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�e consequences of magnetohydrodynamic �ow inside the boundary layer of a Je�ery �uid in a porous material across a
shrinking/stretching sheet are discussed in this paper. �e Runge–Kutta fourth-order technique is used to turn partial di�erential
equations into nonlinear ordinary di�erential equations and solve them using similarity transformation. On the velocity and
temperature pro�les, the e�ects of key factors such as “thermal strati�cation” e1, λ1 “Je�ery parameter,” Pr “Prandtl number”, M
“Magnetic �eld,” “Porous parameter” λ2, and “heat generation/absorption” have been visually described. In terms of heat
transmission, the Je�rey nano�uid beats other �uids such as Oldroyd-B and Maxwell nano�uids, according to the �ndings.
According to our �ndings, the thickness of the boundary layer is explored in both stretching and shrinking. When the “thermal
strati�cation” e1 parameter is increased, �uid velocity and temperature rise, while the “heat generation/absorption” c parameter
has the opposite e�ect.

1. Introduction

Non-Newtonian �uids such as printing inks, polymer so-
lutions, ketchup, glues, detergent slurries, and pastes are
basically nonlinear and regularly show elastic as well as
viscous properties. Such constitutive equations are more
advanced than standard (Navier Stokes) Newtonian �uid.
Preeminent non-Newtonian type Walters-B short memory
models, Je�ery models, and Oldroyd-B models have dif-
ferent degrees of clari�cation of the classical momentum
preserve these equations. Je�rey most is the most
straightforward non-Newtonian liquid which displays shear
diminishing properties, excessive shear viscosity, and yield
pressure. Many engineering researchers are fascinated

because of its variety of applications and simplicity in en-
gineering and science. Crane (1) studied �ow overstretching
plate and gave a precise resembling solution and solved
analytically for peripheral layer �ow of incompressible
viscous �uid.

“Wang [1] conferred the concept of the �ow around the
shrinking sheet in his study of unsteady �lm. �e existence
and uniqueness of the solution of steady viscous �ow over a
shrinking sheet were proved by Milkovich and Wang [2].
Miklavcic and W [3] �rst studied the MHD �ow over a
stretching surface in an electrically conducting �uid. �e
authors of [4, 5] studied stretching sheets. Makinde [6]
explored heat and mass transfer with mixed convection in
presence of a stagnation point. Shateyi and Makinde [7]
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discussed on convectively heated disk with hydromagnetic
stagnation point flow towards a radically stretching. Ellahi
et al. [8] discussed the peristaltic flow pf Jeffery in a rect-
angular duct. [9] Yakubu Seini and Oluwole Makinde traced
on boundary layer flow near stagnation points on a vertical
surface in the presence of the transverse magnetic field. +e
third-grade nanofluid flow generated by sheet stretching was
influenced by Khan et al. [10]. With viscous dissipation and
Joule heating, the MHD stagnation point flow of Jeffery fluid
radically was studied by Hayat et al. [11]. El-Aziz [12] studied
the dual solutions in hydromagnetic stagnation point flow
and heat transfer towards a stretching/shrinking sheet with a
nonuniform heat source/sink and variable surface heat flux.
Turkyilmazoglu [13] analysed the flow of a micropolar fluid
due to a porous stretching sheet and heat transfer.” Babu and
Narayana [14] studied on mixed convection of a Jeffrey fluid
over a stretching sheet with power-law heat flux. Shahzad
et al. [15] reported on unsteady axisymmetric flow and heat
transfer over a time-dependent radically stretching sheet.
Eswara Rao and Sreenadh [16] discussed on boundary layer
flow of Jeffery fluid over a shrinking/stretching sheet. Mishra
et al. [17] proposed a non-Newtonian convective flow in two
dimensions in the presence of a heat source and sink. Eswara
and Krishna Murthy [18] proposed the flow of Jeffrey fluid
through a stretching/shrinking sheet over porous material
was studied using MHD stagnation point flow. +e authors
of [19, 20] studied on stagnation point. +e heat transport
properties of an incompressible non-Newtonian Jeffery
liquid over a stretching/shrinking surface with polluted
radiation and a heat source were investigated by Babu et al.
[21]. A number of authors have freshly investigated non-
Newtonian fluid flow models incorporating a variety of heat
transfer effects.

+e effect of MHD flow on various fluid models was later
addressed by multiple writers [22–26] with the convective
boundary flows through the periphery layer. Peripheral layer
flow with convective boundary conditions is used in
manufacturing and ecological technologies, as well as energy
storage, gas turbines, geothermal reservoirs, and nuclear
reactors. Transmission has gained a lot of traction. +e
relevant studies comprise Afzal et al. [27], Afzal et al. [28],
and Tayyaba et al. [29].

Motivated by previous literature, we study the effects of
thermal stratification, Jeffery parameter, Prandtl number,
magnetic field, porous parameter, and heat generation/ab-
sorption for Jeffery fluid by taking into account the later wall
being impermeable. +e major observation is the rise in the
porosity parameter of the fluid is caused by an increase in the
viscosity of the fluid, whereas a drop in the porosity at the
wall results in a progressive reduction in the fluid’s flow
velocity, as observed. +e results are obtained with the help
of bvp4c and are presented in form of tables and figures.

2. Formulation Problem

A two-dimensional (x, y) MHD stream of incompressible
Jeffrey liquid flows across a y� 0 shrinking/stretching sheet.
In standard notation, the MHD Jeffery fluid flow and
temperature equations are expressed as (ref [28] and [29])
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Velocity components u & v, “] � μ/ρ” denotes kinematic
fluid viscosity, “ρ” denotes fluid density, µ is the coefficient of
fluid viscosity, λ1 represents Jeffery parameter, Cp and k
represent specific heat and thermal conductivity at constant
pressure, and Q denotes heat generation/absorption. +e
boundary conditions for the present study are

u � Uw, v � −vw, T � Tw � T0 + b1xaty � 0

u⟶ 0⇒T⟶ T∞ � T0 + b2x, y⟶∞, asy⟶∞
,

(4)

where Uw � cx represents for stretching sheet case, and
Uw � −cx represents for the situation of shrinking sheet case
with e> 0 being shrinking/stretching constant. vw wall mass
transfer velocity with vw > 0 for mass suction and vw < 0 for
mass injection.

Similarity transformations are

ψ �
��
c]

√
xf(η) and η � y

�
c

v



θ(η) �
T − T∞
Tw − T0

⇒T � Tw − To( θ(η) + T∞

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (5)

where ψ is stream function, and η is similarity variable.
Stream functions are defined as

u �
zψ
zy

andv � −
zψ
zx

. (6)

Also,

T � b1xθ(η)&T∞ � T0 + b2. (7)

Using equation (5), the equations (2) and (3) take the
forms

1
1 + λ1

 f′′′ + ff′′ − f′
2

− M + λ2( f′ � 0, (8)

θ′′ + Prθ′f − Prθf′ − Pre1f′ + Prcθ � 0. (9)

+e corresponding boundary condition for the
stretching sheet is as follows:

f(η) � S, f′(η) � 1, θ(0) � 1 − e1atη � 0;

f′(η)⟶ 0, θ(∞)⟶ 0, asη⟶∞.
(10)

For shrinking sheet,
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f(η) � S, f′(η) � −1, θ(0) � 1 − e1atη � 0;

f′(∞)⟶ 0, θ(∞)⟶ 0, asη⟶∞,
(11)

S � vw/(c])1/2. With S> 0 (i.e., vw > 0) S< 0 (i.e., vw < 0) for
wall mass suction and wall mass injection, S represents wall
mass parameter.

where M � σB2
0/ρc magnetic parameter, λ2 � v/ck po-

rous parameter, pr � μCp/K. +ermal stratification pa-
rameter e1 � b2/b1 and c � Q/ρCpa heat generation/
absorption parameter.

3. Methodology

To solve the BVPs, the governing equation is solved using the
firing system with the Runge–Kutta fourth-order technique.
Equations (8) and (11) are used to translate the altered ODEs
into the following system.

df0

dη
� f1,

df1

dη
� f2,(1 + λ)

df2

dη
� f

2
1 + M + λ2 f1 − f0f2,

(12)

dθ0
dη

� θ1,
dθ1
dη

� Pr f1θ0 + e1f1 + cθ0 − θ1fo . (13)

Following that, the boundary conditions, equations ten
and eleven, take the form of stretching and shrinking. fo � S,
f1(0) � −1, f1(∞) � 0, θ0(0) � 1 − e1, θ0(∞) � 0
fo � f(η), andθ0 � θ(η) By correctly estimating the omitted
slopes, the aforementioned BVP is first turned into an IVP.
+e MATLAB bvp4c package is used to solve the generated
IVPs.

4. Results & Discussion

Figure 1 shows the impact of Prandtl no “Pr” on f′ (velocity
profile) & “θ” temperature profile for both cases stretching
and shrinking. An increase in Prandtl no composes the fluid
more dense, which causes a decline in the velocity profile. In
temperature profile for both the cases, for different values of
Pr no decreases, because the dimensionless number is in-
versely related to thermal conductivity, it follows that in-
creases in Prandtl no hold weak energy diffusion. Upgrading
Pr causes a significant drop in fluid temperature, resulting in
a smaller thermal boundary layer. While shrinking a sheet,
an immense Prandtl number fluid induces thermal un-
steadiness at the superficial (i.e., a negative value of Nu), but
this is not the case when stretching a sheet. +is is shown in
Figure 2. +ermal stratification e1 is plotted in Figures 3 and
4 for stretching and shrinking on the velocity profile and
temperature profile. +ermal stratification e1 because the
convective potential among the sheet surface and the am-
bient temperature is reduced, the fluid’s velocity is reduced.
“θ” temperature decreases enhances in the stratification
parameter. An effect of heat generation/absorption c in
Figures 5 and 6 demonstrates how the temperature changes
as the heat emission/immersion parameter is changed. It has
been discovered that as c grows, so does the temperature.
+e existence of a transverse magnetic field induces the
Lorentz force, which results in a velocity field retarding
force. +e retarding force increases as the value of M in-
creases, and as a result, the velocity decreases as the tem-
perature and concentration profiles increase. +e thickness
of the thermal boundary layer thickens as the fluid tem-
perature rises. +e presence of an external heat source has a
considerable effect on the fluid’s temperature gradient,
resulting in an increase in both the temperature distribution
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Figure 1: +e impact of Prandtl number Pr on the velocity profile.
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and the fluid’s thermal state. +e thermal boundary layer
thickness grows to a greater extent as a considerable amount
of heat energy is created among fluid particles. When the
parameter M shrinks, different values of M cause the velocity
to rise, as shown in Figure 7. +e influence of the magnetic
field parameter M on flow temperature profiles is shown in
Figure 8 for both cases. Figure 9 demonstrates, for different
values of the Jeffrey parameter λ1, the fluctuation in velocity f
in the stretching situation, the velocity reduces as the Jeffrey

parameter λ1 grows, and the viscosity of the boundary layer
decreases, whereas, in the shrinking case, the velocity de-
creases as the Jeffrey parameter λ1 increases, and the
thickness of the peripheral layer decreases. Figure 10
demonstrates the impact of λ1 on the temperature profile
for stretching and shrinking cases, and because of the greater
temperature and profuse thermal boundary layer, the
temperature profile reduces as the Jeffery parameter λ1
enhances, resulting in a rise in moderation time and a drop-
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Figure 2: “Pr” on the temperature profile.
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Figure 3: +ermal stratification e1 for velocity profile.
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in obstruction time. +e reason behind the decrease in
velocity profile is that, as we increase the values of the Jeffrey
fluid parameter, the boundary layer momentum thickness
will rise. Hence, the velocity distribution declines as the

values rise up. Figures 11 and 12 are plotted the graphs for
the porous parameter λ2 for velocity f′ and temperature
profile “θ” for both the cases stretching and shrinking. λ2
porous parameter increases as velocity decreases for both the
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Figure 4: +e influence of “e1” thermal stratification on the temperature profile.
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Figure 5: Effects of heat generation/absorption c on the velocity profile.
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cases. In temperature profile for different values of λ2, po-
rous parameter increases as temperature profile decreases in
stretching case, but in shrinking case λ2, porous parameter

increases as temperature decreases. +e rise in the porosity
parameter of the fluid is caused by an increase in the vis-
cosity of the fluid, a drop in the permeability at the edge, or a
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Figure 6: Temperature profile effects of heat generation/absorption c.
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Figure 7: +e velocity profile on which the magnetic parameter M has an effect.
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Figure 8: Magnetic parameter M on the temperature profile.
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Figure 10: Plots Jeffery parameter λ1 on the temperature profile.
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decrease in the stretching rate of the accelerating surface,
which results in a progressive reduction in the fluid’s flow
velocity, as observed.

