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In this paper, the Darcy–Forchheimer laminar thin film flow with MHD and heat transfer on an unsteady horizontal stretched
surface is investigated.+e impact of thermal radiation and viscous dissipation is also considered for thin film flow.+e analysis of
heat source with thermal radiation in a boundary layer flow can play a great role in manufacturing engineering procedures such as
the production of electric power, solar energy modernization, and astrophysical flow. By using similarity transformation, the
system of PDEs is converted to ODEs. +en HAM is applied for the solution of the problem. Moreover, the velocity and
temperature profile for various embedded variables are discussed through graphs while the numerical solution of concerned
physical quantities such as skin friction and Nusselt number are discussed through tables. +e analysis shows that velocity profile
is reducing function ofM, K1, S, and F1.+e temperature profile is an increasing function S and Ec while a reducing function of Pr
and R. +e overall behavior of the proposed system is highlighted analytically.

1. Introduction

Heat source, fluid flow within liquid film due to an unsteady
stretching sheet, plays a very crucial role in many utilization
engineering processes and technologies; for example,
polymer extrusion, continuous casting, manufacturing
plastic film, tinning of copper wires, crystal growth, a
polymer sheet, artificial fiber, and wire and fiber coating. In
addition to these, many production processes involve heat
transmission in various forms such as cooling of a machine
tool, pasteurization of food, heat treatment of a part in
industrial furnaces, or the temperature control for initiating
a chemical reaction. Heat transfer is accomplished in most of
these applications using heat transfer instruments such as
heat swaps, desiccation, condensers, boilers, and heat sinks.
Mathematics plays an important role in different areas of
research and has effective outcomes [1–4]. +e importance

of mathematical tools in the investigation of fluid flow
cannot be ignored. Mathematical tools help the researchers
to visualize the dynamical behavior of a system and to
conceptualize the importance of the input factors of a
system. Numerous researchers workout to understand the
flow of fluid with different assumptions and in different
circumstances. +e nanofluid flow over a stretching surface
has been originally considered byWang [5]; they also reduce
unstable Navier–Stokes equations using similarity trans-
formation in nonlinear ODEs, which are then calculated by
multiple shooting methods. +e solutions based on the
analysis of a liquid thin film are obtained by Wang [6], who
also validated the correctness of the homotopy analysis
technique. Sufian et al [7] study the impact of heat source
and fluid flow over a stretch cylinder as a function of time.
Zhang et al. [8] demonstrated mass diffusion and solutal
Marangoni impact on heat transmission and fluid flow in a
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film toward a stretched sheet. Kalyani et al. [9] investigated
the effects of Lorentz force, heat generation, and mass
transfer of a Casson incompressible fluid flowing on a
surface. +ey also discussed the impact of thermal radiation
on the mass and heat transfer property of flow in a Casson
liquid film [10]. +e unstable mixed convection flow of the
stretch sheet is considered by Devi et al. [11]. Jhankal et al.
[12] studied heat source, the forced convective flow of an
incompressible fluid past plate inserted in a Dar-
cy–Forchheimer porous medium of the two-dimensional
boundary layer MHD flow. +e effects of thermal radiation
in an upper-convective Maxwell thin film, unsteady
stretched sheet inserted in a porous medium are concep-
tualized by Waheed [13]. Ahmad et al. [14] illustrated a
solution for the heat source, MHD flow toward an expo-
nentially stretched surface in the absence of radiation im-
pacts and Darcy’s resistance. On the basis of boundary layer
hypothesis and similarity transformation, Sparrow and
Gregg [15] were the first to examine the Laminar-film
condensing difficulty on a vertical plate. Dandapat and Ray
explored the flow of a thin boundary layer across a spinning
horizontal disc [16, 17]. Nath and Kumari [18] investigated
the time-dependent MHD problem of a fluid dispersed by a
spinning incompressible disc. Magnetohydrodynamic and
heat flow toward a stretch sheet has been studied by Mohd
Nasir et al. [19] in which we consider both the stretching
and shrinking cases. Zaidi et al. [20] studied the impacts of
thermal radiation, heat creation, and induced magnetic
field on hydromagnetic free convection flow of pair stress
fluid in an isoflux-isothermal vertical channel. Kishore
et al. [21] studied the influence of thermal radiation and
viscous dissipation on MHD mass, heat transfer flow past
an oscillating vertical plate inserted in a porous medium
with unknown surface situations. Elbashbeshy et al. [22]
studied the influence of thermal radiation and heat
transmission on an unstable extended sheet inserted in a
porous medium in the existence of a heat sink. +ermal
radioactivity and heat transfer of Sisko fluid on an uneven
stretched sheet with a constant magnetic field were in-
vestigated by Khan et al. [23]. +e authors of [24] discussed
mass transfer and unstable boundary layer MHD flow of a
UCM fluid in the absence of higher-level chemical reaction.
+e authors of [25] considered heat transfer, MHD flow in
a liquid film over an unsteady stretched sheet. Numerical
solution of MHD boundary layer flow of a nanofluid over a
moving sheet in the absence of thermal radiation has been
carried out by Shateyi and Prakash [26]. +e MHD laminar
boundary layer flow with heat and mass transport of an
electrically conducting water-based nanofluid across a
nonlinear stretching sheet with viscous dissipation is
studied by Mabood and Khan in [27]. It has been noticed
that further investigation is needed to conceptualize the
impact of heat transfer, thermal radiation in a fluid film of

an unsteady stretching surface inserted in a porous me-
dium in the absence of viscous dissipation and magnetic
field impact. +erefore, in the current work, we opt to
investigate the impact of heat transfer, thermal radiation in
a fluid film of an unsteady stretching surface inserted in a
porous medium in the absence of viscous dissipation and
magnetic field impact.

+e aim of the present work is to study Dar-
cy–Forchheimer’s laminar thin film flow on an unsteady
horizontal stretched surface. +e laminar thin-film flow is
investigated with the impact ofMHD, thermal radiation, and
viscous dissipation. +e HAM is used to obtain analytic
approximations for the solution of nonlinear ODEs. +e
comparison of HAM and numerical solutions are displayed.
+e results have been illustrated in graphical or tabular
forms followed by a brief discussion and physical
interpretations.

2. Mathematical Expressions of the Problem

2.1. Basic Equations and Boundary Constraints. Assume a
thin liquid film extending on a stretched surface with a laminar
unsteady flow which arises from a narrow slit where x-coor-
dinates are parallel to the slit and y-coordinates are perpen-
dicular to the sheet as exhibited in Figure 1. Along x-axis, the
stretching sheet is stretched by two equal and opposite forces.
Further, the latent heat effect is neglected due to evaporation by
assuming the liquid to be nonvolatile. Moreover, due to a
relatively thin film, the buoyancy force is also neglected.

+e continuous sheet velocity is given by
U(x, t) � cx/(1 − ct) [25], where c and c are constants
having per-time dimension. +e term cx2/(]1 − ct) is lo-
calized Reynolds number on the sheet velocity U, and the
stretched rate c/(1 − ct) reduces with time as 0≤ c< 1. +e
nomenclature of this research work has been presented.

+e stretched sheet’s surface temperature Ts is deter-
mined as [25]

Ts(x, t) � T0 − Tref

cx
2

2]
􏼢 􏼣(1 − ct)

− 3/2
, (1)

where T0 is the slit temperature and Tref is the temperature
with reference, which might be a constant temperature with
a reference or a constant temperature difference. In this
work, Tref will be interpreted as 0≤Tref ≤T0. Normally, a
transverse magnetic field is applied to the extended surface,
which is believed to be changeable in nature and chosen as

B(x, t) � B0(1 − ct)
− 1/2

. (2)

+e temperature and velocity influence of a thin film
obeys the following governing time-dependent equations
with the boundary conditions [25].
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when y � 0: u � U, v � 0, T � Ts and when y � h:
zu

zy
�

zT

zy
� 0, v �

dh

dt
, (6)

where u and v denote the velocity terms in the directions of x-
axis and y-axis, respectively, μ is the dynamic viscosity, B0 is the
magnetic field, ρ is the density, T is the temperature, k is the
thermal diffusivity, ] is the kinematic viscosity, t is the time, σ is
the electrical conductivity, and h is the uniform thickness of the
film sheet. In the x- and y-directions, the two terms of equation
(3) reflect the net outflow (outflowminus inflow) ofmass, for an
unsteady flow the sum of these termsmust be zero.+e net rate
at which x-momentum leaves due to fluid motion across its
limits is signified by the 2nd and 3rd components on the left side
of equation (4) while the net force owing to viscous shear
stresses is shown off by the 1st component on the right side.+e
net rate at which thermal energy escapes due to fluid motion is
represented by the 2nd and 3rd terms on the left side of
equation (5). +e 1st component on the right side of equation
(5) shows the net input of thermal energy owing to y-direction,
while the 2nd term represents the viscous dissipation that
remains.

In this case, when the influence of surface tension is in-
significant at a distance of y � h from the surface, shear stresses
operating in planes parallel to the fluid velocity are defined as

τ � μ
zu

zy
􏼠 􏼡, (7)

where μ is a fluid property and is known as the dynamic
viscosity and zu/zy is the rate of shear stress.

+e flow of heat at y � h is defined by

q � − k
zT

zy
􏼠 􏼡. (8)

In the above equation, the constant k is called thermal
conductivity. Equation (8) tells us that if temperature de-
creases with y then q will be positive and it will flow in the y-
direction, if temperature increases with y then q will be
negative and it will flow opposite in the y-direction.

2.2. Similarity Transformations. Here, we use the stream
function ψ(x, y, t) to specify the velocity terms:

u �
zψ
zy

�
bx

1 − ct
􏼠 􏼡f′(η), (9)

v � −
zψ
zx

� −
]b

1 − ct
􏼠 􏼡

1
2

f(η),
(10)

satisfying continuity equation (3). New dependent and in-
dependent variables, f, θ, and η are, respectively, introduced
as

Slit T0

Stretched Sheet
Stretching

Flow

U (x,t)=cx/(1–γt)

Nanofluid

y-axis

x-axis

Radiative Heat
MHD

B (x,t)=B0(1–γt)

1
2- Ts (x,t)=T0–Tref (1–γt)cx2

2υ

3
2-

Figure 1: Geometric representation of thin film to illustrate its structure.
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f(η) �
ψ(x, y, t)

(]b/1 − ct)
1/2

x
, θ(η) �

T0 − T(x, y, t)

Tref bx
2/2](1 − ct)

− 3/2􏼐 􏼑
, η �

b

](1 − ct)
􏼠 􏼡

1/2

y. (11)

Substitute the similarity transformation equations
(9)–(11) into equations (4) and (5) to obtain a set of non-
linear ODEs in the form of

f
‴

− M + K1( 􏼁f′ + ff″ − S f′ +
η
2
f″􏼒 􏼓 − (1 + F)1f′

2
� 0, (12)

1 +
4
3

R􏼒 􏼓θ″ + EcPrf″2 − Pr
S

2
3θ − ηθ′( 􏼁 + 2θf′ − θ′f􏼢 􏼣 � 0. (13)

Following are the corresponding boundary constraints
of the differential equations:

f(0) � 0, f′(0) � 1, θ(0) � 1, f(β) �
Sβ
2

, θ′(β) � 0, f″(β) � 0, (14)

where the prime denotes derivative in terms of η, S � c/c is
the unsteadiness parameter, M � σB2/ρc(1 − ct) is the
magnetic parameter, K1 � ]ε2/kc(1 − ct) is the porosity
parameter, Ec � U2/Cp(Ts − T0) is the Eckert number,
Pr � μCp/k is the Prandtl number, and R is thermal ra-
diation. Despite the fact that the dimensionless film
thickness β is constant and only relies on S, the current
film thickness h is only depending on time t. So the free
surface β denotes the value of similarity variable by η such
that

β �
c

](1 − ct)
􏼠 􏼡

1/2

h. (15)

By differentiating with respect to t, we have

dh

dt
� −

cβ
2

c

]
􏼒 􏼓

− 1/2
(1 − ct)

− 1/2
. (16)

2.3. Physical Interest of the Problem. In this subsection, we
calculated the skin friction coefficient Cf and local Nusselt
number Nux as

Cf �
− 2τs

ρU
2 . (17)

And

Nux �
x

kTref

qs − qr( 􏼁. (18)

From equations (7) and (8), at the surface y� 0, the
surface shear stress and surface heat flux are defined as

τs � μ
zu

zy
􏼠 􏼡

y�0
, (19)

qs � − k
zT

zy
􏼠 􏼡

y�0
. (20)

And the Rosseland estimation qr is given by [23]

qr � −
16σ∗T3

0
3k
∗

zT

zy
􏼠 􏼡

y�0
, (21)

where σ∗ is the Stefan–Boltzman constant and has the
numerical value

σ∗ � 5.670 × 10− 8
Wm

− 2
K

4
. (22)

Inserting equations (19)–(21) into equations (17) and
(18) to obtain Cf and Nux in terms of Rex,

Cf � − 2Re− 1/2
x f″(0), Nux � 1 +

4
3

R􏼒 􏼓
Re3/2x

2
(1 − ct)

− 1/2θ′(0),

(23)

where Rex � cx2/](1 − ct) is the local Reynolds number and
R � 4σ∗T3

0/kk∗ is the radiation parameter.

3. Solution by HAM

HAM is applied for the solutions of equations (12) and (13)
with boundary constraints (12). Mathematica is used for this
purpose. +e modeled equations are solved by HAM, the
basic derivation is identified as
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L􏽢θ
(􏽢θ) � 􏽢θ″ − 􏽢θ, L􏽢f

(􏽢f) � 􏽢f
‴

− 􏽢f′. (24)

Linear operators L􏽢f
, and L􏽢θ

are specified by

L􏽢f
c1 + c2e

− η
+ c3e

η
( 􏼁 � 0, L􏽢θ

c4e
− η

+ c5e
η

( 􏼁 � 0. (25)

+e nonlinear operators N􏽢f
and N􏽢θ

are defined as
follows:

N􏽢f
[􏽢f(η; ζ)] � 􏽢fηηη − S

1
2
η􏽢fηη + 􏽢fη􏼒 􏼓 − M + K1( 􏼁􏽢fη − 1F1( 􏼁􏽢f

2
η + 􏽢f􏽢fηη

N􏽢θ
[􏽢θ(η; ζ), 􏽢f(η; ζ)] � 1 +

4
3

R􏼒 􏼓􏽢θηη + EcPr􏽢f
2
ηη + Pr

S

2
η􏽢θη + 3􏽢θ􏼐 􏼑 + 2􏽢θ􏽢fη − 􏽢f􏽢θη􏼢 􏼣.

(26)

+e 0thorder system for equations (12) and (13) is
presented as

(1 − ζ)L􏽢f
􏽢f(η; ζ) − 􏽢f0(η)􏽨 􏽩 � pZ􏽢f

N􏽢f
[􏽢f(η; ζ)],

(1 − ζ)L􏽢θ
􏽢θ(η; ζ) − 􏽢θ0(η)􏽨 􏽩 � pZ􏽢θ

N􏽢θ
[􏽢θ(η; ζ), 􏽢f(η; ζ)],

(27)

while BCs are as follows

􏽢f(η; ζ)|η�0 � 0,
z􏽢f(η; ζ)

zη
|η�0 � 1,

z2 􏽢f(η; ζ)

zη2
|η�β � 0,

z􏽢θ(η; ζ)

zη
|η�β � 0

􏽢f(η; ζ)|η�β �
Sβ
2

, 􏽢θ(η; ζ)|η�0 � 1.

(28)

Z􏽢θ
and Z􏽢f

are utilized to standard for the solution
confluence whereas the embedding constraint is ζ ∈ [0, 1];
when ζ � 0 and ζ � 1, we get the following:

􏽢θ(η; 1) � 􏽢θ(η), 􏽢f(η; 1) � 􏽢f(η). (29)

+rough Taylor’s series, 􏽢f(η; ζ) and 􏽢θ(η; ζ) are ex-
panded for ζ � 0:

􏽢θ(η; ζ) � 􏽢θ0(η) + 􏽘
∞

n�1

􏽢θn(η)ζn
, 􏽢f(η; ζ) � 􏽢f0(η) + 􏽘

∞

n�1

􏽢fn(η)ζn 􏽢fn(η) �
1
n!

z􏽢f(η; ζ)

zη
|p�0,

􏽢θn(η) �
1
n!

z􏽢θ(η; ζ)

zη
|p�0, (30)

while BCs are

􏽢f′(0) � 1, 􏽢f(0) � 0, 􏽢θ(0) � 1, 􏽢f″(β) � 0, 􏽢θ(β) � 0, 􏽢f(β) �
Sβ
2

.

(31)

Now

R
􏽢f
n (η) � 􏽢f

′′′
n− 1 − S 􏽢fn− 1′ +

1
2
η􏽢f
′′
n− 1􏼒 􏼓 − M + K1( 􏼁􏽢fn− 1′ − (1 − F)1

􏽢f
′2
n− 1 + 􏽘

w− 1

j�0

􏽢fw− 1− j
􏽢f
′′
j

R
􏽢θ
n(η) � 1 +

4
3

R􏼒 􏼓 􏽢θn− 1″􏼐 􏼑 + PrEc􏽢f
′′2
n− 1 +

S

2
η􏽢θn− 1′ + 3􏽢θn− 1􏼐 􏼑 − 2 􏽘

w− 1

j�0

􏽢θw− 1− j
􏽢fj
′ − 􏽘

w− 1

j�0

􏽢θw− 1− j
′ 􏽢fj

⎡⎢⎢⎣ ⎤⎥⎥⎦,

(32)
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while

χn �
0, if n≤ 1

1, if n> 1
􏼨 (33)

4. Result and Discussion

+e present work analyzes the Darcy–Forchheimer laminar
thin film flow with MHD and heat transfer on an unsteady
horizontal stretched surface in the absence of viscous dis-
sipation, thermal radiation, andmagnetic field of impact.+e
numerical, as well as analytical solutions, is given. Using
similarity transformations, the governing partial differential
equations of heat transfer flow are transformed into a
nonlinear ordinary differential equation. Geometric repre-
sentations of the problem are plotted in Figure 1 and the
impact of physical parametric quantity on f′(η) and θ(η)

curves are depicted in Figures 2–5. Figures 2 and 3 show the
impact of M, K1, S, and F1 on f′(η). +e velocity profile
reduces when (M) increases, as shown in Figure 2(a). +is is
due to the reducing nature of the Lorentz forces which re-
duces the motion of thin-film fluid in the boundary layer and
raises its temperature. Figures 2(b) and 3(b) convey that the
fluid velocity drop by rising values of (K1) and (F1). +is is
because the increasing hydromagnetic boundary layer in-
creases the strength of porosity. Figure 3(a) illustrates the
distribution of velocity gradient in the film decreases by
rising values of unsteadiness parameter. As the value of (S) in
the system rises, the thickness of the boundary layer declines,
preventing the establishment of a transition from laminar to
turbulent flow. +e effect of embedded parameters Pr, R, S,
and Ec on temperature profiles is exhibited in Figures 4 and
5. Figure 4(a) displays the variation of temperature reduces,
as the Prandtl number increases. Being the ratio of molecular
diffusivity of momentum to the molecular diffusivity of heat,
it demonstrates the relative thickness of the momentum
boundary layer to the thermal boundary layer. +e rise in
Prandtl number (Pr) decreases the temperature of the fluid.
Increasing the Prandtl number, the thermal conductivity of
the fluid decreases and the rate of heat transfer through
stretch surface reduces; consequently, the temperature and

thermal boundary layer reduce. Figure 4(b) demonstrates the
temperature gradient for different values of (R). As the values
of (R) upsurge, the temperature of thin film declines.
Physically, when the radiation parameter increases, the
Rosseland radiative absorption coefficient k∗ declines as
defined by the expression for R � 4σ∗T3

0/kk∗. +erefore, the
heat flux diminishes. +at is why the thin film temperature
reduces. Figure 5(a) discusses the impact of unsteadiness
parameter (S) on temperature profiles. As the values of (S)
rise, the thermal boundary layer grows as a result, and the
temperature field becomes increment for the nanofluid.
Figure 5(b) demonstrates that increases in the value of (Ec)
produce more temperature in the thin film. Eckert number is
the ratio among kinetic energy and enthalpy, which is de-
tected in the dissipation function of the energy equation, also
known as the dissipation parameter. Ec � 0means there is no
viscous dissipation. Figure 5(b) displays that the behavior of
(Ec) is directly proportional to the temperature, as (Ec)
upsurge viscous dissipation rises, i.e., kinetic energy trans-
formed into heat energy which in turn raises the temperature.

+e physical significance of embedded parameters are
displayed in Table 1 and the numerical values of skin friction
and local Nusselt number are displayed in Tables 2 and 3.
Table 2 demonstrates that the skin friction coefficient increases
by rising various parameters, namely, S,F1,M, andK1. As these
parameters increase, the unsteady parameter, the skin friction
enhances due to the exertion of a drag force in the fluid thin
film. +e Lorentz force is a rising magnetic field that increases
the resistive force on fluid movement. +at is why more values
of (M) enhance Cf. Table 3 lists the numerical values of Nux

for a few physical variables, that is, Ec, S, Pr, and R. +e Eckert
number is normally made up of the nanofluid thermal con-
ductivity components, which is used to raise the temperature
field, which has the reverse effect on cooling operations, and
hence theNusselt number reduced for high values of (Ec).With
an increase in (S), the boundary layer temperature of fluid
raises, increasing the heat source of the thin film fluid; as a
result, Nux boosts. In this table, we may observe that the
Nusselt number upsurges as (R) grows, but Nux drops as (Pr)
grows. Table 4 displays excellent agreement between the HAM
and ND solve solution through computer-based package
Mathematica 11.1.0.
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Figure 2: (a) Influence of M on f′(η). (b) Influence of K1 on f′(η).
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Figure 3: (a) Impact of S on f′(η). (b) Impact of F1 on f′(η).
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Figure 4: (a) Influence of Pr on θ(η). (b) Influence of R on θ(η).
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Figure 5: (a) Influence of S on θ(η). (b) Influence of Ec on θ(η).

Table 1: Dimensionless groups.

Group Symbol Definition Physical interpretation
Local Nusselt
number Nux (1 + 4/3R)Re3/2x /2(1 − ct)− 1/2θ′(0)

Basic dimensionless convective heat transfer coefficient (ratio of
convective heat transfer to conduction in a fluid slab of thickness h)

Local Reynolds
number Rex ρUx/μ +e ratio of inertia to viscous forces

Eckert number Ec U2/Cp(Ts − T0)
+e kinetic energy of the flow relative to the boundary layer’s enthalpy

difference
Prandtl number Pr μCp/k +e ratio of kinematic viscosity (]) to thermal conductivity (k)
Skin friction Cf − 2τs/ρU2 Dimensionless surface shear stress
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Table 2: Impact of different physical parameters on Cf � − 2[Rex]− 1/2f″(0) .

S F1 M K1 − 2[Rex]− 1/2f″(0)

0.3 0.3 0.4 0.3 2.861 45012
0.5 2.714 365 43
0.7 2.015 367 98

0.2 1.835 540 23
0.3 1.735 701 41
0.4 1.491 365 23

0.4 1.074130 36
0.9 0.786 521 51
1.0 0.540 37813

0.3 0.731 560 27
0.4 0.472 765 31
0.6 0.190 43816

Table 3: Influence of various physical parameters over Nux � δy/δx[(1 + 4/3R)Re3/2x /2(1 − ct)− 1/2θ′(0)].

Ec S Pr R [(1 + 4/3R)Re3/2x /2(1 − ct)− 1/2θ′(0)]

0.3 0.2 4.5 0.1 1.142 021 63
0.5 1.075 243 01
0.7 0.853 456 25

0.2 1.431 804 29
0.3 1.674 597 36
0.7 1.851 286 25

4.5 0.562 621 07
5.5 0.351 293 28
6.5 0.168 435 68

0.1 1.437 510 20
0.5 1.637 920 81
1.5 2.024 412 56

Table 4: Comparison of HAM and ND solve solution. S � 0.25, K1 � 0.5, β � 0.2, Pr � 6.4, M � 0.5, Rex � 3.5, Ec � 0.8.

η f(η) f′(η) θ(η)

HAM ND solve HAM ND solve HAM ND solve
0 0 0 0.045 721 9 0.045 718 8 0.74 0.74
0.5 0.052 695 87 0.052 596 44 0.064 868 65 0.064 868 47 0.606 868 86 0.606 867 99
1.0 0.071 730 28 0.071 729 84 0.134 258 92 0.134 257 89 0.686 235 35 0.686 23512
1.5 0.162 572 45 0.162 571 96 0.134 575 43 0.134 554 84 0.742 782 08 0.742 781 93
2.0 0.337 234 52 0.337134 07 0.132 731 74 0.132 721 72 0.776 867 07 0.776 856 89
2.5 0.278 375 42 0.278 374 78 0.126 932 25 0.126 93218 1.035 200 89 1.035 200 56
3.0 0.351 55617 0.351 454 08 0.118 621 51 0.118 621 37 1.044 847 06 1.044 846 82
3.5 0.360 92614 0.360 723 02 0.054 304 93 0.054 304 66 1.051 488 79 1.051 478 65
4.0 0.517 202 49 0.517 062 34 0.055 871 03 0.055 870 94 1.058 526 06 1.058 525 88
4.5 0.524 530 42 0.524 432 05 0.057 471 84 0.057 471 72 1.061 174 99 1.061 174 58
5.0 0.534 362 76 0.534 260 34 0.063165 89 0.063165 81 1.062 544 47 1.062 544 56
5.5 0.548134 33 0.548 03512 0.061 417 89 0.061 417 49 1.046 048 42 1.045 066 83
6.0 0.512 423 52 0.512 424 09 0.059 671 22 0.059 680 99 1.006 788 69 1.006 487 92
6.5 0.543 545 75 0.543 54514 0.056 754 23 0.056 754 01 0.958 425 87 0.958 424 84
7.0 0.555 015 96 0.555 014 85 0.052 641 63 0.052 641 45 0.962 045 72 0.962 045 66
7.5 0.551 920 46 0.551 92013 0.051 719 47 0.051 718 24 0.927 40813 0.927 407 99
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5. Concluding Remarks

+e boundary layer two-dimensional Darcy–Forchheimer
laminar thin film flow over a horizontal stretched sheet with
the impact of thermal radiation and viscous dissipation are
considered. +e cause of heat source and thermal radiation
over an unsteady stretched surface inserted in a porous
medium in the absence of a magnetic field has been solved by
HAM. +e important key findings of this research work are
given below:

(i) Velocity profile reduces for raise in values of M and
K1

(ii) When the values of S and F1 increase, the velocity
profile reduces

(iii) Temperature field increases with an increase in the
values of S and Ec

(iv) With increasing values of Pr and R, the temperature
field reduces

(v) Skin friction coefficient rises as upsurges the values
of physical parameters that is S, F1, M, and K1

(vi) By increasing the values of S and R, the local Nusselt
number upsurge while it declines for more values of
Ec and Pr

Nomenclature

Symbols: Description
u: Horizontal velocity component (ms− 1)
v: Vertical velocity component (ms− 1)
x: Horizontal coordinate (m)
y: Vertical coordinate (m)
c: Stretching rate (s− 1)
U: Sheet velocity (ms− 1)
T: Temperature (K)
h: Film thickness (m)
f: Dimensionless stream function, equation

(9)
Cf: Skin friction coefficient, shown in Table 1
t: Time (s)
S: Unsteadiness parameter, c/c
Cp: Specific heat (JKg− 1K− 1)
q: Heat flux, − k(zT/zy)(Js− 1m− 1)
M: Magnetic parameter, σB2/ρc(1 − ct)

K1: Porosity parameter, ]ε2/kc(1 − ct)

Rex: Local Reynolds number, shown in Table 1
Pr: Prandtl number, shown in Table 1
Nux: Local Nusselt number, shown in Table 1
Ec: Eckert number, shown in Table 1

Greek
Symbols:

Descriptions:

β: Dimensionless film thickness,
(c/](1 − ct))1/2h

θ: Dimensionless temperature, equation (9)
c: Constant (s− 1)
k: +ermal conductivity (m2s− 1)
]: Kinematic viscosity (m2s− 1)

μ: Dynamic viscosity (Kgm− 1s− 1)
η: Similarity variable, equation (9)
τ: Shear stress, μ(zu/zy)(Kgm− 1s− 2)
ψ: Stream function (m2s− 1)
ρ: Density (Kgm− 3)

Subscripts: Descriptions:
o: Origin
Ref: Reference value
s: Sheet
x: Localized value

Superscripts: Descriptions:

′: 1nd derivative

′′: 2nd derivative

′′′: 3rd derivative
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A new inverse family of the iterative method is interrogated in the present article for simultaneously estimating all distinct and
multiple roots of nonlinear polynomial equations. Convergence analysis proves that the order of convergence of the newly
constructed family of methods is two. %e computer algebra systems CAS-Mathematica is used to determine the lower bound of
convergence order, which justifies the local convergence of the newly developed method. Some nonlinear models from physics,
chemistry, and engineering sciences are considered to demonstrate the performance and efficiency of the newly constructed family
of inverse simultaneous methods in comparison to classical methods in the literature. %e computational time in seconds and
residual error graph of the inverse simultaneous methods are also presented to elaborate their convergence behavior.

