact of different
dissolved ions on the gelation and cross-linking of guar was
firstly studied for choosing the target ions to be shielded. To
do so, the original formulation as depicted in the section of
Materials was mixed with the following chemicals, respec-
tively: 20000 ppm NaCl (Sample TI-1), 20000 ppm NaNO

3

(Sample Tl-2), 500 ppm CaCl
2

(Sample Tl-3), 500 ppm
MgCl

2
(Sample Tl-4), and 400 ppm FeCl

2
(Sample Tl-5).

As shown in Figures 6–10, Na+, Cl−, and NO
3

− had negli-
gible effect on the cross-linking of guar, while Ca2+, Mg2+,
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Before treatments
After filtering
After decoloring

Sample 1# Sample 2# Sample 3# Fresh water in lab

530

260

60
10 10 10 1020 14 12

360

110

Concentration of Total Suspended Solids (mg/L)

Figure 4: Concentrations of total suspended solids in different
flowback samples (1#–3#) after filtering and decoloring treatments
in the lab.

2#. Mid1#. Early 3#. Late

1#s. Early 2#s. Mid 3#s. Late

Figure 5: Flowback fluid samples (1#–3#) after filtering and decol-
oring treatments.

and Fe2+ all dramatically reduced the elasticity of the cross-
linked guar. Since the elasticity of fracturing fluid may
enhance its ability to transport proppants [18, 44, 45], these
divalent metal ions need to be shielded when the flowback
fluid is recycled and reused.

To shield these divalent metal ions, two types of chelating
agents with different concentrations were chosen and com-
pared, and they are EDTA and Gl-47S. As compared in
Table 4, when sufficient EDTA or Gl-47S was added, the gela-
tion and cross-linking of guar became normal, and the cross-
linked gel showed excellent elasticity; for every additional
500 ppm of Ca2+, Mg2+, or Fe2+, an additional 1000 ppm of
EDTA or Gl-47S was needed. For the collected flowback fluid
in this study, adding 0.1 wt.% Gl-47S was sufficient to shield
the dissolved divalentmetal ions brought from the formation.
The cross-linking time was slightly different for two chelating
agents; the best pH value for gel cross-linking was found to
be 8 for EDTA, and 9 for Gl-47S.

Combining all analysis results, the optimized formu-
lation for recycling and reusing the flowback fluid from

Figure 6: Cross-linking of guar with 20000 ppm NaCl (Sample TI-
1).

Figure 7: Cross-linking of guar with 20000 ppm NaNO
3
(Sample

TI-2).

this well/oilfield was found to be filtered flowback fluid +
0.1 wt.% Gl-47S + 0.03wt.% citric acid (tune pH value to
5) + 0.35 wt.% high-molecular-weight guar + 0.3 wt.% cross-
linking regulator (tune pH value back to 9) + 0.36wt.% cross-
linking agent + 1 wt.% temperature stabilizing agent + 1 wt.%
flowback surfactant + 1 wt.% demulsifier + traces of other
additives as in the original formulation.

4.4. Evaluation of Temperature and Shear Resistance. Fig-
ure 11 compares the shear resistance of the cross-linked guar
synthesized using the original formulation (a) or using the
recycling formulation (b) under the reservoir temperature
(140∘C). It can be noticed that peaks showed at the early time
of both measurements, and this is likely because the guar and
cross-linkers were not sufficiently mixed yet. Nevertheless,
the late-time viscosity when temperature reached 140∘C was
the key of this shear resistance test. As shown in this figure,
the late-time viscosity of the original fracturing fluid was
approximately 200mPa⋅s, while the late-time viscosity of the
recycled fracturing fluid was approximately 250mPa⋅s. The
recycled guar instead showed a better temperature and shear
resistance comparing to the original guar; this indicates the
success of the recycling treatment proposed in this study.

4.5. Evaluation of Permeability Damage due to Gel Residuals.
Coreflood test can evaluate the comprehensive impact of
fracturing fluid on the reservoir rock, from including clay
swelling, fine migration, water blockage, and clogging of
residuals. Using the coreflood method introduced in the
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Table 4: Gelation and cross-linking tests for removing different divalent metal ions.

Formulations
Concentrations of
divalent metal ions

(ppm)

Concentrations of
EDTA or GL-47S

(ppm)
Results

IT-6
(CaCl

2
with EDTA)

200 1000
Normal cross-linking

(PH = 8)500 2000
1000 4000

IT-7
(CaCl

2
with Gl-47S)

200 1000
Normal cross-linking

(PH = 9)500 2000
1000 4000

IT-8
(MgCl

2
with EDTA)

200 1000
Normal cross-linking

(PH = 8)500 2000
1000 4000

IT-9
(MgCl

2
with Gl-47S)

200 1000
Normal cross-linking

(PH = 9)500 2000
1000 4000

IT-10
(FeCl

2
with EDTA)

40 1000
Normal cross-linking

(PH = 8)400
>2000

600

IT-11
(FeCl

2
with Gl-47S)

40 1000
Normal cross-linking

(PH = 9)400
>2000

600

Table 5: Comparison of rock permeability damage due to different fracturing fluids.

Formulations Rock sample Porosity (%) Permeability before
damage 𝐾

0
(mD)

Permeability after
damage 𝐾

1
(mD)

Damage ratio
𝜂 (%)

Broken/degraded recycled guar SH11# 9.63 0.0121 0.0087 28.10
SH7# 9.10 0.0331 0.0231 30.21

Broken/degraded original guar Or1# 5.17 0.7609 0.6860 9.85
Or6# 8.66 1.0188 0.8188 19.63

Figure 8: Cross-linking of guar with 500 ppmCaCl
2
(Sample TI-3).

section of Laboratory Evaluation Methods, four rock samples
were tested to compare the permeability damage due to the
degraded original guar and the degraded recycled guar, as
shown in Table 5. The damage ratios were all higher in
the cases when the recycled guar was used; gel residuals
and other fluid additives are likely more sensitive to smaller
pores/pore throats in rocks with lower permeabilities, where

Figure 9: Cross-linking of guarwith 500 ppmMgCl
2
(Sample TI-4).

blockage can happen and aggravates the permeability dam-
age. However, considering that the permeability damage was
only doubled when rock permeability was reduced by about
45 times, the recycled formulation may still meet the field
requirements. Nevertheless, further tests are needed to fully
understand the damage resulting from the usage of recycled
flowback water.
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Figure 10: Cross-linking of guar with 400 ppmFeCl
2
(Sample TI-5).
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Figure 11: Comparison of shear resistance of the cross-linked guar
synthesized using the original formulation (a) or using the recycling
formulation (b) under 140∘C.

5. Conclusions

Effective oil/gas recovery from low-permeability reservoirs
requires huge amounts of water to create complex frac-
ture networks; in the remote desert area, water resource is
scarce, and thus the recycling and reusing the flowback fluid
collected from the fractured wells is crucial to ensure the
sustainable development. Fracturing fluid interacts with the
reservoir rock and the formation water, resulting in high con-
tents of suspend solids and dissolved solids in the flowback

fluid; this can seriously affect the gelation and cross-linking
of the gel during the recycling and reusing process.

After the flowback fluid is collected from the well, its
key properties and main components are firstly analyzed for
designing the recycle scheme; theymay include the pH value,
the density, contents of the residual breakers, the suspended
solids, and the dissolved solids of the fluid. To effectively
remove the unfavorable components and reuse the favorable
components for subsequent fracturing, this study established
the following procedures: (1) filtering and decoloring the
collected fluid to remove the suspend solids; (2) optimizing
the chelating agents to shield the dissolved divalentmetal ions
from the formation; (3) supplementing with citric acid and
cross-linking regulators to tune the pH value in sequence for
gel cross-linking. By following this procedure, the recycled
guar synthesized from the collected flowback fluid shows
excellent gelation and cross-linking properties, and a better
shear resistance under the reservoir temperature comparing
to the original guar used for the previous fracturing.However,
its residuals can still cause formation damage, and more
studies are needed to fully understand this damage as well as
its mitigation methods.
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High-precision and high-speed reservoir simulation is important in engineering. Proper orthogonal decomposition (POD) is
introduced to accelerate the reservoir simulation of gas flow in single-continuum porous media via establishing a reduced-order
model by POD combined with Galerkin projection. Determination of the optimal mode number in the reduced-order model
is discussed to ensure high-precision reconstruction with large acceleration. The typical POD model can achieve high precision
for both ideal gas and real gas using only 10 POD modes. However, acceleration of computation can only be achieved for ideal
gas. The obstacle of POD acceleration for real gas is that the computational time is mainly occupied by the equation of state
(EOS). An approximation method is proposed to largely promote the computational speed of the POD model for real gas flow
without decreasing the precision. The improved POD model shows much higher acceleration of computation with high precision
for different reservoirs and different pressures. It is confirmed that the acceleration of the real gas reservoir simulation should use
the approximation method instead of the computation of EOS.

1. Introduction

Reservoir simulation, utilizing mathematical models to pre-
dict fluid flow in petroleum reservoirs, has been developed
since the 1800s [1]. It plays more and more important
roles in the development of oil exploration and production
[2]. Correspondingly, mathematical theories and numeri-
cal methods have attracted extensive attention [3–10]. The
computational cost of the oil reservoir simulations is huge
because a very dense mesh should be used causing long-time
iterations to achieve enough resolution. This kind of long-
time computation is usually not endurable in engineering.
Petroleum engineers attempted several approaches to speed
up oil reservoir simulations, including the scale-up approach
[11–15] and parallel computation [16]. Proper orthogonal
decomposition (POD) can reduce computational loads effi-
ciently via a reduced-order model. It has been applied to

heated-crude-oil pipe flow [17, 18] and other fields [19–21].
Ghommem et al. [22, 23] and Efendiev et al. [24] discussed
the POD and dynamic mode decomposition method for
time-dependent incompressible single-phase flow in high-
contrast heterogeneous porous media. They proved that the
POD model can achieve good precision in an appropriate
range.With fast progress of the exploration and development
of gas reservoirs, gas reservoir simulation attracted more
and more attention [25–28]. Additional computation should
be made to calculate the compressibility of the gas, which
does not exist in incompressible oil flow.Thus, the numerical
simulations of gas reservoirs are more complex and time-
consuming. The study on the acceleration method of gas
reservoir simulation by POD is meaningful. On the other
hand, the compressibility of the gas leads to a POD model
with stronger nonlinearity than oil flow. This situation might
cause the POD modeling process to be more difficult than
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the previous POD modeling for incompressible single-phase
flow. To the best of the authors’ knowledge, there is no report
concerning the POD model for gas reservoir simulation
especially for real gas. Therefore, it is worth discussing the
POD modeling method for gas reservoir simulations.

This paper is organized as follows. We revisit the govern-
ing equations of gas reservoir simulation and explain how
to apply the POD to the gas reservoir simulation briefly.
Then, a POD model will be established for gas reservoir
simulation in single-continuum porous media. Key effects
will be discussed on the acceleration ability of the POD
model. Finally, conclusions and suggestions will be made.

2. Numerical Methods

2.1. Governing Equations of Gas Reservoir Simulation. Pure
gas flow obeys mass conservation law (see (1)), Darcy’s law
(see (2)), and the gas law (see (3)) as follows:

𝜙𝜕𝜌𝜕𝑡 = −∇ ⋅ (𝜌u) + 𝑞, (1)

u = −k𝜇∇𝑝, (2)

𝜌 = 𝑝𝑊𝑍𝑅𝑇, (3)

where u is the Darcy velocity of gas flow in reservoirs, k is the
diagonal permeability tensor,𝑝 is the pressure,𝜌 is the density
of gas, 𝜇 is the dynamic viscosity of gas, 𝜙 is the porosity of
porous media, 𝑞 is the injection or production rate,𝑊 is the
molecular weight of gas, 𝑅 is the universal gas constant, 𝑇 is
the temperature of gas, and 𝑍 is the compressibility factor of
gas. 𝑍 should be calculated by the equation of state of gas. In
this paper, we use the Van der Waals equation:

𝑍3 − (𝐵 + 1)𝑍2 + 𝐴𝑍 − 𝐴𝐵 = 0, (4)

where 𝐴 = 𝑎𝑝/𝑅2𝑇2, 𝐵 = 𝑏𝑝/𝑅𝑇, 𝑍 = 𝑝V/𝑅𝑇, V is the
molar volume of gas, and 𝑎 and 𝑏 are gas constants changing
with different real gases. The compressibility of gas for
isothermal flow can be defined as

𝑐𝑔 = 1𝜌 𝑑𝜌𝑑𝑝
𝑇 . (5)

Using pressure as the primary variable, (1) and (5) can be
rewritten as follows:

𝜙𝑐𝑔𝑝𝜕𝑝𝜕𝑡 = ∇ ⋅ (k𝜇𝑝∇𝑝) + 𝑍𝑅𝑇𝑊 𝑞, (6)

𝑐𝑔 = 1𝑝 − 1𝑍 [ 𝐵 − 𝑍3𝑍2 − 2 (𝐵 + 1)𝑍 + 𝐴 𝑎𝑅2𝑇2
+ 𝐴 + 𝑍23𝑍2 − 2 (𝐵 + 1)𝑍 + 𝐴 𝑏𝑅𝑇] .

(7)

For the convenience of expression, we only use two-
dimensional cases in this paper, but the extension to three-
dimensional cases is straightforward.Thus, the above govern-
ing equations have the following expressions:

𝜙𝑐𝑔𝑝𝜕𝑝𝜕𝑡 = 𝜕𝜕𝑥 (𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥) + 𝜕𝜕𝑦 (
𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦) + 𝑍𝑅𝑇𝑊 𝑞, (8)

𝑢 = −𝑘𝑥𝑥𝜇 𝜕𝑝𝜕𝑥 , (9)

V = −𝑘𝑦𝑦𝜇 𝜕𝑝𝜕𝑦 , (10)

where 𝑘𝑥𝑥 and 𝑘𝑦𝑦 are two components of permeability k
in the 𝑥 and 𝑦 directions, respectively, and 𝑢 and V are two
components of Darcy velocity u in the 𝑥 and 𝑦 directions,
respectively. Gas reservoir simulation can be accomplished
via numerically solving (8)∼(10) to obtain pressure and
velocity with the calculation of parameters (𝑍 and 𝑐𝑔) using
(4) and (7).Here, 𝑐𝑔 is the implicit function of𝑝 (shown in (7))
so that it can only be explicitly solved. Therefore, the whole
term 𝑐𝑔𝑝 is treated explicitly.

2.2. Basic Idea of Proper Orthogonal Decomposition. The
above governing equations clearly show that the core of the
whole computation is the calculation of 𝑝. Once 𝑝 is solved,
one can directly solve 𝑢 and V. Therefore, the acceleration
of the computation of 𝑝 is the most important in the POD
modeling. The basic idea of the POD modeling for (8) is
briefly stated as follows.

(1) Separate the variable in space and time using the
following linear combination:

𝑝 = 𝑀∑
𝑛=1

𝑐𝑛𝜑𝑛, (11)

where𝜑𝑛 are the PODmodes which are the functions of space
(𝜑𝑛(𝑥, 𝑦)), 𝑐𝑛 are the temporal coefficients (𝑐𝑛(𝑡)), and 𝜑𝑛 are
the identity basis vectors orthogonal with each other:

𝜑𝑖 ⋅ 𝜑𝑗 = 𝛿𝑖𝑗, (12)

where “⋅”means the inner product of two vectors and 𝛿𝑖𝑗 is the
Kronecker delta taking the value 1 for 𝑗 = 𝑖 and 0 for others.

(2) 𝜑𝑛 can be calculated from the eigenvalue decomposi-
tion of a sample matrix, which can be obtained by aligning
the samples in a time series (𝑡1, 𝑡2, 𝑡3, . . . , 𝑡𝑁):

S = [𝑆1, 𝑆2, 𝑆3, . . . , 𝑆𝑁] , (13)

where 𝑆1 = [
[
𝑝11
𝑝21
...
𝑝𝐿1

]
]
, 𝑆2 = [

[
𝑝12
𝑝22
...
𝑝𝐿2

]
]
, 𝑆3 = [

[
𝑝13
𝑝23
...
𝑝𝐿3

]
]
, . . . , 𝑆𝑁 =

[
[
𝑝1𝑁
𝑝2𝑁
...
𝑝𝐿𝑁

]
]
, 𝐿 is the number of grid points (including boundary

points), and 𝑁 is the number of samples. A kernel can be
calculated as follows:

𝐶𝑖𝑗 = 1𝑁 ∫
Ω
𝑆𝑖𝑆𝑗𝑑Ω, (14)
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whereΩmeans domain. The matrix form of (14) is

C = Δ𝑥Δ𝑦𝑁 S𝑇S. (15)

The matrix C can be decomposed by eigenvalue decom-
position to obtain the eigenvalues and eigenvectors:

CV = 𝜆V, (16)

whereV is the eigenvectormatrix and 𝜆 are the eigenvalues of
the corresponding eigenvectors. Along with the descending
order of 𝜆 (𝜆1 > 𝜆2 > 𝜆3 > ⋅ ⋅ ⋅ > 𝜆𝑁), the importance
of eigenvectors V1, V2, V3, . . . , V𝑁 in V is also descending. To
quantitatively represent the importance of each eigenvector,
the energy 𝜉𝑛 of the 𝑛th eigenvector is introduced:

𝜉𝑛 = 𝜆𝑛∑𝑁𝑖=1 𝜆𝑖 × 100%. (17)

Correspondingly, the cumulative energy 𝜁𝑛 of the top 𝑛
eigenvectors can be expressed as follows:

𝜁𝑛 = ∑
𝑛
𝑗=1 𝜆𝑗
∑𝑁𝑖=1 𝜆𝑖 × 100%. (18)

POD modes 𝜑𝑛 can be obtained as follows:

𝜑𝑛 = SV‖SV‖ , (19)

where “‖‖” means the Euclidean distance.

(3) Substituting (11) into (8) and projecting the whole
equation onto the Hilbert space spanned by the POD modes𝜙𝑚 (𝑚 = 1 ∼ 𝑀), one can finally obtain a linear equation
system of 𝑐𝑛 in the scale of𝑀 ×𝑀, where𝑀 is the number
of POD modes in (11). Once the temporal coefficients 𝑐𝑛 are
solved, the original variable 𝑝 can be directly reconstructed
in (11), instead of the computation of (8). The computational
cost of (11) is in the scale of𝑀×𝑀 while the computational
cost of (8) is in the scale of 𝐿 × 𝐿. The number of samples is
usually quite smaller than the number of grid points (𝑁 ≪𝐿). The number of effective POD modes is smaller than the
number of samples (𝑀 ≤ 𝑁). Thus, the computational time
can be largely reduced using POD. The POD model is a
type of reduced-order model. The details of this step will be
explained in Section 2.3.

According to the above analyses, the core computation
of POD is the calculation of temporal coefficients 𝑐𝑛. The
equation of 𝑐𝑛 for gas reservoir simulation will be established
in detail in the next section.

2.3. Establishment of the POD Model for Gas Reservoir
Simulation. Substituted by (11), (8) can be transformed to

𝜙𝑐𝑔𝑝𝑀∑
𝑛=1

𝜑𝑛 𝑑𝑐𝑛𝑑𝑡
= 𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙 [ 𝜕𝜕𝑥 (𝑘𝑥𝑥𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑥 ) + 𝜕𝜕𝑦 (
𝑘𝑦𝑦𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑦 )]

+ 𝑍𝑅𝑇𝑊 𝑞.

(20)

Equation (20) is projected onto 𝜑𝑚:

∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚𝜙𝑐𝑔𝑝𝑀∑

𝑛=1
𝜑𝑛 𝑑𝑐𝑛𝑑𝑡 𝑑𝑥 𝑑𝑦 = ∫𝑙𝑦0 ∫𝑙𝑥0 𝜑𝑚

𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙 [ 𝜕𝜕𝑥 (𝑘𝑥𝑥𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑥 ) + 𝜕𝜕𝑦 (
𝑘𝑦𝑦𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑦 )]𝑑𝑥𝑑𝑦 + ∫𝑙𝑦0 ∫𝑙𝑥0 𝜑𝑚𝑍𝑅𝑇𝑊 𝑞𝑑𝑥𝑑𝑦, (21)

where 𝑙𝑥 and 𝑙𝑦 are the lengths of the computational domain
in the 𝑥 and 𝑦 directions, respectively. As stated in (11), 𝑐𝑛 and 𝜑𝑛 are functions of time and space, respectively.Thus, the left-

hand side of (21) is transformed to

∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚𝜙𝑐𝑔𝑝𝑀∑

𝑛=1
𝜑𝑛 𝑑𝑐𝑛𝑑𝑡 𝑑𝑥 𝑑𝑦 = 𝜙

𝑀∑
𝑛=1

𝑑𝑐𝑛𝑑𝑡 ∫𝑙𝑦0 ∫𝑙𝑥0 𝑐𝑔𝑝𝜑𝑚𝜑𝑛𝑑𝑥 𝑑𝑦. (22)

Using integration by part and the property of the POD
modes (see (12)), we can simplify the first term and

the second term of the right-hand side of (21) as fol-
lows:

∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚 𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙 [ 𝜕𝜕𝑥 (𝑘𝑥𝑥𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑥 ) + 𝜕𝜕𝑦 (
𝑘𝑦𝑦𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑦 )]𝑑𝑥𝑑𝑦

= 𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙 ∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚 [ 𝜕𝜕𝑥 (𝑘𝑥𝑥𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑥 ) + 𝜕𝜕𝑦 (

𝑘𝑦𝑦𝜇 𝜑𝑙 𝜕𝜑𝑛𝜕𝑦 )]𝑑𝑥𝑑𝑦 = ∫
𝑙𝑥

0
[(𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)

𝑙𝑦
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− (𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)
0

]𝑑𝑥 + ∫𝑙𝑦
0
[(𝜑𝑚 𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)𝑙𝑥 − (𝜑𝑚

𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)0]𝑑𝑦

− 𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙 ∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑙 (𝑘𝑥𝑥𝜇 𝜕𝜑𝑛𝜕𝑥 𝜕𝜑𝑚𝜕𝑥 + 𝑘𝑦𝑦𝜇 𝜕𝜑𝑛𝜕𝑦 𝜕𝜑𝑚𝜕𝑦 )𝑑𝑥𝑑𝑦,

(23)

∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚𝑍𝑅𝑇𝑊 𝑞𝑑𝑥𝑑𝑦 = 𝑅𝑇𝑊 ∫𝑙𝑦

0
∫𝑙𝑥
0
𝜑𝑚𝑍𝑞𝑑𝑥𝑑𝑦. (24)

Please note that the projection of the boundary condition
in (23) is dependent on boundary pressures and boundary
pressure gradients. To update them, the pressure field should
be firstly reconstructed using (11) in every time step once 𝑐𝑛 is
updated by the POD model. Therefore, the projection of the
boundary condition leads to additional computations of the
full-order equations (see (9), (10), and (11)), consumingmuch
more time. This is very harmful for the high acceleration of
the PODmodel. To ensure the high-acceleration advantage of
the PODmodel, the computations of (9), (10), and (11) should
be avoided in the PODmodel.This can be fulfilled by further
decomposing the pressures in (23). The derivations will be
made in the following three steps.

(1) If all the boundaries are Dirichlet condition (known
boundary pressure), boundary treatment can be expressed as
follows:

(𝜕𝑝𝜕𝑥)𝑛𝑥+1,𝑗 =
𝑝𝑛𝑥+1,𝑗 − 𝑝𝑛𝑥,𝑗Δ𝑥/2

= 2Δ𝑥 (𝑝𝑛𝑥+1,𝑗 −
𝑀∑
𝑛=1

𝑐𝑛 (𝜑𝑛)𝑛𝑥,𝑗) ,
(𝜕𝑝𝜕𝑥)0,𝑗 =

𝑝1,𝑗 − 𝑝0,𝑗Δ𝑥/2
= 2Δ𝑥 (

𝑀∑
𝑛=1

𝑐𝑛 (𝜑𝑛)1,𝑗 − 𝑝0,𝑗) ,
(𝜕𝑝𝜕𝑥)𝑖,𝑛𝑦+1 =

𝑝𝑖,𝑛𝑦+1 − 𝑝𝑖,𝑛𝑦Δ𝑦/2
= 2Δ𝑦 (𝑝𝑖,𝑛𝑦+1 −

𝑀∑
𝑛=1

𝑐𝑛 (𝜑𝑛)𝑖,𝑛𝑦) ,
(𝜕𝑝𝜕𝑥)𝑖,0 =

𝑝𝑖,1 − 𝑝𝑖,0Δ𝑦/2
= 2Δ𝑦 (

𝑀∑
𝑛=1

𝑐𝑛 (𝜑𝑛)𝑖,1 − 𝑝𝑖,0) ,

(25)

where the boundary pressures 𝑝𝑛𝑥+1,𝑗, 𝑝0,𝑗, 𝑝𝑖,𝑛𝑦+1, and 𝑝𝑖,0
are constant so that they remain in the expressions, and
their neighbor pressures (𝑝𝑛𝑥,𝑗, 𝑝1,𝑗, 𝑝𝑖,𝑛𝑦, 𝑝𝑖,1) are changing
with time so that they are decomposed into 𝑐𝑛 and 𝜑𝑛 using

(11). Thus, the projection of the boundary condition can be
transformed to

∫𝑙𝑥
0
[(𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)

𝑙𝑦

− (𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)
0

]𝑑𝑥

+ ∫𝑙𝑦
0
[(𝜑𝑚 𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)𝑙𝑥 − (𝜑𝑚

𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)0]𝑑𝑦

= 2Δ𝑦Δ𝑥
𝑛𝑦∑
𝑗=1

[(𝑘𝑥𝑥𝜇 𝜑𝑚𝑝2)
𝑛𝑥+1,𝑗

+ (𝑘𝑥𝑥𝜇 𝜑𝑚𝑝2)
0,𝑗

]

+ 2Δ𝑥Δ𝑦
𝑛𝑥∑
𝑖=1

[(𝑘𝑦𝑦𝜇 𝜑𝑚𝑝2)
𝑖,𝑛𝑦+1

+ (𝑘𝑦𝑦𝜇 𝜑𝑚𝑝2)
𝑖,0

]

− 𝑀∑
𝑛=1

𝑐𝑛{{{
2Δ𝑦Δ𝑥
𝑛𝑦∑
𝑗=1

[(𝑘𝑥𝑥𝜇 𝜑𝑚𝑝)
𝑛𝑥+1,𝑗

(𝜑𝑛)𝑛𝑥,𝑗

+ (𝑘𝑥𝑥𝜇 𝜑𝑚𝑝)
0,𝑗

(𝜑𝑛)1,𝑗] + 2Δ𝑥Δ𝑦
⋅ 𝑛𝑥∑
𝑖=1

[(𝑘𝑦𝑦𝜇 𝜑𝑚𝑝)
𝑖,𝑛𝑦+1

(𝜑𝑛)𝑖,𝑛𝑦

+ (𝑘𝑦𝑦𝜇 𝜑𝑚𝑝)
𝑖,0

(𝜑𝑛)𝑖,1]}}}
.

(26)

(2) If all the boundaries are Neumann condition (known
boundary velocity), boundary treatment can be expressed as
follows:

𝑢0,𝑗 = −(𝑘𝑥𝑥𝜇 𝜕𝑝𝜕𝑥)0,𝑗 ,
𝑢𝑛𝑥,𝑗 = −(𝑘𝑥𝑥𝜇 𝜕𝑝𝜕𝑥)𝑛𝑥+1,𝑗 ,

V𝑖,0 = −(𝑘𝑦𝑦𝜇 𝜕𝑝𝜕𝑦)
𝑖,0

,

V𝑖,𝑛𝑦 = −(𝑘𝑦𝑦𝜇 𝜕𝑝𝜕𝑦)
𝑖,𝑛𝑦+1

.

(27)
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The projection of the boundary condition can be transformed
to

∫𝑙𝑥
0
[(𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)

𝑙𝑦

− (𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)
0

]𝑑𝑥

+ ∫𝑙𝑦
0
[(𝜑𝑚 𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)𝑙𝑥 − (𝜑𝑚

𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)0]𝑑𝑦

= 𝑀∑
𝑛=1

𝑐𝑛

⋅ {{{
𝑛𝑦∑
𝑗=1

[𝑢0,𝑗 (𝜑𝑚𝜑𝑛)0,𝑗 − 𝑢𝑛𝑥,𝑗 (𝜑𝑚𝜑𝑛)𝑛𝑥+1,𝑗] Δ𝑦

+ 𝑛𝑥∑
𝑖=1

[V𝑖,0 (𝜑𝑚𝜑𝑛)𝑖,0 − V𝑖,𝑛𝑦 (𝜑𝑚𝜑𝑛)𝑖,𝑛𝑦+1] Δ𝑥}}}
.

(28)

(3) For general boundary conditions, the projection of the
boundary condition can be summarized via both (26) and
(28):

∫𝑙𝑥
0
[(𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)

𝑙𝑦

− (𝜑𝑚 𝑘𝑦𝑦𝜇 𝑝𝜕𝑝𝜕𝑦)
0

]𝑑𝑥

+ ∫𝑙𝑦
0
[(𝜑𝑚 𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)𝑙𝑥 − (𝜑𝑚

𝑘𝑥𝑥𝜇 𝑝𝜕𝑝𝜕𝑥)0]𝑑𝑦

= 𝐻𝐵𝑚 + 𝑀∑
𝑛=1

𝑐𝑛 (𝐻𝑉𝑚,𝑛 − 𝐻𝑃𝑚,𝑛) ,

(29)

where

𝐻𝐵𝑚 = 2Δ𝑦Δ𝑥
𝑛𝑦∑
𝑗=1

[(𝑘𝑥𝑥𝜇 𝜑𝑚𝑝2)
𝑛𝑥+1,𝑗

Diri𝑋𝑛𝑥+1,𝑗

+ (𝑘𝑥𝑥𝜇 𝜑𝑚𝑝2)
0,𝑗

Diri𝑋0,𝑗] + 2Δ𝑥Δ𝑦
⋅ 𝑛𝑥∑
𝑖=1

[(𝑘𝑦𝑦𝜇 𝜑𝑚𝑝2)
𝑖,𝑛𝑦+1

Diri𝑌𝑖,𝑛𝑦+1
+ (𝑘𝑦𝑦𝜇 𝜑𝑚𝑝2)

𝑖,0

Diri𝑌𝑖,0] ,

𝐻𝑉𝑚,𝑛 = Δ𝑦
𝑛𝑦∑
𝑗=1

[𝑢0,𝑗 (𝜑𝑚𝜑𝑛)0,𝑗 (1 − Diri𝑋0,𝑗)
− 𝑢𝑛𝑥,𝑗 (𝜑𝑚𝜑𝑛)𝑛𝑥+1,𝑗 (1 − Diri𝑋𝑛𝑥+1,𝑗)]
+ Δ𝑥 𝑛𝑥∑
𝑖=1

[V𝑖,0 (𝜑𝑚𝜑𝑛)𝑖,0 (1 − Diri𝑌𝑖,0)
− V𝑖,𝑛𝑦 (𝜑𝑚𝜑𝑛)𝑖,𝑛𝑦+1 (1 − Diri𝑌𝑖,𝑛𝑦+1)] ,

𝐻𝑃𝑚,𝑛 = 2Δ𝑦Δ𝑥
⋅ 𝑛𝑦∑
𝑗=1

[(𝑘𝑥𝑥𝜇 𝜑𝑚𝑝)
𝑛𝑥+1,𝑗

(𝜑𝑛)𝑛𝑥,𝑗Diri𝑋𝑛𝑥+1,𝑗

+ (𝑘𝑥𝑥𝜇 𝜑𝑚𝑝)
0,𝑗

(𝜑𝑛)1,𝑗Diri𝑋0,𝑗] + 2Δ𝑥Δ𝑦
⋅ 𝑛𝑥∑
𝑖=1

[(𝑘𝑦𝑦𝜇 𝜑𝑚𝑝)
𝑖,𝑛𝑦+1

(𝜑𝑛)𝑖,𝑛𝑦Diri𝑌𝑖,𝑛𝑦+1
+ (𝑘𝑦𝑦𝜇 𝜑𝑚𝑝)

𝑖,0

(𝜑𝑛)𝑖,1Diri𝑌𝑖,0] ,
(30)

where Diri𝑋 and Diri𝑌 are 1 for Dirichlet boundary condi-
tion and 0 forNeumannboundary condition.Thus, boundary
pressures only appear in the expressions of 𝐻𝐵𝑚 and 𝐻𝑃𝑚,𝑛
while boundary velocities only appear in the expression of𝐻𝑉𝑚,𝑛. 𝐻𝐵𝑚, 𝐻𝑉𝑚,𝑛, and 𝐻𝑃𝑚,𝑛 can also be calculated only
once, saving computational time. Let

𝐻𝑈𝑚,𝑛 = ∫𝑙𝑦
0
∫𝑙𝑥
0
𝑐𝑔𝑝𝜑𝑚𝜑𝑛𝑑𝑥 𝑑𝑦

= 𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝑐𝑔𝑝𝜑𝑚𝜑𝑛)𝑖,𝑗 Δ𝑥Δ𝑦,
(31)

𝐻𝐷𝑚,𝑛,𝑙
= ∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑙 (𝑘𝑥𝑥𝜇 𝜕𝜑𝑛𝜕𝑥 𝜕𝜑𝑚𝜕𝑥 + 𝑘𝑦𝑦𝜇 𝜕𝜑𝑛𝜕𝑦 𝜕𝜑𝑚𝜕𝑦 )𝑑𝑥𝑑𝑦

= 𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

[𝜑𝑙 (𝑘𝑥𝑥𝜇 𝜕𝜑𝑛𝜕𝑥 𝜕𝜑𝑚𝜕𝑥 + 𝑘𝑦𝑦𝜇 𝜕𝜑𝑛𝜕𝑦 𝜕𝜑𝑚𝜕𝑦 )]
𝑖,𝑗

Δ𝑥Δ𝑦,
(32)

𝐻𝑆𝑚 = ∫𝑙𝑦
0
∫𝑙𝑥
0
𝜑𝑚𝑍𝑞𝑑𝑥𝑑𝑦 =

𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝜑𝑚𝑍𝑞)𝑖,𝑗 Δ𝑥Δ𝑦. (33)

Then, the POD model for gas reservoir simulation can be
obtained in the following expression:

𝜙𝑀∑
𝑛=1

𝑑𝑐𝑛𝑑𝑡 𝐻𝑈𝑚,𝑛 = 𝐻𝐵𝑚 +
𝑀∑
𝑛=1

𝑐𝑛 (𝐻𝑉𝑚,𝑛 − 𝐻𝑃𝑚,𝑛)

− 𝑀∑
𝑛=1

𝑀∑
𝑙=1

𝑐𝑛𝑐𝑙𝐻𝐷𝑚,𝑛,𝑙 + 𝑅𝑇𝑊 𝐻𝑆𝑚.
(34)

Equation (34) is the time evolution equation of 𝑐𝑛. For
each time step, (34) can be solved via an efficient linear
solver (DLSARG) provided by FORTRAN coding language.
Numerical results are discussed in the next section to evaluate
the precision and the acceleration performances of the POD
reduced-order model.
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Figure 1: Computational domain and permeability.

3. Results and Discussions

The computational domain (100m × 100m) is shown in
Figure 1. Permeability takes the value 𝑘𝑠 in the blue area (50m× 50m in the center of the domain) and 𝑘𝑙 in the red area.
Natural gas with the main component of methane (CH4) is
the most important gas in subsurface reservoirs. Thus, it is
used in the numerical cases in this paper. Initial pressure 𝑝0 is
given in the whole domain with zero injection or production.𝑝lb and 𝑝rb are imposed on the left and the right boundaries.
No flow boundary condition is applied to the top and bottom
boundaries. All parameters are listed in Table 1, where 1md =9.869233 × 10−16m2.

In this condition, governing equations (see (4) and
(7)∼(10)) are solved to collect samples at different moments,
using the highly accurate finite difference method (FDM)
to ensure the grid-independent results for the grid number
more than 60 × 60 [29]. Thus, the grid number in this paper
(100 × 100) is enough. The temporal scheme is an explicit
advancement for each time step (Δ𝑡 = 1.296 s) with 2 × 106
time steps. After the total time scale of the simulation of 30
days, 2000 samples are collected. To evaluate the precision
and computational speed of the POD model, the relative
deviation 𝜀 and the acceleration ratio 𝑟 are defined in the
following:

𝜀 = 𝑝POD − 𝑝FDM𝑝FDM × 100%, (35)

𝑟 = 𝑡FDM𝑡POD
, (36)

where 𝑡 is the CPU time for the computation and the
subscripts “POD” and “FDM” represent the results from the
PODmodel and from the direct calculation of the governing
equations via the FDM. If 𝑟 > 1, the POD model can

Table 1: Computational parameters.

Parameter Value Unit𝜙 0.2 /𝑝0 101325 Pa𝑝lb 1013250 Pa𝑝rb 101325 Pa𝑞 0 kg/(m3⋅s)𝑘𝑠 1 md𝑘𝑙 100 md𝑅 8.3147295 J/(mol⋅K)𝑇 298 K𝑊 16 × 10−3 Kg/mol𝜇 11.067 × 10−6 Pa⋅s𝑎 0.2283 Pa⋅m6⋅mol−2𝑏 4.278 × 10−5 m3/mol𝑀 2000 /𝑛𝑥 100 /𝑛𝑦 100 /𝑙𝑥 100 m𝑙𝑦 100 m
Δ𝑥 1 mΔ𝑦 1 mΔ𝑡 1.296 s
Simulation time scope 30 Days

accelerate the computation.The larger 𝑟 represents the larger
acceleration.

3.1. POD Results for Ideal Gas. First of all, the POD model
is examined in the case of ideal gas (𝑍 ≡ 1), where 𝑎 and𝑏 in the Van der Waals equation (see (4)) are all zero. Thus,
the expression of the gas compressibility (see (7)) decays to𝑐𝑔 = 1/𝑝 so that (31) and (33) can be simplified as

𝐻𝑈𝑚,𝑛 =
𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝜑𝑚𝜑𝑛)𝑖,𝑗 Δ𝑥Δ𝑦,

𝐻𝑆𝑚 =
𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝜑𝑚𝑞)𝑖,𝑗 Δ𝑥Δ𝑦.
(37)

As shown in Figure 2, the first POD mode occupies the
vast majority (96.86%) of the total energy. This indicates
that the first mode captures the main characteristics of the
whole transient process. However, the relative deviation of
the reconstruction results largely fluctuates with time. The
maximum deviation is as high as 210% while the minimum
deviation is only 4.6 × 10−2% (Table 2). This phenomenon
indicates that a dominant mode occupying the vast majority
of energy can only obtain high-accurate reconstruction at
some moments but loses the fidelity at other moments. To
promote the reconstruction precision of the whole transient
process, more POD modes should be included. To ensure
high acceleration of the reduced-order model, the inclusion
of the POD modes should be as little as possible. Thus, there
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Table 2: Reconstruction deviations using top 1∼top 7 modes.

POD modes Top 1 Top 2 Top 3 Top 4 Top 5 Top 6 Top 7𝜀max 210% 84% 46% 29% 27% 12% 13%𝜀min 4.6 × 10−2% 4.3 × 10−3% 2.4 × 10−3% 1.9 × 10−4% 5.7 × 10−3% 4.7 × 10−3% 6.9 × 10−4%
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Figure 2: Energy spectrum of the POD modes.

is an optimal truncation number of modes. Theoretically, the
number of the POD modes can be usually determined when
the cumulative energy contribution achieves 100%. As shown
in Figure 2, the cumulative energy contribution 𝜁𝑛 achieves
100% at and after the 7th PODmode. Although themaximum
deviation decreases rapidly with increasing number of POD
modes, the maximum deviation is still as high as 13% when
the top 7 modes are used. Therefore, more modes should be
considered in the reduced-order model.

Relative deviations along with time, using more POD
modes, are shown in Figure 3.With the increasing number of
PODmodes, the deviation converges rapidly whenmore than
top 10 modes are used. The maximum deviation decreases
greatly from 13.06% at the top 7 modes to 6.39% at the
top 10 modes. After the top 10 modes, the decrease of the
maximum deviation becomes much slower (5.31% for the top
20 modes, 5.25% for the top 30 modes, and 5.21% for the top
40modes).Theminimumdeviations are all small.Thus, it can
be considered that the reconstruction results converge at the
number of top 20modes. However, the computational time of
the PODmodel is increasing with increasing number of POD
modes, causing the acceleration ratio to be largely influenced
(Table 3). The largest drop of the acceleration ratio occurs
between the top 10 modes and top 20 modes. More POD
modes cause the dimension of the POD model to increase
much faster so that the computation of a larger equation sys-
tem consumesmuchmore time.Therefore, the optimal num-
ber of PODmodes needs a balance between the precision and
the acceleration. Between the top 10modes and top 20modes,
the precision is promoted a little (𝜀 from 6.39% to 5.31%) but
the acceleration ratio of the POD model decreases from 24
for the top 10 modes to 6.6 for the top 20 modes, so that the
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Top 7 modes
( = 6.86 × 10−4%~13.06%)

Top 10 modes
( = 1.63 × 10−3%~6.39%)

Top 20 modes
( = 1.17 × 10−3%~5.31%)

Top 30 modes
( = 6.71 × 10−4%~5.25%)

Top 40 modes
( = 8.74 × 10−4%~5.21%)

Figure 3: Reconstruction deviations using different numbers of
POD modes.

number of the top 10modes is an appropriate optimal number
of PODmodes. From the comparison, it should be noted that
the theoretical energy criterion is not enough to determine
the optimal number of PODmodes.The balance of precision
and acceleration should be considered. This will include
muchmore PODmodes with very small energy contribution,
but their actual contributions to precision are important.

It can also be seen from Figure 3 that the maximum
deviation (6.39%) and theminimumdeviation (1.63×10−3%)
occur at about 0.8 days and about 22 days when the top 10
modes are used in the POD model. The velocity field and
pressure field obtained by the POD model are compared
with those obtained by FDM to examine the reconstruction
precision of local characteristics. FromFigure 4, it is clear that
the two components of Darcy velocity and pressure are all
reconstructed well with tiny local deviation. From Figure 5,
reconstructed velocity component V and reconstructed pres-
sure agree well with those of FDM, but reconstructed velocity
component 𝑢 can only capture part of the features. Fortu-
nately, this maximum deviation only exists in a very narrow
range in Figure 3. The deviation at other moments decreases
rapidly.We examine the local flow field at the mean deviation
(3.54%) in Figure 6 and find that the local distributions of 𝑢,
V, and 𝑝 are well reconstructed. Thus, the POD model using
the top 10 POD modes can reconstruct the flow field in high
precision for the whole transient process.
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Figure 4: Flow field comparison for the minimum deviation. Black line: FDM; red dashed line: POD.

3.2. POD Results for Real Gas. For real gas, compressibility
factor (𝑍) and compressibility (𝑐𝑔) should be computed by
the equation of state (see (4)) and the equation of real gas
compressibility (see (7)). POD results for the same case in
Section 3.1 are obtained by solving (34). The reconstruction
precision (𝜀 = 2.78 × 10−3%∼6.39%) is as high as that of ideal
gas (Figure 3). Flow field comparisons are also very similar to
those in Figures 4–6. Thus, these results are not redundantly
shown here. The above PODmodel maintains high precision
for real gas simulation.

However, the acceleration ratio is as low as 0.9 (i.e.,
6240 s/7256 s inTable 4), whichmeans the PODmodel causes

the simulation to be even slower than FDM. This is quite
different from the high acceleration ratio for ideal gas (𝑟 = 24
in Table 3). The main difference between the computations
of real gas and ideal gas is that the equation of state (EOS)
should be computed for real gas. We analyze the different
contributions of the total computational time for FDM and
POD in Table 4 and find two important phenomena: (1)
the largest part of the total computational time is mainly
consumed on EOS for both FDM and POD (92% for FDM
and 78% for POD); the EOS cannot be expressed as an explicit
function of pressure so that it cannot be decomposed by the
POD; it can only be calculated locally for both FDMand POD



Geofluids 9

Table 3: Computational time using top 7∼top 40 modes.

POD modes Top 7 Top 10 Top 20 Top 30 Top 40
CPU time of POD 15 s 23 s 85 s 246 s 420 s𝑟 37 24 6.6 2.2 1.3
Note. The computational time of FDM is 560 s.

Table 4: Computational time analyses in the case of real gas.

Total CPU time CPU time for EOS CPU time for flow
equations

Time contribution of
EOS

Time contribution of
flow equation

FDM 6240 s 5747 s 493 s 92% 8%
POD 7256 s 5660 s 1596 s 78% 22%
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Figure 5: Flow field comparison for the maximum deviation. Black line: FDM; red dashed line: POD.
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Figure 6: Flow field comparison for the mean deviation. Black line: FDM; red dashed line: POD.

and thus the main computational time of real gas simulation
is not reduced in the PODmodel; (2) the computational time
for flow equations in POD (1596 s) is much longer than that
in FDM (493 s) with much higher contribution (22%) than
that of FDM (8%). This means the POD model is still slower
than FDM even not considering the computational time of
EOS. This can be explained using the expression of the POD
model. In themodel (see (34)), all terms are constant for time
advancement except the projection of the unsteady term (see
(31)) and the projection of the source term (see (33)). They
should be calculated in every time step because they contain
the variables changing with time (𝑐𝑔, 𝑝, and 𝑍). This kind of
calculation largely increases the total computations.

The above analyses indicate that the improvement of the
acceleration ability of the PODmodel should reduce the time
contribution of EOS and avoid the frequent computations of
the two projection terms in the POD computation. According
to these two points, we propose a new method: EOS is
only calculated once at the initial time. Then, the initial
compressibility, the initial compressibility factor, and the
initial pressure are used to approximate the two projection
terms in (31) and (33), which are treated as constants in
the following transient computation of the POD model.
Through this treatment, the calculations of EOS and the two
projection terms in every time step are all avoided for the
POD computation so that the computational time of the POD
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Table 5: Computational time for real gas after improvement.

Total CPU time CPU time for EOS CPU time for flow
equations

Time contribution of
EOS

Time contribution of
flow equation

FDM 6240 s 5747 s 493 s 92% 8%
POD 23 s 0.02 s 22.98 s 0.09% 99.91%
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Figure 7: Precision of the POD model for different treatment of
compressibility.

model is expected to be reduced greatly. The approximations
of the two projection terms are shown as follows:

𝐻𝑈𝑚,𝑛 =
𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝑐0𝑔𝑝0𝜑𝑚𝜑𝑛)𝑖,𝑗 Δ𝑥Δ𝑦,
𝐻𝑆𝑚 =

𝑛𝑦∑
𝑗=1

𝑛𝑥∑
𝑖=1

(𝜑𝑚𝑍0𝑞)𝑖,𝑗 Δ𝑥Δ𝑦,
(38)

where 𝑐0𝑔 , 𝑍0, and 𝑝0 are the compressibility, the compress-
ibility factor, and the pressure in the initial condition (𝑡 = 0),
respectively.

Figure 7 shows that the relative deviation of the above
treatment is almost the same as that updating the compress-
ibility every time step, indicating that this treatment does not
affect the precision of the PODmodel. Table 5 shows that the
total computational time of the POD model has been largely
reduced because the computational time of EOS and flow
equations are all reduced greatly. The time decrease of EOS
is because the EOS is only calculated once.The time decrease
of flow equations is because the two projection terms are not
calculated with time advancement of the POD model. These
results demonstrate that large acceleration ratio (𝑟 = 6240 s/23 s = 271) of POD for real gas simulation can only be achieved
when the time contribution of EOS is greatly reduced.

3.3. Verification of the Improved PODModel in aMoreRealistic
Case. The improved POD model in the above section is
applied to a more complex case of real gas flow simulation to
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Figure 8: Real gas flow in a more realistic reservoir.
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Figure 9: Precision of the improved POD model.

confirm its capability. Permeability field is shown in Figure 8,
where the red area has a permeability 100md and the blue
area has a permeability 1md. The large permeability repre-
sents themain flow path of the gas in the reservoir such as soil
or sand.The small permeability represents themain obstacles
such as rock. Higher boundary pressure on the left border
(100 atm) is used because gas pressure is usually high in engi-
neering. Other parameters are the same as the previous case.

As shown in Figure 9, the relative deviations are also
as low as the previous case. The maximum and minimum
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Figure 10: Flow field comparison at the maximum deviation for real gas. Black line: FDM; red dashed line: POD.

deviations are 6.65% and 0.13%, respectively, indicating high
precision of the improved PODmodel. It is further confirmed
in Figures 10 and 11 that the local flow fields are reconstructed
well at themaximum andminimum deviations. A little larger
deviation of pressure in Figure 10(c) may be caused by the
approximation of gas compressibility. However, the main
features of the pressure field are correctwhile the velocity field
hasmuch smaller deviation.Thus, the precision is acceptable.

Table 6 shows that the computational time is reduced
from 5823 s for FDM to 25 s for POD.The acceleration ratio is
as high as 233. Therefore, the improved POD model can still
greatly save computational time for more complex reservoir
and higher pressure.

Table 6: Computational time comparison for real gas.

CPU time of FDM CPU time of POD 𝑟
5823 s 25 s 233

4. Conclusions

Proper orthogonal decomposition is utilized in gas reservoir
simulation to accelerate the simulation speed of gas flow in
single-continuum porous media. High-precision reconstruc-
tion can be achieved using only 10 POD modes with the
deviations as low as 1.63 × 10−3%∼6.39% for ideal gas and
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Figure 11: Flow field comparison at the minimum deviation for real gas. Black line: FDM; red dashed line: POD.

1.95 × 10−3%∼6.55% for real gas. The acceleration ratio is as
high as 24 for the typical POD model of the ideal gas flow.
However, the computational speed of the typical PODmodel
of the real gas flow is even slower than FDM. Two key points
for improving the computational speed of the PODmodel are
discussed and verified:

(1) The computation of EOS should be avoided in the
solving process of the POD model because the total
computational time is dominated by EOS.

(2) POD projection terms containing compressibility
of gas should not be updated in every time step.

Otherwise, the computational time of flow equations
will also be longer than FDM.

According to the two points, we proposed a new method
to approximate the projection terms in all time steps using
the initial compressibility so that EOS only needs to be
calculated once at the initial condition. After this treatment,
it is verified in two different cases that the computational
speed of the POD model is largely promoted while high
precision is retained (0.13%∼6.65%).The computational time
of the real gas reservoir simulation is reduced from6240 s and
5823 s of FDM to 23 s and 25 s of POD for the two cases. The
acceleration ratios are 271 and 233, respectively.
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Drilling and fracturing fluids can interact with reservoir rock and cause formation damage that impedes hydrocarbon production.
Tight sandstone reservoir with well-developed natural fractures has a complex pore structure where pores and pore throats have a
wide range of diameters; formation damage in such type of reservoir can be complicated and severe. Reservoir rock samples with
a wide range of fracture widths are tested through a multistep coreflood platform, where formation damage caused by the drilling
and/or fracturing fluid is quantitatively evaluated and systematically studied. To further mitigate this damage, an acidic treating
fluid is screened and evaluated using the same coreflood platform. Experimental results indicate that the drilling fluid causes the
major damage, and the chosen treating fluid can enhance rock permeability both effectively and efficiently at least at the room
temperature with the overburden pressure.

1. Introduction

Drilling fluid is typical water-based or oil-based depending
on the needs of field operations [1, 2]. Compared to water-
based drilling fluids, oil-based drilling fluids can provide
excellent lubrication, stabilize water-sensitive clays, reduce
leak-off, and form thinner filter cakes; besides, they can
be applied in deep reservoirs with characteristics of high
pressure and extreme temperature [2–5].

Among different types of oil-based drilling fluids, water-
in-oil emulsion (i.e., inverted emulsion) is mainly used in the
field because of its outstanding properties [3, 6]. However,
depending on their droplet sizes, emulsions therein can
invade reservoir rock and plug pores/pore throats, resulting
in diminished hydrocarbon production [7–9]; moreover,
surfactants which are added for generating emulsions can be
adsorbed on rock surface and alter the wettability, whichmay
also cause formation damage [7, 10]. Besides the emulsions,
suspended solids in the inverted emulsion, which is added
for hindering leak-off, may also plug pores/pore throats;

and this can make the formation damage even worse [8,
11]. Furthermore, drilling fluid may also affect the quality
of cementation [12, 13] or hydrocarbon production through
multiphase flow [14]. Therefore, it is imperative to evaluate
the formation damage due to drilling fluid and explore the
corresponding solutions.

Once the drilling process is accomplished, hydraulic
fracturing is commonly used to stimulate the reservoir;
this process can also cause formation damage. During the
fracturing, a large volume of proppants is carried into the
reservoir by the fracturing fluid, and this is aimed at creating
a complex and highly conductive fracture network [15, 16].
Gel is typically used as the fracturing fluid to maximize the
proppant-carrying capacity because of its excellent viscosity
and elasticity [17–22]. However, gel residuals can block
fractures and pores at fracture faces, thus impeding the flow
of hydrocarbon [23–25]. Besides gel residuals, water can
imbibe rock matrix and cause phase trapping, which reduces
hydrocarbon permeability due to multiphase flow [26–29].
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Figure 1: Core analysis results of porosity (a) and permeability (b) from over 250 reservoir rock samples.

Formation damage due to drilling and fracturing fluids
is likely different in the low-permeability sandstone with
well-developed natural fractures. For such a type of rock
matrix, natural fractures may serve as the primary pathway
for hydrocarbon to flow into the hydraulic fractures and then
thewellbore. It has been found that formation damage in frac-
tures can be difficult to be cleaned up and detrimental to the
production [30, 31]. However, for this type of reservoir rocks,
it remains unknown that the proportion of permeability
damage due to either the drilling fluid or the fracturing fluid
and its changewith thewidth of natural fractures. Specifically,
for reservoir rock far away from the wellbore, fracturing fluid
likely dominates the formation damage, while, for reservoir
rock near the wellbore, both drilling and fracturing fluid can
dominate the formation damage.

To mitigate formation damage due to the water-in-oil
drilling mud, it has been found that lowering pH value
can invert the emulsions into the oil-in-water form, which
can aid in the removal of emulsion blockage [3, 5], while
choosing nonionic surfactants can reduce the adsorption on
rock surface and thus prevent the wettability alteration [13].
Tomitigate formation damage due to the fracturing gel, it has
been found that lowering pH value can also remove gel resid-
uals and clean up such damage [32, 33]. Meanwhile, using
acid can also create new flow paths, dissolve suspended fines,
and clean up the plugged pores [34–36]; in the field, using
acid (i.e., acidizing) has already been successfully applied in
sandstone reservoirs to enhance the production [37]. Low-
permeability sandstonewithwell-developed natural fractures
has a complex pore structure, where pores and pore throats
have a wide range of diameters. In such type of porousmedia,
impact of the acidic treating fluid can be complicated and thus
needs to be evaluated for further modification.

In this study, rock samples are directly cored from a
deep reservoir in Tarim Basin; fractures with well-controlled
widths are reconstructed in the samples so that the impacts
of working fluids can be systematically studied in the lab.
A multistep coreflood platform is designed to quantitatively
evaluate the formation damage caused by drilling and/or

fracturing fluids, as well as the effectiveness of the well-
screened acidic treating fluid on mitigating such damage and
enhancing the production.

2. Target Reservoir

The target reservoir locates in the northwest of Tarim Basin
in China. Buried in a depth of over 6000m, this reservoir
is characteristic of high pressure and extreme tempera-
ture, where oil-based drilling fluid with weighting agents is
required for drilling. The reservoir rock is mainly composed
of low-permeability sandstone with well-developed natural
fractures. Within a total thickness of about 300m, core
analysis results of over 250 samples show the porosity of
the reservoir rock ranges from 1.5% to 7.6% with an average
of 4.1% (Figure 1(a)), while the permeability ranges from
less than 0.001mD to 2.905mD with a median of 0.055mD
(Figure 1(b)). Results indicate this reservoir has a low porosity
and moderate heterogeneity in permeability, which is likely
attributed to the natural fractures within rock matrix.

Pore system typically consists of intergranular pores,
intragranular pores, basis pores, and natural fractures. Their
percentages in the reservoir rock are measured from 6
wells through imaging logs and core analyses, as shown in
Figure 2(a). Results indicate intergranular pores account for
the largest proportion of the total pore spaces, and natural
fractures are well-developed in the reservoir rock. Con-
sidering relatively high permeability/conductive of natural
fractures, it is very likely that they contribute more to the
total production, especially during the early time. Among all
the natural fractures, approximately 68% is uncemented or
partially cemented (Figure 2(b)), which can serve as high-
speed pathways for hydrocarbon to flow.

3. Materials and Methods

3.1. Core Samples from Reservoir. 27 core samples are drilled
from the reservoir and tested in this study. Table 1 lists the
dimensions, matrix permeability, and the mimicked fracture
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Figure 2: Percentages of different types of pores (a) and cementation of natural fractures (b) in the reservoir rock.

Table 1: Information about core samples used in this study.