+e Nusselt number is provided in tabular form for
various values of specified physical parameters. +e fol-
lowing conclusion can be drawn from the current investi-
gation as shown in Table 1.

5. Conclusion

+e main focus of this research is on the momentum and
heat transfer of boundary layer fluid flow of a Jeffrey fluid in
a porous material over a shrinking/stretching sheet. +e
concept of dimensionless velocity and temperature is also
investigated. From the current analysis, we may derive the
following conclusions for various values of the stated

physical parameters, the Nusselt number, and skin friction
[30, 31].

(i) +e effects of the Prandtl number on velocity,
temperature, and concentration have been ob-
served; the rise in the fluid’s Prandtl number is
related to increased viscosity.

(ii) +e flow for different values of Jeffrey fluid pa-
rameter λ1, on the velocity profile f′(η), it is ob-
served that, an increase in the Jeffrey fluid
parameter, increases the velocity in the boundary
region.

(iii) +e thermal stratification parameter e1’s strength
can aid in fluid velocity and temperature control.
For increasing stratification parameters, the tem-
perature θ (η) of the flowing fluid drops. As e1
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Figure 12: Plots porosity parameter λ2 on the temperature profile.

Table 1: +e rate of heat transfer −θ′ for different values of b/a.

b/a Pr M S Bhattacharyya [5] Dash [17] Eswara Rao [21] Present values
−1.24 0.1 0 0 0.128297 0.128166 0.118198 0.118077
−1.24 0.5 0 0 0.098372 0.095886 0.095848 0.095330
−1.24 0.5 1 −1 0.653725 0.598104 0.674000 0.672103
−1 0.71 0 0 — 0.228280 0.228279 0.227102
−1 0.71 1 0 — 0.324963 0.324963 0.323102
−1 0.71 1 0.2 — 0.178289 0.178289 0.164122
−0.5 0.71 1 0.2 — 0.299788 0.299788 0.299786
0 0.71 1 0.2 — 0.402840 0.402840 0.402840
1 0.71 1 0.2 — 0.574088 0.574088 0.574087
−1 7 1 0.2 — −0.685150 −0.685150 −0.685150
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decreases, the temperature differential between the
surrounding fluid and the fluid on the surface de-
creases, lowering the temperature as illustrated.

(iv) For both cases, the λ2 porous parameter increases as
velocity decreases. In the stretching scenario, the λ2
porous parameter grows as the temperature profile
lowers, but in the shrinking situation, the λ2 porous
parameter increases as the temperature decreases.

(v) Finally, raising the absolute value of the heat ab-
sorption parameter raises the local Nusselt number
whereas increasing the magnetic parameter and the
heat generation parameter decreases it.

(vi) +e Oldroyd-B fluid model is used to investigate the
behavior of blood flow across an abdominal aortic
segment in real life (hemodynamics).

Data Availability

+e data used to support the findings of this study are
available from the corresponding author upon request.
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With the emergence in the �eld of developing small-scale systems, microrobots are gaining enormous attention due to their
small size, wide number of application, and negligible e�ects on the surrounding. MEMS and microrobots both have
electrical and mechanical parts which are situated on a single device and chip. �is makes MEMS based microrobots and an
excellent device due to its ease of fabrication and small size. MEMS-based microrobots have a wide number of applications
in the �eld of bio-medical special drug delivery and invasive surgery. �ese tiny robots can be sent into the human body to
send any medicine inside the human body. Various types of MEMS based microrobot can be used in drug delivery ap-
plications including magnetic nanoparticles based microrobots, magnetized spirulina microrobot, and electro-magnetic
microrobots. However, the suitability of all these robots for drug delivery applications depends on the locomotion,
navigation controlling, shape transformation, actuation requirement, and amount of drug wasted before moving to the
destination. In this work, fuzzy rules based system is performed to con�rm the dependence of the parameters including the
locomotion, navigation controlling, shape transformation, actuation requirement, and amount of drug wasted on the
working of microrobots in drug delivery applications. Similarly, fuzzy TOPSIS based study is performed to compare and
analyze the most suitable microrobot for drug delivery application. Piezo-electric and electro-magnetic microrobots are
considered the most suitable option with relative closeness to the ideal solution of 0.71 and 0.66, respectively, owing to their
better shape transformation and movement.

1. Introduction

Automation in the industry is getting enormous attention
owing to its excellent use in increasing the productivity
and e�ciency of industrial units [1, 2]. To achieve au-
tomation, robotic systems are widely used in industry.
�ese robotic systems range from large size as well as
nano-sized robots with di�erent functionalities [3].
Among these types of robots, microrobots consist of
mechanical and electric parts which is similar to the
micro-electromechanical system (MEMS) [4].

Microrobots on a single chip with both electric and
mechanical parts are categorized as MEMS microrobots
[5, 6]. MEMS based system is designed on the basis of their
actuation, sensing, structural, and electronic circuit. On
microscale, microrobots also consist of these components
in which they sense the environment based on the mi-
crostructure properties, and the electronic circuit then
responds to the sensing data by actuating it.

Actuating can be moving from one place to another or to
carry out a work based on the sensing data. �e basic
components along with their few basic types for MEMS
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based systems are shown in Figure 1. MEMS technology is
expected to have an impact on microrobots in three ways.
*ese ways include providing sensing and actuation, in-
troducing a better and intelligent system, and providing
autonomous distributive systems. With its small size and
excellent applications, microrobots are considered an im-
portant constituent in the bio-medical industry. It has
several applications in disease diagnosis, health monitoring,
tissue engineering, invasive surgery, drug delivery, and cell
manipulation [7–10].

Reported small-scale bio-medical robot sizes use range
from tens of micrometers to several centimeters. Typically,
the dimensions of a single biomedical MEMSmicrorobot are
less than 1 mm and larger than 1 μm that can work on
microscale forces. *us, for microrobots, bulk forces such as
inertial forces and buoyancy are negligible in comparison
with its size. *ese parameters include surface tension,
adhesion, viscous forces, friction, and drag. Microsized
medical robots are used in surgical procedures which can be
static or moveable [11, 12]. *ere are two main ways of
designing, building, and controlling moveable biomedical
microrobots including the following:

(i) On-board approach: similar to a typical robot which
is self-contained and self-propelled, the miniature
robot with components on-board has the capability
to operate on its own.

(ii) Off-board approach: off-board microrobots have
their components attached externally. All the actu-
ation, sensing, and controlling parts are externally
connected to the sensor.

In the various fields of biomedical engineering, drug
delivery is considered as an importantmethod to send various
different types of drugs and medicines to various different
parts of the human body. Microrobots of various different
actuation principles have been used in the biomedical en-
gineering field. Figure 2 shows microrobots of different types
used in bio-medical applications. Various on-board as well as
off-board microrobots have been reported in the literature
which can be used in drug delivery using microrobots.
Microrobots have the potential which makes them usually for
application including real-time tissue controlling and com-
plex drug delivery to the human body [13, 14]. However, it
faces issues including its proper locomotion within the hu-
man body, navigation controlling, shape transformation,
drug wastage, ease of fabrication, difficulty in controlling, and
actuation principle as well as design.

VariousMEMS basedmagnetic and piezo-electric robots
are used which helps in providing an ease in drug delivery
throughout the human body. However, their work is highly
affected by the use of different types of actuation principles
as well as materials to fabricate the microrobots [20, 21].
Various different types of microrobots that can be used for
drug delivery include hydrogel microrobot, piezo-electric
microrobot, magnetic nanoparticles based microrobots,
magnetized spirulina microrobot, and electro-magnetic
microrobots [22–26]. *ese various robots show issues in

terms of drug wastage, slow motion and navigation, re-
quirement of high actuation, and shape transformation.
Koleoso et al identify various different types of microrobots
which can provide magnetic actuation for drug delivery as
well as for different other biomedical applications. In terms
of MEMS based microrobots, these different microrobots
can be defined in terms of a single lab of chip device (under
the on-board approach) and can be categorized as an ex-
cellent way to improve the use of microrobots in drug
delivery applications.

In this work, various different microrobots used for drug
delivery including hydrogel microrobot, piezo-electric
microrobot, hydrogel microrobot, and electro-magnetic
microrobots are categorized in terms of MEMS based
microrobots. *e effect of the above-stated robots on the
basis of 3D locomotion, stationary controlling, navigation
controlling, shape transformation, drug wastage, ease of
fabrication, and magnetic field requirement is analyzed
using TOPSIS. *e proposed system has application in the
field of bio-medical including drug delivery, invasive sur-
gery, dental, and other applications.

2. Methodology

In this work, the selected microrobots are analyzed for their
dependent parameters using a fuzzy rule based system. After
analyzing the effect of the parameters on the microrobot, the
best microrobot for bio-medical application is analyzed
using the TOPSIS study. *e block diagram of the work is
shown in Figure 3.

2.1. Fuzzy Analysis. *e fuzzy analysis is carried out in the
MAMDANI model for the three different microrobots and
its effect on the output including 3D locomotion, navi-
gation controlling, ease to fabricate, shape transforma-
tion, and drug wastage. *e input hydrogel microrobot,
piezo-electric microrobot, and electro-magnetic micro-
robots and output parameters are shown in Figure 4.
*ree membership functions are defined for all the inputs
and outputs as shown in Figures 5 and 6. *e ranges for
the inputs and outputs are selected from 0 to 1. *e
membership function includes low, medium, and high.
*e low membership function has a range of 0–0.25, the
medium membership function has a range of 0.20–0.80,
and the high membership function has a range of 0.7–1.

Totally, 27 rules are then defined in terms of literature
and theories. On the basis of the theories, 3D graphs are
plotted which show the relationship between inputs and
outputs. *e graphs show that the robots significantly affect
the motion, movement, and working of the robot. *e rule
viewer based on the fuzzy analysis is shown in Figure 7.

Based on the simulated values, the output crisp values are
calculated based on the input crisp value from the rule
viewer and the MAMDANI formula. *e Minimum
membership function for the MAMDANI formula is cal-
culated using the input crisp values from the rule viewer.
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Table 1 shows the simulated values from the crisp values
and calculated values using the MAMDANI model. *e
error between the values is less than 1% which shows the
accuracy of the system. Similarly, the dependence of all the
three inputs microrobots also depends on the output 3D
locomotion, navigation controlling, ease of fabrication,
shape transformation, and drug wastage.

2.2. TOPSIS Study. TOPSIS is considered a way to do
multicriteria decision-making for the determination of an
ideal solution. To carry out the TOPSIS study, the following
steps are taken.

(1) Various different criteria and attributes are selected.
In this work, attributes include piezo-electric,
electro-magnetic, and hydrogel microrobots, and
the criteria on which the attributes are checked

include 3D locomotion, ease of fabrication, navi-
gation controlling, shape transformation, and drug
wastage.

(2) After finalizing the attributes and criteria, the rel-
ative behavior of each factor is analyzed.

(3) *e attributes are now checked based on the
feedback from the literature review and experts to
check the effect of attributes on the criteria. *e
marked attributes on the basis of criteria are in
terms of 0–10.

