Advances in Matrices, Finite and
Infinite, with Applications

Guest Editors: P. N. Shivakumar, Panayiotis Psarrakos, K. C. Sivakumar,
and Yang Zhang

.t




Advances in Matrices, Finite and Infinite,
with Applications



Advances in Matrices, Finite and Infinite,
with Applications

Guest Editors: P. N. Shivakumar, Panayiotis Psarrakos,
K. C. Sivakumar, and Yang Zhang




Copyright © 2013 Hindawi Publishing Corporation. All rights reserved.

This is a special issue published in “Journal of Applied Mathematics.” All articles are open access articles distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.



Editorial Board

Saeid Abbasbandy, Iran
Mina B. Abd-El-Malek, Egypt
Mohamed A. Abdou, Egypt
Subhas Abel, India

Mostafa Adimy, France
Carlos J. S. Alves, Portugal
Mohamad Alwash, USA
Igor Andrianov, Germany
Sabri Arik, Turkey

Francis T.K. Au, Hong Kong
Olivier Bahn, Canada
Roberto Barrio, Spain
Alfredo Bellen, Italy

Jafar Biazar, [ran

Hester Bijl, The Netherlands
Anjan Biswas, Saudi Arabia
Stephane P.A. Bordas, USA
James Robert Buchanan, USA
Alberto Cabada, Spain

Xiao Chuan Cai, USA

Jinde Cao, China

Alexandre Carvalho, Brazil
Song Cen, China

Qianshun S. Chang, China
Tai-Ping Chang, Taiwan
Shih-sen Chang, China
Rushan Chen, China

Xinfu Chen, USA

Ke Chen, UK

Eric Cheng, Hong Kong
Francisco Chiclana, UK
Jen-Tzung Chien, Taiwan
C.S. Chien, Taiwan

Han H. Choi, Republic of Korea

Tin-Tai Chow, China

M. S. H. Chowdhury, Malaysia
Carlos Conca, Chile

Vitor Costa, Portugal
Livija Cveticanin, Serbia
Eric de Sturler, USA
Orazio Descalzi, Chile

Kai Diethelm, Germany
Vit Dolejsi, Czech Republic
Bo-Qing Dong, China
Magdy A. Ezzat, Egypt

Meng Fan, China

Ya Ping Fang, China

Antonio J. M. Ferreira, Portugal
Michel Fliess, France

M. A. Fontelos, Spain

Huijun Gao, China

Bernard J. Geurts, The Netherlands
Jamshid Ghaboussi, USA

Pablo Gonzalez-Vera, Spain
Laurent Gosse, Italy

K. S. Govinder, South Africa
Jose L. Gracia, Spain

Yuantong Gu, Australia
Zhihong GUAN, China

Nicola Guglielmi, Italy
Frederico G. Guimaraes, Brazil
Vijay Gupta, India

Bo Han, China

Maoan Han, China

Pierre Hansen, Canada

Ferenc Hartung, Hungary
Xiaoqiao He, Hong Kong

Luis Javier Herrera, Spain

J. Hoenderkamp, The Netherlands
Ying Hu, France

Ning Hu, Japan

Zhilong L. Huang, China
Kazufumi Ito, USA

Takeshi Iwamoto, Japan

George Jaiani, Georgia
Zhongxiao Jia, China

Tarun Kant, India

Ido Kanter, Israel

Abdul Hamid Kara, South Africa
Hamid Reza Karimi, Norway
Jae-Wook Kim, UK

Jong Hae Kim, Republic of Korea
Kazutake Komori, Japan
Fanrong Kong, USA

Vadim . Krysko, Russia

Jin L. Kuang, Singapore
Miroslaw Lachowicz, Poland
Hak-Keung Lam, UK

Tak-Wah Lam, Hong Kong
PGL Leach, Cyprus

Yongkun Li, China

Wan-Tong Li, China

J. Liang, China

Ching-Jong Liao, Taiwan
Chong Lin, China

Mingzhu Liu, China
Chein-Shan Liu, Taiwan

Kang Liu, USA

Yansheng Liu, China

Fawang Liu, Australia

Shutian Liu, China

Zhijun Liu, China

Julian Lépez-Goémez, Spain
Shiping Lu, China

Gert Lube, Germany

Nazim Idrisoglu Mahmudov, Turkey
Oluwole Daniel Makinde, South Africa
Francisco J. Marcellan, Spain
Guiomar Martin-Herran, Spain
Nicola Mastronardi, Italy
Michael McAleer, The Netherlands
Stephane Metens, France
Michael Meylan, Australia
Alain Miranville, France

Ram N. Mohapatra, USA

Jaime E. Munoz Rivera, Brazil
Javier Murillo, Spain

Roberto Natalini, Italy
Srinivasan Natesan, India

Jiri Nedoma, Czech Republic
Jianlei Niu, Hong Kong

Roger Ohayon, France

Javier Oliver, Spain

Donal O’Regan, Ireland

Martin Ostoja-Starzewski, USA
Turgut Ozis, Turkey

Claudio Padra, Argentina
Reinaldo Martinez Palhares, Brazil
Francesco Pellicano, Italy

Juan Manuel Pena, Spain
Ricardo Perera, Spain
Malgorzata Peszynska, USA
James F. Peters, Canada

Mark A. Petersen, South Africa
Miodrag Petkovic, Serbia



Vu Ngoc Phat, Vietnam
Andrew Pickering, Spain
Hector Pomares, Spain
Maurizio Porfiri, USA

Mario Primicerio, Italy
Morteza Rafei, The Netherlands
Roberto Reno, Italy

Jacek Rokicki, Poland

Dirk Roose, Belgium

Carla Roque, Portugal
Debasish Roy, India

Samir H. Saker, Egypt
Marcelo A. Savi, Brazil
Wolfgang Schmidt, Germany
Eckart Schnack, Germany
Mehmet Sezer, Turkey
Naseer Shahzad, Saudi Arabia
Fatemeh Shakeri, Iran

Jian Hua Shen, China
Hui-Shen Shen, China
Fernando Simdes, Portugal
Theodore E. Simos, Greece

Abdel-Maksoud A. Soliman, Egypt Qing-Wen Wang, China

Xinyu Song, China
Qiankun Song, China
Yuri N. Sotskov, Belarus

Peter J. C. Spreij, The Netherlands

Niclas Stromberg, Sweden
Ray KL Su, Hong Kong

Jitao Sun, China

Wenyu Sun, China

XianHua Tang, China
Alexander Timokha, Norway
Mariano Torrisi, Italy
Jung-Fa Tsai, Taiwan

Ch Tsitouras, Greece
Kuppalapalle Vajravelu, USA
Alvaro Valencia, Chile

FErik Van Vleck, USA

Ezio Venturino, Italy

Jesus Vigo-Aguiar, Spain
Michael N. Vrahatis, Greece
Baolin Wang, China
Mingxin Wang, China

Guangchen Wang, China
Junjie Wei, China

Li Weili, China

Martin Weiser, Germany
Frank Werner, Germany
Shanhe Wu, China
Dongmei Xiao, China
Gongnan Xie, China
Yuesheng Xu, USA
Suh-Yuh Yang, Taiwan
Bo Yu, China

Jinyun Yuan, Brazil
Alejandro Zarzo, Spain
Guisheng Zhai, Japan
Jianming Zhan, China
Zhihua Zhang, China
Jingxin Zhang, Australia
Shan Zhao, USA
Chongbin Zhao, Australia
Renat Zhdanov, USA
Hongping Zhu, China



Advances in Matrices, Finite and Infinite, with Applications, P. N. Shivakumar, Panayiotis Psarrakos,
K. C. Sivakumar, and Yang Zhang
Volume 2013, Article ID 156136, 3 pages

On Nonnegative Moore-Penrose Inverses of Perturbed Matrices, Shani Jose and K. C. Sivakumar
Volume 2013, Article ID 680975, 7 pages

A New Construction of Multisender Authentication Codes from Polynomials over Finite Fields,
Xiuli Wang
Volume 2013, Article ID 320392, 7 pages

Geometrical and Spectral Properties of the Orthogonal Projections of the Identity, Luis Gonzélez,
Antonio Sudrez, and Dolores Garcia
Volume 2013, Article ID 435730, 8 pages

A Parameterized Splitting Preconditioner for Generalized Saddle Point Problems,
Wei-Hua Luo and Ting-Zhu Huang
Volume 2013, Article ID 489295, 6 pages

Solving Optimization Problems on Hermitian Matrix Functions with Applications,
Xiang Zhang and Shu-Wen Xiang
Volume 2013, Article ID 593549, 11 pages

Left and Right Inverse Eigenpairs Problem for x-Hermitian Matrices, Fan-Liang Li, Xi-Yan Hu,
and Lei Zhang
Volume 2013, Article ID 230408, 6 pages

Completing a 2 X 2 Block Matrix of Real Quaternions with a Partial Specified Inverse,
Yong Lin and Qing-Wen Wang
Volume 2013, Article ID 271978, 5 pages

Fuzzy Approximate Solution of Positive Fully Fuzzy Linear Matrix Equations,
Xiaobin Guo and Dequan Shang
Volume 2013, Article ID 178209, 7 pages

Ranks of a Constrained Hermitian Matrix Expression with Applications, Shao-Wen Yu
Volume 2013, Article ID 514984, 9 pages

An Efficient Algorithm for the Reflexive Solution of the Quaternion Matrix Equation AXB + CX Hp = F,
Ning Li, Qing-Wen Wang, and Jing Jiang
Volume 2013, Article ID 217540, 14 pages

The Optimization on Ranks and Inertias of a Quadratic Hermitian Matrix Function and Its Applications,
Yirong Yao
Volume 2013, Article ID 961568, 6 pages

Constrained Solutions of a System of Matrix Equations, Qing-Wen Wang and Juan Yu
Volume 2012, Article ID 471573, 19 pages



Contents

On the Hermitian R-Conjugate Solution of a System of Matrix Equations, Chang-Zhou Dong,
Qing-Wen Wang, and Yu-Ping Zhang
Volume 2012, Article ID 398085, 14 pages

Perturbation Analysis for the Matrix Equation X — > A7 XA; + X_; BfXB; = I,
Xue-Feng Duan and Qing-Wen Wang
Volume 2012, Article ID 784620, 13 pages

Refinements of Kantorovich Inequality for Hermitian Matrices, Feixiang Chen
Volume 2012, Article ID 483624, 11 pages



Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 156136, 3 pages
http://dx.doi.org/10.1155/2013/156136

Editorial

Advances in Matrices, Finite and Infinite, with Applications

P. N. Shivakumar,' Panayiotis Psarrakos,’ K. C. Sivakumar,’ and Yang Zhang1

! Department of Mathematics, University of Manitoba, Winnipeg, MB, Canada R3T 2N2

2 Department of Mathematics, School of Applied Mathematical and Physical Sciences,
National Technical Univeristy of Athens, Zografou Campus, 15780 Athens, Greece

? Department of Mathematics, Indian Institute of Technology Madras, Chennai 600 036, India

Correspondence should be addressed to P. N. Shivakumar; shivaku@cc.umanitoba.ca

Received 13 June 2013; Accepted 13 June 2013

Copyright © 2013 P. N. Shivakumar et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

In the mathematical modeling of many problems, including,
but not limited to, physical sciences, biological sciences,
engineering, image processing, computer graphics, medical
imaging, and even social sciences lately, solution methods
most frequently involve matrix equations. In conjunction
with powerful computing machines, complex numerical
calculations employing matrix methods could be performed
sometimes even in real time. It is well known that infinite
matrices arise more naturally than finite matrices and have
a colorful history in development from sequences, series
and quadratic forms. Modern viewpoint considers infinite
matrices more as operators defined between certain spe-
cific infinite-dimensional normed spaces, Banach spaces,
or Hilbert spaces. Giant and rapid advancements in the
theory and applications of finite matrices have been made
over the past several decades. These developments have
been well documented in many books, monographs, and
research journals. The present topics of research include
diagonally dominant matrices, their many extensions, inverse
of matrices, their recursive computation, singular matrices,
generalized inverses, inverse positive matrices with specific
emphasis on their applications to economics like the Leon-
tief input-output models, and use of finite difference and
finite element methods in the solution of partial differential
equations, perturbation methods, and eigenvalue problems of
interest and importance to numerical analysts, statisticians,
physical scientists, and engineers, to name a few.

The aim of this special issue is to announce certain
recent advancements in matrices, finite and infinite, and
their applications. For a review of infinite matrices and
applications, see P. N. Shivakumar, and K. C. Sivakumar

(Linear Algebra Appl., 2009). Specifically, an example of an
application can be found in the classical problem “shape
of a drum,” in P. N. Shivakumar, W. Yan, and Y. Zhang
(WSES transactions in Mathematics, 2011). The focal themes
of this special issue are inverse positive matrices including M-
matrices, applications of operator theory, matrix perturbation
theory, and pseudospectra, matrix functions and generalized
eigenvalue problems and inverse problems including scat-
tering and matrices over quaternions. In the following, we
present a brief overview of a few of the central topics of this
special issue.

For M-matrices, let us start by mentioning the most cited
books by R. Berman and R. J. Plemmons (SIAM, 1994), and by
R. A.Horn and C. R. Johnson (Cambridge, 1994), as excellent
sources. One of the most important properties of invertible
M-matrices is that their inverses are nonnegative. There are
several works that have considered generalizations of some
of the important properties of M-matrices. We only point
out a few of them here. The article by D. Mishra and K. C.
Sivakumar (Oper. Matrices, 2012), considers generalizations
of inverse nonnegativity to the Moore-Penrose inverse, while
more general classes of matrices are the objects of discussion
in D. Mishra and K. C. Sivakumar (Linear Algebra Appl,,
2012), and A. N. Sushama, K. Premakumari and K. C.
Sivakumar (Electron. J. Linear Algebra 2012).

A brief description of the papers in the issue is as follows.

In the work of Z. Zhang, the problem of solving cer-
tain optimization problems on Hermitian matrix functions
is studied. Specifically, the author considers the extremal
inertias and ranks of a given function f(X,Y) : C™" —
C™" (which is defined in terms of matrices A, B, C, and D



in C"™"), subject to X, Y satisfying certain matrix equations.
As applications, the author presents necessary and sufficient
conditions for f to be positive definite, positive semidefinite,
and so forth. As another application, the author presents a
characterization for f(X,Y) = 0, again, subject to X, Y
satisfying certain matrix equations.

The task of determining parametrized splitting precon-
ditioners for certain generalized saddle point problems is
undertaken by W.-H. Luo and T.-Z. Huang in their work. The
well-known and very widely applicable Sherman-Morrison-
Woodbury formula for the sum of matrices is used in
determining a preconditioner for linear equations where
the coefficient matrix may be singular and nonsymmetric.
Ilustrations of the procedure are provided for Stokes and
Oseen problems.

The work reported by A. Gonzalez, A. Suarez and D.
Garcia deals with the problem of estimating the Frobenius
condition of the matrix AN, given a matrix A € R™", where
N satisfies the condition that N = argminycg[lI — AX||p.
Here, S is a certain subspace of R” and || - ||z denotes the
Frobenius norm. The authors derive certain spectral and
geometrical properties of the preconditioner N as above.

Let B, C, D and E be (not necessarily square) matrices
with quaternion entries so that the matrix M = (45)
is square. Y. Lin and Q.-W. Wang present necessary and
sufficient conditions so that the top left block A of M exists
satisfying the conditions that M is nonsingular and the matrix
E is the top left block of M~'. A general expression for such
an A, when it exists, is obtained. A numerical illustration is

presented.

For a complex hermitian A of order n with eigenvalues
Ay €A, <--- < A, the celebrated Kantorovich inequality is
1<x"Axx*Alx < (/\n+)\1)2/4)t1)»n, for all unit vectors x €
C".Equivalently 0 < x* Axx* A x-1 < (A,—1,)*/4A, A, for
all unit vectors x € C". F. Chen, in his work on refinements of
Kantorovich inequality for hermitian matrices, obtains some
refinements of the second inequality, where the proofs use
only elementary ideas (http://www.math.ntua.gr/~ppsarr/).

It is pertinent to point out that, among other things, an
interesting generalization of M-matrices is obtained by S.
Jose and K. C. Sivakumar. The authors consider the prob-
lem of nonnegativity of the Moore-Penrose inverse of a
perturbation of the form A — XGY” given that A" > 0. Using
a generalized version of the Sherman-Morrison-Woodbury
formula, conditions for (A — XGY")" to be nonnegative
are derived. Applications of the results are presented briefly.
Iterative versions of the results are also studied.

It is well known that the concept of quaternions was
introduced by Hamilton in 1843 and has played an important
role in contemporary mathematics such as noncommuta-
tive algebra, analysis, and topology. Nowadays, quaternion
matrices are widely and heavily used in computer science,
quantum physics, altitude control, robotics, signal and colour
image processing, and so on. Many questions can be reduced
to quaternion matrices and solving quaternion matrix equa-
tions. This special issue has provided an excellent opportunity
for researchers to report their recent results.

Journal of Applied Mathematics

Let H™" denote the space of all # x 1 matrices whose
entries are quaternions. Let Q € H™" be Hermitian and self-
invertible. X € H™" is called reflexive (relative to Q) if X =
QXQ. The authors E-L. Li, X.-Y. Hu, and L. Zhang present
an efficient algorithm for finding the reflexive solution of the
quaternion matrix equation: AXB + CX"D = F. They also
show that, given an appropriate initial matrix, their procedure
yields the least reflexive solution with respect to the Frobenius
norm.

In the work on the ranks of a constrained hermitian
matrix expression, S. W. Yu gives formulas for the maximal
and minimal ranks of the quaternion Hermitian matrix
expression C, — A, XA}, where X is a Hermitian solution
to quaternion matrix equations A; X = C,, XB; = C,, and
A3XA% = Cs, and also applies this result to some special
system of quaternion matrix equations.

Y. Yao reports his findings on the optimization on ranks
and inertias of a quadratic hermitian matrix function. He
presents one solution for optimization problems on the ranks
and inertias of the quadratic Hermitian matrix function Q —
XPX™ subject to a consistent system of matrix equations
AX = Cand XB = D. As applications, he derives necessary
and sufficient conditions for the solvability to the systems of
matrix equations and matrix inequalities AX = C, XB = D,
and XPX" = (>,<,>,<)Q.

Let R be a nontrivial real symmetric involution matrix.
A complex matrix A is called R-conjugate if A = RAR.
In the work on the hermitian R-conjugate solution of a
system of matrix equations, C.-Z. Dong, Q.-W. Wang, and
Y.-P. Zhang present necessary and sufficient conditions for
the existence of the hermitian R-conjugate solution to the
system of complex matrix equations AX = C and XB = D.
An expression of the Hermitian R-conjugate solution is also
presented.

A perturbation analysis for the matrix equation X —
Y AjXA; + Y BjXB; = I is undertaken by X.-F. Duan
and Q.-W. Wang. They give a precise perturbation bound for
a positive definite solution. A numerical example is presented
to illustrate the sharpness of the perturbation bound.

Linear matrix equations and their optimal approxima-
tion problems have great applications in structural design,
biology, statistics, control theory, and linear optimal control,
and as a consequence, they have attracted the attention of
several researchers for many decades. In the work of Q.-W.
Wang and J. Yu, necessary and sufficient conditions of and the
expressions for orthogonal solutions, symmetric orthogonal
solutions, and skew-symmetric orthogonal solutions of the
system of matrix equations AX = B and XC = D are
derived. When the solvability conditions are not satisfied, the
least squares symmetric orthogonal solutions and the least
squares skew-symmetric orthogonal solutions are obtained.
A methodology is provided to compute the least squares
symmetric orthogonal solutions, and an illustrative example
is given to illustrate the proposed algorithm.

Many real-world engineering systems are too complex to
be defined in precise terms, and, in many matrix equations,
some or all of the system parameters are vague or imprecise.
Thus, solving a fuzzy matrix equation becomes important. In
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the work reported by X. Guo and D. Shang, the fuzzy matrix
equation A® X ® B = C in which A, B, and C are m x m,
n x n, and m X n nonnegative LR fuzzy numbers matrices,
respectively, is investigated. This fuzzy matrix system, which
has a wide use in control theory and control engineering, is
extended into three crisp systems of linear matrix equations
according to the arithmetic operations of LR fuzzy numbers.
Based on the pseudoinverse matrix, a computing model to the
positive fully fuzzy linear matrix equation is provided, and
the fuzzy approximate solution of original fuzzy systems is
obtained by solving the crisp linear matrix systems. In addi-
tion, the existence condition of nonnegative fuzzy solution
is discussed, and numerical examples are given to illustrate
the proposed method. Overall, the technique of LR fuzzy
numbers and their operations appears to be a strong tool in
investigating fully fuzzy matrix equations.

Left and right inverse eigenpairs problem arises in a
natural way, when studying spectral perturbations of matrices
and relative recursive problems. E-L. Li, X.-Y. Hu, and L.
Zhang consider in their work left and right inverse eigenpairs
problem for k-hermitian matrices and its optimal approx-
imate problem. The class of k-hermitian matrices contains
hermitian and perhermitian matrices and has numerous
applications in engineering and statistics. Based on the
special properties of k-hermitian matrices and their left and
right eigenpairs, an equivalent problem is obtained. Then,
combining a new inner product of matrices, necessary and
sufficient conditions for the solvability of the problem are
given, and its general solutions are derived. Furthermore,
the optimal approximate solution, a calculation procedure to
compute the unique optimal approximation, and numerical
experiments are provided.

Finally, let us point out a work on algebraic coding theory.
Recall that a communication system, in which a receiver
can verify the authenticity of a message sent by a group of
senders, is referred to as a multisender authentication code.
In the work reported by X. Wang, the author constructs
multi-sender authentication codes using polynomials over
finite fields. Here, certain important parameters and the
probabilities of deceptions of these codes are also computed.
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Nonnegativity of the Moore-Penrose inverse of a perturbation of the form A~ XGY" is considered when A™ > 0. Using a generalized

version of the Sherman-Morrison-Woodbury formula, conditions for (A — XGYT)' to be nonnegative are derived. Applications of
the results are presented briefly. Iterative versions of the results are also studied.

1. Introduction

We consider the problem of characterizing nonnegativity
of the Moore-Penrose inverse for matrix perturbations of
the type A — XGY”, when the Moore-Penrose inverse of
A is nonnegative. Here, we say that a matrix B = (b;) is
nonnegative and denote it by B > 0if b; > 0, Vi, j. This
problem was motivated by the results in [1], where the authors
consider an M-matrix A and find sufficient conditions for
the perturbed matrix (A — XY”) to be an M-matrix. Let us
recall that a matrix B = (b;) is said to Z-matrix if ; < 0
for all i, j, i# j. An M-matrix is a nonsingular Z-matrix with
nonnegative inverse. The authors in [1] use the well-known
Sherman-Morrison-Woodbury (SMW) formula as one of the
important tools to prove their main result. The SMW formula
gives an expression for the inverse of (A-X YT)in terms of the
inverse of A, when it exists. When A is nonsingular, A — XY
is nonsingular if and only I - YT A™ X is nonsingular. In that
case,

(A-xyT) " = a7 - AT X(1-YTATX) YA ()

The main objective of the present work is to study certain
structured perturbations A — XY of matrices A such that
the Moore-Penrose inverse of the perturbation is nonnegative
whenever the Moore-Penrose inverse of A is nonnegative.
Clearly, this class of matrices includes the class of matrices
that have nonnegative inverses, especially M-matrices. In our
approach, extensions of SMW formula for singular matrices

play a crucial role. Let us mention that this problem has been
studied in the literature. (See, for instance [2] for matrices and
[3] for operators over Hilbert spaces). We refer the reader to
the references in the latter for other recent extensions.

In this paper, first we present alternative proofs of
generalizations of the SMW formula for the cases of the
Moore-Penrose inverse (Theorem 5) and the group inverse
(Theorem 6) in Section 3. In Section 4, we characterize the
nonnegativity of (A — XGY™)". This is done in Theorem 9
and is one of the main results of the present work. As a
consequence, we present a result for M-matrices which seems
new. We present a couple of applications of the main result
in Theorems 13 and 15. In the concluding section, we study
iterative versions of the results of the second section. We
prove two characterizations for (A—X YO to be nonnegative
in Theorems 18 and 21.

Before concluding this introductory section, let us give
a motivation for the work that we have undertaken here.
It is a well-documented fact that M-matrices arise quite
often in solving sparse systems of linear equations. An
extensive theory of M-matrices has been developed relative
to their role in numerical analysis involving the notion of
splitting in iterative methods and discretization of differential
equations, in the mathematical modeling of an economy,
optimization, and Markov chains [4, 5]. Specifically, the
inspiration for the present study comes from the work of [1],
where the authors consider a system of linear inequalities
arising out of a problem in third generation wireless commu-
nication systems. The matrix defining the inequalities there is



an M-matrix. In the likelihood that the matrix of this
problem is singular (due to truncation or round-off errors),
the earlier method becomes inapplicable. Our endeavour is
to extend the applicability of these results to more general
matrices, for instance, matrices with nonnegative Moore-
Penrose inverses. Finally, as mentioned earlier, since matrices
with nonnegative generalized inverses include in particular
M-matrices, it is apparent that our results are expected to
enlarge the applicability of the methods presently available for
M-matrices, even in a very general framework, including the
specific problem mentioned above.

2. Preliminaries

Let R, R", and R™" denote the set of all real numbers, the
n-dimensional real Euclidean space, and the set of all m x n
matrices over R. For A € R™", let R(A), N(A), R(A)*, and
AT denote the range space, the null space, the orthogonal
complement of the range space, and the transpose of the
matrix A, respectively. For x = (xl,xz,...,xn)T e R", we
say that x is nonnegative, that is, x > 0 if and only if x; > 0
foralli = 1,2,...,n. As mentioned earlier, for a matrix B we
use B > 0 to denote that all the entries of B are nonnegative.
Also, we write A < Bif B— A > 0.

Let p(A) denote the spectral radius of the matrix A. If
p(A) < 1for A € R™”, then I — A is invertible. The
next result gives a necessary and sufficient condition for the
nonnegativity of (I — A)~". This will be one of the results that
will be used in proving the first main result.

Lemma 1 (see [5, Lemma 2.1, Chapter 6]). Let A € R™" be
nonnegative. Then, p(A) < 1 ifand only if (I — A)~" exists and

(I-A)7"= iO:Ak > 0. )
k=0

More generally, matrices having nonnegative inverses
are characterized using a property called monotonicity. The
notion of monotonicity was introduced by Collatz [6]. A real
n X n matrix A is called monotone if Ax > 0 = x > 0. It was
proved by Collatz [6] that A is monotone if and only if A™"
existsand A > 0.

One of the frequently used tools in studying monotone
matrices is the notion of a regular splitting. We only refer the
reader to the book [5] for more details on the relationship
between these concepts.

The notion of monotonicity has been extended in a vari-
ety of ways to singular matrices using generalized inverses.
First, let us briefly review the notion of two important
generalized inverses.

For A € R™", the Moore-Penrose inverse is the unique
Z € R™™ satisfying the Penrose equations: AZA = A,
ZAZ = Z,(AZ)" = AZ, and (ZA)" = ZA. The unique
Moore-Penrose inverse of A is denoted by A", and it coincides
with A™' when A is invertible.

The following theorem by Desoer and Whalen, which
is used in the sequel, gives an equivalent definition for the
Moore-Penrose inverse. Let us mention that this result was
proved for operators between Hilbert spaces.

Journal of Applied Mathematics

Theorem 2 (see [7]). Let A € R™". Then AT € R™™ is the
unique matrix X € R™" satisfying

(i) ZAx = x, Vx € R(AT),
(i) Zy = 0, Vy € N(A").

Now, for A € R™", any Z € R™" satisfying the equations
AZA = A, ZAZ = Z,and AZ = ZA is called the group
inverse of A. The group inverse does not exist for every
matrix. But whenever it exists, it is unique. A necessary and
sufficient condition for the existence of the group inverse of
A is that the index of A is 1, where the index of a matrix is the
smallest positive integer k such that rank (A1) = rank (AF).

Some of the well-known properties of the Moore-Penrose
inverse and the group inverse are given as follows: R(A”) =
R(A"), N(AT) = N(A"), ATA = Py 41y, and AA" = Py In
particular, x € R(AT) if and onlyifx = A" Ax. Also, R(A) =
R(A"), N(A) = N(A%), and A"A = AA" = Py n(a)- Here,
for complementary subspaces L and M of R, P 5y denotes
the projection of R¥ onto L along M. P, denotes Py if M =
L*. For details, we refer the reader to the book [8].

In matrix analysis, a decomposition (splitting) of a matrix
is considered in order to study the convergence of iterative
schemes that are used in the solution of linear systems of alge-
braic equations. As mentioned earlier, regular splittings are
useful in characterizing matrices with nonnegative inverses,
whereas, proper splittings are used for studying singular
systems of linear equations. Let us next recall this notion.
For a matrix A € R™", a decomposition A = U -V is
called a proper splitting [9] if R(A) = R(U) and N(A) =
N(U). It is rather well-known that a proper splitting exists
for every matrix and that it can be obtained using a full-
rank factorization of the matrix. For details, we refer to [10].
Certain properties of a proper splitting are collected in the
next result.

Theorem 3 (see [9, Theorem 1]). Let A = U — V be a proper
splitting of A € R™". Then,

() A=U(I-U'V),

b)) I-UWVis nonsingular and,

(c) AT = -U'V)'U".

The following result by Berman and Plemmons [9] gives
a characterization for A" to be nonnegative when A has a
proper splitting. This result will be used in proving our first
main result.

Theorem 4 (see [9, Corollary 4]). Let A =U -V be a proper
splitting of A € R™", where U > 0 and U'V > 0. Then
A" > 0 ifand only if p(U'V) < 1.

3. Extensions of the SMW Formula for
Generalized Inverses

The primary objects of consideration in this paper are gen-
eralized inverses of perturbations of certain types of a matrix
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A. Naturally, extensions of the SMW formula for generalized
inverses are relevant in the proofs. In what follows, we present
two generalizations of the SMW formula for matrices. We
would like to emphasize that our proofs also carry over
to infinite dimensional spaces (the proof of the first result
is verbatim and the proof of the second result with slight
modifications applicable to range spaces instead of ranks of
the operators concerned). However, we are confining our
attention to the case of matrices. Let us also add that these
results have been proved in [3] for operators over infinite
dimensional spaces. We have chosen to include these results
here as our proofs are different from the ones in [3] and that
our intention is to provide a self-contained treatment.

Theorem 5 (see [3, Theorem 2.1]). Let A € R™" X € R™k,
andY € R™* be such that

R(X)CR(A),  R(Y)cR(A"). 3)
LetG € R®* and 0 = A - XGY". If
R(x") cr((GT-Y"aTX)"),
R(Y") cR(G'-Y"A"X),

R(Y") cR(G")

R(X")cR(@G), @

then
Of = A"+ A'X(GT - YTATX) YT AT, (5)

Proof. Set Z = AT + ATXH'YT AT, where H = G" - YTATX.
From the conditions (3) and (4), it follows that AATX = X,
ATAYy =Y, H'HXT = XT,HH'YT = Y¥,GG'XT = X7, and
Gyt =v".
Now,
A'XH'Y" - A'XH'YTATXGY"
= A'XH" (G'GY" -y"ATXGY™) (6)
= A'XH'HGYT = ATXGY".

Thus, ZQ = ATA. Since R(Q") ¢ R(A"), it follows that
ZQ(x) = x, Vx € R(Q").

Lety € N(QT). Then, ATy - YG'X"y = 0 so that
XTATT(AT - YG'XT)y = 0. Substituting X" = GG'X” and
simplifying it, we get H' G* X"y = 0. Also, ATy = YG" X"y =
YHH'G"X"y = 0 and so A’y = 0. Thus, Zy = 0 for
ye N(QT). Hence, by Theorem 2, Z = Q. O

The result for the group inverse follows.

Theorem 6. Let A € R™" be such that A* exists. Let X,
Y € R™ and G be nonsingular. Assume that R(X) < R(A),
R(Y) € R(AT) and G™* = YT A* X is nonsingular. Suppose that
rank (A — XGY7T) = rank (A). Then, (A — XGY )" exists and
the following formula holds:

-1

(A-XGYT) = A"+ AX(G - YT A'X) 'YTA". ()

Conversely, if(A~XGY )" exists, then the formula above holds,
and we have rank (A — XGYT) = rank (A).

Proof. Since A" exists, R(A) and N(A) are complementary
subspaces of R™".

Suppose that rank (A — XGYT) = rank(A). As R(X) ¢
R(A), it follows that R(A — XGYT) < R(A). Thus R(A —
XGYT) = R(A). By the rank-nullity theorem, the nullity of
both A — XGYT and A are the same. Again, since R(Y) ¢
R(A"), it follows that N(A — XGY') = N(A). Thus,
R(A - XGYT) and N(A - XGYT) are complementary sub-
spaces. This guarantees the existence of the group inverse of
A~ XGYT.

Conversely, suppose that (A — XGYT)" exists. It can be
verified by direct computation that Z = A* + A*X(G™' -
YTA*X)™'YT A" is the group inverse of A — XGY ™. Also, we
have (A-XGYT)(A-XGYT)* = AA* so that RGA- XGYT) =
R(A), and hence the rank (A — XGY7) = rank (A). ]

We conclude this section with a fairly old result [2] as a
consequence of Theorem 5.

Theorem 7 (see [2, Theorem 15]). Let A € R™" of rank r,
X e R™" and Y € R™". Let G be an r X r nonsingular matrix.

Assume that R(X) € R(A), R(Y) € R(A"), and G™' =Y ATX
is nonsingular. Let Q@ = A — XGY". Then

(A-xGYT) = AT+ ATX(G - YTATX) 'YTAT. (8)

4. Nonnegativity of (A-XGY™)'

In this section, we consider perturbations of the form A —
XGYT and derive characterizations for (A — XGYT)' to be
nonnegative when A" >0, X >0, Y > 0and G > 0. In order
to motivate the first main result of this paper, let us recall the
following well known characterization of M-matrices [5].

Theorem 8. Let A be a Z-matrix with the representation A =
sI — B, where B > 0 and s > 0. Then the following statements
are equivalent:

(a) A" exists and A™* > 0.
(b) There exists x > 0 such that Ax > 0.

(c) p(B) < s.

Let us prove the first result of this article. This extends
Theorem 8 to singular matrices. We will be interested in
extensions of conditions (a) and (c) only.

Theorem 9. Let A = U -V be a proper splitting of A € R™"
with UT > 0, UV > 0 and p(U'V) < 1. Let G € R¥* be
nonsingular and nonnegative, X € R™* and Y € R™* pe



nonnegative such that R(X) € R(A), R(Y) ¢ R(ATY and G -
YT A" X is nonsingular. Let O = A~ XGY™. Then, the following
are equivalent

(@) Qf > 0.
b) (G -YTATX)" > 0.
(c) p(UTW) < 1whereW =V + XGY.

Proof. First, we observe that since R(X) < R(A), R(Y) ¢
R(AT), and G™' — YTA'X is nonsingular, by Theorem 7, we
have

Q' = AT+ ATX(G - YTATX) YA 9)
We thus have QQ" = AAT and QTQ = AT A. Therefore,
R(Q) =R(A), N(Q)=N(A). (10)

Note that the first statement also implies that A" > 0, by
Theorem 4.

(a) = (b): By taking E = A and F = XGY”, we get
Q = E - F as a proper splitting for Q such that E' = AT > 0
and E'F = ATXGYT > 0 (since XGYT > 0). Since Q' > 0,
by Theorem 4, we have p(ATXGYT) = p(ETF) < 1. This
implies that p(Y"ATXG) < 1. We also have Y'ATXG > 0.
Thus, by Lemma 1, (I - YT AT XG) ™ exists and is nonnegative.
But, we have I - YTATXG = (G™! - YTATX)G. Now, 0 <
(I-YTATXG)™" = GG - YTATX)™". This implies that
(G -YTATX)™" > 0 since G > 0. This proves (b).

(b) = (c): WehaveU-W =U-V-XGYT = A-XYT =
Q. Also R(Q) = R(A) = R(U) and N(Q) = N(A) = N(U).
So, @ = U — W is a proper splitting. Also UT > 0 and
U'w =U'(V+XGYT) > UV > 0. Since (G -YTATX) ™! >
0, it follows from (9) that QF > 0. (¢) now follows from
Theorem 4.

(c) = (a):Since A= U-V,wehave Q = U~V -XGY” =
U-W. Alsowe have U' > 0,U'V > 0. Thus, U'W > 0, since
XGYT > 0. Now, by Theorem 4, we are done if the splitting
Q =U — W is a proper splitting. Since A = U — V is a proper
splitting, we have R(U) = R(A) and N(U) = N(A). Now,
from the conditions in (10), we get that R(U) = R(Q) and
N(@U) = N(Q). Hence Q) = U — W is a proper splitting, and
this completes the proof. O

The following result is a special case of Theorem 9.

Theorem 10. Let A = U —V be a proper splitting of A € R™"
withU' > 0, UV > 0 and p(U'V) < 1. Let X € R™* and
Y € R pe nonnegative such that R(X) < R(A), R(Y) <
R(ATY, and 1-YTAT X is nonsingular. Let Q) = A-XYT. Then
the following are equivalent:

(@ Q>0

(b) I-YTATX)™" > 0.

(c) p(UTW) <1, where W =V + XYT.

The following consequence of Theorem 10 appears to be

new. This gives two characterizations for a perturbed M-
matrix to be an M-matrix.
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Corollary1l. Let A = sI-Bwhere, B> 0and p(B) < s (i.e., A
is an M-matrix). Let X € R™* and Y € R™* be nonnegative
such that I — YT A" X is nonsingular. Let QO = A — XY™ Then
the following are equivalent:

(a) Q7' >o0.
b)) (I-YTATX) ! >0.
(c) p(B(I + XYT)) < s.

Proof. From the proof of Theorem 10, since A is nonsingular,
it follows that QQ" = I and Q'Q = I. This shows that O
is invertible. The rest of the proof is omitted, as it is an easy
consequence of the previous result. O

In the rest of this section, we discuss two applications
of Theorem 10. First, we characterize the least element in
a polyhedral set defined by a perturbed matrix. Next, we
consider the following Suppose that the “endpoints” of an
interval matrix satisfy a certain positivity property. Then all
matrices of a particular subset of the interval also satisfy
that positivity condition. The problem now is if that we are
given a specific structured perturbation of these endpoints,
what conditions guarantee that the positivity property for the
corresponding subset remains valid.

The first result is motivated by Theorem 12 below. Let us
recall that with respect to the usual order, an element x* €
X < R"iscalled a least element of I if it satisfies x* < x for
all x € &. Note that a nonempty set may not have the least
element, and if it exists, then it is unique. In this connection,
the following result is known.

Theorem 12 (see [11, Theorem 3.2]). For A € R™" and b ¢
R™ let

Tp={xeR": Ax+y>2b, Pyyx =0,

(11)
Prayy =0, for somey e R"™}.

Then, a vector X" is the least element of Xy, if and only if x* =
A'b e 2y, with AT > 0.

Now, we obtain the nonnegative least element of a
polyhedral set defined by a perturbed matrix. This is an
immediate application of Theorem 10.

Theorem 13. Let A € R™" be such that AT > 0. Let X €
R™*, and let Y € R™* be nonnegative, such that R(X) <
R(A), R(Y) € R(AT), and I - YT AT X is nonsingular. Suppose
that (I - YTATX)™ > 0. Forb e R™, b > 0, let

Sp={xeR": Qx+y=b, Pyqx=0,
(12)
Pryy =0, for somey € R™},

where Q@ = A — XYY, Then, x* = (A — XYD)'b is the least
element of §,.

Proof. From the assumptions, using Theorem 10, it fol-

lows that Q" > 0. The conclusion now follows from
Theorem 12. O
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To state and prove the result for interval matrices, let us
first recall the notion of interval matrices. For A, B € R” xn,
an interval (matrix) J = [A, B] is defined as ] = [A,B] = {C :
A < C < B}. Theinterval J = [A, B] is said to be range-kernel
regular if R(A) = R(B) and N(A) = N(B). The following
result [12] provides necessary and sufficient conditions for
C" > 0forC € K, where K = {C € ] : R(C) = R(A) =
R(B), N(C) = N(A) = N(B)}.

Theorem 14. Let | = [A, B] be range-kernel regular. Then, the
following are equivalent:

(a) C" > 0 whenever C € K,
(b) A" >0and B' > 0.

In such a case, we have C' = Z(]?ZO(BT(B -C))'B".

Now, we present a result for the perturbation.

Theorem 15. Let ] = [A, B be range-kernel regular with A" >
0and B' > 0. Let X, X,, Y, and Y, be nonnegative matrices
such that R(X,) € R(A), R(Y;) < R(AD), R(X,) € R(B), and
R(Y,) € R(B"). Suppose that I -Y] A"X, and I - Y] AT X, are
nonsingular with nonnegative inverses. Suppose further that
X,Y, < X,Y]. Let ] = [E,F], where E = A - X,Y] and
F = B- X,Y.. Finally, let K = {Z € ] : R(Z) = R(E) =
R(F) and N(Z) = N(E) = N(F)}. Then,

(@) E">0and F' > 0.
(b) Z" > 0 whenever Z € K.

In that case, Z" = Z;SO(BTB —-F'z)/F".

Proof. It follows from Theorem 7 that

-1
E'=A"+ATX,(I-Y[A'X)) YA,

. (13)
F'=B"+B'X,(1-v,B'X,) Y,B".

Also, we have EE" = AA", E'E = A"A, F'F = B'B,
and FF' = BB'. Hence, R(E) = R(A), N(E) = N(A),
R(F) = R(B), and N(F) = N(B). This implies that the
interval J is range-kernel regular. Now, since E and F satisfy
the conditions of Theorem 10, we have E' > 0 and F' > 0
proving (a). Hence, by Theorem 14, Z" > 0 whenever Z ¢ K.
Again, by Theorem 14, we have AR Z?SO(FT(F - Z)F' =
Y2 (B'B - F'Z)/F". O

5. Iterations That Preserve Nonnegativity of
the Moore-Penrose Inverse

In this section, we present results that typically provide
conditions for iteratively defined matrices to have nonneg-
ative Moore-Penrose inverses given that the matrices that
we start with have this property. We start with the following
result about the rank-one perturbation case, which is a direct
consequence of Theorem 10.

Theorem 16. Let A € R™" be such that A" > 0. Letx € R"
andy € R" be nonnegative vectors such that x € R(A),y €
R(AT), and 1 - y" AT #0. Then (A - xy")" > 0 if and only if
yTATx <1

Example 17. Let us consider A = (1/3) ( -1 41 711 ) It can be

() +
elel) o, + ele1 (I, e;) where e, = (1,0)" and C is
the 2 x 2 circulant matrix generated by the row (1,1/2). We

have A" = (1/2) (% %E) > 0. Also, the decomposition A =
U-V,whereU = (1/3)( -14 —2) andV—(l/3)(02 11)is

a proper splitting of A with UT >0,U'V >0,and p(U'V) <
1.

verified that A can be written in the form A =

Letx =y = (1/3,1/6,1/3)T. Then, x and let y are
nonnegative, x € R(A) andy € R(AT). We have 1 — yTATx =
5/12 > 0 and p(U*W) <lforW=V+ xyT. Also, it can be

seen that (A — xyT) (1/20) (g 3 %) > 0. This illustrates
Theorem 10.