Sample name Length (cm) Diameter (cm) Matrix permeability (mD) Fracture width (𝜇m) Fluid damage or treatment tests
#1 4.70 2.47 0.0077 10 Fracturing fluid
#2 4.53 2.47 0.0047 57 Fracturing fluid
#3 3.92 2.46 0.0027 89 Fracturing fluid
#4 37.5 2.46 0.0027 112 Fracturing fluid
#5 56.8 2.48 0.0056 123 Fracturing fluid
#6 51.9 2.45 0.0087 139 Fracturing fluid
#7 3.75 2.46 0.0027 20 Drilling fluid + fracturing fluid
#8 4.45 2.44 0.0137 53 Drilling fluid + fracturing fluid
#9 4.34 2.44 0.0137 76 Drilling fluid + fracturing fluid
#10 4.27 2.46 0.0012 98 Drilling fluid + fracturing fluid
#11 4.27 2.46 0.0012 116 Drilling fluid + fracturing fluid
#12 4.38 2.45 0.0910 127 Drilling fluid + fracturing fluid
#13 4.30 2.45 0.0910 139 Drilling fluid + fracturing fluid
#14 4.17 2.45 0.0140 42 Acid treatment
#15 4.27 2.44 0.0010 68 Acid treatment
#16 4.18 2.47 0.0019 91 Acid treatment
#17 4.15 2.47 0.0019 103 Acid treatment
#18 4.36 2.44 0.0010 117 Acid treatment
#19 4.40 2.44 0.0010 127 Acid treatment
#20 4.52 2.45 0.0015 139 Acid treatment
#21 4.07 2.44 0.0045 17 Drilling fluid + acid treatment
#22 4.49 2.44 0.0010 53 Drilling fluid+ acid treatment
#23 4.49 2.45 0.0015 75 Drilling fluid+ acid treatment
#24 4.09 2.45 0.0140 97 Drilling fluid+ acid treatment
#25 4.58 2.45 0.0038 115 Drilling fluid + acid treatment
#26 4.55 2.45 0.0009 127 Drilling fluid+ acid treatment
#27 4.59 2.45 0.0002 140 Drilling fluid+ acid treatment
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Figure 3: Setup to measure permeability of tight rock through
pressure-pulse-decay method.

width of each core sample, as well as the damage-evaluation
test conducted on each sample. To measure the matrix
permeability, pressure-pulse-decay method is applied using a
setup as shown in Figure 3. After loading a core sample in the
coreholder, a pressure-pulse is generated at the core upstream
using nitrogen; core permeability can be calculated from the
measured pressure-decay curve from the upstream and/or
the pressure response from the downstream [38, 39]. For
different damage-evaluation tests, their detailed procedures
are delineated in the section of evaluation of permeability
damage due to different working fluids.

4. Working and Treating Fluids in the Lab

4.1. Formation Brine. In this study, the mimicked formation
brine is used as the base fluid to measure the permeability
of the fractured reservoir rock. It contains 2wt.% potassium
chloride, 5.5 wt.% sodium chloride, 0.45wt.% magnesium
chloride, and 0.55 wt.% calcium chloride.

4.2. Drilling Fluid. Oil-based emulsion (i.e., inverted emul-
sion) is used in the field as the drilling fluid. In the lab,
the identical formulation is tested to evaluate its damage on
the reservoir rock. To synthesize this fluid, 20wt.% calcium
chloride brine is emulsified in #0 diesel oil with a water-to-
oil ratio of 20 : 80. It also contains 2wt.% bentonite to improve
the fluid rheology, 3 wt.% asphalt to reduce the leak-off, and
an appropriate amount of barite to tune the fluid density for
balancing the reservoir pressure.

4.3. Fracturing Fluid. The fracturing fluid applied in the
field contains approximately 0.5 wt.% high-molecular-weight
guar, 1 wt.% temperature stabilizing agent (i.e., antioxidant),
1 wt.% flow-back surfactant, 0.1 wt.% bactericide, and traces
of other additives. In the lab, this formulation is also tested to
evaluate the damage from the fracturing fluid on the reservoir
rock.

4.4. Acidic Treating Fluid. Mud acid is commonly used to
mitigate the formation damage in sandstone reservoirs, and
it is a mixture of hydrofluoric acid (HF) and hydrochloric
acid (HCl) [35, 40]. However, it has drawbacks including

Figure 4: Device for splitting core sample to generate a fracture.

clay sensitivity, high corrosion rate and thus high acid-
consumption rate for the target reservoir rock. To overcome
such drawbacks, an organic acid (i.e., formic acid) is mixed
with mud acid because of its retarded nature, low corrosion
rate and thermal stability [41]; other additives are also applied
for multiple purposes as their names suggested, such as
preventing the wellbore corrosion, minimizing the potential
formation of sludge and emulsions, and stabilizing the clay
minerals [42, 43]. In this study, the optimized formulation
of the acidic treating fluid contains 9wt.% hydrochloric
acid, 3 wt.% formic acid, 2 wt.% hydrofluoric acid, 2 wt.%
clay stabilizer, 4 wt.% corrosion inhibitor, 1 wt.% flow-back
surfactant, 0.3 wt.% friction reducer, and 1 wt.% demulsifier.
Its effectiveness on reducing the damage from working fluids
is also evaluated using the same coreflood platform.

5. Mimicked Naturally Fractured Core Samples
with Different Fracture Widths

Imaging logs have shown that the widths of natural fractures
in this reservoir typically range from 20 𝜇m to 160 𝜇m. Since
the stress-change from the deep reservoir to the surface
during the coring operation can easily affect the widths of
fractures within the cores or even break the integrities of
cores with wide fractures, core samples with few natural
fractures are chosen in this study; in all chosen samples, no
uncemented or partially cemented fractures are observed. To
mimic a naturally fractured rock, a cylindrical core sample
is split in half using the fracture-generating device as shown
in Figure 4; after two identical copper wires with certain
thicknesses are placed parallel between two halves, the core
sample is wrapped by a heat-shrink tubing and dried in an
oven for later usage. After each coreflood test, the wrapped
core sample is open, and the thicknesses of two copper
wires are measured and recorded as the fracture width of
this core. To quantitatively study the influence of fracture
width on permeability damage due to different working and
treating fluids, core samples with copper wires with different
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Figure 5: Multistep coreflood platform in the Lab.

thicknesses are prepared and compared using the identical
experimental setup as introduced in the following section.

6. Laboratory Evaluation of Permeability
Damage due to Different Working and
Treating Fluids

To evaluate the permeability damage due to the drilling and
fracturing fluids as well as the effectiveness of the acidic
treating fluid onmitigating the damage, amultistep coreflood
platform is designed in the lab as shown in Figure 5. Before
conducting the coreflood experiments, artificial fractures
with different fracture widths are generated within 27 core
samples as shown in Table 1. Although a separate experiment
has been conducted beforehand to explore the relationship
between the fracture width and the effective permeability of
the fractured rock, both parameters are still acquired for each
core samples during itsmultistep coreflood; details are shown
as follows.

Step 1 (saturate the core with the mimicked formation brine).
Once the fractured core sample is completely dried in an
oven, it is loaded vertically in the core holder with a confining
pressure of 5MPa (center in Figure 5). After vacuuming the
core sample, brine is injected at a constant flow rate from the
top to the bottom till this core is fully saturated. Then, it is
rested for 12 hr to minimize the impact of stress-change on
its fracture width. In the end of this step, brine is injected
again into the core at a constant flow rate; from the pressure-
drop across the core measured by a pressure transducer (left
in Figure 5), the initial effective permeability of this fractured
core can be determined before it experiences any damage
from the working fluids.

Step 2 (damage the core with the working fluids). In this
step, the drilling fluid or fracturing fluid is injected through
a piston accumulator into the core sample from the bottom
to the top. Due to the high viscosity of the drilling fluid, it
is injected at a constant pressure of 3.5MPa for 2 hr, while
the fracturing fluid is injected at a constant flow rate of
4mL/min for 15min. For the reservoir rock near wellbore, it
is successively damaged by both drilling fluid and fracturing
fluid; to mimic this damage in the lab, the drilling fluid and
the fracturing fluid are injected into the core in sequence
during this step, both at a constant pressure of 3.5MPa for
2 hr.

Step 3 (evaluate the permeability damage of the core). The
mimicked formation brine is injected again into the core

sample from the top to the bottom as in Step 1. After the
pressure-drop across the sample is stabilized, the effective
permeability is calculated to evaluate the damage caused by
working fluids. In the end of this step, the core sample is taken
out of the core holder, and the thicknesses of two copperwires
therein are averaged, which is recorded as the fracture width
of this core.

6.1. Treatment: Evaluate the Effectiveness of Acidic Treating
Fluid on Mitigating the Damage. To evaluate the selected
acidic treating fluid, it is injected into the core sample at a
constant flow rate of 4mL/min for 15min after the drilling
fluid injection at Step 2. The permeability recovery is then
measured through a normal Step 3 using the mimicked
formation brine. Results are further compared to a group of
corefloodswithout anyworking fluid damage; that is, only the
acid treating fluid is injected into the core during Step 2.

In this study, formation damage and its mitigation are
evaluated using “permeability recovery rate,”which is defined
as the ratio of rock permeability after the damage to rock per-
meability before the damage. All experiments are conducted
at room temperature, and it is focused on the changes of rock
permeability after the damage and the treatment. Although it
has been reported that a strong correlationmay exist between
formation damage at low and high temperatures [44], future
studies are still needed to fully understand the performance
of the chosen acidic treating fluid onmitigating the damage at
the reservoir temperature (130∘C). Nevertheless, all working
and treating fluids are aged overnight at 130∘C before they are
tested on 27 core samples in this study, as detailed in Table 1.

7. Results and Discussion

7.1. Fracture Width versus Effective Permeability of Fractured
Core. Before testing the damage from working fluids on the
artificially fractured core samples, a separate experiment is
conducted to explore the correlation between the width of
the generated fracture using copper wires and the effective
permeability of the sample. Figure 6 shows the results of
this separate experiment, as well as all data points measured
in 27 corefloods as listed in Table 1. Results show a good
consistency and all data points fall on a curve where effective
permeability (𝑘) is proportional to the third power of fracture
width (𝑊). This agrees on the classic formula on estimating
fracture permeability in the laminar flow regime [45, 46].

7.2. Permeability Damage due to Fracturing Fluid (Mimicking
Formation Away from Wellbore). Reservoir rock away from
wellbore is more likely to be damaged by fracturing fluid.
To evaluate this damage, the mimicked fracturing fluid is
injected into the core sample during Step 2 of the multistep
coreflood experiment. Figure 7 shows the permeability recov-
ery rates of core samples with different fracture widths after
Step 3 reaching an equilibrium. With increasing in fracture
width and thus the initial effective permeability, permeability
recovery rate increases until it achieves a plateau above 97%.
In general, permeability damage due to the fracturing fluid on
the fractured reservoir rock is low (i.e., less than 50%); this is
likely attributed to the low viscosity of this fracturing fluid.
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Figure 7: Permeability damage due to fracturing fluid (core samples
#1–#6).

7.3. Permeability Damage due to Drilling and Fracturing Fluids
(Mimicking Formation Near Wellbore). Reservoir rock near
wellbore is damaged by both drilling fluid and fracturing
fluid. To mimic the damaging process and evaluate this
damage, the mimicked drilling fluid and fracturing fluid are
injected in sequence into the core sample during Step 2
of the multistep coreflood experiment. Figure 8 shows the
permeability recovery rates of core samples with different
fracture widths after core samples are damaged by only the
drilling fluid or both fluids. For core samples with fractures
thinner than 100𝜇m, permeability recovery rate is only about
20% or less; for core samples with thicker fractures, although
rare in the reservoir, permeability recovery rate can achieve
55–60%. In general, permeability damage due to the drilling
fluid is much more serious than that due to the fracturing
fluid; this is likely attributed to the suspended solid particles
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Figure 8: Permeability damage due to drilling and fracturing fluids
(core samples #7–#13).

in the drilling fluid, including barite and bentonite. Particle-
size distribution tests show that the size of barite in this
drilling fluid ranges from 12.72 𝜇m to 381.58 𝜇m with an
average of 76.11 𝜇m, and the size of bentonite in this drilling
fluid ranges from 1.54 𝜇m to 41.27 𝜇m with an average of
11.11 𝜇m. This leads to the lowest permeability recovery rate
for the core sample with a fracture width of 76 𝜇m. When
the suspended solid particles have similar sizes as the fracture
width, they can bridge and plug the fracture, instead of being
screened out at the core inlet or being carried out by the fluid
[47, 48].

7.4. Mitigation of Fluid Damage Using Acidic Treating Fluid.
An acidic treating fluid has been developed formitigating for-
mation damage in the target reservoir as introduced already.
Its effectiveness is evaluated through the same multistep
coreflood experiment in the lab. Since the drilling fluid
contributes more to the total permeability damage caused
by the working fluids, each core sample is only exposed to
the drilling fluid before it contacts with the acidic treating
fluid. Effective permeability of the sample is then determined
and compared to its initial effective permeability measured in
Step 1. To establish a baseline, a control group is conducted on
the undamaged core samples for obtaining the permeability
recovery/enhancement after the treatment. As shown in
Figure 9, the effective permeabilities of core samples with
different fracture widths are all increased by 30–50%; the
smaller the initial fracture width, the larger the increment.
Unlike acidizing in carbonates, acidizing in sandstones is
slow and thus fracture width may not obviously change
under the confining/overburden pressure; thus, the increase
of rock permeability is likely attributed to the increase of
the roughness of fracture faces. Figure 10 compares the
topography of fracture face before and after a core sample
is treated by the chosen treating fluid. It can be observed
that most of chemical reactions occur in the open region
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Figure 9: Permeability enhancement after acidizing treatment in
undamaged core samples (core samples #14–#20).

supported by two copper wires, where rock turns into white
and rough after the treatment.

When this acidic treating fluid is applied on core samples
damaged by the drilling fluid, the similar trend of enhance-
ment is observed as shown in Figure 11. Core samples with
smaller fracture widths tend to obtain higher permeability
recovery rates, while this enhancement eventually reaches
a plateau. However, the existence of drilling fluid seems to
slow down the chemical reaction between acid and the rock
and thus reduce the degree of permeability enhancement.
Nevertheless, this is out of the scope of this study; further
studies are needed to fully understand the impact of acidic
treating fluid on fracture face in the presence of drilling
and fracturing fluids and thus maximize its efficiency on
mitigating the damage.

In summary, using acidic treating fluid can effectively
mitigate the formation damage caused by the working fluids
and enhance the permeability of the fractured reservoir rock
at an overburden condition.

8. Conclusions

Naturally fractured rock is reconstructed in the lab so that
the impacts of working fluids can be systematically studied.
A multistep coreflood platform is designed to quantitatively
evaluate the formation damage caused by the drilling and/or
fracturing fluids, as well as the effectiveness of a well-
screened acidic treating fluid on mitigating such damage.
Thereby interactions between various working fluids and the
reservoir rock, either away from or near the wellbore, can be
understood.

Experimental results indicate that thinner fractures are
more sensitive to the fluid damage, where the drilling fluid
contributesmuchmore than the fracturing fluid.This is likely
attributed to the suspended solid particles in the drilling fluid,
including barite and bentonite, which are originally designed
to reduce the leak-off. Developing low-damage drilling fluid
system is a difficult task for deep reservoirs, but screening
an acidic treating fluid may easily solve the problem. It

(a)

(b)

Figure 10: Topography of fracture face before (a) and after (b)
acidizing treatment.
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Figure 11: Permeability enhancement after acidizing treatment in
drilling-fluid-damaged core samples (core samples #21–#27).

can effectively and efficiently mitigate the formation damage
caused by the working fluids and enhance the permeability of
the fractured reservoir rock at the overburden conditions.
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Geothermal energy known as a clean, renewable energy resource is widely available and reliable. Ground heat exchangers (GHEs)
can assist the development of geothermal energy by reducing the capital cost and greenhouse gas emission. In this paper, a novel
semianalytical method was developed to study the thermal performance of multiborehole ground heat exchangers (GHEs) with
arbitrary configurations. By assuming a uniform inlet fluid temperature (UIFT), instead of uniform heat flux (UHF), the effects of
thermal interference and the thermal performance difference between different boreholes can be examined. Simulation results
indicate that the monthly average outlet fluid temperatures of GHEs will increase gradually while the annual cooling load of
the GHEs is greater than the annual heating load. Besides, two mechanisms, the thermal dissipation and the heat storage effect,
will determine the heat transfer underground, which can be further divided into four stages. Moreover, some boreholes will be
malfunctioned; that is, boreholes can absorb heat from ground when the GHEs are under the cooling mode. However, as indicated
by further investigations, this malfunction can be avoided by increasing borehole spacing.

1. Introduction

Geothermal energy is attractive due to its enormous poten-
tial, renewability, availability, and low gas emission. With
improvements in drilling, completion, and energy conversion
systems, geothermal energy is becoming an economically
viable alternative. Nonetheless, many challenges remain. The
development of geothermal resource may be impeded by
high capital requirements. Produced groundwater needs to
be reinjected rather than disposing to surface waters to
avoid environmental impacts, which raises the operational
difficulties andmaintaining cost.The ground heat exchangers
(GHEs) such as geothermal heat pumps can reduce the
cost effectively, and the close-loop system will eliminate the
necessary of any reinjections (no groundwater produced).
The ground can offer a steady and large heat storage medium
as a heat source/sink and for thermal energy utilization, such
as geothermal heat pumps. As one of the main geothermal
heat pump technologies, the ground source heat pump

(GSHP) has been widely used as a viable and economical
alternative to traditional air conditioning systems owing to
its high-efficient performance in the world [1–7]. It is well
known that the efficiency of GSHP is related to the outlet fluid
temperature of ground heat exchangers (GHEs), which is
required to be in a certain range.Hence, it is very important to
develop a reliable and efficient method to model the thermal
performance of GHEs in order to predict/optimize the outlet
fluid temperature [2–7].

Manymethods, such as analytical/semianalytical, numer-
ical method, and fractal methods [8–27], have been reported
in literatures for heat transfer analysis. To study the under-
ground heat transfer for GHEs, the semianalytical and
numerical method are always preferred [8–22]. Generally,
the model for underground heat transfer consists of two
submodels [6–8], which account for the heat transfer inside
the boreholes and outside the boreholes, respectively [2–7].

For the heat transfer inside the borehole, a steady-state
process is usually approximated using 1D, 2D, or quasi-3D
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models [7]. Regarding the heat transfer outside the borehole,
severalmodels are available [9–12], such as line sourcemodel,
cylinder source model, and finite length source model. Nev-
ertheless, these models mentioned above are normally only
valid for single borehole with a constant heat flux. In a real
field, a single borehole is usually not sufficient to satisfy load
demands, as the GHEs always consist of multiple boreholes.
For a multiple-borehole system, the heat transfer capacity for
each boreholemay be reduced due to the thermal interference
among different boreholes. Thus, simulating heat transfer
for a multiborehole GHEs is a very important task. For
this purpose, semianalytical methods [8–14] and numerical
methods [14–19] are the main approaches. Hellström [15]
presented a numerical method for simulating ground heat
storage systems consisting of densely packed ground loop
heat exchangers used for seasonal thermal energy storage. In
Hellström’s model, a duct ground heat storage system (DST)
is defined to divide the ground storage volume with multiple
boreholes into two regions: one “global” region, where the
ground temperature is solved with a two-dimensional finite
difference scheme and one “local” region, the temperature of
which is calculated by one-dimensional numerical method.
Zhang [19] used a finite element method to investigate the
thermal performance of each borehole in amultiple-borehole
system with a thermal effectiveness factor. It demonstrated
that the thermal effectiveness factor for each borehole is less
than 1 due to the thermal interference.

Although the numerical simulations are flexible, they
require significantly more computational time, which is not
efficient for practical applications. In contrast, the semiana-
lytical methods are more convenient and have been widely
used in practice [13, 14, 23]. With the help of nondimensional
temperature response “𝑔-functions” that can be calculated
from numerical methods, Eskilson [14] used the superpo-
sition principle to study the thermal response of GHEs.
However, Eskilson’s “𝑔-function” method is not practically
convenient as the “𝑔-functions” is not universal and needs
to be precomputed with respect to the GHEs’ configurations
with numerical approaches. Many semianalytical methods
have also been presented with the superposition principle
with respect to different forms of “𝑔-function” [12, 13].

However, an unreasonable assumption with uniform heat
flux (UHF) was adopted for these semianalytical methods
mentioned above [12–14]. As a result, only the overall perfor-
mance of GHEs, such as the average outlet fluid temperature
and total heat flux of the GHEs, can be studied, while the
heat capacity difference between different boreholes cannot
be well examined. Furthermore, it has been reported that the
UHF assumptionsmay give rise to errors when predicting the
thermal performance of multiborehole GHEs. Claesson and
Javed [23] noticed errors between their analytical𝑔-functions
and Eskilson’s 𝑔-functions for different configurations, and
the errors become greater with more boreholes and increase
with time. Similar results were also pointed out by Malayap-
pan and Spitler [24] using a numerical approach.They found
that the GHEs system could be oversized by around 5-6%
with uniform heat flux assumptions used in a semianalyt-
ical approach. The reason why the UHF assumptions are
inaccurate is that the nonuniform heat fluxes are common
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Figure 1: Schematic for multiborehole GHEs.

for the heat transfer of multiple boreholes. For example,
for a bundle of boreholes, the outer boreholes have higher
heat fluxes than the inner boreholes. However, the heat flux
difference between boreholes due to the interference cannot
be considered using the UHF assumptions. Furthermore, by
noticing that the fluids entering different boreholes actually
come from the same container (Figure 1), and the effluent
fluid from each borehole will be accumulated by a collector
before entering the heat pump, the assumption of uniform
inlet fluid temperatures (UIFT) for all boreholes in GHEs is
more reasonable.

Based on these findings, the main objective of this paper
is to develop a semianalytical solution to simulate the under-
ground heat transfer of multiborehole GHEs with the UIFT
assumption. The new method can be used for simulating
the performance of the GHEs with arbitrary configurations.
Furthermore, the effects of the heat capacity of each borehole
and the thermal interference between different boreholes
on the thermal performance of GHEs are also examined.
Overall, this paper is organized as follows: in Section 2, the
basic heat transfer model with UIFT is presented and solved
semianalytically; in Section 3, the thermal performance of
GHEs is studied with this new method. Finally, discussions
and conclusions are presented in Section 4.

2. Heat Transfer Model under Ground for
Multiborehole GHEs

In this section, the basic thermal response equation for single
borehole will be presented followed by the development of
heat transfer model for multiple boreholes as well as the
corresponding semianalytical solution.

2.1. Thermal Response for Single Borehole. The following
assumptions are made.(1) The ground is regarded as an infinite homogeneous
medium with thermal conductivity, 𝜆, volume specific heat,
(𝜌𝑐), and constant initial temperature, 𝑇0.



Geofluids 3(2)The borehole is of depth𝐻 with a radius 𝑟𝑏. The heat
transfer inside the borehole is assumed to be at steady state,
and the total thermal resistance in borehole is 𝑅𝑏.(3)The specific heat of fluid is denoted as 𝑐𝑓, and themass
flow rate is denoted as �̇�𝑓.(4)Thethermal load of the single borehole can be denoted
by a series of step heat fluxes, (𝑡𝑚, 𝑞𝑚), 𝑚 = 1, 2, . . . ,𝑀0,
where𝑀0 is the total number of steps.

With the above assumptions, the thermal response at time𝑡 (𝑡𝑀−1 < 𝑡 < 𝑡𝑀) for single borehole can bewritten as follows
[7]:Δ𝑇𝑓 (𝑡) = 𝑇𝑓 (𝑡) − 𝑇0= 𝑞 (𝑡) ⋅ 𝑅𝑏 + 𝑀∑

𝑚=1

(𝑞𝑚 − 𝑞𝑚−1) ⋅ 𝑇𝑢 (𝑟𝑏, 𝑡 − 𝑡𝑚−1)
= 𝑞 (𝑡) ⋅ 𝑅𝑏 + 𝑀∑

𝑚=1

Δ𝑞𝑚 ⋅ 𝑇𝑢 (𝑟𝑏, 𝑡 − 𝑡𝑚−1) ,
(1)

where 𝑇𝑓 denotes the average fluid temperature, 𝑞 is the heat
flux, and 𝑇𝑢 is the thermal response under unity heat flux,
which can bewritten in the formof infinite line sourcemodel,
cylinder source model, finite length line source model, or 𝑔-
functions. If the infinite line source model is used, 𝑇𝑢 satisfies
the following [7]:𝑇𝑢 (𝑟, 𝑡) = ( 14𝜋𝜆) ⋅ Ei( 𝑟22𝛼𝑡) , (2)

with exponential integral function Ei:−Ei (−𝑥) = ∫∞
𝑥

(𝑒−𝑢𝑢 )𝑑𝑢 (3)

where 𝛼 in (2) denotes thermal diffusive coefficient and 𝛼 =𝜆/𝜌𝑐. In addition, the average fluid temperature 𝑇𝑓 yields𝑇𝑓 = (𝑇in + 𝑇out)2 , (4)

where 𝑇in and 𝑇out indicate the inlet fluid temperature and
outlet fluid temperature, respectively. The heat flux 𝑞 of the
borehole can be given by the following:𝑞 = (𝛽2) ⋅ (𝑇in − 𝑇out) (5)

with coefficient 𝛽 𝛽 = 2�̇�𝑓𝑐𝑓𝐻 . (6)

Combining (4) and (5) leads to𝑇𝑓 = 𝑇in − 𝑞𝛽 , (7)𝑇out = 𝑇in − 2𝑞𝛽 . (8)

Substituting (7) to (1) yields

Δ𝑇in (𝑡) = 𝑞 (𝑡) ⋅ 𝑅𝑏𝑡 + 𝑀∑
𝑚=1

Δ𝑞𝑚 ⋅ 𝑇𝑢 (𝑟𝑏, 𝑡 − 𝑡𝑚−1) ,𝑡𝑀−1 < 𝑡 < 𝑡𝑀 (9)

with 𝑅𝑏𝑡 = 𝑅𝑏 + 1𝛽 . (10)

2.2. Thermal Response for GHEs with Multiple Boreholes with
UIFT Assumptions. It is assumed that the GHEs consist of𝑁
boreholes with the same borehole radius 𝑟𝑏 and the same inlet
temperature 𝑇in. The 𝑖th borehole is located at (𝑥𝑤𝑖, 𝑦𝑤𝑖) with
borehole thermal resistance 𝑅𝑏𝑖, outlet temperature 𝑇out,𝑖,
average fluid temperature 𝑇𝑓,𝑖, and mass flow rate �̇�𝑓𝑖. The
heat load of the GHEs can also be denoted by a series of step
heat fluxes, (𝑡𝑚, 𝑄𝑚), 𝑚 = 1, 2, . . . ,𝑀0. The heat flux for the𝑖th borehole is (𝑡𝑚, 𝑞𝑖,𝑚),𝑚 = 1, 2, . . . ,𝑀0.

The inlet temperature 𝑇in and outlet temperature 𝑇out of
GHEs can be calculated in the following form, respectively:

𝑇in = ∑𝑁𝑖=1 (�̇�𝑓𝑖𝑇in,𝑖)∑𝑁𝑖=1 �̇�𝑓𝑖 , (11)

𝑇out = ∑𝑁𝑖=1 (�̇�𝑓𝑖𝑇out,𝑖)∑𝑁𝑖=1 �̇�𝑓𝑖 . (12)

By applying the superposition principle to (9), the inlet
fluid temperature at time 𝑡 (𝑡𝑀−1 < 𝑡 < 𝑡𝑀) for the 𝑖th
borehole is given as follows:

Δ𝑇in (𝑡) = 𝑞𝑖 (𝑡) ⋅ 𝑅𝑏𝑡𝑖 + 𝑁∑
𝑗=1

𝑀∑
𝑚=1

Δ𝑞𝑗,𝑚⋅ Δ𝑇𝑢𝑖𝑗 (𝑟𝑖𝑗, 𝑡 − 𝑡𝑚−1) , (13)

where 𝑟𝑖𝑗 is the distance between 𝑖th borehole and the 𝑗th
borehole: 𝑟𝑖𝑗 = √(𝑥𝑤𝑗 − 𝑥𝑤𝑖)2 + (𝑦𝑤𝑗 − 𝑦𝑤𝑖)2. (14)

At time 𝑡𝑀 (𝑀 = 1, 2, . . . ,𝑀0), inlet temperature for the𝑖th borehole has the following form:

𝑁∑
𝑗=1

Δ𝑞𝑗,𝑀 ⋅ Δ𝑇𝑢𝑖𝑗 (𝑟𝑖𝑗, 𝑡𝑀 − 𝑡𝑀−1) + Δ𝑞𝑖,𝑀 ⋅ 𝑅𝑏𝑡𝑖 − Δ𝑇in
= 𝑁∑
𝑗=1

𝑀−1∑
𝑚=1

Δ𝑞𝑗,𝑚 ⋅ Δ𝑇𝑢𝑖𝑗 (𝑟𝑖𝑗, 𝑡𝑀 − 𝑡𝑚−1) + 𝑀−1∑
𝑚=1

Δ𝑞𝑖,𝑚⋅ 𝑅𝑏𝑡𝑖, 𝑖 = 1, 2, . . . , 𝑁.
(15)
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There are 𝑁 + 1 unknowns in (15) at time 𝑡𝑀, which areΔ𝑞1,𝑀, Δ𝑞2,𝑀, . . . , Δ𝑞𝑁,𝑀, Δ𝑇in. In addition, the heat fluxes for
each borehole satisfy

𝑁∑
𝑖=1

Δ𝑞𝑖,𝑀 = Δ𝑄𝑀. (16)

It is worth mentioning that (15) and (16) should be fully
coupled to obtain the semianalytical solution for multibore-
hole GHEs. In contrast, the method with UHF assumptions,

where the heat flux for each borehole is identical, and the
temperature response can be calculated in a much simpler
way [14].

Furthermore, (15) and (16) can be written in the following
matrix form: 𝐴𝑀→𝑞𝑀 = →𝑏𝑀 (17)

with

→𝐴𝑀 = ((Δ𝑇𝑢11,𝑀 + 𝑅𝑏𝑡1) ⋅ ⋅ ⋅ Δ𝑇𝑢1𝑁,𝑀 −1... d Δ𝑇𝑢2𝑁,𝑀 ...Δ𝑇𝑢𝑁1,𝑀 ⋅ ⋅ ⋅ (Δ𝑇𝑢𝑁𝑁,𝑀 + 𝑅𝑏𝑡𝑁) −11 ⋅ ⋅ ⋅ 1 0 ),

Δ→𝑞𝑀 = (Δ𝑞1,𝑀...Δ𝑞𝑁,𝑀Δ𝑇in,𝑀),

→𝑏𝑀 = (((((
(

𝑁∑
𝑗=1

𝑀−1∑
𝑚=1

Δ𝑞𝑗,𝑚 ⋅ Δ𝑇𝑢1𝑗 (𝑟1𝑗, 𝑡𝑀 − 𝑡𝑚−1) + 𝑀−1∑
𝑚=1

Δ𝑞1,𝑚 ⋅ 𝑅𝑏𝑡...
𝑁∑
𝑗=1

𝑀−1∑
𝑚=1

Δ𝑞𝑗,𝑚 ⋅ Δ𝑇𝑢𝑁𝑗 (𝑟𝑁𝑗, 𝑡𝑀 − 𝑡𝑚−1) + 𝑀−1∑
𝑚=1

Δ𝑞𝑁,𝑚 ⋅ 𝑅𝑏𝑡Δ𝑄𝑀
)))))
)

.

(18)

Then, (17) can be solved by Gauss elimination to obtainΔ𝑇in,𝑀 and Δ𝑞𝑖,𝑀 at time 𝑡𝑀 (𝑀 = 1, 2, . . . ,𝑀0) from time 𝑡1
to 𝑡𝑀0 step by step. In subsequence, the outlet temperatures
of GHEs and boreholes can be also calculated.

In particular, at time 𝑡1 (𝑀 = 1), vectorΔq, b, andmatrix
A can be given as follows:

Δ
→q𝑀 = (

(
𝑞1,1...𝑞𝑁,1Δ𝑇in,1

)
)

,

→
b
𝑀 = (

(
0...0Δ𝑄1

)
)

,

→A𝑀
= (
(

(Δ𝑇𝑢11,1 + 𝑅𝑏𝑡1) ⋅ ⋅ ⋅ Δ𝑇𝑢1𝑁,1 −1... d Δ𝑇𝑢2𝑁,1 ...Δ𝑇𝑢𝑁1,1 ⋅ ⋅ ⋅ (Δ𝑇𝑢𝑁𝑁,1 + 𝑅𝑏𝑡𝑁) −11 ⋅ ⋅ ⋅ 1 0
)
)

.
(19)

3. Results

In this section, we first validate the new semianalytical
method by comparing with the results from a numerical
method [19] and experimental data [25, 26]. Then the new
semianalytical method is used for heat transfer analysis
of multiborehole GHEs with different configurations under
varying heat fluxes. To conduct simulations, following data
are required: the ground parameters including undisturbed
ground temperature, ground thermal conductivity, and
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Table 1: Simulation input data [19].

Borehole spacing 4.572m
Borehole diameter 0.1524m
Ground soil density 2691.36 kg/m3

Borehole wall temperature 37.78∘C
Undisturbed ground temperature 22.22∘C
Ground thermal conductivity 2.422W/(m⋅K)
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Figure 2: Comparison results of thermal effectiveness for a 4 × 4
borehole field [19].

ground volume specific heat; borehole parameters including
borehole configuration, borehole spacing, borehole depth,
borehole spacing, borehole diameter, U-tube inner diameter,
U-tube outer diameter, and borehole thermal resistance;
circulating fluid parameters including fluid density, specific
heat capacity and fluid flow rate, and heat load of GHEs.

3.1. Model Validation

Case 1. In [19], Zhang examined the thermal performance
of GHEs with square 4 × 4 borehole field by a numerical
method. Constant temperature constraints were specified for
the borehole wall and the far-field boundary. The simulation
input data are listed at Table 1.

In order to examine the effects of multiple boreholes,
Zhang [19] introduced a thermal effectiveness, which is
defined as the ratio of heat flux for a specific borehole in
a multiple-borehole filed to heat flux produced by a single
isolated borehole: 𝑒𝑖 = 𝑞𝑖,𝑁𝑞𝑠1 , (20)

where 𝑞𝑖,𝑁 is the heat flux for the 𝑖th borehole in𝑁-borehole
filed and 𝑞𝑠1 is the heat flux produced by single isolated
borehole.

Figure 2 presents the comparison results of thermal
effectiveness of the 1st borehole, 2nd borehole, and 6th
borehole for a square 4 × 4 borehole field (Figure 5.2 in [19]).

Table 2: Experimental data [26].

Borehole depth 75m
Borehole spacing 9m
Borehole diameter 114mm
U-tube inner diameter 21.8mm
U-tube outer diameter 26.7mm
Undisturbed ground temperature 17.3∘C
Ground thermal conductivity 2.3W/m-K
Ground volume specific heat 2012 kJ/m3-K
Borehole thermal resistance 0.1622m-K/W
Fluid flow rate 0.631 kg/s

Thermal effectiveness for different boreholes calculated by the
new method shows a good agreement with Zhang (star in
Figure 2) before 3000 hours. The discrepancies between the
two methods after 3000 hours are mainly attributed to the
fact that constant temperature constraints were specified for
the far-field boundary in [19], while the outer boundary in
our simulations is assumed to be infinite.

Case 2. The second comparisons are based on an experi-
mental system at Oklahoma State University [25]. The GHEs
consist of three boreholes arranged in line. Experimental data
are listed in Table 2.Themonthly average heat extraction and
rejection rates [26] for the GHEs are presented in Figure 3(a).
Heat extraction from ground is defined as negative while heat
injection is defined as positive. It can be found in Figure 3(b)
that the monthly average outlet fluid temperature from
our simulation follows the general trend of the experiment
reasonably closely.

3.2. Heat Transfer Analysis for GHEs with Different Con-
figurations of 9 Boreholes under Varying Heat Fluxes. In
this section, the new method will be used to study the
thermal performance of 9-borehole GHEs with different
configurations under varying heat fluxes. In particular, the
effects of thermal interference and heat storage underground
are discussed in detail. The monthly average heat fluxes used
in simulation are displayed in Table 3. The total heating
load is assumed to be more than the cooling load, with an
annual average heat imbalance 32400 kWh. Parameters used
in simulations are listed in Table 4. The simulation period
lasts for 10 years (120 months).

3.2.1. Thermal Performance of 3 × 3 Square Array of Boreholes.
We first investigate the thermal performance of 3 × 3 square
array GHEs (Figure 4). Figure 5 shows the monthly average
outlet fluid temperature for ten years. In each year, the
monthly average outlet fluid temperatures vary with the
thermal loads. Due to the annual heat imbalance, the outlet
fluid temperature increases year over year gradually. For
example, the average outlet fluid temperature inAugust in the
10th year increases about 3.5∘C compared with that in the 1st
year. Obviously, the temperature rise will improve the heating
efficiency with respect to a higher entering fluid temperature
of heat pump. However, the cooling efficiency of heat pump
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Figure 3: (a) Monthly average heat extraction/rejection rates; (b) comparison results of monthly average outlet fluid temperature [26].

Table 3: Monthly average heat extraction/rejection rates.

Month Heat rate (kW)
Jan −45
Feb −34.2
Mar −9
Apr 4.5
May 16.2
Jun 27
Jul 36.9
Aug 63.9
Sep 27.9
Oct 2.7
Nov −13.5
Dec −32.4

Table 4: Simulation input data.

Borehole depth 100m
Borehole spacing 5m
Borehole diameter 126mm
Fluid mass flow rate 2.651 kg/s
Undisturbed ground temperature 18∘C
Ground thermal conductivity 2W/m-K
Ground heat capacity 2000 kJ/m3-K
Borehole thermal resistance 0.12m-K/W

will be reduced since the entering fluid temperature becomes
higher. Severely, the heat pump could bemalfunctionedwhile
average outlet fluid temperature exceeds the specified highest
entering fluid temperature of the heat pump.

There are two important aspects for the heat transfer of
GHEs underground. One is that GHEs will reject heat into

1 2 3

4 5 6

7 8 9

Figure 4: Configuration of GHEs with 3 × 3 square borehole array.
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Figure 5: Monthly average outlet fluid temperature.

ground or extract heat fromground,whose efficiency is deter-
mined by the thermal dissipation underground. The other is
the extracted or rejected heat can be stored underground,
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Figure 6: Monthly average heat fluxes for different boreholes
(spacing = 5m).

which can be utilized by the GHEs later. Figure 6 shows
the monthly average heat fluxes for individual boreholes, 𝑞1
for the 1st borehole, 𝑞2 for the 2nd borehole, and 𝑞5 for the
5th borehole. In the first month, the thermal interference
among boreholes is weak, and the difference of the heat fluxes(𝑞1, 𝑞2, 𝑞5) is small. As time goes on, the borehole-to-borehole
thermal interference becomes stronger. As a consequence,
the borehole heat fluxes vary with respect to their different
locations in the GHEs. According to the features of heat
transfer, we can divide the heat flux process into four stages
for a heat transfer period of one year,

(1)The 1st Stage (Feb-March).The GHEs extract heat from the
ground and the thermal performance is mainly determined
by the thermal dissipation. Thus, the thermal interference
among boreholes could have a great influence on the heat
flux. For example, the 1st borehole, which is located at the
outer corner of the GHEs and least interfered, has the highest
heat flux. In contrast, the 5th borehole, located in the middle
of the GHEs and most interfered, has the smallest heat flux.
Moreover, the ground will become a good heat sink for heat
rejection of the GHEs due to the heat extraction in this stage.

(2) The 2nd Stage (April–July). The GHEs reject heat into the
ground, and the thermal performance is mainly determined
by the heat storage effect. Because the ground around the
5th borehole is less compensated due to the stronger thermal
interference in the last stage, the 5th borehole has the best
heat extraction condition, comparedwith other boreholes. As
a result, the 5th borehole yields the highest heat flux in the
GHEs.

(3) The 3rd Stage (August–October). The GHEs still reject
heat into the ground; however, the effect of heat storage has
dissolved, and the thermal performance ismainly determined
by the thermal dissipation. Consistent with the situation in

the 1st stage, the 5th borehole’s heat flux is smaller than others
due to the greater thermal interference. Furthermore, the heat
rejected from the GHEs in the 2nd and 3rd stages will be
stored in the ground, which makes the ground a good source
for heating in the next stage, and the 5th borehole will enter
a better heat extraction condition since the heat dissipation
around the 5th borehole in last stage is hindered much more
seriously due to the thermal interference.

(4)The 4th Stage (November–January).TheGHEs extract heat
from the ground, and the thermal performance is mainly
determined by the heat storage effect. The ground plays
an important role in supplying heat for the GHEs as a
heat source, and the 5th borehole extracts more heat from
ground than the other ones in the GHEs for the more heat
accumulation around in last stage.

From the above discussion, we can conclude that while
the thermal dissipation dominates, the heat flux of the
borehole with stronger thermal interference is smaller. In
contrast, while the heat storage effect plays a major role, the
boreholes being strongly interfered will have a greater heat
flux. This is because the hindrance of thermal dissipation
around boreholes due to thermal interference provides a
better condition while the ground acts as a heat source/sink
for the GHEs working under the opposite mode.

Furthermore, we should note that, in October (circle in
Figure 6) in the 3rd stage, the GHEs work under the cooling
mode and reject heat into the ground; however, the 5th
borehole absorbs heat from ground individually (𝑞5 < 0),
which implies that the 5th borehole is malfunctioned. This
is because the heat accumulation around the 5th borehole
is more severely due to the thermal interference, resulting
in greater ground temperatures around. As a result, the 5th
borehole can extract heat from the ground if the ground
temperature around is high enough. Furthermore, we have
also examined the effect of the borehole spacing on this
phenomenon (Figures 7 and 8). It is shown that a larger
spacing can weaken heat interference and the phenomenon
will not be observed for a larger borehole spacing (Figure 8).

3.2.2. Thermal Performance of Different Borehole Configura-
tions. In this section, we investigate thermal behaviors of 9-
borehole GHEs arranged in “<”-Shape with different angles,𝜃 = 𝜋/4, 𝜋/2, 3𝜋/4, 𝜋 (Figure 9).

Figure 10 presents the monthly average outlet fluid tem-
perature with an angle of 𝜋/2. It is shown that the highest
temperature in August and the lowest temperature in January
are lower than those in the 3 × 3 square array case. Table 5
presents the comparison results of lowest temperature and the
highest temperature in the 10th year.We can find that, with an
increasing angle, both of the average outlet fluid temperatures
inAugust and January become higher, whichwill improve the
heating efficiency of heat pump in January and decrease the
cooling efficiency of heat pump in August.

Figure 11 presents the heat fluxes of the 1st–5th boreholes
for 𝜃 = 𝜋/4. As suggested above, heat transfer process
underground can also been divided into four stages.However,
the 4th (or 6th), instead of the 5th borehole, is observed to



8 Geofluids

q1
q2
q5

12 24 36 48 60 72 84 96 108 1200
(Month)

−60

−40

−20

0

20

40

60

80

q 
(W

/m
)

Figure 7: Monthly average heat fluxes for different boreholes (spacing = 4m).
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Figure 8: Monthly average heat fluxes for different boreholes (spacing = 7m).

be malfunctioned in October. Further investigation indicates
that this phenomenon can also be eliminated by increasing
the angle. For example, the heat flux of the 4th borehole is
positive in October with respect to an angle 𝜋/2 (Figure 12).
4. Conclusions

In this paper, a novel semianalyticalmethod to study the ther-
mal performance of (GHEs) is developed with uniform inlet
fluid temperature (UIFT) assumptions. This new method
is verified against numerical and experimental results. The
thermal performances of 9-borehole GHEs with different
configurations are also analyzed by this new method. Based
on this work, several important conclusions are obtained as
follows.

(1) The new method, which relies on the assumption of
uniform inlet fluid temperature rather than the uniform heat
flux, can be used to study the thermal performance difference
of boreholes. The effects of thermal interference have also
been examined. Furthermore, the newmethod is flexible and
has no limitations on the borehole configurations.(2)Themonthly average fluid temperature at the outlet of
GHE varies each month. For 3 × 3 square array GHEs, due
to the unbalanced annual load, the outlet temperatures will
increase year over year gradually. Moreover, on the aspect
of dominant mechanisms, the heat transfer can be divided
into four stages in a heat transfer period. While the thermal
dissipation dominates, the heat flux of the borehole with
stronger thermal interference is smaller. In contrast, while
the heat storage effect plays a major role, the boreholes being
strongly interfered will have a greater heat flux.
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Figure 10: Monthly average GHEs outlet fluid temperature (𝜃 = 𝜋/2).(3) Due to the heat accumulation, some boreholes will
be malfunctioned sometimes, in particular, when individual
borehole obtains heat from ground, while the GHEs are oper-
ated under the cooling mode. Obviously, this phenomenon
cannot be observed under the UHF assumptions where all
boreholes are assumed to yield the same heat flux. It is also
shown that this phenomenon will disappear with increasing
borehole spacing.

Nomenclature

A: Matrix coefficient
b: Vector coefficient𝑐: Specific heat𝑐𝑓: Specific heat of fluid

𝑒: Thermal effectiveness
Ei(𝑥): Exponential integral function𝐻: Depth of borehole, m�̇�𝑓: Mass flow rate of fluid𝑡: Time𝑚: Counter𝑀0: Total time step𝑁: Number of boreholes𝑞: Thermal load/heat fluxes𝑞𝑠1: Is the heat flow produced by single

isolated borehole, W/m𝑄: Heat rate of GHEs𝑟𝑖𝑗: The space between the 𝑖th borehole and
the 𝑗th borehole, m
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Table 5: Average outlet fluid temperatures in 10 years.

Case 𝑇out in Aug 𝑇out in Jan
3 × 3 square array 46.3∘C 5.68∘C𝜃 = 𝜋/4 45.9∘C 4.65∘C𝜃 = 𝜋/2 45.4∘C 4.18∘C𝜃 = 3𝜋/4 45.3∘C 3.97∘C𝜃 = 𝜋 45.2∘C 3.92∘C
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Figure 11: Monthly average heat fluxes for different boreholes (𝜃 =𝜋/4).
𝑟𝑏: Borehole radius, mm𝑅𝑏: Thermal resistance in borehole𝑅𝑏𝑡: Coefficient, = 𝑅𝑏 + 1/𝛽𝑇0: Initial ground temperature, ∘C𝑇𝑓: The average fluid temperature𝑇𝑢: Thermal response under unity heat flux𝑇in: The inlet fluid temperature𝑇out: Outlet fluid temperature
(𝑥𝑤, 𝑦𝑤): Location of borehole(𝜌𝑐): Volume specific heat
Δq: Heat flux vector.

Greek Letters𝛽: Coefficient𝜆: Thermal conductivity, W/(m-K)𝜌: Density, kg/m3𝜃: Angle.
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This study presents the differences of water sensitivity experiment of porous medium rock between conventional dry core samples
and oil-bearing core. The comparison was made to analyze the impact of single-phase fluid and multiphase fluid on the actual
sensitivity of rock. The nuclear magnetic resonance (NMR) test was carried out to reveal the distribution of oil in porous medium
and themicroscopic influencemechanism of oil phase.The study shows that the initial oil in place could isolate the clay fromwater,
and then the expansion and the migration of the clay were prevented to reduce the decrease of degree of damage.

1. Introduction

Along with the continuous reduction of conventional geo-
logical reserves, the discovery of geological reserves becomes
more and more difficult. With the continuous progress of
development technology and continuous decrease of devel-
opment cost, the low-permeability reservoir or extralow-
permeability reservoir currently has become one of the main
contributors of global oil production. But most of low-
permeability and extralow-permeability reservoirs are facing
one major problem during the development process, namely,
sensitivity of reservoir. The sensitivity of reservoir can cause
the reduction of reservoir production and then further
impacts the recovery ratio of reservoir [1–3]. However, we
have not yet come to an accurate conclusion on the impact on
recovery ratio, and even when we come to conclusions, they
will have a certain number of errors due to the limitation of
experimental method.

The earliest sensitivity studies were based on rock compo-
sition to study variousmechanisms responsible for formation
damage [4–8]. Their focus is on damage directly between the
formation and fluid injected into formation. Their methods
used to evaluate the sensitivity of formation are usually

capillary suction test (CST) which was developed in 1970s
to evaluate water sensitive formations for drilling [9]. CST
method evaluates the reservoir rock treatment fluid interac-
tions. While there are many potential causes for formation
damage, the focus here is only on damage due to interactions
between the formation and a fluid injected into the formation.
CST method is sensitive to swelling and dispersive clays, but
it cannot evaluate the immigration. The dry core flooding
test method is widely used in recent years to evaluate the
water sensitivity in China, which is adopted to diagnose the
mechanisms of formation damage.The dry core flooding test
is taken into consideration to be closer to the actual situation
of the oilfield [10]. But it cannot distinguish immigration and
swelling of the water sensitive. CT scanning technique was
used widely for quantitative evaluation of reservoir damage
mechanism [11, 12]. While all these sensitivity experiment
studies are made by utilization of dry core and the impact of
oil-bearing is not considered in the study, it is possible that
research cognition exaggerates the impact of sensitivity. This
kind of impact is not conducive to the optimization of water
injection match ability and that of water injection method
on the one hand, and it will impact the final estimation of
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Table 1: Table for evaluation results of water sensitivity.

Block Core number Porosity (%) Native permeability (mD) Damage rate (%) Water sensitivity degree Critical value of salinity (mg/L)

ZD
ZD1 13.425 0.0888 60.37 Medium-slightly strong 7247.18
ZD2 16.889 5.7823 61.76 Medium-slightly strong 7247.18
ZD3 14.618 0.209 59.47 Medium-slightly strong 7247.18

HLM H1 7.266 0.47 37.50 Medium-slightly weak 4831.45
H2 3.12 0.4 35.71 Medium-slightly weak 4831.45

Table 2: Table for evaluation of water sensitivity damage of saturated core.

Block Core number Porosity (%) Initial permeability (mD) Damage rate (%) Water sensitivity degree Critical value of salinity (mg/L)

ZD ZD4 10.268 0.307 43.33 Medium-slightly weak 4936.85
ZD5 15.32 7.631 44.44 Medium-slightly weak 4936.85

HLM H4 7.135 1.634 33.33 Medium-slightly weak 2415.73
H5 2.63 0.158 30.16 Medium-slightly weak 2415.73

recovery ratio on the other hand. Huang considers the rock
sensitivity when the core bears residual oil, which still cannot
completely reflect the impact of crude oil in the production
process and its saturation on rock sensitivity.

This paper takes the water sensitivity damage of low-
permeability core from Nanyang Oilfield as an example. In
order to bemore suitable with reservoir practically, this paper
conducts the water sensitivity damage under the oil-bearing
state and meanwhile utilizes T

2
spectral curve of NMR

to compare the damage to rock pore structure and makes
quantitative study on the sensitivity damage under different
formation oil saturation conditions. Consequently, this paper
provides a theoretical and technical basis for prevention of
water injection damage in the actual production process
of oilfield and quantitatively proposes the impact of water
sensitivity on ultimate recovery.

2. Water Sensitivity Experiment

2.1. Reservoir Study Overview. Nanyang reservoir is a Meso-
Cenozoic half graben-like rift lake basin which is deep in
the south and shallow in the north. As can be known from
the analysis of samples obtained from Nanyang reservoir, it
is low-permeability reservoir in physical property, with the
thickness of single layer of 2–20m, reservoir porosity of 2.2∼
11.7%, and arithmetic mean of 6.02%. The main distribution
range is less than 10%, accounting for 98.1% of 52 samples. It
belongs to extralow pore and ultralow pore.The permeability
distribution range is 0.09∼2.98 × 10−3 𝜇m2, so it belongs to
extralow-permeability reservoir.

The content of clay in the reservoir amounts to 7.62%.
The illite is 3.42%, chlorite 1.36%, muscovite 1.14%, biotite
0.12%, kaolinite 0.22%, and smectite 1.36%. It is generally
acknowledged that there were two damage types in the
reservoir. One is kaolinite migration with water flooding.The
other is illite and smectite hydrophilic expansion. Besides,
the reservoir bed of extralow-permeability reservoir itself has
the characteristics of dense lithology, low permeability, large
filtration resistance, and so on.

Consequently the external fluids can react with rock
minerals of reservoir bed in the process of fracturingmeasure
and water injection development implemented in the oilfield,
which causes the damage to reservoir bed and consequently
impacts the crude oil production. Meanwhile, because the
low-permeability reservoir generally contains more argilla-
ceous and particle minerals and the pore throat radius is
small, thus the reservoir is vulnerable to contamination and
damage, which has become one of the bottle necks restricting
the development of low-permeability reservoir.Therefore, the
study on sensitivity appears to be particularly important for
the impact generated by reservoir.

2.2. Experimental Porous Medium Rock Samples and Fluids

2.2.1. Experimental Cores. The porous rock samples in this
study come from two extralow-permeability reservoir blocks
of Nanyang Oilfield, and the specific core parameters are as
shown in Tables 1 and 2.

2.2.2. Experimental Fluids. Fluids utilized in the experiment
include formation water (with salinity of 9662.9mg/L),
deionized water, and fluorocarbon oil with the viscosity close
to that of initial oil in place in the research block.

2.3. Experiment and Analysis on Dry Core. The water sensi-
tivity experiment study is conducted for conventional core,
as the comparison of rock sensitivity study in the saturated
core. The sensitivity experiment methods and evaluation cri-
terion for conventional core utilize the industry standard of
China National Petroleum Corporation (CNPC) SY/T 5358-
2002 Evaluation Method for Flow Experiment of Reservoir
Sensitivity Flow Experiment [13].

2.3.1. The Testing Process of Water Sensitivity. For the core
to be tested, firstly, ensure the formation water is saturated
and determine the permeability 𝐾

0
, pore volume Φ of core

sample, and T
2
spectrum by NMR; then, respectively, utilize

3/4 formationwater, 1/2 formationwater, 1/4 formationwater,
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Figure 1: Comparison of water sensitivity damage degrees under dry core and oil-bearing.

and deionized water for displacement at 0.3ml/min, let the
fluid soak for 12 h after displacement of 10 PV, determine the
corresponding permeability variation, calculate the perme-
ability damage rate, and then reutilize NMR to determine T

2

spectrum.

2.3.2. The Evaluation on Conventional Water Sensitivity.
Cores are used to conduct water sensitivity damage experi-
ment for dry core, and the results are as shown in Table 1.

As can be seen from the table, the damage rates of Block
ZD and Block HLM are, respectively, determined as 60% and
36% or so by dry core. According to the grading standards
of water sensitivity strength by Marathon Oil Corporation,
Block ZD has a moderately strong water sensitivity and
critical salinity of 7,247.18mg/L; Block HLMhas amoderately
weak water sensitivity and critical salinity of 4,831.45mg/L.

2.4. Experiment and Analysis on Oil-Bearing Core

2.4.1. Saturated Oil to the Core. The core oiliness treatment
is the key to the study of impact of oiliness on rock water
sensitivity. We must ensure the oil-bearing state of core, as
well as no impact on rock seepage and following experiments
after the core bears oil.

This study utilizes the treatment methods before oiliness
and ageing of core, including three stages: bound water
state before ageing, HTHP ageing, and bound water state
after ageing. The bound water state before ageing is based
largely on the initial oil-bearing state under dry core after
the wash oil is dried and provides preparations for ageing,
including applying saturated water and saturated bound
water to residual oil. The HTHP ageing mainly simulates the
temperature and pressure conditions of target reservoir to
recover the wettability of core sample in reservoir, mainly
including putting core sample in 17MPa confining pressure
clampholder for ageing at 80∘Cconstant temperature cabinet.
The boundwater state after ageing is the new oil-bearing state

of core sample after permeability recovery, mainly including
the state of saturated oil and long-time water displacing oil
to residual oil. The subsequent water sensitivity experiment
process is the same as that of conventional core and will not
be repeated herein.

2.4.2. The Evaluation on Water Sensitivity with Oil-Bearing
Core. The experiment results are as shown in Table 2, and it
can be seen from such results that Block ZDhas a damage rate
of 44% or so, moderately strong water sensitivity, and critical
salinity of 7,247mg/L; Block ZD has a damage rate of 32% or
so, moderately strong water sensitivity, and critical salinity of
2,415mg/L.

2.4.3. Comparison of Water Sensitivity Damage of Saturated
Core and Dry Core. The degrees of damage of saturated core
and dry core on formation are compared from three aspects.

(1)TheWater Sensitivity Damage Degree. As can be seen from
the comparison of Tables 1 and 2, the sensitivity damage
degree of Block ZD decreases and becomes moderately weak
from moderately strong due to the existence of oil in core.
It shows that the previous experiment utilizes dry core for
sensitivity experiment to expand the damage degree of water
sensitivity.

(2)The Permeability Damage Degree. Figure 1 shows the water
sensitivity and permeability damage, the continuous lines are
the damage curves under the dry core state, and lines of
dashes are damage curves under the oil-bearing state. It can
be seen that damage curves of saturated core are all below
those of dry core, which indicates that even the residual
oil can reduce the water sensitivity damage after the rock
bears oil. For the core with a stronger water sensitivity, the
permeability damage rate can reduce up to 20%, while, for the
core with a weaker water sensitivity, the permeability damage
rate can reduce 10% or so on average.
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Figure 2: Comparison diagramof critical salinities under two states.

(3) The Critical Salinity. Compared with the dry core, rocks
in Block ZD and Block HLM have a smaller critical salinity
under the oil-bearing state (see Figure 2), which indicates
that the actual reservoir has a wider degree of adaptability
to external fluids. So it can save the treatment cost of
injected water and has a more important guidance for actual
production.

3. Oil Saturations Impact on the
Water Sensitivity Damage

Cut one core into two sections, and let the two sections be
saturated at the same time.Utilize formationwater to displace
one section and deionized water to displace the other section,
and then compare and observe the impacts on sensitivity
damage. During the water displacing oil process, the core
oil saturation constantly changes with the displacement, and
record the pressure, water cut, and degree of reserve recovery
of the two cores and meanwhile test T

2
spectrum.

