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During the last decades the development of modern engi-
neered materials and technologies for metal forming appli-
cations to new and existing processes, products, and tool
represents an emerging issue both from an industry and from
an academic viewpoint. Nowadays, a lot of research activities
in the field of metal forming have been accomplished and
there are a wide range of applications where the modern
engineered materials are used.

The objective of this special issue was to provide a
wide spectrum of new information on modern engineered
materials and technologies for metal forming applications as
well as to provide readers with a representative outlook of the
latest achievements in this field. The topics focused on the
understanding of the interaction between materials of work-
piece and the tool as well as the effect of process parameters
and so forth when improving efficiency of process, product
quality, and tool life.

This special issue offers a selected and articulated
overview of the examined topics. It contains five papers and
the details were listed as follows.

Z.-b. Xiao et al. revised the constitutive equation of
2026 Al alloy under hot compression which was done by
compensation of temperature considering the impact of the
second phase on true stress. It indicated that the revised
constitutive equation can give an accurate prediction of the
peak stress for 2026 Al alloy and can be used in the hot
processing of 2026 Al alloy.

Jindong et al. investigated the cold compression defor-
mation method to reduce the quenching residual stress of
7A85 aluminum alloy thick block forging. It was found that
this method has a significant effect on reducing stress if an
appropriate amount of compression deformation is chosen.
The optimal compression deformation value is about 1%-
2%, reducing 70% residual stress for 7A85 aluminum alloy
specimens sized 100 × 60 × 40mm.

Y.-S. Lee et al. in their article titled “Development of a
Master Sintering Curve for Al-Mg Alloy,” to help an engineer
to design pressure assisted sintering process for Al-Mg alloy,
developed the master sintering curve for Al-Mg alloy which
was investigated for suitable design of pressing pressure for
this Al-Mg alloy.

O. V. Berezshnaya et al. investigated the thermostressed
state of coating formation at electric contact surfacing of
“shaft” type parts. It showed that, owing to the increases in
friction coefficient, the change of the speed asymmetry factor
has a significant influence on the forming of the coating.
The nomograms for determination of the stress on the roller-
electrode are illustrated, as well as the finite thickness of the
coating as the function of the initial thickness of the compact
material and the deformation degree are shown.

P. A. Prates et al. in their article titled “Inverse Strategies
for Identifying the Parameters of Constitutive Laws of Metal
Sheets” showed a great development of inverse strategies
coupled with finite element simulations, namely, in FEMU
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strategies for the identification of parameters of constitutive
laws describing the plastic behavior of metal sheets. These
strategies should be directed towards the simultaneous iden-
tification of parameters of any constitutive law, including
isotropic and kinematic hardening, and any anisotropic yield
criterion.
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In aeronautical machining industry, the most difficult problem to deal with is the distortion of aviation integral component, one
main cause of which is the existence of quenching residual stress of forgings, especially for large-sized ones.Therefore, it is important
to study the methods that can reduce the quenching residual stress. In this work, the distribution of quenching residual stress of
7A85 aluminum alloy thick block forging, as well as the effect of cold compression deformation method on reducing quenching
residual stress, has been investigated by simulation. The results show that, in length direction of 7A85 aluminum alloy thick block
with a large size of 260 (𝐻) × 1150 (𝑊) × 5300 (𝐿)mm, quenching residual stress can be significantly reduced by about 2.5% cold
compression deformation along the direction of highness, with residual stress in length direction ranging from −65MPa to 60MPa,
compared with its counterpart after quenching from −170MPa to 140MPa. Then a cold compression experiment was carried out,
in which the forging residual stress on the surface was measured by X-ray diffraction device.The experimental results indicate that
the optimal compression deformation value is 1%-2%, reducing 70% residual stress for 7A85 aluminum alloy specimens in size of
100 (𝐿) × 60 (𝑊) × 40 (𝐻)mm.

1. Introduction

Aluminum alloys are the primary material for structural
components of military aircrafts, helicopters, amphibious
warships, and so forth for several decades. This is because
of the low specific gravity of aluminum which favors the
selection of aluminum alloys in weight-critical applications
[1]. 7A85 aluminum alloy developed in China in recent
years is a new type of high-strength aluminum alloys, whose
performance is similar to 7085 aluminum alloy that has
been developed by Alcoa company since 2002. In order to
gain high-strength performance, a series of heat treatment
processes must be carried out including a severe quenching
operationwhich introduces a very high level of residual stress
in these aluminum alloys forgings. Quenching residual stress
not only results in unexpected machining distortion, but
also increases the possibility of unpredicted fatigue failures
and stress corrosion cracks (SCC) [2, 3]. Therefore, it is of

great significance to investigate quenching residual stress
prediction and reduction methods in aircraft aluminum
parts.

A lot of research on quenching residual stress has been
carried out by researchers. Particularly with development of
computer technology in recent years, numerical simulation
technology has become an effective way to simulate the gen-
eration and distribution of residual stress during quenching
process. Koç et al. used the finite element method to simulate
the quenching and prestretching process to predict residual
stress value of quenched and prestretched aluminum blocks
[4–6]. Wu et al. studied the residual stress in aluminum
blocks with different quenching processes [7–9]. Prime and
Hill used the crack compliance method to measure the
residual stress value in products of Alcoa and obtained
residual stress distribution of quenched aluminum block and
the corresponding prestretched block [10, 11]. Muammer et
al. studied the residual stresses in quenched aluminumblocks
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Figure 1: Finite element model.

Table 1: Heat transfer coefficient of 7A85 aluminum alloy.

Temperature (∘C) 20 100 200 300 400 500
Transfer coefficient
(W/m2⋅C) 2500 5000 13857 10000 3000 700

and their reduction through cold working processes [12, 13].
In this work, the effect of cold compression deformation
on reducing quenching residual stress was studied through
numerical simulation and experiment.

2. Simulation

2.1. Finite ElementModel and Simulation Parameters. A thick
block forging of 7A85 aluminum alloy with a large size of
260 (𝐻) × 1150 (𝑊) × 5300 (𝐿)mm was chosen as the
test component for the numerical analysis. The quenching
and cold compression processes were subjected to numerical
simulation in this study. The block was quenched in water of
20∘C from initial 470∘C and then 1%–5% cold compression
deformation was conducted on the block along the highness
direction. Finite Element Code Deform-3D was used to
simulate the two processes. The shape and finite element
model are shown in Figure 1.

Heat transfer coefficient between 7A85 aluminum alloy
block and water which is the most important parameter
in quenching process is given in Table 1 [14]. The heat
capacity of 7A85 aluminum alloy obtained through DSC
method by using the instrument NETZSCH STA 449 C is
shown in Table 2. Flash method was used to get the thermal
conductivity coefficient of 7A85 aluminum alloy by JR-3
machine. The measurement of thermal expansion coefficient
was completed through NETZSCH DIL402C device. Both of
them are given in Table 2.

2.2. Quenching Simulation Results and Discussion. Figure 2
shows the simulated results of temperature profile for the
cooling time 10 s. Obviously, the temperature of edge at the
block is the lowest and the temperature difference between
the edge and the highest temperature of the block is about
400∘C. This is due severely to heat convection at the edge
along any two axis directions. The temperature gradient and
temperature difference gradually decrease with prolonging
cooling time. Two characteristic points 1 (surface) and 2

Table 2:Thermal conductivity and thermal expansion coefficient of
7A85 aluminum alloy.

Temperature (∘C) 15 100 200 300 400 550
Heat capacity
(J/g⋅∘C) 1.02 0.95 1.1 1.07 1.24 1.07

Conductivity
(W/m∘C) 185.3 182.0 217.3 218.2 228.1 187.2

Expansion
(10−6/∘C) ∗ 24.3 25.9 26.7 28.2 ∗
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Figure 2: Results of temperature after cooling time 10 s.

(core) of the block shown in Figure 2 were employed for
observing the temperature (𝑇) change with cooling time (𝑡)
from470∘C to 20. Figure 3 gives the relative calculated results.
The largest temperature difference between points 1 and 2
occurs in range of cooling time 10 to 15 s. The temperature
difference produces the thermal stress in the internal, which
leads to the deformation of the block. At the same time, the
release of phase transition latent heat results in a decrease in
the slope ofT-t curves. Because the quenching process is very
severe, the effect of the phase transition latent heat release
on the temperature could be ignored. After quenching for
about 350 seconds, the temperature distribution in the block
evolves to be uniform and the magnitude is close to the water
temperature. With increasing time, the temperature of the
two points gradually reduces; it takes about 650 s for them
to be cooled to the target temperature 20∘C.

The final residual stress distribution of quenched block
in length direction is shown in Figure 4. Figure 5 gives
stress (𝑋)-time curves for points 1 (surface) and 2 (core)
of the block. In the initial stage of quenching, the normal
stress was tensile at the surfaces and compressive in the core.
Because of the sudden contraction of the surfaces and the
great temperature gradient in the vicinity of the surface,
the normal stress at surface point 1 increases sharply to
about 70MPa and then decreases slowly with the decreasing
temperature gradient. At the same time, the compressive
normal stress at the center point 2 gradually increases. During
this process, the block undergoes plastic deformation. The
plastic deformation finally results in the fact that the surface
tensile residual stress shifts to compressive and the core
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Figure 3: Temperature-time curves for points 1 and 2 in Figure 2.
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Figure 4: Results of residual stress (𝑋) after quenching.
compressive stress switches into tensile stress at the later stage
of quenching.

2.3. Compression Simulation Results and Discussion. Figure 6
shows the simulated results of residual stress distribution
of the block for different cold compression values 0%, 1%,
2.5%, 4%, and 5%.The 𝑥- and 𝑦-axes stand for residual stress
value and percentage of the block forging, respectively. It can
be seen that the residual stress in length direction ranged
from −170MPa to 140MPa when the quenching process
was completed (Figure 6(a)). After conducting 1% cold
compression deformation on the block along the direction of
highness, the distribution range of residual stress in length
direction significantly reduced that ranged from −110MPa to
120MPa (Figure 6(b)). This is due to the plastic deformation
that redistributed the residual stress of the block.The range of
residual stress in length direction of the block sharply reduces
to the range from −65MPa to 60MPa as the compression
deformation value runs up to 2.5%, and the uniformity
was better than before (Figure 6(c)). However, when the
deformation continued to come up to 4% and 5%, the ranges
of residual stress in length direction of the block sharply
widened which are from −90MPa to 100MPa and from-
110MPa to 120MPa, respectively (Figures 6(d) and 6(e)).

Table 3: Cold compression deformation scheme.

Percentage 1% 2% 3% 4% 5%
Plastic deformation
(mm) 0.4 0.8 1.2 1.6 2.0

Experimental
deformation (mm) 0.9 1.2 1.6 2.0 2.4
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Figure 5: Stress (X)-time curves for points 1 and 2 in Figure 4.

This phenomenon can be explained by the fact that if the
cold compression deformation continues to increase, it will
produce much more elastic deformation in the block which
is the main cause of the increase of residual stress. Therefore,
for this simulation, it can be concluded that the optimal
compression deformation value is about 2.5% for this large-
sized block forging.

3. Cold Compression Experiment

Figure 7 shows the cold compression experimental specimens
of 7A85 aluminum alloy forging with the size of 100 (𝐿) ×
60 (𝑊) × 40 (𝐻)mm provided by Southwest Aluminum
Company and equipment of Central SouthUniversity includ-
ing X-ray diffraction device, and 4000t CNC hydraulic press
machine. The entire experimental course was subdivided
into four operations, which are quenching, measuring resid-
ual stress for the first time, cold compression deformation
along the highness direction of specimens, and measuring
residual stress for the second time. 1%–5% cold compression
deformation was conducted on the quenched specimens
along highness direction, respectively. The data of plastic
deformation is shown in Table 3. Compression speed was
0.1mm/s, which can be accurately controlled by the hydraulic
control system. The residual stress of the same points on
the surface of compressed specimens was measured by X-ray
diffraction device in𝑋, 𝑌, and 𝑍 directions.

The results of cold compression deformation experiment
are shown in Table 4 and Figure 8. The average values
of residual stress for quenched specimens are −174.9MPa,
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Figure 6: Results of residual stress (𝑋) distribution for different compression value: (a) quenched; (b) 1%; (c) 2.5%; (d) 4%; (e) 5%.

−156.7MPa, and −150.6MPa, in 𝑋, 𝑌, and 𝑍 directions,
respectively. After conducting 1% compression deforma-
tion, the values of them reduced to 7MPa, 53.4MPa,
and −5.9MPa, respectively. When compression deformation
exceeded 2%, the level of residual stress in three directions
both obviously increased. It can be concluded that 1%-2% is
the optimal compression deformation valuewhich can reduce

70% residual stress for these 7A85 aluminum alloy specimens
sized 100 (𝐿) × 60 (𝑊) × 40 (𝐻)mm.

4. Conclusions

(1) Physical property parameters of 7A85 aluminum
alloy such as heat capacity, thermal conductivity,
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Figure 7: Experimental specimens and equipment.
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Table 4: Residual stress of quenched and compressed specimens.

Compression
value

𝑋 direction
(MPa)

𝑌 direction
(MPa)

𝑍 direction
(MPa)

0% −174.9 −156.7 −150.6
1% 7.0 53.4 −5.9
2% 28.2 33.7 18.3
3% 22.4 65.3 19.1
4% 64.9 32.4 −22
5% 17.8 20.8 −0.1

and expansion coefficient were obtained through
experiments, which are the foundation of subsequent
simulative and experimental research.

(2) Cold compression deformation method has a sig-
nificant effect on reducing quenching residual stress
if an appropriate amount of compression deforma-
tion is chosen. The simulation results show that,
in length direction of 7A85 aluminum alloy thick
block with a large size of 260 × 1150 × 5300mm,
quenching residual stress can be significantly reduced
by about 2.5% cold compression deformation along
the direction of highness, with residual stress in

length direction ranging from −65MPa to 60MPa,
compared with that from −170MPa to 140MPa after
quenching.The experimental results indicate that the
optimal compression deformation value is about 1%-
2%, reducing 70% residual stress for 7A85 aluminum
alloy specimens sized 100 × 60 × 40mm.
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[4] M. Koç, J. Culp, and T. Altan, “Prediction of residual stresses in
quenched aluminum blocks and their reduction through cold
working processes,” Journal of Materials Processing Technology,
vol. 174, no. 1–3, pp. 342–354, 2006.

[5] H. F. Wang, D. W. Zuo, and L. T. Wang, “Numerical analysis
of surface residual stress of NC milling 7075-T7451 aluminum
alloy,” Key Engineering Materials, vol. 40, no. 7, pp. 718–722,
2009.

[6] A. Arcari, R. De Vita, and N. E. Dowling, “Mean stress
relaxation during cyclic straining of high strength aluminum
alloys,” International Journal of Fatigue, vol. 31, no. 11-12, pp.
1742–1750, 2009.



6 Advances in Materials Science and Engineering

[7] H. Gong, Y.-X. Wu, and K. Liao, “Influence of pre-stretching
onresidual stress distribution in 7075 aluminum alloy thick-
plate,” Transactions ofMaterials andHeat Treatment, vol. 30, no.
6, pp. 201–205, 2009.

[8] C.-Y. Yao, Numerical Simulation of Quench Temperature Field
and Internal Stress Field of Aluminum Alloy 7050 Thick Plate,
Central South University, Changsha, China, 2007.

[9] K. Liao, Y.-X. Wu, H. Gong, and S.-Y. Zhang, “Application of
integral method on residual stress calculation along depth in
aluminium alloy thick plate,”The Chinese Journal of Nonferrous
Metals, vol. 19, no. 6, pp. 1006–1011, 2009.

[10] M. B. Prime and M. R. Hill, “Residual stress, stress relief, and
inhomogeneity in aluminum plate,” Scripta Materialia, vol. 46,
no. 1, pp. 77–82, 2002.

[11] M. B. Prime, “Residual stress measurement by successive
extension of a slot: the crack compliance method,” Applied
Mechanics Reviews, vol. 52, no. 2, pp. 75–96, 1999.

[12] K. Muammer, “Prediction of residual stresses in quenched
aluminum blocks and their reduction through cold working
processes,” Journal of Materials Processing Technology, vol. 174,
pp. 342–354, 2006.

[13] D. A. Tanner and J. S. Robinson, “Modelling stress reduction
techniques of cold compression and stretching in wrought
aluminium alloy products,” Finite Elements in Analysis and
Design, vol. 39, no. 5-6, pp. 369–386, 2003.

[14] S.Wang,Analysis of Quenching Residual Stress and Its Reduction
Process of 7A85 Aluminum Alloy Component, Central South
University, ChangSha, China, 2011.



Research Article
Development of a Master Sintering Curve for Al-Mg Alloy

Yong-Shin Lee,1 Sang-Jun Lee,2 Sangmok Lee,3 Eung-Zu Kim,3 and Duck Jae Yoon3

1School of Mechanical Engineering, Kookmin University, 77 Jeongneung-ro, Seongbuk-gu, Seoul 02707, Republic of Korea
2Patent Information Promotion Center, 48 Munjeong-ro, 48-Beon-gil, Seo-gu, Daejeon 35262, Republic of Korea
3Metal Forming R&D Group, Korea Institute of Industrial Technology, Incheon 21999, Republic of Korea

Correspondence should be addressed to Yong-Shin Lee; yslee@kookmin.ac.kr

Received 27 June 2016; Accepted 25 August 2016

Academic Editor: SutasnThipprakmas

Copyright © 2016 Yong-Shin Lee et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A new master sintering curve (MSC) is proposed for Al-Mg alloy in order to effectively design the pressure-assisted sintering
process. In this work, hot pressing experiments of Al-Mg alloy powders are performed. The changes of relative density during hot
pressing are measured for the various heating rates of 5∘C/min, 10∘C/min, and 20∘C/min at the fixed pressure of 50MPa. A work
of sintering, designated as Θ, is introduced and defined as Θ(𝑡, 𝑇) = ∫𝑡

0
(1/𝑇)exp(−𝑄/𝑅𝑇)𝑑𝑡. A work of sintering, Θ, could be

interpreted as a measure for the amount of sintering work.TheMSC in this work defines the relation between the apparent density
and a work of sintering, Θ. Since the measurement of an apparent activation energy, 𝑄, is very difficult, the correct value of 𝑄 is
obtained numerically using a mean residual square method.Then, the master sintering curves for sintering of Al-Mg alloy powders
are proposed for the sintering temperatures of 400∘C and 500∘C through scaling procedures. It is expected that the master sintering
curves proposed in this work could help an engineer to design pressure-assisted sintering process for Al-Mg alloy.

1. Introduction

The demand for more light weight, fuel efficient, and
enhanced performance automobiles has stimulated research
and development in high-strength and high formability
aluminum alloys. The Al-Mg alloys have medium to high
strength, excellent formability, and good corrosion resistance
[1]. However, it has been well known that sintering with the
powder of Al-Mg alloys is not easy.

In the conventional design procedure of sintering, the
parameters such as time and temperature of the sintering
are decided mainly on the “trial and error” basis [2]. If the
densification during sintering could be predicted from the
sintering data that are really available, it would be helpful
for engineers to design a new sintering process. Then, the
sintering strategy could be established on that basis, which
leads to the production of pellets of good quality and less
number of defects. Therefore, there is a need for better
understanding of a whole sintering procedure. The theory of
master sintering curve (MSC) provides a new insight into the
understanding of sintering process [3–5].