1. Introduction

Considering nonlinear polynomial equation of degree n,

f(r) � r
n

+ an−1r
n− 1

+ · · · + a0 � Π
n

j�1
r − ζj􏼐 􏼑

� r − ζ i( 􏼁∗ Π
n

j≠i
j�1

r − ζj􏼐 􏼑,
(1)

with arbitrary real or complex coefficient an−1, . . . , a0. Let
ζ1 . . . ζn denote all the simple or complex roots of (1) with
multiplicity σ1 . . . σn. Newton’s method [11] is one of the
most basic and ancient methods that is used to estimate
single roots of (1) at a time as below:

s
(t)

� r
(t)

−
f r

(t)
􏼐 􏼑

f′ r
(t)

􏼐 􏼑
, (t � 0, 1, . . .). (2)

Iterative method (2) has local quadratic convergence.
Nedzhibov et al. [13] presented corresponding inverse nu-
merical technique of the same convergence order as

s
(t)

�
r

(t)
􏼐 􏼑

2
f′ r

(t)
􏼐 􏼑

r
(t)

f′ r
(t)

􏼐 􏼑 + f r
(t)

􏼐 􏼑
. (3)

Here, we propose the following family of the optimal
second-order convergence method for finding simple roots
of (1) as

s
(t)

� r
(t)

−
f r

(t)
􏼐 􏼑

f′ r
(t)

􏼐 􏼑

1
1 − αf r

(t)
􏼐 􏼑/1 + f r

(t)
􏼐 􏼑􏼐 􏼑

, (4)

where α ∈ R. Method (4) is optimal and the convergence
order of (4) is 2 if ζ is a simple root of (1) and ∈ � r − ζ. %e
error equation of (4) is obtained using Maple-18:
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s
(t)

− ζ

r
(t)

− ζ􏼐 􏼑
2⟶ −α + C2( 􏼁; Ck(r) �

f
(k)

(x)

k!f′(x)
, (5)

or

s
(t)

− ζ � O ∈2􏼐 􏼑. (6)

Corresponding inverse methods of (4) is constructed as

s
(t)

�
r

(t)
􏼐 􏼑

2
∗f′ r

(t)
􏼐 􏼑

r
(t)

f′ r
(t)

􏼐 􏼑 + f r
(t)

􏼐 􏼑 1/ 1 − αf r
(t)

􏼐 􏼑/1 + f r
(t)

􏼐 􏼑􏼐 􏼑􏼐 􏼑
.

(7)

If ζ is an exact root of (1), f(ζ) � 0, and the following is
obtained:

g(r) �
r

(t)
􏼐 􏼑

2
∗ f′ r

(t)
􏼐 􏼑􏼐 􏼑

r
(t)

f′ r
(t)

􏼐 􏼑 + f r
(t)

􏼐 􏼑 1/ 1 − αf r
(t)

􏼐 􏼑/1 + f r
(t)

􏼐 􏼑􏼐 􏼑􏼐 􏼑
, g(ζ) � ζ(fixed point), (8)

g′(ζ) � 0. (9)

Inverse iterative schemes (7) are second-order conver-
gence as it is easy to prove g′′(ζ)≠ 0.

Besides simple root finding methods
[3–5, 13, 15, 16, 18–20] in literature, there exists another
class of numerical methods which estimate all real and
complex roots of (1) at a time, known as simultaneous
methods. Simultaneous numerical iterative schemes are very
prevalent due to their global convergence properties and its
parallel execution on computers [1, 6, 8–10, 12, 14].

%e most prominent method among simultaneous de-
rivative-free iterative technique is the Weierstrass–Dochive
[17] method (abbreviated as MWM1), which is defined as

s
(t)
i � r

(t)
i − w r

(t)
i􏼐 􏼑, (10)

where

f r
(t)
i􏼐 􏼑

f′ r
(t)
i􏼐 􏼑

� w r
(t)
i􏼐 􏼑 �

f r
(t)
i􏼐 􏼑

Π
n

j≠i
j�1

r
(t)
i − r

(t)
j􏼐 􏼑

, (i, j � 1, 2, 3, . . . , n),

(11)

is Weierstrass’ correction. Method (10) has local quadratic
convergence. For finding all multiple roots of (1), we use the
following correction [17]:

w∗ r
(t)
i􏼐 􏼑 �

f r
(t)
i􏼐 􏼑

Π
n

j≠i
j�1

r
(t)
i − r

(t)
j􏼐 􏼑

σj

, (i, j � 1, 2, 3, . . . , n),
(12)

where σ is the multiplicity of the roots.

2. Construction of the Inverse
Simultaneous Method

Using Weierstrass correction w(r
(t)
i ) � f(r

(t)
i )/􏽑

n

j≠ i
j�1 (r

(t)
i −

r
(t)
j ) in (7), we get a new family of inverse modified
Weierstrass method (abbreviated as MWM2):

s
(t)
i �

r
(t)
i􏼐 􏼑

2
1 +(1 − α)f r

(t)
i􏼐 􏼑􏼐 􏼑

r
(t)
i 1 +(1 − α)f r

(t)
i􏼐 􏼑􏼐 􏼑 + w r

(t)
i􏼐 􏼑 1 + f r

(t)
i􏼐 􏼑􏼐 􏼑

.

(13)

Inverse simultaneous iterative method (13) can also be
written as

s
(t)
i � r

(t)
i −

r
(t)
i w r

(t)
i􏼐 􏼑 1 + f r

(t)
i􏼐 􏼑􏼐 􏼑

r
(t)
i 1 +(1 − α)f r

(t)
i􏼐 􏼑􏼐 􏼑 + w r

(t)
i􏼐 􏼑 1 + f r

(t)
i􏼐 􏼑􏼐 􏼑

.

(14)

%us, we construct a new derivative-free family of inverse
iterative simultaneous scheme (13), abbreviated as MWM2, for
estimating all distinct roots of (1). To estimate all multiple roots
of (1), we use correction (12) instead of (11) in (7).

2.1. Convergence Framework. In this section, we demonstrate
convergence theorem of inverse iterative scheme MWM2.

Theorem 1. Let ζ1, . . . , ζn be single zero of (1) and for
necessarily close primary distinct guess r

(0)
1 , . . . , r(0)

n of the
zero, respectively; then, MWM2 has local 2nd-order
convergence.

Proof. Let εi � r
(t)
i − ζ i and εi

′ � s
(t)
i − ζ i be the errors in ri

and si respectively. For the simplicity of the calculation, we
omit the iteration index. %en,

si �
ri( 􏼁

2 1 +(1 − α)f ri( 􏼁( 􏼁

ri 1 +(1 − α)f ri( 􏼁( 􏼁 + w ri( 􏼁 1 + f ri( 􏼁( 􏼁
, (15)

or

si � ri −
riw ri( 􏼁 1 + f ri( 􏼁( 􏼁

ri 1 +(1 − α)f ri( 􏼁( 􏼁 + w ri( 􏼁 1 + f ri( 􏼁( 􏼁
. (16)

Using f(ri)/􏽑
n

j≠ i
j−1 (ri − rj) � w(ri) in (15), we have

si � ri −
w ri( 􏼁 1 + f ri( 􏼁( 􏼁

1 +(1 − α)f ri( 􏼁( 􏼁 + w ri( 􏼁/ri 1 + f ri( 􏼁( 􏼁
. (17)
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%us, we obtain

si − ζ i � ri − ζ i −
w ri( 􏼁 1 + f ri( 􏼁( 􏼁

1 +(1 − α)f ri( 􏼁( 􏼁 + w ri( 􏼁/ri 1 + f ri( 􏼁( 􏼁
, (18)

εi
′ � εi 1 −

􏽑
n
j≠ i
j�1
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j≠ i
j�1
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j≠ i
j�1
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j�1

ri − ζj􏼐 􏼑􏼠 􏼡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (19)

� ϵi
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n
j≠ i
j�1
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n
j≠ i
j�1
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n
j≠ i
j�1
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n
j≠ i
j�1

ri − ζj􏼐 􏼑􏼠 􏼡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (20)

Using the expression 􏽑
n
j≠ i
j�1

(ri − ζj)/(ri − rj)− 1 �

􏽐
n
k≠ i ϵk/ri − rkε􏽑

k−1
j≠i (ri − ζk)/(ri − rj) [9] in (20), we have

εi
′ � εi
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n
j≠ i
j�1
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n
j≠ i
j�1
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n
k≠ i εk/ri − rk􏽑
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j≠i ri − ζk( 􏼁/ ri − rj􏼐 􏼑 + 1􏼐 􏼑 1 + εi 􏽑

n
j≠ i
j�1

ri − ζj􏼐 􏼑􏼠 􏼡
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⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (21)

If all the errors are assumed of the same order, i.e.,
|ϵi| � |ϵk| � O(|ϵ|), then

εi
′ � |ε|

(1 +(1 − α))εi( 􏼁ε􏽑
n
j≠ i
j�1

ri − ζj􏼐 􏼑􏼠 􏼡
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n
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j�1
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n
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j≠i ri − ζk( 􏼁/ ri − rj􏼐 􏼑 + 1􏼐 􏼑 1 + εi 􏽑

n
j≠ i
j�1

ri − ζj􏼐 􏼑􏼠 􏼡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

� O |ε|2􏼐 􏼑.

(22)

Hence, it is proved. □

3. Lower Bound of Convergence of MWM1
and MWM2

Computer algebra system, Mathematica, has been used to
find the lower bound of convergence of MWM1 and
MWM2.

Consider

f(r) � r − 91( 􏼁 r − 92( 􏼁 r − 93( 􏼁, (23)

where ϱ1, ϱ2, and ϱ3 are exact zeros of (23). %e first
component of ℵ1(r) (where r � [r1,r2,r3]) of numerical
iterative methods is for finding zeros of (23), r(t+1) � ℵ(r(t)),

simultaneously. We have to express the derivatives of ℵ(r),
i.e., the partial derivatives of ℵ(r) with respect to r are as
follows:

zℵ1(r)
zr1

zℵ1(r)
zr2

zℵ1(r)
zr3

,

z
2
1ℵ(r)
zr

2
1

z
2
1ℵ(r)

zr1zr2

z
2
1ℵ(r)
zr22

z
2Γ1(r)
zr2zr3

,

z
3
1ℵ(r)
zr

3
1

z
3
1ℵ(r)

zr21zr2

z
3
1ℵ(r)

zr1zr
2
2

z
3
1ℵ(r)
zr32

z
3
1ℵ(r)

zr22zr3
,

(24)

and so on.
We obtain the lower bound of convergence order till the

first nonzero element of row is found. %e Mathematica
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notebook codes are used for the following MWM1 and
MWM2:

Weierstrass–Dochive method, MWM1:

ℵ1 r1, r2, r3( 􏼁≕ r1 −
f r1( 􏼁

r1 − r2( 􏼁∗ r1 − r3( 􏼁
, (25)

In[1]≕
D ℵ1 r1, r2, r3􏼂 􏼃, r1􏼂 􏼃

r1⟶ 91, r2⟶ 92, r3⟶ 93􏼈 􏼉
,

Out[1]≕ 0,

In[2]≕D
ℵ1 r1, r2, r3􏼂 􏼃, r2􏼂 􏼃

r1⟶ 91, r2⟶ 92, r3⟶ 93􏼈 􏼉
,

Out[2]≕ 0,

In[3]≕D
ℵ1 r1, r2, r3􏼂 􏼃, r3􏼂 􏼃

r1⟶ 91, r2⟶ 92, r3⟶ 93􏼈 􏼉
,

Out[3]≕ 0,

In[4]≔ Simplify
D ℵ1 r1, r2, r3􏼂 􏼃, r1, r2􏼂 􏼃

r1⟶ 91, r2⟶ 92, r3⟶ 93􏼈 􏼉
,

Out[4]≔ 0,

In[6]≕ Simplify
D ℵ1 r1, r2, r3􏼂 􏼃, r1, r2􏼂 􏼃􏼂 􏼃

r1⟶ 91, r2⟶ 92, r3⟶ 93􏼈 􏼉
,

Out[6]≕
1

91 − 92( 􏼁
.

(26)

Modified inverse family of iterative schemes, MWM2:

ℵ1 r1, r2, r3( 􏼁≕
r1( 􏼁

2 1 +(1 − α)f r1( 􏼁( 􏼁

r1 1 +(1 − α)f r1( 􏼁( 􏼁 + r1 − r2( 􏼁 r1 − r3( 􏼁 1 + f r1( 􏼁( 􏼁
, (27)

In[1]≕D ℵ1 r1, r2, r3􏼂 􏼃, r2􏼂 􏼃/ r1⟶ϱ1, r2⟶ϱ2, r3⟶ϱ3􏼈 􏼉,

Out[1]≕ 0,

In[2]≕D ℵ1 r1, r2, r3􏼂 􏼃, r3􏼂 􏼃/ r1⟶ϱ1, r2⟶ϱ2, r3⟶ϱ3􏼈 􏼉,

Out[2]≕ 0,

In[3]≔ D ℵ1 r1, r2, r3􏼂 􏼃, r3􏼂 􏼃/. r1⟶ϱ1, r2⟶ϱ2, r3⟶ϱ3􏼈 􏼉,

Out[3] � 0,

In[4]≔ Simplify D ℵ1 r1, r2, r3􏼂 􏼃, r1, r1􏼂 􏼃􏼂 􏼃. r1⟶ϱ1, r2⟶ϱ2, r3⟶ϱ3􏼈 􏼉,

Out[4] �
4 + 8∗ α∗ ϱ1
ϱ33

.

(28)

4. Numerical Results

Some engineering problems are considered to demonstrate
the performance and effectiveness of the simultaneous
method, MWM2 and MWM1. For computer calculations,

we use CAS-Maple-18, and the following stopping criteria
for termination of computer are programmed:

e
(t)
i � r

(t+1)
i − r

(t)
i

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌<∈ � 10− 30
, (29)
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where e
(t)
i signifies the absolute error. In Tables 1–5, C-Time

represents computational time in second.

4.1. Engineering Applications. Some engineering applica-
tions are deliberated in this section in order to show the
feasibility of the present work.

Example 1. (see [2]). Considering a physical problem of
beam positioning results in the following nonlinear poly-
nomial equation:

f(r) � r
4

+ 4r
3

− 24r
2

+ 16r + 1,

� (r − 2)
2

r
2

+ 8r + 4􏼐 􏼑.
(30)

%e exact root of (30), ζ1,2, is 2 withmultiplicity 2 and the
remaining other two roots are simple, i.e., ζ3 � −4 − 2

�
3

√

and ζ3 � −4 + 2
�
3

√
. We take the following initial estimates:

r1
(0)

� 1.17,

r2
(0)

� 1.17,

r3
(0)

� −7.4641,

r4
(0)

� −0.5354.

(31)

Table 1 clearly demonstrates the superiority of MWM2
over MWM1 in terms of predicted absolute error and CPU
time for guesstimating all real roots of (30) on the same
number of iterations n � 3.

Example 2. (see [16]). In this engineering application, we
consider a reactor of stirred tank. Items H1 and H2 are fed to
the reactor at rates of ß and q-ß, respectively. Composite
reaction improves in the apparatus as below:

H1 + H2⟶ H3; H3 + H2⟶ H4; H4 + H2⟶ H5; H4

+ H2⟶ H6.

(32)

Douglas et al. [7] first examined this complex control system
and obtained the following nonlinear polynomial equation:

−
2.98∗ (r + 2.25)

(r + 1.45)∗ (r + 2.85)
2 ∗ (r + 4.35)

�
1
Tc

, (33)

where Tc is the gain of the proportional controller. By taking
Tc � 0, we have

f(r) � r
4

+ 11.50r
3

+ 47.49r
2

+ 83.06325r + 51.23266875 � 0.

(34)

%e exact distinct roots of (34) are calculated as
ζ1 � −1.45, ζ2 � −2.85, ζ3 � −2.85, and ζ4 � −4.45, and we
take the following initial guessed values:

r1
(0)

� −1.0, r2
(0)

� −1.1, r3
(0)

� −1.8, r3
(0)

� −3.9. (35)

Table 2 evidently illustrates the supremacy behavior of
MWM2 over MWM1 in terms of the estimated absolute

error and in CPU time on the same number of iterations
n� 7 for guesstimating all real roots of (34).

Example 3. (see [4]). Consider the function

8(4 − r)
2
r
2

(6 − 3r)
2
(2 − r)

− 0.186 � 0, (36)

f(r) � 8r
4

− 62.326r
3

+ 117.956r
2

+ 20.088r − 13.392.

(37)

%e problem describes the fractional alteration of ni-
trogen-hydrogen (NH) feed into ammonia at 250 atm
pressure and 500o C temperature. Since the (37) is of order
four, it has four roots:

Table 1: Residual error for finding all distinct roots.

Method C-Time e
(3)
1 e

(3)
2 e

(3)
3 e

(3)
4 σ(2)

MWM1 1.103 Div Div 1.3e− 27 0.0 2.101
MWM2 0.048 0.0 0.0 0.0 0.0 2.307
Residual error for finding all multiple roots
MWM2 0.312 0.0 0.0 0.0 0.0 2.735

Table 2: Residual error for finding all distinct roots.

Method C-Time e
(7)
1 e

(7)
2 e

(7)
3 e

(7)
4 σ(6)

MWM1 2.119 0.07 0.02 0.1 0.1 2.125
MWM2 0.115 3.5e− 324 2.0e− 319 0.005 0.005 2.968

Table 3: Residual error for finding all distinct roots.

Method C-
Time e

(8)
1 e

(8)
2 e

(8)
3 e

(8)
4 σ(7)

MWM1 1.739 1.1e− 9 Div 3.6e− 13 Div 1.341
MWM2 0.032 2.0e− 317 4.0e− 289 1.6e− 139 4.0e− 289 3.167

Table 4: Residual error for finding all distinct roots.

Method C-Time e
(5)
1 e

(5)
2 e

(5)
3 e

(5)
4 σ(4)

MWM1 0.125 4.7e− 26 1.2e− 28 9.1e− 28 0.2e− 26 2.314
MWM2 0.046 1.3e− 27 3.1e− 30 0.0 0.0 2.753
Residual error for finding all multiple roots at n� 1
MWM2 0.103 0.0 0.0 0.0 0.0

Table 5: Residual error for finding all distinct roots.

Method C-Time e
(8)
1 e

(8)
2 e

(8)
3 σ(7)

MWM1 0.067 0.0 6.4e− 27 6.4e− 27 2.101
MWM2 0.043 0.0 0.0 0.0 2.231
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ζ1 � 0.2777,

ζ2 � 3.9485 + 0.3161i,

ζ3 � −0.3840,

ζ4 � 3.9485 − 0.3161i.

(38)

%e initial approximated value for (27) is taken as

r1
(0)

� 0.4, r2
(0)

� 3.7 + 0.5i, r3
(0)

� −0.4, r4
(0)

� 3.7 − 0.5i. (39)

Table 3 evidently shows the supremacy behavior of
MWM2 over MWM1 in terms of estimated absolute error
and in CPU time on the same number of iterations n � 8 for
guesstimating all real and complex roots of (37). Minuscule
alteration of nitrogen-hydrogen (NH) feed into ammonia
lies between (0,1); therefore, our desire root is ζ1 up to 1900
decimal places:

ζ1 � 1.12956568412579833521973452e − 1912. (40)

Remaining other approximating roots are ζ2
� −1.283 404 526e− 1457-8.93 219 631 521e− 1457i, ζ3
� −8.21 745 235 223 462e− 1091 + 0i, and ζ4 �

−1.2 834 045 268 801e− 1457 + 8.99 321 963152e− 1457i.

Example 4. (see [8]).Consider

f(r) � (r − 0.3 − 0.6i)
100

(r − 0.1 − 0.7i)
200

(r − 0.7 − 0.5i)
300

(r − 0.3 − 0.4i)
400

,

(41)

with multiple exact roots:

ζ1 � 0.3 + 0.6i, ζ2 � 0.1 + 0.7i, ζ3 � 0.7 + 0.5i, ζ4 � 0.3 + 0.4i,

(42)

%e initial estimations have been taken as

r1
(0)

� 0.301 + 0.601i, r2
(0)

� 0.100 + 0.702i, r3
(0)

� 0.702 + 0.489i, r4
(0)

� 0.289 − 0.400i,

(43)

For distinct roots,

f∗(r) � (r − 0.3 − 0.6i)(r − 0.1 − 0.7i)(r − 0.7 − 0.5i)

(r − 0.3 − 0.4i),

(44)

Table 4 evidently shows the supremacy behavior of
MWM2 over MWM1 in terms of estimated absolute error
and in CPU time on the same number of iterations n � 5 for
guesstimating all real and complex roots of (41).

Example 5. (see [5]). %e sourness of a soaked solution of
magnesium-hydroxide (MgOH) in hydroelectric acid (HCl)
is given by

3.64 × 10− 11

H3O
+

􏼂 􏼃
� H3O

+
􏼂 􏼃 + 3.6 × 10− 4

, (45)

Table 6: Residual error for finding all distinct roots.

Method C-Time e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4 σ(3)

MWM1 0.203 4.1e− 25 3.6e− 30 7.1e− 21 5.6e− 23 2.131
MWM2 0.115 5.0e− 38 4.8e− 37 8.4e− 32 7.9e− 32 2.707

Example 1 Example 2 Example 3 Example 4 Example 5 Example 6

Number of Examples
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 o

f C
on

ve
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Figure 1: Computational order of convergence [22] of simulta-
neous methods, MWM1 and MWM2.
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Figure 2: Simulation time in second of simultaneous methods,
MWM1 and MWM2, for approximating all roots of polynomial
equations used in Examples 1–6.
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Figure 3: Continued.
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for the cranium ion concentration [H3O
+]. If we set

r � 104[H3O
+], we obtain the following polynomial:

f(r) � r
3

+ 3.6r
2

− 36.4, (46)

with exact roots of (46), ζ1 � 2.4 and ζ2,3 � −3.0 ± 2.3i up to
one decimal places. %e initial estimates have been taken as

(0) r1 � 2.45, r2
(0)

� −3.0261 + 2.3834i, r3
(0)

� −3.0261 − 2.3834i.
(47)

Table 5 evidently illustrates the supremacy behavior of
MWM2 over MWM1 in terms of estimated absolute error
and in CPU time on the same number of iterations n � 8 for
guesstimating all real and complex roots of (46).

Example 6. (see [21]). In general, mechanical engineering, as
well as the majority of other scientists, uses thermodynamics
extensively in their research work. %e following polynomial
is used to relate the zero-pressure specific heat of dry air, Cρ,
to temperature:

Cρ � 1.9520 × 10− 14
r
4

− 9.5838 × 10− 11
r
3

+ 9.7215

× 10− 8
r
2

+ 1.671 × 10− 4
r + 0.99403.

(48)

%e temperature that corresponds to specific heat of
1.2(kJ/kgK) needs to be determined. Putting Cρ � 1.2 in
(48), we have

f(r) � 1.9520 × 10− 14
r
4

− 9.5838 × 10− 11
r
3

+ 9.7215 × 10− 8
r
2

+ 1.671 × 10− 4
r + 0.99403.

(49)

with exact roots ζ1 � 1126.009751, ζ2 � 2536.837119+

910.5010371i, and ζ3 � −1289.950382, 2536.837119−

910.5010371i. %e initial estimations of (49) have been taken
as

r1
(0)

� 1126, r2
(0)

� 2536 + 910i, r3
(0)

� −1289, r4
(0)

� 2536 − 910i.

(50)

Table 6 clearly illustrates the supremacy behavior of
MWM1 over MWM2 in estimated absolute error and in
CPU time on the same number of iterations n � 4 for
guesstimating all real and complex roots of (49).

5. Conclusion

A new derivative-free family of inverse numerical methods
of convergence order 2 for simultaneous estimations of all
distinct and multiple roots of (1) was introduced and dis-
cussed in this paper. Tables 1–5 and Figure 1 clearly show
that computational order of convergence of the proposed
and existing methods are agreed with the theoretical results.
Simulation time, from Figure 2, clearly indicates the su-
premacy of our newly proposed method MWM2 over
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Figure 3: (a-f ) Error graph of MWM1 and MWM2 for nonlinear polynomial equations (30), (34), (37), (41), (46) and (49), respectively.
(a) Residual error graph for Example 1. (b) Residual error graph for Example 2. (c) Residual error graph for Example 3. (d) Residual error
graph for Example 4. (e) Residual error graph for Example 5. (f ) Residual error graph for Example 6.
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existing Weierstrass method MWM1. %e results of nu-
merical test cases from Tables 1–5, CPU time, and residual
error graph from Figure 3 demonstrated the effectiveness
and rapid convergence of our proposed iterative method
MWM2 as compared to MWM1.
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In this study, the influence of the T-shaped control plate on the fluid flow characteristics around a square cylinder for a low
Reynolds numbers flow is systematically presented. ,e introduction of upstream attached T-shaped control plate is novel of its
kind as T-shaped control plate used for the first time rather than the other passive control methods available in the literature. ,e
Reynolds numbers (Re) are chosen to be Re� 100, 150, 200, and 250, and the T-shaped control plate of the same width with
varying length is considered. A numerical investigation is performed using the single-relaxation-time lattice Boltzmann method.
,e numerical results reveal that there exists an optimum length of T-shaped control plate for reducing fluid forces.,is optimum
length was found to be 0.5 for Re� 100, 150, and 200 and 2 for Re� 250. At this optimum length, the fluctuating drag forces acting
on the cylinder are reduced by 134%, 1375, 133%, and 136% for Re� 100, 150, 200, and 250, respectively. Instantaneous and time-
averaged flow fields were also presented for some selected cases in order to identify the three different flow regimes around
T-shaped control plate and square cylinder system.

1. Introduction

Controlling of flow and suppression of fluid forces around
bluff bodies is an important research area for engineers and
scientists because of its practical importance in mechanical
engineering, structures and buildings, aeronautical engi-
neering etc., at high Reynolds number (Re). Applications at
very low Reynolds number can be found in microdevices,
such as in micro-electro-mechanical systems (MEMS),
computer equipment’s, and cooling of electronic devices.
,e flow past circular cylinders was mostly encountered in
the earlier investigations. Among other bluff structures,
square structure plays an important role in various engi-
neering fields. ,e flow wake around the bluff structures can
generate unsteady forces which have the potential to damage
the structural integrity. ,erefore, it is important to fully
understand the flow characteristics and their resulting effects
on the structure in order to control the structure integrity.
Successful numerical simulation can show valuable flow

characteristics and information which can be very com-
plicated to attain experimentally.

Successful flow control remarkably reduces the magni-
tude and effects of the fluctuating forces directly acting on
the surfaces of the bluff body. One can use either active or
passive techniques to control the wake and reduce the fluid
forces. ,e passive technique does not require any external
energy like the active technique. ,e previous experimental
measurements and numerical studies for flow control in-
clude splitter plates [1–10] and control cylinders/rods
[11–18] for Re between 80 and 2000. ,e development of
passive methods of reduction of fluid forces and wake
control is an active area of research.