During the displacement process, oil saturation is cal-
culated according to the measured NMR T

2
spectrum sig-

nals. The calculation principle: the signal amplitude of T
2

spectrum in core indicates the water content in the core, so
the total signal amplitude under the saturated water state
may represent the core pore volume. After the oil displacing
water, the signal amplitude under the saturated oil state is
the pore volume occupied by bound water, so the signal
amplitude difference between the twomay represent the total
oil-bearing pore volume of core. At this point, the definitional
equation of the remaining oil saturation is as follows:

Crude oil saturation = (total signal amplitude in this
area under saturated water − total signal amplitude in
this area under remaining oil)/total signal amplitude
in this area under initial saturated water.

The relation curve for pressure, water cut, and oil satu-
ration (see Figure 3) may be drawn according to experiment
results. As can be seen from the figure, the displacement pres-
sure and oil saturation are negatively correlated during the
displacement process. The displacement pressure increases

while the oil saturation gradually reduces. The difference
between pressure curves of formation water flooding and
deionized water flooding increases gradually with the reduc-
tion of oil saturation, which indicates that the damage degree
of formation water sensitivity gradually increases with the
reduction of oil saturation. The damage degree of water
sensitivity may increase 14.3% at the high water-cut stage
when the water cut reaches over 80%. Due to the water
sensitivity damage, the oil-water breakthrough occurs earlier,
the rate of water-cut increase increases faster, the water-free
stage and low water-cut stage are shorter, the high water-cut
stage appears quickly, and the recovery ratio reduces. And
we can know that the recovery ratio may reduce 10% or so
through calculation.

In order to further study the impact of different satura-
tions, this paper draws the curve between oil saturation and
permeability damage, as shown in Figure 4. As can be seen
from the curve, the variation of damage rate has obvious
inflection points. The inflection point corresponding to the
core in the study is the oil saturation of 54% or so; namely,
the water sensitivity damage becomes more obvious as the
high water-cut stage 80% appears, causing the sharp decrease
of formation permeability. The permeability damage reaches
16% and basically corresponds to the damage degree.

4. Analysis of Microscopic Mechanism for
Core Water Sensitivity Damage

This paper utilizes the T
2
spectral curve obtained from

NMR experiment to analyze the microstructure of core
and consequently reveal the mechanism of water sensitivity
damage of oil-bearing core and dry core.

4.1. Relation between PoreThroat Size and NMR T2 Spectrum.
The pores throats were of different sizes, and each pore is
related to a relaxation time T

2
. The signal amplitude attenu-

ation is slower and the relaxation time is longer with larger
pore. In contrast, the smaller the pore, the more rapid the
signal amplitude attenuation and the shorter the relaxation
time. Therefore, the distribution of the multiple exponential
decay processes in rocks which are T

2
spectrum means the

pore size distribution of the core. The pore throats reflected
by T
2
spectral line of core of target block are mainly divided

into three categories: clay-boundwater pore, capillary-bound
water pore, and free fluid pore [14, 15]. T

2
spectrum cut-off

value is obtained from empirical value and chart method.
Empirically, according to the industry standard of China
National Petroleum Corporation SY/T 5358-2002 [16], the
cut-off time between clay-bound water pore and capillary-
boundwater pore for lowpermeability is 1ms [17].TheT

2
cut-

off value is 10ms between capillary-bound water pores and
movable fluid pores (as shown in Figure 5) considered with
the centrifugal experiments on core sample and empirical
methods from Chinese oil field [18, 19]. So three types of
pores structure’s cut-off time were obtained. As shown in
Figure 6, 0.1–1ms pores aremicropores andmain clay-bound
water pores, 1–10ms pores aremesopores andmain capillary-
bound water pores, and pores greater than 10ms are macrop-
ores and main movable fluid pores (as shown in Figure 6).
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Figure 7: T
2
spectral curve of water sensitivity of conventional core and saturated core.
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Figure 8: Variation diagram of pore structure of water sensitivity of conventional core and saturated core.

The variation and its range of different pore types can be
analyzed under different situations of water injection. The
microcosmic reason and mechanism of sensitivity damage
can be analyzed quantitatively. In the following pore analysis,
the variation of the three kinds of pore structures is also
mainly studied.

4.2. Comparison of Impacts of Water Sensitivity on Pore
Structure. Figure 7 is the measured T

2
spectral curve after

the water sensitivity experiment of conventional core and
saturated core and shows that the variation ranges of different
grades of pores of saturated core are narrow. Based on
previous research, T

2
spectrum can be divided into three

zones which represent three pore structures. From the two
T
2
spectral curves, it can be concluded that the amount

of capillary-bound water pore in the zone among 1–10ms
gradually increases with water sensitivity. In contrast, the
amount of free fluid pore which is more than 10ms decreases.
However, variation degree of saturated core is smaller than
conventional core. We also obtain from T

2
spectrum the fact

that clay-bound water pore less than 1ms changes a little
in saturated core, and conventional core increases. The fact
that the conventional damage of core in water sensitivity
test is more than that in saturated core is further explained.
We noticed that Qi had ever conducted an experiment with
conventional cores and got the same T

2
distribution as

conventional water sensitivity curve in Figure 7 [20]. So they
achieved exaggerated influence of water sensitivity.

This paper has also investigated the damage of three
kinds of pore structures of different clay-bound water pore,
capillary-bound water pore, and free fluid pore of core, as
shown in Figure 8.

As can be seen from Figure 8, the variation range of clay-
bound water pore is wide, while the clay-bound water pore
is the part which can best describe the sensitivity damage
caused by claywater-swelling.The analysis shows that the clay
concentration is higher around the clay-bound water pore,
and the clay water-swelling is quite strong, causing narrower
space in clay-bound water pore, while, for the saturated core,
the clay water-swelling is weak because the clay is wrapped
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by oil film under the oil-bearing state, which greatly reduces
the water absorbing capacity of clay. The variation range of
capillary-bound water pores is the narrowest, and capillary-
bound water pores are basically capillary-bound water pores.
Such pores are almost filled with bound water; the clays
decrease the pore space when they swell by absorbing water.
Meanwhile some free fluid pores would decrease due to the
action of sensitivity and become mesopores. Pores with a
wider variation range are free fluid pores which provide the
main space for catchment and are alsomain seepage channels.
In case of dry core, thewater directly contacts the rock surface
and causes clay swelling and migration and more serious
damage to free fluid pores. As for saturated core, because the
crude oil has isolation effect on water and rock, both the clay
swelling and migration reduce to a certain extent, and the
maximum reduction can reach 10%, which shows that the
existence of crude oil in core generates a greater impact on
pore structures.

4.3. Analysis ofMicrostructure DamageMechanism under Oil-
Bearing State. The sensitivities under the oil-bearing state
and dry core state have greater differences.Themain reason is
that the shielding effect of oil film forms due to the existence
of saturated oil in pores, which consequently reduces the
contact between foreign water and clay mineral, causing the
reduction of sensitivity, as shown in Figure 9.

At different water injection stages, the chance of direct
contact between foreign displacing fluids and pore wall
surface continuously varies, which causes the variation of
damage degree.

(1)The reservoir starts to be damaged due to the injection
of foreign water during the water-free oil production period.
But the area of contact between foreign water and clay
mineral is very small due to the fact that the displacement
of crude oil is mainly for the crude oil in pores at the initial
stage, which causes small damage at the low-medium water-
cut stage.

(2)With the increase of injected water, the crude oil along
with the wall surface starts to be displaced, and the area of
contact between foreign water and clay mineral gradually
increases. Especially after the high water-cut stage appears,
the contact between clay and foreign fluids is maximum,
and consequently sudden swelling occurs, causing sudden
increase of damage. Therefore, it is suggested to conduct
fracture acidizing and other experiments for reservoir at the

low water-cut stage if such experiments are done so as to
reduce the damage of foreign fluids of formation.

5. Conclusions and Suggestions

(1) The water sensitivity evaluation methods which are based
on core flow experiment and NMR T

2
spectrum study

under the oil-bearing state of rock are established. The core
of reservoir is utilized for actual analysis and comparison
study. The research shows that the sensitivity of formation
under the oil-bearing state decreases to a certain degree, and
consequently the impact of oiliness of formation should be
considered for the sensitivity experiment.

(2) In case of no saturated oil, thewater sensitivity damage
of formation mainly reduces the permeable space of flowable
pores, while the initial oil in place can generally play a role
of isolation protection in core, and both the clay swelling
andmigration reduce to a certain extent, which consequently
causes the great reduction of damage degree. Due to the
existence of formation crude oil, the tolerance of formation
to foreign fluids and the degree of adaptability are wider.

(3) The sensitivity can cause the increase of displacement
pressure and early water breakthrough of oil well. With
the increase of injected water, the damage of sensitivity on
oil layers increases. It is suggested to conduct formation
protection operation in advance at the low water-cut stage
in practice, so as to reduce the damage of sensitivity on
formation.
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Apparent permeability is an important input parameter in the simulation of shale gas production. Most apparent permeability
models assume a single pore size. In this study, we develop a theoretical model for quantifying the effect of pore size distribution
on shale apparent permeability. The model accounts for the nonuniform distribution of pore sizes, the rarefaction effect, and gas
characteristics. The model is validated against available experimental data. Theoretical calculations show that the larger the pore
radius, the larger the apparent permeability. Moreover, the apparent permeability increases with an increase in the width of pore
size distribution, with this effect being much more pronounced at low pressure than at high pressure.

1. Introduction

The unconventional gas production boom in North America
has attracted increasing interest internationally [1]. Uncon-
ventional gas production has been the topic ofmuch research,
but its accurate prediction is still a challenge [2–6], especially
for shale gas. The simulation of shale gas extraction requires
information about the apparent permeability of shale, which
deviates its intrinsic permeability due to the complex fluid
dynamics in tight porous media. Gas transport in shale
involves different transport mechanisms, including viscous
flow, slip flow, Knudsen diffusion, and surface diffusion
[7–9]. A variety of studies have been done on studying
these differentmechanisms [10–14]. However, most of studies
consider shale media as a bundle of uniform capillaries
with an effective pore radius 𝑟e. The determination of 𝑟e is
not a trivial work. Some researchers employ the mercury
injection method to determine 𝑟e. For conventional rocks,
Winland [15] proposed using the pore size at 35% mercury
saturation as 𝑟e. Pittman [16] extended Winland’s work and
pointed out that the pore size at 25% mercury saturation
controls the permeability. For tight gas sands, Rezaee et al.
[17] indicated that the pore size at 10% mercury saturation
is a good permeability predictor. For shale media, very high
pressure would be required for mercury to enter small pores

around 3.6 nm [18]. At such high pressures, the deformation
of the rock and the possibility destruction of pore structure
will affect the measurement [18]. For determination of 𝑟e, a
more sophisticated method is the Effective Medium Approx-
imation (EMA). Ghanbarian and Javadpour [19] combined
EMA with the Javadpour model [7] to estimate the apparent
permeability of shale. Their model is very sensitive to 𝑟e that
is determined by EMA. As seen from the above literature
review, the determination of 𝑟e is still an open issue.

Shale media possesses a complex pore architecture [20].
Thus, the uniform capillary model does not adequately
account for the heterogeneity of shale. Civan [21] indicated
that the apparent permeability of tight rock is directly related
to pore size distribution (PSD). But limited work has studied
the effect of PSD on gas transport in shale. Villazon et al. [22]
employed a log-normal density function to characterize the
PSD of shale and proposed an apparent permeability model.
Themodel is developed based on the Hagen–Poiseuille equa-
tion and the general slip boundary condition [23]. Thus, the
model only considers viscous flow and slip flow. But, at low
pore pressure, Knudsen diffusion dominates gas transport.
The fractal capillary model has received much attention over
several decades [24–27]. Recently, some researchers used the
fractal theory to describe the PSD of shale and developed a
series of apparent permeabilitymodels [28–30].Thesemodels
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assume that the PSD of shale can be modeled as a power law
distribution. Apart from a power law distribution, the PSD
of shale can be described by a nonsymmetrical distribution,
such as a gamma distribution [31–34].

Fewer studies have been carried out to theoretically
investigate the effect of PSD on shale apparent permeability.
In this article, an apparent permeability model that accounts
for the nonuniformdistribution of pore sizes is developed and
validated with experimental results. The model can describe
unique flow behaviors in shale and can be used to study the
effect of PSD on shale apparent permeability.

2. Model Development

When the characteristic size of pore channels is comparable
to or smaller than the gas mean free path, the molecule–wall
collisions predominate over the intermolecular collisions,
which is known as the rarefaction effect. At this condition,
the Navier–Stokes equations break down [37]. Thus, the
applicability of the conventional Darcy law is invalid. Shale
is referred to as extremely tight porous media with pore sizes
in the nanoscale [38]. Due to the rarefaction effect, shale gas
transport is a complex process involving viscous flow, slip
flow, and Knudsen diffusion [12, 14]. The Knudsen number
quantifies the rarefaction of fluid. The Knudsen number
for producing shale gas reservoirs is less than unity, which
corresponds to the Darcy flow, slip flow, and early transition-
flow regimes [39]. In this work, we consider slip flow as a part
of Knudsen diffusion [40]. Moreover, we do not consider the
surface diffusion in this work. For a single capillary, themolar
flow rate for viscous flow 𝐽v is given by

𝐽v = 𝑐𝜋𝑟48𝜇
Δ𝑝
𝜏𝐿0 , (1)

𝑐 = 𝑝
𝑍𝑅𝑇, (2)

where 𝑐 is the molar density, mol⋅m–3, 𝜇 is the viscosity,
Pa⋅s, 𝑝 is the pore pressure, Pa, 𝑅 is the ideal gas constant,
J⋅mol–1⋅K–1, 𝑇 is the temperature, K, 𝑍 is the compressibility
factor, 𝜑 is the porosity, 𝜏 is the tortuosity, 𝐿0 is the length of
capillary, m, and 𝑟 is the pore radius, m.

The compressibility factor can be estimated using the
Soave−Benedict−Webb−Rubin equation of state (SBWR-
EOS) due to its accuracy at reservoir condition [41]. Gas
viscosity data are taken from the NIST database [42].

For Knudsen diffusion, the molar flow rate 𝐽K is [43]

𝐽K = 𝜋𝑟2𝐷K
Δ𝑐
𝜏𝐿0 = 𝜋𝑟2𝐷K𝑅𝑇Δ(𝑝𝑍) 1

𝜏𝐿0
= 𝜋𝑟2𝐷K𝑅𝑇

𝑝
𝑍 ( 1

𝑝 − 1
𝑍
𝑑𝑍
𝑑𝑝 ) Δ𝑝

𝜏𝐿0 ,
(3)

𝐷K = 2
3𝑟√

8𝑍𝑅𝑇
𝜋𝑀 , (4)

where𝑀 is gas molar weight, kg⋅mol–1.

The molar flow rate 𝐽 in a single capillary is [40, 44]

𝐽 = 𝐽v + 𝐽K
= 𝑐 [𝜋𝑟48𝜇 + 2

3𝜋𝑟3√
8𝑍𝑅𝑇
𝜋𝑀 (1

𝑝 − 1
𝑍
𝑑𝑍
𝑑𝑝 )] Δ𝑝

𝜏𝐿0 .
(5)

Since shale is assumed to be composed of parallel capil-
laries with different sizes, the total molar flow rate through
unit area 𝐽T can be obtained using the following integral:

𝐽T = 𝑛t ∫
𝑟max

𝑟min

𝐽𝑓 (𝑟) 𝑑𝑟

= 𝑛t𝑐 ∫
𝑟max

𝑟min

[𝜋𝑟48𝜇 + 2
3𝜋𝑟3√

8𝑍𝑅𝑇
𝜋𝑀 (1

𝑝 − 1
𝑍
𝑑𝑍
𝑑𝑝 )]

⋅ Δ𝑝𝜏𝐿0𝑓 (𝑟) 𝑑𝑟,

(6)

𝑛t = 𝜑
∫𝑟max

𝑟min
𝜋𝑟2𝑓 (𝑟) 𝑑𝑟 , (7)

where 𝑛t is the total number of capillaries per unit area,
m–2, 𝑟max is the radius of the maximum capillary, m, 𝑟min
is the radius of the minimum capillary, m, and 𝑓(𝑟) is
the probability density function for capillaries (pores). In
this work, we take 𝑟min as the gas molecular radius. The
value of 𝑟max is taken as 200 nm [45]. Moreover, following
Moghaddamand Jamiolahmady [33], we assume that the PSD
of shale can be modeled by a gamma distribution

𝑓 (𝑟) = 𝛽𝛼𝑟𝛼−1𝑒−𝛽𝑟
Γ (𝛼) (8)

with a mean, 𝑟m = 𝛼/𝛽, and variance 𝜎2 = 𝛼/𝛽2, where𝑟 is the pore radius, m, 𝛼 is the shape parameter, 𝛽 is the
rate parameter, m–1, 𝑟m is the mean pore radius, m, andΓ(𝛼) is the gamma function. The parameters 𝛼 and 𝛽 can
be any value greater than zero. Note that (8) is limited to
a relatively narrow monomodal distribution of pore sizes.
The pore size distributions described by the gamma density
function are shown in Figure 1 for several values of 𝛼 and 𝛽.
As shown in Figure 1(a), the most likely pore radius (the pore
radius corresponding to the maximum value of the gamma
density function) is smaller than 𝑟m. Moreover, the difference
between 𝑟m and most likely pore radius increases with an
increase in the width of the distribution (see Figure 1(a), solid
lines). This behavior is due to the asymmetry in the gamma
distribution, which is characterized by a relatively long tail at
large 𝑟. For most porous materials, the PSD is not symmetric,
but skewed [46].

Based on the Darcy equation, the total molar flow rate
through unit area is

𝐽T = 𝑐𝑘a𝜇
Δ𝑝
𝐿0 . (9)

Comparing (6) and (9), the apparent permeability is
obtained as
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Table 1: Fitted parameters of the apparent permeability model.

Sample Permeating gas 𝜑 [-] 𝜏 [-] 𝛼 [-] 𝛽 [-]
Eagle Ford shale samplea Helium 5.5%d 3.1d 5.33d 0.13d
XX86b Helium 7.2%c 7.3d 2.18d 0.96d
XX88b Helium 2.7%c 2.7d 3.12d 0.95d
aExperimental data from Aljamaan et al. [35]. bExperimental data fromMathur et al. [36]. cThe value is taken fromMathur et al. [36]. dFitting parameter.
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Figure 1: Representative plots of the gamma distribution: (a) probability density function, (b) cumulative distribution function.

𝑘a = 𝜑
𝜏
∫𝑟max

𝑟min
[𝜋𝑟4/8 + (2/3) 𝜋𝑟3𝜇√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟

∫𝑟max

𝑟min
𝜋𝑟2𝑓 (𝑟) 𝑑𝑟 . (10)

3. Results and Discussion

3.1. Model Validation with Experimental Data. To eliminate
or minimize the effect of gas adsorption/desorption, shale
permeability tests with helium are used to validate our model
(see (10)). For fitting the model to the experimental data, the𝜏, 𝛼, and 𝛽 are treated as fitting parameters. 𝜑 is also treated
as a fitting parameter, unless its value is known.The database
used in this work consists of experiments from Aljamaan et
al. [35] and Mathur et al. [36].

Aljamaan et al. [35] carried out permeability measure-
ments on two shale samples from Barnett and Eagle Ford.
They conducted the tests with helium, methane, nitrogen,
and carbon dioxide at temperature 296.95 K. Note that the
permeability measurements with sorbing gases (methane,
nitrogen, and carbon dioxide) are not used to validate our
model. Figure 2 shows the comparison between the model

results and the experimental data for the Eagle Ford shale
sample. Table 1 lists the fitted parameters. 𝑟min for helium is
0.26 nm.As can be seen fromFigure 2, ourmodel captures the
trends of the experimental data very well. Figure 2 also shows
that the apparent permeability is high initially, drops steeply
with increasing pore pressure, and approaches a constant
value at high pore pressure (>5MPa). This is because, at
low pore pressure, the dominant transport mechanism is
Knudsen diffusion, which enhances gas transport in shale
[40]. With increasing pore pressure, the effect of Knudsen
diffusion vanishes, which results in the decrease of the appar-
ent permeability. Furthermore, according to (10), at high pore
pressure, the apparent permeability of shale converges to its
intrinsic permeability and is not sensitive to pore pressure.

The present model is also compared with the experi-
mental data from Mathur et al. [36]. This dataset includes
two shale samples (XX86 and XX88) from the Wolfcamp
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Figure 2: Comparison of the model results with the experimental
data of Aljamaan et al. [35]. The solid line is calculated from (10).
The parameter set is presented in Table 1.

formation. These measurements are performed under steady
state at temperature 298.15 K. Helium and nitrogen are used
as permeating fluids. Once again, we only use the helium
measurements to validate the present model. Figure 3 shows
that the present model matches the experimental data well.
Error bars for the experimental data of Aljamaan et al. [35]

and Mathur et al. [36] are omitted because experimental
uncertainties are not reported in those studies. The fitted
parameters are listed in Table 1. The 𝜏 values fall within
the range of 2.3−11.9 reported by Katsube et al. [47]. More-
over, the 𝑟m values range from 2.27 nm to 41 nm, which is
consistent with the findings of Javadpour et al. [38]. They
found that pore radiuses in the range of 2 nm to 100 nm
are the dominant flow channels in shale. Figures 3 and 2
show that the permeability values of the Eagle Ford shale
sample are significantly higher than those of the Wolfcamp
shale samples. Intuitively, one should expect permeability to
vary from one sample to another. Moreover, we note that,
in Mathur et al.’s [36] experiment, the measurements are
conducted on “as-received” samples. But, in Aljamaan et al.’s
[35] experiment, the measurements are conducted on dried
samples. Ghanizadeh et al. [48] indicated that permeability
valuesmeasured on dried samples are higher than thosemea-
sured on “as-received” samples, which is due to the presence
of pore fluid (bound/adsorbed water and hydrocarbon) in
“as-received” samples [48]. The bound/adsorbed water and
hydrocarbon partially block pore channels, which results in
the decrease of permeability [49].

3.2. Gas Transport Dynamics in Shale. The flow regimes for
producing shale gas reservoirs include continuum flow, slip
flow, and transition flow [40].Thepresentmodel incorporates
viscous flow and Knudsen diffusion to cover these flow
regimes. To enunciate the gas transport dynamics in shale,
we define the permeability ratios for viscous flow 𝑘rv and
Knudsen diffusion 𝑘rk.

𝑘rv =
∫𝑟max

𝑟min
(𝜋𝑟4/8) 𝑓 (𝑟) 𝑑𝑟

∫𝑟max

𝑟min
[𝜋𝑟4/8 + (2/3) 𝜋𝑟3𝜇√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟 , (11)

𝑘rk =
∫𝑟max

𝑟min
[(2/3) 𝜋𝑟3𝜇√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟

∫𝑟max

𝑟min
[𝜋𝑟4/8 + (2/3) 𝜋𝑟3𝜇√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟 . (12)

Figure 4 shows the permeability ratios 𝑘rv and 𝑘rk as a
function of pore pressure. The results shown in Figure 4 are
obtained with 𝛼 = 5.33 and 𝛽 = 0.13. The other parameters
are listed in Table 2. As can be seen from Figure 4, the
permeability ratio 𝑘rv increaseswith increasing pore pressure,
and the permeability ratio 𝑘rk decreases with increasing pore
pressure, which is consistent with the molecular simulation
results of Hari et al. [50]. This behavior is due to the fact that
when pore pressure is increased, the gas molecules collide
with each other more frequently than with the pore wall,
and thus viscous flow contributes more to the total flow.
Figure 4 also shows that when 0MPa < 𝑝 < 6MPa, 𝑘rv
increases steeply, while for 𝑝 > 6MPa 𝑘rv increases slowly.
Specifically, 𝑘rv increases sharply from 0.327 to 0.709 when
the pore pressure increases from 1 to 5MPa. Meanwhile,𝑘rk decreases sharply from 0.673 to 0.291. When the pore
pressure increases from 10 to 50MPa, 𝑘rv shows a minor
increase from 0.832 to 0.967, and 𝑘rk decreases smoothly

from 0.168 to 0.033. This is because that, according to (11),
with increasing pore pressure 𝑘rv gradually converges to 1.
Thus, at high pore pressure (>30MPa), 𝑘rv is not sensitive
to pore pressure. Moreover, at high pore pressure (>30MPa),
Knudsen diffusion is negligible. Thus, at this condition, 𝑘rk is
also not sensitive to pore pressure.

3.3. Effect of Pore Size Distribution on Shale Apparent Perme-
ability. Figure 5(a) shows how themean value of distribution
affects shale apparent permeability. The results shown in
Figure 5(a) were obtained with 𝛼1 = 4, 𝛽1 = 2, 𝛼2 = 8, 𝛽2 =
81/2, 𝛼3 = 16, and 𝛽3 = 4. The corresponding values of 𝑟m and𝜎2 are given in the legend of Figure 5(a).The other parameters
are listed in Table 2. As shown in Figure 5(a), the apparent
permeability increases with an increase in 𝑟m. Specifically,
at the pore pressure of 1.2MPa, the apparent permeability
increases from 0.771 to 1.152 uD when 𝑟m increases from 2
to 4 nm. This behavior is due to the fact that the apparent
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Figure 3: Comparison of the model results with the experimental
data of Mathur et al. [36]. The solid and dashed lines are calculated
from (10). The parameter set is presented in Table 1.

permeability is positively associated with pore radius. The
larger the pore radius, the larger the apparent permeability.
Figure 5(a) also shows that the effect of 𝑟m on the apparent
permeability is much larger at low pore pressure than at high
pore pressure. Specifically, the difference between 𝑘a3 and 𝑘a1
decreases from 0.742 to 0.092 uD when the pore pressure
increases from 0.6 to 6MPa. At low pore pressure, the
difference between 𝑘a3 and 𝑘a1 is contributed by both viscous
flow and Knudsen diffusion. But, at high pore pressure,
Knudsen diffusion could be ignored. Thus, the increase in
pore pressure decreases the effect of 𝑟𝑚 on the apparent
permeability.

Figure 5(b) shows how the variance of distribution affects
the apparent permeability. The results shown in Figure 5(b)
were obtained with 𝛼1 = 3, 𝛽1 = 1, 𝛼2 = 6, 𝛽2 = 2, 𝛼3 = 12, and𝛽3 = 4.The corresponding values of 𝑟m and 𝜎2 are given in the
legend of Figure 5(b). The other parameters are presented in
Table 2. For the three considered distributions, the apparent
permeability increases with an increase in 𝜎2. At the pore
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Figure 4: Permeability ratio as a function of pore pressure.The solid
line is calculated from (11), and the dash dot line is calculated from
(12). The parameter set is presented in Table 2.

pressure of 1.2MPa, the apparent permeability increases from
0.863 to 1.315 uD when 𝜎2 increases from 0.75 to 3 nm2. This
result is attributed to the width of the PSD being represented
by𝜎2.The gammadistribution is a positive distribution.Thus,
with increasing 𝜎2, the PSD presents a lower pick at small
pore sizes but a longer tail at large pore sizes, as shown in
Figure 1(a). Moreover, the molar flow rates for viscous flow𝐽v and for Knudsen diffusion 𝐽K have a strong dependence
on pore radius. 𝐽v is proportional to 𝑟4 (see (1)), and 𝐽K is
proportional to 𝑟3 (see (3)), respectively. Thus, in the case
of the same 𝑟m, increasing 𝜎2 results in the increase of the
apparent permeability. Figure 5(b) also shows the effect of 𝜎2
on the apparent permeability is more pronounced under low
pore pressure than under high pore pressure. This is because
at high pore pressure Knudsen diffusion is negligible.

The effect of PSD on gas transport in shale can also be
seen from the behavior of the fractional flow rate 𝑓q, which is
defined as

𝑓q =
∫𝑟
𝑟min

[𝜋𝑟4/8𝜇 + (2/3) 𝜋𝑟3√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟
∫𝑟max

𝑟min
[𝜋𝑟4/8𝜇 + (2/3) 𝜋𝑟3√8𝑍𝑅𝑇/𝜋𝑀(1/𝑝 − (1/𝑍) (𝑑𝑍/𝑑𝑝))] 𝑓 (𝑟) 𝑑𝑟 . (13)

In (13), the denominator characterizes the total flow rate,
and the numerator characterizes the flow rate contributed
by pores with radius 𝑟 ≤ 𝑟. Figure 6(a) shows the effect
of 𝑟m on 𝑓q. The results shown in Figure 6(a) are obtained
with 𝛼1 = 4, 𝛽1 = 2, 𝛼2 = 8, 𝛽2 = 81/2, 𝛼3 = 16, and 𝛽3 =
4. The corresponding values of mean and variance are given
in the legend of Figure 6(a). The other parameters are listed
in Table 2. As can be seen from Figure 6(a), in the case of

the same 𝜎2, increasing 𝑟m shifts the fractional flow curve
toward the right, which means that the majority of the flow
occurs through large pores. Specifically, at the pore pressure
of 10MPa, 𝑓q1 for the pore radius of 3 nm is 36.4%. At the
same pore pressure, 𝑓q3 for the pore radius of 3 nm is only
3.3%, which means that more than 90% of the total flow was
contributed by pores with radius 𝑟 ≥ 3 nm. Moreover, at the
conditions of pore pressure and pore radius of 10MPa and
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Figure 5: Apparent permeability as a function of pore pressure. The lines are calculated from (10). The parameter set is presented in Table 2.
(a) The effect of 𝑟m on the apparent permeability. (b) The effect of 𝜎2 on the apparent permeability.

5 nm, 𝑓q1 is equal to 85.1%, 𝑓q2 is equal to 81.5%, and 𝑓q3
is equal to 59.5%. This is because, in the case of the same𝜎2, increasing 𝑟m means that more large pores are present.
Thus, themain contribution to the total flow rate is from these
large pores. Figure 6(a) also shows the effect of pore pressure
on 𝑓q. As can be seen from Figure 6(a), decreasing the pore
pressure shifts the fractional flow curve toward the left.When
the pore pressure is 10MPa and the pore radius is 4 nm, 𝑓q1 =
65.7%,𝑓q2 = 54.9%, and𝑓q3 = 23.9%.When the pore pressure
is 0.01MPa and the pore radius is 4 nm, 𝑓q1 = 68.7%, 𝑓q2 =
57.7%, and 𝑓q3 = 25.8%. This is because Knudsen diffusion
dominates gas transport at lowpore pressure, which enhances
gas flow.Thus, at the same pore radius,𝑓q at low pore pressure
is larger than that at high pore pressure.

Figure 6(b) shows the sensitivity of 𝑓q to the variance
of PSD 𝜎2. The results shown in Figure 6(b) were obtained
with 𝛼1 = 3, 𝛽1 = 1, 𝛼2 = 6, 𝛽2 = 2, 𝛼3 = 12, and 𝛽3 = 4. The
corresponding values of 𝑟m and 𝜎2 are given in the legend of
Figure 6(b). As shown in Figure 6(b), in the case of the same𝑟m, increasing 𝜎2 shifts the fractional flow curve toward the
right. Specifically, at the pore pressure of 10MPa, 𝑓q1 for the
pore radius of 4 nm is 18.2%. At the same pore pressure, 𝑓q3
for the pore radius of 4 nm is 61%.This behavior is explained
by the fact that decreasing 𝜎2 improves the uniformity of the
PSD; namely, the width of the PSD decreases with decreasing𝜎2; see Figure 1(a) (solid lines). Figure 1(a) (solid lines) also
shows that, with decreasing 𝜎2, the most likely pore radius
approaches themean pore radius.When 𝜎2 equals 0, the pore
size is uniform and equal to 𝑟m. At this condition,𝑓q0 shows a
step increase from 0 to 1 at 𝑟m, as shown in Figure 6(b). Thus,
in the case of the same 𝑟m, with decreasing 𝜎2, 𝑓q increases
more steeply at 𝑟m. Figure 6(b) also shows that 𝑓q at low pore
pressure is larger than that at high pore pressure. It is worth
noting that the difference between𝑓q at low pore pressure and

Table 2: Parameters for the sensitivity analysis.

Permeating gas 𝑇 [K] 𝜑 [-] 𝜏 [-] 𝛼 [-] 𝛽 [m−1]
Helium 296.95 5.5% 3.1 3∼16 0.13∼4

that at high pore pressure increases with increasing 𝜎2.This is
explained by the fact that a larger 𝜎2 corresponds to a higher
quantity of extremely small pores (𝑟 ≤ 1 nm), as shown in
Figure 1(b) (solid lines). At low pore pressure, the smaller the
pore radius, the stronger themolecule−wall collisions and the
stronger the rarefaction effect, which enhances gas transport.

4. Conclusion

In this paper, we have studied the effect of PSD on shale
apparent permeability. We have derived an apparent perme-
ability model with the assumption that shale media consists
of a bundle of tortuous capillaries with a gamma distribution.
The apparent permeability model matches experimental data
well. Although the model is not completely realistic, it allows
us to understand the effect of PSD on shale apparent perme-
ability. Moreover, the proposedmodel possesses an analytical
form and can be easily incorporated into existing reservoir
simulators without large code change.Themajor findings are
as follows. In the case of the same variance of PSD, increasing𝑟m increases the apparent permeability. In the case of the
same 𝑟m, the apparent permeability increases with an increase
in the width of PSD. Moreover, the apparent permeability is
more sensitive to PSD at low pore pressure than at high pore
pressure, because Knudsen diffusion enhances gas flow at low
pore pressure and is negligible at high pore pressure.

It would be interesting to generalize the present work
by considering the effect of surface diffusion and stress
sensitivity. This will be done in future research.
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Figure 6: Fractional flow rate as a function of pore radius. The lines are calculated from (13). The parameter set is presented in Table 2. (a)
The effect of 𝑟m on the fractional flow rate. (b) The effect of 𝜎2 on the fractional flow rate.

Nomenclature

𝑟e: Effective pore radius, m𝐽v: Molar flow rate for viscous flow, mol⋅s–1𝑐: Molar density, mol⋅m–3

𝜇: Viscosity, Pa⋅s𝑝: Pore pressure, Pa𝑅: Ideal gas constant, J⋅mol–1⋅K–1

𝑇: Temperature, K𝑍: Compressibility factor𝜑: Porosity𝜏: Tortuosity𝐿0: Length of capillary, m𝑟: Pore radius, m𝐽K: Molar flow rate for Knudsen diffusion,
mol⋅s–1𝑀: Gas molar weight, kg⋅mol–1𝐽: Molar flow rate in a single capillary, mol⋅s–1𝐽T: Total molar flow rate, mol⋅s–1𝑛t: Total number of capillaries per unit area, m–2

𝑟max: Radius of maximum capillary, m𝑟min: Radius of minimum capillary, m𝛼: Shape parameter𝛽: Rate parameter, m–1

𝑟m: Mean pore radius, m𝜎2: Variance, m2𝑘rv: Permeability ratio for viscous flow𝑘rk: Permeability ratio for Knudsen diffusion𝑓q: Fractional flow rate.
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Oil recovery, including conventional and viscous oil, can be improved significantly by flooding with polymer solutions. This
chemical flooding method can increase oil production, and it can improve the macrodisplacement efficiency and microsweep
efficiencies. In this study, we establish physical models that include the dead-end and complex models based on the pore-network
pattern etched into glass, using the snappyHexMesh solver in OpenFOAM. These models capture the complexity and topology
of porous media geometry. We establish a mathematical model for transient flows of viscoelastic polymers using computational
fluid dynamics simulations, and we study the distributions of pressure and velocity for different elasticity scenarios and different
flooding process. The results demonstrate that the pressure difference increases as the relaxation time decreases, before the flow
reaches its steady state. For a steady flow, elasticity can give rise to an additional pressure difference, which increases with increasing
elasticity. Thus, the characteristics of pressure difference vary before and after the flow becomes steady; this phenomenon is very
important. Velocity contours become more widely spaced with elasticity increase. This suggests that elasticity of the polymer
solutions contributes to the microsweep efficiency. The results of the study provide the necessary theoretical foundation for
laboratory experiments and development of methods for polymer flooding and can be helpful for the design and selection of
polymers for polymer flooding.

1. Introduction

With continuing development of energy infrastructure, the
supply and consumption of energy have come to play an
important role in the industrialization and urbanization
of world countries. Oil plays the most important role,
because as of today it cannot be fully replaced by other
energy sources. To ensure the sufficient production of oil,
many measures have been adopted, including exploration for
discovering new oil reserves, creating national oil strategic
reserve systems, and avoiding import risk based on the
market fluctuations of oil futures. Enhanced oil recovery from
developed reservoirs is an important strategy to face the
above-described challenges [1, 2]. Among various chemical
flooding techniques for enhanced oil recovery, polymer
flooding is especially promising. Of late, polymer flooding
research has matured enough for commercial applications.
Taking the Daqing oilfield as an example, 54 industrial blocks
have been displaced by polymer flooding. Compared with

water flooding, polymer flooding increased oil recovery by
13%. Polymer flooding-based recovery of second-type oil
layers enhanced oil recovery by 10% compared with water
flooding [3]. In addition, polymer flooding has been used
in heavy-oil reservoirs [4], especially for offshore heavy
oil. Polymer flooding is suitable for operation on offshore
platforms because it does not require complex and additional
surface facilities given a relatively limited platform space.
Bohai Bay is the most important offshore oilfield in China,
which produces heavy oil, and polymer flooding has signifi-
cantly increased the oil recovery there. In three years, in the
pilot area of four injection wells and six production wells,
incremental oil production increased to 7.6 × 104m3 [5, 6].
The main factor contributing to the success of this technique
is that the viscosity of water can be increased by polymers,
resulting in a better macroscale sweep efficiency [7, 8]. In
terms of microscopic mechanisms, the polymer elasticity can
contribute to pulling out residual oil droplets. Thus, on the
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microscale, polymer elasticity in porous media is important
for increasing the oil recovery [9–12].

To investigate the pore-scale flow mechanisms, research-
ers have employed microscale visual experiments and the-
oretical computational fluid dynamics (CFD) methods and
studied the effects of viscosity and elasticity on flow charac-
teristics. A two-dimensional (2D) etched-silicon microscale
model having the geometrical and topological characteristics
of stone has been prepared. Experimental results for heavy
oil displaced by water and polymer show that, at zero
and low polymer concentrations, relatively long and wide
fingers of injectant develop and slowly recover. As polymer
concentration increases, manymore relatively fine fingers are
formed [13]. Wang and Xia compared viscoelastic polymers
and pure viscous glycerin solutions having the same viscosity
to displace oil, by conducting experiments with glass etched
system [14–16]. By comparing images after flooding by two
fluids, polymer elasticity was shown to be responsible for
pulling out residual oil droplets. The oil recovery associated
with polymer solutions was enhanced by 7%–16% compared
with glycerin having the same viscosity. Vermolen et al. [17]
designed and performed core flooding experiments using
glycerol and polyacrylamide, in which they validated that
polymer elasticity can enhance the displacement efficiency.
The results of these experiments showed that, for low viscosity
crude oil, extra oil was recovered when using polymers. This
confirms that high-elasticity polymers can reduce the amount
of residual oil compared with water flooding.

The polymer elasticity can enhance the displacement
effect, as has been validated by the above experimental stud-
ies. Theoretical investigations about the flow characteristics
of polymer solutions in the context of oil industry are lacking.
Some researchers have studied steady-flow polymer solutions
for 4 : 1 contraction and dead-end pores using theoretical
method. The finite difference method was used to study the
stream function, velocity, and pressure contours, for different
viscoelastic polymer flows in microscale pores. The results of
these studies show that, with increasing polymer elasticity, the
flow area increases while the residual oil area decreases. The
velocity and pressure also increase [18–20]. Static numerical
simulations (water-based fluid flowing around an immobile
oil droplet) showed that additional forces are present in the
case of elastic fluids. Dynamic simulations revealed striking
differences in the behavior of elastic and inelastic fluids; oil
droplets underwent deformation over time when inelastic
fluids were injected, but the droplet did not deform in the
presence of elastic fluids [21]. Owing to the nonlinearity
associated with elasticity, the numerical simulation of vis-
coelastic flows remains challenging.The stabilized method of
finite elements was used in some studies [22]. This method
yielded high elasticity (Weissenberg number > 2), and the
results suggest that viscoelasticity may play a significant role
in determining the behavior of polymer flows. Earlier studies
of viscoelastic behavior focused on steady flows. In 2011,
Jafari [23] developed a spectral element method to obtain an
accurate numerical solution for viscoelastic fluid flows. The
objective was to introduce a new algorithm for overcoming
the drawbacks associated with the direct reformulation of
the classical constitutive equation as a logarithmic one. The

research effort culminated in a comprehensive study on tem-
poral growth of spuriousmodes. Prasuna et al. [24] solved the
problem of viscoelastic unsteady flow through two imperme-
able parallel plates using Laplace transformation technique.
The equations were solved for stage-steady and unsteady
motion, respectively. The researchers obtained expressions
for the flow rate and shear stress on the walls. In most
theoretical studies, simplified models such as the dead-end
model, contraction structures, and expansion-contraction
structures were adopted [25]. However, the structure of a
real porous medium is very complex and so is likely to
affect the flow characteristics. Hence, it is very important
to consider the complexity of pores in studies of polymer
elasticity. In this case, the finite volume method [26–29] is
likely to bemore stable. Also, the existing studiesmainly focus
on viscoelastic steady flows, and although some research
has been done on unsteady flow, those studies address the
algorithms rather than the flow characteristics of viscoelastic
fluids in porous media. Transient flow characteristics (before
a flow reaches a steady state) are important, leading to
some potentially interesting phenomena that are ignored in
experiments. In this study, we investigated the complex pore
geometries based on etched-in glasses model. This 2D model
can capture the geometrical and topological characteristics
of pores in a realistic manner. Furthermore, we studied
the microscopic characteristics of transient flows using the
viscoelastic flow solver in OpenFOAM.These results provide
theoretical support and guidance to studies that aim to
enhance oil recovery using polymer flooding.

2. Physical Model

Towphysicalmodels that represent the pores have been estab-
lished in this study.Thefirst one is the dead-endmodel, which
captures a simple pore. The second one that models more
complex pore structures is represented using the etched-in
glass model. The dead-end model is schematically shown in
Figure 1. The residual oil in the dead end often cannot be
displaced by water. The real etched-in glass model is 40 ×
40mm in size and was used in microscale visual experiments
with pure viscous glycerin and elastic polymer flooding. Its
porosity is 35% and its permeability was 2200 × 10−3 𝜇m.
Figure 2(a) shows the saturated oil, imaged using a high-
resolution camera. Figure 2(b) shows a region from Figure 1
as a digitized model to demonstrate the computational
speed and convergence, and area under consideration is 1 ×
1mm. The diameter of the smallest pore was ∼0.02mm. In
conclusion, this model provides a sufficiently detailed picture
of a porous medium to allow studies of the polymer flow
behavior.

First, the image was digitized using Solidworks to obtain
a black and white presentation, and, then, the black pixels
corresponding to the pore boundary were extracted (Fig-
ure 1(c)). The skeleton of the pores must be imported using
snappyHexMesh, a solver in OpenFOAM, and is shown in
Figure 1(c). The nonorthogonal grid was obtained using the
snappyHexMesh solver in OpenFOAM, and it is shown in
Figure 1(d). The number of mesh elements in the model was
∼399220. The minimum radius was 0.02mm. The mesh file
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Figure 1: The dead-end model cells.

(a) Original saturated oil micromodel (b) The digitized model

(c) The stl file exported from Solidworks (d) Meshes exported from snappyHexMesh

Figure 2: The complex model and the mesh formation workflow.

was designed so it could be accepted by any solver in Open-
FOAM.

3. Mathematical Model

The following simulation addressed a viscoelastic transient
flow in an incompressible and isothermal 2D system. The
governing equations included the continuity equation, the
momentum equation, and the constitutive equation.

The continuity equation is
∇ ⋅ (U) = 0. (1)

The momentum equation is

𝜕 (𝜌U)
𝜕𝑡 + ∇ ⋅ (𝜌UU) = −∇𝑝 + ∇ ⋅ 𝜏,

(2)

where U is the velocity vector, in m/s, 𝑈𝑥 is the velocity in
the 𝑥 direction, and 𝑈𝑦 is the velocity in the 𝑦 direction.
Other parameters were as follows: flow time 𝑡, in s; polymer
density 𝜌, in kg/m3; stress tension 𝜏, in Pa, which had three
components, with 𝜏𝑥𝑥 and 𝜏𝑦𝑦 corresponding to the first and
second normal stresses, respectively, and 𝜏𝑥𝑦 corresponding
to the shear stress; pressure 𝑝, in Pa.
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Figure 3: Velocity contour with time (𝜆 = 0.06 s).

The polymer molecules with large relaxation time do not
have sufficient time to stretch, recoil, and adjust themselves
to the elongation and contraction of flow through pores
and throats in the reservoir rock. Therefore, the resultant
elastic strain produces high apparent viscosity. Viscoelastic
polymer exhibits nonlinear rheological responses, which are
captured using the constitutive equation. Strong experimen-
tal evidence indicates that the first normal stress difference
is dominant and is larger than the second normal stress
difference.TheOldroydB equation can describe this property
of polymer solutions [30], as follows:

𝜏 + 𝜆 ∇𝜏= 𝜂𝑝𝐷, (3)

where ∇𝜏= 𝜕𝜏/𝜕𝑡+U ⋅∇𝜏−𝜏 ⋅∇U−[𝜏 ⋅∇U]𝑇; 𝜂𝑝 is the polymer
viscosity, in Pa⋅s;𝐷 is the deformation rate tensor, in s−1; 𝜆 is
the relaxation time, in s, which captures the elasticity of the
polymer solutions. It has been suggested that the inverse of
the frequency at which 𝐺 and 𝐺 intersect corresponds to
the characteristic relaxation time of the polymer solution.

To ensure the convergence of numerical solutions, we
used theDEVSS approach for solving the systemof equations.
The stress tensor was divided into two parts, including the
solvent contribution part (viscous effect) and polymer contri-
bution part (elastic effects); together, these allow representing
clearly the nonlinear viscoelasticity phenomena [31]. The
corresponding equation was

∇ ⋅ 𝜏 = ∇ ⋅ 𝜏𝑠 + ∇ ⋅ 𝜏𝑝, (4)

where ∇ ⋅ 𝜏𝑠 is the solvent contribution to stress, in Pa, and
∇ ⋅ 𝜏𝑝 is the polymeric contribution, in Pa:

𝜏𝑠 = 2𝜂𝑠𝐷. (5)

The parameter 𝜏𝑝 could be calculated from the Oldroyd B
constitutive differential equation, and the momentum equa-
tion was rewritten as follows:

𝜕 (𝜌U)
𝜕𝑡 + ∇ ⋅ (𝜌UU) − ∇ ⋅ 𝜏𝑝 + ∇ ⋅ (𝜂𝑝∇U)

− (𝜂𝑠 + 𝜂𝑝) ∇ ⋅ (∇U) = −∇𝑝,
(6)

where 𝜂𝑠 is the solvent viscosity, in Pa⋅s, and 𝜂𝑝 is polymeric
viscosity, in Pa⋅s.

Equations (1), (2), and (6) constitute the governing
equations for solving the problem.The finite volume method
was used to solve the above equations. The steps used for
solving the system are given below.

(1) For a given initial velocity field, pressure field, and
stress tensor field, momentum equation is solved, obtaining
a new velocity field, where the pressure gradient and stress
divergence are calculated by explicit method.

(2) Using the new velocity field, according to the
RhieChow interpolation idea, construct the Poisson equation
for pressure, solve for the pressure field, and correct the
velocity to satisfy the continuity equation. For the transient
problem we use the PISO method, and for the steady-state
problem we use the SIMPLE method.

(3) Using the velocity field that satisfies the continuity
equation, use the constitutive equation of the viscoelastic
fluid to calculate the stress tensor.

(4) Repeat steps (1)–(3).
The equations were solved using the OpenFOAM’s vis-

coelasticFluidFoam solver.
In these models, the density of the polymer flow was

803 kg/m3 and viscosity was 8mPa⋅s. The relaxation time
values were 0.06 s, 0.1 s, and 0.15 s.

4. Flow Characteristics in the Dead-End Model

In these flow cases, the flow velocity has components in both
the 𝑥 and 𝑦 directions. The flow velocity was defined:

𝑈 = √𝑈2𝑥 + 𝑈2𝑦. (7)
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Figure 4: Pressure difference between inlet and outlet with different elastic polymer flow.
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Figure 5: The pressure distribution diagram of the polymer solution injected at different times (𝜆 = 0.06 s).

Figure 3 shows the velocity contours at different times.
It can be seen that the maximal velocity decreases as time
increases. Because the process is unsteady, the polymer flows
into the main flow pore from the inlet. This is manifested as
an oscillation owing to the elasticity of the polymer solutions.
The flow becomes steady at 𝑡 = 1 s. Thus, the flow velocity
becomes constant at 𝑡 = 1 s. The maximal velocity does not
change with time.

The pressure differences between the inlet and the outlet,
for different relaxation times, are shown in Figure 4. For
the same relaxation time, the pressure difference increases
with the time, and it becomes constant for a steady flow. At
the same time, for transient flows, the pressure difference
increases with relaxation time decrease. For steady flows, the
difference increases with relaxation time increase.The kinetic
energy is transformed into elastic potential energy; thus,
the pressure difference is larger for smaller relaxation times,
before the flow becomes steady. Elastic potential energy is
transformed into kinetic energy when the flow is steady; thus,
in this regime the difference is larger for larger relaxation
times.

5. Flow Characteristics in the Complex Model

Based on the dead-end model, we simulated the flow of
viscoelastic polymers in a complexmicroscalemodel. Figures
5, 6, and 7 show the results of these simulations, for different
solutions of elastic polymers.

Figures 5, 6, and 7 demonstrate that, in the porous
media, the inlet-outlet pressure difference increases with
time, and, for the same relaxation time, the pressure is much
higher in pores compared with throats. The figures show
that the pressure difference increases as the relaxation time
decreases for the same injection time, when the flow is
transient. This occurs because the kinetic energy is trans-
formed into elastic energy, the elasticity increasing and the
kinetic energy decreasing, and then the pressure difference
reducing.

Figure 8 shows the pressure difference between the inlet
and outlet of the polymer solution at different times. For
the same injection time, before the flow becomes steady, the
figure shows that the pressure difference increases with the
elasticity decrease. For steady flows, the pressure difference
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Figure 6: The pressure distribution diagram of the polymer solution injected at different times (𝜆 = 0.1 s).
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Figure 7: The pressure distribution diagram of the polymer solution injected at different times (𝜆 = 0.15 s).
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Figure 8: Pressure difference versus flow time at different relaxation
time.

increases as the relaxation time increases; thus, the elasticity
of the polymer solution can produce an additional pressure
drop. The greater the elasticity, the stronger the pressure
drop. This result is consistent with the flow in the dead-end
model.

Figure 9 shows the velocity contour with the flow time
at the same relaxation time (𝜆 = 1.5 s). For flow times under

1 s, the flow velocity increases; however, for a steady flow, the
velocity decreases and reaches a constant. Figure 10 shows the
velocity contour with the different relaxation time for steady
flows. As shown in Figure 10, the flow velocity increases with
the elasticity increasing. Using the samemaximal velocity, the
obtained contour is shown in Figure 11.

Figure 11 also shows that when the maximal and minimal
velocities are the same, for different relaxation times, the
area swept by the same contours become larger as the relax-
ation time increases in three local areas. This phenomenon
demonstrates that the elasticity of a polymer solution can
increase the microsweep area and sweep efficiency in porous
media.

6. Conclusions

In this paper, a mathematical model to describe the flow
viscoelastic polymer solution in a porous medium was
established and solved using the OpenFOAM solver. The
microscale model, based on the etched-glass, can capture the
complexity and topology of porous media.

For both models, the simulations of transient viscoelastic
polymer flows revealed that the flow pressure difference
increase as the elasticity decrease before the flow became
steady. For a steady flow, the pressure difference increased
as the elasticity increased. The flow velocity increased with
flow time, and, in the flow steady state, the flow velocity was
constant.

The simulations of velocity contours in the micromodel
showed that the microsweep area increased as the relaxation
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Figure 9: Velocity contours with different relaxation time through complex micromodel (𝜆 = 0.15 s).
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Figure 10: Velocity contours with different relaxation time through complex micromodel (𝑡 = 2.0 s).

4.830E − 004

3.623E − 004

2.415E − 004

1.208E − 004

0.000E + 000

(a) 𝜆 = 0.06 s

4.830E − 004
3.623E − 004
2.415E − 004
1.208E − 004
0.000E + 000

(b) 𝜆 = 0.1 s

4.830E − 004
3.623E − 004
2.415E − 004
1.208E − 004
0.000E + 000

(c) 𝜆 = 0.15 s

Figure 11: Local velocity contours with different relaxation time through complex micromodel (𝑡 = 2.0 s).

time increased. The microsweep efficiency increased as the
elasticity increased.
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It is one of the most intuitive methods to analyze the formation of oil and water saturation by sealed coring. But this method
is affected by a variety of factors, such as pore volume change, fluid compression, and separation of dissolved gas. In view of the
impact of such factors on sealed coring test saturation, there are four kinds of correlationmethods currently, namely, comprehensive
coefficient correctionmethod, experiment correlationmethod,mathematical statisticsmethod, andmathematicalmodel correction
method, with their own advantages and disadvantages. Based on the analysis of physical change during core lifting process, this
paper proposes the mathematical model for dynamic correction of core saturation based on dissolved gas drive filtration theory,
multiphase flow fractional flow theory, and correspondingwork flow.Thismethod comprehensively considers the impact of relative
permeability of three-phase fluid flow, elastic compression nature of fluid and rock, fluid viscosity, volume factor, solution GOR,
and other high-pressure PVTs, so it features a wider adaptability, and the accuracy of model correction results satisfies the project
requirements. This method provides a reliable basis for the true oil-water saturation of actual reservoir and has an important
theoretical and practical significance.

1. Introduction

The analysis of remaining oil saturation is the basis and
foundation forwater controlled reservoir potential evaluation
and development plan adjustment.

There are numerous methods to calculate the remaining
oil saturation of formation. The methods of indirect acquisi-
tion of the formation saturation, such as the logging interpre-
tation method, have the problems of being affected by casing
cement, casing collar, and other factors and having a lower
resolution, and meanwhile they contain measurement errors
and interpretation errors [1].Themethod of direct acquisition
of formation saturation is to obtain the formation rock by
sealed coring and then obtain the remaining oil saturation
[2] by test. Although this method requires a higher cost,
the results obtained by such method are relatively accurate,
intuitive, and reliable, so this method is utilized widely in
China and provides reliable data of petrophysical properties
[3, 4] for exploration and development and study and test
of oilfield. But, the sealed coring method also has obvious

systematic errors, and the actual formation fluid saturation
[3] may be only obtained by saturation correction. Cur-
rently, there are four kinds of correction methods, namely,
laboratory experiment correction method [5–9], correction
coefficient method [10], mathematical statistics regression
method [11, 12], and mathematical model correction method
[13–17]. The indoor laboratory experiment method does not
need to directly describe the complex processes of physical
and chemical changes during the depressurization degassing
process, with the results relatively accurate. But this method
requires a heavy workload, the experiment results are only
applicable to specific reservoirs, and the fitting results have
no universality [5–9]. The mathematical statistics method
is simple and easy to understand, but it considers neither
the differences of core and fluid properties nor the state
change in the coring process. The damage rates obtained
from statistics are affected by different rock properties; the
classification standards of sample points are not objective
and contain larger errors; the correction coefficient method
considers few factors and is quite simple, but it cannot obtain
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the accurate formation saturation results. In summary, the
application of all the three methods is limited seriously. Only
the mathematical model method has caused the extensive
concern because it can describe the changes of core and fluids
during the coring process by mathematical equations. The
existing mathematical model correction methods [13–17] all
consider the changes of rock pore volume and fluid volume
and determine the changes of fluids in the coring process
based on the fractional flow equation, but the established
models have two problems: one is that the overall process
coupling correction is not conducted for the changes of rock
volume and changes of fluids; and the second is that the
dissolution and separation of oil and gas are not considered
in the overall coring process. In view of the above problems,
this paper plans to establish a kind ofmethodwhich considers
both the rock deformation and separation of oil and gas in
the overall process, so as to obtain a more accurate dynamic
correction model for sealed coring saturation.

2. Existing Correction Methods for
Sealed Coring Saturation

From the published literature, there are currently four kinds
of correction methods about pressure impacting saturation,
such as depressurization degassing.

(1) Comprehensive Coefficient Correction Method. Kairong
and Wanshun [4] and Rahtmell et al. [5] propose the
following correction method:

(𝑆𝑜)Reservoir = (𝑆𝑜)Core ⋅ 𝐵𝑜 ⋅ 𝐸 ⋅ 𝑀(1 − V)2 , (1)

of which parameter 𝐸 is the comprehensive fluid contraction
coefficient and refers to the Parameter List for the remaining
parameters. The research of Kairong and Wanshun and
Rahtmell et al. suggests that 𝐸 is within 1.10∼1.15, and the
research of Kazemi [6] suggests that 𝐸 is 1.062. It can be seen
that this parameter has a wide value range, so this method is
quite simple, but it cannot get accurate formation saturation
results.