The master sintering curve enables engineers to predict
the densification behavior under arbitrary time-temperature

schedules with the help of a minimum of preliminary exper-
iments. However, this curve has been known as sensitive to
the factors such as starting morphology of the powder, fab-
rication route, dominant diffusion mechanism, and heating
condition used for sintering [6]. Thus, one may need a new
MSC according to the changes of such factors if any of them
is changed when designing a sintering process. A MSC can
also be used as an aid to compare the sinterability of different
powders and to examine the effects of additives, atmosphere,
and fabrication procedure of sintering. Recent study could
incorporate the effects of pressure on densification during
sintering into one MSC such that the final density at any
applied pressure in a pressure-assisted sintering can be
predicted [2]. The concept of MSC, which was originally
developed for the sintering of ceramic powders, has been
successfully extended to the sintering with metallic powders
such as Al2O3, XnO, rhenium, and nickel powders [2–7].
More recently, pressure-assisted sintering of hard metallic
powders such as tungsten alloys and WC alloys has been
reported [8, 9]. For instance, An [9] constructed the master
sintering curves for the mixture of WC, Cu, and Ni powders
to understand densification behaviors during the resistance
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heating. However, the extension of the concept of MSC to
sintering with various metallic powders is still in early stage.
The motivation for the present study is to extend the concept
of the master sintering curve into the realm of hot pressing
with metallic powders and to establish the pressure-assisted
master sintering curve of Al-Mg alloy.

2. Theory of a Master Sintering Curve

Sintering of particulate materials is a thermally activated
process involving the mass-transport phenomena that would
result in particle bonding [10]. These mass-transport phe-
nomena are generally to reduce the free surface area in the
compact of particles. On the other hand, the surface transport
mechanisms are to only grow the sinter bonding between par-
ticles. Thus, it is the bulk transport mechanisms that increase
the density of porous body by gathering the particle together
in order to reduce the free surface energy.Associatedwith this
sintering densification is a decrease in volume, so the changes
of density can be monitored by measuring dimensional
changes of a compact during sintering. Hansen et al. [11]
developed a combined-stage sinteringmodelwith the extensive
studies on the mass-transport mechanisms during sintering,
which is able to predict both the dimensional and density
changes that take place during sintering. In their work, the
compact densification is related to the dominant diffusional
events such as grain boundary and volume diffusion, result-
ing in the following combined-stage sintering equation:

− 𝑑𝐿𝐿𝑑𝑡 = 𝛾Ω𝑘𝑇 [ΓV𝐷V𝐺3 + Γ𝑏𝐷𝑏𝐺4 ] , (1)

where 𝐿 is a representative dimension of the compact, 𝑡 is
time, 𝛾 is the surface energy, Ω is the atomic volume, 𝑘 is
Boltzmann’s constant, 𝑇 is the temperature, Γ is a lumped
scaling factor, 𝐷 is the diffusivity, 𝐺 is the grain size, and
the subscripts V and 𝑏 refer to volume diffusion and grain
boundary diffusion, respectively.

For an isotropic shrinkage, the sintering shrinkage rate
can be linked to the densification rate by considering the
conservation of mass. Then, the following approximate rela-
tionship could be obtained:

− 𝑑𝐿𝐿𝑑𝑡 = 𝑑𝜌3𝜌𝑑𝑡 . (2)

Combining (1) and (2) provides a link between the
densification rate and the diffusional sintering phenomena.
However, the lumped scaling factors, ΓV and Γ𝑏, are arbi-
trary parameters containing the density-dependent geomet-
ric terms. Furthermore, the diffusivities for grain boundary
and volume diffusion, 𝐷, vary significantly between the
studies [12]. These are the main reasons why no reliable
value can be assigned confidently to a particular material.
Thus, determination of the shrinkage and densification rates
from the combined-stage sinter model requires experimental
characterization of the lumped scaling factors and diffusivi-
ties for specific sintering systems. In order to overcome this
difficult work, Su and Johnson [3, 6] tried to rearrange the

combined-stage sintering equation by grouping all of the
density-dependentmaterial parameters on one side, while the
known process-dependent parameters, with the exception of
the apparent activation energy 𝑄, grouped on the other side:

𝑘𝛾Ω𝑎𝐷0 ∫
𝜌

𝜌0

(𝐺 (𝜌))𝑛3𝜌Γ (𝜌) 𝑑𝜌 = ∫𝑡
0

1𝑇exp(− 𝑄𝑅𝑇)𝑑𝑡. (3)

Here,𝐷0 is the diffusivity preexponent.𝐷0 and 𝑛 depend
on the dominant sintering mechanism. The diffusivities
as given in (1) follow Arrhenius temperature dependence
and have been broken up into their preexponential and
exponential terms in (3). Since the grain boundary and
volume diffusion have diverse influences on the densification
response of a sintering system, they have been lumped
together as an apparent diffusivity in (3) to create a master
sintering curve. Here,𝐷0 and 𝑛 are determined as𝐷0 = (𝐷𝑏)0
and 𝑛 = 4 for grain boundary diffusion and 𝐷0 = (𝐷V)0
and 𝑛 = 3 for volume diffusion. The rearranged combined-
stage sintering model would be integrated from the initial
time to the current time for the right-hand side. Similarly, the
left-hand side could be evaluated by integrating the function
represented in terms of a density from the initial density to the
current density which can be obtained at any state of (𝑡, 𝑇, 𝜌)
during thermal processing. The right-hand side of (3) could
be interpreted as a measure of the energy supplied to the
systemduring nonisothermal sintering. Correspondingly, the
left-hand side might be interpreted as the increase of internal
energy due to the changes of density during sintering.

Now, the term (Θ), called a work of sintering in this work,
is introduced as follows:

Θ (𝑡, 𝑇) = ∫𝑡
0

1𝑇exp(− 𝑄𝑅𝑇)𝑑𝑡. (4)

The apparent activation energy for sintering in (4) could
be found through a numerical analysis, such as mean square
residual method, the detailed procedure of which will be
shown in the following section. Now it is clear that there
must be an apparent density corresponding to a work of
sintering,Θ, at a given time 𝑡. Once the relationship between
the work of sintering and the relative density is established, a
master sintering curve describing this relationship could be
constructed using a scaling procedure or curve fitting.

3. Numerical Procedure to Construct a MSC

As mentioned previously, the MSC model is derived from
the final equation of the combined-stage sintering model
which is known as an even earlier attempt at the quantitative
prediction of sintering behavior known. However, the MSC
model offers a simpler method to predict the final density of
a sintered product. The value of apparent activation energy
is necessary to evaluate a work of sintering (Θ) in (4).
But the accurate value of apparent activation energy (𝑄)
is not known for many cases. Su and Johnson introduced
the fitting procedure to obtain the proper value of apparent
activation energy (𝑄) using the relationships between a work
of sintering and density for at least three different heat
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rates in sintering [6]. This procedure starts with an initially
assumed value of 𝑄. Then, the values of Θ and the density at
the time 𝑡 during sintering are evaluated with the assumed
value of 𝑄 and they are plotted on the domain of 𝜌-𝑄.
When the assumed values of 𝑄 are appropriate, then all the
points corresponding to (𝜌, 𝑄) could be merged onto one
curve. In this study, the proper value of apparent sintering
activation energy is found out by minimizing the normalized
dimensionless mean residual square, defined as the following
equation as suggested by Su and Johnson [6]:

Mean residual square

= √ 1𝜌𝑓 − 𝜌𝑜 ∫
𝜌𝑓

𝜌𝑜

∑𝑁𝑖=1 (Θ𝑖/Θavg − 1)2𝑁 𝑑𝜌, (5)

where 𝑁 is the number of experimental data, Θ𝑖 is the work
of sintering at 𝑖th experimental measurement, Θavg is the
average value of all Θ𝑖 over 𝑁, and 𝜌𝑓 and 𝜌𝑜 are the final
density and initial density, respectively.

When the activation energy obtained here would be com-
pared to those reported in the literatures for the activation
energies associated with specific diffusional paths, that is,
volume, surface, or grain boundary diffusion, the primary
diffusional mechanisms in this sintering would be identified
as explained in the others [10, 13]. Now, a MSC can be
constructed by plotting the relative density, which would be
extracted from experimental dilatometry data, against the
natural logarithm of the work of sintering represented by (4).
Again, all data points of (𝜌,Θ) obtained with the accurate
activation energy aremerged onto onemaster curve or amas-
ter sintering curve. The sintering activation energy used in
this calculation is temperature-dependent. There have been
several tries to represent such complicated shape of a MSC
with various functions. Su and Johnson invoked a polynomial
function to describe the master sintering curve relationship
[6]. However, a polynomial function generally requires many
coefficients to precisely represent the complicated shape of a
MSC. In order to reduce the material constant needed for a
given MSC, it is a better way to invoke the function similar
to the complicated curve shape. Teng et al. [14] and Blaine et
al. [15] developed the new functions which can represent s
sigmoidal shape. Teng et al. used three unknown parameters,
but Blaine et al. used only two unknown parameters. In this
study, we used Teng’s sigmoidal function to better match the
complicatedmaster sintering curve of Al-Mg alloy, defined as
the following equation:

𝜌 = 𝜌𝑜 + 𝑎[1 + exp (− (lnΘ − lnΘ𝑜) /𝑏)𝑐] , (6)

where 𝑎, 𝑏, and 𝑐 are the material constants. It should be
mentioned that the material constants 𝑎 and 𝑐 coincide with
the point of inflection of the curve while the constant 𝑏 is
the slope of the linearized portion. The overall procedure for
the construction of master sintering curve is summarized in
Figure 1.

Table 1: Chemical compositions of the Al-Mg alloy in weight
percent.

Alloy Mg Mn Zn Si Cu Ni Fe Al
Al-Mg 4.00 0.59 0.03 0.15 0.39 0.02 0.24 Bal.

Table 2: Experimental schedules for hot pressing of Al-Mg alloy
powders.

(a) 1st schedule.

Sintering temperature [∘C] 400
Holding time [min] 30
Sintering pressure [MPa] 50
Heating rate [∘C/min] 5 10 20
Lubricant Graphite foil

(b) 2nd schedule.

Sintering temperature [∘C] 500
Holding time [min] 0
Sintering pressure [MPa] 50
Heating rate [∘C/min] 5 10 20
Lubricant Graphite foil

4. Hot Pressing Experiments of Al-Mg Alloy

In order to develop a MSC of Al-Mg alloy, hot pressing
experiments are carried out. The chemical compositions of
the Al-Mg alloy used in experiments are given in Table 1. Al-
Mg alloy powder having an average particle size of 45 𝜇m
filled a graphite mold in glove box for a hot pressing. The
pellet was preformed at room temperature and under the
uniaxial compression of 10MPa. Its diameter and height are
20mm and 13.5mm, respectively. Each sample was pressed
using Al-Mg alloy powders which weighted about 8 grams.
The average density of a bulk body was calculated as 𝜌 =𝑚/𝑉, where 𝑚 is the mass and 𝑉 is the volume. It must be
mentioned that the densities in a bulk body are assumed as
distributed uniformly. The experimental schedules for hot
pressing experiments are summarized in Table 2. In order to
properly construct a MSC, various experimental conditions
were considered. The most important parameters in hot
pressing are the peak temperature and its holding time. In
thiswork, two schedules are considered: (1) peak temperature
400∘C and holding time 30min and (2) peak temperature
500∘C and no holding time. Experiments with the above two
schedules are performed under the various heating rates and
pressures. The constant heating rates considered in this work
are 5∘C/min, 10∘C/min, and 20∘C/min.The sintering pressure
of 50MPa is examined. In experiments, the cooling was done
in the furnace until the room temperature. The experimental
apparatus of hot pressing in this work is newly developed and
is schematically shown in Figure 2.

5. Construction of Master Sintering Curves for
Al-Mg Alloy

First, the relative density could be evaluated based on the
punch advancement in experiments and would be plotted
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Figure 1: The overall procedure for the construction of a master sintering curve.
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Figure 2: Schematic drawing of the hot press apparatus.

with respect to time during sintering. The densification
curves, which represents the relative density changes during
sintering, allow engineers to understand the characteristics
of densification during sintering. Figure 3 shows various
densification curves for various hot pressing conditions.
Those are Case (a) sintering temperature of 400∘C, pressure
of 50MPa, and holding time of 30min and Case (b) sintering
temperature of 500∘C, pressure of 50MPa, and no holding
time. Three different heating rates of 5, 10, and 20∘C/min

are examined. As shown in Figure 3, a densification curve
may be divided into three sections. In the first section, the
initial relative density holds until densification is activated. In
the second section, the densification starts with the high rate
of densification and this rate holds until the relative reaches
about 95%. In the third section, the rate of densification
becomes slow. Two intersection points are observed between
1st and 2nd sections and between 2nd and 3rd sections. It is
observed that the first intersection point, the temperature for
the initiation of visible densification, varies for three heating
rates. Although the effect of pressure on the sintering process
is not given specifically, sintering pressure of 20MPa was
examined in experiments. As expected, the pressure is shown
to facilitate sintering by showing the fast appearance of the
above intersection points. In experiments, temperature hold-
ing time is used as a parameter since it affects the sintering
time. However, it should be noted that the important factor
is not a temperature holding time but an exposure time to
thermal activation or sintering time, which can induce the
densification during sintering process. In high heating rate
of 20∘C/min, the exposure time without temperature holding
time is much shorter than that with temperature holding
time. Thereby, the final densification without temperature
holding time in Figure 3(b) does not reach that with tem-
perature holding time in Figure 3(a). In slow heating rate of
5∘C/min, the sintering time with high peak temperature of
500∘C is slightly shorter than that with temperature holding
time at the low peak temperature of 400∘C. As shown in
Figure 3 for heating rate of 5∘C/min, their densification
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Figure 3: Densification curves: (a) sintering temperature of 400∘C, pressure of 50MPa, and holding time of 30min; (b) sintering temperature
of 500∘C, pressure of 50MPa, and no holding time.
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Figure 4: Mean square residual versus apparent activation energy: (a) sintering temperature of 400∘C, pressure of 50MPa, and holding time
of 30min; (b) sintering temperature of 500∘C, pressure of 50MPa, and no holding time.

behaviors are similar because the difference in the sintering
time or exposure time to thermal activation between them is
not so long. But the final density with the peak temperature of
500∘C is slightly higher than that with the peak temperature
400∘C although the exposure time with the peak temperature
of 500∘C is shorter.Thereby, onemay say that the higher peak
temperature could result in higher densification rate. Now,
it may be concluded that the important factors in pressure-
assisted sintering of Al-Mg alloy are the exposure time to
thermal activation and the peak temperature.

In order to find a correct activation energy 𝑄, an initial
estimate for𝑄must bemade. In this work, 500KJ/mol is used
as initial guess, which is much bigger than the correct values

given in the literatures. Then, the work of sintering (Θ) at the
time, when the relative density wasmeasured in experiments,
can be computed using (4) for three heating rates of 5, 10,
and 20∘C/min.This procedure is repeated with the new value
of activation energy 𝑄, smaller than the current one, until𝑄 reaches the value, close to zero such as 1. In this work,
more than 50 values of 𝑄 are examined. The mean square
residuals corresponding to those values of 𝑄 are calculated
according to (5).Then, the variations of mean square residual
corresponding to 𝑄 are plotted as given in Figures 4(a) and
4(b). It should be mentioned that the correct value of 𝑄 is
obtained at the minimum of the mean square residual.
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Figure 5: Master sintering curves: (a) sintering temperature of 400∘C, pressure of 50MPa, and holding time of 30min; (b) sintering
temperature of 500∘C, pressure of 50MPa, and no holding time.

Once the correct value of 𝑄 is given, then a master curve
could be obtained that represents the relationship between
the relative density at any time during sintering and the work
of sintering until that time, defined by (4). When the relative
density during sintering is plotted against the logarithm of
a sintering work or ln(Θ), it appears in a form of sigmoidal
function given in (6).

As for Case (a) with three heating rates of 5, 10, and
20∘C/min, the minimum of 𝑄 is found out as 28KJ/mol as
shown in Figure 4(a). Now, the other densification curve
shown in Figure 3(a) could be merged into one master curve
as shown in Figure 5(a). As shown in Figure 4(b), the min-
imum of 𝑄 is 36.4 KJ/mol for Case (b). The corresponding
master sintering curve is given in Figure 5(b). The maximum
errors between the predicted relative density by a master
sintering curve and the measured density in experiments
are less than 1% as shown in Figure 5. This implies that
the concept of a master sintering curve can be successfully
extended into the realm of hot pressing of Al-Mg alloy.

It should be noted that the values of activation energy
obtained in this study are slightly bigger than that (𝑄 =25.0KJ/mol) by Witkin et al. [16], although those values are
generally below the activation energies of aluminum lattice
with the main grain boundary self-diffusion mechanism
reported in the literatures [17, 18]. In fact, the activation
energy is very sensitive to the sintering conditions such as
the preparing procedure of green compacts, the sintering pro-
cedure, applied pressure, peak temperature, and its holding
time, even for the same material.

Now, the coefficients of the master sintering curves as
represented in (6) are summarized in Table 3. The individual
sintering points converged reasonably close to single curve.
This indicates that there should have been a general curve,
master sintering curve, which is independent of the sintering
path or heating rates. It suggests that integration of a proposed
sintering time-temperature profile yields a point on the

Table 3: The coefficients in the master sintering curves for Al-Mg
alloy powders.

𝜌𝑠 = 𝜌0 + 𝑎[1 + exp (− (lnΘ − lnΘ0) /𝑏)𝑐]
Condition 𝜌0 𝑎 𝑏 𝑐𝑃 = 50MPa
Temperature 400∘C
Holding time 30min

73.72 22.38 0.07 0.32

𝑃 = 50MPa
Temperature 500∘C
No holding time

74.43 31.09 0.26 2.26

master sintering curve.The expected density can be obtained
by finding the ordinate value at that point. On the other hand,
if the final desired density is known, it is possible to obtain
the corresponding Θ value from the abscissa of the master
sintering curve and therefore to design the sintering schedule.

6. Conclusions

This study is concerned with the development of master
sintering curves for Al-Mg alloy, which can provide a useful
method to quantify the densification behavior during sin-
tering. Hot pressing of Al-Mg alloy powders is performed
under the constant heating rate at 5, 10, and 20∘C/min for
two schedules: (1st schedule) peak temperature 400∘C and
holding time 30min; (2nd schedule) peak temperature 500∘C
and no holding time. The activation energy, Q, is obtained as
28.0 KJ/mol for the 1st schedule, while𝑄= 36.4KJ/mol for the
2nd schedule. It is shown that the concept of master sintering
curve could be successfully extended into the realm of hot
pressing of Al-Mg alloy by constructing a master sintering
curve for Al-Mg alloy. The constructed master sintering
curves according to𝑄=28.0 and 36.4 KJ/mol for the sintering
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temperatures of 400∘C and 500∘C, respectively, show the
maximum error of less than 1%. Finally, it is concluded that
the master sintering curves presented in this work would be
helpful for engineers to design a new sintering process of Al-
Mg alloy.
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The forming of coating at electric contact surfacing is considered. The mathematical model of the coating formation is developed.
Themethod of numerical recurrent solution of the finite-difference form of static equilibrium conditions of the selected elementary
volume of coating is used. This model considers distribution of thermal properties and geometric parameters along the thermal
deformation zone during the process of electric contact surfacing by compact material. It is found that the change of value of
speed asymmetry factor leads to increasing of the friction coefficient in zone of surfacing. This provides the forming of the coating
of higher quality. The limitation of the technological capabilities of equipment for electric contact surfacing is related to the size
of recoverable parts and application of high electromechanical powers. The regulation of the speed asymmetry factor allows for
expanding the technological capabilities of equipment for electric contact surfacing. The nomograms for determination of the
stress on the roller electrode and the finite thickness of the coating as the function of the initial thickness of the compact material
and the deformation degree are shown.

1. Introduction

Thecreation of a coatingwith the necessary operating charac-
teristics is a perspective direction in the reconditioning of
worn parts as well as improvement of their service life [1–5].
This allows for providing a wide range of surface characteris-
tics for various operating conditions.