Letx;,X,,..., X, € R™andy,,y,,...,y, € R"benonneg-
ative. Denote X; = (x;,X,,...,X;) and Y; = (y;,y,,...,y;) for
i=1,2,...,k. Then A— XkYkT =A- Z:.C:I xlle The following
theorem is obtained by a recurring application of the rank-
one result of Theorem 16.

Theorem 18. Let A € R™" and let X;, Y, be as above. Further,
suppose that x; € R(A - X,-_lel), Y; € R(A - Xi_lel)T and
1-y/ (A - X_,Y)'x; be nonzero. Let (A - X,_,Y ) >0,
foralli = 1,2,...,k. Then (A — X, Y)' = 0 if and only if
v (A- X, Y] )%, < 1, where A — XY, is taken as A.

Proof. Set B, = A — X;Y fori = 0,1,...,k, where B, is
identified as A. The conditions in the theorem can be written
as:

x; € R(B,),

T
i Yi GR(Bi—l)’
1=y, B, %, #0, (14)
Vi=1,2...,k.
Also,wehaveBlT >0, foralli=0,1,...,k—1.

> 0. Then by Theorem 16 and the
conditions in (14) for i = k, we have ka,t_lxk < 1. Also

Now, assume that B]t
since by assumption B} > 0 foralli = 0,1...,k — 1, we have
yTBT1x<1forallz—12 k.

The converse part can be proved iteratively. Then condi-
tion yl By"x, < 1 and the conditions in (14) for i = 1 imply
that B," > 0. Repeating the argument for i = 2 to k proves the
result. u

The following result is an extension of Lemma 2.3 in [1],
which is in turn obtained as a corollary. This corollary will be
used in proving another characterization for (A-X,.Y{ )" > 0.



Theorem 19. Let A € R™", b,c € R" be such that -b > 0,
—¢ > 0 and a(e R) > 0. Further, suppose that b € R(A) and
ceRAT). Let A = (C‘? Z) e R0 qhen AT > 0 if and

only if A" > 0 and " A™b < .

Proof. Let us first observe that AA™b = band ¢"ATA = ¢,
Set

. AbcTAT  —ATb
a—cTA'™D a-cTAD
X= At 1 . (15)
a—-cTATb  a-cTA™

It then follows that AX = (%‘f ? ) and XA = (’?:TA ? ) Using
these two equations, it can easily be shown that X = A,
Suppose that A" > 0and B = a — ¢"A™b > 0. Then,
A" > 0. Conversely suppose that A" > 0. Then, we must
have 8 > 0. Let {e;,e,,...,e,,;} denote the standard basis
of R™!. Then, for i = 1,2,...,n, we have 0 < A'(e;) =
(ATe;+ (ATbc" ATe;/B), (<" ATe;/))". Since ¢ < 0, it follows
thatATeiZOforiz1,2,...,n.Thus,AT20. OJ

Corollary 20 (see [I, Lemma 2.3]). Let A € R™" be
nonsingular. Let b,c € R" be such that -b > 0, —¢ > 0

and a(e R) > 0. Let A = (3 ';) Then, A™' e RDX(+D
is nonsingular with A~ > 0 if and only if A~ > 0 and
Ab<a

Now, we obtain another necessary and sufficient condi-
tion for (A - X kYkT ) to be nonnegative.

Theorem 21. Let A € R™" be such that A" > 0. Let x;, y;
be nonnegative vectors in R" and R™ respectively, for every i =
1,...,k, such that

T
X; € R<A - Xi—lyijjl) > Yi € R(A - Xi—lylzl) ., (16)
where X; = (x;,...,%), Y; = (y5,...,y;) and A — XY, is
taken as A. IfH, = I, — Y A" X is nonsingular and 1 -y’ A'x;
is positive for all i = 1,2,...,k, then (A - X, Y)' > 0 ifand
only if

v A, <1-y/A™X,_ H Y ATx, Vi=1,...k 17)

Proof. The range conditions in (16) imply that R(X;) € R(A)
and R(Y,) ¢ R(AT). Also, from the assumptions, it follows
that Hy, is nonsingular. By Theorem 10, (A - X,.Y{)" > 0 if
and only ifH,:1 > 0. Now,

H, -Y, A'x
H, = kol TR ) 1
g <—YZATX1<—1 -y A'x 1
Since 1-y; A™x; > 0, using Corollary 20, it follows that H; ' >
0 if and only if y; ATX,_ H. ', Y, | ATx, < 1 -y A'x, and
H, > 0.
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Now, applying the above argument to the matrix H;_,,
we have that H,_ 31 > 0 holds if and only if H,;lz >0
holds and y;{ | A"X,,(I,_, - Y ,ATX,,) 'V ATx, | <
1- yzflATxk,l. Continuing the above argument, we get, (A -
Xky,f)T > OifandonlyifyiTATXileif_llYElATxi < l—yl.TATxi,
Vi =1,...,k. This is condition (17). O

We conclude the paper by considering an extension of
Example 17.

Example 22. For a fixed n, let C be the circulant matrix
generated by the row vector (1,(1/2),(1/3),...(1/(n - 1))).
Consider

1 -1 -1 7\~1
A= (e{) (I+e1e ) C (I+ 3161) (Ie), (19
where I is the identity matrix of ordern — 1, e; is(n — 1) x 1
vector with 1 as the first entry and 0 elsewhere. Then, A €
R™". A" is the n x n nonnegative Toeplitz matrix

1 1 1
1 o=
n-1 n-2 2
1 | 1 T 1
2 n-1""3 2
2 A )
1 1 1 L]
n-1 n-2 n=3 " n-1
1 1 1
1 o=
n-1 n-2 2

Let x; be the first row of Bj_l written as a column vector
multiplied by 1/#' and let y; be the first column of B}
multiplied by 1/#/, where B; = A - X,Y;, with B, being
identified with A, i = 0,2,...,k. We then have x; > 0,
Y = 0,x; € R(A)and y, € R(A”). Now, if B | > 0 for
each iteration, then the vectors x; and y; will be nonnegative.
Hence, it is enough to check that 1 — /Bl | x; > 0 in order
to get Bl > 0. Experimentally, it has been observed that for
n > 3, the condition 1 — yiTBlT_lxi > 0 holds true for any
iteration. However, for n = 3, it is observed that Bf > 0, B} >
0,1-ylATx, >0,and 1~ yIBlx, > 0.But, 1 - y] Blx; < 0,
and in that case, we observe that B is not nonnegative.
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Multisender authentication codes allow a group of senders to construct an authenticated message for a receiver such that the
receiver can verify the authenticity of the received message. In this paper, we construct one multisender authentication code from
polynomials over finite fields. Some parameters and the probabilities of deceptions of this code are also computed.

1. Introduction

Multisender authentication code was firstly constructed by
Gilbert et al. [1] in 1974. Multisender authentication system
refers to who a group of senders, cooperatively send a message
to a receiver; then the receiver should be able to ascertain
that the message is authentic. About this case, many scholars
and researchers had made great contributions to multisender
authentication codes, such as [2-6].

In the actual computer network communications, mul-
tisender authentication codes include sequential model and
simultaneous model. Sequential model is that each sender
uses his own encoding rules to encode a source state orderly,
the last sender sends the encoded message to the receiver,
and the receiver receives the message and verifies whether the
message is legal or not. Simultaneous model is that all senders
use their own encoding rules to encode a source state, and
each sender sends the encoded message to the synthesizer,
respectively; then the synthesizer forms an authenticated
message and verifies whether the message is legal or not. In
this paper, we will adopt the second model.

In a simultaneous model, there are four participants: a
group of senders U = {U,,U,,...,U,}, the key distribution
center, he is responsible for the key distribution to senders
and receiver, including solving the disputes between them, a
receiver R, and a synthesizer, where he only runs the trusted
synthesis algorithm. The code works as follows: each sender
and receiver has their own Cartesian authentication code,

respectively. Let (S, E;, T;; f;) (i = 1,2,...,n) be the senders’
Cartesian authentication code, (S, E, T; g) be the receiver’s
Cartesian authentication code, h : T} x T, x -+ x T, —
T be the synthesis algorithm, and 7; E — E; bea
subkey generation algorithm, where E is the key set of the
key distribution center. When authenticating a message, the
senders and the receiver should comply with the protocol.
The key distribution center randomly selects an encoding
rule e € E and sends e; = m;(e) to the ith sender U; (i =
1,2,...,n), secretly; then he calculates ey by e according to
an effective algorithm and secretly sends e, to the receiver
R. If the senders would like to send a source state s to the
receiver R, U; computes t; = fi(s,e;) (i = 1,2,...,n) and
sends m; = (s,t;) (i = 1,2,...,n) to the synthesizer through
an open channel. The synthesizer receives the message m; =
(s,t;) (i=1,2,...,n)and calculates t = h(t,t,,...,t,) by the
synthesis algorithm / and then sends message m = (s,t) to
the receiver; he checks the authenticity by verifying whether
t = g(s,ep) or not. If the equality holds, the message is
authentic and is accepted. Otherwise, the message is rejected.

We assume that the key distribution center is credible, and
though he know the senders” and receiver’s encoding rules, he
will not participate in any communication activities. When
transmitters and receiver are disputing, the key distribution
center settles it. At the same time, we assume that the system
follows the Kerckhoff principle in which, except the actual
used keys, the other information of the whole system is
public.



In a multisender authentication system, we assume that
the whole senders are cooperative to form a valid message;
that is, all senders as a whole and receiver are reliable. But
there are some malicious senders who together cheat the
receiver; the part of senders and receiver are not credible, and
they can take impersonation attack and substitution attack.
In the whole system, we assume that {U},U,,...,U,} are
senders, R is a receiver, E; is the encoding rules set of the
sender U;, and Ej is the decoding rules set of the receiver
R. If the source state space S and the key space Ey of receiver
R are according to a uniform distribution, then the message
space M and the tag space T are determined by the probability
distribution of S and Ei. L = {i},i,,...,3;} € {1,2,...,n},
I <nU, ={U,,U,....U}, E, = {E[]il,ElJiz,...,E(]il}.
Now consider that let us consider the attacks from malicious
groups of senders. Here, there are two kinds of attack.

The opponent’s impersonation attack to receiver: U, , after
receiving their secret keys, encode a message and send it to
the receiver. U, are successful if the receiver accepts it as
legitimate message. Denote by P; the largest probability of
some opponent’s successful impersonation attack to receiver;
it can be expressed as

@

P; = max
meM

The opponent’s substitution attack to the receiver: U}
replace m with another message m’, after they observe a
legitimate message m. U, are successful if the receiver accepts
it as legitimate message; it can be expressed as

Pg = max

MaxX,, 4 mem HeR €EplegC m,m'H @)
meM ’

HeR €EplegC m}|

There might be I malicious senders who together cheat
the receiver; that is, the part of senders and the receiver
are not credible, and they can take impersonation attack.
Let L = {i},iy....5} < {1,2,...,n},] < nand E;, =
{Evi»Eyi,»---» By b Assume that Uy = {U;,U,...,U;},
after receiving their secret keys, send a message m to the
receiver R; U, are successful if the receiver accepts it as legiti-
mate message. Denote by P;(L) the maximum probability of
success of the impersonation attack to the receiver. It can be
expressed as

Py (L)
N { max,,cp [{er € Er | er Cm, p (ex, ep) #0}| }
=max max
eLeby ercey [{er € Ep | p(ep-ep) #0}|

(3)

Notes. p(eg, ep) # 0 implies that any information s encoded by
er can be authenticated by ey.

In [2], Desmedt et al. gave two constructions for MRA-
codes based on polynomials and finite geometries, respec-
tively. To construct multisender or multireceiver authenti-
cation by polynomials over finite fields, many researchers
have done much work, for example, [7-9]. There are other
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constructions of multisender authentication codes that are
given in [3-6]. The construction of authentication codes
is combinational design in its nature. We know that the
polynomial over finite fields can provide a better algebra
structure and is easy to count. In this paper, we construct
one multisender authentication code from the polynomial
over finite fields. Some parameters and the probabilities of
deceptions of this code are also computed. We realize the
generalization and the application of the similar idea and
method of the paper [7-9].

2. Some Results about Finite Field

Let F, be the finite field with g elements, where q is a power
of a prime p and F is a field containing F; denote by F; be
the nonzero elements set of F,. In this paper, we will use the
following conclusions over finite fields.

Conclusion 1. A generator « of F; is called a primitive
element of F.

Conclusion 2. Let o € F_; if some polynomials contain « as
their root and their leading coefficient are 1 over F,, then the
polynomial having least degree among all such polynomials
is called a minimal polynomial over F,.

Conclusion 3. Let |[F| = (", then F is an n-dimensional
vector space over F,. Let a be a primitive element of F,
and g(x) the minimal polynomial about « over F_; then
dim g(x) = nand L,q, o?,...,a" ! is a basis of F. Further-
more, 1,&,«%,...,«" " is linear independent, and it is equal
to &, ..., "', " (a is a primitive element, a # 0) is also

n—1

2 n
linear independent; moreover, o, ,...,af ,af is also

linear independent.

Conclusion 4. Consider (x; + x, + =+ + x,)" = (x)" +
()" + -+ + (x,)"", where x; € F,, (1 <i<n)andmisa
nonnegative power of character p of F,.

Conclusion 5. Let m < n. Then, the number of m X n matrices
of rank m over F, is gV q-1).

i=n—m+1

More results about finite fields can be found in [10-12].

3. Construction

. n (n-1)
Let the polynomial p;(x) = ajxf +apx? — + ..o+
ajnxp (1 < j < k), where the coefficient a; € F,,
(1 < I < n), and these vectors by the composition of their
coeflicient are linearly independent. The set of source states

§ = F; the set of ith transmitter’s encoding rules Ey; =
{p1(x), p2(x)s s i) x; € Fi} (1 < i < m)s the set
of receiver’s encoding rules Ey = {p;(«), p,(), ..., pr(«),
where « is a primitive element of F,}; the set of ith transmit-
ter'stagsT; = {t; | t; € Fq} (1 < i < n); the set of receiver’s
tagsT ={t|te Fq}.
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Define the encoding map f; : Sx Ey — T;, fi(s,ey) =
spy(x;) + szpz(x,») +oeet skpk(xi), 1<i<n.

The decodingmap f: S x Ex — T, f(s,eg) = sp; () +
2 py(a) + - + s*pp(a).

The synthesizingmap h : T, x T, x --- x T, — T,
h(ty,ty, ..., t,) =t +t, +--+1,

The code works as follows.

Assume that g is larger than, or equal to, the number of
the possible message and n < q.

3.1. Key Distribution. The key distribution center randomly
generates k (k < n) polynomials p;(x), p,(x),..., pr(x),
where p;(x) = jlxpn + ajzxf’(nfl) +otauxf (1< j< k),
and make these vectors by composed of their coefficient is

linearly independent, it is equivalent to the column vectors

ayy Gpy v g
ayp Gpp Gy

of the matrix is linearly independent. He
Ay @y - G

selects n distinct nonzero elements x;, x,,...,x, € F, again
and makes x; (1 < i < n) secret; then he sends privately
P1(x;), P (%), . . .5 pr(x;) to the sender U; (1 < i < n). The
key distribution center also randomly chooses a primitive
element « of F, satisfying x; + x, + -+ + x,, = a and sends

pi(), py(a), ..., pr(a) to the receiver R.

3.2. Broadcast. Ifthe senders want to send a source states € S
to the receiver R, the sender U; calculates t; = fi(s,ey) =

A (x;) = spy () + 52 p,(x;) ++- - +5°p(x;), 1 < i < nand then
sends A(x;) = t; to the synthesizer.

3.3. Synthesis. After the synthesizer receives t,,t,,...,t,, he
calculates h(t,t,,...,t,) = t; +t, + --- + t, and then sends
m = (s,t) to the receiver R.

3.4. Verification. When the receiver R receives m = (s,t), he
calculates t' = g(s,ep) = Aa) = sp(a) + szpz(oc) +ooee
s*pe(a). If t = t', he accepts t; otherwise, he rejects it.

Next, we will show that the above construction is a well
defined multisender authentication code with arbitration.

Lemmal. Let C; = (S, Ep, T, f;); then the code is an A-code,
1<i<n

Proof. (1) For any e, € Ey, s € S, because Ey, = {p;(x;),
Pa(x)s s pr(x), x; € F b sot; = spy(x;) + sEp, (%) + -+
s pu(x) € T, = F,. Conversely, for any t; € T;, choose ey, =
P16, po(x), s pi(x), x; € Fr ), where pi(x) = aj x?
ajzxp(nil) +ootapxf (1< j<k)andlett; = fi(s,ey) =

+

spL(x;) + 7 py(x;) + - + skpk(xi); it is equivalent to

app an A1 52

o » ap ap Z%) S
(xi > X > > Xj ) : . : = tz

a a k

mn Do kn N

3
It follows that
PP p
xl xl e xl
n n—1
p p P
X X X
pn pn—l P
xn xn e xn (5)
apn G G 52 ty
A Gy = Oy S ty
X . . . =
: : ) t
A1y Gon Agep N n
Denote
a4y G
ap Gy G
A = >
Ain A " Okp
Pt p
X1 X X1
7 n—1
P p P
x x e x
X = 2 X% 2 ’ (6)
.n .nfl ’
X xp
S t
2 tl
S 2
S= A t= .
s t,
The above linear equation is equivalent to XAS = f,

because the column vectors of A are linearly independent,
X is equivalent to a Vandermonde matrix, and X is inverse;
therefore, the above linear equation has a unique solution, so
s is only defined; that is, f; (1 <i < n) is a surjection.

(2) If s' € S is another source state satisfying sp; (x;) +
S o)+ 455 prl) = 8" p () 5" py )+ 45 pi(y) =
t;,and it is equivalent to (s — s')p1 (x;) + (s* - s'z)pz(x,-) +oeet
(s* = ™) pi(x;) = 0, then

!
a a cee A S— S
11 “21 - k1 , " (7)
app Gy %) S =S
X .. . =0
k 1k
Aip Gop " Okp S —S



4
Thus
A P
X1 X X1
A P
X X% X3
P’ p"“ p
xb o xP X
a;; Gy Gy §—S§
2 n
apy Gy &%) s =S
X ] =
k Ik
An Gop gy, sf—s 0

(8)

Similar to (1), we know that the homogeneous linear equation
XAS = 0 has a unique solution; that is, there is only zero
solution, so s = 5. So, s is the unique source state determined
by ey and ¢;5 thus, C; (1 <i < n) is an A-code. O

Lemma 2. Let C = (S, Ey, T, g); then the code is an A-code.

Proof. (1) For any s € S, ep € Ey, from the definition of ey,
we assume that Ep = {p,(«a), p,(), ..., pr(«), where « is a
primitive element of F }, g(s, eg) = sp;(a) + s“py(a) + -+ +
s pp(a) € T = F_; on the other hand, for any ¢ € T, choose
eg = 1p1(&), po(«), ..., pp), where « is a primitive element
of Fq}, g(s,eg) = sp;(a) + szpz((x) + e+ skpk(oc) = t;itis
equivalent to

7 n—1
(ap o ,...,“P)
anpr Gy G 52
Gy Gy " Gy s
X . . = t)
Ain A " Okp Sk (9)
apn Gyt G
N app Gy 2%
Ain Gon © Okn
S
2
. n n-1 s .
that is, (a«? ,af ,...,aP)A| . = t. From Conclusion
1 s
3, we know that (af ,af ,...,aF) is linearly independent

and the column vectors of A are also linearly independent;
therefore, the above linear equation has unique solution, so s
is only defined; that is, g is a surjection.
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(2) If ' is another source state satisfyingt = g(s', eg), then

s
§2
7 n—1
(ocp,ocp , ,(xp)A .
S;k
(10)
s
2
7 n—1
=(oc”,ocp , ,ocp)A s
o
! s
n -1 ' s
that is, (a? ,a? ,...,aP)A N = 0. Sim-
S s

ilar to (1), we get that the homogeneous linear equation

n n—1
(af ,af ,...,aP)A(S' = S) = 0 has a unique solution; that
is, there is only zero solution, so S = §'; that is, s = s'. So,
s is the unique source state determined by ey and ¢; thus,
C = (S, Ex, T, g) is an A-code.

At the same time, for any valid m = (s,t), we have known
that @ = x; + x, + -+ + x,,, and it follows that t' = sp, (a) +
S py(@) 4+ +55p(a) = spy (o0, +x,+- - +,) +52 Py (%, + X, +
ot x,) 4+ S p(oe, + Xy + -+ + x,,). We also have known

n (n-1)
that p;(x) = a;xP +a,xP +---+a;,xP (1< j<k);from

Conclusion 4, (x; + X, + -+ + xn)Pm = (xl)Pm + (xz)Pm et
(x,)F ", where m s a nonnegative power of character p of F,,
and we get p;(x;+x,+- - +x,) = pi(x)+p;j(oy)+- - -+ p;(x,);
therefore, t' = sp, (at) + s> py(a) + -+ - + s p(ax) = (sp, () +
S py(x)) 45  pr(ae)) +(5py () +57 Py () ++ 5 pr(6y) +
ot (spy () + 87 Py () + o+ S () = bt L, = 8
and the receiver R accepts m. O

From Lemmas 1 and 2, we know that such construction of
multisender authentication codes is reasonable and there are
n senders in this system. Next, we compute the parameters
of this code and the maximum probability of success in
impersonation attack and substitution attack by the group of
senders.

Theorem 3. Some parameters of this construction are

Sl = a Byl = [P - DI =
9

FEDRTTE (@ -DIg-D (1 <i<n), ITi=q(<

i <), |Egl = [§"VPTIL, (@ - Dlglg - 1), IT] = q
Where ¢(q — 1) is the Euler function of q — 1, it represents
the number of primitive element of F, here.

Proof. For |S| = g, |T;| = g, and |T| = g, the results
are straightforward. For Ey, because Ey = {p1(x;), po(x), ...,

n (n—1)
pe(x), x; € E;}, where pi(x) = apxP +apxP "+t

aj,xP (1 < j < k), and these vectors by the composition of

their coefficient are linearly independent, it is equivalent to
ay Gy - 4
a1y 4z - ay

the columns of A = is linear independent.

Ay Gon " O
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From Conclusion 5, we can conclude that the number of A
satisfying the condition is ¢"* V2%, . (¢" — 1). On the
other hand, the number of distinct nonzero elements x; (1 <

i<n)inF,is (1,') =q-1,50|Ey| = [¢"“ V[, 4. (q -
1I(g — 1). For Eg, Ex = {p,(a), p,(x), ..., pr(«), where «
is a primitive element of Fq}. For «, from Conclusion 1, a
generator of F, ; is called a primitive element of F_, | F, ; | =gq-1;
by the theory of the group, we know that the number of
generator of F is p(q— 1); that is, the number of a is (g — 1).
For p,(x), p,(x), ..., pr(x). From above, we have confirmed
n

that the number of these polynomials is g** /> M, e (d -
1); therefore, |Eg| = [qk(k_l)/zl_[infkﬂ(qi -Dlp(g-1. O

Lemma 4. For any m € M, the number of eg contained m is
¢(g-1).

Proof. Let m = (s,t) € M, ex = {p;(a), p,(x), ..., pr(x),
where « is a primitive element of F;} € Ep. If e ¢ m,
then sp, (@) + s*py(&) + -+ + s pla) = t © (ocp",ocpn_l,

32

Lal)A| . = t. For any a, suppose that there is
S'k
n n—1 :2
another A’ such that (af ,af ,...,aP)A’ . =
s'k
S
n -1 st
then (of ,af ,...,af)(A - A"| . = 0, because
S'k
S
2
p" p"’l Dicls . ! $
af ,af ..., af islinearly independent,so (A-A") | . | =
S'k
N
52
0, but [ . | is arbitrarily; therefore, A — A’ = 0; that is,

&
A = A, and it follows that A is only determined by a.
Therefore, as & € Ej, for any given s and ¢, the number of

eg contained in m is (g — 1). O

Lemma 5. Foranym = (s,t) € M and m' = (s',t') € M with
s#s', the number of ey contained m and m' is 1.

Proof. Assume that e, = {p;(«a), p,(),..., pr(«), where
« is a primitive element of F,} € Ep If eg ¢ m and

ex C ', then spy () + 52p2(oc) + o+ skpk(oc) =t

2
n n—1 s
(o ,af ..., aP)A =t, s'p(a) + s py(a) + -+ +
S’k
!
1k n n—-1 5,2 .
S“pela) =t & (o ,af .. adf)Al . = t. Itis
S?k
S*S,
n n—1 52*5,2 '
equivalent to (& ,af ,...,af)A =t —t because
K gk

s#s', so t#t'; otherwise, we assume that + = ¢ and

n n-1
since af ,a? ,...,af and the column vectors of A both
are linearly independent, it forces that s = s'; this is a
contradiction. Therefore, we get

s—s
2 n
-1 n n—1 s =S
(t—t') (ocp,ocp ,...,ocP>A . =1,
sk gk
(%)
since t,t' is given, (t — t')”" is unique, by equation (x), for
n n-1
any given s, s’ and ¢, ¢', we obtain that (« ,a? ,...,aP)Ais
only determined; thus, the number of e, contained m and m'
is 1. O

Lemma 6. Forany fixed ey = {p,(x;), p,(x;), ..., pr(x;), x; €
F;} (1 < i < n) containing a given ey, then the number of ey
which is incidence with e, is (g — 1).

Proof. For any fixed e, = {p,(x;), po(x;), ..., pe(x;), x; €
F; } (I < i < m) containing a given e;, we assume that

n (n-1)
pi(x;) = ajle +aj2xf.D +~-+ajnxf (I<j<k 1<i<n),
eg = 1p1(&), po(«), ..., p), where « is a primitive element

of F_}. From the definitions of e, and e;; and Conclusion 4,

q
we can conclude that ey is incidence with e, if and only if
X, + X, + -+ + x, = « For any «, since Rank(1,1,...,1) =
Rank(1,1,...,1,&) = 1 < n,so the equation x;+x,+- - -+x, =

o always has a solution. From the proof of Theorem 3, we
know the number of ep which is incident with e;; (i.e., the

number of all Ey) is [qk(k_l)/zl_[?:n_kﬂ(qi -D]p(g-1). O

Lemma7. Forany fixed ey = {p,(x;), p,(x;)s ..., pr(x;), x; €
F;} (1 < i < n) containing a given e; and m = (s, t), the num-
ber of eg which is incidence with e;; and contained in m is 1.

Proof. For any s € S,ep € Eg, we assume that ey =
{p,(a), py(e), ..., pp(), where « is a primitive element
of F}. Similar to Lemma6, for any fixed ey =

{p1(x), p2(x)s - > i), x; € Fy}, (1 < i < ) containing
a given e;, we have known that ey is incident with e, if and
only if

X +xX, e+ x, = 1)
Again, with ey € m, we can get

spy (@) + 5Py (@) + -+ + 5 p (@) = . (12)

By (11) and (12) and the property of pj(x) (1 <j<k),we
have the following conclusion:

RN ANNGS)



6
S
52
x .
Sk
S
n n n 52
~tm (S ). T )|
i=1 i=1 i=1 .
Sk
S

(13)

because s is any given. Similar to the proof of Lemma 4,
we can get (XL, py(x:), Xy pa(x)) s Xy pr(x)) -
((27:1xi)",(2?:1xi)"_1> .- ,(ZL x;))A=0; that is, ((Z,n:l xi)n>
Ty )" (TLxNA = (T Py Xy P,
Z:’zl DPi(x;)), but pi(x;), p,(x;), ..., pr(x;) and x; (1 <i < n)
also are fixed; thus, « and Aare only determined, so the

number of ey which is incident with e;; and contained in m
is 1. O

Theorem 8. In the constructed multisender authentication
codes, if the senders’ encoding rules and the receiver’s decoding
rules are chosen according to a uniform probability distribu-
tion, then the largest probabilities of success for different types
of deceptions, respectively, are

1
P = . S
! qk(k_l)/zni:nfkﬂ (ql - 1)
1
Po=——, (14)
R ICE))
1

S P VP ) PIPR

Proof. By Theorem 3 and Lemma 4, we get
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p(q-1)
[d**VP[T, e (@ - D] @(g-1)
1

P (6 - 1)

(15)

By Lemmas 4 and 5, we get

b max{maxm/¢m€M'{eR €EplegC m,m'H}
s = Mmax E
me |{er € Ex | eg c m}]| 16)
1
Celg-1)

By Lemmas 6 and 7, we get

Py (L)
B {maxmeM [{er € Eg | excm, p (eg.ep) #0}] }
= max max
eL€E; eLcey HER € Ex | p(eg-ep) ¢0}|

1
"R, o (- Dlpla- 1)

17)
O
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We analyze the best approximation AN (in the Frobenius sense) to the identity matrix in an arbitrary matrix subspace AS (A € R™"
nonsingular, S being any fixed subspace of R"™"). Some new geometrical and spectral properties of the orthogonal projection AN
are derived. In particular, new inequalities for the trace and for the eigenvalues of matrix AN are presented for the special case that

AN is symmetric and positive definite.

1. Introduction

The set of all n x n real matrices is denoted by R™”, and
I denotes the identity matrix of order #n. In the following,
AT and tr(A) denote, as usual, the transpose and the trace
of matrix A € R™”. The notations (-,-)r and | - || stand
for the Frobenius inner product and matrix norm, defined
on the matrix space R™". Throughout this paper, the terms
orthogonality, angle, and cosine will be used in the sense of
the Frobenius inner product.
Our starting point is the linear system

Ax=b, AecR™ x,beR" )]

where A is a large, nonsingular, and sparse matrix. The
resolution of this system is usually performed by iterative
methods based on Krylov subspaces (see, e.g., [1, 2]). The
coefficient matrix A of the system (1) is often extremely
ill-conditioned and highly indefinite, so that in this case,
Krylov subspace methods are not competitive without a
good preconditioner (see, e.g., [2, 3]). Then, to improve the
convergence of these Krylov methods, the system (1) can
be preconditioned with an adequate nonsingular precondi-
tioning matrix N, transforming it into any of the equivalent
systems

NAx = Nb,
)

ANy =b, x = Ny,

the so-called left and right preconditioned systems, respec-
tively. In this paper, we address only the case of the right-hand
side preconditioned matrices AN, but analogous results can
be obtained for the left-hand side preconditioned matrices
NA.

The preconditioning of the system (1) is often performed
in order to get a preconditioned matrix AN as close as
possible to the identity in some sense, and the preconditioner
N is called an approximate inverse of A. The closeness of AN
to I may be measured by using a suitable matrix norm like, for
instance, the Frobenius norm [4]. In this way, the problem
of obtaining the best preconditioner N (with respect to the
Frobenius norm) of the system (1) in an arbitrary subspace
S of R is equivalent to the minimization problem; see, for
example, [5]

11%412181||AM — 1|l = [IAN ~ I|f. (3)

The solution N to the problem (3) will be referred to as
the “optimal” or the “best” approximate inverse of matrix A
in the subspace S. Since matrix AN is the best approximation
to the identity in subspace AS, it will be also referred to
as the orthogonal projection of the identity matrix onto the
subspace AS. Although many of the results presented in this
paper are also valid for the case that matrix N is singular, from
now on, we assume that the optimal approximate inverse N
(and thus also the orthogonal projection AN) is a nonsingular



matrix. The solution N to the problem (3) has been studied
as a natural generalization of the classical Moore-Penrose
inverse in [6], where it has been referred to as the S-Moore-
Penrose inverse of matrix A.

The main goal of this paper is to derive new geometrical
and spectral properties of the best approximations AN (in the
sense of formula (3)) to the identity matrix. Such properties
could be used to analyze the quality and theoretical effective-
ness of the optimal approximate inverse N as preconditioner
of the system (1). However, it is important to highlight
that the purpose of this paper is purely theoretical, and we
are not looking for immediate numerical or computational
approaches (although our theoretical results could be poten-
tially applied to the preconditioning problem). In particular,
the term “optimal (or best) approximate inverse” is used in
the sense of formula (3) and not in any other sense of this
expression.

Among the many different works dealing with practical
algorithms that can be used to compute approximate inverses,
we refer the reader to for example, [4, 7-9] and to the
references therein. In [4], the author presents an exhaustive
survey of preconditioning techniques and, in particular,
describes several algorithms for computing sparse approxi-
mate inverses based on Frobenius norm minimization like,
for instance, the well-known SPAI and FSAI algorithms. A
different approach (which is also focused on approximate
inverses based on minimizing |[AM —I||z) can be found
in [7], where an iterative descent-type method is used to
approximate each column of the inverse, and the iteration
is done with “sparse matrix by sparse vector” operations.
When the system matrix is expressed in block-partitioned
form, some preconditioning options are explored in [8]. In
[9], the idea of “target” matrix is introduced, in the context
of sparse approximate inverse preconditioners, and the gen-
eralized Frobenius norms ||B||f;’H = tr(BHB") (H symmetric
positive definite) are used, for minimization purposes, as an
alternative to the classical Frobenius norm.

The last results of our work are devoted to the special case
that matrix AN is symmetric and positive definite. In this
sense, let us recall that the cone of symmetric and positive
definite matrices has a rich geometrical structure and, in this
context, the angle that any symmetric and positive definite
matrix forms with the identity plays a very important role
[10]. In this paper, the authors extend this geometrical point
of view and analyze the geometrical structure of the subspace
of symmetric matrices of order #, including the location of all
orthogonal matrices not only the identity matrix.

This paper has been organized as follows. In Section 2,
we present some preliminary results required to make the
paper self-contained. Sections 3 and 4 are devoted to obtain
new geometrical and spectral relations, respectively, for the
orthogonal projections AN of the identity matrix. Finally,
Section 5 closes the paper with its main conclusions.

2. Some Preliminaries

Now, we present some preliminary results concerning the
orthogonal projection AN of the identity onto the matrix
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subspace AS ¢ R™". For more details about these results and
for their proofs, we refer the reader to [5, 6, 11].

Taking advantage of the prehilbertian character of the
matrix Frobenius norm, the solution N to the problem (3)
can be obtained using the orthogonal projection theorem.
More precisely, the matrix product AN is the orthogonal
projection of the identity onto the subspace AS, and it satisfies
the conditions stated by the following lemmas; see [5, 11].

Lemma 1. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

0 < |AN|Z = tr (AN) < n, (4)
0<||AN —I|2 = n—tr (AN) < n. (5)

An explicit formula for matrix N can be obtained by ex-
pressing the orthogonal projection AN of the identity matrix
onto the subspace AS by its expansion with respect to an
orthonormal basis of AS [5]. This is the idea of the following
lemma.

Lemma 2. Let A € R™" be nonsingular. Let S be a linear
subspace of R™" of dimension d and {My, ..., M} a basis of S
such that {AM,, ..., AM,} is an orthogonal basis of AS. Then,
the solution N to the problem (3) is

dtr (AM;)
N = o2 M,‘, (6)
=AM

and the minimum (residual) Frobenius norm is

d 2
|MN—H@=n—ZE5§%¥< (7)
=AM

Let us mention two possible options, both taken from [5],
for choosing in practice the subspace S and its corresponding
basis {Mi}flzl. The first example consists of considering the
subspace S of nxn matrices with a prescribed sparsity pattern,
that is,

S={MeR™ :m; =0V (i) ¢ K}, ©
K c{l1,2,...,n} x{1,2,...,n}.

Then, denoting by M; ;, the n x n matrix whose only nonzero
entry is m;; = 1, a basis of subspace S is clearly {M;;
(1,j) € K}, and then {AM;; : (i,j) € K} will be a basis
of subspace AS (since we have assumed that matrix A is
nonsingular). In general, this basis of AS is not orthogonal,
so that we only need to use the Gram-Schmidt procedure
to obtain an orthogonal basis of AS, in order to apply the
orthogonal expansion (6).

For the second example, consider a linearly independent

set of n x n real symmetric matrices {P,,...,P;} and the
corresponding subspace
S’ = span {PIAT, . ,PdAT}, 9)
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which clearly satisfies

s Q{M:PAT:PGR”X”PT:P}

={MeR™ . (AM)T = AM}. 10
Ny . (10)

Hence, we can explicitly obtain the solution N to the
problem (3) for subspace ', from its basis {P, A, ..., P,A},
as follows. If {AP,AT,..., AP,AT} is an orthogonal basis of
subspace AS', then we just use the orthogonal expansion (6)
for obtaining N. Otherwise, we use again the Gram-Schmidt
procedure to obtain an orthogonal basis of subspace AS', and
then we apply formula (6). The interest of this second example
stands in the possibility of using the conjugate gradient
method for solving the preconditioned linear system, when
the symmetric matrix AN is positive definite. For a more
detailed exposition of the computational aspects related to
these two examples, we refer the reader to [5].

Now, we present some spectral properties of the orthog-
onal projection AN. From now on, we denote by {A,;}", and
{o;}", the sets of eigenvalues and singular values, respectively,
of matrix AN arranged, as usual, in nonincreasing order, that
is,

A=A, =24, >0,
D)

0, 20,2"-20,>0.

The following lemma [11] provides some inequalities
involving the eigenvalues and singular values of the precon-
ditioned matrix AN.

Lemma 3. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Then,

n n "
YA < Y < Yor = 1ANT;
1 i=1 i=1

= e n n (12)
=tr(AN) =Y 1, < ) A < Do
i=1 i=1 i=1

The following fact [11] is a direct consequence of
Lemma 3.

Lemma 4. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Then, the smallest singular value and the
smallest eigenvalue’s modulus of the orthogonal projection AN
of the identity onto the subspace AS are never greater than 1.
That is,

0<o,<|A,| <L (13)

The following theorem [11] establishes a tight connection
between the closeness of matrix AN to the identity matrix
and the closeness of 0,,(]A,,|) to the unity.

Theorem 5. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

(1= < (1-0,) < IAN - I
(14)
< n(l - |An|2) < n(l —ai).

Remark 6. Theorem 5 states that the closer the smallest
singular value o, of matrix AN is to the unity, the closer
matrix AN will be to the identity, that is, the smaller
AN — I|| will be, and conversely. The same happens with
the smallest eigenvalue’s modulus [A,| of matrix AN. In other
words, we get a good approximate inverse N of A when o,
(IA,]) is sufficiently close to 1.

To finish this section, let us mention that, recently, lower
and upper bounds on the normalized Frobenius condition
number of the orthogonal projection AN of the identity
onto the subspace AS have been derived in [12]. In addition,
this work proposes a natural generalization (related to an
arbitrary matrix subspace S of R™") of the normalized
Frobenius condition number of the nonsingular matrix A.

3. Geometrical Properties

In this section, we present some new geometrical properties
for matrix AN, N being the optimal approximate inverse of
matrix A, defined by (3). Our first lemma states some basic
properties involving the cosine of the angle between matrix
AN and the identity, that is,

cos (AN, I) = (AN, D) _ tr(AN) (15)
’ IANIEIIE  IAN|pvVA

Lemma 7. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

tr(AN) _ [ANIg

_ u(AN) )

cos (AN, I) = = = ,
[AN||g+/n Vn Vn
0<cos(AN,I) <1, 17)
IAN - I|} = n (1 - cos’ (AN, I)). (18)

Proof. First, using (15) and (4) we immediately obtain (16).
As a direct consequence of (16), we derive that cos(AN, I) is
always nonnegative. Finally, using (5) and (16), we get

IAN - I} = n— tr (AN) = n(1 - cos’ (AN, D))~ (19)
and the proof is concluded. O

Remark 8. In [13], the authors consider an arbitrary approxi-
mate inverse Q of matrix A and derive the following equality:

1AQ - II2 = (IAQl5 — I11Iz)°
+2(1 - cos (AQ, 1)) [ AQI >

(20)



that is, the typical decomposition (valid in any inner product
space) of the strong convergence into the convergence of
the norms (||AQ|lr — ||| F)2 and the weak convergence (1 —
cos(AQ, I))|AQIIzllIllz- Note that for the special case that Q
is the optimal approximate inverse N defined by (3), formula
(18) has stated that the strong convergence is reduced just
to the weak convergence and, indeed, just to the cosine
cos(AN, I).

Remark 9. More precisely, formula (18) states that the closer
cos(AN, I) is to the unity (i.e., the smaller the angle /(AN, I)
is), the smaller [|AN — I|| will be, and conversely. This gives
us a new measure of the quality (in the Frobenius sense) of
the approximate inverse N of matrix A, by comparing the
minimum residual norm ||AN — I with the cosine of the
angle between AN and the identity, instead of with tr(AN),
IAN|; (Lemma 1), or o, |A,| (Theorem 5). So for a fixed
nonsingular matrix A € R™" and for different subspaces
S ¢ R™", we have

tr(AN) /n & ||[AN|p / Vne=0, /1 & |\, | /1

&= cos(AN,I) /1 & |AN - I||p \ 0.
(21)

Obviously, the optimal theoretical situation corresponds to
the case

tr(AN)=n&e |[AN|p=Vne=o0,=1=1,=1
& cos(AN,I) =1 |AN-I|z=0

e N=A'les A'es.
(22)

Remark 10. Note that the ratio between cos(AN,I) and
cos(A, I) is independent of the order #n of matrix A. Indeed,
assuming that tr(A) # 0 and using (16), we immediately obtain

COoS (AN, I) _ "AN"F : \/ﬁ — ||AN||
cos (A, I)  tr(A): |Algvn

Al
Fara)

(23)

The following lemma compares the trace and the Frobe-
nius norm of the orthogonal projection AN.

Lemma 11. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

tr (AN) < |[AN||; & |AN|; < 1 & tr (AN) < 1

(AN, I) ! 24
&~ COS N < —,
\n
tr (AN) > |AN|; & |AN|z>1 < tr (AN) > 1
1 (25)

& cos (AN, ) >

Proof. Using (4), we immediately obtain the four leftmost
equivalences. Using (16), we immediately obtain the two
rightmost equivalences. O
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The next lemma provides us with a relationship between
the Frobenius norms of the inverses of matrices A and its best
approximate inverse N in subspace S.

Lemma 12. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

S0 B PR (26)
Proof. Using (4), we get

IANIz < v = |1l = | (AN) (AN)!| @)
27
< JANI|AN) ], = AN, > 1,

and hence
[ LN = ] = Jean ™ =1 es)
and the proof is concluded. m

The following lemma compares the minimum residual
norm ||AN —I| with the distance (with respect to the
Frobenius norm) A~ — N between the inverse of A and
the optimal approximate inverse N of A in any subspace
S ¢ R™". First, note that for any two matrices A,B € R™"
(A nonsingular), from the submultiplicative property of the
Frobenius norm, we immediately get

2

1AB— 11 = |4 (B~ 47)[;

(29)

<14l [B - 47},

However, for the special case that B = N (the solution to
the problem (3)), we also get the following inequality.
Lemma13. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

JAN ~ 11 < Al |N - A7 . (30)
Proof. Using the Cauchy-Schwarz inequality and (5), we get
-1 T -1 T
(a7 =N aT), | < a7 -] [47)
-1 -1 T
= [r((a7 - N) A)| = | - N AT,

= |tr(a(a™ -N))| <N - a7 IAl

(31)
= [tr(I- AN)| < [N - A7 1Al
= n-tr(AN) < "N - A71||F"A"F
= |AN - I|} < | Al|N - 47"
O
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The following extension of the Cauchy-Schwarz inequal-
ity, in a real or complex inner product space (H, (-, -)), was
obtained by Buzano [14]. For all a, x,b € H, we have

K@, x) - (x,b)| < %(Ilall Il + Ka, )] <l (32)

The nextlemma provides us with lower and upper bounds
on the inner product (AN, B), for any n X n real matrix B.