(2) Experiment Correlation Method. Shenglai et al. [7], Liang
[8], and Liu [9] utilize the experiment method for correction
of sealed coring saturation. The core of this method is to
clean the core and inject a certain amount of simulated
formation oil after ensuring that it is saturated with water and
then simulate the drop of core barrel pressure to obtain the
correlation formula of water saturation before core degassing
and saturation after degassing:

(𝑆𝑜)Reservoir = 𝐴 ⋅ (𝑆𝑜)Core − 𝐵. (2)

We can obtain coefficient 𝐴 and coefficient 𝐵 through
regression; namely, we obtain the correction equation of
water saturation of one reservoir. This method may not
consider the complex processes of physical and chemical
changes during the depressurization degassing process but
has quite obvious disadvantages: A experiment results are

only applicable to specific reservoirs, and the fitting results
have no universality;B the simulated formation oil contains
errors;C the experiment process contains errors.

(3) Mathematical Statistics Method. Egbogah and Amaefule
[10] and Yijing et al. [11] consider that oil-water saturation
losses of similar types of rocks should be basically the same,
so the measured saturation of a large number of cores should
satisfy the relation:

(𝑆𝑜)reservoir
𝜂𝑜 +

(𝑆𝑜)core
𝜂𝑤 = 1, (3)

of which 𝜂𝑜 stands for the loss rate of crude oil saturation;
𝜂𝑤 stands for the loss rate of formation water saturation; we
can see that formula (3) is the equation of one line, so we
can obtain the loss rate of crude oil saturation and that of
formation water saturation as coefficients in this equation.
Xin et al. [13] and Huiming et al. [14] further discover that
different correction coefficients can be obtained for different
types of rocks.This method is simple and easy to understand,
but the loss rate is impacted by different rock properties, and
the classification standards of sample points are not objective
and contain larger errors.

(4) Static Zero-Dimensional Model Correction Method. Math-
ematical models proposed by Xin et al. [13], Huiming et
al. [14], and Yuhuan [15] are basically consistent and all
establish the zero-dimensional mathematical model based
on fractional flow equation and mass conservation in the
basic theory of “the oil-gas-water is allocated according to
fractional flow rate in the total volume of discharged total
volume,” and consequently the derived correction equation
for oil saturation is

(𝑆𝑜)Reservoir = 𝑆𝑜𝑟 + 1 − 𝑆𝑤𝑟 − 𝑆𝑜𝑟
1 + (𝜇𝑜/𝜇𝑤)𝑚𝑒−𝑛(𝑆𝑜)Reservoir . (4)

There is an important assumed condition in thesemodels;
namely, it is considered that the fluid saturation in the core
is completed instantaneously when the core is lifted to the
ground,without considering that the precipitation and escape
of dissolved gas in the lifting process are a changeable process
and even without considering the fluid escapes from the core
due to dissolved gas drive in the process.

3. Establishment of Dynamic Correction
Model for Sealed Coring Saturation

3.1. Affecting Factors for Sealed Coring Saturation. A large
number of study results show that the oil-water saturation
measured by sealed coring are affected by the following 5
aspects [3–10]:A rock pore volume change and fluid volume
change; B depressurization degassing of crude oil in core,
and appearance of dissolved gas drive;C volatilization of oil
and water in the transport process after the core is lifted to
the ground;Dmud invasion in drilling coring;E experiment
error.

In the 5 factors, experiment errors are omnipresent, and
the research of Xin et al. [13–15] suggests that the mud
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invasion and core transport process are not very important
factors, so they are not key considerations in this paper.
The combination of multiple researches indicates that the
main affecting factors of core saturation of sealed coring are
rock pore volume change, fluid volume change, and dissolved
gas drive [1–10], so the correction of the three kinds of
affecting factors is also the key problem focused by numerous
researches.

3.2. Dynamic Variation of Oil-Water Saturation in Coring
Process. The well bottom is generally in the HTHP state in
sealed coring. When the core is lifted to the ground, the
change range of temperature in the core barrel is small due to
a short time, while the pressure change is quite obvious, so the
pressure change is the main reason to cause fluid saturation
change in the core.

In the lifting process, the pressure continues to decline,
and the fluid saturation in the core also changes constantly,
which is a dynamic continuous process. Based on the discrete
principle, we can utilize a finite number of stepped processes
to approximately represent one continuous physical process;
namely, we can replace the continuous pressure change in the
core lifting process with stepped pressure, and the fluid in the
core can have the following changes for reduction of Δ𝑝 each
time:

A After pressure changes Δ𝑝, if the pressure in the core
barrel is higher than the saturation pressure, only the core
pore volume and liquid volume in the core change. Under the
combined action of the two, the liquid in the core is squeezed
out, causing the changes of fluid saturation in the core. When
the pressure drop Δ𝑝 is small, the oil-water volume squeezed
out may be considered to be distributed according to the oil-
water fractional flow [13–15].

B If the pressure in the core barrel is lower than
the saturation pressure after the pressure changes Δ𝑝, the
dissolved gas separation phenomenon appears. So, besides
the expansion of liquids and reduction of pore volume, the
dissolved gas also expands and the volume change range is
wider, and consequently, the fluid volume squeezed out is
larger, and the change range of fluid volume in the core is also
wider.

With the continuous lifting of core barrel, the pressure
in the barrel reduces further. The saturation change in the
core barrel may repeat the aboveA orB process, and when
the pressure is much lower than the saturation pressure, the
gas precipitation amount increases and becomes continuous
phase. So most of the gas escapes from the core and carries
liquid flowing out of the core, showing obvious characteristics
of dissolved gas drive.

3.3. Theoretical Basis and Computation Process for
Dynamic Correction Model

3.3.1.Theoretical Basis for DynamicModel. Theprocess of oil-
gas two-phase fluid flow or oil-gas-water three-phase fluid
flow is unstable, but every instant in the overall process
can be approximately regarded as a stable state. In this way,
the unstable state of the overall process can be treated as

the superposition of countless stable states, and this method
is called stable state successive displacement method [15].
When the value taken for time interval or pressure is very
small, the results obtained by this method basically comply
with the actual situation.

3.3.2. Dynamic Correction Equation for Two-Phase Fluid.
When the pressure declines Δ𝑝, if the dissolved gas is not
separated, the total fluidsΔ𝑁𝑒 squeezed out due to expansion
of liquids and rock pore volume compression cause is

Δ𝑁𝑒 = 𝑉𝑏 ⋅ [𝐶𝑓 + 𝜙 (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜)] ⋅ Δ𝑝. (5)

According to the material balance principle, residual
crude oil amount after core depressurization = crude oil
amount before depressurization − crude oil amount squeezed
out, and it is considered that the oil-water amount squeezed
out is distributed according to the fractional flow equation,
so we can get

𝑆𝑜−Δ𝑝
𝐵𝑜−Δ𝑝 𝜙𝑉𝑏 =

𝑆𝑜
𝐵𝑜 𝜙𝑉𝑏 − Δ𝑁𝑒 ⋅ 𝑓𝑜. (6)

Simplify and substitute (5) into the above equation:

𝑆𝑜−Δ𝑝
𝐵𝑜−Δ𝑝 =

𝑆𝑜
𝐵𝑜 −

1
𝐵𝑜−Δ𝑝/2 [

𝐶𝑓
𝜙 + (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜)]

⋅ Δ𝑝 ⋅ (1 − 𝑓𝑤) ,
(7)

Of which,𝑓𝑤 stands for water cut, and according to fractional
flow equation:

𝑓𝑤 = 1
1 + (𝐾𝑟𝑜/𝜇𝑜) (𝜇𝑤/𝐾𝑟𝑤) (8)

of which 𝐾𝑟𝑜 and 𝐾𝑟𝑤 are a function of saturation, and the
corresponding saturation should be the average saturation
𝑆𝑤 = (𝑆𝑤 + 𝑆𝑤−Δ𝑝)/2 before and after depressurization.
Considering there are only oil-water two phases, 𝑆𝑤 + 𝑆𝑜 = 1.

Thus, (7) is an implicit function equation of saturation
𝑆𝑤−Δ𝑝, and we can obtain 𝑆𝑤−Δ𝑝 with the iteration method.

3.3.3. Correction Equation for Three-Phase Flow Saturation.
When the pressure declines Δ𝑝, if the dissolved gas is
separated, the total fluidsΔ𝑁𝑒 squeezed out due to expansion
of liquids and rock pore volume compression cause is

Δ𝑁𝑒 = 𝑉𝑏 ⋅ [𝐶𝑓 + 𝜙 (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜 + 𝐶𝑔 ⋅ 𝑆𝑔)]
⋅ Δ𝑝.

(9)

When depressurization Δ𝑝 is very small, the seepage in
the core can be approximately considered as steady seepage,
so the oil-gas-water three phases squeezed out of the coremay
be approximately distributed according to fractional flows𝑓𝑜,𝑓𝑤, and 𝑓𝑔.
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According to the material balance principle, residual oil
amount after core depressurization = oil amount before core
depressurization − discharged oil amount.

𝑆𝑜−Δ𝑝
𝐵𝑜−Δ𝑝
= 𝑆𝑜𝐵𝑜
− 1
𝐵𝑜−Δ𝑝/2 [

𝐶𝑓
𝜙 + (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜 + 𝐶𝑔 ⋅ 𝑆𝑔)]

⋅ Δ𝑝 ⋅ 𝑓𝑜.

(10)

In a similar way, we can get the correction equation of
water saturation:

𝑆𝑤−Δ𝑝
𝐵𝑤−Δ𝑝
= 𝑆𝑤𝐵𝑤
− 1
𝐵𝑤−Δ𝑝/2 [

𝐶𝑓
𝜙 + (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜 + 𝐶𝑔 ⋅ 𝑆𝑔)]

⋅ Δ𝑝 ⋅ 𝑓𝑤.

(11)

According to the material balance principle, free gas
quantity after depressurization = free gas quantity before
depressurization + dissolved gas amount before depressuriza-
tion− dissolved gas amount after depressurization− discharged
gas amount, so we can get the correction equation for gas
saturation:

𝑆𝑔−Δ𝑝
𝐵𝑔−Δ𝑝 =

𝑆𝑔
𝐵𝑔 +

𝑆𝑜
𝐵𝑜 ⋅ 𝑅𝑠 (𝑝) −

𝑆𝑜−Δ𝑝
𝐵𝑜−Δ𝑝 ⋅ 𝑅𝑠 (𝑝 − Δ𝑝)

− [𝐶𝑓/𝜙 + (𝐶𝑤 ⋅ 𝑆𝑤 + 𝐶𝑜 ⋅ 𝑆𝑜 + 𝐶𝑔 ⋅ 𝑆𝑔)] ⋅ Δ𝑝 ⋅ 𝑓𝑔𝐵𝑔−Δ𝑝/2 .
(12)

In the above three correction equations, the expressions
for the fractional flows 𝑓𝑜, 𝑓𝑤, and 𝑓𝑔 for the oil, water, and
gas are, respectively,

𝑓𝑜 = 𝐾𝑟𝑜/𝜇𝑜
𝐾𝑟𝑜/𝜇𝑜 + 𝐾𝑟𝑤/𝜇𝑤 + 𝐾𝑟𝑔/𝜇𝑔 ,

𝑓𝑤 = 𝐾𝑟𝑤/𝜇𝑤
𝐾𝑟𝑜/𝜇𝑜 + 𝐾𝑟𝑤/𝜇𝑤 + 𝐾𝑟𝑔/𝜇𝑔 ,

𝑓𝑔 = 𝐾𝑟𝑔/𝜇𝑔
𝐾𝑟𝑜/𝜇𝑜 + 𝐾𝑟𝑤/𝜇𝑤 + 𝐾𝑟𝑔/𝜇𝑔 .

(13)

3.3.4. Calculation Flow of Dynamic Model. According to the
process analysis of oil-water saturation changes in the core
lifting process, we can utilize the flow as shown in Figure 1 to
fit the saturation of core test:

A Set initial reservoir saturation as (𝑆𝑜)reservoir and
(𝑆𝑤)reservoir, and the reservoir formation pressure of water
injection development is generally higher than the saturation
pressure, so (𝑆𝑔)reservoir = 0.

B Depressurize Δ𝑝, judge whether the pressure in core
barrel is lower than the bubble point pressure, and if it is
higher than the bubble point pressure, it is only required to
correct the changes of core saturation according to oil-water
two-phase flow; if the pressure in core barrel is lower than
the bubble point pressure, the fluid in the core is degassed,
dissolved gas drive appears, and it is required to correct the
change of core saturation by three-phase flow.

C Calculate the core saturation after depressurization
Δ𝑝, and if the pressure in core barrel is still higher than
the atmospheric pressure or the given reference pressure
to ground, continue to depressurize. Replace the initial
saturation with the calculated core saturation, and repeat B
process until the pressure in core barrel reduces to the given
reference pressure.

D When judging the reference pressure to ground,
compare the core saturation obtained by calculation with
the experiment test saturation. If error requirements are
satisfied, it indicates that the saturation initially set by us is the
reservoir saturation; if error requirements are not satisfied,
we can reset an initiation saturation, and then repeat A∼D
processes until the core saturation obtained by calculation is
close to the experiment test saturation.

4. Application Effect and Assessment of
Dynamic Correction Model

4.1. Reservoir Introduction. Take one oilfield block in the
Western China as an example, with the burial depth of about
2,280m, oil layer thickness of about 20m, initial formation
pressure of 25.7MPa, saturation pressure of 12.4MPa, differ-
ence between reservoir pressure and saturation pressure of
13.3MPa, and the initial oil saturation of about 40%; central
reservoir temperature of 62∘C, and geothermal gradient of
49.8m/∘C. The reservoir is mainly composed of fine sand-
stone, siltstone, and medium sandstone, with conglomerate
and pebbled sandstone at the bottom. The porosity is 14.9∼
12.5%, with the average value of 13.9%; the permeability is
60∼27.2 × 10−3 𝜇m2, with the average value of 45 × 10−3 𝜇m2,
and the effective permeability is 26 × 10−3 𝜇m2. One sealed
coring well (Well D400217) is drilled in the reservoir to
determine the reservoir saturation distribution, with the
logging information as shown in Figure 2.

4.2. Correlation Parameters for Coring Saturation Correction.
After the saturation is measured by sealed coring, correction
is made according to the dynamic model established in this
paper.During the correction process, the required correlation
parameters are formation water volume factor 𝐵𝑤, 1.020;
formation water viscosity, 0.304mPa⋅S. The high-pressure
physical properties of formation oil and gas are as shown
in Figure 3, including crude oil viscosity, gas viscosity, oil
volume factor, gas volume factor, and solution gas-oil ratio;
the fluid relative permeability data are as shown in Figure 4
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Figure 1: Flowchart of performance matching reservoir saturation.

which shows the crude oil and water two-phase relative
permeability curve and Figure 5 which shows gas and fluid
two-phase relative permeability curve, and the three-phase
relative permeability data are obtained by Stone I model
calculation [18].

𝑘𝑟𝑜

= 𝑘𝑟𝑜𝑤 (𝑆𝑤) ⋅ 𝑘𝑟𝑜𝑔 (𝑆𝑔) ⋅ (𝑆𝑜 − 𝑆𝑜𝑚) ⋅ (1 − 𝑆𝑤𝑐 − 𝑆𝑜𝑚)𝑘𝑟𝑜𝑐𝑤 ⋅ (1 − 𝑆𝑤 − 𝑆𝑜𝑚) ⋅ (1 − 𝑆𝑤𝑐 − 𝑆𝑜𝑚 − 𝑆𝑔)
. (14)

4.3. Comparative Analysis of Correction Result and Logging
Interpretation Saturation. The logging interpretation satura-
tion of Well D400217 originates from practice and is the
fluid saturation value which is obtained by acquiring relevant
saturation calculation parameters based on core data, then
calibrating four-characteristic parameters of core according

to logging evaluation method, and then making calculation
by saturation formula. For the comparison with the dynamic
method provided in this paper, the results are as shown in
Figure 2 and Table 1. As can be seen from Table 1, the sealed
coring saturation after correction is relatively close to logging
interpretation saturation compared with the result corrected
by static zero-dimensional model [13], which shows that the
dynamic correction method provided in this paper has a
certain reliability.

4.4. Assessment of Dynamic Saturation Correction Model.
Seen from the calculation results (Table 1), the results
obtained by dynamic model established in this paper are
closer to the logging interpretation saturation compared
with the results obtained by other methods. Seen from the
establishment process of dynamic model, the model in this
paper has made progress in two aspects compared with other
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Figure 2: Comparison between ground water saturation and water saturation corrected by dynamic model in Well D400217. The logging
information is shown at the first to forth columns as “RT,” “GR,” “PERM,” and “SW” in this figure. RT means resistivity log. GR means
gamma ray. PERMmeans permeability. And SWmeans water saturation. And the corrected water saturation is also listed in this figure at the
last two columns.

Table 1: Saturation test of Well D400217.

Core depth
meter

Logging interpretation
saturation

%

Saturation before
correction

%

Saturation corrected by
dynamic model

%

Saturation corrected by
static model

%
2304.000 85.14 77.20 84.94 87.22
2305.625 77.72 67.10 76.83 78.86
2306.625 64.50 52.30 64.25 65.52
2310.250 68.85 60.40 68.12 69.12
2318.250 76.19 66.20 75.73 77.32
2321.375 60.63 54.30 60.52 61.54
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Figure 3: Reservoir block PVT data curve. Note. CurveA is the crude oil viscosity curve, curveB is the oil volume factor curve; curveC is
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study results [10–12, 14]: the first is that the dynamic change
process of pressure is considered in the coring process, which
ismore suitable with the actual situation of saturation change;
the second is that the pore volume change and fluid volume
change are considered simultaneously, which is more suitable
with phase change law of core in the coring process.

5. Conclusions

(1) In the sealed coring process, the fluid saturation change
in the core is a dynamic process, and the pore and oil-water
volume, crude oil degassing, and so on continuously change
with the pressure change.

(2) Based on the steady state successive displacement
principle and multiphase flow fractional flow theory, and
the analysis of dynamic variation characteristics of core
saturation, this paper establishes the mathematical model for
dynamic correction of oil-water saturation and proposes the
process flow of saturation correction. This method not only
considers the dynamic change process of pressure but also
calculates the state change processes of pore volume and fluid
volume simultaneously, which makes the dynamic model
more suitable with the phase change law of core in the coring
process compared with other methods.

(3)With the basic data and logging information of coring
well in one oilfield, this method has higher reasonableness
and accuracy and is more suitable for saturation correction of
sealed coring well compared with the logging interpretation
saturation and zero-dimensional model method calculation,
so this method has the value for generalization.

Parameter Description

𝑆𝑜, 𝑆𝑤, 𝑆𝑔: Oil saturation, water
saturation, and gas saturation,
f
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𝐵𝑜: Oil volume factor, m3/m3
𝐸: (In the literature)

comprehensive fluid
compressibility

𝑀: (In the literature) correction
coefficient of mobility

𝑉: Heterogeneous coefficient
𝐴, 𝐵: Regression coefficients,

dimensionless
𝜂𝑜: Loss rate for crude oil saturation
𝜂𝑤: Loss rate of formation water

saturation
𝑚, 𝑛: Regression coefficient in

semilogarithmic diagram for
𝐾𝑟𝑜∼𝑆𝑜 curve𝑉𝑏: Rock appearance volume, m3

Φ: Porosity, f
𝐶𝑓: Rock bulk compressibility

coefficient, 1/MPa
𝐶𝑤: Formation water bulk

compressibility, 1/MPa
𝐶𝑜: Formation crude bulk

compressibility, 1/MPa
𝑓𝑜, 𝑓𝑤, 𝑓𝑔: Oil cut, water cut, and gas cut
𝐵𝑜−Δ𝑝, 𝐵𝑤−Δ𝑝, 𝐵𝑔−Δ𝑝: Volume factor of oil, water, and

gas under pressure 𝑝 − Δ𝑝 when
the pressure declines Δ𝑝

𝐵𝑜−Δ𝑝/2, 𝐵𝑤−Δ𝑝/2, 𝐵𝑔−Δ𝑝/2: Volume factor of oil, water, and
gas under pressure when the
pressure declines Δ𝑝

𝑅𝑠: Formation crude solution
gas-oil ratio, m3/m3

𝜇𝑜, 𝜇𝑤, 𝜇𝑔: Viscosities of oil, water, and gas,
mPa⋅S

𝐾𝑟𝑜, 𝐾𝑟𝑤, 𝐾𝑟𝑔: Relative permeabilities of oil,
water, and gas, f

𝑆𝑤𝑐, 𝑆𝑜𝑟: Confined water saturation and
residual oil saturation, f.
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This work presents a discussion on the pressure transient response of multistage fractured horizontal well in tight oil reservoirs.
Based on Green’s function, a semianalytical model is put forward to obtain the behavior. Our proposed model accounts for fluid
flow in four contiguous regions of the tight formation by using pressure continuity and mass conservation. The time-dependent
conductivity of hydraulic fractures, which is ignored in previous models but highlighted by recent experiments, is also taken into
account in our proposedmodel.We also include the effect of pressure drop along a horizontal wellbore.We substantiate the validity
of our model and analyze the different flow regimes, as well as the effects of initial conductivity, fracture distribution, and geometry
on the pressure transient behavior. Our results suggest that the decrease of fracture conductivity has a tremendous effect on the
well performance. Finally, we compare our model results with the field data from a multistage fractured horizontal well in Jimsar
sag, Xinjiang oilfield, and a good agreement is obtained.

1. Introduction

Unconventional resources are playing increasingly important
roles in the energy industry [1, 2]. We have witnessed a great
success in North America [3, 4]. Owing to its extremely
low permeability [5], tight oil could not be economically
developed via conventional technology [6–8]. Multistage
fractured horizontal well (MFHW) is an efficient technique
in the development of unconventional reserves [9]. However,
analyzing the pressure response of multifractured horizontal
wells is challenging because several factors, for example,
fracture conductivity, fracture geometry, skew angle between
fracture, and horizontal well, are responsible for the pressure
transient behavior. Therefore, the variation of pressure as a
function of these factors is still ambiguous.

Pressure transient analysis is an important tool to esti-
mate the formation characteristics. Significant efforts have
been dedicated in proposing models to describe the process.
Gringarten and Ramey Jr. analyzed the transient behavior
of uniform-flux fracture and infinite-conductivity fracture
well through source function method [10]. Cinco-Ley and

Samaniego developed a mathematical model for finite-
conductivity fracture [11].ThenCinco-Ley andMeng gave the
solution forwells with finite-conductivity fractures in Laplace
domain [12]. Ozkan and Raghavan employed point-source
solution method to get transient pressure solutions under a
variety of conditions [13]. Although these studies only dealt
with a single fracture, they have laid a solid foundation for
the analysis of pressure behavior in multiple fractures.

The tools that are commonly used to make the transient
pressure analysis of multiple fractures can be divided into
three categories: analytical, semianalytical, and numerical
method. Guo et al. developed an analytical method for
horizontal well intersecting multiple fractures [14]. However,
the interference of the fractures was neglected. Wan and Aziz
derived an analytical 3D solution for horizontal well with
multiple random fractures by using Fourier analysis to a 2D
solution [15]. Ozkan et al. proposed a trilinear flow model, in
which the linear flow in outer reservoir, inner reservoir, and
hydraulic fractures are included [16]. Brown et al. improved
this model to simulate the pressure transient and production
behaviors of fractured horizontal wells in unconventional
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2 Geofluids

Table 1: Background information for the experimental studies on the variation of fracture conductivity with time.

Author Material Confining stress
McDaniel (1986) Sand, resin coated sand, and three ceramic proppants 8000 psi
Cobb and Farrell (1986) Ceramic proppants 10000 psi and 5000 psi
Handren and Palisch (2007) Sand and resin coated sand 6000 psi
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Figure 1: Schematic showing the variation of relative fracture
conductivity with time (Montgomery, 1984).

shale reservoirs [17]. Al Rbeawi and Djebbar introduced a
new analytical model that can be used to investigate the
pressure behavior and flow regimes of a horizontal well with
multiple inclined hydraulic fractures and applied it in type
curve matching [18].

Semianalytical approaches are another important way
in analyzing the transient behavior. Horne and Temeng
considered the interference among the fractures via the
superposition of influence functions [19]. Zerzar and Bet-
tam combined the boundary element method and Laplace
transformation to deal with interaction of reservoir flow and
fracture flow [20]. Yao et al. presented a method based on
Green’s functions and the source/sink method to obtain the
transient pressure response for a multifractured horizontal
well in a closed box-shaped reservoir [21]. Zhou et al.
proposed a semianalytical model to simulate the pressure
transient behavior in complex hydraulic fracture networks
[22]. Yu combined gas desorption and Zhou et al.’s model to
solve the gas production problem in shale gas reservoir [23].
Jia et al. presented a model to solve the transient behavior in
complex fracture networks with deep consideration for flow
in fractures [24].

Numerical approaches overcome many limitations in
analytical and semianalytical method in studying uncon-
ventional reservoirs. Al-Kobaisi et al. presents a hybrid,
numerical-analytical model for the pressure transient re-
sponse of a finite-conductivity fracture intercepted by a
horizontal well [25]. Freeman et al. used numerical sensitivity
studies to show the effect of mechanisms and factors on

the performance of multifractured horizontal well [26–28].
Olorode et al. employed numerical method to study the effect
of fracture angularity and nonplanar fracture configurations
on well performance [29]. Yu et al. conducted numerical sim-
ulation to investigate the impact of fracture patterns, matrix
permeability, cluster spacing, and fracture conductivity
[30].

In previous studies, the conductivity of hydraulic frac-
tures was often assumed to be uniformly distributed and
remained constant with time. However, this assumption
contradicted field practice. After hydraulic fracturing, the
fractures close rapidly. In order to mitigate the production
decrease, proppants are added in the fracturing fluid to prop
the fracture and maintain the productivity. However, this
operation can only alleviate the decrease rate of the fracture
conductivity. The conductivity will eventually decrease [31–
34]. Previous studies suggest that the fracture conductivity
decreases rapidly during the first couple of days and for
the rest of the time the decline degree remains very small
(Figure 1).

Table 1 shows some experiments that studied the variation
of fracture conductivity with time. McDaniel reported that
the sand lost 80% of the conductivity within 15 days, among
which the resin coated sand lost 55%, and ceramic proppants
lost 25% to 30% [35]. Tests by Cobb and Farrell showed
that ceramic proppants lost ∼20% of conductivity in 70 days
when confined at 10000 psi and the sand lost over 30% when
confined at 5000 psi [36]. Handren and Palisch reported
decline in the conductivity with sands losing 55% and resin
coated sand losing 25% to 30% [37]. Because the production
rate is strongly dependent on the fracture conductivity, its
variation with time must be taken into account to accurately
predict the well performance.

Contrary to the reported observations, many studies have
assumed horizontal well to be of infinite conductivity [16,
24, 38]. This assumption is not reliable as it cannot reflect
the radial influx, frictional, and acceleration effects. It is
necessary to examine the effect of pressure drop within the
wellbore on the production performance.

The objective of this study is to examine the effect of time-
dependent fracture conductivity on the transient behavior of
MFHW.As shown in Figure 2(a), somehydraulic fractures are
not perpendicular to the horizontal wellbore, which contra-
dicts the common assumption in the analytical models. That
is, the pressure transient behavior of this complex fracture
network is not readily to be analytically accounted for.There-
fore, we present a semianalytical model to take into account
the time-dependent fracture conductivity and the pres-
sure drop along a horizontal wellbore, as well as the complex
fracture networks.
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Figure 2: (a)Microseismic data showing the complex fractures in Jimsar sag, Xinjiang oilfield. (b) Schematic of a fracture network.The black,
red, and blue lines represent the wellbore, hydraulic fractures, and natural fractures, respectively.

2. Methodology

2.1. Mathematical Model. The reservoir after fracturing
includes four regions: the matrix, the natural fracture net-
work, hydraulic fractures, and the horizontal wellbore.There-
fore, the fluid flow in the reservoir consists of (1) fluid flow
from the reservoir to the hydraulic fractures ((i) in Fig-
ure 2(b)); (2) fluid flow from the reservoir to the natural
fractures ((ii) in Figure 2(b)); (3) fluid flow from natural frac-
ture to hydraulic fractures ((iii) in Figure 2(b)); (4) fluid flow
among natural fractures ((iv) in Figure 2(b)); (5) fluid form
hydraulic fractures to the horizontal wellbore ((v) in Fig-
ure 2(b)); (6) fluid flow in the horizontal wellbore ((vi) in Fig-
ure 2(b)).These six types of flow can be categorized into three
groups: reservoir flow ((i) and (ii) in Figure 2(b)), fracture
flow ((iii), (iv), and (v) in Figure 2(b)), and wellbore flow ((vi)
in Figure 2(b)).

Following assumptions are made:

(1) Reservoir is isotropic, homogeneous, box-shaped,
and of uniform thickness with impermeable bound-
aries.

(2) Fluid in the reservoir is single-phase and slightly com-
pressible and its compressibility and viscosity are con-
stant.

(3) Fractures are rectangular and vertical. The flux rate is
uniform along the fracture.

(4) Horizontal well is parallel to the upper and lower
boundary of the reservoir.

(5) Effect of gravity is neglected.

First, we define some dimensionless parameters for gen-
erality. The dimensionless pressure and time can be defined
as

𝑝𝐷 = 2𝜋𝜌𝑘ℎ𝑄𝜇 (𝑝𝑖 − 𝑝) ,
𝑡𝐷 = 𝑘𝑡𝜙𝜇𝐶𝑡𝐿2 .

(1)

The dimensionless flow rate and influx rate can be defined as

𝑞𝐷 = 𝑞𝑄,
𝑞𝑓𝐷 = 𝑞𝑓𝑄 𝐿.

(2)

The dimensionless length along 𝑥 and 𝑦 directions can be
defined as

𝑥𝐷 = 𝑥𝐿 ,
𝑦𝐷 = 𝑦𝐿 .

(3)

2.1.1. Reservoir Flow. We use Green’s function that has been
frequently applied to solve problems of transient flow since
its usage was first explored in well testing by Gringarten
and Ramey Jr. [10]. Based on the Newman product method,
instantaneous source functions of fracture panels can be
obtained; therefore, the pressure response at any point in the
reservoir from one fracture panel can be expressed as follows
(see Appendix for further details):

Δ𝑝 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑝𝑖 − 𝑝 (𝑥, 𝑦, 𝑧, 𝑡)
= 1𝜙𝐶𝑡 ∫

𝑡

0
𝑞𝑓𝑗 (𝑡 − 𝜏) 𝑆𝑗 (𝑥, 𝑦, 𝑧, 𝜏) 𝑑𝜏, (4)

where 𝑆𝑗(𝑥, 𝑦, 𝑧, 𝜏) is the instantaneous plane source function
of the jth panel and 𝑝𝑖 is the initial reservoir pressure which
is assumed to be uniformly distributed in the reservoir.

For fracture 𝑗 rotated at any horizontal angle to the well,
the plane source function is

𝑆𝑗 (𝑥, 𝑦, 𝑧) = 1𝑥𝑒𝑦𝑒𝑧𝑒 ∫
𝑥𝑗2

𝑥𝑗1

∫𝑧𝑒
0
[1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 ) cos 𝑛𝜋𝑥𝑥𝑒 cos 𝑛𝜋
𝑥𝑥𝑒] ⋅ [1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑦𝑡𝑦2𝑒 ) cos 𝑛𝜋𝑥 tan 𝜃𝑗𝑦𝑒 cos 𝑛𝜋 𝑦𝑦𝑒]
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⋅ [1 + 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑧𝑡𝑧2𝑒 ) cos 𝑛𝜋𝑧𝑧𝑒
⋅ cos 𝑛𝜋𝑧𝑧𝑒 ]𝑑𝑥

𝑑𝑧.
(5)

By using the superposition principle, pressure at any point in
the reservoir at a given time can be given by

Δ𝑝 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑝𝑖 − 𝑝 (𝑥, 𝑦, 𝑧, 𝑡)
= 1𝜙𝐶

𝑁𝑝∑
𝑗=1

∫𝑡
0
𝑞𝑓𝑗 (𝑡 − 𝜏) 𝑆𝑗 (𝑥, 𝑦, 𝑧, 𝜏) 𝑑𝜏. (6)

Then we can get the dimensionless form of (6),

𝑝𝐷 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝑡𝐷)
= 2𝜋𝑁𝑝∑
𝑗=1

∫𝑡𝐷
0
𝑞𝑓𝑗𝐷 (𝑡𝐷 − 𝜏𝐷) 𝑆𝑗𝐷 (𝑥𝐷, 𝑦𝐷, 𝑧𝐷, 𝜏𝐷) 𝑑𝜏𝐷. (7)

Therefore, pressure map can be obtained at a given time.

2.1.2. Fracture Flow. We assume that each hydraulic fracture
is of finite-conductivity and fluid flow inside the fracture
is one dimensional [17, 39–41]. We use Darcy’s equation to
describe the fluid flow in fractures. For the jth panel, the
pressure at any point in the fracture is (see Appendix for
further details):

𝑝𝑗1 − 𝑝𝑗𝑚
= ∫𝑥𝑗𝑚
𝑥𝑗1

( 𝜇𝜌𝑘𝑓𝑏𝑓ℎ)𝑗 [𝑞𝑗1 + 𝑞𝑓𝑗 (𝑥 − 𝑥𝑗1)] 𝑑𝑥.
(8)

Then the dimensionless form is

𝑝𝑗𝑚𝐷 − 𝑝𝑗1𝐷
= 2𝜋𝑘𝐿𝑘𝑓𝑏𝑓 ∫

𝑥𝑗𝑚𝐷

𝑥𝑗1𝐷

[𝑞𝑗1𝐷 + 𝑞𝑓𝑗𝐷 (𝑥𝐷 − 𝑥𝑗1𝐷)] 𝑑𝑥𝐷. (9)

Equations (8) and (9) can be applied to both hydraulic
fractures and natural fractures.

It is worth noting that fluid flow from the fractures
to the horizontal wellbore is radial in the near-well region
(Figure 3). In order to minimize the error caused by linear
flow approximation, a choke flow factor is introduced [42]:

𝑠𝑐 = ( ℎ2𝜋𝑥𝑒)[ln(
ℎ2𝑟𝑤) −

𝜋2 ] , (10)

where 𝑟𝑤 is the radius of the horizontal well and 𝑏𝑓 is the
hydraulic fracture width.

2.1.3. Time-Dependent Conductivity. Proppants are often
pumped into the formation to maintain the fracture con-
ductivity. However, the proppant particles usually break and

Figure 3: Sketch showing the change of flow pattern from linear to
radial.

embed, which causes the fracture conductivity to reduce until
equilibrium is established. Montgomery and Steanson sug-
gested that there is a logarithmic relation between hydraulic
fracture conductivity and time for 10/20 Sand and 20/40 Sand
(Figure 4(a)) [43]. Other tests also show logarithmic relation
between fracture conductivity and time, including Lanzhou
sand from China with diameter of 0.45∼0.90mm [44], and
sand from Shanshan oil field in China (Figure 4(c)) [45].
Other kinds of proppants such as ceramic proppants with
diameter of 0.45∼0.9mm and Lanzhou sand with diameter
of 0.9∼1.25mm show similar correlations, but the slope of the
curve, also referred to as the decline coefficient, for each prop-
pant is different.The decline coefficient decreases in the order
of Lanzhou sand with diameter of 0.90∼1.25mm, the ceramic
proppant, and the Lanzhou sand with smaller diameter.

Based on the trend of observations in Figure 4, we use
the following model to describe the variation of fracture
conductivity as a function of time,

𝐶𝑓 = 𝐶𝑓0 (1 − 𝛽 lg 𝑡𝑡0) , (11)

where 𝐶𝑓 is the fracture conductivity at time 𝑡, 𝐶𝑓0 is the
initial conductivity, and 𝛽 is the decline coefficient. 𝐶𝑓 in
(11) is substituted by 𝑘𝑓 ⋅ 𝑏𝑓 in (8) and (9). It is assumed
that when the effect of hydraulic fracture disappears totally,
the fracture conductivity is equal to the product of formation
permeability and fracture width.

2.1.4. Wellbore Flow. Previous studies assumed horizontal
wellbore as infinite-conductivity pipe [15, 16], which implic-
itly assumes no pressure drop along the horizontal well
because of uniform pressure distribution along the wellbore.
To examine the validity of this approximation, we include the
wellbore pressure drop in the present model. The pressure
decrease along the wellbore consists of frictional losses and
acceleration losses (Figure 5). Based on the Darcy-Weisbach
Equation [46], the fictional pressure drop can be expressed as

Δ𝑝fric = 𝑓𝑖2 Δ𝑙𝑖𝐷𝑖 𝜌𝑖V𝑖
2, (12)

where 𝑓𝑖 is the frictional coefficient and Δ𝑙𝑖 is the length of
the wellbore segment. For each segment of the wellbore, fluid
flow from the hydraulic fractures to the wellbore will cause an
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Figure 4: Relation between relative fracture conductivity and time. (a) Montgomery and Steanson (1985) tested two samples with different
kind of proppants for 9 months, case 1 denotes 10/20 Sand at 250∘F, and case 2 denotes 20/40 Sand at 75∘F. (b) Experiment conducted by Yu
(1987). (c) Field data from Shanshan oilfield.
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Figure 5: Sketch of microsegment in horizontal well.

increase of the flow rate. This will result in the change of the
momentum of the fluid which leads to the acceleration pres-
sure drop:

Δ𝑝acce = 𝜌𝑖 (V2out − V2in) . (13)

Dimensionless form of the pressure drop along the well bore
is given by (see Appendix for further details):

𝑝𝐷,𝑖 − 𝑝𝐷,𝑖+1
= 2𝜋𝑘ℎ𝑄𝜇𝐴2 (𝑞2𝑝𝐷,𝑗 − 𝑞2𝑝𝐷,𝑗+1 − 𝑓𝑗Δ𝑙𝑗2𝐷 𝑞2𝑝𝐷,𝑗) . (14)

2.1.5. Coupling Relationship. Due to the pressure continuity
at the center of each fracture, the pressure response obtained
from the reservoir flow should be consistent with the fracture
flow. Therefore, we have

𝑝𝑗𝑐𝐷1 = 𝑝𝑗𝑐𝐷2. (15)

𝑝𝑗𝑐𝐷1 and𝑝𝑗𝑐𝐷2 are given by (7) and (9), respectively.Themass
balance is applied to both the intersection nodes between

fractures and the intersection nodes of fractures and wellbore
(Figure 6). Therefore, for each node, the inflow of fluid must
be equal to the outflow of the fluid,

𝑞in,𝐷 = 𝑞out,𝐷. (16)

For the intersection nodes of fractures and wellbore, the
inflow and outflow are taken into account between the frac-
tures and between the fractures and the wellbore pipe.

2.2. Computational Approach. From (17), we obtain 𝑛V equa-
tions at the nodes for mass balance, 𝑛𝑝 equations for pressure
drop along the fractures, and 𝑛𝑝 equations for pressure con-
tinuity in the panel centers, resulting in 𝑛V + 2𝑛𝑝 nonlinear
equations that need to be solved. Newton’s method has been
widely used to solve systems of equations because of its quick
convergence. However, it requires the inverse of Hessian
matrix at each iteration and the convergence may not be
reached if the Hessian matrix is ill-conditioned or nonposi-
tive definite.Therefore, we useGauss-Newtonmethod, which
is an improved version of Newton’s method for finding a
minimum of a function [47]. The basic idea is to use the
Taylor series expansion to approximate nonlinear regression
model and correct the solution through iteration. This algo-
rithm is robust and has a good convergence rate.The iteration
equation of Gauss-Newton method can be expressed as

𝑥𝑘+1 = 𝑥𝑘 − [∇𝐹 (𝑥𝑘)𝑇 ∇𝐹 (𝑥𝑘)]−1 ∇𝐹 (𝑥𝑘)𝑇 𝐹 (𝑥𝑘) . (17)

Pressure at each node, flow rate inside the fracture, and fluxes
along the fractures can be obtained through iteration. Thus,
dimensionless pressure at any point in the reservoir can be
calculated via (7). If the bottom-hole pressure is given, we can
get the flow rate in the same way. The flow rate behavior in
different conditions can be obtained consequently.
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Figure 6: Sketch of mass balance at intersection nodes. (a) Intersection node between fractures and wellbore. (b) Intersection node between
fractures. (Black line denotes wellbore, red lines represent hydraulic fracture, and blue line is natural fracture.)
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2.3. Model Validation. While solving for the numerical solu-
tion, fractures are discretized into several panels and to
ensure that we obtain correct numerical solution it is nec-
essary to probe the grid independence with respect to the
number of panels used. Figure 7 shows the grid independence
analysis for a horizontal well with three transverse hydraulic
fractures, where 𝑚 is the number of panels that a fracture is
discretized into. We can conclude that the result we obtained
from our model is independent of segment when𝑚 is greater
than 1.

CMG, a commercial reservoir numerical simulator [48],
was employed to validate ourmodel. In this article, the IMEX
module in CMG, which is a conventional three-phase black-
oil simulator, is utilized to make the comparison. Interested
readers may find the governing equations of this module
from the textbooks on reservoir numerical simulation. The
conventional Cartesian grids are employed and the total
number of cells is 121 × 121 × 5 and the basic parameters used

12

14

16

18

20

22

24

26

28

30

CMG
Our model

100 101 102 103

t (d)

p
w
f

(M
Pa

)

Figure 8: Bottom-hole pressure obtained using our proposedmodel
and CMG.

in the validation are listed in Table 2. The outer boundary
of our simulation domain is impermeable. Meanwhile, to be
consistent with the assumptions of our proposed model, we
maintain the oil production rate constant in the simulation.
Figure 8 compares the bottom-hole pressure obtained from
CMG simulator and our model and it shows a good match
during initial stage. Figure 9 shows the comparison of
reservoir pressure from CMGwith our model, and except for
the pressures near fractures, we see a good match between
the two. The reason for this slight difference around the
fractures is because in CMG the fluid flows directly from
the reservoir to the horizontal well, however, many studies
[27, 49, 50] have reported that the correct representation
of fluid flow must consider intersection and activation of
preexisting natural fractures with hydraulic fractures, which
will create a complex fracture network.This representation of
complex fracture network can be readily incorporated in our
model; however, it is an extremely challenging task to do that
in CMG.
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Figure 10: Pressure response of multistage fractured horizontal well
(fracture number 𝑛 = 3, dimensionless fracture half-length 𝑥𝑓𝐷 = 1,
dimensionless fracture spacing 𝑑𝐷 = 8, and dimensionless reservoir
length 𝑥𝑒𝐷 = 240).

3. Results and Discussions

3.1. Flow Regime Analysis. The transient behavior can be
shown by type curves, which is employed to obtain the char-
acteristic of formation and the reservoir fluids and to figure
out different flow regimes. Figure 10 shows the dimensionless
well pressure and its derivative for a horizontal well with three
fractures. The transient behavior can be divided into several
flow periods.

(1) Linear Flow (Figure 11(a)). Fluid flows linearly from the
reservoir to the fracture and each fracture behaves inde-
pendently. Both the slope of dimensionless pressure and
derivative is 1/2 in this stage.

Table 2: Basic parameters for model validation.

Properties Value
Reservoir permeability 𝑘, 𝜇m2 1 × 10−4

Reservoir porosity, 𝜙 10%
Reservoir length, 𝑥𝑒, m 600
Formation thickness, ℎ, m 20
Total compressibility, 𝐶𝑡, MPa−1 4 × 10−3

Initial pressure, pi, MPa 30
Fluid viscosity, 𝜇, mPa⋅s 20
Fluid density, 𝜌, kg/m3 900
Fracture conductivity, 𝐶𝑑𝑓, 𝜇m2⋅m 0.5
Fracture half-length, 𝑥𝑓, m 75
Fracture spacing, 𝑑, m 100
Production rate, 𝑄, t/d 4.32

(2) Early Radial Flow (Figure 11(b)). An early radial flow
occurs around each fracture after the linear flow. This period
mainly depends on the fracture length and fracture spacing.
Besides, in this period, fractures still behave independently.
The characteristic of this stage is a horizontal line of 1/(2𝑁)
in pressure derivative curve (𝑁 is the fracture stage). We
can figure out that the value of the horizontal line plateau is
1/6.

(3) Biradial Flow (Figure 11(c)). Fractures interact with each
other and flow becomes elliptical to the wellbore. The slope
of pressure derivative is 0.36.

(4) Pseudo Radial Flow (Figure 11(d)). Fluid flows to the
fracture-well system appear to be radial and flow across
the outermost elements plays important part. The pressure
derivative curve demonstrates a horizontal line of 0.5.
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Figure 11: Flow regimes for a multistaged fractured horizontal well: (a) linear flow; (b) early radial flow, (c) biradial flow, and (d) pseudo
radial flow.
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Figure 12: Effect of initial fracture conductivity on pressure and rate behavior (fracture number 𝑛 = 2, dimensionless fracture half-length𝑥𝑓𝐷 = 1, dimensionless fracture spacing 𝑑𝐷 = 0.67, and dimensionless reservoir length 𝑥𝑒𝐷 = 120). (a) Pressure and derivative curve. (b)
Dimensionless production rate.

(5) Boundary Dominated Flow. In the closed system, the
flow will reach pseudo-steady state. The pressure curve and
derivate tend to merge and the slope equals 1.

3.2. Effect of Initial Fracture Conductivity. Figure 12 illustrates
the effect of initial conductivity on the pressure transient

response and production rate.This figure shows that increas-
ing hydraulic fracture conductivity results in an increase in
well productivity; however, the incremental benefit decreases
as the fracture conductivity increases. Figure 12 also shows
that variations in the dimensionless pressure and the pro-
duction rate tend to disappear as the flow regime approaches
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Figure 13: Effect of time-dependent fracture conductivity on pressure and rate behavior (fracture number 𝑛 = 2, dimensionless fracture
half-length 𝑥𝑓𝐷 = 1, dimensionless fracture spacing 𝑑𝐷 = 0.67, dimensionless reservoir length 𝑥𝑒𝐷 = 120, and decline coefficient 𝛽 = 0.11).
(a) Dimensionless pressure and derivative curve. (b) Dimensionless production rate.

pseudo radial flow. The reason why the variations in these
two parameters disappear is because the flow at late times is
dominated by the outer reservoir, and therefore, the effect of
fracture conductivity will be extremely small. Therefore, to
utilize the potential of the hydraulic fractures, we must delay
the occurrence of pseudo radial flow and that can be done by
optimal well placement.

Although it is well documented that the fracture conduc-
tivity decreases rapidly at first and tends to converge asym-
ptotically [31–34, 37], previous studies always assumed that
hydraulic fractures do not vary with time. Below, we analyze
the difference between time-independent and time-depend-
ent fractures. As discussed earlier, the conductivity, and hence
the productivity of the horizontal well, decreases with time.
Therefore, the pressure response of the well is larger than
the time-independent situation, as suggested by Figure 13(a).
The flow rate of a horizontal well with time-independent
conductivity fractures exceeds that with time-dependent
conductivity fractures in the initial stage (Figure 13(b)), and
that could be attributed to the dominant role of fractures.
During late times of production, the fluid flow in the outer
reservoir becomes dominant and negligible difference can
be observed between time-dependent and time-independent
cases. Therefore, for the optimal exploitation of an uncon-
ventional reservoir it is necessary to maintain the fracture
conductivity, especially in the initial stage of the production.

Figure 14 shows the effect of decline coefficient on the
production performance of the horizontal well, where a larger
decline coefficient results in smaller production rate and if the
decline coefficient is too large the fracture permeability tends
to quickly approach the formation permeability, which results
in sharp decline in the production rate.
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Figure 14: Effect of decline coefficient on the production perfor-
mance of the horizontal well (fracture number 𝑛 = 2, dimensionless
fracture half-length 𝑥𝑓𝐷 = 1, dimensionless fracture spacing 𝑑𝐷 =0.67, and dimensionless reservoir length 𝑥𝑒𝐷 = 120).

3.3. Effect of Fracture Distribution. The pressure difference
created during hydraulic fracturing allows the proppants to
stay in the fractures away from the horizontal well heel [51],
and as a result, the fracture conductivities are different that
may further have an impact on the pressure behavior. Two
scenarios of even and uneven proppant distribution can be
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Figure 15: Sketch of proppant distribution in different fracture: (a) uneven distribution; (b) even distribution.
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Figure 16: Effect of unevenly distributed fracture conductivity on the pressure and production behavior (fracture number 𝑛 = 3,
dimensionless fracture half-length 𝑥𝑓𝐷 = 1, dimensionless fracture spacing 𝑑𝐷 = 0.67, dimensionless reservoir length 𝑥𝑒𝐷 = 120. The
conductivity of evenly distributed fracture is 0.375 𝜇m2⋅m; for unevenly distributed fracture, the conductivities are 0.25𝜇m2⋅m, 0.375 𝜇m2⋅m,
and 0.5 𝜇m2⋅m.). (a) Dimensionless pressure curve. (b) Dimensionless production rate curve.

seen as schematics in Figures 15(a) and 15(b), respectively,
which are used to study the effect of proppant distribution.

For unevenly distributed fractures, the fracture nearest
to the well toe has the largest conductivity, whereas the
conductivity of the intermediate fracture equals that of the
evenly distributed fractures.

Figure 16(a) shows the dimensionless pressure drop of a
horizontal well (at constant production rate multistage frac-
tured well) with evenly distributed and unevenly distributed
fractures. The pressure response with unevenly distributed
proppants is slightly larger than that with evenly distributed
proppants at initial period but the gap disappears after
that. Result of Figure 16(b) suggests that horizontal well
with evenly distributed proppants produces with higher rate
initially than with unevenly distributed proppants.Therefore,
these two results indicate that well with evenly distributed
proppants performs better than that with unevenly dis-
tributed proppants.

Figure 17 shows the dimensionless flux rate of three frac-
tures that have evenly and unevenly distributed proppants.

When the fracture conductivities (or proppant distribution)
are evenly distributed, the dimensionless flux rate of Fractures
1 and 3 increases with time, but the flux rate of Fracture 2
decreases sharply with time. At the initial stage, each fracture
behaves independently; however, with time the fractures
begin to interfere with each other and the flux rate of
Fractures 1 and 3 tends to increase, whereas owing to the sym-
metry, the flux rate of intermediate fracture, Fracture 2, is hin-
dered. If the fracture conductivities are unevenly distributed,
the flux rate of the third fracture will first decrease and
then increase with the time. However, production rate of the
first fracture increases steadily with time and it crosses the
conductivity of the second fracture at some point.

3.4. Effect of Fracture Geometry. In hydraulic fracturing, the
existent propped fractures result in the redistribution of local
earth stresses. Moreover, microseismic measurements have
proved that there is mechanical-stress interference between
multiple transverse fractures. The stress-shadow effect can
restrict the growth of the fracture in the middle section while
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Figure 17: Dimensionless flux rate of each fracture. (a) Fracture conductivity evenly distributed. (b) Fracture conductivity unevenly
distributed.
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Figure 18: Sketch of different fracture geometries. (a) Equilong type. (b) Spindle-shaped type. (c) Dumbbell-shaped type.

promoting the growth of the fractures at the heel or the toe
[49, 52]; therefore, different fracture geometry may exist in
the reservoir. Three geometries shown in Figure 18, equilong
type, spindle-shaped type, and dumbbell-shaped type, are
studied.

Figure 19 shows the dimensionless flux rate of three frac-
tures from three fracture geometries of Figure 18, respectively.
For spindle-shaped geometry, the flux rate of the first and
third fracture will first decrease and then slightly increase
before levelling off at long time (Figure 19(b)). However, the
flux of the second fracture always remains smaller than the
other two fractures, although it has a larger fracture length.
Figure 19(c) shows that, for dumbbell-shaped geometry, the
flux rate of fractures near the heel and toewill slightly increase
with time, whereas the flux of the intermediate fracture will
sharply decrease with time. From these results it is evident
that no matter what the fracture geometry is, the flux of the
intermediate fracture always decreases with time. Figure 20
suggests that if the bottom-hole pressure is constant, the
production rate of equilong fracture type is higher than the
others because it has the longest effective interference fracture
length. Apparently, this is the reason why equilong fracture
type is usually preferred over other fracture geometries.

3.5. Effect of Horizontal Wellbore Pressure Drop. Many previ-
ous studies considered the horizontal wellbore as an infinite
wellbore; however, it has been shown that wellbore pressure
drop exists in the production [53, 54]. We investigated
the effect of horizontal wellbore pressure drop on pressure
behavior as shown in Figure 21, which shows that the effect
of considering wellbore pressure drop is negligible. This
observation can be explained by the low permeability and
low flow rate in ultratight reservoir. Therefore, we conclude
that the horizontal wellbore pressure drop can be neglected
in ultratight reservoir.

3.6. Complex Fracture Network. It is inappropriate to sim-
ulate the production with biwing fracture when the char-
acteristic of complex fracture network is evident [55–57].
Figure 22 shows the schematic of a complex fracture network,
the red lines represent the hydraulic fractures, the blue lines
are natural fractures, and black line denotes horizontal well.
Parameters of the reservoir, fluid, and the fractures are shown
in Table 3. Figure 23 shows the pressure distribution of the
complex fracture network at different times. With increasing
time, the area that contributes to production as well as the
elastic production in a specific volume increases.
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Figure 19: Dimensionless flux rate of each fracture. (a) Equilong type, 𝑥𝑓1 = 𝑥𝑓2 = 𝑥𝑓3 = 100m. (b) Spindle-shaped type, 𝑥𝑓1 = 75m,𝑥𝑓2 = 150m, and 𝑥𝑓3 = 75m. (c) Dumbbell-shaped type, 𝑥𝑓1 = 120m, 𝑥𝑓2 = 60m, and 𝑥𝑓3 = 120m.
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Figure 20: Dimensionless production rate for different fracture
configurations.

4. Field Example

Well J172-H is amultistage fractured horizontal well in Jimsar
sag, which is a typical tight oil region located in the southeast
of the Junggar Basin of China. Tight oil in the sag is mainly
in Permian Lucaogou Formation, which is divided into the
first member and the second member from bottom to top
(Figure 24). Sweet spots are developed in the lower parts of
both members, that is, the upper sweet spot and the lower
sweet spot. J172-H is placed in the upper sweet spot, and
the reservoir is characterized by alternating layers of fine
dolarenite, dolomitic siltstone, and fine dolomitic mudstone
in the vertical direction [58]. The interpretation of nuclear
magnetic log shows that the porosity of the upper sweet spot
lies between 0.061 and 0.258, with an average of 0.101, whereas

Table 3: Basic parameters for complex fracture network case.

Properties Value
Reservoir permeability, k, 𝜇m2 1 × 10−4

Reservoir porosity, 𝜙 10%
Reservoir length, xe, m 600
Formation thickness, h, m 20
Total compressibility, Ct, MPa−1 2.76 × 10−3

Initial pressure, pi, MPa 30
Fluid viscosity, 𝜇, mPa⋅s 20
Fluid density, 𝜌, kg/m3 900
Hydraulic fracture conductivity, 𝐶𝑑𝑓, 𝜇m2⋅m 0.2
Natural fracture conductivity, 𝐶𝑑𝑛, 𝜇m2⋅m 0.04
Production rate, Q, t/d 1.92

the permeability of the upper sweet spot is in the range of
0.001 × 10−3 𝜇m2 to 0.284 × 10−3 𝜇m2, with an average of
0.012 × 10−3 𝜇m2. The permeability of over 90 percent of the
samples is less than 0.1 × 10−3 𝜇m2.

J172-H went into production in September of 2012, and
during the initial stage the production rate of J172-H was
approximately 15 times that of the adjacent vertical well. A
build-upwell test was conducted inMay of 2013 and Figure 25
shows the pressure and pressure derivative data of that build-
up test, which was conducted for a short period. Thus, it can
be concluded that the data shown in Figure 25 comes from
very beginning of the build-up test.

Due to the short test and ultralow reservoir permeability,
some characteristic responses in the middle and late time
period, corresponding to the biradial flow and boundary
dominated flow regimes featured by the slope of 0.36 and 1
in the pressure derivative curve, cannot be found from the
well test data. In the regimes of wellbore storage and early
linear flow, the slopes of pressure derivative curves are equal
to 1 and 0.5, respectively.Wematched the curves with straight
lines of slope 1 and 0.5 and identified the flow regime from the
data as wellbore storage period and linear flow period. Note
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Figure 21: Effect of horizontal wellbore pressure drop on pressure behavior. (a) Pressure curve of multistage fractured horizontal well. (b)
An enlarged view of pressure curve within green circle.

Figure 22: Schematic of a complex fracture network. The black,
red, and blue lines represent the wellbore, hydraulic fractures, and
natural fractures, respectively.

that the effect of wellbore storage is not taken into account
in this study, because our model is proposed on the basis of
Green’s function in real domain and it is difficult to obtain
the derivative of pressure with respect to time in the inner
boundary condition. However, the wellbore storage effect
can be accounted for by transforming the equations from
real domain to the Laplace domain by using the following
equation:

𝑝𝑤𝐷,storage,skin = 𝑠𝑝𝑤𝐷 + 𝑆𝑠 + 𝐶𝐷𝑠2 (𝑠𝑝𝑤𝐷 + 𝑆) , (18)

where 𝑝𝑤𝐷,storage,skin stands for the dimensionless pressure
including wellbore storage and skin effects (in Laplace space),𝑝𝑤𝐷 is the dimensionless pressure without these effects (in
Laplace space), 𝑠 is the Laplace variable, and 𝐶𝐷 and 𝑆 are
the wellbore storage coefficient and skin factor, respectively.
This is the subject of future studies. Therefore, data from the
linear flow period is employed in our analysis. A physical
experiment was conducted to estimate the decline coefficient
of hydraulic fractures, and the resulting value is 0.106.
Figure 26 shows the match for linear flow regime, from

Table 4: Comparison between fitting parameter and the field data.

