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Completely monotonic and related functions are important
function classes in mathematical analysis. It was Bernstein [1]
who in 1914 first introduced the notion of completely mono-
tonic function. This year we celebrate its 100th anniversary. In
1921, Hausdorft [2] gave the notion of completely monotonic
sequence, which is related to the notion of completely mono-
tonic function. Widder [3] in 1931 introduced the notion of
minimal completely monotonic sequence. The terminology:
logarithmically completely monotonic function, was first used
in [4] in 1988. In 1989, the authors [5] introduced the notion
of strongly completely monotonic function. In 2009, the authors
[6] introduced the notion of strongly logarithmically com-
pletely monotonic function. Also, the terminology: almost
strongly completely monotonic function, was introduced in [6]
in order to simplify the statement of the main results of the
article [6]. In 2012, the terminology of almost completely
monotonic function was defined and used in [7] in order to
simplify the statement of the main results of the article [7].
Researchers did a lot of investigations, in both theory and
applications, on these functions. More recently, for example,
the authors [6] showed that a strongly logarithmically com-
pletely monotonic function must be almost strongly com-
pletely monotonic. Also, in [6], the following fact that a
strongly logarithmically completely monotonic function
cannot be strongly completely monotonic, or, equiva-
lently, a strongly completely monotonic function cannot be
strongly logarithmically completely monotonic was estab-
lished. Figure 1 illustrates the inclusion relationships among

these classes of functions on (0, 00). In these inclusion rela-
tionships, the fact that a logarithmically completely mono-
tonic function must be completely monotonic was, in fact,
first proved in [8] although the author did not use the
terminology of logarithmically completely monotonic function;
all others are from [6] or directly from their definitions. Also
note that in [6] counter examples were presented to show that
some function classes are not included in some other function
classes or to show that the intersection sets of two function
classes are not empty.

We invited investigators to contribute original research
articles as well as comprehensive review articles to this special
issue which will stimulate the continuing efforts to under-
stand these functions. This special issue mainly focuses on the
applications, in all fields, of completely monotonic and related
functions. The topics included in this special issue are as
follows:

(i) completely monotonic functions and their applica-
tions,

(ii) almost completely monotonic functions and their
applications,

(iii) logarithmically completely monotonic functions and
their applications,

(iv) strongly logarithmically completely monotonic func-
tions and their applications,
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FIGURE 1: Inclusion relationships among classes of completely mon-
otonic and related functions on (0,00). (A) Almost completely
monotonic function class. (B) Completely monotonic function class.
(C) Logarithmically completely monotonic function class. (D)
Almost strongly completely monotonic function class. (E) Strongly
logarithmically completely monotonic function class. (F) Strongly
completely monotonic function class.

(v) strongly completely monotonic functions and their
applications,

(vi) almost strongly completely monotonic functions and
their applications,

(vii) absolutely monotonic functions and their applica-
tions,

(viii) Bernstein functions and their applications,
(ix) completely convex functions and their applications,
(x) moment sequences and their applications,

(xi) Laplace (Stieltjes) transforms associated with com-
pletely monotonic or related functions,

(xii) interpolation or fitting of data by completely mono-
tonic or related functions,

(xiii) approximation of (by) completely monotonic or
related functions,

(xiv) analytic inequalities associated with completely mon-
otonic or related functions,

(xv) numerical methods for completely monotonic or
related functions, explicit and implicit,

(xvi) ordinary, partial, and fractional differential equations
and difference equations related to completely mono-
tonic or related functions,

(xvii) mathematical modeling using completely monotonic
or related functions.

Dozens of manuscripts were received for this special
issue, but only a few peer-reviewed, high-quality articles were
published. We hope that the interested readers will continue

Journal of Applied Mathematics

to investigate the applications of completely monotonic and
related functions in probability and statistics, numerical and
asymptotic analysis, statistical physics, physical chemistry,
and so forth.
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The existence of the energy-minimizing solutions for a baby-Skyrme model on the sphere is proved using variational method. Some

properties of the solutions are also established.

1. Introduction

Half a century ago, Skyrme [1] firstly suggested that the
soliton in the nonlinear o-model [2] may be explained by
the baryon number, which is corresponding to the winding
number of soliton.

The Skyrmions were originally introduced to describe
baryons in three spatial dimensions [1]. In a nonlinear scalar
field theory, a Skyrmion is a classical static field configuration
of minimal energy. The scalar field is the pion field, and
the Skyrmion represents a baryon. The Skyrmion has a
topological charge which prevents continuously deforming to
the vacuum field configuration. This charge is identified with
the conserved baryon number which prevents a baryon from
decaying into pions [1, 3].

Skyrmions have been shown to exist for a very wide class
of geometries [4], which are now playing an increasing role
in other areas of physics as well. For example, in certain
condense matter systems, Skyrmions are used to model the
bubbles that appear in the presence of an external magnetic
field in two dimensions; they could provide a mechanism
associated with the disappearance of antiferromagnetism, the
onset of HTc superconductivity, and so on. In condensed
matter physics [5], the model [6] has direct applications
which may give an effective description in quantum Hall
systems. In the context of condensed matter physics [7,
8], direct experimental observations can be made. In three
spatial dimensions [6], baby Skyrmions have been studied
in the context of strong interactions as a toy-model in

order to understand the more complicated dynamics of usual
Skyrmions which live.

In the present paper we consider a baby-Skyrme model,
that is, Skyrmional model in two spatial dimensions, which
was introduced in [9]. Our purpose of this paper is to
establish the existence of the energy-minimizing solutions
for this baby-Skyrme model rigorously by the variational
method. In Section 2, we will present the mathematical
structure of the model and the main existence theorem.
In Section 3, we will show the existence of the energy-
minimizing solutions by the variational method and establish
some properties of the solutions.

2. The Mathematical Structure
and Existence Theorem

Baby Skyrmions are obtained as the nontrivial solutions of
the well-known nonlinear O(3) model. The model consists of
three real scalars ¢,(a = 1,2, 3) subject to the constraint

¢-¢=1 o)
The equation of motion admits solutions with finite energy

which represents a mapping of prat into Sizm. They are
characterized by the density p,

p= eij(/_g' (az‘/; X ai‘/;)’ @)
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and the winding number W,

N N I
W—8njdrp. 3)

The energy functional of this model is as follows:
E=E? +EY + E?, (4)

with
J ppd’r, (5)

where #; is a unit vector in the third derivation in internal
space and « is a parameter that is assumed positive.
By using the inequality

0= J {z_ll(ai‘/; £ € X aj(/;)z

1 2 (6)
( e,06x ' + va (7, gB’)) }dzr,
we may find the Bogomol'nyi bound
E > 4nk (1 + Va). (7)

We are to extend the model above by going from pr to

Sfp (L) where L is the radius of the two-sphere. By the polar
coordinates 6, (0 < 0 < mwand 0 < ¢ < 2m),

x = Lsin0 cos ¢; y = LsinOsin ¢. (8)

And the Jacobian of the transformation and the metric
associated with the polar coordinates are

J =~L*sin,
2 12(..2 2 2 ©)
ds" =1L (sm Ode +d9).

In order to obtain explicit static solutions in the winding
number W = k sector, we introduce the hedgehog parame-
terization

¢, = sin f cos kg;

¢, = sin f sin kg; (10)
¢; = cos f,
where
f=10), (1

is subject to the boundary conditions

fO©=m  f@m=0. (12)

Journal of Applied Mathematics

The energy functional is as follows:

E.(f)
_ i & . 2 2 Sinf>2 k_2 ,z(sinf>2
T 4k jo d@sme{f +k <sin9 * sz sin 0

+2aL* (1 - cosf)} ,

(13)
while the winding number density results in
ysin f
= 14
& L2 f sinf’ 1)

Itis not difficult to show that the Euler-Lagrange equation
of (13) is

K? sin f 2,
1 i
[ +L2<sin9> ]f
k251n2f k*
sin20 L2

2f

,sinf(f,cosf

sin 6 cos 0

)]

(15)

+[f'
x cotf — L’ sin f = 0.

Next we are to find a solution of the boundary problem
(15) and (12). We will establish the existence of solutions by
the indirect variational method.

Here is our main existence theorem, which solves the
above problem.

Theorem 1. The boundary value problem (15) and (12) has a
solution f(0) such that

0< f(@) <m VOe(0,n), (16)

and there hold the sharp asymptotic estimates

n—f(9)=0(03/2) (as 8 — 0),
(17)
fO0)=0(x-0") (as6— m).

3. The Proof of Theorem 1

In this section, we will divide the proof of Theorem 1 into two
lemmas.

Lemma 2. The boundary value problem (15) and (12) has a
solution f(0) such that

m-f©®=0(6") (as6—0),
(18)
f©)=0(-0"%) (as®—m).

Proof. In order to get a solution of (15) with the boundary
condition (12), we may look for the minimizers of the
functional (13).
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We first introduce the admissible space
={f| f(0) is continuous on [0,7]

and absolutely continuous on every compact
7] such that it satisfies

subinterval of [0,

the boundary condition (12) and E; (f) < oo} .
19)

Obviously the set &/ is not empty.
We intend to find a solution of (15) and (12) by solving the
minimization problem:

n=min{E,(f) | f € o}. (20)

Let {f,(0)} be a minimizing sequence of (20). Without loss of
generality, we may assume that
0<f,0) <m, 0<0O<m. (21)

Otherwise, we may modify the sequence to fulfill (21) mean-
while without enlarging the energy. From the inequality

|1+ cos f, (0)|
0
< .[0 |(— sin £, (s)) f, (s)| ds
g B0 01,

|sin s|

0 1/2 0 . 2 1/2
. / (8)
< (L |sms|2ds) (L (fn (9)«%) ds)

3/2 1/2
< = 0P(E)

=C,0"% ¢ >0,

(22)

we may see that f,(0) — 7 uniformlyas@ — 0.
Similarly, we have

|1 - cos f, (0)|

< Jn 'sin f.(s) f (s)lds

J |sin s| -
0

o 2 V2o ’ 2 sin f,,(s) ’ v
5( . |sin s| ds) (L (fn (s)) <W> ds)

|smf,l ) f, (s)|

|sin s|

L
< ﬁ(ﬂ -0 (E, (fn))l/z
=C,(m-0)* C,>o0.

(23)

Then, we may find that f,(0) — 0 uniformlyasd — 7.

3
In view of (22) and (23), lettingn — 00, we have
f,(0) — 71 (as @ —0),
f,0) —0 (as 0 — m),
(24)

n-f(©)=0(6"7) (as6—0),

fO)=0(7-0") (s —n).

We may get that the sequence {f,(0)} is bounded in
W% (a, b) for any

0O<a<b<m (25)

Using weak compactness, we may assume that {f,(0)} (in
fact, a subsequence in it) is weakly convergent in W"*(a, b).
Applying a diagonal subsequence argument, we may assume
there is an

f(6) e W2 (0,m), (26)
such that

fu () — f(0)

as n — 00, (27)

weakly in W2(a,b). In view of the compact embedding
theorem, we may get

W' (a,b) — CJa,b]. (28)

That is, W"*(a, b) can be compactly embedded into C[a, b].

So we see that the convergence (27) is strong in Cla,b].

Consequently, we know that f,(0) is absolutely continuous

in any compact subinterval of (a, b) and continuous on (0, 7).
Let

1 . " 2<sinf >2 K ,2( sinf)2
F=—sin6 K| —= = —_—
k" [f T \Gine) " sz sin 6

+2aL’ (1 —cosf)].

(29)

Using the weak lower semicontinuity property of the func-
tional, we obtain the inequality

b
jb FF©) <liminf [ F(7,0))d0 < liminfEe (£,) =

a

(30)

for any
0<a<b<m. (31

Letting
a— 0", b— 1, (32)

we have

E)= | F(ndosnzE(. o



Thus we see that f(0) fulfills the complete boundary
conditions (12). Therefore

f©) ed, (34)

and (30) allows us to obtain

E(f)=n. (35)
That is, f is found to be a solution of (20). As a consequence,
f is a finite-energy solution of (12) and (15). O

Next we will establish some properties of the energy-
minimizing solutions.

Lemma 3. Let f be the energy-minimizing solution obtained
in Lemma 2. Then
0<f(O)<m VOe(0,m). (36)

Proof. Evidently, f(6) = 0 is an equilibrium point of (15). We
assume that there is 6, such that

f(60) = 0. (37)
Hence, f(0) attains its global minimum, so
£ (6,) = 0. (38)

Using the uniqueness theorem for the initial value problem
of ordinary differential equations, we can get

f@®=0, (39)
which contradicts
f)=m, (40)
)
f©@) >0, VOe(0,m). (41)
Similarly, we may find that
f@) <m, VOe(0,m). (42)
Combining Lemmas 2 and 3, we complete the proof of
Theorem 1. O
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We study the recent investigations on a class of functions which are logarithmically completely monotonic. Two open problems are

also presented.

1. Introduction

Recall [1] that a positive function f is said to be logarithmi-
cally completely monotonic (LCM) on an open interval I if
f has derivatives of all orders on I and for alln € N :=
1,2,3,...1,

(-1)"[In £ ()] > 0. o

LCM functions are related to completely monotonic
(CM) functions [2], strongly logarithmically completely
monotonic (SLCM) functions [3], almost strongly completely
monotonic (ASCM) functions [3], almost completely mono-
tonic (ACM) functions [4], Laplace transforms, and Stieltjes
transforms and have wide applications. It is evident that the
set of SLCM functions is a nontrivial subset of the set of
LCM functions, which is a nontrivial subset of the set of CM
functions, and that the set of CM functions is a nontrivial
subset of the set of ACM functions. It was established [3] that
the set of SLCM functions is a nontrivial subset of the set of
ASCM functions and that the set of SLCM functions on the
interval (0, 00) is disjoint with the set of strongly completely
monotonic (SCM) functions (see [5] for its definition) on the
interval (0, 00).

It is well known that the classical Euler gamma function
is defined for x > 0 by

I (z) = LOO et dr. )

The logarithmic derivative of I'(z), denoted by

I' (2)
I'(z)’

v(z) = 3)

is called psi function, and ' for k € Nare called polygamma
functions.
Fora,y € R and 8 > 0, define

T (x+ )

Y
e ] xe(0,00), (4

f[x’ﬁ’y (x) = |:

which is encountered in probability and statistics.

Since fy3,(x) (y > 0) is logarithmically completely
monotonic if and only if f,g,(x) is logarithmically com-
pletely monotonic and f, g, (x) (y < 0) is logarithmically
completely monotonic if and only if f, 5 ;(x) is logarith-
mically completely monotonic, we only need to study the
logarithmically complete monotonicity of the function

eT(x+p

+1
foc,ﬁ,ﬂ (x) = [ ha )] ,  x€(0,00). (5)

In [6, Theorem 3.2], it was proved that the function
f1/201(x) is decreasing and logarithmically convex from
(0,00) onto (127, 00) and that the function Sro1(x) is
increasing and logarithmically concave from (0,00) onto
(1, 00).
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2
In [7, Theorem 1], for showing
bh_l a-b r (b) bb_l/z a-b
e — e (6)
a%1 T (a) au—l/z
for
b>a>1, (7)

monotonic properties of the functions In f,,,(x) and
In f, o1 (x) on the interval (1, co) were obtained.

In [8, Theorem 2], it was presented that the function
Sa0,1(%) is decreasing on the interval (c, 0o) for ¢ > 0 if and
only if

1
<- 8
as (8)
and increasing on the interval (¢, co) if and only if
. {c[lnc—w(c)] ¥fc>0, ©)
1 ifc=0.

In [9], after proving the logarithmically completely
monotonic property of the functions f;,,,(x) and f; ;_; (x),
in virtue of Jensen’s inequality for convex functions, the upper
and lower bounds for the Gurland’s ratio were established: for
positive numbers x and y, the inequality

T ()T (y)

[T((x+9)/2)]°  [(x+)/2]77
(10)

xx—l/zyy—l/z xx—lyy—l

[(x+y) 217

holds true, where the middle term in (10) is called Gurland’s
ratio [10].
In [11] the authors proved the following result.

Theorem 1 (see [11]). If
2a<1<p, (1)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

The necessary and sufficient conditions for the func-
tions f, ,(x) and f,, _,(x) to be logarithmically completely
monotonic on the interval (0, co) were also given in [11].

Using monotonic properties of the functions f;,;(x)
and f,,_;(x), the inequality (6) was extended (see [1I,
Remark 1]) from

b>a>1 (12)
to
b>a>0. 13)
In [12] the authors proved the following results.

Theorem 2 (see [12]). If § > 0 and o« < 0, then the
function f, g,(x) is logarithmically completely monotonic on
the interval (0, 00).
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Theorem 3 (see [12]). For 3 > 0, a necessary condition for the
function f, g,(x) to be logarithmically completely monotonic
on the interval (0, 00) is that

« < min {/3%} (14)

Theorem 4 (see [12]). For § > 1, a necessary and sufficient
condition for the function f, g,(x) to be logarithmically
completely monotonic on the interval (0, 00) is that

. (15)

N | =

o <

As direct consequences of the above results, the following
Kec¢ki¢-Vasi¢-type inequality is deduced.

Theorem 5 (see [12]). Let x and y be positive numbers with
X#Y.

(1) For 3 > 1, the following inequality
x ocﬁr(x+‘3):|1/(x_}’)
I(x, =) —/—= (16)
(xy)>[<y) I(y+p)

holds true if and only if & < 1/2, where

L\ e
I(a,b)=—(—a> (a>0,b>0, a+b) (17)
e\ a

is the identric or exponential mean.
(2) For 8 > 0, the inequality (16) holds true also if « < 0.

In [13], the following result was established.

Theorem 6 (see [13]). (1) For 8 € [0,1/2), if

ocgﬁ—e‘l(l—ﬁ)zexp(ﬁ), (18)

then the function f g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

(2) For 3 € [1/2,1], if

« < min {3ﬁ2—3ﬁ+1,%}, (19)

then the function f g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

From Theorem 6 we can directly obtain the following new
result.