Abdi et al. [1] numerically studied the flow character-
istics over a circular cylinder using the commercial software
COMSOL Multiphysics. It was concluded that single splitter
plate and two splitter plates reduce the drag by about 15%
and 23%, respectively. Islam et al. [2] studied numerically the
reduction of fluid forces for flow past a square cylinder in the
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presence of upstream, downstream, and dual splitter plates.
,e authors found that the drag force was reduced by up to
62.2%, 13.3%, and 70.2% for upstream, downstream, and
dual splitter plates, respectively. Zhou et al. [3] experi-
mentally observed that the upstream rigid splitter plate does
not considerably reduce forces. Sharma and Eswaran [4]
experimentally studied the flow past a square cylinder in
presence of an attached flexible splitter plate at Re� 400.,e
authors observed that the drag coefficient varies non-
monotonically due to various flow regimes. ,e experi-
mental investigation was conducted to study the effect of an
attached splitter plate on the rear side of the square cylinder
at Re� 485 by Chauhan et al. [5]. ,ey found 23% drag
reduction and also found that the vortex shedding starts to
suppress for the long length of the splitter plate. Dash et al.
[6] numerically examined the fluid forces for flow past a
square cylinder in presence of dual attached splitter plates. It
was found that the drag was reduced by 21% for Re� 100.
Soumya and Prakash [7] numerically studied the effect of
downstream attached splitter plate with elliptic cylinder for
Re between 50 and 200 using Streamline Upwind/Pet-
rov–Galerkin (SUPG) based finite element method (FEM). It
was concluded that the drag forces were significantly re-
duced as the length of the splitter plate increased. Several
two-dimensional numerical investigations have thus been
adopted in studies for the reduction of fluid forces using
rigid, flexible, and dual splitter plates (e.g., Barman and
Bhattacharyya [8], Sharma and Dutta [9], and Sarioglu [10]).

A numerical study on a flow past a circular cylinder in
the presence of a control cylinder was carried out by Kim
et al. [11]. ,ey discussed in detail the flow characteristics by
changing the positions of the control cylinder.

Islam et al. [12] numerically observed that the upstream
control plate considerably reduced the drag forces and the
shedding frequency for Re varying between 80 and 200 for
flow past a square cylinder. Sharma and Dutta [13] exper-
imentally examined the flow past a square cylinder in the
presence of attached flexible foil, for different values of
flexible foil length. Firat et al. [14] numerically examined the
influence of a small control cylinder at the front of the square
cylinder for various Reynolds numbers (50≤Re≤ 200), and
it was found that the drag reduction occurs at gap spacing,
g � s/D� 2 and 3. Here, s is the spacing between the control
cylinder and the main square cylinder, and D is the size of
the square cylinder. Yen et al. [15] experimentally examined
the flow regimes, drag coefficient, lift coefficient, turbulence
intensity, and vortex shedding frequency behind a square
cylinder in the presence of an upstream control bar by
varying the values of Re, rotation angles, and g values. ,ey
found that the upstream control bar reduces drag by about
57%. Zhu and Yao [16] numerically analyzed the effect of
surrounding control cylinders for flow over a circular cyl-
inder at intermediate Reynolds numbers. Different small
control rods with the same diameter are placed around the
main circular cylinder with uniform angle interval (θ) and
gap spacing. For example, for four control rods, the angle
interval is 9°. ,e authors found that the main circular
cylinder attached to nine control rods with θ� 40° and
g � 0.6 can achieve a considerable vortex-induced vibration

suppression effect for a wide range of Reynolds numbers. A
numerical study on a flow past a square cylinder in the
presence of control rods was carried out by Zhu et al. [17]
and Chauhan et al. [18]. ,ey discussed in detail the sup-
pression of vortex shedding and reduction of fluid forces.
When one bluff body is placed in the wake of another bluff
body, the fluid flow characteristics considerably depend on
the gap spacing between the bluff bodies. Some represen-
tative numerical studies are those of Abbasi et al. [19] and
Ahmad and Islam [20]. Abbasi et al. [19] numerically ex-
amined the flow fields and fluid forces around three inline
cylinders and found considerable drag reduction for the
downstream cylinders. Ahmad and Islam [20] observed
various flow regimes and sensitivity of fluid forces for four
cylinders in diamond arrangements. For a review of the
various passive and active methods of drag reduction, the
reader is referred to Rashdi et al. [21].

,e flow past a square cylinder in the presence of an
upstream attached T-shaped control plate is not studied yet.
It is important to know how to control the wake and reduce
the fluid forces with the different length of the upstream
attached T-shaped control plate. ,e main motivation for
the current work is to examine in detail whether the
T-shaped control plate considerably reduced the fluid forces
and suppressed the vortex shedding? Also, we aim to
characterize wake structure behavior, as a function of the
length of T-shaped control plate and Reynolds numbers.,e
other important aim is to identify the suitable length of the
T-shaped control plate that is associated withminimum drag
and maximum suppression of vortex shedding. To get
reasonably reliable knowledge of important design param-
eters such as drag and lift forces, vortex shedding frequency,
and wake size is very important. We believe that this study
will further enrich the drag reduction database using a new
passive technique (T-shaped control plate).

,e paper is organized as follows. In Section 2, lattice
Boltzmann method, problem description, boundary con-
ditions, grid independence study, domain independence
study, and validation of the developed code are presented
with brief discussion. Section 3 includes the numerical re-
sults in detail. Finally, in Section 4, conclusions are drawn
based on the present numerical results.

2. Lattice Boltzmann Method and
Computational Details

Recently, the lattice Boltzmann method (LBM) has been
applied successfully to a number of flow problems (see
[19, 20] and some references cited in those works). ,e LBM
is a compressible method, the Mach number, Ma�U∞/���
RT

√
is set to less than 0.3 so that the compressible effect is

negligible [22]. ,e reason is that we are interested in iso-
thermal flow. In case of isothermal flow, RT�1/3 is to be
chosen in the units of c� δx/δt� 1. Here, c� δx/δt, δx, and δt
are the lattice constant and the time step size, respectively.
,e governing differential equations for such fluid flow
problems mainly consist of the equations of continuity and
momentum, as follows:
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In equations (1) to (3), ux and uy are the dimensionless
velocity components along the x-direction and y-direction of
a Cartesian coordinate system. Here, p is the pressure.

,ere are many different lattice Boltzmann methods. For
a detailed study of the various LBM methods, the reader is
referred to [22, 23]. ,is section briefly introduces the LBM.
,e lattice Bhatnagar–Gross–Krook (BGK) model [22] with
single-relaxation-time (SRT) is given by [22]

fi x + eiδt, t + δt( 􏼁 � fi(x, t) +
1
τ

f
(eq)
i (x, t) − fi(x, t)􏼐 􏼑.

(4)

Here, fi(x, t), fi(eq) (x, t), ei, and τ are the particle dis-
tribution function at (x, t), equilibrium distribution function
(the Maxwell–Boltzmann distribution function) at (x, t), the
particle velocity along the ith direction, and the single-re-
laxation-time parameter, respectively. Note the two-sides of
equation (4) represent the solution. ,e left hand side ap-
plies as a streaming step, and the right hand side gives the
collision between the particles. ,e derivation of Navier–
Stokes (N-S) equations from LBM is well known nowadays
and can be found in some recently published books (e.g., see
[22, 23]). ,e solution of N–S equations can be calculated
iteratively from equation (4).

Collision step:

f
∗
i (x, t + δt) � fi(x, t) +

1
τ

f
(eq)
i (x, t) − fi(x, t)􏼐 􏼑,

(5a)

Streaming step:

fi x + eiδt, t + δt( 􏼁 � f
∗
i (x, t + δt). (5b)

Here, f∗i represents the postcollision state. One ad-
vantage of this is that the streaming step is local in LBM and
no need for any computation.

,e two-dimensional nine-velocity lattice model (d2q9,
where d is the dimensions and q is the numbers of particles)
[22] is used in this study. In the d2q9 (see Figure 1) model, ei
denotes the nine discrete velocity set, as follows:

ei � 0, for i � 0,

ei � c cos (i − 1)
π
4

􏼒 􏼓, sin (i − 1)
π
4

􏼒 􏼓􏼔 􏼕, for i � 1, 2, 3, 4,

ei � c
�
2

√
cos (i − 1)

π
4

􏼒 􏼓, sin (i − 1)
π
4

􏼒 􏼓􏼔 􏼕, for i � 5, 6, 7, 8.

(6)

,e equilibrium distribution function (fi(eq) (x, t)) can be
solved from

f
(eq)
i � ρωi 1 +

3
c
2 ei · u( 􏼁 +

4.5
c
4 ei · u( 􏼁

2
−
1.5
c
2 (u · u)􏼢 􏼣.

(7)

Here, ωi is the weighting coefficient. ,e weighting
coefficient, is given by

ωi �
4
9
, for i � 0,

ωi �
1
9
, for i � 1, 2, 3, 4,

ωi �
1
36

, for i � 5, 6, 7, 8.

(8)

,e density and momentum fluxes in the discretized
velocity space can be obtained as

ρ � 􏽘
8

i�0
fi � 􏽘

8

i�0
f

(eq)
i , (9)

and

u �
1
ρ

􏽘

8

i�1
fi �

1
ρ

􏽘

8

i�1
f

(eq)
i . (10)

,e pressure can be calculated through the equation of
state and is

p � ρc
2
s . (11)

,e speed of sound for the d2q9 model is cs � c/
�
3

√
[22].

,e corresponding kinematic viscosity in the N-S equations
(2) and (3) derived from equation (4) is [22].

v � (τ − 0.5)c
2
sδt. (12)

It is also known that the single relaxation time LBM is
simple and good for parallel systems. Its difficulty lies in the
necessity of taking the value of the relaxation time pa-
rameter. ,e stability of the single relaxation time LBM
mostly appears at high Reynolds numbers. In such a situ-
ation, we need to refine the grids with various relaxation
times and to check the results (note that viscosity in lattice
units is correlated to the relaxation time). ,is single re-
laxation time LBM is conditionally stable and is valid for
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τ > 0.5. Here, in this problem, the values of τ for Re� 100,
150, 200, and 250 are 0.5263, 0.5175, 0.5132, and 0.5105,
respectively. One feature of LBM is that the pressure can be
calculated through the equation of state instead of Poisson
equation [22]. In LBM, we can find the pressure from the
equation of state directly once knowing the density instead
of using Poisson equation. For the LBM, the CFL (Coura-
nt–Friedrichs–Lewy) number is CFL� eiδt/δx� 1, which is
fixed at unity.

Figure 2 presents the computational domain of flow past a
square cylinder in the presence of an upstream attached
T-shaped control plate. A square cylinder of size D is placed
within the computational domain. A T-shaped control plate of
length L is attached to the front surface of the square cylinder.
w � 0.1D is the width of the head of the T-shaped control plate.
,e distance between the left boundary of the domain and the
front surface of the T-shaped control plate is Lu� 10D, whereas
the downstreamdistance of the domain from the rear surface of
the square cylinder to the right boundary of the domain is
Ld� 39D. ,e distance between the upper and lower walls is
kept as Ly� 13D, resulting in a blockage ratio (β� Ly/D)� 13.
Lx� 50D is the length of the computational domain. A Car-
tesian grid was employed, and the origin (0, 0) is set at the
center of themain square cylinder.,e details of the simulation
parameters are summarized in Table 1. CD and CL are the drag
forces and lift forces in the streamwise and transverse direc-
tions, respectively.

,e following boundary conditions are incorporated in
the present study.

(i) At inlet, uniform inflow velocity is applied,
u� 0.04385, v � 0

(ii) At outlet, convective boundary condition is applied
[24]

(iii) At the upper and lower walls of the domain, no-slip
(u� v � 0) is applied

(iv) At the square cylinder and T-shaped control plate
surfaces, no-slip boundary condition is imposed

,e forces acting on the surfaces of the square cylinder
can be calculated from the momentum-exchange method
[25].

,e implementation of the LBM is simple and
straightforward. ,e following steps are presented for cal-
culating forces and fluid properties:

(i) Specify the streaming time step δt. Calculate the
single relaxation time parameter τ

(ii) ,e local distribution function must be updated
through collision step (equation (5a))

(iii) ,e fluid particles are streamed to neighboring
streaming lattice nodes through the streaming step
(equation (5b))

(iv) Implement suitable initial and boundary conditions
for the distribution function

(v) Calculate macroscopic variables (equations (9) and
(10))

(vi) Repeat steps (ii) to (iv) until the convergence criteria
or the assigned maximum iteration numbers are
reached

It is noticed that the lattice Boltzmann equation only
requires the streaming step and collision step to evolve the
fluid filled with complex nonlinearities. No special treatment
is required for nonlinear terms in Navier–Stokes equations.
,e LBM explicitly calculates the pressure from the density.
For computations, the simulation parameters are shown in
Table 1.

13
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2 56
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Figure 1: A two-dimensional nine-velocity lattice model ((d2q9).
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,e vorticity (dimensional) is defined as

ωz �
zv

zx
−

zu

zy
. (13)

Here, u and v are the velocity components in the
streamwise direction and transverse direction, respectively.
It is to be noted that the vorticity is calculated by using a
second-order central difference scheme and is then non-
dimensionalized by the uniform inflow velocity (U∞) and
the side length of the square cylinder (D):

ϕz �
Dωz

U
2
∞

. (14)

For analysis, we have defined the following nondi-
mensional parameters as given in equations (15)–(18)

Re �
U∞D

U
, (15)

CD �
Fx

0.5
ρU

2
∞D, (16)

CL �
Fy

0.5
ρU

2
∞D, (17)

St �
fsD

U∞
. (18)

Here, Re, CD, CL, and St are the Reynolds number, drag
coefficient, lift coefficient, and Strouhal number, respec-
tively. It is to be noted here, Fx and Fy are the drag and lift
forces experienced by the square cylinder along with the
streamwise and transverse directions, respectively. ,ese

forces are calculated using the momentum-exchange
method [25]. fs is the vortex shedding frequency calculated
using the fast Fourier transformation (FFT) of the time series
of the lift coefficient, CL.

,e stopping criteria once we get the steady state is

􏽐ij u
(n+1)
ij − u

n
ij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

􏽐ij u
(n+1)
ij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
≤ 1 × 10−6

. (19)

It is noticed thatU∞� δx/δtUlb represents the velocity in
a system of lattice units. Here, Ulb represents the lattice
Boltzmann velocity. In LBM,Ulb is proportional to theMach
number of the fluid. In Tables 2–5, the percentage deviation
is also given in brackets. ForD� 10, 20, 30, and 40, the mean
drag coefficient (CDmean), Strouhal number (St), root-mean-
square value of drag coefficient (CDrms), and lift coefficient
(CLrms) values are as shown in Table 2. Here, D (� δx)
represents the lattice units on each side of the square cyl-
inder and T-shaped control plate. ,e numerical results for
CDmean, St, CDrms, and CLrms in Tables 3–5 for different values
of blockage ratio (β� Ly/D), Lu, and Ld, respectively. ,e
results presented in Tables 2–5 have been performed at
Re� 250 and L/D� 5. Inspection of Table 2 shows, however,
that theD effect dies away asD≥ 20. Guo et al. [24] proposed
and used that D� 20 is reasonably good to achieve good
numerical results for the square cylinder. ,e blockage ratio
β is 7.7%. It is observed that the β-value beyond 13 does not
have any considerable influence on the integral parameters
presented in Table 3. It was previously expressed that a good
two-dimensional result can be achieved for flow of a square
cylinder with a blockage ratio greater than about 5% [39].
One can also see the effect of Lu and Ld in Tables 4 and 5,
respectively. In the present numerical study, the value of the
blockage ratio is already more than 5%. D� 20, β� 13,
Lu � 10D, and Ld � 39D is, therefore, used for all computa-
tions in the present numerical study.

In order to ensure the validity of the code, we calculate
the integral parameter values for Re� 100, 150, 200, and 250
for comparison with available data for flow past a square
cylinder without T-shaped control plate. A comparison of

Top Boundary

Bottom Boundary

OutletInlet y

CL

Lu

Lx

Ld

LyCD
x

L
w D

Figure 2: Schematic diagram of the proposed problem.

Table 1: Simulation parameters.

Re U∞ τ
100 0.04386 0.5263
150 0.04386 0.5175
200 0.04386 0.5132
250 0.04386 0.5105
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the present results with the available data is given in Table 6.
Our numerical results are generally in good agreement with
available published data. ,e present results almost fell
within the range of available numerical values, even some
experimental values (Okajima [27], Norberg [28]). ,ere are
some slight differences between the present and experi-
mental results. ,eir differences arise from experimental
uncertainties, using various boundary conditions, the effect
of blockage, grid structures, etc.

3. Results and Discussion

It is clear from previous investigations that the reduction of
fluid forces and wake control depend on active and passive
techniques. Keeping in view these importance, the present
study was conducted to systematically analyze the impor-
tance of upstream attached T-shaped control plate length,
ranging from L/D� 0.5 to 8 at Reynolds numbers, Re� 100,
150, 200, and 250. ,e present numerical results are cal-
culated after the dynamic steady-state condition is reached
(see equation (19)).,emost important findings on the basis
of our numerical investigation will be presented in this
section in detail.

Figures 3(a)–3(e) presents the vorticity contours visual-
ization around the square cylinder with and without a
T-shaped control plate. Five different cases, one is without

T-shaped control plate (L/D� 0) and another four cases with
different T-shaped control plate lengths (L/D� 2, 4, 6, 8) are
considered for the various flow pattern investigation. ,e
solid and dotted lines represent the positive and negative
vortices, respectively. It can be seen from the figure that there
is no vortex shedding from the T-shaped control plate at any
length due to its attachment with the main square cylinder.
Strouhal number (St) of the isolated cylinder and the square
cylinder with upstream attached T-shaped control plate at
lengths of 2, 4, 6, and 8 are 0.1510, 0.1618, 0.1316, 0.0896, and
0.1316, respectively. It is observed from the St values that the
length of the T-shaped control plate caused a decrease and
increase in the vortex shedding frequency of the main square
cylinder. ,is decrease and increase can be further confirmed
from the vorticity graphs. Qualitatively, the number of vor-
tices that appeared behind the main square cylinder decreased
from 13 to 10 for L/D� 2 and 4, to 6 for L/D� 6 and then
increased from 6 to 11 for L/D� 6 and 8. It is observed that the
formation of vortices is quite sensitive to the length of the
upstream attached T-shaped control plate. From these figures,
we can draw some important conclusions about flow char-
acteristics. For all L/D values in Figures 3(a)–3(e), the al-
ternate generation of shed vortices can be clearly seen behind
the main square cylinder. ,is flow is called the single bluff-
body flow regime. Shed vortices travel in alternate fashion
throughout the flow field. We further divided the single bluff-

Table 2: Effect of different grids points for Re� 250, L/D� 5, β� 13, Lu � 10D, and Ld � 39D.

D CDmean St CDrms CLrms

10 −0.2985 (5.0%) 0.1135 (4.6%) 0.0359 (4.7%) 0.3156 (4.1%)
20 −0.2846 0.1083 0.0342 0.3028
30 −0.2804 (1.5%) 0.1072 (1.0%) 0.0336 (1.8%) 0.2987 (1.4%)
40 −0.2812 (1.2%) 0.1072 (1.0%) 0.0337 (1.5%) 0.2995 (1.1%)

Table 3: Influence of β for Re� 250, L/D� 5, Lu � 10D, and Ld � 39D.

β CDmean St CDrms CLrms

6 −0.2972 (4.4%) 0.1132 (4.3%) 0.0356 (4.0%) 0.3152 (4.0%)
13 −0.2846 0.1083 0.0342 0.3028
18 −0.2832 (0.5%) 0.1075 (0.7%) 0.0338 (1.2%) 0.3004 (0.8%)

Table 4: Influence of Lu for Re� 250, L/D� 5, β� 13, and Ld � 39D.

Lu CDmean St CDrms CLrms

5 −0.2698 (5.5%) 0.1148 (5.7%) 0.0359 (4.7%) 0.3192 (5.1%)
10 −0.2846 0.1083 0.0342 0.3028
15 −0.2798 (1.7%) 0.1066 (1.6%) 0.0337 (1.5%) 0.2987 (1.4%)
20 −0.2803 (1.5%) 0.1066 (1.6%) 0.0338 (1.2%) 0.2998 (1.0%)

Table 5: Influence of Ld for Re� 250, L/D� 5, β� 13, and Lu � 10D.

Ld CDmean St CDrms CLrms

15 −0.2739 (4.0%) 0.1132 (4.3%) 0.0356 (4.0%) 0.3165 (4.3%)
25 −0.2846 0.1083 0.0342 0.3028
35 −0.2802 (1.4%) 0.1069 (1.3%) 0.0337 (1.5%) 0.2987 (1.4%)
45 −0.2814 (1.1%) 0.1069 (1.3%) 0.0339 (0.9%) 0.3001 (0.9%)
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body flow regime into two different flow regimes. One is
called the single bluff body with primary vortex shedding
frequency (regime-I), and the second one is called the single

bluff body with secondary frequencies together with primary
vortex shedding frequency (regime-II). In the case of regime-
I, one can see only one dominant shedding frequency peak in
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Figure 3: Instantaneous vorticity contours visualization of square cylinder in presence of attached T-shaped control plate at Re � 200.
(a) Square cylinder without T-shaped control plate. (b) L/D � 2. (c) L/D � 4. (d) L/D � 6. (e) L/D � 8.

Table 6: Comparison of present results of flow past a square cylinder with available results.

Re� 100 CDmean St CDrms CLrms

Present 1.4125 0.1450 0.0035 0.1780
Dash et al. [6] (num) 1.460 0.1440 . . . 0.1840
Luo et al. [26] (exp) . . . 0.142–0.145 . . . . . .

Okajima [27] (exp) . . . 0.140 . . . . . .

Norberg [28] (exp) . . . 0.140 . . . . . .

Sohankar et al. [29] (num) 1.444 0.1450 0.0019 0.130
Saha et al. [30] (num) . . . . . . 0.0030 0.122
Re� 150 CDmean St CDrms CLrms
Present 1.4012 0.1520 0.0172 0.2732
Okajima [27] (exp) . . . 0.1420 . . . . . .

Norberg [28] (exp) . . . 0.1550 . . . . . .

Sohankar et al. [29] (num) 1.4080 0.1610 0.0061 0.1770
Saha et al. [30] (num) . . . . . . 0.0170 0.2740
Re� 200 CDmean St CDrms CLrms
Present 1.4268 0.1510 0.0294 0.3250
Okajima [27] (exp) . . . 0.1440 . . . . . .

Norberg [28] (exp) . . . 0.1520 . . . . . .

Sohankar et al. [29] (num) 1.424 0.165 0.0121 0.240
Saha et al. [30] (num) . . . . . . 0.0260 0.305
Dutta et al. [31] (exp) 1.410 0.154 . . . . . .

Re� 250 CDmean St CDrms CLrms
Present 1.4432 0.1482 0.0348 0.4050
Sohankar et al. [29] (num) 1.4490 0.1510 0.0162 0.375
Saha et al. [30] (num) . . . . . . 0.0320 0.150
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the power spectra (see Figures 4(a) and 4(b)). While in the
case of regime-II, one can see some minor extra peaks called
secondary frequencies together with the dominant vortex
shedding frequency (Figures 4(c) and 4(d)). It can also be seen
from Figures 3(b)–3(e), the generated shear layers from the
bottom and top side of the head of the T-shaped control plate
attach to the front and bottom and top sides of the main
square cylinder, and then, they combined with the generated
shed vortices from the main square cylinder.

Figures 5(a)–5(e) shows the instantaneous streamlines at
different T-shaped control plate lengths at Re� 200. It is
observed that the T-shaped control plate length will affect
flow features, especially in the wake region.

At L/D� 0 (Figure 5(a)) where it is the single bluff body
flow pattern, one bigger eddy is located behind the rear
surface of the square cylinder without T-shaped control
plate. In Figure 5(b) as L/D� 2, there is a small eddy at the
bottom of the main square cylinder. ,e streamline graph
further confirms that the shear layers separated from the top
and bottom surfaces of the head of the control plate directly
reattach to the main square cylinder. Some waviness was also
observed in the wake region for all cases presented in
Figures 5(a)–5(e). It is clear from Figure 5(c) that there is no
close recirculation zone behind the main square cylinder.
,e streamline graphs further confirm that the separation
point changes due to T-shaped attached control plate as
compared to the square cylinder (without T-shaped control
plate).

Figures 6(a)–6(e) shows the instantaneous pressure
contours at different T-shaped control plate length at
Re� 200. ,e use of an upstream attached T-shaped control
plate, irrespective of what the flow regime is, reduces the
pressure difference between the front surface of the
T-shaped control plate and the rear surface of the main
square cylinder. As a result, a reduction of the mean drag
coefficient in comparison with an isolated occurs. Fur-
thermore, as the L/D value increases, the pressure distri-
bution above and below the length of the T-shaped control
plate also changes.

As we have seen from the vorticity contours and
streamlines that flow changes its characteristics from single
bluff body to steady flow and then from steady flow to
unsteady flow by changing the values of L/D. ,is can also
be analyzed from Figures 7(a) and 7(b) which presents the
time histories of CD and CL at various values of L/D and
shows that the amplitude of forces changed by varying L/D
values. It is seen from Figure 6(a) that the CD variation is
very sensitive to the T-shaped control plate length. ,e
variation of CD for L/D� 4, 6, and 8 are more sensitive than
that for L/D� 2. ,e oscillations amplitude for the CL in
comparison with an isolated cylinder (without T-shaped
control plate) decreases.

,e power spectrum of lift coefficients at L/D� 2, 4, 6,
and 8 are shown in Figures 4(a)–4(d).,e highest peak in the
graphs refers to the primary vortex shedding frequency
(Stp), and the other small peaks represent the secondary
frequencies (Sts). In the power spectra graph, ‘E’ stands for
energy. ,e single dominant peak confirms the periodic
nature of lift coefficients at L/D� 2 and 4 (Figure 6(b)). Some

small modulation exists for L/D� 6 and 8 in lift coefficients,
and as a result, one can see one or two extra small peaks
together with the primary vortex shedding frequency.

,e instantaneous vorticity contours visualization
shown in Figures 8(a)–8(d) clearly illustrates the influence
of Re on the flow characteristics. It should be noted that, in
the case L/D � 5 at Re� 100, we observed complete sup-
pression of vortex shedding. ,is flow regime is called the
steady flow regime (regime-III). In steady flow regime only,
the streamline can be seen behind the cylinder without any
recirculation or shed vortices. ,ese figures clearly illus-
trate the basic difference between steady flow and single
bluff-body flow. Flow behind the main square cylinder,
identified by Karman vortex street at Re� 150, has almost
similar vortices in alternating fashion from upper and
lower surface of the main square cylinder (Figure 8(b)).
,is flow is called regime-I. In addition, as Reynolds
number increased, we observed regime-II. Figures 8(c) and
8(d) show that periodic vortex shedding is further main-
tained when we increased the Reynolds number Re to 250.
As Re increases above 100, the number of shed vortices
increases, and consequently, the drag force decreases; see
Figure 9(a). It is also noted that the vortices are shed al-
ternatively, and the sizes of the shed vortices from the top
and bottom surfaces of the main square cylinder are dif-
ferent.,e latter tends to elongate in the near wake, and the
former is almost round. ,is is because of the upstream
attached T-shaped control plate length and increased
Reynolds numbers. Furthermore, its strength increases as
the value of Re increases. As a result, the Strouhal numbers
of the square cylinder with the upstream attached T-shaped
control plate at Reynolds numbers of 150, 200, and 250 are
0.1024, 0.1056, and 0.1104, respectively.

Figures 10(a)–10(d) show the pressure distributions
along the front and back sides of the main square cylinder
with different Reynolds numbers at L/D� 5. As shown, the
pressure distribution on the back side for all Reynolds
numbers is considerably changed; thus, the remarkable
differences in drag forces are mainly due to the differences in
the pressure distribution along the surfaces of the length of
the T-shaped control plate. It is observed that the maximum
value of pressure exists at the center point of the front
surface. However, as the value of Re changes, the pressure
distribution on the surfaces of the length of the control plate
changes considerably.

,e graphical representation of CD and CL shown in
Figures 9(a) and 9(b) further indicate the flow transitions.
,e lift coefficient represents the transverse force compo-
nent which represents the magnitude of the vortex shedding,
since no vortices shed from the main square cylinder; that is
why, the lift force is steady for Re� 100 at L/D� 5. It is
noticed that due to the steady flow nature the straight
constant line can be clearly seen for CD and CL in
Figures 9(a) and 9(b).,e profiles of CL confirm the periodic
nature of the flow except for theCD at Re� 150, 200, and 250.
,e periodic nature confirms that the vortices shed from the
upper and lower sides of the cylinder with the same fre-
quency. It is also observed that theCL amplitude is somewhat
increased as the value of Re increased. ,e negative drag
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value is observed for Re� 150, 200, and 250. Due to the
presence of T-shaped control plate no periodic nature is
observed for Re� 150, 200, and 250.

Figures 11(a)–11(c) shows the spectra analysis of the
fluctuating lift coefficient at L/D� 5 for different Reynolds
numbers. It is to be noted that due to the constant nature of CL
for Re� 100, no vortex shedding is observed behind the cyl-
inder. ,e power spectra show two minor peaks together with
the dominant vortex shedding frequency in the case of regime-
II. But still, the primary vortex shedding frequency is the
dominant frequency. ,e dominant primary vortex shedding
frequency peak is seen in all the chosen cases presented in
Figures 11(a)–11(c), which confirms the single frequency
observed in the time trace analysis of lift coefficient CL.

