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From microscopic to macroscopic levels, mathematical and
computational modeling of biological systems has gained
increased importance over the years, as it allows getting
insight into the system structure and a better understanding
of the interplay between complex phenomena. The applica-
tions are numerous and include genetic regulatory networks,
metabolic networks, ecosystems, bioeconomic systems, and
epidemics.

The aim of this special issue is to present a collection of
recent results in the above-mentioned areas of research, either
at the conceptual (theoretical) level or in view of challenging
applications in environmental sciences and the medical or
biopharmaceutical sectors.

This special issue features 7 contributions as follows.
The paper titled “The Silent Cooperator: An Epigenetic

Model for Emergence of Altruistic Traits in Biological Sys-
tems” explores how a cooperative behavior can be established
in a spatially distributed population system. I. Hashem et
al. present a simple model that captures two concepts from
genetics which can explain how evolution overcomes the
emergence problem, i.e., the establishment of an initial cluster
of sufficient size to allow for a high frequency of intracoop-
erator interactions. The first concept is that a gene may not
express its phenotype except under specific environmental
conditions, rendering it to be a “silent” gene. The second
key idea is that a neutral gene, i.e., one that does not harm
or improve an organism survival chances, can still spread
through a population if it is physically near to another

gene that is positively selected. These two established genetic
concepts, silent genes and genetic hitchhiking, could explain
how a simple cooperative trait emerges in a biological system.

In their paper titled “Analytical Reduction of Nonlinear
Metabolic Networks Accounting for Dynamics in Enzymatic
Reactions,” C. L. Zazueta et al. consider nonlinear metabolic
models where metabolic fluxes vary over time depending on
the intracellular concentrations. Suchmetabolic modelsmust
be reduced and simplified so as to be calibrated and analyzed.
Reducing these models of large dimension down to a model
of smaller dimension is very challenging, especially when
dealing with nonlinear metabolic rates. The authors propose
a rigorous approach to reduce metabolic models using quasi
steady state reduction based on Tikhonov’s Theorem. It is
assumed that the metabolic network can be represented
with Michaelis-Menten enzymatic reactions, with two time
scales in the reactions, and that the system is excited with a
continuous slowly varying input so that the system is never at
steady state. The analysis proves that the metabolites which
can accumulate reach higher concentrations than the fast
metabolites.

An important class of biological networks, so-called
bipartite, are characterized by two families of nodes, which
can have interconnections between the two families, but not
inside the same family. Gene-protein, host-pathogen, and
predator-prey interactions are the basis of bipartite biological
networks. Visualization is a powerful tool to explore and
analyze bipartite networks, but the most common plots, such
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as the bipartite graph and the interaction matrix, become
confusing when working with large-size realistic biological
networks. In the paper titled “A Structural Approach to
Disentangle the Visualization of Bipartite Biological Net-
works,” J. Garcia-Algarra et al. have developed two new
visualization ways that exploit the structural properties of
the network to improve readability. Using a technique called
k-core decomposition, which identifies groups of nodes
that share connectivity properties, it is possible to build a
plot based on information reduction, called polar plot, and
another plot, called Ziggurat plot, which takes the groups as
elementary blocks for spatial distribution.These plots provide
two complementary views of the internal network structure.
Their applications are described, as well as the underlying
software which is provided in open source.

Citrus Huanglongbing (HLB), also known as citrus
greening, is one of the most devastating diseases of citrus
worldwide. In the paper titled “Dynamical Behavior of a
Novel Impulsive Switching Model for HLB with Seasonal
Fluctuations,” S. Gao et al. study a new model for the spread
and control of HLB with seasonal fluctuations. Switching
coefficients and switching control schemes are considered in
this model, which represent the effect of pesticide spraying
at specific times as well as the removal rate of infected
symptomatic trees. Themain purpose of the paper is to study
the effects of switching control schemes on the dynamics
of the model with periodic environment. The numerical
results indicate that Spring andAutumn are themost effective
seasons for spraying insecticide, and Winter is the optimum
season for removing infected trees.

After a disease outbreak, recovered individuals constitute
a large immune population. However, their immunity is
waning in the long term and they may become susceptible
again.Meanwhile, their immunity can be boosted by repeated
exposure to the pathogen, which is linked to the density of
infected individuals present in the population. In “Temporal
Evolution of Immunity Distributions in a Population with
Waning and Boosting,” M. V. Barbarossa et al. consider
a hybrid system of equations of SIRS type, in which the
immune population is structured by the level of immunity,
whereas the susceptible and the infective populations are
nonstructured. The authors investigate how different boost-
ing mechanisms result in different immunity distributions.
For a low average number of secondary infections, the
solution converges to an endemic equilibrium for all the
boosting mechanisms. In the situation of periodic disease
outbreaks, the waveforms of immunity distributions are
studied and visualized. The numerical results show that,
observing the immune distribution or the dynamic of the
immune population over time, one can reconstruct the
underlying boosting mechanism.

In “Dynamical Analysis of Approximate Solutions of
HIV-1Model with anArbitrary Order,”Asma et al. generalize
an AIDS/HIV model to a fractional order system. The
Laplace-Adomian decomposition method is applied to solve
this fractional order HIV model, and the convergence of
the method is discussed. It is shown, via simulation, that
the proposed method is capable of computing approximate
solutions with only a few terms.

It is well known that the harvest effort has a strong
dynamic impact on predator-prey systems, which play a
significant role in bioeconomic management. C. Liu et al. in
their paper “Modeling and Dynamic Analysis in a Hybrid
Stochastic Bioeconomic System with Double Time Delays
and Lévy Jumps” introduce a predator-prey model incorpo-
rating two time delays, one representing a maturation delay
of the prey and the other reflecting the fact that predator
reproduction is not instantaneous but can be affected by a ges-
tation delay. In addition, the prey and predator populations
can be influenced by environmental stochastic fluctuations,
which are modeled in the form of Gaussian white noises
and Levy jumps. The authors first analyze the deterministic
model, then its stochastic extension. Rigorous mathematical
analysis of the models is provided, e.g., existence of solution,
Hopf bifurcation, and stochastic stability. Finally, numerical
simulations are carried out to show combined dynamic effects
of double time delays and Levy jumps on the population
dynamics.The sustainable development of commercially har-
vested population can be indirectly achieved by formulating
relevant policy to regulate economic interest within some
appropriate ranges.
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This article studies the dynamical behavior of the analytical solutions of the system of fraction order model of HIV-1 infection. For
this purpose, first, the proposed integer order model is converted into fractional order model. Then, Laplace-Adomian
decomposition method (L-ADM) is applied to solve this fractional order HIV model. Moreover, the convergence of this method
is also discussed. It can be observed from the numerical solution that (L-ADM) is very simple and accurate to solve fraction
order HIV model.

1. Introduction

AIDS (acquired immune deficiency syndrome) is a disease
which is caused by the type of pathogen virus called human
immune deficiency virus (HIV). This virus was introduced
in 1981 in USA. AIDS is incurable disease that has high mor-
tality rate (kills more than 25 million worldwide per year).
Developing of AIDS takes about 6 months to 15 years. The
virus attacks CD4+ T cells. The virus is transmitted through
unprotected sexual contact and by sharing contaminated
needle or transfusion of infected blood. It may also be trans-
mitted from the mother to her child during pregnancy, lacta-
tion, or during birth.

Applied mathematicians have a great interest to study the
HIV/AIDS dynamics. This research helps the biologists to
find the appropriate treatment for infected humans. Mathe-
matical models are important tools in analyzing the spread
and control of HIV/AIDS as they provide short- and long-
term prediction of HIV and AIDS incidences.

The dynamics of HIV epidemic models have been stud-
ied by several researchers [1–5]. For the numerical solutions

of HIV-1 models, some methods have been introduced.
Ghoreishi et al. [6] introduced homotopy analysis method
for the solution of HIV-1 model. Further, Ongun [7]
introduced the Laplace-Adomian decomposition method
CLADMD for the solution of HIV-1 model. The HPM was
introduced by Merdan in [8] to find the approximate solu-
tion of the model. But the most powerful method is LADM
[7], which has gained much attention in the recent past.

In this paper, we will generalize AIDS/HIV model to a
fractional order system of order ζ in sense of Caputo defini-
tion because it is equivalent to ordinary differential equation
when ζ = 1. We will study the nonlinear model with a frac-
tional order 0 < ζ ≤ 1. In recent years, the mathematician
have taken interest in fractional calculus because it has many
engineering and medical applications. Therefore, first, we
consider the HIV infection integer order model which has
been presented in [9]. This model consists of five compart-
ments: x t which stands for the uninfected CD4+ T cells,
x⋆ t which represents the concentration of infected cells
while the concentration of double cells is denoted by x⋆⋆,
and the densities of pathogen viruses and recombinant
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viruses are denoted by vp t and vr t , respectively. This
model can be written as

x t = λ − d1x t − β1x t vp t ,
x⋆ t = β1x t vp t − d2x

⋆ t − α1vr t x
⋆ t ,

x⋆⋆ t = α1vr t x
⋆ t − d3x

⋆⋆ t ,

vp t = k x⋆ t − d4vp t ,

vr t = cx⋆⋆ t − d5vr t ,

1

with the initial condition x0 = r1, x⋆
o = r2, x⋆⋆

o = r3, v0p = r4,
and v0r = r5.

The parameters used in the system (1) can be defined as
follows: the healthy cells are produced at the rate λ. More-
over, d1, d2, d3, d4, and d5 are the rates of death of unin-
fected cells, infected cells, double infected cells, pathogen
virus, and recombinant virus, respectively. β1 is the rate
of infection of healthy CD4+ T cells. The rate of production
of pathogen virus is defined by k . α1 is infection rate of
double infected cells. c is the rate at which the recombinant
viruses are produced.

cDςx t = λ − d1x t − β1x t vp t ,
cDςx⋆ t = β1x t vp t − d2y t − α1vr t x⋆ t ,

cDςx⋆⋆ t = α1vr t x⋆ t − d3x
⋆⋆ t ,

cDςvp t = k x⋆ t − d4vp t ,
cDςvr t = c′x⋆⋆ t − d5vr t ,

2

with the initial conditions x0 = r1, x⋆
0 = r2, x⋆⋆0 = r3, v0p = r4,

and v0r = r5.
In many branches of sciences, fractional differential

equations (FDEs) have shown their importance as these
equations have much application in different sciences such
as Physics, Chemistry, Mechanics, and Engineering [10, 11].
Currently (FDEs), systems have gained much attention. In
the recent past, various integer order models have been
converted into fractional order models. Fractional order
operators have greater degree of freedom, and hence, using
these in mathematical models produce best results as com-
pared to integer order derivatives.

This research work will be organized as follows: the first
section is related to some basic definitions from fractional
calculus. In second section, Adomian decomposition method
will be applied to the proposed system. Numerical simulation
will be carried out in Section 3. Section 4 is dedicated to
convergence analysis of the proposed fractional order model.
In the last section, conclusion will be drawn.

2. Preliminaries

We will discuss some basic definitions in this section. For
this, we will use [12]. Throughout the paper, we have used
Caputo fractional order derivative.

Definition 1. The fractional Riemann-Liouville type integral
of order κ ∈ 0, 1 of a function h ∈ L1 0, T ,ℝ is written as

Iκ0+h t = 1
Γ κ

t

0
t − s κ−1h s ds, 3

where cDκ is Caputo derivative and 0 < κ < 1. But κ is the
order of fractional time derivative.

Definition 2. For the function h, the Caputo derivative for
fractional order on the interval 0, T can be defined as

cDκ
0+h t = 1

Γ m − κ

t

0
t − s m−κ−1h m s ds 4

Here, m = κ + 1 and κ denote the integral part of m.

Lemma 1. The properties related to fractional order integral
are satisfied.

Iκ cDκg t = g t + u0 + u1t + u2t
2 +⋯ + um−1t

m−1,
5

for uj ∈ℝ, j = 0, 1, 2,… ,m − 1.

Definition 3. The Laplace transform of Caputo derivative is
defined as follows:

L cDκy t = sκh s − 〠
m−1

k=0
sκ−k−1y k 0 ,

m − 1 < κ <m,m ∈N ,
6

where m = κ + 1 and κ denote the integer part of m.

Theorem 1. The initial value problem (2) with the given
initial conditions (8) has unique solutions and will remain
in R5

+.

Proof 1. It can be proved that the solution of the initial value
problem exists on (0,1) and is unique as derived in [13].
Moreover, we will show that R5

+ is positively invariant region.
From system (2), we can obtain the following results:

dx
dt x=0

= λ ≥ 0, dx
⋆

dt x⋆=0
= βxvp ≥ 0, dx

⋆⋆

dt x⋆⋆=0

= αvrx
⋆ ≥ 0,

dvp
dt v=0

= kx⋆ ≥ 0, dvr
dt vr=0

= cx⋆⋆
7

Hence, the solution will remain in the region R5
+.

3. The Laplace-Adomian Decomposition
Method (L-ADM)

We will apply our considered method in the following steps.
First, we will apply Laplace transform to both sides of (2) and
obtain the equations as below

2 Complexity



sςℒ x t − sς−1x 0 =ℒ λ − d1x t − β1x t vp t ,

sςℒ x⋆ t − sς−1x⋆ 0 =ℒ β1x t vp t − d2x
⋆ t

− α1vr t x⋆ t ,

sςℒ x⋆⋆ t − sς−1x⋆⋆ 0 =ℒ α1vr t x
⋆ t − d3z t ,

sςℒ vp t − sς−1v 0 =ℒ k x⋆ t − d4vp t ,

sςℒ vr t − sς−1vr 0 =ℒ cx⋆⋆ − qvr
8

Now, using the initial conditions and after some rear-
rangement, we obtain

ℒ x t = r1
s
+ 1
sς
ℒ λ − d1x t − β1x t vp t

ℒ x⋆ = r2
s
+ 1
sς
ℒ β1x t vp t − d2x

⋆ t

− α1vr t x⋆ t ,

ℒ x⋆⋆ t = r3
s
+ 1
sς
ℒ α1x

⋆ t vr t − d3x
⋆⋆ t

ℒ vp t = r4
s
+ 1
sς
ℒ k x⋆ t − d4vp t ,

ℒ vr t = r5
s
+ 1
sς
ℒ cx⋆⋆ t − d5vr t

9

Assuming the solutions in the form of infinite series as

x t = 〠
∞

m=0
xm,

x⋆ t = 〠
∞

m=0
x⋆

m ,

x⋆⋆ t = 〠
∞

m=0
x⋆⋆

m ,

vp t = 〠
∞

m=0
vmp ,

vr t = 〠
∞

m=0
vmr ,

10

and decomposing the nonlinear terms x t vp t and vr t x
⋆

by using Adomian polynomial as

x t vp t = 〠
∞

m=0
Km t ,

vr t x⋆ t = 〠
∞

m=0
Mm t ,

11

where Km and Mm can be defined by

Km t = 1
Γ m + 1

dm

dηm
〠
m

k=0
ηkxk 〠

m

k=0
ηkvkp

η=0

,

Mm t = 1
Γ m + 1

dm

dηm
〠
m

k=0
ηkvkr 〠

m

k=0
ηkx∗k

η=0

12

Here, Km and Mm are Adomian polynomials. The use
of system (11) and system (13) in model (9) gives the
following systems.

ℒ x0 = r1
s
,

ℒ x⋆
0 = r2

s
,

ℒ x⋆⋆
0 = r3

s
,

ℒ v0p = r4
s
,

ℒ v0r = r5
s
,

13

ℒ x1 = 1
sς

λ − d1x
0 − βK0 ,

ℒ x⋆
1 = 1

sς
β1K0 − d1x

⋆0
− α1M0 ,

ℒ x⋆⋆
1 = 1

sς
α1M0 − d3x

⋆⋆0 ,

ℒ v1 = 1
sς

k x⋆
0
− d4v

0
p ,

ℒ w1 = 1
sς

cx⋆⋆
0
− d5v

0
r ,

14

and so on. The general terms for successive iterations taking
m ≥ 1 can be written as

ℒ xm+1 = 1
sς

λ − d1x
m − β1Km ,

ℒ x⋆
m+1 = 1

sς
β1Km − d2x

⋆m
− α1Mm ,

ℒ x⋆⋆
m+1 = 1

sς
α1Mm − d3x

⋆⋆m ,

ℒ vm+1
p = 1

sς
k x⋆

m
− d4v

m
p ,

ℒ vm+1
r = 1

sς
cx⋆⋆

m
− d5v

m
r

15

To proceed further, the behaviors of the solutions x t ,
x⋆ t , x⋆⋆ t , vp t , and vr t under different values of ζ will
be discussed, and the differences of tendency of the behavior
of the solutions between fractional order derivative and inte-
ger order derivative will be noted. To get the initial approxi-
mations x0, x⋆0 , x⋆⋆0 , v0p and v0r , the inverse Laplace transform
will be applied to the system (14). Then, using these values in
the system (15), the second approximations, x1, x⋆1 , x⋆⋆1 , v1p,

3Complexity



and v1r , are determined. Similarly, x2, x⋆2 , x⋆⋆2 , v2p, and v2r can
be calculated. We write these solutions as

x t = x0 + x1 + x2 + x3 +⋯,

x⋆ t = x⋆
0 + x⋆

1 + x⋆
2 + x⋆

3 +⋯,

x⋆⋆ t = x⋆⋆
0 + x⋆⋆

1 + x⋆⋆
2 + x⋆⋆

3 +⋯,
vp t = v0p + v1p + v2p + v3p +⋯,

vr t = v0r + v1r + v2r + v3r +⋯

16

In the coming section, the numerical behavior of the pro-
posed system will be presented.

4. Multistage Adomian Decomposition
Method with Numerical

The following analytical approximate solution can be
obtained by using L-ADM. These solutions are represented
in terms of an infinite power series. Different values of the
parameters used in the proposed system are taken from [9].
Therefore, we can write

x0 = 3,
x⋆

0 = 6,
x⋆⋆

0 = 3,
v0p = 149,

v0r = 1

17

The first approximations under the given initial values
can be found as follows:

x1 = 1 4936 tζ

Γ ζ + 1 ,

x⋆
1 = − 2 476 tζ

Γ ζ + 1 ,

x⋆⋆
1 = − 5 9928 tζ

Γ ζ + 1 ,

v1p = 299 89 tζ5

Γ ζ + 1 ,

v1r = 117 tζ

Γ ζ + 1 ,

18

Next, to calculate the second approximation, we will use
the initial and first approximate values.

Therefore, we get the following approximation:

x2 = 0 3 t2ζ+1

Γ 2ζ + 2 − 014336 t2ζ

Γ 2ζ + 1 − 0 72238 tζ

Γ ζ + 1 ,

x⋆
2 = 3 tζ

Γ ζ + 1 − 0 3242 tζ+1

Γ ζ + 2 − 0 508912 t2ζ+1

Γ 2ζ + 2 ,

x⋆⋆
2 = 0 0144 tζ+1

Γ ζ + 2 − 5 41856 t2ζ+1

Γ 2ζ + 2 ,

v2p = 299 8212 tζ

Γ ζ + 1 + 296 t2ζ

Γ 2ζ + 1 ,

v2r = 117 tζ

Γ ζ + 1 − 287 88 t2ζ

Γ 2ζ + 1
19

The other approximation can be found in similar way.
We get the following solutions after three terms by using
L-ADM at ζ = 1 as

x t = 3 + 4 5136 t − 1 0728 t2 − 0 5600t3,
x⋆ t = 6 + 8 9928 t − 34 42 t2 − 0 5089121 t3,
x⋆⋆ t = 3 − 5 9928 t + 0 0014 t2 − 5 41856 t3,
vp t = 149 + 598 8212 t + 296 t2,

vr t = 1 + 234 t − 287 88 t2

20

The system of series solution up to three terms for ζ =
0 95 is given below.

x t = 3 + 0 7870550345t0 95 − 0 7845218562t1 9

+ 0 5661093291t2 90,

x⋆ t = 6 + 1 773297592t0 95 − 0 7845218562t1 90

+ 0 5661093291t2 90,

x⋆⋆ t = 3 − 6 115846854t0 95 − 1 022499122t2 90

+ 0 7536239617t1 95,

vp t = 149 + 612 0247390t0 95 + 162 4321420t2 90,

vr t = 1 + 238 8045928t0 95 − 157 5391685t1 90

21

Further, we obtain the following series after some simpli-
fication for ζ = 0 85 up to three terms as

x t = 3 + 0 8155783471t0 85 − 0 9280851532t1 70

+ 0 7193120298t2 70,

x⋆ t = 6 + 1 837562884t0 85 − 0 9280851532t1 70

+ 0 7193120298t2 70,

x⋆⋆ t = 3 − 6 337488549t0 85 + 0 8231484547t1 85

− 1 299211797t2 70,

vp t = 149 + 634 2048563t0 85 + 192 1563538t1 70,

vr t = 1 + 247 4590042t0 85 − 186 3679924t1 70

22

The solutions for ζ = 0 75 up to three terms is given by

x t = 3 + 0 8391376836t0 75 − 0 1078429583t1 50

+ 0 9027033339et2 50,
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x⋆ t = 6 + 1 890643943t0 75 − 0 1078429583t1 50

+ 0 9027033339t2 50,

x⋆⋆ t = 3 − 6 520557442t0 75 + 0 8953222645t1 75

− 1 630450726t2 50,

vp t = 149 + 652 5249180t0 75 + 223 2845723t1 50,

vr t = 1 + 254 6072690t0 75 − 216 5585298t1 50

23

5. Numerical Discussion

The numerical results shown in Figures 1–5 imply the
effectiveness of numerical methods discussed here. These
methods give highly accurate results in very few itera-
tions. Some simulations results (21), (22), and (23) are given
as illustrations.

The figures show the behavior of the solutions of the var-
iables x t , x⋆ t , x⋆ t , vp t , and vr t . It is observed from
the Figures (1–5) that the Laplace-Adomian decomposition
method is more accurate. The presented method can predict
the behavior of these variables accurately for the region under
consideration. Figure 2 shows the simulation of approximate
solutions by assuming ζ = 1, 0 95, 0 85, 0 75. It is clear from
these figures that the behavior of the approximate solutions
depends continuously on the time-fractional derivative.
Moreover, we can see that the potential of this access can
be rapidly increased if the step size is decreased.

Remark 1. Here, we assume that w = x, x⋆, x⋆⋆, vp, vr , X =
R+

5.

6. Convergence Analysis

To check the convergence of the series solutions given in
(19), we give the following result.

Theorem 2 (see [14]). Let T X→ X be a nonlinear operator
which is also contractive, where X is Banach space, that is, for
all w,w ∈ X, T w − T w , 0 ≤ μ w −w , 0 < μ < 1. Then,
in view of Banach contraction theorem, T has a unique point
w∗ such that Tw∗ =w∗. Further assume that the sequence of
series generated by LADM can be written as the series (19)
can be written as follows:

wn = Twn−1,

wn−1 =〠m−1
j=1 wj−1,

 n = 1, 2, 3,… ,

24

and suppose that w0 =w0 ∈ Sr w where Sr w = w∗ ∈ X
w∗ −w < r , then,

(i) wn ∈ Sr w ,
(ii) lim

n→∞
wn =w

0 10 20 30 40 50
t

x
(t
)

1

2

3

4

Figure 1: The graph represents the solution behavior for the
variable x t versus time t under different values of the order of
derivative. The solid line, dashed line, dot-dashed line, and dotted
line represent solution behavior at ζ = 1, ζ = 0 95, ζ = 0 85, and ζ =
0 75, respectively.
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Figure 2: The graph represents the solution behavior for the
variable x⋆ t (concentration of infected cells) versus time t under
different values of the order of derivative. The solid line, dashed
line, dot-dashed line, and dotted line represent solution behavior
at ζ = 1, ζ = 0 75, ζ = 0 85, and ζ = 0 95, respectively.
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Figure 3: The graph represents the solution behavior the variable
x⋆⋆ t (concentration of double infected cells) versus time t under
different values of the order of derivative. The solid line, dashed
line, dot-dashed line, and dotted line represent solution behavior
at ζ = 1, ζ = 0 75, ζ = 0 85, and ζ = 0 95, respectively.
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Proof 2. Let w = x, x⋆, x⋆⋆, vp, vr , X = R5
+ be the exact solu-

tion of the model w = Tw. Also, wn = Twn−1,w1 = Tw0.
Now

w1 −w = Tw0 − Tw ≤ μ1 w0 −w 25

Assume that

wn−1 −w = Tw0 − Tw ≤ μn−1 w0 −w 26

We now prove for n =m,

wn −w = Twn−1 − Tw ≤ μn−1 Twn−2 − Tw

= μ wn − 1 =w /≤μ μn−1 w0 −w

≤ μn w0 −w , n→∞, μn → 0

27

Thus, we have

(i) wn ∈ Sr w ,
(ii) lim

n→∞
wn =w

7. Conclusion

In this research work, the numerical solution of fractional
order HIV-1 model is discussed by using the method known
as L-ADM. For this purpose, different values are given to ζ
and numerical simulations for these values have been pre-
sented. It may be concluded from these figures that the con-
centration of virus decreases in the body as ζ increases from
0.75 to 0.85. But the viral load tends toward zero as ζ increases
to 0.95 (see Figure 4). Moreover, the load of CD4+ T cells is
increased by increasing the value of ζ (see Figure 1). One can
conclude that increase in ζ can cause increase in the level of
CD4+ T cells and decrease in viral level. Hence, when ζ→ 0,
then the solution of the fractional order model is reduced to
the solution of integer order model. Moreover, the conver-
gence of the method is also discussed. Thus, it is observed that
LADM can be used to increase the interval of convergence for
the derived series solution. It is also shown that this method is
very efficient and accurate method as compared with RK4
method and it is better to use this method for the solution of
the other nonlinear systems.
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Spatial evolutionary game theory explains how cooperative traits can survive the intense competition in biological systems. If
the spatial distribution allows cooperators to interact with each other frequently, the benefits of cooperation will outweigh the
losses due to exploitation by selfish organisms. However, for a cooperative behavior to get established in a system, it needs to
be found initially in a sufficiently large cluster to allow a high frequency of intracooperator interactions. Since mutations are
rare events, this poses the question of how cooperation can arise in a biological system in the first place. We present a simple
model which captures two concepts from genetics that can explain how evolution overcomes the emergence problem. The
first concept is, often in nature, a gene may not express its phenotype except under specific environmental conditions,
rendering it to be a “silent” gene. The second key idea is that a neutral gene, one that does not harm or improve an
organism’s survival chances, can still spread through a population if it is physically near to another gene that is positively
selected. Through these two ideas, our model offers a possible solution to the fundamental problem of emergence of
cooperation in biological systems.

1. Introduction

Cooperation is an unexpected product of evolution. In a
struggle and race for existence between living organisms, it
is intriguing that cooperative phenomena are widely spread
in nature: bacteria share enzymes among each other to boast
their overall growth; altruistic insects defend their colonies
and, in the process, waste their shot at reproduction; and
humans engage in a wide spectrum of altruistic activities,
from paying taxes to donating to complete strangers. Coop-
eration is indeed widespread across all levels of biological
societies [1, 2]. However, despite this fact, classic evolution-
ary game theory could not explain how cooperators in nature
can survive the risk of being exploited by “cheaters,” organ-
isms that aim to maximize their self-interest. This problem
can be illustrated mathematically using the prisoner’s
dilemma as a game of evolution. The prisoner’s dilemma is
a standard example in game theory that can model a wide
range of cooperative phenomena in a variety of biological
systems, including viruses [3], cancer cells [4], bacterial life
[5], and mammals [6].

The payoffs for a prisoner’s dilemma (PD) game are
summarized in Table 1. A cooperator provides a gain g and
endures a cooperation cost c. Defectors receive nothing when
encountering each other. In contrast, if both agents are
cooperative, each of them gets g − c. A cooperator interacting
with a defector gets a payoff of −c as it gets exploited. On the
other hand, the defector reaps the benefit of exploitation g
without bearing any cost. Hence, it is seen that while cooper-
ation is better for the group, defection is always better for the
individual. A possible solution to this problem has been
offered in the framework of spatial evolutionary game theory
[2]. Including the effects of spatial arrangements can make
the higher frequency of interactions among cooperators
compensate the losses due to encounters with cheaters. The
results of including spatial dimensions in the study of evolu-
tion of cooperation have been demonstrated by numerous
studies [2, 7–9]. In [2], cells playing a PD game with each
other are distributed on a square lattice. In a biological
model, cells do not choose their strategies. Instead, they are
genetically programmed to be either defectors or cooperators
as they model living organisms. At each round, every cell
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plays a PD game with each of its neighbors. After that, a cell’s
fitness, the sum of the games’ payoffs, is compared with its
neighbors. If a neighbor has higher fitness than the focal cell,
the focal cell dies and its location gets repopulated by a cell
with the same strategy of the most successful neighbor. Sim-
ilar studies have been performed using different update rules
[7, 9] and on other social games, a public good game, for
instance [10], showing that cooperative traits can survive
on a lattice under certain parameter ranges.

A feature such models share is that for cooperators to do
a successful invasion in a world of defectors, an initial cluster
of cooperators is needed [2, 7, 8, 11]. Spatial effects can only
come to play if a cooperator interacts frequently with other
cooperators. Hence, there is always a need of a critical popu-
lation size of altruists so that they can survive and, in some
situations, invade a lattice of selfish cells. The problem is even
more severe in a public good game in which cooperators do
not reap the benefits of cooperation except when their popu-
lation reaches a critical threshold [12]. This raises the prob-
lem of how a simple cooperative trait can first emerge in a
competitive biological system. We define a simple trait as
one that does not get adjusted depending on the specific
interaction it is involved in. Thus, it does not rely on complex
behaviors such as punishment, memory, or communication.
One possible answer to how simple cooperative traits appear
is that with high enough population, and very long time, a
highly unlikely coincidence could happen resulting in the for-
mation of a cluster of cooperators exceeding the critical size.
This can occur due to a number of mutations happening very
close to each other or by introducing uncertainty in the game
rules such that there is a tiny probability that a cooperator
with low payoffs will invade a defector with higher payoffs.
A common view currently in explaining the emergence of a
simple cooperative strategy is that in a biological system, given
enough time, even a highly unlikely event can happen [13].

In this paper, we aim to provide an alternative solution to
the problem of emergence of cooperation. By means of
known genetic phenomena, we show how a cooperative
mutation can overcome the hurdle of the initial cluster size
to establish itself in a biological system. The paper is struc-
tured as follows: Section 2 describes the concept and formu-
lation of the spatial cooperation model examined in this
work. The results and a discussion of the key parameters
of the model are provided in Section 3. Finally, Section 4
summarizes the paper’s conclusions.

2. Materials and Methods

The model presented in this section is inspired by how social
bacteria overcome the problem of establishing cooperation

when growing in a biofilm mode, a highly competitive
biological system. Hence, before introducing our model, we
first take a closer look into the social life of one of the most
successful communities in earth: biofilms.

2.1. Cooperation in Biofilms. A biofilm is a community of
bacterial cells living together on a surface enclosed by a
self-produced polymeric matrix. The biofilm lifecycle starts
with the colonization of a surface by motile microorganisms
which get attached to the surface. Subsequently, they grow by
cell division till a mature biofilm is formed. Finally, the
dispersal of cells from its top leads to the colonization of
new surfaces [14]. During the growth phase of a biofilm,
bacteria often engage in cooperative behaviors, such as the
production of extracellular enzymes to break down the
nutrients for the benefit of the whole group and growing at
a slower mode with a higher yield to increase the nutrient
availability to the population as a whole. The distinctive
feature of biofilms which allows cooperative traits to persist
is the extracellular matrix, since it causes diffusion limitations
in the biofilm and hence intensifies the spatial effects of seg-
regation. In a study by [15], it is shown that cooperative cells
can survive in a lowly mixed biofilm owing to the diffusion
constraints of the polymeric matrix which reduce the effects
of exploitation of cooperators by surrounding selfish cells.
This result parallels the conclusion of [2, 11] at the more
abstract setting of a spatial PD game.

On the other hand, in a highly mixed biofilm, such
constitutive cooperative cells cannot survive as they will be
outgrown by selfish cells. Hence, the need for more complex
cooperative strategies arises. One technique by which
cooperation can emerge in a highly mixed biofilm is quorum
sensing. Quorum sensing is the process of producing chemi-
cal signals by bacterial cells to accumulate in the biofilm.
When the concentration of the signals sensed by the cell
reaches a certain threshold, quorum, it induces a change in
the behavior/phenotype of the cell. In a study by [16], when
colonizing a new surface, it is shown that cooperative cells
using quorum sensing can dominate highly mixed biofilms
by delaying the expression of their cooperative gene. In the
beginning, the cooperative gene is unexpressed. However,
as the biofilm grows, the density of cooperative quorum-
sensing cells increases as well as the concentration of their
chemical signals. The quorum signal concentration eventu-
ally reaches the threshold required for activating the cooper-
ative gene. By that time, quorum-sensing cells are spatially
segregated from selfish cells. Hence, they are less likely to
be exploited, and they dominate the biofilm. Quorum sensing
effectively acts as a timer to delay the expression of an altru-
istic trait till the cells having the “silent” cooperative genes
become spatially separated from selfish cells [16]. Thus, it
reduces the risks of cooperative cells being exploited and
increases their benefits from cooperation. This represents a
highly sophisticated behavior where bacterial cells deliber-
ately delay the expression of the cooperative gene till segrega-
tion occurs. By the means of quorum sensing, the silent gene
gets activated by a change in environment that the bacteria
themselves induce. This way, cooperative cells overcome
the early highly mixed phase of the colonization process.

Table 1: Payoffs for agent a against agent b in a prisoner’s dilemma
game; g > 0 and c > 0.

b
C D

a

C g − c −c

D g 0
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It should be noted that cooperative biofilm species have
developed such sophisticated behavior as a result of immense
selection pressure and the crucial need to establish coopera-
tion in newborn communities repeatedly as they colonize
new surfaces [16]. Using quorum sensing, they efficiently
fine-tune the timing of the expression of their cooperative
genes. Nevertheless, the concept of emergence of cooperation
by a silent gene that gets activated at a future point of time
due to possible changes in environmental conditions can still
be a route for emergence of cooperation in general biological
systems, as we will explain in the next section.

2.2. Model Concept.Once it is established in a population, a
cooperative gene could be evolutionary stable if the popu-
lation structure allows high frequency of intracooperator
interactions [2, 11]. However, a mutation resulting in a
cooperative trait, such as the production of public good
or sharing vital resources, faces steep odds in order to
spread in a biological system in the first place. To explain
a possible route for the emergence of cooperation, our
model relies on two genetic phenomena. Firstly, it is common
in nature that gene expression could rely on environmental
factors [17, 18]. A gene could give rise to a certain phenotype
only beyond certain temperature [19], concentration of a
chemical such as oxygen [20], or the pH level of the environ-
ment [21]. This alteration of gene expression due to nonge-
netic influences is referred to as epigenetic activation [22].
In the absence of the appropriate level of the environmental
factor to trigger it, a gene could stay unexpressed (silent) with
neither positive nor negative impact on the organism’s fitness
[18]. Hence, as illustrated in Figure 1, for a cooperative trait

to first appear in a population via a mutation, it can be either
through a gene that has been instantly expressed, as a conse-
quence of being at the required environmental conditions/
needing no environmental trigger to be active, or as a silent
gene that will be activated at under the appropriate environ-
mental conditions at a point in the future. In the latter case,
the silent cooperative trait has a time interval at which it
exerts no influence on its carriers’ fitness. During this
interval, if it happened to spread to sufficient extent in the
population, the cooperative trait could be evolutionary
stable in the population by the time it gets expressed.

This brings us to the question of how a gene that does not
alter the fitness of its carrier, such as silent genes, could pos-
sibly spread in a population. A possible mechanism is genetic
hitchhiking. First proposed by [23], it is the increase in the
frequency of a gene in the population not because it is itself
under positive selection but due to being physically close,
on the same DNA chain, of another gene that is beneficial
to the organism and, hence, under positive selection [24], as
illustrated in Figure 2.

As a consequence of combining the two ideas, a possi-
ble route for the emergence of an altruistic trait could be
suggested, as illustrated in Figure 3. If a mutation produced
a cooperative trait in the absence of the required abundance
of the environmental factors necessary for its expression,
the silent gene will not get exploited. Additionally, if it hap-
pened to hitchhike a selective sweep of another beneficial
gene till it exceeds a critical spatial distribution, it could
get established in the population once it gets triggered
as the environment evolves to a more favorable state
for its expression.

EnvironmentInitial state

t = 0 t = ∞
C

C

Terminal state

(a) Appearance of a cooperative gene (C) in the population that is always

expressed, at any environmental condition

t = 0 t = ∞
s

C

t′ t > t′

D

EnvironmentInitial state Terminal state

(b) Appearance of a gene (S) that requires a future state of the environment to

be expressed. Till then, the gene carriers act as defective (D)

Figure 1: Silent genes: gene expression is often dependent on environmental factors. At their absence, the gene will stay unexpressed,
although it can still be inherited and, in certain cases, spread in a population. The initial and terminal states here could represent low/high
temperature, pH, or any combination of environmental triggers required for the activation of the gene in hand.

Before selection A�er selection

Natural selection
over time

Figure 2: Genetic hitchhiking: the frequency of a gene could increase in the population due to lying at the same chromosome of another
advantageous gene. In these “domino organisms,” the top gene, the number of dots, represents a trait that is advantageous to its carrier,
such as resistance to toxins or diseases. Hence, as the domino organisms with the highest dot number get positively selected, their bottom
genes, which have no influence on their fitness, also spread in the population.
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2.3. Model Description. In this paper, we adopt the spatial
model from [7]; however, the main conclusions can be gener-
alized to other models in which a critical size of cooperator
clusters is needed for a successful invasion. The model from
[7] consists of a L × L two-dimensional square lattice with
periodic boundary conditions, where each position is occu-
pied by a cell that can be either cooperative or defective.
Each cell engages in a pairwise PD game with its neighbors.
We consider the trait of taking part in a PD interaction as
gene Y, which can be either cooperative C or defective
D, Y ∈ C, D . The payoffs of a single interaction are
normalized to depend on a single parameter u, as shown
in Table 2 [25].