Parameter Our model Field data
Fracture half-length, m 148 110∼230
Fracture spacing, m 81 78.5 (in average)
Formation permeability, 10−3 𝜇m2 0.0107 0.001∼0.284

which we estimate the fracture and reservoir parameters. In
Table 4, we compare the fitting parameters fromour proposed
model and the field data frommicroseismic monitoring. Our
estimated average half-length of these fractures approximates
to 148m, which lies in the range of 110–230m. The fracture
spacing obtained from our match, 81m, approximates to the
average value from microseismic map. Because the reservoir
heterogeneity is not taken into account in our proposed
model, we only get the mean permeability of the formation,
which is fairly comparable to the well logging results.

5. Conclusions

A semianalytical model was proposed to analyze the pressure
behavior of multistage fractured horizontal well in tight oil
reservoirs. Factors that influence the pressure behavior of
multistage fractured horizontal well were analyzed to provide
a deep understanding of the pressure transient behavior.
Following conclusions were reached.

(1) Higher hydraulic fracture conductivity will result in
an increase in well productivity.Therefore, hydraulic fracture
conductivities should be optimized according to the well
performance and investment.

(2) The stimulated region has more significant impor-
tance on the transient pressure and rate behavior than the
outer reservoir region. In order to make use of the hydraulic
fractures, the existence of pseudo radial flowmust be delayed
through optimal well placement.
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Figure 23: Pressure distribution of complex fracture network at different production time. (a) 𝑡 = 100 d, (b) 𝑡 = 500 d, and (c) 𝑡 = 1000 d.

0 4
(km)

−3000

Fault

Pinchout boundary of Lucaogou Formation

Structural contour of top boundary of the first member, Lucaogou Formation (m)

−
4000 −

30
00

−
20

00

−
1000

Well Ji
1 South No. 1 fault

Xidi fault

Santai fault

Well Ji
7 South fault

Houbaozi fa
ult

Jimsar fault

(a)

St
ra

ta

CALI

GR

SP

166

0 150

20

D
ep

th
 (m

)

RI

RT

RXO

DEN

AC

CNL

0 1000

0 1000

0 1000

1.9 2.9

150 50

45

4050

4100

4150

4200

4250

4300

4350

−80

Lithology

−15

０3７Ｎ

０2）2
1

０2）2
2

０2）1
1

０2）1
2

(b)

Figure 24: Tectonic location and comprehensive logging evaluation of Lucaogou Formation in Jimsar sag.
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Figure 26: Curve match for linear flow.
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Figure 27: Fluid flow in panel 𝑗.

(3) The comparison among different factors suggests that
fracture conductivity is the most important factor when
exploiting the full potential of a horizontal well.Thedecline of
fracture conductivity has a tremendous influence on the well
performance. Therefore, the proppant selection should be
given the first priority to maintain the fracture conductivity.

(4) The interference among fractures of equilong type is
the strongest.This geometry is favorable for both fracture flux
rate and total production rate.

(5) Due to the low permeability and flow rate of ultratight
reservoir, the effect of wellbore pressure drop is negligible;
therefore, the horizontal wellbore pressure drop can be
ignored in ultratight reservoir.

Appendix

Here we provide the detailed derivation of equations that
describe fluid flow in reservoir, fracture, and wellbore.

Reservoir Flow. For fractures rotated at any horizontal angle
to the well, instantaneous point function can be obtained
through the superposition of source function in three dimen-
sions. Then the instantaneous plane function of the fracture
panel can be calculated through the integration on the
fracture panel. The infinite plane source function in slab
reservoir with no-flow boundary is

VII (𝑥) = 1𝑥𝑒 [1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 ) cos 𝑛𝜋𝑥𝑤𝑥𝑒 cos
𝑛𝜋𝑥𝑥𝑒 ] ,

(A.1)

where 𝑥𝑤 denotes the location of the plane source and 𝑥 is the
value in 𝑥-direction of an arbitrary point in the reservoir. By
applying Newman method, the instantaneous point function
is described as

𝑆 (𝑥, 𝑦, 𝑧) = VII (𝑥)VII (𝑦)VII (𝑧) = 1𝑥𝑒𝑦𝑒𝑧𝑒 [1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 ) cos 𝑛𝜋𝑥𝑤𝑥𝑒 cos
𝑛𝜋𝑥𝑥𝑒 ]

⋅ [1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑦𝑡𝑦2𝑒 ) cos 𝑛𝜋𝑦𝑤𝑦𝑒 cos
𝑛𝜋𝑦𝑦𝑒 ]

⋅ [1 + 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑧𝑡𝑧2𝑒 ) cos 𝑛𝜋𝑧𝑤𝑧𝑒 cos
𝑛𝜋𝑧𝑧𝑒 ] .

(A.2)

Through integration, the instantaneous plane function of the
fracture panel can be expressed by

𝑆𝑗 (𝑥, 𝑦, 𝑧) = 1𝑥𝑒𝑦𝑒𝑧𝑒 ∫
𝑥𝑗2

𝑥𝑗1

∫𝑧𝑒
0
[1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 ) cos 𝑛𝜋𝑥𝑥𝑒 cos 𝑛𝜋
𝑥𝑥𝑒]
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⋅ [1 + 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑦𝑡𝑦2𝑒 )

⋅ cos 𝑛𝜋𝑦𝑗1 + 𝑥 tan 𝜃𝑗𝑦𝑒 cos 𝑛𝜋 𝑦𝑦𝑒] ⋅ [1

+ 2∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑧𝑡𝑧2𝑒 ) cos 𝑛𝜋𝑧𝑧𝑒
⋅ cos 𝑛𝜋𝑧𝑧𝑒 ]𝑑𝑥

𝑑𝑧.
(A.3)

Fractures perpendicular to the horizontal well can be treated
as a special case of the above situation. Complex double inte-
gration is no longer needed in calculating the source function
of the fracture panels.The instantaneous plane function of the
fracture panel can be directly obtained through the superpo-
sition of infinite slab source function and infinite plane source
function in slab reservoir with no-flow boundaries.

The infinite slab source function in slab reservoir with no-
flow boundary is

X (𝑥) = 𝑥𝑓𝑥𝑒 [1 +
4𝑥𝑒𝜋𝑥𝑓
∞∑
𝑛=1

1𝑛 exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 )

⋅ sin 𝑛𝜋𝑥𝑓2𝑥𝑒 cos
𝑛𝜋𝑥𝑤𝑥𝑒 cos 𝑛𝜋𝑥𝑥𝑒 ] .

(A.4)

The instantaneous plane function of the fracture panel per-
pendicular to the horizontal well can be expressed by

𝑆𝑗 (𝑥, 𝑦, 𝑧) = X (𝑥)VII (𝑦)X (𝑧) = 𝑥𝑓𝑧𝑓𝑥𝑒𝑦𝑒𝑧𝑒 [1

+ 4𝑥𝑒𝜋𝑥𝑓
∞∑
𝑛=1

1𝑛 exp(−𝑛2𝜋2𝜂𝑥𝑡𝑥2𝑒 ) sin
𝑛𝜋𝑥𝑓2𝑥𝑒 cos

𝑛𝜋𝑥𝑤𝑥𝑒
⋅ cos 𝑛𝜋𝑥𝑥𝑒 ] ⋅ [1 + 2

∞∑
𝑛=1

exp(−𝑛2𝜋2𝜂𝑦𝑡𝑦2𝑒 )

⋅ cos 𝑛𝜋𝑦𝑤𝑦𝑒 cos
𝑛𝜋𝑦𝑦𝑒 ] ⋅ [1 +

4𝑧𝑒𝜋𝑧𝑓
⋅ ∞∑
𝑛=1

1𝑛 exp(−𝑛2𝜋2𝜂𝑧𝑡𝑧2𝑒 ) sin
𝑛𝜋𝑧𝑓2𝑧𝑒 cos

𝑛𝜋𝑧𝑤𝑧𝑒
⋅ cos 𝑛𝜋𝑧𝑧𝑒 ] .

(A.5)

Therefore, by applying Green’s function, the pressure
response at any point in the reservoir result from one frac-
ture panel can be expressed as

Δ𝑝 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑝𝑖 − 𝑝 (𝑥, 𝑦, 𝑧, 𝑡)
= 1𝜙𝐶 ∫𝑡

0
𝑞𝑓𝑗 (𝑡 − 𝜏) 𝑆𝑗 (𝑥, 𝑦, 𝑧, 𝜏) 𝑑𝜏. (A.6)

Fracture Flow. Darcy’s law is employed in the fracture flow.
According to Darcy’s law, the pressure drop is proportional
to the velocity,

𝑝𝑗1 − 𝑝𝑗𝑚 = ∫𝑥𝑗𝑚
𝑥𝑗1

( 𝜇𝜌𝑘𝑓𝑏𝑓𝑑)𝑗 𝑞 (𝑥) 𝑑𝑥. (A.7)

In fracture flows, fluid flow is considered to be one-
dimensional flow. The panel can be illustrated as Figure 27.
The flow rate at any point in the panel can be expressed by

𝑞𝑗 (𝑥) = 𝑞𝑗1 + 𝑞𝑓𝑗 (𝑥 − 𝑥𝑗1) . (A.8)

By substituting (A.8) to (A.7), we obtain

𝑝𝑗1 − 𝑝𝑗2
= ∫𝑥𝑗2
𝑥𝑗1

( 𝜇𝜌𝑘𝑓𝑏𝑓𝑑)𝑗 [𝑞𝑗1 + 𝑞𝑓𝑗 (𝑥 − 𝑥𝑗1)] 𝑑𝑥.
(A.9)

The choke flow factor results from the radial flow near the
wellbore entry point. An additional pressure drop is taken
into account when calculating the pressure in the wellbore.
For a horizontal well in the midplane of the reservoir, the
pressure drop is

Δ𝑝𝑟 = 𝑞𝜇 ln (ℎ/2𝑟𝑤)2𝜋𝑘𝑓𝑏𝑓 , (A.10)

where ℎ is the fracture height and 𝑘𝑓 and 𝑏𝑓 denote fracture
permeability and width, respectively.When the flow from the
fracture to the reservoir is treated as linear flow, the pressure
drop is

Δ𝑝𝑙 = 𝑞𝜇ℎ4𝑘𝑓𝑏𝑓ℎ . (A.11)

Therefore, the pressure difference between radial and linear
flow can be obtained by

Δ𝑝𝑠 = Δ𝑝𝑟 − Δ𝑝𝑙 (A.12)

and the choke flow factor is

𝑠𝑐 = ( ℎ2𝜋𝑥𝑒)[ln(
ℎ2𝑟𝑤) −

𝜋2 ] . (A.13)

Wellbore Flow. Due to the influx flow to the wellbore, the
velocity profile is modified. The inflow expands and lifts
the boundary layer, causing an increase of axial velocity
beyond the layer. The axial velocity near the pipe wall
decreases consequently. As a consequence, using no-wall-
flow frictional factormay cause inaccuracy in calculating fric-
tional losses. In order to take the effect of wall roughness and
fluid mixing into account, the frictional factor corrected by
Ouyang et al. is employed [59].

For laminar flow, the frictional factor is

𝑓𝑖 = 64
Re𝑖

(1 + 0.04303Re0.6142𝑤𝑖 ) , (A.14)
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where Re𝑤𝑖 is the inflow Reynolds number, which can be
described by Re𝑤𝑖 = 𝑞𝑠𝑖𝜌𝑖/𝜋𝜇𝑖. 𝑞𝑠𝑖 is the inflow rate per unit
length.

For turbulent flow, the frictional factor can be calculated
by

𝑓𝑖 = 𝑓0𝑖 (1 − 0.0153Re0.3978𝑤𝑖 ) , (A.15)

where 𝑓0𝑖 is the no-wall-flow frictional factor and can be
obtained by Colebrook-White correlation

1
√𝑓0𝑖 = 4 log 1𝜀𝐷 + 2.28 − 4 log[

4.67
√𝑓0𝑖Re 𝜀𝐷 + 1] . (A.16)

However, the no-wall-flow frictional factor is hard to get
explicitly by (A.16) and iteration is needed. With the aim
of simplicity, the equation was approximated [60]. The
approximate equation can be expressed as follows:

1
√𝑓0𝑖 = 1.14 − 2 log(𝜀𝐷 + 21.25

Re0.9
) . (A.17)

The inflow pressure is 𝑝in𝐴 𝑖, the outflow pressure is𝑝out𝐴 𝑖, and the shear force by the pipewall surface is 𝜏𝑖𝜋𝐷𝑖Δ𝑙𝑖;
the following equation is obtained consequently:

𝑝in𝐴 𝑖 − 𝑝out𝐴 𝑖 − 𝜏𝑖𝜋𝐷𝑖Δ𝑙𝑖
= 𝜌out𝑞outVout − 𝜌in𝑞inVin. (A.18)

Equation (A.18) can be rewritten as

𝑝in − 𝑝out − 𝜏𝑖𝜋𝐷𝑖𝐴 𝑖Δ𝑙𝑖 = 𝜌outV2out − 𝜌inV2in. (A.19)

The right side of (A.19) denotes the accelerational pressure
losses; namely,

Δ𝑝acce = 𝜌𝑖 (V2out − V2in) . (A.20)

Therefore, the pressure drop in the wellbore can be expressed
by

Δ𝑝 = Δ𝑝𝑎𝑐 + Δ𝑝𝑓𝑟. (A.21)

Nomenclature

Symbols

𝑏𝑓: Fracture width, m𝐶𝑡: Total compressibility, MPa−1𝐶𝑓: Fracture conductivity, 𝜇m2⋅m𝐶𝑓0: Initial fracture conductivity, 𝜇m2⋅m

𝑑: Fracture spacing, m𝑓𝑖: Fraction coefficient, dimensionlessℎ: Reservoir thickness, m𝑘: Formation permeability, 𝜇m2𝑘𝑓: Fracture permeability, 𝜇m2𝐿: Reference length, m𝑚: Number of panels that a fracture is discretized into𝑛: Fracture number𝑁𝑝: Number of fracture panels𝑝𝐷: Dimensionless pressure𝑝𝑖: Initial pressure, MPa𝑝𝑗1: Pressure at one end of 𝑗 panel, MPa𝑝𝑗𝑐: Pressure at the center of 𝑗 panel, MPa𝑄: Flow rate, t/d𝑞𝐷: Dimensionless flow rate, dimensionless𝑞𝑓𝐷: Dimensionless flux rate, dimensionless𝑟𝑤: Well radius, m𝑠𝑐: Chock flow factor, dimensionless𝑡𝐷: Dimensionless time, dimensionless𝑡0: Initial time, s𝑥𝑒: Reservoir length, m𝑦𝑒: Reservoir width, m.

Greek Letters

𝛽: Decline coefficient, dimensionless𝜌: Oil density, kg/m3𝜇: Oil viscosity, mPa⋅s𝜙: Porosity, dimensionless.

Subscripts

𝐷: Dimensionless𝑓: Fracture𝑐: Center𝑤: Well.
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Many studies have focused on the drag reduction performance of slick-water, but the microdrag reduction mechanism remains
unclear since the microstructure of the drag reducer and its effect on this mechanism have not been well studied. In this study,
the microstructure of the drag reducer in slick-water was effectively characterized by transmission electron microscopy. The
viscoelasticity and drag reduction performance of the drag reducer with different microstructures were then investigated. Further,
the effects of the microstructure of the drag reducer on the viscoelasticity and drag reduction performance of slick-water were
analyzed. The results demonstrated that the viscoelasticity of slick-water is governed by the microstructure of the drag reducer,
which exhibits a network structure. In addition, the drag reduction performance is related to the viscoelasticity. At low flow rates,
the drag reduction performance is dominantly influenced by viscosity, whereas, at high flow rates, it is governedmainly by elasticity.
Furthermore, the drag reducer with a uniformly distributed network structure exhibits themost stable drag reduction performance.
This drag reducer was used in a field test and the obtained results were consistent with those of a laboratory experiment.

1. Introduction

Slick-water has become themost widely used fracturing stim-
ulation fluid for shale owing to its outstanding drag reduction
performance [1–4]. However, the drag reduction mechanism
of slick-water remains unclear [5, 6]. In the early days,
drag reduction was attributed to the pseudoplasticity of fluid
[7, 8]. However, with the development of non-Newtonian
fluid mechanics, this theory was believed to be inaccurate
[9, 10]. De Gennes [11] proposed that the stretching polymer
molecules absorb part of the kinetic energy of the turbulent
vortex and that the interaction between the polymer and
the turbulence inhibits the turbulent flow, which, in turn,
leads to a decrease in energy loss [11, 12]. On the basis of
these theories, many researchers investigated the relationship
between polymer viscoelasticity and the turbulent flow struc-
ture and validated the theory of viscoelastic drag reduction.
Dimitropoulos and Angelis found that the generation and
dissipative terms of turbulent energy monotonically decrease

with an increase in polymer viscoelasticity [13–15]. Chemloul
reported that part of the kinetic energy of tube flow was
transferred to the viscoelastic polymer, rather than being
entirely delivered to the turbulent fluctuation [16, 17].

The viscoelasticity of slick-water is themain cause of drag
reduction, but the mechanism of viscoelasticity of a polymer
remains unclear. Some researchers insisted that the viscoelas-
ticity of a polymer is caused by the tensile deformation of the
polymer chain under the action of external forces [18, 19].
Some others suggested that the viscoelasticity of a polymer
is caused by the flexibility of the molecular chain. The
more flexible the molecular chain, the more viscoelastic the
polymer. Others reported that the viscoelasticity is attributed
to the normal stress difference between the shear and tensile
stresses of polymer molecules [20, 21].

The polymer microstructure has important effects on the
viscoelasticity of the fracturing fluid, but the relationship
between the drag reduction mechanism and the microstruc-
ture of the polymer drag reducer has not yet been directly
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established [22]. Some researchers revealed the relationship
between the relative molecular mass of the polymer and
the drag reduction performance [23, 24], suggesting that
the drag reduction ratio has a linear relationship with the
polymer molecular weight. Others took the space structure
into consideration, reporting that the molecular chain length
and flexibility have positive effects on the drag reduction
performance [22, 25]. McCormick proposed that, in addition
to the relative molecular mass, the interaction between
polymers plays an important role in drag reduction [22, 26,
27]. In addition, some researchers clarified the size scale of
the drag reducer microstructure and confirmed the existence
of the network structure by electron microscopy methods
[28, 29].

Previous research indicates that a certain microstruc-
ture of the drag reducer has positive effects on the drag
reduction performance; however, the relationship between
the drag reduction mechanism and the microstructure of the
drag reducer has not been well studied. In this work, the
microstructure of the drag reducer was effectively character-
ized by transmission electron microscopy (TEM). Further,
the effects of the drag reducer microstructure on the vis-
coelasticity of slick-water were analyzed on the basis of the
theory of viscoelastic drag reduction. Additionally, the effects
of variations in the microstructure on the drag reduction
performancewere revealed through a field test and laboratory
experiment of drag reduction.

2. Experiments

The drag reducer used in the experiment was acquired from
Shengli Chemical Co., Ltd. (commercial name: DR-800). It is
a high-molecular-weight, anionic, and water-soluble copoly-
mer that is synthesized from a mixture of acrylamide (AM),
acrylic acid (AA), 2-acrylamido-2-methylpropanesulfonic
acid (AMPS), and butyl acrylate (BA) in aqueous solution by
the polymerization process.The acquired drag reducer was in
emulsion form.

2.1. Characterization of Drag Reducer Microstructure. The
microstructures of the drag reducer with different concentra-
tions in the range of 0.01%–0.15%were analyzed by TEM.The
FEITecnaiG2 F20TEMapparatus, which has better precision
and a brighter observation zone, was used to analyze the
original features.

A drop of slick-water sample was placed on 230-mesh
copper grids coated with a Formvar film. Excess water was
removed with filter paper. After removal of excess staining
liquid with filter paper, the samples were kept to dry at room
temperature for TEM observations. Note that, during obser-
vation of the samples, the magnification must be increased
gradually from low to high.

2.2. Viscoelasticity Test of Drag Reducer. In the context of a
frequency sweep test, the energy storage coefficient of slick-
water is defined as the energy stored by the drag reducer
in the slick-water under alternating stress; it is represented
by the elastic modulus and denoted as 𝐺. Similarly, the
energy dissipation coefficient of slick-water is defined as the

energy consumedby the drag reducer in the slick-water under
alternating stress; it is represented by the viscous modulus
and denoted as 𝐺.
𝐺 and𝐺 of slick-water with differentmicrostructures of

the drag reducer were measured at various constant frequen-
cies by using the rheologicalmodule of theHAAKEMARS III
rheometer (Thermo Scientific, Germany). All measurements
in the experiments were performed under the following
conditions of the key parameters: test temperature of 25∘C,
frequency range of 0.01–10Hz, a maximum shearing rate of
3000 s−1, and a parallel-plate assembly with a gap of 1mm.
The variations of 𝐺 and 𝐺 with frequency for the different
slick-water samples indicated that the microstructure of the
drag reducer affects the viscoelasticity of slick-water.

2.3. Drag Reduction Ratio of Slick-Water. The drag reduc-
tion performance of slick-water can be evaluated from the
pressure difference under certain flow rates or from the flow
rate difference under certain pressures. However, the former
approach is used more commonly than the latter one. The
effectiveness of a drag reducer is usually evaluated using the
percentage of drag reduction (% DR), which is defined as

DR% =
Δ𝑃
0
− Δ𝑃DR
Δ𝑃
0

× 100, (1)

where DR% is the drag reduction ratio, %; Δ𝑃
0
is the

pressure difference with clean water; andΔ𝑃DR is the pressure
difference with slick-water.

The drag reduction ratio was evaluated using a pipeline
friction testing system, where the pipeline had an internal
diameter of 6mm and length of 3m. Slick-water was pumped
into the pipeline by means of a low-shear progressing cavity
pump, where the liquid flow rate was controlled by varying
the pump speed. The pressure drop was measured along
a 2.5m length in the middle of the pipeline by using a
pressure transducer. The drag reduction ratio of slick-water
was obtained by comparing the frictional pressure drops of
clean water and slick-water at the same flow rate.

Experiments were conducted at laboratory temperature.
The variations of the drag reduction ratios of slick-water with
different microstructures of the drag reducer with a change
in the flow rate were recorded in order to evaluate the effects
of the drag reducer microstructure on the drag reduction
performance of slick-water.

3. Results and Discussions

3.1. Characterization of Micronetwork Structure of Drag
Reducer. The microstructures of the drag reducer with dif-
ferent concentrations were compared.TheTEM results reveal
that the microstructure configuration is mainly of two types,
regular and irregular, as shown in Figure 1. The regular
microstructure typically has a uniform network structure
when the drag reducer concentration is higher than 0.05%
(vol%), whereas it typically has nonuniform polygonal net-
work units when the drag reducer concentration is reduced
to 0.03%. In contrast, irregular microstructures have fewer
network units and contain structures of other shapes when
the drag reducer concentration is as low as 0.01%.
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(a) Uniformly distributed network (b) Nonuniform polygonal network (c) Tree skeleton structure

Figure 1: Comparison of different microstructures of polymer drag reducer.

The network structure is formed by intertwined poly-
mers, and the properties of the network are influenced by
multiple factors. In this study, the regular microstructure is
identified by the shape and size of the network unit, the
number of network nodes, and the strength of the skeleton.

3.1.1. Shape and Size of Network Structure. In the regular
microstructure, the network units are uniformly distributed
and they have similar sizes, as shown in Figure 1(a): each
unit is nearly round and the diameter of the units is 1 𝜇m
on average. In contrast, in the irregular microstructure, the
network units are dispersed and they have different sizes,
as shown in Figure 1(b). In this case, the network units are
polygonal and their diameters are different. The irregular
microstructure often has a tree skeleton structure, as shown
in Figure 1(c).

The drag reduction performance is strongly related to
the size of the network units. The size of the network units
changes considerably with a change in the internal stress
during the flow of the fracturing fluid, which results in energy
storage and dissipation. As a result, if the size of each unit is
uniform, the slick-water becomes more elastic than viscous,
which leads to high mobility and drag reduction perfor-
mance. In contrast, the performance of the drag reducer is
poor if the network units are either too large or too small;
this is because the slick-water becomes more viscous if the
network units are too small and shear failure occurs owing to
a lack of network stability if the network units are too large.

For regular microstructures, the shape of the network
unit is influenced mainly by the stress condition and the
number of nodes. For the same number of nodes, a uniformly
distributed unit has better energy storage capability than a
nonuniform polygonal unit; this is because size changes of
the network units are easier andmobility is better in the latter
case and the drag reducer tends to be linear under a certain
stress.

3.1.2. Thickness of Skeleton Wall. The network unit is com-
posed of network nodes and skeleton walls. The strength
of the network largely depends on the thickness of the
skeleton wall (shown in Figures 1(a) and 1(b) and indicated
by small rectangular boxes), where the skeleton walls are
cemented between adjacent network units. The skeleton wall

thicknesses in the network units in Figures 1(a) and 1(b)
are 10 nm and 100 nm, respectively; this results in different
strengths of these network structures. The strength of the
entire network is low if the wall is too thin but the mobility
is reduced if the wall is too thick; both these scenarios result
in a decreased drag reduction ratio. As shown in Figure 1(c),
irregular microstructures have low stability and poor energy
storage and viscosity-enhancing capabilities because of the
substantial variation in the thickness of the tree skeleton wall.

3.1.3. Number of Network Nodes. A network node connects
at least three network units with a shared skeleton wall.
In Figure 1, node A connects three networks units, and in
rectangular area B, three nodes encompass a network unit.
The number and size of nodes have a direct influence on
the strength of the skeleton structure. The larger the nodes
and the higher their number, the higher the number of large
network units; this leads to large variations in the elasticity
and viscosity of the fracturing fluid.

3.2. Viscoelasticity of Slick-Water with Different Microstruc-
tures of Drag Reducer. The viscoelasticities of slick-water
with different microstructures of the drag reducer were
compared, as shown in Figure 2. As shown in Figure 2(a),
for the slick-water with the tree-structured microstructure
of the drag reducer, both the viscous modulus and the
elastic modulus are low and they increase gradually at low
frequencies. The elastic modulus, however, is lower than the
viscous modulus, and thus, this slick-water exhibits a viscous
character. As the frequency increases, the elastic modulus
of the slick-water continues to increase at a constant rate
whereas the viscous modulus remains stable. The slick-water
therefore becomes predominantly elastic. As the frequency
increases further, both moduli increase remarkably, and
the elastic modulus is higher than the viscous modulus.
Therefore, the slick-water is predominantly elastic in nature.

The 𝐺 and 𝐺 values of the slick-water remain low
at low frequencies because of the relatively lower strength
of the tree structure. The original microstructure changes
with an increase in frequency, and this leads to a change
in the viscoelasticity of the slick-water because the energy
storage capability increases rapidly under the imposed stress.
In addition, the manner of polymer intertwining changes,



4 Geofluids

0.0001

0.001

0.01

0.1

1

10

100

0 2 4 6 8 10

M
od

ul
us

 (P
a)

Frequency (Hz)

G


G


(a) Viscoelasticity of tree structure

1

0.001

0.01

0.1

10

100

0 2 4 6 8 10

M
od

ul
us

 (P
a)

Frequency (Hz)

G


G


(b) Viscoelasticity of nonuniform polygonal structure
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(c) Viscoelasticity of uniform structure

Figure 2: Comparison of viscoelasticities of different microstructures of drag reducer.

which causes an increase in the structural complexity and
particle size; this eventually leads to an increase in the viscous
modulus to some extent. Therefore, the drag reducer with a
tree structure has poor stability.

The viscous and elastic modulus of the slick-water with
a nonuniform polymer structure of the drag reducer show
similar trends, as shown in Figure 2(b). However, at the
frequency of 0.1 Hz, the viscous modulus is higher than that
in the case of the first microstructure. In addition, at frequen-
cies lower than 1Hz, the elastic modulus decreases slightly
whereas the viscous modulus increases and remains higher
than the elastic modulus. The elastic modulus increases
rapidly with increasing frequency and becomes higher than
the viscous modulus.

The strength of the nonuniformpolygonal structure of the
drag reducer is relatively high because, at high frequencies,

the elastic modulus is relatively higher than the viscous
modulus.The elasticmodulusmay decrease owing to damage
to some unstable, narrow network unit, which leads to
storage of a smaller amount of energy in the polymer. After
all the unstable structures are destroyed and new, stronger
structures are formed, the elastic modulus increases rapidly.
Therefore, the drag reducer with the nonuniform polygonal
structure provides only a certain degree of stability because
its viscoelasticity does not remain stable with changes in
the microstructure; this results in a relatively unstable drag
reduction performance.

Different from the cases of the previous two microstruc-
tures, the following results are obtained in the case of the
uniformly distributed network structure: at frequencies lower
than 1Hz, the elastic modulus is much lower than the viscous
modulus, andwith increasing frequency, the viscousmodulus
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(b) Drag reduction ratio for nonuniform polygonal network structure
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(c) Drag reduction ratio for uniform network structure

Figure 3: Variation of drag reduction ratio with flow rate for different microstructures.

decreases and becomes lower than the elastic modulus (see
Figure 2(c)).

The distributions of the nonuniform polygonal struc-
ture and uniformly distributed structure are such that they
lead to improved strength. The microstructure of the drag
reducer, since the destruction of these structures at either
low or high frequency, is relatively difficult. The nonuniform
polygonal structure and uniformly distributed structure store
larger amounts of energy, which causes an increase in the
elastic modulus of the slick-water. The higher stabilities
of the network units of the nonuniform polygonal and
uniformly distributed structures are more beneficial for the
drag reduction performance than is the poorer stability of
the irregular structure, because a stable network can prevent
intertwining of the polymer, which, in turn, greatly reduces
the probability of formation of large particles and limits the
viscosity. However, the uniformly distributed structure is
more stable than the nonuniform polygonal structure, which
leads to storage of a larger amount of energy andhigher elastic
modulus in the former.

As mentioned above, viscoelasticity is strongly related to
the microstructure of the drag reducer, which, in turn, is

influenced by the size and shape of the network unit and
the skeleton structure. The drag reducer exhibits different
microstructures in the slick-water at different flow stages,
which correspondingly leads to different drag reduction
mechanisms.The drag reduction performance at each stage is
dependent on the balance between the viscous modulus and
the elastic modulus. At low flow rates, the drag reducer forms
a liquid layer against the pipeline surface, which decreases
the interface drag. In contrast, at high flow rates, since
the intensity of internal turbulence increases, the energy
consumed within the slick-water constitutes the main drag
of the pipeline. Energy can be stored through deformation of
the elastic structure, which decreases the thermal dissipation
and consequently reduces the pipeline drag.

3.3. Drag Reduction Performance of Slick-Water with Different
Microstructures of Drag Reducer. The drag reduction per-
formances of slick-water with different microstructures of
the drag reducer were compared next, as shown in Figure 3.
The drag reducer microstructures with the tree structure,
nonuniform polygonal structure, and uniformly distributed
structure, hereafter referred to as cases (a), (b), and (c),
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respectively, show very high initial drag reduction ability,
and the initial drag reduction ratio in each case is higher
than approximately 70%. However, in cases (a) and (b), the
drag reduction ratio decreases dramatically with an increase
in the flow rate, as can be seen in Figures 3(a) and 3(b),
respectively; nevertheless, the decrease rates are different at
different flow rates. Specifically, for both cases (a) and (b),
the drag reduction ratio decreases slowly at flow rates lower
than 10m/s; it then decreases sharply and becomes 16% and
38% for cases (a) and (b), respectively, at flow rates higher
than 20m/s. In contrast, case (c) shows better performance.
In this case, the drag reduction ratio increases slightly at flow
rates lower than 10m/s, and then, it decreases gradually to
approximately 50% as the flow rate increases to 22m/s.

The stability of the drag reducer in case (a) is rather
poor and the drag reduction performance is sensitive to
the flow rate. The high drag reduction ratio at low flow
rates is attributed to the relatively good dispersity of the
polymers in the slick-water. However, because of the absence
of a network in the tree skeleton (i.e., case (a)), the struc-
ture can easily undergo damage at high flow rates and
is therefore vulnerable to influence by stress; this is the
reason why the drag reduction ratio drops rapidly at high
flow rates. The irregular network structure inhibits the drag
reduction performance, and the different thicknesses of the
skeleton structure and the irregular network units limit
the effective amount of energy that can be stored. At high
flow rates, the irregular network structures undergo some
damage, which results in a relatively lower drag reduction
ratio.

The existence of the polygonal structure in case (b) rep-
resents a high initial drag reduction performance; however,
the structure is destroyed at high flow rates owing to its
poor stability.The reticular form of the uniformly distributed
network structure (case (c)) is maintained even at high flow
rates, which reduces the probability of polymer intertwining
and prevents any further increase in viscosity. Moreover, the
regular structure effectively stores the energy of the slick-
water and improves its elasticity.

As can be seen in Figure 3, the results of the drag
reduction ratio are consistent with the viscoelastic nature of
the drag reducer microstructure. The effect of the flow rate
on the drag reduction ratio is attributed to the changes in
the viscoelasticity of the slick-water, which is dependent on
the microstructure of the polymer drag reducer. Therefore,
the microstructure of the drag reducer governs the drag
reduction performance of slick-water.

4. Field Test

In order to compare the drag reduction ratios obtained in
the laboratory experiments with those obtained in the field
and to establish whether the drag reducer with a uniform
network structure exhibits good drag reduction perfor-
mance, a drag reducer with a uniformly distributed network
structure—which had an appropriate number of nodes and
skeleton thickness—was employed in test well A in Xinjiang
Province. The string size of well A was 88mm, and the
main parameters of the slick-water used in the field test were
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Figure 4: Operating pressure of drag reducer in field test in well A
in Xinjiang Province.

as follows: drag reducer concentration of 0.1%, viscosity of
3mPa⋅s, and density of 1 g/cm3.

For comparison with the drag reduction performance
of slick-water, clean water was first injected into the pipe.
The tested drag reducer was pumped into the pipe in the
33rd hour, and the entire process lasted for 12min. The
total volume of the injected fluid was 34m3. The operating
pressure decreased from 24.31MPa to 20.48MPa as the
output volume decreased from 5m3/min to 1m3/min; in
the same range of the output volume of the slick-water
with the uniformly distributed network structure of the drag
reducer, the operating pressure decreased from 22.28MPa
to 20.38MPa, as shown in Figure 4. Therefore, at a certain
output volume, the friction in the pipeline when slick-water
with the drag reducer was injected decreased in comparison
to that when clean water was injected. The drag reduction
ratio was calculated from the pressure change with the flow
rate, and the drag reduction ratio increased with increasing
output volume, as shown in Figure 5.

A comparison of the drag reduction ratio curves obtained
in the field test and laboratory experiment revealed that the
drag reduction ratio obtained in the field test attained a higher
value than that obtained in the laboratory experiment, owing
to the scale effect in the field test. Moreover, at flow rates
lower than 15m/s, no difference was found between the drag
reduction ratios of the drag reducers in the field test and
laboratory experiment (error of less than 10%). However,
as the flow rate increased to 20m/s, only the drag reducer
with the uniform network structure showed the same drag
reduction ratio in both the field test and the laboratory
experiment (the error for the tree structure was more than
20%).

The results of the field test indicate that the drag reducer
with uniformly distributed network units has good drag
reduction performance, which is consistent with the results
of the laboratory experiment.
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5. Conclusions

This paper proposed methods of microstructure characteri-
zation of the drag reducer in slick-water fracturing fluid. The
viscoelasticity of slick-water with differentmicrostructures of
the drag reducer was analyzed to evaluate the corresponding
drag reduction performance. Furthermore, the experimental
results were validated by comparison with results of a field
test. The following conclusions were drawn from the study.

(1) The microstructure of the drag reducer can be
described using and quantitatively identified from the
size and shape of the network unit, the thickness of the
skeleton wall, and the number of network nodes.

(2) The viscoelasticity of slick-water is strongly related to
the stability of the microstructure of the drag reducer.
The viscoelasticity of slick-water at low frequencies
depends mainly on the shape, size, and distribution
of the network units of the drag reducer. Specifically,
the elastic modulus 𝐺 is influenced mainly by the
strength of the skeleton structure whereas the viscous
modulus 𝐺 is influenced mainly by the number of
network nodes.

(3) The drag reduction performance of slick-water is
dependent on the balance between the viscous mod-
ulus and the elastic modulus and is governed by
the microstructure of the drag reducer. Slick-water
performs better when the microstructure is regular
and uniformly distributed, the number of nodes is
stable, and the skeleton wall is strong.

Additional Points

Highlights. (i)Themicrostructure and viscoelasticity of a drag
reducer are studied. (ii) Methods of microstructure charac-
terization of the drag reducer in slick-water fracturing fluid
are proposed. (iii)The viscoelasticity of slick-water is strongly
related to the stability of the drag reducermicrostructure. (iv)
The drag reduction performance of slick-water is dependent

on the balance between the viscous and elastic moduli and
governed by the drag reducer microstructure.
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Four alkyl propargyl bis(hydroxyethyl) ammonium surfactants with different lengths in hydrophobic tail (C8–C16) are prepared
by direct alkylation of diethanolamine with alkyl bromides.The surfactants exhibit excellent surface properties.The critical micelle
concentration (CMC) values of the surfactants 2c and 2d are found to be 7.63 × 10−4 and 1.23 × 10−4mol/L, and the corresponding
surface tension (𝛾CMC) values are 31.83 and 31.69mN/m, respectively. Furthermore, all of the synthesized propargyl quaternary
ammonium salts are found to be very effective in inhibiting the corrosion of N80 steel (IE% = 92–98%). They can be used at
a relatively high temperature (≥90∘C) and a low concentration (0.039wt.%). In addition, the apparent viscosity of surfactant
2d is studied at various temperatures, and it can be used as a viscoelastic surfactant up to 100∘C. The synthesized surfactants
possess multiple functions and have a very good compatibility with VES systems. They can be potentially used in various oil field
applications such as enhanced oil recovery, fracturing, acid diversion, and well stimulation.

1. Introduction

Acidizing is a widely established technique to increase hydro-
carbon production from low-permeability reservoirs [1].
Viscoelastic surfactant (VES) based diverting systems have
many advantages thatmake thempreferred forwell acid stim-
ulationmainly due to their exceptional rheological character-
istics [2]. These systems leave no residues once broken and
thus eliminate potential damage to the formation [3, 4].They
also have abilities to minimize the fracture height growth
and increase the effective fracture length [5]. However,
VES systems frequently encounter considerable difficulties
in corrosion inhibitors (CIs) selection. In many cases, cor-
rosion inhibitors would break these VES gels, and this is
because inhibitors usually have oil-soluble constituents (e.g.,
acetylenic alcohol) or contain mutual solvents (e.g., ethylene
gylcol monobutyl ether) [6]. Such a conflict encourages us to
look for new corrosion chemicals which will have a very good
compatibility with VES systems.

A variety of organic compounds can act as CIs during the
acidization, including acetylenic alcohols, aromatic aldehy-
des, amines, nitrogen-containing heterocycles, and quinoline

derivatives [7]. Among them, acetylenic alcohols are widely
used because of their commercial availability and cost effec-
tiveness. Propargyl alcohol is usually taken as a standard CI
for acidization and sometimes it has a significant synergistic
effect with other compounds [8]. It is claimed to form a film
on themetal surface and can retard themetal dissolution pro-
cess as well as hydrogen evolution [9]. However, it has been
reported that only propargyl alcohol has a good solubility
in acids, while the dissolvability of other acetylenic alcohols
decreases rapidly with increasing carbon chain lengths. To
increase the solubility of such acetylenic alcohols, quaternary
ammonium surfactants need to be applied [9]. In addition,
many countries have banned them from use because of their
toxicity [7]. Therefore, it is important to find water-soluble
and nontoxic alternatives to acetylenic alcohols.

In this study, we developed a series of alkyl propargyl
bis(hydroxyethyl) quaternary ammonium bromides with dif-
ferent hydrophobic lengths. By introducing propargyl group
into quaternary ammonium surfactants, these compounds
obtain a good corrosion inhibition ability and a good solubil-
ity in water/acid solution. Moreover, the compounds them-
selves are surface-active substances. When the carbon chain
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Scheme 1: Synthesis of propargyl quaternary ammonium surfactants 2a–2d.

length of hydrophobic group is greater than 12, the solutions
exhibit high viscosities and/or gel-like behavior at room
temperature in the presence of sodium salicylate (NaSal);
they still retain appreciable viscosities at a temperature above
90∘C.

2. Experimental Procedure

2.1. Materials (Chemical Reagents, Solution Preparation, and
Specimens). Distilled water was used as the solvent for all
testing experiments. N-Alkyl bromide (Alfa Aesar, ≥99%,
GC), diethanol amine (Alfa Aesar, ≥99%, GC), and propargyl
bromide (Alfa Aesar, ≥99%, GC) were used without fur-
ther purification. All other chemicals with analytical grade
were purchased from Sinopharm Group Beijing Co., Ltd.,
China.

The viscoelastic surfactant solution for rheological test
consists of 4.0 g surfactant 2d, 0.36 g NaSal, and 96.0 g
water. The weight loss experimental tests were performed in
20wt.% hydrochloric acid solutions, which were prepared by
diluting 36–38wt.% HCl with distilled water. The specimens
were prepared from N80 steel. The dimensions of the N80
specimens for the weight loss experiments were 50 × 10 ×
3mm. Before the experiments, the surface of the specimens
was abradedwith 2000 grit emery paper, followed by washing
with distilled water, and degreased with ethanol and acetone.
The specimens were finally dried at room temperature and
stored in a desiccator.

2.2. Surface Tension. Surface tensions were measured at 20∘C
using a duNouy tensiometer. All surface tension measure-
ments of the synthesized surfactants were conducted using
distilled water as the solvent at mass concentration from
0.0001 wt.% to 1 wt.%. All the reported data points were
average equilibrium values.

2.3. Rheology Measurement. The apparent viscosity of sur-
factant was measured using a HAAKE MARS III Rheometer
(Haake Technik Co., Germany) with the cylinder rotorDG41.
In this study, the viscosity was reported under a tempera-
ture sweep range of 20 to 100∘C at a steady shear rate of
170 s−1.

2.4. Weight Loss Measurement. N80 steel specimen was im-
mersed in 20wt.%HCl solutions in the absence or presence of
different concentrations of propargyl quaternary ammonium
bromide for 4 h at 60 or 90∘C, in which the ratio of volume
(mL) of HCl solutions to surface area (cm2) of the specimens
was 20 : 1.The specimenswere taken out, washedwith ethanol
and acetone in turn, dried, and weighed accurately. Two
specimens were used in each test, and the mean value of
corrosion rate was calculated. The corrosion rate of each
specimen was calculated as the equation below:

𝑉corr =
𝑊
1
−𝑊
2

𝑆 × 𝑡
, (1)

where 𝑉corr (g m
−2 h−1) is the corrosion rate and𝑊

1
(g) and

𝑊
2
(g) are the weights of a specimen before and after the

4 h experiment, respectively. 𝑆 (m2) is the surface area of the
specimen, and 𝑡 (h) is the immersion time.

2.5. Synthesis of Propargyl Quaternary Ammonium Surfac-
tants. Four alkyl propargyl bis(hydroxyethyl) ammonium
surfactants (Scheme 1) were designed to check the influence
of structural parameters.They varied in lengths in hydropho-
bic tail from C4 to C16, respectively. 1a–1d were synthesized
using a modified procedure reported by Dan and Ghosh
[10], and 2a–2d were prepared using a similar procedure
reported by Ge et al. [11]. Moreover, a similar structure C12
surfactant 2e was selected as reference for corrosion test-
ing.

Synthesis of N-Butyl-N-propargyl-N,N-bis(hydroxyethyl) Am-
monium Bromide (2a). n-Butyl bromide (2.1 g, 0.015mol),
diethanolamine (2.4 g, 0.023mol), anhydrous potassium car-
bonate (4.28 g, 0.031mol), and potassium iodide (0.5 g) were
taken in 40mL acetonitrile and the contents were refluxed
at 60∘C under N

2
atmosphere for 12 h. The heating was

stopped and the acetonitrile was evaporated and thenCH
2
Cl
2

(30mL) was added to the reaction mixture. The solution
was washed with H

2
O (3 × 30mL) to remove the excess

diethanolamine and then the organic part was dried over
anhydrous Na

2
SO
4
. CH
2
Cl
2
was removed under reduced

pressure to get the crude product 1a as colorless oil in 66.8%
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Figure 1: 1H NMR spectrum of 2a.

yield. As the product was found to be pure from TLC and 1H
NMR, no further purification was carried out at this stage.
Then, compound 1a (3.23 g, 0.02mol) was added to 100mL
solution of propargyl bromide (3.1 g, 0.026mol) in ethanol.
The mixture was refluxed for 12 h. The solvent and the excess
propargyl bromide were removed at room temperature under
reduced pressure, and a red viscous liquid was obtained. The
crude product was then purified by column chromatography
(silica gel; methanol/CH

2
Cl
2
= 1 : 10) to afford pure product

(81.4%) as a yellow oil. 1HNMR (CDCl
3
, 500MHz): 𝛿 (ppm)

= 4.93 (s, 2H, -OH), 4.60 (d, 2H, J = 2.0Hz, CH
2
C≡CH), 4.13

(m, 4H, CH
2
OH), 3.79 (m, 4H, CH

2
CH
2
OH), 3.61 (t, 2H, J =

8.0Hz, RCH
2
N), 3.09 (t, 1H, J = 2.0Hz, C≡CH), 1.81 (m, 2H,

RCH
2
CH
2
N), 1.26 (m, 2H, -(CH

2
)-), 0.88 (t, 3H, J = 7.0Hz,

-CH
3
).

Compound 2b. It was prepared following the same procedure
of 2a. Yield = 86.2%, 1H NMR (CDCl

3
, 500MHz): 𝛿 (ppm)

= 4.93 (s, 2H, -OH), 4.60 (d, 2H, J = 2.0Hz, CH
2
C≡CH), 4.13

(m, 4H, CH
2
OH), 3.79 (m, 4H, CH

2
CH
2
OH), 3.61 (t, 2H, J

= 8.0Hz, RCH
2
N), 3.09 (t, 1H, J = 2.0Hz, C≡CH), 1.81 (m,

2H, RCH
2
CH
2
N), 1.37–1.28 (m, 10H, -(CH

2
)-), 0.88 (t, 3H, J

= 7.0Hz, -CH
3
).

Compound 2c. It was prepared following the same procedure
of 2a. Yield = 99.0%, 1H NMR (CDCl

3
, 500MHz): 𝛿 (ppm)

= 4.93 (s, 2H, -OH), 4.59 (d, J = 2.0Hz, 2H, CH
2
C≡CH), 4.14

(m, 4H, CH
2
OH), 3.80 (m, 4H, CH

2
CH
2
OH), 3.60 (t, 2H, J

= 8.0Hz, RCH
2
N), 3.05 (t, 1H, J = 2.0Hz, C≡CH), 1.80 (m,

2H, RCH
2
CH
2
N), 1.36–1.26 (m, 18H, -(CH

2
)-), 0.88 (t, 3H, J

= 7.0Hz, -CH
3
).

Compound 2d. It was prepared following the same procedure
of 2a. Yield = 99.9%, 1H NMR (CDCl

3
, 500MHz): 𝛿 (ppm)

= 4.89 (s, 2H, -OH), 4.62 (d, 2H, J = 2.0Hz, CH
2
C≡CH), 4.14

(m, 4H, CH
2
OH), 3.82 (m, 4H, CH

2
CH
2
OH), 3.62 (t, 2H, J

= 8.0Hz, RCH
2
N), 3.05 (t, 1H, J = 2.0Hz, C≡CH), 1.80 (m,

2H, RCH
2
CH
2
N), 1.37–1.26 (m, 26H, -(CH

2
)-), 0.88 (t, 3H, J

= 7.0Hz, -CH
3
).

3. Results and Discussion

The quaternary ammonium surfactants (2a–2d) were syn-
thesized as outlined in Scheme 1. N-Alkylation of diethanol-
amine with commercially available alkyl bromide produced
the corresponding intermediates (1a–1d); with addition of
propargyl bromide, it produced the required quaternary
surfactants (2a–2d) with high yield. The chemical structures
of all the synthesized surfactants were characterized with the
aid of 1H NMR as shown in Figures 1–4. In the 1H NMR
of compounds 2b, the alkynyl proton appeared at 𝛿 3.09 [-
C≡C-H] and the methylene protons [-(CH

2
)n-] appeared at

𝛿 1.37–1.28 (Figure 2). The peaks of methylene protons [HO-
CH
2
-CH
2
-N-] of hydroxyethyl group are 𝛿 2.65 and 𝛿 3.61

in 1b [10], and then clear downfield shift (𝛿 4.13 and 𝛿 3.79)
of these protons [HO-CH

2
-CH
2
-N-] in 2b confirmed the

formation of the quaternized product [12]. Spectra of 2a, 2c,
and 2d look very similar to 2b in peak positions and patterns
except different methylene protons peaks [-(CH

2
)n-] at 𝛿

1.37–1.28, which indicates they are the homologs.

3.1. Surface Tension Measurements. All surfactants 2a-2b
have good solubility in water, which will have a very good
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Figure 2: 1H NMR spectrum of 2b.
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Figure 4: 1H NMR spectrum of 2d.

Table 1: Surface properties of three surfactants 2b–2d.

Surfactants CMC × 10−3
(mol L−1)

𝛾CMC
(mNm−1)

𝜋CMC
(mNm−1)

Γmax × 10
6

(molm−2)
𝐴min
(nm2)

2b 97.4 32.63 39.37 0.88 1.89
2c 0.763 31.83 40.17 1.47 1.13
2d 0.123 31.69 40.31 1.50 1.10

compatibility with VES systems. Because of very short alkyl
chain, compound 2a is too hydrophilic and have not obvious
surface activity.Therefore, surface tensionwasmeasured only
for surfactants 2b–2d at 25∘C.The relationship of surfactants
concentration and surface tension is illustrated in Figure 5.
Surface tensions of all surfactants decreased by increasing
the surfactant concentration until a distinct break at the
critical micelle concentration (CMC) is reached. Any further
increase in the concentration above CMC has no obvious
effect on surface tension.

Surfactants 2b, 2c, and 2d attain 𝛾CMC values of 32.63,
31.83, and 31.69mN/m at 9.74 × 10−2, 7.63 × 10−4, and 1.23 ×
10−4mol/L, respectively (Table 1). These results suggested
that CMC decreases by increasing the carbon chain lengths
while the surface tension at CMC slightly increases [13]. It is
worth noting that CMC and corresponding surface tension
values are below the same carbon chain lengths known
surfactants [14] and may be originated from hydrophobic
effects of propargyl group. And yet, the surfactant efficiency
to reduce water surface tension (𝜋CMC), maximum surface
access (Γmax) at the air-water interface, and minimal surface
area per molecule (𝐴min) at the air-water interface show

2b
2c
2d

30

40

50

60

70

80


(m

N
/m

)

0−4 −3 −2 −1−5−6
−logC (mol/L)

Figure 5: Surface tension at various surfactant concentrations of
2b–2d.
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Table 2: Weight loss results for N80 steel in 20wt.% HCl in the absence and presence of inhibitor for 4 h.

Entry Surfactants 𝑇
(∘C)

𝑐
(wt.%)

𝑉
(g m−2 h−1) 𝜃 IE%

(1) 20% HCl 90 0 593.8
(2) 20% HCl 60 0 281.3
(3) 2a 90 1.0 46.2 0.922 92.2
(4) 2b 90 1.0 10.4 0.982 98.2
(5) 2b 60 1.0 3.75 0.982 98.2
(6) 2c 90 1.0 17.2 0.971 97.1
(7) 2c 90 0.39 12.8 0.979 97.9
(8) 2c 90 0.10 32.4 0.945 94.5
(9) 2c 90 0.039 59.8 0.899 89.9
(10) 2c 90 0.010 517.4 0.129 12.9
(11) 2d 90 1.0 20.7 0.965 96.5
(12) 2e 90 1.0 163.4 0.725 72.5

similar trends. The good surface activity of these surfactants
leads to potential applications in oil recovery.

3.2. Weight Loss Measurement of 2a–2d. The corrosion rate
(𝑉corr), the inhibition efficiency (IE), and the surface coverage
(𝜃) are obtained from weight loss measurements of N80 steel
in 20wt.% HCl with various concentrations of 2a–2d. The
results are presented in Table 2. The percentage inhibition
efficiency (IE) and surface coverage (𝜃) were calculated using
the following equation:

𝜃 = IE% =
𝑉
0
− 𝑉corr
𝑉
0

, (2)

where𝑉
0
(gm−2 h−1) and𝑉corr (gm

−2 h−1) were the corrosion
rates without and with addition of the corrosion inhibitor,
respectively.

As shown in Table 2, it is demonstrated that the synthe-
sized propargyl quaternary ammonium salts were effective
in inhibiting the corrosion of N80 steel. Compared with 2e
without a propargyl group, corrosion rate in 2a–2d solutions
commonly decreased one to two orders of magnitude (entry
(12) versus entries (3), (4), (6), and (11)). It is claimed that
alkynyl groups can polymerize on the metal surface, form a
protective filmon themetal surface, and thus retard corrosion
rate [9]. At a relatively high temperature of 90∘C, the inhi-
bition efficiency increased with the inhibitor concentration
(entries (6)–(10)). The highest inhibition efficiency of about
97.9% was achieved at a concentration of 0.39wt.% using
2c (entry (7)). Considering the acid concentration and tem-
perature, this inhibition efficiency value is rather favorable.
For example, N-benzylquinolinium chloride (BQC), a most
commonly used corrosion inhibitor, still has a corrosion
rate of 232.68 gm−2 h−1 at the concentration of 1.9 wt.% [15],
which is ten timesmore than2c (entry (6)). Butwhen the con-
centration of quaternary ammonium salts is below 0.01 wt.%,
negligible inhibition efficiencies are found (entry (10)). It
indicated that there is a concentration threshold for good
corrosion protection. Besides, the effect of the hydrophobic
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Figure 6: The apparent viscosity of 4wt.% of surfactant 2d with
0.36% NaSal under steady shear rates 170 s−1.

chain in quaternary ammonium salts on corrosion behavior
can be concluded.The corrosion rate follows the sequence 2b
< 2c < 2d < 2a (entries (3), (4), (6), and (11)), indicating that
the inhibitory effect decreased gradually with the increase
of the length of the hydrophobic chain except 2a. The high
hydrophilicity of 2a may account for this exception. As the
temperature increases from 60∘C to 90∘C, the inhibition
efficiency of 2b almost keeps constant (entries (4) and (5)),
which may imply strong absorption of inhibitor molecules.

3.3. Rheological Measurements. Figure 6 shows the apparent
viscosity of 2d at a shear rate of 170 s−1 as a function of tem-
perature. The data show that 2d can be used as a viscoelastic
surfactant. The viscosity increased and reached a maximum
in 5min and then gradually decreased. As we know, associa-
tion of viscoelastic surfactant molecules can form wormlike
micelles [16]. The entangled wormlike micelles will increase
the viscosity of fluids like polymer. The initial increase of
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the viscosity is supposed to be due to the shearing induced
growth of the wormlike micelles until reaching a maximum
(Figure 6, [17]). Then the viscosity decreases with temper-
ature, and it suggests that micellar networks are gradually
broken upon heating [18]. However, until the temperature
rises to 100∘C, the viscosity is still more than 25mPa s−1,
which is considered as the standard viscosity of suspending
sand [19]. The results indicate these cationic surfactants can
be potentially used at relative higher temperature. The trend
in viscosity was noted for different types of viscoelastic
surfactants [20, 21].

The viscoelastic surfactants own good viscosity and elas-
ticity and thus can be used in fracturing for suspending sands.
The fluid composes small molecules and has no residue left
in reservoirs after fracturing. Hence, the conductivity is very
high with no formation damage [16]. Moreover, viscoelastic
surfactant was also found useful to self-diverting-acid frac-
turing application. The viscoelasticity of solution does not
develop until the acid reacts with carbonate in the formation
(in this article, we use sodium salicylate to produce gel). The
increases in Ca2+ ions and pH due to the HCl-carbonate
reaction caused in situ gelling of the acid [22]. The high
viscosity temporarily blocks the wormholes formed in the
rock matrix, allowing the acid to cover the unacidized area.

4. Conclusion

Four alkyl propargyl bis(hydroxyethyl) ammonium surfac-
tants with different lengths in hydrophobic tail were high
yield synthesized by following an efficient method from com-
mercially available chemicals. Structures of the synthesized
surfactants were characterized by 1H NMR. Surface tension,
corrosion inhibition efficiency, and apparent viscosity were
evaluated.The results indicate these surfactants exhibit excel-
lent surface properties. The critical micelle concentration
(CMC) values of the surfactants 2c and 2d were found to be
7.63 × 10−4 and 1.23 × 10−4mol/L, and the corresponding
surface tension (𝛾CMC) values were 31.83 and 31.69mN/m,
respectively. Furthermore, all propargyl quaternary ammo-
nium salts were effective in inhibiting the corrosion of N80
steel.They can be used at a relatively high temperature (90∘C)
and at a concentration as low as 0.039wt.%. In addition, the
apparent viscosity of surfactant 2d was studied at various
temperatures, and it can be used as a viscoelastic surfactant
up to 100∘C. The unique surface-active, corrosion protection
abilities, thermal stability, and viscoelastic properties of these
surfactants make them strong candidates for various oilfield
applications.

Conflicts of Interest

The authors declare no financial conflicts of interest.

Acknowledgments

This research was financially supported by PetroChina Inno-
vation Foundation (Grant no. 2016D-5007-0205) and the
Science Foundation ofChinaUniversity of Petroleum,Beijing
(Grant no. 2462015YJRC027).

