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and L. Gómez-Barba
Volume 2013, Article ID 716753, 11 pages
Constructing HVS-Based Optimal Substitution Matrix Using Enhanced Differential Evolution,
Shu-Fen Tu and Ching-Sheng Hsu
Volume 2013, Article ID 824239, 10 pages
Eigen-Gradients for Traffic Sign Recognition, Sheila Esmeralda Gonzalez-Reyna,
Juan Gabriel Avina-Cervantes, Sergio Eduardo Ledesma-Orozco, and Ivan Cruz-Aceves
Volume 2013, Article ID 364305, 6 pages
Automatic Image Segmentation Using Active Contours with Univariate Marginal Distribution,
I. Cruz-Aceves, J. G. Avina-Cervantes, J. M. Lopez-Hernandez, M. G. Garcia-Hernandez,
M. Torres-Cisneros, H. J. Estrada-Garcia, and A. Hernandez-Aguirre
Volume 2013, Article ID 419018, 9 pages
A New Tool for Intelligent Parallel Processing of Radar/SAR Remotely Sensed Imagery,
A. Castillo Atoche, R. Carrasco Alvarez, J. Ortegón Aguilar, and J. Vázquez Castillo
Volume 2013, Article ID 405372, 10 pages
Reversible Data Hiding Scheme with High Embedding Capacity Using Semi-Indicator-Free Strategy,
Jiann-Der Lee, Yaw-Hwang Chiou, and Jing-Ming Guo
Volume 2013, Article ID 476181, 11 pages
Automatic Circle Detection on Images Based on an Evolutionary Algorithm That Reduces the Number
of Function Evaluations, Erik Cuevas, Eduardo L. Santuario, Daniel Zaldı́var, and Marco Perez-Cisneros
Volume 2013, Article ID 868434, 17 pages
Robust Multisensor Image Matching Using Bayesian Estimated Mutual Information, Lurong Shen,
Xinsheng Huang, Yuzhuang Yan, Yongbin Zheng, and Wanying Xu
Volume 2013, Article ID 414785, 11 pages

An Image Filter Based on Multiobjective Genetic Algorithm and Shearlet Transformation,
Zhi-yong Fan, Quan-sen Sun, Ze-xuan Ji, and Kai Hu
Volume 2013, Article ID 463760, 7 pages
A Multilabel Texture Segmentation Based on Local Entropy Signature, Bo-Young Park, Hyo-Hun Kim,
and Byung-Woo Hong
Volume 2013, Article ID 651581, 6 pages
An Object Detection Method Using Wavelet Optical Flow and Hybrid Linear-Nonlinear Classifier,
Pengcheng Han, Junping Du, Jun Zhou, and Suguo Zhu
Volume 2013, Article ID 965419, 14 pages
Fuzzy Logic-Based Histogram Equalization for Image Contrast Enhancement, V. Magudeeswaran
and C. G. Ravichandran
Volume 2013, Article ID 891864, 10 pages
An Efficient Universal Noise Removal Algorithm Combining Spatial Gradient and Impulse Statistic,
Shuhan Chen, Weiren Shi, and Wenjie Zhang
Volume 2013, Article ID 480274, 12 pages
The Effect of Labeled/Unlabeled Prior Information for Masseter Segmentation, Yousef Rezaei Tabar
and Ilkay Ulusoy
Volume 2013, Article ID 928469, 12 pages
Classification of ETM+ Remote Sensing Image Based on Hybrid Algorithm of Genetic Algorithm and
Back Propagation Neural Network, Haisheng Song, Ruisong Xu, Yueliang Ma, and Gaofei Li
Volume 2013, Article ID 719756, 8 pages

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 530404, 3 pages
http://dx.doi.org/10.1155/2013/530404

Editorial
Computational Intelligence in Image Processing
Erik Cuevas,1 Daniel Zaldívar,1 Gonzalo Pajares,2 Marco Perez-Cisneros,1 and Raul Rojas3
1

Departamento de Ciencias Computacionales, Universidad de Guadalajara, CUCEI, Avenida Revolución 1500,
Guadalajara, Jal, Mexico
2
Departamento de Ingenierı́a de Software e Inteligencia Artificial, Facultad Informática, Universidad Complutense,
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Vision in general and images in particular have always played
an essential role in human life. In the past they were, today
they are, and in the future they will continue to be one of
our most important information carriers. Recent advances
in digital imaging and computer hardware technology have
led to an explosion in the use of digital images in a variety
of scientific and engineering applications. These applications
result from the interaction between fundamental scientific
research on the one hand and the development of new and
high-standard technology on the other.
Computational intelligence has emerged as a powerful tool for information processing, decision making, and
knowledge management. The techniques of computational
intelligence have been successfully developed in areas such as
neural networks, fuzzy systems, and evolutionary algorithms.
It is predictable that in the near future computational intelligence will play a more important role in tackling several
engineering problems.
Image processing is a very important research area. Classical image processing methods often face great difficulties
while dealing with images containing noise and distortions.
Under such conditions, the use of computational intelligence
approaches has been recently extended to address challenging
real-world image processing problems. The interest on the
subject among researchers and developers is increasing day
by day as it is branded by huge volumes of research works
that get published in leading international journals and
international conference proceedings.
When the idea of this special issue was first conceived,
the goal was to mainly expose the readers to the cutting-edge
research and applications that are going on across the domain

of image processing where contemporary computational
intelligence techniques can be or have been successfully
employed.
The special issue received 49 high-quality submissions
from different countries all over the world. All submitted
papers followed the same standard of peer-review by at
least three independent reviewers, as it is applied to regular
submissions to Mathematical Problems in Engineering. Due
to the limited space, 16 papers were finally included. The
primary guideline was to demonstrate the wide scope of
computational intelligence algorithms and their applications
to image processing problems.
The paper authored by K. haransiriphaisan et al. presents
a study of the performance of a family of artificial bee
colony algorithms, namely, the standard ABC, ABC/best/1,
ABC/best/2, IABC/best/1, IABC/rand/1, and CABC and some
particle swarm optimization-based algorithms for searching
multilevel thresholding in image segmentation. The strategy
for an onlooker bee to select an employee bee was modified
for a new alternative mechanism. The experimental results
showed that IABC/best/1 outperformed the other techniques,
when all of those algorithms were applied for multilevel
image segmentation.
The paper by B. Ojeda-Magaña et al. proposed the
concept of typicality from the field of cognitive psychology
to categorize data into concepts. The idea is to apply such
concepts into the interpretation of numerical data in color
images for segmentation purposes.
S. E. Gonzalez-Reyna et al. propose a road sign detection
method based on oriented gradient maps and the KarhunenLoeve transform. The proposed algorithm is able to reach
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good classification accuracy by using a reduced amount of
attributes compared to other similar state-of-the-artmethods.
I. Cruz-Aceves et al. present an automatic image segmentation method based on the theory of active contour models
and estimation of distribution algorithms. The proposed
method uses the univariate marginal distribution model to
infer statistical dependencies between the control points on
different active contours. These contours have been generated
through an alignment process of reference shape priors aiming to increase the exploration and exploitation capabilities
regarding different interactive segmentation techniques. The
algorithm is applied in the segmentation of images with
different complexity levels.
The paper by S.-F. Tu and C.-S. Hsu proposed the use of
a modified version of the popular differential evolution (DE)
to construct an optimal least Significant Bit (LSB) matrix for
information hiding in images.
The paper authored by L. Shen et al. presents a robust
Bayesian approach for multisensor image matching. The
method is implemented by using the gradient prior information which is estimate by the kernel density estimated
(KDE) method, whereas the likelihood is modeled according
to the distance of orientations. Experiments on several
groups of multisensor images show that the proposed method
outperforms the standard methods in terms of robustness and
accuracy.
V. Magudeeswaran and C. G. Ravichandran introduce
a new method for histogram equalization based on fuzzy
logic. The method consists of two stages. First, the fuzzy
histogram is computed based on fuzzy set theory to handle
the inexactness of gray level values. In the second stage, the
fuzzy histogram is divided into two subhistograms based on
the median value of the original image and then equalizes
them independently to preserve image brightness. The performance of the proposed approach was evaluated considering qualitative and quantitative performance indexes.
S. Chen et al. present a universal noise removal algorithm
by combining spatial gradient and a new impulse statistic into
the trilateral filter. Simulation results show that the proposed
method has a high denoising rate, in particular for salt-andpepper noise. It is also demonstrated that the computational
complexity of the proposed method is less than many other
mixed noise filters.
The paper by Y. R. Tabar and I. Ulusoy presented a study
where several segmentation methods are implemented and
applied to segment the facial masseter tissue from magnetic
resonance images. In the study, a new approach is also
proposed where unlabeled prior information from a set of
MR images is used to segment masseter tissue within a
probabilistic framework. The proposed method uses only
a seed point that indicates the target tissue and performs
automatic segmentation for the selected tissue avoiding the
use of a labeled training set. The segmentation results of all
methods are validated and compared to particularly discuss
the influences of labeled or unlabeled prior information and
initialization.
I.-D. Lee et al. present a reversible data hiding scheme to
embed secret data into a side matched vector quantization
(SMVQ)-compressed image. By using this strategy, fewer bits
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can be utilized to encode SMVQ indexes with very small
values. Experimental results show that the performance of
the proposed scheme is superior to those from former data
hiding schemes for VQ-based, VQ/SMVQ-based, and search
order coding (SOC)-based compressed images.
P. Han et al. present a computational intelligence method
by using wavelet optical flow and hybrid linear-nonlinear
classifier for object detection. The algorithm can accurately
detect moving objects with variable speeds in a scene. Experimental results confirm that the proposed object detection
method possesses an improved accuracy and computation
efficiency over other state-of-the-art methods.
The paper by Z. Fan et al. proposes a filter algorithm
that combines multi-objective genetic algorithm (MOGA)
and shearlet transformation to remove noise in images. The
approach considers five stages. First, the multiscale wavelet
decomposition is applied to the target image. Second, the
MOGA target function is constructed by evaluation methods,
such as signal to noise ratio (SNR) and mean square errors
(MSE). Then, MOGA is used to calculate optimal coefficients
of shearlet wavelet threshold value in different scales and different orientations. Finally, the noise-free image is obtained
through inverse wavelet transform. Experimental simulations
show that the proposed algorithm eliminates noise more
effectively and yields better peak signal noise ratio (PSNR)
gains compared to other traditional filters.
C. A. Atoche et al. present a parallel tool for largescale image enhancement/reconstruction and postprocessing
for Radar/SAR sensor systems. The proposed parallel tool
performs the following intelligent processing steps: image
formation for the application of different system-level effects
of image degradation with a particular remote sensing (RS)
system and simulation of random noising effects, enhancement/reconstruction by employing nonparametric robust
high-resolution techniques, and image post processing using
the fuzzy anisotropic diffusion technique which incorporates
a better edge-preserving noise removal effect and faster
diffusion process. To verify the performance implementation
of the proposed parallel framework, the processing steps were
developed and specifically tested on graphic processor units
(GPUs).
The paper authored by E. Cuevas et al. presents an
algorithm for the automatic detection of circular shapes
from complicated and noisy images with no consideration of
the conventional Hough transform principles. The proposed
algorithm is based on a newly developed evolutionary algorithm called the adaptive population with reduced evaluations (APRE). The approach reduces the number of function
evaluations through the use of two mechanisms: (1) adapting
dynamically the size of the population and (2) incorporating
a fitness calculation strategy which decides whether the
calculation or estimation of the new generated individuals
is feasible. As a result, the method can substantially reduce
the number of function evaluations, yet preserving the good
search capabilities of an evolutionary approach. Experimental
results over several synthetic and natural images, with a
varying range of complexity, validate the efficiency of the
proposed technique with regard to accuracy, speed, and
robustness.
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B.-Y Park et al. propose a multilabel segmentation that
aims to divide a texture image into multiple regions based
on a homogeneity condition using local entropy measured
at varying scales. For multi-label segmentation, a bipartitioning segmentation scheme is recursively applied to confined
regions obtained by previous segmentation steps. On the
other hand, the entropy is employed to determine the spatial
regularity of elementary texture structures. Experimental
results on a variety of texture images demonstrate the efficiency and robustness of the proposed algorithm.
The paper by Haisheng Song et al. presented a neural
network (NN) system to classify remote sensing images.
The approach uses genetic algorithm to generate the initial
structure of NN. Then, weights adjustments are provided by
the traditional backpropagation algorithm. Finally, a hybrid
algorithm is used to execute classification on remote sensing
images. Results show that the hybrid algorithm outperforms
other similar approaches.
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Multilevel thresholding is a highly useful tool for the application of image segmentation. Otsu’s method, a common exhaustive
search for finding optimal thresholds, involves a high computational cost. There has been a lot of recent research into various metaheuristic searches in the area of optimization research. This paper analyses and discusses using a family of artificial bee colony
algorithms, namely, the standard ABC, ABC/best/1, ABC/best/2, IABC/best/1, IABC/rand/1, and CABC, and some particle swarm
optimization-based algorithms for searching multilevel thresholding. The strategy for an onlooker bee to select an employee bee
was modified to serve our purposes. The metric measures, which are used to compare the algorithms, are the maximum number
of function calls, successful rate, and successful performance. The ranking was performed by Friedman ranks. The experimental
results showed that IABC/best/1 outperformed the other techniques when all of them were applied to multilevel image thresholding.
Furthermore, the experiments confirmed that IABC/best/1 is a simple, general, and high performance algorithm.

1. Introduction
Image thresholding is a fundamental problem when trying
to extract knowledge from an image. It has been effectively
applied to many types of images. The homogeneous image
regions are grouped together and separated from the rest.
Thresholding can be bilevel or multilevel thresholding, and
both of these types can be classified into parametric or nonparametric approaches. This problem area has been receiving
attention from various research groups, and hundreds of
algorithms have been proposed based on that research. There
are five publications in various journals that have reviewed
image thresholding [1–5] from which a comprehensive review
can be accessed. The literature review revealed that Otsu’s
method [6] is a commonly used technique. It is a nonparametric approach and can solve both bilevel and multilevel thresholding. This method, which finds the optimal
thresholds by maximizing the weighted sum of between-class
variance of the classes, is called Otsu’s function [6]. However,
its computation is very time consuming; the complexity of the
method grows exponentially with the number of thresholds.
The research carried out by Hammouche et al. has influenced the work carried out in this paper [7]. Their research

focused on solving the image thresholding problem by
merging Otsu’s function with six metaheuristic techniques.
The results of [7] concluded that the differential evolution
(DE) [8] was the most efficient with respect to the quality of
solution and because the particle swarm optimization (PSO)
[9] converged more quickly. In this paper, a new family of
metaheuristic techniques is used with Otsu’s function to solve
the image thresholding problem. The aim of this paper is to
find a single metaheuristic technique that has the same characteristics of both DE and PSO. Some researchers proposed
the same criterion as [7]. Kulkarni and Venayagamoorthy [10]
formulated the sensor node localization to solve the image
segmentation problem using PSO and the bacteria foraging
algorithm (BF) [11]. Both of these algorithms are faster
than Otsu’s method for searching the optimal thresholds of
multilevel image thresholding. In 2012, Ghamisi et al. [12]
proposed methods for image segmentation based on two
search techniques, namely, Darwinian particle swarm optimization (DPSO) [13] and the fractional-order Darwinian
particle Swarm optimization (FODPSO) [14]. The results
of FODPSO regarding the fitness value, standard deviation
(STD), and CPU process time were better than those of its
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competitors, namely, DPSO, PSO, genetic algorithm (GA),
and BF, especially when the segmentation level increased.
Artificial bee colony (ABC) is gaining popularity among
the metaheuristic techniques because of its simplicity, generality, and remarkable performance [15–22]. It was also
successfully applied to image thresholding [23, 24]. The evolution of ABC has seen continued improvements, and it has
shown good performance levels in optimization problems.
Balancing exploration and exploitation during a search is
a successful criterion. In that regard, a family of the five
modified search equations were chosen to generate the candidate solutions. The five equations were inspired by DE and
GA. Those equations were embedded in the improved ABCs,
that is, “ABC/best/1” and “ABC/rand/1” proposed in [25],
“ABC/best/1” and “ABC/best/2” proposed in [26], and CABC
proposed in [27]. Due to the fact that the equation used in
ABC/best/1 in [25] is different from the equations used in
ABC/best/1 in [26], this paper has renamed the algorithms
in [25] to “IABC/best/1” and “IABC/rand/1,” respectively.
The improved ABCs showed outstanding performance in
finding solutions to the benchmarking problems. However,
their ability to search the optimal image thresholding is not
known. To the best of the authors’ knowledge, there is no
paper published that reports this problem. The no free lunch
theorem (NFLT) [28] is a major consideration in the area
of optimization research. The theorem states that because
the prior assumptions of the optimization problem are not
known, no optimization algorithm can outperform any other
algorithm. A general-purpose universal optimization algorithm has been proven to be theoretically impossible. One
algorithm can outperform another if the specific problem
is considered under reasonable restrictions. In this research,
not only the five modified ABCs but also the standard ABC
and other metaheuristic searches, that is, PSO, DPSO, and
FODPSO, were implemented in the multilevel thresholding
to compare their capabilities.
The remainder of the paper is organized as follows. In
Section 2, the multilevel thresholding problem is formulated.
Section 3 deals with the overview of ABC algorithm. Details
of the various versions of the ABC algorithm are presented in
Section 4. Performance evaluation and experimental results
are presented in Section 5. The conclusions are given in
Section 6.

2. Multilevel Thresholding
Problem Formulation
Searching the optimal thresholding is a method to minimize
or maximize the objective function of the separating classes.
Otsu’s method [6] is based on the maximization of the
between-class variance. Given the image having size 𝐻 × 𝑊,
where 𝑊 is the width and 𝐻 is the height, the pixels of a
given picture are represented in 𝐿 gray levels, and these levels
are in the range {0, 1, 2, . . . , 𝐿 − 1}. The number of pixels at
level 𝑖 is denoted by 𝑛𝑖 and the total number of pixels by
𝑁 = 𝑛1 + 𝑛2 + ⋅ ⋅ ⋅ + 𝑛𝐿 . The gray-level histogram is normalized
and regarded as a probability distribution:
𝑛
𝑝𝑖 = 𝑖 ,
𝑁

𝑝𝑖 ≥ 0,

𝐿

∑ 𝑝𝑖 = 1.
𝑖=1

(1)

The total mean of the image can be defined as
𝐿

𝜇𝑇 = ∑ 𝑖 × 𝑝𝑖 .

(2)

𝑖=1

The multilevel thresholding with respect to the given 𝑛 − 1
threshold values 𝑡𝑗 , 𝑗 = 1, . . . , 𝑛 − 1, can be performed as
below:
0,
𝑓 (𝑥, 𝑦) ≤ 𝑡1 ,
{
{
{
1
{
{
{
𝑡1 < 𝑓 (𝑥, 𝑦) ≤ 𝑡2 ,
(𝑡1 + 𝑡2 ) ,
{
{
{
{2
..
(3)
𝐹 (𝑥, 𝑦) = {
.
{
{
{
1
{
{
(𝑡𝑛−2 + 𝑡𝑛−1 ) , 𝑡𝑛−2 < 𝑓 (𝑥, 𝑦) ≤ 𝑡𝑛−1 ,
{
{
{
{2
𝑓 (𝑥, 𝑦) > 𝑡𝑛−1 ,
{𝐿,
where (𝑥, 𝑦) is the coordinate of a pixel, 𝑓(𝑥, 𝑦) denotes the
intensity level of a pixel. The pixels of a given image will be
divided into 𝑛 classes 𝐷1 , . . . , 𝐷𝑛 in this regard. If 𝑛 is two,
then 𝐹(𝑥, 𝑦) is called bilevel thresholding.
The optimal threshold is the one that maximizes the
between-class variance, 𝜎𝐵2 , which can be defined by Otsu’s
function:
𝑛

𝜎𝐵2 = ∑ 𝑤𝑗 (𝜇𝑗 − 𝜇𝑇 )2 ,
𝑗=1

(4)

where 𝑗 represents a specific class in such a way that 𝑤𝑗 and
𝜇𝑗 are the probability of occurrence and the mean of class
𝑗, respectively. The probabilities of occurrence 𝑤𝑗 of classes
𝐷1 , . . . , 𝐷𝑛 are defined by
𝑡𝑗

{
{
{
𝑗 = 1,
∑𝑝𝑖 ,
{
{
{
𝑖=1
{
{
𝑡
{
{
{ 𝑗
𝑝𝑖 , 1 < 𝑗 < 𝑛,
∑
𝑤𝑗 = {
{
{
𝑖=𝑡
+1
𝑗−1
{
{
{
𝐿
{
{
{
{
𝑝𝑖 , 𝑗 = 𝑛.
∑
{
𝑖=𝑡
+1
𝑗−1
{
The mean of each class 𝜇𝑗 can be given by

(5)

𝑡𝑗

𝑖 × 𝑝𝑖
{
{
{
,
𝑗 = 1,
∑
{
{
{𝑖=1 𝑤𝑗
{
{
𝑡
{
{
{ 𝑗 𝑖 × 𝑝𝑖
, 1 < 𝑗 < 𝑛,
𝜇𝑗 = { ∑
(6)
{𝑖=𝑡𝑗−1 +1 𝑤𝑗
{
{
{
{
𝐿
{
𝑖 × 𝑝𝑖
{
{
{
{ ∑ 𝑤 , 𝑗 = 𝑛.
{𝑖=𝑡𝑗−1 +1 𝑗
Thus, the 𝑛-level thresholding problem is transformed to an
optimization problem. The process is to search for 𝑛 − 1
thresholds 𝑡𝑗 that maximize the value 𝜑, which is generally
defined as
𝜑=

max 𝜎2 (𝑡𝑗 ) .
1<𝑡1 <⋅⋅⋅<𝑡𝑛−1 <𝐿 𝐵

(7)

The computational complexity of (7) can be as large as
𝑂(𝐿𝑛−1 ) [7]. This is an NP-hard problem, which means that
the exhaustive search will take a very long time if 𝑛 is large.
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3. Standard Artificial Bee Colony Algorithm
The artificial bee colony (ABC) algorithm was inspired by
the foraging behaviors of bee colonies. This algorithm was
first proposed by Karaboga [29], and it is referred to as
the standard ABC. The ABC contains three groups of bees:
employed bees, onlooker bees, and scout bees. The number
of employed bees equals the number of onlooker bees. The
employed bees search for the food around the food sources
from their knowledge. Then, they pass their food information
to the onlooker bees. Each onlooker bee tends to select good
food sources founded by the employed bees. It then searches
for more food around the selected food source. The bees that
abandon their food sources will become scout bees, and they
must now search for new food sources. A description of the
algorithm is given below.
3.1. Initialization of the Population. The algorithm generates
a group of food sources corresponding to the solutions in the
search space. The 𝑆𝑁-food sources, represented by 𝑥 = {𝑥𝑖 |
𝑖 = 1, 2, . . . , 𝑆𝑁}, are produced randomly within the range of
the boundaries of the 𝑛-dimension variables:
𝑥𝑖,𝑗 = 𝑥min,𝑗 + rand (0, 1) (𝑥max,𝑗 − 𝑥min,𝑗 ) ,
𝑗 = 1, 2, . . . , 𝑛,

(8)

where 𝑥min,𝑗 and 𝑥max,𝑗 are the lower and upper bounds for
the dimension 𝑗, respectively. The fitness of food sources 𝑥𝑖 ,
𝑖 = 1, 2, . . . , 𝑆𝑁 will be evaluated. The counters that store the
number of trials of each bee are set to 0 in this phase.
3.2. Employed Bees Phase. In the employed bees phase, each
employed bee goes to the food source in its knowledge base
and finds a neighboring food source. The neighboring food
source V𝑖 is defined by (9) as follows:
V𝑖,𝑗 = 𝑥𝑖,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑖,𝑗 − 𝑥𝑘,𝑗 ) ,

(9)

where 𝑘 ∈ {1, 2, . . . , 𝑆𝑁} and 𝑗 ∈ {1, 2, . . . , 𝑛} are randomly
chosen indexes: 𝑘 ≠
𝑗 and 𝜙𝑖,𝑗 is a uniform random number
in the range [−1, 1].
Fitness value for a minimization problem can be assigned
to the solution V𝑖 by (10) as follows:
1
{
,
if 𝑓𝑖 ≥ 0,
fitness𝑖 = { 1 + 𝑓𝑖
{1 + abs (𝑓𝑖 ) , if 𝑓𝑖 < 0,

(10)

where 𝑓𝑖 is the cost value of the solution V𝑖 . Once V𝑖 is
obtained, it will be evaluated and compared with 𝑥𝑖 . If the
fitness of V𝑖 is equal to or better than that of 𝑥𝑖 , 𝑥𝑖 will be
replaced by V𝑖 , and V𝑖 will become a new member of the
population; otherwise, 𝑥𝑖 is retained.
3.3. Calculating Probability Values Involved in Probabilistic
Selection. After all of the employed bees complete their
searches, the onlookers receive the information of the food
sources from the employed bees. Then, they will each choose

a food source to exploit depending on a probability related
to the nectar amount of the food source (fitness values of
the solution). That is to say, there may be more than one
onlooker bee choosing the same food source if the source has
a higher fitness. The probability is calculated according to (11)
as follows:
fitness𝑖
.
𝑝𝑖 = 𝑆𝑁
(11)
∑𝑗=1 fitness𝑗
The lower the 𝑓𝑖 , the more probability that the 𝑖 food source
is selected.
3.4. Onlooker Bees Phase. After food sources have been
chosen, each onlooker bee 𝑥𝑖 finds a new food source V𝑖 in
its neighbourhood, following (9), just like the employed bees
do. If a new food source has better food than 𝑥𝑖 , the new
food source will replace 𝑥𝑖 and become a new member in the
population.
3.5. Scout Bees Phase. A greedy selection mechanism is
employed between the old and candidate solutions of the
employed and the onlooker bees phases. The trials counter
of food will be reset to zero if the food source is improved;
otherwise, its value will be incremented by one. In the scout
bees phase, if the value of the trials counter of a food source
is greater than a parameter, known as the “limit,” the food
source is abandoned and the bee becomes a scout bee. A new
food source will be produced randomly in the search space
using (8), as in the case of the initialization phase. The trials
counter of the bee will be reset to zero.

4. The Various Artificial Bee Colony
Algorithms
To enhance the performance of ABC, some modifications to
the classical ABC algorithm have been made; the details of
these modifications are as follows.
4.1. The Modified Probabilistic Selection Phase for the Maximization Problem. The original ABC was designed for
minimization problems. However, multilevel thresholding
is a maximization problem. Thus, some modifications are
required. An onlooker bee will choose a food source in a
different way to (10) and (11). That is, an onlooker bee will
randomly choose a food source with a probability value 𝑝𝑖 ,
which is calculated by the following form:
𝑝𝑖 = 0.9 × (

2
𝜎𝐵𝑖
) + 0.1,
2
𝜎𝐵best

(12)

2
where 𝜎𝐵𝑖
is obtained from Otsu’s function of the solution 𝑖,
2
𝜎𝐵best is the best 𝜎𝐵2 among the employed bees population.
As per (12), a higher between-class variance 𝜎𝐵2 computed
by (4) obtains a higher probability. Thus, ABC can solve the
maximization problem. That means that if the probability
is calculated by (12), then the information from the elite
employee bees that have higher between-class variances is
passed to the onlooker bees.

4
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4.2. Various Search Equations. Search equations are usually
beneficial to the performance of metaheuristic techniques.
The standard ABC is good at exploration but poor at
exploitation [25–27]. The modified search equations were
accordingly proposed to address this problem. A family of
search equations have been suggested to create a new value
of the randomly selected dimension 𝑗 ∈ {1, 2, . . . , 𝑛} of the
candidate food source V𝑖 . The family of search equations are
as follows.
Gao et al. [26] borrowed the mutation strategies of DE
[8] to modify the solution search equation and proposed two
global best-guided artificial bee colony algorithms; the search
equations are shown as follows:
ABC/best/1: V𝑖,𝑗 = 𝑥best,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑟1,𝑗 − 𝑥𝑟2,𝑗 ) ,
ABC/best/2: V𝑖,𝑗 = 𝑥best,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑟1,𝑗 − 𝑥𝑟2,𝑗 )
+ 𝜙𝑖,𝑗 (𝑥𝑟3,𝑗 − 𝑥𝑟4,𝑗 ) ,

(13)
(14)

where the indices 𝑟1, 𝑟2, 𝑟3, and 𝑟4 are mutually exclusive
integers randomly chosen from {1, 2, . . . , 𝑆𝑁} and different
for the base index 𝑖, 𝑥best is the best individual vector with
the best fitness in the current population, and 𝜙𝑖,𝑗 is a random
number in the range [−1, 1].
Gao and Liu [25] also included the other mutation
strategies of DE [8] to ABC and proposed two strategies for
improved artificial bee colony algorithms (IABC/best and
IABC/rand), the equations for which are shown as follows:
IABC/best/1: V𝑖,𝑗 = 𝑥best,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑖,𝑗 − 𝑥𝑟1,𝑗 ) ,

(15)

IABC/rand/1: V𝑖,𝑗 = 𝑥𝑟1,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑖,𝑗 − 𝑥𝑟2,𝑗 ) ,

(16)

where the indices 𝑟1 and 𝑟2 are distinct integers uniformly
chosen from the range {1, 2, . . . , 𝑆𝑁}, 𝑟1 ≠
𝑖, 𝑟2 ≠
𝑖, 𝑥best is the
best individual vector with the best fitness in the current
population, and 𝜙𝑖,𝑗 is a random number in the range [−1, 1].
Gao et al. [27] brought the crossover operator of GA [30]
to improve ABC. Their new search equation is as follows:
CABC: V𝑖,𝑗 = 𝑥𝑟1,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑟1,𝑗 − 𝑥𝑟2,𝑗 ) ,

(17)

where the indices 𝑟1 and 𝑟2 are distinct integers uniformly
chosen from the range {1, 2, . . . , 𝑆𝑁}, 𝑟1 ≠
𝑖, 𝑟2 ≠
𝑖, and 𝜙𝑖,𝑗 is
a random number in the range [−1, 1]. This search equation is
similar to the crossover operator of GA and is called CABC.
4.3. Procedure of Various Artificial Bee Colony Algorithms
for Multilevel Image Thresholding. This subsection shows the
pseudocode of the five modified ABCs which apply to the
image thresholding selection. The most important changes
to these algorithms were the creation of a new candidate
solution in each. Thus, the modified probabilistic selection
phase and modified search equations from the previous subsections will be reformed in the pseudocode. In summary,
IABC/best/1 is depicted as Algorithm 1. The four remaining
algorithms have the same structure as of IABC/best/1, but line
09 and line 24 are different.

The Evaluate(⋅) functions at lines 02, 10, 25, and 41 are
performed by Otsu’s function, (4). Line 09 and line 24 of
IABC/best/1 algorithm produce new candidates using the
search equation (15). The algorithm can be performed as
ABC/best/1, ABC/best/2, IABC/rand/1, or CABC algorithms
by replacing (15) with (13), (14), (16), or (17), respectively.
When the algorithm is applied to multilevel image thresholding, 𝑛 is the number of thresholds. A food source represents a
candidate 𝑛-threshold values. Once the algorithm terminates,
the best food source is the solution, and the optimal 𝑛threshold is the expected outcome. At this point in time,
there are six algorithms where the standard ABC is included.
Hence, the six-ABCs refers to them from now on.

5. Experiments and Results
5.1. Experimental Setup. The multilevel thresholding problem deals with finding optimal thresholds within the range
[0, 𝐿 − 1] that maximize a fitness criterion. The dimension
of the optimization problem is the number of thresholds, 𝑛,
and the search space is [0, 𝐿 − 1]𝑛 . Five new metaheuristic
algorithms, that is, ABC/best/1, ABC/best/2, IABC/best/1,
IABC/rand/1, and CABC, have never been applied to image
thresholding before. These techniques are implemented and
compared with the existing metaheuristics that perform
image thresholding, that is, PSO, DPSO, FODPSO, and ABC
algorithms. All methods were programmed in MATLAB on
a personal computer with a 3.2 GHz CPU with 8 GB RAM
running on a Microsoft Windows 7 system. Experiments
were conducted on 12 real images. The images, namely
starfish, snow, fox, human, burro, mountain, girl, scenery,
penguin, pillar, waterfall, and bridge, were taken from the
Berkeley Segmentation Dataset and Benchmark [31]. Each
image has a unique gray level histogram. These original test
images and their histograms are depicted in Figure 1. The
segmented images, with regards to their optimal thresholds
(listed in Table 2) are depicted in Figure 2. A subproblem
refers to a process of an image thresholding with respect to
a given number of thresholds. The numbers of thresholds
investigated in the experiments were two to five. Thus, the
total number of sub-problems is 12 × 4. Each sub-problem
was repeated 50 times per image, and each time is called a
run.
With reference to the six-ABCs and PSO algorithms, the
objective function evaluation is computed for 𝑁𝑝 × 𝑁𝑖 , where
𝑁𝑝 is the population size and 𝑁𝑖 is the number of generations.
A PSO particle calls Otsu’s function one time per generation.
The population size in the PSO algorithm was set to 50.
A bee in the six-ABCs calls Otsu’s function two times per
generation their numbers of food sources were set to a half of
the PSO’s size, 25. As for the DPSO and FODPSO algorithms
comprising of 25 particles with 4 swarms, their objective
function evaluations per generation are twice those of the sixABCs and PSO. In this regard, the number of generations
cannot be used as a metric for algorithm comparison, but
the NFC is comparable. The other control parameters of PSO,
DPSO, and FODPSO are tabulated in Table 1. The maximum
number of generations was set to 50, 100, 150, and 150 when
𝑛 is 2, 3, 4, and 5, respectively.
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Initialize the population: 𝑛 is the number of the threshold. SN is the population size.
𝑥𝑖,𝑗 = 𝑥min,𝑗 + rand(0, 1)(𝑥max,𝑗 − 𝑥min,𝑗 ), 𝑖 = 1, 2, . . . , 𝑆𝑁, 𝑗 = 1, 2, . . . , 𝑛.
Evaluate the population: 𝑦 = Evaluate(𝑥) by Otsu’s function, (4)
generation = 1, trial𝑖 = 0, limit = 50, NFC = SN,
Repeat
/∗ Employed Bees Phase ∗ /
For 𝑖 = 1 to SN
𝑥𝑖 , 𝑥𝑟2 ≠
𝑥𝑖 , 𝑥𝑟1 ≠
𝑥𝑟2 from current population
Randomly choose 𝑥𝑟1 ≠
Randomly choose 𝑗 from {1, 2, . . . , 𝑛}
V𝑖,𝑗 = 𝑥best,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑖,𝑗 − 𝑥𝑟1,𝑗 ), (15)
𝑦new = Evaluate(V𝑖 ) by Otsu’s function, (4), NFC = NFC + 1,
If 𝑦new > 𝑦𝑖
𝑥𝑖 = V𝑖 , 𝑦𝑖 = 𝑦new , trial𝑖 = 0
Else
trial𝑖 = trial𝑖 + 1
End If
End For
Calculate the probability values 𝑝𝑖 by (12)
/∗ Onlooker Bees Phase ∗ /
𝑖=1
For 𝑡 = 1 to SN
If rand(0, 1) < 𝑝𝑖 then
𝑥𝑖 , 𝑥𝑟2 ≠
𝑥𝑖 , 𝑥𝑟1 ≠
𝑥𝑟2 from current population
Randomly choose 𝑥𝑟1 ≠
Randomly choose 𝑗 from {1, 2, . . . , 𝑛}
V𝑖,𝑗 = 𝑥best,𝑗 + 𝜙𝑖,𝑗 (𝑥𝑖,𝑗 − 𝑥𝑟1,𝑗 ), (15)
𝑦new = Evaluate(V𝑖 ) by (4), NFC = NFC + 1,
If 𝑦new > 𝑦𝑖
𝑥𝑖 = V𝑖 ,𝑦𝑖 = 𝑦new , trial𝑖 = 0
Else
trial𝑖 = trial𝑖 + 1
End If
End If
𝑖=𝑖+1
If 𝑖 > 𝑆𝑁
𝑖=1
End If
End For
/∗ Scout Bees Phase ∗ /
For 𝑖 = 1 to SN
If trial𝑖 > limit
𝑥𝑖,𝑗 = 𝑥min,𝑗 + rand(0, 1)(𝑥max,𝑗 − 𝑥min,𝑗 ), 𝑗 = 1, 2, . . . , 𝑛, trial𝑖 = 0
𝑦𝑖 = Evaluate(𝑥𝑖 ) by (4), NFC = NFC + 1,
End If
End For
Memorize the best solution achieved so far
generation = generation + 1
Until (generation = Maximum Generation)
Algorithm 1: (IABC/best/1 algorithm).

5.2. Comparing Strategies and Metrics. To minimize the
effect of the stochastic nature of the algorithms on the
metrics, the reported number of function calls for each
sub-problem is the average or the maximum value over 50
runs. In this study, three metrics, namely, the maximum
number of function calls (NFCmax ), successful rate (SR), and
successful performance (SP), have been utilized to compare
the algorithms. The convergence speed was compared by
the measurement of the maximum number of function calls

NFCmax . A smaller NFCmax means higher convergence speed.
The termination criterion of an algorithm is generally to find
a value smaller than the value to reach (VTR) before reaching
both the maximum number of function calls NFCmax and the
maximum number of generations. The VTR in this research
is the maximum between-class variance when the optimal
thresholds were obtained from Otsu’s method. Finding the
NFCmax is a priority. Once all 50 runs were completed, the
runs that reached the optimal solutions within the maximum
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Figure 1: The test images and corresponding histograms.

Mathematical Problems in Engineering

7

(a)

Figure 2: Continued.
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(b)

Figure 2: The result of segmentation with 2, 3, 4, and 5 thresholds, respectively (from left to right).

number of generations were selected. These were called the
successful runs. The maximum value of their NFCs represents
the NFCmax . The average of NFCmax represents the NFCmax .
The ratio for which the algorithm succeeds in reaching
the VTR for each sub-problem is measured as the successful
rate. SR is
number of successful runs
.
SR =
total number of runs

(18)

Furthermore, the average successful rate (SRavg ) over the
entire data set per sub-problem is calculated as follows:
SRavg

1 𝑁
= ∑ SR𝑖 ,
N 𝑖=1

(19)

where SR𝑖 represents the SR of each image of each subproblem, and 𝑁 represents the number of images. The highest
SR and the lowest NFCmax are the ultimate goals in an

optimization process. Therefore, two individual objectives
must be considered simultaneously. In order to produce a
single measure, called successful performance (SP), the two
measures mentioned above have to be combined; this gives
the following:
SP =

NFCmax
.
SR

(20)

The SP is the main measure in judging which algorithm
performs better than others.
5.2.1. Results of Otsu’s Method. The VTR and optimal thresholds provided comparative experimental results as shown
in columns 3 and 4 in Table 2. The results were as same
as the optimal values of the nine metaheuristic techniques.
However, the number of Otsu’s function evaluations, in the
case of an exhaustive search method based on Otsu’s method,
is 𝐿!/((𝐿 − 𝑛)!𝑛!), where 𝐿 is the total number of gray-levels
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Table 1: Essential parameters of the PSO, DPSO, and FODPSO.
Parameter
Population
𝜌1
𝜌2
𝑊
𝑉max
𝑉min
𝑥max
𝑥min
Min population
Max population
Num of swarms
Min swarms
Max swarms
Stagnancy
Fractional coefficient

PSO
50
1.5
1.5
1.2
2
−2
255
0
—
—
—
—
—
—
—

DPSO
25
1.5
1.5
1.2
2
−2
255
0
10
50
4
2
6
10
—

FODPSO
25
1.5
1.5
1.2
2
−2
255
0
10
50
4
2
6
10
0.75

(usually 256) and 𝑛 is the number of thresholds. For instance,
when 𝐿 = 256 and 𝑛 = 1, the number of objective function
evaluations is 256, and when 𝐿 = 256 and 𝑛 = 2, it is
32640. Thus, the computational complexity of Otsu’s methods
is 𝑂(𝐿𝑛 ) which grows exponentially with the number of
thresholds. The computation time of a sub-problem with 𝑛 =
5 took over 10 days to compute on our test machine.
5.2.2. Stability Analysis. In general, the metaheuristic methods are stochastic and random searching algorithms. The
results are not absolutely identical in each run of the algorithm and are influenced by the searching ability of the
algorithm. As a result, it is necessary to evaluate the stability
of the algorithms. The comparison of the convergence gives
us valuable information in terms of the ratio representing the
successful rates (SR) in Table 2.
Table 2 presents the number of thresholds, the maximum
between-class variance or VTR, the optimal threshold values,
successful rates (SR) of the 50 independent runs, and the
maximum number of function calls (NFCmax ). The average
successful rate for each sub-problem SRavg is shown in
Table 3. The last row and respective column of Table 3 show
the averages from all of the experiments. A higher SR means
a higher stability. From the results, the stability of each
algorithm can be sorted in decreasing order by SRavg into
the following order: IABC/best/1, ABC/best/2, ABC/best/1,
IABC/best/2, ABC, PSO, DPSO, CABC, and FODPSO. This
means that the IABC/best/1 is the most stable metaheuristic
algorithm when compared to the others.
5.2.3. Convergence Rate Comparison. The maximum numbers of NFC of the successful runs are listed in Table 2. A
smaller NFCmax means a higher convergence rate. The average of NFCmax for each sub-problem is shown in Table 3. The
last row and respective column of Table 3 show the average of
each NFCmax from all of the experiments. From the results,
the convergence rate can be sorted in decreasing order by

NFCmax into the following order: IABC/best/1, ABC/best/1,
ABC/best/2, IABC/rand/1, CABC, PSO, ABC, DPSO, and
FODPSO. This means that the IABC/best/1 has the highest
convergent rate when compared to the other algorithms. The
results also revealed that the NFCmax increases significantly
as the number of thresholds increases.
5.2.4. Performance Comparison. Scatter plots helped to reveal
the relationships between the variables. There are four figures,
one figure per threshold number; that is, Figure 3 is for 𝑛 = 2,
Figure 4 is for 𝑛 = 3, Figure 5 is for 𝑛 = 4, and Figure 6 is
for 𝑛 = 5. Each figure is constructed using two data sets,
the successful rates (SR) versus the maximum number of
function calls NFCmax of all competitors from Table 2 and
the average successful rates (SRavg ) versus the average of
NFCmax (NFCmax ) from Table 3; the locations are pointed to
using arrows. Those locations represent the average performances over twelve tested images of the algorithms. Some
of the algorithm’s labels are not shown because its NFCmax
is much larger than that of the others, and therefore, they are
out of range. To interpret a figure, a lower NFCmax and a larger
SR imply a higher performing algorithm in the search for
optimal thresholds. This relationship can be seen as a point
at the topleft of each scatter graph. Due to the fact that all
of the scatter graph results are so similar, only information
regarding the IABC/best/1 will be interpreted. In Figures 3 to
6, it was realized that the positions of IABC/best/1 are closer
to the left-top corners than those of the other techniques for
all the figures. This means that IABC/best/1 outperformed its
competitors.
However, if there is a lot of data, the conclusion from the
previous paragraph may not be so clear. Therefore, a new tool
is required. The successful performance (SP) is a measure
that considers the maximum number of function calls and
the successful rate simultaneously, as listed in Table 4. The
best SPs are highlighted in boldface. To rank the algorithm
by successful performance, an average ranking of Friedman
ranks [32] was used to compare the performance. The average
ranks are shown in the last row of Table 4. A smaller rank
means a better performance. We noticed that the SPs of the
nine algorithms can be sorted in decreasing order by average
ranking into the following order: IABC/best/1, ABC/best/1,
ABC/best/2, IABC/rand/1, CABC, PSO, ABC, DPSO, and
FODPSO. The best average ranking was obtained by the
IABC/best/1 algorithm, which outperformed the other eight
algorithms.

6. Conclusions
This paper adopted the ABC algorithm to solve the maximization problem by modifying the strategy of the elite
employee bees selection. Five methods for multilevel segmentation of images were presented, namely, ABC/best/1,
ABC/best/2, IABC/best/1, IABC/rand/1, and CABC. These
methods were used to solve the Otsu problem for examining
multilevel threshold values of images and to overcome the
disadvantages of previous metaheuristic methods in terms of

Pillar

Penguin

Scenery

Girl

Mountain

Burro

Human

Fox

Snow

Starfish

Image

2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5
2
3
4
5

𝑛

Between-class
variance
(a.k.a. VTR)
2546.885
2779.925
2865.707
2912.859
5261.705
5624.289
5729.116
5785.138
12937.730
12973.370
12990.700
12998.990
3064.796
3270.671
3336.302
3373.672
3161.277
3293.718
3353.639
3382.261
2372.923
2496.113
2551.955
2580.336
2639.526
2867.882
2971.761
3022.602
4686.124
4837.868
4944.489
4983.329
1823.215
1892.583
1915.004
1932.441
3306.612
3534.700
3651.357
3714.997

85, 157
68, 119, 177
60, 101, 138, 187
52, 86, 117, 150, 194
80, 169
71, 139, 207
50, 92, 144, 208
49, 91, 140, 192, 231
54, 173
28, 85, 190
23, 58, 123, 208
19, 40, 79, 139, 214
108, 179
89, 145, 194
87, 140, 180, 213
74, 110, 147, 183, 215
64, 131
57, 107, 165
49, 79, 122, 171
45, 70, 101, 140, 177
61, 128
33, 77, 131
33, 73, 109, 147
32, 69, 99, 125, 159
72, 145
46, 96, 161
42, 84, 128, 182
37, 70, 102, 140, 189
105, 180
76, 142, 211
67, 111, 169, 218
64, 98, 141, 184, 221
71, 159
68, 119, 194
54, 76, 121, 195
53, 75, 114, 167, 220
87, 164
58, 113, 184
48, 90, 141, 200
40, 73, 111, 156, 208

Thresholds
SR NFCmax
1.00 1350
1.00 2050
1.00 4550
0.72 7450
1.00 1150
1.00 2150
0.98 4150
0.58 7100
1.00 550
1.00 1200
0.96 2500
0.98 3550
1.00 1350
1.00 2650
0.98 4200
0.70 7050
1.00 1400
1.00 3150
0.96 3800
0.66 7200
1.00 1750
1.00 2150
0.98 5750
0.70 7200
1.00 1350
1.00 1900
0.96 6950
0.74 7450
1.00 1150
1.00 3500
0.98 5050
0.84 7000
1.00 1200
1.00 2200
0.54 4300
0.82 7250
1.00 1050
1.00 2450
0.94 4900
0.80 6900

PSO
SR
1.00
1.00
0.98
0.56
1.00
1.00
0.98
0.60
1.00
1.00
0.86
0.02
1.00
1.00
0.90
0.48
1.00
1.00
0.88
0.78
1.00
1.00
0.96
0.66
1.00
1.00
0.94
0.78
1.00
1.00
0.96
0.58
1.00
1.00
0.62
0.56
1.00
1.00
0.96
0.80

NFCmax
3200
5600
11100
15000
3500
8800
12000
14900
2200
4500
8200
12300
3300
4700
11200
14300
3100
6400
13000
14700
2800
6300
13800
14800
3200
6300
14400
14500
4100
8200
11200
14400
3100
4700
15000
12500
3700
5900
10500
14300

DPSO
SR
1.00
0.92
0.60
0.26
1.00
0.94
0.68
0.12
1.00
0.98
0.60
0.88
1.00
0.94
0.40
0.24
0.98
0.98
0.34
0.66
1.00
0.96
0.36
0.28
1.00
0.88
0.52
0.66
1.00
0.84
0.48
0.22
1.00
0.92
0.22
0.20
1.00
0.74
0.66
0.54

NFCmax
4200
8600
14700
12900
6700
6600
15000
14900
3100
7100
8300
8100
4200
9500
15000
14600
5800
8800
15000
12500
5400
9300
13700
14700
4900
10000
14900
14800
6900
9700
12400
13800
3400
5600
13800
13200
4700
9000
14000
11600

FODPSO
SR NFCmax
1.00 1150
1.00 1900
1.00 6500
0.66 7250
1.00 1500
1.00 2150
1.00 3500
0.98 7200
1.00 650
1.00 2050
1.00 3150
0.98 5500
1.00 1050
1.00 2250
0.98 6200
0.66 7350
1.00 1750
1.00 2100
1.00 3850
0.44 7500
1.00 1100
1.00 2400
1.00 4600
1.00 6500
1.00 1400
1.00 2250
1.00 4050
0.82 7350
1.00 2150
0.98 4000
1.00 3050
0.80 7500
1.00 800
1.00 1850
0.56 6750
0.90 6300
1.00 1400
1.00 4350
0.84 6250
0.62 7500

ABC
SR NFCmax
0.96 500
1.00 850
1.00 2000
0.88 5150
1.00 700
1.00 750
1.00 1550
1.00 2700
1.00 300
1.00 700
0.88 1250
1.00 2450
1.00 350
1.00 750
0.98 7500
0.84 3600
0.96 450
1.00 850
0.72 1400
0.90 7050
0.96 350
1.00 1000
0.96 3000
0.98 1950
1.00 500
1.00 800
1.00 2500
0.98 2850
1.00 750
0.98 1350
0.98 1800
0.98 7100
1.00 350
0.98 700
0.70 5000
0.96 2200
0.98 600
1.00 1600
0.98 4950
0.90 5850

ABC/best/1
SR NFCmax
1.00 650
1.00 950
1.00 3350
0.90 7500
1.00 950
1.00 900
1.00 2150
1.00 3900
1.00 400
1.00 1100
1.00 1950
1.00 3300
1.00 650
1.00 1000
1.00 4000
1.00 5100
1.00 1100
1.00 1200
0.96 2200
0.82 6250
1.00 650
1.00 1250
1.00 2650
1.00 3200
1.00 700
1.00 1200
1.00 2350
1.00 6900
1.00 1050
1.00 3150
1.00 1800
0.96 7300
1.00 450
1.00 900
0.84 5550
1.00 3200
1.00 850
1.00 2000
0.98 3500
0.96 6350

ABC/best/2
SR NFCmax
1.00 450
1.00 800
1.00 2200
1.00 4600
1.00 550
1.00 750
1.00 2250
1.00 2550
1.00 350
1.00 850
1.00 1350
1.00 2200
1.00 550
1.00 800
1.00 3800
1.00 4600
1.00 850
1.00 1050
1.00 1700
0.92 7000
1.00 450
1.00 800
1.00 2000
1.00 2050
1.00 500
1.00 800
1.00 1900
1.00 4700
1.00 800
1.00 1450
1.00 1300
0.98 4750
1.00 350
1.00 800
0.88 6350
1.00 2150
1.00 550
1.00 1300
1.00 4050
0.98 5650

SR NFCmax
1.00 1000
1.00 1250
1.00 3900
0.76 7300
1.00 1100
1.00 1150
1.00 4050
1.00 6550
1.00 500
1.00 1750
1.00 2400
0.98 6400
1.00 750
1.00 1100
0.74 7000
0.92 4450
1.00 1400
1.00 1400
1.00 2650
0.48 7450
1.00 600
1.00 1950
1.00 2800
1.00 4300
1.00 900
1.00 1650
1.00 2600
0.84 7450
1.00 1550
0.96 4950
1.00 2100
0.56 7200
1.00 550
1.00 1100
0.80 7300
1.00 3250
1.00 1200
1.00 2050
0.98 4300
0.90 7150

IABC/best/1 IABC/rand/1

Table 2: The successful rate (SR) and maximum number of function calls (NFCmax ) of the nine methods.

SR NFCmax
0.94 800
1.00 1000
0.96 5350
0.76 6650
0.98 1000
0.94 1150
1.00 4250
0.92 7000
1.00 450
0.76 1400
0.82 2450
0.80 5650
0.96 950
0.92 950
0.56 7450
0.40 6800
0.98 1800
1.00 1150
0.98 2900
0.20 6950
0.94 550
1.00 1800
0.94 4500
0.72 6450
0.98 750
0.76 1800
0.94 4650
0.48 6500
0.96 3800
0.92 4050
0.98 2200
0.58 7300
1.00 500
0.98 1050
0.76 7400
0.94 3600
0.94 1450
0.98 2000
0.82 4300
0.84 6200

CABC
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Bridge

Waterfall

Image

2
3
4
5
2
3
4
5

𝑛

Between-class
variance
(a.k.a. VTR)
1444.433
1597.070
1669.214
1708.521
3383.821
3567.597
3660.335
3710.264

81, 143
68, 108, 167
59, 91, 126, 181
53, 80, 106, 138, 190
54, 135
49, 108, 169
34, 73, 117, 174
26, 59, 90, 128, 179

Thresholds
SR NFCmax
1.00 1050
1.00 4850
0.92 6750
0.60 6800
1.00 1400
1.00 3650
0.96 5450
0.70 6000

PSO
SR
1.00
1.00
0.90
0.64
1.00
0.98
0.92
0.66

NFCmax
3100
7600
13900
14000
2500
6300
13100
14900

DPSO
SR
1.00
0.84
0.56
0.58
1.00
0.70
0.64
0.68

NFCmax
4000
9800
14200
13100
5000
9300
14000
14100

FODPSO

ABC
SR NFCmax
1.00 1000
1.00 2650
1.00 5350
0.46 7150
1.00 900
1.00 2150
0.80 7000
0.94 6950

Table 2: Continued.

SR NFCmax
1.00 400
1.00 1000
0.90 4100
0.96 3300
0.98 450
0.98 900
0.92 4800
0.94 3550

ABC/best/1

SR NFCmax
1.00 600
1.00 1300
1.00 2700
0.94 5900
1.00 450
1.00 1550
1.00 4200
0.96 5000

ABC/best/2

SR NFCmax
1.00 500
1.00 1200
1.00 2350
1.00 4450
1.00 450
1.00 900
1.00 3400
0.96 3750

SR NFCmax
1.00 700
1.00 1950
1.00 3750
0.76 6550
1.00 700
1.00 1800
0.90 4750
0.78 7350

IABC/best/1 IABC/rand/1

SR NFCmax
1.00 700
0.92 1750
0.94 6600
0.56 6600
0.98 700
1.00 1650
0.70 3700
0.22 6950

CABC
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The number of
thresholds (𝑛)
2
3
4
5
Averages of
the entire
experiments

PSO
NFCmax
1229.16
2658.33
4862.5
6745.83

3873.95

SRavg
1
1
0.93
0.73

0.91

0.87

SRavg
1
0.99
0.90
0.59
8981.25

DPSO
NFCmax
3150
6275
12283.33
14216.67
0.70

10102.08

FODPSO
SRavg NFCmax
0.99
4858.33
0.88
8608.33
0.50 13750.00
0.44 13191.67
0.92

SRavg
1
0.99
0.93
0.77
3942.70

ABC
NFCmax
1237.50
2508.33
5020.83
7004.16
0.96

2178.12

ABC/best/1
SRavg NFCmax
0.98
475.00
0.99
937.50
0.91 3320.83
0.94 3979.16
0.98

2610.41

ABC/best/2
SRavg NFCmax
1
708.33
1
1375.00
0.98 3033.33
0.96 5325.00

3251.04

0.94

0.99

2061.45

IABC/rand/1
SRavg NFCmax
1
912.50
0.99 1841.66
0.95 3966.66
0.83 6283.33

IABC/best/1
SRavg NFCmax
1
529.16
1
958.33
0.99 2720.83
0.98 4037.50

Table 3: The average of successful rates (SRavg ) and average of maximum number of function calls (NFCmax ) of the nine methods.

0.84

3450.00

CABC
SRavg NFCmax
0.97
1120.83
0.93 1645.83
0.86 4645.83
0.61
6387.50
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𝑛

2
3
Starfish
4
5
2
3
Snow
4
5
2
3
Fox
4
5
2
3
Human
4
5
2
3
Burro
4
5
2
3
Mountain
4
5
2
3
Girl
4
5
2
3
Scenery
4
5
2
3
Penguin
4
5

Image

PSO
SP
Rank
1350
7
2050
7
4550
5
10347.22
6
1150
6
2150
6.5
4234.69
6
12241.38
7
550
6
1200
4
2604.17
5
3622.45
4
1350
7
2650
7
4285.71
3
10071.43
5
1400
4.5
3150
7
3958.33
7
10909.09
4
1750
7
2150
6
5867.35
7
10285.71
7
1350
6
1900
5
7239.58
7
10067.57
6
1150
4
3500
4
5153.06
7
8333.33
4
1200
7
2200
7
7962.96
4
8841.46
7

DPSO
SP
Rank
3200
8
5600
8
11326.53
8
26785.71
8
3500
8
8800
9
12244.90
8
24833.33
8
2200
8
4500
8
9534.88
8
615000
8
3300
8
4700
8
12444.44
7
29791.67
8
3100
8
6400
8
14772.73
8
18846.15
7
2800
8
6300
8
14375
8
22424.24
8
3200
8
6300
8
15319.15
8
18589.74
8
4100
8
8200
8
11666.67
8
24827.59
8
3100
8
4700
8
24193.55
8
22321.43
8

FODPSO
SP
Rank
4200
9
9347.83
9
24500
9
49615.38
9
6700
9
7021.28
8
22058.82
9
124166.70
9
3100
9
7244.89
9
13833.33
9
9204.55
9
4200
9
10106.38
9
37500
9
60833.33
9
5918.37
9
8979.59
9
44117.65
9
18939.39
8
5400
9
9687.50
9
38055.56
9
52500
9
4900
9
11363.64
9
28653.85
9
22424.24
9
6900
9
11547.62
9
25833.33
9
62727.27
9
3400
9
6086.96
9
62727.27
9
66000
9

ABC
SP
Rank
1150
6
1900
6
6500
7
10984.85
7
1500
7
2150
6.5
3500
4
7346.94
5
650
7
2050
7
3150
7
5612.25
5
1050
6
2250
6
6326.53
4
11136.36
6
1750
6
2100
6
3850
6
17045.45
6
1100
6
2400
7
4600
5
6500
5
1400
7
2250
6
4050
5
8963.42
5
2150
6
4081.63
5
3050
6
9375
5
800
6
1850
6
12053.57
7
7000
6

ABC/best/1
SP
Rank
520.83
2
850
2
2000
1
5852.27
2
700
2
750
1.5
1550
1
2700
2
300
1
700
1
1420.46
2
2450
2
350
1
750
1
7653.06
5
4285.71
1
468.75
1
850
1
1944.44
2
7833.33
3
364.58
1
1000
2
3125
4
1989.80
1
500
1.5
800
1.5
2500
3
2908.16
1
750
1
1377.55
1
1836.74
3
7244.90
2
350
1.5
714.29
1
7142.86
2
2291.67
2

ABC/best/2
SP
Rank
650
3
950
3
3350
3
8333.33
3
950
3
900
3
2150
2
3900
3
400
3
1100
3
1950
3
3300
3
650
3
1000
3
4000
2
5100
4
1100
3
1200
4
2291.67
3
7621.95
2
650
5
1250
3
2650
2
3200
3
700
3
1200
3
2350
2
6900
3
1050
3
3150
3
1800
2
7604.17
3
450
3
900
3
6607.14
1
3200
3

Table 4: The successful performance (SP) and ranks of the nine methods.
IABC/best/1
SP
Rank
450
1
800
1
2200
2
4600
1
550
1
750
1.5
2250
3
2550
1
350
2
850
2
1350
1
2200
1
550
2
800
2
3800
1
4600
2
850
2
1050
2
1700
1
7608.70
1
450
2
800
1
2000
1
2050
2
500
1.5
800
1.5
1900
1
4700
2
800
2
1450
2
1300
1
4846.94
1
350
1.5
800
2
7215.91
3
2150
1

IABC/rand/1
SP
Rank
1000
5
1250
5
3900
4
9605.26
5
1100
5
1150
4
4050
5
6550
4
500
5
1750
5
2400
4
6530.61
6
750
4
1100
5
9459.46
6
4836.96
3
1400
4.5
1400
5
2650
4
15520.83
5
600
4
1950
5
2800
3
4300
4
900
5
1650
4
2600
4
8869.05
4
1550
5
5156.25
7
2100
4
12857.14
7
550
5
1100
5
9125
5
3250
4

CABC
SP
Rank
851.06
4
1000
4
5572.92
6
8750
4
1020.41
4
1223.40
5
4250
7
7608.70
6
450
4
1842.11
6
2987.81
6
7062.50
7
989.58
5
1032.61
4
13303.57
8
17000
7
1836.74
7
1150
3
2959.18
5
34750
9
585.11
3
1800
4
4787.23
6
8958.33
6
765.31
4
2368.42
7
4946.81
6
13541.67
7
3958.33
7
4402.17
6
2244.90
5
12586.21
6
500
4
1071.43
4
9736.84
6
3829.79
5
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𝑛

PSO
SP
2
1050
3
2450
Pillar
4
5212.77
5
8625
2
1050
3
4850
Waterfall
4
7336.96
5
11333.33
2
1400
3
3650
Bridge
4
5677.08
5
8571.43
Average rank (lower is better)

Image

DPSO
FODPSO
ABC
ABC/best/1
Rank
SP
Rank
SP
Rank
SP
Rank
SP
Rank
4
3700
8
4700
9
1400
6
612.25
2
6
5900
8
12162.16
9
4350
7
1600
2
5
10937.50
8
21212.12
9
7440.48
7
5051.02
4
6
17875
8
21481.48
9
12096.77
7
6500
2
7
3100
8
4000
9
1000
6
400
1
7
7600
8
11666.67
9
2650
6
1000
1
7
15444.44
8
25357.14
9
5350
5
4555.56
4
5
21875
8
22586.21
9
15543.48
7
3437.50
1
7
2500
8
5000
9
900
6
459.18
3
7
6428.57
8
13285.71
9
2150
6
918.37
2
6
14239.13
8
21875
9
8750
7
5217.39
3
5
22575.76
8
20735.29
7
7393.62
4
3776.60
1
5.85
7.98
8.9167
5.99
1.85

Table 4: Continued.
ABC/best/2
IABC/best/1
IABC/rand/1
CABC
SP
Rank
SP
Rank
SP
Rank
SP
Rank
850
3
550
1
1200
5
1542.55
7
2000
3
1300
1
2050
5
2040.82
4
3571.43
1
4050
2
4387.76
3
5243.90
6
6614.58
3
5765.31
1
7944.44
5
7380.95
4
600
3
500
2
700
4.5
700
4.5
1300
3
1200
2
1950
5
1902.17
4
2700
2
2350
1
3750
3
7021.28
6
6276.60
3
4450
2
8618.42
4
11785.71
6
450
1.5
450
1.5
700
4
714.29
5
1550
3
900
1
1800
5
1650
4
4200
2
3400
1
5277.78
4
5285.71
5
5208.33
3
3906.25
2
9423.08
6
31590.91
9
2.802
1.53
4.625
5.45
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Figure 3: The successful rate (SR) and maximum number of
function calls (NFCmax ) of the nine methods with the number of
thresholds = 2.

Figure 5: The successful rate (SR) and maximum number of
function calls (NFCmax ) of the nine methods with the number of
thresholds = 4.
The number of thresholds = 5
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Figure 4: The successful rate (SR) and maximum number of
function calls (NFCmax ) of the nine methods with the number of
thresholds = 3.

exploration and exploitation. The performance of the algorithms was tested with 12 standard test images and compared
with the ABC, PSO, DPSO, and FOPSO methods. The ranking was performed by Friedman ranks. The segmentation
results obtained from various test images showed that the
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Figure 6: The successful rate (SR) and maximum number of
function calls (NFCmax ) of the nine different methods with the
number of thresholds = 5.

IABC/best/1 algorithm widely outperformed the other algorithms in terms of successful performance, computation efficiency, and stability. Another advantage of the ABC algorithm
is that it has fewer control parameters than those of PSO. The
experiments confirmed that IABC/best/1 is a simple, general,
and high performance algorithm. Future research is to be
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carried out to test the feasibility of IABC/best/1 algorithm
for various types of image processing applications such as
remote sensing applications, automatic target recognition,
and complex document analysis.
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We take the concept of typicality from the field of cognitive psychology, and we apply the meaning to the interpretation of numerical
data sets and color images through fuzzy clustering algorithms, particularly the GKPFCM, looking to get better information from
the processed data. The Gustafson Kessel Possibilistic Fuzzy c-means (GKPFCM) is a hybrid algorithm that is based on a relative
typicality (membership degree, Fuzzy c-means) and an absolute typicality (typicality value, Possibilistic c-means). Thus, using both
typicalities makes it possible to learn and analyze data as well as to relate the results with the theory of prototypes. In order to
demonstrate these results we use a synthetic data set and a digitized image of a glass, in a first example, and images from the Berkley
database, in a second example. The results clearly demonstrate the advantages of the information obtained about numerical data
sets, taking into account the different meaning of typicalities and the availability of both values with the clustering algorithm used.
This approach allows the identification of small homogeneous regions, which are difficult to find.

1. Introduction
The objective of clustering algorithms is to find an internal
structure in a numerical data set in order to separate it into
𝑛 different groups or clusters, where the members of each
group have a high similarity with its prototype (centroid,
cluster center, signature, template, and code vector) and a
high dissimilarity with the prototypes of the other groups.
This justifies the existence of each one of the groups [1].
The clustering algorithms help us to get simplified representation of a numerical data set into 𝑛 groups, as a way to get
a better comprehension and knowledge of data. Clustering is
one of the most popular unsupervised classification methods
and has found many applications in pattern recognition,
image segmentation, and data mining [2].
Also, the clustering algorithms that partition a given
space in a hard, fuzzy, probabilistic, or possibilistic way,
according to a data set and after a learning process, provide

a set of prototypes as the most representative elements of
each group. Classic k-means or hard c-means (HCM) [3]
is probably one of the most used algorithms. This makes a
hard partition of the objects in a predetermined number of
clusters. On the other hand, the soft clustering techniques,
as the fuzzy and the possibilistic, are characterized by the
relaxation of the edge constraint allowing smoother transitions between the clusters. The soft borders address some
particular challenges in many typical real-life applications
where overlapping clusters, outliers, or uncertain cluster
memberships can often be observed [4].
In this work we propose to take the interpretation of
the typicality concept according to the cognitive psychology
point of view, such that it is possible to obtain a more natural
interpretation of data. Rosch and Mervis [5] have proposed
a theory of prototypes for the classification of objects that
belong to a semantic characteristic, taking into account their
proximity to a prototype, according to a given criterion.
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Thus, in each category there must be an internal resemblance
among category members and an external dissimilarity,
meaning that the similarity with the members of the other
categories is low.
A prototype is based on the notion of typicality; all
members belonging to the same category do not represent
it in the same way; that is, some members are more typical
than others. In [6] the authors were among those who
first recognized this variation inside categories, when they
discovered the concept of focal colors that underlie color
identification. They show a similarity in color categorization
among different languages, the so-called “basic colors”; that
is, each color is represented by the best example (some
nuances of colors are more representative than others), and
inside a category of color there is no other basic color. For
example, the scarlet color is not a basic color because it is in
the red color category. Thus, colors are not uniform and they
are represented by a center or better example and peripheral
members. However, if we are interested in knowing the edge
of each color category, for example, the threshold where the
color stops being red but begins to be orange, we can use
fuzzy sets. Zadeh [7] has proposed the theory of fuzzy sets
in order to solve the problem of boundaries. With fuzzy sets,
the members of a particular category have a membership
degree in the [0, 1] interval, where 1 is assigned to the most
representative members and 0 to the elements that are not
members of the category.
In this work we use the concepts of typicality and
membership degrees in order to categorize linguistic concepts, looking for a better understanding of the information
extracted from a numerical data set and digital images
through segmentation using the Gustafson Kessel Possibilistic Fuzzy c-means (GKPFCM) clustering algorithm [8].
The remainder of the paper is organized as follows. In
Section 2 we discuss the concepts of vagueness and typicality,
as they are defined into the theory of prototypes, and take
into account their differences. In Section 3 we present an
analogy about the theory of prototypes and fuzzy clustering,
putting in correspondence Rosch’s typicality with relative and
absolute typicalities provided by some fuzzy algorithms. At
the end of this section, we present the GKPFCM clustering
algorithm, its properties, and the possibility to get both typicalities with this algorithm. Section 4 contains a numerical
data set and some color images, which we use as examples
to show the advantages of better exploiting the concept of
typicality. In Section 5 experimental results and discussion
are presented. Finally in Section 6 we draw some conclusions.
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eggs, and it builds a nest in a tree. On the other side, an
atypical case is the penguin because it satisfies only some
characteristics, but not all. For this example, the prototype
has the most common characteristics or the mean values of
these characteristics.
The categories of some concepts can be vague or fuzzy;
that is, there are objects whose membership to the category
is uncertain, and this is not due to a lack of knowledge
but to the lack of a clear rule defining the edges of the
categories [9]. Some classical examples are the adjectives, high
or red, or the nouns, vegetable or chair. Vagueness is mostly
a question of truth (yes or no), and it represents a measure
of correspondence of an object with a conceptual category.
For some categories the edges are defined in an easier way,
such as the category of birds. However, for other categories,
as for the adjective high, the edges are not so easy to define,
and therefore a membership degree in [0, 1] is used.
For a better understanding of the differences between
typicality and vagueness, we take an example from the work
of [10]. In order to appreciate the difference between typicality
and vagueness, they note that. . .many people believe that
penguins are an atypical case of birds, only a few doubt that
they are birds in reality; in this case the typicality is involved,
but not the vagueness.
The membership degree of the penguin and the dove
to the category of birds is 1. However, the dove is more
typical than the penguin. For the concept of high there is
no example with maximum typicality, due to the fact that in
some contexts height can be increased infinitely. On the other
hand, the membership degrees of the concept high represent
the variation in the certainty degrees using values in 0 and
1, both included, and they provide the edge to determine at
which height something is “high” and at which height it is
not.
When applying clustering algorithms to numerical data
sets it is required that the members of each group have similar
values to each one of the features; otherwise, some members
would be identified as members of other groups. On the
other hand, in the theory of prototypes each member of a
group must have all of the features and no matter if some of
them have atypical values for some features, they continue to
belong to the group. This means that clustering algorithms
identify disjoint subgroups, each one containing typical and
atypical data, and the only common data to the subgroups is
noise. Figure 1 illustrates this relation between prototypes and
results of clustering algorithms.

