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The nuclear collisions at relativistic energy offer the right
kind of environment to explore a variety of phases transitions
related to hot and dense nuclear matter to enhance our
existing knowledge about the formation and decay of highly
excited nuclear matter. The compression of nuclear matter
and its subsequent expansion result in production of particles
along with the disassembly of the expanded nuclear system
intomultiparticle production.Multiparticle production is the
“first-day” research topic in the collisions and is related to the
state of deconfined quarks and gluons (quark gluon plasma
(QGP)) which is predicted by the quantum chromodynamics
(QCD). Multiparticle production is especially related to
the statistical properties of global observables, dynamical
evolution of interacting system, various distributions and
correlations, and so on.

From fixed target experiments to collider experiments,
multiparticle production research covers various collisions
over an energy range fromGeV toTeV. Previously, a few accel-
erators provided hadron and heavy ion beams for the studies
of multiparticle production. Presently, the Relativistic Heavy
Ion Collider (RHIC) at Brookhaven National Laboratory
(BNL) and the Large Hadron Collider (LHC) at European
Laboratory for Particle Physics (CERN) provide proton and
heavy ion beams for our studies.

This special issue concerns many topics in the multipar-
ticle production in high energy collisions, for example, mul-
tiplicity distributions and correlations, rapidity or pseudora-
pidity distributions and correlations, transverse momentum
distributions and correlations, anisotropic flow effects and
correlations, statistical and dynamical fluctuations, final-state

distributions and dynamical evolution, final-state distribu-
tions and statistical behaviors, and others.

The paper “Charged hadron multiplicity distribution at
relativistic heavy ion colliders” reviews the facts and problems
concerning the charged hadron productions in high energy
collisions. Main emphasis is laid on the qualitative and quan-
titative description of general characteristics and properties
observed for charged hadrons produced in such high energy
collisions. Various features of available experimental data
including the variations of charged hadron multiplicity and
pseudorapidity density with the mass number of colliding
nuclei, center-of-mass energies, and the collision centrality
obtained from heavy ion collider experiments are interpreted
in the context of various theoretical concepts and their impli-
cations. Several important scaling features observed in the
measurements mainly at RHIC and LHC experiments are
highlighted in the view of these models to draw some insight
regarding the particle production mechanism in heavy ion
collisions.

The paper “Particle production in ultrarelativistic heavy-
ion collisions: a statistical-thermal model review” presents the
current status of various thermal and statistical descriptions
of particle production in the ultrarelativistic heavy ion
collisions experiments. The formulation of various types of
thermal models of a hot and dense hadron gas and the meth-
ods incorporated in the implementing of the interactions
between hadrons are discussed. Meanwhile, the authors’
new excluded-volume model which is thermodynamically
consistent is presented. The modeling results are compared
with the experimental data of various ratios of the produced
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hadrons. Some new universal conditions, various transport
properties, and different particle spectrums are obtained.

Thepaper “Meson production in high energy𝑝+𝑝 collisions
at the RHIC energies” studies the transversemomentum spec-
trum of mesons produced in proton-proton collisions in the
framework of a thermalized cylinder model which is now
renamed to the multisource thermal model. It is shown that
in the region of high transverse momentum, the considered
distributions have a tail part at the maximum energy of
RHIC. A two-component distribution based on the improved
cylinder model is used to fit the experimental data of the
PHENIX Collaboration. The improved approach describes
well the meson productions in a wider range of transverse
momentums.

In the paper “Charged-hadron pseudorapidity distribu-
tions in p-p and Pb-Pb collisions at LHC energies,” the authors
study the pseudorapidity distributions of charged hadrons
produced in proton-proton and lead-lead collisions mea-
sured by the CMS and ALICE Collaborations at LHC ener-
gies. An improved Tsallis distribution in the two-cylinder
model is used to describe the pseudorapidity spectrums. In
the study, the rapidity shift at the longitudinal direction in the
geometrical picture of the collisions is considered. It is shown
that the calculated results are in agreement with the experi-
mental data. The gap between the projectile cylinder and the
target cylinder increases with the centrality. Meanwhile, the
rapidity shifts in the cylinders increase with the centrality,
too.

In the paper “Wavelet analysis of shower track distribution
in high-energy nucleus-nucleus collisions,” the authors per-
form a continuous wavelet analysis for pattern recognition
of charged particles produced in high energy silicon and
sulphur induced heavy ion interactions in nuclear emulsion
and try to identify the collective behavior in multiparticle
production. The wavelet results are compared with a model
prediction based on the Ultrarelativistic QuantumMolecular
Dynamics (UrQMD),where a charge reassignment algorithm
to modify the UrQMD events to mimic the Bose-Einstein
type of correlation among identical mesons is adopted. Sta-
tistically significant deviations between the experiment and
the simulation are interpreted in terms of nontrivial dynamics
of multiparticle production.

In the paper “Entropy analysis in relativistic heavy-ion
collisions,” the authors study the entropy creation in multi-
particle system by analyzing the experimental data on ion-
ion collisions at AGS and SPS energies.Their results are com-
pared with those predicted by multiphase transport and cor-
relation-free Monte Carlo models. Some interesting results
are obtained. Entropies produced in limited- and full-phase
space are observed to increase with increasing beam energy.
The entropy values, normalized to themaximum rapidity and
plotted against pseudorapidity (bin width also normalized to
the maximum rapidity), are found to be energy independent,
exhibiting a kind of entropy scaling. Such scaling is observed
in the full-phase space as well as in the regions confined to
the forward or backward hemispheres.

The paper “On current conversion between particle rapid-
ity and pseudorapidity distributions in high energy collisions”
discusses the conversion between the particle rapidity and

pseudorapidity distributions. It is shown that the two equiva-
lent conversion formulas used currently in experimental and
theoretical analyses are incomplete. A revision on the current
conversion between the particle rapidity and pseudorapidity
distributions is given.

The paper “On antiproton production in 158GeV/c proton-
carbon collisions and nuclear temperature of interacting sys-
tem” analyzes the antiproton production process in high
energy proton-carbon collisions by using the multisource
thermal model. The transverse momentum, Feynman vari-
able, and rapidity distributions of antiprotons in the nucleon-
nucleon center-of-mass system are calculated. The modeling
results are compared and found to be in agreement with the
experimental data measured by the NA49 Collaboration at
158GeV/c beam momentum.

This issue brings together a collection of research papers
on the multiparticle production in high energy collisions.We
hope this will be a useful issue for researchers working in
related areas. Meanwhile, we regret that more manuscripts
submitted for publication in this issue have not been accepted
according to reviewer’s reports.

Fu-Hu Liu
Sakina Fakhraddin
Bhartendu K. Singh
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The present paper reviews facts and problems concerning charge hadron production in high energy collisions. Main emphasis
is laid on the qualitative and quantitative description of general characteristics and properties observed for charged hadrons
produced in such high energy collisions. Various features of available experimental data, for example, the variations of charged
hadronmultiplicity and pseudorapidity density with themass number of colliding nuclei, center-of-mass energies, and the collision
centrality obtained from heavy-ion collider experiments, are interpreted in the context of various theoretical concepts and their
implications. Finally, several important scaling features observed in the measurements mainly at RHIC and LHC experiments are
highlighted in the view of these models to draw some insight regarding the particle production mechanism in heavy-ion collisions.

1. Introduction

Quantum chromodynamics (QCD), the basic theory which
describes the interactions of quarks, and gluons is a firmly
established microscopic theory in high energy collision
physics. Heavy-ion collision experiments provide us with a
unique opportunity to test the predictions ofQCDand simul-
taneously understand the two facets of high energy collision
process: hard process (i.e, the small cross-section physics) and
soft process (i.e, the large cross-section physics) [1–3].
Nuclear collisions at very high energies such as collider
energies enable us to study the novel regime of QCD, where
parton densities are high and the strong coupling constant
between the partons is small which further decreases as the
distance between the partons decreases. The parton densities
in the initial stage of the collision can be related to the density
of charged hadrons produced in the final state. With the
increase in collision energy, the role of hard process (minijet
and jet production) in final state particle production rapidly
increases and offers a unique opportunity to investigate
the interplay between various effects. In this scenario, the
perturbative QCD (pQCD) lends a good basis for high
energy dynamics and has achieved significant success in
describing hard processes occurring in high energy collisions
such as scaling violation in deep inelastic scattering DIS [4],

hadronic-jet production in 𝑒+𝑒− annihilation [5, 6], and large-
pt-jet production in hadron-hadron collisions [7–11]. On the
other hand, in soft processes such as hadron production
with sufficiently small transversemomentum in hadronic and
nuclear collisions, the interactions become so strong that the
perturbative QCD (pQCD) does not remain applicable any
more.Thus, there is no workable theory yet for nonperturba-
tive QCD regime which can successfully describe these soft
processes. Due to inapplicability of pQCD in this regime,
experimental input-based phenomenological models are
proven to be an alternative tool to increase our knowledge of
the property of the basic dynamics involved in such collision
processes. Furthermore, these soft hadrons which decouple
from the collision zone in the late hadronic freezeout stage
of the evolution are quite useful in providing the indirect
information about the early stage of the collision. Several
experimental information on the multiparticle production
in lepton-hadron, hadron-hadron, hadron-nucleus, and
nucleus-nucleus has been accumulated in the recent past over
a wide range of energy. In this context, the bulk features of
multiparticle production such as the average charged par-
ticle multiplicity and particle densities are of fundamental
interest as their variations with the collision energy, impact
parameter, and the collision geometry are very sensitive to
the underlying mechanism involved in the nuclear collisions.
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These can also throw more light in providing insight on the
partonic structure of the colliding nuclei. In order to under-
stand the available experimental data, a lot of efforts have
been put forward in terms of theoretical and phenomeno-
logical models. However, the absence of any well established
alternative, the existing problem of the production mecha-
nism of charged hadrons continues to facilitate proliferation
of variousmodels.The development in this direction is still in
a state of flux for describing the same physical phenomenon
using different concepts and modes of operation. Most of
these theoretical models are based on the geometrical, hydro-
dynamical, and statistical approaches. However, the diverse
nature of the experimental data poses a major challenge
before physics community to uncover any systematics or
scaling relations which are common to all type of reactions.
Thus, a search for universal mechanism of charged hadron
production common to hadron-hadron, hadron-nucleus, and
nucleus-nucleus interactions is still continued and needs
a profound effort to draw any firm conclusion. Also, the
complicated process of many-body interactions occurring in
these collision processes is still quite difficult to make a clear
understanding of the phenomena by analyzing the experi-
mental data on the multiparticle production in the final state.
In this regard, ongoing efforts for the extensive analysis of the
experimental data available on charged hadron production in
the view of some successful phenomenological models can
provide us with a much needed insight in developing a better
understanding of themechanism involved in the particle pro-
duction. Moreover, these can also be useful in revealing the
properties of the nuclearmatter formed at extreme conditions
of energy and matter densities.

In this review, we attempt to give a succinct description of
most of the progress made in this field till date even though
it is not so easy for us. Furthermore, we believe that the refer-
ences mentioned in this review will surely guide the readers,
but we can never claim that they are complete. We apologize
to those authors whose valuable contributions in this field
have not been properly mentioned.

The structure of this paper is framed in the following
manner. At first, in Section 2, we start with a brief description
of different models used for the study of charged hadron pro-
ductions in this review in a systematic manner. In Section 3,
the experimental results on charged hadron production at
collider energies are presented along with the comparison of
different model results. Further in Section 4, we will provide
some scaling relations for charged hadrons production and
evaluate them on the basis of their universality in different
collisions.

2. Model Descriptions

2.1. Wounded Nucleon Model. In 1958, Glauber presented his
first collection of various papers and unpublished work [12].
Before that, there were no systematic calculations for treating
the many-body nuclear system as either a projectile or target.
Glauber’s work put the quantum theory of collisions of com-
posite objects on a firm basis. In 1969 Czyz and Maximom
[13] applied the Glauber’s theory in its most complete form

for proton-nucleus and nucleus-nucleus collisions. By using
Glauber’s theory, finally Bialas et al. [14] first proposed the
wounded nucleon model which was based on the basic
assumption that the inelastic collisions of two nuclei can
be described as an incoherent composition of the colli-
sions of individual nucleons of the colliding nuclei. In this
approach, the collective effects which may occur in nuclei
were neglected. According to their assumption, in nucleon-
nucleus collisions, a fundamental role is played by the mean
number of collisions ] suffered by the incident nucleon with
the nucleons in the target nucleus [15]. Similarly, nucleus-
nucleus collision is also described in terms of the number of
wounded nucleons (𝑤). For the nucleon-nucleus collisions,
there is a simple relation between ] and 𝑤

𝑤 = ] + 1 (1)

but no such type of relation exists for the nucleus-nucleus col-
lisions. Motivated by the data available on nucleon-nucleus
(𝑁-𝐴) interactions [16], the average multiplicity follows
approximately the formula

𝑛
𝐴
=
1

2
(] + 1) =

1

2
𝑤 𝑛

𝐻
, (2)

where 𝑛
𝐻
is the averagemultiplicity in nucleon-nucleon colli-

sions. For nucleus-nucleus (𝐴-𝐵) collisions generalization of
this picture implies that the average multiplicity is

𝑛
𝐴𝐵
=
1

2
𝑤
𝐴𝐵
𝑛
𝐻
, (3)

where the number of wounded nucleons (participants) in the
collision of 𝐴 and 𝐵 is the sum of wounded nucleons in the
nucleus 𝐴 and the nucleus 𝐵; that is, 𝑤

𝐴𝐵
= 𝑤

𝐴
+ 𝑤

𝐵
with

𝑤
𝐴
= 𝐴(𝜎

𝐵
/𝜎
𝐴𝐵
) and 𝑤

𝐵
= 𝐵(𝜎

𝐴
/𝜎
𝐴𝐵
). The extension of

Glaubermodel was used to describe elastic, quasi-elastic, and
the total cross-sections [13, 17–21]. In the wounded nucleon
model, the basic entity is the nucleon-nucleon collision
profile 𝑃(𝑏) defined as the probability of inelastic nucleon-
nucleon collision at impact parameter 𝑏. Once the probability
of a given nucleon-nucleon interaction is known, the proba-
bility of having 𝑛 such interactions in collision of nuclei𝐴 and
𝐵 is given as [22]

𝑃 (𝑛, 𝑏) = (
𝐴𝐵

𝑛
) [𝑇

𝐴𝐵
(𝑏)𝜎

𝑁𝑁

inel ]
𝑛

[1 − 𝑇
𝐴𝐵
(𝑏)𝜎

𝑁𝑁

inel ]
𝐴𝐵−𝑛

, (4)

where 𝑇
𝐴𝐵
(𝑏) is thickness function and the 𝜎𝑁𝑁inel is the inelas-

tic nucleon-nucleon cross-section. The total cross-section is
given by

𝜎
𝐴𝐵

inel = ∫
∞

0

2𝜋𝑏𝑑𝑏 {1 − [1 − 𝑇
𝐴𝐵
(𝑏) 𝜎

𝑁𝑁

inel ]
𝐴𝐵

} . (5)

The total number of nucleon-nucleon collisions is given by

𝑁coll (𝑏) =
𝐴𝐵

∑

𝑛=1

𝑛𝑃 (𝑛, 𝑏) = 𝐴𝐵𝑇
𝐴𝐵
(𝑏) 𝜎

𝑁𝑁

inel . (6)
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The number of participants (wounded nucleons) at a given
impact parameter is given by

𝑁part (𝑏) = 𝐴∫𝑇𝐴 (𝑠) {1 − [1 − 𝑇𝐵 (𝑠 − 𝑏) 𝜎
𝑁𝑁

inel ]
𝐵

} 𝑑
2

𝑠

+ 𝐵∫𝑇
𝐵
(𝑠) {1 − [1 − 𝑇

𝐴
(𝑠) 𝜎

𝑁𝑁

inel ]
𝐵

} 𝑑
2

𝑠,

(7)

with 𝑇
𝐴(𝐵)

(𝑠) = ∫ 𝜌
𝐴(𝐵)

(𝑠, 𝑧
𝐴(𝐵)

)𝑑𝑧
𝐴(𝐵)

being the probability
per unit transverse area of a given nucleon being located in
the target flux tube of 𝐴 or 𝐵 and 𝜌

𝐴(𝐵)
(𝑠, 𝑧

𝐴(𝐵)
) being the

probability per unit volume, normalized to uniy for finding
the nucleon at location (𝑠, 𝑧

𝐴(𝐵)
).

The rapidity density of particles in nucleus-nucleus (𝐴-𝐵)
collision is given by [23]

𝑑𝑁
𝐴𝐵

𝑑𝑦
= 𝑤

𝐴
𝐹
𝐴
(𝑦) + 𝑤

𝐵
𝐹
𝐵
(𝑦)

=
1

2
(𝑤
𝐴
+ 𝑤

𝐵
) [𝐹

𝐴
(𝑦) + 𝐹

𝐵
(𝑦)]

+
1

2
(𝑤
𝐴
− 𝑤

𝐵
) [𝐹

𝐴
(𝑦) − 𝐹

𝐵
(𝑦)] ,

(8)

where𝑦 is the rapidity in c.m. system and𝐹
𝐴
(𝑦) and𝐹

𝐵
(𝑦) are

the contribution from a single wounded nucleon in 𝐴 and 𝐵.
Thus,

𝐹
𝐵
(𝑦) = 𝐹

𝐴
(−𝑦) . (9)

The model gives a good description of the data, with condi-
tion (9) being well satisfied, except at rapidities close to the
maximal values [23].

It can be seen from (8) that, for nucleon-nucleon collision,
one has

𝑑𝑁
𝑁𝑁

𝑑𝑦
= 𝐹

𝐴
(𝑦) + 𝐹

𝐵
(𝑦) = 𝐹

𝑁
(𝑦) + 𝐹

𝑁
(−𝑦) (10)

and thus for the ratio

𝑅
𝐴𝐵
(𝑦) ≡

𝑑𝑁
𝐴𝐵
/𝑑𝑦

𝑑𝑁
𝑁𝑁
/𝑑𝑦

(11)

one obtains

𝑅
𝐴𝐵
(𝑦) =

1

2
(𝑤
𝐴
+ 𝑤

𝐵
) +

1

2
(𝑤
𝐴
− 𝑤

𝐵
)
𝐹
𝐴
(𝑦) + 𝐹

𝐵
(𝑦)

𝐹
𝐴
(𝑦) − 𝐹

𝐵
(𝑦)

;

(12)

consequently, one has, at 𝑦 = 0,

𝑅
𝐴𝐵
(𝑦 = 0) =

1

2
(𝑤
𝐴
+ 𝑤

𝐵
) , (13)

which implies that the value of the ratio 𝑅
𝐴𝐵

at midrapidity is
fully determined by the number of wounded nucleons and
independent of the function 𝐹(𝑦). Unlike the 𝑁part scaling
observed in charged hadronmultiplicity, pseudorapidity den-
sity at midrapidity does not scale linearly with𝑁part/2 [22]. It
was conjectured [24–28] that at sufficiently high energy

the particle production in nucleus-nucleus collisions will be
dominated by hard processes. However, the gross features
of particle production at CERN SPS energies were found
to be approximately consistent [29] with the 𝑁part scaling
as accommodated by the wounded nucleon model. A bet-
ter agreement with the data is found in two-component
model for estimating the pseudorapidity density in wounded
nucleon model as shown by [30]. In 𝐴-𝐴 collisions hadron
production from the two processes scales as𝑁part/2 (number
of nucleon participant pairs) and 𝑁bin (number of binary
𝑁-𝑁 collisions), respectively [30]. According to this assump-
tion the pseudorapidity density of charged hadrons is given
as

𝑑𝑁

𝑑𝜂
= 𝑛

𝑝𝑝
[(1 − 𝑥)𝑁part + 𝑥𝑁coll] , (14)

where 𝑥 quantifies the relative contributions of two compo-
nents arising from hard and soft processes. The fraction 𝑥
corresponds to the contribution from hard processes and the
remaining fraction (1−𝑥) describes the contributions arising
from the soft processes.

2.2. Wounded Quark Model. Charged hadron production by
using the concept of the constituent or wounded quarks has
been widely used for many years [31–34]. In the wounded
quark picture, nucleus-nucleus collisions are effectively
described in terms of the effective number of constituent
quarks participating in the collision process along with the
effective number of collisions suffered by each of them.
Recently, the idea of wounded quarks was resurrected by
Eremin andVoloshin [35] in which theymodified the overlap
function by increasing the nucleon density three times and
introduced one more parameter the quark-quark interaction
cross-section, which reproduced the data well. They have
further shown that the charged hadron density atmidrapidity
can be described well by the wounded quark model. This
problem was further investigated in several papers [36–
40] representing the analysis of various spectra, SPS data,
total multiplicities, and the energy deposition. De and Bhat-
tacharyya [37] have shown that the data on𝐾± and𝑝/𝑝 favors
the𝑁

𝑞-part scaling, over the𝑁part scaling whereas the pions do
not agree well with such scaling law. Recently, we proposed a
wounded quark model [41] which is primarily based on the
previous work by Singh et al. [42–44]. In this picuture, during
the collision, a gluon is exchanged between a quark of projec-
tile or first nucleus and a quark belonging to target or other
colliding nucleus. The resulting color force is then somewhat
stretched between themand other constituent quarks because
they try to restore the color singlet behaviour. When two
quarks separate, the color force builds up between them and
the energy in the color-field increases; the color tubes thus
formed finally break up into new hadrons and/or quark-
antiquark pairs. We consider a multiple collision scheme in
which a valence quark of the incident nucleon suffers one or
more inelastic collisionswith the quarks of target nucleons. In
a nucleon-nucleon collision only one valence quark of each
nucleon (i.e, target and projectile) interacts, while other
quarks remain as spectators [40]. Only a part of the entire
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nucleon energy is spent for secondary production at midra-
pidity.The other spectator quarks are responsible for forming
hadrons in the nucleon fragmentation region. In the case of
nucleus-nucleus collisions, more than one quark per nucleon
interacts and each quark suffers more than one collision due
to a large nuclear size since large travel path inside the nucleus
becomes available. If we search a universal mechanism of
charged particle production in the hadron-hadron, hadron-
nucleus, and nucleus-nucleus collisions, it must be driven by
the available amount of energy required for the secondary
production and it also depends on the mean number of par-
ticipant quarks. The main ingredients of our model are taken
from the paper by Singh et al. [42–44]. Charged hadrons pro-
duced from𝐴-𝐴 collisions are assumed to result froma some-
what unified production mechanism common to 𝑝-𝑝 colli-
sions at various energies.

Based on the experimental findings by PHOBOS collab-
oration, recently Jeon and collaborators have shown that the
totalmultiplicity obtained at RHIC can be bounded by a cubic
logarithmic term in energy [45]. Therefore, we propose here
a new parameterization involving a cubic logarithmic term
so that the entire 𝑝-𝑝 experimental data starting from low
energies (i.e. from 6.15GeV) up to the highest LHC energy
(i.e. 7 TeV) can suitably be described as [41]

⟨𝑛ch⟩ℎ𝑝 = (𝑎
󸀠

+ 𝑏
󸀠 ln√𝑠

𝑎
+ 𝑐

󸀠ln2√𝑠
𝑎
+ 𝑑

󸀠ln3√𝑠
𝑎
) − 𝛼. (15)

In (15), 𝛼 is the leading particle effect and√𝑠𝑎 is the available
center-of-mass energy (i.e., √𝑠𝑎 = √𝑠 − 𝑚𝐵 − 𝑚𝑇, where 𝑚𝐵
is the mass of the projectile and 𝑚

𝑇
is the mass of the target

nucleon, resp.), 𝑎󸀠, 𝑏󸀠, 𝑐󸀠, and 𝑑󸀠 are constants derived from
the best fit to the 𝑝-𝑝 data, and the value of 𝛼 is taken here as
0.85 [41].

We can extrapolate the validity of this parametrization
further for the produced charged particles in hadron-nucleus
interactions by consideringmultiple collisions suffered by the
quarks of hadrons in the nucleus. The number of constituent
quarks which participate in hadron-nucleus (ℎ-𝐴) collisions
share the total available center-of-mass energy √𝑠ℎ𝐴 and
thus the energy available for each interacting quark becomes
√𝑠ℎ𝐴/𝑁

ℎ𝐴

𝑞
, where 𝑁ℎ𝐴

𝑞
is the mean number of constituent

quarks in ℎ-𝐴 collisions. The total available squared center-
of-mass energy 𝑠

ℎ𝐴
in ℎ-𝐴 collisions is related to 𝑠

𝑎
as 𝑠

ℎ𝐴
=

]ℎ𝐴
𝑞
𝑠
𝑎
with ]ℎ𝐴

𝑞
as the mean number of inelastic collisions

of quarks with target nucleus of atomic mass A. Within the
framework of the Additive Quark Model [31, 32, 46–50], the
mean number of collisions in hadron-nucleus interactions is
defined as the ability of constituent quarks in the projectile
hadron to interact repeatedly inside a nucleus. Finally, the
expression for average charged hadron multiplicity in ℎ-𝐴
collisions is [41–44]

⟨𝑛ch⟩ℎ𝐴 = 𝑁
ℎ𝐴

𝑞
[𝑎

󸀠

+ 𝑏
󸀠 ln(√

𝑠
ℎ𝐴

𝑁ℎ𝐴

𝑞

)

+𝑐
󸀠ln2(√

𝑠
ℎ𝐴

𝑁ℎ𝐴

𝑞

) + 𝑑
󸀠ln3(√

𝑠
ℎ𝐴

𝑁ℎ𝐴

𝑞

)] − 𝛼.

(16)

The generalization of the above picture for the case of
nucleus-nucleus collisions is finally achieved as follows [41]:

⟨𝑛ch⟩𝐴𝐵 = 𝑁
𝐴𝐵

𝑞
[𝑎

󸀠

+ 𝑏
󸀠 ln(√

𝑠
𝐴𝐵

𝑁𝐴𝐵

𝑞

)

+𝑐
󸀠ln2(√

𝑠
𝐴𝐵

𝑁𝐴𝐵

𝑞

) + 𝑑
󸀠ln3(√

𝑠
𝐴𝐵

𝑁𝐴𝐵

𝑞

)] .

(17)

The parametrization in (17) thus relates nucleus-nucleus
collisions to hadron-nucleus and further to hadron-proton
collisions and the values of the parameters 𝑎󸀠, 𝑏󸀠, 𝑐󸀠, and 𝑑󸀠
remain unaltered which shows its universality for all these
processes.

In creating quark gluon plasma (QGP), greater emphasis
is laid on the central or head-on collisions of two nuclei. The
mean multiplicity in central collisions can straight forwardly
be generalized [41] from (17) as

⟨𝑛ch⟩
central
𝐴𝐵

= 𝐴[𝑎
󸀠

+ 𝑏
󸀠 ln (]𝐴𝐵

𝑞
𝑠
𝑎
)
1/2

+𝑐
󸀠ln2(]𝐴𝐵

𝑞
𝑠
𝑎
)
1/2

+ 𝑑
󸀠ln3(]𝐴𝐵

𝑞
𝑠
𝑎
)
1/2

] .

(18)

The pseudorapidity distribution of charged particles is
another important quantity in the studies of particle produc-
tion mechanism from high energy ℎ-ℎ and 𝐴-𝐵 collisions,
which, however, is not yet understood properly. It has been
pointed out that (𝑑𝑛ch/𝑑𝜂) can be used to get the information
on the temperature (𝑇) as well as energy density (𝜌) of
the QGP [51–53]. For the pseudorapidity density of charged
hadrons, we first fit the experimental data of (𝑑𝑛ch/𝑑𝜂)

𝑝𝑝

𝜂=0

for collision-energy ranging from a low energy to very high
energy. One should use the parameterization up to squared
logarithmic term in accordance with [45]. Hence, using a
parameterization for central rapidity density as

⟨(
𝑑𝑛ch
𝑑𝜂

)

𝑝𝑝

𝜂=0

⟩ = (𝑎
󸀠

1
+ 𝑏

󸀠

1
ln√𝑠

𝑎
+ 𝑐

󸀠

1
ln2√𝑠

𝑎
) − 𝛼

󸀠

1
, (19)

we obtain the values of the parameters 𝑎󸀠
1
= 1.24, 𝑏󸀠

1
= 0.18,

and 𝑐󸀠
1
= 0.044 from the reasonable fit to the 𝑝-𝑝 data [41].

Earlier many authors have attempted to calculate the
pseudorapidity density of charged hadrons in a two-
component model of parton fragmentation [54, 55]. Its phys-
ical interpretation is based on a simple model of hadron pro-
duction: longitudinal projectile nucleon dissociation (soft)
and transverse large-angle scattered parton fragmentation
(hard). However, this assumption which is based on a
nucleon-nucleon collision in the Glauber model is crude
and it looks unrealistic to relate participating nucleons and
nucleon-nucleon binary collisions to soft and hard com-
ponents at the partonic level. Here we modify the two-
component model of pseudorapidity distributions in 𝐴-𝐴
collisions as given in (14) for the wounded quark scenario and
assume that the hard component which basically arises due



Advances in High Energy Physics 5

tomultiple parton interactions [56] scales with the number of
quark-quark collisions (i.e.,𝑁𝐴𝐵

𝑞
]𝐴𝐵
𝑞
) and the soft component

scales with the number of participating quarks (i.e., 𝑁𝐴𝐵

𝑞
).

Thus, the expression for (𝑑𝑛ch/𝑑𝜂)
𝐴𝐵

𝜂=0
in𝐴-𝐵 collisions can be

parameterized in terms of𝑝-𝑝 rapidity density as follows [41]:

(
𝑑𝑛ch
𝑑𝜂

)

𝐴𝐵

𝜂=0

= (
𝑑𝑛ch
𝑑𝜂

)

𝑝𝑝

𝜂=0

[(1 − 𝑥)𝑁
𝐴𝐵

𝑞
+ 𝑥𝑁

𝐴𝐵

𝑞
]𝐴𝐵
𝑞
] . (20)

In order to incorporate 𝜂 dependence in central 𝐴-𝐵 col-
lisions, we further extend the model by using the functional
form

(
𝑑𝑛ch
𝑑𝜂

)

𝐴𝐵

= 2(
𝑑𝑛ch
𝑑𝜂

)

𝐴𝐵

𝜂=0

√1 − 1/(𝛽 cosh 𝜂)2

𝛾 + exp (𝜂2/2𝜎2)
, (21)

where 𝛽, 𝛾, and 𝜎 are fitting parameters and (𝑑𝑛ch/𝑑𝜂)
𝐴𝐵

𝜂=0
is

the central pseudorapidity density in𝐴-𝐵 collisions obtained
from (20).

2.3. Dual Parton Model. Dual parton model was introduced
at Orsay in 1979, by incorporating partonic ideas into the dual
topological unitarization (DTU) scheme [57–61]. Dual par-
tonmodel (DPM) and quark gluon stringmodel (QGSM) are
multiple-scattering models in which each inelastic collision
results from the superposition of two strings and the weights
of the various multiple-scattering contributions are repre-
sented by a perturbative Reggeon field theory. One assumes
a Poisson distribution for each string for fixed values of the
string ends. The broadening of distribution arises due to the
fluctuations in the number of strings and the fluctuation of
the string ends. When the effect of the fluctuations of the
string ends is negligibly small, DPM reduces to an ordinary
multiple scatteringmodel with identical multiplicities in each
individual scatterings [62]. The inclusive spectra for charged
particle multiplicity in 𝑝-𝑝 collisions is given as follows [63]:

𝑑𝑁
𝑝𝑝

𝑑𝑦
=

1

𝜎in

𝑑𝜎
𝑝𝑝

𝑑𝑦

=
1

∑𝜎
𝑘

∑𝜎
𝑘
[𝑁

𝑞𝑞−𝑞

𝑘
(𝑠, 𝑦)

+ 𝑁
𝑞−𝑞𝑞

𝑘
(𝑠, 𝑦) + 𝑁

𝑞−𝑞

𝑘
(𝑠, 𝑦)] ,

(22)

when all string contributions are identical which means all
individual scattering are same then this expression reduces
to the simple expression

𝑑𝑁
𝑝𝑝

𝑑𝜂
=

1

𝜎
𝑝𝑝

𝑁𝐷

𝑑𝜎
𝑝𝑝

𝑑𝜂
=

1

∑
𝑘≥1

𝜎
𝑘

∑

𝑘≥1

𝜎
𝑘
𝑘
𝑑𝑁

𝑝𝑝

0

𝑑𝜂
= ⟨𝑘⟩

𝑑𝑁
𝑝𝑝

0

𝑑𝜂
,

(23)

where ⟨𝑘⟩ is the average number of inelastic collisions and
𝑑𝑁

𝑝𝑝

0
/𝑑𝜂 is the charged multiplicity per unit pseudorapidity

in an individual 𝑝-𝑝 collision.

To calculate the weights 𝜎
𝑘
for the occurrence of 𝑘 inelas-

tic collisions, a quasi-eikonal model has been used. The 𝜎
𝑘
is

given as follows [62]:

𝜎
𝑘
(𝜉) =

𝜎
𝑝

𝑘𝑍
[1 − exp (−𝑍)

𝑘−1

∑

𝑖=0

𝑍
𝑖

𝑖!
] (𝑘 ≥ 1) . (24)

Here 𝜉 = ln(𝑠/𝑠
𝑜
), 𝜎

𝑝
= 8𝜋𝛾

𝑝
exp(Δ𝜉), and 𝑍 =

2𝐶
𝐸
𝛾
𝑝
exp(Δ𝜉)/(𝑅2 + 𝛼󸀠

𝑝
𝜉).

In (24), 𝜎
𝑝
is the Born term given by Pomeron exchange

with intercept 𝛼
𝑝
(0) = 1 + Δ. According to a well-known

identity which is known as AGK cancellation [64], all mul-
tiple scattering contributions vanish identically in the single
particle inclusive distribution 𝑑𝜎/𝑑𝜂 and only the Born term
(𝜎
𝑝
) contribution is left.The parameters𝑅2 and𝛼󸀠

𝑝
control the

𝑡-dependence of the elastic peak and 𝐶
𝐸
contains the contri-

bution of diffractive intermediate states. The total 𝑝-𝑝 cross-
section in this prescription is [65]

𝜎tot (𝑠) = 𝜎𝑝𝑓(
𝑧

2
) , 𝑓 (𝑧) =

∞

∑

𝑙=1

(−𝑧)
𝑙−1

𝑙𝑙!
. (25)

Thus one can calculate the pseudorapidity distribution of
charged hadron from (22) and using expectation value of ⟨𝑘⟩
as follows:

⟨𝑘⟩ =
∑
𝑘≥1

𝑘𝜎
𝑘

∑
𝑘≥1

𝜎
𝑘

=
𝜎
𝑝

𝜎
𝑝𝑝

𝑁𝐷

. (26)

Further, the cross-section for ] inelastic collisions in 𝑝𝐴

scattering after considering theAGK cancellation is as follows
[62]:

𝜎
𝑝𝐴

] (𝑏) = (
𝐴

]
) (𝜎

𝑝𝑝
𝑇
𝐴
(𝑏))

]
(1 − 𝜎

𝑝𝑝
𝑇
𝐴
(𝑏))

𝐴−]
. (27)

Here 𝑇
𝐴
(𝑏) represents the nucleon profile function as defined

in the wounded nucleon model.The first factor on the R.H.S.
of (27) yields the number of ways in which ] interacting
nucleons can be chosen out of 𝐴. The second factor is the
probability that ] nucleons interact at fixed parameter 𝑏.
The third factor is the probability for no interaction of the
remaining𝐴-] nucleons. On the contrary the multiplicity for
𝑝-𝐴 scattering in DPM is given as follows:

𝑑𝑁
𝑝𝐴

𝑑𝜂
=

1

𝜎
𝑝𝐴

𝐴

∑

]=1

𝜎
𝑝𝐴

]

𝑑𝑁
𝑝𝑝

𝑑𝜂
, (28)

with ] = 𝐴𝜎
𝑝𝑝
/𝜎
𝑝𝐴
.Thus 𝑑𝑁𝑝𝐴

/𝑑𝜂 scales with the number of
binary collisions. Further, the AGK cancellation implies that
at midrapidity 𝑑𝜎𝐴𝐴/𝑑𝜂 = 𝐴2𝑑𝜎𝑝𝑝/𝑑𝜂, which implies that

𝑑𝑁
𝐴𝐴

𝑑𝜂
= 𝐴

2
𝜎
𝑁𝐷

𝑝𝑝

𝜎
𝐴𝐴

𝑑𝑁
𝑝𝑝

𝑑𝜂
= 𝑛coll

𝑑𝑁
𝑝𝑝

𝑑𝜂
. (29)

As a function of the impact parameter, the average number of
binary nucleon-nucleon collisions 𝑛coll(𝑏) can be expressed as
follows [62]:

𝑛coll (𝑏) = 𝐴
2
𝜎
𝑁𝐷

𝑝𝑝

𝜎
𝐴𝐴
(𝑏)

𝑇
𝐴𝐴
(𝑏) . (30)
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Capella and Ferreiro [62] have also incorporated the cor-
rections arising due to shadowing effects by including the
contribution of triple Pomeron graphs. The suppression in
multiplicity from shadowing in 𝐴-𝐴 collision for a particle
produced at midrapidity can be obtained by replacing the
nuclear profile function 𝑇

𝐴𝐴
(𝑏) = ∫ 𝑑

2
𝑠𝑇
𝐴
(𝑠)𝑇

𝐴
(𝑏 − 𝑠):

𝑆
𝑠ℎ

(𝑏, 𝑠) = ∫𝑑
2

𝑠
𝑇
𝐴
(𝑠)

1 + 𝐴𝐹 (𝑦 = 0) 𝑇
𝐴
(𝑠)

×
𝑇
𝐴
(𝑏 − 𝑠)

1 + 𝐴𝐹 (𝑦 = 0) 𝑇
𝐴
(𝑏 − 𝑠)

,

(31)

where 𝐹(𝑦 = 0) = 𝑐[exp(Δ𝑦max) − exp(Δ𝑦max)]/Δ. Further in
(29) and (30), 𝜎

𝐴𝐴
(𝑏) can be obtained as follows:

𝜎
𝐴𝐴
(𝑏) = 1 − exp [−𝜎𝑁𝐷

𝑝𝑝
𝐴
2

𝑇
𝐴𝐴
(𝑏)] . (32)

2.4. The Color Glass Condensate Approach. Color Glass Con-
densate [66–82] (CGC) is an effective theory that describes
the gluon content of a high energy hadron or nucleus in the
saturation regime. At high energies, the nuclei gets contracted
and the gluon density increases inside the hadron wave func-
tions, and at small 𝑥, the gluon density is very large in com-
parison to all other parton species (the valence quarks) and
the sea quarks are suppressed by the coupling 𝛼

𝑠
, since they

can be produced from the gluons by splitting 𝑔 → 𝑞𝑞.
Systems that evolve slowly compared to natural time scales
are generally glasses.The word Color is because CGC is com-
posed of colored gluons.The word Glass is because the classi-
cal gluon field is produced by fast moving static sources. The
distribution of these sources is real. Systems that evolve slowly
compared to natural time scales are generally glasses. The
word condensate means the gluon distribution has maximal
phase-space density for momentum modes and the strong
gluon fields are self generated by the hadron. This effective
theory approximates the description of the fast partons in the
wave function of a hadron. This framework has been applied
in a range of experiments, for example, from DIS to proton-
proton, proton-nucleus, and nucleus-nucleus collisions. One
of the early successes of the CGC was the description of
multiplicity distributions in DIS experiments [53]. When the
nucleus is boosted to a large momentum, then due to Lorentz
contraction in the transverse plane of nuclei, partons have
to live on thin sheet in the transverse plane. Each parton
occupies the transverse area 𝜋/𝑄2 and can be probed with
the cross-section 𝜎 ∼ 𝛼

𝑠
(𝑄
2
)𝜋/𝑄

2. On the other side the total
transverse area of the nucleus is 𝑆

𝐴
∼ 𝜋𝑅

2

𝐴
. Therefore if the

number of partons exceeds

𝑁
𝐴
∼
𝑆
𝐴

𝜎
∼

1

𝛼
𝑠
(𝑄2)

𝑄
2

𝑅
𝐴

2

, (33)

then they start to overlap in the transverse plane and start
interacting with each other which prevents further growth of
parton densities. At this situation the transverse momenta of
the partons are of the order of 𝑄

𝑠

2
∼ 𝛼

𝑠
(𝑄
2

𝑠
)(𝑁

𝐴
/𝑅
2

𝐴
) ∼ 𝐴

1/3,
which is called “saturation scale” [30].

The multiplicity of the produced partons should be pro-
portional to [30]

𝑁
𝑠
∼

1

𝛼
𝑠
(𝑄2

𝑠
)
𝑄
2

𝑠
𝑅
2

𝐴
∼ 𝑁

𝐴
∼ 𝐴. (34)

In the first approximation, themultiplicity in this high density
regime scales with the number of participants. However,
there is an important logarithmic correction to this from the
evolution of parton structure functions with 𝑄2

𝑠
. The coeffi-

cient of proportionality is given as follows [30]:

𝑄
2

𝑠
=
8𝜋
2
𝑁
𝑐

𝑁2

𝑐
− 1

𝛼
𝑠
(𝑄

2

𝑠
) 𝑥𝐺 (𝑥, 𝑄

2

𝑠
)
𝜌part

2
, (35)

where 𝑁
𝑐
= 3 is the number of color, 𝑥𝐺(𝑥, 𝑄2

𝑠
) is the

gluon structure function in nucleus, and 𝜌part is the density of
participants in the transverse plane.

