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Mutual coupling in antenna arrays is a topic of continuous
interest to the researchers and application engineers in the
ﬁeld. Since the application of antenna arrays has been extended to many areas in modern days, the study of the
mutual coupling phenomenon has become a popular and
important topic of research. We have seen many new
methods to analyse compensate for the mutual coupling
eﬀect in the last few years. In 2009, we have coordinated the
ﬁrst special issue on “Mutual Coupling in Antenna Arrays”.
We have received 16 submissions and 9 of them have been
recommended for publication. In this second special issue,
we have received 29 manuscripts, out of which 17 have been
recommended for publication by dedicated reviewers. All
the accepted papers in both special issues have been subject
to a strict peer-reviewing process. On one hand, we greatly
acknowledge the reviewers for their professional reviews of
the manuscripts, while, on the other hand, we are pleased to
see that a much larger attention has been paid by the authors
to this second special issue. The 17 accepted manuscripts
can be grouped into ﬁve categories: the implication of
mutual coupling problem in antenna array design, mutual
coupling in MIMO system antenna arrays, mutual coupling
in direction ﬁnding problems, mutual coupling in wideband
antenna arrays, and calibration methods for the mutual
coupling eﬀect. A quick reference to these papers is given
below to introduce them to the interested readers.
In the ﬁrst category, the paper “An optimal design of
multiple antenna positions on mobile devices based on mutual
coupling analysis” by P. Uthansakul et al. introduces a method
of using the genetic algorithm (GA) to ﬁnd the optimal
antenna positions on a mobile device in order to achieve
an optimum operation under the inﬂuence of the mutual
coupling eﬀect. In the paper, “Synthesis of antenna arrays

and parasitic antenna arrays with mutual couplings” by M.
Thevenot et al., the authors present a synthesis method
for various types of moderate-size antenna arrays together
with their feeding networks with an aim to optimize the
array performance in the presence of mutual coupling
eﬀect. The paper “A Compact low-permittivity dual-layer ebg
structure for mutual coupling reduction” by A. Azarbar and
J. Ghalibafan proposes a dual layer electromagnetic bandgap
(EBG) structure, which has a lower resonant frequency than
a single-layer one, to reduce the mutual coupling between
an E-plane-coupled microstrip antenna array, resulting in
a signiﬁcant 19 dB mutual coupling reduction. The paper
“Mutual coupling eﬀects analysis in a cross-rhombic antenna
array” by J. Sosa-Pedroza et al. presents a full-wave simulation analysis of the mutual coupling eﬀect in a conformal
array consisted of cross-rhombic antennas. Results have been
obtained on the radiation patterns and the S11 parameters of
the array. The paper “A novel design of microstrip arrays for
relay-based wireless network” by I. Petropoulos et al. reports
a design of relay-station antenna arrays based on reducing
the mutual coupling between the access link array and the
backhaul link array, achieving a coupling typically less than
−40 dB. In the last paper of this category, “Optimization of
a 12.5 GHz microstrip antenna array using Taguchi’s method”
by M. Spasos, et al., the authors present an optimization
design of a simple planar 5 × 5 microstrip antenna array with
interconnected elements to achieve a good input matching
(with S11 < −10 dB) without using any matching network.
They used the Taguchi’s optimization method in the design
which shows low interelement mutual coupling as well as
good self-impedance matching.
In the second category, the paper “Investigation into the
impact of mutual coupling on the performance of a multiuser
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mimo system employing generalized channel inversion technique” by F. Wang et al. reports an investigation into the
performance of a multiuser MIMO system employing generalized channel inversion scheme. The investigation specially
considers the eﬀects of spatial correlation and antenna
mutual coupling which are signiﬁcant in compact array
antennas. In the paper “An envelope correlation formula
for (N,N) MIMO antenna arrays using input scattering
parameters, and including power losses” by Y. A. S. Dama et
al., the authors present a method to derive a closed-form
expression for the correlation coeﬃcient in terms of the
scattering parameters of an antenna array. This expression
takes into account the antenna mutual coupling as well as
possible antenna losses into account. The paper “Optimal
antenna selection designs for coupled MIMO systems” by P.
S. Taluja and B. L. Hughes reports that the presence of
inactive antennas in a coupled MIMO system can profoundly
alter the system performance when the antennas are strongly
coupled. A new antenna selection technique that seeks to
exploit mutual coupling to improve the system performance
is proposed. In the last paper in this category, “The noise performance of a multiple-input-port and multiple-output-port
low-noise ampliﬁer connected to an array of coupled antennas”
by F. Broydé and E. Clavelier, the authors investigated a noise
characterization method for low-noise ampliﬁers connected
to a mutually coupled antenna arrays. The noise ﬁgures of
the low-noise ampliﬁers were deﬁned and determined.
In the third category, the paper “Spatial correlation for
doa characterization using von mises, cosine, and gaussian
distributions” by W. J. L. Queiroz et al. presents mathematical
expressions for the spatial correlation between elements of
linear and circular antenna arrays, considering cosine, Gaussian, and Von Mises distributions for the direction-of-arrival
(DoA) of the electromagnetic waves at the receiver antenna.
The expressions obtained for the Von Mises distribution
can include or exclude the mutual coupling eﬀect and are
simpler than those obtained for the cosine and the Gaussian
distributions of the angle of arrival. In the paper “Eﬀects of
ground constituent parameters on array mutual coupling for
DOA estimation” by I. Ahmed et al., the authors suggested
the use of an imperfect ground plane to reduce the mutual
coupling eﬀect of a monopole antenna array mounted
over the imperfect ground plane. A factor of 4 in the
decrease in both the real and imaginary parts of the mutual
coupling eﬀect is reported. In the paper “A Subspace-based
compensation method for the mutual coupling in concentric
circular ring arrays for near-ﬁeld source localisation” by
M. J. Abedin and A. S. Mohan, the authors proposed a
technique for compensating the eﬀect of mutual coupling
on parameter estimation that is suitable with any subspacebased superresolution algorithms. The method has been
demonstrated on a concentric circular-ring array formed by
thin-dipole antennas in the receiving mode for near-ﬁeld
source localization.
In the fourth category, there are two papers. The ﬁrst
paper “Wideband analysis of mutual coupling compensation
methods” by S. Henault and Y. M. M. Antar compares the
performance of various mutual coupling estimation and
compensation methods for wideband antenna arrays. The
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main limitations and the required procedures to estimate
the coupling matrix are outlined. This paper found that
only the full-wave method is accurate at all frequencies. In
the second paper “Mutual coupling eﬀect on ultrawideband
antenna array performance” by O. Ahmed and A. R. Sebak,
the mutual coupling eﬀect between array elements of twoand four-element ultrawideband (UWB) linear arrays on the
performances of these arrays is investigated. This study found
that an array bandwidth improvement is achieved for both
array types when mutual coupling is strong enough. It also
found that mutual coupling enhances the array realizable
gain, especially in the mid-frequency band (5–8.5 GHz)
while it deteriorates the gain outside this frequency range.
In the last category, the ﬁrst paper “A measurement system
for the position and phase errors of the elements in an antenna
array subject to mutual coupling” by T. Lindgren and J. Borg
discusses a method of estimating the position and phase of
each individual antenna element in an array in the presence
of mutual coupling. The method uses both the measured
scattering matrix and the measured electric ﬁeld with four
probes located in the near-ﬁeld of the array. The second
paper “An external calibration method for compensating for
the mutual coupling eﬀect in large interferometric aperture
synthesis radiometers” by J. Dong deals with the antenna
mutual coupling eﬀect in interferometric aperture synthesis
radiometers (IASRs) which degrades the radiometric system
performance. First, the conventional mutual impedance
method is adopted to analyze the mutual coupling eﬀect in
the performance of IASR and a practical model of the
coupled visibilities is developed. Based on the model, an
external calibration method is proposed to compensate for
the mutual coupling eﬀect.
The papers in this second special issue came from various
types of studies. These papers reported the handling of the
mutual coupling problem in antenna arrays for various applications. Through the collection of these papers, we hope
to bring out the state-of-the-art research on mutual coupling
in antenna arrays such that more ideas and research on this
topic can be encouraged to come out in the future.
Hoi Shun Lui
Hon Tat Hui
Marek Bialkowski
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A synthesis method to design multielement antennas with couplings is presented. The main objective is to perform a rigorous
determination of the electromagnetic characteristics involved in the design, especially with arrays of moderate sizes. The aim is
to conceive jointly and eﬃciently the antenna and the circuits to connect (feed distribution network, power ampliﬁers, reactive
loads, etc.). The subsequent objective is to improve the understanding and capabilities of strongly coupled antennas. As a whole,
the synthesis procedure is then applied to diﬀerent antenna architectures in order to show its eﬃciency and versatility. A focus
on some antenna concepts where the management of couplings is a key factor to improve the performances is presented. After
describing the synthesis procedure, the ﬁrst category of coupled multielement antenna studied concerns radiating arrays in linear
or circular polarization. A design including couplings eﬀects on an active array is also presented. Then, the method is applied to
parasitic antenna arrays and a speciﬁc investigation on reﬂectarray antenna is performed as they can be considered as a particular
case of parasitic arrays.

1. Introduction
1.1. Context. Multielement antennas are widely used for
years in wireless communications because of their potentialities in terms of high gain beam scanning and complex beam
shaping. Most of applications of radiating arrays concerns
very large panel (more than 20 wavelength side) with several
hundreds or thousands of elements because they are often
dedicated to speciﬁc applications in the ﬁeld of space or
military missions. The high number of elements allows a
high beam scan resolution for radar [1] or a well deﬁne
contour to optimize (equivalent isotropic radiated power)
EIRP for beam shaping [2].
Nevertheless, needs for moderate-size multielement antennas are growing because of the fast evolution of consumer
telecommunication market. To obtain high data rate, an
antenna gain increase is required. Moreover, as the devices
including radiating elements must face a constant service evolution, multielement antennas with reconﬁguration
capabilities and moderate gain (between 10–20 dB for a
directive pattern) would be of great interest to perpetuate

telecommunications infrastructure for both end-users and
operators.
Whatever the multielement antenna size, one of the main
diﬃculties to tackle consists in reaching the highest eﬃciency
for the design and avoiding some phenomena like scan
blindness, especially while couplings are strongly impacting
the performances. Furthermore, the electromagnetic performance optimization is a critical point to reduce the antenna
cost, especially in the case of consumer applications.
Therefore, accurate modeling methods are representing
a key factor for a successful design. Nevertheless, the electromagnetic size of the multielement antenna (in terms of wavelengths) and the accuracy required to satisfactorily represent
small geometric details lead to large calculation volume,
and thus, to prohibitive execution time. That is why several
modeling methods have been developed.
1.2. Summary of Modeling Methods. Several approaches have
been investigated for radiating arrays, and especially for large
arrays. The easiest way to determine the radiation pattern
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consists in the product of an isolated element and an array
factor [3]. However, it neglects both couplings and edge
eﬀects. A better and widely used approach is based on the
calculation of an active element pattern (AEP), which takes
into account a particular state of coupling [4]. It corresponds
to the behavior of a neighbored element when the others
are terminated in matched loads. The radiation pattern of
the whole array is then calculated with the array factor
and this active pattern, assumed to be same whatever the
element location on the panel. Even if it does not account
for edge eﬀects and diﬀerent coupling states, the results
are eﬃcient provided the array is large enough. In order
to overcome these edge eﬀects, improvements have been
performed by considering an original induced element pattern
Method (OIEPM) which consists in considering an interior
element group and two edge element groups to constitute a
subarray [5]. Thanks to this approach, both edge eﬀects and
a better approximation of couplings are accounted provided
that the number of elements contained in the edge element
group is enough and has been well deﬁned. In fact, the
authors have shown that this choice has a strong impact on
results.
As they directly impact the performances of the antennas
in multibeam telecommunications, direct radiating arrays
(DRAs), radar, or in direction-of-arrival (DOA) estimations,
mutual couplings have been widely studied in the literature.
Apart from the above methods, several formalisms directly
refer to mutual couplings and array synthesis. Circuit theory
from [6] has been extensively used and allows estimating
the eﬀects of couplings with a relative easiness. More
recently, detailed studies dedicated to mutual coupling of
antenna arrays operating in transmitting and receiving
modes have been presented [7–9]. The authors consider
the antenna array in receiving mode with an external
plane wave excitation. Moreover, the antenna elements are
terminated with known impedances contrary to [6] where
open-circuit terminations are considered in transmitting
mode. This method, known as receiving-mutual-impedancemethod (RMIM), has proven a good eﬃciency for mutual
coupling compensation in DOA estimation. A recent review
of other methods is also given in [10].
Other formalisms have been developed to design large
array. The Floquet modal analysis is a very fast way to
determine the radiation pattern of a neighbored element
considered in an inﬁnite and periodic lattice [11]. However, it
supposes that couplings are identical whatever the radiating
element location, that is, that they are identical. The edge
eﬀects are also neglected. Some extensions of this formalism
have been presented in [12] to extract an active element
pattern and the array scattering matrix.
A subsequent problematic in the antenna array modeling
consists in an accurate determination of ﬁne details, especially when complex radiating elements (aperture-coupled
patches, high impedance surfaces) are considered. In order to
model the diﬀerent details, some methods have been developed. Among them, the scale-changing technique (SCT)
consists in a successive modeling of the array elements, from
the smallest to the highest [13]. The diﬀerent sub-domains
are cascaded through scale changing networks, representing
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the electromagnetic coupling between adjacent scale levels.
Such a method has been applied to the design of frequency selective surface (FSS) or reﬂectarrays [14]. Another
approach based on a decomposition of the computation
domain related to the electromagnetic ﬁelds is also presented
in [15]. It allows a fast modeling of large array. These
two methods present the advantage to avoid hybridization
between simulation tools which can be a source of inaccuracy
when joining formulations. The main diﬃculty remains the
splitting of the diﬀerent scale or volume which strongly
aﬀects the results and require expert users.
Through the diﬀerent methods aforementioned, it appears that the main diﬃculty for an antenna designer is to
choose the method with the best approximation, depending
on the complexity of the radiating element and the size of the
array.
1.3. Motivations for the Proposed Approach. The previous
approaches have essentially been justiﬁed because research
and engineering on multielement antennas are based on
very wide panel containing several hundreds or thousands of
elements. Moreover, a full-wave simulation of such meshing
volume would have been unfeasible until a recent past.
In fact, apart from supercomputers, desktop computers or
workstations have now reached very large computing capabilities, especially thanks to the strong increase of memory
sizes on 64 bits systems and multicore support. Moreover, an
important development of fast multipole methods (FMMs)
has allowed a faster resolution of antenna problems with
iterative solvers based on Method of Moments (MoM) [16,
17]. Commercial software, like FEKO, includes a multilevel
FMM to simulate large electromagnetism structure with a
user-friendly interface [18]. However, the user must be aware
that such methods, even if they are based on full-wave
formalism, require some care while considering convergence
criterion.
Another critical point that must be noticed is the optimization through synthesis procedures. As a parametric
analysis is more and more time consuming when the electromagnetic characteristics are well detailed, a synthesis
procedure is necessary to accurately deﬁne the exact weightings satisfying an objective pattern or polarization goal.
In fact, in the case of moderate-size arrays (below several
hundreds of elements), a part of the previous methods leads
to ineﬃcient synthesis results. Formalisms based on Floquet
modal decomposition do not represent the ﬁniteness of the
structure whereas edge eﬀects become higher. Moreover,
in case of diﬀerent radiating element nature or aperiodic
lattice, the results will be inaccurate. The same conclusions
are valid for the AEP method. In the case of OIEPM, SCT,
or MLFMM, more versatile structures can be modeled with
a quite good approximation of couplings and edge eﬀects.
However, the result accuracy is strongly dependent of the
user skills and experience with these methods. Therefore,
it seems to be diﬃcult to design such moderate-size array
without the support of a full-wave method combined to an
analytical rigorous formalism for speed improvement.
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In this article, we focus on a simple and versatile
method accounting for couplings and easy to integrate in a
synthesis process. It is partially based on previous results on
strongly coupled feeds in electromagnetic bandgap (EBG)
[19]. By combining full-wave modeling to compute each
elementary cell radiation patterns and the array scattering
matrix, a synthesis procedure is used to compute rigorous
excitation weightings of the array. Added to its accuracy,
the originality of this approach consists in the fact that it
is multipurpose and not only dedicated to antenna array.
In fact, it can also be used to synthesize reactive loads of a
reconﬁgurable array and it can be easily suited to parasitic
antenna array (PAA) and to reﬂectarrays, which can be
considered as a speciﬁc case of a PAA. In these last two cases,
the exact determination of mutual coupling is a crucial point,
especially if a reconﬁgurable architecture is investigated.
The next section describes the method and the synthesis
procedure including couplings. In Section 3, it is applied to
antenna arrays with diﬀerent radiation objectives in linear
or circular polarization. An example with an active array is
also given to use the method for predicting power ampliﬁer
performances while they are loaded on active impedances
(due to couplings). Measurements are given to validate the
synthesis procedure. In Section 4, the method is arranged to
be used with PAA and reﬂectarrays.
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2. Theoretical Formalism

2.1. Coupling Mechanisms and Input Impedances. The mutual coupling between antennas induces electrical perturbations. Let us consider a distribution of antennas “i” excited
by feeds characterized by their input impedances ZGi and the
electromotive force (emf) Egi . This hypothesis is illustrated
in Figure 1. ZEi are the resultant impedances of the antennas.
These impedances take into account the mutual coupling
between the antennas. The radiation pattern Φ of the array is
a linear combination of the elementary radiation patterns Φi
of each elementary antenna. An elementary radiation pattern
(or AEP) is obtained while exciting only the “i” antenna
with a normalized power, while the other antennas “ j =
/ i”
are connected to a port impedance ZG j . Φi contains the
unnormalized radiated ﬁelds.

U2

Figure 1: Illustration of couplings between antennas.

ZGi

The coupling between two antennas close from each other
can occur because of radiation in free space, propagation
of surface waves, capacitive and inductive couplings, and
so forth. In the design of antenna arrays, the coupling
phenomena should not be neglected. Indeed, the diagrams
of the sources in an array are generally diﬀerent from the
isolated element pattern. In addition, the mutual coupling
aﬀects the antenna input impedance, that is, a part of the
energy radiated by each port is captured by the nearby
accesses. If these energies are not dissipated by isolators, they
can interfere with the feed network (for a passive antenna) or
the LNAs (for an active antenna) which are connected to the
antenna ports. Consequently, it aﬀects the radiation pattern
and may damage the eﬃciency.

Eg2

Mutual coupling



I0i

IAi
bi

Figure 2: Equivalent electrical scheme of an antenna in the array.

The resulting radiation pattern results from (1):
⎛ ⎞
β1


Φ1 Φ2

⎜ ⎟
⎜ ⎟
 ⎜ β2 ⎟
⎜ ⎟
· · · Φn · ⎜ . ⎟ = Φ.
⎜.⎟
⎜.⎟
⎝ ⎠

(1)

βn
The relation linking the weights {β1 , β2 , β3 , . . . , βn } with
the voltages {U1 , U2 , U3 , . . . , Un } applied to each antenna
port will be given later.
In order to help the understanding, the equivalent
electrical scheme of Figure 2 is proposed [19]. It is valid for
each elementary antenna in the array. This scheme considers
that all the antennas are fed. I0i are the feeding currents (I0i =
Egi /ZGi ). I0i are the currents induced by the radiations of the
other antennas. These currents are driven by the voltages that
are applied on each elementary antenna of the array. They are
expressed by (2):
I0i =

αi j U j ,
j=
/i

[αi j ] is the coupling admittance matrix.

(2)
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ZAi are the intrinsic impedances of the elementary
antennas. They can be deduced while I0i are oﬀ, that is, when
all the other antennas j =
/ i were short circuited.
With reference to Figure 2, (3) can be easily deduced,
⎛

⎞

Z Z
Ui = Ai Gi ⎝I0i −
αi j U j ⎠,
ZAi + ZGi
j=
i
/

(3)

leading to the matrix relation of (4):
⎛Z

A1

+ ZG1

···

αn1

⎛

αn2

I01

⎜ ⎟
⎜0⎟
⎜ ⎟
⎜ ⎟
= ⎜ . ⎟.
⎜.⎟
⎜.⎟
⎝ ⎠

0
(4)

⎜ ⎟
⎜I0 ⎟
⎜ 2⎟
⎜ ⎟
= ⎜ . ⎟.
⎜ . ⎟
⎜ . ⎟
⎝ ⎠

I0n
Notice that the driven voltages (U1 to Un ) depend on the
feeding ports {I0i ; ZGi } and the interactions [αi j ] of the other
antennas in the array.
The input impedance ZEi , deﬁned by (5) for each
elementary antenna is obtained while all the antennas are
simultaneously fed with the compliant weight. From (5) and
the current law applied to Figure 2, ZEi can be written as in
(6) for the coupled array:
Ui
,
Ii

(5)

ZGi Ui
.
ZGi I0i − Ui

(6)

This result exhibits that the input impedance appears
as a function of both the mutual couplings and the driven
voltages.
The next paragraph deals with the impedance matching
of this multiport array antenna.
2.2. Impedance Matching. The objective is to achieve the
impedance matching of all access, that is, to change the
characteristic impedance of each antenna port (ZGi ) by a load
impedance ZLi satisfying (7) and (8):
∗
ZLi ≈ ZEi
,

(7)

ZEi ≈ ZLi · exp− j.2.∠ZLi .

(8)

∗
Then, the aim is to seek ZLi
values that will satisfy
the relation (10) and thus realize the overall matching of
the array. The Ui data are linked to the radiation pattern
objectives.

2.3. Solving the Problem. The last equations describe the
behavior of the array while all the antennas are fed and
loaded by the relevant impedances.
The resolution of these equations requires the coupling
admittance matrix [αi j ] characterizing the array. The scattering matrix is the more eﬃcient way to extract these
unknowns of the multiport problem. The next paragraph
leads to a formalism of the problem using the scattering
matrix.
Let us consider that only the antenna “i” is fed while the
others (“ j”, j =
/ i) are loaded by impedances ZG j . Figure 3
illustrates the electrical scheme involving two antennas
among the array while only “i” is fed.
Iii is the current in the port of the antenna “i” while “i” is
fed.
I ji is the current in the port of the antenna “j” ( j =
/ i)
while “i” is fed.
U ji is the voltage in the port of the antenna “j” while only
“i” is fed. . .
Using Figure 3, relations (11) can be written:
Ii,i =

Ui,i
+
αi, j U j,i ,
ZAi j =/ i

U j,i
+
α j,k Uk,i .
I j,i =
ZA j k = j

(11)

/

The two previous relations meet the following simpliﬁed
expressions:
Ii,i =

αi, j U j,i ,
j

(12)

The feeding currents can be deduced from (6) and (8):
1 + exp+ j.2.∠ZLi
.
I0i ≈ Ui ·
ZLi

(10)

0

α1n

⎞

ZEi =

⎞
∗
ZL1
− ZA1
⎛ ⎞
α12
···
α1n
⎜ ZA1 Z ∗
⎟ U1
⎜
⎟
L1
⎟
∗
⎜
⎟⎜
ZL2
− ZA2
⎟
⎜
⎟⎜
U
2
⎜
α
·
·
·
α
21
2n
⎜
⎟⎜ ⎟
∗
ZA2 ZL2
⎜
⎟⎜ ⎟
⎜
⎟⎜ . ⎟
···
···
···
⎜ ···
⎟⎜ .. ⎟
⎜
⎟⎝ ⎟
⎠
⎜
⎟
∗
ZLn − ZAn ⎠ U
⎝
n
αn1
αn2
···
∗

ZAn ZLn

ZAn ZGn

ZEi =

⎛

⎛ ⎞

⎞

⎛ ⎞
⎟ U1
⎟⎜ ⎟
⎟⎜ U ⎟
⎟⎜ 2 ⎟
α2n
⎟⎜ ⎟
⎟⎜ . ⎟
⎟⎜ . ⎟
···
···
⎟⎜ . ⎟
⎟⎝ ⎠
ZAn + ZGn ⎠ U
···
n

α12
···
ZA2 + ZG2
···
ZA2 ZG2

⎜ ZA1 ZG1
⎜
⎜
⎜
α21
⎜
⎜
⎜
···
⎜
⎜
⎝

Inserting (9) into (4) leads to the relation (10):

I j,i =

α j,k Uk,i
k

(9)

with αi,i = 1/ZAi and α j, j = 1/ZA j .
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Figure 3: Equivalent electrical scheme of one antenna fed (i) with another loaded with the impedance ZG j .

Finally, the currents that are coupled in the antenna ports
while only “i” is fed are given by the relation (13):

The admittance matrix of (15) is then deduced from
(14):
⎡

⎛

⎞ ⎡
I1,i
⎜ ⎟ ⎢ α1,1 α1,2 · · ·
⎜I ⎟ ⎢
⎜ 2,i ⎟ ⎢ α2,1 α2,2 · · ·
⎜ ⎟ ⎢
⎜ . ⎟=⎢
⎜ . ⎟ ⎢· · · · · · · · ·
⎜ . ⎟ ⎣
⎝ ⎠
αn,1 αn,2 · · ·
I
n,i

⎤

⎢
⎥
⎢α
⎥
⎢ 2,1 α2,2 · · · α2,n ⎥
⎢
⎥
⎢
⎥
⎢· · · · · · · · · · · · ⎥
⎣
⎦
αn,1 αn,2 · · · αn,n

⎤ ⎛U ⎞
1,i
⎟
⎥ ⎜
⎜U ⎟
⎥
2,i ⎟
α2,n ⎥ ⎜
⎟
⎥·⎜
.
⎥ ⎜ . ⎟
⎟
.
· · ·⎥ ⎜
⎜
⎟
.
⎦ ⎝
⎠

α1,n

αn,n

α1,1 α1,2 · · · α1,n

⎛

(13)

I1,1 I1,2 · · · I1,n

⎞ ⎛

U1,1 U1,2 · · · U1,n

⎞−1

⎜
⎟ ⎜
⎟
⎜I
⎟ ⎜
⎟
⎜ 2,1 I2,2 · · · I2,n ⎟ ⎜U2,1 U2,2 · · · U2,n ⎟
⎜
⎜
⎟
⎟ ,
·
=⎜
⎟ ⎜
⎟
⎜ · · · · · · · · · · · ·⎟ ⎜ · · · · · · · · · · · · ⎟
⎝
⎠ ⎝
⎠
In,1 In,2 · · · In,n
Un,1 Un,2 · · · Un,n

Un,i

(15)
If we now consider that all the port can be fed simultaneously,
the relation (14) is deﬁned to take into account the part of
each excitation:

⎛

I1,1 I1,2 · · · I1,n

⎞

α1,1 α1,2 · · ·
⎢
⎢α
⎢ 2,1 α2,2 · · ·
=⎢
⎢
⎢· · · · · · · · ·
⎣
αn,1 αn,2 · · ·

ai =

1
.
ZAi

(16)

Ui + ZGi · Ii

,
2 · RGi

bi =

∗
Ui − ZGi
· Ii

.
2 · RGi

(17)

The scattering matrix [S] links the input waves (ai ) to the
reﬂected ones (bi ):
⎤ ⎛

U1,1 U1,2 · · ·
⎥ ⎜
⎜
⎥
α2,n ⎥ ⎜U2,1 U2,2 · · ·
⎥·⎜
⎥ ⎜
· · ·⎥ ⎜ · · · · · · · · ·
⎦ ⎝
αn,n
Un,1 Un,2 · · ·
α1,n

αi,i =

Let us remind the scattering matrix formalism. The
normalized power waves are deﬁned versus the voltage and
the current in the ports of impedance ZGi :

⎜
⎟
⎜I
⎟
⎜ 2,1 I2,2 · · · I2,n ⎟
⎜
⎟
⎜
⎟
⎜ · · · · · · · · · · · ·⎟
⎝
⎠
In,1 In,2 · · · In,n
⎡

with

U1,n

⎞

⎟
U2,n ⎟
⎟
⎟.
⎟
· · ·⎟
⎠

Un,n
(14)

(b) = [S] · (a).

(18)

Using this formalism, the expression of the voltages and the
currents in the ports is given by (19) and (20):


Ui j =



ZG∗i
ZG
· δi j +  i · Si j · a j ,
RGi
RGi



(19)
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aj
Ii j = δi j − Si j · 
RGi

(20)

Full-wave
simulation

with

1

δi j = 

 0

if i = j

(21)

if i =
/ j

The admittance matrix in (15) can be expressed thanks
to the scattering matrix of the array antenna. It is deﬁned by
the relation (22). In this expression, we remain that ZGi are
the characteristic impedances of the ports that are used to
normalize the S parameters:




1
· ([I] − [S])
diag 
RG




[α] =
.
ZG∗
ZG
∗ [S]
diag 
+ diag 
RG
RG



Z∗
RG



(U) = diag  G



ZG
RG

+ diag 



1
(I) = diag 
RG



 
∗ [S] · β ,

(23)

 

· ([I] − [S]) · β .

The input impedance ZE of the coupled system is then
deduced from (23) and (24):














  

diag ZG∗ / RG + diag ZG / RG ∗ [S] · β
 
  
. (24)
ZE =
diag 1/ RG · ([I] − [S]) · β
At last, to satisfy the impedance matching of the array, the
antennas must be fed with the waves a given by the relation
(25) through ports having the characteristic impedances that
∗
:
are the conjugates of (25), that is, ZLi = ZEi


a = diag

RL
ZL∗

 



Z∗
· diag  G
RG





Z
+ diag  G
RG



Optional
Incident waves: ai
load impedances (or
reactive loads): ZLi , (Xi)

Full-wave
simulation

Optimization
complete





MATLAB synthesis

(22)

It has been previously written in (1) that the radiation
pattern is synthesized with a linear combination of the diagrams Φ1...n . These ones result from the successive excitation
of the n antennas with the same incident power. Then,
the complex coeﬃcients {β1 , β2 , β3 , . . . , βn } allow to calculate
the voltages and the currents injected into each antenna.
Equations (23) remind these relations deduced from (19)
and (20):


Extraction: (S), Φi



 
∗ [S] · β .

(25)
Once the theoretical formalism has been described, it can
then be applied to solve a multielement antenna problem
through the following guidelines.
At ﬁrst, a full-wave simulation of the array is required
in order to extract the [S] matrix and each active element
radiation pattern φi of the array. Notice that the load
impedance on each antenna termination is known at this
step.
Then, these data are provided to MATLAB in order
to apply the formalism previously detailed. An objective

weighting
circuit design

Figure 4: Synthesis approach summarized.

radiation pattern φ is provided to the synthesis procedure in
order to deﬁne the best weights βi according to (1). Following
the diﬀerent developments of part 2, the input impedances
ZEi of the coupled system are calculated with (25) and the
ﬁnal weightings ai are deduced with (25).
Now, the designer knows the best-ﬁt values for ai and
ZEi , that is, ZLi which are conjugate. Notice that a fullwave simulation can be performed at this step by changing
the excitation weightings in the simulation software, for
example, CST MWS, by the given dataset. This step remains
optional as it will be shown in the application examples
because the excitation weightings found with the synthesis
process are accurately deﬁned. At last, it is then possible
to design the feed network allowing the provided excitation weightings. Notice that in the case in the array, we
recommend a ﬁnal cosimulation of the feed distribution
network and the antenna array to evaluate the inﬂuence of
the radiating elements on the feed lines. In fact, the feed
network lines can be coupled with waves of the radiating
elements and it can aﬀect the ﬁnal weightings. In the
applications presented in this article, we have chosen designs
with feed networks located on the rear side of the antenna
to minimize this eﬀect. Therefore, a cosimulation of the
array and its feed network is performed only to validate
the synthesis procedure and there is no need to adjust the
weightings after the array synthesis. These diﬀerent steps are
summarized on Figure 4.
In terms of computation time, the only time-consuming
step is the ﬁrst one because of the extraction of the [S] matrix
and active radiation patterns φi by a full-wave simulation.
However, we aim at designing moderate-size array and/or
parasitic arrays with moderate sizes as it was described in the
Introduction. Therefore, with a reasonable workstation, the
time spread is between some minutes and a few hours. Then,
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Lx = 100 mm

Ly = 330 mm
z
L

1

2

3

4

5

6

7

8

9

10

11

y

12
x

m

24.12 m

Diameter: 2.53 mm

L

Ground plane
height 5 mm

7.5 m

m

50 Ω coaxial wave guide
Radius:
In: 0.5 mm
Out: 1.7 mm
m
1.2 m

Teﬂon εr: 2.08
50 Ω stripline

Figure 5: Array of 12 monopoles with its feed distribution network.

the MATLAB synthesis is reduced to a few seconds to ﬁnd the
best weightings. That is why this approach can be considered
as eﬃcient without too much time consuming. Notice that
there is no approximation for the scattering matrix and for
the diﬀerent active radiation pattern computation with this
approach.
In terms of radiation objective, this paper focuses only
on the synthesis of pattern in one direction, especially in
the array alignment. Beam shaping can also be applied with
the approach described, but it will only be added in our
future works. For readers interested in beam shaping, [20]
presents a synthesis method with mutual couplings and an
interesting overview of the other methods is presented in
their introduction.

3. Synthesis of Antenna Arrays
As the diﬀerent steps to deﬁne the most appropriate weights
to satisfy the radiation objective in a coupled multielement
antenna have been described, this section is dedicated to
three cases of application with measurements.
3.1. Monopole Linear Array
3.1.1. Antenna Description. As a ﬁrst example of application,
a monopole array for the HyperLAN2 bandwidth (5.47–
5.72 GHz) is presented. The synthesis objective is to obtain
a directive beam in the array alignment (x-y plane on
Figure 3). Therefore, the couplings must be taken into

account to avoid important radiation pattern deteriorations
and to maximize the directivity in this direction.
As depicted on Figure 5, the antenna is composed of
12 elements of 2.53 mm diameter with 0.45λ0 (24.12 mm)
spacing.
These ones are fasten to a ground plane whose dimensions are Lx = 100 mm and Ly = 330 mm. The feed network
is printed on the bottom face of a Duroid 6002 substrate and
it is connected to the monopoles through the ground plane.
The substrate has a 2.94 relative permittivity and a 0.0012
loss tangent.
3.1.2. Synthesis Description and Results. In order to synthesize the right weightings for the feed distribution network,
the method described in Section 2 is applied and the design
can be summarized in three steps.
At ﬁrst, a full-wave simulation of the monopole array is
performed with CST MWS to obtain the global scattering
matrix [S] and the radiation patterns Φi . This study shows
that the couplings between monopoles could reach −12 dB
in the worst cases. In Table 1, the complex weights βi are then
deduced according to (1) and the radiation objective (Φ).
Then, the optimum weights ai and the impedances ZLi
which simultaneously satisfy the objective radiation pattern
and the matching of all the feeding ports are calculated
using (25) and (25). The corresponding values are given in
Table 1 with the optimized monopole lengths. Notice that
these lengths have been deﬁned to suit both the diﬀerent
impedance values resulting from the synthesis procedure and
a minimization of the feed distribution network complexity.
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Backward radiation

Directivity (ϕ = 90◦ )
15

Directivity (dB)

12
9
6
3

Backward
radiation

0
−3
−6
−9
−180

−120

−60

0
θ

60

120

180

)◦)

Linear combination of the element pattern (equation (1))
Entire structure simulation
(feed network connected with the monopoles)
Synthesis with couplings neglected

Figure 7: Top view of the manufactured prototype and back view
with the feed distribution network.

Figure 6: Synthesized radiation pattern with couplings and theoretical linear combination of the monopole patterns (objective) at
5.60 GHz. Results with couplings neglected are also presented.

S
i j = Si j
S
ij = 0

for i = j,
for i =
/ j.

(26)

The new values for ZLi and ai are determined using (14)
and (15) while βi stays unchanged. Another feed network has
been designed to comply with the objectives ai . The eﬀect
on the radiation pattern appears on Figure 4 where a 2 dB
directivity decrease is observed at 5.6 GHz. A more detailed
presentation is available in [21].
3.1.3. Measurements. The monopole array and the feed
distribution network were manufactured as can be seen
on Figure 7. The feed network is glued at the rear of the
ground plane. Notice that screws were added to secure the
RF contacts but their interactions with the circuit have been
checked and considered as insigniﬁcant. An SMA connector
is used to feed the array.
The antenna return loss is represented in Figure 8 and
shows a matching better than −15 dB on the radiation

5.45–5.72 GHz

−5
−10

S11 (dB)

The last step consists in the feed network design to obtain
the weights and the impedance matching speciﬁed in Table 1.
The optimized layout is presented Figure 3. In order to
validate the design, a cosimulation of the monopole antenna
array connected to the Agilent Momentum feed distribution
network design is performed in CST design studio. The
comparison of the synthesized radiation pattern obtained
by this simulation is compared to the theoretical linear
combination on Figure 6. The gain and dielectric losses are
evaluated in Table 2.
In order to show the interest of including couplings into
the synthesis procedure, a comparison of the results has
been made with a classical design where they are neglected.
Neglecting couplings correspond to a simpliﬁed [S] matrix
(quoted S ) expressed by (26):

0

−15
−20
−25
−30

4.8 4.9 5 5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8 5.9 6 6.1 6.2
Frequency (GHz)
Measurement
Simulation

Figure 8: S11 comparison between simulation and manufactured
prototype.

bandwidth. A slight discrepancy of 50 MHz can be observed
compared to the simulation but it represents only a 0.9%
of frequency shift that can be due to the mesh accuracy
during simulation or manufacture tolerance. Notice that the
simulation results correspond to the feed network design
(with Agilent Momentum) connected to the monopole
array in CST design studio. Several resonances appear in
the bandwidth due to the dispersive behavior of the array
scattering matrix on the one hand and of the feed network
on the other hand.
The radiation patterns are compared in Figure 9 in the
y-z plane at 5.6 GHz. A good agreement with the predicted
pattern is observed. The diﬀerence between the simulated
and the measured gain over the frequency range is lower than
0.5 dB. This diﬀerence might be caused by metallic losses
in the feed network and the measurement accuracy of the
anechoic chamber (±0.5 dB).
These results validate the synthesis method of Section 2
because a signiﬁcant improvement has been observed in
measurement and a 2 dB increase of directivity is obtained
compared to a design where the couplings are neglected.
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Table 1: Weightings applied to the monopole array and resulting antenna impedances.

Monopoles i

Length (mm)

1
2
3
4
5
6
7
8
9
10
11
12

βi (=weights for the coupled radiation patterns)
◦

0.286 · exp(− j ∗48 )
◦
0.293 · exp( j ∗155 )
◦
0.279 · exp(− j ∗3 )
◦
0.284 · exp(− j ∗155 )
(
j
∗47◦ )
0.284 · exp
◦
0.280 · exp(− j ∗120 )
◦
0.266 · exp( j ∗82 )
◦
0.264 · exp(− j ∗74 )
(
j
∗131◦ )
0.254 · exp
◦
0.275 · exp (− j ∗24 )
◦
0.319 · exp( j ∗180 )
◦
0.361 · exp ( j ∗0 )

10.8
9.8
9.3
9.3
9.3
8.8
8.8
8.8
8.8
8.8
8.8
8.3

Table 2: Simulated gain and dielectric losses.
Frequency (GHz)
5.47
5.6
5.72

Gain (dB)
14.5
14.7
14.6

Dielectric losses (dB)
0.77
0.96
0.64

Gain (ϕ = 90◦ )
Backward radiation

15
12

Gain (dB)

9
6
3

Backward
radiation

Normalized incident waves (ai ) and load
impedances (ZLi ) that optimize the eﬃciency
(couplings included)
ZLi
ai
◦
0.288 · exp(− j ∗49 )
29 + j ∗ 13
◦
0.30 · exp( j ∗ 152 )
32 + j ∗ 10
(
− j ∗6◦ )
0.286 · exp
31 + j ∗ 9
◦
0.291 · exp(− j ∗164 )
30 + j ∗ 1
◦
0.287· exp( j ∗35 )
27 − j ∗ 2
◦
0.283· exp(− j ∗124 )
29 + j ∗ 7.5
◦
(
j
∗79 )
0.262 · exp
24 + j ∗ 8.5
◦
0.251 · exp(− j ∗77 )
20 + j ∗ 8.5
◦
0.227 · exp( j ∗124 )
15 + j ∗ 3
◦
0.257 · exp(− j ∗35 )
18 − j ∗ 1.5
◦
0.323· exp( j ∗165 )
28 − j ∗ 7
◦
0.377·exp( j ∗0 )
48 + j ∗ 17

Z

Wire-patch antenna
diameter = 19.65 mm
Patch-array (6 elements)
lx = 19 mm
l y = 19 mm
Rogers 4003 C substrate
hsubst = 6.35 mm
εrsub = 3.27
tgδ = 0.002

10

0

60

120

X

1
ly

2
6

5
3
4

(a)

50 Ω coaxial probe
Internal diameter: 1.27 mm
External diameter: 4.2 mm
Short wires to
ground plane
diameter: 1.2 mm

Teﬂon
εrteﬂon : 2.08

−6
−60

12

7 lx

0

−120

11

8

−3
−9
−180

Y

9

Via holes for 50 Ω transition
Internal diameter: 0.4 mm
External diameter: 0.8 mm

180

θ )◦)
Simulation
Measurement

Figure 9: Comparison of the simulated radiation pattern and
measurement at f = 5.6 GHz.

1 mm

50 Ω line
4.3 mm
(b)

3.2. Patch Array in Circular Polarization

Figure 10: (a) CAD view of the circular array of patches (b) CAD
view of the transitions through the feed distribution network.

3.2.1. Antenna Description. In this part, the case of an
antenna array in circular polarization is studied. A particular
focus is made on the synthesis objective deﬁned on an
axial ratio objective and not on the radiation pattern (as in
the previous part). The antenna architecture is depicted on
Figure 10. It is composed of a 6 element antenna array in
circular polarization and distributed on a regular hexagon
lattice. An additional wire-patch antenna (WPA) is located in
the center of the former hexagon for a separate link in linear

polarization. The radiation bandwidth is contained between
3.4–3.55 GHz for a European Wimax application. The main
diﬃculty to tackle in the antenna design is to generate a
circular polarization with a good axial ratio whereas the
patch-array elements are strongly coupled with each other
and with the single wire-patch antenna. Notice that this
article is focused on the patch array. The WPA design and
performances will not be detailed.
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Taux d'ellipticité (θ = 30◦ )

1.2

0.4

Thanks to this dataset, the synthesis procedure can be
used by setting polarization objectives in speciﬁed directions.
Each excited probe generates a radiation pattern with two
components Eθi (θ, ϕ) and Eϕi (θ, ϕ).
As a consequence, the radiated polarization deﬁned by
Vθ (θ, ϕ) and Vϕ (θ, ϕ) in (27) and (28) can be controlled in a
direction of the space with two excitation probes i and k:

0.2

Vθ θ, ϕ = βi · Eθi θ, ϕ + βk · Eθk θ, ϕ ,

0

Vϕ θ, ϕ = βi · Eϕi θ, ϕ + βk · Eϕk θ, ϕ .

1

(dB)

0.8
0.6

−180

−120

−60

0
ϕ (◦ )

3.4 GHz
3.45 GHz

60

120

























(27)

180

To obtain a circular polarization in a direction (θ0 , ϕ0 ),
the relation (29) can be written:

3.475 GHz
3.55 GHz









Vθ θ0 , ϕ0 = e± jπ/2 · Vϕ θ0 , ϕ0 ,

Figure 11: Axial ratio obtained with the linear combination of (1).
Notice the agreement with the objectives at 3.5 GHz.

(28)

leading to (29):
3.2.2. Synthesis Description and Results. In order to apply the
synthesis procedure described in Section 2, the expression
of (1) must be modiﬁed to include the circular polarization
constraints on the radiated ﬁeld components Eθ (θ, ϕ) and
Eϕ (θ, ϕ).
Consider an antenna array composed of n radiating
elements with x excitation probes on each radiator, leading
to m = x · n probes. The multielement antenna with multiple
ports is characterized by an [Sm×m ] scattering matrix and
m radiation patterns obtained by successively feeding each
radiator while the (m − 1) excitation probes are loaded on
their characteristic impedances.
⎛



Eθ (dir 1, port 1)
⎜
⎜ Eϕ (dir 1, port 1)
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝









βi Eθi θ0 , ϕ0 − j · Eϕi θ0 , ϕ0



= ···







· · · βk −Eθk θ0 , ϕ0 + j · Eϕk θ0 , ϕ0 .

Therefore a radiating element with two excitation probes
allows to control the radiated polarization in one direction.
This conclusion can be generalized to an antenna with m
excitation probes to satisfy a polarization objective in m/2
directions.
The studied antenna is composed of n radiating elements
with two excitation probes (m = 2 · n). As a whole, the
following equation has to be solved:

⎞
⎛

⎞
Vθ (dir 1)
· · · Eθ (dir 1, port 2 · n)
⎜
⎟
⎟
⎜ Vϕ (dir 1) ⎟
· · · Eϕ (dir 1, port 2 · n) ⎟
⎜
⎟
⎟

⎜
⎟


⎟⎛ β ⎞
⎜
⎟
V
(dir
2)
⎟
θ
1
Eθ (dir 2, port 1)
⎜
⎟
⎟⎜
⎟
⎜
⎟
⎟
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⎟⎜
⎜
⎟
⎜
⎟⎜ . ⎟ · · · = ⎜ ⎛
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⎟


⎟⎜ . ⎟
⎜
⎟
·
·
·
⎟⎝ . ⎠
···
⎜ ⎝
⎟
⎟
⎠
⎜
⎟
⎟
⎜
⎟
···
⎟ β2·n
·
·
·
⎜
⎟
⎟


⎜
⎟
⎟

⎜
⎟
Eθ (dir n, port 1)
⎠
⎝ Vθ (dir n) ⎠

Eθ (dir 1, port 2)
Eϕ (dir 1, port 2)

(29)



Eϕ (dir n, port 1)

Eθ (dir n, port m) and Eϕ (port m) correspond to the components of the radiation pattern for each m ports excited in the
n directions.
Once the system of (31) is deﬁned, the synthesis procedure of Section 2 can be applied to our 6 patch array
previously described.
The main lobe of the patch-array radiates in the zenith direction with a circular polarization. The whole array antenna has been optimized with the strong mutual
couplings. The WPA radiates an omnidirectional pattern in
linear polarization.
As before, the antenna was studied with the software
CST microwave studio and the feed network has been

(30)

Vϕ (dir n)

designed with Agilent Momentum. The operating frequency
is 3.475 GHz.
For each direction, the following relation between the
polarization components is imposed:
Vθdirection i = − j · Vϕdirection i .

(31)

Notice that the absolute phase of Vθ constitutes a degree
of freedom to reach realistic solutions in terms of weightings.
It can be expressed as (34):
Vθdirection i = exp j ·α·ϕdirection i

avec α ∈ Z.

(32)

The axial ratio (AR) required for the application is
deﬁned to be below 2.5 dB for θ varying between −30◦
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Table 3: Results of the synthesis procedure for the 6 patch-array.

βi (=weights for the coupled radiation patterns)

Excitation Probe i

◦

1
2
3
4
5
6
7
8
9
10
11

0.388 · exp( j ∗155 )
◦
0.335 · exp(− j ∗90 )
(
− j ∗123◦ )
0.354 · exp
◦
0.325 · exp(− j ∗19 )
(
− j ∗66◦ )
0.359 · exp
◦
0.315 · exp( j ∗39 )
(
− j ∗24◦ )
0.388 · exp
◦
0.335 · exp( j ∗90 )
(
j
∗56◦ )
0.355 · exp
◦
0.325 · exp( j ∗161 )
(
j
∗114◦ )
0.360 · exp

12

0.314 · exp(− j ∗141

◦)

ZL9 ∗

◦)

0.266 · exp( j ∗57

ZL12 ∗
ZL11 ∗

(dB)

ZL10 ∗

ZL2 ∗

ZL7 ∗

ZL1 ∗

ZL8 ∗

Port2 (50 Ω)

Normalized incident waves (ai ) and load
impedances (ZLi ) that optimize the axial
ratio (couplings included)
ZEi
ai
◦
0.309 · exp( j ∗2 )
41 + j ∗ 47
◦
0.262 · exp( j ∗117 )
76 + j ∗ 65
(
j
∗70◦ )
0.306 · exp
37 + j ∗ 22
◦
0.272 · exp( j ∗180 )
69 + j ∗ 43
◦
0.309 · exp( j ∗127 )
35 + j ∗ 21
◦
0.267 · exp( j ∗237 )
60 + j ∗ 38
(
j
∗182◦ )
0.310 · exp
41 + j ∗ 47
◦
0.262 · exp( j ∗297 )
77 + j ∗ 65
◦
0.306 · exp( j ∗250 )
37 + j ∗ 22
◦
0.272 · exp( j ∗0 )
69 + j ∗ 43
◦
35 + j ∗ 21
0.309 · exp( j ∗307 )

12
9
6
3
0
−3
−6
−9
−12
−15
−18
−21
−180

60 + j ∗ 38

Gain (ϕ = 90◦ )

−120

−60

0
θ

Port1 (50 Ω)

ZL5 ∗

ZL3 ∗

ZL4 ∗

ZL6 ∗

Figure 12: The feed network is designed to maximize the eﬃciency
of the strongly coupled patches.

and +30◦ , whatever the ϕ-plane considered. With the twelve
excitation probes of the antenna, it is possible to deﬁne
six polarization objectives in six directions. In our case,
the objective AR has been set to 0 dB at 3.5 GHz in the
directions θ = 30◦ for the plane ϕ = 0, 60, 120, 180, 240,
and 300◦ . Then, the system of (31) is solved to determine
the βi values. These ones, the weightings ai , and the load
impedances ZLi are summarized in Table 3. The resulting
AR obtained in simulation with discrete ports to satisfy
the weightings (without the feed distribution network) is
given on Figure 11. Notice that the objective expected around
3.5 GHz agree with the simulation.
Then, the design of the microstrip feed network has
been made with the Agilent Momentum software in order to
perform the weights and the impedance matching speciﬁed

60

120

180

(◦ )

3.4 GHz
3.475 GHz
3.55 GHz

Figure 13: Realized gain obtained in simulation with the substrate
losses.

in Table 3. The layout is shown in Figure 12. The radiation
pattern obtained by a cosimulation of the feed network
and the radiating elements is presented on Figure 13. A
realized gain better than 10 dB is expected on the radiation
bandwidth.
3.2.3. Measurements. The realized prototype is printed onto
a 3.048 mm thickness Duroı̈d RT6002 substrate (εr = 2.94,
tgδ = 0.0012). The feed network is printed back to the
antenna ground plane, onto a 0.508 mm thickness Duroı̈d
4003C substrate (εr = 3.38, tgδ = 0.0027). The circuit
substrate is ﬁxed to the ground plane with a glue-type PREG
4450F (εr = 3.52, thickness = 0.1 mm, tgδ = 0.004). Thus,
the structure consists of a circuit with two diﬀerent dielectric
layers separated by a ground plane. A photograph of the
prototype is given in Figure 14.
The measured return loss of the antenna is compared to
the cosimulation of the feed network connected to the array
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Figure 14: Top and back views of the manufactured prototype with
the feed distribution network.
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Figure 16: Comparison of AR at 3.45 GHz (a) and 3.55 GHz (b).
The objective was set in the direction (θ = 30◦ , Ø = 0◦ ).

−5

(dB)
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3.75
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Figure 15: Comparison of return loss between cosimulation and
measures.

on Figure 15. The matching is compliant with the objective
between 3.4–3.55 GHz even if the performances are lower
than the prediction. This discrepancy might be caused by
the complex manufacturing process and tolerances on the
feed distribution network. It has been observed that the
feed lines of the feed distribution network were about 50
microns below nominal values and that via holes diameter
was superior to the simulation (about 10 to 20%). Moreover,
some elements like the glue thin ﬁlm between the two faces of
the circuit have not been simulated. At last, a lack of accuracy

(due to meshing) in the scattering matrix computation may
also contribute to this discrepancy.
Concerning the AR, the comparison between the cosimulation with the feed distribution network and the measurement is satisfactory, especially in the directions that
have been optimized (θ = 30◦ , ϕ = 0◦ ). The results for
the frequencies 3.45 GHz and 3.55 GHz are presented on
Figure 16.
As conﬁrmed by the measurement results, the synthesis
procedure has been successfully applied to this antenna in
circular polarization. The objectives set on the AR during the
synthesis with couplings have been met. This study allows
to conclude that the methodology described in Section 2 is
multipurpose and can be generalized to all antenna array,
whatever the radiation or polarization objective. The next
part will be focused on a speciﬁc case of array with ampliﬁers
(active array) in order to show an application of the synthesis
procedure to predict performances of ampliﬁers.
3.3. Focus on Active Arrays. This section of the article
discusses the interactions between power ampliﬁers (PAs)
and antennas. More precisely, short relative distance between
the antenna array elements may result in a high level of
mutual coupling between antennas, leading to large output
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Measurement @ Z load3 = 40.3 + j ∗63.9 ohm

Figure 17: Gain compression (AMAM) versus input power for
several loading impedances (Z load1 = 50 ohm, Z load2 = 27.2 +
j · 21.1, Z load3 = 40.3 + j · 63.9).

Figure 18: Phase modulation (AMPM) versus input power for
several loading impedances (Z load1 = 50 ohms, Z load2 = 27.2 +
j · 21.1, Z load3 = 40.3 + j · 63.9).

loading mismatches (up to VSWR (voltage standing wave
ratio) = 4 : 1, and more) [22]. This mismatching aﬀects PA
behavior, which in turn directly impacts the gain and phase
controls of each radiating element. Thus, accurate modeling
and simulation processes are needed in order to take into
account the interaction between PAs and antennas correctly.
In order to show these eﬀects, we have considered a
commercial 8–14 GHz PA from NEXTEC RF (NEXTEC-RF
NB00422). It exhibits a 17 dB small signal gain with a 27 dBm
output power at 1 dB gain compression and an associated
power added eﬃciency of 17%. The measurements of PA
incident and reﬂected waves were performed using a loadpull bench, as explained in [23]. Figures 17 and 18 show,
respectively, the measured compression gain (AMAM) and
modulated phase (AMPM) characteristics, for three samples
of load impedances for the chosen device under test (DUT).
Signiﬁcant changes on PA performances over the three
impedances can be noticed, showing the sensitivity of PA to
its loading. These changes will aﬀect the current distribution
(e.g., magnitude and phase) applied to the antennas accesses,
leading to overall performance degradation. Consequently
the necessary magnitude and phase weights for the array
in a given direction will be also modiﬁed once applied to
PAs, degrading the array eﬃciency and its radiation performances.
Therefore, we developed an RF circuit behavioral model
[23–25], which is a second-order extension of the so-called
nonlinear scattering functions of PA. It allows taking into
account large output loading impedance mismatches, that is,
VSWR up to 4. The proposed model can be extracted from
a simple CW load-pull measurements setup [23]. The model
has been validated by comparison with measurement results
obtained for several loading impedance mismatches. Those
later impedances correspond to the calculated impedances
obtained by the synthesis procedure as described in Section 2

and developed in [26]. Table 4 presents an example of calculated matching impedances from the synthesis procedure for
a 1 × 4 patch array working at 8.2 GHz with a 0◦ , −10◦ , and
+15◦ pointing angles. We should mention that interelement
spacing between antennas was reduced to 0.4λ0 in order to
increase the mutual coupling.
It can be noticed that the optimized matching impedances of antennas are quite diﬀerent from the ideal 50 Ω
value. This result shows the important inﬂuence of mutual
coupling and the need to take this phenomenon into consideration.
The PA measurement for the incident and reﬂected
waves was realized for some particular impedances obtained
from the synthesis procedure (i.e., as in Table 4). Those
impedances were deﬁned as an output load for PA characterizing each antenna in the array. Figures 19 and 20 show the
comparison between PA model and measurements in terms
of gain (AMAM) and phase (AMPM) for three diﬀerent
antennas impedances calculated by the synthesis procedure
as in Table 4.
Figures 19 and 20 show a perfect agreement. This
approach clearly demonstrates the eﬃciency and accuracy
of the second-order model, even in the presence of output
loading impedance characterizing the antenna.
Thus, the knowledge of magnitude and phase variations
due to PAs feeding antennas’ mismatched loads allows
correcting the feeding weights of the array. Therefore, the
desired radiation pattern for the studied system (antennas +
PAs) can be obtained. It has been experimentally validated
on a 1 × 4 patch array working at 8.2 GHz which has been
designed using CST microwave studio.
The demonstrator included also a power splitter (1 to 4
ways), four attenuators, and four phase shifters connected to
four PA, as in Figure 21. PAs are directly inserted between
the phase shifters and array’s antennas, the absence of
isolators between PAs and antennas makes this architecture
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Table 4: Calculated impedances for each antenna in the array 1 × 4
F0 = 8.2 GHz (θ = 0◦ , θ = −10◦ , and θ = 15◦ ).

18.5
18

Pointing
Angle

AMAM (dB)

17.5

Probes

ZEi (Zant )

1

58.5 + j ∗ 34.4

1.9

2

57.5 + j ∗ 19.5

1.47

3

56.9 + j ∗ 20.1

1.48
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4

62.4 + j ∗ 33.3
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57.1 + j ∗ 20.1

1.49

4

47.7 + j ∗ 25.6

1.68

1

43.8 + j ∗ 26.1

1.76

2

55.6 + j ∗ 18.9

1.45

3

58 + j ∗ 17.7

1.43

4

81.2 + j ∗ 19.3

1.76

Figure 19: Gain compression (AMAM) versus input power for
three calculated impedances (Z ant1 = 57.1 + j ∗ 20.1, Z ant2 =
58.5 + j ∗ 34.4 and Z ant3 = 81.2 + j ∗ 19.3) using the synthesis
procedure. PA model (lines) compared to load pull measurement
(symbols). F0 = 8.2 GHz.
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Figure 21: Phase Active antenna demonstrator.
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Figure 20: Phase modulation (AMPM) versus input power for
three calculated impedances (Z ant1 = 57.1 + j ∗ 20.1, Z ant2 =
58.5 + j ∗ 34.4, and Z ant3 = 81.2 + j ∗ 19.3) using the EM
analysis tool. PA model (lines) compared to load pull measurement
(symbols). F0 = 8.2 GHz.

very interesting. In fact, if couplings are taken into account
through the synthesis procedure, it is possible to obtain an
optimized radiation pattern and a reﬂected power wave (bi )
almost equal to zero, as explained earlier in Section 2. In that
case, the array and PA functioning are not disturbed. It is thus
possible to eliminate isolators between PAs and antennas in
TX chains, leading to a signiﬁcant weight and cost reduction,
added to lower dissipation losses.

As previously mentioned, the idea is to correct signal,
that is, magnitude and phase, at each PA input in order
to ensure both the desired weights at each antenna access
and a null reﬂected wave. AMAM (δ |a|) and AMPM (δφ)
values are obtained from PAs model response in terms of
AMAM and AMPM at an available input power range (Pin ).
The desired weights (|ai |e jϕi ) which were calculated by the
synthesis procedure can be established by feeding each PA by
a corrected magnitude (|a| −δ |a|) and phase (ϕ − δϕ).
Figures 22 and 23 compare the measured radiation
patterns with PA (active antenna demonstrator), the measured radiation patterns without PA (synthesis procedure
validation), and simulated radiation patterns without PA
obtained through the synthesis procedure for a −10◦ and
+15◦ pointing angle. The measured radiation patterns
without PA were achieved by feeding each antenna with
the calculated weights ai and loaded with corresponding
matching impedance as well.
Figures 22 and 23 show a good agreement between the
main lobes for the measured results (with and without PA)
and simulated ones.
Some minor diﬀerences on the side lobe levels appear
which are likely caused by the asymmetry of feeding antennas
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Figure 22: Radiation pattern comparison (−10◦ ). Active demonstrator measurement (solid line). Measurement without PA (big dashed
line). EM macro-model simulation (small dashed line). F0 = 8.2 GHz.
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Figure 23: Radiation pattern comparison (+15◦ ). Active demonstrator measurement (solid line). Measurement without PA (big dashed
line). EM macromodel simulation (small dashed line). F0 = 8.2 GHz.

probes. Another reason for these diﬀerences may come from
the inaccuracies during the measuring procedure.
The synthesis procedure of Section 2 has been successfully applied to the prediction of each matching impedance
of array antennas that can be linked to a PA model. The
results take into account large output mismatches, allowing
to deﬁne the loading impedances of active circuits (PAs)
and to optimize the overall performances. Measurements for
diﬀerent radiation patterns, with or without PA, demonstrate
the robustness and accuracy of the mixed simulation concept
and oﬀer new perspectives for active electronically scanned
array (AESA) applications with the elimination of isolators
from a TX chain.

