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Historically, neutrino physics is a field of continuous
advancement: from the neutrino discovery, proposed by Pauli
in order to balance the missing energy of the beta decay in
the early 20th century, to the proof of the neutrino mass
through the measurement of the solar neutrino oscillations
by the end of it. The beginning of the 21st century opened
the intensity frontier with the development of near mega-
watt accelerator machines. These machines, competing with
the mega-watt reactors as sources of neutrinos, have been
pushing the frontier back at a rate of 1012 events per
second. So, such experiments are now comparing sensitivity
reach in units of “MWatt-kton-years.” Even from the first
decade of this century, we have already the success of the
neutrino oscillationmixing parameters going from unknown
quantities to the best measured values in the field.

The sensitivity frontier is characterized by enormous
detector systems that lead precision studies from laboratory
or astrophysical neutrino sources. Relying on the detec-
tion sensitivity of these systems, there exist various works
describing in high precision the fluxes, rates, distributions,
and directions of reactor, beam, and supernova neutrinos.
They review a wide range of subjects in accelerator neutrino
oscillations at theGeV range, solar and astroneutrinos in sub-
MeV to 10MeV, neutrino nuclear interactions in the 10MeV
to GeV region, double beta decays, tritium beta decays,
and interactions with complex nuclei. The phenomena are
well known, but their absolute cross-sections need to be
understood at a high precision in order to fix the strong

part of the radiative corrections and be able to independently
check the standard model, particularly in the light of the new
boson discoveries.The frontiers have generatedmultinational
collaborations tallying great numbers of scientists and engi-
neers having built or designed multimillion projects.

Neutrino oscillation data come from a variety of solar
(Super-K, SNO, BOREXINO, etc.), atmospheric (mainly
Super-K), reactor (KamLAND, Double Chooz, RENO, and
Daya Bay), and short- and long-baseline accelerator experi-
ments (MINOS, MiniBooNE, MINERVA, OPERA, ICAROS,
T2K, and NOvA) [1, 2]. They are fed by intense beams
from advanced machines at JPARC, CERN, FERMILAB,
and ORNL, along with several power plant nuclear reactors
around the world. To describe them the simplest unitary
form for the lepton mixing matrix is assumed and the state-
of-the-art solar and atmospheric neutrino calculations are
used. In this special issue, various papers are devoted to
the latest research related to existing experiments as well
as to the sensitivity estimations of future ones like Hyper-
Kamiokande, MicroBOONE, DUNE (Deep Underground
Neutrino Experiment, previously named LBNE), COHER-
ENT, JUNO, LENA, and others [1, 3].

In the low-energy and intermediate-energy neutrino
range, the charged-current (CC) and neutral-current (NC)
neutrino-nucleus reactions provide crucial understanding of
the underlying physics of fundamental electroweak inter-
actions within and beyond the standard model. Coherent
scattering of neutrinos on nuclei was proposed long ago as
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an excellent probe of neutral-current ]-nucleus processes
for a plethora of conventional neutrino physics applications
and new-physics open issues, but it was not yet measured
experimentally [4]. However, a great number of events are
expected to be recorded in the going experiments (e.g.,
COHERENT, TEXONO, and GEMMA). On the theoretical
side, the neutrino-nucleus cross-sections calculations (with
nuclear methods like the shell model, quasiparticle random-
phase approximation, QRPA, shell-model Monte Carlo, etc.)
predict quite reliably the nuclear transitions for neutrino
energies 𝐸] ≤ 100MeV. Simulated signatures of neutrino
interactions on various isotopes ( 48Ti, 76Ge, 114Cd, 132Xe,
etc.) can, subsequently, be derived for several low- and
intermediate-energy neutrino distributions of astrophysi-
cal neutrino sources, like the solar, supernova, and Earth
neutrinos, as well as the laboratory neutrinos, the reactor
neutrinos, the pion-muon stopped neutrinos, and the beta
beam neutrinos [5–7]. In view of the operation of extremely
intensive neutrino fluxes (at the SNS, PSI, JPARC, Fermilab,
etc.), the sensitivity to search for new physics will be largely
increased, and, therefore, through coherent neutrino-nucleus
scattering cross-section measurements, several open ques-
tions involving nonstandard neutrino interactions, neutrino
magnetic moment, sterile neutrino searches, and others may
be answered.

Neutrinoless double beta decay (0]𝛽𝛽) is suitable for
high-sensitivity studies for Majorana ] masses and possi-
ble new particles beyond the standard model. The (0]𝛽𝛽)
transitions are extremely rare processes of the order of
10
−34–10−36 per sec. There are several existing (0]𝛽𝛽) exper-

iments in progress as well as R&D on future ones such
as MAJORANA, GERDA, MOON, Super-NEMO, CUORE,
SNO+, EXO, KamLAND, COBRA, and NEXT [8]. The
present volume includes two (0]𝛽𝛽) papers. One is an inter-
esting description of cryogenic multiton scale detectors with
scintillation light read-outs. The other is a (0]𝛽𝛽) study used
to search for heavy ] and SUSY particles as a complementary
probe to the energy frontier searches [8, 9].

During the last few years, there is growing interest in
high-energy neutrino astronomy including high-energy 𝛾-
ray and neutrino astronomy with large neutrino telescopes
under design or construction. New findings have been
reported by ambitious projects in various stages of con-
struction including ANTARES, NEMO, NESTOR, IceCube,
AUGER, and AMANDA. Novel ideas for neutrino detection
using acoustic and radio waves continue to receive serious
attention. The relevant topics included in this volume refer
to solar neutrinos, atmospheric neutrinos, results in high-
energy neutrino astronomy, and plans in high-energy neu-
trino astronomy and dark matter research. Current experi-
ments in the field of high-energy neutrino astronomy include
AMANDA-II and IceCube at the South Pole. Astonishing
developments in new telescopes and detector facilities are
described for the CTA Cerenkov gamma-ray array, the Fermi
orbital telescope, and the aforementioned IceCube neutrino
detector. High-energy neutrinos are assumed to be produced
in galactic XRB that include a stellar mass compact object
with a companion (donor) star still in the main sequence

that is away from the final stages of its evolution [10]. Such a
binary system may emit in many different wavelengths, from
radio and IR to high-energy gamma rays and neutrinos. In
the present volume simulations of neutrino emissions from
relativistic galactic astrophysical jets are modelled. These
neutrinos have very high energies (in the order of 100GeV)
and specialized instruments are in operation in order to
detect them, both on Earth and in space. Furthermore, some
next generation instruments are in the process of design and
construction.

Neutrino mass may be closely connected to the dark
matter of the Universe. Thus, neutrino oscillations, along
with neutrino mass generation schemes, suggest dark matter
candidates with properties relevant to direct or indirect
detection prospects. These issues may be closely interlinked
and are several examples of neutrino-motivated dark matter
candidates.Though all of them demonstrate cold dark matter
properties, as far as the cosmic microwave background
(CMB) is concerned, some of themmay even behave as warm
darkmatter regarding its structure formation.When it comes
to detection, some are ideal for direct detection, while others
are ideal for indirect one through their decay products [11,
12]. These searches are presently negative, but they continue
for other phenomena, such as weakly interacting massive
particles or candidates of cold dark matter. Some of such
developments are in this volume as well.

The knowledge about neutrinos continues to grow using
atmospheric and solar neutrinos, though it is now concen-
trating on quantitative and not simply qualitative features
of understanding the mixing parameters. It is expected
that further understanding of the nature of neutrino will
come from accelerator neutrinos, using off-axis beams, and
reactor neutrinos, usingmultiple detectors underground.The
sensitivity of the current and proposed detecting systems has
spurred the detailed study of neutrino sources, be it man-
made or astrophysical. Relying on the detection sensitivity
of the intensity and sensitivity frontier systems there are
various works of high precision estimation of fluxes, rates,
and distributions of reactor, beam, and supernova neutrinos.
The papers in this special issue are a sample of the world effort
to push the frontiers even further back towards the neutrino
mass hierarchy and the CP violation of the lepton sector. The
road to the coveted new physics is now open, but perhaps this
will be a subject for another special issue.

Theocharis Kosmas
Hiro Ejiri

Athanasios Hatzikoutelis
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We address simulated neutrino emission originated from astrophysical jets of compact objects within the Galaxy. These neutrinos
are of high energies (𝐸] of the order up to a few TeV) and for their observation specialized instruments are in operation, both
on Earth and in orbit. Furthermore, some next generation telescopes and detector facilities are in the process of design and
construction.The jet flow simulations are performed using themodern PLUTOhydrocode in its relativistic magnetohydrodynamic
version. One of the main ingredients of the present work is the presence of a toroidal magnetic field that confines the jet flow and
furthermore greatly affects the distribution of the high energy neutrinos.

1. Introduction

In recent years, a remarkable development of neutrino and
gamma-ray astronomy took place. New telescopes and detec-
tor facilities were designed and implemented, such as the
CTA Cerenkov gamma-ray array [1], Fermi orbital telescope
[2], or the IceCube neutrino detector [3]. The IceCube neu-
trino observatory, located at the South Pole, detects neutrinos
in a wide energy range, far exceeding the energies of man-
made accelerator beams. IceCube features a large detector
volume, increasing the possibility to detect neutrinos from
individual astrophysical sources.

Potential sites for gamma-ray and neutrino production
from jets include galactic sources of X-ray binaries (XRB) [4–
6], as well as extragalactic sources [7] such as active galactic
nuclei (AGN) ([8]). The above categories may be extended
to include a wide range of different phenomena, such as
supernova remnants [9, 10] and other possible sources of
high energy particles.These systems may produce 𝛾-rays and
high energy neutrinos from interactions (collisions) of high
energy protons with thermal ones. In general, a large detector
volume is needed, since neutrinos are so weakly interacting
with matter.

At the same time, 𝛾-ray emission can also be observed,
from such sources, by ground and satellite based gamma-
ray telescopes (e.g., Fermi, CTA).When studying acceleration
processes of those sources, it is often useful to compare the
neutrino and 𝛾-ray fluxes emanating from them.

XRB are binary stellar systems comprising a main
sequence star and a compact object, emitting in the X-ray
band, often also called microquasars [4, 11], in relation to the
their cousins of galactic scale, quasars. They have relativistic
jets that include acceleration sites allowing particles to reach
energies up to TeV [12]. There, the cooling of TeV electrons
is very strong due to the high density of the radiation,
implying a hadronicmechanism for the gamma-ray emission.
Simultaneous neutrino emission is then possible as well
[5, 6].

In this work, we aim to simulate the neutrino flux generat-
ed from amodel microquasar X-ray binary system, assuming
a hadronic jet and hadron-related acceleration processes
(nonthermal proton acceleration and interactions of high
energy protons). Towards this purpose, a power law with
an exponential cutoff spectrum is used [5, 13]. This is an
extension of our previous calculations of 𝛾-ray emission from
a simulated relativistic hydrodynamical jet [14].
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Table 1: Values of various physical andmodel parameters pertaining to the 𝛾-ray emission from the jet, for the simulation run, obtained with
the linear method and the Hancock integrator.

Parameter Comments
Cell size (×1010 cm) 0.25 PLUTO’s computational cell
𝜌jet (cm

−3) 1.0 × 10
11 Initial jet matter density

𝜌sw (cm−3) 1.0 × 10
12 Stellar wind density

𝜌adw (cm−3) 1.0 × 10
12 Accretion disk wind density

𝑡
max
run (s) 1.5 × 10

3 Model execution time
Interpolation method Linear
Integrator MUSCL-Hancock
EOS Ideal Equation of state
BinSep (cm) 4.0 × 10

12 Binary star separation
𝑀BH/𝑀sun 3–10 Mass range of collapsed star
𝑀star/𝑀sun 10–30 Mass range of main Seq. star
𝛽 = V

0
/𝑐 0.26 Initial jet speed

𝐿
𝑝

𝑘
2 × 10

36 Jet kinetic luminosity
𝑞rel 10

−4 Fast proton energy fraction
𝑞] 0.1 Neutrino energy fraction (from fast protons)
𝛼 −2 Fast proton power law index
𝐸
max
𝑝

(GeV) 10
6 Cutoff energy of the fast proton distribution

Grid resolution 120 × 200 × 120 PLUTO grid resolution (𝑥𝑦𝑧)

Neutrinos are mainly produced through pion and muon
decay with the pions coming from inelastic 𝑝𝑝-scatterings
among nonthermal protons and thermal ones within the jet.
Pion decay by-products include amuon and amuon neutrino
as 𝜋± → 𝜇

±
+ ]
𝜇
(]̃
𝜇
). The muons can afterwards decay again

into an electron or a positron and the associated neutrino.
Another pion decay channel leads to two gamma-ray photons
[6, 13, 15]:

𝑝𝑝 → 𝑝𝑝𝜋
0
+ 𝐹

𝑝𝑝 → 𝑝𝑛𝜋
+
+ 𝐹

(1)

(𝑚
𝑝
= 1.67 × 10

−24 g and 𝑚
𝜋
= 2.38 × 10

−25 g). 𝐹 comprises
𝜋
0 and 𝜋

+
𝜋
− pairs. Subsequently, pion decay leads to muons,

𝛾-rays, and neutrino production.
In the present work, we concentrate on simulations of

neutrino emission from relativistic galactic astrophysical jets.
These neutrinos have very high energy (of the order of TeV)
and specialized instruments are in operation in order to
detect them, both on Earth and in space. Furthermore, some
next generation instruments are in the process of design and
construction. The jet flow simulations are performed using
the modern PLUTO hydrocode in its relativistic magneto-
hydrodynamic version [16]. We assume the existence of a
toroidalmagnetic field that confines the jet flow (in the region
of the compact object) [17], affecting the production of the
high energy neutrinos [6].

2. Description of the Method

The jet is modelled using the relativistic magnetohydrody-
namic (RMHD) version of the PLUTO hydrocode [16]. The
PLUTO RMHD module is employed in order to simulate

the jet flow. The Generalized Lagrange Multiplier (GLM)
correction method is used, enforcing magnetic divergence
suppression through hyperbolic divergence cleaning, while
the MUSCL-Hancock scheme is employed as the integrator.
A toroidal magnetic field is used that helps constrain the jet,
to an extent depending on the field strength. In this paper, we
explore the existence of a strong magnetic field that keeps the
emitted neutrino flux highly concentrated [17].

The toroidal magnetic field setup employed leads to a
rather pronounced jet confinement, due to Lorentz forces
acting on the jetmatter towards the jet axis.The stellar wind is
set to decrease away from the companion star as 1/𝑟2, while a
corona of 1/𝑦2, 𝑦 being the jet axis direction, is setup near the
compact object, similar to [14]. The most important model
parameters are shown in Table 1. The IDL suite and the VisIt
visualization suite are then employed in order to present the
results of the simulations in a graphical manner.

The boundary conditions are outflow at the top and at the
sides of the computational domain (“box”) and reflective at
the bottom, where the jet base is located. The jet emanates
from the middle of the bottom plane (𝑥-𝑧 plane) moving
upwards, that is, along the model’s 𝑦-axis.

3. Radiative Transfer and Imaging

The line-of-sight (LOS) code of [18] is used to produce artifi-
cial neutrino “images” of the jet-corona system. The particle
“emission” is calculated separately from each computational
cell, under the twin assumptions that the particle distribu-
tion’s dominant cooling time is smaller than the hydrocode’s
time step and also that the mean free path between collisions
is smaller than the hydrocode computational cell dimensions.
Then each cell can be treated individually from a radiative
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point of view and its neutrino emission contribution, at
a given energy level, is added to its corresponding LOS.
Naturally, no absorption is relevant for neutrinos in such
systems.

The emission calculation is performed in Mathematica,
mainly following the analysis of [5, 6]. Furthermore, for
converting the neutrino emission from the jet reference frame
to our rest frame, the calculational procedure can be, for
example, that of [19] or that of [20], and we have, respectively,

𝑛 (𝐸,Ω)

=
𝐴

4𝜋

Γ
−𝛼+1

𝐸
−𝛼

(1 − 𝛽 cos(𝜃)√1 − 𝑚
2
𝑐
4
/𝐸
2
)
−𝛼

[sin2(𝜃) + Γ
2
(cos(𝜃) − (𝛽/√1 − 𝑚

2
𝑐
4
/𝐸
2
))
2

]

1/2
,

𝑛 (𝐸,Ω)

=
𝐴

4𝜋

Γ
−𝛼−1

𝐸
−𝛼

(1 − 𝛽 cos(𝜃)√1 − 𝑚
2
𝑐
4
/𝐸
2
)
−𝛼−1

[sin2(𝜃) + Γ
2
(cos(𝜃) − (𝛽/√1 − 𝑚

2
𝑐
4
/𝐸
2
))
2

]

1/2
,

(2)

whereΩ is the line-of-sight solid angle, Γ denotes the jet beam
Lorentz factor (for thermal, slow protons), and 𝛽 = 𝑢/𝑐, the
known ratio.

The difference between the above expressions lies in the
powers of the two factors of the denominators on their last
fraction. In the present work, we have chosen to apply the
expression of [19].

The nonthermal proton distribution suffers synchrotron
and adiabatic losses, affecting the balance in the transport
between protons and pions. Following the formalism of [5,
13], we may then obtain the neutrino emissivity:

𝐹] (𝑥, 𝐸𝑝) =
2

𝜆
∫

𝜆

0

𝐹
𝜋
(
𝐸]

𝑥
, 𝐸
𝑝
)
𝑑𝑥

𝑥
, (3)

where 𝑥 = 𝐸
𝜋
/𝐸
𝑝
, 𝜆 = 0.427, and the 𝐹

𝜋
(for pion

distribution) reads

𝐹
𝜋
= ∫

𝐸𝑝

𝐸𝜋

𝐹
(inj)
𝜋

(𝐸

) 𝑡
−1

𝑝𝑝

𝑏𝜋 (𝐸𝜋)


exp[
1

𝑏
𝑧
𝐸
𝜋

+
1

𝑏
𝑧
𝐸

+

𝛼
𝑧

𝑏
2

𝑧

log(
𝐸
𝜋

𝐸

)

+
𝑎
𝑧

𝑏
2

𝑧

log(
𝑏
𝑧
+ 𝛼
𝑧
𝐸


𝑏
𝑧
+ 𝛼
𝑧
𝐸
𝜋

)]𝑑𝐸

.

(4)

The function 𝐹
(inj)
𝜋

is given in [13] and 𝛼
𝑧
, 𝑏
𝑧
are given in [5].

We note the dependency of 𝑏
𝑧
on themagnetic field 𝐵, among

others.
On the other hand, adopting the approach of [6], also [15],

we have the following line of calculations for the neutrino
emission that was actually used in the current work. For
the readers convenience we give here a brief presentation of
the formalism of [6] (for more details see [6] and references
therein).

Starting with the pion injection function, we have

𝑄
(𝑝𝑝)

𝜋
(𝐸, 𝑧)

= 𝑛 (𝑧) 𝑐 ∫

1

𝑘

𝑑𝑥

𝑥
𝑁
𝑝
(
𝐸

𝑥
, 𝑧) 𝐹
(𝑝𝑝)

𝜋
(𝑥,

𝐸

𝑥
) 𝜎
(inel)
𝑝𝑝

(
𝐸

𝑥
) ,

(5)

where 𝑘 = 𝐸/𝐸
(max)
𝑝

and

𝐹
(𝑝𝑝)

𝜋
(𝑥,

𝐸

𝑥
)

= 4𝛼𝐵
𝜋
𝑥
𝛼−1

(
1 − 𝑥
𝛼

1 + 𝑟𝑥
𝛼
(1 − 𝑥

𝛼
)
)

4

× (
1

1 − 𝑥
𝛼
+

𝑟 (1 − 2𝑥
𝛼
)

1 + 𝑟𝑥
𝛼
(1 − 𝑥

𝛼
)
)(1 −

𝑚
𝜋
𝑐
2

𝑥𝐸
𝑝

)

1/2

(6)

is the pion distribution per proton-proton interaction, 𝑥 =

𝐸/𝐸
𝑝
,𝐵
𝜋
= 𝑎

+0.25, 𝑎 = 3.67+0.83𝐿+0.075𝐿

2, 𝑟 = 2.6/√𝑎
,

and 𝛼 = 0.98/√𝑎
 (see [6, 13]).

The pion energy distribution is provided as the solution
of a transport equation

𝑁
𝜋
(𝐸, 𝑧)

=
1

𝑏𝜋 (𝐸)


∫

𝐸
(max)

𝐸

𝑑𝐸

𝑄(𝐸

, 𝑧) exp [−𝜏

𝜋
] (𝐸, 𝐸


) ,

(7)

where

𝜏
𝜋
(𝐸

, 𝐸) = ∫

𝐸

𝐸


𝑑𝐸

𝑡
−1

𝜋
(𝐸, 𝑧)

𝑏𝜋 (𝐸

)


. (8)

Finally, for the emissivity of neutrinos emanating from
direct pion decays (prompt neutrinos), we have [6, 15]

𝑄
𝜋→ ] (𝐸, 𝑧)

= ∫

𝐸max

𝐸

𝑑𝐸
𝜋
𝑡
−1

𝜋,dec (𝐸𝜋)𝑁𝜋 (𝐸𝜋, 𝑧)
Θ (1 − 𝑟

𝜋
− 𝑥)

𝐸
𝜋
(1 − 𝑟

𝜋
)

,

(9)

where 𝑥 = 𝐸/𝐸
𝑝𝑖
and 𝑡
𝜋,dec is the pion decay time scale.

The neutrino emissivity can then be integrated over 3D
cell volume (voxel volume) and divided by the surface of
a sphere, whose radius is the distance to Earth. The result
is a synthetic “neutrino emission observation” of the binary
system. By repeating the process for many energies, we can
then obtain a SEDplot. In order to simplify the computations,
the hydrodynamic quantities will first be obtained as an
average over the whole of the jet and then used to calculate
the point emission from the jet system, at a given energy (see
below).

4. Results and Discussion

4.1. PLUTO Hydrodynamic Modeling. The jet is confined
in a rather pronounced way by the toroidal magnetic field
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Figure 1: A 2-dimensional plot (jet cross-section, depicting a slice
cut parallel to the 𝑥𝑧-plane) of the strongest components of the
jet magnetic field, in PLUTO simulation units. We can see that
the toroidal component (ringwise) constitutes a significant part
of the field, while other magnetic lines form part of the poloidal
component, especially near the jet axis.

component (Figure 1), as opposed to the null RHD case in
[14] (Figures 2 and 3). The various emission sites are then
concentrated along the jet axis. This effect is even more
pronounced because of local turbulence occurring naturally
in the jet flow. The jet head advances through the surround-
ing stellar and corona winds, but its sideways expansion
is limited. The magnetic field contributes to the emission
mechanism so increased emission is expected from the inner
flow funnel of the jet structure. The strong confinement is a
result of adoption of a relatively intense field configuration,
allowing the beam to remain focused late into the simulation;
therefore emission is expected to be present at late stages of
the numerical experiment.

The LOS code can create a synthetic image and we then
add up all of its pixel’s intensities for total neutrino intensity
from the system, always at a given energy. By repeating the
process formanydifferent energies, we can obtain the spectral
emission distribution of the model system. Using some kind
of normalization in relation to an external factor, such as an
energy estimate for the total energy emitted from the system
in neutrinos, we could then adopt actual units and directly
compare to past and planned observations.

Nevertheless, we omit the LOS step and simply add up
the intensities of neutrino emission from all volume cells
of the system. The reasons are twofold. On the one hand,
no absorption occurs for neutrinos; therefore no need exists
for a full solution of the equation of radiative transfer.
On the other hand, current and near-future observations
detect stellar neutrino sources as strictly point ones so no
spatial resolution whatsoever exists for them. Combining the
above two arguments we arrive at the conclusion that merely
adding up emissions from all cells of the system provides
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Figure 2: A plot of the magnetic field magnitude roughly half way
into the simulation. We can see the jet self-confinement due to
magnetic forces resulting in a narrow beam.

an accurate model neutrino emission from a point source
system, all the while the system is being modelled internally
as a fully dynamical relativistic magnetohydrodynamical jet
(RMHD jet). In Figure 1 a snapshot of the 3-dimensional
jet magnetic field configuration can be seen, as the jet head
advances through the middle of the computational domain.
The two main components of the field can be determined
and the presence of the toroidal component contributes to
the jet confinement through the Lorentz force towards the jet
axis. There is a strong dependence of the neutrino emission
on the magnetic field, since the synchrotron energy loss
mechanism’s time scale strongly depends on the value of the
field 𝐵.

In Figure 2 we can see the magnetic field magnitude,
roughly halfway into the simulation run.The jet remains well
confined, because of the magnetic force towards the jet axis
acting due to the toroidal field component. This mechanism
intensifies the possible neutrino emission, as it allows the
magnetizedmatter to stay dense and also the field contributes
to raise the emission levels (equation (4)).

Figure 3 shows the jet density at themiddle of the simula-
tion, where the jet is well confined and relatively little mixing
has occurred between the jet matter and the surrounding
winds. The sideways flow is still of secondary importance
and therefore less emission is expected from the sides of the
jet. This is opposed to the purely hydrodynamical jet case
(e.g., [14]) where the jet expands much more and mixes with
the ambient medium, allowing for more dynamical effects
to occur over a larger volume at the jet sides. On the other
hand, the magnetized jet here demonstrates a denser inner
flow that stays focused and does not dissipate into the winds,
maintaining stronger emission throughout the simulation.
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Figure 3: A plot of the jet density roughly halfway into the
simulation. We can see the jet beam advancing along a narrow
path through the ambient medium, kept together by the magnetic
toroidal field component. This confined jet is then a suitable site for
increased high energy 𝛾-ray and neutrino emission/production, due
to maintaining extreme conditions along the jet length.

4.2. Neutrino Emission Simulations. In this work we simulate
the neutrino emission from the SS433microquasar system by
extending the models of [5, 14] which refer to the emission
of 𝛾-rays from these jets. The differences between the two
types of emission necessitate the employment of additional
techniques. Towards this aim we have used the following:

(i) the formalism of [5, 6] which consider the cascade
of particles in microquasar jets that lead to the
production of neutrinos;

(ii) the computationally demanding numerical integra-
tion techniques used to reproduce the cascade of
particles, at individual hydrocode grid cells, based on
the works of [6, 13].

Due to the relatively limited availability of computing
time the grid resolution of the hydrocode data was reduced
to a more manageable size. Nevertheless, we still obtain a
better resolution than that currently available from neutrino
“observations” of microquasar systems, where only point
sources are detected.

We should mention that, in studying the dependence
of neutrino intensity originating from our model system,
the PLUTO code produces jets whose dynamics directly
affect the shape of the curve in the high energy tail (well
above 100GeV). More specifically, the fact that the inner
jet has a higher proportion of faster protons and pions,
relative to the outer jet, causes the neutrino emissivity there
to begin dropping abruptly at higher energies compared to
the behavior shown by the results of [6]. A more detailed
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Figure 4: Unnormalized neutrino intensity, 𝐼](𝐸]), on Earth as
a function of the neutrino energy, 𝐸], per energy interval. This
neutrino intensity is coming out of the jet simulations in the
presence of the strong toroidalmagnetic field that appreciably affects
the emission.

analysis including muonic neutrino emissions and higher
hydrodynamical grid resolution is currently performed and
will appear in future work.

Figure 4 shows the unnormalized neutrino intensity on
Earth, 𝐼](𝐸]) per energy interval, coming out of the jet
simulations. For simplicity, only promptly generated neu-
trinos from pion decay have been considered in this figure
(delayed neutrinos [15] are to be included in future work).
We concentrate on emissions produced not long after the
beginning of the jet ejection event (consequently, our model
emission here mainly comes from the inner part of the
jet).

As a first approximation, the original hydrocode results
of grid size 120 × 200 × 120 have been regridded into a
much smaller resolution of 3 × 5 × 3. Then, following [6] the
neutrino emission from𝑝𝑝 interactionswas obtained.We can
see a general agreement with [6]. It should be stressed that
the difference between the behaviour of 𝐼

𝑛
𝑢(𝐸
𝑛
𝑢) in the high

energy tail illustrated in Figure 4 and that of [6] is mainly
attributed to the strong magnetic confinement assumed in
our present work, as compared to that used in [6].

In order to facilitate comparison with observations, the
neutrino spectral intensity resulting from the jet is quantified
using an energetic argument. At first, we assume that the
energy fraction carried by the nonthermal (fast) proton
distribution is of the order of 10−4 [5], while the neutrino
energy fraction, of the fast protons, carried away from the
system is roughly of the order of 10% [21]. In total, neutrinos
are considered to carry away from the system around 10

−5

of the total kinetic luminosity of the bulk flow proton
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stream. The latter’s kinetic luminosity is calculated, from the
simulation initial conditions to be around 2 × 10

36 erg/sec.
In order to constrain the luminosity 𝐼](𝐸]), we then

calculate the area under the curve in Figure 4 equal to 10
−4

(arbitrary units) ×105 GeV = 10 (arbitrary units) ×GeV. This
may represent the power emitted; therefore we equate this
area to 2×10

31 erg/sec or 1034 GeV/sec, which is the neutrino
fraction of the jet kinetic luminosity. This fixes the arbitrary
unit to be equal to 10

33
(GeV s)−1. The intensity curve of

Figure 4 flattens at around 10
−4, which is therefore found to

be 10
29
(GeV s)−1. This value is lower than that of [5] by 1-

2 orders of magnitude at lower energies but is higher by a
similar amount at higher energies.The reason is that our jet is
strongly confined by the toroidal magnetic field component
which means that a higher energetic proton population is
maintained later on. This is shown before the emission
calculation binning and averaging process. Furthermore, this
spectral emission distribution appears flatter at first and
then drops rapidly. This favors emission at higher neutrino
energies.

Detectability by current and upcoming arrays is conse-
quently relativelyworse than that in [5] (for the SS433 system’s
distance), which is taken to be marginal already. This implies
that a more energetic jet is needed to provide higher neutrino
flux, perhaps a jet of 100 times higher bulk mass flow rate.
On the other hand, a more turbulent jet with more shock
acceleration sites for nonthermal protons may lead to a 𝑞rel
of 10 times higher, that is, 0.001. This raises the expected
flux by a corresponding factor of 10 as well. We conclude
that the model jet may, under favorable conditions, fall
within the detection limits of modern detectors discussed in
Section 1.

5. Summary and Conclusions

The neutrino production from a relativistic magnetohydro-
dynamic model jet was studied, using a hadronic model
for proton-proton interactions, leading to pion decay. High
energy neutrinos are assumed to be produced in galactic XRB
that include a stellar mass compact object. The companion
(donor) star is a main sequence one, at an earlier stage of
its evolution. The binary system in general emits in many
different wavelengths, from radio and IR to high energy
gamma-rays and neutrinos. The primary engine driving the
jets and their emissions is the gravitational attraction of
matter into the compact object. Adiabatic and synchrotron
losses were assumed and a steady-state radiative condition
was employed at a given hydrocode time step (the radiative
process is presumed to occur faster than the cell contents
change dynamically).

The toroidal magnetic field configuration of the system
confines the jet and creates an environment that favors high
energy emission of 𝛾-rays and production of TeV neutrinos
in the jet. A first attempt to model the energetic neutrino
production in the system is expected to yield a direct
connection between the jet dynamics and the energy spectra
of the particles. Further work may accommodate additional
effects, such as the full use of hydrocode data into the radiative

transfer calculations and the consideration of the relativistic
nature of the imaged jet system.

Finally, for the numerical solution of the partial differen-
tial equations (PDEs) arising from the problem, further,more
accurate numerical schemes can be also considered, like the
ones of [22].
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In the first stage of this work, we perform detailed calculations for the cross sections of the electron capture on nuclei under
laboratory conditions. Towards this aimwe exploit the advantages of a refined version of the proton-neutron quasiparticle random-
phase approximation (pn-QRPA) and carry out state-by-state evaluations of the rates of exclusive processes that lead to any of the
accessible transitions within the chosen model space. In the second stage of our present study, we translate the abovementioned
𝑒
−-capture cross sections to the stellar environment ones by inserting the temperature dependence through a Maxwell-Boltzmann
distribution describing the stellar electron gas. As a concrete nuclear target we use the 66Zn isotope, which belongs to the iron group
nuclei and plays prominent role in stellar nucleosynthesis at core collapse supernovae environment.

1. Introduction

Weak interaction processes occurring in the presence of
nuclei under stellar conditions play crucial role in the late
stages of the evolution of massive stars and in the presu-
pernova stellar collapse [1–6]. As it is known, the core of a
massive star, at the end of its hydrostatic burning, is stabilized
by electron degeneracy pressure as long as its mass does not
exceed an appropriate mass (the Chandrasekhar mass limit,
𝑀Ch) [6–10]. When the core mass exceeds 𝑀Ch, electron
degeneracy pressure cannot longer stabilize the center of the
star and the collapse starts. In the early stage of collapse
electrons are captured by nuclei in the iron group region
[6, 10].

During the presupernova evolution of core collapse
supernova, the Fermi energy (or equivalently the chemical
potential) of the degenerate electron gas is sufficiently large to
overcome the threshold energy 𝐸thr (𝐸thr is given by negative
𝑄 values of the reactions involved in the interior of the stars)
[11] and the nuclear matter in the stellar core is neutronized.
This high Fermi energy of the degenerate electron gas leads
to enormous 𝑒−-capture on nuclei and reduces the electron
to baryon ratio 𝑌

𝑒
[12, 13]. In this way, the electron pressure is

reduced and the energy aswell as the entropy drop.One of the
important characteristics of the early pre-explosion evolution

is the fact that electron capture on nuclei (specifically on
nuclei of the pf shell) plays a key role [14, 15].

In the early stage of collapse (for densities lower than a few
10

10 g cm−3), the electron chemical potential is of the same
order ofmagnitude as the nuclear𝑄 value, and the 𝑒−-capture
cross sections are sensitive to the details of GT strength dis-
tributions in daughter nuclei. For this reason, some authors
restrict the calculations only to the GT strength and evaluate
𝑒
−-capture rates on the basis of the GT transitions (at these
densities, electrons are captured mostly on nuclei with mass
number 𝐴 ≤ 60) [9–12, 15, 16]. Various methods, used for
calculating 𝑒−-capture on nuclei during the collapse phase,
have shown that this process produces neutrinos with rather
low energies in contrast to the inelastic neutrino-nucleus
reactions occurring in supernova [17–20]. These neutrinos
escape the star carrying away energy and entropy from the
corewhich is an effective coolingmechanismof the exploding
massive star [21]. For higher densities and temperatures, 𝑒−
capture occurs on heavier nuclei 𝐴 ≥ 65 [8, 10, 13–15]. As
a consequence, the nuclear composition is shifted to more
neutron-rich and heavier nuclei (including those with 𝑁 >

40) which dominate the matter composition for densities
larger than about 1010 g cm−3 [1, 15, 21, 22].

The first calculations of stellar electron capture rates for
iron group nuclei have been performed by employing the
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independent particle model (IPM) [2–4]. Recently, simi-
lar studies have been addressed by using continuum RPA
(CRPA) [25], large scale shell model [26, 27], RPA [11], and
so forth [28]. In the present work 𝑒−-capture cross sections
are obtained within a refined version of the quasiparticle
random phase approximation (QRPA) which is reliable for
constructing all the accessible final (excited) states of the
daughter nuclei in the iron group region of the periodic
table [29–38]. For the description of the required correlated
nuclear ground states we determine single-particle occupa-
tion numbers calculated within the BCS theory [29, 31, 32].
Our nuclear method is tested through the reproducibility
of experimental muon capture rates relying on detailed
calculations of exclusive, partial, and total muon capture
rates [23, 24, 39–42]. The agreement with experimental data
provided us with high confidence level of our method and
we continued with the calculations of electron capture cross
sections in supernova conditions (where the densities and
temperatures are high) using the pn-QRPA method. In this
paper, we performed calculations for 66Zn isotope (it belongs
to the iron group nuclei) that plays prominent role in core
collapse supernovae stellar nucleosynthesis [18, 19, 43].

Our strategy in this work is, at first, to perform extensive
calculations of the transition rates for all the abovementioned
nuclear processes, assuming laboratory conditions, and then
to translate these rates to the corresponding quantities within
stellar environment through the use of an appropriate con-
volution procedure [9, 14, 15, 21, 26]. To this purpose, we
assume that leptons under such conditions follow Maxwell-
Boltzmann energy distribution [9, 26].

2. Construction of Nuclear Ground and
Excited States

Electrons of energy 𝐸
𝑒
are captured by nuclei interacting

weakly with them via𝑊− boson exchange as follows:

(𝐴, 𝑍) + 𝑒
−
→ (𝐴,𝑍 − 1)

∗
+ ]

𝑒
. (1)

Theoutgoing ]
𝑒
neutrino carries energy𝐸]while the daughter

nucleus (𝐴, 𝑍 − 1) absorbs a part of the incident electron
energy given by the difference between the initial 𝐸

𝑖
and the

final 𝐸
𝑓
nuclear energies as 𝐸] = 𝐸

𝑓
− 𝐸

𝑖
.

The nuclear calculations for the cross sections of reaction
(1) start by writing down the weak interaction Hamiltonian
Ĥ

𝑤
which is given as a product of the leptonic, 𝑗lept

𝜇
,

and the hadronic, Ĵ𝜇, currents (current-current interaction
Hamiltonian) as follows:

Ĥ
𝑤
=

𝐺

√2

𝑗
lept
𝜇

Ĵ
𝜇
, (2)

where 𝐺 = 𝐺
𝐹
cos 𝜃

𝑐
with 𝐺

𝐹
and 𝜃

𝑐
being the well-known

weak interaction coupling constant and the Cabibbo angle,
respectively [31, 32, 44].

From the nuclear theory point of view, the main task is
to calculate the cross sections of reaction (1) which are based

on the evaluation of the nuclear transition matrix elements
between the initial |𝑖⟩ and a final |𝑓⟩ nuclear states of the form

⟨𝑓

𝐻
𝑤


𝑖⟩ =

𝐺

√2

ℓ
𝜇
∫𝑑

3
𝑥𝑒

−𝑖q⋅x
⟨𝑓


Ĵ
𝜇


𝑖⟩ . (3)

The quantity ℓ
𝜇
𝑒
−𝑖q⋅x stands for the leptonic matrix ele-

ment written in coordinate space with q being the 3-
momentum transfer. For the calculation of these transition
matrix elements one may take advantage of the Donnelly-
Walecka multipole decomposition which leads to a set of
eight independent irreducible tensor multipole operators
containing polar-vector and axial-vector components [44]
(see Appendix A).

In the present work, in (3) the ground state of the parent
nucleus |𝑖⟩ is computed by solving the relevant BCS equations
which give us the quasiparticle energies and the amplitudes
𝑉 and 𝑈 that determine the probability for each single
particle level to be occupied or unoccupied, respectively [31].
Towards this aim, at first, we consider a Coulomb corrected
Woods-Saxon potential with a spin orbit part as a mean field
for the description of the strong nuclear field [45, 46]. For
the latter potential we adopt the parameterization of IOWA
group [47].Then, we use as pairing interaction the monopole
part of the Bonn C-D one meson exchange potential. The
renormalization of this interaction, to fit in the 66Zn isotope,
is achieved through the two pairing parameters 𝑔𝑝,𝑛pair, 𝑝(𝑛) for
proton (neutron) pairs, and the values of which are tabulated
in Table 1.

As it is well known, the pairing parameters, 𝑔𝑝,𝑛pair, are
determined through the reproduction of the energy gaps,
Δ
exp
𝑝,𝑛
, from neighboring nuclei as follows (3-point formula):

Δ
exp
𝑛

= −
1

4
[𝑆

𝑛
(𝐴 − 1, 𝑍) − 2𝑆

𝑛
(𝐴, 𝑍) + 𝑆

𝑛
(𝐴 + 1, 𝑍)] ,

Δ
exp
𝑝

= −
1

4
[𝑆

𝑝
(𝐴 − 1, 𝑍 − 1)

−2𝑆
𝑝
(𝐴, 𝑍) + 𝑆

𝑝
(𝐴 + 1, 𝑍 + 1)] ,

(4)

where 𝑆
𝑝
and 𝑆

𝑛
are the experimental separation energies

for protons and neutrons, respectively, of the target nucleus
(𝐴, 𝑍) and the neighboring nuclei (𝐴±1, 𝑍±1) and (𝐴±1, 𝑍).
For the readers convenience in Table 2 we show the values of
experimental separation energies for the target 66

30
Zn and the

neighboring nuclei 65

29
Cu, 67

31
Ga, 65

30
Zn, and 67

30
Zn.

Subsequently, the excited states |𝑓⟩ of the studied daugh-
ter nucleus 66Cu are constructed by solving the pn-QRPA
equations [29–38], which are written as follows in matrix
form [29]:

(
A B
−B −A

)(
𝑋

]

𝑌
]) = Ω

]
𝐽
𝜋 (

𝑋
]

𝑌
]) , (5)

Ω
]
𝐽
𝜋 denotes the excitation energy of the QRPA state |𝐽𝜋] ⟩with

spin 𝐽 and parity 𝜋.
The solution of (5) is an eigenvalue problem which

provides the amplitudes for forward and backward scattering
𝑋 and 𝑌, respectively, and the QRPA excitation energies Ω]

𝐽
𝜋
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Table 1: Parameters for the renormalization of the interaction of proton pairs, 𝑔𝑝pair, and neutron pairs, 𝑔𝑛pair. They have been fixed in such a
way that the corresponding experimental gaps, Δexp

𝑝
and Δexp

𝑛
of 66Zn isotope, are quite accurately reproduced.

Nucleus 𝑔
𝑛

pair 𝑔
𝑝

pair Δ
exp
𝑛

(MeV) Δ
theor
𝑛

(MeV) Δ
exp
𝑝

(MeV) Δ
theor
𝑝

(MeV)
66Zn 1.0059 0.9271 1.7715 1.7716 1.2815 1.2814

Table 2: The experimental separation energies in MeV for protons and neutrons of the target (𝐴, 𝑍) and neighboring (𝐴 ± 1, 𝑍 ± 1) and
(𝐴 ± 1, 𝑍) nuclei.

Nucleus 𝑆
𝑛
(𝐴 − 1, 𝑍) 𝑆

𝑛
(𝐴, 𝑍) 𝑆

𝑛
(𝐴 + 1, 𝑍) 𝑆

𝑝
(𝐴 − 1, 𝑍 − 1) 𝑆

𝑝
(𝐴, 𝑍) 𝑆

𝑝
(𝐴 + 1, 𝑍 + 1)

66Zn 7.979 11.059 7.052 7.454 8.924 5.269

[31–34]. In our method the solution of the QRPA equations is
carried out separately for each multipole set of states |𝐽𝜋⟩.

For the renormalization of the residual 2-body inter-
action (Bonn C-D potential), the strength parameters, for
the particle-particle (𝑔pp) and particle-hole (𝑔ph) interaction
entering the QRPA matrices A and B, are determined
(separately for each multipolarity) from the reproducibility
of the low-lying experimental energy spectrum of the final
nucleus. The values of these parameters in the case of the
spectrum of 66Cu are listed in Table 3.

At this point, it is worth mentioning that, for measuring
the excitation energies of the daughter nucleus 66Cu from
the ground state of the initial one 66Zn, a shifting of the
entire set of QRPA eigenvalues is necessary. Such a shifting
is required whenever in the pn-QRPA a BCS ground state is
used, a treatment adopted by other groups previously [9, 40,
48, 49].The shifting, for the spectrumof the daughter nucleus
66Cu, is done in such a way that the first calculated value of
each multipole state of 66Cu (i.e. 1+

1
, 2

+

1
, . . ., etc.) approaches

as close as possible the corresponding lowest experimental
multipole excitation. Table 4 shows the shifting applied to our
QRPA spectrum for each multipolarity of the parent nucleus
66Zn. We note that a similar treatment is required in pn-
QRPA calculations performed for double-beta decay studies
where the excitations derived for the intermediate odd-odd
nucleus (intermediate states) through 𝑝-𝑛 and 𝑛-𝑝 reactions
from the neighboring nuclei, left or right nuclear isotope, do
not match to each other [48, 49]. The resulting low-energy
spectrum, after using the parameters of Tables 1 and 3 and the
shifting shown in Table 4, agrees well with the experimental
one (see Figure 1).

We must also mention that, usually, in nuclear structure
calculations we test a nuclear method in two phases: first
through the construction of the excitation spectrum as dis-
cussed before and second through the calculations of electron
scattering cross sections or muon capture rates. Following
the above steps, we test the reproducibility of the relevant
experimental data for many nuclear models employed in
nuclear applications (nuclear structure and nuclear reactions)
and in nuclear astrophysics [1, 9].

3. Results and Discussion

In this work we perform detailed cross section calculations
for the electron capture on 66Zn isotope on the basis of
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Figure 1: Comparison of the theoretical excitation spectrum (result-
ing from the solution of the QRPA eigenvalue problem) with the
low-lying (up to about 3MeV) experimental one for 66Cu nucleus.
As it can be seen, the agreement is very good below 1MeV but for
higher excitation energies it becomes moderate.

the pn-QRPAmethod.The required nuclear matrix elements
between the initial |𝐽

𝑖
⟩ and the final |𝐽

𝑓
⟩ states are determined

by solving the BCS equations for the ground state [29, 31, 32]
and the pn-QRPA equations for the excited states [31–34] (see
Section 2). For the calculations of the original cross sections,
a quenched value of 𝑔

𝐴
(see Appendix B) is considered which

subsequently modifies all relevant multipole matrix elements
[23, 24, 50, 51].

At this point of the present work and in order to increase
the confidence level of our method, we perform total muon
capture rates calculations [23, 24, 39–42]. The comparison



4 Advances in High Energy Physics

Table 3: Strength parameters for the particle-particle (𝑔pp) and particle-hole (𝑔ph) interaction for various multipolarities (for the rest of
multipolarities, 𝐽𝜋 ≤ 5

±, the bare 2-body interaction has been used), in the case of the spectrum of 66Cu nucleus.

Positive parity states Negative parity states
𝐽
𝜋

0
+

1
+

2
+

3
+

4
+

1
−

2
−

3
−

4
−

𝑔pp 0.827 0.547 0.686 0.854 1.300 0.994 0.200 0.486 0.622
𝑔ph 0.336 0.200 1.079 0.235 0.200 1.200 0.200 1.200 1.200

Table 4: The shift (in MeV) applied on the spectrum (seperately of
each multipole set of states) of 66Cu isotope, daughter nucleus of the
electron capture on 66Zn.

Positive parity states Negative parity states
0
+ 0.90 0

− 5.00
1
+ 2.50 1

− 6.80
2
+ 2.55 2

− 3.85
3
+ 2.50 3

− 2.60
4
+ 1.75 4

− 3.55
5
+ 0.55 5

− 3.00

with experimental and other theoretical results is shown
in Section 3.1. Afterwards, we study in detail the electron
capture process as follows. (i) Initially we consider laboratory
conditions; that is, the initial (parent) nucleus is considered in
the ground state and no temperature dependence is assumed
(see Section 3.2.1). (ii) Second, we consider stellar conditions;
that is, the parent nucleus is assumed to be in any initial
excited state and due to the 𝑒

−-capture process it goes to
any final excited state of the daughter nucleus. At these
conditions it is necessary to take into account the temperature
dependence of the cross sections (see Section 3.2.2) [10].

3.1. Calculations of Muon Capture Rates for 66𝑍𝑛. Despite the
fact that the muon capture on nuclei does not play a crucial
role in stellar-nucleosynthesis, it is, however, important to
start our study from this process since the nuclear matrix
elements required for an accurate description of the𝜇-capture
are the same for all semileptonic charge-changing weak
interaction processes. In addition, the excitation spectrum of
the daughter (𝐴, 𝑍 − 1) nucleus, as we saw before, is in good
agreement with the experimental data.

The calculations of the muon capture rates are performed
in three steps. In the first step we carry out realistic state-
by-state calculations of exclusive ordinary muon capture
(OMC) rates in 66Zn isotope for all multipolarities with
𝐽
𝜋
≤ 5

± (higher multipolarities contribute negligibly). The
appropriate expression for the exclusive muon capture rates
is written as follows:

Λ
𝑔𝑠→𝐽

𝜋

𝑓

≡ Λ
𝐽
𝜋

𝑓

= 2𝐺
2
⟨Φ

1𝑠
⟩
2

𝑅
𝑓
𝑞
2

𝑓

× [

⟨𝐽

𝜋

𝑓


(M̂

𝐽
− L̂

𝐽
)

0
+

𝑔𝑠
⟩


2

+

⟨𝐽

𝜋

𝑓


(T̂

el
𝐽
− T̂

magn
𝐽

)

0
+

𝑔𝑠
⟩


2

] ,

(6)

where Φ
1𝑠

represents the muon wave function in the 1𝑠

muonic orbit. The operators in (6) are refered to as Coulomb
M̂

𝐽
, longitudinal L̂

𝐽
, transverse electric T̂el

𝐽
, and transverse

magnetic T̂
mag
𝐽

multipole operators (see Appendix A). The
factor 𝑅

𝑓
in (6) takes into consideration the nuclear recoil

which is written as 𝑅
𝑓
= (1 + 𝑞

𝑓
/𝑀targ)

−1, with 𝑀targ being
the mass of the target (parent) nucleus.