2. Typicality and Vagueness

3. Relative and Absolute Typicality in
the Clustering Algorithms

In the search of prototypes proposal by [9] typicality, genericity, and opacity are mentioned. In this work we use vagueness
and typicality, both different but of interest as they help us
to better define the characteristics of concepts. The typicality
alludes to a degree to which the objects under study are
considered good examples of the concept [10]. For example,
in the category of birds, the dove is a typical case as it has
the following characteristics: it can fly, it has feathers, it lays

The partitional clustering algorithms have a great similarity
to the theory of prototypes, although the latter is related to
building categories about concepts whereas the clustering
algorithms focus on the unsupervised classification of numerical data; however both approaches have the same objective.
In this section we give an interpretation of the typicality
of the fuzzy clustering algorithms, based on a psychological
and cognitive interpretation, as presented in the previous
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Figure 1: Illustration of the relation between prototype theory and
fuzzy clustering.

Figure 2: Relative typicality (FCM) and absolute typicality (PCM).

section and as a way to gain greater knowledge than usual
from numerical data sets.

contains a restriction resulting in repulsion of the prototypes
and avoiding prototypes located at the same place.

3.1. Fuzzy c-Means Clustering Algorithm (Relative Typicality).
Ruspini [11] was the first to use fuzzy logic for clustering.
After that, Dunn [12] proposed the first fuzzy clustering
algorithm named Fuzzy c-means (FCM), with the parameter of fuzziness 𝑚 equal to 2. Later on Bezdek [13] has
generalized this algorithm. The FCM is an algorithm where
the membership degree of each point to each fuzzy set 𝐴 𝑖
is calculated according to its prototype. The sum of all the
membership degrees of each individual point must be equal
to one. Therefore the degree of membership to a particular
fuzzy set is influenced by the position of all the prototypes
of the fuzzy sets, and that is the reason why Pal et al. [14]
interpret the membership as a relative typicality.
With the FCM, the calculus of the membership degree
of a point 𝑧𝑘 to the fuzzy sets 𝐴 𝑖 is inversely proportional to
the relative distance of this point to the prototypes (centers)
of the fuzzy sets. Pal et al. [15] show a deficiency of the
algorithm when there are several equidistant points from two
prototypes, as the membership degrees to both fuzzy sets are
the same, but the distance to the prototypes is different; one
point is further than the other. These data must be handled
with care as they do not represent both prototypes in the
same way. Another disadvantage of the FCM algorithm is its
sensitivity to noise or points far away from a concentration of
prototypes.

3.3. Categories, Typicality, and Clustering Algorithms. The
prototypes are selected as the best examples to represent
categories or groups according to a given criterion, and they
have the most important features. In the case of birds, for
example, the dove is more typical than the ostrich and the
penguin, because it has more features of a bird. However,
ostriches and penguins are members of the category of
birds. Therefore, there are an internal resemblance among
the members of a group and an external dissimilarity to the
members of other categories, even when several categories
share some features, as it happens with birds and reptiles, as
both kinds of these animals reproduce by eggs.
A similar situation happens with a numerical data set;
that is, it is possible to take into account an external
dissimilarity and an internal resemblance through distance
measures, making it possible to quantify the similarity or the
dissimilarity among patterns and prototypes of the different
groups. Among the most used distance measures we have
the Euclidean and the Mahalanobis distances. The former is
used when the correlation of patterns is low. In this case the
algorithm identifies groups with spherical forms. The last one
is preferred for patterns with medium or high correlation.
However, the correct decision on the selection of the distance
measure depends on the available data and the statistical
distribution of the features (attributes).

3.2. Possibilistic c-Means Clustering Algorithm (Absolute Typicality). The Possibilistic c-means (PCM) clustering algorithm was proposed in [16], and its principal characteristic
is the relaxation of the restriction that gives the relative
typicality characteristic of the FCM. As a consequence, the
PCM helps us to calculate a similarity degree between data
points and each one of the prototypes, a value known as
absolute typicality or simply typicality [14]. The nearest points
to a prototype are identified as typical, whereas the furthest
points are identified as atypical and noise if their typicality
is zero or almost zero as mentioned in [17]. The PCM is
very sensitive to the initial value of its parameters. Also, to
avoid the coincidence of several prototypes, it is convenient to
use the modified objective function proposed in [18], which

(i) External Dissimilarity. It results from fuzzy clustering
algorithms, because the membership degree of a data
point to a group depends on its membership degrees
to the other groups. The data point is considered a
member of the group to which it has the maximum
value. In other words, it belongs to the nearest group.
(ii) Internal Resemblance. It results from algorithms such
as the PCM, and represents the resemblance between
a data point and a prototype. For this reason it is
possible to establish thresholds in order to identify
typical, atypical, and noisy data.
Thus, the FCM and the PCM algorithms provide information about a numerical data set (see Figure 2) and, taking into
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account their difference, they could be useful to better understand the structure of data sets, as typical and atypical data can
be differentiated. In fact, combining both algorithms makes it
possible to estimate the prototypes of groups as a function of
the internal resemblance and external dissimilarity. Reference
[19] has proposed a hybrid algorithm, the Possibilistic Fuzzy
c-means (PFCM), an improvement of the Fuzzy Possibilistic
c-means (FPCM) [14], which provides all the advantages of
the FCM and PCM algorithms and avoids some problems of
these algorithms used separately. Other proposal is that of
typicality degrees by a framework of prototype construction
in a way that both categories common and discriminative
features are characterized, by Lesot [20].
3.4. The GKPFCM Clustering Algorithm. Numerical data sets
are complex because they generally have a lot of data, and they
could be incomplete, or data could be imprecise, uncertain,
and even vague in certain cases. Thus, the extracted knowledge from them must agree with the features and the data
set, and this information must be easily understood by users.
The first step is then to identify the prototypes, afterwards the
groups, and finally Rosch’s typicality of data.
The PFCM algorithm is based on the Euclidian distance
and the identified clusters are constrained to spherical shapes,
as described previously. So, in order to give more flexibility
to the algorithm, such that the identified clusters are better
adapted to the distribution of groups in the data set, we
decided to use the Gustafson Kessel Possibilistic Fuzzy cmeans (GKPFCM) algorithm proposed by Ojeda-Magana
et al. [8] which is a combination of the improvement done
by Babuška et al. [21] to the GK [22] algorithm, which we
called GK-B, and the PFCM proposed by Pal et al. [15]. This
algorithm is based on the Mahalanobis distance, according to
the Gustafson and Kessel method [22], and clusters could also
have ellipsoidal shapes.
The GKPFCM Algorithm. Given the data set Z = {𝑧1 , 𝑧2 , . . . ,
𝑧𝑛 } choose the number of cluster 1 < 𝑐 < 𝑛 and the
termination tolerance 𝜀 > 0 (usually 10−3 ).
(I) Provide an initial value for the prototypes (center)
V𝑖 , 𝑖 = 1, . . . , 𝑐. These are regularly obtained on a
random basis.
(II) Find the value of the parameter 𝛿𝑖 . To do this we
must run the FCM clustering algorithm [1], weighting
exponent 𝑚 > 1 (usually 2), and then use the
following equation as proposed in [16, 23]:
𝛿𝑖 = 𝐾

𝑚
𝑧𝑘 − V𝑖 2
∑𝑁
𝑘=1 𝜇𝑖𝑘 

𝐴
𝑚
∑𝑁
𝑘=1 𝜇𝑖𝑘

,

(1)

𝐾 > 0, although the most common option is 𝐾 = 1.
(III) Choose standard parameters by GK-B [21] 𝜌𝑖 (cluster
volumes), 𝛽 (condition number threshold), and 𝛾
(weighting parameter); regularly the first two parameters remain constant 𝜌𝑖 = 1, 𝑖 = 1, . . . , 𝑐, and 𝛽 =
1015 ; the only parameter that changes is 𝛾 which takes
values between 0 and 1.

(IV) Choose standard parameters by PFCM (𝑎, 𝑏, 𝑚, and
𝜂). These parameters play an important role in the
calculation of membership degrees, typicality values,
and prototypes [15].
(V) Calculate the covariance matrices for each group
according to
𝑚

𝐹𝑖 =

∑𝑁
𝑘=1 (𝜇𝑖𝑘 ) (𝑧𝑘 − V𝑖 ) (𝑧𝑘 − V𝑖 )
∑𝑁
𝑘=1 (𝜇𝑖𝑘 )

𝑚

𝑇

,

1 ≤ 𝑖 ≤ 𝑐,

(2)

and estimate the covariance as suggested in [21]:
1/𝑛

𝐹𝑖 = (1 − 𝛾) 𝐹𝑖 + 𝛾 det (𝐹0 )

𝐼,

(3)

where 𝑛 represents the number of characteristics.
Extract the eigenvalues 𝜆 𝑖𝑗 and eigenvectors 𝜙𝑖𝑗 , of
matrix 𝐹𝑖 , and find 𝜆 𝑖,max = max𝑗 𝜆 𝑖𝑗 and 𝜆 𝑖,max =
𝜆 𝑖𝑗 /𝛽, ∀𝑗 which satisfy 𝜆 𝑖,max /𝜆 𝑖,𝑗 ≥ 𝛽.
Finally 𝐹𝑖 is rebuilt using the following equation:
−1

𝐹𝑖 = [𝜙𝑖,1 , . . . , 𝜙𝑖,𝑛 ] diag (𝜆 𝑖,1 , . . . , 𝜆 𝑖,𝑛 ) [𝜙𝑖,1 , . . . , 𝜙𝑖,𝑛 ] ,
1 ≤ 𝑖 ≤ 𝑐.

(4)

Finally 𝐹𝑖 is rebuilt using the following equation:
−1

𝐹𝑖 = [𝜙𝑖,1 , . . . , 𝜙𝑖,𝑛 ] diag (𝜆 𝑖,1 , . . . , 𝜆 𝑖,𝑛 ) [𝜙𝑖,1 , . . . , 𝜙𝑖,𝑛 ] ,
1 ≤ 𝑖 ≤ 𝑐.

(5)

(VI) Calculate the distance among data and prototypes:
𝑇

−1/𝑛 −1
𝐹𝑖 ] (𝑧𝑘

2
= (𝑧𝑘 − V𝑖 ) [𝜌𝑖 det (𝐹𝑖 )
𝐷𝑖𝑘𝐴
𝑖

− V𝑖 ) .

(6)

(VII) Determine the membership matrix 𝑈 = [𝜇𝑖𝑘 ] using
the following equation:
𝑐

𝐷𝑖𝑘𝐴 𝑖

𝑗=1

𝐷𝑗𝑘𝐴 𝑖

𝜇𝑖𝑘 = ( ∑ (

2/(𝑚−1)

)

−1

) ,

1 ≤ 𝑖 ≤ 𝑐; 1 ≤ 𝑘 ≤ 𝑛. (7)

(VIII) Determine the typicality matrix 𝑇 = [𝑡𝑖𝑘 ] using the
following equation:
𝑡𝑖𝑘 =

1
1/(𝜂−1)

2 )
1 + ((𝑏/𝛾𝑖 ) 𝐷𝑖𝑘

,

1 ≤ 𝑖 ≤ 𝑐; 1 ≤ 𝑘 ≤ 𝑛. (8)

𝐴

(IX) Modify the prototypes V𝑖 according to the following
equation:
𝜂

V𝑖 =

𝑚
∑𝑁
𝑘=1 (𝑎𝜇𝑖𝑘 + 𝑏𝑡𝑖𝑘 ) 𝑧𝑘
𝜂

𝑚
∑𝑁
𝑘=1 (𝑎𝜇𝑖𝑘 + 𝑏𝑡𝑖𝑘 )

,

1 ≤ 𝑖 ≤ 𝑐.

(9)

(X) Verify that the error is within the proposal tolerance
𝜀:


(10)
𝑉new − 𝑉old error ≤ 𝜀.
(XI) If the error is greater than 𝜀, return to step (V) or else
stop.
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Figure 3: (a) Synthetic data set 𝑍880 . (b) Partition of the data set with the GKPFCM algorithm.

4. Application of the Typicality Concept to
Numerical Data Sets
As previously discussed, an example from the theory of
prototypes is, for example, the category of birds, which
include birds that can fly and birds that cannot. Obviously, the
first kind of birds is more typical than the second one. If we try
to qualify the characteristic of “flying,” the less typical birds
would have a very low score and this causes them to be further
from the prototype. In the same way, when working with
typicality through fuzzy clustering algorithms, the typicality
can be used after groups are identified and data further away
from the prototypes can be qualified as atypical. However, as
we do not have constraints in a numerical data set, if data
points are extremely far away from the prototypes, they could
be considered as noise, in case they do not belong to another
group.
Using a hybrid algorithm, such as the GKPFCM, it is
possible to identify the groups and to use the typicality values
of the algorithm in a way that different subsets of data in
each group can be defined depending on how typical they
are. In order to do this, it is necessary to establish thresholds
dividing each group into typical, atypical, and noise data [24].
The number of thresholds to define is equal to the number of
subsets we want to differentiate minus one. The division of
the groups in this way is particularly interesting when we try
to get information about a particular subset. For example, in
the work of [25] they show how important the identification
of the atypical data cloud is, in order to arrive at a medical
diagnosis.
Applying the GKPFCM clustering algorithm we can
identify groups and their prototypes. In this particular work
and in order to maintain a more direct relationship with the
theory of prototypes, we will only divide each group into
typical and atypical data points, using the typicality values
(matrix 𝑇 of the algorithm). The approach to do this is as
follows.

(I) Propose the parameters 𝑎, 𝑏, 𝑚, and 𝜂 and the number
of 𝑐 clusters before the execution of the GKPFCM
algorithm.
(II) Run the GKPFCM algorithm to estimate the relative
typicality provided by the 𝑈 matrix and the absolute
typicality from the 𝑇 matrix.
(III) From the 𝑈 values, providing the external dissimilarity, find the boundaries among the clusters.
(IV) From the 𝑇 values providing an internal dissimilarity
and using thresholds, it is possible to differentiate
among typical, atypical, or noise data.
In the next two subsections we apply this approach to a
synthetic numerical data set and to a digitized image of a glass
in a first example and four color images from the Berkeley
database in a second example.
4.1. Application to a Synthetic Numerical Data Set. For the
synthetic numerical data set we use similar data as that
presented by Lesot and Kruse [26]; however we have added
more noise. The data set consists of two Gaussian distribution
clouds with 400 data points each and identical covariance
matrices for both subsets. Forty points were added as noise
located at the corners of the space where all data, including
noise, is defined (see Figure 3(a)). For this work, this data set
will be referred to as 𝑍880 :
∑=∑=[
1

2

4.47 0
],
0 0.22

0 0
V
[ 1] = [
].
V2
0 2.5

(11)

To reduce the effects of noise in the prototype it is
necessary to make a good choice of parameters 𝑎, 𝑏, 𝑚,
and 𝜂 for the GKPFCM algorithm. The parameters 𝑎 and 𝑏
have a great influence on the calculation of the prototype.
In his work [19] recommended a value of 𝑏 greater than the
value of 𝑎, such that the prototypes are more influenced by
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Figure 4: (a) Orthogonal projection of 𝑈 matrix on the membership degree axis and (b) orthogonal projection of 𝑇 matrix on the typicality
value axis.
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Figure 5: (a) Partition based on the external dissimilarity. (b) Partition based on the internal resemblance.

the membership values. On the other hand, it is recommended a small value for 𝜂 and a value greater than 1 for
𝑚. Nevertheless, a too high value of 𝑚 reduces the effect of
membership of data to the clusters, and the algorithm behaves
as a simple PCM.
For this work, we use the values 𝑎 = 1, 𝑏 = 5, 𝑚 = 2, and
𝜂 = 2 for the GKPFCM algorithm. The estimated values for
the prototypes are
0.1659 −0.0112
V
]
[ 1] = [
V2
0.2273 2.5721

(see Figure 3(b)).

(12)

Figure 3(a) shows the data set 𝑍880 and Figure 3(b) the
groups identified with the GKPFCM, which were identified
correctly even in the presence of noise. In Figure 4 we can
see the orthogonal projection of the membership degrees (𝑈
matrix) and typicality values (𝑇 matrix). Importantly, noise
is included as an element of either group in the matrix of

membership degrees, whereas noise is disregarded in the
typicality values.
The presence of noise in the 𝑈 matrix can be explained
as follows: as it represents an external dissimilarity, some
elements of the noise are more dissimilar to the further
prototype and they are considered members of the group
with the nearest prototype. In Figure 4(a) we can see that
the membership degrees of outliers or noise data points are
very high, as a consequence of the relation of data points
with the prototypes. Figure 5(a) shows the division of clusters
by a straight line based on the external dissimilarity. As
the algorithm has the constraint that the sum of all the
membership degrees of each point must be one, this line is
defined by a membership degree of 0.5.
On the other hand, the evaluation of the internal resemblance, through 𝑇 matrix of the algorithm, assigns a very low
typicality value to the noisy points and, as can be seen in
Figure 4(b), a threshold can be established such that noise
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can be completely eliminated from the group. In this case the
groups 𝐺1 and 𝐺2 would be divided in two subgroups as
𝐺1 = 𝐺1typical ∪ 𝐺1noise ,

𝐺2 = 𝐺2typical ∪ 𝐺2noise .

(13)

For example, selecting a threshold of 𝛼 = 0.01, the
subgroup of typical data in each group G1 and G2 corresponds
to the points with typicality values greater than or equal
to 𝛼, and points with lower typicality values are considered
members of the noise subgroup. The proposed threshold for
this example has been selected empirically and by observing
Figure 4(b). However, when only attempting to eliminate
noise from the groups, the value of this parameter will be
very low. Figure 5(a) shows a typical partition of the space
according to the groups identified, whereas Figure 5(b) shows
the partition of the groups according to the typicality of
data. In this particular case the value of the threshold can
be decreased a little more in order to include some points
that could be considered typical or data to both sides of the
subgroups of typical data.
As it is shown in Figure 5(b), this is similar to the theory
of prototypes where each object having values in one or
several characteristics, which are very different from the
mean values, is considered atypical.
4.2. Application in Color Image Segmentation. One of the
most challenging problems in computer vision is that of the
segmentation of images, as these ones must be divided in
regions of interest, and the objects in the scene must be clearly
identified. The aim of segmentation is to divide an image
into nonoverlapping regions that are homogeneous in some
features such as gray levels of pixels, color, texture, and depth
or even a combination of some of these. The level to which
the subdivision is carried out depends on the problem being
solved.
Partitional clustering algorithms are considered for image
segmentation, because of the great similarity between segmentation and clustering, although clustering was developed
for feature space, whereas segmentation was developed for
the spatial domain of an image.
From a general point of view, the segmentation of images
can be divided into two types: region based or edge based.
In this work we focus on the former approach, where the
objects in the image result from homogeneous regions inside
the RGB color space. We use two examples to show these
results, the first one concerning the analysis of the differences
with the typicality of Rosch, whereas the second one is based
on the absolute typicality in order to improve the results of
segmentation.
As a first test we have used an image of a glass where we
identify this object and separate it from the background. As
can be seen in Figure 6, the glass is one color though strongly
affected by illumination producing a not very homogeneous
image with some pixels very similar to those of the background.
The clustering algorithms work in the features space;
the RGB color space for this work. For the final result
we use the mean value for each cluster. So, the quality of
the segmentation can be evaluated through the similarity

Figure 6: Original image of a glass.

between the real colors of the image and the identified colors
based on the concept of typicality.
In order to compare the results, two clustering algorithms
have been used. The first algorithm is the FCM, used to
identify two clusters in the image. The algorithm provides the
𝑈 matrix of membership degrees or the relative typicalities,
wherewith the RGB space is partitioned.
As can be seen in Figure 7, the corresponding results are
relatively good, as the glass is clearly identified. However,
some regions of the glass are affected by the illumination and
are related to the background. This result is a consequence of
the relative typicality and the Euclidean measure on which the
algorithm is based. In this case, the clusters are constrained
to spherical shapes, and the case of study has shapes more
closely related to hyperellipsoidal forms.
As we are interested in the typicality concept for knowledge discovery in numerical data sets, we have used the
GKPFCM algorithm such that the absolute and the relative
typicalities are available, and the results can be improved
using them. Figure 7 shows the results, those concerning
the relative typicality and those concerning the absolute
typicality.
Comparing the results of the previous images, the FCM
gives comparable or even better results than the GKPFCM
based on the relative typicality. However, this last algorithm
uses a measure that allows better adaptation of the clusters to
the distribution of data, and hence the results provide more
homogeneous regions. This can be seen more easily through
the absolute typicality whose results are shown in Figure 7. In
this case there is a better discrimination between the glass and
the background, and the pixels affected by the illumination,
though atypical, are associated here with the glass, and not
with the background as was the case regarding the relative
typicality, no matter if it was obtained from the FCM or the
GKPFCM clustering algorithms.
Regarding the results of the absolute typicality, this
provides additional information that can be used to get
more homogeneous segmented regions and to identify the
atypical pixels inside them. This process has been called
subsegmentation [17], where a threshold 𝛼 must be established
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FCM-U matrix (relative typicality)

GKPFCM-U matrix (relative typicality)

GKPFCM-T matrix (absolute typicality)

(a)

(b)

(c)

(d)

Figure 7: Segmentation results of the clustering algorithm: FCM at the upper image, GKPFCM (𝑈 matrix) at the middle, and GKPFCM (𝑇
matrix) at the bottom. (a) Segmentation in two regions. (b) Identified edges, (c) representation of the background, and (d) representation of
the glass by the corresponding identified pixels.

in order to separate the typical and the atypical pixels. This
parameter takes a value in the interval (0, 1).
Four images from the Berkeley database (see Figure 8)
have been selected, as well as four clustering algorithms,
the k-means, the FCM, the Gustafson-Kessel algorithm with
an improvement proposed by Babuška (GK-B), and the
GKPFCM.
The first image from the Berkeley database concerns
an airplane where we can find three objects: the airplane
(region1 ), the clouds (region2 ), and the sky (region3 ). The
segmentation with the k-means and the FCM results in an
airplane where almost half of its pixels, region1 , belong to the
sky, region3 .
On the other hand, the GK-B gives better results than
in the previous cases, as the segmented regions represent
in a more approximated way the objects in the image. The
GKPFCM algorithm was also applied, and the corresponding
results are analyzed according to the relative and absolute
typicalities. The results are not so good in the first case as the
region1 is totally associated with region2 . However, the results
are much better when the absolute typicality is used, and the
threshold is established at 𝛼 = 0.05. The atypical pixels in each
region, that is, subregion2 , subregion3 , and subregion4 , help
enhance the results of identification of the objects, as there

are more details associated to their corresponding objects,
particularly the airplane. So, in this case we have 3 regions
and 3 subregions.
The only drawback of the previous results is that the
atypical pixels, in the RGB features space, are located at both
extremes of the ellipsoids. This depends on the particular
distribution of pixels in the features space and the value
assigned to the threshold. For the airplane identification, the
atypical pixels allow much better identification of this object.
However, in this case we also have the lighter atypical pixels of
the sky. These can be seen at the left lower side of the resulting
image.
The image of the field was also segmented in three regions,
the stones (region1 ), the bushes (region2 ), and the earth
(region3 ). No method among the k-means, the FCM, and the
GK-B was able to detect region2 , except the GKPFCM which
gives better results when a threshold 𝛼 = 0.06 was used. In
this particular case, the atypical pixels of region2 correspond
to the bushes and are represented by sub-region4 .
The image of the horses was segmented in four classes,
and we got good results with all the algorithms. Nevertheless,
if the images are observed carefully, there are a lot of details
that are lost. Take for example the white line in front of
the horse’s head. The algorithms k-means, FCM, and GK-B
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Original images

k-means: U matrix (relative typicality)

FCM: U matrix (relative typicality)

GK-B: U matrix (relative typicality)

GKPFCM: U matrix (relative typicality)

GKPFCM: T matrix (absolute typicality)

(a)

(b)

(c)

(d)

Figure 8: Segmentation results of the four images from the Berkeley database, with four partitional clustering algorithms.

associate this object to other regions and, even if the number
of classes is increased, this region is not detected. On the other
hand, the GKPFCM with a very low threshold 𝛼 = 0.001
identifies this object, as well as the atypical pixels of the horse’s
legs.
The last image was that of a parachute. This image was
also segmented in three regions. Here we find that the kmeans, the FCM, and the GKPFCM-U are being incapable
of correctly identifying the parachute. An exception must be
made here, as was done for the GK-B and the GKPFCM.
For the last algorithm a threshold 𝛼 = 0.02 has been
experimentally found, which gives the better results. Besides,
this algorithm also detects the cloud that is behind the

mountain. This object is very difficult to identify by the
partitional clustering algorithms.
From the results of the previous examples we can find that
the absolute typicality is clear, especially for the segmentation
of color images. In this case the typicality value could be
viewed as a means to apply a homogenization procedure, as
the division of each region in typical and atypical pixels gives
results with the most uniform pixels.

5. Result and Discussion
One of the major challenges when looking for patterns in
data sets and images is to find the most homogeneous groups
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in a feature space. In this work, we have used the GKPFCM
clustering algorithm which meets the following features.
(i) It adapts better to the natural shape of the data, that
is, convex hyperellipsoids.
(ii) It provides the external dissimilarity (𝑈 matrix) and
internal resemblance (𝑇 matrix), for every prototype.
(iii) It has parameters, whose particular function has
been explained, to give more importance to any
dissimilarities or resemblances.
(iv) With the internal resemblance provided by the algorithm, we can identify the atypical data of each
class and more homogeneous regions can be formed
without the need to increase the number of groups.
The first point is a result of using the Mahalanobis
distance in the GKPFCM algorithm. This leads to the achievement of a better partition of the feature space. However,
the drawback of the algorithm is its limitation to the identification of nonconvex groups; that is, as the nonconvexity
becomes more severe, the quality of results diminishes.
The second point follows from the availability of the relative and absolute typicalities, which are directly associated,
through the relationship between fuzzy clustering and the
theory of prototypes, with an external dissimilarity and an
internal resemblance. This allows for a better categorization,
knowing, additionally, the degree of typicality of each object
to each category. The simplest case is the k-means, which
provides a discrete relative typicality, and the FCM that
provides a continuum relative typicality in the interval [0, 1].
Through the four parameters of the GKPFCM algorithm
(𝑎, 𝑏, 𝑚, and 𝜂), we have the possibility to establish a
compromise between the typicalities in absolute (𝑚 and 𝜂)
and relative (𝑎 and 𝑏) ways. The values of the parameters used
in this work are 𝑎 = 1, 𝑏 = 3, 𝑚 = 2, and 𝜂 = 3, giving more
importance to the internal resemblance.
With the absolute typicality, or the internal resemblance,
it has been possible to identify the atypical data inside each
cluster. The result is a set of typical data and a set of atypical
data, the former representing a more homogeneous region in
this case. Nevertheless, the atypical set could not necessarily
be homogeneous as the data could be located at both extremes
of the corresponding ellipsoid in the RGB color space.
In this work the images are in the RGB color space, even
though there are other proposed color spaces in order to
improve the results of image processing [27, 28]. This is not
a problem here as the GKPFCM and the GK-B algorithms
achieve very good identification of groups. On the other
hand, the k-means and the FCM give less satisfactory results
due mainly to the inadequacy of the shapes produced by
the Euclidean distance, the measure used to determine the
membership of each datum. By contrast, the other algorithms
use a measure that generates forms better adapted to the
shapes of the objects to be identified. The hybrid GKPFCM
algorithm, however, provides the best results as we can get
extra information, which helps to obtain a better partition of
the feature space. This can be clearly observed in the different
results of the image segmentation.

Taking advantage of the typicality values, the absolute
typicality, or the internal resemblance, we are able to enhance
the segmentation process and to get more homogeneous
regions, at least for the typical data. This is a promising result,
as we are able to find very small homogeneous regions, which
are very difficult to identify, even if the number of regions to
segment is increased to a very large value.

6. Conclusions
Categorizing data into concepts, analogous to the theory of
prototypes, allows us to understand the problem of unsupervised classification (also known as clustering) and to propose
an approach to look for particular points inside each of the
categories. This was shown using a synthetic numerical data
set, a digitized image of a glass, and four images from the
Berkeley database. In these cases, the external dissimilarity
and internal resemblance are used in a better way and more
information can be obtained from the same data compared
to a classical approach. The existence of hybrid algorithms,
as the GKPFCM or the PFCM, allows us to get both values
at the same time, providing us with more information about
the internal structure of data sets. In this work we have
related classifications made by human beings to those made
by automatic algorithms. This approach is very interesting
when we try to look for special cases inside an image. For this
reason we have attempted to join the theory of prototypes and
the partitional clustering algorithms.
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Least significant bit (LSB) substitution is a method of information hiding. The secret message is embedded into the last 𝑘 bits of
a cover-image in order to evade the notice of hackers. The security and stego-image quality are two main limitations of the LSB
substitution method. Therefore, some researchers have proposed an LSB substitution matrix to address these two issues. Finding
the optimal LSB substitution matrix can be conceptualized as a problem of combinatorial optimization. In this paper, we adopt
a different heuristic method based on other researchers’ method, called enhanced differential evolution (EDE), to construct an
optimal LSB substitution matrix. Differing from other researchers, we adopt an HVS-based measurement as a fitness function and
embed the secret by modifying the pixel to a closest value rather than simply substituting the LSBs. Our scheme extracts the secret
by modular operations as simple LSB substitution does. The experimental results show that the proposed embedding algorithm
indeed improves imperceptibility of stego-images substantially.

1. Introduction
The internet provides an easy way to exchange information
with others. However, information is also prone to eavesdropping from hackers. Several methods can be employed to
protect secret information, such as cryptography, steganography, and secret sharing schemes. The spirit of these
methods is basically varied. Cryptography scrambles the
content with a private key. Without the appropriate key,
unauthorized authors cannot decode the secret within limited
time and resources. Unlike cryptography, steganography, also
called information hiding, conceals the secret rather than
scrambling it. That is, the secret is covered by innocent
information that does not attract the attention of hackers,
who thereby pass over it. Due to its simplicity and efficiency,
steganography is still a popular method until now [1–4].
Among plenty of steganographic methods, simple least
significant bit (LSB) substitution is the most general one
[5]. The secret message is decomposed and embedded into
the least significant bits of each pixel of the cover-image.
The modified cover-image is called a stego-image. The secret

message can be extracted by performing modular operation
to each pixel of the stego-image. This method is very simple
and easy to implement; however, sometimes the stego-image
is not imperceptible enough when more least significant
bits are substituted. Recently, Wang et al. proposed a novel
idea about substitution matrix to improve the quality and
security of the stego-image [6]. The substitution matrix can
be seen as a mapping function, which maps each secret
value into another value. Different substitution matrices
represent different mappings and result in different stegoimages. Among these different stego-images, some are closer
to the original cover-image than others are. Obviously, the
optimal substitution matrix is the one that produces the
stego-image closest to the cover-image. Due to the huge
number of possible substituion matrices, Wang et al. utilized
genetic algorithms (GA) [7] to find the optimal substitution
matrix. According to the patterns of chromosomes, GA
can be classified into two types: one is binary GA, and
the other is real-parameter GA. In the course of evolution,
binary GA has to encode the original problem into binary
chromosomes, and the encoding method may influence the
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efficiency of problem-solving. However, some problems, such
as combinatorial optimization, are not easy to be encoded
into binary chromosomes. Furthermore, the length of chromosomes of such kind of problems may be too long to
solve problems efficiently. Although real-parameter GA can
encode a problem with shorter chromosomes, its efficiency
and the quality of the final solution are not as good as those
of binary GA. Therefore, each kind of GA has its limitation.
Later, other researchers adopt different heuristic methods, such as tabu search [8], ant colony algorithm [9], and cat
swarm optimization [10], to construct optimal substitution
matrix. All of these researchers adopt simple LSB substitution
to embed the secret. However, even though an optimal
substitution matrix is adopted, the modification to the pixels
of the cover-image may be still large due to the intrinsic features of simple LSB substitution. Consequently, the
improvement of the imperceptibility may be limited. Besides,
these researchers adopt peak signal-to-noise ratio (PSNR) as
a fitness function to measure how the stego-image is near
the cover-image. The PSNR number represents the average
differences between pixels; however, sometimes the difference between pixels cannot respond to human perception.
Generally speaking, human eyes can tolerate modifications
to texture areas more than those to smooth areas [11]. Images
are viewed by human eyes after all; hence it is more suitable
to use the measurement based on the human visual system
(HVS) to evaluate the imperceptibility of the stego-image.
This paper proposed a method to construct optimal substitution matrix as well. Nevertheless, the proposed scheme
has three aspects different from those in other similar
researches. At first, the way to embed secrets is to change the
pixel values rather than to substitute the least significant bits
directly. However, the way of extracting is easy and the same
as that of simple LSB substitution. Second, another heuristic
method, called enhanced differential evolution (EDE) [12],
is adopted to search for the optimal substitution matrix.
Differential Evolution (DE) was first introduced by Storn and
Price [13] and copes with problems whose feasible solutions
are continuous values. Later, Onwubolu and Babu extend
the capability of DE to handle problems with discrete solutions. Third, an HVS-based fitness function, called structural
similarity SSIM [14], is employed to measure the difference
between the stego-image and the cover-image. Therefore, our
stego-image is not only physically near the cover-image but is
also perceived similar to the cover-image by human eyes. The
rest of this paper is organized as follows. In Section 2, some
preliminary knowledge for our work is provided. In addition,
some related literatures are reviewed as well. In Section 3, the
way of constructing an optimal substitution matrix and the
embedding and extraction methods are explained in detail.
Then, the experimental results and comparisons with other
researchers methods are presented in Section 4. Finally, we
will give some conclusions in Section 5.

2. Literature Review
2.1. Simple LSB Substitution. The simple LSB substitution
is the earliest steganographic technique. The so-called least
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significant bit is the less important part of a pixel. Therefore,
modifying LSBs of pixels cannot change an image too much.
Embedding and extracting secrets are very simple and easy to
implement. Suppose that 𝑝 denotes a pixel of the cover-image
and is expressed as
𝑝 = 𝑞 × 2𝑘 + 𝑟.

(1)

That is, 𝑞 and 𝑟 are the quotient and the remainder when 𝑝 is
divided by 2𝑘 . Suppose that 𝑠 is a 𝑘-bit secret. The secret 𝑠 can
be embedded into 𝑝 by means of the following:
𝑝 = 𝑞 × 2𝑘 + 𝑠.

(2)

Performing a modulo-operation on the stego-pixel 𝑝 , as
shown in (3), can extract the secret 𝑠:
𝑠 = 𝑝 mod 2𝑘 .

(3)

Simply speaking, the secret 𝑠 is embedded by directly
substituting the last 𝑘 bits of 𝑝 and is retrieved from the
last 𝑘 bits of 𝑝 . Take a pixel (00100000)2 and a 3-bit secret
message (111)2 as an example. Since the length of the secret
message is three, we can substitute the last three bits of the
pixel with the secret. Using (1) and (2), we can get the stegopixel (00100111)2 . If the secret 𝑠 is very large, it is divided into
segments of fixed length and is evenly distributed into each
pixel of the cover-image.
There are two problems of this method. First, the more
secret messages there are, the more bits of the cover-image
have to be modified. Hence the stego-image may become too
different from the cover-image to give cover to the secret
message inside. Second, the simplicity is a two-edged sword.
The receiver can recover the secret easily, so do the hackers.
Therefore, the security of this method has to be enhanced.
2.2. Substitution Matrix. In 2001, Wang et al. introduced the
substitution matrix to improve the quality and security of
the stego-image [6]. Briefly speaking, a substitution matrix is
used to replace the secret value with another value. Wang et
al.’s method can be summarized as follows. At first, the secret 𝑠
is divided into segments of 𝑘-bit length, and then the order of
each segment is randomly permuted. Suppose that 𝐸 denotes
the set of reordered segments of 𝑠 and that
𝐸 = {𝑒𝑡 | 0 ≤ 𝑒𝑡 ≤ 2𝑘 − 1, 1 ≤ 𝑡 ≤ 𝑛} ,

(4)

where 𝑛 is the number of total segments of 𝑠. Let 𝑀 denote
a 2𝑘 × 2𝑘 substitution matrix, and 𝑀 = [𝑚𝑖,𝑗 ], where 0 ≤ 𝑖,
𝑗 ≤ 2𝑘 − 1, and 𝑚𝑖,𝑗 ∈ {0, 1}. According to 𝑀, every element
of 𝐸 is changed into another value as shown in
𝑒𝑡 = 𝑗 if 𝑚𝑒𝑡 ,𝑗 = 1.

(5)

Note that there is only a “1” in each row and each column.
In short, the substitution matrix can be seen as a one-toone mapping function from 𝐴 to 𝐴, where 𝐴 is the set of
all possible integer values of 𝑒𝑡 . Then, the mapping result is

Mathematical Problems in Engineering

3

embedded into the cover-image by means of simple LSB. The
following serves as an example:
𝐸 = {1, 3, 0, 2, 1} ,
1
[0
𝑀=[
[0
[0

0
0
1
0

0
1
0
0

0
0]
].
0]
1]

(6)

The elements 𝑚00 , 𝑚12 , 𝑚21 , and 𝑚33 of 𝑀 indicate that the
possible values 0, 1, 2, and 3 of 𝐸 are substituted with 0, 2, 1,
and 3, respectively. Therefore, 𝐸 is changed into another set
𝐸 as {2, 3, 0, 1, 2}.
Obviously, there are various possible substitution matrices. Different substitution matrix produces different 𝐸 and
further produces different stego-image. Wang et al. defined
an optimal substitution matrix as the one that produces a
stego-image with maximal peak signal-to-noise ratio (PSNR),
where
PSNR = 10 × log

2552
,
MSE

(7)
2

MSE =

𝑁

∑𝑀
𝑖=1 ∑𝑗=1 (𝑝𝑖,𝑗 − 𝑝𝑖,𝑗 )

𝑀×𝑁

.

(8)

In (8), 𝑀 and 𝑁 denote the width and height of the

denote the pixels
cover-image, respectively. And 𝑝𝑖,𝑗 and 𝑝𝑖,𝑗
of the cover-image and the stego-image, respectively. Essentially, finding an optimal substitution matrix is a kind of
combinatorial optimization problem, and there are totally
2𝑘 ! possible solutions. Moreover, the solution space rapidly
grows up with the number of 𝑘. If 𝑘 = 4, for example,
the number of possible solutions becomes 20, 922, 789, 888,
00. When solving optimization problems with large solution
space, heuristic algorithms perform better than deterministic
algorithms. Therefore, Wang et al. utilized genetic algorithm
(GA) to find near-optimal substitution matrix.
2.3. Optimal LSB-Based Steganography. Some other
researchers apply Wang et al.’s substitution matrix to improve
the quality of the stego-images. The main difference is that
they adopt different optimization algorithms, especially
bioinspired algorithms. In 1992, Dorigo proposed an ant
colony optimization (ACO) algorithm [15] in his Ph.D.
thesis, which is very suitable for solving combinatorial
optimization problems. Since finding an optimal substitution
matrix is a kind of combinatorial optimization problem,
Hsu and Tu [9] adopted ACO to find optimal substitution
matrix. In 2007, Chu and Tsai introduced a cat swarm
optimization (CSO) algorithm [16], which is derived from
the behavior of cats. Valuing the performance on finding the
global best solutions, Wang et al. [10] gave some revisions to
CSO to generate optimal substitution matrix. When using
bioinspired algorithms, one needs to provide fitness function
to evaluate a solution so that the algorithm can guide those
virtual creatures, such as cats or ants, toward the optimal
solution. Hsu and Tu and Wang et al. utilized the pixel

difference between the cover-image and the stego-image as
the fitness of a solution.
Some researchers adopt different embedding strategies to
make the distortion to the cover-image as little as possible.
Xu et al. [17] adopted Mielikaines’ pairwise LSB matching
method [18] and changed the matching order between the
secret bits and cover pixels to decrease the distortion to the
cover-image. They designed a three-tiered score system to
evaluate the performance of a matching order and utilized
an immune programming to find the best matching order.
Considering that the difference measured in pixels is not
necessary the same as that measured by human eyes, a few
of researchers take human visual system into consideration.
Lee and Tsai [19] determined the number of bits used to carry
secret in a pixel according to the principle of just noticeable
difference (JND). Further, they utilized dynamic programming to divide the secret data into segments to minimize
the modification to the cover-image when embedding secret
data. Instead of using every pixel of a block, Bedi et al. [20]
chose a part of the pixels in a block to carry secret data. In
view of the image quality, the choice is not made at random.
For each block of 8 × 8 pixels, they utilized particel swarm
optimization (PSO) algorithm [21] to determine the best
pixels to embed secret data sequentially. The distortion error
between the cover-image and the stego-image is measured
with a quality index based on human visual system. Since the
pixels used to embed secret data vary from block to block,
the pixel positions have to be recorded as the key to extract
secret data successfully. If the size of the cover-image is 𝑀×𝑁
pixels, the minimal required space for the key is 𝑀 × 𝑁
bits. Obviously, the required space grows up with the size of
the cover-image. Another worry about Bedi et al.’s scheme
is about hiding capacity. Not all of the pixels in a block will
be used to embed secret data; or else, Bedi et al.’s scheme
becomes meaningless. In fact, in their experiments, only eight
pixels of a block are used to embed secret data. The highest
possible payload is only 0.5 bits per pixel if the last four bits
of a pixel are used to embed data.
2.4. HVS-Based Measurement. Human eyes are complex
biological organs. The way human eyes perceive the difference
between two images is not the same as that of PSNR.
Sometimes, a sensible difference for human eyes does not
necessarily mean a large difference between pixels. After
some observations, Barni and Bartolini [11] listed the following three rules of thumb.
(1) Disturbs are much less visible on highly textured
regions than on smooth areas.
(2) Contours are more sensible to noise addition than
highly textured regions but less than flat areas.
(3) Disturbs are less visible over dark and bright regions.
Based on the characteristics of human visual system (HVS),
some researchers proposed different methods to evaluate
image quality or to estimate the acceptable change to an image
[22–26].
Combining the three components of luminance, contrast,
and structure, Wang et al. proposed a structural similarity
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(SSIM) index to measure the similarity between two images
in light of HVS. Suppose that 𝑥 and 𝑦 denote two gray-level
images, respectively. The luminance comparison function is
𝑙 (𝑥, 𝑦) =

2𝜇𝑥 𝜇𝑦 + 𝐶1
𝜇𝑥2 + 𝜇𝑦2 + 𝐶1

,

(9)

where 𝜇𝑥 and 𝜇𝑦 denote the average pixel values of images 𝑥
and 𝑦, respectively, and 𝐶1 = (𝐾1 𝐿)2 , where 𝐿 is the dynamic
range of pixel values and 𝐾1 ≪ 1. The contrast comparison
function is
𝑐 (𝑥, 𝑦) =

2𝜎𝑥 𝜎𝑦 + 𝐶2
𝜎𝑥2 + 𝜎𝑦2 + 𝐶2

,

(10)

where 𝜎𝑥 and 𝜎𝑦 denote the standard deviations of pixel
values of images 𝑥 and 𝑦, respectively, and 𝐶2 = (𝐾2 𝐿)2 where
𝐾2 ≪ 1. The structure comparison function is
𝑠 (𝑥, 𝑦) =

𝜎𝑥𝑦 + 𝐶3
𝜎𝑥 𝜎𝑦 + 𝐶3

,

(11)

where 𝜎𝑥𝑦 is the covariant of pixel values of images 𝑥 and
𝑦, respectively. Combining (9), (10), and (11), we can get the
following SSIM index:
𝛼

𝛽

𝛾

SSIM (𝑥, 𝑦) = [𝑙 (𝑥, 𝑦)] ∙ [𝑐 (𝑥, 𝑦)] ∙ [𝑠 (𝑥, 𝑦)] .

(12)

For simplicity, Wang et al. set 𝛼 = 𝛽 = 𝛾 = 1 and 𝐶3 = 𝐶2 /2.
Consequently, SSIM can be transformed into a specific form
as follows:
SSIM (𝑥, 𝑦) =

(2𝜇𝑥 𝜇𝑦 + 𝐶1 ) (2𝜎𝑥𝑦 + 𝐶2 )
(𝜇𝑥2 + 𝜇𝑦2 + 𝐶1 ) (𝜎𝑥2 + 𝜎𝑦2 + 𝐶2 )

.

(13)

The SSIM metric is calculated on various windows of the
image, and hence we can use the following mean SSIM
(MSSIM) index to evaluate the overall image quality:
MSSIM (𝑋, 𝑌) =

1 𝑀
∑ SSIM (𝑥𝑗 , 𝑦𝑗 ) .
𝑀 𝑗=1

(14)

2.5. Enhanced Differential Evolution. Differential evolution
(DE) was first introduced by Storn and Price [13]. DE
is a population-based optimization method, and candidate
solutions are represented as vectors. For each individual
(called a target vector) in the current population, offspring
(called a trial vector) is generated by adding a scaled, random
vector difference to a randomly selected population vector.
The trial vector competes with its corresponding target vector
on their fitness. The winner can live to the next generation.
Although simple, DE performs well on a wide variety of
test problems [12, 13, 27, 28]. Figure 1(a) is the flowchart of
DE. Initially, DE is invented for solving continuous space
optimization problems. Later, some researchers modified
DE to attack permutative-based combinatorial optimization
problem. The so-called permutative-based combinatorial
optimization problem is that its candidate solution is a
permutation of a sequence of integers. Among these modifications, Onwubolu and Babu’s approach, called enhanced
differential evolution (EDE), is intuitive and easy to implement [12]. The main idea of this approach is to transform
the permutative population into continuous population. The
forward transformation formula is as follows:
𝑥𝑖 = −1 + (

𝑓×5
) × 𝑥𝑖 ,
103 − 1

(15)

where 𝑥𝑖 is a discrete parameter of some vector and 𝑓 is
a scaling factor. After being transformed into continuous
form, the population can be handled by canonical DE strategy
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Figure 2: The flowchart of the proposed scheme.

to generate the child population. However, the individuals
of the child population are continuous values and cannot
be evaluated by the fitness function. Therefore, they have
to be backward transformed into discrete solutions by the
following equation:
𝑥𝑖 = int [

(1 + 𝑥𝑖 ) × (103 − 1)
5×𝑓

],

(16)

where int[⋅] denotes a function that rounds a real value to the
nearest integer. Backward transformation may produce infeasible solutions, so the offspring population has to be repaired.
To generate better offspring, Onwubolu and Babu proposed
two improvement strategies for the repaired offspring: one is
swap mutation and the other is insertion mutation. The final
offspring will compete with the parents. Figure 1(b) shows the
flowchart of EDE.

into segments, each of which is of 𝑘-bit length. Let 𝐸 denote
the set of segments. Then, all elements of 𝐸 are randomly permuted using a pseudorandom number generator. According
to 𝐸 and the cover-image 𝐻, EDE constructs near-optimal
substitution matrix 𝑀∗ . With 𝑀∗ , 𝐸 is transformed into 𝐸∗
and embedded into 𝐻. And finally, we can get the stegoimage 𝐷 with the secret inside. In the extraction process,
𝐸∗ is extracted from the stego-image 𝐷 and is reversely
transformed into 𝐸 with the same substitution matrix 𝑀.
Using a pseudorandom number generator seeded by the same
key, we can rearrange the elements of 𝐸 in the original order
of the elements of 𝐸. Finally, combining the elements of 𝐸, we
can recover the secret 𝑆.
With the overview in mind, we can now look deeper into
the details of the proposed scheme.

3. The Proposed Method

3.1. EDE Subroutine. In this paper, EDE is employed to construct a near-optimal substitution matrix. Since initialization
and selection are problem-dependent parts of EDE, we will
concentrate on these two parts.

With the help of a substitution matrix, the imperceptibility
can be improved, but the embedding way of simple LSB
substitution may limit the improvement. Several researches
have been devoted to the study of constructing an optimal
substitution matrix. Some utilized deterministic algorithms
[29, 30], while some utilized heuristic algorithms [6, 8–10]
to search for the optimal matrix. No matter what algorithms
they employed, it is PSNR that they adopted as the objective
function (also called fitness function in heuristic algorithms)
to guide the search direction. As we have mentioned above,
PSNR measures the absolute difference of pixel values, but not
the difference perceived by human eyes. Therefore, we adopt
MSSIM (14) as the fitness function. The heuristic algorithm
we utilized to search for the optimal substitution matrix is
EDE. In addition, to break through the intrinsic limitation
of simple LSB substitution, we design a ModEmbedding
algorithm, which can make the cover-image and stego-image
as close as possible.
Before moving on to the main task, it is helpful to give
an overview of our scheme. Figure 2 is the flowchart of the
proposed scheme. In the embedding process, a secret 𝑆 is split

Initialization. EDE is a population-based evolutaionary algorithm. Therefore, a population size 𝑁𝑝 has to be predefined
at first. Initially, users have to randomly generate a set of 𝑁𝑝
distinct candidate solutions. Starting from the initial population, EDE will generate offspring and evolve continuously
to find the optimal solution until the terminated condition
is satisfied. In order to use EDE to solve problems, we first
need to represent solutions in form of vectors. As regards the
problem of the proposed scheme, a solution is in the form of
a 2𝑘 × 2𝑘 matrix. Precisely speaking, as we have mentioned
before, it is a one-to-one mapping from the set 𝐴 to the set
𝐴, where 𝐴 = {𝑎𝑖 | 𝑖 = 0, . . . , (2𝑘 − 1), 0 ≤ 𝑎𝑖 ≤ 2𝑘 − 1}.
Consequently, we can simply represent a substitution matrix
as a permutation of the set 𝐴. Therefore, it is obvious that
a substitution matrix can be represented as a permutation
of 0 to 2𝑘 − 1. We will now explain more definitely how a
substitution matrix is encoded into a vector in EDE. Suppose
that the substitution matrix 𝑀 = [𝑚𝑖,𝑗 ], where 0 ≤ 𝑖, 𝑗 ≤
2𝑘 − 1, and 𝑚𝑖,𝑗 ∈ {0, 1}. Then, the corresponding vector X =
[𝑥0 , 𝑥1 , . . . , 𝑥2𝑘 −1 ], where 𝑥𝑖 = 𝑗 if 𝑚𝑖,𝑗 = 1. Take the following

6

Mathematical Problems in Engineering
E
X

Transform

E(x)

Embed

D(x)

MSSIM

Fitness

H

Figure 3: The process of computing fitness.

substitution matrix as an example. The corresponding vector
is [0 2 1 3]. Consider
1
[0
𝑀=[
[0
[0

0
0
1
0

0
1
0
0

0
0]
].
0]
1]

(17)

𝑎∈{−1,0.1}

Selection. In the selection phase, each individual (i.e., vector)
of the current population has to compete with its offspring.
The competition is based on their quality; hence users have
to provide a fitness function to score vectors. Here we adopt
(14) as our fitness function. Figure 3 illustrates the detailed
process of computing a fitness of a vector X. At first, 𝐸 is
transformed into the substitution matrix corresponding to
the vector 𝑋. Next, the transformed result 𝐸(𝑥) is embedded
into the cover-image 𝐻 to get the stego-image 𝐷(𝑥) . Therefore,
the fitness of a vector is MSSIM (𝐻, 𝐷(𝑥) ).
3.2. Embedding. Before explaining the way of the proposed
embedding, let us consider the following example. Suppose
that a cover-pixel is 60 and a 2-bit secret is 3. According to
(1), 60 is expressed as follows:
60 = 15 × 22 + 0.

(18)

In light of simple LSB substitution, the secret substitutes the
remainder directly and hence results in the following stegopixel:
63 = 15 × 22 + 3.

Algorithm ModEmbedding (𝐻, 𝐸∗ )
𝐷←⌀
for each pixel 𝑝 ∈ 𝐻 and each k-bit element 𝑒 ∈ 𝐸∗
𝑞 ← ⌊𝑝/2𝑘 ⌋
𝑟 ← 𝑝 mod 2𝑘


𝑎∗ ← arg min 𝑎 × 2𝑘 + 𝑟 − 𝑒

(19)

Performing 63 mod 22 , we can extract the secret. Let us
consider another situation. If we change the cover-pixel to
59, instead of 63, we still can extract the secret by performing
the same modulo-operation (i.e., 59 mod 22 ) because 59 =
14 × 22 + 3. It is clear that 59 is closer to the cover-pixel 60
than 63 is. This example makes it clear that we can test (2) on
three quotients (𝑞 − 1), 𝑞, and (𝑞 + 1) to see which one can
result in a stego-pixel closest to the cover-pixel. The complex
embedding algorithm is as Algorithm 1.
3.3. Extraction. Extracting secret is very simple. Algorithm 2
illustrates the extracting algorithm. Each 𝑘-bit secret 𝑒 is
extracted concatenated to the whole secret 𝐸 . However, 𝐸∗ is
not the original secret. We have to convert each 𝑘-bit value of
𝐸∗ to the original value according to the substitution matrix
𝑀.

𝑝 ← (𝑞 + 𝑎∗ ) × 2𝑘 + 𝑒
𝐷 ← 𝐷 ∪ {𝑝 }
return 𝐷
Algorithm 1: The proposed embedding algorithm.

Algorithm Extracting (𝐷)
𝐸∗ ← ⌀
for each pixel 𝑝 ∈ 𝐷
𝑒 ← 𝑝 mod 2𝑘
𝐸∗ ← 𝐸∗ ∪ {𝑒}
return 𝐸∗
Algorithm 2: The proposed extracting algorithm.

4. Experimental Results and Discussions
This section demonstrates some experimental results of the
proposed method. In addition, the proposed scheme was
compared with some simulated experiments. The experiments in this section are carried out on a PC with Intel Core
2 Duo CPU at 2.8 GHz, 4 GB RAM, Windows 7 Professional
Operating System, NetBeans IDE, and JDK 6. Before turning
to a closer examination of the experimental results, we will
outline our assumptions here.
(1) The cover-image is a gray-level and uncompressed
image.
(2) The stego-image cannot be modified by any form of
signal processing.
(3) The key is preserved secretly.
(4) The size of a secret image is of (𝑤×ℎ)/2 pixels, where 𝑤
and ℎ are the width and the height of the cover-image,
respectively.
Having clarified the assumptions, we may now go into
details about our experiments. Here we have three distinct
types of simulationsas follows.
(a) Experiment I. The secret was embedded and extracted
by means of simple LSB substitution.
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Table 1: Summarizations of the simulated experiments and the proposed scheme.

With substitution matrix
Fitness function
Embedding way
Extracting way

(a) Experiment I
No
—
Equation (2)
Equation (3)

(b) Experiment II
Yes
PSNR
Equation (2)
Equation (3)

(c) Experiment III
Yes
MSSIM
Equation (2)
Equation (3)

(a) Secret image

(b) Sailboat

(c) Boat

(d) Pepper

(e) Bridge

(f) Gold

(d) Ours
Yes
MSSIM
ModEmbedding
Equation (3)

Figure 4: The experimental images.

(b) Experiment II. The secret was transformed with an
optimal substitution matrix and then embedded and
extracted by means of simple LSB substitution. The
optimal substitution matrix was constructed by EDE
with PSNR as the fitness function.
(c) Experiment III. The secret was transformed with an
optimal substitution matrix and then embedded and
extracted by means of simple LSB substitution. The
optimal substitution matrix was constructed by EDE
with MSSIM as the fitness function.
As regards the proposed scheme, we transformed the secret
with an optimal substitution matrix and then embedded it by
the proposed ModEmbedding algorithm. The way to extract
the secret is the same as that of simple LSB substitution. The
optimal substitution matrix was constructed by EDE with
MSSIM as the fitness function. For clarity, we use Table 1 to

Table 2: Parameters of EDE.
Parameter
𝑁𝑝
𝐶𝑅
𝐹
DE strategy
Termination condition

Value
20
0.8
0.7
DE/best/1/bin
Max generation > 50

summarize the similarities and dissimilarities between the
proposed scheme and the above simulations.
Figure 4(a) is our secret image of 256 512 pixels, and
Figures 4(b) to 4(f) are our cover-images of 512 × 512 pixels.
The secret image is embedded into the last four significant bits
of pixels of the cover-image (i.e., 𝑘 = 4). The window size of
MSSIM is 11 × 11. Table 2 lists parameters of EDE, and Table 3
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Table 3: The PSNR and MSSIM of the three experiments and our method.

Image
Sailboat
Boat
Pepper
Bridge
Gold

(a) Experiment I
PSNR
MSSIM
32.18033
0.88080
32.21223
0.86088
32.24308
0.85380
32.26443
0.95144
32.22283
0.89393

(b) Experiment II
PSNR
MSSIM
32.69998
0.88160
32.74649
0.86403
32.76629
0.85406
32.97276
0.95192
32.84528
0.89678

(c) Experiment III
PSNR
MSSIM
32.43443
0.87941
32.61401
0.85963
32.78340
0.85370
32.83314
0.95141
32.61744
0.89288

(d) Ours
PSNR
MSSIM
34.78432
0.91447
34.81854
0.88820
34.82431
0.89590
34.75165
0.96867
34.77397
0.92409

0.98
0.96
0.94
0.92
0.9
0.88
0.86
0.84
0.82
0.8
0.78

35.5
35
34.5

34
33.5
33
32.5
32
31.5
31
30.5
Sailboat
a
b

Boat

Pepper

Bridge

Gold

c
d

Sailboat

a
b

(a) PSNR

Boat

Pepper

Bridge

Gold

c
d
(b) MSSIM

Figure 5: The bar charts of Table 3.

lists the PSNR and MSSIM values of the stego-images of the
three simulated experiments and our method. To summarize,
we sketch the bar chart of these values in Figure 5.
Several observations from these experimental results are
discussed as follows.
(1) The proposed scheme outperforms simple LSB substitution (i.e., Experiment I) in both PSNR and MSSIM.
(2) As we have mentioned before, there are some
researchers using heuristic algorithms to construct
the near-optimal substitution matrix. Because we are
not able to acquire their experimental results, we use
Experiment II to simulate and compare. The MSSIM
values indicate that our stego-images are more visually imperceptible than those of other researchers
adopting PSNR as a fitness function. The PSNR
values indicate that the improvement of the absolute
difference between the cover-image and the stegoimage is limited if the way of embedding is simple
LSB substitution. Therefore, the proposed embedding
algorithm indeed breaks through the limitation.
(3) We wonder what the result is if other researchers
change their fitness function from PSNR to MSSIM.
Therefore, we use Experiment III to simulate that
situation. The MSSIM values indicate that our method
performs better. We may, therefore, reasonably conclude that simple LSB substitution also limits the
improvement of visual imperceptibility.

As a whole, the merits of our work are summarized as
follows.
(1) The extra space for the substitution matrix is small.
The extra space for the substitution matrix is related
to the number of bits, that is, the parameter 𝑘 in our
scheme, used to carry the secret. If 𝑘 = 4, the required
space is 16 × 16 bits. In Bedi et al.’s scheme [20], the
extra space is related to the size of the cover-image.
If the size of the cover-image is 512 × 512 pixels, the
required space is 512 × 512 bits, which is 1024 times
that of our scheme.
(2) The payload is high, but the image quality is not
destroyed too much.
Generally speaking, the last four bits of a pixel can
be modified at most; or else, the image quality is
not acceptable. Hence the highest possible payload of
a steganographic scheme is four bits per pixel. The
experimental results show that our scheme achieves
the highest payload, which is eight times that of Bedi
et al.’s scheme. In addition, the average MSSIM of
our scheme as shown in the experiments is 0.9183,
while that of Bedi et al.’ is 0.9124 according to their
experimental results.
(3) We give consideration to image quality at pixel level
and at visual level simultaneously.
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The pervious researches related to optimal substitution matrix only consider the image quality at pixel
level [6, 9, 10]. Our scheme takes the human visual
system into account and adopts the measurement
MSSIM as our fitness function. Besides, we elaborate the embedding algorithm so that the difference
between the cover- and stego-images at pixel level is
as small as possible. Though Bedi et al. also adopt
MSSIM as their fitness function, the required space
for the key is too large.
(4) Our extracting method is as simple as the simple LSB.
One of the merits of the simple LSB is its simple way of
extracting the secret, that is, the modular operation.
Like simple LSB, we extract the secret only through
the modular operation.

5. Conclusions
As we have mentioned in Section 2.2, the number of possible
solutions becomes 20, 922, 789, 888, 000 when 𝑘 = 4. In this
paper, we adopt EDE to construct a near-optimal substitution
matrix. It follows from the experiment results that EDE can
construct a good substitution matrix within a few iterations.
Considering the features of human eyes, we adopt an HVSbased measurement MSSIM, instead of PSNR, as the fitness
function. We can see from the experimental results that
adopting MSSIM as the fitness function indeed improves
imperceptibility visually. Besides, the proposed embedding
algorithm improves the stego-image quality largely; at the
same time, the extraction is as simple as by the traditional LSB
substitution method. Many researchers utilize different methods to solve the problem of constructing an optimal substitution matrix, so we believe that this is an interesting problem.
So far as we know, no one has attempted to apply discrete DE
to solve this problem until now. Therefore, this paper provides
an efficient method to construct a substitution matrix and
extends the applications of the DE algorithm successfully.
In future work, we intend to address the issue of steganalysis [31]. We will design a sophisticated embedding strategy
against statistical steganalysis. In addition, we may compare
the results obtained from different bioinspired algorithms.
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Traffic sign detection and recognition systems include a variety of applications like autonomous driving, road sign inventory, and
driver support systems. Machine learning algorithms provide useful tools for traffic sign identification tasks. However, classification
algorithms depend on the preprocessing stage to obtain high accuracy rates. This paper proposes a road sign characterization
method based on oriented gradient maps and the Karhunen-Loeve transform in order to improve classification performance.
Dimensionality reduction may be important for portable applications on resource constrained devices like FPGAs; therefore, our
approach focuses on achieving a good classification accuracy by using a reduced amount of attributes compared to some state-ofthe-art methods. The proposed method was tested using German Traffic Sign Recognition Benchmark, reaching a dimensionality
reduction of 99.3% and a classification accuracy of 95.9% with a Multi-Layer Perceptron.

1. Introduction
Road signs provide visual information to drivers by warning
them from possible danger on the road, setting rules for
pedestrian protection, informing people about their environment, and so forth.
Traffic sign recognition (TSR) is a challenging task due
to illumination changes, scene complexity, and weather conditions. Moreover, high motion velocity may cause blurred
images when taken from a moving car. In addition, road signs
may be disoriented, damaged, or partially occluded. All these
factors (shown in Figure 1) may significatively reduce the TSR
systems performance.
In recent years, many approaches for road sign detection
and recognition have been developed [1]. There is yet a variety
of issues to be solved: high rate recognition accuracy, false
positive avoidance, color invariance, partial occlusion, and
real-time processing, among some common examples.
In this work, a method for road signs identification
is proposed. This approach is based on oriented gradient
maps and the Karhunen-Loeve transform as preprocessing
steps. Oriented gradient maps provide a color and lighting

invariant, strong source of information about traffic signs
general appearance, while the Karhunen-Loeve transform
makes dimensionality reduction possible without significant
loss of information; furthermore, it allows a good traffic
sign characterization using a minimal number of attributes,
which is an important factor for applications on resource
constrained devices like FPGAs. Artificial neural networks
perform the classification stage, due to their noise robustness
and generalization abilities.
The rest of the document is organized as follows. In the
next section, relevant work in the field of traffic sign recognition is briefly mentioned. The techniques related to the
proposed approach are described in Section 3. In Section 4,
the results are presented and discussed. Finally, in Section 5,
conclusions are stated.

2. Relevant Work
Traffic signs are pictograms that provide warnings, rules, and
general information to the driver. They are designed with
specific colors and geometric shapes in order to be easily
detected and recognized by humans. Moreover, intelligent
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Figure 1: Road signs examples and the difficulties in the recognition tasks: (a) lighting, (b) blurring, (c) rotation, (d) shadows, (e) visual
perspective, (f) blurring and graffiti, (g) graffiti, (h) partial occlusion, (i) nonuniform colors, and (j) fog.

systems take advantage of these particular features, in order
to discriminate road signs from the background information.
The field of TSR has been mainly divided into detection
and recognition stages. Detection refers to an automatic
localization process while recognition intends to identify the
pictograms. Even though these stages can be used independently, they are usually treated as interrelated and complementary tasks.
In traffic sign localization, RGB color is often exploited to
discriminate regions of interest (RoI) [5–7]. However, since
real traffic sign images are seriously affected by illumination
changes, among other factors, many approaches have been
proposed to use different color spaces, such as HSI [8, 9], HSV
[10], and CIECAM [11].
After using RoI discrimination, many authors use shape
information to correctly detect the signs. Dimension of
RoIs, width/height, and edge/area ratios are used in [7] to
discriminate incorrect candidates and categorize shapes. The
authors of [6, 9] used size rejection and aspect ratio as geometric filtering. Blob signature is proposed in [8]. Other
approaches make use of morphological filters to reduce the
search space [5].
Once the detection process is complete, the next step is
the road sign categorization. Two important elements in this
stage will be considered: the features that describe the image
and the classification tool. The discriminatory attributes in an
image are decisive, because they make the classifier task more
reliable, and therefore the recognition rate will be improved.
In this field, a variety of features have come to attention, K-d
trees, Random Forests and Support Vector Machines (SVM)
classification of histograms of oriented gradients (HOG)
descriptors were analyzed in [5], pixels of interest as features
for SVM were used in [9]. Foveal Systems for Traffic Signs
(FOSTS) models imitate mechanisms of biological visual

systems, and in [11], classification of traffic signs is performed
by the means of these features. Radial Basis Function Neural
Classifier was used in [12]. A deeper state of the art in TSR
systems is described in [1, 2].
Some relevant work based on the use of gradient orientation as image descriptor has been developed. In [13], gesture
recognition is done by exploiting Motion Gradient Orientation (MGO) images to form motion features and Principal
Component Analysis (PCA) for dimensionality reduction,
and Sparse Bayesian classifiers perform the identification
task. Liao and Chung in [14] proposed a novel Local Binary
Pattern (LBP) named Local Gradient Orientation Binary
Pattern (LGOBP) which captures the neighborhood gradient
orientation information for face recognition applications.

3. The Proposed Approach
3.1. Oriented Gradient Maps. Gradients have been widely
used for shape recognition [5, 15, 16]. Since gradients are
vectors, one of its representations is composition of magnitude and direction. In this study, gradient orientation is the
main attribute; therefore, orientation takes only the active
range [0, 𝜋).
The basic idea behind choosing oriented gradients for
image representation consists of finding a local feature for
appearance and shape which can correctly characterize the
object, in spite of the lighting and weather conditions of the
original image.
The computation of oriented gradient maps was done
according to Dalal and Triggs [15] and Hinterstoisser et al.
[16] methodology. Since RGB and CIE-Lab color spaces are
reported to produce similar results [15], RGB color space
is used for this research. Similarly, gradients calculation is
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Figure 2: Maps of oriented gradients are invariant to illumination.

achieved by the simplest convolution masks, as can be seen
in

(3)

needed. On the other hand, gradient orientation is illumination invariant.
In [15], Dalal and Triggs used gradient magnitude for
two purposes: (1) for color images, gradient orientation is
computed for each color channel and the gradient orientation
with the largest norm 𝐿 2 is taken, and (2) for histogram
calculation, a weighted vote is performed on the pixels orientation by using gradient magnitude as weighting factor. Our
approach considers the gradient magnitude only to compute
gradient orientation for color images. Gradient orientation is
the main source of information and it is not further affected
by the gradient magnitude. The Karhunen-Loeve transform is
a tool that can be used to decide which features carry important information. As a consequence, our approach can be
considered illumination invariant; furthermore, the number
of features per image is lower than HOG too. Additionally,
although both methods use gradient orientation, the contrast
normalization, cell voting and histograms computing steps
are not required; therefore, computation time is considerably
lower than HOG. Our method can be improved by both the
use of a hierarchical design and a classifier that considers
frequency of observations per class.

Figure 2 shows orientation maps for different images, it
can be seen the features robustness to varying color and
illumination. Gradient orientation maps are the system’s main
source of information, but since the number of attributes
is still large, a dimensionality reduction scheme will be
performed.
When the gradient of an image is computed, two equally
important components can be calculated: magnitude and
orientation. Gradient magnitude is affected by illumination
conditions, and therefore contrast normalization is usually

3.2. Karhunen-Loeve Transform for Image Classification. The
Karhunen-Loeve transform (also known as Hotelling transform, Eigenvector transform, or Principal Component Analysis) analyses a data set representing observations composed
of several correlated variables. Its goal is to extract the relevant information and express it by a set of orthogonal new
variables, the principal components. The new representation
is supposed to be in a more tractable, lower-dimensional
form, without losing too much information.