(4) With the rating, the average attributes are finalized
along with the decision matrix.

(5) *e entities in the decision matrix are calculated as
Xij.

Fuzzy Analysis

TOPSIS Analysis

Micro-Robot for
Bio-medical
Applications

Parameters
including

motion and
sensing

Analyze the

Best micro-
robot for bio-

medical 
Applications

Parameters
including

motion and
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Figure 3: Block diagram for the proposed methodology.

MEMS
Technology

Micro-Sensor Micro-Actuator Micro-Electronics Micro-Structure

Accelerometers
Magnetometer
Pressure Sensor

Gear
Cantilever

Diaphragms

Semi-conductor
Diode

Transistor

Single grains
Bridged grains

Compact grains

Figure 1: Basic components of MEMS based systems.
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Figure 2: Microrobots used in bio-medical applications [15–19].
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(6) After the entities are calculated, they are multiplied
with each weight attributed.

(7) *e ideal and nonideal solutions are calculated. *e
ideal solution is calculated by using the formula
stated in the following equation:

S+
i � 

m

j�1
Vij − V+

J 
2

 
0.5

, (1)

where the positive ideal solution is represented by Vj+,
and the positive ideal solution is represented by Vj−.

(9) *e separation to the ideal solution is then deter-
mined using the formula in the following equation:

S−
i � 

m

j�1
Vij − V−

J 
2

 
0.5

. (2)
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Figure 4: FIS figure of the fuzzy rule based system.
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Figure 5: Membership function for input. (a) Piezo-electric microrobot. (b) Electro-magnetic microrobot. (c) Hydro-gel microrobot.
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(10) Relative closeness to the ideal solution is analyzed
using the following formula:

Pi �
S−
i

S+
i + S−

i
. (3)

3. Fuzzy TOPSIS for Microrobots

In this work, microrobots including MEMS based piezo-
electric microrobots, electro-magnetic microrobot, and
hydro-gel microrobot are analyzed on the basis of 3D lo-
comotion, navigation controlling, ease of fabrication, shape
transformation, and drug wastage. Initially, the attributes
and criteria are defined. For all three attributes, the criteria
are defined based on a scientific research article.*e selected
information from the articles is analyzed to predict the

possible attribute and criteria. *e alternative which is the
microrobots is numbered as R1, R2, and R3: R1 for piezo-
electric microrobots, R2 for electro-magnetic microrobot,
and R3 for hydro-gel microrobot. Attributes include 3D
locomotion (A1), navigation controlling (A2), ease to fab-
ricate (A3), shape transformation (A4), and seat drug
wastage (A5). In terms of a fuzzy logic system, the attributes
are converted into linguistic terms using the basic fuzzy
triangular based system as shown in Figure 8. Linguistic
terms including VS, S, M, L, and VL are taken.

Fuzzy numbers associated with the linguistic terms are
shown in Table 2.

On the basis of the fuzzy ranges, the literature review is
carried out to analyze the effect of parameters alongside the
attributedweights designed. Table 3 shows the attribute weights
designed based on literature review and fuzzy TOPSIS system.
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Figure 6: Membership functions for output. (a) 3D locomotion. (b) Navigation controlling. (c) Ease to fabricate. (d) Shape transformation.
(e) Drug wastage.
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Positive and negative ideal solutions are calculated
which predict the best MEMS based microrobot for drug
delivery. *e negative ideal alternative shows the least
suitable MEMS based microrobot for drug delivery
application.

4. Results and Discussion

*e decision matrix and the weighted standardized decision
matrix (Vij) are calculated for this work which is shown in
Table 4.

Piezo-Electric-MR = 0.763 Electro-Magnetic-MR = 0.38 Hydro-Gel-MR = 0.647 3D-Locomotion = 0.869 Ease-to-Fabricate = 0.506 Shape-Transformation = 0.867 Drug-Wastage = 0.131Navigation-Controlling = 0.868
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Figure 7: Rule viewer for the fuzzy analysis.

Table 1: Error between simulated and MAMDANI model calculated values.

Simulated Calculated Error
3D locomotion 0.870 0.865 0.57
Navigation controlling 0.868 0.864 0.46
Ease of fabrication 0.506 0.51 0.78
Shape transformation 0.868 0.87 0.22
Drug wastage 0.131 0.135 0.5

VS VLLMS
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Figure 8: Linguistic terms for fuzzy logic number conversion.
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*e ideal solution and negative ideal solution are now
calculated by using the formula stated below, and the ideal
solution means the most suitable microrobot with the best
parameters. *e ideal solution is calculated using the fol-
lowing as shown in equation (1).

A negative ideal solution means the microrobots which is
most unsuitable for use in drug delivery application and is not
suitable for all the decision criteria. *e negative ideal solution
is calculated using the formula as shown in equation (2).

Relative closeness to the ideal solution is calculated using
the formula as given in equation (3).

Table 5 shows the ideal solution and its closeness to the
result. *e ideal solution in this work is considered the best
MEMS microrobot for drug delivery applications.

Piezo-electric and electro-magnetic microrobots show
better results in terms of different factors including lo-
comotion, navigation, shape transformation, and drug
wastage. However, a piezo-electrically driven microrobot
can be more beneficial in terms of other robots. *is is due
to the fact that the net flow in such microrobots is high
which results in more accurate delivery of drug towards
the sample. Similarly, thinner these types of microrobots
can easily move towards thinner veins like arteries and
capillaries due to their better navigation and travelling
speed. *is makes piezo-electric microrobots an excellent
choice for use in bio-medical applications. Similarly, it
provides better micropositioning and manipulation along
with higher resolution, low cost, ease to fabricate, and
small size suitable to be inserted in the human body for
various different bio-medical applications.

Table 6 shows the benchmark table with respect to the
literature review. It described the comparison between the
fuzzy TOPSIS method used in various different fields using
microrobots.*ese fields include its application in industrial
arc welding, military industry, and overall multiple appli-
cations. Methods used include fuzzy TOPSIS, fuzzy AHP,
and TOPSIS entropy method which are categorized as
different multicriteria decision-making techniques for
TOPSIS analysis.

As seen in all other applications of MEMS based
microrobots, the basic parameters including its cost,
availability, speed, accuracy, repeatability, ease of fabri-
cation, capacity, and consumption have been analyzed for
microrobots used in various different industries as shown
in Table 6. *is work however helps to provide multi-
criteria decision-making in predicting the best MEMs
based microrobot for bio-medical application (drug de-
livery) for the basic parameters. Piezo-electric and elec-
tro-magnetic microrobots are considered the most
suitable option for use as microrobot for drug delivery
applications owing to their better shape transformation
and movement.

TOPSIS provides the solution as a single ideal solution
based on the decision-maker’s proposed criteria and alter-
natives. Other multicriteria decision-making techniques
including VIKOR, AHP, and BWM can be used in order to
analyze and simulate the selection of microrobot. However,
TOPSIS and VIKOR are considered the most suitable type of
MCDM due to their work in the selection of alternatives in
the existence of contradictions, number of alternative

Table 3: Attributed weights for microrobots.

Criteria
Attributed weights (Wj)

Piezo-electric microrobots Electro-magnetic microrobot Hydro-gel microrobot
3D locomotion 9 8 7
Navigation controlling 7 7 8
Ease to fabrication 9 9 6
Shape transformation 7 6 6
No drug wastage 7 7 6

Table 4: Weighted standardized decision matrix (Vij) for all microrobots.

Criteria
Weighted standardized decision matrix (Vij)

Piezo-electric microrobots Electro-magnetic microrobot Hydro-gel microrobot
3D locomotion 0.13 0.114 0.1
Navigation controlling 0.055 0.055 0.063
Folding and unfolding based on temperature 0.147 0.22 0.147
Shape transformation 0.256 0.23 0.22
No drug wastage 0.272 0.25 0.23

Table 2: Linguistic terms and their ranges.

Linguistic Term Range Average
VS 0,0,0.3 0.1
S 0,0.3,0.5 0.26
M 0.3,0.5,0.7 0.5
L 0.5,0.7,1 0.7
VL 0.7,0.7,1 0.8
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processes and criteria, agility through the process of deci-
sion-making, computational complexity, adequacy in sup-
porting a group decision, and addition or removal of a
criterion [30].

*e main contribution of this work includes providing a
multicriteria decision-making method to predict the most
suitable and sustainable type of microrobot from bio-
medical applications mainly drug delivery. *is will help to
improve the quality of drug delivery with better efficiency by
using the proposed microrobot.

5. Conclusion

Microrobots are becoming an essential part of use in bio-
medical and other applications. Microrobots are becoming
more popular and useful for invasive surgery, drug delivery,
and pumping fluid. However, the suitability of the robot to
be used is an important issue while using microrobot for bio-
medical application. *is work shows the application of
various different micropumps for use in drug delivery ap-
plication by analyzing the output parameters of microrobots.
Piezo-electric microrobots, electro-magnetic microrobots,
and hydrogel microrobots are analyzed in this work, and
fuzzy rule based system significantly shows the effect of these
microrobots on the 3D locomotion, navigation controlling,
shape transformation, ease of fabrication, and drug wastage.
*e rule-based fuzzy system provided authentic structure for
fuzzy set and uncertainty handling susceptibility generated
by the formally used fuzzy system. Fuzzy TOPSIS study is
carried out which shows that the piezo-electric microrobots
have the best closeness to the ideal solution of 0.71 as
compared to other microrobots for use in drug delivery. For
the electro-magnetic micropump and hydrogel micropump,
the closeness to the ideal solution is 0.66 and 0.329,

respectively. *e scientific reason includes better and en-
hanced movement of the drug in the narrow medium as well
as excellent micropositioning. *e implementation of these
sensors on the basis of their parameters in other applications
including electronics, optics, material science, and me-
chanical systems can be carried out in the future. In the
future, the interval-type fuzzy type 3 can be implemented in
order upper and lower bounds of the membership function
ranges are not constant, but they are fuzzy sets.*is will help
reduce the uncertainty and noise in the resulting fuzzy rule
based system because the dependence on linguistic values
decreases. *ese simulation results may be useful for fab-
rication of microrobots for biomedical applications.
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Table 6: Benchmark table.

Application Parameters Method Remarks

Chu [27] Multiple
applications

Cost, load capacity, man–machine interface, availability
of diagnostic software

Fuzzy TOPSIS
method

Analysis of objective and
subjective attribute

Chodha
[28]

Industrial arc
welding

Mechanical weight, repeatability, payload capacity,
maximum reach, average power consumption

TOPSIS-
entropy
technique

Entropy weights method used
for assigning attributes

Simion
[29] Military industry

High speed,
accuracy, large arm reach, reduced dimensions

of the robot’s body, and arm, high flexibility, and reduced
cost

MCDM (AHP
method)

Industrial robots with
different technical
specifications

*is work Bio-medical
applications

3D locomotion, stationary controlling, navigation
controlling, shape transformation, drug wastage, ease of

fabrication

Fuzzy TOPSIS
method

Predicting the best robot for
drug delivery application

Table 5: Closeness to the ideal solution for the microrobot.