The population is updated as follows: a focal cell j is
selected at random order. The cell interacts with all neighbor
cells bi in its extended Moore’s neighborhood of radius r = 3,
that is, all cells reached within three chess king’s moves, with
i ∈ 1, 2,… ,Nm . Nm is the number of cells in Moore’s
neighborhood of the focal cell, with Nm = 2r + 1 2 − 1. The
fitness of cell j in any generation t, Πj t , is equal to the
fitness resulting from gene Y, πj,Y t , which is defined as
the sum of the payoffs from the pairwise PD interactions with
neighbor cells weighted according to the distance between
the neighbor cell bi from the focal cell a. This can be
expressed by the following equation, which is adapted
from [7]:

Πj t = πj,Y t = 〠
Nm

i=1

1
dbi

Ebi
t , 1

with Ebi
t as the payoff resulting from an encounter with

neighbor cell bi, which takes one of the values in Table 2
depending on the strategies of both j and bi. dbi is the distance
between bi and the focal cell j, dbi ∈ 1, 2,… , r . The payoffs
are weighted depending on the distance as illustrated in
Figure 4(a), such that the further the cell, the less the weight
of its effect on a focal cell. After the fitness of all cells in the
population is calculated, each cell’s fitness is compared with
the fitness of a random direct neighbor. As shown in
Figure 4(b), for a focal cell j, a neighbor cell bi within its
simple Moore’s neighborhood is chosen at random. The
fitness of the two cells Πj t and Πbi

t is compared. If cell

j has higher fitness, it keeps its position, repopulating it with
a cell that inherits its own gene Y and has the same strategy of
the parent. On the other hand, if bi has higher fitness, it could
invade the position of j, repopulating it with a cell having the
strategy of bi. The probability of such invasion depends on
the difference between the fitness of the two cells, expressed
as follows:

f Πbi
t −Πj t =

Πbi
t −Πj t

k
, if Πbi

t >Πj t ,

0, otherwise,
2

with f Πbi
t −Πj t as the invasion probability and k as a

normalization constant such that f Πbi
t −Πj t ∈ 0, 1 ,

here k =∑Nm
i=1 1/dbi 1 + u = 24 1 + u . Using these popula-

tion update rules, four extreme scenarios are shown in
Figure 5. In Figure 5(b), a cooperator in a world of defectors
gets a zero payoff and, in consequence, has a zero chance of
invading any other cell. As explained in [7], a cluster of coop-
erators needs to be larger than a critical size to invade such a
system. Hence, a major question is posed by such models:
How could cooperation possibly emerge by rare mutations
in a system dominated initially by defectors?

To address this question, we introduce two changes in the
model to abstract two concepts from genetics that could offer
a possible route to the emergence of cooperation in spatial
systems. The first phenomenon is that genes in nature often
require specific environmental factors to be active. In the
absence of these environmental triggers, the gene stays unex-
pressed (silent), although it can be still inherited. We model
this by extending the definition of gene Y such that it can
be either cooperative C, defectiveD, or silent S, Y ∈ C, D, S .

Before selection A�er selection Environmental activation

Natural selection A�er t′D S S S S S

SSSD D

D D

DDD C

C C C C

C C C

Figure 3: Silent genes and genetic hitchhiking: a cooperative gene in a world of defectors will be heavily exploited with no other cooperators to
interact with. Hence, it has low chances of spreading in the population. A silent gene, on the other hand, does not affect its carriers’ fitness till
activation. And, it might hitchhike a selective sweep if it happened to be in an organism with relatively higher fitness, due to influence of the
rest of the genes.

Table 2: Normalized payoffs for agent a against agent b in a
prisoner’s dilemma game; 0 < u < 1.

b
C D

a

C 1 0

D 1 + u u
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1/3 1/3 1/3 1/3 1/3 1/3 1/3

1/3 1/2 1/2 1/2 1/2 1/2 1/3

1/3 1/2 1 j 1 1/2 1/3

1/3 1/2 1 1 1 1/2 1/3

1/3 1/2 1/2 1/2 1/2 1/2 1/3

1/3 1/3 1/3 1/3 1/3 1/3 1/3

1/3 1/2 1 1 1 1/2 1/3

(a) The weights of the interactions between a

focal cell and neighbor cells in an extended
Moore’s neighborhood of radius 3

b1 b2 b3

b8 j b4

b7 b6 b5

(b) A cell can have its position invaded by a

randomly chosen cell from its simple Moore’s
neighborhood, one chess king’s move from
the focal cell, depending on the difference in

fitness between the two cells

Figure 4: An illustration of the update rules. A focal cell plays the prisoner’s dilemma game with cells in its extended Moore neighborhood;
scores are weighted depending on the distance between the neighbor and the focal cell. After all cells in the grid are assigned fitness values,
each cell competes with one random neighbor.

C C C C C C C

C C C C C C C

C C C C C C C

C C C C C C C

C C C C C C C

C C C C C C C

C C C C C C C

(a) Cooperator among cooperators, focal cell

payoffs = 24

D D D D D D D

D D D D D D D

D D D D D D D

D D D C D D D

D D D D D D D

D D D D D D D

D D D D D D D

(b) Cooperator among defectors, focal cell

payoffs = 0

C C C C C C C

C C C C C C C

C C C C C C C

C C C D C C C

C C C C C C C

C C C C C C C

C C C C C C C

(c) Defector among cooperators, focal cell

payoffs = 24(1 + u)

D D D D D D D

D D D D D D D

D D D D D D D

D D D D D D D

D D D D D D D

D D D D D D D

D D D D D D D

(d) Defector among defectors, focal cell

payoffs = 24u

Figure 5: An illustration of a focal cell interacting with neighbors in its extended Moore neighborhood with range = 3, under 4 extreme
scenarios (with u < 1).
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S aims to model the behavior of a cooperative mutation
that only gets triggered after the environment reaches a
favorable state for its expression (see Figure 1). This could
be the result of the accumulation of a certain chemical or
a certain degree of a physical parameter such as the tem-
perature or the pH of the environment. Thus, S can be
formulated as follows:

S ≡
D, t < t′,
C, t > t′,

3

with t′ as a random variable that models the time till acti-
vation of the gene, and the equivalence symbol ≡ here
means “expresses the trait of”. Equation (3) means that a
silent gene acts as a defector, expressing the defector phe-
notype, till the moment when a random environmental
event activates the cooperative phenotype. Hence, while
the environment is not explicitly modeled here, each inde-
pendent mutation could be considered to be activated by
a specific state of the environment with a waiting time t′.
For example, if the environmental trigger that activates
the silent gene is high temperatures, each independent
mutation giving rise to this gene is assumed to be activated
by a specific high temperature which will be realized by the
environment after time t′.

Hence, when a silent gene appears in a population of
defectors, its carrier keeps acting as a defector. And in a
world of defectors, till the gene gets expressed, it has
neither negative nor positive effect on its carrier’s fitness,
although it can still be inherited and, in some cases, spread
in the population. The second genetic phenomena to be
modeled, known as genetic hitchhiking, are related to how
the frequency of an unexpressed gene could increase in
the population if it happened to be in the same DNA chain
of another gene that is positively selected. To model the
hitchhiking effect, the other modification to be introduced
to the model of [7] is that the fitness of any cell j in the
grid, Πj t , will not only be a result of the PD (gene Y)
interactions with neighbors, but will also include another
component. Hence, the fitness equation used in our model
will extend (1) by including an additional fitness term
as follows:

Πj t = πj,X t + πj,Y t , 4

with πj,Y t as the gain in fitness resulting from the action of
gene Y, πj,Y t ∈ 0, 24 1 + u , depending on the strategy of
the cell and its neighbors, calculated identically to (1).
Besides, we model the gain in fitness πj,X t resulting from
the action of all other genes of the cell, aggregated as gene
X, which contribute to the cell fitness independently of the
PD game. The initial generation of cells is assigned a base
fitness due to gene X that is equal to zero for all cells in the
population, πj,X t = 0 = 0, for any cell j in the grid. However,
each cell has a probability PX μ of a mutation in gene X

leading to a slight increase in its fitness due to gene X, μ, such
that for any cell j in generation t, the fitness due to gene X,
πj,X t , is as follows:

πj,X t =
πj,X t − 1 , if no benef icial mutation occurred,
πj,X t − 1 + μ, if a benef icial mutation occurred

5

In this way, gene X aims to model the increase in fitness
of the cell resulting from any other gene rather than the
one taking part in the PD game. If all cells have the same gene
Y strategy, all of them are defectors or all are cooperators, a
cell j with higher πj,X t can still invade the population (see
Figures 2 and 3). A flowchart of the model is presented in
Figure 6 and an illustration of the fitness function is pre-
sented in Figure 7. A summary of notations used is presented
in Table 3. All model simulations are executed using the
Repast Simphony tool kit, an agent-based simulation plat-
form created by [26].

3. Results and Discussion

In this section, we start by examining how the need for a
sufficiently large cluster of cooperators hampers the possi-
bilities of inception of cooperation in a spatial system.
Next, the effects of emergence of a cooperative trait as a
silent gene are explored. The rest of the section explains
the biological intuition behind the results and analyses
the impact of key parameters.

3.1. Emergence of Cooperation in a Biological System. First, to
illustrate the problem of emergence of cooperation, we
reproduce earlier results in literature by examining the effect
of the initial cooperators’ cluster size on their fate, with no
mutations in the simulation. In Figures 8 and 9, we seed a
50 × 50 lattice with clusters of cooperators of sizes 9 and 25,
respectively, which are cells with gene Y being cooperative
(i.e., Y = C). The rest of the positions in the lattice are occu-
pied by defectors, hence gene Y being defective (i.e., Y = D),
while the value of the normalized PD variable u is set to
u = 0 09. In Figures 8 and 9, the interactions among coop-
erators are not sufficient to compensate for the losses
suffered by the exploitation from selfish agents and the
cooperative gene goes extinct rapidly.

On the other hand, when starting with large cluster sizes
of 6 × 6 and 8 × 8 cooperators, as shown in Figures 10 and 11,
the initial cooperator population undergoes aggressive
expansion at the beginning. The number of cells with Y = C
increases quadratically till it reaches a relatively stable value,
around 65% of the total population. Simulations are stopped
after 105 generations. A dynamic equilibrium state is reached
where compact clusters of cooperators are surrounded by
stripes of defectors, in accordance with previous research
[2, 7, 11, 27]. These results confirm that in a spatial system,
cooperators in a PD setting can dominate a world of defec-
tors as their interactions among each other compensate
losses due to encounters with cheaters. However, this will
happen only if they started from a large enough initial cluster.
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We proceed to study the problem of emergence of coop-
eration in a world of defectors. The 50 × 50 lattice is initial-
ized by filling it completely with defectors, agents with
Y = D, as in Figure 12(a). However, mutations are allowed
to occur in the model. The probability that a cell with gene
Y = D will mutate to Y = C is PY D→ C = 1 × 10−4. Addi-
tionally, the probability of a beneficial mutation in gene X,
PX μ , is set to be PX μ = 1 × 10−4, with μ = 1 0. As observed
in Figures 12 and 13, the instantly expressed gene Y = C fails
to make a successful invasion of the system. This has been

expected as a cooperator in a sea of defectors is very prone
to exploitation as not enough interactions occur between
cooperators to out-weight exploitation losses. Also, even if a
cooperative mutation occurred in a cell with slightly higher
X than its neighbors, the losses suffered from exploitation
by defectors will be much larger than the gain in fitness due
to gene X. Finally, the probability that cooperative mutations
will coappear in a narrow spatial range such that they form a
cluster of altruists is extremely small.

Do mutations of a silent cooperator gene have better
chances for invading the system? We test that by allowing,
with a probability of PY D→ S = 1 × 10−4, that a cell with
gene Y =D will mutate into Y = S, which in turn will get
activated after passing of t′ generations after the mutation.
For this simulation, t′ is assumed to be exponentially distrib-
uted, t′ ∼ Exp λ , with a mean value of 200 generations. The
simulation is again initialized by filling the lattice with defec-
tors. In the early beginning, no cooperators at all appear, as
mutations occurring in the system are still inactivated. After
that, the system evolves in a way similar to the previous case
of instantly expressed cooperator genes, with cooperators
appearing isolated from each other and doomed to extinc-
tion. Then, after around 500 generations in this simulation,
a sudden outbreak of cooperation appears with a cluster size
that is large enough to eventually perform a successful inva-
sion of the system. Thus, cooperation prevailed here. But
why exactly did cooperator genes with delayed expression
succeed while instantly expressed genes failed? We take a
closer look at the two key features of the model which
allowed these results to occur in the next section.

3.2. Silent Genes and Genetic Hitchhiking. Epigenetics refer to
changes in gene expression that are not resulting from

Population of cells

Cell j

Gene X Gene Y

Пj (t)

PD
interactions

Background
fitness

Пj,x(t) + Пj,y(t) 

Figure 7: Each cell in the grid has two sources of fitness. πj,Y t is
the familiar fitness function resulting from the PD interactions
with neighbor cells. Additionally, there is πj,X t which represents
the contribution in fitness from all the other genes of the cell,
aggregated as gene X. All cells in the grid are assigned the
same background fitness at the beginning of the simulation,
with πj,X t = 0 = 0 for any cell j in the grid.
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Figure 6: A flowchart of the spatial prisoner’s dilemma model.
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changes in the DNA code [28]. A gene could produce a
phenotype only when activated by certain environmental
conditions. Also, it has been found that a gene could be tuned
by an inheritance mechanism to get expressed only after a
number of generations, a phenomenon known as transge-
nerational gene silencing [29, 30].

In our model, when a silent gene appears by a mutation, it
remains unexpressed for a random period associated with the
physical nature of each mutation. Then, after passing of t′
generations, it gets activated at all cells in the system carrying
this mutation. This silent interval is however essential for

cooperation to break out as the gene can still spread through
the population by a mechanism known as genetic hitchhik-
ing. Genetic hitchhiking is the process by which a gene that
offers no evolutionary advantage to its carrier can spread
through a population due to being associated with another
gene that is under a strong selection [31]. Due to this
phenomenon, the frequency of a neutral gene can increase
within the population if it is on the same DNA chain of
another beneficial gene. In the model, mutations of gene X
play the role of the beneficial gene. A cell with higher fitness
value due to the contribution of gene X can slowly invade the

Table 3: Notation system.

Notation Meaning

Πj t Fitness of cell j in generation t

πj,Y t Fitness component of cell j resulting from PD interactions

πj,X t Fitness component of cell j resulting from background genes, aggregated as gene X

Gene Y The trait of taking part in PD interactions; it can be either C, D, or S

C A variant of gene Y which always expresses cooperative behavior

D A variant of gene Y which always expresses defector’s behavior

S A variant of gene Y which expresses cooperative behavior only when triggered by a future state of the environment

t′ Time, in generations, between appearance of S in the population and its activation

Gene X An abstraction of all genes not taking part in the PD game that contribute to the cell’s fitness

μ
The increase in the background fitness, πj,X t , of cell j due to a beneficial mutation in the background genes, unrelated

to the PD interactions

(a) Start of simulation (b) End of simulation
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Figure 8: Evolution of cooperator frequency (black) when starting with an initial 3 × 3 cooperator cluster within a 50 × 50 grid of
defectors (yellow).
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(c) Cooperator frequency

Figure 9: Evolution of cooperator frequency (black) when starting with an initial 5 × 5 cooperator cluster within a 50 × 50 grid of
defectors (yellow).
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population. As illustrated in Figure 14, by combining the
concepts of silent genes and genetic hitchhiking, the results
of our model can be easily explained:

(i) When a mutation produces a silent cooperative trait,
it will still act as a defector for a number of genera-
tions. Hence, in a world of defectors, it does not get
instantly exploited.

(ii) If this mutation happened in a cell j that has higher
fitness due to gene X, πj,X t , than its neighbors, it
will spread through the population by the hitchhik-
ing effect. If it stayed silent till the number of cells
carrying the cooperative mutation exceeds a critical

cluster size, it will get fixed in the population once
it is expressed.

(iii) If it is expressed too early, while the number of cells
carrying the cooperative mutation is still less than
the critical cluster size, the damage from exploitation
by defectors is most probably much higher than the
relative advantage of fitness due to gene X and the
mutation dies out.

(iv) If the mutation happened in a cell that has low
or same level of gene X fitness compared to its
neighbors, it will not spread. And when it is
expressed, it will die out.

(a) Start of simulation (b) End of simulation
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Figure 10: Evolution of cooperator frequency (black) when starting with an initial 6 × 6 cooperator cluster within a 50 × 50 grid of
defectors (yellow).
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Figure 11: Evolution of cooperator frequency (black) when starting with an initial 8 × 8 cooperator cluster within a 50 × 50 grid of
defectors (yellow).

(a) Start of simulation (b) After 5 × 105

generations

(c) End of simulation

Figure 12: Illustration of a system where mutations of instantly expressed cooperator genes (Y = C) occur in a 50 × 50 system dominated by
defector genes (Y =D).
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In Figure 15, we notice that for the first 500 generations,
no silent gene has been “lucky” enough to spread through
the population, and so once they are expressed, they get
eliminated. Then, a vertical increase in the frequency of
cooperators is observed, associated with Figure 16(b). This
marks the event that a silent cooperator has hitchhiked a
selective sweep of gene X till the number of cells carrying
the silent gene S has exceeded the critical cluster size.
Cooperators expressed do not die out, and they eventually
carry out a successful invasion of the lattice.

To summarize the factors influencing the emergence of
altruistic traits, in a spatial biological system, the probability
of a successful invasion PIS for a silent cooperative gene S
can be formulated as follows:

PIS = PS ⋅ PH ⋅ Pt, 6

with PS as the probability of a mutation producing a silent
cooperative gene; PH as the probability that the organism
getting the silent mutation has another gene that is going
on a selective sweep, thus hitchhiking occurs; and Pt is the
probability that the silent gene gets activated only after the
elapse of enough time so that its spatial distribution exceeds
the critical cluster size by the action of the hitchhiking effect.

On the other hand, for comparison, the probability of a
successful invasion PIC for an instantly expressed cooperator
C is

PIC = PC
n 7

with PC as the probability of a mutation producing an
instantly expressed cooperative gene and n as the number
of cells required to exceed a critical cluster size of coopera-
tors. If, by chance, mutations happened at the same time
interval in cells very close to each other, successful invasion
will occur. Hence, the larger the required cluster size for a
successful invasion n, the more likely that PIC < <PIS .

Finally, it should be noted that the value used for
initializing the parameter πj,X t = 0 , in this work, it is
πj,X t = 0 = 0 for any cell j in the grid, plays absolutely no
part in the results, as long as the same value is used for all
the cells in the grid. That is because the invasion probability

f Πbi
t −Πj t is a function of the difference in fitness

between two neighboring cells Πbi
t −Πj t . Hence, the

initial value of πj,X t = 0 is not a part of the probability
equation. Nonetheless, a mutation in gene X happening
to a cell j will lead to a slight increase of its fitness due
to gene X, πj,X t , compared to its neighbors. However, such
mutations will spread in the system, and all the cells will
always have very close values of fitness due to gene X, making
the PD interactions the decisive factor in the competition. In
this model, the major influence of beneficial mutations in
gene X is simulating the hitchhiking effect. Additionally, such
background mutations will also lead to an interesting effect
once the cooperators and defectors in the system become
spatially segregated, as we will examine in the next section.

3.3. Spatial Segregation of Social Traits Is Inherently Unstable.
A common feature of spatial cooperation models is that a
successful invasion of a cooperative trait results in a state of
dynamic equilibrium where cooperator clusters are sur-
rounded by thin patches of defectors [2, 7, 27]. The spatial
segregation happens between the two traits not due to any
geographical constraints but because of the dynamics of
cooperative and selfish interactions. This result makes an
intuitive sense as cooperators enjoy the benefits of being
surrounded by other cooperators while defectors thrive by
exploiting cooperators on the borders of the clusters. So
why does our model produce a different fate where the
cooperative trait fully invades the system?

This is due to beneficial mutations being more likely to
arise and get fixed as the population grows [32, 33]. After
the initial expansion, a large population of cooperators will
have higher frequency of beneficial gene X mutations than
the small defector patches. This leads to an accumulated
increase in the fitness of cooperators due to gene X com-
pared to defectors, which in turn results in improving the
chances for cooperators to expand in the system and, con-
sequently, increase their population, thereby completing a
positive-feedback loop. To examine this effect, we calculate
the mean of the fitness due to gene X for the defectors,
πD,X t , and the cooperators, πC,X t , in this simulation,
defined as follows:

πD,X t = 〠
nD t

j=1

πj,x t

nD t
,

πC,X t = 〠
nC t

j=1

πj,x t

nC t
,

8

with nD t and nC t as the number of cells in any generation
t that are expressing defector and cooperative behavior in the
PD interactions, respectively. In Figure 17, as cooperative
cells become dominant in the population, the rate of increase
of their fitness due to gene X exceeds the defectors’. Till the
end of the simulation, cooperators enjoy significantly higher
gene X fitness, allowing them to complete a full invasion
of the grid. The last defector in the system, d, will have
πd,Y t = 24 1 + u (see Figure 5(c)). For u = 0 09, to be
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Figure 13: Evolution of the frequency of cooperators in a 50 × 50
system of defectors, where cooperation arises by instantly
expressed mutations of gene Y = C.
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invaded by a neighbor cooperator bi with πbi ,Y t = 23, the
difference in πD,X t and πC,X t will always approach 3 by
the end of the simulation.

It has to be stressed though that this result of a total inva-
sion by the cooperative trait of the system cannot be used to
draw general conclusions about the stability of cooperative
traits in spatial systems. Since the model is concerned mainly
with the problem of emergence of cooperation through rare
mutations in a system dominated by defectors, only muta-
tions giving rise to cooperative genes have been considered.
In reality, it is likely that mutations can go in both directions,
which will generally affect the stability of the cooperative trait
in the system depending on the rates of mutations in both
directions. The interested reader could refer to the works of
[34, 35] for an analysis of this subject.

Next, we explore the effects of the activation time of the
silent gene, t′, and the gain in fitness due to gene X muta-
tions, μ, on the invasion time of the altruistic trait. To get
established in a system, a silent cooperative mutation has to
spread via hitchhiking a beneficial mutation, to the extent
that when it gets activated, a cooperator cluster larger than
the critical size appears. Therefore, the faster a silent

D D D D D D

D D D D D D

D D D D D D

D D D D D D

D D D D D D

D D C D D D

D D D D D D

D D D D D D

D D D D D D

D D D D D D

D D D D D D

D D D D D D

t tf

(a) Case 1: a mutation resulting in an instantly expressed cooperative trait, Y = C, gets heavily
exploited in a world of defectors and most probably dies out, even if it occurred in a cell with higher

gene X fitness than its neighbors
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(b) Case 2: a mutation resulting in a silent trait, Y = S, and the cell carrying the mutation still acts as a

defector, S ≡D, till time t′ after the mutation. Then, it expresses the cooperative behavior, S ≡C.
Here, the silent gene did not spread, and it will die out once it is expressed, similar to Case 1
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(c) Case 3: a mutation resulting in a silent trait, Y = S, that happened to be on a cell with higher

background fitness (gene X fitness) than its neighbors. The mutation spreads in the system via
hitchhiking, and if it gets activated after exceeding a critical cluster size, it stays in the system

Figure 14: An illustration of the different scenarios for emergence of a cooperative behavior in a world of defectors in the model. The dot
density here represents the background fitness (gene X fitness) of a cell.
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Figure 15: Evolution of the frequency of cooperators in a 50 × 50
system of defectors, where cooperation arises by silent mutations
of gene Y = S.
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mutation gets activated, the less likely that its spatial distribu-
tion allows it to invade the system. Also, if the propagation of
beneficial mutations is slow within the system, a silent muta-
tion is more likely to get activated before its concentration at
a region in the grid reaches the required threshold. The next
two sections explore the impact of t′ and μ on the invasion
dynamics in the simulation.

3.4. Effect of Activation Time. Activation time t′ refers here to
how many generations the silent cooperative gene will stay
unexpressed. In reality, this could depend on the rarity, or

the severity, of the environmental events that could lead to
the activation of a particular cooperative mutation. As
observed in Figure 18, at low activation times, the invasion
time of the cooperative trait is high. When using t′ = 80
generations, 11% of the simulations did not even reach
equilibrium within 105 generations. This number increased
to 72% and 100% at t′ = 40 and t′ = 0, respectively. On the
other hand, as the activation time increases, the invasion time

(a) Start of simulation (b) After 500 generations

(c) After 4500 generations (d) End of simulation

Figure 16: Illustration of a system where mutations of silent cooperator genes (Y = S) occur in a 50 × 50 system dominated by defector
genes (Y = D). Silent genes get activated later at a random point of time t′ to express the cooperative trait.
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Figure 17: Evolution of the mean of fitness due to gene X for
cooperators and defectors during the simulation.
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Figure 18: Relationship between invasion time of a silent
cooperative gene and the length of its activation time. For every
value of the activation time, the simulation has been run 100 times
and the invasion time mean has been calculated. The vertical bars
represent the standard deviation of the results.
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decreases. This is a consequence of the fact that the survival
of a cooperative mutation rests on it remaining unexpressed,
thus increasing its chances of spreading through the popula-
tion via hitchhiking till it exceeds the critical cluster size. For
a certain critical cluster size, this effect becomes less strong as
the activation time becomes excessively long.

3.5. Effect of Gene X Gain. The second factor that influences
the outbreak of a silent cooperative gene via hitchhiking is
the speed by which beneficial mutations spread within the
system. This will depend on the magnitude of the increase
in fitness induced by a mutation and the frequency of inter-
actions between the cells. We study how the change in the
fitness gain resulting from gene X mutations, μ, affects the
invasion time of the silent cooperative gene. In Figure 19, it
is shown that at low values of μ, resulting in slow selective
sweeps, the invasion time is high. When using μ = 0 2 and
μ = 0, 79% and 100%, respectively, of the simulations did
not reach a successful invasion of the cooperative trait within
105 generations. If beneficial mutations spread slowly within
the system, chances are higher that the hitchhiking silent
genes will get expressed before reaching a critical distribution
which allows it to perform a successful invasion. The higher
the μ, the faster genes spread through the population and
the lower the invasion time. This effect becomes weaker as
μ increases, for fixed activation time and critical cluster size.

A parameter map visualizing the effects of varying
the two parameters on the rate of successful invasions
is presented in Figure 20.

3.6. Effect of Moore’s Neighborhood Radius. Biological sys-
tems are characterized by their spatial diffusivity, as the
effects of interactions between an organism and its neighbors
depend on the distance between them. For example, when a
living cell shares public good, the surrounding cells benefit
from it in different degrees, depending on their distance to
the focal cell and the diffusivity of the system. A system with
low spatial diffusivity, where cells interact exclusively with
their direct neighbors, is expected to offer higher chances

for emergence of cooperation than systems with high interac-
tion radius, as a smaller initial cluster of cooperators is
needed for cooperation to emerge. Here, this effect is investi-
gated by varying the Moore’s neighborhood radius r in the
simulations. As shown in Figure 21 for fixed parameter
values of t′ = 240 and μ = 1 4, the invasion time mean
increases as the neighborhood radius increases. A higher
neighborhood radius means that the silent gene is more likely
to get activated before spreading enough in the system for
cooperation to be stable. For comparison, simulations were
also carried out for instantly expressed cooperative muta-
tions. For r = 1, 29% of the simulations resulted in successful
invasions of the cooperative trait within 105 generations. This
ratio has dropped to only 5% for r = 2 and 0% for larger
neighborhood radii. Emergence of cooperation in both cases
is significantly easier for smaller values of Moore’s neighbor-
hood radius. However, as r increases, it becomes more diffi-
cult for cooperation to emerge by a relatively high number
of instantly expressed mutations occurring in close proximity
in time and space.
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Figure 19: Relationship between invasion time of a silent
cooperative gene and the magnitude of the gain in fitness due to
gene X mutations. For every value of gene X gain, the simulation
has been run 100 times and the invasion time mean has been
calculated. The vertical bars represent the standard deviation of
the results.
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Figure 20: Rate of successful invasions within 105 generations in
20 simulations, for different combinations of activation time and
gene X gain.
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We end this section with a short discussion of how
silent cooperative genes can influence our understanding
of natural selection.

3.7. Selection for Quietness. In [11], it is shown that coopera-
tion can be stable in the setting of spatial PD interactions.
Reference [7] has constructed a similar model in order to
investigate the invasion dynamics of a cooperative trait in
spatial PD and snowdrift games. There, it has been shown
that in the case of the PD game, the model reaches a state
of spatial segregation between cooperators and defectors with
cooperators breaking up into isolated clusters in order to
reduce the exploitation effects from defectors. In Section
3.3, we have shown that including the occurrence of back-
ground beneficial mutations into the model leads to the
instability of the spatial segregation between traits at the long
term. More importantly, a common feature in the works of
[2, 7] is that for a cooperative trait to survive and expand in
the system, a critically sized cluster of cells carrying this trait
has to exist at the beginning. Both works have thoroughly
investigated the invasion dynamics, the stability of a cooper-
ative trait, and the resulting spatial patterns in spatial PD
systems. This paper focuses on the problem of how an initial
cluster of cooperators could appear by random mutations in
the first place.

Our model showed that the delayed expression of a coop-
erative gene could improve its chances of a successful inva-
sion. Also, the longer the time till switching on the gene, the
better. Similar observations have been made by [16] when
studying how quorum sensing can enable a cooperative bacte-
rial strain to dominate a biofilm, by delaying the expression of
the cooperative gene till enough segregation occurs. Further-
more, it has been shown that in case of strong competition
(highly mixed biofilms), only bacterial strains with a high
quorum-sensing threshold can dominate the biofilm as segre-
gation occurs later in time.Natural selection in this case selects
for the strains that delay expression of their cooperative trait.

In a general setting, the larger the critical size of a coop-
erator cluster required for a successful invasion, the stronger
the need for a delayed expression of the cooperator gene. In
other words, natural selection here acts to select the coop-
erative genes which require more aggressive change in the
environment to be expressed.

A typical view of natural selection is that it acts on the
currently expressed phenotypes. We fix a point in time, and
we look at the genes expressing phenotypes that have higher
fitness compared to their alleles. Based on that, one can pre-
dict that the frequency of those more adapted alleles will
increase in the environment as the biological system evolves.
On the other hand, natural selection, in our work and in [16],
selects genes not on their expressed phenotypes but on their
ability to not express them. That is, it favors genes that have
devised the most devious ways to endure a possibly long
hitchhiking trip.

4. Conclusion

Cooperation plays a central role in countless biological
phenomena, and explaining its emergence and preservation

in living systems remains a major challenge. Spatial competi-
tion dynamics have provided an intuitive answer to the
problem of how cooperation can persist in a biological sys-
tem. Since individuals are more likely to interact with their
neighbors, cooperative cells in a spatial PD game can domi-
nate the system by existing in clusters. Consequently, the
high frequency of mutually beneficial interactions among
altruists can balance the exploitation by defectors on the
boundaries of the cooperative segments. This explanation
however leads us to consider the fundamental problem of
the lonely cooperator. Rare mutations producing individuals
with simple cooperative traits, not involving memory or
communication, in a system dominated by defectors are
doomed to extinction, as they are prone to heavy exploitation
by their neighbors. In hostile environments, emergence of
such traits is highly unlikely.

In this paper, we propose the idea that silent genes could
provide a route for emergence of cooperation in biological
systems. A silent mutation is one that does not get immedi-
ately expressed. Instead, it only gets activated at a random
point of the future, possibly due to specific environmental
conditions. A rare mutant carrying a silent cooperative trait
will still act as a defector, making it safe from exploitation, till
its latent altruistic trait gets activated. Subsequently, a silent
gene has a chance to spread through the biological system,
which occurs in our model by hitchhiking to another benefi-
cial gene under positive selection. Afterwards, when a change
in environment happens that can trigger this specific muta-
tion, cells carrying this gene could happen to exist in the
required spatial distribution to survive, and even invade,
the system. In short, two established genetic concepts, silent
genes and genetic hitchhiking, could explain how a simple
cooperative trait emerges in a biological system.

It is also interesting to note that our model suggests that
spatial segregation between social traits, an equilibrium state
frequently produced by spatial cooperation models, could be
evolutionary unstable. Two types of the same organism
which are spatially segregated and genetically identical except
in a single social trait can be assumed to have the same muta-
tion frequency. Since the rate of beneficial mutations in a
population of any type is proportional to its size, and the
population size itself expands as the fitness of its individuals
increases, the coexistence of two competing simple social
traits in a biological system is bound to be an unstable
equilibrium point. That said, it has to be emphasized that
the fourth-mentioned result is qualified by the noninclusion
of mutations giving rise to the defector trait in the model,
which will significantly affect the general problem of the
stability of cooperation in biological systems. Additionally,
it should be also highlighted that this model did not include
background deleterious mutations; μ is always positive.
However, this will not affect the results as such mutations will
not spread in the system. Only beneficial mutations play a
significant role as they carry out the hitchhiking process.
Also, it is assumed in this work that when the environment
reaches a state that could trigger a silent gene, it gets syn-
chronously activated in all the organisms carrying it in the
population. This is clearly a simplifying assumption. In
reality, the environment never changes at exactly the same
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degree for all the population. Nevertheless, it is natural to
expect that organisms which are spatially close to each
other will experience similar environmental conditions.
This could be enough for cooperation to emerge as the
trait needs to be expressed only by a cluster of organisms
at the same time interval to be stable.

Finally, we would like to highlight that in the model pre-
sented in this paper, for simplicity, genes are assumed to only
transfer vertically, from a single parent to a single offspring.
In real life, genes will also transfer horizontally. In bacteria,
this happens by the means of horizontal gene transfer, and
in sexual organisms, this happens by the process of sexual
reproduction. Hence, for a silent mutation to hitchhike a
gene undergoing a selective sweep, it needs to be physically
close to the beneficial gene on the DNA. It has been shown
that hitchhiking events can be detected via statistical analysis
of genetic variation along chromosomes [36]. Therefore,
when considering real-life situations, our model predicts that
cooperative genes are more likely to be close in the DNA
chain to “competitive” genes, ones that may have gone
through a selective sweep in the past, than being close to
other cooperative/public good genes or silent segments of
the DNA.
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We investigate the temporal evolution of the distribution of immunities in a population, which is determined by various
epidemiological, immunological, and demographical phenomena: after a disease outbreak, recovered individuals constitute a
large immune population; however, their immunity is waning in the long term and they may become susceptible again.
Meanwhile, their immunity can be boosted by repeated exposure to the pathogen, which is linked to the density of infected
individuals present in the population. This prolongs the length of their immunity. We consider a mathematical model
formulated as a coupled system of ordinary and partial differential equations that connects all these processes and systematically
compare a number of boosting assumptions proposed in the literature, showing that different boosting mechanisms lead to very
different stationary distributions of the immunity at the endemic steady state. In the situation of periodic disease outbreaks, the
waveforms of immunity distributions are studied and visualized. Our results show that there is a possibility to infer the boosting
mechanism from the population level immune dynamics.

1. Introduction

The outcome of an infection within an individual host
depends on the specific pathogen and the status of the
immune system of the host. At a larger scale, the outcome
of an epidemic in a population is influenced by the ensemble
of individual immunities. There are a number of processes in
play that determine how these immunities change in time.
Upon recovery from infection, some immune memory
remains, which may persist for long time after pathogen
clearance. Eventually, memory cells slowly decay, and in the
long run, recovered hosts could lose pathogen-specific
immunity [1]. Waning immunity is possibly one of the
contributing factors which cause, in particular in highly
developed regions, recurrent outbreaks of infectious diseases
such as chickenpox and pertussis. Immune memory can
be boosted due to repeated exposure to the pathogen
thus prolonging the time during which immune hosts
are protected. Our goal in this paper is to monitor the
distributions of immune memories in a population and

track their temporal evolution, which provides very impor-
tant insights about the interplay of individual and population
level disease dynamics.

In the SIR framework, a population of hosts is divided
into susceptibles (S), infectives (I), and recovered (R), and
interactions among individuals from the different compart-
ments are considered. Susceptibles are those hosts who either
have not contracted the disease in the past or have lost immu-
nity against the disease-causing pathogen.When a susceptible
host gets in contact with an infective, the pathogen can be
transmitted and the susceptible host may become infective.
After the loss of immunity, an individual from compartment
R transits back to the susceptible compartment; hence when
waning of immunity is included, the model is called SIRS.

To account for immune system boosting, we structure
the immunes according to their level of immunity. The
high complexity of the immune status of an individual is
simplified into a single parameter that reflects the strength
of immunity in the sense that it indirectly indicates the dura-
tion of immunity until waning. The challenge due to
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secondary or multiple exposures to the pathogen initiates an
immune response that results in a higher level of immunity.

The details are yet unclear how exactly the immune
response and in particular a boost of the immune system
work [1]; most likely, there is a range of mechanisms
underlying these processes that are specific to each host and
pathogen [2]. Laboratory analysis on vaccines tested on
animals or humans suggests that the boosting efficacy
might depend on several factors, among which the current
immune status of the recovered host and the amount of
pathogen he receives [2, 3]. In previous mathematical models,
it was assumed that a boost restores the maximal immune
status, the same as after natural infection [4]. Few authors
have assumed that at each new contact with a known
pathogen, the immune system is boosted a little, with a
small increase in memory cells [5]. Others have considered
a combination of both possibilities [6].

To investigate the temporal evolution of how the distri-
bution of these immunity levels changes in the population,
we propose a mathematical modeling framework along the
lines of our previous works [7, 8]. The core of the model is
a hybrid system of equations of SIRS type, in which the
immune population is structured by the level of immunity,
whereas the susceptible and the infective populations are
nonstructured. In [8], we investigated the well-posedness
of the general model and its basic qualitative properties,
whereas in [7], we considered a special case of the hybrid
system in form of delay differential equations (DDEs) with
constant and distributed delay. Here, we focus on the
immune response identifying several possible scenarios for
immune system boosts.

We systematically compare a number of assumptions on
the boosting mechanism that have been used in the literature.
The goal is to observe the effects of different immune
responses not only at an individual but also at population
level, such as the stationary distribution of immunities in
the case of an endemic disease and the periodic change of
these distributions in case of repeated disease outbreaks. To
the best of our knowledge, there are no further studies about
the temporal evolution of the distribution of immune statuses
in a population, and the only paper that has predicted a spe-
cific immunity distribution from amathematical model is [6].