𝜕𝐽
= 𝐽 ∗ [−1, 0, 1] ,
𝜕𝑥
𝜕𝐽
= 𝐽 ∗ [−1, 0, 1]𝑇 ,
𝜕𝑦

(1)

where 𝐽 ∈ {𝑅, 𝐺, 𝐵}. Gradients norm 𝐿 1 𝑟 and orientation
𝜃 can be calculated as shown in
 𝜕𝐽   𝜕𝐽 
   
𝑟 =   +   ,
 𝜕𝑥   𝜕𝑦 
(2)
𝜕𝐽/𝜕𝑦
𝜃 = arctan (
) , 𝜃 ∈ [ 0, 𝜋) .
𝜕𝐽/𝜕𝑥
For color images, gradients are calculated for each color
channel, and then the one with the largest Manhattan norm
on the pixel’s gradient vector remains, forming a single gradient orientation map as follows:
Θ = 𝜃𝐶,

𝐶 ∈ max {𝑟𝑅 , 𝑟𝐺, 𝑟𝐵 } .
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𝜇=

𝑀

→
1 
∑𝑋 .
𝑀 𝑖=1 𝑖

(4)

So when the mean vector is subtracted from the rest of
the data, the resulting matrix A will have zero mean in every
component feature. Now, having the new centered data A, the
covariance matrix can be defined as
C=

𝑇
1
AA ,
𝑀−1

(5)

where the resulting matrix C will have 𝑁2 × 𝑁2 elements. The
rest of the algorithm is only feasible when the original images
are small, and 𝑁2 is less than 𝑀.
The next step consists of the calculation of the eigenvalues
V of the covariance matrix. Subse𝜆 and the eigenvectors →
quently, since the purpose of this study is data reduction,
the most significant vectors, which correspond to the greatest
eigenvalues, will be chosen. Originally, the eigenvectors were
represented by an 𝑁2 × 𝑁2 matrix, but the 𝑘 most significant
vectors will remain, so V will be 𝑁2 × 𝑘. The projection of any
→

𝑋 vector onto the new feature space is now given by
→

→

𝑌 = V𝑇 𝑋,

(6)

→

where the new vector 𝑌 is now 𝑘-dimensional.

4. Results
All the experiments were performed on the German Traffic
Sign Recognition Benchmark (GTSRB) [2]. The database
contains more than 39,000 images for training and over
12,600 images for evaluation, with 43 different classes of traffic
signs. Image sizes may vary between 15×15 and 128×128 pixels. The GTSRB provides images with varying illumination,
weather conditions, shadows, partial occlusion, graffiti, blurring, perspective, and rotated images. The database also offers
precomputed attributes per image: three different histogram
of oriented gradient features (HOG 1, HOG 2, and HOG 3)
and Haar-like features.
A Multi-Layer Perceptron (MLP) performed the categorization stage. MLP is a type of feedforward artificial
neural network that can be used to develop classification
tasks. It is robust to noise and presents satisfactory nonlinear
discriminative properties.
The proposed methodology considers that all images have
the same size. Since the GTSRB provides images with varying
sizes, all of them were scaled to a fixed size using bilinear

Training performance
0.94

X: 28
Y: 140
Z: 0.9126

0.92

X: 40
Y: 150
Z: 0.9141

0.9
Classification rate

Turk and Pentland [17] proposed a popular method for
face recognition based on PCA, the so-called Eigenfaces. The
present study makes use of their methodology in order to
identify road signs.
→

Let 𝑋 be an 𝑁2 -dimensional vector, corresponding to an
image with 𝑁 × 𝑁 pixels. Since we have 𝑀 different images,
the data train set can be represented as an input matrix A, size
𝑁2 × 𝑀. In order to center the data, the mean vector will be
computed as shown in
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Figure 3: Classification performance test for varying image sizes
and number of neurons in MLP hidden layer.

(a)

(b)

Figure 4: (a) Image with strong geometric variation in perspective.
(b) Image correcting by bilinear interpolation resizing.

interpolation. Furthermore, this operation helps correcting
some geometric transformations like perspective in images
[10] (Figure 4). Although some affine transformations cannot be corrected without the use of perspective additional
attributes, the classifier may achieve correct classification by
considering images with these transformations in the training
set.
In order to test the proposed technique, several analyses
were performed. Firstly, the system was tested for different
image sizes and different number of neurons in the hidden
layer. Figure 3 shows that the best classification rates were
reached for two different sizes, 28 × 28 and 40 × 40 pixels, and
for 140 and 150 neurons in the MLP hidden layer, respectively.
For data reduction purposes, the minimal size represents the
best choice.
The aim of dimensionality reduction leads to the analysis
of the minimum number of eigenvectors required to obtain
the highest classification rate. The number of eigenvectors
is decisive, because it provides the best representation of
the data with the minimal amount of information and
the highest discriminatory efficiency. It can be observed in
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Table 1: General comparison with the methods reported in [2]. In the central column a brief description of the method is given: classification
tool, image size, number of attributes per image, and features used for recognition.
Team
IDSIA [3]
INI-RTCV
INI-RTCV
Sermanet [4]
CAOR [5]
INI-RTCV
INI-RTCV
INI-RTCV
Eigen-Gradients

Method
CNN + MLP, image size 48 × 48, 8 attributes per pixel (18,432 attributes per image), color features
Human performance (best individual)
Human performance (average)
CNN, image size 32 × 32, 3,072 attributes per image, color features
k-NN + Random Forests, image size 40 × 40, 1,568 attributes per image, HOG 2 features
LDA, image size 40 × 40, 1,568 attributes per image, HOG 2 features
LDA, image size 40 × 40, 1,568 attributes per image, HOG 1 features
LDA, image size 40 × 40, 2,916 attributes per image, HOG 3 features
MLP, image size 28 × 28, 140 attributes per image, gradient-orientation + PCA features

0.924

0.96
X: 120
Y: 0.9214

0.922

X: 140
Y: 0.9218

0.95

0.92
0.918
Performance

Classification performance

Accuracy %
99.46
99.22
98.84
98.31
96.14
95.68
93.18
92.34
95.9

0.916
0.914

0.94

0.93

0.912
0.91
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Number of eigenvectors
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Figure 5: Classification performance test for a varying number of
eigenvectors (dimensionality reduction).

Figure 5 that the best performance was obtained by both
120 and 140 eigenvectors. Data reduction is therefore in the
range 99.2% ∼ 99.3%.
After the calculation of optimal size and optimal number
of eigenvectors, the debug process for the number of hidden
neurons in the MLP was performed, with the main purpose of
increasing the classification accuracy. The results of this step
are depicted in Figure 6.
Finally, the highest performance is obtained by 240 neurons, image size 28 × 28, and 140 eigenvectors, achieving
a 95.9% of identification accuracy. A comparison test was
performed for a system with the same image size, number
of hidden neurons, and eigenvectors, but with raw grayscale
images (no oriented gradient maps were computed), and the
maximum identification accuracy was 93.39%, demonstrating the effectiveness of the proposed approach.
Once the neural network was trained, for evaluation purposes, the average image processing time is about 0.0054 s.
This was tested using MATLAB v.2011 and an iMac with Intel
Core i5 processor, 4 GB in RAM.
In 2012, a competition for TSR was launched using the

0.91
125

150

175
200
Number of neurons

225

250

Figure 6: Classification performance test for a varying number of
neurons in hidden layer. The tested system reached a maximum
classification accuracy when using 240 hidden neurons, and remains
unchanged after that.

GTSRB [2]. The authors report three baseline results: Linear
Discriminant Analysis (LDA) on HOG features, 𝑘-nearest
neighbors (k-NN) on HOG features, and human performance. In the competition, many teams participated, but
only the top-ranking methods were reported. Table 1 shows a
brief description and accuracies for those teams, the baseline
results, and our approach. Convolutional neural networks
(CNN) are used by two top-ranking methods. It is important
to highlight that our approach uses a number of attributes
at least 10 times lower than the compared methods, and the
accuracy of the proposed method is comparable to that of
those that use HOG attributes.
Table 1 shows four different methodologies that use HOG
as a source of feature information. It can be seen that their
accuracy is similar to that of the proposed method, but our
method uses less amount of attributes and is working in real
time (0.0054 s per image).
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5. Conclusions
When attempting to recognize objects, data representation
is decisive. Patterns can or cannot be well discriminated
depending on the choice of the features that will characterize
those objects.
In the present work, road sign images were identified.
Because of all the difficulties previously mentioned, it was
important to generate discriminative and robust data. Gradient orientations provide robust representation for extreme
lighting condition images. Additionally, images carry a huge
amount of information that can be hard to process, and as
a consequence, dimensionality reduction plays an important
role in this approach.
Experimental results demonstrate that the proposed
method is robust and accurate compared to raw image process. When compared to some state-of-the-art methods, the
number of attributes considered is at least ten times lower,
which is a desirable condition for portable applications. Classification accuracy is similar to that of the methods that use
HOG attributes. However, recognition performance can be
further improved. In future work, classification task could be
separated in two substages: (1) shape classification and (2)
road sign recognition; therefore, identification accuracy may
increase.
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This paper presents a novel automatic image segmentation method based on the theory of active contour models and estimation
of distribution algorithms. The proposed method uses the univariate marginal distribution model to infer statistical dependencies
between the control points on different active contours. These contours have been generated through an alignment process of
reference shape priors, in order to increase the exploration and exploitation capabilities regarding different interactive segmentation
techniques. This proposed method is applied in the segmentation of the hollow core in microscopic images of photonic crystal fibers
and it is also used to segment the human heart and ventricular areas from datasets of computed tomography and magnetic resonance
images, respectively. Moreover, to evaluate the performance of the medical image segmentations compared to regions outlined by
experts, a set of similarity measures has been adopted. The experimental results suggest that the proposed image segmentation
method outperforms the traditional active contour model and the interactive Tseng method in terms of segmentation accuracy
and stability.

1. Introduction
Automatic image segmentation is an important and challenging problem in computer vision and medical image
analysis. The objective of image segmentation is to separate
objects of interest from a given image based on different
attributes such as shape, color, intensity, or texture. In recent
years, several techniques have been reported for this purpose
including graph cut [1, 2], improved watershed transform [3],
suppressed fuzzy c-means [4], supervised fuzzy clustering [5],
multithreshold based on differential evolution [6], and active
contour model (ACM), which has been applied in different
areas such as intravascular ultrasound images [7], automatic
urban buildings [8], and natural images [9], to name a few.
The Active Contour Model is an energy-minimizing
spline curve composed of discrete control points called
snaxels. The curve is attracted towards features as edges of a
target object through the evaluation of internal and external
forces. The classical implementation of ACM is prone to

be trapped into local minima problem and it is also highly
sensitive to initialization of the control points because they
require being close to the target object; otherwise failure of
convergence will occur.
Since ACM was introduced by [10], many researchers
have suggested adapting different techniques to work
together with ACM in order to overcome its shortcomings.
The suggested improvements of the classical ACM including
the introduction of prior knowledge such as active shape
models [11], shape prior applied on human cerebellum
[12], ACM based on level set method [13], populationbased methods such as genetic algorithms [14], differential
evolution [15], and particle swarm optimization [16]. The
performance of these population-based methods working
together with ACM is robust in local minima problem and
according to the tests, these methods present a more stable
and efficient image segmentation within an appropriate
computational time.
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The population-based methods are an effective way
to solve discrete optimization problems. Recently, a new
approach known as Estimation of Distribution Algorithms
(EDAs) from the family of Evolutionary Algorithms has
begun to attract more attention for solving global optimization problems with a fast convergence. EDAs are stochastic methods that incorporate statistical knowledge to solve
optimization problems [17]. These algorithms consist of a
set of potential solutions called population, where each
potential solution is referred to as individual, and in general,
EDAs work with truncation selection and binary encoding
to explore the search space. In the EDAs strategy a subset
of individuals is selected, and a probabilistic model of
these individuals is constructed. The new individuals will be
generated from this model, and the algorithm evolves until a
stopping criterion is satisfied. Since EDAs are highly efficient
in solving optimization problems, they have been successfully
applied in a wide range of applications such as the side
chain placement problem [18], dynamic optimization [19],
cancer chemotherapy optimization [20], and multiobjective
knapsack problem [21].
In this paper, we introduce a novel automatic image
segmentation method based on the theory of Active Contour Model and Estimation of Distribution Algorithms. The
proposed method uses the Univariate Marginal Distribution
Algorithm (UMDA) to infer statistical dependencies between
snaxels belonging to a population, in order to increase the
exploration and exploitation capabilities regarding the classical Active Contour Model. To establish the initial positioning
of the proposed method, a shape prior and the alignment
process proposed in [22] to construct a target object template
are used. This template is discretized and it is also scaled to
different size in order to generate the initial populations of
individuals and assuming that the target object is confined
within them. This proposed method addresses the problem
of segmenting the hollow core in microscopic images of
photonic crystal fibers and the human heart and ventricular
areas from Computed Tomography and Magnetic Resonance
images, respectively.
The remainder of this paper is organized as follows. In
Section 2, the fundamentals of Active Contour Model and
Univariate Marginal Distribution Algorithm are introduced.
In Section 3, the proposed image segmentation method is
presented, along with a set of similarity metrics to evaluate
its performance. The experimental results are discussed in
Section 4, and conclusions are given in Section 5.

where it evolves through time 𝑡 to minimize the total energy
function given by the following:

2. Background

where 𝑡𝑥 and 𝑡𝑦 are the translation parameters in the horizontal and vertical axes, respectively. (𝑠) is the scaling factor, and
𝜃 represents the rotation angle parameter. Finally, the third
energy 𝐸3 is the image-based force with an image intensity 𝐼
and the gradient operator ∇ computed as follows:

In this section, the fundamentals of the Active Contour
Model and the Univariate Marginal Distribution Algorithm
are described in detail.
2.1. Active Contour Models. The traditional Active Contour
Model, also known as snake, is a parametric curve that can
move within a spatial image domain where it was defined [10].
The curve is defined by 𝑝(𝑠, 𝑡) = (𝑥(𝑠, 𝑡), 𝑦(𝑠, 𝑡)), 𝑠 ∈ [0, 1],

1

𝐸snake = ∫ [𝐸int (𝑝 (𝑠, 𝑡)) + 𝐸ext (𝑝 (𝑠, 𝑡))] 𝑑𝑠.
0

(1)

This energy function is composed of two different energies: the external energy 𝐸ext defined by the particular gradient features of the image, and the internal energy 𝐸int , which
is used to control the shape modification of the curve and
to maintain the search within the spatial image domain. On
the other hand, the discrete computational implementation
of the classical ACM consists of a set of 𝑛 discrete points
{𝑝𝑖 | 𝑖 = 1, 2, . . . , 𝑛}, and the local energy function is given by
(2), which is iteratively evaluated in order to minimize, for the
actual discrete point, the 𝑘𝑖 index in the 𝑊𝑖 searching window
using (3):
𝐸𝑖,𝑗 = 𝐸int + 𝐸ext ,
𝑛

𝐸snake = ∑𝐸𝑖,𝑘𝑖 ,

(2)

𝑘𝑖 = arg min (𝐸𝑖,𝑗 ) ,
𝑗

𝑖=1

𝑗 ∈ 𝑊𝑖 .

(3)

Since the classical ACM has the drawbacks of initialization and local minima problem, Chan and Vese [13]
incorporated a shape prior constraint within the traditional
ACM. This method is defined by using the following:
𝐸𝑇 = 𝑤1 𝐸1 + 𝑤2 𝐸2 + 𝑤3 𝐸3 .

(4)

𝐸𝑇 represents the total energy function composed of the
energies 𝐸1 , 𝐸2 , and 𝐸3 with their weighting factors 𝑤1 , 𝑤2 ,
and 𝑤3 , where 𝐸1 represents the active contour or snake.
The energy 𝐸2 represents the shape energy defined by the
difference between the active contour and the shape template
and it is expressed as follows:
2

𝐸2 = ∫ (𝐻(𝜙) − 𝐻(𝜑𝑇 (𝐵𝑇 ))) 𝑑𝑥 𝑑𝑦,
Ω

(5)

where Ω is the image domain, 𝐻(⋅) is the Heaviside function,
𝜙 is a signed distance function, 𝜑𝑇 the deformed template,
and 𝐵𝑇 the transformation matrix consisting of translation
[𝑡𝑥 , 𝑡𝑦 ]𝑇 , scaling [𝑠], and rotation [𝜃] parameters, as follows:
1 0 𝑡𝑥
𝑠 0 0
cos 𝜃 − sin 𝜃 0
𝐵𝑇 = [0 1 𝑡𝑦 ] × [0 𝑠 0] × [ sin 𝜃 cos 𝜃 0],
0 0 1] [
0
0
1]
0 0 1] [
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
[
𝐻(𝑠)

𝑀(𝑎,𝑏)

𝑅(𝜃)

2

𝐸3 = ∫ (∇𝐻 (𝜙) − ∇𝐼) 𝑑𝑥 𝑑𝑦.
Ω

(6)

(7)

These three energies are iteratively evaluated, until the
difference between the previous and current segmented
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area becomes stable. Although the Chan and Vese method
is suitable to solve the initialization disadvantage of the
classical ACM, this method is prone to be trapped into local
minima. An alternative to overcome this drawback is to
use population-based methods such as Estimation of Distribution Algorithms, which are described in the following
Section 2.2.
2.2. Overview of Estimation of Distribution Algorithms
(EDAs). Estimation of Distribution Algorithms [23–25]
are population-based stochastic algorithms that incorporate statistical information to solve optimization problems.
Although EDAs are based on the principles of evolutionary
computation since they use a population of individuals,
binary encoding, and selection operators, EDAs replace
the application of the crossover and mutation operators by
building probabilistic models of promising solutions based
on global statistical information. The probabilistic model
that EDAs build in each generation is designed to infer
statistical dependencies between the variables in order to
generate new solutions. In our work, we will focus on the
Univariate Marginal Distribution Algorithm, which is one
of EDAs that works perfectly for linear problems and for
applications without many significant dependencies [26, 27].
UMDA works on binary strings and uses a probability vector
p = (𝑝1 , 𝑝2 , . . . , 𝑝𝑛 )𝑇 to construct the probabilistic model and
then create new solutions for each variable independently,
where 𝑝𝑖 represents the probability of obtaining a 1 (binary
encoding) in position 𝑖. The main idea behind UMDA is
that it approximates the actual probability distribution of the
individuals in P𝑡 as the product of the univariate frequencies
calculated from the selected population and assuming that
all variables are independent [28]. In general, UMDA iterates
the steps of selection, estimation of probability distribution
and the creation of new individuals. In the first step, after the
individuals in the search space Ω have been sorted according
to fitness, the selection probability 𝑠 is calculated by using the
following proportional selection:
P (𝑥) 𝑓 (𝑥)
.
P𝑠 (𝑥) =
(8)
̃ 𝑓 (𝑥)
̃
∑𝑥∈Ω
P (𝑥)
̃
In the second step a joint probability P is computed
through the following:
𝑛

P (𝑥) = ∏P (𝑋𝑖 = 𝑥𝑖 ) ,

(9)

𝑖=1

where 𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 )𝑇 is the binary value of the 𝑖th bit
in the binary string (chromosome) and 𝑋𝑖 represents the 𝑖th
component of the random vector 𝑋. The last step of UMDA
generates new individuals from the estimated distribution
which will be evaluated according to the fitness function
in the next generation. These three steps are iteratively
performed until the termination criteria are satisfied.
According to the above description, the UMDA algorithm
can be implemented through the following.
(1) Establish 𝑡 = 0. Generate 𝑛 individuals randomly.
(2) Select a subpopulation 𝑆 of 𝑚 ≤ 𝑛 individuals
according to a selection method.

(3) Compute the univariate marginal probabilities
𝑝𝑖𝑠 (𝑥𝑖 , 𝑡) of 𝑆.
(4) Generate 𝑛 new individuals according to 𝑝(𝑥, 𝑡 + 1) =
∏𝑛𝑖=1 𝑝𝑖𝑠 (𝑥𝑖 , 𝑡).
(5) Stop if the convergence criterion is satisfied (e.g.,
stability or number of generations); otherwise, repeat
steps (2)–(5).

3. Proposed Image Segmentation Method
The proposed image segmentation method based on Active
Contour Model and the Univariate Marginal Distribution
Algorithm is described in Section 3.1. Additionally, to assess
the performance of the proposed method, the Jaccard and
Dice indices are explained in Section 3.2.
3.1. Active Contour Model with Univariate Marginal Distribution. Due to the two main shortcomings of the traditional
ACM discussed above, the Univariate Marginal Distribution
Algorithm has been adopted to solve the local minima drawback by building probabilistic models, and the initialization
disadvantage is addressed by using scaled templates obtained
from an alignment process. Since the methodology of the
proposed method makes it possible to apply the UMDA strategy directly in the segmentation task, the advantages of low
computational time, efficiency, and robustness are inherently
acquired. The procedure of the proposed method is illustrated
in Figure 1, and it is described below. This procedure is
similar to [15] in the final segmentation step, while the main
difference is the introduction of shape templates avoiding
the user interaction via seed point and also the use of an
Euclidean distance parameter between individuals instead of
constrained polar sections.
The first step of the proposed method consists of the
construction of a shape template through the alignment of
a training set of selected reference images, which leads to
differences in position, direction, and scale. The alignment
process is performed using the technique developed in [22],
by estimating the parameters [𝑎, 𝑏, 𝑠, 𝜃]𝑇 as follows:
𝑥̃
𝑥
[𝑦̃] = 𝑀 (𝑎, 𝑏) × 𝐻 (𝑠) × 𝑅 (𝜃) × [𝑦] ,
[1]
[1]

(10)

where 𝑀(𝑎, 𝑏) is the 𝑥 (horizontal) and 𝑦 (vertical) translation matrix, 𝐻(𝑠) is the scale matrix, and 𝑅(𝜃) is the
rotation matrix. The product of the three matrices maps the
̃ 𝑦)
̃ ∈ R2 , which is
coordinates (𝑥, 𝑦) ∈ R2 to coordinates (𝑥,
used to apply the gradient descent method iteratively in order
to minimize the following energy function:
𝐸alig

2
{ ∫ ∫Ω (𝐼̃𝑖 − 𝐼̃𝑗 ) 𝑑𝐴 }
=∑ ∑ {
},
̃𝑖 + 𝐼̃𝑗 )2 𝑑𝐴
𝑖=1 𝑗=1,𝑗 ≠
𝑖
∫
∫
(
𝐼
{ Ω
}
𝑛

𝑛

(11)

where Ω is the image domain and 𝐼̃ is the transformed image.
The final process of this step involves obtaining the final
aligned template by superimposing all transformed images
and then acquires it through the maximum shape boundary.
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Figure 1: Process of the proposed image segmentation method.

In the second step of the method, a preprocessing stage is
required, where we first remove the noise from the test image
by using a 2D median filter (3 × 3 window size), followed
by an edge detection between the background and the target
object through applying the Canny edge detector, which is

experimentally tuned to 𝜎 = 1.3, 𝑇𝑙 = 10.0, and 𝑇ℎ =
30.0, in order to preserve the real edges in the test image
since these can affect the segmentation result. The final step
in this preprocessing, is to compute the Euclidean distance
map (EDM) according to [29]. The EDM is used as potential
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surface to perform the optimization process, because it
assigns high potential values to the image pixels located
far from the target object, and low potential values (ideally
zero) to pixels located close to the object. The automatic
initialization procedure on the resulting EDM is performed
by using the maximum mutual information between the
template and the current test image. Subsequently, the 𝑛
initial active contours are created by scaling the final shape
template acquired from the previous alignment process. The
number of scaled templates has to be considered assuming
that the target object is confined within them. After the 𝑛
contours are defined, these contours must be discretized by a
number 𝑚 of equidistant control points, this parameter has to
be considered to adapt and smooth the segmentation result to
the shape of the target object. The control points are assigned
as individuals to conform a number 𝑚 of populations 𝑃,
where each population is composed of individuals of different
contours with the same position label. The third step of the
proposed method involves the numerical optimization and
the image segmentation result. The numerical optimization
is performed by using 8-bit representation (binary encoding)
instead of the intensity of the EDM (real encoding in the
range [0, 255]) which is used as fitness function in the
optimization process. The UMDA strategy is applied for each
population 𝑃𝑖 separately in order to be placed on the nearest
edge solution. All the individuals are iteratively evaluated
according to the fitness function and the best individual
of each population is updated only if a best solution is
found considering a maximum distance 𝐷max between best
individuals. Finally, when the optimization process for each
population 𝑃𝑖 is finished, the resulting segmented object is
acquired by connecting the best individual of each population
to each other.
The procedure of the proposed image segmentation
method is described as follows.
(1) Align reference shapes according to [22] and obtain
final template after alignment.
(2) Perform maximum mutual information to positioning the template.
(3) Initialize number of active contours 𝑛 and control
points 𝑚.
(4) Initialize the UMDA parameters: number of generations, number of binary bits, and maximum distance
𝐷max .
(5) Generate 𝑚 populations assigning the control points
as individuals.
(6) For each population 𝑃𝑖 ,
(a) apply restriction of the search space to ignore
improper individuals;
(b) evaluate each individual in fitness function
derived from the Euclidean distance map;
(c) select a subpopulation of individuals according
to selection method;
(d) compute the probabilistic model (univariate
marginal distribution);
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(e) generate 𝑛 new individuals based on the probabilistic model;
(f) stop if the convergence criterion is satisfied (e.g.,
stability or number of generations); otherwise
go to step (a).
3.2. Evaluation Metrics. To evaluate the performance of the
proposed method on medical images, Jaccard and Dice
indices have been adopted to analyze the segmentation results
between the regions obtained by computational methods and
the regions outlined by experts.
The Jaccard index 𝐽(𝐴, 𝐵) and Dice index 𝐷(𝐴, 𝐵) are
similarity measures used for binary variables and defined
in the range [0, 1], which are computed using (12) and
(13), respectively. In our tests, 𝐴 represents the reference
segmented object outlined by experts and 𝐵 represents the
automatic segmented object by computational methods [12]:
𝐴∩𝐵
,
𝐴∪𝐵

(12)

2 (𝐴 ∩ 𝐵)
.
𝐴+𝐵

(13)

𝐽 (𝐴, 𝐵) =
𝐷 (𝐴, 𝐵) =

In both indices, when the regions 𝐴 and 𝐵 are completely
different the obtained result is 0 and is 1 when these two
regions are completely superimposed.
In Section 4, the segmentation results obtained from the
proposed method on microscopic images of photonic crystal
fibers and medical images are presented and analyzed by the
evaluation metrics.

4. Experimental Results
In this section, the proposed method is applied firstly, on the
segmentation of the hollow core in microscopic images of
photonic crystal fibers, and secondly, to segment the human
heart and ventricular areas from computed tomography and
magnetic resonance images. The computational implementations presented in this section are performed using the GNU
Compiler Collection (C++) version 4.4.5 running on Debian
GNU/Linux 6.0, Intel Core i3 with 2.13 GHz and 4 GB of
memory.
Figure 2 introduces an image of size 512 × 512 pixels
consisting of a microscopic image of a hollow core photonic
crystal fiber, where the aim is to separate the hollow core
from the image. In Figure 2(a) the original test image is
presented and its resulting Euclidean distance map is illustrated in Figure 2(b). On the other hand, in Figure 2(c) the
segmentation result by using the classical ACM implementation is presented, in which the noise sensitivity and fitting
problem are shown. The ACM parameters were statistically
determined as 35 control points, 𝛼 = 0.01, 𝛽 = 0.9, and
𝛾 = 0.05 with an executing time of 0.131 s. In Figure 2(d)
the segmentation result obtained with the interactive Tseng
method is presented. The parameters of this method were set
as 35 control points, window size as 30 × 30 pixels according
to [16], and 9 particles for each swarm, obtaining an executing
time of 0.160 s. Finally, in Figure 2(e) the segmented image by
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(a)

(b)

(d)

(c)

(e)

Figure 2: Hollow core photonic crystal fiber: (a) microscopic test image, (b) Euclidean distance map of test image, (c) segmentation result of
classical ACM, (d) segmentation result of interactive Tseng method, and (e) segmentation result of proposed method.

using the proposed method shows an appropriate hollow core
segmentation avoiding the local minima problem and locates
the hollow core boundary accurately. In this simulation, the
parameters were set as generations = 15, 𝐷max = 25, number
of contours = 10, and number of control points = 35, obtaining
an executing time of 0.177 s.
Figure 3 presents a microscopic image of size 512 × 512
pixels consisting of another kind of hollow core photonic
crystal fiber. In Figures 3(a) and 3(b) the original test image
and its resulting Euclidean distance map are illustrated. In
Figure 3(c) the segmentation result obtained through the
traditional ACM is shown, where due to the noise it cannot
adjust to the hollow core boundary accurately. The ACM
parameters were experimentally determined as 42 control
points, 𝛼 = 0.013, 𝛽 = 0.845, and 𝛾 = 0.195, with an
executing time of 0.149 s. In Figure 3(d) the segmentation
result by using the interactive Tseng method is presented. The
parameters of this simulation were set as 42 control points,
window size as 30 × 30 pixels, and 9 particles for each swarm,
obtaining an executing time of 0.192 s. In addition, Figure 3(e)
shows the segmentation result obtained from the proposed
method, where it can adjust to the hollow core boundary
accurately. The parameters of this experiment were set as
generations = 15, 𝐷max = 20, number of contours = 10, and
number of control points = 42, with an executing time of
0.215 s.

Figure 4 presents the segmentation results on a subset
of CT images containing the human heart, where the whole
dataset consists of 144 CT images of size 512 × 512 pixels
obtained from different patients. In Figure 4(a) the human
heart outlined by cardiologists is presented. Figure 4(b)
illustrates the segmentation results obtained through the
classical ACM, where the noise sensitivity and fitting problem
are clearly shown. The ACM parameters were determined
according to [16] as 45 control points, 𝛼 = 0.017, 𝛽 =
0.86, and 𝛾 = 0.45 with an executing time of 0.161 s.
Figure 4(c) illustrates the segmentation results obtained
with the interactive Tseng method. The parameters of this
simulation were set as 45 control points, window size as 30 ×
30 pixels, and 9 particles for each swarm, given an average
executing time of 0.205 s per image. Finally, in Figure 4(d) the
segmentation results obtained by using the proposed method
show an appropriate human heart segmentation avoiding the
local minima problem. The parameters of this experiment are
set as generations = 15, 𝐷max = 15, number of contours = 9,
and number of control points = 45, with an executing time of
0.209 s.
From the dataset of computed tomography images of the
human heart described above, in Table 1 the average of the
segmentation results obtained from the classical ACM, interactive Tseng method, and the proposed method is compared
with the manual delineations by experts. The comparative
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Figure 3: Hollow core photonic crystal fiber: (a) microscopic test image, (b) Euclidean distance map of test image, (c) segmentation result of
classical ACM, (d) segmentation result of interactive Tseng method, and (e) segmentation result of proposed method.

(a)

(b)

(c)

(d)

Figure 4: CT images (human heart segmentation): (a) regions outlined by experts, (b) results of classical ACM, (c) results of interactive Tseng
method, and (d) segmentation results of proposed method.

analysis reveals that the proposed method is promising for
the human heart segmentation on CT images.
In Figure 5 the segmentation results on a subset of magnetic resonance images containing the human ventricular
area are presented. The whole set of MR images consists
of 19 images with size 256 × 256 pixels. In Figure 5(a)
human ventricular areas outlined by experts are illustrated.
Figure 5(b) presents the segmentation results obtained by

the classical ACM, where the method fails to fit the human
ventricular area boundary. The ACM parameters were set as
25 control points, 𝛼 = 0.013, 𝛽 = 0.845, and 𝛾 = 0.195,
given an average execution time of 0.104 s per image. In
Figure 5(c) the segmentation results through the interactive
Tseng method are introduced. In this simulation, the parameters were tuned as 25 control points, window size as 30 ×
30 pixels, and 15 particles for each swarm, with an average
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(a)

(b)

(c)

(d)

Figure 5: MR images (ventricular area segmentation): (a) regions outlined by experts, (b) results of classical ACM, (c) results of interactive
Tseng method, and (d) segmentation results of proposed method.

Table 1: Average similarity measure with the Jaccard and Dice
indices among the regions segmented by the traditional ACM,
interactive Tseng method, our proposed method, and the regions
outlined by experts of the CT dataset.
Comparative studies
ACM versus experts
Tseng versus experts
Our method versus experts

Similarity measure
Jaccard index (J)
Dice index (D)
0.6981
0.8222
0.7647
0.8666
0.8367
0.9111

Table 2: Average similarity measure with the Jaccard and Dice
indices among the ventricular areas segmented by the traditional
ACM, interactive Tseng method, our proposed method, and the
regions outlined by experts of the MR dataset.
Comparative studies
ACM versus experts
Tseng versus experts
Our method versus experts

Similarity measure
Jaccard index (J)
Dice index (D)
0.6666
0.8000
0.7857
0.8800
0.9230
0.9600

executing time of 0.143 s per image. Moreover, Figure 5(d)
shows the segmentation results of the proposed method,
where the segmented human ventricular area fit the true
boundary accurately. The parameters of this simulation were
set as generations = 15, 𝐷max = 12, number of contours = 8,
and number of control points = 25, with an average executing
time of 0.118 s.
According to the human ventricular area dataset of MR
images previously described, in Table 2 the average of the
segmentation results obtained by the traditional ACM, interactive Tseng method, and our proposed method is compared
with the regions outlined by experts. This similarity analysis
suggests that the proposed method is more robust in ventricular area segmentation with respect to the comparative
computational methods based on the regions outlined by
experts.
The use of the Univariate Marginal Distribution Algorithm in the proposed method provides robustness, accuracy
and stability in the segmentation problem. Although the
computational time of the optimization process is appropriate regarding the comparative computational methods,

the proposed image segmentation method improve the segmentation results avoiding the local minima and sensitivity
of initialization disadvantages of the classical active contour
model.

5. Conclusions
In this paper, a novel image segmentation method based
on the theory of active contour models and estimation of
distribution algorithms has been proposed. This segmentation method has introduced two important advantages
with respect to different interactive segmentation techniques:
firstly, the automatic initialization by using scaled shape
templates obtained from an alignment process, in order
to overcome the sensitivity to initial contour position and
secondly, the incorporation of statistical information of the
control points for addressing the local minima problem.
Moreover, this proposed method was applied to segment
the hollow core in microscopic images of photonic crystal
fibers and it was also used to segment the human heart and
ventricular areas from CT and MR images. The experimental
results demonstrated that the proposed method can lead
to more accuracy and efficiency than the traditional active
contour model and the interactive Tseng method. In addition,
the experimental results have also shown that the exploitation
and exploration capabilities of the proposed method, are
highly efficient for different applications according to the
evidence showed by the set of similarity measures within a
competitive computational time.
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A novel parallel tool for large-scale image enhancement/reconstruction and postprocessing of radar/SAR sensor systems is
addressed. The proposed parallel tool performs the following intelligent processing steps: image formation, for the application of
different system-level effects of image degradation with a particular remote sensing (RS) system and simulation of random noising
effects, enhancement/reconstruction by employing nonparametric robust high-resolution techniques, and image postprocessing
using the fuzzy anisotropic diffusion technique which incorporates a better edge-preserving noise removal effect and faster diffusion
process. This innovative tool allows the processing of high-resolution images provided with different radar/SAR sensor systems
as required by RS endusers for environmental monitoring, risk prevention, and resource management. To verify the performance
implementation of the proposed parallel framework, the processing steps are developed and specifically tested on graphic processing
units (GPU), achieving considerable speedups compared to the serial version of the same techniques implemented in C language.

1. Introduction
The amount of data acquired by imaging satellites has been
growing steadily in recent years. Many techniques of parallel
computing and distributed systems are used by such imaging
systems in novel remote sensing (RS) applications, which
require timely responses for swift decisions. Relevant examples include monitoring of natural disasters like earthquakes
and floods, military applications, tracking of man-induced
hazards, forest fires, oil spills, and other types of biological
agents. In addition, the acquisition of large-scale RS images
with radar/SAR systems collects huge data of information [1].
This amount of data requires significant high computationally
resources for applying image processing techniques in order
to improve the quality of the images. Therefore, one solution
to achieve the required computationally demanded issue
goes through parallel approaches in a high performance
computing (HPC) sense using PC clusters, grids, and clouds,
among others [2]. In this regard, significant efforts have been
realized to develop parallel tools for processing remotely

sensed data [3–5]. In [3], Bernabé et al. present a classification for remotely sensing imaginary tool which implements
the well-known unsupervised k-means and the ISODATA
clustering techniques with Graphic Processing Units (GPU).
However, this tool is focused only on classification issues.
Another RS tool, developed by Shkvarko et al. [4], presents
a simulation software for intelligent postprocessing of large
scale RS imaginary. However, only computer simulations
of the enhancement/reconstruction regularization of RS
images, without parallel implementations, were carried out.
On the other hand, an end-to-end image simulation tool for
space and airborne imaging systems, called PICASO, was
developed in [5]. This tool seeks to optimize image quality
within real world constrains, but the algorithms are not
implemented in a parallel scheme.
In this paper, a new parallel tool for processing remotely
sensed images is addressed. The proposed parallel tool
performs the following processing steps: image enhancement/reconstruction and postprocessing. First, the image
formation technique applies different system-level effects
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in order to degrade the images (i.e., along the range and
azimuth directions) and adding random noising effects.
Second, the high-resolution enhancement/reconstruction of
the power spatial spectrum pattern (SSP) of the wave
field scattered from the extended remotely sensed scene
is employed via the descriptive regularization approach
with the Robust Space Filter (RSF) and the Robust Adaptive Space Filter (RASF) algorithms [6]. Third, the fuzzy
anisotropic diffusion post-processing technique is applied.
This last step is performed via the modification of the wellknown Perona-Malik (PM) anisotropic diffusion technique
[7] via the incorporation of fuzzy logic sets. The modelfree fuzzy anisotropic diffusion post-processing technique,
the “model-based” enhancement/reconstruction regularization algorithms, and the image formation step are unified
into a new tool for providing intelligent processing of RS
imagery.
The set of steps described above will provide to the
end user a tool with the aim of improving the quality of
the RS images acquired from radar/SAR systems; however,
there is an important drawback for its high computational
cost. Therefore, the proposed parallel tool is developed using
GPU. Nowadays, these specialized hardware devices have
evolved into a highly parallel, multithreaded, many-core
processors with tremendous computational speed and very
high memory bandwidth [2]. As a result, the proposed
framework provides very powerful data processing and analysis capabilities coupled to the parallel computing and data
resources in a manner that is transparent to the user.
The rest of the paper is organized as follows. In Section 2,
a brief summary of the intelligent data processing steps

employed in the proposed system is presented. The GPUbased data processing techniques for the parallel algorithm
implementation is performed and detailed in Section 3. In
Section 4, the results of the proposed approach and the
performance analysis with the GPU platform are presented.
The application of two case studies for the intelligent data
processing of large-scale images with the proposed parallel
tool is included in order to verify the accuracy and the time
performance of the system. Finally, the concluding remarks
are presented in Section 5.

2. Intelligent Data Processing Design Steps for
Remote Sensing Imaging Problems
In this section, we present a brief overview of the general processing chain employed in this study. The addressed methodology for real-time formation/enhancement/reconstruction/
post-processing of the RS imagery acquired with radar/SAR
systems is described. Figure 1 presents the design flow
methodology considered in this work.
2.1. Image Formation. In this section, we present the summary of the RS imaging problem that was previously developed in [6, 8]. Let us consider the measurement data wave
field 𝑢(y) = 𝐹(y) + 𝑛(y) modeled as a superposition of the
echo signals 𝐹 and additive noise 𝑛 assumed to be available
for observations and recordings within the prescribed timespace observation domain 𝑌 ∋ y, where y = (𝑡, p)𝑇
defines the time-space points in the observation domain 𝑌 =
𝑇 × 𝑃. The model of observation wave field 𝑢 is specified
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by the linear stochastic equation of observation (EO) with
operator form [9]: 𝑢 = 𝐹𝑒 + 𝑛; 𝑒 ∈ 𝐸; 𝑢, 𝑛 ∈ 𝑈; 𝐹 :
𝐸 → 𝑈. Next, we take into account the conventional finitedimensional vector form approximation [6, 8, 10] of the
continuous-form EO, where the data acquisition model is
defined by a set of equations as
u(𝑚) = F(𝑚) e + n(𝑚) ,

(1)

for 𝑀 methods/systems to be aggregated/fused, that is, 𝑚 =
1, . . . , 𝑀, where F(𝑚) represent the system/method degradation operators usually referred to as the imaging system
point spread functions (PSF), and vector n(𝑚) represents
the noise in the actually acquired image, respectively. The
mean b = vect{⟨𝑒𝑘 , 𝑒𝑘∗ ⟩; 𝑘 = 1, . . . , 𝐾} of the random
scattering vector e has a statistical meaning of the average
power scattering function traditionally referred as the spatial
spectrum pattern (SSP), where the asterisk indicates the
complex conjugate. This SSP is a second-order statistics of the
scattered field that represent the brightness reflectivity of the
image scene, represented in a conventional pixel format over
the rectangular scene frame [9].
2.2. Image Enhancement/Reconstruction. In this stage, we
̂ as a discrete-form representation of the desired
estimate b
SSP over the pixel-formatted object scene remotely sensed
with an employed array radar/SAR. Thus, one can seek to
̂ = {R
̂e }
estimate b
diag given the data correlation matrix Ru
preestimated by some means, for example, via averaging the
̂u = Y =
correlations over 𝐿 independent snapshots [11, 12]; R
𝐿
+
+
aver𝑙∈𝐿 {u(𝑙) u(𝑙) } = (𝑙/𝐿) ∑𝑙=1 u(𝑙) u(𝑙) , and by determining the
solution operator that we also refer to as the signal image
formation operator (SO) G such that
̂ = {R
̂e }
= {GYG+ }diag .
b
diag

(2)

Such image enhancement/reconstruction processing tasks
can be mathematically formalized in terms of the following
optimization problem [9]:
G= arg min [ min
{R (G)}] ,
G
⟨‖Δ‖2 ⟩𝑝(Δ) ≤𝛿

(3)

in which R(G) = tr{(GF−I)A(GF−I)+ } + 𝛼 tr{GRu G+ } represents the objective function where the first term (systematic
risk component) is performed over the randomness of the
distorted SFO G with the uncertainty conditioned by the statistical bound ⟨‖Δ‖2 ⟩𝑝(Δ) ≤ 𝛿. The regularization parameter
𝛼 balances the systematic risk component (specified by the
first term) and the fluctuation risk component (specified by
the second term) in R(G), while A induces the weighted
metrics structure in the systematic risk. The regularization
parameter 𝛼 and the invertible weight matrix A determine
the user adjustable “degrees of freedom.”
In this regard, the solution to the optimization problem
derived in previous studies [8, 13] is described as follows:
G = KF+ Rn−1 ,

−1

where K = (F+ F + 𝛼A−1 ) F+ Rn−1 ,

(4)

where K defines the so-called reconstruction operator (with
the regularization parameter 𝛼 and stabilizer A−1 ), and
Rn−1 is the inverse of the diagonal loaded noise correlation
matrix [14], that is, Rn = 𝑁0 I, attributing the unknown
correlated noise component. Thus, for different methods,
different cost functions are employed. Here we exemplify two
practically motivated high-resolution reconstructive imaging
techniques [6, 15, 16] that will be used at the parallel toolbox:
(i) the robust spatial filtering (RSF) and (ii) the robust
adaptive spatial filtering (RASF) methods.
(i) RSF. The RSF method implies no preference to any
prior model information (i.e., 𝛼A−1 = I) and balanced
minimization of the systematic and noise error measures by adjusting the regularization parameter 𝛼 to
the inverse of the signal-to-noise ratio (SNR). In that
case the SO becomes the Tikhonov-type robust spatial
−1
filter (RSF) [6]: GRSF = G(1) = (F+ F + 𝛼A−1 ) F+ ,
in which the RSF regularization parameter 𝛼RSF is
adjusted to a particular operational scenario model,
namely, 𝛼RSF = (𝑁0 /𝑏0 ) for the case of a certain
operational scenario, where 𝑁0 represents the white
observation noise power density and 𝑏0 is the average
a priori SSP value.
(ii) RASF. In this method, 𝛼 and A are adjusted in an
adaptive fashion following the minimum risk strategy
̂ the diagonal matrix
̂ = diag(b),
[9], that is, 𝛼A−1 = D
̂
with the estimate b at its principal diagonal, in which
case the SO becomes itself the solution-dependent
operator that results in the following robust adaptive
spatial filter (RASF): GRASF = G(2) = (F+ Rn−1 F +
̂ −1 )−1 F+ R−1 . In all practical RS scenarios (and,
D
n
specifically, in SAR uncertain imaging applications
[17–19]), it is a common practice to accept the robust
white additive noise model, that is, Rn = 𝑁0 I,
attributing the unknown correlated noise component.
Any other feasible adjustments in the degrees of freedom (the
regularization parameter 𝛼 and the weight matrix A) provide
other possible SSP reconstruction techniques that we do not
consider in this study.
2.3. Image Postprocessing. In this section, the aggregation
of the fuzzy anisotropic diffusion and the regularizationbased methods are described for the reconstruction/postprocessing image processing. The authors consider that the
aggregation of such methods in the proposed parallel toolbox
increases the flexibility and robust edge definition in the
reconstructed image. That is, the noise and the edges are both
high frequency image components, and the conventional
image enhancement/reconstruction techniques oriented for
large-scale remote sensing imaging do not work well for
edge-preserving smoothing of image corrupted with additive
and speckle noise (i.e., a tradeoff between sharpening and
blurring must be selected). In this study, the gradient as the
edge factor in the anisotropic diffusion is replaced by a rulebased fuzzy anisotropic diffusion. Also, a fuzzy inference
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system is employed to replace the edge stopping function
providing a better control on the diffusion process.
The aggregation of the reconstruction/post-processing
framework offers the possibility to preserve high spatial
resolution performances via anisotropic diffusion image
post-processing, which implies anisotropic regularizing windowing (WO) over the reconstructed solution in the image
space. Next, the following equation represents the celebrated
Perona-Malik anisotropic diffusion method [7]:
𝜕̂𝑏 (r; 𝑡)
= div (𝑐 (r; 𝑡) ∇̂𝑏 (r; 𝑡)) ,
𝜕𝑡

(5)

for the continuous 2D rectangular scene frame 𝑅 ∋ r = (𝑥, 𝑦).
In (5), 𝜕̂𝑏(r; 𝑡)/𝜕𝑡 represents the evolutionary reconstructed
SSP estimate ̂𝑏(r; 𝑡), which provides edge preservation in the
scene regions with high gradient contrast while performing
smoothed windowing over the homogeneous image zones
corrupted by speckle noise. Also, 𝑐(r; 𝑡) = 𝑔(‖∇̂𝑏(r; 𝑡)‖) represents the diffusion coefficient, ∇̂𝑏(r; 𝑡) denotes the gradient
of the image, and 𝑔(⋅) is called edge stopping function, which
is selected as a decreasing function of the gradient of the
reconstructed image.
Now, the discrete version of the anisotropic diffusion
equation of (5) is represented as
̂𝑏[𝑖+1] = ̂𝑏[𝑖] + 𝜆 ∑ 𝑔 (∇̂𝑏 ) ∇̂𝑏
(𝑟,𝑝)
(𝑟)
(𝑟)
(𝑟,𝑝) ,
𝜂 𝑝𝜖𝜂
 

(6)

where |𝜂| is equal to the number of pixels in the neighborhood
that is normally at the boundaries in the north, south, east,
and west directions. ∇̂𝑏(𝑟,𝑝) is the discrete gradient in one
of four diffusion directions. The diffusion coefficient is next
defined as follows:
𝑔 (̂𝑏𝑟 , 𝑘) =

1
,
2
̂
1 + (∇𝑏(𝑟,𝑝) /𝐾)

(7)

where parameter 𝐾 is called the scale parameter, which
should be selected to be smaller than the gradient at edges
and larger than the gradient at noise. Furthermore, because of
inherent noise, the calculated edge strength based on gradient
is not a true reflection of the edge strength. Therefore, the
ambiguity of choosing a suitable value for parameter 𝐾 and
thus the uncertainty in the diffusion coefficient justify the use
of fuzzy set theory in such situations. The discrete version of
the anisotropic diffusion equation of (6) is represented as
̂𝑏[𝑖+1] = ̂𝑏[𝑖]
𝑟
𝑟
1
1
+ 𝜆 [ 2 ⋅ 𝑐N ⋅ 𝐷N (̂𝑏) + 2 ⋅ 𝑐S ⋅ 𝐷S (̂𝑏)
𝑑𝑥
𝑑𝑥
1
1
+ 2 ⋅ 𝑐E ⋅ 𝐷E (̂𝑏) + 2 ⋅ 𝑐W ⋅ 𝐷W (̂𝑏)
𝑑𝑦
𝑑𝑦

+

1
1
⋅ 𝑐 ⋅ 𝐷 (̂𝑏) + 2 ⋅ 𝑐NW ⋅ 𝐷NW (̂𝑏)
𝑑𝑑2 NE NE
𝑑𝑑

+

1
1
⋅ 𝑐SE ⋅ 𝐷SE (̂𝑏) + 2 ⋅ 𝑐SW ⋅ 𝐷SW (̂𝑏)]
2
𝑑𝑑
𝑑𝑑
𝑟

[𝑖]

(8)
in which 𝑐N through 𝑐SW represents the diffusion coefficients,
𝑑𝑥 , 𝑑𝑦 , and 𝑑𝑑 are the distance between the pixels, and 𝐷N
through 𝐷SW indicate the nearest-neighbor differences for
the corresponding direction.
In this study, we propose to change each nearest-neighbor
differences ∇̂𝑏(𝑟,𝑝) (𝐷 in the discrete representation) that
define the edge factor (algorithmically the same as the
Laplacian filter in each direction) in the traditional PeronaMalik algorithm of (6) with a Fuzzy Logic System (FLS)
approach that calculates the edges in order to avoid the noise
of the image [20].
Fuzzy logic system (FLS) is a rule-based theory in which
an input is first fuzzified (converted from a crisp number to a
fuzzy set) and subsequently processed by an inference engine
that retrieves knowledge in the form of fuzzy rules contained
in a rule-base. The fuzzy sets computed by the fuzzy inference
as the output of each rule are then composed and defuzzified
(converted from a fuzzy set to a crisp number). The following
fuzzy rules are defined in Table 1.
The proposed fuzzy anisotropic diffusion approach is next
described in detail as follows:
̂𝑏[𝑖+1] = ̂𝑏[𝑖]
𝑟
𝑟
+ 𝜆[

1
1
⋅ 𝑐 ⋅ Υ (̂𝑏) + 2 ⋅ 𝑐S ⋅ ΥS (̂𝑏)
𝑑𝑥2 N N
𝑑𝑥

+

1
1
⋅ 𝑐 ⋅ Υ (̂𝑏) + 2 ⋅ 𝑐W ⋅ ΥW (̂𝑏)
𝑑𝑦2 E E
𝑑𝑦

+

1
1
⋅ 𝑐NE ⋅ ΥNE (̂𝑏) + 2 ⋅ 𝑐NW ⋅ ΥNW (̂𝑏)
2
𝑑𝑑
𝑑𝑑

+

1
1
⋅ 𝑐 ⋅ Υ (̂𝑏) + 2 ⋅ 𝑐SW ⋅ ΥSW (̂𝑏)] ,
𝑑𝑑2 SE SE
𝑑𝑑
𝑟

[𝑖]

(9)

in which 𝑐N through 𝑐SW represent the diffusion coefficients
computed using (7), 𝑑𝑥 , 𝑑𝑦 , and 𝑑𝑑 are the distance between
the pixels, and ΥN through ΥSW represent the edge in each
direction as a result of the fuzzy logic system.
Now, we are ready to describe the GPU-based implementation of the intelligent parallel processing toolbox for
remotely sensed imagery.

3. GPU-Based Parallel Toolbox
Implementation
In order to speed up the processing design flow methodology
described in the previous section, a parallel framework is
used. This parallel tool was developed using the graphic
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Figure 2: Graphic user interface.

Table 1: Fuzzy rules to compute 𝐹N through 𝐹SW for Black membership function.
Direction
North
South
East
West
North east
North west
South east
South west

Fuzzy rule
IF 𝐷NW is Zero AND 𝐷N is Zero AND 𝐷NE is
Zero THEN 𝐹N is Black ELSE 𝐹N is White
IF 𝐷SW is Zero AND 𝐷S is Zero AND 𝐷SE is
Zero THEN 𝐹S is Black ELSE 𝐹S is White
IF 𝐷NE is Zero AND 𝐷E is Zero AND 𝐷SE is
Zero THEN 𝐹E is Black ELSE 𝐹E is White
IF 𝐷NW is Zero AND 𝐷W is Zero AND 𝐷SW is
Zero THEN 𝐹W is Black ELSE 𝐹W is White
IF 𝐷N is Zero AND 𝐷NE is Zero AND 𝐷E is
Zero THEN 𝐹NE is Black ELSE 𝐹NE is White
IF 𝐷N is Zero AND 𝐷NW is Zero AND 𝐷W is
Zero THEN 𝐹NW is Black ELSE 𝐹NW is White
IF 𝐷E is Zero AND 𝐷SE is Zero AND 𝐷S is Zero
THEN 𝐹SE is Black ELSE 𝐹SE is White
IF 𝐷W is Zero AND 𝐷SW is Zero AND 𝐷S is
Zero THEN 𝐹SW is Black ELSE 𝐹SW is White

user interface (GUI) of MATLAB and the algorithmic
implementation (i.e., image formation/reconstruction/postprocessing) with GPU. The proposed approach also allows
other functionalities, such as gray-scale image representation,
random noising effects, image enhancement/reconstruction,
fuzzy edge detection representation, and loading/storing of
results for different radar/SAR systems. The developed parallel tool is shown in Figure 2. From the analysis of Figure 2,
it is easy to observe that the toolbox presents the results for
each corresponding processing stage.
In addition, the algorithmic implementation of the processing chain framework uses several processors working
with independent data partitions [2]. However, before getting the details of the implementation let us remark that
the implementation uses CUDA-enabled GPU, which are
separate devices that are installed in a host computer, run
asynchronously to the host processor, and have their own
physical memory.
The basic unit of work on the GPU is a thread. Every
thread acts as if it has its own processor with separate
registers and identity that happens to run in a shared memory
environment [2]. CUDA programs utilize kernels, which are

subroutines callable from the host that work on the CUDA
device. The extern function is called from the host, and it
calls the different kernels. A kernel utilizes many threads to
perform the work defined in the kernel source code. The
kernel should make partitions of the data to be processed by
each thread, taking care of not overlapping thread processing
on any memory section in order to avoid undesired results.
The way the GPU is divided is in Streaming Multiprocessors (SMs), and each SM contains cores that execute and
identical instruction set, or sleep; up to 32 threads may be
scheduled at a time, called a warp, but maximum 24 warps
are active in one SM. The threads in the same multiprocessor
can share “Shared Memory” by synchronizing their execution
for coordinating accesse to memory. The SM divides registers
among threads and threads access the register memory
as local; they have access to local cache memories in the
multiprocessor, while the multiprocessors have access to the
global GPU (device) memory.
The GPU blocks represent the number of parallel blocks
that we will launch in our grid. Hardware is free to assign
blocks to any processor at any time, and at execution time
they tell GPU how many threads to launch per block [21].
Figure 3 shows how block and thread configuration would
look in a small, 6 block, 100-thread kernel.
One of the first decisions to make before developing the
GPU implementation is about the memory mapping of data,
that is, how the GPU memory will be used for an improved
performance. To do that, we assume that image fits into GPU
memory, and in future works this problem will be addressed
for larger images. However, instead of just copying and using
the values for each pixel, we use textures. Textures are bound
to global memory and can provide both cache and some
limited, 9-bit processing capabilities [2]. The global memory
is allocated as CUDA arrays; when the arrays are bound,
textures are cache optimized for spatial locality and allow
interpolation, wrapping, and clamping.
On the other hand, we use fuzzy rules which are common
to each thread and do not change over time, and for them
we use another kind of memory known as constant memory.
Constant memory is used for data that will not change over
the course of a kernel execution. In some situations, using
constant memory rather than global memory will reduce the
required memory bandwidth [21].
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Block [0, 0]

Block [1, 0]

Block [2, 0]

Block [0, 1]

Block [1, 1]

Block [1, 2]

Thread
[0, 0]
Thread
[0, 1]
..
.
Thread
[0, 10]

Thread
[1, 0]
Thread
[1, 1]
..
.
Thread
[1, 10]

Thread
Thread
···
[2, 0]
[10, 0]
Thread
Thread
[2, 1] · · · [10, 1]
..
..
.
.
Thread · · · Thread
[10, 10]
[2, 10]

Figure 3: A 2D hierarchy of blocks and threads in an SM.

Considering the aggregation of parallel techniques with
GPU computing, we next describe the efficient GPU-based
implementation of each processing stage of the proposed
parallel tool: GPU implementation of the (i) image formation;
(ii) image enhancement/reconstruction; (iii) image postprocessing.
Now, we describe the specific functions and CUDA
kernels used for efficient implementation of image formation/
reconstruction/post-processing on the GPU.
First, a kernel is implemented to compute the image
formation processing applying the conventional Matched
Space Filter (MSF) algorithm [22]. Due to the fact that this
filter can be expressed as a Toeplitz matrix, the processing
stage is highly improved due to its potential for parallelization
in a massively parallel scheme. The image-formation kernel is
launched with many threads as pixels contain the RS image,
where each thread executes the corresponding operation of
the MSF method. Additionally, the time processing of the
algorithm is also reduced with the efficient management of
data transfers from the CPU and GPU. The device overlap
function was activated with the capacity to simultaneously
execute a CUDA kernel while performing a copy between
CPU to GPU memory [2, 21]. Multiple CUDA streams
are created to perform this overlap of computation in data
transfer.
Second, the computational procedures for the implementation of the RSF/RASF reconstructive algorithms are
described. We start with the memory configuration management using the “mmap” library of GNU C. With this
library, the image can be accessed from the CPU with a simple
pointer without the necessity to read each pixel value. Next,
the matrix-matrix multiplication operations are computed. A
specific CUDA kernel is implemented using one grid of 𝑛 × 𝑚
blocks, in which each block processes the corresponding submatrix operation in a parallel scheme. The results are next
loaded in the shared memory of the GPU. Note that several

additional operations must be implemented in this stage. In
this study, we propose to use the reduction algorithm [23].
Next, the extern function Perona-Malik is called from the
host, it binds the texture to array, calls the “fuzzy” kernel for
image enhancement, and normalizes the resulting array using
the optimized NVIDIA Performance Primitives [24]. The
Perona fuzzy kernel is computed for the image enhancement
post-processing. In this stage, the first operation is to read
the texture at subpixel precision and take differences in a
neighbourhood window of 3×3 pixels; this corresponds to 𝐷N
through 𝐷SW values for the fuzzy rules of Table 1. The fuzzy
input vectors are used as membership function, and that this
means the Zero, Black, and White values are used in the fuzzy
rules as depicted in Table 1. We have 2 membership functions
defined for each of the 8 possible directions (neighbours) of
a pixel, resulting in 16 fuzzy values.
After that, it is applied the implication method (min function), afterwards, an aggregation method (max function), and
finally defuzze the values applying the anisotropic diffusion.
The implication method is computed Imp𝑌 as the minimum between the resulting 𝐹𝑋 and the fuzzy input value
for White or Black, depending on the membership function
used, where 𝑋 is equal to N through SW, and 𝑌 is equal to
White and Black. The aggregation method takes the maximum between ImpWhite and ImpBlack . Finally the anisotropic
diffusion was applied using (9).
The resulting pixel values are independent from others,
and hence the fuzzy calculations are suitable for a GPU
implementation. Each thread is responsible for computing
the fuzzy anisotropic diffusion of a part of the image. This
image part is selected as shown in Figure 3; that is, it is done
considering the block’s size, block’s index, and thread’s index.
The resulting pixel values are float numbers; hence,
in order to ease the visualization, they are normalized to
unsigned char values for each channel. This task is performed
before displaying the resulting image but is optional in
case of post-processing. We take advantage of optimized
functions provided by the Nvidia Performance Primitives
[24], using the nppsMinMax 32f to get the minimum and
maximum float value resulting from the fuzzy kernel and
nppsNormalize 32f to normalize the image with the resulting
minimum value at 0 and maximum at 255.

4. Results and Performance Analysis
In this section, we carry out the experimental validation
of the proposed parallel toolbox system. Also, the time
performance analysis is performed in order to demonstrate
the time processing improvement achieved with the GPUbased implementation. The experimental case studies are
next described for a high-resolution RS image acquired from
an SAR system.
4.1. Experimental Validation of the Intelligent Parallel Processing. In these experiments, the validation was performed
with large scales (1K-by-1K pixel format) RS images borrowed
from real-world high-resolution terrain SAR imagery (lower
Manhattan region, NY, USA and the Pentagon region near
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Table 2: IOSNR of the aggregated RASF-PM and RASF-fuzzy
anisotropic diffusion algorithms evaluated for different SNRs.
SNR (dB)
5
10
15
20

RASF-PM method (dB)
7.13
7.92
9.75
10.86

RASF-fuzzy method (dB)
8.15
10.37
11.74
13.65

Washington, DC, USA [25]). In the image formation stage, we
considered the conventional side-looking synthetic aperture
radar (SAR) with the fractionally synthesized aperture as an
RS imaging system [11, 12]. The regular SFO F of such SAR
is factored along two axes in the image plane using the MSF
method: the azimuth or cross-range coordinate (horizontal
axis, 𝑥) and the slant range (vertical axis, 𝑦), respectively. We
considered the conventional triangular SAR range ambiguity
function (AF) [11] and Gaussian approximation [22] of the
SAR azimuth AF. Also, the chi-squared additive noise of
20 dB signal-to-noise ratio (SNR) was incorporated to test the
performances of the particular RS processing chain.
In the reconstruction and post-processing stage, we
conduct the evaluation of the GPU-based implementation
of the well-known reconstructive and enhancement postprocessing algorithms. The validation has been realized
between the original scene frame, the degraded RS image,
the reconstructive RASF algorithm, the Perona-Malik (PM)
technique, and the fuzzy anisotropic-diffusion technique.
In analogy to the image reconstruction for quantitative
evaluation of the RS reconstruction performances, the quality
metric defined as an improvement in the output signal-tonoise ratio (IOSNR) is employed. This metric is defined as fol2
2
(𝑞)
lows: IOSNR = 10 log10 (∑𝐿𝑙=1 (̂𝑏𝑙MSF − 𝑏𝑙 ) / ∑𝐿𝑙=1 (̂𝑏𝑙 − 𝑏𝑙 ) );
𝑞 = 1, 2, where 𝐿 is related to the size of the RS image, 𝑏𝑙 represents the value of the 𝑙th element (pixel) of the original image,
̂𝑏MSF represents the value of the 𝑙th element (pixel) of the
𝑙
(𝑞)
degraded image formed applying the MSF technique, and ̂𝑏𝑙
represents a value of the 𝑙th pixel of the image reconstructed
with two considered reconstructive-related methods; 𝑞 =
1, 2, where 𝑞 = 1 corresponds to the RASF-PM algorithm
and 𝑞 = 2 corresponds to the RASF-fuzzy anisotropic
diffusion algorithm, respectively. The quantitative measures
of the image enhancement/reconstruction performance gains
achieved with the particular employed RASF-PM and RASFFuzzy anisotropic diffusion techniques, are evaluated via the
IOSNR metric, as reported in Table 2.
According to this quality metric, the higher the IOSNR
(the average over 100 realizations), the better the improvement of the image reconstruction/post-processing with the
particular employed algorithm.
Next, the qualitative results are presented in Figures
4 and 5. Figures 4(a) and 5(a) show the original test
scene image. Figures 4(b) and 5(b) present the noised lowresolution (degraded) scene image formed with the conventional MSF algorithm. Figures 4(c) and 5(c) present the scene
image reconstructed with the RASF algorithm. Figures 4(d)
and 5(d) present the scene image enhancement employing

7
Table 3: Comparative feature analysis of the employed GPU.
GPU features
Peak single precision floating
point performance
Memory bandwidth (ECC off)
Memory size (GDDR5)
CUDA compute capability
CUDA cores

GTS 450

Tesla C2075

601 Gflops

1030 Gflops

57.7 GB/sec
1 GB
2.1
192

148 GB/sec
6 GB
2.0
448

the RASF-PM post-processing algorithm, Figures 4(e) and
5(e) present the result of the fuzzy edge detection, and Figures
4(f) and 5(f) present the results of the image enhancement
using the implemented RASF-fuzzy anisotropic diffusion
post-processing algorithm.
From the analysis of the qualitative and quantitative
simulation results reported in Figures 4 and 5 and Table 2, one
may deduce that the aggregation of the reconstructive modelbased RASF method and the model-free fuzzy anisotropic
diffusion method overperforms the classical PM anisotropic
diffusion method in the experimental validation scenario of
the intelligent parallel processing toolbox.
4.2. Time Performance Analysis. Next, we compared the
required processing time for two different implementation
schemes as reported in Tables 3 and 4. In the first case, the
reference image formation/reconstruction/post-processing
procedures for the intelligent parallel processing of remotely
sensed imagery were implemented in the conventional C language in a Dell PowerEdge Server with an Intel Xeon E5603
Quad Core processor at 1.6 GHz and 24 GB of RAM. In the
second case, the same algorithms were implemented using
the proposed parallel toolbox approach which aggregates the
graphic user interface of MATLAB with the parallel multiprocessor scheme based on GPU. In Table 3, a comparative
feature analysis of the employed GPU is presented.
Next, considering the implementation on a Dell PowerEdge Server, which has a Nvidia Tesla C2075 GPU, we have
achieved kernel-processing times up to 30 ms, which means
10+ times faster than desktop GPU processing with a Nvidia
Gforce GTS 450.
The overall process for each stage of aggregation of the
reconstructive model-based RASF method and the modelfree fuzzy anisotropic diffusion method is 98 ms for Tesla and
897 ms for GTS, and considering only the fuzzy anisotropic
kernel the times are 39 ms for Tesla and 357 ms for GTS.
The speedup of each stage is over 200 times in comparison
to a Matlab implementation, and 10 times a Desktop GPU
implementation, as presented in the comparative processing
time analysis of Table 4. Note that Matlab implementation
does not need any transfers or GPU management; hence, it
is only presented the overall processing time.

5. Conclusions
In this paper, a parallel tool for large-scale remote sensing
images was presented. This tool allows the image formation
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(a)

(b)

(c)

(e)

(f)

(d)

Figure 4: Experimental results: (SNR = 20 dB): (a) original test scene of lower Manhattan; (b) degraded scene image formed applying the MSF
method; (c) image reconstructed applying the regularized RASF algorithm; (d) image enhancement applying the RASF-PM post-processing
algorithm; (e) image applying the fuzzy edge detection; (f) image enhancement using the RASF-fuzzy post-processing algorithm.

(a)

(b)

(c)

(e)

(f)

(d)

Figure 5: Experimental results: (SNR = 20 dB): (a) original test scene which corresponds to the Pentagon region; (b) degraded scene image
formed applying the MSF method; (c) image reconstructed applying the regularized RASF algorithm; (d) image enhancement applying
the RASF-PM post-processing algorithm; (e) image applying the fuzzy edge detection; (f) image enhancement using the RASF-fuzzy postprocessing algorithm.
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Table 4: Comparative analysis of processing times for model-free fuzzy anisotropic diffusion method.
Image size
1K × 1K
3K × 3K

MATLAB
Total
9626 ms
79670 ms

GTS 450 (Desktop GPU)
Total
Kernel
897 ms
357 ms
4814 ms
1916 ms

and the reconstruction of images using two well-known techniques: the robust spatial filter (RSF) and the robust adaptive
spatial filter (RASF). It also applies a post-processing stage
based on the Perona-Malik algorithm jointly with a Fuzzy
Logic System (FLS) named in this paper as fuzzy anisotropic
diffusion technique. This toolbox was implemented using a
Matlab graphic user interface (GUI) and the mathematical
operations were computed using graphics processor units
(GPU). Under this paradigm, it was possible to save significant processing time due to the adaptation of the algorithms
for its parallel implementation. For the presented case of
studies, it was shown that the processing time in comparison
with a PC based implementation was reduced +200 times.
Thus, this approach represents a powerful parallel tool for
processing huge amount of large scale RS images.
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A novel reversible data-hiding scheme is proposed to embed secret data into a side-matched-vector-quantization- (SMVQ-)
compressed image and achieve lossless reconstruction of a vector-quantization- (VQ-) compressed image. The rather random
distributed histogram of a VQ-compressed image can be relocated to locations close to zero by SMVQ prediction. With this strategy,
fewer bits can be utilized to encode SMVQ indices with very small values. Moreover, no indicator is required to encode these indices,
which yields extrahiding space to hide secret data. Hence, high embedding capacity and low bit rate scenarios are deposited. More
specifically, in terms of the embedding rate, the bit rate, and the embedding capacity, experimental results show that the performance
of the proposed scheme is superior to those of the former data hiding schemes for VQ-based, VQ/SMVQ-based, and search-ordercoding- (SOC-) based compressed images.