Parameters Piezo-electric microrobot Electro-magnetic microrobot Hydro-gel microrobot
Si+ 0.035 0.05 0.078
Si- 0.088 0.10 0.034
Si+ + Si- 0.123 0.15 0.112
Si-/ Si+ + Si- 0.71 0.66 0.329
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Microelectromechanical system (MEMS)-based devices have gained attention recently due to their bene�cial biomedical ap-
plications. MEMS-based devices like microneedles have set new trends in drug delivery, vaccination, skin, and eye treatment.
Di�erent materials likemetals, sugars, polymers, and silicon have been used for fabrication. Various techniques have been used for
their fabrication, including laser ablation, lithography, injection molding, and additive manufacturing. �e tip diameter of
di�erent micron ranges has been achieved. �e strength and sti�ness of the microneedle’s tip have always been important in
fabricating microneedles so that it does not break on insertion.�is research paper presents a comparison between silver (Ag) and
copper (Cu) solid microneedles by performing numerical analysis using the fuzzy approach, structural simulation, and fabri-
cation. Firstly, structural simulation has been performed in ANSYS software to test the strength of silver (Ag) and copper (Cu)
microneedles separately. �e purpose is to compare the stress e�ect and fracture limit of both microneedles. �e results collected
from the simulation provide valuable target and prediction facts to fabricate improved designs of the solid Ag and Cu
microneedles. �en, fuzzy-based numerical analysis has been performed in MATLAB software for both microneedles separately.
In this numerical analysis, the e�ect on the range of microneedle tip diameter and cone length has been observed by varying input
voltage and time. Finally, fabrication has been performed using a novel economical technique such as electrochemical etching.
Electrochemical etching is a very low-cost and clean room-free technique as compared to other techniques used for the fabrication
of microneedles.�e fabrication technique adopted in this work is the same for both silver and copper microneedles.�e scanning
electron microscopy (SEM) characterization has been performed for both fabricated microneedle tips. �e tip of the fabricated
solid Ag and Cu microneedle has been then coated with drugs using the dip-coating method. �e coated solid Ag and Cu
microneedle’s tip has been then characterized again using SEM.�e numerical results calculated from the fuzzy analysis have been
then compared with fabrication results. �e fuzzy analysis gives the simulated size of the microneedle’s tip for 5.05 μm silver and
5.12 μm copper which have very close approximation with the experimental values from the SEMmicrographs which also give the
values of the cone length from 400 to 500 μm and the tip size from 5 to 6 μm for the time of 10–15 minutes, whose values were
optimized by the fuzzy analysis.�e results of this research provide valuable benchmark and prediction data to fabricate improved
designs of the silver solid microneedles for drug delivery and other biomedical applications.

1. Introduction

Microelectromechanical system (MEMS)- based technology
has been increasing swiftly in biomedical devices. MEMSs
aremicron range devices that are the root of many integrated

and smart devices. Due to microelectromechanical systems-
based technology, the fabrication of miniature-size devices
has been increased.�e increasing performance of medicinal
devices has become achievable to meet the critical medicinal
requirements. �ese requirements include controlled drug
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delivery with insignificant side effects, enhanced bioavail-
ability, and healing effects. In biomedicine, MEMS-based
devices integrated with microneedles, microvalves, micro-
pumps, and microchannels have many important biomed-
ical applications. Scientists are working on their
development and improvement for many years and set new
trends. MEMS-based microneedles range from a few mi-
crometers to millimeters. -ese microneedles are different
from hypodermic microneedles because they are in the
micrometer to millimeter range and make drug delivery
easier and painless [1]. -e objective of MEMS-based
microneedles includes painless and safe insertion of needles
into the skin and skin retrieval after the removal of the
microneedle. -ey are also used in drug constancy
throughout manufacturing, delivery, and storage. For pa-
tients, they help result in less pain, irritation, and infection in
the skin, in addition to drug effectiveness and safety [2]. By
developing a base with strong technology and multiple
demos of effective drug delivery, microneedles are composed
to progress more into clinical practice. -is allows better
medical therapies, vaccinations, and other numerous ap-
plications [3]. Microneedles have been categorized into four
different types: solid microneedles, hollow microneedles,
coated microneedles, and dissolving microneedles. Each
microneedle type has its unique trend and innovation [4, 5].
Solid microneedles are commonly used for skin pretreat-
ment to upsurge skin porousness. Coated microneedles
which are drug-coated dissolve easily into the skin. Dis-
solving microneedles include polymers-made microneedles
that comprise a drug and completely dissolve into the skin.
Hollow microneedles are used to infuse the drug into the
skin deeply [6–8]. Solid microneedles are nowadays of more
interest because of their use in skin treatment as well as drug
delivery. -ey are sharp enough and pierce into the skin or
scrape the skin to make holes. Drugs can pass through these
holes for either limited effect of the drug in the skin or
universal delivery after acceptance by skin tubes [9–11]. A
drug-loaded patch is used to apply to the skin surface above
the pores for straight transdermal drug delivery. A semisolid
contemporary formulation can also be used, such as a cream,
ointment, gel, or lotion, because it is mostly used in skin
treatments [12, 13]. -e solid microneedles fabricated using
different techniques have been concentrated on providing an
appropriate mechanical strength. -is is achieved by con-
sidering the sufficient materials for microneedles and ge-
ometry and by increasing tip sharpness to reduce the force
required for inserting microneedles into the skin [14–16].
Some of the most common techniques used for the fabri-
cation of microneedles are laser ablation, additive
manufacturing, injection molding, and lithography as
shown in Table 1.

Different materials used nowadays for the fabrication of
microneedles are silicon, nondegradable polymers such as
photolithographic epoxy a methyl vinyl ether copolymer,
polycarbonate, maleic anhydride, and polymethyl-methac-
rylate (PMMA), polyglycolic acid (PGA), and polylactic acid
(PLA). Water-soluble compounds comprised of maltose,
metals containing stainless steel, titanium, nickel, and
tantalum are also used [25, 26]. Microneedles have been

experienced on human skin, and the other drug delivery
MEMS devices have shown potential in vivo and in vitro
[27]. Garcia et al. [28] reported self-sterilizing dissolving
microneedles patches loaded with nanosilver and fabricated
from carboxymethylcellulose which is proficient in sur-
passing the growth of microbial pathogen at the insertion
place. Chang et al. [29] reviewed the modern developments
of solid microneedles by concentrating on the materials and
techniques used for the fabrication of solid microneedles.
Driven by the exceptional structures and efficient materials,
these microneedle patches can deliver unique solutions for
skin diseases, diabetes, overweightness, and ocular diseases,
as well as quick diagnosis. Liu et al. [30] presented the
innovative biomedical applications of microneedles made of
polymers for therapeutic delivery or transdermal drug de-
livery and diagnosis. -e present limitations, as well as
future perceptions of solidmicroneedles made from polymer
materials, were also provided. Moussi et al. [31] presented
the new biocompatible 3D-printing technique for devel-
oping solid microneedles required for undetectable tissue
dispersion and transdermal and intradermal drug delivery.
Lee et al. [32] discussed the design and formation of current
microneedles that were designed with intention of sur-
passing the biological barricades of nontransdermal drug
delivery in oral, optical, vascular, and mucosal tissues.
Bonfante et al. [33] described that there are different
polymers materials used for the fabrication of microneedles.
So, to understand which polymer material is more appro-
priate depending upon its mechanical properties, they
presented a comparison of polymers. It was to improve the
mechanical properties of fabricated microneedles for dif-
ferent biomedical applications. Chi et al. [34] developed a
biomass-based chitosan-microneedle-array patch combined
with smart receptive drug delivery for endorsing wound
curing. Cai et al. [35] summarized the innovative technol-
ogies working for the integration of microneedles arrays or
patches with definite living organisms together with mis-
cellaneous viruses, mammal cells, bacteria, and so on.
Dugam et al. [36] reviewed different fabrication materials
and techniques to emphasize distinct advantages of
microneedles in biomedical industries. -e development
and design of MEMS-based microneedles are powerfully
dependent on the fabrication method. Many of the present
microfabrication technologies have resulted from proce-
dures settled to fabricate ICs. One of the most common and
significant fabrication technologies is photolithography [37].
Others include soft lithography, chemical vapor deposition,
and stereolithography. All of these techniques are quite
expensive and require a complete setup of sufficient envi-
ronment for performing experimentation [1]. Similarly,
different materials are used in the fabrication of micro-
needles, and the most common are silicon and polymers.
Silicon is mostly used as a substrate in the fabrication of
microneedles patches. -is is because silicon has some
outstanding mechanical as well as electrical properties and it
also provides a great possibility to integrate the circuits on
the transducer’s substrate. For stand-alone microneedles
silicon, metal, and polymer materials are greatly used in the
fabrication of these stand-alone microneedles. Each of these
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materials has its strength and efficiency [38]. Silver material
has been used as a coating material for microneedles. -ey
are fabricated from other materials and loaded as nanosilver
in dissolving microneedles. Silver material is a renowned
antimicrobic agent in contrast to an extensive range of
microbes, over 650 microbes from diverse classes, that is,
Gram-positive and Gram-negative bacteria and viruses.
Owing to the ratio among positive and negative side effects,
silver has advantages over numerous other antimicrobic
agents and particularly antibiotics [21, 39]. Silver has an
interesting history of using antibiotics in human well-being.
It has been industrialized for usage in water sanitization,
wound cleaning, bone prosthetic device, rehabilitative
orthopaedical surgical procedure, cardiac care, and surgical
applications. Progressing biotechnology has allowed inte-
gration into fabrics of ionizable silver for clinical uses to cut
the risk of infections as well as for individual hygiene [40].
-e antimicrobic action of silver/silver compounds is re-
lational to the bioactive silver ion and its accessibility to
interrelate with microbial or fungous cell membranes
[25, 41]. Silver metal or inert silver compounds ionize in
water, other specimen fluids, or tissue exudations. -e silver
ions are organically active and voluntarily interrelate with
proteins, amino-acid remains, free anions, and receptors on
mammals and eukaryotic cell membranes. -e bactericidal
action of silver is well known. It helps in reducing or
avoiding contamination. It can be seen in numerous ap-
plications such as treatment for injuries and wounds that are
chronic and as a coating layer for both momentary and
permanent medicinal devices. Silver has been extensively
used as a nanoparticle in many types of research. Silver
nanoparticles have many potential applications that are
highly influenced by a few factors such as shape and size
[42, 43]. Many types of research have been done on silver
nanoparticles and nanowires due to their tremendous ap-
plications [44]. Silver material has not been used for
microneedles fabrication; however, coating with silver has
been done on microneedles. It is fabricated from other
materials and loaded as nanosilver in dissolving micro-
needles. Silver material is a renowned antimicrobic agent in
contrast to an extensive range of microbes, over 650 mi-
crobes from diverse classes, such as Gram-positive and
Gram-negative bacteria and viruses. Owing to the ratio
among positive and negative side effects, silver has advan-
tages over numerous other antimicrobic agents, particularly
antibiotics. Silver has an interesting history of using

antibiotics in human well-being. It has been industrialized
for usage in water sanitization, wound cleaning, bone
prosthetic device, rehabilitative orthopaedical surgical
procedure, cardiac care, and surgical applications [45, 46].
Progressing biotechnology has allowed integration into
fabrics of ionizable silver for clinical uses to cut the risk of
infections as well as for individual hygiene.-e antimicrobic
action of silver/silver compounds is relational to the bio-
active silver ion and its accessibility to interrelate with
microbial or fungous cell membranes. Silver metal or inert
silver compounds ionize in water, other specimen fluids, or
tissue exudations [47, 48]. -e silver ions are organically
active and voluntarily interrelate with proteins, amino-acid
remains, free anions, and receptors on mammals and
eucaryotic cell membranes. -e bactericidal action of silver
is well known. It helps in reducing or avoiding contami-
nation. It can be seen in numerous applications such that
treatment for injuries and wounds that are chronic and as a
coating layer for both momentary and permanent medicinal
devices. Silver has been extensively used as a nanoparticle in
many types of research [49, 50]. Silver nanoparticles have
many potential applications that are highly influenced by a
few factors such as shape and size. Many types of research
have been done on silver nanoparticles and nanowires due to
their tremendous applications [51]. Silver material has not
been used for microneedles fabrication; however, coating
with silver has been done on microneedles. On the other
hand, copper-based hollow microneedles have been fabri-
cated so far using electrodeposition-based additive
manufacturing techniques. Copper has been used for plating
different metal microneedles. Copper nanoparticles have
been fabricated for many years using the natural process of
chemical synthesis [52–54]. Copper acts as an antibiotic,
antifungal, and antimicrobial agent when added to coatings.
Copper has many biological applications which make re-
searchers use copper in developing copper-based biomate-
rials. -ese biomaterials exhibit exceptional properties in
protecting the cardiac system, helping bone fracture healing,
and employing antibacterial effects [55–60]. In this research,
we have fabricated solid silver and copper microneedles by
using an economical technique of electrochemical etching.
But, before fabrication, simulation of MEMS-based micro-
needles has been performed. Simulation is the best way to
optimize the model and process parameters before fabri-
cation. Many simulation tools are used nowadays including
COMSOL, ANSYS, and Matlab. It has been identified that,

Table 1: Microneedles fabrication techniques.