4. Synthesis of Parasitic Antenna Arrays
The synthesis procedure of Section 2 has been applied to
antenna array, either in passive or active architecture. However, multielement antennas also include parasitic antenna

array. The main interest of such design is to avoid a feed
distribution network and its associated cost and losses.
Therefore, only one element is driven, the others are electromagnetically coupled to obtain the objective pattern.
One of the well-known designs with parasitic elements
is the Yagi-Uda. This antenna has been widely derived in
printed designs [27, 28]. Another important ﬁeld of interest
for parasitic array is reconﬁgurable antennas [29]. A lot
of designs have been developed for mobile antennas and
MIMO applications, especially by including diodes or micro
electro mechanical systems (MEMS) [30]. However, these
antennas are most often conceived with parametric studies
because of the strong couplings which are diﬃcult to predict
and to include in the modeling process. As a whole, larger
structures require too much time computing whereas they
can of interest for some applications mentioned in Section 1.
In this part, we solve this problematic with the previous
synthesis method. In order to be used, it has been ﬁtted to
multielement antenna with a single driven element. It is then
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applied to a Yagi-Uda printed design and to a reﬂectarray.
In fact, this last category of antenna is based on a single feed
excitation which is electromagnetically coupled to an array of
radiating elements. These ones can be assimilated as parasitic
elements fed by speciﬁc weights depending on the impinging
waves coupled with the cells.

Φ = a1 · Φ1 + a2 · Φ2 · · · + ag · Φg · · · + an · Φn .

S1(g −1)×n

⎢
⎢
= ⎢ S21×n
⎣

Sn×n

S1(g −1)×n

(34)

···

S1,n

..
.

..

..
.

.

⎥
⎥
⎥,
⎥
⎦



S21×n = Sg,1 · · · Sg,n ,
⎡

Sg+1,1 · · · Sg+1,n

⎢

Sn,1

..

.

···

..
.

(35)
⎤
⎥
⎥
⎥.
⎥
⎦

⎜

A1(g −1)×1

A1(g −1)×1

⎟

(36)

ag −1

⎛

A21×1 = ag ,

(38)

where z0 is the port impedance.
Let us deﬁne the relation (39):
⎛

⎞

⎝

⎠ = GAMMA · ⎣

A1

⎡

⎛

⎤

⎞

A1

⎜ ⎟
⎦ · ⎜A2⎟.
⎝ ⎠

S1
S3

(39)

A3

With

A3(n−g)×1

(40)

The problem is now to ﬁnd the reﬂection coeﬃcients (Γi ) and
the complex weights (A1 and A3) able to satisfy the radiation
objective.
A simpliﬁed approach (which is eﬃcient but not systematically the optimum choice) consists in ﬁxing the phase
of each complex weight in order to build a constructive
summation in a steering direction. We can set these phases
using the relation (41):






(41)

Since GAMMA is a diagonal matrix, it can be written:

⎞

⎞

⎜
⎟
⎜ . ⎟
⎟
=⎜
⎜ .. ⎟,
⎝
⎠

z0 − jXi
bi
=
,
ai
z0 + jXi

∠Φg θsteer , ϕsteer − ∠Φi θsteer , ϕsteer .

A3(n−g)×1
a1

For the mathematical formulation, the reactive loads
connected to the antennas are changed into reﬂection coefﬁcients (38):
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⎟
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⎝ A21 × 1 ⎠,
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jXn

Figure 24: Principle of a parasitic antenna array.

∠ai = Δi = ∠ag + · · ·

The complex weights are similarly decomposed (36):
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(33)

Only the antenna named “g” is fed through its port, the
others are excited by mutual coupling. A set of reactive loads
Xi will be chosen to control the complex weights ai . The
multiple-antenna device is characterized by a Snxn matrix.
In order to facilitate the resolution, this Snxn is written using
three blocks (34):
⎡

an·Φn

b2

b1

4.1. Synthesis of Parasitic Arrays. Let us consider the parasitic
antenna array made of n elementary antennas. One antenna
is fed and the others are connected to reactive loads. For
this kind of design, the aim is to synthesize the loads that
will satisfy the radiation pattern. Looking at Figure 24, the
resulting radiation pattern is a linear combination of all the
antenna radiation patterns, as mentioned in (33) where a1...n
are complex weights, Φ1...n are the radiation patterns of the n
antennas:
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If Γi ≈ 1, (42) can be simpliﬁed, resulting in (43):
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 =
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 Δ3
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(43)
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with

30 mm

⎦ ∗ diag e j∠ai



15.63 mm
15.63 mm

(44)

S3

A1 and A3 are the unknowns to deﬁne. Equation
(43) can be quickly solved using a convergence algorithm.
Once A1 and A3 have been found, the associated
reactive loads can be easily deduced from the reﬂection
coeﬃcients with (45):
⎛
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⎞⎞

⎜ ⎟⎟
⎜ S1
⎠ · / ⎜⎣ ⎦ · ⎜A2⎟⎟.
⎝ ⎠⎠
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S3

y x

A3

The coeﬃcients Γi are the diagonal of the GAMMA
matrix.
It becomes
1 + Γi
.
jXi = z0
1 − Γi



with bg = S2 ·

A1
A2
A3

ag + bg
,
ag − bg

Figure 25: The printed Yagi-Uda antenna is made of 15 dipoles
printed on a FR4 substrate.
Directivity versus active port
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(46)

The last step is the determination of the input impedance
for the parasitic antenna array conﬁguration. Indeed, this
impedance is a function of the interactions with the other
antennas. It becomes
ZE = z0 ·

z

1.6 mm

(45)

(47)



, and A2 = ag .

The impedance matching is then achieved by changing
Zg by ZE∗ .
4.2. Application to the Design of a Yagi-Uda Antenna. With
the aforementioned relation, a straightforward design is proposed to illustrate the performances. The parasitic antenna
array is a Yagi-Uda antenna composed of 15 identical dipoles
printed on a 1.6 mm thickness FR4 substrate (εr = 4.3, tgδ =
0.025). The dipole length is 40 mm. The array is 270 mm
long with a 15.63 mm step between each element. A ground
plane is preserved at the rear of the substrate to receive
the electronic parts. The operating frequency is 2.45 GHz,
and the reactive loads are performed with surface-mounted
devices (SMDs) components. The diﬀerent dimensions are
depicted in Figure 25.
4.2.1. Synthesis Description. The ﬁrst step consists in the
electromagnetic analysis. This analysis is performed with
CST MWS. The numerical design is ﬁtted with 15 ports lying
in the middle of each dipole. The 15 dipoles are successively
fed in order to build the [S] matrix and to calculate the
15 radiation patterns. The obtained dataset is then used as
inputs for (33) and (34).
The relations (33) to (47) are solved with MaTLAB in
order to establish the best conﬁguration, that is, feeding
(or active) port provides the best performances in terms of
directivity, impedance matching, and backward radiation.
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Figure 26: Forward and backward directivity as a function of the
fed dipole.

The resulting 3D radiation patterns are simultaneously
computed, as the antenna impedance when the reactive loads
are connected.
Figure 26 shows the directivity and the backward radiation versus the feeding port index. The set of reactive loads is
changing with the feeding port. This Figure is useful to select
the most appropriate dipole to use as a feed among the 15.
The Figure 27 shows the input impedance as a function
of the active port id.
Notice that whatever the fed dipole among the 15
elements, the input impedance remains steady and close to
Ze ≈ 30 + j.
Given these characteristics, the third port has been
chosen as driven element. The main argument justifying this
choice is the front to backward radiation. The directivity
is 12.67 dB in the forward direction against −11 dB for the
backward radiation.
The corresponding radiation pattern is presented in
Figures 28 and 29.
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Table 5: Weightings for the coupled radiation patterns and reactive loads that are to connected to the non-fed dipoles.

Dipoles i

ai (weights for the coupled radiation patterns)
◦)

1 (reﬂector)

0.214 · exp( j ∗77

2 (reﬂector)

0.342 · exp( j ∗58.5

◦)

3 (feeder)

1.

4 (director)

◦
0.382 · exp(− j ∗64.5 )

5 (director)

0.329 · exp(− j ∗97.5

6 (director)

Reactive loads (jXi ) and input impedance (ZE ) that
produce the beam steering at 2.45 GHz
Inductances Li
Capacitors Ci
jXi /ZE
jX 1 = j ∗ 49
3.18 nH
jX 2 = j ∗ 59.8

3.88 nH

ZE = 26.7− j ∗0.5

—

—

jX 4 = − j ∗ 83.1

0.78 pF

jX 5 = − j ∗ 105

0.62 pF

0.276 · exp(− j ∗142

jX 6 = − j ∗ 113

0.57 pF

7 (director)

◦
0.249 · exp( j ∗156 )

jX 7 = − j ∗ 107

0.61 pF

8 (director)

0.273 · exp( j ∗110

◦)

jX 8 = − j ∗ 156

0.42 pF

9 (director)

◦
0.274 · exp( j ∗66.3 )

jX 9 = − j ∗ 143

0.45 pF

10 (director)

◦
0.23 · exp( j ∗10.6 )

jX 10 = − j ∗ 117

0.55 pF

11 (director)

0.233 · exp(− j ∗44.7

jX 11 = − j ∗ 167

0.39 pF

12 (director)

◦
0.273 · exp(− j ∗93.6 )

jX 12 = − j ∗ 129

0.50 pF

13 (director)

0.244 · exp(− j ∗148

jX 13 = − j ∗ 78.9

0.82 pF

14 (director)

0.191 · exp( j ∗148

◦)

jX 14 = − j ∗ 107

0.61 pF

15 (director)

0.292 · exp( j ∗78.9

jX 15 = − j ∗ 71.1

0.91 pF

◦)

◦)

◦)

◦)

◦)

Input impedance versus active port
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Figure 27: Input impedance versus the feeding port index (port
id.).

The reactive loads optimizing the radiation pattern are
given in the third column in Table 5.
The second column indicates the weights ai corresponding to the contribution of each dipole. The fourth and
the ﬁfth columns give the lumped elements required to
synthesise the reactive loads of the third column.
4.2.2. Finalizing the Design and Characterization. The active
dipole is connected to an SMA connector at the rear of
the PCB with a coplanar waveguide. A balun optimises the
matching impedance and performs a symmetric supply. In
order to facilitate the link with the coplanar waveguide, the

−10

X

Y

−15

Figure 28: The radiation pattern is computed with (33). The
complex weights and the reactive loads are reported in Table 5. The
directivity is 12.67 dB.

active dipole, the ﬁrst and second dipoles, and their reactive
SMD components are moved to the back of the substrate
as can be seen in Figure 30. It shows the Yagi-Uda antenna
with the reactive loads. The CST MWS full-wave simulation
uses the realistic SMD components values (including loss
resistance) provided by Coilcraft for the inductors and AVX
for the capacitors. The selected components are listed in
Table 6. They can be compared to the theoretical objectives
of Table 5.
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Directivity
15

Directivity (dB)

10

Figure 30: The active dipole is fed through a coplanar waveguide.
A balun achieves both the matching impedance and the symmetrisation of the currents into the coplanar waveguide. Blue parts
correspond to the lumped elements.
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Figure 29: E- and H-plane cuts of the radiation pattern at
2.45 GHz.
Table 6: The objective lumped elements are replaced by in-stock
values.
Dipole i
1
2
4
5
6
7
8
9
10
11
12
13
14
15

Purchased inductances
(Coilcraft) (nH)
3.3
3.9

Purchased capacities
(AVX) (pF)

0.8
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.8
0.5
0.9

The antenna including the coplanar waveguide, the
balun, and the realistic lumped elements has been simulated.
All lumped elements have a 0.1 Ohm serie resistance. The
transient computation predicts 11.6 dB directivity. Figure 31
shows that the radiation pattern is not much aﬀected by the
matching circuit.
Looking at Figures 29 and 32, we can conclude that the
backward radiation is greater with the balun. Nevertheless,
the performance satisﬁes our requirements. The antenna
manufactured is presented in Figure 33. The measured
return loss is presented in Figure 34 and compared with
the simulation. The experimental result agrees well the
prediction, validating the synthesis procedure and the SMD
components choice.

The main interest of this design consists in the straightforward design without full-wave and time-consuming
parametric studies which are classically used for parasitic
antenna. Moreover, from the manufacturing process point of
view, such an antenna can be realized as a generic one with
only a few dataset of SMD components to satisfy a radiation
objective. This concept of antenna might be useful when a
low-cost design is required. Notice that a very attractive and
original point of the synthesis procedure presented here is
the possibility to deﬁne the best element to be driven in the
parasitic array. With parametric design, such a study would
have led to a lot of combination and time consuming. For
the antenna presented, once the scattering matrix and the
radiation patterns have been computed with the full-wave
simulation, then it takes only a few seconds to ﬁnd the best
combination of reactive loads and driven element.
4.3. Focus on a Particular Parasitic Array: The Reﬂectarray
Antenna. The reﬂectarray antenna can be investigated as a
parasitic antenna array. The only diﬀerence is that the active
port is outside and far from the array. This feed illuminates
the cell-array which gathers the EM energy and restitutes this
energy with the usual behavior of an array antenna. Looking
at Section 4.1, the problem is similar. It can be reduced
to consider only the reﬂective panel (built with periodic
cells including ports) if each port is submitted to an initial
perturbation linked to the external feed. Each cell acts as an
elementary antenna in an array.
In the following developments, the primary feed does
not interact with the cells of the panel, it injects an initial
excitation b0i , as depicted on Figure 35.
The panel is characterized by a scattering matrix Snxn and
the radiation pattern of each cell. The incident powers b0i
depend on the radiation of the external feed.
The diﬀraction of the reactive panel is driven by the
relation (48):
ai = Γi · (bi + b0i ).

(48)

Including the couplings, we obtain




In×n − diag (Γ)n×n · Sn×n (ai ) = diag (Γ)n×n · (b0i ). (49)

This relation can be solved as in the previous section:


diag Γ−1


n×n

· (ai ) = Sn×n · (ai ) + (b0i ).

(50)

Let us consider that Γi ≈1 be comes
(ai ) = Δn×n · (ai ) + (b0i ) .

(51)
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Type
Approximation
Monitor
Component
Output
Frequency
Rad. e c.
Tot. e c.
Dir.

11.6
10.2
8.71
7.26
5.81
4.35
2.9
1.45
0
− 2.3
− 4.6
− 6.9
− 9.19
− 11.5
− 13.8
− 16.1
− 18.4

farﬁeld
enabled ( kR ≫ 1 )
farﬁeld ( f = 2.45) [1]
Abs
directivity
2.45
−1.302 dB
−1.337 dB
11.61 dBi

Figure 31: Radiation pattern computed with a full wave simulation (CST) at 2.45 GHz. The directivity is 11.6 dB.
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Figure 32: E- and H-plane cuts of the radiation pattern at 2.45 GHz
including realistic values of the SMD components. The realized gain
(simulated) reaches 9.74 dB (substrate and SMD ohmic losses).

with





Δn×n = Sn×n · diag e j∠ai .

(52)

This supposes that the phase distribution of the weighting is
a suﬃcient condition to focus the beam (41):
diag (Γ)n×n = (ai ) · /((b0i ) + Sn×n · (ai )).

(53)

The reactive loads are given by (46).
One of the most interesting comments on this demonstration is linked to relations (51) and (52). In fact, to
obtain the desired radiation pattern, the phase distribution
is deﬁned provided an oﬀset phase reference which appears
in (52). Notice that this oﬀset has also a direct impact on the

Figure 33: Prototype of the Yagi-Uda antenna including the SMD
inductors and capacitors.

magnitude distribution as demonstrated in (51). As a whole,
the oﬀset phase reference is a degree of freedom to improve
the performances of the reﬂectarray.

5. Conclusion
In this article, a simple and multipurpose synthesis procedure for the design of multielement antenna has been
described. It is based on a simple formulation including
couplings. The main objective was to describe some antenna
architectures or concepts where the couplings cannot be
avoided. The diﬀerent solutions developed rely on the
accurate deﬁnition of the constraints on the circuits (feed
distribution network, PA, reactive loads, etc.) connected
to the antenna in order to perform an eﬃcient combined
design. The procedure has been successfully applied to

(dB)
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accuracy problems, leading to a limited distribution in the
telecommunications market.
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diﬀerent categories of antennas of limited size, which is
an additional constraint because of the severe interactions
with the edge and antenna neighborhood. The synthesis
procedure has been validated by cosimulation results and by
measurements in order to guarantee its eﬃciency.
At ﬁrst, passive antenna arrays have been conceived and
measured with diﬀerent objectives on the radiation pattern
or on axial ratio. The interest of a synthesis including
couplings has also been demonstrated on active array where
the performances of ampliﬁers have been well predicted. An
opportunity to eliminate isolators on TX chains has been
proved.
Then, the case of parasitic antenna arrays has been
investigated by ﬁtting the method to a single driven element.
Outside the synthesis performances, it has allowed an
accurate study of these antennas, especially in the choice
of the driven element and the prediction of matching and
radiation performances. Notice that, thanks to this synthesis
procedure, a straightforward design is possible without
parametric simulation, leading to a signiﬁcant time gain
and improved performances. A speciﬁc investigation on
reﬂectarray antennas has also been performed with this
procedure. It has been shown that such architectures can
be studied as parasitic antenna arrays in order to accurately
deﬁne their performances. This is an important fact to notice
because this kind of antennas often suﬀers from modeling
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E. Arnaud, and T. Monédière, “Design of a coupled antenna
array for mobile HyperLAN2 applications,” International
Journal of Microwave and Wireless Technologies, vol. 3, no. 6,
pp. 609–614, 2011.
[22] E. W. C. Y. Lee, “Mutual coupling eﬀect on maximum-ratio
diversity combiners and application to mobile radio,” IEEE
Transactions on Communications, vol. 18, no. 6, pp. 779–791,
1970.
[23] T. Reveyrand, T. Gasseling, D. Barataud, S. Mons, and J.-M.
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We present an analysis of mutual coupling eﬀects on radiation pattern and individual coupling in a conformal array of cross
rhombic antennas. Analysis is made using both full-wave simulation and numerical approaches implemented in Matlab. The array
consists of a truncated hexagonal pyramid, with a cross rhombic antenna in each pyramidal face, including the one on the top,
having a 7-antennas-array. Results of radiation pattern and S11 parameters are presented, showing mutual coupling eﬀects among
the elements.

1. Introduction

2. The Cross-Rhombic Antenna

As is well known, antenna arrays are used to improve gain
and/or ﬁeld pattern, diﬃcult to achieve with a single radiator
element. Since more than 60 years, the research in the ﬁeld
of antenna arrays has been widely investigated [1–3]. But
most of the analysis methods do not consider mutual eﬀects,
generated by interaction between antenna elements forming
an array. Interaction is known as mutual coupling and is
produced by near-ﬁeld eﬀects which modify the impedance
of individual antenna and then the radiated power of each
element.
The far-ﬁeld array analysis, using the ﬁeld superposition
of elements by means of a vector sum, assumes that there
are no mutual eﬀects, although the near-ﬁeld eﬀect modiﬁes
the desired far ﬁeld. So it is necessary to know the near-ﬁeld
performance of an antenna placed in an array. This paper
presents analysis of mutual coupling eﬀects of cross-rhombic
antenna arrays for both near-ﬁeld eﬀects (coupling) and farﬁeld eﬀects (ﬁeld pattern).
First we describe the Cross-Rhombic Antenna used
in this analysis, and then we present simulation analysis
for linear and conformal array conﬁgurations aﬀecting
individual impedance and ﬁeld pattern. Finally we present
radiation pattern of the conformal array proposed.

The Cross-Rhombic Antenna (CRA) is our own design [4–
7]; it is a circularly polarized travelling wave antenna derived
from Roederer’s cross antenna [8]. We have obtained up to
15 dBi gain and 2 dB axial ratio, in a 1.6 λ square area. The
CRA is proposed to be used on board of a small satellite
and as a receiving antenna for ground-based augmentation
systems (GBAS).
The CRA and its radiation pattern are shown in Figure 1;
earlier we have performed a parametric analysis [4–7] in
order to determine the design procedure of the antenna,
and now we analyze its performance as a part of an array,
particularly into a conformal array for GPS-L1 (1560–
1588 MHz) band reception.

3. Mutual Coupling Analysis
Our ﬁrst analysis is a small linear array with 8 CRA elements,
as shown in Figure 2.
Separation between antenna centers is 1.57λ, and separation between the closest points in two consecutive antennas is
0.31 λ. Full-wave simulation analysis of S-parameter matrix
for the GPS-L1 band is shown in Figure 3.
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Figure 1: (a) The Cross-Rhombic Antenna and (b) its radiation pattern (φ = 0◦ cut).
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Figure 3(a) depicts the S11 magnitude for an isolated
element in green solid-line curve, to compare with eﬀects of
the array. Blue-colored solid-line curves show mutual eﬀects
for all 8 elements, and black-dotted curve is the worst case,
corresponding for two elements close one to each other. In
the same way, Figure 3(b) depicts the S11 phase parameter
and black-dotted curve shows the worst case. Black-dotted
curve corresponds to any two close elements; that is, if
we take the 5th element as reference, black-dotted curve
represents S45 and S65 parameters, showing a value below
−34 dB. Field pattern comparison is shown in Figure 4 for
both an isolated element and the 5th element aﬀected by
mutual eﬀects. It can be noticed that radiation pattern does
not change signiﬁcantly for the CRA array. On the other
hand, Figure 5 shows magnitude and phase S11 parameter
comparison between antenna array and the isolated element.
We conclude from Figures 3, 4, and 5 that mutual eﬀects for
a linear CRA array can be neglected in both cases: individual
coupling and individual radiation pattern.

We propose a conformal antenna array (CAA) for application on GPS satellite reception; we are trying to get an
almost hemispherical pattern in order to look as most of
GPS satellites as possible using a medium gain antenna.
There are many approaches to hemispherical coverage [9–
11], even for GPS applications [12] however, they consider
that a −10 dBi gain is well suitable because the use of low
noise ampliﬁers (LNA). We proposed a CAA for a ground
based augmentation system (GBAS) needing an all-around
high level reception from horizon to zenith. Original idea
proposes an antenna capable of providing at least 10 dB gain
over the whole hemisphere. Then we consider the use of a
CRA, because of its almost 15 dB directivity.

5. Conformal Antenna Array Analysis
There is a lack of tools for analysis and simulation of
conformal antenna arrays. Even though there exists special
software providing full-wave conformal simulation, these
commercial products are in general very expensive. The EM
simulator we have used is CST, and the proposed array is
shown in Figure 6(a); it is a hexagonal-truncated pyramid,
having one element in each face, including the top face.
Figure 6(b) depicts the conformal array Snn (each element’s coupling) response in brown and red solid-line curves
and mutual coupling parameters (Smn ) in blue solid-line
and black-dotted curves; as shown the worst case of mutual
coupling is around −40 dB meaning that mutual eﬀects are
so small that they could be neglected, then, results on Snn
are non-consistent because frequency sliding of individual
coupling in most of the elements means a strong mutual
eﬀect; we conclude that CST is not suitable for use in
conformal arrays; then, if we want to obtain CAA parameters,
we have to use another simulation tool or technique.
Brégains et al. [13] developed a numerical simulation
that deals with problems as the one we have; it is called
conformal pow 3D (CP3D). We used this free-license
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Figure 6: (a) Hexagonal pyramid conformal array and (b) its Sparameters.

Matlab-based software in order to analyze the radiation
pattern of our conformal array. To do so, we have to perform
a prior analysis in order to see if there is any special behavior
of our antenna when it is placed in an array. As seen in
Figures 4 and 5, it is clear that there is a negligible mutualcoupling eﬀect in a linear array; we can expect that mutual
eﬀect will be even lower when antennas are not in the same
plane, as shown in the lower curves of Figure 6; then, we can
neglect mutual coupling in a conformal array.

6. Computation of the Radiation Pattern of the
Conformal Array
Assuming the fact that the mutual coupling is null because of
the CRA and array geometry, we can use conformal pow 3D,
modifying only some code lines of the program, in order to
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Figure 8: (a) Upper view and (b) side view of the 3D polar radiation pattern.

include available numerical data of the CRA (imported from
text ﬁle of the full-wave simulation software).
Figure 7 shows a sketch of CAA, using cones to represent
each CRA orientation along its local Zn axis. Using these
geometries, the conformal pow 3D gives results depicted in
Figure 8, showing a 3D polar radiation pattern from two
views, and Figure 9 shows the principal-plane cuts for the
same radiation pattern.
Former ﬁgures show a good agreement between simulation design and proposal gain and ﬁeld pattern. Coverage
of 10 dB gain over bandwidth is good enough, even if we

have some ripple at the center. Large attenuation at each side
of ±90◦ angle ensures low interference noise, generated by
ground reﬂections.

7. Conclusions
We have presented simulation analysis of a conformal
antenna array, intended to be used in a GBAS; the proposed
antenna for array is a CRA, where analysis shows very low
mutual coupling eﬀects, considering its high directivity and
very small side lobes.
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Figure 9: Principal-plane cuts of the array radiation pattern.

Considering most commercial simulators are not suitable
for use in analysis of CAA, as is shown in this paper, we have
used the free-license CP3D, taking in account the low mutual
coupling eﬀects for both linear and conformal arrays. Using
this computational tool, it was possible to properly deal with
our problem.
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When deploying large antenna arrays in arctic environments, a local measurement system may be necessary in order to ensure
control over the position and phase of the individual antenna elements. In this paper, a method of estimating the position and
phase of each individual antenna element in the presence of mutual coupling is presented. It uses both measurements of the
scattering matrix in the array and measurements of the electric ﬁeld using a minimum of four probes located in the near ﬁeld
of the array. Simulations show that the method gives accurate results even in the presence of noise in the measurements. The
geometry of the probe-array system aﬀects the performance signiﬁcantly.

1. Introduction
In large antenna arrays it is important to know both
the position and the active far-ﬁeld radiation pattern of
each antenna element. This is particularly the case in
applications where knowledge about the gain and beam
pointing direction is needed in absolute numbers, such as
in multistatic radar systems. In the absence of coupling,
the complex far-ﬁeld radiation pattern can be estimated
using the equivalent electric current method [1]. In many
cases the mutual coupling between elements will distort the
behavior of the individual elements. Also, the position of
the antenna elements might not be constant over time. In
this paper, a measurement system capable of determining the
both the position and complex gain of the individual antenna
elements in a physically and electrically large antenna array in
the presence of mutual coupling is presented.
All large antenna arrays will thus be subject to signiﬁcant
random variations in the antenna elements’ position and
limited phase accuracy, which will aﬀect the far ﬁeld of the
antenna array after beamforming if not taken into account.
This was analyzed for an array with known position of the
elements but a phase and amplitude error on each element
[2] and for an array with both position and amplitude and

phase errors on the elements [3]. In [4], the eﬀect of random
errors on the sidelobe level of a two-dimensional scanning
array was investigated. There, analyses showed that the
amplitude of the main beam decreased and that the sidelobe
level increased when random errors were introduced. To
obtain maximum performance, it is therefore important to
be able to estimate the radiation properties of each antenna
element.
The antenna array system considered in this paper is
the planned EISCAT 3D incoherent scatter radar [5]. This
system will consist of several sites with a baseline of 90–
280 km. Each site will host an antenna array with up to
16000 antenna elements operating in the 210–240 MHz
frequency band. Since the system will be multistatic and
each antenna array will have narrow beams, it is crucial to
have accurate control over the pointing direction and shape
of the beam from the array. It has been found that the
maximum acceptable delay error between any two antenna
elements is 160 ps [6]. This limit includes all errors such
as jitter in the local oscillator and in the analog-to-digital
converter (ADC), errors introduced in the clock distribution
system, changes in the phase of the far-ﬁeld pattern of the
antenna elements, and changes in the physical position of
the antenna elements. Furthermore, the array will operate
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in remote, arctic, locations. This fact, in combination with
the large physical size of the system, introduces some extra
requirements on the system.
(i) Any cables used in the system, for example, clock
distribution, will be subject to large temperature
variations. This will introduce additional, potentially
unacceptable, errors in the timing of the individual
front-ends. Several methods of mitigating this problem have been proposed, see for example, [7].
(ii) The performance of the antenna elements might
also degrade due to snowfall [8]. The measurement
system presented in [1] is one means of mitigating
these eﬀects.
(iii) In the area where the antenna array will be located the
ground will freeze every winter. This might induce
ground movements which means that the position
of the antenna elements might not be constant.
It is therefore important to have the capability of
accurately measure the position of each antenna
element.
(iv) The ﬁeld of view of the array will be large (nearly
hemispherical). It is therefore necessary to be able
to estimate the performance of the array in all
directions.
(v) Although the system is expected to operate continuously and thus requires continuous monitoring, the
time scales relevant to the changes in performance
are relatively slow, on the orders of minutes to years.
The required update rate of the measurement system
is therefore not likely a problem.
Several measurement methods capable of solving at least
parts of the problems outlined above can be found in the
literature. Traditionally, the performance of large aperture
antennas is measured using radio sources such as quasars or
distant galaxies [9]. The same approach has also been studied
using satellite-based transmitter [10]. Although both of these
methods are capable of accurately measuring both the beam
shape and pointing direction they are limited in ﬁeld view
to essentially one direction at a given time. Several distant
radio sources exist covering the entire sky, making the former
approach more attractive. The signal strengths involved are
however generally too weak to enable calibration of the
individual antenna elements. The simplicity of the method
makes it an attractive complement to a local measurement
system.
In the planned antenna it will be possible to directly
measure the scattering matrix of the array, which can be
used to ﬁnd the impedance and admittance matrices. This
information has been used previously to estimate the active
radiation pattern of the antenna elements, see for example,
[11, 12]. In both these cases the position of the elements was
assumed to be known. In the latter paper, a small number
of calibration sources (9 calibration elements is suﬃcient for
a 10000-element array) was used to estimate the coupling.
In [13] a similar calibration scheme was presented intended
for the Square Kilometer Array. This method made use of an

initial oﬄine calibration using far-ﬁeld sources and an online
calibration method based on a monitoring system proposed
in [14]. A more recent paper present a method for estimation
of the coupling matrix, the elements’ radiation pattern and
the phase center of the array [15]. This method uses only
probes located in the far-ﬁeld of the array. Thus far, no
method have been presented which is capable of estimating
both the active far-ﬁeld radiation pattern and the phase
centers of the antenna elements in an array subject to mutual
coupling. The method proposed in the following sections
fulﬁlls this requirement using a minimum of four probes
located in the near-ﬁeld of the antenna array. The feasibility
of the method is demonstrated using simulations in which
the dilution of precision is used to assess the geometrical
eﬀects.

2. Measurement System
In order to determine the position and phase error of each
individual antenna element in an array subject to coupling,
the measurement procedure is divided into two parts. Firstly,
the full scattering matrix is measured and secondly, the
array is illuminated by at least four probes in order to
obtain the position and phase of each element. These two
measurements are described in the subsections below.
2.1. The Mutual Coupling between Antenna Elements. The
frequency domain behavior of any linear electric network
can be described completely in terms of a matrix relating
complementary quantities at all ports [16]. One such
description is to express the voltages V at all ports terms of
the currents ﬂowing into all ports I as
V = ZI,

(1)

where Z is the frequency-dependent impedance parameter
matrix. Other representations include the admittance matrix
Y = Z−1 ,

(2)

which relates short-circuit currents to applied voltages,
and the scattering parameter matrix S which describes the
network in terms of incident to and reﬂected/transmitted
electrical waves of some characteristic impedance. The S
matrix is related to the impedance parameter matrix Z of the
same network as
Z = zref (U + S)(U − S)−1 ,

(3)

where U is the identity matrix.
For this paper, we assume that a scattering-parameter
model of the interaction between all antennas within the
array is measured by applying an electrical stimulus from a
source of a suitable impedance (e.g., 50 Ω) at one antenna
at a time, and observing both the reﬂected wave at the
driven port and also the transmitted signals arriving at all
other receivers of the arrays. It should be noted that errors
in actual impedance of the receiver front-end or errors
in the cable-lengths used between front-end and antenna
can be calibrated out based on measurements on reference
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open/short/match elements at the time of installation. In
Chapter 3 in [17] details about an architecture capable of
performing these measurements is presented. Here it is
assumed that the conditions stated in [18] are fulﬁlled. The
method was also recently analyzed rigorously [19].
2.2. The Electric Field Produced by an Antenna Array.
The radiation properties of an antenna is described using
amplitude, phase, and polarization. In order to measure
this a number of probes will be necessary. A comprehensive
description of antenna measurement procedures can be
found in [20].
The current on an antenna located at a point r is
proportional to the electric ﬁeld E in the same point with
an angular dependence G(−r) which yields
I = aG(r) · E(r).

3. The Complex Amplitude and Position
In this section the calculations associated with the electric
ﬁeld produced by the antenna array and the mutual coupling between the elements in the array are presented. In
Section 3.1 both these are used to estimate the contribution
of each antenna element to the complex ﬁeld produced by
the array and in Section 3.2 the phase of this contribution is
compared with the expected value (i.e., the nominal geometric range between the probe and the antenna element). This
relates directly to the geometric range and the position and
phase error of each antenna element can then be estimated
using trilateration in the same way as is done in, for example,
GPS receivers.
3.1. The Electric Field. The electric ﬁeld E at a point r in
the radiative near-ﬁeld of an antenna consisting of a perfect
electric conductor can be calculated using
(5)

!

!

G(r) =

A(r) = μ

S

J(r )e jkr

S



cos ψ

e
J(r )dS ,
4πr

(6)

where ω is the angular frequency, μ is the permeability of the
medium, S is the surface of the antenna, J(r ) is the electric
current at the point r on the antenna, and r = |r − r |.

dS

(8)

is the far ﬁeld radiation pattern of the antenna and ψ is the
angle between the vectors r and r .
The current distribution can be expanded using basis
functions according to
N

J(r ) =

αn fn (r ),

(9)

n=1

where αn are constants, fn (r ) are suitable basis functions,
and N is the total number of basis functions. The electric
ﬁeld in (5) can then be written as
N

E(r) =

e− jkr+φ
αn Gn (r),
r n=1

(10)

where φ is an unknown phase shift, r = (r − r )/r, and
Gn (r) =

!

μ
4π

S

fn (r )e jkr



cos ψ

dS .

(11)

If the antenna elements in the array are simple it will
be suﬃcient to use one basis function only, for example,
a sinusoid if half wave dipoles are used. In this case the
parameter αn will be the current at the input port of the
antenna. Then (10) reduces to
E(r) =

e− jkr+φ 
IG (r).
r

(12)

The current induced in the probe antenna p from antenna element q will thus be
Ip =

 


e− jkr pq +φq
Iq Gq r pq · G p −r pq ,
r pq

(13)

where Gq (r pq ) is the far ﬁeld radiation pattern of antenna
element q in the direction towards the probe p and G p (−r pq )
is the far ﬁeld radiation pattern of the probe p in the
direction towards the antenna element q.
For a set of measurements of diﬀerent antenna elements
in the array (13) can be written as






Ia = Gq r pq · G p −r pq
− jωr

(7)

where



with

μe− jkr
G(r),
4πr

A(r) ≈

(4)

In this application, the main interest is in the position
and time errors of the system. The relevant property to
measured is therefore the phase of the far-ﬁeld radiation
pattern of the antenna elements. For these reasons it is crucial
that the probe is well characterized in terms of position,
phase, and polarization, that is, G and r are known with
suﬃcient accuracy. In order to estimate the position and
phase error of each antenna element at least four probes
are needed. Furthermore, these probes needs to be well
synchronized with each other.

E(r) = − jωA(r)

In the far-ﬁeld region, the magnetic vector potential A is
approximated by



R pq Iaq ,

(14)

where Ia is a row vector containing the measured currents at
the probe for each measurement a,
Rq =

e− j(kr pq +φq )
,
r pq

(15)
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and Iaq is a matrix where each row deﬁnes the current
distribution over the array for measurement a. This can now
be related to the admittance matrix in (3) which yields








Ia = Gq r pq · G p −r pq



R pq Yqs Vqa ,

(16)

where Yqs is the admittance matrix of the array and Vqa is
the excitation of the array with each column containing the
excitation for a particular measurement a.
Although any type of excitation scheme could be used it
is most convenient to excite the antenna elements one at a
time with equal voltages. In this case the matrix Vqa will be
equal to the identity matrix. Due to reciprocity, this will also
be the case if the probes are used in transmitting mode (even
though diﬀerent voltages will be seen at each element). In
(16), the unknown to be solved for is the term R pq which
contains the information about the distance and electrical
phase errors of each antenna element. This is given by
R pq = 



Ia Y−qs1





Gq r pq · G p −r pq

 .

R pq =

zref Ia U + Sqs








U − Sqs


Gq r pq · G p −r pq

−1



.

(18)

The procedure outlined above is repeated for each probe
in order to get a full set of measurements to be used when
solving for the position of the antenna elements.
3.2. The Position Solution. The present measurement system
assumes that the AUT’s approximate location r0 and the
nominal radiation pattern G0 are known. Furthermore, it is
assumed that the antenna elements are simple enough so that
their individual radiation patterns only change by a complex
constant (due to for example, a phase shift or displacement
of the element). These assumptions enable solving for the
free space path loss and phase oﬀset, R pq , of the individual
antenna elements as was shown in the previous subsection.
To obtain the position and phase oﬀset of the antenna
elements the phase of Rq must be studied. This can be written
as






∠R pq = r p − rq  + φq .

(19)

In the actual antenna array the approximate position will be
known from the design of the array and the approximate
clock error will be known from the clock distribution system.
Thus (19) can be rewritten as
∠R pq



Aq,i





= r p − rq,0 − δrq  + φq,0 + δφq ,

(20)

where rq,0 and φq,0 is the approximate position and clock
error, respectively, and δrq and δφq are the errors.
If at least four linearly independent measurements m are
available (20) can be solved iteratively using the NewtonRaphson method. The procedure is well known from the



δrq,i+1
= b pq,i ,
δφq,i+1

(21)

where i is the iteration index,




Aq,i = rqp,i 1







b pq,i = ∠R pq − r p − rq,i − δrq,i 

(22)

+ φq,i + δφq,i + ε pq ,
where rq,0 and φq,0 is the nominal position and phase oﬀset,
δrq,i and δφq,i are the guesses of the errors in the nominal
position and phase oﬀset, εmq is the measurement noise, and

(17)

Inserting (3) into (17) then yields


satellite navigation community and a detailed derivation can
be found in for example [21]. Thus, only the solution is
presented here. The problem is solved iteratively and the
solution can for this application be written as a system of
linear equations as

rqm,i = 


rm − rq,i − δrq,i



rm − rq,i − δrq,i 

(23)

is the estimated direction from the antenna element q
towards the probe p. Since the errors δrq and δφq will mainly
be caused by relatively slow processes such as ground movement, temperature variations, and precipitation, these can
safely be assumed to be smaller than a wavelength between
each measurement epoch. Thus, no integer ambiguity need
to be considered. There are several estimators that can be
used to solve the system of equations in (21). If the noise
εmq is white, Gaussian, with zero mean, the least square (LS)
estimator will be a best linear unbiased estimator (BLUE),
provided that the ε pq have equal variance for all probes. Then





−1
δrq,i+1
= ATq,i Aq,i
ATq,i b pq,i .
δφq,i+1

(24)

The computed δrq,i+1 and δφq,i+1 are used to update the
rq,i and φq,i as well as rqp,i . The procedure is then repeated
until the solution converges.
The errors in the estimated position and phase of the
antenna elements will, provided that the measurement errors
are zero mean, also be zero mean. They will, however,
have diﬀerent variances in diﬀerent directions and this will
depend on the geometry of the probes. This is conveniently
analyzed using the dilution of precision (DOP) which is
given by the diagonal elements of




−1

D = AT A

.

(25)

For a system where the position of the probes and the
antenna element are deﬁned in a local east-north-up coordinate system and the all measurements have equal variance
σ, the overall quality of the LS solution is given by
"

σG = σE2 + σN2 + σU2 + σφ2

"
= σ D11 + D22 + D33 + D44 ,

(26)
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Figure 1: The error in the position estimation versus the dilution
of precision for all antenna elements and 200 random probe
conﬁgurations. The red line is a smoothed curve using a 500-point
moving average.

array considered here is a 21 by 21 element array (a total of
441 elements). The elements are laid out in a square grid with
a distance of one wavelength between each element. Each
element is a point source with an omnidirectional radiation
pattern. An operational frequency of 230 MHz is assumed
and thus the side of the array is approximately 27 m long.
It is assumed that each antenna element in the array
couple randomly to all other antenna elements in such a way
that the current I pq in (14) is given by
I pq = U + 0.01αi j ,

Figure 2: The setup of the antenna array system. The dots denote
the antenna elements and the “x” are the probes.

where σE2 , σN2 , σU2 , and σφ2 are the variances in the east, north,
up, and phase coordinates, respectively. The term σG /σ is
called the geometric dilution of precision (GDOP) and will
be used to assess the performance of the measurement system
in the next section.

4. Results
In this section, the performance of the measurement method
outlined above is assessed using simulations. The antenna

(27)

where αi j is a symmetric matrix where the elements are
complex, random, and gaussian distributed (with unit
variance). The measurements are assumed to have a signal
to noise ratio of 30 dB. This noise is assumed to add both
to the measurements obtained by the probes and to the
measurement of the coupling matrix.
In this paper, the only assumptions made about the
coupling is thus that it is not dominating the behavior of the
antenna. Also, there are no assumption about what type of
antenna other than that it can be described with only one
basis function. It is assumed that the coupling exists and that
it can be measured (with measurement uncertainty) but the
coupling is not determined by electromagnetic simulations
in this paper. This simpliﬁcation was done in order to enable
the large number of simulations needed in order to get
statistically signiﬁcant results.
4.1. Accuracy versus Dilution of Precision. The dilution of
precision assumes equal variance in all measurements. This
might not be the case in this application since the distance
between the antenna elements to the diﬀerent probes varies
with the position of the elements in the array. Also, the
coupling might corrupt the measurement somewhat. The
dilution of precision is here compared with the error in
position and phase in order to validate the use of the dilution
of precision as a measure of performance.
A total of 200 simulations was performed. The number of
probes used varied between four and twelve (randomly) and
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of meters to enable comparison with the other plots.

the probes were located at random positions in a box with
sides 50-by-50-by-25 meters. This was done in order to get a
variety of DOPs for analysis.
In Figure 1 the error in the estimation of the position and
phase of the antenna elements is shown versus the dilution of
precision. The results for all antenna elements and all probe
conﬁgurations are shown (a total of 88200 data points). The
red line in the ﬁgure is a smoothed curve using a 500-point
moving average. It can be seen that the average error is

proportional to the DOP, at least for the lower values of DOP.
For an actual implementation, a DOP of less than 10 should
be expected.
4.2. Sample Measurement System. The performance of a
sample measurement system was analyzed in order to obtain
a more realistic performance estimate for this method. A
total of eight probes is used and these are located on four
diﬀerent towers with east-north coordinates (−20, −20),
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(−20, 20), (20, −20), and (20, 20). The probes are at height
5 m and 30 m above the ground. The layout of the antenna
array and the probes is shown in Figure 2.
The GDOP of the measurement system is shown in
Figure 3 for diﬀerent locations in the array. It can be seen
that, for this particular geometry, the performance is slightly
reduced towards the edges of the array. This is expected since
the probes will be more evenly spread out around elements
in the center of the array, and thus the columns of Aq,i in (21)
will be closer to orthogonal here.
Since measurement uncertainty due to noise in the
received signals add both to the probe measurements and
the measurement of the coupling matrix, it is relevant to
do a statistical evaluation of the performance. The results
are shown in Figure 4. A total of 200 simulations were
performed. The errors in all the antenna elements are shown
in the same ﬁgure even though these errors can be expected
to have slightly diﬀerent distributions due to the fact that
the DOP changes over the array as seen in Figure 3. The
electrical phase oﬀset of the antenna elements shown in
the lower right plot in Figure 4 are expressed in meters to
enable a comparison between the errors in the diﬀerent
directions. An error of 0.01 m corresponds to a phase error
of approximately 3◦ . All errors have a mean of nearly 0. The
standard deviations are for the errors in the east and north
directions 2.3 mm, for the up direction 5.3 mm, and for the
phase oﬀset 2.4 mm. The performance is thus signiﬁcantly
poorer in the up-directions compared to the other directions.
This is due to the fact that the probes are all located in one
hemisphere.

5. Discussion and Conclusions
A measurement system capable of estimating both the
position and phase of the antenna elements in the presence
of mutual coupling has been presented. The system requires
measurements of the full-coupling matrix and electric ﬁeld
measurements from at least four probes. The method has
been demonstrated using simulations of a dipole array with
random coupling between the elements.
The measurement method discussed here is mainly
relevant for antenna arrays which are both electrically and
physically large. This is due to the fact that smaller array
are not aﬀected to the same extent by temperature and
precipitation related factors, which are expected to be a
major error source in the EISCAT 3D system.
In this paper, a number of simplifying assumptions have
been made. Although the feasibility of the measurement
method has been demonstrated, further studies are needed
before the method can be implemented in an actual system.
The main question remaining is how the method works
with realistic antennas and all imperfections, such as a
poorly conducting ground plane and multipath eﬀects. More
rigorous simulations and measurements will be needed in
order to test these issues. Also, the method here assumes
simple antenna elements which can be described using
only one basis function. More complex antenna elements
will in general require a larger number of probes. How to

7
make these adjustments are clear areas which require further
studies.
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We consider the impact of antenna mutual coupling on receive antenna selection systems. Prior work on selection with mutual
coupling has not considered the eﬀects of the inactive (i.e., unselected) antenna terminations and spatial noise correlation. In this
work, we show that the presence of inactive antennas can profoundly alter system performance when the antennas are strongly
coupled. We also propose a new antenna selection technique that seeks to exploit coupling to improve performance. Simulations
suggest that the new technique can signiﬁcantly outperform traditional selection when coupling is present.

1. Introduction
Multipath fading is known to deteriorate the performance
of a wireless communication system. Spatial diversity techniques employing multiple-antenna systems at the receiver
have been shown to combat fading and promise signiﬁcant
performance improvement over single-antenna systems [1,
2]. The performance of such diversity techniques grows with
the number of antennas though the gains gradually start
to become less profound. Besides, multiple-input-multipleoutput (MIMO) architectures [3, 4] have been shown to
increase the achievable data rate, tremendously.
However, these techniques demand deployment of large
arrays, and, thus, the beneﬁts come at the cost of an increased
system and hardware complexity. At the receive side, each
antenna is associated with a low-noise ampliﬁer (LNA), a
demodulator and an A/D converter, together constituting
a receive radio frequency (RF) chain, which is expensive.
In addition to that, employing more antennas requires
sophisticated digital signal processing, and, for small-sized
or hand-held receivers, it puts a burden on providing an
extended battery life. All these factors pose a challenge to the
wide-scale deployment of multiple-antenna systems.
Antenna selection is one such scheme which tries to
bridge the gap between the complexity and diversity beneﬁts.
It utilizes only a subset of available antenna signals, followed
by down-conversion and digital signal processing. This

reduces the requirement of a large number of RF chains
and brings down the system and hardware complexity. An
analysis of generalized diversity schemes with maximal-ratio
combining (MRC) technique is reported in [5]. In this
paper, we restrict our attention to receive antenna selection
combined with MRC, also known as Hybrid-Selection/MRC
(H-S/MRC) technique [6–9].
Although, MIMO techniques have been demonstrated
to achieve the much needed high-throughput and reliable
wireless communication, practical constraints on the physical dimensions of a transceiver limit the deployment of
large arrays. Thus, in order to build low-cost and compact
multiple-antenna devices, packing antennas closer together
becomes indispensable.
As the antenna elements in an array are brought closer,
the fading path gains become correlated, and the antennas
begin to couple with one another. For closely spaced antennas, the current ﬂowing in one element alters the voltage
across the other, commonly known as mutual coupling.
Traditionally, antenna selection applied to MIMO systems
chooses a set active antennas to be employed for transmission
or reception based on some performance metric and ignores
the inactive antennas. However, in the case of closely spaced
antennas, mutual coupling can have a profound impact
on the performance, while also opening new avenues for
transceiver design with respect to the presence of inactive
elements in the vicinity of the active subset.

2
It is well known that employing parasitic antennas
in compact arrays can leverage signiﬁcant performance
improvements. In this paper, we investigate the design
of compact receive antenna selection systems from a
communication-theoretic perspective that put the inactive
elements at use. The underlying motivation is to come up
with selection architectures that oﬀer improved diversity
performance, compared to a system without selection with
an equal number of RF chains and array size. An illustration
of this comparison is given in Figure 1. It shows three
systems with and without antenna selection, referred to as (a)
antenna selection (AS), (b) reduced full-complexity (RFC),
and (c) full-complexity (FC).
A study of receive antenna selection in the presence of
mutual coupling has been reported in [12, 13]. However,
the performance of antenna selection applied to compact
arrays is not well understood. These studies make diﬀering
assumptions about the role of inactive elements leading to
diﬀering conclusions. For example, the proposed model in
[12] assumes that the inactive elements are transparent to the
rest of the array at all spacings. While [13] has reported that,
for compact arrays, the performance of antenna selection
is worse than the full complexity system. It models the
inactive elements as terminated in the same impedance
as the active elements. However, we believe that terminating an inactive element in an impedance with nonzero
resistive part would only degrade the system performance
and thus, undermine the hidden potential of the inactive
elements.
Besides, all studies, thus far, have assumed that the noise
at the receiver is additive white Gaussian in nature. It has
been recently shown in [14] that the noise for a coupled
receiver is correlated in state-of-the-art compact receivers
and that the performance is signiﬁcantly altered by the exact
location of the noise in the RF chain. We adopt the same
spatially correlated noise model for the receiver.
As we present a more realistic model for receive antenna
selection applied to compact arrays, we seek to address
some of the above-mentioned issues. It will be shown in
this paper that for compact arrays, selection is in fact
preferred over compact full-complexity and reduced fullcomplexity systems. We shall demonstrate that, by appropriate termination of the inactive elements, the performance
of antenna selection can be further improved. We call this
strategy parasitic antenna selection (PAS). A simple selection
technique with one active element will be shown to perform
better than others employing more RF chains for certain
conﬁgurations.
The organization of this paper is as follows. In Section 2,
we discuss the impact of inactive elements in coupled
systems. Section 3 introduces the generalized system model.
Section 4 formulates the problem for a diversity system
and discusses optimal matching and optimal/suboptimal
parasitic networks for antenna selection. Section 5 outlines a
numerical example and presents the results for various conﬁgurations. Section 8 highlights some of the implementation
aspects of the proposed antenna selection scheme. Finally, we
conclude the paper in Section 9.

International Journal of Antennas and Propagation

0.5 λ

Figure 1: Conﬁgurations: (a) antenna selection (AS), (b) reduced
full complexity (RFC), (c) full complexity (FC).

2. Impact of Inactive Elements
Traditional antenna selection schemes assume that the inactive elements are left open circuited. While the termination
of inactive elements does not matter when the array elements
are uncoupled, it is imperative to study the role played by the
inactive elements in a compact selection system.
One such study that explores this aspect is [15]; wherein,
the impact of an open-circuited antenna placed close to a
driven half-wavelength dipole has been studied numerically.
The two arms of the inactive element are treated as two
quarter-wavelength shorted dipoles. Although, the terminal
current in the open-circuited element is zero, the two arms
carry a surface current due to coupling from the driven
element. The results show that, for small spacings and
practical thickness of these dipoles, the peak of this current
distribution can be as large as 12% that of the current ﬂowing
in the driven element. These surface currents cause elements
to reradiate incident EM ﬁelds, thereby not only aﬀecting
the open-circuit voltages across the active elements but also
modifying the eﬀective radiation pattern of the array. Clearly,
the open-circuited inactive elements can no longer be treated
as transparent to the rest of the array.
For long, inactive (aka parasitic) elements in an array
of antennas have been exploited to improve system performance. For example, popular Yagi-Uda arrays [16] are
known to provide powerful directivity. Such arrays are
known to exploit the parasitic behavior in directional beamforming by optimal spacing, length, and short-circuiting of
the inactive elements. However, these systems are sensitive to
the direction of arrival of the signal.
Vaughan [10] has suggested that for a circular array of
parasitic elements, with a single driven element in the center,
it is possible to beamform the radiation by proper switching
of parasites as open or short, but, to the best of our knowledge, such a scheme has not been proposed in conjunction
with antenna selection. Hamer and Butcher [17] experimentally demonstrated a single switched-element design and
investigated the impact of loading the inactive element. A
similar study has been found in [18], where the author has
considered a receive array with two dipoles-a ﬁxed driven
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Figure 2: A circuit model of a receiver with antenna selection and mutual coupling.

element and a parasitic element loaded with an optimal
impedance (such that the antenna correlation is minimized).
Harrington [11] has shown that it is possible to choose
purely reactive loads for the nondriven elements of an array
such that the overall radiation pattern can be steered over
the azimuth. However, the techniques mentioned therein,
require an exhaustive search for the optimal reactive load.
Moreover, the loads are also a function of the direction of
the steerable radiation pattern. When applied to the case
of selection, it requires a diﬀerent set of optimal reactive
loads for each active subset and each channel realization.
A popular ﬂavor called electronically steerable passive array
radiator (ESPAR) is applied to circular arrays with one active
antenna centered in a ring of equidistant parasitic antennas
with switchable reactive loads.
Hence, we seek to explore ways in which the coupling
between the array elements can be exploited to improve the
performance of selection systems. The key idea here is to use
a diﬀerent kind of termination that can reﬂect the power
oﬀ of the inactive elements in order to make more power
available to the active subset. In arriving at the analytically
optimal designs, we shall begin with modeling the transceiver
accurately.

3. System Model
We consider the receiver circuit model illustrated in Figure 2,
which extends the model of [14] to include antenna selection.
This model consists of an array of N receive antennas
together with a switch that selects a subset of these antennas
to connect to L RF chains. The switch is connected to the
front-end ampliﬁers through a matching network, while the
rest of the RF chain is represented by an equivalent load zl .
These components are described in detail below.
3.1. Antennas and Switching. The N receive antennas convert
the incident electromagnetic (EM) ﬁeld into open-circuit
voltages across the antenna terminals. When the antennas are
closely spaced, the terminal voltage of each antenna depends
not only on the ﬁeld at that antenna but also on the currents
ﬂowing through neighboring antennas. To account for this

coupling, the relationship between the terminal voltages v
and currents i can be modeled as
v = ZA i + vo ,

(1)

where ZA is an N × N impedance matrix and vo is
the N × 1 open-circuit voltage induced by the electric
ﬁeld. Here [ZA ]nn is the self-impedance of antenna n, and
[ZA ]nm is the mutual impedance between antennas n and m.
Approximate formulas for these impedances are given for
a two-element array of inﬁnitesimally thin dipoles in [19].
Since these formulas do not account for antenna scattering,
we evaluate the impedances numerically for ﬁnite-width
dipoles using the Numerical Electromagnetics Code (NEC)
[20], a program based on the method of moments.
In a ﬂat-fading environment, the open-circuit voltage in
(1) is given by


vo = E ho x + no ,

(2)

where ho is an N-vector of fading path gains, x is the
complex transmitted symbol with E[|x|2 ] = 1, E[·] denotes
the expectation, E is the average received energy per branch,
and no is noise induced in the antennas. If the received signal
ﬁeld consists of a large number of plane waves with independent, uniformly-distributed random phases, then ho can
be modeled as a zero-mean, circularly symmetric, complex
Gaussian random vector, denoted by ho ∼ CN (0, Σho ). For
a uniform linear array with spacing d, the fading correlation
matrix is [21, 22]


Σ ho


nm

=

! 2π ! π
0

0









gn θ, φ gm∗ θ, φ e j(2π/λ)d(n−m) sin θ cos φ




(3)

× p θ, φ sin θdθ dφ,

where gn (θ, φ) is the antenna pattern of dipole n, p(θ, φ)
is the angular density of multipaths arriving from (θ, φ),
and λ is the wavelength. To account for antenna scattering,
we calculate gn (θ, φ) numerically for ﬁnite-width dipoles
using NEC. When multipaths are uniformly distributed in
the plane p(θ, φ) = (1/2π)δ(θ − (π/2)), and scattering is
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neglected so each dipole is omnidirectional gn (π/2, φ) =
1, note that (3) reduces to Clarke’s [21, 22] formula
J0 (2π(d/λ)(m − n)).
For perfectly conducting antennas, no in (2) is the opencircuit voltage induced by noise sources in the surrounding
environment, such as thermal radiation, cosmic background,
and interference from other devices. As in [14], we assume
that the array is surrounded by a black body enclosure at the
standard temperature T0 = 290 K. Under these conditions,
Twiss [23] showed that no ∼ CN (0, Σno ), where




Σno = 2kT0 B ZA + ZH
A ,

(4)

k = 1.38 × 10−23 J/K is Boltzmann’s constant, H denotes the
conjugate transpose, and B is the bandwidth in Hz. Observe
that ZA is essentially diagonal for large d, so the noise is
spatially white. For d less than a few wavelengths, however,
ZA is not diagonal and the noise is correlated.
The array is followed by a noiseless switching network
that selects L out of N “active” antennas to connect to the
L receiver RF chains. The remaining L = N − L “inactive”
antennas are not connected directly to the receiver chains
but, depending on how they are terminated, they can aﬀect
the active antennas through mutual coupling. Let S =
{s1 , . . . , sL } denote the indices of the L active antennas, and
let S = {s1 , . . . , sN −L } be the corresponding indices of the L
inactive antennas. As illustrated in Figure 3, it is convenient
to think of the switch as partitioning the antennas into an
active group with open-circuit voltage, vo (S) = IS vo , and an
inactive group with open-circuit voltage vo (S) = IS vo , where
IS is the |S | × N selection matrix deﬁned by
⎧
⎨1,

[IS ]i j = ⎩
0,

if j = si

(5)

otherwise,

and |S | is the cardinality of S.
In traditional antenna selection, the inactive antennas
are considered to be open circuit. Here we also consider the
possibility that terminating the inactive antennas with some
L × L parasitic impedance network, say ZP , may improve
performance. Since this impedance may allow currents to
ﬂow through the inactive elements, it may alter the opencircuit voltage and impedance of the active antennas in a
way that depends on S. If we partition (1) as in Figure 3, we
obtain
⎡  ⎤

v S

⎣

v(S)

⎡

⎦=⎣

ZS S ZSS
ZSS ZSS

⎤⎡  ⎤
⎦⎣

i S

i(S)

⎡  ⎤

⎦+⎣

vo S

vo (S)

⎦,

 

 

Combining (6) and (7), we obtain
 



i S = − ZP + ZS S

−1 

(7)
 

ZSS i(S) + vo S

v(S) = ZS i(S) + vS ,



ZS = ZSS − ZSS ZP + ZS S


vS = vo (S) − ZSS ZP + ZS S

,
(8)

−1

−1

ZSS ,

(9)

vo S .