Lemma 14. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then, for every B € R™", we have

1
(AN, B)¢| < 5 (VallBls + Itr (B)]) (33)
Proof. Using (32) fora =1, x = AN, b = B, and (4), we get
1
[{I, AN)p - (AN, B)p| < 3 (ITIENBI s + |<I, BYg|) IANIIZ
= |tr (AN) - (AN, B) |

<

(VallBlz + |tr (B)]) IAN]%

| —

= (AN, Bg| < 5 (VAlBls + [t (B)).
(34)

O

The next lemma provides an upper bound on the arith-
metic mean of the squares of the n* terms in the orthogonal
projection AN. By the way, it also provides us with an upper
bound on the arithmetic mean of the n diagonal terms in
the orthogonal projection AN. These upper bounds (valid
for any matrix subspace S) are independent of the optimal
approximate inverse N, and thus they are independent of the
subspace S and only depend on matrix A.

Lemma 15. Let A € R™" be nonsingular with tr(A) + 0 and
let S be a linear subspace of R™". Let N be the solution to the
problem (3). Then,

IANIE _ 1Al
n T tr(A)])

(35)
tr(AN) _ n|l A%

no T [r(A)P

Proof. Using (32) fora = AT, x = I, and b = AN, and the
Cauchy-Schwarz inequality for (AT, AN) rand (4), we get

|<AT,I>F A1, AN)F|
< 2 (JA"| HANIE + (A7, ANY, ) 112

= tr (A) - tr (AN)|

5
n T
< 3 (141:1AN1 + [(AT, AN). ])
n
< > (IAIEIANT + [ A"] IANIE)
= nlAl| AN
= [tr (A)| |ANI; < nl Al ANl
_ IANIz _ 1Al
no T lr(A)
IANIE _ JAI; _ w(AN) _ nlAl
T (A no [t (A)
(36)
]

Remark 16. Lemma 15 has the following interpretation in
terms of the quality of the optimal approximate inverse N of
matrix A in subspace S. The closer the ratio n[|A|z/| tr(A)|
is to zero, the smaller tr(AN) will be, and thus, due to (5),
the larger |AN — I||; will be, and this happens for any matrix
subspace S.

Remark 17. By the way, from Lemma 15, we obtain the
following inequality for any nonsingular matrix A € R™".
Consider any matrix subspace S s.t. Al e S. Then, N = A7},
and using Lemma 15, we get

_ I KE
n? [tr (A)]? (37)
= |tr (4)] < VnllAllg.

IAN]Z
2

1
=-<
n n

4. Spectral Properties

In this section, we present some new spectral properties
for matrix AN, N being the optimal approximate inverse
of matrix A, defined by (3). Mainly, we focus on the case
that matrix AN is symmetric and positive definite. This has
been motivated by the following reason. When solving a large
nonsymmetric linear system (1) by using Krylov methods,
a possible strategy consists of searching for an adequate
optimal preconditioner N such that the preconditioned
matrix AN is symmetric positive definite [5]. This enables one
to use the conjugate gradient method (CG-method), which is,
in general, a computationally efficient method for solving the
new preconditioned system [2, 15].

Our starting point is Lemma 3, which has established that
the sets of eigenvalues and singular values of any orthogonal
projection AN satisfy

(38)

Let us particularize (38) for some special cases.



First, note that if AN is normal (i.e, foralll < i < n:
0; = |A;] [16]), then (38) becomes

(39)
=A< ) M= Do
i=1 i=1 i=1
In particular, if AN is symmetric (o; = [A;] = £A; € R), then
(38) becomes
n n 2 n
24 =) Ml =D
i=1 i=1 i=1
(40)

In particular, if AN is symmetric and positive definite (0; =
[A;| = A; € R"), then the equality holds in all (38), that is,

S2 =S = 3o
i=1 i=1 i=1
A=

The next lemma compares the traces of matrices AN and
(AN)?.

(41)

1]
£M=
||
uM:

Lemma 18. Let A € R™" be nonsingular and let S be a linear
subspace of R™". Let N be the solution to the problem (3).
Then,

(i) for any orthogonal projection AN
tr ((AN)*) < |AN|; = tr (AN), (42)
(ii) for any symmetric orthogonal projection AN

[(ANY?|,. < tr ((AN)®) = | ANTE = tr (AN),  (43)

(iii) for any symmetric positive definite orthogonal projec-
tion AN

||(AN)2||F <tr((AN)?) = |AN|} = tr (AN) < [tr (AN)]*.
(44)

Proof. (i) Using (38), we get

YAy =)\ (45)

(ii) It suffices to use the obvious fact that [(AN)?]| p <
AN and the following equalities taken from (40):
F g €q

YR =Ye? = Vi, (46)

(iii) It suffices to use (43) and the fact that (see, e.g., [17,
18]) if P and Q are symmetric positive definite matrices then
tr(PQ) < tr(P) tr(Q) for P = Q = AN. O
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The rest of the paper is devoted to obtain new properties
about the eigenvalues of the orthogonal projection AN for the
special case that this matrix is symmetric positive definite.

First, let us recall that the smallest singular value and the
smallest eigenvalue’s modulus of the orthogonal projection
AN are never greater than 1 (see Lemma 4). The following
theorem establishes the dual result for the largest eigenvalue
of matrix AN (symmetric positive definite).

Theorem 19. Let A € R™" be nonsingular and let S be a
linear subspace of R™". Let N be the solution to the problem
(3). Suppose that matrix AN is symmetric and positive definite.
Then, the largest eigenvalue of the orthogonal projection AN of
the identity onto the subspace AS is never less than 1. That is,

o, =A 21 (47)
Proof. Using (41), we get

n n-1

YA ZAEAZA—Z(A,-—/\?). (48)

i=1 i=1 i=1

Now, since A, < 1 (Lemma 4), then A2 — A, < 0. This implies
that at least one summand in the rightmost sum in (48) must
be less than or equal to zero. Suppose that such summand is
the kth one (I < k < n— 1). Since AN is positive definite,
then A, > 0, and thus

A-AM<0= A <A =L 21=1,21 (49
and the proof is concluded. O

In Theorem 19, the assumption that matrix AN is positive
definite is essential for assuring that |A,| > 1, as the following
simple counterexample shows. Moreover, from Lemma 4 and
Theorem 19, respectively, we have that the smallest and largest
eigenvalues of AN (symmetric positive definite) satisfy A,, <
1 and A; > 1, respectively. Nothing can be asserted about
the remaining eigenvalues of the symmetric positive definite
matrix AN, which can be greater than, equal to, or less than
the unity, as the same counterexample also shows.

Example 20. For n = 3, let

300
Ak=<0 k 0>, keR, (50)
001

let I; be identity matrix of order 3, and let S be the subspace of
all 3x3 scalar matrices; thatis, S = span{I;}. Then the solution
N, to the problem (3) for subspace S can be immediately
obtained by using formula (6) as follows:

tr(Ak) k+4

N = I = I (51)
JAd; ~ K10

and then we get

300
k+4 k+4

AN, = A, = 0kol. 52
R 2 y107k k2+1o<001> 52)
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Let us arrange the eigenvalues and singular values of
matrix A; N, as usual, in nonincreasing order (as shown in

11)).
On one hand, for k = -2, we have
1 300
AN,==-(0-20], (53)
7\o 0 1
and then
3
o, =A==
==
2
>0,=1,]=2 (54)
7
1
> O3 = lA3| = ;

Hence, A_,N_, is indefiniteand 0y = [A,| = 3/7 < L.
On the other hand, for 1 < k < 3, we have (see matrix

(52))

oy, k4
SRR R E T
k+4
20 =h =k g 9
., k+4
SRCIE I TS
and then
9
k=2 01:A1:;>1,
6
O‘2=A2=;<1,
3
0'3:A3:;<1,
5 6
k== o,=A==->1,
2 5
o,=A, =1, (56)
2
0'3:A3:§<1,
90
k=— GIZAIZﬁ 1,
80
0'22/\2=ﬁ>1,
30
0.3:A3:ﬁ 1

Hence, for A, N, positive definite, we have (depending on k)
A, <A, =10rd, > 1L

The following corollary improves the lower bound zero
on both tr(AN), given in (4), and cos(AN, I), given in (17).

Corollary 21. Let A € R™" be nonsingular and let S
be a linear subspace of R™". Let N be the solution to the

problem (3). Suppose that matrix AN is symmetric and positive
definite. Then,

1 < [|[AN||p < tr (AN) = |[AN|2 < n, (57)
1
cos (AN, I) > % (58)

Proof. Denote by | - ||, the spectral norm. Using the well-
known inequality || - |, < || - | [19], Theorem 19, and (4), we
get

[AN|g = |AN], =0y = A, 2 1
(59)
= 1< |AN||p < tr (AN) = |AN|? < n.

Finally, (58) follows immediately from (57) and (25). O

Let us mention that an upper bound on all the eigenvalues
moduli and on all singular values of any orthogonal projec-
tion AN can be immediately obtained from (38) and (4) as
follows:

n n
YA < Yo? = IANI; < n
i=1 i=1 (60)

= A, o <Vn Vi=1,2,..,n

Our last theorem improves the upper bound given in
(60) for the special case that the orthogonal projection AN
is symmetric positive definite.

Theorem 22. Let A € R™" be nonsingular and let S be a
linear subspace of R™". Let N be the solution to the problem
(3). Suppose that matrix AN is symmetric and positive definite.
Then, all the eigenvalues of matrix AN satisfy

1+
G:AisT\/ﬁ Vi=1,2,...,n. (61)

1
Proof. First, note that the assertion is obvious for the smallest
singular value since |A,| < 1 for any orthogonal projection
AN (Lemma 4). For any eigenvalue of AN, we use the fact
that x — x*> < 1/4 for all x > 0. Then from (41), we get

n
1
— A2 =Y(r -2 <
1 1 ;(1 1) 4 (62)
:)AISH—n Aigl+\/ﬁ
2 2
Vi=1,2,...,n

5. Conclusion

In this paper, we have considered the orthogonal projection
AN (in the Frobenius sense) of the identity matrix onto an



arbitrary matrix subspace AS (A € R™" nonsingular, S ¢
R™"). Among other geometrical properties of matrix AN,
we have established a strong relation between the quality
of the approximation AN = I and the cosine of the angle
L(AN, I). Also, the distance between AN and the identity has
been related to the ratio n||A|| /| tr(A)| (which is independent
of the subspace S). The spectral analysis has provided lower
and upper bounds on the largest eigenvalue of the symmetric
positive definite orthogonal projections of the identity.
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By using Sherman-Morrison-Woodbury formula, we introduce a preconditioner based on parameterized splitting idea for
generalized saddle point problems which may be singular and nonsymmetric. By analyzing the eigenvalues of the preconditioned
matrix, we find that when « is big enough, it has an eigenvalue at 1 with multiplicity at least #, and the remaining eigenvalues are all
located in a unit circle centered at 1. Particularly, when the preconditioner is used in general saddle point problems, it guarantees
eigenvalue at 1 with the same multiplicity, and the remaining eigenvalues will tend to 1 as the parameter « — 0. Consequently, this
can lead to a good convergence when some GMRES iterative methods are used in Krylov subspace. Numerical results of Stokes

problems and Oseen problems are presented to illustrate the behavior of the preconditioner.

1. Introduction

In some scientific and engineering applications, such as finite
element methods for solving partial differential equations [1,
2], and computational fluid dynamics [3, 4], we often consider
solutions of the generalized saddle point problems of the form

T
(5 2)C)- () g
-8 ¢)\y) "y
where A ¢ R™, B ¢ R™ (m < n),and C ¢ R™"
are positive semidefinite, x, f € R", and y,g € R™. When
C = 0, (1) is a general saddle point problem which is also a
researching object for many authors.

It is well known that when the matrices A, B, and C
are large and sparse, the iterative methods are more efficient
and attractive than direct methods assuming that (1) has a
good preconditioner. In recent years, a lot of preconditioning
techniques have arisen for solving linear system; for example,
Saad [5] and Chen [6] have comprehensively surveyed some
classical preconditioning techniques, including ILU pre-
conditioner, triangular preconditioner, SPAI preconditioner,
multilevel recursive Schur complements preconditioner, and

sparse wavelet preconditioner. Particularly, many precondi-
tioning methods for saddle problems have been presented
recently, such as dimensional splitting (DS) [7], relaxed
dimensional factorization (RDF) [8], splitting preconditioner
[9], and Hermitian and skew-Hermitian splitting precondi-
tioner [10].

Among these results, Cao et al. [9] have used splitting idea
to give a preconditioner for saddle point problems where the
matrix A is symmetric and positive definite and B is of full
row rank. According to his preconditioner, the eigenvalues
of the preconditioned matrix would tend to 1 when the
parameter t — o00. Consequently, just as we have seen from
those examples of [9], preconditioner has guaranteed a good
convergence when some iterative methods were used.

In this paper, being motivated by [9], we use the splitting
idea to present a preconditioner for the system (1), where A
may be nonsymmetric and singular (when rank(B) < m). We
find that, when the parameter is big enough, the precondi-
tioned matrix has the eigenvalue at 1 with multiplicity at least
n, and the remaining eigenvalues are all located in a unit circle
centered at 1. Particularly, when the precondidtioner is used
in some general saddle point problems (namely, C = 0), we



see that the multiplicity of the eigenvalue at 1 is also at least ,
but the remaining eigenvalues will tend to 1 as the parameter
a — 0.

The remainder of the paper is organized as follows.
In Section 2, we present our preconditioner based on the
splitting idea and analyze the bound of eigenvalues of the
preconditioned matrix. In Section 3, we use some numerical
examples to show the behavior of the new preconditioner.
Finally, we draw some conclusions and outline our future
work in Section 4.

2. A Parameterized Splitting Preconditioner

Now we consider using splitting idea with a variable param-
eter to present a preconditioner for the system (1).

Firstly, it is evident that when « #0, the system (1) is
equivalent to

A BT f
X
-B C (y>: g @
[0 [24
Let
A BT 0 0
M= , N = ,
B 01-%
(04 (04
(3)

a
Then the coefficient matrix of (2) can be expressed by M — N.
Multiplying both sides of system (2) from the left with matrix
M, we have

(I-M7'N)x=M"F. (4)

Hence, we obtain a preconditioned linear system from (1)
using the idea of splitting and the corresponding precondi-
tioner is

1

A BT\ /I 0
H= (5)
- I
B o I
(04 [04

Now we analyze the eigenvalues of the preconditioned system

(4).

Theorem 1. The preconditioned matrix I — M™'N has an
eigenvalue at 1 with multiplicity at least n. The remaining
eigenvalues A satisfy

S +S,

A= (6)

>
s+«

where s, = w' BA"'B'w, s, = 0 Cw, and w € C™ satisfies

“1pT -1 pT
(BA B +g)w=/\(I+BA B >w, loll = 1. (7)
04

[0 (04
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Proof. Because

-1 -1
B'B BA'BT
(A+ —) —A_IBT<I+
1

[04 04
B BB\
_(A+_)
04 04

BA'BT\ ™
(1+757)
04

M—l

(8)
we can easily get
“1pT\ !
I A‘lBT<I+BA B) (1—9>
VN = o o
BA'BT\ ' (BA'BT C
0 I+ +—
(04 04 04
9)

which implies the preconditioned matrix I — M~'N has an
eigenvalue at 1 with multiplicity at least .
For the remaining eigenvalues, let

-17\ ! 1T
(1+BA B ) (BA B +9)w=m (10)

(2 [0 [0

with ||w|| = 1; then we have

15T -1pT
(BA B +9)w:/\<I+BA B )w. (1)
« «

[04

By multiplying both sides of this equality from the left with
w", we can get

S+,

A= (12)

s ta’
This completes the proof of Theorem 1. O

Remark 2. From Theorem 1, we can get that when parameter
« is big enough, the modulus of nonnil eigenvalues A will be
located in interval (0, 1).

Remark 3. In Theorem 1, if the matrix C = 0, then for nonnil
eigenvalues we have
o%lino A= (13)

Figures 1, 2, and 3 are the eigenvalues plots of the pre-
conditioned matrices obtained with our preconditioner. As
we can see in the following numerical experiments, this
good phenomenon is useful for accelerating convergence of
iterative methods in Krylov subspace.

Additionally, for the purpose of practically executing our
preconditioner

-1 -1
B'B —A7'BT BA™'BT
(A + —) (I +
[04 (04 [0

-1 -1
B B'B 1 BA™'BT
—(A + —) —(I +
04 04 (04 (04

(14)
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TABLE 1: Preconditioned GMRES(20) on Stokes problems with
different grid sizes (uniform grids).
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TABLE 7: Preconditioned GMRES(20) on steady Oseen problems

with different grid sizes (uniform grids), viscosity v = 0.01.

Grid fo4 its LU time its time Total time Grid fo its LU time its time Total time
16 X 16 0.0001 4 0.0457 0.0267 0.0724 16 X 16 10000 3 0.0458 0.0224 0.0682
32 %32 0.0001 6 0.3912 0.0813 0.4725 32 %32 10000 3 0.4309 0.0451 0.4760
64 X 64 0.0001 9 5.4472 0.5519 5.9991 64 x 64 10000 4 7.6537 0.1712 7.8249
128 x 128  0.0001 14 91.4698 5.7732 97.2430 128 x 128 10000 5 175.1587 3.4554 178.6141

TABLE 2: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.1.

Grid fo4 its LU time its time Total time
16 X 16 0.0001 3 0.0479 0.0244 0.0723
32 %32 0.0001 3 0.6312 0.0696 0.7009
64 X 64 0.0001 4 13.2959 0.3811 13.6770
128 x 128  0.0001 6 130.5463 3.7727 134.3190

TABLE 3: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.01.

TaBLE 8: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.001.

Grid fo4 its LU time its time Total time
16 X 16 10000 3 0.0507 0.0212 0.0719
32 %32 10000 3 0.4735 0.0449 0.5184
64 x 64 10000 4 6.6482 0.1645 6.8127
128 x 128 10000 4 172.0516 2.1216 1741732

TABLE 9: Preconditioned GMRES(20) on
different grid sizes (uniform grids).

Stokes problems with

Grid « its LU time its time Total time Grid o its LU time itstime Total time
16 X 16 0.0001 2 0.0442 0.0236 0.0678 16 x 16 norm(C, fro) 21 0.0240 0.0473 0.0713
32 %32 0.0001 3 0.4160 0.0557 0.4717 32 %32 norm(C, fro) 20 0.0890 0.1497 0.2387
64 X 64 0.0001 3 7.3645 0.2623 7.6268 64 x 64 norm(C, fro) 20 0.8387 0.6191 1.4578
128 x 128  0.0001 4 169.4009 3.1709 172.5718 128 x 128 norm(C, fro) 20 6.8917 3.0866 9.9783

TABLE 4: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.001.

Grid o its LU time its time Total time
16 X 16 0.0001 2 0.0481 0.0206 0.0687
32 %32 0.0001 3 0.4661 0.0585 0.5246
64 X 64 0.0001 3 6.6240 0.2728 6.8969
128 x 128  0.0001 4 177.3130 2.9814 180.2944

TaBLE 10: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.1.

Grid fo4 its LU time its time Total time
16 X 16 norm(C, fro)/20 10  0.0250 0.0302 0.0552
32 %32 norm(C, fro)/20 10  0.0816 0.0832 0.1648
64 x64 norm(C,fro)/20 12 0.8466 0.3648 1.2114
128 x 128 norm(C, fro)/20 14  6.9019 2.0398 8.9417

TABLE 5: Preconditioned GMRES(20) on Stokes problems with
different grid sizes (uniform grids).

TABLE 11: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.01.

Grid « its LU time its time Total time
16 X 16 10000 5 0.0471 0.0272 0.0743
32x32 10000 7 0.3914 0.0906 0.4820
64 X 64 10000 9 5.6107 0.4145 6.0252
128 x 128 10000 14 92.7154 4.8908 97.6062

TABLE 6: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.1.

Grid « its LU time itstime Total time
16 x 16 norm(C,fro)/20 7 0.0238 0.0286 0.0524
32 %32 norm(C, fro)/20 7 0.0850 0.0552 0.1402
64 x64 norm(C,fro)/20 11  0.8400 0.3177 1.1577
128 x 128 norm(C, fro)/20 16  6.9537 2.2306 9.1844

TABLE 12: Preconditioned GMRES(20) on steady Oseen problems
with different grid sizes (uniform grids), viscosity v = 0.001.

Grid o its LU time its time Total time
16 X 16 10000 4 0.0458 0.0223 0.0681
32 %32 10000 4 0.5748 0.0670 0.6418
64 X 64 10000 5 12.2642 0.4179 12.6821
128 x 128 10000 7 128.2758 1.6275 129.9033

Grid fo4 its LU time itstime Total time
16 X 16 norm(C, fro)/20 5 0.0245 0.0250 0.0495
32 %32 norm(C, fro)/20 5 0.0905  0.0587 0.1492
64 x 64 norm(C,fro)/20 8 1.2916 0.3200 1.6116
128 x 128 norm(C, fro)/20 15 10.4399  2.7468 13.1867
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TABLE 13: Size and number of non-nil elements of the coeflicient matrix generalized by using Q2-Ql FEM in steady Stokes problems.

Grid dim(A) nnz(A) dim(B) nnz(B) nnz(A + (1/«)B'B)
16 X 16 578 x 578 6178 81 x 578 2318 36904
32 %32 2178 x 2178 28418 289 x 2178 10460 193220
64 X 64 8450 x 8450 122206 1089 x 8450 44314 875966
128 x 128 33282 x 33282 506376 4225 x 33282 184316 3741110

we should efficiently deal with the computation of (I +
(BA™'BT/a))™!. This can been tackled by the well-known
Sherman-Morrison-Woodbury formula:

T -1
(A, +X,4,X3)
. (15)
-1 -1 -1 T -1 - T ,-1
= AT - ATX (AT + XGATX)) X, AT
where A; € R™”, and A, € R are invertible matrices,
X, € R™, and X, € R™" are any matrices, and n,r, are

any positive integers.
From (15) we immediately get

BA'BT
(I +

-1
) ~1-B(aA+B"B) BT.  (16)

o

In the following numerical examples we will always use (16)

to compute (I + (BA'BT /)" in (14).

3. Numerical Examples

In this section, we give numerical experiments to illustrate the
behavior of our preconditioner. The numerical experiments
are done by using MATLAB 71. The linear systems are
obtained by using finite element methods in the Stokes prob-
lems and steady Oseen problems, and they are respectively
the cases of

(1) C = 0, which is caused by using Q2-Q1 FEM;
(2) C+0, which is caused by using Q1-PO FEM.

Furthermore, we compare our preconditioner with that of
[9] in the case of general saddle point problems (namely, C =
0). For the general saddle point problem, [9] has presented
the preconditioner

A+tB'B 0

H= I 17)
2B -

with ¢t as a parameter and has proved that when A is
symmetric positive definite, the preconditioned matrix has
an eigenvalue 1 with multiplicity at », and the remaining
eigenvalues satisfy

to?
A= —1—, 18
1 + to} a8)
lim A =1, (19)

whereo;, i=1,2,...
matrix BA™Y/2.
All  these

,m, are m positive singular values of the

systems can be  generalized by
using IFISS software package [I11] (this is a free
package that can be downloaded from the site
http://www.maths.manchester.ac.uk/~djs/ifiss/). We use
restarted GMRES(20) as the Krylov subspace method, and
we always take a zero initial guess. The stopping criterion is

i P 20)
Iroll,

where 1y, is the residual vector at the kth iteration.
In the whole course of computation, we always replace

(I+ (BA™'BT /o))" in (14) with (16) and use the LU factor-
ization of A + (B'B/«) to tackle (A + (B'B/«)) v, where
v is a corresponding vector in the iteration. Concretely, let
A + (B"B/a) = LU; then we complete the matrix-vector
product (A + (BTB/a)) v by U\ L\ vin MATLAB term.
In the following tables, the denotation norm (C, fro) means
the Frobenius form of the matrix C. The total time is the sum
of LU time and iterative time, and the LU time is the time to
compute LU factorization of A + (B"B/a).

Case 1 (for our preconditioner). C = 0 (using Q2-Q1 FEM in
Stokes problems and steady Oseen problems with different
viscosity coefficients. The results are in Tables 1, 2, 3, 4 ).

Case I’ (for preconditioner of [9]). C = 0 (using Q2-Ql FEM
in Stokes problems and steady Oseen problems with different
viscosity coefficients The results are in Tables 5, 6, 7, 8).

Case 2. C+0 (using QI-PO FEM in Stokes problems and
steady Oseen problems with different viscosity coeflicients
The results are in Tables 9, 10, 11, 12).

From Tables 1, 2, 3, 4, 5, 6, 7, and 8 we can see that these
results are in agreement with the theoretical analyses (13) and
(19), respectively. Additionally, comparing with the results in
Tables 9, 10, 11, and 12, we find that, although the iterations
used in Case 1 (either for the preconditioner of [9] or our
preconditioner) are less than those in Case 2, the time spent
by Case 1 is much more than that of Case 2. This is because the
density of the coefficient matrix generalized by Q2-Q1 FEM
is much larger than that generalized by Q1-P0 FEM. This can
be partly illustrated by Tables 13 and 14, and the others can be
illustrated similarly.
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TABLE 14: Size and number of non-nil elements of the coefficient matrix generalized by using Q1-PO FEM in steady Stokes problems.
Grid dim(A) nnz(A) dim(B) nnz(B) nnz(A + (1/«)B'B)

16 x 16 578 x 578 3826 256 x 578 1800 7076
32 %32 2178 x 2178 16818 1024 x 2178 7688 31874
64 x 64 8450 x 8450 70450 4096 x 8450 31752 136582
128 x 128 33282 x 33282 288306 16384 x 33282 129032 567192

4. Conclusions

In this paper, we have introduced a splitting preconditioner
for solving generalized saddle point systems. Theoretical
analysis showed the modulus of eigenvalues of the precon-
ditioned matrix would be located in interval (0, 1) when the
parameter is big enough. Particularly when the submatrix
C = 0, the eigenvalues will tend to 1 as the parameter « — 0.
These performances are tested by some examples, and the
results are in agreement with the theoretical analysis.

There are still some future works to be done: how to prop-
erly choose a parameter « so that the preconditioned matrix
has better properties? How to further precondition submatrix

(I+(BA™'BT/a))  (BA"'B"/a) + (C/a)) to improve our
preconditioner?
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We consider the extremal inertias and ranks of the matrix expressions f(X,Y) = A; — B;X - (B;X)" = C,YD, — (C,YD;)", where
A, = A}, B;, Cs, and D, are known matrices and Y and X are the solutions to the matrix equations A,Y = C,, YB, = D,, and
A,X = C,, respectively. As applications, we present necessary and sufficient condition for the previous matrix function f(X,Y)
to be positive (negative), non-negative (positive) definite or nonsingular. We also characterize the relations between the Hermitian
part of the solutions of the above-mentioned matrix equations. Furthermore, we establish necessary and sufficient conditions for
the solvability of the system of matrix equations A,Y = C,,YB, = D, A,X = C,,and B; X + (B;X)" + C,YD; + (C;YD;)" = A;,
and give an expression of the general solution to the above-mentioned system when it is solvable.

1. Introduction

Throughout, we denote the field of complex numbers by C,
the set of all m x n matrices over C by C"™", and the set of
all m x m Hermitian matrices by C;"". The symbols A* and
R(A) stand for the conjugate transpose, the column space of
a complex matrix A respectively. I, denotes the n x n identity
matrix. The Moore-Penrose inverse [1] AT of 4, is the unique
solution X to the four matrix equations:

(i) AXA = A,

(i) XAX = X,

1
(iii) (AX)" = AX, W
(iv) (XA)" = XA.

Moreover, L , and R, stand for the projectors L, = I —
ATA, R, = I - AA" induced by A. It is well known that the
eigenvalues of a Hermitian matrix A € C"™" are real, and the
inertia of A is defined to be the triplet

1, (A) = {i, (A),i_(A),iy (A)}, 2

where i,(A), i_(A), and iy(A) stand for the numbers of
positive, negative, and zero eigenvalues of A, respectively. The

symbols i, (A) and i_(A) are called the positive index and
the negative index of inertia, respectively. For two Hermitian
matrices A and B of the same sizes, we say A > B (A < B)
in the Lowner partial ordering if A — B is positive (negative)
semidefinite. The Hermitian part of X is defined as H(X) =
X + X*. We will say that X is Re-nnd (Re-nonnegative
semidefinite) if H(X) > 0, X is Re-pd (Re-positive definite)
if H(X) > 0, and X is Re-ns if H(X) is nonsingular.

It is well known that investigation on the solvability
conditions and the general solution to linear matrix equations
is very active (e.g., [2-9]). In 1999, Braden [10] gave the
general solution to

BX + (BX)* = A. (3)

In 2007, Djordjevi¢ [11] considered the explicit solution to (3)
for linear bounded operators on Hilbert spaces. Moreover,
Cao [12] investigated the general explicit solution to

BXC + (BXC)" = A. (4)

Xu et al. [13] obtained the general expression of the solution
of operator equation (4). In 2012, Wang and He [14] studied



some necessary and sufficient conditions for the consistence
of the matrix equation

A, X+(A,X)" +B,YC, + (B,YC,)" = E, (5)

and presented an expression of the general solution to (5).
Note that (5) is a special case of the following system:

AY=C, YB =D, A,X=C, ©
6

B;X + (B;X)" +C3YD, + (C3YD;)" = A,

To our knowledge, there has been little information about (6).
One goal of this paper is to give some necessary and sufficient
conditions for the solvability of the system of matrix (6) and
present an expression of the general solution to system (6)
when it is solvable.

In order to find necessary and sufficient conditions for the
solvability of the system of matrix equations (6), we need to
consider the extremal ranks and inertias of (10) subject to (13)
and (11).

There have been many papers to discuss the extremal
ranks and inertias of the following Hermitian expressions:

p(X)=A; - B;X - (B;X)", 7)
g(Y)=A-BYC - (BYC)", (8)
h(X,Y)=A, - B, XB, -C,YC}, 9)

f(X,Y)=A; - B;X - (B;X)" = C3YD; — (C,YD;)".
(10)

Tian has contributed much in this field. One of his works
[15] considered the extremal ranks and inertias of (7). He
and Wang [16] derived the extremal ranks and inertias of (7)
subjectto A; X = C;, A,XB, = C,. Liu and Tian [17] studied
the extremal ranks and inertias of (8). Chu et al. [18] and Liu
and Tian [19] derived the extremal ranks and inertias of (9).
Zhang et al. [20] presented the extremal ranks and inertias of
(9), where X and Y are Hermitian solutions of

A,X =C,, 1)
YB, = D,, (12)

respectively. He and Wang [16] derived the extremal ranks
and inertias of (10). We consider the extremal ranks and iner-
tias of (10) subject to (11) and

AY=C,, YB =D, (13)

which is not only the generalization of the above matrix func-
tions, but also can be used to investigate the solvability con-
ditions for the existence of the general solution to the system
(6). Moreover, it can be applied to characterize the relations
between Hermitian part of the solutions of (11) and (13).

The remainder of this paper is organized as follows. In
Section 2, we consider the extremal ranks and inertias of
(10) subject to (11) and (13). In Section 3, we characterize the
relations between the Hermitian part of the solution to (11)
and (13). In Section 4, we establish the solvability conditions
for the existence of a solution to (6) and obtain an expression
of the general solution to (6).
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2. Extremal Ranks and Inertias of Hermitian
Matrix Function (10) with Some Restrictions

In this section, we consider formulas for the extremal ranks
and inertias of (10) subject to (11) and (13). We begin with the
following Lemmas.

Lemmal (see [21]). (a) Let A}, C,, By, and D, be given. Then
the following statements are equivalent:

(1) system (13) is consistent,

2)
R, C =0, DLy =0, AD =CB. (14)
)
r[A; G]=r(4)),
D
[Bf] —r(8), (15)
A,D, = C,B,.

In this case, the general solution can be written as
Y = AlC, +L, DB} +L, VR, (16)

where V is arbitrary.
(b) Let A, and C, be given. Then the following statements
are equivalent:

(1) equation (11) is consistent,
(2)
RA2C2 = O, (17)

(©)
r[A, G =r(A,). (18)
In this case, the general solution can be written as
X =A'C+L,W, (19)
where W is arbitrary.

Lemma 2 ([22, Lemma 1.5, Theorem 2.3]). Let A € C;",
B e C™", and D € C}", and denote that

A B
M:[B* 0],
0 Q
N:[Q* 0],
(20)
A B

[P MLy
6=, 5 M.
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Then one has the following
(a) the following equalities hold

i, (M) = 7 (B) +i, (RyARy), (21)

i, (N)=7(Q), (22)

(b) if R(B) < R(A), then i (L) = i,(A) + i,(D -
B*A'B)). Thus i,(L) = i,(A) if and only if Z(B) <
R(A) and i, (D - B*A'B) = 0,

(©)

M

p 0
i,(G)=|M" 0 N*|-r(N). (23)
0 0

0
N

Lemma 3 (see [23]). Let A € C™" B € C"™*, and C € C>".
Then they satisfy the following rank equalities:

(a) 7[A B] =r(A) +r(E,B) = r(B) + r(EgA),

(b) r[&] =7(A) + r(CF,) = r(C) + r(AF),

() r[&8] =r(B) +r(C) + r(EgAF,),

(d) r[B AFc]=r[§&]-r(O),

@ r[eal=r[§3]-B),

O[5 ") =[G g k] -r0)-riE

ax» Ox»

Lemma 4 (see [15]). Let A € C;"™",Be C™",C e C;",Q €
C™", and P € CP*" be given, and T € C"™™ be nonsingular.
Then one has the following

(1) i,(TAT") = i,(A),
(2) iy [§&] =i.(4) +1,(C),
@iy 5] =rQ,

A BLp

@ i[5 5% ]+r(P):ii[%§%].

Lemma 5 (see [22, Lemma 1.4]). Let S be a set consisting of
(square) matrices over C™ ™, and let H be a set consisting of
(square) matrices over C;”™. Then Then one has the following

(a) S has anonsingular matrix ifand only if max y s (X) =
ms

(b) any X € S is nonsingular if and only if miny r(X) =
ms

(c) {0} € Sif and only if miny 4r(X) = 0;

(d) S = {0} if and only if maxxsr(X) = 0;

(e) H has a matrix X > 0(X < 0) if and only if
maxyeyi, (X) = m(maxyeyi_(X) = m);

(f) any X € H satisfies X > 0(X < 0) if and only if
minye i, (X) = m (miny i (X) = m);

(g) H has a matrix X > 0(X < 0) if and only if

(h) any X € H satisfies X > 0(X < 0) if and only if
maxycpi_(X) = 0 (maxyepi, (X) = 0).

Lemma 6 (see [16]). Let p(X,Y) = A— BX - (BX)" -CYD -
(CYD)*, where A, B, C, and D are given with appropriate sizes,
and denote that

A BC
M, =|B 00|,
C* 00
A B D
My=|B"0 0|,
D0 0
A BCD
M3=[B*00 0]’ (24)
[A B C D]
My=|B 00 0|,
c" 00 o]
[A B C D]
My=|B" 00 0
(D00 0

Then one has the following:

(1) the maximal rank of p(X,Y) is

max r[p(X,Y)] =min{m,r(M,),r(M,),r(M;)},

XeCmmy

(25)
(2) the minimal rank of p(X,Y) is
Xe%}g”,Yr [p 7))
=2r (M;) — 2r (B) (26)

+max{u, +u_,v, +v_,u, +v_,u_+v.},

(3) the maximal inertia of p(X,Y) is

xglgﬁ)*(",yii [p (X, V)] = min {i, (M), i (M)}, (27)

(4) the minimal inertias of p(X,Y) is

min i, [p(X,Y)] = r(M;) - r(B)

XeCmmy
+max {i, (M,) -r(M,), (28)
iy (M,) - (Ms)},
where
uy =iy (My) =r(My), vy =i, (M) -1 (Ms). (29)

Now we present the main theorem of this section.



Theorem?7. Let A, € C™",C, e C"™* B, e C™ D, e C™,
A, € C™,C, € C™P,A; € CI"P, By € €1, C; e CP,
and D5 € CP*" be given, and suppose that the system of matrix
equations (13) and (11) is consistent, respectively. Denote the set
of all solutions to (13) by S and (11) by G. Put

C; 0 A1 0 0
E,=|CD; A, 0 0 0],
By 0 0 0 A
C, 0 0 A, 0
A, D; CD, By G,
D, 0 B 0 0
E,=r|DJC; Bf 0 0 0|,
B; 0 0 0 A
C, 0 0 A, 0
A; By C; Dj ci
By 0 0 0 A
E;=|D;C; 0 0 By 0|,
CD; 0 A, 0 0 (30)
C, A, 0 0 O
[ A, By C; D; C, D;C;]
B; 0 0 0 A, 0
g .| G 0 0 0 0 A
¢t~ o o 0 B 0 o0 |
CD; 0 A, 0 0 0
C, A, 0 0 0 0 |
[ Ay B; Cy; D; C, CD,
B; 0 0 0 A, 0
.| D 0 0 0 0 B
STID)C; 0 0 A7 O O
0 0 A, 0 0 0
C, A, 0 0 0 0 |

Then one has the following:
(a) the maximal rank of (10) subject to (13) and (11) is

max r [f (X,7)]

=min{p,r (E;) - 2r (A;) - 2r (4,),

(31)
r(E;) - 2r (B) - 2r (4A,),
r(E;) =2r(A,) -r(A) -7(B)},
(b) the minimal rank of (10) subject to (13) and (11) is
<in r [f GG )]
B
=2r(E;) -2r [Ai]
(32)

+max{r (E;) - 2r (E,),r (E,) - 2r (E;),
i, (E))+i_(Ey)—r(E)—r(Es),

i_(E))+1i, (Ey) —r(E,)-r(Es)},
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(c) the maximal inertia of (10) subject to (13) and (11) is

max_ i, [f(XY)] =

min {i (By) - (4,) -

r(42),

i, (B;) —r(By) 7 (A},
(33)

(d) the minimal inertia of (10) subject to (13) and (11) is

(min i, [f (X V)] =r(Bs) -7 [Bi]
+max {i, (E,) -
ii (Ez) -

Proof. By Lemma 1, the general solutions to (13) and (11) can
be written as

X=ANC, +L, W,
(35)
Y = A{C, + L, DB} + L, ZRg,

where W and Z are arbitrary matrices with appropriate sizes.
Put

Q=BiL,, T=CL,, J=RyD;,

P= A, - ByASC, - (B,ALC,)

(36)
-G, (AlC, + L, D,B}) D,
~(cy(AlC, + L, D,B})Dy)".
Substituting (36) into (10) yields
f(X,Y)=P-QW - (QW)* —TZ] - (TZ))*.  (37)

Clearly P is Hermitian. It follows from Lemma 6 that

max r[f(X,Y)]

XeGYeS
= maxr (P-QW —(QW)* =TZ] - (TZ])")  (38)
=min {m,r (N;),r (N,),r (N;)},
(i een)]
=maxr (P - QW — (QW)" - TZ] - (TZ)])")
w2 (39)

=2r (N;) - 2r (Q)

+max{s, +s_,t, +t_,s, +t_,s_+1t,},
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iy [f (X))

=maxr (P - QW — (QW)" - TZ] - (TZ])")
w,Z

= min {iJ_r (Nl) Sy (Nz)}>

Jin i, [f (X1)]

=maxr (P - QW — (QW)" - TZ] - (TZ])")
w,zZ

=r(N;) - r(Q) + max{s,,t,},

where

P QT
N =[Q 0 of,
T" 0 0
P QT
N,=|Q 0 o[,
J 00
_[P QT
N3_[Q*000]’
[P QT J]
N,=[Q 00 0],
| T* 0 0 0]
(P QT J']
N,=|Q 00 0],
| J 00 0]

sp =i (Ny) =7 (Ny),  ty =i, (Ny) =7 (Ns).

(40)

(41)

(42)

Now, we simplify the ranks and inertias of block matrices in

(38)-(41).

By Lemma 4, block Gaussian elimination, and noting that

Ly=(1-8'S) =1-5"(s")

we have the following:

P QT
r(N)=r|{Q" 0 0
" 0 0

[ A, C; DiC;

c: 0 A

=r|{CD; A, O

B 0 0

G 0 o

-2r (Al) -2r (Az).

+

= Ry,

(43)

(44)

By C,B, = A,D,, we obtain

_P Q]*
r(N))=r|Q" 0 0
L] 0 0
[ A3 D; C3D1 BS C;H
D, 0 B, 0 0
=r|D;C; Bf 0 0 0
By 0 0 0 A
C, 0 0 A, 0]
-2r(B;) -2r(4,),
[P QT T
T(N3)=r *
Q" 00 0
[ A, By Ci Di Ci]
B; 0 0 0 A}
=r|DiC: 0 0 B 0
C,D, 0 A, 0 0
C, A, 0 0 0
—r(By) = 2r(A;) -r(A,),
r(Ny)=r|Q" 0 0 0
LT* 00 0
[ 4y By C, D} C; DGy
Bi 0 0 0 A, 0
¢ 0o 0 0 0 A
"o 0o 0o B0 0
CD; 0 AL, 0 0 O
| C, A, 0 0 0 0
-7 (By) - 2r(4;) - 2r (A,),
[P QT T
r(Ns)=r|{Q" 0 0 0
[T 00 0
[ A3 B3 C3 D; C; C3D1
B 0 0 0 A, 0
_,| Ds 0 0 0 0 B
“'|Dic; 0o 0 A} 0 0
0 0 A, 0 0 0
| C, A, 0 0 0 0

(45)

By Lemma 2, we can get the following:

iy (Nl) =iy

Q" 00
T" 0 0

PQT]
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A; C; D;C{ B; C;
C; 0 A 0 0
=i, |C,D; A, 0 0 0
B 0 0 0 A}
C, 0 0 A, 0
_”(Al) r(A2)>
(46)
[P Q"
i,(N,)=i,|Q" 0 0
| J 00
[ A, D; CiD, By C;
D, 0 B 0 0 (47)
=i, |DiC; Bf 0 0 0
By 0 0 0 A
C, 0 0 A, 0

-1 (By) -7 (Ay).

Substituting (44)-(47) into (38) and (41) yields (31)-(34),
respectively. O

Corollary 8. Let A,, C,, B;, D,, A,, C,, A;, B;, Cs, D;,
and E;, (i = 1,2,...,5) be as in Theorem 7, and suppose
that the system of matrix equations (13) and (11) is consistent,
respectively. Denote the set of all solutions to (13) by S and (11)

Journal of Applied Mathematics

() A; — ByX — (B,X)" — C,YD, — (C,YD;)* > 0 for all
X € GandY € Sifand only if

r(E)-r | R] i) - @) =
(52)

or r(E3)—r[i32]+i+(E2)—r(E5)=p,

(f) Ay — ByX — (B, X)" = C,YD, — (C;YD;)* < 0 for all
X e GandY € Sifand only if

r(B)-r | 2 | +i B)-r (@) -
(53)

r(53)—r[ﬁ32] i (B -r(Es) = p.

(g) A; — ByX — (B;X)" - C3YD; — (C3YD3)™ > 0 for all
X € GandY € Sifand only if

i (E))-r(A)-7(A;)<0
(54)

by G. Then, one has the following:

(a) there exist X € GandY € S such that A; — B;X —
(B3X)" = C3YD; — (C3YD3)™ > 0 if and only if

i, (E))-r(A))-r(Ay) 2 p,
i, (E,)—7(B;) -7 (A;) = p.

