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With the evolution of our complex technological society and
the introduction of new notions and innovative theoretical
tools such as cognitive and neural aspects in the field of
robotics systems, this has brought some new evolutions.
These evolving and theoretical tools are providing some
intelligence and robustness in robotics systems similar to
those found in biological species.

Cognition and intelligence—the ability to learn, under-
stand, and adapt—is the creation of nature, and it plays
a key role in human actions and in many other biological
species. Humans possess some robust attributes of learning
and adaptation, and that is what makes them so intelli-
gent. We humans react through the process of learning
and adaptation on information received through a widely
distributed network of sensors and control mechanisms in
our body. The faculty of cognition, which is contained in
our carbon-based computer, the brain, acquires information
from the environment through various sensory mechanisms
such as vision, hearing, touch, taste, and smell. Then, the
process of cognition, through its intricate neural networks—
the cognitive computing—integrates this information and
provides appropriate actions. The cognitive process then
advances further towards some attributes such as learning,
recollection, reasoning, and control.

We are learning from the carbon-based cognitive
computer—the brain—and now are in the process of induc-
ing two important aspects of perception and cognition,
and thereby that of the intelligence into robotics machines.
One of our aims is to construct a robotic vehicle that can
think and operate in uncertain and unstructured driving
conditions. Robots in manufacturing, mining, agriculture,

space and ocean exploration, and health sciences are just
a few examples of these challenging applications where
humanistic attributes such as cognition and intelligence can
play an important role.

The proposal for the special issues of the robotics journal
devoted to cognitive and neural aspects was conceived in
early 2009, and now we are pleased to present 18 invited
research papers which cover a wider aspect of cognition and
intelligence. Initially, we received 29 research papers, but after
going through a thorough review process, we have accepted
only 18 papers. These papers cover some wider aspects of
cognition and intelligence in the field of robotics, and for this
special issue of the Robotics Journal, we have divided them
into the following three parts.

In the first part, the first six papers (1−6) cover the
fields of cognition, perception, vision, and neural learning
in robotics. In the second part, the second six papers (7−12)
deal with neuro-control in robotics. Finally, in the third part,
the last six papers (7−18) focus on miscellaneous robotics
applications.

Thus, as can be seen, these 18 invited papers represent a
broad cross-section of the robotics field and have used some
cognitive and neural aspects in the design of learning and
control algorithms. Also, these papers have been authored
by 55 researchers in robotics field from 29 different research
institutions or universities located in seven different coun-
tries (Austria (1), Canada (1), China (4), India (1), Japan (8),
Sweden (2), and USA (3)).

We guest editors believe that this special issue of the
Journal of Robotics containing 18 invited research papers
authored by international researchers and devoted to the
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various aspects of cognition, perception, vision and neural
learning, and neuro-control in robotics with various indus-
trial applications is an informative and useful addition to the
field of robotics.
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Humans make about 3 saccades per second at the eyeball’s speed of 700 deg/sec to reposition the high-acuity fovea on the targets of
interest to build up understanding of a scene. The brain’s visuosaccadic circuitry uses the oculomotor command of each impending
saccade to shift receptive fields (RFs) to cortical locations before the eyes take them there, giving a continuous and stable view of
the world. We have developed a model for image representation based on projective Fourier transform (PFT) intended for robotic
vision, which may efficiently process visual information during the motion of a camera with silicon retina that resembles saccadic
eye movements. Here, the related neuroscience background is presented, effectiveness of the conformal camera’s non-Euclidean
geometry in intermediate-level vision is discussed, and the algorithmic steps in modeling perisaccadic perception with PFT are
proposed. Our modeling utilizes basic properties of PFT. First, PFT is computable by FFT in complex logarithmic coordinates
that also approximate the retinotopy. Second, the shift of RFs in retinotopic (logarithmic) coordinates is modeled by the shift
property of discrete Fourier transform. The perisaccadic mislocalization observed by human subjects in laboratory experiments is
the consequence of the fact that RFs’ shifts are in logarithmic coordinates.

1. Introduction

In this article, we demonstrate that a mathematical data
model we have developed for image representation intended
for biologically-mediated machine vision systems [1–6] may
be useful to process visual information during the motion
of a camera with silicon retina that resembles saccadic eye
movements. Our data model is based on the projective
Fourier analysis that we have constructed in the framework
of representation theory of the Lie group SL(2,C) by
restricting the group representations to the image plane of
the conformal camera—the camera with image projective
transformations given by the action of PSL(2,C) [4, 5]. The
analysis provides an efficient image representation that is
well adapted to (a) the projective transformations of retinal
images and (b) the retinotopic mappings of the brain’s
oculomotor and visual pathways. This latter assertion stems
from the fact that the projective Fourier transform (PFT) is
computable by a fast Fourier transform (FFT) algorithm in
coordinates given by a complex logarithm that transforms
PFT into the standard Fourier integral, while simultaneously

approximating the local retinotopy [7]. Consequently, PFT
of the conformal camera integrates the head, eyes, and
retinotopic mapping of the visual pathways into a single
computational binocular system [6]. As already suggested in
[8], this integrated system may efficiently model visuomotor
processes during saccadic eye movements that reposition
the high-acuity fovea—the retinal region of a central angle
subtending a US quarter an arm length from the eyes—on
the targets of interest to build up understanding of a scene.

Humans make about three saccades per second at the
eyeball’s maximum speed of 700 deg/sec, producing about
200, 000 saccades per day [9]. As we are not aware of
these fast moving retinal images, the brain, under normal
circumstances, suppresses visual sensitivity during saccadic
eye movements and compensates for these incessant inter-
ruptions. This visual stability is maintained by the brain’s
widespread neural network [10]. Converging evidence from
psychophysics, functional neuroimaging, and primate neu-
rophysiology indicates that the most attractive neural basis
that underlies visual stability is the mechanism causing visual
cells in various visual and visuomotor cortical areas to
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respond to stimuli that will fall in their receptive fields (RFs)
before the eyes move them there, commonly referred to as the
shifting RFs mechanism [11–15]. The identification of the
visuosaccadic pathways (see references in [10]) supports the
idea that the brain uses a copy of the oculomotor command
of the impending saccade, referred to as efference copy or
corollary discharge (see [16] for a review), to shift transiently
the RFs of stimuli. This shift of RFs, starting 50 ms before
a saccade onset and ending 50 ms after the saccade landing,
is hypothesized to update (or remap) the retinotopic maps in
the anticipation of each upcoming saccade. In fact, in a recent
experiment [17], when human subjects shifted fixation to the
clock, their reported time was earlier than the actual time on
the clock by about 40 ms.

Although interruptions caused by saccades remain unno-
ticed in our daily life, in laboratory experiments, it becomes
possible to probe the unexpected consequences of the
saccadic eye movement. Specifically, laboratory experiments
in lit environments have shown that briefly flashed probes
around the saccade’s onset are perceived as compressed
toward the saccadic target [18–21], while, in total darkness,
the probes’ localizations are characterized by a uniform
shift in the direction of the saccade [22–24]. The exper-
imental studies [25–27] investigating the influence of the
saccade’s parameters on perisaccadic mislocalization showed
that perisaccadic visual compression and the unidirectional
shift are probably governed by different neural processes.
Although the perisaccadic shift can be mainly explained
by delays in the processing of visual information [24], the
mechanism of perisaccadic compression, commonly related
to the neural processes of the RF shift [28], remains relatively
elusive.

In this article, we argue that the conformal camera’s com-
plex projective geometry and the related harmonic analysis
(projective Fourier analysis) may be useful in perisaccadic
perception. In particular, the image representation in terms
of PFT may efficiently model the RFs shift that remaps
cortical retinotopy in the anticipation of each saccade
and the related phenomenon of perisaccadic perceptual
space compression. During fixations the brain acquires
visual information, resolving inconsistencies of the brief
compression resulting from remapping. The computational
significance of this remapping, when incorporated into
neural engineering design of a foveate visual system, stems
from the fact that it may integrate visual information from
an object across saccades, eliminating the need for starting
visual information processing anew three times per second
at each fixation and speeding up a costly process of visual
information acquisition [29]. This transfer of object features
across saccadic eye movements [30–33] that is believed to
maintain visual stability of transsaccadic perception is not
considered here because, at present not much is known about
the whole process [13].

This paper is organized as follows. We outline the
neural processes of the visuosaccadic system involved in
the preparation, execution, and control of the saccadic eye
movement in Section 2 and later continue in Section 6. In
Sections 3 and 4, we lay out the background that explains the
mathematical tools we use in modeling human visual system.

To this end, in Section 3, we introduce the conformal camera,
discuss its conformal geometry, and evaluate the effectiveness
of this geometry in the early- and intermediate-level vision
computational aspects of natural scene understanding. Then,
in Section 4, we show that the conformal camera possesses
its own harmonic analysis—projective Fourier analysis—
which provides image representation given in terms of the
discrete PFT (DPFT) fast computable by FFT in coordinates
given by a complex logarithm. Section 5 of this article deals
with the implementation of the DPFT in retinocortical
image representation that efficiently integrates the head, eyes,
and retinotopic maps into one computational system. We
also mention hardware setups that could be supported by
DPFT-based software and compare conformal camera-based
modeling to other approaches in foveate vision. Using this
integrated visual system, in Section 6, we model perisac-
cadic perception, including the perisaccadic compression
observed in psychophysical laboratory experiments. Finally,
in Section 7, we discuss and compare our model with other
numerical approaches to perisaccadic perception and discuss
the directions in advancing our modeling. The paper is
summarized in the last section.

2. The Visuosaccadic System

One of the most important functions of any nervous system
is sensing the external environment and responding in a
way that maximizes immediate survival chances. For this
reason, the perception and action have evolved in mammals
by supporting each other’s functions. This functional link
between visual perception and oculomotor action is well
demonstrated in primates when they execute the eye-
scanning movements (saccades) to overcome the eye’s acuity
limitation in building up the scene understanding.

In fact, humans can only see clearly the central part
of the visual field of a 2 deg central angle. This region is
projected onto the central fovea, where its image is sampled
by the hexagonal mosaic of photoreceptors consisting mainly
of cone cells, the color-selective type of photoreceptors for
a sharp daylight vision. The visual acuity decreases rapidly
away from the fovea because the distance between cones
increases with eccentricity as they are outnumbered by rode
cells, photoreceptors for a low-acuity black-and-white night
vision. Moreover, there are a gradual loss of hexagonal
regularity of the photoreceptor mosaic and an increased
convergence of the photoreceptors on the ganglion cells
whose axons carry visual information from the eye to the
brain. For example, at 2.5 deg radius, which corresponds to
the most visually useful region of the retina, acuity drops
50%. In Figure 1, (b) shows a progressively blurred image
from (a), simulating the progressive loss of acuity with
eccentricity.

With three saccades per second, the saccadic eye move-
ment is the most common bodily movement. The eyes
remain relatively still between consecutive saccades for about
180–320 ms, depending on the task performed. During this
time period, the image is processed by the retinal circuitry
and sent, mainly, to the visual cortex (starting with the



Journal of Robotics 3

(a)

C1

C2

(b) (c)

Figure 1: (a) San Diego skyline and harbor. (b) Progressively blurred image of (a) simulating the progressive loss of retinal acuity with
eccentricity. The circle C1 encloses the part of the scene projected onto the high-acuity fovea of a 2 deg diameter. The circle C2 encloses
the part projected onto the visually useful foveal region of a 5 deg diameter. (c) A scanning path the eyes may take to build up the scene
understanding. Adapted from [34].

primary visual cortex, or V1, and reaching higher cortical
areas, including the cognitive areas), with a minor part
sent to the oculomotor midbrain areas. During the saccadic
eye movement, the visual sensitivity is markedly reduced,
although some modulations of low spatial frequencies
(contrast and brightness) are wellpreserved or even enhanced
[35]. This phenomenon is known as saccadic suppression.
The sequence of saccades, fixations, and, often, smooth-
pursuit eye movements for tracking a slowly moving small
object in the scene, is called the scanpath and was first studied
in [36]. In Figure 1(c) we depict the scanpath that eyes might
actually take to build up understanding of the scene.

Although they are the simplest of bodily movements,
the eyes’ saccades are controlled by a widespread neural
network that involves nearly every level of the brain. In
Figure 2 we show the diagram of well-established pathways
of the primate visuosaccadic system. They includes most
prominently, the superior colliculus (SC) of the midbrain
for representing possible saccade targets, and the parietal eye
field (PEF) and the frontal eye field (FEF) in the parietal and
frontal lobes of the neocortex (which obtains inputs from
many visual cortical areas) for assisting the SC in the control
of the involuntary (PEF) and voluntary (FEF) saccades. They
also project to the simple neural circuits in the brainstem
reticular formation (pons) in the midbrain that ensure the
saccade’s outstanding speed and precision. The course of
events in the visuosaccadic system, which is based on [10],
is outlined in the caption of Figure 2.

Although many of the neural processes involved in
saccade generation and control are amenable to precise
quantitative studies [37], some neural processes of the visu-
osaccadic system remain virtually unknown. The saccadic
suppression, the fact that we do not see moving retinal
images, is barely understood. There is accumulating evidence
that viewers integrate information poorly across saccades
during tasks such as reading, visual search, and scene
perception [38]. This means that, three times per second at
each fixation, there are instant large changes in the retinal
images without almost any information consciously carried
between fixations. Furthermore, because the next saccade
target selection for the voluntary saccades takes place in

Frontal
cortex

FEF

PEF

Posterior parietal
cortex

MD
thalamus

LGN

Midbrain
and pons

SC

V1
V2
V3
V4

Figure 2: The visuosaccadic system. The course of events is the
following. (1) Fixations (∼300 ms). When eyes complete a saccade,
visual information is acquired and sent via LGN to V1 and higher
cortical areas including FEF and PEF (yellow paths). The next
saccade’s target is selected in FEF/PEF and its position is calculated
in SC (blue paths) and the oculomotor command (OC) is prepared
(Pons). However, before the saccade is executed, a copy of OC is
sent via MD of Thalamus to FEF/PEF (black paths) to shift the
receptive fields of the current fixation landmarks to the receptive
fields of their future positions centered at the impending saccade’s
target. (2) Saccades (∼30 ms). The OC executes the eyes’ saccade
with the motor neurons (red paths). The shift of receptive fields
(starting ∼50 ms before the saccade onset and ending ∼50 ms after
the saccade landing) gives access to the upcoming saccade’s target
before eyes arrival, integrating objects’ features between fixations
and maintaining stability of perception.

the higher cortical areas involving cognitive processes [39],
the time needed for the oculomotor system to plan and
execute the saccadic eye movement could take as long as
150 ms. Therefore, it is critical that visual information is
efficiently acquired during each fixation without repeating
much of the whole process since it would require too much
computational resources. However, visual constancy, the fact
that we are not aware of any discontinuity in the scene
perception when executing the scanpath, is not perfect.
About 50 ms before the onset of the saccade, during saccadic
movement (∼30 ms), and about 50 ms after the saccade,
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the salient stimuli are not perceived in veridical locations.
In particular, a transient compression around the saccade
target, called perisaccadic mislocalization, is observed in
lit laboratory experiments; see Section 1. We continue this
discussion in Section 6 where we present the algorithm
for modeling some of the neural processes underlying
perisaccadic perception.

3. The Conformal Camera, Geometry,
and Perception

We model the human eyes’ imaging functions with the
conformal camera; the name of which will be explained
later. In the conformal camera, shown in Figure 3, the retina
is represented by the image plane x2 = 1 with complex
coordinates x3 + ix1, on which a 3D scene is projected under
the mapping

j(x1, x2, x3) = (x3 + ix1)
x2

. (1)

The implicit assumption x2 /= 0 will be removed later.
The image projective transformations are generated by

the two basic transformations h and k shown in Figure 3.
Both transformations have the form of linear-fractional
transformations

z �−→ g · z = αz + β

γz + δ
(2)

with αδ − γβ = 1. Therefore, all finite iterations of the
mappings h and k give the group SL(2,C) acting on the
image plane of the conformal camera by linear-fractional, or
Möbius, transformations

SL(2,C) �
⎛
⎝a b
c d

⎞
⎠ · z = dz + c

bz + a
, z = x3 + ix1 ≡ (x1, 1, x3).

(3)

Because ±
(
a b

c d

)
have the same action, we need to identify

matrices in SL(2,C) that differ in sign. The result is the
quotient group PSL(2,C) = SL(2,C)/{±Id}, where Id
is the identity matrix, and the action (3) establishes a
group isomorphism between linear-fractional, or Möbius,
mappings and PSL(2,C). Thus,

PSL(2,C) � g =
⎛
⎝a b

c d

⎞
⎠ �−→ f

(
g−1 · z) = f

(
az − c
−bz + d

)

(4)

gives the image projective transformations of the intensity
function f (z).

3.1. Geometry of the Conformal Camera. In the homoge-
neous coordinate framework of projective geometry [40], the
conformal camera is embedded into the complex plane

C2 =
⎧⎨
⎩

⎛
⎝z1

z2

⎞
⎠ | z1 = x2 + iy, z2 = x3 + ix1

⎫⎬
⎭. (5)

In this embedding, the “slopes” ξ of the complex lines
z2 = ξz1 can be numerically identified with the points on the
extended image plane Ĉ = C ∪ {∞) where ∞ corresponds
to the line z1 = 0. In fact, if x2 /= 0 and y = 0, the slope ξ
corresponds to the point x3 + ix1 at which the ray (line) inR3

that passes through the origin is intersecting the image plane
of the conformal camera. Then, the standard action of the
group SL(2,C), on nonzero column vectors C2,

⎛
⎝z

′
1

z′2

⎞
⎠ =

⎛
⎝a b

c d

⎞
⎠
⎛
⎝z1

z2

⎞
⎠ =

⎛
⎝az1 + bz2

cz1 + dz2

⎞
⎠ (6)

implies that the slope ξ = z2/z1 is mapped to the slope

ξ′ = z′2
z′1
= c + dξ

a + bξ
(7)

agreeing with the mappings in (3). However, the action (3)
must be extended to include the line z1 = 0 of “slope” ∞ as
follows:

⎛
⎝a b

c d

⎞
⎠ · ∞ = d

b
,

⎛
⎝a b

c d

⎞
⎠ ·

(
−a
b

)
= ∞. (8)

The stereographic projection σ = j|S2
(0,1,0)

(with j in (1))

establishes isomorphism Ĉ ∼= S2
(0,1,0) and σ(0, 0, 0) = ∞

gives a concrete meaning to the point ∞ such that it can
be treated as any other point. The set Ĉ is referred to as
the Riemann sphere and the group PSL(2,C) acting on Ĉ
consists of the bijective meromorphic mappings of Ĉ [41].
Thus, it is the group of holomorphic automorphisms of
the Riemann sphere that preserve the intrinsic geometry
imposed by complex structure, known as Möbius geometry
[42] or inversive geometry [43].

The mappings in (4) are conformal, that is, they preserve
the oriented angles of two tangent vectors intersecting at
a given point [41]. Because of this property, the camera is
called “conformal”. Although the conformal part of an image
projective transformation can be removed with almost no
computational cost, leaving only a perspective transforma-
tion of the image (see [4, 5]), the conformality provides
an advantage in imaging because the conformal mappings
rotate and dilate the image’s infinitesimal neighborhoods,
and, therefore, locally preserve the image pixels.

The image plane of the conformal camera does not admit
a distance that is invariant under image projective (linear-
fractional or Möbius) transformations. Therefore, geometry
of the conformal camera does not possess a Riemannian
metric; for instance, there is no curvature measure. It
is customary in complex projective (Möbius or inversive)
geometry to consider a line as a circle passing through the
point ∞. Then, the fundamental property of this geometry
can be expressed as follows: linear-fractional mappings map
circles to circles [41]. Thus, circles can play the role of
geodesics.

3.2. The Conformal Camera and the Intermediate-Level
Vision. As discussed before, circles play a crucial role in the
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z′ = h · z

h
z

z′′ = k · z
k

S2(0, 1, 0)
x1

x2

x3

Rotation

Translation

Image plane: z = x3 + ix1

≡ (x1, 1, x3)

(a)

h · z

z

O

k · z Φ

Φ/2

S2(0, 1, 0)
x1

x2

Image plane

(b)

Figure 3: The conformal camera. (a) Image projective transformations are generated by iterations of transformations covering translations
“h” and rotations “k” of planar objects in the scene. (b) The 2D section of the conformal camera further explains how image projective
transformations are generated and how the projective degrees of freedom are reduced in the camera; one image projective transformation in
the conformal camera corresponds to different planar objects translations and rotations in the 3D world.

conformal camera geometry and it should be reflected in
psychological and computational aspects of natural scene
understanding whether this camera is relevant to modeling
primate visual perception.

Neurophysiological experiments demonstrate that the
retina filters impinged images extracting local contrast
spatially and temporally. For instance, center surround
cells at the retinal processing stage are triggered by local
spatial changes in intensity referred to as edges or contours.
This filtering is enhanced in the primary visual cortex,
the first cortical area receiving the retinal output. This
area itself is a case study in dense packing of overlapping
visual submodalities: motion, orientation, frequency (color),
and oculomotor dominance (depth). In psychological tests,
humans easily detect a significant change in spatial intensity
(low-level vision), and effortlessly and unambiguously group
this usually fragmented visual information (contours of
occluded objects, for example), into coherent, global shapes
(intermediate-level vision). Considering its computational
complexity, this grouping is one of the difficult problems that
primate visual system has to solve [44].

The Gestalt phenomenology and quantitative psycholog-
ical measurements established the rules, summarized in the
ideas of good continuation [45, 46] and association field
[47], that determine interactions between fragmented edges
such that they extend along continuous contours joining the
edges in the way they will normally be grouped together
to faithfully convey a scene meaning. Evidence accumulated
in psychological and physiological studies suggests that
the human visual system utilizes a local grouping process
(association field) with two very simple rules: collinearity
(receptive fields aligned along a line) and cocircularity
(receptive fields aligned along a circle with the preferred
orientation orthogonal to the tangents of the circle [48])
with underlying scale invariant statistics for both geometric
arrangements in natural scenes. These rules were confirmed
in [49, 50] by statistical analysis of natural scenes. Two
basic intermediate-level descriptors that the brain employs

in grouping elements into global objects are the medial axis
transformation [51], or symmetry structure [52, 53], and the
curvature extrema [54, 55]. In fact, the medial axis, which
the visual system extracts as a skeletal (intermediate-level)
representation of objects [56], can be defined as a set of the
centers of maximal circles inscribed inside the contour. The
curvatures at the corresponding points of a contour are given
by the inverse radii of the circles.

This discussion shows that the conformal camera should
effectively model the eye’s imaging functions related to
lower- and intermediate-level visions of natural scenes.

4. Projective Fourier Analysis

The projective Fourier analysis has been constructed by
restricting geometric Fourier analysis of SL(2,C)—a direc-
tion in the representation theory of the semisimple Lie
groups [57]—to the image plane of the conformal camera
[5, Section 5.1]. The resulting projective Fourier transform
(PFT) of a given image intensity function f (z) ∈ L2(C) is
the following:

f̂ (s, k) = i

2

∫
f (z)|z|−is−1

(
z

|z|
)−k

dz dz, (9)

where (s, k) ∈ R × Z, and, if z = x3 + ix1, then (i/2)dz dz =
dx3 dx1 is the Euclidean measure on the image plane.

In log-polar coordinates (u, θ) given by ln reiθ = ln r +

iθ = u + iθ, f̂ (k, s) takes on the form of the standard Fourier
integral

f̂ (s, k) =
∫ ∫

f
(
eu+iθ

)
eue−i(us+θk)dudθ. (10)

Inverting it, we obtain the representation of the image
intensity function in the (u, θ)-coordinates:

eu f (u, θ) = 1

(2π)2

∞∑

k=−∞

∫
f̂ (s, k)ei(us+θk) ds, (11)
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where f (u, θ) = f (eu+iθ). We stress that although f (eu+iθ)
and f (u, θ) are numerically equal, they are given on different
spaces.

4.1. Discrete Projective Fourier Transform. In spite of the
logarithmic singularity of log-polar coordinates, PFT of any
function f integrable on C∗ = C \ {0} is finite:

∣∣∣ f̂ (s, k)
∣∣∣ ≤

∫ 2π

0

∫ u1

−∞
f
(
eu+iθ

)
eudu dθ

=
∫ 2π

0

∫ r1

0
f
(
reiθ

)
dr dθ <∞.

(12)

This observation is crucial in constructing the discrete PFT as
follows. By removing a disk |z| ≤ ra, we can regularize f such
that the support of f (u, θ) is contained within (ln ra, ln rb)×
[0, 2π) and approximate the integral in (10) by a double
Riemann sum

f̂
(

2πm
T ,n

)
≈ 2πT
NM

M−1∑

k=0

N−1∑

l=0

euk f
(
euk eiθl

)
e−2πi(mk/M+nl/N) (13)

with M ×N partition points

(uk, θl) =
(

ln ra +
kT

M
,

2πl
N

)
, 0 ≤ k ≤M − 1,

0 ≤ l ≤ N − 1, T = ln(rb/ra).

(14)

Then, introducing

fk,l =
(

2πT
MN

)
f
(
euk eiθl

)
, fk,l =

(
2πT
MN

)
f (uk, θl) (15)

and defining f̂m,n by

f̂m,n =
M−1∑

k=0

N−1∑

l=0

fk,le
uk e−i2πmk/Me−i2πnl/N , (16)

we obtain

fk,l = 1
MN

M−1∑

m=0

N−1∑

n=0

f̂m,ne
−uk ei2πmk/Mei2πnl/N . (17)

Both expressions (16) and (17) can be computed efficiently
by FFT algorithms.

On introducing complex coordinates zk,l = euk eiθl into
(16) and (17), these expressions are referred to as the discrete
projective Fourier transform (DPFT) and its inverse, respec-
tively [4, 5]. When “pixels” locations euk eiθl are transformed
by the conformal camera’s action of g ∈ PSL(2,C) so that
the function undergoes projective transformation f (g−1 ·
euk eiθl ) = f (eu

′
k eiθ

′
l ), its representation in (17) is given in

terms of u′k and θ′l (instead of uk, and θl) but with f̂m,n

unchanged. We refer to the representation transformations as
projectively adapted characteristics of the projective Fourier
transforms [4, 5]. These projective transformations are not
given explicitly here since they are not used in this work.

5. DPFT in Computational Vision

We discussed before the relevance of the conformal camera
to the intermediate-level vision task of grouping image
elements into individual objects in natural scenes. Here we
discuss the relevance of the data model of image represen-
tation based on DPFT to image processing in biologically
mediated machine vision systems.

5.1. Modeling the Retinotopy with DPFT. The mapping w =
ln(z± a)− ln a, where a > 0 removes logarithmic singularity
and ±a indicate, for different signs, the left or right brain
hemisphere, is the accepted approximation of the retinotopic
structure of primate visual cortical areas and the midbrain
SC [7, 58]. However, the DPFT that provides the data model
for image representation can be efficiently computed by FFT
only in log-polar coordinates given by the complex logarithm
w = ln z. This mapping has distinctive rotational and zoom
symmetries

ln
(
eiθz

)
= ln z + iθ, ln

(
ρz
) = ln z + ln ρ (18)

important in image identification (rotations and dilations in
the retinal space corresponding to translations in the cortical
(log-polar) space). Thus, we see that the Schwartz model of
the retina comes with drastic consequences by destroying the
rotation and zoom symmetries.

The following facts support our modeling of retinotopy
with DPFT. First, for small |z| � a, ln(z ± a) − ln a
is approximately linear while, for large |z| � a, it is
dominated by ln z. Secondly, to construct discrete sampling
for DPFT, the image is regularized by removing a disc
representing the fovea, which is possible because PFT in log-
polar coordinates does not have a singularity at the origin;
see (12). Thirdly, there is accumulated evidence pointing to
the fact that the fovea and periphery have different functional
roles in vision [59, 60] and very likely involve different image
processing underlying principles. Finally, by the split theory
of hemispherical image representation, the foveal region has
a discontinuity along the vertical meridian, with each half
processed in a different brain hemisphere [61].

We conclude this discussion with the following remark.
Both models discussed above, as well as all other similar
models, are, in fact, fovea-less models [62]. However, because
the fovea is explicitly removed in our model, we plan to
complement it in the future by including the foveal image
representation.

5.2. Image Sampling for DPFT. The DPFT approximation
was obtained using the rectangular sampling grid (uk, θl) in
(14), corresponding, under the mapping

uk + iθl �−→ zk,l = euk+iθl = rke
iθl , (19)

to a nonuniform sampling grid with equal sectors

α = θl+1 − θl = 2π
N

, l = 0, 1, . . . ,N − 1 (20)
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but with exponentially increasing radii

ρk = rk+1 − rk = euk+1 − euk

= euk
(
eδ − 1

)
= rk

(
eδ − 1

)
, k = 0, 1, . . . ,M − 1,

(21)

where uk+1−uk is the spacing δ = T/M and r0 = ra, where ra
is the radius of the disc that has been removed to regularize
logarithmic singularity. This sampling interface is shown in
Figure 4.

Let us assume that we have been given a picture of the size
A× B in pixel units, which is displayed with K dots per unit
length (dpl). Then, the physical dimensions, in the chosen
unit of length, of the pixel and the picture are 1/K × 1/K
and A/K ×B/K , respectively. Also, we assume that the retinal
coordinates’ origin (fixation) is the picture’s center.

The central disc of radius r0 represents the fovea with
a uniform distribution of grid points, the number of the
foveal pixels Nf given by πr2

0 = Nf /K2. This means that the
fovea cannot increase the resolution, which is related to the
distance of the picture from the eye. The number of sectors
is obtained from the condition 2π(r0 + r1)/2 ≈ N(1/K),
where N = [2πr0K + π]. Here [a] is the closest integer
to a. To get the number of rings M, we assume that ρ0 =
r0(eδ − 1) = 1/K and rb = rM = r0eMδ . We can take either
rb = (1/K) min(A,B)/2 or rb = (1/K)

√
A2 + B2/2. Thus,

δ = ln[(1 + 1/r0K] and M = (1/δ) ln(rb/r0).

Example 1. We let A × B = 512 × 512 and K = 4 per
mm, so the physical dimensions in mm are 128 × 128 and
rb = 128

√
2/2 = 90.5. Furthermore, we let Nf = 296, so

r0 = 2.427 and N = 64. Finally, δ = ln(10.7084/9.7084) ≈
0.09804 and (1/0.09804) ln(90.5/2.427) ≈ M = 37. The
sampling grid consists of points in polar coordinates: (rk +
ρk+1/2, θl + π/64) = (2.552ek0.09804, (2l + 1)π/64) k =
0, 1, . . . , 36, l = 0, 1, . . . , 63.

5.3. Imaging with the Conformal Camera. In the example
from the previous section, the number of pixels in the
original image is 262, 144, whereas both foveal and periph-
eral representations of the image contain only 2, 664 pixels.
Thus, it results in about 100 times less pixels than in the
original image. However, this reduction in the number of
pixels comes at a price: not only does the small central
region have the resolution required for a clear vision, it also
has to be removed to regularize the logarithmic singularity.
Therefore, the conformal camera with the DPFT-based
image processing in the present state of development can
support only the peripheral imaging functions of the visual
system.

The most basic and frequent eye’s imaging functions are
connected with an incessant saccadic eye movement (about
200, 000 saccades per day). The neural mechanisms of the
RFs shifts and perisaccadic mislocalization, hypothesized
to be involved in maintaining visual stability, are mainly
supported by the peripheral visual processing. We use DPFT
to model these phenomena in Section 6. The DPFT-based
image representation could support the following hardware

setup. A set of samples { fk,l}M×N of an image f , where
fk,l = (2πT/MN) f (euk eiθl), is obtained from a camera with
anthropomorphic visual sensors (silicon retina) [63] or from
an “exp-polar” scanner with the sampling geometry similar
to the distribution density of the retinal ganglion cells. The

DPFT is applied to { fk,l}N×M according to (16), and f̂k,l

is efficiently computed with FFT. Next, the IDPFT of f̂k,l,
given in (17), is again computed with FFT. However this
output from IDPFT renders the retinotopic image fk,l =
(2πT/MN) f (uk, θl) (numerically equal to fk,l) of the retinal
samples in the cortical log-polar coordinates.

When the eyes remain fixed, motion of objects is per-
ceived by the successive stimulation of adjacent retinal loci.
These image transformations are modeled in the conformal
camera by the corresponding covariant transformations of
the image representation in terms of DPFT; see the end
of Section 4.1. These transformations are not important in
modeling perisaccadic perception and are not dealt with in
this work. However, they will become important in modeling
smooth-pursuit eye movements, which we plan to undertake
in the near future.