In Section 2, we provide the details of the mathematical
model and present the numerical methods that are used for
its solution. Four scenarios for immune boosting mecha-
nisms are described and compared in Section 3, together with
the parametrizations that lead to an either stable endemic
state or oscillatory disease outbreaks. A careful and system-
atic numerical analysis is performed to understand the effect
of various boosting mechanisms, and the results are summa-
rized and discussed in Section 4.

2. Materials and Methods

2.1. The Mathematical Model. Let S t and I t denote the
total population of susceptibles and infectives, respectively,
at time t. The total population shall be assumed to be in
balance (hence normalized) N t ≡ 1, with birth rate equal

to the natural death rate d ≥ 0 and no disease-induced death.
We assume that newborns are all susceptible.

Contact with infectives (at rate βI) induces susceptible
hosts to become infective themselves. Infected hosts recover
at rate γ > 0, that is, 1/γ is the average infection duration.
Once recovered from the infection, individuals become
immune; however, there is no guarantee for life-long protec-
tion. Immune hosts who experience immunity loss become
susceptible again.

Let r t, z denote the density of immune individuals
at time t with immunity level z ∈ zmin, zmax , 0 ≤ zmin <
zmax <∞. The total population of immune hosts is given by

R t =
zmax

zmin

r t, z dz 1

The parameter z describes the immune status and can be
related to the number of specific immune cells of the host.
The value zmax corresponds to the maximal immunity,
whereas zmin corresponds to the lowest level of immunity
for hosts in the R compartment. We assume that individuals
who recover at time t enter the immune compartment with
maximal level of immunity zmax. The level of immunity tends
to decay in time and when it reaches the lower threshold zmin,
the host becomes susceptible again. However, contact with
infectives, or equivalently, exposure to the pathogen, can
boost the immune system from z ∈ zmin, zmax to any higher
immune status (see Figure 1).

Given a host with initial immune status v ∈ zmin, zmax ,
let us denote by Zv ∈ zmin, zmax the updated immune status,
which is achieved after new contact with the pathogen. The
updated immune status Zv is modeled as a random variable
taking values in Sv ≔ v, zmax ⊆ zmin, zmax ⊆ℝ with proba-
bility density function p ·, v . The value p z, v represents
the relative likelihood that a boost from immune level v to
level z occurs. Secondary exposures to the pathogen might
have no effects on the host’s immune system or might restore
the immunity level induced by the disease (zmax). In order to
capture these particular aspects, in Section 3.1, we shall also
consider limit cases in which the probability density function
is a Dirac measure centered either on the current immune
status or on the maximal level zmax.

The immunity level decays in time at rate g z , with g
positive, smooth, and bounded, which is the same for all
immune individuals with immunity level z. In the absence
of immune system boosting, an infected host who recovered
at time t0 becomes again susceptible at time t0 + τ, where

τ =
zmax

zmin

1
g x

dx 2

With the above assumptions, we obtain for t > 0 the
following system of equations

S′ t = d 1 − S t − βS t I t + g zmin r t, zmin ,
I′ t = βS t I t − γ + d I t ,

3
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with initial values S 0 = S0 > 0, I 0 = I0 ≥ 0, coupled with a
partial differential equation (PDE) for the immune population,

∂
∂t

r t, z −
∂
∂z

g z r t, z = −dr t, z + βI t

z

zmin

p z, v r t, v dv − r t, z ,

4

for z ∈ zmin, zmax , with boundary condition

g zmax r t, zmax = γI t , 5

and initial distribution r 0, z = ψ z , z ∈ zmin, zmax . A
sketch of the full model is given in Figure 1, whereas some
possible boosting mechanisms are depicted in Figure 2, and
they will be discussed later in detail. The formal derivation
of a slightly more general version of models (3), (4), and (5)
with variable total population size and disease-induced death
is given in [8].

2.2. R0. Before presenting further results, we introduce the
basic reproduction number R0 of models (3), (4), and (5),

R0 =
β

γ + d
, 6

which indicates the average number of secondary infections
generated in a fully susceptible population by one infected
host over the course of his infection. The basic reproduction
number is a reference parameter in mathematical epidemiol-
ogy used to understand if, and in which proportion, the dis-
ease will spread among the population.

2.3. Numerical Solution of the Hybrid System. In the follow-
ing, we outline the numerical method used to solve the
hybrid system (3), (4), and (5).

Consider (3), (4), and (5) as a one-dimensional, first-
order nonlinear PDE system. In this section, we refer to the

independent variables t, z as time and space, respectively.
As S and I do not depend on z, but only on time, the initial
conditions are

S 0, z ≡ S 0 ≡ S0 > 0,

I 0, z ≡ I 0 ≡ I0 ≥ 0,

r 0, z = ψ z , z ∈ zmin, zmax

7

Since g z > 0 for all z ∈ zmin, zmax , the boundary condi-
tion for r is imposed in (5) at the inflow boundary, that is, at
z = zmax. All together we have an initial-boundary value
problem (IBVP). For the numerical integration of the IBVP,
we employ the MATLAB code hpde [9], developed to solve
IBVPs for first-order systems of hyperbolic PDEs in one
space variable and time. The hpde routine implements
Richtmyer’s two-step variant of the Lax-Wendroff method
[10, 11], which is well established to solve hyperbolic PDEs.
This scheme is explicit and second-order accurate in both
space and time. To compute the numerical solution of our
IBVP, we have modified the code hpde so that the integral
term in (4) is efficiently implemented, preserving the
second-order accuracy of the Lax-Wendroff scheme. In
Section 3.3, we have verified the spatial order of accuracy
for a number of computations.

In the computation of the numerical solutions of the
IBVP, we used an equidistant mesh zmin = ẑ0 < ẑ1 <⋯ <
ẑM = zmax,Δẑ = ẑi − ẑi−1,i = 1,… ,M The initial function on
this mesh is given by S 0 , I 0 , r 0, ẑi = S0, I0, ψ ẑi

For an explicit scheme for a hyperbolic system, a
necessary condition for stability is the Courant-Friedrichs-
Lewy condition, which for our system means

Δt
Δẑ max

ẑ∈ ẑ0,…,ẑM
g ẑ < 1 8

We define the boosting matrix Π as the numerical
discretization of the probability density function p on the

zmin zmaxv z

Boosting

Waning

Figure 1: Sketch of the mathematical models (3), (4), and (5). Susceptible hosts become infective after pathogen transmission.
Infected hosts who recover enter the immune compartment R which is structured by the level of immunity. Natural infection
induces the maximal level of immunity zmax. Immunity decays in time and when the immune status reaches the minimal value
zmin; the recovered host becomes susceptible again. Meanwhile, exposure to the pathogen can boost the immune system and
prolong protection.
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equidistant mesh Δẑ. Each entry πij =Π i, j of the boosting
matrix represents the probability that ẑi is the updated
immune level, given initial immune level ẑ j, that is, πij =
p ẑi, ẑ j . It follows that πij ∈ 0, 1 , with πij = 0 if j > i and

〠
M

i=1
πij = 〠

M

i=j
πij = 1, for all j = 1,… ,M 9

3. Results and Discussion

3.1. Scenarios for the Immune Response. Let us consider an
immune host who has immune status v at the moment of
reexposure to the pathogen. We shall investigate the fol-
lowing possible scenarios for immune response in case of
secondary exposure to the pathogen.

3.1.1. NOboost. Assume that the immune system does not
respond to reinfection, that is, we observe only waning of
immunity after recovery (Figure 2(a)). This corresponds to
the limit case in which the boosting probability function is
simply a Dirac measure with support on the initial immune
level. It follows that (4) reduces to

∂
∂t

r t, z −
∂
∂z

g z r t, z = −dr t, z 10

Recall the definition of τ > 0 in (2). The transport
equation (10) with boundary condition (5) is solved along
characteristics and we obtain

g zmin r t, zmin = γI t − τ e−dτ, 11

meaning that τ time after recovery immune hosts who did
not die become susceptible again. In turn, we find a delay
term in the equation for S and have a classical SIRS model
with constant delay (cf. [12])

S′ t = d − βS t I t − dS t + γI t − τ e−dτ,

I′ t = βS t I t − γ + d I t ,

R′ t = γI t − γI t − τ e−dτ − dR t ,

12

where R t is the total immune population at time t as in (1).

3.1.2. MAXboost. Assume that at any new encounter with the
pathogen the immune system of a recovered host is boosted
in such a way that the disease-induced (maximal) immunity
is restored (Figure 2(b)). This corresponds to the limit case in
which the boosting probability function is a Dirac measure
with support on the maximal immune level (zmax). As

Immunity loss

zmax

zmin

Memory cell
population

(slow decrease)

(a) No boosts

Immunity loss

zmax

zmin

Memory cell
population

(slow decrease)

Immune system
is boosted

(b) Boost to maximal level

Immunity loss

zmin

zmax

Memory cell
population

(slow decrease)

Immune system
is boosted

(c) Boost to any higher level

Figure 2: Exposure to the pathogen has a boosting effect on the immune system, whereby several possible scenarios are possible: (a) No
boosting events (NOboost): the host who recovered at time t becomes susceptible at time t + τ, with τ > 0 given in (2). (b) Boosts restore
disease-induced immunity, that is, the immune system is always boosted to the maximal level of immunity (MAXboost). (c) Variable
boost, to any higher immune level.
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Figure 3: Nonmonotonic immune response mechanisms. (a, c, d) Examples of different boosting matrices Π for the numerical
implementation of p z, v , the probability that individuals with immune level v at exposure are boosted to level z ≥ v after exposure. The
immune status is represented in zmin, zmax = 0, 1 and discretized on an equidistant mesh with 30 points. (b) The dotted curve represents
the boosting mechanism inspired by [6], the solid curve the one inspired by [14].

all boosted individuals are transferred to the boundary,
and the integral term in (4) moves to the boundary
condition, yielding

∂
∂t

r t, z −
∂
∂z

g z r t, z = −dr t, z − βI t r t, z , 13

g zmax r t, zmax = γI t + βI t R t 14
The BVP (13) and (14) can be solved along characteristics

and one obtains for t ≥ 0 a system of delay equations with
constant and distributed delay:

S′ t = d 1 − S t − βI t S t

+ I t − τ γ + βR t − τ e−dτ−β
0
−τ
I t+u du,

I′ t = βI t S t − γ + d I t ,

R′ t = −dR t + γI t

− I t − τ γ + βR t − τ e−dτ−β
0
−τ
I t+u du,

15

with τ > 0 as defined in (2) and with given initial functions
ϕS t ≥ 0, ϕI t ≥ 0, and ϕR t ≥ 0, such that ϕS t + ϕI t +
ϕR t ≡ 1, for all t ∈ −τ, 0 . The formal derivation of system
(15) is given in [7, 8].

3.1.3. ANYboost. We assume that the immune system is
boosted to any better immunity level with uniform proba-
bility. That is, p z, v = p > 0 with p = 1/ zmax − v , for all
z ∈ v, zmax . The boosting matrix for the numerical imple-
mentation is shown in Figure 3(a).

3.1.4. HKboost and ODboost. Previous works have proposed
nonmonotonic functions for modeling the immune response
to secondary exposure. In [6, 13], a mathematical model for
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in-host dynamics during measles infection was proposed.
The model explicitly considers the relation between the
immune level at time of exposure and the level of memory
cells after exposure. Heffernan and Keeling [6, 13] suggest
that this relation is nonmonotonic. Indeed, although the level
of immunity after exposure is always greater than the level at
the time of exposure, the boosted level starts high, decreases,
and then increases again. We shall denote by HKboost the
boosting function from [6, 13]. For the numerical implemen-
tation of HKboost, we first extract values from Figure 2(d) in
[6], which shows the relation between the initial and the
updated immune status. Then, we normalize the immune
status interval ( zmin, zmax = 0, 1 ) and extend the boosting
function to [0.75, 1], assuming that for high initial immune
status, the immune system is always boosted to the maximal
level (see Figure 3(b)). In terms of our model coefficients, for
any initial immunity v, the atomic measure of the updated
immunity is concentrated on f v , where f is the boosting
function represented by the dotted curve in Figure 3(b).
The corresponding boosting matrix is shown in Figure 3(d).

Immune boosting in pertussis was considered in [14],
where a nonmonotonic boosting function similar to the one
in [6, 13] was proposed. The relation between the level of
memory cells before (v) and after (z) reexposure is governed
by the function

z = f v = v 1 + 1
5v

5
, with v ∈ 0, 5 16

De Graaf et al. [14] suggest that a small jump from v to z
corresponds to a mild infection that causes no harm but only
boosts the antibody level of the individual, whereas a large
jump corresponds to a severe infection that may also cause
disease. We shall use the boosting function in (16) for
simulations, previous normalization to zmin, zmax = 0, 1 ,
and small modifications which allow to have boundedness.
In detail, we assume that for very low initial immunity
(0 ≤ v < 0 075) and for large initial immunity (0 8 < v ≤ 1),
the immune status is always boosted to the maximal level
z = zmax = 1, whereas for v ∈ 0 075, 0 8 , the boosting prob-
ability is atomic along the graph of the boosting function
f in (16), as above. The resulting boosting function is
given by the solid curve in Figure 3(b), and the corresponding
boosting matrix is shown in Figure 3(c).

The two mechanisms for immune response HKboost and
ODboost are governed by rather similar boosting mecha-
nisms, and we shall see that the solutions behave accordingly.

3.2. Parameter Values. For the numerical computations
below, we set the birth rate, natural death rate d = 0 02, and
the initial conditions ψ0 z = 0 05 for z ∈ zmin, zmax = 0, 1 ,
I0 = 0 01, and S0 = 0 94. This means that we assume that
1% of the total population is infectious at the beginning
of our observations, while 5% is immune to the pathogen
and the level of immunity is equally distributed.

Concerning the disease dynamics, we set γ = 3 and
g z = 0 5, for all z ∈ zmin, zmax , corresponding to τ = 2
when the model can be reduced to DDE.

We allow the basic reproduction number R0 as given
in (6) to vary, in order to show both solutions that con-
verge to an endemic equilibrium and solutions that produce
periodic oscillations.

3.3. Stable Endemic Equilibrium. When the basic reproduc-
tion number is sufficiently small, the solution converges to
an endemic equilibrium for all the boosting mechanisms pre-
sented in Section 3.1. We compare in Figure 4 the numerical
solution corresponding to different boosting mechanisms. In
Figure 4(a), we show the component I of the solution, which
indicates how the number of infective evolves in time and
rapidly converges to an equilibrium. Changing the boosting
mechanism has small effects on the infective population:
numerical solutions show the same qualitative behavior,
with endemic equilibria deviating less than 1% from each
other. In particular, we see that the nonmonotonic boost-
ing mechanisms, ODboost, HKboost, and ANYboost, yield
quantitatively equivalent solutions for the infective popula-
tion. The latter solution curves are bounded from below
by the solution of MAXboost and from above by the solution
of the NOboost problem.

In Figure 4(b), for each boosting mechanism, we visualize
the stationary distribution r z corresponding to the endemic
equilibrium in Figure 4(a). This indicates how immunity is
distributed among the R-population at the endemic equilib-
rium. It is visible that the choice of the boosting mechanism
importantly affects the stationary distribution. To under-
stand why this happens, let us consider the case of a constant
immune decay rate, g z = ĝ, for all z ∈ zmin, zmax . For
certain choices of the probability density function, p one
can calculate the stationary distribution r z explicitly. For
example, in the absence of immune boosts (NOboost),
we have

r z = γI∗

ĝ
e− d/ĝ zmax−z , 17

where I∗ is an endemic equilibrium of the systems (3) and
(10), with boundary condition (5).

In case of boosts to maximal immune level (MAXboost),
from (13) and (14), we have

r z = I∗

ĝ
γ + β 1 − 1

R0
− I∗ e− d+βI∗/ĝ zmax−z , 18

with the basic reproduction number R0 = β/ γ + d , as in
(6). With the parameter values indicated in Section 3.2, and
R0 = 1 5, the curves in (18) and (17) are almost straight lines,
as it can be observed in Figure 4(b).

We use the analytic stationary solution (18) of systems
(3), (4), (13), and (14) to verify the order of “spatial” accuracy
(i.e., with respect to the variable z) of the numerical discreti-
zation. On different meshes, we compute numerically the
stationary solution of the MAXboost systems (3), (4), (13),
and (14). Although we know the explicit solution for the
stationary distribution r, there is no explicit analytical for-
mulation for the endemic equilibrium I∗, which can only
be determined numerically (see also [7]). We fix I∗ to the
value computed on the finest mesh (M = 14000 equidistant
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mesh points), and we insert this value into the (18) of the
stationary distribution. Then, we compute the maximum
error between the analytical and the numerical solutions
on different mesh refinements and observe that our method
preserves the second-order accuracy of the Lax-Wendroff
scheme (see Figure 5).

3.4. Sustained Oscillations, Repeated Outbreaks. When
R0 = 5 and all other parameter values are as indicated in
Section 3.2, the systems (3), (4), and (5) show periodic oscil-
latory behavior, independent on the boosting mechanism. In
Figure 6, we compare the I component of the solution of the
systems (3), (4), and (5) for five different immune responses.
Further, for all kinds of immune response, we compare in
Figure 7 the distribution of immune status among the
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Figure 5: Spatial accuracy of the numerical discretization, with
error represented in a log-log plot. The method is second-order
accurate.
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population for fixed times (t = 1, 5, 10, 20 years) after the
beginning of the observation. Results illustrated in
Figures 6 and 7 and Table 1 indicate that also in the case
of periodic oscillations, the solutions of problems governed
by ODboost and HKboost are qualitatively and quantita-
tively equivalent (minor differences might be due to
computational errors and we consider them negligible).
Therefore, in the following, we show only results related
to NOboost, ANYboost, MAXboost, and ODboost, which
characterize four different immune responses with qualita-
tively different results. Figure 8 shows the solution r t, z
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Figure 7: Comparison of the effects of different boosting mechanisms on the distribution of immunity r t∗, z at fixed times t∗ = 1, 5,
10, 20 years after the beginning of the observations.

Table 1: Quantitative comparison of the periodic oscillatory
solutions (I component) for changing immune boost mechanism.
Oscillation amplitudes and periods, as well as lowest and highest
incidence values, are reported.

Amplitude Period Min (I) Max (I)

NOboost 0.3088 2.766 0.0169 0.3257

MAXboost 0.3588 3.4 0.0024 0.3612

ANYboost 0.3430 3.2 0.0036 0.3466

ODboost 0.4105 3.35 0.0023 0.4129

HKboost 0.3926 3.35 0.0024 0.3950
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with respect to time and immune status for the four
selected boosting mechanisms.

In Figure 9, we visualize the contour plots of the r
component of the solution for different immune response
mechanisms. Entries of the solution matrix r are interpreted
as heights with respect to the z, t plane; isolines are
calculated and displayed using colors corresponding to the
colormap on the right.

In Figure 10, we compare the immune distribution r t, z
corresponding to different levels of an outbreak, for different
boosting mechanisms. Figure 10(a) shows four points on a
typical infective curve (I) which we shall consider for
comparison. Point A corresponds to the infection peak,
that is, the time point at which the infective population
is at its maximal value. Point B and point D correspond
to intermediate levels in the infective population, just after,
respectively, just before an outbreak peak. Point C corre-
sponds to the time point at which the infective population
is at its minimal level. We see in Figures 10(b)–10(e) that
the different immune responses yield qualitatively similar
immune distributions with immunity waves moving from
right to left. At the infective peak (Figure 10(b)), following
primary infection and reexposure to the pathogen, most of

the population has a very high immune status (z ∈ 0 8, 1 )
which slowly decays, reaching the level at which most of
the population has a low to intermediate immune level
(z ∈ 0, 0 6 ) (Figure 10(d)). Just before a new outbreak,
most of the hosts have very low (z ∈ 0, 0 2 ) or very high
(z ∈ 0 8, 1 ) immunity (Figure 10(e)).

4. Conclusion

Understanding the role of immune system boosting due to
the interplay of in-host and between hosts dynamics is a
central point in immunoepidemiology of infectious diseases.
Employing the mathematical models (3), (4), and (5), in this
work, we have systematically investigated the effects of
different (in-host) immune responses at population level.
The boosting mechanisms studied here are in part taken or
inspired by previous literature, for example, on measles
[6, 13], pertussis [14], and influenza [15].

Our results indicate that the in-host immune response,
that is, the individual boosting mechanism, has important
effects on the qualitative dynamics of the epidemics. The
numerical results show that observing the distribution
of immune level among recovered individuals, one can
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Figure 8: The r t, z solution for different boosting mechanisms. (a) Waning immunity, absence of immune boosts. (b) Boost to maximal
level of immunity. (c) Uniform probability of boosting to any higher immunity level. (d) Nonlinear boost according to Figure 3(c).
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reconstruct the underlying boosting mechanism. When the
trajectories of the systems (3), (4), and (5) approach an
endemic equilibrium (Figure 4(b)), the distribution of
immunity uniquely identifies the boosting mechanism gov-
erning the immune response in case of secondary infections.
Also for diseases with repeated outbreaks, it is possible to
infer the immune boosting mechanism from the temporal
evolution of immunity, though in this case, it is conve-
nient to look at the dynamic of the immune population
over time (Figures 8 and 9), rather than at the immune
distribution (Figure 10).

This paper presents a novel mathematical study of
temporal evolution of immune status in a population.
Despite the large number of publications in mathematical
epidemiology or mathematical immunology, to the best of
our knowledge, there have been only few authors who have
effectively combined in-host dynamics and processes at
population level [6, 13, 16, 17], though only in [6, 13] the
temporal evolution of immunity has been considered. If we

compare the stationary distribution of immunity of HKboost
in Figure 4(b) with Figure 3(c) in [6], we observe that the
results are rather different, the curve in [6] being smoother.
We conjecture that the differences are on the one hand
due to the choice of the parameters in the system, on the
other hand to the different nature of the mathematical
models. In [6], a large system of ordinary differential equa-
tion is presented, including exposed hosts and immune
structure in all compartments, not only in the recovered
ones as it is in our work. Here, we focused on a simple
model for susceptible-infective-recovered dynamics in order
to understand the role of immune boosting and waning
immunity. We plan to extend the models (3), (4), and (5),
by means of physiologically structured susceptible and
exposed populations.

Parameter values used for all numerical simulations
presented in this work are not inspired by a specific infectious
disease, as we purely focused on the effects of waning and
boosting. Nevertheless, the model is suitable to describe
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Figure 9: Contour plot of the r solution for different boosting mechanisms. (a) Waning immunity, no boosts. (b) Boost to maximal level of
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several infectious diseases, prior proper choice of the param-
eters. Certain studies, for example [5, 18], introduced a fur-
ther parameter κ to express a relative force of infection for
reexposure, so they represent the rate of boosting by the term
(κβI). This is reasonable if we think that during contacts,
boosting occurs with a different chance compared to primary
infection. In this paper, we have assumed that the force of
infection in secondary exposure is the same as in primary
exposure (κ = 1).

The in-host dynamics described in this paper is rather
coarse. The immune status of recovered individuals is repre-
sented by a single scalar quantity (z) which does not specifi-
cally represent any kind of cells of the immune system. We
are aware of the fact that the immune system is indeed very
complex, and careful mathematical modeling should also
take into consideration nonlinear in-host processes and
interactions among the different players of the innate and
adaptive immune system. Nevertheless, such a fine descrip-
tion would quickly lead to a complicated mathematical
model, making it hard to achieve any reliable analytical or
numerical result at population level.

A further limitation of the model is the assumption on
the sharp threshold zmin, which defines the criterion for
transition from immune to susceptible compartment. It is
plausible that this transition does not occur in such an on-
off manner, but it is rather a continuous process; that is,
recovered individuals with a certain critically low level of
immunity are less likely to get immune boost and more likely
to experience a new infection, as suggested in [14]. Moreover,
it is known that the immune system is differently reactive at
different life stages, in particular immune boosts are weaker
in children and elderly than in adults (see, e.g., the case of
pertussis considered in [19]). We plan to extend the model
including age heterogeneity.

Immune boosts occur not only after natural infection but
also in case of vaccine-induced immunity. Current vaccina-
tion schedules include “boosters” whose goal is the prolonga-
tion of protection against a certain pathogen [20]. The
mathematical models (3), (4), and (5) can be extended to
include vaccination and natural boosts induced in vaccinated
hosts by contact with infectives (see [21]). Similar investiga-
tion as proposed in this paper can be repeated in the context
of vaccination.

Our results indicate that immune system boosts from
natural secondary infections importantly affect the immune
dynamics at population level. We hope that our findings will
stimulate future research in controlling infectious diseases
via vaccination and vaccine design.
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A double delayed hybrid stochastic prey-predator bioeconomic system with Lévy jumps is established and analyzed, where
commercial harvesting on prey and environmental stochasticity on population dynamics are considered. Two discrete time
delays are utilized to represent the maturation delay of prey and gestation delay of predator, respectively. For a
deterministic system, positivity of solutions and uniform persistence of system are discussed. Some sufficient conditions
associated with double time delays are derived to discuss asymptotic stability of interior equilibrium. For a stochastic
system, existence and uniqueness of a global positive solution are studied. By using the invariant measure theory and
singular boundary theory of diffusion process, existence of stochastic Hopf bifurcation and stochastic stability are
investigated. By constructing appropriate Lyapunov functions, asymptotic dynamic behavior of the proposed hybrid
stochastic system with double time delays and Lévy jumps is discussed. Numerical simulations are provided to show
consistency with theoretical analysis.

1. Introduction

It is well known that a harvest effort has a strong dynamical
impact on the prey-predator system [1–5], which plays a
significant role in bioeconomics management among various
species in a harvested prey-predator system [6–8]. Further-
more, it is more realistic to investigate the coexistence and
interaction mechanism of the harvested prey-predator
system by introducing time delays into a model system,
such as maturation delay and gestation delay of the
population [9–12]. In recent years, combined dynamic
effects of the harvest effort and time delay on the pop-
ulation dynamics of prey-predator systems have been
widely investigated in [13–18] and references therein,
where the asymptotic behavior of the model system
around equilibrium is analyzed and stability of bifurcated

periodic solutions is studied. Yuan et al. [18] incorporated
gestation delay τ > 0 as a negative feedback of predator
population density in the harvested prey-predator system,
which is as follows:

x1 t = x1 t r1 − b1x1 t −
a1x1 t x2 t
k + x1 t

−
qEx1 t

m1E +m2x1 t
,

x2 t = x2 t r2 −
a2x2 t − τ

k + x1 t − τ
,

1

where x1 t and x2 t represent the population density of
the prey and predator population, respectively. r1 and r2
stand for the birth rate of the prey and predator population,
respectively. b1 represents the intracompetition rate for the
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prey population, a1 is the maximum value of the per capita
reduction rate of the prey population due to predation, and
a2 has a similar interpretation to that of a1. k measures the
extent to which the surrounding environment provides
protection to each population. q denotes the catchability
coefficient, E is a constant parameter representing the
harvest effort on the prey population, and τ > 0 repre-
sents the gestation delay of the predator population. By
analyzing the dynamical behavior of interior equilibrium
and properties of bifurcation phenomena, it reveals that
sustainable development of the harvested prey-predator
system may be guaranteed by adopting an appropriate
harvest effort.

It should be noted that the dynamical behavior of the
commercially harvested bioeconomic system can be pre-
cisely predicted by using stochastic mathematical models
[19–23], which can provide an additional degree of
realistic reflection in the real world compared to its corre-
sponding deterministic counterpart. Many scholars have
incorporated stochastic perturbations into deterministic
mathematical models to discuss dynamic effects of envi-
ronmental noises on population dynamics of the harvested
bioeconomic system [19–21], which show that persistence
and extinction of population are relevant to time delay
and stochastic fluctuations. Combined dynamic effects of
time delay and Gaussian white noises on population
dynamics of the harvested bioeconomic system as well as
optimal harvest control problems are studied in [22, 23].
Recently, it is proved that Lévy jumps can efficiently depict
sudden and severe environmental perturbations arising in
the real world [24, 25], while these phenomena cannot be
described better by Brownian motion.

Based on the above analysis, some assumptions are
proposed as follows.

Assumption 1. In this paper, we will extend the work in
[18] by incorporating commercial harvesting on prey
into system (1). E t represents the commercial harvest-
ing effort on prey at time t, w represents the harvesting
reward coefficients, c represents the cost per unit harvest-
ing effort for the unit weight of prey, and v is the eco-
nomic interest of commercial harvesting on prey. Based
on the economic theory proposed in [26], an algebraic
equation is constructed to study the economic interest of
commercial harvesting:

Net economic revenue = total revenue TR − total cost TC
2

Based on system (1), TR and TC in (2), it is easy to show
that TR = wE t x1 t and TC = cE t .

Assumption 2. In this paper, the maturity of the prey
population is assumed to be mediated by discrete time
delay τ1 > 0. Furthermore, the reproduction of the pred-
ator population after predating the prey population is
not instantaneous but will be mediated by some time
lag required for gestation of the predator population.
τ2 > 0 represents the gestation delay of the predator

population. Hence, we will extend the work in [18] by
incorporating two different discrete time delays into system
(1), and τ1 ≠ τ2.

Assumption 3. In this paper, the population growth of prey
and predator populations affected by environmental
stochastic fluctuations is assumed to be a stochastic
process. Gaussian white noises and Lévy jumps will be
incorporated into system (1) to describe stochastic sur-
rounding environmental factors. σjk j, k = 1, 2 are non-
negative constants, ξ1 t and ξ2 t denote multiplicative
stochastic excitation and external stochastic excitation
related to surrounding environment, respectively. ξj t j =
1, 2 represents independent Gaussian white noise such that
E ξj t = 0 j = 1, 2 . For any time, t1 ≠ t2, E ξj t1 ξj t2 =
δ t2 − t1 j = 1, 2 , and E ξj t1 ξk t2 = 0 j, k = 1, 2, j ≠ k ,
where δ denotes the Dirac delta function. xi t − repre-
sents the left limit of xi t , i = 1, 2 and γi u > −1, i = 1, 2.
N denotes a Poisson counting measure with characteristic
measure λ on a measurable subset Y with λ Y < +∞ and
λ is assumed to be a Lévy measure such that N dt, du =
N dt, du − λ du dt and Y denotes a measurable subset
of ℝ+. Throughout this paper, ξi t i = 1, 2 and N are
assumed to be independent.

In this paper, keeping all these Assumptions 1–3 in
mind, a double delayed hybrid stochastic prey-predator
bioeconomic system with Lévy jumps is established as
follows:

dx1 t = x1 t − τ1 r1 − b1x1 t − τ1 −
a1x1 t x2 t
k + x1 t

−
qE t x1 t

m1E t +m2x1 t
dt

+ σ11x1 t ξ1 t + σ12ξ2 t dt

+
Y

γ1 u x1 t − N dt, du ,

dx2 t = x2 t r2 −
a2x2 t − τ2
k + x1 t − τ2

dt

+ σ21x2 t ξ1 t + σ22ξ2 t dt

+
Y

γ2 u x2 t − N dt, du ,

0 = E t wx1 t − c − v,

3

where the initial conditions for system (3) take the
following form:

x1 θ ≥ 0,

x2 θ ≥ 0,

θ ∈ −max τ1, τ2 , 0 ,

E 0 ≥ 0

4
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System (3) can be rewritten in the matrix form as follows:

Remark 1. Since the algebraic equation in (3) includes no
differentiated variables, the third row in matrix

Ξ t =

1 0 0

0 1 0

0 0 0

6

has a corresponding zero row.

Recently, some hybrid bioeconomic systems with time
delay and stochastic fluctuations are established in [27–30]
to investigate the combined dynamic effects of stochastic
fluctuation and commercial harvesting on population
dynamics. These proposed systems in [27–30] are also con-
structed by several differential equations with stochastic fluc-
tuations and an algebraic equation. Compared with the
previously bioeconomic systems proposed in [19–23, 31]
and the references therein, such delayed bioeconomic sys-
tems [27–30] can not only discuss coexistence and interac-
tion mechanism of a delayed bioeconomic system under
stochastic environmental fluctuations but also investigate
population dynamics due to variations of economic interest
of commercial harvesting. However, biological characteris-
tics among interacting populations are not considered in
[27–29]; time delays such as gestation delay and maturation
delay for interacting populations in [27–29] are assumed to
be the same discrete value, which contradicts to reality in
the real world. Asymptotical stability of interior equilibrium
and dynamic effects of Lévy jumps on population dynamics
are not discussed in [27–29]. It is proved that Lévy jumps
can efficiently depict sudden and severe environmental
perturbations arising in the real world [24, 25], while these
phenomena can not be described better by Brownian
motion. Although the dynamic effects of double time
delays have been investigated in [30], the combined
dynamic effects of multiple time delays and Lévy jumps
on population dynamics have not been investigated in
[30]. Dynamic effects of multiple time delays on the
hybrid bioeconomic prey-predator system are investigated

in [15, 32]. However, the dynamic effect of Lévy jumps
and asymptotical stability of solutions of the stochastic
system are not studied in [15, 32].

To the authors’ best knowledge, population dynamics of
the hybrid bioeconomic system with double time delays
and Lévy jumps have not been investigated. The rest sec-
tions of this paper are organized as follows: in the second
section, qualitative analysis of the deterministic system is
investigated. Positivity of solutions and uniform persis-
tence of the deterministic system are studied. Asymptotic
stability of interior equilibrium of the deterministic system
is discussed due to variations of double time delays. In
the third section, qualitative analysis of the stochastic sys-
tem is investigated. Existence and uniqueness of global
positive solution are studied. In the absence of double
time delays and Lévy jumps, the existence of stochastic
Hopf bifurcation and stochastic stability is investigated.
In the presence of double time delays and Lévy jumps,
by constructing appropriate Lyapunov functions, the asymp-
totic dynamic behavior of the proposed hybrid stochastic
system with double time delays and Lévy jumps is discussed.
In the fourth section, numerical simulations are provided
to support theoretical findings. Finally, this paper ends
with a conclusion.

2. Qualitative Analysis of Deterministic System

In the absence of stochastic fluctuations, positivity of
solutions and uniform persistence of system (3) with initial
conditions (4) will be studied in Lemmas 1 and 2.

Lemma 1. When σjk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 ,
all solutions of system (3) with initial conditions (4) are
positive for all t ≥ 0.

Proof 1.When σjk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 , it is
easy to show that Fi ℝ3+1

+ →ℝ3 is locally Lipschitz and
satisfy the condition, Fi > 0, where Fi i = 1,2,3 can be found
in (5).

Ξ t

dx1 t

dx2 t

0

=

F1 x1, x2, E

F2 x1, x2, E

F3 x1, x2, E

=

x1 t − τ1 r1 − b1x1 t − τ1 −
a1x1 t x2 t
k + x1 t

−
qE t x1 t

m1E t +m2x1 t
dt + σ11x1 t ξ1 t + σ12ξ2 t dt +

Y

γ1 u x1 t − N dt, du

x2 t r2 −
a2x2 t − τ2
k + x1 t − τ2

dt + σ21x2 t ξ1 t + σ22ξ2 t dt +
Y

γ2 u x2 t − N dt, du

E t wx1 t − c − v

5
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Due to lemma in [33] and Theorem A.4 in [34],
all solutions of system (3) with initial conditions (4)
exist uniquely and each component of the solution
remains within the interval 0,U0 for some U0 > 0.
Standard and simple arguments show that any solution

of system (3) with initial conditions (4) always exist
and stay positive.

Lemma 2.When σjk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 , if
v > 0 and τ1 are bounded and satisfy the following inequality:

then all solutions of system (3) with initial conditions (4) are
uniformly persistent.

Proof 2. When σjk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 , by
using Taylor series expansion [35], for x1 t , x2 t , τ1 > 0,
and τ2 > 0, it is easy to show that

x1 t − τ1 = x1 t − τ1
d
dt

x1 t − τ1x1 t +⋯ ,

x2 t − τ2 = x2 t − τ2
d
dt

x2 t − τ2x2 t +⋯
8

Hence, it follows that there exists T1 > 0 such that

x1 t − τ1 ≤ x1 t ,

x2 t − τ2 ≤ x2 t
9

According to Lemma 1, (9), and the first equation
of system (3), it follows from simple computations that
x1 t < r1x1 t − τ1 ≤ r1x1 t , which derives that

x1 t ≤ x1 t − τ1 er1τ1 10

holds for t > T2 ≔ T1 + τ1.
For t > T2, it follows from (10) and the first equation of

system (3) that

x1 t < x1 t r1 − b1x1 t − τ1 < x1 t r1 − b1x1 t e−2r1τ1 ,
11

which gives that

lim sup
t→+∞

x1 t ≤
r1e

2r1τ1

b1
≔ P1 12

If τ1 is bounded, then P1 is bounded for t > T2.
Based on Lemma 1 and the second equation of system

(3), there exists T3 > T2 and it follows from simple computa-
tions that x2 t > r2x2 t 1 − a2x2 t /kr2 holds for t > T3.
By using standard comparison arguments, it gives that

lim inf
t→+∞

x2 t ≥
kr2
a2

≔Q2 13

According to biological interpretations, (12) and the
first equation of system (3), it derives that there exists
T4 > T3 and r1x1 t − b1e

−2r1τ1x21 t − a1x1 t x2 t / k +
r1/b1 e2r1τ1 > 0 holds for t > T4. Furthermore, it follows
from Lemma 1 that a1x2 t < r1 k + r1/b1 e2r1τ1 and

lim sup
t→+∞

x2 t ≤
r1
a1

k +
r1
b1

e2r1τ1 ≔ P2 14

If τ1 is bounded, then P2 is bounded for t > T4.
By using the first equation of system (3) and (14), it can

be obtained that there exists T5 > T4 such that

x1 t > r1e
−r1τ1x1 t − b1x

2
1 t −

a1P2x1 t
k

−
qx1 t
m1

15

holds for t > T5 and

lim inf
t→+∞

x1 t ≥
m1kr

2
1e

−2r1τ1

4b1 a1m1P2 + qk
≔Q1 16

Furthermore, by using simple computations, it follows
from (12) and (16) and the third algebraic equation of system
(3) that

lim inf t→+∞E t ≥
v

wP1 − c
≔Q3,

lim supt→+∞E t ≤
v

wQ1 − c
≔ P3

17

If τ1 < 1/2r1 ln cb1/wr1 , then it is easy to show that
Q3 > 0 and Q3 is bounded.