(b) there exist X € GandY € S such that A; — B3 X —
(B;X)" = C3YD, — (C5YD5)" < 0 if and only if

i (El) —T(Al) - "(Az) 2 p
i (E,)-r(B)-r(A,)=p,

(c) there exist X € GandY € S such that A; — B3 X —
(B3X)" = C3YD; — (C3YD3)* > 0 if and only if

(48)

(49)

r(E)—r [f;z] vi (B)-r(E,) <0,
(50)

r(EQ—r[ii] vil(E)-r(E)<0.

(d) there exist X € GandY € S such that A; — B;X —
(B3X)" = C3YD; — (C3YD5)™ < 0 if and only if

;

)
[ ]+ i, (E,)-r(Es) <0,

r(E;)—r i, (E;)-7(Ey) <0,
E3 -r

or i_(E))-r(B)-r(A,) <0,

(h) A; — B;X — (B;X)* = C;YD; — (C,YD5)* < 0 for all
X € GandY € Sifand only if

i, (E;)-r(A))-1(A)<0

or i, (E)-r(B)-r(A;)<0,

(55)

(i) there exist X € G andY € S such that A; — B3 X —
(B;X)" —C,YD; —(C;YD,)" is nonsingular if and only
if

r(E)-2r(A))-2r(4,)2p,
r(Ey) —2r(B,) —2r(A,) = p, (56)
r(E;) =2r(A,) -7 (A) -7 (By) = p.
3. Relations between the Hermitian Part of

the Solutions to (13) and (11)

Now we consider the extremal ranks and inertias of the
difference between the Hermitian part of the solutions to (13)
and (11).

Theorem 9. Let A, € C"™P,C, € C™*, B, € CP D, «
CP, A, € C”P, and C, € C"P, be given. Suppose that
the system of matrix equations (13) and (11) is consistent,
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respectively. Denote the set of all solutions to (13) by S and (11)

by G. Put
0 I C -IC;
I 0 A 0 0
H=[C A, 0 0 0],
-1 0 0 0 A}
C, 0 0 A, 0
0 I D -IC;
I 0 B 0 0
H,=r|D; B 0 0 0|,
-1 0 0 0 A}
C, 0 0 A, 0
0o -1 I I C;
-I 0 0 0 A}
Hy=|D; 0 0 B o0 [,
C, 0 A, 0 0 (57)
C, A4, 0 0 0
0o -1 I I C; C;
-1 0 0 0 A, 0
I 0 0 0 0 A
H4_0003f001’
C, 0 A, 0 0 0
C, A, 0 0 0 0
0 -1 I I C; D
-1 0 0 0 A, 0
Ho| 1 0 0 0 0 B
571D 0 0 AT 0 0
0 0 A, 0 0 0
C, A, 0 0 0 0

Then one has the following:

XE%%;(GS?’[(X+X )= (Y +Y7)]

= min {p,r (H,) - 2r (A,) - 2r (A,),r (H,) - 2r (B,)
-2r(A,),r(Hs) - 2r(A,) -7 (A;) -7 (B},

min v [(X+X")-(Y+Y7)]

= 2r (H;) - 2p
+max {r (H,) - 2r (H,) ,r (H,) - 2r (Hs),
i, (H,)+i_(H,) - r (Hy) - r (Hs),
i (Hy)+i, (F,) - r (Hy) - r (Hs)},

s i [(X+ X7) = (¥ +)

=min{i, (H))-r(A;)-r(4,),

i, (H,) =7 (By) —r(Ay)},

min i (X X7) = (7 +77)]
= 1 (B;) - p+ max i, (H,) - r (H,).i, (H,) - r(H)}.
(58)

Proof. By letting A; = 0,B; = -I,C; = I,and D; = I in
Theorem 7, we can get the results. O

Corollary 10. Let A, C,, B,, D,, A,, C,, and H;, (i =
1,2,...,5) be as in Theorem 9, and suppose that the system of
matrix equations (13) and (11) is consistent, respectively. Denote
the set of all solutions to (13) by S and (11) by G. Then, one has
the following:

(a) there exist X € GandY € S such that (X + X*) >
(Y +Y") ifand only if

i, (H)-r(A)-r(A) = p,
i, (Hy) =7 (By)-1r(A;) = p.

(b) there exist X € GandY € S such that (X + X*) <
(Y +Y") ifand only if

i_(H)-r(A)-r(A;) = p,
i (HZ) - 7’(31) - T(Az) zp

(c) there exist X € GandY € S such that (X + X*) >
(Y +Y7) if and only if

(59)

(60)

r(Hs) - p+i_(H;)~r(Hy) <0,
(61)
r(Hs) - p+i_(H;)—r(Hy) <0,

(d) there exist X € GandY € S such that (X + X*) <
(Y +Y") ifand only if
r(Hy) - p+i, (Hy) -r(H,) <0,
(62)
r(Hs) - p+i, (H,) - r(Hs) <0,

(e) X+X")>{ Y +Y")forallX € GandY € Sifand
only if
r(Hy)-p+i, (H)-r(Hy) = p
or r(Hs)-p+i,(H,)~r(Hs) = p,

) X+X )<Y +Y")forall X € GandY € Sifand
ontly if
r(H;) = p+i_(Hy) —r(Hy) = p
or r(H;)-p+i_ (Hy)-r(Hs)=p,
(g X+X")=2(Y+Y")forall X e GandY € Sifand
only if
i_(H)-r(A;)-7(A;)<0

(63)

(64)

(65)
or i_(H,)—r(B))-r(A,)<0,



(h) X+X")< (Y +Y")forall X e GandY € Sifand
only if
i, (Hy)-r(A))-7(A;)<0
(66)
or i, (Hy)-r(By)-r(A;)<0,

(i) there exist X € GandY € Ssuch that (X + X™) — (Y +
Y") is nonsingular if and only if
r(Hy) = 2r(Ay) =2r(A,) 2 p,

r(H,) = 2r(B;) - 2r (A,) = p, (67)

r(H;) - 2r(A;) —r(A;) -1 (B,) = p.

4. The Solvability Conditions and the General
Solution to System (6)

We now turn our attention to (6). We in this section use
Theorem 9 to give some necessary and sufficient conditions
for the existence of a solution to (6) and present an expression
of the general solution to (6). We begin with a lemma which
is used in the latter part of this section.

Lemma 11 (see [14]). Let A, € C™™, B, € C"™™, C, €
CT, and E, € C;""™ be given. Let A = Ry B, B=C\R, ,
E=R, E\Ry,M=RyB",N=A"Ly and$ = B"L,,. Then
the following statements are equivalent:

(1) equation (5) is consistent,

(2)
RyR4,E=0, R4,ER,=0, LpELy=0, (68)
©)
E, B, C; A .
r[Al{ 0 o Ol]=r[31 C; Al+r(4,),
El Bl Al-
r{A] 0 0 |=2r[B, A,],
B; 0 0| (69)
El C;‘ Al-
r{A] 0 0 |=2r[C] A].
C, 0 0|

In this case, the general solution of (5) can be expressed as
Y = % [A*EBT ~ A'B*M'EB' - ATS(B') ENA" B
+ATE(M")" + (NT) EB'SS| + LV, + V,Ry
+U,LgLy, + RyU; Ly, — ATSU,RyA* BT,
X = Al [E, - B,YC, - (B,YC,)"]
- %A“; [E, - B,YC, - (B,YC,)"] A, Al

- ATW AT+ WAL AT+ Ly W,
(70)
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where Uy, U,, V}, V,, Wy, and W, are arbitrary matrices over
C with appropriate sizes.

Now we give the main theorem of this section.

Theorem 12. Let A;, C;, (i = 1,2,3), B;, and Dj, (7=1,3) be
given. Set

A=BiL,, B=CL,,
C=RyD;,  F=R,B, o
G=CR,, M =R;G",
N=F'Lg, S=G'Ly,
D= A, - B,AlC, - (B,ALC,)
-G, (AlC, + L, D,B]) D, (72)
- D;(Alc, +L, DB C;,
E=R,DR,. (73)

Then the following statements are equivalent:

(1) system (6) is consistent,

(2) the equalities in (14) and (17) hold, and

RyR;E=0,  RyER,=0, LGEL;=0, (74)

(3) the equalities in (15) and (18) hold, and

Ay Gy D; B, Cé: C, D! B,

B, 0 0 0 A A0 o A
r{CD; A, 0 0 0 |=r 01 B 0 +r[32],
D/C; 0 B 0 0 o 0 A 3

C, 0 0 A, O 2
[ A3 C3 B3 D;CT C;- _ .
C; 0 0 A} 0 C; B,
r|{ By 0 0 0 AS|=2r|A, 0|,
C,D; A, 0 0 0 0 A,]
| C, 0 A, 0 0]
[ A, D; B, C;D;, C; ] ) )
D, 0 0 B 0 D; B,
r| B; 0 0 0 Ai|=2r|B 0
DiC; Bf 0 0 0 | 0 A,
C, 0 A, 0 0

(75)

In this case, the general solution of system (6) can be expressed
as

)
X =ANC, +L AU,
. ) (76)
Y = ALC, + Ly DB} + L, VRy,
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where
V= % [F*EGT - F'G*M'EG" - F's(G") EN'F*G'
+FTE(M")" + (N') EG™S'S] + LV,
+V,R; + U, LgLy; + RyU; Ly, — F'SU,RyF*G',
U = A"[D-BVC - (BVC)*]
- %A* [D - BVC - (BVC)*] AAT

- A'W, A + W AAT + LW,
(77)

where Uy, U,, V|, V,, Wy, and W, are arbitrary matrices over
C with appropriate sizes.

Proof. (2) & (3): Applying Lemma 3 and Lemma 11 gives

RyRpE =0 & r(RyRzE)

D C, DI By 0
B: 0 0 0 A
er[0 A, 0 0 0
0 0 B 0 0
0 0 0 A, 0
C, D! B,
a0 o A, (78)
NS s o | [B
0 0 A,
A, C, D! B, C}
BE 0 0 0 A%
er|CD, A, 0 0 0
DIC: 0 BF 0 0
C, 0 0 A, 0
C, D! B,
|40 0 r[Az]
0 B 0 B,
0 0 A,

By a similar approach, we can obtain that

A, C, B, DIC' C;
c: 0 0 A 0

RpERp=0<=r| B 0 0 0 A
CD; A, O 0 0
C, 0 A, O 0
G B
=2r|A;, 0|,

0 A,

0
LGEL=0&7r| B; 0 0

0 A
DICI B 0 0 0
C, 0 A, 0 0]
D; B,
=2r| B 0
0 A,

(79)

(1) © (2): We separate the four equations in system (6) into
three groups:

AY=C,, YB =D, (80)

A,X =C,, (81)
B;X + (B;X)" + C;YD; + (C,YD;)" = A, (82)

By Lemma 1, we obtain that system (80) is solvable if and
only if (14), (81) is consistent if and only if (17). The general
solutions to system (80) and (81) can be expressed as (16) and
(19), respectively. Substituting (16) and (19) into (82) yields

AU + (AU)" + BVC + (BVC)* = D. (83)

Hence, the system (5) is consistent if and only if (80), (81), and
(83) are consistent, respectively. It follows from Lemma 11 that
(83) is solvable if and only if

RyRzE =0, RpERy =0, LgEL;=0.  (84)
We know by Lemma 11 that the general solution of (83) can

be expressed as (77). O

In Theorem 12, let A; and D, vanish. Then we can obtain
the general solution to the following system:
AZX = Cz, YB] = Dl)
. . (85)
B;X + (B3 X)" +C3YD; + (C3YD;)" = As.

Corollary 13. Let A,, C,, B}, D}, B;, C3, Dy, and A; = A}
be given. Set

A=B,L,, C=RyD;
F=R,C;,  G=CR,
M=R,G", N=F'Lg
$=G'Ly, (86)

D= 4, - B,AlC, - (B,AlG,)
- C3D1BID3 - (C3D131D3)*a

E=R,DR,.
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Then the following statements are equivalent:

(1) system (85) is consistent

(2)
RyC,=0, DLy =0, RyRE=0, (87)
RpER, =0, LGEL; =0, (88)
(3)
D,
A Gl=r(a, D] =r0),
A C, D B, C; "
? S C; D; B
By 00 0 A o B o |+4r|2
pic; 0 By o o |70 A D B, |’
C, 0 0 A, 0 2
A; C; By C)
C: 0o 0 0 _Zr[c3 33]
B 0 0 A 0 A,
C, 0 A, 0
A, D! By CD, C]
D. 0 0 B, 0 D! B,
r| B; 0 0 0 Al|=2r|B] 0
DICI B 0 0 0 0 A,
C, 0 A, 0 0
(89)

In this case, the general solution of system (6) can be expressed
as

X=ANC,+L, U,
(90)
Y =D,B] + VR,
where
1 % * *
V=2 [F'EG" - F'G"M'EG" - F's(G") ENF*G'
+FTE(MT) "+ (') EG™S'S| + LV,
+VyRg + U, LgLy; + RyU; Ly, — E'SU,RGF* G,

U=A"[D-C,VC-(CvO)|
- %A* [D-C,vC - (CvC) | AAT

- A'W, A+ W AAT + LW,
(o1
where Uy, U,, Vy, V,, Wy, and W, are arbitrary matrices over
C with appropriate sizes.
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Left and right inverse eigenpairs problem for x-hermitian matrices and its optimal approximate problem are considered. Based on
the special properties of x-hermitian matrices, the equivalent problem is obtained. Combining a new inner product of matrices,
the necessary and sufficient conditions for the solvability of the problem and its general solutions are derived. Furthermore, the
optimal approximate solution and a calculation procedure to obtain the optimal approximate solution are provided.

1. Introduction

Throughout this paper we use some notations as follows. Let
C™"™ be the set of all n x m complex matrices, UC™", HC™",
SHC™" denote the set of all  x n unitary matrices, hermitian
matrices, skew-hermitian matrices, respectively. Let A, AH,
and A" be the conjugate, conjugate transpose, and the Moore-
Penrose generalized inverse of A, respectively. For A,B ¢
C™™ (A, B) = re(tr(B™ A)), where re(tr(B” A)) denotes the
real part of tr(BH A), the inner product of matrices A and B.
The induced matrix norm is called Frobenius norm. That is,
JAI = (A, )1 = (er(A™A)2.

Left and right inverse eigenpairs problem is a special
inverse eigenvalue problem. That is, giving partial left and
right eigenpairs (eigenvalue and corresponding eigenvector),
(Apx;)yi= 1.,k () y;), j = 1,...,1, a special matrix set
S, finding a matrix A € S such that

Ax; = Aix;, i=1,...,h,
@

ijA = /,tjij, j=1...,1L
This problem, which usually arises in perturbation analysis
of matrix eigenvalues and in recursive matters, has profound
application background [1-6]. When the matrix set S is
different, it is easy to obtain different left and right inverse

eigenpairs problem. For example, we studied the left and
right inverse eigenpairs problem of skew-centrosymmetric
matrices and generalized centrosymmetric matrices, respec-
tively [5, 6]. Based on the special properties of left and right
eigenpairs of these matrices, we derived the solvability condi-
tions of the problem and its general solutions. In this paper,
combining the special properties of x-hermitian matrices and
anew inner product of matrices, we first obtain the equivalent
problem, then derive the necessary and sufficient conditions
for the solvability of the problem and its general solutions.
Hill and Waters [7] introduced the following matrices.

Definition 1. Let k be a fixed product of disjoint transposi-
tions, and let K be the associated permutation matrix, that is,
K = K7 = K, K* = I, a matrix A € C™" s said to be -
hermitian matrices (skew x-hermitian matrices) if and only
if a;; = Gy (@ = =k )> i = 1., n. We denote the
set of x-hermitian matrices (skew x-hermitian matrices) by
KHC™" (SKHC™").

From Definition 1, it is easy to see that hermitian matrices
and perhermitian matrices are special cases of x-hermitian
matrices, with k(i) = i and k(i) = n — i + 1, respectively.
Hermitian matrices and perhermitian matrices, which are
one of twelve symmetry patterns of matrices [8], are applied
in engineering, statistics, and so on [9, 10].



From Definition 1, it is also easy to prove the following
conclusions.

(1) A € KHC™" if and only if A = KA"K.
(2) A € SKHC™" if and only if A = ~KA"K.

(3) If K is a fixed permutation matrix, then KHC™" and
SKHC™" are the closed linear subspaces of C"" and

satisfy
C™" = KHC™" EB SKHC™™, (2)

The notation V; @ V, stands for the orthogonal direct sum of
linear subspace V; and V.

(4) A € KHC™" if and only if there is a matrix A €
HC™" such that A = KA.
(5) A € SKHC™™" if and only if there is a matrix A €
SHC™" such that A = KA.
Proof. (1) From Definition 1, if A = (a;) € KH " then
(2) With the same method, we can prove (2). So, the proof
is omitted.

(3) (a) Forany A € C™", there exist A; € KHC™",
A, € SKHC™" such that

A=A, +A, 3)

where A, = (1/2)(A + KAPK), A, = (1/2)(A -
KAPK).

(b) If there exist another A, € KHC™", A, ¢
SKHC™" such that

A=A +A, (4)
(3)-(4) yields
A -A =-(4,-4,). (5)

Multiplying (5) on the left and on the right by
K, respectively, and according to (1) and (2), we
obtain

A -A =A,-A, (6)

Combining (5) and (6) gives A| = ALA,=A,.
(c) Forany A, € KHC™", A, € SKHC™", we have

(A}, A,) = re(tr (A5 A))) = re(tr (KAYKKA,K))

=re(tr(-AYA,)) = (A, A,).
)

This implies (A, A,) = 0. Combining (a), (b),
and (c) gives (3).

(4) Let A = KA, if A € KHC™" then A" = A& € HC™".
IfA" = A € HC™ then A = KA and KAYK = KA KK =
KA = A e KHC™.

(5) With the same method, we can prove (5). So, the proof
is omitted. O
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In this paper, we suppose that K is a fixed permutation
matrix and assume (A;,x;), i = 1,...,h, be right eigenpairs
of A; (ujy;), j = 1,....1 be left eigenpairs of A. If we let
X = (xp...,x,) € C"" A = diag(A,...,4,) € C",
Y = (yp,..., ) € CPLT = diag(uys ..., ) € C™, then the
problems studied in this paper can be described as follows.

Problem 2. Giving X € C™", A = diag(A,,...,A,) € C™%;
Y € C™,T = diag(yy, ..., ) € C™, find A € KHC™" such

that
AX = XA,
. . (8)
Y A=TY".
Problem 3. Giving B € C™", find A € S such that
|- 4] = min 18- A1, ©)

where Sy, is the solution set of Problem 2.

This paper is organized as follows. In Section 2, we first
obtain the equivalent problem with the properties of KHC™"
and then derive the solvability conditions of Problem 2 and its
general solution’s expression. In Section 3, we first attest the
existence and uniqueness theorem of Problem 3 then present
the unique approximation solution. Finally, we provide a
calculation procedure to compute the unique approximation
solution and numerical experiment to illustrate the results
obtained in this paper correction.

2. Solvability Conditions of Problem 2
We first discuss the properties of KHC™"

Lemma 4. Denoting M = KEKGE, and E € HC"™", one has
the following conclusions.

(1) IfG € KHC™™", then M € KHC™™".

(2) If G € SKHC™", then M € SKHC™".

(3) If G = G, + G,, where G, € KHC™", G, € SKHC™",
then M € KHC™" if and only if KEKG,E = 0. In
addition, one has M = KEKG, E.

Proof. 1) KM"K = KEGMKEKK = KE(KGK)KE

KEKGE = M.

Hence, we have M ¢ KHC™".

(2) KMPK KEGHKEKK = KE(-KGK)KE =
—-KEKGE = —M.

Hence, we have M € SKHC™".

(3) M = KEK(G, + G,)E = KEKG,E + KEKG,E, we
have KEKG,E € KHC™", KEKG,E € SKHC™" from (1)
and (2). If M € KHC™”, then M — KEKG,E € KHC™",
while M- KEKG, E = KEKG,E € SKHC™". Therefore from
the conclusion (3) of Definition 1, we have KEKG,E = 0, that
is, M = KEKG, E. On the contrary, if KEKG,E = 0, itis clear
that M = KEKG, E € KHC™". The proof is completed. ~ [J

Lemma 5. Let A € KHC™", if (A, x) is a right eigenpair of A,
then (A, KX) is a left eigenpair of A.
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Proof. If (A, x) is a right eigenpair of A, then we have
Ax = Ax. (10)

From the conclusion (1) of Definition 1, it follows that

KA"Kx = Ax. 11)

This implies
(K%) A = MKx)". (12)
So (A, KX) is a left eigenpair of A. O

From Lemma 5, without loss of the generality, we may
assume that Problem 2 is as follows.

XeCc™,  A=diag(A,...,A,) eC™,
(13)

Y = KX e C™", I=AecC,

Combining (13) and the conclusion (4) of Definition 1, it
is easy to derive the following lemma.

Lemma 6. If X, A, Y, I are given by (13), then Problem 2 is
equivalent to the following problem. If X, A, Y, T are given by
(13), find KA € HC™" such that

KAX = KXA. (14)

Lemma?7 (see [11]). Ifgiving X € C™", B € C™", then matrix
equation AX = B has solution A € HC™" if and only if

B=BX'X, B x = xB. (15)

Moreover, the general solution A can be expressed as

A=BX"+Bx") (I, - Xx*)
(16)

+(I, - XX")G(I,- XX*), VGeHC™.

Theorem 8. If X, A, Y, T are given by (13), then Problem 2 has
a solution in KHC™" if and only if

XPKXA =AX"KX, XA=XAX'X. (17)
Moreover, the general solution can be expressed as
A=A,+KEKGE, VG e KHC™, (18)
where
Ay = XAX' + KXAXYH'KE, E=1,-XX'. (19)

Proof. Necessity: If there is a matrix A € KHC™" such that
(AX = XA, YTA =TYT), then from Lemma 6, there exists a
matrix KA € HC™" such that KAX = KXA, and according
to Lemma 7, we have
KXA = KXAX'X, (KXA)PX = X7 (KXA).  (20)

It is easy to see that (20) is equivalent to (17).

Sufficiency: If (17) holds, then (20) holds. Hence, matrix
equation KAX = KXA has solution KA € HC™". Moreover,
the general solution can be expressed as follows:

KA = KXAX" + (KXAX D)™ (I, - XX*)
(21)

+(I, - XX")G(1,- XX*), VYGeHC™.

Let

Ay = XAXY + K(XAXYHTKE,  E=1,-Xxx'. (22)

This implies A = A, + KEGE. Combining the definition of
K, E and the first equation of (17), we have

KAYK = K(XAXH)TK + XAX* - K(XX")"K (XAX")
= XAX" + K(XAX")"K - K(xAX") KxX*
= A,.
(23)

Hence, A, € KHC™". Combining the definition of K, E, (13)
and (17), we have

AoX = XAX*X + K(XAX') K (I, - XX*) X = XA,
YA, = XPKXAX' + XPKK(XAXY)KE
= AXPRXXY + (KXAX' X)) (I, - XX*)
= AX"RXX" + AX"K (I, - XX7)
= Ax"K =1Y".
(24)

Therefore, A, is a special solution of Problem 2. Combining
the conclusion (4) of Definition 1, Lemma 4, and E = I, —
XX* € HC™", it is easy to prove that A = A, + KEKGE ¢
KHC™" if and only if G € KHC™". Hence, the solution set
of Problem 2 can be expressed as (18). O]

3. An Expression of the Solution of Problem 3

From (18), it is easy to prove that the solution set Sy of
Problem 2 is a nonempty closed convex set if Problem 2 has
a solution in KHC™". We claim that for any given B € R™",
there exists a unique optimal approximation for Problem 3.

Theorem 9. Giving B € C™", ifthe conditions of X, Y, A, T are
the same as those in Theorem 8, then Problem 3 has a unique
solution A € Sg. Moreover, A can be expressed as

A=A, +KEKB,E, (25)
where A, E are given by (19) and B, = (1/2)(B + KBHK).

Proof. Denoting E, = I, —E, itis easy to prove that matrices E
and E, are orthogonal projection matrices satisfying EE; = 0.
It is clear that matrices KEK and KE, K are also orthogonal



projection matrices satisfying (KEK)(KE, K) = 0. According
to the conclusion (3) of Definition 1, for any B € C™”, there
exists unique

B, e KHC™, B, € SKHC™ (26)
such that
B= Bl + BZ’ <Bl’ Bz) =0, (27)
where
1 H 1 H
31=5(3+KB K), BZ=E(B—KB K). (28)

Combining Theorem 8, for any A € S, we have
IB - Al°
= |B - A, - KEKGE|
= |B, + B, - A, - KEKGE|
= |B, - A, - KEKGE| + ||B,|*
= |(B, - A,) (E + E,) - KEKGE|" + | B,
= (B, - A,) E - KEKGE|*
(B = A) Ei[|” + B,

= |K (E+E,)K (B, - A,) E - KEKGE|’

0.5661 —0.2014 - 0.1422i

—-0.2627 + 0.1875i
—0.4132 + 0.2409i
—-0.0306 + 0.2109i
0.0842 - 0.1778i
0.0139 - 0.3757i
0.0460 + 0.3276i
0.0085 - 0.1079i

X =

0.5336
0.0226 - 0.0271i
—0.3887 — 0.0425i
—-0.0004 - 0.3733i
—-0.2363 + 0.3856i
—0.1114 + 0.0654i

—-0.3967 — 0.4050i

0
0
0
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+](B, = A0 Eu + B
= |KEK (B, - A,) E — KEKGE|®
+|[KE,K (B, - Ao) E|

+ (B, - Ao)Eln2 + "32"2-
(29)

It is easy to prove that KEKAJE = 0 according to the
definitions of A, E. So we have

IB - A|* = |KEKB, E - KEKGE| + | KE,K (B, - A,) E||°

+ B, - AQE, |’ + By

(30)
Obviously, min AeS; | B — All is equivalent to
min || KEKB,E - KEKGE]|.
oenin,, [KEKB, “ G

Since EE, = 0,(KEK)(KE,K) = 0, it is clear that G =
B, + KE,KGE,, for any G € KHC™", is a solution of (31).
Substituting this result to (18), we can obtain (25). O]

Algorithm 10. (1) Input X, A, Y, T according to (13). (2)
Compute X7KXA, AX?KX, XAX*X, XA, if (17) holds,
then continue; otherwise stop. (3) Compute A, according to
(19), and compute B, according to (28). (4) According to (25)
calculate A.

Example 11 (n =8, h =1 = 4).

0.1446 + 0.2138i 0.524

—-0.2110 - 0.4370i —0.0897 + 0.3467i
—0.1095 + 0.2115i —0.3531 — 0.0642i
0.2531 +0.2542i  0.0094 + 0.2991i
0.3228 = 0.1113i  0.1669 + 0.1952i ’
0.2583 +0.0721i  0.1841 — 0.2202i
—0.0521 - 0.2556i —0.2351 + 0.30021

0.0974 + 0.3610i 0.5060 ~0.2901 — 0.0268i
0 0 0
-0.3967 + 0.4050i 0 0
0 0.0001 0 ’
0 0  —0.0001i
00000001
00000010
00000100
Kk-| 00010000
]l oooo01000 |
00100000
01000000
10000000
Y = KX, T=A

(32)
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B =

From the first column to the fourth column

—-0.5218 + 0.0406i
0.3909 - 0.3288i
0.2162 — 0.1144i

—0.1872 - 0.0599i -0.0061 + 0.4698i

—-0.1227 - 0.0194i
—0.0893 + 0.4335i
0.1040 — 0.20151
0.1808 + 0.2669i

From the fifth column to the eighth column

—-0.2638 — 0.4952i
—-0.2741 - 0.1656i
—0.1495 - 0.3205i
—-0.2554 + 0.2690i
0.3856 - 0.0619i
—-0.1130 + 0.0766i
0.1216 + 0.0076i
—-0.0750 — 0.3581i

0.2267 — 0.0560i
0.2823 — 0.2064i

—0.1202 + 0.0820:
—-0.0438 - 0.0403i

—-0.4307 + 0.2474i —0.0010 — 0.0412i

0.2477 — 0.0606i
0.0662 + 0.0199i
0.1840 + 0.2276i
0.2264 + 0.3860i

—-0.0863 — 0.1664i 0.2687 + 0.1958i
—0.0227 + 0.2684i 0.1846 + 0.2456i
0.1391 + 0.2434i
—-0.4222 - 0.1080i 0.2232 + 0.0774i
0.1217 - 0.0270i
0.7102 - 0.0901i
0.2343 - 0.1772i
0.0125 + 0.0964i

0.1942 - 0.5211i

0.1106 - 0.3090i
0.1017 + 0.1397i
0.5242 - 0.0089i
0.0779 - 0.1074i

0.3605 — 0.0247i
0.3918 + 0.6340i
—0.0177 — 0.1412i
0.2681 — 0.3526i
—-0.1791 + 0.1976i

—-0.0072 - 0.3362i
0.2707 + 0.0547i
0.2164 - 0.1314i
0.4251 + 0.1869i
0.1226 + 0.0636i
0.4047 + 0.2288i

—-0.5252 + 0.1022i

—-0.0961 - 0.0117i

(33)

—-0.2544 - 0.1099i
—-0.0298 + 0.5163i
—0.3052 - 0.1468i
0.0965 — 0.0421i
—-0.1122 + 0.2379i
—0.0445 + 0.0038i
—-0.0613 + 0.0258i
0.6735 — 0.0266i

(34)

It is easy to see that matrices X, A, Y, T satisfy (17). Hence,
there exists the unique solution for Problem 3. Using the

software “MATLAB”, we obtain the unique solution A of
Problem 3.

From the first column to the fourth column

—-0.1983 + 0.0491i
0.1071 - 0.2992i
0.1935 - 0.1724i
0.0085 - 0.2373i

—-0.0529 + 0.1703i
0.0855 + 0.10651
0.1283 — 0.1463i
0.2498 + 0.0000i

From the fifth column to the eighth column

0.2399 - 0.1019i
—0.1955 + 0.0644i
0.0074 + 0.0339i
0.0232 + 0.2351i
—0.0545 - 0.0000:
0.1266 — 0.1752i
0.1949 + 0.0719i
—-0.0529 - 0.1703i

0.1928 — 0.1488i
0.2925 + 0.1872i
—-0.3132 - 0.0000:
—0.2154 + 0.0636i —0.0946 — 0.0489i
—-0.1955 - 0.0643i
—-0.0533 + 0.3857i
0.2106 — 0.2381i
0.1071 + 0.2992i

0.0074 — 0.0339i
0.0200 + 0.0665i
—0.0855 + 0.0370i
0.1935 + 0.1724i

0.1648 + 0.0032i
0.2106 + 0.2381i

—0.0855 - 0.0370i
—0.0843 - 0.1920i

0.1948 — 0.0719i
0.0325 - 0.2068i

—-0.0467 + 0.0000i

0.1283 + 0.1463i

—0.3480 — 0.2574i
0.3869 + 0.0000i
0.2926 - 0.1872i

0.0002 + 0.10651
—0.0533 - 0.3856i
0.0200 — 0.06651
0.0136 + 0.0382i
0.1266 + 0.1752i
0.2624 + 0.00007
0.0325 + 0.2067i
0.0855 — 0.10651

0.1308 + 0.2690i
—0.0946 + 0.0488i
—-0.2155 - 0.0636i
—-0.0328 - 0.0000:

0.0232 - 0.2351i

0.0136 — 0.0382i
—0.0843 + 0.1920i

0.0086 + 0.2373i

(35)

0.1017 — 0.0000i
—0.3481 + 0.2574i
0.1928 + 0.1488i
0.1309 — 0.2691i
0.2399 + 0.1019i
0.0002 - 0.10651
0.1648 — 0.0032i
—-0.1983 - 0.0491i

(36)
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This paper considers a completion problem of a nonsingular 2 x 2 block matrix over the real quaternion algebra H: Let
m,, m,, n;, n, be nonnegative integers, m, + m, =n; +n, =n > 0,and A;, € H" " A, € H™ A,, e H™*",B,, € H"*™
be given. We determine necessary and sufficient conditions so that there exists a variant block entry matrix A,, € H™"™ such that

A= ( 2; 2; ) € H™" is nonsingular, and B, is the upper left block of a partitioning of A™". The general expression for A, is also
obtained. Finally, a numerical example is presented to verify the theoretical findings.

1. Introduction

The problem of completing a block-partitioned matrix of a
specified type with some of its blocks given has been studied
by many authors. Fiedler and Markham [1] considered the
following completion problem over the real number field R.
Supposem,, m,, n,, n, are nonnegative integers, m, +m, =
m+n, =n>0, Ajp € R™M AL, e R™™ ) A, e R,
and B,, € R™ ™2, Determine a matrix A,, € R™™ such
that

A, A
A= 11 12> 1
(AZI As g

is nonsingular and B,, is the lower right block of a partition-
ing of A™'. This problem has the form of

Ay AR\ (72
<A21 ? B ?BZZ ’ (2)

and the solution and the expression for A,, were obtained in
[1]. Dai [2] considered this form of completion problems with
symmetric and symmetric positive definite matrices over R.

Some other particular forms for 2 x 2 block matrices over
R have also been examined (see, e.g., [3]), such as

-1
(All A12> (Bll ?>
A, 7 : )
Ay 2\ (72 3)
? 2 ? By )
A, ?*\' (7 B,
? Ay T \By 7 )

The real quaternion matrices play a role in computer
science, quantum physics, and so on (e.g., [4-6]). Quaternion
matrices are receiving much attention as witnessed recently
(e.g., [7-9]). Motivated by the work of [1, 10] and keeping
such applications of quaternion matrices in view, in this paper
we consider the following completion problem over the real
quaternion algebra:

H= {a0+a1i+azj+a3k|
(4)
i =j2 =K =ijk = -1 and ay,a,,a,,a; € IR}.

Problem 1. Suppose m,, m,, n,, n, are nonnegative inte-
1 2» N My
gers, m; +m, = n;, +n, = n > 0,and A}, € H™"™,



A, € H™™, A,, € R™™, B, € H"™. Find a matrix
A, € ™™ such that

A= (AH A12> e W™ 5)

A21 A22

is nonsingular, and By, is the upper left block of a partitioning

of A", That is
( ? A12>_1=(B” ?)) ©)
A, A, ? 2

where H™" denotes the set of all 1 x n matrices over H and
A7! denotes the inverse matrix of A.

Throughout, over the real quaternion algebra H, we
denote the identity matrix with the appropriate size by I, the
transpose of A by A”, the rank of A by r(A), the conjugate
transpose of Aby A* = (A)T, a reflexive inverse of a matrix A
over H by A" which satisfies simultaneously AA*A = A and
ATAAY = A".Moreover, L, = I-ATA, R, = [-AA", where
A" is an arbitrary but fixed reflexive inverse of A. Clearly, L ,
and R, are idempotent, and each is a reflexive inverse of itself.
R (A) denotes the right column space of the matrix A.

The rest of this paper is organized as follows. In Section 2,
we establish some necessary and sufficient conditions to solve
Problem 1 over H, and the general expression for A, is also
obtained. In Section 3, we present a numerical example to
illustrate the developed theory.

2. Main Results

In this section, we begin with the following lemmas.

Lemma 1 (singular-value decomposition [9]). Let A € H™"
be of rank r. Then there exist unitary quaternion matrices U €
H™™ and V' € H™" such that

D, 0
UAV:(0 0), (7)

where D, = diag(d,,...,d,) and the d;5s are the positive
singular values of A.

Let H! denote the collection of column vectors with n
components of quaternions and A be an m x n quaternion
matrix. Then the solutions of Ax = 0 form a subspace of H
of dimension n(A). We have the following lemma.

Lemma 2. Let

A Ap
<A21 A ®)
be a partitioning of a nonsingular matrix A € H™", and let
By By,
(Bm By, ©)

be the corresponding (i.e., transpose) partitioning of A~'. Then
n(A,,) = n(By,).
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Proof. 1t is readily seen that

<B22 BZI)
BIZ Bll

(Azz A21>
Ap Aqy
are inverse to each other, so we may suppose that n(A ;) <
n(B,,).

If n(B,,) = 0, necessarily n(A ;) = 0 and we are finished.
Let n(B,,) = ¢ > 0, then there exists a matrix F with c right

linearly independent columns, such that B,,F = 0. Then,
using

(10)

ApBpy + ApBy =0, (11)
we have
A,,B,F =0. (12)
From
Ay By, + AyBy =1, (13)
we have
A, B,F=F. (14)

It follows that the rank r(B,,F) > c. In view of (12), this
implies

n(Ay) =7 (B,F) = c=n(By). (15)

Thus
n(Ay)=n(By). (16)
O

Lemma 3 (see [10]). Let A € H™", B € H”9, D € H™ be
known and X € WP unknown. Then the matrix equation

AXB =D 17)
is consistent if and only if
AA'DB'B = D. (18)
In that case, the general solution is
X =A"DB" +L,Y, +Y,Rp, (19)

whereY,, Y, are any matrices with compatible dimensions over
H.

By Lemma 1, let the singular value decomposition of the
matrix A,, and By; in Problem 1 be

an=0Q(5 o) (20)
By, = U<§ 8) v, 21
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where A = diag(A,, A,,...,A,) is a positive diagonal matrix,
A;#0 (G = 1,...,s) are the singular values of A,,, s =
r(Ay,), X = diag(o,,05,...,0,) is a positive diagonal matrix,
0;#0 (i = 1,...,r) are the singular values of B;; and r =
r(Byy)-

Q = (Q1 Qz) € [H]mzxmz’ R = (R1 Rz) € anxnz’
U= (U, U, e H™, V = (V; V,) € H™™ are unitary
quaternion matrices, where Q; € H™ R, € H™™, U; €
H™", and V; € H™",

Theorem 4. Problem 1 has a solution if and only if the
following conditions are satisfied:

@r(3:)=r

(b) n, —r(A,,) =my —r(Byy), thatisn, —s =m, —r,
(c) R(A,Byy) € R(A),

(d) R(A},By;) € R(AS,).

In that case, the general solution has the form of

AT'QIALUE 0 1)
H _(VZ*AIZRZ) (22)

xV*B], +Y - YB, B},

Ay = BL + AIZR(

ny—S)X1

where H is an arbitrary matrix in H and Y is an

arbitrary matrix in H™™,

Proof. If there exists an m,; x n; matrix A, such that A is
nonsingular and B, is the corresponding block of A™", then
(a) is satisfied. From AB = BA = I, we have that

AyBiy+AyBy =0,
(23)
Bi1Ay; + B Ay, =0,

so that (c) and (d) are satisfied.
By (11), we have
r(Ayp)+n(Ay) =mny, 7 (Byy) +n(Byy) =my. (24)
. Ay Ay . .
From Lemma 2, Notice that ( An oAb ) is the corresponding

partitioning of B™', we have
n(By) =n(A,), (25)
implying that (b) is satisfied.
Conversely, from (c), we know that there exists a matrix
K e H™™ such that
AyBy = ApK (26)
Let
B,, = -K. (27)

From (20), (21), and (26), we have

A21U<§ g)v* =Q<’8 8) R*K. (28)

3
It follows that
* 20 * _ * A O *
QA21U<0 0>v V=0Q Q(O 0>R KV. (29)
This implies that
(QIAZIUI QrAuUz) (Z 0)
QAU QAU 00
(30)
-(49) (RrKvl R;‘sz)
0 0/\R;KV, R;KV,
Comparing corresponding blocks in (30), we obtain
Q, AU, =0. (31)
Let R*KV = K. From (29), (30), we have
_ [(AT'QIALUE 0
R= ( Q Ay, ) ,
H Ky (32)
H e I]_I](nz—s)xr) K22 c [H](”Z_S)X(ml_r).
In the same way, from (d), we can obtain
V] A,R, = 0. (33)

Notice that ( 1‘2; ) in (a) is a full column rank matrix. By (20),
(21), and (33), we have

A 0
0 Q" \(Ap\, _ 0 . 0
<V* 0)<A22 R=1 via R, viALR, | (34)
Vy AR, V7ALR,

so that

A 0
0 0
=T VIALR, VAR, (35)

VyApRy VyALR,
=r(A)+r (Vz*AuRz)
=s+r(V;ApR,).

It follows from (b) and (35) that VZT A,R, is a full column
rank matrix, so it is nonsingular.
From AB = I, we have the following matrix equation:

AyBy +ARBy, =1, (36)
that is

AB, =1-A;B,, IeH™™, (37)



where B;;, A,, were given, B,; = -K (from (27)). By
Lemma 3, the matrix equation (37) has a solution if and only
if

(I-A;By) B;lBll =1-Ap,By. (38)

By (21), (27), (32), and (33), we have that (38) is equivalent to:
0N (20,
(I+A12K)V< 0 O>U U(O O>V =1+ A,K. (39)

We simplify the equation above. The left hand side reduces to
(I + A;,K)V,V}" and so we have

ARKVV = ALK =1-V, V] (40)
So,
T Y rk * TFy rk Vl* *
ALRKV VIV = ALRKV™ = (V1 V2) v -V
2
(41)
This implies that
—=(V*V, " ~(V* X
A,RK <V;*Vi> Vi —A,RK (V}) =WV, (42)
so that
> I * > Vl* *
A,RK 0 Vi —A,LRK vy =WV,. (43)
So,
~/0 .
_AIZRK <V*) = V2V2 5 (44)
2
and hence,
AT'QIALUE 0 )( 0 )
- (AR, ALR « | =V
( 1250 12 2)( H K22 V2 2Y2
(45)
Finally, we obtain
ALRK,LV) = -V,V,. (46)

Multiplying both sides of (46) by V* from the left, consider-
ing (33) and the fact that V, A |, R, is nonsingular, we have

Ky = _(Vz*A 12R2)_1~ (47)

From Lemma 3, (38), (47), Problem 1 has a solution and the
general solution is

ATQIALULE 0 )
% -1
H —(Vy A,R,) (48)

* ot +
X V*B!, +Y - YB,,B},,

Ay = By, +A12R(

where H is an arbitrary matrix in H"™ ™" and Y is an

arbitrary matrix in H™>™, O
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3. An Example

In this section, we give a numerical example to illustrate the
theoretical results.

Example 5. Consider Problem 1 with the parameter matrices
as follows:

1
AIZ_ >
-k 1+ =j
301 1. 1
S 4
A 22 T (49)
21 1, 1 3 1. ’
—j+ -k —+ i
272 22

It is easy to show that (c), (d) are satisfied, and that
n, = r(ﬁu) =2,
2 (50)
ny,—r(Ay)=m; —r(By) =0,

so (a), (b) are satisfied too. Therefore, we have

11,
s - 2 2/
1 — 1 1 >

-3¢ 3k (51)

where
1 (1 (2v2 0
=51 A=(5 @)
10 1 1 i
1) 0D e
(V2 0 (10
(28 6
We also have
1 (1 i 0
0 k() ne)
(53)
1 1 i 1
=50k v
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By Theorem 4, for an arbitrary matrices Y € H>?, we
have

Ay =B} + ApR(AT'Q A US) VB +Y — YB,, By
1
4

3 1, 1 . 3,
—+-j+-k -+ -i-=j
_ 2 4 4 4 2
1 1 1 3 1 ’
——it—j--k ———i—-— -k
2 4 4 4 4 2
(54)
it follows that
E+1'+l 7+l'—§' 2+j =k
2 4] 4 4 41 2] ]
1. 1.1 3. 1,
A_ E_l+Z]_Zk Z_Z_ij_k -k 1+*]
- 301, 1. 1 >
—+ =i -—j- =k 2 i
2 2 2 2
1. 1 3 1. .
£J+5k E+El 2] k
1 i -1 -1
j k 0 -1
3 1 3
A= -1 - ~-Zj
4 2 4]
1 1 1
-1 -1 ——i —-Zi--j-k
2 2
(55)

The results verify the theoretical findings of Theorem 4.