Corollary 7. (1) For f € [1/4,1/2], if
a<f--, (20)

then the function fo g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).
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(2) For B e (1/2,3/4], if

(xsﬁ—é, (21)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

(3) For B € (3/4,1], if

agﬁ—%, (22)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0 oo)

A necessary and sufficient condition is obtained in [13] as
follows.

Theorem 8 (see [13]). For

+ —, 00 (23)

o)
6

Be{otu [
a necessary and sufficient condition for the function f, g, (x) to

be logarithmically completely monotonic on the interval (0, co)
is that

1
< - 24
< (24)
Regarding the logarithmically complete monotonicity for
the function f,5_;(x) and their applications. In [14], the
authors proved the following results.

Theorem 9 (see [14]). If the function f“,ﬁ,,l(x) is logarithmi-
cally completely monotonic on the interval (0, 00), then either

B >0, oczmax{ﬁ,%} (25)

or

=0, ax1 (26)

Theorem 10 (see [14]). For
1
-, 27
B> 5 (27)

the necessary and sufficient condition for the function f, g _;(x)
to be logarithmically completely monotonic on the interval
(0, 00) is that

a>p. (28)

As first application, the following inequalities are derived
by using logarithmically completely monotonic properties of
the function f, g+, (x) on the interval (0, c0).

Theorem 11 (see [14]). (1) For k € N, double inequalities

lnx—l <y(x)<lnx- ZL’
x x
(29)
(k-1)! k!

(k=1! k!
Xk 2kt k

A G =

hold true on the interval (0, 00).

3
(2) When B > 0, inequalities
B
y(x+p)<lnx+—,
x
(k ) ~ Bk-1)! Co
2 - 1!
DY (x4 p) 2 o
hold true on the interval (0, 00) for k > 2.
(3) When f > 1/2, inequalities
y(x+p) >Inx,
(k 2)1 (31)

D Y (x4 p) <

hold true on the interval (0, 00) for k > 2.
(4) When 3 > 1, inequalities

B-1/2

y(x+p) <lnx+ ,
x

(k 2)' _(B-1/2) (k- 1)

k

Dy D (x4 B) 2

X

hold true on the interval (0, 00) for k > 2.

As second application, the following inequalities are
derived by using logarithmically convex properties of the
function fa,ﬁ,il(x) on (0, c0).

Theorem 12 (see [14]). Letn € N and

x>0 (1<k<n). (33)
Suppose also that
Yh=1 (p=20). (34)
k=1
If either
ﬁ > 0, a<0 (35)
or
B=1, as<t, (36)
2
then
HZ=1 [r(xk +ﬁ)]Pk Hk . Pk (xp+B~ax)
n > . (37)
r (Zkzl DX + ﬁ) (Zk=1 pkxk)zkzl PrXptp-o
If
o > > l (38)
2p=7,

then the inequality (37) reverses.

As final application, the following inequality can be
derived by using the decreasingly monotonic property of the
function f“)ﬁ,_l(x) on (0, o).



Theorem 13 (see [14]). If

a>f>-, (39)

N | —

then
I(x,y) < [(;)M% ] " (40)

holds true for x, y € (0, 00) with x # y, where I(x, y), defined
by (17), is the identric or exponential mean.

The following results were shown in [15].
Theorem 14 (see [15]). For
B =0, (41)

a sufficient condition for the function f, g_,(x) to be logarith-
mically completely monotonic on the interval (0, 00) is that

aZmax{%,ﬁ,3ﬁ2—3ﬁ+l}. (42)

Remark 15. From Theorems 9 and 14 we see that the necessary
and sufficient condition for the function f,, ;(x) to be
logarithmically completely monotonic on the interval (0, 0o)
is that

o> 1. (43)
This result is Theorem 2 in [11]. Here we recovered it.

Theorem 16 (see [15]). Let
ﬂe[l—ﬁ,l]. (44)

Then the necessary and sufficient condition for the function
Ja,p-1(x) to be logarithmically completely monotonic on the
interval (0, co) is that

. (45)

N | =

o 2>

The following results are applications of the above theo-
rems.

Theorem 17 (see [15]). When

l — ﬁ < ﬁ < l, (46)
2 6 2
the following inequalities
1/2-

y(x+p)>Inx- P

(k - 2)! . (1/2-B)(k-1)! (47)

k

(—l)ky/(kfl) (x+p) <

xk-1 x
(k>2)

hold true on the interval (0, 00).

Journal of Applied Mathematics

Theorem 18 (see [15]). Letn € N and

x>0 (1<k<n). (48)
Suppose also that
ZPk =1 (p=20). (49)
k=1
If
1
0<p<—,
? (50)
o> max{%,?&ﬁz -38+ 1} R
then
TP+ I Tl ™ -
T (Zz:l pkxk + ﬁ) - (Z:=1 pkxk)zzzl Pexitp-o
Theorem 19 (see [15]). If
1
0<B<—,
2
) (52)
o= max{E,Sﬁz -38+ 1},
then
I( )<[<x>“ﬁr(x+ﬁ)]”““”
x’ —_— —
g y) T(y+B) (53)

(x>0, y>0; x#y),

where in (53) I(x,y), defined by (17), is the identric or
exponential mean.

2. Open Problems

2.1. Open Problem 1. From Theorem 8 we have already
known, for

V3 ) ; (54)

1
ﬁE{O}U[E‘F?,OO

a necessary and sufficient condition for the function f, 4, (x)
to be logarithmically completely monotonic on the interval
(0, 00).

For

1 3
ﬁ€<0,5+?), (55)

what is a necessary and sufficient condition for the function
fa,p1(x) to be logarithmically completely monotonic on the
interval (0, 00)?

Already Known. Theorem 3 gave a necessary condition;
Theorem 6 provided a sufficient condition.
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2.2. Open Problem 2. From Remark 15, Theorems 10 and 16
we have already known, for

1— ﬁ,oo), (56)
2 6

,BG{O}U[

anecessary and sufficient condition for the function f, 5, (x)
to be logarithmically completely monotonic on the interval
(0, 00).

For

1 V3
ﬁe(o,z—?), (57)

what is a necessary and sufficient condition for the function
fa,p,-1(x) to be logarithmically completely monotonic on the
interval (0, 00)?

Already Known. Theorem 9 gave a necessary condition;
Theorem 14 provided a sufficient condition.
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This paper studies the T-stability of the Heun method and balanced method for solving stochastic differential delay equations
(SDDEs). Two T-stable conditions of the Heun method are obtained for two kinds of linear SDDEs. Moreover, two conditions
under which the balanced method is T-stable are obtained for two kinds of linear SDDEs. Some numerical examples verify the

theoretical results proposed.

1. Introduction

Stochastic differential delay equations (SDDEs) are the pro-
motion of stochastic differential equations (SDEs) and dif-
ferential delay equations (DDEs). These kinds of equations
consider not only the stochastic factors in the process of the
development of a system, but also the impact of the delay. As
an important mathematical model, SDDEs have been applied
widely in many areas, such as stochastic control, economics,
and biology. Since it is difficult to find the analytic solutions to
SDDE:s, to get the numerical solutions to SDDEs generated by
some numerical methods is commonly used. For a numerical
method, it is important to analyze its stability.

The general form of SDDEs with Gaussian white noise is

dX () = f(LX ), X (t - 1)) dt
+ gL X ), X (t-1)dW (1),

X)) =9,

te[0,T], (1)

t €[-1,0],

where 7 > 0, ¢(t) € C([-7,0l,R™), f: R" x R" x R" —
R", g: R"xR"xR" — R™? and W(¢) is a standard
d-dimensional Wiener process. Equation (1) has a unique

solution if f and g are sufficiently smooth and satisfy the
following conditions:

|f (6 x0, 31) = f (80 1) V g (8 %1, 31) = 9 (£, %5, 35)|

< L(lxl - le + |J’1 - J’zl) >
(2)

|f(, x, y)|2 Vgt x,y)|2 < K(l +|x]” + |y|2), (3)

wheret > 0, x, ¥, x|, ¥;, X5, ¥, € R”, and L and K are
constants. The condition in (2) is called Lipschitz condition,
and the condition in (3) is called the linear growth condition.

The main numerical methods for SDDEs are Euler-
Maruyama method [1, 2] and Milstein method [3] at present.
The mean square stability of these methods for SDDEs has
been well studied. Cao et al. [1] studied the mean square
stability of Euler-Maruyama method for linear SDDEs. Liu
et al. [2] studied the mean square stability of the semi-
implicit Euler method for linear SDDEs. Wang and Zhang
[3] discussed the mean square stability of Milstein method for
linear SDDEs. Wang and Chen [4, 5] studied the mean square
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stability of semi-implicit Euler method for nonlinear neutral
SDDEs and that of Heun methods for nonlinear SDDEs. Tan
et al. [6] discussed the mean square stability of balanced
methods for SDDEs. T-stability is introduced by Saito et al.
in [7-9], and it is another kind of stability with respect to
the approximate sequence of sample path. Cao [10] studied
the T-stability of the semi-implicit Euler method for delay
differential equations with multiplicative noise. Rathinasamy
and Balachandran [11] studied the T-stability of the split-step
0-methods for linear SDDEs. Yang and Liu [12] discussed
the T-stability of the 6-method for a stochastic pantograph
differential equation.

Applying the Heun method [5] to (1) gives

X

n+l
1
= Xn + E [f (tn’ Xn’ anm)

+ f (tn+1’Xn + h f (tn’ Xn’ Xn—m) ’Xn—m+1)] h
+ g (tn’ Xn’ Xn—m) AWn’
(4)

where h > 0 is a step size with T = mh for a positive integer m
and t,, = nh. X,, is an approximation of X(t,)), and X, = ¢(t,,)
ift, < 0. AW, = W(t,,,) - W(t,) ~ N(0, h).

The mean square stability of the Heun method in (4) was
studied in [5], but there is no result about T-stability of the
method at present. This paper gives two T-stable conditions
of the Heun method (4) for two kinds of linear SDDEs.

The balanced method for solving (1) is

Xn+1 = Xn + f (tn’ Xﬂ’ Xn—m) h + g (tn’ Xﬂ’ Xn—m) AWH

(5)
+C (Xn’ anm) (Xn - Xn+1) >

where C(X,,, X,,_,,) = Co(X,,, X,._,)h + C1(X,,, X,,_,,)IAW, |
and C,, C, are d x d real matrix functions.

Let M(x, y) = I + 3,Cy(x, ¥) + B,C,(x, y), where I is a
unit matrix, 8, € [0,a], &« > h, §; = 0,and (x, y) € R? x R%.
Assume that M(x, y) is invertible with [(M(x, y))_ll <K<
0.

The mean square stability of the balanced method for
SDEs and SDEs with jumps was studied in [13, 14], respec-
tively. In 2011, Tan et al. [6] applied the balanced method
to SDDEs and discussed the mean square convergence and
stability of this method. However, there is no research result
about T-stability of the balanced method (5) at present. In this
paper, the conditions under which the balanced method (5)
is T-stable are obtained for two kinds of linear SDDEs.

Section 2 introduces the stochastically asymptotically
stable conditions in the large for two kinds of linear SDDEs.
In Section 3, T-stability of the Heun method equipped with a
specified driving process is discussed and the corresponding
step size range is given. Section 4 studies T-stability of
the balanced method, and Section 5 uses some numerical
examples to verify the results given in this paper.
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2. Asymptotic Stability of Analytical Solution
Consider the following two scalar linear test equations:
dX (t) = [aX (t) + bX (t — 7)] dt
+eX () dW @),
X)) =9,
dX (t) = [aX (t) + bX (t — 7)] dt

t €[0,T] (6)

t € [-1,0],

+[eX () +dX (t - 7)) dW (b),

X)) =9,

te[0,T] (7)
t € [-1,0].

Let (Q,F,{F,},50,P) be a complete probability space with
a filtration {F,},.,, which is right continuous, and each F,
contains all P-null sets in F. In (6) and (7), a,b,c,d €
R; 7 > 0; W(¢) is a one-dimensional standard Wiener process;
initial function @(¢) € C([-7,0], R™) is Fy,-measurable and
Ellgoll2 < 00. Equations (6) and (7) have unique strong
solution if (6) and (7) meet Lipschitz condition in (2) and the
linear growth condition in (3).

Definition 1 (see [10]). The solution of (1) is stochastically
asymptotically stable in the large if

P (tlinéo X (t, )| = 0> =1 (8)
for all initial functions ¢.

From Corollary 3.2 in [15], we get Lemmas 2 and 3 as
follows.

Lemma 2. The solution of (6) is stochastically asymptotically
stable in the large if parameters a, b, and c in (6) satisfy

a<—|bl- %cz. )

Lemma 3. The solution of (7) is stochastically asymptotically
stable in the large if parameters a, b, c, and d in (7) satisfy

a <= Ibl = 3 (1l + 1)) (10)

3. T-Stability of the Heun Method

Definition 4 (see [10]). Suppose that the condition in (9) or in
(10) is fulfilled. A numerical scheme equipped with a specified
driving process is said to be T-stable if

Jim |X,| — 0 as. (1)

for the driving process, where X, is the numerical solution
generated by the numerical scheme applied to the test
equation (6) or (7).

For analyzing T-stability, we focus our attention on
the trajectory of numerical solution. A specified driving
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process proposed in Definition 4 is used to approximate the
Wiener increment AW, of the numerical methods. This paper
analyzes the Heun method equipped with two-point random
variables for the driving process. So AW,, := 1, Vhand P(, =
+1) = 1/2, where P denotes the probability.

The Heun method applied to (6) and (7), respectively,
gives

X1 = <1 +ah + %azhz + cAWn> X,
(12)
+ %bh(l +ah) X,_,, + %th

n-m+1>
x =(1 152
il = +ah+5ah +cAW, ) X,
1 1
" [Ebh (1+ah)+ dAWn] X+ 5b1X
(13)
where h > 0 is a step size with T = mh for a positive integer

mandt, =nh, X, = X(t,) ift, <0, X, = ¢(t,).
For the Heun method in (12), we have

1
| X | < (|1 +ah+ Eazh2 +cAW,

+’1bh(1+ah)‘+‘lbh>
2 2

X max {anl 4 |Xn—m| L4 |Xn—m+1|}

(14)
= (B(l +ah)® + % + cnn\/z
1 ]
+|—bh(1 +ah)| N |—bh>
2 2
x max {|X,|, X, | | Xpmir|}-
Let
1 1
R(h,a,b,c) = ‘Ebh(l + ah)l ; ‘Ebh’
(15)

+ |1(1 +ah)® + 1 +c11n\/ﬁ’.
2 2
It is clear that |X,| — 0, as. (n — o0) if P(R(h,a,b,¢) <

1) = 1, and therefore the Heun method in (12) is T-stable.
Denote

Ry (h,a,b,¢)
_ <|1bh(1 +ah)l N |lbh|
2 2

+|%(1+ah)2+%+c\/ﬁ‘) (16)

ot

Lona +ah)‘ N |lbh’
2 2

+ l%(l +ah)* + % —c\/ﬁ|)

Since #,’s follow two-point distribution, we get |X,| —
0, as. (mn — 00) if Rp(h,a,b,¢) < 1, which means that the
Heun method in (12) is T-stable.

Similarly, for the Heun method in (13), we can get
Ry (h,a,b,c,d) as follows:

ET (h,a,b,c,d)
=<Bbh(1+ah)+d\/ﬁ’+l%bh‘
Lavan?+Licvn
+’§( + ah) +5+c D a7)
x(|%bh(1+ah)—d\/ﬁ|+|%bh|
1 , 1
+|—(1+ah) +——c\/ﬁ|),
2 2
and [X,| — 0, as. (n — ©0) ifﬁT(h,a,b,c,d) < 1, which

means that the Heun method in (13) is T-stable.

Theorem 5. Suppose (6) meets the condition in (9). The Heun
method in (12) is T-stable if h < H, where

! } : (18)

H=miny———, —
{|b|—a 4c?

Proof. The condition in (9) gives a < 0. Denote

R, (h,a,b,c) = |%bh(1 +ah)| " l%bh|
1 , 1
+‘—(1 +ah)’ + = +c\/fll,
2 2
1 1
R, (h,a,b,c) = |Ebh(1 +ah)| , lzbh|
1 , 1
+|—(1 +ah) + = —c\/ﬁl,
2 2

and Rp(h,a,b,¢) = Ry(h,a,b,c)R,(h,a, b, c).
Forb+0,wehavea+b < 0,a—b < 0 from the condition
in (9). Let

1 1 1
ho=—2 b =mi {—-,—}. 19
! a 2 = il a’ 4c? 19

Only the conclusion of the theorem when b < 0,c¢ > 0
is proven, and that of the theorem when b < 0,c < Oorb >
0,¢>0o0rb > 0,c <0 can be proven similarly.

Ifh < hy, thenh < —1/a and h < 1/4c*, and we have
1+ah>0and (1/2) — cvVh > 0. Hence

R, (h,a,b,c) + R, (h,a,b,¢)
=-bh(1+ah)-bh+(1+ah)’+1  (20)
=(a-b)(ah+2)h+2.

Sinceah+1>0anda-b < 0,wehaveah+2 > 0and

0 <R, (ha,b,c) + R, (h,a,b,c) < 2. (21)



Consequently,

Ry (h,a,b,¢) =R, (h,a,b,c) R, (h,a,b,¢)

< Rl (h) a, b) C);’Rz (l’l, a, b,c) 2 <1 (22)

which means that the Heun method (12) is T-stable if h < h,.

(a) When h; = -1/a < H,iftH = 1/4¢?, then h, =
min{-1/a, 1/4c*} = —-1/a = h,.

If H = 2/(|b| — a), then H < 1/4c¢%, which yields h,
~1/a < H < 1/4c*,and h, = —1/a = h,. Hence h, = h, if
h, < H.

For obtaining the result of this theorem in this case, the
left work is to prove the method is T-stable for h; < h < H.

