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In this paper, we investigate some properties of the Pochhammer (p, s, k)-symbol p[ξ]n,k,s and gamma (p, s, k)-function pΓs,k(ξ).
We then prove several identities for newly defined symbol p[ξ]n,k,s and the function pΓs,k(ξ). *e integral representations for the
gamma (p, s, k)-function and beta (p, s, k)-function are presented. Also, we define a new Mittag-Leffler (p, s, k)-function and
study its analytic properties and its transforms.

1. Introduction

*e theory of special functions comprises a major part of
mathematics. In the last three centuries, the essential of
solving the problems taking place in the fields of classical
mechanics, hydrodynamics, and control theories motivated
the development of the theory of special functions. *is field
also has wide applications in both pure mathematics and
applied mathematics. *e interested readers may consult the
literature [1–4].

*e Mittag-Leffler function takes place naturally similar
to that of the exponential function in the solutions of
fractional integro-differential equations having the arbitrary
order. *e Mittag-Leffler functions have to gain more rec-
ognition due to its wide applications in diverse fields. We
suggest the readers to review the literature [5–16] for more
details.

*roughout this article, let C,R+,Z− , and N be the sets
of complex numbers, positive real numbers, negative inte-
gers, and natural numbers, respectively.

2. Preliminaries

*is section contains some basic definitions and mathe-
matical preliminaries. We begin with the well-known Mit-
tag-Leffler function.

In [17], Gosta Mittag-Leffler introduced the following
Mittag-Leffler function which is defined by

Eθ(z) � 􏽘
∞

n�0

z
n

Γ(θn + 1)
, z ∈ C, R(θ)> 0. (1)

In [18], a generalization of Mittag-Leffler function Eθ(z)

(1) is given by

Eθ,ϑ(z) � 􏽘
∞

n�0

z
n

Γ(θn + ϑ)
, z, ϑ ∈ C, R(θ)> 0. (2)

In [6], Prabhakar proposed the following three pa-
rameters of Mittag-Leffler function, which is defined by

E
ϱ
θ,ϑ(z) � 􏽘

∞

n�0

z
n
(ϱ)n

Γ(θn + ϑ)n!
, z, ϑ, ϱ ∈ C, R(θ) > 0, (3)
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where (ϱ)n is the well-known Pochhammer’s symbol defined
as follows (see [19]). For ϱ ∈ C,

(ϱ)n � ϱ(ϱ + 1)(ϱ + 2) · · · (ϱ + n − 1), for n ∈ N

� 1, for n � 0.
(4)

Definition 1. In [20], Gehlot introduced the two parameters
Pochhammer’s symbol and two parameters of gamma
(p, k)-function.

Let k, p> 0, ξ ∈ C with R(ξ)> 0, and n ∈ N. *en, the
Pochhammer (p, k)-symbol p(ξ)n,k is defined as

p(ξ)n,k �
ξp

k
􏼠 􏼡

ξp

k
+ p􏼠 􏼡 · · ·

ξp

k
+(n − 1)p􏼠 􏼡 (5)

and the gamma (p, k)-function is defined by

pΓk(ξ) �
1
k

lim
n⟶∞

n!p
n+1

(np)
ξ/k

p(ξ)n+1,k

. (6)

Definition 2. *e gamma (p, k)-function is also represented
by the following forms:

pΓk(ξ) � 􏽚
∞

0
e

− tk/p
t
x− 1dt, (7)

pΓk(ξ) �
p

k
􏼒 􏼓

ξ/k
Γk(ξ) �

p
ξ/k

k
Γ

ξ
k

􏼠 􏼡. (8)

Also, the relationship between the Pochhammer
(p, k)-symbol, Pochhammer k-symbol, and the classical
Pochhammer’s symbol is represented by [4]

p(ξ)n,k �
p

k
􏼒 􏼓

n

(ξ)n,k � p
n ξ

k
􏼠 􏼡

n

. (9)

*e gamma (p, k)-function pΓk(ξ) satisfies the following
relation:

p(ξ)n,k �
pΓk(ξ + nk)

pΓk(ξ)
, (10)

where

pΓk(ξ + k) �
ξp

k
􏼠 􏼡Γk(ξ). (11)

Definition 3. In [21], theMittag-Leffler k-function is defined
by

E
ϱ
k,θ,ϑ(z) � 􏽘

∞

n�0

(ϱ)n,kz
n

Γk(θn + ϑ)n!
, (12)

where k ∈ R, z, θ, ϑ, ϱ ∈ C, R(θ), and R(ϑ)> 0.
Recently, Cerutti et al. [22] introduced the following

Mittag-Leffler (p, k)-function is defined as follows.

Definition 4. For
p, k ∈ R, z, θ, ϑ, ϱ ∈ C,R(θ)> 0, andR(ϑ)> 0,

pE
ϱ
k,θ,ϑ(z) � 􏽘

∞

n�0

p(ϱ)n,kz
n

pΓk(θn + ϑ)n!
, (13)

where p(ϱ)n,k is the Pochhammer (p, k)-symbol given by (5)
and pΓk(ξ) is gamma (p, k)-function given by (6).

In [23], Pochhammer (p, s, k)-symbol p[ξ]n,k,s is defined
as follows.

Definition 5. For p, k, ξ ∈ R, 0< s< 1, and n ∈ N,

p[ξ]n,k,s �
ξp

k
􏼢 􏼣

s

ξp

k
+ p􏼢 􏼣

s

· · ·
ξp

k
+(n − 1)p􏼢 􏼣

s

� 􏽙

n− 1

i�0

ξp

k
+ ip􏼢 􏼣

s

,

(14)

where

[ξ]s �
1 − s

ξ

1 − s
, ∀ξ ∈ R. (15)

*e following identities are satisfied:

(1) [ξ + y]s � [ξ]s + sξ[y]s ∀ξ, y ∈ R
(2) [1]s � 1
(3) [ξy]s � [ξ]sy [y]s ∀ξ, y ∈ R
(4) [0]s � 0

Definition 6. In [23], the gamma (p, s, k)-function in term
of s-series is given by

pΓs,k(kn) �
p

k
􏼔 􏼕

s

s
p
; s

p
( 􏼁n− 1

(1 − s)
n− 1 . (16)

*e relationship between p[ξ]n,k,s and pΓs,k(ξ) is given by
[23]

p[ξ]n,k,s �
pΓs,k

(ξ + nk)

pΓs,k(ξ)
. (17)

*e beta (p, k)-function is defined by

pBk(ξ, y) �
pΓk(ξ)pΓk(y)

pΓk(ξ + y)
, R(ξ)> 0, R(y)> 0. (18)

Definition 7. *e beta (p, k)-function is represented by the
following integral:

pBk(ξ, y) �
1
k

􏽚
1

0
t
(ξ/k)− 1

(1 − t)
(y/k)− 1

e
− p/tdt. (19)

Definition 8. *e well-known Laplace transform of piece-
wise continuous function f: R⟶ R is defined by

L f(θ)􏼈 􏼉 � 􏽚
∞

0
e

− sθ
f(θ)dθ,R(s)> 0. (20)
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3. Applications and Properties of the
Pochhammer (p, s, k)-Symbol p[ξ]n,k,s and
Gamma (p, s, k)-Function pΓs,k(ξ)

In this section, we define gamma (p, s, k)-function pΓs,k(ξ)

in terms of limit function and give its integral representa-
tion. Also, we define beta (p, s, k)-function pBs,k(ξ, y) and
its integral representation. Furthermore, we prove some
identities of the Pochhammer (p, s, k)-symbol p[ξ]n,k,s and
the gamma (p, s, k)-function pΓs,k(ξ).

Definition 9. Suppose that k, s, p> 0, ξ ∈ C/kZ− with
R(ξ)> 0, and n ∈ N. *en, the gamma (p, s, k)-function
pΓs,k(ξ) is given as

pΓs,k(ξ) �
s

k
lim

n⟶∞

n!p
n+1

(snp)
(ξ/k)− 1

p(ξ)n,k

. (21)

Theorem 1. Suppose that k, p, s, r, q> 0, ξ ∈ C/kZ− with
R(ξ)> 0, and n ∈ N. 7en, the following identities hold:

(1).p[ξ]n,r,s�p

qξ
r

􏼢 􏼣
n,q,s

(22)

(2).p[ξ]n,r,s �
p

r
􏼒 􏼓

n

r

qξ
r

􏼢 􏼣
n,q,s

(23)

(3).p[ξ]n,k,s � s[ξ]n,k,p (24)

(4).pΓs,k(ξ) �
q

k
􏼒 􏼓pΓs,q

qξ
k

􏼠 􏼡 (25)

(5).rΓs,q(ξ) �
k

q
􏼠 􏼡

r

p
􏼠 􏼡

ξ/s

pΓs,k

kξ
s

􏼠 􏼡 (26)

(6).rΓk,q(ξ) �
r

p
􏼠 􏼡

ξ/q

pΓk,q(ξ) (27)

Proof. *e properties (22), (23), and (24), respectively,
follow from definition (11) and equations (2.8), (2.9), and
(2.10) of [16]. *e properties (25), (26), and (27), respec-
tively, follow by using equation (21) and (2.11), (2.12), and
(2.13) of [16]. □

Theorem 2. Let k, p, s, r> 0, ξ ∈ C/kZ− with R(ξ)> 0, and
n ∈ N. 7en, the following integral representation of gamma
(p, s, k)-function is defined by

pΓs,k(ξ) � 􏽚
∞

0
e

− tk/sp
t
ξ− 1dt. (28)

Proof. Consider the right hand side of (28). By applying ([8],
page 2) Tannery theorem and using (21), we have

􏽚
∞

0
e

− tk/sp
t
ξ− 1dt � lim

n⟶∞
􏽚

(snp)1/k

0
1 −

tk

nsp
􏼠 􏼡

n

t
ξ− 1dt. (29)

Let Cn,i(ξ), i � 0, 1, . . . , n, be given by

Cn,i(ξ) � lim
n⟶∞

􏽚
(snp)1/k

0
1 −

tk

nsp
􏼠 􏼡

i

t
ξ− 1dt. (30)

After integrating by parts, we obtain

Cn,i(ξ) �
ki

nspx
Cn,i− 1(ξ + k), ∀i � 1, 2, . . . , n. (31)

Also,

Cn,0(ξ) �
(snp)

ξ/k

ξ
. (32)

*erefore,

Cn,n(ξ) �
s

k

n!p
n+1

(snp)
(ξ/k)− 1

p(ξ)n,k(1 +(ξ/kn))
,

pΓs,k(ξ) � lim
n⟶∞

Cn,n(ξ) �
s

k
lim

n⟶∞

n!p
n+1

(snp)
(ξ/k)− 1

p(ξ)n,k

.

(33)□

Definition 10. Let ξ, y ∈ C/kZ− , k, p, s, r ∈ R+ − 0, and
R(ξ)> 0, n ∈ N. *en, the integral representation of
pBs,k(ξ, y) is given by

pBs,k(ξ, y) �
1
k

􏽚
1

0
t
(ξ/k)− 1

(1 − t)
(y/k)− 1

e
− (p/t)− (s/(1− t))dt,

(34)

where R(p)> 0,R(s)> 0,R(ξ)> 0, andR(y)> 0.

Theorem 3. 7e relation between three parameters, two
parameters, and the classical Pochhammer’s symbol is given
by

p[ξ]n,k,s � s
n

p(ξ)n,k �
sp

k
􏼒 􏼓

n

(ξ)n,k � (sp)
n ξ

k
􏼠 􏼡

n

. (35)

Proof. Using (14) and (9), we get the desired result. □

Theorem 4. 7e relation between gamma (p, s, k)-function,
gamma (p, k)-function, gamma k-function, and classic
gamma function is given by

pΓs,k(ξ) � (s)
ξ/k

pΓk(ξ) �
sp

k
􏼒 􏼓

ξ/k
Γk(ξ) �

(sp)
ξ/k

k
Γ

ξ
k

􏼠 􏼡.

(36)

Proof. Using (21) and (8), we get the desired result. □
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Theorem 5. Given ξ ∈ CkZ− , k, s, p ∈ R+ − 0{ },R(ξ)> 0,
and n ∈ N, the recurrence relation for Pochhammer
(p, s, k)-symbol is given by

p[ξ]n+j,k,s � p[ξ]j,k,s × p[ξ + jk]n,k,s,

(ns)p[ξ]n− 1,k,s � p[ξ]n,k,s − p[ξ − k]n,k,s.
(37)

Proof. Using the definition of Pochhammer (p, s, k)-sym-
bol, we get the desired result. □

4. Definition and Convergence Condition of the
Mittag-Leffler (p, s, k)-Function pE

9,s

k,θ,ϑ(z)

In this section, we define a new generalization of the Mittag-
Leffler (p, s, k)-function. Also, we check the convergence of
the Mittag-Leffler (p, s, k)-function.

Definition 11. Suppose that p, k ∈ R, θ, ϑ, ϱ ∈ C,

R(θ)> 0,R(ϑ), andR(ϱ)> 0. *en, Mittag-Leffler
(p, s, k)-function is defined by

pE
ϱ,s
k,θ,ϑ(z) � 􏽘

∞

n�0

p[ϱ]n,k,sz
n

pΓs,k(θn + ϑ)n!
, (38)

where p[ϱ]n,k,s is Pochhammer (p, s, k)-symbol defined in
(14), and pΓs,k(ξ) is defined in (21).*e recurrence relation of
gamma (p, s, k)-function pΓs,k(ξ) given in [23] is

pΓs,k(x + k) �
ξp

k
􏼢 􏼣

s
pΓs,k(ξ). (39)

Now, some characteristics of the Mittag-Leffler
(p, s, k)-function are presented. We show that the M-L
(p, s, k)-function is an entire function. Also, its order and
type are given.

Theorem 6. 7e Mittag-Leffler (p, s, k)-function, defined in
(38), is an entire function of order ρ and type σ given by

ρ �
k

Re(θ)
,

σ � ρpe
Re((θ/k)ln(θ/k))ρ

􏽨 􏽩
− 1

.

(40)

Proof. Let R denotes the radius of convergence of the
Mittag-Leffler (p, s, k)-function. By considering the prop-
erties (5) and (8) and using the asymptotic expansions for
the gamma function [1] and the asymptotic Stirling’s for-
mula, we have

Γ(z) � (2π)
1/2

z
z− (1/2)

e
z
[1 + O(z − 1)]

· (|arg(z)|< π; |z|⟶∞).
(41)

In particular,

n! � (2πn)
1/2

n
n
e

− n 1 + O n
− 1

􏼐 􏼑􏽨 􏽩(n ∈ N; n⟶∞), (42)

and the following quotient expansion of two gamma
functions at infinity is given as

Γ(z + a)

Γ(z + b)
� z

a− b 1 + O z
− 1

􏼐 􏼑􏽨 􏽩(|arg(z) + a|< π; |z|⟶∞).

(43)

Series (38) can be written in the following forms:

pE
ϱ,s
k,θ,ϑ(z) � 􏽘

∞

n�0

p[ϱ]n,k,sz
n

pΓs,k(θn + ϑ)n!

� 􏽘
∞

n�0
cnz

n
,

(44)

since

R � lim
n⟶∞

sup
cn

cn+1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
. (45)

In view of the properties (35) and (36) and using (III.9)

of *eorem (1) in [22], we get

cn

cn+1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
�

p[ϱ]n,k,spΓs,k(θ(n + 1) + ϑ)(n + 1)!

p[ϱ]n+1,k,spΓs,k(θn + ϑ)n!

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≃
s

n
p[ϱ]n,ks

(θn+θ+ϑ)/k
pΓk(θ(n + 1) + ϑ)(n + 1)!

s
n+1

p[ϱ]n+1,ks
(θn+ϑ)/k
p Γk(θn + ϑ)n!

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≃(n + 1)s
ϑ/k

p
(θ/k)− 1 θn

k
􏼠 􏼡

θ/k

⟶∞.

(46)

*us, the Mittag-Leffler (p, s, k)-function is an entire
function.

To obtain the order ρ and the type σ, we apply the
following definitions of ρ and σ, respectively:

ρ � lim
n⟶∞

sup
nlnn

ln 1/ cn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

, (47)

e
ρσ � lim

n⟶∞
sup n cn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ρ/n

􏼒 􏼓. (48)

Consider

1
cn

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

�
pΓs,k(ϱ)pΓs,k(θn + ϑ)n!

pΓs,k(ϱ + nk)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

� s
(θ(n− 1)+ϑ)/k pΓk(ϱ)pΓk(θn + ϑ)n!

pΓk(ϱ + nk)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
.

(49)

By using *eorem (1) equation (III.12) ([22]) and
definition of ρ (47), we get

ρ �
k

Re(θ)
. (50)

Similarly, by putting the value of |cn| in the definition of
σ (48) and simplify as the same in *eorem (1) in equation
(III.14) ([22]), we obtain

σ � ρpe
R((θ/k)ln(θ/k))ρ

􏽨 􏽩
− 1

. (51)
□
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5. Applications and Properties of the Mittag-
Leffler (p, s, k)-Function pE

9,s

k,θ,ϑ(z)

Some basic properties of Mittag-Leffler (p, s, k)-function
pE
ϱ,s
k,θ,ϑ(z) are presented in this section.

Theorem 7. Suppose that p, k, s ∈ N, θ, ϑ, ϱ ∈ C with
R(θ)> 0,R(ϑ) and R(ϱ)> 0, then

(1)

d
dz

􏼠 􏼡

m

pE
ϱ,s
k,θ,ϑ(z) � p[ϱ]m,k,spE

ϱ+mk,s

k,θ,θm+ϑ(z). (52)

(2)

d
dz

􏼠 􏼡

m

z
ϑ/k

􏼐 􏼑pE
ϱ,s
k,θ,ϑ z

θ/k
􏼐 􏼑 � z

((θn/k)− m+(ϑ/k)− 1)

· p[ϱ]m,k,spE
ϱ+mk,s

k,θ,θm+ϑ z
θ/k

􏼐 􏼑.

(53)

Proof. (1) Taking L.H.S of (42),

d
dz

􏼠 􏼡

m

pE
ϱ,s
k,θ,ϑ(z) �

d
dz

􏼠 􏼡

m

􏽘

∞

n�0

p[ϱ]n,k,sz
n

pΓs,k(θn + ϑ)n!
⎛⎝ ⎞⎠

� 􏽘

∞

n�m

p[ϱ]n,k,sz
n− m

pΓs,k(θn + ϑ)(n − m)!

� 􏽘
∞

n�0

p[ϱ]n+m,k,sz
n

pΓs,k(θ(n + m) + ϑ)n!
.

(54)

By using

p[ξ]n+j,k,s � p[ξ]j,k,s × p[ξ + jk]n,k,s, (55)

in the above equation, we get the desired result (52).
(2) Taking L.H.S of (43),

d
dz

􏼠 􏼡

m

z
ϑ/k
p E
ϱ,s
k,θ,ϑ z

θ/k
􏼐 􏼑􏼐 􏼑 �

d
dz

􏼠 􏼡

m

􏽘

∞

n�0

p[ϱ]n,k,sz
(θn/k)+(ϑ/k)− 1

pΓs,k(θn + ϑ)n!
⎛⎝ ⎞⎠

� 􏽘
∞

n�m

p[ϱ]n,k,sz
(θn/k)+(ϑ/k)− m− 1

pΓs,k(θn + ϑ)(n − m)!

� 􏽘

∞

n�0

p[ϱ]n+m,k,sz
θ/k)(n+m+(ϑ/k)− m− 1

pΓq,k(θ(n − m) + ϑ)n!
.

(56)

By using

p[ξ]n+j,k,s � p[ξ]j,k,s × p[ξ + jk]n,k,s, (57)

in the above equation, we get the desired result
(53). □

Theorem 8. Suppose that k> 0 and θ, ϑ and ϱ ∈ C with
R(θ) > 0,R(ϑ)> 0 and R(ϱ)> 0, then

􏽚
z

0
t
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ at

θ/k
􏼐 􏼑dt � s

(θn+ϑ)/k
pz

ϑ/k
pE
ϱ,s
k,θ,(ϑ+k) az

θ/k
􏼐 􏼑.

(58)

Proof. Consider the L.H.S.

􏽚
z

0
t
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ at

θ/k
􏼐 􏼑dt � 􏽚

z

0
t
(ϑ/k)− 1

􏽘

∞

n�0

p[ϱ]n,k,s at
θ/k

􏼐 􏼑
n

pΓs,k(θn + ϑ)n!
.

(59)

By changing integration and summation orders in the
above equation, we have

􏽚
z

0
t
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ at

θ/k
􏼐 􏼑dt � 􏽘

∞

n�0

p[ϱ]n,k,s(a)
n

pΓs,k(θn + ϑ)n!

· 􏽚
z

0
t
(θn/k)+(ϑ/k)− 1dt

� 􏽘
∞

n�0

p[ϱ]n,k,s(a)
n
z

(θn/k)+(ϑ/k)

((θn + ϑ)/k)pΓs,k(θn + ϑ)n!
.

(60)

By using the recurrence relation of pΓs,k(ξ) and pΓk(ξ)

and equation (III.31) in [22], we get

θn + ϑ
k

􏼠 􏼡pΓs,k(θn + ϑ) �
s

(θn+ϑ)/k

p pΓs,k(θn + ϑ + k). (61)

By using the above result in equation (60), we have

􏽚
z

0
t
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ at

θ/k
􏼐 􏼑dt � s

(θn+ϑ)/k
pz

ϑ/k
p E
ϱ,s
k,θ,ϑ+k az

θ/k
􏼐 􏼑.

(62)□

6. The Euler-Beta Transform of the Mittag-
Leffler (p, s, k)-Function pE

9,s

k,θ,ϑ(z)

*e well-known Euler-beta transform is defined by

B f(θ); a; b􏼈 􏼉 � 􏽚
1

0
θa− 1

(1 − θ)
b− 1

f(θ)dθ, (63)

where a, b ∈ R and min R(θ),R(ϑ){ }> 0.
Next, we define the beta transform of newly defined M-L

function.

Theorem 9. Suppose that p, s, k> 0 and θ, ϑ, ϱ, a, b ∈ C with
R(θ) > 0,R(ϑ)> 0, R(ϱ)> 0,R(a)> 0, and R(b)> 0, then
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B pE
ϱ,s
k,θ,ϑ λz

θ/k
􏼐 􏼑;

ϑ
k

;
b

k
􏼠 􏼡 � kpΓs,k(b)pE

ϱ,s
k,θ,ϑ+b(λ). (64)

Proof.

B pE
ϱ,s
k,θ,ϑ λz

θ/k
􏼐 􏼑;

ϑ
k

;
b

k
􏼠 􏼡 � 􏽚

1

0
z

(ϑ/k)− 1
(1 − z)

(b/k)− 1

· 􏽘
∞

n�0

p[ϱ]n,k,sλ
n
z
θn/k

pΓs,k(θn + ϑ)n!
dz.

(65)

After interchanging the integration and summation
orders of the above equation and using the relation between
the gamma (p, s, k)-function and the classical gamma
function given by (3.4), we have

B pE
ϱ,s
k,θ,ϑ λz

θ/k
􏼐 􏼑;

ϑ
k

;
b

k
􏼠 􏼡 � 􏽘

∞

n�0

p[ϱ]n,k,sλ
n

pΓs,k(θn + ϑ)n!
􏽚
1

0
z

(θn/k)+(ϑ/k)− 1
(1 − z)

(b/k)− 1dz

� 􏽘
∞

n�0

p[ϱ]n,k,sλ
n

pΓs,k(θn + ϑ)n!

Γ((θn + ϑ)/k)Γ(b/k)

Γ((θn + ϑ + b)/k)

� 􏽘

∞

n�0

p[ϱ]n,k,sλ
n

s
(θn+ϑ)/kΓ((θn + ϑ)/k)n!

Γ((θn + ϑ)/k)Γ(b/k)

Γ((θn + ϑ + b)/k)
.

(66)

After simplification, we obtain the desired result:

B pE
ϱ,s
k,θ,ϑ z

θ/k
􏼐 􏼑;

ϑ
k

;
b

k
􏼠 􏼡 � kpΓs,k(b)pE

ϱ,s
k,θ,ϑ+b(λ). (67)

□

Remark 1.
(i) If s � 1, then equation (64) coincides with the result

of [22], sec (IV.2)

(ii) If s � 1 andp � k, then equation (64) coincides with
the formula (11, 37) in [21]

(iii) If s � p � k � 1, then equation (64) coincides with
the formula (2.2.14) in [24]

7. The Laplace Transform of the Mittag-Leffler
(p, s, k)-Function pE

9,s

k,θ,ϑ(z)

Theorem 10. Let p, s, k, c> 0 and θ, ϑ, ϱ ∈ C with
R(θ)> 0,R(ϑ)> 0, and R(ϱ)> 0. 7en, the Laplace trans-
form of pE

ϱ,s
k,θ,ϑ is given by

L z
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ ±(cz)

θ/k
􏼐 􏼑􏽮 􏽯 � k(sps)− ϑ/k 1∓p

c

sks
􏼒 􏼓

θ/k
􏼢 􏼣

− ϱ/k

.

(68)

Proof. Applying the Laplace transform on the left hand side
of (68), the Laplace transform of the potential function (see
[1], equation (1.4.58)) and the generalized binomial formula
is given by

(1 − kw)
− ϱ/k

� 􏽘
∞

k�0

(ϱ)n,kw
n

n!
. (69)

We have

L z
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ ±(cz)

θ/k
􏼐 􏼑􏽮 􏽯 � 􏽚

∞

0
e

− sz
z

(ϑ/k)− 1
􏽘

∞

n�0

p[ϱ]n,k,s

pΓs,k(θn + ϑ)n!
( ± 1)

n
(cz)

θn/k
􏼐 􏼑dz

� 􏽘
∞

n�0

p[ϱ]n,k,s( ± 1)
n
(c)(θn/k)

pΓs,k(θn + ϑ)n!
􏽚
∞

0
e

− sz
z

(θn/k)+(ϑ/k)− 1dz

�
k

(sps)ϑ/k
􏽘

∞

n�0

p[ϱ]n,k,s

n!(c/sps)θn/k.

(70)
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Now, using the relation between p[ϱ]n,k,s and p(ϱ)n,k, we
have

L z
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ ±(cz)

θ/k
􏼐 􏼑􏽮 􏽯 �

k

(sps)ϑ/k
􏽘

∞

n�0

s
n
p[ϱ]n,k

n!

c

sps
􏼠 􏼡

θn/k

�
k

(sps)ϑ/k
􏽘

∞

n�0

s
n
(p/k)

n
(ϱ)n,k

n!

c

sps
􏼠 􏼡

θn/k

�
k

(sps)ϑ/k
􏽘

∞

n�0

(ϱ)n,k

n!

c

sps
􏼠 􏼡

θ/k
sp

k
⎡⎣ ⎤⎦

n

.

(71)

Writing the series in compact form, we have

L z
(ϑ/k)− 1

pE
ϱ,s
k,θ,ϑ ±(cz)

θ/k
􏼐 􏼑􏽮 􏽯 �

k

(sps)ϑ/k
1∓ps

c

ks
􏼒 􏼓

θ/k
􏼠 􏼡

− ϱ/k

.

(72)□

Remark 2. (a) If s � 1 in the above theorem, then the result
coincides with the formula of [22]

(b) If p � s � k � c � 1 in *eorem 10, then

L z
ϑ− 1

1E
ϱ,1
1,θ,ϑ z

θ
􏼐 􏼑􏽮 􏽯 � sϑ 1 − s− θ

􏼐 􏼑
− ϱ

, (73)

which coincides with formula (11.13) of [25].

8. Conclusion

In this paper, we established a new extension of the Mittag-
Leffler function and investigated some of its properties. We
concluded as follows:

(1) If s � 1, then we get the results of the Mittag-Leffler
(p, s, k)-function defined in [22]

(2) If p � 1 and s � 1, then we get the results of the
Mittag-Leffler k-function defined in [21]

(3) If k � 1, p � 1, and s � 1, then we get the results of
the Mittag-Leffler defined in [6]

(4) If p � 1, k � 1, s � 1, and ϱ � 1, then we get the re-
sults of the Mittag-Leffler defined in [18]

(5) If p � 1, k � 1, s � 1, ϑ � 1, and ϱ � 1, then we get
the results of the Mittag-Leffler k-function defined in
[17]

(6) If p � 1, k � 1, s � 1, θ � 1, ϑ � 1, and ϱ � 1, then we
get the exponential function

Recently, the Mittag-Leffler function is used to construct
the fractional operators with nonsingular kernels [26, 27]. In
[28, 29], the authors introduced the generalized fractional
integrals and differential operators, which contain the
Mittag-Leffler k-function in the kernels, and proved their
various properties. Recently, Samraiz et al. [30] introduced

the Hilfer Prabhakar (k; s)-fractional derivative by using the
Mittag-Leffler k-function. *ey discussed its various prop-
erties and the generalized Laplace transform of the said
operator. *ey also discussed the applications of Hilfer
Prabhakar’s (k; s)-derivative in mathematical physics. In
this study, we defined further generalization of the Mittag-
Leffler and proved its various basic properties. Hence, it
would be of great interest that the Mittag-Leffler function
studied in this article will be utilized to generalize such
classes of fractional and differential operators.
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In this paper, we show that a sequence satisfying a Suzuki-type JS-rational contraction or a generalized Suzuki-type Ćirić JS-
contraction, under some conditions, is a Cauchy sequence. )is paper presents some common fixed point theorems and an
application to resolve a system of nonlinear fractional differential equations. Some examples and consequences are
also given.

1. Introduction

)e application of Banach contraction principle (BCP) [1] is
wide spread. Recently, fixed point theory is being applied to
show the existence of solutions of different mathematical
models expressed in the forms of differential, integral,
functional, fractional differential, and matrix equations
(both linear and nonlinear). )ere are several common fixed
point theorems, in the literature, which generalize BCP and
have been applied to show the existence of solutions of
different mathematical models involving two or more
functions (see [2–19], for details).

Suzuki [20] presented a new generalization of BCP, so
called a Suzuki-contraction, and established an existence
theorem which characterized the metric completeness.
Piri and Kumam [21, 22] investigated results in [20]
under the F-contraction structure both in metric and
b-metric spaces, respectively. Further generalizations of
Suzuki contractions have been studied by Aydi et al. [23]

who introduced a Suzuki-type multivalued contraction
to obtain fixed point theorems in the setting of weak
partial metric spaces. Abbas et al. [2] discussed gener-
alized Suzuki-type multivalued contractions under the
effect of a binary relation and obtained some fixed point
results.

On the contrary, Jleli et al. [24, 25] introduced another
generalization of BCP, known as a JS-contraction (also
known as a θ-contraction) and Li and Jiang [26] modified
the JS-contraction to JS-quasi contractions in order to obtain
more general fixed point results, as compared to [24]. Altun
et al. [27] obtained some fixed point theorems for JS-con-
traction type mappings via a binary operation. Several
honorable researchers have published their valuable inves-
tigations on JS-contractions in well ranked journals (see
[28–31]).

In this paper, we structure two common fixed point
theorems comprising four self-mappings involving gener-
alized Suzuki-type θ-rational contractions and generalized
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Suzuki-type Ćirić θ-contractions. )e existence of the so-
lution of a mathematical model in terms of fractional dif-
ferential equations is shown through a common fixed point
theorem.

2. Advances on θ-Contractions

Let Θ :� θ: (0,∞)⟶ (1,∞) such that θ satisfiesΘ1,Θ2,􏼈

Θ3}, where

(Θ1) θ is nondecreasing.
(Θ2) For each sequence t

⌣

n􏼚 􏼛 ⊂ (0,∞),

lim
n⟶∞

θ t
⌣

n􏼒 􏼓 � 1, if and only if lim
n⟶∞

t
⌣

n � 0. (1)

(Θ3) )ere exist q ∈ (0, 1) and ℓ ∈ (0,∞] such that
lim�t⟶0+θ( t

⌣
) − 1/t

⌣q
� ℓ.

Jleli and Samet [24] introduced the following.

Definition 1. Let (χ, ρ) be a metric space. )e mapping
T
⌣

: χ⟶ χ is called a θ-contraction (or a JS-contraction) if
there exist a constant k ∈ [0, 1) and θ ∈ Θ such that

r, j ∈ χ, ρ(T
⌣

r, T
⌣

j)≠ 0⇒θ(ρ(T
⌣

r, T
⌣

j))≤ [θ(ρ(r, j))]
k
.

(2)

)e following examples show that the setΘ is not empty.

Example 1. Let Φ,ψ: (0,∞)⟶ (1,∞) be defined by, for
all t ∈ (0,∞),

Φ(t) � e
�
t

√

,

ψ(t) � e
��
tet

√

.
(3)

)en, Φ and ψ are in Θ.
Jleli and Samet [24] established the following fixed point

theorem.

Theorem 1 (see [24]). Let (χ, ρ) be a complete metric space
and T

⌣
: χ⟶ χ be a θ-contraction.Aen, T

⌣
has a unique fixed

point.
Consistent with [28], let μ: � θ: (0,∞)⟶{

(1,∞)|θ satisfy(Θ1), (Θ2), (Θ3′)}, where

(Θ′3) θ is continuous on (0,∞).

Note that (Θ3) and (Θ′3) are independent of each other.
For this, see examples in [28]. )e set of functions μ is not
empty, as shown in the following.

Example 2 (see [28]). Let ϕ,φ,ψ, F, G, H: (0,∞)⟶
(1,∞) be defined by, for all t ∈ (0,∞),

ϕ(t) � e
t
,

φ(t) � cos ht,

ψ(t) � e
��
tet

√

,

F(t) � 1 + ln(t + 1),

G(t) � e
�
t

√

,

H(t) � e
tet

.

(4)

Here, ϕ,φ,ψ, F, G, H ∈ μ.
Hussain et al. [29] modified the class Θ of mappings as

follows:

LetΨ � θ: [0,∞)⟶ [1,∞): θ satisfies Ψ1( 􏼁 − Ψ5( 􏼁􏼈 􏼉,

(5)

where

(Ψ1) θ is non decreasing.
(Ψ2) θ( t

⌣
) � 1 if and only if t

⌣
� 0.

(Ψ3) For each sequence t
⌣

n􏼚 􏼛 ⊂ (0,∞):

lim
n⟶∞

θ t
⌣

n􏼒 􏼓 � 1, if and only if lim
n⟶∞

t
⌣

n � 0. (6)

(Ψ4) )ere exist q ∈ (0, 1) and ℓ ∈ (0,∞] such that
lim�t⟶0+θ( t

⌣
) − 1/ t

⌣q
� ℓ.

(Ψ5)θ( t
⌣

1 + t
⌣

2)≤ θ( t
⌣

1)θ( t
⌣

2).

)e functions f(t) � e
�
t

√

and g(t) � 5
�
t

√

(for all
t ∈ [0,∞)) are in Ψ. (E∗): for all t1, t2, t3, t4 ∈ R+ with
t1 · t2 · t3 · t4 � 0, there exists k ∈ [0, 1) such that
E(t1, t2, t3, t4) � k.

Let ΔE denote the set of all functions E: R+4⟶ R+

satisfying the condition (E∗).

Example 3 (see [31]). If E(t1, t2, t3, t4) � λeυmin t1 ,t2 ,t3 ,t4{ },
where υ ∈ R+ and λ ∈ [0, 1), then E ∈ ΔE.

Example 4 (see [31]). If E(t1, t2, t3, t4) � m · min
t1, t2, t3, t4􏼈 􏼉 + λ, where m ∈ R+ and λ ∈ [0, 1), then E ∈ ΔE.

)e following class of mappings was considered in [32]
to develop some fixed point theorems. We also use this class
of mappings in our investigations:

Φ � Υ: R+
× R

+⟶ R andΥ(s, t) �
1
2

s − t􏼚 􏼛. (7)

Definition 2 (see [5]). Let (χ, ρ) be a metric space. )e pair
f, g􏼈 􏼉 is said to be compatible if and only if

lim
n⟶∞

ρ f g rn( 􏼁( 􏼁, g f rn( 􏼁( 􏼁( 􏼁 � 0, (8)

whenever rn􏼈 􏼉 is a sequence in χ so that

lim
n⟶∞

f rn( 􏼁 � lim
n⟶∞

g rn( 􏼁 � t, for some t ∈ χ. (9)
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)e following lemma is important in the sequel.

Lemma 1 (see [5]). Let (χ, ρ) be a metric space. If there exist
two sequences rn􏼈 􏼉 and un􏼈 􏼉 such that

lim
n⟶∞

ρ rn, un( 􏼁 � 0,

lim
n⟶∞

rn � t, for some t ∈ χ,
(10)

then

lim
n⟶∞

un � t. (11)

3. Generalized Suzuki-Type Contractions and
Fixed Point Results

Jleli and Samet [24, 25] have employed θ-contractions to
obtain some fixed point theorems. Suzuki [20] extended
Edelstein contraction to develop a new generalization of
Banach contraction called Suzuki contraction. )e con-
tractions developed in [20, 24] were then followed by Liu

et al. [33] to introduce a Suzuki-type θ-contraction. In this
section, we introduce more general forms of Suzuki-type
θ-contractions involving four self-mappings. We construct
some conditions under which a sequence, whose terms
satisfy generalized Suzuki-type θ-rational contractions or
generalized Suzuki-type Ćirić θ-contractions, is a Cauchy
sequence. We obtain two common fixed point theorems,
which then are applied to show the existence of the solution
of a system of fractional differential equations. We start with
the following definition.

Definition 3. Let (χ, ρ) be a metric space, and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. )ese maps

form a new generalized Suzuki-type (θ, E)-rational con-
traction if, for all r, j ∈ χ, with ρ(fr, gj)> 0, for some θ ∈ μ,
E ∈ ΔE, and Υ ∈ Φ,

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0⇒θ(ρ(fr, gj))≤ [θ(A(r, j))]
E(G(r,j))

,

(12)

where

A(r, j) � max

ρ(􏽢Sr, T
⌣

j), ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j),
ρ(fr, T

⌣
j) + ρ(gj, 􏽢Sr)

2
,

(1 + ρ(fr, 􏽢Sr))ρ(gj, T
⌣

j)

1 + ρ(􏽢Sr, T
⌣

j)

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

,

G(r, j) � ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j), ρ(fr, T
⌣

j), ρ(gj, 􏽢Sr)􏼚 􏼛.

(13)

Our first result is as follows.

Theorem 2. Let (χ, ρ) be a complete metric space, and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. Suppose that

the mappings f, g, 􏽢S, T
⌣
form a new generalized Suzuki-type

(θ, E)-rational contraction with f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ).
If (f, 􏽢S) and (g, T

⌣
) are compatible pair and T

⌣
and 􏽢S are

continuous on (χ, ρ), then f, g, 􏽢S, and T
⌣

have a unique
common fixed point in χ.

Proof. Let r0 ∈ χ be an arbitrary point. As f(χ)⊆T
⌣

(χ), there
exists r0 ∈ χ such that

f r0( 􏼁 � T
⌣

r1( 􏼁. (14)

Since g(r1) ∈ 􏽢S(χ), we can choose r2 ∈ χ such that
g(r1) � 􏽢S(r2). In general r2n+1 and r2n+2 are chosen in χ such
that

f r2n( 􏼁 � T
⌣

r2n+1( 􏼁,

g r2n+1( 􏼁 � 􏽢S r2n+2( 􏼁.
(15)

We construct a sequence Rn􏼈 􏼉 in χ such that

R2n � f r2n( 􏼁 � T
⌣

r2n+1( 􏼁,

R2n+1 � g r2n+1( 􏼁 � 􏽢S r2n+2( 􏼁,
(16)

for n � 0, 1, 2, . . .. Assume that ρ(f(r2n), g(r2n+1))> 0 and
since

1
2
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑 �

1
2
ρ R2n,R2n−1( 􏼁< ρ R2n−1,R2n( 􏼁

� ρ 􏽢S r2n( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓.

(17)

We have

Υ ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑, ρ 􏽢S r2n( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓< 0. (18)

Hence, from the contractive condition (12),

1< θ ρ R2n,R2n+1( 􏼁( 􏼁 � θ ρ f r2n( 􏼁, g r2n+1( 􏼁( 􏼁( 􏼁

≤ θ A r2n, r2n+1( 􏼁( 􏼁􏼂 􏼃
E G r2n,r2n+1( )( ).

(19)

For every n≥ 1, where
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G r2n, r2n+1( 􏼁 �
ρ R2n,R2n−1( 􏼁, ρ R2n+1,R2n( 􏼁,

ρ R2n,R2n( 􏼁, ρ R2n+1,R2n−1( 􏼁
􏼨 􏼩

�
ρ R2n,R2n−1( 􏼁, ρ R2n+1,R2n( 􏼁,

0, ρ R2n+1,R2n−1( 􏼁
􏼨 􏼩.

(20)

As ρ(R2n,R2n−1) ·ρ(R2n+1,R2n) ·ρ(R2n+1, R2n−1) ·0� 0,
so by (E∗), there exists z ∈ [0,1) such that

E G r2n, r2n+1( 􏼁( 􏼁 � E ρ R2n,R2n−1( 􏼁, ρ R2n+1,R2n( 􏼁, 0, ρ(

· R2n+1,R2n−1( 􏼁􏼁 � z,

(21)

A r2n, r2n+1( 􏼁 � max

ρ 􏽢Sr2n, T
⌣

r2n+1􏼒 􏼓, ρ fr2n, 􏽢Sr2n􏼐 􏼑, ρ gr2n+1, T
⌣

r2n+1􏼒 􏼓,

ρ fr2n, T
⌣

r2n+1􏼒 􏼓 + ρ gr2n+1,
􏽢Sr2n􏼐 􏼑

2
,
1 + ρ fr2n, 􏽢Sr2n􏼐 􏼑􏼐 􏼑ρ gr2n+1, T

⌣
r2n+1􏼒 􏼓

1 + ρ 􏽢Sr2n, T
⌣

r2n+1􏼒 􏼓

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

� max

ρ R2n−1,R2n( 􏼁, ρ R2n,R2n−1( 􏼁, ρ R2n+1,R2n( 􏼁,

ρ R2n,R2n( 􏼁 + ρ R2n+1,R2n−1( 􏼁

2
,
1 + ρ R2n,R2n−1( 􏼁( 􏼁ρ R2n+1,R2n( 􏼁

1 + ρ R2n−1,R2n( 􏼁
,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

� max ρ R2n−1,R2n( 􏼁, ρ R2n+1,R2n( 􏼁,
ρ R2n+1,R2n−1( 􏼁

2
􏼨 􏼩.

(22)

Since

ρ R2n+1,R2n−1( 􏼁

2
≤
ρ R2n,R2n−1( 􏼁

2
+
ρ R2n+1,R2n( 􏼁

2

≤max ρ R2n−1,R2n( 􏼁, ρ R2n+1,R2n( 􏼁􏼈 􏼉.

(23)

one writes

A r2n, r2n+1( 􏼁 � max ρ R2n−1,R2n( 􏼁, ρ R2n+1,R2n( 􏼁􏼈 􏼉.

(24)

If, for some n, A(r2n, r2n+1) � ρ(R2n,R2n+1), then from
(19), (21), and (24), we have

θ ρ R2n,R2n+1( 􏼁( 􏼁≤ θ ρ R2n,R2n+1( 􏼁( 􏼁􏼂 􏼃
z < θ ρ R2n,R2n+1( 􏼁( 􏼁,

(25)

a contradiction. )erefore,

θ ρ R2n,R2n+1( 􏼁( 􏼁≤ θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃
z
, for n≥ 1.

(26)

)us, for all n ∈ N, we have

θ ρ Rn,Rn+1( 􏼁( 􏼁≤ θ ρ Rn− 1,Rn( 􏼁( 􏼁􏼂 􏼃
z
, for n≥ 1. (27)

It implies that

1< θ ρ Rn,Rn+1( 􏼁( 􏼁

≤ θ ρ Rn− 1,Rn( 􏼁( 􏼁􏼂 􏼃
z2

⋮

≤ θ ρ R0,R1( 􏼁( 􏼁􏼂 􏼃
zn

,

(28)

for all n ∈ N. Taking the limit as n⟶∞ in (28) and using
the fact that θ ∈ μ, we have

lim
n⟶∞

θ ρ Rn,Rn+1( 􏼁( 􏼁 � 1. (29)

By (Θ2), we obtain

lim
n⟶∞

ρ Rn,Rn+1( 􏼁 � 0. (30)

Now, we will show that Rn􏼈 􏼉 is a Cauchy sequence. We
suppose on the contrary that Rn􏼈 􏼉 is not a Cauchy sequence;
then, there exist ε> 0 and subsequences n(k){ }

∞
k�1 and

m(k){ }
∞
k�1 of natural numbers such that, for m(k)> n(k)> k,

we have ρ(Rn(k),Rm(k))≥ ε. )en, ρ(Rn(k),Rm(k)−1)< ε for
all k ∈ N. )erefore,

ε≤ ρ Rn(k),Rm(k)􏼐 􏼑≤ ρ Rn(k),Rm(k)−1􏼐 􏼑 + ρ Rm(k)−1,Rm(k)􏼐 􏼑

< ε + ρ Rm(k)−1,Rm(k)􏼐 􏼑.

(31)

By taking the upper limit as k⟶∞ in (31) and using
(30), we obtain
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lim
k⟶∞

ρ Rn(k),Rm(k)􏼐 􏼑 � ε. (32)

Using the triangular inequality, we have

ρ Rn(k),Rm(k)􏼐 􏼑≤ ρ Rn(k),Rn(k)+1􏼐 􏼑 + ρ Rn(k)+1,Rm(k)􏼐 􏼑,

(33)

ρ Rn(k)+1,Rm(k)􏼐 􏼑≤ ρ Rn(k)+1,Rn(k)􏼐 􏼑 + ρ Rn(k),Rm(k)􏼐 􏼑.

(34)

By taking upper limit as k⟶∞ in (33) and (34) and
applying (30) and (32),

ε≤ lim
k⟶∞

ρ Rn(k)+1,Rm(k)􏼐 􏼑≤ ε. (35)

)us,

lim
k⟶∞

ρ Rn(k)+1,Rm(k)􏼐 􏼑 � ε. (36)

Similarly, we can obtain

lim
k⟶∞

ρ Rn(k)+1,Rm(k)+1􏼐 􏼑 � lim
k⟶∞

ρ Rn(k),Rm(k)+1􏼐 􏼑 � ε.

(37)

Assume that ρ(f(rn(k)+1), g(rm(k)+1))> 0, and since

1
2
ρ f rn(k)􏼐 􏼑, 􏽢S rm(k)􏼐 􏼑􏼐 􏼑 �

1
2
ρ Rn(k),Rm(k)−1􏼐 􏼑

< ρ Rn(k),Rm(k)−1􏼐 􏼑

� ρ 􏽢S rm(k)􏼐 􏼑, T
⌣

rn(k)+1􏼐 􏼑􏼒 􏼓,

(38)

we obatin

Υ ρ f rn(k)􏼐 􏼑, 􏽢S rm(k)􏼐 􏼑􏼐 􏼑, ρ 􏽢S rn(k)􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓􏼒 􏼓< 0.