(10)

 

Comparing (8) with (1), we see that the switching network
and ZP essentially change the array impedance and opencircuit voltage from ZA and vo to ZS and vS , respectively.
Most of the voltages and currents in Figure 2 will, like
those in (8), (9), and (10), depend on the set of active
antennas, S. However, to avoid needless clutter, we have
chosen to suppress this dependence in (9) and (10). We also
note for future use that (10) can be written as


vS = TS vo TS = IS − ZSS ZP + ZS S

−1

(11)

IS

where TS is the equivalent selection matrix.
3.2. Ampliﬁers. According to [24], any linear ampliﬁer can be
represented as in Figure 2. Here,
va1 ∼ CN (0, 4kT0 Bra ),



ia1 ∼ CN 0, 4kT0 Bga



(12)

are independent random variables that model ampliﬁer
internal noise, where ra and ga are the equivalent noise
resistance and equivalent noise conductance, respectively. The
correlation impedance, zcor = rcor + jxcor , controls the
correlation between the noise observed at the two output
terminals. The noise statistics of an ampliﬁer are completely
characterized by {ra , ga , zcor }.
When a source impedance zs = rs + jxs at the standard
temperature is connected to the ampliﬁer input port, the
noise factor is deﬁned as
F =1+


1
ra + ga |zs + zcor |2 ,
rs

(13)

The noise factor is useful because it relates the input and
output signal-to-noise ratios (SNRs) of the ampliﬁer, given
in dB by SNRout = SNRin − NF, where NF = 10 log10 F is the
noise ﬁgure. Note that F attains its minimum value Fmin when
zs = zopt where [24]


"



Fmin = 1 + 2 ga rcor + ga ra + ga rcor
&

(6)

where v(S) = IS v, i(S) = IS i, ZSS = IS ZA ITS , and the
other quantities are deﬁned analogously. Here, T denotes the
transpose. Note we also have
v S = −ZP i S .

where

zopt =

ra
2 − jx .
+ rcor
cor
ga

2



,
(14)

3.3. Matching Network. The switching network is connected
to the ampliﬁers by a 2L-port-matching network ZM .
Matching networks can be used to alter the antenna array
impedance in order to maximize the power transfer or
the resulting SNR. We assume an ideal matching network
consisting of passive and reactive elements such that it is
noiseless, lossless, and reciprocal. It can be shown [25] that
the network is lossless (no power is dissipated within it)
provided that the following conditions are satisﬁed: Zaa =
H
H
−ZH
aa , Zss = −Zss , and Zsa = −Zas .
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Figure 3: Circuit model of the antenna array and switching network.

The relationship between the voltages and currents at
the input and output of the matching network are described
by equations similar to (6) and (7), with ZP replaced with
ZS , vo (S) replaced with −vS , vo (S) replaced with 0, Zas
replaced with ZSS , and so on. It follows from (8) that the
matching network alters the switch impedance and opencircuit voltage from ZS and vS to ZS and vS , respectively,
where
ZS = Zaa − Zas (ZS + Zss )−1 Zsa ,

(15)

vS = Zas (ZS + Zss )−1 vS .

(16)

3.4. Load. The rest of the RF chain (aka downstream components) is modeled by an Thevenin equivalent load. These
elements typically consist of demodulation components like
mixers, ﬁlters, and samplers.

'



H
1
1
Σn = DC Σn0 + ra I + ga ZS + zcor I ZS + zcor I
4kT0 B
2

The input to the linear combiner given by the voltage vl
across the load zl can be expressed in terms of the L × 1
equivalent fading path-gain vector h as
r = vl = E hx + n,

(17)

h = DCM(TS ho ),

(18)

(

× CH DH ,

(21)
where Σno = (MTS )Σno (MTS )H .
4.1. Optimal Combining. The receiver employs a linear
combiner to the input r such that
y = wH r = hx + n,

4. Optimal Designs for Diversity System



The ampliﬁer parameters are denoted by z11 , z12 , z21
and z22 and the mutually independent noise sources
are distributed as va ∼ CN (0, 4kT0 Bra I) and ia ∼
CN (0, 4kT0 Bga I). The noise covariance Σn for (19) is, thus,
given by

(22)

and the resulting SNR is
 2
 H 2
 
w h
h
γ =  2  = E H
.
w Σn w
E  n

(23)

where




 

n = DC M(TS no ) − va − ZS + zcor I ia .

(19)

Here, va and ia are the ampliﬁer noise voltages and currents,
respectively, and


C = z21 ZS + z11 I

−1

−1

M = Zas (ZS + Zss ) ,
with ZS given by (15).




2


γo = E maxΣ−n 1/2 h ,
IS

(24)

where h is given by (18) and Σn by (21).

,

D = zl [(zl + z22 I) − z12 C]−1 ,

The well-known optimal maximal-ratio-combiner (MRC) is
given by w ∝ Σ−n 1/2 h. Thus, the optimal SNR for the antenna
selection system becomes

(20)

4.2. Optimal Matching Network. For a given S, any matching
network that results in the impedance ZS = zopt I minimizes
the outage probability of selection diversity [26]. Here, zopt is
the source impedance (14) that achieves the minimum noise
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factor of the ampliﬁer. One lossless, reciprocal network that
accomplishes this task is [14]
⎡

ZM = ⎣

Zss Zsa
Zas Zaa

⎤

⎡

⎦

⎣

⎡

⎢ − Im [ZS ]
= j ⎣
1/2



ropt Re [ZS ]

ropt Re [ZS ]

1/2 ⎤

(25)

⎥
⎦.

⎡

−xA I
= j ⎣√

ropt rA I

√

ropt rA I
xopt I

L = L = N − L.

⎤
⎦.

ZSS ZSS
ZSS ZS S

⎦=⎣

⎤⎡

⎤⎡

⎦⎣

⎦⎣

ΛSS ΛSS
ΛSS ΛS S

0 Q

QH

0

0

QH

⎤
⎦.

(29)

The set of orthonormal eigen vectors for each block
corresponding to the eigen-values Λ are given by
⎤

1

1

...

1

ω

ω2

...

ωL−1

ω2

ω4

...

ω2(L−1)

..
.

..
.

1

⎢
⎢1
⎢
⎢
1 ⎢
1
Q= √ ⎢
L⎢
⎢.
⎢.
⎢.
⎣

⎥
⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎥
⎦

..
.

(30)

1 ωL−1 ω2(L−1) . . . ω(L−1)(L−1)
where ω = e− j2π/L and the eigen-values
(Λ) are given by the
√
DFT of the ﬁrst row scaled by L. Physically, the matrix Q
represents an L-point DFT/IDFT operation in space.
Since the subblocks of ZA are L × L circulant matrices,
it is reasonable to assume, as is also evident from (9), that
the optimal parasitic network also admits the same spatial
unitary transformation Q diagonalizing it
ZP = QΛP QH .


(26)

(31)



ZS = Q ΛSS − ΛSS ΛP + ΛS S
*

(27)

⎤
⎦.

Q 0

Therefore, we can write (9) as

The impedance matrix ZA for a circular array is circulant,
and the same applies to the permuted impedance matrix
in (6)
)A = ⎣
Z

ZSS ZS S

⎡

⎤

⎡

4.3. Optimal Parasitic Network. Observe that the optimal
matching network discussed above depends on (9) which in
turn is also dependent on the parasitic network. Hence, it is
natural to ask if there is an optimal choice for the parasitic
networks (with purely reactive entries) as well. The aim here
is to choose a ZP that depends only on the active subset S
and not on the instantaneous channel conditions, just like
the optimal matching network ZM .
The derivation of optimal nondiagonal ZP for a uniform
linear array is in general complicated and tedious. However,
the solution is analytically tractable for a special but practical
class of planar arrays—uniform circular arrays—with equal
number of active and inactive elements. Again, the optimal
parasitic network design presented here serves as an upper
bound on the system performance of coupled antenna
selection systems.
To that end, consider a circular array of N antennas such

⎡

ZSS ZSS

xopt I

While optimal, this network would not be easy to realize
in practice. The dependence on S would generally require
some kind of adaptive multiport matching, which would be
a complex choice for a diversity scheme whose primary value
is simplicity and economy. In some cases (e.g., when inactive
antennas are open circuit), it is clear that ZS = zopt I could
also be achieved by a ﬁxed matching network located between
the antennas and the switch. In any case, we consider (25)
here primarily because it provides an upper bound on the
performance of any ﬁxed matching network.
We also consider a simpler, suboptimum matching
strategy that applies to each antenna the two-port matching
network that achieves the minimum noise ﬁgure for that
antenna in isolation. This is called self-matching for minimum noise ﬁgure and is accomplished by replacing ZS with
zA I in (25), where zA = rA + jxA is the self-impedance of each
antenna in isolation
ZM

Each of the L × L subblocks in (28) can be diagonalized by a
unitary transformation Q such that

(28)

−1

+,



ΛSS QH
-

ΛS

(32)

such that the optimal matching network from (25) is given
by
⎡

ZM

=⎣
⎡
=⎣

Zss Zsa
Zas Zaa
Q 0

⎤
⎦

⎤⎡
⎦⎣

0 Q

Λss Λsa
Λas Λaa

⎤⎡
⎦⎣

QH

0

0

QH

(33)

⎤
⎦,

where
⎡
⎣

Λss Λsa
Λas Λaa

⎤

⎡

− Im [ΛS ]

(ro Re [ΛS ])1/2

(ro Re [ΛS ])1/2

xo I

⎦ = j⎣

⎤
⎦.

(34)

The input impedance seen looking into the matching
network from the rest of the RF chain is given by(15)




ZS = Q Λaa − Λas (ΛS + Λss )−1 Λsa QH .
*

+,

ΛS

-

(35)

However, we can simplify the network design above by
embedding special RF networks popularly called Butler
matrices, that behave as spatial DFT/IDFT matrices, followed
by a bank of uncoupled matching networks, that is, ZM = ΛM
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Figure 4: A circuit model of a circular array receiver with antenna selection and mutual coupling.

(as shown in Figure 4). The cascade of decoupling network
and matching network can be expressed as
⎡

ZC = ⎣

⎤⎡

Q 0

Λss Λsa

0 I

Λas Λaa

⎦⎣

⎤⎡
⎦⎣

⎤

Active Subset

QH 0
0

I

⎦

(36)

such that the input impedance ZS becomes uncoupled
ZS = Λaa − Λas (ΛS + Λss )−1 Λsa = ΛS .


2


γ (ΛP ) = E max max Σ−n 1/2 h

Others

/

o

S

ΛP (S)

.

/

E
max max Γ(ΛP (S)) ,
=
ΛP (S)
|σa |2 S

(38)

where |σa |2 = ra +ga |zo +zcor |2 . The instantaneous post-MRC
output SNR for each subset is given by



2



Γ(ΛP (S)) = ΛH
Mh  ,

(39)

where h = QH TS ho and
√ 





ΛM = ro Re ΛSS − ΛSS ΛP + ΛS S

−1

ΛSS

−1/2

. (40)

ΛP = argΛP max{E(Γ(ΛP ))}

= argΛP max

⎧
⎨
⎩

L
k=1

L
k=1

⎞⎫

2 ⎬

 ⎠
[λM ]k hk 
⎭

(41)

⎫

2 ⎬

2 


[λM ]  E h 
.
k
k
⎭

For a circular array with N = 4, L = 2
⎡

⎤

1 1 1⎦
.
Q= √ ⎣
2 1 −1

Parameter
[ΛP ]1
[ΛP ]2
[ΛP ]1
[ΛP ]2

Value
− j21.8894
Any
− j47.2350
− j20.5069

The optimal eigen values of ZP are shown in Table 1 which
are computed as the values that maximize a polynomial
of degree two. Detailed information can be found in
Appendix B.
The optimal parasitic network designs presented here
for circular arrays with equal number of active and inactive
elements can be extended to a broader set of arrays and
conﬁgurations although the optimal solution may need to
be computed numerically. In Section 7, we shall provide
some suboptimal designs applicable to all kinds of arrays and
conﬁgurations which will be shown to achieve near-optimal
performance for linear as well as circular arrays.

5. Simulation

For details, see Appendix A.
The fading-independent, subset-dependent optimal ΛP
is thus given by
⎧ ⎛
⎨
= argΛP max E⎝
⎩

(1, 3) or (2, 4)

(37)

The post-MRC output SNR for ampliﬁer-noisedominant scenarios with optimal parasitic network given by
(24) is
.

Table 1: √
Optimal Parasitic Network: Circular Array N = 4, L =
2, d = 0.1 2λ.

(42)

In this section, we present numerical results for the two types
of antenna arrays considered above. These arrays consist of
half-wavelength dipole antennas spread over a length Lr =
0.5λ (for ULA) and a diameter of Dr = 0.3λ (for UCA),
as shown in Figure 5. The aim is to determine if employing
antenna selection with closely packed antennas can provide
beneﬁts over conventional diversity systems in the presence
of moderate to strong coupling.
We compare three combinations (a), (b), and (c), as
shown in Figure 1, with and without antenna selection.
Monte-Carlo simulations are carried out over 100, 000
channel realizations. The channel is assumed to be quasistatic block fading such that the block length is long enough
to determine the optimal subset and parasitic network. The
optimal combination, once determined, is employed for the
rest of the block.
The closed form expression for the fading path-gain
covariance given in [21, 22] assumes a uniform distribution
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of inﬁnite EM waves arriving at the antenna, in the azimuth
plane. While this may provide accurate values for thin dipole
antennas where the active and inactive antennas do not act
as scatterers, we resort to the use of NEC to account for the
ﬁnite thickness (radius 100 mm) of half-wavelength dipoles,
and the scattering arising due to the presence of neighboring
closely spaced elements. For similar reasons, we choose NEC
for computing ZA over the closed-form expressions for self
and mutual impedance of the array of dipoles, as given in
[19].
For an N dipole-antenna uniform linear array with
interelement spacing d, the incident electric ﬁeld is modeled
in NEC as a superposition of M = 32 vertically polarized
plane waves with i.i.d. phases uniformly distributed on
[0, 2π). The angles-of-arrival (AOA) of the plane waves,
φ0 , . . . , φM −1 , are uniformly spaced in azimuth from 0 to 2π.
Under these conditions, the open-circuit fading path gains
are approximately Gaussian with correlation matrix
M −1

[Σh ]nm =





∗





gn φ k gm φ k e

j2π(n−m)d/λ cos(φk )

,

(43)

where gn (φ) is the open-circuit voltage induced in the nth
antenna3by a zero-phase plane wave with AOA φ, normalized
so that k |gn (φk )|2 = 1 for an isolated dipole. For a uniform
circular array, the correlation entries are given by
[Σh ]nm =





∗





gn φ k gm φ k e

.

(44)

The ampliﬁer selected for this study is a low-cost SiGe
LNA [27] designed for use in the cellular band. In high-gain
mode with Rbias = 510Ω and f = 900 MHz, its impedance
matrix and the noise parameters are
⎤

⎣

⎦=⎣

z11 z12
z21 z22

⎡

35.7∠ − 82.0◦

2.74∠91.8◦

325∠119◦

46.1∠ − 23.3◦

⎤
⎦Ω

(45)

Before presenting the results, it is useful to normalize
(24), such that for the i.i.d. scenario, the SNR is given by the
familiar expression
E
max IS hw 2 ,
N0 IS



) = DCM IS Σ1/2 IT (IS hw ),
h
ho S

(47)

where N0 represents the i.i.d. noise covariance for a single
branch (Σn = N0 I), and hw is the N × 1 i.i.d. fading pathgain vector given by hw ∼ CN (0, I).
To that end, consider a suﬃciently large antenna spacing
such that Σh = I, and the antenna array is uncoupled, that is,
ZA = zA I. From (11), TS = IS and from (21), we have
where



(48)



 2
σ 2 = ropt + σa2 αβ ,

α= 
β=

z21
,
zopt + z11

(49)

∗
z22
,
(2 Re(z22 ) − αz12 )

and Re denotes the real part. Observe that

ra = 9.45Ω, ga = 3.24 mS, zcor = 35.3∠ − 114. We assume
that the downstream noise is negligible compared to other
noise sources [14].
It is worthwhile to note that according to the model used
in earlier studies, [12, 13], the equivalent channel vector is
given by


Figure 5: Conﬁgurations: (a) uniform linear array, (b) uniform
circular array.

2
Σiid
n = 4kT0 Bσ I,
j2πdnm cos(φk )/λ

k=0

⎡

0.2 λ

γniid =

k=0

M −1

0.5 λ

(46)

h = Is (DCMho ),
respectively. Here, D, C, M are the corresponding L × L and
) and h, respectively. We point out
N × N matrices, for h
that although the model considered in these studies does
not include ampliﬁers, and matching is handled by way of
altering the load, these equations still retain the essence of
inactive-element modeling. We shall use these expressions to
compare our results, whereas our model (c.f. (18)) suggests
that it suﬃces to capture the accurate open circuit voltage
across the active antennas, by taking into account the eﬀect
of inactive elements.

hiid = DCMIS hw = τIS hw

(50)

such that the SNR is given by
γniid = |τ |2

E
max IS hw 2 ,
4kT0 Bσ 2 IS

(51)

where |τ |2 = (ropt /rA )|αβ|2 . Comparing the two equations,
we have
4kT0 Bσ 2
.
N0 =
(52)
|τ |2
Hence, we normalize the noise covariance by 4kT0 Bσ 2 and
the output SNR by |τ |2 such that the normalized output SNR
is given by
γno =


2
E


maxΣn−1/2 h ,
N0 IS

(53)

where h is given by (18) and Σn by (21). The performance is
evaluated in terms of the outage SNR—the probability that
the SNR falls below a threshold γ0




Pout = Pr γno < γ0 .

(54)
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Figure 6: Traditional antenna selection (ULA): (5, 2).

6. Results
We divide the results into two categories: uniform circular
arrays and uniform linear arrays.
6.1. Uniform Linear Array. We begin by presenting the
results for traditional antenna selection scheme for a ULA,
where the inactive elements are left open circuited. The
active elements are terminated into optimal or suboptimal
matching networks derived in Section 4.2. Figure 6 shows the
outage SNR results with the following settings: N = 5, L =
2, Lr = λ/2. Of practical importance is the outage level set
at 1%. We begin by observing that an IID (5, 2) antenna
selection system (denoted by IID AS), represents an upper
bound on AS performance with large separation between
the receive antennas. It oﬀers a diversity gain of 10-dB over
a 2-antenna diversity system separated by λ/2 (denoted by
RFC, c.f. Figure 1(b)). This is expected given the degrees of
freedom added by antenna selection over a diversity system
for the same number of RF chains.
The antenna selection results with the coupling and
fading correlation notated by AS (self) and AS (optimal)
denote the choice of active element matching network.
The curves show that antenna selection in compact arrays
provides a 3-4 dB improvement over conventional RFC
systems, at a 1% outage. The performance, however, is still
far from IID case even with optimal matching. The results
for the conﬁguration (c) in Figure 1 lie in between the self
and optimal matching and are omitted for clarity. It clearly
demonstrates that antenna selection is, in fact, preferred over
employing all of the available antennas for compact arrays.
For sake of completeness, we also include results with the
model assumed in the earlier studies on antenna selection.
The curves reproduced with these models are shown in
Figure 6 marked as minimum scattering and suboptimal
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−5

0

Self/open
Conj/open
Self/ZP

5
10
SNR threshold (dB)

15

20

Conj/ZP
IID

Figure 7: Parasitic antenna selection (UCA): (4, 2).

termination model, respectively. As can be seen, the results as
per [12] show optimistic performance (around 2 dB), while,
as per [13], antenna selection performs poorly (around
2 dB) compared to a full-complexity system. This clearly
underscores the importance of inactive element modeling
and the choice of termination.
6.2. Uniform Circular Array. Next we present results for
a UCA with N = 4, L = 2, Dr = 0.3λ in Figure 7. It
shows the outage SNR performance of antenna selection
with optimal (denoted by Conj) or suboptimal (denoted
by self) matching for active elements, and open-circuited
inactive element termination (denoted by open) or optimal
parasitic network (denoted by ZP ). The legend entries in the
ﬁgure denote active element termination followed by inactive
element termination separated by “/”. Also shown is the curve
with IID AS (4, 2).
The traditional antenna selection with optimal matching
(denoted by Conj/Open) provides a 3-4 dB improvement
over its self-matching counterpart (denoted by self/open).
However, the optimal matching with optimal parasitic
network (denoted by Conj/ZP ) only oﬀers a fraction of
a dB improvement. The self-matching with optimal ZP is
the worst simply because ZP has been optimized for the
optimal matching network ZM and is included for the sake
of completeness. Also note that, unlike ULAs, optimalmatching by itself provides a signiﬁcant improvement over
self-matching.
The optimal parasitic networks considered so far have
all been subset-dependent (i.e., depend on which set of
antennas is active), where as the suboptimal ones are not.
However, both types of networks are independent of the
fading conditions. In the next section, we present a simpler
parasitic scheme that adapts to the varying fading conditions.
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Figure 8: Parasitic switching (ULA): (5, 2).

7. Parasitic Switching Strategies
In this section, we provide a suboptimal design for the
parasitic network that not only depends on the active subset
but also the channel conditions. However, the implementation complexity is simpliﬁed by replacing multiport parasitic
networks with two ports.
We propose a novel but simple strategy, in which each
of the inactive element is terminated into an impedance z p ∈
ZP , where ZP represents the set of all available terminations.
The inactive element termination not only changes with the
active subset but potentially may vary over time. Clearly, our
ability to adaptively control the radiation pattern of the array
lies in having a large set. However, as we shall see, even a small
number of, but carefully chosen entries for ZP , can provide
signiﬁcant improvements.
We evaluate the performance of parasitic antenna selection system for ZP = {0, ∞, − jxA }, where 0 represents
short-circuit, ∞ open-circuit, and − jxA a purely-reactive
termination experimentally found to be the best ﬁt for
such a parasitic selection system, in the same sense as zA∗
turns out to be an optimal match for active elements in
the presence of mild coupling. This choice of ZP is simple
and eliminates the need for a variable impedance under
varying fading conditions. However, it turns out that due
to directional sensitivity, the shorted parasitics do not oﬀer
much improvement, and this set can as well be limited to
ZP = {∞, − jxA }.
7.1. Parasitic Switching. Figure 8 shows the performance of
the proposed parasitic antenna selection for ULA (5, 2)
denoted by PAS (self) and PAS (optimal) signifying the
matching network ZM . For reference, curves from traditional
antenna selection for ULA (5, 2) are also included. It is
interesting to note that parasitic switching with appropriate
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Figure 9: Parasitic switching (UCA): (4, 2).

matching achieves a performance close to that of an IID
antenna selection system. At a 1% outage, optimal matching
shows a 3 dB improvement over open-circuited antenna
selection, once again highlighting how inactive element
termination manifests itself in diversity gains.
Similar results are observed for a UCA (4, 2) (see
Figure 9). However, it also shows an interesting result where
antenna selection with optimal matching and parasitic
switching performs better than an IID system. Several studies
on multiantenna arrays with mutual coupling exhibit similar
results in one form or the other, for example, [14, 28]. The
reason for such a behavior is generally attributed to the
supergain phenomenon in antenna and microwave community. It primarily stems from the bandwidth assumptions
of the system model. The matching and parasitic networks
designed here are computed at the center frequency. However, such networks might have severe bandwidth limitations
and to appropriately account for it, a broadband version
of the problem must be investigated aimed at designing
broadband matching networks [29].
7.2. Parasitic Selection Combining. A special case of this study
surfaces when we consider selection combining (SC), that
is, L = 1. Unlike parasitic antenna selection (where L >
1), parasitic selection combining (PSC) with self-matching
registers a remarkable increase in the performance compared
to its open-circuited counterpart, as shown in Figure 10
which shows the results for parasitic selection combining for
a ULA of size 0.5λ.
One of the nifty things about this scheme is that as more
antennas are packed in a ﬁxed length array, the diversity gains
relative to traditional selection become large. These gains
however, diminish with increasing interelement spacings, as
expected. It turns out that PSC(5, 1) system performs just
as well as PAS(5, 2) suggesting that we may as well do with
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Figure 10: Parasitic selection combining (ULA): (5, 1).

Figure 11: Parasitic switching w/o antenna selection (ULA): (5, 2).

just one RF chain thereby eliminating the need to build a
multiport matching network.
Apparently, the loss incurred by employing one less
RF chain is recovered by the availability of an additional
parasitic element at the cost of an increased overhead as far
as the number of parasitic switching states is concerned. It is
important to point out that the active element is selectable,
unlike ESPAR systems which employ a single active element
with a set of parasitic elements arranged in a circular fashion
around it.

We study parasitic switching without selection, that is, a
predetermined set of elements (the ones that provide the
optimal expected performance) is always active; however, the
inactive elements are free to switch to any of the terminations
available in ZP . We consider two cases here: 2 RF chains
for AS(5, 2) (the far-end elements are always active) and
1 RF chain for SC(5, 1) (the middle element is always
active).
The results are shown in Figure 11 (where the letter F in
the legend entries represents “ﬁxed”). It is interesting to note
that this technique incurs a loss of only about 1 dB for both
optimal and self-matching, while still retaining most of the
beneﬁts oﬀered by the parasitic antenna selection. We make
a special mention here that having the inactive elements as
open circuited reduces to a conventional 2 element system.
This strongly suggests that employing traditional antenna
selection for compact arrays is deﬁnitely a suboptimal
strategy and that parasitic switching even without selection
can oﬀer signiﬁcant diversity gains.

7.3. Parasitic Switching with Fixed Active Elements. The
performance beneﬁts for any selection system come at the
cost of an additional hardware-switching circuitry. Although,
in selection systems with i.i.d. fading and noise, it suﬃces to
pick the antenna subset with the L highest SNR branches,
such is not the case here due to coupling between the
elements and correlated noise. As mentioned
  earlier, the
switching network needs to cycle through NL subsets to
arrive at the optimal conﬁguration. Also, for the parasitic
antenna selection scheme, the number of possible states for
the inactive-element termination grows tremendously with
the set ZP (given by 2N −L in our case).
One drawback of antenna selection is the insertion loss
arising due to the presence of switches in the direct RF
signal paths. This loss typically ranges from a fraction of a
dB to several dB [9], which, in our case, will ruin most of
the beneﬁts gained by employing any kind of selection in
compact arrays. Although, certain RF MEMS switches [30]
are known to oﬀer less than 1 dB insertion loss at low speeds
(switching time in μs), we explore the possibility of ruling
out any insertion losses by avoiding switches in the direct RF
path.

8. Discussion
In the previous sections, we have seen how coupling can be
exploited to improve the performance of antenna selection
systems for compact arrays with appropriate matching
networks. However, it is important to mention some of the
challenges posed by the techniques presented here.
8.1. Optimal Matching Network. The optimal matching network shown here has certain limitations. While it provides
the optimal performance for any given channel condition,
multiport matching networks are nonrobust and known to
shut down the RF bandwidth of the system [31], thereby
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Besides, in the above mentioned studies, it has usually
been considered that the open-circuit elements are transparent, which is a valid assumption for circular arrays
with distances of the order of 0.2λ, and only the shorted
elements arranged in a circular arc are known to regulate
the directivity. However, this is not the case here. And the
phenomenon in action here has a profound eﬀect because
the mutual coupling is stronger at close spacings. This is
the reason why the gains realized from parasitic selection
diminish for higher spacings.
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Figure 12: Histogram of parasitic switching combinations (ULA):
(5,2).

rendering it of little practical importance. The self-matching
network on the other hand is robust but suboptimal, in
that, it does not adapt to the varying channel conditions.
Nevertheless, optimal matching serves as a benchmark for
performance evaluation. We believe that an adaptive selfmatching network should oﬀer a good tradeoﬀ between the
two.
8.2. Switching Aspects. We have already touched on the
switching aspects in antenna selection systems. However,
how often active subsets have to be chosen could be a significant overhead on the implementation costs. But in a slowfading or quasistatic channels like those of indoor/wireless
LAN scenarios, the switching frequency is considerably
reduced.
Another aspect is that of the associated parasitic switching states. Figure 12 shows the histogram of ZP that maximizes the SNR at the receiver for PSC(5, 1) system. It is
evident that only about a half of the available combinations
contribute to the overall performance, suggesting that a
quick search procedure can be devised by ignoring the
least likely candidates to tradeoﬀ complexity with performance.
8.3. Impact of Inter-Element Spacing. As can be seen, the
interelement spacing plays a vital role here. In [32], circular
arrays with three possible terminations for the switched
parasitic elements, namely, 0, ∞, z (where z is a variable
impedance) have been mentioned. However, for simulation
purposes, only open and short terminations are considered.
Unlike linear arrays, all the parasitic elements in a circular
array are at an equal distance from the central driven
element, and, thus, each parasitic element has the same
amount of coupling. While such circular arrays have been
studied in great detail over the past, little attention has been
given to impedance other than short and open.

We presented a detailed transceiver model for antenna
selection applied to compact receive arrays which accounts
for coupling among the elements and models the impact
of inactive-element termination on system performance. We
considered various design approaches for antenna selection
strategies primarily for two types of uniform arrays-linear
and circular. Apart from considering optimal designs for
matching networks and parasitic networks (which may
not be practically feasible from an implementation and/or
cost perspective), we provided some simpler strategies
that achieve near-optimal performance. We also considered
designs where we only apply parasitic switching over a
predeﬁned set of elements in order to minimize losses arising
due to RF switches.
Speciﬁcally, we showed that uniform linear arrays could
in fact beneﬁt from selection over using all of the available
antennas, thereby, reducing the number of RF chains and
saving power and cost. The performance improvement,
though, depends on the spacing (i.e., amount of coupling
in the system). For circular arrays, we showed that the
optimal matching networks can easily be implemented by
use of Butler matrices since the actual matching reduces to
that of two-port networks (or self-matching). Based on the
space and cost constraints, diﬀerent array geometries can be
designed and employed diﬀerently as shown in this paper.
Simulations results reveal how important it is to model
the transceiver and account for noise correlation in the RF
chain. Besides, it is vital to model the inactive elements as
scatterers for close spacings and that wrong assumptions
could result in misleading conclusions.
We conclude that diﬀerent inactive-element terminations
can impact performance in profoundly diﬀerent ways for
diﬀerent array conﬁgurations. It turned out that such a
system even with a single RF chain can deliver a huge
performance improvement, thereby, making the hardware
much simpler and power eﬃcient. The overheads involved
with this system like exhaustive search and possible insertion
loss were provided alternatives with, which renders this
approach as a lucrative option to apply in practical systems.
In a nutshell, antenna selection oﬀers a distinct advantage
in portable or handheld devices due to signiﬁcant coupling
among the antennas. Thus, packing more antennas in
a constrained space and employing appropriate selection
scheme can profoundly improve the system performance.
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Appendices

where we have used
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⎡ ⎤

(A.1)
⎡



1
= √ ⎣

M = Q Λas (ΛS + Λss )−1 QH .



TS = IS − QΛSS ΛP + ΛS S

−1

where D = QΛD
and M = QΛM
matching, we note that
QH

ΛS + Λss = Re[ΛS ],

QH IS ,

QH .

1
h1 = √ ((h1 + h3 ) − λT1 (h2 + h4 )),
2

(A.3)

   1  



2
E h1  = E |h1 + h3 |2 + |λT1 |2 E |h2 + h4 |2
2

 

 
∗
(B.6)
−2 Re E h∗
1 + h3 (h2 + h4 ) λT1



 
−1/2

−1

= ropt Re ΛSS − ΛSS ΛP + ΛS S
ΛSS
.

=

(A.4)



1
μ1 + μ2 |λT1 |2 − 2 Re μ3 λT1 > 0.
2

From

⎧
⎨

The equivalent fading path-gains can thus be written as

ΛP = argΛP max⎩
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and the noise covariance for ampliﬁer-noise dominant
scenarios is given by
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the eigen-values of the optimal parasitic network can be
obtained by maximizing each term in the summation above
individually, that is,
4









(A.7)

For N = 4, let us consider an example active subset
⎦,



−1

λM = ro Re λSS − λSS jx + λS S

⎡
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(B.1)

0 0 1 0

, (B.8)

,

−1

λSS

−1/2

(B.9)
,

and λP = jx is the optimal reactive parasitic termination.
For a circular array with a full receive scattering, the
fading path-gain covariance matrix Σh has a circulant
structure of the form

B. Optimal Parasitic Network Evaluation

1 0 0 0

5

where
λT = λSS jx + λS S
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To illustrate, let us consider the ﬁrst entry of h
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implying that ΛC and ΛD are independent of ZP , while



h1

2 1 −λT2

The equivalent selection matrix (11) can similarly be broken
into



. (B.3)

h = QH TS ho

QH ,

-

ΛC



−1

From

Observe that we can rewrite (20) as
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A. Equivalent Channel
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Using Kronecker spatial-correlation model ho = Σ1/2
h hw ,
explicit relationships between μ’s and ρ’s can be calculated.
Thus, the optimal values can be found by locating maxima
of a polynomial of degree two.
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We propose a technique for compensating the eﬀect of mutual coupling on parameter estimation that is suitable with any subspacebased super-resolution algorithms. A Concentric circular ring array (CCRA) formed using thin dipole antennas in the receiving
mode is employed to estimate the parameters of electromagnetic sources located in the radiating near ﬁeld of the array. A
CCRA geometry that obtains a lowest Cramer-Rao lower bound (CRLB) in the presence of array mutual coupling is chosen for
investigation. The mutual coupling among antenna elements of the array would aﬀect the orthogonality of subspaces when MUSIC
or ESPRIT algorithms are used for parameter estimation. The proposed method obtains a compensation matrix that restores the
orthogonality between the subspaces there by improving the accuracy of estimation. To avoid three-dimensional searches, the
range parameter is estimated using a cross-correlation-based method. Numerical simulation using a full-wave electromagnetic
(EM) solver is employed to demonstrate the eﬀectiveness of the proposed compensation approach.

1. Introduction
A common practical issue in parameter estimation using
array of antennas is the eﬀect of mutual coupling. This
eﬀect has long been recognised as one of the leading causes
of degradation of the performance of parameter estimation
algorithms [1]. This degradation occurs due to the presence
of mutual coupling between antenna elements which causes
deviations to the array manifold. Many methods to combat
the eﬀect of mutual coupling on parameter estimation
have been proposed in the literature [1–4]. The concept
of coupling matrix for compensating the eﬀect of mutual
coupling was used in [5]; however, it did not properly
account for the platform eﬀects. Full-wave EM solvers were
also employed by many authors. Adve and Sarkar [6] used
the method of moments for computing the mutual coupling
eﬀect precisely on wire antenna arrays, and Rogier and
Zutter [7] used full-wave EM techniques for computing
the mutual coupling eﬀects in a planar array. A minimum

norm mutual coupling compensation for the application of
direction of arrival (DOA) estimation was also reported in
[8]. Yuan et al. [9] proposed a method for DOA estimation
using MUSIC algorithm by considering universal steering
vectors which does not require any additional mutual
coupling compensation method. In addition to the abovementioned methods, calibration techniques have also been
proposed for compensating the eﬀect of mutual coupling
in DOA estimation algorithms. For instance, the calibration
procedures developed by Weiss and Friedlander [10] require
some perfectly calibrated sensors to compensate for the
eﬀect of mutual coupling as well as perturbations in gain
and phase. An iterative least mean square approach was
proposed by Hung [11] to estimate the calibration matrix,
which requires some initial calibration. Self-calibration [12]
and autocalibration [13] methods were also proposed which
seek to iteratively minimise a function with respect to both
direction of arrival (DOA) and mutual coupling. All the
above-mentioned techniques mainly aim to compensate for
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the error due to lack of calibration, but all of them require
a set of known calibration sources at some known locations.
In practice, obtaining more than a single calibration source
can be challenging for most of the localisation scenarios.
Thus, compensation techniques that do not overly depend
on multiple calibration sources are desirable. It should also
be noted that all the above-mentioned works mainly aimed at
either ULA or UCA geometries for compensating the mutual
coupling. Mutual coupling matrix has a banded Toplitz
structure for ULA and symmetric circulant structure with
three bands for UCA [14], both of which can help to simplify
the computation of the compensation matrix. However, such
well-deﬁned matrix structure may not be available for most
of the complex arbitrary array geometries such as concentric
circular ring arrays (CCRA) for which the eﬀect of mutual
coupling can be more severe. It would, therefore, be of
interest to develop alternate mutual coupling compensation
methods useful for complex planar arrays, which is the focus
of this paper.
The eﬀect of mutual coupling varies in arrays since
the mutual impedances in a transmitting array can be
diﬀerent from that of a receiving array. Lui et al. [15, 16]
have analysed this eﬀect especially for the receiving mode
of antenna arrays. They also propose a mutual coupling
compensation technique based on a least square approach
for the receiving mode of antenna arrays [15, 17]. However,
their compensation technique can suﬀer from performance
degradation when the number of emitting sources is less than
the number of elements in the receiver antenna array. This is
mainly because the compensation technique based on least
squares method does not have a unique solution when either
a single source or a smaller number of sources are present.
Further, the investigations reported in [15, 17] on mutual
coupling compensation are carried out only for ULA and
UCA geometries for the estimation of azimuth angles of farﬁeld sources. However, in many applications, estimation of
the parameters of near-ﬁeld sources when complex arbitrary
antenna arrays are employed is of concern and particularly
the techniques to reduce the eﬀects of mutual coupling on
the parameter estimation are of interest.
For near-ﬁeld parameter estimation, the use of planar
arrays can be more appropriate to overcome the limitations
of ULAs, namely, the problems in resolving the noncoplanar
emitters and the presence of angular ambiguities within
the azimuthal plane [18]. However, the use of complex
planar array geometries can pose some extra challenges in
the form of the array steering vector imperfections due to
mutual coupling which can lead to severe detrimental eﬀects.
Further, when parameters need to be estimated, the eﬀect
of mutual coupling varies on the type of estimation algorithms used. For subspace-based super-resolution estimation
algorithms, the error due to mutual coupling can rotate
the subspaces thereby disrupting the orthogonality between
signal and noise subspaces. As a result, subspace-based
super-resolution algorithms such as MUSIC and ESPRIT
would lead to signiﬁcant degradation of their estimation
performance. These errors must be compensated in order to
recover their estimation performance. Hence, there is a need
for mutual coupling compensation methods to improve the
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estimation performance of MUSIC and ESPRIT algorithms
for localising either single or multiple near-ﬁeld sources
when arbitrary planar antenna arrays are employed.
In this paper, we propose a mutual coupling compensation technique applicable for MUSIC and ESPRIT algorithms
and investigate its performance when it is applied on a CCRA
for the near-ﬁeld parameter estimation. CCRA geometry
can be formed by having rings that have either uniform or
nonuniform radii. Similarly, the number of antenna elements
over the circumference of each ring could also be variable. All
these variations have an impact on the array mutual coupling
of CCRA which in turn aﬀects the parameter estimation.
Thus, in order to choose an optimised CCRA geometry that
can lead to lowest estimation bias; we derive CRLB for four
diﬀerent cases each with diﬀerent ring radii and number of
antenna elements so as to obtain a particular combination
which provides the lowest root mean square error. The
optimised array geometry is then employed for further processing, that is, the mutual coupling compensation and nearﬁeld parameter estimation using both MUSIC and ESPRIT
algorithms. Since the parameter set required to be estimated
for near-ﬁeld localisation is larger than for the corresponding
far-ﬁeld case, it would be useful to reduce the computational
load of conventional MUSIC and ESPRIT algorithms. To
achieve this objective, here the range parameter is estimated
using a cross-correlation-based method. Further, beamspace
processing [19] is applied on CCRA so as to make it suitable
for use with MUSIC and ESPRIT algorithms. We assume that
the antennas receive correlated signals. Since the beamspace
processing maps the array steering manifold of a planar
array onto that of a virtual linear array, forward-backward
smoothing can also be applied for decorrelation [18]. We
employ a three-ring CCRA with thin wire dipole antennas
as elements and obtain the mutual coupling matrix using a
full-wave electromagnetic simulator. Simulation results are
provided on the 3D localization of radiating sources placed
in the near ﬁeld of the CCRA by incorporating the proposed
mutual coupling compensation method on MUSIC and
ESPRIT algorithms.

2. Problem Formulation
2.1. Concentric Circular Ring Array (CCRA). A CCRA is
designed with P concentric rings, and each ring is populated
with the same number of M omnidirectional dipole antennas
on its circumference, as shown in Figure 1. The location
of kth element on lth ring is denoted by its Cartesian
coordinate {xkl , ykl } = {ρl cos ϕkl , ρl sin ϕkl }, where kl =
11 , 21 , . . . , M1 , 12 , 22 , . . . , M2 , . . . , MP , with respect to the origin chosen at the centre of the circular ring structure, where
ρl is the radius of the lth ring and ϕkl is the angular position
of the kth element of the lth ring. For the uniform placement
of array elements on the circumference of each ring, ϕkl =
2π(kl − 1)/MP . The radius of the lth ring is given by
ρl =

λmin
,
(4 sin(π/MP ))

(1)
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where

dth source

z
rd

θd

ρP

pth ring



rkl = sqrt r 2 + xk2l + yk2l

2




− 2 sin θ xkl cos φ + ykl sin φ .

k th element

ϕkl

φd

ρ2



rdk

(4)
y

The array steering vector for the lth ring is given by


al = e jωτ1l (r,θ,φ) , e jωτ2l (r,θ,φ) , . . . , e jωτMl (r,θ,φ)

x

T

,

(5)

Figure 1: Concentric circular ring array (CCRA).

where [·]T denotes transpose operation. Considering all the
rings in the CCRA, the array steering vector can be written as
where λ is the wavelength. Now, the elements of the array
steering vector for the lth ring can be obtained as
akl = e jωτkl (r,θ,φ) ,








1
rk − r ,
c l





 







⎡

(3)

With an aim to apply beamspace transformation, we express
the array steering vector of CCRA into a phase mode as


a f = f pH a r, θ, φ .

(8)

This transformation maps the array steering vector of CCRA
to that of an equivalent virtual linear array. Deﬁning “B” as
the discrete Fourier transform matrix given by
1 e− jhϕ · · · e− jh(M −1)ϕ

⎢
⎢.
B=⎢
⎢ ..
⎣

..
.

..
.

..
.

1 e jhϕ · · · e jh(M −1)ϕ

⎡

f−Hh

⎤
⎥
⎥
⎥
⎥
⎦

⎤

(6)

(7)

2.2. Selection of Optimal CCRA Conﬁguration Based on CRLB.
Here, our aim is to select an optimal CCRA conﬁguration
that provides lowest estimation bias using Cramer-Rao lower
bound (CRLB) and employ that array for further processing
in this paper. CRLB is derived in this section for CCRA in the
presence of mutual coupling. Assuming the received signal
vector s to be complex valued and Gaussian distributed, the
covariance matrix can be formed as
H

(9)

where (·)H denotes complex conjugate transpose and the
elements of (9) can be expressed as
(10)

(11)

where A = CA and Rs = E[ssH ]. The unknown parameters
which need to be estimated can be written in a vector form




Θ = r, θ, φ, [αk ]1:MP , βk

fhH

T
1  − j pϕ
1, e
, . . . , e− j p(M −1)ϕ ,
M
where p = −h, −h + 1, . . . , h.

⎦ .

R = ARs A + σn2 I,

⎢ ⎥
⎢ . ⎥
⎥
B=⎢
⎢ .. ⎥,
⎣ ⎦

fp =

.

⎤T

e jωτ22 (r,θ,φ) , . . . , e jωτM2 (r,θ,φ) , e jωτ1l (r,θ,φ) , e jωτ2l (r,θ,φ) , . . . , e jωτMP (r,θ,φ)

⎡

T

A CCRA can be formed either by having same or varying
number of elements on each ring [20]. Hence, the array
steering vector of every ring may not be equal in length and
thus can be represented as a group of separate single array
steering vectors. The dimension of the total array steering
vector is MP × 1, given by

e jωτ11 (r,θ,φ) , e jωτ21 (r,θ,φ) , . . . , e jωτM1 (r,θ,φ) , e jωτ12 (r,θ,φ) ,

a r, θ, φ = ⎣





(2)

where τkl is the time delay of incoming signal coming from a
source located at (r, θ, φ) to kth element of lth ring, and time
delay is determined as
τkl r, θ, φ =



a r, θ, φ = a1 r, θ, φ , a2 r, θ, φ , . . . , aP r, θ, φ



T

1:MP

,

(12)

where θ = [θ1 , . . . , θd ]T , φ = [φ1 , . . . , φd ]T , αk = {Ckre }, and
βk = {Ckim }. For convenience, we are using notations αk and
βk instead of αkl and βkl , for k = 1, 2, . . . , MP. Considering
N snapshots of the received signal, the Fisher Information
Matrix (FIM) can be formed as
6

Fmn = Ntr R−1

7

∂R −1 ∂R
R
.
∂Θm
∂Θn

(13)
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The elements of FIM are derived [21, 22] and presented in
the appendix. Referring to the appendix, the FIM which is a
(3D + MP) × (3D + MP) matrix can be written as


Fθφ Fθr Fθα Fθβ 


Fφφ Fφr Fφα Fφβ 




T
Frφ
Frr Frα Frβ 
,

T
T
Fαφ Frα Fαα Fαβ 

T
T
Fφβ
Frβ
Fβα

(14)

CRLBΘ = sqrt⎝

⎞

3D

10−1

10−2



Fββ 

where each term represents a block matrix, for example,
Fθα = [Fθαk ]k=1:MP , Fαα = [Fαk αk ]k=1:MP , and Fββ =
[Fβk βk ]k=1:MP and the other block matrices follow the same
notational convention. CRLB is the inverse of FIM given by
J = F−1 , and for all the desired parameters it can be obtained
as
⎛

RMSE of φ


Fθθ


 T
Fθφ

 T
FIM  F = 
 Fθr

F T
 θα

 T
Fθβ

1
Jdd ⎠,
2D d=1

10−3

0
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Figure 2: CRLB of estimated azimuth for four diﬀerent arrangements: (a), (b), (c), and (d) of CCRA.

(15)
100

1
CRLBc = sqrt⎝
c

3D+MP
2

⎞

Jdd ⎠ × 100%.

(16)

d =3D+1

10−1
RMSE of θ

⎛

In (16), CRLB with mutual coupling is calculated as a
percentage as it is a relative value [21]. The CRLB for
CCRA is computed by varying either the number of antenna
elements or the ring radii, so that we can chose an optimum
array conﬁguration that oﬀers the lowest bias for estimating
the near-ﬁeld parameters in the presence of array mutual
coupling. In this paper, we consider four diﬀerent variations
of CCRA for computing the CRLB and the results are
indicated in Figures 2, 3, and 4. It can be observed, from
Figures 2–4, that lowest CRLB results when the number of
antenna elements on each ring is not the same and also when
the incremental variation of ring radii is not uniform. Thus,
the optimal CCRA conﬁguration for performing the nearﬁeld parameter estimation is chosen.

Figure 3: CRLB of estimated elevation angle for four diﬀerent
arrangements: (a), (b), (c), and (d) of CCRA.

2.3. Signal Modelling in the Presence of Mutual Coupling. The
array response of an M-element CCRA due to dth near-ﬁeld
source located at (r, θ, φ) is given by

complex conjugate of ZA ensuring impedance matching for
maximum power transfer. The elements of Z matrix are

D

x(t) =





Ca f rd , θd , φd sd (t) + n(t),

(17)

d =1

where C denotes a matrix that contains the mutual coupling among the array elements. The coupling is inversely
proportional to the distance between the elements. After
normalising the main diagonal elements to unity, the mutual
coupling matrix is expressed as follows:
C = (ZA + ZT )(Z + ZT IN )−1 ,

(18)

where ZA is the impedance of an isolated individual element,
ZT is the impedance of each receiver element, and IM is the
identity matrix. The impedance ZT is considered to be the

10−2

10−3

0

5
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SNR (dB)
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30
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CRLB CCRA (c)
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 Z A + ZT
Z 11 21 · · · Z 11 M P 




 Z2 1

Z
+
Z
·
·
·
Z
A
T
2
M

1 1
1 P 


.
Z=
..
..
..
.. 




.
.
.
.




 Z
Z M P 21 · · · Z A + ZT 
M P 11

(19)

Now, Z is deﬁned as
Z=

8

zkl kl

9

=

8

9

Rkl kl + jXkl kl ,

(20)

where Rkl kl and Xkl kl are the resistive and reactive components
of the impedance Z. Using a number of snapshots of the
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σn2 denotes noise power. In order to estimate parameters
accurately, the signal and noise subspaces must be mutually
orthogonal. But, in the presence of mutual coupling C,
the orthogonality no longer exists between signal and
)
noise subspaces. Hence, we need to obtain a matrix C
that can compensate the eﬀects of mutual coupling and
thereby restoring orthogonality between the subspaces. Thus,
) makes UH
)
= 0 for
incorporation of C
n Ca(rd , θd , φd )
d = 1, . . . , D which will lead to proper estimation of the
parameters using subspace-based algorithms. However, in
) is not known. Hence, methods are required to
practice, C
) prior to applying any subspace-based
accurately estimate C
parameter estimation procedure when the mutual coupling
is present among the elements of the array.

SNR (dB)
CRLB CCRA (c)
CRLB CCRA (d)

CRLB CCRA (a)
CRLB CCRA (b)

Figure 4: CRLB of estimated range for four diﬀerent arrangements:
(a), (b), (c), and (d) of CCRA.

received signal in (17), the data covariance matrix can be
expressed as
D

σd2 Ca f

R=





rd , θd , φd aHf





rd , θd , φd C

H

+ σn2 I.

(21)

d =1

In order to apply subspace-based algorithms such as MUSIC
or ESPRIT for parameter estimation, an eigenvalue decomposition has to be performed which is given by
2
H
R = Us Λs UH
s + σn U n U n ,

(22)

where Us and Un contain the signal and noise eigenvectors,
Λs is the diagonal matrix that contains signal power, and

2.4. Subspace Rotation due to Array Mutual Coupling. For the
CCRA, in an ideal case, that is, when the mutual coupling is
ignored, the array steering vector due to an incident signal
from dth source is given by (8). Under the eﬀect of mutual
coupling, the modiﬁed array steering vector )a f (r, θ, φ) is
given by




)
a f r, θ, φ = Ca f r, θ, φ .

As noted earlier, the mutual coupling disrupts the orthogonality of subspaces since the signal subspace that is spanned
by the steering vector is rotated from its true position.
Therefore, it can be seen that
4

5









u
) r, θ, φ = Cu r, θ, φ ,

(26)

4

5

span A) f = span CA f ,

(24)

where A f is the array manifold matrix of size MP × D that is
created from the array steering vector (7) in the presence of
D sources. Referring to (17), the mutual coupling matrix C
for CCRA is given by



 c11 11 c11 21 c11 31 · · · c11 M1 c11 12 c11 22 · · · c11 kl · · · c11 MP 




 c2 1 c2 2 c2 3 · · · c2 M c2 1 c2 2 · · · c2 k · · · c2 M 
1 1
1 1
1 1
1 2
1 2
1 l
1 P 
 1 1


 .
..
..
..
..
..
..
.. 
 .

 .
.
.
.
.
.
.
. 




 c1 1

 2 1



.
C=
 ..

 .





c

c1 p M 1
c1 p kl
 1 p 11



 .

..
..
..
 .

 .

.
.
.




c
cM p M 1
···
ckP kl · · · cM p M p 
M p 11 c M p 21 · · ·

Now, the rotated subspace due to C can be expressed as

(23)

(25)

) are the elements of the rotated signal and noise subwhere u
spaces due to the presence of mutual coupling. The eﬀect of
mutual coupling C must be compensated so as to make subspaces orthogonal in order to accurately estimate parameters.

6

International Journal of Antennas and Propagation

2.5. Subspace Rotation due to Simpliﬁed Mutual Coupling
Model in a CCRA. Our aim here is to derive the rotated subspaces for CCRA under simpliﬁed assumptions to demonstrate our method. The mutual coupling in an array depends
on the separation between two adjacent antenna elements,
and hence nonadjacent array elements have weaker coupling.
Realising this, a single coupling coeﬃcient was considered
for computing the compensation matrix in the literature
[14, 23]. Also, the coupling eﬀect was ignored for an ULA
for interelement separation greater than 0.707λ [21]. In
this section, in order to derive the subspace rotation due
to mutual coupling, we simplify (25) by assuming large
interring separation for CCRA so as to make the interring
coupling insigniﬁcant and thus can be ignored. Also, in
this case, coupling among elements of outer ring can also
be ignored due to larger interelement separation since the
elements are distributed uniformly on rings with larger
circumferences thus leading to larger interelement separation. Under these assumptions, only the mutual coupling
among the adjacent elements of the innermost rings will
be considered to simplify the problem. Thus, the simpliﬁed
mutual coupling matrix C can be obtained from (25) as
⎡

1 c 11 c 21 · · · 0

⎢
⎢c
⎢ 11
⎢
C=⎢
⎢ ..
⎢ .
⎣

0

⎤
⎥

1 c 11 · · · 0 ⎥
⎥
⎥
.
.. ⎥
..
⎥
.
.⎥
⎦

(27)

··· 1

0

Now, simplifying (25) for the above case, the expression for
the rotated subspace can be expressed as






u
) r, θ, φ = 1 + c11 u, c11 + a + c21 u2 , . . . , c21 uM −3 + uM −2
T

+c21 uM −1 , c21 uM −2 + uM −1 .
After further manipulation, (28) can be represented as








u
) r, θ, φ = 1 + c21 u 1, u, . . . , uM −2 , uM −1


(28)

T

+ c21 0, 1, . . . , uM −3 , uM −2 − uM

T

(29)





= u1mc r, θ, φ + u2mc r, θ, φ ,

where umc denotes the modiﬁed eigenvector in the presence
of mutual coupling. Thus, the expression for the estimated
covariance matrix modiﬁed due to the presence of mutual
coupling becomes






R = U1mc H rd , θd , φd Λs U1mc rd , θd , φd






3. Compensation for the Mutual Coupling
The eﬀect of mutual coupling must be compensated for
achieving a desired performance. This can be achieved by
formulating a compensation matrix that minimises the error
by which the array manifold gets deviated from that of
actual one [14]. For subspace-based estimation algorithms,
the deviation in array manifold due to mutual coupling does
appear as an error that disrupts the orthogonality between
signal and noise subspaces of the covariance matrix. Similar
concept was also used in [24] where genetic algorithm (GA)
was used to minimise the error to obtain a compensation
matrix in order to recover the estimation performance of the
MUSIC algorithm. However, the method proposed in [24]
requires MUSIC pseudospectrum for a known calibration
source to correlate with the pseudospectra of unknown
sources at each search point in the space which can be
computationally demanding. Alternatively, in this paper,
we propose a method that uses an ideal array response
without mutual coupling to estimate a compensation matrix
by minimising the error between the rotated and ideal
subspaces, so that the introduction of the compensation
matrix restores the orthogonality between the subspaces. The
advantage of the method proposed here as compared to that
used in [24] is that, in the present case, the compensation
matrix can be determined with a lower computational load
as it does not require performing correlation of MUSIC
pseudospectra at every search point within the parameter
space. As a result, the proposed compensation method
achieves quicker convergence. Also, the proposed method
is applicable for any subspace-based parameter estimation
algorithm, as will be demonstrated below where we also
provide a detailed description of the proposed technique.
3.1. Role of the Compensation Matrix. In order to remove the
eﬀect of mutual coupling completely, one needs to estimate
) = C−1 . However, in actual
the compensation matrix as C
practice, the array output model cannot account for all the
sources of signal impairments in an antenna array, hence it
) equal to C−1 . Considering (17), even
is diﬃcult to achieve C
in a noise-free situation, that is, when n(t) becomes a null
)
vector, C−1 can only be considered to be proportional to C.
Therefore, only an estimated compensation matrix can be
obtained. Assuming that ideal array response from reference
) can be
sources is known, the estimation procedure for C
expressed as a minimisation of the function which is given
by








2


) xC
) H akl r, θ, φ 
 ,
minakHl r, θ, φ CR
F




+ U2mc H rd , θd , φd Λs U2mc rd , θd , φd + σn2 I.

(30)

Comparing (30) and (21), for the simpliﬁed case considered
here, one can observe that the variation in covariance
matrix is due to the contribution of the factor 1 + c21 u
which causes subspaces to rotate. As a result, it would lead
to performance degradation of the subspace-based superresolution algorithms.

)
C

(31)

where akl (r, θ, φ) is the orthogonal null steering vector that
spans the equivalent null space of the reference source.
) obtained from (31) into (26), the subspace
Incorporating C
) ≈ I.
) will approximately be equal to U since CC
U
Also, in (28), all coupling terms will almost vanish once
the compensation terms are incorporated and thereby the
subspace rotation due to the eﬀect of mutual coupling will
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almost be nulliﬁed resulting in the eﬀective restoration of
orthogonality between subspaces.
Comparing the proposed technique with the other published compensation techniques in the literature shows that
the method used in [11, 15] requires at least MP different
near-ﬁeld calibration sources around CCRA to achieve
akl (r, θ, φ) of (31), where kl = 11 , 21 , . . . , M1 , 12 , 22 , . . . ,
M2 , . . . , MP . This requires estimation of a compensation
) of the size MP × MP by minimising (31) for all
matrix C
MP calibration sources. For the same case, the least square
approach would require at least more than MP calibration
sources to achieve a unique solution for the estimation
) Therefore, methods that do
of compensation matrix C.
not require multiple calibration sources for estimating the
compensation matrix are desirable.
3.2. Proposed Compensation Method. Here, it is hypothesized
that the error that destroys the orthogonality between signal
and noise subspaces is only due to the mutual coupling
and all other possible sources of impairment are ignored.
)H
As a result, U
/ 0, which is due to the presence
n A(r, θ, φ) =
of mutual coupling among the elements of the receiver
) n is the noise subspace that is obtained
antenna array. Here, U
from EVD of covariance matrix formed by the measured
) n is corrupted by the array
data at the receiver. Since U
) For that, instead of
mutual coupling, we need to estimate C.
minimising the functional given in (31), we reformulate an
objective function Q as








2


)H
H)
Q = minU
n A r, θ, φ − Un CA r, θ, φ F .
)
C

(32)

) can be computed
Now, the estimated compensation matrix C
by performing an optimisation method to minimise (32).
Here, the true noise subspace Un is obtained from a
single known near-ﬁeld calibration source for an ideal array
without mutual coupling with known array geometry and
element positions and assuming no gain and phase deviation
)
to occur. We employ genetic algorithm to determine C
) restores the
by minimising Q of (32). Incorporating C
orthogonality between subspaces, thereby recovering the
performance of parameter estimation even in the presence
of array mutual coupling.

4. Parameter Estimation after Compensation
In this section, we show as to how the proposed technique
of compensation is incorporated into both MUSIC and
ESPRIT algorithms for estimating the parameters of nearﬁeld sources. In order to reduce the computational burden
in MUSIC and ESPRIT, we estimate range parameter by
using a method that employs cross-correlation among the
eigenvectors of the signal subspace [25]. A brief description
of the procedure for parameter estimation of near-ﬁeld
sources is given below.
4.1. MUSIC Algorithm for Estimating Azimuth and Elevation
Angles. The azimuth and elevation angles of near-ﬁeld

sources can be obtained from the two-dimensional MUSIC
pseudospectrum given by
1
,
P=

2
 ) 
Un Ca f θ, φ 

(33)

) is the estimated compensation matrix obtained by
where C
minimising Q in (32).