Acknowledgments

The authors would like to give many thanks to the referees
and Professor K. C. Sivakumar for their valuable suggestions
and comments, which resulted in a great improvement of
the paper. This research was supported by Grants from the
Key Project of Scientific Research Innovation Foundation of
Shanghai Municipal Education Commission (13ZZ080), the
National Natural Science Foundation of China (11171205), the
Natural Science Foundation of Shanghai (11ZR1412500), the
Discipline Project at the corresponding level of Shanghai (A.
13-0101-12-005), and Shanghai Leading Academic Discipline
Project (J50101).

References

[1] M. Fiedler and T. L. Markham, “Completing a matrix when
certain entries of its inverse are specified,” Linear Algebra and
Its Applications, vol. 74, pp. 225-237, 1986.

[2] H. Dai, “Completing a symmetric 2 x 2 block matrix and its
inverse,” Linear Algebra and Its Applications, vol. 235, pp. 235-
245, 1996.

[3] W. W. Barrett, M. E. Lundquist, C. R. Johnson, and H. J.
Woerdeman, “Completing a block diagonal matrix with a
partially prescribed inverse,” Linear Algebra and Its Applications,
vol. 223/224, pp. 73-87,1995.

[4] S. L. Adler, Quaternionic Quantum Mechanics and Quantum
Fields, Oxford University Press, New York, NY, USA, 1994.

[5] A.Razon and L. P. Horwitz, “Uniqueness of the scalar product
in the tensor product of quaternion Hilbert modules,” Journal
of Mathematical Physics, vol. 33, no. 9, pp. 3098-3104, 1992.

[6] J. W. Shuai, “The quaternion NN model: the identification of
colour images,” Acta Comput. Sinica, vol. 18, no. 5, pp. 372-379,
1995 (Chinese).

[7] E Zhang, “On numerical range of normal matrices of quater-
nions,” Journal of Mathematical and Physical Sciences, vol. 29,
no. 6, pp. 235-251, 1995.

[8] E Z. Zhang, Permanent Inequalities and Quaternion Matrices
[Ph.D. thesis], University of California, Santa Barbara, Calif,
USA, 1993.

[9] E Zhang, “Quaternions and matrices of quaternions,” Linear
Algebra and Its Applications, vol. 251, pp. 21-57, 1997.

[10] Q.-W. Wang, “The general solution to a system of real quater-
nion matrix equations,” Computers & Mathematics with Appli-
cations, vol. 49, no. 5-6, pp. 665-675, 2005.



Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 178209, 7 pages
http://dx.doi.org/10.1155/2013/178209

Research Article

Fuzzy Approximate Solution of Positive Fully Fuzzy Linear

Matrix Equations

Xiaobin Guo' and Dequan Shang’

I College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China
2 Department of Public Courses, Gansu College of Traditional Chinese Medicine, Lanzhou 730000, China

Correspondence should be addressed to Dequan Shang; gxbglz@163.com

Received 22 November 2012; Accepted 19 January 2013

Academic Editor: Panayiotis J. Psarrakos

Copyright © 2013 X. Guo and D. Shang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The fuzzy matrix equations A® X ® B = C in which A, B, and C are m x m, nxn, and m x n nonnegative LR fuzzy numbers matrices,
respectively, are investigated. The fuzzy matrix systems is extended into three crisp systems of linear matrix equations according
to arithmetic operations of LR fuzzy numbers. Based on pseudoinverse of matrix, the fuzzy approximate solution of original fuzzy
systems is obtained by solving the crisp linear matrix systems. In addition, the existence condition of nonnegative fuzzy solution is
discussed. Two examples are calculated to illustrate the proposed method.

1. Introduction

Since many real-world engineering systems are too com-
plex to be defined in precise terms, imprecision is often
involved in any engineering design process. Fuzzy systems
have an essential role in this fuzzy modeling, which can
formulate uncertainty in actual environment. In many matrix
equations, some or all of the system parameters are vague
or imprecise, and fuzzy mathematics is a better tool than
crisp mathematics for modeling these problems, and hence
solving a fuzzy matrix equation is becoming more important.
The concept of fuzzy numbers and arithmetic operations
with these numbers were first introduced and investigated
by Zadeh [1, 2], Dubois and Prade [3], and Nahmias [4].
A different approach to fuzzy numbers and the structure
of fuzzy number spaces was given by Puri and Ralescu [5],
Goetschel, Jr. and Voxman [6], and Wu and Ma [7, 8].

In the past decades, many researchers have studied the
fuzzy linear equations such as fuzzy linear systems (FLS), dual
fuzzy linear systems (DFLS), general fuzzy linear systems
(GFLS), fully fuzzy linear systems (FFLS), dual fully fuzzy
linear systems (DFFLS), and general dual fuzzy linear systems
(GDEFLS). These works were performed mainly by Friedman
et al. [9, 10], Allahviranloo et al. [11-17], Abbasbandy et al.

[18-21], Wang and Zheng [22, 23], and Dehghan et al. [24, 25].
The general method they applied is the fuzzy linear equations
were converted to a crisp function system of linear equations
with high order according to the embedding principles
and algebraic operations of fuzzy numbers. Then the fuzzy
solution of the original fuzzy linear systems was derived from
solving the crisp function linear systems. However, for a fuzzy
matrix equation which always has a wide use in control theory
and control engineering, few works have been done in the
past. In 2009, Allahviranloo et al. [26] discussed the fuzzy lin-
ear matrix equations (FLME) of the form AXB = C in which
the matrices A and B are known m xm and nx# real matrices,
respectively; C is a given m x n fuzzy matrix. By using the
parametric form of fuzzy number, they derived necessary
and sufficient conditions for the existence condition of fuzzy
solutions and designed a numerical procedure for calculating
the solutions of the fuzzy matrix equations. In 2011, Guo
et al. [27-29] investigated a class of fuzzy matrix equations
AX = B by means of the block Gaussian elimination method
and studied the least squares solutions of the inconsistent
fuzzy matrix equation AX = B by using generalized inverses
of the matrix, and discussed fuzzy symmetric solutions of
fuzzy matrix equations AX = B. What is more, there are two



shortcomings in the above fuzzy systems. The first is that in
these fuzzy linear systems and fuzzy matrix systems the fuzzy
elements were denoted by triangular fuzzy numbers, so the
extended model equations always contain parameter 7, 0 <
r < 1 which makes their computation especially numerical
implementation inconvenient in some sense. The other one
is that the weak fuzzy solution of fuzzy linear systems AX = b
does not exist sometimes see; [30].

To make the multiplication of fuzzy numbers easy and
handle the fully fuzzy systems, Dubois and Prade [3] intro-
duced the LR fuzzy number in 1978. We know that triangular
fuzzy numbers and trapezoidal fuzzy numbers [31] are just
specious cases of LR fuzzy numbers. In 2006, Dehghan et
al. [25] discussed firstly computational methods for fully
fuzzy linear systems AX = b whose coefficient matrix and
the right-hand side vector are LR fuzzy numbers. In 2012,
Allahviranloo et al. studied LR fuzzy linear systems [32]
by the linear programming with equality constraints. Otadi
and Mosleh considered the nonnegative fuzzy solution [33]
of fully fuzzy matrix equations AX = B by employing
linear programming with equality constraints at the same
year. Recently, Guo and Shang [34] investigated the fuzzy
approximate solution of LR fuzzy Sylvester matrix equations
AX + XB = C. In this paper we propose a general model for
solving the fuzzy linear matrix equation A@ X®B = C, where
A, B,and C are m x m, nx n, and m x n nonnegative LR fuzzy
numbers matrices, respectively. The model is proposed in this
way; that is, we extend the fuzzy linear matrix system into
a system of linear matrix equations according to arithmetic
operations of LR fuzzy numbers. The LR fuzzy solution of
the original matrix equation is derived from solving crisp
systems of linear matrix equations. The structure of this paper
is organized as follows.

In Section 2, we recall the LR fuzzy numbers and
present the concept of fully fuzzy linear matrix equation. The
computing model to the positive fully fuzzy linear matrix
equation is proposed in detail and the fuzzy approximate
solution of the fuzzy linear matrix equation is obtained by
using pseudo-inverse in Section 3. Some examples are given
to illustrate our method in Section 4 and the conclusion is
drawn in Section 5.

2. Preliminaries

2.1. The LR Fuzzy Number

Definition 1 (see [1]). A fuzzy number is a fuzzy set like u :
R — I =0, 1] which satisfies the following.
(1) u is upper semicontinuous,

(2) u is fuzzy convex, that is, u(Ax + (1 — A)y) =
minf{u(x),u(y)} forallx, y € R, A € [0, 1],

(3) u is normal, that is, there exists x, € R such that
u(x,) =1,

(4) suppu = {x € R | u(x) > 0} is the support of the u,
and its closure cl(supp u) is compact.

Let E' be the set of all fuzzy numbers on R.
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Definition 2 (see [3]). A fuzzy number M is said to be an LR
fuzzy number if

L(m—x), x<m, a>0,
o

1)
x-m

B

where m, «, and f3 are called the mean value, left, and right

spreads of M, respectively. The function L(-), which is called
left shape function satisfies

vz (%) =
R< >, x=m, >0,

(1) L(x) = L(-x),

(2) L(0) =1 and L(1) = 0,

(3) L(x) is nonincreasing on [0, 00).

The definition of a right shape function R(:) is similar to
that of L(-).

Clearly, M = (m, «, ), is positive (negative) if and only
ifm-a>0(@m+f<0).

Also, two LR fuzzy numbers M = (m,a, B) g and N =

(n,7y,0).x are said to be equal, if and only if m = n, o = y,
and = 6.

Definition 3 (see [5]). For arbitrary LR fuzzy numbers M =
(m, &, B) g and N = (n,y,8); r, we have the following.

(1) Addition:

MoN =(map),®my.0),=m+na+y f+8),.

(2
(2) Multiplication:
(i) If M > 0and N > 0, then
M®N = (m,a,B); ®(n.7,8) 5 .
= (mn, my + na, md + nf), ;.
(ii) if M < 0 and N > 0, then
M@®N = (m, % B ® (1,7,0), W
= (mn, noc — md, nff — my)y, ,
(iii) if M < 0 and N < 0, then
M ® N = (m, o, ﬁ)RL ® (71, V> S)LR (5)
= (mn, -md — nf, -my — na)y, ,
(3) Scalar multiplication:
AxM=Ax(maB)
(M A AB) A0, (6)

N {()Lm, “AB,—Aa)y, A <O.
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2.2. The LR Fuzzy Matrix

Definition 4. A matrix A = (@;;) is called an LR fuzzy matrix,
if each element a@;; of Ais an LR fuzzy number.

A will be positive (negative) and denoted by A>0(Ac<
0) if each element d;; of A is positive (negative), where a;; =
(aij,afj,afj)LR. Up to the rest of this paper, we use positive
LR fuzzy numbers and formulas given in Definition 3. For
example, we represent m x n LR fuzzy matrix A = (@;), that
ajj = (a,j, s /)’ij)LR with new notation A = (4, M, N), where
A = (a;), M = (a;;) and N = (p;;) are three m x n crisp
matrices. In particular, an n dimensions LR fuzzy numbers
vector X can be denoted by (x, x, x"), where x = (%), X =
(xﬁ) and x” = (x]) are three n dimensions crisp vectors.

Definition 5. Let A= (ﬁij) and B = (Eij) be two m x n and
nx p fuzzy matrices; we define A@ B=C = (¢;j) which is an
m x p fuzzy matrix, where

3]
Gj = Z i ® by. (7)
k=1,2,...,n

2.3. The Fully Fuzzy Linear Matrix Equation

Definition 6. The matrix system:

app Ay Ay X1 X1 ot X
ayy Gy " Gy X1 Xpp Xy
. ® . . .
Aml A2 " Qym Xml Xm2 " Xum
?11 912 éln
by by, -+ by,
® S (8)
bnl an brm
€11 €12 " Cip
€1 € "t Gy
= . . . . b
Cm1 Cm2 " Con

where @;;, 1 < i, j <m, b, 1 <i, j <mandCy, 1 <i <m,
1 < j < nare LR fuzzy numbers, is called an LR fully fuzzy
linear matrix equation (FFLME).

Using matrix notation, we have

A9 X®B=C. 9)
A fuzzy numbers matrix

X = (x;

ii» Vi Zij) o 1<i<m,1<j<n (10)

is called an LR fuzzy approximate solution of fully fuzzy linear
matrix equation (8) if X satisfies (9).

Up to the rest of this paper, we will discuss the nonnega-
tive solution X = (X,Y,Z) > 0 of FFLMEA® X ® B = C,

where A = (A,M,N) > 0,B = (B,E,F) > 0,and C =
(C,G,H) > 0.

3. Method for Solving FFLME

First, we extend the fuzzy linear matrix system (9) into three
systems of linear matrix equations according to the LR fuzzy
number and its arithmetic operations.

Theorem 7. The fuzzy linear matrix system (9) can be
extended into the following model:

AXB=C,
AXE + AYB + MXB = G, 1)

AXF+ AZB+ NXB = H.

Proof. We denote A = (AAM,N),B = (BE,F)and C =
(C,G, H), and assume X = (X, Y, Z) > 0, then

AXB=(A,M,N)® (X,Y,Z)® (B,E, F)
= (AX, AY + MX,AZ + NX) ® (B, E, F)
= (AXB, AXE + AYB + MXB, AXF + AZB + NXB)

= (C,G,H),
(12)

according to multiplication of nonnegative LR fuzzy numbers
of Definition 2. Thus we obtain a model for solving FFLME
(9) as follows:

AXB =C,
AXE + AYB+ MXB =G, (13)
AXF+AZB+ NXB =H.
O

Secondly, in order to solve the fuzzy linear matrix equa-
tion (9), we need to consider the crisp systems of linear
matrix equation (11). Supposing A and B are nonsingular crisp
matrices, we have

X=A"'CB",
Y =A"'G-XEB™' - AT MX, (14)
Z=A"H-XFB"' - A"'NX,
that is,
X=A"'CB",
Y=A"'G-A"'CB'EB' - A'MAT'CB", (15
Z=A"H-A"'CB'FB'-A"'NA'CB™".

Definition 8. Let X = (X,Y,Z) be an LR fuzzy matrix. If
(X,Y, Z) is an exact solution of (11) such that X > 0,Y > 0,
Z>0,and X - Y > 0; we call X = (X,Y, Z) a nonnegative
LR fuzzy approximate solution of (9).



Theorem 9. Let A = (A,M,N), B = (B,E,F), and C =
(C, G, H) be three nonnegative fuzzy matrices, respectively, and
let A and B be the product of a permutation matrix by a
diagonal matrix with positive diagonal entries. Moreover, let
GB > CB'E + MA™'C, HB > CB™'F + NA''C, and
C+CB'E+ MA™'C > GB. Then the systems A@ X ® B=C
has nonnegative fuzzy solutions.

Proof. Our hypotheses on A and B imply that A™' and
B™' exist and they are nonnegative matrices. Thus X =
AT'CB' 0.

On the other hand, because GB > CB'E + MA™'C and
HB > CB'F+ NA™'C,sowithY = A™/(GB - CB'E -
MA'C)B' and Z = A"Y(HB - CB"'F - NA"'C)B™!, we
haveY > 0and Z > 0. Thus X = (X,Y,2Z) is a fuzzy matrix
which satisfies A® X® B=C. Since X -Y = A"/(C-GB +
CB'E + MA'C)B™!, the positivity property of X can be
obtained from the condition C+CB'E+ MA™'C > GB. [

When A or B is a singular crisp matrix, the following
result is obvious.

Theorem 10 (see [35]). For linear matrix equations AXB = C,
where A € R™™, B € R™", and C € R™". Then

X = A'CB' (16)

is its minimal norm least squares solution.
By the pseudoinverse of matrices, we solve model (11) and
obtain its minimal norm least squares solution as follows:

X = A'CB,
Y = A'G- XEB' - ATMX, 17)
Z=A"H - XFB" - ATNX,
that is,
X = A'CB,
Y = A'G- A"CB'EB" - ATMA'CB", (18)
Z=A"H-A'CB'FB" - ATNA'CB'.
Definition 11. Let X = (X,Y, Z) be an LR fuzzy matrix. If
(X,Y, Z) is a minimal norm least squares solution of (11) such
that X >0,Y >0,Z>0,and X-Y > 0, wecall X = (X,Y, Z)
a nonnegative LR fuzzy minimal norm least squares solution
of (9).
At last, we give a sufficient condition for nonnegative

fuzzy minimal norm least squares solution of FFLME (9) in
the same way.

Theorem 12. Let A" and B be nonnegative matrices. More-
over, let GB > CB'E + MA'C, HB > CB'F + NA'C, and
C+CB'E+MA'C > GB. Then the systems A® X ® B = C has
nonnegative fuzzy minimal norm least squares solutions.
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Proof. Since AT and B are nonnegative matrices, we have
X=A'CB" = 0.

Now that GB > CB'E + MA'C and HB > CB'F + NA'C,
therefore, with Y = A"(GB - CB'E - MA'C)B" and Z =
A"(HB - CB'F - NATC)B', we have Y > 0 and Z > 0. Thus
X=(X,Y,Z)isa fuzzy matrix which satisfies A® X ®B=
C. Since X - Y = A'(C - GB + CB'E + MA'C)B',
the nonnegativity property of X can be obtained from the
condition C + CB'E + MA'C > GB. O

The following Theorems give some results for such S
and S' to be nonnegative. As usual, ()" denotes the transpose
of a matrix (-).

Theorem 13 (see [36]). The inverse of a nonnegative matrix
A is nonnegative if and only if A is a generalized permutation
matrix.

Theorem 14 (see [37]). Let A be an m x m nonnegative matrix
with rank r. Then the following assertions are equivalent:

(a) AT > 0.
(b) There exists a permutation matrix P, such that PA has
the form
Sy
S,
PA = : , (19)
ST
(@)

where each S; has rank 1 and the rows of S; are
orthogonal to the rows of S;, whenever i # j, the zero
matrix may be absent.
t _ (KP"T KQ' - . :
() A" = (KPT K(PQT )for some positive diagonal matrix K.
In this case,

P+Q'=KP+Q", (P-Q'=K(P-Q". (20

4. Numerical Examples

Example 15. Consider the fully fuzzy linear matrix system

<(2’1’1)LR (I’O’I)LR>®<%11 3‘612 %13>

(1’ 0, O)LR (2> 1, O)LR %21 5622 %23

(1)0) 1)LR (2’ 1)1)LR (1) lao)LR
@ (2,1,0) (1,0,0)x (2,1,1)5
(1,0,0) 5 (2,1, 1) 5 (1,0,1)

C((17,12,23)x (22,22,29); (17,16,28)x
~\(19,15,13), 5 (23,23,16) (19,16,17); )"
(21)



Journal of Applied Mathematics

By Theorem 7, the model of the above fuzzy linear matrix
system is made of the following three crisp systems of linear
matrix equations

2 1\ (%, X1 X3 ; ? ; 17 22 17
12)\xy 3 x5 )\ | 5 ] 19 23 19
011
<2 l><x11 X12 x13> 101
1 2)\x3 Xy X3 010
121
+<2 1)()’11 Y12 )’13) 2712
L 2)\ya Yoo Va3 121
121
+10 X1 X132 X13 212=122216
0 1/\xy X5 X3 121 15 23 20)°
110
(2 1><x11 X12 x13) 00 1
L 2)\x51 Xy X3 011
121
+<2 1)<zu 212 le) 21 2
1 2)\zy; 23 23 121
121
+11x11x12x13 212:232928
0 0/ \xy x5 Xy3 121 13 16 17)°

Now that the matrix B is singular, according to formula
(18), the solutions of the above three systems of linear matrix
equations are as follows:

t 121
et (2 1\ (17 22 17
X=ACB ‘(1 2) <19 23 19)| 212
121
_(1.5000 1.0000 1.5000
= \1.5000 2.0000 1.5000

+

Y = A'G- XEB" - ATMX =

12 22 16

< ) (19 23 19)

011 121 0
—X<l 0 1><2 1 2> 1>X

_(1.0333 0.6667 0.8725
1.1250 1.6553 1.2578

7 =A"H- XFB" - ATNX =

23 29 28
13 16 17
110\ /121\ i

_X<001 <212 _<;- D )
o11/\121

_ (8.3333 11.6667 9.3333
1.4167 1.3333 2.4167

By Definition 11, we know that the original fuzzy linear
matrix equations have a nonnegative LR fuzzy solution

(22)
%o (Fu T X (1.5000,1.0333,8.3333), ;. (1.0000,0.6667, 11.6667); (1.5000,0.8725,9.3333), (24)
“\%, Xy X (1.5000, 1.1250, 1.4167), 5 (2.0000, 1.6553,1.3333); 5  (1.5000, 1.2578,2.4167), )’

since X >0,Y>0,Z>0,and X-Y >0.

Example 16. Consider the following fuzzy matrix system:

<(1’1)0)LR (2>0’1)LR> (7‘11 ’712><(1,0)1)LR (2>1’0)LR>
2,0, 1);x (1,0,0)5 ) \Fy %0 )\ 21 Dix (3i1,2)x

((15,14,18); 5 (25,24,24);
(12,10,12); (20,17,15)x

(25)

By Theorem 7, the model of the above fuzzy linear matrix
system is made of following three crisp systems of linear

matrix equations:

2 1\ (xy; x5\ (1 2\ (15 25
1 2/\x, x5,/)\2 3) \10 20)°
<2 1> X11 x12><0 1 +<2 > Yu J’12><1 2)
L 2)\xy xp)\11 1 Y Y2 /\2 3
1 12
0 23

18 24
12 15



By the same way, we obtain that the solutions of the above
three systems of linear matrix equations are as follows:

S S Ty i |
X=A CB —(2 2>,

Y=A"'G-XEB'-A"'MX = (8 }) (27)

Z=A"H-XFB"'-A"'NX = <(1) 8) :
Since X > 0,Y > 0,Z > 0,and X - Y > 0, we know that
the original fuzzy linear matrix equations have a nonnegative
LR fuzzy solution given by

X = (’:Cu %12)
X1 X22
_ ((1.000, 1.000, 0.000); . (1.000, 1.000, 0.000);
~ \(2.000, 0.000, 1.000); (2.000, 1.000, 0.000); 5 /"

(28)

5. Conclusion

In this work we presented a model for solving fuzzy linear
matrix equations A ® X ® B = C in which A and B are
m x m and n x n fuzzy matrices, respectively, and C is
an m x n arbitrary LR fuzzy numbers matrix. The model
was made of three crisp systems of linear equations which
determined the mean value and the left and right spreads of
the solution. The LR fuzzy approximate solution of the fuzzy
linear matrix equation was derived from solving the crisp
systems of linear matrix equations. In addition, the existence
condition of strong LR fuzzy solution was studied. Numerical
examples showed that our method is feasible to solve this type
of fuzzy matrix equations. Based on LR fuzzy numbers and
their operations, we can investigate all kinds of fully fuzzy
matrix equations in future.
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We establish the formulas of the maximal and minimal ranks of the quaternion Hermitian matrix expression C, — A, XA’ where
X is a Hermitian solution to quaternion matrix equations A, X = C,, XB, = C,, and A;XA’, = C,. As applications, we give a new
necessary and sufficient condition for the existence of Hermitian solution to the system of matrix equations A, X = C,, XB, = C,,
A, XA} = Cy,and A, XA, = C,, which was investigated by Wang and Wu, 2010, by rank equalities. In addition, extremal ranks of
the generalized Hermitian Schur complement C, — A, A A}, with respect to a Hermitian g-inverse A7 of A;, which is a common
solution to quaternion matrix equations A, X = C, and XB, = C,, are also considered.

1. Introduction

Throughout this paper, we denote the real number field by R,
the complex number field by C, the set of all m x n matrices
over the quaternion algebra

I]-I]:{ao+ali+c22j+a3lc|i2:j2 "
1

=k = ijk = -1, ag,a,,a,,a; € R}

by H™", the identity matrix with the appropriate size by I,
the column right space, the row left space of a matrix A over
H by %(A), #(A), respectively, the dimension of %#(A) by
dim £(A), a Hermitian g-inverse of a matrix A by X = A
which satisfies AA"A = A and X = X", and the Moore-
Penrose inverse of matrix A over H by A” which satisfies four
Penrose equations AATA = A, ATAAT = AT, (AAT)* =
AA", and (ATA)* = ATA. In this case A" is unique and
(ANH* = (A")'. Moreover, R, and L, stand for the two
projectors L, = I — ATA, R, = I — AA" induced by A.
Clearly, R, and L , are idempotent, Hermitianand R, = L 4.
By [1], for a quaternion matrix A, dim Z(A) = dim A(A).
dim Z(A) is called the rank of a quaternion matrix A and
denoted by r(A).

Mitra [2] investigated the system of matrix equations

A X=C,,  XB, =C, )

Khatri and Mitra [3] gave necessary and sufficient con-
ditions for the existence of the common Hermitian solution
to (2) and presented an explicit expression for the general
Hermitian solution to (2) by generalized inverses. Using the
singular value decomposition (SVD), Yuan [4] investigated
the general symmetric solution of (2) over the real number
field R. By the SVD, Dai and Lancaster [5] considered the
symmetric solution of equation

AXA" =C (3)

over R, which was motivated and illustrated with an inverse
problem of vibration theory. Grof8 [6], Tian and Liu [7]
gave the solvability conditions for Hermitian solution and its
expressions of (3) over C in terms of generalized inverses,
respectively. Liu, Tian and Takane [8] investigated ranks
of Hermitian and skew-Hermitian solutions to the matrix
equation (3). By using the generalized SVD, Chang and Wang
[9] examined the symmetric solution to the matrix equations

AXAL=Cy, AXAL=C, (4)



over R. Note that all the matrix equations mentioned above
are special cases of
A X=C,, XB =C,

(5)
A3XAS =C;, A XA, =C,.
Wang and Wu [10] gave some necessary and sufficient
conditions for the existence of the common Hermitian
solution to (5) for operators between Hilbert C*-modules
by generalized inverses and range inclusion of matrices. In
view of the complicated computations of the generalized
inverses of matrices, we naturally hope to establish a more
practical, necessary, and suflicient condition for system (5)
over quaternion algebra to have Hermitian solution by rank
equalities.

Asisknown to us, solutions to matrix equations and ranks
of solutions to matrix equations have been considered previ-
ously by many authors [10-34], and extremal ranks of matrix
expressions can be used to characterize their rank invariance,
nonsingularity, range inclusion, and solvability conditions
of matrix equations. Tian and Cheng [35] investigated the
maximal and minimal ranks of A — BXC with respect to X
with applications; Tian [36] gave the maximal and minimal
ranks of A; — B; XC, subject to a consistent matrix equation
B,XC, = A,. Tian and Liu [7] established the solvability
conditions for (4) to have a Hermitian solution over C by
the ranks of coeflicient matrices. Wang and Jiang [20] derived
extreme ranks of (skew)Hermitian solutions to a quaternion
matrix equation AXA* + BYB* = C. Wang, Yu and Lin
[31] derived the extremal ranks of C, — A,XB, subject to a
consistent system of matrix equations

A X=C, XB =C,, A,XB,=C, (6)

over H and gave a new solvability condition to system
A, X=C,, XB, =C,
7)
A;XB,=C,,  A,XB,=C,.

In matrix theory and its applications, there are many
matrix expressions that have symmetric patterns or involve
Hermitian (skew-Hermitian) matrices. For example,

A - BXB", A-BX+X"B",

(8)
A - BXB" - CYC™, A - BXC + (BXC)",
where A = A", B, and C are given and X and Y are
variable matrices. In recent papers [7, 8, 37, 38], Liu and Tian
considered some maximization and minimization problems
on the ranks of Hermitian matrix expressions (8).

Define a Hermitian matrix expression

f(X)=Cy- AXAY, )

where C, = C,; we have an observation that by investigating
extremal ranks of (9), where X is a Hermitian solution to a
system of matrix equations

AX=C, XB =C,  A;XA}=C,.  (10)
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A new necessary and sufficient condition for system (5) to
have Hermitian solution can be given by rank equalities,
which is more practical than one given by generalized
inverses and range inclusion of matrices.

It is well known that Schur complement is one of the most
important matrix expressions in matrix theory; there have
been many results in the literature on Schur complements
and their applications [39-41]. Tian [36, 42] has investigated
the maximal and minimal ranks of Schur complements with
applications.

Motivated by the work mentioned above, we in this paper
investigate the extremal ranks of the quaternion Hermitian
matrix expression (9) subject to the consistent system of
quaternion matrix equations (10) and its applications. In
Section 2, we derive the formulas of extremal ranks of (9)
with respect to Hermitian solution of (10). As applications, in
Section 3, we give a new, necessary, and sufficient condition
for the existence of Hermitian solution to system (5) by
rank equalities. In Section 4, we derive extremal ranks of
generalized Hermitian Schur complement subject to (2). We
also consider the rank invariance problem in Section 5.

2. Extremal Ranks of (9) Subject to System (10)

Corollary 8 in [10] over Hilbert C*-modules can be changed
into the following lemma over H.

Lemma 1. Let A|, C;, € H™", B, C, € H™, A, €
H™, C; € H™ be given, and F = BjL, , M = SLy, S =
1
A;L,, D=C;-B{AlC,, ] = A{C+F'D, G = C;-A,(J+
L 4 LEJ")A’; then the following statements are equivalent:
(1) the system (10) have a Hermitian solution,
(2) C3 = C;J

A,C,=C,B,, AC] =C,A, BC, =C,B,, (1)

Ry C =0, RD=0, R,G=0, (12)

(3) C; = Cj; the equalities in (11) hold and

r[A, C]=r(A,), r[Al Cl]:r[A*l],

B} C; B,
A, CA} A, (13)
r| Bl C;As|=r|B;
A3 C3 A3

In that case, the general Hermitian solution of (10) can be
expressed as

X=J+LyLpJ" +Ly LpM'G(M") LgL w0
14
+ L LpLyVLpLy + Ly LpV Ly LgL, ,

where V is Hermitian matrix over H with compatible size.
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Lemma 2 (see Lemma 2.4 in [24]). Let A € H™", B €
H™k, C e H*", D € W, and E € ™. Then the following
rank equalities hold:

(@) r(CLy) =r[&] - r(A),
[

(b) r[BaLc] =r[B4]-r(C),
©r[al=r[53]-rB),
@ r[ae"] =r[§ 58] -r0)-riE

Lemma 2 plays an important role in simplifying ranks of
various block matrices.

Liu and Tian [38] has given the following lemma over a
field. The result can be generalized to H.

Lemma 3. Let A = +A* € H™"™, B ¢ H™", and C € HP*™
be given; then

max r [A - BXC ¥ (BXC)"]
XeH™?

=min{r[A B C*]’r[ﬁ* ]g]’r[é %” (15)

min r [A - BXC ¥ (BXC)"]
XeH™P

=2r[A B C"| + max{s;,s,},

where

(16)

If R(B) € R(C),

maxr [A - BXC - (BXC)"] = min {r[A C*l,r [1?* 13”

m)?xr[A—BXC—(BXC)*] =min{r[A C*],r[é 103”
17)

Now we consider the extremal ranks of the matrix
expression (9) subject to the consistent system (10).

Theorem 4. Let A,, C,, B,, C,, A;, and C; be defined as
Lemmal,C, € H™, and A, € H”". Then the extremal ranks
of the quaternion matrix expression f(X) defined as (9) subject
to system (10) are the following:

maxr [ f (X)] = min {a, b}, (18)

where
G, Ay
__|crar B | __[B]
ek i}
C,A% A,
[0 A, A} B, Al ]
A, C, 0 0 0 N
* 3
por|As 0 -G ~AC AT, | B
B: 0 -CIA, -CiB, -CIA" A,
A, 0 -C,A% —C,B, -C,A’
(19)
G, Ay
minr [f (X)] = 2r G4y By
CAy A
[0 AL AL B AL
A, C, 0 0 0
A; 0 -Cy -A;C, -AC
+r
B 0 -C;A; -C;B, -C,A]
A, 0 -CA, —C,B, -C,A
[0 AL B, A} ]
A, C, 0 0
5 A; 0 -A;C, -AC)
-2r
B 0 -C;B, -C;A}
A, 0 -CB, —-CA]}

(20)

Proof. By Lemma 1, the general Hermitian solution of the
system (10) can be expressed as

X=J+Ly L] +Ly L;M'G(M') LyL,,
(21)
+ Ly LpLyVLpLy + Ly LpV LyLpLy,

where V' is Hermitian matrix over H with appropriate size.
Substituting (21) into (9) yields

FOO=Ci= A (J+LaLeJ"

+LA1LFMTG(MT)*LFLAI)A4 o)

~AyLa LgLyVLpL, Al

— ALy LpV'LyLgL 4 A



Put

Cy=Ay(J+LaLel* + Ly LiM'G(M") LpL, ) A} = 4,

J+La Ll  +Ly LpM'G(M') LpL,

Ayl LpLy =N,

LpLy A} = P;

then

f(X)=A-NVP-(NVP)".

=7

(23)

(24)

Note that A = A" and Z(N) € %(P"). Thus, applying (17) to
(24), we get the following:

maxr [ f (X)] =

minr [ f (X)]

m‘;ixr(A - NVP - (NVP)")

min{r[A P*],r[ﬁ* I(\)]”,

mVin r(A-NVP - (NVP)")

A N]_,[AN
N* o]_ ’[P 0]'
(25)

2r [A P*]+r[

Now we simplify the ranks of block matrices in (25).
In view of Lemma 2, block Gaussian elimination, (11),
(12), and (23), we have the following:

*

r(F) = ”(BTLAI) =T [f;ll] -r(Ay),

r) =7 (sLp) =1 ] - ()

[C, — A, JAT A,L

4 04 4 4FA1:| —T(F)
—C4_A4]AZ A4

0 B |-r(F)-r(A))

L 0 Ay
[ Cy Ay

c:A* B*|_ [B

244 By r[Al],
_CIAZ Ay
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r"c4—A4]’A’; ALy LpLy
| Ryp R Ry A 0
[C,—AJ'A, A, 0 0 0
Al 0 A% B A}
4 0 A; 0 0 0
0 Bl 0 0 0
L 0 A, 0 0 0
—-2r(M)-2r(F)-2r(A,)
[ C, A, 0 0 0]
A% 0 A% B A
AV A3
S ATAL A5 00 0 B
BiJ'A; Bf 0 0 0 Ar
AJA, AL 0 0 0
rC, Ay 0 0 0 1
AL 0 A% B A
0 Ay -C; -AC, -AsC}
.
0 B} -CiA% —CiB, -ClA
0 A, -C,A; -C,B, -C,A}
AS
-2r | B}
Al
[0 A A B, AL
Ay C, 0 0 0
Ay 0 -C; -A;C, -AC]
-
Bf 0 -C;A, -C;B, -C}A}
A, 0 -C,Ay -CB, -C A}
A3
-2r| By |,
Al
_. [C,—AJ'A} AL, LiLy,
Rp-Ry: A} 0
[C, A, 0 0
At 0 B A
0 A; -A,C, -AC}
=r
0 B -C!B, -CiA’
0 A, -CB, -C,A}
A, B
o Br _r[ ]
A
A, !
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[0 A, B Al ]
A, Cy4 0 0
_ |40 -A,C, -A,Cy
. 0 -C;B, -CjA]
A, 0 -C,B, —C,A*
A
2o
-r| B | -1
A
A
(26)
Substituting (26) into (25) yields (18) and (20). O

In Theorem 4, letting C, vanish and A, be I with
appropriate size, respectively, we have the following.

Corollary 5. Assume that A;, C;, € H™", B,,C, ¢
H™®, A; € H™", and C; € H™ are given; then the maximal
and minimal ranks of the Hermitian solution X to the system
(10) can be expressed as

max 7 (X) = min {a, b}, (27)
where
* B*
cenrfg]o [
C; A5G, AC
* 4% * * 4% A3
b=2n+r|CAs GBL GAL o, Bi |,
A

C,A; CB; C/A]

minr (X) = 2r [Cj]

C3 A3C2 A3Cr
+r|CIAL CIB, CiA}
C,A% C,B, CA
ASCZ A3CI
_,|CiB, CiAY
C,B, C,A]
(28)

In Theorem 4, assuming that A;, B;, C,, and C, vanish,
we have the following.

Corollary 6. Suppose that the matrix equation A; XA’ = C,
is consistent; then the extremal ranks of the quaternion matrix
expression f(X) defined as (9) subject to A; XA’ = Cs are the
following:

maxr [ f (X)]

0 A, A}
=min{r[C, A,].,r|A; C, O
A, 0 -G

—2r (As)} >

minr [f (X)] =2r[C, A,]

0 A} A} 0 A%
+r|A, C, 0 |-2r|A, C,.
A, 0 -C, A, 0

(29)

3. A Practical Solvability Condition for
Hermitian Solution to System (5)

In this section, we use Theorem 4 to give a necessary and
sufficient condition for the existence of Hermitian solution
to system (5) by rank equalities.

Theorem 7. Let A, C; € H™", B,,C, € H"™, A, ¢
H™", C; € H™, A, € ™", and C, € U™ be given; then
the system (5) have Hermitian solution if and only if C5 = CJ,
(11), (13) hold, and the following equalities are all satisfied:

r[A, Cy)=1(A,), (30)
C, A
r|CAy By | =r| B! |, (31)
C,A, A, Ay
[0 AL A, B, AT
A, C, 0 0 0 Ay
Ay 0 —Cy —ALC, ~ACL| Ly, 2*3
B 0 -ClA% -C}B, ~ClA’ .
A, 0 -C,A —C,B, —C,A} !

(32)

Proof. It is obvious that the system (5) have Hermitian
solution if and only if the system (10) have Hermitian solution
and

min 7 [f (X)] =0, (33)

where f(X) is defined as (9) subject to system (10). Let X, be
a Hermitian solution to the system (5); then X, is a Hermitian
solution to system (10) and X, satisfies A ;XA = C,. Hence,
Lemmal yields C; = Cj, (11), (13), and (30). It follows



6
from
I 0000
0 1000
A;X, 0100
BiX, 0010
AX, 0001
[0 A, A} B, A]
A, C, 0 0 0
y A; 0 -C; -AsC, -AC
B 0 -C;A; -C;B, -CA]
_A1 0 -C,A, -C,B, -C/A]
(I -X,A; 000 0 A A, B A]
0 I 000 Ay 0 0 0 O
x |0 0 I100|= A; 0 0 0 O
0 0 0IO0 B 0 0 0 O
| 0 0 001 A, 0 0 0 O

(34)

that (32) holds. Similarly, we can obtain (31).

Conversely, assume that C; = Cj, (11), (13) hold; then by
Lemma 1, system (10) have Hermitian solution. By (20), (31)-
(32), and

0 A, B, A

A, C, 0 0 A, A
A; 0 -A;C, -A;C) As 4
r| . NS =2 4 N L - (35)
B 0 -C)B; -C;A] B, A,
A
A, 0 -CB; -CA} !
we can get
minr [f (X)] <0. (36)
However,
minr [ f (X)] > 0. (37)

Hence (33) holds, implying that the system (5) have Hermi-
tian solution. O

By Theorem 7, we can also get the following.

Corollary 8. Suppose that A;, Cs, A,, and C, are those in
Theorem 7; then the quaternion matrix equations A;XA% =
C; and A XA}, = C, have common Hermitian solution if and
only if (30) hold and the following equalities are satisfied:

r[A;s Gl =r(4;),

0 Ay A} A (38)
r|A, C, 0 =2r[A3].
Ay 0 -C 4

Corollary 9. SupposethatA,,C, € H"™",B,,C, € H", and
A, B € H" are Hermitian. Then A and B have a common
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Hermitian g-inverse which is a solution to the system (2) if and
only if (11) holds and the following equalities are all satisfied:

* * A1
P B GA| . By |,
A A | A |
(39)
rA, C,B] 4 1
* * Al
r| B GB|_, Bl |,
B B | B |
OB A B A
B B 0 0 0 B
A 0 -A -AC, -AC] A
r i i . L =2 B* (40)
B} 0 -C}A -CiB, -C}A} |
A, 0 -C,A -C,B, ~C,A" Ay
4. Extremal Ranks of Schur Complement
Subject to (2)
As is well known, for a given block matrix
A B
M5 ol (41)

where A and D are Hermitian quaternion matrices with
appropriate sizes, then the Hermitian Schur complement of
Ain M is defined as

Sa=D-B"A"B, (42)

where A” is a Hermitian g-inverse of A, thatis, A~ € {X |
AXA=A X = X*}.

Now we use Theorem 4 to establish the extremal ranks
of S, given by (42) with respect to A~ which is a solution to
system (2).

Theorem 10. Suppose A,,C, € H™", B,C, € H™, D ¢
H™, B € H™, and A € H™" are given and system (2)
is consistent; then the extreme ranks of S, given by (42) with
respect to A~ which is a solution of (2) are the following:

S = i )b >
Jmax 7(S,) = min {a, b} )
A"B,=C,



Journal of Applied Mathematics

where
D B .
_lcs B B}
a=r 2 1| -7 Al
C,B A, !
0 B A B, A ]
B* D 0 0 0 A
b=r| A 0 -A -AC, -AC{ |_y ||,
Bl 0 -C;A -C;B, -C} A} A,
A, 0 -C;A —C,B; -C,A}
D B
min r(S,) =2r|C;B B}
iBC C,B A,
0 B A B AL
B*D 0 0 0
A 0 -A -AC, -AC}
+r
Bf 0 -CIA -CB, -CiA®
A, 0 -C/A -C,B, -C,A’
[0 B B AT ]
B"D 0 0
A 0 -AC, -AC}
-2
"IB: 0 -C;B, -C}A"
A, 0 -C,B, —-C,A}

(44)
Proof. It is obvious that
max r(D-B"A"B)
A,A"=C,,A"B,=C,
= max r(D—B*XB),
A,X=C,,XB,=C,,AXA=A
(45)

min r(D-B"A"B)
A, A" =C|,A"B,=C,

= min r(D—B*XB).
A,X=C,,XB,=C,,AXA=A

Thus in Theorem 4 and its proof, letting A; = A’ = C; = A,
A, = B*, and C, = D, we can easily get the proof. O

In Theorem 10, let A,,C;, B;, and C, vanish. Then we
can easily get the following.

Corollary 11. The extreme ranks of S, given by (42) with
respect to A” are the following:

0 B A
maxr (S4) =min{r[D B*],r|B" D 0 |[-2r(A)¢,
. A0 -A
0 B A 0 B
minr (S,) =2r[D B*]+r|B* D 0 |-2r|B" D|.
4 A0 -A A0

(46)

5. The Rank Invariance of (9)

As another application of Theorem 4, we in this section
consider the rank invariance of the matrix expression (9) with
respect to the Hermitian solution of system (10).