References

[1] M. J. Economides and T.Martin,Modern Fracturing: Enhancing
Natural Gas Production, ET Publishing, Houston, Tex, USA,
2007.

[2] W. Al-Sadat, M. S. Nasser, F. Chang, H. A. Nasr-El-Din, and I.
A. Hussein, “Rheology of a viscoelastic zwitterionic surfactant
used in acid stimulation: Effects of surfactant and electrolyte
concentration,” Journal of Petroleum Science and Engineering,
vol. 124, pp. 341–349, 2014.

[3] F. F. Chang, A. M. Acock, A. Geoghagan, and P. T. Huckabee,
“Experience in acid diversion in high permeability deep water
formations using visco-elastic-surfactant,” in Proceedings of the
2001 SPE Annual Technical Conference and Exhibition, Society
of Petroleum Engineers, October 2001.

[4] D. Taylor, P. S. Kumar, D. Fu et al., “Viscoelastic surfactant based
self-diverting acid for enhanced stimulation in carbonate reser-
voirs,” in Proceedings of the SPE European Formation Damage
Conference, 2003.

[5] G. Daccord, R. Lenormand, and O. Liétard, “Chemical disso-
lution of a porous medium by a reactive fluid-I. Model for
the “wormholing” phenomenon,”Chemical Engineering Science,
vol. 48, no. 1, pp. 169–178, 1993.

[6] H. A. Nasr-El-Din, A. H. Al-Ghamdi, A. A. Al-Qahtani, andM.
M. Samuel, “Impact of acid additives on the rheological prop-
erties of a viscoelastic surfactant and their influence on field
application,” SPE Journal, vol. 13, no. 01, pp. 35–47, 2008.
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A model of the flow-vibration-electrical circuit multiphysical coupling system for solving square column vortex-induced vibration
piezoelectric energy harvesting (VIVPEH) is proposed in this paper. The quasi steady state theory is adopted to describe the fluid
solid coupling process of vortex-induced vibration based on the finite volume method coupled Gauss equation. The vibrational
response and the quasi steady state form of the output voltage are solved by means of the matrix coefficient method and interactive
computing. The results show that attack angles play an important role in the performance of square column VIVPEH, of which𝛼 = 45∘ is a relatively ideal attack angle of square column VIVPEH.

1. Introduction

Recently, the development and utilization of new energy
sources have become a research hotspot, among which the
study of capturing energy from environment has received
much more attention. One of the most important ways of
environmental energy harvesting is capturing energy from
fluid, which can be divided into two kinds, wind energy and
water energy. Most of the traditional wind power and hydro-
electric power facilities use the rotating turbine device to har-
vest energy with large volume device and low energy density.
Themicro energy technology, which can extract energy from
environment and convert it into electric energy [1–4], has
the features of functional continuity, small volume, and high
energy density. In the late 1990s, the vibration piezoelectric
energy harvesting technology has beenwidely used to harvest
environmental flow energy and convert it into vibration
energy [5–9], which is a kind ofmicro energy technologywith
continuous and nonconsuming energy supply. Therefore, it
is an effective method for the microminiaturization of flow
induced vibration energy harvesting device.

In fluid dynamics, there is a potential physical phe-
nomenon that can be used for energy harvesting called

vortex-induced vibration. Vortex-induced vibration is that
when the fluid flows through the bluff body, the formation
and periodic shedding of the vortexwill cause the vibration of
the bluff body. Once the vibration intensity reaches a certain
level, the flow field shedding will be locked, which results in
large vibration energy. In other words, vortex-induced vibra-
tion is a kind of periodic, steady, or unsteady fluid structure
interaction phenomenon, which has the characteristics of
continuity and easy excitation [10, 11].

It is a challenging work to solve the problem of vortex-
induced vibration energy harvesting. The key problem here
is how to transform the flow energy into vibration energy
efficiently. In recent years, many meaningful research works
have been carried out on using vortex-induced vibration to
collect ocean energy and wind energy. Among them, the
energy conversion of circular bluff body piezoelectric vortex-
induced vibration is mostly concerned. Allen and Smits [12]
have studied the theory of energy harvesting of piezoelectric
materials and designed an “eel” energy harvesting model
which can be used to harvest the fluid kinetic energy in
the water tank. On the basis of film theory, the “eel” model
device can also be used to harvest the vortex shedding energy
of “lock-in” phenomenon. Taylor et al. [13] used the “eel”
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device of a PVDF polymer to harvest marine energy, which
was placed in a water tank with the length of 241.3mm,
the width of 76.2mm, and the thickness of 150 𝜇m. The
research shows that when the flapping frequency of PVDF
closes to the vortex shedding frequency, the energy collection
performance will be improved; the maximum voltage 3V
appears in the water flow velocity of 0.5m/s. In Marine
Renewable Energy Laboratory (MRELab) at the University
of Michigan, Bernitsas et al. [14, 15] have presented a vortex-
induced vibration for aquatic clean energy (VIVACE) to
utilize the VIV phenomenon to generate power. The latter
studies have been conducted in support of model tests for
VIVACE converter, which harnesses hydrokinetic energy
enhancing flow induced motions (FIM) and particularly
VIV and various forms of galloping. Lee and Bernitsas
[16, 17] built a device/system Vck to replace the physical
damper/springs of the VIVACE with virtual elements. The
testing was performed in the Low Turbulence Free Surface
Water Channel of theUniversity ofMichigan at 40000 < Re <120000 and damping 0 < 𝜉 < 0.16. To continue and improve
the work of VIVACE, which is used to convert hydrokinetic
energy fromocean/river currents to electricity. Raghavan and
Bernitsas [18, 19] conducted experiments in the regime right
before transition from laminar to turbulent flow. Hysteresis
was not observed in the experiments because the parameters
remain in the 2P domain. Higher VIV amplitude of 2.1 to
2.7 diameters was obtained and the range of synchronization
was increased by increasing the damping in VIVACE. Chang
et al. [20] put a PTC device in the surface of the VIVACE
converter to enhance the viscous damping; the results show
that proper PTC could enhance the conversion efficiency of
hydrokinetic energy to mechanical in VIVACE. For solving
the problem of VIV, some excellent researches have also
been conducted in MRELab. With the help of OpenFOAM
software; Wu et al. [21] have developed a CFD code to solve
the VIV problem of a single cylinder with PTC. Ding et
al. [22] have also developed a CFD code in OpenFOAM
to solve the VIV problem of multiple circular cylinders.
Abdelkefi et al. [23, 24] andMehmood et al. [25] investigated
the possibility of harvesting energy from elastically mounted
circular cylinders. They used, respectively, a wake oscillator
model and direct numerical simulations to determine the
fluctuating lift force. Abdelkefi et al. [23] reported that
the aerodynamic nonlinearity results in the presence of
hardening behavior. Both research studies determined the
effects of the load resistance on the synchronization region
and level of the harvested power. They demonstrated that
maximum level of the harvested power can be associated
with minimum values in the transverse displacement due
to the shunt damping effect. To investigate the possibility
of harvesting energy from other flow induced vibrations,
different investigations have been performed. Abdelkefi and
Nuhait [26] investigated the effects of cambered wing-based
piezoaeroelastic energy harvesters on the flutter speed and
the performance of the harvester. Dai et al. [27] and Yan and
Abdelkefi [28] investigated the potential of harvesting energy
from a combination of base excitations and VIV or galloping,
respectively. Robbins et al. [29] proposed a device similar
to the “eel” model, consisting of piezoelectric film arrays

(single size 203 × 279 × 0.5mm) with different configurations
to collect wind energy generated by induced draft fan; the
maximum output power is up to 10mW. Akaydin et al. [30]
proposed a structure (main size 30 × 16 × 0.2mm) which
can separate the piezoelectric film from the bluff body, in
which the maximum output power is 4 𝜇W. Gao et al. [31]
carried out an experiment model (unit piezoelectric element
size is 58 × 10mm, cylinder diameter is 29.1mm, and cylinder
length is 36mm), in which the cylinder is connected with
the PZT cantilever beam, and the PZT beam is fixed at
one end in the wind tunnel. Thus, electrical charges were
accompanied by the wind-induced vibration of the PZT
cantilever beam. The “lock-in” phenomenon is observed in
the wind-induced vibration and a high voltage output is
obtained in this region. Akaydin et al. [32] presented an
energy harvesting experiment in a wind tunnel, in which the
cylinder is connected with the free end of a cantilever beam
with aluminum shim device. The results show that when the
circuit resistance is changed, the natural frequency of the
system will be changed also, so that the maximum value of
the electromechanical coupling damping can be obtained.
The above researches are mainly focused on the energy
collection models of the cylindrical bluff body under vortex-
induced vibration. Studies on the vortex-induced vibration
andpiezoelectric energy harvesting of noncylindrical section,
such as square column and triangular column, are relatively
less.

It is very important to consider the different attack angles
in the analysis of square column vortex-induced vibration
because of the asymmetry. The motion of the fluid at the
edge of the square column is very irregular, which will
greatly affect the vortex shedding near the column wall. The
square column vortex shedding process is different from
that of smooth circular cylinder; there is a direct vortex
shedding without a smooth transition region. The boundary
layer separation point of the square column is fixed at the
corner of the leading edge without changing its position with
the varying of Reynolds number. Therefore, it is of great
practical significance to study on the influence of different
attack angles of square column vortex-induced vibration
piezoelectric energy harvesting (VIVPEH).

In this paper, a model of square column VIVPEH is
presented, which can be used to investigate the mechanism
of different attack angles on the energy capturing efficiency.
The quasi steady state theory is adopted to describe the fluid
solid coupling process of vortex-induced vibration based on
the finite volume method coupled Gauss equation. Finally,
the performance of different attack angles on the VIVPEH
is carried out with considering the flow field parameters, the
vibration characteristics, and the energy collection parame-
ters.

2. Physical Model

The physical model of square column VIVPEH is shown in
Figure 1, inwhich𝑈 stands for the inflowvelocity,𝛼 stands for
the angle between the square column and the inflow velocity,𝑀 is the mass of the column,𝐾 is the elastic coefficient of the
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Figure 1: Physical model of square column energy harvesting system.

system, 𝐶 is the damping of the system, and 𝑅 is the external
resistance load.

3. Mathematical Model of Energy Harvesting

To analyze the coupling process of three different fields,
external flow field, vortex-induced vibration, and circuit, this
paper uses the Navier-Stokes equation to describe the vortex-
induced vibration, uses a linear second-order differential
equation to describe the vortex-induced vibration of the
single degree of freedom 𝑀-𝐶-𝐾 (mass spring damping)
system, and finally uses coupled Gauss law and vibration
equations to describe the electromechanical coupling sys-
tem.

3.1. Fluid Solid Coupling Model. The external flow field
is calculated by the continuity equation and the Navier-
Stokes equation. Flow simulations presented in this paper
are produced by open source CFD tool OpenFOAM, which
is composed of C++ libraries solving continuum mechanics
problems with a finite volume discretization method. Sup-
pose the external flow field is 2D and unsteady. The time-
dependent viscous flow solutions can be obtained by numeri-
cal approximation of the incompressible unsteady Reynolds-
Averaged Navier-Stokes (URANS) equations in conjunction
with the one-equation Spalart-Allmaras (S-A) turbulence
model [33], where a second-order Gauss integration scheme
with a linear interpolation is used in the governing equa-
tions for the divergence, gradient, and Laplacian terms. For
time integration, second-order backwards Euler method is
employed. The numerical discretization scheme has second-
order accuracy in space and time. A pressure implicit with
splitting of operators (PISO) algorithm is used for solving
momentumand continuity equations together in a segregated
way. The equations of motion for the square column are

solved using a second-order mixed implicit and explicit
time integration scheme. The basic equations of URANS
are

𝜕𝑈𝑖𝜕𝑥𝑖 = 0,
𝜕𝑈𝑖𝜕𝑡 + 𝑈𝑗

𝜕𝑈𝑖𝜕𝑥𝑗 = −
1𝜌
𝜕𝑝
𝜕𝑥𝑖 +

𝜕𝜕𝑥𝑗 (2]𝑆𝑖𝑗 − 𝑢𝑗𝑢𝑖) ,
(1)

where 𝑝 is pressure, 𝜌 is fluid density, ] is dynamic viscosity,𝑈𝑖 is the mean flow velocity vector, and 𝑆𝑖𝑗 is the strain rate
tensor,

𝑆𝑖𝑗 = 12 (
𝜕𝑈𝑖𝜕𝑥𝑗 +

𝜕𝑈𝑗𝜕𝑥𝑖 ) . (2)

To solve the URANS equations for mean flow properties
and potential turbulence flow, the Boussinesq eddy-viscosity
approximation is adopted here, which relates to the Reynolds
stress and the velocity gradient. The quantity 𝜌𝑢𝑗𝑢𝑖 is the
Reynolds stress tensor and can be modeled as 𝜌𝑢𝑗𝑢𝑖 = 2𝜇𝑡𝑆𝑖𝑗,
where 𝜇𝑡 is the turbulence eddy viscosity.

The S-A model is widely used for turbulence closure.
The eddy-viscosity coefficient can be calculated from the
following transport equation:

𝜕]̃𝜕𝑡 + 𝑢𝑗 𝜕]̃𝜕𝜒𝑗 = 𝑐𝑏1�̃�]̃ − 𝑐𝑤1𝑓𝑤 (
]̃𝑑)
2

+ 1𝜎 { 𝜕𝜕𝜒𝑗 [(] + ]̃) 𝜕]̃𝜕𝜒𝑗]} + 𝑐𝑏2
𝜕]̃𝜕𝜒𝑖

⋅ 𝜕]̃𝜕𝜒𝑗 .

(3)
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In S-A model, the turbulence eddy viscosity 𝜇𝑡 can be
obtained by

𝜇𝑡 = 𝜌]̃𝑓V1, (4)

in which 𝑓V1 = 𝜒3/(𝜒3 + 𝑐3]1), and 𝜒 ≡ ]̃/], where 𝜒 is an
intermediate value. ]̃ is working variable of the turbulence
model and depends on the transport equation (3).

The details of the transport equation are in Spalart and
Allmaras [33], and the trip terms 𝑓𝑡1 and 𝑓𝑡2 are switched
off and a “trip-less” initial condition was added for solving
working variable ]̃. This approach was successfully used in
the work of Wu et al. [21] and Ding et al. [22] for circular
cylinders.

The motion equations of a single degree of freedom𝑀-𝐶-𝐾 system can be represented by the following linear
second-order differential equation:

𝑀�̈� + 𝐶�̇� + 𝐾𝑌 = 𝐹𝑦. (5)

The relationships between𝑀, 𝐾, and 𝐶 are as follows:

𝜔𝑛 = √ 𝐾𝑀,
𝐶 = 2𝜉𝑀𝜔𝑛,

(6)

where 𝐹𝑦 stands for the force on unit volume of the flow field,
which is perpendicular to the flow direction, Y stands for the
column vibration displacement, �̇� and �̈� represent the first-
or second-order derivative of the column vibration displace-
ment, respectively, 𝜔𝑛 is the natural circular frequency, and 𝜉
is the dimensionless damping ratio.The dynamic response of
the column can be obtained by solving the motion equations
and the fluid governing equations simultaneously.

3.2. Electromechanical Coupling Model. In order to describe
the relationship between the amplitude and the voltage in the
vortex-induced vibration circuit, Gauss law is adopted in this
paper. Theoretical derivations are as follows:

𝑀�̈� + 𝐶�̇� + 𝐾𝑌 − 𝜃𝑉 = 𝐹𝑦, (7)

𝜃�̇� + 𝐶𝑝�̇� + 𝑉𝑅 = 0, (8)

where 𝜃 is the electromechanical coupling coefficient, 𝐶𝑝 is
the capacitance coefficient, and 𝑉 is the voltage.

The influences of the vortex-induced vibration system on
the circuit output voltage have been considered in (7) and (8),
respectively. At the same time, the negative feedback effect of
the circuit on the vibration system is also taken into account;
that is to say, the influence of electromechanical coupling is
considered. Combined with the flow field calculation results,
we can carry out the flow-mechanical-electrical coupling
analysis.

In order to solve the damping and natural frequency of
the system, we use the matrix method to calculate the two-
order nonhomogeneous ordinary differential equation (7).
The homogeneous equation of (7) is as follows:

𝑀�̈� + 𝐶�̇� + 𝐾𝑌 − 𝜃𝑉 = 0. (9)

Let 𝑋1 = 𝑌, 𝑋2 = �̇�, and 𝑋3 = 𝑉; substitute (6) into (8) and
(9); we can get

�̇�1 = 𝑋2
�̇�2 = −𝜔𝑛2𝑋1 − 2𝜉𝜔𝑛𝑋2 + 𝜃𝑀𝑋3
�̇�3 = − 𝜃𝐶𝑝𝑋2 −

𝑋3𝑅𝐶𝑝 .
(10)

The above equations can be expressed in the followingmatrix
form:

�̇� = 𝐵 (𝑅)𝑋, (11)

where

𝑋 = [𝑋1, 𝑋2, 𝑋3]𝑇 ,

𝐵 (𝑅) =
[[[[[[
[

0 1 0
−𝜔𝑛2 −2𝜉𝜔𝑛 𝜃𝑀
0 − 𝜃𝐶𝑝 − 1𝑅𝐶𝑝

]]]]]]
]
. (12)

The matrix 𝐵(𝑅) has three different eigenvalues of 𝑘𝑖, of
which 𝑖 = 1, 2, 3. Spalart and Allmaras [33] have pointed
out that the first two eigenvalues are similar to the ones of
vibration system without circuit, and yet the third eigenvalue
is associated with the electromechanical coupling effect, such
as piezoelectric system affected by the foundation or the
aeroelastic excitation, and is negative constant. There are
conjugate relations between 𝑘1 and 𝑘2, in which the real part
and the imaginary part of the conjugate solution stand for
the damping and natural frequency of the electromechanical
coupling system, respectively. Given that 𝑘3 is negative
constant, we consider only the real part of 𝑘1 and 𝑘2, when
computing the trivial solution of the matrix 𝐵(𝑅).
4. Quasi Steady State Model for
Output Voltage

In this section, we adopt the quasi steady state model
proposed by Barrero-Gil et al. [34] to describe the amplitude
of vortex-induced vibration and calculate the time-varying
vibration energy harvesting.When the vortex-induced vibra-
tion is in the synchronization region, the vibration amplitude
of the system can be expressed as the following sine function:

𝑌 = 𝑌max sin (𝜔𝑛𝑡) , (13)

where 𝑌max is the maximum column vibration displacement.
It is worth noting that the voltage time-history curve and

the vibration amplitude time-history curve are synchronous;
that is to say, there is no phase difference. Substituting (13)
into (11), we can get the analytical solution of the quasi steady
state voltage with MATLAB.

𝑉 (𝑡) = 𝜃𝜔𝑛𝑅𝑌max1 + 𝜔𝑛2𝑅2𝐶𝑝2 (𝑒
−𝑡/𝑅𝐶𝑝 − cos (𝜔𝑛𝑡)

− 𝜔𝑛𝑅𝐶𝑝 sin (𝜔𝑛𝑡)) .
(14)
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Table 1: Calculation parameters for square column VIVPEH system.

Symbols and units Physical meanings Numerical values
𝑀 [kg] Square column mass 0.2979
𝐾 [N/m] Elastic coefficient of the system 579∼584
𝐶 [N⋅s/m] Damping of the system 0.0325∼0.45
𝐷squ [m] Square column side length 0.0016
𝛼 [degree] Angle between the square column and the inflow velocity 0∼75
𝜁 Damping ratio of the system 0.00121
𝑓𝑛 [Hz] Natural frequency of the system 7.012∼7.132 (water)
𝐶𝑝 [nF] Capacitance 120
𝜃 Electromechanical coupling coefficient 1.55 × 10−3

𝜇 [Pa⋅s] Dynamic viscosity 0.0011379
] [m2/s] Kinematic viscosity 1.139 × 10−6 (water)
𝜌 [kg/m3] Density 999.1026 (water)

The corresponding output power can be obtained by the
following equation:

𝑃 (𝑡) = 𝑉2 (𝑡)𝑅 . (15)

The above mathematical expressions include the solving
process of fluid solid coupling and electromechanical cou-
pling.

First of all, we can get the flow field pressures 𝑃 and 𝐹𝑦
by solving the URANS equations in OpenFOAM. Secondly,
we can obtain the column vibration displacement 𝑌, the
damping 𝐶, and natural circular frequency 𝜔𝑛, by solving (5)
to (11). It should be noted that the motion of the column
is influenced by the pressure of the flow field. At the same
time, the vibration of the column gives feedback to the flow
field and causes the change of flow field distribution. Thus,
the fluid solid coupling problem can be solved by interactive
computing. Finally, the time-history curve of output voltage
and output power can be obtained by (14) and (15). The
above is the whole computing process of flow-vibration-
electromechanical coupling system.

5. Numerical Results

5.1. Analysis Parameters and Cases. To carry out the numer-
ical calculation of vortex-induced vibration, this paper pro-
vides the parameters of the vibration energy harvesting
system, as shown in Table 1, in which𝐷squ is the side length of
the square column, 𝐷Nor stands for the dimensionless char-
acteristic length of the square column, and the relationship
between𝐷Nor and𝐷squ is given in

𝐷Nor = 𝐷squ (sin𝛼 + cos𝛼) . (16)

Based on the parameters of Table 1 and formula (16), we can
calculate the numerical values of 𝐷Nor as 0.0016 under 0∘
attack angle, 0.00196 under 15∘ attack angle, 0.00219 under 30∘
attack angle, 0.00226 under 45∘ attack angle, 0.00219 under
60∘ attack angle, and 0.00196 under 75∘ attack angle.

The computational grid and boundary conditions of
square column vortex-induced vibration under different

attack angles are given in Figure 2, where the computational
domain is 20 × 20D, and the entire domain includes five
boundaries: velocity inlet, velocity outlet, top, bottom, and
a column wall. The inlet velocity is considered as uniform
and constant velocity. For outlet boundary, a zero gradient
condition is specified for velocity. The top and bottom con-
dition are defined as a wall boundary. In present numerical
study, a moving wall boundary condition is applied for
the square column when the column is in VIV. The two-
dimensional, structured grids were generated with the help
of “Gambit” software. The grid domain size is 20 × 20D. The
square column was set in the center in the domain to ensure
that the results of the numerical model are accurate. The
conditions at the outlet are close to the assumed conditions.
The computational domain in the vicinity of each cylinder is a
3 × 3D square where the grid density for the near-wall region
is enhanced to solve for high resolution in flow properties.

When the external resistance value is 𝑅 = 1 × 106Ω, the
spring stiffness value of the square column VIVPEH system
is 𝐾squ = 580N/m, and the corresponding damping value is𝐶squ = 0.2Ns/m. Taking the range values of the flow velocity
as 0.03927m/s to 0.08975m/s, we can calculate the numerical
values of 𝑈𝑟squ under different attack angles, as shown in
Table 2, in which 𝑈𝑟squ is the reduction velocity, defined as
follows:

𝑈𝑟squ = 𝑈𝑓𝑛𝐷squ
, (17)

where 𝑓𝑛 = 𝜔𝑛/2𝜋.
In this paper, the matrix method is used to evaluate the

influence of the external resistance load on the damping and
natural frequency of the electromechanical coupling system
by MATLAB. Then, the damping and natural frequency
values can be used for initial conditions in OpenFOAM
to compute the vibration amplitude of the vortex-induced
vibration system under different Reynolds numbers (94 <𝑅𝑒 < 115). The main focus of this paper is to investigate the
influence of external resistance load (𝑅 = 1 × 103Ω, 1 × 104Ω,
1 × 105Ω, 1 × 106Ω, 1 × 107Ω) on the energy conversion of
the square column VIVPEH system, including the effect on
vibration amplitude, output voltage, and power.
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(a) 𝛼 = 0∘ (b) 𝛼 = 15∘ (c) 𝛼 = 30∘

(d) 𝛼 = 45∘ (e) 𝛼 = 60∘ (f) 𝛼 = 75∘

Square column

Top

y

x

OutletInlet

Bottom

(g)

Figure 2: Computational grid and boundary conditions.

5.2. System Damping and Natural Frequency Characteristics.
The damping and natural frequency of the electromechanical
coupling system can be obtained by MATLAB, and the real
and imaginary parts of the circuit conjugate solutions are
shown in Figure 3.

According to Figure 3, we can see that the total damping
of the system is small when the resistance load is small.
In the case of 𝑅 < 1 × 105Ω, the system total damping
is increased with the resistance load increasing. Once the

resistance load 𝑅 reaches 1 × 105Ω, the system total damping
reaches the maximum value. It is noteworthy that the total
damping of the system decreases instead of increasing when
the resistance load keeps increasing; that is, 𝑅 > 1 × 105Ω.
For the natural circular frequency, when 𝑅 < 3 × 104Ω, the
frequency value remains at 44 rad/s; when 𝑅 > 2 × 106Ω, the
frequency value approximately remains at 50 rad/s. Generally,
the natural circular frequency value of the system is relatively
stable, which is kept in the range of 44–50 rad/s.
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Table 2: Run case of square column in OpenFOAM.

𝑈 (m/s) 𝑈𝑟squ𝛼 = 0∘ 𝛼 = 15∘ (𝛼 = 75∘) 𝛼 = 30∘ (𝛼 = 60∘) 𝛼 = 45∘
0.03927 3.5 2.85784 2.56223 2.47525
0.04488 4 3.26611 2.92826 2.82885
0.05049 4.5 3.67437 3.29429 3.18246
0.0561 5 4.08263 3.66032 3.53607
0.05834 5.2 4.24594 3.80673 3.67751
0.06059 5.4 4.40924 3.95315 3.81895
0.06283 5.6 4.57255 4.09956 3.9604
0.06732 6 4.89916 4.39239 4.24328
0.07293 6.5 5.30742 4.75842 4.59689
0.07854 7 5.71569 5.12445 4.9505
0.08415 7.5 6.12395 5.49048 5.3041
0.08976 8 6.53221 5.85652 5.65771
0.09537 8.5 6.94048 6.22255 6.01132
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Figure 3: Real and imaginary parts of the circuit conjugate solu-
tions.

5.3. Vibration Characteristics of Square Column VIVPEH
under Different Attack Angles. In the following numerical
simulations, we take the resistance load 𝑅 = 1 × 106Ω
and compute the amplitude response of the square column
VIVPEH under different attack angles and different flow
velocities, as shown in Figure 4. Note here that the natural
frequency of square column is 𝑓𝑛 = 6.98Hz, when the
resistance load is 𝑅 = 1 × 106Ω. The dimensionless vibration
amplitude 𝑌squ/𝐷squ is adopted to indicate the vibration
response of the square column. The maximum value of 𝑌squ
can be obtained by means of averaging the peak value of at
least 60 displacement time-history response curves. In this
paper, the vibration amplitude of the smooth circular column
is provided to compare with that of the square column.

As we can see in Figure 4, different attack angles obvi-
ously have an effect on the peak vibration amplitude and
lock-in region. Moreover, we can observe the “presynchro-
nization,” “synchronization,” and “postsynchronization” of
vortex-induced vibration curves of square column VIVPEH
under different attack angles.

0.0
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0.2

0.3

0.4

5 83 74 6
UrSqu

 = 0∘

 = 15∘

 = 30∘

 = 45∘

 = 60∘

 = 75∘

/D
Sq

u
Y

Sq
u

Figure 4: Dimensionless vibration amplitude of square column
VIVPEH under different attack angles and different flow velocities.

5.3.1. 𝛼 = 0∘. The lock-in region is from 𝑈𝑟squ = 6.3 to the
end of 𝑈𝑟squ = 6.7, and the maximum amplitude is 𝑌squmax/𝐷squ = 0.05, which appeared at 𝑈𝑟squ = 6.5, as shown in
Figure 4. In order to see more clearly about the vibration
amplitude 𝑌squ/𝐷squ, some displacement time-history curves
and FFT analysis results for 𝛼 = 0∘are given in Figure 5.
It can be seen that when 𝑈𝑟squ is small, the amplitude of
time-history curve presents a stable sinusoidal curve, and the
maximum amplitude is so small that it can be ignored, which
means that there is almost no vortex-induced vibration in the
system.With the increases of𝑈𝑟squ, the systementers “presyn-
chronization” phase and the vibration amplitude 𝑌squ/𝐷squ
gradually increases. When the vortex shedding frequency
approaches the natural frequency of square columnVIVPEH,
the oscillation amplitude of the square column VIVPEH
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Figure 5: Displacement time-history and FFT analysis results for 𝛼 = 0∘.

increases significantly and the system enters synchronous
phase, which means the phenomenon of “lock-in” occurs.
Under synchronous phase, the vortex shedding frequency is
kept constant and the amplitude of the system will remain at
a higher value when the flow velocity 𝑈𝑟squ is increased from𝑈𝑟squ = 6.3 to the end of 𝑈𝑟squ = 6.7.
5.3.2. 𝛼 = 15∘. It can be seen from Figure 2(b) that there
is a corner at the upper windward of the square column,
which can obviously affect the flow field. As is shown in
Figure 5, the maximum amplitude decreases and the lock-
in region is narrow (from 𝑈𝑟squ = 5.4 to 𝑈𝑟squ = 5.7). The
maximum amplitude is𝑌squmax/𝐷squ = 0.148, which appeared
at𝑈𝑟squ = 5.7.The displacement time-history curves and FFT
analysis results for 𝛼 = 15∘ are given in Figure 6. Similar with
the results of 𝛼 = 0∘, the displacement time-history curve
can also be divided into the following four stages: “unsyn-
chronization,” “presynchronization,” “synchronization,” and
“postsynchronization.”

5.3.3. 𝛼 = 30∘. The results in Figure 4 show that the max-
imum amplitude of the square column is obviously increased

with a wider range of lock-in region (from 𝑈𝑟squ = 4.5
to 𝑈𝑟squ = 5.7); the maximum amplitude 𝑌squmax/𝐷squ
reaches 0.41. Similarly, some of the displacement time-history
curves and FFT analysis results for 𝛼 = 30∘ are given in
Figure 7.The results in Figure 7(a) show that the whole time-
history curve appears as a parabolic shape and the growth
rate decreased gradually to a stable level at late stage, which
indicates the coupling of the vortex shedding frequency and
natural frequency; that is, the lock-in phenomenon occurs.
It can also be seen that there is a “beat” phenomenon in
the amplitude curves, as shown in Figure 7(a). There are
three peaks in the frequency spectrum curve, as shown in
Figure 7(b), which indicates that three harmonics occur in
the system. The explaining of the above phenomena is as
follows. In the process of vortex-induced vibration of the
square column, the vortex shedding frequency couples with
the natural frequency when the flow velocity 𝑈𝑟squ reaches a
certain value.The flow field near the square column surface is
strongly disturbed because of the corner point of the square
column, which results in the superposition of three vibration
frequencies. This is because the unbalance of the upper and
lower aerodynamic force is caused by the obvious asymmetry
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Figure 6: Displacement time-history and FFT analysis results for 𝛼 = 15∘.

under attack angle 𝛼 = 30∘. When the flow velocity is about𝑈𝑟squ = 5.49, as shown in Figures 7(c) and 7(d), the amplitude
curve appears as a complete sine curve without noise. The
maximum amplitude 𝑌squmax/𝐷squ is increased to about 0.41
and the vibration frequency is stabilized at 6.98Hz, which can
be regarded as the best working condition of square column
VIVPEH.

5.3.4. 𝛼 = 45∘. As is shown in Figure 4, the displacement
time-history curve can also be divided into the follow-
ing four stages: “unsynchronization,” “presynchronization,”
“synchronization,” and “postsynchronization.” The maxi-
mum amplitude is 𝑌squmax/𝐷squ = 0.28 and the lock-in
region is from 𝑈𝑟squ = 4.2 to the end of 𝑈𝑟squ = 5.4,
which appears earlier than that of other attack angles. The
displacement time-history curves and FFT analysis results
for 𝛼 = 45∘ are given in Figure 8. It can be seen that there
is no severe aerodynamic disturbance, which shows that the
vortex-induced vibration response of symmetric bluff body is
relatively stable.

5.3.5. 𝛼 = 60∘. The displacement time-history curves and
FFT analysis results for 𝛼 = 60∘ are given in Figure 9, which

are similar in shape to the one for 𝛼 = 30∘ with only slight
differences in values. According to the displacement time-
history curves, as shown in Figures 7 and 9, it can be seen that
the amplitude results are almost exactly the same as the one
for 𝛼 = 30∘ in the lock-in region. The same conclusion can
also be obtained from the spectral analysis results; that is, the
phenomena of harmonic and noise are similar.This is because
the spring force of the system and the gravity of the column
provide a balance in the flowfield. So it can be considered that
the above two cases of 𝛼 = 30∘ and 𝛼 = 60∘ are symmetric.

5.3.6.𝛼 = 75∘. Theresults in Figure 10 show the displacement
time-history curves and FFT analysis results for 𝛼 = 75∘. It
is easy to see that both the displacement time-history curves
and the spectral analysis results are similar to those of 𝛼 = 15∘
case, which indicates that the cases of 𝛼 = 15∘ and 𝛼 = 75∘
are also symmetric.

In order to verify the above conclusions, the Strouhal
Numbers for the following four cases, 𝛼 = 15∘, 𝛼 = 30∘,𝛼 = 60∘, and 𝛼 = 75∘, are compared with each other, as shown
in Table 3. It can be seen that the Strouhal Number results for
the case of 𝛼 = 15∘ (𝛼 = 30∘) are almost equal to those for
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Figure 7: Displacement time-history and FFT analysis results for 𝛼 = 30∘.

Table 3: Comparison of Strouhal Number with different attack
angle.

U (m/s) Strouhal Number
15∘ 75∘ 30∘ 60∘

0.05049 0.1682 0.1682 0.1832 0.1831
0.0561 0.1714 0.1714 0.1873 0.1872
0.06278 0.1743 0.1742 0.1896 0.1896
0.07293 0.1746 0.1746 0.1922 0.1922

the case of 𝛼 = 75∘ (𝛼 = 60∘), which indicates that the above
analysis is correct.

To show the difference more clearly of the lock-in region
of square column VIVPEH under different attack angles, we
choose the dimensionless frequency 𝑓squ/𝑓𝑛squ to indicate
the frequency characteristics of square column VIVPEH,
where 𝑓squ is the vortex shedding frequency of the system,
which can be obtained by Fast Fourier Transform (FFT)
of the displacement time-history curve, shown in Figures
5–10; 𝑓𝑛squ is the natural frequency of the square column.
The results in Figure 11 show the different lock-in regions
of square column VIVPEH under different attack angles.

For the case of 𝛼 = 0∘, the range of values for the lock-in
region is 6.5 to 7.0 (6.5 ≤ 𝑈𝑟squ ≤ 7.0); the corresponding
bandwidth value is 0.5. For the case of 𝛼 = 15∘ and 𝛼 =75∘, the range of values for the lock-in region is 5.4 to 5.7
(5.4 ≤ 𝑈𝑟squ ≤ 5.7); the corresponding bandwidth value
is just 0.3. For the case of 𝛼 = 30∘ and 𝛼 = 60∘, the
range of values for the lock-in region is 4.6 to 5.5 (4.6 ≤𝑈𝑟squ ≤ 5.5), the corresponding bandwidth value is 0.9,
which is significantly larger than that of the above two cases.
When the attack angle is 𝛼 = 45∘, the range of values for
the lock-in region is 4.2 to 5.4 (4.2 ≤ 𝑈𝑟squ ≤ 5.4); the
corresponding bandwidth value increases to 1.2. In addition,
the three different branch types of square column VIVPEH
can be observed in Figure 11, such as “presynchronization,”
“synchronization,” and “postsynchronization.”

Based on the above analysis results, we believe that the
calculation parameters and response parameters for the case
of 𝛼 = 15∘ and 𝛼 = 30∘ are about the same as those for the
case of 𝛼 = 75∘ and 𝛼 = 60∘.
5.4. Phase Angle Analysis of Square Column VIVPEH under
Different Attack Angles. The analysis results of the initial
phase angle and the synchronous phase angle of square
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Figure 8: Displacement time-history and FFT analysis results for 𝛼 = 45∘.

column VIVPEH under different attack angles are given in
Figures 12–15. It can be seen that the vibration is stable in
the initial stage with a single amplitude and frequency, which
is completely determined by the vortex shedding frequency.
Therefore, the displacement time-history curve is almost
synchronous with the lift coefficient curve without phase
delay. This is because the amplitude is small, so that there is
almost no stagnation when the vibration amplitude reaches
its maximum or minimum value. Different from the initial
vibration state, the vortex shedding frequency is locked again
in the synchronous state, resulting in a multiple relationship
between the vibration frequency and the natural frequency.
That means, in synchronization region, there exists no phase
difference between the vortex shedding frequency and vibra-
tion frequency. Accordingly, the displacement time-history
curve is completely synchronized with the lift coefficient
curve with some phase delay.

Figure 16 shows that the vortex-induced vibration of
square column VIVPEH will stagnate for some time at the
wave crest or the wave trough, because of the buffering effect
of spring. As is shown in Figure 16(a), the vortices of 𝑉1 and𝑉2 move forward to a distance of 𝑆1 when the wave crests of
the two adjacent steps appear. At the moment, 𝑉1 obviously

becomes thinner and longer, while the vibration of the square
column is still in the wave crest. Similarly, the vortices of𝑉3 and 𝑉4 move forward to a distance of 𝑆2 when the wave
troughs of the two adjacent steps appear. It should be pointed
out that, the vibration of the square column is always in the
wave crest or the wave trough, which leads to the generation
of the phase angle.

5.5. Analysis of Near Wake Vortex Shedding of Square Column
VIVPEH under Different Attack Angles. The shapes of wake
vortices in synchronized state of square column VIVPEH
under different attack angles are given in Figures 17–20, in
which 𝑇 is the vibration period with subscript representing
the value of an attack angle. The direction of the negative
vorticity region is counterclockwise, which is expressed in
blue; while the direction of the positive one is clockwise,
which is expressed in red. It can be seen that, for the case of𝛼 = 0∘, the flow field around the square column is stable, the
vibration amplitude is small, and the wake vortex structure
presents a regular 2S shape. In other words, a positive and
negative vortex pair sheds in a cycle. For 𝛼 = 15∘/𝛼 = 75∘,
the position of near wake vortices shedding of square column
VIVPEHbeganmoving forward to the near columnwall with
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Figure 9: Displacement time-history and FFT analysis results for 𝛼 = 60∘.

increasing vibration amplitudes. Correspondingly, the wake
vortex shedding array gradually changes its shape from 2S
shape to a circle. As for 𝛼 = 30∘/𝛼 = 60∘, it can be observed
that the wake vortex shedding mode changes obviously with
an increasing width of the vortex array, due to the increase
of vibration amplitude and the shape of the vortex pair is
changed from a flat shape to a regular elliptical shape. When
the attack angle is 𝛼 = 45∘, the vibration amplitude decreases,
which results in the wake vortex shedding mode changing
back to the stable 2S mode.

5.6. Voltage Output and Power Output of Square Column
VIVPEH under Different Attack Angles. Due to the influence
of different attack angles, the vortex separation point of
square column VIVPEH is different from that of cylinder,
which results in the following analysis being more compli-
cated. Considering the symmetric nature of the case 𝛼 =15∘/𝛼 = 75∘ and the case 𝛼 = 30∘/𝛼 = 60∘, we take only the
case of 𝛼 = 0∘, 𝛼 = 15∘, 𝛼 = 30∘, and 𝛼 = 45∘ in the following
analysis of voltage output. When the resistance load is 𝑅 = 1× 106Ω, the output voltage of the system can be calculated by
(14).

The purpose of this section is to investigate themaximum
value of the output voltage and the lock-in region to select the
optimal attack angle of square column VIVPEH. The results
of the maximum output voltage of square column VIVPEH
under different attack angles and the effective working area of
synchronization are given in Figure 21. It can be seen that the
maximum output voltage of square columnVIVPEH appears
at the case of 𝛼 = 45∘ and the corresponding value is 6.732V,
while the minimum value appears at the case of 𝛼 = 15∘/𝛼 =75∘, which indicates that these two cases are not suitable for
energy harvesting. Similarly, the output voltage of the case of𝛼 = 0∘ is slightly higher than that of the case of 𝛼 = 15∘/𝛼 =75∘; however, its value is still small. When the attack angle
increases from 𝛼 = 15∘ to 𝛼 = 45∘, the output voltage of
square column VIVPEH system increases to its maximum
value.The results of the working region of synchronization in
Figure 21 show that the total bandwidth of the above six cases
is (4.2–5.7, 5.3–5.7), and there are about 0.6 bandwidth of the
region of nonsynchronization. The maximum bandwidth is
(4.2–5.4) under attack angle 𝛼 = 45∘, which is higher than
that of all other attack angle cases. Accordingly, the output
power of the system can be calculated by (15).
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Figure 12: Results of phase angle in initial and synchronization state for 𝛼 = 0∘.
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Figure 13: Results of phase angle in initial and synchronization state for 𝛼 = 15∘/𝛼 = 75∘.
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t/T３ＫＯ0 = 0 t/T３ＫＯ0 = 0.249

t/T３ＫＯ0 = 0.502 t/T３ＫＯ0 = 0.75

Figure 17: Vortex structures in synchronization region for 𝛼 = 0∘.

The results of the maximum output power of square
column VIVPEH under different attack angles are given
in Figure 22. It can also be seen that the maximum value
of the output power appears at the case of 𝛼 = 45∘ and

t/T３ＫＯ15 = 0 t/T３ＫＯ15 = 0.25

t/T３ＫＯ15 = 0.497 t/T３ＫＯ15 = 0.752

Figure 18: Vortex structures in synchronization region for 𝛼 =15∘/𝛼 = 75∘.

the corresponding value is 4.5 × 10−5W. Therefore, square
column VIVPEH under attack angle 𝛼 = 45∘ is an ideal PEH,
because of its higher voltage output value and larger working
bandwidth.
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Figure 19: Vortex structures in synchronization region for 𝛼 =30∘/𝛼 = 60∘.
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Figure 20: Vortex structures in synchronization region for 𝛼 = 45∘.

6. Conclusions

The energy harvesting features of square column VIVPEH
under different attack angles are investigated in this paper
with considering the vibration characteristics, phase charac-
teristics, the near wake vortex sheddingmode, and the output
voltage and power of the system.Themain conclusions are as
follows:

(1) Within the range of reduced velocity studied in this
paper, the vortex-induced vibration curves of square
column VIVPEH under different attack angles can be
obtained, which contains the phenomena of “presyn-
chronization,” “synchronization,” and “postsynchro-
nization.” The vortex shedding shape of square col-
umn VIVPEH is dominated by 2S mode.

(2) The attack angle has significant effect on the maxi-
mum value of vibration amplitude of square column
and the lock-in region. Due to the influence of
different attack angles, the boundary layer separation
point does not move backwards like the cylinder.
The maximum vibration amplitude and the lock-in
vibration region of square column will also fluctuate.
When the attack angle is equal to 45 degrees, the
synchronization region can reach a value of 1.2 times
of reduction velocity.

(3) The numerical analysis shows that the cases of 𝛼 =15∘/𝛼 = 30∘ and 𝛼 = 75∘/𝛼 = 60∘ for square
columnVIVPEH are symmetric, which indicates that
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Figure 22: Comparison of maximum value of power output
between VIVPEH with different shapes.

the calculated results of the case of 𝛼 = 15∘/𝛼 = 30∘
are equal to the results of case of 𝛼 = 75∘/𝛼 = 60∘,
respectively.

(4) The maximum value of the output power is similar
to that of the output voltage, which appears at the
case of 𝛼 = 45∘ and the corresponding value is 4.5× 10−5W and 6.732V, respectively. Therefore, 𝛼 =45∘ is a relatively ideal attack angle of square column
VIVPEH.
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Laboratory experiments on small scale core plugs have shown controlled nanoparticles (NPs) retention. The length scale of
subsurface media where NPs must be transported is an important factor that should be accounted for in a comprehensive manner
when translating laboratory results to field scale. This study investigates the fraction of NPs retained inside porous media as a
function of length scale of the media. A two-dimensional numerical model was used to simulate the retention of NPs at multiple
scales of porous media, starting from laboratory scale cores to heterogeneous outcrop scales. Retention of NPs is modeled based
on the concept of reversible and irreversible retention, by using the laboratory scale determined parameters. Our results show that
the fraction of retained NPs increases nonlinearly with the length scale of the homogeneous media.The results also show that if the
heterogeneity of the medium is consistent across scales, the fraction of retained NPs would behave just like homogeneous medium.
In this study, small change in heterogeneity at two outcrop scales affects the retention of NPs, suggesting that heterogeneity may
significantly impact the retention behavior of NPs that may not necessarily follow the behavior predicted from homogeneous cores
(or periodically heterogeneous medium).

1. Introduction

Engineered nanoparticles (NPs) carry unique properties that
make them quite attractive for applications in different indus-
tries. Even though they have been widely used in various
industries such as the medical field for enhanced imaging
[1, 2], targeted drug-delivery, and biosensing [3–5], NPs have
yet to be adapted for their potentially attractive application
in porous media. These applications may include enhanced
hydrocarbon recovery through nanosuspensions [6–9], sub-
surfacemapping through nanosensors [10, 11], hydraulic frac-
ture characterization through nanomagnetization of reser-
voirs [12], hydraulic fracturing fluid with better proppant
transport ability through nanofoams [13], and convective heat
transfer [14, 15]. Many of these applications within porous
media, such as enhanced oil recovery and subsurface map-
ping, would require the NPs to travel the depth and breadth
of the targeted reservoir zone, which typically extend to
hundreds of feet. Apart from economics, their use has
been mainly constrained by technical challenges such as NP

retention on the rock surface [16–19], which keeps it from
propagating into the targeted zone.Other issues are specific to
some reservoirs [20], but all these problems involve under-
standing the transport behavior of NPs inside porous media,
the most important being the retention of NPs on the rock
surface.

NPs have an affinity to retain inside porousmedia because
of the gravitational force and chemical force exerted by the
rock surface. The retention of NPs is a key concern for its
potential applications in subsurface reservoir mapping, char-
acterization, and enhanced hydrocarbon recovery. Surface
properties of theNPs can significantly affect retention process
at the laboratory scale, for example, up to 3% retention for
silica NPs [19, 21, 22], 0.3% retention for polymeric nano-
spheres [23], and up to 60% retention for nano-TiO2 [13, 23].

Many laboratory experiments have been performed to
characterize retention of NPs in a porous medium [24–31],
and retention of NPs has been found to be controlled by the
grain size [13], flow direction due to gravity settling [32], and
roughness of the rock matrix, in addition to the chemical
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properties of theNPs [27, 31].These results have led to further
related studies that focus on the effect of various sedimentary
rocks [17, 21, 22] on the retention of NPs. Past studies have
used many different models to study the retention of NPs
on the rock surface. Although many laboratory experiments
have been conducted and some analytical models [33–38]
have been proposed to investigate the retention of NPs, very
few numerical models have been developed to simulate their
retention. These numerical models include those by Li et al.
[36], Cullen et al. [39], Zhang [19], El-Amin et al. [40], and
Becker et al. [41]. However, these numerical models were
developed mostly to validate one-dimensional laboratory
data using homogeneous media, and there has been no study
where such laboratory tested model was applied to a field
scale scenario.

Some limitations of the above numerical modeling stud-
ies are that they have been applied (1) only to laboratory
scale data, (2) in porousmedia having homogeneous physical
and chemical characteristics, and (3) in studies of only one-
dimensional media. Laboratory experiments are helpful in
understanding the physics and chemistry of NP transport
and retention; however, the experimental conditions used,
specifically the flow velocity, are not representative of sub-
surface field conditions in many cases. Because conducting
pilot tests to study NP transport is expensive and time
consuming, numerical models validated by laboratory scale
data can be used to model typical field scale scenarios with
appropriate parameters.There are very few studies thatmodel
the mobility of NPs at field scale, and specifically the effect of
NPs retention at field scale is even less studied.One important
study in this area is by Cullen et al. [39], which models
the mobility of carbon NPs and nanofullerenes at a pilot
scale (8m× 10m) using a two-dimensional numericalmodel,
although numerical models have been used to investigate
colloid transport on a slightly bigger scale than the laboratory
[42] by employing two- and three-dimensionalmodels with a
limited representation of physical and chemical heterogene-
ity. Singh et al. [43] also performed field scale simulations
using uranium NPs for enhanced storage of CO2 in geologic
formations, but their study did not consider the retention of
NPs. Although there are many laboratory scale studies for
NPs retention, there are notmany studies that investigateNPs
retention at field scale. To our knowledge, study by Cullen
et al. [39] is one well-known study that specifically models
NP retention at a size (8m × 10m) larger than laboratory
scale. Even though they complement their numerical model
with observations from pilot-scale studies, their numerical
modeling has limited representation of a real field scenario.
For example, Cullen et al. [39] do not account for the
heterogeneity of the chemical attributes of the rock, which
primarily control the retention of NPs under field conditions.
Cullen et al. [39] use a very basic heterogeneity structure of
hydraulic conductivity, and they do not explain the structure
of the heterogeneity, which does not seem to be from any real
field scenario. Also, Cullen et al. [39] used a colloid filtration
model with a site-blocking term to simulate NP retention, but
since their study new retention models have been proposed
that capture the transport of NPs better than the colloid
filtration model [19, 41, 44–46].

To overcome the limitations discussed above and to cap-
ture the effect ofNP retention at field scales, an important step
toward its field implementation, further work is necessary
to explore these issues of length scales representative of real
field conditions. Although, many experimental studies have
furthered our understanding of the mechanisms governing
the retention of NPs in the porous media, studying the
retention at field scales with heterogeneous porous media is
only possible through numerical investigations.The objective
of this work is to explore NP retention at increasing length
scales from laboratory to field, while honoring the physical
and chemical heterogeneity corresponding to those scales.

2. Theory and Modeling

2.1. Transport Equation. We consider the transport of NPs by
an aqueous fluid through heterogeneous, two-dimensional,
saturated porous media by mechanisms of advection, disper-
sion, and retention (ADR). We consider this transport on a
continuum scale, where the fluid and reservoir parameters
are regarded as averages over a representative elementary vol-
ume. The governing equation for transport of NPs in porous
media is obtained by the conservation of the concentration of
fluid species (NPs) and is given as follows:

Mass Balance: 𝜕𝑐𝜕𝑡 + ∇ ⋅ (V𝑐 − 𝐷∇𝑐) = (𝜌𝑏𝜙 )
𝜕𝑠
𝜕𝑡 ⇒ (1)

𝜕𝑐
𝜕𝑡 + div ⋅ (V𝑐) − div ⋅ (𝐷∇𝑐) = (𝜌𝑏𝜙 )(

𝜕𝑠
𝜕𝑡) , (2)

where 𝑐 [M/L3] is the concentration of NPs in the fluid, 𝑡
[T] is time, div is divergence, V [L/T] is the fluid velocity
inside the porous medium (interstitial velocity), 𝐷 [L2/T]
is the hydrodynamic dispersion coefficient, 𝑠 [M/M] is the
concentration of the retained NPs, 𝜌𝑏 [M/L3] is the bulk
density of the porous media (system of matrix and fluid), and𝜙 is the porosity of the medium. The conservation term on
the right-hand side of the equation assumes that retention of
NPs to the rock is free of any chemical reactions between the
fluid and the rock.

The three terms on the left-hand side of (2) represent the
rate of change of concentration, the component of concen-
tration transported by advection, and the component of con-
centration transported by diffusion, respectively. The term
on the right-hand side of (2) represents the component of
concentration released (or retained) owing to retention of
NPs in porous media.

On the basis of the NP retention mechanism, there can
be different expressions for the source term in the transport
equation. A comprehensive and detailed study by Zhang [19]
compares five different types of one-dimensional retention
models: colloid filtration model, Langmuir sorption model
(generally used in gas adsorption/desorption, e.g., [47, 48]),
two-step model, two-rate model, and two-site model, in
which the simulated effluent history from each retention
model is matched against the laboratory scale experimental
data. Zhang concluded that, among the five retentionmodels,
the two-site model has the capability to capture the most
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(a) (b)

10 �휇m

Figure 1: Irreversible and reversible retention sites for NPs illustrated using (a) a SEM picture of a sand grain from crushed Boise sandstone
sieved between the size range of 90–105𝜇m (adapted from [46]) and (b) a schematic of rough sand grain surface with NPs. Red circles
represent NPs trapped permanently, whereas black circles represent NPs that have the potential to escape from their site of retention.

features of NP transport in porous media. A truncated form
of the two-site model was used by Becker et al. [41] to model
the retention of NPs and stabilizing agents in porous media.
Therefore, based on the above understanding of NPs reten-
tion, we chose the two-site model to model the retention
behavior of NPs in porous media.

2.2. Retention Model for Mass Balance. Retention of many
NPs, including carbon NPs within porous media, depicts a
hysteresis behavior, as observed experimentally by several
authors [24–26, 28, 30], suggesting that retention of NPs is
not an entirely irreversible process. For instance, NP effluent
history on postflush typically depicts a tail having a larger
concentration when compared with the tracer [19], suggest-
ing that some of the retained NPs that get desorbed on
postflush were part of the reversible retention. Therefore, on
the basis of NP retention research from the past few years, it
is now commonly accepted in most of the recent studies [44]
that, out of the total NPs retained inside a porous medium,
some portion would desorb through a reversible process
while the remaining NPs would stay retained irreversibly.
This behavior of NPs has been shown to be captured by the
two-site retention model [46] and has also been shown to
work better than the other retention models that simulate
NP retention. Some of those models were also reviewed by
Goldberg et al. [49], whose findings confirmwith the study of
Zhang et al. [46]. The other retention models that have been
used in the past include (i) the colloid filtration model, (ii)
filtration model with site blocking, (iii) filtration model with
detachment, and (iv) kinetic Langmuir model.

The two-site model is an extension of the modified
versions of the colloid filtration model used by Cullen et al.
[39] who introduced a maximum retention capacity with a
site-blocking term and by Wang et al. [50] who introduced a
reversible retention term to simulate fullerene NPs transport.
These modified colloid filtration models have been used with
success to simulate multiwalled carbon nanotube (MWCNT)
through columns packed with glass beads or sandstone [51].
The physical interpretation of the two-site model comes from

the rough grain surfaces that include corners, crevices, and
fissures (as shown by Figure 1(a)) that may retain the NPs
and act as impediments to their flow. The two-site retention
model assumes that there are two types of sites inside a water-
saturated porous media that control the overall retention of
NPs. These sites are functions of physical heterogeneity and
roughness of the porous medium, in addition to chemical
heterogeneity of the retention sites. These two sites control
the retention of NPs through two mechanisms:

(i) Irreversible Retention. This retention mechanism
occurs in regions having some cavity inwhichNPs get
trapped permanently and cannot escape under any
realistic fluid flow conditions.

(ii) Reversible Retention. This retention mechanism
occurs in regions having relatively flat and rough
surfaces that could allow NPs to detach and escape
under realistic fluid flow conditions.

The above two mechanisms are illustrated schematically in
Figure 1(b), which shows theNPs trapped by two types of sites
that control the overall retention of NPs.

The two sites controlling the retention are independent of
each other; therefore, the governing equation of the two-site
model is described as follows:

(𝜌𝑏𝜙 )(
𝜕𝑠𝑡𝜕𝑡 ) = (𝜌𝑏𝜙 )(

𝜕𝑠1𝜕𝑡 ) + (𝜌𝑏𝜙 )(
𝜕𝑠2𝜕𝑡 ) , (3)

Irreversible retention: (𝜌𝑏𝜙 )(
𝜕𝑠1𝜕𝑡 )

= 𝑘irr (1 − 𝑠1𝑠1max
) 𝑐,

(4)

Reversible retention: (𝜌𝑏𝜙 )(
𝜕𝑠2𝜕𝑡 )

= 𝑘ra (1 − 𝑠2𝑠2max
) 𝑐 − (𝜌𝑏𝜙 ) 𝑘rd𝑠2,

(5)
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where 𝑘irr [1/T] is the irreversible retention rate constant, 𝑘ra
[1/T] is the reversible retention rate constant, 𝑘rd [1/T] is the
desorption rate constant, 𝑠1max [M/M] and 𝑠2max [M/M] are
the capacities for irreversible and reversible retention, respec-
tively, and 𝑠1 [M/M] and 𝑠2 [M/M] are the concentration
of retained NPs on the porous media matrix due to irre-
versible and reversible processes, respectively. If the retention
capacities greatly exceed the concentration of the retained
NPs, then (4) and (5) would reduce to first-order kinetics and
in that case the rate of retention would vary linearly with the
concentration of NPs in the fluid.

2.3. Numerical Solution Method. We discretize the above
system of three coupled partial differential equations, (2), (4),
and (5), using fully implicit finite-difference method with
central difference in space and forward difference in time,
including an upwinding scheme to account for the spatial
heterogeneity of the porous medium.

2.3.1. Initial and Boundary Conditions. The initial conditions
for the coupled system of three partial differential equations,
(2), (4), and (5), are

𝑐 (𝑥, 𝑦, 𝑡 = 0) = 0,
𝑠 (𝑥, 𝑦, 𝑡 = 0) = 0. (6)

Boundary conditions for the above ADS equation are

𝑐 (𝑥 = 1, 𝑦 ∈ [1, 𝐿𝑦] , 0 < 𝑡 < 𝑡inj) = 𝑐inj,
𝑐 (𝑥 = 1, 𝑦 ∈ [1, 𝐿𝑦] , 𝑡 > 𝑡inj) = 0,

𝜕𝑐 (𝑥 = 𝐿𝑥, 𝑦 ∈ [1, 𝐿𝑦] , 𝑡)
𝜕𝑥 = 0,

𝑐 (𝑥 ∈ [1, 𝐿𝑥] , 𝑦 = 0, 𝑡) = 0,
𝑐 (𝑥 ∈ [1, 𝐿𝑥] , 𝑦 = 𝐿𝑦, 𝑡) = 0.