One of the most common technological processes of
the reconditioning of the worn parts is arc welding, which
achieves the desired working layer on the surface of the
product but has a number of disadvantages too.Those include
a significant change in the initial phase state of coating
material and substantial thermal effect in material of a part
[6–8]. At such technological reconditioning, the magnitude
of the heat-affected zone causes the development of residual
stresses in the material of which the part is made. This
has a negative impact on its durability even though force
or heat is not applied to it. During the exploitation of the

parts reconditioned this way, the residual stresses are con-
verted into exploitative residual stresses, which are the major
cause of endurance reduce, cracks, and splits formation
on the surface of product as well as of its deformation
during production and exploitation. The coating technology
based on the short-term heat influence allows avoiding the
formation of the heat-affected zone of considerable size and
thus the subsequent occurrence of the internal stresses. Such
technologies include the electric contact method of surfacing
of the coating with the specified operating characteristics,
applied to the worn surfaces.

This method is a combination of short-term thermal
and mechanical effects on the surfaced material located
on the surface of a renewed rotating axisymmetric part,
which allows for providing a tough coating. The conjoint
plastic deformation of a renewed part together with adding
material results in combination of the coating with the base
metal. Currently, there are a lot of studies on the selection
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of the recommended composition of the compact material,
providing the desired performance characteristics of the
coating.However, because of the short duration of the electric
contact surfacing, there are some difficulties in predicting
the quality of the coating and its compliance with basic
operation characteristics. That is why it is necessary to use
the mathematical apparatus for analytical design of electric
contact surfacing in order to optimize the basic parameters of
this process to obtain the coating that best meets the specified
requirements.

Authors in [9] proposed the mathematical model of the
coating formation on the surface of cylindrical parts with
electric contact wire surfacing. In the work of [10], there is
a mathematical model of forming of sintered tape reinforced
by metal grid for increasing mechanical properties using the
electric contact seam welding. Normal contact stresses in
thermal deformation zone are determined. In the work of
[11], an adhesive strength of surfaced layer with amorphous
underlayer is considered. Regression equations for determin-
ing of adhesive strength are received. Coefficient of welded
spots overlapping is represented. The mathematical models
of the stress-strain state of the material on the basis of the
conjoint finite-difference solutions of the equations of static
equilibrium and conditions of plasticity in the works [12–
14] are developed. This method is confirmed experimentally
and widely used for solving this type of tasks. However,
represented mathematical models are insufficiently reliable
because of lack of consideration of the thermal state of
material in thermal deformation zone.

The short-term thermomechanical exposure during the
electric contact surfacing allows decreasing thermal influence
on the coating and part material on the one hand and
decreases the quality forecasting accuracy of the coating
on the other hand. The adhesive strength of the coating
to the part surface during the electric contact surfacing is
an important quality indicator; thus, the task of developing
technological methods to improve the adhesive strength is an
actual problem.

2. Prime Novelty Statement

The formation of coating at electric contact surfacing of
“shaft” type parts is investigated. The influence of the ther-
momechanic operating parameters on the coating formation
on the surface of cylindrical part with predicted geometric
parameters is investigated.

Based on the numerical recurrent solution of the finite-
difference form of the static equilibrium conditions of
selected elementary volume of the coating, mathematical
model of coating formation was developed. Its peculiarity
is the proper record of actual distribution of the thermal
properties and geometric parameters on the length of thermal
deformation zone during the process of electric contact
surfacing by compact material. The problem of automated
design of technological modes of electric contact surfacing is
formulated and solved by using the developed mathematical
model.

The method to improve the adhesive strength of the
coating to the part surface by creation of the speed asymmetry

during the electric contact surfacing by the compact material
is proposed.

The influence of the speed asymmetry factor on the
friction coefficient changing in thermal deformation zone in
the zone of contact of part with compact material is investi-
gated.

The impact of the speed asymmetry factor on the
energy-power and thermal operating parameters’ changing is
proved.

Results of research can be used in the designing of equip-
ment for electric contact surfacing, as well as in selection of
optimal operating parameters of surfacing process.

3. Theoretical Studies

The mathematical model of electric contact surfacing of
“shaft” type parts is developed on the basis of the numerical
recurrence solution of the finite-difference form of static
equilibrium conditions of selected elementary volumes [15–
18]. The plastic deformation zone 𝑎1𝑐1𝑐2𝑎2 is divided on the
finite set of elementary volumes (Figure 1).

Due to the specific realization conditions of considered
technology, we should point out that the circumferential
speed of part 1 and compact material 2 at the outlet from the
plastic deformation zone are equal; that is, 𝑉2 = 𝑉1. That is
why there is only a zone of the lag 𝐿 lg1 = 𝐿pl on the surface
of the part. The tangential contact stresses 𝜏𝑥1 have the
same direction with the surfacing process at this zone. The
circumferential speed of the roller electrode V2 is a bit lower
than surface speed 𝑉1. The speed asymmetry factor is char-
acterized by the ratio of 𝑉2 = 𝑉1/𝐾V. This causes the forma-
tion of the zone of lag 𝐿 lg2 on the roller electrode. There is
also a mixed zone 𝐿𝑚, in which tangential contact stresses𝜏𝑥2 are contradirectional with surfacing process (see Fig-
ure 1).

In addition to the abovementioned, a number of assump-
tions were adopted. The most important of them are the
following.

(i) Deformation of compactmaterial 2 (see Figure 1) is flat
and set in time.The kinematics of plastic flow of the material
obey hypothesis of flat sections. The normal axial stresses𝜎𝑥𝑖 and performances of the double shift resistance 2𝐾𝑥𝑖 are
changed only along the zone of plastic deformation.

(ii) On the length of each selected 𝑖th elementary volume
(Figure 2), the current values of the thicknesses ℎ𝑥𝑖 = ℎ𝑥𝑖1⋅ ⋅ ⋅ ℎ𝑥𝑖2, normal contact𝑝𝑥𝑖 = 𝑝𝑥𝑖1 ⋅ ⋅ ⋅ 𝑝𝑥𝑖2, and tangential con-
tact stresses 𝜏𝑥2𝑖1 = 𝜏𝑥2𝑖1 ⋅ ⋅ ⋅ 𝜏𝑥2𝑖2 are changed linearly.

(iii) Analytical descriptions of tangential contact stresses𝜏𝑥𝑖1, 𝜏𝑥𝑖2 are subordinate to plastic friction law proposed by
Siebel and running as follows:

𝜏𝑥1 = 2𝐾𝑥𝜇𝑥1;
𝜏𝑥2 = 2𝐾𝑥𝜇𝑥2. (1)

The value of double shift resistance of the compact mat-
erial is determined with considering current values of degree,
speed, and temperature of deformation. The current value
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Figure 1: Design model for process of “shaft” type parts surfacing (1: part to be surfaced, 2: compact material, and 3: roller electrode).

of the plastic friction coefficients depends on the geometric
coordinate 𝑥 as follows:

𝜇𝑥1 = 𝜇01 ( 𝑥𝐿pl
)𝑎𝜇1 . (2)

𝜇𝑥2 = 𝜇02 [ (𝑥 − 𝐿𝑚)(𝐿pl − 𝐿𝑚)]
𝑎𝜇2

at 𝐿𝑚 ≤ 𝑥 ≤ 𝐿pl; (3)

𝜇𝑥2 = −𝜇02 [(𝐿𝑚 − 𝑥)𝐿𝑚 ]𝑎𝜇2 at 0 ≤ 𝑥 ≤ 𝐿𝑚; (4)

(iv) We neglect the presence of an elastic compression
zone of surfaced compact material in sections at the inlet of
the deformation zone, as well as the presence of the inertial
components of the equilibrium conditions, due to their very
low influence.

(v) Analytical description of the current thicknesses valueℎ𝑥 of the coating along the zone of plastic deformation𝐿pl can
be represented by a dependence:

ℎ𝑥 = ℎ1 + (ℎ0 − ℎ1) ( 𝑥𝐿pl
)𝑎ℎ , 𝑎ℎ ≈ 2. (5)

(vi) The total length of zone of the plastic deformation𝐿pl, the volume of its partition stepΔ𝑥, geometric coordinates
of initial 𝑥𝑖1, finite 𝑥𝑖2 boundary sections for selected 𝑖th
elementary volume, and also the length of themixed zone 𝐿𝑚
can be defined as

𝐿pl = √2𝑅𝑏1𝑅𝑏2 (ℎ0 − ℎ1)(𝑅𝑏1 + 𝑅𝑏2) − (ℎ0 − ℎ1)24 ;

Δ𝑥 = 𝐿pl𝑛 ;
𝑥𝑖1 = 𝐿pl − Δ𝑥 (𝑖 − 1) ;
𝑥𝑖2 = 𝑥𝑖1 − Δ𝑥;
ℎ𝑛2 = ℎ1𝑉𝑏1𝑉𝑏2 = ℎ1𝐾V;

(6)

𝐿𝑚 = √2𝑅𝑏1𝑅𝑏2 (ℎ𝑛2 − ℎ1)(𝑅𝑏1 + 𝑅𝑏2) − (ℎ𝑛2 − ℎ1)24 . (7)

Given the nature of the assumptions and finite-difference
record forms of themain components of the stress-strain state
(see Figure 2), the condition of static equilibrium for selected𝑖th elementary volume in the axle projection of all the forces
on the axis 𝑥 runs as follows:

∑𝐹𝑥 = 𝜎𝑥𝑖2ℎ𝑥𝑖2 − 𝜎𝑥𝑖1ℎ𝑥𝑖1
+ (𝑝𝑥𝑖1 + 𝑝𝑥𝑖2) (ℎ𝑥𝑖1 − ℎ𝑥𝑖2)2
+ (2𝐾𝑥𝑖1𝜇𝑥1𝑖1 + 2𝐾𝑥𝑖2𝜇𝑥1𝑖2) Δ𝑥2
+ (2𝐾𝑥𝑖1𝜇𝑥2𝑖1 + 2𝐾𝑥𝑖2𝜇𝑥2𝑖2) Δ𝑥2 = 0,

(8)

where the positive values of the normal components for the
stress tensors 𝜎𝑥𝑖2, 𝜎𝑥𝑖1 and 𝑝𝑥𝑖2, 𝑝𝑥𝑖1 correspond to the com-
pression stresses.The opposite direction of tangential contact
stresses 𝜏𝑥2 is accounted by signs in analytical descriptions
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Figure 2: Design diagrams of elementary volumes of mathematical modeling of stress-strain state of the compact material.

(3)-(4) of current values for plastic friction coefficient values𝜇𝑥2.
The current levels of double shift resistance 2𝐾𝑥𝑖1 and𝐾𝑥𝑖2 are defined using the conventional methods. The values

of the components Δ𝑥, ℎ𝑥𝑖1, ℎ𝑥𝑖2, 𝜇𝑥1𝑖1, 𝜇𝑥1𝑖2, 𝜇𝑥2𝑖1, 𝜇𝑥2𝑖2 are
calculated according to (2)–(7). Due to the recurrent scheme
of solutions, the components of the stress states 𝜎𝑥𝑖1 and 𝑝𝑥𝑖1
are known according to calculation results of the previous
(𝑖-1) elementary volume (see Figure 2). Expression (8) is an
equation with two unknown values 𝜎𝑥𝑖2 and 𝑝𝑥𝑖2, which,
following the engineering version of the plasticity condition,
can be transformed as

(𝑝𝑥𝑖2 − 2𝐾𝑥𝑖2) ℎ𝑥𝑖2 − 𝜎𝑥𝑖1ℎ𝑥𝑖1

+ (𝑝𝑥𝑖1 + 𝑝𝑥𝑖2) (ℎ𝑥𝑖1 − ℎ𝑥𝑖2)2
− (2𝐾𝑥𝑖1𝜇𝑥1𝑖1 + 2𝐾𝑥𝑖2𝜇𝑥1𝑖2) Δ𝑥2
− (2𝐾𝑥𝑖1𝜇𝑥2𝑖1 + 2𝐾𝑥𝑖2𝜇𝑥2𝑖2) Δ𝑥2 = 0.

(9)

Equation (9) can be solved only for the one unknown
value 𝑝𝑥𝑖2. In a final form, after the appropriate mathematical
transformations, we obtain

𝑝𝑥𝑖2 = {2 (𝜎𝑥𝑖1ℎ𝑥𝑖1 + 2𝐾𝑥𝑖2ℎ𝑥𝑖2) − 𝑝𝑥𝑖1 (ℎ𝑥𝑖1 − ℎ𝑥𝑖2) + [2𝐾𝑥𝑖1 (𝜇𝑥1𝑖1 + 𝜇𝑥2𝑖2) + 2𝐾𝑥𝑖2 (𝜇𝑥2𝑖1 + 𝜇𝑥2𝑖2)] Δ𝑥}(ℎ𝑥𝑖1 + ℎ𝑥𝑖2) , (10)

where normal axial stresses in the zone of plastic deforma-
tion, following the engineering version of plasticity condi-
tions, can be defined as 𝜎𝑥𝑖2 = 𝑝𝑥𝑖2 − 2𝐾𝑥𝑖2 [12].

As the directions of recurrent circuit of solutions, the
direction of the compact material is used. Taking this into
account, the initial conditions for the first 𝑖 = 1 elementary
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volume and condition of communication at the transition
from the calculation of the 𝑖 to the calculation (𝑖 + 1) were
adopted in the following form:

𝑥𝑖1󵄨󵄨󵄨󵄨𝑖=1 = 𝐿pl;
ℎ𝑥𝑖1󵄨󵄨󵄨󵄨𝑖=1 = ℎ0;
𝜇𝑥1𝑖1󵄨󵄨󵄨󵄨𝑖=1 = 𝜇01;
𝜇𝑥2𝑖1󵄨󵄨󵄨󵄨𝑖=1 = 𝜇02;
𝜎𝑥𝑖1󵄨󵄨󵄨󵄨𝑖=1 = −𝜎0;
𝑝𝑥𝑖1󵄨󵄨󵄨󵄨𝑖=1 = 0.0;𝑥(𝑖+1)1 = 𝑥𝑖2;
ℎ𝑥(𝑖+1)1 = ℎ𝑥𝑖2;
𝜇𝑥1(𝑖+1)1 = 𝜇𝑥1𝑖2;
𝜇𝑥2(𝑖+1)1 = 𝜇𝑥2𝑖2;
𝜎𝑥(𝑖+1)1 = 𝜎𝑥𝑖2;
𝑝𝑥(𝑖+1)1 = 𝑝𝑥𝑖2.

(11)

With the calculation of local characteristics for stress-
strain state within zones of the plastic deformation of the
compact material by numerical integration, there were cer-
tain forces 𝑃 and moments 𝑀1 and 𝑀2 of electric contact
surfacing:

𝑃 = [ 𝑛∑
𝑖=1

(𝑝𝑥𝑖1 + 𝑝𝑥𝑖2) Δ𝑥2 ] 𝑏;
𝑀1 = [ 𝑛∑

𝑖=1

(𝑝𝑥𝑖1𝜇𝑥1𝑖1 + 𝑝𝑥𝑖2𝜇𝑥1𝑖2) Δ𝑥2 ] 𝑏𝑅𝑏1;
𝑀2 = [ 𝑛∑

𝑖=1

(𝑝𝑥𝑖1𝜇𝑥2𝑖1 + 𝑝𝑥𝑖2𝜇𝑥2𝑖2) Δ𝑥2 ] 𝑏𝑅𝑏1.
(12)

Modeling of thermal state of compact material in thermal
deformation zone at electric contact surfacing is performed
with considering of the compact material as unlimited plate
[19]. Heating process is calculated according to the theory
of heat conduction. The compact material is in temperature
equilibriumwith environment; that is, the temperature of the
compactmaterial is equal to the environment temperature𝑇𝑜.
Heat transfer between the surfaces of compact material and
superficial layer in the thermal deformation zone proceeds in
accordance with Newton’s law [15]. Let us suppose that the
origin of coordinates is in the middle of compact material.
Then, 𝑟 is the half of the thickness of compact material; that
is, 𝑟 = ℎ𝑥𝑖1/2. To determine the heat distribution at any
given moment, it is necessary to solve the differential Laplace
equation of heat conduction:

𝜕𝑇𝑚 (𝑦, 𝑡)𝜕𝑡 = 𝑎𝜕2𝑇𝑚 (𝑦, 𝑡)𝜕𝑦2 ; (𝑡 > 0; −𝑟 < 𝑦 < 𝑟) (13)

with the initial and boundary conditions

𝑇𝑚 (𝑦, 0) = 𝑇𝑜; (14)

𝜕𝑇𝑚 (0, 𝑡)𝜕𝑦 = 0, (15)

−𝜆𝜕𝑇𝑚 (𝑟, 𝑡)𝜕𝑦 + 𝛼 [𝑇 (𝑡) − 𝑇𝑚 (𝑦, 𝑡)] = 0. (16)

With considering that 𝑇(𝑡) is the linear function of time,
the boundary condition (16) can be obtained as

−𝜕𝑇𝑚 (𝑟, 𝑡)𝜕𝑦 + 𝛼𝜆 [𝑇𝑜 + 𝑔𝑡 − 𝑇𝑚 (𝑟, 𝑡)] = 0. (17)

Equations (13)–(17) can be solved by operating method
with Laplace transformation:

𝐿[𝜕𝑇𝑚 (𝑦, 𝑡)𝜕𝑡 ] = 𝐿 [𝑎𝜕2𝑇𝑚 (𝑦, 𝑡)𝜕𝑦2 ] , (18)

where

𝐿 [𝑇𝑚 (𝑦, 𝑡)] = ∫∞
0
𝑇𝑚 (𝑦, 𝑡) 𝑒−𝑠𝑡𝑑𝑡 = 𝑇𝐿 (𝑦, 𝑠) . (19)

The differential equation of heat conductivity with con-
sidering of initial condition (14) after Laplace transformation
can be solved as

𝑇󸀠󸀠𝐿 (𝑦, 𝑠) − 𝑠𝑎𝑇𝐿 (𝑦, 𝑠) + 𝑇𝑜𝑎 = 0. (20)

The solution of (20) for image 𝑇𝐿(𝑦, 𝑠) can be defined as

𝑇𝐿 (𝑦, 𝑠) − 𝑇𝑜𝑠 = 𝐴𝑐ℎ(√ 𝑠𝑎𝑦) + 𝐵𝑠ℎ(√ 𝑠𝑎𝑦) , (21)

where 𝐴 and 𝐵 are constants, defined from boundary condi-
tions (15) and (16).

According to symmetry condition (15),

𝑇󸀠𝐿 (0, 𝑠) = [𝐴√ 𝑠𝑎𝑠ℎ (√ 𝑠𝑎𝑦) + 𝐵√ 𝑠𝑎𝑐ℎ (√ 𝑠𝑎𝑦)]𝑦=0
= 𝐵√ 𝑠𝑎 = 0,

(22)

where 𝐵 = 0.
Boundary condition (16) for image can be solved as

−𝑇󸀠𝐿 (𝑟, 𝑠) + 𝛼𝑇𝑜𝜆𝑠 + 𝛼𝑔𝜆𝑠2 − 𝛼𝜆𝑇𝐿 (𝑟, 𝑠) = 0,
𝐿 [𝛼𝜆𝑔𝑡] = 𝛼𝑔𝜆𝑠2 .

(23)

With considering 𝐵 = 0, (21) can be presented as

− 𝐴√ 𝑠𝑎𝑠ℎ (√ 𝑠𝑎𝑟) + 𝛼𝑇𝑜𝜆𝑠 + 𝛼𝑔𝜆𝑠2 − 𝛼𝑇𝑜𝜆𝑠
− 𝐴𝛼𝜆 𝑐ℎ(√ 𝑠𝑎𝑟) = 0.