Due to the fact that there are no available data in the
literature for exclusive muon capture rates, the test of our
method is realized by comparing partial and total muon cap-
ture rates with experimental data and other theoretical results
[23, 24]. Towards this purpose, our second step includes
calculations of the partial 𝜇−-capture rates for various low-
spin multipolarities, Λ

𝐽
𝜋 (for 𝐽

𝜋
≤ 4

±), in the studied
nucleus. These partial rates are found by summing over the
contributions of all the individual multipole states of the
studied multipolarity as follows:

Λ
𝐽
𝜋 = ∑

𝑓

Λ
𝑔𝑠→𝐽

𝜋

𝑓

= 2𝐺
2
⟨Φ

1𝑠
⟩
2
[

[

∑

𝑓

𝑞
2

𝑓
𝑅
𝑓


⟨𝐽

𝜋

𝑓


(M̂

𝐽
− L̂

𝐽
)

0
+

𝑔𝑠
⟩


2

+∑

𝑓

𝑞
2

𝑓
𝑅
𝑓


⟨𝐽

𝜋

𝑓


(T̂

el
𝐽
− T̂

magn
𝐽

)

0
+

𝑔𝑠
⟩


2
]

]

(7)

(𝑓 runs over all states of the multipolarity |𝐽𝜋⟩). We also esti-
mate the percentage (portion) of their contribution into the
total 𝜇-capture rate for the most important multipolarities.
In Table 5 we tabulate the individual portions of the low-spin
multipole transitions (𝐽𝜋 = 4

±) into the total muon capture
rate. As it can be seen, the contribution of the 1− multipole
transitions is the most important multipolarity exhausting
about 44% of the total muon capture rate. Such an important
contribution was found in 16O and 48Ca isotopes studied in
[41].

In the last step of testing our method, we evaluate total
muon capture rates for the 66Zn isotope. These rates are
obtained by summing over all partial multipole transition
rates (up to 𝐽𝜋 = 4

±) as follows:

Λ tot = ∑

𝐽
𝜋

Λ
𝐽
𝜋 = ∑

𝐽
𝜋

∑

𝑓

Λ
𝐽
𝜋

𝑓

. (8)

For the sake of comparison, the abovementioned 𝜇-
capture calculations have been carried out using the
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Table 5: The percentage of each multipolarity into the total muon
capture rate evaluated with our pn-QRPA method.

Positive parity transitions Negative parity transitions
𝐽
𝜋 Portions (%) 𝐽

𝜋 Portions (%)
0
+ 8.22 0

− 7.94
1
+ 21.29 1

− 44.21
2
+ 2.85 2

− 13.32
3
+ 1.58 3

− 0.34
4
+ 0.01 4

− 0.23

quenched value 𝑔
𝐴
= 1.135 [23, 24]. The results are listed

in Table 6, where we also include the experimental total rates
and the theoretical ones of [23, 24]. Moreover, in Table 6 we
show the individual contribution into the total muon capture
rate of the polar-vector (Λ𝑉

tot), the axial-vector (Λ
𝐴

tot), and the
overlap (Λ𝑉𝐴

tot) parts. As it can be seen, our results obtained
with the quenched 𝑔

𝐴
coupling constant are in very good

agreement with the experimental total muon capture rates
(the deviations from the corresponding experimental rates
are smaller than 7%). This agreement provides us with high
confidence level for our method.

3.2. Electron Capture Cross Section. After acquiring a high
confidence level for our nuclear method, we proceed with
the main goal of the present study which concerns the calcu-
lations of the electron capture cross sections. As mentioned
before, this includes original (see Section 3.2.1) and stellar
electron capture investigations (Section 3.2.2).

3.2.1. Original Electron Capture Cross Section on 66
𝑍𝑛 Isotope.

The original cross sections for the electron capture process in
the 66Zn isotope are obtained by using the pn-QRPAmethod
considering all the accessible transitions of the final nucleus
66Cu. In the Donnelly-Walecka formalism the expression for
the differential cross section in electron capture by nuclei
reads [10]

𝑑𝜎
𝑒𝑐

𝑑Ω
=
𝐺
2

𝐹
cos2𝜃

𝑐

2𝜋

𝐹 (𝑍, 𝐸
𝑒
)

(2𝐽
𝑖
+ 1)

× {∑

𝐽≥1

W (𝐸
𝑒
, 𝐸])

× {[1 − 𝛼 cosΦ + 𝑏 sin2Φ]

× [

⟨𝐽

𝑓


T̂

mag
𝐽


𝐽
𝑖
⟩


2

+

⟨𝐽

𝑓


T̂

el
𝐽


𝐽
𝑖
⟩


2

]

− [

(𝜀
𝑖
+ 𝜀

𝑓
)

𝑞
(1 − 𝛼 cosΦ) − 𝑑]

× 2Re ⟨𝐽
𝑓


T̂

mag
𝐽


𝐽
𝑖
⟩ ⟨𝐽

𝑓


T̂

el
𝐽


𝐽
𝑖
⟩
∗

}

+ ∑

𝐽≥0

W (𝐸
𝑒
, 𝐸])

× {(1 + 𝛼 cosΦ) ⟨𝐽𝑓

M̂

𝐽


𝐽
𝑖
⟩


2

+ (1 + 𝛼 cosΦ − 2𝑏 sin2Φ) ⟨𝐽𝑓

L̂

𝐽


𝐽
𝑖
⟩


2

− [
𝜔

𝑞
(1 + 𝛼 cosΦ) + 𝑑] 2Re ⟨𝐽

𝑓


L̂

𝐽


𝐽
𝑖
⟩

×⟨𝐽
𝑓


M̂

𝐽


𝐽
𝑖
⟩
∗

}} ,

(9)

where 𝐹(𝑍, 𝐸
𝑒
) is the well-known Fermi function [18]. The

factor𝑊(𝐸
𝑒
, 𝐸]) = 𝐸

2

]/(1 + 𝐸]/𝑀𝑇
) accounts for the nuclear

recoil [8], 𝑀
𝑇
is the mass of the target nucleus, and param-

eters 𝛼, 𝑏, and 𝑑 are given, for example, in [31]. The nuclear
transition matrix elements between the initial state |𝐽

𝑖
⟩ and

the final state |𝐽
𝑓
⟩ correspond to the Coulomb M̂

𝐽𝑀
, longitu-

dinal L̂
𝐽𝑀

, transverse electric T̂el
𝐽𝑀

, and transverse magnetic
T̂

mag
𝐽𝑀

multipole operators (discussed in Appendix A).
From the energy conservation in the reaction (1), the

energy of the outgoing neutrino 𝐸] is written as follows:

𝐸] = 𝐸
𝑒
− 𝑄 + 𝐸

𝑖
− 𝐸

𝑓
, (10)

which includes the difference between the initial 𝐸
𝑖
and

the final 𝐸
𝑓
nuclear states. The 𝑄 value of the process is

determined from the experimental masses of the parent (𝑀
𝑖
)

and the daughter (𝑀
𝑓
) nuclei as 𝑄 = 𝑀

𝑓
−𝑀

𝑖
[9].

It is worth mentioning that for low momentum transfer,
various authors use the approximation 𝑞 → 0 for all multi-
pole operators of (9). Then, the transitions of the Gamow-
Teller operator (GT+ = ∑

𝑖
𝜏
+

𝑖
𝜎
𝑖
) provide the dominant

contribution to the total cross section [9].
While performing detailed calculations for the original

electron capture cross sections on 66Zn isotope we assumed
that (i) the initial state of the parent nucleus 66Zn is the
ground state |0

+
⟩ and (ii) the nuclear system is under

laboratory conditions (no temperature dependence of the
cross sections is needed). The cross sections as a function
of the incident electron energy 𝐸

𝑒
are calculated with the

use of realistic two-body interactions as mentioned before.
The obtained total original electron capture cross sections for
66Zn target nucleus are illustrated in Figure 2 where the indi-
vidual contributions of various multipole channels (𝐽𝜋 ≤ 5

±)
are also shown.The electron capture cross sections in Figure 2
exhibit a sharp increase by several orders of magnitude
within the first few MeV above energy-threshold, and this
reflects the GT+ strength distribution. For electron energy
𝐸
𝑒
≥ 10MeV the calculated cross sections show a moderate

increase. From experimental and astrophysical point of view,
the important range of the incident electron energy 𝐸

𝑒
is

up to 30MeV. At these energies the 1
+ multipolarity has

the largest contribution to the total electron capture cross
sections [9, 10]. In the present work we have extended the
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Table 6: Individual contribution of polar-vector, axial-vector, and overlap parts into the total muon-capture rate. The total muon capture
rates, obtained by using the pn-QRPA with the quenched value of 𝑔

𝐴
= 1.135 for the medium-weight nucleus 66Zn, are compared with the

available experimental data and with the theoretical rates of [23, 24].

Total muon capture rates Λ tot(×10
6
𝑠
−1)

Present pn-QRPA calculations Experiment Other theoretical methods
Nucleus Λ

𝑉

tot Λ
𝐴

tot Λ
𝑉𝐴

tot Λ tot Λ
exp
tot Λ

theor
tot [23] Λ

theor
tot [24]

66Zn 1.651 4.487 −0.204 5.934 5.809 4.976 5.809

Total66Zn
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Figure 2: Original total cross sections of electron capture on
the 66Zn (parent) nucleus calculated with pn-QRPA method as
a function of the incident electron energy 𝐸

𝑒
. The individual

contributions of various multipole channels (for 𝐽𝜋 ≤ 5
±) are also

demonstrated.

range of 𝐸
𝑒
up to 50MeV since at higher energies (around

40MeV) the contribution of other multipolarities like 1
−,

0
+, and 0

− becomes noticeable and cannot be omitted (see
Figure 2).

From the study of the original electron capture cross
sections we conclude that the total cross sections can be well
approximated with the Gamow-Teller transitions only in the
region of low energies [9–12, 15, 16]. For higher incident elec-
tron energies the inclusion of the contributions originating
from other multipolarities leads to better agreement [10].

3.2.2. Stellar Electron Capture on 66
𝑍𝑛 Isotope. As it is well

known, electron capture process plays a crucial role in late
stages of evolution of a massive star, in presupernova and in
supernova phases [1–6]. In presupernova collapse, that is, at
densities 𝜌 ≤ 10

10 g cm−3 and temperatures 300 keV ≤ 𝑇 ≤

800 keV, electrons are captured by nuclei with 𝐴 ≤ 60 [9–
12, 15, 16]. During the collapse phase, at higher densities 𝜌 ≥

10
10g cm−3 and temperatures 𝑇 ≃ 1.0MeV, electron capture

process is carried out on heavier andmore neutron rich nuclei
with 𝑍 < 40 and𝑁 ≥ 40 [8, 10, 13–15].

In an independent particle picture, the Gamow-Teller
transitions (which is the most important in the electron
capture cross section calculations) are forbidden for these
nuclei [2–4]. However, as it has been demonstrated in several
studies, GT transitions in these nuclei are unblocked by finite
temperature excitations [21, 22]. At high temperatures, 𝑇 ≃

1.5MeV, GT transitions are thermally unblocked as a result
of the excitation of neutrons from the pf-shell into the 𝑔

9/2

orbital.
For astrophysical environment, where the finite tem-

perature and the matter density effects cannot be ignored
(the initial nucleus is at finite temperature), in general, the
initial nuclear state needs to be a weighted sum over an
appropriate energy distribution. Then, assuming Maxwell-
Boltzmann distribution of the initial state |𝑖⟩ in (9) [9, 26],
the total 𝑒−-capture cross section is given by the expression
[10]

𝜎 (𝐸
𝑒
, 𝑇) =

𝐺
2

𝐹
cos2𝜃

𝑐

2𝜋
∑

𝑖

𝐹 (𝑍, 𝐸
𝑒
)
(2𝐽

𝑖
+ 1) 𝑒

−𝐸𝑖/(𝑘𝑇)

𝐺 (𝑍,𝐴, 𝑇)

×∑

𝑓,𝐽

(𝐸
𝑒
− 𝑄 + 𝐸

𝑖
− 𝐸

𝑓
)
2


⟨𝑖

𝑂
𝐽


𝑓⟩



2

(2𝐽
𝑖
+ 1)

.

(11)

The sum over initial states in the latter equation denotes a
thermal average of levels, with the corresponding partition
function 𝐺(𝑍,𝐴, 𝑇) [10]. The finite temperature induces the
thermal population of excited states in the parent nucleus. In
the present work we assume that these excited states in the
parent nucleus are all the possible states up to about 2.5MeV.
Calculations involving in addition other states lying at higher
energies show that they have no sizeable contribution to the
total electron capture cross sections. Asmentioned before, for
the evaluation of the total electron capture cross sections, the
use of a quenched value of 𝑔

𝐴
is necessary [23, 24, 50, 51].

Since the form factor 𝐹
𝐴
(𝑞

2
)multiplies the four components

of the axial-vector operator (see (A.2)–(A.5)), a quenched
value of 𝑔

𝐴
must enter the multipole operators generating

the pronounced excitations 0−, 1±, . . ., and so forth. For this
reason, in our QRPA calculations we multiplied the free
nucleon coupling constant 𝑔

𝐴
= 1.262 by the factor 0.8

[23, 24, 50, 51].
The results coming out of the study of electron capture

cross sections under stellar conditions are shown in Figure 3,
where the same picture as in the original cross section
calculations, but now with larger contribution, is observed.
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Figure 3: Electron capture cross sections for the 66Znparent nucleus
at high temperature (𝑇 = 0.5MeV) in stellar environment obtained
assuming Maxwell-Boltzmann statistics for the incident electrons.
The total cross section and the dominant individual multipole
channels (𝐽𝜋 ≤ 5

±) are demonstrated as functions of the incident
electron energy 𝐸

𝑒
.

As discussed before, the dominant multipolarity is the 1+,
which contributes bymore than 40%to the total cross section.
In the region of low energies (up to 30MeV), the total 𝑒−-
capture cross section can be described by taking into account
only the GT transitions, but at higher incident energies the
contributions of other multipolarities become significant and
cannot be omitted.

The percentage contributions of various multipolarities
(with 𝐽

𝜋
≤ 5

±) into the total 𝑒−-capture cross section at
𝑇 = 0.5MeV and for incident electron energy 𝐸

𝑒
= 25MeV

are tabulated in Table 7. In addition, in this table we list the
values of the individual 𝑒−-capture cross sections of each
multipolarity with 𝐽

𝜋
≤ 5

±. More specifically, for 𝐸
𝑒

=

25MeV the 1+ multipolarity contributes to about 44%, the
0
+ contributes to about 26%, and the 1− contributes to about
11%. The contributions coming from other multipolarities
are less important (smaller than 5%).

In performing state-by-state calculations for the electron
capture cross sections, our code has the possibility to provide
separately the contribution of the polar-vector, the axial-
vector, and the overlap parts induced by the corresponding
components of the electron capture operators. In Figure 4
we illustrate the stellar differential cross sections of each
individual transition of the polar-vector and axial-vector
components.

Asmentioned before, our code gives separately the partial
𝑒
−-capture cross sections of each multipolarity. In order to
study the dependence of the differential cross sections on the
excitation energy 𝜔 throughout the entire pn-QRPA spec-
trum of the daughter nucleus, a rearrangement of all possible
excitations 𝜔 in ascending order, with the corresponding
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Figure 4: Individual contributions of the polar-vector, (Λ
𝑉
), and

axial-vector, (Λ
𝐴
), components and total electron capture rate as

functions of the excitation energy 𝜔 (66Zn is the parent nucleus).

cross sections, is required. This was performed by using a
special code appropriate for matrices [33]. In themodel space
chosen for 66Zn isotope, for all multipolarities up to 𝐽𝜋 = 5

±,
we have a number of 447 final states.The differential electron
capture cross sections illustrated in Figure 4 present some
characteristic clearly pronounced peaks at various excitation
energies 𝜔. These peaks correspond mainly to 0+, 1+, and 2+
transitions. More specifically, in the 66Cu daughter nucleus
themaximum peak corresponds to the 0+

1
QRPA transition at

𝜔 = 2.538MeV and other characteristic peaks correspond to
1
+

7
, 1+

8
, and 1+

10
transitions, located at energies𝜔 = 3.194MeV,

𝜔 = 3.686MeV, and 𝜔 = 6.555MeV, respectively (see
Figure 4). The other less important peaks are also shown in
Figure 4.

Before closing, it should be mentioned that the 𝑒-capture
cross sections presented in this work may be useful in
estimating neutrino-spectra arising from 𝑒-capture on nuclei
during supernova phase.The knowledge of ]-spectra at every
point and time in the core is quite relevant for simulations of
the final collapse and explosion phase of a massive star. As
it is known [21], in the collapse phase, neutrinos are mainly
produced by 𝑒-capture on nuclei and on free protons. The
energy spectra of the emerging neutrinos fromboth reactions
are important ingredients in stellar modelling and stellar
simulations [21, 27].

Furthermore, in core collapse simulations one defines the
reaction rate of electron capture on nuclei given by

𝑅
ℎ
= ∑

𝑖

𝑌
𝑖
𝜆
𝑖
, (12)
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Table 7: Total 𝑒−-capture cross sections (in 10−42MeV−1 cm2) for 𝐸
𝑒
= 25MeV.The percentage of each multipolarity into the total 𝑒−-capture

cross section evaluated with our pn-QRPA code is also tabulated here.

Positive parity transitions Negative parity transitions
𝐽
𝜋

𝜎
𝑒
(×10−42 cm2 MeV−1 ) Portions (%) 𝐽

𝜋
𝜎
𝑒
(×10−42 cm2 MeV−1 ) Portions (%)

0
+ 31.164 25.96 0

− 5.288 4.41
1
+ 52.779 43.98 1

− 13.409 11.14
2
+ 6.921 5.77 2

− 3.262 2.72
3
+ 5.499 4.58 3

− 0.905 0.75
4
+ 0.244 0.20 4

− 0.299 0.25
5
+ 0.208 0.17 5

− 0.042 0.04

where the sum runs over all nuclear isotopes present in
the astrophysical environment (𝑌

𝑖
denotes the abundance

of a given nuclear isotope and 𝜆
𝑖
is the calculated electron

capture rate for this isotope). The rates of (12) must be
known for a wide range of the parameters: 𝑇 (temperature)
and 𝜌 (nuclear density) of the studied star. Thus, for the
calculation of the quantity 𝑌 ⋅ 𝜆 of a specific nuclear isotope
one needs to know in addition to the nuclear composition 𝑌
the electron capture rates 𝜆 calculated as we have shown in
our present work. The rates of electron capture on various
nuclear isotopes and the corresponding emitted neutrino
spectra in the range of the parameters (𝑇, 𝜌, 𝑌

𝑒
) describing

the star until reaching equilibrium during the core collapse
are comprehensively studied in [21, 26, 27] for a great number
of nuclear isotopes by using the large scale shellmodel.We are
currently performing similar calculations for a set of isotopes
by employing the present pn-QRPA method [52].

Furthermore, the average neutrino energy, ⟨𝐸]⟩, of the
neutrinos emitted by 𝑒-capture on nuclei can be obtained
by dividing the neutrino-energy loss rate (defined by an
expression similar to (12) by replacing the rate 𝜆

𝑖
with the

energy loss rate 𝐸
𝑗
) with the reaction rate for 𝑒-capture

on nuclei 𝑅
ℎ
. Assuming, for example, power-law energy

distribution for the neutrino spectrum produced by the 𝑒-
capture in supernova phase, the average neutrino-energy
⟨𝐸]⟩ determines a specific supernova-neutrino scenario. In
addition, the neutrino emissivity is obtained by multiplying
the electron capture rate at nuclear statistical equilibrium
with the neutrino-spectra [21, 26, 27]. Finally we note that
the rates for the inverse neutrino absorption process are
also determined from the electron capture rates obtained as
discussed in this section [21].

4. Summary and Conclusions

The electron capture on nuclei plays crucial role during the
presupernova and collapse phase (in the late stage 𝑒−-capture
on free protons is also significant). It becomes increasingly
possible as the density in the star’s center is enhanced and it is
accompanied by an increase of the chemical potential (Fermi
energy) of the degenerate electron gas. This process reduces
the electron-to-baryon ratio 𝑌

𝑒
of the matter composition.

In this work, by using our numerical approach based
on a refinement of the pn-QRPA that describes reliably all
the semileptonic weak interaction processes in nuclei, we

studied in detail the electron capture process on 66Zn isotope
and calculated original and stellar 𝑒−-capture cross sections.
We tested our nuclear model (the pn-QRPA) through the
reproducibility of orbital muon capture rates for this isotope.
The agreement with experimental data and other reliable
theoretical results of partial and total 𝜇-capture rates and of
the percentage contributions of various low-lying excitations
is quite goodwhich provides us with high confidence level for
the obtained cross sections.

Our future plans are to extend the application of this
method and make similar calculations for other interesting
nuclei [52]. Also this method could be applied to other
semileptonic nuclear processes like beta-decay and charged-
current neutrino-nucleus processes important in nuclear
astrophysics and neutrino nucleosynthesis.

Appendices

A. Nuclear Matrix Elements

The eight different tensor multipole operators entering the
above equations (see Section 3), refered to as Coulomb M̂

𝐽𝑀
,

longitudinal L̂
𝐽𝑀

, transverse electric T̂el
𝐽𝑀

, and transverse
magnetic T̂magn

𝐽𝑀
, are defined as follows:

M̂
𝐽𝑀

(𝑞𝑟) = �̂�
coul
𝐽𝑀

+ �̂�
coul5
𝐽𝑀

, L̂
𝐽𝑀

(𝑞𝑟) = �̂�
𝐽𝑀

+ �̂�
5

𝐽𝑀
,

T̂
el
𝐽𝑀

(𝑞𝑟) = �̂�
el
𝐽𝑀

+ �̂�
e𝑙5
𝐽𝑀
, T̂

magn
𝐽𝑀

(𝑞𝑟) = �̂�
magn
𝐽𝑀

+ �̂�
magn5
𝐽𝑀

.

(A.1)

Thesemultipole operators contain polar-vector and axial-
vector parts and are written in terms of seven independent
basic multipole operators as follows:

�̂�
coul
𝐽𝑀

(𝑞r) = 𝐹
𝑉

1
(𝑞

2

𝜇
)𝑀

𝐽

𝑀
(𝑞r) , (A.2)

�̂�
𝐽𝑀

(𝑞r) = 𝑞
0

𝑞
�̂�

coul
𝐽𝑀

(𝑞r) , (A.3)

�̂�
el
𝐽𝑀

(𝑞r) = 𝑞

𝑀
𝑁

[𝐹
𝑉

1
(𝑞

2

𝜇
) Δ

𝐽

𝑀
(𝑞r) + 1

2
𝜇
𝑉
(𝑞

2

𝜇
) Σ

𝐽

𝑀
(𝑞r)] ,

(A.4)
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𝑖�̂�
mag
𝐽𝑀

(𝑞r) = 𝑞

𝑀
𝑁

[𝐹
𝑉

1
(𝑞

2

𝜇
) Δ

𝐽

𝑀
(𝑞r) − 1

2
𝜇
𝑉
(𝑞

2

𝜇
) Σ

𝐽

𝑀
(𝑞r)] ,

(A.5)

𝑖�̂�
5

𝐽𝑀
(𝑞r) = 𝑞

𝑀
𝑁

[𝐹
𝐴
(𝑞

2

𝜇
)Ω

𝐽

𝑀
(𝑞r)

+
1

2
(𝐹

𝐴
(𝑞

2

𝜇
) + 𝑞

0
𝐹
𝑃
(𝑞

2

𝜇
)) Σ

𝐽

𝑀
(𝑞r)] ,
(A.6)

−𝑖�̂�
5

𝐽𝑀
(𝑞r) = [𝐹

𝐴
(𝑞

2

𝜇
) −

𝑞
2

2𝑀
𝑁

𝐹
𝑃
(𝑞

2

𝜇
)] Σ

𝐽

𝑀
(𝑞r) , (A.7)

−𝑖�̂�
el5
𝐽𝑀

(𝑞r) = 𝐹
𝐴
(𝑞

2

𝜇
) Σ

𝐽

𝑀
(𝑞r) , (A.8)

�̂�
mag5
𝐽𝑀

(𝑞r) = 𝐹
𝐴
(𝑞

2

𝜇
) Σ

𝐽

𝑀
(𝑞r) , (A.9)

where the form factors 𝐹
𝑋
,𝑋 = 1, 𝐴, 𝑃, and 𝜇𝑉 are functions

of the 4-momentum transfer 𝑞2
𝜇
and𝑀

𝑁
is the nucleon mass.

These multipole operators, due to the Conserved Vector
Current (CVC) theory, are reduced to seven new basic
operators expressed in terms of spherical Bessel functions,
spherical harmonics, and vector spherical harmonics (see
[24, 31, 44]). The single particle reduced matrix elements of
the form ⟨𝑗

1
‖𝑇

𝐽

𝑖
‖𝑗
2
⟩, where 𝑇𝐽

𝑖
represents any of the seven

basic multipole operators (𝑀𝐽

𝑀
, Ω𝐽

𝑀
, Σ𝐽

𝑀
, Σ𝐽

𝑀
, Σ𝐽

𝑀
, Δ𝐽

𝑀
,

Δ
𝐽

𝑀
) of (A.2)–(A.9), have been written in closed compact

expressions as follows [31]:

⟨(𝑛
1
𝑙
1
) 𝑗

1


𝑇
𝐽
(𝑛

2
𝑙
2
) 𝑗

2
⟩ = 𝑒

−𝑦
𝑦
𝛽/2

𝑛max

∑

𝜇=0

𝑃
𝐽

𝜇
𝑦
𝜇
, (A.10)

where the coefficients 𝑃
𝐽

𝜇
are given in [31]. In the latter

summation the upper index 𝑛max represents the maximum
harmonic oscillator quanta included in the active model
space chosen as 𝑛max = (𝑁

1
+𝑁

2
− 𝛽)/2, where𝑁

𝑖
= 2𝑛

𝑖
+ 𝑙

𝑖
,

𝑖 = 1, 2, and 𝛽 is related to the rank of the above operators
[31].

In the context of the pn-QRPA, the required reduced
nuclearmatrix elements between the initial |0+

𝑔𝑠
⟩ and the final

|𝑓⟩ state entering the rates of (6) are given by

⟨𝑓

�̂�
𝐽
0
+

𝑔𝑠
⟩ = ∑

𝑗2≥𝑗1

⟨𝑗
2


�̂�
𝐽
𝑗
1
⟩

[𝐽]
[𝑋

𝑗2𝑗1
𝑢
𝑝

𝑗2
𝜐
𝑛

𝑗1
+ 𝑌

𝑗2𝑗1
𝜐
𝑝

𝑗2
𝑢
𝑛

𝑗1
] ,

(A.11)

where 𝑢
𝑗
and 𝜐

𝑗
are the probability amplitudes for the 𝑗-level

to be unoccupied or occupied, respectively (see the text) [31,
32].

These matrix elements enter the description of various
semileptonic weak interaction processes in the presence of
nuclei [31–38, 44, 53, 54].

B. Nuclear Form Factors

In (A.2)–(A.9) the standard set of free nucleon form factors
𝐹
𝑋
(𝑞

2

𝜇
),𝑋 = 1, 𝐴, 𝑃 and 𝜇𝑉(𝑞2

𝜇
) reads

𝐹
𝑉

1
(𝑞

2

𝜇
) = 1.000[1 + (

𝑞

840MeV
)

2

]

−2

,

𝜇
𝑉
(𝑞

2

𝜇
) = 4.706[1 + (

𝑞

840MeV
)

2

]

−2

,

𝐹
𝐴
(𝑞

2

𝜇
) = 𝑔

𝐴
[1 + (

𝑞

1032MeV
)

2

]

−2

,

𝐹
𝑃
(𝑞

2

𝜇
) =

2𝑀
𝑁
𝐹
𝐴
(𝑞

2

𝜇
)

𝑞
2
+ 𝑚

2

𝜋

,

(B.1)

where𝑀
𝑁
is the nucleon mass and 𝑔

𝐴
is the axial vector free

nucleon coupling constant (see the text).
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We show how to obtain the energy distribution f(E) in our vicinity starting fromWIMP density profiles in a self-consistent way by
employing the Eddington approach and adding reasonable angular momentum dependent terms in the expression of the energy.
We then show how we can obtain the velocity dispersions and the asymmetry parameter 𝛽 in terms of the parameters describing
the angular momentum dependence. From this expression, for f(E), we proceed to construct an axially symmetricWIMP a velocity
distribution, which, for a gravitationally bound system, automatically has a velocity upper bound and is characterized by the same
asymmetriy 𝛽.This approach is tested and clarified by constructing analytic expressions in a simplemodel, with adequate structure.
We then show how such velocity distributions can be used in determining the event rates, including modulation, in both the
standard and the directional WIMP searches.

1. Introduction

The combined MAXIMA-1 [1–3], BOOMERANG [4, 5],
DASI [6], and COBE/DMR cosmic microwave background
(CMB) observations [7] imply that the Universe is flat [8]
and that most of the matter in the Universe is Dark [9], that
is, exotic. These results have been confirmed and improved
by the recent WMAP [10] and Planck [11] data. Combining
the data of these quite precise measurements one finds the
following:

Ω
𝑏
= 0.0456 ± 0.0015, ΩCDM = 0.228 ± 0.013,

Ω
Λ
= 0.726 ± 0.015

(1)

(the more recent Planck data yield a slightly different combi-
nationΩCDM = 0.274±0.020, ΩΛ = 0.686±0.020). It is worth
mentioning that both theWMAP and the Plank observations
yield essentially the same value of Ω

𝑚
ℎ
2, but they differ in

the value of ℎ; namely, ℎ = 0.704 ± 0.013 (WMAP) and
ℎ = 0.673 ± 0.012 (Planck). Since any “invisible” nonexotic

component cannot possibly exceed 40% of the above ΩCDM
[12], exotic (nonbaryonic) matter is required and there is
room for cold dark matter candidates or WIMPs (weakly
interacting massive particles).

Even though there exists firm indirect evidence for a
halo of dark matter in galaxies from the observed rotational
curves, see for example, the review [13], it is essential to
directly detect such matter in order to unravel the nature
of the constituents of dark matter. The possibility of direct
dark matter detection, however, depends on the nature of the
dark matter constituents (WIMPs). At present, there exists a
plethora of such candidates: the LSP (lightest supersymmetric
particle) [14–23], technibaryon [24, 25], mirror matter [26,
27], Kaluza-Klein models with universal extra dimensions
[28, 29], and so forth.

Since the WIMP is expected to be very massive, 𝑚
𝜒
≥

30GeV, and extremely nonrelativistic with average kinetic
energy 𝑇 ≈ 50KeV(𝑚

𝜒
/100GeV), it cannot excite the

nucleus, except in some very exceptional cases. It can, thus,
be directly detected mainly via the recoiling of a nucleus
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(A, Z) following WIMP-nucleus elastic scattering. The event
rate for such a process can be computed following a number
of steps [30]. In the present work, we will focus on one of
the ingredients entering the computation of the event rates,
namely, the WIMP density in our vicinity and its velocity
distribution.

In the past, various velocity distributions have been
considered. The one most commonly used is the isothermal
Maxwell-Boltzmann (M-B) velocity distribution. Extensions
of the M-B distribution were also considered; in particular,
those that were axially symmetric with enhanced dispersion
in the galactocentric direction [31–34]. In all such distri-
butions, an upper cutoff 𝜐

𝑒𝑠𝑐
= 2.84𝜐

0
was introduced by

hand, in the range obtained by Cochanek [35]. In a different
approach, Tsallis type functions, derived from simulations of
dark matter densities, were employed; see for example recent
calculations [36] and references there in.

Nonisothermal models have also been considered, like
the late infall of dark matter into the galaxy, that is, caustic
rings [37–41], dark matter orbiting the Sun [42], and Sagit-
tarius dark matter [43].

The more correct approach in our view is to consider the
Eddington approach [44], which allows one to relate the dark
matter density and the corresponding velocity distribution
in a self-consistent way. Furthermore, this approach has the
advantage that the upper velocity cut off is not imposed
by hand, but it comes in naturally. It has, thus, been used
by Merritt [45] and applied to dark matter by Ullio and
Kamionkowski [13] and by us [46, 47].

It is the purpose of the present paper to extend the
previous work and obtain a dark matter velocity distribution,
which need not be spherically symmetric, even though it may
originate fromdensity profiles that are spherically symmetric.
To this end, we have considered a one-parameter family of
self-consistent star clusters that are spherically symmetric
but anisotropic in velocity space. These were computed
modifying the distribution (DF) by including suitable angular
momentum factors along the lines suggested by Wojtak et al.
[48] and more recently by Fornasa and Green [49]. Also a
one-parameter family of self-consistent star clusters that are
spherically symmetricwas shown to be anisotropic in velocity
space [50] (see also [51]). The last model was constructed
first in the Newtonian limit and then, after the first, post-
Newtonian corrections were computed. Anisotropic velocity
distributions obtained by adopting an ansatz for the dark
matter phase space distribution. This allows one to con-
struct self-consistent halo models, which feature a degree of
anisotropy as a function of the radius such as suggested by
the simulations [52]. Furthermore this has been applied [53]
in the case of the NFW halo profile to obtain the asymmetry
parameter.

To clarify some of the issues involved in these approaches,
we will concentrate on some cases amenable to analytic
solutions like the celebrated Plummer solution [54]. We will
show how this method can be used to obtain, in a self-
consistent fashion, asymmetric velocity distributions with
asymmetry parameter 𝛽. For detailed applications to dark
matter searches realistic velocity distributions are necessary,
but we leave this case to be discussed in a future publication.

We believe that even the prelude of such searches, as
discussed here, falls within the novel subject ofThe Frontiers
of Intensities and Very High Sensitivities.

2. The Dark Matter Distribution in
the Context of the Eddington Approach

One assumes that the system is in steady state. This may not
be exactly true, since simulated halos contain substructures
corresponding to streams [55] and, more recently, to non-
completely phase-mixedDM,dubbed “debris flow” [56].This,
however, may be a reasonable assumption at the solar radius.
Thus, in this approach, one starts with a phase space dark
matter distribution function 𝑓

𝑝𝑠
(𝐸, 𝐿), which is a function

of the energy 𝐸 and the angular momentum 𝐿 with the
goal of obtaining the dark matter velocity distribution 𝑓

𝑟𝑠
(𝜐).

The function 𝑓
𝑝𝑠
(𝐸, 𝐿) is factorized into a function 𝑓(𝐸),

which depends on the energy only, and a function of the
angular momentum 𝐹

𝐿
(𝐿). This factorization has been tested

qualitatively byWojtak et al. [48] and it has subsequently been
discussed and used by [49]. Furthermore, these authors used
the ansatz,

𝐹
𝐿
(𝐿) = (1 +

𝐿
2

2𝐿
2

0

)

−𝛽∞+𝛽0

𝐿
−2𝛽0

, (2)

in terms of three new parameters. 𝐿
0
is an angular momen-

tum parameter. This ansatz showed that the thus obtained
self-consistent solutions match the radial dependence of the
anisotropy parameter 𝛽(𝑟) (see below). The parameter 𝛽

0

affects the anisotropy in the cental region of the halo density,
while 𝛽

∞
has an effect at large distances [48]. To see this, we

consider the limits previously considered; that is,

𝐹
𝐿
(𝐿) =

{{{{

{{{{

{

(
𝐿

𝐿
0

)

−2𝛽0

𝐿 ≪ 𝐿
0

(
𝐿

𝐿
0

)

−2𝛽∞

𝐿 ≫ 𝐿
0
,

(3)

where 𝛽
0
is the the central anisotropy of the system. This

means that, if this parameter is zero, there is no asymmetry
in this region. In fact, it can be shown that 𝛽

0
≤ 𝛾/2, where

∝ 𝑟
−𝛾, is the halo density at the center. In the popular halo

density profile [57], 𝛽
0
≤ 1/2. In our analytically soluble

model, we can better see the effect of these parameters on the
asymmetry parameter.

2.1. The Distribution Is a Function of the Total Energy Only.
The introduction of the matter distribution can be given [47]
as follows:

𝑑𝑀 = 2𝜋𝑓 (Φ (r) , 𝜐
𝑟
, 𝜐
𝑡
) 𝑑𝑥𝑑𝑦𝑑𝑧𝜐

𝑡
𝑑𝜐
𝑡
𝑑𝜐
𝑟
, (4)

where the function𝑓depends on r through the potentialΦ(r)
and the tangential and radial velocities 𝜐

𝑡
and 𝜐
𝑟
.Wewill limit

ourselves in spherically symmetric systems.Then, the density
of matter 𝜌(|𝑟|) satisfies the following equation:

𝑑𝜌 = 2𝜋𝑓 (Φ (|r|) , 𝜐𝑟, 𝜐𝑡) 𝜐𝑡𝑑𝜐𝑡𝑑𝜐𝑟. (5)
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The energy is given by 𝐸 = Φ(𝑟) + 𝜐2/2. Then,

𝜌 (𝑟) = 4𝜋∫𝑓(Φ (𝑟) +
𝜐
2

2
) 𝜐
2
𝑑𝜐

= 4𝜋∫

0

Φ

𝑓 (𝐸)√2 (𝐸 − Φ)𝑑𝐸.

(6)

This is an integral equation of the Abel type. It can be inverted
to yield

𝑓 (𝐸) =
√2

4𝜋
2

𝑑

𝑑𝐸
∫

0

𝐸

𝑑Φ

√Φ − 𝐸

𝑑𝜌

𝑑Φ
. (7)

The above equation can be rewritten as

𝑓 (𝐸) =
1

2√2𝜋
2
[∫

0

𝐸

𝑑Φ

√Φ − 𝐸

𝑑
2
𝜌

𝑑Φ
2
−

1

√−𝐸

𝑑𝜌

𝑑Φ

Φ=0

] . (8)

The potential Φ(𝑟) for a given density 𝜌(𝑟) is obtained by
solving Poisson’s equation. In order to proceed further, it is
necessary to know the density as a function of the potential,
treating, for example, 𝑟 as a parameter. Only in few cases, this
can be done analytically.

Once the function 𝑓(𝐸) is known, we can obtain the
needed velocity distribution 𝑓

𝑟𝑠
(𝜐) in our vicinity (𝑟 = 𝑟

𝑠
) by

writing

𝑓
𝑟𝑠
(𝜐

) =N𝑓(Φ (𝑟)|

𝑟=𝑟𝑠
+
𝜐
2

2
) , (9)

whereN is a normalization factor.

2.2. Angular Momentum Dependent Terms. As we have
already mentioned in the phase distribution function, one
introduces additional angular dependent terms.The presence
of such terms can introduce asymmetries in the velocity
dispersions.

In such an approach [48], we get

𝜌 (r) =∭𝑓(𝐸)(1 +
𝐿
2

2𝐿
2

0

)

−𝛽∞+𝛽0

𝐿
−2𝛽0

𝑑
3
𝜐. (10)

Introducing the new parameters 𝐿 and 𝐸 in terms of 𝜐
𝑡
and 𝜐
𝑟

via

𝜐
𝑡
=
𝐿

𝑟
, 𝜐

𝑟
= √2 (𝐸 − Φ) −

𝐿
2

𝑟
2

or 𝜐
𝑡
=
𝐿
0

𝑟

√2𝜆, 𝜐
𝑟
= √2

𝐿
0

𝑟

√𝑥 − 𝜆, 𝜆 =
𝐿
2

2𝐿
2

0

,

(11)

we can perform the integration in cylindrical coordinates and
get

𝜌 (r) = 21/2−𝛽0𝐿1−2𝛽0
0

𝜋

𝑟
∫

0

Φ

𝑓 (𝐸) 𝑑𝐸∫

𝑥

0

𝜆
−𝛽0(𝜆 + 1)

−𝛽∞+𝛽0

√𝑥 − 𝜆

𝑑𝜆. (12)

In the above expressions, 𝑥 = (𝑟2/𝐿2
0
)(Φ − 𝐸).

Before proceeding further, we prefer to write the above
formula in terms of dimensionless variables Φ = Φ

0
𝜉, 𝜌 =

𝜌
0
𝜂, 𝐸 = Φ

0
𝜖, and 𝑓(𝐸) = 𝜌

0
Φ
−3/2

0
𝑓(𝜖). Thus, the last

equation becomes

𝜂 = 2
1/2−𝛽0

𝐿
−2𝛽0

0

1

√𝑎
𝜋∫

0

𝜉

𝑓 (𝜖) 𝑑𝜖∫

𝑥

0

𝜆
−𝛽0(𝜆 + 1)

−𝛽∞+𝛽0

√𝑥 − 𝜆

𝑑𝜆 (13)

with 𝑎 = 𝑟2Φ2
0
/𝐿
2

0
and 𝑥 = 𝑎(𝜉 − 𝜖).

The second integral can be done analytically to yield

√𝜋𝑥
1/2−𝛽0Γ (1 − 𝛽

0
)

Γ (3/2 − 𝛽
0
)

2𝐹1
(1 − 𝛽

0
, −𝛽
0
+ 𝛽
∞
, 3/2 − 𝛽

0
, −𝑥) , (14)

with
2𝐹1

the usual hypergeometric function. Then, (12)
becomes

𝜂 = 2
1/2−𝛽0

𝐿
−2𝛽0

0

1

√𝑎
𝜋
√𝜋Γ (1 − 𝛽

0
)

Γ (3/2 − 𝛽
0
)
∫

0

𝜉

𝑓 (𝜖) 𝑑𝜖𝑥
1/2−𝛽0

×
2𝐹1

(1 − 𝛽
0
, −𝛽
0
+ 𝛽
∞
, 3/2 − 𝛽

0
, −𝑥) .

(15)

In the limit in which 𝛽
0
− > 0, 𝐿

0
− > ∞, the last expression

is reduced to (6).
Equation (10) allows the calculation of moments of the

velocity. In particular, following the procedure of [48], one
finds

≺ 𝜐
2

𝑡
≻

= 2 (
𝐿
0

𝑟
)

2

(2 − 𝛽
0
)

×

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖𝑥

3/2−𝛽0

2𝐹1
(2 − 𝛽

0
, −𝛽
0
+ 𝛽
∞
, 5/2 − 𝛽

0
, −𝑥)

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖𝑥

1/2−𝛽0
2𝐹1

(1 − 𝛽
0
, −𝛽
0
+ 𝛽
∞
, 3/2 − 𝛽

0
, −𝑥)

≺ 𝜐
2

𝑟
≻

= (
𝐿
0

𝑟
)

2

(1 − 𝛽
0
)

×

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖𝑥

3/2−𝛽0

2𝐹1
(1 − 𝛽

0
, −𝛽
0
+𝛽
∞
, 5/2− 𝛽

0
, −𝑥)

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖𝑥

1/2−𝛽0
2𝐹1
(1 − 𝛽

0
, −𝛽
0
+𝛽
∞
, 3/2− 𝛽

0
, −𝑥)

.

(16)

The extra factor of 2 in the case of the tangential velocity
can be understood, since there exist two such components.
The moments of the velocity are, of course, functions of
the three parameters of the model. The model clearly can
accommodate asymmetries in the velocity dispersion, even
if the density is spherically symmetric.

Equation (12) can be inverted to yield the distribution
function 𝑓(𝜖), even though this is technically more com-
plicated than in the standard Eddington approach without
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the angular momentum factors. Given the function 𝑓(𝜖), we
define the quantities

Λ
𝑡
= (2 − 𝛽

0
)

× ∫

0

𝜉

𝑓 (𝜖) 𝑑𝜖
2𝐹1

(2 − 𝛽
0
, −𝛽
0
+ 𝛽
∞
, 5/2 − 𝛽

0
, −𝑥) ,

Λ
𝑟
= (1 − 𝛽

0
)

× ∫

0

𝜉

𝑓 (𝜖) 𝑑𝜖
2𝐹1

(1 − 𝛽
0
, −𝛽
0
+ 𝛽
∞
, 5/2 − 𝛽

0
, −𝑥) .

(17)

Then, the asymmetry parameter 𝛽 defined by

𝛽 = 1 −
≺ 𝜐
2

𝑡
≻

2 ≺ 𝜐
2

𝑟
≻
, 𝛽 = 1 −

Λ
𝑡

Λ
𝑟

. (18)

The axially symmetric velocity distribution, with respect to
the center of the galaxy, is, thus, obtained from 𝑓(𝐸) as
described in the Appendix, for a number of cases, some of
which, to the best of our knowledge, have not been obtained
before in analytic form.

Clearly, for a given matter density profile, both the
distribution function 𝑓(𝜖) and the integrals Λ

𝑡
and Λ

𝑟
are

functions of 𝑟
𝑠
𝛽
0
𝛽
∞
and 𝐿

0
. So is the asymmetry parameter

𝛽. The above equations get simplified in the following cases.

(1) In the limit in which 𝛽
0
= 0 and 𝛽

∞
= −1,

𝜂 = 4𝜋∫

0

𝜉

𝑓 (𝜖) 𝑑𝜖√2 (𝜖 − 𝜉) (1 +
2

3
𝑎 (𝜖 − 𝜉)) ,

𝑎 =
𝑟
2
Φ
0

𝐿
2

0

(19)

≺ 𝜐
2

𝑡
≻ =

2

15

𝐿
2

0

𝑟
2

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖(𝜖 − 𝜉)

3/2
(5 + 4𝑎 (𝜖 − 𝜉))

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖√𝜖 − 𝜉 (1 + (2/3) 𝑎 (𝜖 − 𝜉))

(20)

≺ 𝜐
2

𝑟
≻ =

1

15

𝐿
2

0

𝑟
2

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖(𝜖 − 𝜉)

3/2
(5 + 2𝑎 (𝜖 − 𝜉))

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖√𝜖 − 𝜉 (1 + (2/3) 𝑎 (𝜖 − 𝜉))

(21)

𝛽 = 1 −

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖 (𝜖 − 𝜉)

3/2
(5 + 4𝑎 (𝜖 − 𝜉))

∫
0

𝜉
𝑓 (𝜖) 𝑑𝜖 (𝜖 − 𝜉)

3/2
(5 + 2𝑎 (𝜖 − 𝜉))

. (22)

(2) 𝛽
∞
= 1, 𝛽

0
= 0.

In this case,

1

√𝑎
𝑥
1/2−𝛽0

2𝐹1
(1 − 𝛽

0
, −𝛽
0
+ 𝛽
∞
, 3/2 − 𝛽

0
, −𝑥)

→
1

√𝑎

sinh−1 (√𝑥)
√1 + 𝑥

.

(23)

This function is very complicated to handle. Note,
however, that, for sufficiently small values of 𝑎, one

finds that the above expression for 𝑥 = 𝑎(𝜖 − 𝜉) is
reduced to

2√𝜖 − 𝜉 (1 −
2

3
𝑎 (𝜖 − 𝜉)) . (24)

We, thus, recover the previous formula with just a
change of sign in 𝑎.The corresponding expressions for
the velocity dispersions become

Λ
𝑡
⇐⇒ 2(√𝑥 −

sinh−1 (√𝑥)
√1 + 𝑥

) ,

Λ
𝑟
⇐⇒ 4(−√𝑥 + √1 + 𝑥sinh−1 (√𝑥)) .

(25)

In the limit of small 𝑎, we again recover the previous
expressions with 𝑎 → −𝑎.

(3) The case of 𝐿 ≫ 𝐿
0
is as follows.

In this case, the integral equation

𝜂 = 𝜋√2𝜋𝑎
−𝛽∞

Γ (1 − 𝛽
∞
)

Γ (3/2 − 𝛽
∞
)
∫

0

𝜉

(𝜖 − 𝜉)
1/2−𝛽∞

𝑓 (𝜖) 𝑑𝜖 (26)

can be solved exactly (see Appendix) to yield

𝑓 (𝜖) =
𝑎
𝛽∞

𝜋
2√2𝜋

Γ (3/2 − 𝛽
∞
)

Γ (1 − 𝛽
∞
)

sin (𝜋 (1/2 − 𝛽
∞
))

(1/2 − 𝛽
∞
)

×
𝑑

𝑑𝜖
∫

0

𝜖

(𝜉 − 𝜖)
−1/2+𝛽∞

𝑑𝜂 (𝜉)

𝑑𝜉
𝑑𝜉,

(27)

provided that 𝜂(0) = 0. In this case, however, we find
that

𝛽 = 1 −
Λ
𝑡

Λ
𝑟

= 1 −
Γ (2 − 𝛽

∞
)

Γ (1 − 𝛽
∞
)
= 1 − 𝛽

∞
, 𝛽
∞
< 1, (28)

regardless of the velocity distribution.