Theorem 12. Suppose that (10) have Hermitian solution; then
the rank of f(X) defined by (9) with respect to the Hermitian
solution of (10) is invariant if and only if

[0 AL B, A} ]
A, C, 0 0
Ay 0 —AC, —AC
.
B 0 -CIB, -CiA’
A, 0 —CB, —C,A"
Cy Ay A,
=r|C,A, By |+r|B; |,
C,A% A, 4,
[0 Ay Ay B Al (47)
A, C, 0 0 0
Ay 0 —C; —AC, —AC

Bl 0 -CjA; -CiB, -CiA} A

A, 0 —CA, -C,B, -C,A’
0 A, B, A
A, C, 0 0 s
—,14s 0 -A;C, -A;CY +r Bf ,
Bl 0 -CB, -CiA’ A,
A, 0 -C,B, —C,A"
or
0 A% B, A
A, C, 0 0
Ay 0 —AC, —AC
,
B 0 -C;B;, —-C;A]
A, 0 -C,B, -C,A; (48)
Cy Ay As
=r|C;A, By | +r|B]
CA, Ay Ay

Proof. It is obvious that the rank of f(X) with respect to
Hermitian solution of system (10) is invariant if and only if

maxr [f (X)] - min 7 [f (X)] = 0. (49)

By (49), Theorem 4, and simplifications, we can get (47)
and (48). O



Corollary 13. The rank of S, defined by (42) with respect to
A” which is a solution to system (2) is invariant if and only if

0 B B A’

B*D 0 0 D B A
r| A0 -AG -ACH | _ B B | +r| B,
B 0 -C;B, -C}A;} CiB A, A,

A, 0 -C,B, -C,A"
[0 B A B, AT
B* D 0 0 0
A 0 -A -AC, -AC] B
r +r[ 1]
Bl 0 -C}A -C;B, -C}A} Ay
A, 0 -C,A -C,B, -C,A;}
0 B B Al
B D 0 0 A
_ | A0 SAG, -ACT |l pe |
B 0 -C}B, -C} A’ A,
A, 0 -C,B, —C,A’
(50)
or
0 B B Al
B*"D 0 0
A 0 -ac, -ac
B' 0 -C}B, -C}A"
A, 0 -C,B, -C,A® (D
D B A
=r|C;B By | +r| B
C,B A, A,
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We propose an iterative algorithm for solving the reflexive solution of the quaternion matrix equation AXB + CX"D = F. When
the matrix equation is consistent over reflexive matrix X, a reflexive solution can be obtained within finite iteration steps in the
absence of roundoff errors. By the proposed iterative algorithm, the least Frobenius norm reflexive solution of the matrix equation
can be derived when an appropriate initial iterative matrix is chosen. Furthermore, the optimal approximate reflexive solution to a
given reflexive matrix X, can be derived by finding the least Frobenius norm reflexive solution of a new corresponding quaternion
matrix equation. Finally, two numerical examples are given to illustrate the efficiency of the proposed methods.

1. Introduction

Throughout the paper, the notations R™" and H™" repre-
sent the set of all m x n real matrices and the set of all m x n
matrices over the quaternion algebraH = {a, + a,i+ a, j+ a,k |
i = j* = k* = ijk = -1, a;,ay,a5,a, € R}. We denote the
identity matrix with the appropriate size by I. We denote the
conjugate transpose, the transpose, the conjugate, the trace,
the column space, the real part, the mn x 1 vector formed
by the vertical concatenation of the respective columns
of a matrix A by AH AT A, tr(A), R(A), Re(A), and vec(A),
respectively. The Frobenius norm of A is denoted by || A[, that
is, |All = Vtr(AHA). Moreover, A® Band A ® B stand for the
Kronecker matrix product and Hadmard matrix product of
the matrices A and B.

Let Q € H™" be a generalized reflection matrix, that is,
Q* = Iand Q” = Q. A matrix A is called reflexive with
respect to the generalized reflection matrix Q, if A = QAQ.
It is obvious that any matrix is reflexive with respect to I.
Let RH™"(Q) denote the set of order » reflexive matrices
with respect to Q. The reflexive matrices with respect to a
generalized reflection matrix Q have been widely used in
engineering and scientific computations [1, 2].

In the field of matrix algebra, quaternion matrix equa-
tions have received much attention. Wang et al. [3] gave
necessary and sufficient conditions for the existence and
the representations of P-symmetric and P-skew-symmetric
solutions of quaternion matrix equations A, X = C, and
A,XB, = C,. Yuan and Wang [4] derived the expressions of
the least squares #-Hermitian solution with the least norm
and the expressions of the least squares anti-x-Hermitian
solution with the least norm for the quaternion matrix
equation AXB + CXD = E. Jiang and Wei [5] derived
the explicit solution of the quaternion matrix equation X —
AXB = C. Li and Wu [6] gave the expressions of symmetric
and skew-antisymmetric solutions of the quaternion matrix
equations A; X = C, and XB; = Cj. Feng and Cheng [7]
gave a clear description of the solution set of the quaternion
matrix equation AX — XB = 0.

The iterative method is a very important method to
solve matrix equations. Peng [8] constructed a finite iteration
method to solve the least squares symmetric solutions of
linear matrix equation AXB = C. Also Peng [9-11] presented
several efficient iteration methods to solve the constrained
least squares solutions of linear matrix equations AXB =
C and AXB + CYD = E, by using Paige’s algorithm [12]



as the frame method. Duan et al. [13-17] proposed iterative
algorithms for the (Hermitian) positive definite solutions
of some nonlinear matrix equations. Ding et al. proposed
the hierarchical gradient-based iterative algorithms [18] and
hierarchical least squares iterative algorithms [19] for solving
general (coupled) matrix equations, based on the hierarchi-
cal identification principle [20]. Wang et al. [21] proposed
an iterative method for the least squares minimum-norm
symmetric solution of AXB = E. Dehghan and Hajarian
constructed finite iterative algorithms to solve several linear
matrix equations over (anti)reflexive [22-24], generalized
centrosymmetric [25, 26], and generalized bisymmetric [27,
28] matrices. Recently, Wu et al. [29-31] proposed iterative
algorithms for solving various complex matrix equations.

However, to the best of our knowledge, there has been
little information on iterative methods for finding a solution
of a quaternion matrix equation. Due to the noncommutative
multiplication of quaternions, the study of quaternion matrix
equations is more complex than that of real and complex
equations. Motivated by the work mentioned above and
keeping the interests and wide applications of quaternion
matrices in view (e.g., [32-45]), we, in this paper, consider
an iterative algorithm for the following two problems.

Problem 1. For given matrices A,C € H™",B,D ¢
H™P, F € H™? and the generalized reflection matrix Q, find
X € RH"™(Q), such that

AXB+CX"D=F. 1

Problem 2. When Problem 1 is consistent, let its solution
set be denoted by Sy. For a given reflexive matrix X, €

RH™"(Q), find X € RH™"(Q), such that

[X = Xo] = min X - X )
The remainder of this paper is organized as follows.
In Section 2, we give some preliminaries. In Section 3, we
introduce an iterative algorithm for solving Problem 1. Then
we prove that the given algorithm can be used to obtain a
reflexive solution for any initial matrix within finite steps
in the absence of roundoff errors. Also we prove that the
least Frobenius norm reflexive solution can be obtained by
choosing a special kind of initial matrix. In addition, the
optimal reflexive solution of Problem 2 by finding the least
Frobenius norm reflexive solution of a new matrix equation
is given. In Section 4, we give two numerical examples to
illustrate our results. In Section 5, we give some conclusions
to end this paper.

2. Preliminary

In this section, we provide some results which will play
important roles in this paper. First, we give a real inner
product for the space H™" over the real field R.

Theorem 3. In the space H™" over the field R, a real inner
product can be defined as

(A,B) = Retr (B"A)] 3)
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for A, B € H™. This real inner product space is denoted as
(men, Rx <'x >)

Proof. (1) For A e H™",let A= A, + A,i+ A;j+ Ak, then

(A, A)

Re [tr (AHA)] W

tr(ATA, + AJA, + ATA; + ATA,).
It is obvious that (A, A) > 0and (A,A) =0 A =0.
(2) For A,B € H™" let A= A, + Ayi+ Asj+ Ak and
B = B, + B,i + B;j + B,k, then we have
(A,B) = Retr (B"A)]

=tr(B{A, +ByA, + Bj Ay + B{A,)

= tr (AB, + A3B, + AJB; + A}B,) ©
=Re[tr (A"B)| = (B, A).
(3) For A, B,C € H™"
(A+B,C) =Reftr[C" (A +B)]}
=Re[tr(C"A+C"B)] ©
= Re [tr (C"A)] + Re[tr (C"B)]
= (A,C) +(B,C).
(4) For A,B € H™"anda € R,
(aA,B) = Re{tr[B" (aA)]} = Re[tr (aB"A)] .

= aRe [tr (BHA)] =a(A,B).

All the above arguments reveal that the space H™" over
field R with the inner product defined in (3) is an inner
product space. O

Let | - ||, represent the matrix norm induced by the inner
product (-, -). For an arbitrary quaternion matrix A € H™",
it is obvious that the following equalities hold:

lAlly = V(A A) = y[Re [tr (AHA)] = tr (AHA) = |A],
(8)

which reveals that the induced matrix norm is exactly the
Frobenius norm. For convenience, we still use || - || to denote
the induced matrix norm.

Let E;; denote the m x n quaternion matrix whose
(i, j) entry is 1, and the other elements are zeros. In inner
product space (H™", R, (-, -)), it is easy to verify that E;;, E; i,
Eijj, Eijk, i=12,...,m,j=1,2,...,n, is an orthonormal
basis, which reveals that the dimension of the inner product
space (H™", R, (-,-}) is 4mn.

Next, we introduce a real representation of a quaternion
matrix.
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For an arbitrary quaternion matrix M = M, + M,i +

M, j+ Mk, amap ¢(-), from H™" to R*"*", can be defined
as

M, -M, -M, -M,
_ M2 Ml _M4 M3

¢ (M) = M, M, M, -M,|" )
M4 _MS MZ Ml

Lemma 4 (see [41]). Let M and N be two arbitrary quaternion
matrices with appropriate size. The map ¢(-) defined by (9)
satisfies the following properties.

() M =N & ¢(M) = $(N).

() (M + N) = ¢(M) + $(N), ¢(MN) = $(M)$(N),
$(kM) = k¢(M), k € R.

(c) p(M™) = ¢"(M).
(d) ¢(M) = T,'¢(M)T, = R,/$(M)R, = S,!$(M)S,,

where
0 -1, 0 0
| o o0 o (o -L,
=10 0 o 1|’ Rt_[IZt 0]
0 0 -I 0
(10)
0 0 0 I,
lo o1 o _
S; = 0 -0 ol t=m,n.
I, 0 0 0
By (9), it is easy to verify that
l¢ (V)] =2 m). (i

Finally, we introduce the commutation matrix.
A commutation matrix P(m,n) is a mn X mn matrix
which has the following explicit form:

m n
POmm =) Y Ey®E; = [Ejlirm  (12)
i=1 j=1 J=Leat

Moreover, P(m,n) is a permutation matrix and P(m,n) =

PT(n,m) = P~ (n, m). We have the following lemmas on the
commutation matrix.

Lemma 5 (see [46]). Let A be a m X n matrix. There is a
commutation matrix P(m, n) such that

vec (AT) = P (m,n)vec (A). (13)

Lemma 6 (see [46]). Let A be a m x n matrix and B a p x
q matrix. There exist two commutation matrices P(m, p) and
P(n, q) such that

Bo®A=P (mp)(A®B)P(nq). (14)

3. Main Results

3.1. The Solution of Problem 1. In this subsection, we will
construct an algorithm for solving Problem 1. Then some
lemmas will be given to analyse the properties of the proposed
algorithm. Using these lemmas, we prove that the proposed
algorithm is convergent.

Algorithm 7 (Iterative algorithm for Problem 1).

(1) Choose an initial matrix X(1) € RH™"*(Q).
(2) Calculate

R(1)=F - AX (1) B-CX" (1) D

P(1) = %(AHR(l)BH+DRH(1)C )

+ QA"R (1) B"Q + QDR (1) CQ);

k:=1.

(3) If R(k) = 0, then stop and X(k) is the solution of
Problem 1; else if R(k) #0 and P(k) = 0, then stop
and Problem 1is not consistent; else k := k + 1.

(4) Calculate

IR (k - DI
X(k)=X(k-1)+ ———5P((k-1);
A T
IR (k- DI
R(ky=R(k-1)- ————
IP (k= DJ?
AP (k-1)B+CP" (k-1)D);
x (AP (k-1)B+CP" (k-1) D) »
P(k)=%(AHR(k)BH+DRH(k)C

+ QAR (k) B"Q +QDR" (k) CQ)

IR (k)
—————P(k-1).
IR (k- DJ? =

(5) Go to Step (3).

Lemma 8. Assume that the sequences {R(i)} and {P(i)}
are generated by Algorithm 7, then (R(i),R(j)) =
0 and (P(i),P(j)) = 0 for i,j = 1,2,...,
i#j.

Proof. Since

(R@@), R(j)) = (R(j),R(i)) and

(P@), P(j)) = (P(j), P(@)) for ij = 1,
2,..., we only need to prove that (R(i),
R(j)) = 0and (P(i), P(j)) =0for 1 <i < j.
Now we prove this conclusion by induction.
Step 1. We show that
(R(i),R(i+1)) =0,
17)

(PG),P(i+1)=0 fori=12,....



We also prove (17) by induction. When i = 1, we have

(R(1),R(2))

=Re{tr[RT @) R(1)]}

:Re{tr < (1) -

X R(1)

IRWI
IP (DI

|

IR (DI
1P (D)I°

x Re {tr [P (1) (A"R (1) B + DR™ (1) C)]}

H
(AP(I)B+CPH(1)D)>

= IRV -

IR(D)>
IP(D)]?

xReftr [P (1) ((A"R (1) B*+DR™ (1) C+QA™R (1)

= RO -

x BQ + QDR (1) CQ) X (2)_1)]}

IR

pap’” O

=R -

=0.
(18)

Also we can write

(P(1),P(2))
=Reltr[P" @ P ()]}

= Re {tr

(% (A"R(2)B" + DR (2)C

+ QA"R (2) B"Q + QDR (2) CQ)

JRQP )Hm”
“ropt®) £
_IRQP
= RpEPOr

+Re {tr [P (1) x ((AHR )B" + DRY (2)C
+QA"R(2) BFQ

+QDR™ (2)CQ) x 2]}
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2
L

+Re {tr [P (1) (A"R(2) B" + DR" (2) C) |}

2
L

+Re {tr [R" (2) (AP (1) B+ CP" (1) D)]}

_IR@I
= ROE"” r
IP (I H
Reitr|R" (2) (R(1)-=R(2

*IROE e{tr[R"(2) (R(1) - R(2))]}
_IRQP? (IO

= ROE"” I - ROE® @I
=0.

(19)
Now assume that conclusion (17) holds for 1 < i < s— 1, then

(R(s),R(s+1))

=Re {tr [RH (s+ 1R (5)]}

= Re {tr

RGN b "
(R(s) PO (AP (s) B+ CP" (s) D))

]

IR (o)1
IP (o)1

x Re {tr [P (s) (AR (s) B + DR" (5) C) |}

=R -

IR (o)1
IP ()

x Re {tr [P (s) x ((A"R(s) B" + DR" (s)C

=[R()I* -

+ QAR (s) BQ

+ QDR (s)CQ) x (2)7")]}

2
ke 1RO
N TYSTE
. RGP
xRe{tr[P (s)(P(s) —||R(s—1)||2P(S 1))“»
=0.

(20)
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And it can also be obtained that

(P(s),P(s+1))

= Re {tr [PH (s+1)P (s)”

= Re {tr

(((AHR s+ )BT+ DR (s+1)C

+ QA"R(s+1)B7Q

+ QDR" (s +1)CQ) x (2))

IR+ D>\
TIROP P(S)) P(S)”

IR+ DI

RO IP (s)II?

+Re {tr [P (s) (A"R(s + 1) B" + DR" (s + 1) C) |}

IR+ DI

Rop FOr

+Re {tr [R" (s + 1) (AP (s) B+ CP" (s) D)}

IR+ DI

RO IP (s)II”

1P ()I”
IR ()]

N Re {tr [R" (s + 1) (R(s) - R (s + 1)) ]}

= 0.
(21)

Therefore, the conclusion (17) holds fori = 1,2, .. ..

Step 2. Assume that (R(i), R(i+r)) = 0and (P(i), P(i+r)) = 0
fori > 1and r > 1. We will show that

(RG),R(i+r+1)) =0, (PGi),PGi+r+1))=0.
(22)

We prove the conclusion (22) in two substeps.

Substep 2.1. In this substep, we show that

(R(1),R(r+2)) =0, (P(1),P(r+2))=0. (23)

It follows from Algorithm 7 that

(R(1),R(r+2))
= Re {tr [RH (r + 2)R(1)]}
2
:Re{tr[<R(r+l)—m
|P(r+ 1)

H
x(AP(r+1)B+CPH(r+1)D)) R(l)”»

IR+ D

_ H
=Re{tr [R7 (r + DR(D)]} PP
x Re {tr [P (r + 1) (A"R(1) B" + DR" (1) C) ]}

IR+ DI
IP(r+ DI

=Re {tr [R7 (r + DR(D)]}
x Re {tr [P (r+ 1) ((A"R (1) B" + DR (1) C
+QA"R (1) B"Q
+ QDR (1)CQ) x 1]}
= Re {tr [RH (r+ l)R(l)]}

IR+ DI

H
T Re {tr [P (r+1) P (1)]}

= 0.
(24)

Also we can write

(P(1),P(r+2))

=Re{tr [P (r +2) P (1)]}
=Re {tr [( ((A"R(r+2)B" + DR" (r +2)C

+QA"R(r +2) B"Q + QDR (r +2) CQ)
2
« @) 4 IR }

H
R+ 0 D) P

= Re ftr [(A"R(r +2) B + DR (r +2)C) P (1)}

IR (r +2)|

H

=Re{tr[R" (r+2) (AP (1) B+ CP" (1) D)]}

R(r+2)|?
+II (r+2)|

H



6
_lpl? H ~
" IROP Re {tr [R™ (r +2) (R(1) - R(2))]}
IIR(r+2)II H
—||R(r+1)|| e{tr[P" (r+ 1) P(1)]}
=0.

(25)

Substep 2.2. In this substep, we prove the conclusion (22) in
Step 2. It follows from Algorithm 7 that

(R(@),R(i+r+1))

=Re{tr[R" (i +r+ 1) R()]}

=Re {tr[(R(i+r)—

H
X (AP(i+r)B+CPH(i+r)D)) R (i)

IR G +1)II°
IP G+

|

IR G +1)II°

Re {tr [R7 (i + )R ()]} - T
x Re {tr [P" (i + r) (A"R (i) B + DR" (i) C)]}

CIRG 1)
IP G +n)

x Re {tr [P (i +r) ((A"R (i) B" + DR" (i) C
+QA"R (i) B"Q
+ QDR ())CQ) x 2)")]}

_ RGN
IP G+ r)l?
. LRGP
x Re {tr [pH (i+7) (P(z) - —||R(i—l 1)"2P(1 - 1))”»

_IRG+DPIRGP
IPG+nIPIRG - DI

Re {tr [P" (i +r)P(i- 1]},
(P@G),P(i+r+1))

= Re{tr [PH(i+r+ 1)P(i)]}

= Re {tr

1
<£(AHR(i+r+1)BH+DRH(i+r+1)C

+QAPRG+r+1)B7Q

+ QDR (i +7+1)CQ)
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H
P(i+ r)) P(i)j”

= Re {tr[(A"R G + 7+ 1) BT+ DR™ (i+r+1) c)’p o]}

. IRG + 7+ D
IRG +7)II?

= Re {tr [R™ (i + 7+ 1) (AP () B+ CP" (i) D)|}

”£Yﬂ eftr [RY i+ 7+ 1) (RG) - R+ 1)]}
L S—
T

_ IPGIPIR G+ DPIR )P
IRGIPIP G+ NIPIR G - DI

x Re{tr [P" (i+r)P(i-1)]}.

(26)
Repeating the above process (26), we can obtain
(R@),R(i+r+1) = Re {tr [P" (r+2) P(1)]};
(PGi),P(i+r+1))=---=pReftr [P (r+2) P(1]}.
(27)

Combining these two relations with (24) and (25), it implies
that (22) holds. So, by the principle of induction, we know
that Lemma 8 holds. O
Lemma 9. Assume that Problem 1 is consistent, and let X €
RH™™(Q) be its solution. Then, for any initial matrix X(1) €

RH™"(Q), the sequences {R(i)}, {P(i)}, and {X(i)} generated
by Algorithm 7 satisfy

(PG),X-X@{)=IROI, i=12,.... (28)

Proof. We also prove this conclusion by induction.
When i = 1, it follows from Algorithm 7 that

X -X (1)
=R{ [(X X (1) p(1)]}
e fur

x ((A"R(1) B" + DR™ (1) C+QA"R (1) B"Q

+ QDR (1)CQ) x 2)™) ]}
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= Re fur [(X - x(1)" (A"R (1) B" + DR (1) C) |}

= Refur[ R (1) (4 (X - X (1)) B+C (X - x (1) D)}

=Re {tr [RT ()R ()]}
= [R()|*.
(29)
This implies that (28) holds for i = 1.
Now it is assumed that (28) holds for i = s, that is
(P(s),X-X(s)) = IR(S)I. (30)

Then, wheni=s+1

(P(s+1),X-X(s+1))

=Refur[(X-X(s+ )P (s+ n]}
= Re <[tr [()?—X(s+ 1))H

x(% (A"R(s+1)B" + DR (s + 1) C

+QAPR (s + 1) BFQ

+ QDR (s + 1) CQ)

o)

= Re fur[(X - X (s + )"

. IRG+ DI
IRG)IP

x (AMR (s + 1)BH+DRH(5+1)C)]}

IR (s + DI

e T fe[(X-x6+1)" P}

=Re {tr [RH (s+1)
x(A(X—X(s+1))B
+ C(X—X(s+ 1))HD>”

R (- x9) ")

~Re ftr[(X (s + 1) - X ()P (5)]} }

7
) o, RGP
= IR P+
2
x {uR(s)uz g el (s)p(s)]}}
= IR(s+ DI
&

Therefore, Lemma 9 holds by the principle of induction. [

From the above two lemmas, we have the following
conclusions.

Remark 10. If there exists a positive number i such that
R(i) #0 and P(i) = 0, then we can get from Lemma 9 that
Problem 1is not consistent. Hence, the solvability of Problem
1 can be determined by Algorithm 7 automatically in the
absence of roundoff errors.

Theorem11. Suppose that Problem 1 is consistent. Then for any
initial matrix X(1) € RH™"(Q), a solution of Problem I can be
obtained within finite iteration steps in the absence of roundoff
errors.

Proof. In Section 2, it is known that the inner product
space (H™?, R, (,-)) is 4mp-dimensional. According to
Lemma, if R())#0, i = 1,2,...,4mp, then we have
P(i)+0, i=1,2,...,4mp. Hence R(4mp+1) and P(4mp +1)
can be computed. From Lemma 8, it is not difficult to get

(R(),R(j)) =0 for i,j=1,2,....,4mp, i#j. (32)

Then R(1),R(2),...,R(4mp) is an orthogonal basis of the
inner product space (H™F, R, (-, -)). In addition, we can get
from Lemma 8 that

(R@i),R(4mp+1)) =0 fori=12,....,4mp. (33)

It follows that R(4mp + 1) = 0, which implies that X (4mp +1)
is a solution of Problem 1. O

3.2. The Solution of Problem 2. In this subsection, firstly we
introduce some lemmas. Then, we will prove that the least
Frobenius norm reflexive solution of (1) can be derived by
choosing a suitable initial iterative matrix. Finally, we solve
Problem 2 by finding the least Frobenius norm reflexive
solution of a new-constructed quaternion matrix equation.

Lemma 12 (see [47]). Assume that the consistent system of
linear equations My = b has a solution y, € R(M") then y, is
the unique least Frobenius norm solution of the system of linear
equations.

Lemma 13. Problem 1 is consistent if and only if the system of
quaternion matrix equations

AXB+CX"D=F,
(34)
AQXQB +CQX"QD =F



is consistent. Furthermore, if the solution sets of Problem 1 and
(34) are denoted by Sy; and Sy, respectively, then, we have Sy €
Sk

Proof. First, we assume that Problem 1 has a solution X. By
AXB + CX"D = F and QXQ = X, we can obtain AXB +
CX"D = F and AQXQB + CQX™QD = F, which implies
that X is a solution of quaternion matrix equations (34), and
St € Siy-

Conversely, suppose (34) is consistent. Let X be a solution
of (34). Set X, = (X + QXQ)/2. It is obvious that X, €
RH™"(Q). Now we can write

AX,B+CXID

[A(X +QXQ)B+C(X +QXQ)"D|

[AXB+CX"D + AQXQB + CQX"QD| (35)

[F + F]

o= N N

Hence X, is a solution of Problem 1. The proof is completed.
O

Lemma 14. The system of quaternion matrix equations (34) is
consistent if and only if the system of real matrix equations

6 [Xy),, 2B+ [X,],, D) =4 (D),
$ (A Q[X;],, ,$Q¢(B) (36)

4 x4
+$(QQ[X,],, $QéD) =¢(P)

is consistent, where X;; € W™, i, j = 1,2,3,4, are submatri-
ces of the unknown matrix. Furthermore, if the solution sets of
(34) and (36) are denoted by S}{ and szz, respectively, then, we
have gb(S;I) c qu.

Proof. Suppose that (34) has a solution
X=X, + X,i + X;j + X,k (37)
Applying (), (b), and (c) in Lemma 4 to (34) yields
$(A) ¢ (X)¢(B)+¢(C)¢" (X)¢(D) = ¢ (F),
$(4)$(Q¢(X)$(Q ¢ (B) (38)
+6 ()¢ (Q¢" (X)$(Q (D) = (F),

which implies that ¢(X) is a solution of (36) and (/5(511{) C sz.
Conversely, suppose that (36) has a solution

X= [Xij]4 x 4 (39)
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By (d) in Lemma 4, we have that

T, ¢ (A)T,XT,'$ (B)T,
+ T, ¢ (O T,X'T,'$(D)T, = T,'$ (F) T,
R,'¢ (A)R,XR,'¢ (B)R,
+R,/$(C)RX"R,'$(D)R, = R, ¢ (F)R,,
S, ¢ (A)S,XS,'$(B)S,
+5,/4(C)8,X7S,'$(D)S, =S,/ 6 (F)S,,
T, ¢(A) ¢ (QT,XT,'$(Q ¢ (BT,
+T,' ()¢ (QT,X'T,'$(Q¢(D)T, =T, ¢ (F) T,
R,'$(A)$(QR,XR,'$(Q¢(BR,
+R,)$(C)(QR,XR,'$(Q ¢ (D)R, =R, ¢ (F)R,,
S $(A)$(Q)S,XS,'$(Q¢(B)S,

+5,$(C)$(QS,X'S,'$(Q¢(D)S, =S, ¢ (F)S,.
(40)

Hence

¢ (A)T,XT, ¢ (B) + ¢ (C) (T,,XT;I)T¢> (D) = ¢ (F),
¢ (A)R,XR;'$ (B) + $ (C) (R,XR;)) ¢ (D) = ¢ (F),
6 (4)8,XS,'6 (B) + ¢ (C) (5,X8,") ¢ (D) = ¢ (F),
¢ (A) ¢ (QT,XT, ¢ (Q¢ (B

+$©Q¢$Q(TXT) $Q¢D) =¢F), (4D
$(A)¢(QR,XR,'$(Q¢(B)

+$(O)$(Q (RXR,) $(Q¢ (D) = ¢ (),
$(A)¢(Q)S,XS,'$(Q ¢ (B)

+(09(Q(3,%5,1) ¢ Q¢ (D) = ¢ (F),

which implies that T, XT,',R,XR;", and S,XS," are also
solutions of (36). Thus,

(X+T1,XT,' +R,XR' +5,XS,") (42)

NP
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is also a solution of (36), where

X +T,XT," + R,XR,' +S,XS,’

= [XNij]4x4’ i,j=1,2,34,

I

Xip= X+ Xy + X3 + Xy,
X = Xip—Xo1 + X3y — Xy,
le = X3 = Xy = X5 + Xy,
Xiy= Xy + Xy = X5 — Xy,
Xy =Xy + Xy - X34+ Xg3
Xy = X+ Xpp + X3+ Xy,
YZZ = Xy + Xy = Xy = Xy
Xy = —Xy3 + Xpu + X3 - Xy,
X:;l = =Xp3 + Xpy + X3, = Xy

Xy, = —Xpy = Xpp + Xpp + Xy,
X:; = X+ Xy + X3 + Xy
Xay = X5 = X1 + X3y — Xy,

Xy =-Xp4- Xoz + X + Xyp
Xp = Xi3= X = X5 + Xy,
Xy = —Xpp+ X5 = Xay + X3
Xgg = Xyp + Xy + Xy + Xy

Let
-~ 1
X = 1 (Xu + Xy + X33 +X44)
+— (=X + Xy = Xag + Xy3) i

+

+
= R = s

Then it is not difficult to verify that

¢(X) =

N

(=Xp3+ Xog + X5 = Xpp) j

(=X14 = Xp3 + X35 + X)) k.

(X+T1,XT,' +R,XR ' +8,XS,").

(43)

(44)

(45)

We have that X is a solution of (34) by (a) in Lemma 4. The

proof is completed.

O

=10

-12

0 5 10 15 20
Tteration number k

* logior (k)

FIGURE 1: The convergence curve for the Frobenius norm of the
residuals from Example 18.

_10 -

-12

0 5 10 15 20
Tteration number k

* loglgr (k)

FIGURE 2: The convergence curve for the Frobenius norm of the
residuals from Example 19.

Lemma 15. There exists a permutation matrix P(4n,4n) such
that (36) is equivalent to

[ ¢" (B) & ¢ (A) + (¢ (D)@ ¢ (C)) P (4n, 4n)
¢" (B)$(Qed(A)¢(Q + (¢ (D)$(Q ®¢(C)¢(Q)P(4n,4n)

_ [vec (¢ (F))
X vec ([Xij]4 x 4) - [Vec (qb (F))] .
(46)

Lemma 15 is easily proven through Lemma 5. So we omit
it here.
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Theorem 16. When Problem 1 is consistent, let its solution set

be denoted by Sy;. IfX € Sy, and X can be expressed as

X = AFGB" + DG'C + QATGBQ
(47)
+QDG"CQ, GeH™?,

then, X is the least Frobenius norm solution of Problem 1.

Proof. By (a), (b), and (c) in Lemmas 4, 5, and 6, we have that

vee (9(%))
= vec (¢7 (A)$(G) ¢ (B) + $ (D) §" (G) $ (C)
+6(Q¢" (A$(G)¢" (B)$(Q
+$(Q¢((D)¢" (G)$(C) ¢ (Q)
=[¢B)®¢" (4) + (¢" (C) ® ¢ (D)) P (4m,4p),
$(Q¢(B)2p(Q¢" (A)
+(6(Q¢" (C)@p(Q ¢ (D)) P (4m,4p)]

<[recs]

_ [ " (B) ® $(A) + (¢" (D) ® $(C))P(4n, 4n)
¢"(B)(Q) ® p(A)$(Q) + (" (D)P(Q) ® H(C)p(Q))P(4n, 4n)

giside]

GR[ ¢' (B)® ¢ (4)
¢" (B)$(Q) @ ¢ (A)¢(Q)

+(¢" (D)® ¢ (C)) P (4n,4n)

+(¢" (D) (Q &P (C)$(Q)P(4n,dn) |
(48)

By Lemma 12, ¢(X) is the least Frobenius norm solution of
matrix equations (46).
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Noting (11), we derive from Lemmas 13, 14, and 15 that X
is the least Frobenius norm solution of Problem 1. O

From Algorithm 7, it is obvious that, if we consider

X (1) = A"GB" + DG"C + QA" GBHQ
(49)
+QDGCQ, GeH™?,

then all X(k) generated by Algorithm 7 can be expressed as

X (k) = A"GB" + DG'C + QA" G B"Q
(50)
+QDGCQ, Gy e H™?.

Using the above conclusion and considering Theorem 16,
we propose the following theorem.

Theorem 17. Suppose that Problem 1 is consistent. Let the
initial iteration matrix be

X (1) = A"GB" + DGPC + QA" GB"Q + QDG CQ, (51)

where G is an arbitrary quaternion matrix, or especially,
X(1) = 0, then the solution X", generated by Algorithm 7, is
the least Frobenius norm solution of Problem 1.

Now we study Problem 2. When Problem 1 is consistent,
the solution set of Problem 1 denoted by Sj; is not empty.
Then, For a given reflexive matrix X, € RH"™"(Q),

AXB+CX"D=F e A(X-X,)B+C(X-X,)"'D
= F - AX,B - CX}'D.
(52)

Let X = X — X, and F = F - AX,B - CX}'D, then Problem
2 is equivalent to finding the least Frobenius norm reflexive
solution of the quaternion matrix equation

AXB+CX"D=F. (53)

By using Algorithm 7, let the initial iteration matrix X(1) =
AHGBY + DGYC + QAFGBRQ + QDGHCQ, where G is an
arbitrary quaternion matrix in H"™?, or especially, X(1) =0,
we can obtain the least Frobenius norm reflexive solution X *
of (53). Then we can obtain the solution of Problem 2, which
is

X=X +X, (54)
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4. Examples Example 18. Consider the quaternion matrix equation
H
In this section, we give two examples to illustrate the effi- . AXB+CX"D=F, (55)
ciency of the theoretical results. with
A= I+i+j+k 2+2j+2k i+3j+3k 2+i+4j+4k
T3+2i+2j+k 3+43i+j 1+7i+3j+k 6-7i+2j-4k]’
-2+i+3j+k 3+3i+4j+k
g |5-4i-6j-5k —1-5i+4j+3k
T -l+2i+j+k 2+2j+6k ’
3-2i+j+k 4+i-2j-4k
C- 1+i+j+k 2+2i+2j k 2+2i+2j+k (56)
T |-l1+i+3j+3k 2+3i+4j+2k 6-2i+6j+4k 3+i+j+5k |’
-1+4j+2k 1+2i+3j+3k
D= 7+6i+5j+6k 3+7i—j+9%k
T 4+i+6j+k T+2i+9j+k |

1+i+3j-3k 1+3i+2j+2k
F_[1+3i+2j+k 2-2i+3j+3k

-1+4i+2j+k

We apply Algorithm 7 to find the reflexive solution with res-
pect to the generalized reflection matrix.

028 0 096k 0
0 -1 00 O
Q= -0.96k 0 -0.28 0 (57)

0 0 0 -1

g
Il

X (20)

0.27257 — 0.23500i + 0.034789; + 0.054677k
0.028151 — 0.013246i — 0.091097; + 0.073137k —0.46775 + 0.048363i — 0.015746 + 0.21642k
0.043349 + 0.079178i + 0.085167j — 0.84221k
0.13454 — 0.028417i — 0.0630105 — 0.10574k

~242i-1j ]

For the initial matrix X (1) = Q, we obtain a solution, that is

0.085841 — 0.064349i + 0.10387 — 0.26871k

0.35828 — 0.13849i — 0.085799 + 0.11446k

0.10491 — 0.039417i + 0.18066 j — 0.066963k (58)

—0.043349 + 0.079178i + 0.085167 + 0.84221k —0.014337 — 0.14868i — 0.011146; — 0.00036397k

0.097516 + 0.12146i — 0.017662j — 0.037534k
—-0.21872 + 0.18532i + 0.011399 + 0.029390k
—0.14099 + 0.084013i — 0.037890; — 0.17938k

with corresponding residual |R(20)| = 2.2775 X 107!, The
convergence curve for the Frobenius norm of the residuals
R(k) is given in Figure 1, where r(k) = |R(k)||.

Example 19. In this example, we choose the matrices
A, B, C, D, F,and Q as same as in Example 18. Let

1 —0.36i —0.75k 0  —0.5625i — 0.48k

X | 036i 1.28 0.48) ~0.96
=] 0 1-0.48] 17 0.64-075]
0.48k 0.96] 0.64 0.72 (59)

€ RH™(Q).

—0.064483 + 0.070885i — 0.089331 + 0.074969k
0.00048529 + 0.014861i — 0.19824j — 0.019117k |’
-0.63928 — 0.067488i + 0.042030; + 0.10106k

In order to find the optimal approximation reflexive solution
to the given matrix Xy, let X = X - X,and F = F -
AXyB - CXf){D. Now we can obtain the least Frobenius
norm reflexive solution X* of the quaternion matrix equation
AXB + CX"D = F, by choosing the initial matrix X(1) = 0,
that is
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o
I

X (20)

—0.47933 + 0.021111i + 0.11703j — 0.066934k
—0.31132 - 0.11705i — 0.33980; + 0.11991k
—-0.24134 — 0.025941i — 0.31930; — 0.26961k

—-0.11693 — 0.27043i + 0.22718; — 0.0000012004k

0.24134 — 0.025941i — 0.319305 + 0.26961k

—0.089933 — 0.25485i + 0.087788; — 0.23349k
-0.63660 + 0.16515i — 0.13216j + 0.073845k
0.00000090029 + 0.17038i + 0.20282 — 0.087697k

with corresponding residual [|[R(20)|| = 4.3455 x 107!, The
convergence curve for the Frobenius norm of the residuals

R(k) is given in Figure 2, where r(k) = |R(F)|.

X=X"+X,

0.52067 + 0.0211117 + 0.11703j — 0.066934k

Journal of Applied Mathematics

-0.52020 — 0.19377i + 0.17420j — 0.59403k
~0.86390 — 0.21715i — 0.037089 j + 0.40609k
~0.44552 + 0.13065i + 0.14533 j + 0.39015k
—0.44790 — 0.31260i — 1.0271j + 0.27275k (60)

0.089010 — 0.67960i + 0.43044 — 0.045772k
—0.17004 — 0.37655i + 0.80481 + 0.37636k

-0.034329 + 0.32283i + 0.50970; — 0.066757k |’
—0.44735 + 0.21846i — 0.21469j — 0.15347k

Therefore, the optimal approximation reflexive solution
to the given matrix X, is

-0.52020 — 0.55377i + 0.17420 — 1.3440k

—0.31132 + 0.24295i — 0.33980; + 0.11991k  0.41610 — 0.21715i — 0.037089 + 0.40609k
—-0.24134 — 0.025941i — 0.31930j — 0.26961k  0.55448 + 0.13065i — 0.33467j + 0.39015k
-0.11693 — 0.27043i + 0.22718 + 0.48000k —0.44790 — 0.31260i — 0.067117j + 0.27275k (61)

0.24134 — 0.025941i — 0.31930; + 0.26961k  0.089010 — 1.2421i + 0.43044; — 0.52577k
—0.089933 — 0.25485i + 0.56779j — 0.23349k —0.17004 — 0.37655i — 0.15519 + 0.37636k
0.36340 + 0.16515i — 0.13216 + 0.073845k  0.60567 + 0.32283i — 0.24030; — 0.066757k
0.64000 + 0.17038i + 0.20282j — 0.087697k  0.27265 + 0.21846i — 0.21469; — 0.15347k

The results show that Algorithm 7 is quite efficient.

5. Conclusions

In this paper, an algorithm has been presented for solving the
reflexive solution of the quaternion matrix equation AXB +
CX™D = F. By this algorithm, the solvability of the problem
can be determined automatically. Also, when the quaternion
matrix equation AXB + CX""D = F is consistent over
reflexive matrix X, for any reflexive initial iterative matrix,
a reflexive solution can be obtained within finite iteration
steps in the absence of roundoft errors. It has been proven
that by choosing a suitable initial iterative matrix, we can
derive the least Frobenius norm reflexive solution of the
quaternion matrix equation AXB + CX”D = F through
Algorithm 7. Furthermore, by using Algorithm 7, we solved
Problem 2. Finally, two numerical examples were given to
show the efficiency of the presented algorithm.
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We solve optimization problems on the ranks and inertias of the quadratic Hermitian matrix function Q — XPX" subject to a
consistent system of matrix equations AX = C and XB = D. As applications, we derive necessary and sufficient conditions for the
solvability to the systems of matrix equations and matrix inequalities AX = C, XB = D, and XPX" = (>, <, >,<)Q in the Lowner
partial ordering to be feasible, respectively. The findings of this paper widely extend the known results in the literature.

1. Introduction

Throughout this paper, we denote the complex number field
by C. The notations C™" and C;”™ stand for the sets
of all m x n complex matrices and all m x m complex
Hermitian matrices, respectively. The identity matrix with an
appropriate size is denoted by I. For a complex matrix A,
the symbols A* and r(A) stand for the conjugate transpose
and the rank of A, respectively. The Moore-Penrose inverse of
A € C™" denoted by A, is defined to be the unique solution
X to the following four matrix equations
(1) AXA=4, (2)XAX=X,

1
(3) (AX)" = AX, (4) (XA)" = XA. w
Furthermore, L 4, and R, stand for the two projectors L , =
I-A'Aand R, = I — AA" induced by A, respectively. It is
known that L, = L%, and R, = R},. For A € C}™™, its inertia

1, (A) = (i, (A),i_ (A),iy (A)) 2)

is the triple consisting of the numbers of the positive, nega-
tive, and zero eigenvalues of A, counted with multiplicities,
respectively. It is easy to see that i, (A) + i_(A) = r(A). For
two Hermitian matrices A and B of the same sizes, we say
A > B (A > B) in the Lowner partial ordering if A — B is
positive (nonnegative) definite.

The investigation on maximal and minimal ranks and
inertias of linear and quadratic matrix function is active
in recent years (see, e.g., [1-24]). Tian [21] considered the
maximal and minimal ranks and inertias of the Hermitian
quadratic matrix function

h(X)=AXBX"A"+ AXC+C"X A" +D,  (3)

where B and D are Hermitian matrices. Moreover, Tian [22]
investigated the maximal and minimal ranks and inertias of
the quadratic Hermitian matrix function

f(X)=Q-XPX" 4)

such that AX = C.

The goal of this paper is to give the maximal and minimal
ranks and inertias of the matrix function (4) subject to the
consistent system of matrix equations

AX =C, XB =D, (5)

where Q € CJ, P € CZXP are given complex matrices.
As applications, we consider the necessary and sufficient



conditions for the solvability to the systems of matrix equa-
tions and inequality

AX =C, XB =D, XPX" =Q,
AX =C, XB =D, XPX* > Q,
AX =C, XB =D, XPX* < Q, (6)
AX =C, XB =D, XPX" > Q,
AX =C, XB = D, XPX* <Q,

in the Lowner partial ordering to be feasible, respectively.

2. The Optimization on Ranks and Inertias
of (4) Subject to (5)

In this section, we consider the maximal and minimal ranks
and inertias of the quadratic Hermitian matrix function (4)
subject to (5). We begin with the following lemmas.

Lemmal (see [3]). Let A € C}"™", B C™*, and C € CT"
be given and denote

A B A C”
felpo) meleS)
A BC" A BC” 7
P3=[B* 0 o]’ P4=[c 0 ]
Then
max r [A — BYC — (BYC)"]
YeCP
=min{r[A B C*],r(P),r(P,)},
min r [A - BYC — (BYC)"|
YeCP*a
=2r[A B C"]
+max{w, +w_, g, +g_,w, + g_,w_+g,},
max i, [A— BYC — (BYC)"] = min {i, (P,),i, (P,)},
Yecra = -
min i, [A - BYC - (BYC)"]
vecra
=r[A B C]+max{i, (P) =7 (P5), i (P,) =7 (P},
(8)
where

wir:ir(Pl)_r(PS)’ gt:ii(PZ)_r(PAL)' 9)
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Lemma 2 (see [4]). Let A e C™", Be C™*, CeC*, D e
C™P, E € C*", Q e C™*, and P € C"™ be given. Then

(1) r(A) +r(RyB) =r(B) +r(RgA) =r[A B],

(2) r(A)+r(CLA) = r(C)+r(ALC) =r[é] ,

(3) r(B)+7r(C)+r(RgALy) =7 [

(4) r(P)+r(Q)+r[RPC 0

RzAL: RyD
) r[ EL. 0

Lemma 3 (see [23]). Let A € C;"™", B € C™", C € C},
Q € C™" and P € CP* be given, and, T € C™" be
nonsingular. Then

(1) i, (TAT®) =i, (A),

@) i, g‘g]:wm«»,
@iy §]-r@. =
A B 0
A BL
@) i, . PPl r(P) =i, | BT 0 P,
LB 0 0 p 0]

Lemma 4. Let A, C, B, and D be given. Then the following
statements are equivalent.