(24)
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Then, constant 𝐴 can be defined from

𝐴 = 𝑔𝑠2 [𝑐ℎ (√𝑠/𝑎𝑟) + (𝜆/𝛼)√𝑠/𝑎 𝑠ℎ (√𝑠/𝑎𝑟)] . (25)

Thus, the solution for the image is

𝑇𝐿 (𝑦, 𝑠) − 𝑇𝑜𝑠
= gch (√𝑠/𝑎𝑦)
𝑠2 [𝑐ℎ (√𝑠/𝑎𝑟) + (𝜆/𝛼)√𝑠/𝑎 𝑠ℎ (√𝑠/𝑎𝑟)]

= B1 (𝑠)
B2 (𝑠) .

(26)

Solution (26) is the ratio of generalized polynomials con-
cerning s. Besides, the polynomialB2(𝑠) does not contain any
constants; that is, solution responds to conditions of decom-
position theorem. Thus, it can be used in solution of initial
equation.

The decomposition theorem can be presented as

𝐿−1 [B1 (𝑠)
B2 (𝑠)] =

∞∑
𝑛=1

B1 (𝑠𝑛)
B󸀠2 (𝑠𝑛) 𝑒𝑠𝑛𝑡, (27)

where 𝑠𝑛 are the roots of polynomialB2(𝑠).
If B2(𝑠) = 0, then the roots are 𝑠0 = 0, double root; 𝑠𝑛 =−𝑎𝜇2𝑛/𝑟2, where 𝜇 = 𝑖√𝑠/𝑎𝑟—are the simple roots, defined

from characteristic equation:

𝑐𝑡𝑔𝜇 = 𝜇𝐵𝑖 , (28)

where Bi = 𝛼𝑟/𝜆, Biot criterion [20].
According to the decomposition theorem,

𝐿−1 [B1 (0)
B2 (0)] = 𝑔𝑡 + 𝑔2𝑎 [𝑦2 − 𝑟2 (1 + 2𝜆𝛼𝑟)] . (29)

The substitution of other roots 𝑠𝑛 into (27) allows for
obtaining
∞∑
𝑛=1

B1 (𝑠𝑛)
B󸀠2 (𝑠𝑛) 𝑒𝑠𝑛𝑡 = 𝑔𝑟2𝑎

∞∑
𝑛=1

2 sin 𝜇𝑛(𝜇𝑛 + sin 𝜇𝑛 cos 𝜇𝑛)
⋅ 1𝜇2𝑛 cos(𝜇𝑛𝑦𝑟 ) exp(−𝜇2𝑛 𝑎𝑡𝑟2 ) .

(30)

Thus, the solution can be presented as

𝑇𝑚 (𝑦, 𝑡) − 𝑇𝑜
= 𝑔𝑡 − 𝑔2𝑎 [𝑟2 (1 + 2

Bi
) − 𝑦2]

+ 𝑔𝑟2𝑎
∞∑
𝑛=1

𝐴𝑛𝜇2𝑛 cos(𝜇𝑛𝑦𝑟 ) exp (−𝜇2𝑛Fo) ,
(31)

where Fo = 𝑎𝑡/𝑟2 is the Fourier criterion [20] and 𝐴𝑛 are the
initial amplitudes, defined as

𝐴𝑛 = 2 sin 𝜇𝑛𝜇𝑛 + sin 𝜇𝑛 cos 𝜇𝑛 . (32)

Equation (31) allows for calculating the temperature𝑇𝑚(𝑦, 𝑡) in any point of compact material in thermal defor-
mation zone. The intensity of temperature increasing is cha-
racterized by the nondimensional heating rate, which is the
Predvoditelev criterion [20]:

Pd = ( 𝑑𝑇𝑑Fo)max
. (33)

If 𝑇(𝑡) = 𝑇𝑜 + 𝑔𝑡, then
Pd = 𝑔𝑟2𝑎 . (34)

Then, the solution can be presented as

Δ𝑇𝑚
Pd

= 𝑇𝑚 (𝑦, 𝑡) − 𝑇𝑜
Pd

= Fo − 0.5 (1 + 2
Bi
− 𝑦2𝑟2 )

+ ∞∑
𝑛=1

𝐴𝑛𝜇2𝑛 cos(𝜇𝑛𝑦𝑟 ) exp (−𝜇2𝑛Fo) .
(35)

Thus, the relative temperature in any point of compact
material in thermal deformation zone is the function of non-
dimensional values Fo, Bi, and𝑦/𝑟. At the axes of the compact
material, that is, at 𝑦 = 0, (35) can be presented as

Δ𝑇𝑚
Pd

= Fo − 0.5 (1 + 2
Bi
) + ∞∑
𝑛=1

𝐴𝑛𝜇2𝑛 exp (−𝜇2𝑛Fo) . (36)

In this point, the temperature of compact material is
minimal.

Knowing the distribution of temperature fields along the
length of compact material in thermal deformation zone,
required current pulse can be calculated as

𝐼 = ∞∑
𝑖=1

√𝑇𝜋2𝑥𝑖ℎ𝑥𝑖𝜆𝑐𝑔𝑟𝛿𝑡𝑖 . (37)

Presented set of analytical descriptions made the com-
plete algorithm for the numerical one-dimensional mathe-
matical modeling of electric contact surfacing for parts such
as bodies of rotation by a compact material. The aggregated
block diagram of this solutions algorithm is shown in Figure
3. The software for calculation of the power-energy and ther-
mal operating parameters of the electric contact surfacing is
developed using the aggregated block diagram. As an exam-
ple of the received software resources, the calculated distribu-
tions of the local and integral characteristics for electric con-
tact surfacing process are shown in Figures 4–10.

The peculiarity of the proposed mathematical model
is the correct consideration of distribution of the thermal
characteristics of the compact material along the thermal
deformation zone, which significantly affects the forming
of welded joint during the surfacing process. The adhesive
strength, structural homogeneity, and the geometric param-
eters of the coating are the quality indicators of the surface
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Figure 3: The aggregated block diagram of the algorithm for electric contact surfacing by the compact material.

layer. The durability of the restored part directly depends on
the adhesive strength of the coating to the part. Because of
the low adhesive strength, there is exfoliation of the deposited
layer during operation. Therefore, the development of the
technological scheme to improve the adhesive strength of the

coating is the actual task, which allows providing the forming
of the high quality coating.

The important characteristic of electric contact surfacing
is the short duration of the heat process. Therefore, the
desired thickness of the deposited layer and the high adhesive
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Figure 4: The calculated distributions of normal contact stresses
along the zone of the surfacing, depending on the speed asymmetry
coefficient (the initial thickness of compact material is 0.5mm).
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Figure 5: The calculated distributions of tangential contact stresses
on the roller electrode along the zone of the surfacing, depending on
the speed asymmetry coefficient (the initial thickness of the compact
material is 0.5mm).

strength of bond by controlling the technological modes
of electric-welding process are very important. One of the
widely known methods of the bond strength of the coating
improving is intensification of the electric contact surfacing
by increasing the friction coefficient in the zone of contact of
part with compactmaterial due to creation of opposite torque
under a current pulse [21]. There is a significant influence on
the friction coefficient changing in the zone of electric contact
surfacing of the asymmetry of the process at the expense
of the controlled changing of kinematic (the rotation speed
of the roller electrode and the part), tribological (changing
of the friction coefficient, caused by the differences of the
roughness of the surfaces), and physical and mechanical
(changing of the temperature along the thermal deformation
zone) properties. The ratio of linear speeds between the
roller electrode and the detail is the most effective method
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Figure 6: The calculated distributions of tangential contact stresses
on the detail along the zone of surfacing, depending on the speed
asymmetry coefficient (the initial thickness of the compact material
is 0.5mm).
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Figure 7: The calculated distributions of forces on the roller
electrode, depending on the reduce and the speed asymmetry
coefficient (the initial thickness of the compact material is 0.5mm).

to manage the asymmetry factor allowing for increasing the
friction coefficient.

The theoretical researches were conducted at various
values of the speed asymmetry factor (𝐾V = 1.0 ⋅ ⋅ ⋅ 1.075) and
also at various values of reduce (𝜀 = 0.10 ⋅ ⋅ ⋅ 0.60) during the
electric contact surfacing. The calculated distributions of the
local and integral characteristics of the electric contact sur-
facing process are received. Presented graphic dependencies
(Figures 4–10) show the influence of the asymmetry factor𝐾V on the coating forming. To ensure the optimal forming of
the coating, it is necessary to create the kinematic asymmetry
coefficient𝐾V, for increasing the tangential contact stresses in
the zone of contact between the part and compact material.
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Figure 9: The calculated distributions of the moment on the roller
electrode, depending on the reduce and the speed asymmetry
coefficient (the initial thickness of compact material is 0.5mm).

From the diagram (Figure 6), it is clear that maximum tan-
gential stresses and hence the maximum friction coefficient
in the zone of the electric contact surfacing are observed at𝐾V = 1.3. At equality of the linear rates of roller electrode
and cylindrical part, in the absence of asymmetry in the
process of electric contact surfacing, tangential stresses on
the roller electrode and on the product are equal. Increase of𝐾V leads to the increase of the tangential contact stresses in
surfacing zone. Herewith, the friction coefficient on the roller
electrode does not change significantly (Figure 5). Because
the tangential contact stresses change their value depending
on themetal flow direction, themost favorable conditions for
the formation of functional layer are observed in the presence
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Figure 10:The calculated distributions of the current pulse, depend-
ing on the reduce and the speed asymmetry coefficient (the initial
thickness of compact material is 0.5mm).

of kinematic asymmetry in the process of electric contact
surfacing (Figure 6). The areas with the maximum normal
contact stresses (Figure 4) match the zero values of the
tangential contact stresses (Figure 6). However, the impact
of the asymmetry factor on the technological parameters is
ambiguous. Figures 7–9 show thatwith the increasing of kine-
matic asymmetry coefficient the force on the roller electrode
necessary to form surface layer of a given thickness on the
product and the moment on the roller electrode parameters
depending on the size of the recoverable parts and on the
thickness of the coating are changed. Besides, at the 𝐾V =1.015–1.025, the effort on the roller electrode and moments𝑀1 and 𝑀2 are decreased, but increasing the value 1.075,
there is the rise in energy-power parameters. Such consistent
pattern is traced for the all graphic dependencies (Figures 7–
9) in the range of values of reduce from 0.15 to 0.45. At reduce
of more than 0.45, the asymmetry factor𝐾V = 1.015 ⋅ ⋅ ⋅ 1.025
does not affect the energy-power parameters’ changing. Since
the impact of the energy-power and operating thermal
parameters is simultaneous, the aforesaid consistent pattern is
typical also for the dependence of current pulse on the reduce
(Figure 10). At the expense of the increasing of asymmetry
factor (above 𝐾V = 1.075), the values of the energy-power
and thermal parameters are decreasing only at value of the
reduce of more than 0.45. The application of such values of
the reduce during the electric contact surfacing leads to signi-
ficant structural changes of the compact material and also to
forming the burnouts and splashes. Besides, the application
of the high reduce provides forming of the indentations on
the surface of coating,which significantly impairs the product
appearance. The values of the reduce of 0.20 ⋅ ⋅ ⋅ 0.30 are the
most expedient for the conditions of the electric contact
surfacing, which provides the forming of the coating with
desired performance characteristics. Thus, the application of
the speed asymmetry factor above 1.075 is inexpedient for the
conditions of electric contact surfacing by compact material
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Figure 11:The results of automated design of the efforts on the roller
electrode, depending on reduce. 𝑅1 = 50mm; 𝑎1 = 0.124; 𝑎2 =0.052; 𝑎3 = −3.70; 𝜎𝜏0 = 60.1N/mm2; 𝜆 = 0.26.
with reduce of 0.15 ⋅ ⋅ ⋅ 0.30because of increasing of the energy
intensity of the process.

So, the most rational in terms of the quality of the
coating is the asymmetrical electric contact surfacing process
with speed asymmetry of not more than 1.015. This allows
providing the increase of the friction coefficient in the
surfacing zone without the increase of the energy and power
parameters. Reduction of the integral characteristics of the
process allows repairing big sized parts with the lowest
thermal andmechanical impact.Thisminimizes the structure
changes of the functional coating and the surface layer of
main metal. On the basis of the developed software, the
calculation of the main technological process parameters was
made (Figures 11 and 12). From a practical point of view,
the results of the automated design of technological modes
of electric contact surfacing by the compact material allow
identifying all the initial parameters of the process to produce
a specified thickness of the coating on the surface of the part.

4. Experimental Studies

The check of the adequacy of the obtained analytical descrip-
tions of electric contact surfacing was done during restoring
of the parts of “shaft” type made of steel St45 by continuous
ribbon St45 on the electric machine of the seam type welding
MSHP-150 with a rated power of the surfacing current 20 kA
and a maximum compression force of 8 kN (Figure 13(a)).

Force measurement on the roller electrode was done
with the help of load cells; also the measurement of the
moments on the roller electrode and the detail was provided
with the help of tensiometric sensor of resistance. Using the
sliding strings of current collectors, the electrical signal from
the rotating universal spindles was read. The calibration of
the measuring instruments was performed by simulation of
loading with the use of the cantilever arm and a set of cargos.
Recording of registered parameters was produced by means
of a PC with built-in analog-to-digital converter, providing
the measuring ability at 16 differential channels. Input in
this case is digitized by 16-bit analog-digital converter with
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Figure 12: The results of automated design of the final thickness of
the coating, depending on the reduce. R1=50mm; a1 = 0.124; a2 =
0.052; a3 = −3.70; 𝜎𝜏0 = 60.1N/mm2; 𝜆 = 0.26.
a frequency of 100 kHz and a gain opportunity in the range
of 1 to 1000. The oscillograms were recorded by a converter
of voltage measuring E14-140 (Figure 13(b)). The converter is
designed to perform tasks with feedback signals. Monitoring,
recording, and analysis of the recorded data were done by the
software Usb Oscilloscope (version 3.1.2.8) at a scale of 1 : 20;
each oscillation is the time period of 0.02 s.

The control of geometric parameters of the initial com-
pact materials and the received coating was carried out by
a micrometer and caliper. The results of comparison of the
calculated and experimental distributions of the efforts on
the roller electrode are presented in the form of graphic
dependence (Figures 14 and 15).

The integral characteristics of the process of electric con-
tact surfacing by compact materials are determined in inves-
tigation.This allows making conclusion about sufficient con-
vergence of experimental results and theoretical assumptions
concerning process laws. The change of speed asymmetry
factor is the perspective direction for control of the stress-
strained state of compact material, which allows regulating
the plastic deformation of thematerial process.The optimum
conditions for forming of wearproof coating without lack of
fusion can be obtained by changing the speed asymmetry
factor which depends on rotational speed ratio of roller
electrode and “shaft” type parts.

5. Discussion

The heavy operating conditions lead to fast deterioration
of details durability. Increasing of technical and economic
parameters of equipment is inextricably linked with increas-
ing of service life of parts working in conditions of intense
abrasive deterioration. Restoration of operability of worn
equipment can be achieved by two ways: either changing of
worn parts by new ones or building up of metal on worn
surface until reaching the nominal sizes. The first way is less
profitable from economic point of view because the expenses
on spare parts can achieve 80% of initial cost of equip-
ment. The electric contact surfacing by compact materials
allows applying on the worn surface a coating of the spec-
ified thickness with the required operating characteristics.
Use of this method allows solving effectively the problem
of prolonging of service term of technological unit. The
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Figure 13: General view of the installation for experimental investigation (a, b), the basic scheme of equipment for electric contact surfacing
(c) (1: bottom bracket, 2: cantilever, 3: roller electrode, 4: intermediate plate, 5: slider for drive efforts, 6: articulated shaft, 7: casing wall, and
8: the rotary drive).

method of electric contact surfacing is characterized by
transience of intensely thermomechanical impact on the sur-
facing compact material. This allows obtaining coating on
the surface of part without significant thermal influence on
the base metal of part. This peculiarity of the process allows
avoiding the structural changes of the basemetal andprevent-
ing decreasing of its mechanical properties. However, the
transience of current pulse confines the precision of quality
prediction of the coating. The adhesive strength of the depo-
sited coating is the most important quality indicator because
at the low value of this parameter there is exfoliation of the
coating during operation.The intensification of the surfacing
process at the expense of increasing of the friction coefficient
in zone of contact of part with compactmaterial is an effective

method to improve the adhesive strength of the coating. The
speed asymmetry factor has a great influence on increasing
of friction coefficient in surfacing zone. The change of this
parameter has a significant impact on stress-strain state of
compact material in thermal deformation zone.

The influence of speed asymmetry factor on the local and
integral characteristics of the process is considered in present
work (Figures 4–9). The calculated distributions of normal
contact stresses illustrate the behavior of material in a case of
symmetric and asymmetric electric contact surfacing.

Increase of the speed asymmetry factor leads to change
of stress-strain state of the compact material in thermal
deformation zone. Increase of 𝐾V above 1.3 provides also the
significant increase of tangential contact stresses (maximum
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Figure 14:The calculated and the experimental distributions of the efforts on the roller electrode during the electric contact surfacing by the
compact material. R1 = 50mm; a1 = 0.124; a2 = 0.052; a3 = −3.70; 𝜎𝜏0 = 60.1N/mm2; 𝜆 = 0.26.
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Figure 15:The calculated and the experimental distributions of the current pulse during the electric contact surfacing by the compactmaterial.
R1 = 50mm; a1 = 0.124; a2 = 0.052; a3 = −3.70; 𝜎𝜏0 = 60.1N/mm2; 𝜆 = 0.26.

values of the tangential contact stresses 𝜏𝑥𝑖1 = 83.7MPa at𝐾V = 1.3 and 𝜏𝑥𝑖1 = 25.6MPa at 𝐾V = 1.0). This allows
increasing friction coefficient in surfacing zone, which leads
to enhancement of the quality of the coating forming. The
friction coefficient and the tangential contact stresses on the
roller electrode practically do not change. Thus, adhesion
between the compact material and the roller electrode does
not occur. However, such an increase of the speed asymmetry

factor leads to increase of the energy and power param-
eters of the process. Increasing of the effort on the roller
electrode occurs at 𝐾V = 1.075 (for 𝜀 = 0.30 at 𝐾V =1.0, the effort on the roller electrode is about 3400N; at𝐾V = 1.015,3000N; at 𝐾V = 1.075,3500N). The regulation
of the speed asymmetry factor allows for expanding the
technological capabilities of equipment for electric contact
surfacing whose limitations are associated with the size of



Advances in Materials Science and Engineering 13

recoverable parts and application of high electromechanical
powers.

The calculation of the main technological parameters
of the process is received with application of developed
software. Via developed software, the value of speed asym-
metry factor was calculated, which allows increasing friction
coefficient in thermal deformation zone.The nomograms for
determination of the stress on the roller electrode (Figure 10)
and the finite thickness of the coating (Figure 11) depend-
ing on the initial thickness of the compact material and
deformation degree are presented. The automated design of
technological process allows obtaining recommendations for
selection of optimal operating parameters. The experimental
verification of adequacy of the developed mathematical
model which confirms satisfactory agreement of calculated
data with experimental is performed.

Generally, the obtained results confirm that the variation
of initial parameters of electric contact surfacing process of
cylindrical parts is very important during the formation of
power parameters, as well as during preparation of measures
aimed at ensuring the stability of the surfacing process and
improving the quality of the deposited layer with specified
geometrical characteristics.

6. Conclusion

Amathematical model, which allows optimizing the techno-
logical parameters of electric contact surfacing by compact
material of the “shaft” type parts, was developed. As a result
of numerical implementation of the developed model, it
was found that a significant effect on the change of power
parameters of the process wasmade by the ratio of roller elec-
trode and the “shaft” type parts speeds. It is established that
the change of the speed asymmetry factor has a significant
influence on the forming of the coating because of the
increasing of the friction coefficient. It is proved that the
application of the asymmetric process of electric contact
surfacing allows decreasing the thermomechanical impact on
the compact material in surfacing zone. This considerably
expanded the capabilities of the equipment and allows reduc-
ing the thermomechanical influence on the base metal of the
parts. Obtained graphic dependences allow determining the
initial parameters of the process such as the amperage, stress
on the roller electrode, and the initial thickness of the com-
pact material, depending on the required characteristics of
the coating before the beginning of the process of electric
contact surfacing.