3. Asymmetries in the Velocity Distribution

Proceeding as above, we get the function 𝑓
(𝛽∞,𝛽0,𝐿0)

(𝐸). We,
then, proceed to construct a velocity distribution, which is
characterized by the same asymmetry in velocity dispersion
along lines similar to those previously adopted [58], that is,
by considering models of the Osipkov-Merritt type [45, 59,
60]. Thus, the velocity distribution in our vicinity (𝑟 = 𝑟

𝑠
) is

written as

𝑓
𝑟𝑠
(𝜐) =N (1 + 𝛼

𝑠
) 𝑓
0,0,∞

(Φ (𝑟
𝑟
𝑠) +

𝜐
2

𝑟

2
+ (1 + 𝛼

𝑠
)
𝜐
2

𝑡

2
) , (29)

where 𝜐
𝑟
and 𝜐



𝑡
are the radial, that is, outwards from

the center of the galaxy, and the tangential components of
the velocity, with respect to the center of the galaxy. The
parameter 𝛼

𝑠
= 𝛽/(1 − 𝛽) can be determined by calculating

the moments of the velocity as above; that is, it is a function
of the parameters 𝐿

0
, 𝛽
0
, and 𝛽

∞
. Since these parameters
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are usually treated as phenomenological parameters, we will
treat 𝛽 phenomenologically. We note that this function is
only axially symmetric and the normalization constantN is a
normalization constant, the same as in the case of 𝛼

𝑠
= 0. The

isotropic case follows as a special case in the limit 𝛼
𝑠
→ 0.

The characteristic feature of this approach is that the
velocity distribution automatically vanishes outside a given
region specified by a cut-off velocity 𝜐

𝑚
, given by 𝜐

𝑚
=

√2
Φ (𝑟𝑠)

.

4. A Simple Test Density Profile

Before proceeding further, we will examine a simple model,
amenable to analytic solution, that is, the famous Plummer
solution [54], and leave the case of realistic density profiles,
like, for example, those often employed [13, 47, 57], for a
future publication. It is well known that a spherical density
distribution [54] of the type

𝜂 =
𝜌 (𝑥)

𝜌
0

=
1

(1 + 𝑥
2
/3)
5/2
, 𝑥 =

𝑟

𝑎
0

, (30)

which is sometimes used as an ordinary matter profile, leads
to a potential of the form

𝜉 =
Φ (𝑥)

Φ
0

= −
1

(1 + 𝑥
2
/3)
1/2
, Φ

0
= 4𝜋𝐺

𝑁
𝑎
2

0
𝜌
0
. (31)

In the above expressions, 𝑎
0
is a scale length. More precisely,

𝑎
0
= 3
−1/6
𝑅 with 𝑅 being the radius of a sphere, containing

the same mass, uniformly distributed. It is interesting to
remark that the Plummer solution naturally arises in a
model involving self-consistent star clusters studied in the
Newtonian limit as well as after the first post-Newtonian
corrections were computed [50].

From these, we obtain the desired relation:

𝜂 (𝜉) = −𝜉
5
, with 𝜂 (𝜉) = −20𝜉3,

𝜂(𝜉)
𝜉=0

= 0,
𝑑𝜂

𝑑𝜉

𝜉=0

= 0.

(32)

Then, the solution to (19) is given by

𝑓 (𝑥) =
16𝑒
−𝑎𝑥

𝑎
9/2
𝜋𝑥

× 𝑒
𝑎𝑥
(√𝑎√𝑥 (2𝑎𝑥 (2𝑎𝑥 (2𝑎𝑥 − 5) + 15) − 15)

+ 15√𝑎𝑥)

− 15𝑎√𝜋𝑥erfi (√𝑎𝑥) , 𝑥 = −𝜖.

(33)

This leads to a velocity distribution:

𝑓
𝜉(𝑥𝑠)

(𝑦) = 𝑓(𝜉 (𝑥𝑠) −
𝑦
2

2
) , (34)

where 𝜉(𝑥𝑠) is the value of the potential in our vicinity. In
our simple model 𝜉(𝑥𝑠) ≈ √3/2. We also used a larger value
𝜉(𝑥𝑠) = 10.

(1) The choice 𝑎 > 0 is as follows.
The obtained velocity distribution which is properly
normalized is exhibited in Figure 1.We notice that the
dependence on 𝑎 is very mild.
We next compute the asymmetry parameter 𝛽 = 1 −
Λ
𝑡
/Λ
𝑟
as a function of the potential 𝜉 for various val-

ues of 𝑎. This is exhibited in Figure 2. The asymmetry
is negative, opposite to what is commonly believed;
see, for example, [31–34, 36, 61]; that is, it does not
lead to enhanced dispersion in the galactocentric
direction, regardless of the values of 𝜉. Thus, the
positive values of 𝑎 are not acceptable; that is, the
choice 𝛽

∞
= −1, 𝛽

0
= 0 is not physically acceptable.

(2) The choice 𝛽
∞
= 1, 𝛽

0
= 0 is as follows.

In this case, we will explore the regime of negative
absolutely small values of 𝑎, which is the physically
interesting case. The velocity distribution obtained is
exhibited in Figure 3, while the asymmetry parameter
as a function of 𝜉, for the same values of 𝑎, is exhibited
in Figure 4. Finally, the asymmetry parameter as a
function of 𝑎, 𝑎 < 0, is presented in Figure 5 for
various values of 𝜉.

5. The Velocity Distribution in
WIMP Searches

The asymmetric velocity distribution in the galactic frame
can be written as

𝑔 (𝛽, 𝑦

) =

1

1 − 𝛽
𝑓
0,0,∞

(Φ (𝑟
𝑠
) +

1

2
(

1

1 − 𝛽
(𝑦
2
− 𝛽𝑦
2

𝑟
))) . (35)

This function depends, of course, on the assumed density
profile and is expressed in terms of two variables, the
solar coordinate 𝑟

𝑠
and the asymmetry parameter 𝛽. The

latter depends on the parameters describing the angular
momentum function 𝐹

𝐿
(𝐿). In order to get a feeling of what

to expect in realistic calculations, we exhibit in Figure 6 the
dependence on the asymmetry 𝛽 of the angular average of
the distribution function obtained in our simple model. The
values of 𝛽 employed were related to 𝑎 as above. The results
shown here exhibit the same trends as those obtained by
using, for example, Tsallis functions (see [36]).

Our next task is to transform the velocity distribution
from the galactic to the local frame.The needed equation, see,
for example, [62], is

y → y + 𝜐
𝑠
+ 𝛿 (sin𝛼𝑥 − cos𝛼 cos 𝛾𝑦 + cos𝛼 sin 𝛾𝜐

𝑠
) ,

𝑦 =
𝜐

𝜐
0

,

(36)

with 𝛾 ≈ 𝜋/6, 𝜐
𝑠
being a unit vector in the Sun’s direction

of motion, 𝑥 a unit vector radially out of the galaxy in our
position, and 𝑦 = 𝜐

𝑠
× 𝑥. The last term in the first expression

of (36) corresponds to the motion of the Earth around the
Sun with 𝛿 being the ratio of the modulus of the Earth’s
velocity around the Sun divided by the Sun’s velocity around
the center of the Galaxy; that is, 𝜐

0
≈ 220 km/s and 𝛿 ≈ 0.135.
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Figure 1: We show the properly normalized velocity distribution obtained in our simple model for various values of 𝑎 for the value 𝜉(𝑥𝑠) =
√3/2 (a) and a larger, perhaps more realistic, value 𝜉(𝑥𝑠) = 10 (b). The obtained velocity distribution depends mildly on 𝑎.
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Figure 2: The asymmetry parameter 𝛽 = Λ
𝑡
/Λ
𝑟
as a function

of 𝜉 for values of 𝑎 = 0, 0.25, 0.50, 0.75, 1.0, 1.25, 1.50 increasing
downwards.

The above formula assumes that the motion of both the Sun
around the Galaxy and the Earth around the Sun is uniformly
circular. The exact orbits are, of course, more complicated
[63, 64], but such deviations are not expected to significantly
modify our results. In (36), 𝛼 is the phase of the Earth (𝛼 =
0 around June 3rd). (One could, of course, make the time
dependence of the rates, due to themotion of the Earth, more
explicit by writing 𝛼 ≈ (6/5)𝜋 (2(𝑡/𝑇) − 1), where 𝑡/𝑇 is the
fraction of the year).

5.1. Standard Nondirectional Experiments. Wehave seen that,
in the galactic frame, in the presence of asymmetry 𝛽, the
relevant quantity is

𝑦
2

𝑥
+

1

1 − 𝛽
(𝑦
2

𝑦
+ 𝑦
2

𝑧
) =

1

1 − 𝛽
(𝑦
2
− 𝛽𝑦
2

𝑥
) . (37)

In the local frame, the components 𝑦
𝑥
, 𝑦
𝑦
, 𝑦
𝑧
of the velocity

vector y are, thus, given by

𝑦
𝑟
= 𝑦
𝑥
=
1

𝑠𝑐
(𝑦 cos𝜙 sin 𝜃 + 𝛿 sin𝛼) ,

𝑦
𝑡
= √𝑦
2

𝑦
+ 𝑦
2

𝑧

𝑦
𝑦
=
1

𝑠𝑐
(𝑦 sin 𝜃 sin𝜙 − 𝛿 cos𝛼 cos 𝛾) ,

𝑦
𝑧
=
1

𝑠𝑐
(𝑦 cos 𝜃 + 𝛿 cos𝛼 sin 𝛾 + 1) ,

𝑦 =
𝜐

𝜐
0

,

(38)

where 𝑠
𝑐
is a suitable scale factor to bring the WIMP velocity

into units of the Sun’s velocity, 𝑦 = 𝜐/𝜐
0
; that is, 𝑠𝑐 =

√
Φ0
/𝜐0. One finds

1

1 − 𝛽
(𝑦
2
− 𝛽𝑦
2

𝑥
)

→ 𝑌
2

=
1

𝑠𝑐
2

1

1 − 𝛽
(−𝛽(𝛿 sin(𝛼) + 𝑦 cos(𝜙) sin(𝜃))2

+ (𝑦 cos(𝜃) + 𝛿 cos(𝛼) sin(𝛾) + 1)2

+(𝛿 cos(𝛼) cos(𝛾) − 𝑦 sin(𝜃) sin(𝜙))2) .

(39)

Thus, the velocity distribution for the standard (nondirec-
tional) case becomes

𝑔nodir (𝑌) =
1

1 − 𝛽
𝑓
0,0,∞

(Φ (𝑟
𝑠
) +

1

2
𝑌
2
) . (40)
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Figure 3: We show the properly normalized velocity distribution obtained in our simple model for negative values of 𝑎; that is, 𝑎 =

0, −0.1, −0.2, −0.3, −0.4, −0.5 for the value 𝜉(𝑥𝑠) = √3/2 (a) and a larger, perhaps more realistic, value 𝜉(𝑥𝑠) = 10 (b). The obtained velocity
distribution depends mildly on 𝑎 in (a) and it is noticeable in (b). In the plots, 𝑎 is increasing from left to right.
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Figure 4: The asymmetry parameter 𝛽 = Λ
𝑡
/Λ
𝑟
as a function of 𝜉

for values of 𝑎 is the same as in Figure 3. In the plots, 𝑎 is increasing
upwards.

5.2. Directional Experiments. In the Eddington theory the
asymmetric velocity distribution is given by

𝑔dir (𝑋) =
1

1 − 𝛽
𝑓
0,0,∞

(Φ (𝑟
𝑠
) +

1

2
𝑋
2
) , (41)

where 𝑓 is the symmetric normalized velocity distribution
with respect to the center of the galaxy, 𝛽 is the asymmetry
parameter, and𝑋 is given, [65], by

𝑋
2

=
1

(1 − 𝛽) 𝑠
2

𝑐

× (√3𝛿 cos𝛼 cosΦ − 2√1 − 𝜉2 sin𝜙 + 2𝛿 sin𝛼 sinΦ)
2

𝛽

0.1

0.2

0.3

0.4

0.5

0.1 0.2 0.3 0.4 0.5

−a

Figure 5: The asymmetry parameter 𝛽 = Λ
𝑡
/Λ
𝑟
as a function of 𝑎

for values of 𝜉(𝑟
𝑠
) = (1, 2, 4, 6, 8, 10)/2. In the plots 𝜉(𝑟

𝑠
) is increasing

upwards. Note that, on the x-axes, the opposite of 𝑎 is indicated.

− 𝛽(2√1 − 𝜉
2 cos𝜙 − (𝛿 cos𝛼 + 2) sinΘ

+𝛿 cosΘ(2 cosΦ sin𝛼 − √3 cos𝛼 sinΦ))
2

+ (2𝜉𝑦 + (𝛿 cos𝛼 + 2) cosΘ

+𝛿 sinΘ(2 cosΦ sin𝛼 − √3 cos𝛼 sinΦ))
2

+ (−2√1 − 𝜉
2 cos𝜙 + (𝛿 cos𝛼 + 2) sinΘ

+ 𝛿 cosΘ(√3 cos𝛼 sinΦ − 2 cosΦ sin𝛼) )
2

.

(42)

The direction of the WIMP velocity is specified by 𝜉 = cos 𝜃
and 𝜙. The direction of observation is specified by the angles
Θ andΦ.



8 Advances in High Energy Physics

1 2 3 4

0.1

0.2

0.3

0.4

0.5

0.6

y


4
𝜋
y
2
f
(
𝛽
,
y

)

Figure 6: We show the angular average of the properly normalized
velocity distribution for values of the asymmetry parameter 𝛽 =

(0.0.1, 0.2, 0.3, 0.4, 0.5). In the plots, 𝛽 is increasing from right to left.
The results depend on the value of the potential in our vicinity. Here,
the value of 𝜉(𝑥𝑠) = 10 was adopted.

6. Discussion and Conclusions

In the present work, we studied how one can construct
the velocity distribution in the Eddington approach starting
from dark matter density profiles. This is very important
in the case of using this distribution for calculating the
event rates expected in direct dark matter searches. First,
because it allows a consistency between the velocity dis-
tribution employed and the WIMP density in our vicinity.
Second, because the upper cut-off in the velocity distribution
comes out of the model and is not put in by hand as is
common practice. It is, therefore, interesting to generalize the
Eddington approach in order to obtain asymmetric velocity
distributions.

With this in mind, we have seen that, by modifying
the phase space distribution function by suitable angular
momentum functions 𝐹

𝐿
(𝐿), one can obtain asymmetric

velocity distributions as well, with 𝛼𝜐 asymmetry parameter
𝛽, which is described in terms of the parameters specifying
𝐹
𝐿
(𝐿). We clarified some of the issues involved in this

approach by considering a simple model, which can yield
analytic solutions.

Results of realistic calculations for dark matter searches,
employing the present technique and using realistic density
profiles [13, 47, 57], will appear elsewhere [66]. We do not
expect the effects of the asymmetry on the standard nondi-
rectional rates to be very different from those obtained in
a more phenomenological treatment [36], that is, negligible
in the case of time averaged events and small in the case of
time dependent rates (modulation effect due to the motion
of the Earth). We expect, however, the effects of asymmetry
to be very important in the case of directional experiments,
that is, experiments measuring not only the energy but also
the direction of the recoiling nucleus. Even though velocity
distributions without asymmetry [65] were employed, it has

been found that there is a strong dependence of the event
rates on the angle of observation relative to the direction of
the velocity of the Sun, for both the time averaged and the
modulated events.

Appendix

Analytic Solutions of Some Integral Equations

Consider an integral equation of the following form:

∫

𝑥

0

𝑓 (𝑦)𝐾 (𝑥 − 𝑦) 𝑑𝑦 = 𝑔 (𝑥) . (A.1)

Applying the Laplace transform on both sides, this is reduced
to

𝐿 (𝑓) 𝐿 (𝐾 (𝑡)) = 𝐿 (𝑔) ⇒ 𝐿 (𝑓) =
𝐿 (𝑔)

𝐿 (𝐾 (𝑡))
. (A.2)

The solution can be obtained if we can find a function �̃�(𝑡)
such that 𝐿(�̃�) = 1/𝐿(𝐾). This, however, cannot be done
analytically except in very few cases. Some cases of interest
are as follows:

(1) 𝐾(𝑡) = (Γ(1 − ])/Γ(3/2 − ])) 𝑡1/2−].
Then, one can show that

𝐿(
𝑥
]−5/2

Γ (1 − ]) Γ (] − 3/2)
) = (

Γ(1 − ])
Γ(3/2 − ])

𝑡
1/2−]

)

−1

(A.3)

or

𝐿(
𝑡
−2−]

Γ (−1 − ]) Γ (1 + ])
) =

1

𝐿 (𝑡
]
)
. (A.4)

Thus,

𝑔 (𝑥) = ∫

𝑥

0

𝑓 (𝑦) (𝑥 − 𝑦)
]
𝑑𝑦 ⇒

𝑓 (𝑥) =
1

Γ (−1 − ]) Γ (1 + ])
∫

𝑥

0

(𝑥 − 𝑦)
−2−]

𝑔 (𝑦)

(A.5)

or better still
1

Γ (1 + ]) Γ (1 − ])
𝑠𝐿 (𝑡
−]
) 𝑠 =

1

𝐿 (𝑡
]
)
, −1 < R (]) < 1, (A.6)

where

𝑠 ⇐⇒
𝑑

𝑑𝑡
⇐⇒ 𝐿(

𝑑𝑢

𝑑𝑡
) = 𝑠𝐿 (𝑢) , 𝑢 (0) = 0. (A.7)

Thus,

𝑔 (𝑥) = ∫

𝑥

0

𝑓 (𝑦) (𝑥 − 𝑦)
]
𝑑𝑦 ⇒

𝑓 (𝑥) =
1

𝜋

sin𝜋]
]

𝑑

𝑑𝑥
∫

𝑥

0

(𝑥 − 𝑦)
−] 𝑑𝑔 (𝑦)

𝑑𝑦
, −1 < R (]) < 1.

(A.8)
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(2)

𝐾 (𝑡) = √𝑡 (1 +
2

3
𝑎𝑡) ⇒ 𝐿 (𝐾) = √𝜋

1

2𝑠
5/2
(𝑎 + 𝑠) , (A.9)

which is a special case of (19).
Then, we notice that

𝐿 (𝑔)

𝐿 (𝐾 (𝑡))
= 𝑠𝐿(

2𝑒
−𝑎𝑡erfi (√𝑎√𝑡)
√𝑎√𝜋

)𝐿 (𝑔

) ,

if 𝑔 (0) = 0, 𝑔

(0) = 0,

(A.10)

where erfi is the error function with imaginary part;
that is,

erfi (𝑥) = −𝑖 erf (𝑖𝑥) . (A.11)

Thus, the solution becomes

𝑓 (𝑥) =
𝑑

𝑑𝑥
∫

𝑥

0

(

2𝑒
−𝑎(𝑥−𝑦)erfi(√𝑎√(𝑥 − 𝑦))

√𝑎√𝜋
)𝑔

(𝑦) . (A.12)

Thus, the solution of (19) takes the following form:

𝑓 (𝜖) =
1

2𝜋√2𝜋

𝑑

𝑑𝜖
∫

0

𝜖

(

𝑒
−𝑎(𝜉−𝜖)erfi (√𝑎√(𝜉 − 𝜖))

√𝑎
)𝜂

(𝜉) . (A.13)

This reduces to (8) in the limit of 𝑎 → 0.
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In this work, we explore ]-nucleus processes from a nuclear theory point of view and obtain results with high confidence level
based on accurate nuclear structure cross sections calculations. Besides cross sections, the present study includes simulated signals
expected to be recorded by nuclear detectors and differential event rates as well as total number of events predicted to be measured.
Our original cross sections calculations are focused on measurable rates for the standard model process, but we also perform
calculations for various channels of the nonstandard neutrino-nucleus reactions and come out with promising results within
the current upper limits of the corresponding exotic parameters. We concentrate on the possibility of detecting (i) supernova
neutrinos by using massive detectors like those of the GERDA and SuperCDMS dark matter experiments and (ii) laboratory
neutrinos produced near the spallation neutron source facilities (at Oak Ridge National Lab) by the COHERENT experiment.
Our nuclear calculations take advantage of the relevant experimental sensitivity and employ the severe bounds extracted for the
exotic parameters entering the Lagrangians of various particle physics models and specifically those resulting from the charged
lepton flavour violating 𝜇−

→ 𝑒
− experiments (Mu2e and COMET experiments).

1. Introduction

Coherent scattering of neutrinos on complex nuclei was
proposed long ago [1, 2] as a prominent probe to study
neutral-current (NC) ]-nucleus processes, but up to now no
events have been experimentally measured. Neutrino detec-
tion constitutes an excellent probe to search for a plethora of
conventional neutrino physics applications and new-physics
open issues [3–5]. In principle, low-energy astrophysical and
laboratory neutrino searches provide crucial information
towards understanding the underling physics of the funda-
mental electroweak interactions within and beyond the SM
[6, 7]. Well-known neutrino sources include (i) supernova
neutrinos (with energies up to 60–100MeV) and (ii) labora-
tory neutrinos (with energies up to 52.8MeV) emerging from
stopped-pion and muon decays at muon factories (Fermilab,
PSI, JPARC, etc.) and at the spallation neutron source (SNS)
at Oak Ridge National Lab [8]. Recently, it became feasible
[9] to detect neutrinos by exploiting the neutral current
interactions andmeasuring the nuclear recoil signals through

the use of very low threshold-energy detectors [10, 11]. To
this purpose, great experimental effort has been put and new
experiments have been proposed to be performed at facilities
with stopped-pion neutrino beams, based on promising
nuclear detectors like those of the COHERENT experiment
[12, 13] and others [14] at the SNS, or alternative setups
at the Booster Neutrino Beam (BNB) at Fermilab [15, 16].
The nuclear ]-detectors adopted by the relevant experiments
include liquid noble gases, such as 20Ne, 40Ar, and 132Xe, as
well as 76Ge and CsI[Na] detection materials [17].

On the theoretical side, the ]-signals of low-energy neu-
trinos, expected to be recorded in sensitive nuclear detectors
[18–20], could be simulated through nuclear calculations of
]-nucleus scattering cross sections. Such results may provide
useful information relevant for the evolution of distant stars,
the core collapse supernovae, explosive nucleosynthesis, and
other phenomena [21, 22]. In fact, coherent neutral current
]-nucleus scattering events are expected to be observed
by using the high intensity stopped-pion neutrino beams

Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2015, Article ID 763648, 17 pages
http://dx.doi.org/10.1155/2015/763648

http://dx.doi.org/10.1155/2015/763648


2 Advances in High Energy Physics

[23, 24] and nuclear targets for which recoil energies are of
the order of a few to tens of keV and therefore appropriate for
detection of WIMPs [25, 26], candidates of cold dark matter
[27–29]. Such detectors are, for example, the SuperCDMS
[30], GERDA [31], and othermultipurpose detectors [32–34].
For low energies, the dominant vector components of NC
interactions lead to a coherent contribution of all nucleons
(actually all neutrons) in the target nucleus [35–37].

It is worth mentioning that, after the discovery [38–
42] of neutrino oscillations in propagation, the challenge
of neutral and charged lepton flavour violation (LFV) is
further investigated by extremely sensitive experiments [43–
49] searching for physics beyond the current standard model
(SM) [50]. To this end, neutrino-nucleus coherent scatter-
ing experiments may probe new physics beyond the SM
involved in exotic neutrino-nucleus interactions [9, 51–53],
an undoubtable signature of nonstandard physics. Therefore,
new data and insights will be provided to the physics of
flavour changing neutral-current (FCNC) processes, in the
leptonic sector, in nonstandard neutrino oscillation effects
[54–56], in neutrino transition magnetic moments [57], in
sterile neutrino search [58], and others [59]. Furthermore,
such experimental sensitivity may also inspire advantageous
probes to shed light on various open issues in nuclear
astrophysics [60, 61].

In recent works [53], neutral-current (NC) nonstandard
interactions (NSI) involving (anti)neutrino scattering pro-
cesses on leptons, nucleons, and nuclei have been investi-
gated. The reactions of this type that take place in nuclei are
represented by

]
𝛼
(]̃

𝛼
) + (𝐴, 𝑍) → ]

𝛽
(]̃

𝛽
) + (𝐴, 𝑍) (1)

(𝛼, 𝛽 = 𝑒, 𝜇, 𝜏 with 𝛼 ̸= 𝛽). It has been suggested [62] that,
theoretically, the latter processes can be studiedwith the same
nuclear methods as the exotic cLFV process of 𝜇−

→ 𝑒
−

conversion in nuclei [63–66].The corresponding Lagrangians
may be derived within the context of various extensions of
the SM [6, 7, 67], like the four-fermion contact interaction,
seesaw model [68, 69], left-right symmetric models [70],
gluonic operator model [71], and so forth.

It is well known that neutrino NSI may have rather
significant impact in many areas of modern physics research
and thus motivate a great number of similar studies [72].
Particularly in astrophysical applications, constraints coming
out of some supernova explosion scenarios [73–75] may
be affected and eventually lead to the necessity of further
investigation of NSI in both LFV and cLFV processes that
may occur in solar and supernova environment [76–80]. Such
open issues motivated our present work too.

One of our main purposes in this paper, which is an
extension of our previous study [53], is to comprehensively
study the above issues by performing nuclear structure
calculations for a set of experimentally interesting nuclei. We
estimate reliably the nuclear matrix elements describing both
interaction channels, the exotic and the standardmodel ones,
but we mainly focus on the SM component of the neutrino-
nucleus processes; that is, we consider 𝛼 = 𝛽 in the reactions
of (1). Exotic neutrino-nucleus events are also computed.

By exploiting our accurate original cross sections, we obtain
simulated ]-signals and flux averaged cross sections which
are experimentally interesting quantities for both supernova
and SNS neutrinos. The total number of events expected to
be recorded over the energy threshold for the studied nuclear
targets is also presented for both cases.

We stress the fact that we have devoted special effort to
obtain results of high accuracy by constructing the nuclear
ground state within the context of the quasiparticle random
phase approximation (QRPA), that is, by solving iteratively
the BCS equations for realistic pairing interactions (the Bonn
C-D potential) [81–83], and achieving high reproducibility of
the available experimental data [84]. In addition, we made
comparisons with the results of other methods evaluating the
nuclear form factors that enter the coherent rate [85, 86] as the
one which employs fractional occupation probabilities (FOP)
of the states (on the basis of analytic expressions) [87] and
other well-known methods [88].

2. Description of the Formalism

In this section, we present briefly the necessary formalism for
describing all channels of the NSI processes of the reactions
(1), derived by starting from the corresponding nuclear-level
Feynman diagrams.

In Figure 1, the exchange of a 𝑍-boson between a lepton
and a nucleon is represented, for the SM ]-nucleus scat-
tering, Figure 1(a), and for the exotic ]-nucleus scattering,
Figure 1(b). As already mentioned in the Introduction, the
nonstandard ]-nucleus processes [53] and the exotic cLFV
𝜇

−
→ 𝑒

− conversion in nuclei [50, 63, 76, 77, 79, 80] can
be predicted within the context of the same new-physics
models [62, 68]. For this reason, in Figure 1(c), we also show
the exchange of a 𝑍-boson or a virtual 𝛾-photon leading
to the nuclear 𝜇

−
→ 𝑒

− conversion [64, 68]. Thus, the
leptonic vertex in the cases of Figures 1(b) and 1(c) is a
complicated one. A general effective Lagrangian that involves
SM interactions (LSM) and NSI (LNSI) with a nonstandard
flavour preserving (FP) term, a nonuniversal (NU) term, and
a flavour changing (FC) term reads

Ltot = LSM +LNSI = LSM +LNU +LFC. (2)

Each of the componentsLSM andLNSI, the individual terms
LNU and LFC, and the nuclear matrix elements that arise
from each part are discussed below.

2.1. Coherent Cross Sections of Nonstandard ]-Nucleus Reac-
tions. The quark-level Lagrangian for neutral current non-
standard neutrino interactions LNSI, at the four-fermion
approximation (energies ≪ 𝑀

𝑍
), is parametrized as [9, 52,

73]

LNSI = −2√2𝐺
𝐹

∑

𝑓=𝑢,𝑑

𝛼,𝛽=𝑒,𝜇,𝜏

𝜖
𝑓𝑃

𝛼𝛽
[]

𝛼
𝛾
𝜌
𝐿]

𝛽
] [𝑓𝛾

𝜌
𝑃𝑓] ,

(3)

where 𝑓 denotes a first generation SM quark, ]
𝛼
are three

light neutrinos with Majorana masses, and 𝑃 = {𝐿, 𝑅} are the
chiral projectors. In the latter Lagrangian (3), two classes of
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Figure 1:Nuclear level Feynmandiagrams for (a) SM𝑍-exchange neutral-current ]-nucleus reactions, (b) nonstandard𝑍-exchange ]-nucleus
reactions, and (c)𝑍-exchange and photon-exchange 𝜇−

→ 𝑒
− in the presence of a nucleus (muon-to-electron conversion).The nonstandard

(cLFV or LFV) physics enters in the complicated vertex denoted by the bullet ∙ [53].

nonstandard terms are considered (i) flavour preserving non-
SM terms that are proportional to 𝜖𝑓𝑃

𝛼𝛼
(known as nonuniver-

sal, NU interactions) and (ii) flavour changing (FC) terms
proportional to 𝜖𝑓𝑃

𝛼𝛽
, 𝛼 ̸= 𝛽. These couplings are defined with

respect to the strength of the Fermi coupling constant 𝐺
𝐹

[52, 73]. In the present work, we examine spin-zero nuclei;
thus, the polar-vector couplings defined as 𝜖𝑓𝑉

𝛼𝛽
= 𝜖

𝑓𝐿

𝛼𝛽
+ 𝜖

𝑓𝑅

𝛼𝛽

are mainly of interest. For the axial-vector couplings it holds
𝜖
𝑓𝐴

𝛼𝛽
= 𝜖

𝑓𝐿

𝛼𝛽
− 𝜖

𝑓𝑅

𝛼𝛽
.

Following [79, 80], the nuclear physics aspects of the
neutrino-matter NSI can be explored by transforming the
quark-level Lagrangian (3) eventually to the nuclear level
where the hadronic current is written in terms of NC nucleon
form factors that are functions of the four-momentum
transfer. Generally, for inelastic ]-nucleus scattering, the
magnitude of the three-momentum transfer, 𝑞 = | ⃗𝑞|, is a
function of the scattering angle of the outgoing neutrino 𝜃

(in laboratory frame) and the initial, 𝐸
𝑖
, and final, 𝐸

𝑓
, nuclear

energies, as well as the excitation energy of the target nucleus,
𝜔, and takes the form 𝑞

2
= 𝜔

2
+2𝐸

𝑖
𝐸

𝑓
(1− cos 𝜃) [81, 85]. Our

analysis in the present paper concentrates on the dominant
coherent (elastic) channel where only 𝑔𝑠 → 𝑔𝑠 transitions
occur (𝜔 = 0, 𝐸

𝑖
= 𝐸

𝑓
) and the momentum transfer in

terms of the incoming neutrino energy, 𝐸], becomes 𝑞2
=

2𝐸
2

](1 − cos 𝜃) or equivalently 𝑞 = 2𝐸] sin(𝜃/2).
The NSI coherent differential cross section of neutrinos

scattering off a spin-zero nucleus, with respect to the scatter-
ing angle 𝜃, reads [53]

𝑑𝜎NSI,]𝛼
𝑑 cos 𝜃

=
𝐺

2

𝐹

2𝜋
𝐸

2

] (1 + cos 𝜃) ⟨𝑔𝑠



𝐺
NSI
𝑉,]𝛼 (𝑞)



𝑔𝑠⟩


2

, (4)

where 𝛼 = 𝑒, 𝜇, 𝜏 denotes the flavour of incident neutrinos
and |𝑔𝑠⟩ represents the nuclear ground state (for even-even
nuclei assumed here, |𝑔𝑠⟩ = |𝐽

𝜋
⟩ ≡ |0

+
⟩). The nuclear matrix

element, which enters the cross section of (4), is written as
[53]

M

NSI
𝑉,]𝛼



2

≡

⟨𝑔𝑠




𝐺
NSI
𝑉,]𝛼 (𝑞)



𝑔𝑠⟩


2

= [(2𝜖
𝑢𝑉

𝛼𝛼
+ 𝜖

𝑑𝑉

𝛼𝛼
)𝑍𝐹

𝑍
(𝑞

2
) + (𝜖

𝑢𝑉

𝛼𝛼
+ 2𝜖

𝑑𝑉

𝛼𝛼
)𝑁𝐹

𝑁
(𝑞

2
)]

2

+∑

𝛽 ̸=𝛼

[(2𝜖
𝑢𝑉

𝛼𝛽
+ 𝜖

𝑑𝑉

𝛼𝛽
)𝑍𝐹

𝑍
(𝑞

2
) + (𝜖

𝑢𝑉

𝛼𝛽
+ 2𝜖

𝑑𝑉

𝛼𝛽
)𝑁𝐹

𝑁
(𝑞

2
)]

2

(5)

(𝛽 = 𝑒, 𝜇, 𝜏) where 𝐹
𝑍(𝑁)

denote the nuclear (electromag-
netic) form factors for protons (neutrons). We stress the fact
that, in the adopted NSI model, the coherent NC ]-nucleus
cross section is not flavour blind as in the SM case. Obviously,
by incorporating the nuclear structure details, in (4) and (5),
the cross sections becomemore realistic and accurate [9].The
structure of the Lagrangian (2) implies that in the right-hand
side of (5) the first term is the NUmatrix element,MNU

𝑉,]𝛼 , and
the summation is the FC matrix element, MNU

𝑉,]𝛼 ; hence we
write


M

NSI
𝑉,]𝛼



2

=

M

NU
𝑉,]𝛼



2

+

M

FC
𝑉,]𝛼



2

. (6)

From experimental physics perspectives, it is rather
crucial to express the differential cross section with respect
to the recoil energy of the nuclear target, 𝑇

𝑁
. In recent

years, it became feasible for terrestrial neutrino detectors to
detect neutrino events by measuring nuclear recoil [16, 17].
Therefore, it is important to compute also the differential
cross sections 𝑑𝜎/𝑑𝑇

𝑁
. In the coherent process, the nucleus

recoils (intrinsically it remains unchanged) with energy
which, in the approximation 𝑇

𝑁
≪ 𝐸], takes the maximum

value 𝑇max
𝑁

= 2𝐸
2

]/(𝑀 + 2𝐸]), with 𝑀 denoting the nuclear
mass [36, 37]. Then, to a good approximation, the square of
the three-momentum transfer is equal to 𝑞

2
= 2𝑀𝑇

𝑁
, and

the coherent NSI differential cross section with respect to 𝑇
𝑁

can be cast in the form

𝑑𝜎NSI,]𝛼
𝑑𝑇

𝑁

=
𝐺

2

𝐹
𝑀

𝜋
(1 −

𝑀𝑇
𝑁

2𝐸
2

]
)

⟨𝑔𝑠




𝐺
NSI
𝑉,]𝛼 (𝑞)



𝑔𝑠⟩


2

.

(7)

We note that, compared to previous studies [60, 72], we have
also taken into consideration the interaction ]-𝑢 quark (see
(5)), in addition to themomentumdependence of the nuclear
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form factors [53]. Both (4) and (7) are useful for studying the
nuclear physics of NSI of neutrinos with matter.

Furthermore, by performing numerical integrations to
(4) over the scattering angle 𝜃 or to (7) over the recoil energy
𝑇

𝑁
, one can obtain integrated (total) coherent NSI cross

sections, 𝜎NSI,]𝛼 . Following (6), the individual cross sections
𝜎NU,]𝛼 and 𝜎FC,]𝛼 may be evaluated accordingly.

2.2. Standard Model Coherent ]-Nucleus Cross Sections. The
effective (quark-level) SM ]-nucleus interaction Lagrangian,
LSM, at low and intermediate neutrino energies, is written as

LSM = −2√2𝐺
𝐹

∑

𝑓=𝑢,𝑑

𝛼=𝑒,𝜇,𝜏

𝑔
𝑓

𝑃
[]

𝛼
𝛾
𝜌
𝐿]

𝛼
] [𝑓𝛾

𝜌
𝑃𝑓] ,

(8)

where 𝑔𝑢

𝐿
= 1/2 − (2/3)sin2

𝜃
𝑊

and 𝑔
𝑢

𝑅
= −(2/3)sin2

𝜃
𝑊

are
the left- and right-handed couplings of the 𝑢-quark to the 𝑍-
boson and 𝑔

𝑑

𝐿
= −1/2 + (1/3)sin2

𝜃
𝑊

and 𝑔
𝑑

𝑅
= (1/3)sin2

𝜃
𝑊

are the corresponding couplings of the 𝑑-quark (𝜃
𝑊

is the
Weinberg mixing angle) [85].

For coherent ]-nucleus scattering, the SM angle-differen-
tial cross section reads

𝑑𝜎SM,]𝛼

𝑑 cos 𝜃
=
𝐺

2

𝐹

2𝜋
𝐸

2

] (1 + cos 𝜃) ⟨𝑔𝑠



M̂

0
(𝑞)



𝑔𝑠⟩


2

. (9)

The operator M̂
0
in the nuclear matrix element of the latter

equation is the Coulomb operator which is equal to the
product of the zero-order spherical Bessel function times the
zero-order spherical harmonic [81, 85]. This matrix element
can be cast in the form [78]


M

SM
𝑉,]𝛼



2

≡

⟨𝑔𝑠




M̂

0
(𝑞)



𝑔𝑠⟩


2

= [𝑔
𝑝

𝑉
𝑍𝐹

𝑍
(𝑞

2
) + 𝑔

𝑛

𝑉
𝑁𝐹

𝑁
(𝑞

2
)]

2

,

(10)

where the polar-vector couplings of protons 𝑔𝑝

𝑉
and neutrons

𝑔
𝑛

𝑉
with the 𝑍-boson (see Figure 1(a)) are written as 𝑔𝑝

𝑉
=

2(𝑔
𝑢

𝐿
+ 𝑔

𝑢

𝑅
) + (𝑔

𝑑

𝐿
+ 𝑔

𝑑

𝑅
) = 1/2 − 2sin2

𝜃
𝑊
and 𝑔𝑛

𝑉
= (𝑔

𝑢

𝐿
+ 𝑔

𝑢

𝑅
) +

2(𝑔
𝑑

𝐿
+ 𝑔

𝑑

𝑅
) = −1/2, respectively. As can be easily seen, the

vector contribution of all protons is very small (𝑔𝑝

𝑉
∼ 0.04);

hence, the coherence in (10) essentially refers to all neutrons
only of the studied nucleus. After some straightforward
elaboration, the differential cross section with respect to the
nuclear recoil energy, 𝑇

𝑁
, takes the form

𝑑𝜎SM,]𝛼

𝑑𝑇
𝑁

=
𝐺

2

𝐹
𝑀

𝜋
(1 −

𝑀𝑇
𝑁

2𝐸
2

]
)

⟨𝑔𝑠




M̂

0
(𝑞)



𝑔𝑠⟩


2

. (11)

The Lagrangian Ltot of (2) contains the flavour preserv-
ing (FP) part, equal to LFP ≡ LNU + LSM, which can be
evaluated through the Coulomb matrix element


M

FP
𝑉,]𝛼



2

=

M

SM
𝑉,]𝛼 +M

NU
𝑉,]𝛼



2

. (12)

Subsequently, the total coherent cross section may be com-
puted on the basis of the matrix element


M

tot
𝑉,]𝛼



2

=

M

FP
𝑉



2

+

M

FC
𝑉,]𝛼



2

. (13)

In a previous work [53], we evaluated original differential
cross sections 𝑑𝜎

𝜆,]𝛼/𝑑 cos 𝜃 and 𝑑𝜎
𝜆,]𝛼/𝑑𝑇𝑁

, as well as indi-
vidual angle-integrated cross sections of the form 𝜎

𝜆,]𝛼(𝐸]),
with 𝛼 = 𝑒, 𝜇, 𝜏 and 𝜆 = SM,NU, FP, FC (FC stands for the
six flavour changing processes ]

𝑒
↔ ]

𝜇
, ]

𝑒
↔ ]

𝜏
, ]

𝜇
↔ ]

𝜏
).

In this work, we perform standard model cross sections
calculations (for convenience, from now on, we drop the
index 𝜆 = SM and always consider ]

𝛼
= ]

𝛽
) for a set of

nuclei throughout the periodic table up to 208Pb. We adopt
various nuclearmodels (see Section 3) to compute the nuclear
form factors.Then, for a great part of the cross section results
(except differential cross sections), we evaluate folded cross
sections and event rates.

3. Evaluation of the Nuclear Form Factors

3.1. Nuclear Structure Calculations. At first, we study the
nuclear structure details of the matrix elements entering (10);
such results reflect the dependence of the coherent cross
section on the incident-neutrino energy𝐸] and the scattering
angle 𝜃 (or the recoil energy 𝑇

𝑁
). We mention that for the

even-even nuclei this study involves realistic QRPA calcu-
lations for the differential cross sections 𝑑𝜎]𝛼/𝑑 cos 𝜃 and
𝑑𝜎]𝛼/𝑑𝑇𝑁

, performed after constructing the nuclear ground
state |𝑔𝑠⟩ by solving iteratively the Bardeen Cooper Schrieffer
(BCS) equations.The solution of these equations provides the
probability amplitudes 𝜐𝑗

𝑁𝑛
and V𝑗

𝑁𝑛
of the 𝑗th single nucleon

level to be occupied or unoccupied, respectively. Moreover,
the latter equations provide the single quasiparticle energies,
based on the single particle energies of the nuclear field (a
Coulomb corrected Woods-Saxon potential in our case) as
well as the pairing part of the residual two-body interaction
(Bonn C-D potential in our case). Then, the nuclear form
factors for protons (neutrons) are obtained as [78]

𝐹
𝑁𝑛

(𝑞
2
) =

1

𝑁
𝑛

∑

𝑗

[𝑗] ⟨𝑗
𝑗0 (𝑞𝑟)

 𝑗⟩ (𝜐
𝑗

𝑁𝑛
)
2

, (14)

with [𝑗] = √2𝑗 + 1, 𝑁
𝑛

= 𝑍 (or 𝑁). For each nuclear
system studied, the chosen active model space, the harmonic
oscillator (h.o.) parameter 𝑏, and the values of the two
parameters 𝑔𝑝(𝑛)

pair for proton (neutron) pairs that renormalise
the monopole (pairing) residual interaction (obtained from
the Bonn C-D two-body potential describing the strong two-
nucleon forces) are presented in Table 1. The adjustment of
𝑔

𝑝(𝑛)

pair is achieved through the reproducibility of the pairing
gaps Δ

𝑝(𝑛)
(see, e.g., [22]).

3.2. Other Methods for Obtaining the Nuclear Form Factors.
The nuclear form factor, which is the Fourier transform of
the nuclear charge density distribution 𝜌

𝑝
(𝑟), is defined as

𝐹
𝑍
(𝑞

2
) =

4𝜋

𝑍
∫𝜌

𝑝
(𝑟) 𝑗

0
(𝑞𝑟) 𝑟

2
𝑑𝑟, (15)

with 𝑗
0
being the zero-order spherical Bessel function. Due to

the significance of the nuclear form factors in our calculations
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Table 1: The values of proton 𝑔
𝑝

pair and neutron 𝑔
𝑛

pair pairs that renormalise the residual interaction and reproduce the respective empirical
pairing gaps Δ

𝑝
and Δ

𝑛
. The active model space and the harmonic oscillator parameter, for each isotope, are also presented.

Nucleus Model-space 𝑏 Δ
𝑝

Δ
𝑛

𝑔
𝑝

pair 𝑔
𝑛

pair
12C 8 (no core) 1.522 4.68536 4.84431 1.12890 1.19648
16O 8 (no core) 1.675 3.36181 3.49040 1.06981 1.13636
20Ne 10 (no core) 1.727 3.81516 3.83313 1.15397 1.27600
28Si 10 (no core) 1.809 3.03777 3.14277 1.15568 1.23135
40Ar 15 (no core) 1.902 1.75518 1.76002 0.94388 1.01348
48Ti 15 (no core) 1.952 1.91109 1.55733 1.05640 0.99890
76Ge 15 (no core) 2.086 1.52130 1.56935 0.95166 1.17774
132Xe 15 (core 40Ca) 2.262 1.19766 1.20823 0.98207 1.13370

and for the benefit of the reader, we devote a separate discus-
sion to summarise some useful possibilities of obtaining these
observables.

3.2.1. Use of Available Experimental Data. For many nuclei
and especially for odd-A isotopes, the proton nuclear form
factors 𝐹

𝑍
(𝑞

2
) are computed by means of a model indepen-

dent analysis (using a Fourier-Bessel expansion model or
others) of the electron scattering data for the proton charge
density 𝜌

𝑝
(𝑟) [84] wherever possible. The absence of similar

data for neutron densities restricts us from assuming that
𝐹

𝑁
(𝑞

2
) = 𝐹

𝑍
(𝑞

2
). In this work, we consider this method only

for the case of the very heavy doubly closed 208Pb nucleus.

3.2.2. Fractional Occupation Probabilities in a Simple Shell-
Model. In [87], the form factor 𝐹

𝑍
(𝑞

2
), for h.o. wavefunc-

tions, has been written as [76, 77]

𝐹
𝑍
(𝑞

2
) =

1

𝑍
𝑒
−(𝑞𝑏)

2
/4
Φ(𝑞𝑏, 𝑍) ,

Φ (𝑞𝑏, 𝑍) =

𝑁max

∑

𝜆=0

𝜃
𝜆
(𝑞𝑏)

2𝜆

.

(16)

The radial nuclear charge density distribution 𝜌
𝑝
(𝑟), entering

the definition of (15), is written in the following compact
form [76, 77]:

𝜌
𝑝
(𝑟) =

1

𝜋
3/2

𝑏
3
𝑒
−(𝑟/𝑏)

2

Π(
𝑟

𝑏
, 𝑍) , Π (𝜒, 𝑍) =

𝑁max

∑

𝜆=0

𝑓
𝜆
𝜒

2𝜆
,

(17)

where 𝜒 = 𝑟/𝑏, with 𝑏 denoting the h.o. size parameter.
𝑁max = (2𝑛 + ℓ)max stands for the number of quanta of the
highest occupied proton (neutron) level. The coefficients 𝑓

𝜆

are expressed as

𝑓
𝜆
= ∑

(𝑛,ℓ)𝑗

𝜋
1/2

(2𝑗 + 1) 𝑛!𝐶
𝜆−ℓ

𝑛ℓ

2Γ (𝑛 + ℓ + 3/2)
, (18)

where Γ(𝑥) is the Gamma function. For the coefficients 𝜃
𝜆
,

𝐶
𝜆−ℓ

𝑛ℓ
and further information, see [76, 77].

Up to this point, the proton occupation probabilities
entering (15) and (16) have been considered equal to unity

for the states below the Fermi surface and zero for those above
the Fermi surface. In [87], the authors introduced depletion
and occupation numbers, to parametrise the partially occu-
pied levels of the states. These parameters satisfy the relation

∑

(𝑛ℓ)𝑗

all

𝛼
𝑛ℓ𝑗

(2𝑗 + 1) = 𝑁
𝑛
.

(19)

Within this context, the “active” surface nucleons (above or
below the Fermi level) have nonzero occupation probability
𝛼

𝑛ℓ𝑗
̸= 0, smaller than unity, while the “core” levels have

occupation probability 𝛼
𝑛ℓ𝑗

= 1. In this paper, we extend
the work of [87] where three parameters 𝛼

1
, 𝛼

2
, and 𝛼

3
are

used to describe the partial occupation probabilities of the
surface orbits. We improve the formalism by introducing
more parameters, increasing this way the number of “active”
nucleons in the studied nuclear system, and come out with
higher reproducibility of the experimental data [84]. To this
aim, we introduce four parameters 𝛼

𝑖
, 𝑖 = 1, 2, 3, 4, in (19).