Number of produced partons is given as follows [30]:

𝑑
2
𝑁

𝑑2𝑏𝑑𝜂
= 𝑐

𝑁
2

𝑐
− 1

4𝜋2𝑁
𝑐

1

𝛼
𝑠

𝑄
2

𝑠
, (36)

where 𝑐 is the “parton liberation” coefficient accounting for
the transformation of virtual partons in the initial state to the
on-shell partons in the final state. Integrating over transverse
coordinate and using (35), one can obtain [30]

𝑑𝑁

𝑑𝜂
= 𝑐𝑁part𝑥𝐺 (𝑥, 𝑄

2

𝑠
) . (37)

Here 𝑐 is assumed to be close to unity in the context of local
“parton hadron duality” hypothesis [83] according to which,
at𝑝

⊥
∼ 𝑄

𝑠
, the distribution of produced hadronsmirrors that

of the produced gluons. Using (35) and (37), one can evaluate
the centrality dependence as follows [30]:

2

𝑁part
≃ 0.82 ln(

𝑄
2

𝑠

Λ2QCD
) . (38)

Here ΛQCD is QCD scale parameter.
The rapidity density can be evaluated in CGC effective

field theory (EFT) by using the following expression [84]:

𝑑𝑁

𝑑𝑦
=

1

𝜎
𝐴𝐴

∫𝑑
2

𝑝
𝑡
(𝐸

𝑑𝜎

𝑑3𝑝
) , (39)

where 𝜎
𝐴𝐴

is the inelastic cross-section of nucleus-nucleus
interaction. Further, the differential cross-section of gluon
production in a 𝐴-𝐴 collision is written as [84]

𝐸
𝑑𝜎

𝑑3𝑝
=

4𝜋𝑁
𝑐

𝑁2

𝑐
− 1

1

𝑝2
𝑡

∫𝑑
2

𝑘
𝑡
𝛼
𝑠
𝜙
𝐴
(𝑥
1
, 𝑘
2

𝑡
)

× 𝜙
𝐴
(𝑥
2
, (𝑝 − 𝑘)

2

𝑡
) ,

(40)

where 𝑥
1,2

= (𝑝
𝑡
/√𝑠) exp(±𝜂) with 𝜂 the pseudorapidity of

the produced gluon and 𝛼
𝑠
is the running coupling evaluated

at the scale 𝑄2 = max{𝑘2
𝑡
, (𝑝 − 𝑘)

2

𝑡
}. 𝜙

𝐴
is the unintegrated

gluon distribution which describes the probability to find
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a gluon with a given 𝑥 and transverse momentum 𝑘
𝑡
inside

the nucleus. When 𝑝2
𝑡
> 𝑄

2

𝑠
, 𝜙
𝐴
corresponds to the brems-

strahlung radiation spectrum and can be expressed as

𝜙
𝐴
(𝑥, 𝑘

2

𝑡
) ∼

𝛼
𝑠

𝜋

1

𝑘2
𝑡

. (41)

In the saturation regime,

𝜙
𝐴
(𝑥, 𝑘

2

𝑡
) ∼

𝑆
𝐴

𝛼
𝑠

, 𝑘
2

𝑡
≤ 𝑄

𝑠
, (42)

where 𝑆
𝐴
is the nuclear overlap area.

Since the rapidity (𝑦) and Bjorken variable 𝑥 are related
by ln(1/𝑥) = 𝑦, the 𝑥-dependence of the gluon structure
function translates into the following rapidity dependence of
the saturation scale factor 𝑄2

𝑠
:

𝑄
2

𝑠
(𝑠; ±𝑦) = 𝑄

2

𝑠
(𝑠; ±𝑦 = 0) exp (±𝜆𝑦) . (43)

Integrating over transverse momentum in (39) and (40), the
rapidity distribution comes as follows [84]:

𝑑𝑁

𝑑𝑦
= const × 𝑆

𝐴
𝑄
2

𝑠,min ln(
𝑄
2

𝑠,min

Λ2QCD
)

× [1 +
1

2
ln(

𝑄
2

𝑠,max

𝑄2
𝑠,min

)(1 −
𝑄
𝑠,max

√𝑠
𝑒
|𝑦|

)

4

] ,

(44)

where const is energy-independent, 𝑄2
𝑠
≡ 𝑄

2

𝑠
(𝑠; 𝑦 = 0), and

𝑄
𝑠,min(max) are defined as the smaller (larger) value of (43); at

𝑦 = 0, 𝑄2
𝑠,min = 𝑄

2

𝑠,max = 𝑄
2

𝑠
(𝑠) = 𝑄

2

𝑠
(𝑠
𝑜
)(𝑠/𝑠

𝑜
)
𝜆/2.

Since 𝑆
𝐴
𝑄
2

𝑠
∼ 𝑁part, we can rewrite (44) as follows [84]:

𝑑𝑁

𝑑𝑦
= 𝑐𝑁part(

𝑠

𝑠
𝑜

)

𝜆/2

𝑒
−𝜆(𝑦)

[ln(
𝑄
2

𝑠

Λ2QCD
) − 𝜆

󵄨󵄨󵄨󵄨𝑦
󵄨󵄨󵄨󵄨]

× [1 + 𝜆
󵄨󵄨󵄨󵄨𝑦
󵄨󵄨󵄨󵄨 (1 −

𝑄
𝑠

√𝑠
𝑒
(1+𝜆/2)|𝑦|

)

4

] ,

(45)

with 𝑄2
𝑠
(𝑠) = 𝑄

2

𝑠
(𝑠
𝑜
)(𝑠/𝑠

𝑜
)
𝜆/2.

2.5. Model Based on the Percolation of Strings. The physical
situation described by the Glasma, the system of purely lon-
gitudinal fields in the region between the parting hadrons, is
analogous to that underlying in the string percolation model
(SPM). In the SPM one considers Schwinger strings, which
can fuse and percolate [85–88], as the fundamental degrees
of freedom. The effective number of strings, including per-
colation effects, is directly related to the produced particle’s
rapidity density.The SPM [89] for the distribution of rapidity
extended objects created in heavy-ion collisions combines
the generation of lower center-of-mass rapidity objects from
higher rapidity ones with asymptotic saturation in the form
of the well-known logistic equation for population dynamics:

𝜕𝜌

𝜕 (−Δ)
=
1

𝛿
(𝜌 − 𝐴𝜌

2

) , (46)

where 𝜌 ≡ 𝜌(Δ, 𝑌) is the particle density, 𝑌 is the beam
rapidity, and Δ ≡ |𝑦| − 𝑌. The variable −Δ plays the role of
evolution time, parameter 𝛿 controls the low density 𝜌 evo-
lution, and parameter 𝐴 is responsible for saturation. The 𝑌-
dependent limiting value of 𝜌, determined by the saturation
condition 𝜕𝜌/𝜕(−Δ) = 0, is given by 𝜌

𝑌
= 1/𝐴, whereas the

separation between the region Δ > Δ
0
(i.e., low density and

positive curvature) and the region Δ < Δ
0
(i.e., high density

and negative curvature) is defined by 𝜕2𝜌/𝜕(−Δ)2|
Δ 0

= 0,
which gives 𝜌

0
≡ 𝜌(Δ

0
, 𝑌) = 𝜌𝑌/2. Integrating (46) between

𝜌
0
and some 𝜌(Δ), one can obtain [89]

𝜌 (Δ, 𝑌) =
𝜌𝑌

𝑒(Δ−Δ 0)/𝛿 + 1
. (47)

The particle density in SPM is proportional to 𝑁
𝐴
(i.e., 𝜌 ∝

𝑁
𝐴
); therefore we can write

𝜌 (Δ, 𝑌,𝑁
𝐴
) =

𝑁
𝐴
𝜌𝑌

𝑒(Δ−Δ 0)/𝛿 + 1
. (48)

To be more specific regarding the quantities 𝛿, 𝜌
𝑌
, and Δ

0
, 𝛿

does not strongly depend on 𝑌 and the parameter 𝜌
𝑌
is the

normalized particle density at midrapidity and is related to
gluon distribution at small 𝑥; that is, 𝜌 ∝ 𝑒

𝜆𝑌. As 𝜌
𝑌
increases

with rapidity 𝑌, energy conservation arguments give Δ
0
=

−𝛼𝑌 with 0 < 𝛼 < 1. Now (48) can be rewritten as

1

𝑁
𝐴

𝜌 (Δ, 𝑌) ≡
2

𝑁part

𝑑𝑛

𝑑𝑦
=

𝑒
𝜆𝑌

𝑒(Δ+𝛼𝑌)/𝛿 + 1
. (49)

The particle density 𝜌 is a function of both Δ and the beam
rapidity 𝑌, whereas according to the hypothesis of limiting
fragmentation, for Δ larger than some 𝑌-dependent thresh-
old, the density 𝜌 remains a function ofΔ only. In the Glauber
model, energy-momentum conservation constrains the com-
binatorial factors at low energy but in the framework of SPM
energy-momentum conservation is accounted by reducing
the effective number of sea strings via

𝑁
4/3

𝐴
󳨀→ 𝑁

1+𝛼(√𝑠)

𝐴
, (50)

where𝑁
𝐴
= 𝑁part/2 with

𝛼 (√𝑠) =
1

3
(1 −

1

1 + ln (√𝑠/𝑠
0
+ 1)

) , (51)

which yields

1

𝑁
𝐴

𝑑𝑛
𝐴𝐴

ch
𝑑𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑦=0

∼ 𝑁
𝐴
(𝑁

𝛼(√𝑠)

𝐴
− 1)

𝑑𝑛
𝑝𝑝

𝑑𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑦=0

. (52)

In the string percolation model (SPM), the charged particle
multiplicity at midrapidity in proton-proton interactions is
given by [90]

𝑑𝑛
𝑝𝑝

ch
𝑑𝜂

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝜂=0

= 𝑘𝐹 (𝜂
𝑡

𝑝
)𝑁

𝑠

𝑝
(53)
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such that, for symmetric nucleus-nucleus case, one has [90]

1

𝑁
𝐴

𝑑𝑛
𝐴𝐴

ch
𝑑𝜂

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝜂=0

= 𝜅𝐹 (𝜂
𝑡

𝑝
)𝑁

𝑠

𝑝
(1 +

𝐹 (𝜂
𝑡

𝑁𝐴

)

𝐹 (𝜂𝑡
𝑝
)
(𝑁

𝛼(√𝑠)

𝐴
− 1)) .

(54)

Equation (54) involves three parameters, the normalization
constant 𝑘; the threshold scale√𝑠0 in𝛼(√𝑠); the power𝜆.The
values of fitting parameters obtained from the best fit to 𝑝𝑝
and 𝐴𝐴 data are 𝑘 = 0.63 ± 0.01, 𝜆 = 0.201 ± 0.003, and the
threshold scale √𝑠0 = 245 ± 29GeV. In the SPM, the power
law dependence of the multiplicity on the collision energy is
the same in 𝑝𝑝 and 𝐴𝐴 collisions.

The pseudorapidity dependence of 𝐴𝐴 collisions is given
by [91]

1

𝑁
𝐴

𝑑𝑛
𝐴𝐴

ch
𝑑𝜂

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝜂

= 𝜅𝐹 (𝜂
𝑡

𝑝
)𝑁

𝑠

𝑝

(1 + (𝐹 (𝜂
𝑡

𝑁𝐴

) /𝐹 (𝜂
𝑡

𝑝
)) (𝑁

𝛼(√𝑠)

𝐴
− 1))

exp ((𝜂 − (1 − 𝛼) 𝑌) /𝛿 + 1)
,

(55)

where 𝐽 is the Jacobian 𝐽 = cosh 𝜂/(𝑘
1
+ sinh2𝜂) and 𝜅󸀠 =

(𝜅/𝐽(𝜂 = 0))(exp(−(1 − 𝛼)𝑌/𝛿) + 1).

3. Charged Hadron Multiplicity Distributions

Here, we discuss various observed features of the measured
charged hadron multiplicity in hadron-hadron, hadron-
nucleus, and nucleus-nucleus interactions at different ener-
gies and their comparison in the view of the abovementioned
models.

3.1. Mean Multiplicity as a Function of √𝑠𝑁𝑁. Feynman was
the first to point out that the multiplicity spectrum observed
in proton-proton collisions at asymptotically large energies
becomes independent of the center-of-mass energy (√𝑠) as
√𝑠 → ∞ [92–94]. This assumption is known as Feynman
scaling. He concluded this fact primarily based on the
phenomenological arguments about the exchange of quan-
tum numbers between the colliding particles. This energy-
independent behaviour of the height of rapidity distribution
aroundmidrapidity naturally implies that the total multiplic-
ity after integration over rapidity involves ln√𝑠 behaviour
since 𝑦max = ln(√𝑠/𝑚

𝑁
), where 𝑚

𝑁
is the nucleon-mass.

However up to √𝑠 = 1800GeV the experimental data does
not indicate that the height of rapidity distribution around
midrapidity (i.e, (𝑑𝑛/𝑑𝜂)

𝜂=0
) gets saturated. Thus, Feynman

scaling is violated by continuous increase in the central rapid-
ity density. Later on, it was realized that the gluons arising
from gluon-bremsstrahlung processes give QCD-radiative
corrections [95]. Recently, it was noticed by PHOBOS col-
laboration from the 𝑝-𝑝 and/or 𝑝-𝑝 data that central plateau
height, that is, (𝑑𝑛/𝑑𝜂)

𝜂=0
, grows as ln2√𝑠 which in turn will

give ln3√𝑠 type behaviour in the totalmultiplicity [45, 96, 97].
Thus, the violation of Feynman scaling clearly indicates that
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Figure 1: Variations of total mean multiplicities of charged hadrons
(𝑁ch) produced in 𝑝-𝑝 collisions as a function of c.m. energy
(√𝑠𝑁𝑁). Figure is taken from [41].

this scaling type of behaviour is not supported by experi-
ments. Based on the above findings, we have included ln3√𝑠
behaviour as in (15) and have shown its applicability in
describing the 𝑝-𝑝 and 𝑝-𝑝 data quite successfully for the
available entire energy range till date.

In Figure 1, the inelastic (filled symbols) and nonsingle
diffractive (NSD) data (open symbols) of charged hadron
multiplicity in full phase-space for 𝑝-𝑝 collisions at vari-
ous center-of-mass energies from different experiments, for
example, ISR, UA5, and E735, is shown. Inelastic data at very
low energies (filled symbols) are used because NSD data are
not available for these energies and also the trend shows that
the difference between inelastic and NSD data is very small
at lower energies. Further, this data set is fitted with three
different functional forms in order to make a simultaneous
comparison with our parameterization as given in (15). The
short-dashed line has the functional form as 𝑎

2
+𝑏

2
𝑠
1/4 which

is actually inspired by the Fermi-Landau model. It provides a
reasonable fit to the data at higher√𝑠𝑁𝑁 with 𝑎

2
= 5.774 and

𝑏
2
= 0.948 [98]. However, since 𝑎

2
summarizes the leading

particle effect also, its value should not be much larger than
two. The dotted line represents the functional form as 𝑎

1
+

𝑏
1
ln 𝑠+𝑐

1
ln2𝑠 and it fits the datawell at higher√𝑠𝑁𝑁 but shows

a large disagreement with the experimental data at lower
center-of-mass energies with the values 𝑎

1
= 16.65, 𝑏

1
=

−3.147, and 𝑐
1
= 0.334, respectively. The dashed-dotted line

represents the form 𝑎
3
+ 𝑏

3
𝑠
𝑛 and it provides a qualitative

description of the data with 𝑎
3
= 0, 𝑏

3
= 3.102, and 𝑛 = 0.178

[98]. The solid line represents the parametrization given by
(15) according to [41]. In Figure 2, we present the inelastic
(filled symbols) and nonsingle diffractive (NSD) data (open
symbols) of 𝑑𝑛ch/𝑑𝜂 at midrapidity for 𝑝-𝑝 collisions at var-
ious center-of-mass energies from different experiments, for
example, ISR, UA5, E735, RHIC, and LHC [99–112]. Solid line
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at midrapidity in 𝑝-𝑝 collisions as a function of c. m. energy. Data is
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represents the parameterization used in (19) according to [41].
DPM results [62] for charged hadron pseudorapidity densi-
ties are shown by the dashed-dotted line for 𝑝-𝑝 collisions.
In DPM, at lower energies a larger value of multiplicities is
obtained which is not supported by the experimental data
which shows that a 𝑠0.11 type of energy-dependent behaviour
(shown by dashed line) for the entire range of energy
including LHCenergy fits the datawell.The results on hadron
production in 𝑝-𝑝 collisions by using a saturation approach
based on the CGC formalism are shown by the dotted
line with error bands, while KLN model results are shown
by dashed-dotted line with same error bands [113]. Both
approaches are based on 𝑘

𝑇
factorization, while the main dif-

ference lies in determining the saturation scale for the nucleus
[113].

Figure 3 shows the variation of mean multiplicity of
charged hadrons produced in central Au-Au collision with
respect to √𝑠𝑁𝑁. We also compare our model results (solid
line) with the standard Glauber model (dashed line) and
the modified Glauber model results (dash-dotted line) [114]
alongwith the experimental data of AGS and RHIC [115–117].
We would like to mention here the main difference between
modified Glauber model and the standard Glauber calcula-
tion. In standard Glauber model, a participating nucleon can
have one or more numbers of collision at the same √𝑠𝑁𝑁
and a constant value for 𝜎𝑝𝑝inel(√𝑠) is used in the calculation.
However, inmodifiedGlaubermodel, a participating nucleon
loses a fraction of its momentum after the first collision
and participates in subsequent collisions with somewhat
lower energy and also a lower value of 𝜎𝑝𝑝inel(√𝑠) is used in
the calculation. This modification suppresses the number of
collisions significantly in comparison to that obtained in the
standard Glauber model. We find that the results obtained in
our model give a better description to the experimental data
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Figure 3: Variations of total mean multiplicity of charged hadrons
in central Au-Au collisions with√𝑠𝑁𝑁.The figure is taken from [41].
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Figure 4: Total number of charged hadrons (𝑁ch) produced in Au-
Au, Cu-Cu and Pb-Pb collisions as a function of c. m. energy. Figure
is taken from [41].

in comparison to the standard as well as modified Glauber
model predictions [41]. This clearly shows the significance of
the role played by quark degrees of freedom as used by us in
our picture [41]. In Figure 4, the variations ofmeanmultiplic-
ity of charged hadrons produced inAu-Au,Cu-Cu, andPb-Pb
collisions as a function of√𝑠𝑁𝑁 in the wounded quarkmodel
are shown alongwith the comparison of the experimental
data [115–118].

3.2. Charged Hadron Multiplicity as a Function of Centrality.
The total charged hadron multiplicity in hadronic collisions
is of great significance as it provides a direct measure of the
degrees of freedom released in the collision process. The role
of the system-size dependence on the particle production
in high energy nuclear collisions is of prime interest and
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is mainly studied either by varying the size of the colliding
nuclei or by varying the centrality of the collision event.
This variation of the collision centrality directly affects the
volume of the collision zone formed in the initial stage and
it also affects the number of binary collisions suffered by each
nucleon. Furthermore, the study of centrality dependence
along with the varying collision energy also reflects the
contribution of the soft and hard process involved in the
particle productionmechanism. In Figure 5, a compilation of
the measured total charged hadron multiplicity as a function
of centrality (⟨𝑁part⟩) in nucleus-nucleus (𝐴-𝐴) collisions at
varying energies is shown. Experimental data clearly shows a
nontrivial growth of multiplicity with atomic number of col-
liding nuclei and also the multiplicity dependence on the col-
lision centrality and energy is clearly visible.Themain feature
of total particle production in Au-Au, Cu-Cu, and Pb-Pb col-
lisions is a direct proportionality of the total charged hadron
multiplicity to the number of pair of participant nucle-
ons 𝑁part. This proportionality becomes stronger with the
increase in collision energy (as observed in the form of
increasing slopes of the curve) for each colliding system.
Total multiplicity of charged hadron per participant pair as a
function of centrality in𝑑-Au, Au-Au, andCu-Cu collisions at
RHIC energies is shown in Figure 6.The total charged hadron
multiplicity scales with ⟨𝑁part⟩ in 𝑑-Au, Au-Au, and Cu-
Cu collisions indicating that the transition between inelastic
𝑝(𝑝)-𝑝 and 𝐴-𝐴 collisions is not controlled simply by the
number of participants, as even very central 𝑑-Au collisions
do not show any sign of trending up towards the level of the
Au-Au data [125].

In Tables 1 and 2, the wounded quark model [41] results
are organized in tabular form for ten centrality classes and are
compared accordingly with the RHICmultiplicity data [120].
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collisions [116, 120–122]. Inelastic 𝑝(𝑝)-𝑝 data or interpolations to
unmeasured energies with𝑁part = 2 taken from [120, 123, 124].

For suitable comparison of model results for most central
(0–6%) case in Au-Au and Cu-Cu collisions, we have taken
the average of the RHIC multiplicity data [120] of first two
centrality bins (0–3% and 3–6%). In Table 1, there is a tabular
representation of wounded quark model results for the
total charged hadron multiplicities as a function of the cen-
trality in Au-Au collisions at three RHIC energies (√𝑠𝑁𝑁 =

62.4, 130 and 200GeV). We have also made a comparison
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Table 1: The total charged hadron multiplicities as a function of centrality in Au-Au collisions at three different RHIC energies [41, 120].

Centrality bin √𝑠𝑁𝑁 = 200GeV √𝑠𝑁𝑁 = 130GeV √𝑠𝑁𝑁 = 62.4GeV
Model Experimental Model Experimental Model Experimental

0–6% 5277 5095 ± 255 4449 4195 ± 210 3098 2881 ± 143

6–10% 4177 4341 ± 245 3480 3649 ± 182 2354 2489 ± 124

10–15% 3601 3763 ± 188 3072 3090 ± 155 2196 2120 ± 106

15–20% 2939 3153 ± 158 2554 2586 ± 129 1886 1777 ± 88

20–25% 2492 2645 ± 132 2189 2164 ± 108 1673 1485 ± 74

25–30% 2003 2184 ± 109 1779 1793 ± 90 1392 1236 ± 61

30–35% 1790 1819 ± 91 1596 1502 ± 75 1262 1027 ± 51

35–40% 1591 1486 ± 74 1428 1222 ± 61 1104 840 ± 42

40–45% 1230 1204 ± 60 1111 975 ± 49 902 679 ± 33

45–50% 881 951 ± 48 801 782 ± 39 662 532 ± 26

Table 2: The total charged hadron multiplicities as a function of centrality in Cu-Cu collisions at three different RHIC energies [41, 120].

Centrality bin √𝑠𝑁𝑁 = 200GeV √𝑠𝑁𝑁 = 62.4GeV √𝑠𝑁𝑁 = 22.4GeV
Model Experimental Model Experimental Model Experimental

0–6% 1532 1474 ± 69 884 807 ± 35 483 508 ± 22

6–10% 1203 1262 ± 59 654 721 ± 32 395 431 ± 19

10–15% 1003 1084 ± 51 609 635 ± 27 355 375 ± 18

15–20% 850 917 ± 43 544 541 ± 24 339 320 ± 15

20–25% 708 771 ± 38 470 460 ± 21 308 273 ± 14

25–30% 600 645 ± 32 411 386 ± 17 279 230 ± 13

30–35% 504 538 ± 27 354 323 ± 15 247 194 ± 12

35–40% 400 444 ± 23 288 270 ± 13 207 162 ± 12

40–45% 325 364 ± 19 239 223 ± 11 175 135 ± 11

45–50% 270 293 ± 15 201 183 ± 9 150 112 ± 11

with the experimental data [120] at the respective RHIC ener-
gies and found a reasonable agreement within experimental
errors. Similarly in Table 2, wounded quark model results
for the total charged hadron multiplicities as a function of
the centrality in Cu-Cu collisions at three RHIC energies
(√𝑠𝑁𝑁 = 22.4, 62.4, and 200GeV) are shown and compared
with the experimental data [120] at the respective RHIC
energies. Thus, the centrality dependence of charged hadron
production involving different colliding nuclei (Au-Au and
Cu-Cu) at RHIC energies is well described bywounded quark
model which clearly suggests that it can be used reliably in
explaining the multiplicity data for other colliding nuclei too.

3.3. Charged Hadron Pseudorapidity Distributions. Thepseu-
dorapidity distribution of charged hadrons is another quan-
tity in the studies of the particle production mechanism in
high energy hadron-hadron and nucleus-nucleus collisions.
Pseudorapidity density is a well defined quantity which is
sensitive to the initial conditions of the system, that is, parton
shadowing and the effects of rescattering and hadronic final
state interactions. Figure 7 shows the pseudorapidity distri-
butions of charged hadrons produced in the most central Au-
Au collisions over the entire range of 𝜂 at √𝑠𝑁𝑁 = 19.6, 62.4,
130, and 200GeV and in Pb-Pb collisions at 2.76 TeV. CGC

model results at 130GeV, 200GeV (for Au-Au collisions), and
2.76 TeV (for Pb-Pb collisions) [126] are shown with dotted
lines. In this approach, the charged hadron pseudorapidity
distributions in nucleus-nucleus collisions are calculated
within 𝑘

𝑇
factorization. CGC model results show a good

agreement for Au-Au collisions at RHIC energies (130GeV
and 200GeV), whereas for Pb-Pb collisions at LHC energy
near midrapidity it successfully reproduces the data within
limited pseudorapidity range (|𝜂| < 2). SPM results [91] are
shown with dashed line for Cu-Cu, Au-Au, and Pb-Pb
collisions at different energies in Figures 7 and 8. In SPM
approach, there are three different regions involved in pseu-
dorapidity distribution. In the fragmentation regions, there
are only strings involving valence quarks while in the central
region there are additional short rapidity strings between
quarks and antiquarks. The nonequilibrium statistical rela-
tivistic diffusion model (RDM) results [127] at RHIC and
LHC energies are shown in Figure 7, which gives a reasonable
description of 𝐴𝐴 data. In RDM there are also three sources,
one at central rapidity and the two others in the fragmenta-
tion regions. Solid lines in Figures 7 and 8 are results obtained
in the wounded quark model [41] for Au-Au and Cu-Cu
collisions at RHIC energies and for Pb-Pb collisions at LHC
energy. Wounded quark model quite successfully explains
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Figure 7: Charged hadron pseudorapidity distribution in Au-Au
collisions at different RHIC energies and Pb-Pb at LHC energy along
with comparison of different model results. Data are taken from
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different model results. Data are taken from [129].

the data on the pseudorapidity distribution for all the three
colliding systems (Au-Au, Cu-Cu, and Pb-Pb) at RHIC and
LHC energies.

3.4. Central Pseudorapidity Density as a Function of √𝑠𝑁𝑁 as
well as Colliding Nuclei. Pseudorapidity density of charged
hadrons provides relevant information on the temperature
(𝑇) as well as the energy density of the QGP. Furthermore,
the study of the dependence of charged hadron densities
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Figure 9: Variations of pseudorapidity density of charged hadrons
at midrapidity as a function of √𝑠𝑁𝑁 for different colliding nuclei
along with the comparison of different model results [41, 130].

at midrapidity with the c. m. energy and system size can
provide the relevant information on the interplay between
hard parton-parton scattering process and soft processes. At
first sight, it looks logistic to consider the nucleus-nucleus
collision as an incoherent superposition of nucleon-nucleon
collisions as in the framework of wounded nucleon model
approach. However, recent results on multiplicity data at
RHIC and LHC energies for proton-proton and nucleus-
nucleus collisions give an indication that nucleus-nucleus
collisions are not simply an incoherent superposition of the
collisions of the participating nucleons as (𝑑𝑛𝐴𝐴ch /𝑑𝜂)𝜂=0 >

𝑁part ⋅ (𝑑𝑛
𝑝𝑝

ch /𝑑𝜂)𝜂=0. It hints towards the role of multiple scat-
tering in the nucleon-nucleon collisions. Further, the scaling
with number of binary collisions also does not seem to hold
good as (𝑑𝑛𝐴𝐴ch /𝑑𝜂)𝜂=0 ≪ 𝑁coll ⋅(𝑑𝑛

𝑝𝑝

ch /𝑑𝜂)𝜂=0, which indicates
the coherence effects involved in these collision processes
[131]. At higher energies, the role of multiple scattering [132]
becomes more significant in describing the nucleus-nucleus
collisions due to the contribution of hard processes. In
Figure 9, the pseudorapidity densities of charged hadrons at
midrapidity are shown with c. m. energy (√𝑠𝑁𝑁) for different
colliding nuclei. Wounded quark model results (as obtained
from (20)) which is based on the two-component model are
shown along with the experimental data and are in quite
good agreement. It clearly signifies the role of hard and soft
processes involved in these collision processes. CGC model
results for Au-Au collisions is shown with dotted line [130].

3.5.𝑁part and𝑁𝑞 Scaling Observed in Charged Hadron Multi-
plicity. The energy dependence of the charged hadron pseu-
dorapidity density at midrapidity normalized by the number
of participant pairs for most central collision events is shown
in Figure 10 for colliding systems of varying sizes. Energy
dependence of normalized pseudorapidity is found to follow
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Figure 10: Energy dependence of charged hadron mid-pseudo-
rapidity density per participant pair. SPM [90], CGC, and KLN
models [113] results are shown.

a logarithmic trend for𝐴-𝐴 collisions up to the highest RHIC
energy of 200GeV, which can be well explained as [118]

𝑑𝑛ch/𝑑𝜂

⟨𝑁part⟩ /2
= 0.78 ln (√𝑠

𝑁𝑁
) − 0.4. (56)

However, the measurements in Pb-Pb collisions at 2.76 TeV
observed at LHC exceed the above logarithmic dependence.
This logarithmic behaviour describes Au-Au and Pb-Pb data
quite successfully with a little disagreement for Cu-Cu data. A
better description of the data for energy dependence in 𝐴-𝐴
collision is given by the following relation [118, 133]:

𝑑𝑛ch/𝑑𝜂

⟨𝑁part⟩ /2
= 0.77(𝑠

𝑁𝑁
)
0.15

, (57)

which is quite successful in describing the data at RHIC
and LHC but fails to explain the lower energy data as it
overestimates in lower energy region below 17.3GeV [118].
SPM results are shown for Au-Au and Cu-Cu with dashed
and dotted lines respectively. CGC and KLN model results
are shownby dashed-dotted and dotted lineswith error bands
[113].

In Figure 11, 𝑁
𝑞
scaling behaviour of charged hadron

pseudorapidity density at midrapidity is studied in wounded
quark scenario over the entire range of energy starting from
the lowest AGS energies √𝑠 = 2.4GeV to the largest LHC
energy √𝑠 = 2.76TeV. Solid points in the figure are the
experimental pseudorapidity density data atmidrapidity nor-
malized by the participating quarks calculated in wounded
quark model. Open points are wounded quark model result
which is well described by the following functional form:

(𝑑𝑛ch/𝑑𝜂)𝜂=0

𝑁
𝑞

= 0.37 + 0.12ln2 (√𝑠
𝑁𝑁
) . (58)
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Figure 11: Energy dependence of charged hadron mid-pseudo-
rapidity density per participating quark. Open triangles are
wounded quark model results. Solid line is energy-dependent
functional form of wounded quark model [41].

A little deviation from this functional form can be clearly seen
for Cu-Cu collisions at 19.6 and 62.4GeV, which arises due
to the difference in number of quark collisions from Au-Au
collisions at the same energy and signifies the role of hard
processes involved.

3.6. Scaled Pseudorapidity Density in 𝐴-𝐴 Collisions as
a Function of Centrality. In heavy-ion collisions, nuclei
being extended objects collide at various impact parameters
depending on the degree or extent of overlap region of the
two colliding nuclei. This degree or extent of overlap region
formed during the collision is generally referred to as the
degree of centrality of the interaction event. It serves as an
appropriate tool to make the suitable comparison between
the measurements performed in collider experiments and
the theoretical calculations available till date. The midrapid-
ity density of charged hadrons normalized to the number
of participant pairs (⟨𝑁part⟩/2) with a variety of colliding
systems (Au-Au, Cu-Cu, and Pb-Pb) at different energies
as a function of centrality (⟨𝑁part⟩) is shown in Figure 12.
Geometrical scaling model of Armesto et al. [134] with a
strong dependence of the saturation scale on the nuclear
mass and collision energy explains the Au-Au multiplicity
data quite well and establishes a factorization of energy and
centrality dependences in agreementwith the data but at LHC
energy (2.76 TeV) it predicts a rather weak variation with
centrality. On the other hand, the string percolation model
(SPM) [89, 90] driven by the same power law behaviour in
both 𝑝-𝑝 and 𝐴-𝐴 collisions provides a suitable description
of the existing multiplicity data at both RHIC (for Cu-Cu and
Au-Au) and LHC (for Pb-Pb) energies in a consistentmanner.
CGC model results at RHIC energies (130 and 200GeV) and
LHC energy (2.76 TeV) are shown in Figure 12 by dashed-
dotted line. Geometrical scaling (GS)model results [134–136]
at RHIC energies and LHC energy (2.76 TeV) are shown in
Figure 12 by dotted line.
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dash-dotted lines are CGG model results, and dotted lines are GS
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4. Scaling Features of Charged Hadron
Multiplicity in the High Energy Collision

Scaling laws in high energy collisions are of great importance
as it describes the case where a physical quantity (observable)
becomes solely dependent on a combination of certain phys-
ical parameters. Such a scaling law is often useful due to the
fact that it can provide us with enough information about the
underlying dynamics of the observed phenomenon in such
collision processes, whereas the violation of the scaling law
for a certain value of the scaling parameters will be a strong
indicator of new physical phenomenon occurring in these
collisions.

4.1. KNO Scaling. The energy dependence of the multiplicity
distribution observed in high energy collision using a variety
of colliding systems is one of the primary issues in the
search for any systematics/scaling in multiparticle produc-
tion. Based on the assumption of the Feynman scaling for
the inclusive particle production cross-section at asymptotic
energies Koba, Nielsen, and Olesen (KNO) in 1972 proposed
scaling property for the multiplicity distribution at asymp-
totic energies [138], according to which the normalized
multiplicity distributions of charged particles should become
independent of asymptotic energies. According to KNO
scaling, the probability𝑃(𝑛) to produce 𝑛 charged particles in
the final states is related to a scaling function 𝜓(𝑧) as follows
[138]:

𝜓 (𝑧) = ⟨𝑛⟩ 𝑃 (𝑛) = ⟨𝑛⟩
𝜎
𝑛

𝜎tot
, (59)

where 𝜓(𝑧) is universal function independent of energy and
the variable 𝑧 = 𝑛/⟨𝑛⟩ stands for normalized multiplicity.

𝜎
𝑛
and 𝜎tot correspond to 𝑛 particle production and the total

cross-section, respectively.Thus, the rescaling of𝑃
𝑛
measured

at different energies via stretching or shrinking the axes by the
average multiplicity ⟨𝑛⟩ leads to the rescaled curves coincid-
ing with one another. However, the experimental data show
only an approximate KNO scaling behaviour for multiplicity
distributions in the different energy regions and hence Buras
et al. [139] proposed modified KNO scaling in which variable
𝑧
󸀠
= (𝑛 − 𝛼)/⟨𝑛 − 𝛼⟩. Here parameter 𝛼 depends solely on the

reaction. In order to describe the properties of multiplicity
distributions of final state particle at different energies, it is
more convenient to study their moments. KNO scaling also
implies that the multiplicity moments

𝐶
𝑞
=

∑
𝑛
𝑛
𝑞
𝑃
𝑛

(∑
𝑛
𝑛𝑃
𝑛
)
𝑞
=
⟨𝑛
𝑞
⟩

⟨𝑛⟩
𝑞

(60)

are energy-independent since

𝐶
𝑞
= ⟨𝑍

𝑞

⟩ = ∫𝑍
𝑞

𝜓 (𝑧) 𝑑𝑍, (61)

where 𝑞 is the order of the moment.
Indeed, KNO scaling was found to be roughly valid up to

the highest ISR energies [99, 140] but the violation of KNO
scaling was first observed for the UA5 data of 𝑝-𝑝 collisions
at √𝑠 = 546GeV [141] at the CERN collider which provoked
a great deal of discussion among the physics community. A
highmultiplicity tail and a change of slope [102, 142] observed
in the distributionwere interpreted as evidence formulticom-
ponent structure of the final state [143, 144]. Later on, a com-
parative study of charged particle multiplicity distributions
[142] arising from nonsingle diffractive inelastic hadronic
collisions at √𝑠 = 30GeV to 1800GeV including the data in
UA5(SPS) and E735 (Tevatron) experiments again confirmed
the deviations from the so-called KNO scaling behaviour in
the form of a shoulder like structure that clearly appeared
in the collider data. This shoulder like structure observed
in the collider data arises due to the superposition of the
distribution of the particles from some other process different
fromKNO producing process incoherently superimposed on
the top of the KNO producing process [145]. A strong linear
increase of the 𝐶

𝑞
moments with energy and strong KNO

scaling violation at √𝑠 = 7TeV in form of the observed
change of slope in 𝑃

𝑛
confirm these earlier measurements.

Recently, Capella and Ferreiro [65] have computed pp mul-
tiplicity distributions at LHC in the framework of a multiple-
scattering model (DPM) as shown in Figures 13 and 14.
Multiple-scatteringmodels do not obeyKNOscaling. Indeed,
the multiple scattering contributions, which give rise to long-
range rapidity correlations, become increasingly important
when 𝑠 increases and since they contribute mostly to high
multiplicities they lead to KNO multiplicity distributions
that get broader with increasing 𝑠. On the other hand,
the Poisson distributions in the individual scatterings lead
to short-range rapidity correlations and give rise to KNO
multiplicity distributions that get narrower with increasing
𝑠. Due to the interplay of these two components the energy
dependence of the KNO multiplicity distributions (or of
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Figure 13: The charged hadron multiplicity distributions in KNO
form at √𝑠𝑁𝑁 = 0.9TeV and 7TeV in pseudorapidity interval, |𝜂| <
2.4 along with comparison to the experimental data. The figure is
taken from [65].

its normalized moments) depends crucially on the size of
the rapidity interval [146]. For large rapidity intervals the
multiple-scattering effect dominates and KNO multiplicity
distributions get broaderwith increasing 𝑠. For small intervals
the effect of the short-range component increases leading to
approximate KNO scaling, up to 𝑧 ∼ 6. We have shown
that the above features are maintained up to the highest LHC
energy and that for a given pseudorapidity interval (𝜂

0
= 2.4)

the rise of the KNO tail starts at a value of 𝑧 that increases
with energy.

All these observations and sizable growth of themeasured
nondiffractive inelastic cross-sections with increasing energy
clearly indicate the importance of multiple hard, semihard,
and soft partonic subprocesses in high energy inelastic
hadronic collisions [147–150].

4.2. Intermittency. A remarkably intense experimental and
theoretical activity has been performed in search of scale
invariance and fractality in soft hadron production processes.
In this search, a lot of efforts have been performed by investi-
gating all types of reactions ranging from 𝑒

+
𝑒
− annihilation

to nucleus-nucleus collisions at different energies. In this
investigation, self-similarity (or intermittency) is a power law
behaviour of a function of the form 𝑓(𝑥) ∼ 𝑥

𝑎 and thus
it also gives the scaling property 𝑓(𝜆𝑥) ∼ 𝜆

𝑎
𝑓(𝑥). Since

the scaling is the underlying property of critical phenomena,
it is natural to think of a phase transition wherever scaling
(or self-similarity) is found. Self-similarity is also connected
with a fractal pattern of the structure. Bialas and Peschanski
[151, 152] introduced a formalism to study nonstatistical fluc-
tuations as the function of the size of rapidity interval by using
the normalized factorial moments of order 𝑞. It is expected
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Figure 14: The charged hadron multiplicity distributions in KNO
form at √𝑠𝑁𝑁 = 0.9TeV and 7TeV in pseudorapidity interval, |𝜂| <
0.5 along with comparison to the experimental data. The figure is
taken from [65].

that scale invariance or fractality would manifest itself in
power law behaviour for scaled factorialmoments of themul-
tiplicity distribution in suchdomain. Scaled factorialmoment
is defined as

⟨𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑞 + 1)⟩ =

∞

∑

𝑛=1

𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑞 + 1) 𝑃
𝑛
.

(62)

Similarly the scaled factorial moments are defined as

𝐹
𝑞
=
⟨𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑞 + 1)⟩

⟨𝑛⟩
𝑞

, (63)

where ⟨𝑛⟩𝑞 = ∑∞
𝑛=1

𝑛
𝑞
𝑃
𝑛
.

Intermittency is defined as the scale invariance of factorial
moments with respect to changes in the size of phase-space
cells or bins (say 𝛿𝑦), for small enough 𝛿𝑦,

𝐹
𝑞
(𝛿𝑦) ∝ 𝛿𝑦

−𝜙𝑞 (64)

or

ln𝐹
𝑞
(𝛿𝑦) ∼ −𝜙

𝑞
ln 𝛿𝑦. (65)

This gives the wide, nonstatistical fluctuations of the unaver-
aged rapidity distribution at all scales. Such a kind of behav-
iour is a manifestation of the scale invariance of the physical
process involved. In Figures 15 and 16, the intermittent
behaviour of charged hadrons produced in the nucleus-
nucleus interactions is shown in rapidity- and azimuthal-
space [153].The slope (𝜙

𝑞
) in a plot of ln𝐹

𝑞
versus − ln 𝛿𝑦 at a

given positive integer 𝑞 is called intermittency index or inter-
mittency slope which provide us with an opportunity to char-
acterize the apparently irregular fluctuations of the particle
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Figure 15: Intermittent behaviour of charged hadrons produced in
𝜂-space in 28Si-Ag/Br interactions at 14.6 AGeV. The figure is taken
from [153].

density. The term intermittency was chosen in analogy to the
intermittent temporal and spatial fluctuations.