1. Introduction
With the explosive growth of communication through the
Internet, information processing and management at any
time have become a standard service for most people, subsequently inducing security problems such as interception,
modification and montage. Thus, one critical issue is how
to find effective ways to protect information transmission
over the Internet with safety and security. To cope with this,
data hiding techniques have attracted attentions for being
able to embed secret data into a cover image with minimal
perceptual degradation.
In general, data hiding techniques can be classified
into two categories, namely, reversible data hiding schemes
and irreversible data hiding schemes. For irreversible data
hiding schemes, only secret data can be extracted, while
restoration of cover images is unavailable. The irreversible
data hiding scheme is not suited for certain applications that
demand the original cover image to be unaltered by the data
hiding process. Conversely, reversible data hiding schemes
can extract the secret data and recover the original cover
images in the decoder. Moreover, data hiding schemes can
be performed in three possible formats, that is, in spatial

domain [1–5], in frequency domain [6–8], and in compressed
domain [9–15]. In spatial domain, Tian [1] proposed a
scheme for reversible data hiding, called difference expansion
(DE). Tian’s work expands the value differences between two
neighboring pixels to embed a bit. This scheme is easy to
realize, yet the embedding capacity heavily depends on the
smoothness of an image. Ni et al. [2] utilized the zero of the
minimum points of the histogram in an image and slightly
modified the pixel values to embed secret data into the peak
points of the histogram of an image. The scheme is simple
for implementation, and which supports high visual quality.
However, the embedding capacity is restricted by the peak
points of the histogram of an image. Moreover, a cover image
can be transformed into the frequency domain with various
possible transform kernels, for example, DCT, DFT, or DWT.
Normally, frequency domain techniques embed message by
modulating the transformed coefficients of subbands with
just noticeable difference (JND) according to the sensitivity
of the human visual system (HVS).
Data hiding techniques in compressed domain can relish
the both advantages of data hiding and compression for a
multimedia distribution. Jo and Kim [9] firstly proposed an
irreversible VQ-based scheme which is easy to realize, yet
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the hiding capacity is rather small. Later, many VQ/SMVQbased schemes with indicators are proposed. For example,
Chang et al. [10] developed a VQ-based data hiding with
recovery capability. The scheme has low embedding capacity
and high bit rate (BR) because of an indicator added in front
of most encoded indices, and only two clusters are used to
hide secret data. In [11, 12], a secret data hiding was proposed
based on the search-order coding compression method of
VQ indices to increase embedding capacity. The search-order
coding selects the neighboring indices of the encoding index
to form a state codebook, and then search-order code (SOC)
and original index value (OIV) are employed to hide a secret
bit 0 or 1. A 1-bit indicator is always employed to distinguish
between SOC and OIV. For this scheme, the original cover
image can be restored completely. Shie et al. [13] developed
an adaptive data hiding based on VQ-compressed image,
in which image blocks are classified into embeddable and
unembeddable blocks based on the variances and side-match
distortions (SMDs). The embeddable blocks are employed to
hide secret data, while those unembeddable blocks remain
unchanged. It is necessary that indicator be used for the block
judgment. Although this scheme can yield a high embedding
capacity, the quality of the reconstructed image reduces as the
quantity of the secret data increases. In addition, this scheme
is a case of irreversible information hiding. In [14], both VQ
and SMVQ are used to hide secret data, in which a 1-bit
indictor is always required for each index and only 1-bit secret
data can be embedded in each index when the VQ technique
is applied. Conversely, more than one bit secret data can
be embedded in each index when the SMVQ technique is
applied. This scheme can provide a higher hiding capacity,
yet it is an irreversible data-hiding scheme. In [15], Yang and
Lin extended the scheme proposed by Chang et al. [10] by
dividing the VQ codebook into 2BS clusters, and half of which
are used to embed secret data, where BS denotes the size of
the secret data embedded into each VQ index. In the scheme,
both of the VQ and SMVQ are applied to hide secret data and
a 1-bit indictor is required for the index identification. Moreover, it is a reversible data-hiding scheme. In these schemes,
indicators are always used, which causes a higher bit rate.
By exploiting the special indices distribution of a SMVQcompressed image that frequently used indices are encoded
by short codes while rarely-used indices are encoded by long
codes, this work proposed a novel reversible data hiding in
the SMVQ-compressed domain. The scheme can increase
the hiding capacity and completely restore the cover image
from an embedded image after the hiding data is extracted.
Moreover, the indices of a VQ-compressed image can be
relocated close to zero by using SMVQ predications. SMVQ
indices located around zero can be encoded using fewer bits.
Compared with the previous schemes [10, 12, 15], in which
the bit rates are increased because indicators are required
in most of the indices, the proposed scheme employs the
SMVQ predication, and thus most of the indices are encoded
without indicator. As a result, high embedding capacity and
low bit rate scenarios can be achieved. As documented in
the experimental results, the performance of the proposed
scheme is significantly superior to that of the previous works
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[10, 12, 15] in terms of the embedding rate, bit rate, and
embedding capacity.
The rest of this paper is organized as follows. Section 2
presents the related works to briefly introduce the concepts
of VQ and SMVQ. Section 3 describes the proposed scheme
in detail. Section 4 gives the experimental results and performances comparisons of the proposed scheme with former
approaches. Finally, Section 5 draws conclusions.

2. Backgrounds
2.1. Brief Concept of the VQ. VQ initially involves codebook
construction from a set of training images; the training
images are partitioned into nonoverlapping blocks and the
most representative blocks are selected to form codebook, in
which the elements in the codebook are called codewords.
In general, the LBG algorithm [16] is employed to produce
the desired codebook. With the generated codebook, each
block in an image is encoded with the index of the nearest
codeword, such that the total storage space for an image
is minimized. To measure the similarity between a block,
𝐵 = (𝑏1 , 𝑏2 , . . . , 𝑏𝑘 ) and a codeword, 𝐶𝑗 = (𝑐𝑗1 , 𝑐𝑗2 , . . . , 𝑐𝑗𝑘 ),
where 𝐶𝑗 is the 𝑗th codeword in the codebook, the squared
Euclidean distance is generally used as below:
𝑘

2

𝐷 (𝐵, 𝐶𝑗 ) = ∑ (𝑏𝑖 − 𝑐𝑗𝑖 ) .

(1)

𝑖=1

When the encoding process is completed, block 𝐵 is
simply represented by the index min 𝑗, where 𝐶min 𝑗 is the
nearest codeword of the block 𝐵. For decoding process, the
table lookup is performed with the same codebook as that
used by the encoder.
2.2. SMVQ. Kim initially proposed SMVQ for image coding
[17]. SMVQ exploits the high correlation among neighboring
blocks and side-match prediction to create a state codebook
with a size smaller than that of the original VQ codebook.
The side-match prediction assumes that the values of the
adjacent pixels between the neighboring blocks are equal. In
SMVQ, blocks located in the first row and first column of
an image are encoded by traditional VQ and the remaining
blocks are predicted using the corresponding state codebook.
Figure 1 shows an example of the relationships among an
encoding block 𝑋, its upper neighboring block 𝑈, and its left
neighboring block 𝐿 for blocks of size 4×4. This work denotes
the border vector and the side vector of block 𝑋 as 𝐵(𝑋) =
(𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋9, 𝑋13) = (𝑏1 , 𝑏2 , 𝑏3 , 𝑏4 , 𝑏5 , 𝑏6 , 𝑏7 ) and
𝑆(𝑋, 𝑈, 𝐿) = ((𝑈13 + 𝐿4)/2, 𝑈14, 𝑈15, 𝑈16, 𝐿8, 𝐿12, 𝐿16) =
(𝑠1 , 𝑠2 𝑠3 , 𝑠4 , 𝑠5 , 𝑠6 , 𝑠7 ). The SMD between a block 𝑋,predicted
by blocks 𝑈 and 𝐿, and a codeword cw in the codebook
is measured by the squared Euclidean distance denoted as
follows:
7

2

SMD (𝑋, cw) = 𝐷 (S (X, U, L) , B (cw)) = ∑ (𝑠𝑖 − 𝑏𝑖 ) . (2)
𝑖=1

For each block, SMVQ sorts the codebook CB according
to SMDs, and thus the first 𝐹𝑐 codewords in the sorted
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Figure 1: An example of SMVQ.
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3. The Proposed Scheme
A grayscale cover image 𝐶 of size 𝑁 ∗ 𝑀 is partitioned
into nonoverlapped blocks {BLKi }𝑖=1,...,𝐿 of 𝑤 ∗ ℎpixels, in
which 𝐿 = (𝑁/𝑤) ∗ (𝑀/ℎ). Normally, the variables 𝑤 =
ℎ = 4. Each block of the image can be encoded using VQ,
and thus each block is represented with an index of the
nearest codeword in the codebook. A VQ-compressed image,
denoted by 𝐼, consists of indices. The size of an index is
proportional to the number of codewords in the codebook.
A SMVQ-compressed image is generated by applying SMVQ
predictions to a VQ-compressed image. To reconstruct a VQcompressed image completely, the size of the state codebook
and that of the VQ codebook are first set as identical. Next,
the codebook is sorted according to the SMDs which denote
the differences between an encoding block and the codewords
in the VQ codebook. Finally, the state codebook is generated
using all of the codewords in the sorted codebook. For a VQ
index, the corresponding SMVQ index can be obtained using
the state codebook and no distortion is presented between the
two codewords decoded by the two indices.
Figures 2 and 3 show histograms of the VQ-compressed
Peppers image and the corresponding SMVQ-compressed
image, respectively, with a codebook of size 256. Based
on the SMVQ predication, most indices of the SMVQcompressed image are distributed close to zero. For a SMVQcompressed image, a very small value, 𝑁𝑧 binary digits (𝑁𝑧
bits) representing unsigned integers from 0 to 2𝑁𝑧 − 1, can
cover most of the indices. In the proposed scheme, the 2𝑁𝑧
numbers are employed as indicators or/and encoding codes.
Table 1 shows the functions of each number of the 𝑁𝑧 binary
digits (𝑁𝑧 bits). A binary number among 0 and 2𝑁𝑧 − 3
represents an encoding code and indicator. Binary numbers
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Figure 2: Histogram of the VQ-compressed Peppers image.
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codebook are picked to form the state codebook SC, in which
SMDs are the smallest for block 𝑋. Subsequently, the SMVQ
searches the closest codeword from the state codebook for
block 𝑋, and then the index of the closest codeword is used
to encode block 𝑋. Because the size of the state codebook is
smaller than that of the VQ codebook, the size of the SMVQ
index is reduced to improve the coding gain. However, there
is a distortion between the block, decoded by the SMVQ
index, and the corresponding block, decoded by the VQ
index.
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Figure 3: Histogram of the SMVQ-compressed Peppers image.
Table 1: The functions of each number of the 𝑁𝑧 binary digits
(𝑁𝑧 bits).
Number
0∼2𝑁𝑧 − 3
2𝑁𝑧 − 2
2𝑁𝑧 − 1

Function
Indicator and encoding code
Indicator (indicator 0)
Indicator (indicator 1)

2𝑁𝑧 − 2 and 2𝑁𝑧 − 1 represent indicators, denoted by indicator
0 and indicator 1, respectively.
3.1. The Encoding Process. Suppose the size of a secret data,
sd, is 𝑠 bits. During the encoding process, a SMVQ index
with a value less than 2𝑁𝑧 − 2, which is defined as a tinyvalue index, is denoted by 𝐸𝑖 , and the corresponding encoded
index is denoted by 𝐸𝑖 . Then, 𝐸𝑖 is expressed in (3), where
∧ and ‖ denote exponential and concatenation operators,
respectively,
𝐸𝑖 = 𝐸𝑖 ‖ sd .

(3)

4
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Table 2: The ranges and symbols of tiny-value, middle-value, and
large-value indices.
Indices
Tiny-value indices
Middle-value indices
Large-value indices

Range
0∼2𝑁𝑧 − 3
0 + 2𝑁𝑧 − 2∼2𝑁𝑐 − 1 + 2𝑁𝑧 − 2
2𝑁𝑐 + 2𝑁𝑧 − 2∼cs − 1

Symbol
𝐸𝑖
𝐺𝑖
𝑂𝑖

Most of the SMVQ indices can be encoded using (3)
including no indicator, and the rest are encoded with the help
of indicator 0 or indicator 1. However, the adoption of the
indicator increases the size of the encoded result. A SMVQ
index with a value in between (2𝑁𝑧 − 2) + 0 and (2𝑁𝑧 − 2) +
2𝑁𝑐 −1 is defined as a middle-value index. Indices with middle
values are encoded using indicator 0 concatenated with an
encoding space with 𝑁𝑐 bits. A middle-value index is denoted
by 𝐺𝑖 , and the corresponding encoded index is denoted by 𝐺𝑖
which can be expressed in the following:
𝐺𝑖 = 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 0 ‖ 𝐺𝑖 − 2𝑁𝑧 + 2.

An encoding index with value Q

Q ≤ 2N𝑧 − 3

Yes

No

No

Is Q in between
(2Nz − 2) + 0 and (2Nz − 2) + 2Nc − 1?

Yes
A large-value
index encoded
using (5)

A middle-value
index encoded
using (4)

A tiny-value
index encoded
using (3)

Figure 4: An example of the index classification and encoding
schemes.

(4)

The 𝑁𝑐 -bit encoding space of (4) is not to hide data but to
collect more indices. Indicator 1 is employed to assist encoding a SMVQ index which cannot be encoded using (3) or (4).
A SMVQ index with a value more than (2𝑁𝑧 − 2) + 2𝑁𝑐 − 1
is defined as a large-value index, denoted by 𝑂𝑖 , and the
corresponding encoded index is denoted by 𝑂𝑖 which can be
expressed in the following:

in which no indicator is required and 𝑠-bit data are hidden
in each index, and thus a high embedding capacity and a
low embedded image size can be achieved in the encoding
process. The algorithm of the embedding process is summarized as follows and an example of the index classification and
encoding schemes is shown in Figure 4.

𝑂𝑖 = 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 1 ‖ 𝑂𝑖 .

Input. A grayscale cover image 𝐶 of size 𝑁 ∗ 𝑀, a codebook
CB of size cs, a secret data stream, and parameters 𝑁𝑧 and 𝑁𝑐 .

(5)

Equation (5) not only hides no data but also increases an
additional indicator with 𝑁𝑧 bits. For a SMVQ-compressed
image, most indices with tiny values are encoded using (3),
which hides 𝑠 bits and generates an encoded result with 𝑁𝑧 +𝑠
bits for each index; a few indices are encoded using (4),
which generates an encoded result with 𝑁𝑧 + 𝑁𝑐 bits for each
index; few indices are encoded using (5), which generates an
encoded result with 𝑁𝑧 +log2 (cs) bits for each index, where cs
indicates the size of a codebook. Table 2 shows the ranges and
symbols of tiny-value, middle-value, and large-value indices.
The size of an embedded image can be measured with (6),
where ‖𝑥‖ denotes the size of 𝑥 and𝐼𝑧 , 𝐼𝑐 , and 𝐼𝑜 denote the
number of indices with tiny values, middle values, or large
values, respectively:

Step 1. Compress the cover image 𝐶 using VQ to obtain the
VQ-compressed image 𝐼 of size (𝑁/𝑤) ∗ (𝑀/ℎ).
Step 2. Perform SMVQ predictions with the VQ-compressed
image 𝐼 to create the SMVQ-compressed image 𝑇 of size
(𝑁/𝑤) ∗ (𝑀/ℎ).
Step 3. Read the next SMVQ index, denoted as 𝑄, from the
SMVQ-compressed image 𝑇 with the raster scan order.
Step 4. If 𝑄 ≤ 2𝑁𝑧 − 3 (a tiny-value index), then we have the
following.



embedded image = (𝑁𝑧 + 𝑠) ∗ 𝐼𝑧
+ (𝑁𝑧 + 𝑁𝑐 ) ∗ 𝐼𝑐

Output. The code stream in binary form cs 𝑏 and parameters
𝑁𝑧 and 𝑁𝑐 .

(6)

+ (𝑁𝑧 + log2 (cs)) ∗ 𝐼𝑜 .
In (6), (𝑁𝑧 + 𝑠) and (𝑁𝑧 + 𝑁𝑐 ) can be controlled in less
or more than log2 (cs) bits and only the third item always
requires a space with more than log2 (cs) bits. It is remarkable
that a larger 𝑠 leads to a larger embedding capacity, and vice
versa. Moreover, a larger 𝑁𝑐 increases 𝐼𝑐 , while decreasing
𝐼𝑜 , and vice versa. Based on the special index distribution
property of the SMVQ, most indices can be encoded using (3),

Step 4.1. Read 𝑠-bit data, sd, from the secret data stream,
Step 4.2. 𝑄 is encoded using (3), cs 𝑏 = cs 𝑏 ‖ D2B(𝑄) ‖ sd,
where ‖ denotes a concatenation operation, and D2B denotes
a decimal to binary operation.
Step 5. If 𝑄 is in between (2𝑁𝑧 − 2) + 0 and (2𝑁𝑧 − 2) + 2𝑁𝑐 − 1
(a middle-value index), then 𝑄 is encoded using (4), cs𝑏 =
cs 𝑏 ‖ 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 0 ‖ D2B(𝑄 − 2𝑁𝑧 + 2).
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Figure 5: An example of the encoding process for hiding 5-bit secret
data. (a) Secret data, (b) SMVQ-compressed image, and (c) encoded
image.

if 𝑑 𝑁𝑧 is 2𝑁𝑧 − 1, the encoded index is an 𝑂𝑖 index. Then,
read the next log2 (cs) bits and convert them into decimal
value, denoted by 𝑑 𝑂𝑖 ; the original index is recovered by
𝑑 𝑂𝑖 . In the third case, if 𝑑 𝑁𝑧 is 2𝑁𝑧 − 2, the encoded index
is a 𝐺𝑖 index. Then, read the next 𝑁𝑐 bits and convert them
into decimal value 𝑑 𝐺𝑖 ; the original index is recovered by
𝑑𝐺𝑖 + (2𝑁𝑍 − 2). When the original SMVQ-compressed image
has been reconstructed, SMVQ predictions can be employed
to restore the original VQ-compressed image. In summary,
the extraction and reversion process of the proposed scheme
is organized as below.
Input. The code stream in binary form cs 𝑏 and parameters
𝑁𝑧 and 𝑁𝑐 .
Output. The reconstructed VQ-compressed image 𝐼 of size
𝑁 ∗ 𝑀 and the retrieved secret data stream.

Step 6.
If 𝑄 ≥ (2𝑁𝑧 − 2) + 2𝑁𝑐 (a large-value index), then

Step 1. Set ptr = 1 and the restored sd = Null.

𝑄 is encoded using (5),

Step 2. Read the next 𝑁𝑧 bits from the code stream 𝑐 𝑏𝑠 and
convert the𝑁𝑧 bits to decimal value, denoted by 𝑑 𝑁𝑧 , 𝑑 𝑁𝑧 =
B2D(cs 𝑏(ptr : ptr + 𝑁𝑧 − 1), ptr = ptr + 𝑁𝑧 .

cs 𝑏 = cs 𝑏 ‖ 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 1 ‖ D2B(𝑄).
Step 7. Repeat Steps 3–7 until all of the indices in the SMVQcompressed image are processed.
Step 8. Output the code stream cs 𝑏 and parameters 𝑁𝑧 and
𝑁𝑐 .
Figure 5 shows an example of the encoding process for
hiding 5-bit secret data. Let 𝐼0 be indicator 0 and 𝐼1 indicator
1, where 𝑁𝑧 = 2, 𝑁𝑐 = 5, 𝑠 = 5, and 𝑐𝑠 = 128, and the size
of the state codebook is identical to that of the VQ codebook.
For each image (Figure 5), let 𝑅1 to 𝑅4 be the indices located
in the first row and 𝑅5 to 𝑅8 the indices located in the second
row, and so on. For the SMVQ-compressed image, 𝑅1 has a
value 0, and it is less than 2𝑁𝑧 − 2. The index is encoded using
(3). Secret data are (00000)2 . According to (3), the index with
𝑁𝑧 bits followed by secret data (00000)2 is presented as the
encoded result for 𝑅1 . 𝑅4 has a value of 3, and it is in between
(2𝑁𝑧 − 2) + 0 and (2𝑁𝑧 − 2) + 2𝑁𝑐 − 1. An indicator 𝐼0 , 2,
followed by the offset index, 1, is the encoded result for 𝑅4 . 𝑅13
has a value of 127 and it is more than (2𝑁𝑧 − 2) + 2𝑁𝑐 − 1. An
indicator 𝐼1 , 3, followed by the index, 127, is the encoded result
for 𝑅13 . All of the encoded results are in binary form, and the
length of the encoded result of each index is (𝑁𝑧 +𝑠), (𝑁𝑧 +𝑁𝑐 )
or (𝑁𝑧 + log2 (cs)) bits using (3), (4), or (5), respectively.
3.2. The Extraction and Reversion Process. The goal of the data
extraction and reversion process is to extract the embedded
secret data from an embedded image and then recover the
original VQ-compressed image. The extraction and reversion
process is introduced as below. For an encoded index, 𝑁𝑧
bits are firstly read from code stream cs 𝑏 and the 𝑁𝑧 -bit
binary value is converted to the decimal value, denoted by
𝑑 𝑁𝑧 . In the first case, if 𝑑 𝑁𝑧 is less than 2𝑁𝑧 − 2, the
encoded index is an 𝐸𝑖 index. Then, the original index is
directly restored by 𝑑 𝑁𝑧 . Next, read 𝑠 bits from the code
stream 𝑐 𝑏𝑠 to reconstruct the secret data. In the second case,

Step 3. If 𝑑 𝑁𝑧 < 2𝑁𝑧 − 2 (a tiny-value index), then
restored index = 𝑑 𝑁𝑧 ;
read the next 𝑠 bits, denoted by sd , from code stream
𝑐 𝑏𝑠,
restored sd = restored sd ‖ sd ,
ptr = ptr + 𝑠.
Step 4. If 𝑑 𝑁𝑧 = 2𝑁𝑧 − 1 (indicator 1), then
read the next log2 (cs) bits from the code stream c bs,
𝑑 𝑂𝑖 = B2D(cs 𝑏(ptr : ptr + log2 (cs) − 1), ptr = ptr +
log2 (cs),
restored index = 𝑑 𝑂𝑖 .
Step 5. If 𝑑 𝑁𝑧 = 2𝑁𝑧 − 2 (indicator 0), then
read the next 𝑁𝑐 bits from the code stream 𝑐 𝑏𝑠,
𝑑 𝐺𝑖 = B2D(cs 𝑏(ptr : ptr + 𝑁𝑐 − 1), ptr = ptr + 𝑁𝑐 ,
restored index = 𝑑 𝐺𝑖 + (2𝑁𝑧 − 2).
Step 6. Repeat Steps 2–6 until all of the bits in the code stream
are processed.
Step 7. Apply the SMVQ prediction to the reconstructed
SMVQ-compressed image to obtain the original VQcompressed image.
Step 8. Output the reconstructed VQ-compressed image and
the restored secret data stream.

4. Experimental Results
In this section, we present the experimental results for
evaluating the performance of the proposed scheme in terms
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(a) Airplane

(c) Peppers

(b) Lena

(d) Boat

(e) Sailboat

(f) Tiffany

(g) House

(h) Elaine

(i) Zelda

(j) Gold hill

Figure 6: Test images.

of the embedding rate, bit rate, and embedding capacity.
Various gray-level images as shown in Figure 6 are employed
as the training images or cover images, each of which is of
size 512 ∗ 512. The codebooks of sizes 128, 256, 512, and
1024 with codewords of 16 dimensions were trained by the
LBG algorithm with “Airplane,” “Boat,” “Lena,” “Peppers,” and
“Sailboat” as the training images.

The secret data in the experiment is in binary format, 0
and 1, and which are generated by a pseudorandom number
generator. If a high-level security is required, secret data can
be encrypted prior to the embedding using the well-known
cryptographic methods such as DES or RSA. In this work, the
embedding rate (ER), bit rate (BR), and embedding capacity
(EC) as defined in (7)–(9), respectively, are employed to
evaluate the performance of various schemes. In general, a
data-hiding method with a small value in BR and large values
in EC and ER endorses a good performance, and vice versa:


embedded image
,
BR = 
𝑁∗𝑀

(7)

EC = 𝑠 ∗ 𝐼𝑧 ,

(8)

EC
ER = 
.
embedded image

(9)

4.1. Experiments on Selecting the Appropriate Parameter N𝑧 .
To obtain the best performance of the proposed scheme,
the parameter 𝑁𝑧 is needed to be properly determined. As
mentioned, when 𝑁𝑧 and 𝑠 are set to a larger value, 𝐼𝑧 ,
EC, and BR are increased. The encoding length of a VQ
index is log2 (cs) bits. A VQ index encoded as an 𝐸𝑖 or 𝐺𝑖
index yields an additional space with log2 (cs) − 𝑁𝑧 bits,
the space can be used to hide secret data or collect more
indices. Experiments are performed to choose an appropriate
𝑁𝑧 value which can achieve the highest embedding rate for
different codebooks and different images. First of all, 𝑠 and
𝑁𝑐 are set to log2 (cs) − 𝑁𝑧 . Figure 7 shows the performance
of the proposed algorithm using different 𝑁𝑧 , codebook sizes,
and test images. For codebooks of sizes 128 and 256, SMVQ
provides accurate prediction, and the most of the VQ indices
are predicted by the codewords with smaller indices in the
SMVQ state codebook. In these cases, the highest ERs can be
obtained when 𝑁𝑧 is set to a small value 3. For codebooks of
sizes 512 and 1024, 𝑁𝑧 must be set at greater values, 4 or 5,
to obtain a high ER. For each image, larger ERs appear as 𝑁𝑧
with values of 3, 3, 4, and 5 for codebooks of sizes 128, 256,
512, and 1024, respectively.
The experiments are performed based on the selected
various 𝑁𝑧 with the four codebooks of sizes 128, 256, 512, and
1024. Experimental results for the test images are shown in
Table 3, in which different columns of the simulation results
are obtained with (cs, 𝑁𝑧 , 𝑁𝑐 , 𝑠) = (128, 3, 4, 4), (256, 3,
5, 5), (512, 4, 5, 5), and (1024, 5, 5, 5), respectively. From
Table 3, it can be seen that the BRs of the proposed scheme
are only somewhat larger than that of the original VQ BRs
and the embedding capacities of the proposed scheme are
very high. Moreover, for most images the high embedding
capacities are still obtained when the sizes of codebooks
are increased. The smooth image, such as “Tiffany,” has a
high embedding capacity than that of the complicated image,
such as “Boat,” since the SMVQ prediction normally presents
good performance for a smooth image, thus many indices are
encoded with 𝐸𝑖 indices. With the proposed method, when
the codebooks are of sizes 128, 256, 512, and 1024, the average
ECs are 3.246, 3.637, 3.848, and 3.872 bits/index, respectively.
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Figure 7: The performance of the proposed algorithm using different 𝑁𝑧 , different test images, and different codebook sizes: (a) codebook
size 128, (b) codebook size 256, (c) codebook size 512, and (d) codebook size 1024.

In addition, for applications of secret communication, 𝑠 can
be set to a value smaller (larger) than log2 (cs) to obtain a
lower (higher) embedding capacity, and consequently the
corresponding bit rate can be changed as well.
4.2. Experiments on Comparing the Proposed Method with
Other Methods. To demonstrate the superiority of the proposed algorithm, it is compared with the VQ-based scheme
proposed by Chang et al. [10], the VQ/SMVQ-based scheme

proposed by Yang and Lin [15], and SOC-based scheme
proposed by Shie and Lin [12] as detailed below. To ensure
all of them can be fairly compared, the proposed scheme is
performed with the 𝑁𝑧 , 𝑁𝑐 , and 𝑠 values are set to obtain an
embedding capacity close to that of the other schemes, and
the codebook size for each comparison is set as identical.
The results on the left and the middle of Table 4 show
the ERs, BRs, and ECs of the schemes developed by Chang
et al. [10] and Yang and Lin [15], respectively. The results
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Table 3: Simulation results for various test images and codebook sizes.

128/0.438
Images

3/4

0.454
Airplane

Lena

Pepper

Boat

Sailboat

Tiffany

House

Elaine

Codebook sizes/VQ BR (in bpp)
256/0.50
512/0.563
𝑁𝑧 /𝑠
3/5
4/5
ER
BR (in bpp)
EC (in bits)
0.466
0.438

1024/0.625
5/5

0.398

0.446

0.509

0.574

0.640

53144
0.478

62095
0.471

65905
0.441

66785
0.403

0.442

0.505

0.570

0.637

55396
0.483

62350
0.483

65955
0.456

67390
0.412

0.442

0.504

0.570

0.636

55928
0.423

63810
0.380

68030
0.354

68685
0.318

0.446

0.509

0.579

0.650

49432
0.435

50775
0.416

53720
0.391

54155
0.344

0.446

0.509

0.576

0.645

50792
0.492

55515
0.521

59120
0.473

58110
0.422

0.441

0.503

0.569

0.635

56860
0.394

68625
0.370

70475
0.345

70220
0.314

0.449

0.513

0.584

0.654

46392
0.498

49780
0.484

52745
0.460

53840
0.412

0.440

0.503

0.568

0.634

57492

63775

68445

68385

on the right of Table 4 show the ERs, BRs, and ECs of the
proposed scheme. In Table 4, Chang et al.’s scheme is VQbased, Yang and Lin’s scheme is VQ/SMVQ-based, and the
proposed scheme is SMVQ-based. First of all, 𝑁𝑧 , 𝑁𝑐 , and 𝑠 of
the proposed scheme are set to obtain an embedding capacity
close to that of the other schemes. Thus, when the codebooks
are of sizes 128, 256, 512, and 1024, (𝑁𝑧 , 𝑠, 𝑁𝑐 ) are set at (2,
3, log2 (cs) − 𝑁𝑧 ), (3,3, log2 (cs) − 𝑁𝑧 ), (3,3, log2 (cs) − 𝑁𝑧 ),
and (4,3, log2 (cs) − 𝑁𝑧 ), respectively. SMVQ can relocate
the histogram of the VQ indices to locations near zero. In
the proposed scheme, the indices with values close to zero
are encoded using short codes without any indicator, while
the indices of values away from zero are encoded using the
original index with an indicator. Based on the characteristic of
the SMVQ, most of the indices are with small values, and only
a few indices have large values. Thus, this property leads to
low bit rate and high embedding capacity with the proposed

scheme. In Chang et al.’s [10] scheme, when the number
of embeddable indices is increased, the embedding capacity
of each index is decreased, and vice versa. The satisfactory
EC cannot yield. Moreover, most indices are encoded by an
indicator concatenated with the encoding code. The length
of an indicator or an encoding code is identical to that of
the original VQ index. The bit rate of an embedded image
is thus increased. In Yang and Lin’s [15] scheme, a 1-bit
indicator is always used to distinguish a SMVQ encoding
from a VQ encoding and other indicators are required for
VQ encoding, leading to a high bit rate result. Compared with
the other schemes, the proposed scheme has low bit rate yet
high embedding capacity and embedding rate. In particular,
when the embedding capacities of the proposed scheme are
controlled to values close to that of the other schemes, the
proposed scheme presents much lower BRs, even smaller
than that of the original VQ BRs, for all of the test images.
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Table 4: Performance comparisons among Chang et al.’s [10] scheme, Yang and Lin’s [15] scheme, and the proposed scheme with various test
images and codebook sizes.
Chang et al.’s [10] scheme
Yang and Lin’s [15] scheme
Codebook sizes
128/0.438
Images

128

512

1024

256

512

1024/0.625

0.149

0.124

0.119

0.236

0.208

2/3
ER
BR (in bpp)
EC (in bits)
0.326

0.670

0.760

0.850

0.500

0.550

27684 26170 24608 26432 30894
0.179

0.136

0.115

0.094

0.234

0.580

0.670

0.750

0.830

0.500

0.550

0.360

0.410

0.445

0.504

27164 23884 22626 20502 30736

29958

31308

37410

32067

0.182
Airplane 0.580

Lena

256

The proposed scheme
Codebook sizes/VQ BR
256/0.500
512/0.563
𝑁𝑧 /𝑠
3/3
3/3

4/3

0.343

0.291

0.269

0.364

0.414

0.442

0.503

29954

31077

37257

33747

0.208

0.332

0.348

0.275

35448
0.261

0.150

0.116

0.104

0.244

0.216

0.338

0.359

0.287

34428
0.264

0.670

0.740

0.830

0.490

0.540

0.359

0.407

0.440

0.501

28372 26284 22592 22676 31346

30576

31743

38286

33180

0.195

0.160

0.136

0.119

0.254

0.234

0.397

0.373

0.332

34677
0.302

0.590

0.680

0.770

0.860

0.480

0.510

0.348

0.405

0.426

0.487

30202 28606 27460 26760 31912

31226

36300

39594

37107

0.142

0.109

0.084

0.074

0.158

0.306

0.321

0.248

38529
0.232

Gold hill 0.590

0.680

0.187
Peppers 0.580

Toys

Zelda

0.203

0.750

0.830

0.540

0.640

0.364

0.415

0.454

0.514

21928 19420 16548

16116

28792

26502

29211

34866

29451

0.179

0.135

0.111

0.088

0.250

0.220

0.338

0.375

0.308

31287
0.298

0.580

0.670

0.740

0.820

0.480

0.530

0.357

0.401

0.431

0.485

27258 23754 21506 18842 31444

30634

31704

39462

34809

37842

The results on the left of Table 5 show the ERs, BRs,
and ECs of the SOC-based scheme with codebooks of
sizes 256 and 512, respectively, developed by Shie and Lin
[12]. The results on the right of the Table 5 show the ERs,
BRs, and ECs of the proposed scheme with codebooks of sizes
256 and 512, respectively. In Shie and Lin’s [12] scheme, a 1bit indicator is always used to distinguish a SOC index from
an OIV index, in which a SOC is encoded using 1 + 𝑑 bits,
while an OIV index is encoded using 1 + log2 (cs) bits. The
variable 𝑑 indicates the length of a search path, and which is
set to 2 to yield a better performance. The proposed scheme
encodes 𝐸𝑖 and 𝐺𝑖 indices using 𝑁𝑧 and log2 (cs) − 𝑁𝑧 bits,
where 𝑁𝑧 is set to 3 to obtain embedding capacities close to
that of Shie and Lin’s method. The length of a VQ index is
log2 (cs), in which 𝑁𝑧 or 1 + 𝑑 bits are used to encode an 𝐸𝑖
index or a SOC index, and the remaining bits can be used to
hide secret data. In Table 5, first of all, the encoded result for
each 𝐸𝑖 or SOC index of the two schemes is set to log2 (cs) bits,
which yields a hiding space of log2 (cs) − 1 − 2 bits for a SOC
index and log2 (cs)−𝑁𝑧 bits for a 𝐸𝑖 index. For each test image
with a specific codebook size, the bold-number columns in
Table 5 show that the EC values of the proposed scheme are

significantly greater than that of Shie and Lin’s scheme, while
lower BR values and higher ER values can be achieved with
the proposed scheme.
Next, the hiding space of Shie and Lin’s [12] scheme is set
to log2 (cs) bits, which can achieve a high embedding space,
and the length of the encoded result for a SOC index is 1
+ 2 + log2 (cs) bits. Because the proposed scheme has good
performance in terms of ER, BR, and EC, 𝑁𝑧 , 𝑁𝑐 , and the
hiding space of the proposed scheme is set to 3, log2 (cs) − 𝑁𝑧
and log2 (cs) − 1 bits, the set can offer an EC close to that of
Shie and Lin’s scheme and decrease the length of the encoded
result of an 𝐸𝑖 index to 3+log2 (cs)−1 bits. For each codebook
size and test image, the unmarked columns in Table 5 show
that the EC values of the proposed scheme are still much
greater than that of Shie and Lin’s scheme under the high
hiding space, while the proposed scheme can preserve low BR
values and high ER values. Notably, the “Zelda” and “Gold
hill” images are not the training members for proper 𝑁𝑧
selection. Yet it till can achieve superior performances.
As mentioned, the proposed scheme outperforms the
VQ-based scheme proposed by Chang et al. [10], the
VQ/SMVQ-based scheme proposed by Yang and Lin [15],

10

Mathematical Problems in Engineering

Table 5: Performance comparisons between Shie and Lin’s [12] scheme and the proposed scheme with various test images and codebook
sizes.
Shie and Lin’s [12] scheme
256/0.500
Images

Airplane

Lena

Peppers

Boat

Sailboat

Gold hill

Zelda

2/5/8

0.383
0.522
52500
0.371
0.524
50915
0.369
0.524
50735
0.272
0.533
38015
0.296
0.531
41235
0.338
0.527
46695
0.361
0.525
49665

512/0.563
256/0.500
d/𝑠/encoded bits
2/6/9
2/8/11

0.342
0.591
52998
0.308
0.594
48000
0.298
0.595
46506
0.194
0.605
30744
0.214
0.604
33792
0.290
0.596
45378
0.304
0.595
47340

0.499
0.643
84000
0.485
0.640
81464
0.484
0.640
81176
0.374
0.621
60824
0.402
0.625
65976
0.450
0.634
74712
0.475
0.638
79464

The proposed scheme
Codebook sizes/VQ BR
512/0.563
256/0.500
2/9/12

3/5/8
ER
BR (in bpp)
EC (in bits)
0.438
0.466
0.692
0.509
79497
62095
0.400
0.471
0.686
0.505
72000
62350
0.389
0.483
0.684
0.504
69759
63810
0.265
0.380
0.664
0.509
46116
50775
0.289
0.416
0.668
0.509
50688
55515
0.380
0.440
0.683
0.503
68067
58110
0.395
0.500
0.685
0.502
71010
65770

512/0.563
256/0.500
𝑁𝑧 /𝑠/encoded bits
3/6/9
3/7/10

and SOC-based scheme proposed by Shie and Lin [12] in
three aspects, that is, embedding rate, bit rate, and embedding
capacity. Thus, the proposed method can be considered as
effective coding candidate for reversible data hiding application.
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experimental results demonstrate that the proposed scheme
can completely extract the secret data and recover the original VQ-compressed image. Moreover, comparing to other
schemes, the proposed scheme can achieve better efficiency
under each codebook size for various test images.
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This paper presents an algorithm for the automatic detection of circular shapes from complicated and noisy images with no
consideration of the conventional Hough transform principles. The proposed algorithm is based on a newly developed evolutionary
algorithm called the Adaptive Population with Reduced Evaluations (APRE). Our proposed algorithm reduces the number of
function evaluations through the use of two mechanisms: (1) adapting dynamically the size of the population and (2) incorporating
a fitness calculation strategy, which decides whether the calculation or estimation of the new generated individuals is feasible. As a
result, the approach can substantially reduce the number of function evaluations, yet preserving the good search capabilities of an
evolutionary approach. Experimental results over several synthetic and natural images, with a varying range of complexity, validate
the efficiency of the proposed technique with regard to accuracy, speed, and robustness.

1. Introduction
The problem of detecting circular features holds paramount
importance in several engineering applications such as automatic inspection of manufactured products and components,
aided vectorization of drawings, and target detection [1,
2]. Circle detection in digital images has been commonly
solved through the Circular Hough Transform (CHT) [3].
Unfortunately, this approach requires a large storage space
that augments the computational complexity and yields a
low processing speed. In order to overcome this problem,
several approaches which modify the original CHT have
been proposed. One well-known example is the Randomized
Hough Transform (RHT) [4].
As an alternative to Hough Transform-based techniques,
the problem of shape recognition has also been handled
through evolutionary methods. In general, they have demonstrated to deliver better results than those based on the HT
considering accuracy and robustness [5]. Evolutionary methods approach the detection task as an optimization problem whose solution involves the computational expensive

evaluation of objective functions. Such fact strongly restricts
their use in several image processing applications; despite
this, EA methods have produced several robust circle detectors which use different evolutionary algorithms like Genetic algorithms (GA) [5], Harmony Search (HSA) [6], Electromagnetism-Like (EMO) [7], Differential Evolution (DE)
[8], and Bacterial Foraging Optimization (BFOA) [9].
However, one particular difficulty in applying any EA to
real-world problems, such as image processing, is its demand
for a large number of fitness evaluations before reaching a
satisfactory result. Fitness evaluations are not always straightforward as either an explicit fitness function does not exist or
the fitness evaluation is computationally expensive.
The problem of excessively long fitness function calculations has already been faced in the field of evolutionary
algorithms (EA) and is better known as evolution control or
as fitness estimation [10]. For such an approach, the idea is
to replace the costly objective function evaluation for some
individuals by alternative models which are based on an
approximate model of the fitness landscape. The individuals
to be evaluated and those to be estimated are determined
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following some fixed criteria which depend on the specific properties of the approximate model [11]. The models
involved at the estimation can be dynamically built during the
actual EA execution, since EA repeatedly sample the search
space at different points [12]. There are several alternative
models which have been used in combination with popular
EAs. Some examples include polynomial functions [13],
kriging schemas [14], multilayer perceptrons [15], and radial
basis-function networks [16]. In the practice, the construction of successful models which can globally deal with the
high dimensionality, ill distribution, and limited number
of training samples is very difficult. Experimental studies
[17] have demonstrated that if an alternative model is used
for fitness evaluation, it is very likely that the evolutionary
algorithm will converge to a false optimum. A false optimum
is an optimum of the alternative model, which does not
coincide with the optimum of the original fitness function.
Under such conditions, the use of the alternative fitness
models degrade the search effectiveness of the original EAs,
producing frequently inaccurate solutions [18].
In an EA, the population size has a direct influence on the
solution quality and its computational cost [19]. Traditionally,
population size is set in advance to a prespecified value and
remains fixed through the entire execution of the algorithm.
If the population size is too small, then the EA may converge
too quickly affecting severely the solution quality [20]. On
the other hand, if it is too large, then the EA may present a
prohibitive computational cost [19]. Therefore, an appropriate
population size allows maintaining a trade-off between computational cost and effectiveness of the algorithm. In order to
solve such a problem, several approaches have been proposed
for dynamically adapting the population size. These methods
are grouped into three categories [21]: (i) methods that
increment or decrement the number of individuals according
to a fixed function; (ii) methods in which the number of
individuals is modified according to the performance of
the average fitness value, and (iii) algorithms based on the
population diversity.
Since most of the EAs have been primarily designed to
completely evaluate all involved individuals, techniques for
reducing the evaluation number are usually incorporated
into the original EAs in order to estimate fitness values or
to reduce the number of individuals being evaluated [22].
However, the use of alternative fitness models degrades the
search effectiveness of the original EAs, producing frequently
inaccurate solutions [23].
This paper presents an algorithm for the automatic detection of circular shapes from complicated and noisy images
without considering the conventional Hough transform principles. The proposed algorithm is based on a newly developed evolutionary algorithm called the Adaptive Population
with Reduced Evaluations (APRE). The proposed algorithm
reduces the number of function evaluations through the use
of two mechanisms: (1) adapting dynamically the size of
the population and (2) incorporating a fitness calculation
strategy which decides when it is feasible to calculate or only
to estimate new generated individuals.
The APRE method begins with an initial population
which is to be considered as a memory during the evolution
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process. To each memory element, a normalized fitness value,
called quality factor is assigned to indicate the solution
capacity that is provided by the element. Only a variable
subset of memory elements is considered to be evolved. Like
all EA-based methods, the proposed algorithm generates
new individuals considering two operators: exploration and
exploitation. Both operations are applied to improve the
quality of the solutions by: (1) searching through the unexplored solution space to identify promising areas that contain
better solutions than those found so far and (2) successive
refinement of the best found solutions. Once the new individuals are generated, the memory is accordingly updated. At
such stage, the new individuals compete against the memory
elements to build the final memory configuration. In order to
save computational time, the approach incorporates a fitness
estimation strategy that decides which individuals can be
estimated or actually evaluated. The proposed fitness calculation strategy estimates the fitness value of new individuals
using memory elements located in neighboring positions
which have been visited during the evolution process. In the
strategy, new individuals, that are located near the memory
element whose quality factor is high, have a great probability
to be evaluated by using the true objective function. Similarly,
evaluated those new particles lying in regions of the search
space with no previous evaluations are also evaluated. The
remaining search positions are only estimated by assigning
the same fitness value that is the nearest location element
on the memory. The use of such a fitness estimation method
contributes to saving computational time, since the fitness
value of only very few individuals is actually evaluated
whereas the rest is just estimated.
Different to other approaches that use an already existent
EA as framework, the APRE method has been completely
designed to substantially reduce the computational cost, yet
preserving good search effectiveness.
In order to detect circular shapes, the detector is implemented by encoding three pixels as candidate circles over the
edge image. An objective function evaluates if such candidate
circles are actually present in the edge image. Guided by
the values of this objective function, the set of encoded
candidate circles are evolved using the operators defined by
APRE so that they can fit into the actual circles on the edge
map of the image. Comparisons to several state-of-the-art
evolutionary-based methods and the Randomized Hough
Transform (RHT) approach on multiple images demonstrate
a better performance of the proposed method in terms of
accuracy, speed, and robustness.
The paper is organized as follows. In Section 2, the
APRE algorithm and its characteristics are both described.
Section 3 formulates the implementation of the circle detector. Section 4 shows the experimental results of applying
our method to the recognition of circles in different image
conditions. Finally, Section 5 discusses several conclusions.

2. The Adaptive Population with
Reduced Evaluations (APRE) Algorithm
In the proposed algorithm, a population of candidate solutions to an optimization problem is evolved toward better
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solutions. The algorithm begins with an initial population
which will be used as a memory during the evolution process.
To each memory element, it is assigned a normalized fitness
value called quality factor that indicates the solution capacity
provided by the element.
As a search strategy, the proposed algorithm implements
two operations: “exploration” and “exploitation.” Both necessary in all EAs [24]. Exploration is the operation of visiting
entirely new points of a search space, whilst exploitation is
the process of refining those points of a search space within
the neighborhood of previously visited locations in order
to improve their solution quality. Pure exploration degrades
the precision of the evolutionary process but increases its
capacity to find new potential solutions [25]. On the other
hand, pure exploitation allows refining existent solutions but
adversely drives the process to fall in local optimal solutions
[26]. Therefore, the ability of an EA to find a global optimal
solution depends on its capacity to find a good trade-off
between the exploitation of so far found elements and the
exploration of the search space.
The APRE algorithm is an iterative process in which
several actions are executed. First, the number of memory elements to be evolved is computed. Such number is
automatically modified at each iteration. Then, a set of new
individuals is generated as a consequence of the execution of
the exploration operation. For each new individual, its fitness
value is estimated or evaluated according to a decision taken
by a fitness estimation strategy. Afterwards, the memory is
updated. In this stage, the new individuals produced by the
exploration operation compete against the memory elements
to build the final memory configuration. Finally, a sample
of the best elements contained in the final memory configuration is undergone to the exploitation operation. Thus, the
complete process can be divided in six phases: initialization,
selecting the population to be evolved, exploration, fitness
estimation strategy, memory updating, and exploitation.
2.1. Initialization. Like in EA, the APRE algorithm is an
iterative method whose first step is to randomly initialize the
population M(𝑘) which will be used as a memory during the
evolution process. The algorithm begins by initializing (𝑘 =
0) a set of 𝑁𝑝 elements (M(𝑘) = {m1 , m2 , . . . , m𝑁𝑝 }). Each
element m𝑖 is an 𝑛-dimensional vector containing the parameter values to be optimized. Such values are randomly and
uniformly distributed between the prespecified lower initial
parameter bound 𝑝𝑗low and the upper initial parameter bound
high

𝑝𝑗

, just as it described by the following expression:
high

𝑚𝑖,𝑗 = 𝑝𝑗low + rand (0, 1) ⋅ (𝑝𝑗

− 𝑝𝑗low ) ,

for 𝑗 = 1, 2, . . . , 𝑛, 𝑖 = 1, 2, . . . , 𝑁𝑝 ,

(1)

where 𝑗 and 𝑖 are the parameter and element indexes, respectively. Hence, 𝑚𝑖,𝑗 is the 𝑗th parameter of the 𝑖th element.
Each element m𝑖 has two associated characteristics: a
fitness value 𝐽(m𝑖 ) and a quality factor 𝑄(m𝑖 ). The fitness
value 𝐽(m𝑖 ) assigned to each element m𝑖 can be calculated by
using the true objective function 𝑓(m𝑖 ) or only estimated by

using the proposed fitness strategy 𝐹(m𝑖 ). In addition to the
fitness value, it is also assigned to m𝑖 , a normalized fitness
value called quality factor 𝑄(m𝑖 ) (𝑄(⋅) ∈ [0, 1]), which is
computed as follows:
𝑄 (m𝑖 ) =

𝐽 (m𝑖 ) − worstM
,
bestM − worstM

(2)

where 𝐽(m𝑖 ) is the fitness value obtained by evaluation 𝑓(⋅)
or by estimation 𝐹(⋅) of the memory element m𝑖 . The values
worstM and bestM are defined as follows (considering a
maximization problem):
bestM =

max

(𝐽 (m𝑘 )) ,

min

(𝐽 (m𝑘 )) .

𝑘∈{1,2,...,𝑁𝑝 }

worstM =

𝑘∈{1,2,...,𝑁𝑝 }

(3)

Since the mechanism by which an EA accumulates information regarding the objective function is an exact evaluation of
the quality of each potential solution, initially, all the elements
of M(𝑘) are evaluated without considering the fitness estimation strategy proposed in this paper. This fact is only allowed
at this initial stage.
2.2. Selecting the Population to Be Evolved. At each 𝑘 iteration,
it must be selected which and how many elements from M(𝑘)
will be considered to build the population P𝑘 in order to be
evolved. Such selected elements will be undergone by the
exploration and exploitation operators in order to generate a
set of new individuals. Therefore, two things need to be
defined: the number of elements 𝑁𝑒𝑘 to be selected and the
strategy of selection.
2.2.1. The Number of Elements 𝑁𝑒𝑘 to Be Selected. One of the
mechanisms used by the APRE algorithm for reducing the
number of function evaluations is to modify dynamically the
size of the population to be evolved. The idea is to operate
with the minimal number of individuals that guarantee the
correct efficiency of the algorithm. Hence, the method aims
to vary the population size in an adaptive way during the
execution of each iteration. At the beginning of the process, a
predetermined number 𝑁𝑒0 of elements are considered to
build the first population; then, it will be incremented or
decremented depending on the algorithm’s performance.
The adaptation mechanism is based on the lifetime of the
individuals and on their solution quality.
In order to compute the lifetime of each individual, it is
assigned a counter 𝑐𝑖 (𝑖 ∈ (1, 2, 3, . . . , 𝑁𝑝 )) to each element
m𝑖 of M(𝑘). When the initial population M(𝑘) is created,
all the counters are set to zero. Since the memory M(𝑘) is
updated at each generation, some elements prevail and others
will be substituted by new individuals. Therefore, the counter
of the surviving elements is incremented by one whereas the
counter of new added elements is set to zero.
Another important requirement to calculate the number
of elements to be evolved is the solution quality provided by
each individual. The idea is to identify two classes of elements,
those that provide good solutions and those that can be
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mo1 · · · moN𝑘

moN𝑘 +1 · · · moN𝑝

𝑒

𝑒

Figure 1: Necessary postprocessing implemented by the selection strategy.

(1) Input: Current population M(𝑘), counters 𝑐1 , . . . , 𝑐𝑁𝑝 ,
the past number of individuals 𝑁𝑒𝑘−1 and the constant factor 𝑠.
𝑁
(2) 𝐽𝐴 ← (1/𝑁𝑝 ) ∑𝑖=1𝑝 𝐽 (m𝑖 )
(3) G ← FindIndividualsOverJA(M(𝑘), 𝐽𝐴 )
(4) B ← FindIndividualsUnderJA(M(𝑘), 𝐽𝐴 )
(5) 𝑐𝑙 ← FindCountersOfG(G) (Where 𝑙 ∈ G)
(6) 𝑐𝑞 ← FindCountersOfB(B) (Where 𝑞 ∈ B)
(7) 𝐴 ← floor ((|G| ⋅ ∑𝑙∈G 𝑐𝑙 − |B| ⋅ ∑𝑞∈B 𝑐𝑞 ) /𝑠)
(8) 𝑁𝑒𝑘 ← 𝑁𝑒𝑘−1 + 𝐴
(9) Output: The number 𝑁𝑒𝑘
Algorithm 1: Selection of the number of individuals 𝑁𝑒𝑘 to be evolved.

considered as bad solutions. In order to classify each element,
the average fitness value 𝐽𝐴 produced by all the elements of
M(𝑘) is calculated as
𝑁𝑝

𝐽𝐴 =

1
∑𝐽 (m𝑖 ) ,
𝑁𝑝 𝑖=1

(4)

where 𝐽(⋅) represents the fitness value corresponding to m𝑖 .
These values are evaluated either by the true objective function 𝑓(m𝑖 ) or by the fitness estimation strategy 𝐹(m𝑖 ). Considering the average fitness value, two groups are built: the
set G constituted by the elements of M(𝑘) whose fitness values
are greater than 𝐽𝐴 and the set B which groups the elements
of M(𝑘) whose fitness values are equal or lower than 𝐽𝐴 .
Therefore, the number of individuals of the current
population that will be incremented or decremented at each
generation is calculated by the following model:
𝐴 = floor (

|G| ⋅ ∑𝑙∈G 𝑐𝑙 − |B| ⋅ ∑𝑞∈B 𝑐𝑞
𝑠

),

(5)

where the floor (⋅) function maps a real number to the previous integer. |G| and |B| represent the number of elements of
G and B, respectively, whereas ∑𝑙∈G 𝑐𝑙 and ∑𝑞∈B 𝑐𝑞 indicate the
sum of the counters that correspond to the elements of G and
B, respectively. The factor 𝑠 is a term used for fine tuning.
A small value of 𝑠 implies a better algorithm’s performance
at the price of an increment in the computational cost. On
the other hand, a big value of 𝑠 involves a low computational
cost at the price of a decrement in the performance algorithm.

Therefore, the 𝑠 value must reflex a compromise between performance and computational cost. In our experiments such
compromise has been found with 𝑠 = 10.
Therefore, the number the elements that define the population to be evolved is computed according to the following
model:
𝑁𝑒𝑘 = 𝑁𝑒𝑘−1 + 𝐴.

(6)

Since the value of 𝐴 can be positive or negative, the size of
the population P𝑘 may be higher or lesser than P𝑘−1 . The
computational procedure that implements this method is
presented in Algorithm 1, in form of pseudocode.
2.2.2. Selection Strategy for Building P𝑘 . Once the number of
individuals has been defined, the next step is the selection of
𝑁𝑒𝑘 elements from M(𝑘) for building P𝑘 . A new population
MO which contains the same elements that M(𝑘) is generated
but sorted according to their fitness values. Thus, MO
presents in its first positions the elements whose fitness values
are better than those located in the last positions. Then, MO is
divided in two parts: X and Y. The section X corresponds to
the first 𝑁𝑒𝑘 elements of MO whereas the rest of the elements
constitute the part Y. Figure 1 shows this process.
In order to promote diversity, in the selection strategy, the
80% of the 𝑁𝑒𝑘 individuals of P𝑘 are taken from the first
elements of X and named as Fe as shown in Figure 2, where
Fe = floor (0.8 ∗ 𝑁𝑒𝑘 ). The remaining 20% of the individuals
are randomly selected from section Y. Hence, the last set of Se
elements (where Se = 𝑁𝑒𝑘 − Fe) is chosen considering that
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···
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moN𝑝

···

moN𝑘 moN𝑘 +1

𝑒

Se

Figure 2: Employed selection strategy to build the population P𝑘 , where 𝑑, 𝑔 ∈ Y.

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

Input: Current population M(𝑘) and the number of individuals 𝑁𝑒𝑘 .
MO ← SortElementsFitness(M(𝑘))
[X, Y] ← DivideMO(MO, 𝑁𝑒𝑘 )
Fe ← floor(0.8 ∗ 𝑁𝑒𝑘 )
Se ← 𝑁𝑒𝑘 − Fe
(p𝑘1 , . . . , p𝑘Fe ) ← SelectElementsOfX(X, Fe)
(p𝑘Fe+1 , . . . , p𝑘Fe+Se ) ← SelectRandomElementsOfY(Y, Se)
Output: Population P𝑘 to be evolve
Algorithm 2: Selection strategy for building P𝑘 .

all elements of Y have the same possibility of being selected.
Figure 2 shows a description of the selection strategy. The
computational procedure that implements this method is
presented in Algorithm 2, in form of pseudocode.
2.3. Exploration Operation. The first main operation applied
to the population P𝑘 is the exploration operation. Considering P𝑘 as the input population, APRE mutates P𝑘 to
produce a temporal population T𝑘 of 𝑁𝑒𝑘 vectors. In the
exploration operation two different mutation models are
used: the mutation employed by the Differential Evolution
algorithm (DE) [27] and the trigonometric mutation operator
[28].
2.3.1. DE Mutation Operator. In this mutation, three distinct
individuals 𝑟1, 𝑟2, and 𝑟3 are randomly selected from the
current population P𝑘 . Then, a new value ℎ𝑖,𝑗 considering the
following model is created:
ℎ𝑖,𝑗 = 𝑝𝑟1,𝑗 + 𝐹 (𝑝𝑟2,𝑗 − 𝑝𝑟3,𝑗 ) ,

(7)

where 𝑟1, 𝑟2, and 𝑟3 are randomly selected individuals such
that they satisfy 𝑟1 ≠
𝑟2 ≠
𝑟3 ≠
𝑖, 𝑖 = 1 to 𝑁𝑒𝑘 (population size),
and 𝑗 = 1 to 𝑛 (number of decision variable). Hence, 𝑝𝑖,𝑗 is
the 𝑗th parameter of the 𝑖th individual of P𝑘 . The scale factor,
𝐹(0,1+), is a positive real number that controls the rate at
which the population evolves.

2.3.2. Trigonometric Mutation Operator. The trigonometric
mutation operation is performed according to the following
formulation:
ℎ𝑖,𝑗 = 𝑝Av (𝑗) + 𝐹1 (𝑝𝑟1,𝑗 − 𝑝𝑟2,𝑗 )
+ 𝐹2 (𝑝𝑟2,𝑗 − 𝑝𝑟3,𝑗 ) + 𝐹3 (𝑝𝑟3,𝑗 − 𝑝𝑟1,𝑗 ) ,
𝑝Av (𝑗) =

𝑝𝑟1,𝑗 + 𝑝𝑟2,𝑗 + 𝑝𝑟3,𝑗

𝐹1 = (𝑑𝑟2 − 𝑑𝑟1 ) ,

3

,

𝐹2 = (𝑑𝑟3 − 𝑑𝑟2 ) ,

𝐹3 = (𝑑𝑟1 − 𝑑𝑟3 ) ,


𝐽 (p𝑟1 )
,
𝑑𝑟1 =
𝑑𝑇



𝐽 (p𝑟2 )
𝑑𝑟2 =
,
𝑑𝑟3 =
𝑑𝑇

 
 

𝑑𝑇 = 𝐽 (p𝑟1 ) + 𝐽 (p𝑟2 ) + 𝐽 (p𝑟3 ) ,



𝐽 (p𝑟3 )
,
𝑑𝑇
(8)

where p𝑟1 , p𝑟2 , and p𝑟3 represent the individuals 𝑟1, 𝑟2, and
𝑟3 randomly selected from the current population P𝑘 whereas
𝐽(⋅) represents the fitness value (calculated or estimated)
corresponding to p𝑖 . Under this formulation, the individual
𝑝Av (𝑗) to be perturbed is the average value of three randomly
selected vectors (𝑟1, 𝑟2, and 𝑟3). The perturbation to be
imposed over such individual is implemented by the sum
of three weighted vector differentials. 𝐹1 , 𝐹2 , and 𝐹3 are the
weights applied to these vector differentials. Notice that the
trigonometric mutation is a greedy operator since it biases the
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

Input: Current population P𝑘
for 𝑖 = 1 to 𝑁𝑒𝑘 do
% Considering that 𝑟1 ≠
𝑟2 ≠
𝑟3 ≠
𝑖
(p𝑟1 , p𝑟2 , p𝑟3 ) ← SelectElements()
for 𝑗 = 1 to 𝑛 do
if (rand (0, 1) <= MR) then
ℎ𝑖,𝑗 ← DEMutation(p𝑟1 , p𝑟2 , p𝑟3 ) % (7)
else
ℎ𝑖,𝑗 ← TrigonometricMutation(p𝑟1 , p𝑟2 , p𝑟3 ) % (8)
end if
if (rand(0, 1) <= CH) then
𝑡𝑖,𝑗 ← ℎ𝑖,𝑗
else
𝑡𝑖,𝑗 ← 𝑝𝑖,𝑗
end if
end for
end for
Output: Population T𝑘
Algorithm 3: Exploration operation of APRE algorithm.

(10)

2.4. Fitness Estimation Strategy. Once the population T𝑘 has
been generated by the exploration operation, it is necessary
to calculate the fitness value provided by each individual. In
order to reduce the number of function evaluations, a fitness
estimation strategy that decides which individuals can be
estimated or actually evaluated is introduced. The idea of such
a strategy is to find the global optimum of a given function
considering only very few number of function evaluations.
In this paper, we explore a local approximation scheme
that estimates the fitness values based on previously evaluated
neighboring individuals, stored in the memory M(𝑘) during
the evolution process. The strategy decides if an individual t𝑖
is calculated or estimated based on two criteria. The first one
considers the distance between t𝑖 and the nearest element mne
contained in M(𝑘) (where m𝑛 ∈ (m1 , m2 , . . . , m𝑁𝑝 )) whereas
the second one examines the quality factor provided by the
nearest element mne (𝑄(mne )).
In the model, individuals of T𝑘 that are near the elements
of M(𝑘) holding the best quality values have a high probability
to be evaluated. Such individuals are important, since they
will have a stronger influence on the evolution process than
other individuals. In contrast, individuals of T𝑘 that are also
near the elements of M(𝑘) but with a bad quality value
maintain a very low probability to be evaluated. Thus, most of
such individuals will only be estimated, assigning it the same
fitness value that the nearest element of M(𝑘). On the other
hand, those individuals in regions of the search space with few
previous evaluations (individuals of T𝑘 located farther than
a distance 𝐷) are also evaluated. The fitness values of these
individuals are uncertain since there is no close reference
(close points contained in M(𝑘)).
Therefore, the fitness estimation strategy follows two rules
in order to evaluate or estimate the fitness values.

The complete computational procedure is presented in
Algorithm 3, in form of pseudocode.

(1) If the new individual t𝑖 is located closer than a distance 𝐷 with respect to the nearest element mne stored
in M, then a uniform random number is generated

𝑝Av (𝑗) strongly in the direction where the best one of three
individuals is lying.
Computational Procedure. Considering P𝑘 as the input population, all its 𝑁𝑒𝑘 individuals are sequentially processed in
cycles beginning by the first individual p1 . Therefore, in
the cycle 𝑖 (where it is processed the individual 𝑖), three
distinct individuals 𝑟1, 𝑟2, and 𝑟3 are randomly selected from
the current population considering that they satisfy the following conditions 𝑟1 ≠
𝑟2 ≠
𝑟3 ≠
𝑖. Then, it is processed each
dimension of p𝑖 beginning by the first parameter 1 until the
last dimension 𝑛 has been reached. At each processing cycle,
the parameter 𝑝𝑖,𝑗 considered as a parent, creates an offspring
𝑡𝑖,𝑗 in two steps. In the first step, from the selected individuals
𝑟1, 𝑟2, and 𝑟3, a donor vector ℎ𝑖,𝑗 is created by means of two
different mutation models. In order to select which mutation
model is applied, a uniform random number is generated
within the range [0, 1]. If such number is less than a threshold
MR, the donor vector ℎ𝑖,𝑗 is generated by the DE mutation
operator; otherwise, it is produced by the trigonometric
mutation operator. Such process can be modeled as follows:
ℎ𝑖,𝑗 = {

By using (7)
By using (8)

with probability MR
with probability (1 − MR) .

(9)

In the second step, the final value of the offspring 𝑡𝑖,𝑗 is determined. Such decision is stochastic; hence, a second uniform
random number is generated within the range [0, 1]. If this
random number is less than CH, 𝑡𝑖,𝑗 = ℎ𝑖,𝑗 ; otherwise, 𝑡𝑖,𝑗 =
𝑝𝑖,𝑗 . This operation can be formulated as follows:
𝑡𝑖,𝑗 = {

ℎ𝑖,𝑗
𝑝𝑖,𝑗

with probability CH
with probability (1 − CH) .
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Figure 3: The fitness estimation strategy. (a) According to the rule 1, the individual t𝑖 has a high probability to be evaluated 𝑓(t1 ), since it is
located closer than a distance 𝐷 with respect to the nearest element mne = m1 whose quality factor 𝑄(m1 ) corresponds to the best value. (b)
According to the rule 1, the individual t𝑖 has a high probability to be estimated 𝐹(t1 ) (assigning it the same fitness value as mne (𝐹(t𝑖 ) = 𝐽(m3 ))),
since it is located closer than a distance 𝐷 with respect to the nearest element mne = m3 whose quality factor 𝑄(m3 ) corresponds to the worst
value. (c) According to the rule 2, the individual t𝑖 is evaluated, as there is no close reference in its neighborhood.

within the range [0, 1]. If such number is less than
𝑄(mne ), t𝑖 is evaluated by the true objective function (𝑓(t𝑖 )). Otherwise, its fitness value is estimated
assigning it the same fitness value that mne (𝐹(t𝑖 ) =
𝐽(mne )). Figures 3(a) and 3(b) draw the rule procedure.
(2) If the new individual t𝑖 is located longer than a
distance 𝐷 with respect to the nearest individual
location mne stored in M, then the fitness value of t𝑖 is
evaluated using the true objective function (𝑓(t𝑖 )).
Figure 3(c) outlines the rule procedure.
From the rules, the distance 𝐷 controls the trade off
between the evaluation and estimation of new individuals.
Unsuitable values of 𝐷 result in a lower convergence rate,
longer computation time, larger function evaluation number,
convergence to a local maximum, or unreliability of solutions.
Therefore, the 𝐷 value is computed considering the following
equation:
∑𝑛𝑗=1 (𝑝𝑗

high

𝐷=
high
𝑝𝑗

− 𝑝𝑗low )

50 ⋅ 𝑛

,

(11)

represent the prespecified lower bound
where 𝑝𝑗low and
and the upper bound of the 𝑗-parameter, respectively, within
an 𝑛-dimensional space. Both rules show that the fitness
estimation strategy is simple and straightforward. Figure 3

illustrates the procedure of fitness computation for a new
candidate solution t𝑖 considering the two different rules. In
the problem the objective function 𝑓 is maximized with
respect to two parameters (𝑥1 , 𝑥2 ). In all figures (Figures
3(a), 3(b), and 3(c)) the memory M(𝑘) contains five different
elements (m1 , m2 , m3 , m4 , and m5 ) with their corresponding
fitness values (𝐽(m1 ), 𝐽(m2 ), 𝐽(m3 ), 𝐽(m4 ), and 𝐽(m5 )) and
quality factors (𝑄(m1 ), 𝑄(m2 ), 𝑄(m3 ), 𝑄(m4 ), and 𝑄(m5 )).
Figures 3(a) and 3(b) show the fitness evaluation (𝑓(𝑥1 , 𝑥2 ))
or estimation (𝐹(𝑥1 , 𝑥2 )) of the new individual t𝑖 following
the rule 1. Figure 3(a) represents the case when mne holds a
good quality factor whereas Figure 3(b) when mne maintains
a bad quality factor. Finally, Figure 3(c) presents the fitness
evaluation of t𝑖 considering the conditions of rule 2. The
procedure that implements the fitness estimation strategy is
presented in Algorithm 4, in form of pseudocode.
2.5. Memory Updating. Once the operations of exploration
and fitness estimation have been applied, it is necessary to
update the memory M(𝑘). In the APRE algorithm, the memory M(𝑘) is updated considering the following procedure.
(1) The elements of M(𝑘) and T𝑘 are merged into M𝑈
(M𝑈 = M(𝑘) ∪ T𝑘 ).
(2) From the resulting elements of M𝑈, it is selected the
𝑁𝑝 best elements according to their fitness values to
build the new memory M(𝑘 + 1).
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(1)
(2)
(3)
(4)
(5)

Input: Population T𝑘 and memory M(𝑘)
for 𝑖 = 1 to 𝑁𝑒𝑘 do
mne ← FindNearestElementOfM(t𝑖 )
distance ← FindTheDistance(t𝑖 , mne )
if (distance < 𝐷) then

(6)
(7)
(8)
(9)
(10)
(11)
(12)

if (rand(0, 1) <= 𝑄(mne )) then
𝐽(t𝑖 ) ← 𝑓(t𝑖 ) % Evaluation
else
𝐽(t𝑖 ) ← 𝐽(mne ) % Estimation
end if

(Rule 1)

𝐽(t𝑖 ) ← 𝑓(t𝑖 )

(Rule 2)

else
% Evaluation

(13)
end if
(14) end for
(15) Output: fitness values of T𝑘
Algorithm 4: Fitness estimation strategy.