Then, the assumed “active” single-particle levels are five and
(16) of [87] becomes

Π(𝜒, 𝑍, 𝛼
𝑖
)

= Π (𝜒, 𝑍
2
)

𝛼
1

𝑍
1
− 𝑍

2

+ Π (𝜒, 𝑍
1
) [

𝛼
2

𝑍
𝑐
− 𝑍

1

−
𝛼

1

𝑍
1
− 𝑍

2

]

+ Π (𝜒, 𝑍
𝑐
) [

𝑍

− 𝑍

𝑍

− 𝑍

𝑐

−
𝛼

2

𝑍
𝑐
− 𝑍

1

−
𝛼

3

𝑍

− 𝑍

𝑐

]

+ Π (𝜒, 𝑍

) [

𝑍 − 𝑍
𝑐

𝑍

− 𝑍

𝑐

+
𝛼

3

𝑍

− 𝑍

𝑐

−
𝛼

4

𝑍

− 𝑍


]

+ Π (𝜒, 𝑍

) [

𝛼
4

𝑍

− 𝑍


−

𝜆

𝑍

− 𝑍


]

+ Π (𝜒, 𝑍

)

𝜆

𝑍

− 𝑍


,

(20)

with 𝜆 = 𝛼
1
+ 𝛼

2
− 𝛼

3
− 𝛼

4
. By substituting the polynomial

Π(𝜒, 𝑍) of (17) with that of the latter expression and using
the experimental data [84], we fit the parameters 𝛼

𝑖
(and

similarly for the form factor of (16)). As an example, for the
40Ar isotope we have, 𝑍

2
= 10, 𝑍

1
= 12, 𝑍 = 𝑍

𝑐
= 18,
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𝑍

= 20, 𝑍


= 22, and 𝑍


= 30. The resulting fractional

occupation probabilities that fit the experimental charge
density distribution are 𝛼

1
= 0.85, 𝛼

2
= 1.25, 𝛼

3
= 0.85,

and 𝛼
4
= 0.75. Similarly for the 48Ti nucleus, we have 𝑍

2
=

18, 𝑍
1
= 20, 𝑍 = 𝑍

𝑐
= 22, 𝑍


= 30, 𝑍


= 34, and 𝑍


= 40

and the fitting parameters are 𝛼
1
= 1.0, 𝛼

2
= 1.5, 𝛼

3
= 0.35,

and 𝛼
4

= 0.1. In Figure 2, the prediction of the method
is compared with that of the simple shell-model and the
experimental data. We note that in the momentum transfer
range of our interest (i.e., 𝑞 < 2 fm−1), the form factor has
excellent behaviour. We however mention that even though
the FOP method presents very high reproducibility of the
experimental data, it is not always applicable, for example, for
deformed nuclei (where BCS appears to be still successful).

3.2.3. Use of Effective Expressions for the Nuclear Form Factors.
We finally discuss one of the most accurate effective methods
for calculating the nuclear form factor by [88]

𝐹 (𝑞
2
) =

3𝑗
1
(𝑞𝑅

0
)

𝑞𝑅
0

exp [−1
2
(𝑞𝑠)

2

] , (21)

where 𝑗
1
(𝑥) is the known first-order spherical Bessel function

and 𝑅
2

0
= 𝑅

2
− 5𝑠

2, with 𝑅 and 𝑠 being the radius and surface
thickness parameters of the nucleus, respectively. The radius
parameter is usually given from the semiempirical form 𝑅 =

1.2𝐴
1/3 fm while 𝑠 is of the order of 0.5 fm (see [84]).
It is worth noting that, by inserting the form factors

𝐹
𝑍(𝑁)

obtained as described above in (10), the resulting cross
sections have a rather high confidence level. In the next part of
the paper, the results show that the momentum dependence
of the nuclear form factors becomes crucial, especially for
intermediate and high energies. In some cases, differences
of even an order of magnitude may occur as compared to
the calculations neglecting themomentumdependence of the
nuclear form factors.

4. Results and Discussion

4.1. Integrated Coherent ]-Nucleus Cross Sections. The next
phase of our calculational procedure is related to the total
coherent ]-nucleus cross sections, obtained through numer-
ical integration of (9) over angles (or (11) over 𝑇

𝑁
) as

𝜎]𝛼 (𝐸]) = ∫

𝑑𝜎]𝛼

𝑑 cos 𝜃
(𝜃, 𝐸]) 𝑑 cos 𝜃. (22)

The results for the standard model cross sections, for a
set of different promising targets throughout the periodic
table, are presented in Figure 3. As can be seen, the present
nuclear structure calculations indicate that, between light
and heavy nuclear systems, the cross sections may differ by
even two orders of magnitude (or more) as a consequence of
the dependence on the nuclear parameters (i.e., mass, form
factors, etc.). We also see that for heavier nuclei the cross
sections flatten more quickly (at lower neutrino energies)
compared to that of lighter nuclear isotopes. The latter
conclusion originates mainly from the fact that, for heavy
nuclei, the suppression of the cross sections due to the

nuclear form factors becomes more significant. Thus, for
heavy material, the nuclear effects become important even at
low energies. Such original cross section results are helpful
for the simulations of the standard and nonstandard model
signals of ]-detection experiments (see below).

4.2. Supernova Neutrino Simulations. As discussed previ-
ously, our present calculations may also be useful for ongoing
and future neutrino experiments related to supernova (SN)
neutrino detection, since, as it is known, the neutrinos
emitted in SN explosions transfer the maximum part of the
total energy released. Then, the total neutrino flux, Φ(𝐸]),
arriving at a terrestrial detector as a function of the SN
neutrino energy 𝐸], the number of emitted (anti)neutrinos
𝑁]𝛼 at a distance 𝑑 from the source (here we consider 𝑑 =

10 kpc), reads [25, 35]

Φ(𝐸]) = ∑

]𝛼
Φ]𝛼𝜂

SN
]𝛼 (𝐸]) = ∑

]𝛼

𝑁]𝛼

4𝜋𝑑
2
𝜂
SN
]𝛼 (𝐸]) (23)

(𝛼 = 𝑒, 𝜇, 𝜏) where 𝜂SN]𝛼 denotes the energy distribution of the
(anti)neutrino flavour 𝛼.

The emitted SN neutrino energy spectra 𝜂
SN
]𝛼 (𝐸]) may

be parametrised by Maxwell-Boltzmann distributions that
depend only on the temperature 𝑇]𝛼 of the (anti)neutrino
flavour ]

𝛼
or ]̃

𝛼
(the chemical potential is ignored); we have

𝜂
SN
]𝛼 (𝐸]) =

𝐸
2

]

2𝑇
3

]𝛼

𝑒
−𝐸]/𝑇]𝛼 (24)

(𝑇]𝑒 = 3.5MeV, 𝑇]𝑒 = 5.0MeV, and 𝑇]𝑥,]̃𝑥 = 8.0MeV, 𝑥 = 𝜇, 𝜏

[36]). For each flavour, the total number of emitted neutrinos
𝑁]𝛼 is obtained from the mean neutrino energy [53]

⟨𝐸]𝛼⟩ = 3𝑇]𝛼 (25)

and the total energy released from a SN explosion, 𝑈 = 3 ×

10
53 erg [18, 19].

4.3. Laboratory Neutrino Simulations. The spallation neutron
source (SNS) at Oak Ridge National Lab [8] produces neu-
trons by firing a pulsed proton beamat a liquidmercury target
[59].Themain aim of theCOHERENTproposal [12, 13] (or of
other similar concepts [14, 15]) concerns possible detection of
neutrino-nucleus coherent scattering events at the SNS. Our
simulations here are mainly motivated by previous studies
[9, 16, 17, 58] and the hope to provide our accurate nuclear
structure calculations.

In stopped-pion muon sources, neutrinos are produced
by the pion decay chain. Pion decay at rest 𝜋

+
→

𝜇
+]

𝜇
(𝜏 = 26 ns) produces monochromatic muon neutrinos

]
𝜇
at 29.9MeV, followed by electron neutrinos ]

𝑒
and muon

antineutrinos ]̃
𝜇
that are produced by the muon decay 𝜇+

→

]
𝑒
𝑒
+]̃

𝜇
(𝜏 = 2.2 𝜇s) [23, 24]. For pulsed beams in time-scales

narrower than 𝜇s, ]
𝑒
’s and ]̃

𝜇
’s will be delayed with the beam

while ]
𝜇
’s will be prompt with the beam [9]. The emitted ]

𝑒
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Figure 2: The charge density distribution (a) and the form factor as a function of the momentum transfer (b), for the cases of 40Ar and 48Ti
nuclei. The introduction of fractional occupation probabilities (FOP) of the states provides higher reproducibility of the experimental data,
compared to the simple shell-model and that of (21). The BCS nuclear neutron form factor 𝐹

𝑁
(𝑞

2
) is also presented and compared.

and ]̃
𝜇
neutrino spectra are described by the high precision

normalized distributions, known as the Michel spectrum [11]

𝜂
lab.
]𝑒 = 96𝐸

2

]𝑀
−4

𝜇
(𝑀

𝜇
− 2𝐸]) ,

𝜂
lab.
]̃𝜇 = 16𝐸

2

]𝑀
−4

𝜇
(3𝑀

𝜇
− 4𝐸])

(26)

(𝑀
𝜇

= 105.6MeV is the muon rest mass). The maximum
neutrino energy in the latter distributions is 𝐸max

] = 𝑀
𝜇
/2 =

52.8MeV (see, e.g., [10]).
The spallation neutron source (SNS) at Oak Ridge

National Lab is currently the most powerful facility to detect
for a first time neutrino-nucleus coherent scattering events,
since it provides exceptionally intense fluxes Φ]𝛼 = 2.5 ×

10
7 ]s−1 cm−2 at 20m and Φ]𝛼 = 6.3 × 10

6 ]s−1 cm−2 at 40m
from the source [23, 24]. The simulated laboratory neutrino
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Figure 3: Total coherent cross sections 𝜎]𝛼(]̃𝛼)(𝐸]) in units 10−39 cm2 for a set of nuclei as a function of the incoming neutrino energy 𝐸], for
the SM neutrino processes ]

𝛼
(]̃

𝛼
) + (𝐴, 𝑍) → ]

𝛼
(]̃

𝛼
) + (𝐴, 𝑍).

signals 𝜎sign
],lab. coming out of our calculations for the adopted

nuclear targets are discussed below.

4.4. Simulated Neutrino Signals. By weighting the integrated
cross section 𝜎]𝛼(𝐸]) with the neutrino distributions of (24),
for SN neutrinos, or (26), for laboratory neutrinos, the total
signal produced on a terrestrial detector is described by [82,
83]

𝜎
sign
],𝜉 (𝐸]) = ∑

]𝛼
𝜎]𝛼 (𝐸]) 𝜂

𝜉

]𝛼 (𝐸]) , 𝜉 = SN, lab. (27)

The resulting signals, 𝜎sign
],𝜉 (𝐸]), obtained by inserting in (27)

the cross sections 𝜎]𝛼 of Figure 3 are plotted in Figure 4.
In our previouswork [53], it was shown that the simulated

cross sections reflect the characteristics of the incident
neutrino spectrum of the specific neutrino flavour 𝛼 and,
therefore, such a simulated signal is characterised by its own
position of the maximum peak and width of the distribution
𝜂
SN
]𝛼 .We, however, recall that, within the framework of the SM,
coherent neutrino scattering is a flavour blind and a particle-
antiparticle blind process. For this particular case, our results
are shown in Figure 4 for supernova and laboratory (SNS)
neutrinos.

In neutrino simulations, another useful quantity is the
flux averaged cross section [5] which in our notation is
written as

⟨𝜎]⟩𝜉
= ∑

]𝛼
∫𝜎]𝛼 (𝐸]) 𝜂

𝜉

]𝛼 (𝐸]) 𝑑𝐸]. (28)

The results for ⟨𝜎]⟩𝜉, obtained by using the angle-integrated
cross sections of Figure 3, are listed in Table 2 for both
neutrino sources.

4.5. Differential and Total Event Rates. From experimental
physics perspectives, predictions for the differential event
rate,𝑌]𝛼 , of a ]-detector are crucial [25].The usual expression
for computing the yield in events is based on the neutrino flux
and is defined as [35]

𝑌]𝛼 (𝑇𝑁
)

=
𝑑𝑁

𝑇
𝑁

= 𝐾∑

]𝛼
Φ]𝛼 ∫𝜂

𝜉

]𝛼𝑑𝐸] ∫
𝑑𝜎]𝛼

𝑑 cos 𝜃
𝛿(𝑇

𝑁
−

𝑞
2

2𝑀
)𝑑 cos 𝜃,

(29)

where 𝐾 = 𝑁targ.𝑡tot. accounts for the total number of nuclei
(atoms) in the detector material 𝑁targ. times the total time
of exposure 𝑡tot. Using the latter equation, one concludes
that the lower the energy recoil, the larger the potentially
detected number of events (see Figures 5 and 6). In principle,
in order to maximize the potential detection of a rare event
process like the ]-nucleus scattering, detector materials with
very-low-energy recoil threshold and low-background are
required.

In the last stage of our study, we make predictions for
the total number of coherent scattering events, the most
important quantity, both from theoretical and from experi-
mental perspectives. To this purpose, we evaluate the number
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Figure 4: The signal cross sections that represent the expected signal to be recorded on a terrestrial nuclear ]-detector, (a) for supernova
neutrinos (𝜉 = SN), evaluated with Maxwell-Boltzmann distributions at 𝑑 = 10 kpc, and (b) for SNS neutrinos (𝜉 = lab.), at 20m from
the source. For the case of SNS neutrinos, the figure takes into account only the delayed beam, evaluated with the generic flux of Φ]𝛼 ∼

10
7 ]s−1 cm−2. Different nuclear detectors have been studied.

Table 2: Flux averaged cross sections ⟨𝜎]⟩𝜉 in units 10−40 cm2 for the adopted supernova (𝑑 = 10 kpc) and laboratory (delayed flux only)
neutrino spectra. For the case of SNS neutrinos, we adopt the generic flux, that is,Φ]𝛼 ∼ 10

7 ]s−1 cm−2 at 20m for all nuclear targets.

Nucleus 12C 16O 20Ne 28Si 40Ar 48Ti 56Fe 76Ge 132Xe 208Pb
⟨𝜎]⟩SN 1.46 2.51 3.91 7.52 18.59 25.43 33.29 70.63 207.56 514.93
⟨𝜎]⟩lab. 3.07 5.33 8.13 15.52 37.91 51.50 67.02 139.83 395.59 949.50

Table 3: Total number of events per ton of the target materials for a supernova at a distance of 10 kpc. We assume various energy thresholds
5, 10, 25, or 50 keV. Our present results are in excellent agreement with those of [25, 35].

Nucleus 𝑇
𝑁

𝑇
𝑁
> 5 keV 𝑇

𝑁
> 10 keV 𝑇

𝑁
> 25 keV 𝑇

𝑁
> 50 keV

12C 2.52 2.25 2.05 1.60 1.14
16O 3.29 2.84 2.51 1.83 1.19
20Ne 4.03 3.35 2.87 1.96 1.16
40Ar 9.46 6.63 5.01 2.53 1.00
48Ti 10.73 7.04 5.06 2.27 0.76
56Fe 12.00 7.36 5.04 2.01 0.57
76Ge 18.58 9.61 5.82 1.70 0.30
132Xe 30.68 9.84 4.16 0.46 0.01
208Pb 46.93 7.86 1.95 0.03 <10−3

of expected counts, for the studied detector materials, by
performing numerical integration of (29) over the nuclear
recoil threshold 𝑇

thres.
𝑁

(see Table 3).
As has been discussed previously [25, 26], SN neutrino

detection might become possible by the massive dark mat-
ter detectors [32] which have very good energy resolution

and low threshold capabilities [35]. These experiments are
designed (or planned) to search for WIMPs [27–29] and/or
other rare events such as the neutrinoless double beta decay.
The latter use heavy nuclei as nuclear detectors, for example,
Ge (GERDA [31] and SuperCDMS [30] experiments). In
addition, we report that SNneutrino events can be potentially
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Figure 5: Yield in events (a) and total number of events over nuclear recoil threshold 𝑇thres.
𝑁

(b), for supernova neutrinos at 𝑑 = 10 kpc. Here,
1 ton of perfectly efficient 20Ne and 40Ar detectors has been considered and also possible effects of neutrino oscillation in propagation are
neglected. For heavier nuclear targets the differences become rather significant. In this figure, 𝐹(𝑞2

) stands for (21) and FOP for the method
of fractional occupation probabilities of the states. For more details, see the text.

detected by experiments using noble gases like Ne (CLEAN
detector [32]), Ar (WARPprogramme [33]), andXe (XENON
100 Collaboration [34]).

As mentioned in Section 3, in order to test our nuclear
calculations, we have also employed other nuclear methods.
To this purpose, we have compared our original results
evaluated with the BCS method with those obtained as

discussed in Section 3.2 and concluded that for the case of
the coherent channel all available nuclear methods are in
good agreement, but their results differ significantly from
those obtained assuming 𝐹

𝑍
(𝑞

2
) = 𝐹

𝑁
(𝑞

2
) = 1 (see Figures

5 and 6). We stress, however, the fact that since the cross
section is mostly sensitive to the neutron distribution of
the target nucleus, the most accurate method (at low and
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Figure 6: Same as Figure 5 but for 76Ge and 132Xe.

intermediate energies) is the BCS method which provides
realistic proton as well as neutron form factors. All other
methods employed here consider only the protondistribution
and assume 𝐹

𝑍
(𝑞

2
) = 𝐹

𝑁
(𝑞

2
), which, especially for heavy

nuclei, is a rather crude approximation.We remark, however,
that the aforementioned nuclearmethods offer reliable results
on the differential and total event rates for low energies
(see Figures 5 and 6), but in order to correctly estimate the
neutron form factor, methods like the BSC are probably more
appropriate.

Our present nuclear structure calculations for laboratory
(SNS) neutrinos [8] (see Figure 7) are in good agreement

with previous results [9]. They imply that a comparably large
number of coherent neutrino scattering events are expected
to be measured by using LNe, LAr, LXe, Ge, and CsI[Na]
materials adopted by the COHERENT Collaboration [12,
13]. The predictions of the BCS method for these nuclei
are illustrated in Figure 7 and compared with those of
other promising nuclear targets. Because the neutrino flux
produced at the SNS is very high (of the order of Φ]𝛼 ∼

10
7 ]s−1 cm−2 per flavour at 20m from the source [23]), even

kg-scale experiments expect to measure neutrino-nucleus
coherent scattering events at significantly higher rates than
those of supernova neutrinos.
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Figure 7: Total number of expected events over nuclear recoil threshold for 1 ton of various nuclear targets at 20m from the source (Φ]𝛼 ∼

10
7 ]s−1 cm−2). The left (right) panel assumes the delayed (prompt) flux of laboratory stopped-pion neutrino sources. This figure assumes a

perfectly efficient detector and negligible neutrino oscillation effects.

It is worth noting that the choice of the target nucleus
plays also a crucial role, since a light nuclear target may yield
almost constant number of events throughout the energy
range, but small number of counts. On the other hand, a
heavy nuclear target provides more counts but yields low-
energy recoil, making the detection more difficult. This leads
to the conclusion that the most appropriate choice for a
nuclear detector might be a combination of light and heavy
nuclear isotopes, like the scintillation detectors discussed in
[35].

4.6. Nonstandard Neutrino Interactions at the COHERENT
Detector. The multitarget approach of the COHERENT
experiment [12, 13] aiming at neutrino detection can also
explore nonstandard physics issues such as NSI [52, 53], neu-
trinomagneticmoment [57], and sterile neutrino [58]. In this
subsection, we find it interesting to evaluate the nonstandard
neutrino-nucleus events that could be potentially detected by
this experiment in each of the proposed nuclear targets. The
high intensity SNS neutrino beams [8] and the two promising
]-detectors, liquid 20Ne (391 kg) and liquid 40Ar (456 kg)
[58], firstly proposed by the CLEAR [14] and CLEAN [32]
designs (located at distance 20m from the source), constitute
excellent probes to search for the exotic ]-reactions. Other
possibilities [12, 13] includemedium and heavyweight targets
like 76Ge (100 kg) inspired by the dark matter SuperCDMS

[30] detector (located at 20m) and 132Xe (100 kg located at
40m).

In Figures 8 and 9, the resulting number of exotic events
is illustrated and compared with the SM predictions. We
note, however, that, especially for the case of the flavour
changing (FC) channel ]

𝜇
→ ]

𝑒
, by using the extremely high

sensitivity of the ongoing 𝜇−
→ 𝑒

− conversion experiments
(COMET [43, 44] and Mu2e [47]), very robust bounds have
been set on the vector parameters 𝜖𝑓𝑉

𝜇𝑒
[53]. To this end, we

conclude that if the Mu2e and COMET experiments will
not detect muon-to-electron conversion events, then the new
𝜖
𝑓𝑉

𝜇𝑒
parameters extracted in [53] will lead to undetectable

coherent rates at the SNS facility for this channel.
For our present calculations we used the current bounds

[53] set by the sensitivity of the PSI experiment [89] and
found countable number of events for the near detectors in
the case of the corresponding ]

𝜇
→ ]

𝑒
reaction. The other

exotic parameters, that is, 𝜖𝑓𝑉

𝛼𝛼
with 𝛼 = 𝑒, 𝜇 and 𝜖

𝑓𝑉

𝑒𝜏
, have

been taken from [51]. As discussed in [53], we do not take into
account the 𝜖𝑓𝑉

𝜏𝜏
contribution, since the corresponding limits

are poorly constrained and eventually predict unacceptably
high rates.

Before closing, it is worth noting that the present cal-
culations indicate significant possibility of detecting exotic
neutrino-nucleus events through coherent scattering in the
aforementioned experiments. Since neutrino-physics enters
a precision era [9], a difference from the standard model
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Figure 8: The expected nonstandard neutrino scattering events over the recoil energy threshold at the COHERENT detector, filled with (a)
391 kg of liquid 20Ne and (b) 456 kg of liquid 40Ar, both located at a distance of 20m (Φ]𝛼 = 2.5 × 10

7 ]s−1 cm−2) from the source. A perfectly
efficient detector and negligible neutrino oscillation effects are assumed.

predictions leads to undoubtable evidence of nonstandard
neutrino-nucleus interactions (NSI). We recall that, in order
to experimentally constrain simultaneously all the exotic
parameters at high precision, the detector material should
consist of maximally different ratio 𝑘 = (𝐴 + 𝑁)/(𝐴 + 𝑍)

[9, 52].
Our future plans include estimation of the incoherent

channel whichmay provide a significant part of the total cross
section, especially for energies higher than 𝐸] ≈ 20–40MeV
(depending on the nuclear target [81] and the particle model
predicting the exotic process).

5. Summary and Conclusions

Initially, in this paper, the evaluation of all required nuclear
matrix elements, related to standard model and exotic
neutral-current ]-nucleus processes, is formulated, and real-
istic nuclear structure calculations of ]-nucleus cross sections
for a set of interesting nuclear targets are performed.The first
stage involves cross sections calculations for the dominant
coherent channel in the range of incoming neutrino-energies
0 ≤ 𝐸] ≤ 150MeV (it includes ]-energies of stopped-pion
muon neutrino decay sources, supernova neutrinos, etc.).
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Figure 9: Same as Figure 8, but for 100 kg of 76Ge at 20m (Φ]𝛼 = 2.5 × 10
7 ]s−1 cm−2) and 100 kg of liquid 132Xe at 40m (Φ]𝛼 = 6.3 ×

10
6 ]s−1 cm−2) from the source.

Additionally, new results for the total number of events
expected to be observed in one ton of various ]-detector
materials are provided and the potentiality of detecting super-
nova as well as laboratory neutrino-nucleus events is in detail
explored. The calculations are concentrated on interesting
nuclei, like 20Ne, 40Ar, 76Ge, and 132Xe, which are important
detector materials for several rare event experiments, like
the COHERENT at Oak Ridge National Laboratory, and
also experiments searching for dark matter events as the
GERDA, SuperCDMS, XENON 100, CLEAN, and so forth.
By comparing our results with those of other methods, we
see that the nuclear physics aspects (reflecting the accuracy
of the required ]-nucleus cross sections) appreciably affect

the coherent 𝑔𝑠 → 𝑔𝑠 transition rate, a result especially
useful for supernova ]-detection probes.

In the present work, the QRPA method that consid-
ers realistic nuclear forces has been adopted in evaluating
the nuclear form factors, for both categories of ]-nucleus
processes, the conventional and the exotic ones. Also, a
comparison with other simpler methods as (i) effective
methods and (ii) the method of fractional occupation proba-
bilities, which improves over the simple shell-model and gives
higher reproducibility of the available experimental data, is
presented and discussed. We conclude that among all the
adopted methods the agreement is quite good, especially for
light and medium nuclear isotopes. However, since coherent
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neutrino-nucleus scattering can probe the neutron nuclear
form factors, methods like the BCS provide more reliable
results.

In view of the operation of extremely intensive neutrino
fluxes (at the SNS, PSI, J-PARC, Fermilab, etc.), the sen-
sitivity to search for new physics will be largely increased,
and therefore, through coherent neutrino-nucleus scatter-
ing cross section measurements, several open questions
(involving nonstandard neutrino interactions, neutrinomag-
netic moment, sterile neutrino searches, and others) may
be answered. Towards this purpose, we have comprehen-
sively studied the nonstandard neutrino-nucleus processes
and provided results for interesting nuclear detectors. Our
predictions for the total number of events indicate that,
within the current limits of the respective flavour violating
parameters, the COHERENT experiment may come out
with promising results on NSI. Moreover, this experiment
in conjunction with the designed sensitive muon-to-electron
conversion experiments (Mu2e, COMET) may offer signifi-
cant contribution for understanding the fundamental nature
of electroweak interactions in the leptonic sector and for
constraining the parameters of beyond the SM Lagrangians.
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We report the development of a CaMoO
4
crystal low temperature detector for the AMoRE neutrinoless double beta decay

(0]𝛽𝛽) search experiment. The prototype detector cell was composed of a 216 g CaMoO
4
crystal and a metallic magnetic

calorimeter. An overground measurement demonstrated FWHM resolution of 6–11 keV for full absorption gamma peaks. Pulse
shape discrimination was clearly demonstrated in the phonon signals, and 7.6 𝜎 of discrimination power was found for the 𝛼 and
𝛽/𝛾 separation.The phonon signals showed rise-times of about 1ms. It is expected that the relatively fast rise-time will increase the
rejection efficiency of two-neutrino double beta decay pile-up events which can be one of the major background sources in 0]𝛽𝛽

searches.

1. Introduction

Recent neutrino oscillation experiments have been unveil-
ing the properties of neutrinos [1, 2]. Their experimental
evidences strongly suggest that neutrinos are massive and
encounter flavor mixing of mass eigenvalues. The mixing
angles and the differences between the square masses have
been estimated. However, those observations do not provide
a direct measurement of the absolute mass and do not answer
the question of whether neutrino is its own antiparticle
(Majorana-type) or not (Dirac-type).

Search for neutrinoless double beta decay (0]𝛽𝛽) is a key
experiment to reveal unanswered nature of neutrinos [3–7].
The double beta decay (2]𝛽𝛽) that accompanies the simul-
taneous emission of two electrons and two antineutrinos is
a rare process that is an allowed transition in the standard
model. Another type of double beta decay that does not
emit any neutrinos, 0]𝛽𝛽, can occur if neutrino is massive
Majorana particles (i.e., it is its own antiparticle). In the 0]𝛽𝛽

process, the full available energy of the decay is carried by
the two electrons and the recoiled daughter which has a very
small amount of energy compared with that of the electrons.

Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2015, Article ID 817530, 7 pages
http://dx.doi.org/10.1155/2015/817530

http://dx.doi.org/10.1155/2015/817530


2 Advances in High Energy Physics

Therefore, while the electron sum energy spectrum in the
2]𝛽𝛽 is continuous up to the available energy release (𝑄

𝛽𝛽
),

in the 0]𝛽𝛽, the spectrum should have a sharp peak at 𝑄
𝛽𝛽

[2].
The observation of 0]𝛽𝛽 would clearly demonstrate

that neutrino is not Dirac-type but rather is Majorana-type
particle. In that case, physical processes that do not conserve
lepton number would be allowed. Moreover, the absolute
mass scale, so-called “effectiveMajorana neutrinomass”, ⟨𝑚]⟩

can be estimated using the 0]𝛽𝛽 half life (𝑇
0]
1/2

),

(𝑇
0]
1/2

)
−1

= 𝐺
0]

𝑀
0]

2 ⟨𝑚]⟩
2

𝑚
2

𝑒

, (1)

where 𝑚
𝑒
is the electron mass, 𝐺0] is the kinematic phase-

space factor calculable with reasonable precision, and 𝑀
0]

is the model dependent nuclear matrix element. Here, the
Majorana mass is defined as

⟨𝑚]⟩ =

∑𝑈
2

𝑒𝑗
𝑚
𝑗


, (2)

where the 𝑚
𝑗
’s are the mass eigenstates of the neutrino and

𝑈
𝑒𝑗
’s are the elements of the mixingmatrix between the flavor

states and mass eigenstates.
Experimentally, themeasurement limit of half life is often

used as the sensitivity to probe the rare event [7]. In a mea-
surement with nonnegligible backgrounds, the sensitivity
becomes

𝑇
0]
1/2

∝ 𝛿𝜀√
𝑀𝑡

𝑏Δ𝐸
, (3)

where 𝛿 is the concentration of 𝛽𝛽 isotope in the detector,
𝜀 is the detection efficiency, 𝑀 is the detector mass, 𝑡 is the
measurement time, 𝑏 is the background rate per unit mass
and energy, and Δ𝐸 is the energy resolution of the detector,
in other words, the region of interest (ROI) of the energy
window at the 𝑄

𝛽𝛽
value. However, in a case of a zero-

background experiment that observes no event in ROI during
the measurement time, the sensitivity becomes proportional
to the detector mass and the measurement time,

𝑇
0]
1/2

∝ 𝛿𝜀𝑀𝑡. (4)

To increase the detection sensitivity, it is essential to
have a detector with high concentration of the isotope of
interest, detection efficiency, energy resolution, and efficient
background rejection capability as well as to minimize back-
grounds from internal and external sources in the region
of interest. High energy resolution and detection efficiency
experiment can be realized with crystal detectors containing
the isotope of interest. The detector performance of recently
developed low temperature detectors (LTDs) that operate
at sub-Kelvin temperatures can perfectly meet the require-
ments by utilizing state-of-the-art detector technologies with
extreme energy sensitivity, such as neutron transmutation
doped (NTD) Ge thermistors, superconducting transition
edge sensors (TESs), or metallic magnetic calorimeters
(MMCs) [8].

The AMoRE (Advanced Mo-based Rare process Experi-
ment) project is an experiment to search for 0]𝛽𝛽 of 100Mo
[9]. AMoRE uses CaMoO

4
crystals as the absorber and

MMCs as the sensor [10, 11]. CaMoO
4
is a scintillating

crystal that has the highest light output at room and low
temperatures among Mo-containing crystals (molybdates)
[12, 13].

Choosing of 100Mo as the source of 0]𝛽𝛽 is advantageous.
The nucleus has a high𝑄 value of 3034.40(17) keV [14] that is
above the intensive 2615 keV gamma quanta from 208Tl decay
(232Th family). The natural abundance of 100Mo is 9.8% [15],
which is comparatively high. Furthermore, enriched 100Mo
can be produced by centrifugation method in amount of
tens of kilograms per year with a reasonable price. Also, the
theoretically estimated half life of 100Mo is relatively shorter
than that of other 0]𝛽𝛽 candidates [16, 17]. However, 2]𝛽𝛽 of
48Ca with 𝑄

𝛽𝛽
= 4272 keV (despite rather low concentration

of the isotope ≈ 0.2%) can be an irremovable background
source in the ROI of 100Mo. The AMoRE collaboration
has successfully grown 40Ca100MoO

4
crystals using 100Mo

enriched and 48Ca depleted materials. Three of the doubly-
enriched crystals with masses in the range of 0.2–0.4 kg were
tested in a low background 4𝜋 veto system to determine their
internal backgrounds [18].

The present experimental work aims to test the low
temperature detection concept with a CaMoO

4
crystal and

an MMC that is suitable for a high resolution experiment
to search for 0]𝛽𝛽 of 100Mo. A 216 g natural CaMoO

4

crystal with an MMC phonon sensor was employed in
this experiment, which was performed in an overground
measurement facility. The energy resolution and linearity
of the detector setup, particle, and randomly coinciding
events discrimination by pulse shape analysis for background
rejection in a 0]𝛽𝛽 experiment are discussed in this report.

2. Experimental Details

The detector setup was structured in a cylindrical shape with
copper support details as shown in Figure 1. A CaMoO

4

crystal, 4 cm in diameter and 4 cm height, was mounted
inside the copper structure using metal springs. The mass
of the crystal was 216 g. It was grown with natural Ca and
Mo elements at the Bogoroditsk plant in Russia. A patterned
gold film was evaporated on one side of the crystal to serve
as a phonon collector. An MMC device, the primary sensor
for detecting the phonon signals absorbed in the gold film,
was placed on a semicircular copper plate over the crystal.
The thermal connection between the gold film and theMMC
was made using annealed gold wires. Details regarding the
measurement principle and the detector structure of the
MMC device were presented in previous reports [19, 20].

When a particle hits a dielectric material, most of the
energy deposited into the absorber is converted into the
form of phonons. High energy phonons with frequencies
that are close to the Debye frequency are generated initially.
However, they quickly decay to lower frequency phonons
via anharmonic processes. When their energy becomes
20–50K, they can travel ballistically in the crystal [21].
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Metallic light reflector
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Annealed gold wires
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gold film

216 g natural CaMoO4 crystal

Figure 1: (Color online) low temperature detector setup with a 216 g
CaMoO

4
crystal and an MMC sensor.

The major down-conversion processes of these athermal
phonons are isotope scattering, inelastic scatterings by impu-
rities and lattice dislocations, and inelastic scatterings at crys-
tal surfaces [22].These excess phonons eventually change the
equilibrium thermal phonon distribution, thereby causing
temperature increase.

In the detector setup with the CaMoO
4
crystal and the

gold phonon collector film, the ballistic athermal phonons
can hit the crystal and gold interface, transmit into the gold
film, and transfer their energy to the electrons in the film
[23]. The electron temperature of the gold film increases
quickly via electron-electron scatterings. This temperature
change is measured by the MMC sensor that is thermally
connected with the gold wires. The size of the gold film
and number of gold wires were chosen based on a thermal
model study that considered the efficient athermal heat flow
process [11]. Consequently the gold film had a diameter of
2 cm, a thickness of 200 nm, and an additional gold pattern
of 200 nm thickness on top of the gold film to increase the
lateral thermal conductivity of the gold film.

The detector assembly was installed in a dilution refriger-
ator in an overground laboratory at KRISS (Korea Research
Institute of Standards and Science). The refrigerator was
surrounded by a 10 cm thick lead shield (except the top sur-
face) to reduce environmental gamma-ray background. The
detector with anMMCoperates well in the temperature range
of 10–50mK. The signal size increases at lower temperatures
since the MMC sensitivity enhanced and the heat capacities
decreased. However, the signals have slower rise and decay
times at lower temperatures as thermal conductances become
poorer. Larger signal size improves the energy threshold
and baseline energy resolution of the detector. The energy
resolution of the detector measured for particle absorption
events can be worse than the baseline resolution because of
any uncorrelated mechanism that affects the signal size and
shape. Examples of such mechanisms include temperature
fluctuations due to instrumental instability or frequent event
rates, position dependence of signal shapes, or scintillation
processes that are associates with phonon generations in an
inhomogeneous way. Therefore, larger signal size does not
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Figure 2: (Color online) a typical signal of 2.6MeV gamma-ray
full absorption events at 40mK in DC (blue, bigger) and AC (red,
smaller) coupling.
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Figure 3: A scatter plot of the mean-time and pulse height obtained
from the background measurement of 95 h in an overground
laboratory. 𝛼 and 𝛽/𝛾 (including cosmic muons) events are clearly
separated in terms of their mean-time values.

guarantee a better energy resolution at certain temperatures.
At the present experimental condition including the back-
ground rate from cosmic muons and external gamma-rays,
40mK was selected as the main measurement temperature.
At this temperature, about 1ms rise-time was obtained for
the 2.6MeV gamma line without degrading the energy reso-
lution. A typical signal of 2.6MeV gamma-ray full absorption
events is shown in Figure 2. The rise-time of the DC coupled
signal is 1.1ms, which is somewhat slower than that of earlier
measurements for which shorter gold wires were used [11].

3. Pulse Shape Analysis

A two dimensional scatter plot of the pulse heights andmean-
times of signals obtained in a 95 h background measurement
is shown in Figure 3. The pulse height is the difference
between the maximum value and baseline level of a signal.
The maximum value is found using a quadratic polynomial
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fit to the region of the signal near the pulse maximum. The
baseline level is the average voltage value in the time region
before the signal rises. The mean-time parameter is defined
as

𝑡mean =

∑
𝑡10+𝑟

𝑡10−𝑙
(V
𝑡
× (𝑡 − 𝑡

10
))

∑
𝑡10+𝑟

𝑡10−𝑙
V
𝑡

, (5)

where V
𝑡
is the measured voltage value at time 𝑡 subtracting

the baseline level, 𝑡
10

is the time when it reaches 10% of
the pulse height, and 𝑙 and 𝑟 indicate the time length of the
signal toward left and right directions from 𝑡

10
, respectively,

to calculate the mean-time. 𝑙 is set to reach the time at the
baseline level, while 𝑟 is a free parameter that was selected
to achieve the most efficient particle discrimination. Here,
the 𝑟 value was set to not include the negative part of an
AC coupled signal (see Figure 2), which was used for the
energy spectrum because it was recorded with finer digitizer
resolution (i.e., bigger gain is used) than the DC coupled
signal.

The pulse-shape discrimination (PSD) between 𝛼 and
𝛽/𝛾 particles can be realized with the mean-time as a pulse
shape parameter due to the difference in the rise and decay
times of the two types of events. A similar tendency of
PSD was reported for other low temperature scintillating
detectors [24].The separation into two groups of the events in
the energy region between 4 and 5MeV of alpha-equivalent
energy can be readily observed from the distribution of
mean-time values shown in Figure 4.The energy of𝛼 induced
events was determined as described in the following section.
Although the two peaks have noticeable right-hand tails
toward higher mean-time values, normal Gaussian functions
were used to fit the distributions. We interpret the right-
hand tails as a result of signal pile-up. A parameter of
discrimination power (DP) is defined as

DP =
𝜇
1
− 𝜇
2

√𝜎
2

1
+ 𝜎
2

2

, (6)

where 𝜇
𝑖
are the mean values and 𝜎

𝑖
are the standard

deviations of the Gaussian distributions for 𝛼 and 𝛽/𝛾 events.
DP was found to be 7.6.

The averaged pulse shapes for the two groups of events are
compared in Figure 5. Templates of 𝛼 events were obtained
by averaging out the 232Th 𝛼-decay events pulse profiles
with energy release in the crystal 4082 keV (due to the
contamination of the crystal by thorium), whereas the events
caused by cosmic muons with the same pulse height were
selected for the template of 𝛽 induced events.The normalized
pulses of alpha and beta templates are aligned at the time of
their maximum values, as shown in Figure 5. Both the rise
and decay times of the 𝛼 and 𝛽 signals are clearly different.
The signals induced by 𝛼 events have faster rise and faster
decay than those of the 𝛽 events.

According to scintillation measurements of a CaMoO
4

crystal at 7–300K [25, 26], the scintillation decay time of
the CaMoO

4
crystal reaches hundreds of 𝜇𝑠 at 7 K. The

crystal also shows different light outputs for 𝛼 and 𝛽/𝛾
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Figure 4: Distribution of mean-time parameter in 4MeV < 𝐸 <

5MeV region of alpha-equivalent energy. Discrimination power was
found to be 7.6 from fitting each group of distribution with a normal
Gaussian function. Right-hand side tail is noticeable for the two
groups toward higher mean-time value.
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Figure 5: (Color online) averaged pulse shapes of 𝛼 induced signals
from 232Th decays (blue) and the corresponding (i.e., with the
same pulse height) muon-induced signals (red). The signals are
normalized for their pulse height and shifted in time to align the
maximum point of signals.

events [27]. A slowly decaying scintillationmechanismwould
cause slow generation of phonon in the CaMoO

4
crystal. 𝛼

and 𝛽/𝛾 particle events may have different fractions of slow
component for phonon generation. This difference in slow
phonon generation at mK temperatures may induce different
pulse shapes for 𝛼 and 𝛽/𝛾 particle events.

4. Energy Spectrum

Because athermal phonon absorption in the phonon collector
significantly contributes to the signal size [11], the signals
have some degrees of position dependence for their pulse
height and shape. In this detector, the signals with faster rise-
times show bigger pulse heights for the same energy events.
This effect can be observed in Figure 3. The distribution of
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mean-time values and pulse heights for alpha and gamma-ray
full absorption lines has anticorrelated slopes. This negative
slope more dominantly appears in the alpha signals, which is
likely because the full-energy 𝛾 peaks originate frommultiple
Compton scatterings in the crystal that smear the position
dependence on the event location. The pulse height is not
an optimal parameter to obtain a high resolution. In the
optimal filtering method [28] that is often adopted in high
resolutionmicrocalorimeters, the signals are assumed to have
one shape but with different amplitudes. Thus, the optimal
filteringmethod is not applicable to provide a high resolution
spectrum for the present signals.

In the present analysis, a new parameter LA (left area)
was used as an amplitude parameter to reduce the position
dependence effect of the large crystal detector. It is defined as

LA =

𝑡mean

∑

𝑡10−𝑙

V
𝑡
, (7)

where the variables are as defined in (5). LA is a partial
integration for the leading part of a signal. Because the
integration range of the LA parameter is set by a shape-
dependent parameter, the mean-time, this parameter is less
influenced by the pulse shape. For instance, the correlation
coefficient between the pulse height and mean-time was
−0.62 for 4082 keV 𝛼 signals, but it was 0.08 between the LA
and mean-time.

In a calibration run, a thoriated tungsten rod was used as
an external gamma-ray source. The source was placed in the
gap between the cryostat and the lead shield.

When a linear energy calibration was applied to gamma-
ray peaks, deviations from the linear calibration of less
than 0.4% were found for low-energy peaks. A quadratic
function with no constant term was used for the calibration
of electron-equivalent energy for 511, 583, 911, and 2615 keV
peaks for the spectrum shown in Figure 6.The corresponding
energy resolutions of the peaks are listed in Table 1.

Figure 7 shows the linearities of the electron and alpha
signals.The LA values of the electron and alpha peaks divided
by the linear calibration of the gamma-ray peaks are plotted
in the upper figure. The LA/energy ratios for the alpha peaks
are about 6% larger than those for the gamma-ray peaks.
The quadratic fit functions are shown as dotted and dashed
lines for gamma and alpha peaks, respectively. The residuals
in the lower figure indicate deviations from the quadratic
functions for the two groups. With the quadratic calibration,
a very small deviation is expected near 3MeV for electron
measurements. It implies that this method can supply an
accurate energy calibration at the 𝑄

𝛽𝛽
value of the 2]𝛽𝛽 of

100Mo.
Alpha events can be separated from 𝛽/𝛾 events using the

mean-time parameter. The energy spectrum of alpha events
is shown in Figure 8. An energy calibration for this spectrum
was performed with a quadratic function for the alpha peaks
as discussed above. These backgrounds were bulk events
of alpha decays in the crystal, mainly from radionuclides
of U and Th decay chains, most of them are identified as
shown in Figure 8. Because this crystal was developed to
investigate the scintillation properties ofCaMoO

4
, its internal

Table 1: Energy resolutions of gamma-ray full absorption peaks in
the calibration measurement.

Energy (keV) FWHM (keV)
511 7.2 ± 0.6
583 6.5 ± 0.5
911 6.8 ± 0.3
2615 10.9 ± 0.4
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Figure 6: Energy spectrum measured with an external source over
65 h.

background was not exceptionally low. The AMoRE col-
laboration has developed 40Ca100MoO

4
growing technology

with low radioimpurities. Internal alpha activities of about
80 𝜇Bq/kg of 226Ra and 70𝜇Bq/kg of 228Th were found in a
196 g 40Ca100MoO

4
[18].

Not only alpha signals can be rejected efficiently, but
also 𝛽 decays of 212Bi, 214Bi, and 208Tl can be tagged and
eliminated from the data by using information about asso-
ciated alpha-emitting nuclides. Random pile-ups of events
(first of all from the 2]𝛽𝛽) could be a substantial source
of background of LTD to search for 0]𝛽𝛽 due to the poor
time resolution [29]. Relatively fast response of the MMC
among the LTDs is a certain advantage to discriminate the
background.

5. Conclusion

LTDs made of crystal scintillators containing isotopes of
interest have distinct advantages in 0]𝛽𝛽 searches. Such LTDs
make it possible to provide a high detection efficiency to
the 0]𝛽𝛽. Taking the advantage of high resolution sensor
technologies, these dielectric detectors in the heat (phonon)
measurement can have comparable energy resolution to
those of HPGe detectors. The comparison in heat/light
measurement channels makes unambiguous separation of
alpha events from electron events. As discussed in this report,
pulse shape discrimination is also possible using only the
phonon measurement. This PSD capability of the phonon
sensor increases discrimination power for alpha background
signals or can simplify the detector cell design by using only
one phonon sensorwithout a photon sensor that is commonly
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Figure 7: (Color online) ratio of signal amplitude (LA) and energy
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measurement.

used for particle discrimination [30] and will reduce the
number of measurement channels.

In comparison with signals from PMTs or conventional
semiconductor detectors, phonon signals from a crystal
detector in the LTD concept are typically slow. Even though
the energy resolution of these detectors does not suffer
from the slow signal in the low activity environment of
an underground experiment, random coincidence of events

leads to an unavoidable background because of the slow rise-
time [29]. Two consecutive electron events that occur in a
time interval that is much shorter than the signal rise-time
can be regarded as a single event. Such randomly coincident
events, particularly of 2]𝛽𝛽, are an unavoidable source of
backgrounds in the 0]𝛽𝛽 taking into account that the 2]𝛽𝛽

event rate of 100Mo is expected to be about 10mBq in 1 kg
40Ca100MoO

4
.

In the present experiment, the phonon signals had rise-
times of 1.1ms, which is much faster than the rise-times
of LTDs with NTD Ge thermistors. The fast rise-time pro-
vides efficient rejection possibility for randomly coincident
events [31]. Moreover, a photon detector composed of a 2
inch Ge wafer and an MMC sensor showed a temperature
independent rise-time of about 0.2mswith reasonable energy
resolution [32]. Simultaneousmeasurements with the photon
detector will increase the discrimination power not just for
alpha events but also for randomly coincident events.

For the AMoRE project, 40Ca100MoO
4
crystals will be

used as the detector material together withMMCs in phonon
and photon measurement setups. We aim to reach a zero
background with improved energy resolution of a few keV.
The first stage experiment is expected to be constructed with
a 10 kg prototype detector by 2016. We plan to perform a
large scale experiment with 200 kg 40Ca100MoO

4
crystals

in the next 5-6 years. The sensitivity of the experiment to
the effective Majorana neutrino mass is estimated to be in
the range of 20–50meV, which corresponds to the inverted
scheme of the neutrino mass.
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At first, we evaluate scattering cross sections of low, and intermediate-energy neutrinos scattered off the 114Cd isotope, the most
abundant Cd isotope present also in the COBRA detector (CdTe and CdZnTe materials) which aims to search for double beta
decay events and neutrino observations at Gran Sasso laboratory (LNGS). The coherent ]-nucleus channel addressed here is the
dominant reaction channel of the neutral current ]-nucleus scattering. Our ]-nucleus cross sections (calculatedwith a refinement of
the quasiparticle random-phase approximation, QRPA) refer to the𝑔𝑠 → 𝑔𝑠 transitions for ]-energies 𝜀] ≤ 100MeV. Subsequently,
simulated ]-signals on 114Cd isotope are derived. Towards this purpose, the required folded cross section comes out of simulation
techniques by employing several low, and intermediate-energy neutrino distributions of the astrophysical ]-sources, like the solar,
supernova, and Earth neutrinos, as well as the laboratory neutrinos, the reactor neutrinos, the pion-muon stopped neutrinos, and
the 𝛽-beam neutrinos.

1. Introduction

In the past few decades neutrinos attracted a great part of the
effort of the authorsworking inNuclear, Astroparticle Physics
and Cosmology [1–8]. Many neutrino experiments like the
KamLAND [9], Borexino [10, 11], SNO+ [12], LENA [13],
and other experiments, with high precision detectors aim
to measure different types of neutrinos as well as neutrino-
nucleus cross sections. Measurements in the beta-beam neu-
trino experiments [14–16] or in the expected to be built near
spallation neutron sources (ORLANDexperiment, Spallation
Source) [17–20] may help answer key questions about the
neutrino properties, the evolution of distant massive stars,
the structure of the interior of our planet [21–23], and the
fundamental electroweak interactions.

In recent terrestrial experiments aiming at neutrino
studies through ]-nucleus interactions, the characteristics
of the neutrino fluxes emitted by various neutrino sources
like the astrophysical ]-sources (supernova, solar, and Earth
neutrinos) or the laboratory ]-sources (accelerated 𝛽-decay
ions in storage rings [15, 16], pion-muon decay at rest, e.g.,

at Fermilab [24], reactor neutrinos, etc.) are encoded on the
nuclear response of the detector materials. On the theoretical
side, the nuclear responses of ]-detectors to the energy
spectra of the observed neutrino flux could be simulated by
convoluted (folded) cross sections. The latter are obtained
by using original ]-nucleus cross sections calculations and
realistic descriptions for the ]-beam of the studied neutrino
source [25–27], that is, reliable ]-energy distributions.