If there is no dynamical contribution to the multiplicity
fluctuation, such as due to a phase transition or any other type
of mechanism, 𝑃

𝑛
should exhibit the Poisson distribution,

reflecting only the statistical fluctuations. The strength of the
dynamical fluctuation vary from one event to another event
due to the difference in initial condition. In such case, 𝐹

𝑞

would have no dependence on ⟨𝑛⟩ and therefore on phase-
space bin (𝛿𝑦). The scaled factorial moments (SFMs) reduce
the statistical noise which is present in event with finite
multiplicity. Moreover, the method of SFMs is potentially
suitable for investigating the multiparticle correlation on
small scales.

A clear signal of the intermittency in 𝑒
+
𝑒
− data was

observed for the first time by HRS results [154, 155], shortly
followed by TASSO collaboration [156] at a center-of-mass
energy of about 35GeV by performing the analysis in 1D
(rapidity (𝑦)-space) and 2D (rapidity-azimuthal (𝑦 − 𝜙)-
space). At LEP energies, the DELPHI [157], ALEPH [158],
and OPAL [159] collaborations performed the intermittency
analysis in 1D and 2D distributions.The LUNDpartonmodel
(JETSET PS) predictions were also found to be consistent
with the data. The CELLO collaboration analysed the 3D
intermittency signal in 𝑒

+
𝑒
− annihilation and found good

agreement with the LUNDmodel. The hadron-proton (𝜋+-𝑝
and 𝐾+-𝑝) collisions were analyzed by the NA22 collabora-
tion. The data for 𝑝-𝑝 collisions at 630GeV were analyzed
by the UA1 collaboration and an indication for the increase
of the intermittency signal for the low-multiplicity sample
was found. A multichain version of DPM including minijet
production was compared to NA22 and UA1 data but the
slopes were found to be too small [160–162].TheNA22 group
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Figure 16: Intermittent behaviour of charged hadrons produced in
𝜙-space in 28Si-Ag/Br interactions at 14.6 AGeV. The figure is taken
from [153].

performed the analysis for hadron-nucleus interactions and
they found a weaker intermittency signal for large targets.
The hadron-nucleus and nucleus-nucleus interactions were
also studied by KLM collaboration in 1D and 2D phase-
space. A decrease in the intermittency signal was observed for
larger projectile nuclei and this decrease is smaller than that
expected from the increase of the mean multiplicity in the
collision. The EMU-01 collaboration performed the inter-
mittency analysis for different colliding systems and found
a similar dependence. Further, the results for the SFMs in
3D spectra for 𝑒+𝑒−, hadron-proton, hadron-nucleus, and
nucleus-nucleus collisions have shown that the dependence
of the SFMon the resolution is stronger than a power law.The
failure of Monte Carlo calculations to replicate the observed
strength of the intermittency signal is quite evident in the
nucleus-nucleus interactions [163]. A deeper investigations
on 1D, 2D, and 3D phase-space in different kinematic vari-
ables (𝜂, 𝜙, and𝑝

𝑇
) was performed byOPAL collaboration for

high statistics study at LEP of up to the fifth order and down
to very small bin sizes [164, 165]. Later on, it was shown that
the negative binomial distribution (NBD) faces difficulties to
describe the high statistics genuine multiparticle correlations
and no one of the conventional multiplicity distributions,
including NBD, can describe the high statistics data on
intermittency of OPAL measurements [166, 167].

Here, we discuss some important systematics and regu-
larities observed in recent years in this intermittency study.
The phase-space density of multiparticle production is
anisotropic, and the upward bending in the SFM plot is a
direct consequence of this anisotropy [168, 169]. Thus, it is
suggested that in the (2D) SFM analysis, the phase-space
should be partitioned asymmetrically [170] for taking into
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account the anisotropy of the phase-space by introducing a
“roughness” parameter called the Hurst exponent (𝐻). The
Hurst exponent is calculated by fitting the (1D) SFM with the
Ochs formula [171, 172]. For 𝐻 < 1.0, the 𝜙-direction is par-
titioned into finer intervals than the 𝜂-direction; for𝐻 > 1.0,
the vice-versa is true,while 𝐻 = 1 means that the phase-
space is divided similarly in both directions.Ochs andWosiek
[173] observed that 1D factorial moments, even if they do not
strictly obey the intermittency power lawover the full rapidity
range, still obey the generalized power law

𝐹
𝑞
= 𝑐

𝑞
[𝑔 (𝛿𝑦)]

𝜙𝑞
, (66)

where the function 𝑔 depends on the energy and the bin
width 𝛿𝑦. Eliminating 𝑔 yields the linear relation

ln𝐹
𝑞
= 𝑐

𝑞
+ (

𝜙
𝑞

𝜙
2

) ln𝐹
2
. (67)

This relation is found to be well satisfied by the experimental
data for various reactions. The dependence of 𝜙

𝑞
on 𝑞 can be

examined by establishing a connection between intermit-
tency and multifractality [34]. The generalized Renyi dimen-
sions (𝐷

𝑞
) are related to 𝜙

𝑞
as

𝐷
𝑞
= 𝐷 −

𝜙
𝑞

𝑞 − 1
, (68)

where𝐷 is the topological dimension of the supported space
and the anomalous dimensions 𝑑

𝑞
are defined as

𝑑
𝑞
= 𝐷 − 𝐷

𝑞
=

𝜙
𝑞

𝑞 − 1
. (69)

If we plot the ratio of anomalous dimensions

𝑑
𝑞

𝑑
2

=
𝜙
𝑞

(𝑞 − 1) 𝜙
2

, (70)

as a function of the order 𝑞 for various reactions, the 𝑞-
dependence is claimed to be indicative of the mechanism
causing intermittent behaviour and all points fall on a
universal curve parameterized as

𝑑
𝑞

𝑑
2

=
𝜙
𝑞

(𝑞 − 1) 𝜙
2

=
(𝑞
𝜇
− 𝑞)

(2𝜇 − 2)
. (71)

The above parameterization has been derived by Brax and
Peschanski [174] for a self-similar parton-branching process.
𝜇 (0 ≤ 𝜇 ≤ 2) is called Levy stable index [175]. For 𝜇 = 2 (71)
reduces to (70). The multifractal behaviour characterized by
(70) and (71) reduces to a monofractal behaviour [176–178].
𝜇 = 0will imply an order-independent anomalous dimension
which will happen if intermittency was due to a second-order
phase transition [161]. Consequently, monofractal behaviour
may be a signal for a quark-gluon plasma phase transition.
A noticeable experimental fact that the factorial moments of
different order follow simple relation (67) means that corre-
lation functions of different orders are not completely inde-
pendent but are interconnected in some way. Intermittency

can be further studied in the framework of Ginzburg-Landau
(GL) model as used to describe the confinement of magnetic
fields into fluxoids in type II superconductor, according to
which, the ratio 𝑑

𝑞
/𝑑
2
should respect the relation

𝑑
𝑞

𝑑
2

= (𝑞 − 1)
]−1
, ] = 1.304, (72)

with ] being a universal quantity independent of the under-
lying dimension. The value of ] was first derived analytically
by Hwa and Nazirov [179] in Ginzburg-Landau model and
was confirmed later in a laser experiment [180]. If there is any
phase transition, it may not necessarily always be a thermal
one as the new phase formed is not essentially characterized
by the thermodynamical parameters. The possibility of the
simultaneous existence of two nonthermal phases (in analogy
to different phases of the spin-glass) can be investigated by the
intermittency parameter [175]

𝜆
𝑞
=
𝜙
𝑞
+ 1

𝑞
. (73)

In case of the existence of such different phases in a self-
similar cascade mechanism, 𝜆

𝑞
should have a minimum at

some value 𝑞 = 𝑞
𝑐
. The region 𝑞 < 𝑞

𝑐
resembles liquid phase

with a large number of small fluctuations and 𝑞 > 𝑞
𝑐
resem-

bles dust phase with a small number of large fluctuations.
Another way to measure the intermittency strength in terms
of the intermittency index is the framework of a random cas-
cading model like the 𝛼-model [181]. According to which the
strength parameter 𝛼

𝑞
is related to the Renyi dimensions as

[182]

𝛼
𝑞
= √

6 ln 2
𝑞

(𝐷 − 𝐷
𝑞
). (74)

A thermodynamic interpretation of multifractality can also
be given in terms of a constant specific heat 𝐶, provided that
the transition from monofractal to multifractal is governed
by a Bernoulli type of fluctuation. Bershadskii proposed a
phenomenological relation among the𝐷

𝑞
and 𝐶 as [182]

𝐷
𝑞
= 𝐷

∞
+
𝐶 ln 𝑞
𝑞 − 1

; (75)

𝐶 = 0 in themonofractal phasewhich becomes nonzero finite
in the multifractal phase.

The experimental data on intermittency do not satisfy the
criterion for the phase transition and thus one can say that
the observed intermittency patterns are not suitable probe for
QGP formation [163].

4.3. Negative Binomial Multiplicity Distribution. Another
interesting and well-known feature observed in multiplicity
distribution of produced charged particles in high energy col-
lisions is the occurrence of a negative binomial distribution
(NBD) which holds good for a variety of collision processes.
It has been observed experimentally for hadron-hadron,
hadron-nucleus, and nucleus-nucleus collisions over a wide
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range of energy in finite rapidity as well as in the full phase-
space. It has further been found that the NBD is valid not
only for hadronic, but also for semileptonic and leptonic
processes as well which emphasize that it is a general property
of multiparticle production process regardless of type of
colliding particles. To bemore specific, the NBD qualitatively
describes well the multiplicity distribution almost in all
inelastic high energy collision processes except for the data
particularly at the highest available collider energies where
some deviations seem to be apparent. The negative binomial
probability distribution for obtaining 𝑛 charged particles in
the final state is given as follows:

𝑃
𝑛
(𝑛, 𝑘) = (

𝑛 + 𝑘 − 1

𝑛
)(

𝑛

𝑘
)

𝑛

(1 +
𝑛

𝑘
)

−𝑛−𝑘

, (76)

where 𝑛 and 𝑘 are two parameters varying with energy and
determined by the experimental data. The parameter 𝑛 has
the interpretation of average multiplicity and 𝑘 is the param-
eter influencing the width of the distribution. These two
parameters are related to the dispersion 𝐷 = √𝑛

2

− 𝑛
2 as

follows:

𝐷 = √𝑛 + (
𝑛
2

𝑘
). (77)

It is observed that average multiplicity (𝑛) increases with
energy (√𝑠) and 𝑘 decreases with energy. Thus, the negative
binomial distribution provides a convenient framework for
analyzing the energy variation of the shape of the multiplicity
distribution in terms of only two energy-dependent parame-
ters (i.e., 𝑛 and 𝑘). In spite of thewide range of the applicability
of theNBD in high energy, it is still a not verywell understood
phenomenon.Theparameter 𝑘used in theNBD is quite inter-
esting quantity as, for increasing 𝑘 (𝑘 → ∞), the probability
distribution (𝑃NBD) gets narrower tending to be the Poisson
distribution, while for the decreasing values of parameter 𝑘,
the probability distribution becomes broader and broader
than the Poisson distribution. For 𝑘 = 1, the 𝑃NBD is given
by the Bose-Einstein (or geometric distribution). Under the
limit of large multiplicity (𝑛ch → large), the 𝑃NBD goes over
to a gamma distribution. The negative binomial distribution
with fixed parameter 𝑘 exhibits 𝐹 scaling and asymptotic
KNO scaling [3].

Interpretation of empirical relation (76) in terms of
underlying production mechanism common to hadronic,
leptonic, and semileptonic processes is still a challenging
problem till date. Some attempts have already been made to
derive the NBD from general principles using a stochastic
model [183], a string model [184], a cluster model [185], a
stationary branching process [186], and a two-step model of
binomial cluster production and decay [187]. However, it is
still difficult to understandwhy the samedistribution fits such
diverse reactions.Moreover, we are still lacking amicroscopic
model explaining the behaviour of parameter 𝑘 of the NBD
distribution which according to the fits decreases with the
energy. Recently theNBD formhas theoretically been derived
in a simplified description of the QCD parton shower with or
without hadronization.

In particular, the NBD qualitatively describes the multi-
plicity distributions in almost all inelastic high energy colli-
sions except for the data recently obtained in collider experi-
ment atmuch higher energies showing the deviation from the
NBDdistribution. For the charged particlemultiplicity distri-
bution at √𝑠 = 900GeV SPS energy, a single NBD function
could suitably describe the data only for small pseudorapidity
intervals at the midrapidity region, whereas for large inter-
vals, shoulder like structure appeared in the multiplicity dis-
tribution. Appearance of substructures in multiplicity distri-
butions at higher energies and in larger pseudorapidity inter-
vals has been attributed to weighted superposition or convo-
lution of more than one function due to the contribution of
more than one source or process of particle production. The
two-component model of Giovannini and Ugoccioni [145,
188] is quite useful in explaining the multiplicity distribution
data at the cost of increased number of adjustable parameters,
in which they used weighted superposition of two NBDs
representing two classes of events, one arising from semihard
events with minijets or jets and another arising from soft
events without minijets or jets. Consider the following:

𝑃
𝑛
(√𝑠, 𝜂

𝑐
) = 𝛼soft (√𝑠) 𝑃𝑛 [⟨𝑛⟩soft (√𝑠, 𝜂𝑐) , 𝑘soft (√𝑠, 𝜂𝑐)]

+ 𝑃
𝑛
[⟨𝑛⟩semihard (√𝑠, 𝜂𝑐) , 𝑘semihard (√𝑠, 𝜂𝑐)] ,

(78)

where 𝛼soft signifies the contribution of soft events and is a
function of √𝑠, the other parameters are functions of both
√𝑠 and 𝜂

𝑐
, having their usual meanings as in (76) indicating

respective components. For small pseudorapidity intervals, a
single NBD function explains the distribution data at √𝑠 =
0.9 and 2.36 TeV reasonably well, but at √𝑠 = 7TeV, a single
NBD function appears inadequate while weighted superposi-
tion of two NBDs explains the data satisfactorily as shown in
Figure 17, whereas for large pseudorapidity intervals (𝜂

𝑐
<

2.4), the weighted superposition of two NBDs agrees better
than a single NBD function with the distribution data for all
available LHC energies clearly indicating the role of soft and
semihard processes in TeV range.

4.4. Limiting Fragmentation or Longitudinal Scaling Observed
for Charged Hadrons. In order to understand the collision
dynamics completely, the study of particle production away
from midrapidity region provides some more insight. The
properties of charged hadron production in the fragmenta-
tion region can be studiedwell by viewing the data at different
energies in the rest frame of one of the colliding nuclei as the
particles near beam and target rapidity are supposed to be
governed by the hypothesis of limiting fragmentation [93].
The hypothesis of limiting fragmentation for inclusive par-
ticle distributions in high energy hadron-hadron collisions
was first proposed by Benecke et al. [93] in 1969. According
to this hypothesis, the produced particles in the rest frame of
projectile or target will approach a limiting distribution; for
example, the pseudorapidity density (𝑑𝑛/𝑑𝜂) as function of 𝜂󸀠
(𝜂 − 𝑌beam) approaches a limiting curve in the fragmentation
region. This picture is based on the geometrical picture of
scattering as considered by Yang and cowokers [190–192].
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Figure 17: Primary charged hadron multiplicity distributions for
|𝜂| < 0.5 to 2.4 for √𝑠𝑁𝑁 = 7TeV. The solid lines along the data
points correspond to respective single NBD while the dashed lines
correspond to the respective of two-NBD. The figure is taken from
[189].

According to their assumption, in the laboratory frame the
projectile nuclei undergo a Lorentz contraction in the form
of a thin disk during the collision with the target nuclei which
gets further and further compressed with the increasing
energy. However, the momentum and quantum number
transfer process between the projectile and target does not
appreciably change during this compression. This behaviour
leads to limiting distribution of the produced particles in
the fragmentation region independent of the center-of-mass
energy. Central to this limiting fragmentation hypothesis was
the assumption of the constancy of the total hadronic cross-
sections at asymptotically large center-of-mass energies. In
other words, the probability of the interaction does not
change rapidly with the further increase of energy of the
incident colliding nuclei. It is expected that the excitation
and breakup of a hadron would become independent of
the center-of-mass energy and the produced particles in the
fragmentation regionwould approach a limiting distribution.
Later on, it was realized that the total hadronic cross-sections
are not constant; they grow at a slow rate with the increasing
center-of-mass energy (√𝑠) [193, 194]. This slow increase in
the cross-sections is still continued up to the LHC energy. In
spite of this fact limiting fragmentation is found to remain
valid over a wide range of energy. This asymptotic property
has been observed experimentally in a variety of collision
processes such as hadron-hadron [29, 195], hadron-nucleus
[29, 196], and nucleus-nucleus [123–125, 153, 197–205] for

produced charged hadrons in fragmentation region at differ-
ent energies. It can be clearly observed that this scaling feature
covers a more extended range of 𝜂 than expected according
to the original hypothesis of limiting fragmentation due to
which the term extended longitudinal scaling is often used
to describe this phenomenon. For most central collision, the
distributions in fragmentation region are indeed observed
to be independent of the collision energy over a substantial
shifted pseudorapidity (i.e., 𝜂󸀠 = 𝜂−𝑌beam) range. In Figure 18,
a compilation of experimental data to study the limiting frag-
mentation behaviour in 𝑝-𝑝 collisions is shown along with
the CGC model results [206]. The CGC calculations in 𝑝-𝑝
collisions with the parameters 𝜆

0
= 0.15 and 𝜆

𝑠
= 0.69 are

shown with dashed line at 53, 200, 546, and 900GeV. A slight
discrepancy between the calculations and the experimental
data in the midrapidity region is seen which arises mainly
due to the violation of 𝑘

⊥
formalism in that regime as 𝑘

⊥

formalism becomes less reliable; the further one is from the
dilute-dense kinematics of the fragmentation regions [207–
210]. In Figure 19, the pseudorapidity distributions at different
energieswith different colliding nuclei lie on a common curve
in fragmentation region over a broad range of 𝜂󸀠 indicating
that limiting fragmentation holds good for𝐴-𝐴 collision over
a wide range of energy and is independent of the size of the
colliding nuclei. This gives a clear indication that this uni-
versal curve is an important feature of the overall interaction
and not simply a breakup effect [200]. In the CGC approach,
the physical picture behind the limiting fragmentation is
based on the black disk limit, according to which, in the rest
frame of the target nucleus, the projectile nucleus is highly
contracted and due to its large number of gluons looks black
to the partons in the target nucleus which interact with the
projectile nucleus with unit probability [211].TheCGCmodel
calculations [206] with parameters 𝜆

0
= 0.0 and 𝜆

𝑠
= 0.46 at

√𝑠𝑁𝑁 = 19.6, 130, and 200GeV for central Au-Au collisions
are shown with solid line. Again, the discrepencies in the
CGC calculations and the experimental data are quite evident
which arises due to the violation of 𝑘

⊥
-factorization and due

to which the decrease in the multiplicity is expected in this
regime [207–210]. SPM results [212] are shown by dashed
line in the figure. Similarly, the scaled pseudorapidity density
in noncentral collisions at different energy is also found to
exhibit the limiting fragmentation in fragmentation region
over a broad range of 𝜂󸀠. Thus, we see that the hypothesis
of limiting fragmentation is energy-independent for a fixed
centrality. Similar to the 𝑝-𝑝 collisions, the fragmentation
region for Au-Au colliding nuclei grows to pseudorapidity
extent with the colliding beam energy. Longitudinal scaling
observed in the hadronic collisions shows a strong disagree-
ment with the boost invariant scenario which predict a fixed
fragmentation region and a broad central plateau grow-
ing with energy. Recently, Bialas and Jezabek [213] argued
that some qualitative features of limiting fragmentation in
hadronic collisions can be explained in a two-step model
involving multiple gluon exchange between partons of the
two colliding hadrons. This mechanism provides a natural
explanation of the observed rapidity spectra, in particular
their linear increase with increasing rapidity distance from
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Figure 18: Pseudorapidity density of charged hadrons in 𝑝-𝑝 col-
lisions at different energies as a function of shifted pseudorapidity.
Data is taken from [118, 125].

0 2
0
1
2
3
4
5
6
7
8
9

10

Cu-Cu
Au-Au
Pb-Pb

CGC model line
SPM model line

−8 −6 −4 −2

𝜂 − Ybeam

d
N

ch
/d
𝜂
⟨N

pa
rt
/2
⟩
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the maximal rapidity and the short plateau in the central
rapidity region.

In order to understand the nature of hadronic interac-
tions that led to limiting fragmentation, a new mechanism
is required which can give a better understanding of the
subject. Although, the limiting fragmentation behavior in
small 𝑥 region is quite successfully described by Color Glass
Condensate (CGC) approach, the procedure employed in this
approach needs further improvements. One of them is the
impact parameter dependence of the unintegrated gluon

distribution functions, whereas in large 𝑥 region, the phe-
nomenological extrapolation is used which also needs to be
better constrained and consistent.

5. Summary and Conclusions

In this review, we have attempted to draw certain systematics
and scaling laws for hadron-hadron, hadron-nucleus, and
nucleus-nucleus interactions. Any distinct deviation from
these relations observed in ultrarelativistic nuclear collisions
will be the indicator of a new and exotic phenomenon occur-
ring there. However, there are other effects which cause devi-
ations in the scaling features such as mixing of contributions
from soft and hard processes. Present experimental results
show that the scaling features of charged hadrons previously
observed at lower energies do not hold good at higher ener-
gies.Thus, we are still lacking a scaling law which is universal
to all types of reactions and can give some basic understand-
ing of themechanism involved in the particle production.The
observed deviations from the well established scaling laws are
of great interest as these clearly hint towards the increasing
role of hard processes contributing in the production of final
state particles at higher energies. These hard processes of the
primordial stage of the collision contribute significantly to
the hadronization process at the late stage of the evolution.
The applicability of the two-component approach in nucleon-
nucleon interaction picture and in wounded quark picture
to evaluate midrapidity density of charged hadrons is quite
promising as the weighted superposition of hard and soft
processes comes into picture and successfully describes the
available experimental data over a large range of energy. Our
study of the charged hadron production using phenomeno-
logical models along with the experimental data essentially
highlights some kinds of scaling relations for these high
energy collision processes. 𝑁part scaling of pseudorapidity
density at midrapidity holds only for limited range of energy,
while for the entire range of energy (including LHC) it
does not seem to hold good which clearly hints towards the
contributions of some other processes. On the other hand, the
wounded quark model provides a more realistic explanation
of charged hadron production in terms of the basic parton
structure involved in these processes. However, the charged
hadron pseudorapidity density at midrapidity in wounded
quark model also does not show an exact 𝑁

𝑞
scaling type

behaviour and the deviations are clearly observed which
arises due to difference in the number of quark collisions
for different colliding nuclei as involved in two-component
model approach used for calculating the pseudorapidity
density. Thus, both in wounded nucleon picture and in
wounded quark picture, the participant scaling does not hold
good over the entire energy range. However, two-component
picture which involves the relative contribution of both the
number of participants and the number of collisions provides
a suitable description of the available experimental data in
the entire energy range. It clearly indicates the contributions
of both the hard and soft processes involved in the charged
hadron production. Further, the deviations from the KNO
scaling behaviour of charged hadronmultiplicity distribution
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give a clear indication towards the role ofmultiple hard, semi-
hard, and soft partonic subprocesses involved in the hadronic
collisions. Similarly, the failure of single NBD function to
describe the experimental data is clearly visible in TeV energy
range also, while the success of weighted superposition of
two NBDs in explaining the multiplicity distribution clearly
reflects the contribution of more than one source or process
involved in these collisions. The well-known limiting frag-
mentation behaviour of charged hadrons in fragmentation
region seems to hold good since the scaling is compatible
with the experimental results at LHC energy (2.76 TeV). This
universal limiting fragmentation behaviour appears to be a
dominant scaling feature of the pseudorapidity distribution
of the charged hadrons in high energy collisions. Another
such phenomenon which is universal to all types of reactions
is the scaling properties of multiplicity fluctuations (called
intermittency).The picture in this sector is still not very clear
and complete which requires furthermore scrutiny.

In conclusion, the multiparticle production in the ultra-
relativistic hadron-hadron, hadron-nucleus, and nucleus-
nucleus collisions is still a burning topic in high energy
physics because it throws light on the productionmechanism.
Since we still lack explanation of these processes in QCD, we
hope that our investigations regarding universal systematics
and scaling relation on charged hadron production will
certainly lead us to a correct phenomenological model for
the productionmechanism. In addition to this, recent studies
regarding fluctuations and correlations is expected to provide
deeper insight into different stages of the system evolution
produced in heavy-ion collisions. One of the key observables
in fluctuation-correlation studies is elliptic flow (V

2
). Elliptic

flow provides the strength of interactions among the particles
at early stages in the heavy-ion collisions. A consistent and
unified description of the elliptic flow measured in Cu-Cu
and Au-Au collisions at midrapidity can be obtained after
scaling V

2
with the participant nucleon eccentricity (𝜖part)

[214, 215]. Further, elliptic flow scaled with 𝜖part for the
same number of participating nucleons in Cu-Cu and Au-
Au system shows a scaling pattern of up to 3.5 GeV/c in 𝑝

𝑇

and across ±5 units of pseudorapidity [214, 215]. Thus, it will
definitely be interesting to investigate these fluctuations and
correlations in future to draw a more consistent and unified
picture of particle production and their evolution in heavy-
ion collisions.
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A continuous wavelet analysis is performed for pattern recognition of charged particle emission data in 28Si-Ag/Br interaction at
14.5AGeV and in 32S-Ag/Br interaction at 200AGeV. Making use of the event-wise local maxima present in the scalograms, we try
to identify the collective behavior inmultiparticle production, if there is any. For the first time, the wavelet results are comparedwith
a model prediction based on the ultrarelativistic quantum molecular dynamics (UrQMD), where we adopt a charge reassignment
algorithm to modify the UrQMD events to mimic the Bose-Einstein type of correlation among identical mesons—a feature known
to be the most dominating factor responsible for local cluster formation. Statistically significant deviations between the experiment
and the simulation are interpreted in terms of nontrivial dynamics of multiparticle production.

1. Introduction

The primary objective of studying high-energy heavy-ion
interactions is to compress and heat up the nuclear matter
beyond the critical values of certain thermodynamic parame-
ters in such a way that the boundaries of individual nucleons
melt down to form a thermally and chemically equilibrated
color deconfined state of quark-gluon plasma (QGP) [1–3].
As the collision process evolves in space-time, such an exotic
state, if formed, subsequently expands and cools down to
undergo a reverse transition to the usual hadronic state. In
high-energy physics, the process is known as multiparticle
production. Each nucleus-nucleus (𝐴𝐵) event has its own col-
lision history that ultimately leads to large local fluctuations
in the final state particle densities, apparently lacking any
definite pattern. In different events, dense clusters of particles
are formed at different locations and at different scales of
phase-space variables. It is therefore, necessary to formulate
a technique that can examine these clusters on an event by
event basis. Often, the fluctuations are so large that they can
not be explained simply in terms of statistical reasons. It
is all very likely that nonstatistical (dynamical) components
are present as well, but they are contaminated with trivial

noise. With the help of suitable data analysis techniques, it is
possible to filter out the genuine clusters of produced particles
that in many high-energy interactions are found to scale self-
similarly with the phase-space resolution size, approximately
following a power law [4]. Global analysis techniques such
as the scaled factorial moment method [5, 6], the frequency
moment method [7, 8], and the “𝑆-parameter” method [9]
have extensively been used to characterize the particle cor-
relations, and efforts are made to interpret the results in the
framework of variousmechanisms that aremostly speculative
in nature. Formation of the QCD parton shower cascade [10],
formation of the disoriented chiral condensate [11, 12], and
collective phenomena like the emission of Cherenkov gluons
and/or Mach shock wave in the nuclear/partonic medium
[13, 14] are examples of some such speculative measures.

The wavelet analysis technique has found its application
in many branches of physics [15, 16]. It is capable of revealing
the local properties of particle distributions in individual
events and at different scales.The technique is, therefore, very
appropriate for pattern recognition in multiparticle distri-
bution. In the present paper, we report some results on the
wavelet analysis of the angular distribution of shower tracks
that are caused by the singly charged produced particles
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moving with relativistic speed. Our data samples comprise
28Si-Ag/Br events at an incident energy of 14.5AGeV and
32S-Ag/Br events at an incident energy of 200AGeV. Nuclear
emulsion technique has been used to collect the experimental
data. Several works on the wavelet analysis of multiparticle
production at 𝐸lab = 10–103 GeV/nucleon have so far been
reported [17–21]. These works suffer from a common draw-
back in the sense that there has hardly been any comparison
between the experiment and a proper simulation on𝐴𝐵 inter-
action. It is, therefore, difficult to concludewhether the exper-
imental observations are significant or they are consequences
of mere statistical artifacts. We compare our results with
the predictions of a microscopic transport model based on
the ultrarelativistic quantum molecular dynamics (UrQMD)
[22, 23]. It may also be noted that the UrQMD code does not
incorporate the Bose-Einstein correlation (BEC) among the
identical mesons, a phenomenon considered to be the most
dominant factor behind particle cluster formation.Therefore,
keeping the phase-space distribution of the produced par-
ticles (mostly 𝜋-mesons) unaltered, we implement a charge
reassignment algorithm [24–26] to each UrQMD generated
event and thereby try to mimic the BEC into simulation.
Any discrepancy between the experiment and the simulation
should now be recognized as a genuine collective behavior of
the final state particle emission, which has to be interpreted
in terms of nontrivial dynamics.Thus, the present analysis on
one hand allows us to compare experiments induced by very
close projectile masses, while the corresponding 𝐸lab values
differ by an order ofmagnitude; on the other hand, it provides
an opportunity to compare the experiment with such sim-
ulated data where the known dominant source(s) of cluster
formation is taken into account. Our paper is organized
according to the following sequence: in Section 2, we briefly
describe the experiment and the gross characteristics of the
data samples used in the paper; in Section 3, we summarily
discuss the basic aspects of the UrQMD model and explain
the charge reassignment algorithm; in Section 4, without
claiming any originality we outline the method of wavelet
analysis; in Section 5, we discuss our results—experimental as
well as simulated; and in Section 6, we concludewith a critical
assessment of these results.

2. Experiment

Ilford G5 nuclear photoemulsion pellicles of size 16 cm ×

10 cm × 600𝜇m were horizontally irradiated with 28Si beam
at an incident energy of 14.5AGeV from the alternating
gradient synchrotron (AGS) of the Brookhaven National
Laboratory (BNL). Similarly pellicles of size 18 cm × 7 cm ×

600𝜇mwere irradiated with a 32S beam at an incident energy
of 200AGeV from the super proton synchrotron (SPS) at
CERN. The primary interactions (also called events/stars)
within the emulsion plates are found by following individual
projectile tracks, that is, tracks caused by the 28Si and 32S
nuclei, along the forward as well as along the backward
direction.The process known as line scanningwas performed
with Leitz microscopes under a total magnification of 300x.
On the other hand, Koristka microscopes were utilized for

the track counting and angle measurement purposes, for
which a total magnification of 1500x was used.The secondary
charged particles coming out of an event are categorized in
the following way.

(i) The shower tracks—caused by the singly charged
produced particles most of which are 𝜋mesons. In an
event, their number is denoted by 𝑛

𝑠
.

(ii) The grey and black tracks—resulting from the frag-
ments of the target (Ag/Br) nuclei. Their numbers
are denoted, respectively, by 𝑛

𝑔
and 𝑛

𝑏
, and the total

number 𝑛
ℎ
(= 𝑛
𝑔
+ 𝑛
𝑏
) denotes the number of target

fragments in an event.
(iii) The projectile fragments—caused by the spectator

parts of the incident projectile (Si/S) nuclei. In an
event, their number is denoted by 𝑛pf.

The details of emulsion experiments, track selection criteria,
and data acquisition techniques are nicely elaborated in [27,
28]. To ensure that an interaction involves either an Ag or
a Br nucleus as the target, in each event we impose a cut
𝑛
ℎ

> 8. Thus, altogether 331 28Si-Ag/Br events and 200
32S-Ag/Br events are selected for further analysis, which is
confined only to the angular distribution of the shower tracks.
The average shower track multiplicity ⟨𝑛

𝑠
⟩ = 52.67 ± 1.33

for the 28Si-sample, and ⟨𝑛
𝑠
⟩ = 217.19 ± 6.16 for the 32S-

sample. The pseudorapidity (𝜂) variable is an approximation
of the dimensionless boost parameter rapidity, and it is related
to the emission angle (𝜃) of a track as 𝜂 = −ln tan(𝜃/2).
An accuracy of 𝛿𝜂 = 0.1 unit is achieved through the
reference primary method of angle measurement. For each
data set, the 𝜂 distribution can be crudely approximated
by a Gaussian function, whereas the azimuthal angle (𝜑)

distributions are in both cases more or less uniform between
0 and 2𝜋. The Gaussian fit parameters for the 𝜂-distribution
in the 28Si-sample are the peak density 𝜌

0
= 17.88, the

centroid 𝜂
0

= 1.90, and the width 𝜎
𝜂

= 2.17. For the
32S-sample they are 𝜌

0
= 56.34, 𝜂

0
= 3.37, and 𝜎

𝜂
=

1.55. Due to event averaging, the statistical noise as well as
the nonstatistical components of the fluctuations present in
individual events are simultaneously smoothed out in the
overall distributions. Our basic task is, therefore, (i) to look
for statistically significant unusual local structures in the
particle distributions in individual𝐴𝐵 events and (ii) to study
systematic collective behaviour in large samples of𝐴𝐵 events,
if there is any.

3. Simulation

To eliminate the background noise, we compare the exper-
iment with the UrQMD (version 3.3p1) model [22, 23].
UrQMD itself does not incorporate any kind of particle
correlation, and therefore, in this regard it can be utilized
only to generate the statistical background. The rationale
behind using a transport model like the UrQMD is that it
treats the final freeze-out stage dynamically. It does not make
any equilibrium assumption and describes the dynamics of
a hadron gas system very well in and out of the chemical
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Figure 1: (a) First derivative and (b) second derivative (Mexican hat wavelet) of Gaussian function.
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Figure 2: 𝑔
2
wavelet pseudorapidity spectra of 28Si-Ag/Br interaction at 14.5AGeV for different values of the scale parameter 𝑎.

and/or thermal equilibrium. In the present case, neither
the incident nuclei are too large nor the collision energies
are extremely high. Hence, one can not be sure whether
local thermal and/or chemical equilibrium are/is achieved.
To describe such nonequilibrium many-body dynamics, a
transport model is a natural choice. The UrQMD model
is applicable over a wide range of energies starting from

√𝑠
𝑁𝑁

∼ 5GeV and ending up at √𝑠
𝑁𝑁

> 200GeV. In this
scheme, particle production at high-energy interactions is
implemented by the color string fragmentation mechanism
similar to that of the Lund model. The UrQMD code has
been successfully used to reproduce the particle density
distributions and the transverse momentum (𝑝

𝑇
) spectra of

various particle species in proton-proton, proton-nucleus,
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2
wavelet pseudorapidity spectra of 32S-Ag/Br interaction at 200AGeV for different values of the scale parameter 𝑎.
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Figure 4: Wavelet pseudorapidity spectra for a single event (a) in 28Si-Ag/Br interaction at 14.5AGeV: event multiplicity 146, and (b) in
32S-Ag/Br interaction at 200AGeV: event multiplicity 379.

and 𝐴𝐵 collisions. However, as mentioned above, the model
does not incorporate the symmetry aspects of the fields
associated with the produced particles.

It is well known that the Bose-Einstein correlation (BEC),
an identical particle effect, dominates the origin of cluster
formation. Due to the correlated emission of like sign and/or

opposite sign mesons, the particle yield with small relative
momenta may be enhanced, which is one of the reasons
of large local densities in the final state particles in any
high-energy interaction. The effect is quantum statistical in
nature and it is not incorporated in the framework of a
transport model like the UrQMD. Recently, a new algorithm
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has been developed [24, 25], where the BEC is introduced
by reassigning the charges of produced mesons in such
a way that the overall phase-space distribution in each
simulated event remains unaltered. The event-wise particle
multiplicities are not changed, and it looks as if the particles
(mesons) are satisfying the BE statistics. The method of
numericallymodeling the BEC at the level of a so-called “after
burner,” where the output of the UrQMD code is used, is
very briefly described below. The UrQMD code provides the
four coordinates and the four momenta of all particles. The
particle information are contained in an ASCII file written in
the OSCAR format. Each particle entry in an event contains
a serial number, a particle ID, the particle four momentum
(𝑝
𝑥
, 𝑝
𝑦
, 𝑝
𝑧
, 𝐸), the particle mass 𝑚, and the final freeze-out

four coordinates (𝑥, 𝑦, 𝑧, 𝑡).

(i) In the first step, we arbitrarily choose ameson from an
event, and irrespective of its original charge, assign a
charge “sign” 𝑐 = +,− or 0 to it with weight factor𝑝

𝑐
=

𝑛
𝑐
/𝑛. Here, 𝑛

+
, 𝑛
−
, 𝑛
0
are the numbers, respectively, of

the +ve,−ve andneutralmesons, and 𝑛 (= 𝑛
+
+𝑛
−
+𝑛
0
)

is the total number ofmesons in the event.The chosen
meson, say the 𝑖th one, defines a phase-space cell.

(ii) In the next step, we calculate the distances in the four
momenta 𝛿

𝑖𝑗
(𝑝) = |𝑝

𝑖
− 𝑝
𝑗
| and the four coordinates

𝛿
𝑖𝑗
(𝑥) = |𝑥

𝑖
− 𝑥
𝑗
| between the already chosen meson

(i.e., the 𝑖th one) and all other mesons (indexed by 𝑗)

that are not yet assigned any charge “sign.” Each 𝑗th
meson is associated with a weight factor [24]

𝑃
𝑖𝑗
= exp [−1

2
𝛿
2

𝑖𝑗
(𝑥) 𝛿
2

𝑖𝑗
(𝑝)] , (1)

which characterizes the bunching probability of the
particles in a given cell.

(iii) Then, we start to generate uniformly distributed
random numbers 𝑟 ∈ (0, 1). If 𝑟 < 𝑃

𝑖𝑗
, we reassign the

same charge “sign” to the 𝑗th meson and put it in the
same phase-space cell as the 𝑖th one. We continue the
process until either (a) 𝑟 exceeds 𝑃

𝑖𝑗
or (b) all mesons

in the event having same charge “sign” as the 𝑖th one
are exhausted.

(iv) Now, we go back to our first step and again randomly
choose a meson from the pool of the left over mesons
for which the charge reassignment has not yet been
done. Obviously, the weight factors 𝑝

±,0
will now be

updated, as some of the particles present in the event
are already used up.

(v) The algorithm is then repeated until all mesons
belonging to each charge variety in the event are used
up, and then we move to the next event.

Only themeson pairs with space-like separation are accepted,
and appropriate checks are imposed so that 𝑃

𝑖𝑗
does not
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Figure 6: Distributions of the local maxima (left panel) and minima (right panel) of the scalograms for 28Si-Ag/Br interaction at 14.5AGeV.

exceed unity [26]. Without changing the overall set of four
momenta, four coordinates, or total mesonic charge of the
system, we can in this way generate clusters of closely spaced
identical charge states of mesons.

We use the UrQMD code in its default setting and gener-
ate the minimum bias event samples in the laboratory frame,
separately for the Ag and the Br targets and, respectively, for
the 28Si and 32S projectiles. For each projectile, the Ag and
Br event samples are then mixed up. While doing so, the
proportional abundances of these nuclei in the G5 emulsion
[28] are maintained. Only the produced charged mesons
are retained for subsequent analysis. From the minimum
bias samples, we select subsamples in such a way as to
match the respective experimental 𝑛

𝑠
-distributions. For each

projectile, the final sample of simulated events is five times
as large as the corresponding experimental one, and the
corresponding normalized 𝜂 and/or 𝜑 distributions can be

approximately described by more or less the same set of
parameters as quoted above for the respective experiment.
The UrQMD events are then passed through the charge
reassignment algorithm as mentioned above, and from now
on these modified samples will be known as the UrQMD +
BEC samples.