(3) The counters 𝑐1 , 𝑐2 , . . . , 𝑐𝑁𝑝 must be updated. Thus, the
counter of the surviving elements is incremented by 1
whereas the counter of modified elements is set to
zero.

the perturbation over a generic element me𝑖 is modeled as
follows:

2.6. Exploitation Operation. The second main operation
applied by the APRE algorithm is the exploitation operation.
Exploitation, in the context of EA, is the process of refining
the solution quality of existent promising solutions within a
small neighborhood. In order to implement such a process,
a new memory ME is generated, which contains the same
elements that M(𝑘 + 1) but sorted according to their fitness
values. Thus, ME presents in its first positions the elements
whose fitness values are better than those located in the
last positions. Then, the 10% of the 𝑁𝑝 (𝑁𝑒 ) individuals are
taken from the first elements of ME to build the set E (E =
{me1 , me2 , . . . , me𝑁𝑒 }, where 𝑁𝑒 = ceil (0.1 ⋅ 𝑁𝑝 )).
To each element me𝑖 of E a probability 𝑝𝑖 which express
the likelihood of the element me𝑖 to be exploited is assigned.
Such a probability is computed as follows:

where 𝑘 is the current iteration and 𝑛𝑔 is the total number
of iterations from which consists the evolution process. Once
has been calculated, its fitness value is computed by
menew
𝑖
new
using the true objective function (𝐽(menew
𝑖 ) = 𝑓(me𝑖 )). If
new
me𝑖 is better than me𝑖 according to their fitness values, the
value of me𝑖 in the original memory M(𝑘 + 1) is updated
with menew
𝑖 ; otherwise the memory M(𝑘 + 1) remains without
changes. The procedure that implements the exploitation
operation is presented in Algorithm 5, in form of pseudocode.
In order to demonstrate the exploitation operation,
Figure 4(a) illustrates a simple example. A memory M(𝑘 + 1)
of ten different 2-dimensional elements is assumed (𝑁𝑝 =
10). Figure 4(b) shows the previous configuration of the
proposed example before the exploitation operation takes
place. Since only the 10% of the best elements of M(𝑘 + 1)
will build the set E, m5 is the single element that constitutes
E (me1 = m5 ). Therefore, according to (12), the probability
𝑝1 assigned to me1 is 1. Under such circumstances, the
element me1 is perturbed considering (13), generating the
new
is better than me1 according
new position menew
1 . As me1
to their fitness values, the value of m5 in the original memory
M(𝑘 + 1) is updated with menew
𝑖 . Figure 4(c) shows the final
configuration of M(𝑘 + 1) after the exploitation operation has
been achieved.

𝑝𝑖 =

𝑁𝑒 + 1 − 𝑖
.
𝑁𝑒

(12)

Therefore, the first elements of E have a better probability
to be exploited than the last ones. In order to decide if the
element me𝑖 must be exploited, a uniform random number is
generated within the range [0, 1]. If such a number is less than
𝑝𝑖 , then the element me𝑖 will be modified by the exploitation
operation. Otherwise, it remains without changes.
If the exploitation operation over me𝑖 is verified, the
position of me𝑖 is perturbed considering a small neighborhood. The idea is to test if it is possible to refine the
solution provided by me𝑖 modifying slightly its position. In
order to improve the exploitation process, the proposed
algorithm starts perturbing the original position within the
interval [−𝐷, 𝐷] (where 𝐷 is the distance defined in (11))
and then gradually is reduced as the process evolves. Thus,

new
= 𝑚𝑒𝑖,𝑗 + [𝐷
𝑚𝑒𝑖,𝑗

𝑛𝑔 − 𝑘
] (2 ⋅ rand (0, 1) − 1) ,
𝑛𝑔

(13)

2.7. Computational Procedure. The computational procedure for the proposed algorithm can be summarized in
Algorithm 6.
The APRE algorithm is an iterative process in which
several actions are executed. After initialization (lines 2-3),
the number of memory elements to be evolved are computed.
Such number is automatically modified at each iteration
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Figure 4: Example of the mating operation: (a) function example, (b) initial configuration before the exploitation operation, and (c)
configuration after the operation.

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

Input: New memory M(𝑘 + 1), current iteration 𝑘
ME ← SortElementsFitness(M(𝑘 + 1))
𝑁𝑒 ← ceil(0.1 ⋅ 𝑁𝑝 )
E ← SelectTheFirstElements(ME, 𝑁𝑒 )
for 𝑖 = 1 to 𝑁𝑒 do
𝑝𝑖 ← (𝑁𝑒 + 1 − 𝑖)/𝑁𝑒
if (rand(0, 1) <= 𝑝𝑖 ) then
for 𝑗 = 1 to 𝑛 do
new
← 𝑚𝑒𝑖,𝑗 + [𝐷 ((𝑛𝑔 − 𝑘) /𝑛𝑔)] (2 ⋅ rand(0, 1) − 1)
𝑚𝑒𝑖,𝑗
end for
new
𝐽(menew
𝑖 ) ← 𝑓(me𝑖 )
new
if (𝐽(me𝑖 ) > 𝐽(me𝑖 )) then
M(𝑘 + 1) ← MemoryIsUpdated(menew
𝑖 )
end if
end if
end for
Output: Memory M(𝑘 + 1)
Algorithm 5: Exploitation operation of APRE.
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

Input: 𝑁𝑝 , 𝑁𝑒0 , MR, CH and max 𝑘 (where max 𝑘 is the maximum number of iterations).
M(1) ← InitializeM(𝑁𝑝 )
𝑐1 , . . . , 𝑐𝑁𝑝 ← ClearCounters()
for 𝑘 = 1 to max 𝑘 do
Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
M(𝑘 + 1) ← UpdateM(M(𝑘))
𝑐1 , . . . , 𝑐𝑁𝑝 ← UpdateCounters(𝑐1 , . . . , 𝑐𝑁𝑝 )
Q ← CalculateQualityFactor(M(k))
Algorithm 5
end for
Solution ← FindBestElement(M(k))
Output: Solution
Algorithm 6: Computational procedure of APRE.

r
ei

ej

(x0 ,y0 )

ek

Figure 5: Circle candidate (individual) built from the combination
of points e𝑖 , e𝑗 , and e𝑘 .

𝐶 uses three edge points as individuals in the optimization
algorithm. In order to construct such individuals, three
indexes e𝑖 , e𝑗 , and e𝑘 , are selected from vector E, considering
the circle’s contour that connects them. Therefore, the circle
𝐶 = {e𝑖 , e𝑗 , e𝑘 } that crosses over such points may be
considered as a potential solution for the detection problem.
Considering the configuration of the edge points shown by
Figure 5, the circle center (𝑥0 , 𝑦0 ) and the radius 𝑟 of 𝐶 can be
computed as follows:
2

2

(𝑥 − 𝑥0 ) + (𝑦 − 𝑦0 ) = 𝑟2 .

(14)

Considering
𝑥𝑗2 + 𝑦𝑗2 − (𝑥𝑖2 + 𝑦𝑖2 ) 2 ⋅ (𝑦𝑗 − 𝑦𝑖 )
],
2
2
2
2
[𝑥𝑘 + 𝑦𝑘 − (𝑥𝑖 + 𝑦𝑖 ) 2 ⋅ (𝑦𝑘 − 𝑦𝑖 )]

A=[

2 ⋅ (𝑥𝑗 − 𝑥𝑖 ) 𝑥𝑗2 + 𝑦𝑗2 − (𝑥𝑖2 + 𝑦𝑖2 )

(lines 5-6). Then, a set of new individuals is generated as a
consequence of the execution of the exploration operation
(line 7). For each new individual, its fitness value is estimated
or evaluated according to a decision taken by a fitness
estimation strategy (line 8). Afterwards, the memory is
updated. In this stage, the new individuals produced by the
exploration operation compete against the memory elements
to build the final memory configuration (lines 9–11). Finally,
a sample of the best elements contained in the final memory
configuration is undergone to the exploitation operation (line
12). This cycle is repeated until the maximum number of the
iterations Max𝑘 has been reached.

3. Implementation of APRE-Based
Circle Detector
3.1. Individual Representation. In order to detect circle
shapes, candidate images must be preprocessed first by the
well-known Canny algorithm which yields a single-pixel
edge-only image. Then, the (𝑥𝑖 , 𝑦𝑖 ) coordinates for each edge
pixel e𝑖 are stored inside the edge vector E = {e1 , e2 , . . . , e𝑧𝑛 },
with 𝑧𝑛 being the total number of edge pixels. Each circle

],
B=[
2
2
2
2
−
𝑥
)
𝑥
+
𝑦
−
(𝑥
+
𝑦
)
2
⋅
(𝑥
𝑘
𝑖
𝑘
𝑘
𝑖
𝑖 ]
[
𝑥0 =
𝑦0 =

(15)

det (A)
4 ((𝑥𝑗 − 𝑥𝑖 ) (𝑦𝑘 − 𝑦𝑖 ) − (𝑥𝑘 − 𝑥𝑖 ) (𝑦𝑗 − 𝑦𝑖 ))
det (B)
4 ((𝑥𝑗 − 𝑥𝑖 ) (𝑦𝑘 − 𝑦𝑖 ) − (𝑥𝑘 − 𝑥𝑖 ) (𝑦𝑗 − 𝑦𝑖 ))
2

,
,

2

𝑟 = √(𝑥0 − 𝑥𝑑 ) + (𝑦0 − 𝑦𝑑 ) ,
where det(⋅) is the determinant and 𝑑 ∈ {𝑖, 𝑗, 𝑘}. Figure 5
illustrates the parameters defined by (14) to (17).
3.2. Objective Function. In order to calculate the error
produced by a candidate solution 𝐶, a set of test points
is calculated as a virtual shape which, in turn, must be
validated, that is, if it really exists in the edge image. The test
set is represented by A = {a1 , a2 , . . . , a𝑠𝑛 }, where 𝑠𝑛 is the
number of points over which the existence of an edge point,
corresponding to 𝐶, should be validated. In our approach,
the set A is generated by the Midpoint Circle Algorithm
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Figure 6: Procedure to evaluate the objective function 𝐽(𝐶). The image (a) presents the original edge map while (b) present the virtual shape
A corresponding to 𝐶. The image (c) shows the coincidences between both images by means of white pixels whereas the virtual shape is
depicted in black.

(MCA) [29]. The MCA is a searching method which seeks
the required points for drawing a circle digitally. Therefore,
MCA calculates the necessary number of test points 𝑠𝑛 to
totally draw the complete circle. Such a method is considered
the fastest because MCA avoids computing square-root calculations by comparing the pixel separation distances among
them.
The objective function 𝐽(𝐶) represents the matching error
produced between the pixels A of the circle candidate 𝐶
(individual) and the pixels that actually exist in the edge
image, yielding
𝐽 (𝐶) =

∑𝑠𝑛
V=1 𝐺 (aV )
,
𝑠𝑛

(16)

where 𝐺(aV ) is a function that verifies the pixel existence in aV ,
with aV ∈ A and 𝑠𝑛 being the number of pixels lying on the
perimeter corresponding to 𝐶 currently under testing. Hence,
function 𝐺(aV ) is defined as
𝐺 (aV ) = {

1, if the pixel (aV ) is an edge point,
0, otherwise.

(17)

A value of 𝐽(𝐶) near to one implies a better response
from the “circularity” operator. Figure 6 shows the procedure
to evaluate a candidate solution 𝐶 by using the objective
function 𝐽(𝐶). Figure 6(a) shows the original edge map E,
while Figure 6(b) presents the virtual shape A representing
the particle 𝐶 = {e𝑖 , e𝑗 , e𝑘 }. In Figure 6(c), the virtual shape A
is compared to the edge image, point by point, in order to find
coincidences between virtual and edge points. The particle
has been built from points e𝑖 , e𝑗 , and e𝑘 which are shown by
Figure 6(a). The virtual shape A, obtained by MCA, gathers
56 points (𝑠𝑛 = 56) with only 17 of them existing in both
images (shown as white points in Figure 6(c)) and yielding
∑𝑠𝑛
V=1 𝐺(aV ) = 17, therefore 𝐽(𝐶) ≈ 0.30.
3.3. The Multiple Circle Detection Procedure. In order to
detect multiple circles, the APRE-detector is iteratively
applied. At each iteration, two actions are developed. In the
first one, a new circle is detected as a consequence of

Table 1: APRE detector parameters.
𝑁𝑝
50

𝑁𝑒0
20

MR
0.6

CH
0.8

max 𝑘
200

the execution of the APRE algorithm. The detected circle
corresponds to the candidate solution 𝐶 with the best found
𝐽(𝐶) value. In the second one, the detected circle is removed
from the original edge map. The processed edge map without
the removed circle represents the input image for the next
iteration. Such process is executed over the sequence of
images until the 𝐽(𝐶) value would be lower than a determined
threshold that is considered as permissible.

4. Results on Multicircle Detection
In order to achieve the performance analysis, the proposed
approach is compared to the GA-based algorithm [5], the
BFAO detector [9] and the RHT method [4] over an image
set.
The GA-based algorithm follows the proposal of AyalaRamirez et al. [5], which considers the population size as 70,
the crossover probability as 0.55, the mutation probability
as 0.10, and the number of elite individuals as 2 and 200
generations. The roulette wheel selection and the 1-point
crossover operator are both applied. The parameter setup and
the fitness function follow the configuration suggested in [5].
The BFAO algorithm follows the implementation from [9]
considering the experimental parameters as 𝑆 = 50, 𝑁𝑐 =
350, 𝑁𝑠 = 4, 𝑁ed = 1, 𝑃ed = 0.25, 𝑑attract = 0.1, 𝑤attract = 0.2,
𝑤repellant = 10, ℎrepellant = 0.1, 𝜆 = 400, and 𝜓 = 6. Such
values are found to be the best configuration set according to
[9]. Both, the GA-based algorithm and the BAFO method use
the same objective function that is defined by (16). Likewise,
the RHT method has been implemented as it is described
in [4]. Finally, Table 1 presents the parameters for the APRE
algorithm used in this work. They have been kept for all test
images after being experimentally defined.
Images rarely contain perfectly-shaped circles. Therefore,
with the purpose of testing accuracy for a single-circle, the
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Figure 7: Synthetic images and their detected circles for GA-based algorithm, the BFOA method, and the proposed APRE algorithm.

detection is challenged by a ground-truth circle which is
determined from the original edge map. The parameters
(𝑥true , 𝑦true , and 𝑟true ) representing the testing circle are
computed using the (6)–(9) for three circumference points
over the manually-drawn circle. Considering the centre and
the radius of the detected circle are defined as (𝑥𝐷, 𝑦𝐷) and
𝑟𝐷, the Error Score (Es) can be accordingly calculated as


 


Es = 𝜂 ⋅ (𝑥true − 𝑥𝐷 + 𝑦true − 𝑦𝐷) + 𝜇 ⋅ 𝑟true − 𝑟𝐷 . (18)
The central point difference (|𝑥true − 𝑥𝐷| + |𝑦true − 𝑦𝐷|)
represents the centre shift for the detected circle as it is
compared to a benchmark circle. The radio mismatch (|𝑟true −
𝑟𝐷|) accounts for the difference between their radii. 𝜂 and 𝜇
represent two weighting parameters which are to be applied
separately to the central point difference and to the radio
mismatch for the final error Es. At this work, they are chosen
as 𝜂 = 0.05 and 𝜇 = 0.1. Such a choice ensures that the radius
difference would be strongly weighted in comparison to the
difference of central circular positions between the manually
detected and the machine-detected circles. Here, we assume

that if Es is found to be less than 1, then the algorithm gets
a success; otherwise, we say that it has failed to detect the
edge-circle. Note that for 𝜂 = 0.05 and 𝜇 = 0.1Es < 1
means the maximum difference of radius tolerated is 10, while
the maximum mismatch in the location of the center can be
20 (in number of pixels). In order to appropriately compare
the detection results, the Detection Rate (DR) is introduced
as a performance index. DR is defined as the percentage of
reaching detection success after a certain number of trials. For
“success” it does mean that the compared algorithm is able to
detect all circles contained in the image, under the restriction
that each circle must hold the condition Es < 1. Therefore, if
at least one circle does not fulfil the condition of Es < 1, the
complete detection procedure is considered as a failure.
In order to use an error metric for multiple-circle detection, the averaged Es produced from each circle in the image
is considered. Such criterion, defined as the Multiple Error
(ME), is calculated as follows:
ME = (

NC
1
) ⋅ ∑ Es𝑅 ,
NC 𝑅=1

(19)
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Figure 8: Real-life images and their detected circles for GA-based algorithm, the BFOA method, and the proposed APRE algorithm.

where NC represents the number of circles within the image
according to a human expert.
Figure 7 shows three synthetic images and the resulting
images after applying the GA-based algorithm [5], the BFOA
method [9], and the proposed approach. Figure 8 presents
experimental results considering three natural images. The
performance is analyzed by considering 35 different executions for each algorithm. Table 2 shows the averaged execution time, the averaged number of function evaluations, the
detection rate in percentage, and the averaged multiple error
(ME), considering six test images (shown by Figures 7 and 8).
Close inspection reveals that the proposed method is able to
achieve the highest success rate still keeping the smallest error
and demanding less computational time and a lower number
of function evaluations for all cases.

In order to statistically analyze the results in Table 2, a
nonparametric significance proof known as the Wilcoxon’s
rank test [30–32] for 35 independent samples has been conducted. Such proof allows assessing result differences among
two related methods. The analysis is performed considering a
5% significance level over the number of function evaluations
and a multiple error (ME) data. Tables 3 and 4 report the 𝑃
values produced by Wilcoxon’s test for a pairwise comparison
of the number of function evaluations and the multiple error
(ME), considering two groups gathered as APRE versus GA
and APRE versus BFOA. As a null hypothesis, it is assumed
that there is no difference between the values of the two
algorithms. The alternative hypothesis considers an existent
difference between the values of both approaches. All 𝑃
values reported in Tables 3 and 4 are less than 0.05 (5%
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Table 2: The averaged execution-time, detection rate, the averaged multiple error for the GA-based algorithm, the BFOA method, and the
proposed APRE algorithm, considering six test images are shown by Figures 8 and 9.
Performance indexes

GA

BFOA

APRE

Averaged execution time
Averaged number of function evaluations
Success rate (DR) (%)
Averaged ME
Averaged execution time
Averaged number of function evaluations
Success rate (DR) (%)
Averaged ME
Averaged execution time
Averaged number of function evaluations
Success rate (DR) (%)
Averaged ME

(a)
2.23
14,000
88
0.41
1.71
17,500
99
0.33
0.21
2,321
100
0.22

Table 3: 𝑃 values produced by Wilcoxon’s test comparing APRE to
GA and BFOA over the averaged number of function evaluations
from Table 2.
Image
Synthetic images
(a)
(b)
(c)
Natural images
(a)
(b)
(c)

APRE versus GA

𝑃 value
APRE versus BFOA

3.3124𝑒 − 006
5.3562e − 007
4.1153𝑒 − 006

5.7628𝑒 − 006
6.8354e − 007
1.1246𝑒 − 005

4.5724𝑒 − 006
6.7186e − 006
8.7691𝑒 − 007

4.5234𝑒 − 006
5.3751e − 006
6.2876𝑒 − 006

Table 4: 𝑃 values produced by Wilcoxon’s test comparing APRE to
GA and BFOA over the averaged ME from Table 2.
Image
Synthetic images
(a)
(b)
(c)
Natural images
(a)
(b)
(c)

APRE versus GA

𝑃 value
APRE versus BFOA

1.7345𝑒 − 004
1.6721e − 004
1.0463𝑒 − 004

1.5294𝑒 − 004
1.4832e − 004
1.9734𝑒 − 004

1.5563𝑒 − 004
1.2748e − 004
1.0463𝑒 − 004

1.6451𝑒 − 004
1.5621e − 004
1.7213𝑒 − 004

significance level) which is a strong evidence against the null
hypothesis, indicating that the best APRE mean values for the
performance are statistically significant which has not
occurred by chance.
Figure 9 demonstrates the relative performance of APRE
in comparison with the RHT algorithm as it is described in
[4]. All images belonging to the test are complicated and
contain different noise conditions. The performance analysis

Synthetic images
(b)
(c)
3.15
4.21
14,000
14,000
79
74
0.51
0.48
2.80
3.18
17,500
17,500
92
88
0.37
0.41
0.36
0.20
2,756
3,191
100
100
0.26
0.15

(a)
5.11
14,000
90
0.45
3.45
17,500
96
0.41
1.10
4,251
100
0.25

Natural images
(b)
6.33
14,000
83
0.81
4.11
17,500
89
0.77
1.61
3,768
100
0.37

(c)
7.62
14,000
84
0.92
5.36
17,500
92
0.37
1.95
3,834
100
0.41

is achieved by considering 35 different executions for each
algorithm over the three images. The results, exhibited in
Figure 9, present the median-run solution (when the runs
were ranked according to their final ME value) obtained
throughout the 35 runs. On the other hand, Table 5 reports
the corresponding averaged execution time, detection rate
(in %), and average multiple error (using (10)) for APRE
and RHT algorithms over the set of images. Table 5 shows
a decrease in performance of the RHT algorithm as noise
conditions change. Yet the APRE algorithm holds its performance under the same circumstances.

5. Conclusions
In this paper, a novel evolutionary algorithm called the
Adaptive Population with Reduced Evaluations (APRE) is
introduced to solve the problem of circle detection. The proposed algorithm reduces the number of function evaluations
through the use of two mechanisms: (1) adapting dynamically
the size of the population and (2) incorporating a fitness
calculation strategy which decides when it is feasible to
calculate or only estimate new generated individuals.
The algorithm begins with an initial population which
will be used as a memory during the evolution process. To
each memory element, it is assigned a normalized fitness
value called quality factor that indicates the solution capacity
provided by the element. From the memory, only a variable
subset of elements is considered to be evolved. Like other
population-based methods, the proposed algorithm generates new individuals considering two operators: exploration
and exploitation. Such operations are applied to improve
the quality of the solutions by (1) searching the unexplored
solution space to identify promising areas containing better
solutions than those found so far and (2) successive refinement of the best found solutions. Once the new individuals
are generated, the memory is updated. In such stage, the new
individuals compete against the memory elements to build
the final memory configuration.
In order to save computational time, the approach
incorporates a fitness estimation strategy that decides which
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Figure 9: Relative performance of the RHT and the APRE.
Table 5: Average time, detection rate, and averaged error for APRE
and RHT, considering three test images.
Image

Average time
RHT
APRE

(a)
(b)
(c)

7.82
8.65
10.65

0.20
0.12
0.15

Success rate (DR) (%)
RHT
APRE
100
64
11

100
100
100

Average ME
RHT APRE
0.19
0.47
1.21

0.12
0.11
0.13

individuals can be estimated or actually evaluated. As a result,
the approach can substantially reduce the number of function
evaluations, yet preserving its good search capabilities. The
proposed fitness calculation strategy estimates the fitness
value of new individuals using memory elements located
in neighboring positions that have been visited during the

evolution process. In the strategy, those new individuals,
close to a memory element whose quality factor is high,
have a great probability to be evaluated by using the true
objective function. Similarly, it is also evaluated those new
particles lying in regions of the search space with no previous
evaluations. The remaining search positions are estimated
assigning them the same fitness value that the nearest location
of the memory element. By the use of such fitness estimation
method, the fitness value of only very few individuals are
actually evaluated whereas the rest is just estimated.
Different to other approaches that use an already existent
EA as framework, the APRE method has been completely
designed to substantially reduce the computational cost but
preserving good search effectiveness.
To detect the circular shapes, the detector is implemented
by using the encoding of three pixels as candidate circles
over the edge image. An objective function evaluates if such

16
candidate circles are actually present in the edge image.
Guided by the values of this objective function, the set of
encoded candidate circles are evolved using the operators
defined by APRE so that they can fit to the actual circles on
the edge map of the image.
In order to use either a fitness estimation strategy or an
adaptive population size approach, it is necessary but not
sufficient to tackle the problem of reducing the number
of function evaluations. Using a fitness estimation strategy,
during the evolution process with no adaptation of the
population size to improve the population diversity, makes
the algorithm defenseless against the convergence to a false
minimum and may result in poor exploratory characteristics
of the algorithm [18]. On the other hand, the adaptation of the
population size omitting the fitness estimation strategy leads
to increase in the computational cost [20]. Therefore, it does
seem reasonable to incorporate both approaches into a single
algorithm.
In order to test the circle detection accuracy, a score
function is used (19). It can objectively evaluate the mismatch
between a manually detected circle and a machine-detected
shape. We demonstrated that the APRE method outperforms
both the evolutionary methods (GA and BFOA) and Hough
Transform-based techniques (RHT) in terms of speed and
accuracy, considering a statistically significant framework
(Wilconxon test). Results show that the APRE algorithm is
able to significantly reduce the computational overhead as a
consequence of decrementing the number of function evaluations.
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Mutual information (MI) has been widely used in multisensor image matching, but it may lead to mismatch among images with
messy background. However, additional prior information can be of great help in improving the matching performance. In this
paper, a robust Bayesian estimated mutual information, named as BMI, for multisensor image matching is proposed. This method
has been implemented by utilizing the gradient prior information, in which the prior is estimated by the kernel density estimate
(KDE) method, and the likelihood is modeled according to the distance of orientations. To further improve the robustness, we
restrict the matching within the regions where the corresponding pixels of template image are salient enough. Experiments on
several groups of multisensor images show that the proposed method outperforms the standard MI in robustness and accuracy
and is similar with Pluim’s method. However, our computation is far more cost saving.

1. Introduction
The matching of multisensor images is an important preprocessing step for many applications, such as navigation,
data-fusion, and visualization tasks. Due to different physical
characteristics of different sensors, the relationship between
the intensities of the matching pixels is often complex. Visual
features present in one sensor image may not appear in
other ones, and vice versa; image contrast may differ from
each other in the same regions; multiple intensities in one
image may be mapped to a single intensity in other images,
and vise versa. The uncorrelated intensities make the normal
intensity-based matching methods ineffective; therefore, the
matching of multisensor image becomes challenging in computer vision.
Previous works on multisensor image matching can be
generally categorized into two classes [1]. The first class is
to find some invariant representations among multisensor
images, such as point feature [2], edge feature [3], contour
feature [4] and edge orientation maps [5], then the problem
can be solved by utilizing the traditional monosensor matching methods. Nevertheless, the feature extraction has been

regarded as one of the most difficult problems in image processing, especially in multisensor cases, as the feature present
in one image may not appear in other ones. Additionally,
these methods usually omit most of the image details, which
may lead to a wrong matching.
The second class is to use an invariant similarity measure
of images. These methods are conducted directly in the
intensity domain, and they have been successfully used in a
variety of multisensor registrations. Within these methods,
the images are treated as combinations of different sets. Each
set stands for a separate gray level, assuming that the same
component of the same object is consistent in one image, and
the pixels of the same component with intensities near 𝑥 in
one image correspond to the pixels with intensities near 𝑦 in
the other image. In other words, there may be no pixel-topixel correspondence in intensity, but there do exist set-toset correspondences between two images; namely, ignoring
the intensity property, the topology of the corresponding
sets must be similar between two images. The corresponding
relationship can be well shown by the joint intensity scatter
plot (JISP) or the joint histogram (JH) [6], and by measuring
their dispersion one can quantify the matching degree. One
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(a)

(b)

Figure 1: A mismatching example of MI. (a) An infrared template image, (b) a visible reference image and the matching result, and (c) the
matching result of our method. There are many background textures around the target (car) of the infrared image, but only a few in the VS
image, which decrease the statistical relationship and lead to a mismatching when using the NMI method. The matching result is shown by
superimposing the Sobel edges of the template image directly on the reference image.

of the most successful measures is the entropy. The lower
the entropy is, the more tightly clustered the scatter plot
will be and, hence, the closer the matching will be. Mutual
information (MI) [7, 8] or normalized mutual information
(NMI) [9] has been considered as the state-of-the-art matching frameworks of the entropy-based methods.
Nevertheless, the robustness of the MI-based matching
methods is questionable. A mismatched result of the NMI
between an infrared (IR) and a visible (VS) image is shown in
Figure 1, in which statistical relationship between the images
is decreased by the messy background. In addition, a “Grey
stripe” registration also demonstrates the pitfall of NMI in
[10].
Recently, many approaches have been proposed to
improve the MI by incorporating additional spatial information. Studholme et al. [11] introduce a prior of labeled
connecting regions as an additional information channel to
the MI. Guo and Lu [12] adopt the gradient vector flow (GVF)
to enhance the original intensity images before using the
MI, which improves the success rate. Kim et al. [13] propose
a new method based on a 3D joint histogram (JH), which
integrates the intensity information and the edge orientation
information. The method provides more robustness. Lee et
al. [14] extend [13] by using a modified GVF to extend the
capture range of gradient-based MI. Wang and Tian [15]
encode the images into 32 bins according to the gradient
magnitude and orientation and then compute the MI directly
on the encoded field, which improves the computation
efficiency of the MI. Liu et al. [16] improved this method
with an adaptive combination strategy of an intensity-based
MI and a coded gradient-based MI. Fan et al. [17] propose
a method that combines the spatial information through a
feature-based selection mechanism, such as the Harris corner,
and the JH is increased to 4D. Loeckx et al. [18] propose
conditional mutual information (cMI) as a new similarity
for image registration; cMI starts from a 3D joint histogram
incorporating, besides the intensity dimensions, also a spatial
dimension expressing the location of the joint intensity pair.
Pluim et al. [19] modify the MI-based method by multiplying

the MI with a term of the gradient. The gradient term not
only seeks to align locations of high gradient magnitude but
also aims for a similar orientation of the gradients at these
locations. This method is referred to as GNMI in this paper.
These improvements for the MI-based methods strongly
depend on the invariant characteristics mentioned in the first
class, for example, the gradient information of magnitude and
orientation, as well as the corner features. Actually, since they
take full advantages of the two classes, we classify them as
the third class and regard this additional information as prior
information in this paper.
It should be pointed out that some methods which
introduce the prior into MI are problematic. For example,
in [15], the pixels are encoded according to their gradient
magnitude and orientation. The intensities in the standard
MI are substituted with gradient codings. It is known that the
gradient orientation appears to be parallel to each other in
multisensor images, and they must be distributed along the
diagonal of JH in the true matching. However, as the codings
function similarly as the intensities of the standard MI in
JH, and MI measures the dispersion of JH only, this method
still gives a high correlation even though the compact bins
are located far away from the diagonal of JH. Moreover, the
gradient magnitudes participating in the coding are not so
reliable, as the magnitudes vary a lot in multisensor images
[13, 14]. Some better methods are presented in [13, 16, 19],
in which they treat the measure of gradient vectors between
multisensor images as a weight of the MI. However, they
suffer from expensive computation.
In this paper, a new similarity measure that incorporates
the prior information into MI by the Bayesian method is
proposed. For simplicity, it is named as Bayesian MI (BMI)
here. BMI is deduced by substituting classical probabilities
in MI with the Bayesian probability, such as the prior, the
likelihood, and the posterior. For example, the classical conditional probability can be regarded as a likelihood probability
or a posterior probability in the Bayesian framework and
through which we can introduce some subjective experiences
in the estimation. To avoid the statistic of JH, the BMI is
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defined directly on each pixel pair, and the images can then be
measured by the mean BMI of the valid matching pixel pairs.
Then, an implementation of the BMI is proposed based
on the prior information of gradient. Since the magnitude
information between multisensor images is not so reliable,
we only concern whether their magnitudes are salient or not
and treat the salient ones as the saliency. Generally, saliency
of image contributes more in matching [20, 21], so we restrict
the pixel pairs of matching within a mask where the pixels of
the template image are salient.
In the implementation, the orientation of each pixel
is defined firstly. The saliency pixels are defined as the
absolute value of their orientations, while the nonsaliency
ones are defined as zero. Secondly, the prior distribution
is estimated based on the kernel density estimate (KDE)
method, and the likelihood between orientations is modeled
by the Gaussian function according to their distance. The
closer the orientation is, the more similar the pixel pair will
be. Finally, the sequential statistic BMI based on the gradient
information is modeled as well.
At the end of this paper, experiments are conducted on six
groups of images which are captured by different sensors, and
the results suggest that the proposed method is more robust
and more accurate than the standard NMI and is similar to
Pluim’s method [19]. Moreover, our computation is far more
cost saving.
The rest of this paper is outlined as follows. Section 2
briefly introduces the standard MI, and the proposed BMI
is deduced by Bayesian formula. Based on the gradient prior
information, the application of the BMI is shown in Section 3.
In Section 4, some experimental results and discussions are
presented. Finally, conclusions are drawn in Section 5.

2. Proposed Method
2.1. Mutual Information. The MI method is of general significance because it makes few assumptions on image intensities.
It assumes neither linear correlation nor even functional
correlation but only statistical dependence [10].
Given two images, 𝐴 and 𝐵, one can define their joint
probability (JP) 𝑝𝐴𝐵 (𝑎, 𝑏) by simply normalizing the JH.
Let 𝑝𝐴 (𝑎) and 𝑝𝐵 (𝑎) denote the corresponding probabilities,
which can be obtained directly from 𝑝𝐴𝐵 (𝑎, 𝑏). The MI
between 𝐴 and 𝐵 based on Shannon entropy is given by
MI (𝐴, 𝐵) = 𝐻 (𝐴) + 𝐻 (𝐵) − 𝐻 (𝐴, 𝐵)
= ∑𝑝𝐴𝐵 (𝑎, 𝑏) log
𝑎,𝑏

𝑝𝐴𝐵 (𝑎, 𝑏)
.
𝑝𝐴 (𝑎) 𝑝𝐵 (𝑏)

𝑎,𝑏

(2)

𝑝𝐴𝐵 (𝑎, 𝑏)
,
𝑝𝐴 (𝑎) 𝑝𝐵 (𝑏)

(3)

and MI(𝐴, 𝐵) can be deemed as the mathematical expectation
of MI(𝑎, 𝑏).
2.2. Bayesian Mutual Information. BMI is deduced directly
from the MI by regarding the conditional probability 𝑝𝐴|𝐵 (𝑎 |
𝑏) in (2) as a posterior probability, which can be estimated
according to the prior information based on the Bayesian
method.
Let 𝑝𝐴 (𝑎) be the prior probability; then, according to the
Bayesian formula, we have
𝑝̂𝐴|𝐵 (𝑎 | 𝑏) =

𝑝̂𝐵|𝐴 (𝑏 | 𝑎) 𝑝𝐴 (𝑎)
𝑝̂𝐵|𝐴 (𝑏 | 𝑎) 𝑝𝐴 (𝑎)
=
,
𝑝̂𝐵 (𝑏)
∑𝑎 𝑝̂𝐵|𝐴 (𝑏 | 𝑎) 𝑝𝐴 (𝑎)
(4)

where 𝑝̂𝐵|𝐴 (𝑏 | 𝑎) and 𝑝̂𝐵 (𝑏) denote the likelihood probability
and evidence probability, respectively. 𝑝̂𝐵 (𝑏) can be estimated
through the joint of prior and likelihood by the total probability formula. Here, 𝑝̂ is used for distinguishing the Bayesian
probabilities from the classical probability 𝑝. Using (2) and
(4), the BMI can be defined as
BMI (𝐴, 𝐵) = ∑𝑝𝐴𝐵 (𝑎, 𝑏) log
𝑎,𝑏

𝑝̂𝐵|𝐴 (𝑏 | 𝑎)
.
∑𝑎 𝑝̂𝐵|𝐴 (𝑏 | 𝑎) 𝑝𝐴 (𝑎)

(5)

Similar to the MI, (5) needs the statistic of JP beforehand.
For convenience, we refine (5) into a sequential statistic form.
As 𝑝𝐴𝐵 (𝑎, 𝑏) = (1/𝑁) ∑𝑥,𝑦 𝛿(𝑎𝑥,𝑦 − 𝑎) ⋅ 𝛿(𝑏𝑥,𝑦 − 𝑏), where 𝑁 is
the total pixel number in the matching, 𝛿(𝑥) is the Kronecker
function, 𝑎𝑥,𝑦 and 𝑏𝑥,𝑦 are the pixel values of 𝐴 and 𝐵 at (𝑥, 𝑦),
respectively. Thus, (5) can be rewritten as
BMI (𝐴, 𝐵) =

MI (𝐴, 𝐵) = 𝐻 (𝐴) − 𝐻 (𝐴 | 𝐵)
𝑝𝐴|𝐵 (𝑎 | 𝑏)
,
𝑝𝐴 (𝑎)

MI (𝑎, 𝑏) = log

(1)

Apart from (1), MI can also be described in many other
forms, as summarized by [22]:

= ∑𝑝𝐴𝐵 (𝑎, 𝑏) log

where 𝐻(𝐴) and 𝐻(𝐵) are the Shannon entropy of images
𝐴 and 𝐵, which indicate the amount of uncertainty about
A and B, respectively. 𝐻(𝐴 | 𝐵) and 𝐻(𝐵 | 𝐴) denote the
conditional entropy, indicating the uncertainty left in 𝐴 or 𝐵
when 𝐵 or 𝐴 is known. 𝐻(𝐴, 𝐵) is the joint entropy, which
indicates the total uncertainty of 𝐴 and 𝐵. When 𝑏 is known,
the conditional probability of 𝑎 is noted as 𝑝𝐴𝐵 (𝑎, 𝑏); it can
be easily deduced from their JP by the classical probability
theory.
In fact, − log(𝑎) can be regarded as the self-information
of 𝑎, and the entropy 𝐻(𝑎) represents its mean. Similarly, the
mutual information between 𝑎 and 𝑏 can be defined as

1
∑BMI (𝑎𝑥,𝑦 , 𝑏𝑥,𝑦 )
𝑁 𝑥,𝑦

=

𝑝̂𝐵|𝐴 (𝑏𝑥,𝑦 | 𝑎𝑥,𝑦 )
1
∑ log
𝑁 𝑥,𝑦
𝑝̂𝐵 (𝑏𝑥,𝑦 )

=

𝑝̂𝐵|𝐴 (𝑏𝑥,𝑦 | 𝑎𝑥,𝑦 )
1
,
∑ log
𝑁 𝑥,𝑦
∑ 𝑝̂𝐵|𝐴 (𝑏𝑥,𝑦 | 𝑎𝑥,𝑦 ) 𝑝𝐴 (𝑎𝑥,𝑦 )
𝑎𝑥,𝑦

(6)
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where BMI(𝑎𝑥,𝑦 , 𝑏𝑥,𝑦 ) denotes the BMI of the pixel pair
(𝑎𝑥,𝑦 , 𝑏𝑥,𝑦 ). Obviously, a higher BMI BMI(𝑎𝑥,𝑦 , 𝑏𝑥,𝑦 ) can be
achieved from higher likelihood and lower evidence. Equation (6) is applicable regardless of whether 𝑎 and 𝑏 are
discrete or continuous, while (5) is for the discrete form
only.
BMI can be comprehended favourably using the communication theory when regarding 𝑎𝑥,𝑦 , 𝑝̂𝐵|𝐴 (𝑏𝑥,𝑦 | 𝑎𝑥,𝑦 ) and
𝑏𝑥,𝑦 as the message source, the channel, and the sink;
respectively, BMI is just the evaluation of the correct rate after
transmission [23].
It should be noticed that 𝑝𝐴 (𝑎𝑥,𝑦 ), 𝑝̂𝐵|𝐴 (𝑏𝑥,𝑦 | 𝑎𝑥,𝑦 ), 𝑝̂𝐵 (𝑏),
and their logarithmic values can be calculated offline; moreover, as log(𝑥𝑦) = log(𝑥)+log(𝑦), the cost of our computation
can be remarkably saved by utilizing the lookup-table (LUT)
technique.
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𝑇
for an example, it is defined
coordinate of pixel. Taking 𝜃𝑥,𝑦
as

angle (𝑉𝑥𝑦 ) , if (∇𝑇𝑦 > 0 ∩ 𝐺𝑥𝑦 > 𝑡) ,
{
{
𝑇
𝜃𝑥,𝑦
= {𝑝,
if (∇𝑇𝑦 = 0 ∩ 𝐺𝑥𝑦 > 𝑡) ,
{
if 𝐺𝑥𝑦 < 𝑡,
{0,
𝑉𝑥𝑦 = sgn (∇𝑇𝑦 ) [

3. Implementation

𝑇
𝑅𝑢V
and 𝜃𝑥,𝑦
be the
3.1. Gradient Orientation Mapping. Let 𝜃𝑥,𝑦
gradient orientation maps of 𝑇 and 𝑅𝑢V , and (𝑥, 𝑦) is the

 
𝐺𝑥𝑦 = 𝑉𝑥𝑦  ,

where angle(𝑥) is a function which returns the phase of vector
𝑥, 𝐺𝑥𝑦 is its magnitude, and sgn(⋅) is the sign function, which
reverses the vectors in the 3rd and 4th quadrant and limits the
𝑇
to [0, 𝜋]. 𝜏 is the threshold which separates the gradient
𝜃𝑥,𝑦
of salient structures from noises, and
𝜏=

In this section, we are about to implement the proposed BMI
based on the prior information of the gradient. Actually,
BMI is universal as long as the prior and the likelihood
can be modeled, such as the intensity and the local statistic
between monosensor matching, the gradient orientation and
magnitude, and the edges but not the intensity of multisensor
images.
As mentioned in the introduction, the saliency includes
most of the information [24]; thus, it would contribute more
in matching. In [21], Qin et al. extract the salient vector for
each pixel using the principal axis analysis (PAA). The more
similar the corresponding vectors are, the higher weight the
pixel pairs will be in JP. In [20], Kim et al. extract the salient
regions from expanding the edges; then the MI is calculated
on those regions in which the images are both salient. This
method enhances the statistical correlation between the IR
and VS images.
In this study, we simply define the saliency as those pixels
whose gradient magnitude are higher than a threshold, which
is correlated to the mean of the full image. Different from
Kim’s scheme, the proposed BMI is computed only on those
pixel pairs in which the template image is salient, regardless
of the reference image.
Let 𝑅 and 𝑇 denote the reference image and the template
image, respectively, and 𝑅𝑢V denotes the subimage cropped
from the top-left corner (𝑢, V) of 𝑅, which has the same size
as 𝑇. Both of the two images are filtered by a 5 × 5 Gaussian
window to suppress the noise.
The realization of the BMI includes the gradient orientation mapping, the prior probability estimation, and the
likelihood probability modeling
It should be noted that, in the following implementation,
it is assumed that there is only translation between two
images, so are the experiments. This assumption does not
affect manifesting the effect of our method.

∇𝑇𝑥
],
∇𝑇𝑦

(7)

𝑎
∑𝐺 ,
𝑁 𝑥,𝑦 𝑥𝑦

(8)

where a is an empirical percentage of the mean magnitude,
𝑁 is the total pixel number of 𝐼. Practically, 𝑎 ∈ [0.8, 1.2].
Here, the fact that gradient orientations are parallel to each
other between multisensor images is utilized. In other words,
their orientations are either the same or opposite. When the
𝑇
is set to zero, and the pixels
gradient magnitude is small, 𝜃𝑥,𝑦
with horizontal orientation are defined as 𝜋.
Let Δ𝜃 be the resolution angle; then we can get the discrete
form of (7)
𝑇
= round (
𝑐𝑥,𝑦

𝑇
𝜃𝑥,𝑦
+ 0.5

Δ𝜃

).

(9)

𝑇
= 0 are named as zeroIn this paper, the pixels of 𝜃𝑥,𝑦
𝑇
code pixels, and those of 𝜃𝑥,𝑦 ≠0 are named as nonzero-code
pixels, and those nonzero-code pixels are defined as saliency.
The saliency of 𝑇 forms the mask in which the matching
is conducted, and we denote the set of the corresponding
coordinations (𝑥, 𝑦) as 𝑉.

3.2. Prior Probability Density Estimation. Normally, the prior
𝑇
. However,
probability can be defined by the histogram of 𝐶𝑥,𝑦
when the size of the template image is small (small sample
size problem), the histogram will be incapable to character
the probability precisely by the classical probability theory,
which requires as many samples as possible. For this problem,
kernel density estimate (KDE), or Parzen window method
[25, 26], is a good solution. KDE has been widely used for
nonparametric distribution estimation [27]. Therefore, the
𝑇
> 0 can be written as
probability density of 𝜃𝑥,𝑦
𝑓𝑇 (𝜃) =


𝑇 
2
 𝜃 − 𝜃𝑥,𝑦
1

 ) ,
∑ 𝐾1 (
𝐶ℎ1 (𝑥,𝑦)∈𝑉
 ℎ1 



(10)

where 𝐾1 (⋅) is the kernel function and ℎ1 corresponds to
the bandwidth. The larger ℎ1 is, the smoother 𝑓𝑇(𝜃) will be.
Constant 𝐶ℎ1 makes ∫ 𝑓𝑇 (𝜃)𝑑𝜃 = 1.
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Figure 2: Valid pixel pairs in matching are sorted into two classes:
nonzero-code to nonzero-code and nonzero-code to zero-code,
which are marked with “1” and “2,” respectively. The saliency
(nonzero-code) is marked by diagonal lines.

𝑇
Actually, the KDE method distributes each 𝜃𝑥,𝑦
to its
neighbors by a bounded 𝐾1 (⋅) with ℎ1 and makes 𝑓𝑇(𝜃) more
accurate and more robust than the discrete one. Frequently
used kernel functions include Uniform, Triangle, Epanechnikov, and Normal [28]. In this study, the Normal Gaussian
kernel function is employed as kernel function.

3.3. Likelihood Probability Density Model. Likelihood is a
subjective probability in our work. It is a connection between
the prior and the evidence. In this section, we sort the valid
pixel pairs under the mask into two classes: nonzero-code
to nonzero-code matching and nonzero-code to zero-code
matching, as shown in Figure 2. Their likelihoods will be
modeled, respectively.
As for the first class, its likelihood can be modeled
𝑇
𝑅𝑢V
and 𝜃𝑥,𝑦
. It is clear
according to their distance between 𝜃𝑥,𝑦
that the closer the orientation is, the higher the likelihood will
be. Taking two random orientations, 𝜃𝑟 and 𝜃𝑡 , as an example,
their likelihood probability density can be modeled as
∠ (𝜃𝑟 , 𝜃𝑡 )
1
𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 | 𝜃𝑡 ) =
𝐾2 (
) , 𝜃𝑟 , 𝜃𝑡 > 0,
𝐶ℎ2
ℎ2

(11)

where 𝐾2 (⋅) is a hat-like function which is high in the middle
but low on both sides, for example, the Gaussian function.
ℎ2 defines its bandwidth. ∠(𝜃𝑟 , 𝜃𝑡 ) is the intersection angle
between the two orientations, and 0 ≤ ∠(𝜃𝑟 , 𝜃𝑡 ) ≤ 𝜋/2, which
is calculated by
 

 

∠ (𝜃𝑟 , 𝜃𝑡 ) = min {𝜃𝑟 − 𝜃𝑡 − 𝜋 , 𝜃𝑟 − 𝜃𝑡  , 𝜃𝑟 − 𝜃𝑡 + 𝜋} . (12)
𝐶ℎ2 is a constant which ensures 𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 |𝜃𝑡 ) satisfy the
boundary condition of ∫ 𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 | 𝜃𝑡 )𝑑𝜃𝑟 = 1.
Figure 3 shows an example of 𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 | 𝜃𝑡 ) when ℎ2 =
12/𝜋. It indicates that the bigger the intersection angle is, the
lower the likelihood will be, and it approaches to 0 as ∠(𝜃𝑟 , 𝜃𝑡 )
tend to 𝜋/2. Combining (10) and (11), the evidence probability
density can be obtained:
𝑓̂𝑅𝑢V (𝜃) = ∫ 𝑓𝑇 (𝜃𝑡 ) ⋅ 𝑓̂𝑅𝑢V |𝑇 (𝜃 | 𝜃𝑡 ) 𝑑𝜃𝑡 .

(13)

0

0

0.5

1

1.5

∠(𝜃r , 𝜃t )

Figure 3: The likelihood probability density 𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 | 𝜃𝑡 ) versus
the intersection angle ∠(𝜃𝑟 , 𝜃𝑡 ) based on the Gaussian function ℎ2 =
12/𝜋.

fT (𝜃)

1

̂R (𝜃), h2 = 10
f
𝑢
180𝜋

0.8

̂R (𝜃), h2 = 20
f
𝑢
180𝜋

0.6
0.4
0.2

̂R (𝜃), h2 = 30
f
𝑢
180𝜋
0
0
0.5
1

1.5
𝜃

2

2.5

3

Figure 4: Curves of 𝑓𝑇 (𝜃) and 𝑓̂𝑅𝑢V (𝜃) under different ℎ2 . Apparently, 𝑓̂𝑅𝑢V (𝜃) is a smoothed result of 𝑓𝑇 (𝜃). The bigger ℎ2 is, the
smoother 𝑓̂ (𝜃) will be.
𝑅𝑢V

The continuous function, 𝑓̂𝑅𝑢V (𝜃), is just a smoothed form
of 𝑓𝑇(𝜃) by using the function 𝐾2 , and they will be overlapped when ℎ2 ≤ 𝜋/180, as shown in Figure 4.
With regard to the nonzero-code to zero-code matching,
it can be treated as mismatching, and its likelihood can be
defined as 0. Finally, we have
𝑓̂𝑅𝑢V |𝑇 (𝜃𝑟 | 𝜃𝑡 )
∠ (𝜃𝑟 , 𝜃𝑡 )
1
{
{
𝐾2 (
) , if (𝜃𝑟 , 𝜃𝑡 > 0) ,
= { 𝐶ℎ2
ℎ2
{
if (𝜃𝑟 = 0, 𝜃𝑡 > 0) .
{0,

(14)

3.4. Practical Issues. Now, the BMI of 𝑅𝑢V and 𝑇 can be
𝑇
derived by substituting 𝑎𝑥,𝑦 , 𝑏𝑥,𝑦 , 𝐴, and 𝐵 in (6) with 𝜃𝑥,𝑦
,
𝑅𝑢V
𝜃𝑥,𝑦 , 𝑇, and 𝑅𝑢V , respectively. First, some issues should be
noticed.
(1) BMI will be defined as 0 if the likelihood equals 0,
such as the second class.
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Figure 5: Ten groups of IR reference images.

Figure 6: Ten groups of VS reference images.

(2) We can see that there do exist some pixel pairs that
𝑅𝑢V
𝑇
𝑅𝑢V
| 𝜃𝑥,𝑦
) < 𝑓̂𝑅𝑢V (𝜃𝑥,𝑦
), which results
satisfy 𝑓̂𝑅𝑢V |𝑇 (𝜃𝑥,𝑦
in a negative BMI. Sometimes, the mean BMI may
be negative, too, especially in those mismatched
locations. But it never occurs in the standard MI [22].
In this study, the pixel pairs with negative BMI are
regarded as mismatched, and their BMIs are limited to
zero, so that they are consistent with the second class.
Finally, the BMI-based matching formula between 𝑅𝑢V
and 𝑇 can be derived as
BMI (𝑇, 𝑅𝑢V )
=

1
𝑁

𝑅𝑢V
𝑇
| 𝜃𝑥,𝑦
)
𝑓̂𝑅 |𝑇 (𝜃𝑥,𝑦
{
{
{log 𝑢V
,
𝑅𝑢V
̂
×∑ {
𝑓𝑅𝑢V (𝜃𝑥,𝑦 )
{
(𝑥,𝑦)∈𝑉 {0,
{

if (

𝑓̂𝑅𝑢V |𝑇
𝑅𝑢V
> 1, 𝜃𝑥,𝑦
≠0) ,
𝑓̂
𝑅𝑢V

otherwise.
(15)

The true matching of the template image 𝑇 can be
obtained by maximizing the BMI(𝑇, 𝑅𝑢V ) through out the
interval (𝑢, V) of the reference image 𝑅.

4. Experimental Validation
To evaluate the performance of the proposed method, firstly,
ten pairs of IR and VS images are used in the test as shown in
Figures 5 and 6, respectively. The IR images are captured by
a long-wave IR camera, whose sizes are 108 × 168, and they
are taken as the template image; the VS images are captured
by a CCD camera, whose sizes are 256 × 256, and they are
taken as the reference images. All the images are captured
on a sunny afternoon, with only some random translation
transform between them. As the ground truth is unknown for
the sets of real images, it is estimated by manually matching
in Photoshop. We also test these four methods on two pairs
of image scropped from [29], as shown in Figures 7 and 8.
The matching results obtained from the proposed method
are compared with the NMI, GNMI [19], and GCMI methods
[15]. These methods are chosen because they have been
widely used in multisensor image matching, and they provide
relatively good matching performance. In the NMI and
GNMI methods, the densities are estimated by JH with a fixed
number of 64 ∗ 64 bins for both images. The intensity values
are linearly mapped into these bins. The parameters used in
these methods are ℎ1 = 10𝜋/180/3, ℎ2 = 90𝜋/180/3, and
𝑎 = 0.8, the matching results of our method are shown in
Figure 10.
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(a)

7

(b)

Figure 7: (Group 11) A pair of downtown images captured at night and in daytime.

(a)

(b)

Figure 8: (Group 12) A pair of images of Mauna Loa.

The comparison results of the NMI, GNMI, GCMI,
and our method are shown in Figure 9. A global searching
strategy was applied to get a full view of the correlation curve.
The figures indicate the following.
(1) The BMI outperforms the NMI significantly. It can be
seen that (1) the difference between the highest and
the 2nd higher peak, which measures the interference
suppressing ability, is more salient in BMI than in
NMI through all the tests. In particular, the NMI
mismatches in the 8th, 9𝑡ℎ , and 11st test, while the BMI

is still applicable. (2) The highest peak of BMI, which
measures the position accuracy, is much sharper than
that of NMI. The matching results are shown in
Table 1, from which we can see that all the methods
have matching errors, but our method is more accurate.
(2) Because GNMI, GCMI, and BMI adopt gradient
information as measure, the performances of our
method are similar to the GNMI and GCMI; they
all have similar matching accuracy and the salient
highest peak. However, as discussed previously, the
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Figure 9: Matching curves of the BMI (the 4th row) compared with the NMI (the 1st row), GNMI (the 2nd row), and GCMI (the 3rd row).

Figure 10: Matching results of the BMI.
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Table 1: Comparison of the position accuracy.

Group
1
2
3
4
5
6
7
8
9
10
11
12
Mean error

Ground truth
(72, 44)
(66, 16)
(38, 57)
(104, 43)
(49, 45)
(99, 14)
(69, 28)
(107, 55)
(118, 38)
(97, 41)
(192, 396)
(55, 306)
(—/—)

NMI/error
(72, 37)/(0, 7)
(65, 15)/(1, 1)
(39, 57)/(1, 0)
(105, 43)/(1, 0)
(49, 44)/(0, 1)
(103, 13)/(4, 1)
(70, 26)/(1, 2)
(142, 54)/(35, 1)
(143, 78)/(35, 40)
(97, 41)/(0, 0)
(33, 398)/(159, 2)
(55, 306)/(0, 0)
(19.7, 5.4)

GNMI/error
(73, 44)/(1, 1)
(65, 15)/(1, 1)
(39, 57)/(1, 0)
(105, 41)/(1, 2)
(49, 44)/(0, 1)
(99, 13)/(0, 1)
(70, 26)/(1, 2)
(107, 55)/(0, 0)
(119, 38)/(1, 0)
(96, 41)/(1, 0)
(192, 396)/(0, 0)
(55, 306)/(0, 0)
(0.6, 0.7)

GCMI/error
(73, 45)/(1, 1)
(65, 15)/(1, 1)
(39, 57)/(1, 0)
(105, 42)/(1, 1)
(49, 44)/(0, 1)
(99, 13)/(0, 1)
(70, 25)/(1, 3)
(107, 55)/(0, 0)
(118, 37)/(0, 1)
(96, 41)/(1, 0)
(191, 396)/(1, 0)
(55, 306)/(0, 0)
(0.7, 0.8)

BMI/error
(73, 44)/(1, 0)
(65, 15)/(1, 1)
(39, 57)/(1, 0)
(105, 42)/(1, 1)
(49, 44)/(0, 1)
(99, 14)/(0, 0)
(70, 26)/(1, 2)
(107, 55)/(0, 0)
(119, 37)/(1, 1)
(96, 41)/(1, 0)
(192, 396)/(0, 0)
(55, 306)/(0, 0)
(0.6, 0.5)

The bold data means mismatching pairs.

computation of our method is remarkably cost saving
when the LUT technique is used. In the MATLAB
environment, the cost ratio of the four methods is
about 1 : 2 : 3 : 4 (BMI : GCMI : NMI : GNMI), and the
proportion can be further improved when using other
program tools, such as the C and C++ language.
Additional experiments have also been done to test the
robustness according to the parameter settings, including 𝑎,
ℎ1 , and ℎ2 , which refer to (10), (11), and (14), respectively. The
results are listed below.
(1) When 𝑎 < 0.8, the noise increases and it makes the
matching curve of BMI not so smooth, but the main
peak of the curve remains unchanged. When 𝑎 > 0.8,
the salient regions shrink, and the position accuracy
decreases.
(2) The change of ℎ1 has no substantial influence on
𝑓̂𝑅𝑢V (𝜃), as long as ℎ1 < ℎ2 .

(3) ℎ2 determines the cover range of the likelihood, and
the higher ℎ2 is, the smoother the curve will be and,
hence, the more robust the BMI will be.

5. Conclusions
In this paper, a robust Bayesian estimated mutual information
method for multisensor images matching is proposed. Our
method is universal as long as the prior and the likelihood can
be modeled, and we have implemented it by using the prior
information of gradient, in which the prior probability density is estimated by the KDE method, and the likelihoods are
modeled, respectively, according to the class of the matching
pixel pair. Our method is compared with the standard NMI
and GNMI by experimenting on some multisensor images,
and the results show that (1) our method provides higher
robustness and position accuracy than NMI; (2) as the keys of
BMI can be precalculated offline, our method is remarkably
cost saving; (3) the parameters of the BMI can be set easily,
which facilitate its application.

Further studies include improving the matching accuracy
by suppressing the speckle noise and refining the saliency
mask. Moreover, to enhance its robustness, additional information can be introduced according to the practical conditions.
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Rician noise pollutes magnetic resonance imaging (MRI) data, making data’s postprocessing difficult. In order to remove this noise
and avoid loss of details as much as possible, we proposed a filter algorithm using both multiobjective genetic algorithm (MOGA)
and Shearlet transformation. Firstly, the multiscale wavelet decomposition is applied to the target image. Secondly, the MOGA
target function is constructed by evaluation methods, such as signal-to-noise ratio (SNR) and mean square error (MSE). Thirdly,
MOGA is used with optimal coefficients of Shearlet wavelet threshold value in a different scale and a different orientation. Finally,
the noise-free image could be obtained through inverse wavelet transform. At the end of the paper, experimental results show
that this proposed algorithm eliminates Rician noise more effectively and yields better peak signal-to-noise ratio (PSNR) gains
compared with other traditional filters.

1. Introduction
Magnetic resonance imaging (MRI) devices are important
imaging equipment, and the image quality directly impacts
the diagnosis accuracy. However, MRI images are frequently
contaminated by Rician noise during image gaining or
transmission [1]. This phenomenon makes noise reduction to
be one of the most important problems in image processing.
Preservation of image details and attenuation of noise are
both critical, but they are contradictory in nature. Therefore,
this research is focused on Rician noise elimination and data
details preservation at the same time.
Because of its good performance in both time domain
and frequency domain, wavelet transform has become one
of the most active research fields in image processing. It
provides better results and preserves more details compared
with traditional algorithms. However, wavelet transform
cannot achieve optimal sparse for images containing higherdimension singularity. To overcome the limitation, multiscale
geometric analysis theory is proposed, and, based on it,
a series of methods sprang out, for example, ridgelet [2],
curvelet [3], contourlet [4], and bandlet [4]. One of the most
successful ideas is the curvelets of Candes and Donoho, which

achieve an (almost) optimal approximation for 2D piecewise
smooth functions with discontinuities along with 𝐶2 curves.
Recently, Labate et al. described a new class of multidimensional representation systems, which is called Shearlet.
One advantage of this approach is that these systems can be
constructed using generalized multiresolution analysis and
implemented efficiently using a classical cascade algorithm
[5–11].
Simple threshold denoising method of classical Shearlet
transform could yield good performance because of the
method’s multiscale and multidirection characteristics and
image sparse representation. However, there is still room
for improvement because classical Shearlet algorithm does
not take energy distribution of different scales and different
directions into consideration; as a result, it kills the coefficient
excessively; therefore, image details could be lost. In order
to solve the problem, Sun and Zhao [12] proposed a particle
swarm optimization; it uses adaptive algorithm to search for
optimal threshold of the highest PSNR values.
Based on these previous achievements, this paper proposed a new image-filtering algorithm. It has three characteristics: it uses soft threshold in Shearlet, it builds target
function in MOGA by several evaluation methods, and it
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uses the MOGA to optimize coefficients of Shearlet wavelet
threshold value in different scale and a different orientation.
The rest of this paper is organized as follows. Section 2
introduces related theories. Section 3 explains our algorithm,
including workflow, Section 4 presents the experiment results
of proposed algorithm, and Section 5 concludes this paper.

̂ 2 , 𝜉1 ≠
0, when 𝜓(0) , 𝜓̂1 , and 𝜓̂2 satisfy
For 𝜉 = (𝜉1 , 𝜉2 ) ∈ R
𝜓̂(0) (𝜉) = 𝜓̂(0) (𝜉1 , 𝜉2 ) = 𝜓̂1 (𝜉1 ) 𝜓̂2 (

̂ ,
𝜓̂1 , 𝜓̂2 ∈ 𝐶∞ (R)
1 1
1 1
supp 𝜓̂1 ⊂ [− , − ] ∪ [ , ] ,
2 16
16 2

2. Related Theories
2.1. Rician Noise. Noised MRI image V can be defined as
V(𝑖) = 𝑢(𝑖) + 𝑛(𝑖) ; here, 𝑢(𝑖) represent original image pixels,
and 𝑛(𝑖) represent is noised pixels. When MR images are
computed by using the magnitude of single-complex raw
data, its distribution can be modeled as a Rician model [13–
15]. Consider the following:
𝑝 (𝑚) =

𝐴𝑚
𝑚 −(𝑚2 +𝐴2 )/2𝜎𝑛2
𝑒
𝐼0 ( 2 ) .
𝜎𝑛2
𝜎𝑛

(2)

When SNR is high (i.e., SNR > 3), the Rician distribution
is approximated as a Gaussian distribution.
2

(𝑚2 − √𝐴2 + 𝜎𝑛2 )
1
𝑝 (𝑚) =
𝑒 (−
).
2𝜋𝜎2
2𝜎𝑛2

(3)

2.2. Shearlet Transform. Labate et al. [5–11] proposed Shearlet
transform based on wavelet. With dimension 𝑛 = 2, consider
the following affine system:
Ψ𝐴𝐵 (𝜓)
= {𝜓𝑗,𝑙,𝑘 (𝑥) = |det 𝐴|𝑗/2 𝜓 (𝐵𝑙 𝐴𝑗 𝑥 − 𝑘) : 𝑗, 𝑙 ∈ Z, 𝑘 ∈ Z2 } .
(4)
Here, 𝜓 ∈ 𝐿2 (R2 ), and 𝐴, 𝐵 are 2∗2 invertible matrices with
| det 𝐵| = 1.
If Ψ𝐴𝐵 (𝜓) satisfied Parseval 𝐿2 (R2 ), then, those elements
of Ψ𝐴𝐵 (𝜓) are called composite wavelets.
Shearlet is a special example of 𝐿2 (R2 ) only when
4 0
𝐴 = 𝐴0 = (
),
0 2

0 1
𝐵 = 𝐵0 = (
).
1 1


2
∑𝜓̂1 (2−2𝑗 𝜔) = 1

𝑗≥0

(6)

1
for |𝜔| ≥ , 𝑗 ≥ 0,
8

2𝑗 −1


2
∑ 𝜓̂2 (2𝑗 𝜔 − 𝑙) = 1 for |𝜔| ≤ 1.
𝑗

𝑙=−2

Then, we get

Here, 𝜎 is the standard deviation (STD) of Gaussian noise,
𝐴 is the amplitude of the signal without noise, 𝑥 is the value
of the magnitude image, and 𝐼0 is the 0th-order modified
Bessel function. This model is used by the majority of the
noise estimation methods.
When SNR is small enough (i.e., SNR = 0), the Rician distribution is considered as a Rayleigh distribution.
Consider the following:
𝑚2
𝑚
𝑒( 2 ).
2
𝜎𝑛
𝜎𝑛

supp 𝜓̂2 ⊂ [−1, 1] ,

(1)

2

𝑝 (𝑚) =

𝜉2
),
𝜉1

(5)

Here, 𝐴 = 𝐴 0 is the anisotropic dilation matrix, and 𝐵 = 𝐵0
is the shear matrix.

2𝑗 −1


2
−𝑗
∑ ∑ 𝜓̂(0) (𝜉𝐴 0 𝐵0−𝑙 )
𝑗

𝑗≥0 𝑙=−2

2
𝜉

2 

= ∑ ∑ 𝜓̂1 (2−2𝑗 𝜉1 ) 𝜓̂2 (2𝑗 2 − 𝑙) = 1.


𝜉1
𝑗
2𝑗 −1

(7)

𝑗≥0 𝑙=−2

−𝑗

Then, {𝜓̂(0) (𝜉𝐴 0 𝐵0−𝑙 )} form a tiling of the set
 
̂ 2 : 𝜉1  ≥ 1 ,  𝜉2  ≤ 1} .
𝐷0 = {(𝜉1 , 𝜉2 ) ∈ R
  8  𝜉 
 1

(8)

From the condition on the support of 𝜓̂1 and 𝜓̂2 , it is
easily deduced that 𝜓̂𝑗,𝑙,𝑘 have frequency support contained
in the set as follows:
(0)
⊂ {(𝜉1 , 𝜉2 ) : 𝜉1 ∈ [−22𝑗−1 , −22𝑗−4 ]∪[22𝑗−4 , 22𝑗−1 ] ,
supp 𝜓̂𝑗,𝑙,𝑘

 𝜉

 2
−2𝑗 
−𝑗
 + 𝑙2  ≤ 2 } .

 𝜉1

(9)

Thus, every element in 𝜓𝑗,𝑙,𝑘 is supported on a pair of
trapezoids of approximate size 22𝑗 × 2𝑗 , oriented along lines
of slope 𝑙2−𝑗 [].
For 𝐿2 (𝐷1 )∨ , here, 𝐷1 is the vertical cone when the
following formula was satisfied:
 
̂ 2 : 𝜉2  ≥ 1 ,  𝜉1  ≤ 1} ,
𝐷1 = {(𝜉1 , 𝜉2 ) ∈ R
  8  𝜉 
 2
2 0
𝐴1 = (
),
0 4

1 0
𝐵1 = (
),
1 1

𝜓̂(1) (𝜉) = 𝜓̂(1) (𝜉1 , 𝜉2 ) = 𝜓̂1 (𝜉2 ) 𝜓̂2 (

(10)

𝜉1
).
𝜉2
𝑗

(1)
(𝑥) = 23𝑗/2 𝜓(1) (𝐵1𝑙 𝐴 1 𝑥 − 𝑘) : 𝑗 ≥
Then, collection {𝜓𝑗,𝑙,𝑘

0, −2𝑗 ≤ 𝑙 ≤ 2𝑗 − 1, 𝑘 ∈ Z2 } is a Parseval frame for 𝐿2 (𝐷1 )∨ .
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Figure 1: Workflow of proposed algorithm.

3. Proposed Algorithm
3.1. Threshold Rule. Threshold rule is the most important
problem in image denoising of transform domain, and the
hard-threshold and the soft-threshold approaches are two
options. Donoho and Johnstone [16] proposed the following
threshold rule:
𝛿 = 𝜎√2 ln (𝑁).

(12)

Here, 𝑁 is the pixels number of image, and 𝜎 is the noise
level.
Research shows that Donoho threshold is the optimal
threshold limit not the optimal threshold. With this considered, Donoho and Johnstone [16] proposed an improved
threshold rule as follows:
Figure 2: Original MR image.

𝛿𝑘 = 𝜎√2 ln (𝑁) ∗ 2(𝑘−𝐾)/2 ,

2.3. Multiobjective Genetic Algorithm (MOGA). Multiobjective genetic algorithm seeks feasible solutions to problems comprising multiple objectives which are often in
conflict with each other. A general minimization problem of 𝑀 objectives can be mathematically stated as 𝑥 =
[𝑥1 , 𝑥2 , . . . , 𝑥𝑑 ], where 𝑑 is the dimension of the decision
variable space. Consider the following.
Minimize 𝑓(𝑥) = [𝑓𝑖 (𝑥), 𝑖 = 1, . . . , 𝑚] which satisfies
𝑔𝑗 (𝑥) ≤ 0,
ℎ𝑘 (𝑥) = 0,

𝑗 = 1, 2, . . . , 𝐽,
𝑘 = 1, 2, . . . , 𝐾,

(11)

where 𝑓𝑖 (𝑥) is the 𝑖th objective function, 𝑔𝑗 (𝑥) is the 𝑗th
inequality constraint, and ℎ𝑘 (𝑥) is the 𝑘th equality constraint.
The multiobjective optimization problem then reduces to
finding an 𝑥, such that 𝑓(𝑥) is optimized.

𝑘 = 0, 1, . . . , 𝐾.

(13)

As many researchers point out [12, 13], (12) did not
consider energies of subwavelets in a different direction while
being in the same scale, and this imperfection will make
coefficients too much stifled.
Considering the variability of image content and Shearlet
transformation of multiscale and multidirection characteristics, a novel threshold selection rule is proposed based on
Shearlet transform multiscale and multidirection; this rule is
the following.
Comprehensively considering complexity of image and
the multiscale and multidirection characteristics of Shearlet
transform, this paper proposed the following adaptive threshold rule:
𝛿𝑘,𝑗 = Sigmoid (𝜎√2 ln (𝑁) ∗ 2(𝑘−𝐾)/2 ) ,
Sigmoid =

1
.
1 + 𝑒−V

𝑘 = 0, 1, . . . , 𝐾,

(14)
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(a) Lena

(b) 𝜎 = 0.05

(c) Filter (b) by Shearlet

(d) Filter (b) by proposed algorithm

(e) Baboon

(f) 𝜎 = 0.1

(g) Filter (f) by Shearlet

(h) Filter (f) by proposed algorithm

(i) Barbara

(j) 𝜎 = 0.15

(k) Filter (j) by Shearlet

(l) Filter (j) by proposed algorithm

(m) MRI

(n) 𝜎 = 0.2

(o) Filter (n) by Shearlet

(p) Filter (n) by proposed algorithm

Figure 3: Experiment images in different noise levels and different algorithms.