In the present paper, we study extensively the nuclear
response to low and intermediate-energy neutrinos of the
114Cd isotope focusing on the computation of flux averaged
cross sections of this nucleus for various neutrino energy
spectra. The Cd isotopes constitute significant materials
of the semiconductors CdZnTe and CdTe detectors of the
COBRA experiment which is aiming to search for double
beta decay events and neutrino observations at Gran Sasso
laboratory (LNGS) [4, 5, 12]. Calculation of the induced ]-
signal in such nuclear detectors involves, first, evaluation
of the flux of the neutrinos arriving at the detector and,
second, folding of the calculated cross section of the neutrino
interaction with the nuclear detector [6, 8]. The present
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work is an extension of our previous studies which address
inelastic cross sections of neutrinos scattered off the Te and
Zn isotopes contents of the COBRA detector [6, 8, 28].
We pay special attention to the calculations of the elastic
(coherent) neutral current (NC) neutrino-nucleus reaction
cross sections for the 114Cd nucleus (the most abundant
isotope in the natural Cd). For similar calculations on other
Cd isotopes the reader is referred to [29]. As it is well
known, in NC ]-nucleus scattering the 𝑔𝑠 → 𝑔𝑠 transitions
represent the dominant reaction channel [6, 30]. In terrestrial
experiments the detection of this channel may be achieved
through a measurement of the nuclear recoil signal [31–33]
which is a rather different signature compared to that of
the incoherent channel [1, 3, 6, 8, 34]. Inelastic scattering
of neutrinos on nuclei creates different signal and could be
studied through the outgoing charged-lepton and extracted
nucleons and/or 𝛾-ray emission. These channels have been
studied in detail elsewhere (see, e.g., [6, 8, 30]).

For detectors of supernova neutrinos, all neutrino
and antineutrino flavours take part in NC scattering on
nuclear detectors (specifically heavy flavour neutrinos can
be detected too) [4, 5, 35] while only electron-neutrino
(]
𝑒
) charged-current reactions are important (only a small

portion of ]
𝑥
neutrinos has energy above the mass of the 𝑥-

lepton which constitutes the main detection signal).
The solar neutrinos, which represent a powerful tool to

investigate the Sun’s deep interior [36, 37], have provided
precious information to understand new physics and the
interpretation of neutrino oscillations. Future experiments,
like the SNO+ [12], are expected to contribute crucially in
order to explore the CNO-cycle neutrino flux and clarify the
open issue of the Sun’s core metalicity.

Recently, geoneutrinos which are ]̃
𝑒
antineutrinos pro-

duced from decays of natural radioactive elements (pre-
dominantly 40K and nuclides in the 238U and 232Th chains)
mainly in the crust and mantle of the Earth have been
successfully detected by the liquid-scintillator experiments of
the KamLAND [38] and Borexino Collaborations [39], but
the geological information contained in these measurements
is still limited [40, 41]. Geoneutrinos are direct messengers
of the abundance and matter distribution of radioactive
elements deep within our planet, information that provides
strong constraints on several phenomena occurring inside
the Earth [42, 43]. Concerning the energy distribution of
geoneutrinos, up to now little is known due to the fact that
this is a new research field, but in the near future experiments
like LENA, SNO+, and others, having in their objectives to
explore geoneutrinos, are expected to provide us with new
data. From the currently known information we imply that
their energy range is 0 ≤ 𝜀] ≤ 10MeV.

It is expected [28] that the response of the Cd isotopes
in the particle-bound excitation region, which coincides with
the energy range of geoneutrinos, is rather rich and thismoti-
vates our present calculations. The next-generation detectors
(LENA, Borexino, SNO) are expected to give useful answers
to several questions of geological importance regarding the
precise geo-] fluxes and abundances of natural radioactive
elements (K, U, andTh) in the Earth’s interior [40–43].

One of the main goals of the present work is to focus on
the interpretation of various ]-signals generated in nuclear
detectors of terrestrial experiments through the investiga-
tion of the nuclear response of Cd detector medium to
the corresponding neutrino energy spectra. We emphasize
on signals coming from geo-, supernova-, solar-, reactor-,
pion-muon stopped-neutrinos by using the following basic
theoretical ingredients: (i) the calculated coherent total cross
sections of the neutral-current reaction 114Cd(], ])114Cd∗
computed with a refinement of the quasiparticle random-
phase approximation (QRPA), (ii) reliable descriptions of
the shapes of neutrino energy distributions provided mostly
from numerical simulations of distributions of low energy
neutrinos, and (iii) computational tools required for the
folding procedure in order to simulate the signal expected
to be recorded on Cd detectors as the CdTe or CdZnTe
(the detector medium of COBRA experiment) from low-
energy ] sources (geo-, reactor-, and solar-neutrinos) and
intermediate-energy neutrinos (supernova and laboratory-
neutrinos).

The paper is organized as follows. At first (Section 2)
the main formalism is described and our cross section
calculations are presented.Then, (Section 3), a description of
the main characteristics of the low- and intermediate-energy
neutrino sources addressed here is briefly summarized and
folded cross sections as well as event rates for neutral current
neutrino scattering off the 114Cd isotope are discussed.
Finally (Section 4), the main conclusions of the present work
are extracted.

2. Brief Description of the Formalism

2.1. Angle Differential Coherent ]-Nucleus Cross Section. The
angle differential cross section 𝑑𝜎/𝑑Ω of the elastic scattering
of a neutrino with energy 𝜀] on a nucleus (𝐴, 𝑍) is [34, 44]
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𝑑Ω
=

𝐺
2
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2
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2
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4
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2
)
2
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𝐹
is the Fermi coupling constant andF(𝑞

2
) contains

the nuclear dependence of the cross section given by
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) =
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In (1), 𝜗 represent the scattering angle and 𝑄
𝑤
denotes the

weak charge of the target nucleus:

𝑄
𝑤
= 𝑁 + (1 − 4 sin2𝜗

𝑊
)𝑍, (3)

(the weak mixing angle is sin2𝜗
𝑊

≈ 0.231 [45]).
The ground state elastic nuclear form factors 𝐹

𝑍
(𝑞
2
) for

protons and 𝐹
𝑁
(𝑞
2
) for neutrons are defined by
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and are normalized as 𝐹
𝑁,𝑍

(𝑞
2
= 0) = 1. In (4), 𝜌

𝑛,𝑝
(𝑟) denote

the neutron (𝑛) and proton (𝑝) charge density distribution
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with 𝑗
0
(𝑞𝑟) = sin(𝑞𝑟)/(𝑞𝑟) being the zero-order spherical

Bessel function (we neglect a small correction from the
single-nucleon form factors). The proton density 𝜌

𝑝
(𝑟) is

often taken from experiment whenever measured charge
densities are available [44, 46]. Moreover, some authors
assume𝐹

𝑁
≈ 𝐹
𝑍
. From (1) we can easily obtain the expression

with respect to the scattering angle 𝜗 as

𝑑𝜎 (𝜀], 𝜗)

𝑑 cos 𝜗
=

𝐺
2

𝐹

8𝜋
(1 + cos 𝜗) 𝜀2]

⋅ [𝑓
𝑝

𝑉
𝑍𝐹
𝑍
(𝑞
2
) + 𝑓
𝑛

𝑉
𝑁𝐹
𝑁
(𝑞
2
)]
2

,

(5)

where 𝑓
𝑝

𝑉
and 𝑓

𝑛

𝑉
stand for the polar-vector coupling for the

weak neutral current for proton and neutron, respectively,
given by:

𝑓
𝑝

𝑉
= −

1 − 4 sin2𝜗
𝑊

2
, 𝑓

𝑛

𝑉
= −

1

2
. (6)

From the latter two equations one can imply that the
consideration of 𝐹

𝑁
(𝑞
2
) in the cross section is important

especially for heavier ]-detection targets. Thus, the coherent
cross section depends on the square of the ground state
nuclear form factor F(𝑞

2
) at momentum transfer 𝑞

2 which
(in the extreme-relativistic limit) is given by

𝑞
2
= 2𝜀
2

] (1 − cos 𝜗) , (7)

or 𝑞 = 2𝜀] sin(𝜗/2).
From (2), we see that, since (1 − 4sin2𝜗

𝑊
≈ 0.04) is small,

a neutrino scattered elastically on a spin-zero nucleus couples
mostly to the neutron distribution, 𝜌

𝑛
(𝑟). A measurement of

the cross section for this process would, at some level, provide
a determination of the neutron form factor 𝐹

𝑁
(𝑞
2
). Some

authors consider that this would be complementary to parity
violating experiments because it would provide additional
data, obtained at different energy ranges and with different
nuclei that could be used to calibrate nuclear structure
calculations [34, 44, 46–48].

2.2. Coherent Differential Cross Section with respect to Nuclear
Recoil Energy 𝑇

𝐴
. From an experimental point of view and

particularly for the neutrino facilities near spallation sources
[18, 33] the expression of the coherent differential cross
section with respect to the nuclear recoil energy 𝑇

𝐴
is also

interesting. This is written as [31–33, 49]
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2

𝐴
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where 𝑀 is the nuclear mass and 𝐹 denotes the ground
state elastic form factor.More accurate expressions, including
higher order terms with respect to 𝑇

𝐴
, can be found in [31–

33, 50]. It should be noted that the signal on the coherent
neutrino-nucleus scattering experiments is significantly dif-
ferent to that of the incoherent scattering where the signal
could be an outgoing particle.

2.3. Total Coherent Cross Section. The total coherent cross
section 𝜎tot(𝜀]) is obtained by integrating numerically Equa-
tion (5) over the angle 𝜗 (𝜗min = 0 to 𝜗max = 𝜋) or (8) over 𝑇

𝐴

between

𝑇
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2
) (9)

to 𝑇
max
𝐴

= ∞ [50]. Some authors [48], however, ignoring
the momentum dependence of the nuclear form factors take
𝐹
𝑁
(𝑞
2
) ≈ 𝐹
𝑍
(𝑞
2
) ≈ 1 and in this case the total coherent cross

section 𝜎tot(𝜀]) is approximately written as

𝜎tot (𝜀]) =
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[𝑍(4 sin2𝜗

𝑊
− 1) + 𝑁]
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Also, because 4 sin2𝜗
𝑊

− 1 ≪ 1 many authors take 𝜎tot ∝

𝑁
2
𝜀
2

] [48].

3. Results and Discussion

3.1. Original Cross Section Calculations. The neutral-current
scattering of low- and intermediate-energy neutrinos, ]

𝑙
, and

antineutrinos, ]̃
𝑙
, off the most abundant Cd isotope of the

COBRA detectors, that is, the 114Cd isotope (with abundance
28.8%), the main subject of our present work, is represented
by the reactions

]
𝑙
(]̃
𝑙
) +
114Cd →

114Cd∗ + ]
𝑙
(]̃
𝑙
) , (11)

(ℓ = 𝑒, 𝜇, 𝜏 and 114Cd∗ denotes an excited state of 114Cd
isotope). We mention that the above reactions (also the CC
reactions for ℓ = 𝑒) play significant role in astrophysical
environment since they affect the electron fraction 𝑌

𝑒
of the

stellar matter [21–23].
In the first stage of the present work, we evaluate original

cross sections for the reactions of (11). These calculations
refer to the coherent channel (ground state to ground state
transitions) of the target nucleus 114Cd [1, 6, 8, 51–53]. As can
be seen from (5) the original cross section identically comes
for scattering of neutrinos ]

𝑙
and antineutrinos ]̃

𝑙
. However,

as we will see in Section 3, the signal on the nuclear detector
could be significantly different due to the different ]-energy
distributions.

In this work, we use theoretical densities obtained from
simple mean-field calculations using the successful Woods-
Saxon effective interaction plus themonopole (pairing) Bonn
C-D interaction.

The ground state |𝐽
𝜋𝑖

𝑖
⟩ = |0

+
⟩ of the studied (even-

even) 114Cd isotope is computed by solving iteratively the
BCS equations. In Table 1, we list the values of the pairing
parameters (𝑔𝑝,𝑛pair) and the theoretical energy gaps (Δth

𝑝,𝑛
) for

protons (𝑝) and neutrons (𝑛) determined at the BCS level for
the 114Cd isotope. These parameters renormalise the pairing
force and adjust the gaps Δ

th
𝑝,𝑛

to the empirical ones Δ
exp
𝑝,𝑛

obtained through the application of the three-point formulae
(see [8]). The values of the 𝑔𝑝,𝑛pair that adjust the energy gaps in
both cases are reliable (see Table 1).
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Table 1: Parameters determining the BCS ground state pairing interactions for protons (𝑔𝑝pair) and neutrons (𝑔
𝑛

pair) and the relevant theoretical
values of proton (Δth

𝑝
) and neutron (Δth

𝑛
) energy gaps. The latter reproduce well the corresponding (for 114Cd isotope) empirical energy gaps,

Δ
exp
𝑝,𝑛
, listed also in the table, obtained through the three-point formula [6]. The values of the harmonic oscillator size parameter 𝑏, used for

114Cd isotope, are also shown.

Isotope 𝑍,𝑁 Abundance (%) 𝑏 (fm) 𝑔
𝑛

pair 𝑔
𝑝

pair Δ
exp
𝑝

Δ
th
𝑝

Δ
exp
𝑛

Δ
th
𝑛

114Cd 48, 66 28.73 2.214 0.9564 0.9753 1.441 1.44108 1.351 1.35093

Afterwards, the proton and neutron nuclear form factors
are obtained from the expression

𝐹
𝑘
(𝑞
2
) =

1

𝑘
∑

𝑗

𝑗 ⟨(𝑛ℓ) 𝑗
 𝑗0 (𝑞𝑟)

(𝑛ℓ) 𝑗⟩ (𝑉
𝑘

𝑗
)
2

, 𝑘 = 𝑁,𝑍,

(12)

where 𝑉
𝑘

𝑗
is the single particle (𝑛ℓ)𝑗-level occupation proba-

bility amplitude for protons or neutrons (the summation runs
over the 15 active levels of the model space chosen which
consists of the major harmonic oscillator shell with quantum
number 𝑁 = 3, 4, 5) as well as over the fully occupied core
𝑗-levels having 𝑉

𝑘

𝑗
= 1.

In Figure 1, we show the ingredients required for (1)
and (5) in order to calculate the differential and integrated
coherent cross section for the neutrino reactions of (11).
Figure 1(a) shows the theoretical form factors for protons
(𝐹
𝑍
) and neutrons (𝐹

𝑁
) obtained with our BCS calculations

and Figure 2 shows the momentum dependence of 𝐹
𝑁,𝑍

(𝑞
2
)

that enters (1) and (5). In this figure, the results obtained
by assuming zero momentum transfer (𝑞 ≈ 0), that is,
𝐹
𝑍
(𝑞
2
) = 𝐹

𝑁
(𝑞
2
) = F(𝑞

2
) = 1, are also presented

(dash dotted curve). We see that, for energies above about
40MeV, the two methods give significantly different results;
the approximation 𝐹

𝑍
= 𝐹
𝑁

= F = 1 is good only for
small momentum transfer (e.g., solar and low-energy SN-
neutrinos). This shows also the sensitivity of the total cross
sections of the total cross sections on the nuclear form factor.

Figure 2 illustrates the coherent cross sections of ]-
114Cd scattering as a function of (i) the momentum transfer
𝑞 (Figure 2(a)) and (ii) the incoming neutrino energy 𝜀]
(Figure 2(b)). The original cross sections will be used below
for evaluations of flux averaged folded cross sections for
various neutrino sources. Towards this purpose, the ]-energy
distributions of each source are required. We mention that
here we have neglected the threshold energy of the detector
(calculations where the threshold energy is considered have
been performed in [54]).

In the next subsection, we summarize the main features
of the neutrino energy distributions adopted in this work.

3.2. Energy Spectra of Low- and Intermediate-Energy ]-
Sources. The real neutrino sources, astrophysical (solar,
supernova, and geoneutrinos) and laboratory (𝛽-beam, pion-
muon stopped neutrino beams, and reactor neutrinos), with
few exceptions such as the ]

𝜇
neutrino beam emerging from

the 𝜋
+ decay at rest (𝜀] = 29.8MeV), the 7Be solar neutrinos

(𝜀] = 0.862MeV [10, 11]), and so forth, produce neutrinos
that present a spectral distribution, characteristic of the

source itself (i.e., on the reactions producing the considered
neutrinos), and are defined by

𝑑𝑁] (𝜀])

𝑑𝜀]
≡ 𝜂 (𝜀]) , (13)

𝑁] denotes the number of neutrinos of the beam. Thus,
for example, the ]

𝑒
neutrinos originating from pion-muon

decay at rest have energy spectra approximately described
by the well-known Michel distribution, while the supernova
neutrinos are commonly interpreted by using for their energy
spectra a two-parameter Fermi-Dirac or power law distribu-
tions [6, 8, 28] (see below).

In this section, we summarize briefly the basic features
of the currently interesting low-energy astrophysical and
laboratory neutrino sources: solar, supernova, geoneutrinos,
reactor neutrinos, pion-muon stopped neutrinos, and 𝛽-
beam neutrinos. We focus on their energy distributions
which drop in the neutrino energy range of our original cross
sections. These neutrino spectra will be used in the folding
procedure in the next section, in order to simulate the nuclear
detector response of the 114Cd nucleus and calculate event
rates.

3.2.1. Geoneutrinos. Geoneutrinos (or Earth neutrinos) are
mainly electron antineutrinos (]̃

𝑒
) generated upon trans-

mutation of neutron-rich 𝛽-decay nuclei, accompanied by
emission of an electron (𝑒−) and release of decay energy (𝑄

𝛽
)

according to the reaction [40]

(𝐴, 𝑍) → (𝐴,𝑍 + 1) + 𝑒
−
+ ]̃
𝑒
+ 𝑄
𝛽
. (14)

In the latter reaction 𝐴 is the mass number and 𝑍 the atomic
(proton) number of the initial (parent) nucleus. Part of the
decay energy,𝑄

𝛽
= 𝑄] +𝑄

ℎ
, is carried away by antineutrinos

(𝑄]) while the remainder is available for heating (𝑄
ℎ
).

KamLAND is the first detector to conduct an investigation
on geoneutrinos [40]. As it is well known, cosmochemical
analysis expects significant amount of radioactive isotopes
contained in the Earth and radiogenic heat generation of
which totals up to about 20 TW [41].

The abundant radioactive isotopes that are in the present
Earth are classified into three groups: (i) isotopes in the
238U decay series, (ii) isotopes in 232Th decay series, and
40K isotope. These isotopes are the geologically important
isotopes that heat the Earth’s interior (they finally decay
into stable nuclei). Radiogenic heat is produced by decays of
isotopes, inwhich electron-type (anti-) neutrinos are emitted.

Figure 3(a) shows the antineutrino spectra from 40K, 238U
series, and 232Thseries (𝜏

1/2
= 4.47×10

9 year, 𝜏
1/2

= 14.0×10
9
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Figure 2: Coherent total cross section for the neutral current reactions 114Cd(]
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)
114Cd∗, 𝑙 = 𝑒, 𝜇, 𝜏: (a) as a function of the momentum

transfer 𝑞 and (b) as a function of the incoming neutrino energy 𝜀]. The dash dotted curve results by assuming zero momentum transfer; that
is, 𝐹
𝑍
(𝑞
2
) = 𝐹
𝑁
(𝑞
2
) = F(𝑞

2
) = 1.

year, and 𝜏
1/2

= 1.28 × 10
9 year, resp.). In this neutrino

energy distribution ]̃
𝑒
, coming from 82 beta decays in the

U series and 70 beta decays in the Th series, are included.
Antineutrinos are generated by 𝛽-decays of all intermediate
radioactive isotopes [40–43].

The most recent measurements from KamLAND [38]
and Borexino [39] are reaching the precision where they can
start to constrain Earth models. However, these detectors
are not sensitive to the neutrino direction. The amount of
heat-producing elements in the Earth’s mantle is of great
interest and hence a detector located away from neutrinos
produced in continental crust or on the ocean would be
ideal [55]. The next-generation liquid-scintillator neutrino
observatory, LENA [13], thanks to its large volume,would be a
real breakthrough in geoneutrino detection and geologically
significant results could be obtained. LENA could measure
the total geoneutrino flux at the level of few percent, by far
more precise than other current experiments (e.g., Borexino

or KamLAND) could reach. The event and background rates
expected for LENA (both in Pyhäsalmi and Fŕıejus), and
projects the precision at which the total geoneutrino flux
as well as the U/Th ratio could be measured [13]. The large
number of events expected for geoneutrinoswill give valuable
information on the abundances ofUraniumandThoriumand
their relative ratio in the Earths crust and mantle.

3.2.2. Reactor Neutrinos. Nuclear reactors have been used
as intense ]

𝑒
sources in many experiments. In the fission

of 235U, 239Pu, and 238U, neutron-rich nuclei are produced
and ]̃

𝑒
antineutrinos are subsequently emitted via 𝛽-decay

[56, 57]. Experiments using reactor neutrinos are particularly
suitable for low Δ𝑚 measurement because the mean energy
of the reactor neutrinos is a few MeV (much smaller than
that of accelerator neutrinos). The distance from the reactor
core in many reactor experiments is ranged from several
tens of meters to 1 km while the overall systematic errors
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Figure 3: (a) Spectra of the U Series, Th Series, and 40K geoneutrinos. Neutrinos from 40K electron capture are also shown in this figure. (b)
Normalized reactor neutrino spectra.

including the ]
𝑒
flux uncertainty and detector uncertainty are

constrained to within a few % at these experiments.
Nuclear reactors, as sources of ]̃

𝑒
, give fluxes of the order

∼1013 ]̃/cm2 sec at distances ∼10m from the reactor core.
These antineutrinos have an energy spectrum peaked at very
low energies (∼0.3MeV) and extending up to ∼10MeV, char-
acteristic of the 𝛽

− decay of the fission products. Figure 3(b)
illustrates the reactor neutrino spectra normalized so that the
sum over all data-points is equal to one.The fuel composition
was adopted to be 62% 235U, 30% 239Pu, and 8% 238U [56, 58].

3.2.3. Solar Neutrinos. Solar neutrinos are ]
𝑒
neutrinos pro-

duced through weak, electromagnetic, and strong nuclear
processes in the interior of our Sun. They have energy 𝜀] ≤

18MeV and are created either via the well-studied pp-chain
reactions or via the CNO-cycle processes [36]. Their energy
depends not only on the pertinent nuclear processes, but also
on the densities and temperatures in the Sun’s environment.
The detection of solar neutrinos by terrestrial experiments
provides unique information about the interior of the Sun and
constitutes excellent probes for astrophysics, nuclear physics,
and particle physics searches.

In Figure 4(a), we show the energy spectra of the impor-
tant 8B and hep neutrino sources predicted by the standard
solar model. Each of these spectra has a characteristic
shape which is independent of the conditions in the solar
interior. The 8B spectrum, on the other hand, is more nearly
symmetric, with a peak at 6.4MeV and a somewhat extended
tail. The hep spectrum is rather symmetric and peaks at
9.6MeV. We mention that measurements of the spectrum of
neutrinos that reaches us from the sun provided a decisive
test of whether the solar neutrino puzzle is due to our lack
of understanding of the solar interior or due to new physics
[36, 37].

3.2.4. Pion-Muon Decay at Rest Neutrino Energy Distribu-
tions. In the operating pion-muon decay at rest neutrino
sources (Fermilab at USA, J-PARC at Japan) and the expected
to operate neutrino facilities at the Neutron Spallation
Sources (ORNL at USA, and Lund in Sweden), ]

𝑒
neutrinos

and ]̃
𝜇
antineutrinos are produced from the decay of muons

according to the reaction

𝜇
+
→ 𝑒
+
+ ]
𝑒
+ ]̃
𝜇
. (15)

The decaying muons result from the decay of slow pions
(𝜋+ → 𝜇

+
+ ]
𝜇
) and hence, ]

𝑒
and ]̃

𝜇
neutrinos have rel-

atively low energies. Their energy spectra are approximately
described by normalized distributions of the form [2, 59]

𝜂]𝑒 (𝜀]) = 96𝜀
2

]𝑀
−4

𝜇
(𝑀
𝜇
− 2𝜀]) , (16)

𝜂]̃𝜇 (𝜀]) = 16𝜀
2

]𝑀
−4

𝜇
(3𝑀
𝜇
− 4𝜀]) , (17)

where 𝑀
𝜇

= 105.6MeV is the muon rest mass (see
Figure 4(b)). The maximum energy of ]

𝑒
and ]̃
𝜇
in the later

equations is 𝜀
max
] = 52.8MeV = 𝑀

𝜇
/2 [59, 60]. The

distribution of these ]
𝑒
neutrinos is known as Michel energy

spectrum.The pion-muon decay at rest neutrino beams is not
completely pure as, for example, the 𝛽-beam neutrinos.

Obviously, the analytic expressions of (16) and (17) are
convenient for the required numerical integration in the
folding procedure [6, 8, 28, 61–63]. Their energy range and
shape roughly resemble those of supernova neutrinos and
give us a unique opportunity to study neutrino interactions
in this important energy range. This will improve our under-
standing of SN dynamics and help us to design and calibrate
the response of supernova neutrino detectors. We should
mention, however, that the pion-muon decay at rest neutrino
distributions is closed for high energies while the SNneutrino
spectra are open at their high energy tail (see below).
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Figure 4: (a) Normalized energy spectrum of 8B and hep ]
𝑒
solar neutrinos. (b) Energy spectra of ]

𝑒
and ]̃

𝜇
neutrino beams, generated from

the muon-decay at rest.

3.2.5. Supernova Neutrinos. According to predictions of
recent numerical simulations [64, 65], the creation of the
supernova neutrino fluxes is a very complicated process.
The shape of SN-neutrino energy distributions is determined
by the conditions under which the neutrinos are emitted
from the star causing the cooling of the protoneutron star
formed at the center of the collapsing star [21, 66–69]. In
earlier studies, a thermal spectrum was employed to describe
the SN-] energy distribution [70]. Recent stellar evolution
simulations, however, have shown that several effects modify
the spectral shape from a purely thermal one [64].

In stellar modelling, authors use analytic expressions that
include various modulation effects by inserting a chemical
potential 𝜇. Such an expression is as the well-known two-
parameter Fermi-Dirac (FD) distribution [64]. A similar
expression is the analytically simpler two-parameter Power-
Law (PL) energy distribution [64, 65, 71]. Both parametriza-
tions FD and PL yield similar distributions characterized by
the temperature 𝑇 or the average ]-energy ⟨𝜀]⟩ [8, 28, 72–
74]. It is important to note that the flavour-dependent fluxes
and spectra emitted by supernovae at any distance from the
source can be different from those originally produced, which
is mainly due to neutrino oscillations but also due to other
phenomena [70].

In Figure 1 of [75, 76] some specific cases of Fermi-Dirac
(FD) and Power-law (PL) distributions have been presented
for various values of their parameters [64, 65]. Concerning
the behaviour of FD and PL distributions throughout their
energy range we mention the following features. For the
Fermi-Dirac spectral distribution, as the temperature grows
both the maximum of the PL distribution shifts to greater
neutrino energy and its peak becomes smaller. Also, increas-
ing the degeneracy parameter 𝑛dg shifts the spectrum to
higher energies [64, 65]. The Power-Law energy distribution
is characterized by the pinching parameter 𝛼 and average
energy ⟨𝜀]⟩. The average energy ⟨𝜀]⟩ reflects the depth of the
stars from where the neutrinos are escaping. As ⟨𝜀]⟩ grows,
the maximum of the distribution shifts to higher neutrino

energy 𝜀] [65], while as the width parameter 𝑤 [8] grows
(for the same average energy ⟨𝜀]⟩), both the maximum of the
distribution shifts to smaller neutrino energy 𝜀] and its peak
becomes smaller. For the purposes of the present work, the
values of the pinching parameter needed are 𝛼 =5.1, 3.7, 2.7.
The corresponding values of the parameters of ⟨𝜀]⟩ are shown
in Table 2.

It is important to note that the flavour-dependent fluxes
and spectra emitted by an SN at any distance from the source
can be different from those originally produced mainly due
to neutrino oscillations in propagation and also due to other
phenomena [70]. The high statistics of neutrino signal from
a future galactic SN may allow us to unravel the relevant SN-
neutrino scenarios.

The number of the emitted neutrinos can be obtained
from the total emitted energyU] = 3×10

53 erg𝑁] = U]/⟨𝐸]⟩.
The (time averaged) neutrino flux at a distance 𝐷 from the
source is Φ = 𝑁]/(4𝜋𝐷

2
) (for the SN 1987A 𝐷 = 10 kpc =

3.1 × 10
22 cm).

3.2.6. Low-Energy 𝛽-Beam Neutrinos. Recently, some accel-
erated 𝛽-radioactive nuclei have been proposed as sources of
neutrino beams (beta-beamneutrinos) [14, 15, 77]. Such facil-
ities may produce pure beam neutrinos in which the possible
flavors are either the ]

𝑒
(for 𝛽+-decaying ions) or the ]̃

𝑒
(for

𝛽
−-decaying ions) to search for standard and nonstandard

neutrino physics at low and intermediate energies (]-nucleus
interactions, neutrino properties, neutrino oscillations, etc.)
and measure ]-nucleus scattering cross sections [15, 77].

For the readers convenience, we summarize here the
main features of the low-energy 𝛽-beam neutrinos. Their
spectra [8, 75, 76] are characterised by the boost velocities
(Lorentz factors or 𝛾-factors). For most applications, we
derive normalized synthetic neutrino energy distributions
𝜂
𝑏𝑏
(𝜀]) given by linear combinations of the form

𝜂
𝑏𝑏

(𝜀]) =

𝑁

∑

𝑗=1

𝛼
𝑗
𝜂
𝛾𝑗
(𝜀]) , (18)
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Table 2: Flux averaged coherent cross sections ⟨𝜎coh⟩ (in units 10−42 cm2) for 114Cd isotope obtained in the case of neutrino energy spectra
coming from two neutrino sources: (i) supernova neutrinos and (ii) laboratory neutrinos.

Flux averaged cross sections ⟨𝜎coh⟩ (10
−42 cm2)

Supernova
neutrinos

Neutrinos
Pion-muon stopped

Fermi-Dirac (FD) Power Law (PL) Michel spectrum
𝑇 = 3.10 4.14 6.20 ⟨𝜀]⟩ = 12 16 24 𝜂]𝑒 (𝜀]) 𝜂]̃𝜇 (𝜀])

⟨𝜎⟩ = 2648 4457.52 8648.06 ⟨𝜎⟩ = 2653.26 4452.93 8658.47 ⟨𝜎⟩ = 13109.52 15880.76

where 𝑁 numbers the different Lorentz (𝛾) factors included
in the synthetic spectrum (expressions for the individual
distributions 𝜂

𝛾𝑗
(𝜀]) are given in [7, 8, 74]). Combinations of

the type 𝜂
𝑏𝑏
(𝜀]) for 𝛾-factors up to 10–12 are used to fit original

supernova neutrino spectral distributions, 𝜂SN(𝜀]), reaching
terrestrial detectors by adjusting the weight parameters 𝛼

𝑗

through the minimization procedure described in [8, 75, 76].
Many authors in recent 𝛽-beam neutrino simulations

employ the energy spectra of the antineutrinos ]̃
𝑒
emitted

from 𝛽
−-radioactive 6

2
He ions according to the reaction

6

2
He →

6

3
Li + 𝑒

−
+ ]̃
𝑒

(19)

The 𝑄-value of this reaction is 𝑄He = 3.5MeV. Another
potential 𝛽−-radioactive isotope for ]̃

𝑒
beams is the 8

3
Li with

𝑄-value𝑄Li = 13.0MeV. Interesting𝛽+-radioactive ion source
to be accelerated for producing ]

𝑒
beams is the 18

10
Ne, which

decays according to the reaction [15, 77]

18

10
Ne →

18

9
F + 𝑒
+
+ ]
𝑒

(20)

The 𝑄-value of this reaction is 𝑄Ne = 3.4MeV. For ]
𝑒
beams

another promising 𝛽
+-radioactive isotope is the 8

4
B (𝑄B =

13.9MeV).
From the aforementioned potential targets, 6

2
He and 18

10
Ne

are considered to have rather low 𝑄-values, so they are good
choices for short baseline neutrino studies while 8

3
Li and 8

4
B

have relatively high𝑄-values and they are the best choices for
a large baseline [13].

Energy spectra of the reactions (19) and (20) for several
integer 𝛾-boost factors (𝛾 = 3, 4, . . . , 15) are discussed in [8,
74].

3.3. Simulated Neutrino Signals on Nuclear Detectors. As
mentioned in Section 1, the characteristics of the arriving at a
nuclear detector neutrino flux are concealed in the nuclear
response of the detector medium, that is, in the material
CdTe or CdZnTe for the case of the COBRA detectors.
Theoretically, these features could be simulated by convoluted
cross sections calculations carried out as discussed in [64, 65,
71].

In the present work, the convolution (folding) method
was performed with the original cross sections obtained as
discussed before, in order to compute the flux averaged total
cross sections, ⟨𝜎tot⟩, for the low-energy neutrino spectra of
the previous section.

For the coherent channel, which is possible only in neutral
current neutrino-nucleus reactions studied in the present
work, the flux averaged cross section ⟨𝜎coh⟩ is defined as [2]

⟨𝜎coh⟩ = ∫

∞

0

𝜎coh (𝜀]) 𝜂 (𝜀]) 𝑑𝜀]. (21)

Due to the dominance of the coherent cross section 𝜎coh(𝜀])
throughout the region of the incoming neutrino energy 𝜀],
⟨𝜎coh⟩ is, sometimes, even two or three orders of magnitude
larger than the incoherent one, ⟨𝜎incoh

tot ⟩ [6, 8, 28, 61].
The flux averaged cross sections obtained for 114Cd with

(21) for the neutrino distributions 𝜂(𝜀]) of Section 3 are listed
in Tables 2 and 3. In Table 2 the flux averaged cross sections
refer to various supernova neutrino scenarios described by
the Fermi-Dirac (F-D) and Power-Low (P-L) distributions
corresponding to the parameters given in this Table, that is,
]
𝑒
neutrinos, ]̃

𝑒
antineutrinos, and ]

𝑥
, 𝑥 = ]

𝜇
, ]
𝜏
, ]̃
𝜇
, and ]̃

𝜏

[64, 65, 71]. In the last two columns of Table 2 we tabulate the
⟨𝜎coh⟩ calculated for the distributions of (16) and (17). Here
the flux averaged cross sections have been calculated as in
[30].

In Table 3 we list the flux averaged cross sections
evaluated by adopting the neutrino distributions of the
geoneutrinos (see Figure 3(a)), of the reactor neutrinos (see
Figure 3(b)) and solar neutrinos (see Figure 4(a)) for the 8B-
neutrinos and Figure 4(b) for the hep neutrinos).

3.4. Number of Events in 𝑛𝑢-Detectors. For another con-
nection of the present theoretical results with the neutrino
experiments discussed in Section 1, and specifically COBRA
experiment, we estimate the signals created in the 114Cd
detector which is given by the expression [6, 78]

𝜎sign (𝜀]) = 𝜎coh (𝜀]) 𝜂 (𝜀]) . (22)

By using our theoretical cross sections 𝜎(𝜀]) for
114Cd isotope

wemay evaluate the neutrino fluxesΦ] or the scattering event
rates,𝑁event, for the COBRA detector.

Our calculations here are based on a mass 100 Kgr of the
COBRA detector with detector material CdZnTe or CdTe for
the typical detection rate of𝑁event = 1 event hr−1, t. Assuming
that𝑁Cd is the total number of nuclei (atoms) of 114Cd in the
detector, we have [78]

𝑑𝑁]

𝑑𝑡
≡ 𝑁event = 𝑁CdΦ] (𝜀]) 𝜎tot (𝜀]) . (23)
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Table 3: Flux averaged coherent cross sections ⟨𝜎coh⟩ (in units 10−40 cm2) for 114Cd isotope obtained in the case of neutrino energy spectra
coming from two neutrino sources: (i) geoneutrinos, (ii) reactor neutrinos, and (iii) solar neutrinos.

Flux averaged cross sections ⟨𝜎coh⟩ (10
−42 cm2)

Detector Geoneutrinos Reactor neutrinos Solar neutrinos
114Cd 40K 238U 232Th 235U 238U 239Pu 8B hep

151.38 1504.40 972.56 192.20 508.90 9604.36 8503.99 9956.57

Table 4: Neutrino coherent fluxes Φ](𝜀]) (in units 109 sec−1 cm2) for 114Cd isotope for the two materials (CdTe and CdZnTe) of the COBRA
experiment obtained in the case of supernova neutrinos with mean energies ⟨𝜀]⟩ = 12, 16, and 24MeV.𝑁

0
is the Avogadro’s number.

Neutrino coherent fluxes Φ]

Detector medium Number of atoms 114Cd (Kgr) ⟨𝜀]⟩ (MeV) Φ] (×10
9 sec−1 cm−2)

CdTe 120.11𝑁
0

13.5
12 1.447
16 0.862
24 0.449

CdZnTe 94.17𝑁
0

10.6
12 1.847
16 1.100
24 0.566

The COBRA detector is expected to have a total mass of
114Cd CdZnTe about 𝑚Cd = 10.6Kgr which translates to
about 𝑁Cd = 𝑁114Cd = 94.17𝑁Avogadro atoms (nuclei). The
results from (23) neutrino fluxes for the supernova neutrinos
with the mean energies ⟨𝜀]⟩ = 12MeV (electron neutrinos
]
𝑒
), ⟨𝜀]⟩ = 16MeV (electron anti-neutrinos ]̃

𝑒
), and ⟨𝜀]⟩ =

24MeV (]
𝑥
, ]̃
𝑥
, 𝑥 = 𝜇, 𝜏) and the ⟨𝜎coh⟩ of Table 2 are shown

in Table 4 (first three lines).
Similar calculations will be done assuming that the

material of COBRA detector is the CdTe. Again we consider
100Kgr detector which contains 13.5 Kgr 114Cd or about
𝑁Cd = 𝑁114Cd = 120.11𝑁Avogadro atoms (nuclei). The results
from (23) neutrino flux for the supernova neutrino scenarios
adopted above are shown in Table 4 (last three lines).

These results are encouraging for the Cd materials to
be used in the future as astrophysical neutrino detectors
in addition to their main goal of neutrinoless double 𝛽-
decay search. We stress, however, that even though the above
neutrino fluxes are of the same order with those expected at
the Spallation Neutron Source at ORLaND, Oak Ridge [17–
19], in choosing a neutrino cross section measurement target
other experimental criteria usually lead to more popular
choices (Xe, Cs, etc.). For such targets similar calculations to
those we performed here for 114Cd could be also done.

4. Conclusions

Astrophysical neutrinos (solar, supernova, and Earth neu-
trinos) are key particles in investigating the structure and
evolution of stars, the astronuclear reactions, and also in
deepening our knowledge on the fundamental interactions
and the nuclear weak responses. In this work we applied
the convolution procedure to calculate flux averaged cross
sections and event rates for the above ]-sources based
on neutrino-nucleus cross sections obtained with realistic

nuclear structure calculations (QRPAmethod). For the com-
puted folded cross sections we employed specific spectral
distributions describing neutrino-energy spectra of super-
nova and solar neutrinos, geoneutrinos, reactor neutrinos,
laboratory neutrinos, and neutrinos produced from the decay
of pions and muons at rest.

The flux-averaged total coherent cross sections, ⟨𝜎coh⟩,
reflect to some extent the neutrino signals generated in
several selected terrestrial detectors from such ]-sources. In
this work, we estimated coherent neutrino fluxes for 114Cd
which is content of the CdTe and CdZnTe materials of the
COBRA detector at LNGS. The goal of this experiment is to
search for double beta decay events andneutrino observation.
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Damping of primordial gravitational waves due to the anisotropic stress contribution owing to the cosmological neutrino
background (C]B) is investigated in the context of a radiation-to-matter dominated universe. Besides its inherent effects on the
gravitational wave propagation, the inclusion of the C]B anisotropic stress into the dynamical equations also affects the tensor
mode contribution to the anisotropy of the cosmological microwave background (C𝛾B) temperature. The mutual effects on the
gravitational waves and on the C𝛾B are obtained through a unified prescription for a radiation-to-matter dominated scenario.
The results are confronted with some preliminary results for the radiation dominated scenario. Both scenarios are supported by
a simplified analytical framework, in terms of a scale independent dynamical variable, k𝜂, that relates cosmological scales, k, and
the conformal time, 𝜂. The background relativistic (hot dark) matter essentially works as an effective dispersive medium for the
gravitational waves such that the damping effect is intensified for the universe evolving to the matter dominated era. Changes on
the temperature variance owing to the inclusion of neutrino collision terms into the dynamical equations result in spectral features
that ratify that the multipole expansion coefficients 𝐶𝑇

𝑙
’s die out for 𝑙 ∼ 100.

1. Introduction

The theoretical investigation and the phenomenological anal-
ysis of anisotropies in the cosmological microwave back-
ground (C𝛾B) radiation are recursively considered as a
singular valuable check on the validity of simple inflation-
ary cosmological models. The fast growth of primordial
masses and of energy density fluctuations is identified as the
simplest mechanism for producing cosmological structures
and observable C𝛾B temperature anisotropies. In addition, a
primordial spectrum of gravitational waves [1, 2] may also
have been perturbatively induced during the inflationary
epoch. It could, for instance, change the theoretical predic-
tions for cluster abundances and work as a pertinent test for
inflationarymodels as it produces some imprints on radiation
tensor modes.

Cosmological tensor fluctuations should produce not
only temperature anisotropies but also distinct imprints in
the so-called magnetic or 𝐵-modes of its polarization field
[3], which has been identified through the C𝛾B polarization
experiments [1, 2, 4, 5]. Current experiments have indeed

been able to put upper limits on polarizations of the C𝛾B that
might be owed to a gravitational wave background [6–14].

The observed pattern of temperature anisotropies, when
combined with probes of inhomogeneities in matter on
large scale structures, and with measurements of the total
energy density in the universe, is in striking agreement with
the simplest predictions for the spectrum of anisotropies
due to gravitational waves produced during inflation. These
facts support the inclusion of extra ingredients in the fine-
tuning analysis involving the theoretical predictions and the
observable data for C𝛾B anisotropies.

The C]B contribution to the dark matter inventory at
present can be estimated from the modifications on the
matter power spectrum, even for neutrinos behaving like a
relativistic fluid at higher redshifts [15]. This phenomeno-
logical characteristic is related to the large scale structures,
such that effective mass values for neutrinos through the
C𝛾B results are inferred through the transfer function in the
matter power spectrum at small scales [16–18]. Depending
on the current thermodynamic regime, the free-streaming
massive neutrinos can affect the cosmological evolution of
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tensor modes by increasing the magnitude of the anisotropic
stress, which acts as an effective viscosity, absorbing gravita-
tional waves in the low frequency.That is the theoretical point
discussed in some previous issues [19–21] where it has been
given some emphasis on the cosmological evolution of per-
turbation tensormodes coupled to cosmological neutrinos in
the radiation dominated (RD) universe.

Our aim is to extend such a preliminary approach involv-
ing the RD cosmic inventory to a transient, radiation-to-
matter dominated (RMD) background universe. We will
follow the analytical setup based on the multipole formal-
ism that reproduces the procedure which deals with scalar
perturbations [15, 19, 20, 22]. Even in the framework for a
RMD scenario, it can be shown that equations can be manip-
ulated in order to avoid explicit (and sometimes confused)
dependencies on cosmological scales, 𝑘, which, in this case,
are absorbed by the scale independent variable, 𝑘𝜂. Besides
quantifying the dynamical evolution of gravitational waves
and identifying the role of neutrinos and collision terms
inherent to the model, one will be able to quantify a modified
tensor mode variance for the temperature anisotropy. Once
extended to the RMD background scenario, our analysis
follows several theoretical prescriptions provided by some
preliminary studies like in [15, 19–21].

Our paper is therefore organized as follows. In Section 2,
we report about the textbook multipole formalism [22],
with the corresponding modifications for reconstructing the
pattern of tensor perturbations [19, 20]. In Section 3, we
reproduce the framework for including the anisotropic stress
effects on the propagation of gravitational waves by assuming
physically reliable conditions over the collision parameters.
The dynamical evolution of tensor modes and its corre-
sponding potential modifications on the C𝛾B temperature
for a RMD environment is therefore quantified. Since the
neutrino viscosity underlies an increasing wave damping
effect, we expect to have a frequency-dependent absorption
of gravitational waves in the frequency range where neutrino
decoupling happens. We draw our conclusions in Section 4.

2. Theoretical Preliminaries

As supported by the decomposition theorem [15, 17, 22, 23],
the perturbation equations for the cosmological scenario
in the synchronous gauge allow one to depict simpler
and clearer properties of cosmological tensor perturbations.
In general lines, the cosmological evolution of a homo-
geneous Friedmann-Robertson-Walker (FRW) flat universe
with background energy density, 𝜌(𝜂), and pressure, P(𝜂),
is described in terms of the scale factor, 𝑎(𝜂), through the
following components of the Einstein equation:

(
𝑑𝑎/𝑑𝜂

𝑎
)

2

=
8𝜋

3
𝐺𝑎
2
𝜌, (1)

𝑑

𝑑𝜂
(
𝑑𝑎/𝑑𝜂

𝑎
) = −

4𝜋

3
𝐺𝑎
2
(𝜌 + 3P) , (2)

where 𝜂 is the conformal time defined by 𝑑𝜂 = 𝑑𝑡/𝑎 and 𝐺
is the Newtonian constant, and one sets the natural units 𝑐 =
ℏ = 𝑘
𝐵
= 1.

The propagation of gravitational waves is parameterized
by the relevant (spatial) components of the perturbed metric
written as (one notices the (− + ++) signature for the metric)

𝑔
𝑖𝑗
= 𝑎
2
(𝜂) [𝛿

𝑖𝑗
+ ℎ
𝑖𝑗
] , 𝑖, 𝑗 = 1, 2, 3, (3)

while 𝑔
00
= −1 and 𝑔

0𝑖
= 0. The transverse traceless part

of ℎ
𝑖𝑗
corresponds to gravitational waves [17]. The coupling

of tensor modes with matter and radiation is suppressed in
case of perfect fluids. However, the inclusion of traceless
transverse terms, Π𝑖

𝑗
, into the anisotropic stress tensor, 𝑇𝑖j , as

defined by

𝑇
𝜇

] = (P + 𝛿P) 𝑔
𝜇

] + ((𝜌 + 𝛿𝜌) + (P + 𝛿P))𝑈
𝜇
𝑈],

𝜇, ] = 0, 1, 2, 3,
(4)

modifies the isotropic and homogeneous characteristics of
perfect fluids, 𝜌 and P, and provides a natural coupling
for observing interactions between the tensor modes, that
is, gravitational waves, in the (RMD) cosmological environ-
ment. It changes the dynamical behavior of the tensor per-
turbation components, ℎ

𝑖𝑗
, through the following equation of

motion:

𝜕
2

𝑡
ℎ
𝑖𝑗
+ (

3

𝑎

𝑑a
𝑑𝑡
) 𝜕
𝑡
ℎ
𝑖𝑗
− (

∇
2

𝑎
2
)ℎ
𝑖𝑗
= 16𝜋𝐺

Π
𝑖𝑗

𝑎
2
. (5)

In this case, the traceless component of the energy-momen-
tum tensor is defined by Π

𝑖𝑗
= 𝑔
𝑖𝑙
Π
𝑙

𝑗
= 𝑔
𝑖𝑙
(𝑇
𝑙

𝑗
− 𝛿
𝑙

𝑗
𝑇
𝑘

𝑘
/3) =

𝑇
𝑖𝑗
− 𝑔
𝑖𝑗
(P + 𝛿P).

By turning (5) into its Fourier space transformed form,
one has

ℎ̈
𝑖𝑗
+ 2Hℎ̇

𝑖𝑗
+ 𝑘
2
ℎ
𝑖𝑗
= 16𝜋𝐺Π

𝑖𝑗
, (6)

where H = ̇𝑎/𝑎, and dots correspond to conformal time
derivatives. The anisotropic stress Π

𝑖𝑗
is given by

Π
𝑖𝑗
= 𝑇
𝑖𝑗
−

𝑔
𝑖𝑗

3
𝑇
𝑘

𝑘
=
𝑎
2
𝜌

4𝜋
∫(𝑛
𝑖
𝑛
𝑗
−

𝛿
𝑖𝑗

3
)𝐹]𝑑Ω =

𝑎
2
𝜌]

4𝜋
F
(0)

𝑖𝑗
,

(7)

with ∫ 𝑛
𝑖
𝑛
𝑗
𝑑Ω = 4𝜋𝛿

𝑖𝑗
/3.