Nomenclature

𝑥𝑖1, 𝑥𝑖2: Geometric coordinates of initial and finite
boundary section of selected elementary
volume𝑉2, 𝑉1: Rotational speed of roller electrode and
part𝑅𝑏2, 𝑅𝑏1: Radius of roller electrode and part𝐿pl: Length of the zone of the plastic
deformation𝐿𝑚: Length of the mixed zone

𝐿 lg2: Length of the zone of the lag on the roller
electrodeΔ𝑥: The value of the partition step of the plastic
deformation zone2𝐾𝑥: Current value of the double shift resistance
of the compact material along the length of
thermal deformation zone defined with
considering of the current values of degree,
velocity, and temperature of deformation𝑝𝑥1, 𝑝𝑥2: Normal contact stresses on the roller
electrode and on the partℎ𝑥𝑖1, ℎ𝑥𝑖2: Current values of thickness of the coating
along the length of selected elementary
volumeℎ0: Initial thickness of the compact materialℎ1: Final thickness of the coatingℎ𝑛2: Thickness of the compact material in the
neutral section𝑎ℎ: Exponent indicator of the real convex shape
of the roller electrode𝑏: Width of the roller electrode𝑃: Stress on the roller electrode𝑀1,𝑀2: Moment on the part and on the roller
electrode𝑇𝑜: The environment temperature𝑇𝑚: The material temperature𝑎: Coefficient of temperature conductivity𝑟: The half of the thickness of compact material𝑎𝜇1, 𝑎𝜇2: The exponent characterizing the distribution
of the plastic friction coefficients on the
contact surfaces of the part and the roller
electrode

Bi = 𝛼𝑟/𝜆: Biot criterion
Fo = 𝑎𝑡/𝑟2: Fourier criterion
Pd: Predvoditelev criterion𝐼: The current pulse.

Greek Letters

𝜏𝑥2, 𝜏𝑥1: Tangential contact stresses on the roller
electrode and on the part𝜎0: Rear tension stress of the compact material𝜎1: Normal axial stresses in the outlet of
thermal deformation zone𝜇𝑥1, 𝜇𝑥2: Current value of plastic friction coefficient𝜆: Coefficient of thermal conductivity𝛼: Heat transfer coefficient.

Index

𝑖: The current ordinal number of the
selected elementary volume along the
length of the thermal deformation zone𝑛: The number of partitions along the length
of thermal deformation zone

1: The value at the entrance to the elementary
volume of thermal deformation zone

2: The value at the output from an
elementary volume of thermal
deformation zone.
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This article is a review regarding recently developed inverse strategies coupled with finite element simulations for the identification
of the parameters of constitutive laws that describe the plastic behaviour of metal sheets. It highlights that the identification
procedure is dictated by the loading conditions, the geometry of the sample, the type of experimental results selected for the analysis,
the cost function, and optimization algorithm used. Also, the type of constitutive law (isotropic and/or kinematic hardening laws
and/or anisotropic yield criterion), whose parameters are intended to be identified, affects the whole identification procedure.

1. Introduction

Finite Element Analysis (FEA) is now a well-established
computational tool in industry for the optimization of sheet
metal forming processes. The accurate modelling of these
processes is a complex task due to the nonlinearities involved,
such as those associated with (i) the kinematics of large
deformations, (ii) the contact between the sheet and the tools,
and (iii) the plastic behaviour of the metal sheet.

The description of the plastic behaviour of metal sheets
is usually performed using phenomenological constitutive
models. In this context, the emergence of new steels and
aluminium, magnesium, and other alloys, as well as their
increasingly widespread use in the automotive and aeronau-
tical industries, has encouraged the development of more
reliable models, with increasing flexibility associated with a
larger number of parameters to identify [1–14]. In fact, the
accuracy of the numerical simulation results of sheet metal
forming processes depends on the flexibility of a constitutive
material model but also on the procedure adopted to identify
its parameters. The complex nature of the plastic behaviour
of metal sheets makes their characterization dependent upon
factors such as (i) the constitutive model; (ii) the experi-
mental tests performed, comprising the sample geometry, the
testing conditions, and the analysis methodologies; (iii) the
strategy for identifying the constitutive parameters.

The strategy for identifying the model parameters is
generally seen as an optimization problem, where the pur-
pose is to minimise the difference between computed and
experimental results of one or more experiments. Two main
types of strategies for the identification of the constitutive
parameters can be recognised in literature: classical and
inverse strategies. The classical identification strategies for
the constitutive parameters make use of a large number of
standardised mechanical tests, with well-defined geometry
and loading conditions, such that homogeneous stress and
strain distribution develop in the region of interest (e.g.,
[15, 16]); nonstandardmechanical tests can also be performed
to properly describe other biaxial stress states in the sheet
plane (e.g., [17, 18]). However, sheet metal forming processes
are carried out under strongly nonhomogeneous stresses and
strains fields. Therefore, limiting the characterization of the
mechanical behaviour of metal sheets to a restricted number
of tests with linear strain paths and homogeneous deforma-
tion can lead to a somewhat incomplete characterization of
the overall plastic behaviour of the material [19].

Recent developments and accessibility of optical full-field
measurement techniques, such as digital image correlation
(DIC) technique coupled with FEA, make the inverse iden-
tification strategies a common current place. The full-field
measurements allow the acquisition of enriched information
frommechanical tests, such as displacement and strain fields;
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an overview on this topic can be found in [20]. This allows
attenuating the constraints on the geometry and loading
conditions of the mechanical tests used for the identification
of materials parameters, so that nonhomogeneous stress and
strain distributions can be developed in the region of interest
(e.g., [21–29]). In this sense, the identification of constitutive
parameters from nonhomogeneous strain fields and complex
loading conditions provides amore reliable description of the
material behaviour during real sheet metal forming processes
[21]. In such complexmechanical tests, it is no longer possible
to identify the constitutive parameters based on simple
assumptions on the stress and/or strain states, as in the clas-
sical identification strategies. Instead, a finite element model
of the mechanical test is established and cost functions
are defined to minimise the gap between numerical and
experimental results of the mechanical test, which demands
efficient optimization algorithms. However, the efficiency
of any inverse identification strategy directly depends on
the information contained by the objective function. In
the context of constitutive parameters identification, this is
related to the type of experimental results included (e.g.,
loads, displacements, and strains) but also to the strain paths
and levels of deformation attained by the experimental test. It
turns out that there is no consensus about the experimental
tests (sample geometry and loading conditions), the cost
functions, and the optimization procedure that will lead
to accurate constitutive parameters identification. Also, a
major obstacle to thewidespread use of advanced constitutive
models in industrial simulations seems to result from the
lack of an efficient strategy for parameters identification.
In this sense, the developed strategy must be simple, from
an experimental point of view, and allow evaluating to
what extent the selected constitutive model allows perfectly
describing the behaviour of a given material.

The present paper describes recent inverse strategies
coupled with FE simulations for the identification of the
parameters of constitutive laws that describe the plastic
behaviour of metal sheets, resorting to mechanical tests
leading to nonuniform strain and stress states. Following
this introduction, the paper addresses general concepts for
the constitutive modelling and the optimization problem.
Afterwards, an overview of inverse identification strategies
for the constitutive parameters is presented, with emphasis on
inverse identification strategies resorting to FE simulations.

2. Constitutive Modelling

Constitutivemodels have been developed to predict the onset
and evolution of the plastic deformation of a deformable body
undergoing a general state of stress. A phenomenological
constitutive model is typically a combination of the following
components:

(i) Yield criterion that describes the yield surface of
the material in a multidimensional stress space: The
metal sheets are usually assumed to be orthotropic,
with invariant anisotropy during plastic deformation.
With high incidence in the last decades, the emer-
gence of anisotropic yield criteria with an increasing

number of material parameters has been witnessed.
They provide the flexibility required for accurately
modelling the plastic behaviour of advanced metallic
alloys, which are frequently used in automotive and
aeronautical industries. Several approaches have been
used for deriving yield criteria, based on

(1) high-order polynomial functions (e.g., [1, 2]);
(2) the generalization to anisotropy of the second

and third invariants of the deviatoric stress
tensor, 𝐽2 and 𝐽3, respectively (e.g., [3]);

(3) one or more isotropic yield functions, using the
linear Isotropic Plasticity Equivalent (IPE) stress
space concept (e.g., [3–9]);

(4) the construction of weighted sums of anisotrop-
ic yield criteria (e.g., [7]);

(5) the capability tomodel the tension-compression
asymmetry, particularly devoted to specific
magnesium and titanium alloys (e.g., [3, 6, 10]);

(6) the capability to model kinematic hardening
[11];

(7) the interpolation of second-order Bézier curves
[12].

(ii) Hardening laws that express the evolution of the
yield surface during plastic deformation, as schema-
tized in Figure 1: The isotropic hardening law refers
to the homothetic expansion of the yield surface
(see Figure 1(a)) while the kinematic hardening law
describes its translation in the stress space (see
Figure 1(b)). Kinematic hardening laws are recom-
mended for describing plastic deformation under
strain path changes, mainly strain path reversal, in
materials that exhibit Bauschinger effect (e.g., [14]).
The combination of isotropic and kinematic harden-
ing laws provides a flexible model, for simultaneously
describing the change in size and the position of the
centre of the yield surface, during plastic deformation.
Isotropic hardening laws described by power laws
(e.g., [32–37]), saturation laws (e.g., [38, 39]), and
weighted combinations of isotropic hardening laws
(e.g., [40, 41]) have been proposed. Linear (e.g., [42,
43]) and nonlinear (e.g., [13, 14, 44–47]) kinematic
hardening laws were proposed, with the latter being
more appropriate to describe the Bauschinger effect.

(iii) Flow rule, to establish a relationship between the
stress state and the plastic strain increment: Typically,
an associated flow rule is adopted, that is, using the
yield function as plastic potential, although some
exceptions can be found in literature (see, e.g., [48]).

The general representation of a constitutive model can be
described through a functionF = F(𝜎󸀠 − X󸀠, 𝜀p, 𝛼, 𝛽):

F (𝜎󸀠 − X󸀠, 𝜀p, 𝛼, 𝛽) = 𝜎 (𝜎󸀠 − X󸀠, 𝛼) − 𝑌 (𝜀p, 𝛽) , (1)

where 𝜎(𝜎󸀠 − X󸀠, 𝛼) is the equivalent stress defined by
a given yield criterion and 𝑌(𝜀p, 𝛽) is the hardening law
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Figure 1: Representation of the plastic behaviour of materials in tension-compression. The left side shows generic yield surfaces in the plane
(𝜎1; 𝜎2) and the right side shows the corresponding hardening law: (a) isotropic hardening and (b) kinematic hardening. See text for details.
Adapted from [30].

that represents the evolution of the yield stress during the
deformation. The equivalent stress, 𝜎(𝜎󸀠 − X󸀠, 𝛼) = 𝜎, is a
function of the effective stress tensor, (𝜎󸀠 −X󸀠), that includes
the parameters of the yield criterion, 𝛼, for describing the
anisotropy (𝜎󸀠 and X󸀠 are the deviatoric Cauchy stress and
the deviatoric backstress tensors, resp.) and 𝑌(𝜀p, 𝛽) = 𝑌 is
a function of the equivalent plastic strain, 𝜀p, in which the
parameters are represented by𝛽.The yielding is defined based
on the functionF of (1) and can be written as follows:

F = 𝜎 − 𝑌 = 0 󳨐⇒
𝜎 = 𝑌. (2)

If 𝜎 < 𝑌, the stress state of the material remains inside
the yield surface and only elastic deformation occurs. When
plastic deformation occurs, the associated flow rule states that
the increment of the plastic strain tensor is normal to the yield
surface, for a stress state such that 𝜎 = 𝑌. The normality
condition, defined by the associated flow rule, assumes that
the increment of the plastic strain tensor is normal to the yield
surface and is expressed by

d𝜀p = d𝜆𝜕𝜎 (𝜎󸀠 − X󸀠)𝜕 (𝜎󸀠 − X󸀠) , (3)

where d𝜀p is the increment of the plastic strain tensor, d𝜆 is a
scalar multiplier, and 𝜎(𝜎󸀠 − X󸀠) = 𝜎 is the equivalent stress
function, representing the plastic potential.

Even though a number of advanced constitutive models
are available in literature, sheetmetal forming simulations are
still mostly performed in industry not taking into account
kinematic hardening and with the well-known Hill’48 yield
criterion [49], whose parameters identification can be easily
assessed by uniaxial tensile tests. Mattiasson and Sigvant [50]
mentioned some plausible explanations, still valid today, for
this reality:

(i) The relative simplicity of theHill’48model thatmakes
it attractive to use

(ii) The unavailability of industry analysts for under-
standing to what extent the modelling of the material
influences the simulation results

(iii) The lack of knowledge, time, andmoney for perform-
ing the multiaxial tests required to identify reliable
hardening curves and parameters of advanced yield
criteria

(iv) The additional cost in terms of CPU time for using
more advanced constitutive models which is consid-
ered to be an effort that is not worth it.

Nevertheless, in our view, the major obstacle to the
widespread use of advanced constitutive models in industrial
simulations comes from the large number of linear strain
path tests, including multiaxial tests, required for the param-
eters identification. To overcome this barrier, a potential
approach is to look for new constitutive parameters identi-
fication strategies that are alternative to the classical ones.
In this sense, an accurate description of the material plastic
behaviour could be attained from (i) a minimum number of
mechanical tests and experimental data; (ii) flexible and user-
friendly constitutivemodels; and (iii) an accessible identifica-
tion procedure for the constitutive parameters, coupled with
robust optimization algorithms. Therefore, Section 4 will
discuss some identification procedures for the constitutive
parameters based on inverse analysis, as an alternative to the
classical approaches.

3. The Optimization Problem

The inverse identification of constitutive model parameters
is generally seen as an optimization problem. The purpose
is to minimise the difference between computed and exper-
imental results of one or more experiments. This difference
is expressed by a cost function and its minimisation is per-
formed using optimization algorithms, which automatically
operate on the values of the constitutive parameters.

3.1. Cost Function. A wide number of cost function formu-
lations for the identification of constitutive parameters have
been proposed in literature (e.g., [57, 58]). According to Cao
and Lin [57], the cost function should operate as an “efficient
guide” of the optimization procedure, in order to search for
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the best fit to the experimental results; therefore, the ideal cost
function should comprise the following conditions:

(i) All measured points of a given experiment should
be part of the optimization procedure and have
equal opportunity to be optimized, provided that
experimental errors are eliminated.

(ii) All experiments should have equal opportunity to be
equally optimized, and so the optimization should not
depend on the number of points considered in each
experiment.

(iii) Different units of measure in the cost function should
not affect the performance of the optimization.

(iv) The identification procedure should not be dependent
of the user, and so the values of the weighting factors
should be optimized to achieve the abovementioned
conditions.

Cost functions are typically formulated under the concept of
weighted least-squares, as follows:

𝐹 (A) = 1𝑚 1𝑛
𝑚∑
𝑖=1

𝑤𝑖 𝑛∑
𝑗=1

𝑤𝑗 [𝑟𝑖𝑗 (A)]2 , (4)

where𝐹(A) is the cost function tominimise;A is the vector of
constitutive parameters to optimize;m is the total number of
experiments and 𝑛 is the total number of points, considered
in each experiment 𝑖; 𝑟𝑖𝑗(A) is the residual between the
numerically predicted results and those of the experiment𝑖 at point 𝑗; 𝑤𝑖 and 𝑤𝑗 are the weighting factors for each
experiment 𝑖 and for each point 𝑗, respectively. Within
the context of inverse parameter identification, 𝑟𝑖𝑗(A) can
contain variables such as loads, pressures, angular moments,
or those arising from full-field measurements (displacements
or strains), as will be seen in detail later.

The residuals can be expressed in terms of relative
differences,

𝑟𝑖𝑗 (A) = 𝑢Num𝑖𝑗 (A) − 𝑢Exp𝑖𝑗𝑢Exp𝑖𝑗 ,
with 𝑖 = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑛,

(5)

or in terms of absolute differences,

𝑟𝑖𝑗 (A) = 𝑢Num𝑖𝑗 (A) − 𝑢Exp𝑖𝑗 , (6)

where 𝑢Num𝑖𝑗 and 𝑢Exp𝑖𝑗 are, respectively, the numerically pre-
dicted and the experimental results at point 𝑗 of experiment𝑖. Residuals are often expressed using relative differences,
which allows the use, in the same cost function, of several
kinds of quantities exhibiting various orders of magnitude
and units of measure [59]. When 𝑢Exp𝑖𝑗 admits values close
to or equal to zero, the residuals should be expressed using
absolute differences.

3.2. Optimization Algorithms. Theminimization of the least-
squares cost function, presented in (4), requires efficient
and robust optimization algorithms, due to the strongly
nonlinear nature of the least-squares cost function [60]. For
this purpose, several optimization algorithms are described
in the literature, which are commonly divided into two
categories: gradient-free algorithms and gradient-based algo-
rithms. Hybrid optimization strategies using both gradient-
free and gradient-based algorithms are also proposed (e.g.,
[15, 60]).

Gradient-free algorithms, such as evolutionary and SIM-
PLEX algorithms, have a great probability of achieving a
global minimum due to their random search capability. They
require a large number of cost function evaluations (i.e.,
iterations) and therefore the convergence can be very time-
consuming. Because of this, gradient-free algorithms are not
recommended within the context of inverse identification
strategies, since they require a large number of finite element
simulations and analyses [61].

Gradient-based algorithms are most popular within
inverse identification strategies, as they require far less cost
function evaluations than gradient-free algorithms. As local
optimizers, these algorithms use information of the gradient
to update the vector of constitutive parameters in an adequate
search direction [62]. Therefore, there is no guarantee that
these algorithms converge to the global minimum, with the
possibility of converging to undesirable local minima. This
makes the optimization procedure dependent on the initial
estimate for the parameters, and therefore the choice of
convenient initial estimates for the constitutive parameters
can be essential.

Examples of gradient-based algorithms commonly used
within the context of inverse identification strategies are the
Gauss-Newton and Levenberg-Marquardt algorithms. The
Gauss-Newton algorithm is described as follows:

A𝑠+1 = A𝑠 − (JTWJ)−1 JTWr (Α𝑠) , (7)

where 𝑠 is the iteration step, A is the vector of constitutive
parameters, W is the vector of weighting factors, J is the
Jacobianmatrix that expresses the sensitivity of the computed
results to the constitutive parameters, and r(Α𝑠) is the vector
of residuals, which can be expressed in terms of relative or
absolute differences (see (5) and (6), resp.). The dimension
of the vector of residuals depends on the total number
of experiments 𝑚 and the total number of points 𝑛, in
each experiment, that is, the dimension 𝑛𝑟 = 𝑚 × 𝑛.
Considering that the total number of constitutive parameters
to be identified is 𝑛𝑝, with 𝑛𝑟 ≥ 𝑛𝑝, the Jacobian containing
the partial derivatives of the residuals with respect to the
constitutive parameters is defined:

𝐽𝑙,𝑝 = 𝜕𝑟𝑙 (𝐴𝑝)𝜕𝐴𝑝 , with 𝑙 = 1, . . . , 𝑛𝑟, 𝑝 = 1, . . . , 𝑛𝑝. (8)

An efficient method to compute the Jacobian matrix is finite
differentiation. In order to improve convergence, the Jacobian
matrix must be updated at each iteration step 𝑠. However, the
calculation in each step requires high computational cost (at
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least one numerical simulation per constitutive parameter).
To overcome this inconvenient, Endelt et al. [63, 64] and
Cooreman [62] highlighted the possibility of computing the
sensitivity matrix analytically, with the latter author having
concluded the inability of this approach for computing the
sensitivities of strain fields to the material parameters, in
mechanical tests involving complex and/or heterogeneous
deformation.