(1) System (5) is consistent.

(2) Let

D

r[A C]=r(A), [B

]:r(B), AD=CB. (12)

In this case, the general solution can be written as
X =A'C+L,DB"+L,VRs, (13)

where V is an arbitrary matrix over C with appropriate size.

Now we give the fundamental theorem of this paper.
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Theorem 5. Let f(X) be as given in (4) and assume that AX = Note that
C and XB = D in (5) is consistent. Then i
r[Q- (Xo+ L4VRg) P(X, + L4VRp)"]
max r(Q-XPX")

AX=C,XB=D ~ Q (Xo +L4VRg) P
0 P P r[P(XO+LAVRB)* o ]_r(p)
=minqn+r| AQ CP 0 |-r(A)—-r(B) (19)
{ -D* 0 B :rHP}Q(* Xgp]+[LOA]V[o RyP]
0
-r(P),2n+r(AQA" - CPC") . .
o 0 b ([5]ve o) [-ren
-2r(A),r| 0 -P B|-2r(B)¢, ) N
D* B* 0 1y [Q_(XO+LAVRB)P(XO+LAVRB) ]
min r(Q- XPX" . Q (Xo+L,VRg)P] .
AX=CXB=D ( ) =k [P(XO+LAVRB)* e ]_li (P)
0O P P
. Q X,P L
=2n+2r| AQ CP 0 | -2r(A)-2r(B)-r(P) zli[[ . 0 ]+[ A]V[O RyP|
o B*] PX; P 0 B
+max{s, +s_,t, +t_,s, +t_,s_+t.}, +<[LOA]V[0 RBP]>*]—1'¢(P).
max i, (Q- XPX") (20)
AX=C,XB=D —
Let
=min {n+i, (AQA" - CPC" X, P L
s o 0= [ ]+ [5] o we
(21
Q 0 D L, *
-r(A),i,| 0 -P B|-r(B)¢, +<[O]V[0 RBP]> :
D" B* 0
(14)  Applying Lemma 1 to (19) and (20) yields
o min i (Q- XPXT) maxr [q(V)] = min {r (M), (M,),r (M,)}
0O P P minr (g (V)
:n+r[AQ CP 0 |-r(A)-r(B) (15) v 2]
-D* 0 B* =2r (M) +max{s, +s_,t, +t_,s, +t_,s_+t,}, (22)
— i, (P) + max {s, 1.}, maxi, [q (V)] = min {i, (M,),i, (M,)}

where mvin i, [q(V)] = r (M) + max {s,,t,},

: . - . Ccp AQA*]
s, =—n+r (A)—i; (P)+i, (AQA —CPC")—=r | L& 1% p* |>
h (A)=1z (P)+i. (AQ ) [B DA where
0 D 0 P B
B . 1@ Q X,P L, O Q XoP Ly
t,=—n+r(A)-i; (P)+i, | 0 -P B|[-|AQ CP 0. M= Px* P PR | M,=|PX, P 0|,
D* B 0| | D" B 0 0 0 PRg L, 0 0
(16)
Q X,P 0 Q XpP L, 0
Proof. It follows from Lemma 4 that the general solution of M,=|PX; P PRg|, M;=|PX; P 0 PRgf,
(4) can be expressed as 0 RgP O L, 0 0 0

X = X, +L,VRp, 17)
M,=|PX, P 0 PRy

0 RP 0 O

Q X,P L, 0]

where V' is an arbitrary matrix over C and X, is a special
solution of (5). Then
s. =i, (M) -7 (M;), t, =i, (My) -7 (My).
Q- XPX" = Q- (X, +L,VRy) P(X, +L,VRp)". (18) (23)



Applying Lemmas 2 and 3, elementary matrix operations and
congruence matrix operations, we obtain

0O P P
AQ CP 0
-D* 0 B

r(M)=n+r -r(A)-r(B),

r(M,)=2n+r(AQA™ - CPC") - 2r (A) +r (P),

i, (M) =n+i, (AQA" —CPC") - r(A) +i, (P),

Q 0 D
r(My)=r| 0 —P B|-2r(B)+r(P),
D* B* 0
Q 0 D
i,(M,)=i,| 0 —-P B|-r(B)+i,(P),
D* B* 0
r(M3)=2n+r(P)—2r(A)—r(B)+r|:(‘E€ ?)92*]’
0 P B
r(My)=n+r(P)+r|AQ CP 0| -2r(B)-r(A).
D" B* 0
(24)
Substituting (24) into (22), we obtain the results. O

Using immediately Theorem 5, we can easily get the
following.

Theorem 6. Let f(X) be as given in (4), s, and let t, be as
given in Theorem 5 and assume that AX = C and XB = D in
(5) are consistent. Then we have the following.

(a) AX = Cand XB = D have a common solution such
that Q — XPX™ > 0 if and only if

[0 P P

n+r| AQ CP 0 [-r(A)-r(B)—i_(P)+s_<0,
| -D* 0 B"|
[ 0 P P]

n+r| AQ CP 0 [|-r(A)-r(B)—-i_(P)+t_<0.
|-D* 0 B"]

(25)

(b) AX = C and XB = D have a common solution such
that Q — XPX* < 0 if and only if

[0 P P

n+r| AQ CP 0 |-r(A)-r(B)—i,(P)+s,<0,
| -D* 0 B"|
[0 P P]

n+r| AQ CP 0 | -r(A)-r(B)—i, (P)+t, <O0.
|-D* 0 B"]

(26)
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(c) AX = C and XB = D have a common solution such
that Q — XPX* > 0 if and only if
i, (AQA* - CPC*) - r (A) > 0,
Q 0 D
i|o -p B

D* B* 0

(27)
—r(B) > n.

(d) AX = C and XB = D have a common solution such
that Q — XPX" < 0 if and only if

i_ (AQA" -CPC*)-r(A) =0,
Q 0 D (28)
i |0 -P B
D* B* 0

-r(B) = n.

(e) All common solutions of AX = C and XB = D satisfy
Q- XPX™ > 0ifand only if

n+i_ (AQA™ —CPC") - r(A) =0,

Q 0 D

} (29)
0 -P B|-r(B)=0.

or, i_
D" B* 0

(f) All common solutions of AX = C and XB = D satisfy
Q- XPX* < 0ifand only if

n+i, (AQA" —CPC") —r(A) =0,

Q 0 D

} (30)
0 -P B|-r(B)=0.

or, i,
D" B* 0

(g) All common solutions of AX = C and XB = D satisfy
Q- XPX" > 0 if and only if

0 P P]
n+r| AQ CP 0 |-r(A)-r(B)—i,(P)+s, =n,
|-D* 0 B"|
(31)
or
[0 P P
n+r| AQ CP 0 |-r(A)-r(B)—-i (P)+t, =n.
| -D* 0 B"]
(32)

(h) All common solutions of AX = C and XB = D satisfy
Q- XPX" < 0 ifand only if

0O P P
n+r| AQ CP 0 [-r(A)-r(B)—i_(P)+s_=mn,
-D* 0 B”
(33)
or

0O P P
n+tr| AQ CP 0 |-r(A)-rB)—-i_(P)+t_=n.

(34)
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(i) AX = C, XB = D, and Q = XPX" have a common

solution if and only if
[0 P P

2n+2r | AQ CP 0 |-2r(A)-2r(B)—-r(P)+s,+s_<0,
| -D* 0 B*]
[0 P P]

2n+2r | AQ CP 0 |-2r(A)-2r(B)-r(P)+t, +t_<0,
|-D* 0 B"]
[0 P P

2n+2r | AQ CP 0 [-2r(A)-2r(B)-r(P)+s,+t_<0,
|-D* 0 B
[0 P P

2n+2r | AQ CP 0 [-2r(A)-2r(B)-r(P)+s_+t,<0.
|-D* 0 B

(35)

Let P = I in Theorem 5, we get the following corollary.

Corollary 7. LetQ € C™", A, B, C, and D be given. Assume
that (5) is consistent. Denote

Q D _[C AQA*
T3—[D* B*B]a T4_[B* D*A*:|> (36)
7 _[CB AQ
> |B*B D" |"

Then,

a2y (Q-XX)
=min{n+r(T,) - r(A) - r(B),2n+r(T,)
-2r(A),n+r(T;) - 2r (B)},
i 7 (Q-XXT)
= 2r (T,) + max {r (T,) - 2r (T,) , —n + r (T5)
= 2r(Ts),i, (T,) +i_(T5)
—r(T,) -7 (Ts),-n+i_(T,)
+i, (Ty) = r (T,) - (T5)}

2o (27 XX0)

=min {n+1i, (T,) —r(A),i, (T;) - r (B)},

max i (Q-XX")
AX=C,XB=D

=min{n+i_(T,) —r(A),n+i_(Ty) —r (B)},
AX:Ilg,i)I(lB:Di+ (Q-xx7)
=r(T,) + max{i, (T,) -7 (Ty) i, (T5) —n—r(T5)},
AX=nCl,i)?B=Di_ (Q B XX*)

=r(Ty) + max {i_ (T,) - r (T,),i_ (T5) - r (T5)} -
(37)

Remark 8. Corollary 7 is one of the results in [24].

Let B and D vanish in Theorem 5, then we can obtain
the maximal and minimal ranks and inertias of (4) subject
to AX =C.

Corollary 9. Let f(X) be as given in (4) and assume that
AX = C is consistent. Then

fer Q- XX
= min {n+7r[AQ CP]-r(A)-r(B),
2n+r1r(AQA™ = CPC*) = 2r (A),r (Q) +r (P)}
min r (Q - XPX")
=2n+2r [AQ CP]-2r(A)
+max{s, +s_,t, +t_,s, +t_,s_+1t,},
max i, (Q- XPX")
= min {n +i, (AQA* — CPC*) - r (A),i, (Q) + iy (P)},
min i, (Q - XPX")
=n+r[AQ CP]-r(A)+i, (P)+max{s,,t.},
(38)
where
sy =—n+r(A) iz (P)
+i, (AQA" —CPC") - r [CP AQA™], (39)
t, = -n+r(A)+i, (Q) -r(P)-[AQ CP].

Remark 10. Corollary 9 is one of the results in [22].
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We derive the necessary and sufficient conditions of and the expressions for the orthogonal
solutions, the symmetric orthogonal solutions, and the skew-symmetric orthogonal solutions of
the system of matrix equations AX = B and XC = D, respectively. When the matrix equations
are not consistent, the least squares symmetric orthogonal solutions and the least squares skew-
symmetric orthogonal solutions are respectively given. As an auxiliary, an algorithm is provided
to compute the least squares symmetric orthogonal solutions, and meanwhile an example is
presented to show that it is reasonable.

1. Introduction

Throughout this paper, the following notations will be used. R™*"*, OR™", SR™", and ASR™"
denote the set of all m x n real matrices, the set of all n x n orthogonal matrices, the set of all
n x n symmetric matrices, and the set of all n x n skew-symmetric matrices, respectively. I,, is
the identity matrix of order n. ()T and tr(-) represent the transpose and the trace of the real
matrix, respectively. || - || stands for the Frobenius norm induced by the inner product. The
following two definitions will also be used.

Definition 1.1 (see [1]). A real matrix X € R™" is said to be a symmetric orthogonal matrix if
XT =Xand XTX =1I,.

Definition 1.2 (see [2]). A real matrix X € R*™2™ jg called a skew-symmetric orthogonal
matrix if XT = -X and XX = I,,.

The set of all n x n symmetric orthogonal matrices and the set of all 2m x 2m skew-
symmetric orthogonal matrices are, respectively, denoted by SOR™" and SSOR*™2™, Since
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the linear matrix equation(s) and its optimal approximation problem have great applications
in structural design, biology, control theory, and linear optimal control, and so forth, see,
for example, [3-5], there has been much attention paid to the linear matrix equation(s). The
well-known system of matrix equations

AX=B, XC=D, (1.1)

as one kind of linear matrix equations, has been investigated by many authors, and a series
of important and useful results have been obtained. For instance, the system (1.1) with
unknown matrix X being bisymmetric, centrosymmetric, bisymmetric nonnegative definite,
Hermitian and nonnegative definite, and (P, Q)-(skew) symmetric has been, respectively,
investigated by Wang et al. [6, 7], Khatri and Mitra [8], and Zhang and Wang [9]. Of course,
if the solvability conditions of system (1.1) are not satisfied, we may consider its least squares
solution. For example, Li et al. [10] presented the least squares mirrorsymmetric solution.
Yuan [11] got the least-squares solution. Some results concerning the system (1.1) can also be
found in [12-18].

Symmetric orthogonal matrices and skew-symmetric orthogonal matrices play impor-
tant roles in numerical analysis and numerical solutions of partial differential equations.
Papers [1, 2], respectively, derived the symmetric orthogonal solution X of the matrix
equation XC = D and the skew-symmetric orthogonal solution X of the matrix equation
AX = B. Motivated by the work mentioned above, we in this paper will, respectively, study
the orthogonal solutions, symmetric orthogonal solutions, and skew-symmetric orthogonal
solutions of the system (1.1). Furthermore, if the solvability conditions are not satisfied,
the least squares skew-symmetric orthogonal solutions and the least squares symmetric
orthogonal solutions of the system (1.1) will be also given.

The remainder of this paper is arranged as follows. In Section 2, some lemmas are
provided to give the main results of this paper. In Sections 3, 4, and 5, the necessary and
sufficient conditions of and the expression for the orthogonal, the symmetric orthogonal,
and the skew-symmetric orthogonal solutions of the system (1.1) are, respectively, obtained.
In Section 6, the least squares skew-symmetric orthogonal solutions and the least squares
symmetric orthogonal solutions of the system (1.1) are presented, respectively. In addition,
an algorithm is provided to compute the least squares symmetric orthogonal solutions, and
meanwhile an example is presented to show that it is reasonable. Finally, in Section 7, some
concluding remarks are given.

2. Preliminaries

In this section, we will recall some lemmas and the special C-S decomposition which will be
used to get the main results of this paper.

Lemma 2.1 (see [1, Lemmas 1 and 2]). Given C € R¥™", D € R?>™", The matrix equation YC =
D has a solution Y € OR?>™2™ if and only if DD = CTC. Let the singular value decompositions of
C and D be, respectively,

C-= u<H 0>VT, D= W(H O)VT, (2.1)



Journal of Applied Mathematics 3
where
IT = diag(oy,...,0k) >0, k =rank(C) =rank(D),
U= (U; Up) € OR*™ ™ 1} € R¥™*, (2.2)

W= (W; W,) € OR™ " W, e R*™*  V=(V; V) e OR™, V;eR™k

Then the orthogonal solutions of YC = D can be described as

_ I O\, r
y_w(o P)u, (2.3)

where P € OR@m-kK)*(2m=K) is grbitrary.

Lemma 2.2 (see [2, Lemmas 1 and 2]). Given A € R™™, B € R™™. The matrix equation AX = B
has a solution X € OR™™ if and only if AAT = BBT. Let the singular value decompositions of A
and B be, respectively,

A= u(i g) VT, B= u(i 8) QoT, (2.4)

where

S = diag(6y,...,6) >0, [=rank(A)=rank(B), U= (U; U,) € OR™", U; eR™,

V=V Vo) eOR™™, V,eR™!,  Q=(Qi Q)€ OR™™, QeR™.

(2.5)
Then the orthogonal solutions of AX = B can be described as
I 0

X = V< 0’ W) Qr, (2.6)

where W € OR-Dxm=D) g grbitrary.

Lemma 2.3 (see [2, Theorem 1]). If
x = (X1 X2 ¢ opemam ¥ e ASRRK 2.7)

X X»

then the C-S decomposition of X can be expressed as

<D1 0 )T<X11 X12> <D1 0 ) _ (Zn Zu) (2.8)
0 D, X1 X2 0 Ry 21 X/’
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where Dy € ORMk | Dy, R, € OR@m-k)x(@2m-k)

100 000
21=10C 0|, 2p=10S5 0,
000 001

P=diag(Ti D), Ti=o=T,= (5 ), C-dingCyosC), @)
0 Ci . .
Ci= < > i=1,...L; S =diag(Sy,...,5n),

si=<%i g) SIS +CICi=1, i=1,...,L;

2r1 + 20 =rank(Xy1),  Zx =X, k —2r; = rank(Xy1).
Lemma 2.4 (see [1, Theorem 1]). If

K = <§2 EZ) € OR™™ Ky € SR™, (2.10)

then the C-S decomposition of K can be described as
<D1 0 )T<K11 K12> <D1 0 > _ (Hn 1_[12> @2.11)
0 Dy/ \Ka Kp/\0 R Iy )’

where D1 € OR™! Dy, Ry, € QRm=Dx(m-1),

100 000
IIn=10Co0]|, M= 0SS 0},
000 001

I 0
>/ H22: 0 _C 0 7

000 (212)
I=diag(i,...,i,), ij=+1, j=1,...,71;

S = diag(sv,...,sr), C= diag(cy,...,cr),

S=y1-& i=1,.,1; r+l=rank(Kp), Ily=IT,
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Remarks 2.5. In order to know the C-S decomposition of an orthogonal matrix with a
k x k leading (skew-) symmetric submatrix for details, one can deeply study the proof of

Theorem 1in [1] and [2].

Lemma 2.6. Given A € R™", B € R™™. Then the matrix equation AX = B has a solution X €
SOR™™ ifand only if AAT = BBT and ABT = BAT. When these conditions are satisfied, the general
symmetric orthogonal solutions can be expressed as

X = V(IZ(’)" g) ar, (2.13)

where

Q = JQdiag(I,D,) € OR™™,  V = JV diag(l, R,) € OR™"™,

(2.14)

Proof. The Necessity. Assume X € SOR™™ is a solution of the matrix equation AX = B, then
we have

S O~

0
0
I

O~ O

and G € SORM=2r)x(m=21+1) g grpitrary.

BBT = AXXTAT = AAT,
(2.15)
BAT = AXAT = AXTAT = ABT.

The Sufficiency. Since the equality AAT = BBT holds, then by Lemma 2.2, the singular
value decompositions of A and B can be, respectively, expressed as (2.4). Moreover, the
condition ABT = BAT means

L GHI GHERHGH S CH T

which can be written as
VIiQi =Qlvi. (2.17)

From Lemma 2.2, the orthogonal solutions of the matrix equation AX = B can be described
as (2.6). Now we aim to find that X in (2.6) is also symmetric. Suppose that X is symmetric,
then we have

(6 wr)ve=av (g w) (2.18)
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together with the partitions of the matrices Q and V in Lemma 2.2, we get

ViQi=Qiw, (2.19)
QIVaW = V] Q,, (2.20)
QW =WV Q,. (2.21)

By (2.17), we can get (2.19). Now we aim to find the orthogonal solutions of the system
of matrix equations (2.20) and (2.21). Firstly, we obtain from (2.20) that QlTVz(QlTVZ)T =
VIQ:(VIQ,)", then by Lemma 2.2, (2.20) has an orthogonal solution W. By (2.17), the I x I
leading principal submatrix of the orthogonal matrix VT Q is symmetric. Then we have, from
Lemma 2.4,

VIQ, = DilTy,R], (2.22)
Qi Va2 = D111, Dj, (2.23)
VyQ, = DoIInRY. (2.24)

From (2.20), (2.22), and (2.23), the orthogonal solution W of (2.20) is

GO0O
W=D,( 0 IT0 )R, (2.25)
001

where G € ORm-21)x(m=21+1) g arbitrary. Combining (2.21), (2.24), and (2.25) yields GT =
G, that is, G is a symmetric orthogonal matrix. Denote

V =Vdiag(I,D;), Q=Qdiag(l,R,), (2.26)

then the symmetric orthogonal solutions of the matrix equation AX = B can be expressed as

/T 0 0\
x=V(0Go)Q. (2.27)
00 I

Let the partition matrix J be

O O~
~ O O
O~ O

—
I
VRS

> , (2.28)
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100
0GoO). (2.29)
001

V=JV, Q=JQ, (2.30)

compatible with the block matrix

Put

then the symmetric orthogonal solutions of the matrix equation AX = B can be described as
(2.13). O

Setting A = CT, B = DT, and X = YT in [2, Theorem 2], and then by Lemmas 2.1 and
2.3, we can have the following result.

Lemma 2.7. Given C € R*™", D € R*™"_ Then the equation has a solution Y € SSOR¥™2m jf
and only if D'D = CTC and DTC = ~CTD. When these conditions are satisfied, the skew-symmetric
orthogonal solutions of the matrix equation YC = D can be described as

(T 0\fr
Y-W<0 H)u , (2.31)

where

W = J'W diag(I, -D,) € OR?™2™, {0 = J'U diag(I, R,) € OR>™?™,

<I > (2.32)
J'=1{0 ,
0

~ O O
O~ O

and H € SSOR*™*" is arbitrary.

3. The Orthogonal Solutions of the System (1.1)
The following theorems give the orthogonal solutions of the system (1.1).

Theorem 3.1. Given A, B € R™™ and C, D € R™", suppose the singular value decompositions of
A and B are, respectively, as (2.4). Denote

s (&) vo-()
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where Cy, Dy € RX", and Cy, Dy € RU"D*"_ et the singular value decompositions of Cy and D, be,
respectively,

_’“’ HO T _""’ HO T
Cz—U(O O>V, D2_W<0 0>V, (3.2)

where U, W € ORmDx(m-D) 'y ¢ OR™", 1 € RF** is diagonal, whose diagonal elements are
nonzero singular values of C, or D,. Then the system (1.1) has orthogonal solutions if and only if

AAT=BB', Ci=D;, D;D,=C)C,. (3.3)

In which case, the orthogonal solutions can be expressed as
_ofI 0\ AT
X_V< 0 G’)Q , (3.4)
where

\/ _ Il 0 mxm A _ Il 0 mxm
V_V<0 W)eOR , Q-Q<O C[>GOR , (3.5)

and G' € OR=k=Dx(m=k=1) 45 grbitrary.

Proof. Let the singular value decompositions of A and B be, respectively, as (2.4). Since the
matrix equation AX = B has orthogonal solutions if and only if

AAT =BBT, (3.6)

then by Lemma 2.2, its orthogonal solutions can be expressed as (2.6). Substituting (2.6) and
(3.1) into the matrix equation XC = D, we have C; = D; and WC, = D,. By Lemma 2.1, the
matrix equation WC, = D, has orthogonal solution W if and only if

D;D, = C,C>. (3.7)

Let the singular value decompositions of C, and D, be, respectively,

17 HO T _”" HO T
C2_LI<O 0>V, D2_W<O 0>V, (3.8)

where le, We OR(m-Dx(m-1) Ve OR™" I € RF*k ig diagonal, whose diagonal elements are
nonzero singular values of C, or D». Then the orthogonal solutions can be described as

_ TA7 I 0 7T
W—W(O G,>u, (3.9)
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where G' € ORm-k-Dx(m=k=D) jg arbitrary. Therefore, the common orthogonal solutions of the
system (1.1) can be expressed as

I 00
/L 0ONar [T 0 L 0N\ v o /Lu 0\Ar
X_v<0 W)Q —V<0 )05 0 ) (g gr)e=v(y g)Q G
0 0G
where
s I 0 mxm ~ I, 0 i
V_V<0 W) € OR™™, Q_Q<0 u> € OR™™, 3.11)
and G’ € ORm-k=Dx(m=k=) jg arbitrary. O

The following theorem can be shown similarly.

Theorem 3.2. Given A, B € R™™ and C, D € R™", let the singular value decompositions of C and
D be, respectively, as (2.1). Partition

AW = (A, A;), BU= (B B), (3.12)

where Ay, B; € Rk, Ay, B, € R™"K) Assume the singular value decompositions of Ay and By
are, respectively,

_ i Z 0 T _ 7 Z 0 T
Az_u<0 0>V , B2_u<0 O)Q , (3.13)

where V, Q € ORm-kxm=k) [T ¢ OR™", 5 e RI*!'s diagonal, whose diagonal elements are
nonzero singular values of A, or By. Then the system (1.1) has orthogonal solutions if and only

if

D'D=CTc, Ay = By, A, Al = B,B]. (3.14)

In which case, the orthogonal solutions can be expressed as

A7 Iiyy O 7T
X = W< ) H,)u , (3.15)
where
= I, O mxm o I 0O mxm
W_W<0 W)eOR ) u_u<0 a>GOR ) (3.16)

and H' € OR=k=1)x(m=k=1) g qrbitrary.
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4. The Symmetric Orthogonal Solutions of the System (1.1)
We now present the symmetric orthogonal solutions of the system (1.1).

Theorem 4.1. Given A,B € R™™, C,D € R"™". Let the symmetric orthogonal solutions of the
matrix equation AX = B be described as in Lemma 2.6. Partition

57 - (€ 71p - (P
QC—<C,2, VD= (p) ). (4.1)

where Ci, Dy € R CL D, € R4 Then the system (1.1) has symmetric orthogonal
solutions if and only if

AA"=BB", AB'"=BA', (C|=D),, DfD,=CfC,, DJC,=CID, (42

In which case, the solutions can be expressed as
/T 0\ =
x=v(; )" (*3)
where

G Iy, 0 mxm A — Iy 0 mxm
v_v<0 W)eoma ) Q-Q<0 u>eOR , (4.4)

and G" € SORUn=2br=214r)x(m=2l+r=2I41") s qrbitrary.
Proof. From Lemma 2.6, we obtain that the matrix equation AX = B has symmetric

orthogonal solutions if and only if AAT = BBT and ABT = BAT. When these conditions
are satisfied, the general symmetric orthogonal solutions can be expressed as

X = V<I2gf g) ar, (4.5)

where G € SOR(m-2+)x(m=2147) jg arbitrary, Q € OR™™, V € OR™"™ Inserting (4.1) and (4.5)
into the matrix equation XC = D, we get C; = D] and GC, = Dj,. By [1, Theorem 2], the
matrix equation GC, = D;, has a symmetric orthogonal solution if and only if

DD, =Ccjc,  DYC,=CJD,. (4.6)

In which case, the solutions can be described as

_o (- 0 \j7
G-W( . G,,)u, 4.7)
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where G’ € SOQR(m-21+r=2l+r)x(m=2l+r=2'+r") g arbitrary, W c OR(m—ZlJrr)x(m—ZlJrr), and 1:[ c
OR(m-21r)x(m=21+1) Hence the system (1.1) has symmetric orthogonal solutions if and only
if all equalities in (4.2) hold. In which case, the solutions can be expressed as

Iy, 0
_ofluiy ONxr _ ofla+ O Ly, 0 \xr
(5 () (0 o)) a)e e

that is, the expression in (4.3). O

The following theorem can also be obtained by the method used in the proof of
Theorem 4.1.

Theorem 4.2. Given A,B € R™™, C,D € R"™". Let the symmetric orthogonal solutions of the
matrix equation XC = D be described as

= hkr 0\ 7
X_M< ‘ G>N, (4.9)

where M, N € OR™™ G € SOR(m-2k+r)x(m=2k+1)  payrtition
AM = (M; M), BN =(N; Ni), M;, N;eR™®* M, N, e R™m24) - (4.10)

Then the system (1.1) has symmetric orthogonal solutions if and only if

D'D=C'Cc, D'C=C'D, M;=N;, MM;=N,Ni, M,;N,=N,Mj.

(4.11)
In which case, the solutions can be expressed as
X = M(é ;})ﬁf (412)
where
M= "M(Izgf ﬂ%> €eOR™™  N=N <I2gf 1%) € OR™™, (4.13)

and H" € SORm-2ktr=2k+r)x(m=2k+r=2K47") s grpitrary.



12 Journal of Applied Mathematics

5. The Skew-Symmetric Orthogonal Solutions of the System (1.1)
In this section, we show the skew-symmetric orthogonal solutions of the system (1.1).

Theorem 5.1. Given A, B € R™?", C,D € R*™". Suppose the matrix equation AX = B has skew-
symmetric orthogonal solutions with the form

/1 0\Ar
X _v1<0 H) r (5.1)
where H € SSOR*™?" is arbitrary, Vi, O1 € OR>™<2m_Dyrtition
T Q1 ST V1>
C= , ViD= , 52
gle=(2), o= (3 62)

where Q, V1 € RCm=20xn () V) € R2™". Then the system (1.1) has skew-symmetric orthogonal
solutions if and only if

AAT=BB", AB"=-BAT, Qi=Vi, QIQ=V;{V,, QIV,=-V;Q,. (53)

In which case, the solutions can be expressed as

X =7 <é ]0,)@{, (5.4)

where

7 X7 Im—r X A I~ Im—r X
V=V1<202 v%)eORz’"zm, Q=Q1<202 3>60R2m2’", (5.5)

and J' € SSOR***2K' js arbitrary.

Proof. By [2, Theorem 2], the matrix equation AX = B has the skew-symmetric orthogonal
solutions if and only if AAT = BB" and AB” = —BA”. When these conditions are satisfied,
the general skew-symmetric orthogonal solutions can be expressed as (5.1). Substituting (5.1)
and (5.2) into the matrix equation XC = D, we get Q; = V; and HQ; = V,. From Lemma 2.7,
equation HQ, = V, has a skew-symmetric orthogonal solution H if and only if

Q'@ =V]Vvo,  QIV,=-VIQ,. (5.6)

When these conditions are satisfied, the solution can be described as

H = W(é ?,)aT, (57)
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where J' € SSOR? % is arbitrary, W, U € OR?*¥" Inserting (5.7) into (5.1) yields that the
system (1.1) has skew-symmetric orthogonal solutions if and only if all equalities in (5.3)
hold. In which case, the solutions can be expressed as (5.4). O

Similarly, the following theorem holds.

Theorem 5.2. Given A,B € R™?", C,D € R*™". Suppose the matrix equation XC = D has
skew-symmetric orthogonal solutions with the form

/T 0\ ~r
X = W(O K>U , (5.8)
where K € SSOR**? is arbitrary, W, U € OR>™2m_ Partition
AW = (W, W,),  BU=(U; U,), (5.9)

where W1, Uy € R™Cm=2p) ‘W, U, € R™?. Then the system (1.1) has skew-symmetric orthogonal
solutions if and only if

D'D=C"'C, D'C=-C'D, Wi=U;, W,W,]=WU;, UWW]=-WU,.

(5.10)
In which case, the solutions can be expressed as
— /I 0\~
X=W <o ],,)u{, (5.11)
where
o iwf mw O 2mx2m 7o (T 0\ 2mxam
Wi = W< 0 W1> € OR , u, = o ar Ue€OR , (5.12)

and J" € SSOR?*™24 is arbitrary.

6. The Least Squares (Skew-) Symmetric Orthogonal Solutions of
the System (1.1)

If the solvability conditions of a system of matrix equations are not satisfied, it is natural to
consider its least squares solution. In this section, we get the least squares (skew-) symmetric
orthogonal solutions of the system (1.1), that is, seek X € SSOR?™2™(SOR™™") such that

min AX - B|? + || XC - D|].
XeSSORmeZm(SORnxVI)” ” ” || (61)
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With the help of the definition of the Frobenius norm and the properties of the skew-
symmetric orthogonal matrix, we get that

|AX = B + IXC = DI” = | AJ> + [|BIP + |[CI” + ID|* - 2tr (X" (ATB+ DCT) ). (62)

Let

ATB+DCT =K,

KT -K (63)

=T.
2

Then, it follows from the skew-symmetric matrix X that

tr(XT(ATB + DCT)) = tr(XTK) = tr(-XK) = tr<X<KT 2_ K >> = tr(XT).  (64)

Therefore, (6.1) holds if and only if (6.4) reaches its maximum. Now, we pay our attention to
find the maximum value of (6.4). Assume the eigenvalue decomposition of T is

T= E(‘S 8) ET (6.5)

with

A = diag(Ay, ..., Ay), Ai=<0 “i>, a:>0,i=1,...,1, 2l=rank(T). (6.6)

-a; 0
Denote
e () 6
partitioned according to
(’3 8> 6.8)

then (6.4) has the following form:

tr(XT) = tr(ETXE (‘3 8)) = tr(X;1A). (6.9)
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Thus, by
Xy=1= diag(fl, .. ’fl) (6.10)
where
I = (2 _01>, i=1,...,1 (6.11)
Equation (6.9) gets its maximum. Since ET XE is skew-symmetric, it follows from
X = E<g g) E, 6.12)

where G € SSOR@m-20x(2m-21) jg arbitrary, that (6.1) obtains its minimum. Hence we have the
following theorem.

Theorem 6.1. Given A, B € R™" qnd C, D € R¥™"_denote

ATB+DCT =K, =T, (6.13)

and let the spectral decomposition of T be (6.5). Then the least squares skew-symmetric orthogonal
solutions of the system (1.1) can be expressed as (6.12).

If X in (6.1) is a symmetric orthogonal matrix, then by the definition of the Frobenius
norm and the properties of the symmetric orthogonal matrix, (6.2) holds. Let

H'+H

5 N. (6.14)

ATB+DCT = H,

Then we get that

min ||AX - B|I* +||XC - D|* = _min [||A||2+||B||2+||C||2+||D||2—2tr(XN)]. (6.15)
XeSORmn XeSORm=n

Thus (6.15) reaches its minimum if and only if tr(XN) obtains its maximum. Now, we focus
on finding the maximum value of tr(XN). Let the spectral decomposition of the symmetric
matrix N be

N = M(Z 0) MT, (6.16)
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where
>t 0 .
= (0 Z‘)’ X* =diag(Ay, ..., As),
17
M2A 2 2A0>0, X =diag(Ase1,...,A), (6.17)
A <A <o < hgi1 <0, t=rank(N).
Denote
Xn X
MIxMm =21 212 6.18
<X21 X22> (6.15)
being compatible with
>0
<O 0). (6.19)
Then

tr(XN) = tr(MTXM<§ 8)) - tr<<§<zi %> <§ g>> - tr(X_nZ>. (6.20)

Therefore, it follows from

— - /I, 0
Xn=1= <0 _IFS) (6.21)

that (6.20) reaches its maximum. Since MTXM is a symmetric orthogonal matrix, then when
X has the form

o (10N 7
X_M<0 L>M, (6.22)

where L € SOR)*(n=D) g arbitrary, (6.15) gets its minimum. Thus we obtain the following
theorem.

Theorem 6.2. Given A, B € R™", C,D € R"™", denote

H"+H

6.23
5 N, (6.23)

ATB+DCT = H,

and let the eigenvalue decomposition of N be (6.16). Then the least squares symmetric orthogonal
solutions of the system (1.1) can be described as (6.22).
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Algorithm 6.3. Consider the following.

Step 1. Input A, B € R*™ and C, D € R™".
Step 2. Compute

ATB+DCT = H,

HT o H (6.24)

N =
2

Step 3. Compute the spectral decomposition of N with the form (6.16).

Step 4. Compute the least squares symmetric orthogonal solutions of (1.1) according to
(6.22).

Example 6.4. Assume

122 84 -56 63 94 107 85 94 36 78 63 47
118 29 85 69 96 —7.8 27 36 79 94 56 7.8
A=|10623 115 78 67 89 |, B=| 37 67 86 98 34 29 |,
36 7.8 49 119 94 59 43 62 57 74 54 95
45 67 78 3.1 56 116 29 39 -52 63 7.8 4.6
54 64 37 56 97 79 95 54 28 86 (6.25)
36 42 78 —63 7.8 87 26 67 84 81
c_| 67 35 -16 29 23 5| 573929 52 19
2772108 37 38 | 48 58 18 -72 58
19 39 82 56 112 28 79 45 67 96
89 78 94 79 56 95 41 34 98 39

It can be verified that the given matrices A, B,C, and D do not satisfy the solvability
conditions in Theorem 4.1 or Theorem 4.2. So we intend to derive the least squares symmetric
orthogonal solutions of the system (1.1). By Algorithm 6.3, we have the following results:

(1) the least squares symmetric orthogonal solution

0.01200 0.06621 -0.24978 0.27047 091302 -0.16218
0.06621 0.65601 0.22702 -0.55769 0.24587  0.37715

X = —0.24978 0.22702 0.80661 0.40254 0.04066 —0.26784 (6.26)
0.27047 -0.55769 0.40254 0.06853 0.23799  0.62645 |’ '
0.91302 0.24587 0.04066 0.23799 -0.12142 -0.18135

-0.16218 0.37715 -0.26784 0.62645 -0.181354 0.57825

2)

min ||AX - B|* + ||XC - DJ|* = 1.98366,
XeSORmxm
(6.27)

||XTX y || = 2.84882 x 10715, ||XT - X” — 0.00000.



18 Journal of Applied Mathematics

Remark 6.5. (1) There exists a unique symmetric orthogonal solution such that (6.1) holds if
and only if the matrix

_H"+H

=, (6.28)

N

where

H=A"B+DCT, (6.29)

is invertible. Example 6.4 just illustrates it.
(2) The algorithm about computing the least squares skew-symmetric orthogonal
solutions of the system (1.1) can be shown similarly; we omit it here.

7. Conclusions

This paper is devoted to giving the solvability conditions of and the expressions of
the orthogonal solutions, the symmetric orthogonal solutions, and the skew-symmetric
orthogonal solutions to the system (1.1), respectively, and meanwhile obtaining the least
squares symmetric orthogonal and skew-symmetric orthogonal solutions of the system (1.1).
In addition, an algorithm and an example have been provided to compute its least squares
symmetric orthogonal solutions.
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Let R be an 1 by n nontrivial real symmetric involution matrix, thatis, R= R = RT#1,. Annxn

complex matrix A is termed R-conjugate if A = RAR, where A denotes the conjugate of A. We
give necessary and sufficient conditions for the existence of the Hermitian R-conjugate solution
to the system of complex matrix equations AX = Cand XB = D and present an expression of
the Hermitian R-conjugate solution to this system when the solvability conditions are satisfied.
In addition, the solution to an optimal approximation problem is obtained. Furthermore, the least
squares Hermitian R-conjugate solution with the least norm to this system mentioned above is
considered. The representation of such solution is also derived. Finally, an algorithm and numerical
examples are given.

1. Introduction

Throughout, we denote the complex m x n matrix space by C"™*", the real m x n matrix space
by R"™", and the set of all matrices in R"™*" with rank r by R"”"*. The symbols I, A, AT, A%, AL,
and ||A|| stand for the identity matrix with the appropriate size, the conjugate, the transpose,
the conjugate transpose, the Moore-Penrose generalized inverse, and the Frobenius norm of
A € C™" respectively. We use V,, to denote the n x n backward matrix having the elements 1
along the southwest diagonal and with the remaining elements being zeros.

Recall that an n x n complex matrix A is centrohermitian if A = V,AV,. Centro-
hermitian matrices and related matrices, such as k-Hermitian matrices, Hermitian Toeplitz
matrices, and generalized centrohermitian matrices, appear in digital signal processing and
others areas (see, [1-4]). As a generalization of a centrohermitian matrix and related matrices,
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Trench [5] gave the definition of R-conjugate matrix. A matrix A € C"™" is R-conjugate if
A = RAR, where R is a nontrivial real symmetric involution matrix, thatis, R = R1'=RTand
R #I,,. At the same time, Trench studied the linear equation Az = w for R-conjugate matrices
in [5], where z, w are known column vectors.

Investigating the matrix equation

AX =B (1.1)

with the unknown matrix X being symmetric, reflexive, Hermitian-generalized Hamiltonian,
and repositive definite is a very active research topic [6-14]. As a generalization of (1.1), the
classical system of matrix equations

AX=C, XB=D (1.2)

has attracted many author’s attention. For instance, [15] gave the necessary and sufficient
conditions for the consistency of (1.2), [16, 17] derived an expression for the general solution
by using singular value decomposition of a matrix and generalized inverses of matrices,
respectively. Moreover, many results have been obtained about the system (1.2) with various
constraints, such as bisymmetric, Hermitian, positive semidefinite, reflexive, and generalized
reflexive solutions (see, [18-28]). To our knowledge, so far there has been little investigation
of the Hermitian R-conjugate solution to (1.2).

Motivated by the work mentioned above, we investigate Hermitian R-conjugate
solutions to (1.2). We also consider the optimal approximation problem

-] - i -1 )

where E is a given matrix in C™" and Sx the set of all Hermitian R-conjugate solutions to
(1.2). In many cases the system (1.2) has not Hermitian R-conjugate solution. Hence, we need
to further study its least squares solution, which can be described as follows: Let RHC™"
denote the set of all Hermitian R-conjugate matrices in C"*":

- : _CI? PR
sL_{X|X€g%W<||AX C|? +|IXB D||>}. (1.4)

Find X € C™" such that
5] o 13

In Section 2, we present necessary and sufficient conditions for the existence of the
Hermitian R-conjugate solution to (1.2) and give an expression of this solution when the
solvability conditions are met. In Section 3, we derive an optimal approximation solution to
(1.3). In Section 4, we provide the least squares Hermitian R-conjugate solution to (1.5). In
Section 5, we give an algorithm and a numerical example to illustrate our results.
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2. R-Conjugate Hermitian Solution to (1.2)

In this section, we establish the solvability conditions and the general expression for the
Hermitian R-conjugate solution to (1.2).

We denote RC™" and RHC™" the set of all R-conjugate matrices and Hermitian R-
conjugate matrices, respectively, that is,

RC™™ = {A|Z= RAR},
(2.1)
HRC™" = {A | A= RAR, A = A*},

where R is n x n nontrivial real symmetric involution matrix.
Chang et al. in [29] mentioned that for nontrivial symmetric involution matrix R €
R™", there exist positive integer r and n x n real orthogonal matrix [P, Q] such that

I, 0 PT
0 _In—r QT

where P € R, Q € R™("") By (2.2),

RP =P, RQ=-Q, P'P=1, Q'Q=1,,, PTQ =0, Q'P=0. (23)

Throughout this paper, we always assume that the nontrivial symmetric involution
matrix R is fixed which is given by (2.2) and (2.3). Now, we give a criterion of judging a
matrix is R-conjugate Hermitian matrix.

Theorem 2.1. A matrix K € HRC™" if and only if there exists a symmetric matrix H € R™" such
that K = THT*, where

r=[P iQ], (2.4)

with P, Q being the same as (2.2).