The analytical multipole decomposition discussed in [19]
supports the equations for obtaining F

(0)

𝑖𝑗
. Given a (Fermi-

Dirac) momentum distribution, 𝑓
0
(𝑞), and scalar perturba-

tions, Ψ(𝑘
𝑖
, 𝑞, 𝑛
𝑗
, 𝜂), one defines

𝐹] (𝑘𝑖, 𝑛𝑗, 𝜂) ≡
∫ 𝑞
3
𝑓
0
(𝑞)Ψ (𝑘

𝑖
, 𝑞, 𝑛
𝑗
, 𝜂) 𝑑𝑞

∫ 𝑞
3
𝑓
0
(𝑞) 𝑑𝑞

, (8)

which appears in the Boltzmann equation [19] as

̇𝐹] + 𝑖𝑘𝑖𝑛
𝑖
𝐹] + 2ℎ̇𝑖𝑗𝑛

𝑖
𝑛
𝑗
=
4𝜋

𝑎
4
𝜌]
∫𝑞
3
𝐶 [𝑓] 𝑑𝑞, (9)
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where the interactions brought up by 𝐶[𝑓] will be discussed
later. By following the same notation from [19], one finds that

F
𝑖𝑗
(𝑘
𝑖
, 𝜇, 𝜂) = ∫

2𝜋

0

(𝑛
𝑖
𝑛
𝑗
−

𝛿
𝑖𝑗

3
)𝐹]𝑑𝜑, (10)

where 𝜑 is the polar angle such that 𝑑Ω = sin 𝜃𝑑𝜃𝑑𝜑. Upon
multiplying (9) by (𝑛

𝑖
𝑛
𝑗
− 𝛿
𝑖𝑗
/3) and integrating over 𝜑, one

has [15, 19]

Ḟ
𝑖𝑗
+ 𝑖𝑘𝜇F

𝑖𝑗
+ 2ℎ̇
𝑙𝑚
∫

2𝜋

0

𝑛
𝑙
𝑛
𝑚
(𝑛
𝑖
𝑛
𝑗
−

𝛿
𝑖𝑗

3
)𝑑𝜑 = C

𝑖𝑗
(11)

with 𝜇 ≡ cos(𝜑) = �̂� ⋅𝑛, where an ordinary collision term,C
𝑖𝑗
,

is introduced as

C
𝑖𝑗
≡
4𝜋

𝑎
4
𝜌
∫ 𝑞
3
𝑑𝑞∫

2𝜋

0

𝑑𝜑 (𝑛
𝑖
𝑛
𝑗
−

𝛿
𝑖𝑗

3
)𝐶 [𝑓] . (12)

Now performing the Legendre expansion with respect to 𝜇,
one obtains

F
𝑖𝑗
(𝑘
𝑖
, 𝜇, 𝜂) =

∞

∑

ℓ=0

(−𝑖)
ℓ
(2ℓ + 1)F

(ℓ)

𝑖𝑗
(𝑘
𝑖
, 𝜂) 𝑃
ℓ
(𝜇) ,

C
𝑖𝑗
(𝑘
𝑖
, 𝜇, 𝜂) =

∞

∑

ℓ=0

(−𝑖)
ℓ
(2ℓ + 1)C

(ℓ)

𝑖𝑗
(𝑘
𝑖
, 𝜂) 𝑃
ℓ
(𝜇) ,

(13)

for which the orthogonality relations involving the Legendre
polynomials,

∫

1

−1

𝑃
ℓ
𝑃
𝑚
𝑑𝜇 =

2

2ℓ + 1
𝛿
ℓ𝑚
, (14)

are prescribed. The zeroth-order multipole contribution that
appears in (7) is effectively the unique nonvanishing contri-
bution of 𝐹] into (10), which is computed from the above
multipole expansion forF

𝑖𝑗
(𝑘
𝑖
, 𝜇, 𝜂). It explains the origin of

the anisotropic stress contribution written in terms of F(0)
𝑖𝑗

into (5).
Finally, by multiplying (11) by (𝑖ℓ/2)𝑃

ℓ
and integrating it

over 𝜇, after performing some straightforward mathematical
manipulations, one obtains [19]

Ḟ
(0)

𝑖𝑗
= −𝑘 F

(1)

𝑖𝑗
−
8𝜋

15
ℎ̇
𝑖𝑗
+C
(0)

𝑖𝑗
, (15)

Ḟ
(2)

𝑖𝑗
= −

𝑘

5
[3F
(3)

𝑖𝑗
− 2F
(1)

𝑖𝑗
] −

16𝜋

105
ℎ̇
𝑖𝑗
+C
(2)

𝑖𝑗
, (16)

Ḟ
(4)

𝑖𝑗
= −

𝑘

9
[5F
(5)

𝑖𝑗
− 4F
(3)

𝑖𝑗
] −

8𝜋

315
ℎ̇
𝑖𝑗
+C
(4)

𝑖𝑗
, (17)

Ḟ
(ℓ)

𝑖𝑗
= −

𝑘

2ℓ + 1
[(ℓ + 1)F

(ℓ+1)

𝑖𝑗
− ℓF
(ℓ−1)

𝑖𝑗
] +C

(ℓ)

𝑖𝑗
,

(ℓ ̸= 0, 2, 4) .

(18)

The above equations are constrained by the dynamical behav-
ior of ℎ

𝑖𝑗
, which turns them into a system of ℓ+1 decomposed

first-order ordinary differential equations completely equiva-
lent to the Boltzmann equation.

Since we are concerned with the fact that the anisotropic
stress is only cosmologically relevant for massless particles
[23], independently of our previous arguments, the condition
of having background neutrinos in ultrarelativistic thermo-
dynamic regime is assumed along the RMD era. In this case
one can write 𝜌] in terms of the total energy density, 𝜌, and
of the rates 𝑅] = Ω]/Ω𝑟 ≡ 𝜌]/𝜌𝑟 and 𝑅𝑚/𝛾 = Ω𝑚/Ω𝛾,

𝜌] = 𝜌]
𝜌

𝜌
𝑚
+ 𝜌
𝑟

=
1

1 + (𝜌
𝑚
/𝜌
𝑟
)
𝑅]𝜌

=
1

1 + (Ω
𝛾
/Ω
𝑟
) (Ω
𝑚
/Ω
𝛾
)

𝑅]𝜌 =
1

1 + (1 − 𝑅]) 𝑅𝑚/𝛾
𝑅]𝜌,

(19)

where 𝜌 = 𝜌
𝑚
+ 𝜌
𝑟
, Ω
𝑟
= Ω] + Ω𝛾, such that Ω

𝑖
=

3𝜌
𝑖
/(8𝜋𝐺), with 𝑖 = 𝑟 (radiation), ] (neutrinos), 𝛾 (photons),

and 𝑚 (matter). By substituting (7) with the above-defined
parameters into (5), and using (2) for 𝜌, one obtains a suitably
modified picture of [19] given by

ℎ̈
𝑖𝑗
+ 2Hℎ̇

𝑖𝑗
+ 𝑘
2
ℎ
𝑖𝑗
=
3

2𝜋
H
2 𝑅]

1 + (1 − 𝑅]) 𝑅𝑚/𝛾
F
(0)

𝑖𝑗
, (20)

where the inclusion of the elements of the RMD cosmic
inventory is evinced by 𝑅

𝑚/𝛾
on the right-hand side (by

setting 𝑅
𝑚/𝛾

= 0 one is able to recover the results for the RD
cosmic inventory as in [19]).

3. Gravitational Waves Coupled to Neutrinos
in the RMD Scenario

The background solutions of the Friedmann equation for
the RMD universe, with the corresponding equation of state,
respectively, represented byP

𝑟
= 𝜌
𝑟
/3 andP

𝑚
= 0, are given

by

𝜌
𝑟
= 𝜌
0

Ω
𝑟

𝑎
4
, 𝜌

𝑚
= 𝜌
0

Ω
𝑚

𝑎
3
, (21)

where we have neglected the cosmological constant phase.
For a RMD cosmological background, the scale factor depen-
dence on the conformal time reproducing the radiation-to-
matter transition can be exactly given by

𝑎 (𝜂) =
2𝜋𝐺

3
Ω
𝑚
𝜂
2
+ (

8𝜋𝐺

3
Ω
𝑟
)

1/2

𝜂 (22)

and conveniently rewritten as

𝑘𝑎 (𝜂) = √
8𝜋𝐺

3
Ω
𝑟
[
(𝑘𝜂)
2

4𝑘𝜂eq
+ 𝑘𝜂] , (23)

with 𝜂eq = (3Ω𝑟/(8𝜋𝐺))
1/2
/Ω
𝑚
, where a scale independent

parameter 𝑘𝜂 has been introduced, and the boundary con-
ditions are set as 𝑎(0) ≡ 0. Equation (23) also fiducially
describes the dynamics deep inside radiation ormatter domi-
nated (MD) eras separately. Assuming the above dependence
of 𝑎 on 𝜂 into the coupled equations of the previous section,
one can treat the gravitational waves entering the horizon
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even after the time of matter-radiation equality, that is, with
the redshift 𝑧 < 10

4. Therefore, besides being applied to
the analysis of waves that have entered the horizon well
inside the RD era, with 𝑘 ≫ 0.1 [Mpc]−1, our result can be
extended to the analysis of waves with 𝑘 ∼ 0.1 [Mpc]−1. In
addition, from the point of view of themathematicalmanipu-
lation/resolution of the equations, the explicit dependence on
the cosmological scales, 𝑘, will be relegated to the parameter
𝑘𝜂eq at (23), so that one can express all the subsequent results
in terms of 𝑘𝜂, with 𝜂 in units of 𝜂

0
≈ 1/𝐻

0
≈ 5000 [Mpc].

In this case, 𝑘𝜂 ∼ 1 corresponds to the horizon crossing
parameter.

The system of coupled equations ordinarily defined in
terms of 𝑘𝜂 also allows one to depict the behavior of waves
deep inside the horizon (𝑘𝜂 ≫ 1). Given the scale covariance
introduced by 𝑘𝜂 (in place of a factorized dependence on 𝜂),
it is always possible to rescale the initial value of ℎ

𝑖𝑗
(𝑘𝜂) as to

have ℎ
𝑖𝑗
(0) = ℎ

(0). The choice of the initial amplitude after
crossing the causal horizon, ℎ(0), is arbitrary and it does not
affect our results. The variables ℎ̇

𝑖𝑗
and F

(ℓ)

𝑖𝑗
are concerned

with the information about the effect of damping oscillation.
It is attributed to the expansion of the universe, in case of ℎ̇

𝑖𝑗
,

and to the interactionwith theC]B, in case ofF(ℓ)
𝑖𝑗
.Therefore,

these terms should be taken into account just after crossing
the causal horizon; that is, for 𝑘𝜂 > 𝑘𝜂

0
≈ 0. Because of that, it

is reasonable to assume ℎ̇
𝑖𝑗
(0) = 0 andF(ℓ)

𝑖𝑗
(0) = 0. Finally, we

also have assumed the standard cosmological values for Ω
𝑖
,

with 𝑖 = 𝛾, ] and𝑚, such thatΩ]/Ω𝛾 > 0 andΩ𝛾/Ω𝑚 ≈ 10
−4.

The corresponding dynamical evolution of the gravita-
tional waves, that is, of the tensor modes, ℎ

𝑖𝑗
, in terms of the

scale independent variable, 𝑘𝜂, can be depicted in Figures
1 and 3. Once gravitational waves have entered the horizon
(𝑘𝜂 ≳ 1), their amplitude dies away (c.f. Figure 1) more
rapidly at a universe with the cosmic inventory containing
the matter component contribution. By suppressing the
contribution due to the neutrino anisotropic stress at (20),
one recovers a damped harmonic oscillator- (DHO-) like
equation for which the damping factor is given by 𝛾 ≡ 2H.
One can notice that deep inside the MD era the 𝛾 factor is
two times the value corresponding to that of deep inside the
RD era. The amplitude of the gravitational waves is relatively
suppressed when it penetrates into the MD era.

The neutrino free-streaming regime is obtained by setting
a vanishing collision term, C(ℓ)

𝑖𝑗
= 0, at the evolution

equations. Figure 1 shows the results for 𝑅] = 0.4052 (three
neutrino species) and 𝑅] ≈ 1 (not so realistic large number
of neutrino degrees of freedom, which includes extra flavor
quantum numbers) obtained from numerical calculations
involving 1200 multipoles for RD and RMD scenarios. The
results are relevant for modes which enter the horizon at the
universe’s temperature about𝑇 ≲ 1MeV [21].The anisotropic
stress effects are relatively suppressed for modes which enter
the horizon at the MD era, as one can observe from the
right side of (20). The exception is for the situation where 𝑅]
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Figure 1: Evolution of the normalized wave amplitude ℎ
𝑖𝑗
/ℎ
(0)

𝑖𝑗
as

function of 𝑘𝜂 for RD (red lines) and RMD (black lines) background
cosmic inventories. Results are for vanishing anisotropic stress, with
𝑅] = 0 (dotted lines), for 𝑅] = 0.4052 (dashed lines) and for
𝑅] = 1 (solid lines). The RD curves are scale independent so that 𝑘𝜂
is given in units of 𝑘𝜂

0
. The RMD curves are correctly interpreted

by observing that 𝑘𝜂eq = 1, which correspond to scales that have
entered the Hubble horizon at the time of matter-radiation equality
(see also Figure 7 for comparison). In spite of beingmore evident for
the RMD scenario, in both situations the largely increasing values of
𝑅] result in a more relevant suppression of the tensor modes during
the cosmological evolution. Notice that just for the first peak, solid
lines are overpassing dashed- and dotted-lines.

approximates to unity. The amplitude ℎ
𝑖𝑗
is constant outside

the horizon and starts decreasing after the horizon crossing.
The inclusion of the matter background into the cos-

mic inventory introduces an additional subtle effect on the
amplitude of the gravitational waves under the influence of
the anisotropic stress. Scales just entering the horizon at late
times have the corresponding oscillation modes undergoing
a delayed suppression due to the coupling to neutrinos.
It propagates to the following oscillation peaks in a kind
of translational effect of the oscillation pattern, which is
naturally expected if one observes that, in the limit of
radiation domination, one has


ℎ
𝑖𝑗
(𝑘𝜂)


=
sin (𝑘𝜂)
𝑘𝜂

, (24)

and, in the limit of matter domination, one has


ℎ
𝑖𝑗
(𝑘𝜂)


= 3

(sin (𝑘𝜂) − 𝑘𝜂 cos (𝑘𝜂))
(𝑘𝜂)
3

. (25)
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The reason for such a behavior is engendered by the fact the
RMD curves are correctly interpreted only for 𝑘𝜂eq = 1,
which correspond to scales that have entered the Hubble
horizon at the time of matter-radiation equality. In the
Appendix we show the corresponding results for 𝑘𝜂eq = 100.
In spite of being evinced for the RMD scenario, increasing
values of𝑅] result in amore relevant suppression of the tensor
modes even for the RD scenario.

In [19] one identifies that for the standard case corre-
sponding to 𝑅] = 0.4052 for three families of neutrinos,
roughly 22% of the intensity of the gravitational waves is
absorbed by the C𝛾B environment. In spite of not considering
the same steps for numerical integrations as assumed in [19],
our results for the RD era agrees with those presented in
[19], as it can be depicted in Figures 1 and 2 by comparing
dashed and dotted red lines. The effective suppression due
to the inclusion of neutrinos can be depicted from Figure 2
where we have computed the time-averaged quantity𝐷(𝑘)2 =
⟨2(𝑘𝜂)

2
|ℎ
𝑖𝑗
(𝑘𝜂)|
2
⟩ as function of the cosmological scale, 𝑘.

Such a time-averaged quantity is processed from a cut-off 𝜂∗.
Although 𝜂∗ is arbitrary, the time-averaged operation over
(𝑘𝜂)
2
|ℎ
𝑖𝑗
(𝑘𝜂)|
2 is effective only for scales entering the horizon

at times 𝜂 ≫ 𝜂
∗.

When the elements for describing the RMD regime
are introduced, our results are considerably different, in
spite of exhibiting a conceptual agreement with those from
[19]. The point is that once the cosmic inventory enters
into the MD era, the effects due to anisotropic stress over
the corresponding gravitational wave modes are highly
suppressed. There is an expected overall suppression of
the gravitational wave modes (cf. the black lines depicted
in Figures 1 and 2) driven by the MD regime. Likewise,
given that the realistic neutrino effects are suppressed,
in the RMD scenario the relative rate of absorption of
waves turns into a tiny value ≪ 0.1% (cf. the dashed
and dotted overlapping black lines depicted in Figures 1
and 2). One can notice that the lines obtained for 𝑅] ≈ 1

overpass the lines obtained for 𝑅] ≈ 0 at some ordinary scale
�̃�. Scale values for which 𝑘 > �̃� have tried out a sufficient
number of oscillating cycles to average ℎ

𝑖𝑗
(𝑘𝜂) and produce

some representative damping effect. In this case, the realistic
effects produced by neutrinos correspond to a suppression of
the power spectrum of gravitational waves for which 𝑘 ≫ �̃�.

Themaximum amount of damping occurs for the extrap-
olating limit of 𝑅] → 1. In this case, the influence of matter
on the cosmic inventory (𝑅

𝑚/𝛾
∼ 10
4) is highly suppressed

from (19) and therefore the damping effect increases (cf. solid
black lines depicted in Figures 1 and 2). Such a pictorial
situation results in an unrealistic scenario forwhich, however,
the absorption rate is roughly similar to that of 43% from [19]
(cf. black lines crossing red lines in Figure 2).

Finally, the highest first oscillation peak for the RMD
results depicted in Figure 2 appears because of the abovemen-
tioned relative delay (phase difference) of the first oscillation
damping of the gravitational waves in the RMD era, as
depicted in Figure 1 and supported by (24) and (25). Even
creating a kind of horizon crossing fake-resonance effect, it
disappears along the cosmological 𝜂 evolution. Moreover, the
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Figure 2: Time-averaged values of 2⟨(𝑘𝜂)2|ℎ
𝑖𝑗
(𝑘𝜂)|
2
⟩ as function

of 𝑘[Mpc−1] for RD (red lines) and RMD (black lines) background
cosmic inventories. Results are for vanishing anisotropic stress, with
𝑅] = 0 (dotted lines), for 𝑅] = 0.4(0.4052) (dashed lines) and for
𝑅] = 1 (solid lines). Notice the fake resonance effect for modes with
𝑘𝜂 ≳ 1 followed by the neutrinos damping effect which is more
relevant for scales deep inside the horizon.

increasing damping caused by the anisotropic stress of the
standard (three family) neutrinos is much more effective at
the RD regime.

Turning back to the collision term contributions, we
will follow the parametrization from [19] that sets 𝐶[𝑓] =
−𝑓
0
Ψ/𝜏, where 𝜏 is the mean time between collisions. In

this case one has C(ℓ)
𝑖𝑗
= −F

(ℓ)

𝑖𝑗
/𝜏. The auxiliary parameter

in defining the strength of the interactions, 𝑘𝜏, corresponds
to the ratio between the wave frequency and the collision
frequency. One can compare the effects of including the
collision term parameterized by 𝜏 = 0.01, 0.1, 1, and 10 in
Figures 3 and 4. One should notice that the inclusion of
collision effects parameterized by 𝑘𝜏 at C(0)

𝑖𝑗
into (18) affects

the gravitational wave evolution in a very subtle way. Since
one has 𝜏 in units of 𝜂

0
and 𝑘 in units of 1/𝜂

0
, upon setting 𝜏 >

10 ≫ 1 one recovers the free-streaming (collisionless) results.
Otherwise, small values for 𝑘𝜏 would correspond to very
frequent collisions that dominate the dynamical evolution
described by (15)–(18). It results in F

𝑖𝑗
∝ 𝑒
−𝜂/𝜏, which leads

to an exponential decay suppression of the anisotropic stress.
Decreasing values of 𝜏 therefore represent increasing collision
rates and consequently a less dispersive environment/effect
due to the anisotropic stress. Although strong deviations
from the standard scenario with 𝑅] = 0.4052 are unlikely,
damping effects as those obtained for 𝑅] = 1 become
effective just when neutrinos enter the free-streaming regime
and can be interpreted either as the existence of additional
neutrino degrees of freedom (d.o.f) or as the existence of
exotic fluid/particles in the early universe.

Figures 3 and 4 also show that, for 𝑘 ≫ �̃�, the amount
of damping with respect to the vanishing stress contribution
in case of RMD era is not regular. It corresponds to a scale
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dependent effect. The effects of increasing the frequency of
the collisions by diminishing 𝜏 can be, at least superficially,
quantified. It is important to notice that either in the limit
of radiation domination (cf. (24)) or in the limit of matter
domination (cf. (25)), where


ℎ
𝑖𝑗
(𝑘𝜂)


≈
sin (𝑘𝜂)
𝑘𝜂

(1 + O(𝑘𝜂)
2

) , (26)

scales just entering the horizon lead to nondecaying values
for 𝐷(𝑘)2. By following the same analogy with a DHO, it is
also relevant to notice that𝐷(𝑘)2 parameterizes the damping
of the averaged valued of the DHO energy. In fact,

(𝑘𝜂)
2
ℎ
𝑖𝑗
(𝑘𝜂)



2

∝ 𝑘
3
𝑃
ℎ
(𝑘) , (27)

where 𝑃
ℎ
(𝑘) is the power spectrum related to tensor modes

[17].
Figure 4 shows the time-averaged quantity, 𝐷(𝑘)2, by

considering the effective collisions parameterized by 𝑘𝜏 =

0.01 and 10. The effect of rare collisions is recovered for 𝑘𝜏 ∼
10. As in Figure 2, it is possible to identify the crossing value
of �̃� for which the correct interpretation of𝐷(𝑘)2 is pertinent.

To end up, the damping of gravitational waves also affects
some spectral features related to the tensor contribution
to the anisotropy spectrum. From the analytical multipole
decomposition [17], the contribution to the 𝐶𝑇

𝑙
’s can be

written as

𝐶
𝑇

𝑙,𝑖
=
(𝑙 − 1) 𝑙 (𝑙 + 1) (𝑙 + 2)

𝜋

× ∫

∞

0

𝑑𝑘𝑘
2



Θ
𝑇

𝑙−2,𝑖

(2𝑙 − 1) (2𝑙 + 1)
+ 2

Θ
𝑇

𝑙,𝑖

(2𝑙 − 1) (2𝑙 + 3)

+

Θ
𝑇

𝑙+2,𝑖

(2𝑙 + 1) (2𝑙 + 3)



2

,

(28)

where 𝑖 denotes + and ×modes. Θ𝑇
𝑙,𝑖
is obtained through

Θ
𝑇

𝑙,𝑖
= −

1

2
∫

𝜂0

𝜂
∗

𝑑𝜂𝑗
𝑙
[𝑘 (𝜂
0
− 𝜂)] ℎ̇

𝑖𝑗
(𝑘, 𝜂) ,

Θ
𝑇
(MD)

𝑙,𝑖
≈−
1

2
∫

𝜂0

𝜂
∗

𝑑𝜂𝑗
𝑙
[𝑘 (𝜂
0
−𝜂)]

𝑑

𝑑𝜂
[
3𝑗
1
(𝑘𝜂)

𝑘𝜂
](𝑃
ℎ
(𝑘))
1/2

,

(29)

where the last step stands for the analytical approximation for
the MD scenario. In this case, the departing amplitude of the
gravitational waves is given in terms of 𝑃1/2

ℎ
.

Substituting the results for Θ𝑇
𝑙

into (28) allows one
to compute the tensor imprints on the map of the C𝛾B
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as
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0
. We

have considered three neutrino species with 𝑅] = 0.4052(0.4) (red
lines) and the extreme case of a huge number of neutrino species
with 𝑅] = 1 (black lines). The RMD curves are correctly interpreted
by observing that 𝑘𝜂eq = 1 (see also Figure 8 for comparison).

10 5020 3015

0.01

0.05

0.10

0.50

1.00

D
(
k
)
2
=
2
 
(
k
𝜂
h
(
k
𝜂
)
)
2
⟩
/
h
2 0

⟩

(R� = 0.4) collisionless (R� = 1) collisionless
(R� = 0.4) 𝜏 = 10

(R� = 0.4) 𝜏 = 0.01

(R� = 1) 𝜏 = 10

(R� = 1) 𝜏 = 0.01

k (units of 1/𝜂
0
)

Figure 4: Time-averaged values of 𝐷(𝑘)2 = 2⟨(𝑘𝜂)
2
|ℎ
𝑖𝑗
(𝑘𝜂)|
2
⟩ as

function of 𝑘[Mpc−1] for the RMD scenario in case of including
the collision term. Results are for 𝜏 = 0.01 and 10 and for the
collisionless according to the legend, with 𝜏 in units of 𝜂

0
and 𝑘 in

units of 1/𝜂
0
with red and black lines in correspondence with those

from Figure 3.



Advances in High Energy Physics 7

temperature. After some mathematical manipulations [17],
the analytical expression for the RD scenario results in

𝐶
𝑇

𝑙
= 2

9 (𝑙 − 1) 𝑙 (𝑙 + 1) (𝑙 + 2)

4𝜋
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∞

0
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2
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×
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(2𝑙 + 1) (2𝑙 + 3)
]



2

,

(30)

where we have set the lower limit on the time integral equal to
zero since the time 𝜂∗ at which the modes enter the horizon
is assumed to satisfy 𝜂∗ ≪ 𝜂

0
. We have identically followed

the approximations set by [17]. Since one has

𝑃
ℎ
(𝑘) =

8𝜋

𝑘
3

𝐻
2

𝑚
2

𝑃𝑙

, (31)

by defining novel integration variables 𝑦 ≡ 𝑘𝜂
0
and 𝑥 ≡ 𝑘𝜂,

one gets the analytical form given by

𝐶
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)
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2

,

(32)

where 𝐻inf is the Hubble rate when the modes crossed the
horizon (when 𝑘𝜂 = 1 early on), after being modulated by
some transfer function that connects MD to RD scenarios
[17].

The numerical results obtained for the tensor modes,
ℎ
𝑖𝑗
(𝑘, 𝜂), allow one to compute the neutrino and collision

effect imprints on the map of C𝛾B temperature in the RMD
scenario.

After entering the horizon, the amplitude of gravitational
waves dies away (cf. Figure 1). The anisotropy spectrum is
consequently affected by gravitational waves only on scales
larger than the horizon at recombination. This corresponds
to angular scales 𝑙 ≲ 100 in the multipole expansion.
The tensor curves that we have obtained in Figure 5 for
the same set of parameters introduced into Figure 1 in the
RMD era show that 𝐶𝑇

𝑙
’s die out after 𝑙 ≳ 100. The ana-

lytical curve is obtained for RD connected to MD scenarios
through a transfer function [24]. The coupling to neutrinos
suppresses the contribution of tensor modes from the sum
of anisotropies. Therefore, if tensor perturbations grow up
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Figure 5: Tensor contribution to the angular power spectrum in the
RMD scenario. Results are for vanishing anisotropic stress (dotted
lines), for 𝑅] = 0.4 (0.4052) (dashed lines), and for 𝑅] = 1

(solid lines) for the collisionless case. The blue line corresponds
to the analytical results obtained for a vanishing anisotropic stress
component, where we have used an analytical transfer function to
account for RD and MD scenarios.

during the inflationary era, and if the total scalar plus tensor
anisotropy spectrum is fit to the large scale structure data,
then the small-scale scalar amplitude is smaller than it would
be.Thepresence of the coupled anisotropic stress of neutrinos
just shows the effects of the neutrinos (like a fluid) on
the variance of temperature due to gravitational waves. In
Figure 6 we compare the effects of including the collision
term parameterized by 𝑘𝜏 = 0.01, 0.1, 1, and 10 assuming
three neutrino species, 𝑅] = 0.4052, and a larger number of
neutrino species,𝑅] = 1. From Figure 3 one just notices some
smooth suppression relative to decreasing of the frequency of
collisions (𝜏 ≫ 1). The collision frequency also diminishes as
like neutrinos go deep inside the free-streaming propagation
regime, which intensifies the damping effect.

Figure 5 shows that for neutrinos with only three flavor
degrees of freedom, the modifications on the 𝐶𝑇

𝑙
coefficients

are minimal. The damping of the angular power spectrum
and, more properly, of the temperature variance, 𝐶𝑇

2
, is more

relevant for 𝑅] ≲ 1. The analytical curve reproduces the
numerical results up to 𝑙 ∼ 30. For larger multipole values,
with 𝑙 ≫ 100, even numerically, the coefficients 𝐶𝑇

𝑙
die out.

The sharp fall observed in Figures 5 and 6 is consistent with
the multipole decomposition solution.
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Figure 6: Tensor contribution to the angular power spectrum for
the RMD scenario in case of including the collision terms. Results
are for 𝜏 = 0.01, 0.1, 1, and 10, in units of 𝜂

0
, and for the collisionless

case. Notice that, for decreasing values of the 𝜏 parameter, the
suppression due to a huge number of neutrinos (d.o.f.) is not
so relevant; that is, the increasing collision effect attenuates the
damping effect on the tensor mode propagation and it is reflected
on the tensor contribution to the angular power spectrum.

4. Conclusions

The observation of primordial gravitational waves indeed
provides a renewed overview about the earliest moments in
the history of the universe and on possible new physics at
energies many orders of magnitude beyond those accessible
at particle accelerators. The recent positive fit-back from
experimental physics [1, 2] has indeed provided a crucial
evidence for inflation in the early universe, which can also
constrain the physics from the grand unification scale to the
Planck scale.

Since a universe overfilling viscosity results in gravita-
tional wave damping effects, we have considered the possi-
bility of observing some frequency-dependent absorption in
the frequency range where neutrino decoupling is relevant.
By mixing analytical and numerical procedures, we have
obtained the evolution of tensormodes and its corresponding
imprints on the C𝛾B temperature in case of considering a
RMD environment in the presence of an overfilling C]B.
Departing from the evolution of the gravitational waves from
the time of their production, transversing theRD, the relevant
modes exhibit a substantial damping on their amplitudes
attributed to the expansion of the universe when they enter
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Figure 7: Evolution of the normalized wave amplitude ℎ
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as

function of 𝑘𝜂 for RD (red lines) and RMD (black lines) background
cosmic inventories, in correspondence with Figure 1. Again, the RD
curves are scale independent and the RMD curves are correctly
interpreted by observing that 𝑘𝜂eq = 100, which correspond to scales
that have entered the Hubble horizon before the time of matter-
radiation equality.

into the MD era. Meanwhile, the anisotropic stress com-
ponent of the energy-momentum tensor changes the wave
pattern when the cosmological neutrino background C]B is
taken into account [25]. It has been noticed that the effective
neutrino viscosity introduces some increasing contribution
to the overwhelming dynamics during the decoupling period.

The damping effects owing to the influence of the (neu-
trino) anisotropic stress have been computed for a RMD sce-
nario and compared to previous results for the RD scenario.
We have compared the effects of including collision terms
with collision frequency parameterized by 𝜏 = 0.01, 0.1, 1,

and 10 assuming three neutrino species (𝑅] = 0.4052) and
a larger number of (neutrinos) degrees of freedom (𝑅] =

1). The collision dynamics is shown to introduce a tiny
shift between two successive peaks of the gravitational wave
spectrum.

The connection between the anisotropic stress of neu-
trinos and its effects on the C𝛾B temperature has also been
identified, as it is used to be intermediated by gravitational
waves. Our results suggest that an extra number of neutrino
degrees of freedom might be related either to some exotic
neutrino family or even to some arbitrary composing con-
tribution to the anisotropic stress. In fact, considering 𝑅] = 1

has intensified the damping effects up to its maximal value,
as depicted in the map of the tensor contribution to the
angular power spectrum, 𝐶𝑇

𝑙
. For decreasing values of the
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collision term, in correspondence with Figure 3, with RMD curves
being correctly interpreted by observing that 𝑘𝜂eq = 100.

collision 𝜏 parameter, the suppression of the gravitational
wave amplitudes due to a huge number of degrees of freedom
related to neutrinos is not so relevant, and the increasing
collision frequency attenuates the damping effect on the
tensor mode propagation. It has also been reflected on the
map of tensor contributions to the angular power spectrum.

Finally, a time-averaged quantity, 𝐷(𝑘)2, introduced to
implicitly quantify the power spectrum of gravitational
waves, has shown that the RMD environment reduces the
damping effect for realistic three flavor neutrino scenarios
in spite of exhibiting the same maximal rate of damping for
hypothesized scenarios with 𝑅] = 1: a relevant aspect which
may be considered in improving the computer programs used
to analyze the future facilities.

Appendix

Figures 7 and 8 reveal the intrinsic dependence on the
cross horizon driving parameter 𝑘𝜂eq. They correspond to
qualitative complementary results to Figures 1 and 3, in case
of considering 𝑘𝜂eq = 100 in place of 𝑘𝜂eq = 1. For the RMD
scenario, it corresponds to scales that have entered theHubble
horizon before the time of matter-radiation equality.
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The results previously obtained from the model-independent application of a generalized hidden horizontal Z
2
symmetry to the

neutrinomassmatrix are updated using the latest global fits for the neutrino oscillation parameters.The resulting prediction for the
Dirac 𝐶𝑃 phase 𝛿

𝐷
is in agreement with recent results from T2K.The distribution for the Jarlskog invariant 𝐽] has become sharper

and appears to be approaching a particular region. The approximate effects of matter on long-baseline neutrino experiments are
explored, and it is shown how the weak interactions between the neutrinos and the particles that make up the Earth can help to
determine the mass hierarchy. A similar strategy is employed to show how NO]A and T2K could determine the octant of 𝜃

𝑎
(≡

𝜃
23
). Finally, the exact effects of matter are obtained numerically in order to make comparisons with the form of the approximate

solutions. From this analysis there emerge some interesting features of the effective mass eigenvalues.

1. Introduction

Although there has been significant progress in neutrino
physics from oscillation experiments, there remains much
work to be done. The reactor angle 𝜃

𝑟
(≡ 𝜃
13
) has now been

measured to greater accuracy than ever before, and the solar
angle 𝜃

𝑠
(≡ 𝜃
12
) has been known for some time now. But,

the octant of the atmospheric angle (𝜃
𝑎

> 𝜋/2 or 𝜃
𝑎

<

𝜋/2) or whether this angle is maximal (𝜃
𝑎
= 𝜋/2) has yet

to be answered. Determination of the Dirac 𝐶𝑃 phase has
been improved. Recent results from T2K exclude at 90% C.L.
𝛿
𝐷

∈ [34.2
∘
, 144
∘
] for normal hierarchy (NH) and 𝛿

𝐷
∈

[−180
∘
, −174.6

∘
] ∪ [−7.2

∘
, 180
∘
] for inverted hierarchy (IH)

[1]. Finally, the absolute value of the mass squared differences
has been carefully measured, but the mass hierarchy is still
undetermined (i.e.,𝑚

3
≫ 𝑚
2
> 𝑚
1
or𝑚
2
> 𝑚
1
≫ 𝑚
3
). Each

of these questions will be discussed in this work.
From the improvements in recent global analyses [2–

4] it is possible to make more accurate predictions for the
distributions of some of the aforementioned parameters of

interest. Specifically, each of the residual symmetries, Z𝑠
2
and

Z
𝑠

2
, can be used to derive a model-independent equation for

𝛿
𝐷
(one for each symmetry) [5, 6]. Then using the newly

available global fits of the neutrino oscillation parameters in
[2], likelihood distributions for 𝛿

𝐷
, the Jarlskog invariant [7],

and 𝜃
𝑎
are obtained.

Using the PMNS mixing matrix, an expression for the
probability of a neutrino originally of flavor 𝛼 to be detected
as a neutrino of flavor 𝛽, 𝑃(]

𝛼
→ ]
𝛽
) is presented (which is

a standard result found in many review papers on neutrino
physics [8]). Then, using the approximation from [9] it is
shown how the earth’s matter affects the neutrino beam in
long-baseline experiments. This is done by replacing the
oscillation parameters with effective values that depend on
the energy of the neutrinos, the baseline length, and the
density of the matter.

In this paper, a focus is made on the NO]A and T2K
experiments. Both of these experiments measure the appear-
ance of ]

𝑒
’s (]
𝑒
’s) from a ]

𝜇
(]
𝜇
) beam.The probability for this

appearance is plotted as a function of energy using the best fits
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Table 1: Global fits for neutrino oscillation parameters from [2]. ∗
represents a local minimum at approximately 0.42𝜎 for 𝜒2.

Parameter Best fit 1𝜎 range
sin2𝜃
𝑠
/10
−1 (NH or IH) 3.08 2.91–3.25

sin2𝜃
𝑟
/10
−2 (NH) 2.34 2.16–2.56

sin2𝜃
𝑟
/10
−2 (IH) 2.39 2.18–2.60

sin2𝜃
𝑎
/10
−1 (NH) 4.25 3.98–4.54

sin2𝜃
𝑎
/10
−1 (IH) 4.37, 5.82∗ 4.08–4.96 ⊕ 5.31–6.10

𝛿
𝐷
/𝜋 (NH) 1.39 1.12–1.72

𝛿
𝐷
/𝜋 (IH) 1.35 0.96–1.59

𝑚
2

21
/10
−5 eV2 (NH or IH) 7.54 7.32–7.80

𝑚
2

31
/10
−3 eV2 (NH) 2.48 2.42–2.56

|𝑚
2

31
|/10
−3 eV2 (IH) 2.36 2.29–2.43

for the oscillation parameters in [2]. The effects of matter are
taken into account using the average matter density along the
baseline for the two experiments. This is justified by the fact
that there does not appear to be a significant effect due to the
variation of thematter density [10]. A comparison ismade for
this probability with and without 𝐶𝑃-violation in an attempt
to observe the sensitivity of NO]A and T2K tomeasurements
of 𝛿
𝐷
. We have also plotted 𝑃(]

𝜇
→ ]
𝑒
) versus 𝑃(]

𝜇
→ ]
𝑒
)

which shows that it may be possible for these experiments to
determine the neutrinomass hierarchy for some values of the
𝐶𝑃 phase as discussed in [11, 12].

The update of the analysis of [13] given in [2] gives closer
agreement on 𝜃

𝑎
with the other two major global analyses

[3, 4]. This shows that 𝜃
𝑎
is closer to being maximal than

originally believed and only excludes the possibility of it being
maximal by about 1𝜎 for inverted hierarchy. But, it is clear
that the analyses do not agree upon which octant is favored.
Fortunately, the plots of 𝑃(]

𝜇
→ ]
𝑒
) versus 𝑃(]

𝜇
→ ]
𝑒
)may

also serve to determine the octant of 𝜃
𝑎
[11, 12].

This work is concluded with a digression into the effective
mixing angles andmasses inmatter.The solar resonance, first
described by the MSW effect [14–16], and the atmospheric
resonance are readily observed.

2. Distribution of 𝛿
𝐷

, 𝐽], and 𝜃
𝑎

The equations for 𝛿
𝐷
, in terms of the neutrino mixing angles,

based on residual symmetries are given by [5, 6]

cos 𝛿
𝐷
=

(𝑠
2

𝑠
− 𝑐
2

𝑠
𝑠
2

𝑟
) (𝑠
2

𝑎
− 𝑐
2

𝑎
)

4𝑐
𝑎
𝑠
𝑎
𝑐
𝑠
𝑠
𝑠
𝑠
𝑟

, (1a)

cos 𝛿
𝐷
=

(𝑠
2

𝑠
𝑠
2

𝑟
− 𝑐
2

𝑠
) (𝑠
2

𝑎
− 𝑐
2

𝑎
)

4𝑐
𝑎
𝑠
𝑎
𝑐
𝑠
𝑠
𝑠
𝑠
𝑟

, (1b)

for Z𝑠
2
and Z

𝑠

2
respectively, where 𝑠

𝑖
≡ sin 𝜃

𝑖
and 𝑐
𝑖
≡ cos 𝜃

𝑖
.

The latest global fits for the neutrino oscillation parameters
from [2] are shown in Table 1.

From this we can obtain a distribution for cos 𝛿
𝐷
follow-

ing the procedure in [5, 6] by using

𝑑𝑃 (cos 𝛿
𝐷
)

𝑑 cos 𝛿
𝐷

= ∫𝛿
𝑝

𝐷
P (𝑠
2

𝑎
)P (𝑠

2

𝑠
)P (𝑠

2

𝑟
) d𝑠2
𝑎
d𝑠2
𝑠
d𝑠2
𝑟
, (2)

where 𝛿
𝑝

𝐷
≡ 𝛿(cos 𝛿

𝐷
− 𝑐
𝐷
), the P’s are proportional to

exp(−𝜒2/2), and 𝑐
𝐷

≡ RHS of (1a), (1b). Because it is
preferable to get a distribution with respect to 𝛿

𝐷
rather than

cos 𝛿
𝐷
we use

𝑑𝑃 (𝛿
𝐷
)

𝑑𝛿
𝐷

=
𝑠𝐷



𝑑𝑃 (𝑐
𝐷
)

𝑑𝑐
𝐷

, (3)

where 𝑐
𝐷

≡ cos 𝛿
𝐷

and 𝑠
𝐷

≡ sin 𝛿
𝐷
. Since this is a

numerical integral, the delta function cannot be used as it is
normally defined (unless integrated out of the equation prior
to the numerical calculation). The integral was evaluated
using a Monte Carlo algorithm and the results are shown in
Figure 1(a). The domain of 𝛿

𝐷
in (3) is [−180∘, 0∘], but the

distributions in Figure 1(a) can be reflected about 𝛿
𝐷

= 0
∘

to account for the full interval [−180∘, 180∘]. Therefore, these
distributions have been normalized to 1/2 over the domain
shown in the figures. This means that each of the residual
symmetries will have two peak predictions for the 𝐶𝑃 phase
(equidistant from 0

∘). The IH 𝜒
2 curve for 𝜃

𝑎
in [2] is closer

to being symmetric about sin2𝜃
𝑎
= 0.5. This is very prevalent

in the results shown in Figure 1(a) given that the IH plots
are close to being symmetric about 𝛿

𝐷
= −90

∘. But, since
the NH global fit favors the lower octant for 𝜃

𝑎
by at least

2𝜎 [2] the predicted distributions for NH tend to prefer one
side of 𝛿

𝐷
= −90

∘. But in both cases the results for Z𝑠
2
are in

agreement with the best fit value of 𝛿
𝐷
= −90

∘ from T2K’s
latest results [1].

The same method is applied to the Jarlskog invariant 𝐽] ≡
𝑐
𝑎
𝑠
𝑎
𝑐
𝑠
𝑠
𝑠
𝑐
2

𝑟
𝑠
𝑟
𝑠
𝐷
[7]; that is,

𝑑𝑃 (𝐽])

𝑑𝐽]
= ∫𝛿
𝑝

𝐽]
P (𝑠
2

𝑎
)P (𝑠

2

𝑠
)P (𝑠

2

𝑟
) d𝑠2
𝑎
d𝑠2
𝑠
d𝑠2
𝑟
, (4)

with 𝛿𝑝
𝐽]
≡ 𝛿(𝐽] −𝑐𝑎𝑠𝑎𝑐𝑠𝑠𝑠𝑐

2

𝑟
𝑠
𝑟
𝑠
𝐷
). This distribution is shown in

Figure 1(b). When calculating these distributions, 𝛿
𝐷
is taken

to be in the interval [0, 180∘] and is even about the vertical
axis to extend 𝛿

𝐷
to include [−180∘, 0∘]. To account for this,

the figures are labeled for the distribution of |𝐽]|, and they
can therefore be normalized to one. As compared with our
previous results in [6], Z𝑠

2
is beginning to favor the region

that Z𝑠
2
prefers. Also, the region predicted by Z𝑠

2
has become

slightly narrower and it now excludes |𝐽]| < 0.024.
Finally, thismethod is again applied similarly to 𝜃

𝑎
by first

using (1a), (1b) to solve for tan 2𝜃
𝑎

tan 2𝜃
𝑎
=

𝑐
2

𝑠
𝑠
2

𝑟
− 𝑠
2

𝑠

2𝑐
𝑠
𝑠
𝑠
𝑠
𝑟
cos 𝛿
𝐷

, (5a)

tan 2𝜃
𝑎
=

𝑐
2

𝑠
− 𝑠
2

𝑠
𝑠
2

𝑟

2𝑐
𝑠
𝑠
𝑠
𝑠
𝑟
cos 𝛿
𝐷

, (5b)



Advances in High Energy Physics 3

−180
∘
−160

∘
−140

∘
−120

∘
−100

∘
−80

∘
−60

∘
−40

∘
−20

∘
0
∘

𝛿D

0.025

0.02

0.015

0.01

0.005

0

d
P
(
𝛿
D
)
/
d
𝛿
D

Z
s

2
(NH)

Z
s

2
(IH)

Z
s

2
(NH)

Z
s

2
(IH)

(a)

Z
s

2
(NH)

Z
s

2
(IH)

Z
s

2
(NH)

Z
s

2
(IH)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

200

180

160

140

120

100

80

60

40

20

0

|J�|

d
P

(|J
�
|)/
d
|J
�
|

(b)

30
∘

35
∘

40
∘

45
∘

50
∘

55
∘

60
∘

𝜃a

0.25

0.2

0.15

0.1

0.05

0

d
P
(
𝜃
a
)
/
d
𝜃
a

Z
s

2
(w/o P(𝛿D))

Z
s

2
(with P(𝛿D))

Z
s

2
(w/o P(𝛿D))

Z
s

2
(with P(𝛿D))

(c)

Figure 1: Predicted distributions for (a) 𝛿
𝐷
, (b) 𝐽], and (c) 𝜃

𝑎
(NH) using the global analysis in [2].

for Z𝑠
2
and Z

𝑠

2
, respectively. Then we have

𝑑𝑃 (tan 2𝜃
𝑎
)

𝑑 tan 2𝜃
𝑎

= ∫𝛿
𝑝

𝜃𝑎
P (𝑠
2

𝑠
)P (𝑠

2

𝑟
)P (𝛿

𝐷
) d𝑠2
𝑠
d𝑠2
𝑟
d𝛿
𝐷
, (6)

with 𝛿𝑝
𝜃𝑎
≡ 𝛿(tan 2𝜃

𝑎
− 𝑡
𝜃𝑎
), where 𝑡

𝜃𝑎
≡ RHS of (5a), (5b). To

get a distribution for 𝜃
𝑎
we use

𝑑𝑃 (𝜃
𝑎
)

𝑑𝜃
𝑎

= 2sec2 (2𝜃
𝑎
)
𝑑𝑃 (tan 2𝜃

𝑎
)

𝑑 tan 2𝜃
𝑎

. (7)

The distribution is shown in Figure 1(c), where plots aremade
with and without using the prior on 𝛿

𝐷
from [2]. When no

prior on 𝛿
𝐷
is used, P(𝛿

𝐷
) becomes evenly distributed in

[0, 2𝜋). As previously discussed in [6], 𝜃
𝑎
is symmetric about

𝜃
𝑎
= 45
∘ when there is no prior on 𝛿

𝐷
. In addition, the

distributions using the prior on 𝛿
𝐷
have also become more

symmetric, as a result of the 𝜒2 for cos 𝛿
𝐷
also having become

more symmetric about zero.

3. ]
𝜇

to ]
𝑒

Oscillation

Now that we have a distribution for all the neutrino oscil-
lation parameters, an attempt can be made to predict the
results of an experiment measuring the number of ]

𝜇
’s that

oscillate into ]
𝑒
’s over some distance. First, the expression

for this probability, 𝑃(]
𝜇
→ ]
𝑒
), must be found. Denoting

the weak eigenstates of the neutrino by |]
𝛼
⟩ and the neutrino

mass eigenstates by |]
𝑖
⟩, then

(𝑈PMNS)𝛼𝑗 ≡ ⟨]
𝛼
| ]
𝑗
⟩ (8)

defines the PMNS mixing matrix, 𝑈PMNS. The standard
parametrization is given by [9]

𝑈PMNS = 𝑈P, (9)
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where

𝑈 = (

𝑐
𝑠
𝑐
𝑟

𝑠
𝑠
𝑐
𝑟

𝑠
𝑟
𝑒
−𝑖𝛿𝐷

−𝑠
𝑠
𝑐
𝑎
− 𝑐
𝑠
𝑠
𝑎
𝑠
𝑟
𝑒
𝑖𝛿𝐷 𝑐

𝑠
𝑐
𝑎
− 𝑠
𝑠
𝑠
𝑎
𝑠
𝑟
𝑒
𝑖𝛿𝐷 𝑠

𝑎
𝑐
𝑟

𝑠
𝑠
𝑠
𝑎
− 𝑐
𝑠
𝑐
𝑎
𝑠
𝑟
𝑒
𝑖𝛿𝐷 −𝑐

𝑠
𝑠
𝑎
− 𝑠
𝑠
𝑐
𝑎
𝑠
𝑟
𝑒
𝑖𝛿𝐷 𝑐

𝑎
𝑐
𝑟

),

P = diag (1, 𝑒𝑖𝛼21/2, 𝑒𝑖𝛼31/2) .