(39)

Hence, from (12),

θ ρ Rn(k)+1,Rm(k)+1􏼐 􏼑􏼐 􏼑 � θ ρ f rn(k)+1􏼐 􏼑, g rm(k)+1􏼐 􏼑􏼐 􏼑􏼐 􏼑

≤ θ A rn(k), rm(k)􏼐 􏼑􏼐 􏼑􏽨 􏽩
E G rn(k) ,rm(k)( )( )

,

(40)

where

G rn(k), rm(k)􏼐 􏼑 �
ρ Rn(k)+1,Rn(k)􏼐 􏼑, ρ Rm(k)+1,Rm(k)􏼐 􏼑,

ρ Rn(k)+1,Rm(k)􏼐 􏼑, ρ Rm(k)+1,Rn(k)􏼐 􏼑

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(41)

Taking limit at k⟶∞ in (41), we obtain

lim
k⟶∞

G rn(k), rm(k)􏼐 􏼑 �

lim
k⟶∞

ρ Rn(k)+1,Rn(k)􏼐 􏼑, lim
k⟶∞

ρ Rm(k)+1,Rm(k)􏼐 􏼑,

lim
k⟶∞

ρ Rn(k)+1,Rm(k)􏼐 􏼑, lim
k⟶∞

ρ Rm(k)+1,Rn(k)􏼐 􏼑

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
� 0, 0, ε, ε{ }. (42)

By E∗, there exists z ∈ [0, 1) such that E(0, 0, ε, ε) � z.
Using the continuity of E and (41),

E lim
k⟶∞

G rn(k), rm(k)􏼐 􏼑􏼒 􏼓≤ z. (43)

Also,

A rn(k), rm(k)􏼐 􏼑 � max

ρ 􏽢S rn(k)+1􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓, ρ f rn(k)+1􏼐 􏼑, 􏽢S rn(k)+1􏼐 􏼑􏼐 􏼑,

ρ g rm(k)+1􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓,

ρ f rn(k)+1􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓 + ρ g rm(k)+1􏼐 􏼑, 􏽢S rn(k)+1􏼐 􏼑􏼐 􏼑

2
,

1 + ρ f rn(k)+1􏼐 􏼑, 􏽢S rn(k)+1􏼐 􏼑􏼐 􏼑􏼐 􏼑ρ g rm(k)+1􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓

1 + ρ 􏽢S rn(k)+1􏼐 􏼑, T
⌣

rm(k)+1􏼐 􏼑􏼒 􏼓

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,
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� max

ρ Rn(k),Rm(k)􏼐 􏼑, ρ Rn(k)+1,Rn(k)􏼐 􏼑,

ρ Rm(k)+1,Rm(k)􏼐 􏼑,

ρ Rn(k)+1,Rm(k)􏼐 􏼑 + ρ Rm(k)+1,Rn(k)􏼐 􏼑

2
,

1 + ρ Rn(k)+1,Rn(k)􏼐 􏼑􏼐 􏼑ρ Rm(k)+1,Rm(k)􏼐 􏼑

1 + ρ Rn(k),Rm(k)􏼐 􏼑

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (44)

Taking k⟶∞ and using (30), (32), (36), and (37), we
obtain

lim
k⟶∞

A rn(k), rm(k)􏼐 􏼑≤ ε. (45)

)us, from (Θ′3), (37), (40), (43), and (45), we have

θ(ε) � θ lim
k⟶∞

ρ Rn(k)+1,Rm(k)+1􏼐 􏼑􏼒 􏼓

≤ θ lim
k⟶∞

A rn(k), rm(k)􏼐 􏼑􏼒 􏼓􏼔 􏼕
E limk⟶∞G rn(k) ,rm(k)( )( )

≤ [θ(ε)]z < θ(ε),
(46)

which is a contradiction. )us, Rn􏼈 􏼉 is a Cauchy sequence.
Since χ is a complete metric space, there exists r∗ ∈ χ such
that limn⟶∞ρ(Rn, r∗) � 0 and

lim
n⟶∞

f r2n( 􏼁 � lim
n⟶∞

T
⌣

r2n+1( 􏼁 � lim
n⟶∞

g r2n+1( 􏼁

� lim
n⟶∞

􏽢S r2n+2( 􏼁 � r
∗
.

(47)

Now, we shall prove thatR∗ is a common fixed point of
f, g, 􏽢S, and T

⌣
. As 􏽢S is continuous, so

lim
n⟶∞

􏽢S f r2n( 􏼁( 􏼁 � 􏽢S r
∗

( 􏼁 � lim
n⟶∞

􏽢S 􏽢S r2n+2( 􏼁􏼐 􏼑. (48)

Since (f, 􏽢S) is a compatible pair,

lim
n⟶∞

ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

g r2n+1( 􏼁( 􏼁􏼒 􏼓 � 0. (49)

From Lemma 1, we have

lim
n⟶∞

f 􏽢S r2n( 􏼁􏼐 􏼑 � 􏽢S r
∗

( 􏼁. (50)

Put r1 � 􏽢S(r2n) and r2 � r2n+1 in (12) and if
ρ(􏽢S(r∗), r∗)> 0, we obtain

1
2
ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑< ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T

⌣
r2n+1( 􏼁􏼒 􏼓.

(51)

Hence,

Υ ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑, ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓< 0,

(52)

and by (12), we obtain

θ ρ f 􏽢S r2n( 􏼁􏼐 􏼑, g r2n+1( 􏼁􏼐 􏼑􏼐 􏼑≤ θ A r2n, r2n+1( 􏼁( 􏼁􏼂 􏼃
E G r2n,r2n+1( )( ),

(53)

where

A r2n, r2n+1( 􏼁 � max

ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓, ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑,

ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓,

ρ f 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓 + ρ g r2n+1( 􏼁, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑

2
,

1 + ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏼐 􏼑ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓

1 + ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,
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G r2n, r2n+1( 􏼁 �

ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑, ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓,

ρ f 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓, ρ g r2n+1( 􏼁, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
. (54)

Setting the upper limit in (53), we obtain

θ ρ 􏽢S r
∗

( 􏼁, r
∗

􏼐 􏼑􏼐 􏼑≤ θ ρ 􏽢S r
∗

( 􏼁, r
∗

􏼐 􏼑􏼐 􏼑􏽨 􏽩
z
< θ ρ 􏽢S r

∗
( 􏼁, r

∗
􏼐 􏼑􏼐 􏼑,

(55)

a contradiction. )us, ρ(􏽢S(r∗), r∗) � 0 and 􏽢S(r∗) � r∗.
Again since T

⌣
is continuous,

lim
n⟶∞

T
⌣

g r2n+1( 􏼁( 􏼁 � T
⌣

r
∗

( 􏼁 � lim
n⟶∞

T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓. (56)

Since (g, T
⌣

) is a compatible pair,

lim
n⟶∞

ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

g r2n+1( 􏼁( 􏼁􏼒 􏼓 � 0. (57)

From Lemma 1, we have

lim
n⟶∞

g T
⌣

r2n+1( 􏼁􏼒 􏼓 � T
⌣

r
∗

( 􏼁. (58)

Put r1 � r2n and r2 � T
⌣

(r2n+1) in (12) and if
ρ(r∗, T

⌣
(r∗))> 0, we obtain

1
2
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑< ρ 􏽢S r2n( 􏼁, T

⌣
T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓. (59)

)erefore,

Υ
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑,

ρ 􏽢S r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠< 0. (60)

By (12), one obtains

θ ρ f r2n( 􏼁, g T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼒 􏼓≤ θ A r2n, r2n+1( 􏼁( 􏼁􏼂 􏼃
E G r2n,r2n+1( )( ),

(61)

where

A r2n, r2n+1( 􏼁 � max

ρ 􏽢S r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓, ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑,

ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓,

ρ f r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓 + ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, 􏽢S r2n( 􏼁􏼒 􏼓

2
,

1 + ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓

1 + ρ 􏽢S r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

G r2n, r2n+1( 􏼁 �

ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑, ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓,

ρ f r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓, ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, 􏽢S r2n( 􏼁􏼒 􏼓

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(62)

Setting the upper limit, we obtain

θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓≤ θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
z

< θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓,

(63)

a contradiction. )us, ρ(r∗, T
⌣

(r∗)) � 0 and so r∗ � T
⌣

(r∗).
Suppose ρ(f(r∗), r∗)> 0, we obtain

1
2
ρ 􏽢S r

∗
( 􏼁, T

⌣
r2n+1( 􏼁􏼒 􏼓< ρ f r

∗
( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑. (64)

Hence,

Υ
ρ f r

∗
( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑,

ρ 􏽢S r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠< 0, (65)
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and by (12), we obtain

θ ρ f r
∗

( 􏼁, g r2n+1( 􏼁( 􏼁( 􏼁≤ θ A r
∗
, r2n+1( 􏼁( 􏼁􏼂 􏼃

E G r∗,r2n+1( )( ),

(66)

where

A r
∗
, r2n+1( 􏼁 � max

ρ 􏽢S r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓, ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑,

ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓,
ρ f r

∗
( 􏼁, T

⌣
r2n+1( 􏼁􏼒 􏼓 + ρ g r2n+1( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑

2
,

1 + ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑􏼐 􏼑ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓

1 + ρ 􏽢S r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

G r
∗
, r2n+1( 􏼁 �

ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑, ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓,

ρ f r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓, ρ g r2n+1( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(67)

Taking the upper limit in (66), and as
r∗ � T

⌣
(r∗) � 􏽢S(r∗), so we obtain

θ ρ f r
∗

( 􏼁, r
∗

( 􏼁( 􏼁≤ θ ρ f r
∗

( 􏼁, r
∗

( 􏼁( 􏼁􏼂 􏼃
z < θ ρ f r

∗
( 􏼁, r

∗
( 􏼁( 􏼁,

(68)

a contradiction. )us, ρ(f(r∗), r∗) � 0 and r∗ � f(r∗).
Finally, suppose ρ(r∗, g(r∗))> 0, and as r∗ � T

⌣
(r∗) �

􏽢S(r∗) � f(r∗), so, we obtain

Υ 0, ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁< 0. (69)

)us, from (12)

θ ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁 � θ ρ f r
∗

( 􏼁, g r
∗

( 􏼁( 􏼁( 􏼁≤ θ ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁􏼂 􏼃
z

< θ ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁,

(70)

a contradiction. )us, ρ(r∗, g(r∗)) � 0 and r∗ � g(r∗).
)erefore, r∗ is a common of the four mappings 􏽢S, g, f and
T
⌣
. Next, assume that υ∗is another common of the four

mappings 􏽢S, g, f, and T
⌣
such that r∗ ≠ υ∗, one obtains

Υ 0, ρ 􏽢S r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓􏼒 􏼓< 0. (71)

)en, by (12), we obtain

θ ρ r
∗
, υ∗( 􏼁( 􏼁 � θ ρ f r

∗
( 􏼁, g υ∗( 􏼁( 􏼁( 􏼁≤ θ A r

∗
, υ∗( 􏼁( 􏼁􏼂 􏼃

E G r∗ ,υ∗( )( )
,

(72)

where

A r
∗
, υ∗( 􏼁 � max

ρ 􏽢S r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓, ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑, ρ g υ∗( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓,

ρ f r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓 + ρ g υ∗( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑

2
,
1 + ρ f r

∗
( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑􏼐 􏼑ρ g υ∗( 􏼁, T

⌣
υ∗( 􏼁􏼒 􏼓

1 + ρ 􏽢S r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

G r
∗
, υ∗( 􏼁 �

ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑, ρ g υ∗( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓,

ρ f r
∗

( 􏼁, �T υ∗( 􏼁􏼐 􏼑, ρ g υ∗( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

.

(73)
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It implies that

θ ρ r
∗
, υ∗( 􏼁( 􏼁≤ θ ρ r

∗
, υ∗( 􏼁( 􏼁􏼂 􏼃

z < θ ρ r
∗
, υ∗( 􏼁( 􏼁, (74)

a contradiction. )us, r∗ � υ∗. )erefore, r∗ is the unique
common fixed point of 􏽢S, g, f, and T

⌣
. □

Corollary 1. Let (χ, ρ) be a complete metric space, and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. Suppose that

if, for all r, j ∈ χ with ρ(fr, gj)> 0 for some θ ∈ μ, z ∈ [0, 1)

and Υ ∈ Φ,

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0⟹ θ(ρ(fr, gj))≤ [θ(A(r, j))]
z
,

(75)

where

A(r, j) � max

ρ(􏽢Sr, T
⌣

j), ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j),
ρ(fr, T

⌣
j) + ρ(gj, 􏽢Sr)

2
,

(1 + ρ(fr, 􏽢Sr))ρ(gj, T
⌣

j)

1 + ρ(􏽢Sr, T
⌣

j)

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, (76)

with f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ). If (f, 􏽢S) and (g, T
⌣

) are
compatible pairs and T

⌣
and 􏽢S are continuous on (χ, ρ), then

f, g, 􏽢S, and T
⌣
have a unique common fixed point in χ.

Example 5. Let χ � [0, 1] and define the function
ρ: χ × χ⟶ [0, +∞) by ρ(r, j) � |r − j|. Clearly, (χ, ρ) is a
complete metric space. Let θ(t) � et, t> 0, and
Υ(s, t) � (s/2) − t, then θ ∈ μ and Υ ∈ Φ. Define the map-
pings 􏽢S, g, f, T

⌣
: χ⟶ χ by

􏽢S(r) �
r

3
􏼒 􏼓

8
,

g(r) �
r

3
􏼒 􏼓

8
,

f(r) �
r

3
􏼒 􏼓

16
,

T
⌣

(r) �
r

3
􏼒 􏼓

4
.

(77)

Clearly, f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ), if rn􏼈 􏼉 is a sequence
in χ such that

lim
n⟶∞

f rn( 􏼁 � lim
n⟶∞

􏽢S rn( 􏼁 � t, for some t ∈ χ, (78)

then

lim
n⟶∞

f rn( 􏼁 − t
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � lim
n⟶∞

􏽢S kn( 􏼁 − t
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � 0, (79)

and equivalently,

lim
n⟶∞

rn

3
􏼔 􏼕

16
− t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� lim

n⟶∞

rn

3
􏼔 􏼕

8
− t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� 0. (80)

)us,

lim
n⟶∞

rn􏼂 􏼃
16

− 316t
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 � lim
n⟶∞

rn􏼂 􏼃
8

− 38t
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 � 0. (81)

We conclude t1/16 � t1/8 (by uniqueness of limit); hence,
t ∈ 0, 1{ }. Using continuity of f and 􏽢S, one obtains

lim
n⟶∞

ρ f􏽢S rn( 􏼁, 􏽢Sf rn( 􏼁􏼐 􏼑 � lim
n⟶∞

f􏽢S rn( 􏼁 − 􏽢Sf rn( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

� |f(t) − 􏽢S(t)| � |0 − 0| � 0,

(82)

for t � 0 ∈ χ. Hence, the pair (f, 􏽢S) is compatible. Similarly,
the pair (g, T

⌣
) is compatible. Define E: R4⟶ R+ as

E(s1, s2, s3, s4) � (9/10). Next, for all r, j ∈ χ with
ρ(fr, gj)> 0,

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0, (83)

and so

θ(ρ(fr, gj))≤ [θ(A(r, j))]
E(G(r,j))

. (84)

Hence, all hypotheses of )eorem 2 are satisfied. )us,
f, g, 􏽢S, and T

⌣
have a unique common fixed point, which is

r∗ � 0.
We can easily obtain the following results by chasing the

proof of )eorem 2.

Corollary 2. Let (χ, ρ) be a complete metric space, and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. Suppose that

if, for all r, j ∈ χ, with ρ(fr, gj)> 0, for some θ ∈ μ, Υ ∈ Φ
and E: R+4⟶ R+,

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0⟹ θ(ρ(fr, gj))

≤ [θ(max ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j)􏼚 􏼛)]
E(G(r,j))

,

(85)

where

G(r, j) � ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j), ρ(fr, T
⌣

j), ρ(gj, 􏽢Sr)􏼚 􏼛,

(86)

with f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ). If (f, 􏽢S) and (g, T
⌣

) are
compatible pairs, and T

⌣
and 􏽢S are continuous on (χ, ρ), then

f, g, 􏽢S, and T
⌣
have a unique common fixed point in χ.
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)e following corollary generalizes the result introduced
by Sehgal [34].

Corollary 3. Let (χ, ρ) be a complete metric space, and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. Suppose that

if, for all r, j ∈ χ, with ρ(fr, gj)> 0, for some θ ∈ μ, Υ ∈ Φ
and E: R+4⟶ R+, Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T

⌣
j))< 0 implies that

θ(ρ(fr, gj))≤ [θ(max ρ(􏽢Sr, T
⌣

j), ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j)􏼚 􏼛)]
E(G(r,j))

,

(87)

where

G(r, j) � ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j), ρ(fr, T
⌣

j), ρ(gj, 􏽢Sr)􏼚 􏼛,

(88)

with f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ). If (f, 􏽢S) and (g, T
⌣

) are
compatible pairs, and T

⌣
and 􏽢S are continuous on (χ, ρ), then

f, g, 􏽢S, and T
⌣
have a unique common fixed point in χ.

4. On Suzuki-Type Ćirić JS-Contractions

We start this section with the following definition.

Definition 4. Let (χ, ρ) be a metric space and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. )ese maps

form a new generalized Suzuki-type Ćirić JS-contraction if,
for all r, j ∈ χ, for some θ ∈ Ψ, Υ ∈ Φ,
Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T

⌣
j))< 0 implies that

θ(ρ(fr, gj))≤ [θ(ρ(􏽢Sr, T
⌣

j))]
a

· [θ(ρ(fr, 􏽢Sr))]
b

· [θ(ρ(gj, T
⌣

j))]
c

· [θ(ρ(fr, T
⌣

j) + ρ(gj, 􏽢Sr))]
d
,

(89)

where a, b, c, d≥ 0 with a + b + c + 2d< 1.
Our second result is as follows.

Theorem 3. Let (χ, ρ) be a complete metric space and
f, g, 􏽢S, T

⌣
: χ⟶ χ be four single-valued maps. Suppose that

the mappings f, g, 􏽢S, T
⌣
form a generalized Suzuki-type Ćirić

JS-contraction with f(χ)⊆T
⌣

(χ) and g(χ)⊆􏽢S(χ). If (f, 􏽢S) and
(g, T

⌣
) are compatible pairs and T

⌣
and 􏽢S are continuous on

(χ, ρ), then f, g, 􏽢S, and T
⌣
have a unique common fixed point

in χ.

Proof. Let r0 ∈ χ be an arbitrary point. As f(χ)⊆T
⌣

(χ), there
exists r0 ∈ χ such that

f r0( 􏼁 � T
⌣

r1( 􏼁. (90)

Since g(r1) ∈ 􏽢S(χ), we can choose r2 ∈ χ such that
g(r1) � 􏽢S(r2). In general, r2n+1 and r2n+2 are chosen in χ
such that

f r2n( 􏼁 � T
⌣

r2n+1( 􏼁,

g r2n+1( 􏼁 � 􏽢S r2n+2( 􏼁.
(91)

We construct a sequence Rn􏼈 􏼉 in χ such that

R2n � f r2n( 􏼁 � T
⌣

r2n+1( 􏼁,

R2n+1 � g r2n+1( 􏼁 � 􏽢S r2n+2( 􏼁,
(92)

for n � 0, 1, 2, . . .. Since
1
2
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑 �

1
2
ρ R2n,R2n−1( 􏼁< ρ R2n−1,R2n( 􏼁

� ρ 􏽢S r2n( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓,

(93)

we have

Υ ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑, ρ 􏽢S r2n( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓< 0. (94)

)en, from (89),

θ ρ R2n,R2n+1( 􏼁( 􏼁 � θ ρ f r2n( 􏼁, g r2n+1( 􏼁( 􏼁( 􏼁≤ θ ρ 􏽢S r2n( 􏼁, �T r2n+1( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
a

· θ ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
b

· θ ρ g r2n+1( 􏼁, �T r2n+1( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
c

· θ ρ f r2n( 􏼁, �T r2n+1( 􏼁􏼐 􏼑 + ρ g r2n+1( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
d

� θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃
a

· θ ρ R2n,R2n− 1( 􏼁( 􏼁􏼂 􏼃
b

· θ ρ R2n+1,R2n( 􏼁( 􏼁􏼂 􏼃
c

· θ ρ R2n,R2n( 􏼁 + ρ R2n+1,R2n− 1( 􏼁( 􏼁􏼂 􏼃
d

� θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃
a+b

· θ ρ R2n+1,R2n( 􏼁( 􏼁􏼂 􏼃
c

· θ ρ R2n− 1,R2n( 􏼁 + ρ R2n,R2n+1( 􏼁( 􏼁􏼂 􏼃
d
.

(95)

By (Ψ5), we have, for every n ∈ N,

θ ρ R2n−1,R2n( 􏼁 + ρ R2n,R2n+1( 􏼁( 􏼁≤ θ ρ R2n−1,R2n( 􏼁( 􏼁

· θ ρ R2n,R2n+1( 􏼁( 􏼁.

(96)

Hence, (95) becomes

1< θ ρ R2n,R2n+1( 􏼁( 􏼁≤ θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃
a+b+d

· θ ρ R2n+1,R2n( 􏼁( 􏼁􏼂 􏼃
c+d

.
(97)

It implies that

θ ρ R2n,R2n+1( 􏼁( 􏼁􏼂 􏼃
1− c− d ≤ θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃

a+b+d
.

(98)

)erefore,
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θ ρ R2n,R2n+1( 􏼁( 􏼁≤ θ ρ R2n− 1,R2n( 􏼁( 􏼁􏼂 􏼃
(a+b+d)/(1−c−d)

,

(99)

and so

θ ρ Rn,Rn+1( 􏼁( 􏼁≤ θ ρ Rn− 1,Rn( 􏼁( 􏼁􏼂 􏼃
(a+b+d)/(1−c−d)

. (100)

It implies that

1< θ ρ Rn,Rn+1( 􏼁( 􏼁

≤ θ ρ Rn− 1,Rn( 􏼁( 􏼁􏼂 􏼃
((a+b+d)/(1− c− d))2

⋮

≤ θ ρ R0,R1( 􏼁( 􏼁􏼂 􏼃
((a+b+d)/(1− c− d))n

,

(101)

for all n ∈ N. Taking the limit as n⟶∞ in (101) and
knowing that θ ∈ Ψ, we have

lim
n⟶∞

θ ρ Rn,Rn+1( 􏼁( 􏼁 � 1. (102)

By (Ψ3), we obtain

lim
n⟶∞

ρ Rn,Rn+1( 􏼁 � 0. (103)

From condition (Ψ4), there exist q ∈ (0, 1) and
ℓ ∈ (0,∞] such that

lim
n⟶∞

θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1
ρ Rn,Rn+1( 􏼁􏼂 􏼃

q � ℓ. (104)

Suppose that ℓ <∞. Let V � (ℓ/2)> 0. From the defi-
nition of the limit, there exists n0 ∈ N such that

θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1
ρ Rn,Rn+1( 􏼁􏼂 􏼃

q − ℓ
􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤V, for all n≥ n0. (105)

)is implies

θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1
ρ Rn,Rn+1( 􏼁􏼂 􏼃

q ≥ ℓ − V � V, for all n≥ n0. (106)

)en,

n ρ Rn,Rn+1( 􏼁􏼂 􏼃
q ≤Pn θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1􏼂 􏼃, for all n≥ n0,

(107)

where P � (1/V). Suppose now that ℓ �∞. Let V> 0 be an
arbitrary positive number. From the definition of the limit,
there exists n0 ≥ 1 such that

θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1
ρ Rn,Rn+1( 􏼁􏼂 􏼃

q ≥V, for all n≥ n0, (108)

which implies

n ρ Rn,Rn+1( 􏼁􏼂 􏼃
q ≤Pn θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1􏼂 􏼃, n≥ n0,

(109)

where P � (1/V). )us, in all cases, there exist P> 0 and
n0 ≥ 1 such that

n ρ Rn,Rn+1( 􏼁􏼂 􏼃
q ≤Pn θ ρ Rn,Rn+1( 􏼁( 􏼁 − 1􏼂 􏼃, n≥ n0.

(110)

By using (101), we obtain

n ρ Rn,Rn+1( 􏼁􏼂 􏼃
q ≤Pn θ ρ R0,R1( 􏼁( 􏼁􏼂 􏼃

((a+b+d)/(1− c− d))n

− 1􏼒 􏼓,

for all n≥ n0.

(111)

Setting n⟶∞ in inequality (111), we obtain

lim
n⟶∞

n ρ Rn,Rn+1( 􏼁􏼂 􏼃
q

� 0. (112)

)us, there exists n1 ∈ N such that

ρ Rn,Rn+1( 􏼁≤
1

n
(1/q)

, for all n≥ n1. (113)

To prove Rn􏼈 􏼉 is a Cauchy sequence, we use (113) and for
m> n≥ n1,

ρ Rn,Rm( 􏼁≤ 􏽘
m−1

i�n

ρ Ri,Ri+1( 􏼁≤ 􏽘
∞

i�n

ρ Ri,Ri+1( 􏼁≤ 􏽘
∞

i�n

1
i
(1/q)

.

(114)

)e convergence of the series 􏽐
∞
i�n 1/i

(1/q) entails
limn,m⟶∞ρ(Rn,Rm) � 0.)us, Rn􏼈 􏼉 is a Cauchy sequence.
Since χ is a complete metric space, there exists r∗ ∈ χ such
that limn⟶∞d(Rn, r∗) � 0 and

lim
n⟶∞

f r2n( 􏼁 � lim
n⟶∞

T
⌣

r2n+1( 􏼁 � lim
n⟶∞

g r2n+1( 􏼁

� lim
n⟶∞

􏽢S r2n+2( 􏼁 � r
∗
.

(115)

Now, we shall prove thatR∗ is a common fixed point of
f, g, 􏽢S, and T

⌣
. As 􏽢S is continuous, so

lim
n⟶∞

􏽢S f r2n( 􏼁( 􏼁 � 􏽢S r
∗

( 􏼁 � lim
n⟶∞

􏽢S 􏽢S r2n+2( 􏼁􏼐 􏼑. (116)

Since (f, 􏽢S) is a compatible pair,

lim
n⟶∞

ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S f r2n( 􏼁( 􏼁􏼐 􏼑 � 0. (117)

From Lemma 1, we have

lim
n⟶∞

f 􏽢S r2n( 􏼁􏼐 􏼑 � 􏽢S r
∗

( 􏼁. (118)

Put r � 􏽢S(r2n) and j � r2n+1 in (89) and if
ρ(􏽢S(r∗), r∗)> 0, we obtain

1
2
ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑< ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T

⌣
r2n+1( 􏼁􏼒 􏼓.

(119)

Hence,

Υ
ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑,

ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠< 0. (120)

)en, from (89), we obtain
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θ ρ f 􏽢S r2n( 􏼁􏼐 􏼑, g r2n+1( 􏼁􏼐 􏼑􏼐 􏼑≤ θ ρ 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
a

· θ ρ f 􏽢S r2n( 􏼁􏼐 􏼑, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏼐 􏼑􏽨 􏽩
b

· θ ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
c

· θ ρ f 􏽢S r2n( 􏼁􏼐 􏼑, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒􏼔

+ ρ g r2n+1( 􏼁, 􏽢S 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏼑􏽩
d
.

(121)

Setting the upper limit, we obtain

θ ρ 􏽢S r
∗

( 􏼁, r
∗

􏼐 􏼑􏼐 􏼑≤ θ ρ 􏽢Sr
∗
, r
∗

􏼐 􏼑􏼐 􏼑􏽨 􏽩
a

· θ ρ 􏽢Sr
∗
, r
∗

􏼐 􏼑 + ρ r
∗
, 􏽢Sr
∗

􏼐 􏼑􏼐 􏼑􏽨 􏽩
d

≤ θ ρ 􏽢Sr
∗
, r
∗

􏼐 􏼑􏼐 􏼑􏽨 􏽩
a+2 d
< θ ρ 􏽢S r

∗
( 􏼁, r

∗
􏼐 􏼑􏼐 􏼑,

(122)

a contradiction. )us, ρ(􏽢S(r∗), r∗) � 0, and so 􏽢S(r∗) � r∗.
Again, since T

⌣
is continuous,

lim
n⟶∞

T
⌣

g r2n+1( 􏼁( 􏼁 � T
⌣

r
∗

( 􏼁 � lim
n⟶∞

T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓. (123)

Since (g, T
⌣

) is a compatible pair,

lim
n⟶∞

ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

g r2n+1( 􏼁( 􏼁􏼒 􏼓 � 0. (124)

From Lemma 1, we have

lim
n⟶∞

g T
⌣

r2n+1( 􏼁􏼒 􏼓 � T
⌣

r
∗

( 􏼁. (125)

Put r1 � r2n and r2 � T
⌣

(r2n+1) in (89) and if
ρ(r∗, T

⌣
(r∗))> 0, we obtain

1
2
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑< ρ 􏽢S r2n( 􏼁, T

⌣
T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓. (126)

)erefore,

Υ
ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑,

ρ 􏽢S r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠< 0, (127)

and from (89), one obtains

θ ρ f r2n( 􏼁, g T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼒 􏼓≤ θ ρ 􏽢S r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼒 􏼓􏼔 􏼕
a

· θ ρ f r2n( 􏼁, 􏽢S r2n( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
b

· θ ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼒 􏼓􏼔 􏼕
c

· θ ρ f r2n( 􏼁, T
⌣

T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓 + ρ g T
⌣

r2n+1( 􏼁􏼒 􏼓, 􏽢S r2n( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
d

.

(128)

Passing to the upper limit in (128), we obtain

θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓≤ θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
a+2 d

< θ ρ r
∗
, T

⌣
r
∗

( 􏼁􏼒 􏼓􏼒 􏼓,

(129)

a contradiction. )us, ρ(r∗, T
⌣

(r∗)) � 0 and hence
r∗ � T

⌣
(r∗). Suppose that ρ(f(r∗), r∗)> 0, we obtain

1
2
ρ 􏽢S r

∗
( 􏼁, T

⌣
r2n+1( 􏼁􏼒 􏼓< ρ f r

∗
( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑, for all n ∈ N,

(130)

and so

Υ
ρ f r

∗
( 􏼁, 􏽢S r

∗
( 􏼁􏼐 􏼑,

ρ 􏽢S r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠< 0. (131)

By (89), we obtain

θ ρ f r
∗

( 􏼁, g r2n+1( 􏼁( 􏼁( 􏼁≤ θ ρ 􏽢S r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
a

· θ ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
b

· θ ρ g r2n+1( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
c

· θ ρ f r
∗

( 􏼁, T
⌣

r2n+1( 􏼁􏼒 􏼓 + ρ g r2n+1( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑􏼒 􏼓􏼔 􏼕
d

.

(132)

Taking the upper limit in (132) and as
r∗ � T

⌣
(r∗) � 􏽢S(r∗), we obtain

θ ρ f r
∗

( 􏼁, r
∗

( 􏼁( 􏼁≤ θ ρ f r
∗

( 􏼁, r
∗

( 􏼁( 􏼁􏼂 􏼃
b+d < θ ρ f r

∗
( 􏼁, r

∗
( 􏼁( 􏼁,

(133)
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a contradiction. )us, ρ(f(r∗), r∗) � 0 and hence
r∗ � f(r∗). Finally, suppose ρ(r∗, g(r∗))> 0 and as
r∗ � T

⌣
(r∗) � 􏽢S(r∗) � f(r∗), we have

Υ 0, ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁< 0. (134)

From (89), we deduce

θ ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁 � θ ρ f r
∗

( 􏼁, g r
∗

( 􏼁( 􏼁( 􏼁< θ ρ r
∗
, g r
∗

( 􏼁( 􏼁( 􏼁,

(135)

a contradiction. )us, ρ(r∗, g(r∗)) � 0 and r∗ � g(r∗).
)erefore, r∗ is a common of the four mappings 􏽢S, g, f, and
T
⌣
. Next, assume that υ∗ is another common of the four

mappings 􏽢S, g, f, and T
⌣
such that r∗ ≠ υ∗, one obtains

Υ 0, ρ 􏽢S r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓􏼒 􏼓< 0. (136)

)en, by (89),

θ ρ r
∗
, υ∗( 􏼁( 􏼁 � θ ρ 􏽢S r

∗
( 􏼁, T

⌣
υ∗( 􏼁􏼒 􏼓􏼒 􏼓≤ θ ρ 􏽢S r

∗
( 􏼁, T

⌣
υ∗( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕

a

· θ ρ f r
∗

( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑􏼐 􏼑􏽨 􏽩
b

· θ ρ g υ∗( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓􏼒 􏼓􏼔 􏼕
c

· θ ρ f r
∗

( 􏼁, T
⌣

υ∗( 􏼁􏼒 􏼓 + ρ g υ∗( 􏼁, 􏽢S r
∗

( 􏼁􏼐 􏼑􏼒 􏼓􏼔 􏼕
d

.

(137)

It implies that

θ ρ r
∗
, υ∗( 􏼁( 􏼁≤ θ ρ r

∗
, υ∗( 􏼁( 􏼁􏼂 􏼃

a+2 d < θ ρ r
∗
, υ∗( 􏼁( 􏼁, (138)

a contradiction. )us, r∗ � υ∗, that is, r∗ is the unique
common fixed point of 􏽢S, g, f, and T

⌣
. □

Example 6. Let χ � [0,∞) and define the function ρ: χ ×

χ⟶ [0, +∞) by ρ(r, j) � |r − j|. Clearly, (χ, ρ) is a com-
plete metric space. Let θ(t) � e

�
t

√

, and Υ(s, t) � (s/2) − t,
then θ ∈ Ψ and Υ ∈ Φ. Define the mappings
􏽢S, g, f, T

⌣
: χ⟶ χ by

􏽢S(r) � e
7r

− 1,

g(r) � ln 1 +
r

6
􏼒 􏼓,

f(r) � ln 1 +
r

6
􏼒 􏼓,

T
⌣

(r) � e
6r

− 1.

(139)

Clearly, f(χ) � T
⌣

(χ) � g(χ) � 􏽢S(χ) if rn􏼈 􏼉 is a sequence
in χ such that

lim
n⟶∞

f rn( 􏼁 � lim
n⟶∞

􏽢S rn( 􏼁 � t, for some t ∈ χ. (140)

)en,

lim
n⟶∞

f rn( 􏼁 − t
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � lim
n⟶∞

􏽢S rn( 􏼁 − t
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � 0, (141)

and equivalently,

lim
n⟶∞

ln 1 +
rn

6
􏼒 􏼓 − t

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� lim

n⟶∞
e
7rn − 1 − t

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 � 0. (142)

)us,

lim
n⟶∞

rn − 6e
t

− 6􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 � lim
n⟶∞

rn −
ln(1 + t)

7

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
� 0. (143)

It gives that 6et − 6 � (ln(1 + t)/7) (by uniqueness of
limit); hence, t � 0. Using continuity of f and 􏽢S, one obtains

lim
n⟶∞

ρ f􏽢S rn( 􏼁, 􏽢Sf rn( 􏼁􏼐 􏼑 � lim
n⟶∞

f􏽢S rn( 􏼁 − 􏽢Sf rn( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

� |f(t) − 􏽢S(t)| � |0 − 0| � 0,

(144)

for t � 0 ∈ χ. Hence, the pair (f, 􏽢S) is compatible. Similarly,
the pair (g, T

⌣
) is compatible. Next, for all r, j ∈ χ with

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0. (145)

So, for a � b � c � 0.1 and d � 0.3, we have

θ(ρ(fr, gj))≤ [θ(ρ(􏽢Sr, T
⌣

j))]
a

· [θ(ρ(fr, 􏽢Sr))]
b

· [θ(ρ(gj, T
⌣

j))]
c

· [θ(ρ(fr, T
⌣

j) + ρ(gj, 􏽢Sr))]
d
.

(146)

Hence, all hypotheses of )eorem 3 are satisfied. )us,
f, g, 􏽢S, and T

⌣
have a unique common fixed point.

5. An Application

We apply the result given by )eorem 2 to study the ex-
istence of a solution for a system of nonlinear fractional
differential equations. Let χ � C([0, 1],R) be the space of all
continuous functions on [0, 1]. )e metric on χ is given by

ρ(r, j) � ‖r − j‖∞ � maxt∈[0,1]|r(t) − j(t)|, r, j ∈ χ.

(147)

)en, χ � C([0, 1],R) is complete metric space.
Consider the following system of fractional differential

equations:

CD
α

r(t) � K1(t, 􏽢S(r(t))),
C

D
α
j(t) � K2(t, T

⌣
(j(t))),􏼚

(148)

with boundary conditions

r(0) � 0, Ir(1) � r′(0),

j(0) � 0, Qj(1) � j′(0).

⎧⎨

⎩ (149)
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Note that CDα denotes the Caputo fractional derivative
of order α, defined by

CD
α

K1(t) �
1
Γ(n − α)

􏽚
t

0
(t − s)

n− α− 1
K

n
1(s)􏼐 􏼑ds,

C
D

α
K2(t) �

1
Γ(n − β)

􏽚
t

0
(t − s)

n− α− 1
K

n
2(s)􏼐 􏼑ds,􏼨 (150)

where we consider

n − 1< α,

α< 1,

n � [α] + 1,

(151)

and IαK1 and IαK2 denote the Riemann–Liouville fractional
integral of order α of continuous functions K1 and K2, given
by

I
α
K1(t) �

1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1(s)ds, with α> 0,

Q
α
K2(t) �

1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K2(s)ds, with α> 0.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(152)

System (148) can be written in the following integral
form:

r(t) �
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1(s, 􏽢S(r(s)))ds +

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K1(u, 􏽢S(r(u)))du ds,

j(t) �
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K2(s, T

⌣
(j(s)))ds +

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K2(u, T

⌣
(j(u)))du ds.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(153)

Define the mappings f, g: χ⟶ χ by

f(r(t)) �
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1(s, Ŝ(r(s)))ds

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K1(u, Ŝ(r u))du ds,{􏼨

g(j(t)) �
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K2(s, T

⌣
(j(s)))ds +

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K2(u, T

⌣
(j(u)))du ds. (154)

Theorem 4. Assume that the following conditions hold:

(i) K1, K2[0, 1] × R⟶ R are continuous functions.
(ii) K1(s, .), K2(s, .): ⟶ R are increasing functions.
(iii) For all r, j ∈ χ with f(r)≤T

⌣
(j) and

|f(r(s)) − g(j(s))| > 0, we have

K1(s, 􏽢S(r(s))) − K2(s, T
⌣

(j(s)))

􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌≤
e

− τΓ(α + 1)

4
A(r, j),

(155)

where

A(r, j) � max

|􏽢S(r(s)) − T
⌣

(j(s))|, |f(r(s)) − 􏽢S(r(s))|,

|g(j(s)) − T
⌣

(j(s))|,
|f(r(s)) − T

⌣
(j(s))| +|g(j(s)) − 􏽢S(r(s))|

2
,

(1 + |f(r(s)) − 􏽢S(r(s))|)|g(j(s)) − T
⌣

(j(s))|

1 +|􏽢S(r(s)) − T
⌣

(j(s))|

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (156)
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(iv) Aere exists r0, j0 ∈ C([0, 1],R) such that, for all
t ∈ [0, 1], we have

r0(t)≤
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1 s, 􏽢S r0(s)( 􏼁􏼐 􏼑ds +

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K1 u, 􏽢S r0(u)( 􏼁􏼐 􏼑du ds,

j0(t)≤
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K2 s, T

⌣
j0(s)( 􏼁􏼒 􏼓ds +

2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K2 u, T

⌣
j0(u)( 􏼁􏼒 􏼓du ds.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(157)

(v) If there exists a sequence rn􏼈 􏼉 in χ such that

lim
n⟶∞

ρ f 􏽢S rn( 􏼁􏼐 􏼑, 􏽢S f rn( 􏼁( 􏼁􏼐 􏼑 � 0,

lim
n⟶∞

ρ g T
⌣

rn( 􏼁􏼒 􏼓, T
⌣

g rn( 􏼁( 􏼁􏼒 􏼓 � 0,
(158)

whenever

lim
n⟶∞

f rn( 􏼁 � lim
n⟶∞

􏽢S rn( 􏼁 � t,

lim
n⟶∞

g rn( 􏼁 � lim
n⟶∞

T
⌣

rn( 􏼁 � t,
(159)

for some t ∈ χ.
Then, system (148) has a solution.

Proof. Following assumptions (iii) and (iv), we have

|f(r(t)) − g(j(t))|

�

1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1(s, 􏽢S(r(s)))ds

−
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K2(s, �T(j(s)))ds

+
2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K1(u, 􏽢S(r(u)))duds

−
2t

Γ(α)
􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K2(u, �T(j(u)))duds

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤
1
Γ(α)

􏽚
t

0
(t − s)

α− 1
K1(s, 􏽢S(r(s))) − K2(s, �T(j(s)))

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌ds

+
2
Γ(α)

􏽚
1

0
􏽚

s

0
(s − u)

α− 1
K1(s, 􏽢S(r(s))) − K2(u, �T(j(u)))

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌duds

≤
1
Γ(α)

e
− τΓ(α + 1)

4
· 􏽚

t

0
(t − s)

α− 1
A(r, j)ds

+
2
Γ(α)

e
− τΓ(α + 1)

4
· 􏽚

1

0
􏽚

s

0
(s − u)

α− 1
A(r, j)duds

≤
1
Γ(α)

e
− τΓ(α + 1)

4
· A(r, j) · 􏽚

t

0
(t − s)

α− 1ds
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+
2
Γ(α)

e
− τΓ(α + 1)

4
· A(r, j) · 􏽚

1

0
􏽚

s

0
(s − u)

α− 1duds

≤
e

− τΓ(α) · Γ(α + 1)

4Γ(α) · Γ(α + 1)
􏼠 􏼡 · A(r, j) + 2e

− τ
B(α + 1, 1)

Γ(α) · Γ(α + 1)

4Γ(α) · Γ(α + 1)
· A(r, j)

≤
e

− τ

4
A(r, j) +

e
− τ

2
A(r, j),

(160)

where B is the beta function. From the above inequality, we
obtain that

ρ(f(r), g(j)) ≤
3
4
e

− τ
A(r, j). (161)

It implies that

e

��������
ρ(f(r),g(j))

√

≤ e

���������
(3/4)e−τA(r,j)

√

� e

�����
(3/4)e−τ

√ ����
A(r,j)

√

� e

����
A(r,j)

√

􏼔 􏼕

�����
(3/4)e−τ

√

� e

����
A(r,j)

√

􏼔 􏼕
E(G(r,j))

,

(162)

where E(s1, s2, s3, s4) �
�����
3/4eτ

√
< 1, G(r, j) �

ρ(fr, 􏽢Sr), ρ(gj, T
⌣

j), ρ(fr, T
⌣

j), ρ(gj, 􏽢Sr)􏼚 􏼛 and θ(t) � e
�
t

√

.

Since this inequality holds for all r, j ∈ χ with f(r)≤T
⌣

(j), so
it is true for any Υ ∈ Φ,

Υ(ρ(fr, 􏽢Sr), ρ(􏽢Sr, T
⌣

j))< 0. (163)

Hence, we have

θ(ρ(f(r), g(j)))≤ [θ(A(r, j))]
E(G(r,j))

. (164)

)us, f, g, 􏽢S, and T
⌣

are generalized Suzuki-type
(θ, E)-rational contraction mappings. )erefore, all hy-
potheses of )eorem 2 are satisfied. Hence, f, g, 􏽢S, and T

⌣

have a common fixed point, that is, system (148) has at least
one solution. □
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“ω-interpolative cirić-reich-rus-type contractions,” Mathe-
matics, vol. 7, no. 1, p. 57, 2019.

[5] M. Nazam, H. Aydi, and M. S. Noorani, “Existence of fixed
points of four maps for a new generalized F-contraction and
an application,” Journal of Function Spaces, vol. 2019, Article
ID 5980312, 8 pages, 2019.

[6] M. Nazam, M. Arshad, and M. Postolache, “Coincidence and
common fixed point theorems for four mappings satisfying
(αs, F)-contraction αs F)-contraction,” Nonlinear Analysis:
Modelling and Control, vol. 23, no. 5, pp. 664–690, 2018.

[7] M. Nazam, M. Arshad, and M. Abbas, “Existence of common
fixed points of improved F-contraction on partial metric
spaces,” Applied General Topology, vol. 18, no. 2, pp. 277–287,
2017.

[8] H. Aydi, C.-M. Chen, and E. Karapınar, “Interpolative cirić-
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rus-cirić type contractions on partial metric spaces,” Math-
ematics, vol. 6, no. 11, p. 256, 2018.

[10] E. Karapinar, O. Alqahtani, and H. Aydi, “On interpolative
Hardy-Rogers type contractions,” Symmetry, vol. 11, no. 1,
p. 8, 2019.

[11] T. Rasham and A. Shoaib, “Common fixed point results for
two families of multivalued A-dominated contractive map-
pings on closed ball with applications,” Open Mathematics,
vol. 17, no. 1, pp. 1350–1360, 2019.

[12] T. Rasham, A. Shoaib, G. Marino, B. A. S. Alamri, and
M. Arshad, “Sufficient conditions to solve two systems of
integral equations via fixed point results,” Journal of In-
equalities and Applications, vol. 2019, Article ID 182, 2019.

[13] P. Patle, D. Patel, H. Aydi, and S. Radenović, “ON H+ type
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In this paper, the authors consider a IBVP for the time-space fractional PDE with the fractional conformable derivative and the
fractional Laplace operator. A fractional conformable extremum principle is presented and proved. Based on the extremum
principle, a maximum principle for the fractional conformable Laplace system is established. Furthermore, the maximum
principle is applied to the linear space-time fractional Laplace conformable differential system to obtain a new comparison
theorem. Besides that, the uniqueness and continuous dependence of the solution of the above system are also proved.

1. Introduction

Many fractional partial differential equations were used for
modeling complex dynamic systems of engineering, physics,
biology, and many other fields [1–4]. As a significant tool,
the maximum principle plays an important role in the study
of the complex dynamic systems without certain knowledge
of the solutions [5–13]. In 2016, by using the maximum
principle, Luchko and Yamamoto [14] obtained the
uniqueness of both the strong and the weak solutions of the
IBVP for a general time-fractional distributed order diffu-
sion equation. In 2016, Jia and Li [15] applied the maximum
principle to the classical solution and weak solution of a
time-space fractional diffusion equation. Furthermore, they
also deduced the maximum principle for a full fractional
diffusion equation other than time-fractional and spatial-
integer order diffusion equations. In 2019, Wang et al. [16]
investigated the IBVP for Hadamard fractional differential
equations with fractional Laplace operator (− Δ)β by using
the maximum principle.