,e instantaneous vorticity contour visualization shown
in Figures 12(a)–12(e) clearly illustrates the influence of L/D

on the flow characteristics. It is clear from Figures 12(a)–12(d)
that the vortices are shed alternatively from the upper and
lower surfaces of the main square cylinder. ,e spacing be-
tween the two shed vortices is almost constant. However, the
size of the vortex shed from the upper side of the square
cylinder is comparatively larger than the size of the vortex
shed from the lower side of the square cylinder. ,is may be
due to the length of the T-shaped control plate, but still al-
ternating vortex shedding can be clearly seen behind the
square cylinder. ,e T-shaped control plate length effect can
be seen more clearly from streamlines in Figure 12(e) for
L/D � 6. In Figure 12(e), the flow is completely suppressed,
and no alternate vortex shedding can be seen behind the
square cylinder. ,is is called the steady flow regime
(regime-III). It is also seen that the vortex formation
length becomes longer, and the transverse spacing
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Figure 4: Power spectra analysis of fluctuating lift coefficient at Re� 200 for different T-shaped control plate length: (a) L/D � 2, (b) L/D � 4,
(c) L/D � 6, and (d) L/D � 8.
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Figure 6: Pressure contours visualization of square cylinder in presence of attached T-shaped control plate at Re� 200: (a) square cylinder
without T-shaped control plate, (b) L/D � 2, (c) L/D � 4, (d) L/D � 6, and (e) L/D � 8.

(a) (b)

(c) (d)

(e)

Figure 5: Comparison of the streamlines in the near wake of the main square cylinder with and without an upstream T-shaped control plate
at at Re� 200: (a) square cylinder without T-shaped control plate, (b) L/D � 2, (c) L/D � 4, (d) L/D � 6, and (e) L/D � 8.
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between the shed vortices becomes smaller as the value of
L/D increased from 0 to 4. Such observations were found
by Zhou et al. [32] for flow past a circular cylinder using
tripping rods at angles (θ) � 40° and Re � 200. ,is con-
firms that the T-shaped control plate can also be used to
understand the flow characteristics behind the bluff body.

As we have seen from the vorticity contours and
streamlines that flow changes its characteristics from single
bluff body to steady flow regime by changing the values of L/D.
,is can also be analyzed from Figures 13(a) and 13(b) which
present the time histories ofCD andCL at various values of L/D
and show that the amplitude of forces changed by varying L/D

7.2 7.25 7.3 7.35 7.4
Time ×105

-0.5

0

0.5

1

1.5

2
D

ra
g 

Co
effi

ci
en

ts

L/D = 0
L/D = 2
L/D = 4

L/D = 6
L/D = 8

(a)

×105
7.2 7.25 7.3 7.35 7.4

Time

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Li
� 

Co
effi

ci
en

ts

L/D = 0
L/D = 2
L/D = 4

L/D = 6
L/D = 8

(b)

Figure 7: Time histories of (a) drag coefficients and (b) lift coefficients of square cylinder at Re� 200 for different T-shaped control plate
length.
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Figure 8: Instantaneous vorticity contours visualization at L/D � 5: (a) Re� 100, (b) Re� 150, (c) Re� 200, and (d) Re� 250.
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values. ,e lift coefficient of L/D� 1, 2, and 4 has periodic
nature with smaller amplitude cycle compared to those ob-
served for flow past an isolated cylinder (L/D� 0) in
Figure 13(b). At L/D� 6, the constant behavior can be ob-
served for the square cylinder. ,e periodic nature of CL
confirms the alternate shedding behaviour from cylinder at L/
D� 0, 1, 2, and 4.,e periodic nature of CL shows the periodic
nature of the flow with almost constant amplitude. ,is pe-
riodic nature confirms that the vortices shed from the upper

and lower surface of the main square cylinder with same
frequency. One can also observe that the CL amplitude is
somewhat increased in the case of L/D� 2 than L/D� 4.

,e forces acting on the square cylinder in the
streamwise and transverse directions by the fluid are the
important criteria to analyze the flow characteristics
quantitatively, and thus, the CDmean, St, CDrms, and CLrms are
depicted in Figures 14(a)–14(h), respectively, where the solid
and dotted straight lines refer to the case of a square cylinder
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Figure 9: Time histories of (a) CD and (b) CL of square cylinder at L/D� 5 for different Reynolds numbers.
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Figure 10: Pressure contours visualization at L/D � 5: (a) Re� 100, (b) Re� 150, (c) Re� 200, and (d) Re� 250.
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without the T-shaped control plate. It is seen from
Figures 14(a) and 14(b) that CDmean of the square cylinder
with T-shaped control plate is lower than that of an isolated
cylinder without the T-shaped control plate (L/D� 0) for all
considered Reynolds numbers. It is seen that the CDmean
slightly increases with increasing Re. A maximum value of
0.1538 of CDmean is observed for (L/D, Re)� (8, 200) and a

minimum value of −0.520 of CDmean is noticed for (L/D,
Re)� (0.5, 150). As the vortex length increases with narrow
wake, the pressure on the rear surface of the square cylinder
increases, and as a result, the drag reduces.

It is noticed that the St number decreases with the in-
crease in L/D and experiences sudden jump at L/D� 7 at
Re� 100, 150, and 200, which confirms the changes in flow
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Figure 11: Spectra analysis of CL using the FFT at L/D� 5 for various Reynolds numbers: (a) Re� 150, (b) Re� 200, and (c) Re� 250.
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Figure 12: Instantaneous vorticity contours visualization at Re� 100: (a) L/D� 0, (b) L/D� 1, (c) L/D� 2, (d) L/D� 4, and (e) L/D� 6.
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characteristics. ,e value of St for L/D≥ 2.5 exceeds the
value of the single cylinder for Re� 150, 200, and 250
(Figures 14(c) and 14(d)). It is to be noted that the variation
trend of the St number with L/D is opposite to those of
CDmean. ,ere is a quick jump in St number for Re � 150 at
L/D� 7. It was observed that two flow regimes (regime-I to
regime-II) appear intermittently. ,e results further show
that the Strouhal values are considerably lower than the
isolated cylinder as the value of L/D increased. Generally,
the St number of the square cylinder became lower than the
isolated cylinder as the value of L/D increased. ,e slight
increase in CDmean and quick decrease in Strouhal number
is closely related to the wake structure changes behind the
square cylinder.

It is seen from Figure 14(f) that, as the value of L/D in-
creased, considerable changes in CDrms are produced at
Re� 250. It is noted that the effect of L/D on the CDrms for
Re� 200 and 250 (Figure 14(f)) as compared to Re� 100 and
150 (Figure 14(e)). ,e CDrms for L/D� 6 to 8 at Re� 250 is
much higher than that for a single square cylinder without
T-shaped control plate (Figure 14(f)). In all other considered
cases, the lift is smaller. As already discussed, flow features
qualitatively above, when the L/D value increases, the CLrms
increase. When the L/D value reaches a particular value, for
example, 3.5 at Re� 150 (Figure 14(g)), there occurs a

maximum value. As L/D increases, CLrms increases first and
reaches their maximum values for all Re values and then
decreases (Figures 14(g) and 14(h)). It is found that, for
Re� 150, 200, and 250 the maximum value occurs at L/
D� 3.5, 3, and 3.5, respectively. ,e CLrms associated with the
square cylinder with the upstream attached T-shaped control
plate for Re� 100 is lower than that of the isolated cylinder.

,e CLrms values at Re� 250 (Figure 14(f )) are more
scattered and either increased or decreased while changing
the value of L/D. It can be seen from Figure 14(e) that the
cylinder with the upstream attached T-shaped control plate
had lower values of CLrms than the isolated cylinder at
Re� 100 as the value of L/D increased.,is can be attributed
to the main reason that the shear layers downstream of the
square cylinder are delayed by the use of the upstream at-
tached T-shaped control plate. It can also be clearly seen
that, for Re� 150 by increasing L/D up to 2.5, the CLrms had a
fixed value and considerably lower than the isolated cylinder
value. However, by further increasing the length (3≤ L/
D≤ 5.5), CLrms increases and attains its maximum value and
then starts to decrease slowly. In some specific cases, the
value is more than the isolated cylinder. In general, in-
creasing the length of T-shaped control plate from L/D� 4
onwards did not have a considerable effect on integral
parameters.
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Figure 13: Time histories of (a) drag coefficients and (b) lift coefficients of square cylinder at Re� 100 for different T-shaped control plate
length.
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Figure 14: Variation of integral parameters of square cylinder with and without attached T-shaped control plate as a function of L/D at
different fixed Re values: (a, b) CDmean, (c, d) St, (e, f ) CDrms, and (g, h) CLrms.
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Figure 15: Percentage variation of (a) CDmean and (b) CLrms as a function of L/D at different fixed Re values.
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Figures 15(a) and 15(b) depicts the percentage variation
of CDmean and CLrms for all the considered cases of T-shaped
control plate length. It is noticed that, with increasing L/D,
the percentage reduction in terms of CLrms increases. ,e
previous studies suggest that the usually very small length of
the splitter is good enough for maximum drag reduction and
fluid forces suppression. Here we also observed that a small
length (L/D≥ 1.5) of T-shaped control plate considerably
reduced the drag forces. For example, at Re� 250, the re-
duction in CDmean is 126%, 131%, 134%, 136%, 129%, 126%,
120%, 120%, 120%, 120%, 116%, 115%, and 113% for the
T-shaped plate with L/D� 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5,
5.5, 6, 7, and 8, respectively.

According to the values of L/D and Re and based on
the investigation of the time-averaged and instantaneous
vorticity contours visualization on the T-shaped control
plate and square cylinder, three major flow regimes are
found in this numerical study and shown in Figure 16.
One flow regime, L/D � 4.5 to 6 at Re � 100, is a steady flow
regime in which no vortex shedding is observed behind
the square cylinder. Another flow regime is the single bluff
body flow regime. In the case of a single bluff body flow
regime, a regular von Karman vortex street is observed
behind the main square cylinder. In the case of a single
bluff body flow regime, we further observed two different
flow regimes. Single bluff body with Stp and Sts. Stp and
Sts stand for dominant primary vortex shedding fre-
quency and secondary frequencies together with primary
vortex shedding frequency, respectively. Single bluff
bodies with Stp are found at (L/D, Re) � (0.5–4, 100),
(0.5–5, 150), (0.5–4.5, 200), and (0.5–4, 250). Single bluff
bodies with Sts are found at (L/D, Re) � (7-8, 100), (5.5–8,
150), (5–8, 200), and (4.5–8, 250).

,e wake length (Lr/D) is quantitatively calculated and is
given in Table 7. ,e data confirms that wake lengths
changed as the value of L/D increased from 0.5 to 8. As
shown, the Lr/D for all the considered L/D values is changed.
For cases with Re� 100 and 4.5≤ L/D≤ 7, the more Lr/D
values are observed due to steady flow behavior behind the
square cylinder.

4. Conclusions

A two-dimensional unsteady fluid flow around a square
cylinder with an upstream attached T-shaped control plate
was investigated numerically, and the important findings
were reported in the present study. ,e flow characteristics
and fluid forces were examined at Re� 100, 150, 200, and
250. ,e length of the T-shaped control plate is varied. A
considerable effect of T-shaped control plate on the fluid
forces around the square cylinder is observed, and ac-
cordingly, the following important conclusions can be
drawn from the present computation:

(i) It was found from the present computations that the
vortex street behind the square cylinder was still
maintained, but there was a significant decrease in
drag. Decreasing the length of the upstream attached
T-shaped control plate had a considerable effect on
reduction of drag coefficient and rms value of lift
coefficient. However, for L/D≥ 5, it did not have a
considerable effect on the fluid forces. ,eminimum
CDmean was observed at L/D� 0.5 for Re� 100, 150,
and 200 and at L/D� 2 for Re� 250. At L/D� 0.5,
134%, 137%, 133%, and 136% reduction of CDmean
was achieved for Re� 100, 150, 200, and 250, re-
spectively. It was also found that when the length of
T-shaped control plate is short, for instance, L/D≤ 3,
the effect of the length of the T-shaped control plate
on controlling the flow past a square cylinder be-
comes noticeable.

(i) A complete vortex shedding suppression for
T-shaped control plate was achieved, at a T-shaped
control plate length of L/D� 4.5 to L/D� 6 at Rey-
nolds number 100. A maximum CLrms reduction of
about 96% compared to the isolated cylinder was
achieved at Re� 100 and L/D� 7 using T-shaped
control plate. It was found that, as L/D increased,
rms values of both drag coefficient and lift coefficient
of square cylinder without T-shaped control plate
considerably reduced compared with the isolated
cylinder.

(ii) ,ree different flow regimes were found in this
study. ,e first one is the single bluff body flow
regime with primary vortex shedding frequency
(regime I). ,e second one is the single bluff body
flow regime with secondary vortex shedding fre-
quencies together with the primary vortex shedding
frequency (regime II). ,e third one is the steady
flow regime (regime III). In the case of regime-I, we
found the dominance of primary vortex shedding
frequency. On the other hand, in the case of regime-
II, some extra minor peaks also exist in the power
spectra.

Abbreviations

CD: Drag coefficient
CL: Lift coefficient
CDmean: Mean drag coefficient

Table 7: Wake length (Lr/D) of flow past a square cylinder in
presence of upstream attached T-shaped control plate.

L/D Re� 100 Re� 150 Re� 200 Re� 250
0.0 1.0 1.0 0.5 2.0
0.5 2.0 1.0 1.0 1.5
1.0 2.5 1.5 1.0 0.5
1.5 0.75 1.25 0.5 0.5
2.0 1.25 1.5 1.0 1.0
2.5 1.0 0.5 0.75 1.0
3.0 0.5 1.0 1.25 1.0
3.5 0.5 1.25 1.25 0.5
4.0 1.0 1.0 2.5 0.75
4.5 2.75 0.5 1.5 0.75
5.0 2.5 0.5 1.75 2.0
5.5 2.0 1.0 1.0 1.5
6.0 2.5 1.5 0.75 1.0
7.0 2.0 0.75 1.0 1.0
8.0 1.5 0.5 1.0 1.5
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CDrms: Root-mean-square of drag coefficient
CLrms: Root-mean-square of lift coefficient
cs: Speed of sound
Re: Reynolds number (Re�U∞D/υ)
St: Strouhal number (St� fsD/U∞)
Stp: Strouhal number based on primary vortex

shedding
Sts: Strouhal number based on secondary vortex

shedding frequencies
D: Size of the main square cylinder
L: Length of the T-shaped control plate
w: Width of the T-shaped control plate head
fs: Vortex shedding frequency
U∞: Uniform inflow velocity
Lu: Upstream distance from the inlet position
Ld: Downstream distance from the rear surface of the

square cylinder
Lx: Length of the computational domain
Ly: Height of the computational domain
Ma: Mach number
fi(x, t): Particle distribution function
fi(eq)
(x, t):

Equilibrium distribution function

p: Pressure
ρ: Density of the fluid
τ: Single-relaxation-time parameter
δt: Computational time-step
δx: Lattice spacing
υ: Kinematic viscosity of the fluid
ωi: Weighting coefficients
ei: Discrete particle velocity
d: Dimensions
q: ,e number of particles
ωz: Vorticity
BGK: Bhatnagar–Gross–Krook
LBM: Lattice Boltzmann method
LGA: Lattice gas automata
N-S: Navier–Stokes
rms: Root mean square
SRT: Single-relaxation-time.
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,e present work is concerned with a comprehensive analysis of hydrodynamic forces, under MHD and forced convection
thermal flow over a heated cylinder in presence of insulated plates installed at walls.,emagnetic field is imposed in the transverse
direction of flow. ,e Galerkin finite element (GFE) scheme has been used to discretize the two-dimensional system of nonlinear
partial different equations. ,e study is executed for the varying range of flow behavior index (n) from 0.4 to 1.6, Hartmann
number (Ha) from 0 to 100, Reynolds number (Re) from 10 to 50, Grashof number (Gr) from 1 to 10, thickness ratio (e) from 0.5
to 1.0, and Prandtl number (Pr) from 1 to 10, respectively. A coarse hybrid computational grid is developed, and further
refinement is carried out for obtaining the highly accurate solution.,e optimum case selection is based on flow patterns, drag and
lift coefficients, and pressure drop reduction against cylinder thickness ratios and average Nusselt numbers. Drag coefficient
increases with an increase in thickness ratio (e).,edrag force reduction for e � 0.5 and e � 0.75 is also observed for a range of the
power law index as compared with e � 1.0 cylinder. Maximum pressure drop over the back and front points of cylinder is reported
at Ha � 100.

1. Introduction

Flow around bluff bodies of various shapes is a traditional
study in fluid mechanics. With Reynolds (Re), the flow
characteristics vary as the vortex structure changes behind
the solid body when flow is separated.,e situation becomes
more fascinating when the flow is coupled with heat transfer,
and therefore various theoretical, experimental, and simu-
lation-based studies are present in the literature in different
convective regimes. In the presence of multiple bluff bodies,
the problem is more challenging, complex, and interesting.
Expeditious enhancements of the power industry introduce
a new generation study that focuses mainly on the ther-
mofluidic properties of convective force and mixed flow past
multiple configurations of bluff body. Due to the interaction
between vortices introduced on the cylinders, the phe-
nomenon of shear layer transfer in these flow types provides

quite different signatures (see refs. [1–13]). ,e flow
structures and the heat transfer features of a thermal
transverse rectangular heated cylinder in the cross flow are
analyzed numerically by Yang and Fu [1]. Zhao et al. [2]
numerically investigated the characteristics of thermal flow
for the laminar jet cluster, normally impinging on a plane
wall. King and Chandratilleke [3] have reported the para-
metric study on impinged jets arranged in both square and
hexagonal arrays shapes for maximum heat transfer.
Nadeem et al. [4] reported the solution of similarity of the
steady flow from a second-grade boundary layer with heat
transfer via a horizontal circular cylinder. Yousefifard et al.
[5] presented an unstructured grid using a particular vertex-
based control volume framework. Flow evaluations have
been carried out using structured and unstructured grids on
the basis of Reynold numbers for steady and unstable flows.
Shen et al. [6] numerically investigated the effects of thermal
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features and rotational flow characteristics in ribbed channel
at high Reynolds number and also computed the influence
on the average Nusselt number. Zainuddin et al. [7] nu-
merically examined the free oscillatory convection in the
presence of heat generation around the horizontal circular
cylinder of a Newtonian fluid by using the final differenti-
ation method.

,e broadest and most probable category of non-New-
tonian fluids is pseudoplastic fluid. In these systems, the
relation between viscosity and shear has an important
technological effect, and a high degree of pseudoplasticity is
generally undesirable because this implies poor flow at low
shears. Esmaeili et al. [14] investigated that the selected non-
Newtonian models are distinguished by the Carreau and
Cross-Williamson models, which incorporate the tapering
effects of blood flow. Xie and Jin [15] studied that the sim-
ulation of non-Newtonian free surface flow is based on the
advantages of particulate methods in terms of handling large
deformations and fragmentation. To capture the viscous
characteristics of mixture flows, the cross-rheology equation
has been chosen. Welahettige et al. [16] have numerically
computed the effects of shear thinning fluid flow in an open
channel. Mustafa et al. [17] have reported the rheology of
cross-fluid flow over a steady rigid plate due to the flow rate
gradient of pressure. Hauswirth et al. [18] simulated the effects
of cross model fluid flow in permeable medium by using
Lattice Boltzmann Method (LBM). A comprehensive litera-
ture review reveals that no due attention has been paid to the
fluid cross that predicts the pseudoplastic nature of the fluid
over a varying range of shear rate.

One of the most significant topics in the magnetohy-
drodynamic two-phase flows is to comprehend the motion
of free fine particles under instantaneous gravity, buoyancy,
hydrodynamic force, and Lorentz force. ,e clean metal
manufacture excluding oxides and other kinds of nonme-
tallic inclusions is an example in electromagnetic metallurgy.
If there is no magnetic field, both numerical simulations and
experiments have fully investigated a solid particle generally
modelled as a sphere. Sekhar et al. [19] simulated the steady
and viscous fluid flux around a circular cylinder with a linear
magnetic field. ,e multigrid procedure with deformity
correction techniques is being used to obtain an accurate
solution for the second order of complete nonlinear
Navier–Stokes equations. Grigoriadis et al. [20] imposed a
new MID configuration scheme for handling primarily
MHD flows in complex domain. Tamoor et al. [21] inves-
tigated that the Newtonian MHD Casson fluid heating
features are addressed by stretched cylinders moving at a
linear velocity. Pan et al. [22–24] numerically investigated
the effects of instability and transition of a vertical ascent or
drop in a free field affected by a vertical magnetic field.
Furthermore, they examined that the magnetic field can be
used to destabilise the fluid solid system Chen et al. [25]
numerically studied the effects of turbulent shear flow in the
cylindrical container of an electrically conducting fluid. ,e
flow is driven by the Lorentz azimuthal force, which results
from a large number of small electrodes injecting the radial
electrical currents on the base and the axial direction im-
posed magnetic field.

Flow analysis is fascinating as well as instigating. ,ere
are many technological applications and scientific chal-
lenges, but a wide range of fields requires further numerical
and experimental research. ,e focus on frictional effects
and heat exchange is on the viscous fluid flows over solid
surfaces or within ducts and channels. ,e fluid properties
must be evaluated to take into account of those effects. Either
experimentally or theoretically the problem can be
addressed. Various works have been proposed over the years
to use numerical methods to solve incompressible New-
tonian flow problems using finite differences, finite element,
and finite volumes schemes. ,e most famous method is the
classic PARDISO algorithm, which together with the
pressure correction equation introduces the stalled grid
concept. ,is method was used to resolve different 2D flow
configurations successfully. In recent decades, three-di-
mensional numerical simulation of a variety of physical
issues seems to have become widespread with the invention
of fast, multiprocessor personal computers, including simple
computer cluster management. It was noted that informa-
tion still scarce is available in the literature in non-New-
tonian fluid flows, especially polymer melts in molding
process are evaluated in [26–32].

,e aim of the present study is to compute reduction of
forces based on thickness ratio (e) of elliptic obstacle
submerged in cross-fluid flow. Such analysis of forces in
conjunction with the cross model is new for CFD com-
munity. ,e rest of manuscript is organized as follows; in
Section 2, flow configuration and governing equations are
explained. Numerical scheme, grid convergence, and code
validation are executed in Section 3. A detailed analysis of
results is performed in Section 4. Finally, conclusion is
mentioned in Section 5.

2. Flow Configuration and
Governing Equations

,e domain is a benchmark channelΩ � [0, 2.2] × [0, 0.41]

with a heated elliptic cylinder of diameter DL � 0.1 placed in
it having center at C(0.2, 0.2) and h be the half height of the
channel as revealed in Figure 1 while a consistent temper-
ature Th maintained on the surface of cylinder. Moreover,
the thermophysical properties of fluids are considered to be
free from temperature. Along the cylinder axis is imposed a
homogenous vertical magnetic field with strength B. One of
the parallel walls of the magnetic field is heated to a constant
Th wall temperature while the other surfaces are isolated
thermally.,emagnetic Reynolds number, which represents
the relationship between the induced and applied magnetic
field, is very small for a high Hartmann number. ,e
magnetic field induced is thus negligible, and it is imposed in
the z-direction only by that magnetic field. Also, the effects
of viscous dissipation are neglected from the heat equation.

,e steady, nonisothermal, and viscous incompressible
fluid flow through a wildly long heated cylinders is the
govern of continuity, dynamics, and energy equations.,ese
equations are written as follows in their nondimensional
forms (see ref. [33]):
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,e velocity, pressure, and temperature u, v, p, and θ are
nondimensional. ,e dimensionless aspects of the domain
indicate that certain dimensional parameters, such as
Reynolds, Grashof, Prandtl, and thickness ratio, govern the
velocity and temperature profile in the current circum-
stances. ,e parameters are defined as follows:

(i) Grashof number Gr � gβ(Th − T0)D
3
L/μ

2

(ii) Prandtl number Pr � υ/α
(iii) Hartmann number Ha � hB

����
σ/ρυ

􏽰

(iv) ,ickness ratio e � b/a
(v) Cross-fluid model [34] τ � (μ∞+(μ0 − μ∞/1+

(λ _c)n)) _c

All the parameters have been defined in the nomen-
clature section. ,ese are complementary to the problem
statement. Fluid with a parabolic profile in x-direction is
entered at the entrance to this domain. For all variables,
we set the Neumann condition at the outlet. On the other
walls of the channel and on the surface of obstacle, no slip
conditions have been imposed In addition, obstacles are
being uniformly heated while channel walls remain cold
except the plates that are insulated.

Furthermore, computational results in the form of
primitive variables (u, v, p, and θ) from the governing
equations in consonance with the abovementioned do-
main boundary conditions have been obtained. In addi-
tion, the derived quantities are evaluated by way of drag
coefficient, lift coefficient, and average Nusselt number,
respectively.

,e nondimensional net drag (Fd) and lift (Fl) forces act
on the submerged cylinder in the flow and normal direction,
while the drag and lift coefficients are

CD �
2Fd

ρU
2
meanDL

,

CL �
2Fl

ρU
2
meanDL

.

(5)

Here, the average velocity is Umean � 2/3Umax where
Umax � 0.3 be the maximum velocity of parabolic profile.
One more important quantity of interest is pressure drop
δp � pL − pR capitalizing with the front and back point of
the cylinder, respectively.,e local Nusselt (Nulocal) number
on the surface of cylinder and on plates is estimated by
Nulocal � − (zθ/zns). Such values have been averaged over
the both surfaces (cylinder and plates) to obtain the average
Nusselt (Nuavg) number given as follows:

Nuavg �
1
S

􏽚

s

NulocaldS, (6)

where “S” and “ns” are the surfaces of thermal region and
normal direction of the surface; it is reasonable to postulate
that the drag coefficient is function of Re whereas the Nusselt
number depends on the Pr.

3. Numerical Scheme and Grid Convergence

Because of the two-dimensional development flow territory
and the nonlinearity of the cross-fluid model, analytical
solutions of mass, momentum, and energy equations cannot
be exhibited; therefore, a numerical scheme based on finite
element discretization is used to calculate the solution for
various configurations. ,e discretized version of nonlinear
equations is linearized by the Newton method, and an ef-
ficient and robust linear solver PARDISO has been utilized
for inner computations. Finite element space involving
quadratic polynomials (P2) has been selected to approxi-
mate the velocity and temperature component whereas the
pressure approximation is done using the space of linear
polynomials (P1). For the computation of accurate drag and
lift forces, a very fine mesh is created in the vicinity of the
obstacle as shown in Figure 2. To avoid potential problems of
convergence, the solution has been initialized with zero
value systems of velocity and temperature at each point in
the grid.

Grid independence studies were carried out by com-
puting Nuavg for all cases of thickness ratio (e), and the
results are presented in Tables 1–3 . ,e values of other
parameters are set as n � 1,Ha � 0,Re � 20,Pr � 6.2, and
Gr � 10. A regular grid refinement is performed for all the
three meshes from level 1 to level 8. No significant changes in
Nuavg were observed with further grid refinement at higher
levels in space. All results were therefore calculated at mesh
level 8. ,e corresponding number of element (#EL) and
degree of freedom (#DOF) is provided in Tables 1–3.

,e code has also been validated for steady flow in
order to strengthen the reliability of the results to be
achieved for the proposed study. Finally, the current code
has also been validated against the study by Mahmood
et al. [31] in Table 4.

Inflow

0.41

2.2

Outflow
b

B

a

Insulated
Heated

Figure 1: Schematic diagram of flow domain.
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4. Results and Discussion

In this section, the computational results for dimensionless
equations (1)–(4) are presented. ,e values of cross model
parameters, namely, μ∞, μo, and λ are taken from [34].,epure

hydrodynamic flow and temperature properties are obtained in
Figures 3 and 4 before imposing the magnetic effects. Figures 3
and 4 show velocity profile and isotherm contours for different
thickness ratios in the vicinity of the cylinder and without the
effect of the magnetic field Ha � 0,Re � 20,Pr � 5 , and λ � 0
(Newtonian) externally used. ,e usual steady flow nature and
the thermal fields are shown. Behind the cylinder forms a closed,
steady recirculating area composed of vortices. ,e isotherms
appear symmetrical in the wake region around the symmetry

(a) (b) (c)

Figure 2: Computational hybrid grid at coarse level: (a) e � 0.5; (b) e � 0.75; (c) e � 1.0.