If τ1 < 1/2r1 ln b1ck mr1 + q 2 + cwkm2
1r

4
1 − b1ck

mr1 + q /8cm1r
2
1 , then it is easy to show that P3 > 0 and

P3 are bounded.
Based on the above analysis, if v > 0 and τ1 are bounded

and satisfy the following inequality

τ1 < min
1
2r1

ln
cb1
wr1

,
1
2r1

ln
b1ck mr1 + q 2 + cwkm2

1r
4
1 − b1ck mr1 + q

8cm1r
2
1

, 7
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then all solutions of system (3) with initial conditions (4) are
uniformly persistent.

Remark 2. From the practical and physical perspective of
viewpoints, positivity of the solution of the proposed hybrid
delayed stochastic bioeconomic system refers to each popula-
tion survival for a long duration under combined dynamic
effects of commercial harvesting, time delay, and stochastic
fluctuations. Since natural resources for each population
survival are relatively limited within a closed environment,
permanence of the hybrid delayed stochastic bioeconomic
system interprets that there exist positive finite upper bounds
and lower bounds for each population density, which may
avoid overpopulation and extinction of each interacting
populations. Furthermore, in order to maintain sustainable
development of commercially harvested population, com-
mercial harvesting should be constrained within a certain
range. It practically interprets there exist positive finite upper
bounds and lower bounds for commercial harvesting amount
on the predator population.

When economic interest v > 0, σ jk = 0 j, k = 1, 2 , and
γi u = 0 i = 1, 2 , the interior equilibrium of system (3)

can be obtained as follows: M∗ x∗1 , x∗2 , E∗ = x∗1 , r2k/a2 −
r2 , v/wx∗1 − c and x∗1 satisfies the following equation:

x∗41 + A1x
∗3
1 + A2x

∗2
1 + A3x

∗
1 + A4 = 0, 19

where Ai, i = 1,2,3,4 are defined as follows:

A1 =
m2 a2 − r2 w b1k − r1 − cb1

wm2b1 a2 − r2
,

A2 =
wm2k a1r2 − r1 a2 − r2 + a2 − r2 b1m1v − cm2 b1k − r1

wm2b1 a2 − r2
,

A3 =
cm2 kr1 a2 − r2 − a1r2k + v a2 − r2 q +m1 b1k − r1

wm2b1 a2 − r2
,

A4 =
a1r2m1v − q a2 − r2 q +m1r1

wm2b1 a2 − r2

20

According to Routh-Hurwitz criterion [35], a suffi-
cient condition for (19) has at least one positive root
which is A4 < 0. Furthermore, M∗ exists provided that
x∗2 = r2k/a2 − r2 > 0 and E∗ = v/wx∗1 − c > 0. Based on
the above analysis, if τ1, τ2, v ∈H1, then there exists at least
one positive root for (19), and H1 is defined as follows:

In the following part, some sufficient conditions associ-
ated with double time delays are derived to investigate the
local asymptotic stability of the system (3) around M∗. By
using the third algebraic equation E t = v/ wx1 t − c , the
system (3) can be rewritten as follows:

x1 t = x1 t − τ1 r1 − b1x1 t − τ1 −
a1x1 t x2 t
k + x1 t

−
qvx1 t

m1v +m2x1 t wx1 t − c
,

x2 t = x2 t r2 −
a2x2 t − τ2
k + x1 t − τ2

22

For mathematical convenience, some transformations
x1 t = x∗1 e

y1 t and x2 t = x∗2 e
y2 t are made and system

(22) is rewritten as follows:

y1 t = −
b1x

∗
1 e

y1 t−τ1

ey1 t
ey1 t−τ1 − 1

+ a1x
∗
2

ey1 t−τ1

ey1 t

1
k + x∗1

−
ey2 t

k + x1 t

+ qv
ey1 t−τ1

ey1 t

1
m1v +m2x

∗
1 wx∗1 − c

−
1

m1v +m2x1 t wx1 t − c
,

y2 t =
a2x

∗
2 x∗1 ey1 t−τ2 − 1 − k + x∗1 ey2 t−τ2 − 1

k + x∗1 k + x∗1 e
y1 t−τ2

23

By utilizing the following mathematical relations:

τ1 < min
1
2r1

ln
cb1
wr1

,
1
2r1

ln
b1ck mr1 + q 2 + cwkm2

1r
4
1 − b1ck mr1 + q

8cm1r
2
1

, 18

H1 = τ1, τ2, v τ1 ≥ 0, τ2 ≥ 0, 0 < v <min
q a2 − r2 q +m1r1

a1r2m1
,
1
2r1

ln
cb1
wr1

,
1
2r1

ln
b1ck mr1 + q 2 + cwkm2

1r
4
1 − b1ck mr1 + q

8cm1r
2
1

21
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ey1 t−τ1 = ey1 t −
t

t−τ1
ey1 s dy1

ds
ds,

ey1 t−τ2 = ey1 t −
t

t−τ2
ey1 s dy1

ds
ds,

ey2 t−τ1 = ey2 t −
t

t−τ1
ey2 s dy2

ds
ds,

ey2 t−τ2 = ey2 t −
t

t−τ2

ey2 s dy2
ds

ds,

24

system (23) can be rewritten as follows:

Some sufficient conditions for local asymptotical stability
of system (3) around the interior equilibrium M∗ can be
concluded as follows.

Theorem 1. When σ jk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 ,
if τ1, τ2, v ∈H1 ∩H2, then system (3) is asymptotically stable
around interior equilibriumM∗, whereH2 is defined in (A.10).

Proof 3. The proof of Theorem 1 can be found in Appendix A
of this paper.

3. Qualitative Analysis of Stochastic System

If τ1, τ2, v ∈H1 ∩H2, then it follows from the third
algebraic equation of system (3) that E t = v/ wx1 t − c .
Consequently, system (3) is transformed as follows:

dx1 t = x1 t − τ1 r1 − b1x1 t − τ1 −
a1x1 t x2 t
k + x1 t

−
qvx1 t

m1v +m2x1 t wx1 t − c
dt

+ σ11x1 t ξ1 t + σ12ξ2 t dt

+
Y

γ1 u x1 t − N dt, du ,

dx2 t = x2 t r2 −
a2x2 t − τ2
k + x1 t − τ2

dt

+ σ21x2 t ξ1 t + σ22ξ2 t dt

+
Y

γ2 u x2 t − N dt, du

26

In the following part, existence and uniqueness of the
global positive solution of system (26) are discussed in
Theorem 2.

Theorem 2. If
Y
γi u − ln 1 + γi u λdu ≤ γi i = 1, 2 and

γi are positive constants and σjk > 0 j, k = 1, 2 is sufficiently
small, then system (26) has a unique global positive solution
for all t > 0 and the solution x1 t , x2 t ∈ℝ2

+ for t > 0
almost surely.

Proof 4. The proof of Theorem 2 can be found in Appendix B
of this paper.

3.1. Case I: System (3) without Double Time Delays and Lévy
Jumps. In this subsection, when τ1 = τ2 = 0 and γi u = 0
i = 1, 2 , it follows from simple computations that the line-
arized form of system (26) around x∗1 , x∗2 is as follows:

x1 t = α11x1 t + α12x2 t + σ11x1 t ξ1 t + σ12ξ2 t ,

x2 t = α21x1 t + α22x2 t + σ21x2 t ξ1 t + σ22ξ2 t ,
27

where α11 = r1 − 2b1x∗1 − a1kx
∗
2 / k + x∗1

2 − qm1v
2/ m1v +

w1x
∗
1 − c m2x

∗
1

2 , α12 = − a1x
∗
1 / k + x∗1 , α21 = a2x

∗2
2 /

k + x∗1
2 , and α22 = r2 − a2x

∗
2 / k + x∗2

2 .
By using Khasminskii transformations, x1 t = ω cos θ,

x2 t = ω sin θ, and system (27) are rewritten as follows:

ω t = ω α11 cos2θ + α11 + α21 sin θ cos θ + α22 sin2θ
+ ω σ11 cos2θ + σ21 sin2θ ξ1 t

+ σ12 cos θ + σ22 sin θ ξ2 t ,

θ t = α21 cos2θ − α12 sin2θ + α22 − α11 cos θ sin θ

+ σ21 − σ11 sin θ cos θξ1 t

+
σ22 cos θ − σ12 sin θ

ω
ξ2 t

28

y1 t = −
b1x

∗
1 e

y1 t−τ1 ey1 t − 1
ey1 t

−
a1kx

∗
2 ey2 t − 1

k + x1 t k + x∗1
+

qvm2x
∗
1 wx∗1 − c ey1 t − 1

m1v +m2x
∗
1 wx∗1 − c m1v +m2x1 t wx∗1 − c

+
b1x

∗
1 e

y1 t−τ1 − a1x
∗
2

ey1 t
−

qv

ey1 t m1v +m2x
∗
1 wx∗1 − c

t

t−τ1
ey1 s dy1

ds
ds,

y2 t =
a2x

∗
1x

∗
2 ey1 t − 1

k + x∗1 k + x1 t − τ2
−
a2x

∗
2 ey2 t − 1

k + x1 t − τ2
−

a2x
∗
1x

∗
2

k + x∗1 k + x1 t − τ2

t

t−τ2
ey1 s dy1

ds
ds +

a2x
∗
2

k + x1 t − τ2

t

t−τ2
ey2 s dy2

ds
ds

25
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According to Khasminskii limit theorem [36, 37], if
τ1 = τ2 = 0, γi u = 0 i = 1, 2 , and σjk > 0 j, k = 1, 2 are
sufficiently small, then ω t , θ t weakly converges to
the two-dimensional Markov diffusion process. Based on
the stochastic averaging method, the Itô stochastic differen-
tial equation can be obtained as follows:

dω = f ωdt + β11dWω + β12dWθ,

dθ = f θdt + β21dWω + β22dWθ,
29

where Wω and Wθ represent standard and independent
Wiener processes,

f ω =
ω α11 − α22

2
+
5ω σ211 + σ221

8
−
ωσ11σ21

4

+
σ2
11 + σ2

12 + σ2
21 + σ2

22
2ω

,

f θ = −
α12
2

,

β2
11 =

3ω2 σ211 + σ221
8

+
σ211 + σ212 + σ221 + σ222

2
+
ω2σ11σ21

4
,

β12 = 0,
β21 = 0,

β2
22 =

σ21 − σ11
2

8
+
σ211 + σ212 + σ221 + σ2

22
2ω2

30

Furthermore, some parameter transformations are
provided as follows:

ϵ1 =
α11 + α21

2
,

ϵ2 = 5 σ211 + σ221 − 2σ11σ21,

ϵ3 =
σ211x

∗2
1 + σ221x

∗2
2 + σ212 + σ222
2

,

ϵ4 = 3 σ211 + σ221 + 2σ11σ21,

ϵ5 =
α11 + α21

4
,

ϵ6 = σ11 − σ21
2

31

According to β12 = β21 = 0 and (31), system (29) can be
rewritten as follows:

dω =
ω2 8ϵ1 + ϵ2 + 8ϵ3

8ω
dt +

8ϵ3 + ϵ4ω2

8
dWω + ϵ5ωdWθ,

dθ = ϵ5ωdWω +
16ϵ3 + ϵ6ω2

4ω
dWθ

32

It follows from the above analysis and β12 = β21 = 0 that
averaging amplitude ω t refers to the one-dimensional
Markov diffusion process, which derives that

dω =
ω2 8ϵ1 + ϵ2 + 8ϵ3

8ω
dt +

8ϵ3 + ϵ4ω2

8
dWω

33

Theorem 3. When τ1 = τ2 = 0 and γi u = 0 i = 1, 2 ,
stochastic stability of system (26) is discussed due to the
variation of stability of averaging amplitude ω t in terms
of probability.

(i) ω = 0 is unstable, and system (26) is unstable around
x∗1 , x∗2 in terms of probability.

(ii) If 2 8ϵ1 + ϵ2 − ϵ4 > 0, then ω = +∞ is attractively
natural and system (26) is unstable around x∗1 , x∗2
in terms of probability; system (26) does not undergo
stochastic Hopf bifurcation around x∗1 , x∗2 .

(iii) If 2 8ϵ1 + ϵ2 − ϵ4 = 0, then ω = +∞ is strictly
natural.

(iv) If 2 8ϵ1 + ϵ2 − ϵ4 < 0, then ω = +∞ is exclusively
natural and system (26) is unstable around x∗1 , x∗2
in terms of probability.

Proof 5. It follows from the formulation of ϵ3 that ϵ3 > 0 and
β11 ≠ 0, which derives that ω = 0 is a regular boundary of
system (29) (reachable) and ω = 0 is unstable. Hence, system
(26) is unstable around x∗1 , x∗2 , which is not relevant to the
local stability of the deterministic system around x∗1 , x∗2 . On
the other hand, if ω = +∞, then f ω =∞, which derives that
ω = +∞ is the second singular boundary of system (29).
Based on the singular boundary theory [36, 37], it is easy to
show that diffusion exponent ρ1, drifting exponent ρ2, and
characteristic value ρ3 of boundary ω = +∞ are computed
as follows:

ρ1 = 2,
ρ2 = 1,

ρ3 = −limω→+∞
2f ωωρ1−ρ2

β2
11

= −limω→+∞
2 8ϵ3 + ω2 8ϵ1 + ϵ2

8ϵ3 + ω2ϵ4
= −

2 8ϵ1 + ϵ2
ϵ4

34

If 2 8ϵ1 + ϵ2 − ϵ4 > 0, then ω = +∞ is attractively
natural and system (26) is unstable around x∗1 , x∗2 ;
system (26) does not undergo stochastic Hopf bifurcation
around x∗1 , x∗2 .

If 2 8ϵ1 + ϵ2 − ϵ4 = 0, then ω = +∞ is strictly natural,
which is just the line of stochastic stability demarcation.

If 2 8ϵ1 + ϵ2 − ϵ4 < 0, then ω = +∞ is exclusively
natural and system (26) is unstable around x∗1 , x∗2 in terms
of probability.

In the following part, existence of stochastic Hopf
bifurcation will be investigated as ω = +∞ is exclusively
natural. By using Itô stochastic equation of amplitude of
ω t , Fokker-Planck equation can be obtained as follows:
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∂p
∂t

= −
∂
∂ω

8ϵ1 + ϵ2 ω2 + 8ϵ3 p

8ω
+

∂2

∂ω2
8ϵ3 + ω2ϵ4 p

16
,

35

with the initial value condition

p ω, t ∣ ω0, t0 ⟶ δ ω − ω0 , t⟶ t0, 36

where p ω, t ∣ ω0, t0 denotes the transition probability
density of the diffusion process ω t .

By virtue of (35), it follows from simple computations
that invariant measure of ω t is the steady-state probability
density ps ω , which is as follows:

ps ω = 8ϵ4 2πϵ3ϵ4Γ 2 − κ

π 8ϵ3 κΓ 1/2 − κ
ω2 ϵ4ω2 + 8ϵ3

κ−2, 37

where κ = 8ϵ1 + ϵ2 /ϵ4 and Γ s = +∞
0 ts−1e−tdt.

Theorem 4. When τ1 = τ2 = 0 and γi u = 0 i = 1, 2 , if
2 8ϵ1 + ϵ2 − ϵ4 < 0 and 8ϵ1 + ϵ2 − ϵ4 < 0, then there exists a
maximum value ω = ω∗ for ps ω . Occurrence positions and
probabilities of stochastic Hopf bifurcation vary due to values
of ϵi, i = 1,2,3,4.

Proof 6. By using Namachivaya’s theory [36, 37], it is easy to
show that characteristic information of a steady state can be
revealed based on the invariant measure. When intension
of Gaussian white noises tends to zero, the dynamical
behavior of the corresponding deterministic system can be
approximated by extreme values of ps ω . Based on Oseledec
ergodic’s theory [36, 37], ps ω is considered to be the time
measurement in the neighbourhood of ω t , which derives
that ϵ1 < 0,, ϵ2 > 0, ϵ3 > 0, and ϵ4 > 0.

If there exists a maximum value of ps ω around ζ∗ > 0,
then it is easy to show that ζ∗ is asymptotically stable in terms
of probability. On the other hand, if there exists a minimum
value of ps ω (zero), then the opposite case also holds. It is
assumed that there exists a maximum value as ω = ω for
ps ω ; further computations show that

dps ω
dω ω=ω

= 0,

d2ps ω
dω2

ω=ω

< 0,
38

and solutions of the above equation are computed as follows:
ω = 0 or ω = ω = −8ϵ3/8ϵ1 + ϵ2 − ϵ4 as 8ϵ1 + ϵ2 − ϵ4 < 0.
Furthermore, it can be computed that

It is easy to show that ps ω = 0 when ω = 0. Based on the
singular boundary theory [36, 37], it shows that system (33)
is unstable around ω = 0 in terms of probability. Hence, when
τ1 = τ2 = 0 and γi u = 0 i = 1, 2 , system (26) undergoes
stochastic Hopf bifurcation around ω = ω, which derives that

x21 t + x22 t = −
8ϵ3

8ϵ1 + ϵ2 − ϵ4
, whenω = ω 40

Remark 3. From practical and physical perspective of
viewpoints, if the proposed hybrid delayed stochastic
bioeconomic system is unstable around the interior equilib-
rium in terms of probability, then it practically implies that
the population density of the prey and predator population
will not eventually reach an ecological balance state with a
high probability, which is not beneficial to sustainable
survival of each population under a commercially harvested
ecological environment. If stochastic Hopf bifurcation does
not occur and boundary is attractively natural, then it
practically interprets that either the prey or the predator
population density will sharply increase with a high

probability within a short duration, which may result in the
corresponding shortage of survival space and resource and
beyond environment carrying capacity. The ecological
balance state will be destroyed in a high probability.

3.2. Case II: System (3) with Double Time Delays and Lévy
Jumps. It should be noted that x∗1 , x∗2 is not the
equilibrium of the stochastic system (26); we will show
that solution of system (26) is going around x∗1 , x∗2 under
certain conditions.

Theorem 5. For τ1, τ2, v ∈H1 ∩H2, when
Y
γi u − ln

1 + γi u λdu ≤ γi i = 1, 2 and γi are positive constants
and σjk > 0 j, k = 1, 2 is sufficiently small, then

lim sup
t→∞

1
t
E

t

0
x1 s − x∗1

2ds ≤ B1,

lim sup
t→∞

1
t
E

t

0
x2 s − x∗2

2ds ≤ B2,
41

d2ps ω
dω2

ω=0

= 27+3 8ϵ1+ϵ2−4ϵ4 ϵ−14 ϵ2+ 8ϵ1+ϵ2−4ϵ4 ϵ−14
3 > 0,

d2ps ω
dω2

ω=ω

= −
8ϵ1 + ϵ2 − ϵ4 3 8ϵ3 − 8ϵ3ϵ4/ 8ϵ1 + ϵ2 − ϵ4 8ϵ1+ϵ2 /ϵ4

16ϵ23 8ϵ1 + ϵ2 − 2ϵ4 3 < 0

39
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where B1 and B2 are defined as follows:

Proof 7. The proof of Theorem 5 can be found in Appendix C
of this paper.

4. Numerical Simulation

Numerical simulations are carried out to show combined
dynamic effects of double time delays and Lévy jumps
on population dynamics. Parameters are partially taken
from numerical simulations in [18], r1 = 2, b1 = 0 4, a1 =
0 5, k = 6, q = 0 1, m1 = 1, m2 = 2, r2 = 0 3, a2 = 2, w = 5,
and c = 1 with appropriate units.

4.1. Numerical Simulation for Deterministic System. By
utilizing the above parameter values, it follows from (21) that
there exists an interior equilibrium when 0 < v < 2 38. In
order to facilitate the following analysis, v = 0 5 is arbitrarily
selected within 0,2 38 which is enough to merit the
corresponding analysis in this paper, and an interior equilib-
rium M∗ 4 5384, 1 7647, 0 0231 can be obtained as v = 0 5.
Based on Theorem 1 and (A.10), if 0 < τ1 < τ∗1 = 1 4451
and 0 < τ2 < τ∗2 = 6 4223, then it is easy to show that
interior equilibrium M∗ 4 5384, 1 7647, 0 0231 of system
(22) is asymptotically stable. Based on the above analy-
sis, some numerical simulations are supported. System

0 500 1000
4

4.5

5

x
1(
t)

x
2(
t)

T1 = 0.75, T2 = 2.92

0 500 1000

1.6

1.8

2

0 500 1000
−0.1

0

0.1

Time

E(
t)

(a)
x

1(
t)

x
2(
t)

T1 = 1.4451, T2 = 2.92

E(
t)

0 500 1000
3.5

4
4.5

5
5.5

0 500 1000
0

2

4

0 500 1000
−1

0

1

Time

(b)

Figure 1: Parameter values are given as follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1,m1 = 1,m2 = 2, r2 = 0 3, a2 = 2,w = 5, c = 1, and v = 0 5.
When σjk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 , dynamical responses of system (21) are plotted, where (a) τ1 = 0 75, τ2 = 2 92, and system (21)
is locally asymptotically stable around 4 5384, 1 7647, 0 0231 and (b) τ1 = 1 4451, τ2 = 2 92, and system (21) is unstable stable around
4 5384, 1 7647, 0 0231 .

B1 =
a1m1kP1 x

∗
1P1 + x∗2 1 + P1 + k + x∗1 qk P + x∗1 + a1m1P2x

∗
1

km1b1 k + x∗1
+
x∗1 Q1x

∗
1 + P2

1
Q1

+
2qvQ2

1 P2
1 + x∗21 +m2x

∗
1 wQ1 − c x∗1 1 + x∗1 σ211 + 2 +Q2

1 σ2
12 + 2Q2

1 1 + x∗1 γ1
2b1m2x

∗
1Q

2
1 wQ1 − c

,

B2 =
P2 k + P1 a2P2 + x∗2 k + P1 + P1P2 + x∗1x

∗
2 + a2P2 kP2 1 + x∗2 + x∗2 P1 + P2

a2 k +Q1 k 1 +Q2 +Q1
+
x∗2σ

2
21 σ2

22 + 2x∗2 + σ222 + 4γ2
2a2 k 1 +Q2 +Q1

42
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(22) with τ1 = 0 75 < τ∗1 and τ2 = 2 92 is locally asymp-
totically stable around M∗ 4 5384, 1 7647, 0 0231 , whose
dynamical responses are plotted in Figure 1(a). System
(22) with τ1 = τ∗1 = 1 4451 and τ2 = 2 92 is unstable around
M∗ 4 5384, 1 7647, 0 0231 , whose dynamical responses
are plotted in Figure 1(b). Furthermore, system (22)
with τ1 = 0 81 and τ2 = 3 65 < τ∗2 is locally asymptotically
stable around M∗ 4 5384, 1 7647, 0 0231 , whose dynami-
cal responses are plotted in Figure 2(a). System (22)
with τ1 = 0 81 and τ2 = τ∗2 = 6 4223 is unstable around
M∗ 4 5384, 1 7647, 0 0231 , whose dynamical responses
are plotted in Figure 2(b).

4.2. Numerical Simulation for Stochastic System. In the
absence of double time delays and Lévy jumps, by taking
σ11 = 0 1 and σ21 = 0 5 as fixed values, it follows from simple
computations that ϵ1 = −0 8982, ϵ2 = 1 2, and ϵ4 = 0 88,
which derive 2 8ϵ1 + ϵ2 − ϵ4 = −12 8512 < 0 and 8ϵ1 +
ϵ2 − ϵ4 = −6 8656 < 0. Based on Theorems 3 and 4 of
this paper, when v = 0 5, probabilities and occurrence
positions of stochastic Hopf bifurcation of system (27) with
σ11 = 0 1 and σ21 = 0 5 and different values of σ12 = σ22 =
0 1, 0 2, 0 3, 0 5 are computed in Table 1. Corresponding
to the computation results in Table 1, the probability
density curve ps ω and occurrence positions of stochastic

Table 1: Probabilities and occurrence positions of stochastic Hopf bifurcation of system (26) with σ11 = 0 1 and σ21 = 0 5 and different values
of σ12 and σ22.

σ12 = σ22 = 0 1 σ12 = σ22 = 0 2 σ12 = σ22 = 0 3 σ12 = σ22 = 0 5
ϵ1 −0.8982 −0.8982 −0.8982 −0.8982
ϵ2 1.2 1.2 1.2 1.2

ϵ3 0.5023 0.5323 0.5823 0.7423

ϵ4 0.88 0.88 0.88 0.88

ω 0.7650 0.7876 0.8237 0.93

ps ω 0.9705 0.9427 0.9013 0.7983
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x
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E(
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Figure 2: Parameter values are given as follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1,m1 = 1,m2 = 2, r2 = 0 3, a2 = 2,w = 5, c = 1, and v = 0 5.
When σ jk = 0 j, k = 1, 2 and γi u = 0 i = 1, 2 , dynamical responses of system (21) are plotted, where (a) τ1 = 0 81, τ2 = 3 65, and system
(21) is locally asymptotically stable around 4 5384, 1 7647, 0 0231 and (b) τ1 = 0 81, τ2 = 6 4223, and system (21) is unstable stable
around 4 5384, 1 7647, 0 0231 .
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Hopf bifurcation of system (27) due to variations of ω are
plotted in Figure 3. According to (40), the corresponding
phase portraits of probability densities ps ω with respect
to x1 t and x2 t are plotted in Figure 4.

In the presence of double time delays and Lévy jumps, if
0 < τ1 < τ∗1 and 0 < τ2 < τ∗2 , then it follows from Theorem 5
that lim supt→∞ 1/t E t

0 x1 s − x∗1
2ds ≤ B1 and lim supt→∞

1/t E t
0 x2 s − x∗2

2ds ≤ B2, where B1 and B2 have been
defined in Theorem 5. It follows from the mathematical
form of B1 and B2 that σij and γi i, j = 1, 2 affect asymptotic
behaviors of system (3) around interior equilibrium M∗ as
well as fluctuation intensity of population densities of x1 t
and x2 t . By assuming τ1 = 0 8, τ2 = 3 5, v = 0 5, σ11 = 0 1,
and σ21 = 0 5, dynamical responses of system (3) with σ12 =
0 1 and σ22 = 0 1 and different values of γ1 and γ2 are
obtained based on Euler-Maruyama method and plotted in
Figure 5, where γ1 = γ2 = 0 1 and γ1 = γ2 = 0 5. Similarly, by
assuming τ1 = 0 8, τ2 = 3 5, v = 0 5, σ11 = 0 1, and σ21 = 0 5,
dynamical responses of system (3) with σ12 = 0 5 and σ22 =
0 5 and different values of γ1 and γ2 are obtained based
on Euler-Maruyama method and plotted in Figure 6, where
γ1 = γ2 = 0 1 and γ1 = γ2 = 0 5.

Based on the numerical simulations in Figures 1 and 2, it
follows that local asymptotic stability of system (22) around
interior equilibrium switches due to variations of time
delays. System (22) shows unstable dynamical responses
when time delays cross critical values, which can be

computed based on Theorem 1. It follows from the math-
ematical formulation of ϵ3 and numerical computational
results in Table 1 that the value of ϵ3 increases as intensi-
ties of external excitations σ12 and σ22 values increase.
Furthermore, it follows from Figure 3 the occurrence
positions where system (27) undergoes stochastic Hopf
bifurcation switch higher as the intensities of external exci-
tations σ12 and σ22 values increase. On the other hand, the
corresponding stochastic Hopf bifurcation will decrease
in a higher probability, which is observed in Figure 4.
Based on the numerical simulations in Figures 5 and
6, it can be concluded that the magnitude of environmen-
tal external stochastic excitation σ12 and σ22 values and Lévy
jump γ1 and γ2 values plays significant roles to determine the
magnitude of oscillation of population dynamics. It follows
from the detailed numerical comparison results between
Figures 5 and 6 that oscillation magnitude of dynamical
responses increases as Lévy jump γ1 and γ2 values increase
for the fixed environmental external stochastic excitation
σ12 and σ22 values. On the other hand, oscillation magnitudes
of dynamical responses increase as external stochastic excita-
tion σ12 and σ22 values increase for the fixed environmental
Lévy jump γ1 and γ2 values.

5. Conclusion

In this paper, a double delayed hybrid stochastic bioeco-
nomic system with commercial harvesting and Lévy jumps
is established, which extends work done in [18] by incor-
porating double time delays and stochastic fluctuations.
The dynamical model proposed in [18] is composed of
ordinary differential equations, which are utilized to study
the interaction mechanism of the prey-predator system
with single time delay. Compared with the system estab-
lished in [18], an algebraic equation is introduced into
system (3), which concentrates on the dynamic effect of
the economic interest of commercial harvesting on popu-
lation dynamics and provides a straightforward way to
investigate complex dynamics due to the variation of eco-
nomic interests. Furthermore, two discrete time delays,
which represent the maturation delay of the prey and
gestation delay of the predator, are incorporated into
system (3). Population growth of the prey and predator
population affected by environmental stochastic fluctua-
tions is assumed to be a stochastic process. Gaussian white
noises and Lévy jumps are incorporated into system (3) to
describe stochastic surrounding environmental factors.
For the deterministic system, positivity of solutions and
uniform persistence of system are discussed in Lemmas
1 and 2, respectively. Some sufficient conditions associ-
ated with double time delays are derived to discuss the
asymptotic stability of interior equilibrium in Theorem 1.
For the stochastic system, existence and uniqueness of
global positive solution are studied in Theorem 2. By using
the invariant measure theory and singular boundary
theory of the diffusion process, the existence of stochastic
Hopf bifurcation and stochastic stability is investigated in
the absence of double time delays and Lévy jumps, which
can be found in Theorems 3 and 4, respectively. By

𝜎12 = 𝜎22 = 0.1
𝜎12 = 𝜎22 = 0.2

𝜎12 = 𝜎22 = 0.3
𝜎12 = 𝜎22 = 0.5
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p
s (
w
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0.5 1 1.5 2 2.5 3 3.5 40
ω

Figure 3: Parameter values for numerical simulations are given as
follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1, m1 = 1, m2 = 2,
r2 = 0 3, a2 = 2, w = 5, c = 1, and v = 0 5. When γi u = 0 i = 1, 2
and τ1 = τ2 = 0, the probability densities ps ω and occurrence
positions of stochastic Hopf bifurcation of system (27) with σ11 =
0 1 and σ21 = 0 5 and different values of σ12 and σ22, where (a)
σ12 = σ22 = 0 1, (b) σ12 = σ22 = 0 2, (c) σ12 = σ22 = 0 3, and (d)
σ12 = σ22 = 0 5.
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constructing appropriate Lyapunov functions, the asymp-
totic dynamic behavior of the proposed hybrid stochastic
system with double time delays and Lévy jumps is discussed
in Theorem 5.

From the practical perspective of viewpoints, positiv-
ity of the proposed hybrid stochastic double delayed
bioeconomic system is relevant to the prey and predator
population survival for a long duration under a commercially
harvested environment. Generally speaking, the natural
resources for the prey and predator population survival
are under sever intraspecies competition. Therefore, per-
manence of the proposed hybrid stochastic double delayed
bioeconomic system biologically means that there are
certain positively finite upper constraints and positively
finite lower constraints for the prey and predator popula-
tion, which may, to a great extent, avoid population
extinction and overpopulation. Furthermore, permanence
of the proposed hybrid stochastic double delayed bioeco-
nomic system biologically also means that there exist
positively finite upper constraints and positively finite

lower constraints for commercial harvesting amount on
the prey population. The practical interpretations are
introduced as follows: with the purpose of maintaining
sustainable development of commercially harvested prey
population resources, commercial harvesting should be
regulated within certain harvesting range by formulating
some constructive policies.

From the practical perspective of viewpoints, if the
proposed hybrid stochastic double delayed bioeconomic
system is unstable in terms of probability, then it prac-
tically interprets that the prey and predator population
density will not eventually arrive at an ecological
balance level with a high probability. The biological
interpretations show that such phenomenon is not
advantageous for a sustainable development of interact-
ing populations under a commercial harvest effect. If
the boundary is attractively natural and stochastic Hopf
bifurcation does not occur, then it practically means that
the interacting population densities may dramatically
increase with a high probability during short time and
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Figure 4: Parameter values for numerical simulations are given as follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1, m1 = 1, m2 = 2, r2 = 0 3,
a2 = 2, w = 5, c = 1, and v = 0 5. The phase portraits of probability densities ps ω corresponding to Figure 3 in the x1 − x2 − ps ω space,
where (a) σ12 = σ22 = 0 1, (b) σ12 = σ22 = 0 2, (c) σ12 = σ22 = 0 3, and (d) σ12 = σ22 = 0 5.
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it may reduce the corresponding survival resources and
space, which are beyond the environment carrying
capacity and destroy the ecological balance state with a
high probability.

From the resource management of viewpoints, the
numerical simulations reveal that population density
may remain an ideal level by controlling double time
delays within certain constraints and the critical
values of time delays may increase as economic inter-
ests of commercial harvesting increase. The sustainable
development of commercially harvested population can
be indirectly achieved by formulating relevant policy
to regulate an economic interest within some appro-
priate ranges.

Recently, some hybrid bioeconomic systems with
time delay and stochastic fluctuations are established in
[27–30] to investigate the combined dynamic effects of
stochastic fluctuation and commercial harvesting on
population dynamics. These proposed systems in [27–30]
are also constructed by several differential equations with
stochastic fluctuations and an algebraic equation. Com-
pared with the previously bioeconomic systems proposed
in [19–23, 31] and the references therein, such delayed
bioeconomic systems [27–30] can not only discuss coexis-
tence and interaction mechanism of delayed bioeconomic

system under stochastic environmental fluctuations but
also investigate population dynamics due to variations of
the economic interest of commercial harvesting. However,
biological characteristics among interacting populations
are not considered in [27–29]; time delays such as
gestation delay and maturation delay for interacting
populations in [27–29] are assumed to be the same
discrete value, which contradicts to the reality in the real
world. Asymptotical stability of interior equilibrium and
dynamic effects of Lévy jumps on population dynamics
are not discussed in [27–29]. It is proved that Lévy noise
can efficiently depict sudden and severe environmental
perturbations arising in the real world [24, 25], while
these phenomena can not be described better by Brow-
nian motion. Although the dynamic effects of double
time delays have been investigated in [30], the combined
dynamic effects of multiple time delays and Lévy jumps
on population dynamics have not been investigated in
[30]. Dynamic effects of multiple time delays on the
hybrid bioeconomic prey-predator system are investigated
in [15, 32]. However, the dynamic effect of Lévy jumps
and asymptotical stability of solutions of the stochastic
system are not studied in [15, 32]. To the authors’ best
knowledge, population dynamics of the hybrid bioeco-
nomic system with double time delays and Lévy jumps
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Figure 5: Parameter values for numerical simulations are given as follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1, m1 = 1, m2 = 2, r2 = 0 3,
a2 = 2, w = 5, c = 1, and v = 0 5. Dynamical responses of system (3) with σ11 = 0 1, σ21 = 0 5, σ12 = 0 1, and σ22 = 0 1 and different values of
γ1 and γ2, where (a) γ1 = γ2 = 0 1 and (b) γ1 = γ2 = 0 5.
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have not been investigated. Compared with the related
work, we can investigate combined dynamic effects of
double time delays and Lévy jumps on population
dynamics by analyzing stability analysis and stochastic
dynamical behavior of system (3) in this paper; these
analytical findings make this paper have some positive
and new features.

Appendix

A. Proof of Theorem 1

Proof 8. Let W1 t = ∣y1 t ∣, by using Lemma 2 and comput-
ing the upper right derivative of W1 t along the solution of
system (24), it can be obtained that
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Figure 6: Parameter values for numerical simulations are given as follows: r1 = 2, b1 = 0 4, a1 = 0 5, k = 6, q = 0 1, m1 = 1, m2 = 2, r2 = 0 3,
a2 = 2, w = 5, c = 1, and v = 0 5. Dynamical responses of system (3) with σ11 = 0 1, σ21 = 0 5, σ12 = 0 5, and σ22 = 0 5 and different values of
γ1 and γ2, where (a) γ1 = γ2 = 0 1 and (b) γ1 = γ2 = 0 5.
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where Pi,Qi i = 1, 2 have been defined in Lemma 2.
Furthermore, let
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A 2

where W1 = bx∗1P1/Q1 − a1x
∗
1x

∗
2 /P1 − qvx∗1 / P1 m1v +
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∗
1 wx∗1 − c .
By virtue of (A.1) and computing the upper right

derivative of W2 t along the solution of system (24), it can
be obtained that
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Let W3 t = ∣y2 t ∣, by using Lemma 2 and computing
the upper right derivative of W3 t along the solution of
system (24), it can be obtained that

where Pi,Qi i = 1, 2 have been defined in Lemma 2.
Furthermore, let

By virtue of (A.1) and computing the upper right
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By definingW t =W2 t +W4 t , it is easy to show that
W t > ∣y1 t ∣ + ∣y2 t ∣. By virtue of (A.3), (A.6), and simple
computations, it can be obtained that

D+W t ≤ −S1 τ1, τ2 ey1 t − 1 − S2 τ1, τ2 ey2 t − 1 ,

A 7

where Si τ1, τ2 , i = 1, 2 are defined as follows:

where Pi,Qi i = 1, 2 have been defined in Lemma 2 andW1
has been defined in (A.3).

By using the mean value theorem [35], for ϑ1 t ∈ 0, 1 ,
ϑ2 t ∈ 0, 1 , and ϑ1 t ≠ ϑ2 t it can be obtained that

D+W t ≤ −S1 τ1, τ2 eϑ1 t y1 t − S2 τ1, τ2 eϑ2 t y2 t

≤ −S1 τ1, τ2 y1 t − S2 τ1, τ2 y2 t

≤ −min S1 τ1, τ2 , S2 τ1, τ2 y1 t + y2 t

A 9

Ifmin S1 τ1, τ2 , S2 τ1, τ2 > 0, then it is easy to derive
that τ1, τ2, v ∈H2 and H2 is as follows:

H2 = τ1, τ2, v 0 < τ1 < τ∗1 , 0 < τ2 < τ∗2 , v > 0 , A 10

where τ∗1 , τ∗2 satisfies the following inequalities S1 τ∗1 , τ∗2 > 0
and S2 τ∗1 , τ∗2 > 0 hold.