Ifh, < h < H,then -1/a < h < 1/4c*, h < 2/(|b] - a);
that is,

1+ah<0, %—c\/ﬁ>0, (a-bDh+2>0. (23)

Sincea—|b|<a+b,weget(a+bh+2=(a—|b))h+2>0.
Since

R, (h,a,b,c) + R, (h,a,b,c)
=bh(1+ah)-bh+(1+ah)*+1 (24)
=ah[(a+b)h+2]+2,

we have 0 < R,(h,a,b,c) + Ry(h,a,b,c) < 2 froma < 0 and
(%), and therefore

Ry (h,a,b,¢) = R, (h,a,b,c) R, (h,a,b,c)

2
< Rl(h,a,b,c)-szz(h,a,b,c) 2<1, (25)

which means that the Heun method (12) is T-stable if h < H.

(b) When h; = H, it is easy to know h, = h,, and the
Heun method (12) is T-stable if h < h, = H.

(c) When hy = -1/a > H,itH = 1/4¢%, then h, =
min{-1/a, 1/4c*} = 1/4c¢* = H.If H = 2/(|b| - a), then
—-1/a > 2/(|b| — a). Solving this gives a > -—|b|, which
contradicts the condition in (9). So h, = H if h; > H. Hence
the Heun method in (12) is T-stable if h < h, = H.

The discussion above shows that the Heun method in (12)
is T-stable provided that h < H, which completes the proof.

O

Theorem 6. Suppose (7) meets the condition in (10). The Heun
method in (13) is T-stable if H, < h < H,, where

2 2
H, = Lz, H, = min {—1 L ﬁ} . (26)
(a+1b]) a 4c
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Proof. The condition in (10) gives a < 0. Denote

R, (hab,cd) = l%bh(l +ah) + dvz|

+ llbh‘ + ’1(1 +ah)® + E +c\/ﬁ|,
2 2 2
(%%)
R, (hab,c,d) = l%bh(l +ah) —dx/ﬁ|

+ llbh| + |1(1 +ah)’ + 1 —c\/ﬁl,
2 2 2

and then INQT(h, a,b,c,d) = 1~21 (h,a,b,c, d)ﬁz(h, a,b,c,d)
from (17).

(a) Suppose b < 0,¢ > 0,d > 0, and H, < H,. With
h < H,, we have

1 +ah >0, %bh+dx/ﬁ>0, %—c\/z>0, 27)

and R,(h,a,b,¢,d) + Ry(h,a,b,c,d) = (2a — b)h + 2dVh +
a’h?* + 2 from (x#). With b > H,, we have h > 4d*/(a — b)%;
that is, (2a — b)h + 2dVh < ah. The inequality 1+ ah > 0 with
a < 0 gives ah < —a*h?, and therefore (2a — b)h + 2dVh <
—a*h*. With this and (##), we get 0 < R,(h,a,b,c,d) +
R,(h,a,b,c,d) < 2. Consequently,

Ry (h,a,b,c,d) = R, (h,a,b,c,d) R, (h,a,b,c,d)

[Rimabicd) + Ry abic.d) 2<
2

1)
(28)

which means the Heun method in (13) is T-stable.

In the same way, we can prove that the Heun method in
(13) is T-stable when b < 0,¢ > 0,d < 0orb < 0,c < 0,d >0
orb<0,c<0,d<0.

(b) Suppose b > 0, ¢ > 0,d > 0,and H, < H,. With
h < H,, we get

1+ah>0, %bh—d\/ﬁ<0, %—c\/ﬁ>0, (29)
and R,(h,a,b,c,d) + Ry(h,a,b,c,d) = (2a + b)h + 2dVh +
a*h? + 2 from (x#). With h > H,, we have h > 4d*/(a + b)*;
that is, (2a +b)h +2dVh < ah. The inequality 1+ah > 0 with
a < 0 gives ah < —a*h?, and therefore (2a + b)h + 2dVh <
—a’h*. With this and (#%), we get 0 < R,(h,a,b,c,d) +
R,(h,a,b,c,d) < 2. Consequently,

1~2T (h,a,b,c,d) = 1~31 (h,a,b,c,d) 1~32 (h,a,b,c,d)

_[Rinabed)+ Ry(nabcd) 2<
2

1,
(30)

which means that the Heun method in (13) is T-stable.

In the same way, we can prove that the Heun method in
(13) is T-stable when b > 0,¢ > 0,d <0orb > 0,c < 0,d > 0
orb>0,c<0,d<0.

The proof of the theorem is complete. O
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4. T-Stability of the Balanced Method
The balanced method applied to (6) and (7), respectively,

gives

M) X, + (ﬂ) X, 31)
1+C 1+C

ah + cAW,, ) (bh +dAW,

X =1+ —-
ntl < 1+C 1+C

where C = Cyh + C,|AW,,| and C,, and C, are real numbers.
In the analysis of T-stability of balanced method, we also use
two-point random variables for the driving process.

For the balanced method in (31), we have

ah + cAW,,
Xl <1+
1+ Coh +C, |AW,|

Xy = <1 +

) X (32)

1

v bh max {[ X, | X, ]}
1+ Cyh + C, |AW,)|
(33)
Denote
R(h,a,b,c) = |1 + ah + e, Vh
1+Coh +Cy |n,| Vh
. bh
1+ Coh +C, || VR|’
ah+cvVh
Ry (hya,b,c)=| |1 + —MM—
r ) (’ 1+Cyh+C,Vh
(34)
bh D
+ —_—
1+ Coh+C,Vh
ah—cvVh

><<1+

+

1+Coh+C,Vh

bh |>
1+Coh+CVh|)

The discussion about the Heun method in Section 3 implies
|X,| — 0,as. (n — o0)if Ry(h,a,b,c) < 1, which means
that the balanced method in (31) is T-stable if R(h,a,b,¢) <
1.

Similarly, for the balanced method in (32), we get
1~2T (h,a,b,c,d)

_(l ,_ahtcVh | | bh+dVh )
1+Coh+C,Vh| [1+Coh+CVh
( ah - cVh bh - dvh )
x| |1+ + s
1+Coh+C,Vh| [1+Coh+C,Vh

(35)

and |X,] — O,as.(n — oo)if Rp(hab,c,d) < 1,
which means that the Heun method in (32) is T-stable if
Ry(h,a,b,c,d) < 1.

Theorem 7. Suppose (6) meets the condition in (9). The
balanced method in (31) is T-stable if F(h) > 0, where

F(h) = (Cy+a)h+(C, —|c|) Vh. (36)
Proof. The condition in (9) gives a < 0. Denote
R, (ha,b,c) = |1 + M
1+ Cyh+C,Vh
. L’
1+Cyh+C,Vh ’
(s * =)
ah —cVh
R, (habyc)=|1+ ———
: 1+Cyh+C,Vh

bh ’
1+Coh+C,Vh|’

and Ry(h,a,b,c) = R (h,a,b,c)R,(h,a,b,c) from (34). It is
easytoknowa+b <0,a-b < 0forb+0.
If ¢ > 0,b > 0, we have

Coh + C,Vh +ah - cVh > 0,

+

(37)
C0h+C1\/}—z+ah+c\/ﬁ2 0,

from the assumption F(h) > 0, which applies 1 + Cyh +
C,Vh > 0. Then R,(h,a,b,c) and R,(h,a,b,c) in (* * *)
become

1+ Coh+C Vh+ah+cVh +bh

R, (hya,b,c) =
' 1+Cyh+C,Vh

>

1+ Coh+CVh+ah—cVh+bh
1+Coh+CVh
2(a+b)h
1+Coh+C,Vh

Sincea+b < 0, 1+ Coh+ C,Vh > 0, we have 0 <
R,(h,a,b,c) + Ry(h,a,b,¢c) < 2 and

Ry (h,a,b,¢) =R, (h,a,b,¢) R, (h,a,b,c)

R, (h,a,b,c) = (38)

>

R, (h,a,b,c) + R, (h,a,b,c) =2 +

2 (39)
< Rl(h7 a, b) C) ;— RZ(h) a, b) C) < 1’

which means that balanced method in (31) is T-stable.
In the same way, we can prove that the balanced method
in (31) is T-stable when

c>0, b<0 or ¢c<0, b>0,
(40)
or ¢<0, bz
The proof of the theorem is complete. O

Theorem 8. Suppose (7) meets the condition in (10). The

balanced method in (32) is T-stable if h > H and F(h) > 0,
where

2

-2,

= F(h)=(Cy+a)h+(C,—I|c|) Vh.  (41)
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F1GURE 1: Simulations with the Heun method for (6) with @ = —7, b=1,and ¢ = 1. (al) / = é (b1) h = % (1) h = é and (d1) b = 1/3.

Proof. The condition in (10) gives a < 0. Denote Ifc > 0,b>0,d >0, we have bh — dVh > 0 fromh > H
and

Coh + C,Vh +ah - cVh > 0,

~ B ah +cVh (42)
Rl(hﬂ’b’c’d)—l“ucoh—mﬁ Coh+ C,Vh+ah+cVh >0,
bh +dVh from the assumption F(h) > 0, which yields 1 + Cyh +
p Y 0
"Nrchrc vl C,Vh > 0. Then R,(ha,b,c,d) and Ry(h,a,b,c,d) in
0 ! (3 % k) (* * *x) become
~ ah - cVh
Rz(h,a,b,c,d)=’1+m R (habed) 1+Coh+C,Vh+ah+cVh+bh+dvVh
’ ' e 1+ Coh+C,Vh '
bh—dvh
+m, sz(habcd)_1+C0h+CI\/E+ah—C\/E+bh—d\/ﬁ
2 y Uy Us Ly - >

1+Coh+C,Vh

2(a+b)h

and then ﬁT(h, a,b,c,d) = ﬁl(h, a,b,c, d)ﬁz(h, a,b,c,d) 1+Cyh+ Cl\/ﬁ'
from (35). Itiseasy toknowa +b <0, a—-b < 0forb+0. (43)

R, (h,a,b,c,d) + R, (h,a,b,c,d) = 2 +
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F1GURE 2: Simulations with the Heun method for (7) witha = -9, b= -1, ¢ =1.1,andd = 0.9. (a2) h = 1/19, (b2) h = 1/15,(c2) h = 1/11,
and (d2) h = 1/3.

Since a +b < 0,1 + Coh + C;Vh > 0, we have 0 <  from theassumption F(h) > 0, which applies 1+C,h+C, Vh >

R,(h,a,b,c,d) + Ry(h,a,b,c,d) < 2, and Ry(h,a,b,c,d) = 0. Then

R,(h,a,b,c,d)R,(h,a,b,c,d) < 1, which means that the _ _ 2(a+b)h

balanced method in (32) is T-stable. Ry (h,a,b,c,d) + R, (h,a,b,c,d) =2 + m
In the same way, we can prove that the balanced method 0 ! (46)

in (32) is T-stable when
from (% * *%). Since a + b < 0,1 + Cyh + C, Vh > 0, we have

c>0, b>0, d<0 or ¢c>0, b<0, d>0 0<ﬁl(h,a,b,c,d)+1~22(h,a,b,c,d)<2; (47)

(44)
or ¢>0, b<0, d<0. consequently, Ry(h,a,b,c,d) < 1, which means that the
balanced method in (32) is T-stable.
Ifc < 0,6 > 0,d > 0, we get bh — dvh > 0 from h > H In the same way, we can prove that the balanced method

and in (32) is T-stable when

c<0, b>0, d<0 or c<0, b<0, d>0
Coh+CVh+ah+cVh =0, or ¢<0, b<0, d<O.
(45)
Coh+C,Vh+ah-cVh >0 The proof of Theorem 8 is complete. O

(48)
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FIGURE 3: Simulations with the balanced method for (6) witha = -3, b = 2,and ¢ = 1. (a3) h = 1/22, (b3) h = 1/16, (c3) h = 1/10, and

(d3) h=1/4.

5. Numerical Examples

Consider test equations (6) and (7) with 7 = 1, ¢(t) = t +
1, t € [-1,0]. In the following figures t,’s are nodes, and X,
denotes the numerical solution at t = ¢,,.

Takea = —-7,b = 1, and ¢ = 1 in (6). From (18), we get
H = 1/4, which means that the Heun method in (12) is T-
stable if & < 1/4. Figure 1 shows that the Heun method in
(12) is T-stable when h = 1/9, h = 1/7,and h = 1/5 but is
unstable when & = 1/3, since h = 1/3 exceeds the range of h
in Theorem 5, which verifies Theorem 5.

Takea = -9,b = -1,c = 1.1,andd = 0.9 in (7).
From (26), we get H, = 1/20, H, = 1/9, which means that
the Heun method in (13) is T-stable if 1/20 < h < 1/9.
Figure 2 shows that the Heun method in (13) is T-stable when
h = 1/19, h = 1/15,and h = 1/11, but it is unstable when
h = 1/3, since h = 1/3 exceeds the range of / in Theorem 6,
which verifies Theorem 6.

Takea = -3,b=2,andc=1in(6)andC, = 1,C; =2
in the balanced method in (31). Then the balanced method in
(31) is T-stable if h < 1/4 from Theorem 7. Figure 3 shows
that the balanced method in (31) is T-stable when h = 1/22,
h = 1/16, h = 1/10, and h = 1/4, since these k% are in the
range of h in Theorem 7, which verifies Theorem 7.

Takea = -5,b=1,c¢ = 1,andd = 02 in (7) and C; =
2, C; = 2 in the balanced method (32). Then the balanced
method in (32) is T-stable if 1/25 < h < 1/9 from Theorem 8.
Figure 4 shows that the balanced method in (32) is T-stable
when h = 1/15,h = 1/13, h = 1/11, and h = 1/9, since
these K’ are in the range of h in Theorem 8, which verifies
Theorem 8.

6. Conclusion

In this paper, T-stability of the Heun methods and the
balanced methods for two kinds of linear SDDEs is studied.
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FIGURE 4: Simulations with the balanced method for (7) witha = -5, b=1, ¢ =1,andd = 0.2. (a4) h = 1/15,(b4) h = 1/13,(c4) h = 1/11,

and (d4) h =1/9.

The Wiener increment of the numerical methods in this paper
is approximated by a discrete random variable with two-
point distribution in the process of the study of T-stability.
The T-stable conditions for the Heun methods and balanced
methods are given, respectively, and are verified by some
numerical examples.
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We obtain some new generating functions for g-Hahn polynomials and give their proofs based on the homogeneous g-difference

operator.

1. Introduction

Throughout this paper we suppose that g € C, |q| < 1, and
the g-shifted factorials are defined by

n-1
@), =1 (wq),=[](1-aq"),
k=
. ' 0
(a:9), = H (1 - aqk), n>1.
k=0
Clearly,
(asq), = A= Des @
(aq™9),

We also adopt the following compact notation for the multi-
ple g-shifted factorials:

(al’ az’ ceed m;q)n = (al;q)n(az;q)n T (am’ q)n’

(3)
(a5 8,50) o = (8139) o0 (A39) o+ (@3 @) oo

The basic hypergeometric series or g-series ¢, are defined

by
a,ays...,0,
,¢s< b by, ..., b W)
N (ap.ay-..,a,:9),
n:O(q’bl’bZ""’bs;q)n

(4)

1+s—r n
[

(-1)"q(?)

Euler identity is as follows:

e 1
= . 5
,;)(q; 7, ) ®

The g-binomial theorem is as follows:

(o]

z(a: D, »_(3%59)

Lga),” (.

(6)

The usual g-differential operator or g-derivative operator D,
is defined by (see [1, Page 177, (2.1)])

D, f @) = L1, o

D) {f @} =D, (D) {f @}}.

In [1], Chen and Liu introduced the g-exponential T(qu)
operator as follows (see [1, Page 17, (2.5)]):

n

(8)

T (qu) - OZO: (qu)

n=0 (q’ q)n '
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and they get the g-operator identity of T(bD,) (see [1, Page
178, Theorems 2.2 and 2.3]) as follows:

T (bD,) {(at;lq)w} " (at, bi; Deo

T(bD ) 1 _ (abSt;q)oo
| (as,at; q), (as,at,bs,bt;q)

|bt| < 1,

|bt| < 1.
)

Recently Chen et al. [2] introduced the following homoge-
neous g-difference D,,,,

ny {f (x, )’)} = ! (x’ qx):)q_lj;(qX) y) (10)

and the homogeneous g-difference operator E(D,,):

E(Dy)- 5 o a
They obtained some properties of D,,,,

Dy {B: (% y)} = (1~
et
Alrn
o) o)

The classical Rogers-Szegd polynomial is defined by means of
the generating function:

as follows:

q") Py (%, ),

(V) o
(xt:9)
k (V59)
(xt:9) o

(¥t:9)

(12)

X t" 1
hn X | = > |t| <L (13)
2 1) o =

obviously, we have

T(D,) (") =y (e 1) = Y [Z] X, (14)

k=0
The homogeneous Rogers-Szeg6 polynomial is defined by

n

h(xylq) =) [Z] P (%), (15)

k=0

where P,(x,y) = (x — y)(x — ygq)---(x — yq""). Clearly,
h,(x,y | q = (Dily %)(x) are the Cauchy polynomials with
the following generating function:

2 (yz9),

(x2:9),

, lxz] < 1. (16)

ZPk (X y) (q,q)k
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From the above properties, we have

E(Dy ) {B, (%, »)} =h, (x.y 1 q), (17)
(yt:q)
h, (x, = o 18
Doyl =it
Lemma 1 (see [3, Lemma 2.3]). For |t|, |xt| < 1,
(1t:9)y, P (%, y) }
E(D

(Py )1(xt;q)oo (yt:9),

(19)

_ Ut § H (0 X80); i
(t.xt;q), = LK1 (vt:9),

g-Hahn polynomial is defined by [4]

& t" (axt; q)
O (x) = =3 (20)
,;) (q), (Lxtq),
We have
o (x Z [ ] (as q)kxk. (21)
k=0
Clearly, ®9(x) = h,(x | q).

Recently, Chen et al. [3] gave some new proofs of the
following results based on the method of homogeneous g-

difference operator E (ny).

Theorem 2. Consider the following:

S 0@ () o® () L
2,07 ()9 (0) o

(xat, ybt;q)
- (bxtytq),,

(22)
t,a,b

34)2 < xat, ybt; 9 th) .

Theorem 3. Consider the following:

00 0 s
2 2 0 () .