Table 1: Grid convergence study for e � 0.5.

Refinement level #EL #DOF Nuavg

1 1156 8733 5.5884
2 1790 13404 5.6196
3 2806 20530 5.6428
4 4976 35659 5.6511
5 7314 51641 5.652
6 12562 86773 5.6562
7 27892 191815 5.6577
8 64922 442155 5.6582

Table 4: Validation of code for comparison of drag and lift co-
efficients for e � 1.0 (circular) cylinder.

Fluid
forces Mahmood et al. [31] Cold

cylinder
Heated
cylinder

CD 5.5785 5.5785 5.5785
CL 0.0106 0.0106 − 0.0007

Table 2: Grid convergence study for e � 0.75.

Refinement level #EL #DOF Nuavg
1 1054 8023 5.8913
2 1606 12113 5.8991
3 2570 18901 5.9863
4 4584 32968 6.0024
5 6840 48417 6.0026
6 12154 83978 6.0169
7 26916 185471 6.0276
8 64862 441909 6.0291

Table 3: Grid convergence study for e � 1.0.

Refinement level #EL #DOF Nuavg
1 948 7287 6.0562
2 1584 11970 6.2515
3 2414 17840 6.3187
4 4562 32826 6.3668
5 6668 47299 6.3674
6 11886 82188 6.3774
7 27196 187387 6.3969
8 65518 446365 6.3992
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(a)

(b)

(c)

Figure 3: Shape effects on velocity profile for different e with Re � 20,Pr � 5 , andHa � 0: (a) e � 0.5; (b) e � 0.75; (c) e � 1.0.

(a)

(b)

Figure 4: Continued.
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line. ,e isothermal plots indicate that in the near-wake area,
temperature contours are lower with an increasing thickness
ratio e. ,ese figures also indicate that the cylinders’ front
surface is the most isothermal clustering, resulting in high
thermal gradients compared with some other points on the
cylinder surface. One of the main objectives is to determine the
complete heat transfer from the isothermal cylinder to the fluid
By analyzing the heat transfer rate of the cylinder, the efficacy of
the flow behavior particularly on heat exchange can be reported.

A majority of flow parameters including the drag
coefficient, lift coefficient, and pressure drop have been
computed in order to acquire the quantitative view of the
aforementioned effects. Figure 5 shows variation of the
drag and lift coefficients for various e against the Hart-
mann number Ha. In addition, with increase in both the
Hartmann number Ha and e at fixed Re, drag coefficient
increases. Moreover, lift coefficient increases with the
increase in e for Ha≥ 40, while lift coefficients in the
lateral direction for Ha≤ 40 are suppressed. In Figure 6,
different values of Re are illustrated for the effects of e

versus drag and lift coefficients. It is observed that the
drag coefficient decreases while the lift coefficient in-
creases due to viscous forces in order to enhance Re.
Figure 7 demonstrates the effects on drag and lift coef-
ficients of the Hartmann number Ha and Reynolds
number Re. Drag and lift coefficients are expected to
increase with the increase in the Hartmann number Ha as
drag coefficients decrease and lift coefficients increase for
increasing Re. Figures 8 and 9 show that eccentricity
influences on drag and lift coefficients against Prandtl
numbers Pr and Grashof number Gr. Furthermore, drag
is increased due to increased viscosity, while lift decreases
against both thermal quantities Pr and Gr numbers.

,e addition of one or more cylinders to the single body
has been shown to significantly impact fluid forces according
to earlier research. In this study, we also focused at this
phenomenon. For this purpose, for every single combination
of multiple cylinders examined in this study, a percentage
reduction is calculated related to the circular cylinder for the
drag coefficient, the lift coefficient, and the pressure drop of

(c)

Figure 4: Shape effects on isotherm profile for different e with Re � 20,Pr � 5, andHa � 0: (a) e � 0.5; (b) e � 0.75; (c) e � 1.0.
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the circular cylinder (e � 1). Tables 5–7 show the data of
percentage reduction in drag, lift, and pressure drop for n

verses thickness ratio (e) at fixed values of Re and Ha.
Maximum reduction in drag and lift coefficients is reported
at (e � 0.5) as compared with other values of (e) while for
the pressure drop, highest reduction is seen at (e � 0.75).
We may conclude that the more elliptical the bodies are, the
greater will be the reduction in the strength of the wake.
Table 8 displays the impact of Ha on pressure drop against e,

and it is observed that for a fixed Ha, reduction is high for
e � 0.5; however, for a fixed thickness ratio e, the reduction
is directly proportional to Ha. Moreover, reduction in
pressure drop is inversely related with Re as evident from
Table 9.

While the velocity profile and isothermal contours represent
the flow and temperature fields visually, they help to delineate
the local hot/cold region that is relevant to the handling of
temperature sensitive materials, sensitive materials in process
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engineering and calculations require accurate heat transfer
coefficient given by average Nusselt number Nuavg. Figure 10
illustrates functional dependence on Reynolds number, Prandtl
number, and Grashof number for the average Nusselt number.
Under all circumstances, the average Nusselt number is strong
for the value of e as set out in the previous section according to

Re, Pr, andGr.,e increasing thickness ratios e also endorse the
heat transfer rate due to a reduction in efficient fluid viscosity at
or near the cylindrical surface. For analysis, steady flow is
considered in a two-dimensional space. ,e speed impact for
both Re and Hartmann number Ha is marked exactly at
(x � 2), and components u and v are considered for minute
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analysis. ,e Reynolds number effect (Re) against u and v

velocities on the (x � 2) channel is displayed in Figure 11. A
fluctuation for all Re values is observed in the v-velocity. Now,
for u-velocity, the parabolic formswith overlaps are again found

and the terminal velocity is 0.3 (approximately). Plots indicate
the reliance on Re andHa on stream lines.,e fluidity becomes
much higher for Ha than the rest of Ha. ,e progressive in-
crease in nonlinearity due to increase in Ha is seen in Figure 12.

Table 9: Impact of Re on reduction in pressure drop for different e.

Re e � 1.0 e � 0.75 % reduction e � 0.5 % reduction
10 0.122247 0.112795 7.73 0.112615 7.68
20 0.119741 0.110753 7.51 0.111084 7.23
30 0.118987 0.110133 7.44 0.110619 7.03
40 0.118626 0.109836 7.41 0.110396 6.94
50 0.118415 0.109662 7.39 0.110265 6.88

Table 5: Influence on percentage reduction in drag e � 1.0 for e � 0.75 and e � 0.5 at Re � 20 and Ha � 20.

n e � 1.0 e � 0.75 % reduction e � 0.5 % reduction
0.4 5.356412 4.070569 24.00 3.101553 42.09
0.6 5.378040 4.086737 24.01 3.113913 42.09
0.8 5.399516 4.102802 24.02 3.126193 42.10
1.0 5.420852 4.118770 24.02 3.138408 42.10
1.2 5.442058 4.134651 24.02 3.150560 42.11
1.4 5.463141 4.150447 24.03 3.162652 42.11
1.6 5.484107 4.166163 24.03 3.174686 42.11

Table 7: Influence on percentage reduction in pressure drop for e against n with Re � 20 and Ha � 20.

N e � 1.0 e � 0.75 % reduction e � 0.5 % reduction
0.4 0.11538 0.107049 7.22 0.107986 6.41
0.6 0.115567 0.10723 7.21 0.108229 6.35
0.8 0.115753 0.10741 7.21 0.108471 6.29
1.0 0.115938 0.107591 7.20 0.108715 6.23
1.2 0.116122 0.107771 7.19 0.108959 6.17
1.4 0.116306 0.107951 7.18 0.109203 6.11
1.6 0.116489 0.108131 7.17 0.109448 6.04

Table 6: Influence on percentage reduction in lift coefficient for e against n with Re � 20 and Ha � 20.

n e � 1.0 e � 0.75 % reduction e � 0.5 % reduction
0.4 − 0.01219 − 0.0105 13.86 − 0.00875 28.22
0.6 − 0.01219 − 0.0105 13.86 − 0.00874 28.30
0.8 − 0.01219 − 0.0105 13.86 − 0.00874 28.30
1 − 0.01219 − 0.0105 13.86 − 0.00874 28.30
1.2 − 0.0122 − 0.0105 13.93 − 0.00874 28.36
1.4 − 0.0122 − 0.0105 13.93 − 0.00873 28.44
1.6 − 0.0122 − 0.0105 13.93 − 0.00873 28.44

Table 8: Impact of Haon reduction in pressure drop for different e.

Ha e � 1.0 e � 0.75 % reduction e � 0.5 % reduction
0 0.117615 0.111998 4.76 0.109765 6.67
20 0.119741 0.113753 5.00 0.111084 7.23
40 0.122249 0.115795 5.28 0.112615 7.88
80 0.128146 0.118536 7.50 0.116157 9.36
100 0.131421 0.120145 8.58 0.118102 10.13
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5. Conclusions

,e present numerical work is concerned with the in-
vestigation of the flow past an elliptic cylinder for various
thickness ratios (e). ,e objective was to see the reduction
in hydrodynamic forces in comparison with e and heat
transfer characteristics in presence of magnetic field.
Simulations have been performed on the different scale of
the flow behavior index (n) from 0.4 to 1.6, Hartmann
number (Ha) from 0 to 100, Reynolds number (Re) from
10 to 50, Grashof number (Gr) from 1 to 10, Prandtl
number (Pr) from 1 to 10, and the thickness ratio (e) from
0.5 to 1.0. ,e key results of this study are concluded as
follows:

(i) Reynolds number (Re) is instrumental in investi-
gating the phenomenon of flow and heat transfer.
,e flow comportment changes from slower to
quicker mode as it increases.

(ii) On a heated cylinder, the average Nusselt number
Nuavg is rising. At e � 1, the maximum heat transfer
was found.

(iii) ,e pressure drop significantly reduced by 10.13%
at Ha � 100 and increases the pressure on the cir-
cular (e � 1) cylinders.

(iv) By enhancing thickness ratio (e), the lift coefficient
(CL) enriches and drag coefficient (CD) decreases
all values of significant factors.

(v) Nuavg increases with thickness ratio (e).

(vi) For a fixed (e), reduction in pressure drop is directly
proportional to Ha whereas it is inversely related
with Re.

,e current work can be extended to a nonstationary
framework at high Re giving raise to periodic flows and
vortex shedding behind the obstacles.

Greek Symbols

Nomenclature

u, v: Dimensionless velocity components
θ: Dimensionless temperature
p: Dimensionless pressure
n: Flow behavior index
DL: Diameter of cylinder
LD: Reference length
μo: Viscosity at zero shear rate
μ∞: Viscosity at infinite shear rate
τ: Stress tensor
_c: Shear rate
Umean: Reference velocity
Re: Reynolds number
h: Height of half channel
Pr: Prandtl number
Gr: Grashof number
FD: Drag force
CD: Drag coefficient
FL: Lift force
CL: Lift coefficient

Nuavg: Average Nusselt number
Nulocal: Local Nusselt number
∇ : Gradient operator
B: Magnetic field
g: Gravitational acceleration
e: ,ickness ratio
Ha: Hartmann number.
α: ,ermal diffusivity
ρ: Density
β: Volumetric expansion
υ: Kinematic viscosity
σ: Magnetic permeability
λ: Material cross time constant.

Abbreviations and Acronyms

#EL: Number of elements
#DOF: Number of degrees of freedom.
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Numerical simulations are carried out to study the flow around two tandem square cylinders (SC) under the effect of spacing
ratio(g/D) and splitter plate length (l/D) for a fixed Reynolds number (Re)� 100. )e g/D is varied from 0 to 10 and l/D is varied
from 0.5 to 10.)e splitter plate length is found to have strong effect on vortex shedding and fluid forces.)emaximum reduction
in mean drag coefficient is observed at l/D� 8, that is 15% and 78% for upstream and downstream cylinders, respectively. )e
maximum reduction in root-mean-square value of lift coefficient is found at l/D� 10, that is 99%.)e flow pattern at both of these
points is steady flow. )ere is 100% vortex shedding suppression for l/D> 5. )e observed flow patterns for flow past tandem
cylinders without splitter plate are; single bluff body (SBB), steady flow (SF), quasi-steady flow (QSF), fully developed flow (FDF)
and fully developed two-row vortex street flow (FDTRVS) regimes. SBB, QSF and SF regimes were observed in presence of
splitter plate.

1. Introduction

)e study of fluid forces and vorticity dynamics through the
bluff body has been greatly improved in the last few decades.
Most of these studies have been taken for single cylinder.
However, much less attention has been paid to multiple
cylinders flow compared to single cylinder. )e addition of
another bluff body can change the different aspects of flow
such as fluid forces and transition threshold. To study the
flow interference different models such as side-by-side,
tandem and staggered models have been used. Among these
models, tandem is the simplest one. A number of experi-
mental and numerical studies have been conducted for flow
past tandem cylinders. Kondo and Matsukuma [1] nu-
merically analyzed the salient flow features through two
tandem circular cylinders at Re� 1000. )ey found that the
forces exerted on the last cylinder are substantially higher
than those exerted on the first cylinder. While in case of

tandem square cylinders, the upstream cylinder forces are
larger than those of the downstream cylinder [2]. Azuma
et al. [3] experimentally measured forces acting on square
structures both side-by-side and in tandem. )ey observed
that the drag forces of two tandem cylinders changed sig-
nificantly when the separation ratio was greater than g/D� 3
(where g is the spacing between cylinders and D is cylinder
diameter) as compared to side-by-side arrangement. Abbasi
et al. [4] numerically analyzed the flow regime transitions
over the flow around three tandem cylinders for the g/D
between 0.5 and 16 at Re� 200 and found five different types
of flow regimes. In addition, they noted that the g/D is the
important analysis parameter. Abbasi et al. [5] analyzed the
flow regime transitions around two-, three- and four-tan-
dem cylinders for Re ranging from 1 to 130 at g/D� 2 and 5.
)ey observed two separate trends in terms of flow tran-
sitions for g/D� 2 and 5. )e more reduction in terms of
drag is observed at g/D� 2. Mittal et al. [6] numerically
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analyzed the flow characteristics through two cylinders for
Re� 100 and 1000 and found that the shedding starts at
Re� 100. Abbasi et al. [7] numerically found three various
types of flow features for two tandem cylinders. Vikram et al.
[8] also analyzed the salient flow features past tandem
cylinders. )ey observed that compared to downstream
cylinder the upstream cylinder experience higher lift force.
Sharman et al. [9] numerically analyzed the flow through
two inline cylinders under the influence of g/D varying from
2 to 10 for Re� 100. )ey identified g/D� 3.75–4 as critical
spacing, where the flow characteristics changes abruptly. Liu
and Jerry [10] experimentally analyzed flow on two cylinders
in tandem with Re� 2000–16000 and g/D� 1.5–9. )ey
reported hysteresis with two discontinuous jumps associated
with different flow regimes. Sohankar and Etminan [11]
analyzed flow and heat transfer across cylinders arranged
inline for Re� 1–200. )ey found that vortex shedding
formation begins in the range 35≤Re≤ 40.

)e addition of an eddy promoter improved the heat
transfer of the downstream cylinder and controls the CD.
Bearman [12, 13] used the splitter plates to increase the
formation length and reduce the drag. One of the most
important studies was carried out by Zdravkovich [14],
which divided the vortex suppression into three different
branches, namely: (i) surface protrusions, (ii) shrouds and
(iii) near-wake stabilizers. In literature both active and
passive methods exist. Active control procedures generally
require continuous external energy to reduce the drag forces
and improve the lift [15, 16]. While for the passive methods
there is no need internal energy, these include tripping rods
[17], control cylinder [18–20], splitter plate [21], T-shaped
plate [22] etc.

Anderson and Szewczyk [23] experimentally analyzed
the impacts of low length splitter plates for the flow through
circular cylinder and noticed that less than D/8 splitter
length appreciably affect the wake zone for Re� 2700 to
46,000. You et al. [24] observed that significant noise re-
duction can take place for flow around circular cylinder once
the splitter plate length is identical to the cylinder diameter.
Uffinger et al. [25] analyzed the effects of different shapes on
flow control behind a cylinder and found that the wedge
shape behind the square body significantly control the flow.
Ali et al. [26] computationally analyzed the influence of
splitter plate length on a cylinder at Re� 150.

To the best of ours’ knowledge, for the proposed problem
there is no numerical and experimental study reported in the
literature. Hopefully, this work will help engineer’s working
on fluid forces reduction.)emain motivation is to examine
the splitter plate effect on flow regimes. )e other main
objective is to stabilize the critical gap spacing. Furthermore,
we want to systematically examine the change over behavior
of the mechanism of wake structure behind the downstream
cylinder and amplitude variation of fluid forces.

)is paper is ordered as follows: )e proposed problem,
numerical method, initial and boundary conditions are
discussed in Section 2. )e effect of computational domain
and code validation is done in section 3. )e computed
results are presented in section 4. Finally, the conclusion is
presented in section 5.

2. Problem Description and Numerical Details

2.1. Problem Description. A schematic representation of the
flow through two fixed tandem SCs in presence of attached
splitter plate is shown in Figure 1. D, l and g are the width of
the cylinder, length of the splitter plate and spacing between
the cylinders, respectively. C1 and C2 are the first and second
cylinders, respectively. Lu, Ld, Lx, and Ly are the upstream
location, downstream location, length, and height of the
domain, respectively. Parabolic velocity profile is adopted at
the entrance position of the domain, while the convective
boundary condition is adopted at the exit of the domain [27].
No-slip boundary condition is applied to the surface of the
cylinders and splitter plate [28]. Free-slip boundary con-
dition is adopted at the top and bottom lateral boundaries of
the channel [29]. )e method of momentum exchange [30]
is used for the calculation of forces.

2.2. Lattice BoltzmannMethod. We have established the 2-D
code for the flow through two tandem SCs with and without
attached splitter at (g/D, l/D) � (0–10, 0.5–10) for Re� 100.
)e lattice Boltzmann method (LBM) is applied for the
numerical results obtained in this paper. As compared to
well known numerical techniques, the LBM is relatively new
technique [28]. It was developed by Frisch et al. [31].

Here we will present a short overview of this method. In
this study we applied Q2N9 (where Q is the space dimension
and N is the number of particles) lattice model. In this model,
each computational node consists of a rest particle (i� 0) along
with eight moving particles (i� 1–8) (see Figure 2).

)e density evolution equation is given by;

gi x + ei, t + 1( 􏼁 � gi(x, t) −
gi(x, t) − g

(0)
i (x, t)􏽨 􏽩

gi(x, t) − τ
, (1)

where, gi, g
(0)
i , t, x, ei and τ are the particle distribution

function, the corresponding equilibrium distribution
function, dimensionless time, position of particles, velocity
directions, and single relaxation time, respectively.

)e corresponding equilibrium distribution function is:

g
(0)
i � ρωi 1 + 3 ei.u( 􏼁 + 4.5 ei.u( 􏼁

2
− 1.5u

2
􏼐 􏼑. (2)

Here, ρ, u, and ωi are the fluid density, velocity and
corresponding weighting functions (ωi � 0 for i� 0, ωi � 1/9
for i� 1–4, and ωi � 1/36 for i� 5–8), respectively. Equation
(1) can be solved by two steps: collision which use a
Bhatnagar-Gross-Krook (BGK) operator [32, 33] and
propagation. )ese steps can be defined as:

Collision:

g
(new)
i (x, t) � gi(x, t) −

gi(x, t) − g
(0)
i (x, t)􏽨 􏽩

gi(x, t) − τ
. (3)

Streaming:

gi x + ei, t + 1( 􏼁 � g
(new)
i (x, t). (4)

Equations (5) and (6) are used to calculate the density
and velocity at each computational node
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ρ � 􏽘
i

gi, (5)

ρu � 􏽘
i

giei. (6)

)e boundary conditions are applied after the streaming
step (equation (4)), and the entire process is solved itera-
tively. )e pressure can be calculated from the equation of
state: p � ρc2s ; where cs is the speed of sound and its value is
1/

�
3

√
.

3. Computational Domain Study and
Code Validation

In this section we will present the grid independence and
code validation.

3.1. Grid Independence Study. Table 1 presents the grid
independence study. We have taken the error with respect to
D� 30. From the results it is observed that as the size of D is
increased from 20 to 30, the maximum variation in mean
drag coefficient (CDmean) and Strouhal number
(St � fs D/U∞, where fs is the vortex shedding frequency)
are 0.336% and 0.9%, respectively. )erefore, for the rest of
simulation we used D� 20.

3.2. Computational Domain. )e computational domain size
strongly affects characteristics of flow around bluff bodies. )e
small change in computational domain changes the vortex
shedding procedure, which affects the physical parameters. We
have calculated the CDmean and St for different values of Lu, Ld
and Ly, so that we can choose a suitable domain. )e data in
Table 2 shows that there is a slight difference in between the
resulted values. So we can consider any case given in Table 2.
We will simulate the given problem by using Lu� 8D; Ld� 25D
and Ly� 10D.)e numbers 1 and 2 in subscripts represents the
physical parameters of upstream and downstream cylinders.

3.3. Code Validation. )e validation of code is done for the
flow past single cylinder for Re� 100. For the validation of
the code we have used only two parameters that is CDmean
and St. For comparison the numerical results of Dutta et al.
[34] as well as experimental data of Norberg et al. [35] and
Okajima [36] are given in Table 3. )e results shows that the
present calculations of CDmean and Stare in good agreement
with the experimental data of Norberg et al. [35] and
Okajima [36]and numerical data of Dutta et al. [34].

4. Results and Discussion

A two-dimensional (2D) numerical study is carried out to
study the effect of g/D and l/D at Re� 100. )e splitter plate
is attached in the middle of the two cylinders. In this study

Bottom Boundary

Top Boundary

Lu

C1

U∞

C2

Lx

Ld

Ly

gD

l
w x

OutletInlet
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Figure 1: Schematic diagram of flow past two inline square cylinders in confined channel.
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Figure 2: LBM lattice velocities on square structure.
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we will discuss the vorticity contours visualization, time
analysis of CD and CL and power spectra of CL. During this
study the g/D will be varied from 0 to 10 and l/D will be
varied from 0.5 to 10.

4.1. 9e Flow Over Two Tandem Square Cylinders without
Splitter Plate. Figures 3(a)–3(f) presents the instantaneous
flow visualization of flow field through two SCs in tandem
arrangement without splitter plate. )e different g/D values
in Figures 3(a)–3(f) represented the flow filed characteristics
is SBB (g/D� 0.5 and 1), SF regime (g/D� 2 and 3), FDF
regime (g/D� 5) and FDTRVS regime (g/D� 9), respec-
tively. )e pattern of vortex was a single row in SBB flow
regime (Figure 3(a)). )e phenomenon was analogous to the
flow past a single SC. When the value of g/D is increased up
to 1, the shear layers detached from the C1 reattach on the
upper surface of the C2 (Figure 3(b)). When the g/D is
increased to 2 and 3, no vortex shedding occurs behind the
second cylinder (Figures 3(c), and 3(d)). When g/D� 5, the
fully developed vortex shedding can be clearly seen behind
the upstream square cylinder. Under these conditions, the
flow behind the downstream SC was almost matching to that
around single cylinder, and there was a little affect by the
upstream SC (Figure 3(e)). On the other hand, the down-
stream SC was still affected by the upstream SC, appearing to
be a two-rows vortex street at g/D� 9 (Figure 3(f )).

In the FDF regime, the two inline cylinders separately
shed vortices at the same frequency. Igarashi [37] also re-
ported that the two inline circular cylinders shed vortices at
the same frequency at reasonably large spacing ratio. It is
observed that the FDF or co shedding flow regime occurs at
g/D� 5 where the vortices shed separately from the two
cylinders but with same frequency. )e negative vortex
shedding fromC1 hits the front face of theC2 and at the same

time the negative and positive shed vortices develop from the
cylinder C2. )ese different shed vortices interact with each
other and results in a FDTRVS regime with multi-frequency
variation in the spectra of the lift coefficient of C2 (ref.
spectrum in Figure 4(j)).

Instantaneous streamline visualization shows the alter-
nate generation of negative and positive shed vortices
presented in Figures 5(a)–5(f). It is found that the wake
width and vortex formation length are considerably de-
pendent on spacing ratio. In SBB regime, the shear layers
separated from the front edges of C1 quickly reattached on
the lateral surface of C2, forming two small recirculation
regions within the cylinders (Figure 5(b)). Due to strong
suction a negative drag value is observed for C2. At g/D� 5,
both the cylinders (C1 and C2) shed vortices and the flow
characteristics is called a FDF regime.

Time variation CD and CL of both cylinders are shown in
Figures 6(a)–6(l) for different spacing ratios. As spacing ratio
increases, the amplitude of drag coefficient also increases for
FDF regime and FDTRVS regime (Figures 6(i), and 6(k)). It
is observed that the CD of C2 is modulated. At g/D� 0.5 and
1, the CL become sinusoidal, and the first cylinder and
second cylinder shed vortices result in an inphase mode
(Figures 6(b), and 6(d)). At g/D� 2, the CL of both cylinders
becomes constant (Figure 6(f )).

)e spectra graph shows a single dominant peak cor-
responding to the primary frequency; no secondary fre-
quency was observed in the spectra in case of single bluff
body flow regime (Figures 4(a)–4(d)). )e small peak in the
power spectra (Figures 4(h) and 4(j)) suggests that the
second cylinder flow is still affected by the first cylinder.

4.2. 9e Flow Around Two Tandem Square Cylinders with
Attached Splitter Plate. Figures 7(a)–7(e) presents the vor-
ticity contours visualization of flow field around through
inline SCs. )e different splitter plate length within the
spacing between the two cylinders represented the flow filed
characteristics in reattachment flow regime (g/D� l/D� 0.5
and 1) and steady flow regime (g/D� l/D� 2.5, 5 and 10). In
shear layers reattachment flow (SLR) regime, the shear layers
separated from the C1 reattach on the upper surface of the C2
(Figures 7(a) and 7(b)). When g/D� l/D≥ 2.5, the steady
flow regime can be clearly seen behind both cylinders
(Figures 7(c)–7(e)). Under these circumstances, the flow
behind the upstream and downstream SCs was almost
similar, and it was hardly affected by the downstream SC.
Inspection of Figures 8(a)–8(e) further confirms that the
flow through the downstream SC becomes steady only in
existence of the splitter plate of l/D≥ 2.5.

)e higher upward mean lift force is observed for the
downstream SC when the two cylinders are closely spaced as
the viscous effect is more towards the lower face of the
downstream square cylinder. From Figures 9(a), 9(c), 9(e)
and 9(g) it can be seen that at l/D� 0.5, 1, 2.5 and 10 the CD1
and CD2 are both constants. Furthermore, the CD2 having
negative drag coefficient at l/D� 0.5, 1 and 2.5. On the other
hand, the lift force has periodic behaviour with decreasing
amplitude as the value of l/D increased. Furthermore, at l/

Table 1: Cylinder size effect on integral parameters at Re� 100.

D 10 20 30
CDmean 1.1916 (2.79%) 1.1622 (0.34%) 1.1583
St 0.1271 (3.78%) 0.1235 (0.9%) 0.1223

Table 2: Effect of computational domain at g/D� 1.

Lu Ld Ly CDmean1 CDmean2 St1 St2
8D 25D 10D 1.0873 −0.0828 0.1018 0.1018

(3.08%) (3.8%) (3.41%) (3.41%)
8D 40D 10D 1.1208 −0.0796 0.1054 0.1054
12D 25D 10D 1.1144 −0.0860 0.0987 0.0989

(2.43%) (3.86%) (3.05%) (3.04%)
8D 25D 10D 1.0873 −0.0828 0.1018 0.1018

(3.53%) (2.90%) (3.59%) (3.60%)
8D 25D 14D 1.0489 −0.0.852 0.1056 0.1058

Table 3: Comparison of present and previous results.

Present Dutta
et al. [34]

Norberg
et al. [35] Okajima [36]

CDmean 1.162 1.15 1.44 1.6
St 0.124 0.13 0.145 0.14
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Figure 3: (a–f). Instantaneous vorticity contours visualization at different spacing ratios.
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D� 10, the lift force is a straight line due to steady flow
behaviour behind the cylinders.