5.4. Other Approaches to Foveate Vision. Of the numerical
approaches to foveate (also called space-variant) vision,
involving, for example, Fourier-Mellin transform or log-
polar Hough transform, the most closely related to our
work are results reported by Schwartz’ group at Boston
University. We note that the approximation of the retinotopy
by a complex logarithm was first proposed by Eric Schwartz
in 1977. This group introduced the fast exponential chirp
transform (FECT) [64] in their attempt to develop numerical
algorithms for space-variant image processing. Both FECT
and its inverse were obtained by the change of variables
in the spatial and frequency domains applied to the stan-
dard Fourier integrals. The discrete FECT was introduced
somehow ad hoc and some basic components of Fourier
analysis, such as underlying geometry or Plancherel measure,
were not considered. In comparison, projective Fourier
transform (PFT) provides an efficient image representation
well adapted to projective transformations produced in the
conformal camera by the group SL(2,C) acting on the image
plane by linear-fractional mappings. Significantly, PFT can
be obtained by restricting geometric Fourier analysis of the
Lie group SL(2,C) to the image plane of the conformal
camera. Thus, the conformal camera comes with its own
harmonic analysis. Moreover, PFT is computable by FFT
in log-polar coordinates given by a complex logarithm
that approximates the retinotopy. It implies that PFT can
integrate the head, eyes, and visual cortex into a single
computational system. This aspect is discussed, with special
attention to perisaccadic perception, in the remaining part
of the paper. Another advantage of PFT is the complex
(conformal) geometric analysis underlying the conformal
camera. We demonstrated in Section 3.2 the relevance of
this geometry to the intermediate-level vision problem of
grouping local contours into individual objects of natural
scenes.

The other approaches to space-variant vision use the
geometric transformations, mainly based on a complex
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Figure 4: The retinocortical sampling interface. (a) The exp-polar sampling (the distance between circles displayed in the first quadrant
changes exponentially) of a bar pattern. (b) The bar pattern in the cortical coordinates rendered by the inverse DPFT computed with FFT.
The cortical uniform sampling grid, obtained by applying the complex logarithm to the exp-polar grid in (a), is shown in the upper left
corner.

logarithmic function between the nonuniform (retinal)
sampling grid and the uniform (cortical) grid for the purpose
of developing computer programs for problems in robotic
vision. We give only a few examples of such problems:
tracking [65], navigation [66], detection of salient regions
[67], and disparity estimation [68]. However, in contrast to
our projectively covariant image processing carried out with
FFT, they share high computational costs in the geometric
transformation process for dynamic scenes.

6. Perisaccadic Perception with DPFT

A sequence of fast saccadic eye movements is necessary to
process the details of a scene by fixating the fovea successively
on the targets of interest. Given the frequency of three
saccades per second and limited computational resources,
it is critical that visual information is efficiently acquired
without starting anew much of this acquisition process at
each fixation. This is critically important in robotic designs
based on the foveate vision architecture (silicon retina), and
in this section we propose the front-end algorithmic steps in
addressing this problem.

The model of perisaccadic perception presented in this
section is based on the theory in [29] that states (as is most
classically assumed) that an efference copy generated by SC, a
copy of the oculomotor command to rotate the eyes in order
to execute the saccade, is used to briefly shift the flashed
probes’ RFs in FEF/PEF toward the cortical fovea. Because
the shift occurs in logarithmic coordinates approximating
retinotopy, the model can also explain observed in laboratory
experiments perisaccadic compression shown in Figure 5.

We recall the time course of events (Figure 2) that we
are going to model. During the eyes’ fixation, lasting, on
average, 300 ms, the retinal image is sampled by ganglion
cells and sent to cortical areas, including higher areas in
the parietal and the frontal lobes. In particular, the next

saccade’s target is selected in PEF/FEF areas and its position
computed in subcortical SC area. About 50 ms before the
onset of the saccade, during the saccade (∼30 ms), and about
50 ms after the saccade, the visual sensitivity is reduced, and
probes flashed around the impending saccade’s target are
not perceived in veridical locations; see Figure 5. Instead, a
copy of the oculomotor command (efference copy) is used to
translate the receptive fields of flashes recorded in the fovea-
centered frame of the current fixation, remapping them into
a target-centered frame. This internal remapping results in
the illusory compression of flashes about the target. The
cortical locations of the neural correlates of remapping are
uncertain; it is required that these areas are retinotopically
organized. These areas, of which most likely include PEF/FEF
and V4 (and to a progressively lesser degree V3, V2,
and V1), can be represented here by one retinotopic area
[69].

6.1. The Model. The modeling steps are the following.

Step 1 (see Figure 6). The eye initially fixated at F is
making the saccade to the target located at T. The four
probes flashed around the upcoming saccade’s target at
T are projected into the retina and sampled by the
photoreceptor/ganglion cells to give the set of samples

fm,n = (2πT/MN) f (eumeiθn). Next, DPFT f̂k,l is computed
by FFT in log-polar coordinates (uk, θl), where uk =
ln rk. The inverse DPFT, computed again by FFT (the
gray arrow), renders the image representation fm,n =
(2πT/MN) f (um, θn) in Cartesian log-polar coordinates—
the four dots in (u, θ)-coordinates. The fovea, which is
shown in yellow in Figure 6, is not included in log-polar
coordinates, for these coordinates approximate only the
extrafoveal part of the retina. For simplicity, we can take the
radius of the fovea to be 1 so that the u-coordinate starts
at 0.
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Figure 5: Experimental data (see [20]) of the absolute mislocalization (lower row) referenced to the true position of a flashed dot randomly
chosen from an array of 24 dots and three different saccade amplitudes (upper row) are shown.
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Figure 6: The local retinotopic mapping of four probes flashed around the saccade target at T.

Step 2 (see Figure 7). The log-polar image is multiplied by
two characteristic set functions, χAi(um, θn), i = 1 or 2; the
domain of each is shown in Figure 7 in a different color,
the blue-enclosed region for A1 and the green-enclosed for
A2. We obtain two images fi(um, θn) = χAi(um, θn) f (um, θn),
i = 1, 2 representing cortical half-images into which the

image would be divided by the retinal vertical meridian
after the fovea landed on the target at T. We recall that the
characteristic function of a set A is defined by the following
condition: χA(x) takes on 1 if x ∈ A and 0 if x /∈A. The
blue-enclosed image is reflected both in the vertical (u = c1

line where c1 is the midpoint of the projection of A1 into
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the u-axis) and in the horizontal (θ = 0 line) axes and
translated (blue arrow) while the green-enclosed image is
only translated in the u-direction (green arrow).

These transformations are shown on the left of the gray
arrow in Figure 7 while the results of these transformations
(red dots) are shown on its right. The translation in the
(u, θ)-coordinates (blue arrow) is obtained by the shift of the
IDPFT

fm+h,n− j

= 1
MN

M−1∑

k=0

N−1∑

l=0

ei2πhk/Me−i2π jl/N f̂k,le
−(uk+ jδ)ei2πmk/Mei2πnl/N ,

(22)

(here i = √−1) which can be computed by FFT. The formula
in (22) is the standard shift property of Fourier transform;
the cortical image fm,n is translated by −h pixels in the u-
coordinate and by j pixels in the θ-direction, as the blue
arrow shows in Figure 7. (Equivalently, the coordinate system
is translated by h pixels in the u-coordinate and by − j
pixels in the θ-direction.) In (22), the inverse discrete Fourier

transform is applied to ei2πhk/Me−i2π jl/N f̂k,le−(uk+ jδ) where δ =
T/M, T = lnR, is the spacing in the u-coordinate (see (21) in

Section 5.2) and f̂k,le−(uk+ jδ) is the original Fourier transform
with the normalizing area factor in log-polar coordinates.

Further, the image reflection about the vertical axis of the
A1 region can be done with two consecutive transformations,
each computable with FFT. These transformations consist of
the reflection f1(um, θn) → f1(−um,−θn) followed by the
translation f1(−um,−θn) → f1(2c1−um,−θn). We note that
the reflection can be obtained by applying Fourier transform
twice to the original image, which follows directly from
the Fourier transform definition. The red dots represent
peripheral receptive fields shifted to the frame centered at the
upcoming saccade target.

Step 3 (see Figure 8). This perisaccadic compression is
obtained by decoding the cortical image representation to the
visual field representation:

fm−h,n+ j =
(

2πT
MN

)
f
(
um + hδ, θn − jγ

)

=
(

2πT
MN

)
f
(
eum+h(δ)ei(θn− jγ)

)

=
(

2πT
MN

)
f
(
ehδrme

i(θn− jγ
)

,

(23)

where i = √−1 and δ = T/M, γ = 2π/N . We see that, under
the shift of the coordinate system (um, θn) by (hδ,− jγ),
the original position of a dor at rmeiθn is transformed to
e−hδrmei(θn− jγ), resulting in the compression shown in the
scene in Figure 8 with red dots referenced by red arrows
to the original positions of flashed probes (black dots).
Although this step is not supported by FFT, a commonly used
look-up table [65] could efficiently decode the cortical image

see the discussion in Section 7.1. Where and how the brain
accomplished this step is the greatest mystery of primate
perception.

In the modeling steps we presented above, the cortical
translation shown by the green arrow in Figure 7 gives
only compression of the two corresponding probes in the
scene because j = 0. However, in the translation shown
in Figure 7 by the blue arrow, j /= 0 and the corresponding
image undergoes the compression and rotation, both needed
to have the fovea at the center of the four red dots in the scene
shown in Figure 8, when the saccade lands at T. Because of
this rotation, we need two reflections to have the original
parity of the image.

Although we do not show here quantitative results of
the modeling steps, the qualitative results can be seen if we
translate the cortical image of the bar in Figure 4(b), say in
the u-coordinate to the left by a number of pixels (pixels are
shown in the left upper corner), and trace out mentally its
retinal copy using the d × d square lattice in (a) and its log-
polar image in (b). We can see that the bar in (a) will be
compressed with respect to the origin of (x3, x1)-coordinates.
We note that, as mentioned in Step 3, we cannot apply FFT
to render this compressed retinal image.

The model presented in this section complements the
theory proposed in [29]. Experimental results suggest a
very tight time course followed by perisaccadic compression
with its duration of about 130 ms and with the maximum
mislocalization immediately before the saccade. In the model
we propose here, this saccadic dynamics can be easily
accounted for: the distance of the shift (−h, j) (in terms of
cortical pixels) can be taken as a function of time. Another
aspect of perisaccadic compression that is accounted for in
our modeling is the fact that not all of RFs undergo shift
during eyes saccadic motion. In Step 2, the translations are
applied to selected (salient) retinotopic areas. These two
aspects of perisaccadic perception are not supported in a
natural way by the model presented in [29].

6.2. On Modeling Global Retinotopy. The global retinotopy
reflects the anatomical fact that the axons in the optic nerve
leaving each eye split along the retinal vertical meridian when
the axons originating from the nasal half of the retina cross at
the optic chiasm to the contralateral brain’s hemisphere and
join the temporal half, which remains on the eye’s side of the
brain. This splitting and crossing reorganize the local retino-
topy (log-polar mapping) such that the left brain hemisphere
receives the right visual field projection and the right brain
hemisphere receives the left visual field projection. According
to the split theory [61, 70], which provides a greater
understanding of vision cognitive processes than the bilateral
theory of overlapping projections, there is a sharp foveal
split along the vertical meridian of hemispherical cortical
projections. Both hemispheric projections are connected by
a massive corpus callosal bridge of about 200 M of neuronal
fibers [71].

Although crucial for synthesizing 3D representation from
the binocular disparities in the pair of 2D retinal images,
we cannot fully address the global retinotopy here because
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Figure 7: Modeling shifts of RFs of flashed probes. See text for detailed description.
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Figure 8: Perisaccadic compression of flashed probes perceived briefly during the saccadic eye movement. Note that this perception does
not involve the visual sensory system.

the foveal image representation is not included in out
modeling. However, the fovea-less global retinotopy can be
easily modeled with DPFT by two reflections (cf., Step 2 in
our modeling) both computable with FFT. Figure 9(b) shows
the result of the reflection about the line u = 0 of the
peripheral region given by π/2 ≤ θ ≤ 3π/2. It is followed
in 9(c) with the result of the reflection about θ = π/2.

At this point, we can only graphically show what we
expect to obtain when the foveal image representation com-
plements the peripheral (log-polar) image representation we
have developed in terms of projective Fourier transform. To
this end, Figure 10 shows the peripheral region (gray) and
the central foveal region (yellow). These two regions are
connected by the transitional region (shaded with gray lines).

The green curve in Figure 10 shows the cortical projection
of a straight line making an angle of π/4 with the retinal
horizontal meridian and passing through the center of the
fovea.

7. Discussion

Our model, which is based on PFT, uses the approximation
of the retinotopy given by the complex logarithmic mapping
z �→ ln z with |z| ≥ 1, where 1 represents, with the
appropriate normalization, the radius of the foveal region
removed in our modeling. This mapping transforms PFT
into the standard Fourier integral that is computable by FFT,
providing the benchmark of efficiency not available in any
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Figure 9: Two consecutive reflections that can be computed with FFT account for the global retinotopy without the foveal region.
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Figure 10: Schematic depiction of the global retinotopy with the
peripheral region (gray) and the foveal region (yellow). Shaded in
gray lines is the perifoveal region, which connects the other two
regions. The red dots show the shifted neuronal activity in the
receptive fields from the veridical position (gray dots) resulting in
the illusory space compression.

other computational modeling of perisaccadic perception.
Although the foveal system is indispensable to primate
vision, it is rather less important to the proper functioning
of the visuosaccadic system. In fact, neuronal cells in
FEF/PEF, the higher cortical areas implicated in the RF
shift mechanism that obtain retinotopic projections from
the occipital cortex, have larger RFs and primarily code
stimuli spatial locations rather than stimuli features [72]. We
should note that, although we use the complex logarithmic
approximation for all retinotopically organized brain areas,
this approximation is well established only for the first visual
cortical areas and SC of the midbrain [7, 58]. This is justified
if we realize that most algorithmic principles employed by

natural visual systems need to be reformulated to better fit
modern computational algorithms (FFT in our case).

The results obtained in the simulations in [29], where
the Schwartz’ retinotopic mapping z �→ ln(z + a) was used
to approximate the cortical magnification factor, showed the
unidirectional shift component of mislocalization superim-
posed on perisaccadic compression. However, it was noticed
there that this component did not scale with the compression
according to the experimental data. The unidirectional shift
is absent in the model presented here because, in our
approximation of retinotopy, the parameter a is zero. Since
the unidirectional perisaccadic shift has a different neural
origin (as it is primarily caused by delays in neuronal signals)
than perisaccadic compression (caused by remapping), it
should not be accounted for by just this parameter.

Further, in both our model and the model in [29],
perceptual compression is attributed to a translation of the
origin of the logarithmic coordinate system, which results
in a linear relation between perceived and actual probes’
positions. Thus, the nonlinearity observed in [19, 21] is
not accounted for in our modeling. However, asymmetry
and nonlinearity present in experimental data could have
casual origin resulting from multiple sources; we mention
here three: (1) an asymmetric distribution of photorecep-
tor/ganglion cell density [73], (2) the average preferred fix-
ation area located from the point of the highest cone density
a distance of about half of the central fovea’s radius (70μm)
[74], and finally, (3) fluctuations of the cortical surface
curvature (and therefore the lengths of the geodesics) across
hemispheres [75]. Given the incomplete understanding of
the neural processes underlying perisaccadic perception,
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it is impossible to distinguish between these “acciden-
tal” causes and the real neural mechanisms captured in
modeling.

7.1. Relations to Other Models and the Current Research.
Two computational theories of transsaccadic vision that
have been proposed in visual neuroscience are related to
our modeling, both with similar functional explanation of
perisaccadic mislocalization by the cortical magnification
factor. The first theory [29], which motivated our research,
was discussed and compared with our model in the pre-
vious sections. In summary, our modeling can be seen as
complementing the approach proposed in [29] by providing
efficient image representation suitable for processing visual
information during saccadic eye movement, and in partic-
ular, the classically assumed process of active remapping
compensating for receptive fields displacements.

The second theory [18, 20] explains perisaccadic com-
pression by spatial attention being directed to the target of a
planned saccade. The authors proposed an elaborate com-
putational modeling that assumes that the flashed stimuli
RFs in cortical areas dynamically change position toward
the saccade target RF as the result of the gain of feedback
of the retinotopically organized activity hill of the saccade
target in the oculomotor SC layer. This attention directed
to the target increases spatial discrimination at the saccade
target location before the saccade onset. The perceived spatial
distortion of stimuli is the result of the cortical magnification
factor of the visuo-cortical mapping (or retinotopy of the
visuomotor pathways) when the position of each stimulus
is decoded from activity of the neural ensemble. Thus, in
this theory, different neural processes to those proposed in
[29] are assumed: a local and transient change in the gain
control around the saccade target in retinotopic-organized
stimulus position represented by a hill of neural activity is
inducing perisaccadic distortion of the perceived stimulus
location. However, because circuitry underlying receptive
field remapping is widespread and not well understood, it
cannot be easily decided whether saccadic remapping is the
cause or consequence of saccadic compression [29].

What really sets apart our modeling from other models
is the fact that the computational efficiency is built into
the modeling process, as all algorithmic steps (except the
last one) involve computations with FFT. This is especially
important because the incessant occurrence of saccades
and the time needed for the oculomotor system to plan
and execute each saccade require that visual information
is efficiently processed during each fixation period without
repeating, afresh, the whole process at each fixation [29].

All models proposed so far capture only the initial, front-
end stage of remapping for a particularly simple scene of
flashed probes and, though they explain the perisaccadic
mislocalization phenomenon, they leave out the crucial
modeling step of the integration of the objects’ features (pat-
tern, color, . . .) across saccades [30–33] that achieves stability
of perception [14, 76]. Many issues must be understood
better before this crucial modeling step is achieved. We give
two examples. During a scene viewing, a salient map of the
landmarks and behaviorally significant objects of the scene is

created and the RF shift updates the retinotopy of only this
saliency map [13]. Although it is still unclear what a saliency
map should be when viewing complex natural scenes, it
points to the possibility of working with a sparse visual
information data when performing Step 3 in the model
outlined in Section 6.1. Thus, a lookup table approach [65]
could be efficient enough for this step even when viewing a
complex scene. Further, the time course of different stages
in visual information processing in trans-saccadic perception
and their influences on other cognitive processes is unclear.
It is well known that scene gist recognition, when the scene is
viewed for 50 ms [77], is critical in the early stage of scene
perception, influencing more complex cognitive processes,
such as directing our attention within a scene, facilitating
object recognition, and influencing long-term memory. Only
very recently [78] has it been found that peripheral vision
is more useful for recognizing the gist of a scene than
central vision (i.e., foveal + parafoveal vision) is, even
though central vision is more efficient per pixel at processing
gist.

Although the understanding of neural mechanisms
involved in trans-saccadic perception is incomplete, a signif-
icant progress in understanding dynamic interaction taking
place between different pathways in the visuosaccadic system
has been recently made. In particular, the fundamental
principles underlying perception of objects across saccades
have been outlined [13]. Therefore, we should expect
major advances in the near future. As a consequence, in
robotic vision research, which is still wedged in-between
the limited knowledge about biological visual processing
and technological and software restrictions imposed by
current cameras, scanners, and computers, it is becoming
more important than ever to propose different, even if
competing, perspectives on how to model known processes
involved in trans-saccadic perception. In this article we pro-
posed a comprehensive, biologically mediated engineering
approach to model an active vision system. Our modeling,
which is efficiently supporting both hard-wired eccentricity-
dependent visual resolution and front-end modeling of
mechanisms that may contribute to continuity and stability
of trans-saccadic perception, is based on an abstract and
less intuitive camera model with underlying nonmetric
(conformal) Möbius geometry. However, our initial study
of the smooth-pursuit eye movements, which complement
fixations and saccades in the scanpath, indicates that the
conformal camera with its DPFT-based image representation
will also be important in processing visual information
during the pursuits.

Further, the conformal camera geometry’s effectiveness
in the intermediate-level vision problems and the perspec-
tively covariant projective Fourier analysis, well adapted
to retinotopy, strongly suggest that DPFT-based image
representation should be useful in modeling the neural
processes that underlie the transfer of the objects’ features
across saccades and maintain the continuity and stability of
perception.

Finally, it was observed that saccades cause not only
a compression of space, but also a compression of time
[79]. In order to preserve visual stability during the saccadic
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scanpath, receptive fields undergo a fast remapping at
the time of saccades. When the speed of this remapping
approaches the physical limit of neural information transfer,
relativistic-like effects are psychophysiologically observed
and may cause space-time compression [80, 81]. Curiously,
this suggestion can also be accounted for in our model based
on projective Fourier analysis since the group SL(2,C) of
image projective transformations in the conformal camera
is the double cover of the group of Lorentz transformations
of Einstein’s special relativity; for a simple presentation [82,
Section 1.2].

8. Summary

In this article, we presented a comprehensive framework we
have developed for computational vision over the last decade,
and we applied this framework to model some of the pro-
cesses underlying trans-saccadic perception. We have done
this by bringing, in one place, physiological and behavioral
aspects of primate visual perception, the conformal camera’s
computational harmonic analysis, and the underlying con-
formal geometry. This allowed us to discuss the conformal
camera’s effectiveness in modeling a biologically mediated
active visual system. First, the conformal camera geometry
fully accounts for the basic concepts of cocircularity and scale
invariance employed by the human vision system in solving
the difficult intermediate-level vision problems of grouping
local elements into individual objects of natural scenes. Sec-
ond, the conformal camera has its own harmonic analysis—
projective Fourier analysis—providing image representation
and processing that is well adapted to image projective
transformations and the retinotopic mapping of the brain
visual and oculomotor pathways. This later assertion follows
from the fact that the projective Fourier transform integrates
the head, eyes (conformal cameras), and visual cortex into
a single computational system. Based on this system, we
presented a computational model for some neural processes
of the perisaccadic perception. In particular, we modeled
the presaccadic activity, which, through shifts of stimuli
current receptive fields to their future postsaccadic locations,
is thought to underlie the scene remapping of the current
foveal frame to the frame at the upcoming saccade target.
This remapping uses the motor command of the impending
saccade and may help maintain stability of primate percep-
tion in spite of three saccadic eye movements per second
with the eyeball’s maximum speed of 700 deg/sec producing
200, 000 saccades per day. Our modeling also accounted
for perisaccadic mislocalization observed by human sub-
jects in laboratory experiments. Finally, we compared our
model with the other computational approaches in the
modeling trans-saccadic perception and discussed further
developments.
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We have implemented and compared four biologically motivated self-organizing haptic systems based on proprioception. All
systems employ a 12-d.o.f. anthropomorphic robot hand, the LUCS Haptic Hand 3. The four systems differ in the kind of self-
organizing neural network used for clustering. For the mapping of the explored objects, one system uses a Self-Organizing Map
(SOM), one uses a Growing Cell Structure (GCS), one uses a Growing Cell Structure with Deletion of Neurons (GCS-DN), and
one uses a Growing Grid (GG). The systems were trained and tested with 10 different objects of different sizes from two different
shape categories. The generalization abilities of the systems were tested with 6 new objects. The systems showed good performance
with the objects from the training set as well as in the generalization experiments. Thus the systems could discriminate individual
objects, and they clustered the activities into small cylinders, large cylinders, small blocks, and large blocks. Moreover, the self-
organizing ANNs were also organized according to size. The GCS-DN system also evolved disconnected networks representing the
different clusters in the input space (small cylinders, large cylinders, small blocks, large blocks), and the generalization samples
activated neurons in a proper subnetwork in all but one case.

1. Introduction

Haptic perception, that is, active tactile perception, is of
outmost importance in the field of robotics since a well-
performing robot must be able to interact with objects in its
environments. However, haptic perception is also important
in supporting and sometimes also in substituting the visual
modality during the recognition of objects. Like humans,
robots should be able to perceive shape and size as well
as to discriminate between individual objects by haptic
exploration.

The modelling of haptic perception as well as the
implementation of haptic perception in robots have been
neglected areas of research. Robot hand research has mainly
focused on grasping and object manipulation [1–4], and
many models of hand control have focused on the motor
aspect rather than on haptic perception [5, 6], although there
are some exceptions [7–17].

Previously we have designed and implemented haptic
size perception systems [18–21], haptic shape perception

systems [22–25], and haptic texture/hardness perception
systems [26, 27].

The haptic size perception systems used a simple three-
fingered robot hand, the LUCS Haptic Hand I, with the
thumb as the only movable part. The LUCS Haptic Hand
I was equipped with 9 piezo-electric tactile sensors. This
system used Self-Organizing Maps, SOMs, [28] and a neural
network with leaky integrators and it successfully learned to
categorize a test set of spheres and cubes according to size.

The haptic shape perception systems used a three-
fingered 8 d.o.f robot hand, the LUCS Haptic Hand
II, equipped with a wrist for horizontal rotation and a
mechanism for vertical repositioning. This robot hand was
equipped with 45 piezo-electric tactile sensors. This system
used active explorations of the objects by several grasps with
the robot hand to gather tactile information. The LUCS
Haptic Hand II was not equipped with any proprioceptive
sensors, that is, sensors that register joint angles, but the
system used the positioning commands to the actuators as
a substitute. Depending on the version of the system, either



2 Journal of Robotics

tensor product (outer product) operations or a novel neural
network, the Tensor Multiple Peak SOM, T-MPSOM [23–
25], was used to code the tactile information in a useful way
while a SOM was used for the categorization. The system
successfully learned to discriminate between different shapes
as well as between different objects within a shape category
when tested with a set of spheres, blocks, or cylinders.

The haptic texture/hardness perception systems
employed a microphone-based texture sensor and a
hardness sensor that measures the displacement of a
stick pressed at the object with a constant force. With
these sensors, we implemented systems that automatically
evolved monomodal as well as bimodal representations of
texture and hardness [26], and also a system that evolved
monomodal representations of texture and hardness while
at the same time learning to associate these representations.
The latter was done by using a variant of the SOM called
Associative Self-Organizing Map (A-SOM) [27].

This paper explores a somewhat different approach
to shape and size perception which is based solely on
proprioception. Using the position of each joint as the only
input, we have designed an anthropomorphic robot hand
and self-organizing systems that can discriminate objects and
categorize them according to shape and size [29–31].

When designing a neural network based on self-
organizing perception system a natural question comes up,
namely, what kinds of neural network architectures are most
suitable to use. A common choice is the self-organizing map
(SOM) that we have used in previous work. This is often a
very good choice but it suffers from some limitations, for
example, the topological structure is fixed and the number
of neurons in the neural network has to be preset by the
system designer. Other limitations are that parameters like
the learning rate, the initial neighbourhood size, and the
decreasing rate of the neighbourhood size also have to be set
manually by the designer.

To address these limitations we have, in addition to
a SOM-based system, explored and compared three other
haptic systems based on the same robotic hand. These
systems are based on alternative neural network architectures
that avoid some or all of the limitations with a SOM-based
system. The four systems differ in one respect, namely, in the
kind of self-organizing neural network employed to cluster
the input. The first system uses the SOM, the second uses the
Growing Cell Structures (GCS), the third uses the Growing
Cell Structures with Deletion of Neurons GCS-DN [32, 33],
and the fourth uses the Growing Grid (GG) [34].

2. LUCS Haptic Hand III

The LUCS Haptic Hand III is a five-fingered 12-d.o.f anthro-
pomorphic robot hand equipped with 11 proprioceptive
sensors (Figure 1). The robot hand has a thumb consisting
of two phalanges, whereas the other fingers have three pha-
langes. The thumb can be separately flexed/extended in both
the proximal and the distal joints and adducted/abducted.
The other fingers can be separately flexed/extended in their
proximal joints, whereas the middle and the distal joints are

(a)

(b)

Figure 1: The LUCS Haptic Hand III while holding a screw driver,
in open position seen in a front view and in a side view. Some
of the actuators in the forearm can also be seen in the side view.
The 12-d.o.f robot hand has five fingers, is of the same size as
a human hand, and all its parts have approximately the same
proportions as their counterparts in a human hand. Each finger
can be separately flexed/extended in the proximal joint, whereas the
medial and distal joints are flexed/extended together as real human
fingers. As a human hand, the thumb has only a proximal and
a distal phalang. These can also be separately flexed/extended. In
addition the thumb can also be adducted/abducted in a way similar
to the human thumb. The wrist is capable of flexion/extension. The
actuators of the LUCS Haptic Hand III are controlled via an SSC-32
(Lynxmotion Inc.). The proprioceptive sensors are scanned with a
MAX396CPI multiplexor chip and digitalized using an NiDaq 6008
(National Instruments). The NiDaq 6008 converts multiple analog
input signals to digital signals, which are conveyed to the computer
via a USB-port. The robot hand is equipped with two multiplexor
chips, which means it is prepared for 21 additional sensors.

flexed/extended together. All this is similar to the human
hand. The wrist can also be flexed/extended as the wrist
of a human hand. The phalanges are made of plastic pipe
segments and the force transmission from the actuators,
which are located in the forearm, are handled by tendons
inside the phalanges in a similar way to the tendons of a
human hand. All fingers, except the thumb, are mounted
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Figure 2: The circuits involved in the proprioceptive part of the
LUCS Haptic Hand III. The NiDaq 6008 converts multiple analog
input signals to digital signals that are conveyed to the computer
via an, USB-port. The MAX396 chip is a multiplexor circuit for
selection of sensor channels.

directly on the palm. The thumb is mounted on an RC servo,
which enables the adduction/abduction. The RC servo is
mounted on the proximal part of the palm, similar to the site
of the thumb muscles in a human hand. The actuators of the
fingers and the wrist are located in the forearm. This is also
similar to the muscles that actuate the fingers of a human
hand. The hand is actuated by in total 12 RC servos, and
to get proprioceptive sensors, the internal potentiometers in
the RC servos, except the RC servo that actuates the wrist,
have been included in the sensory circuit (Figure 2). The
resistances of these potentiometers are proportional to the
angle of the different joints.

The software for the LUCS haptic hand III is developed in
C++ and Java, and much of it runs within the Ikaros system
[35, 36]. Ikaros provides an infrastructure for computer
simulations of the brain and for robot control.

3. Self-Organizing ANNs

3.1. Self-Organizing Map. The SOM consists of an I × J
grid of neurons with a fixed number of neurons and a fixed
topology. Each neuron ni j is associated with a weight vector
wij ∈ Rn. During adaptation, the weight vectors for the
neurons are adjusted to a degree which is determined by a
neighbourhood function Nijc(t) with a size that decreases
with time. The adaptation strength α(t) also decreases
with time. The SOM variant used in our experiments is
a dot product SOM with Gaussian neighbourhood. The
adaptation algorithm works as follows.

At time t, each neuron ni j receives an input vector
x(t) ∈ Rn.

The neuron c associated with the weight vector wc(t)
most similar to the input vector x(t) is selected,

c = arg maxc{‖x(t)wc(t)‖}. (1)

The weight vectors wij of the neurons ni j are adapted
according to:

wij(t + 1) = wij(t) + α(t)Nijc(t)
[
x(t)−wij(t)

]
, (2)

where 0 ≤ α(t) ≤ 1 is the adaptation strength with α(t) → 0
when t → ∞ and the neighbourhood function Nijc(t) is a
Gaussian function the width of which decreases with time.

3.2. Growing Cell Structures. The GCS has a variable number
of neurons and a k-dimensional topology, where k can be
arbitrarily chosen. The adaptation of a weight vector in
the GCS is done in a similar way as in the SOM, but
the adaptation strength is constant over time and only the
best matching unit and its direct topological neighbours are
adapted. The GCS estimates the probability density function
p(x) of the input space by the aid of local signal counters
that keep track of the relative frequencies of input signals
gathered by each neuron. These estimates are used to indicate
proper locations to insert new neurons. The insertion of
new neurons by this method will result in a smoothing out
of the relative frequencies between different neurons. The
advantages of this approach are that the topology of the
network will self-organize to fit the input space, the proper
number of neurons for the network will be automatically
determined and the learning rate and neighbourhood size
parameters are constant over time. The basic building block
and also the initial configuration of the GCS are a k-
dimensional simplex. Such a simplex is for k = 2 a triangle.
The variant of the GCS algorithm used in our experiments
works as follows.

The network is initialized to contain k + 1 neurons
with weight vectors wi ∈ Rn randomly chosen.
The neurons are connected so that a k-dimensional
simplex is formed.

At time step t, an input vector x(t) ∈ Rn activates a winner
neuron c for which the following is valid

c = arg minc{‖x(t)−wc(t)‖}, (3)

where ‖·‖ is the Euclidean distance, and the squared distance
between the input vector and the weight vector of the winner
neuron c is added to a local error variable Ec:

ΔEc = ‖x(t)−wc(t)‖2. (4)

The weight vectors are updated by fractions εb and εn,
respectively, according to:

Δwc(t) = εb(x(t)−wc(t)),

∀i ∈ Nc : Δwi(t) = εn(x(t)−wi(t)),
(5)

where Nc is the set of direct topological neighbours of c.
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A neuron is inserted if the number of input vectors
that have been generated so far is an integer multiple of a
parameter λ. This is done by finding the neuron q with the
largest accumulated error and the neuron f among its direct
topological neighbours which has the weight vector with
the longest distance from the weight vector of the neuron
q, insert the new neuron r in between, remove the earlier
connection (q, f ), and connect r with q and f and with all
direct topological neighbours that are common for q and
f . The weight vector for r is interpolated from the weight
vectors for q and f :

wr =
wq +wf

2
. (6)

The local error counters for all neighbours to r are decreased
by a fraction α that depends on the number of neighbours of
r:

∀i ∈ Nr : ΔEi =
(
− α

|Nr|
)
· Ei. (7)

The error variable for r is set to the average of its neighbours:

Er =
(

1
|Nr|

)
·
∑

ι∈Nr
Ei, (8)

and then the error variables of all neurons are decreased:

∀i : ΔEi = −βEi. (9)

In GCS-DN, a neuron (or several if that is necessary
to keep a consistent topological structure of k-dimensional
simplices) is deleted, provided that the network has reached
its maximum size; at the same occasions new neurons
are inserted. Thereafter, new neurons are inserted again
according to the algorithm described above until the network
has reached its maximum size again. This process is repeated
a preset number of times, in our experiments 250 times.