Here, Sigmoid is adopted to build our rules. The Sigmoid
curve is a mathematical concept which has been widely used
to model the natural life cycle of many things, for its derivative
is continuous and with higher accuracy. 𝐾 is the scale level,
and 𝑗 is the 𝑗th direction under the 𝑘th scale level.
3.2. Target Function. We build MOGA target function by the
signal-to-noise ratio (SNR) and the mean square error (MSE).

Signal-to-noise ratio (SNR) can be defined as
2

SNR = 10𝑙𝑔

𝑁
∑𝑀
𝑖=1 ∑𝑗=1 𝐴(𝑖, 𝑗)

2

𝑁
∑𝑀
𝑖=1 ∑𝑗=1 (𝐴 (𝑖, 𝑗) − 𝑂 (𝑖, 𝑗))

.

(15)

Here, 𝑂 is original image with size of 𝑀 × 𝑁 pixels, 𝐴 is
filtered image of noised image, and (𝑖, 𝑗) are coordinates of
pixels.
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Mean square error (MSE) expressed the correlation between images, and it is defined as follows:
MSE =

1 𝑀𝑁
2
∑ ∑(𝐴 (𝑖, 𝑗) − 𝑂 (𝑖, 𝑗)) .
𝑀 × 𝑁 𝑖=1𝑗=1

Image

0 ≤ 𝜔1 , 𝜔2 ≤ 1,

𝜔1 + 𝜔2 = 1.

𝜎 (%)

(16)
Lena

Here, 𝑂 is original image with size of 𝑀 × 𝑁 pixels, 𝐴 is
filtered image of noised image, and (𝑖, 𝑗) are coordinates of
pixels.
Our target function is defined as follows:
𝑦 = 𝜔1 ⋅ SNR + 𝜔2 ⋅ MSE,

Table 1: Filtering results for Lena and Barbara.

(17)

Here, 𝜔1 , 𝜔2 are weight coefficients of SNR and MSE.
3.3. Proposed Model. The most critical problem which lies in
our optimal filtering performance study is, under optimization criterion, how to decide coefficients V, 𝛿𝑘,𝑗 considering
energy of subwavelets not only in different scale but also in
different direction.
Here, we proposed our algorithm which adopts MOGA
algorithm to decide coefficients V, 𝛿𝑘,𝑗 of each subwavelet in
different scale and direction of Shearlet transform, intending
to get optimal filtering performance.
Our algorithm works as follows [17, 18]; see Figure 1.
Step 1 (initialization). Generate an initial population containing 𝑁pop strings, where 𝑁pop is the number of strings
in each population. These strings contain weight coefficients of SNR, MSE, weight coefficients 𝛿𝑘,𝑗 of Shearlet subwavelets, V of 𝑆 function, and other parameters in
MOGA; thus, we need the following.
Step 2 (evaluation).

Barbara

10
20
30
10
20
30

Shearlet
34.38
31.79
29.21
33.07
29.40
26.31

PSNR
Shearlet-MOGA
35.02
33.24
30.21
33.07
29.40
27.51

Step 6 (elitist strategy). Randomly remove 𝑁elite strings from
the set of 𝑁pop strings generated by previous operations,
and replace them with 𝑁elite strings randomly selected from
tentative set of Pareto optimal solutions.
Step 7 (termination test). If one stopping condition in the
following is satisfied, go to Step 8; if not, return to Step 2.
(i) Maximum iterations are exceeded.
(ii) The optimal target value is achieved.
Step 8 (algorithm termination). Exit optimal algorithm.

4. Experimental Results and Analysis
4.1. Evaluation Index. Peak signal-to-noise ratio (PSNR) is
defined as
PSNR = 10𝑙𝑔

2552
𝑀

𝑁

(1/𝑀 × 𝑁) ∑𝑖=1 ∑𝑗=1 (𝐴 (𝑖, 𝑗) − 𝑂 (𝑖, 𝑗))

2

.

(18)
Here, 𝑂 is original image with size of 𝑀 × 𝑁 pixels, 𝐴 is
filtered image of noised image, and (𝑖, 𝑗) are coordinates of
pixels.

(1) Use Shearlet transform to decompose target image.
(2) Multiply subwavelets by weight coefficients 𝛿𝑘,𝑗 .
(3) Filter subwavelets by threshold rule.
(4) Reconstruct image by filtered subwavelets.
(5) Calculate the values of the objective functions (16) for
the generated strings.
(6) Update a tentative setoff Pareto optimal solution.
Step 3 (selection). Calculate the fitness value of each string
using the random weights in (3). Select a pair of strings from
the current population according to the following selection
probability.
Step 4 (crossover). For each selected pair, apply a crossover
operation to generate two new strings. 𝑁pop new strings are
generated by the crossover.
Step 5 (mutation). For each bit value of the strings generated
by the crossover, apply a mutation with a prespecified mutation probability.

4.2. Experimental Results. To verify the validity of the algorithm, this paper designed two kinds of experimental methods to verify its effectiveness. One is use of objective data such
as PNSR and MSE to objectively analyze its performance; and
the other is making us able to obverse filtering performance
directly by naked eyes [19–21].
Experiment 1. We did filtering experiments on standard
images Lena and Barbara in different noise level and listed
results in Table 1. As we have seen from Table 1, PSNR of
proposed algorithm (Shearlet-MOGA) is higher than PSNR
of classical Shearlet algorithm, and its performance will be
better with noise level increased.
Figure 2 is the original MR image we adopted to do
experiments. Adding different noise level to Figure 2, we did
filtering work by classical Shearlet and proposed algorithm in
this paper and showed the statics data of MSE and PSNR as
Tables 2 and 3.
In Table 2, the excellent effect of our algorithm is
dramatic, shown in and our proposed MSE is smaller than
classical Shearlet algorithm. Similar good results were found
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Table 2: MSE in different 𝜎 (%) and different algorithm to that in Figure 2.

Noise level (%)
Classical
Proposed

5
25.12
10.8

10
100.4
26.52

20
400.7
73.96

30
905.4
147.6

40
1584
240.9

50
2504
381

60
3579
528

70
4901
705.9

80
6398
910.7

90
8075
1132

70
11.23
20.82

80
10.07
19.65

90
9.059
18.65

Table 3: PSNR in different 𝜎 (%) and different algorithm to that in Figure 2.
Noise level (%)
Classical
Proposed

5
34.13
40.38

10
28.11
35.93

20
22.1
31.21

30
18.56
28.03

when the same experiment was repeated on PSNR. In Table 3,
the PSNR of proposed algorithm is greater than that of
classical Shearlet algorithm.
Experiment 2. To evaluate the performance of proposed
algorithm by naked eyes directly, several classical images such
as Lena, Baboon, Barbara, and MRI are adopted to do filtering
work, and all relative images are shown in Figure 3.
Figure 3(a) is the original Lena. Adding 5% Rician noise
level to Lena, we get Figure 3(b).
Filtering Figure 3(b) by classical Shearlet algorithm, we
got Figure 3(c). Figure 3(d) is the output of the filtering work
we did to Figure 3(b) by proposed algorithm.
We did similar experiment to the image of Baboon. Add
10% Rician noise level to Baboon, we get Figure 3(e). Filtering
Figure 3(f) by classical Shearlet algorithm, we got Figure 3(g).
Figure 3(h) is the output of the filtering work we did to
Figure 3(f) by proposed algorithm.
The image of Barbara is also adopted by us to test our
algorithm. Figure 3(i) is the original Barbara. Figure 3(j) is
Barbara noised by 15% Rician noise level. Filtering Figure 3(j)
by classical Shearlet algorithm, we got Figure 3(k). Figure 3(l)
is the output of the filtering work we did to Figure 3(j) by
proposed algorithm.
At last, we measured our algorithm performance on MRI
image. Figure 3(m) is the original MRI. Figure 3(n) is the
MRI noised by 20% Rician noise level. Filtering Figure 3(n)
by classical Shearlet algorithm, we got Figure 3(o). Figure 3(p)
is the output of the filtering work we did to Figure 3(n) by
proposed algorithm.
Through simple comparison, we can see that our proposed algorithm could effectively remove the noise from
the degraded image of Rician noise with unknown intensity
level and protect the image details better at the same time.
To MRI image, experiments Paying particular attention data
show that our algorithm has excellent performance in background. After strict analysis, we concluded that our algorithm
retained the consistent component of low frequency in
frequency domain by low-pass filtering, and background of
MRI has this nature.

40
16.13
25.77

50
14.14
23.66

60
12.59
22.16

transform. It builds target functions in MOGA by several
evaluation methods such as SNR and MSE. It also uses
MOGA to find optimal Shearlet wavelet threshold coefficients
in a different scale and different orientation. Computer
simulations results are given to verify the effectiveness of this
algorithm. At last, experiments data show that our algorithm
has excellent performance in MRI imaging.
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We propose a multilabel segmentation that aims to partition a texture image into multiple regions based on a homogeneity
condition using local entropy measured at varying scales. For multi-label segmentation, a bipartitioning segmentation scheme
is recursively applied to confined regions obtained by previous segmentation steps. The empirical entropy is measured in the local
neighbourhoods at varying scales, which is used as a characteristic feature in determining the spatial regularity of elementary
texture structures. The experimental results on a variety of texture images demonstrate the efficiency and robustness of the proposed
algorithm.

1. Introduction
Image segmentation plays a significant role in understanding
visual scenes. This critical task involves partitioning an image
domain into subdomains based on a statistical homogeneity criterion. There have been a large number of features
developed for measuring the stationarity of intrinsic texture
elements within textures. The most common approach is to
employ a class of filter banks [1], but this does not incorporate
the notion of scale in the segmentation procedure. Alternatively, an image decomposition approach has been proposed
in [2] based on the total variation denoising scheme [3]. In the
characterisation of texture features, entropy is a potentially
effective measure in computing homogeneity of constituent
texture regions. In terms of information theory, entropy measures the amount of the uncertainty associated with a random
variation. An image segmentation procedure that mainly
consists of region determination and parameter estimation
steps and entropy measure can be naturally considered for
estimating parameters associated with regions to determine.
In the estimation procedure based on local entropy at each
location, it is necessary to compute the probability density
function within a certain neighbourhood. The size of local
neighbourhood is related to the scale of texture, and the
elementary size of the texture is often called texton. There

have been some relevant works that deal with segmentation
evaluation methods based on entropy measures [4–6]. The
objective of these works is to quantitatively evaluate the
performance of a segmentation algorithm based on the
homogeneity assumption developed using entropy measure.
In their methods, it is assumed that a set of segmented regions
are given and the uniformity of intensity within each region
is maximised which is equivalent to the minimum of the
normalised empirical entropy. In this work, we first introduce
a texture scale and propose a local entropy measure at varying
scales as a characteristic feature in order to take a range of
scales into consideration. A convex bipartitioning segmentation method is then recursively applied to obtain multiple
partitions based on the local entropy signature. To the best
of our knowledge, most previous approaches for texture segmentation only deal with a single scale in the characterisation
of intrinsic texture properties based on entropy measures in a
global way, whereas our method characterises texture features
at a range of scales using local entropy measures so that a
variety of texture properties at multiple scales are considered
in determination of partitioning regions. In addition, the
majority of existing algorithms for texture algorithms are
based on the Mumford-Shah functional [7] that is designed
to partition an image domain into two distinctive regions. In
contrast, we propose a recursive approach for a hierarchical
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multilabel segmentation that yields multiple segmenting
regions in our method. As opposed to prior approaches that
are based on nonconvex energy formulations, our energy
functional is developed in a convex form that allows a global
solution, independent of initial condition.

2. Texture Model
Let 𝐼 : Ω ⊂ R2 → R be an image, where Ω is the image
domain. A texture 𝑇 = {𝐼(𝑥) | 𝑥 ∈ 𝐷}, 𝐷 ⊂ Ω is a subregion
that exhibits spatial regularity under a certain statistical
criterion 𝜙 that is designed to effectively characterise texture
properties. The elementary structure of a texture 𝜔 ⊂ 𝑇,
called a texton, is regularly repeated within a texture 𝑇 with
a space of permissible variations V in shape or appearance,
which ranges over the preattentive human texture perception.
A statistical discrepancy 𝑑(𝜙(𝜔(𝑥)); 𝜙(𝜔(𝑦))), 𝑥, 𝑦 ∈ Ω is
employed for measuring the statistical homogeneity within
a texture region 𝐷, where a sufficient statistic is established
to satisfy the stationarity condition 𝑑(𝜙(𝜔(𝑥)); 𝜙(𝜔(𝑦))) < V
for all 𝑥, 𝑦 ∈ 𝐷 and for some V ∈ V with a symmetry
boundary condition. An essential property associated with
the statistical measure regarding the homogeneity of a texture
is an invariance that satisfies
𝑑 (𝜙 (𝜔 (𝑥)) ; 𝜙 (𝜔 (𝑦))) = 𝑑 (𝜙 (𝜔 (𝑥)) ; 𝜙 (𝜔 ∘ 𝑔 (𝑦))) ,
𝑥, 𝑦 ∈ 𝐷,

(1)

where 𝑔 is an element of a certain transformation group. The
notion of scale 𝑟 related to characterising texture is introduced by the cardinality of the texton denoted by |𝜔| such
that 𝜔 provides a minimal sufficient statistic for describing a
texture. The scale 𝑟 of a given texture 𝑇 can be obtained by the
optimisation problem in a variational framework:
𝑑 (𝜙 (𝑇 (𝑥)) ; 𝜙 (𝜔 (𝑥))) + 𝛼 |𝜔| ,
𝜔∗ = arg min
𝜔

𝛼 ∈ R,
(2)

where 𝛼 is a control parameter on the regularity. The texture
scale 𝑟 is then determined by |𝜔∗ |. It is assumed that an image
generally consists of various textures that are characterised
at multiple scales, which leads to propose a scale-entropy
signature as a characteristic feature at varying scales as
described in the following section.

3. Local Entropy Signature
We propose a texture descriptor that is developed in an information theoretical approach. The local statistical measure is
associated with a range of scales, which form a signature at
each point 𝑥 ∈ Ω in image 𝐼. Let 𝐵𝑟 (𝑥) = {𝑦 | ‖𝑦 − 𝑥‖𝑝 ≤ 𝑟}
be the local neighbourhood centred at 𝑥 with scale 𝑟. We
consider a rectangular neighbourhood with a size of (2𝑟+1)×
(2𝑟 + 1) using the 𝐿∞ -norm (𝑝 = ∞) for simplicity, but any
𝐿𝑝 -norm (0 < 𝑝 < ∞) can be used for a different shape of
the neighbourhood. Let ℎ𝑥,𝑟 be the probability density function given by

ℎ𝑥,𝑟 (𝑖) =

1
∫ 𝛿 (𝐼𝑟 (𝑥) − 𝑖) d𝑖,
|I| I

I = [min (𝐼) , max (𝐼)] ,
(3)

where 𝐼𝑟 (𝑥) = {𝐼(𝑥) | 𝑥 ∈ 𝐵𝑟 (𝑥)} is the local image patch with
scale 𝑟 and 𝛿 denotes the Dirac delta function. The empirical
entropy is a measure of the uncertainty in image intensity
within the local neighbourhood and is proposed as a feature
in texture characterisation. A desirable translation-invariant
property can be achieved using the entropy measure within
the same texture if the scale of the local neighbourhood
is larger than the scale of the texture. For a given image
𝐼, we compute the empirical entropy 𝐻(𝑥; 𝑟) at 𝑥 with a
scale 𝑟 based on the probability density function ℎ𝑥,𝑟 in the
neighbourhood 𝐵𝑟 (𝑥) as defined by
𝐻 (𝑥; 𝑟) = − ∫ ℎ𝑥,𝑟 (𝑖) log ℎ𝑥,𝑟 (𝑖) d𝑖.

(4)

I

For each point 𝑥, 𝐻(𝑥; 𝑟) provides the uncertainty of
the image structure in the local neighbourhood and enables
hierarchical texture analysis at varying scales. The spatial
regularity of a local image structure needs to be estimated
when determining the boundary of a texture, which leads to
introducing a discrepancy measure, and we use the optimal
transport distance, commonly called the Wasserstein distance
[8], defined by


𝑑 (𝐻1 ; 𝐻2 ) (𝑥) = ∫ 𝐻1 (𝑥; 𝑟) − 𝐻2 (𝑥; 𝑟) d𝑟,
𝑆

(5)

where 𝐻1 and 𝐻2 are two different local entropy signatures
and 𝑆 denotes the range of scales at which the local entropy
signatures are computed.

4. Multilabel Texture Segmentation
We propose a multilabel segmentation algorithm based on
local entropy signatures for partitioning an image into different texture regions. A multilabel segmentation is to divide
the image domain Ω into mutually disjoint subdomains 𝐷𝑖
such that ∪𝑖 𝐷𝑖 = Ω, 𝑖 = 1, 2, . . . , 𝑁, and 𝐷𝑖 ∩ 𝐷𝑗 = 0 if 𝑖 ≠
𝑗.
We consider the following energy functional for a multilabel
segmentation problem:
𝑁

𝑁

𝐸 ({𝐷𝑖 , 𝐻𝑖 }𝑖=1 ) = ∑ ∫ 𝐹 (𝐼 (𝑥) ; 𝐻𝑖 ) d𝑥 + 𝜆 ∫ d𝑠 (𝑥) ,
𝑖=1 𝐷𝑖

𝐷𝑖

(6)

where 𝑁 is the number of partitions, 𝐻𝑖 is the local entropy
signature within a region 𝐷𝑖 , 𝜆 is a control parameter, and
𝑠 denotes the arc length parameter. The first term represents
the data fidelity, and the second term represents the regularization. The regions 𝐷𝑖 ⊂ Ω are desired to be determined
based on the statistical homogeneity measured by an affinity
function 𝐹 in terms of the local entropy signature 𝐻𝑖 . The
affinity function 𝐹 is defined by


𝐹 (𝐼 (𝑥) ; 𝐻𝑖 ) = 𝑑 (𝐻; 𝐻𝑖 ) (𝑥) = ∫ 𝐻 (𝑥; 𝑟) − 𝐻𝑖 (𝑟) d𝑟,
𝑆
(7)
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Figure 1: Examples of the original images (a), their local entropy measures at different scales that are 2, 4, 8, and 16 (b), and the multilabel
segmentation results obtained based on the local entropy signatures (c).

where 𝐻(𝑥; 𝑟) is the local entropy signature of an image
𝐼 and 𝐻𝑖 (𝑟) is a constant entropy signature. The desired
multilabel texture segmentation is achieved by optimising the
segmentation energy 𝐸 in regions 𝐷𝑖 and the approximation
parameters 𝐻𝑖 with the number of regions 𝑁 fixed. An
alternative optimisation procedure follows an expectationmaximization (EM) algorithm where we optimise in 𝐻𝑖
given 𝐷𝑖 and then in 𝐷𝑖 given 𝐻𝑖 . Given the region 𝐷𝑖 , the
approximation 𝐻𝑖 can be solved in the closed form by solving
the equation:

𝜕
∫ 𝐹 (𝐼 (𝑥) ; 𝐻𝑖 ) d𝑥 = 0,
𝜕𝐻𝑖 𝐷𝑖

(8)

which results in 𝐻𝑖 (𝑟) = median(𝐻(𝑥; 𝑟)) in 𝑥 ∈ 𝐷𝑖 . Given an
estimate for 𝐻𝑖 , a convex segmentation scheme [9] based on
the piecewise constant model [10] is applied to optimise for
𝐷𝑖 that is represented by a smooth function 𝑢𝑖 (𝑥) as follows:


min ∫ 𝑢𝑖 (𝑥) 𝐹 (𝐼 (𝑥) ; 𝐻𝑖 ) d𝑥 + 𝜆 ∫ ∇𝑢𝑖 (𝑥) d𝑥,
Ω

0≤𝑢𝑖 (𝑥)≤1 Ω

(9)

4

Mathematical Problems in Engineering

H(x; 2)

I(x)

H(x; 4)

H(x; 8)

(a)

(b)

H(x; 16)

Label
(c)

Figure 2: Examples of the original images (a), their local entropy measures at different scales that are 2, 4, 8, and 16 (b), and the multilabel
segmentation results obtained based on the local entropy signatures (c).

where 𝐷𝑖 = {𝑥 | 𝑢𝑖 (𝑥) ≥ 0.5}. This energy functional
is convex, and it can be efficiently minimised by the dual
formulation of the total variation norm as described in [9].
The optimisation algorithm for the energy functional in (9) is
achieved using the primal-dual algorithm [11] that is efficient
to alternatively minimise the energy by introducing a dual
variable. The energy in (9) is designed for a bipartitioning
segmentation, and we apply a bipartitioning segmentation
on the segmented regions in a recursive way, similarly to the
method described in [12] to achieve multilabel segmentation
as follows:


min ∫ 𝜒 (𝑥) 𝑢𝑖 (𝑥)𝐹 (𝐼 (𝑥); 𝐻𝑖 )d𝑥 + 𝜆∫ 𝜒 (𝑥) ∇𝑢𝑖 (𝑥) d𝑥,

0≤𝑢𝑖 (𝑥)≤1 Ω

Ω

(10)
where 𝜒(𝑥) is a binary mask used for confining the domain
to one of the segmented regions obtained by the previous
segmentation steps. This procedure is recursively applied to
obtain 𝑁 partitions.

5. Experimental Results
The performance of the proposed algorithm is evaluated on
the Berkeley database [13], which includes a variety of texture
images. For each image, we compute the local entropy at a
range of scales from 1 to 30. The selection of the scale range
of local entropy may vary depending on the texture property
of the image to segment. A segmentation algorithm is then
applied based on the local entropy signature, and a recursive
approach is used to obtain a different number of partitions.
Figures 1 and 2 show the original images on the leftmost and
the computed local entropy at different sampled scales on

the middle block of images. The images consist of regions
of different texture scales, and it is shown that different
texture regions are effectively characterised at their corresponding entropy scales. Thus, it is necessary to consider
the local entropy signature computed at a range of scales in
the segmentation procedure. On the rightmost columns in
Figures 1 and 2, the segmentation results based on the local
entropy signatures are presented. In the optimisation of the
segmentation energy, the initialisation is given by the random
labels, and the regularisation parameter 𝜆 and the number of
labels 𝑁 are selected based on the best visual match between
the image and the labels that are represented by different
colours. As shown in the results, our segmentation algorithm
accurately delineates the texture objects, since the local
entropy computed at multiple scales effectively characterises
different texture regions at various scales. The texture scale is
not determined a priori and the experimental results indicate
that multiscale entropy signatures are robust to delineate the
boundary of texture objects with different scales.
Figure 3 shows segmentation results based on a number
of images with textured objects in the Berkeley database [13]
using the proposed model and other methods for the purpose
of comparative analysis. In Figure 3, the first row shows the
original images, and the second row shows the segmentation
results using the fast global minimisation of active contour
(GAC) [9] that is developed based on the assumption that
an image is formed by a piecewise constant function and
therefore yields poor results on images with texture patterns.
The third and fourth rows show the segmentation results
by the local histogram based segmentation method using
the Wasserstein distance (LHSWD) [8] that is based on the
homogeneity of local probability density function obtained
within varying neighbourhood sizes. In the computation
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Figure 3: (a) Original images. (b) Results by the fast global minimization of active contour (GAC) [9]. (c) Results by local histogram based
segmentation using the Wasserstein distance (LHSWD) [8] with scale = 10. (d) Results by LHSWD with scale = 30. (e) Results by the proposed
method.

6
of local histogram for the probability density function, the
binning size is set to be 100, and the sizes of neighbourhood
are set to be 10 for the third row and 30 for the fourth
row, respectively. The associated parameters with LHSWD
algorithm are 𝜃 = 0.001 and 𝜆 = 1. The fifth row presents
the segmentation results obtained by the proposed method
with the same values for the common parameters, 𝜃 and
𝜆. The segmentation results with the proposed algorithm
are far better than other methods, GAC and LHSWD, as
one can see that the patterns of tiger, cheetah, and fish
are more accurately segmented. This indicates that rich
statistical information across multiple scales is beneficial
to characterise texture objects in segmentation, rather than
using a fixed scale. Our proposed algorithm is built on a
convex relaxation of region-based segmentation algorithm
[13] that is computationally more efficient than a conventional
region-based segmentation algorithm in level set framework
[10]. The computational advantage is due to the convex form
of energy, which yields a global solution independent of initial
condition and an efficient optimisation scheme based on the
primal dual projection scheme [11].

6. Conclusion
We have proposed a multilabel texture segmentation algorithm based on local entropy signature that is designed to
characterise local texture features at varying scales. It has
been shown that our local entropy signature is in particular
effective to account for texture images that consist of textures
with different scales. It would be potentially beneficial if
the texture scale is computed and incorporated into the
segmentation energy for further studies.
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We propose a new computational intelligence method using wavelet optical flow and hybrid linear-nonlinear classifier for object
detection. With the existing optical flow methods, it is difficult to accurately estimate moving objects with diverse speeds. We
propose a wavelet-based optical flow method, which uses wavelet decomposition in optical flow motion estimation. The algorithm
can accurately detect moving objects with variable speeds in a scene. In addition, we use the hybrid linear-nonlinear classifier
(HLNLC) to classify moving objects and static background. HLNLC transforms a nonoptimal scalar variable into its likelihood ratio
and uses a scalar quantity as the decision variable. This approach is appropriate for the classification of optical flow feature vectors
with unequal variance matrices. The experimental results confirm that our proposed object detection method has an improved
accuracy and computation efficiency over other state-of-the-art methods.

1. Introduction
In modern engineering, the requests for research and design
are increasingly achieved with the help of intelligent models.
Computational intelligence (CI) has emerged as powerful
tools for information processing, decision making, and
knowledge management [1]. CI is a set of nature-inspired
computational methodologies and approaches to address
complex real-world problems to which traditional approaches [2, 3]. In this paper, we propose a new computational
intelligence method using wavelet optical flow and hybrid
linear-nonlinear classifier (HLNLC) for object detection.
Object detection can be subcategorized as either the detection
that has similar characteristics [4, 5] or the detection of a
specific object in a video sequence [6, 7]. Our paper is focused
on the second category.
One important task in object detection is motion estimation. Optical flow is one commonly used approach to estimate
the object motion. Starting with the original algorithms by
Lucas and Kanade (LK) [8] as well as Horn and Schunck
(HS) [9], gradient-based methods have led to other improved
optical flow estimation methods. However, when the image
background is cluttered or the detected object is moving

at high speed, the accuracy of gradient-based methods will
be significantly decreased [10]. Another important task in
object detection is classification. Classifier techniques such
as pulse-coupled neural network (PCNN) [11], fuzzy neural
network (FNN) [12], Gaussian SVM (GSVM) [13], and linear
discriminant analysis (LDA) [14] have been applied to different object detection situations. In PCNN and FNN schemes,
detection accuracy may be coupled with small training errors
because each image pixel is associated with a unique neuron
and vice versa. In SVM classifier approach, the classifier is
characterized by excessive complexity when it comes to the
binary classification task of identifying moving objects versus
static background. The LDA classifier is a more robust linear
classifier which has proven itself as the ideal observer for
input feature vectors with equal covariance matrices [15], but
it is not the optimal choice for data that contain multivariate
optical flow vectors with unequal covariance matrices.
Our work will consider both factors. We propose a new
object detection method using wavelet-based optical flow and
hybrid linear-nonlinear classifier. Some wavelet-based optical
flow estimation approaches have been proposed; Wu et al.
[16] used wavelets to model and reconstruct flow vectors; at
each iteration, the estimation will be repeated, which is to
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reduce efficiency. In [17], Bernard assumed that the optical
flow was locally constant. In [18], Srinivasan and Chellappa
proposed a similar method which modeled optical field using
a set of overlapping basis functions. In [17, 18], optical flow
computation has been simplified, and the disadvantage is
to compromise the accuracy, especially when several objects
with different speeds existed in one scene. In this paper, we
use wavelet calculus to compute derivatives of the functions
in terms of the scaling expansion coefficients. Our proposed
method could achieve an accelerated optical flow computation and accurately estimate the motions of different speed
moving objects in the same scenes.
In the binary classification about distinguishing moving
objects versus static background, a linear classifier is a more
robust choice than existing methods [19]. Linear discriminant
analysis (LDA) is the most popular linear classifier. LDA
produces accurate classifications for two types of input feature
matrices: those with normal distributions and those with
equal covariance. However, it has trouble with vector data that
have an unequal covariance. Thus, we use the novel hybrid
linear-nonlinear classifier (HLNLC). HLNLC was proposed
by Chen et al. in 2010 [20]. It has been proved to be a more
robust linear classifier than LDA and other existing classifiers.
This paper is organized as follows. Section 2 describes
wavelet-based optical flow motion estimation method.
Section 3 introduces the hybrid linear-nonlinear classifier. Section 4 describes rectangle window scan algorithm.
Section 5 describes experimental results. Our conclusions are
presented in Section 6.

2. Wavelet Based Optical Flow

𝑝𝑥 , 𝑝𝑥𝑦 , 𝑝𝑦 , 𝑝𝑥𝑡 , and 𝑝𝑦𝑡 are the product of the partial derivatives 𝐼𝑥 , 𝐼𝑦 in a time range 𝐼𝑡 . The detailed representations may
be written as
𝑝𝑥 = ∑𝐼𝑥 𝐼𝑥 ,

𝑝𝑥𝑦 = ∑𝐼𝑥 𝐼𝑦 ,

𝑝𝑦 = ∑𝐼𝑦 𝐼𝑦 ,

𝑝𝑥𝑡 = ∑𝐼𝑥 𝐼𝑡 ,

𝑡

𝑡

𝑡

𝑡

𝑝𝑦𝑡 = ∑𝐼𝑦 𝐼𝑡 .

(4)

𝑡

In gradient-based optical flow algorithms, object displacement between successive frames determines the accuracy of optical flow estimation because the assumption that
there will be no major changes between successive frames
will break down when the displacement between frames is
significant. In order to improve the accuracy of optical flow
estimation, displacements between video frames should be
projected and recalculated in different frame rates, which
means that the algorithm should be able to adaptively adjust
the velocity components for different objects moving with
different speeds.
2.2. Wavelet Based Optical Flow Estimation. We try to apply
the wavelet transform into optical flow estimation. Wavelet
transform is an important tool for signal processing, and
its magnitude will not oscillate around singularities as the
transform magnitude is locally nearly shift invariant [22]. To
apply the wavelet decomposition to optical flow estimation,
we transform the optical flow equation into the following
expression [23]:
𝐼 = ∬ [(𝐼𝑥2 𝑢2 + 𝐼𝑦2 V2 + 𝐼𝑡2 + 2𝐼𝑥 𝐼𝑦 𝑢V + 2𝐼𝑥 𝐼𝑡 𝑢

(5)

+2 𝐼𝑦 𝐼𝑡 V) + 𝜆 (𝑢𝑥2 + 𝑢𝑦2 + V𝑥2 + V𝑦2 )] 𝑑𝑥 𝑑𝑦.

2.1. Gradient-Based Optical Flow. Gradient-based optical
flow algorithms are based on the assumption of constant
brightness [8, 9], where it is assumed that the gradient value
of a pixel will not vary due to displacement [21]. It can be
described as

Suppose the image size is 𝑀 × 𝑀 pixels. Then the optical
flow vector [𝑢(𝑥, 𝑦), V(𝑥, 𝑦)] can be expressed as

2

𝑢 (𝑥, 𝑦) = ∑ ∑ 𝑢 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) ,

2

2

𝐸 = ∬ [(𝐼𝑥 𝑢𝑥 + 𝐼𝑦 V𝑦 + 𝐼𝑡 ) + 𝑎 (|Δ𝑢| + |ΔV| )] 𝑑𝑥 𝑑𝑦.

𝑀−1 𝑀−1
𝑚=0 𝑛=0

(1)
Here, 𝐼(𝑥, 𝑦, 𝑡) represents the brightness value of pixel (𝑥, 𝑦)
at time 𝑡. 𝐼𝑥 , 𝐼𝑦 , and 𝐼𝑡 are the partial derivatives of 𝐼(𝑥, 𝑦, 𝑡)
with respect to 𝑥, 𝑦, and 𝑡. The variable (V𝑥 , V𝑦 ) is the velocity
vector of optical flow estimation about 𝐼(𝑥, 𝑦, 𝑡), and (𝑢, V) is
the gradient operator of 𝐼(𝑥, 𝑦, 𝑡). The brightness constancy
assumption assumes that the motion vectors are constant
within small windows and that the image sequence 𝐼(𝑥, 𝑦, 𝑡)
will not change significantly during a short period of time.
This assumption can be expressed as
Δ𝐼 (𝑥, 𝑦, 𝑡) = Δ𝐼 (𝑥 + 𝑢, 𝑦 + V, 𝑡) ,

|Δ𝑢|2 + |ΔV|2 = 0.
(2)

Based on (1) and (2), the flow algorithm produces two
simultaneous equations for the velocity vector V𝑥 and V𝑦 :
𝑝𝑥 V𝑥 + 𝑝𝑥𝑦 V𝑦 + 𝑝𝑥𝑡 = 0,
𝑝𝑥𝑦 V𝑥 + 𝑝𝑦 V𝑦 + 𝑝𝑦𝑡 = 0,

(3)

𝑀−1 𝑀−1

V (𝑥, 𝑦) = ∑ ∑ V ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛)
𝑚=0 𝑛=0

𝛿 (𝑋, 𝑌) =

𝑠 (𝑦 − 𝑥)
𝑝 (𝑋) = (𝑚, 𝑛 | 𝑌)
( ∑ ℓ𝑑 ( 𝑢
)) .
 𝑌 
𝑠
𝐷𝑚,𝑛 
𝐿(𝑦)
𝑑∈𝐷


𝑚,𝑛
(6)

The variables 𝑢(𝑥, 𝑦), V(𝑥, 𝑦) are the weighted coefficients
of the optical flow. Once 𝑢𝑚,𝑛 and V𝑚,𝑛 can be determined,
the optical flow estimation will be accomplished [24]. Thus,
we transform the optical flow estimation into a calculation
that includes 2𝑀2 node variables, where 𝑢𝑚,𝑛 and V𝑚,𝑛 can
minimize the object function (5).
𝐼𝑥2 , 𝐼𝑦2 , and 𝐼𝑥 𝐼𝑦 denote the products of spatial derivatives:
𝑀−1 𝑀−1

𝐼𝑥2 (𝑥, 𝑦) = ∑ ∑ 𝑎𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) ,
𝑚=0 𝑛=0

(7)
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𝑀−1 𝑀−1

𝐼𝑦2 (𝑥, 𝑦) = ∑ ∑ 𝑏𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) ,

(8)

𝑚=0 𝑛=0

𝑀−1 𝑀−1

𝐼𝑥 𝐼𝑦 (𝑥, 𝑦) = ∑ ∑ 𝑐𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) .

(9)

𝑚=0 𝑛=0

𝐼𝑡2 , 𝐼𝑥 𝐼𝑡 , and 𝐼𝑦 𝐼𝑡 are products of spatial and temporal partial
derivatives, where the time variable 𝑡 is taken from the
variable frame rate:
𝑀−1 𝑀−1

𝐼𝑡2 (𝑥, 𝑦) = ∑ ∑ 𝑑𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) ,
𝑚=0 𝑛=0

𝑀−1 𝑀−1

𝐼𝑥 𝐼𝑡 (𝑥, 𝑦) = ∑ ∑ 𝑒𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) ,

(10)

𝑚=0 𝑛=0

𝑀−1 𝑀−1

𝐼𝑦 𝐼𝑡 (𝑥, 𝑦) = ∑ ∑ 𝑓𝑚,𝑛 ⋅ 𝛿 (𝑥 − 𝑚, 𝑦 − 𝑛) .
𝑚=0 𝑛=0

The shortest frame interval is 𝜎, and the interval of
multiplications is set to 𝑛𝜎, so that the product of 𝑝𝑥 (𝑡) and
𝑝𝑦 (𝑡) in an interval 𝑛𝜎 is given by

𝜑 (𝑥, 𝑦 | 𝑡)
𝑠𝑢 (𝑦 − 𝑥)
1
= 
) ⋅ 𝑝 (𝑐 (𝑦) = 𝑝𝑚,𝑛 | 𝐿 (𝑦))) .
 (ℓ𝑑 (
𝑌
𝑠
𝐷𝑚,𝑛 


(13)
In this work, continuous displacements between image
frames are considered to be very small. Specifically, 𝐼𝑥 and
𝐼𝑦 will be considered as constants in the time interval 𝑡∼
𝑡 + 𝑛𝜎. With this assumption, we can replace 𝑝𝑥 (𝑡) and
𝑝𝑦 (𝑡) with ∼𝑝𝑥 (𝑡) and ∼𝑝𝑦 (𝑡). The amplitude of optical
flow is estimated by considering the previous frame 𝑡 − 𝜎.
The adaptive parameter 𝑛 is determined by the optical flow
estimation (𝑉𝑥 (𝑡 − 𝜎), 𝑉𝑦 (𝑡 − 𝜎)) from the previous frame.
It can be used to estimate the pseudovariable frame rate
(V𝑥 , V𝑦 ). When computing the product in frame interval 𝑛𝜎,
𝑛 is adjusted automatically according to the speed of detected
object. For objects moving at high speed, 𝑛 is small, while, for
slow-moving objects, it is larger. Furthermore, 𝑛(V𝑥 , V𝑦 ) may
take on different values at any pixel location because (V𝑥 , V𝑦 )
may exhibit spatial variability in the optical flow estimation
algorithm. By using a wavelet transform, we can rewrite (5):
2

𝐸 =∬ {𝑎𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦) ⋅ (∑ 𝑢𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦))
𝑚,𝑛

𝑝𝑥 (𝑡) = ∬ (∑ 𝐼𝑥 𝑢𝑚,𝑛 V𝑚,𝑛 ⋅ 𝜑 (𝑥, 𝑦 | 𝑡 + 𝑛𝜎)) 𝑑𝑥 𝑑𝑦,
𝑚,𝑛

2

𝑝𝑦 (𝑡) = ∬ (∑ 𝐼𝑦 𝑢𝑚,𝑛 V𝑚,𝑛 ⋅ 𝜑 (𝑥, 𝑦 | 𝑡 + 𝑛𝜎)) 𝑑𝑥 𝑑𝑦, (11)

+ 𝑏𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦) ⋅ (∑ V𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦))
𝑚,𝑛

𝑚,𝑛

𝜑 (𝑥, 𝑦 | 𝑡) = ∑𝑤𝐿 ⋅ 𝐾 (𝐿 − 𝐿 ) ,

+ 2𝑐𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦) ⋅ (∑ 𝑢𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦))
𝑚,𝑛

𝑌
where 𝑤𝐿 = ∑𝑇𝑡=1 ∑𝑑∈𝐷𝑚,𝑛
𝑌 (𝑝(𝐿 𝑡 (𝑦))/𝑇|𝐷
𝑚,𝑛 |)ℓ𝑑 (𝑠𝑢 (𝑦 − 𝑥)/𝑠).
The partial derivatives of 𝐼(𝑥, 𝑦, 𝑡) can be obtained via two
difference equations:

𝐼𝑥 = 𝐼 (𝑥 + 1, 𝑦, 𝑡) − 𝐼 (𝑥, 𝑦, 𝑡) ,
𝐼𝑦 = 𝐼 (𝑥, 𝑦 + 1, 𝑡) − 𝐼 (𝑥, 𝑦, 𝑡) .

𝑚,𝑛

+ 2∑ 𝑒𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦) ⋅ ∑ 𝑢𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦)
(12)

In the time interval 𝑛𝜎, we compute the optical flow
partial derivatives using (7). In our algorithm, 𝑝𝑥 (𝑡) and
𝑝𝑦 (𝑡) are replaced by the approximate products ∼𝑝𝑥 (𝑡) and
∼𝑝𝑦 (𝑡) in order to improve computation accuracy. The specific formulas are shown in the following expressions:
𝑝𝑥 (𝑡)

⋅ (∑ V𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦)) + 𝑑𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦)

𝑚,𝑛

𝑚,𝑛

+ 2∑ 𝑓𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦) ⋅ ∑ V𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦)
𝑚,𝑛

𝑚,𝑛

2

+ 𝜆 [(∑ 𝑢𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦))
𝑚,𝑛

2

+ (∑ V𝑚,𝑛 𝛿𝑚,𝑛 (𝑥, 𝑦)) ]} 𝑑𝑥 𝑑𝑦.
𝑚,𝑛

𝑛−1

1
≈ ∑ (∬ 𝐼𝑥 𝑢𝑚,𝑛 V𝑚,𝑛 ⋅ 𝜑 (𝑥, 𝑦 | 𝑡 + 𝑖) 𝑑𝑥 𝑑𝑦)
𝑡
𝑖=0 𝑛

(14)

𝑛−1
1
≈ ∑ (∬ 𝐼𝑦 𝑢𝑚,𝑛 V𝑚,𝑛 ⋅ 𝜑 (𝑥, 𝑦 | 𝑡 + 𝑖) 𝑑𝑥 𝑑𝑦)
𝑛
𝑡
𝑖=0

Figure 1 depicts the application of wavelet into optical
flow estimation.
The optimal coefficient of (𝑢𝑚,𝑛 , V𝑚,𝑛 ) can be determined
by the following expression:
2

𝑢 (𝑥, 𝑦) − V (𝑥, 𝑦)
),
Coeff (𝑚, 𝑛) = (1 − 𝐸 (𝑚, 𝑛)) exp (− 
𝜎2
(15)

≡∼ 𝑝𝑦 (𝑡) ,

where 𝑚, 𝑛 = 0, 1, . . . , 𝑀 − 1.

≡∼ 𝑝𝑥 (𝑡) ,
𝑝𝑦 (𝑡)
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Figure 1: Application of wavelet calculations into optical flow estimation.

The sparse representation is 𝐸𝑢 = 𝑏, and the matrix
2
2
obtained by the wavelet transform is 𝐸 ∈ 𝑅𝑀 ×𝑀 . Elements
of matrix 𝐸 are written as
𝐸 (𝑚, 𝑛) = arccos (

𝑢𝑚 𝑢𝑛 + V𝑚 V𝑛 + 1
2 + V2 + 1√𝑢2 + V2 + 1
√𝑢𝑚
𝑚
𝑛
𝑛

).

(16)

The combination of wavelet transform and optical flow
defines moving objects via a sparse linear representation in
the defined structure. The wavelet algorithm has collected all
the information from the optical flow estimation and stored
it in the matrix 𝐸. Once the computation 𝐸𝑢 = 𝑏 is complete,
an optimal and sparse (𝑢𝑚,𝑛 , V𝑚,𝑛 ) will have been determined.
Our method transforms the optical flow estimation into the
problem of minimizing an energy function. The coefficients
determination yields accurate optical flow vectors.

3. Classification
3.1. Hybrid Linear-Nonlinear Classifier. The novel hybrid
linear-nonlinear classifier (HLNLC) divides the traditional
binary classification into two stages: in the first stage, a
linear function combines the input feature vector and a
scalar variable, and in the second stage, the scalar variable is
transformed into a decision variable [25].
In a two-class sorting approach, a particular data set is
divided into positive and negative parts. Suppose the feature
vector is given by 𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑁)𝑇 , where 𝑥 represents

the joint outcome of some random variables, where there
are 𝑁 of such variables. The corresponding distributions are
described by a multivariable positive normal distribution
(where the mean is 𝑢𝑝 = (𝑢𝑝1 , 𝑢𝑝2 , . . . , 𝑢𝑝𝑁)𝑇 and the
𝑁 × 𝑁 covariance matrix is [𝐶𝑝 ]) and by a multivariable
negative normal distribution (where the mean is 𝑢𝑛 = (𝑢𝑛1 ,
𝑢𝑛2 , . . . , 𝑢𝑛𝑁)𝑇 and the 𝑁 × 𝑁 covariance matrix is [𝐶𝑛 ]).
The probability density function (PDF) for positive and negative components is (𝑥 | 𝑝)∼𝑁(𝑢𝑝𝑖 ; [𝐶𝑝 ]) and (𝑥 | 𝑛)∼
𝑁(𝑢𝑛𝑖 ; [𝐶𝑛 ]).
In first stage of the HLNLC, the feature vector 𝑥 is mapped
into a scalar vector 𝑦. Because 𝑥 follows the multivariable
normal distribution and 𝑦 is a linear combination of 𝑥, we
see that 𝑦 follows a two-variable normal distribution:
(𝑦𝑝) ∼ 𝑁 (𝑢𝑝 ; 𝜎𝑝2 ) ,
(17)
(𝑦𝑛) ∼ 𝑁 (𝑢𝑛 ; 𝜎𝑛2 ) .
These parameters can be represented by the input vector V
and the other related input parameters. They may be written
as
𝑢𝑝 = V𝑇 𝑢𝑝 ;

𝜎𝑝2 = V𝑇 [𝐶𝑝 ] V,⃗
(18)

𝑇

𝑢𝑛 = V 𝑢𝑛 ;

𝜎𝑛2

𝑇

= V [𝐶𝑛 ] V.⃗
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Figure 2: Rectangle window scan method.

In [26], the classifier is improved by projecting the multivariable classification algorithm into a two-density distribution interval, with the projection method described by
𝐷 (𝑥) =

𝑇
−1
1
(𝑥 − 𝑢𝑝 ) [𝐶𝑝 ] (𝑥 − 𝑢𝑝 )
2

 (19)

1
1 [𝐶𝑝 ]
𝑇
−1
.
− (𝑥 − 𝑢𝑛 ) [𝐶𝑛 ] (𝑥 − 𝑢𝑛 ) + ln 
2
2 [𝐶𝑛 ]

In a second stage of the HLNLC algorithm, the likelihood
ratio of 𝑦 is used as a decision variable:
𝑓 (𝑦 | 𝑝) 𝜎𝑝
1
2
exp {− [(𝑏𝑦 − 𝑎) − 𝑦2 ]} .
=
𝐿𝑅𝑦 =
2
𝑓 (𝑦 | 𝑛) 𝜎𝑛

(20)

Based on binormal ROC theory, the corresponding 𝑃AUC
can be expressed as
𝑃AUC = Φ (

𝑑
𝑑𝑎
1 − 𝑐2
) + 2𝐹 (− 𝑎 , 0; −
),
√2
√2
1 + 𝑐2

(21)

where the 𝑑𝑎 and 𝑐 are


√2 (𝑢𝑝 − 𝑢𝑛 )
𝑑𝑎 =
,
√𝜎𝑝2 + 𝜎𝑛2

𝑐=

𝜎𝑝 − 𝜎𝑛
𝜎𝑝 + 𝜎𝑛

.

(22)

𝐹(𝑋, 𝑌; 𝜌) is the cumulative distribution function (CDF)
of the standard normal distribution. Using the parameters
(𝑢𝑝 , 𝐶𝑝 , 𝑢𝑛 , 𝐶𝑛 ), we may express the AUC as a function of the
linear coefficient vector V:
𝑑 (V)
𝑑 (V)
1 − 𝑐(V)2
),
AUCHLNLC = Φ ( 𝑎 ) + 2𝐹 (− 𝑎 , 0; −
√2
√2
1 + 𝑐(V)2
(23)


√2V𝑇 (𝑢𝑝 − 𝑢𝑛 )

 ,
=
𝑑𝑎 (V)⃗
√V𝑇 ([𝐶𝑝 ] + [𝐶𝑛 ]) V
=
𝑐 (V)⃗

√V𝑇 ([𝐶𝑝 ]) V − √V𝑇 ([𝐶𝑛 ]) V
√V𝑇 ([𝐶𝑝 ]) V + √V𝑇 ([𝐶𝑛 ]) V

(24)

.

(25)

In order to find the optimal linear function of the
HLNLC, which mainly focuses on V and AUCHLNLC ,
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Figure 3: The whole experiment flowchart.

the HLNLC algorithm classifies the optimization problem
as follows:
.
AUCHLNLC (V)⃗
V⃗
HLNLC = arg max
V

(26)

The optimization problem is given by 𝜕AUCHLNLC /𝜕V⃗
=
0, which can be solved with gradient-based mathematical
methods. The specific process is shown in the following
expressions:
𝜕AUCHLNLC 𝜕AUCHLNLC 𝜕𝑑𝑎 𝜕AUCHLNLC 𝜕𝑐
=
+
,
𝜕V𝑖
𝜕𝑑𝑎
𝜕V𝑖
𝜕𝑐
𝜕V𝑖
𝜕AUCHLC
𝜕𝑑𝑎
2

exp (−𝑑𝑎 /4)
{
{
,
0) ,
(𝑐 ≠
{
{
{
2√𝜋
{
= { exp (−𝑑2 /4) {
}
{
}
{
𝜌𝑑𝑎
𝑎
{
{
)} , (𝑐 ≠
1−2Φ (
0) ,
{
{
{
{
}
2√𝜋
2)
√
2
(1
−
𝜌
{
{
}
⋅ Δ𝑢) (V𝑇 ([𝐶𝑝 ] + [𝐶𝑛 ]) V) − 2 (V⃗
⋅ Δ𝑢) ∑𝑛𝑖=1 𝐶𝑖𝑗 V𝑗
𝜕𝑑𝑎 2 (V⃗
=
,
2
𝜕V𝑖
𝑑𝑎 (V𝑇 ([𝐶]) V)

0) ,
(𝑐 ≠
{0,
𝜕AUCHLNLC {
𝑑𝑎2
= { 2 sign (𝑐)
{
𝜕𝑐
exp (−
) , (𝑐 ≠
0) ,
2
4 (1 − 𝜌2 )
{ 𝜋 (1 + 𝑐 )
𝑛

𝑛

𝑛

𝑝

𝜎𝑝 ∑𝑖=1 𝐶𝑖𝑗 V𝑖 − 𝜎𝑛 ∑𝑖=1 𝐶𝑖𝑗 V𝑖
𝜕𝑐
2
=
[
].
2
𝜕V𝑖 (𝜎 + 𝜎 )
𝜎𝑝 − 𝜎𝑛
𝑝
𝑛
(27)
3.2. Classification of Optical Flow Vectors. In this paper, the
linear coefficient vector V is determined by the parameter 𝜃 for
a 2D optical flow vector (𝑢𝑚,𝑛 , V𝑚,𝑛 ), which can be understood
to be the angle between vector coordinate 𝑥 and vector
coordinate 𝑦. Any 2D optical flow vector can be normalized
as
𝑇
𝑥⃗
= 𝑢𝑚,𝑛 cos 𝜃 + V𝑚,𝑛 sin 𝜃.
𝑦 = (V)⃗

(28)

The operating assumption in the HLNLC algorithm is
that two types of feature data follow a pair of multivariable
normal distributions. However, the optical flow distributions
contain some small differences. We can implement a more
robust method. The pair of optical flow vector variables
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uses bivariate normal distributions to normalize the data.
Specifically,
𝜌𝑢,V
1
2
[ 𝑢𝑚,𝑛
(𝑢 ⋅ V)𝑚,𝑛 ]
]
[
]) . (29)
[
(𝑢𝑚,𝑛 , V𝑚,𝑛 | 𝜌) ∼ 𝑁 ([ 𝜌
]
1
𝑢,V
]
[
2
V𝑚,𝑛
(𝑢 ⋅ V)𝑚,𝑛
]
[
Here, 𝜌𝑢,V represents feature covariance of the optical flow
(𝑢𝑚,𝑛 , V𝑚,𝑛 ). Using this method, (𝑢𝑚,𝑛 , V𝑚,𝑛 ) is normalized into
the normal distribution. The parameters (𝑢𝑝 , 𝜎𝑝 , 𝑢𝑛 , 𝜎𝑛 ) that
concern the HLNLC algorithm can be obtained with (18),
in which positive values indicate motion areas and negative
values represent background. AUCHLNLC can be calculated
by using (23). The related parameter (𝑢(𝜃HLNLC ), V(𝜃HLNLC ))
is used to produce an ROC curve and calculate AUCHLNLC .

4. Rectangle Window Scan
In order to detect moving objects, an 𝑀×𝑁 rectangle window
should be determined. We propose rectangle window scan
algorithm; in scanning process, the classified optical flow
vectors which are attributed to moving object are the input
variables, and a rectangle window will shift 𝑛 pixel locations
in each direction per unit time. The operation is repeated
until the rectangle window size is less than the presupposed
threshold value. The detection area marked by the rectangle
window will be the final output. Our proposed method could
detect multiple moving objects in one scene. However, the
iterative process may be time consuming. Figure 2 illustrates
the details of rectangle window scan algorithm.
In the method, the 𝑖th focused area at the 𝑗th scan
line is denoted by 𝐹(𝑖, 𝑗), and the related rectangle window
is recorded as RW𝐹(𝑖,𝑗) . Initially, the scan area RW𝐹(1,1)
is obtained by a normal adaptive modification calculation
method. Thereafter, the rectangle window shifts to the right
by 𝑥 pixels, where 𝑥 = 10 was used in this paper, and RW𝐹(1,1)
is shifted to RW𝐹(1,2) . There is no need to recalculate the
overlap region of an integral scan because the two adjacent
regions RW𝐹(1,1) and RW𝐹(1,2) share the same overlap region
(RW1−𝑥 ) × 𝑁. For the remaining horizontal scan lines, 𝐹(𝑖, 𝑥)
describes the region of concern which is below 𝐹(𝑖−1, 𝑥). The
upper and lower boundaries of the nonoverlapping region are
defined as 𝐻(𝑖, 𝑥) and 𝐿(𝑖, 𝑥).
Based on the distribution principle for motion vectors,
less than 50% of the motion vectors may be zero vectors. We
use the sum of absolute gradient difference (SAGD) to judge
motion vector value. SAGD can be calculated in the following
expression:
SAGD (𝑢, V)
𝑀 𝑁



{
∑ ∑ {𝑢 (𝑖 + 𝑥, 𝑗 + 𝑦) − 𝑢 (𝑖 + 𝑥 + 𝑎, 𝑗 + 𝑦 + 𝑎)}}
}
{
}
{𝑥=0
𝑦=0
= max { 𝑀 𝑁
}.
{
}
{ ∑ ∑ {V (𝑖 + 𝑥, 𝑗 + 𝑦) − V (𝑖 + 𝑥 + 𝑎, 𝑗 + 𝑦 + 𝑎)} }
}
{ 𝑥=0 𝑦=0
(30)

Depending on the current location of rectangle window,
some adjacent windows may not exist. We use windows
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Table 1: Optical flow computation time comparison.
Video
Cars
Coastguard
Satellite
Running

LK
20.52 sec
15.66 sec
13.25 sec
14.37 sec

HS
21.73 sec
16.21 sec
15.44 sec
16.15 sec

OAOF
25.36 sec
24.55 sec
20.15 sec
22.32 sec

Proposed
15.49 sec
10.24 sec
8.32 sec
8.53 sec

adjacent to block combination to estimate the object motion,
using the formula
𝐻𝐹(𝑖,1) = 𝐻𝐹(𝑖−1,1) − SAG𝐻(𝑖−1,1) + SAG𝐿(𝑖−1,1) .

(31)

For the remaining areas, 𝐹(𝑖, 𝑗), with 𝑖, 𝑗 = 2, 3, . . . , 𝐻𝐹(𝑖,𝑗) ,
the moving object region is identified as
𝑀 𝑁

RW = ∑ ∑ (𝐻𝐹(𝑖,𝑗−1) − 𝐻𝐹(𝑖,𝑗) + 𝐿 𝐹(𝑖,𝑗) ) .

(32)

𝑖=1 𝑗=1

5. Experimental Results
In this section, we validate the performance of our proposed
algorithm on four different videos. All of the source videos
were presented in a consistent format (MPEG-2 standard,
25.68 frames per second (fps)). Video (a) was produced with
cameras where high-speed moving cars appear in both close
and distant scenes, it has 996 frames of 768 × 576 resolution.
Video (b) is a standard video compression sequence known
as the coastguard sequence, where a video camera is fixed
on a moving boat so it appears that the background is
moving; it has 876 frames of 768 × 576 resolution. Video (c)
is a spatial satellite video sequence, and the satellite is the
detected object; it has 1025 frames of 720 × 480 resolution.
Video (d) is a human-motion video in which the motion is
a human running; it has 825 frames of 720 × 480 resolution.
These four videos are the most tested videos, in which
the pedestrians, vehicles, and satellites are typical detected
targets. Comparison experiments with other state-of-the-art
object detection algorithms could demonstrate the efficiency
of our proposed method. Specific steps are shown in Figure 3.
5.1. Optical Flow Experiments. We use a constant value 𝑎
to determine the time interval between video frames, and
the parameter value 𝑎 = 0.64 pixel/ms was found to be
suitable. Each frame was processed with subsampling and
rescaled under the wavelet estimation. Two important steps
are involved: (1) normalization of optical flow vectors and
computation of the matrix 𝐸 and (2) computation of the
spare representation of 𝐸𝑢 = 𝑏. Our results show that cars
and human bodies can be detected in (a) and (d). Different
frequency components in unstable regions and jitters have
been removed in sequences (c). Compared with other video
sequences, detected objects in sequence (b) have different
characteristics. The optical flow is detected for background
area. The experimental results are shown in Figure 4.
Computation time comparisons results are shown in
Table 1. We compare our proposed method with LK, HS,
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(a) Cars sequence

(b) Coastguard sequence

(c) Satellite sequence

(d) Human running sequence

Figure 4: Optical flow estimation for different sequences.

(a)

(e)

(b)

(f)

(c)

(d)

(g)

(h)

Figure 5: Initial classification results: (a), (b), (c), and (d) single frame in test video sequences; (e), (f), (g), and (h) corresponding classification
result.

and occlusion-aware optical flow (OAOF) [27]. LK and HS
calculations take almost the same time because they involve
similar computation methods. OAOF takes a little longer
time. Our proposed wavelet optical flow method has an
improved computation time, with a reduction of nearly 5∼
6 sec over LK and HS and 10∼14 sec over OAOF. It clearly

demonstrates the efficiency of using wavelet transform in
optical flow estimation.
5.2. Classification Experiments. In the first stage of HLNLC
algorithm, structure optimal parameters are chosen as 𝑢 =
0.64, and the classifier undergoes 20 iterations. In order to get
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(a)

(b)

(e)

(f)

(c)

(d)

(g)

(h)

Figure 6: Second stage classification results: (a), (b), (c), and (d) frames 7, 9, 11, and 25 of cars sequences (e), (f), (g), and (h) frames 95, 97,
98, and 100 of coastguard sequence.
Table 2: Classification performance of PCNN, FNN, GSVM, LDA, and HLNLC.
Video
Cars
M and SD
AUC
DR
Coastguard
M and SD
AUC
DR
Satellite
M and SD
AUC
DR
Running
M and SD
AUC
DR

PCNN

FNN

GSVM

LDA

HLNLC

57.2 ± 16.7
0.65
72.33%

55.4 ± 15.5
0.53
71.96%

41.3 ± 28.5
0.77
84.81%

37.8 ± 11.9
0.78
88.27%

36.2 ± 10.4
0.81
89.32%

44.3 ± 13.2
0.72
73.43%

42.9 ± 12.4
0.69
72.16%

34.7 ± 25.6
0.81
84.54%

32.6 ± 12.5
0.80
87.29%

31.4 ± 11.7
0.85
89.52%

32.3 ± 10.3
0.71
72.33%

30.7 ± 10.7
0.61
73.48%

25.8 ± 21.6
0.83
84.49%

31.3 ± 13.8
0.80
86.25%

30.2 ± 13.4
0.82
88.64%

35.7 ± 11.4
0.76
72.31%

33.6 ± 10.9
0.64
73.14%

25.5 ± 22.6
0.85
84.39%

33.4 ± 16.2
0.83
88.17%

32.7 ± 15.9
0.84
89.09%

a dense optical flow field, our method uses a global smoothness constraint. Each optical flow vector has a spatial connection with respect to high-speed moving object. Figure 5
shows the initial classification results. As background information and moving object features have similar characteristics, motion regions adhere and empty holes emerged.
Obviously, classification result is not very satisfactory.
In the second stage, the classifier uses a decision variable
to deal with topology changes in detection region. Figure 6
shows the classification results about video sequences (a) and
(b). Motion areas in video (a) contain queues of cars, which
belong to close scene and distant scene, respectively. Because
the cars in distant scene are too wide, some background
information has also been classified as motion region. Optical

flow vectors generated from video (b) reflect background
information. We employ a trust-region Newton-Rapthson
method to solve this problem [28]. This method separates
moving objects from background by making judgments
about the most meaningful trust-region in sequences based
on the maximum likelihood ratio.
We are interested in comparing the classification performance of HLNLC and other classifiers, including PCNN,
FNN, GSVM, and LDA. We specified the population parameters of a pair of normal distributions (𝑢𝑝 , 𝐶𝑝 , 𝑢𝑛 , 𝐶𝑛 ) and
drew samples from the specified distributions. Then, different
classifiers are applied to each optical flow feature vector in the
sampled data. The comparison results are shown in Table 2.
M&SD are the mean and standard deviation of the motion
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AUC

M and SD
0.85

55

0.8

50

0.75

(dB)

45

0.7
40
0.65
35
0.6
30
0.55
25
0.5
PCNN

FNN

GSVM

Cars
Coastguard

LDA

HLNLC

PCNN

FNN

GSVM

Cars
Coastguard

Satellite
Running

LDA

HLNLC

Satellite
Running

(a)

(b)
DR
95

90

(%)

85

80

75

70

PCNN

FNN

GSVM

Cars
Coastguard

LDA

HLNLC

Satellite
Running

(c)

Figure 7: M&SD, AUC, and DR curves obtained by different methods.

region (positive region), and AUC is calculated based on
M&SD:


𝑢𝑝 − 𝑢𝑛 
 ),

AUC = Φ (
2 + 𝜎2
√𝜎𝑝
𝑛
𝑁

DR = ∏ (
𝑖=1

(33)
𝑁

2

(AUC𝑖 − 𝜎)
𝑏𝑖
) exp {−∑
}.
√2𝜋
𝑁
𝑖=1

The function Φ is the cumulative distribution function
of the standard normal distribution. Positive values indicate
motion areas, and negative values represent background.

AUC, as a decision variable of normal distribution, equals
the probability that outcomes from the actual positive class. A
greater AUC means higher classification accuracy. Based on
AUC, we were able to calculate the detection rate (DR), which
is defined as the ratio between total moving object region and
background area.
Our experiments use the mean AUC for each sequence
which has different frame numbers, respectively. Neural
network algorithms (PCNN\FNN) give rise to proliferation
errors in the edges of moving objects and have larger deviations in their classification results. GSVM can directly classify
data without using PCA, so the result is better than what is
produced by NN. About LDA and HLNLC, we calculate AUC
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(c)

(k)

(d)

(e)

(f)

(g)

(h)

(l)

(m)

(n)

(o)

(p)

Figure 8: Object detection results: (a)–(d) frames 7, 10, 14, and 17 of cars sequence, (e)–(h) frames 17, 26, 35, and 45 of coastguard sequence,
(i)–(l) frames 27, 35, 54, and 69 of human running sequence, and (m)–(p) frames 29, 33, 40, and 44 of human walking sequence.

by inserting trained LDA vectors, and AUCHLNLC is found
to be superior to AUCLDA . In all the methods, We observe
that the HLNLC can substantially improve classification
performance over other classifiers. M&SD, AUC, and DR
curves obtained by different methods are shown in Figure 7.
5.3. Rectangle Window Scan Experiments. In this part, we
used three other object detection methods for comparison.
These included SIFT, background subtraction (BS), and
Hough forest method (HF). The SIFT method is based on
SIFT features, which is invariant to image scale and rotation
[29, 30]. The background subtraction method uses temporal
differencing pixels from a Laplacian model and completes
the object detection task via a threshold value [31]. Hough
forests can be regarded as a task-adapted codebook, in
which different locations, scales, and motions are stored [32].
Figure 8 shows the experimental results; the object detection
results obtained by our proposed method are shown with
red solid boxes; the results in SIFT, BS, and HF are shown in
blue, green, and pink dotted boxes. Our proposed method
could detect moving objects in different distant scenes in
the same sequence; in video sequence (a), moving cars in
the distant scene were detected in green and orange solid

rectangle windows. In addition, our proposed method could
adaptively adjust the rectangle window that will be suitable
for the detected object, such as satellite and human body in
video sequences (c) and (d).
We use three measures to compare object detection accuracy [33]:

𝑁frame  𝑡
𝐺 ∩ 𝑂𝑖𝑡 
,
OverLapRatio = ∑  𝑖𝑡
𝑡 
𝑖=1 𝐺𝑖 ∪ 𝑂𝑖 
OverLapRatio
FDA (𝑡) =  𝑡
 ,
𝑡
(𝑁𝐺 + 𝑁𝑂) /2
𝑁frame

SFDA = ∑
𝑖=1

FDA (𝑡)
,
∃ (𝑁𝐺𝑡 OR 𝑁𝑂𝑡 )

ODA = 1 −
ODP =

𝑚𝑡 + 𝑓𝑝𝑡
𝑁𝐺𝑡

(34)

,

OverLapRatio
.
𝑡
𝑁mapped

Here, 𝐺𝑖𝑡 and 𝑂𝑖𝑡 represent 𝑖th ground-truth and detected
object in frame 𝑡. 𝑁𝐺𝑡 and 𝑁𝑂𝑡 represent the number of
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ODA

65
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(%)
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Coastguard

PRO
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HF

Cars
Coastguard

Satellite
Running

(a)

PRO

Satellite
Running

(b)
ODP
75

(%)

70

65

60

55
SIFT
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HF
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Coastguard

PRO

Satellite
Running

(c)

Figure 9: SFDA, ODA, and ODP curves obtained by different methods.

“ground-truth” and detected object in frame 𝑡. 𝑓𝑝𝑡 is the
number of classification errors. 𝑚𝑡 is the missed detection
𝑡
is the pair number of ground-truth and
count. 𝑁mapped
detected object in frame 𝑡. OverLapRatio is the quality of
alignment between the detected objects and the groundtruth. SFDA is the detection accuracy for a video sequence,
which is essentially the average of FDA over all of the relevant
frames in the sequence; ODA is the object detection accuracy,
which utilized the missed detection and classification error
counts. ODP is the object detection precision, which gave us
the precision of detection by taking into account the spatial
overlap information between ground-truth and system output.

Experimental results are shown in Table 3. Compared
with SIFT, our proposed algorithm increases SFDA, ODP,
and ODA by about 3%∼7%, 5%∼10%, and >10%. Compared
with BS and HF, the SFDA, ODP, and ODA are increased
by about 5%∼15%, 8%∼15%, and 10%, respectively. It implies
that our proposed algorithm has a higher detection accuracy
and lower false detection rate. SFDA, ODP, and ODA curves
obtained by different methods are shown in Figure 9.

6. Conclusions
In this paper, we propose a new computational intelligence
method for object detection. We apply the wavelet transform
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Table 3: Detection results of different methods.
Video
Cars
SFDA
ODA
ODP
Coastguard
SFDA
ODA
ODP
Satellite
SFDA
ODA
ODP
Running
SFDA
ODA
ODP

SIFT

BS

HF

PRO

46.3%
71.0%
58.4%

37.2%
65.6%
55.5%

38.6%
63.0%
59.7%

42.7%
85.1%
67.3%

[6]

[7]
[8]

52.9%
74.1%
67.4%

45.2%
68.2%
59.3%

51.8%
72.7%
66.4%

58.4%
79.5%
69.7%

52.4%
74.9%
66.1%

50.6%
65.2%
59.3%

51.5%
63.1%
61.4%

57.0%
78.9%
70.6%

[10]

56.6%
75.8%
65.3%

48.4%
63.0%
64.7%

50.6%
68.2%
60.1%

63.8%
86.5%
75.4%

[11]

into optical flow estimation. Our proposed method is able to
estimate the motions of different speed moving objects in the
same scenes and achieve an accelerated optical flow computation. In the classification stage, HLNLC method is used to
classify optical flow vectors, and it yields higher accuracy than
other existing classifiers. Experimental results demonstrate
that the combination of wavelet optical flow estimation and
HLNLC classification can achieve more accurate and precise
object detection.
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Fuzzy logic-based histogram equalization (FHE) is proposed for image contrast enhancement. The FHE consists of two stages. First,
fuzzy histogram is computed based on fuzzy set theory to handle the inexactness of gray level values in a better way compared to
classical crisp histograms. In the second stage, the fuzzy histogram is divided into two subhistograms based on the median value of
the original image and then equalizes them independently to preserve image brightness. The qualitative and quantitative analyses
of proposed FHE algorithm are evaluated using two well-known parameters like average information contents (AIC) and natural
image quality evaluator (NIQE) index for various images. From the qualitative and quantitative measures, it is interesting to see
that this proposed method provides optimum results by giving better contrast enhancement and preserving the local information
of the original image. Experimental result shows that the proposed method can effectively and significantly eliminate washed-out
appearance and adverse artifacts induced by several existing methods. The proposed method has been tested using several images
and gives better visual quality as compared to the conventional methods.

1. Introduction
The main objective of an image enhancement is to bring out
the hidden image details or to increase the image contrast
with a new dynamic range. Histogram equalization (HE) is
one of the most popular techniques used for image contrast
enhancement, since HE is computationally fast and simple to
implement [1, 2]. HE performs its operation by remapping the
gray levels of the image based on the probability distribution
of the input gray levels. However, HE is rarely employed in
consumer electronic applications such as video surveillance,
digital camera, and television, since HE tends to introduce
some annoying artifacts and unnatural enhancement, including intensity saturation effect [3]. One of the reasons for
this problem is that HE normally changes the brightness of
the image significantly and thus makes the output image,
become saturated with very bright or dark intensity values.