B. Proof of Theorem 2

Proof 9. For system (25), it is easy to show that Lipschitz
conditions hold. Hence, there exists a unique local solution

x1 t , x2 t for t ∈ −τm, τ , where τm =max τ1, τ2 and
τ represents the explosion time [38].

Subsequently, we will show that τ =∞, which implies
that solution x1 t , x2 t is global, by assuming that
j0 ≥ 1 is sufficiently large such that x1 t ∈ 1/j0 , j0
and x2 t ∈ 1/j0 , j0 for t ∈ −τm, 0 . With the purpose of
facilitating the following analysis, the stopping time [38] for
any j ≥ j0 is defined as follows:

t j = inf t ∈ −τm, τ x1 t ∉
1
j
, j , x2 t ∉

1
j
, j

B 1

Let ∅ represent an empty set and inf∅ =∞. It is easy to
show that t j increases as j increases through ∞, by defining
τ∞ = lim j→∞t j, which derives that τ∞ ≥ τ almost surely.
Hence, if τ∞ =∞ almost surely, then we can show τ =∞
and the solution x1 t , x2 t ∈ℝ2

+ for all t > 0 almost surely.
If τ∞ ≠∞, then there exists a pair of constants T > 0 and

0 < ζ < 1 such that ℙ τ∞ ≤ T > ζ. Hence, there exists some
j1 ≥ j0, and ℙ t j ≤ T ≥ ζ holds for all j ≥ j1.
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+ →ℝ+ as follows:
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V x1 t , x2 t = x1 t −
r
b1

−
r
b1

ln
b1x1 t

r1
+ x2 t − 1 − ln x2 t

B 2

By assuming that σjk > 0 j, k = 1, 2 are sufficiently small,
by utilizing Lemma 2 of this paper and Itô’s formula (5), it
can be obtained that

In order to facilitate the following analysis, J is defined
as follows:
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B 4

where Pi,Qi i = 1, 2 are defined in Lemma 2.
If

Y
γi u − ln 1 + γi u λdu ≤ γi i = 1, 2 and γi are

positive constants, then
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Consequently, it follows from (B.5) that
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B 6

By integrating both sides of (B.6) from 0 to t j∧T =min
t j, T , T has been defined in (25) and then expectations

can be computed as follows:

EV x1 t j∧T , x2 t j∧T ≤V x1 0 , x2 0 + JE t j∧T ,

B 7

which follows that

EV x1 t j∧T , x2 t j∧T ≤V x1 0 , x2 0 + JT

B 8

When j ≥ j1, we define Ωj = t j ≤ T ; it is easy to derive

that ℙ Ωi ≥ ζ based on the fact ℙ t j ≤ T ≥ ζ holds for
all j ≥ j1. Furthermore, it can be obtained that x1 t j, ε or
x2 t j, ε equals to either j or 1/j which holds for any ε ∈Ωj,

which follows that V x1 t j, ε , x2 t j, ε is no less than either
j − 1 − ln j or 1/j − 1 − ln 1/j .

Consequently, it derives that
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B 9

It follows from (B.8) that
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where IΩ j
represents indicator function of Ωj. When j→∞,

it derives that

∞ =V x1 0 , x2 0 + JT <∞, B 11

which is a contradiction.
Based on the above analysis, it can be obtained that

τ∞ =∞ and x1 t , x2 t will not explode in a finite time
almost surely.

C. Proof of Theorem 5

Proof 10. Firstly, we construct the following function:
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C 1

By using simple computations, it can be obtained that
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k + x1 t + τ1

+
qv

m1v +m2x1 t + τ1 wx∗1 − c
dt

+
x∗1
2

σ2
11 +

σ2
12

x21 t
+

Y

x∗1 γ1 u − ln 1 + γ1 u λdu dt

+ x1 t − x∗1 σ11ξ1 t + x∗1σ12ξ2 t dt

+
Y

x∗1 γ1 u x1 t − − ln 1 + γ1 u N dt, du

= ℒW11 + x1 t − x∗1 σ11ξ1 t + x∗1σ12ξ2 t dt

+
Y

x∗1 γ1 u x1 t − − ln 1 + γ1 u N dt, du ,

C 2

where ℒW11 satisfies the following inequalities:

ℒW11 ≤ b1x1 t x∗1 − x1 t + x1 t

a1x
∗
2

k + x∗1
+ qv
m1v +m2x

∗
1 wx∗1 − c

−
a1x1 t + τ1 x2 t + τ1

k + x1 t + τ1

−
qvx1 t + τ1

m1v +m2 wx∗1 − c x1 t + τ1
−

x∗1x1 t
x1 t + τ1

b1 x∗1 − x1 t +
a1x

∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+ x∗1
a1x2 t + τ1
k + x1 t + τ1

+
qv

m1v +m2x1 t + τ1 wx∗1 − c

+
x∗1
2

σ211 +
σ212
x21 t

+
Y

x∗1 γ1 u − ln 1 + γ1 u λdu

≤ −b1 x1 t − x∗1
2 + x1 t

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+ x∗1
a1x2 t + τ1

k
+

q
m1

+ b1x
∗
1 x∗1 − x1 t

1 −
x1 t

x1 t + τ1
− x∗1 1 + ln

x1 t
x1 t + τ1

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+
x∗1
2

σ211 +
σ212
x21 t

+
Y

x∗1 γ1 u − ln 1 + γ1 u λdu

≤ −b1 x1 t − x∗1
2 + x1 t

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+ x∗1
a1x2 t + τ1

k
+

q
m1

+ b1x
∗
1 x∗1 +

x21 t
x1 t + τ1

− x∗1 ln
x1 t
x∗1

− ln
x1 t + τ1

x∗1
+ 1

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+
x∗1
2

σ211 +
σ212
x21 t

+
Y

x∗1 γ1 u − ln 1 + γ1 u λdu

C 3

Based on (C.3), W12 t is defined as follows,

W12 t =W11 t −
ax∗1
k

t+τ1

t
x2 s ds +

a1x
∗
1x

∗
2

k + x∗1

t+τ1

t

ln
x1 s
x∗1

− ln
x1 s
x∗1

+ 1 ds

+
qvx∗1

m1v +m2x
∗
1 wx∗1 − c

t+τ1

t

ln
x1 s
x∗1

− ln
x1 s
x∗1

+ 1 ds

C 4

By using simple computations, it can be obtained that
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ℒW12 ≤ −b1 x1 t − x∗1
2 + x1 t

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+ x∗1
a1x2 t + τ1

k
+

q
m1

+ b1x
∗
1 x∗1 +

x21 t
x1 t + τ1

+
x∗1
2

σ211 +
σ212
x21 t

+
Y

x∗1 γ1 u − ln 1 + γ1 u λdu

C 5

Secondly, we construct the following function:

W13 t =
x1 t + τ1 − x∗1

2

2
C 6

By using similar arguments in (C.3) and (C.5), it follows
from simple computations that

Let W1 t =W12 t +W13 t ; it follows from (C.5) and
(C.7) that

If
Y
γ1 u − ln 1 + γ1 u λdu ≤ γ1 and γ1 are positive

constants and σj1 > 0 j = 1, 2 is sufficiently small, then

ℒW13 = b1 x∗1 − x1 t + τ1 x1 t − x∗1
2 + b1x

∗
1 x∗1 − x1 t + τ1 x1 t − x∗1 + a1 x1 t + τ1 − x∗1

x∗2x1 t
k + x∗1

−
x1 t + τ1 x2 t + τ1

k + x1 t + τ1

+ qv x1 t + τ1 − x∗1
x1 t

m1v + w1x
∗
1 − c m2x

∗
1
−

x1 t + τ1
m1v +m2x1 t + τ1 wx1 t + τ1 − c

+ σ211x
∗2
1 +

σ2
12
2

+
Y

γ1 u − ln 1 + γ1 u λdu ≤ b1x
∗
1 x1 t − x∗1

2 − b1x
∗
1 x1 − x∗1 x1 t + τ1 − x1 t + x1 t − x∗1

+ a1 x1 t + τ1 − x∗1
x∗2x1 t k + x1 t + τ1 − k + x∗1

k + x∗1 k + x1 t + τ1
+ qv x1 t + τ1 − x∗1

x1 t
m1v + w1x

∗
1 − c m2x

∗
1
−

x1 t + τ1
m1v +m2x1 t + τ1 wx1 t + τ1 − c

+ σ2
11x

∗2
1 +

σ2
12
2

+
Y

γ1 u − ln 1 + γ1 u λdu ≤ b1x
∗2
1 x1 t + x1 t + τ1 + a1x1 t + τ1

x∗2x1 t
k + x∗1

+
x∗1x2 t + τ1
k + x1 t + τ1

+ qv
x1 t x1 t + τ1

m1v +m2x
∗
1 wx1 t − c

+
x∗1x1 t + τ1

m1v +m2x1 t + τ1 wx1 t + τ1 − c
+ σ2

11x
∗2
1 +

σ2
12
2

+
Y

γ1 u − ln 1 + γ1 u λdu

C 7

ℒW1 ≤ −b1 x1 t − x∗1
2 + x1 t

a1x
∗
2

k + x∗1
+

qv
m1v +m2x

∗
1 wx∗1 − c

+ b1x
∗
1 x∗1 +

x21 t
x1 t + τ1

+
x∗1
2

σ211 +
σ212
x21 t

+
Y

x∗1 γ1 u − ln 1 + γ1 u λdu + b1x
∗2
1 x1 t + x1 t + τ1 + a1x1 t + τ1

x∗2x1 t
k + x∗1

+
x∗1x2 t + τ1
k + x1 t + τ

+ x∗1
a1x2 t + τ1

k
+

q
m1

+ qv
x1 t x1 t + τ1

m1v +m2x
∗
1 wx1 t − c

+
x∗1x1 t + τ1

m1v +m2x1 t + τ1 wx1 t + τ1 − c

+ σ2
11x

∗2
1 +

σ212
2

+
Y

γ1 u − ln 1 + γ1 u λdu

C 8
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ℒW1 ≤ −b1 x1 t − x∗1
2 + P1

a1x
∗
2

k + x∗1
+

q
m1

+
a1P

2
1 x∗1 + x∗2
k + x∗1

+ b1x
∗
1 x∗1 +

P2
1

Q1
+ x∗1

a1P2
k

+
q
m1

+ qv
P2
1

m1v +m2x
∗
1 wQ1 − c

+
x∗1

m2 wQ1 − c

+
x∗1 1 + x∗1 σ211

2
+

2 +Q2
1 σ2

12

2Q2
1

+ 1 + x∗1 γ1 ≤ −b1 x1 t − x∗1
2

+
a1m1P1 x

∗
2 1 + P1 + x∗1P1 + qP1 k + x∗1

m1 k + x∗1

+
b1x

∗
1 Q1x

∗
1 + P2

1
Q1

+
x∗1 a1m1P2 + qk

km1

+
qv P2

1 + x∗21
m2x

∗
1 wQ1 − c

+
x∗1 1 + x∗1 σ211

2

+
2 +Q2

1 σ2
12

2Q2
1

+ 1 + x∗1 γ1,

C 9

where P1, P2,Q1 are defined in Lemma 2 of this paper.
By integrating both sides of (C.9) from 0 to t and deriving

expectation, it is easy to show that

It follows from (C.10) that

lim sup
t→∞

1
t
E

t

0
x1 s − x∗1

2ds ≤ B1, C 11

where B1 is defined as follows:

Thirdly, we construct the following function:

W21 t = x2 t + τ2 − x∗2 − x∗2 ln
x2 t + τ2

x∗2
C 13

By using simple computations, it can be obtained that

dW21 t = a2 x2 t + τ2 − x∗2
x∗2

k + x∗1
−

x2 t
k + x1 t

+
x∗2σ

2
21σ

2
22

2
+ σ21 x1 t + τ2 − x∗2 ξ1 t dt

+ σ22ξ2 t +
Y

γ2 u − ln 1 + γ2 u λdu dt

+
Y

γ2 u x2 t − − ln 1 + γ2 u N dt, du

= ℒW21 + σ21 x1 t + τ2 − x∗2 ξ1 t + σ22ξ2 t dt

+
Y

γ2 u x2 t − − ln 1 + γ2 u N dt, du ,

C 14

where ℒW21 satisfies the following inequalities:

EW1 t − EW1 0 ≤ −b1E
t

0
x1 s − x∗1

2ds

+
a1m1P1 x

∗
2 1 + P1 + x∗1P1 + qP1 k + x∗1

m1 k + x∗1
+
b1x

∗
1 Q1x

∗
1 + P2

1
Q1

+
x∗1 a1m1P2 + qk

km1
+

qv P2
1 + x∗21

m2x
∗
1 wQ1 − c

+
x∗1 1 + x∗1 σ2

11
2

+
2 +Q2

1 σ2
12

2Q2
1

+ 1 + x∗1 γ1 t

C 10

B1 =
a1m1kP1 x

∗
1P1 + x∗2 1 + P1 + k + x∗1 qk P + x∗1 + a1m1P2x

∗
1

km1b1 k + x∗1
+
x∗1 Q1x

∗
1 + P2

1
Q1

+
2qvQ2

1 P2
1 + x∗21 +m2x

∗
1 wQ1 − c x∗1 1 + x∗1 σ211 + 2 +Q2

1 σ2
12 + 2Q2

1 1 + x∗1 γ1
2b1m2x

∗
1Q

2
1 wQ1 − c

C 12
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ℒW21 = a2 x2 t + τ2 − x∗2
x∗2 − x2 t
k + x∗1

−
x2 t x1 t − x∗1
k + x∗1 k + x1 t

+
x∗2σ

2
21σ

2
22

2
+

Y

γ2 u − ln 1 + γ2 u λdu

≤ −
a2 x2 t + τ2 − x∗2

2

k + x∗1

+
a2 x2 t + τ2 − x∗2 x2 t + τ2 − x2 t

k + x∗1

+
a2x2 t x2 t + τ2 − x∗2 x1 t − x∗1

k + x∗1 k + x1 t

+
x∗2σ

2
21σ

2
22

2
+

Y

γ2 u − ln 1 + γ2 u λdu

C 15

If
Y
γ2 u − ln 1 + γ2 u λdu ≤ γ2 and γ2 are positive

constants and σj2 > 0 j = 1, 2 are sufficiently small, then

ℒW21 ≤ −
a2 x2 t + τ2 − x∗2

2

k + x∗1

+
a2x

2
2 t + τ2 + x2 t x∗2

k + x∗1
+
x∗2σ

2
21σ

2
22

2

+
x2 t x1 t x2 t + τ2 − x∗2x1 t − x∗1x2 t + τ2 + x∗1x

∗
2

k + x∗1 k + x1 t

+
Y

γ2 u − ln 1 + γ2 u λdu

≤ −
a2 x2 t + τ2 − x∗2

2

k + x∗1

+
P2 a2P2 + x∗2 k + P1 + P1P2 + x∗1x

∗
2

k + x∗1 k +Q1

+
x∗2σ

2
21σ

2
22

2
+ γ2

C 16

Based on (C.16), W22 t is defined as follows,

W22 t =W21 t +
a2

k + x∗1

t+τ2

t
x2 s − x∗2

2ds

C 17

By using simple computations, it can be obtained that

ℒW22 ≤ −
a2 x2 t − x∗2

2

k + x∗1

+
P2 a2P2 + x∗2 k + P1 + P1P2 + x∗1x

∗
2

k + x∗1 k +Q1

+ x∗2σ
2
21σ

2
22

2
+ γ2,

C 18

where P1, P2,Q1 have been defined in Lemma 2.
Fourthly, we construct the following function

W23 t =
x2 t + τ2 − x∗2

2

2
C 19

By using similar arguments in (C.16) and (C.18), it
follows from simple computations that

ℒW23 = a2x2 t + τ2 x2 t + τ2 − x∗2
x∗2

k + x∗1
−

x2 t
k + x1 t

+ σ221x
∗2
2 +

σ222
2

+
Y

γ2 u − ln 1 + γ2 u λdu

= a2x2 t + τ2 x2 t + τ2 − x∗2
k x∗2 − x2 t + τ2 + x2 t + τ2 − x2 t

k + x∗1 k + x1 t

+
x∗2x1 t − x∗1x2 t
k + x∗1 k + x1 t

+ σ221x
∗2
2 +

σ222
2

+
Y

γ2 u − ln 1 + γ2 u λdu

≤ −a2kx2 t + τ2
x2 t + τ2 − x∗2

2

k + x∗1 k + x1 t

+ a2x
2
2 t + τ2

kx2 t + τ2 + x∗2x1 t
k + x∗1 k + x1 t

+ a2x2 t + τ2
x∗2x2 t kx2 t + τ2 + x2 t

k + x∗1 k + x1 t

+ σ221x
∗2
2 +

σ222
2

+
Y

γ2 u − ln 1 + γ2 u λdu

C 20

If
Y
γ2 u − ln 1 + γ2 u du ≤ γ2 and γ2 are positive

constants and σj2 > 0 j = 1, 2 is sufficiently small, then

ℒW23 ≤ −a2kP2
x2 t + τ2 − x∗2

2

k + x∗1 k + P1

+
a2P

2
2 kP2 1 + x∗2 + x∗2 P1 + P2

k + x∗1 k +Q1
+ σ2

21x
∗2
2 +

σ222
2

+
Y

γ2 u − ln 1 + γ2 u λdu

≤ −a2kP2
x2 t + τ2 − x∗2

2

k + x∗1 k + P1

+
a2P

2
2 kP2 1 + x∗2 + x∗2 P1 + P2

k + x∗1 k +Q1

+ σ221x
∗2
2 +

σ222
2

+ γ2,

C 21

where P1, P2,Q1 have been defined in Lemma 2.
According to (C.21), W24 t is defined as follows:

W24 t =W23 +
t+τ2

t
a2kP2

x2 s − x∗2
2

k + x∗1 k + P1
ds C 22

It follows from simple computations that
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ℒW24 ≤ −a2kP2
x2 t − x∗2

2

k + x∗1 k + P1

+
a2P

2
2 kP2 1 + x∗2 + x∗2 P1 + P2

k + x∗1 k +Q1

+ σ221x
∗2
2 +

σ222
2

+ γ2

C 23

Let W2 t =W22 t +W24 t ; it follows from (C.18) and
(C.23) that

ℒW2 = −
a2 k 1 +Q2 +Q1
k + x∗1 k + P1

x2 t − x∗2
2

+
a2P

2
2 kP2 1 + x∗2 + x∗2 P1 + P2

k + x∗1 k +Q1

+ σ2
21x

∗2
2 +

σ222
2

+
x∗2σ

2
21σ

2
22

2
+ 2γ2

C 24

By integrating both sides of (C.24) from 0 to t and
deriving expectation, it gives that

EW2 t − EW2 0 ≤ −
a2 k 1 +Q2 +Q1
k + x∗1 k + P1

E
t

0
x2 s − x∗2

2ds

+
P2 a2P2 + x∗2 k + P1 + P1P2 + x∗1x

∗
2

k + x∗1 k +Q1

+
a2P

2
2 kP2 1 + x∗2 + x∗2 P1 + P2

k + x∗1 k +Q1

+ σ2
21x

∗2
2 +

σ2
22
2

+
x∗2σ

2
21σ

2
22

2
+ 2γ2 t

C 25

It follows from (C.25) that

lim sup
t→∞

1
t
E

t

0
x2 s − x∗2

2ds ≤ B2, C 26

where B2 is defined as follows:
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Metabolic modeling has been particularly efficient to understand the conditions affecting the metabolism of an organism. But so
far, metabolic models have mainly considered static situations, assuming balanced growth. Some organisms are always far from
equilibrium, and metabolic modeling must account for their dynamics. This leads to high-dimensional models in which
metabolic fluxes are no more constant but vary depending on the intracellular concentrations. Such metabolic models must
be reduced and simplified so that they can be calibrated and analyzed. Reducing these models of large dimension down to a
model of smaller dimension is very challenging, specially, when dealing with nonlinear metabolic rates. Here, we propose a
rigorous approach to reduce metabolic models using quasi-steady-state reduction based on Tikhonov’s theorem, with a
characterized and bounded reduction error. We assume that the metabolic network can be represented with Michaelis-
Menten enzymatic reactions that evolve at different time scales. In this simplest approach, some metabolites can accumulate.
We consider the case with a continuous varying input in the model, such as light for microalgae, so that the system is never
at a steady state. Furthermore, our analysis proves that metabolites in the slow part of the metabolic system reach higher
concentrations (by one order of magnitude) than metabolites in the fast part under some flux conditions. A simple example
illustrates our approach and the resulting accuracy of the reduction method.

1. Introduction

Metabolic models have considerably helped in understand-
ing the metabolism of an organism and enhancing its pro-
duction capability. These models are based on simplified
metabolic networks and generally include several hundreds
of reactions associated to many metabolic compounds. For
example, metabolic models to better understand the produc-
tion of triacylglycerols and carbohydrates from microalgae
(both compounds can then be turned into biofuel) [1] use
between 56 and 2190 reactions and between 46 and 1862
metabolites, depending on authors and studies. In order to
manage the large dimension of these models, some simplify-
ing assumptions are generally necessary.

The most classical hypothesis is balanced growth, that is,
global steady-state assumption (SSA). This means that the

derivatives, with respect to time, of all variables are put to
zero. For instance, flux balance analysis (FBA) [2] or macro-
scopic bioreaction models (MBM) [3] are based on linear
algebra to solve the equation N · V = 0, where N is the
stoichiometric matrix and V is the vector of intracellular
reaction rates.

Yet, metabolisms of microalgae and cyanobacteria are
directly related to solar light providing the energy for incor-
porating CO2 through Calvin cycle. Periodic fluctuation of
light induces unstationarity and permanent accumulation
and reuse of metabolites (specially lipids and carbohydrates).
Therefore, such metabolisms are never at a steady state, and
the classical approaches based on balanced growth hypothe-
sis cannot be used to describe their metabolisms.

Here, we propose a rigorous mathematical approach to
reduce the dimension of a dynamical metabolic system, in
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order to analyze its behavior and calibrate it. The reduction
that we propose allows to characterize the approximation
error, and it is appropriate to model-based control strategies.
The idea is to keep some dynamical components of the model
that are necessary specially when dealing with microalgae
and cyanobacteria.

A first attempt in this direction was carried out with the
Dynamic Reduction of Unbalanced Metabolism (DRUM)
method [4]. DRUM considers subnetworks in quasi-steady
state (QSS), which are interconnected by metabolites that
can accumulate. Then, elementary flux modes (EFM) are
computed in each subnetwork to reduce them using quasi-
steady-state assumption (QSSA). As a result, the dynamics
of accumulative metabolites form a reduced system of ordi-
nary differential equations (ODE). It provided sound results,
specially to describe accumulation of lipids and carbohy-
drates in microalgae. However, as almost all the methods, it
also relies on a series of assumptions whose mathematical
bases have not been rigorously established [5]. Beyond QSSA
which is not rigorously defined from a mathematical view-
point, these approaches also neglect intracellular dilution
due to growth.

Models of metabolic networks are nonlinear and high-
dimensional systems, which make their dynamical behavior
difficult to determine and calibrate. The main objective of
our work is to provide mathematical foundations for the
reduction of metabolic networks down to low-dimensional
dynamical models.

Here, we study a class of metabolic models of dimen-
sion n, where the enzymatic reaction rates are repre-
sented by Michaelis-Menten reactions. This class of
models is the simplest nonlinear one to get accumulation
of some intermediate compounds. The objective is to
reduce this model accounting for a permanently fluctuat-
ing input and rigorously including dilution of the meta-
bolic compounds due to the growth rate. The system is
not closed and never reaches a steady state. At the end,
we can express a slow dynamical system of small dimen-
sion and a fast system as a function of the variables of the
slow system. The error in this reduction is characterized
and bounded.

In Section 2, we introduce the class of models we con-
sider, which is composed of two (general) subnetworks of
fast reactions connected by metabolites with slow dynamics.
In Section 3, we develop a mathematical model for these
metabolic systems.

In Section 4, with proper mathematical hypotheses, after
a change of variables for the metabolites with fast dynamics,
the system becomes a slow-fast system. The conditions for
applying Tikhonov’s theorem for singularly perturbed sys-
tems are verified and we end up with a reduced dynamical
model and a bound of the approximation error.

In Section 5, we prove that metabolites in QSS have a
concentration one order of magnitude lower than slow
metabolites. Additionally, in Section 6, we propose an identi-
fication algorithm to estimate the parameters of the reduced
system from available data.

Finally, we apply our method to a toy metabolic model
in Section 7. This simple model is forced by a periodic
input and includes standard bricks in metabolic networks:
combination of reversible and nonreversible reactions, with
chains and cycles.

2. Network of Enzymatic Reactions

In this section, we present the class of metabolic networks
studied all over the paper, which are illustrated in Figure 1.
These networks are composed of two subnetworks of fast
reactions, which are interconnected by several metabolites
with slow rates of consumption. The subnetworks have
an arbitrary finite number of metabolites and reactions
between them.

These subnetworks are not assumed to have a specific
topology. Therefore, they represent a generic case of meta-
bolic networks. The only condition on them is that their
metabolites X2,… , Xm−1, Xm+1,… , Xn−1 are consumed by
fast reactions.

The class of systems addressed in this paper can be con-
sidered as a simplification or one part of a larger network.
However, the results presented through this paper can be
extended, allowing the study of more complex systems on
the bases of this approach.
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Figure 1: System of enzymatic reactions. An arrow from Xi to Xj represents a Michaelis-Menten reaction catalyzed by an enzyme eji, with
substrate Xi, product Xj, and product formation rate kji or kji/ε. Fast reactions are within two subnetworks, which are interconnected by
the metabolites X1, Xm, and Xn. The connector metabolites are consumed by reactions with low rates, while the metabolites in the
subnetworks are consumed by fast reactions and in quasi-steady state.
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2.1. Summary of the Methodology for Reducing Slow-Fast
Dynamical Metabolic Models. We consider a general class
of metabolic models allowing internal accumulation, repre-
sented with the network in Figure 1. In order to rigorously
reduce this large dimensional model, our objective is to take
benefit of the two time scales and finally rewrite it in the
canonical form of singularly perturbed systems. Then, the
theorem of Tikhonov [6] can be applied, and a reduced sys-
tem is derived with an accurate bound of the error.

The first challenge is to find the appropriate change of
variable for the metabolites with fast dynamics, to end up
with a slow-fast system:

dX
dt

= F t, X, Y , η , X 0 = x0,

dY
dt

=
1
η
G t, X, Y , η , Y 0 = y0,

1

where X is the vector of metabolites with slow dynamics, Y is
the vector of metabolites with fast dynamics, and η is a very
small parameter. Actually, Y results from a rescaling of fast
dynamic metabolites X fast in the following model:

Y ≔
X fast
η

2

When the system is under this general form, we prove
some conditions necessary to apply Tikhonov’s theorem
[6], and finally we obtain a quasi-steady-state reduction of
system (1):

dX
dt

= F t, X, Y , 0 , X 0 = x0, 3

where Y is a root of the equation

0 =G t, X, Y , 0 4

If X is a solution for (3), the quasi-steady-state approxi-
mation X, Y to the solution of (1) satisfies

X = X + O η ,

Y = Y + O η ,
5

after an initial fast transient. In other words, the error of the
quasi-steady-state approximation has order of magnitude η,
which is supposed to be a small positive number. In the
manuscript, we show that the reduced system differs from
existing approaches, mainly because we do not neglect the
metabolite dilution due to cell growth.

The mathematical validity of the quasi-steady-state
reduction (QSSR) for the class of systems considered in this
paper (Figure 1) is showed from Section 3 to Section 4.

As a new striking result, this approach allows to prove
that the concentration of the metabolites in quasi-steady state
is one order of magnitude lower than that of the metabolites
with slow dynamics, that is,

η ⋅ Y = X fast ≤ O η ⋅ X 6

The conditions under which this assertion holds are
given in Section 5.

3. Considered Class of Networks

In this section, we describe the systems of the network class
considered in this work. Then, in Section 4 and Section 5,
we deduce a QSSR and prove some conclusions about the
magnitude of metabolite concentrations (see Theorem 1)
for these systems.

The results obtained in the following sections can be
extended to more complex networks. For instance, consider-
ing additional slow reactions or more subnetworks of fast
reactions connected by metabolites with slow dynamics.

3.1. Notations. Consider the network of n enzymatic reac-
tions depicted in Figures 1 and 2, where an arrow from Xi
to Xj represents an enzymatic reaction catalyzed by eji, with
substrate Xi, product Xj, and product formation rate kji or
kji/ε. Then, every enzymatic reaction can be described with
the Michaelis-Menten model (see Appendix A).

However, it is necessary justify the quasi-steady-state
approximation for the Michaelis-Menten model. For this
purpose, many solutions have been presented. For example,
this holds if the initial substrate concentration x0i is suffi-
ciently large compared with the initial enzyme concentration
e0ji [7] or if the product formation rate kji is small enough [8].

We suppose that among the product formation rates,
there are two scales of magnitude. Reactions with large rate
are within two subnetworks, which are interconnected by
the metabolites X1, Xm, and Xn. We suppose that the metab-
olites connecting the subnetworks are consumed by reactions
with low rates.

In this context, we say that a reaction is fast if its rate is
large, while a reaction is slow if its rate is low. Moreover,
we assume the rates of fast reactions sufficiently larger than
those of the slow reactions. Then, we denote fast reaction
rates by

kji
ε

7

and slow reaction rates by

𝜀
eij

eji

𝜀

kji

kij

XjXi

Figure 2: Enzymatic reactions between metabolites in QSS depicted
in Figure 1. The metabolites inside the subnetworks are substrates or
products of fast reactions catalyzed by an enzyme.
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kji, 8

where ε is a small positive number.
Additionally, a continuously varying nonnegative input

I t (e.g., the CO2 uptake in a microalgae submitted to
light/dark cycles) and a growth rate μ > 0, which acts as a
dilution factor, are taken into account for the models.

3.2. Dynamical Model. According to the standard quasi-
steady-state reduction for Michaelis-Menten enzymatic reac-
tions described in Appendix A, we write the ODE system for
the model in Figure 1 as

dXi

dt
= Fi t, X1,… , Xn, ε, μ , Xi 0 = x0i , 9

where

F1 ≔ I t − e210 k21
X1

X1 + K21
− μX1,

Fi ≔ 〠
j∈ 1,m,n

e0ijkij
X j

X j + Kij
+ 〠

n−1

j=2
j≠m

e0ij
kij
ε

Xj

Xj + Kij

− 〠
n

j=1
e0jikji

Xi

Xi + Kji
− μXi,

10

for i =m, n and

Fi ≔ 〠
j∈ 1,m,n

e0ijkij
X j

X j + Kij
+ 〠

n−1

j=2
j≠m

e0ij
kij
ε

Xj

Xj + Kij

− 〠
n

j=1
e0ji

kji
ε

Xi

Xi + Kji
− μXi,

11

for every i = 2,… , n − 1, i ≠m.
The variable Xi describes the ith metabolite cell concen-

tration; I t is a nonnegative continuous function; ε is a small
positive number; e0ji, kji, and Kji are nonnegative parameters;
and μ > 0 is the growth rate. When there is no reaction with
substrate Xi and product Xj, we define kji = 0 and also kii = 0
for every i = 1,… , n.

Note. In our model, we can include first-order (linear) reac-
tions. In this case, instead of writing

e0jikji ⋅
Xi

Xi + Kji

or e0ji
kji
ε

⋅
Xi

Xi + Kji

12

as for enzymatic reactions, we have to write

e0jikjiXi

or e0ji
kji
ε
Xi,

13

respectively, in the algebraic equation (9). For the sake of
simplicity, in this paper we only consider the more general
case with Michaelis-Menten reactions.

In line with the QSSR of Michaelis-Menten system,
we recall that e0jikji (or e0jikji/ε for the fast reactions)
and K ji are parameters related to the enzyme reaction with
substrate Xi and product Xj. Indeed, e

0
ji is the initial enzyme

concentration, kji (or kji/ε) is the product formation rate, and
K ji > 0 is the specific Michaelis-Menten constant defined as

Kji ≔
kji−1 + kji

kji1
14

(see Appendix A).
An important preliminary property that the dynamical

system (9) has to obey is that the concentration Xi t has to
remain nonnegative over the time if the initial conditions
are nonnegative. In our model, this depends on the input
I t . This is stated in the following property:

Property 1. If the initial condition x0i is nonnegative for every
i = 1,… , n and I t ≥ 0 for every t ∈ 0, T1 , then system (9) is
positively invariant in ℝn

+.

Proof. To verify this, we show that system (9) is positively
invariant in ℝn

+ if I t is nonnegative over any interval
0, T1 .

Recall that all Kji is supposed to be positive and every
parameter, e0ji, kji, and μ, is nonnegative. Then, we have for
any i = 1,… , n

Fi X1,… , 0
i−th entry

,… , Xn, t, ε, μ ≥ 0, 15

if Xj ≥ 0 for every j = 1,… , n, j ≠ i. Therefore, system (9) is

positively invariant in ℝn
+.

3.3. Parameter Order of Magnitude. With our notations, to
represent different time scales in the reactions, we fix ε a
small positive number highlighting the difference between
the parameter scale orders. We suppose that the parameters
e0jikji are of standard range, that is,

e0jikji = O 1 , as ε→ 0 ∀i, j ∈ 1,… , n , 16

where O denotes the Big O or Landau symbol. For the defini-
tion and some properties of O, we refer to [9].

Also, we suppose that the input I t has a magnitude not
larger than the slow reactions. In other words,

I t = O 1 17
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The rate of growth μ is considered as a parameter smaller
than any reaction rate (a standard hypothesis [10]). Here,
we assume

εµ = O ε 18

4. Quasi-Steady-State Reduction

In this section, we propose a rigorous quasi-steady-state
reduction (QSSR) of (9). Its mathematical validity is proved,
thanks to the theorem of Tikhonov [6]. In other words, this
theorem states that the error of this quasi-steady-state
approximation is bounded by the small parameter ε.

We formally define the QSSR after Tikhonov’s theorem,
of the metabolic network in Figure 1 and system (9), as the
following system of dimension three:

dX1
dt

= I t − e021k21
X1

X1 + K21
− μX1, 19

dXm

dt
= bm‐1 ⋅ e

0
21k21

e0m,m−1km,m−1
Km,m−1

X1
X1 + K21

− e0m+1,mkm+1,m
Xm

Xm + Km+1,m
− μXm,

20

dXn

dt
= bn‐1 ⋅ e0m+1,mkm+1,m

e0n,n−1kn,n−1
Kn,n−1

⋅
Xm

Xm + Km+1,m
− μ ⋅ Xn,

21

with initial conditions X1 0 = x01, Xm 0 = x0m, and Xn 0 =
x0n, and for the metabolites in QSS,

Xi t = ε ⋅ bi ⋅ e021k21
X1 t

X1 t + K21
, i = 2,… ,m − 1,

Xi t = ε ⋅ bi ⋅ e0m+1,mkm+1,m
Xm t

Xm t + Km+1,m
, 

i =m + 1,… , n − 1,
22

for every t ∈ 0, T1 . The definition of the parameter bi is
given later in this section (see Proposition 1 and its proof).

4.1. Slow-Fast System. In order to write system (9) in the
canonical form of singularly perturbed systems, we define a
change of variable for the fast metabolites by

Yi ≔
Xi

ε
 ∀i = 2, 3,… , n − 1, i ≠m 23

Let us set the initial conditions for these new variables as

y0i ≔
x0i
ε

24

and growth rate as

µ = εµ 25

Therefore, after the change of variables (23), (9) can be
rewritten as follows:

dXi

dt
= Fi t, X1, εY2,… , εYm−1, Xm, εYm+1,… , εYn−1,

Xn, ε, μ , i = 1,m, n,

dYi

dt
=
1
ε
Fi t, X1, εY2,… , εYm−1, Xm, εYm+1,… , εYn−1,

Xn, ε, μ , i = 2,… , n − 1, i ≠m

26

Since ε is a very small positive number, the dynamics of
Yi are faster than those of Xi. Hence, the equations of Xi form
the slow part of system (26), while the equations of Yi consti-
tute its fast part.

The previous (26) is written with further details in
the next subsection. The goal is to expose how the quasi-
steady-state reduction is obtained and validated using Tikho-
nov’s theorem.

4.2. Canonical Form of Singularly Perturbed Systems. The
slow-fast system (26) is in the class of singularly perturbed
systems of the exact form:

dX1
dt

= I t − e021k21
X1

X1 + K21
− μX1, X1 0 = x01,

dXm

dt
= e0m,m−1km,m−1

Ym−1
ηYm−1 + Km,m−1

− e0m+1,mkm+1,m
Xm

Xm + Km+1,m
− μXm, Xm 0 = x0m,

dXn

dt
= e0n,n−1kn,n−1

Yn−1
ηYn−1 + Kn,n−1

− μXn, Xn 0 = x0n,

27

dY2
dt

=
1
η

e021k21
X1

X1 + K21
+ 〠

m−1

j=3
e02jk2j

Y j

ηY j + K2j

− 〠
m−1

i=3
e0i2ki2

Y2
ηY2 + Ki2

− μY2 ,

⋮

dYm−1
dt

=
1
η

〠
m−2

j=2
e0m−1,jkm−1,j

Y j

ηY j + Km−1,j

− 〠
m

i=2
i≠m−1

e0i,m−1ki,m−1
Ym−1

ηYm−1 + Ki,m−1
− μYm−1 ,
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dYm+1
dt

=
1
η

e0m+1,mkm+1,m
Xm

Xm + Km+1,m

+ 〠
n−1

j=m+2
e0m+1,jkm+1,j

Y j

ηY j + Km+1,j

− 〠
n−1

i=m+2
e0i,m+1ki,m+1

Ym+1
ηYm+1 + Ki,m+1

− μYm+1 ,

⋮

dYn−1
dt

=
1
η

〠
n−2

j=m+1
e0n−1,jkn−1,j

Y j

ηY j + Kn−1,j

− 〠
n

i=m+1
i≠n−1

e0i,n−1ki,n−1
Yn−1

ηYn−1 + Ki,n−1
− μYn−1 ,

28

with initial conditions Yi 0 = y0i for every i = 2,… , n − 1,
i ≠m.

Note. Equations (27)-(28) above are a more detailed expres-
sion of (26). Indeed, we obtain system (26) when η is
substituted for ε in (27)-(28).