3.3. Growing Grid. The GG can be seen as an incremental
variant of the SOM. It consists of an I×J grid of neurons with
a fixed topology but with I and J increasing with time as new
rows and columns are inserted. In addition to a weight vector
wij ∈ Rn, each neuron ni j also has a local counter variable T
to estimate where to insert new rows or columns of neurons
in the grid. The self-organizing process of a GG is divided
into two phases: a growth phase and a fine-tuning phase.
During the growth phase, the grid grows by insertion of new
rows and columns until the wanted size of the network has
been achieved. During the fine-tuning phase, the network
size does not change and a decreasing adaptation strength
α(t) is used. The size of the neighbourhood is not decreasing
with time. Instead the network is growing with a constant
neighbourhood size and therefore the fraction of all neurons
that are adapted decreases over time. The variant of the GG
algorithm used in our experiments is described below.

Growth Phase. Initialize the network to contain 2×2 neurons
with weight vectors randomly chosen.

At time t, an input vector x(t) ∈ Rn is generated and
received by each neuron ni j in the grid.

The neuron c associated with the weight vector wc(t)
most similar to the input vector x(t) is selected:

c = arg maxc{‖x(t)wc(t)‖}. (10)

Increment the local counter variable Tc for c:

Tc = Tc + 1. (11)

The weight vectors wij of the neurons ni j are adapted
according to:

wij(t + 1) = wij(t) + αNijc

[
x(t)−wij(t)

]
, (12)

where 0 ≤ α ≤ 1 is the adaptation strength and the
neighbourhood function Nijc is a Gaussian function. Notice
that α and Nijc are not functions of t though.

A new row or column is inserted if the number of input
vectors that have been generated so far is an integer multiple
λ of the current number of neurons in the grid. This is
done by finding the neuron q with the largest value of the
local counter variable T and the neuron f among its direct
topological neighbours which has the weight vector with the
longest distance from the weight vector of the neuron q.
Depending on the relative positions of q and f , a new row
or a new column is inserted.

If q and f are in the same row, then a new column
is inserted between the columns of q and f . The weight
vectors for the new neurons are interpolated from their direct
neighbours in the same row.

If q and f are in the same column, then a new row is
inserted between the rows of q and f . The weight vectors
for the new neurons are interpolated from their direct
neighbours in the same column.

Adjust I or J to reflect the new numbers of rows and
columns in the grid. Reset all local counter values:

Tnij = 0. (13)

If the desired network size has not been reached, then go to
step 2, that is, generate a new input vector.

Fine-Tuning Phase. This phase is similar to the growth phase
but the adaptation strength α(t) is now decreasing with time
and no insertions of new rows or columns are done. This
phase stops after a preset number of iterations.

4. Proprioception-Based Systems

All the four systems (Figure 3) consist of the LUCS Haptic
Hand III, sensory and motor drivers, a commander module
that executes the grasping movements, and a Self-Organizing
ANN (SO-ANN). The kind of SO-ANN employed is the
only thing that distinguishes one system from another.
The sensory driver scans the proprioceptive sensors when
requested to do so by the commander module, while the
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Figure 3: Schematic depiction of the systems. The commander
module executes the grasps by sending high-level motor commands
to the motor driver, which translates and conveys the information to
the servo controller board of the robot hand. When the robot hand
has become fully closed around the object, the commander module
requests a scanning of the 11 proprioceptive sensors of the robot
hand. The sensory information is conveyed as a vector to a Self-
Organizing ANN (SO-ANN). The SO-ANN is a Self-Organizing-
Map, a Growing Cell Structures, a Growing Cell Structures with
Deletion of Neurons, or a Growing Grid.

motor driver translates high-level motor commands from
the commander module to positioning commands for the
robot hands servo controller board. When the commander
executes a grasp, and the robot hand is fully closed around
the object, the sensory driver scans the 11 proprioceptive
sensors and outputs an eleven-element vector to the SO-
ANN, which is adapted.

The SOM-based system uses a 225 neurons dot product
SOM with plane topology, which uses softmax activation
with the softmax exponent equal to 10 [37]. It is trained by
2000 iterations.

The GCS-based system grows, by inserting a new neuron
every 19th iteration, until a size of 225 neurons has been
reached.

The GCS-DN based system grows until a size of 225
neurons has been reached, also by inserting a new neuron
every 19th iteration, then the deletion/insertion process
described in Section 3.2 is repeated 250 times. Finally this
yields a number of disconnected networks with altogether
225 neurons.

The GG-based system grows by inserting a new row or
column each time the number of time steps t since the
previous insertion equals a multiple λ of the current grid size,
that is, until t = λIJ with λ = 19. The growth phase lasts until
a minimum grid size of 225 neurons has been reached, then
the model runs in fine tuning mode for 1000 iterations.

We have trained the systems with 10 objects (see Table 1
objects a–j). These objects are either cylinder shaped or block
shaped. There are five objects of each shape category. All
objects are sufficiently high to be of a nonvariable shape in
those parts grasped by the robot hand, for example, a bottle is
grasped on the part of equal diameter below the bottle neck.

During the grasping tests, the test objects were placed on
a table with the open robot hand around them. If the objects
were block shaped, we always placed the widest side against
the palmar side of the robot hand.

To simplify the testing procedure, each object was
grasped 5 times by the robot hand, that is, in total 50
grasps were carried out, and the sensory information was
written to a file. Then the SO-ANN were trained and tested
with this set of 50 samples. The training phase for the
SOM system lasted for 2000 iterations. The GCS system was
trained until a network size of 225 neurons was reached.
The GCS-DN system was trained until a network size of 225
neurons was reached and then the insertion/deletion process
described in Section 3.2 was repeated 250 times. The GG
system was trained with a growth phase which lasted until
the minimal network size reached 225 neurons, and then for
1000 iterations in fine tuning mode.

Each fully trained system was tested with the original
training set and in addition with three new block-shaped
and three new cylinder-shaped objects of variable sizes (see
Table 1, objects 1–6) as described in the next section.

5. Generalization Tests

We have also tested if the systems were able to generalize their
knowledge to new objects, that is, to objects not included in
the training set. To this end we used 6 new objects, Table 1. 1–
6, 3 cylinder shaped objects and 3 block shaped objects. The
new objects were of variable sizes. The fully trained systems
were fed by input from grasps of the new objects under the
same conditions as the objects in the training set. Each object
in the new set was grasped once and the activity in the SO-
ANN for each system was recorded.

6. Results

The results are depicted in Figure 4. Figure 4(a) shows the
centres of activation in the SOM in the fully trained SOM-
based system when tested with the training set and the test
set. The SOM seems to be organized according to shape.
Four groups of objects can be distinguished in the map, large
block shapes, small block shapes, large cylindrical shapes,
and small cylindrical shapes. The SOM also seems to be
organized in a clockwise manner according to size. The result
of the generalization experiment shows that all test objects
are mapped so that they are ordered according to size in the
same way as the objects in the training set, and that they are
also correctly mapped according to shape. The activations
in the SOM also indicate that it is possible to discriminate
individual object of the training set to a large extent and this
is also true for the test objects, since each of the test objects
is also mapped so that it can be identified as the most similar
object of the training set. The results with the SOM-based
system are thoroughly described in [29].

Figure 4(b) shows the centres of activation in the GCS in
the fully trained GCS-based system. Only the part of the GCS
which is activated by some object is shown in the figure. This
system produces similar results as the SOM-based system,
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Table 1: The 16 objects used in the experiments with the four systems. The objects a–j were used both for training and testing, whereas the
objects 1–6 were used in the generalization tests.

Label Object Shape Size (mm) Size (mm)

a Tube Cylinder Diameter = 58 —

b Beer can Cylinder Diameter = 64 —

c Wood block Block Length = 75 Width = 47

d Wine bottle Cylinder Diameter = 70 —

e Plastic block 1 Block Length = 63 Width = 63

f Plastic bottle 2 Cylinder Diameter = 72 —

g Olive oil bottle Block Length = 65 Width = 65

h Plastic bottle 1 Cylinder Diameter = 80 —

i Plastic block 2 Block Length = 80 Width = 63

j Coffee package Block Length = 97 Width = 67

1 Card board package 1 Block Length = 77 Width = 66

2 Card board package 2 Block Length = 84 Width = 62

3 Card board package 3 Block Length = 95 Width = 62

4 Spice bottle Cylinder Diameter = 57 —

5 Treacle bottle Cylinder Diameter = 63 —

6 Plastic bottle 3 Cylinder Diameter = 79 —

that is, the organization of the GCS separates large block
shapes, small block shapes, large cylinder shapes, and small
cylinder shapes. The GCS is also organized according to
size with the smallest objects represented uppermost in the
GCS and the largest in the lowermost part. The ability for
discrimination of individual objects is approximately similar
as that for the SOM-based system. Also this system activates
neurons at proper locations when fed with the objects of the
generalization test set.

Figure 4(c) shows the final network structure of the fully
trained GCS-DN based system. As can be seen, this network
structure consists of several disconnected subnetworks. This
is due to the removal of neurons that represent parts of
the input space with a low value of the probability density
function. As a result, such a network tends to self-organize
into subnetworks that represent different clusters in the
input space. This is also what happened in our experiments.
As indicated in the figure, one or more subnetworks can
be seen as representing one of the categories large block
shapes, small block shapes, large cylinder shapes, and small
cylinder shapes. The objects of the generalization test set
activate neurons in the proper subnetworks except in one
case, namely, the test object 1 is a large block but is identified
as a large cylinder.

Figure 4(d) shows the centres of activation in the GG
in the fully trained GG-based system. This system produces
similar results as the SOM-based system and the GCS-
based system, that is, the organization of the GG separates
large block shapes, small block shapes, large cylinder shapes,
and small cylinder shapes. As indicated in the figure, the
GG is also organized according to size. The ability for
discrimination of individual objects is approximately similar
as that for the SOM-based system. All 6 objects of the
generalization test set are mapped so that they can be

associated with the correct shape category and identified with
the most similar object of the training set.

7. Discussion

We have experimented with four self-organizing systems for
clustering of proprioceptive data collected by our anthro-
pomorphic robot hand, the LUCS Haptic Hand III. All
four systems were able to cluster the sensory information
according to shape, and all four of them resulted in networks
which preserve the size ordering of the training objects.
The systems could also discriminate individual objects, more
or less. The systems have proven to have an excellent
generalization capacity. This is clearly illustrated in the
categorization of the 6 new objects that offered different
characteristics of shape and size.

The results are interesting because they reveal that the
proprioceptive information encompasses information about
both the shape and the size of the grasped objects, and
in addition information that enables discrimination of the
individual objects to some extent.

In comparison with our earlier systems for haptic shape
perception [22–25], the current systems have turned out to
be much more able to correctly categorize objects according
to shape in a much wider size range, and this is done with
a less computationally expensive model. The current systems
were also able to map the sizes of the objects in an ordered
fashion, and to discriminate between objects as long as they
were not too similar. A human would probably have a similar
problem if she, like our systems, was not able to detect the
material properties of the objects or expressed differently, if
all object were of exactly the same material and weight.
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Figure 4: The test results of the four systems. (a) The SOM-based system is organized according to shape and size. Groups of large blocks,
small blocks, large cylinders, and small cylinders can be distinguished. The activations tend to be located according to size of the objects in a
clockwise manner. Individual objects can be discriminated to a large extent. (b) The GCS-based system produces similar results as the SOM-
based system, that is, it is organized according to shape and size. The GCS-based system separates large blocks, small blocks, large cylinders,
and small cylinders, and the objects are represented according to size with the smallest objects uppermost and the largest lowermost in the
GCS. Also individual objects can be discriminated to a large extent. (c) The GCS-DN based system self-organized into subnetworks, where
one or more subnetworks represent the categories large blocks, small blocks, large cylinders, and small cylinders. (d) The GG-based system
separates large blocks, small blocks, large cylinders, and small cylinders, and the grid is organized according to size. Individual objects can
be discriminated to a large extent. The 6 test objects (indicated with the numbers 1–6) not included in the training set activated neurons at
proper locations perfectly in all systems but the GCS-DN based system. In that system, object 1 triggered activation in the wrong subnetwork.
(see Table 1 for the meaning of the labels).

The SOM-based, the GCS-based, and the GG-based
systems performed at approximately a similar level. This
could be an argument for using the alternative neural
network architectures GCS and GG instead of the SOM,
because that reduces the number of parameters that have

to be set. According to Fritzke [38], the performance
of the GCS is actually slightly better than the perfor-
mance of the SOM in complex and realistic problems.
The results of our experiments in [39] also point in that
direction.
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The GCS and the GCS-DN also have the virtue to
get organized into networks whose topology reflect the
probability density function of the input space. The GCS-
DN is especially interesting since it has the property to
automatically form disconnected subnetworks that represent
clusters in the input space. It should be possible to implement
an online version of the GCS-DN algorithm that never
stops and that should result in a set of networks, that
reflects the probability density function of the input space,
which changes if the probability density function happens
to be nonstationary. In other words, if the probability
density function of the input space changed, then the set
of subnetworks would change by the deletion of some
subnetworks and the split, followed by growth of others.

It should be mentioned that the graphical presentation of
GCS and GCS-DN could be improved. Fritzke [32] suggests
a method on how to embed these kinds of networks in the
plane for better visualizations. In this method, a physical
model is maintained where the neurons are considered as
discs influenced by attractive and repulsive forces.

The success with the GCS-based, the GCS-DN based,
and the GG-based systems suggests an increased focus on
our part on these kinds of self-organizing neural networks.
The advantage of getting rid of several parameter settings
like network size, learning rate, and neighbourhood settings
can be important to succeed with more complex cognitive
models with several coupled neural networks at multiple
levels. To be forced to set all the parameters in a good way
for all included neural networks with complex dependencies
in such a model could prove to be overwhelming.

It would be interesting to compare our systems to self-
organizing systems developed by others. Heidemann and
Schöpfer [11] describe a haptic system, which consists of a
plate with a touch sensitive array mounted on a robot arm.
The system explores an object by sequences of contacts and
feeds a self-organizing neural architecture with input. The
system was able to learn to recognize 7 different objects when
tested.

Natale and Torres-Jara [14] describe a system consisting
of an upper body humanoid robot with a hand equipped
with dome-like tactile sensors, which are sensitive to pressure
from all directions, as well as position sensors (proprio-
ception). The system also includes a camera together with
a visual system for coarse localization of the object. The
information gathered by the system was used as input to a
SOM. When evaluated with 4 different objects, a bottle, a
box, and two cups, these objects were mapped differently.
However, the cups could not be distinguished from each
other.

When compared with the two systems described above
our current systems stand out in that they are able to
categorize the objects according to shape, order them
according to size, as well as recognize individual objects to
a large extent.

In the future, we plan to increase the use of neural
networks like GCS and GG as an alternative to the SOM in
our haptic systems. By doing so, we will reduce the number
of parameters that have to be set explicitly and this should
yield more robust systems.

Because of the successful approach with using proprio-
ceptive information as a base for haptic shape perception as
well as size perception, we will in the nearest future continue
our research in haptic perception with the following task: try
to bring the proprioceptive systems to their absolute limits,
for example, by exploiting the possibility of the LUCS Haptic
Hand III to carry out a more active exploration than simply
grasping the objects in only one way. This can be done by
adducting/abducting the thumb and by flexing/extending the
wrist differently in different grasps

At a later stage, we will study the interaction between
haptics and vision. This would be interesting because these
modalities interact to a considerable extent [40].
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In the transferring of expert skills, it takes a great deal of time and effort for beginners to obtain new skills, and it is difficult to
teach the skills by using only words. For those reasons, a skill transfer system that uses virtual reality (VR) and a haptic interface
technique is very attractive. In this study, we investigated the human perception of fingertip force with respect to the following
changes: (1) the spatial change of the presented force, and (2) the change of the time to present the force. Based on the results of
the perception experiments, we considered the skill transfer to a person’s five fingers by using a five-fingered haptic interface robot.

1. Introduction

In the medical fields, expert skills such as surgical techniques,
palpation techniques, and the like are obtained by long-
term training, and the skill is normally acquired by the
experience of working with actual patients. However, it is
difficult for residents and medical students to train directly
with actual patients because of a decrease in volunteers
willing to cooperate in the training and the risk of medical
error. To transfer expert skills from a trainer (senior doctor)
to a trainee (medical student), the trainer has to teach the
trainee (1) how to move the hands, and (2) how to exert the
exact amount of force with the fingertips. It is difficult to
teach the accurate data of position and force by using only
words. Because of these challenges, a skill transfer system
that uses virtual reality (VR) and a haptic interface has been
researched aggressively (e.g., see [1–9] and the references in
the survey papers [10–12]), and the results of studies indicate
that such a system could contribute to the skill of performing
real surgery [7] and to learning of real motor skills [8, 9].

A haptic interface allows a user to communicate with a
virtual environment, and the user feels realistic force and
tactile sensations when touching virtual objects in a virtual
environment. Benefits of a skill transfer system that uses
VR and a haptic interface include the following: (1) the
movement of the trainer’s hand and the operation of the

trainer’s force can be recorded, so that accurate information
can be transmitted to the trainee using a screen and the
haptic interface, (2) training according to the trainee’s skill
level can be selected, and the effect of the training can be
presented to the user, and (3) training can occur at a remote
site via a network terminal, and several trainees can receive
training at the same time.

In most skill transfer systems, a single-point haptic
interface, which makes single-point contact between the user
and a virtual environment, is used. Thus, the presented force
is limited to one point, and the skill transfer for multipoint
contacts, which is needed for tasks such as palpation and
the like, is not targeted. Another limitation is that only
movement in the horizontal plane or the vertical plane is
considered, and the skill transfer that requires movement
in three-dimensional space is not considered. Multipoint
interaction allows a user to perform natural actions such as
grasping, manipulation, and exploration of virtual objects,
and it will dramatically increase the believability of the haptic
experience [13–15]. In performing activities in our daily
lives, we usually use multiple fingers; so it is important to
exert force at multiple fingertips to make a sensation highly
realistic. Multipoint interaction has been achieved in some
cases by combining two haptic devices in parallel, which
confines the user to a small workspace [5], or by having
haptic interfaces that allow the user to exert force at multiple
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fingertips of a human hand, but the presented force is only
a one-directional force [6]. For example, when the haptic
interface generates force by using a wire, the force presented
to the operator is only exerted in the direction that the wire
pulls. In actual situations, there are huge numbers of tasks
that need multiple fingers of contact (with three-directional
force). Thus a skill transfer system for multipoint contacts is
necessary and important.

To design and develop a skill transfer system in which the
operation of the trainer’s force is presented to the trainee, it
is necessary to investigate and clarify the human perception
of the force presented by the haptic interface. In particular,
it is important to consider the transfer method based on
the human perception. The force that the human being
exerts using the hands can be expressed by the direction
vector and the magnitude. Many studies of the human
perception of the force magnitude have been reported (see
[16–22] and the references therein). Although there have
been only a few studies about the perception of the force
direction, the subject has been researched aggressively in
recent years [23–26]. To date, however, there has been no
study that evaluated the perception of the spatial fingertip
force, that is, the fingertip force in three-dimensional space,
and the perception of the fingertip force concerning the time
variation. The perception ability is likely to alter based on
the spatial change of the presented force and the change of
the time used to present the force. If we consider the skill
transfer based on human perception, we must evaluate these
perception abilities while considering spatial variation and
time variation. Although we have examined the time needed
for a human being to distinguish a force direction [27],
there is no published data regarding the effects on human
perception of spatial variation and time variation. In this
study, we investigated the perception of the fingertip force
concerning the space variation and the presentation time
variation, and then we improved the skill transfer method
for the multifinger use [27] based on the results of our
investigation.

The paper is organized as follows. In the next section,
the multifingered haptic interface used here and our previous
research are summarized. In Section 3, the human perception
of the fingertip force is examined, and the skill transfer
to a person’s five fingers is developed in Section 4. Then,
we consider the simple skill transfer system by using the
transfer method and the five-fingered haptic interface, and
we describe experimental tests that were carried out to
demonstrate the validity of the method. Section 5 contains
our conclusions.

2. Five-Fingered Haptic Interface

2.1. Interface Development. The authors have developed
multifingered haptic interface robots that are placed opposite
a human hand, including HIRO [28], HIRO II+ [29], and
HIRO III [30], which is shown in Figure 1. HIRO III can
present three-dimensional forces at a human operator’s five
fingertips. The specifications of HIRO III are shown in
Table 1. HIRO III can be briefly summarized as follows.

Figure 1: Five-fingered haptic interface robot: HIRO III. An oper-
ator connects his/her five fingertips to HIRO III through passive
spherical permanent magnet joints.

HIRO III consists of an interface arm and a five-fingered
haptic hand. The interface arm is a PUMA-type robot
arm consisting of an upper arm (humerus), a lower arm
(forearm), and a wrist. The interface arm has 3 degrees of
freedom (DOF) at the arm joint and 3 DOF at the wrist
joint. The interface arm, therefore, has 6 joints allowing
6 DOF. On the other hand, the haptic hand is constructed of
five haptic fingers. Each haptic finger has 3 joints, allowing
3 DOF. The total DOF of HIRO III is 21, and its work
space covers VR manipulation on the space of a desktop.
Furthermore, a 3-axis force sensor is installed at the top of
each finger. To manipulate HIRO III, the operator has to wear
a finger holder on his/her fingertips. Figure 2 shows the finger
holder and its connection to the haptic finger of HIRO III.
The finger holder has a sphere which, when attached to the
permanent magnet at the force sensor tip, forms a passive
spherical joint. Its role is to adjust for differences between
the human and haptic finger orientations, which means that
it is safe to use and involves no oppressive feeling for the
user. HIRO III allows object manipulation in VR with high
realistic sensation. For more details, please see [30].

2.2. Our Previous Skill Transfer System Using Hiro II+. In the
skill transfer system considered in this paper, the trainer’s
work is recorded, and it is reproduced in the VR space. The
trainee is then trained to imitate the trainer’s work. The
trainee’s goal is to make his/her fingertip positions and forces
track the trainer’s positions and forces, respectively. We have
proposed cues to assist so that the trainee may efficiently
acquire the position information and the force information
[31]. Figure 3 shows the visual cues. In this figure, the
grasping of a ball is considered as the task of the trainer.
In the VR space, a yellow ball is the grasped object. The
fingertip positions of the trainer and trainee are shown as
small circles in VR space, and the fingertip forces are shown
as a tetrahedron (see the right side of Figure 3), which is
called a force gauge. The height of the tetrahedron expresses
the magnitude of the force, and its direction expresses the
direction of the force. That is, we tried to display the
position information, force magnitude information, and
force direction information on the VR display. However, it
turned out that it was extremely difficult for the trainee to
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(a) Finger holder (b) Connection of finger holder to
HIRO III

Figure 2: Finger holder and its connection. The operator wears the finger holder at his/her fingertips and connects to HIRO III as shown
in (b).

Table 1: Specifications of HIRO III.

Hand
Number of fingers 5

Degrees of freedom 15 (DOF)

Weight 0.78 (kg)

Finger

Degrees of freedom 3 (DOF)

Weight 0.12 (kg)

Maximum output force over 3.6 (N)

Workspace
705 (cm3) (Thumb)

587 (cm3) (Other)

Arm

Degrees of freedom 6 (DOF)

Weight 3.0 (kg)

Maximum output force over 56 (N)

Workspace 0.09 (m3)

Closeup

Figure 3: Visual cues.

see the trainer’s five-finger position information and force
information at the same time, and to control his/her finger
positions and forces so that his/her finger positions and
forces matched the trainer’s finger positions and forces.

In our earlier research, we tried to transfer the trainer’s
force information and position information to the trainee
by using only visual information. However, we obtained
feedback that it was difficult for the trainee to learn the
trainer’s force information and position information on
the five fingertips at the same time. So, in this paper, we
attempted to transmit the trainer’s force information to the
trainee by using visuohaptic information, namely, by using
not only visual cues but also haptic cues.

3. Measurement of the Perception of
Fingertip Force

It is useful to measure human perception ability when we
consider the transmission of force. In particular, it is impor-
tant to know how human beings accurately perceive fingertip
force by the haptic interface. The results of investigating the
human perception of fingertip force form the foundation
of skill transfer. First, we measured the human perception
ability with regard to the direction of force by using HIRO
III. Here note that all three experiments in this section can
be done with a single-point haptic interface. However, in
Section 4, we describe how we developed the skill transfer
system by using HIRO III and VR technique. To develop
the skill transfer system based on the measurement results
of human perception, we needed to use HIRO III in the
experiments.

3.1. Measurement of the Human Perception of Force Direction.
We examined the perception of the force direction with
regard to spatial variation and time variation.

3.1.1. Experimental Setup. Ten people in their twenties (nine
males and one female) participated in this measurement.
All of the participants were right-handed. The participants
connected their index finger to the HIRO III at a bar, as
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shown in Figure 4(a), and HIRO III presented the force to
the participants. Note that we used the hand part of HIRO
III in this experiment, and we did not use the arm of HIRO
III. In the experiment, the hand part of HIRO III was fixed
to the board as shown in Figure 4(a). During the measure-
ment, a cloth covered both HIRO III and the participant’s
hands; so sight information was not available, as shown
in Figure 4(c). The participants responded to the direction
of the presented force by using the measuring instrument
shown in Figure 4(b). As a measuring instrument, we used
a goniometer. One axis of the goniometer was fixed, and
the participants responded by using the other axis of the
goniometer to indicate the direction of the presented force.

To measure the human perception of the force direction
with regard to spatial variation, we considered the following
two types of measurement.

(M1) We consider the measurement of the human percep-
tion of force in the horizontal direction (x–y plane
in Figure 4(d)). In this case, we set the force
F = [Fx,Fy ,Fz]

T (N) to show on human index finger
as follows:

Fx = ‖F‖ cos θh,

Fy = ‖F‖ sin θh (N),

Fz = 0,

0 ≤ θh ≤ π (rad), (1)

where θh is the angle in the horizontal plane, as
shown in Figure 5(a), and ‖F‖denotes the magnitude
of the force.

(M2) We consider the measurement of the human per-
ception of force in the vertical direction (x–z plane
in Figure 4(d)). In this case, we set the force
F = [Fx,Fy ,Fz]

T (N) to show on human index finger
as follows:

Fx = ‖F‖ cos θv,

Fy = 0 (N),

Fz = ‖F‖ sin θv,

0 ≤ θv ≤ π (rad), (2)

where θvis the angle in the vertical plane, as shown in
Figure 5(b).

In measurements (M1) and (M2), the angles θh and
θv are divided every π/12 radians, and 13 kinds of forces
are presented to the participants in random order. We
set ‖F‖=1.5 (N). In each measurement, we considered the
following three conditions for the time required to present
the force, to consider the perception of the force direction
concerning the time variation (see Figure 6).

(a) The force F was presented until the participant
answered.

(b) The cycle in which the force F was presented for
0.5 (s) and the force was not presented for 0.5 (s) was
repeated until the participant answered. That is, we
set t1 = 0.5 (s), t2 = 1.0 (s) in Figure 6.

Table 2: Measurement of the human perception of force direction.

No. Measurement conditions(∗)

1 (M1) and (a)

2 (M1) and (b)

3 (M1) and (c)

4 (M2) and (a)

5 (M2) and (b)

6 (M3) and (c)

(∗) (M1) and (M2) are conditions for spatial variation, and (a)–(c) are
conditions for time variation.

(c) The cycle in which the force F was presented for
0.2 (s) and the force was not presented for 0.8 (s) was
repeated until the participant answered. That is, we
set t1 = 0.2 (s), t2 = 1.0 (s) in Figure 6.

Ten participants carried out the measurement under con-
ditions (a), (b), and (c) for measurements (M1) and (M2).
That is, we considered six measurements as shown in Table 2.
All participants carried out the six experiments. In particular,
to circumvent the effect of the sequence of measurement,
the sequence of each participant’s measurement was decided
in random order. In each measurement, HIRO III showed
the force to the participant after an operator of HIRO III
gave the signal to start, and the participant felt the force.
After the participant recognized the force direction, he/she
signaled the operator of HIRO III and the operator stopped
the presentation of the force. The participant then responded
to the direction of the presented force by using the measuring
instrument. To evaluate the measurement, we noted the
angular error between the presented force direction by HIRO
III and the answered angle by using a measuring instrument.
We note that HIRO III cannot present the accurate force
when the presented time of the force is shorter than 0.2 (s).
Thus we set the minimum presented time at 0.2 (s) in this
experiment. As an example, we show the step response of
HIRO III in Figure 7(a). In the measurement of the step
response, HIRO III was connected to the wall as shown
in Figure 7(b), and we measured the step response when
HIROIII pressed the wall straight.

3.1.2. Experimental Results. Figures 8(a) and 8(b) show the
measurement results in the horizontal direction (M1) and
the vertical direction (M2), respectively. In each figure,
the horizontal axis shows the experimental condition and
the vertical axis shows the average value of the angu-
lar error between the presented force direction and the
answered force direction. That is, we show the value
(1/130)

∑10
i=1

∑13
j=1 |q

i, j
p − qi, ja |, where q

i, j
p is the angle of the

force that presented the jth time to the ith participant in the

corresponding condition, and q
i, j
a is the angle that the ith

participant answered on the jth time. The vertical bar shows
the standard variation of the corresponding value. From
the experimental results, we find that human perception
ability regarding the force direction had an average error of
0.23 (rad) in the horizontal direction and 0.25 (rad) in the
vertical direction, in the case of condition (a). In other words,
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(a) Connection of HIRO III to the index
finger

(b) Goniometer

(c) Experimental setup
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Figure 4: Measurement environment.
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there is no big difference between the perception ability of
the force in the horizontal plane and in the vertical plane.
On the other hand, the average values of conditions (b) and
(c) in the horizontal direction were slightly large in contrast

with the value of (a), and the average values of (b) and (c) in
the vertical direction were slightly small in contrast with the
value of (a). However, according to the analysis of variance
(ANOVA) with a 5% significance level, there is no significant
difference between the conditions (a) (namely, continuous
force) and (b)-(c) (namely, discontinuous force).

Figure 9 shows the average value of the angular error at
each presented angle. Figures 9(a) and 9(b) show the results
in the horizontal direction (M1) and the vertical direction
(M2), respectively. In both figures, the top figure is the result
of (a), the middle figure is the result of (b), and the bottom
figure is the result of (c). From Figure 9(a), we see that the
angular error when the presented force is π/2 (rad) is the
smallest, and it grows as the presented angle approaches 0
and π (rad). This is true in all three conditions. Further, from
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Figure 9(b), in the vertical direction, the same tendency as
the horizontal direction can be perceived. Here note that this
tendency, anisotropy, was also described for the perception
of the human hand [25, 26]. In [25], the participants
held a joystick, and the perception ability concerning the
direction of the human hand (not the individual finger) was
investigated. The anisotropy of the human hand perception
for the direction was shown. In [26], the perception ability
concerning the force magnitude of the human hand (not
the individual finger) was found to be anisotropic. Based on
the above results, we concluded the following: the human
perception ability of the force direction has 0.23 (rad) error
in the horizontal direction and 0.25 (rad) error in the vertical
direction, and whether the presented force is continuous or
discontinuous has no influence on the human perception.

We wondered why the angular error increased around 0
and π (rad) of the presented force direction. To investigate
whether this was an influence of the performance of the
haptic interface, we connected HIRO III with a wall, as
shown in Figure 7(b), and then HIRO III presented force as
expressed in (1) and (2) with ‖F‖=1.5 (N) against the wall.
Figure 10 shows the angular error. Figures 10(a) and 10(b)
show the results in the horizontal direction and the vertical
direction, respectively. From these results, we conclude that
the angular error was not caused by the presented force
direction and that the angular errors occurred in all the
presented force directions were very small. Thus it is not
easy to conclude that the above-mentioned phenomenon has
happened because of the haptic interface.

3.2. Measurement of the Human Perception of Force Magni-
tude. We considered the perception of force magnitude with
regard to spatial variation.

3.2.1. Experimental Setup. Ten people in their twenties (nine
males and one female) participated in this measurement.
All of the participants were right-handed. The measurement
environment was the same as that described in Section 3.1.
Here, we measured the point of subjective equality (PSE)
of the force magnitude, where the compared forces are
presented in more than one direction. As in the experiment
of Section 3.1, the participant connected his/her index finger

to HIRO III. Then, the following three terms were carried
out under conditions (M1) (horizontal direction) and (M2)
(vertical direction).

(1) By using HIRO III, the standard stimulus force was
presented to the participant, where the standard
stimulus force was presented in the reference direc-
tion.

(2) By using HIRO III, the comparison stimulus force
was presented to the participant, where the compar-
ison stimulus force was presented in a comparison
direction.

(3) The participant selected one answer from the fol-
lowing three answers: (i) the comparison stimulus
force was larger than the standard stimulus force, (ii)
the comparison stimulus force was the same as the
standard stimulus force, or was not distinguishable,
and (iii) the comparison stimulus force was smaller
than the standard stimulus force.