Hence, brightness preserving is an important characteristic
that needs to be considered in order to enhance the image for
consumer electronic products.
In order to overcome the limitations of HE and to
preserve image brightness, several brightness preserving histogram equalization techniques have been proposed. At first,
Kim proposed brightness preserving bi-Histogram equalization (BBHE) [4], BBHE divides the input image histogram
into two parts based on the mean of the input image, and
then each part is equalized independently. Consequently,
the mean brightness is preserved because the original mean
brightness is retained. Wan et al. introduced dualistic subimage histogram equalization (DSIHE), which is similar to
BBHE except that the median of the input image is used
for histogram partition instead of mean brightness [5]. Chen
and Ramli proposed minimum mean brightness error bihistogram equalization (MMBEBHE), which is the extension

2
of BBHE method that provides maximal brightness preservation [6]. This algorithm finds the minimum mean brightness
error between the original and the enhanced image. It
employs the optimal point as the separating point instead
of the mean or median of the input image. Though these
methods can perform good contrast enhancement, they also
cause more annoying side effects depending on the variation
of gray level distribution in the histogram. Recursive mean
separate HE (RMSHE) is another improved version of BBHE
[7]. This method is recursively separates the histogram into
multi-subhistograms instead of two subhistograms as in the
BBHE. Initially, two subhistograms are created based on the
mean brightness of the original histogram. Subsequently,
the mean brightness from the two subhistograms obtained
earlier are used as the second and third separating points
in creating more sub-histograms. In a similar fashion, the
algorithm is executed recursively until the desired numbers
of sub-histograms are met. Then, the HE approach is applied
independently on each of the subhistograms. The methods
discussed previously are based on dividing the original
histogram into several sub-histograms by using either the
median or mean brightness. Although the mean brightness
is well preserved by the aforementioned methods, these
methods cannot further expand the region of subhistogram
that is located near to the minimum or maximum value of the
dynamic range. However, it is also not free from side effects
such as washed-out appearance, undesirable checkerboard
effects, and significant change in image brightness.
In order to deal with the problem mentioned above,
Abdullah-Al-Wadud et al. introduced a dynamic histogram
equalization (DHE) technique [8]. DHE partitions the original histogram based on local minima. However, DHE does
not consider the preserving of brightness. For this purpose,
Ibrahim and Kong proposed brightness preserving dynamic
histogram equalization (BPDHE) [9]. This method partitions
the image histogram based on the local maxima of the
smoothed histogram. It assigns a new dynamic range to each
partition. Finally the output intensity is normalized to make
the mean intensity of the resulting image equal to the input
one. Although, the BPDHE performs well in mean brightness
preserving, the ratio for brightness normalization plays an
important role. A small ratio value leads to insignificant
contrast enhancement. For large ratio (i.e., ratio value more
than 1), the final intensity value may exceed the maximum
intensity value of the output dynamic range. The exceed
pixels will be quantized to the maximum intensity value
of gray levels and produce intensity saturation problem
(in MATLAB environment). Brightness preserving dynamic
fuzzy histogram equalization (BPDFHE) has been proposed
by Sheet et al. which is an enhanced version of BPDHE [10].
The BPDFHE technique manipulates the image histogram in
such a way that no remapping of the histogram peaks takes
place, while only redistribution of the gray-level values in the
valley portions between two consecutive peaks takes place.
The results using BPDFHE method show well-enhanced
contrast and little artifacts.
To overcome the unwanted over enhancement and noise
amplifying, the fuzzy logic-based histogram equalization
technique is proposed for both gray scale and color images.
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The proposed FHE method does not only preserve image
brightness but also improves the local contrast of the original
image. First, fuzzy histogram is computed using fuzzy set
theory. Second, the fuzzy histogram is separated into two
based on the median value of the original image. Finally, the
HE approach is applied independently on each subhistogram
to improve the contrast.
The remainder of this paper is organized as follows.
The conventional histogram equalization is discussed in
Section 2, and Section 3 presents the fuzzy image enhancement. The proposed algorithm for fuzzification and enhancement are presented in Sections 4 and 5. Simulation of the test
images and the qualitative and quantitative comparison of the
results are discussed in Sections 6 and 7. Finally, Section 8
concludes this paper.

2. Histogram Equalization
Consider a digital image, 𝑓 = {𝑓(𝑖, 𝑗)}, which has the total
number of 𝑁 pixels with gray levels in the range [0, 𝐿 − 1].
For a given image 𝑓, the probability density function 𝑃(𝑓𝑘 ) is
defined as
𝑃 (𝑓𝑘 ) =

𝑛𝑘
𝑛

(1)

for 𝑘 = 0, 1, 2, . . . , 𝐿 − 1, where 𝑛𝑘 represents the number of
times that the gray level 𝑓𝑘 appears in the input image 𝑓 and
𝑛 is the total number samples in the input image. Note that
𝑃(𝑓𝑘 ) is associated with the histogram of input image which
represents the number of pixels that have a specific intensity
𝑓𝑘 . In fact, a plot of 𝑓𝑘 versus 𝑛𝑘 is called histogram of input
image 𝑓. The respective cumulative density function is then
defined as
𝐿−1

𝐶 (𝑓𝑘 ) = ∑ 𝑝 (𝑓𝑗 )

(2)

𝑗=0

for 𝑘 = 0, 1, 2, . . . , 𝐿 − 1. Note that 𝐶(𝑓𝐿−1 ) = 1 by definition.
Histogram equalization is a method that maps the input
image into entire dynamic range (𝑓0 , 𝑓𝐿−1 ) by using the
cumulative distribution function as a transform function.
That is, let us define a transform function 𝑇(𝑓) based on
cumulative density function as
𝑇 (𝑓) = {𝑓0 + (𝑓𝐿−1 − 𝑓0 ) 𝐶 (𝑓𝑘 )} .

(3)

Then, the enhanced image of HE 𝑔 = 𝑔(𝑖, 𝑗) can be expressed
as
𝑔 (𝑖, 𝑗) = 𝑇 (𝑓) = {𝑇 (𝑓 (𝑖, 𝑗)) | ∀𝑓 (𝑖, 𝑗) ∈ 𝑓} ,

(4)

where 𝑓 and 𝑔 are the original and enhanced images, (𝑖, 𝑗)
are the 2D coordinates of the images, and 𝑇 is the intensity
transformation function, which maps the original image into
the entire dynamic range (𝑓0 , 𝑓𝐿−1 ). However, HE produces
an undesirable checkerboard effects on enhanced images.
Another problem of this method is that it also enhances the
noises in the input image along with the image features [11–
19]. In order to overcome these problems, several methods
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were proposed for certain purposes. For example, BBHE is
proposed for preserving the mean brightness of a given image
while enhancing the contrast. The concept will be introduced
in the remainder of the section.
Let 𝑓𝑚 be the mean of the image 𝑓, and assume that 𝑓𝑚 ∈
{0, 𝐿 − 1}. Based on input mean 𝑓𝑚 , the image is decomposed
into two subimages 𝑓𝐿 and 𝑓𝑈 as
𝑓 = 𝑓𝐿 ∪ 𝑓𝑈,

(5)

If we note that 0 ≤ 𝐶𝐿 (𝑓𝑘 ), 𝐶𝑈(𝑓𝑘 ) ≤ 1, it is easy to see that
𝑇𝐿 (𝑓𝑘 ) equalizes the sub-image 𝑓𝐿 over the range (𝑓0 , 𝑓𝑚 ),
whereas 𝑇𝑈(𝑓𝑘 ) equalizes the sub-image 𝑓𝑈 over the range
(𝑓𝑚+1 , 𝑓𝐿−1 ). As a consequence, the input image 𝑓 is equalized
over the entire dynamic range (𝑓0 , 𝑓𝐿−1 ) with the constraint
that the samples less than the input mean are mapped to
(𝑓0 , 𝑓𝑚 ), and the samples greater than the mean are mapped
to (𝑓𝑚+1 , 𝑓𝐿−1 ).

3. Fuzzy Image Enhancement

where
𝑓𝐿 = {𝑓 (𝑖, 𝑗) | 𝑓 (𝑖, 𝑗) ≤ 𝑓𝑚 , ∀𝑓 (𝑖, 𝑗) ∈ 𝑓} ,
𝑓𝑈 = {𝑓 (𝑖, 𝑗) | 𝑓 (𝑖, 𝑗) > 𝑓𝑚 , ∀𝑓 (𝑖, 𝑗) ∈ 𝑓} .

(6)

Note that subimage 𝑓𝐿 is composed of {𝑓0 , 𝑓1 , . . . , 𝑓𝑚 } and the
subimage 𝑓𝑈 is composed of {𝑓𝑚+1 , 𝑓𝑚+2 , . . . , 𝑓𝐿−1 }.
Next, define the respective probability density functions
of the subhistograms 𝑓𝐿 and 𝑓𝑈 as
𝑃𝐿 (𝑓𝑘 ) =

𝑛𝑘 𝐿
,
𝑛𝐿

(7)

𝑛𝑘 𝑈
,
𝑛𝑈

(8)

where 𝑘 = 0, 1, . . . , 𝑚, and
𝑃𝑈 (𝑓𝑘 ) =

where 𝑘 = 𝑚 + 1, 𝑚 + 2, . . . , 𝐿 − 1, in which 𝑛𝑘 𝑈 and
𝑛𝑘 𝐿 represent the respective numbers of 𝑓𝑘 in 𝑓𝐿 and 𝑓𝑈,
and 𝑛𝐿 and 𝑛𝑈 are the total number of samples in 𝑓𝐿 and
𝑓𝑈, respectively. Note that 𝑃𝐿 (𝑓𝑘 ) and 𝑃𝑈(𝑓𝑘 ) are associated
with the histogram of the input image which represents
the number of pixels that have a specific intensity 𝑓𝑘 . The
respective cumulative density functions for subhistograms 𝑓𝐿
and 𝑓𝑈 are then defined as
𝑚

𝐶𝐿 (𝑓𝑘 ) = ∑ 𝑝𝐿 (𝑓𝑗 ) ,
𝑗=0

𝐿−1

(9)

𝐶𝑈 (𝑓𝑘 ) = ∑ 𝑝𝑈 (𝑓𝑗 ) .
𝑗=𝑚+1

Let us define the following transform functions based on
cumulative density functions as
𝑇𝐿 (𝑓𝑘 ) = 𝑓0 + (𝑓𝑚 − 𝑓0 ) 𝐶𝐿 (𝑓𝑘 ) ,
𝑇𝑈 (𝑓𝑘 ) = 𝑓𝑚+1 + (𝑓𝐿−1 − 𝑓𝑚+1 ) 𝐶𝑈 (𝑓𝑘 ) .

(10)

Based on these transform functions, the decomposed subimages are equalized independently and the composition
of the resulting equalized sub-images which constitute the
output image. The overall mapping function is defined as:
𝑔 (𝑖, 𝑗) = 𝑇𝐿 (𝑓𝑘 ) ∪ 𝑇𝑈 (𝑓𝑘 )
𝑓 + (𝑓𝑚 − 𝑓0 ) 𝐶𝐿 (𝑓𝑘 )
if 𝑓 ≤ 𝑓𝑚
={ 0
𝑓𝑚+1 + (𝑓𝐿−1 − 𝑓𝑚+1 ) 𝐶𝑈 (𝑓𝑘 ) else.

(11)

Fuzzy image enhancement is done by mapping image gray
level intensities into a fuzzy plane using membership functions, the membership functions are modified for contrast
enhancement, and the fuzzy plane is mapped back to image
gray level intensities. The aim is to generate an image of
higher contrast than the original image by giving the larger
weight to the gray levels that are closer to the mean gray
level of the image than to those that are farther from the
mean. In recent years, many researchers have applied fuzzy
set theory to develop new techniques for image enhancement.
Fuzzy set theory offers a mathematical framework for a
new image understanding. An image of size 𝑀 × 𝑁 pixels
and L gray levels can be considered as an array of fuzzy
singletons, each having a value of membership denoting its
degree of brightness relative to some brightness levels with
𝑔 = (0, 1, 2 . . . 𝐿 − 1) [20]. The fuzzy matrix corresponding to
this image can be written as
𝑀

𝑁

𝜇𝑚𝑛
𝑚=1 𝑛=1 𝑔𝑚𝑛

𝐹= ⋃⋃

with 𝜇𝑚𝑛 ⊆ [0, 1] ,

(12)

where 𝑔𝑚𝑛 is the intensity of (𝑚, 𝑛)th pixel and 𝜇𝑚𝑛 is
its membership value. Fuzzy image processing consists of
three stages: fuzzification (image coding), operations in the
membership plane, and defuzzification (decoding of results).
Fuzzification does mean that we assign image with one or
more membership values regarding interesting properties
(e.g. brightness, edginess, and homogeneity). After transformation of image into the membership plane (fuzzification), a
suitable fuzzy approach modifies the membership values [21].
To achieve modified gray levels, the output of membership
plane should be decoded (defuzzification). It means that
the membership values are retransformed into the gray-level
plane. For instance, to manage the grayness ambiguity, the
gray levels must be fuzzified in relation to the location of
image histogram. It means that each gray level is assigned
to a degree of membership depending on its location in
the histogram. Generally, dark pixels are assigned as low
membership values, and bright pixels are assigned as high
membership values.
3.1. Fuzzy Contrast/Brightness Adaptation. Contrast and
brightness are image qualities that are specially important
if the preprocessing is done for human perception [22].
There are two different ways to adapt the image contrast or
brightness: gray level modification with suitable function 𝑓:
𝑔 = 𝑓 (𝑔)

(13)
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or histogram operations. The performance of the first
approach depends on the shape of the selected function.
The second approach modifies the image histogram. The
histogram equalization is one of the best known histogram
techniques. The modified gray levels 𝑔 are computed by
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𝑔

ℎ (𝑖)
𝑔 = 𝑓ℎ (𝑔) = (𝐿 − 1) ∑
,
𝑀𝑁
𝑖=0

(14)

where the right side should be round off in order to achieve
integer values for 𝑔. Fuzzy techniques use different tools of
fuzzy set to adjust image contrast: minimization of fuzziness,
equalization using fuzzy expected value, hyperbolization, 𝜆enhancement, and enhancement using fuzzy relations.

4. Proposed Work
In the conventional histogram equalization method, the
remapping of the histogram peaks (local maxima) takes
place which leads to the introduction of undesirable artifacts
and large change in mean image brightness. Hence, the
proposed fuzzy logic-based histogram equalization is not
only preserves the image brightness but also improves the
local contrast of the original image. First, fuzzy histogram is
created using fuzzy logic to handle the inexactness of gray
level values in a better way, and it is separated into two subhistograms based on the median value of the original image.
Then, each histogram is assigned to a new dynamic range.
Finally, the HE approach is applied independently on each
sub-histogram. The FHE technique consists of the following
operational stages:
(ii) fuzzy histogram computation;

0 ≤ 𝜇𝑖𝑗 ≤ 0.5,
0.5 < 𝜇𝑖𝑗 ≤ 1.

(16)

4.2. Fuzzy Histogram Computation. To enhance the image,
we concentrate on contrast enhancement. This is achieved
by making dark pixel more darker and making bright pixel
brighter. Hence, fuzzy histogram is computed using (16). A
fuzzy histogram is a sequence of real numbers ℎ(𝑖), 𝑖 ∈
(0, 1 . . . , 𝐿−1), here ℎ(𝑖) is the frequency of occurrence of gray
levels that are around 𝑖. By considering the gray value 𝑓(𝑖, 𝑗)
as a fuzzy number 𝜇𝐹(𝑖,𝑗) , the fuzzy histogram is computed as
𝐹 ← ℎ (𝑖) + ∑ ∑ 𝜇𝐹(𝑖,𝑗) ,
𝑖

𝑗

(17)

where 𝜇𝐹(𝑖,𝑗) is the fuzzy membership function. Fuzzy statistics is able to handle the inexactness of gray values in a
much better way compared to classical crisp histograms thus
producing a smooth histogram.
4.3. Histogram Partition and Equalization. Based on input
median 𝑀, the fuzzy histogram 𝐹 is decomposed into two
subhistograms 𝐹𝐿 and 𝐹𝑈 as
𝐹 = 𝐹𝐿 ∪ 𝐹𝑈,

(18)

where
𝐹𝑈 = {𝐹 (𝑖, 𝑗) | 𝐹 (𝑖, 𝑗) > 𝑀, ∀𝐹 (𝑖, 𝑗) ∈ 𝐹} .

(iii) histogram partitioning and equalization;

(19)

Next, define the respective probability density functions of
the sub histograms 𝐹𝐿 and 𝐹𝑈 as

(iv) image defuzzification.
The following subsections include the details of the steps
involved.
4.1. Image Fuzzification and Intensification. In image fuzzification, the gray level intensities are transformed to fuzzy
plane whose value ranges between 0 and 1. An image 𝑓
of size 𝑀 ∗ 𝑁 and intensity level in the range (0, 𝐿 − 1)
can be considered as a set of fuzzy singletons in the fuzzy
set notation, each with a membership function denoting
the degree of having some gray level. The fuzzy matrix 𝐹
corresponding to this image can be expressed as
𝜇1𝑁
𝑓1𝑁 ]
𝜇2𝑁 ]
]
]
.
𝑓2𝑁 ]
]
⋅⋅⋅ ]
𝜇𝑀𝑁 ]
𝑓𝑀𝑁 ]

𝜇𝐹(𝑖,𝑗)

{2 ∗ (𝜇𝑖𝑗 )
={
2
1 − (2 ∗ (1 − 𝜇𝑖𝑗 ) )
{

𝐹𝐿 = {𝐹 (𝑖, 𝑗) | 𝐹 (𝑖, 𝑗) ≤ 𝑀, ∀𝐹 (𝑖, 𝑗) ∈ 𝐹} ,

(i) image fuzzification and intensification;

𝜇11 𝜇12
,...,
[ 𝑓11 𝑓12
[𝜇
[ 21 𝜇22
,...,
[
𝐹 = [ 𝑓21 𝑓22
[
[ ⋅⋅⋅ ⋅⋅⋅
[ 𝜇𝑀1 𝜇𝑀2
,...,
[ 𝑓𝑀1 𝑓𝑀2

level of the pixel. A set consisting of all 𝜇𝑖𝑗 is called the fuzzy
property plane of the image. In order to reduce the amount
of image fuzziness, contrast intensification is applied to the
fuzzy set 𝐹 to generate another fuzzy set, and the membership
function of which is expressed as

(15)

Here 𝜇𝑖𝑗 = 0 indicates dark, and 𝜇𝑖𝑗 = 1 indicates bright.
Any intermediate value refers to the grade of maximum gray

𝑃𝐿 (𝐹𝑘 ) =

𝑛𝑘 𝐿
,
𝑛𝐿

(20)

𝑛𝑘 𝑈
,
𝑛𝑈

(21)

where 𝑘 = 0, 1, . . . , 𝑚, and
𝑃𝑈 (𝐹𝑘 ) =

where 𝑘 = 𝑚 + 1, 𝑚 + 2, . . . , 𝐿 − 1, in which 𝑛𝑘 𝑈 and 𝑛𝑘 𝐿
represent the respective numbers of 𝐹𝑘 in 𝐹𝐿 and 𝐹𝑈, and
𝑛𝐿 and 𝑛𝑈 are the total number of samples in 𝐹𝐿 and 𝐹𝑈,
respectively. Note that 𝑃𝐿 (𝐹𝑘 ) and 𝑃𝑈(𝐹𝑘 ) are associated with
the fuzzy histogram of the input image which represents
the number of pixels that have a specific intensity 𝐹𝑘 . The
respective cumulative density functions for sub-histograms
𝐹𝐿 and 𝐹𝑈 are then defined as
𝑚

𝐶𝐿 (𝐹𝑘 ) = ∑ 𝑝𝐿 (𝐹𝑗 ) ,
𝑗=0

𝐿−1

𝐶𝑈 (𝐹𝑘 ) = ∑ 𝑝𝑈 (𝐹𝑗 ) .
𝑗=𝑚+1

(22)
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Let us define the following transform functions based on
cumulative density functions as
𝑇𝐿 (𝐹𝑘 ) = 𝐹0 + (𝑀 − 𝐹0 ) 𝐶𝐿 (𝐹𝑘 ) ,
𝑇𝑈 (𝐹𝑘 ) = 𝑀 + 1 + (𝐹𝐿−1 − 𝑀 + 1) 𝐶𝑈 (𝐹𝑘 ) .

(23)

Based on these transform functions, the decomposed
sub-images are equalized independently, and the composition of the resulting equalized sub-images which constitute
the output image. The output image 𝑔 = {𝑔(𝑖, 𝑗)} is expressed
as
𝑔 (𝑖, 𝑗) = 𝑇𝐿 (𝐹𝐿 ) ∪ 𝑇𝑈 (𝐹𝑈) ,

(24)

where
𝑇𝐿 (𝐹𝐿 ) = {𝑇𝐿 (𝐹 (𝑖, 𝑗)) | ∀𝐹 (𝑖, 𝑗) ∈ 𝐹𝐿 } ,
𝑇𝑈 (𝐹𝑈) = {𝑇𝑈 (𝐹 (𝑖, 𝑗)) | ∀𝐹 (𝑖, 𝑗) ∈ 𝐹𝑈} .

(25)

If we note that 0 ≤ 𝐶𝐿 (𝐹𝑘 ), 𝐶𝑈(𝐹𝑘 ) ≤ 1, it is easy to see
that 𝑇𝐿 (𝐹𝐿 ) equalizes the sub-image 𝐹𝐿 over the range (𝐹0 , 𝑀),
whereas 𝑇𝑈(𝐹𝑈) equalizes the sub-image 𝐹𝑈 over the range
(𝑀+1, 𝐹𝐿−1 ). As a consequence, the input image F is equalized
over the entire dynamic range (𝐹0 , 𝐹𝐿−1 ) with the constraint
that the samples less than the input median are mapped to
(𝐹0 , 𝑀) and the samples greater than the median are mapped
to (𝑀 + 1, 𝐹𝐿−1 ).
4.4. Image Defuzzification. Image defuzzification is the
inverse of fuzzification. The algorithm maps the fuzzy plane
back to gray level intensities. Finally, the enhanced image
𝐺(𝑖, 𝑗) can be obtained by the following inverse transformation:
𝑀 𝑁

𝐺 (𝑖, 𝑗) = 𝑇−1 (𝑔 (𝑖, 𝑗)) = ⋃ ⋃ 𝑔 (𝑖, 𝑗) ∗ (𝐿 − 1) ,

(26)

𝑖=1 𝑗=1

where 𝐺(𝑖, 𝑗) denotes the gray level of the (𝑖, 𝑗)th pixel in the
enhanced image and 𝑇−1 denotes the inverse transformation
of 𝑇. This brightness preserving procedure ensures that the
mean intensity of the image obtained after process is the same
as that of the input.

5. Contrast Enhancement of Color Images
Most electronic equipments acquire and display the color
images. In this respect, the method of enhancing color images
would be of better interest. Hence, the contrast enhancement
can be easily extended to color images. The most obvious way
to extend the proposed gray-scale contrast enhancement to
color images is to apply the method to luminance component
only and to preserve the chrominance components. This
method produces better perceptible results as compared to
other conventional methods.

6. Image Quality Assessment
Image quality assessment (IQA) aims to use computational
models to measure the image quality consistently with subjective evaluations. IQA indices used in our evaluation include

entropy or average information contents (AIC) and natural
image quality evaluator (NIQE) index for measuring image
quality.
The AIC is used to measure the content of an image, where
a higher value indicates an image with richer details. Higher
value of the AIC indicates that more information is brought
out from the images. NIQE is used for measuring image
quality. Smaller NIQE indicates the better image quality. The
average information contents or entropy is defined as
𝐿−1

AIC = − ∑ 𝑃 (𝑘) log 𝑃 (𝑘) ,

(27)

𝑘=0

where 𝑃(𝑘) is the probability density function of the 𝑘th gray
level [23]. Moreover, natural image quality evaluator (NIQE)
index is used for measuring image quality [24, 25]. It is mainly
based on the construction of a “quality aware” collection of
statistical features based on a simple and successful space
domain natural scene statistic (NSS) model. These features
are derived from a corpus of natural, undistorted images. The
quality of a given test image is then expressed as the distance
between a multivariate gaussian (MVG) fit of the NSS features
extracted from the test image and a MVG model of the quality
aware features extracted from the corpus of natural images.
The NIQE score typically has a value between 0 and 100 (0
represents the best quality, 100 the worst).

7. Results and Discussion
In this section, comparison between the proposed method
and several other conventional methods such as histogram
equalization (HE), brightness preserving bi-histogram
equalization (BBHE), minimum mean brightness error bihistogram equalization (MMBEBHE), and brightness
preserving dynamic fuzzy histogram equalization (BPDFHE)
are presented. A subjective assessment to compare the
visual quality of the images is carried out. An Average
information contents (AIC) and natural image quality
evaluator (NIQE) index is used to assess the effectiveness
of the proposed method. The proposed method was
tested with several gray scale and color images and had
been compared with other conventional methods HE,
BBHE, MMBEBHE, and BPDFHE. The test images used
for the experiments are available on the website http://
www.ponomarenko.info/tid2008.htm.
Figure 1 shows the resulting images obtained by the
various existing methods and proposed method for the gray
scale image. The histograms of all resultant images in Figure 1
are illustrated in Figure 2. Figure 1(b) shows that HE provides
a significant improvement in image contrast. However, it
also amplifies the noise level of the images along with some
artifacts and undesirable side effects such as washed-out
appearance. Figure 1(c) shows that the BBHE method produces unnatural look and insignificant enhancement to the
resultant image. However, it also has unnatural look because
of over enhancement in brightness. This can be proved from
the result shown in the histogram of two methods shown in
Figures 2(b) and 2(c) which are squeezed to left tail of the
histogram.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1: Simulation results of the gray scale image (Image Id: I20). (a) Original image, (b) HE-ed image, (c) BBHE-ed image, (d) MMBEBHEed image, (e) BPDFHE-ed image, and (f) proposed method.
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Figure 2: Histogram of simulated gray scale image (Image Id: I20). (a) Original histogram, (b) HE-ed histogram, (c) BBHE-ed histogram,
(d) MMBEBHE-ed histogram, (e) BPDFHE-ed histogram, and (f) proposed histogram.

Mathematical Problems in Engineering

7

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: Simulation results of the color image (Image Id: I17). (a) Original image, (b) HE-ed image, (c) BBHE-ed image, (d) MMBEBHE-ed
image, (e) BPDFHE-ed image, and (f) Proposed Method.

The results of MMBEBHE and BPDFHE (Figures 1(d) and
1(e)) show good contrast enhancement, and they also cause
more annoying side effects depending on the variation of gray
level distribution in the histogram. The output histograms of
MMBEBHE and BPDFHE fail to achieve smooth distribution
between low and high gray levels. Thus, the enhancement
results of MMBEBHE and BPDFHE are visually unpleasing.
The results of HE, BBHE, MMBEBHE, and BPDFHE show
that they do not prevent the washed-out appearance in overall
image due to significant change in brightness. The result
shows that the proposed method preserves the naturalness of
image and also prevents the side effect due to the significant
change in brightness effectively. By visually inspecting the
images on these figures, we can clearly see that only the
proposed method is able to generate natural looking image
and still offer contrast enhancement. Since the output histogram of proposed method achieves a smoother distribution
between low and high gray values, as shown in Figure 2(f),
its result is more natural looking. The histogram of FHE is
successfully distributed evenly to its full dynamic range as
compared to other conventional methods. Figure 3 shows the
resulting images obtained by the various existing methods
such as HE, BBHE, MMBEBHE, BPDFHE, and proposed
method for the color image. The performance of FHE is
evaluated on various color images. These images are shown
in Figure 4. Figures 5 and 6 show the comparison of average
AIC and NIQE values between the proposed method and
other conventional methods for various images. Further, the
qualities of the test images which are enhanced using the
aforementioned techniques that are measured in terms of

AIC and NIQE are given in Tables 1 and 2. According to
Table 1, the FHE produces the highest AIC and thus becomes
the best method to bring out the details of the images. Table 2
shows the natural image quality evaluator index of tested
images. From Table 2, it is found that FHE produces lowest
NIQE values as compared to the other conventional methods.
Hence, FHE produces enhanced images with natural looking.
Based upon qualitative and quantitative analyses, the proposed FHE method has been found effective in enhancing
contrasts of images in comparison to a few existing methods.
In addition, fuzzy histogram equalized images uses full
dynamic range of the pixel values for maximum contrast. The
performance of the proposed method has been compared
with five state-of-the-art methods, both quantitatively and
visually. Experimental result shows that the proposed method
not only outperforms in contrast enhancement but also
provides good visual representation in visual comparison.
Hence, FHE gives better visual quality images.

8. Conclusion
In this work, Fuzzy logic-based histogram equalization is
presented for image contrast enhancement. FHE uses fuzzy
statistics of digital images to handle the inexactness of
gray level values in a better way compared to classical
crisp histograms, resulting in improved performance. It can
also improve the color content, brightness, and contrast
of an image automatically. This algorithm was tested on
different gray scale and color images (they were extracted
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Figure 5: Comparison of average AIC values.
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Figure 6: Comparison of average NIQE values.
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Figure 4: Contrast enhancement results on the tested images: (a) Original image with its histogram, (b) proposed FHE-ed image with its
histogram.
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Table 1: Comparison of AIC values.

Image ID
I03
I04
I05
I06
I07
I12
I17
I19
I20
I21
Average

Original
7.1366
7.0484
6.5355
7.4612
7.1888
7.1710
6.0779
7.5198
5.6379
7.2026
6.8979

H.E
7.3239
7.3835
6.8877
7.4275
7.4265
7.4952
6.1511
7.3572
5.9485
7.5061
7.0907

BBHE
6.9263
6.8931
6.3495
7.3512
7.0187
6.9772
5.8237
7.3502
5.3846
6.9909
6.7065

MMBEBHE
6.9541
6.9294
6.3735
7.3435
7.0751
6.9376
5.7842
7.3543
5.2187
6.8722
6.6843

BPDFHE
6.9032
6.7861
6.1581
7.1991
6.9260
6.8926
5.7094
7.3152
5.4697
6.8118
6.6171

Proposed method
7.3794
7.4470
7.0169
7.4481
7.3796
7.6427
6.2738
7.6406
5.6576
7.5895
7.1475

BPDFHE
17.9547
21.1219
26.7359
21.7855
20.8622
24.8195
21.3077
23.6979
21.3669
24.9402
22.4592

Proposed method
17.3112
17.0081
25.4919
20.3254
21.3704
21.1546
18.8063
25.1392
18.2896
20.5731
20.5469

Table 2: Comparison of NIQE values.
Image ID
I03
I04
I05
I06
I07
I12
I17
I19
I20
I21
Average

Original
17.3988
19.5606
30.7510
19.6830
21.0681
18.9775
19.3532
22.5296
20.6246
21.7665
21.1712

H.E
23.3811
20.3620
30.4857
23.0644
20.9864
24.8047
22.0394
25.3067
23.5422
27.1946
24.1167

BBHE
17.5405
18.4988
24.4350
20.3643
21.1715
24.9042
24.1477
24.0775
23.0723
27.4668
22.5678

from the TID2008 database). The qualitative and subjective
enhancement performance of the proposed FHE algorithm
was evaluated and compared to the other conventional
methods for different gray scale and color natural images.
The performance of proposed FHE algorithm was evaluated
and compared in terms of AIC and NIQE indices. The
simulation results demonstrated that the proposed FHE
algorithm provided better results as compared to conventional methods such as histogram equalization (HE),
brightness preserving bi-histogram equalization (BBHE),
minimum mean brightness error bi-histogram equalization
(MMBEBHE), and brightness preserving dynamic fuzzy
histogram equalization (BPDFHE) for different color images.
The visual enhancement results of proposed FHE algorithm
were also better as compared to the other conventional
methods for different gray scale and color natural images.
Observing from the simulation results obtained, the FHE
has produced the best performance for both qualitative and
quantitative evaluations. Experimental results demonstrate
that the proposed method can effectively and significantly
eliminate the washed-out appearance and adverse artifacts
induced by several existing methods. This method is simple
and suitable for consumer electronic products.

MMBEBHE
18.8037
20.0583
29.5651
20.7971
22.1464
20.7823
22.9697
24.0815
20.3540
25.9539
22.5512
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We propose a novel universal noise removal algorithm by combining spatial gradient and a new impulse statistic into the trilateral
filter. By introducing a reference image, an impulse statistic is proposed, which is called directional absolute relative differences
(DARD) statistic. Operation was carried out in two stages: getting reference image and image denoising. For denoising, we introduce
the spatial gradient into the Gaussian filtering framework for Gaussian noise removal and integrate our DARD statistic for impulse
noise removal, and finally we combine them together to create a new trilateral filter for mixed noise removal. Simulation results
show that our noise detector has a high classification rate, especially for salt-and-pepper noise. And the proposed approach achieves
great results both in terms of quantitative measures of signal restoration and qualitative judgments of image quality. In addition,
the computational complexity of the proposed method is less than that of many other mixed noise filters.

1. Introduction
Noise can be easily introduced into digital images due to
analog-to-digital conversion errors and malfunctioning pixel
elements in the camera sensors [1, 2]. Noise can significantly
degrade the image quality and increase the difficulty in
subsequent processing, such as image segmentation, object
recognition, and edge detection. Therefore, noise removal
becomes a necessary and fundamental step in image processing. However, noise removal is a difficult task because images
may be corrupted by different types of noise. Fortunately,
most noise added to images can be modeled by Gaussian
noise and impulse noise [2].
Gaussian noise is always introduced during acquiring
images and can be characterized by adding a zero-mean
Gaussian distribution value into each image pixel [2, 3]. Based
on this distribution property, it can be removed by locally
averaging operation in general [3]. Classical linear filters are
the common choice, such as the Gaussian filter which is
a widely used method to remove Gaussian noise, however,
it blurs edges and details significantly. In order to preserve
edges and details in images while removing noise; Tomasi and
Manducci proposed a bilateral filter that uses weights based

on spatial and radiometric similarity [4–6]. The bilateral filter
has proven to be very useful; however, it is slow. To solve this
problem, Paris and Durand proposed a fast approximation of
the bilateral filter based on a signal processing interpretation
[7]. It downsamples convolution computation significantly
without impacting the result accuracy.
Impulse noise can occurr in image transmission and
characterized by replacing some pixels with noise while
retaining the rest [8]. The Gaussian noise removal methods
mentioned above cannot adequately remove impulse noise.
Therefore, nonlinear filters have been developed for removing
impulse noise such as the traditional median filter [8, 9].
The median filter has been widely applied in impulse noise
reduction because of its simplicity and high computational
efficiency [9]. Since an entire image is replaced by median
values, median filter also modifies uncorrupted pixels. To
improve performance, extensions of the median filter [10–16]
and switching scheme methods are proposed. The switching
scheme detects impulse noise pixels first and then replaces
them with estimated values while keeping the remaining
pixels unchanged [6, 10, 13, 17]. The main drawback of these
filters is that they just use median values or their variations to
estimate the noisy pixels, which can cause some image details
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to be distorted. To overcome this, fuzzy techniques are introduced for noise removal [18–20]. With suitable fuzzy system
model, they can preserve image details during noise removal.
The performances of these filters also depended on the
accuracy of noise detectors. Garnett et al. proposed a rankordered absolute differences (ROAD) statistic to identify the
impulse noisy pixels and incorporated it into a trilateral filter
to remove impulse noise [2]. It has proven to be a good
impulse noise detector even with high noise level. Based on
ROAD, Dong et al. proposed a rank-ordered logarithmic
differences (ROLD) statistic to improve the accuracy of noise
detection [21]. Although it obtained better performance, its
running time is significantly increased comparing with the
previous mentioned filters due to the logarithmic computation. In [22], Yu et al. presented a rank-ordered relative
differences (RORD) statistic through introducing a reference
image and combining with a simple weighted mean filter. It
can not only remove impulse noise but also preserve image
details.
Mixed noise could appear during transmitting an already
noise corrupted image over faulty communication lines [2].
In such situation, most of the filters mentioned above will
be useless. The median-based signal-dependent rank-ordered
mean (SD-ROM) filter proposed by Abreu et al. can be used
for mixed impulse and Gaussian noise removal [23]. But it
often produces visually disappointing output when applied
to images with Gaussian or mixed noise [2]. The trilateral
filter with the ROAD noise detector [2] can remove both
Gaussian and impulse noise effectively; however, it takes a
long processing time due to the calculation of radiometric
weighting function. In [6], Lin et al. proposed a switching
bilateral filter with a texture/noise detector capable of removing mixed noise effectively, but for impulse noise it is not as
good as SD-ROM, and for Gaussian noise it is not as good as
bilateral filter. More recently, there are also some novel and
encouraging approaches proposed [24, 25].
In this paper, we first propose a directional absolute relative differences (DARD) statistic for impulse noise detection
by using a reference image which is similar to RORD. Different from RORD detector, our impulse detector does not need
sort operation, which can reduce computation complexity.
Then, we propose an improved trilateral filter by combining
spatial gradient and the DARD statistic. Instead of applying
the “detect and replace” methodology of most impulse noise
removal techniques, we integrate our two statistics into a filter
designed to remove impulse noise, Gaussian noise, and mixed
noise. Finally, a two-step iterative algorithm mentioned in
[22] is adopted, which includes getting reference image and
image denoising.
The remainder of the paper is arranged as follows. In
Section 2, we first briefly review ROAD, ROLD, and RORD
statistics and then introduce our DARD statistic. Section 3
describes how to incorporate our statistics into the bilateral
filter to create two new bilateral filters for Gaussian and
impulse noise, respectively, and a new trilateral filter for
mixed noise. In Section 4, we provide the simulations on
noise detection and noise removal with visual examples and
numerical results. Finally, conclusions are drawn in Section 5.
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2. DARD Statistic for Detecting Impulse Noise
2.1. Review on ROAD, ROLD, and RORD. Before introducing
our DARD statistic, we first briefly review three statistics:
ROAD [2], ROLD [21], and RORD [22].
First, let 𝑑𝑠,𝑡 denote the absolute difference between 𝐼𝑖,𝑗
and its neighbor 𝐼𝑖+𝑠,𝑗+𝑡 in a (2𝑁 + 1) × (2𝑁 + 1) window as


𝑑𝑠,𝑡 (𝑖, 𝑗) = 𝐼𝑖,𝑗 − 𝐼𝑖+𝑠,𝑗+𝑡  ,

𝑠, 𝑡 ∈ [−𝑁, 0) ∪ (0, 𝑁] .

(1)

Then we define
𝑚

𝑛
ROAD𝑚
𝑖,𝑗 = ∑ 𝑟𝑖,𝑗 ,

(2)

𝑛=1

𝑛
where 𝑟𝑖,𝑗
is the 𝑛th smallest one among 𝑑𝑠,𝑡 .
For noisy pixels, their intensities vary greatly from their
neighbors and yield large ROAD values, while noise-free
pixels should have similar intensities with their neighbors and
produce small ROAD values. Thus, we can identify noise by
the ROAD value. However, the ROAD value of a pixel may
not be large enough for it to be distinguished from noise-free
pixel when the noise value is close to its neighbors [21]. Then,
ROLD was proposed to solve it by introducing a logarithmic
̇ defined as
function on the absolute difference 𝑑𝑠,𝑡

𝑑 ̇ (𝑖, 𝑗) = 1 +
𝑠,𝑡



max {log2 𝐼𝑖,𝑗 − 𝐼𝑖+𝑠,𝑗+𝑡  , −5}
5

.

(3)

Then, define ROLD as
𝑚

𝑛
̇,
ROLD𝑚
𝑖,𝑗 = ∑ 𝑟𝑖,𝑗

(4)

𝑛=1

𝑛
̇.
̇ is the 𝑛th smallest one among 𝑑𝑠,𝑡
where 𝑟𝑖,𝑗
Although ROLD is more accurate than ROAD to separate
noisy pixels from noise-free pixels, it significantly increases
computation complexity.
Yu et al. found that ROAD is not accurate at edge pixels
because edge details in an image also cause large absolute
difference values [22]. Thus, they solved it by introducing a
reference image, which is defined as

𝐼̂rel = 𝐼 − 𝛼𝐼̂ref .

(5)

̈ and RORD were defined as follows:
Then, 𝑑𝑠,𝑡
̈(𝑖, 𝑗) = 𝐼̂rel − 𝐼̂rel  ,
𝑑𝑠,𝑡
𝑖+𝑠,𝑗+𝑡 
 𝑖,𝑗

(6)

𝑚

𝑛
̈,
RORD𝑚
𝑖,𝑗 = ∑ 𝑟𝑖,𝑗

(7)

𝑛=1

𝑛
̈.
̈ is the 𝑛th smallest one among 𝑑𝑠,𝑡
where 𝑟𝑖,𝑗
̈ can be rewritten as
Merging (5) into (6), 𝑑𝑠,𝑡
̈(𝑖, 𝑗) = (𝐼
̂ref
̂ref 
𝑑𝑠,𝑡
 𝑖+𝑠,𝑗+𝑡 − 𝐼𝑖,𝑗 ) − 𝛼 (𝐼𝑖+𝑠,𝑗+𝑡 − 𝐼𝑖,𝑗 ) .

(8)

ref
ref
With the help of subtracting (𝐼̂𝑖+𝑠,𝑗+𝑡
− 𝐼̂𝑖,𝑗
), RORD can
distinguish noisy pixels from edge pixels well. However,
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Figure 1: Two failure examples of RORD compared with our DARD. Red denotes noisy pixels.

𝐼𝑖+𝑠,𝑗+𝑡 may be noisy especially when the noise level is high.
In such case, RORD may be not accurate. Although it may be
̈, it
more robust by accumulating 𝑚 smallest ones among 𝑑𝑠,𝑡
brings errors at the same time. Take Figure 1 for example, in
the 3 × 3 window of the center pixel, half or more than half
of its neighbors are corrupted with impulse noise, and then
RORD will falsely mark the center pixel as a noise. However,
the proposed DARD can work well in this case, which will be
described in the next subsection.
2.2. Definition of DARD. Our new impulse detector is based
on the following two assumptions. (1) Noise-free images
contain locally smoothly varying areas separated by image
edges [10]. (2) Noisy pixels take gray scale values substantially
smaller or larger than their neighborhoods [26, 27]. Here, we
only focus on the edges aligned with four main directions
shown in Figure 2. Let 𝑆𝑘 (𝑘 = 1 to 4) denote a set of
coordinates aligned with the 𝑘th direction centered at (0, 0)
with window size (2𝑁 + 1) × (2𝑁 + 1), that is,
𝑆1 = {(−𝑁, −𝑁) , . . . , (−1, −1) , (0, 0) , (1, 1) , . . . , (𝑁, 𝑁)}
(9a)
𝑆2 = {(0, −𝑁) , . . . , (0, −1) , (0, 0) , (0, 1) , . . . , (0, 𝑁)} (9b)
𝑆3 = {(𝑁, −𝑁) , . . . , (1, −1) , (0, 0) , (−1, 1) , . . . , (−𝑁, 𝑁)}
(9c)
𝑆4 = {(−𝑁, 0) , . . . , (−1, 0) , (0, 0) , (1, 0) , . . . , (𝑁, 0)} .

(9d)

Direction 4

Direction 1

Direction 2

Direction 3

Figure 2: Four directions for noise detection in a (2𝑁+1) × (2𝑁+1)
window (𝑁 = 2 for example).

At first, we introduce a reference image (𝐼ref ) that contains
the original image edge information from the noisy image. In
the filter window centered at (𝑖, 𝑗), for each direction, define
𝑘
as the sum of all absolute differences of gray-level values
𝑑𝑖,𝑗
between centered pixel in 𝐼 and its neighbors in 𝐼ref . Then, we
have
 ref

𝑘
= ∑ 𝐼𝑖+𝑠,𝑗+𝑡
− 𝐼𝑖,𝑗  , 𝑘 = 1 ∼ 4.
𝑑𝑖,𝑗
(10)
(𝑠,𝑡)∈𝑆𝑘
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Figure 3: Error-bar charts for our DARD statistic on (a) “Lena” with salt-and-pepper impulse noise and (b) “Boats” with random-valued
impulse noise.

𝑘
Similarly, we define 𝑔𝑖,𝑗
as the sum of all differences of each
direction in the reference image as
 ref
𝑘
ref 
 , 𝑘 = 1 ∼ 4.
= ∑ 𝐼𝑖+𝑠,𝑗+𝑡
− 𝐼𝑖,𝑗
𝑔𝑖,𝑗
(11)

(𝑠,𝑡)∈𝑆𝑘

3. The Proposed Method

Finely textured or detailed regions in an image cause some
kind of naturally large absolute difference values. Therefore,
it is difficult to tell the difference between a texture and an
impulse noise. In order to solve this case and improve the
accuracy of impulse noise detection, we define an absolute
relative difference statistic for each direction as follows:
 𝑘
𝑘 
DARD𝑘𝑖,𝑗 = 𝑑𝑖,𝑗
− 𝛼𝑔𝑖,𝑗
(12)
 , 𝑘 = 1 ∼ 4, 0 ≤ 𝛼 ≤ 1.
If 𝛼 is set to 1, and the reference image is equal to the
original image, then, all intensity variation caused by edges
can be eliminated. However, the reference image is just
generated from the noisy image by median filter (detailed
generation process is shown in Section 3.2), in which only
rough information of the original image is contained. In other
words, the reference image can still be noisy, not only the
edge details, which can also cause large intensity variation. To
reduce it, we set 𝛼 = 0.5 for simplicity. Finally, the directional
absolute relative difference statistic is defined as
DARD = min (DARD1 , DARD2 , DARD3 , DARD4 ) .
(13)
Then, the decision making mechanism can be realized by
employing a threshold and the impulse noise detection
algorithm is shown as
If DARD𝑖,𝑗 > 𝑇,

In general, salt-and-pepper noisy pixels have larger DARD
values while random-valued impulse and Gaussian ones have
smaller DARD values, which can be seen in Figure 3.

𝐼𝑖,𝑗 is impulse noise

Else 𝐼𝑖,𝑗 is noise-free.

(14)

3.1. New Weighting Functions. Bilateral filter presented by
Tomasi and Manduchi [4] has been proven to be very useful
in removing Gaussian noise and simultaneously preserving
edge details. Its main idea is combining grey levels based on
both the photometric similarity and geometric closeness. It
shows great results but takes a long processing time. Although
some improved methods have been proposed, they are not
efficient enough [7, 28]. Furthermore, the performance of the
bilateral filter is degraded with high noise level as mentioned
above. In this work, we present two new weighting functions
for designing filters, as discussed below.
Spatial gradient statistic is first introduced into the bilateral filtering framework through replacing the radiometric
weighting function. The new created bilateral filter, named
SG-BF, is capable of removing Gaussian noise while keeping
edge details. The new weighting function is defined as
2

2

𝑤𝐺 (𝑖, 𝑗) = 𝑒−𝐺(𝑖,𝑗) /2𝜎𝐺 .

(15)

Here, 𝐺(𝑖, 𝑗) is gradient which can be generated by using
Sobel operator. Let 𝐼𝑖,𝑗 be the current pixel, and let 𝐼𝑖+𝑠,𝑗+𝑡 be
the pixels in a (2𝑁 + 1) × (2𝑁 + 1) window that surrounds 𝐼𝑖,𝑗 ;
(𝑖, 𝑗) and (𝑖 + 𝑠, 𝑗 + 𝑡) are the locations of 𝐼𝑖,𝑗 and 𝐼𝑖+𝑠,𝑗+𝑡 . Then
the new output of SG-BF is defined as
𝐼̃𝑖,𝑗 =

𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐺 (𝑠, 𝑡) 𝐼𝑖+𝑠,𝑗+𝑡
𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐺 (𝑠, 𝑡)

,

(16)
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where
2

𝑤𝑆 (𝑖, 𝑗) = 𝑒−((𝑖−𝑠) +(𝑗−𝑡)

2

)/2𝜎𝑆2

.

(17)

By replacing radiometric weighting function with 𝑤𝐺, our
running time can be significantly reduced comparing with
the original bilateral filter. In order to let bilateral filter be
capable of removing impulse noise, we further incorporate
the DARD statistic into the bilateral filter to create a new
bilateral filter, and we name it DARD-BF. The new weighting
function is defined as
2

2

𝑤𝐼 (𝑖, 𝑗) = 𝑒−DARD(𝑖,𝑗) /2𝜎𝐼 .

(18)

Then, the new output of DARD-BF bilateral filter is defined
as
𝐼̃𝑖,𝑗 =

𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐼 (𝑠, 𝑡) 𝐼𝑖+𝑠,𝑗+𝑡
𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐼 (𝑠, 𝑡)

.

(19)

Finally, we combine the spatial gradient with the DARD
statistic to create a new trilateral filter, which can remove both
Gaussian and impulse noise, and we name it SG-DARD-TRIF.
The new output of SG-DARD-TRIF is defined as
𝐼̃𝑖,𝑗 =

𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐺 (𝑠, 𝑡) 𝑤𝐼 (𝑠, 𝑡) 𝐼𝑖+𝑠,𝑗+𝑡
𝑁
∑𝑁
𝑠=−𝑁 ∑𝑡=−𝑁 𝑤𝑆 (𝑠, 𝑡) 𝑤𝐺 (𝑠, 𝑡) 𝑤𝐼 (𝑠, 𝑡)

.

(20)

In brief, our new trilateral filter can not only preserve the
bilateral filter’s ability to remove Gaussian noise but also work
well for impulse noise. For images with no impulse noise,
the value of impulsive component is nearly to one except for
few points with high DARD values, and thus the impulsive
component will be “shut off ” and only the spatial and gradient
weights are used. Essentially, the trilateral filter reverts to
the bilateral filter when processing images with Gaussian
noise only. For images with impulse noise only, the gradient
component will also help to enhance the performance of
impulse noise removal.
3.2. Denoising Algorithm. As can be seen, the reference image
𝐼ref plays an important role in our algorithm. In order to
get a satisfactory denoising result, we adopt the two-step
iterative algorithm mentioned in [22]. In the first step, the
initial reference image is generated by using the standard
median filter (SMF). If the noise ratio is high, two or more
iterations are needed. In the second step, the previously
generated restoration result is used as the final reference
image. Then the more accurate impulse noise detection result
is obtained by using the more satisfactory reference image.
Finally, the final restored image will be obtained by using our
new bilateral filter (DARD-BF) or trilateral filter (SG-DARDTRIF). Different from [22], iterative operation is only applied
in the first step. Our new denoising algorithm, DARD-BF and
SG-DARD-TRIF, is summarized as follows.

(b) Restore all pixels by DARD-BF or SG-DARDTRIF and get the new reference image 𝑢𝑘+1 , 𝑘 =
𝑘 + 1.
(c) If 𝑘 ≤ 𝑘max , set 𝐼ref = 𝑢𝑘 and then go to step
1(b); Otherwise, stop iteration and get the final
reference image.
(2) Image Denoising.
If DARD(𝑖, 𝑗) > 𝑇, restore all these pixels by
DARD-BF or SG-DARD-TRIF; otherwise, take
𝐼̃𝑖,𝑗 = 𝐼𝑖,𝑗 .
In general, we use 3 × 3 window median filtering in step 1,
and use 5 × 5 window for calculating DARD values in step 2.
If the noise ratio is higher than 25%, two or three iterations
(𝑘max = 2 or 3) and 5 × 5 window median filtering are needed
in step 1. By tries and errors, threshold 𝑇 is set as [0.01, 0.10],
with a higher value for salt-and-pepper noise but a lower one
for random-valued impulse noise and Gaussian noise. It is
worth noting that we do not employ threshold 𝑇 in step 1,
which is different from many other methods [6, 17, 21, 22].
Although some suggestions of threshold selection are given in
their literatures, it still needs trial and error. Therefore, we do
not apply “detect and replace” scheme. In this work, threshold
𝑇 is not as important as the other methods, which means that
the proposed method can still work well when threshold 𝑇 is
set as 0.

4. Simulations
The performance of the proposed filters have been evaluated
and compared with those of several existing filters for image
restoration. The proposed method produced results superior
to other methods in both visual image quality and quantitative measures. Simulations were made on several 512 ×
512 gray scale standard test images corrupted with Gaussian
noise, salt-and-pepper noise, random-valued impulse noise,
and mixed noise. For illustrations, the results for images
“Lena”, “Boats”, “Bridge”, “Baboon”, and “Barbara” are presented here.
4.1. Selection of Parameters. There are three parameters in our
algorithm: 𝜎𝑆 (controls spatial weight), 𝜎𝐺 (controls gradient
weight), and 𝜎𝐼 (controls DARD weight). From simulations
on a large variety of images, we found that the better performance was obtained by the following settings: 𝜎𝐺 should
be in the interval [0.3, 0.8] for all kinds of noise. In general,
the selection of 𝜎𝐼 ∈ [0.4, 0.6] yields satisfactory results for
salt-and-pepper noise, while the setting of 𝜎𝐼 ∈ [0.2, 0.4]
consistently performs well for random-valued impulse noise.
For Gaussian noise, 𝜎𝑆 should be in the range of [0.8, 2.0],
while [0.4, 1.0] for others. In addition, higher values of 𝜎𝑆 and
𝜎𝐼 work better with high noise level and higher 𝜎𝐺 performs
well in images with more textured details.

(1) Getting Reference Image.
(a) Set 𝑘 = 1, 𝐼ref = 𝑢𝑘 , and 𝑢𝑘 = SMF(𝐼).

4.2. Noise Detection. To demonstrate the effectiveness of our
DARD statistic, we make a test on a 512 × 512 Lena image
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Table 1: Comparison of noise detectors in CR.

Noise ratio

ROAD

10%
20%
30%
40%
50%

99.48%
98.75%
97.15%
93.21%
83.58%

10%
20%
30%
40%
50%

97.25%
94.59%
92.54%
90.62%
88.77%

10%
20%
30%
40%
50%

97.26%
94.51%
92.06%
89.51%
86.53%

(a)

ROLD
Salt-and-pepper noise
99.37%
98.63%
96.74%
92.65%
83.75%
Random-valued impulse noise
97.38%
94.83%
92.88%
91.04%
89.31%
Mixed impulse noise
97.40%
94.77%
92.47%
90.11%
87.52%

(b)

(c)

RORD

DARD

99.77%
99.44%
98.53%
95.86%
86.01%

99.87%
99.73%
99.58%
99.16%
98.89%

97.71%
95.68%
93.71%
91.75%
89.37%

97.56%
95.57%
93.54%
91.53%
88.87%

97.87%
95.65%
93.48%
90.81%
87.21%

97.57%
95.50%
93.36%
90.77%
87.28%

(d)

Figure 4: Comparison of noise detectors for 20% random-valued impulse noise corrupted image of Lena: (a) ROAD; (b) ROLD; (c) RORD;
(d) DARD.

compared to ROAD, ROLD, and RORD. Here, we suppose
the locations of all noisy pixels are known in advance, and
then all pixels can be grouped into two sets: the noisy pixel
set and the noise-free pixel set.
A good noise detector should be able to identify most of
the noisy pixels and noise-free pixels, and yet its classification
rate should be as high as possible. The classification rate (CR)
is defined as
CR =

number of correctly detected noise pixels
total number of pixels
+

number of correctly detected noise-free pixels
.
total number of pixels
(21)

The results are shown in Table 1. From the experiment
results, it can be seen that our DARD detector achieves

significant improvement over other detectors for salt-andpepper noise, especially when the noise level is higher than
40%. For random-valued and mixed impulse noise, our
DARD detector also shows better results than ROAD and
ROLD detectors. Although the classification rate is slightly
lower than RORD, our DARD detector has fewer edge pixels
falsely detected as noise pixels. The reason is due to the fact
that more pixels in subwindow are considered in RORD.
Figure 4 shows the results in detecting Lena image, which
is corrupted with 20% random-valued impulse noise, where
the white denotes detected noise pixels and the black denotes
noise-free pixels. It is clear that the DARD detector has the
fewest edge pixels falsely detected as noise pixels.
4.3. Image Quality. To ensure that our approach provides
a visually pleasing output, we make three simulations as
follows. One is the Lena image contaminated by mixed saltand-pepper and Gaussian noise with 𝑝 = 20% and 𝜎 = 10.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 5: (a) Part of the original Lena image. (b) Image corrupted with mixed noise (salt-and-pepper and Gaussian noise; 𝑝 = 20%, 𝜎 = 10).
(c) 3 × 3 median filter. (d) 5 × 5 median filter. (e) ROAD-TRIF. (f) ROLD-EPR. (g) RORD-WMF. (h) DWM filter. (i) SG-DARD-TRIF.

The other one is the Boats image corrupted by mixed randomvalued impulse noise and Gaussian noise with 𝑝 = 20% and
𝜎 = 10. The last is the Bridge image corrupted by mixed saltand-pepper and random-valued impulse noise with 𝑝 = 30%.
The results are shown in Figures 5, 6, and 7. It is clear to see
that the SG-DARD-TRIF can remove noise while preserving
the edge details by comparing with the original image.
4.4. Signal Restoration. The objective quantitative measures
used for comparison are the mean absolute error (MAE) [1]
and the peak signal-to-noise ratio (PSNR) [1] between the
original and restored images, defined by
MAE =

1 𝑀−1 𝑁−1  

∑ ∑ 𝐼𝑖,𝑗 − 𝐼𝑖,𝑗  ,
𝑀 × 𝑁 𝑖=0 𝑗=0


PSNR (𝐼𝑖,𝑗
) = 10 log

2552

,
2
𝑀
𝑁
 −𝐼 )
(1/ (𝑀 × 𝑁)) ∑𝑖=1 ∑𝑗=1 (𝐼𝑖,𝑗
𝑖,𝑗
(22)


denote the pixel values of the original image
where 𝐼𝑖,𝑗 and 𝐼𝑖,𝑗

and the restored image, respectively, and the image size is 𝑀×
𝑁. Larger PSNR value signifies better image restoration while
lower for MAE.
Our first goal is to ensure that the proposed filters can
effectively restore the pixels corrupted by impulse noise.
This can be justified by comparing the performance of our
approach with other well-known filters for impulse noise
reduction. The group of these filters consists of the standard
median filter, the adaptive center-weighted median filter
(ACWMF) [29], the SDROM filter, the switching bilateral
filter (SBF), ROAD-TRIF, ROLD-EPR, ROLD-WMF, and
DWM filter. The results of PSNR and MAE values on saltand-pepper noise are shown in Table 2. The proposed method
shows significant better PSNR and MAE values than other
filters both for Lena and Boats images. Table 3 shows the
PSNR and MAE values for random-valued impulse noise, and
the proposed filters also show better results than other filters
except the RORD-WMF. It is noted that the PSNR and MAE
values of our SG-DARD-TRIF are slightly better than our
DARD-BF, which denotes that the use of the spatial gradient
can enhance the filter’s performance.
We also compared the performance of the proposed SGBF with the performance of the previously tested filters on
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 6: (a) Part of the original Boats image. (b) Image corrupted with mixed noise (random-valued impulse and Gaussian noise; 𝑝 = 20%,
𝜎 = 10). (c) 3 × 3 median filter. (d) 5 × 5 median filter. (e) ROAD-TRIF. (f) ROLD-EPR. (g) RORD-WMF. (h) DWM filter. (i) SG-DARD-TRIF.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 7: (a) Part of the original Bridge image. (b) Image corrupted with mixed noise (salt-and-pepper and random-valued impulse noise;
𝑝 = 30%). (c) 3 × 3 median filter. (d) 5 × 5 median filter. (e) ROAD-TRIF. (f) ROLD-EPR. (g) RORD-WMF. (h) DWM filter. (i) SG-DARDTRIF.
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Table 2: Comparative restoration results in PSNR (dB) and MAE (the second row) for salt-and-pepper noise.
Method
Noisy image
3 × 3 median filter
5 × 5 median filter
ACWMF
SDROM
ROAD-TRIF
DWM
DARD-BF
SG-DARD-TRIF

𝑝 = 20%
12.42
12.42
29.57
1.663
30.22
1.963
31.09
1.205
37.74
0.511
34.81
0.847
35.64
0.789
38.44
0.382
38.52
0.369

Lena image
𝑝 = 30%
𝑝 = 40%
10.67
9.400
18.60
24.67
23.95
19.06
2.519
4.725
29.50
28.12
2.139
2.423
29.81
28.23
1.886
2.306
35.50
32.45
0.810
1.130
31.15
27.41
1.297
2.617
33.37
30.65
1.013
1.553
35.61
33.22
0.789
1.013
35.75
33.34
0.757
0.971

𝑝 = 50%
8.460
30.95
15.39
8.473
24.41
3.052
24.23
3.207
30.81
1.546
23.10
3.612
27.02
2.652
31.34
1.290
31.52
1.103

𝑝 = 20%
12.32
13.49
27.91
2.276
27.33
3.049
27.41
2.977
33.76
0.870
32.12
1.013
32.27
0.996
34.39
0.733
34.45
0.716

Boats image
𝑝 = 30%
𝑝 = 40%
10.52
9.300
20.51
27.27
23.11
18.90
3.136
4.834
26.68
25.70
3.220
3.390
26.71
25.65
3.182
3.313
30.57
28.86
1.577
1.991
27.96
24.18
2.548
4.177
29.93
27.95
1.732
2.780
31.67
29.39
1.334
1.672
31.81
29.81
1.080
1.478

𝑝 = 50%
8.340
33.86
15.20
8.555
23.05
4.160
22.89
4.404
26.22
2.863
21.96
4.886
25.05
3.380
27.73
2.146
27.94
2.091

Table 3: Comparative restoration results in PSNR (dB) and MAE (the second row) for random-valued impulse noise.
Method
Noisy image
3 × 3 median filter
5 × 5 median filter
SDROM
ROAD-TRIF
ROLD-EPR
RORD-WMF
DWM
DARD-BF
SG-DARD-TRIF

𝑝 = 20%
16.25
6.923
31.54
1.770
30.14
2.213
35.39
0.620
34.66
1.004
34.84
0.743
35.49
0.598
34.44
0.838
35.14
0.703
35.23
0.651

Lena image
𝑝 = 30%
𝑝 = 40%
14.48
13.19
10.41
13.96
28.17
24.68
2.450
3.692
29.11
27.77
2.606
3.214
33.44
31.48
0.972
1.362
33.05
31.19
1.171
1.505
33.15
31.28
1.074
1.411
33.52
31.61
0.960
1.287
32.51
30.70
1.546
1.748
33.08
31.16
1.120
1.524
33.23
31.37
1.005
1.389

images corrupted with Gaussian noise. From Table 4, we can
see that SG-BF produces nearly the same results with the
bilateral and trilateral filters when 𝜎 ≤ 20, but it shows better
results than these two filters when 𝜎 = 40. Thus, our SGBF is better than these existing filters when image is highly

𝑝 = 50%
12.27
17.26
21.60
5.633
25.53
4.300
29.51
1.830
29.43
1.919
29.44
1.911
29.70
1.762
28.74
2.737
29.18
2.014
29.45
1.903

𝑝 = 20%
15.99
8.332
29.22
2.216
27.31
3.085
32.40
1.195
31.85
1.477
32.04
1.330
32.45
1.187
31.55
1.510
32.21
1.286
32.32
1.218

Boats image
𝑝 = 30%
𝑝 = 40%
14.25
12.94
12.37
16.75
26.55
23.46
2.846
4.003
26.64
25.56
3.349
3.868
30.54
28.88
1.586
2.279
30.25
28.65
1.711
2.381
30.32
28.72
1.607
2.315
30.73
29.07
1.574
2.230
29.77
28.12
1.908
2.784
30.23
28.51
1.715
2.446
30.34
28.67
1.604
2.378

𝑝 = 50%
11.97
20.88
20.48
5.928
23.61
5.068
27.43
2.864
27.41
2.869
27.42
2.867
27.37
2.884
26.40
3.233
27.20
2.997
27.39
2.876

corrupted with Gaussian noise. Tables 5 and 6 show PSNR
and MAE values corrupted with three kinds of mixed noise:
salt-and-pepper and Gaussian with 𝑝 = 20% and 𝜎 = 10;
random-valued impulse and Gaussian with 𝑝 = 20% and
𝜎 = 10; salt-and-pepper and random-valued impulse with
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Table 4: Comparative restoration results in PSNR (dB) and MAE (the second row) for Gaussian noise.

Method
Noisy image
3 × 3 median filter
5 × 5 median filter
Gaussian filter
Bilateral filter
ROAD-TRIF
SG-BF

𝜎 = 10

Lena image
𝜎 = 20

𝜎 = 40

28.13

22.14

16.37

4.002
32.13
2.267
30.44
2.280
33.14
2.216
33.90
1.975
33.97
1.847
33.68
2.004

7.961
28.44
3.702
28.94
3.083
30.12
2.856
30.67
2.785
30.57
2.811
30.68
2.764

15.50
23.44
6.744
25.95
4.787
27.08
4.459
27.19
4.293
27.11
4.239
27.32
4.117

𝜎 = 10

Boats image
𝜎 = 20

𝜎 = 40

28.13

22.17

16.40

3.983
30.25
2.734
27.67
3.213
32.04
2.885
32.69
2.322
32.92
2.180
32.44
2.322

7.914
27.43
4.086
26.72
3.906
28.83
3.475
29.22
3.358
29.23
3.359
29.19
3.391

15.23
23.07
7.059
24.63
5.502
25.86
5.133
25.94
5.113
25.93
5.111
26.03
5.023

Table 5: Comparative restoration results in PSNR (dB) and MAE (the second row) for mixed noise (𝑝 = 20%sp, 𝜎 = 10: salt-and-pepper and
Gaussian; 𝑝 = 20%rv, 𝜎 = 10: random-valued impulse and Gaussian; 𝑝 = 30%: salt-and-pepper and random-valued impulse noise).
Method
Noisy image
3 × 3 median filter
5 × 5 median filter
Bilateral filter
SDROM
ROAD-TRIF
ROLD-EPR
RORD-WMF
DWM
SBF
SG-DARD-TRIF

𝑝 = 20%sp, 𝜎 = 10
12.36
15.54
27.98
3.021
29.39
2.616
23.66
7.302
30.84
2.256
31.34
2.221
30.95
2.233
31.63
2.181
30.92
2.251
31.57
2.208
31.93
2.177

Lena image
𝑝 = 20%rv, 𝜎 = 10
16.03
10.12
29.38
3.081
29.22
2.867
25.00
6.107
30.77
2.894
31.53
2.301
31.53
2.300
31.54
2.298
30.79
2.836
30.97
2.599
31.56
2.291

𝑝 = 30%. The proposed SG-DARD-TRIF consistently yields
the best PSNR and MAE values for each image corrupted
with the first two mixed noises. Note that it outperforms
the other methods a large margin in images with salt-and-

𝑝 = 30%
13.87
15.86
27.94
1.746
28.92
1.998
22.77
4.205
33.13
0.980
32.74
1.201
32.89
1.140
33.53
0.917
32.18
1.268
32.81
1.155
33.06
1.004

𝑝 = 20%sp, 𝜎 = 10
12.25
16.70
26.91
3.505
26.87
3.554
22.72
6.959
29.23
2.847
29.49
2.823
28.91
2.898
29.75
2.716
29.03
3.317
29.64
2.797
30.24
2.645

Boats image
𝑝 = 20%rv, 𝜎 = 10
15.76
11.56
27.70
3.388
26.78
3.607
23.64
5.754
29.34
3.001
29.62
2.938
29.64
2.911
29.70
2.908
28.89
3.247
29.13
3.120
29.79
2.898

𝑝 = 30%
13.27
18.59
25.86
2.020
26.23
2.549
21.33
4.587
29.91
1.401
29.94
1.336
30.12
1.201
30.31
1.129
29.10
1.354
29.97
1.313
30.02
1.293

pepper and Gaussian noise due to its high salt-and-pepper
noise detection rate. For mixed impulse noise, the RORDWMF shows better results in each image and the SG-DARDTRIF is very close to it.
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Table 6: Comparative restoration results in PSNR (dB) and MAE (the second row) for mixed noise (𝑝 = 20%sp, 𝜎 = 10: salt-and-pepper and
Gaussian; 𝑝 = 20%rv, 𝜎 = 10: random-valued impulse and Gaussian; 𝑝 = 30%: salt-and-pepper and random-valued impulse noise).
Method
Noisy image
3 × 3 median filter
5 × 5 median filter
Bilateral filter
SDROM
ROAD-TRIF
ROLD-EPR
RORD-WMF
DWM
SBF
SG-DARD-TRIF

𝑝 = 20%sp, 𝜎 = 10
11.98
21.04
20.43
8.754
20.59
8.369
19.81
9.612
21.23
7.860
21.71
7.403
21.38
7.614
21.87
7.363
21.34
7.681
21.79
7.404
22.41
6.983

Baboon image
𝑝 = 20%rv, 𝜎 = 10
15.25
15.32
21.01
8.396
20.66
8.419
21.00
8.404
22.19
7.403
22.32
7.314
22.26
7.329
22.32
7.300
22.15
7.411
22.20
7.387
22.37
7.293

5. Conclusion
Many noise removal algorithms, such as the ROAD-TRIF
and ROLD-EPR, tend to neglect the image edge information
and, hence, end with unsatisfactory results. RORD-WMF
introduces a reference image which is obtained by standard
median filter to solve this problem; however, the edge
direction information is still not considered. Although the
DWM filter introduces the edge direction information into
the median filter, the performance hardly dependeds on the
accuracy of edge direction calculation. Furthermore, most
of the existing filters do not have the ability of removing
both impulse noise and Gaussian noise or cannot perform
well. Therefore, a new trilateral filter based on DARD statistic
and spatial gradient is proposed to handle these problems.
The DARD statistic represents how impulse-like a particular
pixel is in the sense that the larger the impulse, the greater
the DARD value, while the spatial gradient is for Gaussian
component weight. We incorporate the DARD statistic and
spatial gradient into the Gaussian filtering framework by
adding two components to the weighting functions. The
weighting functions of the new trilateral filter contain spatial,
gradient, and impulsive component. The gradient component
combined with the spatial component smoothes away the
Gaussian noise, while the impulsive component removes
larger impulse noise. To demonstrate the superior performance of the proposed method, extensive experiments have

𝑝 = 30%
13.98
16.39
21.76
5.215
20.90
6.368
19.80
5.958
24.07
4.256
24.13
4.221
24.03
4.261
24.30
4.062
23.89
4.402
24.06
4.257
24.15
4.079

𝑝 = 20%sp, 𝜎 = 10
12.30
14.35
23.06
5.197
22.81
5.275
21.70
8.006
25.29
4.143
25.66
3.800
25.48
3.961
25.79
3.787
25.44
4.005
25.72
3.802
26.71
3.625

Barbara image
𝑝 = 20%rv, 𝜎 = 10
15.92
9.000
23.62
5.433
22.86
5.674
22.65
7.822
25.58
4.420
25.94
4.205
26.02
4.229
26.11
4.268
25.65
4.404
25.87
4.339
26.15
4.123

𝑝 = 30%
14.17
13.75
23.17
3.881
22.79
4.422
21.43
6.120
25.71
3.329
25.66
3.410
25.88
3.230
25.94
2.978
25.30
3.664
25.75
3.323
26.03
2.619

been conducted on several standard test images to compare
our method with many other well-known techniques. Experimental results indicate that the proposed method performs
better in removing Gaussian and mixed noise as well as in
removing impulse noise than many other existing techniques.
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Several segmentation methods are implemented and applied to segment the facial masseter tissue from magnetic resonance images.
The common idea for all methods is to take advantage of prior information from different MR images belonging to different
individuals in segmentation of a test MR image. Standard atlas-based segmentation methods and probabilistic segmentation
methods based on Markov random field use labeled prior information. In this study, a new approach is also proposed where
unlabeled prior information from a set of MR images is used to segment masseter tissue in a probabilistic framework. The proposed
method uses only a seed point that indicates the target tissue and performs automatic segmentation for the selected tissue without
using labeled training set. The segmentation results of all methods are validated and compared where the influences of labeled or
unlabeled prior information and initialization are discussed particularly. It is shown that if appropriate modeling is done, there is
no need for labeled prior information. The best accuracy is obtained by the proposed approach where unlabeled prior information
is used.