In some cases, the Gauss-Newton algorithm can become
unstable in the neighbourhood of theminimum, and so a sta-
bilisation procedure is required. The Levenberg-Marquardt
algorithm is similar to Gauss-Newton one, but includes a
stabilising term, as follows [65]:

A𝑠+1 = A𝑠 − (JTWJ + 𝜆 diag (JTWJ))−1 JTWr (Α𝑠) , (9)

where 𝜆 is the stabilising parameter that is updated in each
iteration according to the convergence rate [65]. When the
Levenberg-Marquardt method shows stability, small values
for 𝜆 are recommended for fast convergence; otherwise, large
values of 𝜆 usually allow stable convergence, although slower,
towards the minimum. Note that for 𝜆 = 0 the Levenberg-
Marquardt algorithm is equal to the Gauss-Newton one.

A different type of optimization technique that has been
recently used in the identification of constitutive parameters
is the Response Surface Methodology (RSM) (e.g., [54, 66]).
RSM is an optimization technique for generating smooth
approximations of complex functions in a multidimensional
design space. In the context of parameter identification, the
design space contains all possible combinations for the con-
stitutive parameters and related values of the cost function.
The prohibitive size of the full design space requires a Design
of Experiments (DoE), to efficiently construct an approx-
imated design space from a few number of representative
points (i.e., sets of constitutive parameters). The responses of
the representative points (i.e., the values of the cost function)
are used to fit a response surface, which is typically obtained
from second-order polynomial regression, for the sake of
simplicity. Finally, the minimum of the response surface is
calculated using a gradient-based optimization procedure,
which leads to an estimate of the optimal set of constitutive
parameters. In brief, the RSM technique can be summarised
as follows:

(1) An initial guess for the design space for the material
parameters is selected.

(2) Numerical simulations are performed with the differ-
ent sets of parameters, representing the experimental
design points needed for filling the design space.

(3) For each simulation, the predicted results are com-
pared with the experimental ones, and the cost func-
tion values are calculated according to (4).

(4) A response surface is constructed to approximate the
values of the cost function; typically, least-squares
approximations are used to determine second-order
polynomials.

(5) An optimization algorithm is applied to determine
the minimum point of the response surface (i.e.,

where 𝐹(A) is minimum), providing the optimal set
of material parameters.

If a converged solution is not found, the process starts all over
again, adding a new region of interest to the design space.

4. Inverse Identification Strategies

While classical strategies make use of global measurements
from experiments to infer the values of the constitutive
parameters, using simple analytical relations to estimate the
material response under the assumption of homogeneous
stress and strain fields in the region of interest, the inverse
identification strategies are much more flexible [20]. They
make use of experiments allowing heterogeneous deforma-
tion and/or strain path changes, as close as possible of the
conditions usually found during real sheet metal forming
processes. In this perspective, some authors even proposed
tests involving contact with friction, such as the punch stretch
test (e.g., [67]) and the cylindrical cup test (e.g., [68]), for
performing the inverse parameter identification. In these
latter cases, the adequate description of the local contact with
friction is of paramount importance because it can affect the
final results of the parameter identification (e.g., see [69]).

The inverse identification strategies make use of global
measurements, such as tool loads and tool displacements,
which are usually coupled with local measurements, repre-
sented as full-field states of displacements and/or strains on
the surface of the sample. Then, a numerical analysis of the
mechanical test is performed, assuming a constitutive model
chosen a priori and an initial estimate for its parameters.
Finally, the experimental results of the mechanical test are
iteratively compared with numerical results by acting on
the values of the constitutive parameters until there is an
adequate agreement between experimental and numerical
results. Figure 2 shows a schematic representation of inverse
identification strategies based on the comparison between
experimental and numerical measurements using FE simu-
lations.

The advantages of this identification approaches include
substantial amount of reliable data extracted from a sin-
gle mechanical test, using full-field measurements, which
enables the accurate identification of large sets of constitutive
parameters taking into account a wide range of strain levels
and strain paths; therefore, it does not require uniform stress
and strain distributions, in the region of interest, and no
particular restrictions to the sample geometry and/or loading
conditions are imposed.

Nevertheless, due to the design of the sample geometry,
loading conditions, and induced strain paths, the inverse
identification requires proper computational strategies [20].
The most common strategy uses Finite Element Model
Updating (FEMU) and consists of performing successive
finite element (FE) simulations of the physical experiment;
the set of parameters are obtained by minimising the differ-
ence between the experimental and the numerical measure-
ments. This difference is expressed by a cost function and
itsminimisation is performed using optimization algorithms,
which automatically operate on the values of the constitutive



6 Advances in Materials Science and Engineering

Physical 
problem

Experiment(s) FE 
model

Experimental 
measurements

Numerical 
measurements

Agreement?
No

Yes

Identified 
parameters

Update 
parameters

Initial set of 
parameters

Figure 2: Schematic representation of inverse identification strate-
gies. Adapted from [31].

parameters. Usually, cost functions compare the experimen-
tal and simulated loads and full-field measurements (e.g.,
[23, 59, 70–72]); less frequently, some authors propose to
use only the load (e.g., [54, 66]), or full-field displacements
(e.g., [24]) or strains (e.g., [21, 27–29]), at a given moment of
loading.

A promising alternative to the use of FEMU is the Virtual
Fields Method (VFM), which is based on the principle of
virtual work. This approach does not require using time-
consuming FE analysis and therefore avoids potential draw-
backs related to the accuracy of FEmodels, namely, the repre-
sentation of the geometry and boundary conditions [73].The
VFMwas successfully used in the identification of parameters
of constitutive laws describing the plastic behaviour of metal
sheets [73–76]. However, the accuracy of the parameter
identification using VFM depends on the adequate choice of
the virtual field, which is currently a challenge for problems
involving large heterogeneity of deformation of anisotropic
materials, as well as large plastic deformations. In fact, in this
type of problems, the optimal virtual field has to be evaluated
for each time increment, which makes it less attractive than
that for linear problems.

4.1. Overview of FEMU Strategies. This subsection provides
an overview of the literature on inverse methodologies for
the identification of parameters of constitutive laws based
on inverse strategies coupled with FE simulations. These
cases highlight that the identification procedure is dictated
by the loading conditions, the geometry of the sample,
the type of experimental results selected for the analysis,
the cost functions, and the optimization algorithm used.

In this context, inverse strategies were developed for the
identification of the anisotropy and hardening behaviour of
metal sheets, simultaneously or separately. Table 1 shows a
comparative outline of these strategies, whose key details are
highlighted in the following subsections.

4.1.1. Identification of Isotropic Hardening and/or
Yield Criterion Parameters

(1) Strategies Using Cruciform Specimens. There has been a
steadily growing interest in developing inverse identification
strategies supported by the use of the biaxial tensile test of
cruciform specimens, coupled with full-field displacement
or strain measurements (e.g., [21, 24–29]). In general, this
test allows (i) strain paths ranging from uniaxial tension
(in the arms region of the specimen) to balanced biaxial
tension (in the centre section of the specimen), (ii) high
strain gradients from the centre region of the specimen to
the end of the arms region, and (iii) no contact between
surfaces and therefore no friction. Also, by changing the
load and/or displacement ratio over the two normal loading
axes, it is possible to achieve several biaxial stress states in
the central region of the specimen. However, this kind of
test only permits attaining low values of equivalent plastic
strain (close to those obtained in uniaxial tension) before
instability occurs and no occurrence of out-of-plane shear
stresses is observed (i.e., the test is insensitive to the material
parameters associated with these stresses). Figure 3 shows a
set of cruciform geometries proposed in the literature for
identifying material parameters using FEMU strategies.

In this context, Cooreman et al. [21] proposed the use of
the biaxial tensile test on a perforated cruciform specimen
(see Figure 3(b)), to simultaneously identify the material
parameters of Swift hardening law [34] and Hill’48 yield
criterion that describe the plastic behaviour of a 0.8mm thick
DC06 sheet steel. The identification makes use of strain field
data measured at the central region of the specimen (see
dashed area in Figure 3(b)) taken at 7 distinct load steps and
iteratively compared with their numerical counterparts using
Gauss-Newton algorithm, using the following cost function:

𝐹 (A) = 13𝑛 {
𝑛∑
𝑖=1

[((𝜀Exp𝑥𝑥 )𝑖 − (𝜀Num𝑥𝑥 (A))
𝑖
)2

+ ((𝜀Exp𝑦𝑦 )𝑖 − (𝜀Num𝑦𝑦 (A))
𝑖
)2

+ ((𝜀Exp𝑥𝑦 )𝑖 − (𝜀Num𝑥𝑦 (A))
𝑖
)2]}1/2 ,

(10)

where (𝜀Exp)𝑖 and (𝜀Num(A))𝑖 are the experimentally deter-
mined and numerical values of the strain components 𝜀𝑥𝑥,𝜀𝑦𝑦, and 𝜀𝑥𝑦 at point 𝑖, respectively, and 𝑛 is the total
number of measuring points. According to the authors, the
results from the inverse strategy are similar to those from
classical strategies, except for the parameter 𝜀0 of the Swift
law, which leads to clearly different yield stress values. The
authors attribute the discrepancy of 𝜀0 results to the use
of strain field results from loading steps that neglect the
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âı
tre

-C
ha
bo

ch
e

ki
ne
m
at
ic
la
w

+
Sw

ift
iso

tro
pi
cl
aw

O
ne

O
ne

Lo
ad

D
ur
in
g
th
et
es
t

N
ot
e:
1D

:i
n
on

ed
ire

ct
io
n
in

th
es

he
et
pl
an
e;
2D

:o
n
th
es

ur
fa
ce

of
th
es

he
et
pl
an
e;
3D

:t
hr
ee
-d
im

en
sio

na
l.



Advances in Materials Science and Engineering 9

y

z
x

y

z
x

y

z
x

(a)

25

14
0

𝜙20

R1
0

TD

RD

(b)

L1

L1

L2

L2

R

R

e

e

f

f

g

g

h

h

R

𝛽

𝛽

0x = RD

(mm) 33.00
15.00
3.00

25.60
21.58
5.00

22.54
9.45

(mm)
(mm)

(mm)
(mm)

(mm)
(mm)

B

A

0y
=

TD

(∘)

(c)

195

30

R115

(d)

110

160

30

(e)
Figure 3: Cruciform specimen geometries proposed in the literature for FEMU strategies: (a) Schmaltz and Willner [24]; (b) Cooreman et
al. [21]; (c) Prates et al. [25, 26]; (d) Zhang et al. [27, 28]; and (e) Liu et al. [29].

beginning of the test. They suggest performing the inverse
identification using additional strain fields from loading steps
located near the onset of plastic deformation, which in our
opinion can lead to high relative errors. A simpler alternative,

from the experimental point of view, would be to include
in the identification a cost function considering the load-
displacement curves for both axes of the cruciform sample,
as adopted in other identification strategies later described.
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Schmaltz and Willner [24] explored the usability of the
biaxial tensile test on three cruciform specimen geometries,
promoting different types of heterogeneous strain fields (see
Figure 3(a)), in order to identify the plastic behaviour of a
2.0 mm thick DC04 sheet steel modelled via Hill’48 yield
criterion and Hockett-Sherby hardening law [39]. The exper-
imental and numerical displacement fields, in the regions in
red (see Figure 3(a)) were compared and their difference was
minimised using the Levenberg-Marquardt algorithm, with
the following cost function:

𝐹 (A) = 2∑
𝑙=1

𝑛∑
𝑖=1

[(𝑢Exp
𝑙
)
𝑖
− (𝑢Num𝑙 (A))

𝑖
]2 , (11)

where (𝑢Exp
𝑙
)𝑖 and (𝑢Num𝑙 (A))𝑖 are the experimentally deter-

mined and the numerically predicted values of the displace-
ments at point 𝑖, respectively, in the 0𝑥 and 0𝑦 directions
of the sheet plane (𝑙 = 1, 2), at a given moment of the
test.

The optimization procedure starts with three different
initial sets of parameters that lead to quite similar optimized
values, for each test geometry, suggesting that the global
optimum is reached. Moreover, the identification is split in
two sequential steps (using the same cost function): (i) the
first step identifies two of the Hockett-Sherby hardening
law parameters (the yield stress and the saturation stress),
under the assumption of isotropic (von Mises) material;
the two remaining parameters of this law (contained in the
exponent) are obtained by fitting the experimental results
determined from the biaxial tensile test and are kept fixed
during the identification procedure; (ii) in the second step,
theHill’48 parameters are identified.The cruciformgeometry
with the central hole (in the middle of Figure 3(a)) allows
achieving the best results in terms of convergence of the
iterative procedure and accuracy of the identified material
parameters, which was assigned to the strong heterogeneity
of the kinematic field.

Prates et al. [25, 26] designed a cruciform sample and
developed two strategies for simultaneously identifying the
parameters of the anisotropic yield criteria and isotropic
hardening law of sheet metals. Both strategies use the results
of the load evolution during the test and of the major
and minor principal strains distributions, along the axes of
the sample, at a given moment of the test, preceding the
maximum load. Both strategies were numerically tested. The
optimization of the design of the cruciform sample (see
Figure 3(c)) was performed by means of a numerical study
with the purpose of maximising the sensitivity of the test
results to the values of the constitutive parameters and for
allowing a wide range of strain paths, from uniaxial tension,
at the arms of the sample, to near equibiaxial tension, at the
centre of the sample.

The work was initially addressed for the identification of
the parameters of the Hill’48 yield criterion and the isotropic
Swift hardening law [25]. An inverse identification was
performed without resorting to the traditional optimization
algorithms (e.g., gradient-based algorithms, or others); that
is, a specific algorithm was built for this purpose.The inverse
analysis algorithm consists of a sequence of five optimization

steps, using the results of load evolution with the sample
boundaries displacement during the test, for the axes 0𝑥
and 0𝑦 (see Figure 3(c)) and the distributions of von Mises
equivalent strain along both axes of the sample, for an
instant preceding and close to the maximum load. At each
step, one or more parameters or a relationship between
them is identified. The strategy was tested using numerically
generated results of fictitious materials, which proved to be
competitive, when compared with classical strategies. This
allowed understanding that a sequential optimization, since
properly elaborated, is clearly advantageous when compared
to most commonly inverse identifications, consisting of
using a unique cost function including different types of
results.

The inverse analysis strategy mentioned above [25]
enabled a good understanding of the issues involved, namely,
concerning the delineation of the sequential algorithm lead-
ing to upper accuracy. This allowed extending the strategy
to more complex constitutive models (yield criteria and
isotropic hardening laws). Therefore, a general inverse iden-
tification strategy that sequentially uses three distinct cost
functions was developed [26]. It resorts to the Levenberg-
Marquardt algorithm for sequential optimization of the
parameters of the yield criteria and isotropic hardening laws.
More importantly, this strategy allows the identification of
parameters of several yield criteria and hardening laws. It can
be used directly for a given criterion or, sequentially, starting
from the Hill’48 yield criterion and then using the Hill’48
criterion solution as an initial estimate for identifying the
parameters of other criteria, on the condition that can be
converted into the Hill’48 yield criterion for particular values
of the parameters. In the last case, this strategy is detached in
two stages and has the advantage of enabling the assessment
of the adequacy of a number of constitutive models to
describe the experimental results, starting from a simple
anisotropic criterion, theHill’48.Thefirst stage consists of the
simultaneous identification of the hardening law, Swift and/or
Voce [38], in the case, and Hill’48 yield parameters, using the
results of the load evolution in function of the displacement
of the grips and the equivalent strain distribution at a given
moment of the test, along the axes of the sample. The
hardening parameters must be separately identified for the
Swift and Voce laws and the one (Swift or Voce) that better
describes the results of the cruciform test (if it is possible
to distinguish) is selected for further optimization. The first
stage involves the sequential minimisation of the following
cost functions:

𝐹1 (A) = 1𝑄1
𝑄1∑
𝑖=1

(𝑃Num
𝑖 (A) − 𝑃Exp

𝑖𝑃Exp
𝑖

)2
0𝑥

+ 1𝑄2
𝑄2∑
𝑖=1

(𝑃Num
𝑖 (A) − 𝑃Exp

𝑖𝑃Exp
𝑖

)2
0𝑦

,
𝐹2 (B) = 1𝑅1

𝑅1∑
𝑖=1

(𝜀Num𝑖 (B) − 𝜀Exp𝑖𝜀Exp𝑖 )2
0𝑥
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+ 1𝑅2
𝑅2∑
𝑖=1

(𝜀Num𝑖 (B) − 𝜀Exp𝑖𝜀Exp𝑖 )2
0𝑦

,
(12)

where 𝑃Num
𝑖 (A) and 𝑃Exp

𝑖 are the experimentally determined
and numerical values of the load, respectively, and 𝜀Num𝑖 (B)
and 𝜀Exp𝑖 are the experimentally determined and numerical
values of the equivalent strain, respectively; 𝑄1, 𝑄2, 𝑅1, and𝑅2 are the total number of measuring points for axes 0𝑥 and0𝑦 of the sample; A and B are vectors of isotropic hardening
law and yield criteria parameters, respectively.

The second stage allows extending the parameters iden-
tification procedure to more complex yield functions, such
as Barlat’91 [8], Karafillis and Boyce [9], and Drucker+L [3],
the cases studied in the work. This second stage should be
performedwhenever the identification carried out during the
first stage is found to be not enough satisfactory to capture
the experimental strain paths results, along the axes of the
sample, which are not considered inminimisation during the
first stage. The second stage of this inverse strategy involves
the minimisation of the following cost function:

𝐹3 (C) = 1𝑆1
𝑆1∑
𝑖=1

(𝜌Num𝑖 (C) − 𝜌Exp𝑖 )2
0𝑥

+ 1𝑆2
𝑆2∑
𝑖=1

(𝜌Num𝑖 (C) − 𝜌Exp𝑖 )2
0𝑦
,

(13)

where 𝜌Num𝑖 (C) and 𝜌Exp𝑖 are the experimentally determined
and numerical values of the strain path, respectively, 𝑆1
and 𝑆2 are the total number of measuring points for axes0𝑥 and 0𝑦 of the sample, and C is the vector of yield
criteria parameters. This sequential optimization procedure
is a successful alternative to the parameter identification by
minimising a single cost function comprising all material
parameters and results of different types, as commonly
found in the literature. Namely, it is concluded that this
last approach can deteriorate the description of the material
behaviour, concerning the load versus displacement results,
and therefore the parameters and the choice of the hardening
law, without apparent improvement of the description of the
results of equivalent strain and strain path distributions.

Zhang et al. [28] identified the parameters of Bron
and Besson yield criterion [4] for both AA5086 aluminium
alloy and DP980 dual-phase steel sheets, using a cruciform
sample previously designed by the authors [27] and shown
in Figure 3(d). The inverse identification strategy consists of
minimising the gap between the experimental and numerical
distributions of the major and minor strains along the
diagonal direction of the sample central area, at an instant
immediately before rupture, using a SIMPLEX optimization
algorithm.The cost function used is defined as follows:

𝐹 (A) = 2∑
𝑙=1

∑𝑛𝑖=1 ((𝜀Exp𝑙 )
𝑖
− (𝜀Num𝑙 (A))

𝑖
)2

∑𝑛𝑖=1 ((𝜀Exp𝑙 )
𝑖
)2 , (14)

where (𝜀Exp
𝑙
)𝑖 and (𝜀Num𝑙 (A))𝑖 are the experimentally deter-

mined and numerical values of the principal strain compo-
nents (𝑙 = 1, 2) at point 𝑖, respectively, 𝑛 is the total number of
measuring points along the diagonal path, andA is the vector
of 13 parameters to be identified: four isotropy and eight
anisotropy parameters of the Bron and Besson yield model
and the yield stress value. The hardening of the material is
modelled with isotropic hardening described by the Voce law,
in case ofAA5086 aluminium, and an equation based on Swift
and Voce laws, for DP980 steel. In both cases, the hardening
parameters are directly identified from results of the tensile
test in the rolling direction and were kept fixed during the
inverse identification procedure (except the yield stress).