)e power spectra of CL of the two cylinders with dif-
ferent splitter plate length are shown in Figures 10(a)–10(f ).
At l/D� 0.5, the lift force oscillation of the upstream cylinder
was stable, which ensures that the interference is weak
between the cylinders. When the splitter plate length is

varied from 0.5 to 1, the power spectra not changed. With
the further increase in splitter plate length, the interference
among the two tandem cylinders slowly disappeared, and the
oscillation became stable again. For the downstream cyl-
inder, its lift force oscillation had almost the same behaviour
as the upstream square cylinder.)e difference was observed
when the splitter plate length was varying from 5 to 10. Some
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Figure 4: (a–j). Spectra analysis of lift coefficients at different spacing ratios.
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Figure 6: (a–l). Time variation of CD and CL at different spacing ratios.
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Figure 9: (a–h). Time variation of CD and CL at different l/D values.
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minor peaks in the spectra of the upstream square cylinder
were observed. )is is due to the vortex generated by the C1
directly acts on the C2.

)e graphical representation of the different observed
flow regimes is given in Figure 11. It can be observed that at
small value of g/D and splitter plate length the single bluff
body flow regime occurs. At intermediate values of g/D and
l/D the shear layers reattachment flow regime occurs. )e
FDF regime and FDTRVS regime can be seen only for the
two tandem square cylinders without splitter plate. It can
also be observed from the flow diagram that the splitter
plate considerably suppressed the vortex shedding behind
the cylinders and completely convert it to steady flow
regime.

4.3. Analysis of Force Statistics. In Figure 12(a), compared
with the CDmean of a single SC, the CDmean of C1 was slightly
reduced up to g/D� 4.5 without splitter plate. As the g/D
increased, the CDmean of the C1 remained unchanged and
was almost equal to an isolated cylinder. )e CDmean of the
C2 was considerably smaller than that of single cylinder due
to the influence by the wake of the upstream SC. )e value of
CDmean of the C2 was negative when g/D is varied from 0.5 to
4. When the value of g/D increased to 4, the CDmean of C2
changed from negative to positive. As the g/D continued to
increase (g/D> 4), theCDmean of the downstream cylinder first
increased and then slowly starts to decrease. )e transition
from shear layers reattachment flow regime to two-row vortex
street flow regime was actually a positive-negative conversion
of the CD2. It is found that in presence with the splitter plate,
the value of CDmean of the C2 is considerably smaller than in
the cases without splitter plate. )e splitter plate length has
marginal role on drag reduction for g/D> 5.

CDrms1 and CDrms2 are the root-mean-square drag values
of the first cylinder and second cylinder, respectively
(Figure 12(b)). )e discontinuity is observed in CDrms2

without splitter plate in Figure 12(b) for the case of g/D� 4.5
due to transition of flow regime from shear layers reat-
tachment flow regime (g/D� 4) to fully developed flow
regime (g/D� 4.5). For a splitter plate length of l/D 1 to 10,
the CDrms of both cylinders is nearly equal to that of the
isolated cylinder. However, it is found without splitter plate
that the CDrms2 is irregular.

From Figure 13(a), it is seen that theCL of the cylinder C2
is more affected as compared to the cylinder C1 due to the
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change in g/D. )e dependency of CLrms2 is more pro-
nounced at higher spacing ratios. On the increase of length
of the splitter plate, the CLrms2 apparently lower than the
value of an isolated SC.)e shedding frequency is one of the
fluidic parameters which can affect the C2and alter wake
dynamics. Similar to the numerical results of Sharman et al.

[30], the St values of the C1 and C2 are the same with all g/D
values considered in this study.

Figure 14 presents the percentage reduction of CDmean of
flow past two tandem cylinders. Regarding the CDmean2, the
control effectiveness increases with increasing the splitter
plate length: i.e., 49, 53.4, 57.2, 56.1, 62, 63.1, 67.1, 60, 53.1,
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59.4, 61, 65.2, 79.1, 76.1, and 74.2% for l/D� 0.5, 1, 1.5, 2, 2.5,
3, 3.5, 4, 4.5, 5, 6, 7, 8, 9, and 10, respectively. )e larger
splitter plate length will lead to a better control of fluid
forces.

5. Conclusions

In this article, the numerical simulation for flow past two
tandem cylinders in presence of attached splitter plate was
carried out at Re � 100. )is study investigates the drag
reduction and the interference among the cylinders at
various splitter plate length of l/D � 0.5 to 10. )e ob-
served flow regimes were divided into five different re-
gimes: single-bluff body, shear layers reattachment,
steady, fully developed two-row vortex shedding and fully
developed flow regimes. )e CDmean2 was negative when g/
D is varied from 0.5 to 4. We not found fully developed
shed vortices between the cylinders in case of single-bluff
body and shear layers reattachment flow regimes. )e
discontinuity is observed in CDrms2 without splitter plate
for the case of g/D � 4.5 due to transition of flow regime
from shear layers reattachment flow regime (g/D � 4) to
fully developed flow regime (g/D � 4.5). )e dependency
of root-mean-square value of lift coefficient of the
downstream cylinder (CLrms2) is more pronounced at
higher spacing ratios. Regarding the mean drag coefficient
of the downstream square cylinder, the maximum re-
duction about 79.1% is observed for l/D � 8.
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In this work, a comprehensive study of fluid forces and thermal analysis of two-dimensional, laminar, and incompressible
complex (power law, Bingham, and Herschel–Bulkley) fluid flow over a topological cross-sectional cylinder (square, hexagon, and
circle) in channel have been computationally done by using finite element technique. -e characteristics of nonlinear flow for
varying ranges of power law index (0.4≤ n≤ 1.6), Bingham number (0≤Bn≤ 50), Prandtl number (0.7≤Pr≤ 10), Reynolds
number (10≤Re≤ 50), and Grashof number (1≤Gr≤ 10) have been examined. Considerable evaluation for thermal flow field in
the form of dimensionless velocity profile, isotherms, drag and lift coefficients, and average Nusselt number (Nuavg) is done. Also,
for a range of Bn, the drag forces reduction is observed for circular and hexagonal obstacles in comparison with the square
cylinder. At Bn � 0 corresponding to Newtonian fluid, maximum reduction in drag force is reported.

1. Introduction

Since the last several decades, heat transfer from a single
cylinder (circular, square) has been widely considered, given
its significance in various fields of engineering mathematical
problems. -e key research factors for the design, mainte-
nance of electric cooling system, evaporators, heat ex-
changers, thermal plants and automobile radiators, etc., can
be reported. Moreover, thermal flow by natural, forced, and
mixed convection from solid body to fluid stream has been
simulated by many researchers in a variety of configurations.
Ditchfield et al. [1] experimentally examined the effects of
thermal flow on viscoplastic fluid by implementing a pro-
posed model. Shyam et al. [2] considered the influence of
nonisothermal and nonlinear viscous fluid flow over the pair
of circular heaters at large Grashof number. Computations
were reported by varying gap between cylinders to elucidate

its impact on thermal flow field. Laidoudi et al. [3, 4] an-
alyzed the characteristics of mixed convection thermal flow
of dual circular cylinders at low Reynolds number. -ey also
computed fluid forces and average Nusselt number and
observed high Nusselt number on second obstacle compared
to the first one due to thermal buoyancy. Kefayati et al. [5]
have numerically investigated the effects of double diffusion
and entropy generation of viscous fluid flow over a cold
cylinder in a duct by Lattice Boltzmann technique. In ad-
dition, an enhancement in heat transfer was noticed due to
increase in the length of diameter of the cylinder. -e
buoyancy effects on thermal flow characteristics of confined
circular cylinder submerged laminar Poiseuille fluid are
studied by Laidoudi et al. [6]. Masoumi et al. [7] have ex-
amined the influence of nonisothermal viscoplastic fluid
flow inside the circular duck and also imposed the Galerkins
Weighted Residual (GWR) scheme of FEM computation

Hindawi
Mathematical Problems in Engineering
Volume 2021, Article ID 9199512, 15 pages
https://doi.org/10.1155/2021/9199512

mailto:fahd@cankaya.edu.tr
https://orcid.org/0000-0002-1012-0781
https://orcid.org/0000-0002-3303-0623
https://orcid.org/0000-0003-0523-2794
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/9199512


with hybrid mesh. -e influence of Richardson number on
flow and heat transfer topologies of an obstacle at high
Reynolds number are examined by Zafar and Alam [8].
Laidoudi et al. [9] considered the effects of the free con-
vection fluid flow between two cylinders at high Reynolds
number in a circular duct and also provided the correlation
impacts of the average Nusselt number.

In order to design structures for non-Newtonian fluid
exposed in polymer processing activities, reliable knowledge
about fluid forces is often necessary, and in this regard, the
flow and heat transfer in the free convection regime have
been considerably studied in extensive research resources in
recent years. Bharti et al. [10, 11] investigated the charac-
teristics of steady, incompressible, non-Newtonian fluid flow
over a confined cylinder at low Reynolds number Re≤ 40.
-ey solved the model by using QUICK algorithm and finite
volume scheme. Shyam et al. [12] numerically studied the
influence of thermal flow of free convection over a constant
heated block in a square duck and also reported the effects of
average Nusselt number on Grashof and Prandtl number
against power law index. Baranwal and Chhabra [13] con-
sidered an incompressible free convective thermal flow of
power law fluid over a confined cylinder in square cavity. In
addition, they examined the geometric effects of the cylinder
on thermal flow fields. A. Pantokratoras [14] numerically
reported the flow of power law fluid over a rotating cylinder
solved by using finite volume scheme through commercial
code FLUENT. Gangawane and Manikandan [15] have
explored the thermal flow features over a hexagonal block
with constant temperature, solved by using finite volume
technique with QUICK discretization and SIMPLE algo-
rithm. Asnaashari and Tohidi [16] investigated the effects of
flow and heat transfer of power law fluid in an unconfined
computational domain. Dhiman and Shyam [17] have ex-
amined the influence of Reynolds number on unsteady heat
transfer over an equilateral triangular block and created grid
by GAMBIT and solved it by using FLUENT.

Nirmalkar and Chhabra [18] studied the characteristics
of Bingham fluid flow over a heated submerged cylinder
using finite element computation. Patel and Chhabra [19]
have extensively examined heat transfer, fluid forces, and
yield stress results in steady flow regime. Mahmood et al.
[20] have simulated a plastic fluid flow of square cavity by
using the open-source software package FEATFLOW sub-
merged in Papanastasiou regularization. Liu et al. [21] in-
vestigated the characteristics of Bingham fluid flow in deeply
buried rock.-akur et al. [22] have been considered a forced
convective heat transport of a Bingham fluid over a rotating
circular cylinder at low Reynolds number. Rem et al. [23]
investigated the influence of unsteady Bingham fluid flow in
a fractured channel.

-e Herschel–Bulkley fluid model narrates the rheo-
logical influence of viscoplastic fluids which occurred in
innumerable applications in industry. -eses viscous fluids
are characterized by yield stress which requires a finite stress
for flow. -e relation between the shear stress and the shear
rate is nonlinear. Since thermal flow is important in in-
dustrial applications with viscoplastic fluid flow like paint,
cosmetic, and petroleum, many researchers have examined

the characteristics of thermal flow in such viscoplastic fluid
flow regimes [24–32].

Zdanski and Vaz [33] have implemented a second-
order finite difference scheme to simulate a flow problem of
incompressible 3D viscous fluid flow in a channel. Abbasi
et al. [34] have numerically analyzed the impacts of hy-
drodynamic forces over a cylinder-based Lattice Boltz-
mann Method (LBM) at low Reynolds number. Also, they
compared their results with numerical and experimental
data for single square cylinder case. Mahmood et al. [35]
studied the non-Newtonian flow in a channel driven cavity
by using P2 − P1 element pair for finite element compu-
tation. Abbasi et al. [36] examined the characteristics of
fluid forces over square cylinders at varying range of gap
spacing, solved by LBM computation. Khan et al. [37]
imposed least square FEM computation of viscous fluid
flow over a semicylinder block via COMSOL solver. Tomio
et al. [38] implemented a numerical methodology, second-
order finite difference scheme to solve a flow problem.
Characterization of fluid forces of nonlinear material in a
channel is based on FEM computation at low Reynolds
number [39–41].

-is manuscript is organized as follows. in Section 1 and
Section 2, the introduction of the problem and the flow
configuration and governing equations with constitutive
relations are explained. Numerical scheme and grid con-
vergence are described in Section 3. Also, the results are
compared with literature for code validation. In Section 4,
we explain in detail all the results and discussion of the
article. Finally, conclusion is mentioned in Section 5.

2. Flow Configuration and
Governing Equations

A cylinder (square, hexagon, and circle) of diameter LD �

0.1 in an incompressible viscous polymer solution in lam-
inar, steady, 2D flow regime is revealed in Figure 1. -e
surface of cylinders is maintained at a uniform temperature
Th and flow with average velocity U∞. -e total length of
given benchmark problem is Lup + Ldown,where Lup � 0.2 is
the upstream length and downstream length is Ldown � 2
from the center of the cylinder and height of the channel is
0.41, respectively. Moreover, the thermophysical properties
of fluids are considered to be free from temperature. Also, we
have neglected the effects of viscous dissipation from heat
equation.

-e geometrical configuration of the problem is shown
in Figure 1.

Continuity, momentum, and energy are the governing
equations of steady, nonisothermal, and viscous incom-
pressible fluid flow across an infinitely long channel in
presence of heated cylinder. -eir nondimensional forms of
these equations are written as follows:

∇.u � 0, (1)

u.∇u + ∇p �
1
Re
∇.τ +

Gr

Re2
θ, (2)

2 Mathematical Problems in Engineering



u.∇θ �
1

RePr
∇2θ, (3)

where τrepresents the category of the chosen fluid. Here we
have used three models, namely, power law, Bingham, and
Herschel–Bulkley fluid defined as follows.

(i) Power law model:

τ � m( _c)
n
. (4)

(ii) Bingham model:

_c � 0, τ ≤ τy,

τ �
τy

_c
+ μp􏼠 􏼡 _c, τ > τy.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(5)

(iii) Herschel–Bulkley model:

τ � τy + m _c
n
,

η �
τy

_c
+ m _c

n− 1
, τ > τy.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(6)

-e nondimensionalized equations (1)–(3) suggest that
velocity, pressure, and temperature fields are dependent on
dimensionless parameters, Reynolds number (Re), Grashof
number (Gr), Prandtl number (Pr), and Bingham number
(Bn). -ese parameters are defined as

Reynolds number Re �
U∞LD

υ
,

Grashof numberGr �
gβ Th − T0( 􏼁L

3
D

υ2
,

Prandtl number Pr �
υ
α

,

Binghamnumber Bn �
τ0LD

μU∞
,

(7)

where symbols have been defined in nomenclature. To
compute the solution of equations (1)–(3), the system must
be subject to some boundary conditions. At the inlet of this
domain, fluid enters with parabolic profile in x-direction. At
the outlet, the Neumann conditions for all variables have
been imposed. On the surface of channel and obstacles there
is no-slip boundary condition. Furthermore, fins are insu-
lated and obstacles are heated uniformly while other walls of
channel remain cold.

Ultimately, computational results from the preceding
governing equations in the form of primitive variables
(u, p, and θ), together with the above boundary conditions
of the domain are postprocessed to evaluate the derived
quantities like drag coefficient, lift coefficient, and Nuavg,
respectively.

-e nondimensional net drag (Fd) and lift (Fl)forces act
on the submerged cylinder in the flow and normal direction,
while the drag and lift coefficient are

CD �
2Fd

ρU
2
∞LD

,

CL �
2Fl

ρU
2
∞LD

.

(8)

Here the reference velocity is U∞ � (2/3)Umax,where
Umax � 0.3 is the maximum velocity of given parabolic
profile at the inlet.-e local Nusselt (Nulocal) number on the
surface of duct and fins is estimated by Nulocal � − (zθ/zns).
Such values have been more averaged over both surfaces
(cylinder and fins) to obtain the average Nusselt (Nuavg)
number given as

Nuavg �
1
S

􏽚
s
NulocaldS, (9)

where “S” and “ns” are the surfaces of thermal region and
normal direction of the surface; it is reasonable to postulate
that the drag coefficient is function of Rewhereas the Nuavg
depends on the Pr. -is work endeavors to exhibit and
develop more efficient functional relationship for circular
cylinder in future.

3. Numerical Scheme and Grid Convergence

Due to nonlinearity of the governing equations as well as of
non-Newtonian fluids, having plastic viscosity applied to
channel flow, the energy and momentum equations cannot
be supported with analytical solutions, so we implemented
numerical scheme finite element method (FEM) for
computing the optimized solution with different shapes of
cylinder. -e underlying discrete nonlinear system of
equations has been solved by Newton method and the
linearized inner system is solved with a direct solver
PARDISO. -e PARDISO solver utilizes LU matrix fac-
torization and reduces the number of iterations required
for the desired level of convergence. -is reduces the
number of the iterations required. -e Lagrangian system
was used for the velocity discretization (second order) of
elements and pressures and temperatures (linear) as is
shown in Figure 2.

Grid independence study has been performed for the
CD, CL , and Nuavg for the different cylinders and corre-
sponding results are given in Table 1–Table 3 for all the three
shapes of cylinders at Re � 20, Pr � 6.2, Bn � 0, n � 1 , and
Gr � 10. -e benchmark results reveal the fact that results at
levels 7 and 8 are in close agreement so to save computa-
tional cost, and we performed the rest of the simulation at
level 7.

Finally, the current code has also been validated against
the Schaefer and Turek [42] in Table 4 by setting the tem-
perature on circular cylinder as zero.
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4. Results and Discussions

-is work endeavors in three different cross-sectional cyl-
inders with significant boundary conditions to elucidate the
impact of non-Newtonian fluid flow and heat transfer be-
havior. -e results shown in this study cover the range of
parameters as: 0.4≤ n≤ 1.8, 10≤Re≤ 50, 0≤Bn≤ 50, 0.7≤
Pr≤ 10 , and 1≤Gr≤ 10, respectively. Here is a comment on
the choice of these ranges. -e value of the power law index
is encountered in many products such as suspension and
polymer fluids found in industrial practices. Moreover, Bn
are considered adequate for determining their influence on
flow and heat transfer characteristics. -e lowest value of
(Bn � 0) is Newtonian and the fluid in the very wide
(Bn⟶∞) is plug-like and heat is transmitted only via
conduction which is slightly increased by piston-like fluid
motion. -e selection of the range of parameters for present

work is based on a combination of the actual material
characteristics and the anticipated fluid limiting conditions.
Extensive results are discussed in the ensuring sections on
lengths entrance, velocity profile and temperature, yield
surfaces, and Nuavg. It is, however, edifying first to determine
the accuracy of the existing numeric assumptions and this
objective is accomplished by presenting a number of
benchmarks for a number of limiting circumstances and
comparing the results available in literature.

4.1. Power LawModel. -e velocity distribution illuminated
in Figure 3 with varying cylinder shapes at Reynolds Re �

20 with Newtonian fluid n � 1 is restricted. Since the ve-
locity of the parabola is induced at inlet, and other
boundaries are kept in no-slip conditions, velocity variation
close to channel obstacles is observed. A conclusion is

OutflowInflow

Lup Ldown

LD = 0.1
LD = 0.1

(a) (b) (c)

LD = 0.1

Adiabatic

Figure 1: Schematic diagram of the problem: (a) square; (b) hexagon; (c) circle.

(a) (b) (c)

Figure 2: Complex computational grids at coarse level: (a) square; (b) hexagon; (c) circle.

Table 1: Grid convergence study for square cylinder.

#RL #EL DOF CD CL Nuavg
1 1,126 8,483 6.8482 0.0356 4.8973
2 1,790 13,396 6.9111 0.0619 4.9782
3 2,846 20,782 6.9246 0.0706 5.0401
4 5,160 36,943 6.9333 0.0720 5.1123
5 7,850 55,357 6.9347 0.0731 5.1496
6 13,648 94,160 6.9359 0.0728 5.1807
7 30,900 212,318 6.9389 0.0726 5.2426
8 72,496 493,199 6.9397 0.0721 5.2791
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reached that the parabolic nature of velocity profiles is
similar in the entry. Figure 4 is plotted to evaluate pressure
variation across the physical domain, particularly in vicinity
of circular obstacle and constant Re � 20. From the figure, it
is seen that pressure exhibits optimized nonlinear (power
law, Bingham, and Herschel–Bulkley) fluids behavior close
to the obstacle and gets linear downstream in channel flow as
expected. Here, the optimum pressure is observed to have
maximum value in front of the obstruction that interacts
with fluid. It also appears that its pressures become linear
when the fluid passes over the obstacle.

Figure 5 shows the effects of the shape of cylinder on
CD and CL against n from 0.4 to 1.6 covering a wide range
of Newtonian, shear-thinning (thixotropic), and shear-
thickening (rheopectic) fluids. -e reductions in the
values of CD and CL are observed from square to circle
cylinders. Moreover, reduction in power law index results
in lowering the apparent fluid’s viscosity beside the cyl-
inder, thereby reducing the frictional drag strength. -e
shape effects for Newtonian fluid (n � 1) against Re are
illustrated in Figure 6. Furthermore, the power law index
influences the total drag coefficient which is decreasing
gradually as the Re increases from 10 to 50. In Figure 7, the
effect of drag and lift coefficients on obstacle shapes was
shown; with increasing Prandtl numbers, CD and CL de-
crease. Both coefficients produce lower values for the case
of circular cylinder as compared with the other two
shapes.

-e changes in the flow field because of the parametric
values of n, Re, and Pr significantly impact the Nuavg over the
surface of cylinders. Towards this end, we presented in this
section the effects on the Nuavg for the different shapes of the
cylinder for Pr, n, and Re. Figure 8(a) shows that increasing
the Pr gives rise to an increment in the Nuavg. -e de-
pendence of Nuavg on n and Re for three different cylinders is
shown in Figures 8(b) and 8(c). Nuavg increases as the Re
increases because the thermal boundary layer is progres-
sively thinning. In addition, an increase in shear-thinning
(decreased value of n) also improves the rate of thermal flow,
due to the reduction of the apparent fluid viscosity because
of steep gradients close to the submerged cylinders.

4.2.BinghamModel. In this case, the flow field comprises the
yielded and unyielded zones, which vary with the choice of
Bingham fluid which is nondimensional analog of yield
stress. Figure 9 illustrates the areas where fluid moves like a
rigid body in unyielding (plug) zones.-e viscosity increases
as the yield stress in the Bingham fluid gradually increases.
In the vicinity of the submerged cylinder there is always a
yielded region. Bingham fluid acts in the center of the
channel like a solid. Figure 10 shows the isotherms around
the cylinders for the Newtonian case at fixed Re. -e iso-
thermal profile reflects the physical phenomena observed
through the analysis of patterns of streamlines. More
thermal contours are crowded near the curved surface than

Table 3: Grid convergence study for circular cylinder.

#RL #EL DOF CD CL Nuavg
1 962 7,378 5.5349 − 0.0075 4.8564
2 1,590 12,009 5.4785 − 0.0087 4.9292
3 2,426 17,918 5.5207 − 0.0036 4.9190
4 4,540 32,683 5.5510 − 0.0019 4.9243
5 6,716 47,611 5.5538 − 0.0018 4.9283
6 11,796 81,603 5.5605 − 0.0015 4.9297
7 27,194 197,374 5.5754 − 0.0008 4.9286
8 65,288 444,870 5.5786 − 0.0008 4.9292

Table 4: Validation of code for comparison of drag and lift coefficients.

Coefficients of fluid forces Schaefer and Turek [42] Present study
CD 5.5785 5.5785
CL 0.0106 0.0106

Table 2: Grid convergence study for hexagonal cylinder.

#RL #EL DOF CD CL Nuavg
1 1,098 8,279 6.1080 − 0.0019 4.6590
2 1,796 13,413 6.1088 0.0004 4.7139
3 2,742 20,061 6.1096 0.0005 4.7385
4 4,984 35,706 6.1116 0.0016 4.7873
5 7,666 54,068 6.1124 0.0017 4.7847
6 13,298 91,768 6.1128 0.0018 4.8005
7 30,388 208,777 6.1135 0.0019 4.8355
8 71,232 484,604 6.1135 0.0019 4.8517

Mathematical Problems in Engineering 5



on the flat surface, which leads to a higher Nuavg on the
curved surface. -e crowds of temperature contours depend
on the Bn and Pr

-e trend of CD and CL based on the shape of cylinders
versus Bn can be seen in Figure 11. -ere is a linear growing
profile for drag coefficient for all shapes. However, for a

square cylinder the CD is higher as compared with the other
cases because the fluid forces dominate at the surface of
square cylinder. -e CL varies nonlinearly for all cylinders;
for the square cylinder, however, the CL decreases after a
certain Bn threshold with an increase in the Bn. However,
quantitative analysis of CD and CL for different Re is

(a)

(b)

(c)

Figure 4: Fluid effects on pressure profile for Re � 20. (a) Power law fluid (n � 0.4). (b) Bingham fluid (Bn � 20). (c) Herschel–Bulkley fluid
(Bn � 20, n � 0.4).

(a)

(b)

(c)

Figure 3: Shape effects on velocity profile for n � 1, Pr � 5, andRe � 20. (a) Square shape cylinder; (b) hexagon shape cylinder; (c) circular
shape cylinder.
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presented in Table 5. Table 6 shows that, in the case of three
shaped cylinders, maximum reduction is observed for all Bn
values. In addition, the maximum reduction can be seen at
Bn � 0 for all cylinder combinations. In the range
0≤Bn≤ 50, for all configurations that approach their cor-
responding minimum values, the values of a percent re-
duction decrease.

Figure 12 reveals the disparity of the Nuavg based on the
shapes of cylinder and with the Bn. -e Nuavg has been
shown to dominate in case of square cylinder.

4.3. Herschel–Bulkley Model. -e fluid model Her-
schel–Bulkley combines the characteristics of Power Law
and Bingham models. -e fluid flow of Herschel–Bulkley
thus shares the features of power law and of Bingham fluid.
-e effect on the flow components is similar from the power

index and Bingham number. For this reason, only those flow
characteristics over the cylinder that were not described
above will be discussed in this case. Such as the Bingham
fluid, a fluid region is formed around the cylinder when
there is a flow over the cylinder, while the medium is a rigid
substance on the periphery. -e fluid region is mainly based
on the number of Bingham: the larger the amount of
Bingham, the lesser the region of fluid.

-e size depends simultaneously on the power index: the
lower the n, the smaller the fluid region. It can thus be
concluded that a perturbation of the cylinders is reduced if the
rheology of the fluids is non-Newtonian, if the number of the
Bingham and/or the power index is lower. In strongly non-
Newtonian fluids, dependence on the drag and kinematic
features of the flow is less significant than inNewtonian fluids.
-e responsiveness of the flow properties to relative velocity
changes is weakened as the non-Newtonian fluid properties
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Figure 6: (a) Drag coefficient and (b) lift coefficient against Re with Pr � 5 and n � 1.
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Figure 5: (a) Drag coefficient and (b) lift coefficient against n with Pr � 5 andRe � 20.
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increase. Figure 13 reveals the characteristics of drag and lift
coefficient against Bingham number for different fluid
properties over the different cylinders. -e drag trend for Bn
is the same across the fluid, but the drag values for the
rheopectic fluid are higher as the boundaries are nonsmooth

compared to the thixotropic fluid. -e lift values demonstrate
an increasing trend for Bn from 0 to 10 and reveal a de-
creasing trend for a further increase in the Bingham number
for each fluid case. Figure 14 reveals the effects of cylinder
shapes on average Nusselt number against Bn for complex

(a)

(b)

(c)

Figure 9: Shape effects on viscosity field for Bn � 20 andRe � 20.(a) Square shape cylinder; (b) hexagon shape cylinder; (c) circular shape
cylinder.

(a)

(b)

(c)

Figure 10: Shape effects on isotherm contour for Bn � 20 andRe � 20. (a) Square shape cylinder; (b) hexagon shape cylinder; (c) circular
shape cylinder.
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fluids. Figure 15 shows the variation of the Nuavg with Bn on
both shape cylinders and theGr. -e Nuavg increases with Gr
as usual.

A line graph is shown in Figure 16 to depict the impact of
rheology of fluid on velocity profiles. -e velocity profile
changes as the yield stress increases, from a parabola to a flat
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Figure 11: (a) Drag coefficient CD and (b) lift coefficient CL against Bn with Pr � 5 andRe � 20.

Table 5: Impact on drag and lift coefficients against Bn for different Re values.

Bn
Re � 10 Re � 30 Re � 50

CD CL CD CL CD CL

0 8.428736 − 0.04927 4.571563 − 0.00557 3.694473 − 0.01109
10 58.36013 0.120413 9.431011 0.044435 5.201851 0.015601
20 107.898 0.001741 14.68912 0.044090 6.969524 0.025137
30 156.8559 − 0.13567 20.02938 0.030733 8.793285 0.028560
40 205.5070 − 0.29718 25.40788 0.015660 10.65577 0.026068
50 253.8652 − 0.44502 30.81171 0.003527 12.53580 0.020911

Table 6: Percentage reduction in drag coefficient: square versus hexagonal and circular case.