.ere are diverse fractional derivatives, such as the
Riemann–Liouville derivative, the Caputo fractional deriv-
ative, the left and right conformable derivatives, and other
fractional derivatives [17–40]. In 2015, Abdeljawad [34]
defined the left and right conformable derivatives.

Depending on [34], Jarad et al. [35] introduced the fractional
conformable derivatives and presented the fractional con-
formable derivative in the sense of Caputo. .e extremum
principle of the Caputo fractional conformable derivative is
seldom regarded in the existing literature. In addition, the
papers which mentioned the fractional conformable deriv-
ative do not include the fractional Laplace operator.

Motivated by the above works, in this context, the au-
thors investigate the IBVP for a space-time Caputo fractional
conformable diffusion system with the fractional Laplace
operator. First, we provide a detailed proof of the Caputo
fractional conformable extremum principle. .en, the new
maximum principle is obtained by applying the extreme
principle. As some applications of the maximum principle, a
comparison principle for the space-time fractional Laplace
conformable differential system is developed, and the
properties of the solution of the system are given, such as the
uniqueness and continuous dependence on the initial and
boundary condition.

.e article is organized as follows: in Section 2, the
extremum principle for the Caputo fractional conformable
derivative is established. In Section 3, the maximum prin-
ciple of the space-time fractional Laplace conformable dif-
ferential system is derived, which is used to obtain the
comparison principle for the space-time fractional Laplace
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conformable differential system, and the properties of the
solution of the above system are given in Section 4.

2. Problem Formulation and
Extremum Principles

In this paper, we focus on a space-time Caputo fractional
conformable system with the fractional Laplace operator:

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)u(x, t) � g(x, t), (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, x ∈ RN
\Ω, t≥ a,

⎧⎨

⎩ (1)

where Ω represents an open and bounded domain in
RN(N≥ 1) in which boundary Γ is smooth and
a(x, t) ∈ Ω × [a, b] is a bounded function. Here, Cβ

a Dα
t is the

left Caputo fractional conformable derivative. For a function
f ∈ Cn

α,a, the left Caputo fractional conformable derivative of
order β is defined by

Cβ
a D

α
t f(t) �

1
Γ(n − β)

􏽚
t

a

(t − a)α − (τ − a)α

α
􏼠 􏼡

n− β− 1 n
aT

α
f(τ)

(τ − a)
1− α dτ,

(2)

with 0< β< 1, 0< α< 1, n � [β] + 1, aTαf(t) � (t − a)1− α

f′(t), n
aTα � aT

α
aT

α
, . . . , aT

α
􏽼√√√√√√√􏽻􏽺√√√√√√√􏽽

n times

, and Cn
α,a[a, b] � f:􏼈

[a, b]⟶ R|n− 1
a Tαf ∈ Iα[a, b]} (where Iα[a, b] is defined in

Definition 1 of [34]). For detailed information of the Caputo
fractional conformable derivative, see [35].

When ϕ ∈ C1,1
loc(R

N)∩ Lc, the fractional Laplace operator
could be given by

(− Δ)cϕ(x) � CN,c􏽚
RN

ϕ(x) − ϕ(y)

|x − y|
N+2c

dy, (3)

with CN,c � (c22cΓ(N + 2c/2)/πN/2Γ(1 − c)), and

Lc � ϕ: R
N⟶ R| 􏽚

RN

|; ϕ(x)|

1 +|x|
N+c

dx<∞.

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
. (4)

Denote

H(Ω) � u(x, t)|u(x, t) ∈ C
2,1

(Ω ×(a, b)), u(x, t) ∈ C(Ω ×[a, b])􏽮 􏽯.

(5)

Firstly, we can state two Caputo fractional conformable
extremum principles.

Lemma 1. Iff ∈ C1
α,a([a, b]) reaches its maximum at a point

t0 ∈ [a, b], then
Cβ

a D
α
t0

f t0( 􏼁≥ 0, (6)

holds.

Proof. First, we introduce an auxiliary function

g(t) � f t0( 􏼁 − f(t)≥ 0, t ∈ [a, b]. (7)

Concurrently, g(t) ∈ C1
α,a([a, b]), g(t0) � 0, and

Cβ
a Dα

t g(t) � −
Cβ
a Dα

t f(t).
By calculation, we notice that

Cβ
a D

t0
α g t0( 􏼁 �

1
Γ(1 − β)

􏽚
t0

a

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β

·
(τ − a)

1− α
g′(τ)

(τ − a)
1− α dτ

�
1
Γ(1 − β)

􏽚
t0

a

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β

g′(τ)dτ

�
1
Γ(1 − β)

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β

g(τ)|

t0

a

−
β
Γ(1 − β)

􏽚
t0

a

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β− 1

· (τ − a)
α− 1

g(τ)dτ.

(8)

.is is because

lim
τ⟶t0

1
Γ(1 − β)

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β

g(τ)

�
αβ

Γ(1 − β)
lim
τ⟶t0

g′(τ)

β t0 − a( 􏼁
α

− (τ − a)
α

( 􏼁
β− 1

(− α)(τ − a)
α− 1

� 0.

(9)

.erefore, formula (9) becomes

Cβ
a D

α
t0

g t0( 􏼁 � −
1
Γ(1 − β)

t0 − a( 􏼁
α

α
􏼠 􏼡

− β

g(a)

−
β
Γ(1 − β)

􏽚
t0

a

t0 − a( 􏼁
α

− (τ − a)α

α
􏼠 􏼡

− β− 1

· (τ − a)
α− 1

g(τ)dτ

≤ 0.

(10)
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We can obtain Cβ
a Dα

t0
f(t0)≤ 0.

.e lemma is proved.
Using the same method, it is easy to obtain the following

lemma. □

Lemma 2. If f ∈ C1
α,a([a, b]) reaches its minimum at a point

t0 ∈ [a, b], then
Cβ

a D
α
t0

f t0( 􏼁≤ 0, (11)

holds.

3. Maximum Principle

In this section, we focus on linear space-time Caputo
fractional conformable Laplace system (1) with the initial-
boundary condition:

u(x, a) � φ(x), x ∈ Ω, (12)

u(x, t) � μ(x, t), (x, t) ∈ Γ ×[a, b]. (13)

Theorem 1. Let a function u ∈ H(Ω) satisfy linear space-
time Caputo fractional conformable Laplace system (1), (12),
and (13). Suppose g(x, t)≤ 0, ∀(x, t) ∈ Ω × (a, b]. 0en, we
have

u(x, t)≤max max
x∈Ω

φ(x), max
(x,t)∈Γ×[a,b]

μ(x, t), 0􏼨 􏼩,

∀(x, t) ∈ Ω ×[a, b].

(14)

Proof. We first suppose that inequality (14) is false; then,
there exists a point (x0, t0) ∈ Ω × (a, b] such that

u x0, t0( 􏼁>max max
x∈Ω

φ(x), max
(x,t)∈Γ×[a,b]

μ(x, t), 0􏼨 􏼩 � M> 0.

(15)

Denote ε � u(x0, t0) − M> 0 and

w(x, t) � u(x, t) +
ε
2

b − (t − a)

b
, (x, t) ∈ Ω ×[a, b].

(16)

Besides, w implies

w(x, t)≤ u(x, t) +
ε
2
, (x, t) ∈ Ω ×[a, b],

w x0, t0( 􏼁≥ u x0, t0( 􏼁 � ε + M≥ ε + u(x, t)≥ ε + w(x, t) −
ε
2

≥
ε
2

+ w(x, t), (x, t) ∈ (Γ ×[a, b])∪ (Ω × a{ }).

(17)

.e latter property implies that the maximum of w

cannot be attained on (Γ × [a, b])∪ (Ω × a{ }). Let
w(x1, t1) � max

(x,t)∈Ω×[a,b]
w(x, t); then,

w x1, t1( 􏼁≥ u x0, t0( 􏼁≥ ε + M> ε, (18)

(− Δ)c
w(x, t)| x1 ,t1( ) � CN,c􏽚

RN

w x1, t1( 􏼁 − w x, t1( 􏼁

x1 − x
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
N+2c

dx≥ 0.

(19)

By Lemma 1, we know
Cβ
a D

α
t w(x, t)| x1 ,t1( )≥ 0. (20)

By calculation, we can show

Cβ
a D

α
t

ε
2

b − (t − a)

b
􏼠 􏼡 � −

1
Γ(1 − β)

ε
2b

􏽚
t

a

(t − a)α − (τ − a)α

α
􏼠 􏼡

− β

dτ.

(21)

Assuming u � (τ − a/t − a)α and substituting into for-
mula (21), we get

Cβ
a D

α
t

ε
2

b − (t − a)

b
􏼠 􏼡 � −

1
Γ(1 − β)

ε
2b
αβ− 1

􏽚
1

0
(t − a)

1− αβ

· (1 − u)
− β

u
1− αdu

� − αβ− 1
(t − a)

1− αβ ε
2b

Γ(2 − α)

Γ(3 − α − β)
.

(22)

Applying (19)–(22), it holds that

Cβ
a D

α
t u(x, t)| x1 ,t1( ) +(− Δ)c

u(x, t)| x1,t1( ) − a x1, t1( 􏼁u x1, t1( 􏼁 − g x1, t1( 􏼁

�
Cβ

a D
α
t w(x, t)| x1 ,t1( ) −

Cβ
a D

α
t

ε
2

b − t1 − a( 􏼁

b
􏼠 􏼡 +(− Δ)c

w x1, t1( 􏼁

− a x1, t1( 􏼁 w x1, t1( 􏼁 −
ε
2

b − t1 − a( 􏼁

b
􏼠 􏼡 − g x1, t1( 􏼁

≥ αβ− 1
t1 − a( 􏼁

1− αβ ε
2b

Γ(2 − α)

Γ(3 − α − β)
− a x1, t1( 􏼁ε 1 −

b − t1 − a( 􏼁

2b
􏼠 􏼡

≥ 0.

(23)
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Equation (23) is in contradiction with (1).
.e proof of the theorem is completed.
Similarly, the minimum principle can be obtained as

follows. □

Theorem 2. Let a function u ∈ H(Ω) satisfy linear space-
time Caputo fractional conformable Laplace system (1), (12),
and (13). Suppose g(x, t)≥ 0, ∀(x, t) ∈ Ω × (a, b]. 0en, we
have

u(x, t)≥min min
x∈Ω

φ(x), min
(x,t)∈Γ×[a,b]

μ(x, t), 0􏼨 􏼩,

∀(x, t) ∈ Ω ×[a, b].

(24)

4. SomeApplications of theMaximumPrinciple

Theorem 3. Let u(x, t) ∈ H(Ω) be a solution of system (1)
with initial-boundary values (12) and (13). 0en,

‖u‖
C(Ω×[a,b])

≤max max
x∈Ω

‖φ(x)‖, max
(x,t)∈Γ×[a,b]

‖μ(x, t)‖􏼨 􏼩

+ 2M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(b − a)

αβ
,

(25)

where

M � ‖g‖
C(Ω×[a,b])

. (26)

Proof. We first present a function

w(x, t) � u(x, t) − M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(t − a)

αβ
,

(x, t) ∈ Ω ×[a, b].

(27)

If u(x, t) is a solution of system (1), (12), and (13), then
w(x, t) is a solution of problem (1) with

g1(x, t) � g(x, t) − M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)

Cβ
a D

α
t (t − a)

αβ

� g(x, t) − M,

μ1(x, t) � μ(x, t) − M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(t − a)

αβ
.

(28)

Substitute g1(x, t) and μ1(x, t) for g(x, t) and μ(x, t),
respectively. Owing to g1(x, t)≤ 0, applying .eorem 1
(maximum principle), we have

w(x, t)≤max max
x∈Ω

‖φ(x)‖, max
(x,t)∈Γ×[a,b]

‖μ(x, t)‖􏼨

+ M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(b − a)

αβ⎫⎬

⎭.

(29)

.erefore,

u(x, t)≤max max
x∈Ω

‖φ(x)‖, max
(x,t)∈Γ×[a,b]

‖μ(x, t)‖􏼨 􏼩

+ 2M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(b − a)

αβ
.

(30)

In a similar manner, we can get

u(x, t)≥ − max max
x∈Ω

‖φ(x)‖, max
(x,t)∈Γ×[a,b]

‖μ(x, t)‖􏼨 􏼩

− 2M
Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(b − a)

αβ
.

(31)

Combining (30) and (31), the theorem is proved. □

Theorem 4. Let u(x, t) satisfy IBVP (1), (12), and (13).
u(x, t) is continuous depending on the data given. 0at is, if

g − g1
����

����C(Ω×[a,b])
≤ ε, φ(x) − φ1(x)

����
����C(Ω)

≤ ε0, μ(x, t) − μ1(x, t)
����

����C(Γ×[a,b])
≤ ε1,

(32)

then the estimation of the classical solution of u(x, t) and
u1(x, t),

u − u1
����

����C(Ω×[a,b])
≤max ε0, ε1􏼈 􏼉 + 2

Γ(2 + αβ − α − β)

βαβΓ(1 + αβ − α)
(b − a)

αβε,

(33)

holds.
0e demonstration process is similar to 0eorem 3.

Theorem 5. Let u ∈ H(Ω) be a solution of IBVP (1), (12),
and (13). Assume g(x, t)≤ 0 and a(x, t)≤ 0,∀(x, t) ∈ Ω×

(a, b]. 0en, it follows that

u(x, t)≤ 0, (x, t) ∈ Ω ×[a, b], (34)

if φ(x)≤ 0, and μ(x, t)≤ 0.

Theorem 6. Let u ∈ H(Ω) satisfy IBVP (1), (12), and (13).
Assume g(x, t)≥ 0 and a(x, t)≥ 0,∀(x, t) ∈ Ω × (a, b].
0en, it follows that

u(x, t)≥ 0, (x, t) ∈ Ω ×[a, b], (35)

if φ(x)≥ 0, and μ(x, t)≥ 0.
0e conclusion of0eorem 5 and0eorem 6 is obtained by

0eorem 1.
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Remark 1. Let u ∈ H(Ω) satisfy IBVP (1), (12), and (13).
Assume g(x, t) � a(x, t) � 0,∀(x, t) ∈ Ω × (a, b]. .en, it
follows that

u(x, t) � 0, ∀(x, t) ∈ Ω ×[a, b], (36)

if φ(x) � μ(x, t) � 0.

Theorem 7 (comparison theorem). Suppose a(x, t)≥ 0,
b(x, t)≥ 0, and b(x, t)> a(x, t), ∀(x, t) ∈ Ω × (a, b]. As-
sume (u, v) ∈ H(Ω) × H(Ω) satisfies the following linear
space-time fractional Laplace conformable differential
system:

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)v(x, t) − b(x, t)u(x, t)≥ 0, (x, t) ∈ Ω ×(a, b],

Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − a(x, t)u(x, t) − b(x, t)v(x, t)≥ 0, (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a)≥ 0, v(x, a)≥ 0, x ∈ Ω,

u(x, t)≥ 0, v(x, t)≥ 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(37)

.en, it follows that

u(x, t)≥ 0, v(x, t)≥ 0, (x, t) ∈ Ω ×[a, b]. (38)

Proof. Let p(x, t) � u(x, t) + v(x, t), ∀(x, t) ∈ Ω × [a, b].
.en, by (37), we have

Cβ
a D

α
t p(x, t) +(− Δ)c

p(x, t) − a(x, t)p(x, t) + b(x, t)p(x, t)≥ 0, (x, t) ∈ Ω ×(a, b],

p(x, t) � 0, x ∈ RN
\Ω, t≥ a,

p(x, a)≥ 0, x ∈ Ω,

p(x, t)≥ 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(39)

.us, by (39) and .eorem 6, we obtain

p(x, t)≥ 0, ∀(x, t) ∈ Ω ×[a, b], i.e.u(x, t) + v(x, t)≥ 0,

· (x, t) ∈ Ω ×[a, b].

(40)

Using (37) and (40), we have that

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − (b(x, t) − a(x, t))u(x, t)≥ 0, (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a)≥ 0, x ∈ Ω,

u(x, t)≥ 0, (x, t) ∈ Γ ×[a, b],

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(41)

Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − (b(x, t) − a(x, t))v(x, t)≥ 0, (x, t) ∈ Ω ×(a, b],

v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

v(x, a)≥ 0, x ∈ Ω,

v(x, t)≥ 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(42)

Applying .eorem 6 to (41) and (42), we can get

u(x, t)≥ 0, v(x, t)≥ 0, (x, t) ∈ Ω ×[a, b]. (43)

.us, the conclusion holds.

Similarly, the following theorem holds. □

Theorem 8. Suppose a(x, t)≤ 0, b(x, t)≤ 0, and b(x, t)<
a(x, t), ∀(x, t) ∈ Ω × (a, b]. Assume (u, v) ∈ H(Ω) × H(Ω)
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satisfies the following linear space-time fractional Laplace
conformable differential system:

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)v(x, t) − b(x, t)u(x, t)≤ 0, (x, t) ∈ Ω ×(a, b],
Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − a(x, t)u(x, t) − b(x, t)v(x, t)≤ 0, (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a)≤ 0, v(x, a)≤ 0, x ∈ Ω,

u(x, t)≤ 0, v(x, t)≤ 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(44)

.en, it follows that
u(x, t)≤ 0, v(x, t)≤ 0, (x, t) ∈ Ω ×[a, b]. (45)

Remark 2. Let (u, v) ∈ H(Ω) × H(Ω) satisfy the following
linear space-time fractional Laplace conformable differential
system:

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)v(x, t) − b(x, t)u(x, t) � 0, (x, t) ∈ Ω ×(a, b],
Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − a(x, t)u(x, t) − b(x, t)v(x, t) � 0, (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a) � φ1(x), v(x, a) � φ2(x), x ∈ Ω,

u(x, t) � μ1(x, t), v(x, t) � μ2(x, t), (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(46)

Suppose a(x, t) � b(x, t) � 0,∀(x, t) ∈ Ω × (a, b]. .en,
it follows that

u(x, t) � 0, v(x, t) � 0, ∀(x, t) ∈ Ω ×[a, b], (47)

if φ1(x) � φ2(x) � μ1(x, t) � μ2(x, t) � 0.
Next, we focus on the following linear space-time

fractional Laplace conformable differential system:

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)v(x, t) − b(x, t)u(x, t) � g1(x, t), (x, t) ∈ Ω ×(a, b],

Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − a(x, t)u(x, t) − b(x, t)v(x, t) � g2(x, t), (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a) � φ1(x), v(x, a) � φ2(x), x ∈ Ω,

u(x, t) � μ1(x, t), v(x, t) � μ2(x, t), (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(48)

Theorem 9. Suppose a(x, t)≤ 0, b(x, t)≤ 0, b(x, t)< a(x, t),
g1(x, t)≤ 0, and g2(x, t)≤ 0, ∀(x, t) ∈ Ω × (a, b]; then,
IBVP (48) has a unique solution on H(Ω) × H(Ω).

Proof. Let (u1, v1) and (u2, v2) be two solutions of IBVP
(48). Denote

u(x, t) � u1(x, t) − u2(x, t), v(x, t) � v1(x, t) − v2(x, t),

∀(x, t) ∈ Ω ×[a, b],

(49)

satisfies the system

Cβ
a D

α
t u(x, t) +(− Δ)c

u(x, t) − a(x, t)v(x, t) − b(x, t)u(x, t) � 0, (x, t) ∈ Ω ×(a, b],

Cβ
a D

α
t v(x, t) +(− Δ)c

v(x, t) − a(x, t)u(x, t) − b(x, t)v(x, t) � 0, (x, t) ∈ Ω ×(a, b],

u(x, t) � 0, v(x, t) � 0, x ∈ RN
\Ω, t≥ a,

u(x, a) � 0, v(x, a) � 0, x ∈ Ω,

u(x, t) � 0, v(x, t) � 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(50)
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Let p(x, t) � u(x, t) + v(x, t), ∀(x, t) ∈ Ω × [a, b]. By
(50), we have

Cβ
a D

α
t p(x, t) +(− Δ)c

p(x, t) − (b(x, t) − a(x, t))p(x, t) � 0, (x, t) ∈ Ω ×(a, b].

p(x, t) � 0, x ∈ RN
\Ω, t≥ a,

p(x, a) � 0, x ∈ Ω,

p(x, t) � 0, (x, t) ∈ Γ ×[a, b].

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(51)

Applying .eorem 8, we get

u(x, t)≤ 0, v(x, t)≤ 0, (x, t) ∈ Ω ×[a, b]. (52)

By the same way, using .eorem 8 to − u(x, t) and
− v(x, t), we have

u(x, t)≥ 0, v(x, t)≥ 0, (x, t) ∈ Ω ×[a, b]. (53)

Combining (52) and (53), we can get

u(x, t) � 0, v(x, t) � 0, ∀(x, t) ∈ Ω ×[a, b]. (54)

.us, the conclusion holds. □
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In this present article, we establish certain new Pólya–Szegö-type tempered fractional integral inequalities by considering
the generalized tempered fractional integral concerning another function Ψ in the kernel. We then prove certain new
Chebyshev-type tempered fractional integral inequalities for the said operator with the help of newly established
Pólya–Szegö-type tempered fractional integral inequalities. Also, some new particular cases in the sense of classical
tempered fractional integrals are discussed. Additionally, examples of constructing bounded functions are considered.
Furthermore, one can easily form new inequalities for Katugampola fractional integrals, generalized Riemann–Liouville
fractional integral concerning another function Ψ in the kernel, and generalized fractional conformable integral by applying
different conditions.

1. Introduction

�e well-known Chebyshev functional [1] is defined by

T f1, f2( 􏼁 �
1

x2 − x1
􏽚

x2

x1

f1(θ)f2(θ)dθ −
1

x2 − x1
􏽚

x2

x1

f1(θ)dθ􏼠 􏼡
1

x2 − x1
􏽚

x2

x1

f2(θ)dθ􏼠 􏼡, (1)

where the functions f1 and f2 are integrable on [x1, x2].
If the functions f1 and f2 are synchronous on [x1, x2],
i.e.,

f1(ϑ) − f1(ζ)( 􏼁 f2(ϑ) − f2(ζ)( 􏼁≥ 0, (2)

for any ϑ, ζ ∈ [x1, x2], thenT(f1, f2)≥ 0. Functional (1) has
gained more recognition due to its diverse applications in
the fields of transform theory, numerical quadrature,
probability, and statistical problems. Additionally, the re-
searchers have established a large number of integral
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inequalities by utilizing functional (1). �e interesting
readers may consult [2–5]. In [6], Tassaddiq et al. recently
established certain inequalities via fractional conformable
integrals by considering functional (1).

In [7], Grüss introduced the following inequality:

T f1, f2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
M1 − m1( 􏼁 N1 − n1( 􏼁

4
, (3)

where the functions f1 and f2 are integrable on [x1, x2]

such that f1 and f2 satisfy the inequalities m1 ≤f1(ϑ)≤M1
and n1 ≤f2(ζ)≤N1, for all ϑ, ζ ∈ [x1, x2] and for some
constant m1, n1, M1, N1 ∈ R.

In [8], Pólya–Szegö presented the following inequality:

􏽒
x2

x1
f
2
1(θ)dθ 􏽒

x2

x1
f
2
2(θ)dθ

􏽒
x2

x1
f1(θ)f2(θ)dθ􏼒 􏼓

2 ≤
1
4

������
M1N1

m1n1

􏽳

+

������
m1n1

M1N1

􏽲
⎛⎝ ⎞⎠

2

.

(4)

In [9], Dragomir and Diamond presented the following
inequality with the help of Pólya–Szegö inequality:

T f1, f2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
M1 − m1( 􏼁 N1 − n1( 􏼁

4 x2 − x1( 􏼁
2 ����������

m1M1n1N1
􏽰 􏽚

x2

x1

f1(θ)dθ

· 􏽚
x2

x1

f2(θ)dθ,

(5)

where the functions f1 and f2 are positive and integrable on
[x1, x2] such that f1 and f2 satisfy the inequalities
m1 ≤f1(θ) ≤M1 and n1 ≤f2(ζ)≤N1, for all θ, ζ ∈ [x1, x2]

and for some constant m1, n1, M1, N1 ∈ R.
In the last few decades, the researchers have considered

that fractional integral inequalities are the most powerful
tools for the development of both applied and pure math-
ematics. In [10], the authors presented some Grüss-type
integral inequalities by considering fractional integrals.
Some new integral inequalities in sense of Riemann–Liou-
ville fractional integrals can be found in the work of Dah-
mani [11].

In [12], Sarikaya et al. gave the idea of generalized
(k, s)-fractional integrals with applications. Set et al. [13]

investigated some Grüss-type inequalities by considering
generalized k-fractional integrals.

Very recently, the idea of fractional conformable and
proportional fractional integral operators was proposed by
Jarad et al. [14, 15]. Later on, Huang et al. [16] presented
generalized Hermite–Hadamard-type inequalities by con-
sidering generalized fractional conformable integrals. In
[17], Qi et al. established Chebyshev-type inequalities for
generalized fractional conformable integrals.

In [18], Ntouyas et al. investigated some new
Pólya–Szegö- and Chebyshev-type inequalities by consid-
ering Riemann–Liouville fractional integrals. �e tempered
fractional integral was first studied by Buschman [19], but Li
et al. [20] and Meerschaert et al. [21] have described the
associated tempered fractional calculus more explicitly.
Fernandez and Ustaoǧlu [22] investigated several analytic
properties of the tempered fractional integral. In [23], Fahad
et al. proposed the general form of the generalized tempered
fractional integral concerning another function. In this
paper, we investigate the said inequalities for the so-called
tempered fractional integrals containing another function in
the kernel.

�e structure of the paper as follows.
In Section 2, some basic definitions are presented. Some

new Pólya–Szegö-type for the so-called generalized tem-
pered fractional integral in the sense of another function is
presented in Section 3. In Section 4, we present some new
generalized Chebyshev-type tempered fractional integral
inequalities. In Section 5, certain new particular cases in
terms of classical tempered fractional integrals are discussed.
An example of constructing bounding functions is con-
sidered in Section 6. Finally, the concluding remarks are
discussed in Section 7.

2. Preliminaries

In this section, we consider some well-known definitions
and mathematical preliminaries.

Definition 1 (see [7]). Suppose that the functions
f1, f2: [x1, x1]⟶ R are positive with A≤f1(ϑ)≤B and
C≤f2(ϑ)≤D, for all ϑ ∈ [x1, x1], then the following in-
equality holds:

1
x2 − x1

􏽚
x2

x1

f1(ϑ)f2(ϑ)dϑ −
1

x2 − x1
􏽚

x2

x1

f1(ϑ)dϑ
1

x2 − x1
􏽚

x2

x1

f2(ϑ)dϑ
􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤
1
4

(B − A)(D − C), (6)

where the constantsB,A, C,D ∈ R and 1/4 is the sharp of
inequality (6).

Definition 2 (see [24, 25]). �e function f1 will be in the
space Lp,r]0,∞[ if

Lp,r[0,∞[ � f1: f1
����

����Lp,r[0,∞[
� 􏽚

s

r
f1(ϑ)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pϑrdϑ􏼒 􏼓

1/p
<∞, 1≤p<∞, r≥ 0􏼨 􏼩. (7)
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If we apply r � 0, then (7) gives

Lp[0,∞[ � f1: f1
����

����Lp[0,∞[
� 􏽚

s

r
f1(ϑ)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pdϑ􏼒 􏼓

1/p
<∞, 1≤p<∞􏼨 􏼩. (8)

Definition 3 (see [26]). Suppose that the function
f1 ∈ L1[0,∞[ and assume that the function Ψ is positive,
monotone, and increasing on [0,∞[ and having continuous
derivative Ψ′ on [0,∞[ with Ψ(0) � 0. �en, the Lebesgue
real-valuedmeasurable function f1 defined on [0,∞[ is said
to be in the space X

p

Ψ(0,∞), (1≤p<∞) if

f1
����

����X
p

Ψ
� 􏽚

s

r
f1(ϑ)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
pΨ′(ϑ)dϑ􏼒 􏼓

1/p
<∞, 1≤p<∞. (9)

When p �∞, then

f1
����

����X∞Ψ
� ess sup

0≤ϑ<∞
Ψ′(ϑ)f1(ϱ)􏼂 􏼃. (10)

Note that, the space X
p

Ψ(0,∞) coincides with the space
Lp[0,∞[ if Ψ(ϑ) � ϑ for 1≤p<∞ and similarly with the
space Lp,r[1,∞[ if Ψ(ϑ) � lnϑ for 1≤p<∞.

Definition 4 (see [20–22]). �e left-sided tempered frac-
tional integral of order κ> 0 and τ ≥ 0 with R(κ)> 0 and
R(τ)≥ 0 is defined by

x1
R

κ,τ
f1􏼐 􏼑(θ) �

1
Γ(κ)

􏽚
θ

x1

e
− τ(θ− ϑ)

(ϱ − t)
κ− 1

f1(ϑ)dϑ, x1 < θ.

(11)

Remark 1. By setting τ � 0 in (11) yields the following
Riemann–Liouville fractional integral, which is defined by

x1
R

κ
f1􏼐 􏼑(θ) �

1
Γ(κ)

􏽚
θ

x1

(θ − ϑ)
κ− 1

f1(ϑ)dϑ, x1 < θ.

(12)

�e following results for (11) hold:

x1
R

κ,τ
x1
R

λ,τ
f1(θ) � x1

R
κ+λ,τ

f1(θ). (13)

We define the following one-sided tempered fractional
integral.

Definition 5. �e one-sided tempered fractional integral of
order κ> 0, τ ≥ 0 is defined by

R
κ,τ
0 f1( 􏼁(θ) � R

κ,τ
f1( 􏼁(θ) �

1
Γ(κ)

􏽚
θ

0
e

− τ(θ− ϑ)
(θ − ϑ)

κ− 1
f1(ϑ)dϑ.

(14)

Definition 6 (see [23]). Let the function f1 be an integrable
in the space X

p

Ψ(0,∞) and assume that the function Ψ is
positive, monotone, and increasing on [0,∞[, and its de-
rivativeΨ′ is continuous on [0,∞[ withΨ(0) � 0.�en, the
left-sided generalized tempered fractional integral of the
function f1 concerning another function Ψ in the kernel is
defined by

Ψ
x1
R

κ,τ
f1􏼐 􏼑(θ) �

1
Γ(κ)

􏽚
θ

x1

e
− τ(Ψ(θ)−Ψ(θ))

(Ψ(θ) − Ψ(θ))
κ− 1Ψ′(θ)f1(θ)dϑ, x1 < θ, (15)

where τ ≥ 0, κ, ∈ CwithR(κ)> 0, and Γ(.) is the well-known
gamma function.

Remark 2. �e following results can be obtained:

(i) Applying Definition 6 for Ψ(θ) � θ, we get (11).

(ii) Applying Definition 6 for τ � 0, then it will reduce
to the left-sided generalized Riemann–Liouville
fractional integral operator [27].

(iii) Applying Definition 6 for Ψ(θ) � ln θ, then it will
reduce to the following left-sided Hadamard tem-
pered integral defined by [23]

Ψ
x1
R

κ,τ
f1􏼐 􏼑(θ) �

1
Γ(κ)

􏽚
θ

x1

exp[−τ(ln θ − ln ϑ)](ln θ − ln ϑ)
κ− 1f1(ϑ)

ϑ
dϑ, x1 < θ. (16)
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(iv) Applying Definition 6 for Ψ(θ) � θη/η, η> 0 and
τ � 0, then it will reduce to the left-sided Katu-
gampola [24] fractional integral.

(v) Applying Definition 6 for Ψ(θ) � θ and τ � 0, the
left Riemann–Liouville fractional integral (12) will
be obtained

(vi) Applying Definition 6 for Ψ(θ) � θα+s/α + s

and τ � 0 (where α ∈ (0, 1], s ∈ R and α+

s≠ 0), then it reduces to the left-sided general-
ized fractional conformable integral given by
[28]

(vii) Applying Definition 6 for Ψ(θ) � (θ − x1)
α/α,

α> 0, then it reduces to the fractional conformable
integral defined by Jarad et al. [14].

In this article, we consider the following one-sided GTF-
integral.

Definition 7. Let the function f1 be integrable in the space
X

p

Ψ(0,∞) and assume that the function Ψ is positive,
monotone, and increasing on [0,∞[, and its derivativeΨ′ is
continuous on [0,∞[ with Ψ(0) � 0. �en, the one-sided
generalized tempered fractional integral of the function f1
concerning another function Ψ in the kernel is defined by

Ψ
R

κ,τ
0 f1􏼐 􏼑(θ) �

1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(θ))
(Ψ(θ) − Ψ(θ))

κ− 1Ψ′(θ)f1(θ)dϑ. (17)

Definition 8. For 0 � x0 < x1 < · · · <xp <xp+1 � X, we de-
fine the following subintegrals for the generalized tempered
integral

Ψ
R

κ,τ
xi,xi+1

f1􏼐 􏼑(X) �
1
Γ(κ)

􏽚
xi+1

xi

e
− τ(Ψ(X)−Ψ(ϑ))

(Ψ(X) − Ψ(ϑ))
κ− 1Ψ′(ϑ)f1(ϑ)dϑ. (18)

Note that

Ψ
R

κ,τ
0 f1􏼐 􏼑(X) � 􏽘

p

i�0

Ψ
R

κ,τ
ti ,ti+1

f1( 􏼁(X) �
1
Γ(κ)

􏽚
x1

0
e

−τ(Ψ(X)−Ψ(ϑ))
(Ψ(X) − Ψ(ϑ))

κ− 1Ψ′(ϑ)f1(ϑ)dϑ

+
1
Γ(κ)

􏽚
x2

x1

e
−τ(Ψ(X)−Ψ(ϑ))

(Ψ(X) − Ψ(ϑ))
κ− 1Ψ′(ϑ)f1(ϑ)dϑ

+ · · · +
1
Γ(κ)

􏽚
X

xp

e
−τ(Ψ(X)−Ψ(ϑ))

(Ψ(X) − Ψ(ϑ))
κ− 1Ψ′(ϑ)f1(ϑ)dϑ.

(19)

Remark 3. If we set Ψ(X) � X and τ � 0, then (18) will
reduce to the subintegrals of Riemann–Liouville fractional
integral defined by [18].

3. Pólya–Szegö-Type Tempered Fractional
Integral Inequalities

In this section, we provide some new Pólya–Szegö-type
tempered fractional integral inequalities for positive and
integrable functions via tempered fractional integral (17)
containing another function Ψ in the kernel.

Lemma 1. Let the functions f1 and f2 be positive and in-
tegrable on [0,∞) and assume that the functionΨ is positive,

monotone, and increasing on [0,∞[, and its derivative Ψ′ is
continuous on [0,∞[ with Ψ(0) � 0. Suppose that
U1,U2,V1 andV2 are four positive and integrable functions
on [0,∞) such that

H1( 􏼁0<U1(ϑ)≤f1(ϑ)≤U2(ϑ), 0<V1(ϑ)≤f2(ϑ)

≤V2(ϑ), ϑ ∈ [0, θ], θ> 0.
(20)

>en, for κ> 0, τ ≥ 0, and θ> 0, the following tempered
fractional integral inequality holds:

ΨR
κ,τ
0 V1V2f

2
1􏼐 􏼑(θ)
Ψ
R

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ)

Ψ
R

κ,τ
0 U1V1 + U2V2( 􏼁f1f2􏼈 􏼉(θ)􏼐 􏼑

2 ≤
1
4
. (21)
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Proof. From the given hypothesis, we have

U2(ϑ)

V1(ϑ)
−

f1(ϑ)

f2(ϑ)
􏼠 􏼡≥ 0. (22)

Similarly, we have

f1(ϑ)

f2(ϑ)
−
U1(ϑ)

V2(ϑ)
􏼠 􏼡≥ 0. (23)

Taking product of (22) and (23), we get

U2(ϑ)

V1(ϑ)
−

f1(ϑ)

f2(ϑ)
􏼠 􏼡

f1(ϑ)

f2(ϑ)
−
U1(ϑ)

V2(ϑ)
􏼠 􏼡≥ 0. (24)

From (24), it can be written as

U1(ϑ)V1(ϑ) + U2(ϑ)V2(ϑ)( 􏼁f1(ϑ)f2(ϑ)≥V1(ϑ)V2(ϑ)f
2
1(ϑ) + U1(ϑ)U2(ϑ)f

2
2(ϑ). (25)

Now, taking product of (25) with
e− τ(Ψ(θ)−Ψ(θ))(Ψ(θ) − Ψ(θ))κ− 1Ψ′(θ)/Γ(κ) and integrating
the resultant identity with respect to ϑ over (0, θ), we have

1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ) U1(ϑ)V1(ϑ) + U2(ϑ)V2(ϑ)( 􏼁f1(ϑ)f2(ϑ)dϑ

≥
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)V1(ϑ)V2(ϑ)f
2
1(ϑ)dϑ

+
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)U1(ϑ)U2(ϑ)f
2
2(ϑ)dϑ.

(26)

With the aid of Definition 8, we can write

Ψ
R

κ,τ
0 U1V1 + U2V2( 􏼁f1f2􏼂 􏼃(θ) ≥ΨRκ,τ

0 V1V2f
2
1􏼐 􏼑(θ) +

Ψ
R

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ). (27)

By applying AM-GM inequality, i.e., x1 + x2 ≥
2 ����

x1x2
√

, x1, x2 ∈ R+, we get

Ψ
R

κ,τ
0 U1V1 + U2V2( 􏼁f1f2􏼂 􏼃(θ) ≥ 2

���������������������������������
ΨR

κ,τ
0 V1V2f

2
1􏼐 􏼑(θ)ΨR

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ)

􏽱

. (28)

It follows that
Ψ
R

κ,τ
0 V1V2f

2
1􏼐 􏼑(θ)
Ψ
R

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ)

≤
1
4
Ψ
R

κ,τ
0 U1V1 + U2V2( 􏼁f1f2􏼂 􏼃(θ)􏼐 􏼑

2
,

(29)

which gives the desired assertion (21). □

Corollary 1. Let the functions f1 and f2 be positive and
integrable on [0,∞) and assume that the function Ψ is
positive, monotone, and increasing on [0,∞[, and its de-
rivative Ψ′ is continuous on [0,∞[ with Ψ(0) � 0. Suppose
that U1,U2,V1, and V2 are four positive and integrable
functions on [0,∞) such that

H2( 􏼁0<m1 ≤f1(ϑ)≤M1 <∞, 0< n1 ≤f2(ϑ)≤N1 <∞,

ϑ ∈ [0, θ], θ> 0.

(30)

>en, for κ> 0, τ ≥ 0, and θ> 0, the following tempered
fractional integral inequality holds:

ΨR
κ,τ
0 V1V2f

2
1􏼐 􏼑(θ)ΨR

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ)

Ψ
R

κ,τ
0 f1f2􏼈 􏼉(θ)􏼐 􏼑

2

≤
1
4

������
m1n1

M1N1

􏽲

+

������
M1N1

m1n1

􏽳

⎛⎝ ⎞⎠

2

.

(31)

Journal of Mathematics 5



Lemma 2. Let all the conditions of Lemma 1 hold. >en, for
κ, λ> 0, τ ≥ 0, and θ> 0, the following tempered fractional
integral inequality holds:

ΨR
κ,τ
0 f

2
1􏼐 􏼑(θ)ΨR

κ,τ
0 f

2
2􏼐 􏼑(θ)ΨR

κ,τ
0 U1U2( 􏼁(θ)ΨR

κ,τ
0 V1V2( 􏼁(θ)

Ψ
R

κ,τ
0 U1f1( 􏼁(θ)

Ψ
R

κ,τ
0 V1f2( 􏼁(θ) +

Ψ
R

κ,τ
0 U2f1( 􏼁(θ)

Ψ
R

κ,τ
0 V2f2( 􏼁(θ)􏼐 􏼑

2 ≤
1
4
. (32)

Proof. From the hypothesis (H1) defined by (20), we have

U2(ϑ)

V1(ζ)
−

f1(ϑ)

f2(ζ)
􏼠 􏼡≥ 0, (33)

f1(ϑ)

f2(ζ)
−
U1(ϑ)

V2(ζ)
􏼠 􏼡≥ 0, (34)

which follows that

U1(ϑ)

V2(ζ)
+
U2(ϑ)

V1(ζ)
􏼠 􏼡

f1(ϑ)

f2(ζ)
≥

f
2
1(ϑ)

f
2
2(ζ)

+
U1(ϑ)U2(ϑ)

U1(ζ)U2(ζ)
. (35)

Taking product on both sides of (18) by
V1(ζ)V2(ζ)f2

2(ζ), we obtain

U1(ϑ)f1(ϑ)V1(ζ)f2(ζ) + U2(ϑ)f1(ϑ)V2(ζ)f2(ζ)

≥V1(ζ)V2(ζ)f
2
1(ϑ) + U1(ϑ)U2(ϑ)f

2
2(ζ).

(36)

Taking product of both sides of (36) with
e− τ(Ψ(θ)−Ψ(θ))(Ψ(θ) − Ψ(θ))κ− 1Ψ′(θ)/Γ(κ) and integrating
the resultant identity with respect to ϑ over (0, θ), we have

V1(ζ)f2(ζ)
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)U1(ϑ)f1(ϑ)dϑ

+ V2(ζ)f2(ζ)
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)U2(ϑ)f1(ϑ)dϑ

≥V1(ζ)V2(ζ)
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)f
2
1(ϑ)dϑ

+ f
2
2(ζ)

1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)U1(ϑ)U2(ϑ)dϑ,

(37)

which by applying (8) becomes

V1(ζ)f2(ζ)
Ψ
R

κ,τ
0 U1f1( 􏼁(θ) + V2(ζ)f2(ζ)

Ψ
R

κ,τ
0 U2f1( 􏼁(θ)

≥V1(ζ)V2(ζ)
Ψ
R

κ,τ
0 f

2
1􏼐 􏼑(θ) + f

2
2(ζ)
Ψ
R

κ,τ
0 U1U2( 􏼁(θ).

(38)

Again, taking product of both sides of (38) with
e− τ(Ψ(θ)−Ψ(ζ))(Ψ(θ) − Ψ(ζ))λ− 1Ψ′(ζ)/Γ(λ) and integrating
the resultant identity with respect to ζ over (0, θ) and then
applying (17), we get

Ψ
R

λ,τ
0 V1f2( 􏼁(θ)

Ψ
R

λ,τ
0 U1f1( 􏼁(θ) +

Ψ
R

λ,τ
0 V2f2( 􏼁(θ)

Ψ
R

λ,τ
0 U2f1( 􏼁(θ)

≥ΨRλ,τ
0 V1V2( 􏼁(θ)

Ψ
R

λ,τ
0 f

2
1􏼐 􏼑(θ) +

Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ)
Ψ
R

λ,τ
0 U1U2( 􏼁(θ).

(39)

By using AM-GM inequality, we get

Ψ
R

λ,τ
0 V1f2( 􏼁(θ)

Ψ
R

λ,τ
0 U1f1( 􏼁(θ) +

Ψ
R

λ,τ
0 V2f2( 􏼁(θ)

Ψ
R

λ,τ
0 U2f1( 􏼁(θ)

≥ 2
����������������������������������������������������
ΨR

λ,τ
0 V1V2( 􏼁(θ)ΨR

λ,τ
0 f

2
1􏼐 􏼑(θ)ΨR

λ,τ
0 f

2
2􏼐 􏼑(θ)ΨR

λ,τ
0 U1U2( 􏼁(θ)

􏽱

.
(40)

6 Journal of Mathematics



It follows that

Ψ
R

λ,τ
0 V1V2( 􏼁(θ)

Ψ
R

λ,τ
0 f

2
1􏼐 􏼑(θ)
Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ)
Ψ
R

λ,τ
0 U1U2( 􏼁(θ)

≤
1
4
Ψ
R

λ,τ
0 V1f2( 􏼁(θ)

Ψ
R

λ,τ
0 U1f1( 􏼁(θ) +

Ψ
R

λ,τ
0 V2f2( 􏼁(θ)

Ψ
R

λ,τ
0 U2f1( 􏼁(θ)􏼐 􏼑

2
,

(41)

which completes the desired assertion (17). □

Corollary 2. Let the functions f1 and f2 be positive and
integrable on [0,∞) satisfying the hypothesis (H2) defined by
(16) and assume that the function Ψ is positive, monotone,
and increasing on [0,∞[, and its derivative Ψ′ is continuous
on [0,∞[ with Ψ(0) � 0. >en, for κ, λ> 0, τ ≥ 0, and θ> 0,
the following tempered fractional integral inequality holds:

c(κ, τΨ(θ))c(κ, τΨ(θ))

τκ+λΓ(κ)Γ(λ)

ΨR
κ,τ
0 f

2
1􏼐 􏼑(θ)ΨR

κ,τ
0 f

2
2􏼐 􏼑(θ)

Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ)􏼐 􏼑

2

≤
1
4

������
m1n1

M1N1

􏽲

+

������
M1N1

m1n1

􏽳

⎛⎝ ⎞⎠

2

,

(42)

where

Ψ
R

κ,τ
0 [1] �

1
Γ(κ)

􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))](Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)dϑ

�
1
Γ(κ)

􏽚
Ψ(θ)

0
e

− τz
z
κ− 1dz, (Ψ(0) � 0)

�
1

τκΓ(κ)
􏽚
τΨ(θ)

0
e

− u
u
κ− 1du

�
c(κ, τΨ(θ))

τκΓ(κ)
,

(43)

and c(κ, t) � 􏽒
t

0 e− uuκ− 1du is the well-known incomplete
gamma function (see [22]).