(q,q) (49),,
_ (xas;q), 4, ( xa, xs q,t).

(s,xs,xt3q), ° xas;

m

(23)

For more references on the g-difference operators, see [1,
5-16].

In the present paper, we obtain some new generating
functions for g-Hahn polynomials and give their proofs based
on the homogeneous g-difference operator.

2. Some New Generating Functions for g-Hahn
Polynomial

In the present section we obtain the following new generating
functions of g-Hahn polynomial.
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Theorem 4. For|z| < 1,

00 k . n
@ 2 (axzq),, [n] (@2z0) «
I;) ok )(q;‘I)k (Z,XZ;q)OokZO k (axz; q)k

(24)

Proof. Let x — yand a — b in (21), we have

S 0@ () o® z
,;) @) (v) @,

Yol @ Y [i] Gt o
n=0 k=0

qsq) (25)
_ i(b(a) (x) (b:q), 2"
- k

k
o (@), (39, b=)

By the g-binomial theorem (6) and noting that (b;9),,,, =
(bq"; 9),,(b; @)y.» we have

(xaz, ybz; Q)ooz (a,b,z;q)k (x z)k
(z,xz, y2;9) ,, iz (axz,byz, 4 q),

«(byzd'sa)
(12:9)

_ (xaz;q),, & (a,b,2:9),
(2, x2:q) o, 5 (ax2, 45 ),

(xyz)

 (xaziq),, & (a,bzq), f( )n()

" (zxz9)y, 5 (axz.q; q)k

(xaz;q),, & (a.z9), B:9),, F(ya)™
" (= x2;q) o, o (ax2,4:9), (g59),,

(26)
By (17), (25), and (26), we obtain
b;q),.z
@ (x (bsq), k
knzo O ) @) 2)
(27)

_ (azaq),, & (@z4q) (539). &

" ma) Lam g, @, © 0D

Comparing the coefficients of y*/(g;q), on both sides of
(27), we obtain the formula (24) immediately. This proof is
complete. O

Theorem 5. For |t| < 1,

30, (000 ()
n=0 ( )

(xat'q o i(b,q (xyt) mtk [m + k] (xa, xt; q)] i
(t,xt;q) (@9, = J (xat;q);

00 k=0

(28)

Proof. By (17) and (19), we have

(o]

> Honin (2 1 @) by (11,7 q) ﬁ

n=0

= DE (D) B (5 9}y 71 0)

80| $p0n o 3 [ |
© % Prinik (x’ )’) B (u,v) o
=E(D,,) {Z 2, (@9)(a4), }

k=0n=0

X ¥) P (wv)t* Q& P, (x ek
( ){Z Pk ( ()’)P( )tz ()’q ) }

39y = (g9,

(75 }
(X5 @) oo (V5 Q) sk

vk (% 7) P () £
( ) {Z (% Q)k

Q2P )t (V@) oo Prisic (%, )
& (@) E(D"y){ (xt)q)oo(ytq)wk}

_ Zpk Wt (h9), & |im—f'kj| (r.xt:9); e
5 (@a), (Lxtg), Sl 7 1 (vha);

_ 089 R (v q)utn)”
(t’ xt; q)oo k=0 (q; q)k

J (rts q) ;

(29)

Setting y/x = a, v/u = b, u = y in the last sum, we obtain the
formula (28) of Theorem 5. This proof is complete. O

Theorem 6. For|l| < 1, |s| < 1, |t| < 1,
®) sk

D@ (x)®
P (9 @ ) (4:9),,(@9),(3:9);

=18

=~

_ (xal,ybs;q), &t

B (l, xl, s, yss Q)oo k=0 (q’ q)k

X xa, x ( S )] NS
<2 [k] [ﬂ ((xal lq?) gbﬁ q;] g

i,j=0
(30)
Proof. By (17) and (19), we have

(o]

Y i (63 1 Q) B (v ] )

m,n,k=0
sk

e D)@ ),(3 9,




= 3 E(Dy) Pk (5 )} E (D) [Py (1)

m,n,k=0
" "5k
(@9),,(0:9),(a9),
o m+ (x )/) n+k (”’V) lmsnt }
-E(D,,)E(D k
(Py) B ){Z @ D@ D50

=E (ny) E(D,,) {gpk (x, ,z/t)zlj;()iu V)t

OZO: (x ¥q ) I OZO: P, (u, vqk) s”}

= @9, =2 (@a),

=E (ny) E(D,,) {ng (%, )(/zlzc)iu V)t

(xLq)y  (us;q)y,

§ (yidsaq) (vsqk:q)m}

= ZE(ny){ (xq) oo (V1 q),. }

(vs:9) o Pr () } ik
(us:9) oo (vs:9) | (@:9);

S| )y < (y,xlqlkl
8 [ s ]

(lxlqoozo qu)

<E(0,)]

y (vs59)y, < [k] (V,us;q)juk_j t*
(susiq), LI (vsiq); (4:9);

__Uhvsg),
(s, xlus;q) .,

o k (7> x5q), (v, us; g) 2w t*
35 L0

i
k=01i,j=0
(31)

Setting y/x = a, v/u = b,u = y in the last sum, we obtain the
formula (30) of Theorem 6. This proof is complete. O

Theorem 7. For |t| < 1,

tk
d) o
Z k (x) n+k ) (q; q)

k

i Z q,q)k,zo[ H ](xa,q) (bria), P

x 7y (xq') 0 (yq).
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Proof. Applying (2) and the Euler identity (5) and noting (21),
then the right-hand side is equal to (30) as follows:

(xal, ybs;q), & t*

(Lxl,s, ys:9)o, 0 (@ )y

X
g

X [k] [k] (xa,xl;q)i (J’b’)’S;‘J)j ki
x
11 (xalq),  (ybs;q);

i,j=0

Z

(xalqi, ybsqj; q)oo
X . ‘

(Ls,xlq’, ysq’;q).,

k k—i k-j
Z (m q),(ybsq) ¥y

(q’ kz] 0
i (@:q),,(b:q),,(x1q )" (ysq’) I“s*
(@9),,(29),(29),(4:9),

Z(q, ,(,]ZO[ H ](xaq)(ybq) e s

(‘1’ [k] [ ](x“ q),(ybs q) 7y

Z

OZO: (a; q)m(b; q)”(XZqi)m(ysqj)n [ty
wrinzo (@), (@9),(a9),(449),

(33)
By (30) and (33), we have

°° "Mt
0@ (x)o®
,Z ik (9 D () (@:9),,(3:9),(:9),

i m m (xasq),(ybsq) 7T (34)

§ (@000, () ) s,
wirnzo @4),,(¢9),(a:9),(:9),

Comparing the coefficients of I"s"/(g;9),,(q:q),, on both
sides of (34), we obtain the formula (32) immediately. O

Theorem 8. For |t| < 1,
Y0, ()0 (y)
= (¢9),

_ (xyat, xybt; q)
 (xyt,xt, ytiq),

X 2 [T] (a;q),x

xyt, xa, yb
X 3¢ (xyatqs,xybt;

(35)
s Ota),
(xyat; q),

9, trf)-
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Proof. Set n = 0 and then let k — # in (32) and note that
d)(()b)(x) = 1; by (21) and (22), we obtain

0@ ()0 ()
Z e (0 () 2

o5 oo
x (ybsq) X" y" 0 (xq')

ZH[ ] (xas q),(yb q) ;x" 'y

[ ](a,q)y

(DE[lea(5)

Jj=0
v " I:m:| stn _n x(xa) (‘f) (yb) ( 1 >
= a;q).x D, = | D, —
,;)(q;q)n;o s | (@ DXy x y
(xyt)”

(a:9),

s (xytaq’, xybt; q)
(xyt, ytq®, xt5q)”

e (9o ()
|

s=0
xyt, xa, yb s
x 3¢2< xyatq’, xybt; 91q )
_ (xyat,xybt;q) Z [ ] . (ta),
 (wtxt ), 5 ) (xyaf, q),

xyt, xa, yb
X 562 < xyatq’, xybt;

9 tqs>~

(36)

This proof is complete. O
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Under a constraint between the potentials and eigenfunctions, the nonlinearization of the Lax pairs associated with the discrete
hierarchy of a generalization of the Toda lattice equation is proposed, which leads to a new symplectic map and a class of finite-
dimensional Hamiltonian systems. The generating function of the integrals of motion is presented, by which the symplectic map
and these finite-dimensional Hamiltonian systems are further proved to be completely integrable in the Liouville sense. Finally, the

representation of solutions for a lattice equation in the discrete hierarchy is obtained.

1. Introduction

Differential difference equations have very remarkable appli-
cations in modern mathematics and physics; they can model
a number of physically interesting phenomena, such as the
vibration of particle in lattice [1], the quantum spin chains
[2, 3], the Toda lattice [4], the vibration of pulse [5, 6],
the nonlinear self-dual network [7], and others. After Toda
[8] showed that the Toda lattice was associated with a
discretization of the Schrédinger spectral problem, various
discrete soliton equations are found, for instance, the discrete
nonlinear Schrodinger equation [9], the discrete sine-Gordon
equation [10], the discrete KAV equation [11], the discrete
mKdV equation [12], and so forth. Recently, the authors have
obtained a new discrete hierarchy associated with fourth-
order discrete spectral problem, in which a typical member
is a generalization of the Toda lattice equation [13].

It has been known that the key to complete integrability
of a finite-dimensional Hamiltonian system is the existence
of an involutive system of conserved integrals according
to the Liouville-Arnold theorem. Many researchers have
tried to construct complete integrable Hamiltonian systems.
Recently, there are active researches on soliton hierarchies
associated with so (3, R) [14]. However, it is a difficult work
to search for an involutive system of conserved integrals for
a given finite-dimensional Hamiltonian system. An effective
method, the nonlinearization of Lax pairs [15, 16], has

been developed and applied to various soliton hierarchies
associated with 2 x 2 matrix spectral problems to get finite-
dimensional completely integrable systems many years ago,
such as the nonlinearization of the AKNS hierarchy [15],
the coupled KdV hierarchy [17], the discrete Ablowitz-Ladik
hierarchy [18], the Heisenberg hierarchy [19], and the Kac-
van Moerbeke hierarchy [20]. Subsequently, this method
has been generalized to discuss the nonlinearization of Lax
pairs and adjoint Lax pairs of soliton hierarchies [21-23].
Moreover, there are attempts to apply the nonlinearization
method to the Lax pairs and adjoint Lax pairs of (2 +
1)-dimensional soliton systems, such as the Kadomtsev-
Petviashvili equation and the Davey-Stewartson equation, in
order to get (1 + 1)-dimensional integrable systems [24]. And
it is proved that the binary nonlinearization will be more
natural to carry out in the case of higher-order matrix spectral
problems [25].

Discrete versions of classical integrable systems have
become the focus of common concern in recent years because
of their importance. However, the known discrete integrable
systems are few compared with the continuous case. In the
present paper, the nonlinearization approach is developed
and applied to the discrete hierarchy associated with a 4 x
4 discrete eigenvalue problem. Such transformations are
adjoint symmetry constraints [26] and a general scheme
for doing nonlinearization for lattice soliton hierarchies was
presented in [27]. We propose a constraint between the
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potentials and eigenfunctions. The nonlinearization of the
Lax pairs for the discrete hierarchy leads to a new integrable
symplectic map and a class of finite-dimensional integrable
Hamiltonian systems.

The outline of this paper is as follows. In Section 2,
depending on the spectral problems given in [13], the
Bargmann constraint between the potentials and eigenfunc-
tions is introduced, from which a new symplectic map and a
class of finite-dimensional Hamiltonian systems are obtained.
In Section 3, the generating function approach is used to
calculate the involutivity of integrals, by which the symplectic
map and these finite-dimensional Hamiltonian systems are
further proved to be completely integrable in the Liouville
sense. Finally, in Section 4, the representation of solutions for
a lattice equation in the discrete hierarchy is obtained.

2. A New Symplectic Map
Consider the discrete 4 x 4 spectral problem given in [13]
A-b
4 1y n
¢, €, c,
El//n = UnV/n’ Un = 0 0 1 a, >
0 0 0 g
1 0 0 0
v, ®
¥
Y= >
¥,
v,

wherea,, b,, ¢, are three potentials and A is a constant spectral
parameter; E is a translation operator defined by Ef,, = f,.;-
For the sake of convenience, we usually denote f,,, = E* f,,
fox = E¥f,. In order to derive the hierarchy of Lattice
equations associated with (1), authors of [13] first solve the
stationary discrete zero-curvature equation:

Vn+1Un - Unvn =0, Vn = (Vn,ij)4><4’ (2)

where the entries V;; of the matrix V,, are Laurent expansions
of A. Let y,, satisfy the spectral problem (1) and its auxiliary
problem:

Vo =V, VI = (V) (3)

then the zero-curvature equation U,, = V,ETl)Un - UnVn('”)

yields the discrete hierarchy of a generalization of Toda lat-
tices. The first system of evolution equations in this hierarchy
is

1
nt = Ean (bn - bn+1) +a, 161 — Ap1Go>

2 2 2 2
bn,t =0, 170,16 G (4)

1
Cot = Ecn (bn - bn+2) >

which is a generalization of Toda lattice equation.
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Let A,,..., Ay be N distinct nonzero eigenvalues of (1),
and the associated eigenfunctions are denoted by

4 =v (). G=v(h),
pi=w(h) p=va(dy),

ko_ k ko_ k -
where we denote q; = qj(n) and p; = pj(n) (k = 1,2)
for convenience. Then the system associated with (1) can be
written in the form

(5)

Eq; =c,p;,  Eq;=q;+a,p;,
1 1 1 2 2 2 2 1 (6)
Ep; = s (a.pj +4; = A;p; +b,p}),  Epj =p;.
Now we consider the Bargmann constraint
N
le ;=G ?)
i

where G = (2a,,,b,,2¢,)" and VA is the functional gradient
of the eigenvalue A ; with regard to the potentials a,, b,, and
c,; that is,

VA, =| 2

dc, (8)
2p; 2]
pip;

-2 [on} v a0} + (4, 0) ]

Combining (7) and (8), it is easy to see that
a,=(p"p" b= (p"p)
1/2
)
where A = diag(A,,...,Ay) and (., -) is the standard inner-
product in RN, ¢' = (¢},...,¢\)"and p' = (p,....p'\)".
Substituting (9) into (6), we can get the following system:

1/2
Bg) = (~(p"2°) = (42" )+(ar% ") ~(07 7)) )
Eq: =g+ (p'.p") 1,
-1/2
B! = ~(=( 1) — () + (A ) (7))

x((p'.0%) pj + 5 — A0 + (p".P") P})

G, = (_<p1,p2>2 _ <q23P2> + <AP2,P2> _ <p2,p2>2)

Epjz. = p}.
(10)
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Through tedious calculations one infers

3

Therefore, (10) determines a symplectic map H of the
Bargmann type:

(qu,qu,Epl,Epz) _ H(ql,qz,pl,pz). (12)

N 2 N 2
d(Eq.)nd(Eq)) = dq. ndq.
]ZIZI (Ba) nd (B1)) lezl 7 ()  3.Liouville Integrability
Introducing a matrix 77,
A
-Qu(dhr)-5 @) lhe)+r i p)

7= (%3{)4x4 =

-Qy (ql:Pz)

where

i o Q;;PJJ;
Q p) = ,
A(q P) k;)t—)t

k k=1

o N i ]
Qu(da') = Y1k

(14)

We can find that 7'y and ul — 7, are two solutions of
the stationary discrete zero-curvature equation (2) under the
Bargmann constraint (7), where y is a parameter and I is a
4 x4 unit matrix. Then we assert that det 7", and det(ul-7"))
are independent constants of the discrete variable n. On the
other hand,

det (Wl = 7,) = i + g(Al)#z + 9;2), 15)
where
ii ij
9,-;1) _ Z %f %ﬁ , 9732) =det7,. (16)
1<i<j<4 %f Wf\]

Substjtuﬁng the Laurent expansion of Q /\(q", pj ), Qi ( p", pj ),
Q.(q', ") into (16) we have

1 1 2 1) - =2 2) -
F =N YEOAT, FP =Y EAT @)

m>1 m>1

-Qi(q.4°) - (d".p*) Qi (dp
A

~Qi(dhq") - (a"p')  Qldhr) Qldhp)+F -Qi(dha')-(d"p")

Q (P p?) +1

)
VDl Qe g) - (dhp7) W)
1,2 2 .2 A
Q(ehy) (@) -3
where
FP =7 e F N
E)

_ Z (_ <qu1,p1></\kql,pl> B <qu2,p2><1\kq2,p2>
. <Ajp1,p1> <Akp1,p1>
+ <AJp2)p1> <Akq2)q2> +2 <A]P1,p2>
% <Akq1,q2> _2 <qu1)p2> <Akq2>p1>)
+ <ql’pl> <Am71P1)pl> + <q2’p2> <Am71p2’p2>
+2 <ql’p2> <Am_1P1,P2> + <Am_lql)ql
+ <Am—1q2,q2> _ <Amq1,p2> _ <Amq2’p2> ,
FO
<Akq1,P1> <AkP1’P2> <AkP1’P1> <Akq2»Pl>
_ <qul;q2> <qu2;P2> <qu2;Pl> <A1q2)q2>
k}f;ﬁ;rigg‘l <Aiq1,q1> <Aiq1,p2> <Aiql>Pl> <Aiq1’q2>
<Asq1>P2> <ASP2>P2> <ASP1’P2> <Asq2,P2>
<A]q2’P2> <A1q2,P1> <A]q2)q2>
<Akql,P2> <Akq1>P1> <Akql,q2>
<Asp2,p2> <ASP1)P2> <Asq2’p2>
<Akq1,Pl> <Akpl>P1> <Akq2,P1>
+ <qu1,q1> <A]q1ap1> <AJCI1,6]2>
<Asq1,p2> <ASP1>P2> <Asq2)P2>

>

k+j+s=m-2
jok520



AL D] i)
A A ANq

< 5q1 q2> < qu p2> < s 2 2>
(x°q',p*) (A% p%) <Aq )
(Afq'p') (A*php') (A'gp")
N <qu1)q2> <qu2)p1> <qu2)qz>
<Asq1’q1> <Asq1,p1> <Asq1,q2>
+<q2,p2>