4. Wavelet Analysis

The wavelet method is used to analyze nonstationary as
well as inhomogeneous signals that can be any ordered set
of numerically recorded information on some processes,
objects, functions, and so forth. A wavelet construction is
based on a dilation (𝑎) and a translation (𝑏) parameter.
By changing 𝑎, the local characteristics of a signal are
distinguished, while by doing the samewith 𝑏 thewhole range
of a spectrum is analyzed. Unlike the Fourier transformation
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Figure 7: Same as Figure 6 but for 32S-Ag/Br interaction at 200AGeV.

method which uses only two basis functions, the wavelet
transformation method can in principle use an infinite set
of discrete or continuous functions as the basis. However,
a suitable choice of the basic wavelet is made only after
looking at the basic features of the signal to be processed.
In the present case, we use a continuous wavelet to find
out the strongest fluctuations on an event by event basis
that may exceed the expected statistical noise at a particular
scale and at a particular point of the underlying phase-space
variable, say 𝑥.The wavelet transform of a function𝑓(𝑥) is its
decomposition into an orthogonal functional family (Ψ) like

𝑊
Ψ
(𝑎, 𝑏) 𝑓 =

1

√𝐶
Ψ

∫

+∞

−∞

𝑓 (𝑥)Ψ
𝑎,𝑏

(𝑥) 𝑑𝑥, (2)

whereΨ
𝑎,𝑏

≡ (1/√𝑎)Ψ((𝑥−𝑏)/𝑎) is the wavelet characterized
by 𝑎 and 𝑏 asmentioned above,𝐶

Ψ
= 2𝜋∫

+∞

−∞
|Ψ̃(𝜔)|

2

|𝜔|
−1

𝑑𝜔

is a normalisation constant, and Ψ̃(𝜔) is the Fourier trans-
form of Ψ(𝑥). Derivatives of the Gaussian function

Ψ (𝑥) ≡ 𝑔
𝑛
(𝑥) = (−1)

𝑛+1 𝑑
𝑛

𝑑𝑥𝑛
𝑒
−𝑥
2
/2 (3)

are often used as mother wavelets. In particular, the second
derivative:

𝑔
2
(𝑥) = (1 − 𝑥

2

) 𝑒
−𝑥
2
/2

, (4)

popularly known as the Mexican hat (MHAT) distribution,
is customarily used to analyze multiparticle emission data.
In Figure 1, we show the plots of 𝑔

1
(𝑥) and 𝑔

2
(𝑥). In the

present case, the phase-space variable is 𝜂 and the signal to
be analyzed is the density function

𝑓 (𝜂) =
𝑑𝑛

𝑑𝜂
=

𝑁

∑

𝑖=1

𝛿 (𝜂 − 𝜂
𝑖
) , (5)



8 Advances in High Energy Physics

400

300

200

100

0
−1 0 1 2 3 4 5

bmax

Experiment

Δ
N

(a)

−1 0 1 2 3 4 5
bmax

UrQMD400

300

200

100

0

Δ
N

(b)

−1 0 1 2 3 4 5
bmax

amax > 0.05

amax > 0.1

amax > 0.2

amax > 0.3

Scale parameter cut

UrQMD + BEC
400

300

200

100

0

Δ
N

(c)

Figure 8: 𝑏max distributions for different scale windows in
28Si-Ag/Br interaction at 14.5AGeV—(a) the experiment, (b) the UrQMD, and (c)

the UrQMD + BEC. The distributions in different scale windows are so shifted as to avoid mutual overlapping.

where𝑁 is the number of shower tracks in the event sample
considered and 𝜂

𝑖
is the pseudorapidity of the 𝑖th particle.

𝑁 may either be the 𝑛
𝑠
value of a single event, or it may

be the total number of shower tracks present in the entire
event sample/subsamplewithin the 𝜂 interval considered.The
wavelet transform of 𝑓(𝜂), therefore, becomes

𝑊
Ψ
(𝑎, 𝑏) 𝑓 =

1

𝑁

𝑁

∑

𝑖=1

1

√𝑎
Ψ(

𝜂
𝑖
− 𝑏

𝑎
) . (6)

𝑊
Ψ
(𝑎, 𝑏) is the contribution of Ψ(𝑎, 𝑏) to the spectrum 𝑓(𝜂)

in the sense that it represents the probability to find out a
particle at some 𝑏 = 𝜂

𝑖
at the scale 𝑎. A wavelet image at

large scale shows only the coarse features, while the same at
small 𝑎 reveals the more detailed and finer structures of the
underlying distribution.

5. Results

In Figure 2, we have presented the 𝑔
2
pseudorapidity spectra

of the shower tracks coming out of all 331 28Si-Ag/Br events
at an incident energy of 14.5AGeV at different scales (four
different 𝑎 values). For comparison, the UrQMD and the
UrQMD + BEC graphs are plotted along with those of the
experiment. Though the overall multiplicity and the 𝜂 distri-
butions of the simulated and experimental event samples are
identical, we observe that the 𝑔

2
spectra of the experiment are

quite different from those of the simulations.The fluctuations
are more rapid in the experiment. In Figure 2(a), we can
see peaks at 𝑏 ≈ 1.0, 2.0 and 3.0 in the experimental
distribution. These are the preferred 𝜂 values where particle
clusters are formed, and one can relate them, respectively, to
the target fragmentation, the central particle producing, and
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Figure 9: The same as Figure 8 but for 32S-Ag/Br interaction at 200AGeV.

the projectile fragmentation regions. However, we also notice
that the central particle producing peak around 𝑏 ≈ 2.0 is
well reproduced by the UrQMD + BEC plot. As expected,
with increasing 𝑎 the fluctuations are smoothed out, and the
distributions gradually converge to the mother wavelet 𝑔

2
.

Needless to say that such plots do not reflect any unique
structure of particle distribution in individual events. They
would rather correspond to a systematic collective behaviour
of the particle emission of the entire sample, if there is any.
Similar plots for all the entire 32S-Ag/Br event sample at
200AGeV/c are presented in Figure 3. While the general
features of Figures 2 and 3 are more or less similar, we notice
that more peaks are present in the 32S-sample than in the
28Si-sample. There are at least 6 prominent peaks within 𝑏 ≈

1.0–5.0 in the experiment, out of which two very prominent
peaks are lying within the central particle producing region
(𝑏 ≈ 3.0–4.0), and the simulations can not replicate them.
Even at a large scale 𝑎 (= 0.5), we find a hump to the left of

the peak of the experimental distribution that refuses to be
smoothed out, a feature that is absent in the 28Si case. The
other peaks, one to the right and three to the left side of the
central region, can be related, respectively, to the projectile
and the target fragmentations.

Thewavelet spectra can be generated for individual events
at many different scales that can be used to simultaneously
study the location and scale dependence of𝑊

Ψ
(𝑎, 𝑏).We have

obtained such distributions for two high multiplicity events,
one for a 28Si-Ag/Br event (𝑛

𝑠
= 146) and the other for a

32S-Ag/Br one (𝑛
𝑠
= 379). We have schematically presented

the 𝑊
Ψ
(𝑎, 𝑏) distributions, respectively, in Figures 4(a) and

4(b). The dark (white) regions in the graphs correspond
to the low (high) 𝑊

Ψ
(𝑎, 𝑏) values. As mentioned before,

at the finest scales (𝑎 < 0.05) we only get information
about individual particles while at large 𝑎 particles loose
their individual identities to coalesce into a big cluster. It is,
therefore, pointless to study any event at these two extreme
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Figure 10: 𝑏max distributions for different scale windows in
28Si-Ag/Br interaction at 14.5AGeV—(a) the experiment, (b) the UrQMD, and (c)

the UrQMD + BEC. The distributions for different scale windows are so shifted as to avoid mutual overlapping.

but trivial scales. We see that in both diagrams several small
and large clusters are present at 𝑎 > 0.1. Looking at the
28Si-Ag/Br diagram, we recognize that two large groups of
particles are present, one centered around 𝜂 ≈ 0.6 and the
other around 𝜂 ≈ 1.4. Similarly in the 32S-Ag/Br diagram
again, there are two large groups, one at 𝜂 ≈ 3.0 and the
other at 𝜂 ≈ 4.6. Beside them several other smaller groups
of particles are present, all belonging to the fragmentation
regions.

Identification of the peculiarities in particle distribu-
tion in individual events from the 2-d energy spectrum
{𝑊
Ψ
(𝑎, 𝑏)}

2 is a difficult proposition. Instead wemay concen-
trate on the scalogram 𝐸

𝑤
(𝑎) defined as

𝐸
𝑤
(𝑎) = ∫ {𝑊

Ψ
(𝑎, 𝑏)}

2

𝑑𝑏, (7)

which represents the 1-d energy distribution with respect to
the scale (𝑎). A scalogram reflects some of the characteristic

features of an event. As, for example, a minimum on it
represents the average distance between the particle clusters,
while a maximum represents the most compact groups of
particles present. Two such scalograms, one for the 28Si-Ag/Br
event and the other for the 32S-Ag/Br event considered above,
are plotted in Figure 5. In each diagram, a peak or a small rise
seen at the lowest scale represents individual particles, and
they are of little significance. In the scalogram of the 28Si-
Ag/Br event a peak at 𝑎 ≈ 0.2 and a minimum at 𝑎 ≈ 0.3

are seen. On the other hand, in the 32S-Ag/Br event there are
a couple of maxima and minima. The maxima are located
at 𝑎 ≈ 0.1 and 0.2, while the minima are located at 𝑎 ≈

0.15 and 0.35. The simulation, either with or without BEC,
fails to reproduce the experiment at the significant scales.
It is now amply clear that the scales and the 𝜂 values at
which the clusters are formed will vary from one event to
the other. Most of the local maxima (minima) are found
within 𝑎 ≈ 0.1–0.5, and in most of the events only a few



Advances in High Energy Physics 11

0 1 2 3 4 5 76
bmax

200

150

100

50

0

Δ
N

Experiment

(a)

0 1 2 3 4 5 76
bmax

150

100

50

0

Δ
N

UrQMD

(b)

0 1 2 3 4 5 76
bmax

150

100

50

0

Δ
N

Scale window: amax
0.05–0.1
0.1-0.2

0.2-0.3
0.3-0.4

UrQMD + BEC

(c)

Figure 11: The same as Figure 10 but for 32S-Ag/Br interaction at 200AGeV.

such maxima (minima) are found. To check whether there
exists any systematic behaviour of particle emission, or the
clusters occur at random, we investigate the distributions
of the extremum points over our entire event sample(s). In
Figure 6, we plot the frequency distribution of the scales
𝑎max and 𝑎min at which, respectively, the maxima and the
minima of the scalograms belonging to individual 28Si-Ag/Br
events are graphically seen. The experiments as usual are
plotted together with the simulations. Except in Figure 6(b),
where the experiment slightly exceeds the simulation at the
characteristic scale of 𝑎max ≈ 0.2, no significant difference
between experiment and simulation is observed. In Figure 7,
similar histograms for the 32S-Ag/Br events are plotted. In this
case also no significant difference between the experiment
and the corresponding simulation is seen.

The wavelet analysis is not complete unless we study the
distributions of the locations (𝑏), where the local maxima
in 𝑊
Ψ
(𝑎max, 𝑏max) are observed. We do this with different

choices of scale intervals, cumulative as well as differential.
In Figure 8, such distributions for the 28Si-Ag/Br sample
(both experiment and simulation) are graphically presented
at different cumulative scale windows. The common features
of these diagrams are that at the lowest 𝑎max range the
distributions are rapidly fluctuating, and as expected with
increasing scale window size the fluctuations get reduced. In
comparison with the experiment, the UrQMD distributions
varymore smoothly. However, when the BEC is incorporated
into the UrQMD, to some extent the fluctuating patterns are
retrieved. The 32S-Ag/Br sample on the other hand behaves
a little differently. The distributions are shown in Figure 9.
In this case, the experiment is still more fluctuating than
both the UrQMD and the UrQMD + BEC plots. However,
incorporating BEC into UrQMD apparently has little effect
on the respective distributions. In Figures 10 and 11, the
𝑏max distributions, respectively, for the 28Si-Ag/Br and 32S-
Ag/Br samples are once again graphically shown, where we
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choose differential scale intervals to draw the histograms.
For both sets of data, the basic features are more or less the
same. As expected at the smallest scale 0.05 ≤ 𝑎max ≤ 0.1

most rapid fluctuations are seen, which are systematically
smoothed out with increasing 𝑎max. The distributions for the
32S-Ag/Br interaction are slightly wider than those for the
28Si-Ag/Br interaction. It seems that the inclusion of BEC into
the UrQMD in both interactions increases the heights of the
local peaks to a small extent.

6. Conclusion

Pseudorapidity distributions of singly charged particles com-
ing out with relativistic speeds from the 28Si-Ag/Br and 32S-
Ag/Br interactions, respectively, at 14.5AGeV and 200AGeV,
are analyzed by using the continuous wavelet transform
technique. Compared to similar other such emulsion investi-
gations [17–21], the target nuclei in the present case have less
uncertainties.

For background noise elimination, the experiments are
compared with a set of ordinary UrQMD simulated data, and
also with the same set of UrQMD output that is modified
by a mimicry of the Bose-Einstein type of correlation.
The observed discrepancies between the experiment and
the corresponding simulation should, therefore, result from
nontrivial dynamics like collective flow of hadronic matter.

Irregularities in the wavelet pseudorapidity spectra, not
reproducible by the simulation, are observed in individual
𝐴𝐵 events, and the cluster characteristics are not reproducible
by the simulations. As far as systematic behavior in many
events is concerned, we observed certain differences between
experiment and simulation in the 28Si event sample under
consideration. The differences with all probability are not
a result of ordinary correlations among identical bosons.
They should be interpreted in terms of certain nontrivial
dynamical reason(s), which are not very much clear from the
present analysis.

The present study can be extended to the azimuthal
angle distribution of the 𝜂 irregularities and to the 2-d
wavelet analysis with larger statistics, so that the impact
parameter dependence of the observed irregularities can also
be investigated.
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[14] J. Hofmann, H. Stöcker, U. Heinz, W. Scheid, and W. Greiner,
“Possibility of detecting density isomers in highdensity nuclear
mach shock waves,” Physical Review Letters, vol. 36, pp. 88–91,
1976.

[15] C. K. Chui, An Introduction to Wavelets, Academic Press, New
York, NY, USA, 1992.

[16] D.-W. Huang, “Wavelet analysis in multiplicity fluctuations,”
Physical Review D, vol. 56, no. 7, pp. 3961–3969, 1997.

[17] I. M. Dremin, O. V. Ivanov, S. A. Kalinin, K. A. Kotelnikov, V. A.
Nechitailo, and N. G. Polukhina, “Wavelet patterns in nucleus-
nucleus collisions at 158A GeV,” Physics Letters B, vol. 499, no.
1-2, pp. 97–103, 2001.

[18] V. V. Uzhinsky, V. S. Navotny, G. A. Ososkov, A. Polanski, and
M. M. Chernyavsky, “Wavelet analysis of angular distributions
of secondary particles in high-energy nucleus-nucleus inter-
actions: irregularity of particle pseudorapidity distributions,”
Physics of Atomic Nuclei, vol. 67, pp. 156–162, 2004.
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The current status of various thermal and statistical descriptions of particle production in the ultrarelativistic heavy-ion collisions
experiments is presented in detail. We discuss the formulation of various types of thermal models of a hot and dense hadron gas
(HG) and themethods incorporated in the implementing of the interactions between hadrons. It includes our new excluded-volume
model which is thermodynamically consistent. The results of the above models together with the experimental results for various
ratios of the produced hadrons are compared. We derive some new universal conditions emerging at the chemical freeze-out of
HG fireball showing independence with respect to the energy as well as the structure of the nuclei used in the collision. Further, we
calculate various transport properties of HG such as the ratio of shear viscosity-to-entropy using our thermal model and compare
with the results of other models. We also show the rapidity as well as transverse mass spectra of various hadrons in the thermal HG
model in order to outline the presence of flow in the fluid formed in the collision. The purpose of this review article is to organize
and summarize the experimental data obtained in various experiments with heavy-ion collisions and then to examine and analyze
them using thermal models so that a firm conclusion regarding the formation of quark-gluon plasma (QGP) can be obtained.

1. Introduction

One of the main purposes of various heavy-ion collision
programmes running at various places such as relativistic
heavy-ion collider (RHIC) at Brookhaven National Labora-
tory (BNL) and large hadron collider (LHC) at CERN is to
understand the properties of strongly interacting matter and
to study the possibility of a phase transition from a confined
hot, dense hadron gas (HG) phase to a deconfined and/or
chiral symmetric phase of quark matter called quark-gluon
plasma (QGP) [1–9]. By colliding heavy-ions at ultrarelativis-
tic energies, such a phase transition is expected to materialize
and QGP can be formed in the laboratory. Unfortunately,
the detection of the QGP phase is still regarded as an uphill
task. However, the existence of a new form of a matter called
strongly interacting QGP (sQGP) has been demonstrated
experimentally [10]. There is much compelling evidence,
for example, elliptic flow, high energy densities, and very
low viscosity [11]. However, we do not have supportive
evidence that this fluid is associatedwith the properties quark
deconfinement and/or chiral symmetry restoration which

are considered as direct indications for QGP formation [11].
Although various experimental probes have been devised, but
a clean unambiguous signal has not yet been outlined in the
laboratory. So our prime need at present is to propose some
signals to be used for the detection of QGP. However for this
purpose, understanding the behaviour and the properties of
the background HG is quite essential because if QGP is not
formed, matter will continue to exist in the hot and dense
HG phase. In the ultrarelativistic nucleus-nucleus collisions,
a hot and dense matter is formed over an extended region for
a very brief time, and it is often called a “fireball”. The quark
matter in the fireball after subsequent expansion and cooling
will be finally converted into HG phase. Recently, the studies
of the transverse momentum spectra of dileptons [12–21] and
hadrons [22–27] are used to deduce valuable information
regarding temperature and energy density of the fireball. The
schematic diagram for the conjectured space-time evolution
of the fireball formed in the heavy-ion collisions is shown
in Figure 1 [28]. The space-time evolution consists of four
different stages as follows. (i) In the initial stage of collisions,
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Figure 1: A schematic diagram of space-time evolution of ultrarel-
ativistic heavy-ion collisions.

labeled as “Preequilibrium” in Figure 1, processes of parton-
parton hard scatterings may predominantly occur in the
overlap region of two colliding nuclei, thus depositing a large
amount of energy in the medium. The matter is still not
in thermal equilibrium, and perturbative QCD models can
describe the underlying dynamics as a cascade of freely collid-
ing partons. The time of the preequilibrium state is predicted
to about 1 fm/c or less. (ii) After the short preequilibrium
stage, the QGP phase would be formed, in which parton-
parton and/or string-string interactions quickly contribute
to attain thermal equilibrium in the medium. The energy
density of this state is expected to reach above 3–5GeV/fm3,
equivalent to the temperature of 200–300MeV. The volume
then rapidly expands, and matter cools down. (iii) If the
first order phase transition is assumed, the “mixed phase” is
expected to exist between the QGP and hadron phases, in
which quarks and gluons are again confined into hadrons at
the critical temperature 𝑇

𝑐
. In the mixed phase, the entropy

density is transferred into lower degrees of freedom, and
therefore the system is prevented from a fast expansion.
This leads to a maximum value in the lifetime of the
mixed phase which is expected to last for a relatively long
time (𝜏 > 10 fm/c). (iv) In the hadronic phase, the system
keeps collective expansion via hadron-hadron interactions,
decreasing its temperature. Then, the hadronic interactions
freeze after the system reaches a certain size and temperature,
and hadrons that freely stream out from the medium are to
be detected. There are two types of freeze-out stages. When
inelastic collisions between constituents of the fireball do not
occur any longer, we call this a chemical freeze-out stage.
Later when the elastic collisions also cease to happen in the
fireball, this stage specifies the thermal freeze-out.

Since many experiments running at various places mea-
sure the multiplicity, ratios, and so forth of various hadrons,
it is necessary to know to which extent the measured hadron
yields indicate equilibration. The level of equilibration of
particles produced in these experiments is tested by analyzing
the particle abundances [22, 23, 29–57] or their momentum
spectra [22–27, 37, 38, 46, 47, 58] using thermal models.
Now, in the first case, one establishes the chemical compo-
sition of the system, while in the second case, additional

information on dynamical evolution and collective flow can
be extracted. Furthermore, study of the variations of multi-
plicity of produced particles with respect to collision energy,
the momentum spectra of particles, and ratios of various par-
ticles have led to perhaps one of the most remarkable results
corresponding to high energy strong interaction physics [6].

Recently various approaches have been proposed for the
precise formulation of a proper equation of state (EOS) for
hot and dense HG. Lacking lattice QCD results for the EOS
at finite baryon density 𝑛

𝐵
, a common approach is to con-

struct a phenomenological EOS for both phases of strongly
interactingmatter. Among those approaches, thermalmodels
are widely used and indeed are very successful in describing
various features of the HG. These models are based on the
assumption of thermal equilibrium reached in HG. A simple
form of the thermal model of hadrons is the ideal hadron gas
(IHG) model in which hadrons and resonances are treated
as pointlike and noninteracting particles. The introduction
of resonances in the system is expected to account for the
existence of attractive interactions among hadrons [59]. But
in order to account for the realistic behaviour of HG, a short
range repulsion must also be introduced. The importance of
such correction is more obvious when we calculate the phase
transition using IHG picture which shows the reappearance
of hadronic phase as a stable configuration in the simple
Gibbs construction of the phase equilibrium between the HG
and QGP phases at very high baryon densities or chemi-
cal potentials. This anomalous situation [60–62] cannot be
explained because we know that the stable phase at any given
(𝑇, 𝜇
𝐵
) is the phase which has a larger pressure. Once the

system makes a transition to the QGP phase, it is expected
to remain in that phase even at extremely large 𝑇 and 𝜇

𝐵
due

to the property of asymptotic freedom of QCD. Moreover, it
is expected that the hadronic interactions become significant
when hadrons are densely packed in a hot and dense hadron
gas. One significant way to handle the repulsive interaction
between hadrons is based on a macroscopic description
in which the hadrons are given a geometrical size, and
hence they will experience a hardcore repulsive interaction
when they touch each other, and consequently a van-der
Waals excluded-volume effect is visible. As a result, the
particle yields are essentially reduced in comparison to that
of IHG model, and also the anomalous situation in the
phase transitionmentioned above disappears. Recently,many
phenomenological models incorporating excluded-volume
effect have been widely used to account for the properties
of hot and dense HG [63–76]. However, these descriptions
usually suffer from some serious shortcomings. First, mostly,
the descriptions are thermodynamically inconsistent because
one does not have a well-defined partition function or
thermodynamical potential (Ω) fromwhich other thermody-
namical quantities can be derived, for example, the baryon
density (𝑛

𝐵
) ̸= 𝜕Ω/𝜕𝜇

𝐵
. Secondly, for the dense hadron gas,

the excluded-volumemodel violates causality (i.e., velocity of
sound 𝑐

𝑠
in the medium is greater than the velocity of light).

So, although some of the models explain the data very well,
such shortcomings make the models mostly unattractive.
Sun et al. [76] have incorporated the effect of relativistic
correction in the formulation of an EOS for HG. However,
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such effect is expected to be very small because the masses
of almost all the hadrons present in the hot and dense HG
are larger than the temperature of the system; so they are
usually treated as nonrelativistic particles except pion whose
mass is comparable to the temperature, but most of the pions
come from resonances whosemasses are again larger than the
temperature ofHG [77]. In [78], two-source thermalmodel of
an ideal hadron gas is used to analyze the experimental data
on hadron yields and ratios. In this model, the two sources, a
central core and a surrounding halo, are in local equilibrium
at chemical freeze-out. It has been claimed that the excluded-
volume effect becomes less important in the formulation of
EOS for hadron gas in the two-source model.

Another important approach used in the formulation of
an EOS for the HG phase is mean-field theoretical models
[79–82] and their phenomenological generalizations [83–
85]. These models use the local renormalizable Lagrangian
densities with baryonic and mesonic degrees of freedom for
the description of HG phase.Thesemodels rigorously respect
causality. Most importantly they also reproduce the ground
state properties of the nuclear matter in the low-density limit.
The short-range repulsive interaction in these models arises
mainly due to 𝜔-exchange between a pair of baryons. It leads
to the Yukawa potential 𝑉(𝑟) = (𝐺2/4𝜋𝑟) exp(−𝑚

𝜔
𝑟), which

further gives mean potential energy as 𝑈
𝐵
= 𝐺
2
𝑛
𝐵
/𝑚
𝜔
.

It means that 𝑈
𝐵
is proportional to the net baryon density

𝑛
𝐵
. Thus 𝑈

𝐵
vanishes in the 𝑛

𝐵
→ 0 limit. In the bary-

onless limit, hadrons (mesons) can still approach pointlike
behaviour due to the vanishing of the repulsive interactions
between them. It means that, in principle, one can excite a
large number of hadronic resonances at large 𝑇. This will
again make the pressure in the HG phase larger than the
pressure in the QGP phase, and the hadronic phase would
again become stable at sufficiently high temperature, and
the Gibbs construction can again yield HG phase at large
𝑇. In some recent approaches this problem has been cured
by considering another temperature-dependent mean-field
𝑈VDW(𝑛, 𝑇), where 𝑛 is the sum of particle and antiparticle
number densities. Here𝑈VDW(𝑛, 𝑇) represents van-derWaals
hardcore repulsive interaction between two particles and
depends on the total number density 𝑛which is nonzero even
when net baryon density 𝑛

𝐵
is zero in the large temperature

limit [72, 73, 75]. However, in the high-density limit, the
presence of a large number of hyperons and their unknown
couplings to the mesonic fields generates a large amount of
uncertainty in the EOS of HG in the mean-field approach.
Moreover, the assumption of how many particles and their
resonances should be incorporated in the system is a crucial
one in the formulation of EOS in this approach. The mean-
field models can usually handle very few resonances only in
the description of HG and hence are not as such reliable ones
[75].

In this review, we discuss the formulation of various
thermal models existing in the literature quite in detail
and their applications to the analysis of particle production
in ultrarelativistic heavy-ion collisions. We show that it is
important to incorporate the interactions between hadrons
in a consistent manner while formulating the EOS for hot,

dense HG. For repulsive interactions, van-der Waals type
of excluded-volume effect is often used in thermal models,
while resonances are included in the system to account
for the attractive interactions. We precisely demand that
such interactions must be incorporated in the models in
a thermodynamically consistent way. There are still some
thermalmodels in the literaturewhich lack thermodynamical
self-consistency. We have proposed a new excluded-volume
model where an equal hardcore size is assigned to each
type of baryons in the HG, while the mesons are treated
as pointlike particles. We have successfully used this model
in calculating various properties of HG such as number
density, and energy density. We have compared our results
with those of the other models. Further, we have extracted
chemical freeze-out parameters in various thermal models
by analyzing the particle ratios over a broad energy range
and parameterized them with the center-of-mass energy. We
use these parameterizations to calculate the particle ratios
at various center-of-mass energies and compare them with
the experimental data. We further provide a proposal in the
form of freeze-out conditions for a unified description of
chemical freeze-out of hadrons in various thermal models.
An extension of the thermal model for the study of the
various transport properties of hadronswill also be discussed.
We also analyze the rapidity as well as transverse mass
spectra of hadrons using our thermal model and examine
the role of any flow existing in the medium by matching
the theoretical results with the experimental data. Thus
the thermal approach indeed provides a very satisfactory
description of various features of HG by reproducing a large
number of experimental results covering wide energy range
from alternating gradient synchrotron (AGS) to large hadron
collider (LHC) energy.

2. Formulation of Thermal Models

Various types of thermal models for HG using excluded-
volume correction based on van-der Waals type effect have
been proposed. Thermal models have often used the grand
canonical ensemble description to write the partition func-
tion for the system because it suits well for systems with
large number of produced hadrons [30] and/or large volume.
However, for nonrelativistic statistical mechanics, the use
of a grand canonical ensemble is usually just a matter of
convenience [86]. Furthermore, the canonical ensemble can
be used in case of small systems (e.g., peripheral nucleus-
nucleus collisions) and for low energies in case of strangeness
production [87, 88] due to canonical suppression of the
phase space. Similarly some descriptions also employ isobaric
partition function in the derivation of their HG model. We
succinctly summarize the features of somemodels as follows.

2.1. Hagedorn Model. In the Hagedorn model [67, 68], it is
assumed that the excluded-volume correction is proportional
to the pointlike energy density 𝜖0. It is also assumed that the
density of states of the finite-size particles in total volume 𝑉
can be taken as precisely the same as that of pointlike particles
in the available volume Δ where Δ = 𝑉 − Σ

𝑖
𝑉
0

𝑖
and 𝑉0

𝑖
is the
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eigen volume of the 𝑖th particle in the HG. Thus, the grand
canonical partition function satisfies the relation:

ln𝑍 (𝑇, 𝑉, 𝜆) = ln𝑍0 (𝑇, Δ, 𝜆) . (1)

The sum of eigen volumes Σ
𝑖
𝑉
0

𝑖
is given by the ratio of the

invariant cluster mass to the total energy density, and 𝜆 is
the fugacity, that is, 𝜆 = exp(𝜇/𝑇). Hence Σ

𝑖
𝑉
0

𝑖
= 𝐸/4𝐵 =

𝑉𝜖/4𝐵, and the energy density 𝜖 = Δ𝜖0/𝑉. 𝜖0 is the energy
density when particles are treated as pointlike. Now, using the
expression for Δ, one finally gets

𝜖
ex
𝑖
=

𝜖
0

𝑖

1 + 𝜖0/4𝐵
. (2)

When 𝜖0/4𝐵 ≫ 1, 𝜖 = Σ
𝑖
𝜖
ex
𝑖
= 4𝐵 which is obviously the

upper limit for 𝜖 since it gives the energy density existing
inside a nucleon and is usually regarded as the latent heat
density required for the phase transition. Here 𝐵 represents
the bag constant. The expressions of number density and
pressure can similarly be written as follows:

𝑛
ex
𝑖
=

𝑛
0

𝑖

1 + 𝜖0/4𝐵
,

𝑃
ex
𝑖
=

𝑃
0

𝑖

1 + 𝜖0/4𝐵
.

(3)

Here, 𝑛0
𝑖
and 𝑃0

𝑖
are the number density and pressure of

pointlike particles, respectively.

2.2. Cleymans-Suhonen Model. In order to include van-der
Waals type of repulsion between baryons, Cleymans and
Suhonen [63] assigned an equal hardcore radius to each
baryon. Consequently, the available volume for baryons is
𝑉 − Σ

𝑖
𝑁
𝑖
𝑉
0

𝑖
; here 𝑉0

𝑖
is the eigen volume of 𝑖th baryon, and

𝑁
𝑖
is the total number. As a result, the net excluded number

density, pressure, and the energy density of amulticomponent
HG are given as follows:

𝑛
ex
=

∑
𝑖
𝑛
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

, (4)

𝑃
ex
=

∑
𝑖
𝑃
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

, (5)

𝜖
ex
=

∑
𝑖
𝜖
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

, (6)

where 𝑛0
𝑖
, 𝑃0
𝑖
, and 𝜖0

𝑖
are net baryon density, pressure, and

energy density of pointlike particles, respectively, and Σ
𝑖
𝑛
0

𝑖
𝑉
0

𝑖

is the fraction of occupied volume. Kuono and Takagi [66]
modified these expressions by considering the existence of
a repulsive interaction either between a pair of baryons or

between a pair of antibaryons only.Therefore, the expressions
(4), (5), and (6) take the folowing forms:

𝑛
ex
=

∑
𝑖
𝑛
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

−
∑
𝑖
𝑛
0

𝑖

1 + ∑𝑛
0

𝑖
𝑉0
𝑖

+ 𝑛
0

𝑀
,

𝑃
ex
=

∑
𝑖
𝑃
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

−
∑
𝑖
𝑃
0

𝑖

1 + ∑
𝑖
𝑛
0

𝑖
𝑉0
𝑖

+ 𝑃
0

𝑀
,

𝜖
ex
=

∑
𝑖
𝜖
0

𝑖

1 + ∑
𝑖
𝑛0
𝑖
𝑉0
𝑖

+
∑
𝑖
𝜖
0

𝑖

1 + ∑
𝑖
𝑛
0

𝑖
𝑉0
𝑖

+ 𝜖
0

𝑀
,

(7)

where 𝑛0
𝑖
and 𝑛0

𝑖
are the number density of the pointlike

baryons and antibaryons, respectively and 𝜖0
𝑖
(𝜖
0

𝑖
) and 𝑃0

𝑖
(𝑃
0

𝑖
)

are the corresponding energy density and pressure. Similarly,
𝑛
0

𝑀
, 𝑃0
𝑀
, and 𝜖0

𝑀
are the number density, pressure, and energy

density of pointlike mesons, respectively.

2.3. Rischke-Gorenstein-Stocker-Greiner (RGSG) Model. The
above discussed models possess a shortcoming that they are
thermodynamically inconsistent because the thermodynam-
ical variables like 𝑛

𝐵
cannot be derived from a partition

function or thermodynamical potential (Ω), for example,
𝑛
𝐵
̸= 𝜕Ω/𝜕𝜇

𝐵
. Several proposals have come to correct such

types of inconsistencies. Rischke et al. [69] have attempted
to obtain a thermodynamically consistent formulation. In
this model, the grand canonical partition function 𝑍

𝐺
for

pointlike baryons can be written in terms of canonical
partition function 𝑍

𝐶
as follows:

𝑍
0

𝐺
(𝑇, 𝜇, 𝑉) =

∞

∑

𝑁=0

exp(𝜇𝑁
𝑇
)𝑍
𝐶
(𝑇,𝑁,𝑉) . (8)

They furthermodified the canonical partition function𝑍
𝐶
by

introducing a step function in the volume so as to incorporate
excluded-volume correction into the formalism. Therefore,
the grand canonical partition function (8) finally takes the
following form:

𝑍
ex
𝐺
(𝑇, 𝜇, 𝑉 − 𝑉

0

𝑁)

=

∞

∑

𝑁=0

exp(𝜇𝑁
𝑇
)𝑍
𝐶
(𝑇,𝑁,𝑉 − 𝑉

0
𝑁)

× 𝜃 (𝑉 − 𝑉
0

𝑁) .

(9)

The above ansatz ismotivated by considering𝑁 particles with
eigen-volume 𝑉0 in a volume 𝑉 as 𝑁 pointlike particles in
the available volume 𝑉 − 𝑉0𝑁 [69]. But, the problem in the
calculation of (9) is the dependence of the available volume
on the varying number of particles𝑁 [69]. To overcome this
difficulty, one should use the Laplace transformation of (9).
Using the Laplace transform, one gets the isobaric partition
function as follows:

𝑍
𝑃
= ∫

∞

0

𝑑𝑉 exp (−𝜉𝑉)𝑍ex
𝐺
(𝑇, 𝜇, 𝑉 − 𝑉

0

𝑁) , (10)
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or

𝑍
𝑃
= ∫

∞

0

𝑑𝑥 exp{−𝑥[𝜉 −
ln𝑍0
𝐺
(𝑇, 𝜇)

𝑥
]} , (11)

where 𝑥 = 𝑉 − 𝑉0𝑁 and 𝜇 = 𝜇 − 𝑇𝑉0𝜉. Finally, we get a
transcendental type of equation as follows:

𝑃
ex
(𝑇, 𝜇) = 𝑃

0

(𝑇, 𝜇) , (12)

where,

𝜇 = 𝜇 − 𝑉
0

𝑃
ex
(𝑇, 𝜇) . (13)

The expressions for the number density, entropy density, and
energy density in thismodel can thus take a familiar form like

𝑛
ex
(𝑇, 𝜇) =

𝜕𝑃
0
(𝑇, 𝜇)

𝜕𝜇

𝜕𝜇

𝜕𝜇
=

𝑛
0
(𝑇, 𝜇)

1 + 𝑉0𝑛0 (𝑇, 𝜇)
,

𝑠
ex
1
(𝑇, 𝜇) =

𝜕𝑃
0
(𝑇, 𝜇)

𝜕𝑇
=

𝑠
0

1
(𝑇, 𝜇)

1 + 𝑉0𝑛0 (𝑇, 𝜇)
,

𝜖
ex
(𝑇, 𝜇) =

𝜖
0
(𝑇, 𝜇)

1 + 𝑉0𝑛0 (𝑇, 𝜇)
.

(14)

These equations resemble (4) and (6) as given in Cleymans-
Suhonen model [63] with 𝜇 being replaced by 𝜇. The above
model can be extended for a hadron gas involving several
baryonic species as follows:

𝑃
ex
(𝑇, 𝜇
1
, . . . , 𝜇

ℎ
) =

ℎ

∑

𝑖=1

𝑃
0

𝑖
(𝑇, 𝜇
𝑖
) , (15)

where,

𝜇
𝑖
= 𝜇
𝑖
− 𝑉
0

𝑖
𝑃
ex
(𝑇, 𝜇
𝑖
) , (16)

with 𝑖 = 1, . . . , ℎ. Particle number density for the 𝑖th species
can be calculated from following equation:

𝑛
ex
𝑖
(𝑇, 𝜇
𝑖
) =

𝑛
0

𝑖
(𝑇, 𝜇
𝑖
)

1 + ∑
ℎ

𝑗=1
𝑉0
𝑗
𝑛0
𝑗
(𝑇, 𝜇
𝑗
)
. (17)

Unfortunately, the above model involves cumbersome, tran-
scendental expressions which are usually not easy to calcu-
late. Furthermore, this model fails in the limit of 𝜇

𝐵
= 0

because 𝜇
𝐵
becomes negative in this limit.

2.4. New Excluded-Volume Model. Singh et al. [70] have
proposed a thermodynamically consistent excluded-volume
model in which the grand canonical partition function using
Boltzmann approximation can be written as follows:

ln𝑍ex
𝑖
=
𝑔
𝑖
𝜆
𝑖

6𝜋2𝑇
∫

𝑉−∑
𝑗
𝑁𝑗𝑉
0

𝑗

𝑉
0

𝑖

𝑑𝑉

× ∫

∞

0

𝑘
4
𝑑𝑘

√𝑘2 + 𝑚2
𝑖

exp(−
√𝑘2 + 𝑚2

𝑖

𝑇
) ,

(18)

where 𝑔
𝑖
and 𝜆

𝑖
= exp(𝜇

𝑖
/𝑇) are the degeneracy factor

and the fugacity of 𝑖th species of baryons, respectively, 𝑘
is the magnitude of the momentum of baryons, and 𝑉0

𝑖

is the eigenvolume assigned to each baryon of 𝑖th species;
hence∑

𝑗
𝑁
𝑗
𝑉
0

𝑗
becomes the total occupied volume where𝑁

𝑗

represents the total number of baryons of 𝑗th species. We can
rewrite (18) as follows:

ln𝑍ex
𝑖
= 𝑉(1 −∑

𝑗

𝑛
ex
𝑗
𝑉
0

𝑗
)𝐼
𝑖
𝜆
𝑖
, (19)

where integral 𝐼
𝑖
is

𝐼
𝑖
=
𝑔
𝑖

2𝜋2
(
𝑚
𝑖

𝑇
)

2

𝑇
3

𝐾
2
(
𝑚
𝑖

𝑇
) . (20)

Thuswe have obtained the grand canonical partition function
as given by (19) by incorporating the excluded-volume effect
explicitly in the partition function. The number density
of baryons after excluded-volume correction (𝑛ex

𝑖
) can be

obtained as

𝑛
ex
𝑖
=
𝜆
𝑖

𝑉
(
𝜕 ln𝑍ex

𝑖

𝜕𝜆
𝑖

)

𝑇,𝑉

. (21)

So our prescription is thermodynamically consistent, and
it leads to a transcendental equation:

𝑛
ex
𝑖
= (1 − 𝑅) 𝜆

𝑖
𝐼
𝑖
− 𝐼
𝑖
𝜆
2

𝑖

𝜕𝑅

𝜕𝜆
𝑖

. (22)

Here 𝑅 = ∑
𝑖
𝑛
ex
𝑖
𝑉
0

𝑖
is the fractional occupied volume. It is

clear that if we put the factor 𝜕𝑅/𝜕𝜆
𝑖
= 0 and consider only

one type of baryons in the system, then (22) can be reduced to
the thermodynamically inconsistent expression (4).The pres-
ence of 𝜕𝑅/𝜕𝜆

𝑖
in (22) thus removes the thermodynamical

inconsistency. For single-componentHG, the solution of (22)
can be taken as follows:

𝑛
ex
=
1

𝑉

∫
𝜆

0
𝑑𝜆 exp [−1/𝐼𝑉0𝜆]
𝜆 exp [−1/𝐼𝑉0𝜆]

. (23)

For a multicomponent hadron gas, (22) takes the following
form:

𝑅 = (1 − 𝑅)∑

𝑖

𝐼
𝑖
𝑉
0

𝑖
𝜆
𝑖
−∑

𝑖

𝐼
𝑖
𝑉
0

𝑖
𝜆
2

𝑖

𝜕𝑅

𝜕𝜆
𝑖

. (24)

Using the method of parametric space [89], we write

𝜆
𝑖
(𝑡) =

1

(𝑎
𝑖
+ 𝐼
𝑖
𝑉0
𝑖
𝑡)
, (25)

where 𝑎
𝑖
is the parameter and 𝑡 gives the space. We finally get

the solution of (24) as follows:

𝑅 = 1 −
∫
∞

𝑡
[exp (−𝑡󸀠) /𝐺 (𝑡󸀠)] 𝑑𝑡󸀠

exp (−𝑡) /𝐺 (𝑡)
, (26)
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where 𝑡 is a parameter such that

𝑑𝜆
𝑖
(𝑡)

𝑑𝑡
= −𝐼
𝑖
𝜆
2

𝑖
𝑉
0

𝑖
,

𝐺 (𝑡) = 𝑡

ℎ

∏

𝑖=2

(𝑎
𝑖
+ 𝐼
𝑖
𝑉
0

𝑖
𝑡) .

(27)

If 𝜆
𝑖
’s and 𝑡 are known, one can determine 𝑎

𝑖
. The quantity 𝑡

is fixed by setting 𝑎
1
= 0, and one obtains 𝑡 = 1/𝐼

1
𝑉
1
𝜆
1
; here

the subscript 1 denotes the nucleon degree of freedom, and
ℎ is the total number of baryonic species. Hence by using 𝑅
and 𝜕𝑅/𝜕𝜆

𝑖
one can calculate 𝑛

𝑖
. It is obvious that the above

solution is not unique, since it contains some parameters
such as 𝑎

𝑖
, one of which has been fixed to zero arbitrarily.

Alternatively, one can assume that [70]

𝜕𝑅

𝜕𝜆
𝑖

=
𝜕∑
𝑗
𝑛
ex
𝑗
𝑉
0

𝑗

𝜕𝜆
𝑖

= (
𝜕𝑛

ex
𝑖

𝜕𝜆
𝑖

)𝑉
0

𝑖
. (28)

Here an assumption is made that the number density of 𝑖th
baryonwill only depend on the fugacity of same baryon.Then
(24) reduces to a simple form as

𝜕𝑛
ex
𝑖

𝜕𝜆
𝑖

+ 𝑛
ex
𝑖
(
1

𝐼
𝑖
𝑉0
𝑖
𝜆2
𝑖

+
1

𝜆
𝑖

) =
1

𝜆
𝑖
𝑉0
𝑖

(1 − ∑

𝑖 ̸=𝑗

𝑛
ex
𝑗
𝑉
0

𝑗
) .