4.2. ESPRIT Algorithm for Estimating Azimuth and Elevation
Angles. For ESPRIT algorithm, the signal subspace matrices
can be written as [26]
ΓU = U−1 Ψ + DIU−1 Ψ∗ ,

(34)

where Ψ = T −1 ΦT, D = diag{(−1)MP −2 , . . . , (−1)1 , (−1)0 ,
) is the matrix of eigenvectors
)C
(−1)1 , . . . , (−1)MP } and U = U
that is obtained after mutual coupling compensation. This
system of equations has a unique solution when the number
of sources is less than the number of antenna elements in
CCRA. The solution can be obtained as Φ = TΨT −1 , and
the eigenvalues of Ψ provide the diagonal elements of Φ
which therefore yield automatically paired source azimuth
and elevation angles as




φd = arg ud + jvd ,




θd = sin−1 sqrt u2d + vd2



(35)

.

4.3. Cross-Correlation among Signal Eigenvectors for TimeDelay Estimation. Since the eigenvectors contain the time
delay information, the time delay among the signal paths
can be estimated via the cross-correlation of eigenvectors.
The compensated signal eigenvectors are ui and u j , where
)u
)u
) i and u j = C
) j . A normalised cross-correlation of
ui = C
ui and u j is given by
Ri, j (τ) = "

ri, j (τ)
ri,i (0)r j, j (0)

,

(36)

where the ri, j (τ) is the cross-correlation of ui (kl ) and u j (kl )
and it can be expressed as
ri, j (τ) =

1
Ns − τ

MP −τ

u∗i (kl + τ)u j (kl ),

(37)

kl =1

where τ = −MP + 1, . . . , MP − 1 and ui (n) is the nth element
of u. An estimated time delay can be obtained by maximising
the Ri, j (τ). Using the time delay, the range parameter is
estimated.

5. Simulation Results and Discussion
In order to demonstrate the performance of the proposed
compensation method for near-ﬁeld source localisation, we
consider a CCRA with 27 half-wave, thin, dipole antennas
which are distributed uniformly along the circumferences
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Table 1: The diﬀerent CCRA conﬁgurations used for obtaining the optimal case.

CCRA conﬁgurations
(a)
(b)
(c)
(d)

Radii of rings
ρ1 = 0.5λ, ρ2 = λ, and ρ3 = 1.5λ
ρ1 = 0.5λ, ρ2 = 1.2λ, and ρ3 = 2λ
ρ1 = 0.5λ, ρ2 = λ, and ρ3 = 1.5λ
ρ1 = 0.5λ, ρ2 = 1.2λ, and ρ3 = 2λ

No. of elements on each ring
M1 = 9, M2 = 9, and M3 = 9
M1 = 9, M2 = 9, and M3 = 9
M1 = 7, M2 = 9, and M3 = 11
M1 = 7, M2 = 9, and M3 = 11

Table 2: Values of estimated compensation matrix using the proposed method.
c)11 11 = 1.0000000000000 + 0.0000000000000i
c)11 21 = −5.96190733331502 − 35.7977458691057i
c)11 31 = 8.23261772059128 + 15.7095769032906i
c)11 41 = 46.7641650534059 − 30.5168801643121i
c)11 51 = −22.0857363551641 + 8.42266800899579i
c)11 61 = 9.43611799993107 − 10.1165377535518i
c)11 71 = −23.2217879987250 − 18.5353612023957i
c)11 81 = 13.1129478953285 + 10.3385379254891i
c)11 91 = −10.8370296923116 − 2.65335182564432i

c)11 12 =
−16.4480117045500+14.6902890526432i
c)11 22 =
8.64950808461148 − 10.6569065324454i
c)11 32 =
−3.78253875856304+9.10367969640321i
c)11 42 =
−1.84838342545929+19.3049333382765i
c)11 52 =
0.180711829409121 − 12.7502896457783i
c)11 62 =
−0.152420427868246+9.56021137354340i
c)11 72 =
−1.84838342545925+19.3049333382765i
c)11 82 =
4.54841895551983 − 12.4182935781109i
c)11 92 =
−7.02131492970946+7.35188328378729i

of three concentric rings as shown in Figure 1. Antenna
element distribution on each ring and the radii of rings
are given in Table 1. The radius of each half-wave dipole is
considered to be equal to 5 × 10−3 λ at an operating frequency
of 2.4 GHz and a 50 Ω load is assumed to be connected
to the terminal of each of the dipole antenna. The sources
of EM radiation to be localised are modelled using three
vertically polarised thin dipole antennas which are located
at (2.2λ, 120◦ , 40◦ ), (3λ, 70◦ , 70◦ ), and (4λ, 80◦ , 20◦ ) which lie
within the radiating near ﬁeld of the receiver antenna array.
Each of the source dipole is excited with a voltage source.
Induced current at every dipole element of CCRA due to
the incident ﬁeld emanated from three dipole sources is
computed by using the full-wave electromagnetic simulation
package FEKO [27]. The antenna terminal voltage due to the
received ﬁeld is calculated as Vm = ZL Im where this terminal
voltage represents (17). Since terminal voltage measured at
every antenna element in the array includes the contribution
of the mutual coupling, the proposed compensation method
is applied to compensate the eﬀect of mutual coupling. A
single (ﬁrst) row of estimated compensation matrix which
includes the elements c)11 11 to c)11 93 using proposed method is
tabulated in Table 2.
5.1. Performance of CCRA for Diﬀerent Arrangements of
Antenna Elements. In order to analyse the eﬀect of mutual
coupling on the near-ﬁeld parameter estimation using CCRA

c)11 13 =
−16.4480117045500+14.6902890526432i
c)11 23 =
15.3736986943575 + 0.998396037519312i
c)11 33 =
−7.48101029224301 − 9.22054742279721i
c)11 43 =
−23.2217879987250 − 18.5353612023957i
c)11 53 =
−9.48946897114057+18.3604176420201i
c)11 63 =
14.9968021182233 − 1.56937076599169i
c)11 73 =
46.7641650534058 − 30.5168801643122i
c)11 83 =
−18.3079647571629 − 26.2365863851191i
c)11 93 =
2.34858705035471 + 18.5759374713535i

and chose optimum array conﬁguration, CRLB for diﬀerent
arrangements of CCRA are calculated in the presence of
mutual coupling as discussed earlier. Here, we consider
four diﬀerent arrangements of ring radii and element
distributions for forming an optimum CCRA as given in
Table 1. In every CCRA conﬁguration under consideration,
only three concentric rings are considered and the total
number of dipole antenna elements in all rings put together
is equal to 27. The antenna elements are placed uniformly
on the circumference of the each ring. In order to derive
CRLB for all the four cases, a single transmitting half-wave
dipole is considered to be positioned at a known location
of (4λ, 80◦ , 20◦ ). The CRLB for estimated azimuth angle,
elevation angle, and range for these cases are plotted in
Figures 2–4, respectively. It can be observed, from Figures
2–4, that the array conﬁguration of case (d) has the lowest
CRLB when compared to other cases (a), (b), and (c) and
can be considered as an optimal conﬁguration. Hence, we
choose the optimal CCRA conﬁguration given in case (d) for
demonstrating compensation and parameter estimation.
5.2. Near-Field Parameter Estimation. Here, MUSIC and
ESPRIT algorithms are applied for parameter estimation of
near-ﬁeld sources using the optimal CCRA conﬁguration.
Zero mean white Gaussian noise is added to the received
signal at every element of CCRA. We apply the beamspace
transformation on the array manifold of CCRA to map
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Figure 8: Histogram plot of estimated azimuth angles using
ESPRIT algorithm when mutual coupling is uncompensated.

it to an equivalent virtual linear array. The decorrelation
technique available in [26] is applied since we consider
the received signals to be correlated. For an idealised
situation, that is, when the eﬀect of mutual coupling is
ignored, the estimated azimuth and elevation angles are
shown by their pseudospectra in Figure 5. When the eﬀect
of mutual coupling is taken into consideration, without
adopting any compensation, MUSIC pseudospectrum fails
to create sharp peaks as shown in Figure 6. After applying
the proposed compensation method, improved accuracy of
parameter estimation can be observed from the peaks of
MUSIC pseudospectra as shown in Figure 7. Similarly, in the
presence of mutual coupling, that is, when no compensation
is applied, ESPRIT algorithm also fails to estimate azimuth
and elevation angles properly as shown in histogram plots
of Figures 8 and 9, respectively. However, after applying the
proposed compensation method, the estimation accuracy
of azimuth and elevation angles using ESPRIT improves
signiﬁcantly as shown in histogram plots of Figures 10
and 11, respectively. The estimated ranges for near-ﬁeld

sources are calculated from the estimated time delay which
is obtained by using cross-correlation among eigenvectors
of signal subspaces. The coeﬃcients of cross-correlations
before compensating the eﬀect of mutual coupling are
plotted in Figure 12 whereas Figure 13 shows coeﬃcients of
cross-correlation after applying the proposed compensation
method. Comparing Figures 12 and 13, it is obvious that,
after the compensation, the peaks have become distinct
and clearer. The optimal CCRA conﬁguration, as explained
earlier, is chosen for testing the performance of both MUSIC
and ESPRIT algorithms, and their performance is plotted in
Figures 14, 15, and 16 along with CRLB. It can be observed
from these results that the MUSIC algorithm performs
slightly better at lower SNRs when compared to ESPRIT. The
RMSE of cross-correlation-based range estimation method is
closer CRLB at higher SNRs.
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Figure 10: Histogram plot of estimated azimuth angles using
ESPRIT algorithm after applying proposed compensation.
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and elevation angles, and the range parameter is estimated
from the time delay obtained from the cross-correlation of
signal subspace eigenvectors so as to avoid parameter search
over 3D space and reduce the associated computational
burden. The estimation performance after applying the
proposed compensation method of mutual coupling is
compared with CRLB for diﬀerent SNRs. From simulation
results, it can be observed that the proposed compensation
method can eﬀectively remove the eﬀect of mutual coupling
in CCRA and helps to improve the estimation performance
of subspace-based algorithms in the presence of array mutual
coupling.
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Elements of Fisher information matrix (FIM) (14) can be
obtained as

Figure 15: Performance comparison for the estimation of elevation
angle using MUSIC and ESPRIT algorithms using CCRA design of
case (d).
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arrays are employed for testing the proposed method of
mutual coupling compensation by estimating the nearﬁeld parameters of transmitting dipoles using MUSIC and
ESPRIT algorithms. In order to achieve a better accuracy
on parameter estimation, an optimal CCRA conﬁguration
is chosen to obtain lowest CRLB in the presence of mutual
coupling. The proposed compensation method is applied
with MUSIC and ESPRIT algorithms for estimating azimuth
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The scattering parameter formulation for the envelope correlation in an (N, N) MIMO antenna array has been modiﬁed to take
the intrinsic antenna power losses into account. This method of calculation provides a major simpliﬁcation over the use of antenna
radiation ﬁeld patterns. Its accuracy is illustrated in three examples, which also show that the locations of the correlation minima
are sensitive to the intrinsic losses.

1. Introduction
MIMO systems employ multiple antennas at transmitter and
receiver to improve the reliability and capacity of wireless
links in a rich electromagnetic scattering environment. It is
well known that the capacity of an (N, N) MIMO system
increases with N, the number of antennas in the transmit and
receive arrays on the assumption of independent Rayleigh
fading between each pair of transmit and receive antennas
[1]. In practice, the independence of the received signals
will depend on the angular distribution in the channel, the
arrangement and radiation pattern of the antennas, and their
polarization. It will be reduced by mutual coupling between
antennas [2]. The avoidance of mutual coupling and the
ability to distinguish between paths arriving at closely spaced
angles is favored by larger antenna spacing, whilst practical
constraints often demand compact arrangements, especially
in mobile systems. To optimize the diversity performance
of the array, antennas should be located so as to sample
the channel at separations that exhibit minimum spatial
correlation [3, 4], taking account of mutual coupling eﬀects
[5–7]. (Note that in some circumstances, mutual coupling
can enhance MIMO capacity [8, 9].) Since the optimum
separation distance will depend on the angle-of-arrival
distributions, practical systems may elect to optimize the

separation for an average channel, for which a common
assumption is of a rich scattering environment with scatterers uniformly distributed in angle. For this reason, it is useful
in developing practical systems to have a straightforward
means to evaluate the spatial, complex-envelope correlation
for the system of antennas [6, 10].
The theory presenting a generalized analysis of signal
correlation between any two array elements to include nonidentical elements and arbitrary load termination of passive
antenna ports was presented in [11], the method is related
to the power balance concept and based on the antenna
impedance matrix. In [4, 12], theoretical and simulation
studies have been conducted to explain the experimentally
observed eﬀect that the correlation between signals of closely
spaced antennas is smaller than that predicted using the
well-known theoretical methods. A simple expression to
compute the correlation coeﬃcients from the far ﬁeld pattern
including the propagation environment characteristic and
the terminating impedance was introduced in [13].
There are three possible methods to compute the envelope correlation. The ﬁrst method is based on the use of
far ﬁeld pattern data [8], and the use of actual or simulated
radiation ﬁeld data is time consuming if spread over several
design iterations. The second method employs the scattering
parameters measured at the antenna terminals [14], and
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there is a third method based on Clarke’s formula [15].
The calculation may also be formulated in terms of a
generalised impedance matrix [11]. In practice, we require
the correlation between any two antennas in an array. In
[16] a useful relation was presented including the eﬀect of
the antenna eﬃciencies on the calculated spatial correlation.
The correlation is sensitive to the intrinsic power losses in
the radiating structures. The scattering formulation derived
and tested in [14, 17] does not include these losses, and this
provides the rationale for the method presented below.

a1
b1

V1

a2
b2
V2

The envelope correlation for two antennas may be calculated
from (1):
ρe = ::

::


2
∗

4π dΩF1 (θ, φ) · F2 (θ, φ)

2 ::

2 ,




4π dΩ F1 (θ, φ)
4π dΩ F2 (θ, φ)


2


Ci, j (N)

,
ρe i, j, N = ;
k=(i, j) 1 − Ck,k (N)


(2)

where Ci, j (N) is expressed as
N

Ci, j (N) =

S∗i,n Sn, j .

(3)

n=1

Hence, from (2) and (3), the explicit scattering parameter
formula for envelope correlation is [17]:
3
2

 N
 n=1 S∗
i,n Sn, j 

.
ρe i, j, N = ;
3N
∗
k=(i, j) 1 − n=1 Si,n Sn,k




(4)

Although (4) oﬀers a simple approach compared with
radiation pattern, it should be emphasized that this equation
is limited by certain three assumptions as in [18].
In this paper, the computed two-antenna envelope
correlation for an (N, N) MIMO system will be evaluated
from the scattering parameters and the intrinsic power losses
in the radiating structures. This calculation represents a signiﬁcant simpliﬁcation over using the far ﬁeld patterns in (1).

..
.

aN

JsN

Zo
VN

Figure 1: The electromagnetic geometry for the N antenna element
system.

amplitude a and reﬂected amplitude b by (a† a − b† b), where
† denotes the Hermitian conjugate.
The analysis developed below, and the subsequent case
studies shown in Figure 2, have been presented for convenience in a wire antenna formulation and the solved using
NEC. It should be understood that the underlying concepts
are fully general, and can be readily rewritten in terms of
general surface and volume currents.
The surface current density on a wire antenna (dipole)
structure can be written as
I(θ, l)
I(l)
al ≈
al ,
(6)
Js (θ, l) =
2πr
2πr
where r is the radius of the dipole wire.
The power loss may be computed in terms of the surface
currents on the antenna structures as follows. These currents
may be expressed in terms of the incident waves a1 , a2 , . . . an


1
I (l)
I (l)
I (l)
Js1 = 
a1 · 11 al + a2 · 12 al + a3 · 13 al
2πr
2πr
2πr
Rs

I1N (l)
+ · · · + aN ·
al ,
2πr


1
I (l)
I (l)
I (l)
Js2 = 
a1 · 21 al + a2 · 22 al + a3 · 23 al
2πr
2πr
2πr
Rs


+ · · · + aN ·

3. Summary of the Method

I2N (l)
al ,
2πr

(7)

..
.

Considering the electromagnetic geometry in Figure 1, the
total power is given by
Ptotal = Prad + Ploss ,

..
.

bN

(1)

where Fi (θ, φ) = Fθi (θ, φ)aθ + Fφi (θ, φ)aφ is the radiation ﬁeld
of the ith antenna and the surface integrations are over the 2sphere [15]. On this basis, the envelope correlation between
antennas i and j may be obtained from (2), as described in
[16],


Js2

Zo

..
.

2. Background Theory

Js1

Zo

(5)

where Prad and Ploss are the total radiated power and power
loss, respectively. Ptotal is also known as the accepted power
and may be computed in terms of the incident wave,



1
I (l)
I (l)
I (l)
Jsi = 
a1 · i1 al + a2 · i2 al + a3 · i3 al
2πr
2πr
2πr
Rs


+ · · · + aN ·

IiN (l)
al .
2πr

The IiN terms are the normalised currents on structure i due
to the incident wave N, and Rs is the surface impedance of
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Figure 2: Examples under test: (a) Uniform linear array, (b) Ring array.

the antenna. The power loss on the ith antenna structure is
calculated by
!!

Plossi =

Ploss = a† La,

Jsi · Js ∗i rdθdl,

!! .

Plossi =

Subject to (9), the power losses may be expressed in matrix
notation as follows,
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The matrix representations of the elements of L, as example
L1 and Li can be written as below:

solving for circumferential integral leads to
1
=
2πr

(10)
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l

(9)

l

l
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This is essentially a modiﬁcation of Stein’s formulation for a
multi-beam array [19], where R is a general N × N matrix.
The explicit form of R is as follows,

Hence the energy balance for the system expressed
through (5) may be re-expressed fully in terms of the incident
wave amplitudes, and the scattering matrix S ∈ CN ×N ,




a† 1 − S† S a = a† La + a† Ra.
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(14)
where Di is the maximum directivity of the ith antenna.
Now, considering the above equations, the envelope
correlation between the antennas i and j in the (N, N)
MIMO system can be expressed in terms of the scattering
parameters and the intrinsic power losses as follows:
2
3
3N
 N
n
∗
 n=1 S∗
i,n Sn, j − n=1 Li j 

.
ρe i, j, N = ;
3N
3N
n
∗
k=i, j 1 − n=1 Sk,n Sn,k − n=1 Lkk




As an example, for a (3,3) MIMO system (i.e., three-antennas
at each end), the spatial correlation between antennas 1 and
2 may be calculated directly from the following,

(15)

ρe (1, 2, 3)



 ∗
3 
∗
1
2
S11 S12 + S∗
12 S22 + S13 S32 − L12 + L12 + L12 
 

 
 .


= 
1 − |S11 |2 + |S21 |2 + |S31 |2 − L111 + L211 + L311
1 − |S22 |2 + |S12 |2 + |S32 |2 − L122 + L222 + L322

4. Simulation and Results
To verify (16), the spatial envelope correlation has been
computed between two half wavelength dipole antennas, in
free space for a three-antenna system, as a function of their
separation distance. The far ﬁeld and scattering parameters
have been computed using the NEC code.
For this example, the dipole radius for each structure
was set to 0.002 wavelengths. Three diﬀerent sources of loss
were considered for validation purposes, and two distinct
MIMO conﬁgurations were investigated, namely, a uniform
linear array, and a circular (ring) array. In each case, the
three dipoles were loaded by two lumped 25 Ω resistive loads,
separated by 0.095 wavelengths from the input source, as
shown in Figure 2. The excitation was simply modeled by a
voltage source at the centre of each dipole, and the applied
termination load is 50 Ω.
Departures between the results of this method and
the lossless approach were checked through simulation.
The spatial envelope correlations between the antenna
elements 1 and 2 in the three element uniform linear array
were calculated using the far ﬁeld as a function of the dipole

(16)

separation distances. The results are presented in Figure 3 for
the lossy and lossless cases. Close agreement may be observed
between the lossy analysis derived from (16), and the far
ﬁeld analysis in (1). The envelope correlation for dipole
separation distances less than 0.5 wavelengths and between
each of the intervals from 0.8 to 0.9 wavelengths, 1.35 to 1.45
wavelengths and 1.85 to 1.95 wavelengths can take values
bigger than the achieved S21 values. It is also interesting to
note that the nulls of the spatial envelope correlation are
shifted as compared with those computed via the lossless
approach.
In Figure 4, the spatial envelope correlation between
dipole elements 1 and 3 in the same uniform linear array
are recorded, also as a function of their separation distance,
for both lossy and lossless cases. It can be seen that the
correlation values for the lossless case are smaller than for
the lossy case, this is due to the middle element acting as a
perfect reﬂector in the lossless case, thus contributing to a
higher reﬂected power as compared to radiation power. The
separation distance between the two radiators will aﬀect the
transmittance, |S21 | which is associated with their mutual
coupling.
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Figure 3: The computed spatial envelope correlations and scattering parameters between dipoles 1 and 2 versus their separation distance, in
a MIMO system of three elements, arranged in a uniform linear array.

0
−5
−10
−15

(dB)

−20
−25
−30
−35
−40
−45
−50

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Separation distance between two antennas in wavelength
From far ﬁeld with loss
From far ﬁeld without loss
From S parameters with loss

S21
S11

Figure 4: The computed spatial envelope correlations and scattering parameters between dipoles 1 and 3 versus their separation distance, in
a MIMO system of three elements, arranged in a uniform linear array.

In Figure 5, the spatial envelope correlation between
dipole elements 1 and 2 in a three-antenna element ring
array are recorded as a function of the ring radius in wavelengths, for both the lossy and lossless cases. These results
show close agreement between the lossy analysis and the
far ﬁeld analysis from (1). For dipole separation less than
0.15 wavelengths and in the interval between 0.4 to 0.55
wavelengths the spatial envelope correlation can take values
bigger than the S21 values. Furthermore, the nulls of the
envelope correlation calculated by the current method are
shifted compared with the corresponding values from the
lossless calculation, indicating the signiﬁcance of including
the intrinsic losses in the calculations. The spatial envelope

correlations between elements 2 and 3, and 1 and 3, in the
ring array will be the same as for 1 and 2 due to symmetry.
Figure 6 depicts the variation of the spatial envelope
correlation between dipole elements 1 and 2 versus the
surface conductivities for a three-antenna element uniform
linear array and a ring array. The separation distance
between the parallel dipoles in the case of the uniform linear
array was kept constant at 0.5 wavelengths, and in the case
of the ring array the ring radius was set to 0.5 wavelengths.
It can be noted, from Figure 6 that the envelope correlation
values become unaﬀected when the values of the surface
conductivities get higher. Also, it is noticeable from Figure 6
that the envelope correlation values are within 1 dB and
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0.5 dB of the S21 values for the uniform linear array and ring
array, respectively.
In summary, the analysis described here, based on the
conceptual framework summarized in (16), provides a direct
and accurate forecast of spatial envelope correlations, as
compared with those obtained from the far ﬁeld data in (1).

5. Conclusion
A direct calculation method has been presented for the
spatial envelope correlation between any two antennas in

a (N, N) MIMO array using the scattering parameters and
intrinsic losses in the radiating structures. This formula
should reduce the complexity and eﬀort involved in spatial envelope correlation calculations for practical designs
especially where low envelope correlation is required. Three
examples have been presented to validate the technique. The
results have shown close agreement between this method
and the full computation using the far ﬁeld pattern data.
Several practical methods exist, for example, radiometer
[20, 21], random ﬁeld [22], and reverberation chamber [23],
for direct measurement of the radiation eﬃciency of passive

International Journal of Antennas and Propagation
antennas. These can be used for multiport structures and can
provide independent checks of the diagonal terms in (12).
Such practical implementations of the proposed method will
be considered further in future work.
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We address the noise characterization of a multiple-input-port and multiple-output-port (MIPMOP) device receiving signals
from an array of antennas. A deﬁnition of the noise ﬁgures and natural noise ﬁgures of a MIPMOP device is provided, and the
resulting properties are detailed in the impedance and admittance representations. We compute the natural noise ﬁgures of a lownoise MIPMOP ampliﬁer comprising a MIMO series-series feedback ampliﬁer (MIMO-SSFA), designed for a wireless receiver
front-end.

1. Introduction
In this paper, we consider a linear multiple-input-port
and multiple-output-port (MIPMOP) device having n input
ports and m output ports, connected to an n-port source,
such as an array of n coupled antennas, and to an mport load. The MIPMOP device could be passive, but our
motivation lies in the case where it provides ampliﬁcation.
We want to characterize the noise performance of the
MIPMOP device in a small bandwidth Δ f around a given
frequency f . The case n = m = 1 is covered in detail in the
literature since more than 50 years [1, 2] and will be referred
to as the two-port case.
The theory and measurement methods developed for the
two-port case can be applied to a MIPMOP device only when
all the following conditions are met:
(i) the MIPMOP device is made of m = n uncoupled
two-ports;
(ii) the ports of the n-port source are uncoupled;
(iii) the ports of the m-port source are uncoupled.
The ﬁrst condition is obvious. However, it is important to
note that the theory of the two-port case is irrelevant when
the second or the third conditions are not met.

Let us for instance consider the multiport antenna
array and the multiport wireless receiver shown in Figure 1,
which may be used in a multiple-input and multiple-output
(MIMO) or single-input and multiple-output (SIMO)
wireless communication system. In Figure 1, ZSant is the
impedance matrix seen by the receiver, and ZLI is the input
impedance matrix of the receiver. The physical size of the
antenna array is often limited by the application, for example
in the case of portable transceivers. Antenna coupling may in
such a case be so large that the nondiagonal entries cannot
be ignored when one computes the directivity patterns and
correlations of the channels [3, 4]. A large coupling between
the antennas will also impact the noise performance of the
receiver front-end because the noise power delivered by an
input port may excite other input ports via antenna coupling.
A conventional wireless receiver front-end uses a MIPMOP device consisting of n uncoupled two-port low-noise
ampliﬁers (LNAs) presenting a diagonal ZLI . Even though
the noise ﬁgure of each LNA as a two-port can be deﬁned
and measured, it gives no information on the true noise
performance of the receiver front-end because it does not
take the above-mentioned LNA noise coupled through the
antenna array into account. This has been investigated by
several authors [5–9].
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deﬁnition used in the two-port case, but it is not directly
related to a signal-to-noise ratio.
Randa expressed the noise ﬁgures using the S-parameter
representation of the device. This formalism is adequate
for RF measurements used for the noise characterization
of a MIMOP device. However, a noise theory of MIPMOP
devices, presented in the impedance and admittance representations, is more appropriate for circuit design. Basic
elements of this theory and a validation are available [23].
In this paper, starting from the deﬁnitions in Sections 2 and
3, we further develop this noise theory in Sections 3 to 5. In
Section 6, this theory is applied to the design of a MIPMOP
LNA connected to an array of coupled antennas.

ZLI

2. Notations
Figure 1: An array of n antennas connected to n uncoupled 2conductor transmission lines connected to a wireless receiver having
n input ports.

A type of nonconventional wireless receiver front-end
uses a MIPMOP passive matching network to obtain a
nondiagonal ZLI . For instance, a passive lossless MIPMOP
device can be used to provide reﬂectionless matching to its
antenna ports (i.e., ZLI = ZSant ) and to uncoupled two-port
LNAs at its output [10]. More importantly, a passive lossless
MIPMOP device can be used to provide hermitian matching
to its antenna ports (i.e., ZLI = Z∗Sant where the star denotes
the hermitian adjoint) and hermitian matching to uncoupled
two-port LNAs at its output [11–14]. This possibility is very
interesting since hermitian matching provides a maximum
power transfer and decorrelated output voltages in the case
of 2-dimensional Rayleigh channels (because the matching
network modiﬁes the directional patterns such that they are
orthogonal over the azimuth). This type of passive MIPMOP
device can also theoretically be used to obtain noise matching
[15, 16]. However, a passive MIPMOP device having a
prescribed nondiagonal ZLI is a complex circuit in which
losses must be taken into account to obtain a realistic design
[17, 18]. Such losses degrade the noise performance.
Another type of nonconventional wireless receiver frontend comprises a MIPMOP LNA presenting a nondiagonal
ZLI [19]. This scheme is new [20]. Also, it oﬀers more
ﬂexibility than a design using a passive lossless MIPMOP
device having its output ports connected to uncoupled twoport LNAs. Thus, better characteristics are expected with an
optimized MIPMOP LNA.
In both nonconventional front-end designs, ZSant and ZLI
are nondiagonal, so that there is no possibility of applying
the two-port noise theory to anything. Thus, a noise theory
of MIPMOP devices must be used.
In their theory of linear noisy networks, Haus and Adler
presented many results which are applicable to MIPMOP
devices [21]. However, they did not deﬁne an adequate ﬁgure
of merit, since their purpose was the systematic description
of the noise performance of a two-port linear ampliﬁer. More
recently, Randa [22] introduced a deﬁnition of the noise
ﬁgures of a MIPMOP device. This deﬁnition generalizes the

We use rms values throughout the paper. We use t X to
denote the transpose of a matrix X, X to denote the complex
conjugate of X, X∗ to denote the hermitian adjoint X∗ =
t
X, and tr X to denote the trace of X.
In the small bandwidth Δ f , we deﬁne the column-vector
IIN of the input noise currents iIN 1 , . . . , iIN n ﬂowing into
the positive terminals of the input ports of the MIPMOP
device and the column vector VIN of the input noise voltages
vIN1 , . . . , vINn between the positive and negative terminals
of the input ports. We use ISCIN and VOCIN to denote the
column vectors of the short-circuit input noise currents
iSCIN 1 , . . . , iSCIN n and of the open-circuit input noise voltages
vOCIN 1 , . . . , vOCIN n , respectively. We also deﬁne the column
vector ION of the output noise currents iON1 , . . . , iONm
ﬂowing into the positive terminals of the output ports
and the column vector VON of the output noise voltages
vON1 , . . . , vONm between the positive and negative terminals
of the output ports. We use ISCON and VOCON to denote the
column vectors of the short-circuit output noise currents
iSCON 1 , . . . , iSCON m and of the open-circuit output noise
voltages vOCON 1 , . . . , vOCON m , respectively. Let us write
⎛

VN = ⎝

VIN

VON

⎛

⎞

⎛

⎠,

=⎝

IIN

⎞

IN = ⎝ ⎠,
ION

VOCN

⎛

VOCIN
VOCON

ISCIN

⎞

⎠,

(1)

⎞

⎠.
ISCN = ⎝
ISCON

(2)

For the case n = m = 2, we obtain the equivalent circuit
a of Figure 2, consisting of n + m = 4 noise voltage sources
and one noiseless (n + m)-port. Such an equivalent circuit
corresponds to the impedance representation, since
VN = Z IN + VOCN ,

(3)

where Z is the impedance matrix of the MIPMOP device,
of size (n + m) × (n + m). Alternatively, we obtain the
equivalent circuit b shown in Figure 2, consisting of n + m =
4 noise current sources and one noiseless (n + m)-port.
Such an equivalent circuit corresponds to the admittance
representation, since
IN = Y VN + ISCN ,

(4)
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Figure 2: Equivalent circuit for a noisy MIPMOP device.

where Y = Z−1 is the admittance matrix of the MIPMOP
device. We easily obtain
VOCN = −Z ISCN ,

(5)

ISCN = −Y VOCN .

The second-order statistics of the noise produced by the
MIPMOP device is determined by the covariance matrix of
the open-circuit noise voltages VOCN V∗OCN  or equivalently
by the covariance matrix of the short-circuit noise currents
ISCN I∗
SCN , where the brackets   indicate an average over
an ensemble of noise processes. The covariance matrices are
related by
<
<

=

<

=

VOCN V∗OCN = Z ISCN I∗SCN Z∗ ,
=

<

=

ISCN I∗SCN = Y VOCN V∗OCN Y∗ .

(6)

These relations are important for noise computations
because they can be used to switch between the impedance
and admittance representations to easily take into account
additional series-connected or shunt-connected circuit elements [24, 25].

The noise ﬁgures deﬁned above are identical to the one
deﬁned by Randa [22] using the scattering representation,
except that the condition (a) is not required in his deﬁnition. We use this condition because it guaranties that our
deﬁnition becomes the usual deﬁnition in the two-port case,
as shown in Section 4.
Let us ﬁrst assume that the impedance matrix of the
source is ZS , that the column vector of the open-circuit
noise voltages produced by the source is ESN , and that the
impedance matrix of the noiseless load is ZL . We have
⎛

ESN

VN = ⎝

Deﬁnition 1. If α is an integer such that 1 ≤ α ≤ m, the noise
ﬁgure Fα of the MIPMOP device for the output α is the ratio
of the self-power spectral density Re(vONα iONα )/Δ f at the
output α to the portion of this self-power spectral density
that is due to the input noise, evaluated for the case where
(a) the available power spectral density of the n-port source
is nkT0 and (b) the available power of the noise delivered by
the load is zero.

ZS 0nm

⎞

⎠,
with ZSL = ⎝
0mn ZL

⎠ − ZSL IN

(7)
where 0 pq is used to denote the null matrix of size p × q. We
use (3) and (7) to write
⎛⎛

IN = (Z + ZSL )
Consequently, we have
<

∗

=

IN IN = (Z + ZSL )

⎛<

−1 ⎝

⎞

E
−1 ⎝⎝ SN ⎠
0m1

ESN E∗SN

=

⎞

− VOCN ⎠.

0nm

0mn

0mm

<

3. Noise Figures of MIPMOP Devices
In the deﬁnition of the noise ﬁgure of a two-port, the spectral
density of the available power of the noise delivered by the
source is kT0 where k is Boltzmann’s constant and T0 =
290 K. In the case of devices having multiple input ports,
we have to consider that the noises delivered by the diﬀerent
ports of the n-port source may be correlated and may have
diﬀerent noise temperatures.

0m1

⎛

⎞

(8)

⎞
⎠(Z + ZSL )−1∗

=

+ (Z + ZSL )−1 VOCN V∗OCN (Z + ZSL )−1∗ .
(9)
By (2), we directly obtain
<

∗

IN IN

=

⎛<

= ⎝<

IIN I∗IN

= <

ION I∗IN

= <

IIN I∗ON

ION I∗ON

so that
<

∗

=



ION ION = 0mn 1m

<

=⎞

IN

=⎠ ,

⎛
⎞
= 0nm
IN ⎝ ⎠,
∗

1m

(10)

(11)

where 1 p is the identity matrix of size p × p. Since by (1), (2),
and (7) we have VON = −ZL ION , we can write
⎛
⎞
<

0
=
=
nm
<
∗ ⎝
⎠.
− VON I∗
ON = 0mn ZL IN IN

1m

(12)

4

International Journal of Antennas and Propagation

Using (9) in (12), we obtain the matrix of the self- and
cross-complex powers received by the m-port load, in the
impedance representation
=
<
− VON I∗
ON


= 0mn ZL
×

⎧
⎨

−1 <

+(Z + ZSL )
⎞

×⎝

⎠.

0nm
1m

ESN E∗SN

=

0mn

0nm
0mm

⎞
⎠(Z + ZSL )−1∗

=

−1∗

=







9

∗
nm
ZHL YTL ESN0mnESN  00mm
Y∗TL

n+α n+α

5

,

n+α n+α

VOCN V∗OCN (Z + ZSL )




∗ −1

ISN = ZS + ZS

∗

VSN = ZS ZS + ZS

<





ESN E∗SN = ZS + Z∗S Z−S 1∗ PCSN ZS + Z∗S .

(15)

(16)

where we have used (14). Thus,

⎞

⎠.
with YSL = ⎝
0m n YL

⎛⎛

⎞

J
−1 ⎝⎝ SN ⎠
0m1

⎞
− ISCN ⎠.

(23)

Proceeding as above to obtain (13), we get the matrix of
the self- and cross-complex powers received by the m-port
load, in the admittance representation
=
<
− VON I∗
ON


= 0mn 1m

⎛<

−1
× (Y + YSL ) ⎝
⎩

JSN J∗SN

+(Y + YSL )
⎛

0nm
Y∗L

=

0mn

−1 <

0nm
0mm

∗

⎞
⎠(Y + YSL )−1∗

=

IOCN IOCN (Y + YSL )

−1∗

⎫
⎬
⎭

⎞
⎠.

The matrix of the self- or cross-complex powers which
the n-port source would deliver to a noiseless n-port load
providing hermitian matching is given by


PCSN = YS + Y∗S
(18)

We therefore have
<

= Re(tr PCSN ) = − tr NZ ,

where we have used the characteristic noise matrix of the
source in the impedance representation [21, chapter 3],
deﬁned as
−1 <
=
1
ZS + Z∗S
ESN E∗SN .
2

YS 0n m

(24)
(17)

NZ = −

(21)

(22)

>
?



−1
∗ −1 ∗
= Re E∗
ZS ZS + Z∗S
ESN ,
SN ZS + ZS

?
−1
1> ∗ 
ESN ZS + Z∗S
ESN
PASN =
2

⎠.

⎛

IN = ⎝ ⎠ − YSL VN
0m1

×⎝

=

⎞

⎞

⎧
⎨

The available power of the n-port source, denoted by
PASN , is equal to the real power which it delivers to a
noiseless n-port load providing hermitian matching [12].
The available power of the n-port source is
PASN = Re I∗SN VSN

0mn ZL

VN = (Y + YSL )

We therefore have

<

JSN

ESN .


 <
=
−1
∗ −1
ESN E∗SN ZS + Z∗S
.
= Z∗
S ZS + ZS


⎛

(14)

=



0nn 0nm

Alternatively, we can use YS to denote the admittance
matrix of the source, JSN to denote the column vector of the
short-circuit noise currents produced by the source, and YL
the admittance matrix of the noiseless load. We have

We use (4) and (22) to write

Thus, the matrix of the self- or cross-complex powers
which the n-port source would deliver to a noiseless n-port
load providing hermitian matching is
PCSN = VSN I∗SN

=⎝

ZHL

⎭

ESN ,


∗ −1

where YTL = (Z + ZSL )−1 , and {X}i j is the entry of row
i and column j of X, where ESN E∗SN  is computed for PASN =
−tr NZ = nkT0 Δ f and where
⎛

Let us use VSN and ISN to denote the column vectors of
noise voltages and noise currents of the source, respectively.
In the case of hermitian matching, we have

=

4

Re

⎫
⎬

(13)

<

<

Re ZHL YTL VOCN V∗OCN Y∗TL

(20)

(Z + ZSL )−1 ⎝

⎛

8

Fα = 1 +

⎛<

⎩

Consequently, in the impedance representation, the noise
ﬁgure Fα may be written

(19)

=



−1 <

=

JSN J∗SN YS + Y∗S


−1



YS .


JSN J∗SN = YS + Y∗S PCSN YS−1 YS + Y∗S .

(25)

(26)

The available power of the n-port source is
PASN =

−1 ?
1> ∗ 
JSN YS + Y∗S
JSN
2

= Re(tr PCSN ) = − tr NY ,

(27)

International Journal of Antennas and Propagation

5

where NY is the characteristic noise matrix of the source in
the admittance representation, given by
−1 <
=
1
JSN J∗SN .
(28)
NY = − YS + Y∗S
2
Thus, in the admittance representation, the noise ﬁgure
Fα is given by
8

Fα = 1 +

<

=

Re ZTL ISCN I∗SCN Z∗TL Y∗HL
4

Re





9



∗
nm
ZTL JSN0mnJSN  00mm
Z∗TL Y∗HL

n+α n+α

5

Consequently, for PASN = − tr NZ = nkT0 Δ f , we have
<

=

ESN E∗SN = 4kT0 Δ f Re(ZS )1n .

Let us use z to denote the 2 × 2 impedance matrix of one
of said identical two-ports and zi j to denote an entry of z. We
have
⎛

,

Z + ZSL = ⎝

z12 1n

z21 1n

(z22 + ZL )1n

(29)

⎛

0nn 0nm

⎞

⎠.
YHL = ⎝
0mn YL



(Z + ZSL )

−1

=

⎞

(z11 + ZS )1n

n+α n+α

where ZTL = (Y + YSL )−1 and JSN J∗SN  is computed for
PASN = − tr NY = nkT0 Δ f and

(33)

(z22 +ZL )1n −z12 1n
−z21 1n (z11 +ZS )1n

⎠,

(34)



ZL ZS + z11 ZL + z22 ZS + z11 z22 − z12 z21

.
(35)

(30)
We also have
⎛ >

4. Properties of the Noise Figures

<

The above-deﬁned noise ﬁgures of a MIPMOP device do
not depend on the particular representation used to express
them, since the deﬁnition is based on a ratio of real powers.
We also note that PCSN and PASN do not depend on the
representation chosen.
The four following properties indicate that our deﬁnition
of the noise ﬁgures of a MIPMOP device is an adequate
generalization of the well-known deﬁnition for a two-port.
Property 1. In the case n = m = 1, F1 is the noise ﬁgure F
deﬁned for the two-port, which does not depend on ZL or
YL .
Proof. For n = m = 1, Deﬁnition 1 is the standard deﬁnition
of F for a two-port [22, Section 2.1].
We note that for n = 1, using (18), (27) and PASN =
kT0 Δ f , we get the usual single-port noise source formulas
<

∗

=

>

=

>

?

ESN ESN = ESN ESN = 4kT0 Δ f Re(ZS ),

<

?

JSN J∗SN = JSN JSN = 4kT0 Δ f Re(YS ),

(31)

where the bar indicates the complex conjugate.
Property 2. In the case n = m, if the n-port source is made of
n uncoupled and uncorrelated identical single-port sources
of internal impedance ZS , if the MIPMOP device is made of n
uncoupled identical two-ports having the noise ﬁgure FTP for
the source impedance ZS , and if the n-port load is made of n
uncoupled single-port loads of impedance ZL , then Fα = FTP
for any α such that 1 ≤ α ≤ m. Thus, in this case, Fα does not
depend on ZL or YL .
Proof. We use (15) and (19) to write
PCSN =

>
?
ZS
2
2 |ESN | 1n ,
4 Re (ZS )

>
?
1
|ESN |2 1n .
NZ = −
4 Re(ZS )

(32)

=

⎜

VOCN V∗OCN = ⎝

?
|vOCIN |2 1n

vOCON vOCIN 1n

⎞
vOCIN vOCON 1n ⎟
>
?
⎠.
|vOCON |2 1n

(36)
Using (20), (33), (35) and (36), after some derivations,
we get
Fα = 1
t  −z 
21
z11 +ZS



+
4kT0 Δ f

|vOCIN |2 

vOCON vOCIN 

vOCIN vOCON 

|vOCON | 
2



−z21



 z11 + ZS ,
−z21

t  −z 

21
10
Re(ZS ) z11 +Z
00
S

z11 + ZS
(37)

which can be shown to be equal to FTP .
The Property 2 indicates that the noise ﬁgures given by
(20) and (29) are intensive quantities: each noise ﬁgure does
not change when the number of identical uncoupled systems
is changed.
Property 3. If a MIPMOP device B is made of a cascade
consisting of a lossless passive input network having n input
ports and n output ports, of a MIPMOP device A having
n input ports and m output ports and of a lossless passive
output network, then the sum of the noise ﬁgures of the
MIPMOP device B is equal to the sum of the noise ﬁgures
of the MIPMOP device A.
Proof. This is the direct consequence of the following facts:
(i) the lossless passive output network does not change
the total real power delivered to the m-port load;
(ii) the lossless passive input network does not change
the available power of the n-port source because it is
possible to prove (see the appendix) that hermitian
matching occurs at its input ports if and only if
hermitian matching occurs at its output ports.
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Property 4. In the conﬁguration considered in the
Property 3, if we also require that the lossless passive
output network is made of m uncoupled lossless passive
two-ports, each having an input port connected to the
output port α of the MIPMOP device A and an output port
corresponding to the output port α of the MIPMOP device
B, then, for any α such that 1 ≤ α ≤ m, the noise ﬁgure of
the MIPMOP device B for the output α is equal to the noise
ﬁgure of the MIPMOP device A for the output α.

impedance matrix ZS of the resulting network, the column
vector of its open-circuit noise voltages ESN and write

Proof. Each lossless passive two-port does not change the real
power delivered to each port of the m-port load.

ZS = diagn (R1 , . . . , Rn ) + Zrem .





∗
∗
ZS + Z∗
S = C ZS + ZS C = 2diagn (R1 , . . . , Rn ),

<

=
∗

ESN ZSN = C

<
∗

=

ESN E∗SN C = 1n ,

(40)
(41)

where diagn (x1 , . . . , xn ) denotes the diagonal matrix of size
n × n having the entries x1 , . . . , xn , and where R1 , . . . , Rn are
real. We then introduce the impedance matrix Zrem such that
(42)

If we use (42) in (40), we ﬁnd that
The Property 4 is a generalization to MIPMOP devices of
a property of noisy two-ports which is a direct consequence
of the Friis formula for cascaded noisy two-ports [1, 2]. We
note that the conﬁgurations considered in the properties
3 and 4 can be used for computing the noise ﬁgures of a
MIPMOP ampliﬁer consisting of an active MIPMOP circuit
inserted between two MIPMOP matching circuits having
negligible losses.
Notwithstanding the fact that F is a vector, we have
to keep in mind that there are three important diﬀerences
between the usual deﬁnition of the noise ﬁgure for a two-port
and the deﬁnition introduced in Section 3 for a MIPMOP
device:

Zrem = −Z∗rem .

Thus, Zrem is the impedance matrix of a lossless network.
We now connect a lossless network of impedance matrix
−Zrem in series with the network of impedance matrix ZS and
obtain a network of impedance matrix

Z
S = ZS − Zrem = diagn (R1 , . . . , Rn ),

(iii) since there is no obvious generalization of the
concept of signal-to-noise ratio to MIPMOP devices,
the noise ﬁgures of a MIPMOP device cannot be
viewed as a direct measure of the degradation of a
signal-to-noise ratio.

5. Natural Noise Figures of a MIPMOP Device
We are going to introduce a deﬁnition of the natural noise
ﬁgures of the MIPMOP device, based on two properties.
Property 5. If the n-port source is a noisy passive linear
network at the temperature T, then the available power
spectral density of the n-port source is nkT. Additionally, we
have
<

=




∗

ESN E∗SN = 2kTΔ f ZS + ZS ,

<

=





JSN J∗SN = 2kTΔ f YS + Y∗S .
∗

(38)
(39)

Proof. The covariance matrix ESN ESN  is hermitian and
positive deﬁnite, and ZS +Z∗S is hermitian. Consequently [26,
Section 7.6.5], there exists a nonsingular matrix C such that
C∗ (ZS +Z∗S ) C is real and diagonal and C∗ ESN E∗SN C = 1n .
As pointed out in [21, page 29], this transformation may
be obtained with a lossless imbedding. We may introduce the

(44)

this network having the column vector of the open-circuit
noise voltages ESN . We consequently have n uncoupled resistances at the temperature T, which proves that R1 , . . . , Rn are
positive and
<

(i) for n ≥ 2, each Fα depends on the correlations
between the ports of the n-port source;
(ii) for m ≥ 2, each Fα depends on the m-port load, that
is to say, on ZL or on YL in the case of a linear m-port
load [23, Section 3];

(43)

=

ESN E∗
SN = nkTΔ f diagn (R1 , . . . , Rn ).

(45)

Using (41), we obtain
<

=

<

=

−1
ESN E∗SN = C∗−1 ESN E∗
SN C

= 4nkTΔ f C∗−1 diagn (R1 , . . . , Rn )C−1 .

(46)

Using (40) we then ﬁnd that
<

=





ESN E∗SN = 2nkTΔ f ZS + Z∗S ,

<

=

<

=

1
JSN J∗SN = ZS−1 ESN E∗SN Z∗−
S



(47)


∗

= 2nkTΔ f YS + YS .

Property 6. If the n-port source produces the noise of a noisy
passive network at the temperature T0 , the constraint (a) of
the Deﬁnition 1 is automatically satisﬁed.
Proof. If we use (15), (18), and (38), we ﬁnd that


PCSN = 2kT0 Δ f Z∗S ZS + Z∗S

−1

,

PASN = − tr NZ = nkT0 Δ f ,

(48)

which proves the property. Alternatively, we could have used
(25), (27), and (39), to obtain


PCSN = 2kT0 Δ f YS + Y∗S

−1

YS ,

PASN = − tr NY = nkT0 Δ f ,
and reached the same conclusion.

(49)
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Deﬁnition 2. If the n-port source produces the noise of a
noisy passive network at the temperature T0 , the noise ﬁgures
of Deﬁnition 1 will be referred to as the natural noise ﬁgures.
In the laboratory, it is possible to use a nearly ideal
noisy passive network at the temperature T0 , and to measure
natural noise ﬁgures in this manner. However, this parameter
does not necessarily correspond to the application situation.
For instance the noise collected by multiple antennas will in
general not comply with (48) and (49).
The following property relates to a special case where the
natural noise ﬁgures are easier to determine using standard
measuring instruments. Let us use
(i) Fα β to denote the noise ﬁgure between an input β
and an output α, deﬁned as the usual noise ﬁgure
of a two-port, evaluated in the case where all unused
inputs and outputs are connected to uncoupled and
uncorrelated single-port terminations for which the
available power spectral density is kT0 ;
(ii) Fαα to denote the noise ﬁgure between an output α ,
used as an input, and an output α, deﬁned as
the usual noise ﬁgure of a two-port, evaluated in
the case where all unused inputs and outputs are
connected to uncoupled and uncorrelated single-port
terminations for which the available power spectral
density is kT0 .
Property 7. In the case where the n-port source is made of
uncoupled and uncorrelated single-port sources, and where
the m-port load is made of uncoupled and uncorrelated
single-port loads, the natural noise ﬁgures are given by
Fα =

1−

3m



α =1, α
3
n




=
/ α 1/Fα α


β=1 1/Fα β

.

(50)

so that
1
β=1 1/Fα β

Fα = 3n

In the case deﬁned above, we have
P1α
,
β=1 P2α β

Fα = 3n

(51)

P1α
.
P2α β

(52)

Fα β is not the usual noise ﬁgure of a two-port, evaluated
in the case where all unused inputs and outputs are
connected to single-port terminations, because, in this case,
the unused single-port loads also contribute to the self-power
spectral density at the output α. Let us use P3α α to denote
the self-power spectral density at the output α, evaluated for
the case where (g) the MIPMOP device is noiseless, (c) the
inputs are connected to single-port sources, (j) the available
power spectral density of each single-port source is zero, (e)
the outputs are connected to single-port loads, and (k) the
available power spectral density of each single-port load is
zero except the single-port load connected to the output α
for which the available power spectral density is kT0 . We have


Fα β =
Fαα =

P1α +

3m


α =1, α =
/ α P3α α

P2α β
P1α +

,
(53)

3m


α =1, α =
/ α P3α α

P3α α

.

So that we obtain
⎛

Fα β

⎞

⎜
= Fα β ⎜
⎝1 −

m

1 ⎟
⎟
 ⎠.

F 
α =1 α α
α =
/α

(54)

Using (54) in (52) leads us to (50).
Note that in the case where the contribution of the singleport loads to the self-power spectral density at the output α
is negligible, that is,

Proof. All single-port sources and loads being assumed
uncoupled and uncorrelated to each other, let us use
(i) P1 α to denote the self-power spectral density at the
output α, evaluated for the case where (c) the inputs
are connected to single-port sources, (d) the available
power spectral density of each single-port source is
kT0 , (e) the outputs are connected to single-port
loads, and (f) the available power spectral density of
each single-port load is zero;
(ii) P2α β to denote the self-power spectral density at
the output α, evaluated for the case where (g) the
MIPMOP device is noiseless, (c) the inputs are
connected to single-port sources, (h) the available
power spectral density of each single-port source is
zero except the single-port source connected to the
input β for which the available power spectral density
is kT0 , (e) the outputs are connected to single-port
loads, and (f) the available power spectral density of
each single-port load is zero.

where Fα β =

m

1


F 
α =1 α α
α =
/α

 1,

(55)

we may assume that
1
 .
β = 1 1/Fα β

Fα ≈ 3n

(56)

In [23], (56) was incorrectly presented as an exact
formula. However, (56) was a good approximation of the
exact formula (50) for the MIPMOP ampliﬁer considered in
[23].

6. A MIPMOP LNA Connected to
an Antenna Array
We will now apply our results to the 1880 MHz MIPMOP
LNA shown in Figure 3, having n = 4 signal input terminals
and m = 4 signal output terminals. It is intended to be used
as a wireless receiver front-end. The core of this MIPMOP
LNA is a new circuit called MIMO series-series feedback
ampliﬁer (MIMO-SSFA) described below [23, 27, 28].
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Figure 3: A low-noise MIPMOP ampliﬁer comprising a MIMO-SSFA, 4 uncoupled input matching networks, and 4 uncoupled output
matching networks.
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Figure 4: The powers P0, P1, P2, and P3 delivered by each antenna
(in μW) and the average power as a function of the azimuth (in
degree) for a conventional front-end design receiving an incident
plane wave of 1 V/m (peak).

Figure 5: The powers P0, P1, P2, and P3 delivered by the outputs of
the MIPMOP ampliﬁer shown in Figure 3 (in μW) and the average
power as a function of the azimuth (in degree) when the antenna
array receives an incident plane wave of 1 V/m (peak).

Referring to the impedance matrices deﬁned in Figure 1, the
MIPMOP LNA is designed to provide hermitian matching
between ZSant and ZLI .

The antenna array is a circular array of four parallel
half-wave dipole antennas (side-by-side conﬁguration) for
1880 MHz. The radius of the array is 0.3 λ = 47.8 mm,
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so that it presents a 0.424 λ = 67.7 mm spacing between
the nearest array elements. This antenna array has been

presented in [19]. The impedance matrix of the antenna
array is computed as

⎛

Zant

73.1
1.1 − 36.4 j −23.3 − 15.9 j 1.1 − 36.4 j
⎜
⎜ 1.1 − 36.4 j
73.1
1.1 − 36.4 j −23.3 − 15.9
⎜
=⎜
⎜
⎜−23.3 − 15.9 j 1.1 − 36.4 j
73.1
1.1 − 36.4 j
⎝
1.1 − 36.4 j −23.3 − 15.9 j 1.1 − 36.4 j
73.1

For a zenithal angle θ = π/2, and if we assume that the
array sees four uncoupled scalar loads of 73.0 Ω, the power
delivered by each antenna and the average power are shown
in Figure 4 as a function of the azimuth for an incident ﬁeld
of 1 V/m peak. The average power oscillates between 3.3 μW
and 4.2 μW as a function of the angle of arrival whereas, in
the same ﬁeld, a single dipole antenna in free space would
deliver 4.4 μW to a 73.0 Ω load.
We assume that each antenna is connected to the
MIPMOP ampliﬁer via a two-conductor interconnection
(for instance a coaxial cable) behaving as a two-conductor
transmission line. The antenna number j is connected to the
near-end of the interconnection number j of length d j , characteristic impedance zC j , phase velocity c j , and attenuation
constant α j . The far-end of the interconnection number j
is connected to the input port number j of the MIPMOP
ampliﬁer. Let us deﬁne the characteristic impedance matrix
ZC of the set of interconnections as
ZC = diagn (zC1 , . . . , zCn ).
⎛

ZSant

84.4 + 10.1 j

(58)

⎞
⎟

j⎟
⎟
⎟Ω.
⎟

Let us also deﬁne the transmission matrix T of the set of
interconnections as




T = diagn e−[α1 + j(2π f0 /c1 ))]d1 , . . . , e−[αn + j(2π f0 /cn )]dn .

.

ZSant =

T + T−1
T − T−1
Zant −
ZC
2
2
.

×

(60)

/−1

ZC .

If we assume that four identical 54 mm-long interconnections are used, having, at f0 = 1880 MHz, a propagation
velocity of 0.6 c0 , a characteristic impedance of 80 Ω, and an
attenuation of 1.667 dB/m, the resulting impedance matrix
seen by the MIPMOP LNA at f0 is equal to
⎞

(61)

input impedance matrix ZLI . The MIPMOP LNA also comprises an input matching network (C211 to C214 and L221 to
L224) and an output matching network (C521 to C524 and
L511 to L514).
The MIMOP LNA shown in Figure 3 has been designed
in such a way that when each output port is connected to a
grounded 50 Ω resistor, the ampliﬁer provides an impedance
ZLI close to Z∗Sant [29, Section 5]. At f0 = 1880 MHz, the
resulting voltage gain matrix GV of the MIPMOP ampliﬁer
and ZLI are

⎛
−2.80 − 3.32 j 0.06 + 0.86 j
0.24 + 0.37 j
⎜
⎜ 0.06 + 0.86 j −2.80 − 3.32 j 0.06 + 0.86 j
⎜
GV = ⎜
⎜
⎜ 0.24 + 0.37 j
0.06 + 0.86 j −2.80 − 3.32 j
⎝

0.24 + 0.37 j

/

T + T−1
T − T−1
ZC −
Zant
2
2

⎜
⎟
⎜−18.7 − 32.5 j 84.4 + 10.1 j −18.7 − 32.5 j −17.9 + 13.5 j ⎟
⎜
⎟
⎟Ω.
=⎜
⎜
⎟
⎜ −17.9 + 13.5 j −18.7 − 32.5 j 84.4 + 10.1 j −18.7 − 32.5 j ⎟
⎝
⎠
−18.7 − 32.5 j −17.9 + 13.5 j −18.7 − 32.5 j 84.4 + 10.1 j

0.06 + 0.86 j

(59)

After some derivation [19], we get

−18.7 − 32.5 j −17.9 + 13.5 j −18.7 − 32.5 j

We note that if we compare (57) and (61), the relative
diﬀerence between diagonal entries is small, but the nondiagonal entries are thoroughly modiﬁed.
The MIMO-SSFA consists of n active subcircuits (ASC)
and a feedback network. Each ASC comprises a packaged
low-noise pseudomorphic HEMT (Q311 to Q314) and a
drain resistor (R311 to R314) providing resistive loading to
improve stability. The feedback network consists of the 4
inductors L411 to L414, coupled by mutual induction. This
coupling is the only phenomenon leading to a nondiagonal

(57)

⎟
⎠

0.06 + 0.86 j

0.06 + 0.86 j

⎞
⎟

0.24 + 0.37 j ⎟
⎟
⎟,
⎟
0.06 + 0.86 j ⎟
−2.80 − 3.32 j

⎠

(62)
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⎛

ZLI

84.5 − 10.2 j

−18.7 + 32.5 j −17.9 − 13.5 j −18.7 + 32.5 j

⎜
⎟
⎜ −18.7 + 32.5 j 84.5 − 10.2 j −18.7 + 32.5 j −17.9 − 13.5 j ⎟
⎜
⎟
⎟Ω.
=⎜
⎜
⎟
⎜−17.9 − 13.5 j −18.7 + 32.5 j 84.5 − 10.2 j −18.7 + 32.5 j ⎟
⎝
⎠
−18.7 + 32.5 j −17.9 − 13.5 j −18.7 + 32.5 j 84.5 − 10.2 j

The comparison of (61) and (63) shows that hermitian
matching is almost exactly reached between the receiver’s end
of the interconnections and the inputs of the MIPMOP LNA.
We computed the power delivered to each 50 Ω resistor and
the average power shown in Figure 5, in the conﬁguration
used for Figure 4 [19, Section 8.2].
Assuming that the input and output matching networks
are lossless, we have computed the noise ﬁgures for three
conﬁgurations of the MIPMOP ampliﬁer, in a worksheet of a
generic calculation program. A technique used several times
in this worksheet is the following: (6) being possibly used to
obtain the appropriate representation, the covariance matrix
of a series or parallel connection of two uncorrelated circuits
is obtained as a sum of covariance matrices [24, 25].
In this manner we successively determined:
(1) the covariance matrix of the open-circuit voltages
VA V∗
A  of an ASC comprising a transistor and a
series drain resistor, this matrix being denoted by
⎛>

<

=
∗

VA VA

? >

?⎞

VA1 VA2 ⎟
⎜ VA1 VA1
? >
?⎠;
= ⎝>
VA2 VA1
VA2 VA2

(64)

(2) the covariance matrix VB V∗B  of the open-circuit
voltages of the MIMO-SSFA, using
<

=

⎛<

VB VB = ⎝<
∗

EFB E∗FB
EFB E∗FB

⎛>

= <
= <

EFB E∗FB
EFB E∗FB

?