An approximation to the solution of system (27)-(28)
can be obtained considering the limit when η→ 0. Then,
the dynamics in (28) are considered as fast, and the
QSSA is applied to the metabolites Yi for every i = 2,
… , n − 1, i ≠m.

Hereafter, we say that (27) is the slow part and (28) the
fast part of system (9).

4.3. Hypotheses Necessary for Quasi-Steady State. In the
following two subsections, we check the assumptions of
Tikhonov’s theorem [6]. First, we demonstrate that the sys-
tem has a single steady state (which is not straightforward
for nonlinear systems). Then, we demonstrate that this
steady state is asymptotically stable. Eventually, once all the
conditions have been established, in Section 4.5 we present
the result of Tikhonov’s theorem.

Consider the following algebraic system of equations,
obtained from equating to 0 the terms in square brackets in
(28) and substituting η = 0:

0 = e0jik21
X1

X1 + K21
+ 〠

m−1

j=3
e02jk2j

Y j

K2j
− 〠

m−1

i=3
e0i2ki2

Y2
Ki2

− μY2

⋮

0 = 〠
m−2

j=2
e0m−1, jkm−1, j

Y j

Km−1, j
− 〠

m

i=2
i≠m−1

e0i,m−1ki,m−1
Ym−1
Ki,m−1

− μYm−1

0 = e0m+1,mkm+1,m
Xm

Xm + Km+1,m
+ 〠

n−1

j=m+1
e0m+1,jkm+1,j

Y j

Km+1,j

− 〠
n−1

i=m+2
e0i,m+1ki,m+1

Ym+1
Ki,m+1

− μYm+1

⋮

0 = 〠
n−2

j=m+1
e0n−1,jkn−1,j

Y j

Kn−1,j
− 〠

n

i=m+1
i≠n−1

e0i,n−1ki,n−1
Yn−1
Ki,n−1

− μYn−1

29

In order to apply Tikhonov’s theorem [6], we have to
prove that (29) has an isolated root for any nonnegative con-
stant values X1 and Xm and that this root is asymptotically
stable for the following system:

dY2
dt

= e021k21
X1

X1 + K21
+ 〠

m−1

j=3

e02jk2 j
K2 j

Y j − 〠
m−1

i=3

e0i2ki2
Ki2

+ μ Y2,

⋮

dYm−1
dt

= 〠
m−2

j=2

e0m−1,jkm−1,j

Km−1,j
Y j − 〠

m

i=2
i≠m−1

e0i,m−1ki,m−1
Ki,m−1

+ μ Ym−1,

dYm+1
dt

= e0m+1,mkm+1,m
Xm

Xm + Km+1,m
+ 〠

n−1

j=m+2

e0m+1,jkm+1,j

Km+1,j
Y j

− 〠
n−1

i=m+2

e0i,m+1ki,m+1
Ki,m+1

+ μ Ym+1,

⋮

dYn−1
dt

= 〠
n−2

j=m+1

e0n−1,jkn−1,j
Kn−1,j

Y j − 〠
n

i=m+1
i≠n−1

e0i,n−1ki,n−1
Ki,n−1

+ μ Yn−1

30

The purpose of finding a root of (29) is to write the fast
variables Yi in terms of the slow variables Xi. In this case,
it is possible to find an analytic solution of this algebraic sys-
tem, because it is a linear equation for the variables Yi. Sim-
ilarly, the asymptotical stability of this root for system (30)
can be verified with the theory of linear systems of ODE.

Proposition 1. Consider X1 and Xm as nonnegative constant
values. Then, system (30) has a single equilibrium point

Yi i=2,…,n−1,i≠m, 31

which is globally asymptotically stable. Moreover,
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Yi = bi ⋅ e021k21
X1

X1 + K21
, i = 2,… ,m − 1,

Yi = bi ⋅ e0m+1,mkm+1,m
Xm

Xm + Km+1,m
, i =m + 1,… , n − 1,

32

where bi ∈ℝ+ are nonnegative coefficients.

Proof. First, notice that system (30) is a linear system for Yi
under the hypotheses of Proposition 1. Then, we just have
to show that its Jacobian matrix is stable, that is, that all its
eigenvalues have negative real part [11].

The Jacobian matrix of (30) is

J =
K1 0

0 K2

, 33

where

K1 =

− 〠
m−1

i=3

e0i2ki2
Ki2

− μ … e02,m−1k2,m−1
K2,m−1

e032k32
K32

… e03,m−1k3,m−1
K3,m−1

⋮ ⋮

e0m−1,2km−1,2
Km−1,2

… − 〠
m

i=2
i≠m−1

e0i,m−1ki,m−1
Ki,m−1

− μ

,

34

K2 =

− 〠
n−1

i=m+2

e0i,m+1ki,m+1
Ki,m+1

− μ ⋯
e0m+1,n−1km+1,n−1

Km+1,n−1

e0m+2,m+1km+2,m+1
Km+2,m+1

⋯
e0m+2,n−1km+2,n−1

Km+2,n−1

⋮ ⋮

e0n−1,m+1kn−1,m+1
Kn−1,m+1

⋯ − 〠
n

i=m+1
i≠n−1

e0i,n−1ki,n−1
Ki,n−1

− μ

35

But J is a strictly column diagonally dominant matrix,
because µ > 0. In other words, for every column of the matrix
J, the sum of the entries out of the diagonal is strictly less
than the absolute value of the entry in the diagonal. Hence,
by the theorem of Gershgorin, J is a stable matrix [12].

The matrix form of (29) is

K1 0

0 K2

Y2

⋮

Ym−1

Ym+1

⋮

Yn−1

= −

e021k21
X1

X1 + K21

⋮

0

e0m+1,mkm+1,m
Xm

Xm + Km+1,m

⋮

0
36

Then, the solution of the algebraic system (29) is

Y2

⋮

Ym−1

= −e021k21 ⋅ K1
−1 ⋅

X1
X1 + K21

⋮

0

,

Ym+1

⋮

Yn−1

= −e0m+1,mkm+1,m ⋅ K2
−1

Xm

Xm + Km+1,m

⋮

0
37

Therefore, the variables of the solution can be written as

Yi = bi ⋅ e021k21
X1

X1 + K21
, i = 2,… ,m − 1,

Yi = bi ⋅ e0m+1,mkm+1,m
Xm

Xm + Km+1,m
, i =m + 1,… , n − 1,

38

with bi ∈ℝ. Moreover, since Ki is strictly column diagonally
dominant, by the theorem of Gershgorin,Ki is a stable matrix
[12]. Then, its inverse matrix is nonpositive [13] (i.e., each
entry of Ki

−1 is nonpositive). Therefore, all entries in

−e021k21 ⋅ K1
−1,

−e0m+1,mkm+1,m ⋅ K2
−1,

39

are nonnegative. We conclude that coefficients bi in (32) are
nonnegative.

Note. Although Proposition 1 is proved for nonnegative con-
stant values X1 and Xm, we consider Yi in (32) also as func-
tions of t ∈ 0, T1 . Then, we have the functions in (22),
defined for the QSSR.

4.4. Study of the Slowly Varying System. The dynamics of the
slow system (metabolites which do accumulate) are obtained
by setting η = 0 in (27) and substituting the fast variables Yi
for the expression given by (32):
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dX1
dt

= I t − e021k21
X1

X1 + K21
− μX1,

dXm

dt
= e0m,m−1km,m−1

Ym−1
Km,m−1

− e0m+1,mkm+1,m
Xm

Xm + Km+1,m
− μXm,

dXn

dt
= e0n,n−1kn,n−1

Yn−1
Kn,n−1

− μXn

40

Then, we obtain the remaining dynamical system
(19)–(21), which provides the dynamics to the overall network.

The other variables of the metabolic network, which are
the fast variables Yi (indeed, most of the variables are fast)
can then be reconstructed after the solution of the algebraic
system (29), given in (22). Finally, these fast variables rely
on system (19)–(21). This system is also referred as the
quasi-steady-state system [6].

Proposition 2. If system (19)–(21) has nonnegative initial con-
ditions, then it has a unique nonnegative solution (X1, Xm, Xn)
defined on the interval 0, T1 .

For the proof of Proposition 2, see Appendix C.

4.5. Tikhonov’s Theorem. Propositions 1 and 2 prove that the
class of systems with the form (27)-(28) satisfies the hypoth-
esis of Tikhonov’s theorem [6]. Then, we can apply this the-
orem to system (26).

The following proposition is a consequence of Tikho-
nov’s theorem [6]. The proposition states that the approxi-
mation given by the QSSR (19)–(22) has an error with
order O ε , after a fast initial transient for the fast variables.

Proposition 3 (deduction of Tikhonov’s theorem). If I t is a
nonnegative continuous function over 0, T1 , then

Xj t = Xj t + O ε , j = 1,m, n ∀t ∈ 0, T1 41

Moreover, there exists T0 > 0 such that for every t ∈
T0, T1 ,

Xi t = ε Yi t + O ε  ∀i = 2… , n − 1, i ≠m, 42

where Xi are the solutions of the original system (9), Xi
are the solutions of (19)–(21), and Yi are the functions
defined in (32).

Note. The solution of the boundary layer problem for system
(27)-(28) is similar to that of system (30). We include its
demonstration in Appendix B.

5. Magnitude of Concentrations throughout the
Metabolic Network

In this section, we study the magnitude of metabolite
concentrations, depending if they are associated to slow or
fast reactions. They are deduced from the reduced system

after Tikhonov’s theorem (19)–(22). We now show that the
concentration of metabolites in QSS (that do not trap the
input flux) is one order of magnitude ε lower than that of
metabolites with slow dynamics. In order to prove this asser-
tion, we define the conditions under which

bi ⋅ e021k21 = O 1 ,

bi ⋅ e0m+1,mkm+1,m = O 1 ,
43

to obtain

Xi t = O ε ⋅
X1 t

X1 t + K21
,

Xi t = O ε ⋅
Xm t

Xm t + Km+1,m
,

44

for every t ∈ T0, T1 .

5.1. Parameter Orders. We show that all off-diagonal entries
of the Jacobian matrix Ki have the same order of magnitude,
for both matrices defined in (34)-(35).

Lemma 1. Suppose that the parameters of each Michaelis-
Menten enzymatic reaction (see Appendix A) satisfy

O kjiγ = O kji  ∀i, j = 1,… , n, γ ∈ −1, 1 , 45

then

O
e0jikji
K ji

= O
e0
j′i′kj′i′

K j′i′
= O e0

j′i′kj′i′  ∀i, j, i′, j′ ∈ 1,… , n

46

Proof. As a consequence of (16),

O e0jikji = O e0
j′i′kj′i′  ∀i, j, i′, j′ ∈ 1,… , n 47

Moreover, by the definition of the Michaelis-Menten
constant (14) and (45), we have O K ji = 1 and then

O
e0jikji
K ji

= O e0jikji  ∀i, j 48

Hence, combining (47) and (48), we have

O
e0jikji
K ji

= O
e0
j′i′kj′i′

K j′i′
= O e0

j′i′kj′i′  ∀i, j, i′, j′ ∈ 1,… , n

49

Actually, all the entries of the matrix Ki have the same
order of magnitude, as asserts the following corollary.

Proposition 4. Consider the matrices defined in (34)-(35). All
the entries of K1 and K2 have the same order.

Proof. According to Lemma 1, for the sums in the diagonal of
the matrices, we have
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〠
n

i=2
i≠j

e0ijkij
Kij

= O e0jikji 50

Moreover, μ≪ e0jikji. Then,

〠
n

i=2
i≠j

e0ijkij
Kij

+ μ = O e0jikji 51

For the off-diagonal entries, consider (48). Therefore, all
the entries of K1 and K2 have the order O e0jikji .

5.2. A Theorem for Magnitude of Concentrations. In order to
prove that a metabolite in QSS does not reach high concen-
trations, we have to suppose that it is not in a trap for the
input flux. The definition of trap was introduced in [14],
and we formally adapt it to the class of models considered
in this article (see Appendix D.1). Then, we define a flux trap,
which is a trap reached by the flux.

Assumption 1. There exists F a flux from X1 to Xn in the sys-
tem of enzymatic reaction (9) (depicted in Figure 1). More-
over, we define ℐTF

as the set of indices such that Xi is in a
flux trap, for every i ∈ℐTF

, and Xj is not in a flux trap for
everyj ∈ 1,… , n \ℐTF

.

Notice that the presence of the flux F from X1 to Xn
implies

1,m, n ∩ℐTF
=∅ 52

Then, flux traps are only possible within the subnetworks
in QSS. Also, ℐ TF

=∅ if there is no flux trap.
The following lemma sets down the order of magnitude

of the parameters in (22), for the metabolites which are not
in a flux trap. These parameters are used for writing the
expression of fast metabolites in the QSSR.

Lemma 2. Suppose the system of enzymatic reaction (9)
(Figure 1) under Assumption 1. Consider the parameters bi
of (22), obtained in Section 4. Then, if bi ≠ 0, it holds

bi ⋅ e021k21 = O 1  if i ∈ 2,… ,m − 1 \ℐTF
,

bi ⋅ e0m+1,mkm+1,m = O 1  if i ∈ m + 1,… , n − 1 \ℐTF

53

Proof. From the results stated in Appendix D, particularly
Theorem 2, we have for bi ≠ 0,

bi ⋅
e021k21
K21

= O 1  if i ∈ 2,… ,m − 1 \ℐTF
,

bi ⋅
e0m+1,mkm+1,m

Km+1,m
= O 1  if i ∈ m + 1,… , n − 1 \ℐT F

54

Using equality (48), we conclude that, for bi ≠ 0,

bi ⋅ e021k21 = O 1  if i ∈ 2,… ,m − 1 \ℐTF
,

bi ⋅ e0m+1,mkm+1,m = O 1  if i ∈ m + 1,… , n − 1 \ℐTF

55

The next theorem is a powerful conclusion obtained after
the QSSR (19)–(22). Theorem 1 states that the concentration
of a metabolite in QSS, which is not in a flux trap, is one order
of magnitude ε lower than that of the concentration of a
metabolite with slow dynamics. This result holds even if there
is a trap or a flux trap in the system.

Theorem 1 (magnitude of concentration theorem). Consider
the system of enzymatic reactions (9) (Figure 1). Under
Assumption 1, the following inequalities hold:

Xi ≤ O ε ⋅ X1  ∀i ∈ 2,… ,m − 1 \ℐTF
,

Xi ≤ O ε ⋅ Xm  ∀i ∈ m + 1,… , n − 1 \ℐTF

56

Proof of Theorem 1. Since the reduction from Tikhonov’s the-
orem, we have (22), that is,

Xi = ε ⋅ bi ⋅ e021k21
X1

X1 + K21
, i = 2,… ,m − 1

Xi = ε ⋅ bi ⋅ e0m+1,mkm+1,m
Xm

Xm + Km+1,m
, i =m + 1,… , n − 1

57

Then, as stated in Lemma 2, for i such that bi ≠ 0,

Xi = O ε
X1

X1 + K21
, i ∈ 2,… ,m − 1 \ℐTF

,

Xi = O ε
Xm

Xm + Km+1,m
 if i ∈ m + 1,… , n − 1 \ℐTF

58

But 1 ≤ O Xi + Ki+1,i , because system (19)–(21) is posi-
tively invariant and O Ki+1,i = 1. Hence,

O
X1

X1 + K21
≤ O X1 ,

O
Xm

Xm + Km+1,m
≤ O Xm

59

We conclude that

Xi ≤ O ε ⋅ X1  ∀i ∈ 2,… ,m − 1 \ℐTF
,

Xi ≤ O ε ⋅ Xm  ∀i ∈ m + 1,… , n − 1 \ℐTF

60

Note. The approach presented in this work can be used to
reduce a metabolic network which has flux traps, obtaining
an error characterization (as established in Proposition 3)
and the conclusion of Theorem 1. But, in agreement with
Theorem 1, the magnitude of concentrations of the metabo-
lites in the flux traps cannot be bounded by the concentration
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of the metabolites in the slow part of the system. This fact can
be inferred from the proof of Theorem 1 (see Appendix D.2.)

The presence of a flux trap leads to accumulation, with-
out reuse, of compounds in the metabolic network. However,
accumulation of some compounds to large concentrations
often results to cell death. For example, the accumulation of
lactate has been recognized as one cause of cell death [15, 16].

6. Reduced Model Calibration

Now that we have described the way to synthesize the ini-
tial model of the metabolic network into a small dynamical
system (for accumulating metabolites) and a set of algebraic
equations, we will explain how to calibrate this reduced
model from experimental data. Of course, we assume that
the initial stoichiometric coefficients are known, but the
parameters associated to reaction rates are unknown.

Here, we propose a method to estimate the parameters of
the reduced system. In a first stage, we identify the parame-
ters of the reduced dynamical system representing the accu-
mulating metabolites (19)–(21). The identification method
is based on the minimization of a cost function, computing
the error model with respect to experimental data.

Furthermore, if data of any metabolite in QSS is avail-
able, we can also estimate the respective parameters in
(22), to write its concentration as a linear combination of
the slow metabolites.

6.1. Calibration of the Slow Dynamics. We suppose experi-
mental data of the metabolites in the slow part of the system
(27), denoted by

Zi t j = Xi t j + βi t j , i = 1,m, n, j = 1,… , r, 61

where Xi is the solution of the original system (9) and βi rep-
resents an error of measurements. In order to estimate the
parameters of the reduced system (19)–(21), we rewrite it as

dX1
dt

= I t −
θ1X1
X1 + θ2

− θ3 ⋅ X1, X1 0 = Z1 t1 ,

dXm

dt
=

θ4X1
X1 + θ2

−
θ5Xm

Xm + θ6
− θ3Xm, Xm 0 = Zm t1 ,

dXn

dt
=

θ7Xm

Xm + θ6
− θ3 ⋅ Xn, Xn 0 = Zn t1

62

Let θ = θ1, θ2, θ3, θ4, θ5 and define a cost functionℱ θ .
This cost function has to measure the error between the
solution of (62) and the data Z1, Zm, Zn, for every value θ in
a domain D ⊂ℝ7. For example, we can define ℱ as

ℱ θ = 〠
i∈ 1,m,n

〠
r

j=1
Xi θ, t j − Zi t j

2 63

Then, we have to find θ = θ1, θ2, θ3, θ4, θ5 such that

ℱ θ =min F θ : θ ∈D 64

Note. For obtaining the vector of parameters θ to calibrate
(62), it is not necessary to have data of any metabolite in
QSS, Xi with i = 2,… , n − 1, i ≠m. Only the data (61) of
the metabolites in the slow part, X1, Xm, Xn, is used.

6.2. Fast Dynamics Parameters. In some (rare) cases, mea-
surements of some fast metabolites can be available. Gener-
ally, these data are only obtained at quasi-steady state after
the initial transient and for a subset of the metabolic
compounds.

Supposing that we have experimental data of the metab-
olites in QSS after the initial fast transient,

Zi t j′ = Xi t j′ + N t j′ , i = 2,… , n − 1, i ≠m,

T0 ≤ t1′ <⋯ < t
r′′,

65

and that we have obtained θ after calibrating (62), we can
estimate the parameters in (22), as a matter of fact, in line
with the reduced system.

In (19)–(22) and the calibrated system (62), for the
metabolites in QSS, we have

Xi = αi ⋅
X1

X1 + θ2
, i = 2,… ,m − 1,

Xi = αi ⋅
Xm

Xm + θ6
, i =m + 1,… , n − 1,

66

where αi are the parameters to be estimated.
Here, we can explicitly resolve the linear least square

problem. The least squares solution that minimizes the dif-
ference between the data Zi and the expressions in (66) is
the following [17]:

αi =
〠r′

j=1 Zi t j′ X1 θ, t j′ / X1 θ, t j′ + θ2

〠r′
j=1 X1 θ, t j′ / X1 θ, t j′ + θ2

2  

∀i = 2,… ,m − 1,

αi =
〠r′

j=1 Zi t j′ Xm θ, t j′ / Xm θ, t j′ + θ6

〠r′
j=1 Xm θ, t j′ / Xm θ, t j′ + θ6

2  

∀i =m + 1,… , n − 1

67
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Indeed, we look for values of αi that minimize the
differences

Li α = 〠
r′

j=1
α

X1 t j′, θ

X1 t j′, θ + θ
2

− Zi t j′

2

, i = 2,… ,m − 1,

Li α = 〠
r′

j=1
α

Xm tj′, θ

Xm tj′, θ + θ
6

− Zi t j′

2

, i =m + 1,… , n − 1

68

Note. To obtain the parameter αi, we only need the data Zi
(of the corresponding metabolites in QSS, Xi) and the cali-

brated system (62) with θ.

7. Illustrative Example with a Toy
Enzymatic Network

In this section, we apply the method developed in this paper
to the toy network represented in Figure 3. This toy network
accounts for one reversible enzymatic reaction and a cycle of
enzymatic reactions. Moreover, the toy network contains
two subnetworks in QSS (in blue in Figure 3), which are
interconnected by metabolites with slow rates of consump-
tion (in black in Figure 3).

First, we consider the ODE of the toy enzymatic net-
work, as in Section 2. Then, using the time-scale separation
hypothesis, we reduce this ODE with the method described
in Section 4. Finally, we estimate the parameters of the
reduced system as it is suggested in Section 6.

All the parameters in the toy network are supposed to
satisfy the conditions established in (16) and Section 5. The
periodic and continuous input considered is given by

I t = k cos t ⋅ ω + π + 1 , 69

where k is a parameter with the same order of magnitude as
the slow reactions rates.

7.1. Reduction. We apply to the toy network our reduction
scheme, as described in Section 4.

First, to simplify the notation, we define the following
parameters:

aji ≔
e0jikji
K ji

 ∀i, j = 1,… , n,

d1 ≔ a32 a43 + μ + μ a23 + a43 + μ ,

d2 ≔ a65 + μ a86 + μ a57 + μ a78 + a98 + μ

− a65 a57 a86 a78

70

Then, we obtain the following reduced system for the toy
network,

dX1
dt

= I t −
e021k21 ⋅ X1
X1 + K21

− μX1,

dX4
dt

=
a43 a32

d1
⋅
e021k21 ⋅ X1
X1 + K21

−
e054k54 ⋅ X4
X4 + K54

− μX4,

dX9
dt

=
a98 a65 a86 a57 + μ

d2
⋅
e054k54 ⋅ X4
X4 + K54

− μX9,

71

and the expressions for the metabolites in QSS,

X2 =
ε a23 + a43 + μ

d1
⋅
e021k21X1
X1 + K21

,

X3 =
ε a32
d1

⋅
e021k21X1
X1 + K21

,

X5 =
ε a86 + μ a57 + μ a78 + a98 + μ

d2
⋅
e054k54X4
X4 + K54

,

X6 =
ε a65 a57 + μ a78 + a98 + μ

d2
⋅
e054k54X4
X4 + K54

,

X7 =
ε a65 a86 a78

d2
⋅
e054k54X4
X4 + K54

,

X8 =
ε a65 a86 a57 + μ

d2
⋅
e054k54X4
X4 + K54

72

e21

e32

e65 e86

e23

e43 e54

e57 e78

e98

k32

k43
k54

k65

k57 k78

k86

k98

k23

k21

𝜀

𝜀

𝜀

𝜀 𝜀

𝜀

𝜀

𝜀

X2 X3 X4 X5

X6

X7

X8 X9X1
I(t)

Figure 3: We consider that reactions represented by black arrows are slow, while reactions represented by blue arrows are fast. Metabolites in
black are accumulative, whereas metabolites in blue are nonaccumulative and they are supposed to be in quasi-steady state. Every reaction is
catalyzed by an enzyme eji.
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7.2. Calibration of the Reduced Toy Network. We follow
the procedure in Section 6. For simplicity, we suppose that
the data are measured at the same time instants t1,… , tr
(we assume that 48 measurement instants are available) for
the slow and the fast parts of the system.

The measurements are the variables (unit g/L) of the
original system (9) (for the toy network in Figure 3) plus a
white noise:

Zi t j ≔ Xi t j + β t j , j = 1, 2,… , r, 73

where β ∼N σi and σi = 10−1 · median Xi for every i = 1,
… , n.

As in Section 6, to estimate the parameters of (71), we
use the reduced system (62), with m = 4 and n = 9. The
cost function considered is ℱ, defined in (63), with m = 4
and n = 9.

The function fminsearch in Scilab (www.scilab.org) was
used for minimizing ℱ. This function is based on the
Nelder-Mead algorithm to compute the unconstrained min-
imum of a given function. For the simulations in Figure 4, the

value θ obtained is in Table 1 and ℱ θ = 0 097.
Here, for illustration purposes, we suppose that the

metabolites in QSS are also measured; we calculate the
parameters α to estimate their concentrations as explained
in Section 6.2. Then, their concentrations are obtained
according to (66).

We computed the numerical solution of the systems
describing the dynamics in the toy network of Figure 3.
The results are represented in Figures 4 and 5. As expected,
the concentrations of the metabolites in QSS are one order
of magnitude ε lower than those of the metabolites in the
slow part.

Note that the parameters θ2 and θ6 are affinity
constants in Michaelis-Menten functions, whose sensitiv-
ity is low [18]. Here, we have used 48 samples for
parameter identification.

It is worth noting that the identification process results in
a satisfying agreement between simulations of the calibrated
system (62)–(66) and recorded data, as represented in
Figures 4 and 5.

8. Discussion

8.1. Time-Scale Hypotheses. Metabolic networks can involve
much more than two different time scales. Actually, our
method considers the division of these in two groups of
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Figure 4: Dynamics of the toy network represented in Figure 3. The functions Xi represent the metabolite concentrations in units (g·L−1). The
numerical solution of the original system (9) is depicted by the green line; the reduced system obtained by the method exposed in this work
(71), by the blue dashed line; the supposed data with white noise (73), by green points; and the calibrated system (62)–(66) with the estimated
parameters in Table 1 and Table 2, by the red line. The parameters considered are in Table 3 and Table 4. As expected, the concentrations of
the metabolites in QSS are one order of magnitude ε lower than those of the metabolites in the slow part.

Table 1: Parameter estimation for system (71), rewritten as (62).
The estimation of these parameters only requires the slow
dynamics of the toy network in Figure 3.

i
Theoretical
value θi

Initial
guess

Estimated

value θi
Units

Error
percent

1 0.110 0.010 0.072 g(L·min)−1 34.54

2 2.000 1.000 1.298 g·L−1 35.10

3 0.010 0.010 0.011 min− 1 10.00

4 0.110 0.010 0.073 g(L·min)−1 33.63

5 0.013 0.010 0.006 g(L·min)−1 53.85

6 2.000 1.000 2.143 g·L− 1 7.15

7 0.013 0.010 0.016 g(L·min)−1 23.08

Table 2: Estimation of the parameters in (72), corresponding to the
equalities in (66).

i Theoretical value αi Estimated value αi Error percent

2 0.00124 0.00092 25.81

3 0.00122 0.00089 27.05

5 0.00168 0.00185 10.12

6 0.00018 0.00019 5.56

7 0.00002 0.00002 0

8 0.00017 0.00019 11.76
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reaction rates, the kinetics slower than a certain threshold
and the kinetics faster than this threshold. Our approach
eventually preserves the dynamics of the slower kinetics
(keeping the different time scales), while the fastest dynamics
are lumped and approximated.

Also, to better illustrate this important aspect, we
have considered several reaction rate orders in the toy
network. The reaction rates are divided into slow and fast,
and each group of reactions has different scales (see Table 3
and Table 4). The simulation results illustrate Theorem 1

(see Figure 4), and the reduced system accurately represents
all different time scales (see Figures 4 and 5).

Finally, note that it would be possible to set up a finer
approximation considering several time scales for Tikho-
nov’s theorem, but at the risk of higher mathematical com-
plexity. Indeed, extended versions of Tikhonov’s theorem
exist for several time scales, using powers of ε [6, 19, 20] or
even different epsilons [21]. But computations with this
method highly complicate the reduction.

8.2. Comparison with Experimental Data. To the best
knowledge of the authors, there are to date no examples
of metabolome measured at high frequency, at least for a
large number of metabolites to assess the kinetics. In
general, only a very limited number of macromolecules
(typically proteins, carbohydrates, lipids, chlorophyll, etc.)
are recorded, specially for microalgae. However, to show that
our findings are in agreement with experimental studies, we
considered the results from [4] for an autotrophic microalgae
metabolic network.

Table 3: Parameters considered for the simulations in Figure 4.
The symbol γ ∈ −1, 1 denotes a rate in an enzymatic reaction
(see the Michaelis-Menten equation (A.1)). The initial conditions
for all the enzymes are the same, as well as the initial
conditions of all the metabolites are identical, that is, j, i ∈ 1,… , n
in this table.

Parameter Value Units

ε 0.001 —

k 0.01 g(L·min)−1

μ 0.01 min−1

ω 0.004 —

k21γ , k21 1.10 min−1

k54γ , k54 0.13 min−1

k32γ , k32 1.90 min−1

k23γ , k23 0.12 min−1

k43γ , k43 1.80 min−1

k65γ , k65 0.17 min−1

k57γ , k57 1.40 min−1

k86γ , k86 1.60 min−1

k78γ , k78 0.15 min−1

k98γ , k98 1.50 min−1

e0ji 0.10 g·L−1

x0i 0.001 g·L−1

Table 4: Slow and fast reaction rates considered for the toy network
in Figure 3 and the simulations in Figure 4. Fast reaction rates are
characterized by the factor 1/ε. All reactions rates are in units of
g(L·min)−1.

Slow rates Value

e021k21 1.1× 10−1

e054k54 1.3× 10−2

Fast rates Value

e032k32/ε 1.3× 102

e023k23/ε 1.2× 101

e043k43/ε 1.8× 102

e065k65/ε 1.7× 101

e057k57/ε 1.4× 102

e086k86/ε 1.6× 102

e078k78/ε 1.5× 101

e098k98/ε 1.5× 102
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Figure 5: Zoom on the concentration of metabolites in QSS in Figure 4.
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The authors in [4] fitted the parameters of a metabolic
model to the set of available experimental data. We examined
the reaction rates which ranged from 102 to 10−1

(h−1·mM·B−1) and compared them with the level of concen-
trations in the cell. Indeed (see Table 5 and Table 6), the
concentration of carbohydrates has a magnitude 102 (mM)
times higher than that of the intermediate metabolites
(GAP, PEP, and G6P). Moreover, GAP, PEP, and G6P are
consumed by reactions with a rate order 101 or 102

(h−1·mM·B−1), while carbohydrates are consumed at a rate
of order 100 (h−1·mM·B−1). Additionally, carbohydrates are
produced by a single reaction with a rate of order 101

(h−1·mM·B−1), as well as GAP, and G6P, and PEP by
reactions of order 102 (h−1·mM·B−1). This evidences that
the concentration is related to the rate of consumption, in
the way predicted by Theorem 1 in our paper.

Nevertheless, we emphasize that the reduction method
proposed in this paper can be used even if only some
metabolites with large concentrations have been measured.
Indeed, such data will support the calibration of the reduced
model, that is, describing the dynamics of the slow metab-
olites (see Section 6.1).

8.3. Extensions of Results. In order to obtain reduced meta-
bolic systems by a rigorous procedure, many extensions of
the results can be obtained. Particularly, considering more
reactions between the metabolites with slow dynamics is pos-
sible (as long as these reactions are slow), without changing
the equations of the fast part.

Hence, modifications in the reactions between slow
metabolites do not alter the equations of the metabolites in
QSS, and the slow dynamics remain in the reduced system.
Moreover, the result obtained in Theorem 1 still holds if
the equations of the fast part are not changed.

Furthermore, effects such as inhibition can be consid-
ered in the slow part of the system, for example, using
the model of Haldane or feedback inhibition in enzyme-
catalyzed subnetworks.

In addition, models with more subnetworks of fast reac-
tions, connected by metabolites with slow dynamics, can be
reduced and analyzed using the present approach.

9. Conclusions

Quasi-steady-state assumption without verifying mathemat-
ical conditions can lead to erroneous conclusion and strongly

biased reduced systems [22, 23]. The aim of our work was to
define the mathematical foundations of quasi-steady-state
reduction for metabolic networks.

We reduced a general class of dynamical metabolic sys-
tems using time-scale separation and Tikhonov’s theorem.
The considered models include the Michaelis-Menten
reaction rates and the possibility for some compounds to
accumulate. The reduction leads to a simpler model given
by a small system of differential equations: regardless of the
initial dimension of the network, we end up with a low-
dimensional dynamical system, representing the dynamics
of the slow variables. The dilution due to growth plays an
important role and must not be neglected. It is worth noting
that keeping the growth rate in the equations strongly
improves approximation precision and preserves qualitative
(stability) features of the original system.

We show that a metabolite in QSS has a concentration
one order of magnitude lower than a metabolite in the slow
part of the system. This is indirectly a way to validate the
hypotheses on the magnitude of the reaction kinetics.

Eventually, the calibration algorithm is very simple. It is
remarkable that the reduced model can predict all the fast
compounds which have been measured, regardless of the
other compounds whose concentrations cannot be recorded.

This approach covers a large class of metabolic enzymatic
networks. But more work remains to be done to treat further
metabolic systems. For example, networks with more reac-
tions between fast and slow metabolites can be studied in
detail. Moreover, to obtain models that rigorously describe
several hierarchies in metabolic networks, systems with more
than two time scales can be analyzed on the basis of the
present paper.

Appendix

A. Michaelis-Menten Reaction

In this paper, we present a metabolic network which contains
enzymatic reactions. Therefore, we present the Michaelis-
Menten enzymatic reaction to set the notation that we use
throughout the text.

Table 5: Experimental measures (M) and estimated (E) values
obtained from [4], for an autotrophic microalgae metabolic
network [4]. Carbon quotas of the different compounds are
considered within a period of 24 hours. Light intensity values are
on an interval from 0 to 1400 uE·m−2·s−1. Two different magnitudes
of concentration can be distinguished among these compounds.

Compound Value Mean value

Carbohydrates M 8.436× 10−1 mM

G6P E 5.208× 10−3 mM

PEP E 4.167× 10−3 mM

GAP E 1.389× 10−3 mM

Table 6: Rates are in h−1·mM·B−1. Typical concentrations in Table 5
were used to estimate the consumption rates for GAP and PEP in
the lipid synthesis reaction.

Compound
Production

rate
Consumption

rate
Subnetwork

Carbohydrates 7.00× 101 6.50× 100 Carbohydrate
synthesis

G6P
2.24× 102 1.03× 101 Upper glycolysis

6.50× 100 7.00× 101 Lipid synthesis

PEP
4.37× 102 5.00× 100 Lower glycolysis

9.97× 100 1.04× 102 Lipid synthesis

GAP

2.06× 101 4.47× 102 Upper glycolysis

5.00× 100 4.37× 102 Upper glycolysis

6.00× 10−1 1.88× 101 Lipid synthesis
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The Michaelis-Menten model considers a substrate Xi
which reacts with an enzyme eji to produce a complex
Cji. Then, this complex is transformed into a product Xj

and the enzyme eji. This enzymatic reaction is abstracted
as follows:

Xi + eji ⇄
kji1

kji−1

Cji →
kji

X j + eji, A 1

dXi

dt
= −kji1 ⋅ ejiXi + kji−1 ⋅ Cji, Xi 0 = x0i ,

deji
dt

= −kji1 ⋅ ejiXi + kji−1 + kji Cji, eji 0 = e0ji,

dCji

dt
= k1 ji ⋅ ejiXi − kji−1 + kji Cji, Cji 0 = 0,

dXj

dt
= kji ⋅ Cji, Xj 0 = x0j

A 2

It is necessary to justify the quasi-steady-state approxi-
mation for the Michaelis-Menten model. For example, this
holds if the initial substrate concentration x0i is sufficiently
large compared with the initial enzyme concentration e0ji [7]
or if the product formation rate kji is small enough [8]. A
widely used quasi-steady-state reduction of system (A.2) is
the following [7, 8]:

dXi

dt
= −e0jikji

Xi

Xi + K ji
,

dXj

dt
= −e0jikji

Xi

Xi + K ji
,

Cji =
e0ji ⋅ Xi

Xi + K ji
,

eji = e0ji − Cji,

A 3

where

K ji ≔
kji−1 + kji

kji1
A 4

is the Michaelis-Menten constant.

B. Boundary Layer

A second condition related to the uniform convergence of
approximations when η→ 0 has to be verified with the
boundary layer of (30) [6]. For this, we define the boundary
layer correction Ŷ τ = Y t − Y t , τ = t/n, and the bound-
ary layer problem:

dŶ2
dτ

= e021k21
x01

x01 + K21
+ 〠

m−1

j=3

e02jk2j
K2j

Ŷ j + Y j 0

− 〠
m−1

i=3

e0i2ki2
Ki2

+ μ Ŷ2 + Y2 0 ,

⋮

dŶm−1
dτ

= 〠
m−2

j=2

e0m−1,jkm−1,j

Km−1,j
Ŷ j + Y j 0

− 〠
m

i=2
i≠m−1

e0i,m−1ki,m−1
Ki,m−1

+ μ Ŷm−1 + Ym−1 0 ,

dŶm+1
dτ

= e0m+1,mkm+1,m
x0m

x0m + Km+1,m

+ 〠
n−1

j=m+2

e0m+1,jkm+1,j

Km+1,j
Ŷ j + Y j 0

− 〠
n−1

i=m+2

e0i,m+1ki,m+1
Ki,m+1

+ μ Ŷm+1 + Ym+1 0 ,

⋮

dŶn−1
dτ

= 〠
n−2

j=m+1

e0n−1,jkn−1,j
Kn−1,j

Ŷ j + Y j 0

− 〠
n

i=m+1
i≠n−1

e0i,n−1ki,n−1
Ki,n−1

+ μ Ŷn−1 + Yn−1 0 ,

B 1

with initial conditions ŷ0j 0 = y0i − Yi 0 for every i = 2,… ,
n − 1, i ≠m.

Proposition 5. The equilibrium point Ŷ = 0 of system (B.1) is
asymptotically stable.

Proof. First, notice that system (B.1) is linear, since (30) is
linear. That Ŷ = 0 is an equilibrium point of system (B.1) is a
consequence of (37). Moreover, the Jacobian matrix of sys-
tem (B.1) is the same with (30). Therefore, as in the proof
of Proposition 1, we conclude that the origin is asymptoti-
cally stable for system (B.1).