Fabrication techniques Overview Cost analysis/disadvantages References

Lithography -e master pattern of the geometric shapes
transfers to the substrate surface

High cost not suitable for mass
production [16, 17]

Additive manufacturing/surface
micromachining Layer-by-layer microneedles printing Cost-effective but not too [16, 18, 19]

Injection molding Inject plastic materials into a mold High initial cost (machine equipment is
costly). Composite processes [1, 20, 21]

Laser ablation Use laser beam for making the substrate on
which microneedles are fabricated

High cost not appropriate for large
manufacturers [22–24]
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by using fuzzy tools and intelligent systems, better results
were achieved. -ese fuzzy systems have valued logic be-
tween integers of 0 and 1. Many researchers have used fuzzy
logic for monitoring and optimizing their fabricated
products and done marvelous work in their research areas
[61–66]. Here in our research multiple simulations using
fuzzy numerical analysis have been conducted to optimize
the effect of input parameters of time, voltage, and elastic
modulus on the output of tip diameter and cone length. For
structural simulation and fluidic analysis, ANSYS software
has been used. Zhang et al. [67] performed finite element
analysis of out-of-plane microneedles using ANSYS for
transdermal drug delivery. Ashraf et al. [68] conducted
simulation by using ANSYS before fabrication to optimize
the suitability of design for transdermal drug delivery. Kuo
et al. [69] conducted a numerical simulation to confirm the
design of PLA microneedle using the optimal process pa-
rameters. In our research, ANSYS has been used to check
solid silver and copper microneedles’ tip strength and how
much force or stress they will bear when inserted into the
skin. After that fabrication has been performed using the
electrochemical etching technique. -e fabricated micro-
needle tip has been then sent for characterization using a
scanning electron microscope (SEM). -e fabricated
microneedles tip has been then coated with drugs. -e
coated tips have also been characterized using SEM (scan-
ning electron microscope). -e surface of solid micro-
needle’s tip before and after the coating has also been
observed in SEM characterization to quantify the amount of
drug coating onto the microneedle tip depending on its
surface tension, capillary forces, and viscous forces.

2. Structural Simulation

MEMS-based microneedles are usually patterned as an array
on the patch which is just like the nicotine patch or hydrogel
patch used in baby diapers. But here, for a better under-
standing of the structure and working of the MEMS-based
microneedle, we just assume a single microneedle made of
silver and copper materials. ANSYS workbench has been
used for simulation on which step-by-step simulation is
carried out. -e simulation for both silver and copper
microneedles has been performed separately. First, the 3D
model of microneedle has been designed. Afterward, the
force has been applied on the designed microneedle to es-
timate how much force or stress it can bear when applied to
the human body. In this structural examination, a micro-
needle with 500 μm length, 200 μm width, and approxi-
mately 5–7 µm tip diameter has been designed in the design
modeler of ANSYS workbench. -e 3D and meshed model
of the designedmicroneedle is shown in Figure 1. Afterward,
the designed 3D structure has been meshed using a mesh
tool available in the ANSYS workbench because ANSYS is a
finite element analysis (FEA) software and by meshing the
structure we can do an element-by-element analysis of 3D
structure. After designing the 3D model and analyzing the
mesh model for silver and copper microneedle.-e different
parameters of mechanical properties such as Young’s
modulus, elastic modulus, Poisson’s ratio, ultimate tensile

strength, compressive tensile strength, and density for silver
and copper material have been assigned to estimate the
endurance and strength of our final fabricated model. -e
boundary conditions of stress and fixed support are applied
to analyze the effect of stress from tip to base when inserted
on the human skin. -e stress effect on designed 3D solid
model for microneedle is shown in Figure 2. When the stress
of 800 MPa is applied, it goes from top to bottom. It is
because first the tip is being applied to the skin for drug
delivery.

-en, simulation results of total deformation, directional
deformation, von Mises stress, equivalent elastic strain, and
structural error for solid copper and silver microneedle are
shown in Figures 3‒7.

-e tip comparison has also been done to check how
much deflection occurs when stress is applied.-e change in
deflection and deformation of both microneedles depends
on their elastic modulus and how much elasticity or stiffness
they have to overcome the stress. -us, comparison of tip’s
deflection is shown in Figure 8.

-e results presented above have been taken by per-
forming simulation in ANSYS workbench which is FEA
software. Simulation is useful as it reduces the resources
instead of direct fabrication.

3. Fuzzy Analysis

Fuzzy numerical analysis has been used to define the pa-
rameter of the systems in a definite way. -e uncertainties
and inaccuracies of physical systems can be easily quantified
by using fuzzy numerical logic analysis. Appropriate nota-
tion, fractional truth concept, Boolean truth, and Boolean
logic have been used in fuzzy numerical analysis to describe
the accuracies of physical systems [70, 71]. Fuzzy numerical
logic has its impact on every area of life and its application
such as material sciences, MEMS-based devices [72], fluid
dynamics, agricultural problems, information expertise, and
automobiles and even in the advancement of control sys-
tems. In this research paper, numerical analysis performed
by using fuzzy logic controller is presented. Fuzzy conditions
are considered to be as accurate as the ideal conditions. -ey
are more dependable as they can give infinite values in
between zero and one.

It has been found in the literature that fuzzy logic has
been used in many different appliances like blood pressure,
washing machine, and other smart devices [73, 74].
-erefore, for understanding the effect of time, voltage, and
elastic modulus on the tip diameter and needle length, we
have also used fuzzy logic for analysis and consideration.-e
input parameters are time, voltage, and elastic modulus,
whereas the output parameters are tip diameter and cone
length. -e microneedle FLC interface for both micro-
needles is given in Figure 9. Here, in both FLC models, three
inputs have been considered and outputs have been achieved
by varying the input conditions.

A fuzzy numerical-based logic controller has some
important properties which include being easy to handle,
flexibility of functional values, ease to understand, and easy
modeling development, and, despite all this, it gives a
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Figure 1: Project design overview. (a) 3D model of solid microneedle. (b) Mesh view of the solid microneedle.

Figure 2: Stress effect overview on the 3D model of solid microneedle.
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Figure 3: Comparison between simulated results of total deformation for (a) copper microneedle and (b) silver microneedle.
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A: silver microneedle
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Figure 4: Comparison between simulated results of directional deformation for (a) copper microneedle and (b) silver microneedle.
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solution to the problem in big data systems due to Boolean
manipulation [75]. In this research, simulations have been
performed using fuzzy numerical analysis to optimize the
process parameters. On the basis of these numerically

optimized parameters, fabrication has been done to cut off
extra expenses and get better designed fabricated model. -e
input and output parameters are designated by keeping all
other parameters of the system constant. After deciding the

B: copper microneedle
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A: silver microneedle
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Figure 5: Comparison between simulated results of Von Mises stress for (a) copper microneedle and (b) silver microneedle.
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A: silver microneedle
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Figure 6: Comparison between simulated results of equivalent elastic strain for (a) copper microneedle and (b) silver microneedle.
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B: copper microneedle
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Figure 7: Comparison between simulated results of structural error for (a) copper microneedle and (b) silver microneedle.
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inputs and outputs, the membership functions for both
parameters have been made by selecting the different ranges
of values. -e ranges of values chosen for membership
functions are given in Table 2.

After that, the Mamdani model [76] has been used for
the fuzzification of the MEMS-based microneedle by de-
fining the all possible rules. -e membership function plots
for both microneedles are drawn and they are the same as
inputs and outputs are the same for both. -e inputs and
outputs membership function plots are given in
Figures 10–14.

In Figures 13 and 14, it is shown that the membership
function values for outputs of tip diameter and cone length are
small; possibly the best output deliberation is indicated by the
red line in the membership function plots. After the

fuzzification, the surface viewer has been drawn for both
microneedles to explain in detail the comparative effect of input
parameters values like voltage, time, and elastic modulus on the
ranges of tip diameter and cone length for both silver and
copper microneedles as shown in Figures 15–18.

Silver Microneedle

(a)

Copper Microneedle

(b)

Figure 8: Comparison of tip’s deflection when stress is applied. (a) Silver microneedle and (b) copper microneedle.
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Applied__Voltage (V)

Elastic__Modulus (GPa)

Etching__Time (min) Cone__Length

Tip__Diameter
copper microneedle

(mamdani)

(b)

Figure 9: -e microneedle FLC interface. (a) Silver microneedle. (b) Copper microneedle.

Table 2: All inputs and outputs values.

Sr. no. Inputs Selected range
1 Applied voltage 0–30V
2 Etching time 0–60min
3 Elastic modulus 0–300GPa

Outputs
1 Tip diameter 0–10 μm
2 Cone length 0–500 μm
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Figures 15–18 show the effect on tip diameter and cone
length of fabricated Ag and Cu microneedles by varying
applied voltage, elastic modulus, and etching time. It has
been found that the tip diameter keeps decreasing around
5–6 μm when current and applied voltages increase. -e
cone length is maximum on the applied input parameters.
-e comparison of rule viewer for both microneedles cal-
culated by FLC simulation on setting value range for both
input and output parameters is given in Figure 19.

After the comparative numerical analysis of silver and
copper microneedles using FLC, it has been found that using
the same input parameters of applied voltage and etching
time for both microneedles gives us tip diameters of around
5.05 μm for silver and 5.12 μm for copper with cone length of
approximately 500 μm for both. -ese values for both tip
diameters are obtained by varying input parameters of
applied voltage and etching time with respect to fixed elastic
modulus of both microneedles. It has also been observed in
numerical analysis that, for copper microneedle, etching
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Figure 10: Membership function plot for applied voltage.
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Figure 11: Membership function for etching time.
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Figure 12: Membership function for elastic modulus.
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Figure 13: Membership function for tip diameter.
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Figure 14: Membership function for cone length.
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time and voltage need to be increased more as compared to
silver microneedle etching. Also, it has been observed by
surface viewer and rule viewer that, by increasing the applied
voltage and etching time, the tip diameter decreases. -e
slight difference between the tip diameters of silver and
copper microneedles is due to the elasticity of the materials.
Copper is considered to have comparatively more elastic
modulus and more stiffness than silver.

As the fuzzification of any device is based on the
Mamdani model, here, for MEMS-based microneedle, the
Mamdani model has also been considered. Some mathe-
matical calculations have been done to understand the
comparison between simulated and Mamdani values for
both microneedles separately to calculate the accuracy or
error percentage of our FLC simulation results. For the error
percentage confirmation, Mamdani’s formula has been used

for the mathematical/numerical calculations. It has been
found that a tip diameter of 5.13 for copper microneedle and
a tip diameter of 5.06 for silver microneedle are obtained,
whereas, from Mamdani mathematical calculations, the
cone length for both microneedles was found to be about
498 μm. -e difference between the fuzzy simulated values
and the Mamdani mathematical values for microneedles’ tip
and cone length gives just 0.01% and 0.02% errors.