>

=⎞
=⎠

?

⎞

(65)

⎜ VA1 VA1 1n VA1 VA2 1n ⎟
?
>
? ⎠,
+ ⎝>
VA2 VA1 1n VA2 VA2 1n

and the assumption that the feedback network of the
MIMO-SSFA behaves as a noisy passive network at
the temperature T0 , so that according to (38) the
covariance matrix of the open circuit voltages at the
terminals of the feedback network is
<

=

⎞





EFB E∗FB = 2kT0 Δ f ZFB + Z∗FB ,

(66)

where ZFB is the impedance matrix of the feedback
network, the real part of which is determined by
losses in the inductors L411 to L414;
(3) the noise ﬁgures of the MIMO-SSFA, using (20)
applied to VA V∗A  given by (65);
(4) the matrices VOCN V∗OCN  and ISCN I∗SCN  of the
MIPMOP LNA, once parallel and series circuit
elements of the input and output matching networks
are included;

(63)

(5) the noise ﬁgures of the MIPMOP LNA, using
(20) applied to VOCN V∗OCN  or (29) applied to
ISCN I∗
SCN .
Since we assume that the input and output matching
networks are lossless, we expect that the steps (3) and (5)
provide the same result, according to the Property 4. We
indeed always obtain the same noise ﬁgures, in the three
conﬁgurations deﬁned below.
In the ﬁrst conﬁguration, we have canceled the mutual
induction between the inductors L411 to L414, the resulting
MIPMOP ampliﬁer being driven by a source having a
diagonal impedance matrix equal to (84.436 + j 10.124)1n Ω.
Consequently, the four channels are uncoupled. All computed natural noise ﬁgures are equal to about 1.134 dB,
irrespective of the choice of diagonal load impedance matrix.
We checked that in line with the Property 2, this result is the
same as the one obtained for one channel treated as a twoport.
In the second conﬁguration, we have kept zero mutual
inductances between the inductors L411 to L414, but the
input of the resulting MIPMOP ampliﬁer sees the impedance
matrix ZSant given by (61). All computed natural noise ﬁgures
are equal to about 1.218 dB, for a load impedance matrix
equal to 50 1m Ω. Consequently, the couplings between the
antennas increase the noise ﬁgures, as qualitatively explained
in the introduction. We also observed that, as expected, these
noise ﬁgures depend on the choice of the diagonal load
impedance matrix.
In the third conﬁguration, the mutual inductances
between the inductors L411 to L414 had their nominal
values, the MIPMOP ampliﬁer being driven by a source
having an impedance matrix equal to ZSant given by (61).
This conﬁguration is the MIPMOP LNA designed in [29]
and used in [19], as said above. In this conﬁguration, all
natural noise ﬁgures are equal to about 1.896 dB, for a load
impedance matrix equal to 50 1m Ω. We again observed that,
as expected, these noise ﬁgures depend on the choice of the
diagonal load impedance matrix.
It must again be emphasized that, for the second and
third conﬁgurations, there is no direct relationship between
the computed natural noise ﬁgures and a measure of the
degradation of a signal-to-noise ratio, as pointed out in the
introduction and at the end of Section 4.

7. Conclusion
In this paper, we have deﬁned the noise ﬁgures of a MIPMOP
device in a manner that extends the classical deﬁnition
applicable to a two-port. This deﬁnition has an additional
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condition compared to the deﬁnition used by Randa [22].
When the n-port source connected to the input ports of
the MIPMOP device is a passive multiport source at T0 ,
our noise ﬁgures are referred to as natural noise ﬁgures, and
the source impedance matrix determines the self- and crosscorrelations of the noises applied to the input ports. We have
also developed a theory of the noise ﬁgures of MIPMOP
devices in the impedance and admittance representations.
We have presented an example which shows how this
theory can be applied to the design of a MIPMOP LNA
connected to an array of coupled antennas and providing
hermitian matching. It is worth noting that if mutual induction was not present, Figure 3 would represent four independent single-input and single-output LNA with inductive
source degeneration. This scheme is popular because it can
simultaneously provide a high gain and a low noise ﬁgure
[30–33]. Since introducing mutual induction between coils
does not involve any additional circuit element, the 4-input
and 4-output MIPMOP LNA shown in Figure 3 has the same
number of circuit elements as four independent 2-port LNAs
with inductive source degeneration.
In the example treated in Section 6, we observe that ZC
given by (58) is quite diﬀerent from ZLI given by (63) and
Zant given by (57), so that multiple reﬂections will take place.
This phenomenon is inherent to hermitian matching. It does
not cause problems when the interconnections between the
antennas and the MIPMOP LNA are suﬃciently short.

which may referred to as the loaded input admittance matrix
and is given by
YLI = YSCI − YSCR (1m + ZL YSCO )−1 ZL YSCT
−1

= YSCI − YSCR ZL (1m + YSCO ZL ) YSCT .

(A.4)

If the input ports of the MIPMOP device are connected to
an n-port source presenting the impedance matrix ZS , the
output ports of the MIPMOP device present an admittance
matrix which may be referred to as the loaded output
admittance matrix and is given by
YLO = YSCO − YSCT (1n + ZS YSCI )−1 ZS YSCR
−1

= YSCO − YSCT ZS (1n + YSCI ZS ) YSCR .

(A.5)

The real power P received by the linear MIPMOP device
is given by
⎛

⎞∗

⎛

⎞

VI
1 VI
P = ⎝ ⎠ (Y + Y∗ )⎝ ⎠.
2 VO
VO

(A.6)

Thus, the MIPMOP device is lossless if and only if
YSCI = −Y∗SCI ,
YSCO = −Y∗SCO ,

(A.7)

YSCT = −Y∗SCR .

Appendix

If we assume that the linear MIPMOP device provides
hermitian matching at the input ports, by (A.4) we get

A Theorem on Linear MIPMOP Devices
A linear MIPMOP device having n input ports and m
output ports is characterized by the admittance matrices
YSCI , YSCO , YSCR , and YSCT such that
II = YSCI VI + YSCR VO ,
IO = YSCT VI + YSCO VO ,

(A.1)

⎝

⎞

II

IO

⎛

⎠ = Y⎝

VI
VO

⎞
⎠,

(A.2)

where
⎛

YSCI YSCR

⎞

⎠
Y=⎝
YSCT YSCO

(A.3)

is the admittance matrix deﬁned and used in Section 2. If
the output ports of the MIPMOP device are connected to an
m-port load presenting the impedance matrix ZL , the input
ports of the MIPMOP device present an admittance matrix

(A.8)

If we assume that ZS ∗−1 − YSCI is invertible, we get


1
− YSCI
ZL−1 = −YSCO − YSCT Z∗−
S

where II is used to denote the column vector of the input
currents, IO is used to denote the column vector of the output
currents, VI is used to denote the column vector of the input
voltages, and VO is used to denote the column vector of the
output voltages. We can also write
⎛

−1
1
Z∗−
= YSCI − YSCR (1m + ZL YSCO ) ZL YSCT .
S

−1

YSCR .

(A.9)

If we now assume that the MIPMOP device is lossless, by
(A.7) we get
Z∗L −1 = YSCO − YSCT (1n + ZS YSCI )−1 ZS YSCR .

(A.10)

If we compare (A.5) and (A.10), we ﬁnd the following
theorem on simultaneous hermitian matching at the input
ports and at the output ports (bilateral hermitian matching)
1
− YSCI is invertible, hermitian
of a lossless device: if Z∗−
S
matching at the input ports entails hermitian matching at
1
− YSCO is invertible,
the output ports. By symmetry, if Z∗−
S
hermitian matching at the output ports entails hermitian
matching at the input ports.
We note that this theorem does not use reciprocity.

References
[1] H. Rothe and W. Dahlke, “Theory of noisy fourpoles,”
Proceedings of the IRE, vol. 44, no. 6, 1956.
[2] K. Hartmann, “Noise characterization of linear circuits,” IEEE
Transactions on Circuits and Systems, vol. 23, no. 10, pp. 581–
590, 1976.

12
[3] R. Vaughan and N. Scott, “Closely spaced terminated monopoles for vehicular diversity antennas,” in Proceedings of the
Antennas and Propagation Society International Symposium,
vol. 2, pp. 1093–1096, July 1992.
[4] J. W. Wallace, M. A. Jensen, A. L. Swindlehurst, and B. D.
Jeﬀs, “Experimental characterization of the MIMO wireless
channel: Data acquisition and analysis,” IEEE Transactions on
Wireless Communications, vol. 2, no. 2, pp. 335–343, 2003.
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The topic of practical implementation of multiple antenna systems for mobile communications has recently gained a lot of
attention. Due to the area constraint on a mobile device, the problem of how to design such a system in order to achieve the
best beneﬁt is still a huge challenge. In this paper, genetic algorithm (GA) is used to ﬁnd the optimal antenna positions on a mobile
device. Two cases of 3 × 3 and 4 × 4 MIMO systems are undertaken. The eﬀect of mutual coupling based on Z-parameter is the
main factor to determine the MIMO capacity concerning the objective function of GA search. The results conﬁrm the success
of the proposed method to design MIMO antenna positions on a mobile device. Moreover, this paper introduces the method to
design the antenna positions for the condition of nondeterministic channel. The concern of channel variation has been included
in the process of ﬁnding optimal MIMO antenna positions. The results suggest that the averaging position from all GA solutions
according to all channel conditions provides the most acceptable beneﬁt.

1. Introduction
With the rapid growth of mobile communications, the new
services are driven by users’ demand requiring more and
more data rate. In this light, the use of multiple input
multiple output (MIMO) has promisingly supported such
a requirement by providing enormous capacity as well as
maintaining spectrum eﬃciency. The concept of MIMO
systems is to apply multiple antennas on both transmitter
and receiver in order to achieve diversity and beamforming
gains [1, 2]. The greater number of antennas used, the
more beneﬁts are obtained. For mobile communications, the
main concern of applying MIMO systems is on the size of
mobile device. In general, a small size is needed for users’
comfortable grip. Therefore, the limited area on a mobile
device is a key constraint for designing multiple antennas.
As a result, the challenge is how to arrange multiple antennas
under such a condition in order to achieve the best MIMO
performance.
In [3], the design of multiple antennas on mobile handset
to devise small antenna for mobile handset was presented.
The modiﬁed PIFA and PCE antennas reducing the inﬂuence

of PCB on the antenna were also proposed in [3]. In [4],
the modiﬁed PIFA antennas were applicable for MIMO
systems on mobile handset. The results indicated the increase
of channel capacity by using the modiﬁed PIFA while the
antenna conﬁguration provided a low mutual coupling and
low correlation coeﬃcient. A 2 × 2 MIMO antennas built for
mobile device was proposed in [5] by using a folded loop
antenna with balanced feed and a parallel plane antenna with
unbalanced feed. However, the studies in the literature do not
search all possible antenna positions to gain the best MIMO
performance.
Genetic algorithms (GA) [6, 7] are a class of searching
techniques that use the mechanics of natural selection and
genetics to conduct a global search of a solution space.
The goal of the search is to ﬁnd a good solution to the
given problem. In the design process, a synthesis of antenna
positions on a mobile device for MIMO systems is one
of the most important goals to ﬁnd the optimal antenna
placement. Diﬀerent positions will aﬀect the capacity due
to diﬀerent constructs of mutual couplings between antenna
elements. For this complex problem, GA has become an
attractive approach to conduct a global search for a solution
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that satisﬁes speciﬁed performance criteria. In this paper,
the optimal antenna positions speciﬁed by a use of genetic
algorithms are determined by considering mutual coupling
eﬀect based on Z-parameter matching on all possible
positions of a mobile device. The 3 × 3 and 4 × 4 MIMO
systems are considered on the rectangular size of a typical
mobile handset. Monopole and bow tie antennas are both
constructed and measured in order to conﬁrm the success of
GA algorithm.
Moreover, from all works in the literatures, they concern
only the method to ﬁnd the arrangement of antennas while
assuming the static channels or deterministic channels. In
fact, the mobile users usually roam from one place to the
other.
Hence, the channels are changing with time, which abates
the optimality of the antenna positions obtained from the
previous channel. The time variability of channels is the main
key factor that should be involved in the design of MIMO
antenna positions. In this paper, the concern of various
conditions of channels is included in the consideration
of MIMO antenna positions. The study reveals that the
averaging solution can oﬀer the optimal beneﬁts.
The remainder of this paper is organized as follows.
The next section presents the analysis of mutual coupling
in MIMO system. Then the conﬁgurations of monopole
and bow tie antennas are given in Section 3. In Section 5,
the MIMO channel model is explained in order to ﬁnd
the MIMO channel capacity which is the main target for
optimization. Section 4 provides the details of GA algorithm,
and Section 6 describes the results and discussion on all
experiments. Finally, the conclusion of this paper is given in
Section 7.

where VT = [vT1 , vT2 , . . . , vTN ]T , IT = [iT1 , iT2 , . . . , iTN ]T
are the voltage and current at the transmitter, respectively.
Similarly, VR = [vR1 , vR2 , . . . , vRN ]T , IR = [iR1 , iR2 , . . . , iRN ]T
are the voltage and current at the receiver. The N ×N matrices
ZTT and ZRR are antenna impedance matrices containing the
self-and mutual impedances of the transmitter and receiver,
respectively. The matrix ZRT stands for the transmission
impedance from the transmit array to receive array. Similarly,
ZTR stands for the transmission impedance from the receive
array to the transmit array. We ﬁx voltage vT at the
transmitter and at the receiver we put loads. We denote
the diagonal matrix of loads at the receiver by ZL =
diag[ZL1 , ZL2 , . . . , ZLN ]. Under these situation the currents
and voltages at the receiver are related through the loads
VR = −ZL iR . Plugging this into (2),

2. MIMO System Based on Mutual
Coupling Analysis

where the channel H can be any physical or statistical
propagation model which properly reﬂects the relation of
transmitter and receiver deﬁned by ZRT

Figure 1 shows the basic concept of using MIMO systems
for mobile communications. There are two approaches, base
station to mobile station and mobile to mobile communications. Both approaches are inﬂuenced by spatial fading
correlation and mutual coupling eﬀect. For this paper, the
main concern is the mobile to mobile link. The basic
expression of MIMO systems with nt transmit antennas and
nr receive antennas can be represented by
y = Hx + n,

(1)

where y is the complex receive array output, H is a nr ×
nt channel matrix, x is a transmit array vector, and n is
an additive Gaussian noise with a unit covariance matrix.
Now we can focus on the direct impact of mutual coupling
(MC) of the compact receive end on the MIMO channel
H excluding other possible factors which would aﬀect the
channel performance. Consider n-port theory, the channel
transfer function between transmit and receive arrays can be
represented as [8]
⎡
⎣

VT
VR

⎤

⎡

⎦=⎣

ZTT ZTR
ZRT ZRR

⎤⎡ ⎤

IT

⎦⎣ ⎦,

IR

(2)



−1
ZTR ZL−1
VR = IN + ZRR ZL−1 − ZRT ZTT

−1

−1
ZRT ZTT
VT , (3)

where IN denote the N-dimensional identify matrix. The
entries of the matrix ZT , ZRT , ZTR , and ZRR are related to
the distance between the corresponding antennas. It assumes
that the reﬂection power from receiver is negligible. Then the
matrix ZTR is reasonable to be neglected which can cause the
last term in the bracket of (3) to be consequently neglected,
thereby obtaining
VR = ZL (ZL + ZRR )−1 ZRT IT .

(4)

Thus, we obtain a very simple and intuitive channel model
which agrees with the models considered by antenna array
designers [9]
−1
,
Hmc = ZL (ZL + ZRR )−1 HZTT

⎡
⎢

Z11 Z12 · · ·

(5)

⎤
⎥

⎢Z Z · · · ⎥
12
22
⎥,
ZRR , ZTT = ⎢
⎢
⎥
⎣ .
.. . . ⎦
..
.
.

(6)

where Zii is the self-impedance of ith element and Zi j is
the mutual impedance between the ith and jth elements.
In this paper, Z ji is assumed to be equal to Zi j according
to reciprocity theorem [10] where the matching-impedance
matrix ZL is given as
⎡
⎢

ZL1

⎢ 0
ZL = ⎢
⎢
⎣ .
..

0
ZL2
..
.

⎤
···
⎥
· · ·⎥
⎥.
⎥
⎦

..

(7)

.

3. Antenna Conﬁgurations
It is obvious in (6) that the mutual impedance Zi j is the
key parameter to determine the property of channel matrix
in (5). Hence, this section describes how to achieve mutual
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Mobile handset

Mobile handset

Base station to mobile communication

Base station

Mobile to mobile communication

Figure 1: MIMO systems for mobile communications.

impedances for using in the GA algorithm. However, the
mutual impedances mainly depend on the structure of
antenna. In this paper, two types of antennas are employed
as follows.
3.1. Monopole Antenna. Monopole antenna is one type
of the wire antennas having the simplest structure for
manufacturing. In addition, there is a close-form expression
for calculating mutual impedances. The disadvantage of
monopole antenna is on the space requirement of its
structure. For mobile devices, it is impractical to install such
a wire antenna. However, the mutual impedance expressions
of monopole antenna are in the speciﬁc formulas which can
help the optimization process much easier.
Consider an MIMO system with both ends being a self∗
) in [11]. The real and
conjugated matched system (ZL = Z11
imaginary parts of Zi j [12] are given by




η
[2Ci (u0 ) − Ci(u1 ) − Ci(u2 )],
4π
 
η
Im Zi j = − [2Si (u0 ) − Si(u1 ) − Si(u2 )],
4π
Re Zi j =

u0 = kdi j,
u1 = k
u1 = k

"

"



di2j + l2 + l ,


di2j + l2 − l ,
(8)

where η is the intrinsic impedance of the medium, l is the
length of the monopole, k is the circular wave number equal
to 2π/λ, di j is the distance in unit wavelength, and Ci and Si
are cosine and sine integrals.
3.2. Bow Tie Antenna. In order to conﬁrm the proposed
method of ﬁnding optimal MIMO antenna positions, the
other antenna structure has to be undertaken. In this
paper, the bow tie antenna is adopted because it is a
microstrip antenna which can be easily implemented on
the printed circuit board, and it requires a little space for
installing. Although bow tie antenna seems more practical
than monopole antenna, there is no close-form formula

θ
d

100 mm

x
y
40 mm

Figure 2: The conﬁguration of two bow tie antennas.

for calculating the mutual impedances. This causes the
optimization process to be more diﬃcult.
In this paper, the authors achieve the mutual impedance
of bow tie antennas by using CST Microwave Studio
program. In fact, GA is available in the new version of CST
programming. Nevertheless, the matrix operation is still not
included in the capability of CST programming. Then, to
calculate MIMO capacity, the use of MATLAB programming
is still necessary. Consequently, it is impossible to solve
a GA problem in MATLAB by real-time interfacing with
CST programming. In order to response this constraint, all
possible mutual impedances between two bow tie antennas
are collected and stored in the speciﬁc ﬁle in which the
MATLAB program can read those values for GA processing
later. Figure 2 shows the conﬁguration of two bow tie
antennas which are designed and simulated by CST. The
angle θ and distance d are varied to cover all possible
positions of two antennas on the limited area of mobile
devices.
3.3. Implementation of MIMO Antennas. The operating frequency band used in our experiments is in a 5.725–5.85 GHz
range which supports the spectrum of IEEE 802.16e (mobile
Wimax). For monopole antennas, the length of conductor
is 53 mm and the size of a ground plane is 60 × 120 mm2
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60◦
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Figure 5: Example of antenna positions on a mobile device using
CST for bow tie antennas.

Figure 3: The dimension of bow tie antenna.

60 mm2
4
3
y
2

120 mm2
1
z

x

Figure 4: Example of antenna positions on a mobile device using
CST for monopole antennas.

which is approximated as the size of iPhone device. For bow
tie antennas, the dimension is shown in Figure 3 and the size
of a ground plane is 40 × 100 mm2 which is approximated as
the size of Nokia device.

Figure 6: Example of monopole positions on a mobile device.

transmit antenna array and an angle of arrival Ωri with the
receive antenna array;
abi er (Ωri )et (Ωti )∗ ,

H=

4. Genetic Algorithm

(9)

i

The examples of CST layouts for monopole and bow tie
antennas are illustrated in Figures 4 and 5, respectively.
Accordingly, the examples of four antennas mounted on
PCB with dimension of mobile devices are shown in Figures
6 and 7. From measurements of both monopole and bow
tie antennas, the return loss of expected frequency band
is below −10 dB which is in an acceptable condition for
implementation.

5. MIMO Channel Model
Since the channel capacity is determined by the radio
propagation conditions of MIMO channel, characterization
and modelling of MIMO radio channels for diﬀerent environments are critical issues. Accuracy of the model used in
design plays a vital role in the validity of predicted system
performance. The channel H can be written as shown in
Figure 1 [3]. There is an arbitrary number of physical paths
between the transmitter and receiver [12]; the ith path having
attenuation of ai , makes an angle of departure Ωti with the

where
abi



"



j2πdi
:= ai Nt Nr exp −
,
λc
⎡

(10)
⎤

1

⎢
⎢
1 ⎢
⎢
er (Ω) :=  ⎢
Nr ⎢
⎢
⎣

⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎦




exp − j(2πΔr Ω)

..
.



(11)

exp − j(Nr − 1)(2πΔr Ω)
⎡
⎢
⎢
1 ⎢
⎢
et (Ω) :=  ⎢
Nt ⎢
⎢
⎣



1

⎤


exp − j(2πΔt Ω)


..
.



⎥
⎥
⎥
⎥
⎥.
⎥
⎥
⎦

(12)

exp − j(Nt − 1)(2πΔt Ω)

Also, di is the distance between transmit and receive
antennas along path ith. The vector et (Ω) and er (Ω)
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Figure 7: Example of bow tie positions on a mobile device.
Mutation

are, respectively, the transmitted and received unit spatial
signatures along the direction, λc is the wavelength of the
center frequency in the whole signal bandwidth. Δt is the
normalized transmit antenna separation, and Δr is the
normalized receive antenna separation. Note that the authors
use (9)–(11) as presented in [13].
Then, the MIMO capacity C using equal-power allocation can be expressed by [14]
C = log2 det I +

ρHmc HH
mc
Nt



,

(13)

where ρ denotes the received signal-to-noise ratio (SNR) and
(·)H denotes the complex conjugate transpose.
There are many algorithms to ﬁnd the best optimal
solution for our problem. The exhaustive search is well
known as the simplest algorithm. It veriﬁes all possible
combinations of optimized parameters and therefore can
deﬁnitely ﬁnd the best possible solution. But the time
required for exhaustive search increases rapidly when the
number of parameters increases. Instead, GA method is
a search algorithm based on the mechanics of natural
selection and natural genetics. They combine survival of the
ﬁttest among candidates with a structured yet randomized
information exchange. This method uses genetics terms
like ﬁtness, population, generation, mutation, gene, and so
forth. In contrast to random search methods, GA method
is no simple random walk. It eﬃciently exploits historical
information to speculate on new search points with expected
improved performance. Its goal is to ﬁnd a population of
trading strategies with the best ﬁtness (optimization criteria
values). GA method combines the best characteristics of
other optimization methods such as fast convergence that
does not depend on properties of optimization criteria like
smoothness and robustness. Figure 8 shows the ﬂowchart of
GA method and Figure 9 shows the example of GA ﬁtness
output versus iteration time (generation).
The objective function which determines the optimization goal is called the ﬁtness function. The goal of this
design in determining the design parameter is to solve for
the optimal antennas positions. The design parameter is
a distance (di j ) between antenna elements. The maximum
channel capacity can be achieved by considering the eﬀect

Best: −21.0451 mean: −21.0443

−20.1
−20.2
−20.3
−20.4

Fitness value



Figure 8: Flow chart of GA method.

−20.5
−20.6
−20.7
−20.8
−20.9
−21
−21.1

0

20

40
60
Generation

80

100

Best ﬁtness
Mean ﬁtness

Figure 9: Example of GA simulations.

of mutual coupling between antenna elements. The ﬁtness
function can be determined by using MIMO capacity given
in (13).

6. Results and Discussion
6.1. Deterministic Channel. The simulations of GA method
to ﬁnd the optimal antenna positions on a mobile device
are undertaken by MATLAB programming. Basic parameters
of evolving process are set as follows. The crossover and
mutational probabilities are 0.8 and 0.2, respectively. The
population includes 200 individuals. The number of generations is 150. Figure 9 shows an example of GA simulation.
In this ﬁgure the optimal solution is achieved after 125
generations. This solution provides the coordination of
either three or four antennas described as case (b) in Tables
1 and 2, respectively.
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Table 1: Antenna positions of 3 × 3 MIMO system.

3 × 3 cases
(a) Corner
:monopole
:bow tie
(b) GA
:monopole
:bow tie
(c) Linear
:monopole
:bow tie
(d) Random
:monopole
:bow tie

Position of antenna coordinate (x,y): mm
Antenna (1)
Antenna (2)
Antenna (3)
5, 5
6, 9

55, 60
34, 50

5, 115
6, 91

56, 8
33.5, 10.15

19, 59
19.4, 50.25

3, 117
7, 92.35

30, 5
20, 9

30, 31.2
20, 35.2

30, 57.4
20, 61.4

17, 35
17, 35

34, 48
34, 48

15, 62
15, 62

(a)

(b)

(c)

(d)

Figure 10: Four cases of three antenna arrangements on mobile
device, for both monopole and bow tie antennas.

Table 2: Antenna positions of 4 × 4 MIMO system.
4 × 4 Cases
(a) Corner
:monopole
:bow tie
(b) GA
:monopole
:bow tie
(c) Linear
:monopole
:bow tie
(d) Random
:monopole
:bow tie

Position of antenna coordinate (x,y): mm
Antenna
Antenna
Antenna
Antenna
(1)
(2)
(3)
(4)
5, 5
6, 9

55, 5
34, 9

5, 115
6, 91

55, 115
34, 91

4, 7
7.5, 11.25

48.25, 15
31.15, 21

30, 5
20, 9

30, 31.2
20, 35.2

30, 57.4
20, 61.4

30, 83.6
20, 87.6

17, 35
17, 35

34, 48
34, 48

15, 62
15, 62

50, 76
30, 76

13, 97.75 45.5, 118.5
8.75, 82.5 30.5, 92.5

The other cases detailed in Tables 1 and 2 are as follows:
case (a) each antenna is located at the corners, case (c) a
linear antenna array is spaced by a half wave length, and case
(d) all antennas are randomly located. All cases are illustrated
in Figures 10 and 11 for 3 × 3 and 4 × 4 MIMO systems,
respectively.
For measurements, the antenna impedances are measured by Agilent 8722D Network Analyzer. From Figure 12 to
Figure 15, the results of case (b) provide the highest capacity
than any other case. Both 3 × 3 and 4 × 4 results indicate a
similar trend that antenna positions from GA optimization
oﬀer the best capacity performance.
For bow tie results, the antenna and mutual impedances
are evaluated by using a CST Microwave Studio program.
Then all impedances are collected into one ﬁle which
MATLAB can read and use the data to ﬁnd the optimal
position. Both monopole and bow tie results reveal that
case (b) provides the highest capacity in comparison with
other cases. In turn, case (d) gives the lowest capacity. This
conﬁrms that the right antenna position is necessary to be

(a)

(b)

(c)

(d)

Figure 11: Four cases of four antenna arrangements on mobile
device, for both monopole and bow tie antennas.

designed in order to achieve a good MIMO capacity. The
results in these ﬁgures are also point that the diﬀerences
between corner and GA cases are not that much. This fact can
be interpreted easily, since the larger the antennas’ separation
is, the more capacity we achieve [15].
However, it is more diﬃcult to locate the separation
between antennas by eye decision for more complex areas
or more number of antennas. Thus, the use of GA search
method still provides the reliable solutions for those situations. Note that the results in this section are presented
under the deterministic channel. Both monopole and bow
tie antennas provide the similar trend within the same
range of channel capacity. Hence, only monopole results are
presented in the next section.
6.2. Nondeterministic Channel. The simulations of GA
method to ﬁnd the optimal antenna positions on a limited
area are undertaken by MATLAB programming. The GA
solution provides the coordination of four antennas which
oﬀers the best capacity under all possible positions on
limited dimension. The channel fading environments are
simulated by changing the conditions of angle spreads at
transmitter and receiver. Figure 16 shows the amplitude of
channel coeﬃcients of four channel conditions as (i) 360◦
spread at transmitter, 360◦ spread at receiver, (ii) 360◦ spread
at transmitter, and 60◦ spread at receiver, (iii) 60◦ spread
at transmitter, 360◦ spread at receiver, (iv) 60◦ spread at
transmitter, 60◦ spread at receiver. To conﬁrm whether GA
can ﬁnd the best antenna positions, the authors compared
the channel capacities between GA and other possible
positions. The results in the previous section indicate that the
solution from GA always oﬀers the best capacity. However,
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Figure 12: The monopole results of the average 3 × 3 MIMO
capacity versus SNR in dB.

Figure 14: The monopole results of the average 4 × 4 MIMO
capacity versus the SNR in dB.
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Figure 13: The bow tie results of the average 3 × 3 MIMO capacity
versus SNR in dB.

this fact is based on the deterministic condition of channel
which is the input of GA method.
The parameters used to simulate the channels are given as
follows. The distance between transmit and receive antennas
is 100 m. The operating frequency is set on 2.45 GHz and
both Δt and Δr are equal to 0.5. There are 20 physical paths
between the transmitter and receiver in which the scatters are
surrounding within 10 meters of transmitter or receiver. Each
path has a random attenuation ai in a range of 0 to 1. Both
arrival (Ωri := cos φri ) and departure angles (Ωti := cos φti )
are uniformly distributed within the range of angle spread.
In this section, the four channel conditions are considered and the optimal antenna positions obtained by GA
are presented in Table 3. Please note that the positions in

Case (c) linear
Case (d) random

Figure 15: The bow tie results of the average 4 × 4 MIMO capacity
versus SNR in dB.
Table 3: Antenna positions of 4 × 4 MIMO system obtained by GA
in various channel conditions, for monopole antennas.
Channel
condition
(i) 360-360
(ii) 360-60
(iii) 60-360
(iv) 60-60
Average

Positions of antennas, coordinate (x,y): mm
Antenna Antenna Antenna Antenna
(1)
(2)
(3)
(4)
11.9, 14.1 59.9, 1.8 16.5, 97.1 46.8, 105.0
16.5, 19.4 49.3, 12.5 19.9, 95.2 48.2, 97.8
14.1, 16.7 52.5, 8.1 16.8, 99.4 44.2, 94.5
16.4, 10.4 51.9, 12.4 15.6, 89.0 47.4, 87.6
14.7, 15.1 53.4, 8.7 17.2, 95.2 46.7, 96.2

Tables 3 and 2 for GA are not the same. This is because the
deterministic channel in the previous section is generated
with the diﬀerent random set of 360-360 fading channels. It
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Figure 16: The amplitudes of fading channel coeﬃcients.
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Figure 17: The cumulative distribution function of 4 × 4 MIMO
capacity at channel condition (i).

is also noticed that the diﬀerent channel conditions provide
the diﬀerent coordination of antennas. The results emphasize
that to design the suitable antenna positions according to
channel conditions is very important. However, the channels
of mobile users are always changed by time and unpredictable. Hence, this paper proposes the averaging solutions
to be used as the case of nondeterministic situation. By
averaging all antenna positions from four channel conditions
given in Table 3, the average solution is achieved. Next, the
investigation on the average solution is undertaken.
Firstly, four antennas are manufactured according to all
positions given in Table 3. Then, the antenna impedances
including mutual impedances are measured by Agilent
8722D Network Analyzer. These impedances are the input
parameters of MATLAB programming to calculate the channel capacity. Figures 17, 18, 19 and 20 show the cumulative
distribution function of channel capacity when using all
solutions given in Table 3 for channel condition (i), (ii), (iii),
and (iv), respectively. The results indicate that the solution
from the same condition of channels oﬀer the best capacity
in comparing with the others. However, the average solution
still provides the high capacity with 0.2–1.7 bps/Hz less than
the highest one and 0.8–5.1 bps/Hz more than the lowest one.
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Figure 18: The cumulative distribution function of 4 × 4 MIMO
capacity at channel condition (ii).
Empirical CDF 60–360 new

1

30.6

30.8

60–60
Average

Figure 20: The cumulative distribution function of 4 × 4 MIMO
capacity at channel condition (iv).

support the proposed concept for 3 × 3 and 4 × 4 MIMO systems. This investigation reveals an interesting antenna layout
for implementing MIMO systems on a mobile device in practice. For nondeterministic channel, the experimental results
indicate that the averaging approach of all solutions obtained
from diﬀerent channel conditions can provide the compromised beneﬁts. Also, the paper suggests the MIMO designers
to include the concern of channel conditions when MIMO
antennas are practically manufactured for mobile handset.
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Therefore, the average solution should be appropriated to be
practically used for implementing 4 × 4 MIMO system on
mobile handset.

7. Conclusion
In this paper, the optimal antenna positions on a mobile
device for MIMO systems are presented by using genetic
algorithm. The success of proposed method is conﬁrmed by
both deterministic and nondeterministic channels. Also in
the paper, two types of antennas are constructed and tested to
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Eﬀects of ground constituent parameters on the mutual coupling (MC) of monopole antenna array are investigated. This work
augments an existing MC compensation technique for ground-based antennas and proposes reduction in mutual coupling for
antennas over ﬁnite ground as compared to the perfect ground. The work is investigated by ﬁnite element method analysis, and
numerical results are presented. A factor of 4 decrease in both the real and imaginary parts of the mutual coupling is observed
when considering a poor ground versus a perfectly conducting one, for quarter-wave monopoles in receiving mode. A simulated
result to show the errors in direction-of-arrival (DOA) estimation with actual realization of the environment is also presented.

1. Introduction
There is an emerging trend in wireless applications such
as safety and security, command, and control MIMO communication, that require antennas with direction-of-arrival
(DOA) and beamforming capability. In order to support
DOA estimation and beamforming, antenna arrays are
used. Traditionally, antenna arrays consist of closely located
antenna elements that are uniformly distributed across the
array. To determine DOA, several techniques have been developed [1]. These techniques frequently assume that the
sensors are ideal and operate in an isolated environment. In
practice, however, this is not true. The real antenna elements
not only interact with each other (MC) but also with the
surroundings. This results in the distortion of the signal and
causes error in DOA estimation.
Several techniques have been proposed to overcome the
errors due to antenna MC. These techniques are in the
process of development, but can be classiﬁed in terms of
autocalibration [2–4], open circuit voltage method [5], numerical techniques [6–8], oﬄine calibration [9], and receiving mutual impedance methods [10]. In general, these techniques do not consider the interaction of the antenna array

with an imperfect ground in the near zone [11]. Eﬀects
of ground proximity and constituent parameters on wire
antennas have been presented in the literature [12–14].
This paper considers the eﬀects of ground on the MC
of an array of monopoles and impact on DOA estimation.
Monopole antennas that take advantage of image theory
are ideally placed above a perfect ground of conductivity
σ = ∞ and relative permittivity r = 1. The real
ground or earth has ﬁnite conductivity and may have high
permittivity. The eﬀects of ground constituent parameters on
MC and ultimately on DOA estimation are investigated. The
evaluation of MC is an extension of the technique that ﬁnds
MC of a monopole array over a high conductivity ground
(σ ∼
= 107 , o , μo ) [10] to a ﬁnite ground (σ ≤ 1, , μo ).
The newly found MC is used to compensate error in DOA
estimation for an array over imperfect ground.

2. Problem Formulation
Consider a uniform linear array (ULA) of M omnidirectional
elements. Suppose that plane waves from J narrowband
far-ﬁeld sources are incident on this array and M > J.
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The azimuth directions of uncorrelated incident signals are
φ1 , φ2 , . . . , φJ . The kth sample of the array output is given as
X[k] = U[k] + N[k],

(1)

where X[k] = [x1 [k], x2 [k], . . . , xM [k]]T , U[k] = [u1 [k],
u2 [k], . . . , uM [k]]T is the coupling-free voltage at the antenna
terminal, and N[k] = [n1 [k], n2 [k], . . . , nM [k]]T is a vector
of white Gaussian noise samples appearing at the antenna
terminal receiver. The noise is zero mean and has correlation
matrix σ 2 I where σ is the standard deviation and I is an M ×
M identity matrix. The signal model in (1) does not consider
mutual coupling within the array. Elements in a real antenna
array interact with one another due to mutual coupling. The
relation between actual voltage V at the antenna terminal and
theoretical coupling-free voltage U is given as
ZV = U,

(2)

where Z is an M × M matrix whose coeﬃcients can be
determined by electromagnetic analysis such as MoM or
ﬁnite element method FEM. Thus, a more accurate signal
model for the array output (1) is given as:
X[k] = ZV[k] + N[k].

(3)

The zero mean Gaussian noise in the receiver and signal
generation in the far-ﬁeld sources are independent processes.
Therefore, the spatial covariance matrix for (3) is given as
8

9

R = E ZVV Z + σ 2 I,

(4)

where σ 2 is the noise variance and I is the identity matrix.
It is evident from (4) that correct knowledge of Z is pivotal
in DOA estimation with minimum error. Considering array
elements as monopoles, a method to ﬁnd Z as the receiving
mode mutual impedance is in the literature [10]. This method considers a monopole antenna over a high conductivity
or perfect ground. However, in real-world applications an
antenna may be placed over a ﬁnite or low conductivity
ground.
Consider an array of two λ/4 monopole antenna at
2.4 GHz over an arbitrary ground as shown in Figure 1. The
array is excited by an incident plane wave and each element
is connected to a load ZL . Due to this excitation, terminal
currents I1t , I2t ﬂows in the loads of antenna no. 1 and no. 2,
respectively. The terminal voltage at antenna terminal no. 1
is given as
V1t = I1t ZL = U1t + W1t ,

(5)

where U1t is the voltage due the plane wave incidence alone
and W1t is the induced voltage due the ﬂow of current in
antenna no. 2; both causes are independent of one another.
Therefore,
W1t = I2t Z12 ,

Z

(6)

where Z12 is the mutual impedance between element no. 1
and no. 2 due to the current in the load across port no. 2.

Einc (θ = 90, φ)

I

d
ZL

ZL
no. 2

no. 1

(εo , μo )
(σgnd , εgnd , μo )

Figure 1: Setup for ﬁnding mutual coupling between monopole
array over arbitrary ground.

Exploiting the principle of superposition, the current
distribution I1 along antenna no. 1 can be given as
I1 = I1U + I1W ,

(7)

where subscripts U and W correspond to the cause of the
current distribution.
Therefore, the induced voltage W1t is given as [15]:
W1t = −

1
I1t

!l
0

Ez12 (z )I1w (z )dz ,

(8)

where Ez12 (z ) is the E-ﬁeld component radiated by antenna
no. 2 towards antenna no. 1 and I1w (z ) is the current distribution along antenna no. 1. Hence, the mutual impedance in
(5) can be given as
Z12 =

W1
1
=− t t
I2t
I2 I1

!l
0

Ez12 (z )I1w (z )dz .

(9)

It is evident from (9) that, for a given current I2t , the
E-ﬁeld Ez12 (z ) has a major contribution in the numerical
value of mutual impedance. Ideally, over a perfect ground
the monopole antenna radiates strongly along the horizontal
direction θ = 90◦ , that is, towards the adjacent element in
our conﬁguration. This results in strong mutual coupling
or sharing of energy between array elements. However,
over a ﬁnite ground, the ﬁeld strength in the horizontal
direction is much smaller in the near ﬁeld and almost zero
in the far ﬁeld [12, Chapter 23]. This reduction in ﬁeld
strength should reduce the mutual coupling between antenna
elements placed over ﬁnite ground.
In the next section, we will investigate this hypothesis
through the FEM and present results of mutual coupling by
extending the existing technique [10] to the case of ﬁnite
ground and its eﬀects on mutual coupling and DOA.

3. Results and Discussion
The investigation of our hypothesis is carried out by considering two λ/4 monopole antennas at 2.4 GHz as shown in
Figure 1. The antennas are placed over an arbitrary ground
with element spacing λ/2 and are connected to a load ZL =
50 Ω. The array is excited by plane wave, whose incident
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direction is (θ = 90◦ , φ = 90◦ ). However, due to the axial
symmetry of the antenna, this analysis is independent of
incident azimuth direction (φ) for a given elevation (θ).
The mutual coupling found in [10] over a wide frequency
range is compared for the case when the ground plane
becomes poor as given in Table 1; see Figure 2. The result
clearly shows that around the resonant frequency both the
real and imaginary parts of Z12 over poor ground reduce to
about one-third of the value of Z12 over perfect ground. It
is also observed that mutual coupling undergoes very small
variations over poor ground for a wide range of frequencies.
This reduction of mutual impedance was motivation to
investigate a wide variety of ground conditions usually
encountered in wireless communication. Figure 3 shows that
even for good electrical ground, usually made available for
ﬁxed antenna locations, the mutual coupling is still half of the
value at perfect ground. This result is expected from the fact
that over dielectric ground the monopole radiation becomes
minimal along the horizontal direction and reduces the value
of W1 in (9). The result is consistent with the ﬁndings of
[12, 13].
The variation of mutual impedance over a wide range of
conductivity for a nominal relative permittivity r is shown
in Figure 4. It can be further deduced from the results
that when the skin depth of the ground increases or the
loss tangent decreases, the mutual impedance decreases and
vice versa. We can also conclude that mutual coupling can
be approximately divided between two ranges for which it
assumes fairly constant values. These two ranges are when
the loss tangent σ/ω ≤ 1 or σ/ω  1.
It is well known that soil water contents vary from place
to place, and this may result in a change of permittivity of the
ground. However, this change of water content will not cause
any deviation in conductivity values over a wide range of
frequencies [17]. The behavior of mutual impedance for such
situations is investigated and results are shown in Figure 5.
The curves account for variation from dry land to a saline
medium such as sea water whose r < 100. The result depicts
that, for a good ground, the increase in relative permittivity
increases the mutual impedance.
Investigation of the eﬀects of arbitrary ground mutual
coupling on DOA estimation is carried out by simulation.
An array of ﬁve vertical quarter-wave monopoles is taken as
DOA estimator antenna, the spacing between elements is λ/2
and it is operating at 2.4 GHz. The mutual coupling matrix Z
is calculated according to [10] by placing antennas over poor
and perfect ground, respectively. The mutual impedances
are given in Table 2 whose second column contains values
from [18]. DOA estimation is carried out for a vertically
polarized far ﬁeld source at θ = 90◦ , φ = 90◦ . The terminal
voltage vector V at antenna ports is measured in COMSOL
multiphysics environment [19], for a terminal load of 50 Ω.
The eﬀect of mutual coupling on the terminal voltage vector
V is removed and coupling-free voltage vector U is found
by using (2). At SNR = 40 dB, white gaussian noise is added
to coupling-free terminal voltage. The covariance matrix is
found by (4), and MUSIC algorithm [20] is used to estimate
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Table 1: Ground material parameters used in Figure 2 [16].
Material
Poor ground
Typical ground
Good ground
Sea water
Fresh water
Copper

Relative permittivity r
4
15
25
81
81
1

Conductivity σ(S/m)
0.001
0.005
0.02
5.0
0.001
107

2

2.6

10
7.5
5
Ω

2.5
0
−2.5
−5

1.8

2.2

2.4

2.8

3

Frequency GHz
[10] Real Z12 , σ = 107 S/m, εr = 1
[10] Imag Z12 , σ = 107 S/m, εr = 1
Real Z12 , σ = 10−3 S/m, εr = 4
Imag Z12 , σ = 10−3 S/m, εr = 4

Figure 2: Mutual coupling between two λ/4 monopoles over poor
ground and with perfect ground [10].

azimuth (φ) of the incident source. Root mean square error
(RMSE) for 1000 Monte Carlo simulations is calculated each
for poor and perfect ground conditions.
Table 3 shows RMSE in DOA estimation for three different cases. Case no. 1 shows the RMSE when the antenna is
over perfect ground and we remove mutual coupling eﬀects
by using mutual impedance matrix measured over the same
ground condition. The RMSE is fairly low, which supports
the applicability of the method presented in [21]. The critical
situation arises when the antenna is placed over a poor
ground and the mutual impedance matrix is preestimated
over a perfect ground. Now, if we try to remove mutual coupling eﬀects from the measured terminal voltages by using
this preestimated mutual impedance matrix according to (2),
the result worsens as shown by higher RMSE for case no.
2. The signiﬁcant increase in RMSE shows that the mutual
impedance matrix estimated in [18] over perfect ground is
not able to suﬃciently remove errors in DOA estimation for
the case when the antenna is placed over poor ground. The
obvious solution to this problem is to estimate actual mutual
impedances over poor ground as shown in the fourth column
of Table 2, then use it as in (2) for DOA estimation. The
resultant RMSE, (case no. 3), is very close to the result found
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Table 2: Mutual impedance for ﬁve element monopole arrays over perfect and poor ground at 2.4 GHz.
Perfect gnd [18]
Ω
4.0 + j8.7
−1.3 − j5.2
0.7 + j3.6
−0.4 − j2.7

Mutual impedance component
Z12
Z13
Z14
Z15

= Z21 = Z23 = Z32 = Z34 = Z43 = Z45 = Z54
= Z31 = Z24 = Z42 = Z35 = Z53
= Z41 = Z25 = Z52
= Z51

Perfect gnd (FEM)
Ω
4.1 + j8.2
−1.3 − j5.6
0.8 + j2.7
−0.8 − j2.0

Poor gnd (FEM)
Ω
1.4 + j2.0
0.3 − j1.1
−0.03 + j0.13
0.07 − j0.27

Table 3: RMSE of DOA Estimation for array for perfect and poor ground.
Case no.
1
2
3

Type of ground for DOA estimation
Perfect ground
Poor ground
Poor ground

Type of ground for Z estimation
Perfect ground/copper
Perfect ground/copper
Poor ground

8

8

7

7

6

6

5

RMSE degrees
0.01
1.6
0.03

5

Ω

Ω
4

4

3

3

2

2

1
Poor gnd

Typ gnd

Good gnd Sea water Fresh water

Copper

Real Z12
Imag Z12

Figure 3: Mutual coupling between two λ/4 monopoles for various
ground types at 2.4 GHz.

for the case no. 1 where the antenna placement for DOA
estimation and Z matrix calculation, both was carried out for
perfect ground. The argument here is that mobile or portable
antennas encounter a variety of ground situations and in
these scenarios the preestimated mutual impedance matrix
for an ideal case of perfect ground cannot be used to fully
remove the errors in DOA estimation. Thus, if the situation
permits, one should measure the actual mutual impedance
values for the given ground condition before estimating
DOAs. However, a universal solution to this problem that
works equally well for all ground conditions is still an open
problem.

4. Conclusion
This research investigated the eﬀects of ground parameters
on mutual impedance for DOA estimation. To the best
of authors’ knowledge, these results are novel and extend
the application of an existing technique [10] to real-earth

1
10−4

10−2

100
102
104
Conductivity σ (S/m)

106

108

Real Z12
Imag Z12

Figure 4: Mutual coupling between two λ/4 monopoles at 2.4 GHz
for σ = 10−3 to 107 S/m, r =10.

situations. Signiﬁcant impact of ground constituent parameters on mutual impedance is observed. As a rule
of thumb, we suggest to reduce the values of mutual
impedance between two vertical monopoles to 50% of the
values found in the anechoic chamber over perfect ground
for applications on real earth. The increase of RMSE in
case when the antenna is placed over poor ground and
preestimated mutual impedance matrix (assuming perfect
ground) is used to remove errors in DOA, underscores the
importance of this research. We propose that the technique
of estimating mutual coupling presented in [10] is applicable
to all ground conditions, provided the antennas be placed
on respective grounds. It is understood that it is not always
possible to pre-estimate mutual impedance for a variety of
ground conditions. It is also worth noting that most of the
DOA estimation techniques in the literature assume that the
array is in free space. Therefore, this research also motivates
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5

6
5.5
5
4.5
4
Ω 3.5
3
2.5
2
1.5
1

1

10

19

28

37

46

55

64

73

82

91 100

Relative permittivity r
Real Z12
Imag Z12

Figure 5: Mutual coupling between two λ/4 monopoles at 2.4 GHz
for r = 1 to 100, σ = 0.02 S/m.

the need for a universal solution of this issue that can be used
for any arbitrary ground condition.
The authors wish to continue this work to ﬁnd eﬀects
of ground parameters on other commonly used antenna elements, when they are placed near ground.
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This paper deals with the antenna mutual coupling eﬀect in interferometric aperture synthesis radiometers (IASRs), which
degrades the system radiometric performance. First, the conventional mutual impedance (CMI) is adopted to analyze the mutual
coupling eﬀect on the performance of IASR and a practical model of the coupled visibilities is developed. Based on the model,
an external calibration method is then proposed to compensate for the mutual coupling eﬀect. In this method, the measured
visibilities are decoupled through the diﬀerence measurement between the original scene and a naturally occurring reference
scene. Compared to the previous methods, the proposed method requires no extra additional hardware cost and has easier
implementation and, therefore, ﬁts for the large interferometric array radiometers. Experimental results validate the eﬀectiveness
of the proposed method.

1. Introduction
Interferometric aperture synthesis technique, ﬁrst used in
the radio astronomy community [1], has been introduced
into passive microwave remote sensing of the Earth with
high spatial resolution since the 1980s [2–5]. In an aperture
synthesis microwave radiometer, a large antenna aperture
can be synthesized by sparsely arranging a number of small
aperture antennas and measuring the coherent product
(cross correlation) of the signals collected from pairs of
antennas at various spacings. The avoidance of the very
large and massive mechanical scanning antenna is the main
advantage of an aperture synthesis radiometer compared to
a conventional real aperture radiometer [6]. However, the
use of a number of small aperture antennas may introduce
some system radiometric errors and degrade the system
radiometric accuracy because of antenna imperfections such
as the antenna mutual coupling, antenna pattern ripples, and
antenna position errors [7]. Thus, accurate characterization
and eﬀective compensation of antenna imperfections is one
of the important factors to consider in the design of ISAR. In

this paper, the antenna mutual coupling eﬀect will be mainly
addressed.
In some interferometric radiometry ﬁelds, that is, radio
astronomy, the eﬀect of antenna mutual coupling is usually
negligible due to the very directive antennas and the very
large distance between the antennas. On the other hand,
interferometric radiometers for Earth observation require
closely spaced antennas with a large half-power beamwidth
to deal with the large ﬁeld of view (FOV) without imaging
aliasing. In this case, the eﬀect of antenna mutual coupling
is a main source of system radiometric errors. In [8], it is
stated that the interferometric pattern in the ESTAR unidimensional interferometric radiometers is not sinusoidal
because of antenna mutual coupling and multiple reﬂections
in the array structure. Errors are analyzed through the
distorted interferometric patterns and calibrated by the Gmatrix inversion method [9]. However, due to the need of
the accurate measurement of the system impulse response
(i.e., the G matrix) and therefore the large extra hardware
cost, this method is usually unfeasible for large or twodimensional spaceborne or airborne IASR systems with
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many antennas such as MIRAS [10, 11] and GeoSTAR
[12, 13]. Moreover, the matrix inverse operation in this
method needs high computational load especially for large
interferometric array radiometers with many antennas. Also,
Le Vine and Weissman [14, 15] discussed the role of antenna
mutual coupling on the performance of synthetic aperture
radiometers from the aspects of antenna patterns and
interferometric patterns and presented an approach to the
measurement of mutual coupling by employing an internal
reference source network and an active element antenna. A
problem of this approach lies in the additional hardware cost
which will increase with the number of antenna elements.
Later, Camps et al. [16, 17] tried to compensate for the
antenna mutual coupling errors using the conventional
mutual impedance (CMI). However, the measurement or
computation of the impedance matrix remains a problem,
which is usually diﬃcult and time consuming especially for
large antenna arrays with complex antenna structures or
irregular arrangement.
Following the developments of [16, 17], an external calibration method for compensating the mutual coupling eﬀect
is proposed in this paper. In this method, the antenna mutual
coupling eﬀect is incorporated into the measured visibility
model, and then the visibilities are decoupled through the
diﬀerence measurement between the original scene and the
reference scene. Compared to the previous methods, the
proposed method requires no additional hardware cost and
has easier implementation and especially ﬁts for the large
interferometric array radiometers.
The paper is organized as follows. In Section 2, the eﬀect
of antenna mutual coupling on the performance of IASR is
analyzed using the CMI. Based on the analysis, in Section 3,
the IASR system output (i.e., the visibility function) is
modeled and an external calibration method is proposed
in order to decouple the measured visibility samples. In
Section 4, experimental results are provided to illustrate the
eﬀectiveness of the proposed method. Finally, Section 5 sums
up the paper and presents conclusions.

2. The Analysis of Antenna Mutual Coupling
Effect Using the CMI
Existence of the mutual coupling eﬀect in antenna array
has been well known throughout the years, and extensive
work has already been contributed to either reducing or
compensating such undesirable eﬀects. Among the work, the
CMI method [18] has become the most popular method
for antenna mutual coupling analysis as mutual impedance
can be measured directly or obtained indirectly from the
measurement of the S-parameters. Gupta and Ksienski [19]
used a circuit theory approach based on the use of the CMI
to analyze the eﬀect of antenna mutual coupling on the
performance of adaptive arrays. Later, Yeh et al. [20] applied
the CMI to decouple the voltages measured from the antenna
terminals of a receiving antenna array in a direction-ofarrival (DOA) estimation application. The results with better
accuracies of DOA estimation demonstrate that the undesirable mutual coupling eﬀect can be partially compensated via
a decoupling process with the CMI. For Earth remote sensing
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applications, Camps et al. [16, 17] ﬁrst introduced the CMI
method to analyze the eﬀect of antenna mutual coupling
on the performance of interferometric aperture synthesis
radiometers. In this paper, we will follow the developments
of [16, 17] and establish the model of the coupled visibilities.
Figure 1 shows the circuit model of an N-element
antenna array. The array is treated as a multiport where each
port corresponds to an antenna. According to the model, the
relationship between the “load” and the “ideal” voltages is
given by
vL = C−1 vo ,

(1)

T

where vL = [v1L , v2L , . . . , vNL ] , where viL , i = 1, 2, . . . , N is the
voltage measured at the load connected to the port i aﬀected
by load mismatch and coupling, the superscript “T” denotes
the transpose operation; while vo = [v1o , v2o , . . . , vNo ]T , where
vio , i = 1, 2, . . . , N is the voltage that would be measured
at the port i when all the antennas are open circuited. The
“load” and ideal “o” voltages are related by the impedance
matrix
⎡
⎢1 +

⎢
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⎢
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⎢
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⎢
⎢
⎢
⎢
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···
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..
.
···
ZN2
ZL2

Z1N
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Z2N
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⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥,
⎥
⎥
··· ⎥
⎥
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ZNN ⎦

··· 1 +

(2)

ZLN

where ZLi (i = 1, 2, . . . , N) is the load impedance; Zii and
Zi j (i, j = 1, 2, . . . , N) are the measured input and mutual
impedances, respectively, taking into account the eﬀect of
mechanical structure and antenna coupling, and their values
depend on the array geometry as well as on the antenna
distance and the number of antennas and must be measured
when all the antennas are located in the array.
The IASR system output, that is, the visibility function,
is a set of complex cross correlation of the voltages collected
between various pairs of antennas in an array. Consequently,
the measured and ideal visibilities are related by [14, 15]


VL = C−1 Vo C−1

H

,

(3)

where VL = [ViLj ] (i, j = 1, 2, . . . , N) are the measured
visibilities between antennas i- j with antenna coupling
errors; Vo = [Vioj ] are the ideal visibilities; the superscript
“H” denotes the conjugate transpose operation. Equation (3)
reveals that the measured visibilities are a linear combination
of all the visibilities that can be synthesized by the array,
enlarging the spatial frequency bandwidth, by transferring
power from the smallest baselines to the larger ones, and
inducing high-frequency artifacts in the recovered brightness
temperature distribution [21]. Theoretically speaking, the
decoupled visibilities can be obtained from the coupled ones
if we manage to compute or measure the C matrix. However,
the measurement or computation of the C matrix is usually
diﬃcult and time consuming especially for large arrays
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Figure 1: Circuit model for analyzing antenna coupling eﬀects. Superscript “o” denotes open circuit voltage, and subscripts i, j denote
particular elements of the array. ZL is the load impedance, N is the total number of antennas.

with complex antenna structures or irregular arrangement.
Therefore, we need to develop a new and feasible way to compensate for the antenna mutual coupling eﬀect in imaging
applications of the large interferometric array radiometers.