On the other hand, the boundary layer correction Ŷ
allows to correct the error of the approximation (22) at the
initial fast transition. Indeed, notice that the initial condition
y0i in (28) can be different from Yi 0 in (22). But

Yi 0 + Ŷ i 0 = Yi 0 + Yi 0 − Yi 0 = y0i B 2
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Moreover, the boundary layer correction Ŷ vanishes
quickly [6] since

lim
τ→∞

Ŷ τ = lim
η→0

Y t − Y t = 0 B 3

C. Solution of the Slow System

Proof of Proposition 2. As in the proof of Proposition 1, we
use the fact that I t is a nonnegative continuous function
on 0, T1 and all the parameters in (19)–(21) are nonnegative
real numbers. Hence, system (19)–(21) is positively invariant

in ℝ3
+.

Let us denote F t, X the right hand of (19)–(21). Then, we

have F and ∂F/∂X that are continuous on 0, T1 ×ℝ3
+.

Moreover, ∂F/∂X is uniformly bounded on 0, T1 ×ℝ3
+.

As a consequence, we can deduce from the global exis-
tence and uniqueness theorem [19] that (19)–(21) has a
unique solution X t over 0, T1 .

D. Supplement for the Proof of Theorem 1

D.1. Fluxes, Traps, and Flux Traps. In order to see when the
metabolites in QSS do not accumulate, we have to introduce
the following definitions.

Definition 1. We define a directed graph Γ related to the
network in Figure 1, equivalent to system (9), as follows:
the substrates and products Xi, i = 1,… , n, are the nodes
of the Γ. Then, if e0jikji ≠ 0 (i.e., if there is a reaction with
substrate Xi and product Xj), there is an edge with initial
node Xi and final node Xj. In a similar way, we define the
graph associated to a subsystem of (9), with metabolites
Xi1,… , Xil ⊂ X1,… , Xn .

The concept of graph allows the following definitions.

Definition 2 (flux). A flux from Xi to Xj is a directed path
which has an initial vertex Xi and a final vertex Xj.

Definition 3 (trap). Consider a graph with a set of vertices V
and a subset of this T = Xi1,… , Xil ⊂V , n > l ≥ 1. We say
that T is a trap if

(i) for every vertex Xik ∈ T, there is no flux from Xik to
any metabolite of V\T ;

(ii) no Xik is the initial vertex of an edge with final vertex
X∗ ∉ V .

In this case, we also say that Xik is in a trap for every
Xik ∈ T .

Definition 4 (flux trap). Consider a flux F with initial vertex
X1 and final vertex Xn in a graph with vertices V = X1,… ,
Xn . We say that the graph has a trap for the flux F if
there is a subset TF = Xi1,… , Xil ⊂V\ X1, Xn , such that

(i) TF is a trap (hence, there is no flux from Xik to Xn for
every vertex Xik ∈ TF);

(ii) there is a flux fromX1 toXik for every vertexXik ∈ TF .

When it is clear which flux F is taken into account, we
only say that the graph has a flux trap. We also say that Xik
is in a flux trap for every vertex Xik ∈ TF.

If the graph associated to a network has a flux, trap, or
flux trap, we also say that the network has a flux, trap, or flux
trap, respectively.

D.2. Matrix Analysis. Consider the Jacobian matrix defined
in (33). For the sake of simplicity, we denote

l j ≔ 〠
n

i=2
i≠j

e0ijkij
Kij

+ μ,

lij ≔
e0ijkij
Kij

,

C 1

where kij = 0 if there is no reaction from Xj to Xi. Then,

J = K′≔
K1′ 0

0 K2′
, C 2

where

K1 = K1′≔

−l2 l23 … l2,m−1

l32 −l3 … l3,m−1

⋮ ⋮ ⋮

lm−1,2 lm−1,3 … −lm−1

,

K2 = K2′≔

−lm+1 lm+1,m+2 … lm+1,n−1

lm+2,m+1 −lm+2 … lm+2,n−1

⋮ ⋮ ⋮

ln−1,m+1 ln−1,m+2 … −ln−1
C 3

Theorem 2. Suppose that the graph associated to (9) satisfies
Assumption 1. Consider the expression of the metabolites in
QSS (22) and define

ci ≔ bi ⋅ l21, i = 2,… ,m − 1,

ci ≔ bi ⋅ lm+1,m, i =m + 1,… ,m − 1
C 4

Then, for every i ∈ 2,… ,m − 1,m + 1,… , n − 1 \ℐFT
,

ci = O 1   if ci ≠ 0 C 5

We recall that i ∈ 2,… ,m − 1,m + 1,… , n − 1 \ℐFT

means the metabolite Xi is not in a flux trap.
Before proving Theorem 2, we demonstrate several prop-

ositions. The proof of Theorem 2 is in Appendix D.3. For
this, we have to analyze the order of the parameters
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ci =
1

det K1′
C1,i−1 ⋅ −l21  ∀i = 2,… ,m − 1,

ci =
1

det K2′
C1,i−m′ ⋅ −lm+1,m  ∀i =m + 1,… , n − 1,

C 6

where C1,i−1 and C1,i−m′ are the cofactors of K1′ and K2′,
respectively.

Lemma 3. Consider a singular matrix A of dimension n × n
and εμ > 0. Suppose aij = O 1 when ε→ 0, for every entry of
A. Then,

det A − εµ ⋅ I ≤ O εµ C 7

Proof. Define f as the function

f ε = det A − εµ ⋅ I C 8

Since aij = O 1 when ε→ 0 for every entry of A, f is infi-
nitely differentiable at 0. Then, considering its Taylor series
around zero, it follows

f εμ = f 0 + f 1 0 ⋅ εμ +
f 2 0

2
⋅ εμ 2 +⋯ C 9

But f 0 = det A = 0 and f n 0 = O 1 when ε→ 0, for
every n ∈ℕ, as a consequence of the hypothesis on the orders
of A entries. We conclude that

f εμ = εμ ⋅ f 1 0 ⋅ +
f 2 0
2

⋅ εμ +
f 3 0

3
⋅ εμ 2 +⋯

≤ O εµ , when ε→ 0
C 10

Lemma 4. Suppose that M is a column diagonally dom-
inant matrix of size n × n, such that det M ≠ 0. If every off-
diagonal entry ofM is nonnegative, then all the cofactors ofM
have the same sign equal to (−1)n−1 and sgn(det(M)) = (−1)n.

Proof. Since −M is nonsingular and column diagonally dom-
inant, by the theorem of Gershgorin, −M is a positive stable
matrix [12]. Then, its inverse matrix is nonnegative [13]
(i.e., each entry of (−M)−1 is nonnegative). But

− −M −1 = M −1 =
1

det M
⋅C ≤ 0, C 11

where

C =

C11 C12 … C1n

C21 C22 … C2n

⋮ ⋮ ⋮

Cn1 Cn2 … Cnn

T

C 12

is the transpose matrix of cofactors of M [24]. Then,

C ij

det M
≤ 0 ∀i, j = 1,… , n, C 13

which implies that all the cofactors C ij = −1 i+jMij, with
Mij the minor of M obtained from removing the ith row
and the jth column [24], have the same sign. Moreover,
since all the principal minors of −M are positive [13], then
det −M > 0. We conclude that

sgn C ij = −1 n−1 C 14

and that det M = −1 n det −M is negative if n is odd and
positive if n is even.

Proposition 6. Let

Mn =

−〠
n

i=2
li1 − l∗1 − εμ … l1n

⋮ ⋱ ⋮

ln1 … −〠
n−1

i=1
lin − ln+1,n − εμ

,

C 15

where l∗i ≥ 0. Consider the directed graph Γ Mn associated to
Mn as a graph with n nodes X1,… , Xn and an edge with ori-
gin Xi and final Xj if l ji > 0. Suppose that Γ Mn has no traps
and that ln+1,n > 0. Then,

det Mn = −1 n ⋅O lnij C 16

Proof.Notice that an output from the ith metabolite is equiv-
alent to l∗i > 0. Here, without loss of generality, we begin by
supposing that the nth metabolite has an output. Then
ln+1,n > 0.

We prove the proposition by induction over n. For n = 2,
consider the matrix

M2 =
−l21 − εμ l12

l21 −l12 − l32 − εμ
C 17

of a system with two metabolites and one output. The deter-
minant of M2 is

det M2 = l21 l32 + εµ + εµ l12 + l32 + εµ C 18

If l21 ⋅ l32 ≠ 0, then det M2 = O l2ij . We examine in
which cases l21 ⋅ l32 = 0. If l32 = 0, the system has no output,
contrary to our hypothesis. On the other hand, l21 = 0 implies
that X1 is in a trap (see Figure 6). We conclude that det
M2 = O l2ij . The case in dimension n = 2 with more than
one output is verified immediately.

We make the following induction hypothesis: consider a
graph Γ Mn−1 of n − 1 metabolites with no traps and one
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output at least. If Mn−1 is the matrix of size n − 1 × n − 1
associated to Γ Mn−1 , then det Mn−1 = −1 n−1 ⋅ O ln−1ij .

Now we prove the case of a network with n metab-
olites. We take into account that all the cofactors C ij

of Mn have the same sign, as claimed by Lemma 4.
It holds

det Mn = −ln+1,nCnn + 〠
n−1

j=1
l jnC jn − 〠

n−1

i=1
lin + εμ Cnn ,

C 19

where C jn = −1 j+n Mn jn are cofactors of Mn [24].
Suppose that lni = 0 and l∗i = 0 for every i ∈ 1,… , n − 1 .

Then, Xn is isolated and the rest of the metabolites X1,… ,
Xn−1 form a trap. Hence, lni > 0 or l∗i > 0 for some i ∈
1,… , n − 1 , and we can apply the hypothesis of induction
to deduce that

Cnn = −1 n−1 ⋅ O ln−1ji C 20

On the other hand, the term in the squared brackets in
(C.19) is the determinant of the matrix Mn + ln+1,n ⋅ δnn ,
where δnn is a matrix of size n × n with zero at every entry,
except for the entry nn which is equal to 1. If l∗i = 0 for every
i = 1,… , n − 1, then

det Mn + ln+1,n ⋅ δnn ≤ O εµ C 21

according to Lemma 3, and the statement of Proposition
6 is proved. In other case, suppose l∗,n−1 > 0 without loss of
generality. Hence, if we develop the determinant of Mn +
ln+1,n ⋅ δnn by the n − 1th column and we substitute in
(C.19), we have

det Mn = −ln+1,nCnn − l∗,n−1 Mn + ln+1,n ⋅ δnn n − 1, n − 1

+ 〠
n

j=1
j≠n−1

l j,n−1 Mn + ln+1,n ⋅ δnn j,n−1

− 〠
n−2

i=1
li,n−1 + εμ Mn + ln+1,n ⋅ δnn n−1,n−1 ,

C 22

where Mn + ln+1,n · δnn j,n−1 are minors of Mn + ln+1,n · δnn .

Moreover, thematrix Mn + ln+1,n · δnn satisfies the conditions
of Lemma 4. Then, all its cofactors have the same sign. Par-
ticularly, sgn Mn + ln+1,n · δnn n−1,n−1 = −1 n−1 and then

sgn −ln+1,nCnn = sgn −l∗,n−1 Mn + ln+1,n ⋅ δnn C 23

Once again, the term in the square brackets in (C.22) is
equal to det Mn + ln+1,n ⋅ δnn + l∗,n−1 ⋅ δn−1,n−1 . We proceed
as for det Mn + ln+1,n ⋅ δnn to extract the following term:

−l∗,n−2 Mn + ln+1,n · δnn + l∗,n−1 ⋅ δn−1,n−1 n−2,n−2, C 24

which has the same sign as −ln+1,nCnn. In n steps, we arrive to
an expression of the determinant where all the terms have the
same sign and one term is the determinant of a matrix whose
entries by column sum to −εμ. That is to say, if we define

Mi ≔ Mn + ln+1,n ⋅ δnn + 〠
n−i

j=1
l∗,n−jδn−j,n−j , C 25

for every i = 2,… , n, where we define ∑0
j=1l∗,n−jδn−j,n−j = 0,

then

det Mn = −ln+1,nCnn − 〠
n

i=2
l∗,i−1 Mi i−1,i−1 + O εµ k ,

C 26

with Mi i−1,i−1 a principal minor of Mi, and the term in
square brackets represents

det

−〠
n

i=2
li1 − εμ l12 … l1n

l21 − 〠
n

i=1
i≠2

li2 − εμ … l2n

⋮ ⋮ ⋮

ln1 ln2 … −〠
n−1

i=1
lin − εμ

,

C 27

or some 0 < k, according to Lemma 3. Moreover,

X1

(I)

(II)

X1 X2

X2

l12 l32

l32
𝜀

𝜀𝜀

I12

Figure 6: Possible scenarios where l21 = 0 in a system with two
metabolites and one output. Both cases represent a flux trap in X1.
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sgn −ln+1,nCnn = sgn −l∗,i−1 Mi i−1,i−1 = −1 n,

C 28

for every i = 2,… , n, as a consequence of Lemma 4. There-
fore, we conclude

det Mn = −1 n · O lnij C 29

The goal of the following proposition is to define the
order of some M′ minors, as required for the proof of
Theorem 2.

Proposition 7. Let us suppose thatMn represents a graph with
no traps. Moreover, assume a flux from X1 to Xn. Consider the
minor ofMn resulting from removing the first line and the nth
column:

Mn 1n = det

l21 − 〠
n

i=1
1≠2

li2 + εμ … l2,n−1

l31 l32 … l3,n−1

⋮ ⋮ ⋮

ln−1,1 ln−1,2 … − 〠
n

i=1
i≠n−1

li,n−1 + εμ

ln1 ln2 … ln,n−1

C 30
Then,

0 < Mn 1n = O ln−1ij C 31

Proof. The demonstration is by induction over the squared
matrix size. For the case of a minor with dimension two,
we have

det
l21 − 〠3

i=1
i≠2

li2 + εμ

l31 l32

= l21l32 + l31 〠3
i=1
i≠2

li2 + εμ

= O l2ij ,

C 32

since there is a flux from X1 to X3 and no traps. We then sup-
pose the validity of this lemma for a minor of dimension up
to n − 2 (induction hypothesis).

If we develop the determinant Mn 1n by the first column,
we verify that the minor resulting from striking the first col-
umn and the xth row satisfies the hypothesis of this lemma
after x − 1 changes of columns, for x = 1, 2,… , n − 1. Hence,
applying the induction hypothesis to these minors, we obtain
that they are quantities equal to −1 x−1 ⋅ O ln−2ij , where x is
the struck row index.

Since there are no traps by hypothesis, the minor
obtained after omitting the first line and column and the last
line and row of Mn has a column which is strictly diagonally
dominant. We can then apply Proposition 6 and conclude
that it has the order −1 n−2 ⋅ O ln−2ij .

Therefore, we conclude that the determinant Mn 1n is
the sum of positive quantities of the order O ln−1ij :

0 < Mn 1n = l21 ⋅ O ln−2ij +⋯ + −1 x+1 −1 x−1lx1

⋅ O ln−2ij +⋯ + −1 n −1 n−2ln1 ⋅ O ln−2ij

= O ln−1ij

C 33

For the other minors, we obtain a similar result. Indeed,
every minor obtained from striking the first row and the
xth column can be transformed in a matrix of the form
Mn 1n, by n − x changes of rows. Therefore, the following
assertion holds.

Corollary 1. When the graph Γ Mn related to Mn has no
traps, the minor Mn 1x has the order −1 n−x ⋅ O ln−1ij , for
every x = 1,… , n.

Recall that in Assumption 1, we only take into consider-
ation flux traps.

For this reason, we also analyze the determinant of the
matrix associated to a system with traps. For instance, with
the matrix M2 defined in (C.17), if Γ M2 has a trap, l21 = 0
and its determinant have the order O εµ .

In general, we can expect that a graph Γ Mn with a trap
has a determinant with order εμ. As a consequence, the
matrix Mn is ill-conditioned. This happens because a trap
implies a block of zeros in the matrix. Indeed, the jth column
of the matrix system represents the edges whose origin is the
metabolite Xj. Then, if Xj is in a trap, lij = 0 for every iwith Xi

out of the trap.

Proposition 8. LetMn be a matrix defined as in (C.15). IfMn
has a trap, then

det Mn = det M′ ⋅ det T , C 34

where T and M′ are a square submatrices of Mn, which
correspond to metabolites in a trap and to metabolites not in
a trap, respectively.

Proof. If there is a trap in Γ Mn , the matrix Mn is reducible
[24]. Then, after the same number of interchanges of rows
than columns, Mn can be transformed in a square block tri-
angular matrix (keeping the dominant diagonal structure):

Mn =
M′ 0
∗ T

, C 35
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where M′ and T are square submatrices that correspond to
the metabolites which are not in a trap and the metabolites
which are in a trap, respectively. Since the matrix in (C.35)
is square block triangular, its determinant is the product of
the determinants of the diagonal blocks [25].

Corollary 2. If Γ Mn has a trap, then

det Mn ≤ O εµ C 36

Proof. The square block T is equal to a singular matrix minus
εμ · I. Then, by Lemma 3, its determinant has order less or
equal to O εµ .

If C ij is a cofactor of Mn and det T has order εμ, then
the coefficients.

C1i

det M′ ⋅ det T
⋅ −l21 C 37

can be affected by a factor of order εμ −1. However, in
the following proposition, we prove that when there is a
trap T, det T is also a factor of the cofactor C1i if Xi
is not in the trap.

Proposition 9. LetMn be a matrix defined as in (C.15) and F
a flux from X1 to Xn. IfMn has traps (not reached by F) or flux
traps for F, then Mn has the form

Mn =

M′
r×r

C1 r×s 0r×p 0r×q

0s×r C2 s×s 0s×p 0s×q

0p×r C3 p×s T p×p 0p×q
∗

q×r C4 q×s 0q×p TF q×q

,

 r + s + p + q = n,

C 38

where M′ is a matrix with no traps, T is the square block
corresponding to metabolites in traps not reached by F, TF
corresponds to metabolites which are in flux traps, and C2
corresponds to metabolites that connect the traps to the
rest of the network but which do not have a flux from the
input. Then,

det Mn = det M′ ⋅ det C2 ⋅ det T ⋅ det TF C 39

Furthermore, its minors satisfy

Mn 1j = M′
1j
⋅ det C2 ⋅ det T ⋅ det TF  ∀j = 1,… , r,

C 40

with M′ 1j a minor of M′ and

Mn 1j = 0 ∀j = r + 1,… , n − q C 41

Note. Notice that the block ∗ q×r is different from zero if
there is a flux from X1 to the flux trap (TF).

Proof. SinceMn defined in (C.38) is a square block triangular
matrix, its determinant is the product of the determinants of
the diagonal blocks [25]. Then,

det Mn =
M′ C1

0 C2

⋅ det T ⋅ det TF

= det M′ ⋅ det C2 ⋅ det T ⋅ det TF

C 42

For j = 1,… , r, the submatrix obtained from deleting the
first row and the jth column of Mn is also a square block tri-
angular matrix. Then, its determinant is.

Mn 1j =
M′

1j
C1′

0 C2

⋅ det T ⋅ det TF

= M′
1 j
⋅ det C2 ⋅ det T ⋅ det TF ,

C 43

where M′ 1j is a minor of M′ and C1′ is the matrix C1
without its first row. On the other hand, for j = r + 1,… ,
r + s + p , the minor Mn 1j is also the determinant of a
square block triangular matrix, that is,

Mn 1j =
M′ C1 0

0 C2 0

0 C3 T 1j

⋅ det TF C 44

On the other hand, we have the minor

M′ C1 0

0 C2 0

0 C3 T 1j

= 0 ∀j = r + 1,… , r + s + p ,

C 45

as a consequence of the block of zeros below M′. We
conclude

Mn ij = 0 ∀j = r + 1,… , r + s + p C 46

Finally, to analyze the minors of M′, the block of Mn
corresponding to the subgraph with no traps, we refer to
Proposition 7 and Corollary 1.

D.3. Proof of Theorem 2

Proof of Theorem 2. Since K1′ is a nonsingular matrix,

K1′
−1
=

1

det K1′
⋅C, C 47

where C is the transpose matrix of cofactors of K1′ [24] (i.e.,
C ji = −1 j+i K1′ ji).
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We then have according to (37)

Yi =
1

det K1′
C1,i−1 ⋅ −e021k21

X1
X1 + K21

C 48

Then, by definition of ci,

ci =
1

det K1′
C1,i−1 ⋅ −l21 C 49

If K1′ has no traps (i.e., the subnetwork with metabolites
X2,… , Xm−1 has no traps), then

det K1′ = −1 m−2 ⋅ O lm−2
ij , C 50

as stated by Proposition 6. Moreover, Corollary 1 implies that
the cofactors C1,i−1 have the order

C1,i−1 = −1 m−1 ⋅ O lm−3
ij C 51

On the other hand, if K1′ has a trap T not reached by the
flux or a flux trap TF , as a consequence of Corollary 1 and
Propositions 6 and 9,

C1,i−1

det K1′
= −1 ⋅ O l−1ij  if Xi ∉ TF ,C1,i−1 ≠ 0,

C1,i−1

det K1′
= 0 if Xi ∈ T

C 52

We conclude that

−l21 ⋅C1,i−1

det K1′
= O 1 C 53

if C1,i−1 ≠ 0, for i ∈ 2,… ,m − 1 \ℐTF
. The same reasoning

applies for K2′ and the variables of the second subnetwork
Xm+1,… , Xn−1.
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This paper studies a new model for Huanglongbing with seasonal fluctuations. Switching coefficients and switching control
schemes are considered in this model. The main purpose of this paper is to study the effects of switching control schemes on
dynamics of the model. Firstly, we theoretically investigate the basic reproductive number and its computation formulae for
general impulsive switching model with periodic environment. Secondly, the basic reproductive number and global dynamics of
the impulsive switching model for Huanglongbing are analyzed. Finally, numerical results indicate that spring and autumn are
the optimum seasons for killing psyllids, and winter is the optimum season for removing infected trees.

1. Introduction

Citrus Huanglongbing (HLB), also known as citrus green-
ing, is one of the most devastating diseases of citrus
worldwide [1]. The Asiatic citrus psyllid and Diaphorina citri
Kuwayama are the only two known vectors of the debilitating
citrus HLB [2]. Nearly 50 countries are affected by this dis-
ease especially in Asian, African, and American countries,
such as Brazil, USA, and China. It was estimated by the Uni-
versity of Florida in 2012 that, in Florida, HLB had resulted in
the loss of 6611 jobs from 2006 throughout 2011, 1.3 billion
in revenue to growers, and 3.63 billion in economic activity
[3]. In São Paulo, 64.1% of the commercial citrus blocks
and 6.9% of the citrus trees were affected by HLB in 2012
[4]. Till now, in China, the damaged area of citrus is more
than 80% of the total cultivated area [5]. Unfortunately, there
currently is no cure for HLB nor is there any naturally occur-
ring citrus cultivar that is resistant to HLB.

HLB is a vector-transmitted bacterial infection through
psyllids [6]. Since the pioneering work of MacDonald and
Barbour on schistosomiasis [7, 8], many mathematical
models have been proposed in analyzing the spread and

control of vector-borne diseases, such as malaria, dengue
fever, schistosomiasis, West Nile disease, HLB (see [9–14]
and references therein). In [8], Barbour formulated a mathe-
matical model of schistosomiasis as follows:

dIh t
dt

= aShIv − μ1Ih,

dIv t
dt

= bSvIh − μ2Iv,

dSh t
dt

= μ1 − aShIv − μ1Sh,

dSv t
dt

= μ2 − bSvIh − μ2Sv ,

1

where Sh (Ih) is the susceptible (infected) host population,
Sv (Iv) is the susceptible (infected) vector population, a
and b are infection rates, μ1 (μ2) is the natural mortality rate
of the host (vector) population.

As we know, young flush (initial infection of newly
developing cluster of young leaves) become infectious within
15 days after receiving an inoculum of bacteria [15], and
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symptoms of HLB do not appear on leaves for months to
years after initial infection. The survey results from [16, 17]
indicated that the incubation period from grafting to devel-
opment of HLB symptoms is 3 to 12 months under green-
house conditions. For large trees in a field situation, the
incubation period may be much longer, up to more than 5
years. This means that HLB has a long incubation period
during which the plant is asymptomatic but infectious [18].
Therefore, in this paper, we classify the citrus tree into four
compartments: susceptible Sh, infected and asymptomatic
but not yet infectious Eh, infectious and asymptomatic I1,
and infectious and symptomatic I2, and the psyllids vector
into two compartments: susceptible class Sv and infected
class Iv . Let Nh t and Nv t be the total numbers of citrus
trees and psyllids, respectively, at time t in a grove. That
is, Nh t = Sh t + Eh t + I1 t + I2 t and Nv t = Iv t +
Sv t . Assume that removed trees are immediately replaced
by susceptible trees, keeping the grove size constant [19].
Thus, Nh t is constant and denotes Nh. Inspired by the
idea of Barbour’s model (1), considering HLB transmission
between citrus trees and psyllids, we establish the follow-
ing HLB model.

dEh t
dt

= aShIv
Nh

− μ1Eh − αEh − dEh,

dI1 t
dt

= αEh − μ1I1 − θI1 − dI1,

dI2 t
dt

= θI1 − μ1I2 − dI2,

dIv t
dt

= cSvI1
Nh

+ bSvI2
Nh

− μ2Iv,

dSh t
dt

= μ1Nh − μ1Sh −
aShIv
Nh

+ dEh + dI1 + dI2,

dSv t
dt

=Λ −
cSvI1
Nh

−
bSvI2
Nh

− μ2Sv,

2

where α and θ are the conversion rates, μ1 (μ2) is the natural
mortality rate of the citrus tree (psyllids), a is the infection
rate from infected psyllids to susceptible trees, b is the infec-
tion rate from infectious and symptomatic trees to psyllids,
c = kb means the infection rate from infectious and asymp-
tomatic trees to psyllids, and k (0 < k ≤ 1) is the proportional
coefficient, d is the mortality rate of citrus trees due to illness,
and Λ is the constant recruitment rate of psyllids.

In general, spraying insecticides over entire groves as well
as eliminating infected symptomatic trees have always been
implemented in controlling the spread of HLB. In Thailand,
3–6 sprays per year was required during flush periods to
rehabilitate citrus production in a HLB-infected area [20].
However, the common assumption about the continuity of
control activities is contradictory from the reality that the
control behavior usually occurs in regular pulses [21]. Spray-
ing insecticides is generally applied at a fixed time, and the
effect of pesticide spraying depends on the time of initial
spraying and frequency. By considering impulsive control

strategies, system (2) can be described by impulsive differen-
tial equations as follows:

dEh t
dt

= aShIv
Nh

− μ1Eh − αEh − dEh,

dI1 t
dt

= αEh − μ1I1 − θI1 − dI1,

dI2 t
dt

= θI1 − μ1I2 − dI2 − γI2,

dIv t
dt

= cSvI1
Nh

+ bSvI2
Nh

− μ2Iv,

dSh t
dt

= μ1Nh − μ1Sh −
aShIv
Nh

+ dEh + dI1 + dI2 + γI2,

dSv t
dt

=Λ −
cSvI1
Nh

−
bSvI2
Nh

− μ2Sv

 t ∈ tk−1, tk ,
Iv t+ = 1 − p Iv t ,
Sv t+ = 1 − p Sv t ,

 t = tk
3

where γ is the removal rate of infected symptomatic trees and
p is the killing rate of psyllids by insecticide spraying.

Furthermore, in endemic areas, removing of citrus trees
is always based predominantly on the presence of visible
symptoms [22]. All of the trees showing HLB symptoms
should be removed 3 times in each year [20]. These imply
that the infection rates and the removal rate vary with season
fluctuations. Thus, it is necessary to consider that some coef-
ficients of model (3) are time-varying and switching in time.
Suppose that some parameters are modeled as switching
parameters and governed by a switching rule σ t : tk−1, tk
→ 1, 2,… ,m =P , k = 1, 2,… , where m is the number of
the subsystems and σ t is a piecewise continuous switching
rule such that σ t = ik ∈P for all t ∈ tk−1, tk . The switching
times tk satisfy tk+1 > tk > 0 and limk→∞tk =∞. Define the
set of all switching rules by I . Motivated by above fact, we
yield the switching HLB model with impulsive control:

dEh t
dt

= aσShIv
Nh

− μ1Eh − αEh − dEh,

dI1 t
dt

= αEh − μ1I1 − θI1 − dI1,

dI2 t
dt

= θI1 − μ1I2 − dI2 − γσI2,

dIv t
dt

= cσSvI1
Nh

+ bσSvI2
Nh

− μ2Iv,

dSh t
dt

= μ1Nh − μ1Sh −
aσShIv
Nh

+ dEh + dI1 + dI2 + γσI2,

dSv t
dt

=Λ −
cσSvI1
Nh

−
bσSvI2
Nh

− μ2Sv,
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 t ∈ tk−1, tk ,

Iv t+ = 1 − pσ Iv t ,

Sv t+ = 1 − pσ Sv t ,

 t = tk, 4

where pσ (0 ≤ pσ ≤ 1) are the killing rates of psyllids by insec-
ticide spraying at time tk (k = 1, 2,… ). The initial conditions
for system (4) satisfy Eh t+0 = Eh t0 ≥ 0, I1 t+0 = I1 t0 ≥ 0,
I2 t+0 = I2 t0 ≥ 0, Iv t+0 = Iv t0 ≥ 0, Sh t+0 = Sh t0 > 0,
and Sv t+0 = Sv t0 > 0. The model flow diagram is depicted
in Figure 1.

The spread of infectious diseases is influenced by many
factors, such as the behavior of the human population and
the environment in which it spread [23]. Consequently,
it is more realistic to consider the periodic switching rule.
Following the idea of [23], we assume that the switching rule
σ satisfies tk − tk−1 = ωk with ωk+m = ωk, and then ω =∑m

k=1ωk
is the period of switch σ. Assume that aik = ak, bik = bk,
cik = ck, mik

=mk, and pik = pk for t ∈ tk−1, tk , and ak+m =
ak, bk+m = bk, ck+m = ck, mk+m =mk, and pk+m = pk. Define
I p as the set of periodic switching rule.

Note that models (2) and (3) can be considered as spe-
cial cases of model (4). If the parameters of model (4) are
constant and not switching in time, that is, there is only
one independent subsystem (m = 1), then model (4) yields
to model (3). Further, if control strategies are not in use,
in the case where the killing rate of psyllids (p) and the
removal rate of infected symptomatic trees (γ) are zero,
then model (3) reduces to model (2). Our main purpose
is to explore the effects of switching control schemes on
the dynamics properties of model (4).

The rest of this paper is organized as follows: In Section 2,
some basic notations and useful results are given. In Section
3, the threshold condition and global asymptotic stability of
the disease-free periodic solution of system (4) are studied.
Furthermore, sufficient condition for persistence of the dis-
ease is derived. Numerical simulations are given in Section
4. Brief discussion and conclusion are presented in Section 5.

2. Some Useful Results

2.1. Some Useful Results for Linear Impulsive Switching
System. Before investigating system (4), we will present some
notations and state some results for linear impulsive switch-
ing system with periodic environment.

Define ℝ+ = x ∈ℝ ∣ x ≥ 0 ,ℝn
+ = x1,… , xn ∈ℝn ∣ xi

≥ 0, i = 1, 2,… , n . Let r B be the spectral radius of
matrix B.

Consider a linear impulsive switching differential system:

x t = Aσ t x t , t ∈ tk−1, tk ,
x t+k = Pσx tk , t = tk, k ∈ℕ,
x t+0 = x0, t0 ≥ 0,

5

where x = x1, x2,… , xn T , Aσ, Pσ ∈ℝn×n, σ ∈I .

Particularly, if σ ∈I p, system (5) can be rewritten as
follows:

x t = Ak t x t , t ∈ tk−1, tk ,
x t+k = Pkx tk , t = tk, k ∈ℕ,
x t+0 = x0, t0 ≥ 0,

6

where Ak+m t = Ak t , Pk+m = Pk, and tk − tk−1 = ωk with
ωk+m = ωk, and then ω =∑m

k=1ωk is the period of switch σ.
Let ΨAk

t, s t ≥ s be the evolution operator of the linear
ω-periodic system

x t = Ak t x t , x ∈ℝn 7

Denote

ΦAkPk
ω ≔ ∏

m

k=1
Pm−k+1ΨAk

tm−k+1, tm−k 8

Lemma 1. If η = 1/ω ln r ΦAkPk
ω , then there exists a pos-

itive ω-periodic vector function v t such that exp ηt v t is a
solution of system (6).

Since the proof is similar to that of Lemma 1 in [24], so one
omits it.

Lemma 2. If r ΦAkPk
ω < 1, then the trivial solution of sys-

tem (6) is asymptotically stable.
Using the similar method in [25], this result can be easily

proved (not shown in this paper).

2.2. R0 for General Impulsive Periodic System with Switching
Parameters. Consider a general impulsive switching system
with periodic environment:
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Figure 1: A schematic of model (4) showing transitions to different
categories for trees and psyllids. Black arrows show the transitions
between compartments. Orange dashed arrows show the necessary
interactions between trees and psyllids to obtain transmission.
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x t = f k x , t ∈ tk−1, tk ,

x t+ = ψk x t , t = tk, k ∈ℕ,
x t+0 = x0, t0 ≥ 0,

9

where f k ℝn
+ →ℝn, ψk ℝn

+ →ℝn
+, f

k+m = f k, and ψk+m =
ψk.

Following [26], we split the compartments by two
types with the first q compartments x1, x2,… , xq the
infected individuals and xq+1, xq+2,… , xn the uninfected
individuals. And denote X = x1, x2,… , xq , Y = xq+1, xq+2,
… , xn , ψk = hk, gk T

, hk = ψk
1, ψk

2,… , ψk
q , and gk = ψk

q+1,
… , ψk

n . Define

Xs = x ∈ℝn
+ ∣ xi = 0, i = 1,… , q 10

We can rewrite system (9) as:

x t = F k x t −V k x t , t ∈ tk−1, tk ,

X t+ = hk x t ,

Y t+ = gk x t ,
 t = tk, k ∈ℕ,

x t+ = x0, t0 ≥ 0,

11

where F k x are the newly infected rates, V k+ x are the
input rates of individuals by other means, and V k− x are
the rates of transfer of individuals out of compartments; then,
V k x =V k− x −V k+ x represent the set transfer rates out
of compartments. Thus, f k x = F k x −V k x . We assume
that system (11) satisfies F k+m = F k, V k+m =V k, hk+m = hk,
and gk+m = gk, and system (11) has a disease-free periodic
solution x∗ t .

We make the following assumptions, which share the
same biological meanings as those by Wang and Zhao [27]
and Yang and Xiao [28].

(H1) If xi ≥ 0, then the function F k
i x , V k+

i x , and
V k−

i x are nonnegative and continuous on ℝn
+

and continuously differential with respect to x for
i = 1,… , n.

(H2) If xi = 0, then V k−
i x = 0. Particularly, if x ∈ Xs,

then V k−
i x = 0 for i = 1,… , q.

(H3) F k
i x = 0 for q + 1,… , n.

(H4) If x ∈ Xs, then F k
i x =V k+

i x = 0 for i = 1,… , q.
(H5) The pulse on the infected compartments must be

uncoupled with the uninfected compartments; that
is, hk x tk is essentially hk X tk , and hk 0 = 0.

(H6) r ΦMkQk
ω < 1, where ΦMkQk

ω =∏m
k=1 Qm−k+1

ΨMk
tm−k+1, tm−k , and ΦMkQk

t is the fundamen-
tal solution matrix of the following system:

Z t =Mk t Z t , t ∈ tk−1, tk ,
Z t+k =QkZ tk , t = tk, k ∈ℕ,

12

where

Mk t = ∂f ki x∗ t
∂xj q+1≤i,j≤n

,

Qk =
∂ψk

i x∗ tk
∂xj q+1≤i,j≤n

13

From (H2)–(H4), the derivatives of F k x∗ t and
V k x∗ t can be parted as follows:

DF k x∗ t =
Fk t 0
0 0

,

DV k x∗ t =
Vk t 0
Jk −Mk t

,
14

where

Fk t = ∂F k
i x∗ t
∂xj 1≤i,j≤q

,

Vk t = ∂V k
i x∗ t
∂xj 1≤i,j≤q

15

Furthermore, it follows from (H5) that hk are the
functions of X tk . So the derivatives of ψk x∗ tk can be
separated as follows:

Dψk x∗ tk =
Pk 0
Γk Qk

, 16

where Pk ∈ℝq×q and Γk ∈ℝ n−q ×q defined by

Pk =
∂ψk

i x∗ tk
∂xj 1≤i,j≤q

,

Γk =
∂ψk

i x∗ tk
∂xj q+1≤i≤n,1≤j≤q

17

(H7) r Φ−Vk t Pk
ω < 1.

In addition, from Assumption (H7) and Lemma 2, we
can see that the trivial solution of the following linear switch-
ing system with impulses

y t = −Vky t , t ∈ tk−1, tk ,
y t+ = Pky t , t = tk, k ∈ℕ,

18
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is asymptotically stable. According to Remark 3.5 in Sect. III.
7 of [29], we have that there exist constants K > 0 and ρ > 0,
such that

∥Y t, s ∥≤K exp −ρ t − s , ∀t ≥ s, s ∈ℝ, 19

where Y t, s is the evolution operator of system (18).
Similar to the notation and definition of [24], we define

the so-called next infection operator L,

Lϕ t =
t

−∞
Y t, s F s ϕ s ds

=
∞

0
Y t, t − a F t − a ϕ t − a da, ∀t ∈ℝ+,

20

where ϕ s is a ω-periodic function from ℝ to ℝq
+ and

denotes the initial distribution of infections individuals, and
F t = Fk t when t ∈ tk−1, tk .

Now, we define the basic reproductive number R0 for
system (11) as follows:

R0 = r L 21

In order to calculate the implicit expression R0 by
numerical simulation, we consider the auxiliary ω-periodic
switching system with impulses:

U t = −Vk t + Fk t
λ

U t , t ∈ tk−1, tk ,

U t+ = PkU t , t = tk, k ∈ℕ,
22

where λ ∈ 0,∞ . Set U t, s, λ t ≥ s, s ∈ℝ to be the evolu-
tion operator of system (22), then U ω, 0, λ =Φ Fk/λ −Vk Pk

ω . Following the idea in [28], we have following results.