The force was presented until the participant answered.
The reference directions of (M1) and (M2) were
θh = θv = π/2 (rad), and the comparison direction with
respect to the reference direction was in the following five
directions: 0, π/4, π/2, 3π/4, π (rad). Further, we set the
standard stimulus force at 2.2 (N), and we consider the
following 11 comparison stimulus forces: 1.0, 1.2, 1.4, 1.6,
1.8, 2.0, 2.2, 2.4, 2.6, 2.8, 3.0 (N). Before the experiment, we
conducted a preliminary experiment several times. From
the preliminary experimental result, we found there were
comparison directions for which we could not obtain the
PSE when the standard stimulus force was set smaller than
2.2 (N). Thus, to obtain the PSE in all comparison directions
(0, π/4, π/2, 3π/4, π (rad)), we set the standard stimulus
force to 2.2 (N). For each participant, all the comparison
stimulus forces were presented in the comparison directions,
where the order of the presentation of the comparison
stimulus force was random, and the comparison direction
was selected from the above five directions before the
measurement. After the measurement, we selected another
comparison direction and then conducted measurements
(1)–(3). The number of times that the participant answered
“the comparison stimulus force is the same as the standard
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Figure 8: Measurement results of the angular error.
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Figure 9: Measurement results of the angular error at each presented force direction.
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Figure 11: Measurement results of the PSE at each direction of the presented force.

stimulus force, or is not distinguishable” was halved and
added to the number of times that the participant answered
“the comparison stimulus force is larger than the standard
stimulus force” and the number of times that the participant
answered “the comparison stimulus force is smaller than
the standard stimulus force”. We derived the ratio fi of
the number of times that the participant answered “the
comparison stimulus force is larger than the standard
stimulus force”. By using the least-squares method, we
derived the approximate curve of fi, and we set the PSE as
the force when fi is 50%.

3.2.2. Experimental Results. Figures 11(a) and 11(b) show
the value of the PSE in the horizontal direction and the
vertical direction, respectively. In the figure, the horizontal
axis is the direction of the presented force, and the vertical
axis is the value of the PSE. From the figure, we see
that the same tendency was obtained in both directions,
indicating that the participant correctly recognized the
magnitude of the presented force at all directions of the
presented force. Further, we could not obtain the phe-
nomenon of Section 3.1.2: the angular error increased when
the presented force tends to 0 and π (rad). For reader’s
reference, we show the ratio that the participants answered
“the comparison stimulus force is larger than the standard
stimulus force” in Figures 11(c) and 11(d). Note that the
experiment of Sections 3.1.2 and 3.2.2 considered human
perception ability under the condition that the direction
of the presented force was unknown or the direction of
the presented force (comparison force) differed from the

standard stimulus force. Thus, as a difference perception, we
are attracted to the perception ability when the direction
of the presented force is known (or the direction of the
comparison stimulus force is the same as the standard
stimulus force). To examine this, we next measured the
perception ability when the direction of the presented force
was well known.

3.3. Measurement of the Human Perception of Force Magnitude
When the Direction Is Well Known. We measured the human
perception ability with a force presented in a well-known
direction. In Section 3.2, we considered the PSE under the
condition that the direction of the comparison stimulus force
differed from the direction of the standard stimulus force.
To examine the perception of the force in a well-known
direction, we measure the PSE with the condition that the
direction of the comparison stimulus force was the same as
the direction of the standard stimulus force.

3.3.1. Experimental Setup. Ten people in their twenties (nine
males and one female) participated in this measurement.
All of the participants were right-handed. The measurement
environment was the same as that described in Section 3.1.
As in the experiment of Section 3.1, the participant
connected his/her index finger to HIRO III. Then, the
following three terms were carried out under conditions M1
(horizontal direction) and M2 (vertical direction).

(1) By using HIRO III, the standard stimulus force was
presented to the participant.
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(2) By using HIRO III, the comparison stimulus force
was presented to the participant.

(3) The participant selected one answer from the fol-
lowing three answers: (i) the comparison stimulus
force was larger than the standard stimulus force, (ii)
the comparison stimulus force was the same as the
standard stimulus force, or was not distinguishable,
and (iii) the comparison stimulus force was smaller
than the standard stimulus force.

The force was presented until the participant answered.
In this experiment, for M1 and M2, we measured the PSE
in the following five directions: θh = 0, π/4, π/2, 3π/4,
π (rad) and θv = 0, π/4, π/2, 3π/4, π (rad), respectively.
Further, we set the standard stimulus force to 2.2 (N), and
we considered the following 11 comparison stimulus forces:
1.0, 1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, 2.8, 3.0 (N). For each
participant, the comparison stimulus forces were presented
in random order. The difference between the measurements
of Sections 3.2 and 3.3 was that in the measurement of
Section 3.2, the direction of the comparison force differed
from the direction of the standard stimulus force, while in
Section 3.3, the direction of the comparison force was the
same as the direction of the standard stimulus force.

3.3.2. Experimental Results. Figures 12(a) and 12(b) show
the value of PSE in the horizontal direction and the vertical
direction, respectively. In these figures, the horizontal axis
shows the direction in which the PSE was measured, and
the vertical axis shows the PSE value. From these figures, we
see that the same tendency was obtained in both directions.
Furthermore, there was no difference between the PSE values
with respect to the direction of the presented force. For
reader’s reference, we show the ratio that the participants
answered “the comparison stimulus force is larger than the
standard stimulus force” in Figures 12(c) and 12(d).

From the results of this section, it seems that human
ability to perceive the force direction is anisotropic and the
ability to perceive the force magnitude is isotropic. Further, it
seems the following: compared with the case that the human
answers the force magnitude, he/she makes the ambiguous
answer when he/she answers the force direction.

4. Skill Transfer System and Its
Experimental Evaluation

4.1. Transfer Method of Force and Position Information. For
the skill transfer examined in this study, the aim of the trainee
is to make his/her five-fingertip positions and forces track a
trainer’s five-fingertip positions and forces, respectively.

For fingertip positions tracking, we used the visual cues
shown in Figure 13. The five-fingertip positions of the trainer
and trainee are shown as small circle in VR space, and the
trainee controlled his/her fingertip positions to track the
trainer’s positions.

For the fingertip forces tracking, we considered the
transfer method of force based on the measurement of the
human perception as described in the previous section. In

the expert skill transfer system, there are two kinds of forces
transferred to the user, as follows:

(1) the reaction force Fr from the virtual object (referred
to herein as the reaction force),

(2) the force Ftrainer that a trainer exerts on an object.
(When we present this force to the user, we consider
the force in the opposite direction, i.e., −Ftrainer. In
the following, the force −Ftrainer is called the trainer’s
force, Ft.)

As the force transfer method, the reaction force, Fr , and
the trainer’s force, Ft , were presented to the user and were
switched over time, as shown in Figure 14. In particular, if
the time to show the trainer’s force was long, the user could
not feel the reaction force; so, it was necessary to shorten
the time of presenting Ft as much as possible. Therefore,
by considering the results in Section 3, we set HIRO III to
show Fr to the user for 0.5 seconds and then to show Ft
to the user for 0.2 seconds and then repeat the process. In
practice, if the force such as that shown in Figure 14 was
presented to the user, the user would feel the pulse force that
is the difference between the trainer’s force and the trainee’s
force. Thus if the user regulates his/her fingertip forces so that
the pulse forces become small, the force transfer is achieved.
That is, if the user grasps the virtual object by using the
same force as the trainer, the pulse forces disappear. This
method has the following advantages: (1) even if the force
changes periodically, both force Fr and Ft can be recognized;
(2) the number of visual cues for the skill transfer decreases
in contrast with the method described in Section 2.2. In
the next section, we consider an experiment to evaluate this
method.

4.2. Skill Transfer System and Its Experimental Evaluation.
Let us evaluate the skill transfer system based on the results
reported in the previous subsection. As the task of a trainer,
we consider the grasping of an object in VR space. The goal
of the trainee is to assume a fingertip position and exert
a grasping force that agree with the fingertip position and
grasping force of the trainer, respectively. Figure 15(a) shows
the experimental environment. In this figure, the black box
is the display system used to present the image at around
the fingertips [32]. By using this display, the trainee sees the
screen as shown in Figure 15(b).

4.2.1. Experimental Setup. For the comparison, we consider
the following two kinds of skill transfer method.

(P1) The fingertip positions of the trainer and the trainee
are shown as small circles, and the fingertip forces of
the trainer and trainee are shown as the force gauge
(described in Section 2.2) in VR space.

(P2) The fingertip positions of the trainer and the trainee
are shown as small circles, and the trainer’s fingertip
forces are presented to the trainee by using the
method described in Section 4.1.

As the task of the trainer, we considered the following
procedure: (1) the trainer approached the virtual object,
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Figure 12: Measurement results of the PSE.
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and (2) the trainer grasped the object. The stiffness and
the damping coefficient of the object are 570 (N/m) and
2×10−3 (Ns/m), respectively. Before we carried out our
experiment, the person who acted as the trainer performed
the task. This person was not included among the eight
participants in the experiment described below. After we
obtained the force and position trajectories of the trainer’s
fingertips, we set the trajectories as the trainer’s trajectories.
For example, the force trajectory of the trainer’s middle
finger and the position trajectory of the trainer’s middle
finger are shown in Figures 16(a) and 16(b), respectively. We
used the coordinates in Figure 15(c).

To evaluate the above two methods, we prepared
two experiments (E1 and E2). Before we performed the
experiments, all participants familiarized themselves with
manipulating HIRO III.

(E1) (1) The participant confirmed the trainer’s trajectory.
That is, the fingertip positions of the trainer were
shown as small circles graphically in VR space, and
the participant saw and confirmed the trajectories
of the trainer’s fingertips. (2) Then, the fingertip
positions of the trainer and the trainee were shown as
small circles graphically in VR space, and the trainee
carried out the task based on this visual information
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Table 3: The sequence of experiments E1 and E2.

Order of experiment Group A Group B

1 E1 E2

2 E2 E1

only, while we measured the initial errors. (3) The
trainee carried out the task 20 times continuously
under method P1. (4) Finally the trainee carried
out the task under the condition that the fingertip
positions of the trainer and the trainee were shown
as small circles graphically in VR space, and we
measured the error after training.

(E2) The trainee carried out the same experiment as E1,
with P2 in place of P1.

Eight people in their twenties (seven males and one
female) participated in this measurement, and we divided
the subjects into two groups, group A and group B. So
there would not be an effect caused by the sequence of
experiments; the subjects in group A carried out experiment
E1 first and then carried out experiment E2. The subjects
in group B carried out experiment E2 first and then
carried out experiment E1. Table 3 shows the sequence of
experiments.

4.2.2. Experimental Results. Figures 17(a), 17(b), and 17(c)
show the experimental results. In (a), the vertical axis shows
the average value of the position error between the trainer’s
position and the trainee’s position. The trainer’s work lasted
15 (s), and the sampling time of the PC was 1 (ms). The hor-
izontal axis shows the experimental condition. Figure 17(b)
shows the average value of the error of the force magnitude,
and Figure 17(c) shows the average value of the directional
error of the force. When we use the polar coordinate, we
can express the force by using two variables, θ and ϕ, for
example, Fx = ‖F‖ sin θ cosϕ, Fy = ‖F‖ sin θ sinϕ, and Fz =
‖F‖ cos θ. As the error of the force direction, we considered

the following value: (1/10)(1/15001)
∑10

j=1

∑15000
i=0 (|θid−θi, j|+

|ϕid−ϕi, j|)/2, where θid and ϕid are the trainer’s angle variables
at i (ms), and θi, j and ϕi, j are the jth participant’s angle
variables at i (ms). In each figure, the vertical bar shows the
standard variation of the corresponding value.

According to the t-test with a 1% significance level, there
are significant differences between the errors before training
P2 and the errors after the training P2. On the other hand, in
the error of the force magnitude in P1, there is no difference
between the errors before training and the errors after the
training (even if we consider the t-test with a 5% significance
level, there was no difference). Regarding the participants’
opinions, we obtained the following. In P1, there were a lot of
visual cues and the users were confused. The users can track
his/her one or two positions and one or two forces to the
corresponding trainer’s positions and forces, but they were
confused when they consider the five positions and forces.
In contrast with this, cues were intuitive and comprehensible
in P2. Many participants said that even if the position and
the magnitude of the force were understood, the difference
in the direction of the force was not understood. However,
on the result of Figure 17(c), there are significant difference
between the errors before training (P1 and P2) and the
errors after the training (P1 and P2). We have considered
that this is because of the simple task. In this experiment,
we considered the simple task that the user just pushes the
object, thus eliminating variations in the force direction
while the user performs the task. In fact, the variation of
z-axis force of the trainer was large, but the variations of
x- and y-axis force were small, as shown in Figure 16(a).
Therefore, it seems that there were differences between the
errors before training and the errors after the training even if
we used method P1. We cannot draw any certain conclusions
because of the small sample size. However, from Figure 17(b)
and the subjects’ opinions, it seems to be more effective to
present the trainer’s force periodically rather than using only
visual cues. Further, it seems that we need another assistance
cue when we consider the training of the direction of the
force.
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5. Conclusions

In this study, we investigated the human perception of force
with respect to the following changes when a user engaged
with the five-fingered haptic interface HIRO III: (1) the
spatial change of the presented force, and (2) the change
of the time to present the force. Since the force can be
expressed by the direction vector and the magnitude, we first
measured the perception of the force direction, as described
in Section 3.1. From Figure 9(a), we see that the angular
error when the presented force direction is π/2 (rad) is
the smallest and it grows as the presented force direction
approaches 0 and π (rad) in the horizontal direction. This
is true in the vertical direction as well. However, several
parts of Figure 9 show that the angular error when the
presented force direction is 0 or π (rad) is smaller than the
angular error when the presented force direction is π/12 or
11π/12 (rad). We believe that this was due to the measuring
instrument we employed. We used a goniometer as the
measuring instrument, and its measuring range is 0∼π (rad).
Therefore, even if the participant feels an angle larger than
π (rad) or an angle smaller than 0 (rad), he/she answered
π (rad) or 0 (rad).

From Figure 8, which shows the measurement results of
the average angular error, we see that the human perception
ability regarding the force direction had an average error
of 0.23 (rad) in the horizontal direction and 0.25 (rad) in
the vertical direction. In addition, we determined that there
is no difference in human perception of force direction
between when the presented force is continuous and when
the presented force is discontinuous, based on ANOVA with
a 5% significance level.

Next, we measured the perception of magnitude con-
sidering the force direction. In particular, in Section 3.2
we described the measurement when the direction of the
comparison stimulus force differed from the direction of
the standard stimulus force (for simplicity, we called the
direction “unknown”), and in Section 3.3, we described
the measurement when the direction of the comparison
stimulus force is the same as the direction of the standard
stimulus force (for simplicity, we called the direction “well
known”). From Figures 11 and 12, we see that there was
no change caused by the presented force direction on the
value of PSE. This differed from the case of perception of
the force direction. In particular, by using ANOVA with
a 5% significant level, we determined that there was no
difference between the following four groups: PSE in the
horizontal direction when the direction is unknown, PSE
in the vertical direction when the direction is unknown,
PSE in the horizontal direction when the direction is
well known, and PSE in the vertical direction when the
direction is well known. Therefore, in both the horizontal
and vertical directions, there was no difference in the feeling
of magnitude caused by the difference of the presented force
direction, and we conclude that humans perceive magnitude,
regardless of the presented force direction.

These results of perception measurements showed that
the human perception of the fingertip force direction is
anisotropic and perception of the fingertip force magnitude

is isotropic. Furthermore, regarding the perception of the
fingertip force direction, there is no difference between the
perception of the continuously presented fingertip force and
the discontinuous presentation.

We also considered the transfer method based on our
measurement results by using the multi-fingered haptic
interface HIRO III. For skill transfer, the reaction force Fr
and the trainer’s force Ft were transferred to the user. The
proposed skill transfer system consists of the following two
parts: (1) for the fingertip position tracking, we used the
visual cue shown in Figure 13, and (2) for the fingertip
force tracking, HIRO III alternately showed Fr and Ft . This
method has the following advantages: (1) even if the force
changes periodically, both force Fr and Ft can be recognized,
and (2) the number of visual cues decreases, in contrast with
the method described in Section 2.2.

We performed tests to demonstrate the validity of the
proposed method. According to the t-test with a 5%
significance level, in the proposed method, there was a
difference between the error before training and the error
after training. Therefore, we believe that the transfer of the
force was achieved more efficiently by presenting the force
intermittently, as described in Section 4.1.

The next problem to be tackled is to increase the number
of experimental subjects (in particular, the number of female
subjects) and to confirm how the results change at that time.
We must also extend this research to a more complicated
skill transfer system, such as the human body model in VR
space. Further, we will attempt to develop an efficient transfer
method for transmitting the direction of force.
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To develop a robot that behaves flexibly in the real world, it is essential that it learns various necessary functions autonomously
without receiving significant information from a human in advance. Among such functions, this paper focuses on learning
“prediction” that is attracting attention recently from the viewpoint of autonomous learning. The authors point out that it is
important to acquire through learning not only the way of predicting future information, but also the purposive extraction of
prediction target from sensor signals. It is suggested that through reinforcement learning using a recurrent neural network, both
emerge purposively and simultaneously without testing individually whether or not each piece of information is predictable. In a
task where an agent gets a reward when it catches a moving object that can possibly become invisible, it was observed that the agent
learned to detect the necessary factors of the object velocity before it disappeared, to relay the information among some hidden
neurons, and finally to catch the object at an appropriate position and timing, considering the effects of bounces off a wall after
the object became invisible.

1. Introduction

Unlike factories and laboratories, the real world is too
complicated and diverse for robots to behave flexibly while
following some specific programs. To develop robots that
behave flexibly like humans in the real world, the robots
must autonomously learn in various environments and
acquire necessary knowledge and functions by themselves.
The acquired knowledge and functions enable the robots
to behave more appropriately, even in unfamiliar environ-
ments. Living beings acquire various functions and achieve
appropriate purposes by using these skills. “Prediction” is
one such function. It is a higher function that estimates a
future state from the past and present states considering both
dynamics of the environment and actions of the robot.

For developing highly intelligent robots, recent focus
has been on autonomous learning of prediction. When we
predict some information, we can usually know in the future
whether or not the prediction was correct. For a learning
system that predicts a future state from the present and
past states and actions, this signifies that training signals

can be obtained in the future even though they are not
provided by humans. In this sense, the learning of prediction
is autonomous although supervised learning is actually
utilized.

Many studies have investigated learning of prediction.
The dynamics or context that appears in a learning system
to predict the future states is utilized for state representation
[1–6]. In some of these, a recurrent neural network is used
as the learning system [1–4]. The learning of prediction has
also been used to establish curiosity-driven learning [7–10].
However, typically, the prediction target is given, that is, what
information should be predicted at what future timing; in
many cases, the sensor signals at the next time step are the
prediction target.

Regarding the abstraction process in robots, Brooks [11]
pointed out the following: “This abstraction is the essence of
intelligence and the hard part of the problems being solved.
Under the current scheme the abstraction is done by the
researchers leaving little for AI programs to do but search.”
When prediction is learned, the same holds true. A robot can
get many sensor signals, such as visual sensor signals, but it
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seems difficult and meaningless to predict all the signals in
some future. When considering the case of humans, we do
not seem to predict all the visual signals at all the steps in the
future. Therefore, the process of choosing a prediction target
should be considered.

The information about the prediction target should be
useful for achieving certain purpose and might be learned
through experiences. For example, when humans chase
and catch a batted ball, they seem to extract necessary
information from numerous sensor signals and then predict
the place where the ball will land as a prediction target and go
ahead of the ball. We can easily know that “Prediction of the
landing site” is useful “for catching the ball”, but that must be
a very intelligent process actually.

Schmidhuber has identified a very interesting and impor-
tant point that we do not care either unpredictable or
easily predictable information, but seem to “explore the
predictable” [9]. He also proposed a learning system to
realize this. However, to know whether a piece of information
is predictable, the system must first conduct tests to predict
the information. A method for discovering the prediction
target from linear independence has also been proposed [12],
but it only considers the sensor signals as inputs and does
not provide a way to consider the purpose of the robot.
Accordingly, it is difficult for this approach to realize a
purposive prediction.

In reinforcement learning, an agent or robot learns from
rewards and punishments based on trial and error. Therefore,
it is a highly autonomous and purposive learning although
the learning is generally very slow. If a neural network is
used to connect the sensors to the motors in parallel and
trained by training signals generated based on reinforcement
learning, the network is optimized to obtain more rewards
and less punishment, that is, to represent the value function
more accurately and to generate actions with more gain for
the value. Accordingly, with reinforcement learning it can be
expected that the functions that contribute toward obtaining
more rewards emerge in the neural network [13].

The objective of this paper is to clearly show that
the prediction function, including the choice of prediction
target, emerges purposively through reinforcement learning
using a recurrent neural network when a given task requires
prediction. In the learning system, the prediction of only
predictable and useful information emerges without indi-
vidual testing because only those predictions that contribute
toward obtaining a reward emerge through reinforcement
learning. Therefore, the system does not determine whether
each piece of information is predictable or not individually.
The curiosity-driven acceleration of learning is beyond the
scope of this study and will be addressed in the future work.

To compensate for the missing information in solving
a partially observable problem in reinforcement learning,
a recurrent neural network or other finite-state controllers
are often used [2, 3, 14–17]. Compensation of the missing
information from the past series of sensor signals can be
considered as a kind of “prediction” in a wide meaning.
However, none of these studies has claimed that prediction
should be considered in reinforcement learning. Further-
more, we usually call the function prediction when the

environment changes dynamically, and the regularity in the
dynamics is found. In the multiagent task in [15], the agent
needs to predict the other agent’s behavior to some extent
to accomplish its purpose in a discrete state space. However,
it is not shown how the agent predicts the other agent
behavior and how the predicted information is represented
inside the learning system after learning. Here, emergence
of both spatial and temporal prediction in a continuous
and dynamic environment through reinforcement learning
is examined, and it is analyzed how the internal states
represent the predicted information in the recurrent neural
network.

2. Learning System

The learning system does not employ any special techniques
for prediction, and a recurrent neural network is simply
trained by the training signals that are derived autonomously
on the basis of reinforcement learning. Therefore, it can be
understood that reinforcement learning trains the recurrent
network. Since the agent’s actions are discrete in the task,
while the state space is continuous, Q-learning [18] is used
as a reinforcement learning algorithm.

For the recurrent neural network, a popular 3-layer
Elman-type network is used, in which the outputs of hidden
neurons, 40 in number, are fed back as inputs of the
network at the next time step. The network is trained by
back propagation through time (BPTT) technique [19]. The
output function of each hidden or output neuron is the
sigmoid function ranging from −0.5 to 0.5, and 0.4 is added
before it can be used as a Q-value to match the value range
between the output and Q-value.

The initial weights from input to hidden neurons are
chosen randomly from −0.5 to 0.5, and those from hidden
neurons to output are all 0.0. The initial feedback connection
weights between hidden neurons are 0.0 except that the
weights for the self-feedback connections are 4.0. The max-
imum derivative of the output function is 0.25. Therefore,
under this setup, the error signal in BPTT propagates to the
past without divergence, because the products of the self-
feedback connection weight and the maximum derivative of
output function become 1.0. Furthermore, in the forward
computation, forming of bistable dynamics is promoted in
each hidden neuron.

First, the present state is given as an input to the network.
The recurrent network is expected to extract and store the
necessary information in its hidden layer without holding
the past state in the external memory. The output layer has
the same number of neurons as that of the possible actions,
and each output is used as the Q-value of the corresponding
action.

For the action selection, a two-step stochastic selection
is used. A small random number is added to each Q-value
derived by the network computation, and then an action is
chosen according to ε-greedy [4]. This not only assigns a
higher priority to the actions with larger Q-values but also
occasionally selects an action with a small Q-value. Both
these random factors decrease with the number of episodes
and finally become almost 0. We have not used a soft-max
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type action selection, such as Boltzmann selection, because
the actions with very small Q-value are rarely chosen.

In the learning phase, a training signal is given only
to the output of the chosen action at . The training signal
Tat ,t for the action at in the present state St is generated
autonomously using the maximum Q-value at the future
state st+1 after the action at :

Tat ,t = rt+1 + γmax
a′

Qa′(St+1)− 0.4, (1)

where r indicates a reward and γ indicates a discount factor.
0.4 is subtracted to match the value range between the
training signal and Q-value. The discount factor γ is set to
0.96 in this task. Further, if the training signal is greater
than 0.4 or less than −0.4, the value is set to 0.4 or −0.4,
respectively. Equation (1) indicates that at time t+1, the state
of the network at time t is restored and the network is trained
by the training signals generated by the equation, according
to BPTT.

3. Task Setting

To examine whether the prediction function emerges, we
used a task in which it is impossible to achieve a purpose
without a prediction. This task is performed on a field of
size 7.5 × 3.0, as shown in Figure 1. In the task, an agent
catches an object. The initial direction of motion and velocity
of the object are randomly chosen for each episode, and it
cannot be seen moving in some area. The object bounces off
walls. The agent gets a reward when the object approaches
it and the agent catches the moving object at an appropriate
position and timing. Therefore, considering the bounces, the
agent has to predict the appropriate position and time for the
approaching object before it becomes invisible.

The bottom left corner is defined as the origin, and the
initial location of the moving object is fixed at (0.0, 1.5). For
each episode, its initial velocity is chosen randomly between
0.50/step and 0.70/step and its direction is chosen between
−45◦ and 45◦ from the x-axis. The object’s direction of
motion and velocity is constant during the episode unless it
bounces off a wall. When it bounces, the angles of incidence
and reflection are equal, and the velocity is reduced to 80%
of the previous value. The agent is fixed on the line of x = 6.0
and can move only in the y direction. The initial y location
is chosen randomly from 0.25 to 2.75 for every episode,
enabling the agent to get a reward from any initial location,
each time it chooses the optimal action. At every time step,
the agent can choose one of the four actions: “catch,” “wait,”
“move up,” or “move down”. When it chooses move up or
move down, it moves 0.25 or −0.25 in the y direction. When
the action chosen is wait, the agent does not catch or move.

When the agent chooses the action catch, the episode
is complete, and the agent gets a reward when the relative
distance between the agent and the moving object is less than
1.0. The reward value r is generated by

r = 0.40× (2.0− d), (2)

where r varies depending on the relative distance d. When d
is 0.0, r becomes 0.8, which is the maximum value, and when
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Figure 1: Object catching task and a recurrent neural network.
An agent moves up or down and catches a moving object. The
initial direction of motion and velocity of the object are chosen
randomly for every episode. The invisibility area is also chosen
randomly in the range of x > 3.0. x, y coordinates of the object
and y coordinate of the agent are input to an Elman-type recurrent
neural network. Each input signal represents local information, as
shown in Figure 2.
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Figure 2: Localized input signals. Each input signal responds when
the object or agent exists around one specific location in x or y
coordinate. This localized representation helps to learn a strong
nonlinear mapping.

d is 1.0, r becomes 0.4, which is the minimum value. When
the agent chooses the catch action at d > 1.0, or when it does
not choose the catch action until the object goes beyond the x
limit of the field (x = 7.5), the episode is considered as failed
and is forced to terminate. In such cases, to decrease the Q-
value for the catch action, it is modified by the training signal
as

Tat ,t = rt+1 +Qa(st)− 0.4, (3)

and rt+1 = −0.1 is a punishment.
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Three signals, the x, y coordinates of the moving object
and y coordinate of the agent, are provided to the agent as
inputs. However, each signal is represented by signals, each of
which actually responds to a local area of the original signal.
With this representation, it becomes easy for the neural net-
work to learn a strong nonlinear input-output relation. The
x position of the moving object that ranges from 0.0 to 7.5 is
represented by 33 signals. Each signal represents local infor-
mation as shown in Figure 2. 4 of the 33 neurons have a value
other than 0.0, and the others have the value 0.0. The y posi-
tion of the object or agent is represented by 27 signals. There
are a total of 87 signals that are inputs of the neural network.

An invisibility area lies over the region where the x
coordinate is more than 3.0. When the object is in the
invisibility area, the agent cannot see it and all the input
signals representing the object location are all 0.0. Both the
beginning and end of the invisibility area are set randomly
within a range of 3.0–7.5 for every episode on the condition
that the end position is larger than the beginning position.
The agent is unaware of the beginning or end of the
invisibility area in advance. Therefore, the agent cannot
get a reward unless it predicts the position and timing of
the moving object when it comes close to the agent. The
prediction should be done using information acquired before
the moving object enters into the invisibility area.

4. Experimental Results and Investigation

4.1. Learning Results. The learning curve is shown in
Figure 3. The horizontal axis shows the number of episodes
and the vertical axis shows the average reward.

This figure indicates that the agent can catch the object
more accurately through iterative learning. The maximum
reward generated by (2) is 0.80, but the object and agent
locations are computed on a discrete time scale. Therefore,
even though the agent always chooses the optimal action, the
average relative distance is 0.144, as shown in Table 1. Table 1
also shows the performance after learning, compared with
the case where the agent always chooses the optimal action.

Figure 4 shows an example of agent behavior after
learning. In this case, the invisibility area is maximum, that
is, from x = 3.0 to x = 7.5, the velocity is 0.5/step, and the
angle of the object’s direction of motion from the x axis is
35◦. The agent can move only in the y direction along x =
6.0, but for easy understanding, Figure 4 is plotted assuming
the agent moves together with the object in the x direction.
In this case, the initial y location of the agent is 2.0.

According to Figure 5, the changes in Q-values for all
actions, except the catch action, are similar to each other;
however, for the catch action, the Q-value increases suddenly
from the 13th step (around x = 4.5), and the agent finally
chooses catch action at the 16th step. Therefore, the agent is
considered to choose the catch action at an appropriate time
step without catching the object at a wrong time before it
comes into the reward area.

Figure 5 shows the change of the Q-value for each action
in this episode.

The prediction of the catch timing for variable object
velocities is observed. While maintaining the angle of the

Table 1: The agent’s ideal and actual performance after learning for
three cases of invisibility area.

Range of the invisibility area
Ideal

Random Nothing Maximum

Average reward 0.685 0.685 0.681 0.742

Percentage with
which the agent
gets the reward

99.0 98.4 99.9 100

Relative distance
between the
agent and object
when the agent
chooses catch
action

0.270 0.260 0.296 0.144
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Figure 3: Learning curve. Change in the average reward according
to the number of episodes is shown. Broken line shows the ideal
average reward under the assumption that the agent always catches
the object at the optimal timing and place.

direction of motion constant, as shown in Figure 4, the
velocity of the object is varied, and the catch timing is
observed. Figure 6 shows the change in the Q-value of
the catch action for three velocities. Although the agent
cannot see the object in the latter half, the Q-value suddenly
increases around the reward area in all the three cases.

Next, the authors examine whether the agent can predict
the object location when it comes into the reward area.
Figures 7 and 8 show the y coordinate where the agent
catches the object for the two cases: with no invisibility area
and with the maximum invisibility area. In these figures, the
horizontal axis shows the initial angle of the object’s motion
from the x axis, and the vertical axis shows the y position
where the agent catches the object. In these cases, the initial
angle is determined from −45◦ to 45◦ at an interval of 1◦,
and the velocity is fixed at 0.6/step. To demonstrate whether
the agent can catch the object at appropriate positions, the
optimal position where the agent gets the maximum reward
for each angle is plotted, denoted by squares.

Figures 7 and 8 show that both position and timing of the
agent catching the object are appropriate except for the case
around−45◦ initial angle and no invisibility area. Even in the
case where the agent cannot see the object in the latter half of
the episode, the agent catches the object at an appropriate
position, considering that the object bounces off the wall.
However, it seems difficult for the agent to catch the object
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moving at 35◦ with a velocity of 0.50/step, and the object cannot
be seen at x > 3.0. The agent does not move in the x direction
actually, but for easy understanding, it is shown to be moving in
the x direction along with the object.
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Figure 7: Positions where the agent catches the object when the
initial object direction of motion varies (with no invisibility area).
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Figure 8: Positions where the agent catches the object when
the initial object direction of motion varies (with the maximum
invisibility area).

at around y = 3.0 in the case of the maximum invisibility
area.

In this task, when the object bounces off a wall, its
velocity is reduced to 80% of the previous value. Even if the
object is in the invisibility area, it bounces and its velocity
is reduced. If the agent cannot consider this property, it
cannot catch the object at an appropriate timing. The authors
examine whether the agent can really consider the reduction
in the object velocity due to the bounce in the invisibility
area, as follows.

If the velocity in the x direction is constant, the
optimal time step for each catch action is equal unless the
object bounces. The number of bounces increases with the
increasing initial angle from the x axis, and this decreases the
velocity. Then the initial angle is varied at an interval of 1◦,
with a constant velocity of 0.5/step in the x direction, and
the time step when the agent catches the object is observed.
In Figure 9, the optimal time step for catch actions is also
plotted together with the observed results. In Figure 10, the
optimal time step is plotted assuming that the object velocity
is not reduced by the bounce in the invisibility area.
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Figure 9: Catch timing when the initial motion of the object varies.
The optimal catch timing is also plotted.
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Figure 10: Catch timing when the initial motion of the object
varies. The optimal catch timing under the assumption that the
velocity is not reduced at the time of bounce in the invisibility area
is also plotted to show whether the agent can consider the reduction
in velocity due to the bounce by comparing it with Figure 9.

If the agent considers the reduction in velocity due to
the bounce, the plots are more similar in Figure 9 than in
Figure 10. In Figure 9, the time step is more similar to the
optimal. However, the agent does not always catch the object
at the optimal time step. The agent tends to catch the object
a little earlier than the optimal.

These results indicate that through reinforcement learn-
ing alone, the agent can predict the necessary information
such as the position or timing of the catch, considering the
bounce, by using information before the object disappears.