(29)

The solution of (29) can be obtained in a straight forward
manner as follows [70]:

𝑛
ex
𝑖
=
𝑄
𝑖
(1 − ∑

𝑗 ̸= 𝑖
𝑛
ex
𝑗
𝑉
0

𝑗
)

𝜆
𝑖
𝑉0
𝑖

exp( 1

𝐼
𝑖
𝑉0
𝑖
𝜆
𝑖

) , (30)

where

𝑄
𝑖
= ∫

𝜆𝑖

0

exp(− 1

𝐼
𝑖
𝑉0
𝑖
𝜆
𝑖

)𝑑𝜆
𝑖
. (31)

Now, 𝑅 can be obtained by using the following relation:

𝑅 = ∑

𝑗

𝑛
ex
𝑗
𝑉
0

𝑗
=
𝑋

1 + 𝑋
, (32)

where

𝑋 =
∑
𝑖
𝑛
ex
𝑖
𝑉
0

𝑖

1 − ∑
𝑖
𝑛ex
𝑖
𝑉0
𝑖

. (33)

Here 𝑋 is the ratio of the occupied volume to the available
volume. Finally, 𝑛ex

𝑖
can be written as

𝑛
ex
𝑖
=
(1 − 𝑅)

𝑉0
𝑖

𝑄
𝑖

𝜆
𝑖
exp (−1/𝐼

𝑖
𝑉0
𝑖
𝜆
𝑖
) − 𝑄
𝑖

. (34)

The solution obtained in this model is very simple and easy.
There is no arbitrary parameter in this formalism, so it
can be regarded as a unique solution. However, this theory
still depends crucially on the assumption that the number

density of 𝑖th species is a function of the 𝜆
𝑖
alone, and it is

independent of the fugacities of other kinds of baryons. As
the interactions between different species become significant
in hot and dense HG, this assumption is no longer valid.
Moreover, one serious problem crops up, since we cannot
do calculation in this model for 𝑇 > 185MeV (and 𝜇

𝐵
>

450MeV). This particular limiting value of temperature
and baryon chemical potential depends significantly on the
masses and the degeneracy factors of the baryonic resonances
considered in the calculation.

In order to remove above discrepancies,Mishra and Singh
[32, 33] have proposed a thermodynamically consistent EOS
for a hot and dense HG using Boltzmann’s statistics. They
have proposed an alternative way to solve the transcendental
equation (22). We have extended this model by using quan-
tum statistics into the grand canonical partition function;
so that our model works even for the extreme values of
temperature and baryon chemical potential.Thus (20) can be
rewritten as follows [31]:

𝐼
𝑖
=
𝑔
𝑖

6𝜋2𝑇
∫

∞

0

𝑘
4
𝑑𝑘

√𝑘2 + 𝑚2
𝑖

1

[exp (𝐸
𝑖
/𝑇) + 𝜆

𝑖
]
, (35)

and (22) takes the following form after using the quantum
statistics in the partition function:

𝑛
ex
𝑖
= (1 − 𝑅) 𝐼

𝑖
𝜆
𝑖
− 𝐼
𝑖
𝜆
2

𝑖

𝜕𝑅

𝜕𝜆
𝑖

+ 𝜆
2

𝑖
(1 − 𝑅) 𝐼

󸀠

𝑖
, (36)

where 𝐼󸀠
𝑖
is the partial derivative of 𝐼

𝑖
with respect to 𝜆

𝑖
. We

can write 𝑅 in an operator equation form as follows [32, 33,
90, 91]:

𝑅 = 𝑅
1
+ Ω̂𝑅, (37)

where 𝑅
1
= 𝑅
0
/(1 + 𝑅

0
) with 𝑅0 = ∑𝑛0

𝑖
𝑉
0

𝑖
+ ∑ 𝐼
󸀠

𝑖
𝑉
0

𝑖
𝜆
2

𝑖
; 𝑛0
𝑖
is

the density of pointlike baryons of 𝑖th species and the
operator Ω̂ has the following form:

Ω̂ = −
1

1 + 𝑅0
∑

𝑖

𝑛
0

𝑖
𝑉
0

𝑖
𝜆
𝑖

𝜕

𝜕𝜆
𝑖

. (38)

Using theNeumann iterationmethod and retaining the series
upto Ω̂2 term, we get

𝑅 = 𝑅
1
+ Ω̂𝑅
1
+ Ω̂
2

𝑅
1
. (39)

After solving (39), we finally get the expression for total
pressure [70] of the hadron gas as follows:

𝑃
ex
= 𝑇 (1 − 𝑅)∑

𝑖

𝐼
𝑖
𝜆
𝑖
+∑

𝑗

𝑃
meson
𝑗
. (40)

Here 𝑃meson
𝑗

is the pressure due to 𝑗th type of meson.
Here we emphasize that we consider the repulsion arising

only between a pair of baryons and/or antibaryons because
we assign each of them exclusively a hardcore volume. In
order to make the calculation simple, we have taken an
equal volume 𝑉0 = 4𝜋𝑟3/3 for each type of baryons with
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a hardcore radius 𝑟 = 0.8 fm. We have considered in our
calculation all baryons and mesons and their resonances
having masses up to a cutoff value of 2GeV/c2 and lying in
the HG spectrum. Here only those resonances which possess
well-defined masses and widths have been incorporated in
the calculations. Branching ratios for sequential decays have
been suitably accounted, and in the presence of several decay
channels, only dominant mode is included. We have also
imposed the condition of strangeness neutrality strictly by
putting∑

𝑖
𝑆
𝑖
(𝑛
𝑠

𝑖
−𝑛
𝑠

𝑖
) = 0, where 𝑆

𝑖
is the strangeness quantum

number of the 𝑖th hadron and 𝑛𝑠
𝑖
(𝑛
𝑠

𝑖
) is the strange (anti-

strange) hadron density, respectively. Using this constraint
equation, we get the value of strange chemical potential in
terms of 𝜇

𝐵
. Having done all these things, we proceed to

calculate the energy density of each baryon species 𝑖 by using
the following formula:

𝜖
ex
𝑖
=
𝑇
2

𝑉

𝜕 ln𝑍ex
𝑖

𝜕𝑇
+ 𝜇
𝑖
𝑛
ex
𝑖
. (41)

Similarly, entropy density is

𝑠 =
𝜖
ex
𝑖
+ 𝑃

ex
− 𝜇
𝐵
𝑛
𝐵
− 𝜇
𝑆
𝑛
𝑆

𝑇
. (42)

It is evident that this approach is more simple in compari-
son to other thermodynamically consistent excluded-volume
approaches which often possess transcendental final expres-
sions [69, 86]. Our approach does not involve any arbitrary
parameter in the calculation. Moreover, this approach can be
used for extremely low as well as extremely large values of
𝑇 and 𝜇

𝐵
, where all other approaches fail to give a satisfying

result since we do not use Boltzmann’s approximation in our
calculation.

3. Statistical and Thermodynamical
Consistency

Recently, question of statistical and thermodynamical consis-
tency in excluded-volume models for HG has widely been
discussed [77]. In this section, we reexamine the issue of
thermodynamical and statistical consistency of the excluded-
volume models. In RGSG model [69], the single particle
grand canonical partition function (9) can be rewritten as
follows:

𝑍
ex
𝐺
(𝑉, 𝑇, 𝜇) =

∞

∑

𝑁=0

exp(
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!

× 𝜃 (𝑉 − 𝑉
0

𝑁)𝑧
𝑁

,

(43)

where,

𝑧 (𝑇) =
𝑔

2𝜋2
∫

∞

0

𝑘
2

𝑑𝑘 exp[

[

−
(𝑘
2
+ 𝑚
2
)
1/2

𝑇
]

]

. (44)

Here, in this model,𝑁 in the available volume (𝑉 − 𝑉0𝑁) is
independent of 𝜇. Differentiating (43) with respect to 𝜇, we
get the following equation:

𝜕𝑍
ex
𝐺

𝜕𝜇
=

∞

∑

𝑁=0

𝑁

𝑇
exp(

𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝜃 (𝑉 − 𝑉

0

𝑁)𝑧
𝑁

.

(45)

Multiplying both sides of (45) by 𝑇/𝑍ex
𝐺
, we get

𝑇

𝑍ex
𝐺

𝜕𝑍
ex
𝐺

𝜕𝜇
=
1

𝑍ex

∞

∑

𝑁=0

𝑁 exp (
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!

× 𝜃 (𝑉 − 𝑉
0

𝑁)𝑧
𝑁

.

(46)

We know that the expressions for statistical and thermody-
namical averages of number of baryons are as follows:

⟨𝑁⟩ =
1

𝑍ex
𝐺

∞

∑

𝑁=0

𝑁 exp (
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝑧
𝑁

,

𝑁 = 𝑇
𝜕 ln𝑍ex

𝐺

𝜕𝜇
=
𝑇

𝑍ex
𝐺

𝜕𝑍
ex
𝐺

𝜕𝜇
,

(47)

respectively. Using (47) in (46), we get [77]

𝑁 = ⟨𝑁⟩ . (48)

Thus, we see that in RGSG model, thermodynamical average
of number of baryons is exactly equal to the statistical average
of number of baryons. Similarly in this model, we can show
that

𝐸 = ⟨𝐸⟩ . (49)

Now, we calculate the statistical and thermodynamical
averages of number of baryons in our excluded-volume
model. The grand canonical partition function in our model
(i.e., (18)) can take the following form:

𝑍
ex
(𝑉, 𝑇, 𝜇) =

∞

∑

𝑁=0

exp (
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝑧
𝑁

, (50)

where 𝑧 is given by (44). We use Boltzmann’s statistics for the
sake of convenience and consider only one species of baryons.
In our model,𝑁, present in the available volume (𝑉 − 𝑉0𝑁),
is 𝜇 dependent. However, for multicomponent system, one
cannot use “fixed 𝑁”, because in this case van-der Waals
approximation is not uniquely defined [92, 93]. So, we use
average 𝑁 in our multicomponent grand partition function.
However, at high temperatures it is not possible to use one
component van-derWaals description for a system of various
species with different masses [92, 93]. Now differentiating
(50) with respect to 𝜇, we get

𝜕𝑍
ex

𝜕𝜇
=

∞

∑

𝑁=0

𝑁

𝑇
exp (

𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝑧
𝑁

−

∞

∑

𝑁=0

exp(
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁−1

𝑁 − 1!
𝑧
𝑁

𝑉
0 𝜕𝑁

𝜕𝜇
.

(51)
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Multiplying both sides of (51) by 𝑇/𝑍ex, we get

𝑇

𝑍ex
𝜕𝑍

ex

𝜕𝜇
=
1

𝑍ex

∞

∑

𝑁=0

𝑁 exp (
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝑧
𝑁

−
𝑇

𝑍ex

∞

∑

𝑁=0

exp (
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁−1

𝑁 − 1!

× 𝑧
𝑁

𝑉
0 𝜕𝑁

𝜕𝜇
.

(52)

Using the definitions (47), (52) can take the following form:

𝑁 = ⟨𝑁⟩ −
𝑇

𝑍ex

∞

∑

𝑁=0

exp(
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁−1

𝑁 − 1!
𝑧
𝑁

𝑉
0 𝜕𝑁

𝜕𝜇
,

(53)

or

𝑛 = ⟨𝑛⟩ − 𝑇⟨
𝑛
0

(1 − 𝑅)
𝑉
0 𝜕𝑛

𝜕𝜇
⟩ . (54)

Here 𝑛 is the thermal average of number density of baryons,
𝑛
0 is the number density of pointlike baryons, and

⟨
𝑛
0

(1 − 𝑅)
𝑉
0 𝜕𝑛

𝜕𝜇
⟩

=
1

𝑍ex

∞

∑

𝑁=0

exp(
𝜇𝑁

𝑇
)
(𝑉 − 𝑉

0
𝑁)
𝑁

𝑁!
𝑧
𝑁

× (
𝑁

(𝑉 − 𝑉0𝑁)
𝑉
0 𝜕𝑁

𝜕𝜇
) .

(55)

The second term in (54) is the redundant one and arises
because 𝑁, present in the available volume (𝑉 − 𝑉0𝑁),
is a function of 𝜇. We call this term “correction term”. In
Figure 2, we have shown the variation of thermodynam-
ical average of the number density of baryons and the
“correction term” with respect to 𝑇 at 𝜇

𝐵
= 400MeV. We

see that there is an almost negligible contribution of this
“correction term” to thermodynamical average of number
density of baryons. Although, due to this “correction term”,
the statistical average of the number density of baryons
is not exactly equal to its thermodynamical average, the
difference is so small that it can be neglected. Similarly, we
can show that such redundant terms appear while calculating
statistical average of energy density of baryons and arise due
to the temperature dependence of 𝑁. Such terms again give
negligible contribution to thermodynamical average of the
energy density of baryons. Here, we see that the statistical
and thermodynamical averages of physical quantities such as
number density and energy density are approximately equal
to each other in our model also. Thus, our excluded-volume
model is not exactly thermodynamically consistent, but it can
safely be taken as consistent because the correction term in
the averaging procedure appears as negligibly small.

60 80 100 120 140 160 180 200

10−1
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10−3

10−4

10−5

10−6
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𝜇B = 400MeV

n (1/fm3)
Correction term (1/fm3)

Figure 2: Variation of thermodynamical average of the number
density of baryons and the “correction term” with respect to 𝑇 at
constant 𝜇

𝐵
.

4. Comparisons between Model Results and
Experimental Data

In this section, we review various features of hadron gas and
present our comparisons between the results of various HG
models and the experimental data.

4.1. Chemical Freeze-Out Criteria. Thermal models provide
a systematic study of many important properties of hot and
dense HG at chemical freezeout (where inelastic interactions
cease). To establish a relation between chemical freezeout
parameters (𝑇, 𝜇

𝐵
) and √𝑠𝑁𝑁, a common method is used to

fit the experimental hadron ratios. Many papers [30, 49, 50,
94–96] have appeared in which 𝑇 and 𝜇

𝐵
are extracted in

terms of √𝑠𝑁𝑁. In [30], various hadron ratios are analyzed
from √𝑠𝑁𝑁 = 2.7GeV to 200GeV, and chemical freeze-out
parameters are parameterized in terms of √𝑠𝑁𝑁 by using
following expressions:

𝑇 (MeV) = 𝑇lim (1 −
1

𝑎 + (exp (√𝑠𝑁𝑁 (GeV)) − 𝑏) /𝑐
) ,

𝜇
𝐵
=

𝑑

1 + 𝑒√𝑠𝑁𝑁
.

(56)

Here, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, and 𝑇lim (the limiting temperature) are
fitting parameters. Various authors [94, 95] have included
the strangeness suppression factor (𝛾

𝑠
) in their model while

extracting the chemical freeze-out parameters. In the thermal
model, 𝛾

𝑠
is used to account for the partial equilibration of the

strange particles. Such situation may arise in the elementary
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Figure 3:The energy dependence of chemical freeze-out temperature and baryon chemical potential in various studies. Figure is taken from
[30].

p-p collisions and/or peripheral A-A collisions, and mostly
the use of 𝛾

𝑠
is warranted in such cases [94, 97]. Moreover,

𝛾
𝑠
≈ 1 has been found in the central collisions at RHIC

[98, 99]. We do not require 𝛾
𝑠
in our model as an additional

fitting parameter because we assume that strangeness is also
fully equilibrated in the HG. Also, it has been pointed out
that inclusion of 𝛾

𝑠
in thermal model analysis does not

affect the values of fitting parameters 𝑇 and 𝜇
𝐵
much [30].

Dumitru et al. [96] have used inhomogeneous freeze-out
scenario for the extraction of 𝑇 and 𝜇

𝐵
at various √𝑠𝑁𝑁.

In a recent paper [100], condition of vanishing value of
𝜅𝜎
2 or equivalently 𝑚

4
= 3𝜒

2 is used to describe the
chemical freezeout line where 𝜅, 𝜎,𝑚

4
, and 𝜒 are kurtosis, the

standard deviation, fourth order moment, and susceptibility,
respectively. In [101], first time experimental data on 𝜅𝜎2
and 𝑆𝜎, here 𝑆 is skewness, has been compared with the
lattice QCD calculations and hadron resonance gas model to
determine the critical temperature (𝑇

𝑐
) for the QCD phase

transition. Recently, it is shown that the freeze-out parameters
in heavy-ion collisions can be determined by comparing
the lattice QCD results for the first three cumulants of net
electric charge fluctuations with the experimental data [102].
In Figure 3, we have shown the energy dependence of thermal
parameters 𝑇 and 𝜇

𝐵
extracted by various authors. In all the

studies, similar behaviour is found except in the Letessier
and Rafelski [95], which may be due to usage of many
additional free parameters such as light quark occupancy
factor (𝛾

𝑞
) and an isospin fugacity. We have also extracted

freeze-out parameters by fitting the experimental particle-
ratios from the lowest SIS energy to the highest RHIC energy
using our model [31]. For comparison, we have shown the
values obtained in other models, for example, IHG model,
Cleymans-Suhonen model, and RGSG model, in Table 1. We
then parameterize the variables 𝑇 and 𝜇

𝐵
in terms of√𝑠𝑁𝑁 as

follows [103]:

𝜇
𝐵
=

𝑎

1 + 𝑏√𝑠𝑁𝑁
,

𝑇 = 𝑐 − 𝑑𝜇
2

𝐵
− 𝑒𝜇
4

𝐵
,

(57)

where the parameters 𝑎, 𝑏, 𝑐, 𝑑, and 𝑒 have been determined
from the best fits: 𝑎 = 1.482 ± 0.0037GeV, 𝑏 = 0.3517 ±
0.009GeV−1, 𝑐 = 0.163 ± 0.0021GeV, 𝑑 = 0.170 ±

0.02GeV−1, and 𝑒 = 0.015±0.01GeV−3. The systematic error
of the fits can be estimated via quadratic deviation 𝛿2 [30]
defined as follows:

𝛿
2

= ∑

𝑖

(𝑅
exp
𝑖
− 𝑅

therm
𝑖
)
2

(𝑅therm
𝑖
)
2
, (58)

where 𝑅exp
𝑖

and 𝑅therm
𝑖

are the experimental data and thermal
model result of either the hadron yield or the ratio of hadron
yields, respectively.

In this analysis, we have used full phase space (4𝜋)
data at all center-of-mass energies except at RHIC energies
where only midrapidity data are available for all the ratios.
Moreover, the midrapidity and full phase space data at these
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Table 1: Thermal parameters (𝑇, 𝜇
𝐵
) values obtained by fitting the experimental particle ratios in different model calculations.

√𝑠NN (GeV) IHG model RGSG model Cleymans-Suhonen model Our model
𝑇 𝜇

𝐵
𝛿
2

𝑇 𝜇
𝐵

𝛿
2

𝑇 𝜇
𝐵

𝛿
2

𝑇 𝜇
𝐵

𝛿
2

2.70 60 740 0.85 60 740 0.75 70 753 1.19 70 760 1.15
3.32 80 670 0.89 78 680 0.34 89 686 0.75 90 670 0.45
3.84 100 645 0.50 86 640 0.90 101 639 0.37 100 640 0.34
4.32 101 590 0.70 100 590 0.98 109 600 0.17 105 600 0.23
8.76 140 380 0.45 145 406 0.62 144 386 0.05 140 360 0.25
12.3 148 300 0.31 150 298 0.71 153 300 0.03 150 276 0.20
17.3 160 255 0.25 160 240 0.62 158.6 228 0.63 155 206 0.27
130 172.3 35.53 0.10 165.5 38 0.54 165.8 35.84 0.15 163.5 32 0.05
200 172.3 23.53 0.065 165.5 25 0.60 165.9 23.5 0.10 164 20 0.05
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Figure 4: Variation of baryon chemical potential with respect to
centre-of-mass energy in our model.

energies differ only slightly as pointed out by Alt and NA49
Collaboration for𝐾+/𝜋+ and𝐾−/𝜋− ratios [104]. In Figure 4,
we have shown the parametrization of the freeze-out values
of baryon chemical potential with respect to √𝑠𝑁𝑁, and
similarly in Figure 5, we have shown the chemical freeze-out
curve between temperature and baryon chemical potential
[31].

4.2. Hadron Ratios. In an experimental measurement of
various particle ratios at various centre-of-mass energies
[105–111], it is found that there is an unusual sharp variation
in the Λ/𝜋− ratio increasing up to the peak value. This
strong variation of the ratio with energy indicates the critical
temperature of QCD phase transition [112] between HG and
QGP [113, 114], and a nontrivial information about the critical
temperature 𝑇

𝐶
≈ 176MeV has been extracted [114]. Figure 6

shows the variation of Λ/𝜋− with √𝑠𝑁𝑁. We compare the
experimental data with various thermal models [31, 63, 69]
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Figure 5: Variation of chemical freeze-out temperature with respect
to baryon chemical potential in our model.

and find that our model calculation gives much better fit to
the experimental data in comparison to other models. We
get a sharp peak around centre-of-mass energy of 5GeV,
and our results thus almost reproduce all the features of the
experimental data.

In Figure 7, we have shown the variations of 𝜙/𝜋 ratio
with √𝑠𝑁𝑁. The 𝜙 yields in the thermal models are often
much higher in comparison to data. We notice that no
thermal model can suitably account for the multiplicity ratio
of multistrange particle since 𝜙 is 𝑠𝑠 hidden-strange quark
combination. However, quark coalescence model assuming
a QGP formation has been claimed to explain the results
[115, 116] successfully. In the thermal models, the results for
the multistrange particles raise doubt over the degree of
chemical equilibration for strangeness reached in the HG
fireball. We can use an arbitrary parameter 𝛾

𝑠
as used in

several models. The failures of thermal models in these cases
may indicate the presence of QGP formation, but it is still
not clear. In Figure 8, we have shown the energy dependence
of antiparticle to particle ratios; for example, 𝐾−/𝐾+, 𝑝/𝑝,
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Figure 6: The energy dependence of the Λ/𝜋− ratio. Lines are
the results of various thermal models [31, 63, 69]. Points are the
experimental data [104, 117–121]. RHIC data are at midrapidity.

Λ/Λ, and Ξ+/Ξ−. These ratios increase sharply with respect
to√𝑠𝑁𝑁 and then almost saturate at higher energies reaching
the value equal to 1.0 at LHC energy. On comparison with
the experimental data we find that almost all the thermal
models describe these data successfully at all the center-of-
mass energies. However, RGSG model [69] fails to describe
the data at SPS and RHIC energies in comparison to other
models [31].

4.3. Thermodynamical Properties. We present the thermal
model calculations of various thermodynamical properties of
HG such as entropy per baryon (𝑠/𝑛

𝐵
) and energy density

and compare the results with the predictions of amicroscopic
model URASiMA event generator developed by Sasaki [122].
URASiMA (ultrarelativistic AA collision simulator based
on multiple scattering algorithm) is a microscopic model
which includes the realistic interactions between hadrons.
In URASiMA event generator, molecular-dynamical simu-
lations for a system of a HG are performed. URASiMA
includes the multibody absorptions, which are the reverse
processes of multiparticle production and are not included in
any other model. Although, URASiMA gives a realistic EOS
for hot and dense HG, it does not include antibaryons and
strange particles in their simulation, which is very crucial. In
Figure 9, we have plotted the variation of 𝑠/𝑛

𝐵
with respect

to temperature (𝑇) at fixed net baryon density (𝑛
𝐵
). 𝑠/𝑛

𝐵

calculated in our model shows a good agreement with the
results of Sasaki [122] in comparison to other excluded-
volume models. It is found that thermal model approach,
which incorporates macroscopic geometrical features gives
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Figure 7: The energy dependence of 𝜙/𝜋 ratio. Lines are the results
of various thermal models [31, 63, 69]. Points are the experimental
data [104, 117–121]. RHIC data are at midrapidity.

a close results with the simulation involving microscopic
interactions between hadrons. There are various parameters
such as coupling constants of hadrons appear in URASiMA
model due to interactions between hadrons. It is certainly
encouraging to find an excellent agreement between the
results obtained with two widely different approaches.

Figure 10 represents the variation of the energy density of
HGwith respect to𝑇 at constant 𝑛

𝐵
. Again ourmodel calcula-

tion is more closer to the result of URASiMA in comparison
to other excluded-volume models. Energy density increases
very slowly with the temperature initially and then rapidly
increases at higher temperatures.

4.4. Causality. One of the deficiencies of excluded-volume
models is the violation of causality in the hot and dense
hadron gas; that is, the sound velocity 𝑐

𝑠
is larger than the

velocity of light 𝑐 in themedium. In other words, 𝑐
𝑠
> 1, in the

unit of 𝑐 = 1, means that the medium transmits information
at a speed faster than 𝑐 [74]. Since, in this paper we are
discussing the results of various excluded-volume models,
it would be interesting to see whether these models respect
causality or not. In Figure 11, we have plotted the variations
of the total hadronic pressure 𝑃 as a function of the energy
density 𝜖 of the HG at a fixed entropy per particle using
our model calculation [31]. We find for a fixed 𝑠/𝑛 that the
pressure varies linearly with respect to energy density. In
Figure 12, we have shown the variation of 𝑐

𝑠
(𝑐2
𝑠
= 𝜕𝑃/𝜕𝜖 at

fixed 𝑠/𝑛) with respect to 𝑠/𝑛. We find that 𝑐
𝑠
≤ 0.58 in our

model with interacting particles. We get 𝑐
𝑠
= 0.58 (i.e., 1/√3)

for an ideal gas consisting of ultrarelativistic particles. This
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feature endorses our viewpoint that our model is not only
thermodynamically consistent but it does not also involve
any violation of causality even at large density. Similarly in
RGSG model [69], we do not notice that the value of 𝑐

𝑠

exceeds 1 as shown in Figure 12. It should be mentioned that
we are using full quantum statistics in all the models taken
for comparisons here. However, we find that the values in

the RGSG model cannot be extracted when temperature of
the HG exceeds 250MeV. No such restriction applies for our
model.

4.5. Universal Freeze-Out Criteria. One of the most remark-
able successes of thermal models is in explaining the multi-
plicities and the particle ratios of various particles produced
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in heavy-ion experiments from the lowest SIS energy to
maximum LHC energy. Some properties of thermal fireball
are found to be common to all collision energies which give a
universal freeze-out conditions in heavy-ion collisions. Now,
we review the applicability of thermal models in deriving
some useful chemical freeze-out criteria for the fireball.
Recent studies [39, 48, 103, 123–125] predict that the following
empirical conditions are to be valid on the entire freeze-out
hypersurface of the fireball: (i) energy per hadron always has
a fixed value at 1.08GeV; (ii) sum of baryon and anti-baryon
densities is 𝑛

𝐵
+ 𝑛
𝐵
= 0.12/fm3; (iii) normalized entropy

density is 𝑠/𝑇3 ≈ 7. Further, Cleymans et al. [103] have found
that all the above conditions separately give a satisfactory
description of the chemical freeze-out parameters 𝑇 and 𝜇

𝐵

in an IHG picture only. Moreover, it was also found that
these conditions are independent of collision energy and the
geometry of colliding nuclei. Furthermore, Cleymans et al.
[103] have hinted that incorporation of excluded-volume
correction leads to wild as well as disastrous effects on these
conditions. The purpose in this section is to reinvestigate
the validity of these freeze-out criteria in excluded-volume
models. Along with these conditions, a condition, formulated
by using percolation theory, is also proposed as a chemical
freeze-out condition [124]. An assumption is made that in
the baryonless region the hadronic matter freezes out due
to hadron resonances and vacuum percolation, while in
the baryon rich region the freeze-out takes place due to
baryon percolation. Thus, the condition which describes the
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chemical freeze-out line is formulated by following equation
[124]:

𝑛 (𝑇, 𝜇) =
1.24

𝑉
ℎ

[1 −
𝑛
𝐵
(𝑇, 𝜇)

𝑛 (𝑇, 𝜇)
] +
0.34

𝑉
ℎ

𝑛
𝐵
(𝑇, 𝜇)

𝑛 (𝑇, 𝜇)
, (59)

where 𝑉
ℎ
is the volume of a hadron. The numbers 1.24 and

0.34 are obtained within percolation theory [126].
In Figure 13, we have shown the variation of 𝐸/𝑁 with

respect to √𝑠𝑁𝑁 at the chemical freeze-out point of the
fireball. The ratio 𝐸/𝑁 shows a constant value of 1.0 in our
model, and it shows also a remarkable energy independence.
Similarly the curve in IHG model shows that the value for
𝐸/𝑁 is slightly larger than the one as reported in [103].
However, results support the finding that 𝐸/𝑁 is almost
independent of energy and also of the geometry of the
nuclei. Most importantly, we notice that the inclusion of
the excluded-volume correction does not change the result
much which is contrary to the claim of Cleymans et al. [103].
The condition 𝐸/𝑁 ≈ 1.0GeV was successfully used in the
literature to make predictions [45] of freeze-out parameters
at SPS energies of 40 and 80A GeV for Pb-Pb collisions
long before the data were taken [31]. Moreover, we have also
shown, in Figure 13, the curves in the Cleymans-Suhonen
model [63] and the RGSG model [69], and we notice a
small variation with √𝑠𝑁𝑁 particularly at lower energies.
In Figure 14, we study a possible new freeze-out criterion
which was not proposed earlier. We show that the quantity
entropy per particle, that is, 𝑆/𝑁, yields a remarkable energy
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[31].

independence in our model calculation. The quantity 𝑆/𝑁 ≈
7.0 describes the chemical freeze-out criteria and is almost
independent of the centre-of-mass energy in our model
calculation. However, the results below, √𝑠𝑁𝑁 = 6GeV, do
not give a promising support to our criterion and reveal some
energy dependence also. This criterion thus indicates that
the possible use of excluded-volume models and the thermal
descriptions at very low energies is not valid for the HG. Sim-
ilar results were obtained in the RGSG, Cleymans-Suhonen,
and IHG models also [31]. The conditions, that is, 𝐸/𝑁 ≈
1.0 GeV and 𝑆/𝑁 ≈ 7.0, at the chemical freeze-out form a
constant hypersurface from where all the particles freeze out
and all kinds of inelastic collisions cease simultaneously and
fly towards the detectors. Thus all particles attain thermal
equilibrium at the line of chemical freeze-out, and when they
come out from the fireball, they have an almost constant
energy per particle (≈1.0) and entropy per particle (≈7.0).
Moreover, these values are independent of the initial collision
energy as well as the geometry of the colliding nuclei.

Our finding lends support to the crucial assumption of
HG fireball achieving chemical equilibrium in the heavy-
ion collisions from the lowest SIS to RHIC energy, and
the EOS of the HG developed by us indeed gives a proper
description of the hot and dense fireball and its subsequent
expansion. However, we still do not get any information
regarding QGP formation from these studies. The chemical
equilibrium once attained by the hot and dense HG removes
any memory regarding QGP existing in the fireball before
HG phase. Furthermore, in a heavy-ion collision, a large
amount of kinetic energy becomes available, and part of it is
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Figure 13: Variation of 𝐸/𝑁 with √𝑠𝑁𝑁. IHG model calculation is
shown by dash-dotted line; Cleymans-Suhonen and RGSG models
calculations are shownbydashed anddotted lines, respectively. Solid
line shows the result of our model.

always lost during the collision due to dissipative processes. In
thermal description of the fireball, we ignore the effect of such
processes, and we assume that all available kinetic energy (or
momentum) is globally thermalized at the freeze-out density.
Experimental configuration of the collective flow developed
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in the hot, dense matter reveals the unsatisfactory nature of
the above assumption.

4.6. Transport Properties of HG. Transport coefficients are
very important tools in quantifying the properties of strongly
interacting relativistic fluid and its critical phenomena, that
is, phase transition and critical point [127–129]. The fluc-
tuations cause the system to depart from equilibrium and
a nonequilibrated system that is created for a brief time.
The response of the system to such fluctuations is essentially
described by the transport coefficients, for example, shear vis-
cosity, bulk viscosity, speed of sound, and so forth. Recently
the data for the collective flow obtained from RHIC and
LHC experiments indicate that the system created in these
experiments behaves as strongly interacting perfect fluid
[130, 131], whereas we expected that QGP created in these
experiments should behave like a perfect gas. The perfect
fluid created after the phase transition indicates a very low
value of shear viscosity to entropy ratio so that the dissipative
effects are negligible, and the collective flow is large as it was
obtained by heavy ion collision experiments [10, 132, 133].
There were several analytic calculations for 𝜂 and 𝜂/𝑠 of
simple hadronic systems [134–140] along with some sophis-
ticated microscopic transport model calculations [141–143]
in the literature. Furthermore, some calculations predict that
the minimum of shear viscosity to entropy density is related
with the QCD phase transition [144–149]. Similarly sound
velocity is an important property of the matter created in
heavy-ion collision experiments because the hydrodynamic
evolution of this matter strongly depends on it. A minimum
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occurred in the sound-velocity has also been interpreted in
terms of a phase transition [29, 145, 150–155], and further,
the presence of a shallow minimum corresponds to a cross-
over transition [156]. In view of the above, it is worthwhile
to study in detail the transport properties of the HG in order
to fully comprehend the nature of the matter created in the
heavy-ion collisions as well as the involved phase transition
phenomenon. In this section, we have used thermal models
to calculate the transport properties of HG such as shear
viscosity to entropy ratio [31].

We calculate the shear viscosity in our thermal model as
it was done previously by Gorenstein et al. [157] using RGSG
model. According to molecular kinetic theory, we can write
the dependence of the shear viscosity as follows [158]:

𝜂 ∝ ln ⟨󵄨󵄨󵄨󵄨𝑝
󵄨󵄨󵄨󵄨⟩ , (60)

where 𝑛 is the particle density, 𝑙 is the mean free path,
and 𝑝 is the average thermal momentum of the baryons or
antibaryons. For the mixture of particle species with different
masses and with the same hardcore radius 𝑟, the shear
viscosity can be calculated by the following equation [157]:

𝜂 =
5

64√8𝑟2
∑

𝑖

⟨
󵄨󵄨󵄨󵄨𝑝𝑖
󵄨󵄨󵄨󵄨⟩ ×
𝑛
𝑖

𝑛
, (61)

where 𝑛
𝑖
is the number density of the ith species of baryons

(antibaryons) and 𝑛 is the total baryon density. In Figure 15,
we have shown the variation of 𝜂/𝑠 with respect to temper-
ature as obtained in our model for HG having a baryonic
hardcore size 𝑟 = 0.5 fm, and compared our results with those
of Gorenstein et al. [157].We find that near the expectedQCD
phase transition temperature (𝑇

𝑐
= 170–180MeV) 𝜂/𝑠 shows a

lower value in our HGmodel than the value in other models.
In fact, 𝜂/𝑠 in our model looks close to the lower bound
(1/4𝜋) suggested by AdS/QCD theories [159, 160]. Recently,
measurements in Pb-Pb collisions at the large hadron collider
(LHC) support the value 𝜂/𝑠 ≈ 1/4𝜋when comparedwith the
viscous fluid hydrodynamic flow [161].



16 Advances in High Energy Physics

0 200 400 600 800 1000

107

106

105

104

103

102

10

1

𝜇B (MeV)

𝜂
/s

Our model (T = 10MeV)
K. Itakura (T = 10MeV)

Figure 16:Variation of 𝜂/𝑠with respect to baryon chemical potential
(𝜇
𝐵
) at very low temperature 10MeV. Solid line represents our

calculation [31], and dotted curve is for the calculations done by
Itakura et al. [139].

In Figure 16, we have shown the variation of 𝜂/𝑠 with
respect to 𝜇

𝐵
at a very low temperature (≈10MeV) [31].

Here we find that the 𝜂/𝑠 is constant as 𝜇
𝐵
increases upto

700MeV and then sharply decreases. This kind of valley-like
structure at low temperature and at 𝜇

𝐵
around 950MeV was

also obtained by Chen et al. [137] and Itakura et al. [139].They
have related this structure to the liquid-gas phase transition
of the nuclear matter. As we increase the temperature above
20MeV, this valley-like structure disappears. They further
suspect that the observation of a discontinuity in the bottom
of 𝜂/𝑠 valley may correspond to the location of the critical
point. Our HG model yields a curve in complete agreement
with these results. Figure 17 represents the variation of 𝜂 and
𝜂/𝑠 with respect to temperature at a fixed 𝜇

𝐵
(=300MeV),

for HG having a baryonic hardcore size 𝑟 = 0.8 fm. We
have compared our result with the result obtained in [139].
Here we find that 𝜂 increases with temperature in our HG
model as well as in the simple phenomenological calculation
[139], but it decreases with increasing temperature in low-
temperature effective field theory (EFT) calculations [137,
139]. However, 𝜂/𝑠 decreases with increasing temperature
in all three calculations, and 𝜂/𝑠 in our model gives the
lowest value at all the temperatures in comparison to other
models. In Figure 18, we have shown a comparison between
𝜂 calculated in our HG model with the results obtained in a
microscopic pion gas model used in [141]. Our model results
show a fair agreement with the microscopic model results for
the temperature higher than 160MeV, while at lower tem-
peratures the microscopic calculation predicts lower values
of 𝜂 in comparison to our results. The most probable reason
may be that the calculations have been done only for pion
gas in the microscopic model, while at low temperatures
the inclusion of baryons in the HG is very important in
order to extract a correct value for the shear viscosity [31].
Figure 19 shows the variation of 𝜂/𝑠 with respect to √𝑠𝑁𝑁 in
our model calculation. We have compared our results with
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that calculated in [157]. There is similarity in our results
at lower energies, while our results significantly differ at
higher energies. However both the calculations show that 𝜂/𝑠
decreases with increasing√𝑠𝑁𝑁.

The study of the transport properties of nonequilibrium
systems which are not far from an equilibrium state has
yielded valuable results in the recent past. Large values of
the elliptic flow observed at RHIC indicate that the matter
in the fireball behaves as a nearly perfect liquid with a small
value of the 𝜂/𝑠 ratio. After evaluating 𝜂/𝑠 in strongly coupled
theories using AdS/CFT duality conjecture, a lower bound
was reported as 𝜂/𝑠 = 1/4𝜋. We surprisingly notice that the
fireball with hot, dense HG as described in our model gives
transport coefficients which agree with those given in differ-
ent approaches. Temperature and baryon chemical potential



Advances in High Energy Physics 17

0

0.2

0.4

0.6

0.8

1

1.2

𝜂
/s

101 102

Our model (r = 0.5 fm)
Gorenstein (r = 0.5 fm)

√sNN (GeV)

Figure 19: Variation of 𝜂/𝑠 with respect to √𝑠𝑁𝑁 in our model [31]
and other model calculation [157].

dependence of the 𝜂/𝑠 are analyzed and compared with the
results obtained in other models. Our results lend support
to the claim that knowledge of the EOS and the transport
coefficients of HG is essential for a better understanding
of the dynamics of the medium formed in the heavy-ion
collisions [31].

4.7. Rapidity and TransverseMass Spectra. In order to suggest
any unambiguous signal for QGP, the dynamics of the col-
lisions should be understood properly. Such information can
be obtained by analyzing the properties of various particles
which are emitted from various stages of the collisions.
Hadrons are produced at the end of the hot and dense QGP
phase, but they subsequently scatter in the confined hadronic
phase prior to decoupling (or “freeze-out”) from the collision
system, and finally a collective evolution of the hot and dense
matter occurs in the form of transverse, radial, or elliptic flow
which is instrumental in shaping the important features of
the particle spectra. The global properties and dynamics of
freeze-out can be at best studied via hadronic observables
such as rapidity distributions and transverse mass spectra
[162]. There are various approaches for the study of rapidity
as well as transverse mass spectra of HG [28, 37, 38, 163–185].
Hadronic spectra from purely thermal models usually reveal
an isotropic distribution of particles [186], and hence the
rapidity spectra obtained with the purely thermal models do
not reproduce the features of the experimental data satisfac-
torily. Similarly the transverse mass spectra from the thermal
models reveal a more steeper curve than that observed
experimentally. The comparisons illustrate that the fireball
formed in heavy-ion collisions does not expand isotropically
in nature, and there is a prominent input of collective flow

in the longitudinal and transverse directions which finally
causes anisotropy in the rapidity and transverse mass distri-
butions of the hadrons after the freeze-out. Here we mention
some kinds of models of thermal and collective flow used in
the literature. Hydrodynamical properties of the expanding
fireball have been initially discussed by Bjorken and Landau
for the central-rapidity and stopping regimes, respectively
[28, 163]. However, collisions even at RHIC energies reveal
that they are neither fully stopped, nor fully transparent. As
the collision energy increases, the longitudinal flow grows
stronger and leads to a cylindrical geometry as postulated in
[37, 38, 164, 165].They assume that the fireballs are distributed
uniformally in the longitudinal direction and demonstrate
that the available data can consistently be described in a
thermal model with inputs of chemical equilibrium and flow,
although they have also used the experimental data for small
systems only. They use two simple parameters: transverse
flow velocity (𝛽

𝑟
) and temperature (𝑇) in their models. In

[166, 167], nonuniform flow model is used to analyze the
spectra specially to reproduce the dip at midrapidity in the
rapidity spectra of baryons by assuming that the fireballs are
distributed nonuniformly in the longitudinal phase space. In
[175–179], the rapidity-dependent baryon chemical potential
has been invoked to study the rapidity spectra of hadrons. In
certain hydrodynamical models [180], measured transverse
momentum (𝑝

𝑇
) distributions in Au-Au collisions at√𝑠𝑁𝑁 =

130GeV [181–183] have been described successfully by incor-
porating a radial flow. In [184], rapidity spectra of mesons
have been studied using viscous relativistic hydrodynamics
in a 1+1 dimension assuming a nonboost invariant Bjorken’s
flow in the longitudinal direction. They have also analyzed
the effect of the shear viscosity on the longitudinal expansion
of the matter. Shear viscosity counteracts the gradients of the
velocity field; as a consequence it slows down the longitudinal
expansion. Ivanov [185] has employed 3 FD model [187] for
the study of rapidity distributions of hadrons in the energy
range from 2.7GeV to 62.4GeV. In 3 FD model, three differ-
ent EOS: (i) a purely hadronic EOS, (ii) the EOS involving
first order phase transition from hot, dense HG to QGP,
and (iii) the EOS with smooth crossover transition are used.
Within all three scenarios they reproduced the data at the
almost same extent. In [188], rapidity distributions of various
hadrons in the central nucleus-nucleus collisions have been
studied in the Landau’s and Bjorken’s hydrodynamicalmodel.
The effect of speed of sound (𝑐

𝑠
) on the hadronic spectra and

the correlation of 𝑐
𝑠
with freeze-out parameters are indicated.