Lemma 3. Assuming that (H1)–(H7) hold, then the following
statements are valid:

(i) If r Φ Fk/λ −Vk Pk
ω = 1 has a positive solution λ0,

then λ0 is an eigenvalue of L, and so R0 > 0.
(ii) If R0 > 0, then λ =R0 is the unique solution of

r Φ Fk/λ −Vk Pk
ω = 1.

(iii) R0 = 0 if and only if r Φ Fk/λ −Vk Pk
ω < 1 for all

λ > 0.

By applying Lemma 3, one knows that R0 for impulsive
periodic switching system (11) is the solution of algebraic
equation r Φ Fk/λ −Vk Pk

ω = 1.

Lemma 4. Assuming that (H1)–(H7) hold, then the following
statements are valid for system (11):

(i) R0 = 1 if and only if r Φ Fk−Vk Pk
ω = 1.

(ii) R0 > 1 if and only if r Φ Fk−Vk Pk
ω > 1.

(iii) R0 < 1 if and only if r Φ Fk−Vk Pk
ω < 1.

It follows from Lemma 4 that the disease-free periodic
solution x∗ t of system (11) is asymptotically stable if R0 <
1 and unstable if R0 > 1.

3. Main Results

In this section, we are going to explore the threshold con-
dition which leads to the extinction and persistence of the
disease for impulsive switching model (4) for HLB with
seasonal fluctuations.

Lemma 5. All solutions of system (4) with nonnegative initial
conditions are nonnegative for all t > t0 and ultimately
bounded.

The proof of Lemma 5 is simple; we omit it.
Referring to [21], we can get that system (4) has a unique

disease-free periodic solution x∗ t = 0, 0, 0, 0, S∗h t , S∗v t ,
where S∗h t and S∗v t are the unique periodic solution of
the following systems, respectively:

dSh t
dt

= μ1Nh − μ1Sh t , 23

and

dSv t
dt

=Λ − μ2Sv t , t ≠ tk,

Sv t+ = 1 − pk Sv t , t = tk

24

We can easily obtain that Assumptions (H1)–(H5) hold
for system (4). Next, we will show that Assumptions (H6)
and (H7) hold. By (13), (15), and (17), we can calculate Mk,
Qk, Fk, Vk, and Pk of system (4), which are represented as
the following form:

Mk t =
−μ1 0
0 −μ2

,

Qk =
1 0
0 1 − pk

,

Fk t =

0 0 0 ak

0 0 0 0
0 0 0 0

0 ckS
∗
v t
Nh

bkS
∗
v t
Nh

0

,

Vk t =

μ1 + α + d 0 0 0
−α μ1 + θ + d 0 0
0 −θ μ1 + d + γk 0
0 0 0 μ2

,
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Pk =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1 − pk

25

By calculating, we get

ΦMkQk
ω =

exp −μ1ω 0

0 ∏
m

k=1
1 − pk exp −μ2ω

,

26

and

Φ−VkPk
ω =

J1 0 0 0
∗ J2 0 0
∗ ∗ J3 0
0 0 0 J4

, 27

where J1 = exp − μ1 + d + α ω , J2 = exp − μ1 + d + θ ω ,
J3 = exp ∑m

k=1 − μ1 + d + γk ωk , and J4 =∏m
k=1 1 − pk

exp −μ2ω . There is no need to calculate the exact forms
of ∗, as they are not required in the analysis that follows.
Obviously, r ΦMkQk

ω < 1 and r Φ−VkPk
ω < 1. Thus,

Assumptions (H6) and (H7) hold.

Theorem 1. If R0 < 1, then the disease-free periodic solution
x∗ t of system (4) is globally asymptotically stable, whereas
it is unstable if R0 > 1.

Proof 1. From Lemma 4, one has that the unique disease-free
periodic solution x∗ t is unstable if R0 > 1, and x∗ t is
locally stable if R0 < 1. Therefore, one only needs to show
the global attractivity of x∗ t for R0 < 1.

From Lemma 4, we get r Φ Fk−Vk Pk
ω < 1 sinceR0 < 1.

So we can choose a sufficiently small ε1 > 0 such that

r Φ Fk−Vk+Mε1k Pk
ω < 1,

 whereMε1k
=

0 0 0 0

0 0 0 0

0 0 0 0

0 ckε1
Nh

bkε1
Nh

0

28

From system (4), we have that

dSv t
dt

≤Λ − μ2Sv t , t ≠ tk,

Sv t+ = 1 − pk Sv t , t = tk

29

By comparison theorem in impulsive differential equa-
tions, for the abovementioned ε1, we have that there exists
a T1 > 0 such that

Sv t ≤ S∗v t + ε1, for t > T1 30

According to system (4) and inequality (30), we can get
that for t > T1,

dEh t
dt

≤ akIv − μ1Eh − αEh − dEh,

dI1 t
dt

= αEh − μ1I1 − θI1 − dI1,

dI2 t
dt

= θI1 − μ1I2 − dI2 − γkI2,

dIv t
dt

≤
ck S∗v t + ε1 I1

Nh
+ bk S∗v t + ε1 I2

Nh
− μ2Iv,

 t ∈ tk−1, tk ,
Eh t+ = Eh t ,
I1 t+ = I1 t ,
I2 t+ = I2 t ,
Iv t+ = 1 − pk Iv t ,
 t = tk

31

Consider the following comparison system:

dJ t
dt

= Fk t −Vk t +Mε1k
J t , t ≠ tk,

J t+ = PkJ t , t = tk,
32

where J t = Eh t , I1 t , I2 t , Iv t T .
In view of Lemma 1, there exists a positive ω-periodic

vector function υ1 t such that J t = υ1 t exp ςt is a solu-
tion of system (32), where ς = ln r Φ Fk−Vk+Mε1k Pk

ω < 0. So
J t → 0, as t→∞. It follows (28) that limt→∞Eh t = 0,
limt→∞I1 t = 0, limt→∞I2 t = 0, and limt→∞Iv t = 0. By
the comparison theorem in impulsive differential equations,
we have limt→∞Eh t = 0, limt→∞I1 t = 0, limt→∞I2 t = 0,
and limt→∞Iv t = 0. By the theory of asymptotic semiflows,
we can get

lim
t→∞

Sh t = S∗h t ,

lim
t→∞

Sv t = S∗v t
33

Hence, the disease-free periodic solution x∗ t is globally
asymptotically stable.

Theorem 2. IfR0 > 1, then the disease is uniformly persistent
for system (4); that is, there is a positive constant ϵ > 0, such
that lim inf t→∞Eh t > ϵ, lim inf t→∞I1 t > ϵ, lim inf t→∞I2
t > ϵ, and lim inf t→∞Iv t > ϵ.
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Proof 2. Denote K = Eh, I1, I2, Iv, Sh, Sv ∈ℝ6
+ , K0 = Eh,

I1, I2, Iv , Sh, Sv ∈ K Eh > 0, I1 > 0, I2 > 0, Iv > 0, Sh ≥ 0, Sv ≥
0 , and ∂K0 = K \ K0. Let u t, t0, x0 be the unique solution
of system (4) with the initial value x0 = E0

h, I01, I02, I0v , S0h, S0v
at time t0.

Define Poincaré map P K → K associated with system
(4) as follows:

P x0 = u t0 + ω+, x0 , ∀x0 ∈ K , ∀t0 ∈ℝ+ 34

Set

M∂ = E0
h, I01, I02, I0v , S0h, S0v
∈ ∂K0 ∣ P

m E0
h, I01, I02, I0v , S0h, S0v

∈ ∂K0, ∀m ∈ℤ+

35

One claims that

M∂ = 0, 0, 0, 0, Sh, Sv ∣ Sh ≥ 0, Sv ≥ 0 36

Obviously, 0, 0, 0, 0, Sh, Sv ∣ Sh ≥ 0, Sv ≥ 0 ⊆M∂. Next,
one wants to show

M∂ \ 0, 0, 0, 0, Sh, Sv ∣ Sh ≥ 0, Sv ≥ 0 =∅ 37

If (37) does not hold, then there exists a point E0
h, I01, I02,

I0v , S0h, S0v ∈M∂\ 0, 0, 0, 0, Sh, Sv ∣ Sh ≥ 0, Sv ≥ 0 . Next, for
four initial values E0

h, I01, I02, and I0v , three cases should be
discussed.

Case (i). One initial value equals zero, and the others
are larger than zero. Without loss of general-
ity, one chooses E0

h = 0, I01 > 0, I02 > 0, and I0v
> 0. It is obvious that Sh t > 0 and Iv t > 0
for any t ≥ t0. Then, from the first equation
of system (4), one gets dEh t /dt ∣ t=t0 =
a1Sh t0 Iv t0 /Nh > 0. Thus, Eh, I1, I2, Iv,
Sh, Sv ∉ ∂K0 for 0 < t − t0 ≪ 1. This is a con-
tradiction. Other cases are similarly proved.

Case (ii). Two initial values equal zero, and the others
are larger than zero. One lets E0

h = I01 = 0, I02 >
0, and I0v > 0. It is obvious that Sh t > 0 and
Iv t > 0 for any t ≥ t0. Using the same method
as aforementioned, one can prove Eh, I1,
I2, Iv , Sh, Sv ∉ ∂K0 for 0 < t − t0 ≪ 1. This is
a contradiction. Other cases can be proved
similarly.

Case (iii). Three initial values equal zero, and the other is
larger than zero. Set E0

h = I02 = I0v = 0 and I01 > 0.
It is obvious that Sv t > 0 and I1 t > 0 for any
t ≥ t0. Then, from the fourth equation of sys-
tem (4), one gets dIv t /dt ∣ t=t0 = b1Sv t0 I1
t0 /Nh > 0. Thus, Eh, I1, I2, Iv, Sh, Sv ∉ ∂K0
for 0 < t − t0 ≪ 1. This is a contradiction. Sim-
ilarly, one can prove the other cases.

Thus,

M∂ = 0, 0, 0, 0, Sh, Sv ∣ Sh ≥ 0, Sv ≥ 0 38
In the following, one proceeds by contradiction to prove

that there exists ξ > 0 such that

limsup
t→∞

d Pm E0
h, I01, I02, I0v , S0h, S0v , P0 ≥ ξ, ∀x0 ∈ K ,m ∈ℤ+

39
where P0 = 0, 0, 0, 0, S∗h t0 , S∗v t0 .

By Lemma 4, one has r Φ Fk−Vk Pk
ω > 1 if R0 > 1. So

one can choose ε2 > 0 sufficiently small such that

r Φ Fk−Vk−Mε2k Pk
ω > 1,

 where Mε2k
=

0 0 0 akε2
Nh

0 0 0 0

0 0 0 0

0 ckε2
Nh

bkε2
Nh

0

40

If (39) does not hold, then for any ξ > 0, one obtains

limsup
t→∞

d Pm E0
h, I01, I02, I0v , S0h, S0v , P0 < ξ,

 for some E0
h, I01, I02, I0v , S0h, S0v ∈ K

41

Without loss of generality, one supposes that

d Pm E0
h, I01, I02, I0v , S0h, S0v , P0 < ξ, ∀ξ > 0,m ∈ℤ+ 42

By the continuity of the solution with respect to initial

values, one has that there exists sufficiently small ξ such that

∥u t, Pm E0
h, I01, I02, I0v , S0h, S0v − u t, P0 ∥≤ε2,

 ∀t ∈ t0, t0 + ω , ∀m ∈ℤ+
43

For any t ≥ t0, there exists an integer l ∈ℤ+ such that
t = lω + t̂, where t̂ ∈ t0, t0 + ω . Then one has

u t, Pm E0
h, I01, I02, I0v , S0h, S0v − u t, P0

= u t̂, Pm E0
h, I01, I02, I0v , S0h, S0v − u t̂, P0 ≤ ε2

44

Therefore, one has

Sh t ≥ S∗h t − ε2,
Sv t ≥ S∗v t − ε2,

 for all t ≥ t0

45

From system (4) and inequality (45), one gets

7Complexity



dEh t
dt

≥
ak S∗h t − ε2 Iv

Nh
− μ1Eh − αEh − dEh,

dI1 t
dt

= αEh − μ1I1 − θI1 − dI1,

dI2 t
dt

= θI1 − μ1I2 − dI2 − γkI2,

dIv t
dt

≥
ck S∗v t − ε2 I1

Nh
+ bk S∗v t − ε2 I2

Nh
− μ2Iv ,

 t ∈ tk−1, tk ,
Eh t+ = Eh t ,
I1 t+ = I1 t ,
I2 t+ = I2 t ,
Iv t+ = 1 − pk Iv t ,
 t = tk, k ∈ℕ

46

Consider the comparison system for system (46):

dZ t
dt

= Fk t −Vk t −Mε2k
Z t , t ≠ tk

Z t+ = PkZ t , t = tk

47

where Z t = Eh t , I1 t , I2 t , Iv t T .
By Lemma 1, one knows that there exists a positive

ω-periodic vector function υ2 t such that Z t = υ2 t
exp ζt is a solution of system (47), where ζ = ln r
Φ Fk−Vk−Mε2k Pk

ω . From (40), one can get that Z t

→∞ as t→∞, and Eh t →∞, I1 t →∞, I2 t →∞,
and Iv t →∞ as t→∞. By the comparison theorem
in impulsive differential equations, one has Eh t →∞,
I1 t →∞, I2 t →∞, and Iv t →∞ as t→∞. This
contradicts with the boundedness of the solutions. Thus,
one has proved that (39) holds and P is weakly uniformly
persistent with respect to K0, ∂K0 .

Obviously, the Poincaré map P has a global attractor P0.
P0 is an isolated invariant set in K and Ws P0 ∩ K0 =∅
and it is acyclic in M∂. Every solution in M∂ converges to
P0. According to Zhao [30], one derives that P is uniformly
persistent with respect to K0, ∂K0 . This implies that the
solution of system (4) is uniformly persistent with respect
to K0, ∂K0 . This completes the proof.

4. Numerical Simulations

In this section, we first provide results from numerical simu-
lations of model (4) that demonstrate and support our theo-
retical results. For these simulations, part of parameters
values for model (4) are outlined in Table 1.

In [20], Zhao revealed that 1-2 sprays should be done in
the period after picking and before spring sprout, in spring,
summer growth, and in autumn growth. So we assume that
the system is composed of four subsystems, and the switching
law is periodic and satisfies

σ t =

1, if t ∈ k, k + 0 25 , winter,
2, if t ∈ k + 0 25, k + 0 5 , spring,
3, if t ∈ k + 0 5, k + 0 75 , summer,
4, if t ∈ k + 0 75, k + 1 , autumn,

 k = 0, 1, 2,…

48

Consider dynamical behavior of system (4) with initial
conditions E0

h = 100, I01 = 40, I02 = 60, I0v = 330, S0h = 1800,
and S0v = 10028. The switched parameter values are used as
follows: a1 = 0 002, a2 = 0 078, a3 = 0 05, a4 = 0 078, b1 =
0 006, b2 = 0 156, b3 = 0 106, and b4 = 0 156. For the control
switched parameter values, we set γ1 = 0 2, γ2 = 0 8, γ3 =
0 2, γ4 = 0 8, p1 = 0, p2 = 0 8, p3 = 0 8, and p4 = 0 8. Accord-
ing to Lemma 3, we can get R0 = 0 903702 < 1 by numerical
calculation, which shows that the disease dies out (see
Figure 2). Set γ1 = 0 2, γ2 = 0 4, γ3 = 0 2, γ4 = 0 35, p1 = 0,
p2 = 0 2, p3 = 0 15, and p4 = 0 5. We get R0 = 1 801682 > 1;
the disease is uniformly persistent by Theorem 2, which is
showed from Figure 3.

Table 1: Parameter values for system (4).

Parameter Value Unit Reference

Λ 6,028,433 year−1 [31]

Nh 2000 — [31]

μ1 0.04 year−1 [32]

μ2 3.2 year−1 [33]

d 0.025 year−1 [21]

α 24.33 year−1 [15]

θ 1.8 year−1 [16, 17]

ω 1 year —

k 0.6 — Estimation
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Figure 2: Time series plots of the total of infected trees and infected
psyllids. The disease dies out with R0 = 0 903702 < 1.
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Switching parameters have an effect on the peak size of
infected individuals for switching epidemic models. Next,
we consider the effect of varying switching removal rates γσ
and insecticide spraying rates pσ to evaluate the effectiveness
of various control measures, while holding the other switched
parameters constant. In Table 2, we give two different control
projects to compare with the baseline scenario, which is
denoted by Strategy I and Strategy II.

Figures 4 and 5 show the numerical simulations of the
baseline scenario, Strategy I, and Strategy II. If we compare
the baseline scenario and Strategy I (see rows 1 and 2), the
evaluation implies that the baseline scenario is worse than

Strategy I (larger final and peak sizes andR0). If we compare
the baseline scenario and Strategy II (see rows 1 and 3), the
evaluation suggests that the baseline scenario is better than
Strategy II (lower final and peak sizes and R0). This illus-
trates that Strategy I is the best control project, and the most
effective control strategy is spraying in spring and autumn
and removing in winter.

By calculating, R0 = 5 023193 in the absence of control
strategies. We can observe from Figure 6 that the disease
breaks out rapidly. This illustrates that removing infected
trees and spraying pesticides play an important role in con-
trolling the spread of HLB.

5. Conclusions

By introducing switching parameters into a general impul-
sive HLB model, a novel impulsive switching model for
HLB with seasonal fluctuations has been constructed and a
threshold valueR0 with switching effect has been established
to measure whether the disease is uniformly persistent. The
modeling and analytic methods presented in this paper
improve the classical results for the systems with impulsive
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Figure 3: Time series plots of the total of infected trees and infected
psyllids. The disease is persistent with R0 = 1 801682 > 1.
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Figure 4: Time series plot of the total of infected trees for the
baseline scenario and Strategy I.

Table 2: The effect of parameters pσ and γσ on the disease control.

p1 p2 p3 p4 γ1 γ2 γ3 γ4 R0

Baseline scenario 0.3 0.8 0.3 0.8 0.2 0.8 0.2 0.8 0.878143

Strategy I 0.3 0.8 0.3 0.8 0.8 0.2 0.8 0.2 0.868525

Strategy II 0.8 0.3 0.8 0.3 0.2 0.8 0.2 0.8 0.994301
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Figure 5: Time series plot of the total infected trees for the baseline
scenario and Strategy II.
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Figure 6: Time series plot of the total infected trees for the baseline
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interventions. Numerical examples have been given to dem-
onstrate the effectiveness of the results obtained.

Our numerical investigations demonstrate that the most
effective season of spraying insecticide is in spring and
autumn and the most effective season of removing infected
trees is winter. The result strongly suggests and supports
the previous observations [19, 34]. This can serve as an inte-
grating measure to design an appropriate strategy to control
HLB spread.
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Interactions between twodifferent guilds of entities are pervasive in biology.Theymayhappen atmolecular level, like in a diseasome,
or amongst individuals linked by biotic relationships, such as mutualism or parasitism. These sets of interactions are complex
bipartite networks. Visualization is a powerful tool to explore and analyze them, but the most common plots, the bipartite graph
and the interaction matrix, become rather confusing when working with real biological networks. We have developed two new
types of visualization which exploit the structural properties of these networks to improve readability. A technique called k-core
decomposition identifies groups of nodes that share connectivity properties. With the results of this analysis it is possible to build a
plot based on information reduction (polar plot) and another which takes the groups as elementary blocks for spatial distribution
(ziggurat plot). We describe the applications of both plots and the software to create them.

1. Introduction

Network science is a powerful tool for biological research
across all scales: molecular [1–3], genetic [4–6], individual
[7, 8], and community [9, 10]. The conceptual framework is
valid for them all, and this fact has fostered both theoretical
and applied developments. An important subset of biological
networks are bipartite. They have two different classes of
nodes. Each one may be tied to nodes of the opposite guild
but never to its peers.

Gene-protein, host-pathogen, and predator-prey inter-
actions are the basis of bipartite biological networks. A
common structural property of them is the core-periphery
organization [11–13]. This fact is well-known in ecology. In
mutualistic communities there is one group of very intercon-
nected nodes, the generalists, that provide stability and
resilience [14]. Species with a low number of links (degree)
are tied to those specialists.This property is called nestedness,
and there are different indexes to measure its strength [15].
Another important structural feature is modularity, which

accounts for the existence of small groups of nodes with a
high number of links (also known as degree) inside a network
sparsely connected [16].

Inmany cases the issue of interest is not the generalization
of the network properties but the study of a particular
system itself. In these fields dealing with complex systems,
scientists are more interested in finding special relationships
or understanding the role of a specific node than their
statistical properties. A more detailed, qualitative rather than
quantitative analysis about relationships in a complex net-
work may be more useful for some researchers in medicine,
biology, sociology, or even economy. Visualization may play
an important role in network analysis as an interface between
data and people [17–19].

The range of possible applications is wide [20]. For
instance, a field ecologist could identify central species and
those most endangered within a community with a good
network plot. A clinical researcher may detect anomalies
in complex gene-protein associations. Visualization is an
essential procedure in the exploratory stage [21] and requires
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Figure 1: Mutualistic community in Tenerife, Canary Islands (Spain), with 68 species and 129 links [29]. In mutualism, species fall into two
disjoint guilds, such as plants and pollinators or plants and seed dispersers. Ties amongst species of the same guild are forbidden. (a) Bipartite
plot of this community. (b) Interaction matrix.

fast and interactive applications able to disentangle structure.
General purpose network analysis applications like Gephi
[22] are a good choice to have a quick overview, but plotting
bipartite layouts is not their primary purpose. Although a lot
of effort has been put in development, those tools designed
for bipartite biological visualization are still scarce [23–28].

The most common plots in literature are the bipartite
graph and the interaction matrix, two ways to visualize a
bipartite network of any kind. In the bipartite graph, nodes
of both classes are plotted along parallel lines. Interactions
appear as links amongst them (Figure 1(a)). On the one hand,
it is quite simple, as it makes clear the separation of guilds. On
the other hand, it is not easy to follow indirect interactions,
those between two nodes of the same class linked by a
common node of the opposite. They are not much relevant
in affiliation networks (journals-authors, movies-actors) [34]
but are extremely important in many biological networks.
They create feedback loops that increase complexity and
eventually emerging properties that arise from it [35, 36].

For networks with more than 75 nodes, the bipartite
plot becomes extremely confusing. It is hard to distinguish
individual links and impossible to follow indirect interac-
tions. Accumulation of links in the space between guilds
creates what is known as the hairball effect [37], but the main
shortcoming of the bipartite plot is that it does not show the
network hierarchical organization.

In the interaction matrix, nodes of one guild are arranged
along rows and species of the opposite guild along columns.
A filled cell marks the interaction between two species

(Figure 1(b)). With the interaction matrix it is possible to
visually discover patterns of nestedness and modularity, so
it is more expressive in the representation of structure. On
the other hand, indirect interactions are even less apparent
than in the bipartite plot.Thematrix also becomes difficult to
interpret when the number of nodes and links raises.

To overcome the drawbacks of the bipartite graph and the
interaction matrix, there are two possible attack strategies:
information reduction or taking advantage of knownnetwork
traits to order nodes and links in space. In this paper,
we explain how structural properties of bipartite biological
networks are the basis of two new types of visualization. Both
rely on a classical technique called 𝑘-core decomposition [38].
We also describe an interactive application to plot them.

2. Plots

The rationale behind this research is that as biological
networks are not random, this fact should provide a natural
way to group nodes using their topological properties. These
groups must be the basis for a spatial distribution that min-
imizes the hairball effect and, in addition, makes structural
sense.

The 𝑘-core decomposition is a fast and efficient technique
to cluster nodes by their connectivity properties [39, 40].
The 𝑘-core of a graph 𝐺 is a maximal connected subgraph of
degree 𝑘. Each node of the core of order𝑚 (called𝑚-shell) has
linkswith at least𝑚 other nodes that belong to that same core.
The practical implication of this definition is that nodes are
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classified according to their connectivity.The innermost shell
is the set of highest 𝑘 index nodes. Nodes with higher degrees
are the generalists. As 𝑘 index decreases, nodes become more
specialist. The usual way to identify the𝑚-𝑠ℎ𝑒𝑙𝑙 subsets is the
pruning algorithm: one starts pruning the nodes with just one
link, recursively. This subset of nodes constitutes the 1-shell.
The remaining nodes are tied by at least two links. In the next
step one extracts nodes with only two links, also recursively;
this subset is the 2-shell. And so on. This procedure helps
to recognize how the nodes of the 𝑚-shell are tied to the
network. We refer to [41] for further details on the k-core
analysis of bipartite networks.

As a result of the analysis we define two magnitudes. The
first one is 𝑘radius. The 𝑘𝐴radius(𝑚) of node 𝑚 of guild 𝐴 is the
average distance to all nodes of the innermost shell of guild 𝐵
(set 𝐶𝐵).

𝑘𝐴radius (𝑚) =
1
𝐶𝐵

∑
𝑗∈𝐶𝐵

dist𝑚𝑗 𝑚 ∈ 𝐴, (1)

where dist𝑚𝑗 is the shortest path from node 𝑚 of guild 𝐴 to
node 𝑗 of guild 𝐵. In an intuitive way, 𝑘radius measures how far
the node is from the most connected shell, the group that is
the corner stone of the network.

The second magnitude is 𝑘degree. It is defined as the recip-
rocal of sum of the reciprocal values of 𝑘radius of neighbour
nodes:

𝑘𝐴degree (𝑚) = ∑
𝑗

𝑎𝑚𝑗
𝑘𝐵radius (𝑗)

𝑚 ∈ 𝐴, ∀𝑗 ∈ 𝐵, (2)

where 𝑎𝑚𝑗 is the element of the interaction matrix that
represents the link, considered as binary (1 if 𝑎𝑚𝑗 > 0, 0 if
𝑎𝑚𝑗 = 0). Note that 𝑘

𝐴
degree(𝑚) is a weighted degree.

2.1. The Polar Plot. The 𝑘-core decomposition helps to visual-
ize very large systems and networks and to understand their
structure [42, 43]. In particular, the fingerprint plot uses a
polar coordinate system [44].Nodes are depicted at a distance
proportional to the shell they belong to and their areas are
proportional to their degree.The plot includes only a fraction
of links. There are some variations that work on the principle
of edge-bundling [45], merging nodes and links to create a
more readable plot [46].

Taking this idea as the starting point, we build the polar
plot. Differences are noteworthy. The first one is the bipartite
nature of the networks, so space is divided into two half-
planes, one for each guild. Node shapes are also different
for each guild. This plot provides an overview of how far
from the core the nodes are and, at the same time, their
connectivity (by the size of the marker) and to which𝑚-shell
they belong (by the color of the marker). This visualization
is interesting to detect some special features of the network;
for instance, a well bonded core will present the innermost
shell at distance 𝑘radius equal to one, and a nested network
will show a periphery close to the core. This plot shows the
periphery nodes less relevant for the network connectivity as
markers far away from the core and it allows detecting highly
connected nodes that do not belong to the core. Angle does

not convey information; the algorithm computes it to reduce
node overlapping. Links are not displayed.

Optionally, the usermay choose to display the histograms
of 𝑘degree, 𝑘radius, and 𝑘-𝑠ℎ𝑒𝑙𝑙. The 𝑘radius histogram shows the
distribution of node distances to network core. The 𝑘degree
histogram is very similar to the degree distribution but with
noninteger bins, due to the weights in its definition.Themost
interesting histogram is that of the 𝑘shell; a typical nested
network exhibits a U-shaped 𝑘shell histogram. This shape of
distribution is related to a big core and numerous peripheral
nodes; an L-shaped histogram is related to a networkwith too
many peripheral nodes and a small core.

Figure 2 is the polar plot of a host-parasite assembly with
a characteristic high concentration of nodes in the innermost
shell. Most nodes lay inside the 𝑘radius 1 circle, but there
is a sensible number of outlying species. This network is
moderately nested (NODF = 29, where NODF is a common
measure of nestedness that ranges from 0 to 100 [47]).

2.2. The Ziggurat Plot. The polar plot does not show network
links, as it works on the information reduction strategy. The
ultimate goal of this research is the creation of a new kind
of diagram with as many details as possible. The basic idea is
grouping nodes by their 𝑘shell. If we stick nodes with the same
𝑘index in a reduced area, links amongst the same shell nodes
will not spread across the whole space. Only ties with their
edges in different shells would have long paths. The receding
stepped-shape of each group of nodes reminded us of the
ancientMesopotamian temples, so we have called this second
kind of plot ziggurat.

This simple principle is not so easy to implement. The
bipartite nature of networks means that links have to go from
one guild to the opposite.

The core-periphery organization implies that there are
many ties from 1-shell nodes towards upper 𝑘-index groups.
Nodes with high degree are prone to be visually suffocated
by surrounding links in the bipartite graph. See plant species
numbers 1, 2, 3, 4 in Figure 1. This challenge is a formidable
obstacle.

Thegeneral procedure to draw a ziggurat plot is as follows:

(1) Perform the 𝑘-core decomposition and assign each
node its 𝑘-index.

(2) Compute 𝑘radius and 𝑘degree.
(3) Draw the highest 𝑘-index shell of each guild as a

group of stacked rectangles ordered by 𝑘degree and
decreasing height.

(4) For (𝑘 < 𝑘max) and (𝑘 > 2) draw species groups as
stacked rectangles, with the one with smallest 𝑘degree
as the basis. Raise the position of the basis according
to their 𝑘-index.

(5) Draw 1-index species as rectangles in the outer part of
the plot. If two or more nodes of 1-shell are tied to the
same node of a higher shell, merge them into just one
rectangle.

(6) Draw outliers, chains of 1-shell nodes tied to other 1-
shell nodes.
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Figure 2: Polar plot of a host-parasite assembly in Tyva (Russian Federation) with the histograms of 𝑘radius, 𝑘degree, and 𝑘shell of the 37 species
[30].

(7) Draw nodes disconnected of the giant component as
a small bipartite plot in the lower area of the graph.

(8) Draw links.

Figure 3 shows a ziggurat plot under construction. It is
the same network of Figure 1. The 𝑘-core decomposition puts
each species inside one shell; we do not show nodes of 1-
shell at this moment. The maximum 𝑘-index is 4 for this
community.

The innermost shell (4-shell) is found on the center of
the plot, slightly leftwards. Nodes are rectangular-shaped
and are ordered by 𝑘degree. Heights decrease just for plotting
convenience. The specular position of both guilds leaves
space to draw the links amongst them. In Figure 3 we have
plotted just three connections from pollinator 1 towards plants
of 4-shell.

Lower 𝑘-shells have ziggurat shape, with nodes ordered by
ascending 𝑘radius, so pollinator 7 is the closest to the innermost
shell in 3-shell. Links inside the shell (grey color) connect the
left sides of rectangles (plant 4-pollinator 9). Links between

two different shells (green) connect the right side of the
highest 𝑘-index node to the left side of the lowest one (plant
17-pollinator 7).

3-shell ziggurats are more distant from the horizontal axis
than 2-shell ziggurats. Moving them up or down, it is possible
to change the area of the internal almond-shaped space
defined by the ziggurats and the innermost shell triangles.
This area is key because links from 4-shell lay here and do not
cross the inner ziggurats.

The outer space is the 1-shell nodes home.We divide them
into three groups: outsiders, tails, and chains of specialists.
Outsiders are nodes disconnected from the giant component.
They are unusual in recorded ecological networks because
by definition they do not interact with the community. This
network lacks outsiders. Tails are nodes directly connected to
higher 𝑘-index nodes. They are very common, and to reduce
the number of lines we apply a simple grouping rule. If 𝑛 tails
are tied to the same species of a ziggurat, we plot them in a
unique box with just one link. Chains of specialists are less
frequent. They are built with nodes of 1-shell linked amongst
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them; the edge that has a link with a higher 𝑘-index shell is
the root node (plant 13).

Putting everything together, we obtain the ziggurat plot
of Figure 4.This may be compared with the bipartite graph of
the same network (Figure 1).

Links are drawn as straight lines or splines that make
the diagram more appealing to the eye. If links are weighted,
setting the width of each link to be proportional to a function
of the interaction strength is optional.

Note that, for a given node, the main links are those
towards higher 𝑘-shells. With this plot, it is very easy to
observe how many links depart from a node to higher and
to lower 𝑘-shells. One can also determine if a node is more
connected to higher 𝑘-shell than another one and, then, if its
contribution to the network is more important.

3. Exploratory Analysis Using 𝑘-Core Plots
The ziggurat plot unveils structural details that are hard to
visualize in the bipartite graph. Figure 5 is a network of
associations amongst human diseases and noncoding RNA

(lncRNA); we refer to the original paper for comparison with
the bipartite visualization [31]. It is a small network with 39
nodes and low connectivity, just 44 links. The highest degree
lncRNA node is number 8 (XIST), which in the bipartite plot
looks as the most central one. The ziggurat shows at a glance
that, despite its high connectivity, it appears in association
with diseases that belong to its chain of specialists. On the
other hand, diseases like breast cancer and acute myeloid
leukemia are associated with multiple lncRNAs.

The network of Figure 6 is slightly bigger, with 29 gene
signatures used for predicting the reoperative treatment
response of breast cancer and 19 pathways to different types
of cancer [32]. The bipartite plot is hard to understand in the
original paper, because of the number of ties, 149.

Figure 6 shows a network with a stronger hierarchy
than Figure 5. The identification of genes most frequently
associated with pathways to cancer is straightforward.

The main application of the polar plot is the visual
comparison of networks even if their sizes are very different.
Figure 7 is a subset of a disease-cofactor network. Authors
selected diseases tied to at least 5 cofactor-interacting proteins
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(39 nodes) and plotted the bipartite graph 7. The ziggurat
plot (Figure 7(a)) of the subset shows an extremely nested
structure, an effect of the selection rule. The polar plot of
the full network (Figure 7(b)), with 414 nodes, displays a
much richer structure. Diseases are distributed across a wider
range of 𝑘radius. Most cofactors have high degree and were not
filtered; the opposite happened to the disease nodes.

These figures are a small sample of the importance of
choosing a good visualization tool with a correct analysis of
decomposition of a network.

4. Software

The 𝑘-core analysis and plotting of ziggurat and polar graphs
are provided as an open source application.

4.1.The kcorebip Package. The R package kcorebip contains
the functions to perform the analysis and to plot static graphs
of a network. It comes with a set of networks for testing
purposes. Ecological data were downloaded from the web
of life database [48]. As the format of the web of life files
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Figure 8: Interactive ziggurat user interface. Plant-pollinator assembly inGarajonay, Canary Islands (Spain), recorded byOlesen, highlighting
the pollinator species number 11, Gonepteryx cleopatra.

has become a standard de facto by its simplicity, kcorebip
follows the same convention for input files.

The function network k analysis computes the k-
magnitudes and other useful indexes, using the functions that
provide packages as bipartite and igraph [49, 50]. We
refer to the user manual for details.

Ziggurat and polar graphs use basic calls to the ggplot2
graphics package [51]. We compute from scratch coordinates
and sizes, not relying on other network plotting libraries.

4.2. Interactive Application. The kcorebip package is a
powerful solution for researchers with programming skills
that need high quality plots for scientific publications, but
exploratory analysis requires a more interactive approach.
BipartGraph has been designed with this need in mind.

The technological choice is Shiny, the R reactive pro-
gramming environment. It has the advantage of a native
backend and a JavaScript-based user interface thatmay be
easily extended. This combination of technologies ensures a
wide compatibility with most common operating systems.

The interactive ziggurat is the main feature
of BipartGraph. The original implementation of the
kcorebip package only provided the ggplot2 object to
display or save. To create an interactive version we faced
two main choices, replicating the code with a dynamic

technology or extending kcorebip. We found a fast and
almost nonintrusive solution creating an SVG object. The
ziggurat is a set of rectangles, lines, and texts. The most
time consuming tasks are network analysis and spatial
distribution. These computations are performed just once,
and besides each ggplot2 element in the function plots, it
creates the SVG equivalent.

The browser displays the SVG ziggurat with multiple
options for the user: tooltips, select a node or a link,
highlight connections, zoom in, and zoom out. In addition,
a second panel shows information of highlighted nodes and
the available information on Wikipedia (Figure 8).

The configuration panels make plot properties easy to
modify. Visual and intuitive Shiny controls, as sliders or
checkboxes, hide the complexity of the input parameters of
the ziggurat graph function.

At any moment, the user may download the high quality,
high resolution static plot with the printable ziggurat
option. In order to reproduce the results or to include
the graph in other environments, such as R Markdown or
Jupyter notebooks, we added the Download generating
code button. When clicked upon, BipartGraph writes a file
with the last ziggurat graph call, ready to use in any R
script.
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There is not interactive version of the polar plot, as
we think that network exploration is much easier with the
ziggurat. The user may produce the static polar plot, the high
quality downloadable PNG file, and the generating code, in the
same way that we have explained with the ziggurat.

5. Conclusions

Visualization of bipartite biological networks is very useful
for researcherswhen they are interested in following the paths
from a node or scanning the structure of the network. Using
the 𝑘-core decomposition we have designed and developed
two new graphs that work by information reduction (polar
plot) and spatial grouping by connectivity (ziggurat plot).
They provide two complementary views of internal network
structure.

Wewould like to emphasize the importance of choosing a
correct visualization of complex networks and, in particular,
of bipartite networks, which helps in correctly understanding
networks of a large number of nodes and high density.

We benchmarked both tools with the full collection of
ecological bipartite collection of the web of life database.
The ziggurat plot remains readable up to 250 nodes, that is,
about fourfold the limit of the bipartite plot. The polar plot
works fine for networks beyond that size because it works on
reducing information, paying the price of a loss of detail.

Software is provided as open source, under a very
loose MIT license, and comes in two versions. The
package kcorebip provides the full functionality for
researchers with a minimum of R programming skills. The
application BipartGraph is the fully fledged interactive
environment to build both kinds of graphs for this public.
Its user centric design makes it very easy to master, provides
some additional features, and is open to new fields of
application such as education.

Data Availability

Interaction matrixes were downloaded from the web of
life database http://www.web-of-life.es. A subset of these
matrixes is installed by default with BipartGraph, including
all networks used in this paper. Software availability data
are as follows: name of software: BipartGraph; programming
language: R; operating system:Windows, Linux, andMacOS;
availability: SW at https://github.com/jgalgarra/bipartgraph;
user interface: web browser; license: free, underMIT License.
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