(10)

From [8],

Amp (]
𝛼
→ ]
𝛽
) = ∑

𝑖

𝑈
∗

𝛼𝑖
𝑒
−𝑖𝑚
2

𝑖
(𝐿/2𝐸)

𝑈
𝛽𝑖
, (11)
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which leads to

𝑃(
(−)

V
𝛼
→
(−)

V
𝛽
)

= 𝛿
𝛼𝛽
− 4∑

𝑖>𝑗

R (𝑈
∗

𝛼𝑖
𝑈
𝛽𝑖
𝑈
𝛼𝑗
𝑈
∗

𝛽𝑗
) sin2 (Δ𝑚2

𝑖𝑗

𝐿

4𝐸
)

+

(−)2∑

𝑖>𝑗

I (𝑈
∗

𝛼𝑖
𝑈
𝛽𝑖
𝑈
𝛼𝑗
𝑈
∗

𝛽𝑗
) sin(Δ𝑚2

𝑖𝑗

𝐿

2𝐸
) ,

(12)

where Δ𝑚2
𝑖𝑗
≡ 𝑚
2

𝑖
− 𝑚
2

𝑗
, 𝑚
𝑖
is the 𝑖th mass eigenvalue, 𝐿 is

the distance propagated by the neutrino, and 𝐸 is the energy
of the neutrino. Notice that this probability does not depend
on the Majorana phases, and therefore a discussion on these
phases will not be pursued here.

Making the following definition [9]:

Δ
𝑖𝑗
≡

Δ𝑚
2

𝑖𝑗

2𝐸
𝐿 (13)

and noting that Δ
32
= Δ
31
− Δ
21
, then

𝑃(
(−)

V
𝜇
→
(−)

V
𝑒
)

= 4𝑠
2

𝑠
𝑐
2

𝑟
(𝑠
2

𝑠
𝑠
2

𝑟
𝑠
2

𝑎
+ 𝑐
2

𝑠
𝑐
2

𝑎
− 2𝑐
𝑠
𝑐
𝑎
𝑠
𝑠
𝑠
𝑟
𝑠
𝑎
𝑐
𝐷
)

× sin2 (Δ 21
2

) + 4𝑠
2

𝑟
𝑠
2

𝑎
𝑐
2

𝑟
sin2 (

Δ
31

2
) + 2𝑠

𝑠
𝑠
𝑟
𝑐
2

𝑟
𝑠
𝑎

× (𝑐
𝑠
𝑐
𝑎
𝑐
𝐷
− 𝑠
𝑠
𝑠
𝑟
𝑠
𝑎
)

× [4sin2 (Δ 21
2

) sin2 (
Δ
31

2
) + sin (Δ

21
) sin (Δ

31
)]

+

(−)4𝐽] [sin
2
(
Δ
21

2
) sin (Δ

31
)

−sin2 (
Δ
31

2
) sin (Δ

21
)] .

(14)

The last term includes the Jarlskog invariant [7] defined
above.

3.1. Matter Effects. As electron neutrinos propagate through
the earth, they can interact with electrons via𝑊-exchange. In
addition, all three neutrino flavors can interact with electrons,
protons, or neutrons via 𝑍-exchange. Assuming electrically
neutral matter, the 𝑍-exchange between the neutrinos and
protons will exactly cancel with the 𝑍-exchange between
the neutrinos and electrons [8]. The contribution from 𝑍-
exchange can be dropped, because it only adds a multiple of
the identity matrix to the Hamiltonian [9]. Then, under the
assumption that 𝐸 ≪ 𝑀

𝑊
, the effect of 𝑊-exchange can be

accounted for by modifying the Hamiltonian for neutrinos
[17]

𝐻 =
1

2𝐸
𝑈(

0 0 0

0 Δ𝑚
2

21
0

0 0 Δ𝑚
2

31

)𝑈
†
+

1

2𝐸
(

𝑎 0 0

0 0 0

0 0 0

) , (15)

where 𝑎 ≡ 2√2𝐺
𝐹
𝑁
𝑒
𝐸 and 𝑁

𝑒
is the density of electrons.

For antineutrinos, the Hamiltonian is simply the complex
conjugate of (15) with 𝑎 → −𝑎.



6 Advances in High Energy Physics

One way to proceed is to diagonalize the Hamiltonian
exactly, which has been done analytically [17–19]. However,
this does not give much physical insight into the effects of
matter on neutrino oscillations. Approximations in which the
mixing angles and mass eigenvalues are replaced by effective
values do not modify any of the equations, and therefore it
becomes clear how matter affects neutrinos. A number of
approximation schemes have been developed [20–26]. One of
the most commonly used of these are the equations derived
in [26]. But, due to the large value of 𝜃

𝑟
measured at Daya Bay

[27], the approximation in [26] begins to fail as is shown in
[9]. In the approximation that is used here, the form of (14)
can be used with the following modifications [9]:

𝜃
𝑠
→ 𝜃


𝑠
, 𝜃

𝑟
→ 𝜃


𝑟
,

Δ𝑚
2

21
→ 𝜆

2
− 𝜆
1
, Δ𝑚

2

31
→ 𝜆

3
− 𝜆
1
,

(16)

with

tan (2𝜃
𝑠
) =

(Δ𝑚
2

21
/𝑐
2

𝑟
) sin (2𝜃

𝑠
)

(Δ𝑚
2

21
/𝑐
2

𝑟
) cos (2𝜃

𝑠
) − 𝑎

, (17a)

tan (2𝜃
𝑟
) =

(Δ𝑚
2

31
− Δ𝑚
2

21
𝑠
2

𝑠
) sin (2𝜃

𝑟
)

(Δ𝑚
2

31
− Δ𝑚

2

21
𝑠
2

𝑠
) cos (2𝜃

𝑟
) − 𝑎

, (17b)

𝜆


±
≡ ((Δ𝑚

2

21
+ 𝑎𝑐
2

𝑟
)

±√(Δ𝑚
2

21
− 𝑎𝑐
2

𝑟
)
2

+ 4𝑎𝑐
2

𝑟
𝑠
2

𝑠
Δ𝑚
2

21
) (2)
−1
,

(17c)

𝜆


±
≡ (𝜆 + (Δ𝑚

2

31
+ 𝑎𝑠
2

𝑟
)

±√[𝜆 − (Δ𝑚
2

31
+ 𝑎𝑠
2

𝑟
)]
2

+ 4𝑎
2
𝑠𝑐
2

𝑟
𝑠
2

𝑟
) (2)
−1
,

(17d)

where for neutrinos let

𝜆 ≡ 𝜆


+
, 𝑠 ≡ 𝑠

2

𝑠
, 𝜆

1
≈ 𝜆


−
,

𝜆
2
≈ 𝜆


∓
, 𝜆

3
≈ 𝜆


±
,

(18)

and for antineutrinos let

𝜆 ≡ 𝜆


−
, 𝑠 ≡ 𝑐

2

𝑠
, 𝑎 → −𝑎,

𝜆
1
≈ 𝜆


∓
, 𝜆

2
≈ 𝜆


+
, 𝜆

3
≈ 𝜆


±
,

(19)

with the upper sign for normal hierarchy and the lower sign
for inverted hierarchy.

It is helpful to show 𝑎 and Δ
𝑖𝑗
in conventional units.

Following [9]

Δ
𝑖𝑗
= 2.534(

Δ𝑚
2

𝑖𝑗

[eV2]
) (

[GeV]
𝐸

)(
𝐿

[km]
) , (20a)

𝑎 = (7.63 × 10
−5
[eV2]) (

𝜌

[g/cm3]
)(

𝐸

[GeV]
) . (20b)

3.2. NO]A and T2K. NO]A is a long-baseline neutrino
oscillation experiment located in northern Minnesota. It has
a baseline length of 810 km, an average matter density of
2.8 g/cm3 along this baseline, and a peak neutrino energy
around 2GeV [11]. T2K is another neutrino oscillation exper-
iment with similar goals to that of NO]A. Its baseline length
is 295 km and has an average matter density of 2.6 g/cm3, and
the neutrino beam energy peaks around 0.6GeV [28].

With the use of the effective mixing angles derived in the
previous section, the probability of the appearance of a ]

𝑒
(]
𝑒
)

from a ]
𝜇
(]
𝜇
) beam can be determined for anymatter density.

Using the length and matter density for the two experiments
in question, plots of these probabilities are shown in Figure 2
as a function of energy.

It is not entirely apparent that the approximation [9] is
valid for different values of the 𝐶𝑃 phase or the vacuum
mixing angles; therefore, a comparison is made between this
approximation and the exact results in the Appendix. In this
comparison, the exact results are found by numerically diag-
onalizing theHamiltonian. As it turns out, the approximation
is very good for the energies and densities considered here.

4. Determination of the Mass Hierarchy and
the Octant of 𝜃

𝑎

As has been mentioned previously, a major goal of neutrino
oscillation experiments is to determine the mass hierarchy. If
𝐶𝑃 was a good symmetry, then there would be no observable
difference between 𝑃(]

𝜇
→ ]
𝑒
) and 𝑃(]

𝜇
→ ]
𝑒
) when

the neutrinos are propagating through a vacuum. However,
interestingly enough, the matter effects discussed previously
emulate the effects of 𝐶𝑃-violation. Therefore, there is an
observable difference between 𝑃(]

𝜇
→ ]
𝑒
) and 𝑃(]

𝜇
→

]
𝑒
) even if 𝐶𝑃 is a good symmetry. Without the effects

of matter the difference between oscillation probabilities
for normal hierarchy versus inverted hierarchy is minimal.
Thus it is because of the interactions with matter that allow
for a discernible difference between normal and inverted
hierarchy.

It is possible that actual 𝐶𝑃-violation is substantially
cancelled by this matter induced𝐶𝑃-violation.This would be
very unfortunate, because it wouldmake the determination of
the𝐶𝑃 phasemore difficult than expected. A plot for𝑃(]

𝜇
→

]
𝑒
) versus 𝑃(]

𝜇
→ ]
𝑒
) is shown in Figure 3 for NO]A and

T2K using the best fits from [2]. It can be seen that there are
many values of the 𝐶𝑃 phase that will allow NO]A to make
a serious determination of the true mass hierarchy. This will
occur if 𝛿

𝐷
∈ [𝜋, 2𝜋] with NH being the true hierarchy or

𝛿
𝐷
∈ [0, 𝜋] with IH being the true hierarchy. And since T2K

has excludedmost of 𝛿
𝐷
∈ [0, 𝜋] at 90%C.L. [1], hopefully the

true mass hierarchy is normal. From Figure 3(b) it appears
that T2K will not be able to determine the mass hierarchy in
this manner.

In addition, it may also be possible to determine the
octant of 𝜃

𝑎
from similar plots. These are shown in Figure 4.

It appears that every value of the 𝐶𝑃 phase could at least give
some indication of the true octant of 𝜃

𝑎
, but the best values
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Figure 5: Plots of the effective mixing angles as a function of energy using data from [2]. For (a) NO]A and neutrinos, (b) NO]A and
antineutrinos. Red = 𝜃



𝑠
, blue = 𝜃



𝑎
, and green = 𝜃



𝑟
. The solid lines are for normal hierarchy, and the dashed lines are for inverted hierarchy.

In the cases where the dashed line is not visible, it’s because the solid line is on top of it.

would be 𝛿
𝐷
= 0 for the lower octant and 𝛿

𝐷
= 𝜋 for the

higher octant.
The ellipses were created by using (14) with the matter

effect modifications of (16), for all possible values of 𝛿
𝐷
(i.e.,

𝛿
𝐷
∈ [0, 2𝜋]). The ◻ and the  symbols correspond to the

predicted values for 𝛿
𝐷
, based onZ𝑠

2
andZ𝑠

2
, respectively.The

predicted values are determined by using the best fits from [2]
in (1a), (1b).

5. Effective Masses and Mixing Angles in
Matter

The values of the effective mixing angles are plotted in
Figure 5 and the mass eigenvalues in Figure 6, as functions
of energy using the matter density for the NO]A experiment.
The plots for T2K are excluded here, because they do not
differ much from the ones for NO]A. Also, these particular
plots consider 𝛿

𝐷
= 0, because the results depend very little

on the 𝐶𝑃 phase. These have been plotted by numerically
diagonalizing the Hamiltonian. It is assumed that the diag-
onalization matrix will have the same form as the standard
parameterization of the PMNS mixing matrix.

The approximation introduced in Section 3.1 implies that
the𝐶𝑃 phase and 𝜃

𝑎
do not varymuch, if at all, due to interac-

tions with matter (which can be observed in Figure 5). It also
implies certain characteristics of the variations of the other
two mixing angles. From (17a), 𝜃

𝑠
should be independent of

the mass hierarchy, and taking the limit 𝑎 → ∞, then 𝜃
𝑠
→

𝜋/2 (0) for ] (]). This behavior is easily observed in Figure 5.
From (17b), 𝜃

𝑟
should have similar asymptotic behavior as 𝜃

𝑠

for normal hierarchy, while it should reverse its behavior for
inverted hierarchy.These features are approximately shown in
Figure 5, but at the energies shown, 𝜃

𝑟
is not able to approach

its asymptotic limit. Therefore, these results appear to agree
with the approximation in [9].

The effective neutrinomasses are found frommultiplying
the eigenvalues of the Hamiltonian by 2𝐸. These plots are
shown in Figure 6 for NO]A. There are some interesting
characteristics of these plots. The first and most obvious
are two resonances referred to as the solar resonance and
the atmospheric resonance which represent the condition
for maximal oscillation probability. This phenomenon was
first understood with the introduction of the MSW effect
[14, 15]. The first peak of sin2(2𝜃

𝑠
) is the solar resonance

and corresponds to an approach of |𝜆
1
| and |𝜆

2
| followed

by a repulsion. The first peak of sin2(2𝜃
𝑟
) is the atmospheric

resonance and corresponds to an approach of |𝜆
2
| and |𝜆

3
|

followed by a repulsion. If the absolute value of the mass
eigenvalues crosses, then no resonance can be seen there. If
we do not take the absolute value of the mass eigenvalues,
then they will never cross each other. This is a wonderful
example of level repulsion in quantum mechanics. For more
details on these resonances, including a derivation of the
resonance condition, see [14–16, 29].

6. Conclusions

Predicted distributions for 𝛿
𝐷
, 𝐽], and 𝜃𝑎 were updated using

the residual symmetries Z𝑠
2
and Z

𝑠

2
. It was found that the

greater uncertainty in the octant of 𝜃
𝑎
for IH shown in [2]

forced the distributions of 𝛿
𝐷
for IH to have nearly equal

contributions on either side of 𝛿
𝐷

= −90
∘. This had no

significant effect on the distribution for 𝐽] and the prediction
for 𝐽] has improved.

By including the effects of matter into the oscilla-
tion probabilities, it was shown in Section 4 how NO]A
stands a good chance of determining the mass hierarchy
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Figure 6: Effective masses for NO]A. The major focus of these plots should be on the solar and atmospheric resonances corresponding to a
level repulsion. (a) ] and NH, (b) ] and IH, (c) ] and NH, and (d) ] and IH. Red = 𝜆

1
, blue = 𝜆

2
, green = 𝜆

3
, cyan-dashed = sin2(2𝜃

𝑠
), and

magenta-dashed = sin2(2𝜃
𝑟
).

if 𝛿
𝐷
∈ [𝜋, 2𝜋] and the true hierarchy is normal or if 𝛿

𝐷
∈

[0, 𝜋] and the true hierarchy is inverted. It was also shown that
both NO]A and T2K may be capable of nailing down the
octant of 𝜃

𝑎
.

The effects of matter were also shown to give rise to
two resonances: the solar resonance and the atmospheric
resonance. This behavior can be seen to agree with the
approximation used throughout this work [9].

Appendix

Comparison with Solving for Matter Effects
Exactly

Here a comparison is made between the approximation used
[9] and exact results found from numerically diagonalizing

the Hamiltonian. Each plot for 𝑃(]
𝜇
→ ]
𝑒
) and 𝑃(]

𝜇
→ ]
𝑒
)

above has been redone without any approximation.The plots
in Figure 7 show the difference between these two methods.
It is clear that the approximation is indeed very good, with a
maximum difference around 0.0001.
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Low-energy experiments studying single beta decay can serve as sensitive probes of Lorentz invariance that can complement
interferometric searches for deviations from this spacetime symmetry. Experimental signatures of a dimension-three operator for
Lorentz violationwhich are unobservable in neutrino oscillations are described for the decay of polarized and unpolarized neutrons
as well as for measurements of the spectral endpoint in beta decay.

1. Introduction

The foundations of modern physics assume the invariance of
physical laws under rotations and boosts, known as Lorentz
symmetry. In our search for new physics, the possibility of
minute violations of Lorentz invariance has become an active
field of study by the development of theoretical formalisms
and mainly by searching for key signatures in a wide range
of experiments [1]. Precise studies of beta decay offer the
opportunity to search for physics beyond the StandardModel.
For instance, many experiments measuring the decay of
neutrons are searching for unconventional couplings in weak
interactions leading to new sources of CP violation [2].
Similarly, the search for a distortion in the spectrum of
tritium decay would provide an absolute measurement of
the neutrino mass. These experiments can also search for
deviations from the exact Lorentz symmetry. The interfero-
metric nature of quantum oscillations gives neutral mesons
[3] and neutrinos [4] a remarkable sensitivity to signals of
new physics; nonetheless, there are certain signals that are
unobservable in these experiments. For neutrinos, it has been
shown that beta decay experiments have unique sensitivity
to the so-called countershaded operators, which produce
no effects in oscillations nor modifications of the neutrino
velocity; therefore, their effects can only be studied via weak
decays [5].

This paper describes the relevant signatures of Lorentz
and CPT violation in single beta decay experiments. High-
precision measurements of beta decay spectra for the

determination of neutron and neutrino properties offer an
attractive opportunity to test Lorentz invariance by searching
for distinctive signals that could arise in current and future
experiments. Observable effects can also appear in double
beta decays [6]. Systematic searches for Lorentz violation
in experiments use a general framework based on effective
field theory known as the Standard Model Extension (SME)
[7–9]. This framework incorporates coordinate-independent
terms that break Lorentz symmetry in the Standard Model
action in the form of conventional operators contracted with
controlling coefficients for Lorentz violation. These terms
can trigger observable signals under the rotation and/or the
boost of the relevant experimental system. The spontaneous
breakdown of Lorentz symmetry at high energies in
some string-theory scenarios [10] suggests that the SME
coefficients should be small due to the relevant energy
scale suppression, such as the Planck scale. Nevertheless,
potentially large deviations from Lorentz symmetry have
been considered in systems involving weak decays [5] and
matter-gravity couplings [11].

For neutrinos, the SME has been used to search for signa-
tures of Lorentz violation in oscillations [12, 13] using accel-
erators [14–20], atmospheric neutrinos [21, 22], and reactors
[23, 24], reaching impressive sensitivity. Neutrino oscillations
are powerful tools to test Lorentz symmetry; nonetheless,
there are operators that are unobservable in these types
of experiments. For these oscillation-free operators, other
kinematical effects must be invoked such as modifications
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of the neutrino velocity, which lead to Cherenkov radiation
and threshold effects [25]. In these scenarios, the effects of
Lorentz violation can be enhanced by the neutrino energy
and propagation time, which makes astrophysical sources
sensitive probes of Lorentz symmetry [26], particularly when
operators of arbitrary dimension are incorporated in the
action [27].

The fundamental role of beta decay experiments is the
study of countershaded operators that are oscillation-free
terms of mass dimension three in the Lagrangian which are
controlled by the SME coefficient 𝑎(3)of .These CPT-odd opera-
tors leave the neutrino velocity unchanged, and their experi-
mental signatures are unaffected by the neutrino energy [27].
This feature makes beta decay experiments unique probes
of Lorentz symmetry [5]. For illustration purposes, some
neutron experiments such as 𝑎CORN [28], 𝑎SPECT [29], and
PERKEO [30] are discussed; nevertheless, several observable
signatures can be studied by other experiments including
𝑎𝑏BA [31], emiT [32], N𝑎𝑏 [33], nTRV [34], PERC [35], and
UCNB [36]. Similarly, the analysis of tritium decay can be
applied to experiments for neutrino mass measurements,
Mainz [37], Troitsk [38], and Karlsruhe Tritium Neutrino
experiment (KATRIN) [39] as well as the Princeton Tritium
Observatory for Light, Early-Universe, Massive-Neutrino
Yield (PTOLEMY) [40] proposed to search for the cosmic
neutrino background.

2. Beta Decay

At low energies, the transition amplitude describing nuclear
beta decay is well described by the Fermi four-fermion
interaction of the form

𝑖M =
𝑖𝐺
𝐹

√2

𝑉
𝑢𝑑
[𝑢 (𝑝) 𝛾

𝛼
(1 − 𝛾

5
) V (𝑞)] 𝐽𝛼, (1)

where 𝐽𝛼 is the current describing the nuclear states, the
spinor 𝑢(𝑝) corresponds to the emitted electron of 4-
momentum 𝑝

𝛼
= (𝐸, p) and mass 𝑚

𝑒
, and the antineutrino

of mass 𝑚] and 4-momentum 𝑞
𝛼
= (𝜔, q) is given by spinor

V(𝑞). The constant factors are the Fermi constant 𝐺
𝐹
and

the relevant element of the CKM matrix 𝑉
𝑢𝑑

≈ cos 𝜃
𝐶
. In

this work we are interested in the potential breakdown of
Lorentz invariance in the neutrino sector [25]. Recent studies
have also considered Lorentz-violating effects in weak decays
arising in the gauge sector [41, 42]. The emitted antineutrino
escapes unmeasured in beta decay experiments; however,
imprints of its behavior can be inferred from the decay
products experimentally accessible. The effects of Lorentz
violation are controlled by the four components of the coef-
ficient 𝑎(3)of , which, in the spherical basis introduced in [27],
are denoted by (𝑎(3)of )00, (𝑎

(3)

of )10, Re(𝑎
(3)

of )11, and Im(𝑎
(3)

of )11. To
date, only theoretically estimated bounds exist on (𝑎(3)of )00 and
(𝑎
(3)

of )10 [1, 5, 27], whereas the real and imaginary parts of
(𝑎
(3)

of )11 remain unexplored. Below we present the signatures
of these four coefficients so they can be directly studied in
experiments.

3. Neutron Decay

For the transition amplitude in (1) describing beta decay of a
neutron we write the nuclear current in the form

𝐽
𝛼
= 𝑢
𝑝
𝛾
𝛼
(1 + 𝜆𝛾

5
) 𝑢
𝑛
, (2)

where 𝑢
𝑛
and 𝑢

𝑝
represent the neutron and proton, respec-

tively, and 𝜆 = 𝑔
𝐴
/𝑔
𝑉
is the ratio between the axial and

vector couplings. It is important to emphasize that Lorentz
violation modifies the neutrino dispersion relations and the
spinor solutions satisfy a modified equation of motion.

The sum over the final spin states allowing for a polarized
neutron in the direction n̂ can be written in terms of the
electron energy 𝐸 and velocity 𝛽 in the form [43]

∑

spin
|M|
2
= 16𝑀

2

𝑛
𝐶𝐸𝜔 (1 + 𝑎𝛽 ⋅ ̂̃q + 𝐴n̂ ⋅ 𝛽 + 𝐵n̂ ⋅ ̂̃q) , (3)

where Lorentz-violating effects appear in the form of an
effective momentum ̂̃q = (q + a(3)of −

∘

𝑎
(3)

of q̂)/𝜔 for the antineu-
trino, with the isotropic component of 𝑎(3)of denoted by ∘𝑎(3)of =
(𝑎
(3)

of )00/√4𝜋.The constant factor is given by𝐶 = 𝐺
2

𝐹
|𝑉
𝑢𝑑
|
2
(1+

3𝜆
2
), the nucleon mass is𝑀

𝑛
, and the correlation parameters

are given by the conventional definitions [2]

𝑎 =
1 − 𝜆
2

1 + 3𝜆
2
, 𝐴 = −

2𝜆 (𝜆 + 1)

1 + 3𝜆
2
, 𝐵 = 2

𝜆 (𝜆 − 1)

1 + 3𝜆
2
.

(4)

The decay rate is given by

𝑑Γ =
1

4𝑀
2

𝑛

∫
𝑑
3
𝑝

(2𝜋)
3
2𝐸

𝑑
3
𝑞

(2𝜋)
3
2𝜔

𝐹 (𝑍, 𝐸)

× ∑

spin
|M|
2
2𝜋𝛿 (𝐸

𝐴
− 𝐸
𝐵
− 𝐸 − 𝜔) ,

(5)

where the Fermi function has been included to incorporate
the electrostatic interaction between the proton (𝑍 = 1)
and the outgoing electron. Integrating over the antineutrino
energy 𝜔 and using 𝑑

3
𝑝 = |p|𝐸 𝑑𝐸 𝑑Ω

𝑒
and 𝑑

3
𝑞 =

(𝜔
2
+ 2𝜔

∘

𝑎
(3)

of )𝑑𝜔𝑑Ω], we can write the electron differential
spectrum

𝑑Γ

𝑑Ω
𝑒
𝑑Ω] 𝑑𝑇

=
𝐶

(2𝜋)
5
𝐹 (𝑍, 𝐸) |p| 𝐸 (𝜔2

0
+ 2𝜔
0

∘

𝑎
(3)

of )

× (1 + 𝑎𝛽 ⋅ ̂̃q + 𝐴n̂ ⋅ 𝛽 + 𝐵n̂ ⋅ ̂̃q) ,
(6)

with 𝜔
0
= 𝑇
0
− 𝑇. The kinetic energy of the electron is given

by 𝑇 = 𝐸 − 𝑚
𝑒
, and 𝑇

0
denotes the maximum kinetic energy

available in the decay.

3.1. Unpolarized Neutrons. Experiments with unpolarized
neutrons (n̂ = 0) can be classified into two categories: those
that only measure the electron spectrum and those in which
the relative orientation between the two emitted leptons can
be identified, relevant to the measurement of the electron-
antineutrino asymmetry 𝑎 defined in (4). The signatures of
Lorentz violation for these two cases are presented below.
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3.1.1. Spectrum Measurements. For experiments with unpo-
larized neutrons that onlymeasure the outgoing electrons, the
directions of the two final leptons can be integrated to reduce
the spectrum (6) to the form

𝑑Γ

𝑑𝑇
=

𝐶

2𝜋
3
𝐹 (𝑍, 𝑇) |p| (𝑇 + 𝑚𝑒) (𝜔

2

0
+ 2
∘

𝑎
(3)

of 𝜔0) . (7)

This expression shows that the Lorentz-violating modifi-
cation to the antineutrino spinors (3) plays no role and
the isotropic effect is purely kinematic due to the modified
antineutrino phase space. The effect of Lorentz violation
appears as a small perturbation of the beta decay spectrum,
similar to the effect in two-neutrino double beta decay [6].
The energy dependence of themodification introduced by the
isotropic coefficient ∘𝑎(3)of can be used to determine the relevant
energy for studying this modification, thus serving as a guide
for a future experimental search of this effect.

The exact value requires a numerical solution due to the
involved energy dependence of the Fermi function; never-
theless, a reasonable estimate can be obtained by considering
that, for neutron decay, this function remains almost constant
for energies above 200 keV. Using this approximation, the
maximum of the Lorentz-invariant spectrum satisfies the
cubic equation

0 = 4𝑇
3
+ 2 (5𝑚

𝑒
− 𝑇
0
) 𝑇
2
+ 𝑚
𝑒
(5𝑚
𝑒
− 4𝑇
0
) 𝑇 − 𝑚

2

𝑒
𝑇
0
. (8)

Using 𝑇
0
= 780 keV and 𝑚

𝑒
= 511 keV, we find that, in the

absence of Lorentz violation, the spectrum has its maximum
at 246 keV. In the presence of Lorentz violation, themaximum
gets shifted. Instead of the cubic equation (8), the maximum
of the modified spectrum satisfies the quartic equation

0 = 4𝑇
4
+ 2 (5𝑚

𝑒
− 3𝑇
0
− 3
∘

𝑎
(3)

of )𝑇
3

+ (2𝑇
2

0
+ 5𝑚
2

𝑒
− 14𝑚

𝑒
𝑇
0
+ 4
∘

𝑎
(3)

of 𝑇0 − 14𝑚𝑒
∘

𝑎
(3)

of )𝑇
2

+ 2𝑚
𝑒
(2𝑇
2

0
− 3𝑚
𝑒
𝑇
0
− 3𝑚
𝑒

∘

𝑎
(3)

of + 4
∘

𝑎
(3)

of 𝑇0)𝑇

+ (2𝑚
2

𝑒

∘

𝑎
(3)

of 𝑇0 + 𝑚
2

𝑒
𝑇
2

0
) .

(9)

Here we find a method to search for a nonzero value of
the coefficient ∘𝑎(3)of : the maximum of the spectrum can be
experimentally determined and its value can be replaced in
(9), which gives a linear equation for ∘𝑎(3)of .

It should be noticed that this shift in the maximum
of the spectrum can be small and the application of the
methodmentioned abovewill depend on the resolution of the
experiment. An equivalent method is the search for a direct
deviation of the experimental spectrum from the expected
prediction in the absence of Lorentz violation.This deviation
or residual spectrum reaches its maximum at a well defined
energy𝑇

𝑚
which is independent of the size of ∘𝑎(3)of and satisfies

the cubic equation

0 = 3𝑇
3

𝑚
+ (7𝑚

𝑒
− 2𝑇
0
) 𝑇
2

𝑚

+ 𝑚
𝑒
(3𝑚
𝑒
− 4𝑇
0
) 𝑇
𝑚
− 𝑚
2

𝑒
𝑇
0
.

(10)

For the numerical values used before, we find that the effect
of a nonzero coefficient ∘𝑎(3)of is maximal at 𝑇

𝑚
= 406 keV;

hence, this is the region of the spectrum where deviations
from the conventional spectrum should be explored.The size
of the deviation corresponds to a direct measurement of the
magnitude of the coefficient ∘𝑎(3)of .

3.1.2. Electron-Antineutrino Asymmetry. The decay of unpo-
larized neutrons is also used to measure the antineutrino-
electron asymmetry 𝑎 in (3). The 𝑎CORN experiment has
a proton detector and an electron detector aligned perpen-
dicular to the neutron beam, in which only decay products
emitted along the axis of the detectors are analyzed [28]. The
design of the experiment allows identifying events in which
the two leptons emitted are parallel 𝑁

+
and antiparallel 𝑁

−
,

which can be determined from the spectrum and time-of-
flight measurements. Since the directionality of the emitted
antineutrino can be inferred from the measurement, we have
access to the anisotropic coefficients (𝑎(3)of )1𝑚, with𝑚 = 0, ±1.

Let us define the number of events in a given direction as

𝑁(𝑇) =
𝑑Γ

𝑑𝑇𝑑Ω
𝑒
𝑑Ω]

= 𝐶 (𝑇) (1 + 𝑎𝛽 ⋅ ̂̃q)(1 +
2𝑎
(3)

of
𝜔
0

) ,

(11)

where we have defined the function 𝐶(𝑇) = 𝐶𝐹(𝑍,

𝑇)|p|𝐸𝜔2
0
/(2𝜋)
5 and the coefficient 𝑎(3)of involves isotropic

(𝑎
(3)

of )00 and anisotropic components (𝑎(3)of )1𝑚.The experimen-
tal asymmetry 𝑎exp is defined as

𝑎exp =
𝑁
+
− 𝑁
−

𝑁
+
+ 𝑁
−

, (12)

which provides a directmeasure of the parameter 𝑎 defined in
(4). From the number of events in a determined orientation
given by (11), we find that at leading order the experimental
asymmetry (12) becomes

𝑎exp = 𝑎
𝛽
 +

√
3

𝜋

(𝑎
2
𝛽
2
− 1)

𝜔
0

(𝑎
(3)

of )
lab

10
, (13)

where the first term corresponds to the conventional expres-
sion for determining the parameter 𝑎, with the electron speed
given in terms of its kinetic energy as |𝛽| = √𝑇(𝑇 + 2𝑚

𝑒
)/(𝑇+

𝑚
𝑒
). The second term in (13) corresponds to the Lorentz-

violating part written in the laboratory frame. Direct com-
parison between different experimental searches for Lorentz
violation in a physically meaningful way requires a common
reference frame, for which the Sun-centered frame is widely
used in the literature for reporting constraints on SME
coefficients [1]. The transformation to this frame is obtained
by a sequence of rotations of the form [27]

(𝑎
(3)

of )
lab

10
= ∑

𝑚

𝑒
𝑖𝑚𝜔⊕𝑇⊕

𝑑
(1)

0𝑚
(−𝜒) (𝑎

(3)

of )1𝑚
, (14)

where 𝑑(1)
0𝑚
(−𝜒) are the little Wigner matrices and 𝜒 is the

colatitude of the experiment.The dependence on the sidereal
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time 𝑇
⊕
is a consequence of the variation of the coupling

between the SME coefficient and the antineutrino direction
of propagation due to the Earth rotation with frequency𝜔

⊕
≃

2𝜋/(23 h 56 min). The explicit form of expression (14) is

(𝑎
(3)

of )
lab

10
= cos𝜒(𝑎(3)of )10

+ √2 sin𝜒 Im (𝑎
(3)

of )11
sin𝜔
⊕
𝑇
⊕

− √2 sin𝜒Re (𝑎(3)of )11 cos𝜔⊕𝑇⊕.

(15)

Equation (13) shows that the effect of Lorentz violation
becomes more noticeable near the endpoint; however, for
electron energies above 400 keV the measurement of the
asymmetry becomes hard because the low energy of the
protons makes the proper identification of 𝑁

+
and 𝑁

−

using the proton time-of-flight method difficult. In order to
properly measure the asymmetry, the beta spectrometer runs
in the range 50 to 350 keV [28].

Another experiment designed to measure the parameter
𝑎 is 𝑎SPECT, in which a magnetic field perpendicular to
the neutron beam guides the protons emitted in the decay
towards a proton detector for a precise measurement of
the proton spectrum [29]. Protons emitted in the opposite
direction of the detector are reflected by an electrostatic
mirror; thus, the detector can examine protons emitted in
all directions. This feature of the experimental setup makes
𝑎SPECT insensitive to the Lorentz-violating anisotropies
produced by the coefficients (𝑎(3)of )1𝑚. Nonetheless, data col-
lected with the electrostatic mirror switched off allowing that
only a 2𝜋 coverage can be used to implement a search for
anisotropies [44].

3.2. Polarized Neutrons. Experiments with polarized neu-
trons that measure both the beta electron and the recoiling
proton can reconstruct the direction of the emitted antineu-
trino. Experiments such as 𝑎𝑏BA [31], emiT [32], PERC
[35], PERKEO [30], and UCNB [36] could access anisotropic
effects due to Lorentz violation. For instance, unconventional
energy- and direction-dependent effects could be studied
by an experimental setup for the measurement of the spin-
antineutrino asymmetry parameter 𝐵 in (3).

For the decay of polarized neutrons, Lorentz-violating
effects appear due to the modified spinor solutions as well
as the unconventional antineutrino phase space. Although
the antineutrino escapes unmeasured, the direction of its
momentum can be inferred if both the electron and the pro-
ton are emitted in the same direction because conservation of
momentum along the neutron spin axis can be used to write

0 = n̂ ⋅ q + n̂ ⋅ p + n̂ ⋅ k

= |q| cos 𝜃] + |p| cos 𝜃𝑒 + |k| cos 𝜃𝑝.
(16)

For this reason, an asymmetry for coincident events in
which both the electron and the proton are emitted in the
same direction is appropriate for the determination of the
parameter 𝐵 that appears with the antineutrino momentum
[45].

The number of events in which the electron and the
proton are emitted along the direction of the neutron spin is
𝑁
++
= 𝑄
++
𝐶(𝑇), where

𝑄
++
= ∫

Ω
+
𝑒

𝑑Ω
𝑒
∫

Ω
−

]

𝑑Ω](1 +
2𝑎
(3)

of
𝜔
0

)

× (1 + 𝑎𝛽 ⋅ ̂̃q + 𝐴n̂ ⋅ 𝛽 + 𝐵n̂ ⋅ ̂̃q) .

(17)

The integration ranges for the electron and the antineutrino
are related by the constraint (16), which implies that when
the proton is emitted perpendicular to the neutron spin then
the antineutrino polar angle 𝜃] can take the maximum value
cos 𝜃] = −𝑟 cos 𝜃

𝑒
, with 𝑟 = √𝑇(𝑇 + 2𝑚

𝑒
)/(𝑇
0
− 𝑇). The

integration regions are given by Ω−] : 𝜙] ∈ [0, 2𝜋], cos 𝜃] ∈
[−1, −𝑟 cos 𝜃

𝑒
] and Ω+

𝑒
: 𝜙
𝑒
∈ [0, 2𝜋], cos 𝜃

𝑒
∈ [0, cos 𝜃max

𝑒
],

where we have defined cos 𝜃max
𝑒

= 1(𝑟
−1
) for 𝑟 < 1 (𝑟 > 1).

The number of events in which the electron and the proton
are emitted against the direction of the neutron spin 𝑁−− =
𝑄
−−
𝐶(𝑇) is found directly from𝑁

++ by reversing the sign of
the parameters 𝐴 and 𝐵. We can now define the following
experimental asymmetry:

𝐵exp =
𝑁
−−
− 𝑁
++

𝑁
−−
+ 𝑁
++

=
𝑄
−−
− 𝑄
++

𝑄
−−
+ 𝑄
++
. (18)

Depending on the range of the parameter 𝑟 and keeping
leading-order terms, the experimental asymmetry can be
written in the form 𝐵exp = (𝐵exp)0 +𝛿𝐵exp, where the conven-
tional asymmetry takes the form [45]

(𝐵exp)
0
=
4

3

{{{{

{{{{

{

[𝐴𝛽 (2𝑟 − 3) + 𝐵 (3 − 𝑟
2
)]

8 − 4𝑟 + 𝑎𝛽 (𝑟
2
− 2)

, 𝑟 < 1

−𝐴𝛽 + 2𝐵𝑟

4𝑟 − 𝑎𝛽
, 𝑟 > 1,

(19)

and the Lorentz-violating modification can be written as

𝛿𝐵exp = 𝛿𝐵C + 𝛿𝐵A𝑠
sin𝜔
⊕
𝑇
⊕

+ 𝛿𝐵A𝑐
cos𝜔
⊕
𝑇
⊕
,

(20)

which explicitly shows the sidereal-time dependence of this
quantity. The amplitudes 𝛿𝐵C, 𝛿𝐵A𝑠

, and 𝛿𝐵A𝑐
are functions

of the location of the apparatus and the electron energy.They
are explicitly presented in Appendix A.1.

4. Spectrum Endpoint Measurements

Direct measurements of the neutrino mass 𝑚] can be per-
formed by searching for a spectral distortion near the end-
point of beta decay, for which tritium appears as an ideal
isotope [46]. In an isotropic decay, the anisotropies produced
by Lorentz violation are usually unobservable; nonethe-
less, the use of inhomogeneous magnetic fields for guiding
electrons into electrostatic filters (MAC-E) allows selecting
electrons emitted in determined directions. Superconducting
magnets produce the guiding magnetic field for the electrons
isotropically emitted from the decay of gaseous tritium.
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Electrons with very long paths within the tritium source
exhibit a high scattering probability; therefore, only electrons
with short paths are accepted to be analyzed. Varying the
magnetic field from a value in the tritium source 𝐵

𝑆
to a

maximum value𝐵max creates a cone of acceptance of aperture
𝜃
0
, with

sin 𝜃
0
= √

𝐵
𝑆

𝐵max
. (21)

Electrons emitted at angles 𝜃 > 𝜃
0
are reflected due to a

magnetic mirror effect. This selection is what permits the
study of anisotropic effects.

Given the configuration of tritium-decay experiments,
the sequence of rotations implemented for relating the
components of 𝑎(3)of in the laboratory frame to the relevant
components in the Sun-centered frame differs from the one
used in the previous section and it takes the explicit form [5]

(𝑎
(3)

of )
lab
= ∑

𝑗𝑚

𝑒
𝑖𝑚𝜔⊕𝑇⊕

∑

𝑚

𝑚


𝑌
𝑗𝑚
 (𝜃, 𝜙) 𝑑

(𝑗)

𝑚

𝑚
 (−𝜋/2)

× 𝑒
−𝑖𝑚

𝜉
𝑑
(𝑗)

𝑚

𝑚
(−𝜒) (𝑎

(3)

of )𝑗𝑚
,

(22)

where the extra rotations implemented in this transformation
set the laboratory 𝑧-axis along the direction of the axis of the
experiment determined by the magnetic field in the decay
region.The spherical harmonics 𝑌

𝑗𝑚
(𝜃, 𝜙) are written in this

laboratory frame and 𝜉 indicates the angle formed by the
magnetic field at the tritium source measured counterclock-
wise from the local north.This choice allows us tomake use of
symmetry properties of the spherical harmonics to perform
the integration within the acceptance cone ΔΩ : 𝜃 ∈ [0, 𝜃

0
],

𝜙 ∈ [0, 2𝜋] with ease.
Conventionally, near the endpoint, the spectrum takes the

form
𝑑Γ

𝑑𝑇
= 3𝐶
𝑅
[(Δ𝑇)

2
−
1

2
𝑚
2

]] , (23)

where𝐶
𝑅
is approximately constant and Δ𝑇 = 𝑇

0
−𝑇 denotes

the kinetic energy of the electron measured from the point
𝑇
0
where the spectrum would end in the absence of neutrino

mass. In the presence of Lorentz violation, the spectrum gets
modified by the four components of the coefficient 𝑎(3)of in the
form 𝑇

0
→ 𝑇
0
+ 𝛿𝑇, with

𝛿𝑇 =
1

ΔΩ
∫

ΔΩ

𝑑Ω](𝑎
(3)

of )
lab

= 𝛿𝑇C + 𝛿𝑇A𝑠
sin𝜔
⊕
𝑇
⊕
+ 𝛿𝑇A𝑐

cos𝜔
⊕
𝑇
⊕
,

(24)

which shows the sidereal-time dependence of this modifi-
cation. The amplitudes 𝛿𝑇C, 𝛿𝑇A𝑠 , and 𝛿𝑇A𝑐

are explicitly
presented in Appendix A.2. The energy independence of 𝛿𝑇
allows a direct determination of the integrated spectrum

Γ (𝑇) = ∫

𝑇eff

𝑇

𝑑Γ

𝑑𝑇

𝑑𝑇


= 𝐶
𝑅
[(𝑇eff − 𝑇)

3

−
3

2
𝑚
2

] (𝑇eff − 𝑇)] ,

(25)

where the effective null-mass endpoint energy 𝑇eff = 𝑇0 + 𝛿𝑇
is a fit parameter that, in the presence of Lorentz violation,
depends on the orientation of the experiment and the loca-
tion of the laboratory and varies with sidereal time.The use of
MAC-E filters was implemented in the past by theMainz [37]
and Troitsk [38] experiments, and unprecedent sensitivity
will be achieved in KATRIN [39]. These experiments appear
as ideal setups to search for the signals of Lorentz violation
described here.

The study of Lorentz-violating neutrinos shows inter-
esting features absent in other sectors. In particular, the
incorporation of Dirac andMajorana couplings as well as the
implementation of the seesawmechanism that suppresses the
left-right handed mixing produces terms in the Hamiltonian
which appear as the product of the neutrino mass and a
Majorana coefficient for CPT-even Lorentz violation [27].
Some of these mass-induced coefficients (𝑐(2)eff )𝑗𝑚 modify the
neutrino mass measured as the parameter in spectrum (23)
in the form 𝑚

2

] → 𝑚
2

] + 𝛿𝑚
2, where the Lorentz-violating

modification can be written in the form

𝛿𝑚
2
= 𝑚
2

C + 𝑚
2

A𝑠
sin𝜔
⊕
𝑇
⊕
+ 𝑚
2

A𝑐
cos𝜔
⊕
𝑇
⊕
, (26)

to explicitly show the sidereal-time dependence of this
parameter that mimics a neutrino mass. The amplitudes𝑚2C,
𝑚
2

A𝑠
, and 𝑚2A𝑐 are explicitly presented in Appendix A.3. This

result shows that the experimental mass-squared parameter
𝑚
2 measured in the experiment includes the actual neutrino

mass 𝑚] and a Lorentz-violating component that depends
on the orientation and location of the laboratory as well as
sidereal time. Since there is no restriction on the sign of 𝛿𝑚2,
the coefficients (𝑐(2)eff )𝑗𝑚 could even produce a negative 𝑚2

without a tachyonic neutrino [47].

5. Conclusions

In this paper, the low-energy signatures of Lorentz invari-
ance violation in neutrinos in the context of the Standard
Model Extension have been presented. The main focus is
on a particular type of countershaded operator [5] that is
unobservable in neutrino oscillations and modifications to
the neutrino velocity. The main features that could arise in
measurements of neutron decay as well as studies of the
endpoint of beta decay are described. Different experimental
setups can be sensitive to the effects of this type of Lorentz
violation, including a distortion of the entire beta spectrum
in neutron decay, modifications to the measurement of the
antineutrino-electron correlation in the decay of unpolarized
neutrons, a correction to the electron-proton coincidence
asymmetry in the decay of polarized neutrons, and a shift in
the endpoint energy of the beta decay spectrum. A remark
on the effects of a mass-induced coefficient is also presented
in the context of tritium decay because these coefficients can
mask the effects of the actual neutrino mass in novel ways.

Experimental signatures of the breakdown of Lorentz
symmetry in the neutrino sector have been mostly explored
using high-energy and interferometric phenomena; nonethe-
less, the high precision of low-energy experiments studying



6 Advances in High Energy Physics

single beta decay can play a key complementary role in the
search for deviations from exact Lorentz in variance.

Appendix

A. Sidereal Amplitudes

A.1. Sidereal Amplitudes for 𝛿𝐵. The amplitudes for the
sidereal decomposition of the Lorentz-violating experimental
asymmetry defined in (20) are given by

𝛿𝐵C = √
3

𝜋
𝑓 (𝑇) cos𝜒(𝑎(3)of )10,

𝛿𝐵A𝑠
= √

6

𝜋
𝑓 (𝑇) sin𝜒 Im (𝑎

(3)

of )11
,

𝛿𝐵A𝑐
= −√

6

𝜋
𝑓 (𝑇) sin𝜒Re (𝑎(3)of )11,

(A.1)

where 𝑓(𝑇) is a function of the electron’s kinetic energy and
other parameters. Depending on the value of the factor 𝑟, the
function 𝑓(𝑇) takes the form

𝑓 (𝑇)

=

{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{

{

((𝐴𝛽 − 𝐵𝑟) (2 − 𝑟
2
) − (𝐵exp)

0

×[(
2𝑟
2

3
+
2𝛽𝑟

3
− 𝛽 − 2) + 𝑎𝛽(1 −

2𝑟
3

5
)])

×(8 − 4𝑟 + 𝑎𝛽 (𝑟
2
− 2))
−1

, 𝑟 < 1

(𝐴𝛽 − 𝐵𝑟) + (𝐵exp)
0
[2𝛽/3 + 8𝑟/3 − 6𝑎𝛽/5]

4𝑟 − 𝑎𝛽
,

𝑟 < 1.

(A.2)

A.2. Sidereal Amplitudes for 𝛿𝑇. The amplitudes for the
sidereal decomposition of the Lorentz-violating shift of the
endpoint energy defined in (24) are given by

𝛿𝑇C =
∘

𝑎
(3)

of − √
3

4𝜋
cos2

𝜃
0

2
sin𝜒 cos 𝜉(𝑎(3)of )10,

𝛿𝑇A𝑠
= −√

3

2𝜋
cos2

𝜃
0

2
(sin 𝜉Re (𝑎(3)of )11

− cos 𝜉 cos𝜒 Im (𝑎
(3)

of )11
) ,

𝛿𝑇A𝑐
= −√

3

2𝜋
cos2

𝜃
0

2
(sin 𝜉 Im (𝑎

(3)

of )11

+ cos 𝜉 cos𝜒Re (𝑎(3)of )11) .

(A.3)

A.3. Sidereal Amplitudes for 𝛿𝑚2. The amplitudes for the
sidereal decomposition of the Lorentz-violating shift of the
neutrino mass parameter defined in (26) are given by

𝑚
2

C = √
3

𝜋
cos2

𝜃
0

2
sin𝜒 cos 𝜉(𝑐(2)eff )10,

𝑚
2

A𝑠
= √

6

𝜋
cos2

𝜃
0

2

× [sin 𝜉Re (𝑐(2)eff )11 − cos𝜒 cos 𝜉 Im (𝑐
(2)

eff )11
] ,

𝑚
2

A𝑐
= √

6

𝜋
cos2

𝜃
0

2

× [sin 𝜉 Im (𝑐
(2)

eff )11
+ cos𝜒 cos 𝜉Re (𝑐(2)eff )11] .