(Mg p') (A'php?) (AP p)
x <A1q1>q1> <A1q1,P2> <A1q1,P1>
<Asq1’p2> <Asp2’p2> <Aspl’p2>
+<q1,p1>

(Mpp?) (M°php') (A'qp')
% <A1q2>P2> <A]q2,p1> <A]q2)q2>
<A5P2,P2> <A5P1,P2> <Asq2’p2>
—2<q1,p2>

<AkP1>P2> <AkP1»P1> <Akq2’Pl>‘>

)
k+j+s=m—
j,k,s>0

% <A]q1>P2> <A]q1)P1> <A]q1)q2>
<Asp2)p2> <ASP1aP2> <Asq2’P2>

- 3 [ (ve g

—————

- (A q") (A q7) +2(q". ")

x ((A'q', p') (A% p") - (A"p" p")
(A q")+(A'q p") (A" p")
~(A'qq") (A% p")) - (d'p")

x ((A'q% p") (a°d, ") - (A"p'p")
x(Nq’,q") + (A, p*) (N0, p*)

~ (A q) (NP7 p7)) - (ap?)

x ((A'q', p') (A% p") - (A"p" p")
x(A'qq") + (Mg, p") (N°d' p7)

-(4'q") (20" p7))
+({d ") (a0 (a5 )

x ((A*p' p?) (Np' p7)
~(aph ") (WP’ 7))
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v 2 [(a'a) (v’ p')

+++++

- (A p') (N
+(N'q7) (Nq',p*)
- (07, ") (A°dq') + (' p7)
x ((A'q', p*) (A"p' p")
- (A", p') (A°p', p%)
+ (Mg p) (A% p7)
(AL ph) (ap' p?))
- p") ((A', p*) (A, ')
~ (AL ") (N ')
+(q ") ((A p") (nd', p)
= (A'q,pt) (A% p%))]
v 2 (%' p") (X'’ ")

- (A% p") (10 p"))
+(d"p") (A", p") - (A" p"))
~(a"p") (A", p") = (a". p*) (A" p")
~2(q"p") (A"'q', %) - (A"q'q°
+(a'p") (A" a) +(d ") (A1)
-((@.p?) - dp') (a5 4))

y (<Am71p1)P1> + <A”Hp2,p2>), m> 1.
(18)

In the above equations, the Poisson bracket of two functions
is defined as

o wag_@w>
-9 Eé(wwm o o] N

Then we can prove the following assertions.
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Proposition 1. The functions {ny? | i = 1,2,m > 1} are in
involution in pairs; that is,

{FY FY } =0,

m?>~7]

Vm,l>1, 1<i, j<2. (20)
Proof. Through tedious calculation we can obtain

(70.70) = (70,79} = {7272} =0

g (21)
VA, ueC.
Then we have
(1) M) _ 1)z _ [@ @) _
{gh’gﬂ}_{gk’gu }_{gA’gu}_O’ (22)

VA, ueC.

Then relation (20) follows by comparison of power of A" in
(22) with (17) taken into account. O

Proposition 2. The 2N I-forms dF](.i) (1<j<N,i=12)
are linearly independent.

Proof. Assuming that there exist 2N constants bl(i), so that

Z( XCO N BPAC) =0, i=12. (23)
- l ] aq

(Ag' p*) pr +(d ) Mipt

<‘11’P2> (A=)

Il
—]=
>
~. N

<.
Il
—

(a'.p") (A% -

<‘11>P2> (An—2Ay)

(7*q'p*) pi+{a" P ) Nipy -

(Mg p*) 3+ (as ) hps (A%dp%) p3+(a'p°) A3ps

(A p7) P+ (a' p7) Anpxe (A0 p%) pr+ (d' p°) Aapy -+
(Mg, p*) +{a' p*) Ay (A°q',p7) +{(d'.p") A -
(q'.p°) (A3 -17)

5
It is easy to obtain
) (2)
aFj PN aFj =0
0q" - ’ oq' o
(P, p2q2)=0 (P'.p%q)=0 24)
1<j<N.
Then we have
N .
ij(l),\i‘l =0, 1<k<N, (25)
=1

= 0,1 < j < N, by utilizing the fact
that the Vandermonde determinant is not zero. Therefore,
(23) is reduced to

which gives rise to b](l)

N (2)
Z ‘ i=1,2. (26)

Take P, € R*N with the coordinates g* = p' = 0, q" = O(e),

and p2 = O(¢), where ¢ is a small real number. Then, at P,
or! ) .
aél = (Mg, p*)p* + (g, p YN p?

B

1,2 1,2 2\ 2 (27)
~2(q.p") (N7P% %) p
= <qu1,p2> P+ <q1,p2> Np*+0 (35) ,
and the determinant of the coefficients of the linear system of

equations

N (2)
2 0,

k

1<k<N, (28)

is

<Aqu p >P1+<‘1 p >A1P1

(ANg', p*) p2 +(q', p*) A5 p?
+O(85N)

(NG p*) pio + (a' p7) ANpy
<ANq1aP2> + <q1)p2>A11\7

@A) |

(a'. %) (AN -AY)
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<Aq p > <Azq1 p > <A§q1,1§> M AE . Ag
N gl A=A A=A Ay —A A - A
:Hp]g ql, 2>N 1 2 ' 1 +< 1,p2>N 2 '2 .2 +O(£SN),
=1 : : : :
Av-A A=A AN =AY Ay Ay AN
(29)
where 4. The Representation of Solutions
< Ag'p > < A p > B < AVg! p2> Consider the following initial value problem:
AL-A A=A o AN
;  OH, i _ OH,
: : : @= 30 £ TS
A=A A?\I_Ai A%_/vl\] P q
i i i (33)
1 A ﬁ /\11\] (q P )|t:0 - (q ©).p (0))’
0 (A p*) (A°q,p") - (A%, p?) i=12,
=1 A, A A,
: : " : where H, = —(1/2)Ff1). In fact, the first two equations in (33)
2 N
1 An Ay AN (30)  are

1 A A AN

1 Ay Ay e AN

(@) TT(-1,).

ij=1
i>j

Therefore,

H(/\ 1) | +0(eN) #o.

ij=1
i>j

wiaor )
(3D

Then we obtain b;z) = 0,1 < j < N. The proof is complete.
O

Combining Propositions 1 and 2, we have immediately the
following conclusions.

Proposition 3. The symplectic map of the Bargmann type
defined by (10) is completely integrable in the Liouville sense.

Proposition 4. The systems defined as follows are completely
integrable in the Liouville sense:

i aF(l) i aF(l)
%—i: a;; , %:— a"; , m>1,i=12 (32)

- ; (a-(p"p"))d'
== (P 5 (A= (o))

-{a".p*) p' = {d". ") P, (34)

_ <q1)p1>p1 _ <q1,p2>p2,

pi=a'+ 5 ((php) - 8) P+ (2" 07) P
p=d+5 ((phr) - A) P

Then we can obtain the presentation of solutions for the lattice
equation (4).

Proposition 5. Let qi(t) and pi(t) (1 <i < 3) be a solution of
(33); define

(4" mb),q" (1), p' (1), p (n,1))

(35)
=H"(¢' ().4" ®),p' (), p* ®)).
Then
a,=(p'p"),  b=(p"0")
6= ({07 - @p>mpm<pw{ﬂ
36

and solve the lattice equation (4).
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Proof. It is easy to see that (35) is equivalent to (12), that is,

(10) with (¢'(0,1), p'(0,1)) = (q'(1), p'(t)). Using (33), (36),
and (10), a direct calculation shows that

e = 5 (0827 (0101 + (07270 07) (')
+(a'p") + (4" p") - (Ap".p")
= %(E’lcn - GE) (2(p", p*)) + %an (1-E)(p’p*),
=% p") (" P") + 2400’ ") - (P p7)
2B -1)a, (2 p) + (- 1)
x(-a, (p" p*) (2", p") +(Ap". P*) - b, {P". "))
=3 (P2 (. )+ (A ) (8 ))
<[ (p%p?) ((p'27) + (@ 07) - (20" p7)
2(p" ")) = (p.0")
x((php?) (2l p') +2(p%0") (P P)
“2(aphpt) +2(qp')) - 2(P%p")
x((Aq.p*) = (Ap".p"))
(20" ) +2(Aq, ") - (NP )]

=S (1-B) (P p%).

-

n,

(37)
Therefore, we have
2(a,b,c)T=J§VA-=JG‘°>, (38)
ot n Yndtn n]':I Jj n=n
where
1, . 1
E(E ‘e, - ,E) 50 (1= E) 0
I S 1,
Jn = S(E'-1)a, 1 0 S(ET-1)q,
2
0 Sa(1-F) 0
(39)

Then (38) is equivalent to the generalization of Toda lattice
equation (4). This proves Proposition 5. O
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The aim of this work is to introduce an extension for g-standard notations. The g-Apostol type polynomials and study some of their
properties. Besides, some relations between the mentioned polynomials and some other known polynomials are obtained.

1. Introduction, Preliminaries, and Definitions

Throughout this research we always apply the following
notations. N indicates the set of natural numbers, N, indicates
the set of nonnegative integers, R indicates the set of all real
numbers, and C denotes the set of complex numbers. We refer
the readers to [1] for all the following g-standard notations.
The g-shifted factorial is defined as

(a; q)o =1
n-1 .
(a;9), = (1—q1a), nen,
=0
. @
(@) =[[(1-4a),
=0
lgl <1, aeC.
The g-numbers and g-factorials are defined by
1-4
= 1
aly= o (@#1)
[0]!' = 1; )
[nl,! = (11,021, [l
neN, aeC,

respectively. The g-polynomial coefficient is defined by

n _ [n]q'
i, - TRy ©)

The g-analogue of the function (x + )" is defined by

n - n k(k— -k k
o3[ e

k=0

neNy,. (4)

The g-binomial formula is known as

n-1

(1- a (1 - qja) = Z [Z] GPRED Cykgk (5
q

j=0 k=0

In the standard approach to the g-calculus, two exponential
functions are used:

[ee] Zn o0
a(®) = Zo [n],! g -(1- q) 4'z)’
(6)
0< |q| <1 lz| < ;
’ 1 -al’
00 q(l/Z)k(k—l)Zk 00 )
E,(2) = Z—' = H(1+(1—q)qu),
i Kl =0 (7)

0<l|gl<1, zeC.
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As an immediate result of these two definitions, we have
eq(z)Eq(—z) =1

Recently, Luo and Srivastava [2] introduced and studied
the generalized Apostol-Bernoulli polynomials B;,(x; A) and
the generalized Apostol-Euler polynomials Ej (x;A). Kurt
[3] gave the generalization of the Bernoulli polynomials
BI™ 19 (x) of order « and studied their properties. They also
studied these polynomials systematically; see [2, 4-9]. There
are numerous recent investigations on this subject by many
other authors; see [3, 10-20]. More recently, Tremblay et al.
[10] further gave the definition of BL’”_I’“] (x; A) and studied
their properties. On the other hand, Mahmudov and Kelesh-
teri [21, 22] studied various two dimensional g-polynomials.
Motivated by these papers, we define generalized Apostol
type g-polynomials as follows.

Definition 1. Let g € C, m € N,and0 < |g < L
The generalized g-Apostol-Bernoulli numbers B,/ [m=1al and
polynomials BL’Z Yl (x, y; 1) in x, y of order « are deﬁned, in

a suitable neighborhood of t = 0, by means of the generating
functions:

tm [m 1,a] n
(M(n mlgn> ; ()1W

¢ *
(Ae GRS (t)) g () E, (1) ®

n

t
[,

= ZB[m Lal (x, y31)

where T,,_, ,(t) = o (£ /Kq)).

Definition 2. Let g« € C, 0 < |g| < 1,and m €
N. The generalized g-Apostol-Euler numbers EL'Z_I’“] and
polynomials E[m Y(x, y; ) in x, y of order « are defined, in

a suitable nelghborhood of t = 0, by means of the generating
functions:

2" “ [m—1,a] 1) ——
(Ae(t>+m1q<t)> Y ()[1'

n=0

2 :
(Ae ®) + Tporg (t)) ¢ (1) Eq (1) ©

tn
= E[m Lal (e s A) ——.
Z Moy )[n]q!

Definition 3. Let g, € C,0 < |gq| < 1,and m € N.
The generalized g-Apostol-Genocchi numbers GL’;’I’L“] and

polynomials G m=Lal(x y; 1) in x, y of order « are defined, in
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a suitable neighborhood of t = 0, by means of the generating
functions:

2m m o [e's)
= )G,
(Ae (6) + T, 1q<t)) Zo [1q.
2"t “
< Yo T, 1q(t)) e, (tx) E, (ty) (10)
tVl

[m— ltx]
- ZG (x, 33 1) il

Clearly, for m = 1, one has

B (x, y54) = BY) (x, 54,
EPY (x,532) = E®) (x, 33 1) (1)
nq X, y) nq X, y) >

GO“](xy,/\) G (xy, ).
Form = 1and A = 1, one has

BL?";] (x,p31) = B;‘E (x,9),
ED (x,331) = EY (x, y), (12)

[0“] (x y’l) Gnq(’x y)
For x = y = 0, one has

BL’Z‘I,a] (0,0; 1) = BLTZ—I,‘x] ),

Epa 0,000 = T (L), (13)

G’[{Z_l'“] (0,0;1) = G’[:Z—l,‘x] 0.

2. Properties of the Apostol
Type g-Polynomials

In this section, we show some basic properties of the general-
ized g-polynomials. We only prove the facts for one of them.
Obviously, by applying the similar technique, other ones can
be proved.
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Proposition 4. The generalized q-polynomials BL’Zﬁl‘“](x,

V3 A), EL’)’D’]_I’“] (x, y3 A), and G,[:';_l’“] (x, y; A) satisfy the follow-
ing relations:

By " (3 33)

C n [m-1,a]
= Z[k] Bl (x,051)
k=0 q
[m-1,8]
xBn'fk’qﬁ (0, y51),
Ey Pl (x, y54)
_ : n [m-1,a] .
_ Z[k] E 1 (x,0,.0) (14)
k=0 q
[m-1B] (o ..
xE", (0, y51),

Gt (x, y3 1)

-$ ] e
k=0 q

[m-1,B]
X Gn_k)qﬁ (0,;1).

Proof. We only prove the second identity.
Definition 2, we have

By using

[ee)

[m-1La+] ) t"
ZEn,q (% 35 1) _[”l]q!

n=0

m atp
2
_ (Aeq TFE (t)) e, (t) E, (ty)

= < 2" )ae (tx)
Xeg (1) + T, 1))

B
&) B

Bl (0, 0) ——
L1 il

9 ( 2
/\eq t) +Th1yg

00 - "
X ZEL,q LA (O> »A) _[n] N
n=0 q*
B OZO: z": n| glmotad (o ) pUnLA) (0, 33 1) ¢
= k k,q X, U; n—k,q ay) [n] ".
n=0 koL 1q a’

(15)

Comparing the coefficients of the term ¢"/[n] g in both sides
gives the result. O

Corollary 5. The generalized g-polynomials BL’;I’“] (%, ¥5A),

[m-1,a] . [m—1,a] . . :
E.g (%), and G727 (x, y;A) satisfy the following

relations:

nor A

[m-La] ) = n
Bn,q (X,y,A)—Z k
k=0% -4

Bl[:;_l’a] (0) Vs /\) xn—k’

[m-1,a] - 5[]
En,q (.X', y’A) - Z k
k=0 -9

[m-1,a] - 5[]
Gn,q (X, y’A) - Z k
k=0 -9

—1, —k
EP (0,33 0) 2%, (16)

G][C”';_l’“] (0, 51) Kk,

Proposition 6. The generalized g-polynomials BL’Z’I""] (%, 3

[m-1,a] . [m-1,a] . i ;
M), E % (%, p3 M), and G, % (x, s A) satisfy the following
relations:

AB, M (1, y34) = B (0, 33.2)

=2 [Z] [K1,Bin 1 (0,33 1) B V), forn> 1,
k=0L"1q
17)
AEZ) (1, 352) + B0 0, )
(18)

_ o [n] gimeva oy oy ploe1]
- 2];)[k]qu,q (O) y! A) En_k)q (A) >

AGE (1, 3:2) + G (0, 33.4)

n m-1la -
= 22 [k] [k]qu[gq bl (O’y; /\) GLO,k’lq] ), fOT’ n>1.

q
(19)

Proof. We only prove (18). By using Definition 2 and starting
from the left hand side of the relation (18), we have

3 (AB (1, 352) + B (0, 352))

= (n],!

27}’1
Aey () + T, g

( t)) e, () E, (ty)

o “
' (Aeq O+ Tpp1g () ) £a)

_ ( 2"
Aeg () + T,y g

om « 2 B
) 2( Aeg () + T,y g (£) ) Fq (1) (Aeq ) +1 )
n o0 t}’l
|

(e8]
- t -
=2 Y E (0, ;1) —— Y EOT ()
nzzo a0 )[n q.,;) na )[n]q!

0 ) E, (ty) (/\eq ) + 1)




N N 7] pimenad g oy gl0-1
=2) ) [kLEk,q (0.3 D) =

120 k=0 [n ] r
(20)

Comparing the coefficients of the term t"/[n] g in both sides
gives the result. O

3. g-Analogue of the Luo-Srivastava
Addition Theorem

In this section, we state and prove a g-generalization of the
Luo-Srivastava addition theorem.

Theorem 7. The following relation holds between generalized
q-Apostol-Euler and q-Apostol-Bernoulli polynomials:

)

n—j+1 .
1 n—j+1
X<AZ [n+1] [ k

k=0 q

B (i)

iy

] B (0,330)
q

ELm]Jrllaq] (0, y51) >

xBj,q (x,0;A) +

[n+ 1]q

2" \*
X (m) Bn+1’q(.x,0;A).