Bn Square Hexagon % reduction Circle % reduction
0 6.9397 6.1135 14.94 5.5786 19.61
5 13.9553 12.0237 14.41 11.2657 19.55
10 21.4478 18.4166 14.13 17.2796 19.43
15 28.9459 24.8896 14.01 23.3732 19.25
20 36.4354 31.4094 13.79 29.5111 19.00
25 43.8990 37.9431 13.57 35.6571 18.77
30 51.3235 44.4747 13.34 41.8024 18.55
35 58.7175 51.0029 13.14 47.9443 18.35
40 66.0861 57.5283 12.95 54.0775 18.17
45 73.4365 64.0466 12.79 60.1993 18.03
50 80.7721 70.5589 12.64 66.3107 17.90
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Figure 13: Continued.
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plateau in the channel central region, which represents the
unyielded material.

5. Conclusions

In this manuscript, extensive computations have been
carried out to elucidate the thermal flow features based on
the topology of the obstacles. -e results revealed herein
enhance over the following varying ranges of nondimen-
sional parameters: n from 0.4 to 1.6, Bn from 0 to 50, Re from
10 to 50, Pr from 0.7 to 10, and Gr from 1 to 10, respectively.
In nonlinear fluid, CD decreases from square to circle by
order to optimize cylinder. -e results for the development
and completion of the velocity profile and thermal flow and
Nuavg for three typical shapes of partially insulated cylinders
are detailed. -e main findings include the following:

(i) Drag and lift coefficients increase against n and Pr
while they decrease along Re over all the topologies
of cylinders

(ii) For the Newtonian case, reduction in CD is max-
imum while reduction is decreasing for increasing
the Bn

(iii) -e rate of thermal flow tends to increase as the Re
values increase due to a decline in the n

(iv) -e Nuavg increases with increasing both Bn and Gr
(v) -e velocity profile shifts from a parabolic to a

smooth plateau in the center along the channel
when the yield stress increases indicating a plug
zone in the center of the channel

Nomenclature

u: Dimensionless velocity
θ: Dimensionless temperature
p: Dimensionless pressure
m: Dimensional stress growth parameter
n: Flow behavior index
ρ: Density

5.458

5.456

5.454

5.452

5.45

5.448
0 0.2 0.4 0.6 0.8 1

Gr = 1
Gr = 5
Gr = 10

N
u a

vg

Bn

Figure 15: Impact of average Nusselt number (Nuavg) against Bn for different Gr values.
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g: Gravitational acceleration
LD: Reference length

Greek

τy: Yield stress
μp: Plastic viscosity
τ: Stress tensor
_c: Shear rate
U∞: Reference velocity
Re: Reynolds number
Bn: Bingham number
Pr: Prandtl number
Gr: Grashof number
FD: Drag force
CD: Drag coefficient
FL: Lift force
CL: Lift coefficient
Nuavg: Average Nusselt number
Nulocal: Local Nusselt number
∇ : Gradient operator
α: -ermal diffusivity
υ: Kinematic viscosity

Abbreviations

#EL: Number of elements
#DOF: Number of degrees of freedom.
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A numerical investigation on the effects of separation ratios and Reynolds numbers on the flow around four square cylinders in
diamond arrangement has been carried out using the lattice Boltzmann method. +e separation ratios between the cylinders vary
from g∗ � 1 to 15. +e Reynolds numbers based on the diameter of the square cylinder and the inlet uniform inflow velocity are
selected from Re� 80 to 160. +e computations show that a total of five different flow regimes are observed over the selected
ranges: single bluff-body, quasi-unsteady, chaotic flow, in-phase synchronized vortex shedding, and antiphase synchronized
vortex shedding flow regimes. It is found that the flow features significantly depend on both the separation ratio and Reynolds
number, with the former’s influence being more than the latter’s. We found that the critical spacing for four square cylinders in
diamond arrangement for selected Reynolds numbers (80≤Re≤ 160) is in the range of 2≤g∗ ≤ 5. +e results reveal that the
presence of secondary cylinder interaction frequencies indicates that, for chaotic flow regime, the wake pattern is not stable and
there is a strong interaction of gap flows and continuous change in the direction of shed vortices behind the cylinders. +e effects
of the g∗ and Re on fluid forces, vortex shedding frequency, and flow separation have been examined in detail.

1. Introduction

Fluid-structure interactions occur in a number of engi-
neering fields. Study on wake structure and fluid forces on
multiple bluff bodies is of practical importance in a number
of engineering applications, such as chimneys, offshore
structures, towers, bridges, marine risers, and ocean plat-
forms. It is also of importance in the analysis of fluid/
structure interactions since the mechanism associated with
the complex physical phenomena such as vortex shedding,
flow separation, merging of vortices, and interaction of gap
flows with the shed vortices is still not fully understood.

A typical irregular variation of wake structures is when
multiple bluff bodies is subject to a cross flow. When the
separation ratio (g∗) is too small between the cylinders, the
vortices strongly interact, thus substantially increasing the
drag forces. Separation ratio g∗ is defined as g∗ � S/D,
where S and D are the surface-to-surface distance between
the cylinders and diameter of the cylinder, respectively.
Investigations into the effects of the g∗ and Reynolds

number (Re) on multiple bluff bodies have also been carried
out. +e Reynolds number is defined based on the diameter
of the cylinder as Re � umaxD/v, where umax is the maximum
velocity at the inlet and υ is the fluid kinematic viscosity.
Kolar et al. [1] carried out an experimental investigation
using the two-component laser Doppler velocimetry and
discussed in detail the synchronized flow around two side-
by-side square cylinders. +e Reynolds number and sepa-
ration ratio were focused on 23,100 and 2, respectively.
Williamson [2] experimentally examined the flow features
around two side-by-side circular cylinders at 0.5<g∗ ≤ 5 at
low Reynolds numbers varying from 50 to 200. According to
Guillaume and LaRue [3], flow around two side-by-side
cylinders experiences different drag values and vortex
shedding frequencies. Kang [4] have carried out a detailed
numerical examination of flow around two side-by-side
circular cylinders. +e author found different flow regimes
while changing the Reynolds numbers from 40 to 160 with
g∗ < 5. Agrawal et al. [5] conducted numerical investigation
into the effects of g∗ on the flow past two side-by-side square
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cylinders at Re� 73 using the lattice Boltzmann method
(LBM). A basic study of flow around two side-by-side square
cylinders was carried out by Inoue et al. (2006).+ey studied
the effects of the separation ratios and observed various flow
regimes at Re� 150. Alam and Zhou [6] conducted an ex-
perimental study to examine the flow features around two
side-by-side square cylinders, and they observed different
flow regimes at Re� 300 and 1≤g∗ ≤ 5.+ere has beenmuch
numerical work on the flow past multiple cylinders arranged
side-by-side, such as the work by Ding et al. [7], Burattini
and Agrawal [8], Han et al. [9], and Islam et al. [10]. It is
known from these studies that the flow regimes strongly
depend on the g∗ value between the cylinders.

+e separation ratio between the inline cylinders has
great impact on the flow regimes and force statistics
(Zdravkovich [11]). +e experimental investigations carried
out by Yen et al. [12] were for the Re and g∗ for flow around
two tandem square cylinders. +ey observed different flow
regimes by changing the values of the Re and g∗. Etminan
et al. [13] did a finite volume study on flow past tandem
square cylinders using finite volumemethod at low Reynolds
numbers at g∗ � 5. +e authors found that the flow changes
its state from steady to unsteady at Re� 40. A number of
numerical studies on flow past two tandem square cylinders
have also been carried out with the motivation to examine
the transition of flow regimes from one state to another by
changing the spacing between the cylinders (see Sohankar
[14] and Zhao et al. [15]).

Experimental studies have been carried out for flow
around four circular cylinders in an inline square config-
uration by Sayers [16]. Lam and Lo [17] experimentally
examined various types of flow regimes and their corre-
sponding Strouhal number (St) for four circular cylinders in
an inline square configuration at Re� 2100 and g∗ ranging
from 1.28 to 5.96. +e authors observed different flow re-
gimes by changing the value of g∗. Strouhal number St is
defined as St � fsD/umax, where fs is the vortex shedding
frequency. Farrant et al. [18] numerically examined vortex
shedding from arrays of cylinders in various arrangements
for different orientations and spacings at Re� 200 using the
cell boundary element method.+ey found well-known flow
features such as in-phase vortex shedding, antiphase vortex
shedding, and vortex shedding flow regimes, which are well-
known flow characteristics and observed mostly in case of
two-cylinder arrangement. Song et al. [19] studied numer-
ically various flow regimes and force statistics for flow
around four square cylinders in an inline square configu-
ration using the finite volume method (FVM). +ey sys-
tematically investigated the effect of spacing between the
cylinders for Re� 300.+e authors found that g∗ � 3.5 is the
critical spacing and the flow regime changes from a bistable
shielded flow regime to a vortex shedding flow regime by
changing the values of g∗ from 1.5 to 8. Lam et al. [20]
numerically studied flow interference effects of four cylin-
ders at Re� 100 and 200 with 1.5≤g∗ ≤ 5 and observed
different flow regimes. Lin et al. [21] numerically studied the
different flow regimes at Re� 200 for flow around four
circular cylinders by changing the value of g∗. +ey found
that the flow becomes critical at g∗ � 3. Abbasi et al. [22]

numerically examined the effects of Re and g∗ on flow
around four square cylinders in an inline square configu-
ration. Experimental studies have been carried out for flow
around four square cylinders in a square configuration (Liu
et al. [23]). +e authors experimentally measured the lift
(CL) and drag (CD) forces at Re� 4.58×104 and g∗ � 3.45,
4.14, and 5.17 for four different angles of attacks.+e authors
found that the four cylinders forces are slightly different by
changing the value of g∗. Lift coefficient is defined as
CL � 2Fy/ρu2

maxD, where Fy is the lift force in the transverse
direction. Similarly, the drag coefficient is defined as
CD � 2Fx/ρu2

maxD, where Fx is the drag force in the
streamwise direction. Zhang et al. [24] experimentally in-
vestigated the flow features and forces for array of four
square cylinders at different g∗ and orientations at Re� 8000
using the Particle Image Velocimetry (PIV). +ey observed
three different flow regimes while changing the values of
pitch ratio from 2 to 5 and incidence angles from 0° to 45°.
Gao et al. [25] performed numerical simulations of vortex-
induced vibrations of four circular cylinders in a square
configuration at a low Reynolds number of 150 and mass
ratio of 2 using the commercial software package Ansys
Fluent 16.0. +ey examined in detail the effect of incident
angle α varying from 0° to 45° and reduced velocity Vr

varying from 3 to 14. +e authors found that the incident
angle has a considerable effect on the vibration amplitudes
and force coefficients of the four circular cylinders, especially
for the cylinders arranged at the downstream positions,
where the maximum force coefficients and vibration am-
plitudes occur. +e fluid flow plays an important role in
engineering applications [26]. +e nature of the flow around
multiple bluff bodies is highly dependent on the separation
ratio between the cylinders and practically very important
[27–30].

Knowledge of the effect of g∗ on the flow characteristics
around the square cylinders in diamond arrangement is
scarce. It is not clear how g∗ and Re affect the fluid dynamics
as compared to isolated cylinder, tandemly arranged cyl-
inders, and side-by-side arranged cylinders. Numerical and
experimental studies for flow past four square cylinders in
diamond arrangement are far from complete as compared to
circular cylinders. More specifically, an example is how a
change in g∗ from 1 to 15 will affect forces, flow transitions,
and Strouhal numbers of the four cylinders, for a given Re.
+e main motivation of present numerical examination is to
explore systematically further insight about the flow
mechanism past four square cylinders in diamond ar-
rangement, to get in-depth knowledge of important pa-
rameters, such as CD, CL, St, transition of flow regimes, and
power spectra of CL by changing the values of Re and g∗.
Furthermore, two important aspects will be presented in
more detail: (i) merging of jet flows and shear layer reat-
tachment at low spacings and (ii) variation in the wake size.
Five Reynolds numbers and eleven separation ratios are
investigated. Due to two-dimensional limitations, we chose
Re up to 160 [31].

+e paper is organized as follows. In Section 2, the details
of lattice Boltzmann method, problem description, effect of
computational domain, grid independence, and code
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validation study are presented. +e computed results are
presented and analyzed in Section 3. Finally, the most im-
portant conclusions are drawn in Section 4.

2. Numerical Method and
Computational Details

Flow past four square cylinders in diamond shape is gov-
erned by the unsteady two-dimensional (2D) incompressible
Navier–Stokes equations. +e Cartesian coordinate system
for the proposed problem is as follows:

zui

zt
+ uj

zui

zxj

� −
1
ρ

zp

zxi

􏼠 􏼡 + v
z
2
ui

zxjxj

, (1)

zui

zxi

� 0. (2)

Here, p is the pressure, ρ is the fluid density, v is the
kinematic viscosity of fluid, and ui (or uj) is the velocity
component in the xi (or xj) coordinate direction.

Instead of trying to discretize (1) and (2), a discretization
of the Boltzmann equation is good enough to deal with the
fluid flow problems. Computational fluid dynamics (CFD)
has become very popular and plays an important role in
analysis of fluid flow studies.+e LBMhas developed quickly
in many aspects in the last twenty years and nowadays has
become a powerful and attractive CFD tool for fluid flows.
+e LBM has some advantages compared to other CFD
techniques. First, in the LBM the pressure is calculated from
the equation of state [32].+ismeans once the density field is
known, one can directly obtain the pressure fields. Second,
no-slip boundary condition can be handled easily by
bounce-back scheme [33]. +ird, the fundamental Boltz-
mann equation is directly discretized [34]. Today, re-
searchers use LBM in a number of disciplines [35–39]. In the
above-mentioned references, one can easily find the
streaming; collision; equilibrium distribution; discretization
in time, space, and velocity; derivation of weighting coef-
ficients; and recovery of the governing continuity and
Navier–Stokes equations.

+e LBM can be derived from the Bhatnagar, Gross, and
Krook (BGK) (1954) approximation of the Boltzmann
equation [40] without body force:

ztf + ζΔf � Ω. (3)

Here, f(x, ζ, t) is the particle distribution function in the
phase space (x, ζ). x and ζ are the position vector and the
microscopic velocity, respectively. Ω is the collision oper-
ator. +e simplest collision operator that can be used for
Navier–Stokes simulations is the Bhatnagar–Gross–Krook
(BGK) operator defined as follows:

Ω �
f

(eq)
− f􏽨 􏽩

τ
. (4)

Here, feq(x, ζ) is the Maxwell–Boltzmann distribution
function. τ is the single-relaxation time parameter which
controls the stability. It is important to state here that the

viscosity must be positive for the chosen LBM model which
requires the choice of τ > 0.5. Now putting (4) into (3), we get

ztf + ζ · Δf �
f

(eq)
− f􏽨 􏽩

τ
. (5)

In the LBM-BGK method, for fluid flow, the discretized
distribution function fi is used. +e discretized lattice
Boltzmann equation [40] is

fi x + eiδt, t + δt( 􏼁 � fi(x, t) + δt
f

(eq)
i (x, t) − fi(x, t)􏽨 􏽩

τ
.

(6)

Here, fi(x, t) is the density distribution function and is
linked to the discrete velocity direction i (see Figure 1). ei, t,
and δt are the discrete velocities, time, and time increment,
respectively.+e relaxation parameter τ is related to the fluid
kinematic viscosity by v � c2s (τ − 0.5)δt, where cs is the speed
of sound. To determine the macroscopic equations for the
LBM, one may need to perform a Taylor expansion of (6).
Equation (6) can be divided into two main steps. +e first
part is collision (or relaxation):

f
∗
i (x, t) � fi(x, t) + δt

f
(eq)
i (x, t) − fi(x, t)􏽨 􏽩

τ
. (7)

Here, f∗i represents the distribution function after
collisions. It is to be noted that collision is simply an al-
gebraic local operation. +e second part is propagation (or
streaming):

fi x + eiδt, t + δt( 􏼁 � f
∗
i (x, t). (8)

+e f
(eq)
i (x, t) in (6) can be calculated as [41]

f
(eq)
i (x, t) � wiρ 1 +

ei · u( 􏼁

c
2
s

+
ei · u( 􏼁

2

2c
4
s

−
(u)

2

2c
2
s

􏼢 􏼣. (9)

Here, u is the macroscopic velocity vector and wis are the
weighting coefficients. It is important tomention here that in
lattice Boltzmann equation we can deal with the low Mach
number (Ma � δtumax/δxcs)< 0.3 for near incompressible
flows; therefore, the terms higher than u2 are ignored in the
equilibria. d2q9 discrete velocity model is selected for this
study (Figure 1). d and q represent the dimensions and
number of particles, respectively. c2s is defined as c2/3 for
d2q9 model. Here, c is the lattice speed and is defined as
c � δx/δt. In this study, we choose lattice spacing (δx) as 1
lattice unit and time step (δt) as 1 ts. +e magnitudes of
weight coefficients wi are defined as

wi �

4
9
, i � 0,

1
9
, i � 1, 2, 3, 4,

1
36

, i � 5, 6, 7, 8.
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

+ediscrete velocities for the d2q9 model are given by [33]
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+e ρ and u can be obtained from
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One can use the equation of state to calculate the
pressure as given in the following:

p � ρc
2
s . (13)

From the Chapman–Enskog expansion [35, 39], one can
easily recover the governing Navier–Stokes equations (1)
and continuity (2) from the lattice Boltzmann method.

In 2D case, the vorticity is calculated as

ωz �
zv

zx
−

zu

zy
. (14)

Figure 2 shows a schematic view of four identical square
cylinders in diamond arrangement, and the system is ex-
posed in a coming uniform inflow velocity umax, where S is
the spacing between the cylinders and D the diameter of the
cylinder. +e coming maximum velocity is assumed to be
2D. C1, C2, C3, and C4 represent the first, second, third, and
fourth cylinders, respectively. +e upstream distance (Lu) of
the domain (the distance between the inlet boundary and the
front surface of the first cylinder) and the downstream
distance (Ld) of the computational domain (the distance
between the rear surface of the second cylinder and the exit
boundary) are assigned constant values of 10D and 35D,
respectively. Lx and Ly are the streamwise and transverse
directions, respectively. A Cartesian coordinate system (x, y)
is used to describe the flow where x and y are incoming flow
direction and perpendicular to the stream direction, re-
spectively. CD and CL are the drag and lift forces in the
streamwise and transverse directions, respectively. +e

variations of grid points for different separation values are
presented in Table 1.

No-slip boundary conditions [33] are applied on the
surfaces of the cylinders. Periodic boundary conditions [36]
are applied at the top and bottom walls of the computational
domain. Convective boundary condition [42] is incorpo-
rated at the exit of the domain. +e forces on the surfaces of
the cylinders are incorporated using the momentum ex-
change method [43]. +e in-house computational code is
developed for the Lahey Fortran Windows platform with 64
bits. All the computations are carried out in Intel i7-2600,
dual core 3.2 GHz, 8GB memory, and 320GB hard disk for
64-bit Windows operating system. A typical calculation
(10,00000-time steps) takes about 20 hours of CPU time. In
Tables 2–4, the flow quantities mean drag coefficient
(CDmean), St, root-mean-square values of drag coefficient
(CDrms), and lift coefficient (CLrms) are presented. In Table 3,
β� Ly/D is the blockage ratio of the computational domain.
In Tables 2–5, the number within brackets gives the per-
centage deviation relative to theD� 20, β� 13, Lu � 10D, and
Ld � 35D, respectively. In Tables 2–4, the parentage deviation
in brackets is calculated from the following equation:

% error � absolute
highest value − lowest vaue

highest value
􏼠 􏼡∗ 100.

(15)

Before starting simulations for proposed problem, the
grid independence study is carried out first to select such grid
size which does not affect the flow features and force statistics
considerably. For this purpose, we choose 10-point grid, 20-
point grid, and 30-point grid along the surface of the single
square cylinder, at Re� 160. +e flow parameters like CDmean,
St,CDrms, andCLrms obtained from these simulations are given
in Table 2. It can be seen that the 10-point grid considerably
affected the results in terms of percentage difference as
compared to the 20-point grid. Furthermore, the 30-point
grid takes more computational time as compared to the 20-
point grid, and the difference in terms of percentage is almost
negligible. +erefore, we have chosen D� 20 on each surface
of the cylinder. Similar grid size was chosen by [44].

We also studied the effect of computational domain for
flow past isolated cylinder at Re� 160. +e computational
domain significantly affects the flow parameters and fastens
or slows the vortex shedding process [45]. Table 3 indicates
that β� 13 is a good choice for height of computational
domain. +ere is some difference in terms of percentage
observed between β� 13 and 19 for Lu � 10D and Ld � 35D.
Table 4 shows that by fixing β� 13 and Ld � 35D, respec-
tively, it can be seen that after Lu � 10D the influence of
upstream location almost vanishes. Interestingly, at Lu � 15D
the physical parameters show slight increasing behavior.
Furthermore, by fixing β� 13 and Lu � 10D, respectively,
there is negligible difference between the computed results at
Ld � 35D and 50D. Even the difference with Ld � 20D is also
negligible. We will use Ld � 35D as downstream distance
from the rear surface of the C2 to the exit of the compu-
tational domain (see Table 5), so that there is reasonably
large enough space for flow past multiple cylinders.
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Figure 1: Lattice arrangement for the two-dimensional proposed
problem.
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Calculations were first carried out for a single square
cylinder in a cross flow with Re� 80, 100, 120, 140, and 160
to obtain a baseline for comparison. +e results for CDmean
and St are compared with available experimental and

numerical results in Figures 3(a)–3(d). +e present CDmean
results are very close to the numerical results of Malekzadeh
and Sohankar [31]. +e present CDrms results are almost
identical to the numerical results of Sen et al. [46].

Table 1: Selected separation ratios for diamond-shaped arranged cylinders.

Cases Lx × Ly
g∗ � 1 301× 961
g∗ � 2 321× 981
g∗ � 3 341× 1001
g∗ � 4 361× 1021
g∗ � 5 381× 1041
g∗ � 6 401× 1061
g∗ � 7 421× 1081
g∗ � 8 441× 1101
g∗ � 9 461× 1121
g∗ � 10 481× 1141
g∗ � 15 581× 1241

Table 2: Effect of cylinder size on flow past single square cylinder.

CDmean St CDrms CLrms

D� 10 1.5833 (3.9%) 0.2068 (21%) 0.0256 (20%) 0.3593 (16%)
D� 20 1.5221 0.1644 0.0206 0.3029
D� 30 1.5108 (0.7%) 0.1644 (0%) 0.0198 (3.9%) 0.3012 (0.6%)

Table 3: Effect of β on flow past single square cylinder for Lu � 10D and Ld � 35D.

β CDmean St CDrms CLrms

7 1.8208 (16.4%) 0.1901 (13.5%) 0.0237 (13%) 0.3595 (15.7%)
13 1.5221 0.1644 0.0206 0.3029
19 1.4627 (4%) 0.1601 (2.6%) 0.0202 (1.9%) 0.2978 (1.7%)

Table 4: Influence of Lu on flow past isolated cylinder for β� 13 and Ld � 35D.

Cases CDmean St CDrms CLrms

Lu � 5D 1.5334 (0.7%) 0.1671 (1.6%) 0.0202 (1.9%) 0.2911 (3.9%)
Lu � 10D 1.5221 0.1644 0.0206 0.3029
Lu � 15D 1.5381 (1%) 0.1644 (0%) 0.0211 (2.3%) 0.3102 (2.2%)
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Figure 2: Schematic diagram of the proposed problem.
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+e CDmean, St, CDrms, and CLrms all show a good
agreement with the reported data. Figure 4(a) shows the
alternate generation of negative and positive shed vortices,
i.e., the well-known Karman vortex street. +e streamline
visualization in Figure 4(b) further confirms the regular
generation of shed vortices behind the cylinder. Figures 4(c)
and 4(d) show the CD and CL force histories. It can be
observed that the CD settles to a periodic behavior with a
mean value around 1.5221. +e CL also settles to a regular
sinusoidal function after the onset of wake instability leads to
vortex shedding. +e power spectra analysis of CL is pre-
sented in Figure 4(e).+e Strouhal number is obtained using
the fast Fourier transform (FFT). +e frequency of the CL is
found to be 0.1644.

3. Results and Discussion

+e calculations are carried out for flow around four cylinders
arranged in diamond shape. +e separation ratio changes
from 1 to 15 while the Re varies from 80 to 160. 1, 2, 3, and 4 in
subscript of flow quantities represent the first, second, third,
and fourth cylinders, respectively. For comparison, we also
add the single-cylinder (SC) data in Figures 5(a)–5(d) and
8(a)–8(d).We assign the names to flow regimes on the basis of
wake interactions, shear layer reattachment, gap flows, var-
iation of forces, and spectra behavior of lift coefficients. +e
vorticity contour and streamline visualization for flow around
cylinders at different combinations of Re and g∗ are plotted in
Figures 9(a)–9(f) and 10(a)–10(f) , respectively. +ese graphs
help us understand the wake structure mechanism near
downstream of the cylinders and its effect on the downstream
region. At g∗ � 1 and Re� 100, there is no flow through the
gaps. In this case, alternate vortex shedding is composed of
negative and positive vortex forms behind the last cylinder
(Figure 9(a)). Similar flow features were also observed for
other chosen Reynolds numbers at g∗ � 1. Similar to that of a
flow around an isolated cylinder, a single vortex street is
observed behind the cylinders.+is flow behavior is named as
single bluff-body flow regime (SBBFR). +e corresponding
time variations of CD and CL for SBBFR are presented in
Figures 11(a) and 11(b).+is graph clearly indicates that there
is no modulation in the signals.+e drag coefficient for the C1
is relatively smaller than those for the other three cylinders.
+e power spectra further confirm the regular alternate
generation of shed vortices behind the cylinder (see
Figures 12(a)–12(d)). +e power spectra also confirm that the
primary vortex shedding dominates the flow and the small
one extra harmonic in C2 does not affect the flow behind the
cylinders.+e same shedding values are observed for the side-

by-side cylinders (St3� St4� 0.0820). Kang [4] numerically
suggests that the single bluff-body flow regime occurs for flow
around two side-by-side cylinders at g∗ ≤ 0.4. At g∗ � 2 and
Re� 80, there is a shear layer reattachment from C1 onto C2.
+e flow through gaps is also not affected too much by the
near downstream vortices. +e flow pattern behind cylinders
is almost steady and shows some unsteadiness near exit of the
computational domain (Figure 9(b)). +at is why this flow
regime is named as quasi-unsteady flow regime (QUFR). At
(Re, g∗)� (140, 2), the combination of shear layer and strong
jet effect through the gaps considerably changes the flow
characteristics behind the cylinders (Figure 9(c)). +e irreg-
ular variation of vortex shedding is because the gap flows are
considerably stronger. At g∗ � 2, the shed vortices behind the
cylinders do not travel in alternate fashion as they move
downstream andmerge, and distortion can be seen in the flow
field. +e flow features of each cylinder are significantly
influenced by upstream cylinder due to small spacing between
the cylinders. +e vortex shedding that occurs from two side-
by-side cylinders (C3 and C4) does not have strong influence
on the forces and wake structures. One can see noticeable
modulations in CD and CL for cylinders C1 and C2 as com-
pared to the other two cylinders (Figures 11(e) and 11(f)).
+is type of flow regime is named as chaotic flow regime
(CFR). Lin et al. [21] had similar numerical observation for
flow around four circular cylinders in an inline square
configuration at Re� 200 and g∗ � 3. From Figure 9(d), we
observe that the fully developed shed vortices from C1
reattach to C2 while at the downstream of C2 these shed
vortices are not regular as they move downstream. Due to two
gap flows, the shed vortices behind the cylinders C3 and C4
show some irregularity as they shed, and move downstream
and interact with the shed vortices of C2. Again, the flow
shows chaotic nature at far downstream of the domain. +e
flow regime is named as CFR again. At g∗ � 5 (Figure 11(g)),
we observe that the shed vortices within the spacing have a
strong interaction with the cylinder C2. Moreover, at the
downstream position of C2, the shed vortices travel in strong
fashion. As a result, one can see higher drag value for C1
compared to C2. In antiphase synchronized vortex shedding
flow regime (ASVSFR), at Re� 100 and g∗ � 15, the vortices
can be clearly seen within the gap betweenC1 andC2 as well as
in the downstream region of C2 (Figure 9(e)), because the
flow finds enough space between C1 and C2 to roll up in
the form of shed vortices. Near exit of the domain, they
are interacting with each other. +e modulation in the CD
and CL of C1 and C2 is due to the shed vortices within the
gap of cylinders. Figure 9(e) confirms that, in case of
g∗ � 15, the four single-cylinder wakes are completely
synchronized. +e well-known von Karman vortex street
is clearly found behind each cylinder at this large sepa-
ration ratio between the cylinders. +e minor modulation
in the CD2 and CL2 occurs due to minor difference be-
tween the vortex shedding frequencies of C2. According to
the spectrum analyses, the primary vortex shedding
frequency dominates the flow. At this separation ratio, the
shedding frequencies of the cylinders C3 and C4 are close
to the isolated cylinder case for all Reynolds numbers.
Figure 9(f ) confirms that, in case of g∗ � 9 and Re � 120,

Table 5: Influence of Ld on flow past isolated cylinder for β� 13 and
Lu � 10D.