In this section, we study the rapidity and transverse mass
spectra of hadrons using thermal approach. We can rewrite
(36) in the following manner [58]:

𝑛
ex
𝑖
=
𝑔
𝑖
𝜆
𝑖

(2𝜋)
3
[((1 − 𝑅) − 𝜆

𝑖

𝜕𝑅

𝜕𝜆
𝑖

)∫

∞

0

𝑑
3
𝑘

[exp (𝐸
𝑖
/𝑇) + 𝜆

𝑖
]

− 𝜆
𝑖
(1 − 𝑅) ∫

∞

0

𝑑
3
𝑘

[exp (𝐸
𝑖
/𝑇) + 𝜆

𝑖
]
2
] .

(62)
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It means that the invariant distributions are [37, 38, 164]

𝐸
𝑖

𝑑
3
𝑁
𝑖

𝑑𝑘3
=
𝑔
𝑖
𝑉𝜆
𝑖

(2𝜋)
3
[((1 − 𝑅) − 𝜆

𝑖

𝜕𝑅

𝜕𝜆
𝑖

)
𝐸
𝑖

[exp (𝐸
𝑖
/𝑇) + 𝜆

𝑖
]

− 𝜆
𝑖
(1 − 𝑅)

𝐸
𝑖

[exp (𝐸
𝑖
/𝑇) + 𝜆

𝑖
]
2
] .

(63)

If we use Boltzmann’s approximation, (63) differs from
the one used in the paper of Schnedermann et al. [164] by
the presence of a prefactor [(1 − 𝑅) − 𝜆

𝑖
𝜕𝑅/𝜕𝜆

𝑖
]. However,

we measure all these quantities precisely at the chemical
freeze-out using our model, and hence quantitatively we
do not require any normalizing factor as required in [164].
We use the following expression to calculate the rapidity
distributions of baryons in the thermal model [58]:

(
𝑑𝑁
𝑖

𝑑𝑦
)

th
=
𝑔
𝑖
𝑉𝜆
𝑖

(2𝜋2)
[((1 − 𝑅) − 𝜆

𝑖

𝜕𝑅

𝜕𝜆
𝑖

)

× ∫

∞

0

𝑚
2

𝑇
cosh𝑦𝑑𝑚

𝑇

[exp (𝑚
𝑇
cosh𝑦/𝑇) + 𝜆

𝑖
]

− 𝜆
𝑖
(1 − 𝑅)

×∫

∞

0

𝑚
2

𝑇
cosh𝑦𝑑𝑚

𝑇

[exp (𝑚
𝑇
cosh𝑦/𝑇) + 𝜆

𝑖
]
2
] .

(64)

Here 𝑦 is the rapidity variable and 𝑚
𝑇
is the transverse

mass (𝑚
𝑇
= √𝑚2 + 𝑝

𝑇

2). Also 𝑉 is the total volume of the
fireball formed at chemical freeze-out, and 𝑁

𝑖
is the total

number of 𝑖th baryons.We assume that the freeze-out volume
of the fireball for all types of hadrons at the time of the
homogeneous emissions of hadrons remains the same. It can
be mentioned here that in the above equation, there occurs
no free parameter because all the quantities 𝑔,𝑉, 𝜆, 𝑅, and so
forth, are determined in the model. However, (64) describes
the experimental data only at midrapidity, while it fails at
forward and backward rapidities, so we need to modify it by
incorporating a flow factor in the longitudinal direction.Thus
the resulting rapidity spectra of ith hadron is [37, 38, 58, 164]

𝑑𝑁
𝑖

𝑑𝑦
= ∫

𝜂max .

−𝜂max .

(
𝑑𝑁
𝑖

𝑑𝑦
)

th
(𝑦 − 𝜂) 𝑑𝜂, (65)

where (𝑑𝑁
𝑖
/𝑑𝑦)th can be calculated by using (64).The expres-

sion for average longitudinal velocity is [166, 167, 189]

⟨𝛽
𝐿
⟩ = tanh(

𝜂max
2
) . (66)

Here 𝜂max is a free parameter which provides the upper
rapidity limit for the longitudinal flow velocity at a particular
√𝑠𝑁𝑁, and its value is determined by the best experimental
fit. The value of 𝜂max increases with the increasing √𝑠𝑁𝑁,
and hence 𝛽

𝐿
also increases. Cleymans et al. [179] have

extended the thermal model [175, 176], in which the chemical

freeze-out parameters are rapidity-dependent, to calculate
the rapidity spectra of hadrons. They use the following
expression for rapidity spectra:

𝑑𝑁
𝑖

𝑑𝑦
= ∫

+∞

−∞

𝜌 (𝑦FB)
𝑑𝑁
𝑖

1
(𝑦 − 𝑦FB)

𝑑𝑦
𝑑𝑦FB, (67)

where 𝑑𝑁𝑖
1
/𝑑𝑦 is the thermal rapidity distribution of particles

calculated by using (64) and 𝜌(𝑦FB) is a Gaussian distribution
of fireballs centered at zero and given by

𝜌 (𝑦FB) =
1

√2𝜋𝜎
exp(

−𝑦
2

FB
2𝜎2
) . (68)

Similarly we calculate the transverse mass spectra of hadrons
by using following expression [58]:

𝑑𝑁
𝑖

𝑚
𝑇
𝑑𝑚
𝑇

=
𝑔
𝑖
𝑉𝜆
𝑖

(2𝜋2)
[(1 − 𝑅) − 𝜆

𝑖

𝜕𝑅

𝜕𝜆
𝑖

]𝑚
𝑇
𝐾
1
(
𝑚
𝑇

𝑇
) ,

(69)

where𝐾
1
(𝑚
𝑇
/𝑇) is the modified Bessel’s function:

𝐾
1
(
𝑚
𝑇

𝑇
) = ∫

∞

0

cosh𝑦 [exp(
−𝑚
𝑇
cosh𝑦
𝑇

)]𝑑𝑦. (70)

The above expression for transverse mass spectra arises from
a stationary thermal source alone which is not capable of
describing the experimental data successfully. So, we incor-
porate flow velocity in both the directions in (69), longitudi-
nal as well as transverse, in order to describe the experimental
data satisfactorily. After defining the flow velocity field, we
can calculate the invariantmomentum spectrum by using the
following formula [164, 190]:

𝐸
𝑖

𝑑
3
𝑁
𝑖

𝑑𝑘3
=
𝑔
𝑖
𝑉𝜆
𝑖

(2𝜋)
3
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𝑖

𝜕𝑅

𝜕𝜆
𝑖

]

× ∫ exp(
−𝑘
𝜇
𝑢
𝜇

𝑇
)𝑘
𝜆
𝑑𝜎
𝜆
.

(71)

While deriving (71), we assume that the local fluid velocity
𝑢
𝜇 gives a boost to an isotropic thermal distribution of

hadrons. Now the final expression of transverse mass spectra
of hadrons after incorporation of flow velocity in our model
is [58]

𝑑𝑁
𝑖

𝑚
𝑇
𝑑𝑚
𝑇

=
𝑔
𝑖
𝑉𝜆
𝑖
𝑚
𝑇

(2𝜋2)
[(1 − 𝑅) − 𝜆

𝑖

𝜕𝑅

𝜕𝜆
𝑖

]

× ∫

𝑅0

0

𝑟𝑑𝑟𝐾
1
(
𝑚
𝑇
cosh 𝜌
𝑇

) 𝐼
0
(
𝑝
𝑇
sinh 𝜌
𝑇

) .

(72)

Here 𝐼
0
(𝑝
𝑇
sinh 𝜌/𝑇) is the modified Bessel’s function:

𝐼
0
(
𝑝
𝑇
sinh 𝜌
𝑇

) =
1

2𝜋
∫

2𝜋

0

exp(
𝑝
𝑇
sinh 𝜌 cos𝜙
𝑇

)𝑑𝜙,

(73)

where 𝜌 is given by 𝜌 = tanh−1𝛽
𝑟
, with the velocity profile

chosen as𝛽
𝑟
= 𝛽
𝑠
(𝜉)
𝑛 [37, 38, 164].𝛽

𝑠
is themaximum surface
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Figure 20: Energy dependence of the freeze-out volume for the
central nucleus-nucleus collisions. The symbols are the HBT data
for freeze-out volume 𝑉HBT for the 𝜋+ [191]. 𝐴󸀠, 𝐵󸀠, and 𝐶󸀠 are the
total freeze-out volume and 𝐴, 𝐵, and 𝐶 depict the 𝑑𝑉/𝑑𝑦 as found
in our model for 𝜋+,𝐾+ and𝐾−, respectively.𝐷 represents the total
freeze-out volume for 𝜋+ calculated in the Ideal HGmodel.𝐷󸀠 is the
the total freeze-out volume for 𝜋+ in our model calculation using
Boltzmann’s statistics [58].

velocity and is treated as a free parameter and 𝜉 = (𝑟/𝑅
0
).The

average of the transverse velocity can be evaluated as [182]

⟨𝛽
𝑟
⟩ =
∫𝛽
𝑠
𝜉
𝑛
𝜉𝑑𝜉

∫ 𝜉𝑑𝜉
= (

2

2 + 𝑛
)𝛽
𝑠
. (74)

In our calculation, we use a linear velocity profile (𝑛 =
1), and 𝑅

0
is the maximum radius of the expanding source at

freeze-out (0 < 𝜉 < 1) [182].
In Figure 20, we have shown the variations of 𝑉 and

𝑑𝑉/𝑑𝑦 with the √𝑠𝑁𝑁 calculated in our excluded-volume
model and compared with the results of various thermal
models. We show the total freeze-out volume for 𝜋+ cal-
culated in our model using Boltzmann’s statistics. We see
that there is a significant difference between the results
arising from quantum statistics and Boltzmann’s statistics
[58]. We also show the total freeze-out volume for 𝜋+ in
IHG model calculation by dash-dotted line 𝐷. We clearly
notice a remarkable difference between the results of our
excluded-volume model and those of IHG model also. We
have also compared predictions fromourmodel with the data
obtained from the pion interferometry (HBT) [191] which in
fact reveals thermal (kinetic) freeze-out volumes. The results
of thermal models support the finding that the decoupling of
strange mesons from the fireball takes place earlier than the
𝜋-mesons. Moreover, a flat minimum occurs in the curves
around the center-of-mass energy ≈8GeV, and this feature
is well supported by HBT data. In Figure 21, we present the
rapidity distribution of 𝜋+ for central Au+Au collisions at
√𝑠𝑁𝑁 = 200GeV over full rapidity range. Dotted line shows
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Figure 21: Rapidity distribution of 𝜋+ at √𝑠𝑁𝑁 = 200GeV. Dotted
line shows the rapidity distribution calculated in our thermal model
[58]. Solid line and dashed line show the results obtained after
incorporating longitudinal flow in our thermal model. Symbols are
the experimental data [192].

the distribution of 𝜋+ due to purely thermal model. Solid line
shows the rapidity distributions of 𝜋+ after the incorporation
of longitudinal flow in our thermal model, and results give a
good agreement with the experimental data [192]. In fitting
the experimental data, we use the value of 𝜂max = 3.2 and
hence the longitudinal flow velocity 𝛽

𝐿
= 0.92 at √𝑠𝑁𝑁 =

200GeV. For comparison and testing the appropriateness of
this parameter, we also show the rapidity distributions at a
different value, that is, 𝜂max = 2.8 (or, 𝛽𝐿 = 0.88), by a dashed
line in the figure. We find that the results slightly differ, and
hence it shows a small dependence on 𝜂max [58]. Figure 22
represents the rapidity distributions of pion at various √𝑠𝑁𝑁
calculated by using (67) [179]. There is a good agreement
between themodel results and experimental data at all√𝑠𝑁𝑁.

In Figure 23, we show the transverse mass spectra for
𝜋
+ and proton for the most central collisions of Au+Au at
√𝑠𝑁𝑁 = 200GeV. We have neglected the contributions
from the resonance decays in our calculations since these
contributions affect the transverse mass spectra only towards
the lower transverse mass side, that is, 𝑚

𝑇
< 0.3GeV. We

find a good agreement between our calculations and the
experimental results for all 𝑚

𝑇
except 𝑚

𝑇
< 0.3GeV after

incorporating the flow velocity in purely thermal model.
This again shows the importance of collective flow in the
description of the experimental data [193]. At this energy,
the value of 𝛽

𝑠
is taken as 0.50 and transverse flow velocity

𝛽
𝑟
= 0.33. This set of transverse flow velocity is able

to reproduce the transverse mass spectra of almost all the
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Figure 22: Rapidity distribution of pion at various √𝑠𝑁𝑁. Lines are
model results and points are experimental data. Figure 22 is taken
from [179].

hadrons at √𝑠𝑁𝑁 = 200GeV. We notice that the transverse
flow velocity slowly increases with the increasing √𝑠𝑁𝑁. If
we take 𝛽

𝑠
= 0.60, we find that the results differ with data

as shown in Figure 23. In Figure 24, we show the transverse
momentum (𝑝

𝑇
) spectra for 𝜋+, 𝐾+, and 𝑝 in the most

central collisions of Au-Au at √𝑠𝑁𝑁 = 200GeV. Our model
calculations reveal a close agreement with the experimental
data [193]. In Figure 25, we show the𝑝

𝑇
spectra of𝜋−,𝐾−, and

𝑝 for the Pb-Pb collisions at √𝑠𝑁𝑁 = 2.76TeV at the LHC.
Our calculations again give a good fit to the experimental
results [194]. We also compare our results for 𝑝 spectrum
with the hydrodynamical model of Shen et al. [195], which
successfully explains 𝜋− and 𝐾− spectra but strongly fails
in the case of 𝑝 spectrum [58]. In comparison, our model
results show closer agreement with the experimental data.
Shen et al. [195] have employed (2+1)-dimensional viscous
hydrodynamics with the lattice QCD-based EOS. They use
Cooper-Frye prescription to implement kinetic freeze-out in
converting the hydrodynamic output into the particle spectra.
Due to lack of a proper theoretical and phenomenological
knowledge, they use the same parameters for Pb-Pb collisions
at LHC energy, which was used for Au-Au collisions at
√𝑠𝑁𝑁 = 200GeV. Furthermore, they use the temperature-
independent 𝜂/𝑠 ratio in their calculation. After fitting the
experimental data, we get 𝛽

𝑠
= 0.80 (𝛽

𝑟
= 0.53) at this energy

which indicates the collective flow as becoming stronger at
LHC energy than that observed at RHIC energies. In this plot,
we also attempt to show how the spectra for 𝜋− will change at
a slightly different value of the parameter, that is, 𝛽

𝑠
= 0.88

[58].
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Figure 23: Transverse mass spectra for 𝜋+ and proton for the most
central collisions at √𝑠𝑁𝑁 = 200GeV. Dashed and dotted lines are
the transverse mass spectra due to purely thermal source for 𝜋+ and
proton, respectively. Solid and dash-dotted lines are the results for
𝜋
+ and proton, respectively, obtained after incorporation of flow in

thermal model [58]. Symbols are the experimental data [193].

5. Summary and Conclusions

Themain aim in this paper is to emphasize the use of the ther-
mal approach in describing various yields of different particle
species that have been measured in various experiments
running at various places. We have discussed various types
of thermal approaches for the formulation of EOS for HG.
We have argued that, incorporation of interactions between
hadrons in a thermodynamically consistent way is important
for the realistic formulation of HG from both qualitatively
and quantitatively point of view. We have presented the
systematic study of the particle production in heavy-ion col-
lisions fromAGS to LHC energy.We have observed from this
analysis that the production of the particles seems to occurr
according to principle of equilibrium. Yields of hadrons and
their ratios measured in heavy-ion collisions match with the
predictions of thermal models assured the thermalization of
the collision fireball formed in heavy-ion collisions. Further-
more, various experimental observables such as transverse
momentum spectra and elliptic flow indicate the presence
of the thermodynamical pressure, developed in the early
stage, and correlations which are expected in a thermalized
medium.

We have discussed a detailed formulation of various
excluded-volume models and their shortcomings. Some
excluded-volume models are not thermodynamically con-
sistent because they do not possess a well defined partition
function from which various thermodynamical quantities



Advances in High Energy Physics 21

103

102

10

10−1

10−2

10−3

10−4

10−5

10−6

(1
/(2
𝜋

))
(d

2
N

/(
m
T
d
m
T
d
y

))
 (1

/(
G

eV
)2

)

1

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

𝜋+

Our model + flow
Our model
K+

p

Our model + flow

Our model

Our model + flow
Our model

pT (GeV)

Figure 24: Transverse momentum spectra for 𝜋+, 𝑝, and𝐾+ for the
most central Au-Au collision at√𝑠𝑁𝑁 = 200GeV [58]. Lines are the
results of our model calculation, and symbols are the experimental
results [193].

such as number density can be calculated. However, some of
them are the thermodynamically consistent but suffer from
some unphysical situations cropping up in the calculations.
We have proposed a new approximately thermodynamically
consistent excluded-volume model for a hot and dense HG.
We have used quantum statistics in the grand canonical
partition function of our model so that it works even at
extreme values of𝑇 and 𝜇

𝐵
where all other models fail. More-

over, our model respects causality. We have presented the
calculations of various thermodynamical quantities such as
entropy per baryon and energy density in various excluded-
volume models and compare the results with those of a
microscopic approach URASiMA. We find that our model
results are in close agreement with that of the entirely
different approach URASiMA model. We have calculated
various particle ratios at various √𝑠𝑁𝑁, and we confronted
the results of various thermal models with the experimental
data and find that they are indeed successful in describing
the particle ratios. However, we find that our model results
are closer to the experimental data in comparison to those
of other excluded-volume models. We have calculated some
conditions such as 𝐸/𝑁 and 𝑆/𝑁 at chemical freeze-out
points and attempted to test whether these conditions involve
energy independence as well as independence of structure
of the nuclei involved in the collisions. We find that 𝐸/𝑁 ≈
1.0 GeV and 𝑆/𝑁 ≈ 7.0 are the two robust freeze-out criteria
which show independence of the energy and structure of
nuclei. Moreover, the calculations of transport properties in
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Figure 25: Transverse momentum spectra of various hadrons for
the most central collisions of Pb-Pb at √𝑠𝑁𝑁 = 2.76TeV from LHC
[58]. Lines are the results of model calculations, and symbols are
the experimental results [194]. Thick-dashed line is the prediction
of viscous-hydrodynamical model [195] for 𝑝.

our model match well with the results obtained in other
widely different approaches. Further, we present an analysis of
rapidity distributions and transverse mass spectra of hadrons
in central nucleus-nucleus collision at various √𝑠𝑁𝑁 using
our EOS for HG. We see that the stationary thermal source
alone cannot describe the experimental data fully unless we
incorporate flow velocities in the longitudinal as well as in
the transverse direction, and as a result, our modified model
predictions show a good agreement with the experimental
data. Our analysis shows that a collective flow develops at
each√𝑠𝑁𝑁which increases furtherwith the increasing√𝑠𝑁𝑁.
The description of the rapidity distributions and transverse
mass spectra of hadrons at each √𝑠𝑁𝑁 matches very well
with the experimental data.Thus, we emphasize that thermal
models are indeed an important tool to describe the various
features of hot and dense HG. Although, these models are
not capable of telling whether QGP was formed before HG
phase, they can give an indirect indication of it by showing
any anomalous feature as observed in the experimental data.

In conclusion, the net outcome of this review is indeed a
surprising one. The excluded-volume HG models are really
successful in describing all kinds of features of the HG
formed in ultrarelativistic heavy-ion collisions. The most
important property indicated by such description is the
chemical equilibrium reached in such collisions. However,
the description is still a geometrical one and does not
involve anymicroscopic picture of interactions. Moreover, its
relativistic and field theoretic generalizations are still needed
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in order to make the picture a more realistic description.
But it is amazing to find that these models still work much
better than expected. Notwithstanding these remarks, we
should add that Lattice QCD results are now available for
the pressure, entropy density, and energy density, and so
forth for the entire temperature range from 𝑇 = 0 to
higher values at 𝜇 = 0. Here low temperature phase of
QCD is the HG, and recently our excluded-volume model
reproduces these properties quite in agreement with Lattice
results [196]. We have also used these calculations in the
precise determination of the QCD critical end point [197,
198]. Thus we conclude that the excluded-volume models
are successful in reproducing numerical results obtained
in various experiments, and, therefore, further research is
required to show how these descriptions are connected with
the microscopic interactions.
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In high energy collisions, one usually needs to give a conversion between the particle rapidity and pseudorapidity distributions. Cur-
rently, two equivalent conversion formulas are used in experimental and theoretical analyses. An investigation in the present work
shows that the two conversions are incomplete. Then, we give a revision on the current conversion between the particle rapidity
and pseudorapidity distributions.

1. Introduction

High energy collisions are an important research field in par-
ticle and nuclear physics. In the collisions, a lot of particles
are produced, and the rapidity and/or pseudorapidity distri-
butions can be obtained and studied [1–3]. Usually, one needs
to do a conversion between the rapidity and pseudorapidity
distributions in the case of only one of the two distributions
being obtained.There are two equivalent conversion formulas
used in the current literature [4–11]. Naturally, one thinks that
the two conversions are perfect in investigations of the rapid-
ity and pseudorapidity distributions.

However, our incidental find shows that the two conver-
sions are incomplete. In obtaining the Jacobian in the current
literature [4–11], a nongiven quantity, namely, transverse
momentum, is erroneously used as a given one,which renders
an incomplete conversion. In this paper, we will give a reanal-
ysis on the Jacobian. A revised conversion between the rapid-
ity and pseudorapidity distributions will be presented.

2. General Definition

We consider a system of high energy projectile-target colli-
sions. The incident projectile direction is defined as 𝑜𝑧 axis,
and the reaction plane is defined as 𝑥𝑜𝑧 plane. Let 𝐸, 𝑝, 𝑝

𝐿
,

𝑝
𝑇
, 𝑚
0
, and 𝜃 denote, respectively, the energy, momentum,

longitudinal momentum, transverse momentum, rest mass,
and emission angle of a concerned particle. According to

general textbooks on particle physics [12, 13], the rapidity
(which is in fact the longitudinal rapidity) is defined by

𝑦 ≡
1

2
ln(

𝐸 + 𝑝
𝐿

𝐸 − 𝑝
𝐿

) , (1)

where

𝐸 = √𝑝2 + 𝑚2
0
,

𝑝
𝐿
= 𝑝 cos 𝜃.

(2)

In the case of 𝑝 ≫ 𝑚
0
, we have

𝑦 ≈
1

2
ln(

𝑝 + 𝑝
𝐿

𝑝 − 𝑝
𝐿

) =
1

2
ln(1 + cos 𝜃

1 − cos 𝜃
) = − ln tan(𝜃

2
) ≡ 𝜂,

(3)

where 𝜂 is the pseudorapidity.
Because the condition of 𝑝 ≫ 𝑚

0
is not always satisfied,

the pseudorapidity distribution (density function) 𝑓
𝜂
(𝜂) =

(1/𝑁)(𝑑𝑁/𝑑𝜂) and the rapidity distribution (density func-
tion) 𝑓

𝑦
(𝑦) = (1/𝑁)(𝑑𝑁/𝑑𝑦) are not approximately equal

to each other, where 𝑑𝑁 denotes the particle number in
the pseudorapidity or rapidity bin and 𝑁 denotes the total
number of considered particles.
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3. Current Conversion

To give a conversion between 𝑑𝑁/𝑑𝜂 and 𝑑𝑁/𝑑𝑦 in the
case of one of them being obtained, one has two equivalent
methods which are currently used in the literature [4–11].
According to [4, 5, 11], the first conversion relation between
𝑑𝑁/𝑑𝜂 and 𝑑𝑁/𝑑𝑦 can be given by

𝑑𝑁

𝑑𝜂
=
𝑑𝑁

𝑑𝑦

𝑑𝑦

𝑑𝜂
=
𝑝

𝐸

𝑑𝑁

𝑑𝑦
, (4)

where

𝑝

𝐸
=

√𝐸2 − 𝑚2
0

𝐸
= √1 −

𝑚
2

0

𝐸2

= √1 −(
𝑚
0

√𝑝2
𝑇
+ 𝑚2
0
cosh𝑦

)

2

.

(5)

Then, the first conversion is given by [4–6]

𝑑𝑁

𝑑𝜂
=
𝑝

𝐸

𝑑𝑁

𝑑𝑦
= √1 −(

𝑚
0

√𝑝2
𝑇
+ 𝑚2
0
cosh𝑦

)

2

𝑑𝑁

𝑑𝑦
, (6)

where√𝑝2
𝑇
+ 𝑚2
0
≡ 𝑚
𝑇
is the transversemass.We see that the

first conversion is related to 𝑝
𝑇
.

The second conversion is given in [5, 7–11]. We have

𝑑𝑁

𝑑𝜂
=

cosh 𝜂

√1 + 𝑚2
0
𝑝−2
𝑇
+ sinh2𝜂

𝑑𝑁

𝑑𝑦
=

cosh 𝜂

√𝑚2
𝑇
𝑝−2
𝑇
+ sinh2𝜂

𝑑𝑁

𝑑𝑦

=
cosh 𝜂

√cosh2𝜂 + 𝑚2
0
𝑝−2
𝑇

𝑑𝑁

𝑑𝑦
,

(7)

which is also related to 𝑝
𝑇
. In [11], a similar conversion which

uses 𝑚2𝑃−2 instead of 𝑚2
0
𝑝
−2

𝑇
in (7) is given, where 𝑚 =

350MeV, 𝑃 = 0.13GeV + 0.32GeV(√𝑠/1TeV)0.115, and √𝑠

denotes the center-of-mass energy. The conversion used in
[11] is a mutation of the second conversion.

We now give the eduction of the current conversion.
According to [12],

𝑦 =
1

2
ln(

𝐸 + 𝑝
𝐿

𝐸 − 𝑝
𝐿

) =
1

2
ln(

√𝑝2 + 𝑚2
0
+ 𝑝
𝐿

√𝑝2 + 𝑚2
0
− 𝑝
𝐿

)

=
1

2
ln(

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂

) .

(8)

In the case of 𝑝
𝑇
being a given quantity, we have

𝑑𝑦

𝑑𝜂
=
1

2
⋅

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂

⋅
𝑑

𝑑𝜂
(

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂

)

=
1

2
⋅
[
[

[

1

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂

⋅
𝑑

𝑑𝜂
(√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂)

−
1

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂

⋅
𝑑

𝑑𝜂
(√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂)]]

]

=
1

2
⋅
[
[

[

1

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂

×(
𝑝
2

𝑇
cosh 𝜂 sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

+ 𝑝
𝑇
cosh 𝜂)

−
1

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂

× (
𝑝
2

𝑇
cosh 𝜂 sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

− 𝑝
𝑇
cosh 𝜂)]

]

]

=
1

2
⋅

1

𝑝2
𝑇
+ 𝑚2
0

⋅
[
[

[

(
𝑝
2

𝑇
cosh 𝜂 sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

+𝑝
𝑇
cosh 𝜂)

× (√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
− 𝑝
𝑇
sinh 𝜂)

−(
𝑝
2

𝑇
cosh 𝜂 sinh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

− 𝑝
𝑇
cosh 𝜂)

×(√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0
+ 𝑝
𝑇
sinh 𝜂)]]

]
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=
1

2
⋅

1

𝑝2
𝑇
+ 𝑚2
0

⋅
2 (𝑝
2

𝑇
+ 𝑚
2

0
) 𝑝
𝑇
cosh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

=
𝑝
𝑇
cosh 𝜂

√𝑝2
𝑇
cosh2𝜂 + 𝑚2

0

=
cosh 𝜂

√cosh2𝜂 + 𝑚2
0
𝑝−2
𝑇

=
𝑝

𝐸
= 𝛽,

(9)

where 𝛽 denotes the velocity of the concerned particle. Then,
we obtain the current conversion.

However, we would like to point out that the previous
conversion is incomplete due to the fact that 𝑝

𝑇
= 𝑝/ cosh 𝜂

is also a function of 𝜂, which should be considered in doing
the differential treatment. Instead, 𝑝 and 𝐸 can be regarded
as given quantities.

4. Revised Conversion

In the differential treatment, we think that both the 𝑝
𝑇
=

𝑝/ cosh 𝜂 and 𝑝
𝐿
= 𝑝 tanh 𝜂 are functions of 𝜂. Contrarily,

𝑝 and 𝐸 have the fixed values for a given particle. Then,

𝑦 =
1

2
ln(

𝐸 + 𝑝
𝐿

𝐸 − 𝑝
𝐿

) =
1

2
ln(

𝐸 + 𝑝 tanh 𝜂
𝐸 − 𝑝 tanh 𝜂

)

=
1

2
ln(

1 + 𝛽 tanh 𝜂
1 − 𝛽 tanh 𝜂

) ≡ ℎ (𝜂) ,

(10)

𝑑𝑦

𝑑𝜂
=
1

2
⋅
1 − 𝛽 tanh 𝜂
1 + 𝛽 tanh 𝜂

⋅
𝑑

𝑑𝜂
(
1 + 𝛽 tanh 𝜂
1 − 𝛽 tanh 𝜂

)

=
1

2
⋅
1 − 𝛽 tanh 𝜂
1 + 𝛽 tanh 𝜂

⋅ [
1

1 − 𝛽 tanh 𝜂
+

1 + 𝛽 tanh 𝜂
(1 − 𝛽 tanh 𝜂)2

] ⋅ 𝛽
𝑑

𝑑𝜂
(tanh 𝜂)

=
1

2
⋅
1 − 𝛽 tanh 𝜂
1 + 𝛽 tanh 𝜂

⋅
2𝛽

(1 − 𝛽 tanh 𝜂)2
⋅

1

cosh2𝜂

=
𝛽

1 − 𝛽2tanh2𝜂
⋅

1

cosh2𝜂

=
𝛽

cosh2𝜂 − 𝛽2sinh2𝜂
=

𝛽

1 + (1 − 𝛽2) sinh2𝜂

=
1 − (1 − 𝛽

2
) cosh2𝑦

𝛽
.

(11)

It is different from the first conversion which gives that 𝑑𝑦/
𝑑𝜂 = 𝛽. Correspondingly,

𝜂 =
1

2
ln(

𝑝 + 𝑝
𝐿

𝑝 − 𝑝
𝐿

) =
1

2
ln(

𝑝 + 𝐸 tanh𝑦
𝑝 − 𝐸 tanh𝑦

)

=
1

2
ln(

𝛽 + tanh𝑦
𝛽 − tanh𝑦

) ≡ 𝜑 (𝑦) ,

(12)

𝑑𝜂

𝑑𝑦
=
1

2
⋅
𝛽 − tanh𝑦
𝛽 + tanh𝑦

⋅
𝑑

𝑑𝑦
(
𝛽 + tanh𝑦
𝛽 − tanh𝑦

)

=
1

2
⋅
𝛽 − tanh𝑦
𝛽 + tanh𝑦

⋅ [
1

𝛽 − tanh𝑦
+

𝛽 + tanh𝑦
(𝛽 − tanh𝑦)2

]

⋅
𝑑

𝑑𝑦
(tanh𝑦)

=
1

2
⋅
𝛽 − tanh𝑦
𝛽 + tanh𝑦

⋅
2𝛽

(𝛽 − tanh𝑦)2

⋅
1

cos h2𝑦
=

𝛽

𝛽2 − tanh2𝑦
⋅

1

cosh2𝑦

=
𝛽

𝛽2cosh2𝑦 − sinh2𝑦

=
𝛽

1 − (1 − 𝛽2) cosh2𝑦
=
1 + (1 − 𝛽

2
) sinh2𝜂

𝛽
.

(13)

The expressions after the last equal marks in (11) and (13) are
obtained from the expressions before the last equal marks in
(13) and (11), respectively. It is obvious that the eduction of
the revised conversion is simpler than that of the current
conversion.

To use (10)–(13), we have relations

𝑓
𝜂
(𝜂)

󵄨󵄨󵄨󵄨𝑑𝜂
󵄨󵄨󵄨󵄨 = 𝑓
𝑦
(𝑦)

󵄨󵄨󵄨󵄨𝑑𝑦
󵄨󵄨󵄨󵄨 = 𝑓
𝑦
[ℎ (𝜂)]

⋅

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝛽

1 + (1 − 𝛽2) sinh2𝜂

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

⋅
󵄨󵄨󵄨󵄨𝑑𝜂

󵄨󵄨󵄨󵄨 ,

𝑓
𝑦
(𝑦)

󵄨󵄨󵄨󵄨𝑑𝑦
󵄨󵄨󵄨󵄨 = 𝑓
𝜂
(𝜂)

󵄨󵄨󵄨󵄨𝑑𝜂
󵄨󵄨󵄨󵄨 = 𝑓
𝜂
[𝜑 (𝑦)]

⋅

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝛽

1 − (1 − 𝛽2) cosh2𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

⋅
󵄨󵄨󵄨󵄨𝑑𝑦

󵄨󵄨󵄨󵄨 .

(14)

Then, we have further

𝑓
𝜂
(𝜂) = 𝑓

𝑦
[ℎ (𝜂)] ⋅

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝛽

1 + (1 − 𝛽2) sinh2𝜂

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

, (15)

𝑓
𝑦
(𝑦) = 𝑓

𝜂
[𝜑 (𝑦)] ⋅

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝛽

1 − (1 − 𝛽2) cosh2𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

. (16)

Equations (15) and (16) translate the rapidity distribution to
pseudorapidity one and the pseudorapidity distribution to
rapidity one, respectively.

In the previous discussions,

𝛽 = √1 −(
𝑚
0

√𝑝2
𝑇
+ 𝑚2
0
cosh𝑦

)

2

=
cosh 𝜂

√cosh2𝜂 + 𝑚2
0
𝑝−2
𝑇

(17)

which can be used in the conversion. Then, the conversion is
related to 𝑝

𝑇
and 𝑚

0
. To do a conversion, we need to know

𝑝
𝑇
and𝑚

0
for each particle.
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5. Conclusion and Discussion

We have given a revision on the current conversion between
the particle rapidity and pseudorapidity distributions. It is
shown that, comparing to the current first conversion, the
revised one ((15) or (16)) has an additional term (1 −

𝛽
2
)sinh2𝜂 or −(1 − 𝛽2)cosh2𝑦 in the denominator. In central

rapidity region, sinh 𝜂 ≈ 0 and cosh𝑦 ≈ 1; then, (15) and
(16) change to the current conversion. However, in forward
rapidity region, the difference between the revised conversion
and current one is obvious.

Our conclusion does not mean that the current con-
version between the unit-density functions 𝑑2𝑁/𝑑𝑝

𝑇
𝑑𝜂 and

𝑑
2
𝑁/𝑑𝑝

𝑇
𝑑𝑦, that is,

𝑑
2
𝑁

𝑑𝑝
𝑇
𝑑𝜂

= √1 −(
𝑚
0

√𝑝2
𝑇
+ 𝑚2
0
cosh𝑦

)

2

𝑑
2
𝑁

𝑑𝑝
𝑇
𝑑𝑦

, (18)

is also erroneous or incomplete [12]. In fact, the conversion
between the two unit-density functions is correct due to 𝑝

𝑇

being a series of fixed values in (18). To use (18), we also need
to know 𝑝

𝑇
and𝑚

0
for each particle.

Because the conversion between rapidity and pseudora-
pidity distributions is not simpler than a direct calculation
based on the definitions of rapidity and pseudorapidity, we
would rather use the direct calculation in modeling analysis.
In fact, in the epoch of high energy collider, the dispersion
between rapidity and pseudorapidity distributions is small
[7]. This means that we would also like to not distinguish
strictly rapidity and pseudorapidity distributions in general
modeling analysis.
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[3] B. Żabiński, “Methods of multiplicity reconstruction in heavy
ion collisions in the ATLAS experiment,” Acta Physica Polonica
B, vol. 42, no. 7, pp. 1729–1736, 2011.

[4] M. Biyajima, M. Ide, T. Mizoguchi, and N. Suzuki, “Scaling
behavior of (𝑁ch)

−1

𝑑𝑁ch/𝑑𝜂 at √𝑆NN = 130GeV by PHOBOS
collaboration and its analyses in terms of stochasticapproach,”
http://arxiv.org/abs/hep-ph/0110305.

[5] M. Biyajima, M. Ide, T. Mizoguchi, and N. Suzuki, “Scaling
behavior of (𝑁ch)

−1

𝑑𝑁ch/𝑑𝜂 at √𝑆NN = 130GeV by the PHO-
BOS collaboration and its implication,” Progress of Theoretical
Physics, vol. 108, no. 3, pp. 559–569, 2002.

[6] P. A. Steinberg, “Global observables at RHIC,” Nuclear Physics
A, vol. 698, no. 1–4, pp. 314c–322c, 2002.

[7] G. Wolschin, “Pseudorapidity distributions of produced charg-
ed hadrons in pp collisions at RHIC and LHC energies,” Euro-
physics Letters, vol. 95, no. 6, Article ID 61001, 6 pages, 2011.

[8] D. Kharzeev and E. Levin, “Manifestations of high density QCD
in the first RHIC data,” Physics Letters B, vol. 523, no. 1-2, pp. 79–
87, 2001.

[9] D. M. Röhrscheid and G. Wolschin, “Centrality dependence of
charged-hadron pseudorapidity distributions in PbPb collisions
at energies available at the CERN large hadron collider in the
relativistic diffusion model,” Physical Review C, vol. 86, no. 2,
Article ID 024902, 7 pages, 2012.

[10] C. Merino, C. Pajares, and Y. M. Shabelski, “Production of sec-
ondaries in high-energy d+Au collisions,” European Physical
Journal C, vol. 59, no. 3, pp. 691–703, 2009.

[11] J. L. Albacete, A. Dumitru, H. Fujii, and Y. Nara, “CGC predic-
tions for p + Pb collisions at the LHC,” Nuclear Physics A, vol.
897, pp. 1–27, 2013.

[12] C. Y. Wong, Introduction to High-Energy Heavy-Ion Collisions,
World Scientific, Singapore, 1994.

[13] N. S. Zhang,Particle Physics, Science Press, Beijing, China, 1986.



Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2013, Article ID 836071, 10 pages
http://dx.doi.org/10.1155/2013/836071

Research Article
Entropy Analysis in Relativistic Heavy-Ion Collisions

Shakeel Ahmad,1 A. Ahmad,2 Anuj Chandra,1 M. Zafar,1 and M. Irfan1

1 Department of Physics, Aligarh Muslim University, Aligarh 202002, India
2Department of Applied Physics, Aligarh Muslim University, Aligarh 202002, India

Correspondence should be addressed to Shakeel Ahmad; shakeel.ahmad@cern.ch

Received 2 June 2013; Revised 16 August 2013; Accepted 18 August 2013

Academic Editor: Fu-Hu Liu

Copyright © 2013 Shakeel Ahmad et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Entropy creation in multiparticle system is investigated by analysing the experimental data on ion-ion collisions at AGS and SPS
energies and the results thus obtained are compared with those predicted bymultiphase transport and correlation-freeMonte Carlo
models. Entropies produced in limited- and full-phase space are observed to increase with increasing beam energy. The entropy
values, normalized to the maximum rapidity and plotted against pseudorapidity (bin width also normalized to the maximum
rapidity), are found to be energy independent, exhibiting a kind of entropy scaling. Such scaling is observed in the full phase
space as well as in the regions confined to the forward or backward hemispheres. The findings also reveal that there exist strong
correlations amongst the particles produced in the forward and backward hemispheres around the midrapidity. These correlations
are found to be of short range in nature, and the contributions from the long-range correlations seem to be absent. PACS numbers:
25.75-q, 25.75.Gz.