3. An External Calibration Method for
Compensating for the Mutual Coupling Effect
3.1. The Visibility Model Including Antenna Mutual Coupling
Eﬀect. In order to point out the signiﬁcance of (3), let us
consider a simple case of a two-element array satisfying
Z11 = Z22 , Z12 = Z21 , and ZL1 = ZL2 = ZL . With these
assumptions, the visibility sample that would be measured
L
L
, and between antennas 1-2, V12
,
between antennas 1-1, V11
can be computed from (3) as:
1
L
= 
V12
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1 + 11 12
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ZL ZL
ZL  12

o
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= V22
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where R[•] denotes the real-part operation, V11
is used; and the coeﬃcients

(5)

In the following analysis, we assume that (1) Z12  Z11 and
Z12 decreases with the inverse of the antenna spacing and (2)
0
| (this often holds true for Earth observation).
TA  |V12
With these assumptions, we have a0  a1  a2 and
b0  |b1 |. Therefore, from (4) and (5), we come to the
L
conclusions: (1) the measured cross-correlation sample V12
can be approximately considered as the ideal one plus an
oﬀset term proportional to antenna temperature TA ; (2) the
L
is approximately
measured zero-spacing visibility sample V11
constant because the additional spatial frequency term in (5)
is very small compared to the constant term b0 TA and hence
can be neglected. Similar conclusions are hold when the twoelement array is extended to a more general case. In fact,
the antenna mutual coupling eﬀect needs to be considered
between only a few adjacent antennas in the thinned interferometric arrays as the mutual impedance decreases with the
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diﬀerence measurement between the original scene and a
known reference scene. Inspiring from this, we develop an
external calibration process given below to compensate for
the antenna mutual coupling eﬀect.
First, we measure the original scene and obtain the raw
visibilities expressed as (8). In practice, the raw visibilities in
(8) are measured at the discrete spatial frequencies and can
be written as the following matrix formation:
Vraw = FT + Vadd + wraw ,
(a)

6

6

6

11

11

11

11

11

5

5 3

(b)

Figure 2: The HUST-ASR antenna array; (a) the photo of the whole
antenna and the partial feed array; (b) a 16-element minimum
redundancy linear feed array which can simultaneously measure
visibility at 91 contiguous spacings (including zero spacing) with
just 16 antennas. According to this arrangement, a conjoined triplehorn structure has to be used at each end of the array because of the
very close spacings which contribute much to the mutual coupling.

inverse of the antenna spacing. The above conclusions will
help us to develop model of the coupled visibility.
For an ideal one-dimensional aperture synthesis radiometer, the visibility function V (u) and the brightness temperature distribution TB (ξ) are related by a Fourier Transformation [1, 3]
V (u) = K

!1
−1

TB (ξ)e− j2πuξ dξ,

(7)

where K is a constant term related to antenna and channel
parameters, u is the spatial frequency equal to the spacing
between a given antenna pair normalized by the wavelength,
ξ = sin θ is the direction cosine, θ ∈ [−π/2, π/2] is the angle
away from the normal of array axis. Ideally, each sample of
the visibility function is a measure of a spatial harmonic in
the brightness temperature scene.
Following the above conclusions, the antenna mutual
coupling eﬀect can be represented by an additive term
to the ideal visibility sample. And considering the noiselike characteristic of the interferometric measurement, the
eﬀect of antenna mutual coupling on the measured visibility
sample can be modeled as
V

raw

(u) = K

!1
−1

TB (ξ)e− j2πuξ dξ + V add (u) + wraw (u),
(8)

where V raw (u) is the measured visibility sample including
antenna coupling, V add (u) is an additive error on the ideal
visibilities accounting for the antenna mutual coupling eﬀect
and only depends on the array parameters and antenna
temperature TA , and wraw (u) is the random measurement
noise on the visibility sample.
3.2. External Calibration Process via the “Diﬀerence Scene
Measurement.” Since the additive error V add (u) is independent on the scene brightness temperature distribution
TB (ξ) within the FOV, it is possible to remove it via the

(9)

where Vraw = [V1raw , V2raw , . . . , VPraw ]T , P = 2M + 1, M is the
maximum spatial frequency (i.e., the array length normalized
by the minimum spacing); F is Fourier transformation
operator, T = [T1 , T2 , . . . , TP ]T is the scene brightness
temperature vector divided into P pixels within the nonT
aliasing FOV, Vadd = [V1add , V2add , . . . , VPadd ] is the additive
visibility error vector due to antenna mutual coupling,
wraw = [w1raw , w2raw , . . . , wPraw ]T is the random measurement
noise vector for the original scene.
Second, we choose a naturally occurring scene with a
uniform brightness temperature distribution (e.g., the cold
sky, the anechoic chamber, the open water, etc.) as a reference
scene and measure its visibilities under the same hardware
situation. Similar to (9), the measured visibilities of the
reference scene, Vref , can be expressed as
Vref = FT ref · IP + Vadd + wref ,

(10)

where T ref is the brightness temperature distribution of the
uniform reference scene, IP is a P-dimensional unit vector,
Vadd is the same as that in (9) due to the same antenna
coupling and the same measurement situation, and wref is
the random measurement noise for the reference scene.
Then, by subtracting (10) from (9), we can get the
calibrated visibilities (i.e., the decoupled visibilities)
Vcal = Vraw − Vref = FTdiﬀ + wraw + wref ,

(11)

T

where Tdiﬀ = [T1 − T ref , T2 − T ref , . . . , TP − T ref ] is the difference brightness temperature vector. Equation (11) shows
that the additive error term resulting from antenna mutual
coupling, Vadd , can be removed through the diﬀerence
measurement between the original scene and the reference
scene.
The essence of the “diﬀerence scene measurement”
method lies in the decreased noise in the measured visibilities
and therefore in the inverted images. For the ideal measurement without antenna imperfections, the cross-correlation
matrix of the visibility is


CV = E ΔVΔVH





H
= E wraw (wraw ) ,

(12)

where E[•] denotes the mathematical expectation. Since the
brightness temperature image is obtained by means of a
discrete Fourier transform of the visibility samples, the crosscorrelation matrix of the image can be calculated by [22]


CT = F−1 CV F−1

H

.

(13)
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Figure 3: The measured HUST-ASR antenna pattern: (a) the H-plane pattern of an “element”; (b) the E-plane pattern of an “element”; (c)
the synthesized E-plane pattern of all the “elements” by interferometric aperture synthesis.

Equation (13) shows that the noise (or errors) in the measured visibilities can be transferred to the inverted images.
With the antenna mutual coupling eﬀect, the crosscorrelation matrix of the visibility
Cmu
V =E

'

Vadd + wraw



Vadd + wraw

H (

'

H (


= E Vadd Vadd
+ E wraw wraw H ,

“diﬀerence scene measurement,” the cross-correlation matrix
of the visibility
Cdiﬀ
V =E

'

wraw + wref



wraw + wref

H (

'



H (
H
= E wraw (wraw )
+ E wref wref

(15)

(14)

assuming the measurement noise and the additive visibility
error are unrelated. Equation (14) shows that the noise
variance of the measured visibilities increases when the
antenna mutual coupling is included. By introducing the

assuming the measurement noise for the original scene and
measurement noise for the reference scene are unrelated.
The comparison between (14) and (15) shows that for
the “diﬀerence scene measurement” method, the additive
visibility error resulting from antenna mutual coupling is
removed at the cost of the increased random measurement
noise. Fortunately, this increase in the calibrated visibilities
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Compared with the previous methods such as the Gmatrix method and the mutual impedance method, the proposed method is fast and simple for adapting to the Fourierbased inversion techniques. Furthermore, the decoupled
procedures on the measured visibilities require no extra
hardware cost and have easier implementation, which makes
the method most attractive for imaging applications of the
large interferometric array radiometers.
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Figure 4: Images of the campus playground within a wide FOV; (a)
optic image; (b) the original brightness temperature image without
mutual coupling compensation; (c) the calibrated brightness temperature image using the “diﬀerence scene measurement” method;
(d) the calibrated brightness temperature image using the G-matrix
method.

can be mitigated to the largest extent as long as the integration time for the reference scene is enough.
Finally, by inverting the decoupled visibilities Vcal , we can
get the diﬀerence brightness temperature distribution Tdiﬀ
(this relative brightness temperature is usually enough for
many imaging applications). Since T ref is usually a constant
and can be exactly measured, the original scene brightness
temperature distribution T can be easily recovered.

To validate the eﬀectiveness of our approach, a series of
imaging experiments were carried out with the HUST-ASR
[23], which is a prototype of one-dimensional interferometric aperture synthesis radiometer (IASR) working at 8mm wave band. One-dimensional IASR requires antennas
to produce a group of fan-beams which overlap and can
be interfered with each other to synthesize multiple pencil
beams simultaneously. According to this requirement, the
HUST-ASR antenna system [24], as shown in Figure 2, is
a sparse antenna array with an oﬀset parabolic cylinder
reﬂector. The feed horns are sparsely arranged in a minimum
redundancy linear array [24–26] (as shown in Figure 2(b))
along the focal line of the reﬂector, and thus can share a single
oﬀset parabolic cylinder reﬂector. In essence, each HUSTASR antenna “element” is composed of a feed horn and
an oﬀset parabolic cylinder reﬂector with a gain of about
30 dB. The H-plane (i.e., the vertical plane) and E-plane (i.e.,
horizontal plane) radiation patterns of one “element” are
presented in Figures 3(a) and 3(b), showing that the halfpower beamwidths (HPBWs) of the H-plane and E-plane are
about 0.7◦ and 50◦ , respectively.
With this conﬁguration, the HUST-ASR can synthesize
a series of pencil beams with about 0.3◦ HPBW (as shown
in Figure 3(c)) by interference processing in the E-plane,
and therefore generate a one-dimensional image with high
spatial resolution. In order to generate a two-dimensional
high resolution image, a rotation platform is used to provide
a mechanic scan at another dimension. Figure 4 shows the
brightness temperature images of natural scenes. In this
ﬁgure, the original brightness temperature image without
mutual coupling compensation, the calibrated image using
the proposed “diﬀerence scene measurement,” and the
calibrated image using the G-matrix method are presented,
respectively.
In Figure 4(b), the original brightness temperature image
was contaminated with some vertical “streaks” due to
the mutual coupling eﬀect between close antennas. This
conﬁrms the correctness of the coupled visibilities model
given in Section 3.1. In Figure 4(c), these “streaks” are almost
removed by using the proposed method and the outline of
the chimney and the buildings can be clearly seen in the
images. In our experiments, the cold sky is used as a smooth
reference scene to cancel the antenna coupling eﬀect. In
Figure 4(d), the image obtained by the G-matrix method
is also presented. Compared to Figure 4(c), the brightness
temperature at the edge of the scene seems a bit dim because
the farther away from the boresight, the weaker the Gmatrix response is. The experimental results demonstrate the
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eﬀectiveness of the proposed method in dealing with antenna
coupling errors, and the calibrated image obtained by the
proposed method is completely comparable to that obtained
by the G-matrix method. Considering the fact that the Gmatrix method needs extra hardware cost and large computational load and the inaccurate G-matrix measurement
may introduce new errors in the ﬁnal image, the proposed
method in this paper provides an attractive candidate
for imaging applications of the large interferometric array
radiometers.
Besides, the slow transition from high brightness temperature zone to low brightness temperature zone can be clearly
seen in the images especially at the low elevation angle due
to the sidelobe eﬀect in the H-plane pattern. Thus, further
work needs to be done on minimizing sidelobe levels in the
H-plane pattern.

5. Conclusion
In this paper, we have investigated the mutual coupling eﬀect
in interferometric aperture synthesis radiometers (IASRs)
using the conventional mutual impedance (CMI), which
reveals that the coupled visibilities are a linear combination
of all the ideal visibilities that can be synthesized by the array.
Then, we have developed a practical model of the coupled
visibilities. In this model, the antenna mutual coupling
eﬀect on the measured visibility samples can be represented
by an additive term to the ideal visibility samples which
is only dependent on the array parameters and antenna
temperature. Based on the model, we propose an external
calibration method to compensate for the antenna mutual
coupling eﬀect. In this method, the measured visibilities are
decoupled through the diﬀerence in measurement between
the original scene and a naturally occurring reference scene.
Theoretical analysis on the cross-correlation matrix of the
visibility shows that the proposed method can eﬀectively
reduce the noise in the measured visibilities and therefore
in the inverted images. In addition to theoretical studies,
we have experimentally demonstrated the eﬀectiveness of
the proposed method in compensating for the antenna
mutual coupling eﬀect. Compared to the previous methods,
the proposed method requires no additional hardware cost
and has easier implementation, which is most attractive
for imaging applications of the large interferometric array
radiometers.
Recently, a new model for antenna mutual coupling
characterization, the receiving mutual impedance (RMI)
[27–29], is proposed and shows the superiority over the CMI
in passive receiving array mode (e.g., the IASR system). Thus,
future work will be aimed at applying the RMI to model
the antenna mutual coupling eﬀect on the performance of
IASR and developing new methods for compensating for the
mutual coupling eﬀect.
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This paper presents Taguchi’s optimization method implemented in the design of a single feed (without any matching network)
5 × 5 microstrip antenna array operating around 12.5 GHz. The proposed optimization method is statistical and is widely used for
quality assurance in many ﬁelds such as mechanical and chemical production, consumer electronics, services; however it has been
underused in the ﬁeld of electromagnetics. It allows optimization of multiparameter, multitarget complex designs in a very short
time in conjunction with advanced simulation tools. The proposed antenna has been fully evaluated under Taghuchi’s and PSO’s
optimization methods, and the experimental results show total Gain of 15 dB, and good matching with S11 better than −20 dB, in
the frequency range 12.3 to 12.8 GHz.

1. Introduction
The demands of modern telecommunications increase hence,
more complex antenna array conﬁgurations are required.
Optimization and synthesis of microwave antenna arrays and
other complex electromagnetic-based structures typically
deal with multiobjective functions that are highly nonlinear,
discontinuous, and have a large number of optimization
parameters. In addition, due to strong mutual coupling and
other propagation eﬀects, they require a simultaneous optimization of the design parameters.
Recently, many multiagent stochastic optimization techniques that incorporate random variation and selection, such
as evolutional programming (EPs) [1, 2], genetic algorithms
(GA) [3, 4], particle swarm optimization (PSO) [5, 6], artiﬁcial neural network (ANN) [7, 8], and gradient-based techniques [9, 10], have been implemented via computer codes.
The above optimization methods can be divided into two
categories: global and local techniques. Global techniques
such as EP, GA, PSO, and ANN are capable of handling multidimensional, discontinuous, and nondiﬀerentiable objective

functions with many potential local maxima while they are
largely independent of initial conditions. However, a main
drawback is that the convergence rate is slow [10].
In contrast, the main advantage of local techniques such
as the gradient-based algorithms is that the solution converges rapidly. However, local techniques work well only for
a small number of continuous parameters highly depending
on the starting point or the initial guessing while they reacting are relatively poorly in case of discontinuities in solution
spaces [10].
In order to bridge the weak points of these two techniques a new statistical optimization method is necessary. A way
of achieving target optimization and reduction in variation
around the target is to apply the Design of Experiment
(DOE) technique [11]. DOE is a powerful statistical technique for improving product or process design as well as for
solving production problems. A standardized version of the
DOE has been introduced by Taguchi, an easy to learn
and apply technique for design optimization and production problem investigation [12, 13]. Taguchi’s optimization
technique can handle multidimensional, discontinuous, and
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nondiﬀerentiable objective functions with many potential
local maxima whilst converges rapidly to the optimum result
but within a well-deﬁned area [14].
The goal of Taguchi’s method is the prediction of the
parameters that cause variability (noise) and the optimum
value of each parameter (control), in order to achieve robustness of the device under test. The Taguchi approach has
the great advantage that only a small fraction of all possible
parameter-level combinations is tested, based on the theory
of highly fractional orthogonal designs (orthogonal arrays).
Previously published work in the ﬁeld of antenna array
using Taguchi’s technique had as optimization goal either
pattern or input matching criteria. Work on radiation
patterns includes optimization of the spiral antenna gain
[15] as well as optimizing linear arrays for nulls at speciﬁc
directions, suitable pattern shapes, and suppressed side
lobes [16]. Work on input matching includes two-layer
wideband patch antenna [17], ultrabroadband zigzag logperiodic antenna [18], and a CPW slot antenna [11]. This
paper presents, for the ﬁrst time, the optimization of a simple
microstrip planar 5 × 5 antenna array conﬁguration with
interconnected elements in order to achieve good matching
(S11 < −10 dB) without using of any matching networks
and high gain, suitable for the 12.5 GHz broadcasting satellite
service (BSS) frequency bands.
The exact dimensions of the array are precisely calculated by applying a Taguchi’s optimization algorithm in
conjunction with an electromagnetic solver FEKO [19]. The
objective of Taguchi’s algorithm is the minimization of a
particular mathematical “ﬁtness function,” which is suitably
determined according to the criteria mentioned above.
Furthermore, a statistical analysis of variance (ANOVA)
of the optimized dimensions of the antenna is applied to the
ﬁnal iteration. The goal of this analysis is the investigation of
the signiﬁcance of each parameter within their ﬁnal limits in
order to fabricate a robust device.

2. Taguchi Optimization Method
The optimization procedure begins after some initial consideration as regards the initial conditions setting as well as the
selection of a proper OA and an appropriate expression of
the ﬁtness function (FF). The selection of an OA depends on
the number of input parameters and the number of levels for
each parameter. The FF is a particular mathematical function
and is developed according to the nature of the problem and
the optimization goals.
After a simple analysis, the simulation results serve
as objective functions for optimization and data analysis,
and an optimum combination of the parameter values can
be obtained. The log functions of the outputs, named by
Taguchi as Signal-to-Noise ratios (S/N), are used for the
prediction of the optimum result. It can be demonstrated
via statistics that although the number of experiments are
dramatically reduced, the optimum result obtained through
the orthogonal array usage is very close to that obtained by
making use of the full factorial approach.
When the Taguchi method is implemented at the design
level and the eﬀorts are focused on the optimization of the
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control values, the experiments can be replaced with simulations.
In order to achieve as high convergence with the goal as
possible, successive implementations of the method have to
be applied. Under this procedure, the optimum results of the
last iteration serve as central values for the next, reducing
each time with a predeﬁned factor the level diﬀerence
of each parameter. The procedure terminates when the
level diﬀerence becomes negligible, and maximum available
accuracy has been reached.
The procedural steps in detail are shown below.
(1) Consideration of the problem that must be solved.
(2) Extraction of the FF and deﬁnition of the optimum
goal (minimum, nominal, or maximum).
(3) Deﬁnition of the main parameters and their estimated (center) values.
(4) Deﬁnition of the levels limit for each parameter
within ±10% of the center values. In order to describe
the nonlinear eﬀect so as to gradually minimize each
iteration level’s diﬀerence, an odd number of levels
must be used for each input parameter.
(5) Deﬁnition of the maximum resolution of the parameters.
(6) Design of experiment (DOE) using Taguchi’s suggested orthogonal arrays OAn(mk) in order to minimize the eﬀect of any erroneous assumptions that
have been made due to eﬀects considered negligible,
which consist of
(i) n rows (number of experiments),
(ii) k columns (number of parameters), and
(iii) m levels (on which each parameter will vary).
(7) Simulation using FEKO according to the selected OA.
(8) Evaluation of the compliance of the FF for each
combination of the levels of parameters based on the
simulation results.
(9) Computation of the mean value of the ﬁtness functions of the experiment
i=n

Y=

1
Yi .
n i=1

(1)

(10) Computation of the mean value for each level of each
parameter
Y mi =

m
n

i=n/m

Ymi .

(2)

i=1

(Example: for the parameter A when level is 1, add
the values of all corresponding FF and compute their
mean value).
(11) Consideration of the optimum level for each parameter depending on the Y mi and the nature of the goal
(minimum, nominal, or maximum).
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(12) Prediction of the optimum value of the experiment’s
FF, based on the 20·Log10 values of Y and the Y mi .
(The conversion is essential in order to avoid negative
values especially at the beginning, when the diﬀerences between Y and Y mi are high)



(3)

− · · · Y (Log) − Y kmopt(Log) .

Connector
width
Plane-A

The predicted value might not be the optimum
because the OA is a fractional factorial design, but,
nevertheless, it shows the direction of the optimization. During the next iterations, as the gap between
the mean and optimum predicted value becomes
smaller, the possibility that the optimum predicted
value to be the real optimum value rises signiﬁcantly.

(14) Creation of new level diﬀerences (LDs) by multiplying the RP with the initial level of the parameters
LDi = Linit · (1 − RP).

(4)

(15) Creation of new levels for the next iteration by adding
the estimated optimum levels of the parameters of the
1th iteration with the LDi .
(16) The procedure stops when the LDi reaches the limits
of the allowed resolution of the parameters.
(17) Decision, on which parameters are signiﬁcant based
on their ﬁnal levels, using statistical analyses of
variance (ANOVA).
(18) Construction of the antenna taking special care of the
signiﬁcant parameters as they will be responsible for
any variability in the antenna characteristics.

3. Design of the Antenna
A 5 × 5 microstrip planar array is considered for the study.
The array is tuned to work for the 12.5 GHz Broadcasting
Satellite Service (BSS) frequency bands. This antenna array
consists of equally spaced rectangular patches joined together
with microstrip lines and is fed through a simple microstrip
line without any matching network, as shown in Figure 1.
In this paper, Taguchi’s method will be used to optimize the
geometrical dimensions of the antenna so as to simultaneously achieve good matching, low side lobe level, and high
gain in the operating frequency range.
The substrate chosen for the antenna implementation is
the microwave laminate RT/duroid 5880 from Rogers with
er = 2.2, tan δ = 0.0009, and thickness of 1.575 mm.
The objective of Taguchi’s algorithm is the minimization
of the FF. The FF is suitably determined according to the

Feed line length

(13) Deﬁnition of the reducing percentage (RP) of the
initial diﬀerence between the levels of the parameters.
The RP depends on the nature of the problem and
can be high for simple cases with only one optimum
condition or low for more complex situations.

Patch side

Connector length





Patch side



YO(Log) = Y (Log) − Y (Log) − Y 1mopt(Log)

Plane-B

Feed line width

Figure 1: 5 × 5 microstrip antenna array.

above three conditions. The goals that have to be achieved
are
(i) good input matching S11 < −10 dB,
(ii) high gain > 10 dB in the pattern cut ϕ j (0 ≤ ϕ j ≤ 2π),
θ j (−5◦ ≤ θ j ≤ 5◦ ),
(iii) low side lobe in the pattern cut ϕ j (0 ≤ ϕ j ≤ 2π),
θ j (15◦ ≤ θ j ≤ 90◦ ), and θ j (−90◦ ≤ θ j ≤ −15◦ ), SLL
(diﬀerence between main lobe and secondary lobe)
>10 dB.
Thus, a weighted FF has been chosen with the form






ﬀ = 1000 · 15 − S11(dB) 








+ 1000 · 15 − Gain(dB) + 250 · SLL(dB) ,

(5)

where the weight factors (1000, 250) indicate the signiﬁcance
of the targets, and factor 15 indicates the optimum result
(goal + 50%) for input matching and gain. There is also a
dead zone in the pattern cut ϕ j(0 ≤ ϕ j ≤ 2π), θ j(6◦ ≤ θ j ≤
14◦ ), and θ j(−14◦ ≤ θ j ≤ −6◦ ) where the results are ignored
as they are irrelevant to gain or SLL results.
It has to be mentioned that the computation takes into
account the case of the ﬁrst two factors being negative,
that is, |S11(dB) | > 15 and Gain(dB) > 15 and keeps them
to zero otherwise; the FF could be driven to false results,
discriminating towards one or the other characteristic.
In the design of an array antenna, the most important
design parameters are usually the number of elements, spacing between the elements, excitation (amplitude and phase),
half-power beamwidth, directivity, and side lobe level
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Table 1: The initial levels for the optimization procedure.

Parameters
(A) Patch side
(B) Connector width
(C) Connector length
(D) Line Feed width
(E) Line Feed length

1st Level
9.6
2.4
14.4
4.8
9.6

2nd Level
12
3
18
6
12

3rd Level
14.4
3.6
21.6
7.2
14.4

[20, 21]. Hence, the initial center dimensions for each
parameter can be deﬁned as shown below.
The free air wavelength at 12.5 GHz is λ0 =24 mm.
(A) Patch side = λ0 /2 = 12 mm
(B) Connector length = 3λ0 /4 = 18 mm
(C) Connector width = λ0 /8 = 3 mm

Figure 2: FEKO-meshed design of the array antenna with current
distribution.

(D) Feeding line length = λ0 /2 = 12 mm
(E) Feeding line width = λ0 /4 = 6 mm

(i) the OA18 (37, 2) that can handle up to 7 parameters
with 3 levels each and one with 2 levels in an array of
18 rows.
(ii) the OA27 (313) that can handle up to 13 parameters
with 3 levels each in an array of 27 rows.
Since achieving the desired gain and obtaining good
matching is a complex task, it was decided to employ a larger
OA to increase the possible combinations. Thus, the second
solution appears more promising (Table 2) as it has 50%
more rows for each OA and oﬀers higher conﬁdence level at
the expense of some extracomputation time (11.5 h instead
of 7.5 h for this case study).
According to the complexity of the design, a reducing
percentage of RP = 0.1 has been assigned. The procedure
terminates when the LD is below 1 μm (minimum resolution) after twenty-ﬁve optimization cycles (27 each), ﬁnally
reaching 675 iterations.
FEKO is a software suite built for the analysis of a wide
range of electromagnetic problems. Applications include
EMC analysis, antenna design, microstrip antennas and
circuits, dielectric media, and scattering analysis.
The core of the software package is based on the method
of moments (MoMs). The MoM is a full wave solution of
Maxwell’s integral equations in the frequency domain. The
active area of the microstrip array antenna design of this case
study consists of 25 metallic, equal in size, squared patches
separated by equal connector lines, and a single microstrip
feeding line as shown in Figure 1. The calculation of the
antenna elements as well as their simulation has been carried

86
84
Fitness function (dB)

Considering a ± 20% deviation from the center values,
initial levels can be created, as shown in Table 1. For a
realistic approach in the antenna design, the resolution for
all dimensions is set to 1 μm. For an OA with 5 parameters
of 3 levels for each parameter, a conﬁguration with at least
nrows = 1 + (k · DOFm ) = 1 + (5 · 2) = 11 rows is needed.
Taguchi suggests two solutions

88

82
80
78
76
74
72
0

5

10

15

20

25

Iterations
Taguchi
PSO

Figure 3: Taguchi and PSO optimization procedure graphs.

out in EDITFEKO module, which is capable of simplifying
the process of generating and editing ∗ .pre (PREFEKO input)
ﬁles as this is a standard text editor that can use ASCII text
ﬁles with customized functionality. For such a complicated
iterative design, the editor EDITFEKO is chosen to simplify
the process of generating and editing ∗ .pre (PREFEKO input)
ﬁles as this is a standard text editor that can use ASCII text
ﬁles with customized functionality. After meshing the active
area of the antenna has been separated into 944 triangles, as
illustrated in Figure 2.
To model the dielectric area under the metallic patches,
FEKO uses Green’s function formulation which implements
2D inﬁnite planes with ﬁnite thickness (h = 1.575 mm, er =
2.2, tan δ = 0.0009) to handle the dielectric layer. Under the
dielectric layer, real ground layer is modeled using reﬂection coeﬃcient approximation to complete the microstrip
antenna design.
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Table 2: The OA27 53 as conﬁgured with the parameters levels and the responses of the ﬁnal FF.
n rows
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
25
27

A Patch side
1
2
3
2
3
1
3
1
2
2
3
1
3
1
2
1
2
3
3
1
2
1
2
3
2
3
1

B Con. length
1
2
3
2
3
1
3
1
2
3
1
2
1
2
3
2
3
1
2
3
1
3
1
2
1
2
3

C Con. width
1
2
3
3
1
2
2
3
1
1
2
3
3
1
2
2
3
1
1
2
3
3
1
2
2
3
1

Finally POSTFEKO module is used to visually conﬁrm
the correctness of the model before starting a potentially time
demanding FEKO simulation. It is also used to display the
results, of the FEKO simulation, either in the form of position
in a 3D window or in arbitrary 2D graphs.
Taking into account the above considerations in combination with FEKO simulation results the Taguchi’s optimization algorithm for the 5 × 5 antenna array of Figure 1 is
implemented in C++. The use of C++ code oﬀers the ability
to alter the antenna’s parameters since all the parameters can
be entered in a text format and get processed by the program.

4. Results
For comparison reasons, the parameters of the antenna will
also be optimized using the well-known Particle Swarm
Optimization (PSO) method. The particles and the FF of the
PSO are set to be the same as those of Taguchi’s method.
Therefore, the optimization performance of both optimizers
could be compared to each other according to the total
number of iterations required towards the design goal.
For a fare comparison, 675 iterations are also conducted
by PSO choosing the best FF every after 27 iterations to
compare it with that of Taguchi’s method.

D Feed. line length
1
2
3
3
1
2
2
3
1
2
3
1
1
2
3
3
1
2
3
1
2
2
3
1
1
2
3

E Feed. line width
1
2
3
3
1
2
2
3
1
3
1
2
2
3
1
1
2
3
2
3
1
1
2
3
3
1
2

FF Resp. FF (dB)
76.16
75.14
75.51
75.35
75.20
75.98
75.26
76.40
75.04
74.92
76.02
75.35
76.09
75.05
74.93
75.14
75.84
76.06
75.14
74.92
76.40
75.83
76.16
75.23
75.99
75.08
74.92

Table 3: The optimized values of the parameters.
(A) Patch side

10.823 mm

(B) Connector width

2.498 mm

(C) Connector length

16.569 mm

(D) Line feed length

11.196 mm

(E) Line feed width

6.875 mm

The optimization procedure graph, shown in Figure 3,
presents the curves of the best FF values for every optimization cycle, as they converged under Taguchi and PSO
processes. The results show that Taguchi’s method excels
PSO (some 1 dB less as both algorithms are conﬁgured as
minimizers), when a well-deﬁned narrow searching area is
under consideration.
The results for optimum dimensions extracted after 25
cycles of iterations (less than 4 hours of processing time) for
the 12.5 GHz single feed planar antenna array are illustrated
in Table 3.
In order to fabricate a good performance and robust
design taking into account the fabrication tolerances, the
selected OA27 (35) with the ﬁnal results are examined under
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Table 4: The analysis of variance (ANOVA) table.
(a) General linear model: 12.5 GHz antenna array versus A; B; C; D; E

Factor

Type

Levels

Values

A

Fixed

3

1; 2; 3

B

Fixed

3

1; 2; 3

C

Fixed

3

1; 2; 3

D

Fixed

3

1; 2; 3

E

Fixed

3

1; 2; 3

(b) Analysis of variance for 12.5 GHz antenna array, using adjusted SS for tests

DF
degrees of freedom

Seq SS
Seq/al sums
squares

Adj SS
adjusted sums squares

Adj MS
adjusted means
squares

F
F-statist Adj MS/P

P
P-value

A

2

1340

1340

670

0.05

0.950

B

2

1592002

1592002

796001

61.68

0.000

C

2

230663

230663

15332

8.94

0.002

D

2

776

776

388

0.03

0.970

E

2

3383

3383

1691

0.13

Error

16

206484

206484

12905

Total

26

2034648

Source

0.878

S = 113.601 R-Sq = 89.85% R-Sq(adj) = 83.51%.

Main e ects plot (ﬁtted means) for 12.5 GHz antenna array
74.1

FF mean (dB) of 12.5 GHz antenna array

73.8
73.5
73.2
1

2

3

1

(a)

2

3

(b)

1

2

3

(c)

74.1
73.8
73.5
73.2
1

2
(d)

3

1

2

3

(e)

Figure 4: Main eﬀects plot of the antenna’s parameters variance at the achieved optimum level.
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Figure 5: The fabricated array antenna.

Figure 7: Radiation pattern on plane B (ϕ = 90◦ , θj (−90◦ ≤ θj ≤
90◦ )).
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Figure 6: Radiation pattern on plane A (ϕ = 0◦ , θ j (−90◦ ≤ θ j ≤
90◦ )).

a statistical analysis of variance (ANOVA) using MINITAB
14 software package.
To execute this analysis, Table II, which includes the
levels status of OA27 (35) corresponding to the antenna
parameters, is transferred to a Minitab worksheet where the
ﬁve parameters model has been assigned to the ﬁve columns
of the parameters (A, B, C, D, E). The results of the ﬁnal
iteration of the Taguchi’s optimization procedure (20·Log10
(FF) values) have been assigned to the next column as
response and have been named as 12.5 GHz antenna array.
According to the results which are illustrated in Table 4,
only two of the parameters (B. connector length and C.
connector width) are signiﬁcant in the ﬁnal iteration with
a predeﬁned signiﬁcance level α > 0.005, and they are
responsible for the 83.15% of the total variability of the mean
value. Special care should be taken during the fabrication
procedure of the antenna to keep these two parameters close
to the optimum values in order to achieve a robust device.
The analysis of variance table gives, for each term in the
model, the degrees of freedom (DF), the sequential sums
of squares (Seq SSs), the adjusted (partial) sums of squares

12.6

12.7

12.8

Frequency (GHz)

90

Simulations
Measurements

12.5

Simulations
Measurements

Figure 8: Comparison between measurements and simulations
results for the antenna Gain at θ, ϕ = 0◦ for the frequency range
12.3–12.8 GHz.

(Adj SSs), the adjusted means squares (Adj MSs), and the
F-statistic from the adjusted means squares and its P-value,
which shows the signiﬁcance of each parameter within its
levels under a predeﬁned level of signiﬁcance. The same
results from ANOVA are presented graphically with the main
eﬀects plot (ﬁtted means (dB)) in Figure 4.
Taking into account the above precautions, the antenna
array with its optimum dimensions has been fabricated on
RT/duroid 5880 microwave laminate, as shown in Figure 5.
Simulations have been carried out using FEKO software
package, and the results show high gain ≈ 15 dB, as shown
in Figures 6 and 7 for planes A and B, high SLL ≈ 13 dB
in B-plane, and very good matching S11 ≈ −7 dB for
the central frequency of 12.5 GHz. A small asymmetry has
been observed in the pattern of plane B (Figure 7), due
to asymmetric current distributions as shown in Figure 4.
An array design with a feeding arrangement at the centre
element will eliminate this problem. Also, a higher gain closer
to 18–20 dB was not achieved as a nonuniform illumination
resulted from this simple array conﬁguration.
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with theory and simulation results. Finally, the eﬃciency
measured was very satisfactory throughout the frequency
range tested. It has to be mentioned that no feeding networks
are used in this conﬁguration. In order to create a robust
construction, a statistical analysis of variance (MINITAB)
has been performed and the most signiﬁcant parameters of
the antenna design have been discovered. This work is still
ongoing, and an extended version of Taguchi’s optimization
method is under consideration with a wider consideration
area for each parameter, and the results will be presented in
the near future.
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The antenna array gain has been simulated as well as
measured in the frequency range 12 to 13 GHz, presenting
excellent results in the pattern cut ϕ j(0 ≤ ϕ j ≤ 2π), θ j =
0◦ (Gain > 10 dB), as illustrated in Figure 8.
The measurements of S11 have been carried out using a
network analyzer (Agilent Network Analyzer N5230A) and
shown in Figure 9. A comparison between the simulations
and measurements results of S11 has been performed, which
shows good agreement, as illustrated in Figure 10.

5. Conclusions
Analytical description of the Taguchi statistical optimization method for electromagnetic applications has been
presented and implemented in the design and fabrication
of a 12.5 GHz single feed 5 × 5 planar microstrip antenna
array. Following this method, complicated optimization
goals such as matching and high directivity and low SLL have
been accomplished and veriﬁed by the agreement between
simulations (FEKO) and measurements (Agilent Network
Analyzer N5230A). Besides, the antenna array gain has been
measured in the frequency range 12 to 13 GHz indicating
high gain between 12.3 and 12.8 GHz, in good agreement
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The performance of various mutual coupling estimation and compensation methods is quantiﬁed and compared for wideband
operation. Their main limitations and the required procedures to estimate the coupling matrix are outlined. It is determined
that only the full-wave method is accurate at all frequencies. The performance tradeoﬀs associated with the other methods are
described. General guidelines based on the electrical size and separation of the array elements are formulated for each method.
The results can be valuable for both wideband and narrowband receiving antenna arrays.

1. Introduction
Mutual coupling in antenna arrays is a subject that has received considerable attention in recent years. With the increase in signal processing capabilities, smart antennas are
a promising technology that seeks the optimization of signal reception through spatial processing and other means.
For example, with the knowledge of the relative phase shifts
between the elements of an array, it is possible to maximize
the received power, minimize interference, and estimate the
direction of arrival (DOA) of impinging signals. However,
due to the relatively small spacings between the elements,
which is generally required to achieve some of the above
goals, electromagnetic interactions between the array elements appear which lead to mutual coupling eﬀects.
It is widely acknowledged that mutual coupling may severely impact the performance of smart antennas. To mitigate the eﬀects of mutual coupling, several methods have
been proposed in the literature. These methods generally
attempt to estimate the coupling matrix describing the mutual coupling. The coupling matrix is subsequently used by
the signal processor to compensate for the eﬀects of mutual
coupling. A comprehensive review of mutual coupling compensation (MCC) methods available in the scientiﬁc literature was done in [1]. These methods typically use diﬀerent
approaches to estimate the coupling matrix. Previously
published work that originally introduced the diﬀerent MCC
methods [2–5] and subsequent published work (see [1])

based on these methods reported signiﬁcant performance
improvements by the implementation of MCC in applications of beamforming and direction of arrival estimation.
Although mutual coupling is highly dependent on frequency,
the studies performed to this date are limited to the narrowband case where operation for a single frequency was evaluated. Besides the summarized results of [6], no work has
been published on the performance of MCC methods for
wideband applications.
Through the wideband performance evaluation of the
various available MCC methods, it is expected that one will
be able to determine their limitations. The aim of this paper
is twofold. First, to show the limitations of each of the MCC
methods. Second, to accurately quantify and compare the
performance of the MCC methods for both wideband and
narrowband applications. The paper is organized as follows.
In Section 2, the theoretical development of the MCC
methods is reviewed. The performance of the diﬀerent methods is calculated numerically in Section 3 for a known elevation angle, while it is evaluated in Section 4 for an unknown elevation angle. Finally, conclusions are presented in
Section 5.

2. Mutual Coupling Compensation Methods
The four main MCC methods, as described in [1], are
reviewed in this section. They are treated in the chronological
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order in which they appeared in the scientiﬁc literature. In
each of the four methods, the coupled signals are related to
the uncoupled signals by the following equation:
v = Cvideal ,

(1)

where v is a column vector containing the coupled signals,
videal is a column vector containing the uncoupled signals,
and C is the coupling matrix. With the knowledge of C, the
uncoupled signals can be retrieved using
videal = C −1 v.

(2)

The coupled signals of v are the terminal voltages measured
across the load impedances connected to the terminals of the
elements, and the uncoupled signals of videal are the incident
signals at each of the elements. Therefore, (2) implies that
the incident signals are retrieved by simply multiplying the
inverse of the coupling matrix by the terminal voltage vector.
In practical situations, the coupling matrix is not necessarily
perfectly known, and the incident signals are estimated as
follows:
v)ideal = C)−1 v,

(3)

where C) is the estimated coupling matrix, and v)ideal is the
estimated incident signal vector. The accuracy of v)ideal is thus
dependent upon the MCC method used in the calculation of
)
C.

the excitation of element j by a voltage source at its terminals,
Li is the physical length of element i, and Ii (0) and I j (0)
are the respective input currents of elements i and j when
separately excited by a voltage source while the terminals of
the other are short circuited.
When Li is approximately equal to half a wavelength
(Li ≈ λ/2), it is often assumed that the amplitude of Ii (z)
is sinusoidally distributed, and the phase is constant over
z. Based on this assumption, analytical expressions can
be obtained for the mutual impedances [8]. However, the
assumption is violated for elements that are not inﬁnitely
thin, such as practical elements. Moreover, the assumption is
narrowband in nature and is not valid for a wideband analysis of mutual coupling. Therefore, alternate calculation
techniques are required to solve for the current distributions.
Numerical techniques such as the method of moments
(MoM) [9] can be used to calculate the theoretical mutual
impedances of the array. To avoid having to ﬁrst solve for
the current distributions, calculate the electric ﬁelds, and
then use (6) to ﬁnally obtain the mutual impedances; there
are some alternatives. One of these is to separately excite
the elements by a voltage source (V j ) and ﬁnd the induced
current at the shorted terminals (Ii ) of the other elements
calculated using the numerical technique. Then, the mutual
admittances are simply calculated using
Yi j =

Ii
.
Vj

(7)

The mutual impedance matrix is then calculated with
2.1. Open-Circuit Voltage Method. The open-circuit voltage
method was originally suggested in [2] in 1983. The method
is based on the assumption that the open-circuit equivalent
voltage of each array element is independent of mutual
coupling. Therefore, (1) is assumed to be equivalent to
) oc ,
v = Cv

(4)

where voc is the open-circuit equivalent voltage vector.
These voltages are believed to be the voltages that would
be measured at the terminals of the elements if the load
impedances were removed. The estimated coupling matrix
is given by
C) = ZL (ZL + Z)−1 ,

(5)

where ZL is a diagonal matrix whose entries are the individual
load impedances connected to the elements, and Z is the
mutual impedance matrix. The induced electromotive force
(emf) method, introduced in [7] in 1932, can be used to
calculate the entries of Z. For vertical centrally terminated
thin dipoles, centered at z = 0, the entries of Z can, therefore,
be calculated using the following equation:
Zi j = −

1
Ii (0)I j (0)

! Li /2
−Li /2

E jz (z)Ii (z)dz,

(6)

where Ii (z) is the current distribution along element i when
it is excited by a voltage source at its terminals, E jz is
the electric ﬁeld at the surface of element i resulting from

Z = Y −1 .

(8)

It is noted that the procedure described here lends itself well
to experimental implementation where numerical calculations can be avoided completely. Alternatively, a vector network analyzer (VNA) can be used to measure the scattering
parameters between the elements, and the mutual impedance
matrix can be calculated with
Z = Zo (I + S)(I − S)−1 ,

(9)

where S is the scattering matrix containing the scattering
parameters, Zo is the reference impedance used in the
measurement of S, and I is the identity matrix.
The deﬁciencies of the open-circuit voltage method were
outlined in [4, 5] and in numerous publications reviewed in
[1]. The main problem with the method is that it assumes
that the excitation of the array occurs only at the terminals
of the elements. While this is usually true for a transmitting
array, it is not for a receiving array. The excitation of a receiving array is generally the external illumination of the elements by incident uniform plane waves, which occurs along
the entire surfaces of the elements and not only at their terminals. The open-circuit voltage method, therefore, appears
to be more suitable for characterizing mutual coupling in
transmitting antenna arrays since they are excited by discrete
sources at the terminals of the elements [10]. Since the external illumination of a receiving array consisting of electrically small elements can be approximated as the discrete
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excitation of the terminals of each element, the method is
also appropriate for this type of array used in the receiving
mode. A proof of this is presented in Section 2.3.
2.2. Calibration Method. The calibration method was ﬁrst
used in [3] in 1991. It consists in the sequential calculation
or measurement of the terminal voltage vector v, in response
to the external plane wave illumination of the array from
a discrete number of calibration points corresponding to
diﬀerent DOAs. For each of the individual calibration points,
the terminal voltage vector is governed by (1). The terminal
voltage vectors for all the calibration points are combined to
form matrix V as follows:




V = v1 v2 · · · vM ,





Videal = videal1 videal2 · · · videalM .

(11)

For an inﬁnite number of diﬀerent calibration points, (10) is
related to (11) by the following equation:
V = CVideal .

) ideal .
V = CV

i = YMoM vMoM ,

−1

,

(14)

where Videal H denotes the Hermitian transpose of Videal . A
necessary condition for obtaining a unique solution is that
the number of diﬀerent calibration points must be at least
equal to the number of array elements [3].
In comparison to the open-circuit voltage method, the
calibration method is more suitable for the characterization
of mutual coupling in receiving arrays since C) is calculated
using vectors obtained in the receiving mode. The accuracy
of C) depends on both the complexity of the antenna array
and the number of calibration points. An interesting aspect
of the calibration method is that it can completely be
implemented experimentally and yield an accurate estimate
of the coupling matrix if the number of calibration points
is suﬃcient. However, the procedures involved in the determination of the terminal voltage vectors, either through
experimental measurements or numerical calculations, can
be tedious.
2.3. Full-Wave Method. The full-wave method was formulated in [4] in 2000. The method directly uses the interaction
matrix numerically calculated by the method of moments
(MoM). The MoM requires the array elements to be

(16)

where YMoM = ZMoM −1 .
For clarity, the full-wave method was illustrated in [4]
using an array of two elements comprised of three segments
each. Here, the method is generalized to an arbitrary number
of vertical wire elements having an arbitrary number of segments. The excitation vector is proportional to the incident
signals illuminating the segments and can, therefore, be
expressed as


vMoM = v1 v2 · · · vN

T

(17)

,

where [·]T denotes the transpose operation, N is the number
of array elements, and
vi = Vi Φi ,

(13)

Therefore, the coupling matrix is estimated by the leastsquare solution of (13) given by

(15)

where vMoM is the excitation vector whose entries are the
excitation of each of the segments, i is the current vector
whose entries are the currents on each segment, and ZMoM
is the interaction matrix. To calculate currents based on a
known excitation, (15) is inverted to give

(12)

However, in practical situations, the number of diﬀerent
calibration points is ﬁnite, and (12) becomes



vMoM = ZMoM i,

(10)

where M is the number of calibration points. Based on the
knowledge of the individual DOAs of the calibration points,
the matrix Videal is formed as follows:

C) = V Videal H Videal Videal H

discretized into electrically small segments in order to solve
for the current distribution resulting from an excitation.
As an example, Figure 1 shows a single dipole, discretized
into K segments of length Δz, centrally terminated into the
load impedance ZL . The MoM yields a convenient matrix
equation that relates the excitations to the currents

where

'

1

(18)

Ki

2

Φi = e j(2π/λ)zi cos θ e j(2π/λ)zi cos θ · · · e j(2π/λ)zi

(
cos θ

.

(19)

This formulation is valid for the illumination of the array by
plane waves since the excitation of the segments of a given
element, i, only varies as a function of θ, λ, and the vertical
position of the segments given by zik . The superscript k used
in the latter expression designates the segment number for
element i, and its largest value is given by Ki . The common
term Vi is a complex scalar value proportional to the external
excitation of element i based on its horizontal position. Here,
it is important to note the following relation with respect to
the incident signal vector discussed in Section 2


videal = V1 V2 · · · VN

T

.

(20)

The entries of YMoM relating the incident signals to the
terminal currents are given by the rows of YMoM whose
indexes correspond to the segment indexes of the terminals.
These rows are used to form YT in the new equation for the
terminal currents
iT = YT vMoM .

(21)

By subdividing matrix YT into N 2 row vectors yij comprised
of K j entries and substituting (17) into (21), (21) can be
expressed as
iT = YT videal ,

(22)

4

International Journal of Antennas and Propagation
) When this condition is satisﬁed,
accurate calculation of C.
ZMoM is given by [8]

K

⎡

···

Z1N

Z22 + ZL2 · · ·

Z2N

Z11 + ZL1

..
.

YTK

ZMoM

⎢
⎢
⎢
⎢
=⎢
⎢
⎢
⎣

Z21

Z12

..
.

..
.

ZN1

ZN2

..

.

..
.

⎤
⎥
⎥
⎥
⎥
⎥.
⎥
⎥
⎦

(27)

· · · ZNN + ZLN

θ

..
.

If Z is deﬁned as the ZMoM matrix when all the elements are
short circuited, that is, ZL1 = ZL2 = · · · = ZLN = 0, then
using (15), it is seen that

ZL
sθ
co
z
Δ

YT1

v = ZL i

..
.

YT2

= ZL ZMoM −1 vMoM

(28)

−1

= ZL (ZL + Z) vMoM .

2
1

For a single segment per element, vMoM = videal , and (28)
becomes

Δz

Figure 1: Geometry of the full-wave method for a single vertical
dipole, centrally terminated into load impedance ZL , discretized
into K segments having an equal length of Δz, and illuminated by a
plane wave arriving from an elevation angle θ. The coeﬃcients YTk
describe the interactions between the excitation of segment k by the
plane wave and the dipole terminals.

where
⎡

y11 Φ1 T y12 Φ2 T · · · y1N ΦN T

⎤

⎢
⎥
⎢y Φ T y Φ T · · · y Φ T ⎥
22 2
2N N ⎥
⎢ 21 1
⎢
⎥
⎥.
YT = ⎢
..
..
..
..
⎢
⎥
⎢
⎥
.
.
.
.
⎣
⎦
yN1 Φ1 T yN2 Φ2 T · · · yNN ΦN T

(23)

v = ZL (ZL + Z)−1 videal .

(29)

This equation is similar to (4)-(5). Therefore, the opencircuit voltage method is accurate for arrays of electrically
small elements.
2.4. Receiving Mutual Impedance Method. The receiving mutual impedance method was proposed in [5] in 2003. In an
attempt to address the main deﬁciency of the open-circuit
voltage method of inaccurately modeling receiving arrays,
the method involves a new deﬁnition of mutual impedances.
Instead of calculating the mutual impedances in the transmission mode, they are calculated in the receiving mode
under external plane wave excitation. The mutual impedances are then given by

The terminal voltages are given by
v = ZL i T ,

(24)

where ZL is a diagonal matrix whose entries are the individual load impedances at the terminals of each element. Substituting (22) into (24) gives
v = ZL YT videal .

(25)

It follows that the coupling matrix is estimated using
C) = ZL YT .

(26)

The main advantage of the full-wave method is that
the coupling matrix estimate is very accurate provided that
the MoM numerical model is also accurate. However, the a
priori knowledge of the elevation angle of incoming signals is
) An equivalent method not limited to
required to compute C.
the MoM has been presented in [11].
An interesting case occurs for electrically small elements,
where a single segment per element is required for the

Zi j =

Vi j
,
Ij

(30)

for i =
/ j, where I j is the current induced in ZL j by the
external plane wave, and Vi j is the voltage induced across
ZLi , that is solely due to the excitation of element j. Hence,
the procedure involved for computing Vi j in (30) requires the
subtraction of the induced voltage across ZLi in the absence of
element j from the induced voltage across ZLi in the presence
of element j. By superposition, the terminal voltages are
given by
Vi = Videali +
i=
/ j

Zi j I j .

(31)

Substituting I j = V j /ZL j into (31), the incident signals are
given by
Videali = Vi −

Zi j
Vj.
Z
i=
/ j Lj

(32)
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Equation (32) can be expressed in the following convenient
matrix equation:

2

) ideal ,
v = Cv

0

(33)

−2

where
Z12
Z1N ⎤−1
−
··· −
⎢ 1
ZL2
ZLN ⎥
⎢
⎥
⎢ Z21
Z
2N ⎥
⎢−
⎥
1
·
·
·
−
⎢ Z
⎥
Z
⎢
⎥
L
L
1
N
C) = ⎢
.
..
.. ⎥
..
⎢ ..
⎥
⎢ .
⎥
.
.
.
⎢
⎥
⎢
⎥
⎣ ZN1
⎦
ZN2
−
−
···
1
ZL1

Go (dB)

⎡

(34)

ZL2

The receiving mutual impedance method was demonstrated to be superior to the open-circuit voltage method
in applications of direction ﬁnding and adaptive nulling
[1]. Similar to the open-circuit and calibration methods,
it is well suited for practical implementation where the
mutual impedances of (30) can be measured instead of
being calculated numerically. In comparison with the fullwave method, it claims to oﬀer the additional advantage of
not requiring a priori knowledge of the elevation angle of
incoming signals. However, this relies on the assumption
that the current distributions remain unchanged irrespective
of the elevation angle. As acknowledged in [12], this is not
necessarily true. Moreover, the currents in (31) are assumed
to be equal to those in (30) despite the presence of only two
elements in the latter equation and of all the elements in the
former equation. This problem was addressed in the new
mutual impedance calculation approach presented in [13,
14]. This approach elegantly reduces the number of coupling
parameters that must be estimated in the calibration method
described in Section 2.2, reducing the minimum number of
calibration points to N − 1. Consequently, its performance
is more an improvement of the calibration method than it is
an improvement of the receiving mutual impedance method,
despite its name. It is also assumed in the receiving mutual
impedance method that the current distributions used in
(30) are independent of the DOA of the external excitation.
These assumptions may be violated when the elements
are very closely spaced. Therefore, the method cannot be
expected to provide an accurate estimate of the coupling
matrix for arbitrary frequencies and array conﬁgurations.

3. Performance Comparison of Mutual
Coupling Compensation Methods
To evaluate the wideband performance of the MCC methods
discussed in Section 2, simple dipoles are selected. Although
dipoles are generally not used in wideband applications, they
are nevertheless a useful tool for the performance analysis
at multiple frequencies due to their simplicity. Also, for
applications such as wideband direction ﬁnding, they are
often employed to cover bandwidths exceeding 5 : 1. Their
individual performance can be measured by their realized
gain [15], which takes into account both the impedance
mismatch and the gain in the direction of interest. It is,

−4
−6
−8

−10

0.4

0.6

0.8

1

1.2

1.4

1.6

L/λ
ZL = 200 Ω
ZL = 300 Ω

ZL = 50 Ω
ZL = 100 Ω

Figure 2: Realized gain of a single vertical dipole of length equal
to 1.6 times the smallest operating wavelength, centrally terminated
into various values of load impedance ZL .

therefore, a measure of performance in comparison to a
hypothetical perfectly matched isotropic antenna. The realized gain is given by






 



Go φ, θ = 1 − |Γ|2 G φ, θ ,

(35)

where G(φ, θ) is the directional gain, and Γ is the reﬂection
coeﬃcient resulting from the impedance mismatch. The
latter is given by
Γ=

ZL − ZANT
,
ZL + ZANT

(36)

where ZANT is the input impedance of the antenna and ZL is
the load impedance connected to its terminals. It is veriﬁed
that a perfectly matched isotropic antenna yields unity in
(35). The realized gain of a dipole antenna having a length
of 1.6λo and a radius of λo /200, where λo is the smallest
wavelength of interest, and centrally terminated into various
values of load impedance ZL , is shown in Figure 2. The
minimum acceptable realized gain is dependent upon the
intended application. In applications of wideband direction
ﬁnding, for example, a minimum value of −10 dB is often
accepted. The realized gain of Figure 2 is calculated using the
MoM-based numerical electromagnetic code (NEC) [16] for
θ = 90◦ . Since only the performance of a single dipole is
calculated, it is independent of azimuth angle. It is seen that
using a large value of load impedance raises the realized gain
between the ﬁrst two resonances of the dipole at L ≈ 0.5λ
and L ≈ 1.3λ. Load impedances of 300 Ω are, therefore,
used in the remainder of this paper. An interesting advantage
of operating near the second resonance can be observed in
Figure 2 since the realized gain is maximum at L ≈ 1.2λ due
to the maximum directional gain achieved at this frequency.
For the wideband analysis, a planar array of nine of these
dipoles is used, as illustrated in Figure 3. To avoid grating
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Figure 3: Nine-dipole array geometry used for the wideband analysis. The dipoles are placed in a planar array arrangement where the
separation between them is given by d. The terminal voltages are measured across the load impedances located at the center of each of the
dipoles.

lobes for any steering direction, the separation between the
elements is ﬁxed to d = 0.5λo . Smart antennas generally
aim at maximizing the output signal-to-noise ratio (SNR).
A common measure of their eﬀectiveness in achieving this
goal is the array gain given by [17]
A=

SNRout
,
SNRin

(37)

where SNRin and SNRout are the SNRs at the input and
output of the signal processor, respectively. In the presence
of receiver noise with no interferers, the terminal voltages are
described by
v = s + n,

(38)

where s = Cvideal , and the column vector n contains the noise
at each array element. The SNRin in (37) is obtained using the
entries of v in (38)
 3N

SNRin = E 3Ni=1

|si |


2

i=1 |ni |

2


=E



videal H C H Cvideal
,
nH n

(39)

where E(·) denotes the statistical expectation over time.
Assuming ergodicity and uncorrelated noise at the elements,
(39) becomes
SNRin =

videal H C H Cvideal
,
Nσo2

(40)

where σo2 is the noise power. As illustrated in Figure 4, the
signal at the output of the processor is given by
y = wH v = wH Cvideal + wH n,

(41)

where the column vector w contains the weights applied to
each of the elements. Using (41), the SNRout in (37) is obtained by
SNRout = E


 
wH Cvideal 2


|wH n|

2



(42)

videal H C H wwH Cvideal
.
=E
wH nnH w
Since the noise is uncorrelated, E(nnH ) = σo2 I, and (42)
reduces to
SNRout =

videal H C H wwH Cvideal
.
σo2 wH w

(43)

Substituting (40) and (43) into (37) yields
A=N

videal H C H wwH Cvideal
.
wH wvideal H C H Cvideal

(44)

Recently, [18, 19] demonstrated that adaptive beamforming based on the minimum-mean-square-error (MMSE)
algorithm only gains a slight improvement in convergence
rate as a result of MCC. It is found that MCC does not yield
a lower mean square error (MSE) between the array output
and the reference signal in the steady state. Similarly, the
array gain in (44), provided by adaptive array processing,
converges to the same value as that in the absence of MCC.
However, in certain applications, the signal statistics change
too rapidly for adaptive array processing to be eﬀective.
For DOA estimation, adaptive processing is also generally
not an option. It is, therefore, insightful to evaluate MCC
methods in the deterministic case where the signal statistics
are known. The optimum weights in the deterministic case
are simply given by
) ideal .
w = Cv

(45)
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W1∗

×

V1

W2∗

×

V2

+

y

accurate, the array gain obtained following MCC based
on this method approaches N in general, and 9 in the
speciﬁc case of the nineelement array. Therefore, the fullwave method is used here as a reference to evaluate the other
three methods. The array gain obtained using each method is
also compared against that obtained in the absence of MCC
as given by (47). For all the MCC methods, the estimated
coupling matrix C) is calculated based on currents computed
using NEC at 51 diﬀerent frequencies within the operating
frequency range of the dipoles. The array gain is calculated
using (46) for a signal known to be arriving from φ = 0◦ and
θ = 90◦ , that is, from the positive x-axis.

..
.

WN∗

×

VN

Figure 4: General smart antenna block diagram. The terminal
voltages of the array elements are individually multiplied by the
conjugated weights. The summation of the weighted voltages yields
the smart antenna output y.

In the absence of mutual coupling, C) = I, and the weights in
(45) can be veriﬁed to be equal to those generally employed
in conventional uniformly weighted phased arrays. If the
coupling matrix is perfectly known, C) = C, and the use of w
in (45) ensures that the required signals are added coherently
based on the relative phases of the signals at each element
contained in Cvideal . By multiplying the conjugate of each
weight with Cvideal in (41), the phases of the required signals
are veriﬁed to vanish, and the output SNR is maximized.
Substituting (45) into (44), the array gain becomes
A=N

) ideal videal H C)H Cvideal
videal H C H Cv
.
H
H
)
) ideal videal H C H Cvideal
videal C Cv

(46)

It is veriﬁed that when C) = C, (46) reduces to A = N. In
other words, in the perfect knowledge of the coupling matrix,
the optimum array gain is achieved, and it is equal to the
number of elements. When mutual coupling is ignored and
no MCC is implemented, the coupling matrix is assumed to
be C) = I. The weights are then given by w = videal , and the
array gain is
A=N

videal H C H videal videal H Cvideal
.
videal H videal videal H C H Cvideal

(47)

In the next three subsections, (46) is used to evaluate
the performance of the open-circuit voltage, calibration and
receiving mutual impedance methods for the nineelement
planar array. As discussed in Section 2.3, since the coupling
matrix calculated using the full-wave method approaches
the actual coupling matrix when the numerical model is

3.1. Open-Circuit Voltage Method Performance. As described
in Section 2.1, the coupling matrix can be estimated by
successively exciting one of the array elements with a voltage
source at its terminals while all the other elements are
short circuited. For the nine-dipole array, this technically
requires nine diﬀerent calculations. Since the nine dipoles
are identical and are terminated into equal load impedances,
symmetry can be used advantageously to reduce the number
of calculations. Based on symmetry, the currents resulting
from only three diﬀerent conﬁgurations need to be calculated. As shown in Figure 5(a), a voltage source is ﬁrst
applied at the terminals of element 8, and the currents in the
segments corresponding to the shorted terminals of the other
elements are calculated. These are used to ﬁll the column
numbered 8 of the mutual admittance matrix according to
(7). Thanks to symmetry, the entries of column 8 can be
reused to ﬁll columns 2, 4, and 6. Similarly, by exciting
element 7 as illustrated in Figure 5(b), columns 1, 3, 7, and
9 of the mutual admittance matrix are ﬁlled. Finally, by
exciting element 5 as shown in Figure 5(c), column 5 of the
mutual admittance matrix is ﬁlled. The mutual admittance
matrix is then inverted according to (8) to obtain the mutual
impedance matrix, which is then substituted into (5) to
) Since the nine elements are to be terminated into
calculate C.
300 Ω, ZL in (5) is given by 300I.
The coupling matrix estimate calculated at the 51
diﬀerent frequencies is substituted into (46) to calculate the
resulting array gain. The result is shown in Figure 6. The
array gain using the open-circuit voltage method is seen to
provide a signiﬁcant improvement over the uncompensated
case for frequencies below d ≈ 0.2λ. These include the ﬁrst
resonant frequency at d ≈ 0.1875λ. This result is consistent
with most previously published work where the analysis
was done at frequencies where the elements were generally
half-wave dipoles and, thereby, operating at ﬁrst resonance.
Although the electrical spacing of the elements is smaller at
the ﬁrst resonant frequency for the array being studied in
this paper, there is, nevertheless, some performance improvement. However, the performance degrades signiﬁcantly as
frequency increases, reaching a minimum array gain of
approximately 4.5 at d ≈ 0.3λ. Between d ≈ 0.2λ and
d ≈ 0.43, a detrimental eﬀect of implementing MCC using
the open-circuit voltage is observed since ignoring mutual
coupling would yield better performance. The method is
seen to yield results that are highly dependent on frequency.

8

International Journal of Antennas and Propagation
1
1

3

2

4
4

5

8

6

5

6
z

7

3

2

7

8

z

9

9

Vj

Vj

y

y
x

x
(a)

(b)

1

4

3

2

5

6
z

Vj
7

8

9
y
x
(c)

Figure 5: Required calculations for the open-circuit voltage method based on symmetry considerations. In (a), induced terminal currents
by the excitation of element 8 using a voltage source are used for those by the excitation of elements 2, 4, and 6. In (b), induced terminal
currents by the excitation of element 7 are used for those by the excitation of elements 1, 3, and 9. Finally in (c), induced terminal currents
by the excitation of element 5 are only used for this element since no other element has the same surrounding electromagnetic environment.