4. Fabrication Analysis

4.1. Materials and Methods for Silver Solid Microneedle.
For silver solid microneedle, the etchant has been prepared by
mixing the 3M solution of HCL and FeH18N3O18 into DI
water. For this purpose, 30 g high graded ferric nitrate non-
ahydrate (FeH18N3O18) has been mixed into the 250ml DI
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Figure 15: Comparison of the surface viewer of tip diameter with respect to etching time and applied voltage for (a) silver microneedle and
(b) copper microneedle.
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Figure 16: Comparison of the surface viewer of cone length with respect to etching time and applied voltage for (a) silver microneedle and
(b) copper microneedle.
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water and then magnetically stirred for 30 minutes. After
stirring, 10ml of HCl has beenmixed dropwise into the former
prepared solution which turned intense yellow immediately.

4.2. Materials and Methods for Copper Solid Microneedle.
For copper solidmicroneedle, the etchant has been prepared by
mixing the 3M solution of NaCl and HCL into DI water. For
this purpose, 30 g high graded NaCl (Sigma-Aldrich 99%) has
been mixed into the 250ml deionized water (DI, Q-murk
deionizer) and magnetically stirred for 20 minutes. After
stirring, 10ml of HCl has been mixed into the formerly pre-
pared solution dropwise which maintained a light blue color.

4.3. Experimental Setup. For the fabrication of silver and
copper solid microneedle, the self-designed setup has been
used. -e self-designed setup works on the principle of

electrolysis and is named electrochemical etching. -e ex-
perimental setup used for fabrication consists of the glass
beaker which is round neck from the top (Pyrox, 500ml)
with a glass lid having a hole to let the graphite cathode and a
catcher pass through it.

A catcher has been used for holding the silver and copper
wire and it acts as an anode. Both wires attached to the
catcher have been immersed into the etchant vertically with
the help of the conducting catcher. DC power supply has
been attached across the electrodes with the help of the
probes. -e voltage, time, and current have been controlled
physically by the knob (used for tunning) attached to the
power supply as shown in Figure 5. A pure silver (925
sterling) wire of 0.5mm has been purchased and then cut
into small pieces of 1.7–2 cm in length. Similarly, copper
wire of fin quality has been purchased and then cut into
small pieces of 1.5–2 cm in length.
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Figure 17: Comparison of the surface viewer of tip diameter with respect to etching time and elastic modulus for (a) silver microneedle and
(b) copper microneedle.
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Figure 18: Comparison of the surface viewer of cone length with respect to etching time and applied voltage for (a) silver microneedle and
(b) copper microneedle.
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4.4. Electrochemical Etching Procedure. After cutting, the
silver and copper wires have been properly cleaned by the
deionized (DI) water. -en, both cleansed wires have been
placed into the ultrasonic bath for 20mins to remove all
impurities. Next silver and copper wires have been placed in
the separate Petri dishes having ethanol and left for drying in
the laboratory oven under the heat treatment at about
1500°C. After the cleaning process, the prepared etchant
solution of electrolyte has been put into the glass beaker of
the etching setup. -e graphite cathode and cleaned silver
wire and copper wire anode are dipped vertically into the
separately prepared etchant solution for both microneedles.
A DC of 30mA and voltage of 15–24V have been applied
across electrodes for 10–20 minutes by using a regulated DC
power supply for both microneedles. After etching is done,
the silver and copper needles have been again washed by
using DI water and ethanol. Finally, the fabricated silver and
copper microneedles have been sent for characterization.
-e fabricated silver and copper microneedles have about
6 μm diameter. -e schematic for electrochemical etching of
silver and copper microneedles is shown in Figure 20.

-e etching mechanism is also explained as shown in
Figure 21 showing how the etching has been performed
when the silver and copper wires were dipped into the
prepared etchant solution.

5. Characterization Results

-e fabricated silver and copper solid microneedles have
been characterized after a thorough analysis by the scanning
electron microscope (SEM). -e tip of both microneedles
has a range of around 5-6 μm. -e SEM image has been
taken for different micron ranges to observe microneedles
closely. -e SEM characterization for both solid micro-
needles has been performed to study the structure of
microneedles.

-e SEM results for both solid microneedles with cone
length of approximately 500 µm are shown in Figure 22.

Also, the zoomed SEM images of both silver and copper
microneedles have been taken to observe the etched surface
of both microneedles’ tips as shown in Figure 23.

6. Coating of Microneedles

After the characterization for silver and copper solid
microneedle has been done, the coating of material on
microneedles has been done. For coating, the dip-coating
method has been used and prototypical molecules of ri-
boflavin (7,8-dimethyl-10-[(2S,3S,4R)-2,3,4,5-tetrahydrox-
ypentyl] benzo[g]pteridine-2,4-dione) has been coated on
the microneedle. First, the microneedles have been dipped
separately into 3 micrograms of riboflavin and then taken
off. -e microneedles entrain a liquid film on their tip
surface upon exiting the coating liquid. -e dissolved solids
existing in the liquid film get deposited on the solid silver
and copper microneedle surface as a coating after the solvent
in the liquid film evaporates.

-e contribution of surface tension of coating material is
significant in the dip-coating method. -e coated silver and
copper microneedles have also been sent for characterization
to quantify howmany drugs coated on their surfaces hold, and
comparative images with 2x zoom are shown in Figure 24 and
Figure 25 before and after coating.

Also, the surfaces of coated microneedles have been
observed for quantifying the amount of drug stuck on it as
shown in Figure 25.

7. Results and Discussion

-e graphical analysis has been done firstly on the simu-
lation results taken for both silver and copper solid
microneedles. -e fracture strength of the microneedle’s tip
has been examined to evaluate the possibility of its fracture
during the medical application. -erefore, how much tip
deflection takes place on applying stress of around 800MPa
so that its fracture limit is being estimated has been analyzed
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Figure 19: Rule viewer comparison for (a) silver microneedle and (b) copper microneedle.
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Figure 20: Schematic electrochemical etching setup for silver and copper solid microneedle.
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Figure 21: Etching mechanism for (a) silver and (b) copper solid microneedles.

(a) (b)

Figure 22: SEM image of (a) silver and (b) copper microneedle tip for 500 µm.

(a) (b)

Figure 23: 2x zoomed SEM images of (a) silver and (b) copper microneedle tips with a magnified etched surface.
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because once the tip starts deflecting rapidly it is more likely
to get fractured on the application. -e tip deflection based
on the stress-tip diameter data obtained from the simulation
results are displayed in Figure 26(a), and fracture strength is
in Figure 26(b).

It has been analyzed from the graph depicting the results
of a structural simulation that fracture strength of silver
microneedle is relatively low as compared to that of copper
microneedle.

-is is because silver has a comparatively less elastic limit
and tensile strength than copper, and detailed properties are
given in Table 3.

When microneedles are inserted into the skin, various
forces like bending, buckling, resistive, compressive, and
lateral forces have been influenced on microneedles. To
predict the effect of these various forces for the projected
design, the structural analysis has been executed in ANSYS.
In structural analysis, the total deflection along the length of
both silver and copper microneedles at the applied force of
10N is shown in Figure 27.

In this graph, it has been observed that when force is
applied a deflection starts at the length of approximately
100 μm for both solid microneedles.

In fabrication, two parameters of time and voltage have
been set. By varying these two parameters, the effect on tip
diameter has been analyzed and it is the same for both
microneedles depending on the materials used for them.-e
graph is given in Figure 28.

-e analysis has shown that increasing the etching time
and applied voltage for both silver and copper solid micro-
needles will give less tip diameter or sharper tip. Also, if the
applied voltage remains constant and etching time is in-
creasing, then tip diameter decreases. -e same is the case if
the etching time remains constant and the applied voltage is
increasing; then tip diameter also decreases.-e effect on cone
length of microneedle when the applied voltage remains
constant and etching time increases is also shown in Figure 29.

Here, in this graph, the microneedle cone length effect
has been measured by fixing the applied voltage and in-
creasing the etching time. -e cone length of the micro-
needle will be a maximum of 500 μm by bar comparison
method.

After studying the literature review in detail, the com-
parison between the methods and techniques used by other
researchers and the method and materials used in this re-
search paper are given in Table 4.

-us, from this comparison table, it has been found that
silver and copper materials are more appropriate to use than
other metals, silicon, and polymers. As they have been used in
many medical treatments and even in medicines for many
years, silver and copper nanoparticles are considered one of the
most dynamic and fascinating nanomaterials among several
metallic nanoparticles involved in biomedical applications.
-ey are not only biocompatible but also bioinert. -ey are
used as antibiotic agents in different biomedical applications.

(a) (b)

Figure 24: Magnified SEM images of (a) silver and (b) copper coated microneedle.

(a) (b)

Figure 25: Magnified SEM images of tip surface (a) silver and (b) copper coated microneedle.
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Figure 26: Graphical analysis of simulation results of deflection for both silver and copper microneedles. (a) Tip deflection comparison
when stress is applied on both microneedles. (b) Fracture strength comparison based on the observed results of deflection.

Table 3: Comparison between properties of silver and copper.

Element Silver Copper
Ultimate tensile strength 110MPa 210MPa
Young’s modulus of elasticity 83GPa 120GPa
Elastic limit 300MPa 330MPa
Endurance limit 40MPa 70MPa
Hardness 250MPa 400MPa
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Figure 27: Structural analysis of total deflection along the length of silver and copper microneedles.
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Table 4: Comparison between materials and techniques used in other works and our work.

Materials Fabrication techniques Advantages Disadvantages References

Silicon -e deep reactive ion etching
process

Excellent biocompatibility and,
specifically, mechanical properties
are superior to polymers and metals.
Also, they have nonductile nature.
-is technique gives much better
resolution and higher aspect ratios.

Silicon microneedles are brittle and
might break in insertion into the

skin. -is technique gives slow etch
rates, low choosiness, and channel
effects caused by imitated ions

[77, 78]

Stainless
steel Wet-etching photolithography

Stainless steel is characteristically
more disinfected and lasts long.
Wet-etching photolithography has
almost no harm due to its virtuously

chemical nature and is highly
selective.

Stainless steel has low heat
conductivity and can burn skin
when heated up. Wet-etching

photolithography has temperature
sensitivity, poor element control,
and high chemical clearance costs.

[79–82]

Mathematical Problems in Engineering 15



Also, electrochemical etching is a low-cost technique that helps
in high productivity or mass production.

8. Conclusion

To fabricate microneedles, there is a need to choose the most
appropriate materials for microneedle manufacture
depending on the following conditions:

(i) Manufacturing should be gentle without damaging
penetrating and uneven molecules; drug release
must be precise or immediate.

(ii) Mechanical strength must be sufficient for skin
penetration.

Not only materials but also the appropriate technique is
needed for the fabrication of solid microneedles. Many dif-
ferent techniques as given in Table 1 have been used. But as
they are costly, and it is not economically appropriate to use
them for mass production. In this research paper, numerical
analysis and structural simulation have also been performed
to demonstrate the deflection of the microneedles’ tips and
the effect of input parameters such as time and voltage on tip
diameter and cone length. An economical technique for the
fabrication of solid microneedle has been presented. It only
costs a little as compared to other techniques for fabrication. It
is easily affordable by many pharmaceutical companies. By
using this technique microneedles fabrication can be in-
creased to double at a low cost. Also, underdeveloped
countries can afford this technique easily and bring

microneedles technology to them as well. Not only eco-
nomical techniques but also novel materials have also been
chosen for the fabrication of microneedles. Silver and copper
have not been used until now as a material for the fabrication
of microneedle. However, they have been used for the fab-
rication of nanoparticles because both silver and copper are
bioactive materials and have continuously been used as an-
tibacterial coatings in many drugs or implants. -is research
work aims to introduce an economical and novel method for
the fabrication of solid microneedles.