1. Introduction

One of the main goals of studying nucleus-nucleus (AA)
collisions at relativistic energies is to study the properties
of strongly interacting matter under extreme conditions of
initial energy density and temperature, where formation of
quark-gluon-plasma (QGP) is envisaged to take place [1,
2]. Fluctuations in the physical observables in relativistic
AA collisions are regarded as one of the important signals
for QGP formation because of the idea that in many body
systems, phase transition may cause significant changes in
the quantum of fluctuations of an observable from its average
behaviour [2, 3]. For example, when a system undergoes a
phase transition, heat capacity changes abruptly, whereas the
energy density remains a smooth function of temperature [3].
Entropy is regarded as the most significant characteristic of
a system having many degrees of freedom [4–7]. Processes
in which particles are produced may be regarded as the so-
called dynamical systems [4–8] in which entropy is gen-
erally produced. Investigations involving the local entropy
produced in relativistic AA collisions are expected to provide
direct information about the internal degrees of freedom
of the QGP medium and its evolution [9]. It has been

suggested [4–7, 9–12] that the event coincidence probability
method of measuring entropy proposed byMa [13–15] is well
suited for the analysis of local properties in multiparticle
systems produced in high energy collisions. This method is
applicable to both hadron-hadron and AA collisions [9, 11].
In AA collisions, entropy measurement can be used not only
to search for QGP formation but it may also serve as an
additional tool to investigate the correlations and event-by-
event fluctuations [4–7, 9]. Analysis of the experimental data
on hh collisions over a wide range of incident energy (up to
√𝑠 = 900GeV) carried out by Simak et al. [16] indicates that
entropy increases with beam energy, while the entropy per
unit rapidity seems to be an energy independent quantity.
These findings indicate the presence of ultimate scaling over
an energy range extending up to a few TeV. Such scaling has
also been observed in pp collisions at LHC energies [17].
For AA collisions, however, only a few attempts have been
made [18–21] to study the entropy production inmultiparticle
systems. It was, therefore, considered worthwhile to carry out
a well-focused study of entropy production and subsequent
scaling in AA collisions by analysing the experimental data
over a wide range of incident energies. The findings are
compared with the predictions of a multiphase transport
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(AMPT) and an independent emissions hypothesis (IEH)
models.

2. Method of Analysis

In high energyAA collisions, as the two colliding nuclei inter-
penetrate, the collision between the participating nucleons
causes the combined system to fly apart. Initially, there would
be a large random component to the particles’ velocities,
which is described by temperature [22]. As the particles
move outwards, their velocity vectors become more and
more oriented in radial direction with a reduced random
component [22]. In thermodynamic terms, the nuclear gas
cools, with thermal energy converted to collective flow energy
in the radial direction. As the time elapses, volume of the
system, 𝑉, increases, whereas the temperature, 𝑇, decreases.
At a certain point of time, collisions between participating
nucleons cease and the measurable characteristics of the
system freeze out [22], but the thermodynamic analysis of
the system in terms of 𝑉 and 𝑇 is very difficult as both
the quantities change rapidly with time. It has, however,
been suggested by Seimens and Kapusta [23] that instead
of studying 𝑇 and 𝑉, entropy may easily be studied as it
grows rapidly only during the initial stage of the collision
and does not significantly change in the later stage, when
the system expands and cools. Since, in heavy-ion collision
experiments, measurements are confined only to the final
state particles, which are mostly hadrons, net entropy is,
therefore, expected to provide invaluable insight into the
state of matter the in early stage of the collision, as it is
nearly conserved between initial thermalization and freeze-
out [24]. After freeze-out, when particles freely stream out,
entropy remains essentially constant. Entropy may increase
only because of viscous effects, shock waves, and decoupling
processes.The entropy from the final state, thus, provides and
an upper bound for the entropy of the initial state.

Entropy of produced particles is calculated from their
multiplicity distribution using [20]:

𝑆 = −∑
𝑛

𝑃
𝑛
ln𝑃
𝑛
, (1)

where 𝑃
𝑛
is the probability of 𝑛 relativistic charged particles

being produced in an interaction. If there are ]-independent
sources which contribute to the particle production, the
entropy being an additive quantity may be expressed as [20]:

𝑆 = −

]

∑

𝑖=1

𝑆
𝑖
. (2)

The invariance of entropy under an arbitrary change of
multiplicity scale allows to choose a subsample of particles,
like charged particles. The entropy of the emitted relativistic
charged particles is, therefore, calculated for the experimental
and simulated data sets selected in the present study.

3. Details of the Data

A stack of G5 emulsion, horizontally exposed to 14.5AGeV/c
28Si ions fromAGS at BNL, is used.The events were searched

for by following an along the track method and the ones
which satisfy the following criteria were selected for carrying
out various measurements and analysis:

(i) the tracks of the incident particles producing events
should not be inclined more than 3

∘ with respect to
the mean beam direction and

(ii) the events should lie at a depth ≥20𝜇m from the top
or the bottom surface of the emulsion pellicle.

Adopting the above criteria, a sample consisting of 1039
interactions characterized by 𝑁

ℎ
≥ 0 were collected; 𝑁

ℎ

denotes the number of tracks with ionization, 𝐼 ≥ 1.4 𝐼
0
,

𝐼
0
is the minimum ionization produced by a singly charged

relativistic particle. From this sample, events produced due
to the AgBr group of target were sorted out on the basis
of their 𝑁

ℎ
values. Events with 𝑁

ℎ
≥ 8 are envisaged to

be produced exclusively due to the interactions with AgBr
targets, whereas those having𝑁

ℎ
≤ 7 are produced either due

to the interactions with H or CNO group of nuclei or due
to peripheral collisions with AgBr nuclei [25–31]. Following
these criteria, 561 events due to AgBr targets were selected
for the present analysis. Furthermore, two other sets of data
on the interactions of 16O ions with AgBr targets at 60
and 200AGeV/c, from the emulsion experiment performed
by EMU01 collaboration [25–28], are also analysed; number
of events in these data sets are 422 and 223, respectively.
It should be emphasized that the conventional emulsion
technique has two main advantages over the other detectors:
(i) its 4𝜋 solid angle coverage and (ii) emulsion data are
free from biases due to full phase space coverage. In the
case of other detectors, only a fraction of charged particles
are recorded due to limited acceptance cones. This not only
reduces the charged particle multiplicity but also distorts
some of the event characteristics, such as particle density
fluctuations [32]. Emission angle, 𝜃, and azimuthal angle,
𝜙, were measured for each track produced by relativistic
charged particles with respect to the mean beam direction.
Using the measured values of 𝜃s, pseudorapidity variable,
𝜂 of each of the produced relativistic charged particles is
estimated using the relation 𝜂 = − ln tan(𝜃/2). The number
of relativistic charged particles in a selected 𝜂 window is,
thus, counted to estimate the probability of producing 𝑛

charged particles, 𝑃
𝑛
(Δ𝜂) for the entire data sample. 𝑃

𝑛
(Δ𝜂)

values, thus obtained, were used to determine the entropy
produced in a particular 𝜂-window using (1), as described
in the next section. In order to compare the findings of the
present study with the predictions of Monte Carlo model
and AMPT [33], event samples matching the real data are
simulated using the code ampt-v-1.2.21.The number of events
in each simulated data set is equal to that in the real data
sample. The events are simulated by taking into account the
percentage of interactions which occur in the interactions of
projectile with various target nuclei in emulsion [29]. The
values of impact parameter for each data set is so set that the
mean multiplicities of relativistic charged particles become
nearly equal to those obtained for the real data sets.
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4. Results and Discussion

Probability, 𝑃
𝑛
(Δ𝜂), of producing 𝑛 relativistic charged parti-

cles in a pseudorapidity window of fixed width is calculated
by selecting a window of fixed width, Δ𝜂 = 0.5. This window
is chosen so that its midposition coincides with the centre
of symmetry of 𝜂 distribution, 𝜂

𝑐
. Thus, all the relativistic

charged particles having their 𝜂 values lying in the interval
𝜂
𝑐
− (Δ𝜂/2) ≤ 𝜂 ≤ 𝜂

𝑐
+ (Δ𝜂/2) are counted to evaluate

𝑃
𝑛
. The window width is then increased in a step of 0.5

until a region 𝜂
𝑐

± 3.0 is covered. The values of entropy
for different 𝜂 windows, ranging from 0.5 to 6.0, is then
calculated using (1). Variations of entropy, 𝑆, with Δ𝜂 for
the real and AMPT data samples are displayed in Figure 1.
It may be noted from the figure that with increasing Δ𝜂,
entropy first increases rather quickly then slows down and
thereafter saturates beyond Δ𝜂 ∼ 4.0. Such a trend is
expected because of the fact that with increasing Δ𝜂, particle
multiplicity increases, first rapidly and then slowly, causing
entropy to increase in a similar fashion. However, beyond
Δ𝜂 ∼ 4.0,multiplicity increases nominally yielding essentially
the same value of entropy. It may also be noted from the
figure that for a given Δ𝜂, entropy increases with increasing
beam energy. Furthermore, a comparison of the plots for
the real and AMPT simulated events, shown in Figure 1,
shows that the entropy values for the experimental data
are close to those predicted by the AMPT model. Studying
the multiplicity dependence of average phase space densities
and entropies of thermal pions, Sinyukov and Akkelin [34]
have reported the presence of deconfinement and chiral
phase transitions in AA collisions at relativistic energies. The
observed energy dependence of entropy per unit rapidity
by these workers have been interpreted as the chemically
equilibriumpionnumberwhich is frozen at initially very high
temperature that increases with collision energy [34] with
regard to the experimental scenario, entropy evolution has
been investigated by Simak et al. [16] in hh collisions in the
energy range of √𝑠 = 22 to 900GeV. Entropy increase has
been observed [16] with increasing projectile energy in the
entire energy range considered. Similar energy dependence
of entropy has also been observed by Mizoguchi and Biajima
[17] at LHC energies (√𝑠 = 0.2 to 7 TeV).

To check whether the observed entropy behaviour is a
distinct feature of the data or arises solely due to fluctuations
in the event multiplicities, correlation-free Monte Carlo
events are generated and analysed.These events are generated
in the framework of Independent emission hypotheses (IEH)
by adopting the following criteria [30, 31, 35, 36].

(1) Multiplicity distribution of the produced particles
should be similar to the one obtained for the exper-
imental data.

(2) There should be no correlation between the produced
particles.

(3) For each event, single particle inclusive distribution
in 𝜂 space is set to have Gaussian shape with its
mean value, ⟨𝜂⟩, and dispersion, 𝜎, equal to their
corresponding values for the real event.

420 6
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AMPT

IEH

Experimental

Δ𝜂

420 6
Δ𝜂

420 6
Δ𝜂

S

2

4

S

2

4

S

14.5A GeV/c 28Si-AgBr
60A GeV/c 16O-AgBr
200A GeV/c 16O-AgBr

Figure 1: Variations of entropy with 𝜂-bin width for the experimen-
tal, AMPT, and IEH events at various energies.

By applying the above criteria, three sets of correlation-free
Monte Carlo (IEH) events corresponding to the three real
data samples are simulated and analysed. The number of
events in each sample is equal to those for the real data.
Variations of 𝑆 with Δ𝜂 for these events at the three incident
energies considered are shown in Figure 1 (bottom panel).
It is evident from the figure that the trend of variation of 𝑆
with Δ𝜂 for the IEH events is markedly different from those
observed for the real and the AMPT data. This indicates
that the observed entropy dependence on the width of 𝜂-
window is a distinct feature of the data and definitely not a
manifestation of statistics. These findings are, thus, in fine
agreement with those reported earlier [16] for hh collisions in
the energy range from ∼2GeV to a few TeV. In AA collisions
too, entropy has been observed by Khan et al. [21] to increase
with increasing beam energy.

It has been reported [16] that for hh collisions in the
energy range of ∼22 to 900GeV, total entropy produced in
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a limited pseudorapidity bin, when normalized to maximum
rapidity in the centre-of-mass frame, is found to be essentially
independent of the energy and identity of the colliding
hadrons, indicating, thereby, the presence of a kind of entropy
scaling. Such a scaling of entropy has also been observed by
Mizoguchi and Biajima [17] in pp collisions at cms energy
range, 0.2–7 TeV. In case of AA collisions too, a similar scaling
behaviour has been observed by Khan et al. [21] in 4.5
and 14.5AGeV/c 28Si-nucleus collisions and also by Ghosh
et al. [20] in 60AGeV/c 16O-AgBr and 200AGeV/c 32S-
AgBr collisions. An attempt is, therefore, made to examine
the occurrence of entropy scaling with the present data that
would definitely cover a significant energy range (AGS and
SPS). For this purpose, values of themaximum rapidity in the
centre-of-mass frame, 𝑌

𝑚
, are calculated using the relation

[20]

𝑌
𝑚

= ln(
√𝑠

𝑚
𝜋

) , (3)

where √𝑠 denotes the centre-of-mass energy of the partici-
pating system and 𝑚

𝜋
represents the rest mass of a pion. The

value of √𝑠 is calculated from [37]

√𝑠 = √(𝑁
𝑝
𝑚)
2

+ (𝑁
𝑡
𝑚)
2

+ 2𝑁
𝑡
𝑚𝐸beam, (4)

where 𝐸beam is the energy of projectile nucleus in laboratory
frame, 𝑁

𝑝
and 𝑁

𝑡
, respectively, denote the numbers of

participating projectile and target nuclei, and𝑚 is the nucleon
mass. Values of 𝑁

𝑝
and 𝑁

𝑡
used for calculating √𝑠 are

the event-averaged values estimated from the AMPT event
samples.

Variations of entropy normalized to maximum rapidity,
𝑆/𝑌
𝑚
for the experimental, AMPTand IEHdata are exhibited

in Figure 2. It may be seen in the figure that for the
experimental and AMPT data, 𝑆/𝑌

𝑚
first increases up to

Δ𝜂/𝑌
𝑚

∼ 0.5 and thereafter tends to acquire almost a constant
value. It is interesting to point out that the data points
corresponding to various energies overlap and fall on a single
curve, indicating the presence of entropy scalingwhich is well
supported byAMPT.No such scaling is, however, observed in
the case of IEH data. This suggests that the observed scaling
in the case of real data is truly of dynamical nature and the
findings are in fine agreement with the AMPT predictions.

Investigations involving forward-backward (F-B) multi-
plicity fluctuations and correlations [30, 38–44] suggest that
event-by-event (ebe) multiplicities of relativistic charged par-
ticles in the forward (F) and backward (B) hemispheres are
not equal.This prompts one to studymultiplicity fluctuations
by comparing the ebe multiplicity, 𝑛

𝑓
, in a pseudorapidity

window of widthΔ𝜂 placed in the F regionwith themultiplic-
ity 𝑛
𝑏
observed in an identical window in the B region; the two

windows are chosen in such a way that they are symmetric
around 𝜂

𝑐
. Using these definitions, a number of attempts

have been made to investigate F-B multiplicity correlations
and fluctuations either by examining the dependence of 𝑛

𝑓

on ⟨𝑛
𝑏
⟩ [42–46] or by considering [30, 38–41] a multiplicity

asymmetry variable 𝐶 = (𝑛
𝑓

− 𝑛
𝑏
)/√(𝑛

𝑓
+ 𝑛
𝑏
). These
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Figure 2: Dependence of 𝑆/𝑌
𝑚
on Δ𝜂/𝑌

𝑚
for the real, AMPT, and

IEH event samples at the three incident energies.

investigations observe presence of strong F-B correlations.
Such correlations are believed to arise due to isotropic decays
of cluster-like objects in F or B 𝜂 region. The presence of
ebe multiplicity asymmetry, thus, indicates that the value of
the entropy in the two regions are different. In order to test
this, we have studied the entropy production and its scaling
separately in F and B regions by selecting a 𝜂 window of
width, Δ𝜂, and placing it in F region such that all the charged
particles having their 𝜂 values lying in the interval 𝜂

𝑐
≤ 𝜂 ≤

𝜂
𝑐
+ Δ𝜂 are counted to estimate the entropy values in the

F region. Similarly, the entropy values in the B region are
estimated by picking up the charged particles with their 𝜂

values in the range 𝜂
𝑐
≥ 𝜂 ≥ 𝜂

𝑐
− Δ𝜂. Dependence of entropy

on the 𝜂-bin width in F and B regions for the experimental
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Figure 3: Variations of 𝑆 with Δ𝜂 for the experimental and AMPT events in forward and backward hemispheres.

andAMPTdata are displayed in Figure 3. Similar plots for the
IEH events are shown in Figure 4. Th following observations
may be made from these figures.

(i) In the case of experimental and AMPT data, entropy
increases with increasing Δ𝜂 up to ∼1.5 and thereafter
acquires nearly a constant value in both F and B
hemispheres.

(ii) For a given Δ𝜂, entropy increases with increasing
beam energy.

(iii) For IEH events, on the other hand, with increasing
Δ𝜂, the value of 𝑆 first increases quickly then rather
slowly but does not saturate. Thus, the trends of
variations of 𝑆withΔ𝜂 for the real andAMPTdata are
observed to be quite different from those observed for
the IEH data.

(iv) It is interesting to note that for the IEH event samples,
the values of 𝑆 against Δ𝜂 in F and B regions are

nearly the same. For the real and AMPT data, on
the other hand, 𝑆 acquires rather a larger value in
the F hemisphere as compared to those for the B
hemisphere. Such a difference in 𝑆 values is noticed
in the entire Δ𝜂 region and for all the three energies
considered.

The observed difference in the entropy values in the two
regions for the experimental and AMPT events (and not with
the IEH events) may arise due to the strong correlations
existing between the particles belonging to the adjacent F
and B regions around midrapidity [9, 39–41]. It is commonly
believed [38–46] that the forward-backward correlations
observed are of short-range type and there are almost no or
very small contributions from the long-range correlations,
particularly at lower energies. In order to ensure further that
whether or not the observed entropy difference arises due to
the particle correlations of short-range type, entropy values
are calculated in F and B regions after leaving a gap of 2𝜂 units
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Figure 4: The same plots as in Figure 3 but for the IEH events.

between the two regions; that is, particles with 𝜂 ≤ 𝜂
𝑐
+ 1.0

in the F region and those with 𝜂 ≥ 𝜂
𝑐
− 1.0 in the B regions

are not counted. Dependence of 𝑆 on Δ𝜂 for such regions are
displayed in Figures 5(a) and 5(b). Similar plots for an F-B
separation of 3𝜂 units are also shown in Figures 5(c) and 5(d).
It is interesting to note in Figure 5 that the entropy difference
in the two regions is much smaller as compared to those
reflected from Figure 3. Moreover, for the F and B regions
separated by 3𝜂 units, this difference almost vanishes and the
entropy values against Δ𝜂 in the two regions are nearly the
same (Figure 5). Results from the analysis of theAMPTevents
also supports the experimental observations. These findings,
thus, suggest that there exist strong correlations amongst the
particles belonging to adjacent F andB regions and aremostly
of short-range type. On introducing a separation between the
two regions, the F-B correlations become weaker and finally
vanish for larger separations, giving nearly the same entropy
values for the two hemispheres.

In order to test whether the relativistic charged particles
emitted in F and B hemispheres exhibit the same kind of
entropy scaling as observed when the particles of the two
regions are collectively considered, variations of 𝑆/𝑌

𝑚
with

Δ𝜂/𝑌
𝑚
for the charged particles emitted in F and B regions

are examined for real, AMPT, and IEH data sets. These
variations are displayed in Figure 6. It is clear from the
figure that the data points corresponding to three energies
overlap and indicate the presence of entropy scaling in both
F and B regions. The observed scaling behaviour is nicely
reproduced by the AMPT data sets. Moreover, the results for
the IEH events confirm that the observed entropy scaling is a
distinguishable feature of the data rather than amanifestation
of statistics.

5. Conclusions

Based on the findings of the present work, the following
significant conclusions may be reached.

(1) With widening of the 𝜂 windows, entropy first in-
creases and thereafter acquires nearly a constant
value.

(2) For a given Δ𝜂, entropy increases with increasing
beam energy.
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Figure 5: 𝑆 versus Δ𝜂 plots for the forward and backward regions separated by 𝜂 gaps of 3 units ((a), (b)) and 2 units ((c), (d)).

(3) Dependence of 𝑆/𝑌
𝑚
on Δ𝜂/𝑌

𝑚
shows the presence

of entropy scaling in AA collisions at AGS and SPS
energies. Such a scaling is observed to hold good even
if the particles emitted in the forward and backward
regions are separately considered.

(4) Entropy dependence on pseudorapidity bin width,
examined separately in forward and backward hemi-
spheres, indicates the presence of strong correlations
amongst the particles emitted in the two hemi-
spheres around mid-pseudorapidity. On effecting
a separation between the two hemispheres, these
correlations are observed to become weaker and
finally vanish when the separation between the two
hemispheres becomes relatively large. This suggests
that the observed correlations are of short range in

nature, arising due to the “clusters” and the high
mass states, produced during the initial stage of
collisions, which finally decay isotropically in their
centre-of-mass frame to real physical hadrons, while
the contributions from the long-range correlations
appear to be absent.

The findings of the present study reveal that entropy per
unit rapidity increases with collision energy, whereas when
normalized to maximum rapidity, becomes energy indepen-
dent. These results are in fair agreement with those obtained
from theoretical calculations of average phase space density
and entropy in thermal hadronic system at the final (freeze-
out) stage of AA collisions, carried out by Sinyukov and
Akkelin [34]. Theoretical investigation [24] of entropy per
unit rapidity at freeze-out with minimal model dependence
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Figure 6: Dependence 𝑆/𝑌
𝑚
on Δ𝜂/𝑌

𝑚
in the forward and backward regions for the real and AMPT events at the three incident energies.

from the available measurements of particle yields, spectra,
and source size indicates that at the same energy density,QGP
would be a high entropy state as compared to pion gas. It may
be stressed that an increase in the entropy density, if observed
at RHIC or LHC energies, might be taken as a signal of QGP
formation.
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Pseudorapidity distributions of charged hadrons produced in p-p and Pb-Pb collisions at LHC energies were measured by the
CMS and ALICE Collaborations, respectively. An improved Tsallis distribution in the two-cylinder model is used to describe the
pseudorapidity spectra. We consider the rapidity shift at the longitudinal direction in the geometrical picture of the collisions. The
calculated results are in agreement with the experimental data. The gap between the projectile cylinder and the target cylinder
increases with the centralities. The rapidity shifts in the cylinders also increase with the centralities.

1. Introduction

The Large Hadron Collider (LHC) at CERN has been built
to research the properties of matter produced in high-energy
collisions [1, 2]. It will study proton-proton collisions at a
center-of-mass energy of 14TeV and heavy-ion collisions
at a center-of-mass energy of 5.5TeV, which are much
higher than the maximum collision energy at RHIC. An
environment of high temperature and density is formed
in such high-energy collisions, which lead to a significant
extension of the kinematic range in longitudinal rapidity
and transverse momentum [3–5]. The investigation of the
particle production in proton-proton and nucleus-nucleus
collisions at LHC energies is helpful for understanding the
statistical behavior of particles and production mechanism.
The multiplicity and pseudorapidity distributions of final-
state particles can be used to test different theoretical models
and ideas. In the central rapidity region, the multiplicity of
charged particles produced in the high-energy collisions is
an important observable and can give the basic attribution
of quark-gluon plasma (QGP) produced in the collisions.
Proton-proton collisions at 7 TeV produce about 70 charged
hadrons integrated over the full rapidity space, including
the unmeasured region. The study on the pseudorapidity
distribution of charged hadrons, 𝑑𝑁

(ch)/𝑑𝜂, helps us to

understand the production mechanism of major charged
hadrons.

The relativistic diffusion model (RDM) [6] has made
some valuable attempts in describing and predicting pseudo-
rapidity distribution of charged hadrons produced in heavy-
ion collisions at SPS, RHIC, and LHC energies. Differ-
ent phenomenological models of initial coherent multiple
interactions and particle transport have been introduced to
describe the production of final-state particles in Au-Au
collisions [7, 8]. In the analysis of the experimental data, one
statistical distribution gained prominence with very good fits
to the data measured by the STAR [9] and PHENIX [10]
Collaborations at RHIC and measured by the CMS [11] and
ALICE [12] Collaborations at LHC. With Tsallis statistics’
development and success in dealing with nonequilibrated
complex systems in condensed matter research, it has been
utilized to understand the particle production in high-
energy collisions. Recently, in order to describe transverse
momentum spectra, an improved Tsallis distribution which
satisfies better the thermodynamic consistency was proposed
[13]. As the collision energy increases to LHC, which is
much higher than the maximal collision energy at RHIC, the
kinematic range in the longitudinal direction will increase.
In this work, we consider the rapidity shift of the interacting
system and use the improved Tsallis distributions to analyze
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the pseudorapidity distribution functions in p-p and Pb-Pb
collisions at LHC energies as measured by the CMS and
ALICE Collaborations.

2. The Improved Tsallis Distribution
and the Rapidity Distribution

In the framework of Tsallis statistic, more than one version
of the Tsallis distribution is used to discuss the transverse
momentum distribution of final-state particles produced in
high-energy collisions. The improved form of the Tsallis dis-
tribution can naturallymeet the thermodynamic consistency.
The quantum form of the Tsallis distribution succeeded in
description of the transverse distributionmeasured byALICE
and CMS Collaborations. According to the framework, the
momentum distribution is given by

𝐸
𝑑
3
𝑁

𝑑3𝑃
=
𝑔𝑉𝐸

(2𝜋)
3
[1 + (𝑞 − 1)

𝐸 − 𝜇

𝑇
]

−𝑞/(𝑞−1)

, (1)

where 𝑝, 𝐸, 𝑇, 𝜇, 𝑉, and 𝑔 are the momentum, the energy,
the temperature, the chemical potential, the volume, and the
degeneracy factor, respectively, and 𝑞 is a parameter char-
acterizing the degree of nonequilibrium. For zero chemical
potential, a rapidity distribution is

𝑑𝑁

𝑑𝑦
= 𝑔𝑉∫
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(2)

where 𝑃
𝑇

is the transverse momentum. The distribution
function is only the rapidity distribution of particles emitted
in a considered emission source at the fixed rapidity. In
𝑦-space, the longitudinal location of the source needs to
be taken into account. Therefore, for the fixed emission
source with rapidity 𝑦

𝑥
, the rapidity distribution of produced

particles is given by
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(3)

Generally speaking, the parameters 𝑇 and 𝑞 are obtained by
fitting the transverse spectra measured in the collisions. In
[13], the values of 𝑇 and 𝑞 taken for the calculations are about
0.07GeV and 1.1, respectively.

In order to describe the rapidity shift, we introduce the
geometrical picture of the two-cylindermodel [16]. In the lab-
oratory reference system, the projectile cylinder is in the posi-
tive rapidity direction and the target cylinder is in the negative
one, with rapidity ranges [𝑦

𝑝min, 𝑦𝑝max] and [𝑦
𝑡min, 𝑦𝑡max],

respectively. On both sides of the two cylinders there are
leading particles appearing as two isotropic emission sources
with rapidity shifts 𝑦

𝑃
and 𝑦

𝑇
, respectively. So, in the final

state, the normalized pseudorapidity distribution is
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where 𝑘
𝑡
, 𝐾
𝑡
, 𝐾
𝑝
, and 𝑘

𝑝
are the contributions of the

target leading particles, the target cylinder, the projectile
cylinder, and the projectile leading particles, respectively. For
symmetric collisions p-p and Pb-Pb, 𝐾

𝑡
= 𝐾
𝑝
= 𝑘, 𝑘

𝑡
= 𝑘
𝑝
=

1 − 𝑘. The pseudorapidity distribution can be expressed as
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The pseudorapidity distribution can be calculated by a
conversion between the pseudorapidity distribution and the
rapidity distribution. In the case of 𝑝 ≫ 𝑚

0
, the rapidity 𝑦

and pseudorapidity 𝜂 are approximately equal to each other.
However, the condition of 𝑝 ≫ 𝑚

0
is not always satisfied.The

conversion between the pseudorapidity distribution 𝑑𝑁/𝑑𝜂
and the rapidity distribution 𝑑𝑁/𝑑𝑦 is
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where a Jacobian of the transformation is

𝐽(𝜂,
⟨𝑚⟩

⟨𝑝
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⟩
) =

cosh 𝜂

√1 + (⟨𝑚⟩/⟨𝑝
𝑇
⟩)
2

+ sinh2𝜂
. (7)

3. Comparison with Experimental Results

Figure 1 presents the pseudorapidity distributions of charged
particles produced in p-p collisions at √𝑠𝑁𝑁 = 2.36 TeV and
7TeV. The symbols represent the experimental data of the
CMS Collaboration [5] and the curves are our calculated
results. The parameters used in the calculations are taken
to be 𝑦

𝑝max = 4.562 ± 0.140, 𝑦𝑝min = 0.224 ± 0.009 and
𝑦
𝑃
= 4.480 ± 0.127 and 𝑦

𝑝max = 5.146 ± 0.170, and
𝑦
𝑝min = 0.254 ± 0.011 and 𝑦𝑃 = 4.760 ± 0.159, respectively.

The parameter 𝑘 is taken at the same value 0.432 ± 0.012.
The 𝜒2 per degree of freedom (dof) are 0.454 and 0.612,
respectively. The calculated results are in good agreement
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Figure 1: (Color online) The charged particle multiplicity 𝑑𝑁ch/𝑑𝜂 in p-p inelastic collisions at √𝑠𝑁𝑁 =2.36 TeV and 7 TeV. The symbols
represent the experimental data measured by the CMS Collaboration [5]. The curves are our calculated results.
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Figure 2: (Color online) The charged particle multiplicity 𝑑𝑁ch/𝑑𝜂 for different centrality bins in Pb-Pb collisions at √𝑠𝑁𝑁 = 2.76 TeV.
Experimental data of the ALICE Collaboration [14, 15] are shown by the scattered symbols. Our calculated results are shown by the curves.

with the experimental data.The rapidity shifts𝑦
𝑝max−𝑦𝑝min in

the cylinders for 7 TeV are larger than that for 2.36 TeV. So is
the gap between the projectile cylinder and the target cylinder
2𝑦
𝑝min.
Figure 2 shows the pseudorapidity distributions of

charged particles produced in Pb-Pb collisions with different
centralities at √𝑠𝑁𝑁 = 2.76 TeV. The values of centralities are
shown in the figure. The symbols represent the experimental
data of the ALICE Collaboration [14, 15] and the curves
are our calculated results. The value of 𝑘 is 0.421 ± 0.010.

The other parameters 𝑦
𝑝max, 𝑦𝑝min, 𝑦𝑃, and 𝑁𝑐 obtained by

fitting the experimental data are given in Table 1 with 𝜒2/dof.
From these values, we find that the 𝑦

𝑝max and 𝑦𝑝min increase
with the increase in the centralities. In otherwords, the length
of the double cylinder and the distance between the two
cylinders increase with the increase in the centralities. The
maximumvalue of𝜒2/dof is 1.156.One sees that the calculated
results approximately agree with the experimental data for
all concerned centralities. The dependences of the different
parameters on the centrality class are given in Figure 3.
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Table 1: Parameter values corresponding to the solid curves in Figure 2.

Centrality 𝑦
𝑝max 𝑦

𝑝min 𝑦
𝑃

𝑘 𝑁
𝑐

𝜒
2/dof

0–5% 3.965 ± 0.050 0.126 ± 0.004 5.060 ± 0.040 0.420 ± 0.050 15200 ± 400 0.925
5–10% 3.925 ± 0.040 0.123 ± 0.002 5.028 ± 0.030 0.420 ± 0.050 12350 ± 240 0.805
10–20% 3.841 ± 0.030 0.114 ± 0.004 4.971 ± 0.030 0.420 ± 0.050 9200 ± 180 0.778
20–30% 3.736 ± 0.050 0.108 ± 0.004 4.865 ± 0.040 0.420 ± 0.050 6080 ± 140 1.156
30–40% 3.678 ± 0.040 0.098 ± 0.002 4.791 ± 0.050 0.420 ± 0.050 3950 ± 80 0.718
40–50% 3.585 ± 0.030 0.089 ± 0.003 4.721 ± 0.050 0.420 ± 0.050 2405 ± 68 0.627
50–60% 3.533 ± 0.020 0.082 ± 0.002 4.671 ± 0.020 0.420 ± 0.050 1340 ± 46 0.644

By fitting the data, the function relations between the differ-
ent parameters and the centrality class are determined:

𝑦
𝑝max = −0.902𝑐 + 3.984,

𝑦
𝑝min = −0.089𝑐 + 0.129,

𝑦
𝑃
= −0.841𝑐 + 5.079,

𝑁
𝑐
= 17580.5𝑒

−𝑐/0.251

− 600.4,

(8)

where 𝑐 and 𝑁
𝑐
denote the centrality and a normalization

constant, respectively. The values of 𝜒2/dof are 0.819, 0.652,
0.736, and 0.441, respectively.

4. Discussions and Conclusions

In the above comparisons, we have investigated the pseudora-
pidity distributions of charged hadrons produced in p-p and
Pb-Pb collisions at LHC energies. In [13], the improvedTsallis
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distribution which satisfies the thermodynamic consistency
was proposed to fit the experimental data. However, it can
only treat the transverse momentum spectra, but not the
rapidity (or pseudorapidity) distributions. As the collision
energy increases to LHC, which is much higher than the
maximal collision energy at RHIC, the kinematic range in the
longitudinal direction increases obviously. For the pseudora-
pidity distributions of charged hadrons, the rapidity shifts of
emission sources in the interaction system have to be taken
into account, which requires consistently the geometrical
picture of the collisions. It is not difficult for the two-cylinder
model to describe particle production in the rapidity space.
We implemented the improved Tsallis distributions in the
two-cylinder model and applied it to description of the
pseudorapidity distributions. The calculated results are com-
pared with the experimental data from the CMS and ALICE
Collaborations. The calculated results are in agreement with
the data, and the parameter dependence on the centrality is
obtained. The gap between the projectile cylinder and the
target cylinder increases with the centralities. The rapidity
shifts in the cylinders also increase with the centralities.

The two-cylinder model was developed from the fireball
model, which is suggested in heavy-ion collisions [17]. At
the longitudinal position, the projectile cylinder and target
cylinder are assumed to be formed in nucleus-nucleus (or
proton-proton) collisions. At intermediate energy, the two
cylinders overlap totally, and the interacting system is in fact
described by a single cylinder model. At high energy, the two
cylinders overlap partly. At ultrahigh energy, there is a gap
appearing between the two cylinders. In the rapidity space,
the projectile cylinder and target cylinder are defined to lie in
the rapidity ranges [𝑦

𝑝min, 𝑦𝑝max] and [𝑦
𝑡min, 𝑦𝑡max], respec-

tively. It is expected that a thick double cylinder is formed
in nucleus-nucleus collisions and a thin double cylinder is
formed in nucleon-nucleon collisions. The collision picture
is very intuitive and accessible.

In conclusion, the experimental pseudorapidity distri-
butions of charged hadrons produced in p-p and Pb-Pb
collisions at LHC energies have been described by the
improved Tsallis distributions in the two-cylindermodel.The
calculated results show that the rapidity shifts 𝑦

𝑝max and
𝑦
𝑝min increase with the increase in the centralities, whereas

the contributions of the projectile and target cylinders to
the pseudorapidity distributions do not change obviously
with the increase in the centralities. The length of the
projectile cylinder or the target cylinder increases and
the gap between them increases with the increase in the
centralities.
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Themultisource thermalmodel is used in this paper to analyze the antiproton (𝑝) production process in high-energy proton-carbon
(𝑝-C) collisions. The transverse momentum, Feynman variable, and rapidity distributions of antiprotons in the nucleon-nucleon
center-of-mass system are calculated by using themodel.Themodeling results are compared and found to be in agreement with the
experimental data measured by the NA49 Collaboration at 158GeV/c beam momentum. As a parameter, the nuclear temperature
of interacting system extracted from the antiproton spectrum is estimated to be about 150MeV.

1. Introduction

High-energy collisions are an important experimental phe-
nomenon in modern physics. From fixed target experiments
at accelerators to collider experiments, a lot of experimental
results have been reported. In the collisions, an incident
projectile and a fixed target (or another incident target at
colliders) can be particles, ions, or nuclei. Generally, the
products in nucleus-nucleus collisions are more abundant
than those in particle-particle collision. The analysis of the
former one is also more complex. As a transition stage
from particle-particle collision to nucleus-nucleus collisions,
particle-nucleus collisions have not only abundant experi-
mental results but also simpler physics process. In fact, in
proton induced nuclear collisions, the projectile is simple and
has no spectator’s contribution, and the target is complex and
has spectator’s contribution to final state.

Many models have been proposed in the field of high-
energy collisions, for example, the equivalent quark-gluon
string model [1], the hadron resonance gas model [2, 3],
the statistical multifragmentation model [4], the expanding
and emitting source model [5] or the expanding-evaporating
source model [6], the nonequilibrium-statistical relativistic
diffusion model [7], the dual parton model [8, 9], the
relativistic or ultrarelativistic quantum molecular dynamics
model [10–13], and so forth. In a workshop [14] held a

few years ago at the CERN Theory Institute, more models
have reported their predictions for the collision program
at the LHC energies. Most of the mentioned models are
microscopic models based on quantum chromodynamics
(QCD) and concern the system evolution and dynamical
process. Parts of them are thermal and statistical models and
focus on the global properties of interacting system and final-
state products.

In the past years, we have proposed a multisource ther-
mal model [15, 16] and extended it to relativistic situation
[17] for descriptions of particle production in high-energy
collisions. Some experimental results are described by the
model. Recently, the NA49 Collaboration reported inclusive
productions in proton-carbon (𝑝-C) collisions at 158GeV/c
beam momentum [18]. We are interested in the description
of antiproton (𝑝) production and will give a description in
this paper. Because there is no effect of leading particles, the
distribution law of antiprotons in analysis is simpler than that
of protons.

2. The Model

According to the multisource thermal model [15–17], many
emission sources are formed in high-energy collisions. In
the rapidity space, most of these sources are distributed
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homogeneously in a projectile cylinder and a target cylinder
due to the penetration of the projectile and the target. In
the rapidity space, the projectile and target cylinders are
located in the rapidity intervals [𝑦

𝑃min
, 𝑦
𝑃max

] and [𝑦
𝑇min

, 𝑦
𝑇max

],
respectively. For antiproton production in proton-carbon
collisions, the leading nucleons have no contribution, but
the target spectator contributes a cylinder in the rapidity
interval [𝑦TSmin

, 𝑦TSmax
] due to the produced particles causing

the cascade collisions in the spectator. Let 𝐾TS denote the
weight of the target spectator cylinder; the weights of the
projectile and target cylinders are the same: (1 − 𝐾TS)/2.

We define the beam direction to be the 𝑜𝑧 axis and the
reaction plane to be the 𝑥𝑜𝑧 plane. In the source rest frame,
let 𝑇
󸀠 and 𝑝

󸀠 denote the source temperature and particle
momentum, respectively. Considering the relativistic effect
[19, 20], we have the 𝑝

󸀠 distribution in the relativistic ideal
gas model to be

𝑓
𝑝
󸀠 (𝑝
󸀠

) =
1

𝑁

𝑑𝑁

𝑑𝑝󸀠
= 𝐶𝑝
󸀠2 exp(−

√𝑝󸀠
2

+ 𝑚2
0

𝑘𝑇
󸀠

), (1)

where 𝑘 denotes the Boltzmann constant, 𝑚
0
denotes the

rest mass of the considered particle, 𝐶 = 1/(𝑚
2

0
𝑘𝑇
󸀠
) ⋅ 1/

(𝐾
2
(𝑚
0
/𝑘𝑇
󸀠
)) is the normalization constant, and𝐾

2
(𝑚
0
/𝑘𝑇
󸀠
)

is the modified Bessel function of order 2. In the previous
equation, we have taken the natural system of units in which
the speed 𝑐 of light in vacuum is 1.

In theMonte Carlomethod,𝑝󸀠 can be obtained by solving
the inequality | ∫

𝑝󸀠

0
𝑓
𝑝
󸀠(𝑝
󸀠
)𝑑𝑝
󸀠
− 𝑅
1

≤ 𝑂|, where 𝑅
1
and 𝑂

are a random number distributed evenly in the range from
0 to 1 where 0 and 1 are included (i.e., in [0, 1]) and a small
quantity, respectively. Let 𝜃

󸀠 denote the emission angle of
the considered particle. An isotropic emission gives 𝜃

󸀠
=

arccos(1−2𝑅
2
), where𝑅

2
is another randomnumber in [0, 1].

Then, the particle transverse momentum 𝑝
󸀠

𝑇
≡ 𝑝
󸀠 sin 𝜃

󸀠,
longitudinal momentum 𝑝

󸀠

𝐿
≡ 𝑝
󸀠 cos 𝜃󸀠, transverse mass

𝑚
󸀠

𝑇
≡ √𝑝󸀠2

𝑇
+ 𝑚2
0
, energy 𝐸

󸀠
≡ √𝑝󸀠2 + 𝑚2

0
, kinetic energy

𝐸
󸀠

𝐾
≡ 𝐸
󸀠
− 𝑚
0
, and rapidity 𝑦

󸀠
≡ 0.5 ln[(𝐸󸀠 + 𝑝

󸀠

𝐿
)/(𝐸
󸀠
− 𝑝
󸀠

𝐿
)]

can be obtained. Particularly [17], the distributions of 𝑝󸀠
𝑇
, 𝑝󸀠
𝐿
,

and 𝑚
󸀠

𝑇
are

𝑓
𝑝
󸀠

𝑇

(𝑝
󸀠

𝑇
) =

1

𝑁

𝑑𝑁

𝑑𝑝󸀠
𝑇

= 𝐶
1
𝑝
󸀠

𝑇
exp(−

√𝑝󸀠2
𝑇

+ 𝑚2
0

𝑘𝑇󸀠
), (2)

𝑓
𝑝
󸀠

𝐿

(𝑝
󸀠

𝐿
) =

1

𝑁

𝑑𝑁

𝑑𝑝󸀠
𝐿

= 𝐶
2
√𝑝󸀠2
𝐿

+ 𝑚2
0
exp(−

√𝑝󸀠2
𝐿

+ 𝑚2
0

𝑘𝑇󸀠
),

(3)

𝑓
𝑚
󸀠

𝑇

(𝑚
󸀠

𝑇
) =

1

𝑁

𝑑𝑁

𝑑𝑚󸀠
𝑇

= 𝐶
1
𝑚
󸀠

𝑇
exp(−

𝑚
󸀠

𝑇

𝑘𝑇󸀠
) , (4)

respectively, where 𝐶
1
and 𝐶

2
are the normalization con-

stants. We would like to point out that (2) is in fact the
Boltzmann distribution which is used in the literature (e.g.,

[21]). Both (2) and (3) are valid because they are in agreement
with the Monte Carlo calculations based on the definitions.
The distributions of 𝐸󸀠 and 𝐸

󸀠

𝐾
are

𝑓
𝐸
󸀠 (𝐸
󸀠

) =
1

𝑁

𝑑𝑁

𝑑𝐸󸀠
= 𝐶𝐸
󸀠√𝐸󸀠2 − 𝑚2

0
exp(−

𝐸
󸀠

𝑘𝑇󸀠
) , (5)

𝑓
𝐸
󸀠

𝐾

(𝐸
󸀠

𝐾
) =

1

𝑁

𝑑𝑁

𝑑𝐸󸀠
𝐾

= 𝐶 (𝐸
󸀠

𝐾
+ 𝑚
0
)

× √(𝐸󸀠
𝐾

+ 𝑚
0
)
2

− 𝑚2
0
exp(−

𝐸
󸀠

𝐾
+ 𝑚
0

𝑘𝑇󸀠
) ,

(6)

respectively. The distribution of velocity V󸀠 is

𝑓V󸀠 (V
󸀠

) =
1

𝑁

𝑑𝑁

𝑑V󸀠
= 𝐶

𝑚
3

0
V󸀠
2

(1 − V󸀠2)
5/2

exp(−
𝑚
0

𝑘𝑇󸀠√1 − V󸀠2
) .