Lemma 3. Suppose that all the conditions of Lemma 1 hold
and assume that the function Ψ is positive, monotone, and

increasing on [0,∞[, and its derivative Ψ′ is continuous on
[0,∞[ with Ψ(0) � 0. >en, for κ, λ> 0, τ ≥ 0, and θ> 0, the
following tempered fractional integral inequality holds:

Ψ
R

κ,τ
0 f

2
1􏼐 􏼑(θ)
Ψ
R

κ,τ
0 f

2
2􏼐 􏼑(θ)≤ ΨRκ,τ

0
U2f1f2

V1
􏼠 􏼡(θ)

Ψ
R

κ,τ
0

V2f1f2

U1
􏼠 􏼡(θ). (44)

Proof. From the hypothesis (H1) defined by (20), we have

1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)f
2
1(ϑ)dϑ

≤
1
Γ(κ)

􏽚
θ

0
e

− τ(Ψ(θ)−Ψ(ϑ))
(Ψ(θ) − Ψ(ϑ))

κ− 1Ψ′(ϑ)
U2(ϑ)

V1(ϑ)
f1(ϑ)f2(ϑ)dϑ,

(45)
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which in view of (17) yields

Ψ
R

κ,τ
0 f

2
1􏼐 􏼑(θ) ≤ΨRκ,τ

0
U2f1f2

V1
􏼠 􏼡(θ). (46)

Similarly, one can obtain

Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ) ≤ΨRλ,τ

0
V2f1f2

U1
􏼠 􏼡(θ). (47)

Hence, the product of (46) and (47) yields the desired
assertion (44). □

Corollary 3. Let the functions f1 and f2 be positive and
integrable on [0,∞) satisfying the hypothesis (H2) defined by
(30) and assume that the function Ψ is positive, monotone,
and increasing on [0,∞[, and its derivative Ψ′ is continuous
on [0,∞[ with Ψ(0) � 0. >en, for κ, λ> 0, τ ≥ 0, and θ> 0,
the following tempered fractional integral inequality holds:

ΨR
κ,τ
0 f

2
1􏼐 􏼑(θ)ΨR

κ,τ
0 f

2
2􏼐 􏼑(θ)

ΨR
κ,τ
0 f1f2( 􏼁(θ)ΨR

κ,τ
0 f1f2( 􏼁(θ)

≤
M1N1

m1n1
. (48)

4. Chebyshev-Type Tempered Fractional
Integral Inequalities

In this section, certain Chebyshev-type inequalities via
tempered fractional integral (20) are presented with the help
of Pólya–Szegö integral inequality given by Lemma 1.

Theorem 1. Let the functions f1 and f2 be positive and
integrable on [0,∞) and assume that the function Ψ is
positive, monotone, and increasing on [0,∞[, and its de-
rivative Ψ′ is continuous on [0,∞[ with Ψ(0) � 0. Suppose
that U1,U2,V1, and V2 are four positive and integrable
functions on [0,∞) satisfying the hypothesis (H1) defined by
(10).>en, for κ, λ> 0, τ ≥ 0, and θ> 0, the following tempered
fractional integral inequality holds:

c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

κ,τ
0 f1f2( 􏼁(θ) +

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

λ,τ
0 f1f2( 􏼁(θ) −

Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ) −

Ψ
R

κ,τ
0 f2( 􏼁(θ)

Ψ
R

κ,τ
0 f1( 􏼁(θ)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ F1 f1,U1,U2( 􏼁(θ) + F2 f1,U1,U2( 􏼁(θ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1/2

× F1 f2,V1,V2( 􏼁(θ) + F2 f1,V1,V2( 􏼁(θ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1/2

,

(49)

where

F1 f1,U1,U2( 􏼁(θ) �
c(λ, τΨ(θ))

4τλΓ(λ)

Ψ
R

κ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
κ,τ
0 U1U2( 􏼁(θ)

−
Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f1( 􏼁(θ), (50)

F2 f1,U1,U2( 􏼁(θ) �
c(κ, τΨ(θ))

4τκΓ(κ)

Ψ
R

λ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
λ,τ
0 U1U2( 􏼁(θ)

−
Ψ
R

λ,τ
0 f1( 􏼁(θ)

Ψ
R

λ,τ
0 f1( 􏼁(θ). (51)

Proof. By the given hypothesis, both the functions f1 and f2
are positive and integrable functions on [0,∞). �erefore,
for ϑ, ζ ∈ (0, θ) with θ > 0, we define A(ϑ, ζ) by

A(ϑ, ζ) � f1(ϑ) − f1(ζ)( 􏼁 f2(ϑ) − f2(ζ)( 􏼁

� f1(ϑ)f2(ϑ) + f1(ζ)f2(ζ) − f1(ϑ)f2(ζ)

− f1(ζ)f2(ϑ).

(52)

Multiplying (52) by (1/Γ(κ)Γ(λ))exp[−τ(Ψ(θ) − Ψ(ϑ))]

exp[−τ(Ψ(θ) − Ψ(ζ))](Ψ(θ) − Ψ(ϑ))κ− 1(Ψ(θ) − Ψ(ζ))λ− 1

Ψ′(ϑ)Ψ′(ζ) and double integrating the resultant identity
with respect to ϑ and ζ over (0, θ) and then using (17), we
obtain

1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)A(ϑ, ζ)dϑdζ

�
c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

λ,τ
0 f1f2( 􏼁(θ) +

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

λ,τ
0 f1f2( 􏼁(θ)

−
Ψ
R

λ,τ
0 f1( 􏼁(θ)

Ψ
R

λ,τ
0 f2( 􏼁(θ) −

Ψ
R

λ,τ
0 f1( 􏼁(θ)

Ψ
R

λ,τ
0 f2( 􏼁(θ).

(53)

By applying Cauchy–Schwartz inequality for double
integrals, we have
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1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))] ×(Ψ(θ) − Ψ(ϑ))

κ− 1
􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

· (Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)A(ϑ, ζ)dϑdζ

􏼌􏼌􏼌􏼌􏼌

≤
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]􏼢

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f

2
1(ϑ)dϑdζ

+
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f

2
1(ζ)dϑdζ

− 2
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f1(ϑ)f1(ζ)dϑdζ􏽩

1/2

×
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]􏼢

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f

2
2(ϑ)dϑdζ

+
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f

2
2(ζ)dϑdζ

− 2
1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))]

×(Ψ(θ) − Ψ(ϑ))
κ− 1

(Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ζ)f2(ϑ)f2(ζ)dϑdζ􏽩

1/2
.

(54)

In view of (17) and (43), we get

1
Γ(κ)Γ(λ)

􏽚
θ

0
􏽚
θ

0
exp[−τ(Ψ(θ) − Ψ(ϑ))]exp[−τ(Ψ(θ) − Ψ(ζ))] ×(Ψ(θ) − Ψ(ϑ))

κ− 1
􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

· (Ψ(θ) − Ψ(ζ))
λ− 1Ψ′(ϑ)Ψ′(ϑ)A(ϑ, ζ)dϑdζ

􏼌􏼌􏼌􏼌􏼌

≤
c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

λ,τ
0 f

2
1􏼐 􏼑(θ) +

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

λ,τ
0 f

2
1􏼐 􏼑(θ) − 2ΨRλ,τ

0 f1( 􏼁(θ)
Ψ
R

λ,τ
0 f1( 􏼁(θ)􏼢 􏼣

1/2

×
c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ) +

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ) − 2ΨRλ,τ

0 f2( 􏼁(θ)
Ψ
R

λ,τ
0 f2( 􏼁(θ)􏼢 􏼣

1/2

.

(55)
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Applying Lemma 1 for V1(θ) � V2(θ) � f2(θ) � 1, we
get

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

κ,τ
0 f

2
1􏼐 􏼑(θ)≤

c(λ, τΨ(θ))

4τλΓ(λ)

Ψ
R

κ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
κ,τ
0 U1U2( 􏼁(θ)

. (56)

It follows that

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

κ,τ
0 f

2
1􏼐 􏼑(θ) −

Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f1( 􏼁(θ)

≤
c(λ, τΨ(θ))

4τλΓ(λ)

Ψ
R

κ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
κ,τ
0 U1U2( 􏼁(θ)

−
Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f1( 􏼁(θ)

� F1 f1,U1,U2( 􏼁(θ).

(57)

Similarly, one can get

c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

λ,τ
0 f

2
1􏼐 􏼑(θ) −

Ψ
R

λ,τ
0 f1( 􏼁(θ)

Ψ
R

λ,τ
0 f1( 􏼁(θ)

≤
c(κ, τΨ(θ))

4τκΓ(κ)

Ψ
R

λ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
λ,τ
0 U1U2( 􏼁(θ)

−
Ψ
R

λ,τ
0 f1( 􏼁(θ)

Ψ
R

λ,τ
0 f1( 􏼁(θ)

� F2 f1,U1,U2( 􏼁(θ).

(58)

Again applying Lemma 1 for U1(θ) � U2(θ) �

f1(θ) � 1, we get

c(λ, τΨ(θ))

τλΓ(λ)

Ψ
R

κ,τ
0 f

2
2􏼐 􏼑(θ) −

Ψ
R

κ,τ
0 f2( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ)

≤
c(λ, τΨ(θ))

4τλΓ(λ)

Ψ
R

κ,τ
0 V1 + V2( 􏼁f2􏼈 􏼉􏼐 􏼑

2

ΨR
κ,τ
0 V1V2( 􏼁(θ)

−
Ψ
R

κ,τ
0 f2( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ)

� F1 f2,U1,U2( 􏼁(θ),

(59)

c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

λ,τ
0 f

2
2􏼐 􏼑(θ) −

Ψ
R

λ,τ
0 f2( 􏼁(θ)

Ψ
R

λ,τ
0 f2( 􏼁(θ)

≤
c(κ, τΨ(θ))

4τκΓ(κ)

Ψ
R

λ,τ
0 V1 + V2( 􏼁f2􏼈 􏼉􏼐 􏼑

2

ΨR
λ,τ
0 V1V2( 􏼁(θ)

−
Ψ
R

λ,τ
0 f2( 􏼁(θ)

Ψ
R

λ,τ
0 f2( 􏼁(θ)

� F2 f2,U1,U2( 􏼁(θ).

(60)

�us, by considering (53) to (60), we arrive at the desired
assertion (49). �is is the desired proof of �eorem 1. □

Theorem 2. Suppose that all the conditions of >eorem 1 are
satisfied. >en, for κ> 0, τ ≥ 0, and θ> 0, the following
tempered fractional integral inequality holds:

c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

κ,τ
0 f1f2( 􏼁(θ) −

Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ F f1,U1,U2( 􏼁(θ)F f2,V1,V2( 􏼁(θ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1/2

,

(61)

where

F f1,U1,U2( 􏼁(θ) �
c(κ, τΨ(θ))

4τκΓ(κ)

Ψ
R

κ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

ΨR
κ,τ
0 U1U2( 􏼁(θ)

−
Ψ
R

κ,τ
0 f1( 􏼁(θ)􏼐 􏼑

2
.

(62)

Proof. Applying �eorem 1 for κ � λ, we get the desired
result in (61). □

Remark 4. If we consider U1 � m1,U2 � M1,V1 � n1, and
V2 � N1, then we have

F f1, m1, M1( 􏼁(θ) �
M1 − m1( 􏼁

2

4M1m1

Ψ
R

κ,τ
0 f1( 􏼁(θ)􏼐 􏼑

2
, (63)

F f2, m1, M1( 􏼁(θ) �
N1 − n1( 􏼁

2

4N1n1

Ψ
R

κ,τ
0 f2( 􏼁(θ)􏼐 􏼑

2
. (64)

Corollary 4. Let the functions f1 and f2 be positive and
integrable on [0,∞) and satisfying the hypothesis (H2) given
by (30). >en, for κ> 0, τ ≥ 0, and θ> 0, the following tem-
pered fractional integral inequality holds:

c(κ, τΨ(θ))

τκΓ(κ)

Ψ
R

κ,τ
0 f1f2( 􏼁(θ) −

Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤
M1 − m1( 􏼁 N1 − n1( 􏼁

4
����������
m1M1n1N1

􏽰 Ψ
R

κ,τ
0 f1( 􏼁(θ)

Ψ
R

κ,τ
0 f2( 􏼁(θ).

(65)
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5. Particular Cases

�e following new Pólya–Szegö- and Chebyshev-type in-
equalities for classical tempered fractional integral (14) can
be easily established.

Lemma 4. Let the functions f1 and f2 be positive and in-
tegrable on [0,∞). Suppose thatU1,U2,V1, andV2 are four
positive and integrable functions on [0,∞) satisfying the
hypothesis (H1) defined by (20). >en, for κ> 0, τ ≥ 0, and
θ> 0, the following tempered fractional integral inequality
holds:

R
κ,τ
0 V1V2f

2
1􏼐 􏼑(θ)R

κ,τ
0 U1U2f

2
2􏼐 􏼑(θ)

R
κ,τ
0 U1V1 + U2V2( 􏼁f1f2􏼈 􏼉(θ)( 􏼁

2 ≤
1
4
. (66)

Proof. Applying Lemma 1 forΨ(θ) � θ, we get Lemma 4. □

Lemma 5. Let all the conditions of Lemma 4 are satisfied.
>en, for κ, λ> 0, τ ≥ 0, and θ> 0, the following tempered
fractional integral inequality holds:

R
κ,τ
0 f

2
1􏼐 􏼑(θ)R

λ,τ
0 f

2
2􏼐 􏼑(θ)R

κ,τ
0 U1U2( 􏼁(θ)R

λ,τ
0 V1V2( 􏼁(θ)

R
κ,τ
0 U1f1( 􏼁(θ)R

λ,τ
0 V1f2( 􏼁(θ) + R

κ,τ
0 U2f1( 􏼁(θ)R

λ,τ
0 V2f2( 􏼁(θ)􏼐 􏼑

2 ≤
1
4
. (67)

Proof. Applying Lemma 2 for Ψ(θ) � θ, we get Lemma
5. □

Similarly, we can derive the particular case of Lemma 3.
�e following theorem represents the particular case of
�eorem 1 in terms of classical tempered fractional integral.

Theorem 3. Let the functions f1 and f2 be positive and
integrable on [0,∞). Suppose that U1,U2,V1, and V2 are
four positive and integrable functions on [0,∞) satisfying the
hypothesis (H1) defined by (20). >en, for κ, λ> 0, τ ≥ 0, and
θ> 0, the following tempered fractional integral inequality
holds:

c(κ, τθ)

τκΓ(κ)
R

κ,τ
0 f1f2( 􏼁(θ) +

c(λ, τθ)

τλΓ(λ)
R

λ,τ
0 f1f2( 􏼁(θ) − R

κ,τ
0 f1( 􏼁(θ)R

λ,τ
0 f2( 􏼁(θ) − R

κ,τ
0 f2( 􏼁(θ)R

λ,τ
0 f1( 􏼁(θ)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ F1 f1,U1,U2( 􏼁(θ) + F2 f1,U1,U2( 􏼁(θ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1/2

× F1 f2,V1,V2( 􏼁(θ) + F2 f1,V1,V2( 􏼁(θ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1/2

,

(68)

where

F1 f1,U1,U2( 􏼁(θ) �
c(λ, τθ)

4τλΓ(λ)

R
κ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉( 􏼁

2

R
κ,τ
0 U1U2( 􏼁(θ)

− R
κ,τ
0 f1( 􏼁(θ)R

λ,τ
0 f1( 􏼁(θ), (69)

F2 f1,U1,U2( 􏼁(θ) �
c(κ, τθ)

4τκΓ(κ)

R
λ,τ
0 U1 + U2( 􏼁f1􏼈 􏼉􏼐 􏼑

2

R
λ,τ
0 U1U2( 􏼁(θ)

− R
κ,τ
0 f1( 􏼁(θ)R

λ,τ
0 f1( 􏼁(θ). (70)

Proof. Applying �eorem 1 for Ψ(θ) � θ, then we get the
desired �eorem 3. □

Similarly, we can derive particular result of �eorem 2.

6. Applications

In this section, we define a way for constructing four
bounded functions and then utilize them to present certain
estimates of Chebyshev-type tempered fractional integral
inequalities of two unknown functions.

Let the unit function Z(θ) be defined by

Z(θ) �
1, θ > 0,

0, θ ≤ 0,
􏼨 (71)

and let the Heaviside unit step function Za(θ) be defined by

Za(θ) �
1, θ> a,

0, θ≤ a.
􏼨 (72)

Suppose that the function U1 is piecewise continuous
function on [0, X] defined by
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U1(x) � m11 Z0(x) − Zx1
(x)􏼐 􏼑 + m12 Zx1

(x) − Zx2
(x)􏼐 􏼑 + · · · + m1p+1

Zxp
(x)

� m11Z0(x) + m12 − m11􏼐 􏼑Zx1
(x) + m13 − m12􏼐 􏼑Zx2

(x) + · · · + m1p+1
− m1p

􏼒 􏼓Zxp
(x)

� 􏽘

p

i�0
m1i+1

− m1i
􏼐 􏼑Zxi

(x),

(73)

where m10 � 0 and 0 � x0 < x1 <x2 < · · · <xp < xp+1 � X.
Similarly, we define

U2(x) � 􏽘

p

i�0
M1i+1

− M1i
􏼐 􏼑Zxi

(x), (74)

V1(x) � 􏽘

p

i�0
n1i+1

− n1i
􏼐 􏼑Zxi

(x), (75)

V2(x) � 􏽘

p

i�0
N1i+1

− N1i
􏼐 􏼑Zxi

(x), (76)

where the constants n10 � N10 � M10 � 0. If there exists an
integrable function f1 on [0, X] satisfying the hypothesis
(H1), then we have m1i+1

≤f1(x)≤M1i+1
for each

x ∈ (xi, xi+1], i � 0, 1, 2, . . . , p.

Proposition 1. Let the functions f1 and f2 be two positive
and integrable on [0, X]. Assume that the functions U1, U2,
V1, and V2 are defined by (73)–(76), respectively, and
satisfying the hypothesis (H1) defined by (30). >en, for κ> 0,
the following inequality for tempered fractional integral holds:

􏽘

p

i�0
n1i+1

N1i+1

Ψ
R

κ,τ
xi,xi+1

f
2
1􏼐 􏼑(X)⎛⎝ ⎞⎠

2

􏽘

p

i�0
m1i+1

M1i+1

Ψ
R

κ,τ
xi,xi+1

f
2
2􏼐 􏼑(X)⎛⎝ ⎞⎠

2

≤
1
4

􏽘

p

i�0
n1i+1

N1i+1
+ m1i+1

M1i+1
􏼐 􏼑

Ψ
R

κ,τ
xi,xi+1

f1f2( 􏼁(X).

(77)

Proof. By applying the Definition 8, we have

Ψ
R

κ,τ
0,X V1V2f

2
1􏼐 􏼑(X) � 􏽘

p

i�0
n1i+1

N1i+1

Ψ
R

κ,τ
xi,xi+1

f
2
1􏼐 􏼑(X), (78)

Ψ
R

κ,τ
0,X U1U2f

2
2􏼐 􏼑(X) � 􏽘

p

i�0
m1i+1

M1i+1

Ψ
R

κ,τ
xi,xi+1

f
2
2􏼐 􏼑(X), (79)

Ψ
R

κ,τ
0,X U1V1 + U2V2( 􏼁f1f2􏼈 􏼉(X) � 􏽘

p

i�0
m1i+1

n1i+1
+ M1i+1

N1i+1
􏼐 􏼑

Ψ
R

κ,τ
xi,xi+1

f1f2( 􏼁(X). (80)

Hence, by applying Lemma 1, we get the desired as-
sertion (77). □

Proposition 2. By settingΨ(θ) � θ in Proposition 1, then we
arrive to the following result in terms of classical tempered
fractional integral:

􏽘

p

i�0
n1i+1

N1i+1
R

κ,τ
xi,xi+1

f
2
1􏼐 􏼑(X)⎛⎝ ⎞⎠

2

􏽘

p

i�0
m1i+1

M1i+1
R

κ,τ
xi,xi+1

f
2
2􏼐 􏼑(X)⎛⎝ ⎞⎠

2

≤
1
4

􏽘

p

i�0
n1i+1

N1i+1
+ m1i+1

M1i+1
􏼐 􏼑R

κ,τ
xi,xi+1

f1f2( 􏼁(X).

(81)
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Remark 5. �roughout in the paper, if we apply Ψ(θ) � θ
and τ � 0, then all the newly presented inequalities will be
reduced to the work derived earlier by Ntouyas et al. [18].

7. Concluding Remarks

Certain new Pólya–Szegö- and Chebyshev-type inequalities
by utilizing tempered fractional integral are presented in this
paper. �ese inequalities generalized the existing in-
equalities. We can easily get the said Pólya–Szegö- and
Chebyshev-type inequalities for Katugampola, generalized
Riemann–Liouville, classical Riemann–Liouville, general-
ized conformable, and conformable fractional integrals by
applying different conditions on functionΨ given in Remark
2.
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[8] G. Pólya and G. Szegö, Aufgaben und Lehrsatze aus der

analysis, Band 1, Die Grundlehren der mathematischen
Wissenschaften 19, Springer, Berlin, Germany, 1925.

[9] S. S. Dragomir and N. T. Diamond, “Integral inequalities of
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In this paper, the authors investigated the concept of (s, m)-exponential-type convex functions and their algebraic properties. New
generalizations of Hermite–Hadamard-type inequality for the (s, m)-exponential-type convex function ψ and for the products of two
(s, m)-exponential-type convex functions ψ and ϕ are proved. Many refinements of the (H–H) inequality via (s, m)-exponential-type
convex are obtained. Finally, several new bounds for special means and new error estimates for the trapezoidal andmidpoint formula are
provided as well. �e ideas and techniques of this paper may stimulate further research in different areas of pure and applied sciences.

1. Introduction

�eory of convexity also played a significant role in the de-
velopment of theory of inequalities. Many famously known
results in inequalities theory can be obtained using the con-
vexity property of the functions. Hermite–Hadamard’s double
inequality is one of the most intensively studied results in-
volving convex functions.�is result provides us necessary and
sufficient condition for a function to be convex. It is also known
as classical equation of H–H inequality.

�e Hermite–Hadamard inequality assert that if a
function ψ: J ⊂ R⟶ R is convex in J for a1, a2 ∈ J and
a1 < a2, then

ψ
a1 + a2

2
􏼒 􏼓≤

1
a2 − a1

􏽚
a2

a1

ψ(χ)dχ ≤
ψ a1( 􏼁 + ψ a2( 􏼁

2
. (1)

Interested readers can refer to [1–29].

Definition 1 (see [30]). A function ψ: [0, +∞)⟶ R is said
to be s-convex in the second sense for a real number
s ∈ (0, 1] or ψ belongs to the class of K2

s , if

ψ χa1 +(1 − χ)a2( 􏼁≤ χsψ a1( 􏼁 +(1 − χ)
sψ a2( 􏼁, (2)

holds for all a1, a2 ∈ [0, +∞) and χ ∈ [0, 1].
A s-convex function was introduced in Breckner’s article

in [30], and a number of properties and connections with
s-convexity in the first sense are discussed in [10]. Usually,
convexity means for s-convexity when s � 1. Dragomir et al.
proved a variant of Hadamard’s inequality in [5], which
holds for s-convex functions in the second sense. In the last
decade, many mathematicians added the rich literature in
the field of mathematical inequalities involving fractional
calculus (see [8, 9, 13, 15, 22, 25, 28, 31]).

Toader introduced the class of m-convex functions in
[26].
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Definition 2 (see [26]). A function ψ: [0, a2]⟶ R, a2 > 0,
is said to be m-convex, where m ∈ (0, 1], if

ψ χθ1 + m(1 − χ)θ2( 􏼁≤ χψ θ1( 􏼁 + m(1 − χ)ψ θ2( 􏼁 (3)

holds ∀ θ1, θ2 ∈ [0, a2] and χ ∈ [0, 1]. Otherwise, ψ is
m-concave if (− ψ) is m-convex.

In a recent paper, Eftekhari [6] defined the class of
(s, m)-convex functions in the second sense as follows.

Definition 3. A function ψ: [0, +∞)⟶ R is said to be
(s, m)-convex for some fixed real numbers s, m ∈ (0, 1] if

ψ χa1 + m(1 − χ)a2( 􏼁≤ χsψ a1( 􏼁 + m(1 − χ)
sψ a2( 􏼁 (4)

holds ∀ a1, a2 ∈ [0, +∞) and χ ∈ [0, 1].
Fractional integral inequalities are useful to find the

uniqueness of solutions for certain fractional partial dif-
ferential equations (see [19, 32]).

Let ψ ∈ L[a1, a2]. �en, Riemann–Liouville fractional
integrals of order α> 0 with a1 ≥ 0 are defined as follows:

J
α
a+
1
ψ(x) �

1
Γ(α)

􏽚
x

a1

(x − χ)
α− 1ψ(χ)dχ, x> a1,

J
α
a−
2
ψ(x) �

1
Γ(α)

􏽚
a2

x
(χ − x)

α− 1ψ(χ)dχ, x< a2.

(5)

For further details, one may see [14, 16, 18].
In [7, 17], there is given definition of k− fractional

Riemann–Liouville integrals.
Let ψ ∈ L[a1, a2]. �en, k− fractional integrals of order

α, k> 0 with a1 ≥ 0 are defined as follows:

k
J
α
a+
1
ψ(x) �

1
kΓk(α)

􏽚
x

a1

(x − χ)
α/k− 1ψ(χ)dχ, x> a1,

k
J
α
a−
2
ψ(x) �

1
kΓk(α)

􏽚
a2

x
(χ − x)

α/k− 1ψ(χ)dχ, x< a2,

(6)

where Γk(α) is the k− gamma function defined as

Γk(α) � 􏽚
+∞

0
χα− 1

e
− χk/kdχ. (7)

We can notice that

Γk(α + k) � αΓk(α),

1
J
0
a+
1
ψ(x) �

1
J
0
a−
2
ψ(x) � ψ(x).

(8)

By choosing k � 1, the above k− fractional integrals yield
Riemann–Liouville integrals.

Also that, the incomplete gamma function c(ϑ, θ) is
defined for ϑ> 0 and θ≥ 0 by integral

c(ϑ, θ) � 􏽚
θ

0
e

− μμϑ− 1dμ. (9)

�e gamma function Γ(ϑ) is defined for ϑ> 0 by integral

Γ(ϑ) � 􏽚
+∞

0
e

− μμϑ− 1dμ. (10)

Motivated by above results and literatures, we will give
first in Section 2 the concept of (s, m)-exponential-type
convex function, and we will study some of their algebraic
properties. In Section 3, we will prove new generalizations of
Hermite–Hadamard-type inequality for the (s, m)-expo-
nential-type convex function ψ and for the products of two
(s, m)-exponential-type convex functions ψ and ϕ. In Sec-
tion 4, we will obtain some refinements of the (H–H) in-
equality for functions whose first derivative in absolute value
at certain power is (s, m)-exponential-type convex. In
Section 5, some new bounds for special means and error
estimates for the trapezoidal and midpoint formula will be
provided. In Section 6, a briefly conclusion will be given as
well.

2. Some Algebraic Properties of
(s, m)-Exponential-Type Convex Functions

In this section, we will introduce a new definition, called
(s, m)-exponential-type convex function, and we will study
some basic algebraic properties of it.

Definition 4. A nonnegative function ψ: J⟶ R is said
(s, m)-exponential-type convex for some fixed s, m ∈ (0, 1]

if

ψ χθ1 + m(1 − χ)θ2( 􏼁≤ e
sχ

− 1( 􏼁ψ θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑ψ θ2( 􏼁

(11)

holds for all θ1, θ2 ∈ J and χ ∈ [0, 1].

Remark 1. For m � s � 1, we get exponential- type con-
vexity given by İşcan in [11].

Remark 2. (s, m)-exponential-type convex functions for
some fixed m ∈ (0, 1] and s ∈ [ln2.5, 1] have the range
[0, +∞).

Proof. Let θ ∈ J be arbitrary for some fixed m ∈ (0, 1] and
s ∈ [ln2.5, 1]. Using the Definition 4 for χ � 1, we have

ψ(θ)≤ e
s

− 1( 􏼁ψ(θ)⟹ e
s

− 2( 􏼁ψ(θ)≥ 0⟹ψ(θ) ≥ 0. (12)
□

Lemma 1. For all χ ∈ [0, 1] and for some fixed m ∈ (0, 1]

and s ∈ [ln2.5, 1], the following inequalities (esχ − 1)≥ χs and
(e(1− χ)s − 1)≥ (1 − χ)s hold.

Proof. �eproof is evident. □

Proposition 1. Every nonnegative (s, m)-convex function is
(s, m)-exponential-type convex function for some fixed
m ∈ (0, 1] and s ∈ [ln2.5, 1].
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Proof. By using Lemma 1, for some fixed m ∈ (0, 1] and
s ∈ [ln2.5, 1], we have

ψ χθ1 + m(1 − χ)θ2( 􏼁≤ χsψ θ1( 􏼁 + m(1 − χ)
sψ θ2( 􏼁

≤ e
sχ

− 1( 􏼁ψ θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑ψ θ2( 􏼁.
(13)

□

Theorem 1. Let ψ, ϕ: [a1, a2]⟶ R. If ψ and ϕ are
(s, m)-exponential-type convex functions for some fixed
s, m ∈ (0, 1], then the following holds:

(1) ψ + ϕ is (s, m)-exponential-type convex function.
(2) For nonnegative real number c, cψ is (s, m)-expo-

nential-type convex function.

Proof. ByDefinition 4, for some fixed s, m ∈ (0, 1], the proof
is obvious. □

Theorem 2. Let ψ: [0, a2]⟶ J be m-convex function for
a2 > 0 and some fixed m ∈ (0, 1] and ϕ: J⟶ R is nonde-
creasing and (s, m)-exponential-type convex function for
some fixed s, m ∈ (0, 1]. Den, for the same fixed numbers
s, m ∈ (0, 1], the function ϕ°ψ: [0, a2]⟶ R is (s, m)-ex-
ponential-type convex.

Proof. For all θ1, θ2 ∈ [0, a2] and χ ∈ [0, 1] and for some
fixed numbers s, m ∈ (0, 1], we have

ϕ°ψ( 􏼁 χθ1 + m(1 − χ)θ2( 􏼁 � ϕ ψ χθ1 + m(1 − χ)θ2( 􏼁( 􏼁

≤ϕ χψ θ1( 􏼁 + m(1 − χ)ψ θ2( 􏼁( 􏼁

≤ e
sχ

− 1( 􏼁 ϕ°ψ( 􏼁 θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑 ϕ°ψ( 􏼁 θ2( 􏼁.

(14)
□

Theorem 3. Let ψi: [a1, a2]⟶ R be an arbitrary family of
(s, m)-exponential-type convex functions for the same fixed
s, m ∈ (0, 1] and let ψ(θ) � supiψi(θ). If A � θ ∈ [a1, a2]:􏼈

ψ(θ) < +∞}≠∅, then A is an interval and ψ is
(s, m)-exponential-type convex function on A.

Proof. For all θ1, θ2 ∈ A and χ ∈ [0, 1] and for the same fixed
numbers s, m ∈ (0, 1], we have

ψ χθ1 + m(1 − ψ)θ2( 􏼁 � supiψi χθ1 + m(1 − χ)θ2( 􏼁

≤ supi e
sχ

− 1( 􏼁ψi θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑ψi θ2( 􏼁􏽨 􏽩

≤ e
sχ

− 1( 􏼁supiψi θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑supiψi θ2( 􏼁

� e
sχ

− 1( 􏼁ψ θ1( 􏼁 + m e
(1− χ)s

− 1􏼐 􏼑ψ θ2( 􏼁< +∞.

(15)

�is means simultaneously that A is an interval, and ψ is
(s, m)-exponential-type convex function on A. □

Theorem 4. If the function ψ: [a1, a2]⟶ R is (s, m)-ex-
ponential-type convex for some fixed s, m ∈ (0, 1], then ψ is
bounded on [a1, ma2].

Proof. Let L � max ψ(a1),ψ(a2/m)􏼈 􏼉 and x ∈ [a1, a2] be an
arbitrary point for some fixed m ∈ (0, 1]. �en, there exists
χ ∈ [0, 1] such that x � χa1 + (1 − χ)a2. �us, since esχ ≤ es

and e(1− χ)s ≤ es for some fixed s ∈ (0, 1], we have

ψ(x) � ψ χa1 +(1 − χ)a2( 􏼁≤ e
sχ

− 1( 􏼁ψ a1( 􏼁

+ m e
(1− χ)s

− 1􏼐 􏼑ψ
a2

m
􏼒 􏼓

≤ e
s

− 1( 􏼁L + m e
s

− 1( 􏼁L � (m + 1)L e
s

− 1( 􏼁 � M.

(16)

We have shown that ψ is bounded above from real
number M. Interested reader can also prove the fact that ψ is
bounded below using the same idea as in �eorem 4 in
[11]. □

3. New Generalizations of (H–H)-
Type Inequality

In this section, we will establish some new generalizations of
Hermite–Hadamard-type inequality for the (s, m)-expo-
nential-type convex function ψ and for the products of two
(s, m)-exponential-type convex functions ψ and ϕ.

Theorem 5. Let ψ: [a1, ma2]⟶ R be (s, m)-exponential-
type convex function for some fixed s, m ∈ (0, 1] and
a1 <ma2. If ψ ∈ L1([a1, ma2]), then

1
e

s/2
− 1􏼐 􏼑

ψ
a1 + ma2

2
􏼒 􏼓≤

1
ma2 − a1( 􏼁

􏽚
ma2

a1

ψ(x)dx + m 􏽚
a2

a1/m
ψ(x)dx􏼨 􏼩

≤
e

s
− s − 1

s
􏼠 􏼡 ψ a1( 􏼁 + ψ a2( 􏼁 + m ψ

a1

m
2􏼠 􏼡 + ψ a2( 􏼁􏼠 􏼡􏼢 􏼣.

(17)

Proof. Let denote, respectively,

θ1 � χa1 + m(1 − χ)a2, θ2 � (1 − χ)
a1

m
+ χa2, ∀χ ∈ [0, 1].

(18)

Using (s, m)-exponential-type convexity of ψ, we have

ψ
a1 + ma2

2
􏼒 􏼓 � ψ

θ1 + mθ2
2

􏼠 􏼡

� ψ
χa1 + m(1 − χ)a2􏼂 􏼃 + (1 − χ)a1 + mχa2􏼂 􏼃

2
􏼠 􏼡

≤ e
s/2

− 1􏼐 􏼑 ψ χa1 + m(1 − χ)a2( 􏼁 + ψ (1 − χ)a1 + mχa2( 􏼁􏼂 􏼃.

(19)

Now, integrating on both sides in the last inequality with
respect to χ over [0, 1], we get
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ψ
a1 + ma2

2
􏼒 􏼓≤ e

s/2
− 1􏼐 􏼑 × 􏽚

1

0
ψ χa1 + m(1 − χ)a2( 􏼁dχ􏼢

+ 􏽚
1

0
ψ (1 − χ)

a1

m
+ χa2􏼒 􏼓dχ􏼣

�
e

s/2
− 1􏼐 􏼑

ma2 − a1( 􏼁
􏽚

ma2

a1

ψ(x)dx + m 􏽚
a2

a1/m
ψ(x)dx􏼨 􏼩,

(20)

which completes the left-side inequality. For the right-side
inequality, using (s, m)-exponential-type convexity of ψ, we
obtain

1
ma2 − a1( 􏼁

􏽚
ma2

a1

ψ(x)dx + m 􏽚
a2

a1
m

ψ(x)dx􏼨 􏼩

� 􏽚
1

0
ψ χa1 + m(1 − χ)a2( 􏼁dχ + 􏽚

1

0
ψ (1 − χ)

a1

m
+ χa2􏼒 􏼓dχ

≤ 􏽚
1

0
e

sχ
− 1( 􏼁ψ a1( 􏼁 + m e

(1− χ)s
− 1􏼐 􏼑ψ a2( 􏼁􏽨 􏽩dχ

+ 􏽚
1

0
e

sχ
− 1( 􏼁ψ a2( 􏼁 + m e

(1− χ)s
− 1􏼐 􏼑ψ

a1

m
2􏼠 􏼡􏼢 􏼣dχ

�
e

s
− s − 1

s
􏼠 􏼡 ψ a1( 􏼁 + ψ a2( 􏼁 + m ψ

a1

m
2􏼠 􏼡 + ψ a2( 􏼁􏼠 􏼡􏼢 􏼣,

(21)

which gives the right-side inequality. □

Corollary 1. By taking m � s � 1 in Deorem 5, we get
(Deorem 5, [11]).

Theorem 6. Assume that ψ, ϕ: [a1, ma2]⟶ R are, re-
spectively, (s1, m) and (s2, m)-exponential-type convex
functions for the same fixed m ∈ (0, 1] and for some fixed
s1, s2 ∈ (0, 1], where s1 < s2 and a1 <ma2. If ψ, ϕ are syn-
chronous functions and ψ, ϕ,ψϕ ∈ L1([a1, ma2]), then

1
ma2 − a1( 􏼁

􏽚
ma2

a1

ψ(θ)dθ ·
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ϕ(θ)dθ

≤
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ψ(θ)ϕ(θ)dθ

≤A s1, s2( 􏼁Mm a1, a2( 􏼁 + B s1, s2( 􏼁N a1, a2( 􏼁,

(22)

where

Mm a1, a2( 􏼁 � ψ a1( 􏼁ϕ a1( 􏼁 + m
2ψ a2( 􏼁ϕ a2( 􏼁, N a1, a2( 􏼁

� ψ a1( 􏼁ϕ a2( 􏼁 + ψ a2( 􏼁ϕ a1( 􏼁,

A s1, s2( 􏼁 �
e

s1+s2 + s1 + s2 − 1
s1 + s2

−
s1 e

s2 − 1( 􏼁 + s2 e
s1 − 1( 􏼁

s1s2
,

B s1, s2( 􏼁 �
e

s2 − e
s1

s2 − s1
−

s1 e
s2 − 1( 􏼁 + s2 e

s1 − 1( 􏼁

s1s2
+ 1.

(23)

Proof. Let us denote θ � χa1 + m(1 − χ)a2 for all χ ∈ [0, 1].
Using the property of the (s1, m) and (s2, m)-exponential-
type convex functions ψ and ϕ, respectively, we have

ψ χa1 + m(1 − χ)a2( 􏼁≤ e
s1χ − 1( 􏼁ψ a1( 􏼁 + m e

(1− χ)s1 − 1􏼐 􏼑ψ a2( 􏼁,

ϕ χa1 + m(1 − χ)a2( 􏼁≤ e
s2χ − 1( 􏼁g a1( 􏼁 + m e

(1− χ)s2 − 1􏼐 􏼑ϕ a2( 􏼁.

(24)

Multiplying above inequalities on both sides, we get

ψ χa1 + m(1 − χ)a2( 􏼁ϕ χa1 + m(1 − χ)a2( 􏼁

≤ e
s1χ − 1( 􏼁ψ a1( 􏼁 + m e

(1− χ)s1 − 1􏼐 􏼑ψ a2( 􏼁􏽨 􏽩

× e
s2χ − 1( 􏼁g a1( 􏼁 + m e

(1− χ)s2 − 1􏼐 􏼑ϕ a2( 􏼁􏽨 􏽩

� e
s1χ − 1( 􏼁 e

s2χ − 1( 􏼁ψ a1( 􏼁ϕ a1( 􏼁

+ m e
s1χ − 1( 􏼁 e

(1− χ)s2 − 1􏼐 􏼑ψ a1( 􏼁ϕa2􏼁􏽨

+ e
s2χ − 1( 􏼁 e

(1− χ)s1 − 1􏼐 􏼑ψ a2( 􏼁ϕ a1( 􏼁􏽩

+ m
2

e
(1− χ)s1 − 1􏼐 􏼑 e

(1− χ)s2 − 1􏼐 􏼑ψ a2( 􏼁ϕ a2( 􏼁.

(25)

Applying Chebyshev integral inequality (see [23]), we
obtain

􏽚
1

0
ψ χa1 + m(1 − χ)a2( 􏼁ϕ χa1 + m(1 − χ)a2( 􏼁dχ

≥ 􏽚
1

0
ψ χa1 + m(1 − χ)a2( 􏼁dχ · 􏽚

1

0
ϕ χa1 + m(1 − χ)a2( 􏼁dχ.

(26)

Changing the variable of integration, we get
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ψ(θ)ϕ(θ)dθ

≥
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ψ(θ)dθ ·
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ϕ(θ)dθ,

(27)

which completes the left-side inequality. For the right-side
inequality, integrating on both sides of the inequality (25)
with respect to χ over [0, 1], we have
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1
ma2 − a1( 􏼁

􏽚
ma2

a1

ψ(θ)dθ ·
1

ma2 − a1( 􏼁
􏽚

ma2

a1

ϕ(θ)dθ

≤ 􏽚
1

0
e

s1χ − 1( 􏼁 e
s2χ − 1( 􏼁dχ􏼢 􏼣ψ a1( 􏼁ϕ a1( 􏼁

+ m 􏽚
1

0
e

s1χ − 1( 􏼁 e
(1− χ)s2 − 1􏼐 􏼑dχ􏼠 􏼡ψ a1( 􏼁ϕ a2( 􏼁􏼢

+ 􏽚
1

0
e

s2χ − 1( 􏼁 e
(1− χ)s1 − 1􏼐 􏼑dχ􏼠 􏼡ψ a2( 􏼁ϕ a1( 􏼁􏼣

+ m
2

􏽚
1

0
e

(1− χ)s1 − 1􏼐 􏼑 e
(1− χ)s2 − 1􏼐 􏼑dχ􏼢 􏼣ψ a2( 􏼁ϕ a2( 􏼁

� A s1, s2( 􏼁Mm a1, a2( 􏼁 + B s1, s2( 􏼁N a1, a2( 􏼁,

(28)

which give the right-side inequality. □

4. Refinements of (H–H)-Type Inequality for
k− Fractional Integral

In this section, we will obtain some refinements of the
(H–H) inequality via (s, m)-exponential-type convex
functions.

Lemma 2. Suppose 0<w≤ 1 and a mapping
ψ: [wa1, a2]⟶ R is differentiable on (wa1, a2) with
0< a1 < a2. If ψ′ ∈ L1[wa1, a2], then the following equality for
k− fractional integral holds:
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(29)

where α, k> 0 and Γ(·) is the Euler Gamma function.

Proof. Using the integrating by parts, we have
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(30)

which completes the proof.

Lemma 3. Suppose 0<w≤ 1 and a mapping
ψ: [wa1, a2]⟶ R is differentiable on (wa1, a2) with
0< a1 < a2. If ψ′ ∈ L1[wa1, a2], then the following equality for
k− fractional integral holds:
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(31)

Proof. Using the integrating by parts, we have
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where
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Combining equations (33) and (34) in (32) and multi-
plying by a2 − wa1/w + 1, we get (31), which completes the
proof. □

Theorem 7. Suppose 0<w≤ 1 and a mapping
ψ: (0, a2/mw]⟶ R is differentiable on (0, a2/mw) with
0< a1 < a2. If |ψ′|q is (s, m)-exponential-type convex on
(0, a2/mw] for q> 1 and q− 1 + p− 1 � 1, then for some fixed

s, m ∈ (0, 1], then the following inequality for k− fractional
integral holds:
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where
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Proof. From Lemma 2, Hölder’s inequality and (s, m)-ex-
ponential-type convexity of |ψ′|q, we have
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(37)

which completes the proof. □

Theorem 8. Suppose 0<w≤ 1 and a mapping
ψ: (0, a2/mw]⟶ R is differentiable on (0, a2/mw) with
0< a1 < a2. If |ψ′|q is (s, m)-exponential-type convex on
(0, a2/mw] for q≥ 1, then for some fixed s, m ∈ (0, 1], then
the following inequality for k− fractional integral holds:
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(38)

Proof. From Lemma 2, power mean inequality and
(s, m)-exponential-type convexity of |ψ′|q, we have
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(39)
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which completes the proof. □

Theorem 9. Suppose 0<w≤ 1 and a mapping
ψ: (0, a2/m]⟶ R is differentiable on (0, a2/m) with

0< a1 < a2. If |ψ′|q is (s, m)-exponential-type convex on
(0, a2/m] for q> 1 and q− 1 + p− 1 � 1, then for some fixed
s, m ∈ (0, 1], then the following inequality for k− fractional
integral holds:
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Proof. From Lemma 3, Hölder’s inequality and (s, m)-ex-
ponential-type convexity of |ψ′|q, we have
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q
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,

(41)

which completes the proof. □

Theorem 10. Suppose 0<w≤ 1 and a mapping
ψ: (0, a2/m]⟶ R is differentiable on (0, a2/m) with

0< a1 < a2. If |ψ′|q is (s, m)-exponential-type convex on
(0, a2/m] for q≥ 1, then for some fixed s, m ∈ (0, 1],
then the following inequality for k− fractional integral
holds:
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(42)

Proof. From Lemma 3, power mean inequality and
(s, m)-exponential-type convexity of |ψ′|q, we have
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(43)
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which completes the proof. □

5. Applications

Let consider the following two special means for different
positive-real numbers a1 < a2.

(1) �e arithmetic mean:

A a1, a2( 􏼁 �
a1 + a2

2
. (44)

(2) �e generalized log-mean:

Ll a1, a2( 􏼁 �
al+1
2 − al+1

1
(l + 1) a2 − a1( 􏼁

􏼢 􏼣

1/l

; l ∈ R\ − 1, 0{ }. (45)

Dragomir et al. [5] have proved that, for s ∈ (0, 1), where
1≤ l≤ 1/s, the function f(x) � xls, x> 0 is s-convex func-
tion. �en, from Proposition 1, it is also s-exponential
convex function for some fixed s ∈ [ln2.5, 1).

Using Section 4, we have the following interesting
results:

Proposition 2. Let 0< a1 < a2, 0<w≤ 1, and q> 1 such that
p− 1 + q− 1 � 1. Den, for some fixed s ∈ [ln2.5, 1), where
1≤ l≤ 1/s, we have
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2􏼐 􏼑.

(46)

Proof. Consider the s-exponential convex function
ψ(x) � xls, x> 0, and using �eorem 7 for α � 1 � k, we
obtain the required result. □

Proposition 3. Let 0< a1 < a2, 0<w≤ 1 and q≥ 1. Den, for
some fixed s ∈ [ln2.5, 1), where 1≤ l≤ 1/s, we get
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Proof. Consider the s-exponential convex function
ψ(x) � xls, x> 0, and using �eorem 8 for α � 1 � k, the
result is obvious.

Proposition 4. Let 0< a1 < a2, 0<w≤ 1 and q> 1, such that
p− 1 + q− 1 � 1. Den, for some fixed s ∈ [ln2.5, 1), where
1≤ l≤ 1/s, we obtain

2
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2􏼐 􏼑.

(48)

Proof. Consider the s-exponential convex function
ψ(x) � xls, x> 0, and using �eorem 9 for α � 1 � k, the
result is evident. □

Proposition 5. Let 0< a1 < a2, 0<w≤ 1 and q≥ 1. Den, for
some fixed s ∈ [ln2.5, 1), where 1≤ l≤ 1/s, we have

2
w + 1

A wa1( 􏼁
ls

, a
ls
2􏼐 􏼑 − L

ls
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(49)

Proof. Consider the s-exponential convex function
ψ(x) � xls, x> 0, and using �eorem 10 for α � 1 � k, we
obtain the required result.

At the end, let consider some applications of the integral
inequalities obtained above, to find new bounds for the
trapezoidal and midpoint formula.

For a2 > 0, let U: 0 � χ0 < χ1 < , · · · , < χn− 1 < χn � a2 is a
partition of [0, a2].