(7)

Here, 𝐿𝑥 [L] and 𝐿𝑦 [L] are length of themedium along 𝑥 and
𝑦 directions, respectively, 𝑐inj [M/L3] is the concentration of
the NPs, and 𝑡inj [−] is the dimensionless time for which NPs
are injected in terms of pore volumes (PVs).

2.4. Model Parameters. To accomplish the objective of this
work, we need to establish a realistic range of model param-
eters that typically exist in the subsurface. In this regard,
below we discuss in detail the procedure to determine each
parameter required in the modeling and later summarize the
data at core and field scales in two separate tables.

2.4.1. Fluid Velocity. The range of some parameters such as
fluid velocity and diffusion constant at subsurface operating
conditions is well known through years of research in hydro-
carbon production and groundwater flow. The fluid velocity
in the subsurface is much lower in magnitude (∼0.01–1 ft/d)
than the fluid velocity used in most laboratory experiments
(>0.01 ft/d).

2.4.2. Hydrodynamic Dispersion Coefficient. It has been
proved that the effective hydrodynamic dispersion coefficient
in the field is comparatively larger than the hydrodynamic
dispersion coefficient in the laboratory [52–58]. This finding
is based on a literature survey of 40 field tracer tests at 15
geologic sites.These tests were used to analyze the dispersion
coefficient by two methods: (1) using directly reported data
and (2) reanalyzing the corresponding field tracer tests using
analytical and semianalytical methods. It was concluded that
the larger value of the dispersion coefficient at field scale com-
pared with that at laboratory scale can be attributed to many
mass-transfer processes at different scales in naturally het-
erogeneous rock systems. The factor by which the dispersion
coefficient in the field is greater than in the laboratory ranges
from 1 to 10,000 for observation scales from 5 to 2000m
[55, 59]. In addition to the effect of medium length scale [60],
it has been reported recently that the dispersivity will also
increase with NPs size [61]. Therefore, for this reason the
dispersion coefficient (𝐷) of NPs at the field scale is assumed
to be comparatively larger (∼10−5m2/s) in magnitude than
the diffusion coefficient for NPs at the laboratory scale
(∼10−8m2/s for a NP with a diameter of 10 nm), which can
be obtained using the Stokes-Einstein equation as follows:

𝐷 = 𝑘𝐵𝑇3𝜋𝜇𝑑𝑝 , (8)

where 𝑘𝐵 [ML2T−2K−1] is the Boltzmann constant, 𝑇 [K] is
the absolute temperature, 𝜇 [ML−1T−1] is the fluid viscosity,
and 𝑑𝑝 [L] is the diameter of NPs.

2.4.3. Bulk Density and Porosity. The bulk density and poros-
ity of the porous media can be characterized at any scale
and do not vary with either the type of NPs or the operating
conditions of the subsurface flow. Idris et al. [62] found that
the pore-size distribution, rather than the average pore size,
affects the retention of NPs at the microscale. However, no
research shows how pore-size distribution affects the reten-
tion of NPs at a continuum scale.

2.4.4. RetentionModel Constants. Themodel parameters that
typically vary with the size, geometry, and type of NPs
(physicochemical coating), mineral types of porous media
(quartz, clay, carbonates, etc.), and flow conditions are the
parameters associated with a retention model. If we assume
that the flow conditions are known and fixed in the sub-
surface, then there are only two variables, that is, type of
NPs and rock composition of porous media that affect the
retention parameters. Five unknown parameters (𝑘irr, 𝑘ra, 𝑘rd,𝑠1max, 𝑠2max) in the retention model are described by (4) and
(5). There is no theoretical or empirical basis that could
be used to estimate these parameters; therefore, the typical
approach to estimate these parameters is by performing a
historymatch of the numerical solutionwith the effluent con-
centration data. However, it should be noted that the magni-
tude of these parameters obtained through history matching
the laboratory data cannot be directly used for field scale
simulations for two reasons: (i) the history match solution is
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nonunique such that there can be various combinations of
these parameters that can match the effluent concentration
history and (ii) as discussed earlier, the magnitude of reten-
tion constants is a function of flow condition, so the value of
retention constants obtained at the laboratory scale would be
biased because in most cases the flow velocity at laboratory
scale does not mimic the flow velocity in the subsurface.
Although history match is a useful tool to obtain retention
parameters to validate the model using laboratory data, it
does not provide realistic values of these parameters that
can be applied at the field scale. For example, the values
of retention constants (irreversible and reversible) and the
desorption constant in a two-site model obtained by history
matching several coreflood effluent concentration data by
Zhang [19] are in the range of 10−2–10−4 1/s. However, using
these parameter values to perform a field scale simulation
would suggest complete retention of NPs in the pore space,
which is physically inconsistent with the observations in a
pilot-scale injection of NPs [36, 63–67]. Asmentioned earlier,
there is no theoretical or empirical basis that could be used to
estimate these parameters; however, we can use an analogous
relationship for the deposition rate constant from colloid
filtration theory that has been rigorously tested and applied to
modelNP retention [19, 39, 68, 69]. Our rationale for using an
analogous relationship is to obtain a realistic range of reten-
tion constant values in a two-site model at disparate scales.
This empirical relation, given by (9), is based on mechanisms
of deposition, interception, and sedimentation [36, 38, 51, 70]:

𝑘dep = 3
2 (

1 − 𝜙
𝑑𝑐 ) V𝛼𝜂0, (9)

where 𝑘dep [1/T] is the deposition rate constant, 𝑑𝑐 [L] is the
diameter of sand grain, V [L/T] is the fluid velocity, 𝜂0 [−]
is the single collector removal efficiency, and 𝛼 [−] is the
attachment efficiency representing the ratio of the number of
particles adsorbing to the media to the rate at which particles
strike the media. The value of 𝛼 can be determined using the
following expression [71, 72]:

𝛼 = −23
𝑑𝑐(1 − 𝜙) 𝑙𝜂0 ln(

𝑐
𝑐0) , (10)

where 𝑙 [L] is the length of the media and 𝑐/𝑐0 is the nor-
malized effluent concentration of NPs at the initial stage of
the NP breakthrough curve. Equation (10) can be used to
estimate the attachment efficiency of different kinds of NPs to
water-saturated porous media under different flow condi-
tions. FormostNPswith application in the subsurface, Cullen
et al. [39] found 𝛼 values to be ∼2 × 10−4.

It can be observed from the above two expressions of 𝑘dep
and 𝛼 that in addition to being a function of rock properties
such as porosity, size of media, and diameter of grain, the
deposition of NPs is also a function of flow velocity. This
means that the retention of NPs at the laboratory scale cannot
simply be translated to the field scale without accounting for
the change in the deposition constant due to variation in these
parameters, especially the flow velocity, because the rock
properties do not change significantly from lab to field scale.

The sensitivity of the deposition constant to these variables
has been demonstrated by various authors [19, 39, 69], but the
sensitivity with respect to flow velocity is of particular interest
here because it can suggest the range of deposition constant
values that would exist under subsurface flow conditions.
Typical flow velocity in the subsurface is between 0.01 and
1 ft/day, depending on the permeability of the medium. An
estimate of the deposition constant obtained at this flow
velocity is around 10−8 1/s. This scaling pattern of the reten-
tion constant, its tendency to decrease as domain size of the
porousmedia increases, has also been shownmechanistically
and verified using stochastic simulations [73–75].

In general, the magnitudes of irreversible retention,
reversible retention, and desorption rate constants would lie
in the same range (∼10−8 1/s) but may vary by a factor of 10
to 60 in some cases, as observed in the parameters obtained
by Zhang [19] for a series of experiments conducted byYu [31]
and Murphy [27]. Also, we know that some NPs are always
retained at laboratory scale (less than 3%, [19]), which indi-
cates that the irreversible retention is always bigger than
reversible retention or desorption. Therefore, using this
observation and the information from laboratory data [19,
27, 31], we assume rate constants for reversible retention and
desorption are about 40 times smaller (on average) than the
irreversible retention constant.

Similarly, an approximate range for maximum retention
capacity (irreversible and reversible) can be obtained using
an analogous relationship from colloid filtration theory [36],
which has also been rigorously tested and applied to model
NP retention in various studies [39, 69]

𝑠max = 19.6 [(V𝑑𝑐𝐷 )1/3 ( 𝑑𝑐𝑑𝑀)]
−1.2

. (11)

Retention capacity (𝑠max) is inversely proportional to flow
velocity (∝ 1/V1.2/3) and pore size (∝ 1/𝑑1.2𝑐 ); therefore,
the values of maximum retention capacities would be lower
in laboratory conditions because of the higher flow rates
typically used in laboratory experiments. If we assume𝑆1max = 5 × 10−6 g/g under laboratory conditions [19] with
flow velocity of 0.2 ft/d, then 𝑆1max under reservoir conditions
with flow velocity of 0.01 ft/d would be ∼ (0.2/0.01)(1.2/3) ×(5 × 10−6) ∼ 1.66 × 10−5 g/g.This value lies in the same range
as given by Cullen et al. [39] for carbonNPs under subsurface
conditions (𝑆max ∼ 1.18 × 10−5 g/g). However, there could be
a variation in magnitudes between irreversible and reversible
processes by a factor of 10 to 60, as shown in the parameters
of Zhang [19] obtained by matching a series of coreflood
experiments conducted by Yu [31] and Murphy [27]. On this
basis, irreversible retention is usually stronger than reversible
retention or desorption, and as explained earlier, we assume
that, on average, reversible retention and desorption capaci-
ties are about 40 times smaller than the irreversible retention
capacity.

3. Model Parameters at Different Length Scales

It is hypothesized that the retention of NPs in porous media
is a function of porous media length scale, like many other



6 Geofluids

Table 1: Baseline parameters for six cores at laboratory scale.

Parameter Unit Value Remarks
𝑘𝑥 md 25 Constant
𝑘𝑦 md 2.5 Constant
𝜙 % 10 Constant
V f t/d 0.2 Function of porosity and permeability
𝐷 m2/s 10−8 Constant; equation (8)
𝜌𝑏 kg/m3 2600 Constant
𝑘irr 1/s 5 × 10−8 Equation (9); Zhang [19]
𝑘ra 1/s 0.125 × 10−8 Equation (9); Zhang [19]
𝑘rd 1/s 0.125 × 10−8 Equation (9); Zhang [19]
𝑠1max g/g 5 × 10−6 Equation (11); Zhang [19]
𝑠2max g/g 1.25 × 10−7 Equation (11); Zhang [19]
𝑐inj kg/m3 0.005 Constant
𝑡inj PVs 4 Constant

physical parameters that are function of scale of investigation
[76, 77]. To test this hypothesis, we need models of porous
media at increasing length scales with their appropriate phys-
ical (𝑘𝑥, 𝑘𝑦, 𝜙, 𝐷) and chemical (𝑘irr) heterogeneity structure.
In order to see the effect of length scale on NP retention, we
have to use a fixed magnitude for some of the parameters
such as subsurface flow velocity to eliminate its bias on NP
retention. We investigate the fraction of NPs retained at both
small laboratory scale (core) and large field scale (outcrop).
At laboratory scale, we model NP retention at six different
core lengths, and at field scale wemodelNP retention at seven
different outcrop lengths. Typically, the rock characteristics of
laboratory scale core are homogeneous, whereas the rock
characteristics at field scale are quite heterogeneous. There-
fore, we assume spatially homogeneous parameters in the
laboratory scale core models, whereas the field scale models
are rendered spatially heterogeneous to mimic the outcrop of
a carbonate field.

3.1. Parameters at Laboratory Scale. Figure 2 shows six cores
of increasing length having homogeneous properties, which
are given in Table 1.The basis on which some of these param-
eters were obtained was explained earlier in detail, and a brief
remark in this regard as relevant to each parameter is also
noted in Table 1.

The six cores at laboratory scale are discretized spatially
with the size of one grid cell along horizontal and vertical
directions equal to 0.067 inches and 0.15 inches, respectively,
for each core.

3.2. Parameters at Field Scale. Field scale models are gener-
ated to mimic the spatial heterogeneity of an outcrop from a
carbonate field. These seven outcrop sites, shown in Figure 3,
come from one single outcrop at increasing distances, as
depicted by outcrop images with increasing length in Fig-
ure 3. Figure 3 shows seven outcrops of increasing lengths
with their corresponding physical (𝑘𝑥, 𝑘𝑦, 𝜙, 𝐷) and chemical
(𝑘irr) properties defined spatially by six color legends rep-
resenting six facies, as shown in the inset table in Figure 3.

Each of these five parameters (𝑘𝑥, 𝑘𝑦, 𝜙, 𝐷, 𝑘irr) is extracted
for all seven outcrops shown in Figure 3 such that the spatial
structure of each parametermimics the spatial structure of six
facies (color legends) in each outcrop image. Using the spa-
tially heterogeneous outcrop images defined by six facies and
the correspondingmagnitude of each parameter, four param-
eters representing permeability along𝑥-direction, permeabil-
ity along 𝑦-direction, porosity, and irreversible retention rate
constant, respectively, were rendered spatially heterogeneous
in all seven outcrops, as shown in Figures 4–7.

The range of each model parameter at field scale is given
in Table 2. The basis for choosing the range of these parame-
ters was explained earlier in detail, and a brief remark in this
regard as relevant to each parameter is also noted in Table 2.

The seven outcrops at field scale are discretized spatially
with the size of one grid cell along horizontal and vertical
directions equal to 10 ft and 5 ft, respectively, for each outcrop.

4. Model Validation with Experimental Data

To validate the numerical model, we used data from column
experiments of NP transport with single-phase flow [27, 31].
In this experiment salt-tolerant silica NPs of 5% (wt%) con-
centration are injected into a water-saturated 1 ft long column
sandpack having 48.6% porosity with a flow velocity of
1038 ft/d (= 0.012 ft/s). Data from this experiment were used
by Zhang [19] to determine the five unknown parameters of
a two-site model (𝑘irr, 𝑘ra, 𝑘rd, 𝑠1max, 𝑠2max) through an opti-
mization program. The estimate of these five retention
parameters obtained by Zhang [19] was further verified by
using these parameters to simulate and match the effluent
concentration data from two more experiments through the
same column [27, 31]. The estimate of hydrodynamic disper-
sion coefficient 𝐷 used to match their data was not directly
reported by the authors.

We used the estimate of five retention parameters (𝑘irr,𝑘ra, 𝑘rd, 𝑠1max, 𝑠2max) obtained by Zhang [19] and a guessed
value of dispersion coefficient 𝐷 to simulate the NP con-
centration from our numerical model. The results are then
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Table 2: Baseline parameters for seven outcrops at field scale.

Parameter Unit Range Spatially heterogeneous? Remarks
𝑘𝑥 md 0.1–50 Yes Outcrop map in Figure 4
𝑘𝑦 md 0–5 Yes Outcrop map in Figure 5
𝜙 % 1–15 Yes Outcrop map in Figure 6
V f t/d 0.01–1 Yes Function of porosity and permeability
𝐷 m2/s 10−5 No Constant; Liu et al. [59]
𝜌𝑏 kg/m3 2600 No Constant
𝑘irr 1/s (2–8) × 10−8 Yes Equation (9); Zhang [19]; outcrop map in Figure 7
𝑘ra 1/s 1 × 10−9 No Equation (9); Zhang [19]
𝑘rd 1/s 1 × 10−4 No Equation (9); Zhang [19]
𝑠1max g/g 1.7 × 10−5 No Equation (11); Zhang [19]
𝑠2max g/g 4.2 × 10−7 No Equation (11); Zhang [19]
𝐶inj wt% 0.5 No Constant
𝑡inj PVs 4 No Constant
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Core #2: 2 in × 1.5 in

Core #3: 6 in × 1.5 in
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in × 1.5 inCore #5: 24

Figure 2: Six cores with increasing length at laboratory scale.
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Figure 3: Seven images of the same outcrop with its increasing length at field scale. The outcrop comes from a carbonate field having
heterogeneous physical and chemical properties [78, 79].
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Figure 6: Porosity (fraction) map for seven outcrops at field scale [78, 79].

comparedwith the effluent concentration data of salt-tolerant
silica NPs from one of the experiments used by Zhang [19].
The comparison of simulated results for effluent NP concen-
tration from our model and the experimental data is shown
in Figure 8. It shows a good match between the experimental
data and the simulated curve obtained using the numerical
model.Theminor difference in thematch could be resolved if
the available set of optimized parameters included dispersion
coefficient.

5. Results

The retention of NPs at the laboratory scale and at the field
scale is assessed under flow conditions (e.g., velocity and
diffusivity) that would typically be present in the field. The
physical and chemical characteristics (e.g., porosity, perme-
ability, and retention rate constant) of the porous medium
are retained as they would appear at each laboratory and
field scale; the physical and chemical properties are assumed
homogeneous at laboratory scale, whereas at field scale they
are heterogeneous and the structure of their heterogeneity is
extracted from outcrop images. The different scales of length
assessed, along with the appropriate parameter values for
each scale, are presented in Section 3.

Using the history of the effluent concentration and the
total concentration of NPs injected, we estimated the fraction
of NPs retained inside the porous media for each model at
laboratory scale and field scale using the following equation:

Fraction of the NPs adsorbed = (NPsinj −NPsejec)
NPsinj

, (12)

where NPsinj is the total concentration of NPs injected and
NPsejec is the total concentration of NPs ejected.

5.1. Retention at Laboratory Scale. To explore the fraction of
NPs retained at laboratory scale, transport simulations were
conducted for the six cores with increasing lengths shown in
Figure 2. The effluent concentration of NPs for the six cores
obtained at the end of the simulation run is shown in Fig-
ure 9. The values of fluid velocity, hydrodynamic dispersion
coefficient, retention rate constants, and retention capacities
for each core are shown in the title of each plot. In laboratory
scale simulations, the heterogeneity of physical and chemical
parameters is neglected. Figure 10 shows the fraction of
retainedNPs in six cores individually and at distances equal to
smaller cores in the longest core.Themiddle plot in this figure
shows that the fraction of retained NPs consistently increases
with increasing core length with no NPs retained inside the
smallest core while 8% of NPs are retained inside the longest
core.The third plot in Figure 10 shows the fraction of retained
NPs at distances equal to those of the smaller cores in the
longest core. This plot is used to verify the retention of
NPs inside individual cores at different lengths, and it shows
that the total fraction of retained NPs increases with travel
distance inside the longest core, thus confirming the result of
NPs retained inside individual cores of varying lengths.There
is a slight difference in results between the two plots in
Figure 10, which occurs at smaller distances and disappears
with increasing length, indicating that the difference in results
at a small distance can be attributed to the effects of boundary
conditions.
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5.2. Retention at Field Scale. To explore the fraction of NPs
retained at the field scale, transport simulations were con-
ducted for the seven outcrops with increasing lengths shown
in Figure 3. The effluent concentration of NPs for the seven
outcrops obtained at the end of the simulation run is shown
in Figure 11. The values of fluid velocity, diffusion coefficient,
retention rate constants, and retention capacities for each
outcrop are shown in the title of each plot. In field scale

simulations, the heterogeneity of physical and chemical
parameters is represented by outcrop maps shown in Figures
3–7. Figure 12 shows the fraction of retained NPs in seven
outcrops individually and at distances equal to those of the
smaller outcrops in the longest outcrop. The middle plot in
this figure shows that the fraction of retainedNPs consistently
increases with increasing outcrop length, with ∼92% of the
NPs retained inside the smallest outcrop while 100% of the
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Figure 9: Effluent NP concentration for six cores at laboratory scale.The lengths of the six cores considered were 1, 2, 6, 12, 24, and 36 inches,
respectively, with 1.5 in width for all the six cores.

NPs are retained inside the five largest outcrops. The third
plot in Figure 12 shows the fraction of retained NPs at
distances equal to those of the smaller outcrops in the largest
outcrop.This plot is used to verify the retention of NPs inside
individual outcrops at different lengths, and it shows that the
total fraction of retained NPs increases with travel distance
inside the largest outcrop, thus confirming the result of NPs
retained inside individual outcrops of varying sizes. There is
good agreement in results between the two plots in Figure 12,
with less than 3% variation at distances equivalent to smaller
outcrops, but this variation disappears with increase in
length, indicating that the difference in results at distances
equivalent to smaller outcrops can be attributed to the effects
of boundary conditions. It should be noted that despite the
heterogeneous nature of the outcrop, the result for the frac-
tion of retained NPs in the largest outcrop at distances equal
to smaller outcrops is similar to the result inside each individ-
ual outcrop because these seven outcrops come from a similar
outcrop cut out at increasing distances.

The results of substantially high NP retention at increas-
ing outcrop size support the findings of Cullen et al. [39], who
reported almost 50% retention for nanofullerenes at a scale of
10m × 8m on the basis of field pilot tests. The minimum size
of outcrop used in our study is about 75m × 45m, and the
fraction of NPs retained in an outcrop this size is about 92%.

The slight increase in velocity for outcrop #7 is due to
difficulty in constraining the exact magnitude of velocity

due to slight differences in heterogeneity of porosity and
permeability fields across the seven outcrop scales. This can
be understood mathematically as V = ((𝑘/𝜙𝜇) ⋅ ∇𝑃), where,
except for pressure gradient (∇𝑃) andfluid viscosity (𝜇), other
two quantities (𝑘 and 𝜙) are the average of their heteroge-
neous fields. Consequently, a slight increase (∼0.01m/s) of
velocity for outcrop #7 causes an increase in output concen-
tration of NP as visible in Figure 11.

6. Summary and Conclusion

The retention of NPs in porous media as a function of length
scale was assessed by numerically modeling the injection of
NPs in laboratory scale homogeneous cores and field scale
heterogeneous outcrops. As discussed earlier, transport and
retention of NPs are a function of flow velocity; therefore, to
realistically mimic the retention of NPs at the field, a mag-
nitude of flow velocity typically found in the subsurface was
chosen and maintained constant across all scales. Addition-
ally, keeping the flow velocity and dispersion coefficient con-
sistent across all scales yields an unbiased comparison when
estimating the fraction of retained NPs from small to large
scale. The physical and chemical parameters of the porous
media were assumed homogeneous at the laboratory scale,
whereas four parameters (𝑘𝑥, 𝑘𝑦, 𝜙, 𝑘irr) were considered
spatially heterogeneous at the outcrop scale by matching the
spatial structure of six color legends representing six facies of
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Figure 12: Fraction of NPs retained in seven outcrops and at distances equal to smaller outcrops in the longest outcrop. The results reported
are for 4 pore volumes of injected NPs.

the carbonate field outcrop (Figure 3).Wettability of different
mineral types was included in our simulation by assigning
different retention rate constants for different mineral types
(different wettability). Results from this study show the
following:

(i) NPs can travel hundreds of meter in reservoir at
constant velocity.

(ii) The fraction of injected NPs retained in the subsur-
face increases nonlinearly with the length scale of the
homogeneous media and the media with consistent
heterogeneity at all scales. There were small changes
in heterogeneity at two outcrop scales that affected
the fluid flow velocity and that slightly affected the
retention behavior of NPs in reference to the behavior
expected from homogeneous media or media with
consistent heterogeneity.

(iii) The significance of heterogeneity in changing the
bulk flow velocity may eventually affect the retention
profile of NPs. Therefore, the length of the porous
mediumand its scale-variant heterogeneity are shown
to be the two important parameters that may impact
the retention behavior of NPs, which is typically
studied at the laboratory scale without much consid-
eration for these two parameters.

Nomenclature

𝑘𝑥: Permeability along 𝑥-direction, md𝑘𝑦: Permeability along 𝑦-direction, md𝜙: Porosity, %
V: Total velocity, ft/d𝐷: Dispersion coefficient, m2/s𝜌𝑏: Porous medium bulk density, kg/m3𝑘irr: Irreversible retention rate constant, 1/s𝑘ra: Reversible retention rate constant, 1/s𝑘rd: Desorption rate constant, 1/s𝑠1: Concentration of retained NPs due to irreversible

retention, g/g𝑠2: Concentration of retained NPs due to reversible
retention, g/g𝑠1max: Capacity for irreversible retention, g/g𝑠2max: Capacity for reversible retention, g/g𝑐: Concentration of NPs within the porous medium,
kg/m3𝑐inj: Injected concentration of NPs, kg/m3𝑡inj: Dimensionless time for which NPs are injected, PVs𝑘𝐵: Boltzmann constant, J/K𝑑𝑝: Diameter of NPs, m𝜇: Fluid viscosity, Pa − s𝑇: Temperature, K𝑘dep: Deposition constant, 1/s
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𝑑𝑐: Diameter of sand grain, m𝜂0: Single collector removal efficiency, −𝛼: Attachment efficiency, −𝑙: Length of 1-dimensional media, m𝐿𝑥: Length of 2-dimensional media along 𝑥-direction, m𝐿𝑦: Length of 2-dimensional media along 𝑦-direction, m𝑠max: Retention capacity, g/g𝑡: Time, s.
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[66] K. Pulskamp, S. Diabaté, and H. F. Krug, “Carbon nanotubes
show no sign of acute toxicity but induce intracellular reactive
oxygen species in dependence on contaminants,” Toxicology
Letters, vol. 168, no. 1, pp. 58–74, 2007.

[67] C. A. Ramsburg, L. M. Abriola, K. D. Pennell et al., “Stimulated
microbial reductive dechlorination following surfactant treat-
ment at the Bachman Road site,” Environmental Science and
Technology, vol. 38, no. 22, pp. 5902–5914, 2004.

[68] T. Rahman, H. Millwater, and H. J. Shipley, “Modeling and sen-
sitivity analysis on the transport of aluminum oxide nanopar-
ticles in saturated sand: effects of ionic strength, flow rate, and
nanoparticle concentration,” Science of the Total Environment,
vol. 499, no. 1, pp. 402–412, 2014.

[69] D. Su, R. Ma, M. Salloum, and L. Zhu, “Multi-scale study of
nanoparticle transport and deposition in tissues during an
injection process,”Medical & Biological Engineering & Comput-
ing, vol. 48, no. 9, pp. 853–863, 2010.

[70] C. Tien and B. V. Ramarao, Granular Filtration of Aerosols and
Hydrosols, Elsevier, 2011.

[71] M. Elimelech, “Effect of particle size on the kinetics of particle
deposition under attractive double layer interactions,” Journal of
Colloid and Interface Science, vol. 164, no. 1, pp. 190–199, 1994.

[72] K.-M. Yao,M. T. Habibian, and C. R. O’Melia, “Water and waste
water filtration: concepts and applications,” Environmental Sci-
ence and Technology, vol. 5, no. 11, pp. 1105–1112, 1971.

[73] Z. Dai, A. Wolfsberg, Z. Lu, and H. Deng, “Scale dependence
of sorption coefficients for contaminant transport in saturated
fractured rock,”Geophysical Research Letters, vol. 36, no. 1, 2009.

[74] H. Deng, Upscaling reactive transport parameters for porous
and fractured porous media [Dissertation], Florida State Univer-
sity, 2009.

[75] H. Deng, Z. Dai, A. Wolfsberg, Z. Lu, M. Ye, and P. Reimus,
“Upscaling of reactive mass transport in fractured rocks with
multimodal reactive mineral facies,” Water Resources Research,
vol. 46, no. 6, 2010.

[76] H. Singh, Scale-up of reactive processes in heterogeneous media
[Dissertation], The University of Texas at Austin, 2014.

[77] H. Singh, “Representative elementary volume (REV) in spatio-
temporal domain: a method to find REV for dynamic pores,”
Journal of Earth Science, vol. 28, no. 2, pp. 391–403, 2017.

[78] C. Kerans and K. Kempter, Hierarchical Stratigraphic Analysis
of a Carbonate Platform, Permian of the Guadalupe Mountains,
University of Texas, Austin, Bureau of EconomicGeology, 2002.

[79] C. Kerans, F. J. Lucia, and R. K. Senger, “Integrated characteri-
zation of carbonate ramp reservoirs using Permian San Andres
Formation outcrop analogs,” Bulletin - American Association of
Petroleum Geologists, vol. 78, pp. 181–216, 1994.



Review Article
A Review of Critical Conditions for the Onset of
Nonlinear Fluid Flow in Rock Fractures

Liyuan Yu,1 Richeng Liu,1 and Yujing Jiang2,3

1State Key Laboratory for Geomechanics and Deep Underground Engineering, China University of Mining and Technology,
Xuzhou 221116, China
2State Key Laboratory of Mining Disaster Prevention and Control Co-Founded by Shandong Province and
the Ministry of Science and Technology, Shandong University of Science and Technology, Qingdao 266590, China
3School of Engineering, Nagasaki University, Nagasaki 8528521, Japan

Correspondence should be addressed to Richeng Liu; my1122002006@126.com

Received 9 April 2017; Accepted 9 May 2017; Published 6 July 2017

Academic Editor: Zhien Zhang

Copyright © 2017 Liyuan Yu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Selecting appropriate governing equations for fluid flow in fractured rock masses is of special importance for estimating the
permeability of rock fracture networks. When the flow velocity is small, the flow is in the linear regime and obeys the cubic law,
whereas when the flow velocity is large, the flow is in the nonlinear regime and should be simulated by solving the complex Navier-
Stokes equations.The critical conditions such as critical Reynolds number and critical hydraulic gradient are commonly defined in
the previous works to quantify the onset of nonlinear fluid flow.This study reviews the simplifications of governing equations from
the Navier-Stokes equations, Stokes equation, and Reynold equation to the cubic law and reviews the evolutions of critical Reynolds
number and critical hydraulic gradient for fluid flow in rock fractures and fracture networks, considering the influences of shear
displacement, normal stress and/or confining pressure, fracture surface roughness, aperture, and number of intersections. This
review provides a reference for the engineers and hydrogeologists especially the beginners to thoroughly understand the nonlinear
flow regimes/mechanisms within complex fractured rock masses.

1. Introduction

Rock fracture network controls the main paths of fluid flow
and contaminant migration in deep underground, and the
estimation of permeability of fractured rock masses has been
extensively studied during the past several decades in many
geoengineering and geosciences such as CO2 sequestration,
enhanced oil recovery, and geothermal energy development
[1–9]. The fluid flow in rock fractures and/or fracture net-
works is commonly assumed to obey the cubic law, in which
the flow rate is linearly proportional to the pressure drop [10–
16]. However, in the karst systems and/or in the vicinity of
wells during pump tests, when the flow rate/velocity is large,
fluid flow enters the nonlinear flow regime and flow rate
is nonlinearly correlated with pressure drop [14, 17–20]. In
such case, using the cubic law to calculate fluid flow will
overestimate the conductivity of rock fractures and/or frac-
ture networks [21–24]. Therefore, a thorough understanding

of the nonlinear flow properties of fluid within fractures
contributes to accurately predicting permeability of fractured
rock masses [25].

Previous studies have reported that there are three repre-
sentative types of nonlinear flow behaviors in rock fractures
induced by inertial effect, fracture dilation, and solid-water
interaction [20, 26, 27], and the present study focuses on
the nonlinear flow behaviors induced by inertial effect. Many
factors can affect the magnitude of permeability of fractured
rock masses, including fracture length [28–31], aperture [32–
34], surface roughness [35, 36], dead-end [37], number of
intersections [38, 39], hydraulic gradient [40], boundary
stress [41, 42], anisotropy [43–46], scale [47–50], stiffness
[51], coupled thermo-hydro-mechanical-chemical (HTMC)
processes [52–55], and precipitation-dissolution and biogeo-
chemistry [56]. The discrete fracture network (DFN) model,
which can consider most of the above parameters, has been
increasingly utilized to simulate fluid flow in the complex
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fractured rock masses [57–60], although it cannot model
the aperture heterogeneity of each fracture [61–63]. In the
numerical simulations and/or analytical analysis, the linear
governing equation such as the cubic law is solved to
simulate fluid flow in fractures by applying constant hydraulic
gradients (𝐽) on the two opposing boundaries, such as 𝐽 = 1
[57, 64–68], 𝐽 = 0.1 [41], 𝐽 = 0.001 [69, 70], and 𝐽 = unknown
constants [11, 34, 46, 71–73]. This assumption that fluid flow
obeys the cubic law is suitable for characterizing hydraulic
behaviors of deep underground engineering, in which the
flow rate is sufficiently small. For the fractured rock masses
such as the karst system and/or the in situ hydraulic tests,
the flow rate is relatively high and nonlinearly correlated with
the pressure drop [17, 74]. With increasing pressure drop,
the fracture network permeability decreases. To accurately
simulate the nonlinear flow in fractures, the Navier-Stokes
(NS) equations should be solved, which are composed of a
set of coupled nonlinear partial derivatives of varying orders
[21, 75, 76] and are more complex than solving the cubic
law. When fluid flow is in the linear regime, each fracture
in the two-dimensional DFNs is represented using a line
segment [77], whereas when fluid flow enters the nonlinear
regime and the NS equations are solved, the real geometry
(void space) of each fracture that is formed with two walls
should be incorporated, which to some extent increases the
difficulty of establishing the models [40, 78]. As a result, both
the yearly published papers and yearly cited times with the
keywords “nonlinear flow” and “rockmass” aremuch smaller
than those with the keywords “linear flow” and “rock mass,”
as shown in Figure 1. With the development of computing
power, more researches are contributing to the nonlinear
flow characteristics of fractures, which needs solving the NS
equations and is often time-consuming. Therefore, it is a
vital issue about how to determine the critical condition (i.e.,
critical Reynolds number or critical hydraulic gradient) for
the onset of nonlinear flow.

This study firstly reviews the governing equations of
fluid flow in fractures and then reviews the effects of shear
displacement, normal stress and/or confining pressure, frac-
ture surface roughness, fracture aperture, and fracture inter-
section on nonlinear flow characteristics of fractured rock
masses.This work aims at providing a reference for engineers
and researchers to quickly assess the magnitudes of critical
Reynolds number or critical hydraulic gradient and to clearly
understand the nonlinear flow mechanisms within complex
fractured rock masses.

2. Governing Equations of Fluid Flow
in Fractures

2.1. Navier-Stokes Equations. The flow of incompressible
Newtonian fluid is governed by the NS equations, written in
a tensor form as [79–81]

𝜌(𝜕𝑢𝑖𝜕𝑡 + 𝑢𝑖𝑢𝑖,𝑗) = 𝜌𝑓𝑖 − 𝑃,𝑖 + 𝜇𝑢𝑖,𝑗𝑗, (1)

where 𝑢𝑖 is the velocity of fluid in the 𝑖-direction in the
Cartesian coordinate system with 𝑖 = 𝑥, 𝑦, 𝑧 and 𝑗 = 𝑥, 𝑦, 𝑧,
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Figure 1: Yearly published papers and cited times with the keywords
“linear flow and rock mass” and “nonlinear flow and rock mass.”
These data are collected from the Web of Science� Core Collection
(SCI-Expanded) over the past twenty years from 1997 to 2016.

respectively, the body force is𝑓𝑖 = 𝑔𝑖 = [0, 0, −𝑔],𝜌 is the fluid
density, 𝑡 is the time, 𝑃 is the pressure, and 𝜇 is the dynamic
viscosity.

For steady-state flow, the parameters related to time 𝑡 can
be ignored and (1) gives

𝜌𝑢𝑖𝑢𝑖,𝑗 = 𝜌𝑓𝑖 − 𝑃,𝑖 + 𝜇𝑢𝑖,𝑗𝑗. (2)

Hydraulic head (ℎ) is defined as the summation of
elevation height (𝑧𝑒) and hydraulic pressure head (𝑃/(𝜌𝑔)),
as follows:

ℎ = 𝑧𝑒 + 𝑃𝜌𝑔. (3)

Hydraulic gradient (𝐽) is defined as the ratio of hydraulic
head difference to flow length, written as

𝐽𝑖 = ℎ,𝑖 = 1𝜌𝑔 (−𝜌𝑔𝑖 + 𝑃,𝑖) . (4)

Substitution of (4) into (2) leads to a more abbreviated
form of NS equations, as below [82]:

𝜌𝑢𝑖𝑢𝑖,𝑗 = −𝜌𝑔ℎ,𝑖 + 𝜇𝑢𝑖,𝑗𝑗. (5)

2.2. Stokes Equations. When the flow rate/velocity is very
small, which corresponds to a small Reynolds number (Re),
the inertial term (the left term of (5)) can be negligible,
resulting in the expression of the Stokes equations [83]:

ℎ,𝑖 = 𝜇𝜌𝑔𝑢𝑖,𝑗𝑗. (6)
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Equation (6) can be unfolded to the following forms:

ℎ,𝑥 = 𝜇𝜌𝑔 (𝑢𝑥,𝑥𝑥 + 𝑢𝑥,𝑦𝑦 + 𝑢𝑥,𝑧𝑧) ,
ℎ,𝑦 = 𝜇𝜌𝑔 (𝑢𝑦,𝑥𝑥 + 𝑢𝑦,𝑦𝑦 + 𝑢𝑦,𝑧𝑧) ,
ℎ,𝑧 = 𝜇𝜌𝑔 (𝑢𝑧,𝑥𝑥 + 𝑢𝑧,𝑦𝑦 + 𝑢𝑧,𝑧𝑧) .

(7)

2.3. Reynolds Equation. Dimensional analysis is performed
and some definitions aremade:Λ is the dimension of fracture
in 𝑥𝑦-plane, 𝑈 is the dimension of flow velocity in both 𝑥-
and 𝑦-directions, 𝑉 is the dimension of flow velocity in 𝑧-
direction, and 𝑎 is the dimension of fracture aperture.

mag[𝜕2𝑢𝑥𝜕𝑥2 ] ≈ mag[𝜕2𝑢𝑥𝜕𝑦2 ] ≈ 𝑈Λ2 ,
mag[𝜕2𝑢𝑥𝜕𝑧2 ] ≈ 𝑈𝑎2 ,

mag[𝜕2𝑢𝑦𝜕𝑥2 ] ≈ mag[𝜕2𝑢𝑦𝜕𝑦2 ] ≈ 𝑈Λ2 ,

mag[𝜕2𝑢𝑦𝜕𝑧2 ] ≈ 𝑈𝑎2 ,

mag[𝜕2𝑢𝑧𝜕𝑥2 ] ≈ mag[𝜕2𝑢𝑧𝜕𝑦2 ] ≈ 𝑈Λ2 ,
mag[𝜕2𝑢𝑧𝜕𝑧2 ] ≈ 𝑈𝑎2 .

(8)

When the dimension of fracture aperture is much less
than the dimension of fracture in the 𝑥𝑦-plane (𝑎 ≪ Λ), in
which case the tortuosity of fracture void space is very small,
the first two terms of (8) is much less than the last term and
can be negligible. As a result, (7) can be simplified to the
following equations:

ℎ,𝑥 = 𝜇𝜌𝑔𝑢𝑥,𝑧𝑧, (9)

ℎ,𝑦 = 𝜇𝜌𝑔𝑢𝑦,𝑧𝑧, (10)

ℎ,𝑧 = 𝜇𝜌𝑔𝑢𝑧,𝑧𝑧. (11)

When the fracture aperture and the change in hydraulic
head in the 𝑧-direction are small, (11) yields

ℎ,𝑧 ≈ 0. (12)

Substitution of (12) into (9)∼(11) gives
𝑢𝑥 (𝑥, 𝑦, 𝑧) = 𝜌𝑔2𝜇 (ℎ,𝑥) (𝑧2 + 𝑏1𝑧 + 𝑐1) ,
𝑢𝑦 (𝑥, 𝑦, 𝑧) = 𝜌𝑔2𝜇 (ℎ,𝑦) (𝑧2 + 𝑏2𝑧 + 𝑐2) ,

ℎ = ℎ (𝑥, 𝑦) ,
(13)

where 𝑏1, 𝑏2, 𝑐1, and 𝑐2 are the integration constants.
Importing non-slip boundary conditions results in

𝑢𝑥 = 0,
𝑢𝑦 = 0,

when 𝑧 = ±𝐸2 ,
(14)

where 𝐸 is the fracture aperture, and 𝑧 = ±𝐸/2 are the lower
and upper bounds of fracture void space in the 𝑧-direction.

Substitution of (14) into (13) leads to the values of inte-
gration constants (𝑏1, 𝑏2, 𝑐1, and 𝑐2), and (13) can be rewritten
as

𝑢𝑥 (𝑥, 𝑦, 𝑧) = 𝜌𝑔2𝜇 (ℎ,𝑥) (𝑧 + 𝐸2 ) (𝑧 − 𝐸2 ) , (15)

𝑢𝑦 (𝑥, 𝑦, 𝑧) = 𝜌𝑔2𝜇 (ℎ,𝑦) (𝑧 + 𝐸2 ) (𝑧 − 𝐸2 ) , (16)

ℎ = ℎ (𝑥, 𝑦) . (17)

Integrations of (15) and (16) along the 𝑧-direction leads to
𝑞𝑥 = ∫𝐸/2

−𝐸/2
𝑢𝑥 𝑑𝑧 = −𝜌𝑔𝐸312𝜇 𝜕ℎ𝜕𝑥 ,

𝑞𝑦 = ∫𝐸/2
−𝐸/2

𝑢𝑦 𝑑𝑧 = −𝜌𝑔𝐸312𝜇 𝜕ℎ𝜕𝑦 ,
(18)

where 𝑞𝑥 is the flow rate in the 𝑥-direction, and 𝑞𝑦 is the flow
rate in the 𝑦-direction.

The law of conservation of mass of flow rate is expressed
as [84]

𝑞𝑥,𝑥 + 𝑞𝑦,𝑦 = 0. (19)

Thus, substituting (18) into (19) results in the Reynolds
equation, given as [21]

𝜕𝜕𝑥 (𝜌𝑔𝐸
3

12𝜇 𝜕ℎ𝜕𝑥) + 𝜕𝜕𝑦 (𝜌𝑔𝐸
3

12𝜇 𝜕ℎ𝜕𝑦) = 0. (20)

2.4. Cubic Law. An assumption is made that fluid flows
through two infinite smooth parallel plates with a constant
aperture 𝐸, as shown in Figure 2. Because fluid flows along
the𝑥-coordinate, the flowvelocities in the𝑦- and 𝑧-directions
equal zero.

𝑢𝑦 = 𝑢𝑧 = 0. (21)
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Figure 2: Flow velocity distribution in a parallel plate model.

The continuity equation of fluid is

𝜕𝜌𝜕𝑡 + (𝜌𝑢𝑖),𝑖 = 0. (22)

For incompressible fluid, (22) can be simplified to

𝑢𝑖,𝑖 = 0. (23)

Substitution of (21) into (5) gives the governing equation
of fluid flow in the x-direction, written as

𝜌𝑢𝑥𝑢𝑥,𝑥 = −𝜌𝑔ℎ,𝑥 + 𝜇𝑢𝑥,𝑥𝑥. (24)

Substituting (23) into (24) gives rise to the fact that the
left term equals zero.

0 = −𝜌𝑔ℎ,𝑥 + 𝜇𝑢𝑥,𝑥𝑥. (25)

Importing the non-slip boundary conditions (see (14))
and integrating (25) lead to

𝑄 = ∫𝐸/2
−𝐸/2

𝑢𝑥 𝑑𝑧 = − 𝐸312𝜇 𝜕𝑃𝜕𝑥 , (26)

where 𝑄 is the flow rate through a fracture.
Equation (26) is the expression for the cubic law, in which

fracture width (𝑤) is assigned a constant value of 1.When𝑤 ̸=1, 𝑤 should be introduced in (26), as follows:

𝑄 = −𝑤𝐸312𝜇 𝜕𝑃𝜕𝑥 . (27)

2.5. Forchheimer Equation. With increasing flow velocity or
Re, the flow rate is nonlinearly correlated with pressure drop
and (27) is no longer applicable. Some empirical expressions
were proposed to describe this nonlinear relationship, among
which the Forchheimer equation is widely used where the
pressure drop is a quadratic function of flow rate, expressed
as [86–91]

−∇𝑃 = 𝐴𝑄 + 𝐵𝑄2, (28)

where 𝐴 and 𝐵 are two coefficients that represent the linear
andnonlinear terms of fluid flow, respectively.When𝑄 is very

small, the nonlinear term (𝐵𝑄2) can be negligible and drops
out. In this case, (28) reduces to

−∇𝑃 = 𝐴𝑄, (29)

where 𝐴 is a constant that equals 12𝜇/𝑤𝐸3 if the fracture
is not deformable. Equation (28) can probably be applied
over the entire range of flow rate/velocity, including that it
reduces to linear Darcy’s law (29) at a sufficiently low flow
rate/velocity. Another macroscopic nonlinear flow equation
to characterize the nonlinear flow in rock fractures is Izbash’s
law (Izbash 1931), but it cannot well quantify the linear
flow properties at a sufficiently low Re. Therefore, the two
equations can both be utilized to describe the nonlinear
relationships between flow rate and pressure drop, especially
for strong inertial regime; however, only the Forchheimer
equation is used to depict the critical Reynolds number
by directly plotting the normalized transmissivity–Reynolds
number curves [92–94].

To describe the nonlinearity of fluid flow, a nonlinear
factor (𝑁𝑓) is defined as

𝑁𝑓 = 𝐵𝑄2𝐴𝑄 + 𝐵𝑄2 . (30)

𝑁𝑓 denotes the ratio of pressure drop caused by the
nonlinear term (𝐵𝑄2). In the previous works, it is assumed
that the critical Reynolds number (Re𝑐) is the Re that
corresponds to𝑁𝑓 = 0.1 [93, 95–97].

Besides the dimensionless Re that is used for characteriz-
ing the transition from linear to nonlinear flow regimes, the
dimensionless Forchheimer number (𝐹0) is another widely
accepted parameter, which is defined as the ratio of nonlinear
to linear pressure losses, written as [20, 92, 98]

𝐹0 = 𝐵𝑄2𝐴𝑄 = 𝐵𝑄𝐴 . (31)

Thus, (30) can be rewritten as

𝑁𝑓 = 𝐹01 + 𝐹0 . (32)

The transmissivity (𝑇), which is a commonly used param-
eter to describe the conductivity of a fracture, is defined as

𝑇 = 𝐸312 = − 𝜇𝑄𝑤∇𝑃. (33)

When fluid flow is in the linear regime, 𝑇 is a constant
and is represented using 𝑇0. Thus the ratio of 𝑇 to 𝑇0 can be
calculated according to

𝑇𝑇0 =
−𝜇𝑄/𝑤 (𝐴𝑄 + 𝐵𝑄2)
−𝜇𝑄/𝑤 (𝐴𝑄) = 𝐴𝑄𝐴𝑄 + 𝐵𝑄2 = 1 − 𝑁𝑓. (34)

Therefore,𝑇/𝑇0 = 0.9 and𝑁𝑓 = 0.1 have the same physical
meaning that the nonlinear term (𝐵𝑄2) contributes to 10% of
the pressure drop, in which the current Re is Re𝑐.
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Figure 3: Relationships between T/T0 and Re based on the data replotted from Xia et al. ([85], Figure 10).

3. Nonlinear Flow Characteristics of
Rock Fractures

3.1. Effect of Shear Displacement. Under a constant normal
stress, increasing shear displacement (𝑢𝑠) can change the void
space of a fracture. As a result, both the average aperture
and permeability/transmissivity increase by up to 3 orders of
magnitude with a maximum of 𝑢𝑠 of 16mm [99–103]. This
variation of fracture void space during shear can also change
the nonlinear flow properties of fluid such as the critical
Reynolds number Re𝑐, which is used for characterizing the
onset of nonlinear flow. Xia et al. [85] conducted laboratory

experiments on three artificial rock joints having natural
joint surface characteristics to investigate the nonlinear flow
behaviors under different shear displacements. The cylindri-
cal specimens that were cored frommarble blocks taken from
the construction site of Jin-Ping-II Hydropower Station in
China have a diameter of 50mm and a length of 100mm.The
average values of joint roughness coefficient (JRC) of the
three samples are 13.28, 15.09, and 11.23, respectively. By fitting
their results, it is found that when Re is small (i.e., less than
10), with the increment of Re, 𝑇/𝑇0 holds approximately con-
stant value of 1 (see Figure 3). With continuously increasing
Re, 𝑇/𝑇0 decreases. When 𝑇/𝑇0 = 0.9, Re𝑐 is calculated,
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Figure 4: Relationships between T/T0 and Re based on the data
replotted from Xiong et al. ([99], Figure 12(a)).

which is in the ranges 71.33∼340.01 (𝑢𝑠 = 1∼5mm), 75.93∼
242.67 (𝑢𝑠 = 1∼6mm), and 97.80∼326.07 (𝑢𝑠 = 1∼5mm),
respectively. The range of Re𝑐 (from 71.33 to 340.01) is much
less than that (from 1408.2 to 5674.4) calculated in the origi-
nal works, because they used 𝑇/𝑇0 = 0.1 to quantify the onset
of nonlinear flow, in which the nonlinear term contributes
to 90% of the pressure drop. They also reported that, with
increasing 𝑢𝑠, both the linear and nonlinear coefficients
(𝐴 and 𝐵) in Forchheimer equation decrease. Xiong et al.
[99] simulated the coupled shear-flow behaviors by directly
solving the NS equations using the geometries of two natural
rock fractures labelled with J3 and J7, whose JRC equals 17∼18
and 3∼4, respectively.The relationships between T/T0 and Re
as shown in Figure 4 exhibit the same variation trend with
those in Figure 3. With increasing 𝑢𝑠 from 4mm to 10mm,
Re𝑐 increases from 9.55 to 18.07, because the larger 𝑢𝑠 gives
rise to the larger fracture aperture and a smaller number of
contacts, which results in the increment of Re𝑐. Javadi et al.
[92] experimentally investigated the role of shear processes
on Re𝑐 for nonlinear flow through rough-walled fractures.
The normal stress (𝜎𝑛) ranges from 1.0 to 5.0MPa and 𝑢𝑠 = 0∼
20mm.The results show that when 𝑢𝑠 = 0∼1mm, Re𝑐 has very
small values approaching 0 for all cases (see Figure 5). When𝑢𝑠 = 1∼5mm, Re𝑐 dramatically increases for 𝜎𝑛 = 1.0MPa
and 5.0MPa but gently increases for 𝜎𝑛 = 3.0MPa. For 𝑢𝑠
= 5∼20mm, the Re𝑐 holds approximately constant values
for 𝜎𝑛 = 5.0MPa and slightly decreases for 𝜎𝑛 = 1.0MPa;
however the Re𝑐 continuously increases for 𝜎𝑛 = 3.0MPa.The
different variations of Re𝑐 ∼ 𝑢𝑠 curves may be induced by the
statistical distributions of void space of fractures during shear.
The range of Re𝑐 is from 0.001 to 25. Rong et al. [104] prepared
6 granite fractures with JRC = 6.67∼8.18 and conducted
coupled shear-flow tests with 𝜎𝑛 = 0.5∼3.0MPa and 𝑢𝑠 = 0.0∼
10.9mm.The results shown in Figure 6 depict that when 𝑢𝑠 =
0∼0.5mm, with the increment of 𝑢𝑠, Re𝑐 decreases, which is
very different from those presented in Figure 5.With increas-
ing 𝑢𝑠 from 0.5 to 3.0mm, Re𝑐 increases dramatically and
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Figure 5: Relationships between Re𝑐 and 𝑢𝑠 based on the data
replotted from Javadi et al. ([92], Figure 8).

then varies negligibly small when 𝑢𝑠 exceeds 3.0mm. This
variation trend is similar to that (with 𝜎𝑛 = 1.0 or 5.0MPa)
reported in Javadi et al. [92]. As an example, when 𝜎𝑛 =
1.0MPa, Re𝑐 that corresponds to a small 𝑢𝑠 in the work of
Javadi et al. [92] ismuch smaller than that in thework of Rong
et al. [104]; howeverwhen𝑢𝑠 is relatively large, Re𝑐 in thework
of Javadi et al. [92] is approximately 2.0∼2.5 times that in the
work of Rong et al. [104]. The differences of Re𝑐 evolution
are dependent on fracture’s morphology such as mean JRC.
Zimmerman et al. [93] presented a high-resolution NS simu-
lation and laboratory measurements of fluid flow in a natural
sandstone fracture. The two opposing fracture surfaces were
made using epoxy casts [105, 106], which has a size of 2 cm ×
2 cm. By fitting the tested and computed results, Figure 7
depicts that Re𝑐 equals 12.56 for the experiment and 21.92
for the simulation, which is near the range of Re𝑐 reported
in literature [92, 99].

3.2. Effects of Normal Stress and/or Confining Pressure. The
normal stress applied on a cuboid sample and/or confining
pressure applied on a cylindrical sample can decrease the per-
meability of rockmass, following exponential functions [107–
112]. With increasing the normal stress 𝜎𝑛, both the fracture
closure 𝑢𝑛 and the increasing rate increase as shown in Fig-
ure 8, where 𝑢𝑛max is the maximum closure and 𝑘𝑛0 is the ini-
tial stiffness [113, 114]. This aperture variation/closure caused
by normal stress contributes to the magnitudes of Re𝑐 and/or𝐽𝑐. Zhang andNemcik [115] studied the fluid flow regimes and
nonlinear flow characteristics in deformable rock fractures
through flow tests on four cylindrical grain sandstone sam-
ples under confining stresses from 1.0MPa to 3.5MPa. They
analyzed the variations of nonlinear factor 𝐵 describing flow
in deformable rock fractures and reported that the confining
stress does not change both the linear and nonlinear flow
patterns but has a significant influence onflowcharacteristics.
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With increasing JRC from 5.5 to 15.4, the range of Re𝑐 under
different confining stresses is 21.96∼40.34, 46.73∼66.84,
40.35∼51.70, and 26.13∼32.38, respectively, as shown in Fig-
ure 9. The calculated ranges of Re𝑐 are several times larger
than those calculated by Zhang and Nemcik [115], in which
the corresponding Re𝑐 = 3.5∼4.5, 13.1∼17.6, 19.3∼24.8, and
6.3∼8.6, respectively. The potential reason may be that, in
the study of Zhang and Nemcik [115], the flow has entered
the strong nonlinear regimes, where the factor 𝐴 calculated
using the fitted Forchheimer equation cannot be accurately
estimated. That means, in such a situation, changing the
magnitude of 𝐴 will have negligible effect on the correla-
tion coefficient between the tested results and fitted curves
of Forchheimer equation, but it can robustly change the
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Figure 8: Relationships between 𝜎𝑛 and 𝑢𝑛 with different 𝑘𝑛0.

variations of 𝑁𝑓, resulting in the smaller ranges of Re𝑐.
This is the reason why we would like to use the variations
of T/T0 rather than 𝑁𝑓 in the present study. Ranjith and
Darlington [94] conducted nonlinear single-phase flow tests
on real cylindrical rock joints with 110mm height and 55mm
diameter under different confining pressures. The results
depicted that, with increasing 𝜎𝑛 from 1.0MPa to 5.0MPa,
Re𝑐 decreases from 31.29 to 28.77 (see Figure 10), which is in
a smaller range compared with those in Figure 9. Chen et al.
[116] presented the high-pressure packer test (HPPT) obser-
vations performed in fractured rock masses, which is located
at about 450m in depth in Qiongzhong County, China.
Four test boreholes numbered ZK124, ZK126, ZK129-1, and
ZK129-2, respectively, were obtained from in situ cites in the
depths ranging from 33.4m to 142.1m with numbers of test
intervals from 6 to 16, and the flow rate-pressure drop rela-
tionships as well as the magnitude of Re𝑐 were calculated. By
collecting the tested results and replotting them in Figure 11,
the variations of Re𝑐 with depth show that, for all bore-
holes, Re𝑐 fluctuates significantly in the range 25∼66 and
does not exhibit strong relationships with depth.The reasons
may be that the boreholes at different depths contain fractures
having different geometric properties such as aperture, per-
sistence, orientation, and surface roughness. To simplify the
model and clearly investigate the influence of normal stress
and/or confining pressure on Re𝑐, Zhou et al. [98] prepared
four granite rock samples (G1∼G4) taken from the depth
450∼550m in the Beishan area inGansu Province, China, and
two sandstone rock samples (S1∼S2) taken from the depth
of about 20m in the Three Gorges Reservoir area, Hubei
Province, China. The confining pressure varies from 1.0 to
30.0MPa andRe𝑐 under each confining pressure is calculated.
The results depicted in Figure 12 show that, with increasing
confining pressure, Re𝑐 firstly increases and then decreases
for the samples G2∼G4 and S1∼S2, because when the confin-
ing pressure is small, the decreased aperture due to the elastic
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Figure 9: Relationships between T/T0 and Re based on the data replotted from Zhang and Nemcik ([115], Figure 8).

compression will increase Re𝑐 [40]. When continuously
increasing confining pressure, the contacts between two frac-
ture walls are destroyed and the microfractures may propa-
gate within rocks and the split rock fragments will be clamped
by the two walls, which gives rise to complex flow behaviors
and decreases Re𝑐. For the sample G1, with increasing con-
fining pressure, Re𝑐 steadily decreases and shows a different
variation trend with other samples. They reported that Re𝑐
for the samples G1∼G4 and S1∼S2 varies in the ranges 0.075∼
9.243, 0.120∼4.467, 0.160∼5.108, 0.039∼4.509, 0.191∼4.090,

and 0.026∼2.976, respectively. The results of Rong et al. [104]
as reported in Section 3.1 show that when 𝑢𝑠 = 0mm, Re𝑐
steadily decreases, presenting the same trend with the sample
G1 in Figure 12. However, for samples under shear with 𝑢𝑠 >
0mm, with the increment of confining pressure, Re𝑐 firstly
increases and then decreases as shown in Figure 13, present-
ing the same trends with most of the samples in Figure 12.
For 𝜎𝑛 = 1.0∼3.0MPa, the range of Re𝑐 (Re𝑐 = 1.50∼13.03) in
the work of Rong et al. [104] is a little larger than that (Re𝑐 =
0.16∼9.24) of Zhou et al. [98].
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3.3. Effect of Fracture Surface Roughness. Fracture surface
roughness can alter the distributions of void spaces of
fractures, especially during shear [101, 118–121]. Besides, the
rougher fracture surface contributes to the longer flow paths
that a particle moves within fractures, resulting in a weaker
conductivity/permeability if the same pressure difference is
applied on the opposing boundaries [36, 77, 122, 123]. The
previous works have shown that the fracture surface rough-
ness, especially the secondary roughness, plays a significant
role on the nonlinear flow properties of rock fractures,
because the eddy flow occurs due to the surface roughness
[79]. Wang et al. [124] established a series of 3D self-affine
rock fractures using the successive random additions (SPA)
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Figure 12: Relationships between Re𝑐 and 𝜎𝑛 based on the data
replotted from Zhou et al. ([98], Figure 8).
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Figure 13: Relationships between Re𝑐 and 𝜎𝑛 based on the data
replotted from Rong et al. ([104], Figure 9).

method, in which the geometry of fracture surface is fractal
[125, 126]. The fractal dimension (𝐷3) is incorporated to
characterize fracture surface roughness, which is correlated
with the Hurst exponent (H) as D3 = 3 − 𝐻 [127–131]. Then a
3D Lattice Boltzmannmethod (LBM) that has been proven to
be capable of solving the NS equations [132–135] is adopted to
characterize the nonlinear flow regimes in rock fractures.The
results show that, with increasing fracture surface roughness
represented by𝐷3, Re𝑐 decreases from 47.29 to 3.78 following
an exponential function (see Figure 14), because the fluid flow
within the rougher fractures will enter the nonlinear flow
regime from the linear regime at a lower Re.The range of Re𝑐
(3.78∼47.29) corresponding to𝑁𝑓 = 0.1 or T/T0 = 0.9 is larger
than that (1.8∼22.0) shown in the work of Wang et al. [124],
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since they utilized𝑁𝑓 = 0.05 or T/T0 = 0.95 as the threshold.
Liu et al. [40] studied the transition of fluid flow from the
linear to the nonlinear regime and quantified the critical
hydraulic gradient (𝐽𝑐) for flow in simple crossed fractures
and complex fracture networks. The results show that 𝐽𝑐
decreases significantly when JRC < 5 and then decreases
slightly when JRC ≥ 5, following power law functions as
presented in Figure 15. Note that, in their study, the onset of
nonlinear flow is categorized using𝑁𝑓 = 0.01 or T/T0 = 0.99
rather than the commonly used𝑁𝑓 = 0.10 or T/T0 = 0.90 due
to their high-precision flow testing system that allows them

to adopt a much lower critical condition. By fitting the tested
and simulated results, amultivariable regression functionwas
proposed to calculate 𝐽𝑐, written as

𝐽𝑐 = (𝜆𝐸)−0.5 ⋅ exp {300.8 (𝜆𝐸)−0.01 − 0.03JRC
− 0.3𝑁0.5𝑖 − 303.3} ,

(35)

where 𝑁𝑖 is the number of intersections and 𝜆 is the coeffi-
cient that quantifies the reduction of 𝐸 due to the variation of
fracture apertures in a DFN.