(7)

In the nucleon-nucleon center-of-mass system, let 𝑦
𝑥

denote the source rapidity. According to different weights,
we have 𝑦

𝑥
= (𝑦
𝑃max

− 𝑦
𝑃min

)𝑅
3

+ 𝑦
𝑃min

for the projectile
cylinder, 𝑦

𝑥
= (𝑦

𝑇max
− 𝑦
𝑇min

)𝑅
4

+ 𝑦
𝑇min

for the target
cylinder, or 𝑦

𝑥
= (𝑦TSmax

− 𝑦TSmin
)𝑅
5

+ 𝑦TSmin
for the

target spectator cylinders, where 𝑅
3
, 𝑅
4
, and 𝑅

5
are random

variables in [0, 1]. Then, the particle rapidity 𝑦 = 𝑦
𝑥
+ 𝑦
󸀠,

transverse momentum 𝑝
𝑇

= 𝑝
󸀠

𝑇
, longitudinal momentum

𝑝
𝐿

= 𝑝
󸀠

𝐿
cosh𝑦 + 𝐸

󸀠 sinh𝑦, momentum 𝑝 = √𝑝2
𝑇
+ 𝑝2
𝐿
,

energy 𝐸 = √𝑝2 + 𝑚2
0
, transverse mass 𝑚

𝑇
= 𝑚
󸀠

𝑇
, and

Feynman variable 𝑥
𝐹

= 2𝑝
𝐿
/√𝑠 can be obtained, where

√𝑠 is the energy in the center-of-mass system. Then, we
transform all of the concerned kinetic quantities from the rest
frame of a single source to the nucleon-nucleon center-of-
mass system. The effects of the multiple sources are obtained
by different 𝑦

𝑥
. On the other hand, from the definition of

Feynman variable, we have 𝑝
𝐿

= 0.5𝑥
𝐹
√𝑠. Then, 𝑝 =

√𝑝2
𝑇
+ (0.5𝑥

𝐹
√𝑠)
2, 𝐸 = √𝑝2

𝑇
+ (0.5𝑥

𝐹
√𝑠)
2

+ 𝑚2
0
, and 𝑦 =

0.5 ln[(𝐸 + 𝑝
𝐿
)/(𝐸 − 𝑝

𝐿
)] = 0.5 ln[(√𝑝2

𝑇
+ (0.5𝑥

𝐹
√𝑠)
2

+ 𝑚2
0
+

0.5𝑥
𝐹
√𝑠)/(√𝑝2

𝑇
+ (0.5𝑥

𝐹
√𝑠)
2

+ 𝑚2
0
)−0.5𝑥

𝐹
√𝑠] are the func-

tions of 𝑥
𝐹
. Particularly, the relationship between 𝑦 and 𝑥

𝐹
at

a given 𝑝
𝑇
is built.

3. Comparison with Experimental Data

Figure 1 shows the invariant cross-section, 𝑓(𝑥
𝐹
, 𝑝
𝑇
), in the

units of mb/(GeV2/𝑐3) for 𝑝 produced in 𝑝-C collisions
at 158GeV/c beam momentum. The distributions of 𝑝

𝑇
,

𝑓(𝑥
𝐹
, 𝑝
𝑇
) ∝ (1/𝑁)(𝑑𝑁/𝑝

𝑇
𝑑𝑝
𝑇
), at different 𝑥

𝐹
are given.

The symbols represent the experimental data of the NA49
Collaboration [18], and the curves are our results calculated
by the multisource thermal model [15–17]. To show a clear
representation, the values of 𝑓(𝑥

𝐹
, 𝑝
𝑇
) at different 𝑥

𝐹
are

scaled by multiplying constants shown in the figure. In
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Figure 1: Transversemomentumdistributions of antiprotons in𝑝-C
collisions at 158GeV/c.The symbols represent the experimental data
of theNA49Collaboration [18] at different𝑥

𝐹
, and the curves are our

results calculated by the multisource thermal model.

the calculation, we have used the method of 𝜒
2 testing to

determine the parameter values. The value of the only free
parameter is 𝑘𝑇

󸀠
= (150 ± 10)MeV for different 𝑥

𝐹
values

and with the values of 𝜒2 per degree of freedom (𝜒2/dof) is in
the order 0.759, 1.042, 0.564, 0.888, 0.699, 0.994, 0.436, 1.348,
0.895, 0.552, 0.298, 0.424, and 0.450, respectively. One can see
that the model describes well the experimental data.

The distributions of 𝑥
𝐹
and 𝑦 at different 𝑝

𝑇
for 𝑝

produced in 𝑝-C collisions at 158GeV/c are presented in
Figures 2 and 3, respectively. The symbols represent the
experimental data of the NA49 Collaboration [18] and the
curves are our calculated results. The value of 𝑘𝑇󸀠 is the same
as that for Figure 1 and𝐾TS = 0.15 ± 0.01. The values of other
parameters (rapidity shifts) which have a relative error of 6%
are given in Table 1 with the values of 𝜒2/dof. Once again the
model describes well the experimental data.

To see the dependences of different rapidity shifts on 𝑝
𝑇
,

the relations of 𝑦
𝑃max

− 𝑝
𝑇
, 𝑦
𝑃min

− 𝑝
𝑇
, 𝑦
𝑇max

− 𝑝
𝑇
, 𝑦
𝑇min

− 𝑝
𝑇
,

𝑦TSmax
−𝑝
𝑇
, and 𝑦TSmin

−𝑝
𝑇
are given in Figure 4.The symbols

represent the parameter values used in Figures 2 and 3. The
lines are our fitted results described by the equations 𝑦

𝑋
=

𝑎𝑝
𝑇

+ 𝑏, where 𝑦
𝑋
denotes different rapidity shifts and the

values of 𝑎 and 𝑏 are given in Table 2 with the values of𝜒2/dof.
One can see that 𝑦

𝑃max
decreases and 𝑦

𝑇min
and 𝑦TSmin

increase
with the increases of 𝑝

𝑇
. A very slight decrease in 𝑦

𝑇max
and

very slight increases in 𝑦
𝑇min

and 𝑦TSmin
are observed with the

increase of 𝑝
𝑇
. If we define 𝑦

𝑃max
− 𝑦
𝑇min

as the total length
of the projectile and target cylinders, this length shows a
decrease with the increase of 𝑝

𝑇
.The condition 𝑦

𝑃max
−𝑦
𝑇min

=

0 results in a zero length cylinder which gives approximately
the maximum 𝑝

𝑇
to be 3.82GeV/c. From 𝑝

𝑇
= 2GeV/c to

3.82GeV/c, the relations of𝑦
𝑃min

−𝑝
𝑇
,𝑦
𝑇max

−𝑝
𝑇
, and𝑦TSmax

−𝑝
𝑇
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Figure 2: Feynman variable distributions of antiprotons in 𝑝-C
collisions at 158GeV/c.The symbols represent the experimental data
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results calculated by the multisource thermal model.
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calculated by the multisource thermal model.

will not be the same linear changes as those in the region
of 𝑝
𝑇

< 2GeV/c. The projectile and target cylinders will be
frompartly overlapping to totally overlapping.The lengthwill
become in fact shorter and shorter and finally will be a single
source.
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4. Discussions

In the previous discussions, we have assumed in fact that
a thermal equilibrium (or a local thermal equilibrium) is
achieved in the collisionswhen the thermal source freezes out
final-state particles. Thus, the concept of temperature can be
used in our calculation. In the calculation, we have not given
special attention to the possible presence of early emitting
source before an achievement of equilibrium. In fact, when
studying antiprotons instead of protons with leading particle
contributions, the preequilibrium emissions are naturally
excluded. This is the reason that we have not studied protons
but antiprotons.

In high-energy collisions, the most abundantly produced
particles are pions. The produced processes of pions, kaons,
and other particles are more complex than those of antipro-
tons and protons. If we use the relativistic ideal gas model
[19, 20] or other models [1–14] to describe a single source,
in the case of considering properly the number, contribution,
position, and arrangement of the multiple sources, many
particle spectra can be described by the multisource thermal
model [15, 16] or hybrid multisource model. The hybrid
multisource model means that we can use a multicomponent
distribution to describe particle spectra, and the single
component distribution is just obtained from some available
models [1–14]. As an example, we have analyzed only the
antiproton spectra in the present work. In fact, these models
[1–16] describe experimental data of different particles in
different collisions at different energies.

In a previous work [21], the transverse momentum
and rapidity distributions of 𝜙 mesons produced in Pb-Pb
collisions at 20A, 30A, 40A, 80A, and 158AGeV were studied

by using themultisource thermalmodel (ormultisource ideal
gas model). In another previous work [22], the transverse
mass distributions of protons produced in Au-Au collisions
at 8A GeV and Pb-Pb collisions at 158AGeV were studied by
using the same or similar model. Besides, the transverse mass
spectra of protons, pions, kaons, Lambdas, and Antilambdas
produced in Au-Au collisions at 2A, 4A, 6A, and 8AGeV and
Pb-Pb collisions at 20A, 30A, 40A, 80A, and 158AGeV were
studied [23]. The pseudorapidity distributions of charged
particles produced in 𝑝-𝑝 collisions at 0.053, 0.2, 0.54, 0.546,
0.63, 0.9, and 1.8 TeV; the pseudorapidity and multiplicity
distributions of charged particles produced in 𝑝-𝑝 collisions
at 0.9, 2.36, and 7GeV; and the pseudorapidity distribu-
tions of charged particles produced in Pb-Pb collisions at
2.76ATeV were studied too [24–27]. We would like to say
that the multisource thermal model used in the present work
describes different particles produced in different collisions at
different energies. However, the present work is the first one
to describe the antiproton production by the model.

We would like to point out that the temperature extracted
in the present work reflects excitation degree of thermal
source when it freezes out antiprotons. According to pro-
duction process, the source temperature extracted from
proton spectrum is on average less than 150MeV due to
some protons being leading particles and that from meson
spectrum is higher than 150MeV due to violent collisions.
If we exclude the contributions of leading particles, the
temperature extracted from proton spectrum is approxi-
mately equal to 150MeV. These results are consistent with
other measurements in the field [18] and with other model
expectations [14].

The target spectator weighting factor is found to be about
15%.This reflects the contribution of cascade collisions in the
target spectator caused by the produced particles. In high-
energy collisions, the spectator effect cannot be neglected
in most cases. Particularly, in asymmetric collisions such as
proton-carbon collisions, one can obtain some asymmetric
rapidity spectra. The contribution of target spectators has
to be considered. In nucleus-nucleus collisions, both the
contributions of projectile and target spectators have to be
considered.

5. Conclusions

We have analyzed the transverse momentum, Feynman
variable, and rapidity distributions of antiprotons produced
in proton-carbon collisions at high-energy by using the
multisource thermal model. This model assumes that many
sources are formed in high energy collisions. Each source
is treated as a relativistic ideal gas. The distributions of
momenta, transversemomenta, longitudinalmomenta, ener-
gies, kinetic energies, transverse mass, velocities, and other
related quantities for a given kind of particles at a given
temperature in the source rest frame can be obtained.

In the comparisons with the experimental data, the trans-
verse momentum distribution is not related to the source
positions and arrangements but to the temperature of the
rest source. A single-temperature distribution describes the
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Table 1: Values of the rapidity shifts and 𝜒
2/dof for the fits in Figures 2 and 3. The relative errors of the rapidity shifts are 6%.

𝑝
𝑇
(GeV/c) 𝑦

𝑃max
𝑦
𝑃min

𝑦
𝑇max

𝑦
𝑇min

𝑦TSmax
𝑦TSmin

𝜒
2/dof

(Figure 2)
𝜒
2/dof

(Figure 3)
0.1 1.30 −0.55 0.55 −1.52 −0.45 −1.53 0.298 0.603
0.2 1.30 −0.60 0.65 −1.40 −0.50 −1.40 0.719 0.651
0.3 1.28 −0.50 0.50 −1.32 −0.40 −1.32 0.595 0.438
0.4 1.28 −0.45 0.55 −1.30 −0.34 −1.30 0.552 0.501
0.5 1.25 −0.45 0.55 −1.30 −0.34 −1.30 0.425 0.703
0.6 1.25 −0.45 0.55 −1.30 −0.34 −1.30 0.340 0.320
0.7 1.22 −0.45 0.57 −1.24 −0.36 −1.24 0.143 0.586
0.9 1.20 −0.45 0.59 −1.12 −0.38 −1.12 0.207 0.460
1.1 1.00 −0.45 0.49 −1.00 −0.38 −1.00 1.166 1.867
1.3 0.90 −0.45 0.49 −0.90 −0.38 −0.90 0.570a 0.570a

1.5 0.90 −0.45 0.49 −0.90 −0.38 −0.90 0.125a 0.371a
aThe value of 𝜒2 is given instead of 𝜒2/dof.

Table 2: Values of 𝑎 and 𝑏 in equations 𝑦
𝑋

= 𝑎𝑝
𝑇
+𝑏. The unit of 𝑝

𝑇

is GeV/c.

𝑦
𝑋

𝑎 [(GeV/c) −1] 𝑏 𝜒
2/dof

𝑦
𝑃max

−0.324 ± 0.038 1.395 ± 0.031 0.040
𝑦
𝑃min

0.072 ± 0.029 −0.527 ± 0.024 0.115
𝑦
𝑇max

−0.062 ± 0.030 0.586 ± 0.024 0.098
𝑦
𝑇min

0.437 ± 0.031 −1.512 ± 0.025 0.024
𝑦TSmax

0.040 ± 0.033 −0.414 ± 0.027 0.242
𝑦TSmin

0.437 ± 0.031 −1.512 ± 0.025 0.024

transverse momentum distributions of antiprotons produced
in proton-carbon collisions at 158GeV/c measured by the
NA49 Collaboration [18]. From the transverse momentum
distributions of antiprotons, we determine that the source
temperature is approximately 150MeV.

In longitudinal distributions, the distributions of Feyn-
man variables and rapidities are mainly related to the source
positions and arrangements. In rapidity space, these sources
form a projectile cylinder and a target cylinder. Particularly,
in proton-carbon collisions, a target spectator cylinder con-
sisting of a series of sources has a weight for the production of
antiprotons. By using the three cylinders, themodel describes
the distributions of Feynman variables and rapidities for
antiprotons in proton-carbon collisions at high energy. Our
analyses show that the weight of the target spectator cylinder
is 15%. Both the weights of the projectile cylinder and the
target cylinder are the same.

With the increase of the transverse momentum, the
maximum rapidity shift of the projectile cylinder has a
decrease, the minimum rapidity shifts of the target and target
spectator cylinders have increases, the maximum rapidity
shift of the target cylinder has a very slight decrease, and
the minimum rapidity shift of the projectile cylinder and the
maximum rapidity shift of the target spectator cylinder have
very slight increases. The length of the total projectile and
target cylinders decreases with the increase of the transverse
momentum.

Combined with the previous works [15, 16, 21–27] ana-
lyzed by the multisource thermal model, we guess the energy
behavior of some parameters of the model here. For a given
projectile-target impacting system, the rapidity shifts of the
cylinders increase slowly with the logarithmic center-of-mass
energy and do not depend obviously on the centrality. The
temperatures extracted from the hadron spectra increase
slowly with the energy and centrality. The relative contri-
butions of the cylinders, leading nucleons, and spectators
have no obvious relation to the energy but the centrality. In
central collisions, the leading nucleons and spectators have
very limited contributions or no contribution to the final-
state distributions; and in peripheral collisions, they have
large contributions.
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Transversemomentum spectra ofmesons produced in p+p collisions are studied in the framework of a thermalized cylindermodel.
In the region of high transverse momentum, the considered distributions have a tail part at the maximum energy of RHIC. A two-
component distribution based upon the improved cylindermodel is used to fit the experimental data of the PHENIXCollaboration.
It is found that the improved approach can describe the meson production in the wider range of transverse momenta.

1. Introduction

Relativistic heavy ion collisions are performed to study
nuclear matter under extreme temperature and density con-
ditions [1]. Proton-proton collisions are conventionally used
as a reference to compare with nuclear collisions and to
understand the observed collective effects. And the Large
Hadron Collider (LHC) [2] was originally designed to rise
center-of-mass (cm) energy to 14 TeV, which is almost 8 times
the record of 1.8 TeV achieved by the Fermilab in the United
States. After the LHC data obtained in p+p interactions at
√𝑠NN = 900GeV and 7TeV [3, 4], the new interest in
general features of p+p collisions at ultrarelativistic energies
appeared. In p+p collisions, the meson spectra provide
insight into the particle production mechanism and inter-
action in the hadronic and quark gluon plasma (QGP)
phases. Furthermore, the detailed study of meson spectra is
important because it acts as an ingredient for estimating the
hadronic decay backgrounds in the photon, single lepton, and
dilepton spectra, which are the penetrating probes of QGP.
To isolate phenomena related to the dense and hot medium
created in such collisions, it is also important to measure
particle production in smaller collision systems like p-p and
d-Au. Measurements of transverse momentum spectra for
particles produced in p+p collisions are used as a baseline,
to which similar measurements for heavy ion collisions are
compared. In addition, the nuclear modification factor 𝑅AA

of several identified hadrons with high transfer momentum
is used to probe jet quenching.

The information about the production process is retained
by the final-state particle distributions in the collisions [5–
9]. Single-hadron production at large transverse momenta
in high-energy hadronic and nuclear collisions results from
the fragmentation of quarks and gluons issuing from parton-
parton scatterings with large momentum transfer. To explain
the abundant experimental data, different phenomenological
mechanisms of initial coherent multiple interactions and
particle transports were proposed and extended in recent
years [10–15]. The comparison to model calculations can
provide valuable information of the collision evolution and
help better understand properties of the QGP. In particular,
several theorymodels of high energy collisions were reported
in a workshop held at the CERN Theory Institute [16].
Recently, systematic studies on the production of final-
state particles performed by the NA49 collaboration were
discussed [17]. Hadronic transport models fail to describe the
production of final-state particles, while the results of sta-
tistical models are generally in good agreement with the
measured particle yields at available energies.

Based on the one-dimensional string model [19] and the
fireballmodel [20], we have developed a thermalized cylinder
model, which successfully describes the particle production
in heavy ion collisions over an energy range from the Alter-
nating Gradient Synchrotron (AGS) to the relativistic heavy
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ion collider (RHIC) [21–25]. In our previous work [25], the
transverse momentum distributions of strange hadrons pro-
duced inCu+Cu andAu+Au collisions at RHIC energies were
explained by a single component distribution. The excitation
degree of the emission source is allowed to be determined
by studying the transverse momentum spectra, anisotropic
flow effects, and their correlations. We found that the single
component distribution only describes a narrow transverse
momentum rang. Recently, the invariant differential cross-
section for production of neutral mesons in p+p collisions at
√𝑠NN = 200GeV were published by the PHENIX Collabo-
ration [18]. The high 𝑝

𝑇
reach of the transverse momentum

is helpful to characterize the mechanisms of truly pertur-
bative parton-parton scatterings and parton fragmentation
in different QCD environments. Particle yields observed in
these experiments inspired our work. It is interesting for us
to analyze the results of pp collisions at the RHIC energies. In
order to verify the thermalized cylinder model and describe
the broad distribution range, in this paper, wewill develop the
single component spectra into a two-component distribution.

2. The Formula

According to the cylinder model [25], we assume the pro-
jectile and target cylinders to be formed in A+A, d+A and
p+p collisions at high energies. The cylinders are wounded
sources of particles.The idea comes from the observation that
the process of particle production is not instantaneous, which
was noted in [26, 27]. In the reference frame where the longi-
tudinal momentum of a produced particle vanishes, the min-
imal time necessary for its creation is 𝑡

0
⩾ 1/𝑀

𝑇
, where𝑀

𝑇
=

√𝑝2
𝑇
+ 𝑚2. In the laboratory frame, the particle in ques-

tion acquires some longitudinal momentum and we have

𝑡 ⩾ 𝛾𝑡
0
=
𝐸

𝑚2
𝑡

=
cosh𝑦
𝑚
𝑡

, (1)

where 𝛾 and 𝐸 are the Lorentz factor and the energy of the
particle, respectively. So, the resolving power of the longitudi-
nal distance (the uncertainty of the distance from the collision
point to those at which the particle is created) is

𝑙 = V𝑡 =
sinh𝑦
𝑚
𝑡

. (2)

When the rapidity of the produced particle is large enough so
that 𝑙 > 𝑍(𝑏), where 𝑍(𝑏) is the size of the nucleus at a given
impact parameter, the particle cannot resolve individual col-
lisions. It is natural to suggest that its creation may be insen-
sitive to the number of collisions in the source. This is the
origin of the idea of wounded sources. The concept of the
wounded source may practically be applied in the whole
rapidity region.

In AA collisions the cylinder is thick, and in p+p colli-
sions the cylinder is thin. Final-state particles are randomly
produced from emission sources in the cylinder(s). The exci-
tation degree of the side-surface region is naturally lower than
that of the central axis region in the cylinders. From central

axis region to side-surface region of the concerned emission
source, the excitation degree is assumed to decrease linearly
along the transverse axis direction [25]. When the excitation
degree increases, the value of the distribution width 𝜎
becomes bigger and bigger. So, the excitation degree can be
characterized by the momentum distribution width 𝜎. The
emission points with the same excitation degree form an
emission circle in the transversemomentum space.Therefore,
a given 𝜎 corresponds to wounded sources which emits a
fixed density of particles. Let 𝜎

𝑠
and 𝜎

𝑐
denote the widths of

the transverse momentum distribution of particles produced
in the side-surface and central axis regions, respectively. The
distribution of 𝜎 can be given by

𝑓 (𝜎) = 𝐶 (𝜎
𝑐
− 𝜎) , (3)

with the normalization constant

𝐶 =
2

(𝜎
𝑐
− 𝜎
𝑠
)
2
. (4)

According to the single component distribution in theMonte
Carlo calculation, the transverse momentum distribution of
final-state particles can be given by

𝑝
𝑇
= (𝜎
𝑐
− √(𝜎

𝑐
− 𝜎
𝑠
)
2

−
2𝑅
1

𝐶
)√−2 ln 𝑅

2
, (5)

where𝑅
1
and𝑅

2
are the random variable distributed in [0, 1].

In our previous work [25], transverse momentum spectra
of strange particles produced in high-energy collisions were
investigated by the above thermalized cylinder model. Con-
sidering the simply cylinder shape, we obtained the emission
source location dependence of the exciting degree specifi-
cally. It is shown that the single component distribution, that
is, (5), is successful in describing the experimental results
measured by the STAR and PHOBOS Collaborations. More-
over, we found that the single component distribution can
describe a narrow transverse momentum range. To explain
the wider transverse momentum spectra of identified parti-
cles produced in p+p collisions, we need to consider the rel-
ative importance of hard versus soft processes in the particle
production mechanisms at different energies. Hard parton-
parton scatterings with large momentum transfer occur on a
short time scale and are governed by perturbative QCD. The
bulk of particle production occurs via soft processes (with
lowmomentum transfer and consequently longer time scales)
which are described with phenomenological models.

In order to describe the invariant cross-section of hadrons
as a function of 𝑝

𝑇
over a wide range, Hagedorn proposed

an empirical formula [28], which is described as “inspired by
QCD” and is given by

𝐸
𝑑
3
𝑁

𝑑𝑝3
=

𝐵

(1 + 𝑝
𝑇
/𝜆)
𝑛

≃ 𝐵

{{{{

{{{{

{

(
−𝑛𝑝
𝑇

𝜆
) for 𝑝

𝑇
󳨀→ 0,

(
𝜆

𝑝
𝑇

)

𝑛

for 𝑝
𝑇
󳨀→ ∞,

(6)
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where 𝐵, 𝜆, and 𝑛 are fit parameters. The limiting cases show
that the distribution is an exponential form at low transverse
momenta, but it is a power law at large transverse momenta,
which came from “QCD inspired” quark interchange model
[29],

𝐸
𝑑
3
𝑁

𝑑𝑝3
∼ (𝑚
2

𝑇
)
−4

∼
1

(𝑝
𝑇
)
8
. (7)

The dominant contribution to the inclusive cross section
is low 𝑝

𝑇
particles. However, with center of mass energy

increasing, the hardening of the 𝑝
𝑇
distribution implies an

increase of the transverse momentum. At both low 𝑝
𝑇
and

high 𝑝
𝑇
, UA1 collaboration [30] gives a hybrid form,

𝐸
𝑑
3
𝑁

𝑑𝑝3
= 𝐴 exp (−𝑏𝑚

𝑇
) , for 𝑝

𝑇
< 𝑝
𝑐

𝑇
,

=
𝐵

(1 + 𝑝
𝑇
/𝑝
0
)
𝑛
, for 𝑝

𝑇
> 𝑝
𝑐

𝑇
,

(8)

where 𝑝𝑐
𝑇

is a free parameter. In order to give a good
description of pion spectra in wide 𝑝

𝑇
range, the PHENIX

Collaboration [18, 31, 32] found a single form referred as the
modified Hagedorn formula. The modification is to better
describe the 𝜋0 spectrum for wider 𝑝

𝑇
range, in particular at

high 𝑝
𝑇
where the spectrum behaves close to a simple power

law function.The single formula has been used to successfully
describe the hadron spectra measured in p-p collisions at dif-
ferent energies [18, 31, 32]. The formula has been extensively
used in terms of𝑚

𝑇
,

𝐸
𝑑
3
𝑁

𝑑𝑝3
=

𝐵

[exp (−𝑎𝑚
𝑇
− 𝑏𝑚
𝑇

2 + 𝑚
𝑇
/𝜆)]
𝑛
, (9)

where 𝑎 and 𝑏 are the fit parameters.Thedistribution function
is close to an exponential form at low𝑝

𝑇
and a pure power law

form at high 𝑝
𝑇
. Similarly, our model should be improved to

a two-component distribution,

𝑃
𝑇
= 𝑘 (𝜎

1𝑐
− √(𝜎

1𝑐
− 𝜎
1𝑠
)
2

− 2𝑅
1
/𝐶
1
)√−2 ln𝑅

2

+ (1 − 𝑘) (𝜎
2𝑐
− √(𝜎

2𝑐
− 𝜎
2𝑠
)
2

− 2𝑅
3
/𝐶
2
)√−2 ln𝑅

4
,

(10)

where 𝑅
3
and 𝑅

4
are the random variable distributed in

[0, 1], 𝑘(1 − 𝑘) and 𝐶
1
(𝐶
2
) are the contribution coefficient

and normalization constant of the first (second) component
respectively, and 𝜎

1𝑠
(𝜎
2𝑠
) and 𝜎

1𝑐
(𝜎
2𝑐
) are themomentumdis-

tribution widths of particles produced in side-surface region
and central axis region of the first (second) component,
respectively. Our calculation shows that𝐶

1
̸=𝐶
2
.The first and

second items in (10) correspond to the contributions of soft
production and hard emission, respectively.

The basic model assumes the cylinders with the emitted
momentum distribution width changing from the side-sur-
face to the central axis. In fact, except for themost central col-
lisions, the active (overlap) region is certainly not cylindrical.

We could understand the “cylinder” as a nonperfect cylinder
along the beam direction in the momentum space but not a
perfect cylinder in the coordinate space.The emission sources
with the same excitation degree stay at the same (sub)surface.
This situation is similar to the equipotential surface in electro-
magnetism.

3. Comparison with PHENIX Results

The invariant differential cross-sections of neutral mesons
produced in p-p collisions at nucleon-nucleon center-of-
mass energy √𝑠NN = 200GeV in various decay modes
are presented in Figure 1. The symbols represent the exper-
imental data of the PHENIX Collaboration [18] and the
curves are our calculated results by using (10). The 𝜒2 testing
provides statistical indication of the most probable value
of corresponding parameters. The values of 𝑘, 𝜎

1𝑐
− 𝜎
1𝑠
,

and 𝜎
2𝑐
− 𝜎
2𝑠
obtained by fitting the experimental data are

given in Table 1 with 𝜒2 per degree of freedom (dof). The
maximum value of the observed 𝑝

𝑇
reaches about 13.0GeV.

We see that the calculated results approximately agree with
the experimental data for neutral mesons in the region. The
values of 𝑘, 𝜎

1𝑐
, and 𝜎

2𝑐
are taken to be 99.98±0.02, 1.70±0.12

and 4.64 ± 0.35, respectively. Both 𝜎
1𝑠
, and 𝜎

2𝑠
values do not

change obviously.
To compare these results to other particles, we show the

invariant differential cross sections of different particles pro-
duced in p+p collisions at √𝑠NN = 200GeV in various decay
modes in Figure 2.Thedifferent symbols are the experimental
data of the PHENIX Collaboration [18]. The solid curves are
our results calculated by the model. By fitting the experimen-
tal data, the parameter values are given in Table 1 with the val-
ues of 𝜒2/dof. Similar to Figure 1, the values of 𝜎

1𝑠
(𝜎
2𝑠
) do not

change significantly. We see again that the model describes
approximately the invariant differential cross-sections of
final-state mesons produced in p+p collisions at the highest
RHIC energy. Compared with the case of Figure 1, the values
of parameters do not change significantly.

In Figure 3, we present the invariant cross section at
midrapidity for 𝜂 in p+p collisions at √𝑠NN = 200GeV. The
symbols are the experimental data of the PHENIX Collab-
oration [33, 34]. The solid curves are our results calculated
by the model. The dotted and dashed curves are our results
corresponding to the contributions of the first and second
items in (10).The parameter values and corresponding𝜒2/dof
are given in Table 1. One can see the particle production of
soft production and hard emission intuitively in the figure.

In order to testify the validity of the model, Figure 4
shows the invariant 𝜋0 cross section, 𝐸𝑑3𝜎/𝑑3𝑝, in p+p col-
lisions at different RHIC energies. The symbols are the
experimental data of the PHENIX Collaboration [35]. The
solid curves are our results calculated by the model. The
dotted and dashed curves are our results corresponding to
the contributions of the first and second items in (10). The
values of 𝑘, 𝜎

1𝑠
∼ 𝜎
1𝑐
, and 𝜎

2𝑠
∼ 𝜎
2𝑐
are given in Table 2 with

the corresponding 𝜒2/dof.The calculated results are in agree-
ment with the experimental data in p-p collisions at the
RHIC energies. The 𝑘 values decrease with the increase of
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Table 1: Values of the parameters 𝑘, 𝜎
1𝑠
∼ 𝜎
1𝑐
, and 𝜎

2𝑠
∼ 𝜎
2𝑐
obtained by fitting the experimental 𝑝

𝑇
spectra in Figures 1, 2, and 3. The units

of 𝜎
1𝑠
, 𝜎
1𝑐
, 𝜎
2𝑠
, and 𝜎

2𝑐
are GeV/c.

Particle 𝑘 (%) 𝜎
1𝑠
∼ 𝜎
1𝑐
(× 0.1) 𝜎

2𝑠
∼ 𝜎
2𝑐
(× 0.1) 𝜒

2/dof
𝜔 99.97 ± 0.01 0.09 ± 0.02 ∼ 1.66 ± 0.10 1.28 ± 0.10 ∼ 4.55 ± 0.24 1.000

𝐾 99.97 ± 0.01 0.06 ± 0.01 ∼ 1.60 ± 0.12 1.22 ± 0.10 ∼ 4.50 ± 0.21 1.310

𝜂
󸀠

99.98 ± 0.01 0.07 ± 0.01 ∼ 1.68 ± 0.10 1.28 ± 0.10 ∼ 4.65 ± 0.27 0.472

𝜙 99.99 ± 0.00 0.05 ± 0.01 ∼ 1.72 ± 0.10 1.30 ± 0.10 ∼ 4.75 ± 0.24 0.407

𝜋 99.96 ± 0.01 0.08 ± 0.01 ∼ 1.65 ± 0.10 1.26 ± 0.10 ∼ 4.52 ± 0.22 0.210

𝜂 99.97 ± 0.01 0.06 ± 0.01 ∼ 1.61 ± 0.11 1.24 ± 0.11 ∼ 4.48 ± 0.26 0.240

𝑝 + 𝑝 100.00 ± 0.01 0.10 ± 0.02 ∼ 1.78 ± 0.10 — 0.278

𝐽/𝜓 100.00 ± 0.01 0.16 ± 0.03 ∼ 2.25 ± 0.15 — 0.447

𝜓
󸀠

100.00 ± 0.01 0.18 ± 0.04 ∼ 2.10 ± 0.12 — 0.470

Table 2: Values of the parameters 𝑘, 𝜎
1𝑠
∼ 𝜎
1𝑐
, and 𝜎

2𝑠
∼ 𝜎
2𝑐
obtained by fitting the experimental 𝑝

𝑇
spectra Figure 4. The units of 𝜎

1𝑠
, 𝜎
1𝑐
,

𝜎
2𝑠
, and 𝜎

2𝑐
are GeV/c.

Particle Energy (GeV) 𝑘 (%) 𝜎
1𝑠
∼ 𝜎
1𝑐
(×0.1) 𝜎

2𝑠
∼ 𝜎
2𝑐
(×0.1) 𝜒

2/dof

𝜋
0

22.4 100.00 ± 0.01 0.05 ± 0.01 ∼ 1.05 ± 0.06 — 0.600

62.4 99.95 ± 0.01 0.05 ± 0.01 ∼ 1.26 ± 0.09 1.10 ± 0.07 ∼ 4.14 ± 0.20 1.104

200 99.69 ± 0.02 0.07 ± 0.01 ∼ 1.69 ± 0.12 1.29 ± 0.10 ∼ 4.58 ± 0.25 0.422
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Figure 1: Invariant differential cross-section of neutral mesons
measured in p+p collisions at √𝑠NN = 200GeV in various decay
modes. Experimental data measured by the PHENIX Collaboration
[18] are shown by the scattered symbols. Our results calculated from
the cylinder model are shown by the curves.

the collision energy, and 𝜎
𝑠
has no obvious change, equals

only about 0.60GeV/c. The values of 𝜎
1𝑐
(0.99–1.81 GeV/c)

and 𝜎
2𝑐
(3.94–4.83GeV/c) increase with the collision energy

increasing.As discussed in detail in [25], the excitation degree
of emission source on the cylinder central axis becomes
higher due to the higher collision energy.

We would like to point out that the calculated results
in Figures 1–4 are obtained by (10), which is a general
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Figure 2: Invariant differential cross-sections of different particles
measured in p+p collisions at √𝑠NN = 200GeV in various decay
modes. Experimental data measured by the PHENIX Collaboration
[18] are shown by the scattered symbols. Our results calculated from
the cylinder model are shown by the curves.

representation in the Monte Carlo method. Equations (6)–
(9) are only used to explain why the two components need to
be considered in (10). The curves in the figures are numerical
results from (10). Some of them are not smooth due to low
statistics.
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Figure 3: Invariant 𝜂 cross section at midrapidity as a function of
transverse momentum in p+p at √𝑠NN = 200GeV. The error bars
are the statistical uncertainties. Experimental data taken from the
PHENIX Collaboration [33, 34] are shown by the scattered symbols.
Our results calculated from the cylinder model are shown by the
curves.
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Figure 4: Invariant 𝜋0 cross-section as a function of transverse
momentum in p+p collisions at different RHIC energies. The error
bars are the quadratic sumof statistical and systematic uncertainties.
Experimental data taken from the PHENIX Collaboration [35] are
shown by the scattered symbols. Our results calculated from the
cylinder model are shown by the curves.

4. Discussion

The above comparison shows that the improved cylinder
model can be used in the description of themesonproduction
in the wider range of transverse momenta. The values of
𝜒
2/dof for all fits are shown in Tables 1 and 2. The maximum

value is 1.420, and the minimum value is 0.246. We demon-
strate that the calculated results are in good agreement with
the available experimental data. In our calculation, 𝑘 is the
most important parameter which determines the distributive
slope and range. In most cases, the second item cannot be
neglected due to the contribution of the hard process. A large
𝑘 (≃1) gives a precipitous and narrow distribution, whereas
a smaller 𝑘 (<1) gives a subdued and wide distribution.
The second item in (10) is very small (<0.01) and does not
contribute to the spectra at the lowest RHIC energy. In p+p
collisions for different energies, we see that 1 − 𝑘 increases
slightly with the increasing of collision energies. This means
that the contribution of hard emission increases slightly. For
the asymmetric system of d+Au collisions, it is predicted that
the values of 𝑘 do not change significantly due to the spatial
asymmetry of the collision nucleons. Scattering processes at
high energy hadron colliders can be classified as either hard
or soft. QuantumChromodynamics (QCD) is the underlying
theory for all such processes, but, the approach and level
of understanding arevery different for the two cases. For
hard processes (e.g., Higgs boson or high 𝑝

𝑇
jet production),

the rates and event properties can be predicted by using
perturbation theory. In addition, for soft processes (e.g., the
total cross section, the underlying event, etc.), the rates and
properties are dominated by nonperturbative QCD effects,
which are less well understood. Formany hard processes, soft
interactions are occurring along with the hard interactions
and their effects must be understood for comparisons to be
made to perturbative predictions. An understanding of the
rates and characteristics of predictions for hard processes,
both signals and backgrounds, using perturbative QCD
(pQCD) is crucial for both the Tevatron and LHC. We are in
a position to evaluate the soft and hard contributions to the
observed spectra by using 𝑘 in the statistical model.

The particles produced in high-energy nuclear collisions
have attracted much attention since people are trying to
understand the properties of strongly interacting quark-
gluon plasma by studying the possible production mecha-
nisms [36, 37]. The final-state particles are emitted isotrop-
ically in the rest frame of emission sources with the different
excitation degree in collisions. If we consider that the local
emission source has a motion in the transverse direction,
there are interactions among the emission sources, then the
transverse flow (directed flow and elliptic flow) can be
explained by themodel.Thermal-statisticalmodels have been
successful in describing particle yields in various systems at
different energies. The cylinder model is developed from the
fireball model, which is suggested in heavy-ion collisions
[20]. The excitation degree varies with location in the cylin-
der. In the previous work [25], we obtained the emission
source location dependence of the exciting degree specifi-
cally. From central axis to side-surface of the cylinder, the
excitation degree of the emission source decreases linearly
with the direction of radius. The excitation degree can easily
be characterized by the corresponding distribution width,
which is written as (4) by using the Monte Carlo calculation.
In the model, because of the influence of the emission source
temperature, the values of 𝜎

𝑠
are much smaller than those
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of the 𝜎
𝑐
. It is consist with the conclusion of [15], where the

temperature of the fireball decrease linearly with time.
In the present work, we improve the method by con-

sidering the difference between the soft and hard emission.
The parameters 𝜎

1𝑐
(𝜎
1𝑠
) and 𝜎

2𝑐
(𝜎
2𝑠
) are used to describe the

excitation degrees of emission sources closing to the side-
surface and central axis of the cylinders, respectively.They are
in fact reflections of the excitation degree of the soft emission
process and the hard emission process, respectively. Our
results agree well with the considered distributions ofmesons
with high transversemomenta produced in nuclear collisions
at RHIC energies. At finite temperature, the stronger the colli-
sion strength, the larger the excitation degree. Therefore, on
the central axis of the cylinder, the interaction between par-
ticles is strongest, and the excitation degree is highest. For dif-
ferent collision energies, our results in the improved cylinder
model show that the parameters 𝜎

1𝑐
and 𝜎

2𝑐
slowly increase

with the increasing of energy, and no obvious change can be
observed in the values of 𝜎

𝑠1
(𝜎
𝑠2
). The dependence of para-

meters on energies renders that intranuclear cascade colli-
sions in the central axis regions play a more important role at
higher energy. In the side-surface regions, a high multiplicity
at high energy does not contribute to a high excitation degree
due to weak intranuclear cascade collisions. In our opinion,
high 𝑝

𝑇
hadrons come primarily from the central region due

to their large emission angles. And high momentum hadrons
come primarily from the side-surface region due to their
weak cascade collisions.

5. Conclusions

In summary, the transverse momentum distributions of
mesons produced in p+p collisions at the RHIC energies
have been studied in the framework of the improved cylinder
model. The model is successful in description of the high
transverse momentummeson production. Based on our phe-
nomenological approach, we evaluated the soft and hard con-
tributions to the observed spectra. At the same time, it can
offer some information about soft andhard interactions in the
collisions. In our previous work, a rudimentary investigation
of the azimuthal anisotropy has been carried basing upon the
cylinder model. Combined with the present work, the model
can be used to describe uniformly the momentum distri-
butions of final-state particles produced in high energy colli-
sions.
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