4.2. Investigation of Hidden Neurons. In this section, the
authors examine how the agent predicts the catch timing
before the object enters the invisibility area, and the agent
catches the object using the predicted information after some
time lag. It appears that many neurons influence each other
in a complex way, and prediction and catch are realized. In
other words, one neuron apparently represents several pieces
of information simultaneously and one piece of information
is represented by several neurons. That is the same as our
brain—a massively parallel system. Although it is difficult to
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Figure 11: Change in output of the 31st hidden neuron for the three
velocities. Broken circles indicate the timing just before the object
disappears. Important connection weight value from this neuron is
given in a box. In this case, the connection weight from the 31st
neuron to the 12th neuron is −2.14.
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Figure 12: Connection weights to the 31st neuron from the input
neurons that are responsible for the x location of the object. Lateral
axis indicates the most responsible point of each input neuron. For
example, the connection weight from the input neuron that takes
the maximum value at x = 2.25 is approximately −2.8.

clearly explain the mechanism, the authors try to elucidate
it. In most graphs shown in the following figures, three lines
represent changes in the output of the hidden neurons for
each of the three cases shown in Figure 6. Some important
connection weights from the neuron are indicated in the box
marked “weight”.

As shown in Figure 11, the output of the 31st hidden
neuron decreases at around 2.0 < x < 2.5, that is, a little
before the area where the agent may not see the object.
The broken circle is set on the timing just before the object
disappears at x = 3.0. Figure 12 shows the connection
weight of the 31st neuron from the input neurons that are
responsible for the x location of the object. It can be seen
that the 31st neuron has a large negative connection weight
from three input neurons, each of which responds when the
object exists at around x = 2.0, 2.25, or 2.5. This suggests
that the negative connection weights decrease the output of
this neuron.
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Figure 14: Connection weights to the 12th neuron from the input
neurons responsible for the x location of the object. Lateral axis
indicates the most responsible point of each input neuron.

As shown in Figure 13, the output of the 12th hidden
neuron increases just before the object comes into the area
where it may be invisible. The timing when the output
of 12th neuron increases is slightly later than that of the
decrease in output of the 31st neuron. The 12th neuron
is connected from the 31st neuron with a large negative
weight. Figure 14 shows the connection weights of the 12th
hidden neuron from the input neurons contributing to
the representation of the x coordinate of the object. This
neuron has a large positive connection weight from the input
neurons, which respond just before the object enters the area
where it is possibly invisible. These two types of connections,
from the 31st neuron and from some inputs, might increase
the output of the 12th neuron.

When the pattern of increase in the output of the
12th hidden neuron is observed, it is clear that the output
increases as the velocity of the object in the x direction
decreases. When the x velocity of the object is smaller, it stays
in the specific area for a longer period before entering the
area where it might be invisible. This suggests that both the
12th and 31st neurons play a role in detecting the x velocity
of the object, and the 12th neuron represents the velocity
of the object just before it enters the area where it might
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Figure 15: Correlation between the number of steps until catching
the object in the invisibility area and the output of the 12th hidden
neuron. The output varies according to the direction of motion and
velocity of the object, although the number of steps until the catch
is the same.
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Figure 16: Output change of the 8th hidden neuron for the three
velocities.

be invisible. The 12th neuron must represent the predicted
catch timing and contribute toward catching the object at the
appropriate timing even though the invisible area is wide.

Figure 15 shows the relation between the output of the
12th neuron just before the object passes the line of x = 3.0
and the number of steps from x = 3.0 to the catching
of the object. Although they have some correlation, there
is no one-to-one correspondence. As mentioned previously,
the representation is distributed and one neuron represents
several pieces of information simultaneously. In this case, this
neuron represents not only the predicted catch timing but
also some other information.

This 12th neuron has a large positive connection weight
to the 8th neuron, whose output is shown in Figure 16.
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Figure 17: Output change of the 28th hidden neuron for the three
velocities.
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velocities

Therefore, the delay of the timing of the decrease in the
output of the 12th neuron causes a delay in the timing when
the 8th neuron’s output decreases. It is interesting that the
difference of hidden output due to the object velocity in the
31st and 12th hidden neurons causes the delay of the signal
in the 8th hidden neuron.

Next, the 28th neuron (Figure 17), which has a negative
connection from the 8th neuron, responds later. Further-
more, the 28th neuron has a positive connection to the 29th
neuron; the response of the 29th neuron (Figure 18) follows
the response of the 28th neuron. The 29th neuron has a large
positive connection to the output neuron, which represents
the Q-value of the catch action whose response is shown in
Figure 6. Thus, the response of the 12th neuron is relayed
through some hidden neurons to the output neuron of the
Q-value for the catch action. This relay of hidden neurons
realizes the sudden increase in the Q-value for the catch
action, as shown in Figure 6.

4.3. Consideration. The important point in this study is
that the authors have not provided any knowledge in
advance about the following items; the agent has learned
them autonomously through reinforcement learning alone
by reward and punishment.

(1) The velocity in the x direction of the object is useful
for performing the catch action at the appropriate
timing.

(2) The velocity in the x direction of the object can be
detected by the inputs that respond to the existence
of the object around a specific x coordinate.

(3) The way in which the detected velocity information
can be related to the catch timing: especially, the
detected velocity value is transformed to the delay of
the signal.

(4) The information can be conveyed through a relay of
hidden neurons.

Actually, more information than that discussed is con-
sidered in the recurrent network, but due to the parallelism
of the processing system, it is difficult to understand its exact
mechanism. Thus, it might also be difficult to understand the
exact mechanism of the human brain.

5. Conclusion

In this paper, the authors proposed that the prediction
function can emerge through reinforcement learning alone,
using a recurrent neural network. This prediction function
includes not only the way of predicting the target infor-
mation but also the extraction of prediction target among
many pieces of information available and the prediction of
an appropriate timing. It was shown that through learning,
the prediction function emerged—an agent could achieve
a task in which prediction was necessary. Furthermore, the
recurrent neural network extracts the necessary information
for prediction from many input signals, relays the predicted
information among some hidden neurons, and finally,
enables the catching of the object at an appropriate timing.
However, since the processing system is parallel, one neuron
does not represent one piece of information explicitly, thus
making it difficult to understand the processing of the
network.
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A robot designed to mimic a human becomes kinematically redundant and its total degrees of freedom becomes larger than
the number of physical variables required for describing a given task. Kinematic redundancy may contribute to enhancement of
dexterity and versatility but it incurs a problem of ill-posedness of inverse kinematics from the task space to the joint space. This
ill-posedness was originally found by Bernstein, who tried to unveil the secret of the central nervous system and how nicely it
coordinates a skeletomotor system with many DOFs interacting in complex ways. In the history of robotics research, such ill-
posedness has not yet been resolved directly but circumvented by introducing an artificial performance index and determining
uniquely an inverse kinematics solution by minimization. This paper tackles such Bernstein’s problem and proposes a new method
for resolving the ill-posedness in a natural way without invoking any artificial index. First, given a curve on a horizontal plane for
a redundant robot arm whose endpoint is imposed to trace the curve, the existence of a unique ideal joint trajectory is proved.
Second, such a uniquely determined motion can be acquired eventually as a joint control signal through iterative learning without
reinforcement or reward.

1. Introduction

Almost a quarter century ago, “robotics” was defined by
Professor Brady at the first International Conference of
Robotics Research [1] as “the intelligent connection of
perception to action.” After a great deal of researches on
developments of industrial robots and their applications, a
variety of research projects on “humanoid” have attracted
many roboticists during the past decade and nowadays
robots that can walk with a bipedal mode are not peculiar.
Nevertheless, the present state of the art of humanoid still
lacks dexterity in fulfillment of ordinary tasks that human
encounter in their everyday life. More than a half century
ago preceding the birth of “humanoid,” Bernstein [2, 3]
noted that dexterity of human body movements resides in
involvement of surplus degrees of freedom of limb joints but
this incurs the ill-posedness of inverse kinematics. This was

introduced to the robotics community through the famous
textbook [4] in page 303 in such a statement as

“The study of human biological motor control mechanisms
led the Russian psychologist Bernstein to question how the brain
could control a system with so many different degrees of freedom
interacting in such a complex fashion. Many of these same
complexities are also present in robotic systems and limit our
ability to use multifingered hands and other robotic systems to
their full advantage.”

Actually, this was originally quoted from Hinton’s article
[5] in which he summarized what Bernstein challenged in the
following way.

(a) What can we infer about the code that the brain uses
to communicate with the periphery, and what does that tell
us about how the computation is organized?, (b) If the brain
knew just what movements it wanted the body to make,
could it figure out what to tell the muscles in order to make
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Figure 1: The set of all possible postures of a planar robot arm
with three joints can be regarded as a Riemannian manifold with
Riemannian metric gi j(q) that constitutes the inertia matrix.

it happen? (c) How is it possible to coordinate a system with
so many degrees of freedom that interact in such complex
ways? (d) How does the brain make sensible choices among
the myriad possibilities for movement that the body offers?

This paper discusses what are the fundamentals of
biomimetic control by focusing Bernstein’s DOF problem
and shows one way for solving such difficult problems from
the standpoint of Riemannian geometry. It is shown in the
case of multijoint reaching with DOF redundancy that, given
a starting posture in the robot configuration space (or a
Riemannian manifold as a set of all postures) and a target
endpoint in the task space, there exists a unique orbit of joint
motion, provided that the gravity term is compensated in
a feedforward manner. Then, it is shown that such an ideal
joint motion can be acquired through the iterative learning
control without introducing any kind of performance index
or reinforcement. In the second illustrative example, a
handwriting motion with DOF redundancy is analyzed from
the viewpoint of Riemannian geometry under the situation
that writing with a ball pencil is imposed to trace an arbitrary
smooth curve of C∞-class on an arbitrary smooth surface
in the three-dimensional Euclidean space. Even in this case
there exists a unique joint motion in the base Riemannian
manifold with DOF redundancy and it can be acquired
through repeated exercises of handwriting motion, that is, an
ILC scheme without introducing any artificial performance
index. In conclusion, an ideal multijoint motion can be
acquired through repeated exercises of motion even under
the existence of redundancy in DOF, irrelevantly to any kind
of reinforcement with the aid of some sort of reward [6, 7].

2. Riemannian Manifold and Euler’s Equation

It is widely known among roboticists that kinematics and
planning of multijoint robots are treataed in the configu-
ration space regarded as an n-dimensional numerical space
Rn [8, 9]. On the other hand, Arnold [10] pointed out
the importance of Riemannian geometry in the analysis of
mechanical systems and shown that the dynamics of motion

of a double pendulum can be described by an orbit on a two-
dimensional torus T2 that is regarded as T2 = S1 × S1, where
S1 denotes a unit circle. In line with this notion, an n-DOF
robot arm can be treated on an n-dimensional Rimeannian
manifold like an n-dimensional torus Tn, and the stability
problems of PD feedback with damping shaping [11] were
retreated in a Riemannian-geometric manner [12, 13]. More
recently, the author and his group showed that, given a
robot arm, the set of all possible postures can be regarded
as a Riemannian manifold with the Riemannian metric
that constitutes the inertia matrix [14, 15] (see Figure 1).
Thus, an orbit of motion as a geodesic solution to the
Euler equation can be regarded as an inertia-induced motion
without affection of damping and gravity forces [16].

It is well known as in a text book that motion of a robot
manipulator as a serially connected rigid-body system is
governed by an Euler-Lagrange equation shown in the form
(see [17])
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If we consider a control torque that can exactly compensate
the gravity term, that is,

u = g
(
q
)
, (3)

then substitution of (3) into (1) yields

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)}
q̇ = 0, (4)

which is considered to be an ideal equation of motion
without affection of gravity and joint damping forces like a
robot arm on an artificial satellite in space. It is pointed out
in the recent papers [14, 16] that (4) is equivalently written
in the form

gik
(
q
)
q̈i + Γik j

(
q
)
q̇ j q̇i = 0, k = 1, . . . ,n, (5)

where Γik j denotes the Christoffel’s symbol of the second
kind and the symbol of summation with respect to i and j
in (5) is omitted by obeying the Einstein’s rule in differential
geometry [18, 19]. Equation (5) is also expressed equivalently
in the form

q̈k + Γki j q̇iq̇ j = 0, k = 1, . . . ,n, (6)
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Figure 2: “Reaching” by means of a surplus DOF system of hand-
arm dynamics.

which is called the Euler equation. In (5) and (6), Γik j and
Γki j (i.e., called the Christoffel’s symbol of the first kind) are
defined as follows:

Γik j = 1
2

(
∂gjk
∂qi

+
∂gik
∂qj

− ∂gi j
∂qk

)
,

Γki j =
1
2

n∑

l=1

glk
(
∂gjl
∂qi

+
∂gil
∂qj

− ∂gi j
∂ql

)
= 1

2

n∑

l=1

glkΓil j ,

(7)

where (glk) denotes the inverse of G(= (gi j)). The equiva-
lence relation of (5) to (4) is shown in the previous paper
[15].

3. Multijoint Movements with
DOF Redundancy

Let us now consider motion of a redundant planar robot arm
whose endpoint is free to move in the horizontal plane as
shown in Figure 2. The Lagrange equation of motion of the
whole arm-hand system depicted in Figure 2 is expressed as

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)}
q̇ = u, (8)

where q = (q1, . . . , q4)T and each rotational axis of the four
joints (shoulder, elbow, wrist, and index finger MP (metacar-
pophalangeal) joint) is in the direction perpendicular to the
xy-plane. Given a robot arm posture q in the configuration
space R4 or in the 4-dim. base manifold {M, gi j}, the
endpoint position x can be determined by the forward
kinematics. A vector-valued function x(q) = (x(q), y(q))
of C∞-class. However, given an endpoint position xd in
R4, there arises an infinite number of inverses that realize
x(qd) = xd and thereby the problem for obtaining inverse
kinematics from the 2-dimensional Euclidean space E2 to the
4-dimansional configuration space R4 becomes ill-posed.

A variety of ideas for solving such ill-posedness of inverse
kinematics for redundant robotic systems with excess DOFs
has been proposed in the area of robotics, based upon the use
of the form

q̇d(t) = J+(q(t)
)

ẋd +
(
I − J+(q)J(q))v, (9)

where v should be computed so as to optimize a certain
performance index related to joint position variables (for
example, manipulability index [20], obstacle avoidance [21],
etc.). In equation (9), J(q) stands for the Jacobian matrix of
x in q, that is, J(q) = ∂x/∂qT, and J+(q) denotes the pseudo-
inverse of J(q). The original idea of use of the pseudo-inverse
J+(q) is due to Whitney [22]. Once a desired joint velocity
q̇d(t) is planned, it is claimed that the computed torque
method can be applied for determining the control input
that must generate the whole joint motion of the robot.
This is called “inverse kinematics approach”. Another idea of
direct generation of a control signal called “inverse dynamics
approach” is based upon a form of control input

u = G
(
q
)
J+(q){ẍd − J̇

(
q
)
q̇
}

+ g
(
q, q̇

)

+
(
I − J+(q)J(q))v,

(10)

where v is computed so as to optimize a certain performance
index related to velocity variables (e.g., kinetic energy [23],
torque [24], energy dissipation [25], etc.). In (10), g(q, q̇)
means compensation for the remaining nonlinear function
including centrifugal and Coriolis forces and the gravity
effect. In the physiological literature, main concerns are
focussed on the question why human skilled multijoint
reaching movements exhibit typical characteristics that (1)
endpoint trajectory becomes a quasistraight line and less
variable throughout repetitions, (2) velocity profiles of the
endpoint velocity becomes bell-shaped, though (3) joint
trajectories are rather variable trials-by-trials [26]. Then, a
variety of cost functions for derivation of such properties
of point-to-point reaching movements has been proposed,
among which a quadratic function of endpoint jerk (rate
of acceleration) was the first [27] and successively a cost
function based on joint torques was introduced [28] for
planning not only an endpoint trajectory but also joint
trajectories. However, in the physiological literature, there
is a dearth of papers that attempted to directly deal with
reaching movements with redundant joints, though the
importance of Bernstein’s DOF problem [2] has been widely
known among physiologists.

Differently from the traditional approaches, a simpler
control method for multijoint reaching movements was
proposed very recently in our previous papers [29–31] and
shown to be effective in both cases of human and robotic
arms with redundant DOFs. In those papers, only planar
motions confined to a horizontal plane are treated and
therefore the control signal is free from gravity with a simple
form (see Figure 3)

u = −Cq̇ − JT(q)kΔx, (11)

where C denotes a diagonal positive definite matrix as
follows:

C = diag(c1, . . . , cn). (12)

Notwithstanding this simpler form than (10), once damping
factors C and single stiffness parameter k are chosen
carefully, it is shown that it generates smooth reaching
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Figure 3: Virtual spring-damper hypothesis.

movements by realizing a quasistraight endpoint trajectory,
bell-shaped velocity profiles, and double-peaked acceleration
profiles typically seen in case of human skilled multijoint
movements [26, 32]. Therefore, the method can get rid of
undesirable fluctuations of the endpoint trajectory tracking
as pointed out in a recent elaborate work [33]. Such fluctu-
ations in task space tracking caused by using the computed
torque under uncertainty in link parameters become more
noticeable in cases of robots with redundant DOFs. In
contrast, in the use of control defined in (11), there is no
need of planning any desired endpoint trajectory. However,
all these treatments are restricted to planar motions as well
as in most of the previous papers on multijoint reaching
movements. In addition, another disadvantage is that choice
of damping factors recommended in [29] is not fit to the scale
of coefficients of viscosity of human muscles [34, 35].

To reduce damping factors in general, another control
method based upon “Virtual Spring-Damper Hypothesis”
was suggested in [31], which in the case of planar motions
without affection of the gravity is expressed by the form

u = −C0q̇ − JT(q)
(
ζ
√
kẋ + kΔx

)

= −C0q̇ − ζ
√
kJT(q)J(q)q̇ − JT(q)kΔx,

(13)

where C0 is chosen as follows:

C0 = ζ0 diag(c1, . . . , cn), (14)

together with positive constant 0 < ζ0 < 1.0. The effectiveness
of this control signal particularly in the case of middle-range
reaching was demonstrated through computer simulation
and its performance was compared with that of the control
of (11). Theoretical verification of the effectiveness of this
spring-damper hypothesis was also presented, on the basis
of an energy conservation law like a Lyapunov-like relation

q(t)

q∗(t)

q(t)

Configuration space

P′

∗

∗

∗

NP = {q | x(q) = x(0)}
NP′ = {q | x(q) = xd}

∗
P = q(0)
= q0

Figure 4: A set of all postures that have the same endpoint position
xd constitutes a two-dimensional Riemannian submanifold.

obtained by substituting (13) into (8) and taking the inner
product of this resulted closed-loop dynamics and q̇ as
follows:

G
(
q
)
q̈ +

{
1
2
Ġ + S + C0

}
q̇ + JT(q)

{
ζ
√
kẋ + kΔx

}
= 0,

d
dt

{
1
2
q̇TG

(
q
)
q̇ +

k

2
‖Δx‖2

}
= −q̇TC0q̇ − ζ

√
k‖ẋ‖2.

(15)

These results suggest that skilled multijoint movements can
be generated even in the case of robot arms with redundant
DOFs without construction of any inverse dynamics through
“error-feedback learning” as claimed in a physiological
journal [36] for modifying Equilibrium-Point hypothesis
[35], End-Point hypothesis [37], and Virtual Trajectory
hypothesis [37].

4. Existence of Desired Joint-Motion

More recently in the paper [16], an interesting result is found
that the endpoint trajectory of a solution to the closed-loop
dynamics for a given starting posture resembles considerably
the endpoint trajectory of a geodesic solution to the Euler
equation of (5) or (6) starting from the same given posture
to a certain different posture with the prescribed endpoint xd.
The existence of such a geodesic solution to (6) is ascertained
by considering a two-dimensional Riemannian submanifold
that is defined by the set of all postures q satisfying x(q) = xd,
that is (see Figure 4),

NP′ =
{
q | x

(
q
) = P′(= xd)

}
. (16)

Similarly, define another submanifold

NP =
{
q | x

(
q
) = P (= x(0))

}
. (17)

For a given endpoint position xd in E2, NP′ constitutes a two-
dimensional submanifold of the base manifold {M, gi j}, that
is called the equilibrium-point manifold or simply the EP-
manifold in this paper. Denote by q(t) any smooth orbit of
motion of the robot starting at t = a from the same posture
q(t = a) = q0 and reaching the submanifold NP′ at t = b so
that it satisfies x(q(b)) = xd. Then, consider the infimum

d
(
q0,NP′

) = inf
q(t)

∫ b

a

√∑

i, j

gi j
(
q
)
q̇i(t)q̇ j(t)dt (18)
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over the set of all such possible orbits of robot motion
connecting q0 and NP′ . If xd is not so distant from x(0) (=
x(q0)), it is reasonable from the text books of Riemannian
geometry [18, 19] that there exists a unique optimal orbit
q∗(t), t ∈ [a, b], that minimizes the right-hand side of
(18). Then, the quantity d(q0,NP′) is entitled to be called
the Riemannian distance from q0 to the submanifold NP′ in
the base manifold {M, gi j}. It is well known that the optimal
orbit q∗(t) must satisfy the Euler equation (6) for t ∈ [a, b]
and, moreover, it must satisfy the following equation:

{
I4 − J+(q∗(t)

)
J
(
q∗(t)

)}
q̇∗(t) = 0, (19)

where J(q) = ∂x(q)/∂qT, the Jacobian matrix of x(q) with
respect to q. In other words, q̇∗(t) must belong to the image
space of JT(q∗(t)) at any instant t in [a, b]. That is, q̇∗(t) does
not have any component in the kernel space of JT.

Consider now an endpoint trajectory tracking problem
for a redundant multijoint arm of Figure 2 in the case that
a desired endpoint motion is given as a curve xd(t) : I =
[0,T] → E2. The control task is to maneuver the robot to let
its endpoint trace the given trajectory xd(t) in E2 through a
task space control signal

u = JT(q)v (20)

provided that the robot dynamics is governed by the
Lagrange equation

G
(
q
)
q̈ +

{
1
2
G
(
q
)
q̇ + S

(
q, q̇

)}
q̇ + C0q̇ = JT(q)v, (21)

where C0 is a 4 × 4 positive definite damping coefficient
matrix. We assume that the initial posture of the robot at
t = 0 is given by q(0) = q0 and motion of the robot starts
from the still state, that is, q̇(0) = 0. The first problem
is to find an adequate control signal v(t), t ∈ [0,T], so
that the solution to the Lagrange equation of (21) starting
from q(0) = q0 and q̇(0) = 0 satisfies x(q(t)) = xd(t) for
t ∈ [0,T]. In order to find a solution to this problem, we
decompose any solution trajectory of joint velocity q̇(t) in
such a way that

q̇ = (P,W)

⎛
⎝ẋ

η̇

⎞
⎠, (22)

where x = x(q), ẋ = J(q)q̇, η̇ is a 2 × 1 vector and P is the
4× 2-matrix defined by

P = JT(q)
(
J
(
q
)
JT(q)

)−1 = J+(q) (23)

and W is a 4×2-matrix whose column vectors w1 and w2 are
orthogonal to JT(q) (wi belongs to the kernel space of JT(q))
and satisfy ‖w1‖ = ‖w2‖ = 1 and wT

1w2 = 0. Then, if we
define

Q = (P,W), Q−1 =
⎛
⎝ PT

WT

⎞
⎠ = QT,

G1 = QTGQ, C1 = QTC0Q,

S1 = QTSQ − 1
2
Q̇TGQ +

1
2
QTGQ̇,

(24)

then, by substituting (22) into (21) and multiplying the
resultant equation by the transpose of Q from the left, we
have

G1

⎛
⎝ẍ

η̈

⎞
⎠ +

1
2

{
Ġ1 + S1 + C1

}
⎛
⎝ẋ

η̇

⎞
⎠ =

⎛
⎝v

0

⎞
⎠. (25)

Note that S1 is again skew-symmetric. For convenience let us
define

B1 = 1
2
Ġ1 + S1 + C1 (26)

and decompose G1 and B1 in such a way that

G1 =
⎛
⎝G11 G12

GT
12 G22

⎞
⎠, B1 =

⎛
⎝B11 B12

B21 B22

⎞
⎠, (27)

where allGij and Bij are of 2×2-matrix. Then, it follows from
(25) that

G22η̈ + B22η̇ = −GT
12ẍ − B21ẋ. (28)

This equation means that if ẋ(t) is set as ẋ(t) = ẋd(t) and
qd(t) is also given then η̇(t) can be determined uniquely from
solving the differential equation of (28) as an initial-value
problem by setting η̇(0) = 0. It should be remarked at this
stage that the given curve xd(t) is of C∞-class described in
terms of time parameter t in E2, that is, it is an E2-valued
function of t with the initial value xd(0) = x(q0), and it has
the continuous time derivative ẋd(t) with the initial value
ẋd(0) = 0. Now, multiplying (28) by G−1

22 and accompanying
this with (22) by setting ẋ = ẋd and ẍ = ẍd, we have

q̇d = P
(
qd
)

ẋd +W
(
qd
)
η̇, (29)

η̈ = −G−1
22

(
qd
){
B22

(
qd, q̇d

)
η̇ +G12

(
qd
)

ẍd
}

+G−1
22

(
qd
)
B21

(
qd, q̇d

)
ẋd.

(30)

This couple implies a set of six simultaneous differential
equations of 1st order concerning six variables {qd, η̇}
though the right hand side of (30) contains q̇d and hence it
is an implicit function expression. Fortunately, it is possible
to obtain an explicit expression of the six simultaneous
differential equation by putting

B22 = B22
(
qd,Pẋd +Wη̇

)
,

B21 = B21
(
qd,Pẋd +Wη̇

)
.

(31)

Hence, the right hand sides of (29) and (30) are nonlinear
in qd and η̇, but they are Lipschitz continuous in qd and η̇
locally. Therefore, for given ẋd and ẍd there exists a unique
solution {qd(t), η̇(t)} for an interval t ∈ [0, a] with some a >
0 satisfying qd(0) = q0 and η̇(0) = 0, where q0 signifies an
initial posture satisfying x(q0) = xd(0). This fact was already
discussed in our previous paper [38]. In this paper, we now
prove the unique existence of the solution to the pair of 1st-
order differential equations of (29) and (30) over the time
interval [0,T], provided that C0 is not so small in comprison
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with the scale of G(q) and both the quantities of ẋd and ẍd
are within an adequate physical scale.

First, we analyze (30) or (28) by rewriting them in a more
detailed manner as follows:

G22η̈ +
{

1
2
Ġ22 + S22

}
η̇ + C22η̇ = −GT

12ẍd − B21ẋd − C21ẋd,

(32)

where

G22 =WTGW , C22 =WTC1W , GT
12 =WTGP,

B21 = 1
2
Ġ21 + S21, C21 =WTC1P

(33)

and S22 denote the submatrix (si j) of S1 for i, j = 3 or
4, and B21 plus C21 constitutes B21. Note that B21 is linear
and homogeneous in η̇ but G12 are irrelevant to η̇. In this
paper, we restrict our consideration to the case that overall
movements of the robot is confined to a single chart of
the base manifold in which at any posture in the chart the
Jacobian matrix is nondegenerate and therefore there exists
a positive constant σ0 such that J(q)JT(q) ≥ σ0I2 inside the
chart. Under this condition, we analyze the following relation
obtained by taking the inner product of (32) and η̈:

d
dt

(
1
2
η̇TG22η̇

)
= −η̇TC22η̇ − η̇TB21ẋd

− η̇T
{
GT

12ẍd + C21ẋd
}
.

(34)

The second term of the right hand side is quadratic in η̇ and
therefore there exists a constant β0 such that

∥∥∥η̇TB21ẋd
∥∥∥ ≤ β0

∥∥η̇
∥∥2 (35)

and β0 depend on the maximum magnitude of ẋd and 1/σ0.
The third term of the right hand side is bounded from the
above in the following way
∥∥∥−η̇T

{
GT

12ẍd + C21ẋd
}∥∥∥ ≤ η̇TWTGWη̇ +

1
2

ẍdPTGPẍd

+
1
2

ẋT
dP

TC0G
−1C0Pẋd.

(36)

As discussed previously in [39], the damping matrix C1 can
be chosen to be of the order ofG1/2 and further so as to satisfy

C0 > 2β0I4, C0 > 2G. (37)

Then, (34) is reduced to the inequality relation

d
dt
ηd(t) ≤ −γ0ηd(t) + ξd(t), (38)

where we put with some positive constant γ0

ηd(t) = 1
2
η̇T(t)G22(t)η̇T(t),

ξd(t) = 1
2

ẍT
d (t)PTGPẍd(t)

+
1
2

ẋT
d (t)PTC0G

−1C0Pẋd(t).

(39)

Clearly, since ηd(0) = 0, (38) implies

ηd(t) ≤
∫ t

0
e−γ0(t−τ)ξd(τ)dτ (40)

which concludes that η̇(t) is uniformly bounded in t ∈
[0,T].

Once q̇d(t) and η(t) are obtained for the given ẋd(t) and
ẍd(t), the desired input signal vd(t) in the image space of
J(qd) is obtained by setting q(t) = qd(t), ẋ(t) = ẋd(t),
ẍ(t) = ẍd(t) in (25).

5. Iterative Learning Control in the Task Space

Given a desired trajectory of the endpoint in the task space E2

for a redundant robot arm, there exists a unique trajectory of
robot motion in the joint space for a specified initial posture.
In particular, it is shown in the previous section that there is
uniquely a control signal in the task space that maneuvers the
robot through the transpose of the Jacobian matrix to realize
the endpoint tracking. However, such a control signal can not
be obtained in any analytical form. Nevertheless, it is possible
for us to acquire such a desired control signal by using a
simple iterative learning control scheme, provided that the
endpoint trajectory in the task space can be measured by
visual sensing.

At the kth trial of iterative learning, the control signal for
the dynamics of (21) is designed in the form

vk = −JT(qk
){
κΔxk(t) + ζ1

√
κΔẋk(t)

}

+ vk−1 −ΦΔẋk−1(t),
(41)

where J(qk) means ∂x/∂q at x = x(qk), and

Δxk(t) = x
(
qk(t)

)− xd(t),

Δẋk(t) = ẋ
(
qk(t)

)− ẋd(t).
(42)

The first term of the right hand side of (41) signifies the inner
task-space PD feedback, vk−1 denotes the previous control
signal at the (k − 1)th trial, and Φ is an adequate positive
definite constant matrix. At the first trial, usually we set
v0(t) = 0 for t ∈ [0,T]. At the second trial v1(t) must contain
erroneous terms. Fortunately, without knowing the desired
ideal control vd(t), it is possible to expect that Δxi(t) → 0
and Δẋk → 0 for t ∈ [0,T] as k → ∞. We give an illustrative
example of numerical simulation conducted for the 4-DOF
robot arm shown in Figure 2 with physical parameters given
in Table 1. The values for length, mass, and inertia moment
of the first link correspond to those of an upper arm of
average human adult (male), and the values for the second
link do to those of a lower arm. The third link corresponds
to a human palm and the fourth an index finger. The desired
task is to write a handwritten character “α” on the xy-
plane. More explicitly, the endpoint trajectory is given by the
equation

xd(t) =
⎡
⎣0.00

0.30

⎤
⎦ +

⎡
⎣ 0.075 cosω(t)

0.100 cos 1.5ω(t)

⎤
⎦, (43)
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Table 1: Physical parameters of the 4-DOF robot arm.

Link number i 1 2 3 4

Length [m] li 0.2800 0.2800 0.09500 0.09000

Center of mass [m] lgi 0.1400 0.1400 0.04750 0.04500

Cylinder radius [m] ri 0.04000 0.03500 N/A 0.009500

Cuboid height [m] hi N/A N/A 0.08500 N/A

Cuboid depth [m] di N/A N/A 0.03000 N/A

Mass [kg] mi 1.407 1.078 0.2423 0.02552

Inertia moment [kg m2] Igiz 9.758× 10−3 7.370× 10−3 2.004× 10−4 1.780× 10−5
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Figure 5: Endpoint trajectories and the initial and final postures of the arm.
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Table 2: Initial values and gain settings in the case of the 4-DOF
planar robot arm.

(a)

Terminal time T 2.0 [s]

Initial posture

q1(0) 21.02 [deg]

q2(0) 75.47 [deg]

q3(0) 44.20 [deg]

q4(0) 64.87 [deg]

(b)

Gains

k 10 [N/m]

ζ0 0.5 [−]

ζ1 2.5 [−]

Φ 10.0 [−]

c1 0.862 [Nms]

c2 0.569 [Nms]

c3 0.129 [Nms]

c4 0.0356 [Nms]

where T = 2.0 [s] and

ω(t) = 2.0π

{
−15

(
t

T

)4

+ 6
(
t

T

)5

+ 10
(
t

T

)3
}
. (44)

The initial posture of the arm is given in Table 2. Based on
these data, the system of differential equations

G
(
qk
)
q̈k +

{
1
2
Ġ
(
qk
)

+ S
(
qk, q̇k

)
+ C0

}
q̇k

+ JT(qk
){
κΔxk + ζ1

√
κΔẋk

} = JT(qk
)

vk

(45)

is numerically solved by using the Runge-Kutta method.
In Figure 5 we show endpoint trajectories at 1st, 3rd, 5th,
and 10th trials and their corresponding postures at t = 0
and t = T . On the other side, we are able to obtain the
desired control signal numerically by numerically solving a
couple of 1st-order differential equations of (29) and (30).
Based upon knowing physical data given in Table 1, the
initial posture of q(0) given in Table 2, and the specified
endpoint trajectory of (43), we obtain the desired ideal
control signal shown in Figure 6. It is quite interesting to
know that, through simulations of the iterative learning,
calculated control signals vk(t), t ∈ [0,T], approach the
desired one as the trial number k increases as shown in
Figure 6. When k = 10, the trajectory of control signal v10(t)
almost coincides with the ideal one vd(t), that uniquely exists
just in the image space of the Jacobian matrix J(qd) with
x(qd) = xd for all t ∈ [0,T].