We denote

T(U,ψ) � 􏽘
n− 1

i�0

ψ χi( 􏼁 + ψ χi+1( 􏼁

2
􏼠 􏼡hi,

􏽚
a2

0
ψ(x)dx � T(U,ψ) + R(U,ψ),

(50)

where R(U,ψ) is the remainder term and hi � χi+1 − χi for
i � 0, 1, 2, . . . , n − 1.

Using above notations, we are in position to prove the
following error estimations. □

Proposition 6. Suppose a mapping ψ: (0, a2]⟶ R is
differentiable on (0, a2) with a2 > 0. If |ψ′|q is s-exponential-
type convex on (0, a2] for q> 1 and q− 1 + p− 1 � 1, then for
some fixed s ∈ (0, 1], the remainder term satisfies the fol-
lowing error estimation:
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.

(51)

Proof. Using �eorem 7 on subinterval [χi, χi+1] of closed
interval [0, a2], for all i � 0, 1, 2, . . . , n − 1 and
w � α � k � m � 1, we get
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2
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(52)

Summing inequality (52) over i from 0 to n − 1 and using the
property of modulus, we obtain the desired inequality
(51). □

Proposition 7. Suppose a mapping ψ: (0, a2]⟶ R is
differentiable on (0, a2) with a2 > 0. If |ψ′|q is s-exponential-
type convex on (0, a2] for q≥ 1, then for some fixed s ∈ (0, 1],
the remainder term satisfies the following error estimation:

|R(U,ψ)|≤
es − s − 1

2s
􏼠 􏼡

1/q

􏽘

n− 1

i�0
h
2
i ψ′ χi( 􏼁
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􏼌􏼌􏼌􏼌
q

􏽨 􏽩
1/q

.

(53)

Proof. Apply the same technique as in Proposition 6 but
using �eorem 8.

6. Conclusion

In this article, the authors showed new generalizations of
trapezium-type inequality for the new class of functions, the
so-called (s, m)-exponential-type convex function ψ and for
the products of two (s, m)-exponential-type convex func-
tions ψ and ϕ. We have obtained refinements of the (H–H)
inequality for functions using (s, m)-exponential-type
convex and founded new bounds for special means and for
the error estimates for the trapezoidal and midpoint for-
mula. We hope that current work will attract the attention of
researchers working in mathematical analysis, fractional
calculus, quantum calculus, postquantum calculus, and
other related fields.
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In a study, Carlitz introduced the degenerate exponential function and applied that function to Bernoulli and Eulerian numbers
and degenerate special functions have been studied by many researchers. In this paper, we define the fully degenerate Daehee
polynomials of the second kind which are different from other degenerate Daehee polynomials and derive some new and
interesting identities and properties of those polynomials.

1. Introduction

Let p be a fixed prime number. +roughout this paper, Zp,
Qp, andCp will denote the ring of p-adic integers, the field of
p-adic rational numbers, and the completion of algebraic
closure of Qp, respectively.

Let f(x) be a uniformly differentiable function on Zp.
+en, the p-adic invariant integral on Zp is defined as

I0(f) � 􏽚
Zp

f(x)dμ0(x) � lim
N⟶∞

1
pN

􏽘

pN− 1

n�0
f(x), (1)

(see [1–3]).
From (1), we have

I0 fn( 􏼁 − I0(f) � 􏽘
n− 1

l�0
f′(l), where fn(x)

� f(x + n), f′(l) �
df(x)

dx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌x�l
.

(2)

In particular, if n � 1, then

I0 f1( 􏼁 − I0(f) � f′(0). (3)

+e Stirling numbers of the first kind are defined by

(x)n � 􏽘
n

l�0
S1(n, l)x

l
, (n≥ 0), (4)

and the Stirling numbers of the second kind are given by

x
n

� 􏽘

n

l�0
S2(n, l)(x)l, (5)

where (x)0 � 1 and (x)n � x(x − 1) · · · (x − n + 1) (n≥ 1)

(see [4, 5]).
From (4) and (5), we can derive the following equations:

e
t

− 1􏼐 􏼑
n

� n! 􏽘
∞

l�n

S2(l, n)
tl

l!
, (6)

(log(x + 1))
n

� n! 􏽘
∞

l�n

S1(l, n)
xl

l!
, (n≥ 0), (7)

(see [4–6]).
In addition,

log(1 + t) � 􏽘
∞

n�1
(− 1)

n+1
(n − 1)!

tn

n!
, (8)

[4, 5].
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+e Bernoulli polynomials of order r are defined by the
following generating function:

t

et − 1
􏼒 􏼓

r

e
xt

� 􏽘
∞

n�0
B

(r)
n (x)

tn

n!
, (9)

(see [7–9]).
Carlitz’s degenerate Bernoulli polynomials of order r is

defined by the generating function to be

􏽘

∞

n�0
β(r)

n (x | λ)
tn

n!
�

t

(1 + λt)1/λ − 1
􏼠 􏼡

r

(1 + λt)
x/λ

, (10)

where λ ∈ R (see [10]). By (10), we know that

lim
λ⟶0

􏽘

∞

n�0
β(r)

n (x | λ)
tn

n!
� lim

λ⟶0

t

(1 + λt)1/λ − 1
􏼠 􏼡

r

(1 + λt)
x/λ

�
t

et − 1
􏼒 􏼓

r

e
xt

� 􏽘

∞

n�0
B

(r)
n (x)

tn

n!
,

(11)

and thus, we obtain

lim
λ⟶0

β(r)
n (x | λ) � B

(r)
n (x). (12)

In [11], the degenerate Bernoulli polynomials are defined
as

log (1 + λt)1/λ

(1 + λt)1/λ − 1
􏼠 􏼡

r

(1 + λt)
x/λ

� 􏽘
∞

n�0
b

(r)
n,λ(x)

tn

n!
, (13)

which are different from Carlitz’s degenerate numbers and
polynomials.

By (13), we know that

lim
λ⟶0

bn,λ(x) � B
(r)
n (x). (14)

Note that by (3),

􏽚
Zp

· · · 􏽚
Zp

(1 + λt)
x+x1+···+xr/λdμ0 x1( 􏼁 . . . dμ0 xr( 􏼁

�
(1/λ)log(1 + λt)

(1 + λt)1/λ − 1
􏼠 􏼡

r

(1 + λt)
x/λ

� 􏽘
∞

n�0
b

(r)
n,λ(x)

tn

n!
,

(15)

􏽚
Zp

· · · 􏽚
Zp

(1 + λt)
x+x1+···+xr/λdμ0 · · · dμ0 xr( 􏼁

� 􏽚
Zp

· · · 􏽚
Zp

􏽘

∞

n�0

x + x1 + · · · + xr

λ
n

⎛⎜⎜⎝ ⎞⎟⎟⎠λn
t
ndμ0 x1( 􏼁 · · · dμ0 xr( 􏼁

� 􏽘
∞

n�0
􏽚
Zp

· · · 􏽚
Zp

x + x1 + · · · + xr( 􏼁n,λdμ0 x1( 􏼁 · · · dμ0 xr( 􏼁
tn

n!
.

(16)

By (15) and (16), we know that

b
(r)
n,λ(x) � 􏽚

Zp

· · · 􏽚
Zp

x + x1 + · · · + xr( 􏼁n,λdμ0 x1( 􏼁 · · · dμ0 xr( 􏼁.

(17)

+e higher-order Daehee polynomials are defined by the
generating function to be

log(1 + t)

t
􏼠 􏼡

r

(1 + t)
x

� 􏽘
∞

n�0
D

(r)
n (x)

tn

n!
, (18)

(see [12–15]).
In particular, if r � 1, then D(1)

n (x) � Dn(x) is called the
Daehee polynomials.

By replacing t as log(1 + t) in (18), we have

􏽘

∞

n�0
D

(r)
n (x)

tn

n!
� 􏽘

∞

n�0
B

(r)
n (x)

1
n!

(log(1 + t))
n

� 􏽘
∞

n�0
B

(r)
n (x)

1
n!

⎛⎝ ⎞⎠ n! 􏽘
∞

l�0
S1(l, n)

tl

l!
⎛⎝ ⎞⎠

� 􏽘
∞

n�0
􏽘

n

m�0
B

(r)
n (x)S1(n, m)⎛⎝ ⎞⎠

tn

n!
,

(19)

and so, we obtain

D
(r)
n (x) � 􏽘

n

m�0
B

(r)
m (x)S1(n, m). (20)

Note that by (3), we have
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􏽘

∞

n�0
D

(r)
n (x)

tn

n!
�

log(1 + t)

t
􏼠 􏼡

r

(1 + t)
x

� 􏽚
Zp

· · · 􏽚
Zp

(1 + t)
x+x1+···+xrdμ0 x1( 􏼁 · · · dμ0 xr( 􏼁

� 􏽚
Zp

· · · 􏽚
Zp

x + x1 + · · · + xr

n

⎛⎝ ⎞⎠t
ndμ0 x1( 􏼁 · · · dμ0 xr( 􏼁

� 􏽘
∞

n�0
􏽚
Zp

· · · 􏽚
Zp

x + x1 + · · · + xr( 􏼁ndμ0 x1( 􏼁 · · · dμ0 xr( 􏼁􏼠 􏼡
tn

n!
,

(21)

and thus, we know that

D
(r)
n (x) � 􏽚

Zp

· · · 􏽚
Zp

x + x1 + · · · + xr( 􏼁ndμ0 x1( 􏼁 · · · dμ0 xr( 􏼁.

(22)

Carlitz introduced the degenerate Bernoulli polynomials
in [10] and the degeneration of special functions have been
studied (see [6, 16–29]).

In particular, the degenerate Stirling numbers of the
second kind with a generating function are defined as

1
m!

(1 + λt)
1/λ

− 1􏼐 􏼑
m

� 􏽘
∞

n�m

S2,λ(n, m)
tn

n!
, (23)

where m is a given nonnegative integer in [6, 10, 22, 30].
After introducing Daehee numbers and polynomials

[31], it plays an important role of developing various gen-
eralized polynomials, and interesting properties are obtained
(see [8, 15, 21, 22, 28, 30–35]).

In this paper, we define the new degenerate Daehee
polynomials and numbers which are called the degenerate
Daehee polynomials of the second kind and investigate
identities and properties of new polynomials.

2. Fully Degenerate Daehee Polynomials of the
Second Kind

Let us assume that λ ∈ R. By (3), we have

􏽚
Zp

(1 + λ log(1 + t))
x+y/λdμ0(y)

�
(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1
(1 + λ log(1 + t))

x/λ
.

(24)

By (24), we define the degenerate Daehee polynomials of
the second kind by the generating function to be

(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1
(1 + λ log(1 + t))

x/λ

� 􏽘
∞

n�0
Dn(x | λ)

tn

n!
.

(25)

In the special case, x � 0, and Dn(λ) � Dn(0 | λ) are
called the degenerate Daehee numbers of the second kind.

Note that

lim
λ⟶0

􏽘

∞

n�0
Dn(x | λ)

tn

n!
� lim

λ⟶0

(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1

· (1 + λ log(1 + t))
x/λ

�
log(1 + t)

t
(1 + t)

x
� 􏽘
∞

n�0
Dn(x)

tn

n!
,

(26)

and thus, we know that

lim
λ⟶0

Dn(x | λ) � Dn(x), (n≥ 0). (27)

From (7) and (24), we have

􏽚
Zp

(1 + λ log(1 + t))
x+y/λdμ0(y)

� 􏽘
∞

l�0
􏽚
Zp

x + y

λ

l

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠λl

(log(1 + t))
ldμ0(y)

� 􏽘
∞

n�0
􏽘

n

k�0
S1(n, l)λl

l!􏽚
Zp

x + y

λ

l

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠dμ0(y)

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠

tn

n!
.

(28)

By (25) and (28), we have

Dn,λ � 􏽘
n

k�0
S1(n, l)λl

l!􏽚
Zp

x + y

λ
l

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠dμ0(y), (n≥ 0).

(29)

Since
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x + y

λ

l

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ �

((x + y)/λ)(((x + y)/λ) − 1)(((x + y)/λ) − 2) . . . (((x + y)/λ) − l + 1)

l!

�
(x + y)(x + y − λ)(x + y − 2λ) . . . (x + y − (l − 1)λ)

λll!
,

(30)

by (29) and (30), we have

Dn(λ) � 􏽘
n

k�0
S1(n, l)􏽚

Zp

(x + y)l,λdμ0(y), (n≥ 0), (31)

where (x)n,λ � x(x − λ)(x − 2λ) · · · (x − (n − 1)λ).
+us, by (29) and (30), we have the following theorem

which is Witt’s type formula about degenerate Daehee
polynomials of the second kind.

Theorem 1. For each n≥ 0, we have

Dn(λ) � 􏽘
n

k�0
S1(n, l)λl

l!􏽚
Zp

x + y

λ

l

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠dμ0(y)

� 􏽘
n

k�0
S1(n, l)􏽚

Zp

(x + y)l,λdμ0(y).

(32)

By replacing t as et − 1 in (25), we obtain the following:

􏽘

∞

n�0
Dn(x | λ)

et − 1( 􏼁
n

n!
� 􏽘
∞

n�0
Dn(x|λ) 􏽘

∞

m�n

S2(m, n)
tm

m!

� 􏽘

∞

n�0
􏽘

n

m�0
Dm(x | λ)S2(m, n)⎛⎝ ⎞⎠

tn

n!
.

(33)

On the other hand,

􏽘

∞

n�0
Dn(x | λ)

et − 1( 􏼁
n

n!
�

(1/λ)log(1 + λt)

(1 + λt)1/λ − 1
(1 + λt)

x/λ

� 􏽘
∞

n�0
Bn(x | λ)

tn

n!
,

(34)

where Bn(x | λ) is the degenerate Bernoulli polynomials of
the second kind of order r ∈ Z which are defined by the
generating function to be

(1/λ)log(1 + λt)

(1 + λt)1/λ − 1
􏼠 􏼡

r

(1 + λt)
x/λ

� 􏽘
∞

n�0
B

(r)
n (x | λ)

tn

n!
(35)

(see [20, 25]).

In particular, if r � 1, B(1)
n (x | λ) � Bn(x | λ) is called the

degenerate Bernoulli polynomials of the second kind.
For positive integer d with d ≡ 1(mod 2), if we put

f(x) � (1 + λ log(1 + t))x/λ, then, by (2), we obtain

􏽚
Zp

(1 + λ log(1 + t))
x+d/λdμ0(y)

− 􏽚
Zp

(1 + λ log(1 + t))
x/λdμ0(y)

� 􏽘
d− 1

l�0

1
λ
(1 + λ log(1 + t))

x/λlog(1 + λ log(1 + t)).

(36)

By (36), we have

􏽚
Zp

(1 + λ log(1 + t))
x/λdμ0(x)

�
(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))d/λ − 1
􏽘

d− 1

l�0
(1 + λ log(1 + t))

l/λ

� d 􏽘
d− 1

l�0

(1/λ)log(1 +(λ/d)d log(1 + t))

(1 +(λ/d)d log(1 + t))d/λ − 1

· 1 +
λ
d

d log(1 + t)􏼠 􏼡

(d/λ)(l/d)

.

(37)

Note that by (6),

(1/λ)log(1 +(λ/d)d log(1 + t))

(1 +(λ/d)d log(1 + t))(d/λ) − 1
(1 +(λ/d)d log(1 + t))

(d/λ)(l/d)

� 􏽘
∞

n�0
Bn

l

d

λ
d

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼠 􏼡
(d log(1 + t))n

n!

� 􏽘

∞

n�0
Bn

l

d

λ
d

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
􏼠 􏼡

dn

n!
n! 􏽘

∞

m�n

S1(m, n)
xm

m!

� 􏽘
∞

n�0
􏽘

n

m�0
Bm

l

d

λ
d

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼠 􏼡d
m

S1(n, m)⎛⎝ ⎞⎠
tn

n!
.

(38)

By (24), (37), and (38), we have

􏽘

∞

n�0
Dn(λ)
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m+1
S1(n, m)⎛⎝ ⎞⎠

tn
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Hence, by (33), (34), and (39), we obtain the following
theorem which shows the relationship between degenerate
Daehee polynomials of the second kind and degenerate
Bernoulli polynomials of the second kind.

Theorem 2. For nonnegative integer n and d ∈ N with
d ≡ 1(mod 2), we have

Bn(x | λ)(x) � 􏽘
n

m�0
Dm,λ(x)S2(n, m),

Dn,λ � 􏽘
n

m�0
􏽘
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l�0
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l

d

λ
d

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
􏼠 􏼡d

m+1
S1(n, m).

(40)

By (25), we note that

􏽘
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tn
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x/λ
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n�0
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x

λ
n
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(log(1 + t))
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∞

n�0
Dn(λ)
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n!
⎛⎝ ⎞⎠ 􏽘

∞

n�0

x

λ
n
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n�0
Dn(λ)
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n�0
􏽘

n
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xn
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n�0
􏽘

n

k�0
􏽘

k

l�0

n

k
􏼠 􏼡(x)l,λS1(k, l)Dn− k(λ)⎛⎝ ⎞⎠

tn

n!
.

(41)

By comparing the coefficients on both sides of (41), we
obtain the following theorem.

Theorem 3. For nonnegative integer n, we have

Dn(x | λ) � 􏽘
n

k�0
􏽘

k

l�0

n

k
􏼠 􏼡(x)l,λS1(k, l)Dn− k(λ). (42)

Note that if we put f(x) � (1 + λ log(1 + t))x/λ, then

f′(0) �
1
λ
log(1 + λ log(1 + t))

�
1
λ

􏽘

∞

n�1
(− 1)

n+1λ
n

n
(log(1 + t))

n

� 􏽘
∞

n�1
(− 1)

n+1λ
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n
n! 􏽘
∞

l�n
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n

m�1
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,

(43)

and thus, by (3), we have

􏽚
Zp

f x1( 􏼁dμ0(x) − 􏽚
Zp

f(x)dμ0(x)

�
(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1
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1/λ

−
(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1

� 􏽘
∞

n�0
Dn(1 | λ) − Dn(λ)( 􏼁
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n!
.

(44)

Moreover,

((1/λ)log(1 + λ log(1 + t))) 􏽘
n− 1

l�0
(1 + λ log(1 + t))

l/λ

�
(1/λ)log(1 + λ log(1 + t))
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n
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(1 + λ log(1 + t))1/λ

� 􏽘
∞

r�0
Dr(n | λ) − Dr(λ)􏼈 􏼉

tr

r!
,

(45)

and, by (43), we obtain

Journal of Mathematics 5



(1/λ)log(1 + λ log(1 + t)) 􏽘
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s
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∞
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r
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p
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r
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· m − 1)!S1(p, m)S1(r − p, q)( 􏼁
tr

r!
.

(46)

From (43), (44), and (46), we obtain the following
theorem which represents a recurrence relations between
degenerate Daehee polynomials of the second kind and
degenerate Daehee numbers of the second kind.

Theorem 4. For each nonnegative integer r, we have

Dr(1 | λ) − Dr(λ) � 􏽘

r

m�1
(− λ)

m− 1
(m − 1)!S1(r, m). (47)

Moreover, for each positive integer n≥ 2,

Dr(n | λ) − Dr(λ) � 􏽘
n− 1

l�0
􏽘

r

p�0
􏽘

p

m�1
􏽘

r− p

q�0

r

p
􏼠 􏼡(l)q,λ(− λ)

m− 1

· (m − 1)!S1(p, m)S1(r − p, q).

(48)

3. Higher-Order Degenerate Daehee
Polynomials of the Second Kind

In this section, we consider the higher-order degenerate
Daehee polynomials of the second kind given by the gener-
ating function as follows: for the given positive real number
r,

(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1
􏼠 􏼡

r

(1 + λ log(1 + t))
x/λ

� 􏽘
∞

n�0
D

(r)
n (x | λ)

tn

n!
.

(49)

In particular, if x � 0, D(r)
n (0 | λ) � D(r)

n (λ) are called the
higher-order degenerate Daehee numbers of the second kind.

Note that

lim
λ⟶0

􏽘

∞

n�0
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n (x | λ)

tn

n!
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r
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x

� 􏽘
∞

n�0
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(r)
n (x)
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.

(50)

From (35), we note that

(1/λ)log(1 + λ log(1 + t))

(1 + λ log(1 + t))1/λ − 1
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(log(1 + t))n
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B

(r)
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n!
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(51)

In addition, by replacing t by et − 1 in (49), we have

􏽘
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n�0
D

(r)
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et − 1( 􏼁
n

n!
� 􏽘
∞
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(52)

􏽘
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D
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et − 1( 􏼁
n

n!
�
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r
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� 􏽘
∞
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B

(r)
n (x | λ)

tn
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.

(53)

Hence, by (51)–(53), we obtain the following theorem.

Theorem 5. For n≥ 0, we have

D
(r)
n (x | λ) � 􏽘

n

m�0
B

(r)
m (x | λ)S1(n, m). (54)
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Moreover,

B
(r)
n (x | λ) � 􏽘

n

m�0
D

(r)
m (x | λ)S2(n, m). (55)

In particular, if r � 1, then we know that +eorem 5 is a
generalization of +eorem 1 and +eorem 2.

Note that for each k, r ∈ N,
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(56)

It is well known that for each k ∈ Z,

t
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k
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. (57)

By (23), (7), and (57), we have
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By (56) and (58), we obtain the following theorem.

Theorem 6. For each n, q≥ 0, we have

D
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n
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n
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Note that by (3),
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By (17) and (60), we have
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(61)

+us, by (60) and (61), we obtain the following theorem
which shows that higher-order degenerate Daehee poly-
nomials of the second kind are represented by linear
combination of the higher-order Carlitz’s type degenerate
Bernoulli polynomials.

Theorem 7. For each nonnegative integer n and each integer
r,

D
(r)
n (x | λ) � 􏽘

n

m�0
S1(n, m)β(r)

m (x). (62)

By (7) and (23), we have
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and so by (22), (60), and (63), we obtain
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By (60) and (64), we obtain the following theorem.

Theorem 8. For each nonnegative integer m,

D
(r)
n (x | λ) � 􏽘

n

k�0
􏽘

k

m�0
S2,λ(k, m)S1(n, k)D

(r)
m (x). (65)

+eorem 8 shows that higher-order degenerate Daehee
polynomials are related closely to Daehee polynomials of
order r.

4. Conclusion

In the past two decades, the degenerations of special
functions and their applications have been studied as a new
area of mathematics. In this paper, we considered the de-
generate Daehee numbers and polynomials by using p-adic
invariant integral on Zp which are different from Kim’s

degenerate Daehee polynomials. We derive some new and
interesting properties of those polynomials.

Next, from the definition of the higher-order degenerate
Daehee numbers and Daehee polynomials of the second
kind, we found the relationship between the degenerate
Bernoulli polynomials, the first and second Stirling num-
bers, the Bernoulli polynomials, degenerate Stirling numbers
of the second kind, and those numbers and polynomials.
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+e goal of this paper is to derive some new variants of Simpson’s inequality using the class of n-polynomial convex functions of
higher order. To obtain the main results of the paper, we first derive a new generalized fractional integral identity utilizing the
concepts of Katugampola fractional integrals. +is new fractional integral identity will serve as an auxiliary result in the de-
velopment of the main results of this paper.

1. Introduction and Preliminaries

+e following inequality known in the literature as Simp-
son’s inequality [1].

􏽚
b

a
Λ(t)dt −

b − a

6
Λ(a) + 4Λ

a + b

2
􏼠 􏼡 + Λ(b)􏼢 􏼣

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤

(b − a)4

2880
Λ(4)

�����

�����∞
,

(1)

where Λ: [a, b]⟶ R is a four times continuously differ-
entiable function on (a, b) and

Λ(4)
�����

�����∞
� supt∈(a,b) Λ

(4)
(t)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌<∞. (2)

Simpson’s inequality plays a significant role in analysis
[2–4]. Over the years, it has been extended and generalized
in different directions using novel and innovative ap-
proaches. +e survey by Dragomir et al. [5] is very infor-
mative regarding the developments of Simpson’s inequality
and its applications.

In recent years, the fractional calculus [6–10] is often
known as noninteger calculus which has become a powerful
tool in mathematics because it provides a good tool to
describe physical memory. Fractional calculus has wide

applications in real life through its help in solving different
physical problems [11–20]. +e classic definition of Rie-
mann–Liouville fractional integrals is one of the most basic
concepts in fractional calculus which is defined as:

Definition 1. Let Λ ∈ L[a, b]. +en Riemann–Liouville in-
tegrals Jαa+Λ and Jαb− Λ of order α> 0 with a≥ 0 are defined by

J
α
a+Λ(x) �

1
Γ(α)

􏽚
x

a
(x − t)

α− 1Λ(t)dt, x> a,

J
α
b− Λ(x) �

1
Γ(α)

􏽚
b

x
(t − x)

α− 1Λ(t)dt, x< b,

(3)

where

Γ(α) � 􏽚
∞

0
e

− x
x
α− 1dx, (4)

is a well known gamma function.
In past few decades, several successful attempts have

been made in generalizing the classical concepts of fractional
calculus. Erdelyi–Kober operator is a significant general-
ization of fractional integrals introduced and was studied by

Hindawi
Journal of Mathematics
Volume 2020, Article ID 4189036, 10 pages
https://doi.org/10.1155/2020/4189036

mailto:awan.uzair@gmail.com
https://orcid.org/0000-0002-0944-2134
https://orcid.org/0000-0002-1019-9485
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/4189036


Arthur Erdelyi and Hermann Kober. But there is a drawback
that one cannot get the Hadamard version of the derivatives
and integrals from Erdelyi–Kober operators. Katugampola
[21] gave a well-defined concept of fractional integrals as:

Definition 2. Let [a, b] ⊂ R be a finite interval. +en the left
and right sides of Katugampola fractional integrals of order
α> 0 of Λ ∈ X

ϱ
c (a, b) are defined by

ϱ
I
α
a+Λ(x) �

ϱ1− α

Γ(α)
􏽚

x

a

tϱ− 1

xϱ − tϱ( )1− α Λ(t)dt,

9
I
α
a+Λ(x) �

ϱ1− α

Γ(α)
􏽚

b

x

tϱ− 1

tϱ − xϱ( )1− α Λ(t)dt,

(5)

if the integral exists.
If we take ρ � 1, then we can recapture Rie-

mann–Liouville fractional integrals from the Katugampola
fractional integrals. It worth to mention here that Erde-
lyi–Kober operators and Katugampola fractional integrals
are not equivalent to each other.

Sarikaya et al. [22] are the first authors to utilize the
concepts of Riemann–Liouville fractional integrals in
obtaining the fractional analogues of Hermite–Hadamard’s
inequality. +is idea inspired several inequalities expert, and
resultantly huge number of articles have been written on the
fractional analogues of classical inequalities. For example,
Hu et al. [23] obtained some new fractional analogues of
integral inequalities using Katugampola fractional integrals.
Nie et al. [24] obtained k-fractional analogues of Simpson’s
inequality. Peng et al. [25] also obtained some new fractional
analogues of Simpson’s inequality. Set [26] obtained frac-
tional analogues of Ostrowski’s inequality. Wu et al. [27]
obtained fractional analogues of inequalities using k-th
order differentiable functions. Kermausuor [28] obtained
new Simpson type inequalities involving Katugampola
fractional integrals essentially using the class of Breckner
type s-convex function.

Recently, Toplu et al. [29] introduced the notion of
n-polynomial convex functions as follows.

Definition 3. Let n ∈ N. +en a nonnegative function
Λ: I ⊂ R⟶ R is said to be a n-polynomial convex function
if the inequality

Λ(tx +(1 − t)y≤
1
n

􏽘

n

s�1
1 − (1 − t)

s
􏼂 􏼃Λ(x) +

1
n

􏽘

n

s�1
1 − t

s
􏼂 􏼃Λ(y),

(6)

holds for every x, y ∈ I and t ∈ [0, 1].
Many researchers have also derived several new

Hermite–Hadamard’s like inequalities [30–36] using the
concept of n-polynomial convex functions. We would
like to point out here that the class of n-polynomial
convex functions generalize the class of convex functions
if we take n � 1, then we have the class of 1-polynomial
convex functions which is just the classical convex
functions. Also we can get other type of convexities: for
example, for n � 2, we have 2-polynomial convexity.
Another point of pondering here is that every n-polynomial
convex function is an h-convex function with the function
h(t) � 1/n 􏽐

n
s�1[1 − (1 − t)s]. So more generally, every non-

negative convex function is also an n-polynomial convex
function.

+e idea behind the study of this article is to extend the
notion of n-polynomial convex functions with the intro-
duction of higher order n-polynomial convex functions. We
derive a new fractional integral identity using the concepts of
Katugampola fractional integrals. +is new identity will
serve as an auxiliary result in the development of some new
fractional analogues of Simpson’s inequalities using the
concept of n-polynomial convex functions of higher order.

Before we move to our main results, we would like to
introduce the notion of n-polynomial convex functions of
higher order.

Definition 4. Let n ∈ N. +en a nonnegative function
Λ: I ⊂ R⟶ R is said to be a higher order n-polynomial
convex function if the inequality

Λ(tx +(1 − t)y≤
1
n

􏽘

n

s�1
1 − (1 − t)

s
􏼂 􏼃Λ(x) +

1
n

􏽘

n

s�1
1 − t

s
􏼂 􏼃Λ(y) − μ t

σ
(1 − t) + t(1 − t)

σ
( 􏼁‖y − x‖

σ
, (7)

holds for every x, y ∈ I, σ > 0, and t ∈ [0, 1].

Remark 1. Note that if σ � 0 in (7), then the class of
n-polynomial convex functions of higher order reduces to
the class of n-polynomial convex functions. If σ � 2, then
we have a new class of strongly n-polynomial convex
functions. If n � 1, then we have the class of higher-order
convex functions [37]. And along with n � 1, if we have
σ � 2, then the class of n-polynomial convex functions of
higher order reduces to the class of strongly convex
functions [38]. From this, it is evident that the class of

n-polynomial convex functions of higher order is quite
unifying one as it relates several other unrelated classes of
convexity [39–45].

2. Main Results

In this section, we discuss our main results.

2.1. A Key Lemma. We now derive the main auxiliary result
of the paper.
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Lemma 1. Let α, ϱ > 0, and let Λ: [aϱ, bϱ]⟶ R be a dif-
ferentiable function on (aϱ, bϱ), with 0≤ α< b such that
Λ′ ∈ L1([aϱ, bϱ]), then

1
(i + 1)(i + 2)

Λ a
ϱ

( 􏼁 +(i + 1) Λ
iaϱ + bϱ

i + 1
􏼠 􏼡 + Λ

aϱ + ibϱ

i + 1
􏼠 􏼡􏼠 􏼡 + Λ b

ϱ
( 􏼁􏼢 􏼣

−
(i + 1)α− 1ϱαΓ(α + 1)

bϱ − aϱ( )
α

9
I
α
a+Λ

iaϱ + bϱ

i + 1
􏼠 􏼡 +

9
I
α
b− Λ

aϱ + ibϱ

i + 1
􏼠 􏼡􏼢 􏼣

�
ϱ bϱ − aϱ( )

i + 1
􏽚
1

0

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡t

ϱ− 1Λ′
i + tϱ

i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡dt − 􏽚
1

0

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡t

ϱ− 1Λ′
1 − tϱ

i + 1
a
ϱ

+
i + tϱ

i + 1
b
ϱ

􏼠 􏼡dt􏼢 􏼣.

(8)

Proof. Consider

I �
ϱ bϱ − aϱ( )

i + 1
􏽚
1

0

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡t

ϱ− 1Λ′
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i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡dt − 􏽚
1

0

1
i + 2

−
tαϱ

i + 1
t
ϱ− 1Λ′

1 − tϱ

i + 1
a
ϱ

+
i + tϱ

i + 1
b
ϱ

􏼠 􏼡dt􏼠 􏼡􏼢 􏼣

I �
ϱ bϱ − aϱ( )

i + 1
I1 − I2􏼂 􏼃.

(9)

Integrating by parts I1, we have

I1 � 􏽚
1

0

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡t

ϱ− 1Λ′
i + tϱ

i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡dt

� −
i + 1
ϱ bϱ − aϱ( )

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡Λ

i + tϱ

i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡

1

0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

−
α

bϱ − aϱ
􏽚
1

0
t
αϱ− 1Λ

i + tϱ

i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡dt,

�
Λ aϱ( )

ϱ bϱ − aϱ( )(i + 2)
+

i + 1
ϱ(i + 2) bϱ − aϱ( )

Λ
iaϱ + bϱ

i + 1
􏼠 􏼡 −

(i + 1)αϱα− 1Γ(α + 1)

bϱ − aϱ( )
α+1

ϱ

I
α
a+Λ

iaϱ + bϱ

i + 1
􏼠 􏼡.

(10)

Similarly,

I2 � 􏽚
1

0

1
i + 2

−
tαϱ

i + 1
􏼠 􏼡t

ϱ− 1Λ′
1 − tϱ

i + 1
a
ϱ

+
i + tϱ

i + 1
b
ϱ

􏼠 􏼡dt

� −
Λ bϱ( )

ϱ bϱ − aϱ( )(i + 2)
−

i + 1
ϱ(i + 2) bϱ − aϱ( )

Λ
aϱ + ibϱ

i + 1
􏼠 􏼡 +

(i + 1)αϱα− 1Γ(α + 1)

bϱ − aϱ( )
α+1

ϱ

I
α
b− Λ

aϱ + ibϱ
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􏼠 􏼡.

(11)
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By substituting the values of I1 and I2 in I, we get the
required result.

+is completes the proof. □

2.2. Results andDiscussions. We now derive the main results
using Lemma 1.

Theorem 1. Let α, ϱ > 0 and let Λ: [aϱ, bϱ]⟶ R be a
differentiable function on (aϱ, bϱ), with 0≤ α< b such that
Λ′ ∈ L1([aϱ, bϱ]). If |Λ′| is higher-order n-polynomial convex
function of order σ > 0, then

1
(i + 1)(i + 2)

Λ a
ϱ

( 􏼁 + Λ b
ϱ

( 􏼁 +(i + 1) Λ
iaϱ + bϱ
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9
I
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9
I
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≤
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1
n
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s�1
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ϱ
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4μ
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b
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(12)

Proof. By using Lemma 1 and because |Λ′| is higher-order
n-polynomial convex function of order σ > 0, we have
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Λ a
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(14)
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Similarly,
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(15)

where we have used the fact that |1/i + 2 − xα/i + 1|≤ 1/i + 2
for all x ∈ [0, 1]. Using I1 and I2 in (13), we get the required
result. □

Theorem 2. Let α, ϱ > 0, and let Λ: [aϱ, bϱ]⟶ R be a
differentiable function on (aϱ, bϱ), with 0≤ α< b such that
Λ′ ∈ L1([aϱ, bϱ]). If |Λ′|q is higher-order n-polynomial convex
function of order σ > 0, where r− 1 + q− 1 � 1 and q> 1, then
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(16)

Proof. Using Lemma 1, Holder’s inequality and because
|Λ′|

q is a higher-order n-polynomial convex function of
order σ > 0, we have
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(17)

Note that
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Similarly,

I4 � 􏽚
1

0

1
i + 2

−
tαϱ

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
t
ϱ− 1 Λ′

1 − tϱ

i + 1
a
ϱ

+
i + tϱ

i + 1
b
ϱ

􏼠 􏼡

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dt

�
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
Λ′

1 − x

i + 1
a
ϱ

+
i + x

i + 1
b
ϱ

􏼒 􏼓

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx

≤
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

r

dx􏼠 􏼡

1/r

􏽚
1

0
Λ′

1 − x

i + 1
a
ϱ

+
i + x

i + 1
b
ϱ

􏼒 􏼓

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

q

dx􏼠 􏼡

1/q
⎡⎣ ⎤⎦

≤
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

r

dx􏼠 􏼡

1/r

􏽚
1

0

1
n

􏽘
n

s�1
1 − 1 −

1 − x

i + 1
􏼒 􏼓􏼒 􏼓

s

􏼠 􏼡 Λ′ a
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q

+
1
n

􏽘
n

s�1
1 −

1 − x

i + 1
􏼒 􏼓

s

􏼠 􏼡 Λ′ b
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q

− μ x
σ
(1 − x) + x(1 − x)

σ
( 􏼁 b

ϱ
− a
ϱ����
����
σdx⎛⎝ ⎞⎠⎛⎝ ⎞⎠

1/q
⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

�
1
ϱ(i + 2)

1
n

􏽘
n

s�1

(i + 1)s(s − i) + is+1

(i + 1)s(1 + s)
Λ′ a
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q

+
1
n

􏽘
n

s�1

(i + 1)s(1 + s) − 1
(i + 1)s(1 + s)

Λ′ b
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q

−
2μ

(σ + 1)(σ + 2)
b
ϱ

− a
ϱ����
����
σ⎛⎝ ⎞⎠

1/q
⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(19)

where |1/i + 2 − xα/i + 1|≤ 1/i + 2 for all x ∈ [0, 1]. Using I3
and I4 in (17), we get the required result. □

Theorem 3. Let α, ϱ > 0, and let Λ: [aϱ, bϱ]⟶ R be a
differentiable function on (aϱ, bϱ), with 0≤ α< b such that
Λ′ ∈ L1([aϱ, bϱ]). If |Λ′|
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convex function of order σ > 0 where q> 1, then
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.

(20)
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Proof. Using Lemma 1, Power mean inequality, and because
|Λ′|

q is a higher-order n-polynomial convex function of
order σ > 0, we have
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Note that

I5 � 􏽚
1

0

1
i + 2

−
tαϱ

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
t
ϱ− 1 Λ′

i + tϱ

i + 1
a
ϱ

+
1 − tϱ

i + 1
b
ϱ

􏼠 􏼡

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dt

�
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
Λ′

i + x

i + 1
a
ϱ

+
1 − x

i + 1
b
ϱ

􏼒 􏼓

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx

≤
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx􏼠 􏼡

1/r

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
Λ′

i + x

i + 1
a
ϱ

+
1 − x

i + 1
b
ϱ

􏼒 􏼓

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

q

dx􏼠 􏼡

1/q
⎡⎣ ⎤⎦

≤
1
ϱ

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx􏼠 􏼡

1/r

􏽚
1

0

1
i + 2

−
xα

i + 1

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

1
n

􏽘

n

s�1
1 − 1 −

i + x

i + 1
􏼒 􏼓􏼒 􏼓

s

􏼠 􏼡 Λ′ a
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q⎛⎝ +

1
n

􏽘

n

s�1
1 −

i + x

i + 1
􏼒 􏼓

s

􏼠 􏼡 Λ′ b
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q⎛⎝⎡⎢⎢⎣

− μ x
σ
(1 − x) + x(1 − x)

σ
( 􏼁 b

ϱ
− a
ϱ����
����
σdx⎞⎠

1/q
⎤⎥⎥⎥⎥⎦

�
1

ϱ(i + 2)1/r
1

n(i + 2)
􏽘

n

s�1

(i + 1)s(1 + s) − 1
(i + 1)s(1 + s)

Λ′ a
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q

+
1

n(i + 2)
􏽘

n

s�1

(i + 1)s(s − i) + is+1

(i + 1)s(1 + s)
Λ′ b
ϱ

( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
q⎛⎝⎡⎢⎢⎣

−
2μ

(i + 2)(σ + 1)(σ + 2)
b
ϱ

− a
ϱ����
����
σ⎞⎠

1/q
⎤⎥⎥⎥⎥⎦.

(22)

Journal of Mathematics 7



Similarly,
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where we have used the fact that |1/i + 2 − xα/i + 1|≤ 1/i + 2
for all x ∈ [0, 1]. Using I5 and I6 in (21), we get the required
result. □
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In this article, the k-fractional-order integral and derivative operators including the k-hypergeometric function in the kernel are
used for the k-Wright function; the results are presented for the k-Wright function. Also, some of special cases related to fractional
calculus operators and k-Wright function are considered.

1. Introduction and Preliminaries

Fractional calculus was introduced in 1695, but in the last
two decades researchers have been able to use it properly on
the account of availability of computational resources. In
many areas of application of fractional calculus, the re-
searchers found significant applications in science and en-
gineering. In the literature, many applications of fractional
calculus are available in astrophysics, biosignal processing,
fluid dynamics, nonlinear control theory, stochastic dy-
namical system, and so on. Also, a number of researchers
[1–10] have studied in-depth level of properties,

applications, and various directions of extensions of Gauss
hypergeometric function of fractional integration.

Recently, in a series of research publications on gener-
alized classical fractional calculus operators, research by
Mubeen and Habibullah [11] has been published on the
integral part of the Riemann-Liouville version and its ap-
plications; an alternative definition for the k-Rie-
mann–Liouville fractional derivative was introduced by
Dorrego [12]. (e left- and right-hand operators of Saigo
k-fractional integration and differentiation associated with
the k-Gauss hypergeometric function defined by Gupta and
Parihar [13] (see also [14]) are as follows:

I
τ,δ,c

0+,k f􏼐 􏼑(x) �
x(− τ− δ)/k

kΓk(τ)
􏽚

x

0
(x − t)

(τ/k)− 1
2F1,k (τ + δ, k), (− c, k); (τ, k); 1 −

t

x
􏼒 􏼓􏼒 􏼓f(t)dt; R(τ)> 0, k> 0, (1)

I
τ,δ,c

− ,k f􏼐 􏼑(x) �
1

kΓk(τ)
􏽚
∞

x
(t − x)

(τ/k)− 1
t
(− τ− δ)/k

2F1,k (τ + δ, k), (− c, k); (τ, k); 1 −
x

t
􏼒 􏼓􏼒 􏼓f(t)dt; R(τ)> 0, k> 0, (2)

where 2F1,k((τ, k), (δ, k); (c, k); x) is the k-Gauss hyper-
geometric function defined by [11] for x ∈ C, |x|< 1,

R(c)>R(δ)> 0:
2F1,k((τ, k), (δ, k); (c, k); x) � 􏽘

∞

n�0

(τ)n,k(δ)n,kxn

(c)n,kn!
. (3)
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(e corresponding fractional differential operators have
their respective forms as

D
τ,δ,c

0+,k f􏼐 􏼑(x) �
d
dx

􏼠 􏼡

n

I
− τ+n,− δ− n,τ+c− n

0+,k f􏼐 􏼑(x); R(τ)>0, k>0; n �[R(τ) + 1]

D
τ,δ,c

0+,k f􏼐 􏼑(x) �
d
dx

􏼠 􏼡

n
x((τ+δ)/k)

kΓk(− τ + n)
􏽚

x

0
(x − t)

− (τ/k)+n− 1
× 2F1,k (− τ − δ, k), (− c − τ + n, k); (− τ + n, k); 1 −

t

x
􏼒 􏼓􏼒 􏼓f(t)dt,

(4)

D
τ,δ,c

− ,k f􏼐 􏼑(x) � −
d
dx

􏼠 􏼡

n

I
− τ+n,− δ− n,τ+c

− ,k f􏼐 􏼑(x); R(τ)>0, k>0; n �[R(τ) + 1]

D
τ,δ,c

− ,k f􏼐 􏼑(x) � −
d
dx

􏼠 􏼡

n 1
kΓk(− τ + n)

􏽚
∞

x
(t − x)

− ((τ+n)/k)− 1
t
(τ+δ)/k

× 2F1,k (− τ − δ, k), (− c − τ, k); (− τ + n, k); 1 −
x

t
􏼒 􏼓􏼒 􏼓f(t)dt,

(5)

where x> 0, τ ∈ C, R(τ)> 0, k> 0, and [R(τ)] is the integer
part of R(τ).

Remark 1. If we set k � 1 in equations (1), (2), (4), and (5),
operators reduce to Saigo’s fractional integral and derivative
operators stated in [5], respectively.

Now, we consider the following basic results for our
study.

Lemma 1 (see [13], pp. 497, Eq. 4.2). Let τ, δ, c,

ζ ∈ C,R(ζ)>max[0,R(δ − c)]; then,

I
τ,δ,c

0+,k
t
(ζ/k)− 1

􏼐 􏼑(x) � 􏽘
∞

n�0
k

n Γk(ζ)Γk(ζ − δ + c)

Γk(ζ − δ)Γk(ζ + τ + c)
x

((ζ− δ)/k)− 1
.

(6)

Lemma 2 (see [13], pp. 497, Eq. 4.3). Let τ, δ, c,

ζ ∈ C, R(τ)> 0, k ∈ R+(0,∞), and R(ζ)>max[R(− δ),

R(− c)]; then,

I
τ,δ,c

− ,k t
− (ζ/k)

􏼐 􏼑(x) � 􏽘

∞

n�0
k

n Γk(ζ + δ)Γk(ζ + c)

Γk(ζ)Γk(ζ + τ + δ + c)
x

(− ζ− δ)/k
.

(7)

Lemma 3 (see [13], pp. 500, Eq. 6.2). Let τ, δ, c, ζ ∈ C, n �

[R(τ)] + 1, k ∈ R+(0,∞) such that R(ζ)>max[0,

R(− τ − δ − c)]; then,

D
τ,δ,c

0+,k t
(ζ/k)− 1

􏼐 􏼑(x) � 􏽘

∞

n�0
k

n Γk(ζ)Γk(ζ + δ + c + τ)

Γk(ζ + c)Γk(ζ + δ + n − nk)
x

((ζ+δ+n)/k)− n− 1
.

(8)

Lemma 4 (see [13], pp. 500, Eq. 6.3). Let τ, δ, c, ζ ∈ C, and
n � [R(τ)] + 1, k ∈ R+, andR(ζ)>max[R(− τ − c),R(δ−

nk + n)]; then,

D
τ,δ,c

− ,k t
− (ζ/k)

􏼐 􏼑(x) � 􏽘
∞

n�0
k

nΓk(ζ − δ − n + nk)Γk(ζ + τ + c)

Γk(ζ)Γk(ζ − δ + c)
x

((− ζ+δ+n)/k)− n
.

(9)

Recently, Gehlot and Prajapati [15] studied the concept
of the generalized k-Wright function, which is presented in
the following definition, and its connection with other
special functions. It is the generalization of Mittag-Leffler
function and many other special functions (see also,
[16–21]). (ese special functions have found many impor-
tant applications in solving problems of physics, biology,
engineering, and applied sciences.

(e k-Wright function is defined for
k ∈ R+; x, ai, bj ∈ C,
εi, ςj ∈ R(εi, ςj ≠ 0; i � 1, 2, . . . , p; j � 1, 2, . . . , q), and (ai +

εin), (bj + ςjn) ∈ C\kz− as

pΨ
k

q
(x) � pΨ

k

q

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑;

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑;

x
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� pΨ
k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
x

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � 􏽘

∞

n�0

􏽑
p
i�1 Γk ai + εin( 􏼁

􏽑
q

j�1 Γk bj + ςjn􏼐 􏼑 (x)n/n!,

(10)

with the convergence conditions described as

􏽘

q

j�1

ςj

k
− 􏽘

p

i�1

εi

k
> − 1. (11)

Remark 2. When we put k � 1 in (10), the k-Wright
function reduces to Wright function which is stated in [22].