The only frequencies where the array gain approaches that
for the full-wave method are the lowest frequencies. As
discussed in Section 2.1, this is expected since for small
electrical dimensions of the elements, the excitation can be
approximated as being only at the terminals. It was shown in
Section 2.3 that when this approximation is valid, then the
open-circuit voltage method yields accurate results.
3.2. Calibration Method Performance. An important consideration in the implementation of the calibration method
is the number of calibration points selected. As mentioned
in Section 2.2, a number of calibration points equal to at
least the number of elements is required to obtain a unique
solution to (13). However, depending on the complexity of
the array, this number may not be suﬃcient to obtain an
accurate coupling matrix estimate. For the nine-dipole array,
nine calibration points were found to be insuﬃcient when
they are equispaced over 360◦ beginning at 0◦ . However,
the implementation of [13, 14], discussed in Section 2.4,
was veriﬁed to give satisfactory performance with as little
as nine calibration points. The array gain obtained using
the implementation of Section 2.2 with 16, 18, and 360
calibration points is shown in Figure 7. In each case, the
terminal voltages are calculated under plane wave external
excitation over 360◦ beginning at 0◦ . The azimuth intervals
are given by 22.5◦ , 20◦ , and 1◦ , respectively.
It is observed that the resulting performance using
only 16 calibration points shows important variations with

respect to frequency. The number of calibration points is
visibly too small. It is interesting to see that adding only two
calibration points yields a much better performance where
the array gain is seen to reach the optimal value of 9 at d ≈
0.12λ and remains constant as frequency increases. Increasing the number of points even more has the eﬀect of reducing
the frequency at which the optimal array gain is reached. For
360 calibration points, the array gain is, therefore, very close
to 9 at the lowest frequency of interest. When the number of
calibration points is too small, Videal Videal H in (14) has a high
condition number. Consequently, C) is inaccurate and yields
suboptimal performance. This problem is exacerbated at
lower frequencies since the phase shifts between the signals in
Videal are smaller. The only way to ensure that C) is accurate is
by increasing the number of calibration points. As indicated
by the above example, if some performance tradeoﬀs are
acceptable, especially at low frequencies, it is possible to limit
the number of points to a reasonable value in order to reduce
the amount of computations or measurements.
3.3. Receiving Mutual Impedance Method Performance. Similar to the open-circuit voltage method in Section 3.1, the
receiving mutual impedance method necessitates multiple
calculations for the determination of the mutual impedances
given by (30). Although several variants are found in the
literature for determining the receiving mutual impedances,
including one where all of the elements are simultaneously
excited by a plane wave instead of exciting each element
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Figure 6: Array gain using the open-circuit voltage method as a
function of the electrical separation (d/λ) between the elements
of the nine-dipole planar array for a signal arriving from φ = 0◦ .
Maximum gain is achieved as d/λ → 0. The implementation of the
open-circuit voltage method yields a degradation in performance
between d ≈ 0.2λ and d ≈ 0.43, where the gain reaches lower
magnitudes than those of the uncompensated case.

pair separately, the element pairs are treated separately here
for better accuracy. This implementation of the method
technically ﬁrst requires N calculations where each element
is excited separately in the receiving mode. Then N(N − 1)
more calculations are required to calculate Vi j in (30) for the
N − 1 elements excited by the N diﬀerent I j . Therefore, a total
of N 2 diﬀerent calculations are required. By taking advantage
of symmetry, this number can be reduced to six for the
nine-dipole array to take into consideration all the diﬀerent
conﬁgurations of element pairs. The six diﬀerent conﬁgurations used in the calculations are illustrated in Figure 8.
Since the nine dipoles are identical and are terminated into
equal load impedances, only one element needs to be excited
separately. In Figure 8(a), element 9 is arbitrarily selected for
the separate excitation. Then, in Figures 8(b)–8(f), Z95 , Z96 ,
Z92 , Z93 , and Z91 are calculated, respectively, according to
(30). Based on symmetry, these mutual impedances are then
reused to completely ﬁll the coupling matrix estimate in (34)
where the load impedances, ZLi , are replaced with 300 Ω. To
verify whether the assumption stated in Section 2.4 that the
current distributions are independent of the excitation DOA,
C) is calculated for excitation DOAs of 0◦ , 45◦ , 90◦ , and 135◦ .
The array gain obtained using the four diﬀerent excitation
DOAs is shown in Figure 9.
The performance of the receiving mutual impedance
method is observed to be impressively good for frequencies
below d ≈ 0.3λ where the gain approaches the optimal value
for any excitation DOA. At higher frequencies, there is a
degradation in performance although it remains superior to
that when no MCC is implemented. Also, the performance
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Figure 7: Array gain using the calibration method as a function
of the electrical separation (d/λ) between the elements of the
nine-dipole planar array for a signal arriving from φ = 0◦ .
The performance of the calibration method is dependent on the
number of calibration points. Instability in the estimation of
the coupling matrix yields erratic performance for 16 calibration
points. Maximum gain is reached at lower frequencies as the
number of calibration points increases.

becomes dependent on the excitation DOA used in the
) An excitation DOA of φ = 90◦ is seen to
calculation of C.
provide the best results among the four DOAs up to d ≈
0.43λ, and an excitation DOA of φ = 135◦ provides the best
results above this frequency. The degradation in performance
and the dependence on the excitation DOA are explained
by the incorrect assumption that the current distributions
are unaﬀected by the presence of the other elements, as
discussed in Section 2.4. Due to the alteration of the current
distributions when the elements are in the presence of one
another, the symmetry used in ﬁlling C) is also questionable.

4. Performance Comparison of Mutual
Coupling Compensation Methods for
Arbitrary Elevation Angle
Finally, the performance of the MCC methods can be
compared for signals arriving from θ =
/ 90◦ . As mentioned
in Section 2.4, an important advantage of the receiving
mutual impedance method over the full-wave method is
that no assumption needs to be made with respect to the
elevation angle of incoming signals. To verify the relevance
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methods (RMI). The performance of the two methods degrades as
frequency increases. The RMI method is slightly superior to the fullwave method for the plotted frequencies. For d/λ > 0.35, the opencircuit method is superior to all the other methods.
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Figure 9: Array gain using the receiving mutual impedance (RMI)
method as a function of the electrical separation (d/λ) between the
elements of the nine-dipole planar array for a signal arriving from
φ = 0◦ . Maximum gain is achieved for d/λ < 0.3. The performance
degrades as frequency increases and becomes dependent on the
excitation DOA used in the computation of the coupling matrix
estimate. Nevertheless, it is superior to that of the uncompensated
case for all the plotted frequencies.

of this, the array gain is calculated for the nine-dipole
array with an incoming signal arriving from φ = 0◦ and
θ = 45◦ . Although the coupling matrix can be estimated
accurately using the full-wave method in the deterministic
case, the coupling matrix calculated for θ = 90◦ is used
to evaluate the impact of relying on the same coupling

matrix regardless of the elevation angle. The coupling matrix
estimated using 18 points is selected for this example since it
provided satisfactory results in Section 3.2. For the receiving
mutual impedance method, the excitation DOA of 135◦ is
selected based on its best overall wideband performance in
Section 3.3. The results are shown in Figure 10.
For this value of elevation angle, the receiving mutual
impedance method is observed to provide nearly optimal
gain up to d ≈ 0.25λ. Compared to the performance obtained
for θ = 90◦ , there is a reduction in the bandwidth over
which the method yields optimal results. Beyond d ≈ 0.35λ,
the implementation of the method is seen to be detrimental
since it yields a signiﬁcantly lower gain than without MCC,
except for a narrow range of frequencies around d ≈ 0.475λ.
However, it is veriﬁed that the receiving mutual impedance
method is superior to the full-wave method over all the
plotted frequencies. Unfortunately, the improvement in
performance is very small, reaching approximately 2.5% over
the range of frequencies where the two methods are superior
to all the other methods. Beyond d ≈ 0.35λ, it is simply better
to use the open-circuit voltage method since it provides
better performance.
The performance degradation of MCC methods observed in this section is explained as follows. The vertical
phase shifts of incident signals along the array elements
become more important as the frequency increases, causing
square coupling matrices to be less accurate in quantifying
mutual coupling for all elevation angles. For array elements
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having large horizontal dimensions, such as some printed
circuit type antennas, horizontal phase shifts of the incident
signals are an additional complication. Mutual coupling in
such antennas, as well as vertical wire antennas illuminated
by signals of arbitrary elevation, may be better described by
nonsquare coupling matrices, as discussed in [11].

5. Conclusions
Various mutual coupling compensation methods were compared over a wide range of frequencies. Through the accurate quantiﬁcation of their wideband performance, their
limitations were outlined. It was shown that only the fullwave method yields accurate results at all frequencies, provided that the numerical model is accurate. The opencircuit voltage method is only accurate when the elements
are electrically small and was shown to yield a performance
approaching that of the full-wave method when the array
elements can be approximated by a single segment. Although
the receiving mutual impedance method is accurate over a
larger range of frequencies, its performance degrades significantly when the array elements become electrically larger.
For example, it was shown that the method is not accurate
for dipoles operating at the second resonant frequency. Due
to the resulting instability in the computation of the coupling
matrix estimate, the calibration method is less accurate and
requires a larger number of calibration points when the distance between the array elements becomes electrically small.
The only limitation of the full-wave method with respect
to the other three methods is that the coupling matrix can
generally only be evaluated theoretically. The other methods
can evaluate the matrix experimentally, but the required
number of measurements was shown to vary, with the opencircuit voltage method requiring the least. It was demonstrated that the receiving mutual impedance method only
provides a marginal advantage over the full-wave method in
the sense that it does not require a priori information on the
elevation angle of incoming signals. The results presented
here can be useful for both wideband and narrowband receiving antenna arrays.
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A relay station (RS) is a smart transceiver used under a 4G wireless network in order to extend network’s coverage and capacity. It
uses an antenna system that includes an antenna for connecting the relay with the end users (access link) and the RS with the base
station (backhaul link). In this paper, a 7.9 dBi access and 11.4 dBi backhaul antennas are presented for the frequency range of 3.3
to 3.8 GHz. The antennas are simulated and fabricated, and relevant measured results in terms of return loss and radiation pattern
are presented and analyzed. Considering that the planes of those two antennas are positioned in an angle ω (omega), two antenna
conﬁguration geometries are tested in terms of coupling. The experimental results of S21 for several values of the angle ω show that
the interaction between the radiating elements is dependent on their relative position. Simulated and experimental results are in
good agreement, showing coupling typically less than −40 dB. A comparison in terms of coupling between the proposed antennas
and commercial ones proves that the suggested antennas provide 10 dB lower coupling.

1. Introduction
Relay stations (RSs) are network element devices, designed to
ﬁll holes in the base station (BS) coverage. They receive, enhance, and then retransmit the signal after digital processing
[1]. The antenna system is critical to the operation of the
relay station (RS). It aims to connect RS with BS realizing the
backhaul connection and RS with user subscribers, realizing
the access link. Relays can be used in many wireless networks.
The present study refers to a WiMAX wireless network in the
range of 3.3 to 3.8 GHz.
Figure 1 summarizes the operation of an antenna system
showing that relay station can be an intermediate link between base station and end user. Such a topology can ensure
high quality of data transmission using an antenna system
that can eﬃciently receive and transmit information.
Many antennas have been proposed for use in the WiMAX
frequency range, such as U and C slot antennas [2, 3], Ushaped patches [4], and PIFA [5]. Another important issue
associated with the antenna is coupling. Coupling is a phe-

nomenon that expresses the level of interaction between radiation elements. It is necessary to maintain coupling as low
as possible to prevent distortion of the transmitted signal.
Several studies have been carried out, investigating methods
to predict and evaluate mutual coupling [6–9]. Also special
attention has been given to mutual coupling reduction, by
placing resonators between radiating elements [10] or by using planar EBG structures [11, 12].
In this paper, two simple, low-cost planar antennas, based
on microstrip technology, one for the access link and one for
backhaul link, are designed and presented. These antennas
are compared to commercial ones, and their features are outlined. The two proposed antennas are positioned together
and are examined in terms of coupling. Experimental and
simulated results of S21 are presented and compared. A clear
relation between coupling and the angle between the access
and backhaul antenna is found. Finally, a coupling comparison between the suggested and commercial antennas is
performed, and corresponded results are depicted.
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Figure 2: Antenna geometry and measurements; (a) antenna model, (b) antenna prototype.

2. Access Antenna
An access antenna was simulated and fabricated, and the
relevant results are depicted below. Four patches (radiating
elements) fed by microstrip lines are placed on FR4 substrate
(εr = 4.4, h = 1.6 mm). The excitation is realized by a coaxial
cable which is connected to microstrip line. The simulated
antenna is depicted in Figure 2(a), while the fabricated one
can be seen in Figure 2(b). Access antenna’s dimensions are
12.5 cm × 10 cm. Simulations have been performed using
Ansoft HFSS v.12. Measurements of return loss (S11 ) and
radiation pattern have been taken in an anechoic chamber.
The S11 parameter as a function of frequency is depicted.
Figure 3 depicts the simulated and measured curves of S11 as
a function of frequency, for the access antenna. Curves are in
good agreement, showing resonance at 3.5 GHz.
For the experimental estimation of S11 , a Vector Network
Analyzer was used (Anritsu VNA MS2036A). Before measurements, calibration was performed in order to take into
consideration the cable losses and increase the level of experiment accuracy. The excitation of access and backhaul
antennas is realized by a coaxial cable which feeds the microstrip line. In the connecting point between cable and microstrip line, losses are introduced that reduce the amount of

power that enters the antenna. That is why this antenna presents narrow bandwidth [13].
Access antenna presents S11 = −14.23 dB for 3.5 GHz.
The impedance bandwidth of the antenna is estimated to be
31.8 MHz (S11 < −10 dB [14]). The radiation pattern of the
simulated and fabricated antenna is illustrated in Figure 4(a)
for yz plane at 3.5 GHz. Half-power beamwidth (HPBW)
is 35.96◦ . The antenna presents gain G = 7.94 dBi in the
direction of maximum emission. Let us mention here that
FR4 substrate has an increased loss tangent (tan δ = 0.02)
which means low-quality factor and thus increased dielectric
losses. That is why the antenna gain appeared to be less than
what is expected but high enough to support the access link.
The radiation pattern in xz plane is depicted in
Figure 4(b), presenting HPBW = 51.07◦ .
Figures 4(a) and 4(b) also depict the simulated cross polarization level of the access antenna. Cross polarization expresses the amount of power-emitted orthogonal to the desired direction, and it has to be as low as possible. Surface
waves are dependent of the substrate and give rise to cross
polarization. For minimizing these waves, materials with low
dielectric losses could be chosen.

3. Backhaul Antenna
An antenna array intended to be used for connecting the
relay with the base station is presented in this section.
The simulated and constructed antenna can be seen in
Figures 5(a) and 5(b), respectively. Backhaul antenna’s dimensions are 25.5 cm × 21.5 cm.
The S11 parameter for the simulated and fabricated antenna is shown below (Figure 6) where a slight diﬀerence is
attributed to the imprecise process of construction.
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Figure 4: (a) Radiation pattern of access antenna in yz plane for 3.5 GHz. (b) Radiation pattern of access antenna in xz plane for 3.5 GHz.

Table 1: Access and backhaul antenna features.

Access antenna
Commercial access
antenna
(1SKF-333808W)
Backhaul antenna
Commercial
backhaul antenna
(TSWL315177)

7.9

HPBW (degrees) xz
plane
51.07

HPBW (degrees) yz
plane
35.96

−15.08

8

68

—

500

−20.46

11.4

25.45

18.20

83.9

−18.48

18

17

—

400

S11 (dB) for 3.5 GHz

Gain (dBi)

−14.23

Backhaul antenna presents S11 = −20.46 dB at 3.5 GHz,
and impedance bandwidth is equal to 83.9 MHz. A second
resonance frequency appeared at 3.9 GHz where S11 =
−14.17 dB. The gain of the backhaul antenna has been found
to be 11.4 dBi for 3.5 GHz. Gain could be greater if a substrate
of lower dielectric losses was used.
The radiation pattern is presented in Figure 7(a) where a
narrow beam is noticed due to the increase in the number of
radiation elements compared to the case of the access antenna. HPBW has been measured 18.2◦ .
The radiation pattern in xz plane is presented in
Figure 7(b). In this case, HPBW = 25.45◦ .
Figures 7(a) and 7(b) also represent the cross polarization
level which appeared to be increased due to the FR4 substrate.
Measured access and backhaul antenna characteristics are
denoted in Table 1.

Bandwidth (MHz)
31.8

Gain and bandwidth are increased in the case of the backhaul antenna due to the larger number of radiation elements
(16 elements) compared to the access antenna (4 elements).
Also half-power beamwidth (HPBW) is decreased in the
backhaul antenna. In addition, a comparison is performed
between the proposed antennas and relevant commercial
ones. Regarding access antenna, model 1SKF-333808W is a
panel antenna presenting HPBW = 68◦ , gain 8 dBi, and bandwidth 500 MHz. The proposed access antenna gives similar
gain but less HPBW and bandwidth due to FR4 substrate.
Bandwidth could be enlarged by using a substrate of lower
loss tangent such as Rogers RO 3006 (εr = 6.15, tan δ =
0.0025) or Rogers RT Duroid 5880 (εr = 2.2, tan δ = 0.0009).
Wider bandwidth could also occur using stacked geometry
including two or more substrates separated by air gaps. FR4
substrate was chosen because of its low cost and ease of fabrication. Regarding backhaul antenna, the commercial one
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Figure 5: Backhaul antenna geometry and measurements. (a) Backhaul antenna model, (b) backhaul antenna prototype.
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Figure 6: S11 parameter for backhaul antenna.

presents enhanced bandwidth and gain. The proposed backhaul antenna uses low-cost FR4 substrate which has high
loss tangent that leads to limited gain, bandwidth, and high
sidelobes. The design of access and backhaul antenna has
been made maintaining low cost of fabrication and low complexity level. Both antennas can be improved in terms of gain
and bandwidth by using stacked geometries and dielectrics
of low losses.
Both access and backhaul antennas operate at the same
frequency and provide a limited radio bandwidth. This is not

Figure 7: (a) Radiation pattern of backhaul antenna in yz plane for
3.5 GHz. (b) Radiation pattern of backhaul antenna in xz plane for
3.5 GHz.

a drawback if we take into consideration that the relay station provides high spectral eﬃciency. Since both proposed
antennas have the same resonant frequency and the relay station performs in the simultaneously transmit-receive (STR)
mode, it is necessary to examine the coupling phenomenon
between the antennas.

4. Coupling Effects Study
Two cases of conﬁguration between the proposed antennas
are examined. These conﬁgurations are shown in the ﬁgures
that follow. Coupling between the two antennas in terms of
S21 is measured using Anritsu VNA MS2036A, and results are
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0.52 λ0

(a)

(a)

0.52 λ0
(b)

Figure 8: Antenna arrangements under test; (a) conﬁguration 1,
(b) conﬁguration 2.

depicted. The tested setup is depicted in Figure 8 where two
similar conﬁgurations are shown.
Coupling measurements have been taken in anechoic
chamber to achieve precision and validity of results.
Figures 9(a) and 9(b) show the experimental setup. The distance between two adjacent radiation elements of access and
backhaul antennas is 0.52 λo . This distance is adequate for
low mutual coupling [15] and maintaining the total size of
the antenna system as small as possible.
Study of conﬁgurations 1 and 2 due to the relative position of antennas can be considered as coupling investigation
in E-plane and H-plane, respectively.
4.1. Conﬁguration 1. In the ﬁrst case (conﬁguration 1), the
two antennas are put in such a way so that the angle between
them is ω = 180◦ and then ω increases with a step of 10◦ and
ﬁnally reaches 270◦ . The scheme that speciﬁes the proposed
setup can be seen in Figure 10.
Together with the experimental measurements, simulations of S21 as a function of the angle ω have been carried out.
Simulation and measurement of S21 for the case of ω = 180◦
is depicted in Figure 11(b).
Figure 11(b) shows that simulation and experimental
curve of S21 is located below −40 dB for the frequency range
of 3.4 to 3.6 GHz.
For ω = 190◦ , the experimental setup is depicted in
Figure 12(a) and the corresponded results in Figure 12(b).
For ω = 200◦ , the experimental setup is depicted in
Figure 13(a) and the corresponded results in Figure 13(b).
The experiment continues for ω = 210◦ till 270◦ with a
step of 10◦ . Coupling can change the operation frequency of

(b)

Figure 9: Access and backhaul antenna setup during coupling
measurements.

ω

Figure 10: The investigated setup.

an antenna and distort the radiation pattern; that is why it
is necessary to maintain coupling at a low level. Coupling effect is mainly caused by space waves that end up from one
antenna to another (Figure 14). It is also dependent on surface waves that travel through dielectric [15]. From the analysis performed for conﬁguration 1, it is derived that increasing the angle ω seems to reduce the density of ﬁeld lines that
end up from one antenna to the other thus reducing coupling
eﬀect.
4.2. Conﬁguration 2. In this case, the access and backhaul antennas are positioned as shown in Figure 15.
Together with the experimental measurements, simulations of S21 against angle ω for conﬁguration 2 have been performed. The case of ω = 180◦ is depicted in Figure 16(b).
Figure 16(b) represents the simulation and experimental
curve for S21 . Coupling is at an acceptable level (< −40 dB)
for the frequency range 3.4 to 3.6 GHz.
For ω = 190◦ , the corresponded results can be seen in
Figure 17(b).
For ω = 200◦ , the experimental setup is depicted in
Figure 18(a) and the corresponded results in Figure 18(b).
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Figure 12: (a) Conﬁguration for ω = 190◦ . (b) S21 for ω = 190◦ .
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Figure 11: (a) Simulation of access and backhaul antennas system
for conﬁguration 1 (ω = 180◦ ). (b) Simulation and experiment S21
for ω = 180◦ .

The experiment continues for ω = 210◦ up to 270◦ with
a step of 10◦ .
In conﬁguration 2, the coupling eﬀect is weaker compared to conﬁguration 1 as it produces S21 that varies from
−48 dB to −68 dB.

5. Results
In the tables that follow, the maximum value of experimental
S21 is denoted in the frequency range of 3.4 GHz to 3.6 GHz,
for each value of angle ω.
In Table 2, the maximum values of S21 in terms of angle
ω for the conﬁguration 1 are denoted. The frequency range
of interest is 3.2 to 3.8 GHz.
The maximum value of S21 as a function of the angle ω is
depicted in Figure 19.
Table 3 follows together with the corresponded S21 diagram. In Table 3, the maximum values of S21 in terms of
angle ω for the conﬁguration 2 are denoted. The frequency
range of interest is 3.2 to 3.8 GHz.

Table 2: S21 variation for conﬁguration 1.
Conﬁguration 1

ω (degrees)
180
190
200
210
220
230
240
250
260
270

S21 max (dB)
−47.67
−46.84
−49.15
−50.46
−50.3
−50.56
−50.83
−54.94
−54.92
−53.94

The maximum value of S21 as a function of the angle ω is
depicted in Figure 20.
Both conﬁgurations 1 and 2 provide a low level of coupling (S21 < −40 dB). Coupling appears to decrease nonlinearly while ω increases. Conﬁguration 2 is more acceptable
because S21 takes values lower than −50 dB for all angles of
ω. The simulated coupling results provide some conﬁdence
that the levels will remain low between the angles at which
measurements were performed.
A comparison in terms of coupling between the proposed
antennas and the commercial ones presented in Table 1
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Figure 13: (a) Conﬁguration for ω = 200◦ . (b) S21 for ω = 200◦ .
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Figure 14: Field lines that cause coupling eﬀect.

has also been performed. Both commercial and proposed
antennas have been measured in terms of coupling for ω =
270◦ . The Relay set up including the suggested access and
backhaul antenna can be seen in Figure 21.
Figure 22 shows coupling variations for commercial antennas and the proposed ones for conﬁgurations 1 and 2 at
ω = 270◦ .

Figure 16: (a) Simulation of access and backhaul antennas for conﬁguration 2 (ω = 180◦ ). (b)Simulation and experiment S21 for ω =
180◦ .

It is clear that both proposed conﬁgurations give lower
values of S21 compared to the commercial antennas proving
the eﬃciency and competence of the suggested setup.

6. Conclusions
This paper describes the design, simulation, and testing of
two microstrip antennas (access and backhaul). Antenna
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Figure 17: (a) Conﬁguration for ω = 190 . (b) S21 for ω = 190 .

Conﬁguration 2

ω (degrees)
180
190
200
210
220
230
240
250
260
270

S21 max (dB)
−55.56
−54.7
−57.34
−61.01
−60.26
−58.36
−59.1
−63.02
−65.35
−60.68

characteristics in terms of gain, bandwidth, and beamwidth
(HPBW) in xz and yz plane are approximately 8 dBi, 32 MHz,
51◦ , and 36◦ for the access antenna and 11.4 dBi, 84 MHz,
25.5◦ , and 18◦ for the backhaul antenna. S11 parameters
and radiation pattern in xz and yz plane level for simulated
and fabricated antennas were presented. The comparison
between measured and simulated results shows good agreement. Access and backhaul antennas were then alongside
or above one another, and their interaction is investigated.

Figure 18: (a) Conﬁguration for ω = 200◦ . (b) S21 for ω = 200◦ .

180

200

ω (degrees)
220

240

260

−46

−48

S21 (dB)

Table 3: S21 variation for conﬁguration 2.
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Figure 19: S21 as a function of angle ω for conﬁguration 1.
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Figure 22: Coupling comparison.
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Two conﬁgurations are presented for which measured and
simulated S21 are given. Coupling (S21 ) is investigated against
the angle between the antenna planes for the two conﬁgurations. Maximum values of S21 against ω were presented for
the frequency range of 3.4 to 3.6 GHz in which the antennas
operate. Coupling is typically below −40 dB. Diagrams of S21
against ω show that coupling increases with increasing angle.
Measurements and simulations show that the presented antennas could be used in both conﬁgurations under a relaybased network as they present an acceptably low level of interaction for all values of ω. The comparison between the
proposed patch antennas and the commercial ones prove that
the suggested antennas provide 10 dB lower coupling providing low interaction and high isolation.
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This paper presents mathematical expressions for the spatial correlation between elements of linear and circular antenna arrays,
considering cosine, Gaussian, and Von Mises distributions, for the direction of arrival (DoA) of the electromagnetic waves at the
receiver antenna. The expressions obtained for the Von Mises distribution can include or not the mutual coupling eﬀect between
the elements and are simpler than those obtained for the cosine and the Gaussian distributions of the angle of arrival. The Von
Mises distribution produces spatial correlation expressions in terms of Bessel and trigonometric functions. An exact expression
for the spatial correlation, taking into account the mutual coupling, for the circular and linear arrays and an arbitrary number
of elements are presented. It can be veriﬁed, by numerical evaluation of the expressions, that the coupling between the elements
correlates the electromagnetic ﬁeld, and a separation of half wavelength could not be enough to decorrelate them.

1. Introduction
The design of modern communication systems usually
requires the statistical characterization of parameters, such
as the direction of arrival (DoA) of the electromagnetic wave
that reaches the receiver antenna. The knowledge of that
parameter is valuable when the target is to limit the eﬀects
of interference as well as the gain for undesirable signals [1].
The estimation of DoA has been treated by diﬀerent
authors [1] considering the signal samples captured in the
equally spaced elements of antenna arrays. This relevant
problem has been addressed in many aspects. A general
approach is to consider elements with arbitrary directional
characteristics in environments corrupted by noise and interference, characterized by arbitrary covariance matrices. As an
example, in [2], the author addresses the spatial processing
of signals with respect to the multiplicity of transmitters
and presents the algorithm used in the multiple signal
classiﬁcation (MUSIC) method which gives asymptotically
nonbiased estimates of diﬀerent parameters, such as number
of arriving waves, direction of arrival, interference, and noise
power. A comparative study of methods based on maximum

likelihood (ML) and maximum entropy (ME) is presented.
The approach presented in the paper for the classiﬁcation
of multiple signals is general and has wide application.
The method may be understood in terms of the geometry
of an M-dimensional complex vector space in which the
eigenvalues of the covariance matrix of the samples play an
essential role.
Another important contribution for spatial signal processing is found in the literature [3]. The authors present an
eﬃcient algorithm for ML estimation of the DoA considering
multiple emission sources and signals captured by the
elements of an antenna array. The estimator can be applied
to signals that arrive through multipath propagation. The
algorithm is based on an iterative technique referred to as
alternating projection (AP), which transforms the nonlinear
multivariate maximization problem in a set of unidimensional problems which are easier to simplify. In spite of
the convergence achieved for a wide set of simulations, the
authors did not assure the convergence for a general problem.
The Estimation of Signal Parameters Via Rotational
Invariance Techniques (ESPRIT) algorithm was presented in
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[4]. Although ESPRIT has been used in a scenario of angle
of arrival (AoA) estimation, it can be applied to a wide
range of problems, including detection and estimation of
parameters of sinusoidal signals in the presence of noise. The
technique uses the rotational invariance of signal subspaces,
as a consequence of the translational invariance of elements
in antenna arrays.
Since 1997, the paper of Godora is considered as a
reference in spatial signal processing [1]. The paper presents
a detailed and broaden treatment of diﬀerent schemes to
adjust a radiated beam and a variety of adaptive algorithms
to process signals in arrays.
In [5] another method for DoA estimation from the
samples captured by antenna arrays was presented. The
method is based on ESPRIT in conjunction with some
algorithms for ML estimation of DoA in array signal
processing applications. A new, simple, and computationally
eﬃcient approach was introduced. It consists of maximizing
the ML function over a set of points (a grid) obtained
from the sampled data in the array. The technique, referred
to as estimation by data-supported grid search, which has
roots in the linear regression statistical literature, presents a
performance that is similar to the use of genetic algorithms,
with a signiﬁcantly lower computational cost.
A method for DoA estimation based on the support
vector machine (SVM) was presented in [6]. In the paper
a multiresolution approach for real-time AoA estimation
of multiple signals reaching a planar array was introduced.
The method is based on a support vector classiﬁer which
uses multiscaling to improve the angular resolution of
the signal detection process in the region of incidence of
electromagnetic waves. Data obtained from the antenna
arrays are iteratively transformed by a customized SVM. As
a result, a map of probabilities that a signal arrives at the
antenna array from a ﬁxed angular direction is determined.
Besides DoA, another important information in the
study of processing techniques of signals captured by antenna
arrays is the spatial correlation between the elements.
Examples of application of the spatial correlation coeﬃcients
and the covariance matrix are presented in [7, 8]. In the
ﬁrst paper, the covariance matrix is used to evaluate the bit
error probability of a compact receiver, with maximum ratio
combining, under Nakagami fading. In the second paper,
the eﬀect of the mutual coupling between randomly located
array elements on the performance of an adaptive antenna
array (AAA) is investigated.
With the advance of MIMO systems, one can observe a
growing need to assess the performance of compact receivers,
in which the signal samples at the elements of the array are
correlated. In this scenario, it is necessary to characterize
the random nature of the directions of arrival using an
appropriate probability distribution.
The uniform distribution was widely used to model the
DoA. Simplicity is the ﬁrst reason for its popularity. The
second one is the assumption of electromagnetic diﬀusion
isotropy, which can be observed, for instance, in the work
of Clarke [9], which assumes uniform distribution for
characterizing the DoA of signals that reach the base station,
considering multipath. In environments where the electro-
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magnetic diﬀusion is not isotropic the uniform distribution
may not be applied.
That characteristic of the environment changes the
autocorrelation function, as well as the power spectrum
of the complex envelope of the signal that is captured by
the mobile receiver. Alternative distributions, such as raised
cosine, Gaussian, and Laplacian, have been proposed in [10–
14], and distributions based on geometric models of the
channel have also been proposed in [15, 16].
Besides the aforementioned models, the Von Mises
distribution has received great attention in the context of
spatial signal processing. It was ﬁrstly proposed to model
the nonisotropic propagation mechanism in [17], and spacetime correlation functions were presented. The expressions
obtained for the spatial correlation coeﬃcients with Von
Mises distribution can be written in terms of Bessel and
trigonometric functions, while the correlation coeﬃcients
for the Gaussian distribution are written in terms of the
complementary error function, with complex parameters
[18].
In [19], the authors characterize the nonisotropic DoA
using the Von Mises distribution and present functions
for the time correlation and power spectral density of the
received signals. In [20], this distribution is applied to the
computation of the space-time correlation of narrowband
multiple-input multiple-output (MIMO) channels subject to
Rayleigh fading for a three-dimensional spreading around
the mobile station. The authors veriﬁed that the nonisotropic
diﬀusion process increases the correlation level as a function
of the spacing between the elements of the mobile station
antenna.
In [21] the Von Mises distribution is used to determine
expressions for the spatial correlation functions of a uniform
circular antenna array considering three-dimensional multipath propagation. This distribution is also used in [22] to
compute the design parameters of an antenna array in terms
of the κ adjust parameter.
In this paper, the spatial correlation coeﬃcients of linear
and circular antenna arrays are obtained using the Von
Mises distribution. The mathematical expressions derived
are compared to those obtained using the raised cosine
and Gaussian distributions. It is shown that the Von Mises
distribution provides expressions that are less complex and
leads to similar numerical results when compared to the ones
obtained with the raised cosine and Gaussian distributions.
To the best of the authors’ knowledge, the mathematical
expressions of spatial correlation for an arbitrary Q-power
cosine distribution for linear array are new. An additional
contribution of this paper is the derivation of expressions
for the spatial correlation of linear and circular array
considering the Von Mises distribution with and without
mutual coupling.

2. The Von Mises Distribution
The Von Mises distribution is a particular case of the Von
Mises-Fisher probability distribution in a p-dimensional
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sphere in R p , for p = 2. The probability density function
(pdf), for a unit vector x of dimension p is given by

1



T

p p x; μ, κ = C p (κ)eκμ x ,

(1)

in which κ ≥ 0, μ = 1, T is the matrix transposition
operator, and C p (κ) is a normalization constant:
C p (κ) =

κ p/(2−1)
,
(2π) I p/(2−1) (κ)
p/2

0.8
pΦ (φ)



1.2

0.6
0.4

(2)

0.2

in which Iv (x) represents the modiﬁed Bessel function of the
ﬁrst kind and order v. The parameters μ and κ represent the
average direction and the accumulation of the distribution.
An increase in the value of κ implies a concentration of mass
around the mean μ.
The distribution was presented by the German physicist
Richard Von Mises, in a paper published in 1918 [23], to
model diﬀerences between the theoretical and measured
atomic weighs. If φ represents the arrival angle of a
component that results from the multipath propagation in
an urban environment, then the Von Mises distribution is
used to model the random variable Φ, whose pdf is given by
⎧ κ cos(φ−φ p )
⎪
⎨e
,

 

pΦ φ = ⎪ 2πI0 (κ)
⎩
0,

−π + φ p ≤ φ ≤ π + φ p ,

(3)

otherwise,

in which φ p represents the average direction of a set of
directional components and varies in the interval [0, π). Plots
of pΦ (φ) for several values of κ are shown in Figure 1. It can
be seen that the Von Mises distribution converges to a normal
one N (φ p , 1/κ) when κ increases, that is,
2

 

e−(φ−φ p ) /2σ
√
,
σ 2π
2

1
σ2 = .
κ

0

−4

−3

−2

−1

0
Φ

1

κ=0
κ = 1/2
κ=1

2

3

4

κ=2
κ=4
κ=8

Figure 1: Von Mises distribution for several values of κ.

Other probability distribution functions used to model
the directions of arrival in mobile environments are the
cosine and Gaussian distributions, whose pdfs are written
respectively as

pΦ

 

⎧


⎪
⎨ kc cosQ φ − φo ,

φ =⎪π
⎩0,

 
pΦ φ = "

kg

2

2πσφ2

2

e−(φ−φo ) /2σφ ,

π
π
+ φo ≤ φ ≤ + φ o ,
2
2
otherwise,
−

−

π
π
+ φo ≤ φ ≤ + φo ,
2
2

(4)

(9)

When κ goes to zero, the Von Mises distribution converges to the uniform distribution U(φ), that is,

in which the parameters kc and kg are used to adjust the pdf
areas to a unity value, and Q and σφ control the pdfs shape.
The constant kc is given by

lim pΦ φ =

κ→∞

 

 

lim pΦ φ = U φ .

(5)

κ→0

The ith moment of the random variable φ is obtained by
computing the expected value of e jkφ ,
mi =

1
2πI0 (κ)

! π+φ p
−π+φ p

e jiφ eκ cos(φ−φ p ) dφ.

(6)

The integral (6) is calculated substituting u(φ) = φ − φ p
and using
∞

ez cos(φ) = I0 (z) + 2

 

Il (z) cos lφ ,

which gives the moments of e jiφ for the Von Mises distribution:
I1 (κ) jiφ p
e .
I0 (κ)

⎛ ⎞

⎞−1



Q Q
π
1
kc = ⎝ Q ⎝ ⎠Sa (2l − Q) ⎠ ,
2 l=0 l
2

(10)

in which Sa(x) = sin(x)/x is the sample function.
The pdfs for the Von Mises, Gaussian, and Cosine are
shown in Figure 2. Note the similarity of the three functions
for a proper choice of the parameters Q, σφ , and κ. This
similarity allows the Von Mises distribution to model the
DoA in diﬀerent mobile communications environments.

(7)

l=1

mi =

⎛

(8)

3. Computation of the Correlation Coefﬁcients
To compute the spatial correlation coeﬃcients, consider
that the signal samples received by the elements of an
equally spaced N-element linear array are given by xl , for a
separation d. On the other hand, the received samples at the

4
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3.1.1. Correlation Coeﬃcients for a Cosine Distribution. For a
cosine distribution, the correlation coeﬃcients are given by
the integral

0.9
0.8
0.7

p(φ)

0.6

ρc (m, n) =

0.5
0.4

kc
π

! π/2+φo



−π/2+φo

Using Bessel series and writing cosQ (φ) as a binomial
expansion,

0.3
0.2

Q

−200

−150

−100

−50

0

50

100

150

200

φo

elements of a circular array with radius a are given by xc . In
vector form the samples are written as
⎤

1

⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎦

e− jkd sin(φ)
..
.

⎛ ⎞



⎛ ⎞

Q Q


k
I ρc (m, n) = cQ ⎝ ⎠Ic (m − n)kd, 2l − Q, φo ,
π2 l=0 l
(16)





in which the functions Rc (a, b, c) and Ic (a, b, c) are, respectively, given by (17) presented. Although the integral in (14)
can be written in a closed form, a normalization by a constant
kc must be carried out and the constant kc depends on the
value of Q:

(11)



Rc (a, b, c) = πJ0 (a)Sa b

e− j(N −1)kd sin(φ)
⎡

e

⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎦

⎢
⎢ jka cos(φ−θ) )
2
⎢ e
⎢
xc = ⎢
⎢
..
⎢
.
⎢
⎣
)

π
2



'

∞

⎤

jka cos(φ−θ)1 )





J2i (a) Sa (2i + b)

+π
i=1

(12)

'

∞



J2i+1 (a) Sa (2i + 1 + b)
i=0

in which the angles θ)n represent the angular position of
the elements for the circular array and k represents the
electromagnetic ﬁeld wave number 2π/λ. For the uniform
circular array, θ)n = 2π(n/N).

∗



ρ(m, n) = E xm xn ,
in which xn∗ is the conjugate of xn .

(13)

(

π
2




(
π
−Sa (2i + 1 − b)

2

× cos((2i + 1)c),

Ic (a, b, c) = π

'

∞





J2i (a) Sa (2i + b)
i=1

3.1. Computation of the Coeﬃcients for the Linear Array. The
spatial correlation coeﬃcients between the samples received
by two elements of a linear array with N dipoles, separated
by an equal distance d, are



π
π
+ Sa (2i − b)
2
2

× cos(2ic)

+π

e jka cos(φ−θN )



(15)

Q Q


k
R ρc (m, n) = cQ ⎝ ⎠Rc (m − n)kd, 2l − Q, φo ,
π2 l=0 l



Figure 2: Probability density functions of Von Mises, Gaussian, and
cosine for Q = 4, σφ = 27◦ , κ = 4.7.

⎢
⎢
⎢
⎢
xl = ⎢
⎢
⎢
⎣

 

one can obtain the real and imaginary parts of ρc (m, n),
respectively, as

Cosine Q = 4
Gaussian σφ = 27◦
Von mises κ = 4.7

⎡

⎛ ⎞

Q Q
1
cos φ = Q ⎝ ⎠e j(2l−Q)φ ,
2 l=0 l

0.1
0



e j(m−n)kd sin(φ) cosQ φ − φo dφ. (14)



π
π
− Sa (2i − b)
2
2

(

× sin(2ic)
∞

'



J2i+1 (a) Sa (2i + 1 + b)

+π
i=0

π
2



+Sa (2i + 1 − b)



π
2

(

× sin((2i + 1)c).

(17)
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3.1.2. Correlation Coeﬃcients for a Gaussian Distribution. For
the Gaussian distribution, the spatial correlation function
can be written as
ρg (m, n) = "

! π/2+φo

kg
2πσφ2

2

−π/2+φo

2

e j(m−n)kd sin φ e−(φ−φo ) /2σφ dφ.
(18)

The ﬁrst step in order to solve the integral in (18) is a variable
changing. The expansion of the result using Bessel series gives
the following expressions for the real and imaginary parts of
ρg (m, n):

 2kg ∞


J2l ((m − n)kd)Rg 2l, φo , σφ
R ρg (m, n) = √
π l=1

3.1.3. Correlation Coeﬃcients for a Von Mises Distribution.
Using the Von Mises distribution, the spatial correlation
between two samples of the vector xl in (11) can be written
as


 2kg ∞


J2l+1 ((m − n)kd)Ig 2l + 1, φo , σφ ,
I ρg (m, n) = √
π l=0
(19)



Rg (a, b, c) =
Ig (a, b, c) =

√
−π/ 8c

 √



cos a

! π/√8σφ c

sin a

√

−π/ 8c

2cu + b

e

−u2

du,

2

1
Bl (a, b) =
2π

(21)

− sin(ab)B(a, c)]e

2

−(ac) /2

,

√

π
[sin(ab)A(a, c) − cos(ab)B(a, c)]
Ig (a, b, c) =
2
(22)
2

× e−(ac)

in which

/2



6


π
− Re erf − √



! π+b
−π+b





sin (2l + 1)φ e

(27)
a cos(φ−b)

dφ

From (27), the expressions for the real and imaginary
parts of the spatial correlation coeﬃcients for an equally
spaced array can be written as




R ρv (m, n) = 2

∞



l=1

8b



6 
π
− Im erf − √

8b







I2l (κ)
J2l ((m − n)kd) cos 2lφ p
I0 (κ)

ab
2



(23)

3.2. Computation of the Coeﬃcients for the Circular Array.
The spatial correlation coeﬃcients for the circular array can
be computed from the expected value,

7





2j
2
w(x) = e−x 1 + √
π

t =0



e−t dt .
2



ρv (m, n) = E xm xn∗ .

.

(24)

(29)

3.2.1. Correlation Coeﬃcients for a Cosine Distribution. For a
cosine distribution, the correlation coeﬃcients of the circular
array are given by

erf(x) = 1 − e−x w jx ,
!x

(28)



I2l+1 (κ)
J2l+1 ((m − n)kd)
I0 (κ)

,

7

ab
2





· sin (2l + 1)φ p .

7

The function erf(a + jb) is deﬁned in [24] as the error
function for complex argument and can be calculated using
the relations
2

∞

l=0

− j√

− j√



I ρv (m, n) = 2

7

ab
π
B(a, b) = Im erf √ − j √
8b
2



−π+b



cos 2lφ ea cos(φ−b) dφ

+ J0 ((m − n)kd),

ab
π
A(a, b) = Re erf √ − j √
8b
2

6

! π+b

= I2l+1 (a) sin((2l + 1)b).

,

6

1
2π

= I2l (a) cos(2lb),

(20)

π
[cos(ab)A(a, c)
2

∞

in which the auxiliary expressions Al (a, b) and Bl (a, b) are
given by
Al (a, b) =

√

(26)



2
J2l+1 ((m − n)kd)Bl κ, φ p ,
I0 (κ) l=0



Using Euler’s identities, the integrals in (20) and (25) can
be written in terms of the function erf(z) as
Rg (a, b, c) =

∞

I ρv (m, n) =

e−u du.

2cu + b

e j(m−n)kd sin φ eκ cos(φ−φ p ) dφ. (25)



2
J2l ((m − n)kd)Al κ, φ p
I0 (κ) l=1



R ρv (m, n) =

in which


−π+φ p

Using Euler’s identity and the Bessel series expansion for
the real and imaginary parts of ρv (m, n), it follows that



 √

! π+φ p

+ J0 ((m − n)kd),

+ J0 ((m − n)kd),

! π/√8c

1
2πI0 (κ)

ρv (m, n) =

ρc (m, n) =

kc
π

! π/2+φo
−π/2+φo





e jkaCm,n cos(φ−ϕm,n ) cosQ φ − φo dφ.
(30)
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Writing cosQ (φ) as shown in (15) and using Bessel series
for the complex exponential, one can obtain the real and
imaginary parts of ρc (m, n) as




⎛ ⎞

R ρc (m, n) =

Q Q


kc
⎝ ⎠Rc kaCm,n , 2l − Q, φo − ϕm,n ,
π2Q l=0 l

⎛ ⎞

Q Q


k
I ρc (m, n) = cQ ⎝ ⎠Ic kaCm,n , 2l − Q, φo − ϕm,n ,
π2 l=0 l
(31)





in which the functions Rc (a, b, c) and Rc (a, b, c) are given by


π
Rc (a, b, c) = πJ0 (a)Sa b
2


'

∞



(−1)l J2l (a) Sa (2l + b)

+π
l=1

π
2

π
+Sa (2l − b)
2

(

'





'



(−1)l J2l (a) Sa (2l + b)

l=1

π
2

in which Rg (a, b, c) is given by (21).

π
+ π J2l+1 (a) Sa (2l + 1 + b)
2
l=0


+Sa (2l + 1 − b)

−π+φ p





R ρv (m, n) =
(

−1

A 

2 1 − cos θ)m − θ)n

(

2πI0 (κ)

−π



2

(37)

dφ,



! π sin kaC cos u + φ (m, n)
m,n
p

2πI0 (κ)

−π





R ρv (m, n) = 2

∞

κ cos(u)

(−1)l

l=1

3.2.2. Correlation Coeﬃcients for a Gaussian Distribution. For
a Gaussian distribution, the correlation coeﬃcients of the
circular array are given by

−π/2+φo

.

(38)

dφ,

in which φ p (m, n) = φ p − ϕm,n .
Using the Bessel series for cos(x cos φ) and sin(x cos φ),
the expression for R[ρv (m, n)] can be written as
(32)

kg
ρg (m, n) = "
2πσφ2

(36)






! π cos kaC cos u + φ (m, n)
m,n
p

×e

× cos((2i + 1)c).

! π/2+φo



×e


I ρv (m, n) =



π
2

(35)



sin θ)m − sin θ)n
,
cos θ)m − cos θ)n

κ cos(u)





e jkaCm,n cos(φ−ϕm,n ) κ cos(φ−φ p )
e
dφ,
2πI0 (κ)

Using Euler’s identity, one can split the integral (35) into
two integrals, which correspond to the real and imaginary
parts of ρv (m, n),

× sin(2lc)
'

! π+φ p

Cm,n =



π
−Sa (2l − b)
2

∞



· Rg 2l + 1, φ0 − ϕm,n , σφ ,

(







2kg ∞
(−1)l J2l+1 kaCm,n
I ρg (m, n) = √
π l=0

ϕm,n = tg

× sin((2l + 1)c),
∞

(34)





π
−Sa (2l + 1 − b)
2

Ic (a, b, c) = π



in which

π
− π (−1) J2l+1 (a) Sa (2l + 1 + b)
2
l=0
l





× Rg 2l, φo − ϕm,n , σφ + J0 kaCm,n ,

ρv (m, n) =

× cos(2lc)
∞


 2kg ∞


(−1)l J2l kaCm,n
R ρg (m, n) = √
π l=1

3.2.3. Correlation Coeﬃcients for a Von Mises Distribution.
Using the Von Mises distribution for two samples of the
vector xc in (12), one obtains





Applying Bessel expansion to complex exponential one can
write R[ρg (m, n)] and I[ρg (m, n)] as

2

e jkaCm,n cos(φ−ϕm,n e−(φ−φo ) /2σφ dφ.
(33)







I2l (κ)
J2l kaCm,n
I0 (κ)






(39)

· cos 2lφ p (m, n) + J0 kaCm,n .

Following a similar procedure for (38), one can ﬁnd the
imaginary part of the correlation coeﬃcients for a circular
array with radius a and equally spaced elements,




I ρv (m, n) = 2

∞

l=0

The real and imaginary parts of ρg (m, n) can be calculated
using a procedure similar to that used in the linear array.



(−1)l








I2l+1 (κ)
J2l+1 kaCm,n
I0 (κ)


· cos (2l + 1)φ p (m, n) .

(40)
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As one can observe from (16), (19), (28), (39), and
(40), the spatial correlation coeﬃcients obtained for the
Von Mises distribution are simpler and computationally
more appropriate than the expressions obtained for the
cosine and Gaussian distributions. The expressions for the
correlation coeﬃcients for the Von Mises distribution are
written only in terms of Bessel functions weighted by
trigonometric functions, while the coeﬃcients obtained for
the Gaussian distributions are written in terms of Bessel
functions weighted by complex error functions. The coefﬁcients expressions for the cosine distribution are obtained
using two double summations of Bessel functions weighted
by sums of sample functions and trigonometric functions.

in which Z and S are given by
⎡
⎢1 +

Z12
ZL
Z
1 + 22
ZL
..
.

Z11
ZL

⎢
⎢
⎢ Z21
⎢
⎢
ZL
Z=⎢
⎢
..
⎢
⎢
.
⎢
⎢
⎣ ZM1

ZM2
ZL

ZL

Z1M
ZL
Z2M
ZL
..
.

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎥
⎥
ZMM ⎦

(42)

ZM3
··· 1 +
ZL
ZL

⎡

e j0kd sin φ

⎢
⎢ e j1kd sin φ
⎢
⎢
S=⎢
..
⎢
⎢
.
⎣

4. Effect of the Mutual Coupling on the
Correlation Coefﬁcients

⎤
⎥
⎥
⎥
⎥
⎥.
⎥
⎥
⎦

(43)

e j(M −1)kd sin φ

A radio wave induces an electric current in the element array
when it reaches the element. This induced current radiates
an electromagnetic ﬁeld that aﬀects other elements around
them. Thus, the received signal in a particular element of the
array reﬂects not only the intensity of the desired signal but
also the intensity of signals generated by adjacent elements
or other conductive object close to the antenna. This eﬀect,
known as mutual coupling, changes the phase distribution of
the electric current in the array elements. As a result, gain,
bandwidth, radiation pattern, and input impedance of an
antenna array are aﬀected [25, 26].
The mutual coupling is aﬀected by the separation and the
current distribution of the array elements by the wavelength
and by the objects located in the near ﬁeld region. Generally,
the most central element of linear and planar arrays are more
aﬀected by the coupling [27]. This nonuniform behavior
requires individual techniques of impedance matching for
each element.
The direction of arrival of the incident wave also aﬀects
the coupling. Generally, the direction of arrival and coupling
are highly correlated. This occurs more often in arrays that
present many phase adjustments. In this case, there is an
unbalance among the power of the elements of the array
and a consequent changing in coupling between the elements
[28].
When the mutual coupling is considered, the dipole
length must be taken into account. In this case, the radiated
ﬁeld expressions must be computed for the near ﬁeld region.
The current intensity in each element contributes to the
radiated beam, as well as to the distortion of the current
distributions in the neighbor elements [29].
To calculate the linear array spatial correlation coefﬁcients, subject to the coupling eﬀect, it is necessary to
establish the relation between the voltage vector V, obtained
at the array dipoles, and the signal sample vector S, without
coupling [30]. This relation is [7]

V = Z−1 S,

Z13
···
ZL
Z23
···
ZL
..
..
.
.

(41)

It is important to point out that the deﬁnition of the
mutual impedance matrix in (42) is accurate only for
transmitting antennas. For receiving antenna arrays, such as
the ones considered for DoA application in this paper, the
mutual coupling eﬀect characterized by the matrix in (42)
is not accurate because the mutual impedance elements are
calculated based on the current distributions of transmitting
antenna elements with excitations being at the antenna
ports. A more accurate modeling of the antenna mutual
impedances, the so-called “receiving mutual impedance”, can
be found in [31–33]
However, (42) can be used if the receiving antenna arrays
for DoA application are excited by electromagnetic waves
coming from a short distance (e.g., indoor transmissions),
then the current distribution will be diﬀerent for each of the
antenna element.
In the matrix M × M in (42), the elements Zmn represent
the self-impedance of the mth dipole when m = n and the
mutual impedance between the mth dipole and the n-dipole
when m =
/ n. Considering that the impedance matrix Z−1
(inverse of Z) is given by
⎡

Z−1

a11 a12 · · · a1M

⎢
⎢a
⎢ 21
⎢
=⎢ .
⎢ .
⎢ .
⎣

⎤
⎥

a22 · · · a2M ⎥
⎥
⎥
⎥,
..
.
..
⎥
.
.
.
. ⎥
⎦

(44)

aM1 aM2 · · · aMM
the voltage vector is
⎡

⎤

M

⎢ a1i e j(i−1)kd sin φ ⎥
⎥
⎢
⎥
⎢ i=1
⎥
⎢M
⎥
⎢
⎢
j(i
−1)kd sin φ ⎥
⎥
⎢ a2i e
⎥
⎢
i=1
⎥.
V=⎢
⎥
⎢
.
⎥
⎢
..
⎥
⎢
⎥
⎢
⎥
⎢M
⎥
⎢
⎣
j(i−1)kd sin φ ⎦

aMi e

i=1

(45)
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If one takes two samples rm and rn of the voltage vector
V, the square of the correlation coeﬃcient modulus can be
written as


ρmn 2 =

1
Pm Pn

!

 

rm rn∗ p φ dφ,

Substituting the result from (50) into (49),
⎛
⎜

Pm = ⎜
⎝

(46)

⎞
M M
i=1 l=1
l<i

ami a∗ml bil +

M M

⎟

i=1 l=1
l>i

ami a∗ml bil ⎟
⎠

⎛
⎜

+ j⎜
⎝

in which Pm represents the average power of a component
from the received signal at the mth antenna array element.
For an antenna with M elements, it is given by

⎞
M M
i=1 l=1
l<i

ami a∗ml βil −

M M

⎟

i=1 l=1
l>i

(52)

ami a∗ml βil ⎟
⎠

M

!

 

2

|rm | p φ dφ,

Pm =

m = 1, 2, . . . , M.

M M

−π+φ p i=1
l=1

Pm =
i=1 l=1
i>l

M

(48)

 

+2
i=1 l=1
l>i

ami a∗ml I((i − l)kd, φ p , κ)


M M
i=1 l=1

ami a∗ml I (i − l)kd, φ p , κ



!

|ami |2 ,

in which


! π+φ p
−π+φ p

e j(i−l)kd sin φ

i=1

(53)
4

5

I ami a∗ml βil .

 

M

M

   

ri φ rl∗ φ p φ dφ=



ρnm 2 =

(49)

i=1



|ami |2

n=1 m=1





ain a∗lm bnm + jβnm ,

(54)

in which bnm + jβnm can be computed using (51). Therefore,
the spatial correlation coeﬃcients are calculated as

M

I (i − l)kd, φ p , κ =

M

A similar expression: can be obtained for the power Pn .
Using (46), the integral rm rn∗ p(φ)dφ can be calculated as

i<l

+

5

R ami a∗ml bil +

l=1
l>i

M M

ami a∗ml e j(i−l)kd sin φ p φ dφ,

+

4

M

i=1

in which m = 1, 2, . . . , M.
Applying the Von Mises distribution in (48), it follows
that
M M

From (52) one observes that when i < l the terms ami a∗ml
and a∗mi aml are complex conjugates. Therefore,
Pm = 2


2

! π+φ p  M

  
 amn e j(n−1)kd sin φ  p φ dφ
Pm =




−π+φ p n=1
! π+φ p

i=1

(47)

Substituting one of the vector samples V into (47), it
follows that

=

|ami |2 .

+

eκ cos(φ−φ p )
dφ
2πI0 (κ)
(50)

2


M

(55)

For the case of linear dipole elements of length l, with
l = nλ/2, n = 1, 3, 5, . . ., aligned side by side and centrally
fed, the real and imaginary parts of the mutual impedance
between two dipoles, referred to as Dipole 1 and Dipole
2, can be obtained using the Electromagnetic Field (EMF)
method and can be written as [34]
η0
[2Ci(u0 ) − Ci(u1 ) − Ci(u2 )],
4π
η0
X12 = − [2Si(u0 ) − Si(u1 ) − Si(u2 )],
4π
R12 =

= bil + jβil ,

with


M



1 

ani a∗ml bil + jβil 
 .

Pn Pm i=1 l=1


(56)

in which
∞



bil = 2
n=1

u0 = kd,





I2n (κ)
J2n ((i − l)kd) cos 2nφ p
I0 (κ)

u1 = k

+ J0 ((i − l)kd),
∞

βil = 2
n=0





(51)




I2n+1 (κ)
J2n+1 ((i − l)kd) sin (2n + 1)φ p .
I0 (κ)

u2 = k







d2 + l2 + l ,

(57)



d2 + l2 − l .

For those equations, k = 2π/λ is the wave number, η0
is the medium impedance, approximately 120π ohms, and

International Journal of Antennas and Propagation

9

Ci(x) and Si(x) are the integral sine and cosine functions.
Therefore, the impedance between two dipoles m and n is
given by Zmn = Rmn + jXmn , in which
Rmn =

'
 "

η0
2 + l2 + l
2Ci(kdmn ) − Ci k dmn
4π
 "
(
2 + l2 − l
−Ci k dmn
,

Xmn = −

'
 "

η0
2 + l2 + l
2Si(kdmn ) − Si k dmn
4π

(58)

 "
(
2 + l2 − l
−Si k dmn
,

with
dmn

⎧
⎪
⎪
⎨ d | m − n| ,
A 
=


⎪
⎪
⎩a 2 1 − cos θ)m − θ)n ,

for the linear array,
for the circular array.
(59)

The equation for the computation of the distance
between the circular array elements was obtained from the
Euclidean distance between two elements located at points
(a cos θ)m , a sin θ)m ) and (a cos θ)n , a sin θ)n ).

5. Numerical Evaluation of the Results
For the numerical evaluation of the expressions presented
in this paper, half wavelength linear dipoles were considered with central feeding. For those dipoles, the mutual
impedance vectors between the ﬁrst element, taken as a
reference, and the remaining elements are given by (58), and
(59). Therefore, the mutual impedances vectors for a linear
and a circular array with six elements are given, respectively,
by
⎡

1.505667034 + j0.8627287236

⎤

⎥
⎢
⎢ 0.047354099 − j0.3785965596 ⎥
⎥
⎢
⎥
⎢
⎢−0.062961878 + j0.2041691829⎥
⎥
⎢
⎥,
Zl = ⎢
⎥
⎢
⎢ 0.052751548 − j0.1363497266 ⎥
⎥
⎢
⎥
⎢
⎢−0.043681351 + j0.1017105490⎥
⎦
⎣
0.036932473 − j0.0808845309
⎡

1.505667034 + j0.8627287236

⎤

(60)

⎥
⎢
⎢ 0.047415842 − j0.3811347251 ⎥
⎥
⎢
⎥
⎢
⎢−0.219332270 + j0.1091267749⎥
⎥
⎢
⎥.
Zc = ⎢
⎥
⎢
⎢−0.063208579 + j0.2058290449⎥
⎥
⎢
⎥
⎢
⎢−0.219332270 + j0.1091267749⎥
⎦
⎣
0.047415842 − j0.3811347251

Both vectors are normalized by the complex conjugate of
the dipole self-impedance. The mutual impedance matrices
have the form given in (42) and can be obtained from the
elements of the vectors Zl and Zc .