It should be remarked that the desired endpoint trajec-
tory x(t) in the case of multijoint reaching for the robot
arm of Figure 2 is obtained by solving the Euler equation of
(4) or (5) as a two-point boundary-value problem when the
initial posture q(0) = q0 at t = 0 is given and the terminal
condition at t = T is partially specified so as to move the
endpoint of the arm to meet x(q) = xd at t = T and pass
it away. This is the problem to find a curved orbit of the

endpoint connecting two given points x(q(0)) = x0 and
x(q(T)) = xd by selecting an adequate initial joint velocity
q̇(0) that is nonzero. However, the orbit x(t) of the endpoint
can be represented by a curve c(s) on E2 with the aid of length
parameters. In the case of middle-range reaching, the profile
of this endpoint geodesic curve c(s) quite resembles those of
human-like multijoint reaching characterized typically by a
quasistraight line movement of the endpoint starting from a
fixed still state.

6. Extension to the Case of Existence of
Effect of Gravity

Most of the previous results in Sections 4 and 5 can be
extended to the case that robot dynamics is subject to the
effect of gravity. In such a robot with redundancy in DOF,
robot dynamics is expressed by the Lagrange equation:

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)
+ C0

}
q̇ + g

(
q
) = JT(q)u, (46)

where g(q) stands for the gravity term that can be regarded as
a gradient vector of a potential function U(q) with respect to
q, that is, g(q) = ∂U(q)/∂q. Let us denote again the endpoint
position by x(q) in the m-dimensional Euclidean space Em.
Then, we split g(q) into

g
(
q
) = J+(q)J(q)g(q) +

(
In − J+(q)J(q))g(q)

= g1
(
q
)

+ g2
(
q
)
.

(47)

That is, g1(q) is a component of g(q) in the image space of
J(q) and g2(q) is that of g(q) in the kernel space of J(q), that is
orthogonally complement to the image space. In accordance
with the split of the term g(q), let us choose an n× (n−m)-
matrix W(q) = (w1, . . . ,wn−m) with n-dimensional unit
column vectors wi (i = 1, . . . ,n − m) that are mutually
orthogonal and satisfy W(q)JT(q) = 0 (i.e., W(q)J+(q) = 0).
Then, in a similar way to (22), we define

Q
(
q
) = (

J+(q),W(
q
))

(48)

which leads to

Q−1(q) =
⎛
⎝ J

(
q
)

WT
(
q
)
⎞
⎠. (49)

On the other hand, for a given desired endpoint trajectory
xd(t) for t ∈ [0,T], we consider the control signal with the
task space PD feedback

u = −{κΔx + ζ1
√
κΔẋ

}
+ v, (50)
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Figure 6: Transient responses of the ILC term vd = (vd1, vd2)T.
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Figure 7: Transient responses of the ILC term vk = (vk1, vk2)T.

where Δx = x − xd. Substituting (50) into (46) yields the
closed-loop dynamics

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)
+ C0

}
q̇ + g1

(
q
)

+ g2
(
q
)

+ JT(q){κΔx + ζ1
√
κΔẋ

} = JT(q)v,

(51)

where v expresses a feedforward task space control signal.
Then, consider the transform of q̇ to (ẋT, η̇T)T with an (n −
m)-dimensional vector in such a form that

q̇ = (
J+(q),W(

q
))
⎛
⎝ẋ

η̇

⎞
⎠ = Q

(
q
)
⎛
⎝ẋ

η̇

⎞
⎠. (52)
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In order that the equation of (51) with a desired control
signal vd(t) has a unique solution qd(t) and q̇d(t) so that its
endpoint trajectory x(t) is coincident with xd(t), and ẋ(t) =
ẋd(t), the following equations must be satisfied:

Gd

⎛
⎝ẍd

η̈

⎞
⎠ +

{
1
2
Ġd + Sd + Cd

}⎛
⎝ẋd

η̇

⎞
⎠

+

⎛
⎝
(
J+
(
qd
))T

gd

WT
(
qd
)
gd

⎞
⎠ =

⎛
⎝vd

0

⎞
⎠,

(53)

where gd = g(qd) and

Gd = QT
dG

(
qd
)
Qd, Cd = QT

dC0Qd,

Sd = QT
d SQd − 1

2
Q̇T
dG

(
qd
)
Qd +

1
2
QT
dG

(
qd
)
Q̇d

(54)

withQd = Q(qd). The latter (n−m)-dimensional component
of (51) can be expressed by

G22η̈d +
{

1
2
Ġ22 + S22 + C22

}
η̇

+GT
12ẍd + B21ẋd +WT

d gd = 0,

(55)

where Gd and Bd = (1/2)Ġd + Sd + Cd are decomposed into

Gd =
⎛
⎝G11 G12

GT
12 G22

⎞
⎠, Bd =

⎛
⎝B11 B12

B21 B22

⎞
⎠, (56)

and G22 and B22 are of (n − m) × (n − m)-matrix, and G11

and B11 are of m ×m-matrix. The simultaneous differential
equations (53) of 1st order together with

q̇d = J+(qd
)

ẋd +W
(
qd
)
η̇ (57)

determine a unique solution qd(t) and η̇(t) for given xd(t),
ẋd(t), and ẍd(t) with the initial conditions qd(0) = q0,
x(q0) = xd(0), and η̇(0) = 0.

7. ILC for Handwriting

All the considerations in the previous sections can be
extended to the case of a handwriting robot whose last link
is a ball-point pen constrained on a hypersurface ϕ(x) = 0,
where x = (x, y, z)T in E3 and ϕ(x) is a scalar function of C∞-
class (see Figure 8). First, we consider a pure mathematical
problem of finding a geodesic curve by ignoring the effect of
gravity and any joint damping. In this case, let us consider
an open connected area S on the hypersurface as shown in
Figure 8, on which any point P(= x) satisfies the equality
ϕ(x) = 0. Then, we denote by F a local coordinate chart
defined by F = {q ∈ (M, gi j) | x(q) ∈ S} and assume that F
is connected and at any q ∈ F the Jacobian matrix J(x(q)) =
∂x(q)/∂qT is nondegenerate. Then, given a point P on S with
the cartesian coordinates xP , the set of all q such that x(q) =
xP and q ∈ F constitutes a single-dimensional submanifold
NP (see Figure 9). Hence, for another given point P′ on

q1

J1

O(J0)

x
x′

y

q1

q2

x′

z

q3J2

J3 q4

P

S

ϕ(x) = 0

Figure 8: A handwriting robot with four DOFs whose endpoint
P(= (x, y, z)) is constrained on a hypersurface ϕ(x) = 0, where ϕ(x)
is a scalar function of C∞-class.

S, it is possible to consider an orbit in the submanifold F
(equivalently, φ(F) in the configuration space) starting from
q0, lying on N(S), and reaching some point lying on NP′

that is another single-dimensional submanifold defined by
the set of all q satisfying x(q) = xP′ and q ∈ F. Thus, it is
reasonable to suppose that there exists an optimal orbit q∗(t)
that gives minimization of the Riemannian distance from q0

to NP′ such that

d
(
q0,NP′

) = inf
q(t)

∫ 1

0

√
gi j
(
q(t)

)
q̇i(t)q̇ j(t)dt

=
∫ 1

0

√
gi j(c(t))ċi(t)ċ j(t)dt,

(58)

where the infimum is taken over all the orbits lying on N(S)
(see Figure 9), starting from q0 and reachingNP′ , where q∗(t)
is rewritten by c(t). It is reasonable to conclude that the
optimal orbit c(t) in (58) is a solution to the Euler equation
under the constraint ϕ(x(c)) = 0:

G(c(t))+
{

1
2
Ġ(c)+S(c, ċ)

}
ċ(t)=−λJT

c (x(c(t)))
∂ϕ

∂xT
, (59)

where λ denotes a Lagrange multiplier. In other words, the
path of c(t) from q0 to some point on NP′ can be called
the geodesic on the Riemannian submanifold N(S) induced
naturally from the constraint ϕ(x(q)) = 0.

Next, consider the full dynamics of the handwriting robot
with 4 DOFs shown in Figure 8 by taking into account the
effect of gravity forces and damping torques at joints (see
[38]). The dynamics is described by

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)}
q̇ + C0q̇ + g

(
q
)

= −λJT(q)∂ϕ(x)
∂xT

+ u,

(60)

where g(q) = ∂U(q)/∂q, U(q) denotes the gravity potential,
C0 a positive definite damping matrix, and J(q) = ∂x(q)/∂qT.
It should be remarked that ∂ϕ/∂x stands for a vector that
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q∗(t)q(t)

Oq(0)

= q0

NP
q1

q4

S = {q | ϕ(x(q)) = 0}

N(S) = S
⋂
φ(F)

q2 (or q3)

NP′

Figure 9: A geodesic curve starting from q0 lying on NP and
reaching some point on NP′ . Here, φ is a homomorphism mapping
F in M to φ(F) in R4.

originates at the position x(q) in E3 and is normal to the
surface ϕ(x) = 0 which the ball pen contacts with. Now we
introduce a length parameter s in E3 by the quantity

s(t) =
∫ t

0
‖ẋ(τ)‖dτ

=
∫ t

0

∥∥∥q̇T(τ)J
(
q(τ)

)
JT(q(τ)

)
q̇(τ)

∥∥∥dτ

(61)

and define the unit normal at the contact point as follows:

n(s) = ∂ϕ

∂x

∥∥∥∥∥
∂ϕ

∂x

∥∥∥∥∥
−1

. (62)

Then, by rewriting f = λ‖∂ϕ/∂x‖, (60) can be rewritten into

G
(
q
)
q̈ +

{
1
2
Ġ
(
q
)

+ S
(
q, q̇

)}
q̇ + C0q̇ + g

(
q
)

= − f JT(q)n(s) + u.

(63)

Note that the inner product of q̇ and the right-hand side of
(63) vanish. In other words, ẋ(= J(q)q̇) is orthogonal to n(s)
at the contact point in E3. Under the assumption that both
the endpoint position x(t) and the velocity ẋ(t) are measured
in real time by visual sensing and the Jacobian matrix J(q(t))
is calculated from the measurement data of x(t) and q(t) in
real time, suppose that the control signal must be constructed
through the Jacobian transpose in the form

u = JT(q)v. (64)

For a given desired endpoint trajectory xd(t), t ∈ [0,T],
together with ẋd(t) and ẍd(t) and a given desired pressing
force fd(t), we are concerned with the problem to find
a desired control signal vd(t) of (64) that maneuvers the
robot to make the endpoint of the last link (ball pen) trace
x(q(t)) = xd(t) on the hypersurface with the pressing
force fd in the direction normal to the surface. To show the

existence of a control signal in the image space of J(q), we
express it in a decomposed form such that

u = JT(q){vnn(s) + vbb(s) + vee(s)}, (65)

where b(s) signifies the unit vector tangent to the surface
in the direction of −ẋ(t) and e(s) = n(s) × b(s). Note that
substituting (65) into (63) yields

G
(
q
)
q̈ +

{
1
2
Ġ + S

}
q̇ + C0q̇ + (I4 − J+J)g

(
q
)

= −JTΠ(s)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎝

vn − f

vb

vn

⎞
⎟⎟⎠ +

⎛
⎜⎜⎝

gn

gb

ge

⎞
⎟⎟⎠

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

,

(66)

where

Π(s) = (n(s), b(s), e(s)),

⎛
⎜⎜⎝

gn

gb

ge

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

gT
(
q
)
J+n(s)

gT
(
q
)
J+b(s)

gT
(
q
)
J+e(s)

⎞
⎟⎟⎟⎠ = ΠT(s)(J+)Tg

(
q
)
.

(67)

Note that Π(s) is an orthogonal matrix belonging to SO(3),
g = (gn, gb, ge)

T is a vector in E3, and a component of g(q) to

q̇ = Q
(
q
)
⎛
⎜⎜⎜⎝

ξ̇

η̇

γ̇

⎞
⎟⎟⎟⎠, (68)

Q
(
g
) = (

J+(q)n(s),W
(
q
)
, J+(q)(b(s), e(s))

)
, (69)

where W(q) is the 4× 1 unit vector satisfying J(q)W(q) = 0,
ξ̇ and η̇ are a scalar and express a 2 × 1 velocity vector such
that (b(s), e(s))γ̇(s) = ẋ(t) at the contact point between the
tip of the ball pen and the surface. Since ξ̇ = 0 that implies
that the velocity of the tip of the pen in the direction n(s)
normal to the surface is zero, substituting (68) into (66) and
multiplying (66) by QT(q) yield

α
(
η̇, η̈, γ̇, γ̈

) = −(vn − f + gn
)
, (70)

G11η̈ +
{

1
2
Ġ11 + S11

}
η̇ +WTC0Wη̇ +WTg

(
q
)

+G12γ̈ + B12γ̇ = 0,

(71)

G22γ̈ +
{

1
2
Ġ22 + S22

}
γ̇ + C22γ̇

+GT
12η̈ + B21η̇ = −v −

⎛
⎝gb
ge

⎞
⎠,

(72)
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Figure 10: Handwriting on a hypersurface ϕ(x) = 0.

where G11 is of 1× 1, G22 is of 2× 2, and

G = PTGP, P = (W , J+(b, e)),

G =
⎛
⎝G11 G12

GT
12 G22

⎞
⎠, B =

⎛
⎝B11 B12

B21 B22

⎞
⎠,

B = 1
2
Ġ + S + PTC0P,

S = PTSP − 1
2
ṖTGP +

1
2
PTGṖ.

(73)

In (70), α is a function of C∞-class with respect to, η̇, η̈, γ̇, γ̈,
and q. Thus, for a given desired trajectory of the tip of the
ball pen, γ̇(t) = ẋd(t) and γ̈(t) = ẍd(t), it is possible to prove
the existence of qd and η̇(= η̇d) that satisfies

q̇d = P
(
qd
)
⎛
⎝η̇d

ẋd

⎞
⎠,

G11η̈d +
{

1
2
Ġ11 + S11

}
η̇d + C11η̇d

+WTg
(
qd
)

+G12ẍd + B12ẋd = 0,

(74)

where C11 = WTC0W . The two equations (74) are the set
of five simultaneous differential equations of the 1st order
in five variables of η̇d and qd. Once the desired trajectory
of joint motion qd(t) with its first and second derivatives is
determined together with the motion η̇d(t) of excess-DOF,
the desired control signal vd is given by (72) by putting
γ̇ = ẋd, q = qd, and η̇ = η̇d. Moreover, if a desired pressing
force fd is specified, the desired control signal in the direction
normal to the surface can be constructed through (70) such
that

vn = fd − gn
(
qd
)− α(η̇d, η̈d, ẋd, ẍd

)
. (75)

8. What Should the Central Processing
Unit Learn?

Given a smooth curve γ(s(t)) on a hypersurface ϕ(x) = 0
over time interval t ∈ [0,T], it is shown in the previous

vk

b(s)

n(s)

σk

∑∑
JT (q) q, q̇ x, ẋ

E3M

ẋ x−

f

∑ ψ ∑ +

−
fd

PD feedback
Δxk xd

ẋd

−

−
∑

Δẋ

Φ
−

−

∑

Memory

Memory

Figure 11: Iterative learning control scheme for robotic handwrit-
ing.

section that there exists uniquely a control signal v(t) lying
in the image space that makes the endpoint of the robot
trace the curve γ(s(t)) on the hypersurface. Irrespective of
the redundancy of DOF, once a starting posture of the robot
is specified in the Euclidean space E3 with its endpoint
position P = x(0) on the hypersurface ϕ(x) = 0 as shown
in Figure 10, the orbit qd(t) that realizes x(qd(t)) = xd(t)
itself is determined uniquely correspondingly to the uniquely
existing control signal vd(t) (see Figure 10). Then, there
arises a problem whether it is possible to acquire such a
desired control signal without knowing the details of the
robot dynamics. In order to discuss the problem, let us
consider a learning control scheme that is expressed by the
following form of the control signal (see Figure 11):

uk = −JT(q){κ(x− xd) + ζ
√
κ(ẋ − ẋd)

}

− JT(q){vk + σkn(s)},
(76)

where κ > 0 stands for a constant expressing the stiffness
parameter of position feedback and ζ > 0 a constant lying
in interval [0.5, 2.0] of R1. The first term of the right-hand
side expresses the task space (E3) PD feedback for a given set
of position and velocity (xd, ẋd) and the second term stands
for the learning control signal at the kth operation that is
constructed as follows:

vk+1 = vk −ΦΔẋk,

σk+1 = σk + ψΔ fk,
(77)

where ψ is an appropriate constant such that 0 < ψ < 1
and Φ is a positive-definite 3 × 3 constant matrix. In the
case of ordinary handwriting when the constraint surface is
a horizontal plane, it is shown in the previous paper in [38]
that the learning update law for the control signal based on
(76) makes the motion of the endpoint trace the given curve
xd(t) on the plane and at the same time the joint motions



Journal of Robotics 13

Intention

Motor control
Motor program

(memory)

Perception Spinal
reflexSensory-motor

coordination

Vision
sensing

Tactile & force
sensing

Motor control
signal

Figure 12: Sensory-motor coordination.

qk(t) and q̇k(t) converge to the ideal trajectories qd(t) and
q̇d(t) as k → ∞. The proof of convergence of the control
signals vk to the desired one vd as k → ∞ is also given in
[39] on the basis of the “passivity” of the input v and the
output ẋ of the system dynamics of (63) provided that u is
given through (64) and the gravity effect g(q) is carefully
compensated. Some numerical simulation results are also
presented in [39].

Returning to Bernstein’s problem discussed in the intro-
ductory section, we are fortunately able to quote Latash’s
commentary [40] to the book originally written by Bernstein
in Russian cited as [2]. Latash says,

Bernstein’s definition of degrees of freedom relied heavily on
the analysis of kinematic degrees of freedom of various systems.
In particular, when analyzing the human upper limb, Bernstein
considered all possible orthogonal axes of rotation in a joint as
independent degrees of freedom, which were later summed over
the joints. The apparent redundancy of the joints of the human
arm in comparison to the three-dimensional space where we
happen to live and where movements take place led Bernstein
to his famous formulation that the essence of motor control
is the elimination of the redundant degrees of freedom. The
beauty and brevity of this formulation is stunning. A skeptic
may want to decide whether control can always be reduced
to the elimination of redundant degrees of freedom. In other
words, I am suggesting that Bernstein’s famous definition may
not always be correct (blasphemy!!!)

Even in the case of simple humanlike multijoint point-
to-point reaching, Riemannian geometry suggests a good
reason to think that the central nervous system is functioning
according to a natural law of Newton’s mechanics, that is, the
law of inertia for multijoint mechanisms. Once a geodesic
curve q∗(t) connecting the given initial posture q0 and
the equilibrium submanifold NP′ (see (18)) is determined
with some initial velocity q̇∗(0), then the three-dimensional
orbit x(q∗(t)) for t ∈ [0,T] is obtained. This orbit can be
rewritten into a three-dimensional curve γ(s) with the aid of
length parameter s for a corresponding interval s ∈ [a, b].

Then this curve can be spelled out by a desired trajectory
given as a movement of the tip of the arm in E3 in the
form of xd(t) = γ(s(t)) for t ∈ [0,T] with the aid of a
scale change of “time” through a monotonously increasing
function s(t). Once a desired orbit xd(t) of motion of a tip
of the arm is given in E3 and at the same time an initial
posture of the arm is chosen, the trajectory of motion in
the joint space is uniquely determined without eliminating
any excess of the system’s DOF. However, it is important to
note that, even if there arises a small change of the initial
posture, say q0 + δq, it is possible to obtain the same desired
orbit xd(t) in E3 but the trajectory qd(t) of joints differes
slightly from that obtained when the initial posture is set as
q(0) = q0 and also the desired control signal vd(t) may differ.
Another noteworthy characteristic of humanlike multijoint
movements is called “variability”, which was first pointed
out by Bernstein [2]. Latash [32] observed that in the case
of human skilled motion the grade of variability of each
endpoint trajectory is quite low relative to variable profiles
of joint responses at each trial of reaching. The mathematical
arguments in the previous section suggest that the main part
of variability in joint space is caused by small fluctuations of
choice of an initial posture trial by trial and the others may
be noise.

We do not discuss the importance of redundancy of the
muscles involved in a specific motion of multijoint reaching.
The central nervous system surely uses its own means of
communication with the muscles, which is not analogous to
the language of joint kinematics that specifies the trajectories
in individual joint. Instead of overcoming the problem of
redundancy of the muscles, we implicitly assume in this
paper that a desired torque of individual joint is finally
generated by a total of forces of all the muscles involved in
movement of the joint. This premise may not be justified by
any reason, but it is important to quote Jackson’s observation
as a neurophysiologist [41] (see Figure 12):

“To speak figuratively, the central nervous system knows
nothing of muscles, it only knows movements.”

“The highest centres represent all parts of the body, literally
all parts supplied by nerves.”

9. Conclusions

This paper discusses difficult problems of control for human-
like robots with redundant DOFs from the standpoint of
Riemannian geometry. Irrespective of joint redundancy,
we have shown that there is no necessity to resolve the
inverse kinematics problem by introducing any artificial
performance index and optimizing it in both the cases of
(1) multijoint reaching movement with excess joints, and
(2) handwriting through iterative learning control. The most
important conclusion is that Riemannian geometry does not
care about the redundancy of joints through which rigid
links are connected in series but it is powerful in establishing
a correspondence between working-point trajectories in
the external three-dimensional space (E3) and movement
trajectories in a space of joint angles (a configuration space
Rn or a Riemannian manifold {M, gi j} as a set of whole
possible postures).
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An improved self-organizing map (SOM), parameterless-growing-SOM (PL-G-SOM), is proposed in this paper. To overcome
problems existed in traditional SOM (Kohonen, 1982), kinds of structure-growing-SOMs or parameter-adjusting-SOMs have
been invented and usually separately. Here, we combine the idea of growing SOMs (Bauer and Villmann, 1997; Dittenbach et al.
2000) and a parameterless SOM (Berglund and Sitte, 2006) together to be a novel SOM named PL-G-SOM to realize additional
learning, optimal neighborhood preservation, and automatic tuning of parameters. The improved SOM is applied to construct
a voice instruction learning system for partner robots adopting a simple reinforcement learning algorithm. User’s instructions of
voices are classified by the PL-G-SOM at first, then robots choose an expected action according to a stochastic policy. The policy
is adjusted by the reward/punishment given by the user of the robot. A feeling map is also designed to express learning degrees
of voice instructions. Learning and additional learning experiments used instructions in multiple languages including Japanese,
English, Chinese, and Malaysian confirmed the effectiveness of our proposed system.

1. Introduction

Kohonen’s self-organizing map (SOM) is a kind of a neural
network which maps a high-dimensional input onto a reg-
ular low-dimensional grid orderly by unsupervised learning
schemes [1–4]. Because of its simple algorithm and powerful
performance, SOM has been developed and applied widely to
the fields of pattern recognition, signal processing, intelligent
control, and so on [5–15]. In a website of SOM library [6],
more than 7,000 papers concern with this technique are
collected.

Generally, SOM algorithm maps an n-dimension fea-
ture data in an input space x(x1, x2 . . . , xn) to a unit
i in a low-dimensional output space with connections
mi(m1,m2 . . . ,mn) by a simple rule using Euclidean dis-
tance, winner-takes-all,

c = arg min
i

(‖x −mi‖), (1)

that is, a high-dimensional input is corresponded to a most
suitable unit i with position c, best-match-unit (BMU) on

the output map. For all inputs and initial connections with
random values, a competitive learning rule enhances that the
input data with similar features keep closely on the visualized
topological output map

Δmi = αhci (x −mi), (2)

where α is learning rate and hci is a neighborhood function

hci = exp

(
−‖ci − c‖

2

2σ2

)
. (3)

Here, ci, c denote the positions of an arbitrary unit on the
output map and BMU, respectively, i = 1, 2, . . . , k ≤ N ×
M, σ is a constant. Obviously, hci(x) ≥ 0, hci(0) = 1, and
hci(∞) = 0.

In fact, the size of the output space N×M in the original
SOM is fixed in advance, and parameters such as learning
rate α and the scale of neighborhood σ are often determined
empirically. These constraints result in 2 kinds of problems
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in technical applications [6–14]:

(1) the fixed size of output map prevents additional
learning when new feature data are presented and
BMUs are difficult to be found on the trained output
map;

(2) annealing schemes for tuning the learning rate and
the neighborhood size are necessary to improve the
operation rate of output map; however, it usually
increases computational load to realize the annealing.

Variations of SOM with growing structures are proposed
to solve the first problem [7–10]. The basic idea of these
kinds of SOM is to set the output feature map with a small
size initially, for example, 2 units, then insert rows/columns
into the map in training, where/when a most visited BMU
exists [7, 10] or the deviation of the distance between the
units on input layer and output map [8, 9]. We proposed
another kind of method to solve the lack of units by using
a memory layer to store matured units on the feature map
during training process and release the matured units to
be initialized, that is, the units come to available to be
reused [12, 13]. When a feature data set is input to the
learning system, the process searches corresponding BMU
on memory layer at first, feature map which is produced by
SOM just become to an intermediate map, so we called it
transient SOM (T-SOM).

To solve the second problem, there have been also various
approaches such as reducing learning rate (α in (2)) and
neighborhood size (σ in (3)) linearly, that is, multiplying
attenuation coefficients, calculating the neighborhood size
in the input space, or using Kalman filters to find BMU on
the output space [6]. Berglund and Sitte proposed a low-
cost parameterless SOM algorithm (PLSOM) recently which
uses the fitting error between the input and the map only to
decide the annealing schemes [11].

In this paper, we combine the idea of growing SOM
algorithm and the method of PLSOM to construct a novel
SOM names parameterless-growing-SOM (PL-G-SOM) to
tackle both problems of SOM described above. This new PL-
G-SOM increases its structure adapting to the input data,
and anneals parameters to realize sensitive clustering on the
output space automatically. We also adopt PL-G-SOM into
a voice instruction learning system where it serves as an
automatic classifier of input features as well as T-SOM has
been applied to a hand image instruction learning system
[12, 13] and a voice instruction learning system [14].

The rest of this paper is organized as follows. Section 2
presents the details of PL-G-SOM. Section 3 shows a voice
instruction learning system using PL-G-SOM. In Section 4,
instruction learning experiments with 4 languages were
reported to confirm the ability of learning and additional
learning of the proposed system. Section 5 is the conclusion.

2. A New SOM: PL-G-SOM

2.1. Growing of Output Map. To construct a growing SOM
which is more sensitive to larger categories of input data
comparing with the SOM with fixed size in advance, different

c

f

c

r

f

Figure 1: Insert a row/column into the feature map. Unit c is a
BMU, and f is the farthest unit among the neighbors of c, r the
inserted row/column.

Feeling map
(evaluation)

Action map
(labeling)

Feature map
(classification)

Input
layer x1 x2

· · ·
xn

Instructions

Instructor

Reward/punishment

Figure 2: The structure of a voice instruction learning system using
PL-G-SOM. It is similar to the system using T-SOM in [12–14],
however, instead of memory layer of BMU in T-SOM, each map
grows with training. Annealing schemes of their neighborhood size
and learning rates are given by PL-G-SOM.

criteria have been proposed. Fritzke chose to insert a new
row/column adjacent to a most often visited BMU in his
Growing Grid [7]. The reason for this criterion of map
enlargement is that the earlier map may be considered
as a coarse one and likelihood BMUs need to raise their
resolution to deal with the change of input. Meanwhile,
Bauer and Villmann suggested adding units in the direction
or even new dimension of the largest error between input
data and the output map in their GSOM [8, 9]. However, the
process of enlarging the output map either in Growing Grid
or GSOM is similar and it is shown in Figure 1. In fact, when
a new row/column needs to be inserted to the neighbor of
a BMU c, for example, in the middle of c and f, the weights
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Voice instructions,
reward /punishment

Transform data to
input feature space

Find a BMU on
the feature map

Find an action on
the action map
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a new unit?
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Act according to the stochastic
policy with state-action value
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Figure 3: Flow chart of the proposed voice instruction learning
system processing.

of connections between input and new nodes take average
values of c and f :

mr = 0.5
(

mc + m f

)
, (4)

and so do them of r’s neighbors

mr±l = 0.5
(

mc±l + m f±l
)

, (5)

where l = 1, 2, . . . ,N or M. Unit f is chosen which has
a largest Euclidean distance from the BMU c among the
neighbors of c, and after this process, the map size changes
to N × (M + 1), or (N + 1)×M.

We use the same growing process here however, a new
criterion to choose the BMU is proposed by concerning with
a reinforcement learning algorithm when SOM is adopted
into a human-machine interaction learning system. The
detail will be given in Section 3.

2.2. Annealing of Parameters. To decide the learning rate and
the size of neighborhood function, we adopt the method
of PLSOM proposed by Berglund and Sitte [11]. Either the
learning rate α = ε(t) or the neighborhood size σ(t) is
calculated by the distance between input and the BMU:

ε(t) = ‖x(t)−mc(t)‖2

r(t)
,

r(t) = max
(
‖x(t)−mc(t)‖2, r(t − 1)

)
,

r(0) = ‖x(0)−mc(0)‖2,

hεci(t) = exp

(
− ‖ci − c‖2

(σ(ε(t)))2

)
,

σ(ε(t)) = σmax · ε(t), σ(ε(t)) ≥ σmin,

(6)

where σmax, σmin are positive parameters, for example, the
value may be the size of the map and 1.0, respectively.

The competitive learning rule of the connections between
input and output units that is, (2), can be changed to an
online learning algorithm

mi(t + 1) = mi(t) + Δmi(t)

= mi(t) + ε(t)hεci(t)(x(t)−mi(t)).
(7)

3. A Voice Instruction Learning System
Using PL-G-SOM

A voice instruction learning system is supposed as an internal
model of an autonomous robot which performs kinds of
available actions when external signal in voices is presented
at first and learns to output requested actions using the
reward or punishment from the instructor. So the system
supports the robot to keep learning and additional learning
abilities. For example, a robot with the voice instruction
learning system is able to “understand” human’s instructions
in different languages, or a pet robot like “AIBO” [16] comes
easily to used to change a new owner.

3.1. The Structure. To realize the human-machine interac-
tion, an internal model of autonomous robot is constructed
as shown in Figure 2. The structure is similar to a learning
system using Transient-SOM (T-SOM) which is proposed
in our previous work [12–14]. In [12, 13], a hand image
instruction learning system which has 5 layers including
Input Layer, Feature Map, Action Map, Feeling Map, and
Memory Layer is composed with SOM algorithm and
reinforcement learning rules. Instructions to the robot are
presented by kinds of shapes of human’s hand, and robots
categorize them, that is, image signals in an 80-dimensional
space with SOM, and the instructions are labeled with a
series of autonomous actions according to a stochastic policy.
Instructor observes the action of the robot and provides
reward/punishment of the action to robot, so the action
policy of the robot is able to be modified to cooperate with
the instructions of hand images. For online learning and
additional learning, T-SOM adopted a memory layer which
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Figure 4: An instruction (sit down) features input to robot in different languages. Left: sound waves; right: normalized features in 20-
dimentional space.
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Figure 5: Comparison of the Euclidean distance (SE: squared error) between input and BMUs in learning (the first 300 iterations)/additional
learning process between T-SOM [12–14] (broken lines) and PL-T-SOM (solid lines).

stores “matured” BMUs, and input features are matched
with units on the memory layer before executing SOM on
feature map. We also adopted annealing plan to decide the
size of neighborhood and learning rate into T-SOM, and
a voice instruction learning system using the improved T-
SOM named PL-T-SOM was developed in [14]. However, a
problem that exists in T-SOM is that its memory layer stores
only the value of matured units without the topology of the
feature map. Even if the memory layer could remember the

topology of the feature map trained online, the new topology
would not be able to be established on it. For this reason, we
propose a new voice instruction learning system using PL-G-
SOM given in Section 2 instead of T-SOM.

In Figure 2, Feature Map is the basic growing SOM
and the size of Action Map and Feeling Map growing with
the Feature Map too. In fact, instructions given by voice
data are transformed into feature vectors of input space
(layer) at first, the PL-G-SOM algorithm is then executed
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faster and longer convergence than T-SOM in [12–14] (dash lines).

on the Feature Map, and the rules of growing given by
(4) and (5) (Figure 1) are also applied to increase Action
Map and Feeling Map. Action Map is composed by those
units which correspond to the units on Feature Map; that
is, each unit on Action Map represents each kind of features
of input data. The units on Action Map are labeled by a
reinforcement learning algorithm given by Section 3.2 to
limit each feature to adaptive actions of the robot. Feeling
Map has the same distribution of units as which of Action
Map. The action number that comes from Action Map is
furnished with a feeling value which expresses the degree of
the action mastered by the robot. The details of Feeling Map
are described in Section 3.3.