(21)
Proof. We take aid of the following identity to prove (21):
At e (tx)e () - — e (tx)
Aey (1) =11 4 Aey (1) =171
e, (tx) (22)
_ X _
e -1 (Ae, (1) - 1) = te, (tx).
Therefore, we can write
Ay Z[ } By, (x,0:1) —— ! ZBnq(x 0;1) ——
7120 =0 (1]} [n ]
00 +1
= " 1
nzox e 10,1 [n+1], (23)

From that we can conclude the following:

AZ[Z] By, (6,0:1) = B, (x,0:1) = [n],x"".  (24)
k=0 q
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That is,
1 n+l n+1
- A B ,0A)—B ,0;1) |.

(25)
Substituting (25) into the right hand side of (16), we obtain

B ()

_Z[]E[’”“"] yA)[n k1+1]
n—k+1
(AZ[ k+1L

_Bn—k+1,q (x,0;4) >

Bj g (x, 05 A)

c [m— ltx] 1
ZHE O»d) o,

n—k
x(AZ[n_I;HLBM (x,05 1) (26)

j=0

+ (A - 1) Bn—k+1,q (x’ 0; A) >

i A
= B0, ys ) ————
,;)[k]q (0.5 )[n—k+1]q

n—k
-k+1
xZ[” j+ LBj)q(x,O;)L)

j=0

[ e o A

x B (x,0;A) :=1I, + L,

n-k+1,q

Thus, from one hand, we can write

n

[m—1,a] . A
Z[ ]E ©xN) e,

2[11 k+ 1] B, (x,0 )
=0 q

nn]

_Zz[n+l] [”TZil]q[n_l;+l]q

Jj=0 k=0

(27)

x Egn (0, 331) By, (3,05 A).

As we know that

(0, e
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we can continue as

ne Sy,

X E,[:';*l’“] (0, y31) B, (x,0;1)

n+1
[ . LBj)q(x,O;l)

s (29)

XZ[n ]+1] E[m Lal (0, ;1)

=§ q[”fl]qB

(B e (L ys ) - B 1 0, 310)).

1 (5,0:1)

X

On the other hand, for I,, we can write

I =kzzoz qE,{f';*l’“ (0, y ,A)TIH n-kr1q (%05 4)
) :Z:n;: 1 qﬁB"‘k“ﬂ (6, 05 0) By (0,750
- ﬁBM (x,0:1) B (0, y54),

(30)

and, as Bo)q(x, 0;A) = 0, we have

A-1
qn+1],

n+1 n+1
12=Z[ k

k=0

B, ki1,4 (%, 054) E,[:Z_l’“] (0, y;1)

Bj, (x,0;1) ELm]Jrllaq (0,53 1)

. [m—1,a] .
Bj)q (x) 0’ A) E — ] (0$ y; A)

n—j+l,q

n+1] A-1
j q[n+1]q

-1 m-1,x
* i, Pra 0OV EG T 0.5:0).

(31)

Adding I, to I, we obtain

B (3 5:0)

=1, +1,

( E) e (Lys 1) = B (0, 750)) Y

n— ]+1q n-j+l,q

[n+1

X

n n+1 -1 (m-1,a] .
Z[ j ] [n+1], B, (. GA)E” j+1,q(0,}’>)t)

A-1

+—
[1’1+1] n+l,q

(x,0; )L)E[m bl (0, y51).

Consequently,

E ) (x, y;2)
Z": [n + 1]
=0 q

x (A1 (1, y34) = AEN 1 (0, 15 4)

n—j+l,q n—j+l,q

+(A—1)Em L (0, y; /\))

n—j+l,q
A-1
[n+ l]q

X B; g (x, 05 A) +

(x,0; 1) E[f”qfl’“] (0, y31)

n+1q
< [n+ 1]
— 71
(AE[’" b1, 50 -

n—j+l,q
A-1
[n+l]q

x Eyn (0, ;1)

:;@nfqu§lL
(g i)

—wﬁﬁm%w>

EM Ll (0, 131))

n—j+l,q

x Bj, (x,0;A) + Byiig (x,0; 1)

B (0. 0)

n—j+l,q

A-1)
[n+1], <A+1> Brrig (5 01).
(33)

O

X B; g (x,05 A) +



Taking m = 1 in Theorem 7, we get a g-generalization of
the Luo-Srivastava addition theorem [2].

Corollary 8. The following relation holds between generalized
q-Apostol-Euler and q-Apostol-Bernoulli polynomials:

52 1)
(v, ;) = Z <[j+ 1] J
(Ei‘i)l (0, y51) = Ei‘il (0 s A))

(34)

<Bsa 000+ ()

B4 (%,051).

Letting g T 1, we get the Luo-Srivastava addition theorem
(see [12]):

2 (n
E® (x4 y; 1) = _<>
W (x+ 3) JZOJ'H j

( j+1 (y’ A) E]+1 (y’ A’)) (35)
A-1 2 \*
<y 50+ 5 (157)
X Bn+1 (x5 A).

Next theorem gives relationship between E Lf’;_l’“] (%, y3 1)
and Gn’q(x, 0).

Theorem 9. The following relation holds between generalized
q-Apostol-Euler and q-Apostol-Genocchi polynomials:

[m 1,a] C 1
)A' -
(. 334) = kzo[kﬂ]

q

( Z[ ] [ ] ELmJ;“](O,;V;A)

(36)
+Z["] B3 (o -A))
k n— kq ’y’
k=0
X Gypq (,0).

Proof. The proof follows from the following identity:

2 *
<Ae O+, lq(t>) B0 E, (1)

2" “ 2t 47
(Ae O+ T, mlq(t)) Eq(ty)eq(t)+1 7

€ t)+1

Xe, (tx
4 (£X) 5
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Theorem 10. The following relation holds between generalized
g-Apostol-Euler and q-Stirling polynomials S,(i, j) of the sec-
ond kind:

[m-1,a]
En’:,; * (X,y,

>3]

k=0 j=k (38)

X E,[lm];“] (0, 134) S, (j, k) x4 () -

Proof. The g-Stirling polynomials S, (1, k) of the second kind
are defined by means of the following generating function:

X" = qu (n, k) x; (x), (39)
k=0

where x,.(x) = x(x - [l]q)(x— [Z]q) e (x—[k- 1]q); see [23].
Replacing identity (39) in the right hand side of (16), we have

n

ELVZ—I,a] (X, y, Z[ ] E[m L] 0 y;A)
k=0

n—k
X Y8, (n—k, k) x; (x)
k=0

(40)
221
k=0j=k g
EL’"J;“] (0, y34) S, (i ) xp () -
O
Theorem 11. The relationship
[n/2] n—2k |
- -2k [kl
B0 = 33 [0 15
q kZ(:) JZ(:) 7 1g2151k] ! (41)

-1,
X Ejn (0, 332) Hy g (%)

holds between the polynomials EL’)’;I’“] (x, y3A) and the g-
Hermite polynomials defined by (see [24])

t2 (o) tYl
e, (tx) Ep <—@) =Y H,,(x) [”_]qf (42)

n=0
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Proof. Indeed,

E" Y (x, p31) ——
2 ol

2 “
- ( Ry () + Tyy1a () > g (2 E, (1)

2m
- ( Aey () + T, 4 (£)

t* t?
X qu (—E)eqz (@)

) E, (ty) e, (tx)

i [m-1.a] t"
=) By T (0.3:1)
n=0 4 [n]q'
0 tn 00 t2n
X Hn (X)— e
ZO 4 Tl & 20!
0o n n — g
- ' EL 0, y; AV H,_ . (x) ——
Z’,JZ’)[JL a0 g G
0 th
X
,;,[Z]Z[n]qz!
oo [n/2]

]
= o 2151k [ — 2K !

n 2k n-2k [m-1a] t"
X Z ST Ey (0,5 A) Hy g (%) ——
q !

=R (]!
_ i[’fl “"H [n—Zk] (k]!
n=0k=0 j=o L'dql 7 q[z]g[k]qZ!
x Embel (0, ys \YH,_,, (x)i
jq » V3 n=2k=j.q [n]q!‘
(43)
]
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We are concerned with the singularly perturbed Boussinesq-type equation including the singularly perturbed sixth-order
Boussinesq equation, which describes the bidirectional propagation of small amplitude and long capillary-gravity waves on the
surface of shallow water for bond number (surface tension parameter) less than but very close to 1/3. The nonexistence of global
solution to the initial boundary value problem for the singularly perturbed Boussinesq-type equation is discussed and two examples

are given.

1. Introduction

In the numerical study of the ill-posed Boussinesq equation,

2
Uy = Uy, + (u )xx Uy @)

Darapi and Hua [1] proposed the singularly perturbed
Boussinesq equation

2
utt = uxx + (I/l )xx + uxxxx + auxxxxxx (2)

as a dispersive regularization of the ill-posed classical Boussi-
nesq equation (1), where § > 0 is a small parameter.
The authors use both filtering and regularization techniques
to control growth of the errors and to provide better
approximate solutions of this equation. Dash and Daripa [2]
presented a formal derivation of (2) from two-dimensional
potential flow equations for water waves through an asymp-
totic series expansion for small amplitude and long wave
length. The physical relevance of (2) in the context of water
waves was also addressed in [2]; it was shown that (2) actually
describes the bidirectional propagation of small amplitude
and long capillary-gravity waves on the surface of shallow
water for bond number (surface tension parameter) less than
but very close to 1/3. On the basis of far-field analysis and

heuristic arguments, Daripa and Dash [3] proved that the
traveling wave solutions of (2) are weakly nonlocal solitary
waves characterized by small amplitude fast oscillations in the
far-field and obtained weakly nonlocal solitary wave solutions
of (2). Feng [4] investigated the generalized Boussinesq equa-
tion including the singularly perturbed Boussinesq equation

n

uy = [Q )]y + Zbiu(2i+2)x’ (3)

i=1

where Q) = u + b, Upiyy, = @ 7w)/@x?), r
and b, (i = 1,2,...,n) are all real constants. It is easily
seen that the choices by = 1,r = 2,n = 2, b = 1,
and b, = § lead (3) to the singularly perturbed Boussinesq
equation (2). By the means of two proper ansatzs, the author
obtained explicit traveling solitary wave solutions of the
generalized Boussinesq equation (3). To the best of our
knowledge, however, there have not been any discussions on
global solutions of the initial boundary value problem for
(2) in the literature; recently, Song et al. [5] discussed the
initial boundary value problem for the singularly perturbed
Boussinesq-type equation

Uy =Uy +0WU),, +aus+Pus, x€Q, t>0, (4)
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with the initial boundary value conditions

u,(0,t) =u, (1,t) =us (0,t) = us (1,1) = u,s (0,1)

=us(L,t)=0, t>0,
u(x,0) =uy(x), u(x,0)=u(x), xecQ,
€)
or with
u(0,t) =u(l,t) =u,, (0,t) = u,, (1,t) = u,a (0,t)
=ua.(L,t)=0, t>0, (6)

u(x,0)=uy(x), u(x,0)=u(x), xc¢€ Q,

where, and in the sequel u; = 0'u/ox’, o(s) is a given
nonlinear function, « > 0 and 3 > 0 are real numbers, 1,(x)
and u,(x) are given initial value functions, and Q = (0, 1).
By virtue of the Galerkin method and prior estimates, under
the assumption “o’(s) is bounded below and o(s) satisfies
some smooth condition,” the existence and uniqueness of the
global generalized solution and the global classical solution
of the initial boundary value problem (4), (5) and (4), (6)
are proved, respectively. But if o' (s) is not bounded below,
does the above-mentioned problem have any global solution?
In this paper, we employ the energy method and the Jensen
inequality to prove that the global solutions of the initial
boundary value problem (4), (5) and (4), (6) cease to exist
in a finite time, respectively. At last, we show that the global
solution of the initial boundary value problem (2), (6) blows
up in a finite time.

The paper is organized as follows. In Section 2, the main
results are stated. The nonexistence of global solution of
problem (4), (5) and (4), (6) is discussed in Section 3. In
Section 4, we study the initial boundary problem (2), (6) and
give two examples satisfying the theorems (Theorems 1-6).

2. Main Theorems

Throughout this paper, we use the abbreviations | - || =
[+ l;2(q)- In the following we state the main results of this
paper, where the existence of Theorems 1-4 has been proved
in [5].

Theorem 1 (see [5]). Assume that u, € HS(Q), u, € H(Q),
[ updx = [) uy(x)dx = 0, sty (0,) = thpyaun (1,1) =
1 (0,) = uy sn(1,8) = 0 (k = 0,1,2), 0 € C°(R), and
o’ (s) is bounded below; namely, there exists a constant C, such
that o'(s) = C,, for any s € R. Then, for any T > 0, the
initial boundary value problem (4), (5) admits a unique global
generalized solution u(x, t) with

ueC([0,T];H® () nC ([0, T]; H ()

7)
nC*([0,T];L* ().

Theorem 2 (see [5]). Assume that the assumptions of
Theorem 1 hold, u, € HY(Q), u, € H’(Q), and o € C°(R).
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Then, the initial boundary value problem (4), (5) admits a
unique global classical solution u(x, t).

Theorem 3 (see [5]). Assume that u, € H(Q), u; € H3*(Q),
Uk (0,1) = ugn(1,1) = up,x(0,8) = up(1,8) = 0 (k =
0,1,2), 0 € C°(R), 0®(0) = 0 (i = 1,2), and o' (s) is bounded
below. Then, for any T > 0, the initial boundary value problem
(4), (6) admits a unique global generalized solution u(x, t) with

ueC([0,T];H () nC' ([0, T]; H ()
(8)
nC*([0,T];L* ().

Theorem 4 (see [5]). Assume that the assumptions of
Theorem 3 hold, u, € H'(Q), u; € H(Q), 0 € C’(R), and
a®(0) = 0 (i = 3,4). Then, the initial boundary value problem
(4), (6) admits a unique global classical solution u(x, t).

Theorem 5. Assume that (1) o(s)s < ul'(s), I'(s) < —ylslm“,
whereI(s) = I(; o(t)dt, u > 2,y > 0,andm > 1 are constants,

and (2) uy € H*, u, € L7, Iol uy(x)dx = jol u;(x)dx = 0, and
1 x 2
o [ ([ @) sl - o + Al

1 5 2/(m-1)
+2J J o()dsdx< | ———— )
0 Jo D(l - e(l—m)/4)
©)

where D = y(u— 2)/12"" 12 (m+ 3)]. Then the solution u(x, t)
of initial boundary value problem (4), (5) blows up in a finite
time T,; namely,

t

()17 ) + J lu(n)|*dr — +00 ast —T,, (10)
0

where T, is defined in the proof.

Theorem 6. Assume that (1) ¢ € C*R), o(0) = 0, and
one of the following conditions holds: (i) o(s) is a convex
and even function, o(s) > as"™, wherea > 0 and m >
1 are real numbers, (ii) o(s) is a convex function, o(s) >
as™, where a > 0 is a real number and m > 2 is an
even number, and (2) —(/2) JOI uy(x)sintxdx > max{0,

(Bn* —or® + /@) "}, ~(2/2) [y (x) sinmxdx > .
Then the solution u(x, t) of the initial boundary value problem
(4), (6) blows up in a finite time T\; namely,

lu@®)|| — +oo, ast— T, (1)

where T is defined in the proof.

3. Nonexistence of Global Solutions of
Problem (4), (5) and (4), (6)

We first quote the following lemmas.
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Lemma 7 (see Li [6]). Assume that ut = G(t,u), v > G(t,v),
G € C([0,+00) x R), t, < t < +00, and u(t,) = v(t,). Then
u(t) 2 v(t) ast > t,.

Lemma 8 (Jensen inequality [7]). Assume that o(u) : u €

[, B] — Risa convex function, f: x € Q — [«, B, and P(x)
is a continuous function, P(x) > 0, P(x) # 0. Then

(12)

Jo f () P (x)dx 3 Jo o (f ()P (x)dx
_[QP(x)dx - j'QP(x) dx '

Integrating both sides of (4) over (0,1) and using (5) and
the assumption of Theorem 1, we obtain fol u(x,t)dx = 0,t > 0.
Let v(x,t) = on u(&, t)d&; thenu = v, and v satisfies

Vi = Ve + (V) v + By, x€Q, £>0, (13)
v(0,1) =v(L,t) =v,, (0,1) = v, (1,1) = v,4 (0,1)

(14)

=V, (1,t) =0, t>0,

v(x0) =1y (x), v (x,0)=v,(x), x€Q, (15)

where vy(x) = _[Ox uy(&)dé and v, (x) = _[: u, (&)dE.
Proof of Theorem 5. Multiplying both sides of (13) by 2v,,

integrating by parts, and using condition (2) of Theorem 5,
we have

Et)=0, E(t)=E(0)=E,<0, t>0, (16)

where

E () = vl + v - v + Bllvs )

1 17)
+2 J (v, (x,t)dx.
0
Let
F(t) = v ()2 +J J v, @ dsdr.  (8)
0 Jo

By virtue of condition (1) of Theorem 5 and noting that

1
p L I (v, (x.0)) dx = By — @) = [u @O + avec

1
Bl + (u-2) L I(v,)dx,
(19)

we obtain
1
Fr)=2 L vrpdic + 2O + v
1

=-2 J (Vi - (xvix + ,Bvis +o(v,) vx) dx

0
+ 2O + v
1
> 2By + v + 4O —2 (4 - 2) L I (v,)dx

1
> —2E,+2y(u-2) J v " dx.
0
(20)

It follows from (20) that

1
EF(t) > —2E,t + 2y (u—2) Lt L v, oo™ dxdr + E(0),
(21)

t
0

Tl
F(t) > —Egt* + 2y (u-2) J J J v, (x, s)|m+1dxds dr
0 Jo

+E(0)t+F(0),
(22)

where F(0) = 2 ([ uy(®)dé [ u,(E)dE)dx and F(0) =
I Lj‘ uo(E)dEIIZ. Combining (20) with (22) leads to

E@)+F(t)

> —E,t* + F(0)t + F (0) - 2E,

+2y(u-2) (Ll v dx

t cT 1
+J J j |vx(x,s)|m+1dxdsdr>.
0Jo Jo

(23)

Making use of the Holder inequality, we get
! +1 +1
J. [v " dx > v ",
0
t r7 1 1
J J J- v, (x,s)|er dxdsdr
0Jo Jo
£ a-my2 , .+ , (1+m)/2
2(—) (J J J |vx(x,s)| dxdsdr) .
2 0Jo Jo

(24)



Substituting (24) into (23) and using the Poincaré inequality
(Ilv,@®I = llv(®)ll) and the inequality a” + b" > 21"(a + b)"
(a,b > 0,n > 1), we conclude that when t > 1,

F@)+F @)

>2y(u-2)t "

% |:(“Vx (t)||2)(m+1)/2

. (m+1)/2
+ (Jot Jo Ll |vx (x, s)lzdx ds dr) ] (25)

— Eyt* + F(0)t + F (0) - 2E,
> 2(3,,”)/2)} (pt _ 2) tl—mF(Hm)/z (t)
— Et* + F(0)t + F (0) - 2E,.
Choose t;, > 1 such that

—2E,ty + F(0) > 0, ~Egts + E(0)ty + F (0) - 2Ey > 0,

(26)
and thus (21) and (22) imply that F(t) > 0 and F(t) > 0, as
t > t,. Multiplying both sides of (25) by 2F(t), we have
d 52 2 1-m d (m+3)/2
E[F (t) + F* ()] = Dt +F O +H(®), t>t,

(27)
where

A )
2(m—7)/2 (m + 3) ’ (28)

H (t) = 2F (t) (~Egt* + F(0)t + F (0) - 2E,).