Data Availability

All the data and steps are given in the manuscript, and more
details can be provided on demand.
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Periodic behavior analysis of nano/microelectromechanical systems (N/MEMS) is an essential �eld owing to their many
promising applications in microinstruments.e interesting and unique properties of these systems, particularly, small size, batch
fabrication, low power consumption, and high reliability, have fascinated researchers and industries to implement these structures
for the production of di�erent microdevices. e dynamic oscillatory behavior of N/MEMS is very intricate due to the various
types of nonlinearities present in these structures. e foremost objective of this study is to explore the periodicity of oscillatory
problems from N/MEMS. e variational iteration method (VIM), which has been considered as an e�ective approach for
nonlinear oscillators, is coupled with the Laplace transform to obtain the approximate analytic solution of these nonlinear
vibratory systems with fewer computations.is coupling of VIM and Laplace transform not only helps in the identi�cation of the
Lagrange multiplier without getting into the details of the cryptic theory of variations, but also �nds the frequency-amplitude
relationship and the analytic approximate solution of N/MEMS. A generalized vibratory equation for N/MEMS is followed by
three examples as special cases of this generalized equation are given to elucidate the e�ectivity of the coupling. e solution
obtained from the Laplace-based VIM not only exhibits good agreement with observations numerically but also higher accuracy
yields when compared to other established techniques in the open literature.

1. Introduction

A few decades have passed since the revelation and ad-
vancement of nano/microelectromechanical systems
(N/MEMS). is innovation now has touched a level of
maturity that, nowadays, several N/MEMS devices are
being utilized in our daily life, ranging from pressure
sensors and accelerometers in cars, radiofrequency
switches, micromirrors in electronics devices such as
Plasma TVs, microphones in the telecommunication

industry, and inertia sensors in video games [1–6]. Con-
versely, with this developing demand on the N/MEMS
innovation come incredible challenges. Dynamic analysis is
one of them and has experienced rapid development [7].
e oscillators from N/MEMS have rich dynamics, and
there are many phenomena involved in the dynamic
analysis of a N/MEMS such as pull-in instability, phase
diagram, and hysteresis. However, the focus of this man-
uscript is on the periodic solution property of N/MEMS.
e exact solutions of N/MEMS, which are hard to �nd,
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play a vital role in examining the properties and behavior of
these systems. *us, researchers are interested in finding at
least analytic solutions because they have more detail which
helps with better insight into these systems.

In the past decades, several techniques have been
proposed to get the approximate analytic solution of N/
MEMS problems such as the homotopy perturbation
method (HPM), higher-order HPM [8], Taylor series [9],
energy balance technique [10], spreading residual har-
monic balance method [11], higher-order Hamiltonian
method [12], Adomian decomposition method (ADM)
[13], Li-He modified HPM [14], modified ADM [15],
variational approach [16], Galerkin decomposition
method [17], and so on. It is also noted that, besides these
methods, there are various analytical techniques for
getting the approximate solution to the nonlinear equa-
tions, for example, the He-Laplace method [18], global
residual harmonic balance method [19], integral trans-
form-based methods [20–22], max-min approach [23],
frequency-amplitude formulation method [24], Hamil-
tonian approach [25], and others [26–29]. Moreover, there
have been several review articles that have appeared on the
analytical methods for oscillatory problems during the
past decade [30–32].

*e variational iteration method (VIM) [33] is one of the
most powerful techniques among the aforementioned
methods, capable to solve linear and nonlinear, ordinary and
partial differential equations [34–41] analytically and leading
to truthful results. It was first proposed in 1998 [33] and has
been extensively discussed, including its extensions and
modifications [22, 41]. *e main theme of the method in-
volves the construction of a suitable iterative formula with a
Lagrange multiplier that is optimally determined with the
help of the variational theory. As there is no need to linearize
or treat the nonlinear terms, therefore, authors [22] recently
recommend that Laplace transform a simpler method to
evaluate the multiplier, rendering the approach available to
researchers facing different nonlinear problems. Addition-
ally, it is noticed that nonlinear oscillators benefit greatly
from this modification.

In this study, we construct a generalized nonlinear vi-
brational problem for N/MEMS, which under various
conditions, reduces to different physical systems such as
electrostatic force-based N/MEMS, the dynamic behavior of
the microbeams induced by van der Waals attractions, the
periodicity of the multiwalled carbon nanotubes under the
effect of an electric field, etc. A Laplace-based VIM (LVIM) is
employed to obtain a general solution of these microsystems
and hence to obtain the deflection (y) and the oscillator’s
frequency (Ω) for different scenarios as the particular cases
of the generalized problem. We match the findings of LVIM
to those yielded numerically using the fourth-order Run-
ge–Kutta method (RK4) and other established methods to
endorse its usefulness for N/MEMS.

2. Formalism

Nonlinear oscillators often hold the following equation as
follows:

€y(t) + f(y) � 0, (1)

y(0) � B,

_y(0) � 0.
(2)

Equation (1) can be written as follows:

€y +Ω2y + g(y) � 0, (3)

where g(y) � f(y) −Ω2y.
Recently, authors [22] proposed a simple way of iden-

tifying the Lagrange multiplier for the equation (1) which is
based on the Laplace transform. Let us revisit the general
methodology.

Initially, the correction functional for equation (3) is
established as follows:

yk+1(t) � yk(t) + 
t

0
λ(t − ψ) €yk(ψ) + Ω2yk(ψ) + gk(ψ) dψ,

k � 0, 1, 2, . . . . . . ,

(4)

where λ is the multiplier, yk depicts the kth solution, and gk

is a restricted variation i.e., δgk � 0. *e integration in
equation (4) is ultimately a convolution; therefore, we can
employ the Laplace transform easily. Utilizing the properties
of the Laplace transform, and then through restricted var-
iation, the Lagrange multiplier is identified as follows:

λ(t) � −
1
Ω
sin Ωt. (5)

Finally, the correction functional will get the following
form:

L yk+1(t)  � L yk(t)  −
1
Ω

L[sin Ωt]L €yk(t) +Ω2yk(t) + gk(y) .

(6)

A detail derivation about the aforementioned method of
solution can be seen in Ref. [21].

3. Applications

*is section is devoted to a general vibratory system for N/
MEMS to explain the theory described in formalism, fol-
lowed by three well-known N/MEMS as the special cases of
this general problem.

Consider the motion of microstructures represented
with a nonlinear ordinary differential equation characterized
by the general form of a group of oscillators from N/MEMS
[10–12, 14, 39, 42–44] used in nanoscience and
nanotechnology.

α0 + α1y + α2y
2

+ α3y
3

+ α4y
4

 €y + α5 + α6y

+ α7y
2

+ α8y
3

+ α9y
4

+ α10y
5

+ α11y
6

+ α12y
7

� 0,
(7)

where α0, α1, . . . , α12 are constants found in result of
transforming a multivariable differential equation to an
ordinary differential equation using Galerkin approach.
Dividing equation (7) by α0 yields
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1 + d1y + d2y
2

+ d3y
3

+ d4y
4

 €y + d5 + d6y

+ d7y
2

+ d8y
3

+ d9y
4

+ d10y
5

+ d11y
6

+ d12y
7

� 0,
(8)

where dj � αj/α0 for j � 1, 2, · · · , 12. Let us rewrite equation
(8) as follows:

€y +Ω2y + g(y) � 0, (9)

where

g(y) � d1y + d2y
2

+ d3y
3

+ d4y
4

 €y + d5 + d6 −Ω2 y

+ d7y
2

+ d8y
3

+ d9y
4

+ d10y
5

+ d11y
6

+ d12y
7
.

(10)

*e iterative formula, equation (6), can be expressed as
follows:

L yk+1(t)  � L yk  −
1
Ω

L[sin Ωt]L

1 + d1yk + d2y
2
k + d3y

3
k + d4y

4
k €y + d5 + d6yk

+d7y
2
k + d8y

3
k + d9y

4
k + d10y

5
k + d11y

6
k + d12y

7
k

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦. (11)

Assuming the initial solution

y0(t) � B cos Ωt. (12)

After simple calculations, we have

L y1(t)  � L[B cos Ωt] −
1
Ω

L[sin Ωt]L

Γ0 + Γ1 cos Ωt + Γ2 cos 2 Ωt + Γ3 cos 3 Ωt+

Γ4 cos 4 Ωt + Γ5 cos 5 Ωt + Γ6 cos 6 Ωt + Γ7 cos 7 Ωt

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦. (13)

*e following relation helps in solving the above-
mentioned equation:

L
− 1

(L[sin Ωt]L[cos κΩt]) �

1
2

t sin Ωt, κ � 1

cos Ωt − cos κΩt

Ω κ2 − 1 
, κ≠ 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

,

y1 � B cos Ωt +
Γ0
Ω2

(cos Ωt − 1) −
Γ1
2Ω

t sin Ωt −
Γ2
3Ω2

(cos Ωt − cos 2 Ωt)

−
Γ3
8Ω2

(cos Ωt − cos 3 Ωt) −
Γ4

15Ω2
(cos Ωt − cos 4 Ωt) −

Γ5
24Ω2

(cos Ωt − cos 5 Ωt)

−
Γ6

35Ω2
(cos Ωt − cos 6 Ωt) −

Γ7
48Ω2

(cos Ωt − cos 7 Ωt),

(14)

where the expression of coefficients Γ0, Γ1, . . . , Γ7 can be
depicted as follows:
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Γ0 � −BΩ2
d1B

2
+
3d3B

3

8
  + d5 +

d7B
2

2
+
3d9B

4

8
+
5d11B

6

16
,

Γ1 � −BΩ2 1 +
3d2B

2

4
+
5d4B

4

8
  + Bd6 +

3d8B
3

4
+
5d10B

5

8
+
35d12B

7

64
,

Γ2 � −BΩ2
d1B

2
+

d3B
3

2
  +

d7B
2

2
+

d9B
4

2
+
15d11B

6

32
,

Γ3 � −BΩ2
d2B

2

4
+
5d4B

4

16
  +

d8B
3

4
+
5d10B

5

16
+
21d12B

7

64
,

Γ4 � −BΩ2
d3B

3

8
  +

d9B
4

8
+
3d11B

6

16
,

Γ5 � −BΩ2
d4B

4

16
  +

d10B
5

16
+
7d12B

7

64
,

Γ6 �
d11B

6

32
,

Γ7 �
d12B

7

64
.

(15)

To ensure the periodicity requires that the coefficient of
t sin ωt equal to zero, thus

Γ1
2Ω

� 0, (16)

or

− BΩ2 1 +
3d2B

2

4
+
5d4B

4

8
  + Bd6

+
3d8B

3

4
+
5d10B

5

8
+
35d12B

7

64
� 0,

(17)

yields

Ω �

�����������������������������
64d6 + 48d8B

2
+ 40d10B

4
+ 35d12B

6

64 + 48d2B
2

+ 40d4B
4



, (18)

and thus the first-order approximation for the analytic
solution of the equation (7) is as follows:

yVIM � a0 + a1 + B( cos Ωt + a2 cos 2 Ωt + a3 cos 3 Ωt

+ a4 cos 4 Ωt + a5 cos 5 Ωt + a6 cos 6 Ωt + a7 cos 7 Ωt,

(19)

where

a0 � −
Γ0
Ω2

,

a1 �
1
Ω2
Γ0 −
Γ2
3

−
Γ3
8

−
Γ4
15

−
Γ5
24

−
Γ6
35

−
Γ7
48

 ,

a2 �
Γ2
3Ω2

,

a3 �
Γ3
8Ω2

,

a4 �
Γ4

15Ω2
,

a5 �
Γ5

24Ω2
,

a6 �
Γ6

35Ω2
,

a7 �
Γ7

48Ω2
.