(A.4)
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[3] V. A. Kostelecký, “Sensitivity ofCPT tests with neutral mesons,”
Physical Review Letters, vol. 80, p. 1818, 1998.
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of the standard model,” Physical Review D, vol. 58, Article ID
116002, 1998.
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[11] V. A. Kostelecký and J. Tasson, “Matter-gravity couplings and
Lorentz violation,” Physical Review D, vol. 83, Article ID 016013,
2011.
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New constraints on the lepton number violating (LNV) parameters are derived from the analysis of the neutrinoless double beta
(0]𝛽𝛽) decay in the hypothesis that this process would occur through the exchange of heavy neutrinos and/or SUSY particles. For
derivation, we use new values of both phase space factors (PSFs) and nuclear matrix elements (NMEs) calculated with numerical
codes developed recently, as well as themost recent experimental lifetimes.TheNMEs are computed with a shell model (ShM) code
for 48Ca, 76Ge, and 82Se nuclei, while at present similar ShM results are available only for the first nucleus. We compare our results
with similar ones from literature, obtained with ShM, QRPA, and IBM-2 methods, and conclude that more results are needed for
a relevant analysis on the validity of NMEs associated with these decay mechanisms.

1. Introduction

Neutrinoless double beta (0]𝛽𝛽) decay is a beyond standard
model (BSM) process by which an even-even nucleus trans-
forms into another even-even nucleus with the emission of
two electrons/positrons but no antineutrinos/neutrinos in
the final states. Its study is important since it would clarify
the question about the lepton number violation, decide on
the neutrinos character (are they distinguished or not from
their antiparticles?), and give a hint on the scale of their
absolute masses. Moreover, the study of 0]𝛽𝛽 decay has a
broader potential to search for other BSM phenomena, such
as new neutrino flavors and exotic particles.The great interest
in understanding these fundamental issues has led to many
theoretical and experimental investigations of this process.
The reader can find up-to-date information on these studies
in several recent reviews [1–6], which also contain therein a
comprehensive list of references in the domain.

One of the open issues concerning the 0]𝛽𝛽 decay
is related to the possible mechanisms responsible for its
occurrence.The exchange of a light Majorana neutrino in the

presence of left handed (LH) weak interaction is still themost
popular and studied mechanism. However, other mecha-
nisms have also been considered, for example, the exchange of
heavy neutrinos [7, 8] and SUSY particles [3, 9], which could
also contribute to the total 0]𝛽𝛽 decay rate. On the other
hand, constraints on heavy neutrino and SUSY parameters
can be now derived at hadron colliders, as well, by analyzing
same sign dilepton decay channels, which are triggered by
processes that violate the lepton number conservation by
two units (like 0]𝛽𝛽 decay). Indeed, the CMS, ATLAS,
and LHCb experiments at LHC include now in their data
analysis the search of such channels, and the first results were
already reported [10–13]. Thus, complementary information
that allows the constraint of various LNVparameters can also
be obtained now from high-energy experiments.

For all mechanisms, the 0]𝛽𝛽 lifetimes can be expressed
in a good approximation as a product of a phase space factor,
a nuclear matrix element related to the nuclear structure of
the parent and daughter nuclei, and a LNV parameter related
to the BSM mechanism considered. These three factors can
be identified in (1) and (2) from the next section. Hence, to
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extract reliable upper limits for the LNV parameters, we need
accurate calculation of both PSFs and NMEs factors, as well
as reliable measurements of the lifetimes.

The largest uncertainties in the theoretical calculations for
double beta decay (DBD) arise from the calculated values of
the NMEs. For the LH light neutrino exchange mechanism,
the NMEs are currently computed by several methods, the
presentmost employed ones being the proton-neutron quasi-
randomphase approximation (pnQRPA) [14–20], interacting
shell model (ISM) [21–25], interacting boson model (IBM)
[26–28], projected Hartree Fock Bogoliubov (PHFB) [29],
and energy density functional (EDS) [30] methods. At
present, there are still large discrepancies between the NMEs
values computed with different methods and by different
groups, which have been widely discussed in literature (see,
e.g., [5, 6]) for the light neutrino exchange mechanism. At
present, for heavy neutrino and SUSY exchangemechanisms,
there are fewer NME calculations, performed with QRPA
[31, 32] and IBA-2 [28] and ShM methods [33, 34]. The
discrepancies between the existing NME values associated
with heavy neutrino or SUSY mechanisms are even larger
than those in the case of LH light neutrino exchange, so there
is a need for new calculations.

In this paper, we report new constraints on the heavy
neutrino and SUSY parameters derived from the analysis of
the neutrinoless double beta decay of three experimentally
interested nuclei, 48Ca, 76Ge, and 82Se, in the hypothesis
that this process would occur through the exchange of such
particle. The computation of the NMEs is performed with
a ShM code developed recently and presented in detail in
[35, 36]. Also, we estimate the uncertainties introduced in
calculations by the use of different NN interactions and
SRC parameterizations and found that the calculated NME
values depend significantly on these nuclear ingredients. We
compare our results with other previous ones from literature
performed with ShM, QRPA, and IBM-2 approaches and
discuss the discrepancies. We remark that, until now, large
scale ShM calculations of NMEs corresponding to these
mechanisms are available only for 48Ca, and they differ signi-
ficantly from the IBM-2 calculations. In order to understand
these discrepancies, more ShM calculations of the NMEs
for these (less discussed) 0]𝛽𝛽 decay mechanisms, including
other nuclei, are needed.

The values of the PSFs are taken from our recent work
[37], which are very close to those reported in [38, 39].
We mention that PSFs for DBD have been calculated since
long time [40, 41], but they were less discussed, being
considered to be computed with enough precision. Recently,
they were recalculated with improved approaches [38, 39, 42]
and several discrepancies were revealed as compared to the
old calculations, which should be taken into account for
accurate predictions of 0]𝛽𝛽 lifetimes and derivation of LNV
parameters.

The paper is organized as follows. In the next section, we
present the formulae for the 0]𝛽𝛽 decay lifetimes together
with the relevant expressions for the PSFs and NMEs which
have to be computed for deriving the LNV parameters, for
heavy neutrino and SUSY mechanisms. In Section 3, we

present and discuss our results, while in the last section we
formulate the conclusions of our work.

2. Formalism

In this section, we give a short description of the heavy
neutrino and SUSY formalisms, displaying the PSF andNME
formulas that have to be computed. As we alreadymentioned,
the expressions of the 0]𝛽𝛽 lifetimes can be written as a pro-
duct of three terms: a phase space, a nuclear matrix elements,
and a term related to the corresponding LNV mechanism:

(𝑇
0]
1/2

)
−1

= 𝐺
0]
(𝑄
𝛽𝛽
, 𝑍)∑

𝑘

(

𝑀
0]
𝑘



2

) (𝜂
𝑘
)
2

, (1)

where 𝑘 is an index which denotes the mechanisms that
can contribute to the 0]𝛽𝛽 decay. In this work, we refer to
the heavy neutrino and SUSY exchange mechanisms, so the
lifetime reads
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+

𝑀
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⟨𝜂
𝑞
⟩)
2

,

(2)

where 𝐺
0] is the phase space factor for this decay mode,

depending on the energy decay 𝑄
𝛽𝛽

and nuclear charge 𝑍.
𝑀
0]
𝑁,𝜆

,𝑞
are the NMEs associated with the heavy neutrino (𝑁)

exchange mechanism and with the gluino (𝜆) and squark-
neutrino (𝑞) exchange mechanisms. The last mechanisms
may appear in SUSY theories with R-parity violation [3].
𝜂
𝑁,𝜆

,𝑞
are the corresponding coupling parameters associated

with these mechanisms.
For the 0]𝛽𝛽 decay, the expression of the PSFs reads

𝐺
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2

4𝑔
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𝑅
2 ln 2
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11
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where 𝑓(0)
11

are the solutions of the Dirac equation and

𝑤
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2
, (4)

where 𝑔
𝐴
(𝑔
𝐴
= 1.25) is the axial-vector coupling constant,

𝐺 = 1.16637 × 10
−5 GeV−2 is the Fermi constant, 𝜃

𝐶
is the

Cabbibo angle, 𝑚
𝑒
is the electron rest mass, while 𝑝

1
, 𝑝
2
and

𝜖
1
, 𝜖
2
are the electron momenta and energies, respectively. In

(3), it is convenient to redefine the PSFs by a renormalization
that eliminates the constant 𝑔

𝐴
and correlates (by dividing

by 4𝑅
2, 𝑅 the nuclear radius) the dimension of 𝐺

0] with
the NMEs which are dimensionless, such that the PSFs are
expressed in [yr−1].

Concerning the NMEs, their expressions can be written,
in general, as a sum of three components:

𝑀
0]
= 𝑀
0]
GT − (

𝑔
𝑉

𝑔
𝐴

)

2

⋅ 𝑀
0]
𝐹
−𝑀
0]
𝑇
, (5)

where𝑀0]GT,𝑀
0]
𝐹
, and𝑀0]

𝑇
are the Gamow-Teller (GT), Fermi

(𝐹), and Tensor (𝑇) components, respectively.
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Due to the two-body nature of the transition operator, the
NMEs can be expressed as a sum of products of two-body
transition densities (TBTDs) andmatrix elements of the two-
body transition operators for two-particle states, shortly, two-
body matrix elements (TBMEs) [35, 36]. Consider

𝑀
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𝛼

= ∑
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𝜏−1𝜏−2𝑂
𝛼

12

 𝑗𝑛𝑗𝑛
 ; 𝐽
𝜋
⟩ ,

(6)

where |𝑗𝑗

; 𝐽
𝜋
⟩ represent the antisymmetrized two-particle

states and 𝑂
𝛼

𝑚𝑛
are DBD transition operators (𝛼 = GT, 𝐹, 𝑇).

Since the NN effective interaction can be treated by means
of a central (single-particle) potential, the NMEs can be con-
veniently calculated using Moshinsky’s transformations
between the relative and center of mass (CM) coordinates
and the proper use of nuclear states in different coupling
notations. The calculation of the matrix elements of these
operators can be decomposed into products of reduced
matrix elements within the spin and relative coordinates
subspaces [21, 35].The expressions of the two-body transition
operators are

𝑂
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where 𝜎 are the Pauli spin operators and 𝐶
(2)
(𝑟) is the center

of mass operator. The expressions for the neutrino potentials
𝐻
𝛼
in the case of heavy neutrino mechanisms are
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where 𝑚
𝑝
is the proton mass and 𝑗

𝑘
(𝑘 = 0 for 𝛼 = GT, 𝐹,

and 𝑘 = 2 for 𝛼 = 𝑇) are the Bessel spherical functions. The
expressions of ℎ
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where𝑚
𝜋
is the pion mass and
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with (𝜇
𝑝
− 𝜇
𝑛
) = 4.71. The expressions (9)–(11) include the

following nuclear effects: (i) finite nucleon size (FNS) effects
through the nucleon form factors𝐺

𝐴
,𝐺
𝑉
and (ii) higher order

current (HOC) effects by the second and third terms in the
ℎGT expression and by the appearance of the ℎ𝑇 contribution.

The 𝐺
𝑉
and 𝐺

𝐴
form factors which take into account the

finite size of the nucleons effect are
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For the vector and axial coupling constants, the majority of
calculations take 𝑔

𝑉
= 1 and the unquenched value 𝑔

𝐴
=

1.25, while the values of the vector and axial vector form
factors are Λ

𝑉
= 850MeV and Λ

𝐴
= 1086MeV [1], respect-

ively.
For the SUSY mechanisms, only the GT and 𝑇 compo-

nents of the 𝑀0] are contributing. For the gluino exchange
mechanism (SUSY1), the radial neutrino potentials 𝐻

𝛼
have

a similar form as that for the heavy neutrino mechanism (9),
but with different ℎ

𝛼
factors [3, 14]:
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where 𝑚
𝜋

is the charged-pion mass, 139.6MeV, 𝑓
𝜋

=

0.668𝑚
𝜋
MeV,𝑚

𝑢
and𝑚

𝑑
are the up and down quark masses
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) = 11.6MeV, 𝑚
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≈ 4.41 [3]. Computing the expressions from
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For the squark-neutrino mechanism (SUSY2),𝐻
𝛼
has an

expression similar to the light neutrino mechanism:
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Table 1: 0]𝛽𝛽 NMEs values for heavy neutrino mechanism and
comparison to other results in the literature.

No SRC Jastrow AV-18 CD-BONN
48Ca (GXPF1A) 91.5 23.7 47.5 70.3
48Ca (KB3G) 106.8 29.7 56.8 82.8
48Ca [34] 52.9 75.5
48Ca [28] 16.3 46.3 76.0
76Ge (JUN45) 255.7 73.1 137.8 199.2
76Ge [31]a , [32]b 32.6a 233b 351b
76Ge [28] 48.1 107 163
82Se (JUN45) 237.3 66.1 126.9 184.5
82Se [31]a , [32]b 30.0a 226b 340b
82Se [28] 35.6 84.4 132
The indices a and b are used to indicate different calculations performed by
the Tubingen group.

Table 2: 0]𝛽𝛽NMEs values for SUSY1 mechanism and comparison
to other results in the literature.

No SRC Jastrow AV-18 CD-BONN
48Ca (GXPF1A) 643.7.2 242.4 417.2 548.2
48Ca (KB3G) 750.1 293.3 492.47 641.7
48Ca [34] 453 618
48Ca [43] 392 147
76Ge (JUN45) 1762.1 678.3 1156.2 1509.4
76Ge [43]a, [32]b 1831a 625a 587b 515b
82Se (JUN45) 1628.0 612.8 1062.5 1393.5
82Se [43]a, [32]b 1667a 583a 574b 504b

The indices a and b are used to indicate different calculations performed by
the Tubingen group.

where ⟨𝐸⟩ is the energy used in the closure approximation
and represents the average excitation energy of the states
in the intermediate odd-odd nucleus that contribute to the
decay. The ℎ

𝛼
factors have in this case the following expres-

sions [3, 14]:
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For computing the radial matrix elements ⟨𝑛𝑙|𝐻
𝛼
|𝑛

𝑙

⟩,

we use the harmonic oscillator wave functions 𝜓
𝑛𝑙
(𝑙𝑟) and

𝜓
𝑛

𝑙
(𝑟) corrected by a factor [1 + 𝑓(𝑟)], which takes into

account the SRCs induced by the nuclear interaction:

𝜓
𝑛𝑙
(𝑟) → [1 + 𝑓 (𝑟)] 𝜓

𝑛𝑙
(𝑟) . (20)

For the correlation function, we take the functional form

𝑓 (𝑟) = −𝑐 ⋅ 𝑒
−𝑎𝑟
2

(1 − 𝑏𝑟
2
) , (21)

where 𝑎, 𝑏, and 𝑐 are constants which have particular values
in different parameterizations. In this work, we consider the
Miller-Spencer (MS) [44], AV18 [45], and CD-Bonn [46, 47]
parameterizations.

Table 3: 0]𝛽𝛽NMEs values for SUSY2mechanism and comparison
to other results in the literature.

𝑀
0] No SRC Jastrow AV-18 CD-BONN

48Ca (GXPF1A) 65.1 46.4 65.0 70.0
48Ca (KB3G) 72.9 51.8 72.9 78.6
48Ca [34] 81.8 86.7
76Ge (JUN45) 281.7 233.4 283.5 296.8
76Ge [32] 594 612
82Se (JUN45) 253.6 208.6 255.7 268.1
82Se [32] 578 595

3. Numerical Results and Discussions

We calculate first the NMEs for the three nuclei, that is, 48Ca,
76Ge, and 82Se, and the three mechanisms mentioned above,
using the code described in detail in [35, 36]. For 48Ca, we
performed calculations with two different NN interactions,
GXPF1A [51] and KB3G [52] interactions, while for the other
two isotopes we used the JUN45 [53] NN interaction. In
the case of 48Ca, our model space includes the whole fp
shell 𝑓

7/2
, 𝑝
3/2

, 𝑓
5/2

, and 𝑝
1/2

, while, for 76Ge and 82Se, the
model space is jj44, including the following orbitals 𝑓

5/2
,

𝑝
3/2

, 𝑝
1/2

, and 𝑔
9/2

. For the nuclear parameters involved in
calculations, we used the values mentioned in the previous
section and, for the nuclear radius, 𝑅 = 𝑟

0
𝐴
1/3, we used

𝑟
0

= 1.2𝑓𝑚. The results are presented in Tables 1, 2, and
3. One can see that there are significant differences between
the results when using different NN interactions and different
SRCparameterizations. Indeed, especially for the short-range
exchange mechanisms, as the heavy neutrino and gluino
(SUSY1) ones, one expects the results to be sensitive to the
NN interaction and to the type of SRC parameterizations.
The uncertainties in the NME calculated values due to the
use of different NN interactions are in the range of (10–
16)%. The uncertainties due to the use of different SRC
parameterizations are larger; sometimes differences between
results are larger than 100%, especially when comparing the
NME values obtained with MS [44] parameterizations with
those obtained with softer parameterizations, such as AV18
[45] and CD-Bonn [46, 47]. Further, we compare our results
with other similar ones found in literature. To the best of
our knowledge, explicit values of NMEs calculated with large
scale ShM approaches are reported only in [34] and for one
nucleus, 48Ca. Our results agree within ∼10% with those
from [34], for all three mechanisms. At this point, it is worth
mentioning that the GT and tensor contributions in (5) must
have a relative opposite sign, such that the adding of the
tensor contribution decreases the𝑀0] total value. Hence, one
has to pay attention when applying formula (5) because the
GT and tensor contributions can come out from numerical
calculations with opposite signs. In this respect, we suspect
that our NME values agree even better with those from
[34]. For the other two isotopes, that is, 76Ge and 82Se, we
compare our (ShM) results with QRPA [31, 32, 43] and IBM-2
[28] results. For the heavy neutrino and SUSY2 mechanisms,
the differences between our NME values and NME values
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Table 4: Upper limits for Majorana neutrino mass parameters together with the other components of the 0]𝛽𝛽 decay halftimes: the
experimental lifetimes lower limits, the phase space factors, and the nuclear matrix elements.

𝑇
0]
exp [yr] 𝐺

0] [yr−1] 𝑀
0]
𝑁

𝑀
0]
𝜆
 𝑀

0]
𝑞

⟨𝜂
𝑁
⟩ ⟨𝜂

𝜆
⟩ ⟨𝜂

𝑞
⟩

48Ca∗ 5.8 ⋅ 10
22 [48] 2.46𝐸 − 14 70.3 548.2 70 2.42 ⋅ 10

−7
3.10 ⋅ 10

−8
2.42 ⋅ 10

−7

48Ca† 5.8 ⋅ 10
22 [48] 2.46𝐸 − 14 82.8 641.7 78.6 2.05 ⋅ 10

−7
2.64 ⋅ 10

−8
2.16 ⋅ 10

−7

76Ge 2.1 ⋅ 10
25 [49] 2.37𝐸 − 15 199.2 1509.4 296.8 0.14 ⋅ 10

−7
0.19 ⋅ 10

−8
0.10 ⋅ 10

−7

82Se 3.6 ⋅ 10
23 [50] 1.01𝐸 − 14 184.5 1393.5 268.1 0.58 ⋅ 10

−7
0.76 ⋅ 10

−8
0.40 ⋅ 10

−7

∗Denotes GXPF1A [51] effective interaction and †KB3G [52] effective interaction.

calculatedwithQRPAand IBM-2methods are significant, but
they are similar (in magnitude) to those encountered usually
in the case of light neutrino exchange mechanism. For the
SUSY1 mechanism, our results compare differently with the
QRPA results reported by Tuebingen group in [32, 43], the
only ones found in literature. We note that the agreement is
good when comparing with the results of [43], where the MS
parameterizations of the SRCs are employed, and it is bad
when comparing with those of [32], where AV18 and CD-
Bonn parameterizations for SRCs are used. As a conclusion,
it turns out that more results for the NMEs associated
with heavy neutrino and SUSYmechanisms, performed with
different methods and including more nuclei, are needed for
a relevant analysis of their validity.

In Table 4, we present new upper limits for the LNV
parameters associated with the studied 0]𝛽𝛽 decay mecha-
nisms, in the hypothesis of a single dominance mechanism.
The PSFs values are taken from [37] andwemention that they
are very close to PSF values reported in [38, 39]. The PSFs
have been calculated since long time [40, 41] but they were
less discussed, being considered to be computed with enough
precision. Recently, they were recalculated with improved
approaches, by using exact electron Dirac wave functions,
taking into account the finite nuclear size and electron
screening effects [38] and, in addition, a realistic Coulomb
potential [39, 42], and differences/discrepancies were found
in several cases between the old and the recent PSF values. For
the three isotopes considered in this work, the newPSF values
differ from older calculations (e.g., from those reported in
[41, 54–56]) up to 10%, justifying hence their use in a precise
derivation of LNV parameters. The uncertainties in NME
values reflect on the precision of derivation the LNV param-
eters. According to the consensus agreed upon in literature
that softer SRC parameterizations are indicated, we adopt the
NME values calculated with the CD-Bonn parameterization
and derive the LNV parameters for the three nuclei and the
three mechanisms considered. These results are presented in
Table 4. For derivation, we used themost recent results for the
experimental lifetimes, reported in references indicated in
parenthesis. For 48Ca, our limits for the LNV parameters are
close to those reported in [34], while for the other two nuclei
they differ from other results from literature [28, 32, 34, 43],
derived with NMEs values calculated with QRPA and
IBM-2 methods. As we already mentioned, information on
LNV parameters for the heavy neutrino mechanism can be
now extracted, as well, from the data analysis of the same
sign dilepton channels at the LHC experiments. Thus, we
expect that complementary information from both low- and

high-energy experiments could be used in the future for
better constraining of the LNV parameters.

4. Conclusions

We report new constraints for the heavy neutrino and SUSY
parameters derived from an analysis of 0]𝛽𝛽 decay of three
experimentally interesting nuclei, 48Ca, 76Ge, and 82Se. To
the best of our knowledge, for the last two isotopes, no other
large scale ShM results for these mechanisms are available
so far. For deduction of these parameters, precise values of
the NMEs and PSFs which enter the lifetime formulae are
needed, as well as accurate experimentalmeasurements of the
lifetimes. The NME calculations are performed with a recent
ShM code described widely in [35, 36]. The PSFs are taken
from our most recent calculations reported in [37]. For SUSY
mechanisms, we discuss two mechanisms associated with
possible R-parity breaking in SUSY theories, a short-range
one with exchange of heavy Majorana neutrino and scalar
SUSY particles (gluinos and squarks and/or neutralinos
and selectrons) and a long-range one involving exchange of
both heavy squarks and light Majorana neutrinos—“squark-
neutrino” mechanism. First, we calculated the NMEs using
different nuclear ingredients. For 48Ca, we use two different
NN interactions, GXPF1A and KB3G, and found differences
between the results within 10%. Also, we performed the
calculations using three different parameterizations for the
SRCs and found a significant dependence of the results on
the way the SRCs are introduced in calculations. Further,
we compare our (ShM) results with similar results from
literature. For 48Ca, our results are in good agreement with
the results from [34], for all three mechanisms. For the other
two isotopes, 76Ge and 82Se, we compare our (ShM) NMEs
with those computed by QRPA [31, 32, 43] and IBM-2 [28]
methods. For the heavy neutrino and SUSY2 mechanisms,
the differences between our results and the results from those
references are significant but similar (up to a factor of two)
to those encountered usually in literature in the case of light
neutrino exchange mechanism. For the SUSY1 mechanism,
our results compare differently with QRPA results, reported
by Tuebingen group. There is a good agreement with the
results from [43], when the MS SRC parameterization is
employed, but the agreement is bad when comparing with
the values from [32], when softer SRC parameterizations are
employed. As a conclusion, it turns out that more results for
the NMEs associated with these 0]𝛽𝛽 decay mechanisms,
alternative to the light neutrino exchange one, performed
with different nuclear methods and including more nuclei,
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are needed for a relevant analysis of their validity. Then,
we derived upper limits of the LNV parameters associated
with the three mechanisms, in the hypothesis of one single
dominance mechanism, using NMEs values computed with
CD-Bonn parameterization. Finally, it is worth noting that
information on LNV parameters can now be provided by
LHC experiments at CERN from the analysis of the same sign
dilepton channels.Thus, there is now the possibility to gather
complementary information fromboth low- and high-energy
experiments and use it to better constrain LNV parameters.
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For over fifty years, reactor experiments have played an important role in neutrino physics, in both discoveries and precision
measurements. One of the methods to verify the existence of neutrino is the observation of neutrino oscillation phenomena.
Electron antineutrinos emitted from a reactor provide the measurement of the small mixing angle 𝜃

13
, providing rich programs of

neutrino properties, detector development, nuclear monitoring, and application. Using reactor neutrinos, future reactor neutrino
experiments, more precise measurements of 𝜃

12
, Δ𝑚2
12
, andmass hierarchy will be explored.The precise measurement of 𝜃

13
would

be crucial for measuring the CP violation parameters at accelerators. Therefore, reactor neutrino physics will assist in the complete
understanding of the fundamental nature and implications of neutrino masses and mixing. In this paper, we investigated several
characteristics of RENO-50, which is a future medium-baseline reactor neutrino oscillation experiment, by using the GloBES
simulation package.

1. Introduction

Over the last decade, great progress has been made in
understanding the neutrino sector of elementary particle
physics. The discovery of neutrino oscillations is a direct
indication of physics beyond the standard model. It provides
a unique new window to explore physics at the Grand
Unification Energy scale. While the absolute neutrino mass
has not yet been measured, neutrino oscillation implies that
neutrinos have a nonzero mass and are mixed together.
Neutrino oscillations are described by the three Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) mixing angles (𝜃

12
, 𝜃
23
, and

𝜃
13
), one CP violating phase, and two independent mass

squared differences (Δ𝑚2
31
, Δ𝑚2
21
) [1, 2]. The mixing angles,

(𝜃
12
, 𝜃
23
, and 𝜃

13
), have been measured using atmospheric,

solar, accelerator beam, and reactor neutrino experiments.
Among the mixing angles, (𝜃

12
, 𝜃
23
), the values are relatively

well measured. 𝜃
12

was measured using solar neutrinos and
the KamLAND experiment [3, 4], while 𝜃

23
was measured

using atmospheric neutrinos and the long baseline accel-
erator K2K experiment [5, 6]. However, for the 𝜃

13
value,

until the year 2012, the best upper limit was set by the

Chooz reactor antineutrino disappearance experiment [7].
The reactor experiments (Double Chooz, Daya Bay, and
RENO) have measured 𝜃

13
and provide accurate information

on sin22𝜃
13
[8–10]. In addition, reactor neutrino experiments

make accurate measurements of reactor neutrino fluxes and
spectra to search for sterile neutrinos [11–13]. Also, future
accelerator based neutrino experiments will provide a rich
program of measuring CP violation and matter effects.
However, in the long baseline experiments, degeneracies and
parameter correlations occur among 𝜃

13
, the CP violation

phase (𝛿CP), neutrino mass hierarchy, and 𝜃
23
. The possibility

of measuring the CP violation effect can be fulfilled only if
the value of 𝜃

13
is precisely measured. Combining the results

from the accelerator and reactor-based experiments could
offer the first glimpse of 𝛿CP without the necessity for long
running accelerators with antineutrino beams [14].

After the RENO experiment, RENO collaboration plans
to construct an underground detector of RENO-50 consist-
ing of 18,000 tons of ultralow-radioactivity unloaded liquid
scintillator (LS) and high quantum efficiency (QE) photo-
multiplier tubes (PMTs). At ∼50 km from the reactor center,
the neutrino oscillation takes place maximally due to 𝜃

12
. An
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Figure 1: Schematics of GLoBES package, which mainly consists of two parts: AEDL and user interface C-library.

experiment with the baseline of ∼50 km could be a natural
extension of the current RENO 𝜃

13
experiment.

For this study, we used the general long baseline experi-
ment simulator (GLoBES) [15]. Developed by Patrick Huber,
Joachim Kopp, Manfred Lindner, Mark Rolinec, and Walter
Winter, GLoBES is a computer-based simulator used for
long baseline neutrino oscillation by setting a neutrino
source, baseline, and detector. GLoBES is the only open
source software and is based on the C-library language. As
shown in Figure 1, GLoBES consists of two parts. Firstly,
abstract experiment definition language (AEDL) provides the
experimental setup for neutrino sources. Secondly, the C-
library corresponds to the detector for processing to provide
oscillation probabilities, rate vectors, and 𝜒2-values.

2. Results from RENO

2.1. Experimental Setup. The Reactor Experiment for Neu-
trino Oscillation (RENO) is a reactor-based neutrino oscil-
lation experiment to measure the smallest neutrino mixing
angle (𝜃

13
) using electron antineutrinos emitted from the

Hanbit (previously named Yonggwang) nuclear power plant
in Korea. It is located on the west coast of the southern
part of Korea, about 300 km from Seoul. The power plant
consists of six pressurized water reactors producing a total
thermal power of 16.4GWth. The six reactors, each with a
maximum thermal output of 2.8 GWth (reactors 3, 4, 5, and
6) or 2.9GWth (reactors 1 and 2), are aligned roughly equal
distances and span ∼1.3 km. The RENO uses two identical
near and far detectors to reduce systematic uncertainties.The
near and far detectors are placed approximately 290m and
1.4 km away, respectively, from the center of the reactor array.
The near detector (ND) is located under a 70m high hill with
an overburden of∼110m.w.e. (meterwater equivalent) and the
far detector (FD) is placed under a 260mhighmountainwith
an overburden of ∼450m.w.e. [10, 16].

2.2. Result on 𝜃13 Measurement. Data-taking began at RENO
in August, 2011. A clear disappearance of reactor antineu-
trinos is observed. At RENO, the value of sin22𝜃

13
with

two identical detectors has been successfully measured.
The measured value using rate-only analysis is sin22𝜃

13
=

0.100 ± 0.010 (stat.) ± 0.015 (sys.), corresponding to 6.3𝜎
significance for 403 days data [10].Therefore, the current size
of the total error is ±0.018 [10]. Based on the next three years
of projected data-taking, the statistical error will be ±0.006
and the systematic error will reach ±0.005. Therefore, RENO
will reach sin22𝜃

13
at an 8% precision level.

In current RENO environment, there are mainly three
types of backgrounds which mimic IBD signals: accidental,
fast neutron and the 9Li/8He backgrounds. The accidental
backgrounds are caused by external gammas such as radioac-
tivity fromdetector and environment.The estimated acciden-
tal background rate is 3.61 ± 0.05 (0.60 ± 0.03) events/day
for the ND (FD) [10]. In addition, when atmospheric muons
pass through rocks surrounding detector, fast neutrons are
produced and the estimated fast neutron background rate
is 3.14 ± 0.09 (0.68 ± 0.04) events/day for the ND (FD)
[10]. Furthermore, when an energetic muon interacts with
12C in liquid scintillator, unstable isotopes such as 9Li and
8He emitting (𝛽, n) followers are produced and mimic IBD
signals. Currently, the 9Li/8He background uncertainty is
the largest contribution to the uncorrelated systematic error
in the current results and its value is 13.73 ± 2.13 (3.61 ±
0.60) events/day for the ND (FD) [10]. By combining these
three backgrounds, the total background rate is estimated as
20.48 ± 2.13 (4.89 ± 0.60) events/day for the ND (FD). After
subtracting backgrounds, currently daily observed IBD rates
are 737.69 ± 2.57 (70.13 ± 0.74) events/day in the ND (FD),
respectively [10]. Therefore the level of signal/noise (S/N)
ratio is ∼37 (15) for the ND (FD). The ratio of observed to
expected numbers (without oscillation) of antineutrinos in
the FD is 0.929 ± 0.006 (stat.) ± 0.009 (syst.). A clear ∼7% of
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disappearance of the reactor antineutrinos in the FD is seen
[10]. Further reductions of these backgrounds will continue
at RENO by requiring a tighter muon veto cut. Furthermore,
a spectral shape analysis will maximize the use of energy-
dependent information in the data.

3. Physics Reach and Sensitivity of RENO-50

A relatively large value of 𝜃
13

allows us to explore mass
hierarchy (MH) and neutrino CP violation effects (𝛿CP) from
the reactor, accelerator, atmospheric, and very long baseline
neutrino experiments.The reactor experiment can determine
the neutrino mass hierarchy. Identifying the neutrino mass
hierarchy is possible by using a precision measurement of
the electron antineutrino survival probability from a nuclear
reactor. The survival probability 𝑃(]

𝑒
→ ]
𝑒
) of the ]

𝑒
disap-

pearance probability can be written as follows:

1 − 𝑃 (]
𝑒
→ ]
𝑒
)

= 4∑

𝑗>𝑘


𝑈
𝑒𝑗



2𝑈𝑒𝑘


2 sin(
Δ𝑚
2

𝑗𝑘
𝐿

4𝐸
)

= sin2 (2𝜃
13
) sin2 (

Δ𝑚
2

31
𝐿

4𝐸
)

+ cos4𝜃
13
sin2 (2𝜃

12
) sin2 (

Δ𝑚
2

21
𝐿

4𝐸
)

+ sin2𝜃
12
sin2 (2𝜃

13
) cos(

Δ𝑚
2

31
𝐿

2𝐸
) sin2 (
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2

21
𝐿

4𝐸
)

±
1

2
sin2𝜃
12
sin2 (2𝜃

13
) sin(

Δ𝑚
2

31
𝐿

2𝐸
) sin2 (

Δ𝑚
2

21
𝐿

2𝐸
) .

(1)

Here, ± is the mass hierarchy difference. The oscillations
are governed by two quadratic mass splittings: Δ𝑚2

21
and

Δ𝑚
2

31
. Figure 2 shows the ]

𝑒
disappearance probability as

a function of 𝐿 with the current best values of Δ𝑚2 and
sin22𝜃

12
and sin22𝜃

13
at the upper bound. At smaller 𝐿, only

the 𝜃
13

contribution appears. As the distance increases, the
𝜃
12
contribution will appear. A large 𝜃

12
neutrino oscillation

effect appears at ∼50 km. In the KamLAND experiment, a
40% disappearance of ]

𝑒
was observed at the baseline of

180 km [17]. Figure 3 shows the reactor neutrino spectrum at
∼50 km for normal hierarchy (NH) and inverted hierarchy
(IH). From the large deficit of sin22𝜃

12
, 𝜃
12

can be precisely
measured.

In order to distinguish between normal and invertedmass
hierarchy, an extremely good energy resolution of more than
3% is required, as shown in Figure 4. Energy resolution can
be expressed as follows:

𝜎
𝐸

𝐸
=

𝑎

√𝐸

+ 𝑏. (2)

Term 𝑎 depends on energy resolution. For better energy
resolution, we need to increase the number of photoelectrons,
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Figure 2: Survival probability of ]
𝑒
as a function of distance (𝐿).

Normal hierarchy (NH) and inverted hierarchy (IH) drawn. RENO-
50 is located at ∼50 km from the reactor center. The KamLAND
experiment is ∼180 km away from the reactors.
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Figure 3: Reactor neutrino spectrum at 50 km for normal hierarchy
(NH) and inverted hierarchy (IH). Due to oscillation, deficit of
neutrinos will be observed.

𝑁pe. Term 𝑏 is an energy independent term caused by
random processes and is related to PMT noise, thermal
noise and electronic noise, and so forth. Currently, the
KamLAND energy resolution is at a ∼6% level. In order
to achieve 3% energy resolution, RENO-50 will use high
transparency liquid scintillator (LS) which will be used
at RENO-50 linear alkyl benzene (LAB, C

𝑛
H
2𝑛+1

–C
6
H
5
),

where 𝑛 = 10∼13 is a base candidate solvent for LS [18–21].
Through the careful purification and production process of
the base solvent, the attenuation lengthwill be increased from
15m to 25m. Most dirty material used in the LS is PPO
(C
15
H
11
NO, 2,5-diphenyloxazole), which is a fluor used to
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Figure 4: Survival probability with different energy resolutions.
Solid line refers to NH and dashed line refers to IH. Energy
resolution affects the sensitivity significantly.

produce light emission. By using better quality PPO with no
impurities, LS quality will be enhanced. Using 15,000 20-inch
PMTs will provide large photocathode coverage from 34%
to 67%; Hamamatsu 20-inch PMTs will be used, which have
an enhanced quantum efficiency (QE) from 20% to 35%. By
addingmore PPO5 g/L from 1.5 g/L, 1.5 timesmore light yield
(LY) in the liquid scintillator can be obtained.

4. Experimental Site and
Detector for RENO-50

Korea has 4 nuclear reactor power plant sites (Ulchin,
Wolsung, Kori, and Yonggwang). RENO-50 is dedicated
to the Yonggwang nuclear power plant. The contribution
from other nuclear power plants can be negligible. In
RENO-50, RENO will be used as a near detector, so that
precise reactor neutrino fluxes can be measured. In the
KamLAND case, this site is surrounded by 53 Japanese
commercial nuclear power plants.Therefore, all of the nuclear
reactors are served as a source. A careful survey of the
candidate site for RENO-50 has been performed. Several
conditions for the selection of the site are required. This
should provide a sufficient overburden to reduce cosmic
backgrounds. Furthermore, interference among reactor sites
and reactor cores significantly affects the sensitivity. The
direction of RENO-50 is decided to maximize this sen-
sitivity. A RENO-50 candidate site is shown in Figure 5.
An optimal candidate site is at the 450 meter high Mt.
Geumseong located in the city of Naju. This corresponds to
a ∼900m.w.e. overburden and it is located 47 km away from
the Yonggwang nuclear power plant.

The RENO-50 detector will use 18,000 tons of ultralow-
radioactive liquid scintillator (LS) as shown in Figure 6. The
diameter of the RENO-50 detector is 30m and the height is
30m and is 18 times larger than the KamLAND detector. It

Yonggwang

Kori

Wolsung

Ulchin

CNU

RENO-50

Figure 5: RENO-50 candidate site. The asterisk (∗) is a candidate
site for RENO-50. The direction to RENO-50 strongly affects the
sensitivity. Distribution of four reactors (Ulchin,Wolsung, Kori, and
Yonggwang) is considered.

consists of three layers: from the inner to the outer structure,
it is target, mineral oil (MO) layer, and the water veto
layer. A total of 15,000 20-inch high efficiency PMTs will be
installed and this will provide 67% surface coverage. Based
on these detector configurations, the number of neutrino
events for a year as a function of the baseline is shown in
Figure 7. Observed reactor neutrino rate is estimated as ∼15
events/day. Table 1 shows a comparison between RENO-50
and KamLAND.

5. Physics with RENO-50

5.1. Mass Hierarchy. In principle, the mass hierarchy (MH)
from precision measurements of |Δ𝑚2

31
| and |Δ𝑚2

32
| can be

determined using Δ𝑚2
31
= Δ𝑚

2

32
+ Δ𝑚

2

21
. For NH, |Δ𝑚2

31
| =

|Δ𝑚
2

32
| + |Δ𝑚

2

21
|. For IH, |Δ𝑚2

31
| = |Δ𝑚

2

32
| − |Δ𝑚

2

21
|.

Advantage of reactor neutrino experiments is to determine
MH independently from the CP phase and matter effects. In
addition, a relatively smaller size detector can be employed,
unlike the next generation megaton detectors. However, in
the RENO-50 case, the determination of MH is challenging,
as it requires an extremely high energy resolution of more
than 3%. By using an 18 kton detector, RENO-50 will acquire
∼3𝜎 significance with 3 years data-taking.

5.2. Precise Measurement of Mixing Parameter 𝜃
12
and Δ𝑚2

21
.

In RENO-50, the near and far detectors of RENO could be
used as near detectors and thus would reduce the relevant
systematic uncertainties significantly. For baselines longer
than 50 km, the reactor antineutrino oscillations due to Δ𝑚2

31

average out and the survival probability becomes

𝑃 = cos4𝜃
13
[1 − sin2 (2𝜃

12
) sin2 (

Δ𝑚
2

21
𝐿

4𝐸
)] . (3)
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Table 1: Comparison between RENO-50 and KamLAND.

Experiment Oscillation reduction Reactor flux Detector size Systematic error (flux) Error on sin22𝜃12
KamLAND 40% 53 1 kton 3% 5.4%
RENO-50 77% 6 × 14.7 18 kton ∼0.3% 0.4%

RENO-50 detector

Water
Mineral oil

1000 20 OD PMTs

15000 20 PMTs

LS (18kton )

3
7

m

3
2

m

3
0

m

30m

32m

37m

Figure 6: Conceptual design of RENO-50 detector. KamLAND
detector is ∼1 kton LS and RENO-50 18 kton LS. 15000 20-inch
PMTs will be used. RENO-50 is 18 times larger than the KamLAND
detector.

The oscillations due to 𝜃
12

and Δ𝑚
2

21
were observed in

the KamLAND experiment [3, 4]. Because the antineutrino
survival probability becomes minimal for sin2(Δ𝑚2

21
𝐿/4𝐸) ≈

1, the optimal baseline for measuring 𝜃
12
is about 50∼70 km.

Namely, 𝑃 ≈ 1 − sin22𝜃
12

is very sensitive to the value of
𝜃
12
. The RENO-50 detector is expected to improve the error

of the 𝜃
12

value. The current value of (𝛿sin2𝜃
12
)/(sin2𝜃

12
) is

at a ∼5.4% level [3, 4]. RENO-50 will improve this value to
∼1.0% (1𝜎) in 1 year. Furthermore, (𝛿Δ𝑚2

12
)/(Δ𝑚

2

12
) will be

improved from the current value of 2.6% to ∼1.0% (1𝜎) in
2 years. Figure 8 shows the 𝜒2 distribution as a function of
sin22𝜃

12
.

The sensitivity of the experiment to sin22𝜃
12
is calculated

using the pull approach through pseudoexperiment [16].The
𝜒
2 function is written as follows:
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Figure 7: Number of neutrino event for a year with oscillation
(rectangular) or without oscillation (circle) as a function of baseline
from Yonggwang nuclear site.
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𝜒
2 consists of pull terms with observed neutrino events

(𝑁𝑖obs), expected events (𝑁
𝑖

exp), background (𝐵
𝑖), and system-

atic uncertainties for neutrino energy bin 𝑖. Here, 𝑎 is global
normalization and 2.5% (𝜎

𝑎
) uncertainty is used. 𝜉𝑖,𝑓

𝑟
, and

𝑏
𝑑
are pull parameters. For calculation, detection uncertainty

1.5% (𝜎
𝜉
), reactor uncertainty 3% (𝜎

𝑓
), and background

uncertainty 5% (𝜎
𝑏
) are used.

5.3. Neutrino Burst froma Supernova. TheRENO-50 detector
filled with highly purified LS will be sensitive to a burst of
neutrinos of all flavors from a Galactic supernova in the
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energy range of a few to tens of MeV. The time scale of
the burst is tens of seconds. We assume that the energy
of 3.0×1053 erg is released during the burst.The background
in the RENO-50 detector in a 10-second period is low
enough for an observation of the neutrino signals from the
supernova burst. The RENO-50 detector contains 1.35 × 1033
free protons, 0.81 × 1033 carbons, and 6.21 × 1033 electrons.
The RENO-50 detector would observe ∼4000 events from a
supernova at 8 kpc [22, 23]. RENO-50 will serve as a long-
term astronomical neutrino telescope over 10 years after
RENO has recorded data for the 𝜃

13
measurement.

5.4. Solar Neutrinos. With an ultralow activity liquid scin-
tillator such as the Borexino level, RENO-50 will search for
the matter effect on neutrino oscillation [24]. Therefore, the
center of the sun can be probed. Furthermore, the standard
solar model would be examined and tested.

5.5. Geoneutrinos. Geoneutrinos are electron antineutrinos
produced by 𝛽-decays of 238U, 232Th, and 40 K decay in
the earth’s crust and mantle. They provide the surface
information on the content of radioactive elements for the
entire planet.Their detection can provide information on the
sources of the terrestrial heat flow on the present composition
and on the origins of the earth.Therefore, the heat generation
mechanism inside the earth can be investigated. KamLAND
first measured geoneutrinos in 2005 and its value was 40.0 ±
10.5 (stat.) ± 11.5 (sys.) terrestrial neutrino units (TNU)
[25]. In addition, the Borexino detectors are currently collect-
ing geoneutrino data and have reported that the signal rate is
64 ± 25 (stat.) ± 2 (sys.) TNU, after correcting for detection
efficiency and the background subtraction [26]. Furthermore,
several proposed experiments (e.g., SNO+, Lena, Hanohano,
and Earth) will measure geoneutrinos as their primary goals
[27–29]. For geoneutrino detection, all experiments use the
inverse beta decay (IBD, ]

𝑒
+p → e++n) process.The thresh-

old energy of IBD is 1.8MeV.Themeasured shape of neutrino
spectrum will be essential for determining the observation of
geoneutrinos and their radioactive progenitors. The RENO-
50 detector is large enough for the sensitive geoneutrino
measurement and is able to observethem.

5.6. ReactorNeutrino Physics. Currently, RENOobserves∼70
reactor neutrino events per day at the near detector and ∼700
events at the far detector.The RENO and RENO-50 detectors
will detect an order of 1million neutrino events per year.They
will measure the flux and energy distribution of the reactor
neutrinos with a greater accuracy than previously. This
information would then lead to a meaningful comparison
of thermal power and reactor fuel loading between mea-
surements and calculations. Such comparison will allow us
to measure real-time and direct reactor thermal power with
the RENO and RENO-50 detectors. In addition, a precise
determination of the reactor neutrino spectrum might be
useful for reducing the flux uncertainty [11–13]. Therefore,
the reactor neutrinos could be used as an application for the
direct monitoring of nuclear fuels and fuel evolution without
the need to stop running the nuclear plant.

5.7. Other Physics Topics. Neutrino beams produced from
J-PARC (Japan Proton Accelerator Research Complex) in
Japan are airborne and appear on Korean peninsula, which
is ∼1000 km away from J-PARC. J-PARC beams with an
off-axis angle (∼3∘) can reach the RENO-50 detector at the
level of ∼400 per year. Furthermore, RENO-50 will test
nonstandard physics such as sterile neutrino physics. The
discovery of sterile neutrinos would have a revolutionary
impact on neutrino physics [30–34]. While recent neutrino
oscillation results are understood in the framework of 3
active neutrino mixings, they do not completely exclude the
admixture of sterile neutrinos [35, 36]. The liquid scintillator
neutrino detector (LSND) collaboration implied that gave
sterile neutrinos comes from the unconfirmed observation
on ]
𝜇
→ ]
𝑠
[37–39]. Mixing with sterile neutrinos based

on the LSND signal predicts that the disappearance of the
reactor neutrinos with Δ𝑚2 ∼eV2 is very close to the current
upper bound from the Bugey experiment [40]. Meanwhile, a
scalar field of acceleron associated with the dark energy of the
universe implies mass varying neutrinos. Possible couplings
of acceleron to matter fields could introduce a very different
feature of neutrino oscillation parameters. The mass varying
neutrinos could also produce a possible effect in RENO-50.
Combined data from the reactor and accelerator neutrino
experiments with different path lengths in air and matter will
give meaningful information on the mass-varying neutrinos.

6. Summary of RENO-50 and Outlook

A surprisingly large value of 𝜃
13

will strongly promote the
next round of neutrino experiments to find the CP phase and
determine the mass hierarchy. The main goals of RENO-50
are to measure the most accurate (1%) value of 𝜃

12
and to

attempt to determine the neutrino mass hierarchy. RENO-
50 is expected to detect neutrinos from nuclear reactors, the
Sun, Supernova, the Earth, any possible stellar objects, and
J-PARC neutrino beam. It could act as a neutrino telescope.

RENO-50 is a long-term operational and multipur-
pose detector. A candidate site has been found at the
450 meter high Mt. Geumseong, 47 km from the Hanbit
nuclear power plant. RENO-50 requires an inclined tunnel to
obtain a deeper location. It will use 18,000 tons of ultralow-
radioactivity unloaded liquid scintillator and 15,000 20-
inch high quantum efficiency PMTs with a 67% surface
coverage. The current RENO detectors can serve as near
detectors. The sensitivities are studied to determine the MH.
DeterminingMH is very challenging, but not impossiblewith
very good energy resolution of more than a 3% level. In
addition, neutrino oscillation parameters, 𝜃

12
and Δ𝑚2

12
, will

be precisely measured at less than a 0.5% level, which can
constrain new physics. In summary, the RENO-50 reactor
experiment with the medium baseline of ∼50 km is expected
to perform high-precision measurements of 𝜃

12
, Δ𝑚2
21
, and

Δ𝑚
2

31
and to determine the mass hierarchy. It will provide

nuclear fuel monitoring with reactor neutrinos. Reactor
experiments have played and will play an important role
in both new discoveries and precision measurements in
the neutrino sector. Therefore, a complete understanding of
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neutrino oscillation will provide an opportunity to explore
new physics.
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