Equation (27) implies that

% [ (F* (t) + F* (1)) - DE"™ 7 (1)] ="' H (1),
t>t,.
(29)
Since

t
J "' H (1) dr
ty

> Jt 2(=2E,m + F(0)) (—Eo7* + F(0) 7 + F (0)

—2E0) dr — +00, t — +09,
(30)

there exists a t; > ¢, such that
t
J T HH () dr+ 177 (B (t) + F2 (1))
fo (€))

~DF™I2(t V>0, t>t.
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By (31), integrating both sides of (29) over (t,,t), we obtain
" [ () + F ()] 2 DE™P (1), t>t,.  (32)
Namely,
E(t) + F(t) > V2Dt PEm% () - g >0 (33)

In order to use Lemma 7, we consider the following initial

value problem of the Bernoulli equation:

X + X = V2D sy

(34)
X(t)=F(t).

We can obtain the solution of the initial value problem (34)
as follows:

ety [ - -1
X(t)=e " [F“ () - —”’4 V2D

. 4/(1-m)
y J L=m)/2 (=) /4)(z=t,) 4
t
= TR @), txt,

(35)

where

-1 _
1(t)=1- " —=VaDF" (1))

(36)

t
« J LU=m2 (A=m) /=) g
t

1

By (36), we know that I(t;) =1 > 0 and

m—1 - bl - _
Jw=" V2DF™m-D/4 (tl)J L=m)/2 (=)t g
f

[\

—'”; L BDF R (1) (1 4 1,)

£ +1
y J LA=m=t) 5
t

1

V2DF" V1 (1)) (1 + 1)

X (1 —e_(m_l)/4), t>t + 1.

(37)
It follows from (22) that

F(m—l)/4 ) (1 + t)(lﬂ’”)/2

. (m-1)/4
_Eotz + F(0)t+ F(0) " — (-E )(m—l)/4
0 bl
(t +1)°
t — +00.
(38)



Journal of Applied Mathematics

Choose t, sufficiently large such that F(mfl)/‘l(tl)(l +
1) > (—E)™ V2. Combining (37) with (9), we
obtain

J(t) = l@(_EO)(m—l)M (1 _ e(lfm)/4) 51,
’ (39)

t>t + 1
Hence
It)=1-]J(#)<0, t>t +1. (40)

By using the continuity of I(t), there exists a finite time T,
t, < T, <ty + 1 such that I(T;) = 0. Therefore, X(t) — +00
ast — T,. By virtue of Lemma 7, we deduce that F(t) >
X(t),t = t,. Hence

F(t) = Ll (L (& D) dE)de

+ Jt JT J,luz () dEdsdT — +oo

0Jo Jo

(41)

ast — T, . It follows from (41) that

1 2 ¢
F(r) < (L I €, 1)| d£> it L lu()Pdr.  (42)
Therefore,
()72 ) + L lu()|’dr — +oo ast—T,. (43)

Theorem 5 is proved. O

Proof of Theorem 6. Let
S
y ()= = J u (x, t) sin 7rx dx. (44)
0

Multiplying both sides of (4) by (71/2) sin 7rx, integrating by
parts over [0, 1], and making use of the Jensen inequality and
condition (1) of Theorem 6, we have

3 01
j)+(n2—oc7r4+/3n6)y = %J o (u)sinmx dx
0

1
>n’o <§ J u(x,t) sinnxdx)
0

>ar’y", t>0,
(45)
and, from (6) and condition (2) of Theorem 6, we get
(!
y(0)= - 5 J uy (x) sinmx dx = y, > 0,
' (46)

§(0) = -

1

1
J u, (x)sinnxdx = y; > 0.
0

Thus, we claim that
y(@)>0, y(t)>0,

In fact, if it is not true, then there exists a t* such that
y(t) > 0,t € [0,t") and y(t*) = 0. Then y(¢) is monotonically
increasing on [0,"]; that is, y(f) > y,,t € [0,¢"]. By using
(45) and condition (2) of Theorem 6, we obtain

t>0. (47)

jt)y=n'y (aym_1 - Bt +an’® - 1)

>y, (ayg'_l — pr* +an® - 1) >0, (0,t7],
(48)
and hence y(t) is monotonically increasing on [0, t*], which
contradicts the assumption y(¢*) = 0. So claim (47) is valid.

Multiplying both sides of (45) by 2y and integrating the
product over [0, ] lead to

.2 2an’ +1 +1
> O =)
m + (49)

(7" —ar* + pr°) (" = 30) + 71 =G ().
Since G(y,) = y; > 0 and

G (y) =2n’y [aym_l - (1 —ar’ + ﬁﬂ4)]

(50)
> 21y, [ay(')"_l - (1 —an’ + ,87r4)] >0,
G(y) > G(y,) > 0,t > 0. It follows from (49) that
R 2an’ m+1 m+1
7= U R
1/2
—(ﬂz—ocﬂ4+ﬁn6)(y2—y§)+yf , t>0,

(51)

and (51) implies that the interval [0,T;) of the existence of
y(t) is finite; namely,

+oo [ am?
T < m+l _ m+l
2[R o)

-1/2
—(nz—an4+,87'r6) (yz—y§)+yf dy

< +00,
(52)

and y(t) — +coast — T7; thatis, _[01 u(x, t)sintxdx —
—coast — Tj. By the Holder inequality, we have |u(t)| —
+00,ast — T;.Theorem 6 is proved. O

4. Initial Boundary Value Problem (2), (6) and
Some Examples

By virtue of the Galerkin method [8] we can prove that
initial boundary value problem (2), (6) admits a unique local



generalized solution and a unique local classical solution.
Moreover, by using Theorem 6, we obtain the following
theorem.

Theorem 9. Assume that u(x,t) is the generalized solution
of initial boundary value problem (2), (6) and the following
condition holds:

1
T . 4 2
=3 JO u, (x) sinmx dx > max{O, (671 -+ 1)},
_—
=3 J u, (x)sinmx dx > 0.
0
(53)
Then
lu@)l — +oo, ast—T,, (54)
where
oo [ 27
S O
Yo
-1/2
—(n* -7+ 6716)()/2 - yé) + yf dy < +oo.
(55)

Proof. A simple verification shows that all conditions of
Theorem 6 are satisfied and thus Theorem 9 is proved imme-
diately. O

Example 1. We consider the following equation:

Uy = Uy, + a(|u|m71u)xx taugs+ Pus, x€Q, t>0,
(56)

with the initial boundary value conditions

u,(0,t) =u, (1,t) =us (0,t) = us (1,1) = u,s (0,1)

=us(L,t)=0, >0,
u(x,0)=uy(x), u(x0)=u(x), x€Q,
(57)
or with
u(0,t) =u(l,t) = u,, (0,t) = u,, (1,t) = u,a (0,t)
=uu(L,t)=0, t>0, (58)

u(x,0) =uy(x), 1 (x,0)=u (x), xe€Q,
where a #0 and m > 1 are all real numbers, u,(x) = u;(x) =
K, cos mx, and K, > 0 is a constant.

(1) Ifa > 0 and m > 9, a simple calculation shows that
o(=als|"'s) € C’(R), 0 (0) = 0 (i = 1,2,3,4),and 0’ (s) =
am|s|™ " > 0; that is, o’ (s) is bounded below. And uy(x) and
u, (x) satisfy the conditions of Theorems 2 and 4, respectively;
then by Theorems 2 and 4 we know that the initial boundary
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value problem (56), (57) and (56), (58) admits a unique global
classical solution, respectively.

(2)Ifa < 0 and m > 1, we have o(s)s = a|s|™}, T(s) =
aIsIm_l/(m+l);takingpt =m+1>2andy = —a/(m+1), then
o(s)s = ul'(s), I'(s) = —y|s|m_1; obviously, u, € H?, u, € 12
jol uy(x)dx = Jol u, (x)dx =0, and

= ([w® dé)zdx ol - |

2 2a
+ ﬁ"“g“ + m"’f‘o“g:}l(o)
1 K; 9
2 4
:<F+1—om + pr )70
ZaKS"+1

m+1

+

1
J |cos rrx|™ dx.
0

We can take K|, suitable large such that

) 2/(m-1)
S R — , (60)
D(1 - e-m/4y?

where D = —a(m — 1)/[2""772(m + 1)(m + 3)]. Thus, all
assumptions of Theorem 5 are satisfied; then by Theorem 5 we
conclude that the solution of initial boundary value problem
(56), (57) must blow up in a finite time Tj; namely,

t
Ol + L lu(D)lPdr — +oo ast—T;. (61

Example 2. We consider the following equation:

Uy =ty +a(”)  +aus+Pus, xeQ, t>0,
(62)
with the initial boundary value conditions
1 (0,6) = 1, (1,8) = 1 (0,) = o (1,8) = s (0,1)
=us(L,t)=0, >0,
u(x,0)=uy(x), u(x0)=u(x), xc¢€ Q,
(63)
or with
u(0,8) = u(1,1) = Uy, (0,8) = uy, (1,1) = u,4 (0,)
=uas(l,t)=0, t>0, (64)

u(x,0) =uy(x), u(x,0)=u(x), xc¢€ Q,
where a > 0 is a real number and m > 1 is a positive integer,
uy(x) = uy(x) = -K;, and K; > 0 is a constant.

(1) If a > 0 and m is an odd number, a simple verification
shows that all conditions of Theorems 2 and 4 are satisfied;
then by Theorems 2 and 4 we know that the initial boundary
value problem (62), (63) and (62), (64) admits a unique global
classical solution, respectively.
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(2) If a > 0 and m is an even number, then o(s) (= as™) is
a convex and even function, and we can take K, suitable large
such that

_—
- = J U, (x) sinmx dx
0

2
4 2 1/(m-1)
m —an” +1
:K1>max{0,<ﬁ#) } (65)

a

1
- gJ u; (x)sinmxdx = Ky > 0.
0

Thus, by Theorem 6, we deduce that the solution of initial
boundary value problem (62), (64) must blow up in a finite
time T;; namely,

lu@)| — +oo, ast—T;. (66)
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A delay-differential modelling of vector-borne is investigated. Its dynamics are studied in terms of local analysis and Hopf
bifurcation theory, and its linear stability and Hopf bifurcation are demonstrated by studying the characteristic equation. The
stability and direction of Hopf bifurcation are determined by applying the normal form theory and the center manifold argument.

1. Introduction

Vector-borne diseases are an important public health prob-
lem. Vector-borne diseases are infectious diseases caused by
virus, bacteria, and so on which are primarily transmitted by
disease biological agents, called vector carrying the disease.

Malaria is the most prevalent vector-borne disease, which
is transmitted to the human host through a bite by an
infected mosquito. It can lead to serous affecting the brain,
lungs, kidneys, and other organs, and it caused the greatest
number of deaths. Approximately, 40 percent of the world’s
population is at risk, and 2 million deaths per year can be
attributed to malaria, half of those in children under 5 years
old. Especially in Africa, more than one million children
mostly under 5 years die each year. No effective vaccines are
avaijlable for the disease. In many years, the effective way to
prevent the malaria and other mosquito-borne disease is to
control mosquito.

Several theoretical studies have proposed vector-borne
models. Reference [1] used a mathematical model to show
that bringing a mosquito population below a certain thresh-
old was sufficient to eliminate malaria. Reference [2] studied
both a baseline ODE version of the model and a model
with a discrete time delay and gave the conditions under
which equilibrium is globally stable and the disease dies
out. Reference [3] showed that reducing the number of

mosquitoes is an inefficient control strategy that would
have little effect on the epidemiology of malaria in areas
of intense transmission. Reference [4] used a mathemat-
ical model to evaluate the impact from the programs
of selective mass drug administration and vector control
through mosquito nets. References [5, 6] models took
into account the acquired immunity to malaria depends
on exposure (i.e., that immunity is boosted by additional
infections).

For a long time, it has been recognized that delay may
have very complicated impact on the dynamics of a system.
Delay can cause the loss of stability and can bifurcate various
periodic solutions. Recently, there has been extensive work
dealing with time delay systems (see, e.g., [7-11]). As far as
we know, there are few works on the delayed vector-borne
system, let alone the existence of Hopf bifurcation, and the
stability and direction of bifurcating periodic solutions. In
this paper, we focus on investigating these problems.

This paper is organized as follows. In Section 2, we
provide a vector-borne model and analyze the property of the
nonnegative equilibria. In Section 3, we get the existence of
the Hopf bifurcation. In Section 4, the stability and direction
of periodic solutions bifurcating from the Hopf bifurcation
are determined by using the normal form theory and center
manifold argument introduced by Hassard et al. [12].
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2. Property of the Nonnegative Equilibria

We can describe the dynamics of the disease in the host
population as follows:

SO =b-LSOIB)-ASOV () -mS®©),
T =ASOI®) +MSOVE) —yI ) —wI®), Q)

R(t) = yI(t) - wR(t).

Here S(t), I(t), and R(t) represent the population density of
susceptible, infectious, and recovered at time ¢, respectively.
The total host population size at time ¢ is given by N,(t).
The host population dies at a natural rate y,, and the host
grows with intrinsic growth rate b;. A, is the rate of direct
transmission, while A, is the biting rate of a pathogen-
carrier vector. The host recovers at the rate p. The recovered
individuals are assumed to acquire permanent immunity.

The system that describes the dynamics of the vector is
given by

M (t) = by =AM () I () — M (1), @
V(£) = LM @) I(E) — @V (2).

Here, V(t) is the number of vectors at time ¢ carrying the
pathogen at time t, and M(t) represents the population
density of pathogen-free vector at time ¢. The total vectors
population size at time t is given by N,(t). b, and y, are the
birth rate and death rate of vector population, respectively.
Suspectable vectors start carrying the pathogen after getting
into contact with an infective host at a rate A;. We assume that
the vectors carry the microparasite for life once they became
carrier of it.

The time delay 7 > 0 is introduced in the system (2) to
describe the dynamics of the vector. At time t, the susceptible
vectors bite the host 7 time ago, and the vector became
infectious. The delay model of the system takes the following
form:

M (t) = b, =AM () I (t —7) — M (t), 5
V()= AM®OIE-1) - wV ().

The systems (1) and (3) satisfy the initial conditions: S() = S,,
1(0) = 1, R(0) = Ry, M(0) = M, V(0) =V, and 0 € [T, 0).
The total host population size N, (¢) can be determined by
N, () = S@t) + I(t) + R(t) or

N, (t) = b, — N, (t). (4)

The total number of vectors N,(f) can be determined by
N,(t) = M(t) + V(t) or

N, (t) =b, — N, (1) (5)

The total population size of both host and vector populations
are asymptotically constant; that is, lim, , (N;(t) = b/y
and lim, ,  N,(t) = b,/u,. Without loss of generality, we
assume that N, (t) = b /y; and N,(t) = b,/u, forallt > 0
provided that Sy + I + Ry = b, /y; and M, + V;, = b,/ u,.
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The systems (1) and (3) are equivalent to the dynamics of
the following system:

SH)=b—MSOI({)-A,SE)V(t)—wS®),

I@#)=MSEIE)+A,SE)V(t)—yI(t)—mI(t), ©)

V()= A3<z—2 —V(t))I(t—T)—/,tzV(t).
2

The initial condition of system (6) is

($(6),1(6),V(0) €C, =C((-1,01,R})), Sy 15,V > 0.
(7)

System (6) has two equilibria E;, = (b,/4;,0,0) and E* =
(S*,I",V*), where

b _ I* *
¢ (y+u) ’ V= Asby1 . )
21 ty (i + A5T%)

I" is determined by the following equation:

Ay Asb,
' (Al +

bl—(y+m)1<)t

= .
" )> y+u.  9)

Equation (9) has a unique positive root, when (y + y, )/41‘145 <
by (A + A,A5by).
For the equilibrium E,, the characteristic equation is

Ab
(m”)(wul—f+k>(#z+k)=0- (10)
1

We can easily get the following theorem by some calculation.
Theorem 1. E, is asymptotically stable if A b, [y, —y—u; < 0;
it is unstable if A\b, [y, —y — 4, > 0.

3. Existence of Hopf Bifurcation

We study E* under the condition (y + p)pypis < by(Ay i +
A,A3b,). The characteristic equation of E* is

N Quy+ iy +y+ AT+ A0+ A,V —1,8%)A°
+ [(py + A7) Quy +y + AT + A,V —1,S7)
i ( +y = A S) + (NI + A,V (4 +9)] A W
+(pp + A1) [y (o +y = 14S7)
+ (M I"+A,V7) (py +y)]

+ A8V (A + ) e =0,
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Let
A =2u +py +y+ AL + A0 + 4,V -1 ST, (12)
B=(uy + A1) 2uy +y + A I" + A,V = 1,S7)
(i +y =48 ) + M+ ,V7) (i +9) "
C=p (= AI") ( +y-1,87)
(14)
+ (M I+ A,V (= ASTT),
D =1,A,8V, E=mAA,S V" 15)
Then (11) can be rewritten as
A+ AV +BA+C+[DA+Ele™ =0. (16)

Lemma 2. Equation (11) has a unique pair of purely imaginary
roots if A*> — 2B > 0 and C* — E* < 0.