Liu et al. [29] designed a cruciform sample with a thick-
ness-reduced central zone and four slots at each arm (see
Figure 3(e)), to perform the parameters identification of a
modified Voce law, describing the hardening behaviour of
AA5086 aluminium sheet. The inverse analysis procedure
makes use of the SIMPLEX algorithm, tominimise the differ-
ence between experimental and numerical strains measured
at the centre region of the sample during the test, expressed
by the following cost function:

𝐹 (A) = 2∑
𝑙=1

[[
∑𝑛𝑖=1 ((𝜀Exp𝑙 )

𝑖
− (𝜀Num𝑙 (A))

𝑖
)2

∑𝑛𝑖=1 ((𝜀Exp𝑙 )
𝑖
)2 ]]

1/2

, (15)

where (𝜀Exp
𝑙
)𝑖 and (𝜀Num𝑙 (A))𝑖 are the experimentally deter-

mined and numerical values of the principal strain compo-
nents (𝑙 = 1, 2) at point 𝑖, respectively, at the central point
of the sample, 𝑛 is the total number of the time points of
simulation, andA is the vector of three hardening parameters
of the modified Voce law. The experimental force evolution
along the two arms of the cruciform specimen was applied
to the FE model for the numerical simulations, taking into
account the lack of synchronization observed in the two
tensile forces on each axis of the sample. In this inverse
identification of the modified Voce law parameters, three
yield functions were considered: von Mises, Hill’48, and the
more advanced Bron and Besson criterion, whose parameters
were previously identified [27]. The identified biaxial flow
stress curves were then comparedwith an experimental curve
obtained from a uniaxial tensile test, showing that a good
agreement can be achieved if an adequate yield function is
used in the FE model.
(2) Strategies Using Bulge Test. Most of the strain paths
observed in deep-drawing components are in the range
between simple tension and balanced biaxial tension, which
justifies the widespread use of the cruciform specimen in
the framework of the methodologies of inverse analysis.
Nevertheless, this test has a strong drawback related to low
deformation levels achieved, particularly in the central region
of the sample, in which the strain and stress paths can be close
to equibiaxial, although being dependent on the applied load
or displacement ratios along the two axes of the specimen. In
contrast, the bulge test allows obtaining relatively high strain
values before necking, and so the flow stress curves can be
assessed up to large strain values, for several biaxial strain (or



12 Advances in Materials Science and Engineering

stress) paths depending on the geometry of the die (circular
or elliptical). In this context, a few cases of inverse analysis
methodologies were developed, with the aim of identifying
the parameters of work-hardening laws.

Chamekh et al. [51] describe an inverse approach, based
onArtificial Neural Networks (ANN), to identify thematerial
parameters of a stainless steel (AISI 304).They use the results
of the evolutions of pressure with the pole height, which are
transferred to the neural network. The ANN is trained by
means of curves of pressure versus displacement of the central
point of the cap, generated by finite element simulations of the
circular bulge test. During the training process, the network
computes the weight connections, minimising the total mean
squared error between the actual output and the desired out-
put. The neural network generates an approximated function
for the material parameters depending on the profile of the
evolution of pressure with the pole height curve. Then, it was
exploited for the identification of material parameters from
experimental results. The Ludwick hardening law [33] and
the Hill’48 yield criterion were selected. Therefore, the set
of parameters to be identified also comprise the Lankford
coefficients, 𝑟0, 𝑟45, and 𝑟90. The material parameters are
identified according to the following two steps: (i) the first
step, using the circular bulge test, is to find the Ludwick hard-
ening law parameters (assuming the knowledge of Lankford’s
coefficients determined from the tensile tests); (ii) the second
step, using the elliptical bulge test for an off axis angle of
0∘, is to recalculate the Lankford’s coefficients. An elliptical
die for an off axis angle of 45∘ is used for the validation
of the parameters identification. The authors conclude the
following: (i) the ANN methodology can predict acceptable
combination of the values of the material parameters; (ii)
once the ANN was trained, output results for a given set
of input data are available almost instantaneously. Despite
these conclusions, it should be noted that the values of the
experimental (from the tensile test) and identified hardening
coefficients are far away (the experimental and identified
values are 0.67 and 0.4, resp.).The remaining identified values
of the parameters differ between 20 and 30%when compared
with the tensile test except for the yield stress, whose values
are approximately equal.

Bambach [52] explored the usability of the circular
bulge test to identify the parameters of the Voce law of a
fictitious material, which is considered isotropic. Initially, the
membrane theory is applied to the results as in experimental
cases, in order to obtain a set of parameters of the Voce, by
fitting the stress versus strain results. The inverse analysis
strategy proposed resorts to a gradient-based optimization
algorithm, which is known for being sensitive to the initial
solution.Thus, by using an initial solution, the one previously
obtained with the membrane theory, it is expected to avoid
convergence problems. The work gives special focus on the
choice of the cost function to be minimised, making use,
separately or simultaneously, of results of pressure versus pole
height, pole strain versus pole height, and pole thickness
versus pole height, and formulated as follows:

𝐹𝑝 (A) = ∫ℎmax

0
[𝑝Exp (ℎ) − 𝑝Num (ℎ,A)]2 𝑑ℎ,

𝐹𝜀 (A) = ∫ℎmax

0
[𝜀Exp (ℎ) − 𝜀Num (ℎ,A)]2 𝑑ℎ,

𝐹𝑡 (A) = ∫ℎmax

0
[𝑡Exp (ℎ) − 𝑡Num (ℎ,A)]2 𝑑ℎ,

(16)

where 𝐹𝑝(A), 𝐹𝜀(A), and 𝐹𝑡(A) are cost functions defined
by the pressure, 𝑝, strain, 𝜀, and thickness, 𝑡, with pole
height, ℎ, respectively. The author concluded that the reiden-
tification procedure (so called by the author) is significantly
improved when combining the first two types of results.
This significantly improves the reidentification, since it will
contribute to reducing the search area where the minimum
value of the objective function is located. It should be noted
that this proposal is a reidentification, which has its starting
point in the parameters previously obtained from the use of
the membrane theory, such as in the traditional procedure
recommended by the ISO standard [77]. Furthermore, it
needs to resort to strain results in the pole of the cap
during the test, which does not simplify the experimental
procedure.

Reis et al. [53] proposed an inverse methodology for
determining the hardening law of metal sheets, from the
results of pressure versus pole height obtained in the bulge
test, involving the identification of the parameters of the
Swift law. The starting point of this analysis was to realize
that it is possible to achieve a unified description (i.e.,
overlapping) of the evolution of the pressure with the pole
height, for a given value of the hardening parameter of the
Swift law, regardless of the yield stress and anisotropy of
the material and sheet thickness. To achieve the overlapping
of such curves, appropriate multiplying factors must be
used for the values of pressure and pole height, depending
on the yield stresses and thicknesses ratios of the sheets
and also on their anisotropy. Thereafter, an inverse analysis
methodology was developed, which consists in the search
for the best coincidence between pressure versus pole height
experimental and reference curves, with the latter being
obtained by numerical simulation assuming isotropic mate-
rial behaviourwith various values of the hardening parameter
in the range of the material under study. This methodology,
when compared with the classical strategy, proves to be an
efficient alternative avoiding the use of complex devices for
measuring the radius of curvature and strain at the pole of
the cap, during the bulge test. Moreover, the authors claim
that it is easy to implement and it is more efficient than
classical approach, since (i) a unique set of numerical curves
can be used within a relatively wide range of hardening
coefficients, that is, covering the values usually found within
one or several class of materials, without having to remake
the simulations every time an identification is performed;
(ii) it is not exposed to experimental errors related to the
evaluation of the strain at the pole of the bulge and the use of
membrane theory approach for assessment of the stress from
the radius of curvature, which is usually the major source of
errors.
(3) Other Specimens. Güner et al. [22] proposed an inverse
analysis procedure for the identification of the Yld2000-2D
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yield criterion parameters [7]. This study uses a notched
specimen submitted to a tensile test, in order to obtain
an inhomogeneous deformation field. Moreover, a layer
compression test is used in order to supply additional
information, that is, the equibiaxial yield stress. The required
data for the inverse identification are the major and minor
principal strains in the sheet plane and the load and the
equibiaxial yield stress. The cost function is minimised using
the Levenberg-Marquardt algorithm and is written as follows:

𝐹 (A)
= 𝑛inc∑
𝑖=1

𝑛elem∑
𝑗=1

[(𝜀Num1,𝑖𝑗 (A) − 𝜀Exp1,𝑖𝑗 )2 + (𝜀Num2,𝑖𝑗 (A) − 𝜀Exp2,𝑖𝑗 )2]
+ 𝐶1𝑛inc∑
𝑖=1

[(𝑃Num
𝑖 (A) − 𝑃Exp

𝑖 )2]
+ 𝐶2 (𝜎𝑏 (A) − 𝜎Exp𝑏 )2 ,

(17)

where 𝜀1 and 𝜀2 are the principal strains measured at each
tool displacement increment 𝑖, at each element of the optical
measurements, 𝑗; 𝑃 represents the load and 𝜎𝑏 the equibiaxial
yield stress; 𝐶1 and 𝐶2 are scale factors. The value of 𝜎𝑏(A)
is analytically calculated at each iteration with the values
of A predicted by the optimization algorithm. Different
alternative orientations of the specimen with the rolling
direction (0∘, 45∘, and 90∘) and configurations of the cost
function (setting one of the three terms of the cost function
equal to zero) were considered to test the inverse procedure.
The authors highlight the importance of including strain
information and the equibiaxial stress on the cost function,
in order to improve the characterization of the anisotropy
coefficients.

Pottier et al. [23] developed an out-of-plane testing
procedure for the simultaneous identification of Hill’48 yield
criterion and Ludwick hardening law parameters of a rolled
titanium sheet. Figure 4 illustrates the experimental setup
and the geometry of the sample developed by the authors.
A hemispherical punch applies a prescribed displacement
normal to the sheet plane, at the centre of the surface of
the sample, using a simple uniaxial tensile test machine.
Two cameras are located on the opposite side of the sample
and the components of the displacement fields along the 0𝑥,0𝑦, and 0𝑧 axes are captured during the test using stereo
digital image correlation.The samplewas designed in order to
exhibit multiaxial stress states, including shear, tension, and
biaxial stretching. The numerical displacements fields along
the 0𝑥, 0𝑦, and 0𝑧 axes and the global load are obtained
from a numerical model of the test and compared to the
experimental ones using a single cost function, formulated as
follows:

𝐹 (A) = [[
𝑁𝑡 ,𝑛∑
𝑖,𝑗=1

(𝑢Num𝑥,𝑖𝑗 (A) − 𝑢Exp𝑥,𝑖𝑗
max𝑖,𝑗 (𝑢Exp𝑥 ) )2
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Figure 4: Schematic representation of the out-of-plane test devel-
oped by Pottier et al. [23].

+ 𝑁𝑡,𝑛∑
𝑖,𝑗=1

(𝑢Num𝑦,𝑖𝑗 (A) − 𝑢Exp𝑦,𝑖𝑗
max𝑖,𝑗 (𝑢Exp𝑦 ) )2

+ 𝑁𝑡,𝑛∑
𝑖,𝑗=1

(𝑢Num𝑧,𝑖𝑗 (A) − 𝑢Exp𝑧,𝑖𝑗
max𝑖,𝑗 (𝑢Exp𝑧 ) )2

+ 𝑛(𝑃Num
𝑖 (A) − 𝑃Exp

𝑖

max𝑖 (𝑃Exp) )2]]
1/2

,
(18)

where 𝑁𝑡 is the number of time steps considered and 𝑛
is the number of measured points; 𝑢𝑥, 𝑢𝑦, and 𝑢𝑧 are the
displacements along the 0𝑥, 0𝑦, and 0𝑧 axes, respectively,𝑃 is the global load and A is the vector of parameters to
identify; the subscripts Num and Exp refer to numerical
and experimental results and 𝑖 and 𝑗 refer to the num-
ber of time steps and measured points, respectively. The
minimisation of the cost function is performed with the
Levenberg-Marquardt algorithm. To assess the quality of
the identified set of constitutive parameters, the authors
performed deep-drawing tests of a circular cup. Moreover,
additional identifications of the constitutive parameters of the
material were performed, following two different strategies:
a classic strategy, based on three tensile tests cut along
three different directions in the sheet plane, and an inverse
identification strategy using heterogeneous planar shear-like
tests, previously proposed [59]. The experimental results of
the earing profile of the circular cup were then compared
with the numerically predicted results from the different
parameter identification strategies. The authors concluded
that the use of the nonplanar sample allows a more accurate
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Figure 5: Device for three-point bending test [54]: (a) experimental setup and (b) schematic representation of horizontal and vertical views.

prediction of the earing profile than the planar shear-like
tests and the three tensile tests, since the nonplanar sample
test covers a wider range of strain paths. However, in our
opinion, the chosenmechanical test shows a relative degree of
complexity and has the inconvenience of presenting contact
with friction between the punch and the metal sheet, which
always raises questions concerning the impact of contact with
friction on the identification of the constitutive parameters.

4.1.2. Identification of Kinematic Hardening. The identifica-
tion of the kinematic hardening plays a significant role when
phenomena such as the Bauschinger effect and permanent
softening, due to reverse of strain path and other strain path
changes, are relevant for the subsequent plastic deformation
behaviour. Depending on the material and the strain path
changes occurring in the deep-drawing process, these phe-
nomena can be more or less noticeable and relevant. The
Bauschinger effect is also associated with the springback,
due to premature yielding after reversal of strain path [14].
Springback is the strain recovery when forming loads are
removed, and itsmagnitude, which depends on the flow stress
value [11] and Young’s modulus, can also be influenced by the
Bauschinger effect [78]. Therefore, the proper modelling and
identification of the kinematic hardening are also important
in order to efficiently predict the springback.

In this sense, Eggertsen andMattiasson [54] were focused
on the identification of the kinematic hardening law with
the main concern of the accurate prediction of springback.
The goal was to select the model able to accurately describe
kinematic hardening features, such as the early reyielding,
transient behaviour, work-hardening stagnation, and perma-
nent softening, taking also into account the complexity on
the evaluation of its parameters. Three-point bending tests
(see Figure 5) on four typical materials from car manufac-
turing industry were performed: two dual-phase steels (TKS-
DP600HF and SSAB-DP600), from different suppliers and
with different thicknesses, a mild steel (Voest-DX56D), and
an interstitial-free steel (TKS-220IF). Five different harden-
ing models were considered: (i) a pure isotropic hardening
law, used as comparative reference; (ii) a mixed isotropic-
kinematic law [79, 80]; (iii) the Armstrong-Frederick model

[44]; (iv) the Geng-Wagoner hardening law [47]; and (v)
the Yoshida-Uemori hardening law [14]. The hardening
parameters of all models were determined by inverse anal-
ysis, where the difference between the experimentally and
numerically generated load-displacement curves of the three-
point bending test is minimised.The inverse identification of
thematerial parameterswas performed resorting toResponse
Surface Methodology, using the following cost function:

𝐹 (A) = 1𝑛
𝑛∑
𝑖=1

𝑤𝑖(𝑃Num
𝑖 (A) − 𝑃Exp

𝑖𝑠𝑖 )2 , (19)

where 𝑃Num
𝑖 (A) and 𝑃Exp

𝑖 represent the calculated and mea-
sured values of the punch load as a function of the vector of
hardening parameters A, respectively; 𝑠𝑖 is the residual scale
factor; and 𝑤𝑖 is the weight applied to each component of the
cost function. Both 𝑠𝑖 and 𝑤𝑖 were set equal to 1. The authors
conclude that Yoshida-Uemori model provides the best result
for all materials, while the isotropic hardening model gives
the worst result. However, taking into account the accuracy
and the complexity of the hardening model, the authors
point out that Geng-Wagoner law corresponds to a better
compromise. In fact, they state that about 30 simulations are
needed to optimize the parameters of the mixed isotropic-
kinematic hardening law, while up to 170 simulations are
required to optimize the parameters of Yoshida-Uemori
hardening law.

Pereira et al. [56] outline an inverse analysismethodology
for simultaneously identifying the parameters of the isotropic
Swift law and the Lemâıtre-Chaboche kinematic law [13]
of metal sheets, using a reverse shear test. The outlined
strategy uses a modified shear sample with a cylindrical
notch along the axis of the sample, in order to confine the
plastic deformation within the entire gauge section, which
is not the case for the classical shear samples with constant
thickness (see Figure 6). The geometry of the cylindrical
notch was defined in order to ensure that all strain values,
between the maximum (in the centre of the notch) and
the minimum (zero, along the edge of the notch), are as
much as possible represented at the moment of the strain
path reversing. The geometry of the sample allows that the
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Figure 6: Geometry and dimensions of the classical and proposed notched shear specimens used in [56].

boundary conditions of experimental tests are accurately
reproduced numerically and avoids the errors in the exper-
imental determination of the stress versus strain curves,
used in traditional methodologies, whose accuracy requires
homogeneity of the stress and strain fields in the sample.
The inverse analysis methodology consists of minimising
the gap between experimental and numerical load versus
displacement curves by making variations of the constitutive
parameters, using the Levenberg-Marquardt algorithm. The
following cost function is used:

𝐹 (A) = 1𝑞
𝑞∑
𝑖=1

(𝑃Exp
𝑖 − 𝑃Num

𝑖 (A)𝑃Exp
𝑖

)2

+ 1𝑝
𝑝∑
𝑖=1

(𝑃Exp
𝑖 − 𝑃Num

𝑖 (A)𝑃Exp
𝑖

)2 ,
(20)

where 𝑃Exp
𝑖 and 𝑃Num

𝑖 (A) are, respectively, the experimental
and numerical values of load for the same tool displacement;𝑞 and 𝑝 are the total number of points in the forward
and reverse paths, respectively; and A is the vector of the
parameters to be identified. The parameters of the Hill’48
yield criterion that best describe the anisotropy of the ficti-
tious materials used in this work (described by Drucker+L
yield criterion) were identified following the methodology
mentioned above, proposed byPrates et al. [25].Thismethod-
ology also allows identifying the parameters of the isotropic
Swift law, which were used as first estimate in this inverse
analysis. If no identification of the Swift law parameters
was previously performed, the first estimate of isotropic
Swift hardening parameters can be obtained adopting typical
values for the material under study. It is appropriate to
experimentally test this methodology.

Yin et al. [55] proposed the use of the twin bridge cyclic
shear test proposed by Brosius et al. [81] to evaluate the
Bauschinger effect on three classes of steel sheets, DC06,
DP600, and TRIP700. The twin bridge shear specimen has
two gauge areas that are simultaneously deformed when a
moment is applied. Due to the moment application, instead
of load, no unwanted reaction moment is created, in contrast
with the ASTM shear specimen. The inverse identification
strategy involves minimising the difference between exper-
imental and numerical angular moment results, resorting

to a Trust Region Reflective Method [82], to identify the
parameters of isotropic Voce hardening law and Armstrong-
Frederick kinematic hardening law. The cost function is
described as follows:

𝐹 (A) = 𝑞∑
𝑖=1

(𝑀Exp
𝑖 −𝑀Num

𝑖 (A))2

+ 𝑝∑
𝑖=1

(𝑀Exp
𝑖 −𝑀Num

𝑖 (A))2 ,
(21)

where𝑀Exp
𝑖 and𝑀Num

𝑖 (A) are, respectively, the experimental
and numerical values of moment at the same rotation angles;𝑞 and 𝑝 are the total number of points in the forward and
backward paths, respectively; andA is the vector of kinematic
hardening parameters of the Lemaı̂tre-Chaboche law and two
of the three parameters of the Voce law. The remaining Voce
law parameter, the yield stress, is obtained from uniaxial
tensile tests in the rolling direction and is kept fixed during
the identification procedure.