3.2. Reinforcement Learning Algorithm. The value of units on
Action Map is given by a value function of state and action,
that is, (8), where Q(st, at(i)) has the value of selected action
at(i) when the robot is in the state st , and Q(s0, a0(i)) =
random numbers initially:

Qt+1(st+1, at+1(i)) = Qt(st , at(i))± r, (8)

where ±r is the empirical value of reward (+)/punishment
(−) given by the instructor, for example, a positive constant
when the robot acted correctly according to its policy
function and a negative constant oppositely.

Now suppose that there are N × M units that exist on
Action Map; that is, N ×M states exist in the environment
of Markov decision process (MDP), each unit has K actions
to be selected available, then a reinforcement learning (RL)
algorithm [17] can be used to label the classes of the states
which are units on Action Map yielded by the Feature Map.
According to (8), a Q-value table can be established as shown
in Table 1.

For each state st that is, presented voice instruction,
robot intends to select a valuable action at(i) according

Table 1: Q-value table. Each unit of Action Map has a Qt(st , at(i))
value corresponding to an action.

st at(1) at(2) at(i) at(K)

1 6 2 −8 0

2 10 1 0 1

· · ·
N ×M 0 2 7 2

to a stochastic action policy π given by Gibbs distribution
(Boltzmann distribution) as shown in

πt(at(i) | st) = eQt(st ,at(i))/T
∑

j∈A eQt(st ,at( j))/T . (9)

Here, T is a positive parameter named temperature [17],
higher T causes an active exploration of actions (each action
is selected under a similar probability), and lower T gives a
greedy selection of the action with higher Q value oppositely.

We propose to use Q(st, at(i)) as a criterion of growing
the size of Feature Map, Action Map, and Feeling Map. In
fact, when the robot chooses an action with high Q(st, at(i))
but instructor judges that it is wrong, then a new row/column
is inserted nearby the st, that is, the BMU c. The growing
process is described in Section 2.1.

3.3. Feeling Map. To express the degree of how a voice
instruction is learned by robot, a Feeling Map which has
the same number of units with Action Map is designed
(Figure 2). The distance from input pattern to BMU of
Feature Map and the reward from instructor are used to
calculate feeling values which is normalized in [−1.0, 1.0]
where high positive value means happiness and 0.0 is the
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Comparing the learning result showed by (c) and (d), it is easy to find that except of the action “1”, PL-G-SOM showed to be more effective
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(a) Feature Map of PL-G-SOM
(t = 1200)
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1200)

Figure 8: Results of feature classification and instruction learning/additional learning using PL-G-SOM. The sizes of maps grew to 11× 15
(165 units) when they began with 5× 5 (25 units) in the experiment.

initial value of each unit; negative values express sadness. The
learning algorithm which was also used in [12–14] is given by

Ft+1(i) = Ft(i)± aC − bDi, (10)

where F(i) notes the feeling value of unit i on the Feeling
Map (zero initially), C notes the continue times of reward
or punishment, Di is the Euclidean distance (squared error)
between the unit on Feature Map corresponding to i, and the
input data, a, b are constants and 0 < a < 1, 0 < b� 1.

4. Experiments

4.1. Descriptions. Learning and additional learning experi-
ments were performed using the system with PL-G-SOM

proposed in Section 3 and the system with T-SOM in [12–
14].

Four kinds of voice instructions were used in experi-
ments: sit down, lie down, stand up, and walk. Instructions
in Japanese were used to training the system. Additional
learning using voice instructions given by other languages
was executed after training using the Japanese. Three kinds
of languages: English, Chinese, and Malaysian were used to
confirm additional learning ability of the system. The voices
were recorded in a normal room by 3 males who pronounced
each instruction 3 times. So, there were 3 samples of one
instruction used for each kind of languages while 4 actions
with 48 samples.

Sound waves were preprocessed by normalization and
noise elimination, and windowed by 20 intervals to yield
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Figure 10: Comparison of recognition error (SE: squared error
between input and BMU) in learning process between T-SOM and
PL-T-SOM.

20 feature vectors of input space. Figure 4 shows an
example of instruction “sit down” pronounced in Japanese
(“Osuwari”), English (“Sit”), Chinese (“Zuoxia”), and
Malaysian (“Duduk”). Parameters used in the experiments
are shown in Table 2.

4.2. Results and Analyses. Either T-SOM or PL-G-SOM
realized 100% recognition rates for 4 actions in different
languages after learning and additional learning. However,
PL-G-SOM showed faster and better convergence than T-
SOM when the Euclidean distance (SE: squared error)
between input and BMUs (Figure 5). This means that
the classification to the input pattern was executed more
efficiently by PL-G-SOM. Furthermore, the feeling values
which express instruction recognition rate showed more
obviously that correct actions of robot corresponding to
instructions in voices were acquired more quickly and stably
(Figure 6). Figure 7 shows the internal states of Feature Map

Table 2: Parameters used in the experiments.

Description Symbol Quantity

Size of Feature Map of
T-SOM

N ×M 5× 5

Size of initial
PL-G-SOM

N ×M 5× 5

Iteration times for
one instruction

t 300× 4

Temperature T 1.0

Number of
instructions (actions)

a(i) 4

Maximum/Minimum
neighborhood in
PL-G-SOM

σmax, σmin N×M/2, 0.7

Reward for one action
selected

r 10.0

Parameters of Feeling
Map

a, b 0.2, 0.05

Number of samples — 48

Sampling rate — 8 KHz

Sample size — 8 bit

Channel — monaural

(left) and Action Map (right) changing in training. The
curves in each unit on Feature Map in Figure 7 express values
of mi (m1,m2 . . . ,mn), i = 1, 2, . . . ,N ×M. Numbers with
different colors on the Action Map express the different
actions which were classified (labeled) by the reinforcement
learning process described in Section 3.

Figures 7(a) and 7(b) show the initial states of T-SOM
and PL-G-SOM, where random numbers were used. Figures
7(c) and 7(d) are the results of learning using Japanese
instructions. Comparing with T-SOM, PL-G-SOM showed
more effective on the topology formation of actions; that is,
numbers of actions on the Action Map clustered more clearly.
After additional learning, that is, using English, Chinese, and
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Figure 11: Comparison of recognition rates between T-SOM and PL-T-SOM using voice instructions with 10% noises.

Table 3: Recognition rates of different actions with noises.

Language Method Success rate (10% noises) Success rate (20% noises) Success rate (30% noises)

Japanese
T-SOM 45.9 40.9 35.0

PL-G-SOM 88.5 57.8 46.6

English
T-SOM 50.8 45.3 27.0

PL-G-SOM 93.2 57.6 39.9

Chinese
T-SOM 44.5 41.1 32.5

PL-G-SOM 88.3 60.1 43.9

Malaysian
T-SOM 51.0 40.0 37.1

PL-G-SOM 81.9 54.9 47.2

Average
T-SOM 48.0 41.6 33.1

PL-G-SOM 86.7 57.6 44.4

Malaysian 300 times, respectively, the size of Feature Map
and Action map of PL-G-SOM grew from 25 (5 × 5) units
to 165 (11× 15) (Figure 8).

The scaling variable ε used in PL-G-SOM ((6)-(7))
changed with the training, and by Figure 9, one can confirm
that ε decreased eventually during learning at first; however,
when a new kind of language was input, the scaling variable
ε suddenly changed to be larger and repeated its annealing
scheme. Figure 10 shows the increase of the number of units
on Memory Layer of T-SOM and the increase of the number
of units on PL-G-SOM. Both units grew with additional
learning and the number of units on Memory Layer of T-
SOM stopped at 33, meanwhile 140 units were inserted into
PL-G-SOM each layer. To confirm the robustness of the two
learning system, we also tested noisy samples.

Table 3 shows the results of recognition rates of different
actions with 10%, 20%, and 30% noises added to the 48 voice
samples (i.e., N% of data in 20 dimensions were replaced by
random numbers between [0.0, 1.0] ). The average rate of
success actions using T-SOM and PL-G-SOM was 48.0% and
86.7, respectively, given by 10 times of executions. Table 4

shows the results of recognition rates of different languages
with the respective noisy samples.

Figure 11 shows the comparison of recognition rates of
T-SOM and PL-G-SOM when 10% noises existed in all 48
instruction samples.

The results using PL-G-SOM proposed here show advan-
tages than those with conventional learning system in all
cases. In fact, we also investigated the use of frequency
features for recognition of different instructions, however,
similar results were observed in the experiments.

5. Conclusion

PL-G-SOM, a novel self-organizing map, was proposed using
a reinforcement learning algorithm and annealing schemes
of parameters. Online learning and additional learning are
available with PL-G-SOM, and it was adopted into a voice
instruction learning system of autonomous robot instead of
conventional T-SOM. Experiments results showed that the
advantage of the new learning system is speed and noise
robustness.
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Table 4: Recognition rates of different languages with noises.

Instruction Method Success rate (10% noises) Success rate (20% noises) Success rate (30% noises)

Sit down T-SOM 48.8 55.2 33.6

PL-G-SOM 87.2 62.0 42.0

Lay down T-SOM 47.2 34.0 36.4

PL-G-SOM 90.8 67.2 56.0

Stand up T-SOM 45.6 33.2 25.2

PL-G-SOM 86.4 48.4 33.2

Walk T-SOM 50.4 44.0 37.6

PL-G-SOM 82.4 52.8 46.4

Average T-SOM 48.0 41.6 33.1

PL-G-SOM 86.7 57.6 44.4
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Humans can often conduct both linear and nonlinear control tasks after a sufficient number of trials, even if they initially do not
have sufficient knowledge about the system’s dynamics and the way to control it. Theoretically, it is well known that some nonlinear
systems cannot be stabilized asymptotically by any linear controllers and we have reported by an f-MRI experiment that different
types of information may be involved in linear and nonlinear control tasks, respectively, from a brain function mapping point
of view. In this paper, from a controllability analysis, we still show a possibility that human may use a linear control scheme for
such nonlinear control tasks by switching the linear controllers with a virtual constraint. It is suggested that the proposed virtual
constraint can play an important role to overcome a limitation of the linear controllers and to mimic human control behavior.

1. Introduction

In the fields of control engineering, system engineering, and
brain sciences, the excellent human’s control abilities have
been widely studied [1–6]. Among such studies, Wolpert and
Kawato [7] have proposed a new model of human control
mechanism called Modular Selection And Identification
Control (MOSAIC) in which many elemental prediction and
control system modules are combined in order to conduct
the desired motion. Imamizu et al. [8] have evaluated the
MOSAIC model using linear control tasks. They used a func-
tional MRI (f-MRI) scanner to observe brain activities dur-
ing the control tasks and reported plausibility of the model.

However, human ability is not limited to the linear
control case. In fact, humans can often achieve difficult
control tasks after a sufficient number of trials, even if they
initially do not have sufficient knowledge about the system’s
dynamics and the way to control it. For example, Goto et al.
[9] have reported manual control ability to operate a 2-link
planar under actuated manipulator (2PUAM). The 2PUAM
is a nonlinear system with a nonholonomic constraint and

cannot be stabilized asymptotically by any linear controller.
In this case, to control such nonholonomic manipulator, the
operators have to plan the object’s trajectory first and then
control the system to follow the trajectory. To do so, the
operator must use shape information of the manipulator
while the operator does not need such shape information to
control linear manipulators.

To verify this difference between linear and nonlinear
control tasks, we have conducted another f-MRI experiment
using the 2PUAM [10]. The results suggest that the difference
can be observed through the brain activities. In fact, a
specific area involving the shape information processing was
activated with a significant difference compared to the linear
task only when subjects control the 2PUAM.

In this paper, to further clarify the experimental results,
a new model-based analysis is conducted. The model is a
multiple model-based reinforcement learning (MMRL) [11]
for nonlinear controls but it is a linear controller. Using
the MMRL, we attempt to explain the f-MRI results of the
human information processing for the 2PUAM control task
from a control theory point of view.
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2. 2-Link Planer Under Actuated
Manipulator (2PUAM)

In this study, we use the 2PUAM shown in Figure 1 as
the control object. The 2PUAM moves in a horizontal
plane. Thus, the 2PUAM is free from gravity, and arbitrary
positions are equilibrium points. Motor is mounted on the
first joint. Then the dynamic equations of the 2PUAM are

M11θ̈1 +M12θ̈2 + C1 = T1 + Tf r1,

M21θ̈1 +M22θ̈2 + C2 = T2 + Tf r2,
(1)

where

M11 = (m1 +m2)l22 +m2l
2
2 + 2m2l1l2 cos θ2,

M12 =M21 = m2l
2
2 +m2l1l2 cos θ2,

M22 = m2l
2
2,

C1 = −m2l1l2θ̇1

(
2θ̇1 + θ̇2

)
sin θ2 + c1θ̇,

C2 = m2l1l2θ̇
2
1 sin θ2 + c2θ̇2.

(2)

Here, as shown in Figure 1, m1 and m2 are the mass of the
first and second links, l1 and l2 are the length, c1 and c2 are
the resistance coefficient, respectively, θ1 and θ2 are angles,
θ̇1 and θ̇2 are angular velocities, and θ̈1 and θ̈2 are angular
accelerations of joints, respectively. The right-hand sides of
(1) are the input and friction torques. In this study, we
simplify the model as follows:

m1 = m2 = m, l1 = l2 = l,

c1 = c2 = 0, T2 = Tf r1 = Tf r2 = 0.
(3)

It is known that the 2PUAM is not controllable by the
standard continuous feedback. This implies that reaching
the 2PUAM and stopping it at some point is a difficult
task. Although some indirect methods have been proposed
to control the 2PUAM from the control engineering point
of views [9], it is still unclear how human can control the
nonlinear object such as the 2PUAM.

3. Summary of f-MRI Experiments

3.1. Control Tasks and Training. Here, human operator is
required to feed an input torque τ ∈ [−1, 1] so that the
end effector of the arm will be driven to the goal point and
kept at the point. Since the position of the first joint is fixed,
there are at least two objective positions of the second joint
as shown in Figure 2: the upper position of the second joint
p1 and the lower p2.

The manual control experiment was conducted by 6
neurologically normal subjects (19–24 years of age; six males)
participated in the experiments. All subjects were right-
handed. Informed written consent was obtained from each
participant. They had no knowledge about the dynamic
response of the system before the experiment. They observed
the virtual manipulator’s states (positions, angles, and veloc-
ities of the 2PUAM) through visual data displayed on an LCD

Free joint

Active joint

θ1

θ2

m1

m2

l1
l2

τ

J1

J2

r1

r2

Figure 1: 2-link planner under actuated manipulator (2PUAM).

1st joint

2nd joint

x

y

2nd joint

Objective arm positions

Start point

Goal point

End effector

(xG, yG)p1

p2

Figure 2: Positioning task.

monitor and fed the torque by using a joystick. The time
limit was 30 seconds for each trial, and 300 training trials
have been conducted outside of the MRI scanner before the
following scanning sessions. The duration of 300 training
trials depended on the subject’s willingness and tiredness, but
all the subjects completed them for 2-3 days.

For each trial, the performance index defined by the
following equation was recorded:

J =
T∑

k=0

√
(x(k)− xG)2 +

(
y(k)− yG

)2
. (4)

Here (x(k), y(k)) denotes the position of the end effector
at time kΔt (k = 0, 1, 2, . . . ,T), Δt is the interval of time
step, (xG, yG) is the position of the goal point, and T is the
maximum steps of each trial. The performance index J has
been displayed on the monitor to guide subjects’ criterion.

3.2. MRI Scanning Sessions. In scanning sessions, the trained
subjects control two kinds of virtual manipulators whose
shapes are projected on a screen in the MRI scanner as
shown in Figure 3, by using an optical (magnet-free) joystick
[10]. Both manipulators are the same in shape, but the first
manipulator is the 2PUAM and the other is a manipulator
which has a linear input and output relation (subjects can
control it like a PC mouse). Controlling the 2PUAM is the
main task while the linear control task is a comparative one,
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and thus the former is called test trial and the latter is baseline
trial, and their duration are called test and baseline periods,
respectively. In other words, subjects can directly operate
the coordinate of the end effector of the manipulator by
the joystick in baseline trial. On the other hand, subjects
operate only the torque of the first joint of the manipulator
by the joystick and indirectly control the coordinate of the
end effector in test trial. In each trial, subjects try to move
the end effector of the manipulator to the goal point and keep
it at the goal. The coordinates of the goal points are chosen
randomly and displayed on the screen when trial starts.

MRI scanner (1.5T SIEMENS: Symphony 1.5T) was used
to obtain blood oxygen level-dependant contrast functional
images. Images weighted with the apparent transverse relax-
ation time were obtained with an echo-planner imaging
sequence (repetition time: 3.0 s; echo time: 50 ms; flip angle:
90; field of view: 256×256 mm). High-resolution anatomical
images of all subjects were also acquired with a T1-weighted
sequence.

3.3. Results. Figure 4 indicates regions significantly more
activated during test periods than baseline periods (t >
5.89, P < .001). Activities in the primary motor cortex, the
somatosensory cortex, the somatosensory association cortex,
the prefrontal cortex, the inferior temporal gyrus, and the
fusiform gyrus were observed [10].

In the nonlinear control task, significant activities of
the inferior temporal gyrus and the fusiform gyrus were
observed. These areas are known to have an intimate involve-
ment in recognizing the characteristic (color and shape) of
the object. On the other hand, the prefrontal cortex is known
as a region that receives the information that is necessary
for action planning from both the temporal association area
and the occipital association area and assembles complicated
action plan. These suggest that in operating 2PUAM, subjects
use the information about shape or position of 2PUAM and
make trajectory planning of the positioning task based on
that information. From a viewpoint of control theory, it may
be worth to mention that such information is not needed for
the linear control, but it is necessary for the nonholonomic
systems control.

4. Controllability Analysis

The difference between linear and nonlinear control tasks
observed through the significant brain activities can be a

reflection of the human control mechanism that can cognize
the target nonlinear dynamics and use an appropriate piece
of information. However, this is not sufficient to conclude
that human does not use any linear control scheme. Instead,
the hypothesis proposed in this paper is that human can use a
linear control scheme by switching linear controllers respon-
sible for specific regions where the linear approximation can
work well for the target nonlinear task. The following linear
model can then be employed to verify the hypothesis.

4.1. Multiple Model-Based Reinforcement Learning (MMRL).
MMRL has multiple modules that are pairs of prediction
model which predicts future state of the controlled objects
and reinforcement learning controller which learns the
control output. “Responsibility signals” are calculated from
the softmax function of the prediction errors. The prediction
model which outputs the more accurate prediction has the
larger responsibility signal. By weighting control signal and
learning of the each module with responsibility signals, these
modules are adapted to the corresponding specific situations,
respectively.

In this study, we use a multiple linear quadratic controller
(MLQC) by using multiple linear prediction and quadratic
reward models as an efficient implementation of the MMRL
[11]. Change in the state vector of the target system, x ∈ R4,
is given by

ẋ(t) = f (x(t),u(t)), (5)

where x is the state vector of the system, and u is the control
output. Each variable of the vector for the 2PUAM can be
defined as

x1 = θ1, x2 = θ̇1, x3 = θ2, x4 = θ̇2. (6)

Linear prediction models of the MMRL can be repre-
sented as follows:

̂̇xi(t) = fi(x(t),u(t)) = Aix(t) + Biu(t), i = 1, 2, . . . ,n.
(7)

where n denotes the number of modules. State prediction
̂̇x is given by a weighting sum of prediction models with
responsibility signals λi [11]:

̂̇x(t) =
n∑

i=1

λi(Ei(t))̂̇xi(t) =
n∑

i=1

λi(Ei(t))(Aix(t) + Biu(t)), (8)

where Ei(t) is a short-time average of the prediction error
ẋ(t) − ̂̇x(t). Learning of each prediction model in (7), i ∈
{1, 2, . . . ,n}, is conducted by changing its parameter vector
wi consisting of all the elements of the matrices Ai and Bi as
follows:

ẇi(t) = ηwλi(Ei(t))

(
∂ fi
∂wi

)T(
ẋ(t)− ̂̇x(t)

)
, (9)

where ηw (> 0) is an update coefficient. Schematic diagram of
the multiple predictor-controller pair architecture is shown
in Figure 5.



4 Journal of Robotics

SPM results: result of CON inter session1
Height threshold T = 5.983429 {P < .001(unc.)}
Extent threshold K = 0 voxels

SPM{T5}

SP
M

m
/p

[0
,0

,0
]

SP
M

m
/p

[0
,0

,0
]

(a)

(b)

Figure 4: Significant activated areas of test period compared to baseline period (for more details, see [10]).
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4.2. Controllability of 2PUAM. We obtain the following state
equation of the 2PUAM from (1) and (6) under the condition
in (3):

ẋ1 = x2,

ẋ2 = 1
2− cos2x3

{
(3 + cos x3)x2

2sin x3

+x2x4sin x3 + u/ml2
}

,

ẋ3 = x4,

ẋ4 = −(1 + cos x3)ẋ2 − x2
2sin x3.

(10)

Equation (10) can be described using the vector form as

⎡
⎢⎢⎢⎣

ẋ1

ẋ2

ẋ3

ẋ4

⎤
⎥⎥⎥⎦ = f

⎛
⎜⎜⎜⎝

⎡
⎢⎢⎢⎣

x1

x2

x3

x4

⎤
⎥⎥⎥⎦,u

⎞
⎟⎟⎟⎠. (11)

Here, we define the microscopic fluctuation at some posi-
tions xa in phase space as δx = x−xa, δu = u−ua. Calculating
the Taylor series of (11) and ignoring the higher-order terms
from the second order, we get

δẋ = Aδx + Bδu. (12)

Here matrices A and B are

A = ∂ f

∂x
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0
∂ẋ2

∂x2

∂ẋ2

∂x3

∂ẋ2

∂x4
0 0 0 1

0
∂ẋ4

∂x2

∂ẋ4

∂x3

∂ẋ4

∂x4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B = ∂ f

∂u
= 1
aml2

⎛
⎜⎜⎜⎜⎜⎜⎝

0

1

0

−(1 + cos x3)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(13)

where

∂ẋ2

∂x2
= (2x2(3 + cos x3) + x4) sin x3

a
,

∂ẋ2

∂x3
= (6x2 + x4)x2cos2x3 − 2x2

2

a
+
u sin 2x3

ml2a
,

∂ẋ2

∂x4
= x2 sin x3

a
,

∂ẋ4

∂x2
= −(1 + cos x3)

∂ẋ2

∂x2
− 2x2 sin x3,

∂ẋ4

∂x3
= ẋ2 sin x3 − (1 + cos x3)

∂ẋ2

∂x3
− x2

2 cos x3,

∂ẋ4

∂x4
= −(1 + cos x3)

x2 sin x3

a
,

a = 2− cos2x3.

(14)

Since the MMRL is a linear controller, it cannot control
the 2PUAM. Indeed, the rank of the controllability matrix
Uc = [B AB A2B A3B] at any equilibrium position x0

becomes 2, which is not the full rank, 4. That is, let us denote
an equilibrium point by using arbitrary values θ10 and θ20

x0 =
(
θ10 0 θ20 0

)T
(15)
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with no input u = 0. Then, from (14),

A = ∂ f

∂x

∣∣∣∣∣
x=x0

u=0

=

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

B = ∂ f

∂x

∣∣∣∣∣
x=x0

u=0

= 1
a0ml

2

⎛
⎜⎜⎜⎜⎜⎜⎝

0

1

0

−(1 + cos θ20)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(16)

where a0 = 2− cos2θ20. In this case, the rank of the Uc is not
equal to the full rank, 4, but is 2 as follows:

rank [Uc] = rank
[
B AB A2B A3B

] = 2. (17)

4.3. Possible Control Strategy. The rank of the controllability
matrix can, however, be the full rank, 4, at some positions xs
in the phase space where angular velocity of the first joint is
not exactly zero, θ̇1 /= 0, even if the θ̇1 is very close to zero, as
shown in Figure 6.

To verify the controllability, let us denote positions xs in
the phase space by using arbitrary values θ1s, θ2s, and θ̇2s:

xs =
(
θ1s θ̇1s θ2s θ̇2s

)T
, θ̇1s /= 0. (18)

Then, from (14),

As =
∂ f

∂x

∣∣∣∣∣
x=xs

u=us
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0
∂ẋ2

∂x2

∂ẋ2

∂x3

∂ẋ2

∂x4
0 0 0 1

0
∂ẋ4

∂x2

∂ẋ4

∂x3

∂ẋ4

∂x4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Bs =
∂ f

∂x

∣∣∣∣∣
x=xs

u=us
= 1
asml2

⎛
⎜⎜⎜⎜⎜⎜⎝

0

1

0

−(1 + cos θ2s)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(19)

where as = 2 − cos2θ2s. In this case, the rank of the
controllability matrix is 4, the full rank:

rank [Ucs] = rank
[
Bs AsBs A2

s Bs A3
s Bs
]
= 4. (20)

Thus, it is confirmed that 2PUAM cannot be stabilized at
any equilibrium point, but if θ̇1s /= 0, the end effector of the
2PUAM can approach any geometrical point with any slow
speed.

4.4. Discussions. The slow speed approach verified above
might be an interesting result because, nevertheless human
subjects can control the 2PUAM very well, it is often very
hard even for human subjects to stop the 2PUAM completely
in the manual control tasks [9, 10]. The linear controller can
be responsible only for a small region in which the linear
approximation can work well. Thus, by switching multiple
linear models, there is a possibility to control the 2PUAM
with the MMRL.

Different from (16), we assumed the condition in (19)
where ∂ẋi/∂xj /= 0, i = 2, 4, and j = 2, 3, 4 to make the
rank of controllability matrix be the full rank. The condition
implies a virtual constraint of the manipulator’s shape (joint
movement) because, for example, ∂ẋ2/∂x3 /= 0 implies the
virtual existence of relation between θ̈1 and θ2 that makes a
constraint on the angular acceleration depended on the angle
of the manipulator shape. Interestingly, if human subjects
could feel and realize such virtual constraint on the 2PUAM
control (joint movement), the control task can sometimes be
achieved relatively easier [9].

According to the f-MRI results, subjects may use the
shape and position information of the 2PUAM. The virtual
constraint discussed above can further be created in order
to make the control easier. Unfortunately, the controllability
analysis does not prove this hypothesis, but there is a
possibility that in operating the 2PUAM, subjects use the
shape information to switch the controllers [10] and create
the virtual constraint to make the control easier [9]. In
this sense, MMRL can be regarded as a linear model for
controlling the 2PUAM. Then, if human’s superior learning
ability to control the complex nonlinear system could be
based on such linear control schemes, its implementation on
a robot system might be easier than we expected.
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5. Conclusions

In this paper, by using a controllability analysis, we have
revised the previous f-MRI experimental results that reveal
significant activation areas for the nonlinear control task
compared to the linear one. Even the useful pieces of
information for the linear task may be different from
nonlinear ones, the analysis suggests some possibility to
control the 2PUAM with a set of linear control models in
a similar way by which human subjects can control it. In
fact, to stop the 2PUAM at an equilibrium point completely
seems very hard or almost impossible, but to approach
there with any arbitrary slow speed seems an easier task.
The additional information of shape and position of the
2PUAM can then be used for switching the linear controllers.
Although the internal relation between the virtual constraint
and the controllability of the nonlinear task is still unclear
and should be clarified further from both computational and
brain sciences point of views, the hypothesis proposed in this
paper implies that it could be possible to design or realize
robots with the human-level learning ability in an easier way.
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To study amputee-prosthesis (AP) interaction, a novel reconfigurable biped robot was designed and fabricated. In homogeneous
configuration, two identical artificial legs (ALs) were used to simulate the symmetrical lower limbs of a healthy person. Linear
inverted pendulum model combining with ZMP stability criterion was used to generate the gait trajectories of ALs. To acquire
interjoint coordination for healthy gait, rate gyroscopes were mounted on CoGs of thigh and shank of both legs. By employing
principal component analysis, the measured angular velocities were processed and the motion synergy was obtained in the final.
Then, one of two ALs was replaced by a bionic leg (BL), and the biped robot was changed into heterogeneous configuration to
simulate the AP coupling system. To realize symmetrical stable walking, master/slave coordinated control strategy is proposed.
According to information acquired by gyroscopes, BL recognized the motion intention of AL and reconstructed its kinematic
variables based on interjoint coordination. By employing iterative learning control, gait tracking of BL to AL was archived. Real
environment robot walking experiments validated the correctness and effectiveness of the proposed scheme.

1. Introduction

Lower limb prosthesis is used to compensate the loco-
motion function for amputees in the field of biomedical
rehabilitation. Conventional mechanical prosthesis has been
criticized for difficulty in motion transformation, stiff-
legged gait and poor mobility under complex condition.
Intelligent prosthetic leg controlled by a microprocessing
unit can realize the arbitrary gait precisely to coordinate
with the sound leg of amputee [1]. It has been a challenging
endeavor for interaction between amputee and prosthesis
for their different structures, actuation manners, cognitive
competence, and dynamic characters. To realize coordinated
movement, prosthetic leg must be able to perceive the
motion intention of amputee properly so as to actuate its
joints accordingly when walking on different terrains with
various cadences and stride length.

To guarantee the performance of prosthetic leg during
development stage, a great amount of repetitive experiments

that need amputee to participate entirely is necessary. It is not
only costly but also painful to handicapped person, and even
leads to accidental injury to amputee. Moreover, individual
difference also makes it difficult to obtain the uniform and
quantitative performance evaluation for prosthetic leg.

To solve problems mentioned above, a novel reconfig-
urable test-bed for prosthetic leg development is designed
and fabricated by the Robotics Group at Northeastern
University, China [2], which has two kinds of form called
homogeneous configuration and heterogeneous configura-
tion separately. The former is mainly used to study the
symmetrical locomotion as many common biped robot
systems [3, 4]. The latter, however, provides an ideal platform
for the study of multiagent coordination, gait tracking and
interaction for AP coupling system.

In this research, the heterogeneous configuration of test-
bed is used to validate the master/slave dual-leg coordination
strategy of the AP coupling system, motion intention recog-
nition, and gait tracking based on iterative learning control.
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Figure 1: The test-bed in heterogeneous configuration and 4-bar knee joint mechanism.

In this architecture, the master is the sound leg of amputee,
corresponds to AL in the test-bed. It generates the active
motion that is planned by linear inverted pendulum model
combining with ZMP stability criterion. The desired joint
angle trajectory is then calculated by inverse kinematics of
AL. The slave, however, is prosthetic leg, corresponds to the
BL in the test-bed. It perceives the motion intention of the
master, and controls itself making gait tracking to realize the
coordination to the master.

2. Heterogeneous Biped Robot

Figure 1 shows the prototype of the test-bed in heteroge-
neous configuration that is mainly made up of two legs, one
is AL used to simulate the sound leg of amputee and another
is BL used to simulate stump with prosthetic leg. The two
agents are heterogeneous at the aspect of mechanism, actua-
tion manner, sensing capacity, and dynamic characteristics.

To realize humanoid gait, both legs are designed and
fabricated with 4-bar closed-chain knee joints and flexible
prosthetic foot. Joints in AL are actuated by Maxon DC
servo-motors, which can realize arbitrary gait. The knee joint
of BL are driven by a hybrid actuation system combing
magneto-rheological (MR) damper augmented with a DC
motor. Hybrid actuation manner greatly improves the mobil-
ity and environmental adaptability at the cost of a small rise
in energy consumption.

3. Dual-Leg Coordination

3.1. Overview of Dual-Leg Coordinated Control. Dual-arm
and multileg coordination are hot topics in the field of
multirobot system research [5–7]. Dual-leg coordination
belongs to the stable walking control of biped robot. In the
past studies, however, the two legs were usually thought as a
bifurcate mechanism of a single biped robot, the gait for the
two legs are planned concurrently. Status information and
command for both legs can be exchanged directly without
the need of perception and the two legs are controlled
as a whole by one locomotion controller. The concepts

and methods of dual-leg coordination were not explicitly
proposed for single biped robot control before.

Though quite similar to the dual-arm coordination at the
aspect of system task, control principle and implementation
method, dual-leg coordination is more difficult due to its
complicated constrains. Table 1 shows the comparison for
the two kinds of coordination.

According to control strategy, coordination methods of
dual-arm and multileg can be roughly divided into two
categories, named master/slave method and object-oriented
method separately [8]. The former studies the motion
tracking of slave arm (leg) to master arm (leg) by satisfying
the constrain conditions of kinematics and dynamics; while
the latter studies the tracking of desired motion trajectory
and/or force trajectory for task object without considering
the details of two arms (legs). For the simplicity of the mas-
ter/slave method, the coordination capacity and adaptability
is limited by the master/slave relations. Object-oriented
method accords with the essence of human dual-arm (leg)
coordination, however, control algorithm is comparatively
complicated. The prosthetic leg has limitations at the aspect
of intelligence and maneuverability. Therefore, master/slave
strategy is suitable to AP coupling system.

According to task, dual-arm coordination can be divided
into convey coordination and assemblage coordination. For
biped robot, the system task can be described as: the two
legs support the HAT, simultaneously, moving it smoothly
through coordination to achieve stable walking of the whole
biped locomotive system. Therefore, dual-leg coordination
can be thought as a special form of convey coordination.
Although the differences in terms of mechanism and actu-
ation manner for the two legs, master/slave coordination
method can be used in heterogeneous biped robot for the
same basic configurations (e.g., length of leg, motion range
of joints, etc.) and similar gait pattern for both legs. In dual-
leg coordination system, AL is defined as master leg and BL
as slave one. A coordination module is usually constructed
and used to control the pose and position of interfaces
between the HAT and the two legs to satisfy the constrain
conditions of kinematics and dynamics. Therefore, motion
planning, control, and compensation of the coordination
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module become key problems in coordinated control system
research for AP coupling system.