Proof. If A = iw, w > 0 is a root of (16), separating real and
imaginary parts, we have the following:

2 .
Aw” — C = E coswt + Dw sin wr,

17)
w’ — Bw = Dw coswt — Esinwr.
Squaring and adding both equations, we have
w® +Qu* + Qu’ +Q; =0, (18)
where
Q =A"-2B, Q,=B'-2AC-D’, Q,=C*-FE’.
(19)
We know that
Q, =A*>-2B>0, (20)
Q,=C’-E* <. (21)

Then this lemma implies that there is a unique positive root
w, satistying (16). That is, (11) has a unique pair of purely
imaginary roots tiw.

From (17), ,, can be obtained:

1 _,Dw;+(AE-BD)w; —EC 2nrm
T, = —COS > o) +—,
w, E* + D wj w (22)

n=0,12,....

Theorem 3. If the following conditions

A*-2B >0, C*-E*<o, AB+D)>C+E,
(23)
(B*-24C) E* > C*D? (24)

are satisfied, system (3) undergoes Hopf bifurcation at E* when
T=1,n=0,1,2,..; furthermore, E* is locally asymptotically
stable if T € [0, 1,) and unstable if T > 1.

3
Proof. Differentiating (16) with respect to 7, we get
2 AT AT dA
[30* + 24X+ B+ De " - 7 (DA + B) e | ==
dr (25)
=A(DA+E)e™,
That is
<@>‘1 ___3+24\+B D 7
dr)  AM+AX+BA+C) A(DA+E) A
(26)
Thus,
-1
Re ( @ >
dr A=iw,

B - 3w} +i2Aw, D
= Re - . 2 . 2 + . .
iw, [(C - Awd)+iwy (B-w?)]  iw, (iDw, + E)

= (2D*wq + (3E* + A’D’ - 2BD*) w;, + (2A” - 4B) Eu;,
+(B’E* - C*D’ - 2ACE?))
< ([wd(B-uf) +(C - auwd)] [(Dw) +F]) .
(27)
We can rewrite the numerator as follows. Let
V= w2,
f W) =2D*w’ + (3E* + A’D’ - 2BD*) w*

+ (2A2 - 43) E*w + (BZEZ - CD* - 2ACE2) ,
(28)

and then
G(V) = f(w)
=2D°V? + (3E* + A’D* - 2BD*) V?
+(24% - 4B) B’V + (B’E’ - C*D* - 2ACE?),

G' =2[3D*V?+(3E* + (A* -2B) D*) V+(A® - 2B) E?|.

(29)
For G',
A = (3E? + A°D? - 2BD?)’ — 12 (A% - 2B) D’E?
(30)
- [3E? - (A*-2B)D*] >0,
G’ has two real roots, which take the form
—(3E* + (A? - 2B)D?) + VA
P ) B
(31)
” -(3E*+(4*-2B)D*) - VA .
, = < 0.

6D?



Then we know that G(V) monotonously increases in
(V},+00), that is to say, that f(w) monotonously increases in
(0, +00). And as we know f(0) = B*E* - C?’D*-2ACE? > 0,
we have f(w) > 0 for w > 0. Then we obtain

d\ !
- sign e( dT)

Therefore, the transversality condition holds and hence Hopf
bifurcation occurs. For (16), when t = 0, the characteristic
equation is

d(Re A (1))
" dt

sig >0. (32)

A=iw,

NP +AV +(B+D)A+C+E=0. (33)

Under the conditions of the theorem, A(B + D) > C + E and
Routh-Hurwitz criterion, we know that all roots of (16) have
negative real part; that is to say, the equilibrium E* is locally
stable for T = 0, while 7, is the minimum 7, at which the real
parts of these roots are zero. So, E* is locally asymptotically
stable if T € [0, 7,) and unstable if T > 7,.

4. Direction and Stability of
the Hopf Bifurcation

In the previous section, we obtain the conditions that a family
periodic solutions bifurcate from the steady state E* at the
critical value 7,. Throughout this section, we assume that
these conditions hold. As pointed by Hassard et al. [12], it is
interesting to determine the direction, stability, and period of
these periodic solutions bifurcating from the steady state. In
this section, we will follow the idea of Ross [1] to derive the
explicit formulas determining these factors. Letu; = S - S*,
uy =I1-TI",and uy; =V - V*. Equation (3) becomes

S(t) = b -\ (u1 +S*)(u2 +I*)
Ay (g +87) (us + V") =y (uy +57),
T =2 (uy +S) (i + I") + Ay (uy +S™) (3 + V)

YU+ ) =y (uy +17),

V() :/\3<% —u3—V*>(u2 (t-1)+1")

2

—t (us + V7).
(34)

The linearization of (34) at u = (uy, u,, u;) = (0,0,0) is
t, = —lLu, - Lu, —Lus,
ty = Ly, + myu, + myus, (35)
Uy = —Myu,y (t — T) — N3Us,

wherel; = A\ I" + A,V + L, =A,8",my = A, 8" —y -y,
my = A,S8", 1, = Ay(by/u, = V¥), and ny = A1" — py. Let
x;(t) =u;(tr)and T =7, +pu (n=0,1,2,...) and 7, is defined
in (22) and p € R, and the system (34) can be written as FDE
in C = C([~1,0], R?) as

%(t) = L, (%) +F (b %) » (36)
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where x,(0) = x(t + 0) € C, L,:C—> R F:RxC —> R
are given, respectively, by

_ll _12 _l3 ¢1 (0)
L‘u (¢) = (Tn + [4) ( ll m, ms > <¢2 (0)>

0 0 -ny ¢ (0)

0 0 0\ /¢
- <o : o) (¢2 <—1>>,
0 -n, 0/ \¢5(-1)
A1, (0) ¢, (0) — A, (0) 5 (0)
F(u,x,) = (1, + ) ( A1y (0) b, (0) + A6 (0) 5 (0) ) >
=A3¢, (=1) ¢5 (0)
(37)

where ¢(0) = (¢ (0),¢2(9),¢3(9))T € C. By the Riezs rep-
resentation theorem, there exists a function #(0,u) of
bounded variation for 6 € [-1, 0], such that

0
L=| dn®,06¢@®), ¢ecC. (38)
-1

In fact, we can choose

I, -, -l
'1(9’#)=(Tn+u)<ll m, m3>6(6)

0 0 -n
(39)
0 0 O
—(Tn+[/l)<0 0 0>6(6+1),
0 -n, 0
where § is Dirac delta function.
For ¢ € CY([-1,0], R?), define
M 0 €[-1,0),
do
Awe=1 ,
J_ld’l (su)p(s) 6=0, (40)
0, 0€[-1,0),
R =
@9= 3 ug). o0
Then system (36) is equivalent to
% = A(u) x, + R(u) x,, (41)
where
x0)=x@t+0) 0¢e[-1,0). (42)
For ¢ € C'([0,1], (R*)"), define
_M) s € [0’ 1) )
Ay(s) =1 0 9 (43)
J an’ (4,00 y (=), s=0,
and bilinear inner product
(¥ (5).6() =yT (¢
(44)

0 0 _
) L Lzo yT (E-0)dn(0) ¢ (©)de,
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where 7(6) = 1(6,0). Then A(0) and A™ are adjoint operators.
From Section 3, we know that +iw, are eigenvalues of A(0).
Thu,s they are eigenvalues of A*. We need to compute the
eigenvector of A(0) and A* corresponding to iw, and —iwy,
respectively.

Suppose g(0) = (1, a, /3)Te is the eigenvector of A(0)
corresponding to iw,. Then A(0)g(0) = iw,t,9(0). It follows
from the definition of A(0) and #(0, i) that

=1l - iw, -1, -1 0
Ty L m, — iw, s q(0) = <0> . (45)
0 —n,e " —ny —iw, 0

Then we can get
q(0) = (Lo )

T
— (1 lln3 _11”2 —iw,T, >
" Lnye ot — L, Lin,e % — Ln,
(46)

iOw, T,

We can suppose that g*(s) = D(1,a*, %)™ is the
eigenvector of A* corresponding to —iw,1,, and similarly we
can obtain

-1, +iw, L 0 0
T, L, omy+iw, —me™™ g7 (0)=1{0],
—I, ms 15 + iw, 0

—iw, (mz - ll)

iwy T,
I,n,e™om

; 2
o = I, —iw, Limy +wy — L1,
= T 5 >

I, B =

(47)
By (44), we get
CHONIC)
L& B ) (L B)

1
0
l+a <x+ﬂ ﬂ—

0
JO j D(La B ) e Oy (6) (1,0 B)" e
{ (1, @, B")0c"dn ©) (1,0, ﬁ)T}
B{l+(x a+ B B-tmap e o }

(48)
Then we choose
1

D=———; > (49)
l+a’a+f B-T1,map e

such that (g*(s),q(0)) = 1, {(g"(s),q(6)) = 0.

In the following, we use the ideas by Ross [1] to compute
the coordinates describing center manifold C, at ¢ = 0.
Define

z(t)={(q", %), W (t,0) = x, —2Rez(t)q(0). (50)

On the center manifold C,,, we have

W (t,0) =W (z(t),z(t),0)

22 32 (51)
=Wy (0) 5 + Wy, (0) 2z + W, (0) S

where z and z are local coordinates for center manifold C,
in the direction of g* and g*. Note that W is real if x, is real.
We can only consider real solutions. For the solution x, € C,,
since y = 0 and (41), we have

z =iw,r,z +{(q" (0),F(0,W (Z,2,6) + 2Rezq (0)))

=iw,1,z+q (0)F(0,W (z,2,0) + 2Rezq(0))
ot (52)
= iwyr,z+q" (0)F, (2,2)

= iwyT,2 + g (2,2),

where

q" (0)F, (2,2)
2 7 2= (53)

_ z°z
=Gyy— + G122+ Gppo— + Gy —— + - .
920 ) 9gn 902 > 921 >

g(z,2) =

From (50), we have x, = (x,,(0), x,,(0), x5,(0)) = W(t,0) +
zq(0) + zq(0) and g(0) = (1, «, ﬂ)Teiw"T", and then

2
X, (0)=z+z+ WL (0) % + W (0) 2z
@ (o 2 3
+ W, (0) = +0(Iz.2)0°),
z2
Xy, (0) = za + Za + W) (0) > w2 (0) 2z
212 3
+ W2 (0) 5 +0(|z2)I),
x5 (0) = 2B+ 2B+ WS (0) — w (0) zz
D2 3
+ W, (0) 5 +0(I(z.2)0°),

i _ z
Xy (—1) = zae ™™ + Zae™ 0™ + W(z) (-1) 5

+0(Iz2)l).
(54)

—2
+ W2 (-1) 2z + W2 (1) %



From the definition of F(y, x,), we have
9(z,2)
=q (0)F, (2,2)

. —A1x1; (0) x5 (0)— A,y (0) x5, (0)
7, (L&) [ A (0) x5 (00425, (0) x5, (0)
—A3x,y, (—1) x5, (0)

>

= D, {zz [a@ = 1) (A, + BA) - AsapB e ™™ |
+22Z [\, Refo @ — 1) + A, Re {aB} (@ ~ 1)
1,8 Re {foe 7]
+2° [ @ (@ -1)+1,0B (@ —1)-Asappre™ ™|
+2°Z [Al (@ -1) (wff) (0) + %w;(? (0)
+§W2(3) 0) + oW,y (0))

— o
+A @ -1) (ochf) (0) + =W (0)

+§W;§) 0) + pW; (0))

B

—MF(&W?GD+5W%N4>

+%W2(3> (0) ™™

+(xW1(f) (0) e_iw01“> ] 4. } .
(55)

Comparing the coefficients with (53), we obtain
920 = 2D7, [a(@ ~1) (A, + ;) ~ Asapf e m ],
gu = 2Dz, [A, Refa} (@ — 1) + A, Re {ap} (@ - 1)
~1,B Re {E(xe_iw"r”}] ,

902
= 2D, [M @ (& —1)+ Ao (@ —1)-A;aBBre™ ™|,

= —x 1 [
g = 2D, [M @-1) (Wff’ (0)+ W55 (0) + S Wy (0)

+aw ! (0) )
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—x o
+A@ 1) (ochf) (0) + =W (0)

+§W2(§) 0) + W (0))

B

~Ap (ﬂWff’ (1) + Wy (1)

o .
+5W2(3) (0) ™™

+ocW1(f) (0) ¢ o™ )] .
(56)

In order to determine g,,, we need to compute W,,(6) and
Wi, (0). From (41) and (50), we have

W=4%-29-zq

_ [AW -2Re{g" (0) Fyq (6)}, 0 € [-1,0),
“law - 2re{g ) Fq@®)} +F, 0=0, &7
€AW + H(2,2,6),
where
ZZ 22
H(z,z,0) = Hy, (0) < +Hy 0) 2z + Hop o+ (58)

Note that, on the center manifold C, near to the origin,
W =W,z + W,z (59)
Thus we obtain

(A - 2iwyT,) Wy (0)=—H,, (), AW,, (0)=—H,, ().

(60)
By (57), we know that, for 0 € [-1,0),
H (2,2,0) = -4" (0) Fpq (8) - q" (0) Foq (6) (6D
=-99(0)-9q(0).
Comparing the coefficients with (58), we can get
Hyy (0) = =904 () = 90,9 (0)
(62)

H,y, (0) = -91,9(9) - 9,9 (9).
From (60), (62), and the definition of A, we have
Wi (0) = 2iwyT, W,y (0) + 9209 0) + G,q (). (63)
Noticing g(6) = q(0)e™®™, we have

1902

igZO iT,w,0 — —iT,wy0 2it,w,0

W, (0) = =g (0) """+ —=173(0) e """ +E ™",
20 (6) anoq() 3anoq() ! o
64
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where E;, = (Egl),Egz),E(f)) € R’ is a constant vector.
Similarly, we can have

. ig .
VV11 (6) _ _;gtlul q (0) elan09 + Tgli)l q(o) e—rrnwoe + E2>
n=’0 n=’0
(65)

where E, = (Egl),Egz),E?)) € R’ is a constant vector.
In the following, we wiiill find out E, and E,. From the
definition of A and (60), we can obtain

0
L dn (0) Wy, (0) = 2iw,t, W, (0) — Hy, (0), (66)

0
| an@w, ©--r, 0, (67)
where #(0) = 7(0,0). From (57) and (58), we have
Ao —Aaf
H,; (0) = —9,09(0) — 9,9 (0) + 21, Ao+ Azaﬁ ,
—AoPe
(68)

H,, (0) = -9119(0) - g,,4(0)

~24, Re(0) =24, Re (@B)\ (g9
21, Re (@) + 24, Re ()
—2A3 Re (“ﬁe—iwm’n)

Substituting (68) into (66) and noticing that

0 .
<inTnI - J e dy (0)> q(0) =0,
-1

+ 27T

n

. (70)
<—inTnI - J. eiiew‘)f”dq (9)) q(0) =0,
-1

we then obtain

0o A = Ayap
(Zirwol - J 20 dy (6)) E, =21, AMa+rap |,
-1

A ﬁe—iwofn
(71)
which is
2iw, + 1 I Iy A — A
-l 2wy -m,  -my E =2 Ma+raf |
0 nye 20T Djwy + 1y —Aja e
(72)
Solving the equation, we get
) Ao —Aaf I I
ED = 2 Ao+ haB 2iwy—m,  -ms |,
—Ayafe T e T Qi + 1y
) 2iwy + 1, —Aja — A Iy
Egz) == - Ao+ Ao -ms |, (73)
R 0 —Asafe” " 2iw, + ny
) 2iw, + 1 L, Ao —Aa
E(13) == -, 2iwy-m, Aa+raB],
R 0 }’lze_ZinT" —/\306/36_iw07"

7
where
-Aa—Aaf L Iy
R=|Aa+Aap 2iwyg—-m, -m; |. (74)
—dyafe 0t e ™ Dy + ny
Similarly, we can get E,:
-1, -1, -, Ay Re(a) + A, Re (ocﬁ_)
I, m, my |E,=4( -1, Re(a)-A,Re ((xﬁ) ,
0 -n, —ny A;Re (&,Beiw"r”)
4 Ay Re(x) + A, Re (043) -, -
E;l) = —|-A;Re(a) — A, Re (cxﬁ) my, my|,
S —2,iWyT,
AsRe (ocﬁe o ”) -n, —n,
L MiRe@ +A;Re (aB) -1,
Egz) =—|l;, -A;Re(ax)—A,Re (ocﬁ) ms |,
N — Wy,
0 AsRe (04/3@ o ") 13
-I, -, A, Re(a)+A,Re ((XB)
B - % I m, - Re(@-A,Re(aB)|,
0 -n, A; Re (&ﬁeinT’“)
(75)
where
L L
S=|1l, m, ms|. (76)
0 -n, —ny

Therefor, all g;; have been expressed in terms of parameters.
And we can compute the following values:

2
9
¢ (0) = rrw <911920 - 2|911|2 - %) + %>
n*0
W Rela©)
P Re{V (g} (77)

B, = 2Re ¢, (O},

_ Im {¢; (0)} + 4, Im A’ (z,,)
2 T,Wo ’

which determine the quantities of bifurcating periodic solu-
tions in the center manifold at the critical value 7,; p,
determines the direction of the Hopf bifurcation. If y, >
0 (4, < 0), then the Hopf bifurcation is supercritical
(subcritical); 3, determines the stability of the bifurcating
periodic solutions: the periodic solutions are stable (unstable)
if B, < 0 (B, > 0); T, determines the period of the bifurcating
solutions: the periodic increases (decreases) if T, > 0 (< 0).
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