1. Introduction
Recent advances in medical imaging have enabled the derivation of useful information about different body parts and tissues. Two major imaging modalities, computed tomography
(CT) and magnetic resonance imaging (MRI), are commonly
used as sources to extract anatomical structures. Despite the
fact that CT is preferred for hard tissues, such as bone, MR
images are commonly used for evaluating the presence and
extent of the soft tissue volumes such as brain and heart.
Nowadays, doctors and clinical specialists take the advantage of imaging modalities in gathering anatomical information about a patient and are able to use this information in
diagnosis and prognosis. The further step is to involve artificial intelligence to automate this diagnosis/prognosis process
for segmenting target tissues.
Currently, most of the automatic soft tissue segmentation
methods in the literature consider tissues like brain, heart,
and lung as target tissues and there are very few works about
facial soft tissue (FST) (e.g., facial muscles) segmentation.
Considering the key role of the face in human life and the

huge increase in craniofacial surgeries around the world,
FST segmentation has become more important in recent
days. Planning before a facial surgery by performing the
modifications virtually prior to the actual operation [1] is very
important to increase the overall success of the actual operation. In addition, for patients seeking surgical treatment,
it would be very beneficial to have a means to predict the
postsurgical appearance of their face. For this to be done, the
first step is to obtain an anatomic model of the patient’s face.
Such a complicated computer model should include segmented hard (i.e., skull) and soft tissues (i.e., muscles, skin,
and fat). Besides, each FST (e.g., a muscle) should also be segmented from the others when the operation has an effect on
such a tissue.
Soft tissue segmentation is very complicated due to the
fact that soft tissues do not have a constant shape. Moreover,
segmentation becomes more complicated when the soft
tissues interfere with each other and this is always the case
for FSTs. To solve these problems, prior information is commonly used in a different manner to improve the segmentation quality.

2
By prior information, we mean the knowledge that we
took from a set of individual MRI scans which can be considered as the training set and used to determine prior shapes
and locations of the target tissues. This is quite like the
method when a specialist doctor extracts the target tissue in a
new image based on his/her past experience of viewing thousands of similar images. The standard method is to manually
label the training data and construct an atlas from it [2].
Then, the labeled atlas is registered to the test MRI set and the
labeling is applied to the test set based on the transformation
in the registration process. The atlas can also be used as the
prior labeling information in a Markov random field (MRF)
statistical model to optimize the segmentation [3].
Currently, these methods have been used for soft tissues
other than FST in the literature. We implemented representative examples of the methods in the literature and compared
them for the purpose of segmentation of masseter muscle.
Moreover, we proposed a new segmentation approach,
which requires very little user interaction. Instead of manually labeled atlases, unlabeled training images are used as
hidden atlases for the purpose of evaluating the effect of
unlabeled prior information. The main reason in using the
unlabeled prior information is that manual labeling of tens
of medical image data sets is a very complicated and time
consuming task and is prone to error.
In our previous work [4], we introduced a new neighboring model that takes advantage of unlabeled prior information presented as registered training images. We used a modified region growing algorithm to perform the segmentation
for masseter tissue. In the current study, we aim to use the
same neighborhood idea in a newly proposed probabilistic
framework.
The unlabeled prior knowledge was used in our MRF
structure and we tried to optimize the segmentation results
iteratively by using expectation maximization (EM) algorithm. Finally, we compared our method using unlabeled
prior information with the previously mentioned methods
using labeled prior information and evaluate the advantages
and disadvantages of all methods.

2. Literature Survey
2.1. Soft Tissue Segmentation. Although there are plenty
of methods that perform soft tissue segmentation in the
literature, facial soft tissue (FST) segmentation has received
relatively little attention. Considering the visualization similarities between FST and other soft tissues like brain, the segmentation process can be the same theoretically. But due to
different characteristics of these tissues, such as more complicated and interfered structure of FSTs than other soft tissues,
more precise and powerful segmentation methods are needed
for FST segmentation.
Facial soft tissues are usually small and surrounded with
other tissues that share the same intensity values [5]. Different
but neighboring tissues are interfering with each other in
some cases that make tissue detection a hard work even
for a specialist doctor. Other than that, unlike other tissues
like brain that have a specific shape model, FSTs do not have
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a specific shape but they may have different shapes in different
individuals. All these difficulties make the segmentation process nearly impossible and thus the requirement of additional
information is inevitable. In this chapter, we will discuss soft
tissue segmentation studies that are related to our work.
Purely intensity-based segmentation and classification
methods assign a label to each pixel in the image and require
only the intensity information that is generated by the MR
imaging device. However, in medical image segmentation,
different anatomical structures may have the same intensity
values or intensity distributions that cannot be distinguished
from each other. In such cases, extra information should be
considered and included in the segmentation process. Spatial
information like neighborhood relationships between pixels
can be very useful in segmenting individual tissues. In addition to geometrical constraints, relationships between several
different but similar data sets can also be considered. The
additional data that is used in a segmentation process is called
the prior information. Soft tissue segmentation methods usually use prior information in a different manner to improve
the segmentation accuracy. The prior information is included
mostly in the form of single or multiple atlases. An atlas can
be presented as a single manually segmented data (2D image
or 3D voxel volume or 2D/3D sequences) or can be formed
from multiple manually segmented data [2]. For example, 70
infant brain MRI [6], 275 brain dataset [7], and 14 cardiac
image sequences [8] were used to construct atlases.
As the number of atlases fused increases, the average segmentation accuracy increases [9]. Fusion of a large number
of atlases is more likely to create a smooth estimate of the
structure. However, construction of multiatlas is very hard
because it requires manual segmentation on tens of data. In
addition to that, increased computational cost of registering
large numbers of atlases to the query image is an immediate
practical problem. There are some solutions proposed for
this problem in the literature. In [10], adaptive multiatlas is
proposed where local atlas-based operations are performed.
The proposed algorithm automatically selects the most
appropriate atlases for a target image and automatically stops
registering atlases when no further improvement is expected.
In [11], an appropriate atlas is selected based on the scale
resemblance of the atlas and the query data.
Atlases should be registered to the query data before the
segmentation process. Segmentations in atlases are transformed to the query data and subsequently fused or combined. One way of atlas-based segmentation is to transform
the atlas segments to the test data by using nearest-neighbor
interpolation so that each atlas provides a discrete labeling for
each voxel. The final label can then be decided by “majority
vote” [12]. Nonrigid registration is also used for segmentation
purposes in [13], where atlas is used as a guide to perform
population segmentation through population deformable
registration. The atlas is registered to all of the test sets and
the sets are deformed toward the atlas to achieve population
segmentation.
Another method to incorporate the atlas in the segmentation process is to use MRF (Markov random field) or HMRF
(hidden Markov random field) models. MRF models are
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commonly used for unsupervised segmentation of medical
data since smoothness constraint can easily be incorporated
to the model by neighboring relations among the pixels to
be segmented. The first studies of brain segmentation use the
basic HMRF formulation where smoothness is defined based
on the resemblance of the neighbors [14, 15]. Then iterative
methods like ICM (iterated conditional model) are used to
find the most probable labeling. In soft tissue segmentation,
standard MRF modeling may not be applied directly since the
parameters of the model need to be tuned for each new image.
To improve standard MRF models, segmentation and registration are joined in [15]. This method aims to improve segmentation and registration accuracy by incorporating registered MRI sets in a combined MRF model and estimating the
labels in a registration criterion. It is shown that by using this
combination, the computational cost of registration is reduced and there is a sizable improvement in segmentation of
human brain and mouse heart. However, this method needs
the initial prior models to be set precisely.
In [16], distributed MRF segmentation is proposed to
cope with spatially varying intensity distributions. Three
different distribution classes are defined for MRI brain
segmentation. The main problem in this approach is to find a
partition that only includes these three classes.
However, the usual way of improving the MRF performance in segmentation is to use parametric model where the
parameters are learned from the image usually by EM (expectation maximization) algorithm [17–19]. An HMRF model
is developed in [20] to segment brain MR images where the
EM algorithm is used to estimate the HMRF model parameters by solving maximum likelihood (ML) problem. Since
there is no prior information used in this method, the algorithm is highly sensitive to noise and therefore is not robust.
A commonly preferred method to incorporate the prior
information to the MRF models is to register the atlas to the
test image and to define the initial segment labels of the test
image by the transformed atlases.
In [21], each tissue type is labeled based on the transformed atlas to obtain the probability of each tissue type for
each voxel. The initial class labels are assigned by choosing the
maximum probability tissue type. Then the classification
algorithm is used to locally maximize mutual information by
changing the class of each voxel. The mutual information is
defined based on model probability density function (PDF).
Initial class labels are used as the prior probability of the labels
for brain segmentation.
A manually constructed probabilistic atlas is used in [8]
to estimate the initial model parameters which are used as the
priori information in the classification process. The segmentation algorithm incorporates spatial and temporal contextual information by using 4D Markov random fields. Finally,
the expectation maximization (EM) algorithm is used to
perform segmentation on cardiac MR images.
In the literature, using the atlas as the prior probability of
the labels is the most commonly chosen method to incorporate the prior information to the segmentation. However, this
requires manually segmented atlases to be prepared. In this
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study, we propose another way for this cooperation where no
manually labeled atlas is required.
2.2. Facial Soft Tissue Segmentation. All methods mentioned
above perform segmentation for soft tissues such as brain,
lungs, and cardiac. Very few studies considered facial soft
tissue (FST) segmentation for MR images.
In the literature, FST segmentation is mostly done for
clinical purposes with manual or other simple segmentation
methods where human interaction is required. Manual segmentation can also be combined with the help of segmentation tools as in [22, 23] where finite element model (FEM)
of the face is constructed from facial MRI scans. In [24],
a clinical study is presented which performs manual segmentation to investigate the differences in facial soft tissues
between MuSK-MG patients and healthy people.
Anatomical visualization is another application of FST
segmentation. In [25], one observer performs semiautomatic
segmentation using the editor module of the 3D Slicer software [26] to segment lip muscles and reconstruct 3D models.
Other than manual methods, there are some other automatic or semi-automatic methods studied for FST segmentation. The main problem with classification algorithms in FST
segmentation is the presence of several tissue types in one
MRI slice. These tissue types may be different in the corresponding slices among different individuals. Therefore, the
segmentation results may be poor or too many manual interactions may be needed.
Ng et al. [27–29] have tested several methods for FST
segmentation using prior knowledge. The process starts with
manual segmentation of the training sets. Then registration of
the training sets to the test set is applied. The training images
are transformed according to the difference between the
shape of the head and the target tissue in each image and also
tissue surface similarity. A tissue template is defined based on
the transformed labeling. The muscle template is employed
by the morphological operators to obtain an initial estimate
of the muscle boundary. The muscle boundary then serves
as the input contour to the gradient vector flow that snake
iterates to the final segmentation. An improved method is
proposed in [28]; that is, shape determinative slices are used
as a guide in 3D segmentation. A similar method is used in
[27] with a new method for determining the dominant slices
of three human masticatory muscles (masseter, lateral, and
medial pterygoids). In [30, 31], the authors proposed a novel
segmentation method based on a 3D statistical model. The
statistical model is made by using manual labeling of the masseter tissue. They show that by using prior shape knowledge,
clinically acceptable results can be achieved.
All these methods need user interaction in several steps
during the segmentation process. Also a manual thresholding
method is used to exclude bone and fat that makes the
method less automatic.
The complete and automatic segmentation of facial soft
tissues still remains as an unsolved problem. In this work,
we aim to investigate some of the methods which have been
tested in segmentation of other soft tissues and try to modify
them to be used in FST segmentation.
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3. Methods
3.1. Overview. Our aim in this study is to investigate the role
of the labeled or unlabeled prior information in facial soft
tissue segmentation. For this purpose, we apply several existing two dimensional (2D) segmentation methods for target
facial soft tissues. These methods are chosen because they
are the representatives in the previous literature, which use
prior information in some way or the other. A comparison
between these methods will clarify different aspects of prior
knowledge-based segmentation methods. These methods are
as follows.
Method a: atlas-based segmentation.
Method b: MRF-based segmentation where initialization is done by an initial segmentation, which is based
on region growing that started from a seed point.
Method c: MRF-based segmentation where initialization is done by an initial segmentation, which is based
on region growing using a labeled atlas.
Method d: Bayesian-EM based segmentation using
labeled atlas.
Then our newly proposed segmentation approach, MRFbased segmentation using unlabeled prior information
(Method e), will be introduced and applied to the same image
sets for 2D segmentation.
Masseter muscle in head is selected as the target tissue in
this study. Masseter is a strong and large muscle, responsible
for jaw motion. An axial view of both right and left masseter
muscles in an MR image is shown in Figure 1. The muscle
borders are specified in green.
All images used in this work are whole head and neck 3D
MRI sets which are obtained from the Alzheimer’s Disease
Neuroimaging Initiative (ADNI) [32]. All image sets are axial
T1 weighted sets with 1.2 mm slice thickness. Each set contains 256 slices with 256 × 217 pixels resolution. Ten different
sets are randomly selected as the experimental data. In each
experiment, leave-one-out technique is used, that is, each set
is selected as the test set and the remaining 9 sets are used as
the training set. This process is repeated for all sets.
A block diagram is given in Figure 2 to explain the
methods and their relationships. More details about each
block are provided in Section 3.3.
3.2. Implemented Methods
Method a. Atlas-based segmentation is one of the popular
methods in medical image analysis, especially in brain soft
tissue segmentation [2, 16, 33]. We implemented the same
method for facial soft tissue segmentation. In this method, an
affine registration and histogram equalization are applied to
the images and then a transform from each training image to
the test image is achieved by using a nonrigid registration. The
manual labels are then transformed by the computed transformation and the final segmentation result is achieved by
averaging all of the transformed labels. The method includes

Figure 1: A sample slice. Target tissue borders are shown in green.

blocks (i), (ii), (iii), (v), and (viii) as shown in Figure 2. The
details for each step are explained in Section 3.3.
Method b. In this method, we try to perform MRF-based
segmentation without using any prior information. This will
help us to understand the basic MRF segmentation (which is
considered as a baseline) and the effect of prior information.
The segmentation process is like the method used in [20]
that performs segmentation for brain MR images. The performance with this basic MRF approach is poor, because the
convergence of the EM algorithm strongly depends on the
initial labeling and parameters. Thus, different from [20], we
use a region growing algorithm to obtain an initial segmentation starting from a seed point. The results of this
algorithm are used as initial labels. Initial parameters are also
computed from this initial segmentation. This causes a better
performance in the final segmentation as we may expect. This
method includes block: (i), (ii), (iv), (vi), and (ix) as shown in
Figure 2 and explained in details in Section 3.3.
Method c. This method is similar to Method b except that
the region growing algorithm in this section (which is also
explained in part (vii) in Section 3.3) is a modified version
of the basic form described in part (vi) in Section 3.3. In the
basic region growing, only the neighboring relations are considered. However, the modified region growing method also
uses unlabeled training data. This modified region growing
algorithm is used for the initialization of the segmentation
to investigate the effect of the initial estimate in MRF-based
segmentation and also to be fair in comparison between
MRF-EM method and our proposed approach where we perform MRF-based segmentation with initials obtained from
the modified region growing algorithm that takes advantage
of the unlabeled prior information. So this method cannot be
called a prior-free method. This method includes blocks (i),
(ii), (iv), (vii), and (ix) as shown in Figure 2.
Method d. The importance of using prior information in
medical image segmentation is discussed before. In this
method, the prior information is in the form of labeled atlases
and EM algorithm is used for the estimation of the model
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(i) Affine registration
Time: 15 sec
Automatic

(ii) Histogram equalization
Time: < 1 sec
Automatic
(iii) Manual segmentation
Time: Dependent, time consuming
Manual

(iv) Seed point and threshold selection
Time: Dependent
Manual

(viii) Averaging
Time: < 1 sec
Automatic
Method a

(vii) Region growing with prior info
Time: 2 sec
Automatic

(vi) Region growing
Time: 1 sec
Automatic

(v) Nonrigid registration
Time: 1700 sec
Automatic
(x) Bayesian-EM with atlas
Time: 7 sec
Automatic
Method d

(ix) MRF-EM
with smoothness
(ix)MRF-EM
with Smoothness
Term term (xi) MRF-EM with unlabeled atlas
Time: 24 sec
Time:Time:
6 secs6 sec
Automatic
Automatic
Automatic

Method b

Method c

Method e

Figure 2: Block diagram of all methods.

parameters. The initial labels are estimated by constructing
a probabilistic atlas from the binary outputs of block (iii) in
Figure 2.
The method is similar to [21], in which a probabilistic
atlas is used in MRF-EM segmentation and initialization. This
method includes block (i), (ii), (iii), and (x) as shown in
Figure 2 and explained in details in Section 3.3.
Method e. This method is our proposed approach that takes
the advantage of unlabeled prior information. The prior
information is used in initialization as described in part (vii)
in Section 3.3. We introduce a new formulization to include
unlabeled prior information in MRF-EM-based segmentation as explained in part (xi). Instead of just considering to
be or not to be neighbors, as was done in the standard MRF
approaches, we included color differences of the neighbors.
By using this feature, the average difference between the target tissue distribution and the training images is computed.
This prior information is then used in the Bayesian framework to find out a posteriori probability. Model parameters
and the true labeling are computed iteratively by the EM
algorithm. This method includes blocks (i), (ii), (iv), (vii),
and (xi) as shown in Figure 2 and explained in details in
Section 3.3.
3.3. Explanation of the Blocks
(i) Affine Registration. All data sets are registered three dimensionally by an affine registration method with 9 degrees of
freedom (3 for rotation, 3 for shearing, and 3 for translation)
so the slices will roughly correspond to each other. Normalized mutual information is used as the similarity measure in
the registration process. The registration is performed automatically by using Amira software [34].
(ii) Histogram Equalization. To solve the intensity bias field
problem, a simple histogram equalization method is used as
explained in [35]. In this method, histogram of all images is

calculated and the average histogram is equalized. Then the
intensity values of pixels in each slice are remapped to the new
intensity value.
(iii) Manual Segmentation. In this step, masseter muscle is
segmented manually in the selected slices. The manual
segmentation is performed by a professional expert. The time
required for labelling is very long and depends on the expert’s
ability. The output of this block is a set of binary images that
indicate the masseter area in each image.
(iv) Seed Point and Threshold Selection. In this step, a seed
point inside the target tissue and a threshold are selected by
the user for each image. These values are being used for initial
segmentation in the further steps. Since the histogram of the
test images is equalized previously, the threshold is kept constant for all test images. Thus, seed point marking and threshold selection are done only once.
(v) Nonrigid Registration. All 9 unlabeled training images are
registered nonrigidly to the test set by Demon’s registration
method [33]. By applying the nonrigid registration, target
tissue in the training set tends to change shape toward the
shape of the tissue in the test set. The process is fully automatic
but it is highly time consuming.
(vi) Region Growing (RG). The seed point and threshold
values from (iv) are used in this step to perform initial labeling. Region growing method is used in this step which uses
the initial seed point and threshold to segment the target
region in a 2D image based on intensity information only. The
result of this step is a binary image that includes target tissue
pixels (labeled as 1) and background pixels (labeled as 0).
(vii) Modified Region Growing (Region Growing with Prior
Information). The region growing algorithm in this step is
a modified version of the basic region growing method. It
is modified to take the advantage of prior information. In
this case, region growing is done not only by considering
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the neighboring pixels on the same slice but by considering
the corresponding pixels in the other data sets, that is, training sets, although they are not segmented a priori. Since the
training sets are registered, they roughly share the same coordinates and hopefully have the same locations for target
structures.
We assume that pixels are connected to each other
through the neighboring system as shown in Figure 3. The
current pixel is connected to the corresponding pixels in the
upper and lower slices and 9 other training images as well as 8
nearest neighbors in the same slice. These 19 neighbor pixels
effect the classification of the current pixel. A new criterion
𝑈(𝑑𝑖 ) is defined for growing the region as follows:


𝑄 (𝑑𝑖 ) = 𝑑𝑖 − 𝑑  ,


𝑅 (𝑑𝑖 ) = ∑ 𝑑𝑗 − 𝑑 ,
(1)
𝑗∈𝑁𝑖

..
.

Pixels in the
test image

Figure 3: Neighboring system. The dark cube is the current pixel
and the bright cubes are the neighbors.

of pixel values in low level vision problems. In this case, each
pixel in the observation set 𝑑 takes a value in set 𝐷.
Let 𝐿 be a discrete set of 𝑀 labels as
𝐿 = {1, . . . , 𝑀} .

𝑈 (𝑑𝑖 ) = 𝛼𝑄 (𝑑𝑖 ) + 𝛽𝑅 (𝑑𝑖 ) .
Here 𝑑𝑖 is the current pixel and 𝑑𝑗 is the neighbor pixel
from the neighboring set 𝑁𝑖 . 𝑑 is the intensity mean of the
pixels of the already segmented region in the current step.
The term 𝑄(𝑑𝑖 ) involves the comparison of only the intensity
value of the current pixel. The term 𝑅(𝑑𝑖 ) represents the
influence of the neighboring pixels. Two parameters 𝛼 and 𝛽
control the effect of each term 𝑄 and 𝑅. 𝛼 and 𝛽 are set manually and kept constant throughout the experiments. The algorithm checks not only the pixel’s intensity, but 𝑈 for each pixel
to be lower than a preset threshold and proceeds as in the
original RG algorithm. If the neighbors of the pixel have similar values as the already segmented tissue mean, this increases
the probability for the current pixel to be included to the
already segmented region.
(viii) Averaging. To obtain a single segmentation of the test
set, an average image is computed from the labels produced
in (v) for the training images. By performing majority voting
procedure on the average image, we select the pixels that are
repeated more than 4 times out of total 9 images. The output
of this step is a binary image that is the final segmentation
result of Method a.
(ix) MRF-EM with Smoothness Term as the Prior Information.
In this part we briefly discuss the mathematical aspects of
MRF-EM based method that is implemented in this study. Let
𝑆 be a rectangular lattice for a 2D image of size 𝑛 × 𝑛 as
𝑆 = {(ℎ, 𝑤) 1 ≤ ℎ, 𝑤 ≤ 𝑛} .

(2)

Each element of 𝑆 corresponds to a pixel such that the
location in the image space is specified by the indices ℎ and 𝑤.
In MRF models, sites are normally treated as an unordered set
but when a 2D image is modeled then ℎ, 𝑤 are ordered pixel
locations as
𝑆 = {1, . . . , 𝑚} ,

Pixels in the
training images

(3)

where 𝑚 is the number of pixels in the image and is equal to
𝑛2 . An observation 𝐷 = {𝑑1 , . . . , 𝑑𝑚 } is a rectangular array

(4)

Segmentation process is defined as assigning a unique
value to each site in 𝑆 in a way that whole domain of 𝑆 is
supported. So it is a mapping from 𝑆 to 𝐿 as
𝑓 : 𝑆 → 𝐿.

(5)

Then the set of labeling for all sites in 𝑆 is shown as 𝐹 =
{𝐹1 , . . . , 𝐹𝑚 }.
We call the family 𝐹 a random field. 𝐹𝑖 = 𝑓𝑖 refers to the
event where 𝐹𝑖 takes the value 𝑓𝑖 . The probability that random
variable 𝐹𝑖 takes the value 𝑓𝑖 is abbreviated as 𝑃(𝑓𝑖 ), and the
joint probability is denoted and abbreviated as 𝑃(𝑓). Random
field 𝐹 is said to be MRF on 𝑆 with neighborhood system 𝑁
if and only if
(1) 𝑃 (𝑓) > 0,

∀𝑓 ∈ 𝐹,

(2) 𝑃 (𝑓𝑖 𝑓𝑆−{𝑖} ) = 𝑃 (𝑓𝑖 𝑓𝑁𝑖 ) .

(6)

A set of random variables 𝐹 is said to be a Gibbs random
field (GRF) with respect to 𝑁 if the distribution takes the
following form:
𝑃 (𝑓) = 𝑍−1 × 𝑒−(1/𝑇)𝑈(𝑓) ,

(7)

where 𝑇 is a constant named temperature, and 𝑈(𝑓) is the
energy function (8). 𝑍 is the normalization term. The energy
function of the Gibbs distribution can be expressed as the
sum of several terms. Each term is described by the cliques
of a certain size as
𝑈 (𝑓) = ∑ 𝑉1 (𝑓𝑖 ) + ∑ 𝑉2 (𝑓𝑖 , 𝑓𝑖 )
{𝑖}∈𝐶1

+

{𝑖,𝑖 }∈𝐶2

∑
{𝑖,𝑖 ,𝑖 }∈𝐶3

𝑉3 (𝑓𝑖 , 𝑓𝑖 , 𝑓𝑖 ) + ⋅ ⋅ ⋅ .

(8)

The Hammersley-Clifford theorem [36] gives necessary
and sufficient conditions under which the equivalence of
MRF and GRF models can be achieved.
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Then, the conditional probability 𝑃(𝑓𝑖 | 𝑓𝑁𝑖 ) can be
written as follows:
(9)

This process is repeated until the likelihood difference,
that is, |𝑃𝑡 (𝑑𝑖 , 𝜇1 , 𝜎1 )−𝑃𝑡−1 (𝑑𝑖 , 𝜇1 , 𝜎1 )|/𝑃𝑡 (𝑑𝑖 , 𝜇1 , 𝜎1 ), becomes
less than a threshold. The threshold value is kept as 0.001 in
this study. Then the labels are assigned to the pixels according
to the posterior probability (13).

Here, the model includes only pairwise (𝑛 = 2) clique
potentials. The smoothness term can be defined by pair-wise
clique potentials as follows:

(x) Bayesian-EM with Probabilistic Atlas. This part is like (ix)
but different in that prior probability is not in the form of the
smoothness term, but is introduced as a probabilistic atlas in
the expectation step (13) of the EM algorithm as follows:

𝑃 (𝑓𝑖 | 𝑓𝑁𝑖 ) =

−[∑𝑖 ∈𝑁 𝑉2 (𝑓𝑖 ,𝑓𝑖 )]

𝑒

𝑖

−[∑𝑖 ∈𝑁 𝑉2 (𝑓𝑖 ,𝑓𝑖 )]

∑𝑓𝑖∈𝐿 𝑒

.

𝑖

𝛽
sites on the clique have the same label
𝑉𝑖,𝑖𝑘  (𝑓𝑖 ,𝑓𝑖) = {
−𝛽 otherwise.
(10)
Here, 𝛽 is the smoothing parameter and 𝑘 ∈ {0, 1} defines
the class label (i.e., 1 for the segmented tissue and 0 for the
other tissues).
By using Bayes estimation, the posterior probability can
be computed from the prior distribution (i.e., smoothness in
MRF literature) and the likelihood,
𝑃 (𝑓 | 𝑑) =

𝑃 (𝑑 | 𝑓) 𝑃 (𝑓)
,
𝑃 (𝑑)

(11)

where 𝑃(𝑑 | 𝑓) is the conditional pdf of the observations 𝑑
and 𝑃(𝑓) is the prior probability of labelings 𝑓. In standard
MRF modeling, 𝑃(𝑓) is initialized as random. 𝑃(𝑑 | 𝑓)
for the Gaussian MRF model case is the following intensity
distribution function:
𝑃 (𝑑𝑖 𝑓𝑖 = 𝑘) =

1
√2𝜋𝜎𝑘2

2

2

𝑒−(𝑑−𝜇𝑘 ) /2𝜎𝑘 .

(12)

Here, the parameter set is 𝜃 = {𝜇𝑘 , 𝜎𝑘 }.
Minimizing the Bayes risk is equal to maximizing the
posterior probability. The expectation maximization (EM)
algorithm is employed to maximize the posterior probability.
In this iterative algorithm, the posterior probability for step
𝑡 + 1 is computed in the expectation step by using the model
parameters 𝜇 and 𝜎 at iterative step 𝑡 as follows:
𝑃𝑖𝑘𝑡+1 =

𝐺 (𝑑𝑖 , 𝜇𝑘 , 𝜎𝑘 ) 𝑃 (𝑓𝑖 = 𝑘 | 𝑓𝑁𝑖 )
∑𝑀
𝑧=1

𝐺 (𝑑𝑖 , 𝜇𝑧 , 𝜎𝑧 ) 𝑃 (𝑓𝑖 = 𝑧 | 𝑓𝑁𝑖 )

(13)

= 𝑃 (𝑓𝑖 = 𝑘 | 𝑑𝑖 ) ,
where 𝐺(𝑑𝑖 , 𝜇𝑘 , 𝜎𝑘 ) is the Gaussian distribution for class label
𝑘 in step 𝑡 (12) and 𝑃(𝑓𝑖 = 𝑘 | 𝑓𝑁𝑖 ) is the prior probability (9)
over 𝑆 at step 𝑡.
Then the model parameters are obtained in the maximization step as follows:
𝜇𝑘(𝑡+1) =
2
(𝜎𝑘(𝑡+1) )

∑𝑖∈𝑆 𝑃(𝑡) (𝑘 | 𝑑𝑖 ) 𝑑𝑖
,
∑𝑖∈𝑆 𝑃(𝑡) (𝑘 | 𝑑𝑖 )
2

∑ 𝑃(𝑡) (𝑘 | 𝑑𝑖 ) (𝑑𝑖 − 𝜇𝑙 )
.
= 𝑖∈𝑆
∑𝑖∈𝑆 𝑃(𝑡) (𝑘 | 𝑑𝑖 )

(14)

𝑃𝑖𝑘𝑡+1 =

𝑡
)
𝐺 (𝑑𝑖 , 𝜇𝑘 , 𝜎𝑘 ) 𝑃 (𝑓𝑖 = 𝑘 | 𝑃𝑁
𝑖

𝑡
∑𝑀
𝑧=1 𝐺 (𝑑𝑖 , 𝜇𝑧 , 𝜎𝑧 ) 𝑃 (𝑓𝑖 = 𝑧 | 𝑃𝑁𝑖 )

.

(15)

𝑡
Here, 𝑃(𝑓𝑖 = 𝑘 | 𝑃𝑁
) is the prior probability that is equal
𝑖
to the probabilistic atlas as follows:
𝑡
𝑃 (𝑓𝑖 = 𝑘 | 𝑃𝑁
) = 𝑃𝑖𝑘atlas .
𝑖

(16)

𝑃𝑖𝑘atlas is the probability of the pixel 𝑖 to have label 𝑘. The
probability is computed by using manually segmented train
images obtained in (iii). This probability is kept constant
throughout the segmentation.
(xi) MRF-EM with Unlabeled Prior Information. In this part,
we try to incorporate the prior information to the MRFEM framework not by using a labeled atlas but by using the
original unlabeled images in the training set that can be called
the “latent atlas.” A new definition is proposed for the prior
probability which uses unlabeled prior information. By doing
this, through the EM learning steps, the incorporation of
the atlas and the model is updated and learned until convergence.
Unlike other methods that perform a MAP estimation to
estimate the labeling and use it in pair-wise clique potential
computation, we define the prior probability 𝑃(𝑓𝑖 = 𝑘 | 𝑃𝑁𝑖 )
without using labels. To take advantage of unlabeled training
images, we compute the difference between the mean of each
class in the current step (𝜇𝑘 ) and the intensity value of the
corresponding pixel 𝑖 in the neighboring set 𝑁𝑖 . We prefer the
pixels with less difference to have higher clique potentials and
so we subtract the difference value from 1. The value 1 is the
maximum value that the difference result can take. By
performing summation over all training images, the overall
prior probability for pixel 𝑖 is computed as follows:


𝑃 (𝑓𝑖 = 𝑘 | 𝑃𝑁𝑖 ) = 1 − ∑ 𝜇𝑘 − 𝑑𝑖  ,
𝑖∈𝑁𝑖

(17)

where 𝑁𝑖 is the same neighboring system as shown in Figure 3
which includes training sets and 𝑘 ∈ {0, 1} is the class label
(i.e., 1 for the segmented tissue and 0 for the other tissues).
Figure 4 shows the presentation of prior information, (17), for
sample image.
As can be observed from the image, the prior information
gives a good estimate of the pixels that may be in the target
tissue. This image is like an imaginary image that a specialist
may have in her/his mind due to seeing thousands of MRI
pictures.
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Table 1: Accuracy results for all data sets and methods.

Figure 4: A presentation of prior information used in Method e.

The important point about this picture is that the target
tissue is fully unconnected from the neighboring tissues. This
feature helps the segmentation process a lot in the segmentation of FSTs that are generally connected to the neighboring
tissues.

Case
Case 1
Case 2
Case 3
Case 4
Case 5
Case 6
Case 7
Case 8
Case 9
Case 10
Average

M. a
66.66
83.23
76.72
30.24
84.75
60.98
81.97
82.16
83.35
79.13
72.92

M. b
88.24
86.12
88.01
49.92
19.34
75.3
68.97
92.65
82.4
68.25
71.92

M. c
86.87
93.33
84.18
82.86
78.9
77.56
74.38
75.68
90.71
92.89
83.74

M. d
86.98
93.37
71.56
82.68
84.16
59.88
71.89
89.14
94.69
91.05
82.54

M. e
93.07
83.74
90.03
78.39
90.67
77.23
66.49
93.4
96.11
96.07
86.52

4. Results and Discussion
4.1. Evaluation. The validation of the segmentation methods
was done by comparing the automatic segmentation results
with the manual segmentation results. For this purpose, the
target tissue is segmented manually in each slice by an expert.
This process is repeated for all 10 experimental sets and these
manual segmentations are only used as the ground truth.
We used dice metric 𝜅 [37] to evaluate the correspondence
between the segmentation result and the ground truth. The
metric is defined as follows:
𝜅=2×

𝑆∩𝑇
× 100%,
𝑆+𝑇

(18)

where 𝑆 is the segmented area and 𝑇 is the ground truth.
4.2. Results. The overall accuracy results of 2D segmentation
for all methods for all sets are shown in Table 1 and Figure 6
for better visualization.
Atlas-based segmentation is known to be successful in
brain tissue classification but as you can see in Table 1,
Method a, the results are not very good for the masseter
tissue. This is because human brain’s shape is mostly similar in
different individuals but facial tissues like masseter may have
various shapes in different people.
This method completely depends on the atlas and when
the shape and position of the tissue of the atlas are different
from the shape and position of the tissue of the test data, then
the registration may result in a very wrong answer.
As you can see in Table 1, the segmentation result is very
poor for set 4 due to the difference between the tissue and
head shapes of the atlas and the data set 4. If we exclude set
4, the average accuracy is increased about 5% and becomes
77.66%.
This problem can be solved either by selecting the experimental data similar to the atlas or by increasing the
number of training images in a way that covers all possible
shapes, which is not very realistic.
The segmentation result for Method b is very successful in
most cases, such as sets 1, 2, 3, and 8, but in some cases, such
as sets 4 and 5, segmentation results are poor. To investigate
this issue, we checked the initial labeling for the worst result

(i.e., set 5) and the best result (i.e., set 8). The region growing
outcome for sets 5 and 8 is shown in the original image in
Figures 5(a) and 5(b). As you can see, the initial labeling is so
poor in case of set 5 that ends in poor overall segmentation
where case 8 starts with a good estimate and results in more
than 92% accuracy.
In Method c, we tried to solve the problem of initial
labeling where a modified region growing algorithm (vii) was
used for initialization. As you see in Table 1, there is about
12% improvement in the average segmentation accuracy.
This shows the importance of initial labeling in MRF-EM segmentation and also using prior information in region growing algorithm. The prior information used here is unlabeled
raw training images. Although there is an overall improvement in the segmentation performance, in some cases
accuracy decreases. For example, for previously investigated
sets 5 and 8, although the accuracy is improved about 59% for
set 5, there is about 17% decrease for set 8.
The initial labeling with modified RG for sets 5 and 8 are
shown in Figures 5(c) and 5(d). The improvement in set 5
and decrement in set 8 are very clearly observed. The prior
information brings improvement for set 5 where there is an
intensity inhomogeneity but it is not useful for set 8, which
has a shape different than the training sets. However, the
overall improvement is noticeable and there is not any big
decline for different cases as can be seen in Figure 5.
The segmentation performance for Method d is close to
the MRF-based segmentation with modified region growing
method (Method c) but it is about 1% lower. Despite the
large amount of manual interaction required for the prior
information in the MRF-EM part, this method shows lower
accuracy than the previous method. This is mostly because of
the initial estimation that is constant (16) for all images.
Finally, our proposed method (Method e) shows the best
overall performance among all tested methods. In 6 out of
ten data, the accuracy of this method is over 90%. The worst
results are for sets 6 and 7 which also cause poor results by
using normal EM-MRF method (Method c). So we can conclude that poor initialization is the problem for these cases.
But this comment is not true for other low accuracies for sets
2 and 4.
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(a)

(b)

(c)

(d)

Figure 5: Initial labeling for (a) set 5 with RG, (b) set 8 with RG, (c) set 5 with modified RG, and (d) set 8 with modified RG.

Manual

(a)

(b)

(c)

(d)

(e)

Figure 6: Manual segmentation is given top left. Segmentation results using (a) method a, (b) method b, (c) method c, (d) method d, and (e)
method e.

10
The main problem is in finding a generic solution that
results in a good accuracy for all of the images. But this
requires that the training set should be big enough to overlap
all possible shapes. Since manual labeling is not required for
Method e, using many data as the prior information is possible. Another problem may be due to the affine registration
which also may sometimes cause poor initialization.
When labeled prior information is used with the modified
RG algorithm, Method c which uses MRF modality performs
better than other methods. When unlabeled information is
used, then Method e performs better than all other methods.
It is important to note that the only manual interaction is the
selection of a seed point and a threshold for region growing
algorithm. The threshold value is kept constant because of the
previously applied histogram equalization algorithm. Since
Method e does not use any labeled training images, selection
of a seed point for target tissue indication is inevitable. The
rest of the method is fully automatic. The segmentation
results of all methods for a test image are shown in Figure 6.
Segmentation of the top and the bottom slices of the masseter
muscle is more challenging because of the dimensions of the
tissue. The results of our proposed method for images in the
bottom slices are shown in Figure 7.
The average accuracy of the proposed method is about
3.5% lower than the results of our previous work [4], where
test images which have similar masseter shape were selected
manually. However, in this study the images were selected
randomly to provide a fair comparison between implemented
methods.

5. Conclusion
In this study, we tested four different state-of-the-art methods
for facial soft tissue segmentation on magnetic resonance
images. Each method has a different way of including the
prior information to the segmentation process. Some use
labeled data as the prior information, some use this labeled
data only as an initial estimation of the segment, and some
do not use prior information at all.
Our main interest in this work was to investigate the
role of the prior information in FST segmentation by using
different methods. We applied all these methods on 10
different MRI data sets belonging to different individuals and
aimed to segment the masseter muscle in them. The experimental MRI sets were registered 3 dimensionally before the
segmentation so the slices roughly corresponded to each
other.
Method a is fully based on the registration of the labeled
training images to the test image. The average accuracy of this
method is 72.92%. Method b is an MRF-EM based segmentation method where initial segment estimation is obtained
by region growing which starts from a seed point. No prior
information is used in this method and the acquired average
accuracy is 71.92%.
According to our results, although Method a uses labeled
prior information, the accuracy of Method b is very close to
it. This shows that atlas-based methods are not as successful
as expected in segmentation of FSTs. The most important
reasons for this failure are the variation of the tissue shape
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Figure 7: Results of the segmentation algorithm for the bottom
slices.

among the sets and the existence of similar tissues in the
neighborhood of the target tissue.
Method c is similar to Method b, except for the fact
that the initial segment estimate is obtained by the modified
region growing algorithm which uses prior information from
the unlabeled training set. The accuracy is improved by 12%
which emphasizes the importance of initial estimate in
MRF-EM process and also the importance of using prior
information.
In Method d, the similar MRF-EM framework is used
but this time the labeled training images are used for both
the initialization and the MRF model implementation. The
method reaches 82.54% accuracy that is close to Method e
which does not use any manual labeling. We may conclude
that determining the target tissue with a seed point and a
threshold (like we did in Method c) is more informative for
MRF-EM framework than labeled atlases.
In the end, Method e uses unlabeled prior information
both in initial estimation and during MRF-EM optimization.
The average accuracy for this method is 86.52% which is
the best result between the tested methods. The proposed
approach starts from the same initial estimates as Method
c but it uses prior information inside the MRF-EM process
that causes about 4% improvement in the final segmentation
accuracy. The importance of using prior information can be
shown better when we compare Method b with our proposed
method where using prior information causes about 15%
improvement.
In the previous studies, Ng et al. [27] performed masseter
segmentation with average of 91.6% accuracy. Manually
segmented training images are used in their study which is
difficult and time consuming. Other than that, they have a criteria to only select the training images that are similar to the
test image which reduces the robustness of the method. Our
proposed approach achieves accuracy close to their result
without using additional manual information or criteria.
We also believe that by increasing the number of training
sets, although unlabeled, the accuracy of the method will be
improved.
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The final goal of this study is to segment the masseter
tissue three dimensionally and use the results to construct a
realistic biomechanical face model for any individual.
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H.-W. Müller-Gärtner, “Markov random field segmentation of
brain MR images,” IEEE Transactions on Medical Imaging, vol.
16, no. 6, pp. 878–886, 1997.
[4] Y. Rezaeitabar and I. Ulusoy, “Automatic 3D segmentation
of individual facial muscles using unlabeled prior information,” International Journal of Computer Assisted Radiology and
Surgery, vol. 7, no. 1, pp. 35–41, 2012.
[5] M. E. Farrugia, G. M. Bydder, J. M. Francis, and M. D. Robson,
“Magnetic resonance imaging of facial muscles,” Clinical Radiology, vol. 62, no. 11, pp. 1078–1086, 2007.
[6] M. Altaye, S. K. Holland, M. Wilke, and C. Gaser, “Infant brain
probability templates for MRI segmentation and normalization,” NeuroImage, vol. 43, no. 4, pp. 721–730, 2008.
[7] P. Aljabar, R. A. Heckemann, A. Hammers, J. V. Hajnal, and D.
Rueckert, “Multi-atlas based segmentation of brain images: atlas
selection and its effect on accuracy,” NeuroImage, vol. 46, no. 3,
pp. 726–738, 2009.
[8] M. Lorenzo-Valdés, G. I. Sanchez-Ortiz, A. G. Elkington, R.
H. Mohiaddin, and D. Rueckert, “Segmentation of 4D cardiac
MR images using a probabilistic atlas and the EM algorithm,”
Medical Image Analysis, vol. 8, no. 3, pp. 255–265, 2004.
[9] E. M. van Rikxoort, M. Prokop, B. de Hoop, M. A. Viergever,
J. P. W. Pluim, and B. Van Ginneken, “Automatic segmentation
of pulmonary lobes robust against incomplete fissures,” IEEE
Transactions on Medical Imaging, vol. 29, no. 6, pp. 1286–1296,
2010.

11
[10] A. Akselrod-Ballin, M. Galun, J. M. Gomori, A. Brandt, and
R. Basri, “Prior knowledge driven multiscale segmentation of
brain MRI,” Medical Image Computing and Computer-Assisted
Intervention, vol. 10, no. 2, pp. 118–126, 2007.
[11] N. Ray, S. T. Acton, T. Altes, E. E. De Lange, and J. R. Brookeman, “Merging parametric active contours within homogeneous image regions for MRI-based lung segmentation,” IEEE
Transactions on Medical Imaging, vol. 22, no. 2, pp. 189–199,
2003.
[12] E. M. van Rikxoort, I. Isgum, Y. Arzhaeva et al., “Adaptive local
multi-atlas segmentation: application to the heart and the
caudate nucleus,” Medical Image Analysis, vol. 14, no. 1, pp. 39–
49, 2010.
[13] T. Riklin Raviv, K. van Leemput, W. M. Wells III, and P. Golland,
“Joint segmentation of image ensembles via latent atlases,”
Medical Image Computing and Computer-Assisted Intervention,
vol. 12, no. 1, pp. 272–280, 2009.
[14] T. N. Pappas and N. S. Jayant, “Adaptive clustering algorithm for
image segmentation,” in Proceedings of the International Conference on Acoustics, Speech, and Signal Processing (ICASSP ’89),
vol. 3, pp. 1667–1670, May 1989.
[15] P. P. Wyatt and J. A. Noble, “MAP MRF joint segmentation and
registration of medical images,” Medical Image Analysis, vol. 7,
no. 4, pp. 539–552, 2003.
[16] N. Richard, M. Dojat, and C. Garbay, “Distributed Markovian
segmentation: application to MR brain scans,” Pattern Recognition, vol. 40, no. 12, pp. 3467–3480, 2007.
[17] X. Liu, D. L. Langer, M. A. Haider, Y. Yang, M. N. Wernick, and
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The back propagation neural network (BPNN) algorithm can be used as a supervised classification in the processing of remote
sensing image classification. But its defects are obvious: falling into the local minimum value easily, slow convergence speed, and
being difficult to determine intermediate hidden layer nodes. Genetic algorithm (GA) has the advantages of global optimization
and being not easy to fall into local minimum value, but it has the disadvantage of poor local searching capability. This paper uses
GA to generate the initial structure of BPNN. Then, the stable, efficient, and fast BP classification network is gotten through making
fine adjustments on the improved BP algorithm. Finally, we use the hybrid algorithm to execute classification on remote sensing
image and compare it with the improved BP algorithm and traditional maximum likelihood classification (MLC) algorithm. Results
of experiments show that the hybrid algorithm outperforms improved BP algorithm and MLC algorithm.

1. Introduction
Satellite remote sensing data is widely used in resource
exploration, military reconnaissance, environmental disaster
monitoring, land use, crop yield assessment, urban planning,
and many other areas [1]. Classification of remote sensing
image has been a focus and a difficulty in the field of remote
sensing and a critical step of transformation from remote
sensing technology to practical application [2]. The most
commonly used classification processing method of remote
sensing image is statistical pattern recognition method which
is based on the spectral characteristics of the image data [3].
But sometimes the classification effect of this method is not
very satisfactory. It often makes people see the confusing
results because the method is only based on the statistical
characteristics of gray-scale data of each band [4].
Jia [5] used BP algorithm to classify three-band RGB
color images for automatic visual inspection of seed maize
and compared it with minimum distance and maximum
likelihood classifications. Xiong et al. [6] combined BPNN
and ground truth database and attained good classification

effect. Mousavi Rad et al. [7] used BPNN classifier to classify
rice varieties. In order to classify, they extracted twenty-two
features from sixty color and texture features. Experiments
showed that classification result was satisfactory. Yang et al.
[8] and Liu et al. [9] applied improved BPNN algorithm to
classify TM image and achieved good classification result.
Using BPNN algorithm for classification of remote sensing image can eliminate fuzziness and uncertainty to some
extent. But simple BPNN algorithm used in remote sensing
image classification has great limitations mainly in five
ways [10, 11]. Firstly, BP algorithm learning process has the
possibility of falling into local minimum easily, so it cannot
guarantee that the network’s learning process always tends to
be in globally stable state. Secondly, BP algorithm has some
defects such as slow convergence velocity and requiring a
large amount of training samples. Thirdly, the determination
of learning rate of network depends on one’s experience.
Furthermore, the choice method of learning rate can directly
influence the stability and efficiency of the learning process.
Fourthly, determination of the number of nodes in the hidden
layer is based not on some theory but on one’s experience.
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Fifthly, there exists overfitting phenomenon in the process of
learning. Classification errors generate as thus [12–14].
On the contrary, GA has advantages of strong ability of
global optimization and being not easy to fall into local minima. But it has poor ability of local optimization. Combined
with BP algorithm’s strong ability of partial optimization,
Hybrid algorithm is constructed. Cao and Jin [15] fused
Landsat ETM+ image and ERS-2 SAR image with principal component analysis (PCA) and constructed a hybrid
algorithm of BP-ANN/GA. Then they applied the hybrid
algorithm to classify urban terrain surfaces in Pudong New
Area of Shanghai, China. They got the satisfactory result
especially in building and road classification. But in his
hybrid algorithm, traditional BPNN with one hidden layer
and twelve nodes of hidden layer was adopted. It has weak
points of slow adjustment of learning rate, being fit for urban
area with less ground features.
In this paper, we constructed a hybrid algorithm of
GABPNN with GA and improved BPNN instead of traditional BPNN. Initial structure of BPNN is generated by using
GA. It makes the best of both algorithms. By using this hybrid
algorithm, we got the excellent classification results on ETM+
remote sensing image.
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Table 1: Land cover types in classification.
Class
Land-cover class Description
name
C1

Farmland

C2

Woodland

C3
C4

Grass
Water

C5

Residential area

C6

Traffic land

C7

Other
construction
lands

Crop fields and vegetable fields
Deciduous or evergreen forest land,
orchards and tree groves
Lawn, grassland or rangeland
Reservoir, pond, lake, river and wetland
Rural and urban residences,
commercial land
Expressway, road, railway, urban road,
country road
Industrial and other developed lands

2. Data Source
The data in this study comes from American Landsat-7
satellite Enhanced Thematic Mapper plus (ETM+) image. The
image acquisition time is January 10, 2003. The image has
a spatial resolution of 30 meters; and the image coverage
of the area is Shunde District, Foshan City, Guangdong
Province, China. In order to fulfill research needs, 500 ×
500-pixel subimages were tailored from the original image
as a study area. Because the sixth band of ETM+ images is
thermal infrared band and it has a resolution of 60 meters,
meanwhile, the eighth band is panchromatic wave band and
it has a resolution of 15 meters, the two bands have been
removed [16, 17]. According to the information entropy of
the remaining six bands and the correlation between each
original image band, this paper chooses the third, fourth, and
fifth bands to composite pseudocolor image because of their
rich information and small correlation [18]. Figure 1 shows
the pseudo-color composition image with band 5, 4, and 3.

3. Methodology
By means of visual interpretation and geographical knowledge of land use in Shunde, the study area can be classified as
seven kinds of ground objects (Table 1) [2], that is, farmland
(C1), woodland (C2), grass (C3), water (C4), residential area
(C5), traffic land (C6), and other construction lands (C7).
A total of 1400 samples were gotten from the land use
classification map of the same period. Each category has 200
samples. Among these 200 samples, 80 were used for training
and 120 were used to validate the classification accuracy. In
order to carry out a comparative study, three classification
methods were implemented in this paper. The first method
is the traditional maximum likelihood classification (MLC).

Figure 1: Pseudo-color composition image in Shunde district of
Guangdong, China.

The method is realized by software of the Environment for
Visualizing Images (ENVI), and the version of ENVI is 4.8.
The second classification method is improved BP neural
network algorithm (BPNN). A 6-9-7 three-tier network
architecture was adopted. That is to say, the input layer has six
nodes, namely, band numbers of the remote sensing image.
The hidden layer number is one and the node number of this
layer is 9 by experience. The output layer node number is the
same as classification category number, namely, 7. The classification method is realized by the software of Matlab 2011b. The
third classification method is GABPNN hybrid algorithm.
GA is used here for getting initial structure of BPNN, and
classification is realized by modified BPNN. The input nodes
of the BP network are band numbers, namely, 6. The output
nodes are the category numbers, namely, 7. Layers number
of hidden layers and nodes number of each hidden layer,
thresholds, and connecting weights of each node in hidden
or output layer are unknown. These unknown parameters are
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determined through hybrid algorithm. The hybrid algorithm
is realized by the software of Microsoft Visual C++ 2008.

4. Algorithm Principle
4.1. Improved BP Algorithm. The dynamic adaptive adjustment for learning rate is adopted in this paper to improve
efficiency of common BP algorithm. Learning or training of
BPNN is process of modification on weight vector of network
repeatedly according to least mean square error principle,
where the squared error is between the desired output and
the actual output of the network. The learning process will
not stop until the output value of the network is close to the
desired output value. In other words, the total error is less
than a given number or the iteration program ceases at the
given maximum cycle times. For a training sample 𝑝, the
square error 𝐸𝑝 is defined as follows:
2
1
𝐸𝑝 = ∑(𝑡𝑝𝑘 − 𝑜𝑝𝑘 ) ,
2 𝑘

(1)

where 𝑡𝑝𝑘 represents the desired output and 𝑜𝑝𝑘 represents the
actual output, and the total mean square error of the whole
BPNN is expressed as
𝐸=

1
∑ 𝐸𝑛 ,
𝑛

𝑤 (𝑘 + 1) = 𝑤 (𝑘) + 𝜂 (𝑘) 𝐷 (𝑘) + 𝛼 (𝑤 (𝑘) − 𝑤 (𝑘 − 1)) , (3)
where 𝑤(𝑘) and 𝑤(𝑘 − 1) represent weight vectors of 𝑘
moment and before, respectively. Momentum factor 𝛼 is
used to prevent the learning process from falling into a local
minimum. Dynamic adjustment formula for learning rate 𝜂
is as follows:
(4)

𝜂(𝑘) is learning rate for network of 𝑘 moment. In formula (4),
𝜆 refers to adjustment coefficient, where
𝜆 = sign (𝐷 (𝑘) 𝐷 (𝑘 − 1)) .

𝑓 (𝑥) =

1
,
1 + exp (−𝑋)

(7)

where 𝑋 is the sum of all input value multiplied by the
corresponding weight plus the threshold value of the node.
Using sigmoid type excitation function as incentive function
can ensure that the function is nonlinear and continuously
differentiable.
However, net input value of the node 𝑗 for hidden or
output layer is
net𝑗 = ∑𝑤𝑗𝑖 𝑥𝑖 .
𝑗

(8)

Therefore the output of the node 𝑗 is
𝑜𝑗 = 𝑓 (net𝑖 + 𝑏𝑗 ) = 𝑓 (∑𝑤𝑗𝑖 𝑥𝑗 + 𝑏𝑗 ) .

(9)

𝑗

Thus the threshold 𝑏𝑗 of node 𝑗 can be regarded as a
special weight vector, and adjustment of the threshold can
also use (3).

(2)

where 𝑛 is the total number of training samples. Adjustment
for weight vector of the output layer and the hidden layer is
carried out by

𝜂 (𝑘) = 4𝜆 𝜂 (𝑘 − 1) .

misconvergence, but also can help to shorten the learning or
training time.
Sigmoid function is chosen as activation function of
nodes for hidden layer and output layer. Consider

(5)

𝐷(𝑘) is the negative gradient of 𝑘 moment, which is defined
as
𝜕𝐸 (𝑤) 
.
)
𝐷 (𝑘) = (−
(6)
𝜕𝑤 𝑤=𝑤(𝑘)
So there are two situations of 𝜆 value. If two consecutive
iterations have the same gradient direction, it means that
the decline speed is too slow; then 𝜆 equals to +1. The
learning rate increased to four times. While if two consecutive
iterations have contrary gradient direction, it means that
the decline speed is too fast, then 𝜆 equals to −1. The
learning rate decreased to 25 percent. Such adjustment of the
learning rate not only can avoid falling into local minima and

4.2. Genetic Algorithm. Genetic algorithm is used to obtain
the initial structure of the improved BP network.
4.2.1. Encoding. In this study, floating-point encoding is
adopted. Individual gene encoded string is composed of all
input weights, thresholds, learning rate, momentum factor,
layers number of hidden layers, and nodes number of each
hidden layer. Initial population of individuals is generated
randomly. Population size of 40 is more appropriate in this
study because a larger size increases the training time and the
global optimal solution cannot be gotten by a smaller size.
4.2.2. Fitness Function. According to principle of single value,
continuity, nonnegative value, maximization, rationality,
consistency, compatibility, and small amount of calculation
for the fitness function [10] and because the network training
goal is minimum mean square error (MSE), the minimum
value problem can be converted into the maximum value
problem, so the fitness function of individual can be
expressed as the following:
fitness (𝑥) =

1
,
1 + 𝐸 (𝑥)

(10)

where 𝐸(𝑥) represents the total MSE of the output according
to BP network structure of decoding of the individual 𝑥.
Hence, the fitness of an individual is determined by the total
MSE. The bigger the error is, the smaller the fitness is.
4.3. Genetic Operators
(1) Selection. The best individual is saved preferentially and
the remaining individuals are selected stochastically. Namely,
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the individual with maximum fitness value is preserved
firstly, and then the remaining individuals are chosen at
random. The selection method provides a zero-deviation and
minimum individual extension. Individuals of small fitness
value may be selected under the premise of reservation of the
best individual, so that population can keep diverse.
(2) Crossover. For this asexual reproduction operator, owing
to floating-point encoding for individual, heterogeneous
arithmetical crossover is adopted in this study. Two parent
𝑡
and 𝑋𝐵𝑡 are selected from the population by
individuals 𝑋𝐴
using the stochastic selection operation firstly, and then two
new offspring individuals are created by crossover operation
as
𝑡+1
𝑡
= 𝛾𝑋𝐵𝑡 + (1 − 𝛾) 𝑋𝐴
,
𝑋𝐴
𝑡
+ (1 − 𝛾) 𝑋𝐵𝑡 ,
𝑋𝐵𝑡+1 = 𝛾𝑋𝐴

(11)

where parameter 𝛾 ∈ (0, 1) is not a constant but a variable
determined by the current evolutional generation. Value of 𝛾
can be expressed as
𝛾=

1
,
1+𝑔

(12)

where 𝑔 is number of current evolutional generation. Arithmetical crossover probability 𝑝𝑐 plays a dominant role in
GA from the beginning to the end. It directly affects the
convergence of the algorithm. The greater 𝑝𝑐 value is, the
faster new individuals generate. But if it is too large, then the
genetic model will be destroyed easily. Therefore it generally
ranges between 0.4 and 0.99. In this study 𝑝𝑐 takes a value of
0.66.
(3) Mutation. Uniform mutation method is used in this study.
Firstly, the parent individual 𝑋(𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) is chosen by
selection operator before mutation operation. Then a random
single point component 𝑥𝑖 , 𝑖 ∈ [1, 𝑛], from the coding of
the parent individual 𝑋 is selected randomly. Accordingly,
𝑥𝑖 is replaced by 𝑥𝑖 , 𝑥𝑖 = 𝑥𝑖 (1 − 𝛾), where 𝛾 is the same of
(12). Mutation probability 𝑝𝑚 recommended generally ranges
between 0.0001 and 0.1. In this study 𝑝𝑚 is given value of
0.005.
The property of combining these crossover and mutation
operators can make a uniform search in the initial space in
early generations and very locally at a later stage, favoring
local tuning. It also greatly reduces the risk of premature
convergence.
4.4. Hybrid Algorithm for Classification. Before implementing the hybrid algorithm, remote sensing data must be preprocessed. Preprocessing of remote sensing imagery data
refers to the normalized processing of remote sensing image
data. The normalized transform uses the following formula
[19, 20]:
𝑥𝑖 =

(𝑥𝑖 − 𝑀min )
,
(𝑀max − 𝑀min )

(13)

where 𝑀min represents the minimum value of a band of
ETM+ image. Correspondingly, 𝑀max is the maximum value
of the identical band. Accordingly, all data after normalizing
are distributed in the region of 0 and 1. This reduces the
solving difficulty to a certain extent.
All weights, thresholds, and other parameters of BPNN
are initialized at random firstly. They are encoded as real
numbers. Initial population of GA is generated.
Training samples are input, and fitness of GA is calculated. The individual is assessed by program. If the individual
gets specified precision, then program exits GA and enters
into modified BPNN, or else program executes selection,
crossover and mutation operator to generate new species. GA
will not exit until program reaches the maximum number of
evolution generation or the individual gets specified precision.
In modified BPNN, the best individual is decoded by program, and then initial structure of BPNN is gotten. Weights,
thresholds of all nodes, layers number of hidden layers and
node number of hidden layers are obtained. Then program
executes training. Training will not exit until program reaches
the maximum number of iterations or overall error is less
than a specified minimum value. Finish of training means
that the best stable effective BPNN is constructed.
Finally, program executes classification with trained
BPNN and outputs the classified results. Flow chart of
GABPNN hybrid algorithm can be seen in Figure 2.

5. Classification Results
Figure 3(a) illustrates the classification result by using conventional MLC algorithm. This algorithm is implemented by
ENVI 4.8. In this software, training samples are defined as
region of interest (ROI).
Figure 3(b) indicates the classification result by using
improved BPNN algorithm. In this classification method, a 69-7 three-tier neural network architecture was adopted. The
input layer has six nodes, namely, band numbers of the image.
There is only one hidden layer and the node number of this
layer is 9 by experience. The output layer node number is
the same as classification category number, namely, 7. The
anticipated outputs for the 7 surface classes: C1, C2, C3, C4,
C5, C6, and C7, are defined as (1 0 0 0 0 0 0), (0 1 0 0 0 0
0), (0 0 1 0 0 0 0), (0 0 0 1 0 0 0), (0 0 0 0 1 0 0), (0 0 0 0
0 1 0), and (0 0 0 0 0 0 1), respectively. The error between
the real output and the desired output are evaluated. If the
BPANN output is beyond the allowed error, then the error
feedback is propagating in the opposite direction to adjust the
weights until the satisfied results are acquired. We first choose
the training data for this modified BPANN from the ETM+
image at six bands and 80 samples for each class. Then the
maximum number of iterations is set to 15000, and the initial
learning rate is set to 0.05. Momentum factor is set to 0.5. The
minimum MSE is set to 0.01. After 14520 times of training,
an excellent BPNN is constructed. The training performance
convergence curve is shown in Figure 4. Input ETM+ remote
sensing image data and the classification result are gotten, as
shown in Figure 3(b).
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Preprocessing of remote sensing image data
Initialization for all weights, thresholds and other
parameters of BPNN at random, real coding,
generation for initial population of GA
Inputting training samples,
calculating the fitness,
assessing the individual

Selection,
crossover,
mutation,
generation of

No

(1) Reach the maximum number of evolution generation
(2) Reach the specified precision of the best individual

new species
Yes
Decoding, generating initial BPNN structure,
obtaining weights, thresholds of all nodes and
number of hidden layers and nodes

Training with modified BP algorithm

(1) Reach the maximum number of iterations
(2) Overall error is less than a specified minimum error

No

Yes
Classification with trained BPNN
Output classification results,
end

Figure 2: Flow chart of GABPNN hybrid algorithm.

Figure 3(c) shows the classification result by using
GABPNN hybrid algorithm. First, we used GA to generate the
initial structure of BPNN; the population size is set to 40; the
crossover probability is set to 0.66; the mutation probability is
set to 0.005; the maximum evolution generation is set to 500.
The GA program exited after the 458th generation, and then
the most suitable 4-layer structure BP network is obtained. In
this BP network, there are two hidden layers; the nodes number of hidden layer near the input layer is 15, and the nodes
number of hidden layers near the output layer is 18. Therefore
a 6-15-18-7 structure of 4-layer BPNN is constructed. Then
we utilized the previous improved BP algorithm for getting
the exact solution of weights and thresholds. The maximum
number of iterations is also set to 15000. The initial learning

rate is set to 0.05. The momentum rate factor is set to 0.5. The
minimum MSE is set to 0.01. After 11200 times of training,
an efficient stable BPNN is constructed. The hybrid algorithm
training performance convergence curve is shown in Figure 5.
Using this fine-tuned BPNN, we obtained the classified result
as shown in Figure 3(c).

6. Classification Assessment
In order to further verify the correctness of these three types
of remote sensing image classification algorithm, we carried out the quantitative comparison for their classification
accuracy [15]. The method is conventional, that is, confusion
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Figure 4: Training performance of modified BPNN.
Table 2: Comparison of production and user accuracies, as a
percentage.

(b)

Accuracy
Production
accuracy
MLC
BPNN
GABPNN
User
accuracy
MLC
BPNN
GABPNN

C1

C2

C3

C4

C5

C6

C7

70.8
75.0
79.2

82.5
83.3
91.7

73.3
77.5
87.5

88.3
91.7
95.8

91.7
91.7
92.5

62.5
66.7
75.0

74.2
75.0
81.7

69.7
72.6
84.1

75.0
78.1
77.5

77.2
81.6
83.3

92.2
94.8
99.1

71.9
72.9
84.7

78.1
81.6
89.1

82.4
82.6
88.3

Table 3: Comparison of the overall accuracy.

Overall accuracy
Kappa coefficient

Water
Farmland
Woodland
Grass

Residential area
Traffic land
Other construction lands
(c)

Figure 3: Classified images derived from (a) MLC, (b) BPNN, and
(c) hybrid algorithm of GABPNN.

MLC
77.62%
0.739

BPNN
80.12%
0.768

GABPNN
86.19%
0.838

matrix, production and user accuracy, overall accuracy, and
kappa coefficient [21].
Every 120 validation samples for each type are selected
from existing LULC mapping or field investigation with global positioning system (GPS) receiver. The production and
user accuracy, overall accuracy, and kappa coefficient are then
computed [22]. They are shown in Tables 2 and 3.
From the previous classification images and accuracy
tables, we find that farmland, woodland, and grass are prone
to misclassification or leakage points because of the phenomena of “same object with different spectra” and “same
spectrum with different objects,” whereas water area has
relatively high accuracy in three classification methods. The
reason is that the spectral curves of water and others are
different obviously, while farmland, woodland, and grass have
similar or same spectrum. Residential area, traffic land, and
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Figure 5: Hybrid algorithm training performance.

other construction land are easy to be misclassified because
these classes contain large amounts of cement and other
building materials which caused their spectra similar or alike.
As shown in Table 2, the user accuracy of farmland in
MLC is 69.7%, and it is 72.6% and 84.1% in modified BPNN
and GABPNN, respectively. The user accuracy of GABPNN
is 14.4% higher than that of MLC, and it is nearly 12% higher
than the modified BPNN algorithm, the same for other classification types.
The overall accuracy and kappa coefficient are shown in
Table 3. From this table, we can find that the overall accuracy
is from 77.62% of MLC to 80.12% of BPNN and to 86.12% of
GABPNN hybrid algorithm. It increased significantly, as well
as kappa coefficient.

7. Conclusion and Discussion
This paper developed a hybrid algorithm of GABPNN to
optimize the network’s structure and make fast convergence
of BPANN. The algorithm is applied on ETM+ image in
Shunde District, Guangdong, China.
(1) The training speed of modified BPNN after GA is
speeded up and the classification accuracy for all surfaces is
improved.
(2) Applying the GA algorithm to initialize the structure
of the BPANN can take its advantage of optimization and
overcome the shortcomings of the BPANN’s slow convergence and falling into the local minima easily.
The probability distribution density of the training data of
each type with a normal distribution characteristic is required
in the conventional MLC, but the actual chosen sample data
may be deviated from the normal distribution; therefore,
classification precision of MLC is low relatively.
But on the contrary, there are no strict requirements,
no strict limitations, and no need of normal distribution
character on training data in BPNN. In addition, BPNN has
the ability of complex nonlinear mapping. Hence, it is more

suitable for the classification processing of massive highdimensional remote sensing image data.
On the other hand, the ordinary BPNN classifier has
defects of falling into local minima easily, convergence difficultly, and being time consuming, while the GABPNN developed in this study not only avoids shortcomings of BPNN
but also improves the accuracy and efficiency of classification.
Experience has proved that GABPNN hybrid algorithm is
stable and effective. Results of experiments in this paper
show that the hybrid algorithm outperforms improved BP
algorithm and MLC algorithm. It combines the advantages
of both and it can always get the global optimal solution. It is
an excellent competent promising algorithm of classification
processing for moderate resolution multispectral remote
sensing data and it has a strong practical value.
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