(20)

We shall now examine the several physically relevant N/
MEMS cases considering various sets of parameter values in
equation (7).
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3.1. CASE I: Motion of Electrically Excited Microbeam.
Consider the motion of an electrically actuated model of a
microbeam [10, 12].

b0 + b1y
2

+ b2y
4

 €y + b3y + b4y
3

+ b5y
5

+ b6y
7

� 0, (21)

where the expression of coefficients b0, b1, . . . , b7 are as
follows:

b0 � 
1

0
ξ2dη,

b1 � −2
1

0
ξ4dη,

b2 � 
1

0
ξ6dη,

b3 � 
1

0
ξξ′′′′ − Nξξ′′ − V

2ξ2 dη,

b4 � 
1

0
−2ξ3ξ′′′′ + 2Nξ3ξ′′ − βξξ′′ 

1

0
ξ′2dη dη,

b5 � 
1

0
ξ5ξ′′′′ − Nξ5ξ′′ + 2βξ3ξ′′ 

1

0
ξ′2dη dη,

b6 � − 
1

0
βξ5ξ′′ 

1

0
ξ′2dη dη,

(22)

where ξ(η) � 16η2(1 − η)2 is the trail function. Equation
(21) may be achieved from the generalized equation (7) by
choosing the parameters α1 � α3 � α5 � α7 � α9 � α11 � 0,

α0 � b0, α2 � b1, α4 � b2, α6 � b3, c8 � b4, c10 � b5 and
c12 � b6.

Let us rewrite equation (21) as

1 + m1y
2

+ m2y
4

 €y + m3y + m4y
3

+ m5y
5

+ m6y
7

� 0,

(23)

where the coefficients mj � bj/b0(j � 1, 2, . . . , 6). *e fre-
quency-amplitude relationship can be attained using
equation (18) by substituting aforementioned parameters as
follows:

ΩVIM �

������������������������������
64m3 + 48m4B

2
+ 40m5B

4
+ 35m6B

6

64 + 48m1B
2

+ 40m2B
4



, (24)

which differs from the frequency calculated by the energy
balance method (EBM) [10], which is as follows:

ΩEBM �

���������������������������

4b3 + 3b4B
2

+ 7b5B
4/3 + 15b6B

6/8
4b0 + 2b1B

2
+ b2B

4




. (25)

*e approximate solution of equation (21) by using
equation (19) is as follows:

yVIM � B − Λ1 + Λ2 + Λ3(  cos Ωt + Λ1 cos 3 Ωt

+ Λ2 cos 5 Ωt + Λ3 cos 7 Ωt,
(26)

where

Λ1 �
1

8Ω2
−AΩ2

m1B
2

4
+
5m2B

4

16
  +

m4B
3

4
+
5m5B

5

16
+
21m6B

7

64
 ,

Λ2 �
1

24Ω2
−AΩ2

m2B
4

16
  +

m5B
5

16
+
7m6B

7

64
 ,

Λ3 �
1

48Ω2
m6B

7

64
 .

(27)

And, the approximate analytic result by the EBM is

yEBM � B cos

���������������������������

4b3 + 3b4B
2

+ 7b5B
4/3 + 15b6B

6/8
4b0 + 2b1B

2
+ b2B

4




t
⎛⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎠.

(28)

We depict the deflection of microbeam y obtained from
LVIM (solid red lines) (equation (26)) with time t for four
sets of parameter values (B, N, V, β) in the left side column of
Figure 1 with the same yield by EBM (solid black lines)
(equation (28)) and also obtained numerically by utilizing
RK4 (solid blue line). *is evaluation validates that the
findings from the LVIM and those attained by RK4 match
remarkably well.

We also graph errors in the deflection of microbeams
with respect to their values evaluated using RK4. Red circles
and black stars with dashed lines represent the errors of the
LVIM (yRK4 − yLVIM) and EBM (yRK4 − yEBM), respec-
tively, map errors against time for the similar values of
parameters in the right side column of Figure 1. All panels in
the right side column confirm that the accuracy of the so-
lution obtained by LVIM is much improved in comparison
to the solution obtained by means of EBM because the
margin of error is less in the case of LVIM. Moreover, it is
notable that the error in EBM is increasing with an increase
in amplitude, but the error in LVIM is insignificant.

*e effectiveness of the LVIM for the nonlinear analytic
frequency and the approximate solution can be seen in
Figure 2 which represents the influence of different
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Figure 1: Comparison of results obtained by LVIM and EBM with RK4 findings for electrically excited microbeam.
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parameters on the deflection of microbeams. To this end,
one of the mentioned parameters is supposed to change
while the three other ones remain constant. *e graphs in
this figure demonstrate the accuracy of the solution obtained
in equation (26) because the observations attained by the LVIM
are in good agreement with those achieved numerically using
RK4.

3.2. CASE II: Motion of Nanobeams Actuated by Van der
Waals Attractions. Consider the motion of an N/MEMS of
nanobeams induced by the Van der Waals attractions
[11, 39]. Intermolecular interactions or van der Waals force
have been used instead of electrostatic force in this mi-
crostructure for actuation. *e mathematical model can be
represented as follows:

h0 + h1y + h2y
2

+ h3y
3

 €y + h4 + h5y + h6y
2

+ h7y
3

+ h8y
4

+ h9y
5

+ h10y
6

� 0,
(29)

where the coefficients h0, h1, . . . , h10 can be written as fol-
lows and a detailed derivation of equation (29) and the
physical understanding of each coefficient are available in
Refs. [11, 39].

h0 � 
1

0
ξ2dη,

h1 � −3
1

0
ξ3dη,

h2 � 3
1

0
ξ4dη,

h3 � − 
1

0
ξ5dη,

h4 � −λ
1

0
ξ dη,

h5 � 
1

0
ξξ′′′′ − Nξξ′′( dη,

h6 � 
1

0
−3ξ2ξ′′′′ + 3Nξ2ξ′′ dη,

h7 � 
1

0
3ξ3ξ′′′′ − 3Nξ3ξ′′ dη − β

1

0
ξξ′′dη

1

0
ξ′2dη,

h8 � 
1

0
−ξ4ξ′′′′ + Nξ4ξ′′ dη + 3β

1

0
ξ2ξ′′dη

1

0
ξ′2dη,

h9 � −3β
1

0
ξ3ξ′′dη

1

0
ξ′2dη,

h10 � β
1

0
ξ4ξ′′dη

1

0
ξ′2dη,

(30)
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Figure 2: Influence of the parameters on the deflection of electrically excited microbeam.
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where ξ(η) � sin πη is the trail function. Equation (29) is
solved for different trail function by means of the spreading
residue harmonic balance method (SRHBM) [11], which can
be attained by putting the parameters α0 � h0, α1 � h1, α2 �

h2, α3 � h3, α4 � 0, α5 � h4, α6 � h5, α7 � h6, α8 �

h7, α9 � h8, α10 � h9, α11 � h10, and α12 � 0 in the general
form of equation (7).

Equation (29) can rewrite in the following form:

1 + k1y + k2y
2

+ k3y
3

 €y + k4 + k5y + k6y
2

+ k7y
3

+ k8y
4

+ k9y
5

+ k10y
6

� 0,
(31)

where the coefficients kn � hn/h0(n � 1, 2, . . . , 10). *e
nonlinear frequency of this oscillatory system using LVIM
can be gained by placing the abovementioned parameters in
equation (18) and can be written as follows:

Ω �

�����������������
8k5 + 6k7B

2
+ 5k9B

4

8 + 6k2B
2



, (32)

which is similar to the frequency of order first calculated
by SRHBM [11]. *e approximate analytic solution of
equation (29) is obtained by LVIM from equation (19) as
follows:

yLVIM � e0 + e1 + B( cos Ωt + e2 cos 2 Ωt + e3 cos 3 Ωt

+ e4 cos 4 Ωt + e5 cos 5 Ωt + e6 cos 6 Ωt,

(33)

where

e0 � −
Υ0
Ω2

,

e1 �
1
Ω2
Υ0 −
Υ2
3

−
Υ3
8

−
Υ4
15

−
Υ5
24
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Υ6
35

 ,

e2 �
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3Ω2

,

e3 �
Υ3
8Ω2

,

e4 �
Υ4

15Ω2
,

e5 �
Υ5

24Ω2
,

e6 �
Υ6

35Ω2
,

(34)

where the expression of coefficients Υ0,Υ1, . . . ,Υ2 can be
identified as follows:

Υ0 � −BΩ2
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2
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16
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  +
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  +
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16
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5

16
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32
.

(35)
Figure 3 represents the deflection obtained analytically

from a numerical solution for the vibration of nanobeams
excited by Van der Waals attraction. We have also plotted
the variation of error for the above-mentioned system in the
corresponding bottom panels. From the top panel of Fig-
ure 3, it is seen that the approximate results were achieved
numerically using RK4 (blue line), the SRHBM [11] (black
line), and those obtained by the LVIM (red line) equation
(33) for two sets of parameters (B, N, β, λ), which reveals the
accuracy of the findings achieved by the present application
of LVIM. Errors of the SRHBM are symbolized with black
stars with solid lines, while errors of LVIM are denoted with
red circles against time for the same parameter values in the
bottom panel confirming the supremacy of LVIM over
SRHBM. Furthermore, in the top panel, a significant dif-
ference between the solutions of RK4 and SRHBM can be
observed on the trough part of the wave, but the LVIM
solution matches extremely well in that part. *e same is
observed in the error graph shown in the bottom panel.
*ese facts authenticate the great potential of the LVIM for
solving nonlinear problems over SRHBM.

Figure 4 demonstrates the effect of change in midpoint
deflection of the nanobeams due to variation in parameter
values of the model. *e LVIM results and those attained by
RK4 are almost similar which indicates that LVIM can
correctly predict the oscillatory behavior of these
microstructures.

3.3. CASE III: Motion of Multiwalled Carbon Nanotubes.
Consider the equation of motion of multiwalled carbon
nanotubes that includes both the electrostatic and Van der
Waals attraction forces for actuating [42].
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€y + ℓ0 + ℓ1y + ℓ2y
2

+ ℓ3y
3

+ ℓ4y
4

� 0, (36)

where the coefficients ℓ0, ℓ1, . . . , ℓ4 and detailed derivation of
the model equation can be found in [42]. *is vibratory
model can be achieved by substituting
α1 � α2 � α3 � α4 � α10 � α11 � α12 � 0, α0 � 1,

α5 � ℓ0, α6 � ℓ1, α7 � ℓ2, α8 � ℓ3, and α9 � ℓ4 in the
generalized equation (7).*e LVIM frequency may obtained
from equation (18) as follows:

Ω �

���������

ℓ1 +
3
4
ℓ3B

2


. (37)

*e LVIM solution of equation (36) is as follows:

yHPLTM � Ψ0 + Ψ1 + B cos Ωt + Ψ2 cos 2 Ωt

+ Ψ3 cos 3 Ωt + Ψ4 cos 4 Ωt,
(38)

where

Ψ0 � −
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2

2
+
3ℓ4B

4

8
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2
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4
 ,

(39)

and

Ψ4 �
1

15Ω2
ℓ4B

4

8
 . (40)

Both frequency and solution are similar to those given by
[42] gained by means of the iteration perturbation method
and also the same as those given by [43, 44] employing the
parameter expansion method.
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Figure 3: Comparison of results obtained by LVIM and SRHBM with RK4 findings for the nanobeams actuated by Van der Waals force.
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4. Conclusion

A vibratory equation for N/MEMS in its general form is
reduced to ordinary differential equations with nonlinear-
ities such as the motion of a microbeam actuated electrically,
the vibration of nanobeams under the effect of Van der
Waals attractions, and the motion of multiwalled carbon
nanotubes. *e variational iteration method (VIM) coupled
with the Laplace transformation is utilized to achieve the
nonlinear analytic frequency and approximate solution of
the generalized model of N/MEMS and its relevant systems
with great success. We considered some novel variational
iteration formulas where the Lagrange multiplier is iden-
tified with the help of the Laplace transform which elimi-
nates the elusive theory of variations. *e merit of the
proposed method is its simplicity (no need to do any in-
tegration) and capability to solve nonlinear models with high
accuracy. Comparative results of the Laplace-based varia-
tional iteration method, energy balance process, spreading
residual harmonic balance technique, and Runge–Kutta
scheme were given to show the efficacy of the suggested
strategy. It is concluded that the obtained results for the
generalized model enable us to examine numerous non-
linear physical N/MEMS easily in a similar way.
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