The predicted 𝐽𝑐 using (35) fits well with the simulation
results of DFNs with well-known geometric characteristics of
fractures, which verifies the validity of (35).

3.4. Effect of Fracture Aperture. In the cubic law as described
in (27), flow rate is linearly proportional to the cubic of
fracture aperture, indicating that fracture aperture plays a
vital role in controlling fluid flow in fractures. The fracture
aperture has been observed to follow lognormal distributions
[136–138] and incorporated into the theoretical models [32,
139–142]. Some previous works show that fracture aperture
exhibits a power law relationshipwith fracture lengthwith the
exponent varying from 0.5 to 2.0 [66, 143–147].The nonlinear
flow properties of fractures also depend on the magnitude
of fracture aperture. Liu et al. [117] took four rock samples
of granite (S1 and S2), marble (S3), and limestone (S4) from
the underground caverns of theHuangdao StateOil Reserves,
China, and scanned their surface geometries using a three-
dimensional laser-scanning rock surface instrument [148]. A
total of twenty 2D rock fractures were prepared and fracture
aperture varied from 1.0mm to 10.0mm. Fluid flow was
simulated by directly solving the NS equations, and the non-
linear flow regimes were investigated. The results show that,
with the increasing 𝐽, the reduction rate of T/T0 increases
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and then decreases, existing an inflection point that has been
utilized to quantify the transition from linear to nonlinear
flow regime (see Figure 16(a)).With the increment of fracture
aperture (𝐸) from 1.0mm to 10.0mm, 𝐽𝑐 decreases approx-
imately four orders of magnitude following a power law
function as shown in (36) and Figure 16(b).

𝐽𝑐 = 0.0627 × 𝐸−3.87. (36)

𝐽𝑐 calculated corresponding to T/T0 = 0.9 is smaller
than that calculated corresponding to the inflection point.
Based on the simple DFNs established by Liu et al. [40], the
relationships between 𝐽𝑐 and 𝐸 were established as shown in
Figure 17. With the increment of 𝐸 from 0.5mm to 10.0mm,𝐽𝑐 decreases and spans about five orders of magnitude
following power law relationships, despite the magnitude of𝑁𝑖. The coefficient and exponent of the fitted equations are
close to those in (36). The results show that, for both single
fractures and fracture networks, 𝐽𝑐 and 𝐸 have power law
correlations with a negative exponent.

3.5. Effect of Fracture Intersection. Fluid is redistributed at
the intersections depending on the number and geometry of
fracture segments connected to the intersection [78]. Wil-
son and Witherspoon [149] experimentally investigated the
magnitude of laminar flow interference effects at sing fracture
intersections. They found that when flow is in the laminar
flow regime, the inertial effects at intersections can be
negligible and when Re = 100, the head loss equals about five
times the pipe diameters. Kosakowski and Berkowitz [150]
established numerical models with a wide variability of frac-
ture intersection geometry and studied the streamline distri-
butions as well as the validity of Darcy’s law, by solving the
NS equations using the available FEATFLOW package [151].
Their results indicate that the nonlinear inertial effects are
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Figure 17: Relationships between 𝐽𝑐 and 𝐸 based on the data
replotted from Liu et al. ([40], Figure 6(a)).

significant for Re = 1∼100, which is the range that often exists
in the karst systems [17] and/or in the vicinity of wells during
pump tests [18]. As introduced in the previous Sections 3.3
and 3.4, Liu et al. [40] estimated the influence of number
of fracture intersections on the basis of a series of simple
and complex DFNs.The results show that, with increasing𝑁𝑖
from 1 to 12, 𝐽𝑐 decreases significantly and then slowly show-
ing power law functions as shown in Figure 18.The reduction
rate of 𝐽𝑐 for JRC = 20 is about five times faster than that for
JRC = 0. Comparisons among Figures 15, 17, and 18 indicate
that 𝐽𝑐 is the most sensitive to fracture aperture, followed by
the number of intersections and fracture surface roughness.
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4. Conclusions

Before permeability estimation of fractured rock masses, the
critical conditions for the onset of nonlinear flow such as crit-
ical Reynolds number and critical hydraulic gradient should
be firstly calculated, belowwhich the cubic law in conjunction
with modifications is applicable for giving reasonable solu-
tions and beyondwhich the complexNavier-Stokes equations
rather than cubic law should be solved. However there exist
many difficulties of solving the Navier-Stokes equations in
three-dimensional single fractures and/or fracture networks,
because a set of coupled nonlinear partial derivatives of
varying orders should be solved and discrete fracture network
models having complex geometries should be established. As
a result, there are still limited works focusing on nonlinear
flow properties of fluid within fractures. This is the motiva-
tion of this work that summarizes the relative works on the
evolution of critical conditions for the onset of nonlinear flow
and provides a reference for those who are interested in this
topic.

The results show that, with the increment of shear dis-
placement, critical Reynolds number increases significantly
due to the robust effect of dilation and then increases slowly
due to the weak effect of dilation. The variation trend of
critical Reynolds number is close to that of fracture aperture
during shear. When shear displacement varies from 0mm to
20mm, the critical Reynolds number increases from 0.001
to 25. The normal stress and/or confining pressure that is
perpendicularly applied on the fracture would give rise to
fracture aperture closure and affect the magnitude of critical
Reynolds number. For most of the cases, with increasing
normal stress and/or confining pressure from 0 to 30MPa,
critical Reynolds number increases firstly and then decreases,
in the range 0.026∼9.243. Fractures that have rougher surfaces
will lose more energies due to eddy flow, resulting in the

stronger nonlinear inertial effects and the smaller values of
critical Reynolds number. As the fractal dimension of sin-
gle three-dimensional fractures that is utilized to describe
fracture surface roughness increases from 2.2 to 2.5, the
critical Reynolds number decreases from 47.29 to 3.78 fol-
lowing an exponential function. Fracture aperture, which is a
vital parameter to influence the transmissivity of fractures,
plays an important role on critical hydraulic gradient. With
increasing fracture aperture from 1.0 to 10.0mm, the critical
hydraulic gradient decreases for about 4∼5 orders of magni-
tude following power law functions for both single fracture
profiles and complex fracture networks.Theflowpaths of par-
ticles will be redistributed at fracture intersections; therefore,
the fracture intersection would enhance the nonlinearity of
fluid flow, resulting in a smaller critical hydraulic gradient
with a larger number of intersections. The critical hydraulic
gradient and number of intersections show exponential
relationships. Among fracture aperture, surface roughness,
and number of intersections, the critical hydraulic gradient
is most sensitive to fracture aperture, followed by number of
intersections and surface roughness.

Future works should be devoted on the influences of
coupled (thermo-hydro-mechanical-chemical) THMC pro-
cesses, precipitation-dissolution, and biogeochemistry on the
evolutions of critical conditions such as critical Reynolds
number and critical hydraulic gradient.
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Aqueous crude oil often contains large amounts of produced water and heavy sediment, which seriously threats the safety of
crude oil storage and transportation. Therefore, the proper design of crude oil tank drainage device is prerequisite for efficient
purification of aqueous crude oil. In this work, the composition and physicochemical properties of crude oil samples were tested
under the actual conditions encountered. Based on these data, an appropriate crude oil tank drainage device was developed using
the principle of floating ball and multiphase flow. In addition, the flow field characteristics in the device were simulated and the
contours and streamtraces of velocity magnitude at different nine moments were obtained. Meanwhile, the improvement of flow
field characteristics after the addition of grids in crude oil tank drainage device was validated. These findings provide insights into
the development of effective selection methods and serve as important references for oil-water separation process.

1. Introduction

The purpose of developing oilfields is to gain oil and natural
gas which have broad use value, high economic benefit,
and stringent specification. But, almost every oilfield around
the world has to go through the development phase of
water cut, especially oilfields which take fast recovery rate
or water injection mode. Therefore, the aqueous crude oil
is ubiquitous in the development of oilfield [1, 2]. Besides,
crude oil and water also carry and dissolve a large collection
of salts when moving in the reservoir, such as sulfate,
carbonate, and chloride including potassium chloride and
sodium chloride. Therefore, fuel-air mixture often contains
large amounts of produced water, sediment, and other heavy
solids. On the other hand, content of water will increase in
later development, and salts aremainly dissolved in the water.
According to statistics, weight ratio of water to oil can even
reach 10, solidsmay reach 1 wt%∼1.5 wt%, andmore than 90%
of produced crude oil requires tedious purification drainage
[3].

The composition and quality of aqueous crude oil can
directly affect application potential, increase treatment pro-
cesses and delivery power consumption, and cause corro-
sion of metallic conduit and equipment. In addition, heavy
solids can do great physical damage to metallic conduit and
equipment. Furthermore, the aqueous crude oil has a strong
impact on oil refinery processes [1, 3]. Salts and heavy solids
contained in crude oil are usually dissolved and suspended in
the water. As it has been mentioned, crude oil drainage is a
comprehensive process of purification.

In the past drainage works, people detected oil-water
surface with probe, opened drain valve artificially, and waited
on duty. This method of operation has a lot of disadvantages,
such as low automaticity, high safety requirements, and inde-
finable working hours. When large-capacity storage tanks
drain by gravity, most of the water regions far from valve
at the bottom of the tanks are deemed to be dead zone and
the upper area will be flow zone if the open degree of drain
valve is overlarge. If this part of oil due to vortex motion
remixes withwater and drain, the drying pool and air of drain
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Table 1: Density and viscosity of oil and produced water.

Sample Test temp Density Viscosity
(∘C) (g/ml) (mPa⋅s)

Oil 33 0.830 7.64
Produced water 22 1.015 0.96

area will be polluted, and that will consequentially increase
burden for sewage treatment. But if the open degree of drain
valve is too small, the efficiency will be low and people will
waste much time for watching on duty. Besides, it could
leave people at risks of hydrogen sulfide poisoning.Therefore,
it is essential to design a new reasonable safety drainage
device.

Some automatic or semiautomatic drainage devices were
designed and produced [4–7], but some factors restrict the
popularization and application in dehydration field, such as
complex system, low reliability, high cost, and safety hazard.

2. Methods

2.1. Design Process of Drainage Device. In development pro-
cess of drainage device, it is necessary to test the composition
and physicochemical properties of crude oil sample because
the valve body materials, device capacity, scale inhibition
properties, and anticlogging measures are required to be
determined according to the actual conditions.

In this paper, several exposed cylindrical metal arched
storage tanks which have capacities of 3500m3 and 4500m3
are mainly studied. Ambient temperatures of oil storage
district range from −28 to 33 degrees centigrade; the crude
oil contains small amount of silt sediment; and volume ratio
of water to tank is usually about 2.5%. According to field
sampling and dewatering until water cut of sample is below
0.5%, then testing gel point of sample used test method for
gel point of crude oils (Standard, China, SY/T0541-2009) as a
reference [8].The results indicated that the gel point of sample
is 18 degrees centigrade, and the density and viscosity of oil
and produced water are tested as shown in Table 1.

Salts, water, and other materials are unavoidably con-
tained in crude oil, salts are mainly ionized in the water,
crude oil intermixes with water, and then a relatively stable
emulsion is formed.This emulsion makes an electrochemical
reaction with vessel walls in the process of manufacture,
storage, and transportation that will lead to vessel corrosion
and loss of service life [9]. Meanwhile, the emulsion also
can be attached to vessel walls and formed dirt because of
high viscosity. All of the above factors will reduce efficiency
of equipment. The demulsification process of pretreatment
techniques of crude oil is for the purpose of excellent salt
removal at minimum cost and effectively aids dehydration
of crude oil. Besides, composition and physicochemical
properties of oil sample are tested in lab. The results of
chemical properties show that content of paraffin is 12.16%,
colloid is 18.87%, asphalt is 4.23%, and sulfur is less than
0.03%. The test results of emulsion lay a foundation for the
development of drainage device.

Figure 1: Schematic diagram of drainage device.

Schematic diagram of drainage device is shown in Fig-
ure 1. In the beginning, the floating ball is placed at the
bottom of the device, and the water outlet is off. As the device
starts to drain, the density of fluid is the same as water at
the beginning, and the density of floating ball is less than
fluid; thus the floating ball gradually moves upward and then
makes the water outlet open. The flow rate is controlled by
valve opening degree. As time goes on, the water level of
oil tank continuously decreases and oil begins to enter the
device for some time past. As the ratio of oil and water keeps
on increasing, the density of mixture continuously decreases.
The floating ball will gradually move downward and close the
water outlet when the density of mixture is less than floating
ball. Drainage will stop and the whole process is finished.

The density of floating ball is between crude oil andwater,
but the composition of crude oil is not unchangeable in the
process of production. Therefore, it is necessary to increase
or decrease the weight of floating ball for purpose that the
density of floating ball is within a reasonable limit [10, 11].
Since the weight of floating ball has a great effect on drainage
device, it should bewatched closely at the change of oil quality
and match the weight of floating ball in real applications.

2.2. Model Reconstruction. A large-capacity drainage device
is calculated based on commercial computational fluid
dynamic (CFD) code Fluent, core data is extracted, and
necessary simplification is made through the preliminary
design of device and relevant specification of the project.
Three-dimensionalmodel is established by usingUnigraphics
(UG) software, as shown in Figure 2. The drainage device
is 600mm high, the diameter of cylinder is 300mm, the
diameter of floating ball is 180mm, and the diameter of inlet
pipe is 150mm and 50mm for the outlet pipe. The dynamic
layeringmodel is used and number of dynamicmesh achieves
180,000. And unstructured grids are used too; the EquiSize
Skew and EquiAngle Skew in detection are 0.52 and 0.43,
respectively. It is indicated that the grids generated are simple,
of high quality, and suitable [12].

In this paper, the realizable 𝑘-epsilon turbulence model
was adopted, the volume of fluid model and second-order
upwind model is appended, and the implicit unsteady
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Figure 2: Three-dimensional model established by UG.

solution mode was adopted. The flow field characteristics
were described by some calculated turbulent parameters
like turbulent intensity, turbulent kinetic energy, turbulent
scale, and turbulent dissipation rate apart from velocity and
pressure.

2.3. CFDMethod. The fluid in crude oil tank drainage device
is assumed to be isothermal, adiabatic, and incompressible
[12].The approximate range of Reynolds number, one dimen-
sionless parameter, is 850–2300 under different conditions
in the model. Owing to the continuous change of the cross
sections of this model and the velocity of the airflow, the
Reynolds number changes incessantly. The highest Reynolds
number can reach about 7200. Within the change range
of the Reynolds number, the airflow in the crude oil tank
drainage device model is turbulent. Based on the range of
the Reynolds number, the standard 𝑘-𝜔 model is chosen as
the appropriate turbulence model in order to calculate the
flow field characteristics of the inside crude oil tank drainage
device more accurately.

The fundamental equations of the standard 𝑘-𝜔model are

𝜕
𝜕𝑡 (𝜌𝑘) +

𝜕
𝜕𝑥𝑖 (𝜌𝑘𝑢𝑖) =

𝜕
𝜕𝑥𝑖 (Γ𝑘

𝜕𝑘
𝜕𝑥𝑖) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘

𝜕
𝜕𝑡 (𝜌𝜔) +

𝜕
𝜕𝑥𝑖 (𝜌𝜔𝑢𝑖)

= 𝜕𝜕𝑥𝑗 (Γ𝜔
𝜕𝜔
𝜕𝑥𝑗) + 𝐺𝜔 − 𝑌𝜔 + 𝑆𝜔.

(1)

In these equations, 𝐺𝑘 represents the turbulence kinetic
energy generated by laminar velocity gradient. 𝐺𝜔 is gener-
ated by the 𝜔 equation; Γ𝑘 and Γ𝜔 represent the diffusivities
of 𝑘 and 𝜔, respectively; 𝑌𝑘 and 𝑌𝜔 represent the turbulence
generated by diffusion. 𝑆𝑘 and 𝑆𝜔 are user-defined source
terms.

This article uses the commercial software Ansys14 for the
CFD calculation. Based on the finite volume method, the
Ansys software owes the characteristics like good stability,
wide scope of application, high precision, and so forth. The
calculation process uses separate method and adopts the
SIMPLE algorithm to couple the pressure and velocity. It
belongs to one method of the pressure correction methods
and is presented by Patankar and Spalding in 1972 [13].
The dispersion of 𝐺𝑘 and 𝜔 adopts second-order upwind
scheme.

The ICEM-CFD (Integrated Computer Engineering and
Manufacturing code for Computational Fluid Dynamics) is
used in grid division for this real model. Because the upper
respiratory tracts model is real, the structure is extremely
complex. So the grid division adopts the tetrahedral grid
form of the unstructured grid. According to literature [14],
this unstructured tetrahedral grid can well reflect the flow
field of the respiratory tracts. It makes favorable qualities
by proper regional compactness in the sections owing to
large curvature. From the calculations of 400000, 700000,
and 1050000 grid numbers, respectively, the 700000 grid
numbers can satisfy the calculation requirements and reflect
the characteristics of flow field better. The convergence
criteria are defined as 10−5 here.

3. Results and Discussion

Thedensity of fluid was controlled by User-Defined Function
(UDF), and the area and numbers of dynamic grid genera-
tions continually changed over time. Based on positions of
floating ball at different moments, the whole process was
divided into nine moving stages (T1–T9) during all this
movement for the purpose of studying flow field of drainage
device. Contours of velocity magnitude and streamtraces
were shown in Figures 5 and 6, respectively.

It was shown in Figure 3 that the floating ball moved
upward from T1 moment to T4 moment and the gap at
the bottom of the floating ball kept on increasing, because
the outlet flow was always less than the inlet flow and
the density of floating ball was less than current fluid. For
the movement of the floating ball, the maximum velocities
were on a declining curve. From T5 to T7, typical pipe
flow characteristics were shown and the maximum velocities
appeared in the central position of pipe and maintained
stability. At these moments, the outlet flow was basically
in accordance with the inlet flow and the device enjoyed
optimal draining condition. As the density of fluid decreased
continuously from T8 moment to T9 moment, the floating
ball moved downward under gravity. And the gap at the
bottom of the floating ball kept on decreasing, which leads
to slight increase of the maximum velocity.

The result in Figure 4 showed that there were always
vortexes of which the position and scope differed greatly
at the lower left of the device during movement of the
floating ball; meanwhile the streamtraces were also widely
variable. In contrast to results from T7 to T9 in Figures
5 and 6, the contours of velocity magnitude were similar
at the same position during movement of the floating ball,
but the streamtraces were quite different, which indicated
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Figure 3: Contours of velocity magnitude during movement of floating ball.
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Figure 5: (a) Contours of velocity magnitude; (b) contours of velocity vector; (c) contours of stream function; (d) contours of static pressure;
(e) contours of turbulent intensity; (f) contours of turbulent kinetic energy in drainage device at T3 moment.

that the flow field characteristics had big differences during
movement of the floating ball.

3.1. Analysis of Interior Flow Field Characteristics. Confined
to the length of the thesis, only flow field characteristics at T3
moment and T6moment were analyzed. Contours of velocity
magnitude (a), velocity vector (b), stream function (c), static
pressure (d), turbulent intensity (e), and turbulent kinetic
energy (f) in drainage device at T3 moment were described,
as shown in Figure 5. At this moment, the floating ball had
just reached the lower mid position of liquid inlet, and the
gap at the bottom of the floating ball kept on increasing.
The flushing action of influent liquid led to uneven force of
the floating ball, but flow irregularity turned to be weak. As
shown in Figure 4, the flow field on left and right sides of
floating ball displayed an asymmetric distribution, and the
left side showed an area of lower velocity.The flow field on the
right side was uniformly distributed, and velocity increased
from device walls to surface of floating ball. As shown in
Figure 5(c), the lower left of device formed vortex because

of the flushing action of influent liquid and retardation in
the local scope. The flow field on upside of floating ball
maintained stability, and the maximum velocity appeared in
the central position of drainpipe.

As shown in Figure 5(d), the static pressure underneath
the floating ball had risen to the same level as the upside of the
floating ball. Surprisingly, the static pressure in the drainpipe
was much lower and well distributed. Figures 5(e) and 5(f)
showed that the maximum turbulent intensity, at a value of
5.16, existed at the lower right of the floating ball and the
right side in the drainpipe. The value of maximum turbulent
kinetic energy was 4m2/s2.This situationmay result from the
fact that the floating ball was almost at the opposite side to the
water inlet, which promoted the formation of disturbance.
Scrutinizing the turbulent intensity and turbulent kinetic
energy revealed the variation of the former is more dramatic
than the latter.

Contours of velocity magnitude (a), velocity vector (b),
stream function (c), static pressure (d), turbulent intensity
(e), and turbulent kinetic energy (f) in drainage device at T6
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Figure 6: (a) Contours of velocity magnitude; (b) contours of velocity vector; (c) contours of stream function; (d) contours of static pressure;
(e) contours of turbulent intensity; (f) contours of turbulent kinetic energy in drainage device at T6 moment.

moment were described, as shown in Figure 6. Figures 6(a),
6(b), and 6(c) showed that the velocity of the lower left side
of the floating ball was bigger than one of the right side which
almost appeared in static state. Besides, velocity distribution
was obviously asymmetrical, typical pipe flow characteristics
were shown, and the maximum velocity which achieved
3.12m/s appeared in the central position of drainpipe.

It was shown in Figure 3 (T6), Figure 4 (T6), and
Figure 6(c) that the flow field of upper right side was almost
static state. Scrutinizing the postprocessing results by Tecplot
and Fluent software, respectively, revealed the variation of the
former shows better details of flowfield characteristics such as
detailed distribution, direction, and distance of streamlines,
but the latter is better at fast output of streamlines.

As shown in Figure 7(d), the static pressure of lower left
side of the device was almost the same with the upper side,
and the static pressure of the inlet position was lower because
of dynamic pressure. Contours of turbulent intensity (e) was
similar with ones of turbulent kinetic energy (f); both of them

showed that higher turbulent intensity and turbulent kinetic
energy appeared at the lower left side and lower right side
of the floating ball’s bottom in the device, and the maximum
value appeared at both sides of the top in the drainpipe. The
turbulent intensity at the inlet position of the devicewas lower
because there was larger inlet as well as smaller outlet in the
device [15]. At thismoment, turbulence of fluidwas lower and
it was beneficial to drain.

3.2. Effects on Installation of Grids. Installation of grids in the
device can be used to enhance stability of floating ball, make
the inlet water well distributed, and decrease the flushing
action to floating ball. Besides, the grids could also decrease
the turbulent intensity of the flow field in the device, cut the
stagnant area of water in drainage process, and guarantee
the device safe, stable, and highly efficient operation. The
grids installed in device were 390mm high, and the diameter
of cylinder was 248mm, the size of circular mesh was
6mm, and thickness was 2mm.The flow field characteristics
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Figure 7: (a) Contours of velocity magnitude; (b) contours of velocity vector; (c) contours of stream function; (d) contours of static pressure;
(e) contours of turbulent intensity; (f) contours of turbulent kinetic energy after installation of grids at T3 moment.

after installation of grids at T3 moment were shown in
Figure 7.

In contrast to contours of velocity magnitude (a) and
velocity vector (b) before (Figure 7) and after (Figure 7)
installation of grids in the device at T3 moment, it was
shown that the velocity of liquid at the position of inlet was
distributed in a holistic uniformmanner, various parts in the
device can be faster filled with liquid, and it was beneficial
to higher efficiency drainage after the installation of grids.
Contours of stream function (c) showed that the formed
vortex was significantly reduced and the streamline wasmore
uniform. The results suggested that the flushing action of
liquid turned to be weak. Figure 7(d) indicated that the static
pressure on both sides was uniform symmetric distribution
and the stability was enhanced as well as a lower head loss
characteristic.

In contrast to contours of turbulence intensity (e) and
turbulent kinetic energy (f), it was shown that the turbulence
intensities varied widely before and after the installation of

grids, and obviously the latter was distributed in a holistic
uniform manner. Meanwhile, turbulence of the drainage
device was lower. It could improve the characteristics of flow
field by adding the grids, which was also mentioned in other
literatures [16–18].

4. Conclusions

The following conclusions could be drawn as follows:
(1) It is extremely important to test the physicochemical

properties of crude oil sample for rational design of drainage
device and accurate simulation of flow field characteristics.

(2) The flow field characteristics of drainage device,
including pressure, velocity, and turbulent intensity, are
obtained by numerical simulation method, which could
reflect the validity of drainage effectiveness.

(3) Installation of grids could significantly optimize the
flow field characteristics and, furthermore, improve the
effectiveness of drainage and oil-water separation process.
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(4) The analysis on the parameters such as velocity
magnitude, vector, and stream function is conductive to
drainage device design modification.

These findings provide insights into the development of
effective selectionmethods and serve as important references
for oil-water separation process.
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Solute transport in low-permeability media such as clay has not been studied carefully up to present, and we are often unclear
what the proper governing law is for describing the transport process in such media. In this study, we composed and analyzed
the breakthrough curve (BTC) data and the development of leaching in one-dimensional solute transport experiments in low-
permeability homogeneous and saturatedmedia at small scale, to identify key parameters controlling the transport process. Sodium
chloride (NaCl) was chosen to be the tracer. A number of tracer tests were conducted to inspect the transport process under different
conditions. The observed velocity-time behavior for different columns indicated the decline of soil permeability when switching
from tracer introducing to tracer flushing. The modeling approaches considered were the Advection-Dispersion Equation (ADE),
Two-Region Model (TRM), Continuous Time RandomWalk (CTRW), and Fractional Advection-Dispersion Equation (FADE). It
was found that all themodels can fit the transport process very well; however, ADE and TRMwere somewhat unable to characterize
the transport behavior in leaching.TheCTRWand FADEmodels were better in capturing the full evaluation of tracer-breakthrough
curve and late-time tailing in leaching.

1. Introduction

Low-permeability porous media (LPPM) exist extensively in
natural sedimentary deposits such as shale and clay. They
have played critical roles in protecting groundwater re-
sources, affecting the accumulation of petroleum and ore
deposits, and controlling geological processes such as struc-
tural evolution of the crust [1–5]. Contaminant migration in
clay-rich soils may still be important because in several areas
these soils are placed on top of aquifers and along the streams.
It is a little hard to understand the solute transport mech-
anism in LPPM using actual experiments. This is partially
due to the challenges of designing adequate experimental
apparatus for acquiring accurate data of flow and transport
in such media, and partially due to the extremely long time
needed for carrying out such experiments. For example,
Gerke and Köhne [6] carried out bromide tracer tests and
analyzed the preferential flow and bromide leaching with the
dual-permeability method. Gongsheng et al. [7] considered

an actual column test experiment with subclay soils and
addressed the issues of inverse problems of parameter identi-
fication. Konikow et al. [8] presented the column experiments
to address the so-called clay dispersion issue by quantifying
the relations between permeability changes and clay mineral-
ogy, clay content, and initial water salinity.

A large body of literature related to solute transport in
LPPM often involved the so-called “numerical experiments”
or numerical simulations where an imaginary rather than an
actual experiment was conducted. For example, Guimerà and
Carrera [9] interpreted the tracer test in low-permeability
fractured media. Guswa and Freyberg [10] discussed a Peclet
number that effectively characterized highly asymmetric
solute transport breakthrough curves (BTCs) within low-
permeability enclosures. In Ozturk and Ozkan [11] the pref-
erential flow phenomena were presented and insights were
provided on the leaching process of salt through large clay
loam and sandy clay loam soil columns. Hsieh and Freckleton
[12] developed a MODFLOW module to efficiently simulate
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the three-dimensional solute transport in thin, vertical, low-
permeability geological media [13], while Chapman et al.
[14] explored the validity of numerical models (e.g., Hydro-
GeoSphere, FEFLOW, and MODFLOW/MT3DMS) in high
resolution models to simulate diffusion into and out of low-
permeability regions. Chambon et al. [15] compared the Dis-
crete Fracture Network (DFN) and Equivalent Porous Media
(EPM) models, in terms of peak concentration and leaching
time for contaminated sites in low-permeability fractured
media. Li et al. [16] proposed a coupled solute transport
model to assess the complicated interaction of the multifields
and their impact on pollutant leakage through landfill lin-
ers. Leij and Bradford [17] presented an analytical solution
for reactive transport in a dual-permeability medium with
reversible and irreversible mass transfer between the aqueous
and the sorbed phases. Barns et al. [18] applied HydroGeo-
Sphere (HGS) to explain small scale tracer tests in a low-
permeability layer, where BTCs were characterized by the
early-time slightly higher concentrations and the features of
flow patterns were equated with the transport behavior of an
inorganic conservative tracer.

Despite the above-mentioned investigations, solute trans-
port in LPPM is still poorly understood in a general sense. For
example, it is still unclear what governing equation to use for
properly describing the transport process in such media and
whether one can use the Fick’s law to describe the transport
process or not. Furthermore, if Fick’s law can be used,
what is the proper range of dispersivity values for LPPM,
and how different are they from those for permeable sandy
aquifers? One can only answer these questions by conducting
the laboratory and/or field transport experiments in such
media. Performance and analysis of controlled experiments
in the laboratory permit the investigation of various flow
phenomena and their parameters on relatively small scales of
distance and time [19].

Tracer tests have been commonly used for several decades
as benchmark experiments for investigating solute transport
in porous media. A main contribution of this study that is
different from previous tracer tests is to characterize trans-
port in subsurface low-permeability media and the validity of
the transport theories at various scales in suchmedia. Ballard
et al. [20] have taken into account radioactive tracers test
to investigate the movement of water and stated that, under
conditions of zero applied pressure, concentration gradients
are the driving mechanism for mass transfer of ionic species
through the shales. Solute transport in porous media was
usually described by the Advection-Dispersion Equation
(ADE) [21, 22]. According to Margolin and Berkowitz [23],
ADE models are based on the assumption that dispersion
behaves macroscopically as a Fickian process [24] with the
dispersivity being assumed to be constant in space and time.
However, sometimes dispersivity exhibits a scale-dependent
feature [25] and ADE is not able to define such solute
transport process effectively. Many researchers (e.g., [26–30])
showed that the measured concentrations were sometimes
higher at the early arrival of breakthrough curves and lower
at the tails of breakthrough curve than those estimated by
ADE.Desbarats [31] reported a series of numerical tracer tests
and found that the longitudinal macrodispersive spreading

of a form is inconsistent with ADE. In these circumstances,
the dispersion of solute transport with respect to time and
distances was no longer behaving as a Gaussian form.

Cumbie and McKay [32] presented the influence of
particle size on transport in a fractured clay-rich saprolite and
investigated faster diffusion process on colloid distribution.
As pointed out by Bromly and Hinz [33], non-Fickian trans-
port behavior can also be recognized in homogeneousmedia.
Alternatively, scientists have focused on employing new the-
ories and techniques to study the observed solute transport
behavior in the porous media. Pertinent among them is the
Two-Region Model (TRM) offered by van Genuchten and
Wierenga [34] to consider the nonequilibrium mass transfer
process between the mobile and immobile zones in hetero-
geneous soils. Moreover, it has been established by several
researchers that TRM can successfully simulate the transport
behavior in homogeneous soils [35–37]. Both ADE and TRM
are less satisfactory in describing certain tracer transport
features, particularly in the case of late-time tailing and
decrease in tracer concentration.

The discharge from low-permeability area in the ground-
water can be considered a durable source that often chal-
lenges remediation strategies [38]. As reported by Cortis and
Berkowitz [39], it is important to precisely determine both the
early arrival and late-time tailing behavior for subsurface con-
taminants and for ground water remediation problems. Ben-
son et al. [40, 41] presented the Lévy motion-based theory,
namely, Fractional Advection-Dispersion Equation (FADE),
to define and model these anomalous transports, and spatial
and temporal spreading of solute concentration. FADE is
successful in modeling saturated and unsaturated transport
in porous media [29, 42–45] and is very useful for solute
transport in soils for the separation of scale effects from the
values of dispersion coefficient. Over the years, Continuous
Time Random Walk (CTRW) has been applied to model a
wide range of solute transport problems [46–48] including
both laboratory [39, 49–51] and field tracer tests [52, 53].

On the other hand, Huang et al. [27] reported the con-
taminant transport analysis in homogeneous porous media,
and Xiong et al. [28] modeled the solute transport in one-
dimensional homogeneous soil columns with ADE, CTRW,
and FADE. Gao et al. [54] thoroughly evaluated the appli-
cability of ADE, TRM, CTRW, and FADE in fitting and pre-
dicting BTCs for simulating anomalous tracer transport in a
12.5m long heterogeneous soil column. Kuntz et al. [30]
measured BTCs with ADE, TRM, and CTRW by performing
tracer experiments to interpret solute transport behavior
within bedrock.

The objective of this study is to report a series of carefully
designed tracer test results of low-permeability clay soil
columns. Three set of experiments were conducted: (i) same
column diameter (14 cm) with different sample lengths (3 cm,
5 cm, and 8 cm); (ii) same sample length (5 cm) with different
column diameters (7 cm, 9 cm, and 10 cm); (iii) columns
with rough inner wall, having the same diameter (14 cm)
with different sample lengths (3 cm, 5 cm, and 8 cm). Four
different models including ADE, FADE, TRM, and CTRW
were used to simulate the experimental results, and the
transport behavior in LPPM was thorough analyzed.
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Table 1: Summary of soils sample diameters and particle size distribution (%).

>0.075mm 0.075mm∼0.05mm 0.05mm∼0.01mm 0.01mm∼0.005mm 0.005mm∼0.002mm <0.002mm Soil sample name
6.1% 5.9% 20.1% 17.8% 0.6% 49.5% Heavy silty clay

Sample bottle

Gravel

Gravel

Clay

Over �ow tank

Outlet

Inlet

Clean water NaCl solution

Figure 1: Schematic diagram for homogeneous and saturated columns experiments.

2. Methods

2.1. Column Experiments Preparation. We have conducted a
series of laboratory experiments for one-dimensional solute
transport in low-permeability homogeneous and saturated
soil columns using vertical Plexiglas columns with various
sample diameters of 7–14 cm and various sample lengths of
3–8 cm. The homogeneous columns were filled with clay soil
samples, which were taken from the nearby mountains in
Wuhan, Hubei Province, China. For the clay media (i.e.,
Heavy silty- clay) used in this study hydraulic conductivity
was found to be around 10−5 cm s−1 [55]. Approximately,
similar hydraulic conductivity was reported byNeuzil [19] for
clay soil. After the removal of all impurities such as gravel
particles, residual leaves, and roots, then the clay particles
with grain sizes smaller than 0.3mm were used as testing

media. The collected soil samples were air-dried, sieved,
and stored at room temperature foregoing the experiments.
Particle size distribution of soils used in the study is shown
in Table 1, which is according to the People’s Republic
of China national standards GB/T50123-1999 “Earthwork
Experimental Technique Standard.”The bulk density and the
total porosity of the soil columns are shown in Table 2.

2.2. Experimental Set-Up. The test installation comprised
primarily of a water-supply device (Mabottle), a Plexiglas col-
umn, and a water outflow installment (steady-flow water
tank); schematic diagram for the experiments is shown in
Figure 1. Three sets of soil columns were prepared to observe
the groundwater flowand solute transport characteristics due
to the change in soil column length and diameter: (i) same
column diameter (14 cm) with different column lengths
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(3 cm, 5 cm, and 8 cm); (ii) same column length (5 cm) with
different column diameters (7 cm, 9 cm, and 10 cm); (iii)
columns with rough inner wall, having the same diameter
(14 cm) with different column lengths (3 cm, 5 cm, and 8 cm).
For above sets of (i) and (ii) the innerwalls of the soil columns
are smooth. The inner wall of the soil column in set (iii) is
rough and the roughness is somewhat similar to the grain size
of the sample. The entrance and exit surfaces of packed soil
columns were covered with gravels with particle diameters of
2∼3 cm.

The column was then filled from bottom with tap water
for 48–72 hours tomake the soil fully saturated. During water
saturation process, if the bubbles or cracks appeared within
the soil columns, the soils were extracted from the columns
then refilled and saturated again from the bottom to ensure
that no bubbles or cracks can be found and the soils were
as homogeneous as possible. After establishing steady-state
saturated flow through the column, two conjugate tracer tests
were carried out with each of three sets of soil columns.

During the experiments, the temperature in the labora-
tory was around 25∘C, meaning that the viscosity of the water
can be regarded as constant.The electrical conductivity of the
water samples from the tap was measured using a portable
conductivitymeterDDBJ-350which has a precision of±1.0%.
The first test was a tracer introducing test with a constant
NaCl source concentration of 5 g L−1 (or 0.085mol L−1) and
the subsequent second test was a flushing (or leaching) test
after the exit tracer concentration became stable. A tracer
injection experiment in the homogeneous clay soil column
was done by replacing inflowing tap water with a NaCl
concentration (5 g/L) and in leaching experiment the initial
concentration (5 g/L) was replaced with the tap water. The
concentration used in the experiment may be higher than
values used in some other experiments but this value should
not affect the conclusion of this study as we were dealing
with the relative concentration (i.e., the ratio of actual
concentration over the constant source concentration). One
benefit of using a higher concentration was for the easy
measurement and likely reduction of relative measurement
errors. NaCl is favorable to estimate ground water flow and
transport properties, and is also environmentally benign.
Similarly high values of NaCl [56] were used by Inoue et al.
[57] which presented the results of soil hydraulic and solute
transport parameters with different NaCl concentrations
(e.g., 0.04, 0.05, 0.06, 0.08, 0.1, 0.2, 0.5, and 1.0mol/L). The
head difference over the sample was set around 43 cm to
ensure that the hydraulic gradient was much greater than the
threshold hydraulic gradient.

3. Results and Discussion

3.1. Characteristics of the FlowVelocities. TheDarcian velocity
is an essential element in solute transport and is calculated
from the following [58]:

𝑞 =
𝑄

𝐴
, (1)

where 𝑞 is theDarcian velocity (𝐿𝑇−1),𝑄 is the total discharge
(𝐿3𝑇−1) which can be measured during the experiments,

and 𝐴 is the inner cross-sectional area (𝐿2) of the col-
umn.

In three sets of experiments, Darcian velocity was found
to decrease with time, as shown in Figures 2(a), 2(b), and 2(c).
Three distinctive stages were observed in such a velocity-time
profile for each experimental set-up. The first stage (A) was a
tracer introducing period.The second stage (B)was a flushing
period,which also showed a sharp decline inDarcian velocity,
suggesting the decline of soil permeability. In other words,
the soil samples during the flushing period were not the same
as those for the tracer introducing period, although one did
not change the actual soils in the column. This implied that
at least for tracer tests in LPPM, the transport processes for
the tracer introducing test and tracer flushing test could be
different because the properties of the soil had been inevitably
altered during the switch from tracer introduction to tracer
flushing.The third stage (C) was a stabilized Darcian velocity
after sufficiently long time of flushing, indicating that the
permeability of the soil reached a new stable stage again. The
decline ofDarcian velocitymight be due to the clay dispersion
and swelling in the saline water, as also pointed in some
previous studies [59–61]. Konikow et al. [8] provided a nice
discussion on the relationship of permeability change and
clay mineralogy, clay content, and initial water salinity.

In the first set-up of our experiment (case (i)), the
same diameter (14 cm) with different column lengths (3 cm,
5 cm, and 8 cm) was applied. The Darcian velocities (𝑞) for
the tracer introducing period in 3 cm, 5 cm, and 8 cm soil
columns were stable around 0.25 cmh−1, 0.15 cmh−1, and
0.02 cmh−1, respectively, as shown in Figure 2(a). During the
leaching process, the Darcian velocities in 3 cm and 5 cm
columns were approximately the same which was around
0.05 cmh−1. It was found that Darcian velocity in the 8 cm
column was less than that in the 3 cm and 5 cm columns and
was relatively stable; that is, it remained nearly the same at the
tracer introducing and flushing periods (Figure 2(a)). This
result suggested that permeability of the 8 cm columnwas not
obviously altered during the tracer introducing and flushing
periods, not as those observed for the 3 cm and 5 cm columns.
This implied that the so-called clay dispersion and swelling
effect was less in the 8 cm column than that in the 3 cm and
5 cm columns.

Figure 2(b) showed the Darcian velocity for case (ii)
and differences were clearly observed in all three columns.
Furthermore, it also showed that the tracer introducing and
flushing Darcian velocities were reduced compared to their
counterparts in the first set of experiments (Figure 2(a)). It
was also found that the smaller the diameter of soil column,
the slower the Darcian velocity. This may be understood
as follows. For a cylindrical column with an inner radius
of 𝑅 (or an inner diameter of 2𝑅) and length of 𝐿, the
wall surface/volume ratio is 2𝜋𝑅𝐿/𝜋𝑅2𝐿 = 2/𝑅. Therefore,
a smaller inner diameter of soil column will lead to a
greater wall surface/volume ratio, thus a relatively greater
wall surface resistance to flow, and eventually a smaller
Darcian velocity. A significant differencewas found in Figures
2(a) and 2(b), indicating that the bulk permeability of the
soil columns could be very different when the same clay
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Figure 2: Darcian velocity versus time for three column experiments: (a) smooth wall soil columns with the same inner diameter (14 cm)
but different lengths; (b) smooth wall soil columns with the same column length (5 cm) but different column inner diameters; (c) rough wall
soil columns with the same inner diameter (14 cm) but different column lengths.

materials were packed into columns with different diameters
and lengths.

At the tracer introducing period in Figure 2(c) for case
(iii) (the rough wall columns), Darcian velocities were slower
than their counterparts of the smooth wall columns in
Figure 2(a). It is interesting to see that the Darcian velocities
in both the 8 cm smooth wall (Figure 2(a)) and rough wall
(Figure 2(c)) columns were relatively stable; that is, they are
nearly independent of time at both the tracer introducing and
flushing periods.

3.2. Simulation Results of BTCs. The mathematical and nu-
merical simulation methods for ADE, FADE, TRM, and

CTRW were provided in Supplementary Material available
online at https://doi.org/10.1155/2017/6390607.

Figures 3(a), 3(b), and 3(c) showed the observed andfitted
BTCs of the smooth wall columns with lengths of 3 cm, 5 cm,
8 cm and a diameter of 14 cm, Figures 4(a), 4(b), and 4(c)
showed the results of 5 cm column with diameters of 7 cm,
9 cm, and 10 cm, and Figures 5(a), 5(b), and 5(c) showed
the results for the rough wall columns with lengths of 3 cm,
5 cm, and 8 cm, all with a diameter of 14 cm. The BTCs
at each soil column length and diameter were individually
fitted with ADE, FADE, TRM, and CTRW. The estimated
parameters were shown in Table 3. As shown in Figures 3–5,
the experimental data can be well fitted by all these four

https://doi.org/10.1155/2017/6390607
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Figure 3: Three sets of measured breakthrough curves fitted with ADE, FADETRM, and CTRW (based on TPL), for the homogeneous,
saturated, and smooth wall soil columns with the same inner diameter (14 cm) but different column lengths: (a) 3 cm; (b) 5 cm; (c) 8 cm.

models with corresponding 𝑅2 values all over 0.98 and the
small values of the RMSE (see Table S1 in Supplementary
Material).

The values of dispersivity (𝛼) in the ADEmodel as shown
in Table 2 are defined as 𝛼 = 𝐷/V when neglecting the
molecular diffusion term. It is worth pointing out that all the
columns used in the experiments were packed and saturated
using the same method with the same clay materials. There-
fore, those columns should have similar values of physical
properties such as permeability, porosity, and dispersivity.
However, the values of dispersivity (𝛼) in the ADE model
as shown in Table 3 clearly indicated an increasing trend

with column length. Such a trend was most likely a scale-
dependent effect, rather than an artifact of sample prepara-
tion.

It was found that the dispersion coefficient (𝐷) fitted
using ADE was less than that estimated using FADE, which
was consistent with previous studies [27, 54]. Furthermore,
the estimated 𝜆 values (the order of fractional differentiation)
in FADE were in the range of 1.81–1.99, which was very close
to 2.00, a value representing Fickian transport. At the 3 cm
and 5 cm columns, 𝐷𝜓 values (generalized dispersion coef-
ficient) fitted using CTRW were around 0.094 cm2 h−1 and
0.101 cm2 h−1, respectively. The 𝐷𝜓 value in the 8 cm column
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Figure 4: Three sets of measured breakthrough curves fitted with ADE, FADE, TRM, and CTRW (based on TPL), for the homogeneous,
saturated, and smooth wall soil column with the same column lengths (5 cm) but different column inner diameters: (a) 7 cm; (b) 9 cm; (c)
10 cm.

was smaller than those at the 3 cm and 5 cm columns. This
suggested that the CTRW theory used here may only account
for stationary media and it did not reveal the multiple-scale
heterogeneities with a single 𝐷𝜓 value [54]. The values of
cut-off time (𝑡2) for the truncated power-law transition-time
distribution function were larger than 𝑡1 (a characteristics
time), indicating that transition to Fickian transport had not
yet occurred. As a result, the transition-time distribution was
primarily controlled by 𝛽 (a dispersion related dimensionless
parameter). It was found that the 𝛽 values in the CTRW
model followed an increasing pattern towards 2.00. This

implied that the transport would eventually evolve into a
Fickian form at a sufficiently long column length.

A slow rise of BTCs was observed in columns with diam-
eters of 7 cm and 9 cm compared to the column with a di-
ameter of 10 cm (Figure 4). However, Darcian velocities dur-
ing the tracer introducing period in the 10 cm diameter soil
column were higher than those in 7 cm and 9 cm diameter
columns (see Figure 2). Lack of tailing was observed in BTCs
near the inlet in the 10 cm diameter column. Immediate
arrival of concentration was observed for the 10 cm diameter
column compared to those for the 7 cm and 9 cm diameter



10 Geofluids

50 100 1500
Time (h)

Measured
ADE
FADE

TRM
CTRW-TPL

0

0.2

0.4

0.6

0.8

1
C
/C

0

(a)

100 200 300 4000
Time (h)

Measured
ADE
FADE

TRM
CTRW-TPL

0

0.2

0.4

0.6

0.8

1

C
/C

0
(b)

200 400 600 800 10000
Time (h)

Measured
ADE
FADE

TRM
CTRW-TPL

0

0.2

0.4

0.6

0.8

1

C
/C

0

(c)

Figure 5: Three sets of measured breakthrough curves fitted with ADE, FADE, TRM, and CTRW (based on TPL), for the homogeneous,
saturated, and rough wall soil columns with the same inner column diameter (14 cm) but different column lengths: (a) 3 cm; (b) 5 cm; (c)
8 cm.

columns. This implied that the advective solute transport
through the preferential pathways was short, which was con-
sistent with previous studies [28, 54].This also showed that as
the tracer moved relatively faster, its residence time (RT) was
smaller, and the transport was less Fickian. Similar transport
behavior was also reported by Berkowitz and Scher [50].

As seen in Table 3, there was a significant relationship
between the column diameter and the dispersivity (𝛼) fitted
using ADE. A larger column diameter (such as 10 cm) tended
to produce a greater dispersivity (𝛼) than columns with
diameters of 7 cm and 9 cm. This was a reflection of the

greater difficulty in uniformly packing a larger diameter
column in which media heterogeneity was almost inevitable
and would lead to greater (macro) dispersivity.The estimated
values of dispersion coefficient (𝐷) of ADE were smaller
than those of FADE, as evident in Table 3. This agreed with
previous investigations of Huang et al. [27] and Gao et al.
[54]. The order of frictional differentiation (𝜆) value was
within the range of 1.88–1.89 and very close to 2.00, once
again suggesting that breakthrough process at columns with
different diameters was close to Fickian. The TRM estimated
values of mass transfer coefficient (𝜔) decreased with column
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Figure 6:Three sets of measured leaching curves fitted with ADE, FADE, TRM, and CTRW (based on TPL), for the homogeneous, saturated,
and smooth wall soil columns with the same inner diameter (14 cm) but different column lengths: (a) 3 cm; (b) 5 cm; (c) 8 cm.

diameter, as shown in Table 3.This suggested a certain degree
of correlation between advective residence time and mass
transfer timescale [62, 63].

Figure 5 showed that the fitting results of all four models
were consistent with the measured BTCs in the rough wall
columns. The increasing trend of 𝛽 values towards 2.00 in
the CTRW model for the rough wall column experiments
was also a piece of evidence supporting the Fickian transport
behavior during the breakthrough process [64].

3.3. Simulation Results of Leaching Curves. The leaching
process (or solute flushing period) was well simulated with

CTRW and FADE in Figures 6–8. It was found that FADE
performed the best for fitting the leaching data. Other than
FADE, CTRW also performed very well with the leaching
data. On the contrary, ADE and TRM did not capture the
leaching process very well. Good performance of CTRW
and FADE in Figures 6–8 was also reflected by the larger
𝑅2 values and smaller RMSE values than their counterparts
resulting from the ADE and TRM models (see Table S2 in
Supplementary Material).

Figure 6 compared the observed and fitted leaching
curves for the first set of column experiments (case (i)).
The dispersivity (𝛼) variation in Table 4 attributed such a
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Figure 7:Three sets of measured leaching curves fitted with ADE, FADE, TRM, and CTRW (based on TPL), for the homogeneous, saturated,
and smooth wall soil columns with the same column length (5 cm) but different column inner diameters: (a) 7 cm; (b) 9 cm; (c) 10 cm.

discrepancy to the specific makeup of heterogeneities in the
columns. The estimated 𝜆 values for FADE were in the range
of 1.7, which was considerably smaller than 2.00 (Table 4).
The CTRW fitting velocity (V𝜓) was smaller than the velocity
values in ADE, TRM, and FADE, and 𝐷𝜓 values of CTRW
increased with the column length. Similar results about V𝜓
and 𝐷𝜓 changes were examined by Berkowitz et al. [24] in
short-column experiments.The 𝛽 values in the CTRWmodel
were between 1.15 and 1.4. All these evidences showed that
the FADE and CTRW fitting results were better in capturing
the leaching process in Figure 5 than ADE and TRM. Similar
conclusion can be drawn for the leaching processes in case
(ii) (see Figure 7) and in case (iii) (see Figure 8).

A slight increase of measured concentration (bump) was
found around 200 hr in Figure 6(b) in case (i) and Figure 8(b)
in case (iii). Actually, the bump in Figures 6(b) and 8(b)
can be explained by checking the feature of the velocities.
As shown in Figures 2(a) and 2(c), one can see that the
velocity decreased around 300 hr (this was the time leaching
or flushing started) to 550 hr (the time of the bump, around
200 hr after flushing). Such a declining velocity feature cannot
be easily incorporated into the analytical models employed
in this study. However, one can reasonably speculate that
decrease of flushing velocity will generally lead to decrease
of flushing efficiency. In other words, the concentration may
not drop as fast as the case when the flushing velocity remains
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Figure 8:Three sets of measured leaching curves fitted with ADE, FADE, TRM, and CTRW (based on TPL) for the homogeneous, saturated,
and rough wall soil columns with the same inner diameter (14 cm) but different lengths: (a) 3 cm; (b) 5 cm; (c) 8 cm.

the same.This may qualitatively explain the slight increase of
concentration (bump) observed in Figures 6(b) and 8(b). A
high resolution numerical model that incorporates the entire
velocity variation spectrum will be desirable to offer a better
quantitative understanding of such a small anomaly during
the flushing phase of the experiment. This is out of the scope
of this study and will be pursued in a future investigation.

4. Discussion

The above experimental results indicate that the hydraulic
conductivity value depends on the clay soil structure and

it might also be changed by the contaminants in the leach-
ing process. On the other hand, Darcian velocity tends to
decrease with time because of the decline of soil permeability
that may be caused by the clay dispersion and swelling in the
saline water. The decline of Darcian velocity is also likely due
to the column wall roughness.

An interesting finding for transport in clay media is
that the leaching process is not a simple reversal of the
breakthrough process, as often assumed for transport in
sandy porous media before. Instead, the leaching process
sometimes exhibits very different behavior from the break-
through process, most likely due to the clay dispersion and
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swelling problem. This implies that when studying transport
in LPPM such as clay, it is advisable to investigate both
the breakthrough and leaching processes, rather than the
breakthrough process alone. Another interesting feature is
that the dispersivity (𝛼) for the leaching process (Table 4)
is higher than that in the breakthrough process (Table 3),
which indicates that the pore structuremust be changedwhen
switching from breakthrough process to leaching process, as
𝛼 is closely related to the pore structure. This feature also
indicates that the leaching process has a great capability
towards the non-Fickian transport.

It is found that CTRW and FADE models can better
describe the late-time tailing in the leaching process than
ADE and TRM. Therefore, ADE and TRM are not recom-
mended to explain the leaching process, although they are
acceptable in describing the breakthrough process (Figures
3–5).

We have to point out that this study deals with relatively
small scales of columns with lengths ranging from 3 cm to
8 cm and column diameters from 7 cm to 14 cm. Actually, this
study can be regarded as a pilot study and the first attempt of
conducting transport experiments in LPPM to see howdiffer-
ent transport in LPPM is from transport in other permeability
media such as sand. Such a pilot study and experiment gained
from this study will be very useful steps for more complete,
full scale investigation of transport in LPPM, including
conducting repetitive experiments. Therefore, whether the
findings of this study can be extended to field scales or not
is unknown and needs further investigations. Nevertheless,
this study offers some interesting results about transport in
clay, and, most importantly, it emphasizes the importance of
analyzing both the breakthrough and leaching processes in
clay.

5. Conclusions

The following conclusions can be drawn from this study:

(1) Three stages of Darcian velocity were found when
switching frombreakthrough process (or tracer intro-
ducing stage) to leaching process (or tracer flushing
stage), suggesting alternation of soil permeability
during such a process switching, probably due to clay
dispersion and swelling.

(2) For the breakthrough process, the Fickian transport
was evident from the increased pattern of 𝛽 values
towards 2.00 in the CTRWmodel, 𝜆 value close to 2.0
in the FADE model, smaller values of 𝜔 in the TRM
model, and a generally satisfactory fit of ADEwith the
experimental data.

(3) For the leaching process, the non-Fickian transport
was noted by the smaller values of 𝛽 and 𝜆 (much less
than 2.00) in the CTRW and FADE models, respec-
tively, and generally poor fitting of the experimental
data using ADE and TRM.

(4) For better understanding the transport behavior in
LPPM such as clay, it is important to analyze data

from both the breakthrough process and leaching
process.
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