Proof. If K € HRC™™, then K = RKR. By (2.2),

. I, 0 pT I, 0 pT
K=RKR= [P, Q] K[P, Q] , (2.5)
0 -I,,| QT 0 -L.||QT
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which is equivalent to

(2.6)

Suppose that

pr K1 Ky
K[P, Q] = ] (2.7)
Qr K> Ko

Substituting (2.7) into (2.6), we obtain

K Kz I, 0 Ky Kpp| [, O K -Kp
e = . (2.8)
K21 K22 0 _In—r K21 K22 0 _In—r _K21 K22

Hence, K_ll = K11, K_12 = _K12, K_21 = —Kzl, K_22 = K22, that iS, K11, iKlz, iKzl, K22 are real
matrices. If we denote M =iKy», N = —iKjy, then by (2.7)

K K] [PT Ky M PT
K=1[P, Q = [P, iQ] ] (2.9)
K»n K| |QT N Kp] |-iQ"

LetT = [P, iQ], and

Ku M
H-= . (2.10)

Then, K can be expressed as 'HI'*, where I is unitary matrix and H is a real matrix. By
K =K*

TH'T* = K* = K =THT?, (2.11)

we obtain H = HT.
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Conversely, if there exists a symmetric matrix H € R™" such that K = 'HI™, then it
follows from (2.3) that

PT PT
RKR = RTHT*R = R[P, iQ|H R=[P, -iQ|H -THT* =K,
~iQT iQT (2.12)
K*=TH'T* =THI* =K,
that is, K € HRC™", 0

Theorem 2.1 implies that an arbitrary complex Hermitian R-conjugate matrix is equiv-
alent to a real symmetric matrix.

Lemma 2.2. For any matrix A € C"™", A = A; +iA,, where

A+ A A-A
- ) (2.13)
o My

Ay =

Proof. For any matrix A € C"™", it is obvious that A = A; + iA;, where A;, A; are defined
as (2.13). Now, we prove that the decomposition A = A; +iA; is unique. If there exist By, B,
such that A = B; +iB,, then

A1 - B + I(B2 — Az) =0. (214)
It follows from A1, A,, B1, and B, are real matrix that
A; = By, A = Bs. (2.15)

Hence, A = A; +iA; holds, where Ay, A; are defined as (2.13). O

By Theorem 2.1, for X € HRC™™", we may assume that

X =TYT", (2.16)

where I is defined as (2.4) and Y € R™" is a symmetric matrix.
Suppose that AT = A; +iA; € C™", CT = C; +iCy € C"™", T*B = By +iB, € C™/, and
I*D = D; +iD, € C™, where

A= AF+AF/ Ay = ATl —.Al"/ C, = CI"+C1", C, = CT —'Cl",
2 2i 2 21
— _ . _ (2.17)
B1:FB+FB BQ:FB__FB D1:FD+FD Dzzl"D—-l”D.

2 ! 2i ! 2 ! 2i
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Then, system (1.2) can be reduced into

(Al + lAz)Y = C1 + iCz, Y(Bl + le) = D1 + iDz, (218)
which implies that
Aq Cq
Y = , Y[Bl, Bz] = [Dl, Dz]. (2.19)
Ay C
Let

Ay G
F = , G= ’ K = [Blr BZ]/
As C,

(2.20)
F G
L= [D1, Dy, M= , N = .
KT LT
Then, system (1.2) has a solution X in HRC™" if and only if the real system
MY =N (2.21)
has a symmetric solution Y in R™".
Lemma 2.3 (Theorem 1in [7]). Let A € R™". The SV D of matrix A is as follows
20
A=U VT, (2.22)
00

where U = [U;, Uy] € R™™ and V = [V4, Vo] € R™" are orthogonal matrices, ¥ = diag(oy, ...,
or),0i>0(@G =1,...,r), r = rank(A), U; € R™",V; € R™. Then, (1.1) has a symmetric
solution if and only if

ABT = BAT, UlB=0. (2.23)

In that case, it has the general solution

X =wiZ'U]B+ WV BV + V,GV], (2.24)

where G is an arbitrary (n —r) x (n —r) symmetric matrix.

By Lemma 2.3, we have the following theorem.
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Theorem 2.4. Given A € C™",C € C™", B e C™, and D e€ C™. Let Ay, Ay, C1,
Cy, By, By, D1, Dy, F, G, K, L, M, and N be defined in (2.17), (2.20), respectively. Assume that
the SVD of M € RZ™20xn js gs follows

M; 0
M=U [ ] VT, (2.25)

0 0

where U = [U;, Uy] € REm2DxCm+2) gpnd V = [V}, V5] € R™™ are orthogonal matrices, My =
diag(o1,...,0,),0; >0 (i = 1,...,r), r = rank(M), U; € RE™2Dxr ', ¢ R™" Then, system
(1.2) has a solution in HRC™" if and only if

MNT = NMT, UIN =0. (2.26)
In that case, it has the general solution
X = T(ViM{'UN + VaVI NTULMT V] + VoGV )T, (2.27)
where G is an arbitrary (n —r) x (n —r) symmetric matrix.

3. The Solution of Optimal Approximation Problem (1.3)

When the set Sx of all Hermitian R-conjugate solution to (1.2) is nonempty, it is easy to verify
Sx is a closed set. Therefore, the optimal approximation problem (1.3) has a unique solution
by [30].

Theorem 3.1. Given A € C™", C € C™", Be C™, D € C™!, E € C™", and E; = (1/2)(T*ET +
I*ET). Assume Sx is nonempty, then the optimal approximation problem (1.3) has a unique solution
X and

X = T(ViM{'UIN + VoV NTULMT V] + VoVl Ve V)T, (3.1)

Proof. Since Sx isnonempty, X € Sx has the form of (2.27). By Lemma 2.2, T*ET can be written
as

I*ET = E; +iE, (3.2)

where

E = %(F*EF +ﬁ), E, = %(r*lsr —ﬁ). (3.3)
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According to (3.2) and the unitary invariance of Frobenius norm

X - E| = ”r(le-lqu + VVINTUM VT + VZGV2T>1"* - E”

= [|(Br - viM U N - vV NTU MV = VaGV] ) 4B |- o
We get
IX - E|)? = “151 ~ViMUTN - LVINTU,MVT - VZGVZT”Z +||Ea|. (3.5)
Then, minxes, || X — E|| is consistent if and only if there exists G € R®*"") such that
min||E1 —“ViMUTN - V,VINTU M VT = VoGV || (3.6)
For the orthogonal matrix V
|Er - Vi MU N - VaVI NTU MOV - VoG] “2
= |V & - viMTUTN - vV NTU MV - Va6V )v||2
(3.7)
= |V (B - iU N) ||2 +||viF & - VlM—lqu)Vzn2
||V (Br - VI NTUyM V) vy ”2 ||V (B - a6V )V |-
Therefore,
min||E; - ViMTUTN - VI NTU M7V - VoGV | (3.8)
is equivalent to
G=V/]EV,. (3.9)
Substituting (3.9) into (2.27), we obtain (3.1). O

4. The Solution of Problem (1.5)

In this section, we give the explicit expression of the solution to (1.5).

Theorem 4.1. Given A € C™", C € C™" B € C™ and D € C™. Let Ay, Ay, Cq1, Ca,
By, By, D1, Dy, F, G, K, L, M, and N be defined in (2.17), (2.20), respectively. Assume that the
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SVD of M € R@™20xn s g5 (2.25) and system (1.2) has not a solution in HRC™". Then, X € Sy
can be expressed as

MUTNV, M;'UTNV,
X=IV vIT*, (4.1)
vV NTUM;! Y2
where Yo, € R0 s ap arbitrary symmetric matrix.
Proof. It yields from (2.17)-(2.21) and (2.25) that
IAX = CI* + IXB - D|* = |[MY - N|
M; 0 ?
=|\u VY -N
0 0 (4.2)
M; 0 2
= vIYv -u'nNvy .
0 0
Assume that
Y Yo
vIiyv = , Y €R™T, Yy, € R0, (4.3)
Yo Yo
Then, we have
IAX - C|I* + |XB - DJ?
T 2 T 2
= HMlYH —Ul NV1“ + ||M1Y12 —Ul NV2|| (44)
T 2 T 2
+ ||U2NV1 || + “uz NVZH .
Hence,
min<||AX ~C|?+|XB - D||2) (4.5)
is solvable if and only if there exist Y31, Y1, such that
T 2
[ M1y - U N[ = min,
(4.6)

|z - UlTNV2||2 = min.
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It follows from (4.6) that

Y = MU NV;,
(4.7)
Yi = MU NV».

Substituting (4.7) into (4.3) and then into (2.16), we can get that the form of elements in Sy is
(4.1). O

Theorem 4.2. Assume that the notations and conditions are the same as Theorem 4.1. Then,
||X|| =ggsrL1IIXII (4.8)
if and only if

X =TV
ViNTU M;! 0

B [MlllllTNVl MPUINV:]
VT, (4.9)

Proof. In Theorem 4.1, it implies from (4.1) that minxeg, [|X|| is equivalent to X has the
expression (4.1) with Y = 0. Hence, (4.9) holds. O

5. An Algorithm and Numerical Example

Base on the main results of this paper, we in this section propose an algorithm for finding the
solution of the approximation problem (1.3) and the least squares problem with least norm
(1.5). All the tests are performed by MATLAB 6.5 which has a machine precision of around
10716,

Algorithm 5.1. (1) Input A € C"™", C € C™", Be C™!, D € C™.

(2) Compute Al, A2, Cl, C2, Bl, Bz, Dl, Dz, F, G, K, L, M, and N by (217) and
(2.20).

(3) Compute the singular value decomposition of M with the form of (2.25).

(4) If (2.26) holds, then input E € C*" and compute the solution X of problem (1.3)
according (3.1), else compute the solution X to problem (1.5) by (4.9).

To show our algorithm is feasible, we give two numerical example. Let an nontrivial
symmetric involution be

[1 0 0 0]

0-10 0
R= . (5.1)
0010

0 0 0 -1]
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We obtain [P, Q] in (2.2) by using the spectral decomposition of R, then by (2.4)

[1 0 0 0]

00i0
T= . (5.2)
0100

000 i]

Example 5.2. Suppose A € C**4, C € C>4, Be C*®, D € C*, and

[3.33—5.987i 45; 721 —i ]
A= i

0 —-0.661 7.694 1.123i

0.2679 — 0.0934i 0.0012 + 4.0762i —0.0777 —0.1718i —1.2801i
" [ 0.2207 -0.1197i 0.0877 0.7058i ] '

[4+12i 2.369i 4.256 —5.111i]

4i  4.66i  821-5i
B= , (5.3)

0  4.83i 56 + i

| 2.22i -4.666 7i ]

[ 0.0616 +0.1872i —0.0009 + 0.1756i 1.6746 — 0.0494i |
5 0.0024 +0.2704i  0.1775 + 0.4194i  0.7359 — 0.6189i

—0.0548 + 0.3444i 0.0093 —0.3075i -0.4731 —0.1636i '

0.0337i 0.1209 — 0.1864i —0.2484 — 3.88171 |

We can verify that (2.26) holds. Hence, system (1.2) has an Hermitian R-conjugate solution.
Given

[7.35 8.389i 99.256 — 6.51i —4.6i |

155 456i 7.71-75i i
E= . (5.4)
5 0 —4556i  —7.99

422i 0 5.1i 0
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Applying Algorithm 5.1, we obtain the following:

[ 1.5597 0.0194i 2.8705 0.0002i ]

—0.0194i 9.0001 0.2005i -3.9997

<)
I

(5.5)
2.8705 -0.2005i -0.0452 7.9993i

[ -0.0002i -3.9997 -7.9993i 5.6846 |

Example 5.2 illustrates that we can solve the optimal approximation problem with
Algorithm 5.1 when system (1.2) have Hermitian R-conjugate solutions.

Example 5.3. Let A, B, and C be the same as Example 5.2, and let D in Example 5.2 be changed
into

[ 0.0616 +0.1872i —0.0009 + 0.1756i 1.6746 + 0.0494i |
0.0024 +0.2704i 0.1775+0.4194i  0.7359 - 0.6189i

D= . (5.6)
~0.0548 + 0.3444i 0.0093 — 0.3075i —0.4731 — 0.1636i

0.0337i 0.1209 — 0.1864i —0.2484 — 3.88171 |

We can verify that (2.26) does not hold. By Algorithm 5.1, we get

0.52 2.2417i  0.4914 0.3991i |

-2.2417i 8.6634 0.1921i -2.8232

>
I

(5.7)
04914 -0.1921i 0.1406 1.3154i

[-0.3991i -2.8232 -1.3154i 6.3974 |

Example 5.3 demonstrates that we can get the least squares solution with Algo-
rithm 5.1 when system (1.2) has not Hermitian R-conjugate solutions.
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We consider the perturbation analysis of the matrix equation X - 3%y A7XA; + 3 BiXB; = I.

Based on the matrix differentiation, we first give a precise perturbation bound for the positive
definite solution. A numerical example is presented to illustrate the sharpness of the perturbation
bound.

1. Introduction

In this paper, we consider the matrix equation

m n
X - ;A;XAI- + Z;B;‘XBj =1, (1.1)
i= ]j=

where A1, As,..., Ay, B1, By, ..., B, are n x n complex matrices, I is an n x n identity matrix,
m, n are nonnegative integers and the positive definite solution X is practical interest.
Here, A7 and B} denote the conjugate transpose of the matrices A; and B, respectively.
Equation (1.1) arises in solving some nonlinear matrix equations with Newton method. See,
for example, the nonlinear matrix equation which appears in Sakhnovich [1]. Solving these
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nonlinear matrix equations gives rise to (1.1). On the other hand, (1.1) is the general case of

the generalized Lyapunov equation

t
MYS* +SYM* + > N YNj +CC* =0, (1.2)
k=1

whose positive definite solution is the controllability Gramian of the bilinear control system
(see [2, 3] for more details)

Mx(t) = Sx(t) + zt:ka(t)uk(t) + Cu(t). (1.3)
k=1
Set
1 1 «
E_E(M_S+I), F—\—fz(M+S+I), G=S5-1, Q=Cc,

X=Q Q" A=QPNQY?, i=12,...t (1.4)

A1 = QV2FQY2, A = QV2GQYV?,

B, = Q—l/ZEQ1/2I B, = Q—l/ZCQl/Z/

then (1.2) can be equivalently written as (1.1) withm =t +2 and n = 2.

Some special cases of (1.1) have been studied. Based on the kronecker product and
fixed point theorem in partially ordered sets, Reurings [4] and Ran and Reurings [5, 6] gave
some sufficient conditions for the existence of a unique positive definite solution of the linear
matrix equations X — 31"} A*XA; = Tand X + 27:1 B XB; = I. And the expressions for these
unique positive definite solutions were also derived under some constraint conditions. For
the general linear matrix equation (1.1), Reurings [[4], Page 61] pointed out that it is hard to
find sufficient conditions for the existence of a positive definite solution, because the map

m n
G(X) =1+ > A;XA; - > B;XB; (1.5)
i=1 j=1
is not monotone and does not map the set of n x n positive definite matrices into itself.
Recently, Berzig [7] overcame these difficulties by making use of Bhaskar-Lakshmikantham
coupled fixed point theorem and gave a sufficient condition for (1.1) existing a unique
positive definite solution. An iterative method was constructed to compute the unique
positive definite solution, and the error estimation was given too.

Recently, the matrix equations of the form (1.1) have been studied by many authors
(see [8-14]). Some numerical methods for solving the well-known Lyapunov equation
X+ ATXA = Q, such as Bartels-Stewart method and Hessenberg-Schur method, have been
proposed in [12]. Based on the fixed point theorem, the sufficient and necessary conditions for
the existence of a positive definite solution of the matrix equation X*+ A*X A =Q, s,te€ N
have been givenin [8, 9]. The fixed point iterative method and inversion-free iterative method
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were developed for solving the matrix equations X + A*X™A = Q, a > 0in [13, 14]. By
making use of the fixed point theorem of mixed monotone operator, the matrix equation
X-3" AX%A; =Q, 0<16;] <1was studied in [10], and derived a sufficient condition for
the existence of a positive definite solution. Assume that F maps positive definite matrices
either into positive definite matrices or into negative definite matrices, the general nonlinear
matrix equation X + A*F(X)A = Q was studied in [11], and the fixed point iterative method
was constructed to compute the positive definite solution under some additional conditions.

Motivated by the works and applications in [2-6], we continue to study the matrix
equation (1.1). Based on a new mathematical tool (i.e., the matrix differentiation), we firstly
give a differential bound for the unique positive definite solution of (1.1), and then use it to
derive a precise perturbation bound for the unique positive definite solution. A numerical
example is used to show that the perturbation bound is very sharp.

Throughout this paper, we write B > 0 (B > 0) if the matrix B is positive definite
(semidefinite). If B — C is positive definite (semidefinite), then we write B > C (B > C). If
a positive definite matrix X satisfies B < X < C, we denote that X € [B,C]. The symbols
A1(B) and 1, (B) denote the maximal and minimal eigenvalues of an n x n Hermitian matrix
B, respectively. The symbol H™" stands for the set of n x n Hermitian matrices. The symbol
|| B]| denotes the spectral norm of the matrix B.

2. Perturbation Analysis for the Matrix Equation (1.1)

Based on the matrix differentiation, we firstly give a differential bound for the unique positive
definite solution Xi; of (1.1), and then use it to derive a precise perturbation bound for Xj; in
this section.

Definition 2.1 ([15], Definition 3.6). Let F = (f;)
dF = (dfij) mxn- For example, let

then the matrix differentiation of F is

mxn’

s+t s*-2t
F_<25+t3 t? > @1
Then

dF:( ds + dt 25d5—2dt>

2ds + 3t2dt 2tdt (2.2)

Lemma 2.2 ([15], Theorem 3.2). The matrix differentiation has the following properties:

(1) d(Fy £ Fp) = dFy £ dF;;
(2) d(kF) = k(dF), where k is a complex number;
(3) d(F*) = (dF)*;
(4) d(F1FyF3) = (dF1)F2F5 + F1(dF2) F5 + F1F2(dF3);
(5) dF' = -FY(dF)FY;
)

(6) dF =0, where F is a constant matrix.
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Lemma 2.3 ([7], Theorem 3.1). If

m 1 U 1
2 1AiAl- <5l 2 1B].B]- <5l
i= j=

then (1.1) has a unique positive definite solution Xy and

n m
Xy € [I -2)'B/Bj, I+ ZZA:.‘A,] :

=1 i=1

Theorem 2.4. If
m ) 1 n
Z”Ai” <5 Z”B “ <
i=1 j=1

then (1.1) has a unique positive definite solution Xy, and it satisfies

[dXull <
1- S AR - 30 B

Proof. Since

M(ATA) < || ATAl < NAIP, i=1,2,...,m,

A (BjBy) < |

BB <IBI* j=12...n

then

ATA S M(ATAD)T < || AT AT < NANPL, i=1,2,...,m,

B;B; < A1 (B;B;) <|

BB <IBI*L j=12....n
consequently,

m m

S ATA< DA,

i=1 i=1

n n 5

BB < X |IB|IT

j=1 j=1

2(1+2 5 AP [Sim (lAdllldAl + S (18| 148;1)]

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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Combining (2.5)—(2.9) we have

m m ) 1
ZA;-‘Ai < leAin I<3I,
i=1 i=1
(2.10)
n . n 2 1
SBiB < S BT < 51
j=1 j=1

Then by Lemma 2.3 we obtain that (1.1) has a unique positive definite solution X;;, which
satisfies

i=1

n m
Xu € [I—zzB;B,-, I+22A;‘A,]. (2.11)
j=1

Noting that Xi; is the unique positive definite solution of (1.1), then

m n
Xu - Y A XuAi + Y B XuBj = I. (2.12)
i=1 j=1

It is known that the elements of X; are differentiable functions of the elements of A; and B;.
Differentiating (2.12), and by Lemma 2.2, we have

dXy - Z [(dAD) XuAi + AF(dXu) Ai + A Xu(dA)]
i=1

] (2.13)
+ | (dB; ) XuB; + B (dXu)B; + B; Xu(dB;)| = 0,
j=1
which implies that
dXu - Y. Af(dXu) A + ZB;(qu)Bj
i=1 j=1
(2.14)

_ ;(dAZ‘)XuAi + §A;qu(dAi) - IZ_;(dB}‘)Xqu - Iz; B Xu(dB).
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By taking spectral norm for both sides of (2.14), we obtain that

dXu - >, A;(dXu)A; + Y B} (dXu)B;
i=1 j=1

n

= |2 (dA) XuAi+ Y A Xu(dAy) - > (dB; ) XuB) - 3B Xu(dB))
i=1 i=1

= =
<> @anxual « |3 Asxu@an| + i(dB}‘)XuB,- + iB;XU(dB,-)
i=1 i=1 =1 =1

< DllEADXuAill + YA Xu @Ay + Y| (4B; ) XuB; | + 3| BiXu(@B)) |
i=1 i=1 j=1 =1
m m n n
< Slldaslixaliial + Yl A; Ixullidad+ 3 ||dB;||ixulll Bl + X || B; | 1xullll;l)
i=1 i=1 j=1 j=t
=2 (1Al XullldAil) + 2> (||B; [IIXull||4B;]|)
i=1 j=1
=2 > (lAllldAN) + X (|I1Bi]| ”dB]‘”)] 1Xull,
i=1 j=1
(2.15)
and noting (2.11) we obtain that
m m
IXull < [|[T+23 A A | <1+ 2 |1A2 (2.16)
i=1 i=1
Then
dXu - D Aj(dXu)Ai + Y B; (dXu)B;
i=1 j=1
m n
<2| > dlAllldAd) + > (1Bl 14B;]]) [ 1xXul (2.17)
i=1 j=1

< 2<1 + zZ||A1-||2> [Z(HAinndAin) + 2. (1Bl ”dBf”)]'
i=1 i=1 j=1
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dXu - D Aj(dXu)Ai + Y B; (dXu)B;
i=1 j=1

ZB;(qu)Bj
j=1

2 [|[dXull -

iA;‘(qu)Ai“ -

i=1

2 14Xl - 345X Al - ]Zl| B (dXuw)B, @.19)
> dXull - gllAz‘lludxunnAiu - ;1;| B: |[laxul|| B
- <1 - gnAle - §||B,-||2> Xl
Due to (2.5) we have
1-SHAIR - gnBjnz -0 219)

Combining (2.17), (2.18) and noting (2.19), we have

<1 - DA - Z||B,-||2> [dXul]
i=1 =1

< |laxy - gA;‘(qu)Ai + gB;(qu)Bj (2.20)
s2<1 +zgnAin2> [g(nAinndAim +§<||BfIIIIdBfII>]/
which implies that
Xl < 2(1+ 27 AR [Zm Al Al + Z5 (1B 148, | o)

1- 30 AR - =0 1B
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Bl, Bz,...,Bn in (11) and AiZA,'—A,', i:1,2,...,m, A]ZB]—B], ]'21,2,...,1’[.1](

S » 1 S 2 1
2lallF <3 2Bl <3 (2.22)
i=1 =1

ZZ(HAi””Ai”) + Z”Ai“ <5- Z”Ai” , (2.23)

i1 i=1 i=1
E . 2 1 2
22 (1Bl A D + 2SlA07 < 5 = S IBi (2.24)
=1 =1 i=1

then (1.1) and its perturbed equation

X - ZA;}'ZA + > BiXB; =1 (2.25)

have unique positive definite solutions X and Xy, respectively, which satisfy

||>~<u - Xu” < Semr, (2.26)

where

o ez s DA [ Al naad - S 18+ a8
1= 37 (LAl + 1A% = Sy (187 + [l ag1D?

(2.27)

Proof. By (2.22) and Theorem 2.4, we know that (1.1) has a unique positive definite solution
Xy. And by (2.23) we have

m - 2 m m
DA = 2+ AP < DA+ 1ady?
i=1 i=1 i=1
m
= D (AP + 2l A0l + A1)
i=1

(2.28)
= DA+ 2D (Al Al + DA
in1 in1 in1

m

< 2 1 21
< Z”Ai” + 5~ Z”Ai” =5
i1 i=1
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similarly, by (2.24) we have

i~

S < e
j=1

By (2.28), (2.29), and Theorem 2.4 we obtain that the perturbed equation (2.25) has a unique
positive definite solution X;. O

Set
Ai(t) =A; +tA;, B](t) = B] + tAl" te [0,1], (230)
then by (2.23) we have
ZIIA OI* = ZIIA + A < Z(IIA |+ tlAl)?

> (Al + 2 Al Al + 214407

M ':'bl4§ i

IN

> (Al + 20 Al A+ 11A4P) (231)

Il
—_

3

= Al +2Z(||A II1Al) + ZIIA I”

i=1

m 5 1 m 5
< DlAil*+ 5 - lAlP =5
i=1 i=1

similarly, by (2.24) we have
c 2w 2 1
Z;”Bj(t)” =Z;||Bj+f/lj|| <3 (2.32)
j= i=

Therefore, by (2.31), (2.32), and Theorem 2.4 we derive that for arbitrary t € [0,1], the
matrix equation

X - ZA*(t)XA (t) + ZB*(t )XB;(t) = (2.33)

i=1

has a unique positive definite solution Xi;(t), especially,

Xu(0) =Xy,  Xu(l)=Xy. (2.34)
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From Theorem 2.4 it follows that

1 %u = Xu| = 1Xu() - Xu (O]l = x| < fndxu(t)n
0 0

_ f 2(1+237 1AMIP) [ alA G IIdA®) + S5 (1B o [[148; )]

0 1- S0 lAGIP - S5 [|Bi 0]
_ f 2(1+ 23 AP [Sm A Il + S (1B ® 1|4,
~Jo 1- S IlAGI - 2 1B
i f 2(1+ 250 14O ) [SE AA@NAD + S ABOIAD]
0 IESWAVHOTES il AG] )
(2.35)
Noting that
HAKON = 14 + tA < Al + A, i=1,2,...,m
(2.36)
”B](t)” = ”B] +tAi|| < ”B]” +t||Ai”, jZ 1,2,...,11,
and combining Mean Value Theorem of Integration, we have
[ - xu
fz(uzzl AP [Zm aammal + S (1Bl 14 ||>]
0 1- S A - 2 1B
<Il2[1+zz:’il<||A»||+t||A<|| Pl[Z QA+ tai1ad + S5 (18] + a2, II]
o L= 30 (Al + Hlad)? = S (1Bl + el A1)

202 32 (Al A [ AAd+ SAD A+ S (18] +ell A1) 1 41]
1= S0 (1Al + &lai)® - S (1B +ellay))?
x(1-0), ¢€][0,1]
2[1+zz A+ AN [SE AAd + adD A+ S (1B + a7l all]
1= S A+ 18007 - S (1B 11+ 140D

(2.37)
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3. Numerical Experiments

In this section, we use a numerical example to confirm the correctness of Theorem 2.5 and the
precision of the perturbation bound for the unique positive definite solution X;; of (1.1).

Example 3.1. Consider the symmetric linear matrix equation

X -A1XA - AJXA, + BiXB1 + BJXB, =1, (3.1)
and its perturbed equation

X - AjXA; - A3 XAy + BiXB, + B3XBy = I, (3.2)

where

-0.06 -0.12 0.14 -0.06 -0.12 0.14

047 0.02 0.04 0.10 0.10 0.05
By ={ -0.10 036 -0.02 }, B,=1{ 015 0.275 0.075 ),

-0.04 0.01 047 0.05 0.05 0.175

B 05 01 -0.2 ' B -04 0.1 -0.2 .
Ar=A1+( -04 02 06 | x107, A=A+ 05 07 -1.3 | x107,

0.02 -0.10 -0.02 0.08 -0.10 -0.02
A= 008 -010 0.02 }, A= 008 -010 0.02 ),

~02 0.1 -0.1 11 09 06
N 08 02 005 o 02 02 0.1 _
Bi=Bi+( -02 012 014 ) x107, By=By+( 03 015 -0.15 ) x107, jeN.
~0.25 -0.2 0.26 0.1 -01 025
(3.3)

It is easy to verify that the conditions (2.22)—(2.24) are satisfied, then (3.1) and its
perturbed equation (3.2) have unique positive definite solutions Xy; and Xy, respectively.
From Berzig [7] it follows that the sequences { X\ } and {Yi} generated by the iterative method

X0 =0, Yy =21,
Xk =1+ AIXkAl + A;XkAz - BTYkBl - B;Ysz, (3.4)
Yk+1 =1+ AIYkAl + A;YkA2 - BIXkBl - B;Xsz, k= 0,1,2,...
both converge to Xi;. Choose 7 = 1.0 x 107" as the termination scalar, that is,

R(X) = ||X - A;XA; - A}X Ay + B{XB; + B;3XB, - I|| <7=1.0x107". (3.5)

By using the iterative method (3.4) we can get the computed solution Xj of (3.1). Since
R(Xk) < 1.0 x 10715, then the computed solution X has a very high precision. For simplicity,
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Table 1: Numerical results for the different values of j.

j 2 3 4 5 6
1Xu - Xull/ |1 Xull 213 x 107 6.16 x 10°° 5.23 x 1078 4.37 x 10710 8.45 x 10712
Sere/ |1 Xull 342 x107* 7.13 x 107 6.63 x 1078 5.12 x 10710 9.77 x 10712

we write the computed solution as the unique positive definite solution Xy;. Similarly, we can
also get the unique positive definite solution X;; of the perturbed equation (3.2).

Some numerical results on the perturbation bounds for the unique positive definite
solution Xi; are listed in Table 1.

From Table 1, we see that Theorem 2.5 gives a precise perturbation bound for the
unique positive definite solution of (3.1).

4, Conclusion

In this paper, we study the matrix equation (1.1) which arises in solving some nonlinear
matrix equations and the bilinear control system. A new method of perturbation analysis
is developed for the matrix equation (1.1). By making use of the matrix differentiation
and its elegant properties, we derive a precise perturbation bound for the unique positive
definite solution of (1.1). A numerical example is presented to illustrate the sharpness of the
perturbation bound.
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Some new Kantorovich-type inequalities for Hermitian matrix are proposed in this paper. We
consider what happens to these inequalities when the positive definite matrix is allowed to be
invertible and provides refinements of the classical results.

1. Introduction and Preliminaries

We first state the well-known Kantorovich inequality for a positive definite Hermite matrix
(see [1, 2]), let A € M, be a positive definite Hermitian matrix with real eigenvalues A; <
Ay <+ <Ay Then

(A +4)2

RS 1.1
4hr, 1)

1< x*Axx* A lx <

for any x € C", ||x|| = 1, where A* denotes the conjugate transpose of matrix A. A matrix
A € M, is Hermitian if A = A*. An equivalent form of this result is incorporated in

()‘n - )‘1)2

1.2
40, 12

0<x*Axx*Alx-1<

for any x € C", ||x|| = 1.
Attributed to Kantorovich, the inequality has built up a considerable literature.
This typically comprises generalizations. Examples are [3-5] for matrix versions. Operator
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versions are developed in [6, 7]. Multivariate versions have been useful in statistics to assess
the robustness of least squares, see [8, 9] and the references therein.

Due to the important applications of the original Kantorovich inequality for matrices
[10] in Statistics [8, 11, 12] and Numerical Analysis [13, 14], any new inequality of this type
will have a flow of consequences in the areas of applications.

Motivated by the interest in both pure and applied mathematics outlined above
we establish in this paper some improvements of Kantorovich inequalities. The classical
Kantorovich-type inequalities are modified to apply not only to positive definite but also to
invertible Hermitian matrices. As natural tools in deriving the new results, the recent Griiss-
type inequalities for vectors in inner product in [6, 15-19] are utilized.

To simplify the proof, we first introduce some lemmas.

2. Lemmas

Let B be a Hermitian matrix with real eigenvalues p; < po < --- < p,, if A - B is positive
semidefinite, we write

A>B, (2.1)

thatis, \; > p;,i=1,2,...,n. On C", we have the standard inner product defined by (x,y) =
Sty xiy;, where x = (x1,...,x,)" € C"and y = (y1,...,yn)" € C".

Lemma 2.1. Lef a, b, ¢, and d be real numbers, then one has the following inequality:
<a2 - b2> <c2 - d2> < (ac - bd)>. (2.2)

Lemma 2.2. Let A and B be Hermitian matrices, if AB = BA, then

2
AB < M (2.3)
4
Lemma 2.3. Let A>0,B >0, if AB = BA, then
AB>0. (2.4)

3. Some Results

The following lemmas can be obtained from [16-19] by replacing Hilbert space (H, (-, -)) with
inner product spaces C", so we omit the details.

Lemma 3.1. Let u, v, and e be vectors in C", and |le|| = 1. If a, B, 6, and y are real or complex
numbers such that

Re(fe —u,u—ae) >0, Re(be —v,v—ye) >0, (3.1)
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then

[(u,0) — (u,e)(e,v)| < jI(ﬁ —a)(6-7) - [Re(fe —u,u—ae)Re(6e —v,v-ye)]/*. (32)

Lemma 3.2. With the assumptions in Lemma 3.1, one has

5
(1, 0) - (u,e)(e,v)| < }I(ﬁ—a)(y—(ﬁ) —|(u,e) - “ZLﬂ”(v,@ - %‘ (3.3)

Lemma 3.3. With the assumptions in Lemma 3.1, if Re(fa) > 0, Re(6Yy) > 0, one has

p-alls-vl
s[Re(pm) Re(or)|

[(u,v) = (u,e){e,v)| < u,e)(e,v)l|. (3.4)

Lemma 3.4. With the assumptions in Lemma 3.3, one has

|(ulv> - (u/e><elv>|

(3.5)
1/2
<{(Ja+pl-2[Re(B@)]"*) (16 + v -2[Re(67)]*) } " Tl(u,e)(e, 0}
4. New Kantorovich Inequalities for Hermitian Matrices
For a Hermitian matrix A, as in [6], we define the following transform:

C(A) = (M = A)Y(A - M4I). 4.1)

When A is invertible, if A1A,, > 0, then,

C(A‘1> = <%11 - A‘1> (A-l - %1) (4.2)

Otherwise, A1, <0, then,

C<A’1> = < A:HI - A’1> (A’l - i]) (4.3)

where

M <S4 <0< Agyr €00 S e (4.4)

From Lemma 2.3 we can conclude that C(A) > 0and C(A™!) > 0.
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For two Hermitian matrices A and B, and x € C", ||x|| = 1, we define the following

functional:
G(A,B;x) = (Ax,Bx) - (Ax,x)(x, Bx).
When A = B, we denote
G(A;x) = [|Ax|* - (Ax, x)?,

forx € C", ||x|| = 1.

Lemma 4.1. With notations above, and for x € C", ||x|| = 1, then

0 < (C(A)x,x) < (*;—*1)2
if Ly > 0,
0< <C(A-1)x,x> < %,
if ki <0,

. Mt = )’
0 (C(a)xx) s QR

Proof. From C(A) > 0, then
(C(A)x,x) > 0.
While, from Lemma 2.2, we can get

()Ln - /\1)2
4

C(A) = (M — A)(A - M) < L.

Then (C(A)x,x) < (A, — A1)?/4is straightforward. The proof for C(A™) is similar.

Lemma 4.2. With notations above, and for x € C", ||x|| = 1, then

x*Axx Ay - 1|2 < G(A; x)G<A’1;x>.

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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Proof. Thus,

x*Axx*Alx - 1|2 = x*((x*A_1x>I - A’1>((x*Ax)I - A)x ’

) (4.13)
< ” ((x*A*1x>I— A*1>x|| ((x* Ax)I — A)x]|?,
while
((x* Ax) - A)x]|? = x* <(x*Ax)2I ~2(x*Ax)A + A2>x
= x*A%x - (x* Ax)*
(4.14)
= || Ax|[* - (Ax, x)?
= G(A;x).
Similarly, we can get ||((x*A™'x)] — A™})x||> = G(A™}; x), then we complete the proof. O

Theorem 4.3. Let A, B be two Hermitian matrices, and C(A) > 0, C(B) > 0 are defined as above,
then

(GCA Bix)| < 0= 40) (o = ) = [(C(A), ) (CBYx, 0],

IG(A, B; x)| < }L(An—h)(#n - 1) - |<<A— & ;An>x1x>”<<3— M ;”")x,x>

7

(4.15)
forany x € C", ||x|| = 1.
If Ay >0, ppy > 0, then
Ay = A1) (pn —
G, B < Sn U 4 B,
4 [()‘n-}‘l) (,un,ul)]
1/2
G| < { (14 + Al = 200" ) (12 + aa| = 2(uapa) ") } 7 [1( A, ) (Bx, x) 17,
(4.16)

forany x € C*, ||x|| = 1.

Proof. The proof follows by Lemmas 3.1, 3.2, 3.3, and 3.4 on choosing u = Ax, v = Bx, and
e=x,p=Ay, a=1,6=p,,and y = 1, x € C", ||x|| = 1, respectively. O
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Corollary 4.4. Let A be a Hermitian matrices, and C(A) > 0 is defined as above, then

G ) € 3 (= 11)? -~ (C(A)x ), (4.17)
2

Gl < (-7 = |( (4= 25221 x) [ (4.18)
forany x € C*, ||x|| = 1.
If MAy, >0, then

(= 1a)? 2

< 419

|G(A/x)| — 4(.)\‘")‘1) |<Ax1x>| 4 ( )

IG(A; 01 < (1M + Aal = 2V/A1k, ) [(Ax, )1, (4.20)
forany x € C*, ||x|| = 1.

Proof. The proof follows by Theorem 4.3 on choosing A = B, respectively. O

Corollary 4.5. Let A be a Hermitian matrices and C(A™') > 0 is defined as above, then one has the
following.
If MA, > 0, then

- Ay = Ay)? .
|G(A 1;x)| < W - <C(A 1)x,x>, (4.21)
ECEVIE e (Gl
6(a )|« S| (4 42
|G(ax)| < <M;x"| -2 ;An>|<A-1x,x>|, (4.24)

forany x € C", ||x|| = 1.
If A, <O, then

6(a752)] € ST (e (4, ), 4.2
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where C(A™Y) = ((1/ A1) — AV (AT = (1/ M), and
B 2 2
|G<A—1;x)| < M - K(A—1 - M1>x,x> ) (4.26)
4(AgAks1) 2hedes
forany x € C", ||x|| = 1.
Proof. The proof follows by Corollary 4.4 by replacing A with A~!, respectively. O
Theorem 4.6. Let A be an nxn invertible Hermitian matrix with real eigenvalues .y < Ay <--- < Ay,
then one has the following.
If \A, >0, then
B An = Ap)?
At ALy 1| « K= M)” -1 427
x*Axx* A lx 1| < V{(C(A)x,x)(C(A)x, x), (4.27)
. Au—Ap)? A+ PR PRy |
I = (S (R
x*Axx*A T x 1|_ 2000 | A 5 I)x,x A ZJ\n)LlI x,x )|,
(4.28)
Y
x*Axx* A x — 1| < M(Ax,x) <A‘1x,x>, (4.29)
4()Ln~)tl)
2
VAl = VIl
x*Axx* A x - 1' < < ) \/(Ax,x)(A*lx,x), (4.30)
VA
forany x € C", ||x|| = 1.
If \Ay, <O, then
B An = A1) (bt = M)
* * 1, < ( 1 _ 1 )
X*Axx*A'x - 1| < ] \/(C(A)x,x)(C(A )x, x), (4.31)
where C(A™") = (1/ M) T = AT (AT = (1/M0)]),
_ (A = M) (Mes1 = Aie)
X*Axx*Alx -1 <
| a 4| A A |
L Ll (4.32)
+An - k t Akl
(o (- o
' < < 2 2M1 Ak
Proof. Considering
2
x*Axx*Alx -1| < G(4; x)G<A’1;x>. (4.33)
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When A4, > 0, from (4.17) and (4.21), we get

X" Axx* A x - 1|2 < {}I(An — )2 - (C(A)x,x)}{% - <C(A-1>x,x>}. (4.34)
nil

From (a2 — b?)(c? - d?) < (ac - bd)?, we have

(-)Ln - -)Ll )2

2
200 VI(CA)x, x)(C(A)x,x)] } , (4.35)

2
xX*Axx* A x - 1| < {

then, the conclusion (4.27) holds.
Similarly, from (4.18) and (4.22), we get

2 2
x*Axx*Alx - 1| < {}L(An — )% - ‘<<A _h ;)L"I>x,x> }
12 2
e (R =Ty
4(Anhr) 2An 1

S (o (R

I

(4.36)
then, the conclusion (4.28) holds.
From (4.19) and (4.23), we get
e Axx Ay 1 < G =) e O = ) (A7) ? (4.37)
T 4(h) ' 4(Anh1) AN

then, the conclusion (4.29) holds.
From (4.20) and (4.24), we get

x*Axx*A’lx—liz < (I + Al —2\/J\1/\n>|(Ax,x)|<M;LJ;)L"' o1 >|<A1x,x>,
vV
1 1 (4.38)

then, the conclusion (4.30) holds.
When A1, <0, from (4.17) and (4.25), we get

x*Axx*Alx - 1|25 { 111(1,1 — )2 = (C(A)x, x) } {Z‘("T):‘ll)f - <C(A-1)x,x>}, (4.39)

then, the conclusion (4.31) holds.
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)

From (4.18) and (4.26), we get

2
x*Axx* A x - 1| < {}L(An - )Ll)z - |<<A - 4 ;A"I)x,x>

{()Lk—/\kﬂ) '<<A_1_)Lk+1+)tk1>x/x> 2}
4()‘k}lk+1) 2hed e (4.40)
< { (A = A1) (Mgee1 — Ak)
- 4N e a1 ]
A+ A, PERR IR 2
A((a- 2w [( (a7 - i )w)] |

then, the conclusion (4.32) holds. O

Corollary 4.7. With the notations above, for any x € C", ||x|| = 1, one lets

1A = {0 = 1) = (C(A)x, ),

. Ll , (4.41)
Ga(4; )] = = (= A1) - K(A— 1t "I>x,x>
4 2
If A, > 0, one lets
(-)‘n_)ll)2 2
IG3(A; x)| = —————[(Ax, x)[",
Ga(A;0] = (I + Al =201k, ) [(Ax, )]
IF A, >0
1 1. _ ()‘n - )ll)z _ -1
|G (A ,x>| = —4()»71)»1)2 <C<A )x,x>,
2 2
|G2<A_1;x>| = A= i) 1\1)2 - ‘<<A‘1 _Ahth +A"I>x,x> ,
4(A,01) 20, M
(4.43)

2

4

6 (a)| = % (A%

_ M+, _
ot (asa)] = (B -2 Y ()
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If A, <O, then

o2 (am)] = S (o(a ) x), (449

where C(A™Y) = (1/ M) = AN (A = (1/0)]), and

_ 2 2
|Ge<A—1,.x>|:M_‘<<A-1_M1)x,x> (445)
4()Lk/\k+l) 2hedest
Then, one has the following.
If A, >0,
x Axx A7x - 1] <4/GH (A1) GH (A ), (4.46)
where
G*"(A; x) =min{G1(A;x),G2(A; x),G3(A;x),Gs(A; x)},
(4.47)
G'(A;x) = min{ G <A‘11; x>, G? (A‘l; x>, G? (A‘l; x>, G* (A‘l; x> }
If A, <0
x* Axx ATl - 1] £4/G(4;1)G* (A x), (4.48)
where
G°(A;x) = min{G1(4A; x), G2(A; x)},
(4.49)

G*(A;x) = min{G5 (A‘l;x>, G <A‘1;x> }

Proof. The proof follows from that the conclusions in Corollaries 4.4 and 4.5 are independent.
O

Remark 4.8. 1t is easy to see that if 11 > 0, A, > 0, our result coincides with the inequality
of operator versions in [6]. So we conclude that our results give an improvement of the
Kantorovich inequality [6] that applies to all invertible Hermite matrices.

5. Conclusion

In this paper, we introduce some new Kantorovich-type inequalities for the invertible
Hermitian matrices. Inequalities (4.27) and (4.31) are the same as [4], but our proof is simple.
In Theorem 4.6, if A; > 0, A, > 0, the results are similar to the well-known Kantorovich-type
inequalities for operators in [6]. Moreover, for any invertible Hermitian matrix, there exists a
similar inequality.
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