Cases CDmean St CDrms CLrms

Ld � 20D 1.5229 (0.1%) 0.1644 (0%) 0.0204
(1%) 0.3037 (0.3%)

Ld � 35D 1.5221 0.1644 0.0206 0.3029

Ld � 50D 1.5216 (0.03%) 0.1644 (0%) 0.0207
(0.5%) 0.3030 (0.03%)
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the four single-cylinder wakes are completely synchro-
nized. In addition, the shedding behind cylinders C3 and
C4 is in-phase. According to the spectrum analyses, the
primary vortex shedding frequency dominates the flow.
At this separation ratio, the shedding frequencies of the

cylinders C3 and C4 are close to the isolated cylinder case
for all Reynolds numbers. +at is why this flow regime is
named as in-phase synchronized vortex shedding flow
regime (ISVSFR). Furthermore, in ASVSFR and ISVSFR,
the cylinders C3 and C4 confirm the antiphase and in-
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Figure 3: Variation of (a) CDmean, (b) St, (c) CDrms, and (d) CLrms as a function of Re.
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phase synchronized vortex shedding behind these two
cylinders. Previous experimental study of Kolar et al. [1]
for flow around two side-by-side square cylinders and
numerical study of Farrant et al. [18] for flow around four
circular cylinders in an inline square configuration also
suggest the in-phase synchronized vortex shedding for
large separation ratio. From these graphs, it can be ob-
served that, along with g∗, the Reynolds numbers also
have significant influence on the change if flow features
around four cylinders. Such observations are also con-
sistent with the available experimental studies of Wil-
liamson [2] for Re � 100 to 200 and Zhou et al. [47] for
Re � 150 to 450 for flow past two side-by-side cylinders.

As presented in Figure 10(b), there is no vortex shedding
in the gap between C1 and C2, but small recirculation zones
are clearly seen behind cylinder C1. +e gap flows can
generate large lift on cylinderC4. As a result, one can see only
two small eddies behind the cylinders (Figure 10(a)). As g∗ is
increased to 2, there is no recirculation within the gaps and
some unsteadiness is seen at far downstream of the domain.
+ese characteristics belong to QUFR and are observed only
for Re� 80 at this specific separation ratio (Figure 10(b)). At
(Re, g∗)� (140, 2), the interaction of shed vortices and in-
terference becomes very complex and strong within the
cylinders due to narrow jet flows through the gaps. +e wake
of C1 significantly shrinks and narrows, because the gap
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Figure 4: (a) Instantaneous vorticity contour visualization. (b) Streamline visualization. (c, d) Force time history. (e) Power spectra analysis
of the CL, Re� 160.
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flows from each side rush into the central region. +e shear
layer reattachment from C1 onto C2 generates a very
complex region behind C2, C3, and C4 in terms of small and
large eddies (Figure 10(c)). When g∗ is increased to 5, the
effect of gap flows is slightly reduced and the recirculation
observed behind each cylinder further confirms that the
wake deviates either downward or upward and does not
affect the shed vortices from C1. +is recirculation confirms
the irregular generation of vortices observed at far down-
stream of the computational domain (Figure 10(d)). As a
result of such instability, one can see some more peaks in the
power spectra together with the primary vortex shedding
frequency (see Figures 12(m)–12(p)). We believe that the
CFR for the four square cylinders in diamond arrangement
lies between 3 and 5 for all chosen Reynolds numbers. At
g∗ � 9 and 15, the streamline visualization shows that the
shear layer of the C1 rolls up into a fully developed vortex
and impinges onto the cylinder C2. Due to reasonably large

spacing in presence of C1 and C2, the vortex shedding of
side-by-side cylinders C3 and C4 becomes antiphase for g∗ �

9 (Figure 10(f )) and in-phase for g∗ � 15 (Figure 10(e)). As a
result of large separation ratio, the vortex shedding fre-
quency of the cylinders is almost close to that of an isolated
cylinder for all chosen Reynolds numbers.

Figures 11(a)–11(l) show the time variation of drag and
lift forces for different observed flow regimes at different
values of Re and g∗. At g∗ � 1 and Re� 100, the time
analysis of CD and CL of four cylinders for single bluff-body
flow regime shows periodic behavior without any modu-
lations (Figures 11(a) and 11(b)). Furthermore, at g∗ � 2
and Re� 80, the drag coefficient of cylinder C1 shows steady
behavior for QUFR (Figure 11(c)). +e lowest drag observed
forC2,CD3, andCD4 shows antiphase behavior.+e existence
of a secondary cylinder interaction frequencies and its
contribution in CFR can be clearly seen from the irregular
variation of drag and lift forces presented in Figures 11(e)–
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Figure 5: Variation of CDmean as a function of g∗ for (a) Re� 80, (b) Re� 100, (c) Re� 120, (d) Re� 140, and (e) Re� 160.
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11(h) for different combinations of Re and g∗. +e ampli-
tude of forces continuously changes due to interaction of gap
flows with the shed vortices behind the cylinders. +e time
variation of lift coefficients is becoming periodic for the
ASVSFR and ISVSFR regimes except for the cylinder C2.+e
CL2 is strongly modulated and strongly interacts with other
cylinders shed vortices. On the other hand, the drag coef-
ficients show someminor modulations (Figures 11(i)–11(l)).
In Figures 11(i)–11(l), the time signal analysis of lift coef-
ficients confirms the existence of only primary vortex
shedding frequency. Only CD2 and CL2 show some small
modulation. +is ensures that at reasonably large separation
ratios the role of secondary cylinder interaction frequencies
almost disappears for all four cylinders.+e time variation of
lift coefficients is sinusoidal for the three cylinders (C1, C3,
C4), with the amplitude for the cylinder C2 being larger than
that of the C1, C3, and C4 cylinders. Furthermore, at low
separation ratios, the drag coefficient in the cylinders C3 and

C4 is higher than that in the isolated cylinder. Zhou et al. [47]
also reported that, at g∗ � 2 and Re� 0.35–1.04×104, the
drag coefficients in the two side-by-side cylinders case were
considerably higher than that in the isolated cylinder case.

To further examine the transition of flow regimes, FFT
analyses of the lift coefficients are performed, and some
representative cases are presented in Figures 12(a)–12(x). It
can be seen in Figures 12(a)–12(x) that the influences of
primary vortex shedding frequency and secondary cylinder
interaction frequencies change once the flow regime changes
from one state to another. Kumar et al. [48] proposed the
secondary cylinder interaction frequency concept for the
first time for flow around row of square cylinders. In SBBFR,
the primary vortex shedding indicates that the vortex pattern
behind the cylinders moves in alternate fashion. Different
vortex frequencies (Figures 12(a) and 12(b)) are observed for
cylinders C1 and C2, and the same shedding frequencies
(Figures 12(c) and 12(d)) are observed for C3 and C4. One
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small peak is also found for C1 and C2. In QUFR, for (Re,
g∗)� (80, 2), there is no evidence of other harmonics in the
spectra and the primary vortex shedding frequency domi-
nates the flow (Figures 12(e)–12(h)). Almost the same
shedding frequencies are observed for all cylinders with
negligible difference. +is is due to the unsteadiness nature
of the flow near exit of the computational domain. To ex-
amine the frequency characteristics of the chaotic flow re-
gime (CFR), two representative cases ((Re, g∗)� (140, 2) and
(160, 5)) are presented in Figures 12(i)–12(p). +e presence
of secondary cylinder interaction frequencies indicates that,
for CFR, the wake pattern is not stable and there is a strong
interaction of gap flows and continuous change in the di-
rection of shed vortices behind the cylinders. In this study,
we found that the chaotic nature increased with increasing
Reynolds numbers at g∗ � 2. +e highest peak in
Figures 12(i)–12(l) (St1� 0.0735 and St2� 0.0731) for inline

cylinders (C1 and C2) and (St3� 0.0735 and St4� 0.0731) for
side-by-side cylinders (C3 and C4) is the primary vortex
shedding frequency. +e power spectrum analysis at (Re,
g∗)� (160, 5) is shown in Figures 12(m)–12(p). It is found
again that there exist secondary cylinder interaction fre-
quencies even at reasonable spacing between the cylinders. A
Strouhal number of 0.2060, 0.2075, 0.1765, and 0.1758
corresponds to the primary vortex shedding frequency for
C1, C2, C3, and C4, respectively. In the chaotic flow regime,
due to some spacing between the cylinders, the gap flow
effect becomes smaller and only one to two harmonics are
seen in the spectra. +is confirms the interaction of shed
vortices behind the cylinders at far downstream of the
domain. +e secondary cylinder interaction frequencies
together with the primary vortex shedding frequency are
also observed by Abbasi et al. [22] for flow past four square
cylinders in an inline square configuration. +e spectra
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Figure 7: Variation of CDrms as a function of g∗ for (a) Re� 80, (b) Re� 100, (c) Re� 120, (d) Re� 140, and (e) Re� 160.
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Figure 9: Continued.
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Figure 9: Vorticity contour representation at different combinations of Re and g∗. (a) g∗ � 1.0 andRe � 100. (b) g∗ � 2.0 andRe � 80. (c)
g∗ � 2.0 andRe � 140. (d) g∗ � 5.0 andRe � 160. (e) g∗ � 15.0 andRe � 100. (f ) g∗ � 9.0 andRe � 120.
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Figure 11: Continued.

(e) (f )

Figure 10: Streamline visualization at different combinations of Re and g∗. (a) g∗ � 1.0 andRe � 100. (b) g∗ � 2.0 andRe � 80.
(c) g∗ � 2.0 andRe � 140. (d) g∗ � 5.0 andRe � 160. (e) g∗ � 15.0 andRe � 100. (f ) g∗ � 9.0 andRe � 120.
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Figure 11: Time history analysis of CD and CL at different values of Re and g∗. (a) g∗ � 1.0 andRe � 100. (b) g∗ � 1.0 andRe � 100.
(c) g∗ � 2.0 andRe � 80. (d) g∗ � 2.0 andRe � 80. (e) g∗ � 2.0 andRe � 140. (f ) g∗ � 2.0 andRe � 140. (g) g∗ � 5.0 andRe � 160. (h)
g∗ � 5.0 andRe � 160. (i) g∗ � 15.0 andRe � 100. (j) g∗ � 15.0 andRe � 100. (k) g∗ � 9.0 andRe � 120. (l) g∗ � 9.0 andRe � 120.
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Figure 12: Continued.
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analysis of lift coefficients for (Re, g∗)� (100, 15) and (120, 9)
for all four cylinders is presented in Figures 12(q)–12(x) for
ASVSFR and ISVSFR. It is observed that there exists only
primary vortex shedding frequency for both flow regimes
due to large spacing between the cylinders. Only one extra
small peak is observed for C2 which is the way of C1. In-
terestingly, the power spectra of C2 still show one small
peak together with the primary vortex shedding frequency
at large separation ratio (g∗ � 15) shown in Figures 12(r)
and 12(v).

As shown in Figures 13(a)–13(f ), the streamwise velocity
distribution at different cross-sections for different values of
Re and g∗ shows different characteristics. It is clear from
these figures that the streamwise velocity at different cross-
sections is considerably affected as the flow transition occurs.
For example, in case of CFR (Figures 13(c)–13(d)), the ir-
regular variation of velocities even at far downstream lo-
cation confirms the mutual interaction of generated shed
vortices along with the gap flows. It is observed that the
downstream cylinder C2 generally experiences large
streamwise and transverse amplitudes.

+e results of CDmean, St, CDrms, and CLrms of four
cylinders as a function of g∗ for the different Re values are
presented in Figures 5(a)–5(d), 6(a)–6(d), 7(a)–7(d), and
8(a)–8(d), respectively, together with the results of isolated
cylinder for comparison. It can be seen from Figures 5(a)–
5(d) for all chosen Reynolds numbers that the tandem
cylinders (C1 and C2) are showing smaller mean drag forces
than the side-by-side ones. As mean drag increases, wake
interference decreases. In general, the CDmean values of C1
and C2 are considerably less than CDmean values of isolated
cylinder at various separation ratios for all chosen Reynolds
numbers. +is confirms that the presence of cylinder in the
wake of other cylinder reduces the forces.+is finding agrees
well with the results of Zdravkovich [11] for flow past
tandem cylinders. Furthermore, we observed from the

figures that CDmean3 and CDmean4 decrease with the increase
in g∗, except at Re� 80 and g∗ � 2. +is is due to the flow
transition from single bluff-body flow regime to quasi-un-
steady flow regime. However, the opposite trend is observed
for the CDmean2; i.e., it decreases first to g∗ � 6, 5, 4, 4, and 3
for Re� 80, 100, 120, 140, and 160, respectively; then starts to
increase; and again decreases by increasing the values of g∗.
+e maximum average drag force can be observed at g∗ � 1
for all Re values for CDmean2. As the spacing ratio increases,
the CDmean3 and CDmean4 values approach SC value for all
Reynolds numbers. +e CDmean2 values are mostly affected
up to g∗ � 5 due to critical flow regime observed at
2≤g∗ ≤ 5. It is observed that the drag values are almost the
same for cylinders C3 and C4 at g∗ ≥ 1 for all chosen Rey-
nolds numbers. It is to be noted that, in case of two side-by-
side cylinders, Guillaume and LaRue [3] experienced dif-
ferent drag values. In case of four cylinders in an inline
square configuration, researchers observed negative drag
values for the downstream cylinders (Sayers [16] and Abbasi
et al. [22]). We did not find negative drag values for the
downstream cylinders in diamond arrangement of four
square cylinders.

At small spacings between the cylinders due to the
complex interferences among the cylinders, the variations
of the wakes appear to be more complicated than that of a
flow past a single square cylinder. +e g∗ is found to have a
strong effect on the wake structures and forces of the
cylinder C2, rather than the cylinders C3 and C4. It is clear
from Figures 6(a)–6(e) that Strouhal number of all four
cylinders shows abrupt changes up to g∗ � 5 for different
Reynolds numbers. +en, it shows increasing behavior and
almost approaches the SC value. At 1≤g∗ ≤ 5 and Re� 80,
100, 120, 140, and 160, we found multiple peaks in the
power spectra because of secondary cylinder interaction
frequencies. Further, at g∗ ≥ 6, we observed that generally
the Strouhal number of tandem cylinders (C1 and C2) as
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Figure 12: Power spectra analysis of CL at various values of g∗ and Re. (a) g∗ � 1.0 andRe � 100. (b) g∗ � 1.0 andRe � 100.
(c) g∗ � 1.0 andRe � 100. (d) g∗ � 1.0 andRe � 100. (e) g∗ � 2.0 andRe � 80. (f ) g∗ � 2.0 andRe � 80. (g) g∗ � 2.0 andRe � 80. (h)
g∗ � 2.0 andRe � 80. (i) g∗ � 2.0 andRe � 140. (j) g∗ � 2.0 andRe � 140. (k) g∗ � 2.0 andRe � 140. (l) g∗ � 2.0 andRe � 140. (m)
g∗ � 5.0 andRe � 160. (n) g∗ � 5.0 andRe � 160. (o) g∗ � 5.0 andRe � 160. (p) g∗ � 5.0 andRe � 160. (q) g∗ � 15.0 andRe � 100. (r)
g∗ � 15.0 andRe � 100. (s) g∗ � 15.0 andRe � 100. (t) g∗ � 15.0 andRe � 100. (u) g∗ � 9.0 andRe � 120. (v) g∗ � 9.0 andRe � 120. (w)
g∗ � 9.0 andRe � 120. (x) g∗ � 9.0 andRe � 120.

18 Mathematical Problems in Engineering



0 100 200 300
u

–0.5

0

0.5

1

1.5

2

2.5
 

y

x/D = 100
x/D = 300

x/D = 600
x/D = 900

(a)

0 50 100 150 200 250 300 350
0

0.5

1

1.5

2.0

2.5

u

y

x/D = 100
x/D = 400

x/D = 600
x/D = 900

(b)

 

0 50 100 150 200 250 300 400350
u

–0.5

0

0.5

1

1.5

2

3.5

2.5

3.0

y

x/D = 100
x/D = 400

x/D = 600
x/D = 900

(c)

 

0 50 100 150 200 250 300 400350
u

0

0.5

1

1.5

2

2.5

3.0

y

x/D = 100
x/D = 500

x/D = 700
x/D = 1000

(d)

Figure 13: Continued.
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well as side-by-side cylinders (C3 and C4) is almost the
same, which confirms that the primary vortex shedding
frequencies are dominant. We further observed different
vortex shedding frequencies for cylinders C1 and C2 for all
selected Reynolds numbers at g∗ � 3. +is is due to the
strong interaction of gap flows with the shed vortices
behind the cylinders. +e results indicate that when the
spacing between the cylinders is reasonably large, the St
approaches single-cylinder value. We found that the forces
are slightly different for each individual cylinder by
changing the value of g∗ at fixed Re. Liu et al. [23] had
similar experimental observations at Re � 4.58×104 and
g∗ � 3.45, 4.14, and 5.17 for flow around four square
cylinders. Furthermore, the results show that the vortex
shedding frequency considerably depends on the separa-
tion ratio, especially at 1≤g∗ ≤ 6. For the antiphase and in-
phase synchronized vortex shedding flow regimes, the
vortex shedding frequency of cylinders is almost constant
at 9≤g∗ ≤15, very close to that (St � 0.1516, 0.1596, 0.1644,
0.1644, and 0.1644 for Re � 80, 100, 120, 140, and 160,
respectively) in the isolated cylinder case. Interestingly, the
vortex shedding frequency drastically increases for cylin-
ders C1 and C2 and decreases for cylinders C3 and C4 with
increasing separation ratio for the chaotic flow regime.

+e effects of separation ratios g∗ on CDrms of four
cylinders are shown in Figures 7(a)–7(e). It can be seen
from Figures 7(a)–7(e) that with g∗ the values of CDrms are
generally reduced and approach SC value except at CDrms2
for all chosen Reynolds numbers. At g∗ � 1, the CDrms1
values reach their minimum, and the other three cylinders
attain the maximum values for all selected ranges of
Reynolds numbers. It is observed that, due to chaotic flow

regime, the effect of g∗ for all Reynolds numbers on the
four cylinders CDrms values is significant and becomes small
when g∗ ≥ 7. As g∗ increases, as shown in Figures 7(a)–7(e),
the variation of CDrms1 is almost constant with minor
variation in that of the SC. +e CDrms1, CDrms3, and CDrms4
values appear to be smaller than those of the CDrms2, except
for the g∗ � 1 and 2 for all chosen Reynolds numbers. At
large separation ratio g∗ � 7 to 9, the CDrms of C3 and C4 is
maintained at constant values, and the values for the
cylinder C2 is higher than those for the cylinders C3 and C4.
+e differences of CDrms2 from CDrms3 and CDrms4 for g∗ �

7 to 9 become higher as the Reynolds number increased.
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Figure 13: Streamwise velocity distribution at various cross-sections for different combinations of g∗ and Re. (a) g∗ � 1.0 andRe � 100.
(b) g∗ � 2.0 andRe � 80. (c) g∗ � 2.0 andRe � 140. (d) g∗ � 5.0 andRe � 160. (e) g∗ � 15.0 andRe � 100. (f ) g∗ � 9.0 andRe � 120.
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When g∗ increases to 15, the CDrms1, CDrms3, and CDrms4 are
almost the same. However, the variation of CDrms2 is quite
different.

In Figures 8(a)–8(e), the calculation results of CLrms for
various separation ratios at 80≤Re≤ 160 are compared with the
isolated cylinder data. It can be seen that, due to the shear layer
reattachment from C1 onto C2 and the complex interaction of
gap flows with the shed vortices behind C3 and C4 from g∗ � 2
to 5, the variation of the CLrms with separation ratios for four
cylinders appears to be more complicated than that of the SC
value.+eCLrms3 andCLrms4 decrease with increasing g∗ but are
still larger than those of CLrms1. +e results show that the CLrms2
is considerably affected by changing the value of g∗ at fixed
Reynolds number. A possible explanation for such observation is
that the wake structure behavior for the cylinder C2 is too
complicated than that for the other cylinders, involving the gap
flows from the upstream cylinders and the shear layers inter-
action with cylinder C1. It is seen from the CLrms values that the
flow regimes are very sensitive to the separation ratio up to
g∗ ≥ 7. It is found that CLrms1 value is lower than the isolated
cylinder value for all Reynolds numbers up to g∗ � 7 and then
approach SC value for g∗ ≥ 8. +is mean that the effect of shear
layer becomes less beyond g∗ � 7.+e root-mean-square values
ofC3 andC4 cylinders are almost the same for all selected ranges
and approach SC value. +e drastic changes in CLrms2 by
changing the values of g∗ for fixed Reynolds number confirm
that the secondary cylinder interaction frequencies occur con-
tinuously due to gap flows interaction with shed vortices behind
the cylinders. +ese characteristics further tell us that the shed
vortices near downstream of C2 are affected by the vortices
generated from C1. Furthermore, with increasing g∗, the CLrms1
value first decreases to g∗ � 3, then slightly increases, and finally
approaches the SC value.

+e graphical representation of various flow regimes,
found in this numerical study, is given in Figure 14 at all
separation ratios and Reynolds numbers. It can be seen that, at
low separation ratios (g∗ � 1) and Re� 80, 100, 120, 140, and
150, the SBBFR occurs. In the small separation ratio (g∗ � 1),
the gap flow has almost no effect, and the shear layer on the C1
cannot fall off freely.+e four cylinders can act as a single bluff
body, as shown in Figure 9(a). At (Re, g∗)� (80, 2), (100, 2),
and (120, 2), the QUFR occurs. On the other hand, at (Re,
g∗)� (80, 3–5), (100, 3–5), (120, 3–5), (140, 2–5), and (160,
2–5), the CFR is observed. At (Re,g∗)� (80, 6–10 and 15), (100,
6–10), (120, 6–9), (140, 7–10 and 15), and (160, 6 and 8–10), the
ISVSFR can be clearly seen. For (Re, g∗)� (100, 15), (120, 10
and 15), (140, 6), and (160, 7 and 15), the ASVSFR occurs. +e
flow features vary only slightly as Re increases for g∗ � 6 to 15.
+e ISVSFR is dominant as compared to ASVSFR. As shown
in Figure 14, the critical spacing for four square cylinders in
diamond arrangement for selected Reynolds numbers
(80≤Re≤ 160) is in the range of 2≤g∗ ≤ 5. It is to be noted
that for the four cylinders in diamond arrangement, the critical
spacing appears to be generally wider than that of two side-by-
side square cylinders (Agrawal et al. [5]) and two tandem
cylinders (Yen et al. [12]). It can be seen that the in-phase and
antiphase nature of the cylinders C3 and C4 occurred when the
separation ratio increased and the fully developed shed vortices
existed between the cylinders C1 and C2 at higher separation

ratios. Williamson [2] also experimentally observed that the
wakes behind the two side-by-side cylinders were either
antiphase or in-phase when the separation ratio increased.

4. Conclusions

Two-dimensional computations have been performed to
examine the influence of Re and g∗ of four square cylinders
in a diamond arrangement. +e effects of the Re and g∗ on
the vortex shedding modes and dynamic responses of the
four square cylinders are examined. +e main conclusions
are summarized as follows:

(i) Numerical results showed that, by varying g∗

from 1 to 15 and Re from 80 to 160, a total of five
different kinds of flow regimes were identified:
single bluff-body flow regime (80 ≤Re ≤ 160 and
g∗ � 1), quasi-unsteady flow regime (Re � 80,
100, and 120 and g∗ � 2), critical flow regime
(80 ≤Re ≤ 160 and 3 ≤g∗ ≤ 5; also at g∗ � 2 for
Re � 140 and 160), antiphase synchronized vortex
shedding flow regime ((Re, g∗) � (140 and 160, 2),
(80, 100, 120, and 160, 7), (80 ≤Re ≤ 160, 8),
(80 ≤Re ≤ 160, 9), (80, 100, 140, and 160, 10), (80
and 140, 15)), and in-phase synchronized vortex
shedding flow regime ((Re, g∗) � (140, 6), (160,
7), (120, 10), (100, 120, and 160, 15)). It was
found that the flow regimes strongly depended
on the separation ratio as well as the Reynolds
number.

(ii) +e vortex shedding frequency strongly depended
on the separation ratio. +e secondary cylinder
interaction frequencies also play a strong role for the
chaotic flow regime. It is also found that the
modulations in CD and CL for cylinders C1 and C2 in
chaotic flow regime are significant. With increasing
separation ratio, the primary vortex shedding fre-
quency dominates the flow and remains nearly
constant for the antiphase and in-phase synchro-
nized vortex shedding flow regimes. In these flow
regimes, the flow finds enough space between C1
and C2 to roll up in the form of shed vortices. We
found the well-known von Karman vortex street
behind each cylinder at larger separation ratio be-
tween the cylinders. In case of quasi-unsteady flow
regime, we found the steady behavior of drag force
of cylinder C2.

(iii) +e secondary cylinder interaction frequencies
dominate the flow in case of critical flow regime. On
the other hand, the primary vortex shedding fre-
quency dominates the flow at larger separation
ratios.

(iv) It is found that the CDmean3 and CDmean4 decrease
with the increase in g∗, except at Re � 80 and
g∗ � 2. +is is due to the flow transition from
single bluff-body flow regime to quasi-unsteady
flow regime. However, the opposite trend is
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observed for the CDmean2; i.e., it decreases first to
g∗ � 6, 5, 4, 4, and 3 for Re � 80, 100, 120, 140, and
160, respectively; then starts to increase; and again
decreases by increasing the values of g∗. +e
maximum average drag force can be observed at
g∗ � 1 for all Re values for CDmean2. As the spacing
ratio increases, the CDmean3 and CDmean4 values
approach the SC value for all Reynolds numbers.
+e CDmean2 value are mostly affected up to g∗ � 5
due to critical flow regime observed at 2 ≤g∗ ≤ 5.
We found that the vortex shedding frequencies
are slightly different for each individual cylinder
by changing the value of g∗ at fixed Re. Fur-
thermore, we also found that the vortex shedding
frequency considerably depends on the separation
ratio, especially at 1 ≤g∗ ≤ 6. For the antiphase
and in-phase synchronized vortex shedding flow
regimes, the vortex shedding frequency of cyl-
inders is almost constant at 9 ≤g∗ ≤15, very close
to that (St � 0.1516, 0.1596, 0.1644, 0.1644, and
0.1644 for Re � 80, 100, 120, 140, and 160, re-
spectively) in the isolated cylinder case. In gen-
eral, the CDrms1 and CLrms1 have larger values
compared to the other cylinders, C2, C3, and C4,
for all chosen Re and g∗.

Nomenclature

CD � 2Fx/ρu2
maxD: Drag coefficient

CL � 2Fy/ρu2
maxD: Lift coefficient

CDmean: Mean drag coefficient
CDrms: Root-mean-square value of drag

coefficient
CLrms: Root-mean-square value of lift

coefficient
D: Size of the cylinder (m)
ei: Discrete velocities
fs: Vortex shedding frequency
f: Particle distribution function
f(eq): Maxwell–Boltzmann distribution

function
Fx: Drag force in the streamwise direction
Fy: Lift force in the transverse direction
g∗: Separation ratio
Lu: Upstream distance from the inlet

position
Ld: Downstream distance up to the exit of

the computational domain
Lx: Computational length
Ly: Computational height
Ma: Mach number
p: Pressure
Re� umaxD/υ: Reynolds number
S: Surface-to-surface distance between the

cylinders
St� fsD/umax: Strouhal number
umax: Maximum inflow velocity
u: Flow speed (m/s)
wi: Weighting coefficients

β: Blockage ratio
ρ: Density of the fluid (kg/m3)
υ: Kinematic viscosity of the fluid (m2/s)
τ: Single-relaxation-time parameter
Ω: Collision operator.
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