(e following relation of the k-Wright function in terms
of the generalized k-Mittag-Leffler function, k-Bessel
function, k-hypergeometric function, and Mittag-Leffler
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family function is defined as follows by giving the appro-
priate values of the parameters:

(1) For p � 1, q � 2, the generalized k-Mittag-Leffler
function from Gehlot [17] is

1Ψ
k
2(x) � 1Ψ

k
2

(ϑ,ωk);

(ς, ε), (ϑ, 0);
x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 􏽘
∞

n�0

(ϑ)nω,k

Γk(εn + ς)
xn

n!
� E

ϑ,ω
k,ε,ς(x),

(12)

Here, Dı́az and Pariguan [23] introduced the
k-Pochhammer symbol and k-gamma function as
follows:

(I)n,k �

Γk(I + nk)

Γk(I)
, k ∈ R, I ∈ C/ 0{ };

I(I + k) . . . (I +(n − 1)k), n ∈ N, I ∈ C,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(13)

and the relation with classical Euler’s gamma function
is as follows:

Γk(I) � k
(I/k)− 1Γ

I

k
􏼠 􏼡, (14)

where I ∈ C, k ∈ R, and n ∈ N. For more infor-
mation on the k-Pochhammer symbol, k-special
functions, and fractional Fourier transforms, refer to
Romero and Cerutti’s [24] articles.

(2) For p � 1, q � 2, the generalized k-Mittag-Leffler
function from Dorrego and Cerutti [16] is

1Ψ
k
2(x) � 1Ψ

k
2

(ϑ, k);

(ς, ε), (ϑ, 0);
x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 􏽘
∞

n�0

(ϑ)n,k

Γk(εn + ς)
xn

n!
� E

ϑ
k,ε,ς(x).

(15)

(3) For p � 1, q � 3, the k-Bessel function of the first
kind from Cerutti [25] is

1Ψ
k
3(x) � 1Ψ

k
3

(ϑ, k);

(ς + 1, ε), (ϑ, 0)(k, k);

− xk

2
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 􏽘

∞

n�0

(− 1)n(ϑ)n,k

Γk(εn + ς + 1)

(x/2)n

(n!)2
� J

ϑ,ε
k,ς(x).

(16)

(4) For p � 3, q � 3, the k-hypergeometric function with
three parameters from Mubeen et al. [26] is

3Ψ
k
3(x) � 3Ψ

k
3

(ϑ, k), (φ, k), (ς, 0);

(ς, k), (ϑ, 0)(φ, 0);
x⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

� 􏽘
∞

n�0

(ϑ)n,k(φ)n,kxn

(ς)n,kn!
� 2F1,k((ϑ, k), (φ, k); (ς, k); x).

(17)

(5) For k � 1, p � 1, q � 2, the generalizedMittag-Leffler
function from Shukla and Prajapati [20] is

1Ψ
1
2(x) � 1Ψ

1
2

(ϑ,ω);

(ς, ε), (ϑ, 0);
x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 􏽘
∞

n�0

(ϑ)nω

Γ(εn + ς)
xn

n!
� E

ϑ,ω
ε,ς (x).

(18)

(6) For k � 1, p � 1, q � 2, the generalizedMittag-Leffler
function from Prabhakar [19] is

1Ψ
1
2(x) � 1Ψ

1
2

(ϑ, 1);

(ς, ε), (ϑ, 0);

x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 􏽘

∞

n�0

(ϑ)n

Γ(εn + ς)
xn

n!
� E

ϑ
ε,ς(x).

(19)

(7) For k � 1, p � 1, and q � 2, the Mittag-Leffler
function from Wiman [21] is

1Ψ
1
1(x) � 1Ψ

1
1

(1, 1);

(ς, ε);
x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ � 􏽘

∞

n�0

1
Γ(εn + ς)

xn

n!
� Eε,ς(x).

(20)

(8) For k � 1, p � 1, and q � 2, the Mittag-Leffler
function from Mittag-Leffler [18] is

1Ψ
1
1(x) � 1Ψ

1
1

(1, 1);

(1, ε);
x⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ � 􏽘

∞

n�0

1
Γ(εn + 1)

xn

n!
� Eε(x).

(21)

2. Saigo k-Fractional Integration in terms of
k-Wright Function

In this section, we present the composition formulas of
k-fractional integrals (1) and (2), involving the k-Wright
function.

Theorem 1. Let τ, δ, c, ∈ C; k ∈ R+, c, εi, ςj ∈ R(εi, ςj ≠
0; i � 1, 2, . . . , p; j � 1, 2, . . . , q), and v> 0 such thatR(τ)>
0, R(ζ)>max[0,R(δ − c)], andR(ζ + c − δ)> 0. If con-
dition (11) is satisfied and I

τ,δ,c

0+,k be the left-sided integral
operator of the generalized k-fractional integration associated
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with k-Wright function, then the following equation holds
true:

I
τ,δ,c

0+,k t(ζ/k)− 1
pΨ

k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ctv/k⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎝ ⎞⎟⎠(x)

� x
(ζ− δ/k)− 1

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ, v), (ζ + c − δ, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ − δ, v), (ζ + τ + c, v);
kcx

v/k⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(22)

Proof. We indicate the R.H.S. of equation (22) by I1, and
invoking equation (10), we obtain

I1 � I
τ,δ,c

0+,k t
(ζ/k)− 1

􏽘

∞

n�0

􏽑
p

i�1Γk ai + εin( 􏼁

􏽑
q

j�1Γk bj + ςjn􏼐 􏼑

ct(v/k)( 􏼁
n

n!
⎛⎝ ⎞⎠(x)

� 􏽘
∞

n�0

􏽑
p

i�1Γk ai + εin( 􏼁

􏽑
q

j�1 Γk bj + ςjn􏼐 􏼑

cn

n!
I
τ,δ,c

0+,k t
(ζ+vn)/k

􏼐 􏼑(x).

(23)

Now applying equation (6), we get

I1 � x
((ζ− δ)/k)− 1

􏽘

∞

n�0

􏽑
p
i�1 Γk ai + εin( 􏼁Γk(ζ + vn)Γk(ζ + c − δ + vn)

􏽑
q
j�1 Γk bj + ςjn􏼐 􏼑Γk(ζ − δ + vn)Γk(ζ + τ + c + vn)

kcxv/k( 􏼁
n

n!
.

(24)

Now, interpreting definition (10) on the aforementioned
equation, we arrive at the desired result (22). □

Theorem 2. Let τ, δ, c, ∈ C; k ∈ R+, c, εi, ςj ∈ R(εi, ςj ≠ 0;

i � 1, 2, . . . , p; j � 1, 2, . . . , q), and v> 0 such that R(τ)> 0

and R(ζ + τ)>max[− R(δ), − R(c)], with R(δ)≠R(c). If
condition (11) is satisfied and I

τ,δ,c

− ,k be the right-sided integral
operator of the generalized k-fractional integration associated
with k-Wright function, then the following equation holds
true:

I
τ,δ,c

− ,k t
(− τ− ζ)/k

pΨ
k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

(− v/k)⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎝ ⎞⎟⎠(x)

� x
(− τ− ζ− δ)/k

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑(τ + ζ + δ, v), (τ + ζ + c, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (τ + ζ, v), (2τ + ζ + δ + c, v);
kcx

(− v/k)⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(25)

Proof. (e finding is similar to that of (eorem 1. So, we
omit the details. □

Corollary 1. By assuming k � 1 in (22) and (25), the result
becomes

I
τ,δ,c
0+ t

ζ− 1
pΨq

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

v⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠(x)

� x
ζ− δ− 1

p+2Ψq+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ, v), (ζ + c − δ, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ − δ, v), (ζ + τ + c, v);
cx

v⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦,

(26)
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and

I
τ,δ,c
− t

− τ− ζ
pΨq

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

− v⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠(x)

� x
− τ− ζ− δ

p+2Ψq+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑(τ + ζ + δ, v), (τ + ζ + c, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (τ + ζ, v), (2τ + ζ + δ + c, v);
cx

− v⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦.

(27)

3. Saigo k-Fractional Differentiation in terms of
k-Wright Function

In this section, we present the composition formulas of
k-fractional derivatives (4) and (5), involving the k-Wright
function.

Theorem 3. Let τ, δ, c ∈ C; k ∈ R+, c, εi, ςj ∈ R(εi, ςj ≠ 0;

i � 1, 2, . . . , p; j � 1, 2, . . . , q), and v> 0 such that R(τ)> 0,
R(ζ)>max[0,R(− τ − δ − c)], R(ζ + c + δ)> 0. If condi-
tion (11) is satisfied and D

τ,δ,c

0+,k be the left-sided differential
operator of the generalized k-fractional differentiation asso-
ciated with k-Wright function, then the following equation
holds true:

D
τ,δ,c

0+,k t
(ζ/k)− 1

pΨ
k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

v/k⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠(x)

� x
((ζ+δ)/k)− 1

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ, v), (ζ + δ + c + τ, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ + c, v), (ζ + δ, 1 − k + v);
cx

((v+1)/k)− 1⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦.

(28)

Proof. For simplicity, let I2 denote the left side of (28). Using
definition (10), we obtain

I2 � 􏽘
∞

n�0

􏽑
p
i�1Γk ai + εin( 􏼁

􏽑
q
j�1Γk bj + ςjn􏼐 􏼑

cn

n!
D

τ,δ,c

0+,k t
((ζ+vn)/k)− 1

􏼐 􏼑(x). (29)

Now, applying equation (8), we obtain

I2 � x
((ζ+δ)/k)− 1

􏽘

∞

n�0

􏽑
p
i�1Γk ai + εin( 􏼁Γk(ζ + vn)Γk(ζ + δ + c + τ + vn)

􏽑
q
j�1Γk bj + ςjn􏼐 􏼑Γk(ζ + c + vn)Γk(ζ + δ + n − nk + vn)n!

cx
((v+1)/k)− 1

􏼐 􏼑
n
. (30)

In accordance with (10), the required result is (28). (is
completes the proof of (eorem 3. □

Theorem 4. Let τ, δ, c, ∈ C; k ∈ R+, c, εi, ςj ∈ R(εi, ςj ≠ 0;

i � 1, 2, . . . , p; j � 1, 2, . . . , q), and v> 0 such that R(τ)> 0,

R(ζ)>max[R(τ + δ) + n − R(c)], R(τ + δ − c) + n≠ 0,
where n � [R(τ) + 1]. If condition (11) is satisfied and D

τ,δ,c

− ,k

be the right-sided differential operator of the generalized
k-fractional differentiation associated with k-Wright func-
tion, then thefollowing equation holds true:

D
τ,δ,c

− ,k t
(τ− ζ)/k

pΨ
k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

(− v/k)⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎝ ⎞⎟⎠(x)

� x
(τ− ζ+δ)/k

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ − τ − δ, v + k − 1), (ζ + c, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ − τ, v), (ζ − τ − δ + c, v);
cx

((− v+1)/k)− 1⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦.

(31)
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Proof. (e proof is parallel to that of (eorem 3. (erefore,
we omit the details. □

Corollary 2. By letting k � 1 in (28) and (31), the equation
becomes

D
τ,δ,c
0+ t

ζ− 1
pΨ

k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

v⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎝ ⎞⎟⎠(x)

� x
ζ+δ− 1

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ, v), (ζ + δ + c + τ, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ + c, v), (ζ + δ, v);
cx

v⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(32)

D
τ,δ,c
− t

τ− ζ
pΨ

k

q

ai, εi( 􏼁1,p;

bj, ςj􏼐 􏼑1,q
;
ct

− v⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
⎛⎜⎝ ⎞⎟⎠(x)

� x
τ− ζ+δ

p+2Ψ
k

q+2

a1, ε1( 􏼁, . . . , ap, εp􏼐 􏼑, (ζ − τ − δ, v), (ζ + c, v);

b1, ς1( 􏼁, . . . , bq, ςq􏼐 􏼑, (ζ − τ, v), (ζ − τ − δ + c, v);
cx

− v⎡⎢⎢⎣ ⎤⎥⎥⎦.

(33)

4. Special Cases and Concluding Remarks

Being very general, the results given in (22), (25), (28), and
(31) can yield a wide number of special cases by assigning
some appropriate values to the parameters involved. Now, as
shown in the following, we are explaining a few corollaries.

Corollary 3. If we put p � 1 and q � 2 in =eorems 1 and 2,
then we get the following interesting results on the right known
as k-Mittag-Leffler function:

I
τ,δ,c

0+,k t
(ζ/k)− 1

E
ϑ,ω
k,ε,ς ct

v/k
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
((ζ− δ)/k)− 1

3Ψ
k
4

(ϑ,ωk), (ζ , v), (ζ + c − δ, v);

(ς, ε), (ϑ, 0), (ζ − δ, v), (ζ + τ + c, v);

kcx
v/k⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(34)

and

I
τ,δ,c

− ,k t
(− τ− ζ)/k

E
ϑ,ω
k,ε,ς ct

(− v/k)
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
(− τ− ζ− δ)/k

3Ψ
k
4

(ϑ,ωk), (τ + ζ + δ, v), (τ + ζ + c, v);

(ς, ε), (ϑ, 0), (τ + ζ, v), (2τ + ζ + δ + c, v);
kcx

(− v/k)
􏼢 􏼣.

(35)

Corollary 4. If we put p � 1 and q � 3 in =eorems 1 and 2,
then we get the following interesting results on the right known
as k-Bessel function of the first kind:

I
τ,δ,c

0+,k t
(ζ/k)− 1

J
ϑ,ε
k,ς ct

v/k
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
((ζ− δ)/k)− 1

3Ψ
k
5

(ϑ, k), (ζ, v), (ζ + c − δ, v);

(ς + 1, ε), (ϑ, 0), (ζ − δ, v), (ζ + τ + c, v), (k, k);

− ck2xv/k

2
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(36)

and

I
τ,δ,c

− ,k t
(− τ− ζ)/k

J
ϑ,ε
k,ς ct

(− v/k)
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
(− τ− ζ− δ)/k

3Ψ
k
5

(ϑ, k), (τ + ζ + δ, v), (τ + ζ + c, v);

(ς + 1, ε), (ϑ, 0), (τ + ζ, v), (2τ + ζ + δ + c, v), (k, k);

− ck2x(− v/k)

2
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦.

(37)
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Corollary 5. If we put p � 3 and q � 3 in =eorems 1 and 2,
then we get the following results on the right known as
k-hypergeomrtric function:

I
τ,δ,c

0+,k t
(ζ/k)− 1

2F1,k (ϑ, k), (φ, k); (ς, k); ct
v/k

􏼐 􏼑􏽮 􏽯􏼐 􏼑(x)

� x
((ζ− δ)/k)− 1

5Ψ
k
5

(ϑ, k), (φ, k), (ς, 0), (ζ, v), (ζ + c − δ, v);

(ς, k), (φ, 0), (ϑ, 0), (ζ − δ, v), (ζ + τ + c, v);
kcx

v/k
􏼢 􏼣,

(38)

I
τ,δ,c

− ,k t
(− τ− ζ)/k

2F1,k (ϑ, k), (φ, k); (ς, k); ct
(− v/k)

􏼐 􏼑􏽮 􏽯􏼐 􏼑(x)

� x
(− τ− ζ− δ)/k

5Ψ
k
5

(ϑ, k), (φ, k), (ς, 0), (τ + ζ + δ, v), (τ + ζ + c, v);

(ς, k), (φ, 0), (ϑ, 0), (τ + ζ, v), (2τ + ζ + δ + c, v);
kcx

(− v/k)
􏼢 􏼣.

(39)

Corollary 6. If we put p � 1 and q � 2 in =eorems 3 and 4,
then we get the following results on the right known as
k-Mittag-Leffler function:

D
τ,δ,c

0+,k t
(ζ/k)− 1

E
ϑ,ω
k,ε,ς ct

v/k
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
((ζ+δ)/k)− 1

3Ψ
k
4

(ϑ,ωk), (ζ, v), (ζ + δ + c + τ, v);

(ς, ε), (ϑ, 0), (ζ + c, v), (ζ + δ, 1 − k + v);
cx

((v+1)/k)− 1
􏼢 􏼣,

(40)

D
τ,δ,c

− ,k t
(τ− ζ)/k

E
ϑ,ω
k,ε,ς ct

(− v/k)
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
(τ− ζ+δ)/k

3Ψ
k
4

(ϑ,ωk), (ζ − τ − δ, v + k − 1), (ζ + c, v);

(ς, ε), (ϑ, 0), (ζ − τ, v), (ζ − τ − δ + c, v);
cx

((− v+1)/k)− 1
􏼢 􏼣.

(41)

Corollary 7. If we put p � 1 and q � 3 in =eorems 3 and 4,
then we get the following results on the right known as k-Bessel
function of the first kind:

D
τ,δ,c

0+,k t
(ζ/k)− 1

J
ϑ,ε
k,ς ct

v/k
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
((ζ+δ)/k)− 1

3Ψ
k
5

(ϑ, k), (ζ, v), (ζ + δ + c + τ, v);

(ς + 1, ε), (ϑ, 0), (ζ + c, v), (ζ + δ, 1 − k + v), (k, k);

− ckx((v+1)/k)− 1

2
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(42)

D
τ,δ,c

− ,k t
(τ− ζ)/k

J
ϑ,ε
k,ς ct

(− v/k)
􏽨 􏽩􏽮 􏽯􏼐 􏼑(x)

� x
(τ− ζ+δ)/k

3Ψ
k
5

(ϑ, k), (ζ − τ − δ, v + k − 1), (ζ + c, v);

(ς + 1, ε), (ϑ, 0), (ζ − τ, v), (ζ − τ − δ + c, v), (k, k);

− ckx((− v+1)/k)− 1

2
􏼢 􏼣.

(43)
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Corollary 8. If we put p � 3 and q � 3 in =eorems 3 and 4,
then we get the following results on the right known as
k-hypergeomrtric function:

D
τ,δ,c

0+,k t
(ζ/k)− 1

2F1,k (ϑ, k), (φ, k); (ς, k); ct
v/k

􏼐 􏼑􏽮 􏽯􏼐 􏼑(x)

� x
((ζ+δ)/k)− 1

5Ψ
k
5

(ϑ, k), (φ, k), (ς, 0), (ζ, v), (ζ + δ + c + τ, v);

(ς, k), (ϑ, 0), (φ, 0), (ζ + c, v), (ζ + δ, 1 − k + v);
cx

((v+1)/k)− 1
􏼢 􏼣.

(44)

D
τ,δ,c

− ,k t
((τ− ζ)/k)

2F1,k (ϑ, k), (φ, k); (ς, k); ct
(− v/k)

􏼐 􏼑􏽮 􏽯􏼐 􏼑(x)

� x
(τ− ζ+δ)/k

5Ψ
k
5

(ϑ, k), (φ, k), (ς, 0)(ζ − τ − δ, v + k − 1), (ζ + c, v);

(ς, k), (ϑ, 0), (φ, 0), (ζ − τ, v), (ζ − τ − δ + c, v);
cx

((− v+1)/k)− 1
􏼢 􏼣.

(45)

(e advantage of the generalized k-fractional calculus
operators, which are also called by many authors as the
general operator, is that they generalize Saigo’s fractional
calculus operators and classical Riemann–Liouville (R-L)
operators. For k⟶ 1, operators (1), (2), (4), and (5) reduce
to Saigo’s [5] fractional integral and differentiation opera-
tors. If we take δ � − τ, (1), (2), (4), and (5) reduce the
operators to k-Riemann–Liouville as follows:

I
τ,− τ,c

0+,k f􏼐 􏼑(x) � I
τ
0+,kf􏼐 􏼑(x),

I
τ,− τ,c

− ,k f􏼐 􏼑(x) � I
τ
− ,kf􏼐 􏼑(x),

D
τ,− τ,c

0+,k f􏼐 􏼑(x) � D
τ
0+,kf􏼐 􏼑(x),

D
τ,− τ,c

− ,k f􏼐 􏼑(x) � D
τ
− ,kf􏼐 􏼑(x).

(46)

Due to the most general character of the k-Wright
function, numerous other interesting special cases from (22),
(25), (28), and (31) can be given in the form of k-Struve
function, k-Wright-type function, and many more, but due
to lack of space, they are not represented here.
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In this paper, we study a coupled system involving Hilfer fractional derivatives with nonlocal integral boundary conditions.
Existence and uniqueness results are obtained by applying Leray-Schauder alternative, Krasnoselskii’s fixed point theorem, and
Banach’s contraction mapping principle. Examples illustrating our results are also presented.

1. Introduction

+e theory of fractional differential equations has been
widely used in pure mathematics and applications in the
fields of physics, biology, and engineering. +ere are many
interesting results for qualitative analysis and applications.
We refer the interested reader, in fractional calculus, to the
classical reference texts such as [1–7]. In the literature, there
exist several different definitions of fractional integrals and
derivatives, and the most popular of them are Rie-
mann–Liouville, Caputo, and other less-known such as
Hadamard fractional derivative and the Erdeyl–Kober
fractional derivative. A generalization of derivatives of both
Riemann–Liouville and Caputo was given by Hilfer in [8] as

H
D

α,β
u(t) � I

β(n− α)
D

n
I

(1− β)(n− α)
u(t), (1)

where n − 1< α< n, 0≤ β≤ 1, t> a≥ 0, and Dn � (dn/dtn).
He named it as generalized fractional derivative of order

α and a type β. Many authors call it the Hilfer fractional
derivative. We notice that when β � 0, the Hilfer fractional

derivative corresponds to the Riemann–Liouville fractional
derivative:

H
D

α,0
u(t) � D

n
I

n− α
u(t). (2)

When β � 1, the Hilfer fractional derivative corresponds
to the Caputo fractional derivative:

H
D

α,1
u(t) � I

n− α
D

n
u(t). (3)

Such derivative interpolates between the Rie-
mann–Liouville and Caputo derivative. Some properties and
applications of the Hilfer derivative are given in [9, 10] and
the references cited therein.

Initial value problems involving Hilfer fractional de-
rivatives were studied by several authors, see, for example
[11–16] and references therein. Nonlocal boundary value
problems for Hilfer fractional derivative were studied in
[17].

To the best of our knowledge, there is no work carried
out on systems of boundary value problems with Hilfer
fractional derivative in the literature. +is paper come to fill
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this gap. +us, the objective of the present work is to in-
troduce a new class of coupled systems of Hilfer-type
fractional differential equations with nonlocal integral
boundary conditions and develop the existence and
uniqueness of solutions. In precise terms, we consider the
following coupled system:

HDα,βx(t) � f(t, x(t), y(t)), t ∈ [a, b],

HDα1 ,β1y(t) � g(t, x(t), y(t)), t ∈ [a, b],

x(a) � 0, x(b) � 􏽐
m

i�1
θiI

φi y ξi( 􏼁,

y(a) � 0, y(b) � 􏽐
n

j�1
ζjI

ψj x zj􏼐 􏼑,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

where HDα,β and HDα1 ,β1 are the Hilfer fractional derivatives
of orders α and α1, 1< α, α1 < 2, and parameters β and β1,
respectively, 0≤ β, β1 ≤ 1, and Iφi , Iψj are the Rie-
mann–Liouville fractional integrals of order φi > 0 and
ψj > 0, respectively, the points ξi, zj ∈ [a, b], a≥ 0,
f, g: [a, b] × R × R⟶ R are continuous functions and θi,
ζj ∈ R, i � 1, 2, . . . , m, j � 1, 2, . . . , n are given real
constants.

+e paper is organized as follows. We present our main
results in Section 3, by applying Leray–Schauder alternative,
Krasnoselskii’s fixed point theorem, and Banach’s con-
traction mapping principle, while Section 2 contains some
preliminary concepts related to our problem. Examples are
constructed to illustrate the main results.

2. Preliminaries

In this section, we introduce some notations and definitions
of fractional calculus and present preliminary results needed
in our proofs later [2, 5].

Definition 1. +e Riemann–Liouville fractional integral of
order α> 0 of a continuous function u: [a,∞)⟶ R is
defined by

I
α
u(t) �

1
Γ(α)

􏽚
t

a
(t − s)

α− 1
u(s)ds, (5)

provided the right-hand side exists on (a,∞).

Definition 2. +e Riemann–Liouville fractional derivative of
order α> 0 of a continuous function is defined by

RL
D

α
u(t) ≔ D

n
I

n− α
u(t) �

1
Γ(n − α)

d
dt

􏼠 􏼡

n

􏽚
t

a
(t − s)

n− α− 1
u(s)ds,

(6)

where n � [α] + 1, [α] denotes the integer part of real
number α, provided the right-hand side is pointwise defined
on (a,∞).

Definition 3. +e Caputo fractional derivative of order α> 0
of a continuous function is defined by

C
D

α
u(t) ≔ I

n− α
D

n
u(t) �

1
Γ(n − α)

􏽚
t

a
(t − s)

n− α− 1 d
ds

􏼠 􏼡

n

· u(s)ds, n − 1< α< n,

(7)

provided the right-hand side is pointwise defined on (a,∞).

Lemma 1 (see [18]). If g ∈ Cn[a, b], n − 1< α< n, and
0≤ β≤ 1, then

(1) IαHDα,βg(t) � g(t) − 􏽐
n
k�1((t − a)c− k/Γ(c − k + 1))

(d/dt)n− kI(1− β)(n− α)g(a)

(2) HD
α,β

Iαg(t) � g(t)

&e following lemma deals with a linear variant of
problem (4).

Lemma 2. Let φi, ψj > 0, ξi, zj ∈ [a, b], a≥ 0, θi, ζj ∈ R,
i � 1, 2, . . . , m, j � 1, 2, . . . , n, 1< α, α1 < 2, 0≤ β, β1 ≤ 1,
c � α + 2β − αβ, c1 � α1 + 2β1 − α1β1, h, h1 ∈ C([a, b],R),
and

Λ �
(b − a)c+c1− 2

Γ(c)Γ c1( 􏼁
− 􏽘

m

i�1
θi

ξi − a( 􏼁
c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠

· 􏽘
n

j�1
ζj

zj − a􏼐 􏼑
c+ψj− 1

Γ c + ψj􏼐 􏼑
⎛⎝ ⎞⎠≠ 0.

(8)

+en, the system

HDα,βx(t) � h(t), t ∈ [a, b],

HDα1 ,β1y(t) � h1(t), t ∈ [a, b],

x(a) � 0,

x(b) � 􏽐
m

i�1
θiI

φi y ξi( 􏼁,

y(a) � 0,

y(b) � 􏽐
n

j�1
ζjI

ψj x zj􏼐 􏼑,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(9)

is equivalent to the following integral equations:
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x(t) � I
α
h(t) +

(t − a)c− 1

ΛΓ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θiI

α1+φi h1 ξi( 􏼁 − I
α
h(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

ξi − a( 􏼁
c1+φi− 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζjI

α+ψj h zj􏼐 􏼑 − I
α1h1(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

(10)

y(t) � I
α1h1(t) +

(t − a)c1− 1

ΛΓ c1( 􏼁

(b − a)c− 1

Γ(c)
􏽘

n

j�1
ζjI

α+ψj h zj􏼐 􏼑 − I
α1h1(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
n

j�1
ζj

zj − a􏼐 􏼑
c+ψj− 1

Γ c + ψj􏼐 􏼑
⎛⎝ ⎞⎠ 􏽘

m

i�1
θiI

α1+φi h1 ξi( 􏼁 − I
α
h(b)⎛⎝ ⎞⎠⎤⎥⎥⎥⎦.

(11)

Proof. Operating fractional integral Iα on both sides of the
first equation in (9) and using Lemma 1, we obtain

x(t) − 􏽘
2

k�1

(t − a)c− k

Γ(c − k + 1)

d
dt

􏼠 􏼡

2− k

I
(1− β)(2− α)

x(a) � I
α
h(t).

(12)

+en, we have, since (1 − β)(2 − α) � 2 − c,

x(t) �
(t − a)c− 1

Γ(c)

d

dt
􏼠 􏼡I

2− c
x(t)|t�a +

(t − a)c− 2

Γ(c − 1)
I
2− c

x(t)|t�a

+ I
α
h(t)

�
(t − a)c− 1

Γ(c)

H
D

c− 1,β
x(t)|t�a +

(t − a)c− 2

Γ(c − 1)
I
2− c

x(t)|t�a

+ I
α
h(t).

(13)

+en,

x(t) �
c1

Γ(c)
(t − a)

c− 1
+

c2

Γ(c − 1)
(t − a)

c− 2
+ I

α
h(t),

(14)

where

c1 �
H

D
c− 1,β

x(t)|t�a,

c2 � I
2− c

x(t)|t�a.
(15)

By a similar way, we obtain

y(t) �
d1

Γ c1( 􏼁
(t − a)

c1− 1
+

d2

Γ c1 − 1( 􏼁
(t − a)

c1− 2
+ I

α1h1(t).

(16)

By setting

d1�
H

D
c1− 1,β

y(t)|t�a,

d2 � I
2− c

y(t)|t�a,
(17)

from the boundary conditions x(a) � 0 and y(a) � 0, we
obtain c2 � 0 and d2 � 0. +en, we obtain

x(t) �
c1

Γ(c)
(t − a)

c− 1
+ I

α
h(t),

y(t) �
d1

Γ c1( 􏼁
(t − a)

c1− 1
+ I

α1h1(t),

(18)

􏽘

m

i�1
θiI

φi y ξi( 􏼁 � d1 􏽘

m

i�1

θi ξi − a( 􏼁
c1+φi − 1

Γ c1 + φi( 􏼁
+ 􏽘

m

i�1
θiI

α1+φi h1 ξi( 􏼁,

􏽘

n

j�1
ζ iI

ψi x zj􏼐 􏼑 � c1 􏽘

n

j�1

ζj zj − a􏼐 􏼑
c+ψj − 1

Γ c + ψj􏼐 􏼑
+ 􏽘

n

j�1
ζjI

α+ψj h zj􏼐 􏼑.

(19)

From x(b) � 􏽐
m
i�1 θiI

φi y(ξi) and y(b) � 􏽐
n
j�1 ζjI

ψj

x(zj), we have

c1 �
1
Λ

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θiI

α1+φi h1 ξi( 􏼁 − I
α
h(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

ξi − a( 􏼁
c1+φi− 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζjI

α+ψj h zj􏼐 􏼑 − I
α1h1(b)⎛⎝ ⎞⎠⎤⎥⎥⎦,

d1 �
1
Λ

(b − a)c− 1

Γ(c)
􏽘

n

j�1
ζjI

α+ψj h zj􏼐 􏼑 − I
α1h1(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
n

j�1
ζj

zj − a􏼐 􏼑
c+ψj − 1

Γ c + ψj􏼐 􏼑
⎛⎝ ⎞⎠ 􏽘

m

i�1
θiI

α1+φi h1 ξi( 􏼁 − I
α
h(b)⎛⎝ ⎞⎠⎤⎥⎥⎥⎦.

(20)

Substituting the values of c1 and d1 in (18), we obtain
solutions (10) and (11). +e converse follows by direct
computation. +is completes the proof.

3. Main Results

Let C � C([a, b],R), a≥ 0, denote the Banach space of all
continuous functions from [a, b] to R. +e space
X � x: x(t) ∈ C2([a, b],R)􏼈 􏼉 endowed with the norm ‖x‖ �

sup |x(t)|, t ∈ [a, b]{ } is a Banach space. Let
Y � y: |y(t)| ∈ C2([a, b],R)􏼈 􏼉 with the norm
‖y‖ � sup |y(t)|, t ∈ [a, b]􏼈 􏼉. It is obvious that the product
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space (X × Y, ‖(x, y)‖) is Banach space with the norm
‖(x, y)‖ � ‖x‖ + ‖y‖.

In view of Lemma 2, we define two operators K: X ×

Y⟶ X × Y by

K(x, y)(t) �
K1(x, y)(t)

K2(x, y)(t)
􏼠 􏼡, (21)

where

K1(x, y)(t) � I
α
fx,y(t) +

(t − a)c− 1

ΛΓ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θiI

α1+φi gx,y ξi( 􏼁 − I
α
fx,y(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘

m

i�1
θi

ξi − a( 􏼁
c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζjI

α+ψj fx,y zj􏼐 􏼑 − I
α1gx,y(b)⎛⎝ ⎞⎠⎤⎥⎥⎦,

K2(x, y)(t) � I
α1gx,y(t) +

(t − a)c− 1

ΛΓ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

n

j�1
ζjI

α+ψj fx,y zj􏼐 􏼑 − I
α1gx,y(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
n

j�1
ζj

zj − a􏼐 􏼑
c+ψj − 1

Γ c + ψj􏼐 􏼑
⎛⎝ ⎞⎠ 􏽘

m

i�1
θiI

α1+φi gx,y ξi( 􏼁 − I
α
fx,y(b)⎛⎝ ⎞⎠⎤⎥⎥⎦,

(22)

where

fx,y(t) � f(t, x(t), y(t)),

gx,y(t) � g(t, x(t), y(t)), t ∈ [a, b].
(23)

For computational convenience, we set

M1 �
(b − a)α

Γ(α+1)
+

(b − a)c− 1

|Λ|Γ(c)

(b − a)c1+α− 1

Γ c1( 􏼁Γ(α+1)
􏼢

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 +φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

α+ψj

Γ α+ψj +1􏼐 􏼑
⎛⎝ ⎞⎠⎤⎥⎥⎦,

(24)

M2 �
(b − a)c− 1

|Λ|Γ(c)

(b − a)c− 1

Γ c1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξi − a( 􏼁
α1+φi

Γ α1 +φi +1( 􏼁
⎛⎝ ⎞⎠⎡⎢⎢⎣

+
(b − a)α1

Γ α1 +1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 +φi( 􏼁
⎛⎝ ⎞⎠⎤⎥⎥⎦,

(25)

M3 �
(b − a)c− 1

|Λ|Γ c1( 􏼁

(b − a)c− 1

Γ(c)
􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

α+ψj

Γ α+ψj +1􏼐 􏼑
⎛⎝ ⎞⎠⎡⎢⎢⎣

+
(b − a)α

Γ α1 +1( 􏼁
􏽘

m

i�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

c+ψj− 1

Γ c +ψj􏼐 􏼑
⎛⎝ ⎞⎠⎤⎥⎥⎥⎦,

(26)

M4 �
(b − a)α1

Γ α1 +1( 􏼁
+

(b − a)c1− 1

|Λ|Γ c1( 􏼁

(b − a)c+α1− 1

Γ(c)Γ α1 +1( 􏼁
􏼢

+ 􏽘
n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

c+ψj − 1

Γ c +ψj􏼐 􏼑
⎛⎝ ⎞⎠ 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξi − a( 􏼁
α1+φi

Γ α1 +φi +1( 􏼁
⎛⎝ ⎞⎠⎤⎥⎥⎥⎦.

(27)

Banach’s contraction mapping principle is applied in the
first result to prove existence and uniqueness of solutions of
system (4).

Theorem 1. Suppose that f, g: [a, b] × R × R⟶ R are
continuous functions. In addition, we assume that

(H1) &ere exist constants ℓi, ni, i � 1, 2, such that, for all
t ∈ [a, b] and xi, yi ∈ R, i � 1, 2,

f t, x1, y1( 􏼁 − f t, x2, y2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ l1 x1 − x2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 + l2 y1 − y2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

(28)

g t, x1, y1( 􏼁 − g t, x2, y2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ n1 x1 − x2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 + n2 y1 − y2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌.

(29)

+en, system (4) has a unique solution on [a, b], if

M1 + M3( 􏼁 ℓ1 + ℓ2( 􏼁 + M2 + M4( 􏼁 n1 + n2( 􏼁< 1. (30)

Proof. Define supt∈[a,b]f(t, 0, 0) � N1 <∞ and
supt∈[a,b]g(t, 0, 0) � N2 <∞ such that

r>
M1 + M3( 􏼁N1 + M2 + M4( 􏼁N2

1 − M1 + M3( 􏼁 ℓ1 + ℓ2( 􏼁 + M2 + M4( 􏼁 n1 + n2( 􏼁􏼂 􏼃
.

(31)

Now, we will show that the set KBr ⊂ Br, where
Br � (x, y) ∈ X × Y: ‖(x, y)‖≤ r􏼈 􏼉. For any (x, y) ∈ Br,
t ∈ [a, b], we find that

|f(t, x(t), y(t))| � |f(t, x(t), y(t)) − f(t, 0, 0) + f(t, 0, 0)|

≤ |f(t, x(t), y(t)) − f(t, 0, 0)| +|f(t, 0, 0)|

≤ ℓ1‖x‖ + ℓ2‖y‖ + N1,

|g(t, x(t), y(t))| ≤ n1‖x‖ + n2‖y‖ + N2.

(32)
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For (x, y) ∈ Br, we have

K1(x, y)(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤ I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b) +
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 ξi( 􏼁 + I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 zj􏼐 􏼑 + I
α1 gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤ I
α

fx,y − f0,0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 + f0,0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼒 􏼓(b) +
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏼢

× 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi gx,y − g0,0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 + g0,0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼒 􏼓 ξi( 􏼁 + I
α

fx,y − f0,0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓 + f0,0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠

+ 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi− 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj fx,y − f0,0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 + f0,0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼒 􏼓 zj􏼐 􏼑⎛⎝

+ I
α1 gx,y − g0,0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓 + g0,0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌(b)􏼓􏼣

≤ I
α ℓ1‖x‖ + ℓ2‖y‖ + N1( 􏼁(b) +

(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏼢

× 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi n1‖x‖ + n2‖y‖ + N2( 􏼁 ξi( 􏼁 + I

α ℓ1‖x‖ + ℓ2‖y‖ + N1( 􏼁(b)⎛⎝ ⎞⎠

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi− 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj ℓ1‖x‖ + ℓ2‖y‖ + N1( 􏼁 zj􏼐 􏼑⎛⎝

+ I
α1 n1‖x‖ + n2‖y‖ + N2( 􏼁(b)􏼁􏼣

≤M1 ℓ1‖x‖ + ℓ2‖y‖ + N1( 􏼁 + M2 n1‖x‖ + n2‖y‖ + N2( 􏼁

� M1ℓ1 + M2n1( 􏼁‖x‖ + M1ℓ2 + M2n2( 􏼁‖y‖ + M1N1 + M2N2

≤ M1 ℓ1 + ℓ2( 􏼁 + M2 n1 + n2( 􏼁􏼂 􏼃r + M1N1 + M2N2.

(33)

Hence,

K1(x, y)
����

����≤ M1 ℓ1 + ℓ2( 􏼁 + M2 n1 + n2( 􏼁􏼂 􏼃r + M1N1

+ M2N2.

(34)

Similarly, we have

K2(x, y)(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤M3 ℓ1‖x‖ + ℓ2‖y‖ + N1( 􏼁 + M4

· n1‖x‖ + n2‖y‖ + N2( 􏼁,
(35)

and hence

K2(x, y)
����

����≤ M3 ℓ1 + ℓ2( 􏼁 + M4 n1 + n2( 􏼁􏼂 􏼃r + M3N1 + M4N2.

(36)

Consequently, it follows that

‖K(x, y)‖≤ M1 ℓ1 + ℓ2( 􏼁 + M2 n1 + n2( 􏼁􏼂 􏼃r + M1N1 + M2N2

+ M3 ℓ1 + ℓ2( 􏼁 + M4 n1 + n2( 􏼁􏼂 􏼃r + M3N1 + M4N2 ≤ r,

(37)

which implies KBr ⊂ Br. Next, we will show that the op-
erator K is a contraction mapping. For any
(x1, y1), (x2, y2) ∈ X × Y, we obtain
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K1 x1, y1( 􏼁(t) − K1 x2, y2( 􏼁(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤ I
α

fx1 ,y1
− fx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)

+
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi gx1 ,y1

− gx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 ξi( 􏼁 + I
α

fx1 ,y1
− fx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj fx1 ,y1

− fx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 zj􏼐 􏼑⎛⎝

+ I
α1 gx1 ,y1

− gx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎞⎠⎤⎥⎥⎦

≤ ℓ1 x1 − x2
����

���� + ℓ2 y1 − y2
����

����􏼐 􏼑I
α
(1)(b)

+
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
n1 x1 − x2

����
���� + n2 y1 − y2

����
����􏼐 􏼑 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi (1) ξi( 􏼁⎛⎝⎡⎢⎢⎣

+ ℓ1 x1 − x2
����

���� + ℓ2 y1 − y2
����

����􏼐 􏼑I
α
(1)(b)

+ ℓ1 x1 − x
����

����2 + ℓ2 y1 − y2
����

����􏼐 􏼑 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi− 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj (1) zj􏼐 􏼑⎛⎝

+ n1 x1 − x
����

����2 + n2 y1 − y2
����

����􏼐 􏼑I
α1(1)(b)􏼑􏼣

≤M1 ℓ1 x1 − x
����

����2 + ℓ2 y1 − y2
����

����􏼐 􏼑 + M2 n1 x1 − x
����

����2 + n2 y1 − y2
����

����􏼐 􏼑

� M1ℓ1 + M2n1( 􏼁 x1 − x
����

����2 + M1ℓ2 + M2n2( 􏼁 y1 − y2
����

����.

(38)

+erefore, we obtain the following inequality:

K1 x1, y1( 􏼁 − K1 x2, y2( 􏼁
����

����≤ M1 ℓ1 + ℓ2( 􏼁 + M2 n1 + n2( 􏼁􏼂 􏼃

· x1 − x2
����

���� + y1 − y2
����

����􏼐 􏼑.

(39)

In addition, we also obtain

K2 x1, y1( 􏼁 − K2 x2, y2( 􏼁
����

����≤ M3 ℓ1 + ℓ2( 􏼁 + M4 n1 + n2( 􏼁􏼂 􏼃

· x1 − x2
����

���� + y1 − y2
����

����􏼐 􏼑.

(40)
From (39) and (40), it yields

K x1, y1( 􏼁 − K x2, y2( 􏼁
����

����≤ M1 + M3( 􏼁 ℓ1 + ℓ2( 􏼁􏼂

+ M2 + M4( 􏼁 n1 + n2( 􏼁􏼃

× x1 − x2
����

���� + y1 − y2
����

����􏼐 􏼑.

(41)

As (M1 + M3)(ℓ1 + ℓ2) + (M2 + M4)(n1 + n2)< 1,
therefore,K is a contraction operator. By Banach’s fixed point
theorem, the operatorK has a unique fixed point, which is the
unique solution of (4) on [a, b]. +e proof is completed.

Now, we prove our second existence result via Ler-
ay–Schauder alternative.

Lemma 3 (Leray–Schauder alternative, see [19]). Let
F: E⟶ E be a completely continuous operator. Let

ξ(F) � x ∈ E: x � λF(x) for some, 0< λ< 1{ }. (42)

&en, either the set ξ(F) is unbounded, or F has at least
one fixed point.

Theorem 2. Assume that there exist real constants ui, vi ≥ 0
for i � 1, 2 and u0, v0 > 0 such that, for any xi ∈ R (i � 1, 2),
we have

f t, x1, x2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ u0 + u1 x1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 + u2 x2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌,

g t, x1, x2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ v0 + v1 x1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 + v2 x2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌.
(43)

If (M1 + M3)u1 + (M2 + M4)v1 < 1 and (M1 + M3)u2+

(M2 + M4)v2 < 1, where M1, M2, M3, andM4 are given in
(24)–(27), then (4) has at least one solution on [a, b].

Proof. By continuity of the functions f andg on
[a, b] × R × R, the operator K is continuous. We will show
that the operator K: X × Y⟶ X × Y is completely con-
tinuous. Let Φ ⊂ X × Y be bounded. +en, there exist
positive constants L1 and L2 such that

|f(t, x, y)|≤ L1, |g(t, x, y)|≤L2, ∀(x, y) ∈ Φ. (44)

+en, for any (x, y) ∈ Φ, we have
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K1(x, y)(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)

+
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 ξi( 􏼁 + I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 zj􏼐 􏼑 + I
α1 gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤ L1I
α
(1)(b)

+
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
L2 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi (1) ξi( 􏼁 + L1I

α
(1)(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ L1 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj (1) zj􏼐 􏼑 + L2I

α1(1)(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤ L1M1 + L2M2,

(45)

which yields

K1(x, y)
����

����≤ L1M1 + L2M2. (46)

Similarly, we obtain that

K2(x, y)
����

����≤ L1M3 + L2M4. (47)

Hence, from the above inequalities, we obtain that the set
KΦ is uniformly bounded. Next, we are going to prove that
the set KΦ is equicontinuous. For any (x, y) ∈ Φ and
τ1, τ2 ∈ [a, b] such that τ1 < τ2, we have

K1(x, y) τ2( 􏼁 − K1(x, y) τ1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤ I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 τ2( 􏼁 − I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 τ1( 􏼁

+
τ2 − a( 􏼁

c− 1
− τ1 − a( 􏼁

c− 1
􏽨 􏽩

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 ξi( 􏼁 + I
α

fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj fx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 zj􏼐 􏼑 + I
α1 gx,y

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤ L1 􏽚
τ1

a

τ2 − s( 􏼁
α− 1

− τ1 − a( 􏼁
α− 1

Γ(α)
ds + 􏽚

τ2

τ1

τ2 − s( 􏼁
α− 1

Γ(α)
ds

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

+
τ2 − a( 􏼁

c− 1
− τ1 − a( 􏼁

c− 1
􏽨 􏽩

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
L2 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi (1) ξi( 􏼁 + L1I

α
(1)(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ L1 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj (1) zj􏼐 􏼑 + L2I

α1(1)(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤
L1

Γ(α + 1)
2 τ2 − τ1( 􏼁

α
+ τ2 − a( 􏼁

α
− τ1 − a( 􏼁

α
􏼂 􏼃

+
τ2 − a( 􏼁

c− 1
− τ1 − a( 􏼁

c− 1
􏽨 􏽩

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
L2 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξi − a( 􏼁
α1+φi

Γ α1 + φi + 1( 􏼁
+ L1

(b − a)α

Γ(α + 1)
⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ L1 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

α+ψj

α + ψj + 1
+ L2

(b − a)α1

Γ(α + 1)
⎛⎝ ⎞⎠⎤⎥⎥⎦.