5. Final Remarks

This review shows that a great investment has been made
lately in the development of inverse strategies, namely, in
FEMU strategies for the identification of parameters of con-
stitutive laws describing the plastic behaviour of metal sheets.
This includes the sample design, loading conditions, and opti-
mization procedure and intends to make the identification of
the material parameters easier and more reliable. Currently,
some of these strategies allows determining simultaneously
the parameters of isotropic hardening law and/or anisotropic
yield criteria, using only a single test. Others only allow the
evaluation of the parameters of kinematic hardening law.
Also, most strategies are limited to specific types of work-
hardening laws and plasticity criteria. In this context, the
investment in such strategies should be directed towards the
simultaneous identification of parameters of any constitu-
tive law, including isotropic and kinematic hardening, and
any anisotropic yield criterion. This must be accomplished
using the results of the minimum number of mechanical
tests and results, for example, from the biaxial test of the
cruciform sample and the shear test, and building their own
optimization procedure, eventually sequential. In fact, given
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that the optimization procedure for parameters identification
can influence the solution, it is important to examine the
possibility of resorting to sequential optimization procedures,
especially when using different types of results.
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In order to investigate the workability and to optimize the hot forming parameters for 2026 Al alloy, hot compression tests were
performed in the temperature range of 350∼450∘C with strain rates of 0.01∼10 s−1 and 60% deformation degree on a Gleeble-1500
thermosimulation machine.The true stress-strain curves obtained exhibit that the stress increases dramatically at small strains and
thenmoves forward to a steady state, showing dynamic flow softening.Meanwhile, on the basis of Arrhenius equation, a constitutive
equation on the flow stress, temperature, and strain rate was proposed. Yet, the values of the predicated stress from the equation
and the true stress differ by as much as 50.10%. Given the intricate impact of precipitation of the second phases on the strength of
2026 Al alloy, the introduction of a revised equation with the reinforcement of temperature was carried out, fitting well with the
experiment data at peak stresses. What is more, both pictures obtained by scanning electron microscopy (SEM) and transmission
electron microscopy (TEM) were compatible with all the inferences.

1. Introduction

Understanding the materials flow behavior during hot defor-
mation is important for materials processing designers, espe-
cially for those dealing with metal processes like hot forging,
rolling, and extrusion [1–3]. Usually, constitutive equations
describing relationships on the strain rate, temperature,
and flow stress, which can be used in the finite element
simulation, are helpful in selecting the appropriate working
parameters for a given metal to process. A great deal of
investigation had attempted to set up constitutive equations
to predict the flow stress, especially for the frequently used
alloys like aluminum alloys, steels, and nickel based super
alloys [4–10]. Generally, constitutive models now used can be
classified into phenomenological type, physical-based type,
and artificial neural network (ANN) type [11]. The Arrhenius
equation of phenomenological type was the main one for its
simplicity and accuracy [6, 12–16]. Numerous papers have
been published based on the equations proposed by Sellars

and Zener [17–19], either the constitutive equations or the
modified ones, especially in the hot working of steels, all
agreeing well with experiment results, assisting in selecting
the hot deformation parameters [12, 20–27].

But, unlike steels, microstructures of aluminum alloys
will significantly change due to precipitation in the hot
deformation processing, not to mention that those can be
strengthened by heat treatment, 2xxx and 7xxx alloys, for
example, which usually serve as skins and frames of airplanes.
Second phases, like Al2Cu in 2xxx alloys and MgZn2 in 7xxx
alloys, usually appear in the hot working and heat treatment,
which need substantial increase of the stress to continue the
hot deformation [15, 28–32]. Prediction of the peak stress for
those alloys is hard for their temperature-dependent nature,
but the stress-strain relationship, especially the peak stress, is
crucial for processing, since it determines the selection of the
machines to fulfill the upper compressive stress needed.

As an improved version of 2024 Al alloy, 2026 Al alloy
with lower Fe and Si content but minor addition of Zr to
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inhibit recrystallization during hot working was established
by Alcoa in 1999, satisfying demand for better safety and
durability without sacrifice of strength and toughness [33]. As
a new alloy of high strength and high damage tolerance, 2026
Al alloy is used as the upholstery skin material for lower aero
foil in airplanes like A380 from hot rolling.

Unlike the traditional materials, works about 2026 Al
alloy are rare to find, and the most existent investigations on
2026 Al alloy mainly focus on the microstructure evolution
during hot processing or the precipitation of the second
phases [33, 34]. To the authors’ knowledge, there is little
information available in the literature about flow behavior of
2026 Al alloy; further study is needed to perform numerical
simulation and to select proper process parameters. This
paper will put forward and verify a new constitutive equation
about the flow behavior of 2026 Al alloy under hot deforma-
tion.

2. Experiments

A commercial 2026 Al alloy of chemical composition
(wt.%) 1.33Mg-4.20Cu-0.55Mn-0.15Zr-(bal.)Al, with minor
elements like Si and Fe below 0.05 and 0.07 (wt.%), respec-
tively, was used in the investigation. Specimenswere prepared
with diameter of 10mm and height of 15mm from the
direct cast ingot homogenized for 490∘C × 12 h + 520∘C ×
12 h. Friction between the specimens and upsetting dies was
minimized by entrapping the lubricant with composition of
75% graphite + 20% machine oil + 5% nitric acid trimethyl
benzene grease in a depth of 0.1mm recessed into both ends
of the specimens.

As depicted in Figure 1, the specimens were heated to
480∘C at a heating rate of 2∘C/s and held for 6min and
then cooled to the deformation temperature at 10∘C/s and
held for 4min before test. The hot compression tests were
carried out on a Gleeble-1500 thermosimulation machine at
four different strain rates (0.01 s−1, 0.1 s−1, 1 s−1, and 10 s−1)
and four different temperatures (300∘C, 350∘C, 400∘C, and
450∘C),with 60%final reduction in height. After the hot com-
pression, specimens were quenched in water immediately for
micrographic observation.

3. Results and Discussion

3.1. True Stress and Strain. The true stress-strain curves
obtained from hot compression tests for 2026 Al alloy are
shown in Figure 2. For aluminum alloys of high stacking fault
energy, dynamic recovery is themain reason for the softening
phenomenon [35], which is confirmed by the occurrence of
dynamic softening on the curves in this work, for the flow
stresses increase monotonically up to an almost steady state
(e.g., samples deformed at strain rate of 0.01 s−1). As can
be seen from the figures, the strain rate and temperature
significantly affect the flow stresses. The true stress level will
rise once deformation temperature decreases and strain rate
increases.

Under low temperatures, restraint of the number of
slip systems reduces the mobility at grain boundaries, thus
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Figure 1: Experimental procedure for hot compression tests.

increasing the flow stress. This was approved further by the
dislocation walls in Figure 3, for the TEM observation of the
sample at 300∘C/10 s−1, which shows the highest flow stress
during compression.

By raising the deformation temperature, dislocation slip,
climb, and annihilation correspondingly increase, together
with vacancy diffusion rate, resulting in easier activation
of dynamic recovery and even dynamic recrystallization
to overcome the hardening. Figure 4 shows, for the sam-
ple deformed at 0.01 s−1/450∘C, subgrains formed at grain
boundaries, evidence of dynamic recrystallization, which can
greatly contribute to the decrease of the flow stress. However,
with the increase of strain rate, the time for energy accumu-
lation, dynamic recovery, and recrystallization is shortened,
and the true stress would increase.

3.2. Deformation Constitutive Equation. Usually, the rela-
tionship regarding flow stress, deformation temperature,
and strain rate can be expressed by Arrhenius equation.
Zener-Hollomon parameter 𝑍 in an exponent-type equation
represents the effects of strain rate and temperature on the
deformation behaviors. Consequently, Arrhenius equation
can be used to connect 𝑍 parameter with stress [18, 19].
Hence,

𝑍 = ̇𝜀 exp ( 𝑄𝑅𝑇) , (1)

̇𝜀 = 𝐴𝐹 (𝜎) exp(− 𝑄𝑅𝑇) , (2)

where

𝐹 (𝜎) = {{{{{{{{{
𝜎𝑛󸀠 𝛼𝜎 < 0.8
exp (𝛽𝜎) 𝛼𝜎 > 1.2
sinh (𝛼𝜎)𝑛 ∀𝜎,

(3)
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Figure 2: Typical true stress-strain curves for 2026 Al alloy under different deformation temperatures with strain rates of (a) 0.01 s−1; (b)
0.1 s−1; (c) 1 s−1; and (d) 10 s−1.

Dislocation walls 

0.2 𝜇m

Figure 3: TEMmicrograph of the sample deformed at temperature
of 300∘C with the strain rate of 10 s−1 with dislocation walls.

in which ̇𝜀 is the stain rate (s−1), Q is the activation energy
of hot deformation (kJmol−1), R is the universal gas constant
(8.31 Jmol−1K−1), T is the absolute temperature (K), and 𝜎 is
the flow stress (MPa) for a given strain, while A, 𝛼, and 𝑛, 𝑛󸀠
are the material constants, 𝛼 = 𝛽/𝑛󸀠.

Equations (4) and (4) are the substitution of the power law
and exponential law of 𝐹(𝜎) into (1) for the low-stress (𝛼𝜎 <0.8) and high-stress level (𝛼𝜎 > 1.2), respectively:

̇𝜀 = 𝐵𝜎𝑛󸀠 , (4)

̇𝜀 = 𝐵󸀠exp (𝛽𝜎) 12 , (5)

where 𝐵 and 𝐵󸀠 are the material constants. To find out the
material constants in the above equations, deformation strain
of peak stress is used here as an example.

Equations (6) and (6) are the logarithm form of (4) and
(4), respectively:

ln (𝜎) = 1𝑛󸀠 ln ( ̇𝜀) − 1𝑛󸀠 ln (𝐵) , (6)

𝜎 = 1𝛽 ln ( ̇𝜀) − 1𝛽 ln (𝐵󸀠) . (7)

Substituting the values of the peak stress and correspond-
ing strain rate at different deformation temperatures into (6)
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Figure 4: TEMmicrograph of the sample deformed at temperature
of 450∘C with the strain rate of 0.01 s−1.

and (6) can obtain the relationship regarding the stress and
strain rate (in logarithm form) shown in Figure 5.

As can be seen in Figure 5, a group of straight lines
approximated is close to parallel. The slopes of these lines
have similar values and values of 𝑛󸀠 and 𝛽 at different
deformation temperatures can be derived by linear fitting
method. As 𝛼 = 𝛽/𝑛󸀠, each corresponding value of 𝛼 can be
calculated. By average, the mean value of 𝛼 is 8.0128 × 10−3.

Equation (1) can be expressed as follows, fit for all the
stress level 𝜎:

̇𝜀 = 𝐴 [sinh (𝛼𝜎)]𝑛 exp(− 𝑄𝑅𝑇) . (8)

Taking the logarithm of (8) for both sides gives

ln [sinh (𝛼𝜎)] = ln ̇𝜀𝑛 + 𝑄𝑛𝑅𝑇 − ln𝐴𝑛 . (9)

Substituting the peak stress and relevant strain rate for all
the tested temperatures into (9) gives the relationship shown
in Figure 6. It is not hard to obtain the value of n, 9.343.

For a fixed strain rate, derivative of (8) gives

𝑄 = 𝑅𝑛𝑑 {ln [sinh (𝛼𝜎)]}𝑑 (1/𝑇) . (10)

According to (10), ln [sinh(𝛼𝜎)] can be regarded as a
function of 1/𝑇, shown in Figure 7, and the activation energy
can be computed as 229.546 kJ/mol by averaging the values of𝑄 at four different strain rates.

On the basis of the value of 𝑛 and 𝑄 known, it is easy
to get the value of A, 5.17 × 1022 s−1, 9.53 × 1022 s−1, 8.3 ×
1022 s−1, and 3.63 × 1022 s−1 for 300∘C, 350∘C, 400∘C, and
450∘C, respectively.

Then, (8) can be expressed below by substituting the
values obtained above:

̇𝜀 = 𝐴 [sinh (8.0128 × 10−3𝜎)]9.343
⋅ exp(−2.29546 × 105𝑅𝑇 ) . (11)

Finally, Zener-Hollomon parameter 𝑍 in (1) can be
represented as follows:

𝑍 = ̇𝜀 exp(2.29546 × 105𝑅𝑇 )
= 𝐴 [sinh (8.0128 × 10−3𝜎)]9.343 .

(12)

According to (8) and (1), relationships between the flow
stress 𝜎 and Zener-Hollomon parameter 𝑍 can be described
below:

𝜎 = 1𝛼 ln{(𝑍𝐴)
1/𝑛 + [(𝑍𝐴)

2/𝑛 + 1]1/2} . (13)

Or

𝜎 = 124.8 ln{(𝑍𝐴)
1/9.343 + [(𝑍𝐴)

2/9.343 + 1]1/2} . (14)

Depending on the deformation temperature, the constant𝐴 in (11) to (14) is 5.17 × 1022 s−1, 9.53 × 1022 s−1, 8.3 × 1022 s−1,
and 3.63 × 1022 s−1 for 300∘C, 350∘C, 400∘C, and 450∘C,
respectively.

3.3. Modification of Zener-Hollomon Parameter. The above-
developed constitutive equations for 2026 Al alloy at peak
stress state were verified by comparison of the values from
experiments and constitutive equation; differences between
them are shown in Table 1. In the table, error is defined as

Error = 󵄨󵄨󵄨󵄨𝜎𝑐 − 𝜎𝑚󵄨󵄨󵄨󵄨𝜎𝑚 × 100%. (15)

𝜎𝑐 is the stress calculated by the constitutive equation, and 𝜎𝑚
is the peak stress measured by experiments.

Apparently, errors between the experiment and predi-
cated results range from 9.86% to 50.10%, indicating the need
to modify the constitutive equation.

Usually, four different stages, namely, work hardening
stage (stage 1), stable stage (stage 2), softening stage (stage
3), and steady stage (stage 4), show up on the true strain-
true stress curves of typical steels, which can be explained
well from the viewpoint of dynamic recovery and dynamic
recrystallization under hot deformation [36, 37]. However,
for almost all of the Al alloys, precipitation of the second
phases inevitably occurs in the hot deformation procedure;
2026 Al alloy is no exception. From Figure 8, the SEM and
TEM microstructures of the sample deformed at 350∘C with
the strain rate of 1 s−1 and the final strain of 0.6; thematrixwas
occupied by numerous tiny white particles (most of them are
Al2Cu), a combining effect of temperature and strain whose
influence on flow stress cannot be neglected.

Theoretically, by hindering recrystallization or being
coherent with 𝛼-Al, precipitation can enhance the material
strength to some degree, reflected by the rise of the true stress
level on the true stress-true strain curve [33, 34]. Typically
speaking, precipitation itself is a complicated factor whose
impact on the true stress is relevant to temperature.Therefore,
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Figure 5: Relationships between strain rate and peak stresses: (a) ln ̇𝜀 and ln𝜎; (b) ln ̇𝜀 and 𝜎.
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the influence of temperature on the flow stresses should be
enforced here for the nature of 2026 Al alloy.

Through numerous repeated calculations and validation,
it is found that, to make the Z parameter better conform to
the real, (1) should multiply with exp (22.93975𝑋 − 135.508).
So, the revised 𝑍󸀠 parameter can be expressed as

𝑍󸀠 = exp (22.93975𝑋 − 135.508) ̇𝜀 exp( 𝑄𝑅𝑇) , (16)

where factor X represents the deformation temperature in
∘C; it represents the influences of the temperature on the
precipitation behavior of the alloy.
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Figure 7: Relationship between ln [sinh(𝛼𝜎)] and temperature.

Therefore, the flow stress constitutive equation expressed
as (13) can be renewed as

𝜎 = 1𝛼 ln
{{{(

𝑍󸀠𝐴 )
1/𝑛 + [(𝑍󸀠𝐴 )

2/𝑛 + 1]1/2}}} . (17)

Parameters of 𝛼, n, and𝐴 in the equation are not changed
as before, while 𝑍 is the modified one from (16).

3.4. Verification of the Revised Constitutive Equation. Table 2
shows the comparisons between the peak stresses calculated
from the revised constitutive equation and the experiment
data.
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Table 1: Comparisons of the predicated (𝜎𝑃) and measured (𝜎𝐸) peak stress (unit: MPa) before the modification of 𝑍 parameter.

Strain rate (s−1) Temperature (∘C) 𝜎𝐸 𝜎𝑃 Error analysis
Error (%) Mean (%) Standard deviation (%)

0.01

300 160 239.18 49.49

29.20 19.42350 115 126.34 9.86
400 80 67.53 15.58
450 72 41.85 41.87

0.1

300 191 277.79 45.44

27.49 15.24350 132 150.90 14.32
400 100 84.64 15.36
450 83 54.09 34.83

1

300 228 318.32 39.61

25.35 13.74350 160 177.83 11.14
400 125 104.57 16.34
450 105 68.99 34.30

10

300 240 360.24 50.10

26.83 17.67350 186 206.67 11.11
400 150 127.03 15.31
450 125 86.51 30.79

(a) (b)

Figure 8: Microstructure after hot deformation at true strain of 0.6 with the deformation temperature of 350∘C and strain rate of 1 s−1: (a)
backscattered electron image and (b) TEMmicrograph.

As observed from the values, agreement between the
calculated and measured values is good, and the maximum
relative error is only 5.87%. The results indicated that the
modified Z parameter can give a good estimate of the peak
stresses for 2026 Al alloy under different hot compression
temperature and strain rate and can be used in guidance of
the hot processing of 2026 Al alloy.

4. Conclusions

In this study, the effects of deformation parameters on the
true stress-strain behavior of 2026 Al alloy were investigated.
According to the experiment data, a constitutive equation
incorporating the effects of strain rates and temperatures
is obtained, while the errors between the experiment and

predicated results range from 9.86% to 50.10%. So a revised
constitutive equation is derived by compensation of temper-
ature considering the impact of the second phase on the
true stress; a good agreement between the predicated and
the experiment results indicated that the revised constitutive
equation can give an accurate prediction of the peak stress
for 2026 Al alloy and can be used in the hot processing of the
2026 Al alloy. In addition, pictures about the microstructures
were obtained using scanning electron microscopy (SEM)
and transmission electronmicroscopy (TEM) for verification
and assistance.
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Table 2: Comparisons of the predicated (𝜎𝑃) and measured (𝜎𝐸) peak stress (unit: MPa) after the modification of 𝑍 parameter.

Strain rate (s−1) Temperature (∘C) 𝜎𝐸 𝜎𝑃 Error analysis
Error (%) Mean (%) Standard deviation (%)

0.01

300 160 169.37 5.86

3.03 2.4350 115 115.28 0.24
400 80 81.72 2.15
450 72 69.22 3.87

0.1

300 191 202.22 5.87

4.14 2.03350 132 138.54 4.96
400 100 101.21 1.21
450 83 86.76 4.53

1

300 228 238.21 4.48

2.53 1.44350 160 164.37 2.73
400 125 123.29 1.37
450 105 106.60 1.52

10

300 240 246.77 2.82

2.62 0.72350 186 192.33 3.40
400 150 147.50 1.66
450 125 128.22 2.58
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