Figures 3 and 4 show plots of the spatial correlation
between elements 1 and 3 of the linear array, using the Von
Mises distribution to model the AoA. For those curves, φ p =
30◦ and φ p = 60◦ represent the average AoA for the signal
components.
Note that in Figure 3(a) and Figure 4(a) the elements 1
and 3 are more correlated for an angle φ p = 60◦ than for
an angle φ p = 30◦ . This shows the dependence between
the correlation and the electromagnetic wave direction of
arrival. Furthermore, for the same angle of arrival, there
is a dependence between the spatial correlation and the
parameter κ.
Considering Figures 3(b) and 4(b), one can note that
increasing values of κ corresponds to a highly concentrated
beam of electromagnetic waves that arrive at the array and
control the degree of correlation. This beam can be produced
in anisotropic propagation environments where the reﬂected
components of the electromagnetic waves are added in the
direction of the antenna array. This concentration of the
beam increases the amplitude of the induced current in some
elements of the array and radiate with more intensity to the
neighbor elements. Hence, the eﬀect of coupling is increased.
This behavior can also be seen in Figure 5(b) for the circular
array. The circular distribution of the elements contributes to
increasing the correlation because the elements that receive
the radiated beam have a direct view of all other elements. In
linear arrays the central elements do not have a direct view of
the end elements.
Figures 5(a) and 5(b) show diﬀerent plots of the spatial
correlation, for a circular array, as a function of a/λ, for a six
element array. The curves were obtained for diﬀerent values
of κ and φ p = 60◦ .
From Figure 5(b) one can note that the spatial correlation
between elements 1 and 3 can be zero at a/λ ≈ 1/2, even
for κ equals 4 or 8. Note that when κ > 4 the Von Mises
probability density function can approximate a Gaussian
distribution, which is commonly used to model AoA in
mobile environments.
For the linear and circular conﬁgurations the mutual
coupling eﬀect increases the correlation between the samples
at the parallel elements. As expected, the coupling is aﬀected
by the distance between the dipoles, by the angle of arrival,
and by the Von Mises distribution parameter κ. For κ = 8 the
curves present higher correlation values for d = λ/2.
The amount and shape of the obstacles around the array
also determine the mutual coupling between the elements
[35]. When the obstacles are concentrated in a speciﬁc point
of the spatial region nearby the antenna, electromagnetic
waves reﬂected in this agglomerate of obstacles can be
concentrated around a main direction and the beam that
reaches the array can become more collimated, depending
on the variance of the direction of arrival around the mean
direction. A collimated beam of waves reaching the array
leads to an increase in the power captured by the elements.
As a result, the intensity of the induced currents will be
augmented, and the eﬀect of coupling will increase. The
parameter that determines how well the Von Mises pdf
approximates the Gaussian pdf is κ. A limiting behavior of
the distribution is that it approximates the Gaussian pdf with
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Figure 3: Spatial correlation between elements 1 and 3 for a linear array with six elements, and diﬀerent values of the parameter κ, with
φ p = 30◦ , as a function of d/λ.
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Figure 4: Spatial correlation between elements 1 and 3 for a linear array with six elements, and diﬀerent values of the parameter κ, with
φ p = 60◦ , as a function of d/λ.

variance σ 2 = 1/κ. Hence, a high κ leads to a small variance
for the Gaussian approximation and the beam of waves
that reaches the array collimates and the intensity of the
distribution of induced currents in the elements increases.

6. Conclusions
This paper presented a mathematical comparison between
the spatial correlation expressions for cosine, Gaussian, and
Von Mises probability distributions, for linear and circular

antenna arrays. The expressions obtained for the Von Mises
distribution can include or not the mutual coupling eﬀect
between the elements and are simpler than those obtained
for the cosine and the Gaussian distributions of the angle
of arrival. The use of the Von Mises distribution allows
the spatial correlation expressions to depend only on Bessel
and trigonometric functions. An exact expression for the
spatial correlation is also presented, considering the mutual
coupling, for the linear and circular arrays and an arbitrary
number of half wave dipole elements. From the numerical
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Figure 5: Spatial correlation between elements 1 and 3 for a circular array with six elements, and diﬀerent values of the parameter κ, with
φ p = 60◦ , as a function of a/λ.

evaluation of the expressions, it is observed that in some
cases the separation of λ/2 is not suﬃcient to decorrelate the
signal.
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In this paper, the performance of generalized channel inversion (GCI) technique for a multiuser MIMO system operating under
antenna mutual coupling conditions is investigated. The investigation is performed via theoretical derivations and computer
simulations. The theoretical derivations show that the presence of mutual coupling may result in an increased performance in
terms of sum rate capacity. The simulation experiments conﬁrm the theoretical ﬁndings in examples of three groups of numerical
results. These results show that the existence of mutual coupling in an array antenna at base station (BS) results in an increased
sum rate capacity when antenna interelement spacing at BS is smaller than 0.55 λ. Also it is shown that the presence of mutual
coupling at mobile user (MS) terminals results in an increased sum rate capacity when antenna inter-element spacing at MSs is
smaller than 0.4 λ. When mutual coupling is considered at both BS and MSs, the system conﬁguration with antenna inter-element
spacing equal to 0.45 λ at BS and 0.4 λ at MSs leads to the highest sum rate capacity.

1. Introduction
Multiple-input multiple-output (MIMO) technology has
received enormous interest due to its potential in providing
high and robust data transmission for wireless communications [1, 2]. Because of these attributes it is widely accepted
as key technology for the next generation wireless systems
[3, 4]. Recent years have shown a signiﬁcant shift of research
attention from point-to-point to the multiuser MIMO
systems [5], where a base station (BS) is communicating with
a number of mobile stations (MSs). Recent works in [6–
8] have shown that the advantages of employing multiple
antennas in point-to-point systems can be translated to large
gains in multiuser scenarios.
Research interests in multiuser MIMO systems have
mainly focused on uplink multiple-access channel (MAC)
and downlink broadcasting channel (BC). In this respect, the
optimal encoding and decoding strategies for a MIMO MAC
have been broadly studied. The information theory hints
that the broadcasting case is by far the most challenging. In
this case, an interuser interference occurs due to the spatially

multiplexed transmitted signals at BS. It has been shown via
theoretical derivations that the dirty paper coding (DPC)
[9] is capable of achieving the capacity region [8] by
precancelling the interuser interference at BS. However, the
practical implementation of DPC in multiuser MIMO systems creates a considerable challenge due to its high computational burden of successive nonlinear coding and decoding.
In order to ease these diﬃculties, DPC can be approximately
implemented using the Tomlinson-Harashima (TH) precoding technique [10]. Unfortunately, the TH precoding technique still faces a considerable computational complexity at
BS and MSs.
To overcome the hurdle associated with the computing
intensive nonlinear precoding techniques, linear precoding
techniques have been investigated for use in multiuser
MIMO systems. Block diagonalization (BD) [11] is one of
them and has received signiﬁcant attention [12, 13] due to
its simplicity and good performance. In BD, the precoded
signal of a MS lies in the null space of the other MSs’ channels
to prevent an inter-user interference. BD ignores the issues
of noise level, and its performance is normally limited by
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the number of MSs and channel conditions experienced by
the users. To increase the signal-to-interference-plus-noise
(SINR) at each MS, an MMSE-based generalized channel
inversion (GCI) technique is proposed in [14]. Opposite
to BD, this technique takes the noise into account in
ﬁnding each MSs’ precoding matrix. It provides an improved
performance over the traditional BD.
The investigations concerning GCI have been presented
for the case of simpliﬁed operation of array antennas at BS
and MSs. In this case, the antenna elements are assumed to
operate in an ideal manner with mutual coupling neglected.
In practice, physical limitations in mobile terminals as well as
in BS force antenna elements in an array to be placed with a
small interelement spacing. This requirement is governed by
compact MIMO transceivers especially on the user side. The
resulting electromagnetic interactions between the antenna
elements aﬀect the performance of MIMO links. The eﬀect
of mutual coupling on array signal processing has been
investigated in many works, such as [15, 16]. In the context of
point-to-point MIMO communications, studies on the eﬀect
of mutual coupling have been presented in [17–19]. More
recently, mutual coupling has also been taken into account
while investigating performance of multiuser MIMO systems
[13, 20].
In this paper, the impact of antenna mutual coupling is
investigated when a multiuser MIMO system employs a generalized channel inversion approach for its operation. The
investigations include a theoretical analysis and computer
simulations.
The paper is structured as follows. Section 2 presents
the signal model for a multiuser MIMO system. Section 3
is devoted to modelling of electromagnetic interactions
between the array elements and scatterers that are present in
the propagation environment. Section 4 gives details of the
generalized channel inversion algorithm that accounts for the
eﬀect of mutual coupling. Section 5 quantiﬁes the eﬀect of
mutual coupling by presenting numerical results. Section 6
summarizes the ﬁndings of the undertaken research.

where Hk is a complex matrix representing the wireless
MIMO channel between the BS and the kth MS. ηk is a
spatially and temporally distributed white noise vector with
entries having a zero mean and variance σn2 , as given by




k
Hk = RMS

K

wk xk .

(1)

k=1

Under the assumption of narrow-band MIMO system operation, the received signal at the kth MS is expressed as
yk = Hk x + ηk = Hk wk xk + Hk

w j x j + ηk .
j=
/k

(2)

1/2

1/2
GkH RBS
,

(4)

where GkH is a matrix with i.i.d. Gaussian entries with
k
and RBS are spatial
zero mean and unit variance and RMS
correlation matrices for the kth MS and BS, respectively.
In a rich scattering environment, the correlation for any
pair of dipole elements with spacing dm,n can be obtained
using the model in [21] and are given by the ﬁrst kind Bessel
function of 0th order




ρm,n = J0 kd m,n .

(5)

Using (5), the spatial correlation matrix for the kth MS can
be generated as
⎡

2.1. Signal Model for a Multiuser MIMO System. A narrowband downlink multiuser MIMO system with the BS serving
K MSs is considered. It is assumed that the BS has N
transmit antennas. The kth MS employs Mk receive antennas. Assuming xk denotes the Nk -dimensional transmitted
symbol intended for the kth MS and wk is the N × Nk
beamforming matrix for the kth MS, the overall transmitted
signal is given by

(3)

2.2. Channel Model. In (2), Hk represents the wireless
MIMO channel gain between the BS and the kth MS. The
(p, q)th element in Hk is the fading transmission coeﬃcient
for the path between the qth transmit antenna at BS and
pth receive antenna at the kth MS. The spatial-temporal
properties of Hk are inﬂuenced by the transmitting and
receiving antenna arrays’ physical parameters in addition to
the signal propagation environment. Here, it is postulated
that the arrays at BS and MSs are formed by parallel linear
wire dipoles. The BS and MSs are assumed to be surrounded
by a large number of scattering objects distributed within
a “circle of inﬂuence” [21]. It is also assumed that the
links between the BS and diﬀerent MSs do not share the
same scattering environment. As a result, the signal fading is
independent for diﬀerent MSs. In addition, the correlations
at the transmitter and receiver sides are independent so that
the channel matrix Hk can be represented as

2. Signal and Channel Model

x=



E ηk η∗k = σn2 IMk × M k .

k
RMS

k
k
ρ1,1
· · · ρ1,M
k

⎢
⎢ .
=⎢
⎢ ..
⎣

..

..
.

.

⎤
⎥
⎥
⎥.
⎥
⎦

(6)

k
k
· · · ρM
ρM
k ,1
k ,Mk

In turn, the spatial correlation matrix for BS can be obtained
from
⎡

RBS

ρ1,1 · · · ρ1,N

⎢
⎢ .
=⎢
⎢ ..
⎣

..

.

..
.

ρN,1 · · · ρN,N

⎤
⎥
⎥
⎥.
⎥
⎦

(7)

3. Mutual Coupling within an Array
The interactions between the entire set of antennas within
an array and scattering objects can be described by the
impedance matrix Z. For the array formed by linear parallel

International Journal of Antennas and Propagation

3

wire dipoles, the mutual impedance matrix can be obtained
using electromagnetic and circuit theory described in [15,
22]
C = (ZA + ZT )(Z + ZT IM )−1 ,

(8)

where ZA = 73 + j42.5 [Ω] is the element impedance
in isolation and ZT is impedance of the receiver at each
element. It is chosen to be the complex conjugate of ZA to
obtain the impedance match. Z is the mutual impedance
matrix with all the diagonal elements equal to ZA + ZT ;
its nondiagonal elements Znm are decided by the physical
parameters including dipole length and the horizontal
distance between the two dipoles. For a side-by-side array
conﬁguration and dipole length l equals to 0.5 λ, Znm is given
by [15, 18, 22]
⎧ 
 
 
⎪
30 0.5722 + ln 2βl − Ci 2βl
⎪
⎪
⎪
⎪
⎪
⎪

 
⎪
⎪
⎨ + j 30Si 2βl ,

m = n,

⎪
⎪
⎪
30[2Ci (u0 ) + Ci (u1 ) − Ci (u2 )]
⎪
⎪
⎪
⎪
⎪
⎩ + j[302S (u ) − S (u ) − S (u )],
i 0
i 1
i 2

m=
/ n,

Zmn = ⎪

(9)

4. Impact of Mutual Coupling on
the Performance of Generalized
Channel Inversion
With spatial correlation and mutual coupling taken into
account, the received signal at kth MS described by (2) can
be rewritten as


k
yk = CkMS RMS

Ci (u) =
Si (u) =

∞

!u
0

(10)
sin(x)
dx,
x


1/2
1/2
k
= CkMS RMS
GkH RBS
CBS Wk xk


k
+ CkMS RMS

u2 = β

"



(11)



dh2 + l2 − l ,

where dh is the horizontal distance between the two dipole
antennas.
Once the mutual coupling matrix for the transmit array
at BS and receive arrays at MSs are obtained, we can have
mutual coupling taken into account by building eﬀective
MIMO channels. As a result, the eﬀective MIMO channel
between the BS and the kth MS is given as
k
Hk = CkMS RMS

1/2

1/2
GkH RBS
CBS .

W j x j + ηk .

1/2
GkH RBS
CBS

+,

j =1, j =
/k

-

Inter-user interference

The second term in (13) represents the inter-user interference. In a downlink multiuser MIMO system, the existence of
inter-user interference leads to an enhanced interference and
noise level, thus rendering a decreased performance. Interuser interference cancellation is thus necessary to improve
operation of a multiuser MIMO system.
Inter-user interference cancellation relies on precoding
techniques. To completely eliminate the inter-user interference, linear precoding techniques require that


i
CiMS RMS

1/2

1/2
GiH RBS
CBS w j = 0,





(14)

where u(a, b) represents the class of a × b unitary matrices,
in where the b-tuple (u1 , u2 , . . . , ub ) is orthonormal.

⎢
⎢
⎢
⎢
⎢
Hg = ⎢
⎢
⎢
⎢
⎣



1
C1MS RMS

(12)

⎤

1/2


2
C2MS RMS

1/2

..

.


K
CKMS RMS

⎡



(13)

K

*

⎡

u0 = βdh ,
dh2 + l2 + l ,

1/2

4.1. Interuser Interference Elimination. With spatial correlations and mutual coupling taken into account, the eﬀective
wireless links between the BS and the K MSs can be
represented by an overall MIMO channel, which is given as

and the constants are given by [18]

u1 = β

Wk xk + ηk

∀i =
/ j, 1 ≤ i, j ≤ K, w j ∈ u Nt , M j ,

cos(x)
dx,
x

"

K
1/2
GkH RBS
CBS
k=1

where β = 2π/λ is the wave number and Ci (u) and Si (u) are
the cosine and sine integral, respectively, given as [22]
!u

1/2

G1H

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
1/2 ⎦

⎤

⎢ ⎥
⎢G2 ⎥
⎢ H⎥
⎢ ⎥
1/2
× ⎢ . ⎥(RBS ) CBS .
⎢ . ⎥
⎢ . ⎥
⎣ ⎦

GKH
(15)
In the generalized channel inversion scheme, the precoding
matrix can be obtained by applying the minimum: meansquare error-(MMSE)-based channel inversion introduced
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in [23]. The MMSE-based generalized inversed MIMO
channel can then be expressed as


HGCI = HH
g Hg + αI

−1

HH
g ,

(16)

where α denotes the reciprocal of the ratio of total transmit
energy to total noise power, as given by [23]
K

σn2
Mk .
Ptx k=1

α=

(17)

Expression (17) shows that when the signal-to-noise ratio
(SNR) is high, (16) can be approximately rewritten as


HGCI = HH
g Hg

−1

HH
g .

(18)

When (18) is applied to the transmitter as the precoding
matrix it can be viewed as the classical zero-forcing (ZF)
ﬁlter [23]. Therefore, at high SNR, MMSE-based channel
inversion is expected to have performance similar to ZFbased channel inversion.
The generalized inversed MIMO channel presented by
(18) can be rewritten as a group of submatrices, which can
be expressed as


HGCI = H1 , H2 , . . . , HK



∀i =
/ j, 1 ≤ i, j ≤ K.

Rj

(20)

1 ≤ j ≤ K,

(21)

∀i =
/ j, 1 ≤ i, j ≤ K.

(22)

To eliminate the inter-user interference, the precoding matrix
for the jth MS can be obtained by simply letting
w j = Q(1)
j .

⎛

Tj =

⎞−1

K

⎝Q(1)H
j

(1)
HH
k Hk Q j

+ αI⎠ Q(1)H
HHj H j Q(1)
j
j ,

k=1

⎡

"

β = Ptx ⎣

(26)

⎤−1/2

Tr THj Tj ⎦ .


K

4.3. Impact of Mutual Coupling on Performance of Generalized
Channel Inversion. It is worth noting that the inter-user
elimination given by (23) and the residual interference
suppression given by (26) are both unitary. By applying them
to (2), the multiuser MIMO system can be decomposed into
a group of point-to-point MIMO systems. As a result, the
received signal at the kth MS can be given as
yk (n) = Hk Q(1)
k Bk xk (n) + Hk

Q(1)
j B j x j (n) + ηk (n). (27)

∀i =
/ j, 1 ≤ i, j ≤ K.

The inter-user interference term in (27) can be neglected. As
a result, the eﬀective link between the BS and the kth MS can
be expressed as


k
k
Heﬀ,k = Hk Q(1)
k Bk = CMS RMS

(24)

1/2

1/2
GkH RBS
CBS Q(1)
k Bk .

(28)

It is assumed that pk is the transmit power allocated to
the kth MS. The capacity for the kth point-to-point MIMO
system can be given as


(23)

4.2. Residual Interference Suppression. Equation (22) holds
for the case when SNR is high. When the noise level is
increased to a nonnegligible level, (22) is not valid any more.
Consequently, it has to be rewritten as
Hi Q(1)
/ 0,
j =

By employing the minimum total MSE criterion under total
transmit power constraint, the term on the right-hand side
of (25) is given as [14]

j=
/k

where Q(1)
j is the desired N × M j unitary matrix with its
columns being orthogonal unit vectors and R(1)
j is a M j × M j
upper triangular matrix.
As a result of (20) and (21), we have
Hi Q(1)
j = 0,

(25)

j =1

To satisfy the conditions presented in (14), we need to
obtain the unitary spaces for each MS. To achieve this, QR
decomposition is employed over submatrices in (19). For the
jth MS, the QR decomposition is given as
⎤
⎡

 R(1)
(1)
(0) ⎣ j ⎦
Hj = QjRj = Qj , Qj
,
(0)

B j = βT j .

(19)

under condition
Hi H j = 0,

Formula (24) indicates that the inter-user interference
cannot be fully eliminated by the procedure given in (19)–
(23). The residual interference is due to the presence of
α in (16). To guarantee an improved performance of the
multiuser MIMO system employing generalized channel
inversion scheme, an additional residual interference suppression process is required. In [24], two residual interference suppression techniques are designed under diﬀerent
power constraint. The one employing minimum total MSE
criterion under total transmit power constraint oﬀers a better
sum rate capacity. Following the work in [14, 24], the residual
interference ﬁlter for the jth MS as B j , can be expressed as



pk
Ck = log2 det I + 2 Heﬀ,k H†eﬀ,k .
σn

(29)

The sum rate capacity is then given by the sum of capacities
of the K point-to-point MIMO systems
K

CSum





pk
=
log2 det I + 2 Heﬀ,k H†eﬀ,k ,
σ
n
k=1

(30)
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when SNR is high, and (29) can be simpliﬁed to


Ck = log2 det

substituting (34) into (33), the sum rate capacity is given as



pk
Heﬀ,k H†eﬀ,k .
σn2

(31)



K

Csum =

log2 det
k=1

To include the impact of mutual coupling and spatial
correlation on the sum rate capacity of the multiuser MIMO
system, (12) has to be substituted into (31). The result is




pk k  k 1/2 k 1/2
C
R
GH RBS CBS Q(1)
k Bk
σn2 MS MS

Ck = log2 det



CkMS

×



k
RMS

1/2


† 
1/2
1/2
k
× RMS
GkH RBS
CBS Q(1)
B
k
k



1/2
GkH RBS
CBS Q(1)
k Bk

pk  k 1/2 k 1/2
R
GH RBS CBS Q(1)
k Bk
σn2 MS

K



log2 det CkMS CkMS

+
† 




1/2
pk
1/2
k
GkH RBS
CBS Q(1)
CSum = log2 det 2 CkMS RMS
k Bk
σn
k=1

(35)
Therefore, the impact of mutual coupling at MSs on the sum
rate capacity can be expressed as



(33)
Equation (32) can be further rewritten as
Ck = log2 det



pk k  k 1/2 k 1/2
C
R
GH RBS CBS Q(1)
k Bk
σn2 MS MS


CkMS

×
.



= log2 det

×



k
RMS

1/2



1/2
GkH RBS
CBS Q(1)
k Bk

† 

k
RMS

1/2

1/2
GkH RBS
CBS Q(1)
k Bk

= log2 det

† 


† 
1/2
(1)
k
k 1/2
× RMS
GH RBS CBS Qk Bk


†





.

(36)

k=1

As seen from (36), the impact of mutual coupling at MSs
on sum rate capacity depends on the coupling matrices at
the MSs. If the product of the determinants of the mutual
coupling matrices is larger than one, the eﬀect of mutual
coupling on capacity is positive. Otherwise, it is negative.
This can also be explained from the view of eﬀective spatial
correlation. As shown by (12), with mutual coupling taken
into account, the eﬀective spatial correlations at BS and the
kth MS can be given as


1/2
k
= CkMS RMS
Rk,eﬀ

=

1/2

,
(37)

1/2
RBS
CBS .

5. Numerical Results

pk  k 1/2 k 1/2
R
GH RBS CBS Q(1)
k Bk
σn2 MS

+ log2 det CkMS CkMS

†

These eﬀective spatial correlation matrices represent mutual
coupling modulated spatial correlations. If the existence
of the mutual coupling results in larger eﬀective spatial
correlations in an antenna array, it has negative impact on
the sum rate capacity of the multiuser MIMO system.


7
†
× det CkMS CkMS


log2 det CkMS CkMS

ΔCmutual coupling =

1/2
RBS,eﬀ



pk  k 1/2 k 1/2
(1)
R
G
R
C
Q
B
BS
k
H
BS
MS
k
σn2





K


† 

1/2
1/2
k
× CkMS RMS
GkH RBS
CBS Q(1)
B
k
k



.

.

According to (30), the sum rate capacity can be given as
K



k=1

(32)


†

.
(34)

Equation (34) shows there are two terms contributing to
the capacity of the kth MS. The ﬁrst term represents the
capacity of the kth MS without the mutual coupling taken
into account at MS. The second term denotes contribution
of the mutual coupling at MSs to the sum rate capacity. By

To investigate the impact of antenna mutual coupling on
the performance of a multiuser MIMO system employing
generalized channel inversion, the Monto-Carlo simulations
are performed. In the assumed system, the BS is equipped
with 6 transmit dipole antennas, and there are 2 MSs each
having 3 receive dipole antennas. Transmit power is equally
allocated to the 2 MSs. Both for BS and MSs, the dipole
antennas are assumed to be 0.5 λ in length. This system is
referred to as 2 × (3 × 6) system.
The numerical results are divided into three groups, in
which only transmit correlation and mutual coupling are
considered, only receive correlation and mutual coupling are
considered, and where both transmit and receive correlation
and mutual coupling are considered. In the simulations, the
unit for interelement spacing is one wavelength and denoted
by λ. In the following ﬁgures, each of the presented (point)
results is obtained from 5000 independent simulation runs.
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Figure 2: Surface of sum rate capacity with regard to interelement
spacing at BS and SNR for a 2 × (3 × 6) multiuser MIMO system
without mutual coupling taken into account.

Figure 1: Sum rate capacity with regards to interelement spacing
at BS for a 2 × (3 × 6) multiuser MIMO system with and without
mutual coupling taken into account.
Sum rate capacity (bps/Hz)

5.1. Impact of Mutual Coupling at BS on the System Performance. In the ﬁrst set of simulations, spatial correlation and
mutual coupling at BS are considered. We assume that there
are no spatial correlations or mutual coupling eﬀects at the
MSs. The simulations are designed to show the impact of
mutual coupling at the BS side on the sum rate capacity
of a multiuser MIMO system. Figure 1 shows the sum rate
capacity for a 2 × (3 × 6) multiuser MIMO system with the
varying interelement spacing at the BS.
It can be seen from results presented in Figure 1 that
without mutual coupling (where only spatial correlation
is considered) the system achieves “M”-looking sum rate
capacity plots for SNR = 20 dB and SNR = 30 dB. Both
plots peak at BS interelement spacing of 0.45 λ and 0.85 λ
with the 0.85 λ interelement spacing oﬀering a larger sum
rate capacity. As observed, the sum rate capacity plots for
the 2 × (3 × 6) multiuser MIMO system with mutual
coupling taken into account also show a M’-looking. They
peak at BS interelement spacing of 0.35 λ and 0.9 λ with
the 0.35 λ interelement spacing oﬀering a larger sum rate
capacity. Comparing the plots of sum rate capacity with and
without mutual coupling taken into account, it can be seen
from Figure 1 that their values cross when the interelement
spacing is 0.55 λ, for both SNR = 20 dB and SNR = 30 dB.
Also, when the interelement spacing is smaller than 0.55 λ the
presence of mutual coupling results in an increased sum rate
capacity. Therefore, mutual coupling has a positive eﬀect on
the performance of the system in terms of sum rate capacity.
When the interelement spacing is larger than 0.55 λ, the
presence of mutual coupling results in a decreased sum rate
capacity. Therefore, in this case mutual coupling has a negative eﬀect on the performance of the system in terms of sum
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Figure 3: Surface of sum rate capacity with regard to interelement
spacing at BS and SNR for a 2 × (3 × 6) multiuser MIMO system
with mutual coupling taken into account.

rate capacity. When the interelement spacing approaches
1.0 λ, the eﬀect of mutual coupling becomes negligible.
Figures 2 and 3 oﬀer an extension of results earlier shown
in Figure 1 for an SNR range of 0 to 40 dB.
Cases of with and without mutual coupling taken into
account are considered. In both cases, the sum rate capacity
is shown with respect to SNR and interelement spacing at
the BS. The peaks between 0.2–0.4 λ and 0.7–0.9 λ become
more visible as SNR increases. In Figure 2, when mutual
coupling is not considered, higher capacity is achieved for
interelement spacing ranging from 0.8 λ to 0.9 λ, whereas in
Figure 3, with mutual coupling, higher capacity is achieved
for lower interelement spacing ranging from 0.3 λ to 0.4 λ.
5.2. Impact of Mutual Coupling at MSs on the System Performance. In the second set of simulations, spatial correlation
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Figure 5: Surface of sum rate capacity with regard to interelement
spacing at MSs and SNR for a 2 × (3 × 6) multiuser MIMO system
without mutual coupling taken into account.

Figure 4: Sum rate capacity with regard to interelement spacing at
MSs for a 2 × (3 × 6) multiuser MIMO system with and without
mutual coupling taken into account.

50
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40
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and mutual coupling at MSs are considered, by varying the
interelement spacing at the MSs. It is postulated that the
receive array at each of the MSs has the same interelement
spacing and there are no spatial correlation and mutual
coupling eﬀects at the BS. This group of simulations is
designed to investigate the impact of mutual coupling at MSs’
side on the sum rate capacity of a multiuser MIMO system.
Figure 4 presents the sum rate capacity for a 2 × (3 × 6)
multiuser MIMO system with varying interelement spacing
at MSs.
The presented results show a similar trend to the results
given in Figure 1. In particular, the plots of sum rate
capacity with and without mutual coupling for diﬀerent
SNRs show exactly the same trends. The peak values take
place for interelement spacing of 0.4 λ and the range from
0.7 λ to 0.85 λ. The plots of sum rate capacity for the
cases with and without mutual coupling cross when the
interelement spacing equals approximately 0.45 λ. As shown
in Figure 4, when interelement spacing is smaller than 0.45 λ,
the existence of mutual coupling results in an increased sum
rate capacity. Therefore, mutual coupling has a positive eﬀect
on the performance of the system in terms of sum rate
capacity. When interelement spacing is larger than 0.45 λ, the
presence of mutual coupling actually results in a decreased
sum rate capacity. In this case, antenna mutual coupling has
a negative eﬀect on the performance of the system in terms
of sum rate capacity. When antenna interelement spacing
approaches 1.0 λ, the diﬀerence between results with and
without mutual coupling becomes negligible.
Figures 5 and 6 show an extension of results presented
in Figure 4 for an SNR range of 0 to 40 dB, for the cases of
with and without mutual coupling taken into account. The
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Figure 6: Surface of sum rate capacity with regard to interelement
spacing at MSs and SNR for a 2 × (3 × 6) multiuser MIMO system
with mutual coupling taken into account.

sum rate capacity is shown with respect to both SNR and
interelement spacing at the MSs. The peak values occurring
for the interelement spacing between 0.35–0.45 λ and 0.7–
0.85 λ become more visible as SNR increases.
In Figure 5, when mutual coupling is not considered,
higher capacity is achieved for interelement spacing ranging
from 0.8 λ to 0.85 λ, whereas in Figure 6, with mutual
coupling taken into account, higher capacity is achieved for
lower interelement spacing of 0.4 λ.
5.3. Impact of Mutual Coupling at Both BS and MSs on the
System Performance. In the third set of simulations, spatial
correlations and mutual coupling at both BS and MSs are
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system at SNR = 20 dB.

considered, by varying the interelement spacing at the BS and
MSs. We assume that the receive array at each of the MSs
has the same interelement spacing. The SNRs for both cases
are ﬁxed to 20 dB. This group of simulations are designed to
reveal the joint impact of mutual coupling at both the BS and
MSs on the sum rate capacity of a multiuser MIMO system.
Figure 7 shows the 2-diemnsional representation of sum
rate capacity with spatial correlations at BS and MSs, where
mutual coupling is not taken into account.
As expected from the previous simulations, the results in
Figure 7 show four dominant peaks on the surface of sum
rate capacity. These include the case when BS interelement
spacing is 0.45 λ and MSs antenna interelement spacing is

0.4 λ, BS antenna interelement spacing is 0.45 λ and MSs
interelement spacing is 0.9 λ, BS interelement spacing is 0.9 λ
with MSs interelement spacing of 0.4 λ, and BS interelement
spacing of 0.9 λ and MSs interelement spacing of 0.9 λ.
Among them, the peak located at BS antenna interelement
spacing 0.9 λ with MSs antenna interelement spacing 0.9 λ is
the most signiﬁcant one.
Figure 8 shows the 2-dimensional representation of sum
rate capacity with spatial correlations and mutual coupling
taken into account at BS and MSs.
As expected from the previous simulations, the results
presented in Figure 8 indicate two dominant peaks on the
surface of sum rate capacity. These include the cases of BS
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interelement spacing of 0.45 λ and 0.4 λ at MSs, and BS
interelement spacing of 0.45 λ and 0.85 λ at MSs, respectively.
The peak located at interelement spacing of 0.45 λ at BS and
0.4 λ at MSs is the most signiﬁcant one.

6. Conclusions
The paper has reported investigations into the performance
of a multiuser MIMO system employing generalized channel inversion scheme. The investigations have taken into
account spatial correlation and antenna mutual coupling
eﬀects which are present in compact array antennas. The
undertaken theoretical analysis has shown that the presence
of antenna mutual coupling may have positive impact on
the performance of the multiuser MIMO system in terms
of sum rate capacity. The simulation results have conﬁrmed
these theoretical ﬁndings by showing that when the antenna
interelement spacing at BS is smaller than 0.55 λ and at MSs is
less than 0.4 λ, the existence of mutual coupling results in an
increased sum rate capacity. The numerical results have also
indicated that without mutual coupling taken into account,
the system conﬁguration with a BS antenna interelement
spacing and MSs interelement spacing of 0.9 λ achieves the
most signiﬁcant sum rate capacity. However, this leads to a
noncompact transceiver design. For the compact transceiver
design, the presence of mutual coupling is beneﬁcial in terms
of an increased sum rate capacity when at a BS the antenna
interelement spacing is 0.45 λ and 0.4 λ at MSs.
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This paper studies the mutual coupling eﬀect between array elements of two- and four-element ultrawideband (UWB) linear
arrays on their performances. For simplicity, it is assumed that both antenna arrays are fed by independent microstrip lines with
the same power amplitudes and equal phases. From our study, array bandwidth improvement is achieved for both array types
when the mutual coupling is strong enough or interelement spacing is small. The mutual coupling also enhances the array realized
gain especially in the midfrequency band (5–8.5 GHz) while it deteriorates the gain outside that frequency range. Proper tuning for
interelement spacing with enough mutual coupling enhances the array realized gain at most frequencies and makes it more stable
across the desired frequency range. From the radiation pattern results, the grating lobes appear in UWB arrays when the element
spacing is greater than two wavelengths at the upper edge frequency, 10.6 GHz, or half wavelength at the lower edge frequency
3.1 GHz. Two fabricated array prototypes with corporate feed are fabricated and tested to validate the theoretical analysis. The
eﬀect of using T-junction power divider is clear on the reﬂection coeﬃcient |S11 |. Both numerically simulated and experimental
results successfully demonstrate our analysis.

1. Introduction
Ultrawideband (UWB) technology has inspired many academic researchers, scientists, and industrialists since the Federal Communication Commission (FCC) announced the use
of unlicensed frequency band of 3.1–10.6 GHz for commercial communication applications in 2002 [1]. This available
wide bandwidth enables UWB systems to achieve high speed
and high data rates in communications applications, that
is, more than 500 Mbps [2], high accuracy in localization
systems [3], or very high resolution in radars’ applications
[4]. The antenna is considered an important component in
the UWB system, and it aﬀects the overall performance of the
system. Researchers have developed recently many diﬀerent
antenna designs for UWB applications with wide impedance
bandwidth, linear phase, reasonable gain, and stable radiation characteristics across the whole UWB frequency band
[5–8].

In certain applications such as microwave imaging, localization or radar applications, high gain is needed. Typically
the UWB single antenna element has relatively low gain of
order 3-4 dBi, which can be improved using antenna arrays.
Antenna arrays are widely used in many practical systems to
enhance gain or provide beam scanning capability. Mutual
coupling among antenna elements is an important issue, and
it should be taken into consideration in designing antenna
arrays. Several studies have shown that mutual coupling
degrades the performance of antenna arrays by modifying
the array radiation pattern, 3 dB beamwidth, and directivity
of an array [9–11]. However, mutual coupling is natural array
behavior and may be used to enhance the overall array performance such as bandwidth [9]. For narrowband (NB) or
single resonant antenna arrays, the element spacing should
be less than one wavelength λ at the resonant frequency fr to
avoid grating lobes and also to keep strong enough mutual
coupling among elements to enhance the overall array
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Measured
Simulation (HFSS)
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Figure 2: Measured and simulated |S11 | for the UWB antenna element with a microstrip line feed.

performance. But for ultra-wideband (UWB) antenna arrays
which operate at very large frequency bandwidth or at more
than one resonant frequency, it is not clear how the element
spacing should be in terms of wavelengths at the lower
edge frequency fL , center edge frequency fc , and upper edge
frequency fU to avoid grating lobes in the whole UWB
frequency band. Extensive parametric studies should be carried out to see the eﬀect of element spacing on antenna array
performance to avoid grating lobes.
In this paper we study the mutual coupling eﬀect on
the performance of UWB linear antenna arrays. This study
includes the numerical investigation of the mutual coupling
eﬀect on the array matching bandwidth, correlation coeﬃcient, sidelobe level (SLL), and the array gain. First, twoelement UWB linear antenna array is constructed by using
two identical UWB antenna elements fed simultaneously
through two independent microstrip lines. For simplicity, it
is assumed that the power amplitude is fed equally between
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the two elements with equal phases. For a two-element array, the array is treated as a two-port network, and hence
the reﬂection coeﬃcients are approximately the linear
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superposition of scattering coeﬃcients |S11 | and |S12 | of the
array. Second, four-element UWB linear antenna array is
constructed by using four identical UWB antenna elements
fed simultaneously through four independent microstrip
lines with equal amplitudes and phases. For a four-element
array, the array is treated as a four-port network with reﬂection coefﬁcient being approximately the linear superposition
of scattering coeﬃcients of the array. The theoretical analysis
is carried out using Ansoft HFSS [12] which is based on ﬁnite
element (FE) method and CST Microwave Studio [13] which
is based on ﬁnite integration technique (FIT). While performing simulation using both HFSS and CST programs, the
Rogers substrate material (RT5880) is chosen from the predeﬁned internal library of the simulation programs. This is
why the change in the relative permittivity εr and loss tangent
tan δ of the substrate as a function of frequency was taken
into account in the simulation, and their eﬀect is too small
to mention in this paper. For the experimental investigation,
two- and four-element UWB antenna array prototypes with
corporate feed using T-junction UWB power divider are
fabricated and then tested. The measurement results agree
well with the simulated ones.
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Figure 8: Simulated (a) |S11 | and (b) realized gain curves of the
two-element UWB array at diﬀerent element spacing values d compared to a single antenna element.
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Figure 9: Simulated E-plane (XZ-plane) radiation patterns for the two-element UWB array at diﬀerent element spacing values d = 28 mm
(solid line) and d = 54 mm (dashed line) compared to a single antenna element (dotted line).

2. Two-Element UWB Linear Antenna Array
We consider a two-element UWB linear antenna array as
shown in Figure 3, respectively. The geometry of the UWB
antenna element is presented in Figure 1 with all optimized
dimensions tabulated in Table 1. The antenna element
consists of a microstrip-line-fed printed disc monopole with
two steps and a circular slot with a ﬁnite truncated ground
plane, and both are printed on a Rogers RT/duroid5880
high-frequency laminate with thickness of h, loss tangent of
0.0009, and relative permittivity of 2.2. Both simulated and
measured results in Figure 2 show that the antenna element
has an UWB frequency response. The antenna also exhibits
dipole-like radiation pattern through the whole frequency
range. Two-element UWB array, which is fed through two

independent microstrip lines, is used in our study to address
the eﬀect of mutual coupling between antenna elements
without taking the eﬀect of any feed network into account.
The element spacing or distance between two antenna elements is d. It is very clear that the element spacing d mainly
aﬀects the mutual coupling between elements. So, extensive
parametric studies are carried out to investigate the eﬀect of
varying element spacing d on diﬀerent array parameters such
as matching impedance bandwidth, correlation coeﬃcient
ρe , and realized gain. The correlation of two antennas is
evaluated from S-parameters according to the formula [14]


2

S∗ S12 + S∗ S22 
11  21 
 .

ρe = 
2
1 − |S11 | + |S21 |2
1 − |S22 |2 + |S12 |2

(1)
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Figure 10: Simulated H-plane (Y Z-plane) radiation patterns for the two-element UWB array at diﬀerent element spacing values d = 28 mm
(solid line) and d = 54 mm (dashed line) compared to a single antenna element (dotted line).

The simulated reﬂection coeﬃcient |S11 | results of twoelement UWB array are shown in Figure 4. From the results,
when the element spacing d is very small, that is, d = 20 mm,
the mutual coupling between antenna elements becomes
very strong, and hence it strongly aﬀects the resonant frequencies. So, mutual coupling obviously enhances the twoelement array bandwidth. By increasing the element spacing
d, the mutual coupling between antenna elements becomes
weaker, and hence its eﬀect on the reﬂection coeﬃcient |S11 |
is almost negligible.
For further understanding the eﬀect of the mutual coupling between antenna elements on the array performance,
the simulated |S12 | is evaluated and presented in Figure 5.
The isolation between the two antenna elements is improved

dramatically by increasing the element spacing d more than
30 mm especially at higher frequencies, that is, 7.0–14 GHz.
This is because the mutual coupling eﬀect is weak at low
frequencies, that is, 1–7 GHz, and by increasing the frequency
more than 7 GHz, the element spacing becomes electrically
large with respect to wavelength, and hence the mutual
coupling eﬀect becomes weaker and isolation is improved at
higher frequencies.
The correlation coeﬃcient ρe between the two antenna
elements has also been studied. Figure 6 shows the correlation coeﬃcient ρe with frequency at diﬀerent element spacing
values d = 20, 30, 40, 50, and 60 mm. It is obvious that
the correlation between antenna elements changes with frequency, that is, at some frequencies; the correlation becomes
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corporate feed, (a) top view and (b) bottom view.
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Figure 12: Simulated and measured |S11 | curves for the twoelement UWB array prototype with corporate feed (d = 54 mm)
compared to the array without feed network.

high while at other frequencies there is no correlation or
becomes zero. The average correlation coeﬃcient ρe between
antenna elements is high when the element spacing is small
and by increasing element spacing, the average correlation
coeﬃcient ρe decreases.
Figure 7 presents the simulated realized gain curves for
the two-element UWB array versus frequency at diﬀerent
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Frequency (GHz)
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Figure 14: Simulated |S11 | results of four-element UWB array.

element spacing values. The strong mutual coupling when
d = 20 mm reduces the array gain at both low and high
frequencies. By increasing the element spacing and reducing
the eﬀect of mutual coupling, the array gain increases and
tends to be more stable across the whole frequency range.
A comparison is carried out in Figure 7 to see which
interelement spacing either 28 mm or 54 mm is better on the
array matching impedance bandwidth or realized gain. It is
found that for two-element array, d = 54 mm is better than
28 mm for a better matching impedance bandwidth and high
stable realized gain across the whole frequency range.
To address the eﬀect of mutual coupling between antenna
elements on the array performance compared to a single
antenna element, we choose a two-element array with
element spacing d = 28 mm (one wavelength at upper edge
frequency fU = 10.6 GHz) for strong mutual coupling and
another array with d = 54 mm (almost half wavelength
at lower edge frequency fL = 3.1 GHz) for weak mutual
coupling. Figure 8(a) shows the reﬂection coeﬃcient of both
antenna arrays compared to those of the single antenna
element. In case of array with strong mutual coupling, the
matching is enhanced especially at higher frequencies and
bandwidth is improved especially at low frequencies while
the curve is almost the same as that of single antenna element
in case of the array with weak mutual coupling.
The realized gain for both antenna arrays compared to
that of the single antenna element is presented in Figure 8(b).
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The realized gain is increased by almost 3 dB at most of
frequencies in the whole frequency band compared to that
of a single antenna element for the array with strong mutual
coupling. In case of the array with weak mutual coupling,
the realized gain is small and almost reaches that of the
antenna element at lower frequencies below 5 GHz and
higher frequencies more than 8.5 GHz while the gain is
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Figure 17: Simulated |S11 | curves of the four-element UWB array at
element spacing d = 28 mm compared to a single antenna element.

increased by more than 5 dB in the midband from 5 GHz to
8.5 GHz.
Finally, the E-plane (φ = 0◦ ) and H-plane (φ = 90◦ )
radiation patterns for both antenna arrays compared to that
of the single antenna element at diﬀerent frequencies 3, 5,
7, and 9 GHz, are shown in Figures 9 and 10, respectively.
It is obvious that the dipole-like E-plane radiation patterns

are almost the same for both antenna arrays and also for
the single antenna element. The H-plane radiation patterns
which are nearly omnidirectional in case of a single antenna
element, become bidirectional for both antenna arrays. The
possibility of grating lobes to appear is high in case of large
size array (d = 54 mm) compared to the small-size array
(d = 28 mm).
Practically, a two-element UWB array prototype with
d = 54 mm is fabricated with corporate feed using Tjunction power divider. Figure 11 shows the picture of
the fabricated array prototype to verify our analysis and
simulated results of reﬂection coeﬃcient |S11 |. The eﬀect of
using feed network on the array performance is investigated.
Figure 12 presents the simulated and measured reﬂection
coeﬃcient |S11 | curves for the two-element UWB array
prototype with corporate feed (d = 54 mm) compared to the
array without feed network. It is clear that both simulated
and measured reﬂection coeﬃcient |S11 | curves are almost
in good agreement but are completely diﬀerent from those
of the array without feed network. Adding the UWB feed
network has a great eﬀect on the shape of the reﬂection coefﬁcient curve without aﬀecting the overall array bandwidth.

3. Four-Element UWB Linear Antenna Array
Next, we consider array consisting of four identical
UWB antenna elements to further demonstrate our study.
Figure 13 shows a four-element UWB array fed by four
independent microstrip lines. The substrate and element
dimensions are the same as given in the two-element UWB
array. The parametric study to show the eﬀect of the element
spacing d on the array performance is shown in Figure 14.
It is seen that the bandwidth of the four-element array at
d = 20 mm is improved, but the matching becomes worse
because of the mutual coupling. Increasing the element
spacing does not have much eﬀect on both matching and
bandwidth because of the weak mutual coupling.
The other S-parameters |S12 |, |S13 |, |S14 |, and |S23 |, are
also studied and presented in Figure 15. Isolation decreases
rapidly especially at high frequency for large element spacing
values, that is, d = 40, 50, and 60 mm where the array becomes electrically large. But for small element spacing values,
that is, d = 20 and 30 mm, the mutual coupling eﬀect is strong
and hence the isolation does not change too much even at
high frequencies.
Figure 16 shows the variation of the array realized gain
with diﬀerent element spacing values versus frequency. It is
clear that for a reasonable mutual coupling, the gain is enhanced especially in the midband, but it decreases at both
lower and higher frequencies. With increasing the element
spacing and decreasing the eﬀect of mutual coupling, the
gain increases at almost all frequencies with more stable gain
through the whole frequency range.
The reﬂection coeﬃcient and realized gain of four-element array compared to those of the single antenna element
are presented in Figures 17 and 18, respectively. In case of
array, the matching is enhanced especially at higher fre-
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Figure 18: Simulated realized gain curves of the four-element UWB
array at element spacing d = 28 mm compared to a single antenna
element.

quencies and bandwidth is improved especially at low
frequencies compared to that of single antenna element.
The realized array gain is increased by almost 6 dB in the
midband from 5 GHz to 8.5 GHz while it increases by a lower
rate at lower frequencies below 5 GHz and higher frequencies
more than 8.5 GHz as compared to those of a single antenna
element.
Finally, the E-plane (φ = 0◦ ) and H-plane (φ = 90◦ )
radiation patterns for array compared to that of the single
antenna element at diﬀerent frequencies, 3, 5, 7, and 9 GHz,
are shown in Figures 19 and 20, respectively. It is obvious
that the dipole-like E-plane radiation patterns are almost
the same for array and single antenna element. The H-plane
radiation patterns, which are nearly omnidirectional in case
of a single antenna element, become bidirectional for array.
For the four-element array, small interelement spacing
has been chosen, that is, d = 28 mm, to avoid large-size array
and to make it easy to simulate in simulation programs.
A four-element UWB array prototype with d = 28 mm
is fabricated with corporate feed using T-junction power
divider. Figure 21 shows the picture of the fabricated array
prototype to verify our analysis and simulated results of
reﬂection coeﬃcient |S11 |. The eﬀect of using feed network
on the array performance is investigated. Figure 22 presents
the simulated and measured reﬂection coeﬃcient |S11 |
curves for the two-element UWB array prototype with
corporate feed (d = 28 mm) compared to the array without
feed network. It is clear that both simulated and measured
reﬂection coeﬃcient |S11 | curves are almost in good agreement but are completely diﬀerent from those of the array
without feed network. Adding the UWB feed network has
a great eﬀect on the shape of the reﬂection coeﬃcient curve
without aﬀecting the overall array bandwidth.
There are a few designs of antenna array for UWB applications [15, 16]. In [16], only two-element antenna array is
introduced with maximum achieved impedance bandwidth
of about 83% (3.1–7.5 GHz). Both two-element and fourelement antenna arrays have been presented in [15]. The
achieved gain for the proposed two-element and four-elelemt
array in the UWB frequency band is 3.6–8.5 dBi (4.9 dBi
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Figure 19: Simulated E-plane (XZ-plane) radiation patterns for the four-element UWB array at element spacing d = 28 mm (solid line)
compared to a single antenna element (dashed line).

gain variation) and 6.5–10.5 dBi (4.0 dBi gain variation),
respectively. The maximum achieved impedance bandwidth
is improved in our proposed designs with less gain variation
and more stability in the boresight gain.

4. Conclusions
In this paper, mutual coupling eﬀect between array elements
of two- and four-element UWB linear arrays on their
performances has been studied. For simplicity, it is assumed
that both arrays are fed by independent microstrip lines
with the same power amplitudes and equal phases. From
our study, bandwidth improvement can be achieved for both

arrays when the mutual coupling is strong enough or element
spacing is small. The mutual coupling also enhances the
array realized gain especially in the midfrequency band (5–
8.5 GHz) while it deteriorates the gain outside that frequency
range. From the radiation pattern results, it has been shown
that the grating lobes appear when the element spacing is
greater than two wavelengths at the upper edge frequency
fU = 10.6 GHz for UWB arrays. Two fabricated array
prototypes with corporate feed have been fabricated and
tested to validate the theoretical analysis. The eﬀect of using
T-junction power divider is clear on the reﬂection coeﬃcient
|S11 |. Both simulated and experimental results successfully
demonstrate our analysis.

10

International Journal of Antennas and Propagation

00
30

−5

00
30

30

−5

−10

60

−10

60

−15

60

−20

90

90

120

120

90

90

120

120

150

150

150

180

180

f = 3 GHz

f = 5 GHz

(a)

(b)

00
30

−5

00
30

30

−5

−10

60

60

−15

−20

150

30

−10

60

−15

60

60

−15

−20

−20

90

90

120

120

150

30

150

90

90

120

120

150

150

180

180

f = 7 GHz

f = 9 GHz

(c)

(d)

Figure 20: Simulated H-plane (Y Z-plane) radiation patterns for the four-element UWB array at element spacing d = 28 mm (solid line)
compared to a single antenna element (dashed line).
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Figure 21: Fabricated four-element UWB linear antenna array with corporate feed (T-junction power divider), (a) top view and (b) bottom
view.
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Electromagnetic bandgap (EBG) structures can help in the reduction of mutual coupling by their capabilities of suppressing surface
wave’s propagation in a speciﬁc frequency range. In this work, a dual-layer EBG structure, which had a lower resonant frequency
than the single-layer one, is proposed in order to reduce the mutual coupling between E-plane coupled microstrip antenna array.
As this EBG structure signiﬁcantly made the series capacitance between neighbor cells larger, a drastic reduction of the unit cell size
was achieved. The simulated and experimental results show that the proposed structure has a signiﬁcant 19 dB mutual coupling
reduction.

1. Introduction
Mutual coupling eﬀects can cause signiﬁcant degradation of
performance in many array applications. For example, it may
cause scan blindness in phased arrays with a large scanning
angle and degradation of the side lobe level, especially for the
ultra low side lobe level antenna arrays [1, 2].
In fact, two patches can be coupled in an array through
two paths; the ﬁrst path arises from the free space radiation
which is present in all types of array antennas and the second
path arises from surface waves constituting a very important
factor in patch antennas. Generally, when a patch antenna
operates in the fundamental mode, surface waves are strongly
excited in the E-plane.
There are many methods for reducing the eﬀects of
mutual coupling, which include optimizing antenna dimensions [3], grooving the dielectric [4], covering the patch
by additional dielectric layers [5], using shorting pins to
cancel the capacitive polarization currents of the substrate
[6], adding parasitic conducting tape to the middle of two
antennas [7, 8], or using the dielectric as a bandgap structure
between elements in the array [9, 10].
Electromagnetic bandgap structure consists of a periodic
structure made of dielectric or metal and exhibits one

or more forbidden frequency bands. Since the bandgap
frequency range is determined by the physical dimension of
the EBG and the optimum element separation for avoiding
grating lobes in the visible region of the phase array antenna
has to be 0.5λ0 (where λ0 is the free-space wavelength),
reduction of mutual coupling by means of an EBG structure
becomes particularly challenging when grating lobes must be
avoided. In order to overcome this issue, many methods have
been proposed to reduce dimensions of an EBG cell. They
include using spiral EBG cells [11], loading lumped element
in the EBG structure [12], adding multilayer dielectric
substrate [13], and using Ferrite EBG structure [14].
In this work, a dual-layer EBG structure is proposed
to reduce the mutual coupling of the probe-fed microstrip
patch antenna arrays coupled in the E-plane which has
a stronger surface wave than that of H-plane arrays. The
proposed dual layer structure was inserted between antenna
elements. In contrast to some other works [15], two lowpermittivity layers were used in this work and made the EBG
unit cell size considerably smaller than the patch antenna
size without sacriﬁcing antenna performance. In addition,
in the proposed EBG structure, the series capacitance
between neighbor cells was enlarged in order to compact the
cells.
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Figure 1: (a) Mushroom-like EBG structure, (b) equivalent circuit model of the conventional EBG unit cell [12].
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Figure 2: Equivalent circuit model of the proposed EBG unit cell.

In the ﬁrst part, the design of the proposed unit cell is
presented. In the second part, the eﬀects of the EBG structure
in reducing the mutual coupling of patch antenna arrays
coupled in the E-plane are investigated, and the results are
discussed later.

2. EBG Structure Design
2.1. Introducing of Conventional and Proposed EBG Unit Cell.
The mushroom-like EBG structure was ﬁrst proposed in
[16]. It consisted of four parts: a ground plane, a dielectric
substrate, metallic patches, and connecting vias. This EBG
structure exhibited a distinct stopband for the surfacewave propagation and its operation mechanism could be
explained by a combination of series LC circuits, and a
parallel LC circuit as shown in Figure 1 [12–17]. In this case,
the stop and start frequencies of the band gap were given by
these equations [17]:
f1 , f2 =

1
1

, 
,
2π LR CL 2π LL CR

(1)

where the parameters LL , CL , LR , and CR represent shunt
inductance, series capacitance, series inductance, and shunt
capacitance, respectively. From (1), it can be seen that in
order to achieve an even more compact EBG structure, the
capacitances and inductances should be increased, but in
the EBG design procedure, if the dielectric material and
its thickness are chosen, the inductances cannot be altered.
Therefore, only the capacitances can be enlarged.
Here, to compact an EBG unit cell, the series capacitance
was enlarged. In this case, the circuit model of conventional
unit cell changed to a circuit model shown in Figure 2. In
addition, (1) was replaced by
f1 , f2 =

1
1

.
, 
2π LR (CL + C) 2π LL CR

(2)

As shown in Figure 2, capacitance C was added in parallel
to CL . In this work, capacitance C was achieved by adding a
rectangular metallic ring to the layer under the EBG layer.
Figure 3 shows the conventional and proposed EBG unit
cells.
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At bandgap, an EBG cell was characterized by a high
value of surface impedance and a reﬂection phase of zero.
As shown in Figure 4, the impedance surface was obtained
by applying periodic boundary conditions on a cell and
by setting the wave port impedance up to the top of the
cell. Using the ﬁnite element solver HFSS, the impedance
surface and reﬂection phase were computed under a normal
incidence.
2.2. Compressing Conventional and Proposed EBG Unit Cells.
Figure 5 shows the surface impedance for conventional and
proposed EBG unit cells. In this case, both cells have similar
dimensions. As shown in this ﬁgure, the proposed cell
has a lower resonant frequency than the conventional one.
This resonant frequency reduction is the result of series
capacitance enlargement. When a2 decreases, the width of
rectangular ring increases; so, the series capacitance (C)
grows and the resonant frequency moves to lower frequencies
(Figure 5).

3. Antenna Design and the Results
The E-plane coupled microstrip antenna arrays suﬀer from
strong mutual coupling because of surface waves. Due to
the capability of EBG structures to suppress surface waves,
a single string of EBG cells was inserted between antenna
elements in order to reduce the mutual coupling (Figure 6).
Because a single string of EBG cells was inserted between
the elements, the EBG cells in Figure 6 are one-dimensional
(they were repeated only in the x direction), while the
EBG structures in Figure 3 are two-dimensional (they were
repeated in x and y directions). In this case, to increase the
series capacitance between the cells, the rectangular ring in
Figure 3 was replaced with the metallic ribbon in Figure 6.
Most proposals found in the literature have used thin,
high-permittivity substrates for reducing the size of EBG

cells, and both the periodic structure and patch antenna
have been printed on the same layer; however, the highpermittivity layer has decreased the bandwidth and directivity of the antenna. In this work, the low-permittivity layers
were used for increasing the bandwidth and directivity of
antenna. Reduction of the permittivity layers will increase
the size of the EBG cell. To reduce the size of the EBG cell,
the series capacitance (C) was increased.
HFSS numerical simulation was used to simulate the Eplane coupled microstrip antennas on a dielectric substrate
with h1 = 0.508 mm, h2 = 0.381 mm, εr1 = 3.55, and
εr2 = 2.2. To obtain the resonant frequency at 5 GHz, the
rectangular patch’s size was 10 mm × 17.9 mm, and to avoid
the grating lobe, the distance between the patches was 30 mm
(0.5λ).
The optimum values of the structural parameters of the
antenna are as follows.
The simulated mutual coupling (S12 ) and reﬂection coefﬁcient (S11 ) in both cases (i.e., with and without EBG) are
compared in Figure 7. As shown in this ﬁgure, the proposed
conﬁguration improves the mutual coupling between patch
elements.
The proposed antenna with optimum dimensions was
fabricated. Figure 8 shows the measured mutual coupling
and reﬂection coeﬃcient. In this ﬁgure, the simulated results
are in a reasonable agreement with the measured results. As
a consequence, for the case of a single string of the proposed
EBG, a 19 dB reduction in the mutual coupling was achieved
in the array with EBG, which is not the case for the array
without the EBG.

4. Conclusions
In this paper, a novel compact EBG structure was studied for
the array miniaturization with the reduced mutual coupling.
In such a structure, the series capacitance was enlarged
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Figure 8: Simulated and measured mutual coupling and reﬂection coeﬃcient of E-plane, coupled microstrip antenna array with EBG.

between the neighbor cells by adding a rectangular metallic
ring to a layer under the EBG layer. The EBG structure was
analyzed using the HFSS numerical simulation, and it was
compared with the conventional EBG structure. A single
string of the EBG structure was inserted between antenna
elements in an E-plane coupled microstrip antenna array in
order to reduce the mutual coupling. Compared with the case
without the EBG, the case of a single string of the proposed
EBG achieved a 19 dB reduction in mutual coupling. This
mutual coupling reduction technique can be used in various
antenna array applications.
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