(48)
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+erefore, we obtain

K1(x, y) τ2( 􏼁 − K1(x, y) τ1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌⟶ 0, as τ1⟶ τ2.
(49)

Analogously, we can obtain the following inequality:

K2(x, y) τ2( 􏼁 − K2(x, y) τ1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌⟶ 0, as τ1⟶ τ2.
(50)

Hence, the set KΦ is equicontinuous. By applying the
Arzelá–Ascoli theorem, the set KΦ is relative compact
which implies that the operatorK is completely continuous.
Lastly, we shall show that the set
ξ � (x, y) ∈ X × Y: (x, y) � λK(x, y), 0≤ λ≤ 1􏼈 􏼉 is
bounded. Let any (x, y) ∈ ξ, then (x, y) � λK(x, y). For
any t ∈ [a, b], we have

x(t) � λK1(x, y)(t),

y(t) � λK2(x, y)(t).
(51)

+en, we obtain

‖x‖≤ u0 + u1‖x‖ + u2‖y‖( 􏼁M1 + v0 + v1‖x‖ + v2‖y‖( 􏼁M2,

‖y‖≤ u0 + u1‖x‖ + u2‖y‖( 􏼁M3 + v0 + v1‖x‖ + v2‖y‖( 􏼁M4,

(52)

which imply that

‖x‖ +‖y‖≤ M1 + M3( 􏼁u0 + M2 + M4( 􏼁v0

+ M1 + M3( 􏼁u1 + M2 + M4( 􏼁v1􏼂 􏼃‖x‖

+ M1 + M3( 􏼁u2 + M2 + M4( 􏼁v2􏼂 􏼃‖y‖.

(53)

+us, we obtain

‖(x, y)‖≤
M1 + M3( 􏼁u0 + M2 + M4( 􏼁v0

M∗
, (54)

where M∗ � min 1 − (M1 + M3)u1 − (M2 + M4)v1,􏼈

1 − (M1 + M3)u2 − (M2 + M4)v2}, which shows that the set
ξ is bounded. +erefore, by applying Lemma 3, the operator
K has at least one fixed point. +erefore, we deduce that
problem (4) has at least one solution on [a, b]. +e proof is
complete.

+e last existence theorem is based on Krasnoselskii’s
fixed point theorem.

Lemma 4 (Krasnoselskii’s fixed point theorem, see
[20]). Let M be a closed, bounded, convex, and nonempty
subset of a Banach space X. Let A andB be operators such
that (i) Ax + By ∈M, where x, y ∈M, (ii) A is compact and
continuous, and (iii) B is a contraction mapping. &en, there
exists z ∈M such that z � Az + Bz.

Theorem 3. Assume that f, g: [a, b] × R × R⟶ R are
continuous functions satisfying assumption (H1) in
&eorem 1. In addition, we suppose and there exist two
positive constants P, Q such that, for all t ∈ [a, b] and
xi, yi ∈ R, i � 1, 2,

f t, x1, x2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤P,

g t, x1, x2( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 ≤Q.
(55)

If
(b − a)α

Γ(α + 1)
ℓ1 + ℓ2( 􏼁 +

(b − a)α1

Γ(α + 1)
n1 + n2( 􏼁< 1, (56)

then problem (4) has at least one solution on [a, b].

Proof. To apply Lemma 4, we decompose the operator K
into four operators K1,1,K1,2,K2,1, and K2,2 as

K1,1(x, y)(t) �
(t − a)c− 1

ΛΓ(c)

(b − a)c1− 1

Γ c1( 􏼁
􏽘

m

i�1
θiI

α1+φi gx,y ξi( 􏼁 − I
α
fx,y(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

ξi − a( 􏼁
c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ 􏽘

n

j�1
ζjI

α+ψj fx,y zj􏼐 􏼑 − I
α1gx,y(b)⎛⎝ ⎞⎠⎤⎥⎥⎦,

K1,2(x, y)(t) � I
α
fx,y(t),

K2,1(x, y)(t) �
(t − a)c1− 1

ΛΓ c1( 􏼁

(b − a)c− 1

Γ(c)
􏽘

n

j�1
ζjI

α+ψj fx,y zj􏼐 􏼑 − I
α1gx,y(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
n

j�1
ζj

zj − a􏼐 􏼑
c+ψj − 1

Γ c + ψj􏼐 􏼑
⎛⎝ ⎞⎠ 􏽘

m

i�1
θiI

α1+φi gx,y ξi( 􏼁 − I
α
fx,y(b)⎛⎝ ⎞⎠⎤⎥⎥⎥⎦,

K2,2(x, y)(t) � I
α1gx,y(t).

(57)
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Note that K1(x, y)(t) � K1,1(x, y)(t) + K1,2(x, y)(t)

and K2(x, y)(t) � K2,1(x, y)(t) + K2,2(x, y)(t). Also,
observe that the ball Bδ is a closed, bounded, and convex
subset of the Banach space C. Let Bδ � (x, y) ∈ X×􏼈

Y: ‖(x, y)‖≤ δ} be a ball, where a constant δ ≥max M1P+􏼈

M2Q, M3P + M4Q}. Now, we will show that KBδ ⊂ Bδ for
satisfying condition (i) of Lemma 4. Setting x �

(x1, x2) andy � (y1, y2) ∈ Bδ and using condition (55),
then we have, as in +eorem 2 that

K1,1 x1, x2( 􏼁(t) + K1,2 y1, y2( 􏼁(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤M1P + M2Q≤ δ.

(58)

Similarly, we can find that

K2,1 x1, x2( 􏼁(t) + K2,2 y1, y2( 􏼁(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤M3P + M4Q≤ δ.

(59)

+at yields K1x + K2y ∈ Bδ. To show that the operator
(K1,2,K2,2) is a contraction mapping satisfying condition
(iii) of Lemma 4, for (x1, y1), (x2, y2) ∈ Bδ, we have

K1,2 x1, y1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌(t) − K1,2 x2, y2( 􏼁(t) ≤ I
α􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 fx1 ,y1

− fx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(t)

≤ ℓ1 x1 − x2
����

���� + ℓ2 y1 − y2
����

����􏼐 􏼑I
α
(1)(b)

≤
(b − a)α

Γ(α + 1)
ℓ1 + ℓ2( 􏼁 x1 − x2

����
���� + y1 − y2

����
����􏼐 􏼑

(60)

K2,2 x1, y1( 􏼁(t) − K2,2 x2, y2( 􏼁(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ I
α1 gx1 ,y1

− gx2 ,y2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌(t)

≤
(b − a)α1

Γ α1 + 1( 􏼁
n1 + n2( 􏼁 x1 − x2

����
���� + y1 − y2

����
����􏼐 􏼑.

(61)

It follows from (60) and (61) that

K1,2,K2,2􏼐 􏼑 x1, y1( 􏼁 − K1,2,K2,2􏼐 􏼑 x2, y2( 􏼁
�����

�����

≤
(b − a)α

Γ(α + 1)
ℓ1 + ℓ2( 􏼁 +

(b − a)α1

Γ α1 + 1( 􏼁
n1 + n2( 􏼁􏼢 􏼣

· x1 − x2
����

���� + y1 − y2
����

����􏼐 􏼑,

(62)

which is a contraction by inequality in (56). +erefore,
condition (iii) of Lemma 4 is satisfied. Next, we will show
that the operator (K1,1,K2,1) satisfies condition (ii) of
Lemma 4. By applying the continuity of the functions f, g on
[a, b] × R × R, we can conclude that the operator
(K1,1,K2,1) is continuous. For each (x, y) ∈ Bδ, one has

K1,1(x, y)(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
Q 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi (1) ξi( 􏼁 + PI

α
(1)(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ P 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj (1) zj􏼐 􏼑 + QI

α1(1)(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

�
(b − a)c− 1

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
Q 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξi − a( 􏼁
α1+φi

Γ α1 + φi + 1( 􏼁
+ P

(b − a)α

Γ(α + 1)
⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ P 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

α+ψj

Γ α + ψj + 1􏼐 􏼑
+ Q

(b − a)α1

Γ α1 + 1( 􏼁
⎛⎝ ⎞⎠⎤⎥⎥⎦

≔ P
∗
,

(63)
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and similarly

K2,1(x, y)(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤Q
∗
. (64)

+en, we obtain the following fact:

K1,1,K2,1􏼐 􏼑(x, y)
�����

�����≤P
∗

+ Q
∗
, (65)

which implies that the set (K1,1,K2,1)Bδ is uniformly
bounded. In the next step, we will show that the set
(K1,1,K2,1)Bδ is equicontinuous. For τ1, τ2 ∈ [a, b] such
that τ1 < τ2 and for any (x, y) ∈ Bδ, we can prove that

K1,1(x, y) τ2( 􏼁 − K1,1(x, y) τ1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤
τ2 − a( 􏼁

c− 1
− τ1 − a( 􏼁

c− 1
􏽨 􏽩

|Λ|Γ(c)

(b − a)c1− 1

Γ τ1( 􏼁
Q 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌I
α1+φi (1) ξi( 􏼁 + PI(1)(b)⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ P 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌I
α+ψj (1) zj􏼐 􏼑 + QI

α1(1)(b)⎛⎝ ⎞⎠⎤⎥⎥⎦

≤
τ2 − a( 􏼁

c− 1
− τ1 − a( 􏼁

c− 1
􏽨 􏽩

|Λ|Γ(c)

(b − a)c1− 1

Γ c1( 􏼁
Q 􏽘

m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξi − a( 􏼁
α1+φi

Γ α1 + φi + 1( 􏼁
+ P

(b − a)α

Γ(α + 1)
⎛⎝ ⎞⎠⎡⎢⎢⎣

+ 􏽘
m

i�1
θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
ξi − a( 􏼁

c1+φi − 1

Γ c1 + φi( 􏼁
⎛⎝ ⎞⎠ P 􏽘

n

j�1
ζj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
zj − a􏼐 􏼑

α+ψj

Γ α + ψj + 1􏼐 􏼑
+ Q

(b − a)α1

Γ α1 + 1( 􏼁
⎛⎝ ⎞⎠⎤⎥⎥⎦.

(66)

+erefore, we have |K1,1(x, y)(τ2) − K1,1(x, y)

(τ1)|⟶ 0 as τ1⟶ τ2. Similarly, we can show that
|K2,1(x, y)(τ2) − K2,1(x, y)(τ1)|⟶ 0 as τ1⟶ τ2.

+us, |(K1,1,K2,1)(x, y)(τ2) − (K1,1,K2,1)(x, y)(τ1)|
tends to zero as τ1⟶ τ2. +erefore, the set (K1,1,K2,1)Bδ
is equicontinuous. By applying the Arzelá–Ascoli theorem,
the operator (K1,1,K2,1) is compact on Bδ. By application

of Lemma 4, we have that problem (4) has at least one
solution on [a, b]. +is completes the proof.

Example 1. Consider the coupled system of Hilfer fractional
differential equations with nonlocal integral boundary
conditions of the form

HD
(3/2),(1/2)

x(t) � f(t, x(t), y(t)), t ∈ 1
3
,
10
3

􏼔 􏼕,

HD
(5/4),(2/3)

y(t) � g(t, x(t), y(t)), t ∈ 1
3
,
10
3

􏼔 􏼕,

x
1
3

􏼒 􏼓 � 0, x
10
3

􏼒 􏼓 �
1
2
I
1/3

y
2
3

􏼒 􏼓 +
2
3
I
1/2

y(1) +
3
4
I
3/5

y
4
3

􏼒 􏼓 +
4
5
I
2/3

y
5
3

􏼒 􏼓,

y
1
3

􏼒 􏼓 � 0, y
10
3

􏼒 􏼓 �
3
2
I
3/2

x(2) +
4
3
I
5/3

x
7
3

􏼒 􏼓 +
5
4
I
7/4

y
8
3

􏼒 􏼓 +
6
5
I
9/5

x(3).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(67)

Here, α � 3/2, α1 � 5/4, β � 1/2, β1 � 2/3, a � 1/3,
b � 10/3, m � n � 4, θi � (i/(i + 1)), ζ i � ((2 + i)/(1 + i)),
φi � (i/(i + 2)), and ψi � ((2i + 1)/(i + 1)), i � 1, 2, 3, 4,
ξj � (j/3), j � 2, 3, 4, 5, and zr � (r/3), r � 6, 7, 8, 9. +en,

we can compute constants as c � 7/4, c1 � 41/21,
Λ � 6.371398411, M1 � 12.56809051, M2 � 3.253588460,
M3 � 48.72536839, and M4 � 22.05071608.

(i) Let the nonlinear functions f and g be defined by
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f(t, x, y) �
9e− t

9t2 + 3239
x2 + 2|x|

1 +|x|
􏼠 􏼡 +

3
3t + 539

sin|y| +
2
3
,

(68)

g(t, x, y) �
9

10(3t + 11)2
tan− 1

|x| +
3 cos2 t

479 + 3t
􏼠 􏼡

|y|

1 +|y|
+
1
2
.

(69)

It is easy to check that f and g satisfy (H1) in+eorem
1 as |f(t, x1, y1) − f(t, x2, y2)|≤ (1/180)|x1
− x2| + (1/180)|y1 − y2| and |g(t, x1, y1) − g(t, x2,

y2)|≤ (1/ 160)|x1 − x2| + (1/160)|y1 − y2|. Setting
ℓ1 � ℓ2 � (1/180) and n1 � n2 � (1/160), we have

M1 + M3( 􏼁 ℓ1 + ℓ2( 􏼁 + M2 + M4( 􏼁 n1 + n2( 􏼁 � 0.9973422390< 1.

(70)

+erefore, by applying +eorem 1, we deduce that
problem (67) with (68)–(69) has a unique solution
(x, y) on [1/3, 10/3].

(ii) Given the functions f and g by

f(t, x, y) �
3e− |y|

5(3t + 50)

|x|9

1 + x8􏼠 􏼡 +
9

(3t + 29)2
y4

1 +|y|3
􏼠 􏼡 +

3
4
,

(71)

g(t, x, y) �
3e− y2 sin|x|

19 + x2( )(14 + 3t)
+
3y cos2(xy)

4(50 + 3t)
+
4
7
, (72)

we can check that

|f(t, x, y)|≤
3
4

+
1
85

|x| +
1
100

|y|,

|g(t, x, y)|≤
4
7

+
1
95

|x| +
1
68

|y|.

(73)

which satisfy conditions in +eorem 2 by u0 � 3/4,
v0 � 4/7, u1 � 1/85, v1 � 1/95, u2 � 1/100, and
v2 � 1/68. Hence, we find that (M1 + M3)u1+

(M2 + M4)v1 � 0.9874606169< 1 and (M1+

M3)u2 + (M2 + M4)v2 � 0.9850567146 < 1. +e
conclusion of +eorem 2 implies that problem (67)
with (71)-(72) has at least one solution (x, y) on
[1/3, 10/3].

(iii) Define the functions f and g by

f(t, x, y) �
3e− t2

3t + 29
|x|

1 +|x|
􏼠 􏼡 +

9
9t2 + 134

sin|y| +
2
3
,

(74)

g(t, x, y) �
9

5(3t + 5)2
tan− 1

|x| +
9

(3t + 14)2
􏼠 􏼡

|y|

1 +|y|
􏼠 􏼡 +

1
2
.

(75)

Observe that condition (H1) in +eorem 1 is satisfied
for nonlinear functions f and g with Lipschitz con-
stants ℓ1 � 1/10, ℓ2 � 1/15, n1 � 1/20, and n2 � 1/25.
Next, we can find that (M1 + M3)(ℓ1 + ℓ2) + (M2 +

M4) (n1 + n2) � 12.49296389> 1. +en, +eorem 1
cannot be used to obtain the existence criteria for the
investigated problem. However, we calculate that
|f(t, x, y)|≤ 5/6, |g(t, x, y)|≤ (108 + 5π)/200, and

(b − a)α

Γ(α + 1)
ℓ1 + ℓ2( 􏼁 +

(b − a)α1

Γ α1 + 1( 􏼁
n1 + n2( 􏼁

� 0.9650966816< 1.

(76)

Hence, all assumptions of +eorem 3 hold. +erefore,
by +eorem 3, problem (67) with (74)-(75) has at least
one solution (x, y) on [1/3, 10/3].
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In this paper, we propose an efficient method for constructing numerical algorithms for solving the fractional initial value problem
by using the Pade approximation of fractional derivative operators. We regard the Grunwald–Letnikov fractional derivative as a
kind of Taylor series and get the approximation equation of the Taylor series by Pade approximation. Based on the approximation
equation, we construct the corresponding numerical algorithms for the fractional initial value problem. Finally, we use some
examples to illustrate the applicability and efficiency of the proposed technique.

1. Introduction

In the past decades, fractional differential equations were
successfully applied to many problems in engineering,
physics, chemistry, biology, economics, control theory,
biophysics, and so on [1–5]. It is significant to obtain the
exact or numerical solutions of fractional nonlinear equa-
tions. Since most fractional differential equations do not
have exact analytic solutions, numerical techniques and
seminumerical methods are used extensively, such as the
homotopy analysis and homotopy perturbation method
[6–8], variational iteration method [9–11], orthogonal
polynomial method [12, 13], fractional Adams method [14],
and some other methods [15].

Among all the numerical methods, the direct numerical
method [16–18] is the basic one. Due to the special property
of the fractional derivative, most of these methods have their
inbuilt deficiencies mostly due to the calculation of Adomian
polynomials, the Lagrange multiplier, divergent results, and
some other huge computational works.

In this paper, we propose an efficient method for con-
structing numerical algorithms for solving the fractional
initial value problem by using the Pade approximation of
fractional derivative operators. (e advantage of the pro-
posed technique is that efficient numerical methods can be

constructed without calculation of long historical terms of
the fractional derivative.

Consider the following homogeneous fractional initial
problem:

0D
(α)y � f(y, t), t ∈ [0, T],

y(k)(0) � 0, k � 0, 1, . . . , m − 1,

⎧⎨

⎩ (1)

where 0D
(α) is usually the Caputo derivative and m � [α].

Given the condition y(k)(0) � 0, k � 0, 1, . . . , m − 1, the
Caputo derivative is equivalent to the Grunwald–Letnikov
derivative and the Riemann–Liouville derivative, e.g.,

C
0 D

(α) �
RL
0 D (α) � GL

0 D(α). (2)

For the following linear nonhomogeneous fractional
initial problem,

0D
(α)y � f(y, t), t ∈ [0, T],

y(k)(0) � yk, k � 0, 1, . . . , m − 1,

⎧⎨

⎩ (3)

the following transform can be employed to make it be a
homogeneous one with regard to z(t):

y(t) � 􏽘
m− 1

k�0
y

(k)
(0)t

k
+ z(t). (4)
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Based on the G algorithm [19], we have the following
numerical scheme for problem (1):

h
− α

􏽘

N

j�0
c

(α)
nj yj � f tn, yn( 􏼁, n � 0, 1, . . . ,

t

h
􏼔 􏼕, (5)

where c
(α)
nj and N are calculated according to different al-

gorithms. Algorithm 5 is a technique which is easy to
manipulate. However, this method involves huge compu-
tational work when T≫ 0 because in general, these methods
need to compute many terms to get the approximation to the
fractional derivative. To some extent, the short memory
principle [20] can be used to tackle the problem, but low
accuracy will be the cost. So, it is significant to find an ef-
ficient approximant to the fractional derivative, which is of
low computation cost on the one hand and highly accurate
on the other hand. In this paper, we put forward a reliable
method for the construction of numerical algorithms for
solving the fractional differential initial value problem by
using Pade approximation to fractional derivative operators.
(e rest of the paper is organized as follows. In Section 2, we
briefly list some basics of Pade approximation. In Section 3,
we get the approximant of the fractional derivative opera-
tors. In Section 4, we propose a method for constructing
algorithms for solving the fractional initial value problem by
using Pade approximation. In Section 5, we use some ex-
amples to illustrate the applicability and efficiency of the
proposed technique. Section 6 is the conclusion.

2. Some Basics for Pade Approximation

In numerical mathematics, Pade approximation [21] is
believed to be the best approximation of a function by ra-
tional functions of a given order. Under this technique, the
approximant’s power series agrees with the power series of
the function it is approximating. (e Pade approximant
often gives better approximation of the function than
truncating its Taylor series, and it may still work where the
Taylor series does not converge. For these reasons, Pade
approximants are often used in many fields of computations.

Given a function f(x) and two integers m> 0 and n> 1,
the Pade approximant of order [m, n] is the rational function

R(x) �
􏽐

m
j�0 ajx

j

1 + 􏽐
n
k�0 bkxk

, (6)

which agrees with f(x) to the highest possible order, which
amounts to

f(0) � R(0), f′(0) � R′(0),

f′′(0) � R′′(0), . . . , f
m+n

(0) � R
m+n

(0).
(7)

Equivalently, if R(x) is expanded in a Maclaurin series, its
first m + n terms would cancel the first m + n terms of f(x),
and as such f(x) − R(x) � O(xm+n+1). (e Pade approx-
imant is unique for given m and n, that is, the coefficients

a0, a1, . . . , am, b1, . . . , bn can be uniquely determined. It is for
reasons of uniqueness that the zeroth-order term at the de-
nominator of R(x) was chosen to be 1; otherwise, the nu-
merator and denominator of R(x) would have been unique
only up tomultiplication by a constant.(e Pade approximant
defined above is also denoted as [m, n]f(x).

3. Pade Approximant for the Fractional
Derivative Operator

(ere are many definitions for the fractional derivative. (e
following equation is called the reverse Grunwald–Letnikov
derivative:

D
α
f(x) � lim

h⟶0

1
hα 􏽘

∞

m�0
(− 1)

m
α

m

⎛⎝ ⎞⎠f(x − mh), (8)

where

α

m

⎛⎝ ⎞⎠ �
Γ(α + 1)

Γ(m + 1)Γ(α − m + 1)
. (9)

For any given α> 0, if we denote

E
h
f(x) � f(x + h),

E
− h

f(x) � f(x − h),
(10)

we have

D
α
f(x) ≈ h

− α
􏽘

∞

j�0
(− 1)

j
α

j
􏼠 􏼡f(x − jh). (11)

(erefore, we can denote

D
α
f(x) � h

− α 1 − E
− h

􏼐 􏼑
α
f(x). (12)

So, we have

h
α
D

α
f(x) � 1 − E

− h
􏼐 􏼑

α
f(x). (13)

Let
a0 + a1x + a2x

2 + · · · + anxn

1 + b1x + b2x
2 + · · · + bnxn

, (14)

be the [n, n] Pade approximant to (1 − x)α; we have
a0 + a1x + a2x

2 + · · · + anxn

1 + b1x + b2x
2 + · · · + bnxn

� (1 − x)
α

+ O x
2n+1

􏼐 􏼑. (15)

(erefore,

a0 + a1x + a2x
2

+ · · · + anx
n

� 1 + b1x + b2x
2

+ · · · + bnx
n

􏼐 􏼑(1 − x)
α

+ O h
2n+1

􏼐 􏼑.

(16)

2 Journal of Mathematics



Replacing x in (16) with the operator E− h, we have

a0 + a1E
− h

+ a2E
− 2h

+ · · · + anE
− nh

� 1 + b1E
− h

+ b2E
− 2h

+ · · · + bnE
− nh

􏼐 􏼑 1 − E
− h

􏼐 􏼑
α

+ O E
− h

􏼐 􏼑
2n+1

,

(17)

where 1 can be understood as the identical operator. So, we
get the following approximation:

h
− α

a0 + a1E
− h

+ a2E
− 2h

+ · · · + anE
− nh

􏼐 􏼑

≈ 1 + b1E
− h

+ b2E
− 2h

+ · · · + bnE
− nh

􏼐 􏼑 1 − E
− h

􏼐 􏼑
α
h

− α
.

(18)

Noticing (13), we get

1 − E
− h

􏼐 􏼑
α

� h
α
D

α
. (19)

So, we get

h
− α

a0 + a1E
− h

+ a2E
− 2h

+ · · · + anE
− nh

􏼐 􏼑

≈ 1 + b1E
− h

+ b2E
− 2h

+ · · · + bnE
− nh

􏼐 􏼑D
α
.

(20)

(en, we get the following approximation to fractional
derivative operators:

a0 + a1E
− h

+ a2E
− 2h

+ · · · + anE
− nh

􏼐 􏼑

� h
α 1 + b1E

− h
+ b2E

− 2
+ · · · + bnE

− nh
􏼐 􏼑D

α
.

(21)

Consider fractional initial value problem (1):
Dαy � f(t, y), t ∈ [0, T],

y(k)(0) � 0, k � 0, 1, . . . , m − 1.
􏼨 (22)

Denote

y(0) � 0,

y(h) � y1, . . . , y(nh) � yn,

f xn, yn( 􏼁 � fn,

(23)

where h is the discretization step size.
From (21), we have

a0 + a1E
− h

+ a2E
− 2h

+ · · · + anE
− nh

􏼐 􏼑yn

� h
α 1 + b1E

− h
+ b2E

− 2h
+ · · · + bnE

− nh
􏼐 􏼑D

α
yn.

(24)

Due to the linearity and commutativity of the operators
E− h and Dα, we have

a0yn + a1yn− 1 + a2yn− 2 + · · · + any0( 􏼁

� h
α
D

α
yn + b1yn− 1 + b2yn− 2 + · · · + bny0( 􏼁.

(25)

Noticing

D
α
yn � fn, (26)

we get

a0yn + a1yn− 1 + a2yn− 2 + · · · + any0( 􏼁

� h
α

fn + b1fn− 1 + b2fn− 2 + · · · + bnf0( 􏼁.
(27)

(en, we get the following numerical algorithm:
a0yn � − a1yn− 1 − a2yn− 2 − . . . − any0

+ h
α

fn + b1fn− 1 + b2fn− 2 + · · · + bnf0( 􏼁.
(28)

(is is a multiple step algorithm for problem (1), where
ais and bis can be determined by the Pade approximation
of (1 − x)α for any given α. From the construction process,
we can see the local truncation error of this algorithm is
2n + 1.

4. Some Implicit Multistep Algorithms for the
Fractional Initial Value Problem

Let α � 0.5; the [2, 2] Pade approximant to (1 − x)0.5 is
16 − 20x + 5x2

16 − 12x + x2 , (29)

and the [3, 3] Pade approximant to (1 − x)0.5 is
64 − 112x + 56x2 − 7x3

64 − 80x + 24x2 − x3 . (30)

(en, from (28), we get the following two multistep
algorithms:

16yn � 20yn− 1 − 5yn− 2 + h
0.5 16fn − 12fn− 1 + fn− 2( 􏼁,

(31)

in which

yn �
5
4
yn− 1 −

5
16

yn− 2 + h
05

fn −
3
4
fn− 1 +

1
16

fn− 2􏼒 􏼓

(algorithm 1),

64yn � 112yn− 1 − 56yn− 2 + 7yn− 3

+ h
0.5 64fn − 80fn− 1 + 24fn− 2 − fn− 3( 􏼁,

(32)

in which

yn �
7
4
yn− 1 −

7
8
yn− 2 +

7
64

yn− 3

+ h
0.5

fn −
5
4
fn− 1 +

3
8
fn− 2 −

1
64

fn− 3􏼒 􏼓 (algorithm2).

(33)

In the same way, from the following [4, 4] Pade
approximant to (1 − x)0.5,

1 − (9/4) +(27/16)x2 − (15/32)x3 +(9/256)x4

1 − (7/4) +(15/16)x2 − (5/32)x3 +(1/256)x4 , (34)

we get the following (algorithm (3)):

yn �
9
4
yn− 1 −

27
16

yn− 2 +
15
32

yn− 3 −
9
256

yn+4

+ h
0.5

fn −
7
4
fn− 1 +

15
16

fn− 2 −
5
32

fn− 3 +
1
256

fn− 4􏼒 􏼓

(algorithm 3).

(35)
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In the same way, the [2, 2] Pade approximant to
(1 − x)0.8 is

1 − (7/5)x +(21/50)x2

1 − (3/5)x +(1/50)x2 . (36)

So, we get the following numerical algorithm:

yn �
7
5
yn− 1 −

21
50

yn− 2 + h
08

fn −
3
5
fn− 1 +

1
50

fn− 2􏼒 􏼓

(algorithm 4).

(37)

We can also get the following algorithm by using the [3,
3] Pade approximant to (1 − x)0.8:

yn �
3211
1680

yn− 1 −
6479
6000

yn− 2 +
3287
20000

yn− 3

+ h
08

fn −
1867
1680

fn− 1 +
3791
14000

fn− 2 −
1943
420000

fn− 3􏼒 􏼓

(algorithm 5),

(38)

and many other more complicated numerical schemes
can be constructed by using the Pade approximant for any
given α.

5. Numerical Tests

5.1. Numerical Test 1.

D0.5y � (
�
2

√
/2) y +

�����
1 − y2

􏽰
( 􏼁

y(0) � 0
􏼨 (39)

(e exact solution to this problem is y � sin(x). We use
algorithms (1) and (2) to solve this problem. Because both
algorithms (1) and (2) are implicit, we use the iterative
method

yn � g yn( 􏼁, (40)

to get the value of yn, where

g yn( 􏼁 �
5
4
yn− 1 −

5
16

yn− 2 + h
0.5

fn −
3
4
fn− 1 +

1
16

fn− 2􏼒 􏼓,

(41)

for algorithm 1 and

g yn( 􏼁 �
7
4
yn− 1 −

7
8
yn− 2 +

7
64

yn− 3

+ h
0.5

fn −
5
4
fn− 1 +

3
8
fn− 2 −

1
64

fn− 3􏼒 􏼓,

(42)

for algorithm 2, respectively. (e computational errors are
listed in Table 1 (h� (pi/2)/10). We also compare algorithms
(1) and (2) with the exact solution in Figure 1.

We also make the comparison with the corresponding G

algorithm. (e results are listed in Table 2. (e comparison
shows that algorithms (1) and (2) are more efficient than the
corresponding Grunwald–Letnikov-based G algorithm.

5.2. Numerical Test 2.

D0.8y � y cos
2π
5

􏼒 􏼓 +
�����
1 − y2

􏽰
sin

2π
5

􏼒 􏼓,

y(0) � 0.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(43)

(e exact solution to this problem is y � sinx. We use
the following algorithm (4)

yn �
7
5
yn− 1 −

21
50

yn− 2 + h
0.8

fn −
3
5
fn− 1 +

1
50

fn− 2􏼒 􏼓, (44)

and algorithm (5)

yn �
3211
1680

yn− 1 −
6479
6000

yn− 2 +
3287
20000

yn− 3

+ h
0.8

fn −
1867
1680

fn− 1 +
3791
14000

fn− 2 −
1943
420000

fn− 3􏼒 􏼓,

(45)

to get the numerical solution. Because both algorithms (4)
and (5) are implicit schemes, we use the iterative method
yn � g(yn) to get the value of yn, where

g yn( 􏼁 �
7
5
yn− 1 −

21
50

yn− 2 + h
08

fn −
3
5
fn− 1 +

1
50

fn− 2􏼒 􏼓,

(46)

in algorithm (4) and

g yn( 􏼁 �
3211
1680

yn− 1 −
6479
6000

yn− 2 +
3287
20000

yn− 3

+ h
08

fn −
1867
1680

fn− 1 +
3791
14000

fn− 2 −
1943
420000

fn− 3􏼒 􏼓,

(47)

in algorithm (5).(e errors of the numerical results are listed
in Table 3 (h� (pi/2)/10).

(e comparison with the corresponding G algorithm is
listed in Table 4. (e comparison shows that algorithms (4)
and (5) are more efficient than the corresponding G

algorithm.

5.3. Numerical Test 3.

D0.8y � x− 0.8 Γ(5)

Γ(4.2)
y,

y(0) � 0.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(48)

(e exact solution is y � x4; we use algorithm 5 to solve
this problem. (e comparison between the exact and the
numerical solution can be seen in Figure 2. One can see that
the numerical solution is very accurate when T≫ 1, and the
result is obtained in less than 50 steps. (is is much more
efficient than the G algorithm.
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Table 2: Computational error comparison with the G algorithm.

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h
Algorithm (1) 0.000 0.000 0.0155 0.0318 0.0455 0.0575 0.0716 0.0992 0.0783 0.0069
Algorithm (2) 0.000 0.000 0.000 0.0011 0.0028 0.0043 0.0049 0.0042 0.0211 0.0263
G-algm 0.1232 0.1782 0.1642 0.2589 0.2529 0.2762 0.3856 0.3842 0.5485 0.5478

Table 3: Computational errors for algorithms (3) and (4).

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h
Algorithm (3) 0.000 0.000 0.0111 0.0123 0.0245 0.0267 0.0343 0.0355 0.0455 0.0058
Algorithm (4) 0.000 0.000 0.0000 0.0009 0.0019 0.0038 0.0037 0.0042 0.0111 0.0165

Table 4: Comparison with the G algorithm.

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h
Algorithm (1) 0.000 0.000 0.0155 0.0318 0.0455 0.0575 0.0716 0.0992 0.0783 0.0069
Algorithm (2) 0.000 0.000 0.000 0.0011 0.0028 0.0043 0.0049 0.0042 0.0211 0.0263
G-algm 0.1255 0.1351 0.1385 0.1395 0.2452 0.2522 0.3836 0.3911 0.4263 0.5485

1.2

1

0.8

0.6

0.4

0.2

0
0 0.60.40.2 1.210.8 1.4

Exact solution
Algorithm 1
Algorithm 2

1.6

Figure 1: Comparison between algorithms (1) and (2) with the exact solution.

Table 1: Computational errors for algorithms (1) and (2).

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h
Algorithm (1) 0.000 0.000 0.0155 0.0318 0.0455 0.0575 0.0716 0.0992 0.0783 0.0069
Algorithm (2) 0.000 0.000 0.000 0.0011 0.0028 0.0043 0.0049 0.0042 0.0211 0.0263
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6. Conclusion

We can construct numerical algorithms for solving the
fractional initial value problem based on the Pade ap-
proximation of fractional derivative operators. Numerical
tests show that this method is more efficient than the cor-
responding G algorithms. Generally speaking, we can cal-
culate more terms to achieve more accuracy when
Grunwald–Letnikov-based method is employed, but that
would lead to more computational work, while the algo-
rithms derived from Pade approximation are proved to be
more efficient.
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In this paper, bounds of fractional and conformable integral operators are established in a compact form. By using exponentially
convex functions, certain bounds of these operators are derived and further used to prove their boundedness and continuity. A
modulus inequality is established for a differentiable function whose derivative in absolute value is exponentially convex. Upper
and lower bounds of these operators are obtained in the form of a Hadamard inequality. Some particular cases of main results are
also studied.

1. Introduction

We start with the definition of convex function.

Definition 1 (see [1]). A function f: [a, b]⟶ R is said to
be convex if

f(tx +(1 − t)y)≤ tf(x) +(1 − t)f(y), (1)

holds for all x, y ∈ [a, b] and t ∈ [0, 1]. If inequality (1) is
reversed, then the function f will be concave on [a, b].

Convex functions are very useful in many areas of
mathematics and other subjects due to their fascinating
properties and characterizations. +eir geometric and an-
alytic interpretations provide straightforward proofs of
many mathematical inequalities including Hadamard, Jen-
sen, Hölder, and Minkowski [1–3]. +eoretically, convex
functions have been generalized and extended as h-convex,
m-convex, s-convex, (α, m)-convex, (h − m)-convex,
(s, m)-convex, etc. Awan et al. [4] defined the function
named exponentially convex function as follows:

Definition 2. A function f: K⊆R⟶ R, where K is an
interval, is said to be an exponentially convex function if

f(ta +(1 − t)b)≤ t
f(a)

eαa
+(1 − t)

f(b)

eαb
, (2)

holds for all a, b ∈ K , t ∈ [0, 1] and α ∈ R. If the inequality
in (2) is reversed, then f is called exponentially concave.

If α � 0, then (2) gives inequality (1). For some recent
citations and utilization of exponentially convex functions,
one can see [5–14] and references therein. Our goal in this
paper is to prove generalized integral inequalities for ex-
ponentially convex functions by using integral operators
given in Definition 7. In the following, we give definitions of
Riemann–Liouville fractional integrals:

Definition 3. Let f ∈ L1[a, b]. +en, the left-sided and right-
sided Riemann–Liouville fractional integral operators of
order μ ∈ C(R(μ)> 0) are defined by

μ
Ia+ f(x) �

1
Γ(μ)

􏽚
x

a
(x − t)

μ− 1
f(t)dt, x> a, (3)

μ
Ib−

f(x) �
1
Γ(μ)

􏽚
b

x
(t − x)

μ− 1
f(t)dt, x< b. (4)

A k-fractional analogue is given as follows:
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Definition 4 (see [15]). Let f ∈ L1[a, b]. +en, for k> 0, the
k-fractional integral operators of f of order μ ∈ C,R(μ)> 0
are defined by

μ
I

k

a+ f(x) �
1

kΓκ(μ)
􏽚

x

a
(x − t)

(μ/k)− 1
f(t)dt, x> a, (5)

μ
I

k

b−
f(x) �

1
kΓk(μ)

􏽚
b

x
(t − x)

(μ/k)− 1
f(t)dt, x< b. (6)

A more general definition of the Riemann–Liouville
fractional integral operators is given as follows:

Definition 5 (see [16]). Let f: [a, b]⟶ R be an integrable
function. Also, let g be an increasing and positive function
on (a, b], having a continuous derivative g′ on (a, b). +e
left-sided and right-sided fractional integrals of a function f

with respect to another function g on [a, b] of order
μ ∈ C(R(μ)> 0) are defined by

μ
gI

a+
f(x) �

1
Γ(μ)

􏽚
x

a
(g(x) − g(t))

μ− 1
g′(t)f(t)dt, x> a,

(7)

μ
gI

b−

f(x) �
1
Γ(μ)

􏽚
b

x
(g(t) − g(x))

μ− 1
g′(t)f(t)dt, x< b,

(8)

where Γ(.) is the gamma function.

Definition 6. Let f: [a, b]⟶ R be an integrable function.
Also, let g be an increasing and positive function on
(a, b], having a continuous derivative g′ on (a, b). +e left-
sided and right-sided k-fractional integral operators, k> 0,
of a function f with respect to another function g on [a, b]

of order μ, k ∈ C,R(μ)> 0 are defined by

μ
gI

k

a+
f(x) �

1
kΓk(μ)

􏽚
x

a
(g(x) − g(t))

(μ/k)− 1
g′(t)f(t)dt, x> a,

(9)

μ
gI

k

b−

f(x) �
1

kΓk(μ)
􏽚

b

x
(g(t) − g(x))

(μ/k)− 1
g′(t)f(t)dt, x< b,

(10)

where Γk(.) is the k-gamma function.
A compact form of integral operators defined above is

given as follows:

Definition 7 (see [17]). Let f, g: [a, b]⟶ R, 0< a< b be
the functions such that f be positive and f ∈ L1[a, b]

and g be differentiable and strictly increasing. Also, let
(ϕ/x) be an increasing function on [a,∞). +en, for
x ∈ [a, b], the left- and right-sided integral operators are
defined by

F
ϕ,g
a+ f􏼐 􏼑(x) � 􏽚

x

a
Kg(x, t; ϕ)f(t)d(g(t)), x> a, (11)

F
ϕ,g

b−
f􏼒 􏼓(x) � 􏽚

b

x
Kg(t, x; ϕ)f(t)d(g(t)), x< b, (12)

where Kg(x, y;ϕ) � (ϕ(g(x) − g(y))/(g(x) − g(y))).
Integral operators defined in (11) and (12) produce

several fractional and conformable integral operators de-
fined in [16, 18–25].

Remark 1. Integral operators given in (11) and (12) produce
fractional and conformable integral operators as follows:

(i) If we consider ϕ(t) � (tμ/k/kΓk(μ)), then (11) and
(12) integral operators coincide with (9) and (10)
fractional integral operators.

(ii) If we consider ϕ(t) � (tμ/Γ(μ)), μ> 0, then (11)
and (12) integral operators coincide with (7) and
(8) fractional integral operators.

(iii) If we consider ϕ(t) � (tμ/k/kΓk(μ)) and g as
identity function (11) and (12), integral operators
coincide with (5 and 6) fractional integral
operators.

(iv) If we consider ϕ(t) � (tμ/Γ(μ)), μ> 0, and along
with g as identity function (11) and (12), integral
operators coincide with (3 and 4) fractional inte-
gral operators.

(v) If we consider ϕ(t) � (tμ/k/kΓk(μ)), k � 1, and
g(x) � (xρ/ρ), ρ> 0, then (11) and (12) produce
Katugampola fractional integral operators defined
by Chen and Katugampola in [18].

(vi) If we consider ϕ(t) � (tμ/k/kΓk(μ)), k � 1, and
g(x) � (xτ+s/(τ + s)), s> 0, then (11) and (12)
produce generalized conformable integral opera-
tors defined by Khan and Khan in [22].

(vii) If we consider ϕ(t) � (tμ/k/kΓk(μ)) and g(x) �

((x − a)s/s), s> 0, in (11) and ϕ(t) � (tμ/k/kΓk(μ))

and g(x) � − ((b − x)s/s), s> 0, in (12), respec-
tively, then conformable (k, s)-fractional integrals
are achieved as defined by Habib et al. in [20].

(viii) If we consider ϕ(t) � (tμ/k/kΓk(μ)) and g(x) �

(x1+s/(1 + s)), then (11) and (12) produce con-
formable fractional integrals defined by Sarikaya
et al. in [24].

(ix) If we consider ϕ(t) � (tμ/k/kΓk(μ)) and g(x) �

((x − a)s/s), s> 0, in (11) and ϕ(t) � (tμ/k/kΓk(μ))

and g(x) � − ((b − x)s/s), s> 0, in (12) with k � 1,
respectively, then conformable fractional integrals
are achieved as defined by Jarad et al. in [21].

(x) If we consider ϕ(t) � tμ/kFσ,k
ρ,λ(w(t)ρ), then (11)

and (12) produce generalized k-fractional integral
operators defined by Tunc et al. in [25].

(xi) If we consider ϕ(t) � (exp(− At)/μ) andA � ((1 −

μ)/μ), μ> 0, then following generalized fractional
integral operators with exponential kernel are
obtained [19]:

2 Journal of Mathematics



μ
gE

a+
f(x) �

1
μ

􏽚
x

a
exp −

1 − μ
μ

(g(x) − g(t))􏼠 􏼡f(t)dt, x> a,

μ
gE

b−

f(x) �
1
μ

􏽚
b

x
exp −

1 − μ
μ

(g(x) − g(t))􏼠 􏼡f(t)dt, x< b.

(13)

(xii) If we consider ϕ(t) � (tμ/Γ(μ)) and g(t) � ln t,
then Hadamard fractional integral operators will
be obtained [16, 23].

(xiii) If we consider ϕ(t) � (tμ/Γ(μ)) and g(t) � − t− 1,
then Harmonic fractional integral operators given
in [16] will be obtained and given as follows:

μ
Ra+ f(x) �

tμ

Γ(μ)
􏽚

x

a
(x − t)

μ− 1f(t)

tμ+1 dt, x> a,

μ
Rb−

f(x) �
tμ

Γ(μ)
􏽚

x

a
(t − x)

μ− 1f(t)

tμ+1 dt, x< b.

(14)

(xiv) If we consider ϕ(t) � tμ ln t, then left- and right-
sided logarithmic fractional integrals are obtained
in [19] and given as follows:

μ
gLa+

f(x) � 􏽚
x

a
(g(x) − g(t))

μ− 1 ln(g(x)

− g(t))g′(t)dt, x> a,

μ
gLb−

f(x) � 􏽚
x

a
(g(t) − g(x))

μ− 1 ln(g(x)

− g(t))g′(t)dt, x< b.

(15)

In the upcoming section, we will derive bounds of sum of
the left- and right-sided integral operators defined in (11)
and (12) for exponentially convex functions. +ese bounds
lead to produce results associated to several kinds of well-
known operators for exponentially convex functions, some
of the results are presented in particular cases. Further in
Section 3, bounds are presented in the form of a Hadamard
inequality; several Hadamard type inequalities are obtained.

2. Bounds of Integral Operators and
Their Consequences

Theorem 1. Let f: [a, b]⟶ R be a positive and expo-
nentially convex function and g: [a, b]⟶ R be a differ-
entiable and strictly increasing function. Also, let (ϕ/x) be an
increasing function on [a, b].<en, for x ∈ [a, b] the following
inequality for integral operators (11) and (12) holds

F
ϕ,g
a+ f􏼐 􏼑(x) + F

ϕ,g

b− f􏼐 􏼑(x)

≤ϕ(g(x) − g(a))
f(x)

eαx
+

f(a)

eαa
􏼠 􏼡 + ϕ(g(b)

− g(x))
f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(16)

Proof. For the kernel of integral operator (11), we have
Kg(x, t; ϕ)g′(t)≤Kg(x, a;ϕ)g′(t), x ∈ (a, b] and t ∈ [a, x).

(17)

An exponentially convex function satisfies the following
inequality:

f(t) ≤
x − t

x − a
􏼒 􏼓

f(a)

eαa
+

t − a

x − a
􏼒 􏼓

f(x)

eαx
. (18)

Inequalities (17) and (18) lead to the following integral
inequality:

􏽚
x

a
Kg(x, t;ϕ)g′(t)f(t)dt

≤Kg(x, a; ϕ)
f(a)

eαa
􏽚

x

a

x − t

x − a
􏼒 􏼓g′(t)dt􏼠

+
f(x)

eαx
􏽚

x

a

t − a

x − a
􏼒 􏼓g′(t)dt􏼡,

(19)

while (19) gives

F
ϕ,g
a+ f􏼐 􏼑(x)≤ ϕ(g(x) − g(a))

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡. (20)

Again, for the kernel of integral operator (12), we have
Kg(t, x; ϕ)g′(t)≤Kg(b, x; ϕ)g′(t), t ∈ (x, b] andx ∈ [a, b).

(21)

An exponentially convex function satisfies the following
inequality:

f(t)≤
t − x

b − x
􏼒 􏼓

f(b)

eαb
+

b − t

b − x
􏼠 􏼡

f(x)

eαx
. (22)

Inequalities (21) and (22) lead to the following integral
inequality:

􏽚
b

x
Kg(t, x; ϕ)g′(t)f(t)dt

≤Kg(b, x; ϕ)
f(b)

eαb
􏽚

b

x

t − x

b − x
􏼒 􏼓g′(t)dt􏼠

+
f(x)

eαx
􏽚

b

x

b − t

b − x
􏼠 􏼡g′(t)dt􏼡,

(23)

while (23) gives

F
ϕ,g

b− f􏼐 􏼑(x)≤ϕ(g(b) − g(x))
f(x)

eαx
+

f(b)

eαb
􏼠 􏼡. (24)

By adding (20) and (24), (16) can be achieved.
+e following remark connected the abovementioned

theorem with already known results. □
Remark 2

(1) For ϕ(t) � (tμ/Γ(μ)), μ> 0, and α � 0 in (16), Cor-
ollary 1 in [26] can be achieved.

(2) For ϕ(t) � (tμ/Γ(μ)), μ> 0, g(x) � x, and α � 0 in
(16), Corollary 1 in [27] can be achieved.
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(3) For α � 0, in (16),+eorem 1 in [28] can be achieved.

Next results indicate upper bounds of several known
fractional and conformable integral operators.

Proposition 1. Let ϕ(t) � (tμ/Γ(μ)), μ> 0. <en, (11) and
(12) produce the fractional integral operators (7) and (8) as
follows:

F
tμ/Γ(μ)( ),g

a+ f􏼒 􏼓(x) ≔ μ
gI

a+
f(x),

F
tμ/Γ(μ)( ),g

b− f􏼒 􏼓(x) ≔ μ
gI

b−
f(x).

(25)

Further they satisfy the following bound for μ≥ 1:
μ
gI

a+
f􏼐 􏼑(x) +

μ
gI

b−
f􏼐 􏼑(x)

≤
(g(x) − g(a))μ

Γ(μ)

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡

+
(g(b) − g(x))μ

Γ(μ)

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(26)

Proposition 2. Let g(x) � I(x) � x. <en, (11) and (12)
produce integral operators defined in [29] as follows:

F
ϕ,I
a+ f􏼐 􏼑(x) ≔ a+ Iϕf􏼐 􏼑(x) � 􏽚

x

a

ϕ(x − t)

(x − t)
f(t)dt,

F
ϕ,I

b− f􏼐 􏼑(x) ≔ b− Iϕf􏼐 􏼑(x) � 􏽚
b

x

ϕ(t − x)

(t − x)
f(t)dt.

(27)

Further they satisfy the following bound:

a+ Iϕf􏼐 􏼑(x) + b− Iϕf􏼐 􏼑(x)

≤ϕ(x − a)
f(x)

eαx
+

f(a)

eαa
􏼠 􏼡 + ϕ(b − x)

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(28)

Corollary 1. If we take ϕ(t) � (tμ/k/kΓk(μ)), then (11) and
(12) produce the fractional integral operators (9) and (10) as
follows:

F
tμ/k/kΓk(μ)( ),g

a+ f􏼒 􏼓(x) ≔ μ
gI

k

a+
f(x),

F
tμ/k/kΓk(μ)( ),g

b− f􏼒 􏼓(x) ≔ μ
gI

k

b−
f(x).

(29)

From (16), the following bound holds for μ≥ k:

μ
gI

k

a+
f􏼐 􏼑(x) +

μ
gI

k

b−
f􏼐 􏼑(x)≤

(g(x) − g(a))μ/k

kΓk(μ)

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡

+
(g(b) − g(x))μ/k

kΓk(μ)

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(30)

Corollary 2. If we take ϕ(t) � (tμ/Γ(μ)), μ> 0, and
g(x) � I(x) � x, then (11) and (12) produce left- and right-
sided Riemann–Liouville fractional integral operators (3) and
(4) as follows:

F
tμ/Γ(μ)( ),I

a+ f􏼒 􏼓(x) ≔ μ
Ia+ f(x),

F
tμ/Γ(μ)( ),I

b− f􏼒 􏼓(x) ≔ μ
Ib− f(x).

(31)

From (16), the following bound holds for μ≥ 1:
μ
Ia+ f( 􏼁(x) +

μ
Ib− f( 􏼁(x)

≤
(x − a)μ

Γ(μ)

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡 +

(b − x)μ

Γ(μ)

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(32)

Corollary 3. If we take ϕ(t) � (tμ/k/kΓk(μ)) and
g(x) � I(x) � x, then (11) and (12) produce the fractional
integral operators (5) and (6) as follows:

F
tμ/k/kΓk(μ)( ),I

a+ f􏼒 􏼓(x) ≔ μ
I

k

a+ f(x),

F
tμ/k/kΓk(μ)( ),I

b− f􏼒 􏼓(x) ≔ μ
I

k

b− f(x).

(33)

From (16), the following bound holds for μ≥ k:
μ
I

k

a+ f􏼐 􏼑(x) +
μ
I

k

b− f􏼐 􏼑(x)

≤
(x − a)μ/k

kΓk(μ)

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡 +

(b − x)μ/k

kΓk(μ)

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(34)

Corollary 4. If we take ϕ(t) � (tμ/Γ(μ)), μ> 0 and
g(x) � (xρ/ρ), ρ> 0, then (11) and (12) produce the frac-
tional integral operators defined in [18] as follows:

F
tμ/Γ(μ)( ),g

a+ f􏼒 􏼓(x) �
ρ
I
μ
a+ f( 􏼁(x)

�
ρ1− μ

Γ(μ)
􏽚

x

a
x
ρ

− t
ρ

( 􏼁
μ− 1

t
ρ− 1

f(t)dt,

F
tμ/Γ(μ)( ),g

b− f􏼒 􏼓(x) �
ρ
I
μ
b− f􏼐 􏼑(x)

�
ρ1− μ

Γ(μ)
􏽚

b

x
t
ρ

− x
ρ

( 􏼁
μ− 1

t
ρ− 1

f(t)dt.

(35)

From (16), they satisfy the following bound:
ρ
I
μ
a+ f( 􏼁(x) +

ρ
I
μ
b− f􏼐 􏼑(x)

≤
xρ − aρ( )μ

Γ(μ) ρμ( 􏼁

f(x)

eαx
+

f(a)

eαa
􏼠 􏼡 +

bρ − xρ( )
μ

Γ(μ) ρμ( 􏼁

f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(36)
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Corollary 5. If we take ϕ(t) � (tμ/Γ(μ)), μ> 0, and
g(x) � (xn+1/(n + 1)), n> 0, then (11) and (12) produce the
fractional integral operators defined as follows:

F
tμ/Γ(μ)( ),g

a+ f􏼒 􏼓(x) �
n
I
μ
a+ f( 􏼁(x)

�
(n + 1)1− μ

Γ(μ)
􏽚

x

a
x

n+1
− t

n+1
􏼐 􏼑

μ− 1
t
n
f(t)dt,

F
tμ/Γ(μ)( ),g

b− f􏼒 􏼓(x) �
n
I
μ
b− f􏼐 􏼑(x)

�
(n + 1)1− μ

Γ(μ)
􏽚

b

x
t
n+1

− x
n+1

􏼐 􏼑
μ− 1

t
n
f(t)dt.

(37)

From (16), they satisfy the following bound:
n
I
μ
a+ f( 􏼁(x) +

n
I
μ
b− f􏼐 􏼑(x)

≤
xn+1 − an+1( 􏼁

μ

Γ(μ)(n + 1)μ
f(x)

eαx
+

f(a)

eαa
􏼠 􏼡

+
xn+1 − an+1( 􏼁

μ

Γ(μ)(n + 1)μ
f(x)

eαx
+

f(b)

eαb
􏼠 􏼡.

(38)

Next, we prove boundedness and continuity of integral
operators.

Theorem 2. Let the assumptions of<eorem 1 are satisfied. If
f ∈ L∞[a, b], then integral operators defined in (11) and (12)
are continuous.

Proof. From (20), we have

F
ϕ,g

a+ f􏼐 􏼑(x)≤ ϕ(g(x) − g(a))‖f‖∞
1

eαx
+

1
eαa

􏼒 􏼓. (39)

It is given that (ϕ/x) is increasing on [a, b]:
ϕ(g(x) − g(a))

g(x) − g(a)
≤
ϕ(g(b) − g(a))

g(b) − g(a)
,

ϕ(g(x) − g(a))≤
ϕ(g(b) − g(a))g(x) − g(a)

g(b) − g(a)
.

(40)

Further g is increasing; therefore, we have

ϕ(g(x) − g(a))≤ϕ(g(b) − g(a)). (41)

+erefore, (39) gives

F
ϕ,g
a+ f􏼐 􏼑(x)≤ ϕ(g(b) − g(a))‖f‖∞ e

− αx
+ e

− αa
( 􏼁. (42)

If α> 0, then e− αx is decreasing on [a, b] and we get

F
ϕ,g
a+ f􏼐 􏼑(x)≤ 2e

− αaϕ(g(b) − g(a))‖f‖∞. (43)

If α< 0, then e− αx is increasing on [a, b] and we get from
(42)

F
ϕ,g

a+ f􏼐 􏼑(x)≤ 2e
− αbϕ(g(b) − g(a))‖f‖∞. (44)

Hence, (F
ϕ,g
a+ f)(x) is bounded and it is linear, and

therefore, (F
ϕ,g

a+ f)(x) is continuous.
Similarly, continuity of (F

ϕ,g

b− f)(x) can be proved.
For a differentiable function f, as |f′| is exponentially

convex, the following result holds: □

Theorem 3. Let f: I⟶ R be a differentiable function. If
|f′| is exponentially convex and g: I⟶ R is a differentiable
and strictly increasing function. Also, let (ϕ/x) be an in-
creasing function on I, then for a, b ∈ I, a< b, the following
inequalities for integral operators holds:

F
ϕ,g
a+ (f∗g)(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌≤ϕ(g(x) − g(a))
f′(a)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαa
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡,

(45)

F
ϕ,g

b− (f∗g)(x)
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌≤ϕ(g(b) − g(x))
f′(b)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαb
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡,

(46)

where

F
ϕ,g
a+ (f∗g)(x) � 􏽚

x

a
Kg(x, t;ϕ)g′(t)f′(t)dt,

F
ϕ,g

b− (f∗g)(x) � 􏽚
b

x
Kg(t, x; ϕ)g′(t)f′(t)dt.

(47)

Proof. An exponentially convex function |f′| satisfies the
following inequality:

f′(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
x − t

x − a
􏼒 􏼓

f′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαa
+

t − a

x − a
􏼒 􏼓

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
. (48)

From which, we can write

f′(t)≤
x − t

x − a
􏼒 􏼓

f′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαa
+

t − a

x − a
􏼒 􏼓

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
. (49)

Inequalities (17) and (49) lead to the following integral
inequality:

􏽚
x

a
Kg(x, t;ϕ)g′(t)f′(t)dt

≤Kg(x, a; ϕ)
f′(a)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαa
􏽚

x

a

x − t

x − a
􏼒 􏼓g′(t)dt􏼠

+
f′(x)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡 􏽚

x

a

t − a

x − a
􏼒 􏼓g′(t)dt􏼡,

(50)

while (50) gives

F
ϕ,g
a+ (f∗g)(x) ≤ϕ(g(x) − g(a))

f′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαa
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡􏼢 􏼣.

(51)

From (48), we can write

f′(t)≥ −
x − t

x − a
􏼒 􏼓

f′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαa
+

t − a

x − a
􏼒 􏼓

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡. (52)
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Adopting the same method as we did for (49), the fol-
lowing integral inequality holds:

F
ϕ,g
a+ (f∗g)(x)≥ − ϕ(g(x) − g(a))

f′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαa
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡.

(53)

From (51) and (53), (45) can be achieved.
An exponentially convex function |f′| satisfies the fol-

lowing inequality:

f′(t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
t − x

b − x
􏼒 􏼓

f′(b)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαb
+

b − t

b − x
􏼠 􏼡

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
. (54)

From which, we can write

f′(t)≤
t − x

b − x
􏼒 􏼓

f′(b)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαb
+

b − t

b − x
􏼠 􏼡

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
. (55)

Inequalities (21) and (55) lead the following integral
inequality:

􏽚
b

x
Kg(t, x; ϕ)g′(t)f′(t)dt

≤Kg(b, x; ϕ)
f′(b)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαb
􏽚

b

x

x − t

b − x
􏼒 􏼓g′(t)dt􏼠

+
f′(x)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαx
􏽚

b

x

b − t

b − x
􏼠 􏼡g′(t)dt􏼡,

(56)

while (56) gives

F
ϕ,g

b− (f∗g)(x) ≤ϕ(g(b) − g(x))
f′(b)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαb
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡.

(57)

From (54), we can write

f′(t)≥ −
t − x

b − x
􏼒 􏼓

f′(b)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαb
+

b − t

b − x
􏼠 􏼡

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡. (58)

Adopting the same method as we did for (55), the fol-
lowing inequality holds:

F
ϕ,g

b− (f∗g)(x)≥ − ϕ(g(b) − g(x))
f′(b)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

eαb
+

f′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

eαx
􏼠 􏼡.

(59)

From (57) and (59), (46) can be achieved. □

3. Hadamard Type Inequalities for
Exponentially Convex Function

In this section, we prove the Hadamard type inequality for
an exponentially convex function. In order to prove this
inequality result, we need the following lemma.

Lemma 1 (see [30]). Let f: [a, b]⟶ R be an exponentially
convex function. If f is exponentially symmetric, then the
following inequality holds:

f
a + b

2
􏼠 􏼡≤

f(x)

eαx
, x ∈ [a, b]. (60)

Theorem 4. Let f: [a, b]⟶ R be positive, exponentially
convex, and symmetric about ((a + b)/2) and g: [a, b]

⟶ R be a differentiable and strictly increasing function.
Also, let (ϕ/x) be an increasing function on [a, b]. <en, for
a, b ∈ I, a< b, the following estimations of Hadamard type
are valid.

h(α)f
a + b

2
􏼠 􏼡 F

ϕ,g

b− (1)􏼐 􏼑(a) + F
ϕ,g
a+ (1)􏼐 􏼑(b)􏼐 􏼑

≤ F
ϕ,g

b− f􏼐 􏼑(a) + F
ϕ,g
a+ f􏼐 􏼑(b)􏼐 􏼑

≤ 2ϕ(g(b) − g(a))
f(b)

eαb
+

f(a)

eαa
􏼠 􏼡,

(61)

where h(α) � eαb for α< 0 and h(α) � eαa for α≥ 0.

Proof. For the kernel of integral operator (11), we have

Kg(x, a;ϕ)g′(x)≤Kg(b, a; ϕ)g′(x), x ∈ (a, b]. (62)

An exponentially convex function satisfies the following
inequality:

f(x)≤
x − a

b − a
􏼒 􏼓

f(b)

eαb
+

b − x

b − a
􏼠 􏼡

f(a)

eαa
. (63)

Inequalities (62) and (63) lead the following integral
inequality:

􏽚
b

a
Kg(x, a; ϕ)g′(x)f(x)dx

≤Kg(b, a; ϕ)
f(b)

eαb
􏽚

b

a

x − a

b − a
􏼒 􏼓g′(x)dx􏼠

+
f(a)

eαa
􏽚

b

a

b − x

b − a
􏼠 􏼡g′(x)dx􏼡,

(64)

while (64) gives

F
ϕ,g

b− f􏼐 􏼑(a)≤ ϕ(g(b) − g(a))
f(b)

eαb
+

f(a)

eαa
􏼠 􏼡. (65)

On the contrary, for the kernel of integral operator (12),
we have

Kg(b, x; ϕ)g′(x)≤Kg(b, a; ϕ)g′(x). (66)

Inequalities (63) and (66) lead the following integral
inequality:
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􏽚
b

a
Kg(b, x; ϕ)g′(x)f(x)dx

≤Kg(b, a;ϕ)
f(b)

eαb
􏽚

b

a

x − a

b − a
􏼒 􏼓g′(x)dx􏼠

+
f(a)

eαa
􏽚

b

a

b − x

b − a
􏼠 􏼡g′(x)dx􏼡,

(67)

while the abovementioned inequality gives

F
ϕ,g

a+ f􏼐 􏼑(b)≤ ϕ(g(b) − g(a))
f(b)

eαb
+

f(a)

eαa
􏼠 􏼡. (68)

From (65) and (68), the following inequality can be
obtained:

F
ϕ,g
a+ f􏼐 􏼑(b) + F

ϕ,g

b− f􏼐 􏼑(a)≤ 2ϕ(g(b) − g(a))
f(b)

eαb
+

f(a)

eαa
􏼠 􏼡.

(69)

Now, using Lemma 1 and multiplying (60) with
Kg(x, a; ϕ)g′(x), then integrating over [a, b], we have

􏽚
b

a
Kg(x, a; ϕ)f

a + b

2
􏼠 􏼡g′(x)dx

≤ 􏽚
b

a

1
eαx

Kg(x, a; ϕ)g′(x)f(x)dx.

(70)

From which, we have

f
a + b

2
􏼠 􏼡 F

ϕ,g

b− (1)􏼐 􏼑(a)≤
1

h(α)
F
ϕ,g

b− f􏼐 􏼑(a). (71)

Again using Lemma 1 and multiplying (60) with
Kg(b, x; ϕ)g′(x), then integrating over [a, b], we have

􏽚
b

a
Kg(b, x; ϕ)f

a + b

2
􏼠 􏼡g′(x)dx

≤ 􏽚
b

a

1
eαx

Kg(b, x; ϕ)g′(x)f(x)dx.

(72)

From which, we have

f
a + b

2
􏼠 􏼡 F

ϕ,g

a+ (1)􏼐 􏼑(b)≤
1

h(α)
F
ϕ,g

a+ f􏼐 􏼑(b). (73)

From (71) and (73), the following inequality can be
achieved:

f
a + b

2
􏼠 􏼡 F

ϕ,g

b− (1)􏼐 􏼑(a) + F
ϕ,g
a+ (1)􏼐 􏼑(b)

≤
1

h(α)
F
ϕ,g

b− f􏼐 􏼑(a) + F
ϕ,g
a+ f􏼐 􏼑(b)􏼐 􏼑.

(74)

From (69) and (74), (61) can be achieved. □

Remark 3. For α � 0, in (61), +eorem 3 in [28] can be
achieved.

Corollary 6. If we put ϕ(t) � (tμ/k/kΓk(μ)), then the in-
equality (61) produces the following Hadamard type
inequality:

h(α)f
a + b

2
􏼠 􏼡

μ
gI

k

b−

(1)(a) +
μ
gI

k

a+
(1)(b)􏼒 􏼓

≤ μ
gI

k

b−

f(a) +
μ
gI

k

a+
f(b)􏼒 􏼓

≤
2(g(b) − g(a))μ/k

kΓk(μ)( 􏼁

f(b)

eαb
+

f(a)

eαa
􏼠 􏼡.

(75)

Corollary 7. If we put ϕ(t) � (tμ/Γ(μ)), then the inequality
(61) produces the following Hadamard type inequality:

h(α)f
a + b

2
􏼠 􏼡

μ
gI

b−

(1)(a) +
μ
gI

a+
(1)(b)􏼒 􏼓

≤ μ
gI

b−

f(a) +
μ
gI

a+
f(b)􏼒 􏼓

≤
2(g(b) − g(a))μ

Γ(μ)

f(b)

eαb
+

f(a)

eαa
􏼠 􏼡.

(76)

Corollary 8. If we put ϕ(t) � (tμ/k/kΓk(μ)) and g as identity
function, then the inequality (61) produces the following
Hadamard type inequality:

h(α)f
a + b

2
􏼠 􏼡

μ
I

k

b−
(1)(a) +

μ
I

k

a+ (1)(b)􏼐 􏼑

≤ μ
I

k

b−
f(a) +

μ
I

k

a+ f(b)􏼐 􏼑

≤
2(b − a)μ/k

kΓk(μ)

f(b)

eαb
+

f(a)

eαa
􏼠 􏼡.

(77)

Corollary 9. If we put ϕ(t) � (tμ/Γ(μ)) and g as identity
function, then the inequality (61) produces the following
Hadamard type inequality:

h(α)f
a + b

2
􏼠 􏼡

μ
Ib−

(1)(a) +
μ
Ia+ (1)(b)􏼐 􏼑

≤ μ
Ib−

f(a) +
μ
Ia+ f(b)􏼐 􏼑

≤
2(b − a)

Γ(μ)

f(b)

eαb
+

f(a)

eαa
􏼠 􏼡.

(78)

4. Concluding Remarks

We have studied an integral operator for exponentially
convex functions; this operator has direct consequences to
several fractional and conformable integral operators. We
have obtained bounds of the integral operator in different
forms. In +eorem 1, upper bounds of this operator are
studied for an exponentially convex function and several
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special cases have been presented in the form of propositions
and corollaries.+e boundedness is studied in+eorem 2. In
+eorem 3, we have obtained results for differentiable
function f such that |f′| is exponentially convex. A version
of the Hadamard inequality is proved in +eorem 4 which
leads to its several variants for fractional and conformable
integral operators.
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[30] G. Hong, G. Farid, J. Pečarić et al., “Boundedness of fractional
integral operators containing Mittag-Leffler function via ex-
ponentially convex functions,” Journal of Mathematics,
vol. 2020, Article ID 3584105, 7 pages, 2020.

Journal of Mathematics 9

https://www.researchgate.net/publication/321760443
https://www.researchgate.net/publication/321760443


Research Article
The Extended Bessel-Maitland Function and Integral Operators
Associated with Fractional Calculus

Kelelaw Tilahun, Hagos Tadessee, and D. L. Suthar

Department of Mathematics, Wollo University, P.O. Box 1145, Dessie, Ethiopia

Correspondence should be addressed to D. L. Suthar; dlsuthar@gmail.com

Received 25 April 2020; Accepted 29 May 2020; Published 23 June 2020

Academic Editor: Serkan Araci

Copyright © 2020 Kelelaw Tilahun et al. )is is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

)e aim of this paper is to introduce a presumably and remarkably altered integral operator involving the extended generalized
Bessel-Maitland function. Particular properties are considered for the extended generalized Bessel-Maitland function connected
with fractional integral and differential operators. )e integral operator connected with operators of the fractional calculus is also
observed. We point out important links to known findings from some individual cases with our key outcomes.

1. Introduction and Preliminaries

)e Bessel-Maitland function Jςϑ(.) is a generalization of
Bessel function introduced by Ed. Maitland Wright [1]
through a series representation as follows:

J
ς
ϑ(z) � 􏽘

∞

m�0

(−z)m

Γ(ςm + ϑ + 1)m!
, (z, ϑ ∈ C, ς> 0). (1)

In fact, Watson’s book [2] finds the application of the
Bessel-Maitland function in the diverse field of engineering,
chemical and biological sciences, and mathematical physics.

Further, Pathak [3] defined generalization of the Bessel-
Maitland function Jς,δϑ,q(.) in the form as follows:

J
ς,δ
ϑ,q(z) � 􏽘

∞

m�0

(δ)qm(−z)m

Γ(ςm + ϑ + 1)m!
, (2)

where z ∈ C\(−∞, 0]; ς, ϑ, δ ∈ C,R(ς)≥ 0,R(ϑ)≥ −1,

R(δ)≥ 0; q ∈ (0, 1)∪N, and (δ)qm is known as generalized
Pochhammer symbol which is defined as

(δ)0 � 1, (δ)qm �
Γ(δ + qm)

Γ(δ)
. (3)

Since the implementation of the Bessel-Maitland func-
tion in 1983, a number of extensions and generalizations
have been introduced and examined with different appli-
cations (see information in [4–9]).

By motivation of these investigations and applications of
the Bessel-Maitland function, Suthar et al. [7] defined the
generalized Bessel-Maitland function (2) in the following
manner:

J
ς,δ;c

ϑ,q (z; p) � 􏽘
∞

m�0

Bp(δ + qm, c − δ)(c)qm(−z)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!
,

(p> 0, q ∈ N,R(c)>R(δ)> 0),

(4)

which is known as extended generalized Bessel-Maitland
function; here,Bp(s, t) is the extended beta function (see [10]).

Bp(s, t) � 􏽚
1

0
z

s−1
(1 − z)

t−1
e

−p/z(1−z)dz,

(R(p)> 0,R(s)> 0,R(t)> 0).

(5)

For p � 0, (5) reduces to beta function (see, e.g., [11],
Section 1.1).

Remark 1

(i) )e particular case of equation (4), when p � 0,
reduces to (2) and when p � q � 0, reduces to (1).

(ii) When q � 1, ϑ � ϑ − 1 and z � −z in (4) reduce to
the extended Mittag–Leffler function defined by
Ozarslan and Yilmaz ([12], equation (4)).
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Definition 1. )e space of Lebesgue measurable of real or
complex valued function L(a, b) for our study of the sig-
nificance of fractional calculus is defined as follows:

L(a, b) � f: ‖f‖1 � 􏽚
b

a
f(x)dx <∞􏼠 􏼡. (6)

Definition 2. )e Riemann–Liouville (R-L) fractional inte-
gral operators Iℓ

a+ and Iℓ
b− are defined respectively as (see,

e.g., [13]) follows:

I
ℓ
a+f􏼐 􏼑(x) �

1
Γ(ℓ)

􏽚
x

a
(x − λ)

ℓ−1
f(λ)dλ, (x> a), (7)

I
ℓ
b−f􏼐 􏼑(x) �

1
Γ(ℓ)

􏽚
b

x
(λ − x)

ℓ−1
f(λ)dλ, (x< b), (8)

where f(x) ∈L(a, b), ℓ ∈ C, and R(ℓ)> 0.

Definition 3. For f(x) ∈L(a, b); ℓ ∈ C,R(ℓ) > 0 and
n � [R(ℓ)] + 1, the Riemann–Liouville fractional differen-
tial operators Dℓ

a+ are defined by (see, e.g., [13])

D
ℓ
a+f􏼐 􏼑(x) �

d
dx

􏼠 􏼡

n

I
n−ℓ
a+ f􏼐 􏼑(x). (9)

Also, Dℓ,v
a+ of order 0< ℓ < 1 and class 0< v< 1 with

reference to x which is the generalized form of (9) (see
[13–15]) is defined as follows:

L
ℓ,v
a+f􏼐 􏼑 � I

v(1−ℓ)
a+

d
dx

I
(1−v)(1−ℓ)
a+ f􏼐 􏼑􏼠 􏼡(x). (10)

On setting v � 0 in (10), it reducesLℓ
a+ specified in (9) to

the fractional differential operator.
We found the following baseline findings for our study.

Lemma 1 (Mathai and Haubold [16]). If ℓ, u, ∈ C,R(ℓ)> 0,

R(u)> 0, then

I
ℓ
a+(λ − a)

u−1
􏼐 􏼑(x) �

Γ(u)

Γ(ℓ + μ)
(x − a)

ℓ+u−1
. (11)

Lemma 2 (Srivastava and Manocha [17]). If a function f(z)

is analytic and has a power series representation
f(z) � 􏽐

∞
m�0 amzm in the disc |z|<R, then

0L
ℓ
z z

u−1
f(z)􏽮 􏽯 �

Γ(u)

Γ(ℓ + u)
􏽘

∞

m�0

am(u)m

(ℓ + u)m

z
m

. (12)

Lemma 3 (Srivastava and Tomovski [18]). Let
x> a, 0< ℓ < 1, 0≤ v≤ 1,R(ϑ)> 0 and R(ℓ) > 0. 0en, the
subsequent result holds true for Lℓ,v

a+f as follows:

L
ℓ,v
a+ (λ − a)

ϑ−1
􏽨 􏽩(x) �

Γ(ϑ)

Γ(ϑ − ℓ)
(x − a)

ϑ−ℓ−1
. (13)

We also provided the subsequent established facts and
rules in this article.

Fubini’s theorem (Dirichlet formula) (Samko et al. [15])

􏽚
b

a
dz 􏽚

z

a
f(z, t)dt � 􏽚

b

a
dt 􏽚

b

t
f(z, t)dz. (14)

We define the following integral operator in terms of
extended generalized Bessel function for δ,ω ∈ C,R(ς)> 0
and R(ϑ)> 0 for our further analysis of fractional calculus,
then the integral operator

I
ω;ς,δ;c
a+;ϑ,q f􏼒 􏼓(x) � 􏽚

x

a
(x − λ)

ϑ
J
ς,δ;c
ϑ,q ω(x − λ)

ς
; p( 􏼁f(λ)dλ,

(15)

where x> a.
If we put p � 0 to the operator, then (15) reduces

I
ω;ς,δ
a+;ϑ,qf􏼒 􏼓(x) � 􏽚

x

a
(x − λ)

ϑ
J
ς,δ
ϑ,q ω(x − λ)

ς
( 􏼁f(λ)dλ.

(16)

If ω � 0, then (16) reduces the integral operator to the
R-L fractional integral operator described in (7).

2. Integral Operators with Extended
Generalized Bessel-Maitland Function in
the Kernel

In this part, we consider the composition of the fractional
integral and derivative of Riemann–Liouville and the frac-
tional derivative of Hilfer with the extended generalized
Bessel-Maitland function defined by (4).

Theorem 1. Suppose ς, ϑ, δ, c ∈ C, R(ς)> 0,R(ϑ)> −1,

R(c)>R(δ)> 0, (p> 0), and q, n ∈ N, then the following
result holds true:

d
dz

􏼠 􏼡

n

z
ϑ

J
ς,δ;c

ϑ,q ωz
ς
; p( 􏼁􏼒 􏼓 � z

ϑ− n
J
ς,δ;c

ϑ−n,q ωz
ς
; p( 􏼁. (17)

Proof. Using (4), we see that

d
dz

􏼠 􏼡

n

z
ϑ

J
ς,δ;c
ϑ,q ωz

ς
; p( 􏼁􏼒 􏼓 �

d
dz

􏼠 􏼡

n

z
ϑ

􏽘

∞

m�0

Bp(δ + qm, c − δ)(c)qm −ωzς( )m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

� 􏽘
∞

m�0

Bp(δ + qm, c − δ)(c)qm(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

d
dz

􏼠 􏼡

n

z
ςm+ϑ

.

(18)
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Using the identity,

d
dx

􏼠 􏼡

n

x
m

�
Γ(m + 1)

Γ(m − n + 1)
x

m−n
, m≥ n, (19)

and after simplifying, we have

d
dz

􏼠 􏼡

n

z
ϑ

J
ς,δ;c

ϑ,q ωz
ς
; p( 􏼁􏼒 􏼓 � z

ϑ−n
􏽘

∞

m�0

Bp(δ + qm, c − δ)(c)qm −ωzς( )m

B(δ, c − δ)Γ(ςm + ϑ − n + 1)m!
. (20)

Finally, it can be expressed by using (4) again, and we
obtain

d
dz

􏼠 􏼡

n

z
ϑ

J
ς,δ;c
ϑ,q ωz

ς
; p( 􏼁􏼒 􏼓 � z

ϑ−n
J
ς,δ;c
ϑ−n,q ωz

ς
; p( 􏼁. (21)

□

Corollary 1. Suppose ς, ϑ, δ ∈ C, R(ς)> 0,R(ϑ)> −1,

R(δ)> 0, p � 0, q ∈ (0, 1)∪N, and n ∈ N, then the following
result holds true:

d
dz

􏼠 􏼡

n

z
ϑ

J
ς,δ
ϑ,q ωz

ς
( 􏼁􏼐 􏼑 � z

ϑ−n
J
ς,δ
ϑ−n,q ωz

ς
( 􏼁. (22)

Theorem 2. If x> a(a ∈ R+ � (0,∞)), δ, ℓ, ϑ,ω ∈ C,

R(ϑ)> −1,R(ℓ)> 0, p> 0, q ∈ N, then

I
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� (x − a)
ϑ+ℓ

J
ς,δ;c

ϑ+ℓ,q ω(x − a)
ς
; p( 􏼁,

(23)

L
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� (x − a)
ϑ−ℓ

J
ς,δ;c

ϑ−ℓ,q ω(x − a)
ς
; p( 􏼁,

(24)

L
ℓ,v
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� (x − a)
ϑ−ℓ

J
ς,δ;c

ϑ−ℓ,q ω(x − a)
ς
; p( 􏼁,

(25)

Proof

(i) Using (4) and (7), we have

I
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

�
1
Γ(ℓ)

􏽚
x

a
(λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁(x − λ)

ℓ−1dλ

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

1
Γ(ℓ)

· 􏽚
x

a
(λ − a)

ϑ+ςm
(x − λ)

ℓ−1dλ

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

· I
ℓ
a+ (λ − a)

ϑ+ςm
􏽨 􏽩􏼐 􏼑(x).

(26)

By use of (11), we have

I
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

Γ(ςm + ϑ + 1)

Γ(ςm + ϑ + ℓ + 1)
(x − a)

ςm+ϑ+ℓ

� (x − a)
ϑ+ℓ

􏽘

∞

m�0

Bp(δ + mq, c − δ)

B(δ, c − δ)

(c)mq

Γ(ςm + ϑ + ℓ + 1)

−ω(x − a)ς( )
m

m!

� (x − a)
ϑ+ℓ

J
ς,δ;c

ϑ+ℓ,q ω(x − a)
ς
; p( 􏼁.

(27)

)is occupies in the (23) statement.
(ii) On using (9), we have
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L
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

�
d
dx

􏼠 􏼡

n

I
n−ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕􏼒 􏼓(x),

(28)

and using (23), this takes the following form:

L
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

�
d
dx

􏼠 􏼡

n

(x − a)
ϑ−ℓ+n

J
ς,δ;c

ϑ−ℓ+n,q ω(x − a)
ς
; p( 􏼁􏼔 􏼕.

(29)

Applying (17), we get

L
ℓ
a+ (λ − a)

ϑ
J
ς,δ;c
ϑ−ℓ,q ω(λ − a)

ς
; p( 􏼁􏼔 􏼕(x)

� (x − a)
ϑ−ℓ

J
c,q;c

ς,ϑ−ℓ ω(x − a)
ς
; p( 􏼁.

(30)

)is completes the desired proof (24).
(iii) By using (4), we obtain

L
ℓ,v
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� L
ℓ,v
a+ 􏽘

∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!
(λ − a)

ςm+ϑ⎡⎣ ⎤⎦⎛⎝ ⎞⎠(x)

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!
L

ℓ,v
a+ (λ − a)

ςm+ϑ
􏽨 􏽩􏼐 􏼑(x).

(31)

By applying (13), we get

L
ℓ,v
a+ (λ − a)

ϑ
J
ς,δ;c

ϑ,q ω(λ − a)
ς
; p( 􏼁􏼔 􏼕(x)

� 􏽘

∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

Γ(ςm + ϑ + 1)

Γ(ςm + ϑ − ℓ + 1)
(x − a)

ςm+ϑ−ℓ

� (x − a)
ϑ−ℓ

􏽘

∞

m�0

Bp(δ + mq, c − δ)

B(δ, c − δ)

(c)mq

Γ(ςm + ϑ − ℓ + 1)

−ω(x − a)ς( )
m

m!

� (x − a)
ϑ−ℓ

J
ς,δ;c

ϑ−ℓ,q ω(λ − a)
ς
; p( 􏼁,

(32)

which brings in the necessary proof. □

Corollary 2. If x> a(a ∈ R+ � (0,∞)), δ, ℓ, ϑ,ω ∈ C,

R(ϑ)> − 1, R(ℓ) > 0, p � 0, q ∈ (0, 1)∪N, then 0eorem 2
reduces respectively to

I
ℓ
a+ (λ − a)

ϑ
J
ς,δ
ϑ,q ω(λ − a)

ς
( 􏼁􏽨 􏽩(x) � (x − a)

ϑ+ℓ
J
ς,δ
ϑ+ℓ,q ω(x − a)

ς
( 􏼁,

L
ℓ
a+ (λ − a)

ϑ
J
ς,δ
ϑ,q ω(λ − a)

ς
( 􏼁􏽨 􏽩(x) � (x − a)

ϑ−ℓ
J
ς,δ
ϑ−ℓ,q ω(x − a)

ς
( 􏼁,

L
ℓ,v
a+ (λ − a)

ϑ
J
ς,δ
ϑ,q ω(λ − a)

ς
( 􏼁􏽨 􏽩(x) � (x − a)

ϑ−ℓ
J
ς,δ
ϑ−ℓ,q ω(x − a)

ς
( 􏼁.

(33)

3. Some Properties of the
Operator (I

ω;ς,δ;c

a+;ϑ,q f)(x)

In this section, we derive several continuity properties of the
generalized fractional integral operator.

Theorem 3. If δ,ω ∈ C,R(ς)> 0,R(ϑ)> −1, p> 0, q ∈ N,
and R(μ)> 0, then

I
ω;ς,δ;c

a+;ϑ,q (λ − a)
μ−1

􏽨 􏽩􏼒 􏼓(x) � (x − a)
μ+ϑΓ(μ)J

ς,δ;c

ϑ+μ,q ω(x − a)
ς
; p( 􏼁.

(34)
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Proof. From (4) and (15), we obtain

I
ω;ς,δ;c

a+;ϑ,q (λ − a)
μ−1

􏽨 􏽩􏼒 􏼓(x) � 􏽚
x

a
(x − λ)

ϑ
(λ − a)

μ−1
J
ς,δ;c

ϑ,q ω(x − λ)
ς
; p( 􏼁dλ

� 􏽘

∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)Γ(ςm + ϑ + 1)m!
􏽚

x

a
(λ − a)

μ−1
(x − λ)

ϑ+ςmdλ􏼒 􏼓

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)m!

1
Γ(ςm + ϑ + 1)

× 􏽚
x

a
(λ − a)

μ−1
(x − λ)

ϑ+ςmdλ

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq(−ω)m

B(δ, c − δ)m!
I

ςm+ϑ+1
a+ (λ − a)

μ−1
􏽨 􏽩(x)

� 􏽘
∞

m�0

Bp(δ + mq, c − δ)(c)mq

B(δ, c − δ)

(−ω)m

m!

Γ(μ)

Γ(ςm + ϑ + μ + 1)
(x − a)

ςm+ϑ+μ

� (x − a)
ϑ+μΓ(μ)J

ς,δ;c
ϑ+μ,q ω(x − a)

ς
; p( 􏼁.

(35)

)is completes the desired proof. □

Corollary 3. If δ,ω ∈ C,R(ς)> 0,R(ϑ)> −1,R(ℓ)> 0,

q ∈ (0, 1)∪N, and R(μ)> 0, then

I
ω;ς,δ
a+;ϑ,q (λ − a)

μ−1
􏽨 􏽩􏼒 􏼓(x) � (x − a)

μ+ϑΓ(μ)J
ς,δ
ϑ+μ,q ω(x − a)

ς
( 􏼁.

(36)

Theorem 4. If δ, ς, ϑ,ω, c ∈ C,R(ς)> 0,R(ϑ)> −1,

R(c)> 0, p> 0, and q ∈ N, then

I
ω;ς,δ,c

a+;ϑ,qφ
�����

�����1
≤S‖φ‖1, (37)

where

S � (b − a)
R(ϑ)+1

􏽘

∞

m�0

Bp(δ + mq, c − δ) (c)mq

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

B(δ, c − δ)Γ(ςm + ϑ + 1)(R(ϑ) + R(ς)m + 1)

−ω(b − a)ς| |
m

m!
. (38)

Proof. From (4), (6), and (15), we have

I
ω;ς,δ;c

a+;ϑ,qφ
�����

�����1
� 􏽚

b

a
I

ω;ς,δ;c

a+;ϑ,qφ􏼒 􏼓(x)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx

� 􏽚
b

a
􏽚

x

a
(x − λ)

ϑ
J
ς,δ;c
ϑ,q ω(x − λ)

ς
; p( 􏼁φ(λ)dλ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
dx.

(39)

By exchanging the integration order and using Dirichlet
formula (14), we have

I
ω;ς,δ;c

a+;ϑ,qφ
�����

�����1
≤ 􏽘
∞

m�0

Bp(δ + mq, c − δ) (c)mq

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 (−ω)m
| |

B(δ, c − δ)Γ(ςm + ϑ + 1)m!

× 􏽚
b

a
􏽚

b

λ
(x − λ)

R(ϑ)+R(ς)mdx􏼢 􏼣|φ(λ)|dλ.

(40)

Setting u � x − λ, we obtain

I
ω;ς,δ;c

a+;ϑ,qφ
�����

�����1
≤ 􏽘
∞

m�0

Bp(δ + mq, c − δ) (c)mq

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 (−ω)m
| |

B(δ, c − δ)Γ(ςm + ϑ + 1)m!
􏽚

b

a

uR(ϑ)+R(ς)m+1

R(ϑ) + R(ς)m + 1
􏼢 􏼣

b−a

0
× |φ(λ)|dλ. (41)

)is can also be written as

I
ω;ς,δ;c
a+;ϑ,qφ

�����

�����1
≤ (b − a)

R(ϑ)+1
􏽘

∞

m�0

Bp(δ + mq, c − δ) (c)mq

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 −ω(b − a)ς( )| |
m

B(δ, c − δ)Γ(ςm + ϑ + 1)(R(ϑ) + R(ς)m + 1)m!

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
. 􏽚

b

a
|φ(λ)|dλ � S‖φ‖1. (42)

)is completes the desired proof. □
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Corollary 4. If δ, ς, ϑ,ω, ∈ C,R(ς)> 0,R(ϑ)> − 1, and
q ∈ (0, 1)∪N, then

I
ω;ς,δ
a+;ϑ,qφ

�����

�����1
≤H‖φ‖1, (43)

where

H � (b − a)
R(ϑ)+1

􏽘

∞

m�0

(δ)mq

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

Γ(ςm + ϑ + 1)(R(ϑ) + R(ς)m + 1)

−ω(b − a)ς| |
m

m!
. (44)

Theorem 5. If ℓ, δ, ς, ϑ,ω ∈ C,R(ς)> 0,R(ϑ)> −1,

R(δ)> 0,R(ℓ)> 0, p> 0, q ∈ N, and x> a, for any function
f ∈L(ς, ϑ), then the result holds true:

I
ℓ
a+ I

ω;ς,δ;c

a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) � I
ω;ς,δ;c

a+;ϑ+ℓ,qf􏼒 􏼓(x) � I
ω;ς,δ;c

a+;ϑ,q I
ℓ
a+f􏽨 􏽩􏼒 􏼓(x).

(45)

Proof. From (7) and (15), we have

I
ℓ
a+ I

ω;ς,δ;c
a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) �

1
Γ(ℓ)

􏽚
x

a
(x − λ)

ℓ−1
I

ω;ς,δ,c
a+;ϑ,q f􏼔 􏼕(λ)dλ

�
1
Γ(ℓ)

􏽚
x

a
(x − λ)

ℓ−1
􏽚
λ

a
(λ − u)

ϑ
J
ς,δ;c

ϑ,q ω(λ − u)
ς
; p( 􏼁f(u)du􏼢 􏼣dλ.

(46)

By interchanging the order of integration and using (14),
we have

I
ℓ
a+ I

ω;ς,δ;c

a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) � 􏽚
x

a

1
Γ(ℓ)

􏽚
x

u
(x − λ)

ℓ−1
(λ − u)

ϑ
J
ς,δ;c

ϑ,q ω(λ − u)
ς
; p( 􏼁dλ􏼢 􏼣 × f(u)du. (47)

Setting λ − u � ρ, we obtain

I
ℓ
a+ I

ω;ς,δ;c

a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) � 􏽚
x

a

1
Γ(ℓ)

􏽚
x−u

0
(x − u − ρ)

ℓ−1
(ρ)

ϑ
J
ς,δ;c

ϑ,q ωρς; p( 􏼁dρ􏼢 􏼣f(u)du. (48)

By applying (7) and (23), we get

I
ℓ
a+ I

ω;ς,δ;c

a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) � 􏽚
x

a
(x − u)

ℓ+ϑ
J
ς,δ;c

ϑ+ℓ,q ω(x − u)
ς
; p( 􏼁􏼔 􏼕f(u)du, (49)

thus, using (15), we get

I
ℓ
a+ I

ω;ς,δ;c
a+;ϑ,q f􏼔 􏼕􏼒 􏼓(x) � I

ω;ς,δ;c
a+;ϑ+ℓ,qf􏼒 􏼓(x). (50)

To demonstrate the second part, we start from the right
side of (45), and using (7) and (15), we have
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I
ω;ς,δ;c

a+;ϑ,q I
ℓ
a+f􏽨 􏽩􏼒 􏼓(x) � 􏽚

x

a
(x − λ)

ϑ
J
ς,δ;c

ϑ,q ω(x − λ)
ς
; p( 􏼁 I

ℓ
a+f􏽨 􏽩(λ)dλ

� 􏽚
x

a
(x − λ)

ϑ
J
ς,δ;c
ϑ,q ω(x − λ)

ς
; p( 􏼁

1
Γ(ℓ)

􏽚
λ

a
(λ − u)

ℓ−1
f(u)du􏼠 􏼡􏼢 􏼣dλ

� 􏽚
x

a

1
Γ(ℓ)

􏽚
λ

a
(λ − u)

ℓ−1
(x − λ)

ϑ
J
ς,δ;c
ϑ,q ω(x − λ)

ς
; p( 􏼁f(u)du􏼢 􏼣dλ.

(51)

By interchanging the order of integration and using (14),
we obtain

I
ω;ς,δ;c

a+;ϑ,q I
ℓ
a+f􏽨 􏽩􏼒 􏼓(x) � 􏽚

x

a

1
Γ(ℓ)

􏽚
x

u
(x − λ)

ϑ
(λ − u)

ℓ−1
J
ς,δ;c

ϑ,q ω(x − λ)
ς
; p( 􏼁dλ􏼔 􏼕 × f(u)du. (52)

Setting x − λ � ρ, we have

I
ω;ς,δ;c

a+;ϑ,q I
ℓ
a+f􏽨 􏽩􏼒 􏼓(x) � 􏽚

x

a

1
Γ(ℓ)

􏽚
x−u

0
ρϑ(x − u − ρ)

ℓ−1
J
ς,δ;c

ϑ,q ωρς; p( 􏼁dρ􏼔 􏼕f(u)du. (53)

Again, by using (7) and applying (23), we get

I
ω;ς,δ;c
a+;ϑ,q I

ℓ
a+f􏽨 􏽩􏼒 􏼓(x) � 􏽚

x

a
(x − u)

ϑ+ℓ
J
ς,δ;c
ϑ+ℓ,q ω(x − u)

ς
; p( 􏼁f(u)du. (54)

Finally, using (15), we obtain

I
ω;ς,δ;c

a+;ϑ,q I
ℓ
a+f􏽨 􏽩􏼒 􏼓(x) � I

ω;ς,δ;c

a+;ϑ+ℓ,qf􏼒 􏼓(x). (55)

)us, (50) and (55) complete the desired proof of
(45). □

Corollary 5. If ℓ, δ, ς, ϑ,ω ∈ C,R(ς)> 0,R(ϑ)> −1,

R(δ)> 0,R(ℓ)> 0, q ∈ (0, 1)∪N, and x> a, for any func-
tion f ∈L(ς, ϑ), then 0eorem 5 takes the form:

I
ℓ
a+ I

ω;ς,δ
a+;ϑ,qf􏼔 􏼕􏼒 􏼓(x) � I

ω;ς,δ
a+;ϑ+ℓ,qf􏼒 􏼓(x) � I

ω;ς,δ
a+;ϑ,q I

ℓ
a+f􏽨 􏽩􏼒 􏼓(x). (56)

4. Concluding Remark and Discussion

)e newly defined integral operators involving the extended
generalized Bessel-Maitland function is investigated here.
Various special cases of the paper’s related results may be
analyzed by taking appropriate values of the relevant pa-
rameters. For example, as given in remarks (i) and (ii), we
obtain the undeniable result due to Gauhar et al. [19, 20]. For
a number of other special cases, we refer to [21] and leave the
findings to interested readers.
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