3.2. Coordinated Control Architecture. For the complicated
control task, the distributed hierarchical control architec-
ture is used to realize the master/slave coordination for
AP coupling system. Hierarchical architecture [9] is an
advanced control structure in which the complicated task is
decomposed into several levels according to the intelligent
grade. For different levels, a certain control strategy and
implementation method is used and the complicated task
can be accomplished by all levels through interrelation
and coordination. By using hierarchical control architecture,
fault debugging and system implementation can be easily
achieved.

According to master/slave relation, two independent
hierarchical control systems were built for both legs as shown
in Figure 2. Either consists of three levels, named task layer,
plan layer and drive layer separately.

In the hierarchical control architecture of AL, the task
layer has the highest intelligent grade and decides what
to do according to environment information or human
command. As a master leg, AL decides the task of the whole
system, which usually includes level-walking at different
speed, walking on stairs and slopes, running, emergency acts,
and so forth. Plan layer has the middle intelligent grade
and is used to plan the gait to realize the desired task. In
plan layer, the kinematics and dynamics equations are solved
for gait control purpose, also the planned gait is verified
whether satisfying constrain conditions of the coordination
model. Drive layer has the lowest intelligent grade, in which
DC motors actuate joints to produce planned gait based on
Fuzzy-PID feed-back control algorithm.

As a slave leg, the task of BL is to track the gait of
AL to realize gait synergy. The task layer of BL is used to
realize the functions of gait measurement, gait recognition,
and gait estimation. In plan layer, a major work is to
calculate the desired damper force and motor torque to
realize gait tracking. In drive layer, a MR damper augmented
by DC motor actuates the knee joint of BL according to the
optimized damper force and motor torque obtained in plan
layer, and a PD feed-back control algorithm is applied on the
MR damper and Fuzzy-PID feed-back control algorithm is
applied on the DC motor.

4. Gait Planning for Artificial Leg

4.1. Modeling. Figure 3 shows the mass and geometry models
of test-bed in homogeneous configuration.

It is modeled as a system of 11 material points. Each link
has its weight at the position of its CoG. The trunk is counted
as the base link. In this research, however, it is assumed that
the robot is held in 2D space. The movement of the robot is
considered only in sagittal plane. Therefore, it has 6 DOF for
gait planning.

4.1.1. Kinematics. First, direct kinematics of AL in swing
phase is established in the coordinate system

∑
XYZ and the

matrix of transformation from torso to ankle is expressed in
(1).

4-bar mechanism in knee joint of AL brought the
closed-chain geometrical constrain with kinematics that is
expressed in (2), which makes two of the angle variables in
θa2 , θa3 , θa4 , and θa5 dependent.

Aa =

⎡
⎢⎣
xaa
0
zaa

⎤
⎥⎦ =

⎡
⎢⎣
−la3 sin θa3 − la2 sin θa2 − la5 sin θa5 − la11 sin(α− θa2)− la12 sin

(
β − θa5

)
+ xah

0
−la3 cos θa3 − la2 cos θa2 − la5 cos θa5 + la11 cos(α− θa2) + la12 cos

(
β − θa5

)
+ zah

⎤
⎥⎦, (1)

f1 :
(
la11 − la9

)
cos
(
θa2 − α

)
+ la10 cos

(
θa5 − β

)

− la3 cos θa3 + la4 cos θa4 = 0,

f2 :
(
la11 − la9

)
sin
(
θa2 − α

)
+ la10 sin

(
θa5 − β

)

− la3 sin θa3 + la4 sin θa4 = 0.

(2)

4.1.2. Dynamics. In swing phase, hip joint makes transla-
tional movement along a certain trajectory; in the meanwhile
thigh and shank make rotational movement. If the gen-

eralized coordinate θ = [x1c z1c θa2 θa3 θa4 θa5 θa6]
T

that
θa4 and θa5 are the dependent variables, then the Lagrange
function can be formed as

Lasw =
6∑

i=2

[
1
2
ma
i

(
ẋ2
ic + ż2

ic

)
+

1
2
Jiθ̇

a2

i −ma
i gzic

]
. (3)

The drive forces of robot dynamic system are Fx1 ,
Fz1 ,Ta

2 , Ta
3, Ta

4, Ta
5, and Ta

6 . According to principle of virtual
work, the virtual work of drive force is calculated by

δA = Fx1δx1c + Fz1δz1c +
(
Ta

2 − Ta
3 − Ta

4

)
θa2 +

(
Ta

3 − Ta
5

)
θa3
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(
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(
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6θ
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(4)

Then the generalized force is

Q = [Fx1 Fz1 Ta
2 − Ta

3 − Ta
4 Ta

3

−Ta
5 Ta

4 − Ta
5 Ta

5 − Ta
6 Ta

6

]
,

(5)

where Fx1 and Fz1 are the forces supplied by the HAT;
Ta

4 and Ta
5 are the redundancy drive force and are set to 0.

Then the Lagrange equation of the first kind is deduced as

Ma
sw(θa)θ̈a + Casw(θa)θ̇a

2
+Ga

sw(θa) = BaswT
a + λ ḟ , (6)
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Table 1: Comparison between dual-arm and dual-leg coordination.

Items Dual-arm coordination Dual-leg coordination

System task
Grasping and holding object to track the target
trajectory

Supporting and moving the HAT
of biped robot to realize stable
walking

Methods Planning, control, and compensation of coordinated motion

Controlled object Homogeneous arms Heterogeneous legs

Target object Grasped and held object
The HAT (Head, Arms, and
Torso)

Base Fixed Mobile

Control complexity Relative simple Complicated

Interface Multiple fingers Hip joints

Target trajectory Task trajectory of grasped and held object
Gait trajectory for the center of
HAT or the center of crotch

Mechanism Closed chain all the time
Closed chain in stance phase

Open chain in swing phase

Constrains Kinematics and dynamics
Dynamic constrains for open
chain and both for closed chain

Motion pattern Different for two arms
Similar for two legs
(phase-difference)

(LIPM and ZMP)

Inverse
kinematics

Inverse
dynamics

POS and current
closed-loop

Motion intention
regonition

Kinematics
estimation

(PCA)

Knee joint angle
estimation

Iteractive
learning control

Current
closed-loop

P
W

M
vo

lt
ag

e

E
n

co
de

r
in

fo
.

P
W

M
cu

rr
en

t

Acceleration

(xah, zah, xaa , zaa)

(θa2 , θa3 , θa4 , θa5 )

(Ta
2 ,Ta

3 ,Ta
6 )

(
..
P
b

2,
..
P
b

5)

θdk

Fd
d

(
..
P
a

2,
..
P
a

5)

Gait planning

Figure 2: Coordinated control architecture.

where Ma
sw is a symmetric matrix called inertial matrix,

Casw is an antisymmetric matrix named centrifugal force or
Coriolis force matrix, Ga

sw is matrix of gravitational forces,
B is coefficient matrix of applied torques, and λ ḟ represents
constrain torque.

4.2. Gait Planning

4.2.1. ZMP Theory. One of the criterions for estimating the
stability of the walking is a ZMP (Zero Moment Point)
criterion proposed by Vukobratovic [10]. ZMP is a point on
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the surface about which the sum of all moments of active
forces, momentums are equal to zero. The calculation of
ZMP is described as follows

xzmp =
∑n

i=1 mi
(
z̈i + g

)
xi −

∑n
i=1 miẍizi +

∑n
i=1 Miy∑n

i=1 mi
(
z̈i + g

) ,

yzmp =
∑n

i=1 mi
(
z̈i + g

)
yi −

∑n
i=1 mi ÿizi +

∑n
i=1 Mix∑n

i=1 mi
(
z̈i + g

) ,

(7)

where mi is the mass, (xi, yi, zi) is the Cartesian coordinate
of CoG of ith link, (xzmp, yzmp) is the Cartesian coordinate of
ZMP.

While a biped robot is standing still or walking very
slowly, a projective point of the CoG on the surface is in the
polygon made from the contact points on the sole. In the
case, the robot is in the statically stable state and keeps on
walking without a tumble. However, while the body and/or
the legs are moving fast, various accelerations due to motions
are produced, and the projective point of the center of gravity
is getting out of the polygon. ZMP is like a projective point
of the CoG in the standing still state or the slow-walking
state of the robot while the robot is in the dynamic-walking
state. According to the ZMP criterion, the robot may keep
walking without tumbling. In this study, based on the ZMP
criterion, the gait planning for AL in the sagittal plane is
designed.

4.2.2. Linear Inverted Pendulum Model. Bipedal walking
system is complex, nonlinear, and naturally unstable. Lin-
ear inverted pendulum model (LIMP) theory provides an
alternative approach to generate the gait trajectory of bipedal
walking. Figure 4 shows the LIMP model and CoG transform
model in a sagittal plane.

Where f is the stretching force imposed on the stick. τ
is the moment generated by ground reaction force, θ is the
angle of stick inclination (the clockwise direction is positive),
M is the concentrated mass representing the HAT, and r is the
length of the stick. The mass of the stick is neglected.

By using Lagrangian function approach, the dynamics
model of LIPM can be deduced by

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= Q,

L = T −V = 1
2
mr2θ̇2 +

1
2
mṙ2 −mgr cos θ,

q = [θr]T , Q = [ f τ]T ,

(8)

where L is Lagrangian function, q is generalized coordinate
and Q is the generalized force. Then the dynamics function
of LIMP is expressed as

mr2θ̈2 + 2mrṙθ̇ +mgr sin θ = τ,

mr̈ −mrθ̇2 +mg cos = f .
(9)
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Figure 4: LIMP model and CoG transform model in sagittal plane.
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In order to keep the movement of the CoG in the
horizontal direction and get an acceleration motion, the
stretching force f and mass m must satisfy the relation as

f cos θ = mg,

f sin θ = mẍ.
(10)

Solving this equation can get

x − p = g

z
ẍ, (11)

where x is the length of the projection of the CoG in x-axis,
and z is the height of CoG in z-axis, p is the projection of
ZMP in x-axis.

4.2.3. Gait Planning for AL. The gait space features of human
walking are shown in Figure 5. By set time-spatial features of
AL as shown in Table 2, the corresponding ZMP trajectory
can be obtained as shown in Figure 6.

In LIMP, the relation between ZMP and CoG is expressed

ẍ = g

z

(
x − xzmp

)
,

ÿ = g

z

(
y − yzmp

)
.

(12)

The trajectories of ZMP was planned as mentioned
above, then the trajectories of CoG can be calculated by (12),
the ideal trajectories of ZMP and CoG in X and Y axial
directions are shown in Figure 7.
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Figure 6: Ideal ZMP trajectories.

Table 2: Gait parameters of AL.

Item Value

Thigh length 0.46 m

Shank length 0.48 m

Foot height 0.10 m

Foot width 0.07 m

Foot length 0.25 m

Horizontal distance between ankle
joint and heel

0.055 m

Gait velocity 95∼125 step/min

Step length 0.20∼0.50 m

Step width 0.10 m

Step height 0.05∼0.10 m

Stride length 0.75∼0.83 m

Gait cycle 1.20 s

Gait in Cartesian space is intuitive, easy to describe,
and good to reflect the relation between robot system
and ground. However, the movement of artificial leg is
achieved by the rotation of joints. Therefore, the solving
of inverse kinematics is needed to map the variables from
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Figure 7: ZMP and CoG trajectories in X and Y axial directions.

Cartesian space to joint space. In this research, the Newton-
Raphson algorithm is used to calculate the joint angles of
AL. Figure 8 shows the desired angles of hip joints of both
leg, angles of knee and ankle joints of AL separately, which
are calculated through inverse kinematics. In general, above-
knee amputee always has an intact hip, so that there is only
an angular phase difference between hips of sound leg and
stump. The ankle of BL is fixed without the need to gait
plan. The angle of knee joint in BL should be estimated
based on interjoint coordination described in the following
section.

5. Gait Recognition and Estimation for
Bionic Leg

Although amputee and his/her artificial limb (prosthesis) can
exchange information directly through electromyography
(EMG) or biological neural signal, EMG and neural signal-
based prosthesis techniques are still premature. For common
prosthesis, movement intention of amputee can only be
perceived by its own perception system. In this research,
embedded 3-axial attitude sensor can measure kinematic
information of the thigh that reflects the amputee’s posture
and walking conditions. Based on these measured data, gait
pattern of BL can be estimated by tuned gait classifier so
that MR damper can drive the knee joint to coordinate
with the sound leg of amputee to realize symmetrical stable
walking.

In recent years, inertial motion capture has emerged
as one of the most versatile methods of full-body ambu-
lation measurement. By using sensor fusion of three-axis
gyroscopes and three-axis accelerometers, inertial sensors
accurately measure the orientation and position of body
segments in a global coordinate system in this research. The
nature of the sensor technology used allows inertial motion
capture systems to overcome some of the most pressing
limitations found in alternative methods such as optical,
mechanical, acoustic, and magnetic motion capture.

5.1. Overview of Principal Component Analysis. Principal
component analysis (PCA) is a general approach to com-
pression and dimensionality reduction for mass data based
on multivariable statistical analysis. The basic idea of PCA is
to attempt to efficiently represent the data by decomposing
a data space into a linear combination of a small collection
of bases consisting of orthogonals that maximally preserves
the variance in the data. If n measurements of m-tuple
XT = (x1, x2, . . . , xm) represent original data with linear
correlations, then the jth principal component (PC) can be
expressed as

Pj = aj1x1 + aj1x2 + · · · + ajmxm
∑

i

a2
ji = 1. (13)

The coefficients aji(i = 1, 2, . . . ,m) are called the factor
loadings. The magnitude indicates the amount of variation
in variable xi that is captured by the principal component
Pj and the sign indicates the nature of correlation between
Pj and xi. For a given data set, PCA produces a unique solu-
tion. The common procedure of PCA can be summarized as
the following 4 steps.

(1) Normalization of Original Data. In order to perform
PCA, the data need to have zero mean as well as stand
deviation of 1 and the normalization can be achieved by

x∗i j =
xi j − μi
σi

,

μi =
∑n

j=1 xi j

n
,

σi =

√√√√
∑n

j=1

(
xi j − μj

)

(n− 1)
,

(14)

where i = 1, 2, . . . ,m; j = 1, 2, . . . ,n.



8 Journal of Robotics

0 1 2 3 4 5

20

10

0

−10

−20

Time (s)

A
n

gl
e

(d
eg

)

(a)

0 1 2 3 4 5

100

60

20

−20

Time (s)

A
n

gl
e

(d
eg

)

(b)

0 1 2 3 4 5

20

10

0

−10

−20

Time (s)

A
n

gl
e

(d
eg

)

(c)

Figure 8: Desired angles of hip joint, knee joint, and ankle joint.

(2) Calculation of Covariance Matrix R. We have

R = 1
N − 1

X∗TX∗, (15)

where X∗ is the normalized matrix of X .

(3) Determination of the Number of PC. The eigenvectors
are obtained algebraically through decomposition of the
covariance matrix R of the original data. If the eigenvalue
λi (i = 1, 2, ...,m) and eigenvector γi (i = 1, 2, . . . ,m) are
given, the number of PC p can be determined by

ηi = λi∑m
i=1 λi

,

ε
(
p
) =

p∑

i=1

ηi,

(16)

where p satisfies ε(p) ≥ 85% ∼ 90%.

(4) Determination of Transformation matrix Γ. The transfor-
mation matrix Γ formed by the p eigenvectors of matrix R
sorted in descending order of the corresponding eigenvalue

Γ =
(
γ1, γ2, . . . γp

)
(17)

which maps X on the new coordinates P with

P = ΓTX. (18)

5.2. Reconstruction of BL’s Kinematics Using AL’s Kinematics.
In human gait, it has been observed that joint angle
trajectories show strong linear correlations [11–13], which
indicates that a compressed gait data set can be obtained by
using PCA. If the original gait data X is acquired by sensors
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and preprocessed, the orthogonal unit eigenvector γi (i =
1, 2, . . . ,m) and transformation matrix R = (γ1, γ2, . . . , γm)
can be obtained and the new gait variables can be expressed
as

Y = RTX. (19)
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Figure 11: Tracking curve of IBL knee joint relative angle with P-type open/closed-loop ILC.

Since R is orthogonal matrix, X can be reconstructed
from Y by

X = RY. (20)

If p is determined, then the equation can be rewritten as

X = ΓY∗, (21)

where Γ = (γ1, γ2, . . . , γp), Y∗ is the top p rows of Y .
Neglecting the last components of Y , the data is reduced
in a way that the least information is lost. A reconstruction
of X from the lower dimensional coordinate Y∗, leads to
a least-square optimal fit of the original data. PCA cannot
only be used for compression, but also for reconstruction of
incomplete measurements.

Assuming that the first components of X1 ∈ R(m−l) of X
are known, and the remaining part X2 ∈ R(l) is unknown,
(21) is separated into

X1 = Γ1Y
∗, X2 = Γ2Y

∗, (22)

where Γ1 ∈ R(m−l)×p and Γ2 ∈ Rl×p are the sub matrix of Γ.
Thus X2 is reconstructed from X1 by

X2 = Γ2

(
Γ1

TΓ1

)−1
Γ1

TX1. (23)

For AP coupling system, the observable data is the
motion of sound leg, and the missing data is the motion of
BL. To obtain the covariance matrix R, the test-bed was firstly
configured as homogeneous form, CoGs of thigh and shank
of two identical ALs were mounted with rate gyroscopes, and
walking experiments were conducted with various cadences
and stride length. The acquired data from gyroscopes were
treated by following the procedures described above and the
covariance matrix was obtained in the final. Then the test-
bed is reconfigured as heterogeneous form and a pair of rate
gyroscope mounted on the CoGs of thigh and shank was used
to measure the motion of AL. By employing PCA, the motion
of BL is estimated as shown in Figure 9. Solid line represents
real angular velocities obtained by gyroscopes mounted on
AL, while dashed line represents estimated angular velocities
of BL calculated through (23).

By integrating angular velocities of thigh and shank
calculated above, the angles Δθ1 and Δθ2 can be obtained.
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Figure 12: Step sequence in swing phase.

Then the angle between the thigh and ground α and the angle
between the shank and ground β can be calculated according
to the geometric relation as shown in Figure 10

α = 90 + Δθ1,

β = 90− Δθ2.
(24)

Then the angle of knee joint of BL can be estimated by

ϕ = 180− α + β. (25)

6. Gait Tracking for Bionic Leg

Gait tracking control is the key to realize stable walking of AP
coupling system, which belongs to time-varying trajectory
tracking problem. In the heterogeneous configuration of test-
bed, MR damper and electro-motors are used to actuate the
joints tracking the ideal trajectories predefined in gait plan-
ning strategy. Due to the complicated dynamical characters
of nonlinear, time-varying, strong coupling, and the need of
high precise repetitive motion, gait tracking control is a hard
difficulty in AP coupling research especially for BL that is
hybrid-controlled by MR damper augmented with electro-
motor. Although the methods, such as nonlinear decoupling
control, decomposition feedback control, adaptive control,
computed torque control, and so forth, were widely studied
and proved able to solve time-varying trajectory tracking
problem effectively, complex algorithm, time-consuming
computation, and the need of precise and accurate system
model limit the use of these methods in gait tracking control
of AP coupling system. Iterative learning control (ILC) [14]
can meet the special control requirement of gait tracking.

ILC can be stated as follows.It is due to repetitive motion
that initial state is the same with the end θ0(0) using
preceding control input and actual output error, to find a
best control input which will track the reference trajectories
in limited time, that is, θk(t) → θd(t); uk(t) → ud(t). θd(t)
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Figure 13: Real and desired hip joint angle of artificial leg during
swing.
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and ud(t) are the desired output and control input, and k is
the number of iterative learning steps. In this paper, closed-
loop ILC is combined with open loop ILC and the first order
P-type open/closed-loop ILC is proposed. The control law is
given by:

uk+1(i) = uk(i) + Γek+1(i) + Γ′ek(i), k = 1, 2, . . . , (26)

where Γ and Γ′ are the learning gains, ek(i) = θd(t) − θ(t) is
the tracking error. Initial state, that is, θ0(0) = θk(0), must be
satisfied in learning phase.

7. Experimental Results

To validate the effectiveness of the proposed coordinated
control strategy for AP interaction, the virtual prototyping-
based collaborative simulation and physical prototype exper-
iments for stable walking control for biped robot were
conduct.

Virtual prototype of test-bed is established using software
ADAMS. Control module is built in MATLAB/Simulink.
The sampling interval is 0.02 s and simulation time is 1.6 s.
Relative knee joint angle tracking of BL to AL is illustrated
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in Figure 11. The solid line represents reference knee joint
angle estimated by method introduced in Section 5, while the
dashed line represents the real output of ILC controller. From
the figure, it can be seen that the learning was terminated
after 6-step iterations when the error criterion was satisfied.

The simulation result indicates that BL controlled by
hybrid actuation system can track the gait of AL well.

Figure 12 shows the gait tracking control in swing.
Figures 13, 14, 15, and 16 shows the desired and real joint
angles during experiment. The results shows that P-type
open/close-loop ILC control scheme is effective and can
insure the BL tracking gait of AL to realize stable walking of
the whole system.

8. Conclusion

This paper describes the coordinated control for AP coupling
system to realize symmetrical stable walking. The proposed
scheme consists of walking gait synthesis, motion intention
recognition, and gait tracking. Simulation and experimental

results demonstrate that the proposed control scheme is cor-
rect and reasonable. The master/slave dual-leg coordinated
control strategy is suitable for complex AP coupling system.
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Self-organizing systems obtain a global system behavior via typically simple local interactions among a number of components
or agents, respectively. The emergent service often displays properties like adaptability, robustness, and scalability, which makes
the self-organizing paradigm interesting for technical applications like cooperative autonomous robots. The behavior for the local
interactions is usually simple, but it is often difficult to define the right set of interaction rules in order to achieve a desired global
behavior. In this paper, we describe a novel design approach using an evolutionary algorithm and artificial neural networks to
automatize the part of the design process that requires most of the effort. A simulated robot soccer game was implemented to
test and evaluate the proposed method. A new approach in evolving competitive behavior is also introduced using Swiss System
instead of the full tournament to cut down the number of necessary simulations.

1. Introduction

The concept of systems consisting of multiple autonomous
mobile robots is attractive for several reasons [1]. Multiple
cooperative robots might be able to achieve a task with
better performance or with lower cost. Moreover, loosely
coupled distributed systems tend to be more robust, yet more
flexible than a single powerful robot performing the same
task. A benefit of the collaborative interaction of mobile
robots can be an emergent service, that is, a progressive
result that is more than the sum of the individual efforts [2].
A swarm of robots can thus build a self-organizing system
[3].

The continuous technical development in robotics dur-
ing the last decades has provided us with the hardware
for swarms of small, cheap autonomous devices [4–6].
However, designing the behavior and interactions among the
robots remains a very complex task. Using a standard top-
down design approach with fixed task decompositions and
allocation typically leads to systems working only for a small
set of parameters. On the other hand, effects like changing
environments or breakdowns and faults of hardware require

a robust and flexible solution that provides a useful service
for many possible system states.

An alternative to the classical design approach is to
organize the robots as a self-organizing system performing
the intended task. Thus, the robots achieve a global system
behavior via simple local interactions without centralized
control [7]. As shown by many examples in nature, simple
rules for interactions can emerge to quite complex behavior
while being scalable and robust against disturbances and
failures. This would allow for simple control systems like for
example having a small ANN on the particular robots.

Unfortunately, there is yet no straightforward way for the
design of these rules so that the overall system shows the
desired properties. Typically, the emergent service is really
hard, or even impossible to predict. Thus, finding a set of
rules that causes the overall system to exhibit the desired
properties presents a great challenge to the system designers.
The main problem is that a small change of a parameter
might lead to unexpected and even counterintuitive results
[8, 9].

To design a self-organizing system with the desired
emergent behavior, it is crucial to find local rules for the
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behavior of the system’s components (agents) that generate
the intended behavior at system scale. In many cases, this
is done by a sumptuous trial and error process which
in case of systems with high complexity is not efficient
or even unfeasible. Parameter-intensive systems also suffer
from the unpredictability of the results due to unexpected
dependencies between parameters.

In this paper, we discuss the application of evolutionary
methods for designing an ANN-based control system for
a team of self-organizing robots. In particular, we tackle
the interface design between neural controller and robot
and elaborate the particular influence of fitness function
parameters on the results. As a case study for the approach,
we describe the evolution of the neural control program for
simulated soccer robots.

The paper is structured as follows: In the next section,
we give an overview about self-organization and systems
presenting the background of this paper will be given.
Then the design steps as a general approach with the
evolutionary algorithm will be described. Section 4 focuses
on the practical evaluation of the approach, presenting the
setup of the robot soccer simulation while Section 5 shows
and explains the acquired results. Related work is discussed
in Section 6. This paper is concluded in Section 7.

2. Self-Organizing Systems

The concept of self-organizing systems (SOS) was first
introduced by Ashby [10] in 1947 referring to pattern-
formation processes taking place within the system by the
cooperative behavior of its individuals. These could best
be described by the way they achieve their order and
structure without having any external directing influences.
There are several definitions for SOS [11], the following was
formulated on the Lakeside Research Days’08 [7]:

“A self-organizing system (SOS) is a set of entities that
obtains global system behavior via local interactions without
centralized control.”

An example could be a team of workers acting on their
own following a mutual understanding. If there was any
external influence like a common blueprint or a boss giving
orders it would result in no self-organization. Many examples
of SOS can also be observed in nature, for example, a school
of fish where each individual has knowledge only about its
neighbors and having no leader amongst them. The key part
is the communication between the individuals; the way they
satisfy their own goal such as getting close, but not too close
to other fish in the school while trying to find food in the
water.

Furthermore, it is important to note that the emergent
property cannot be understood by simply examining the sys-
tem’s components in isolation, but requires the consideration
of the interactions among the components. This interaction
is not necessarily direct, it can be indirect as well when one
component modifies the environment which then influences
other components [12]. This presents a continuous mixture
of positive and negative feedback in the behavior.

By describing self-organizing systems the following
advantages can be observed. These systems are often very

robust against external disturbances; it is clear that a failure
of one component rarely results in a full collapse. Also adapt-
ability and scalability can be noticed meaning a dynamical
behavior and a flexibility in the number of components. It
is also important to note that usually, once the local rules
of the SOS are found, the implementation takes less effort
compared to a centralized solution. These properties make
SOS an interesting, though difficult to design, option for the
decentralized control of complex systems. Although there are
some ideas for designing such systems, there is no general
methodology yet explaining how this should be done.

3. Evolutionary Approach to Design SOS

This section describes the proposed method giving SOS
design engineers a tool. The process starts by defining the
main goals: what are the expectations from our system. The
next step is to build an evolvable representation of local
behavior. Our approach uses an evolutionary algorithm to
explore the solution space. Therefore, the evolvability of the
representation is required, which means that operators like
mutation and/or recombination must be defined on the rep-
resentation. Instead of using a standard representation like
a bit string as in genetic algorithms, the applied algorithm
employs mutation and recombination functions which are
representation specific. We have implemented a Java pro-
gram called FREVO (http://www.frevotool.tk) which is an
open-source framework for evolutionary design. It identifies
and separates the key components, such as the problem
definition, candidate representation, and the optimization
method. As depicted in Figure 1, our framework supports
different representations, where each must embed specific
functions for mutation and combinations of candidates. The
advantage of this approach is that the search space can be
reduced since operations which likely produce unfeasible
solutions are filtered. On the other hand, there is an increased
effort for the implementation of a new representation by
adding the specific mutation/recombination functions. Usu-
ally, control software is written in programming languages
(JAVA, C, etc.) which are inappropriate for phenotypical
mutation and recombination operators. One notable excep-
tion could be the LISP programming language which is used
for the representation of an evolvable algorithm in [13].
Unlike standard programs, artificial neural networks (ANNs)
or representations based on fuzzy rules are qualified for this
task. Structure and setup of this representation is also a
question; it can be trained by the evolutionary algorithm or
defined a priori.

In case of ANNs reinforced learning is needed, since we
have to deal with belated rewards we get after a simulation
of many steps of the revised ANN. Thus, the standard back
propagation algorithm cannot be applied to program the
ANN’s weights. At this point, we need our goals to be
formulated as rewards for reinforcing the candidates. To
make the learning process smoother, we propose a step by
step approach decomposing the overall goal into smaller
achievements weighted according to their significance. A
typical example would be an object manipulation task for
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Figure 1: Components of the FREVO framework: The agent representation is optimized by the evolutionary algorithm to maximize the fitness
for the given problem.

a robot where the three subtasks would be: finding, grabbing
and then manipulating the object. In the next section, an
example of this approach will be given.

With a simulation environment acting as a playground,
the evolutionary algorithm can start evolving the possible
candidates. Typically, a fitness value can be deduced from
the simulation results. This fitness value is then used in the
evolutionary algorithm to decide on the fittest individuals.
An example for such a fitness value could be the throughput
of a given setup of a wireless network. In many cases, an
absolute fitness value cannot be assigned especially when
a competitive emergent behavior is expected. In order to
get a ranking of the individuals, it is necessary to play a
tournament among the candidates of a population. In a
native approach, the number of pairings equals n(n − 1)/2;
n being the number of individuals in a population. In
case of long simulations, the time can be cut effectively by
using the Swiss System, a pairing system used to organize
(chess) tournaments which yield a ranking with a minimum
number of pairings [14] instead of full tournament. Detailed
description can be found in the next section.

4. Case Study

As a case study, we have defined the problem of teaching
soccer to a team of autonomous robots in a 2D environment
similar to the official RoboCup Simulation League. This
problem provides a rich testbed domain for the study of
control, coordination, and cooperation issues described in
[15, 16]. We also presented some early results for this
problem in [17]. In the following, we give a brief description
of the actual problem of simulated robot soccer. Then,
we present the representations of the particular elements
according to the components depicted in Figure 1.

4.1. Problem Description. The problem is evaluated via a
robot soccer simulator with simple physics, similar to the

Table 1: Parameters of the evolutionary algorithms.

Population size 60

Number of generations 500

Percentage of elite selection 15

Percentage of mutations 40

Percentage of crossover 30

Percentage of randomly created offsprings 5

Percentage of randomly selecting an offspring
10

from previous generation

official simulator used for the RoboCup simulation league.
In contrast to the official simulator, ours does not include
the roles of a referee or goalkeeper and there is a simulated
boundary around the field, which avoids situations where the
ball goes out of bounds. The main change with respect to
our approach is that our simulation does not run in real time
(except for a built-in demonstration mode), but as a discrete
event simulation that runs with maximum computation
speed. This greatly reduces the actual time for performing
the evolution. The chosen problem consists to the class of
competitive evaluation, that is, we can only compare the
relative fitness of two candidate solutions by simulating a
match between them.

A simulation run consists of initially placing a config-
urable number of soccer players (typically 2 × 11) on a field
and to simulate a game where each player can accelerate with
a given strength towards a given direction and, if being close
enough to the ball, can kick the ball with a given strength
towards a given direction. One game lasts for 300 steps which
yields 60 real-time seconds.

4.2. Optimization Method. We used an evolutionary algo-
rithm to evolve the controllers of the soccer players. The
implementation of the optimization method is based on the
one presented by Elmenreich and Klingler in [18]. The size of
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the population was set to 60 and the length of the simulation
was fixed at 500 generations. The parameters of the genetic
operators can be seen in Table 1.

4.3. Candidate Representations. The candidates for the evo-
lutionary algorithm were realized as ANN. Training has been
applied to optimize the weights and biases of the neural
network. We tested two different candidate representations in
our case study, namely, a fully connected ANN and a three-
layered ANN.

The fully connected network is a time-discrete, recurrent
artificial neural network. Each neuron is connected to every
other neuron and itself via several input connectors. Each
connection is assigned a weight that is a floating value and
each neuron is assigned a bias. The problem requires 16
inputs and 4 outputs. Additional “hidden” neurons are added
in order to increase the expressiveness and the number of
representable states.

The three-layered network only provides forward con-
nections from the input nodes (the input layer) to the nodes
in the hidden layer and forward connections from the hidden
layer to the output layer.

In most cases, three-layered networks are employed
for ANN applications, since they can be programmed via
back propagation. However, our setup provides only belated
rewards, that is feedback after a simulation involving many
different actions of the ANN controller. The evolutionary
algorithm works with both representations, so we can easily
include the fully connected network.

The implementation of both types is almost identical, the
only difference is that the three-layered network only features
a subset of connections per neuron. At each step, each neuron
i builds the sum over its bias bi and its incoming connection
weights wji multiplied by the current outputs of the neurons
j = 1, 2, . . . ,n feeding the connections. Weights can be any
real number, thus have either an excitatory or inhibitory
effect. The output of the neuron for step k+1 is calculated by
applying an activation function F

oi(k + 1) = F

⎛
⎝

n∑

j=0

wjioj(k) + bi

⎞
⎠, (1)

where F is a simple linear threshold function

F(x) =

⎧⎪⎪⎨
⎪⎪⎩

−1.0, if x ≤ −1.0,

x, if − 1.0 < x < 1.0,

1.0, if x ≥ 1.0.

(2)

As described below in detail, the output of the output
neurons is further scaled to match the input range of the
actuators.

4.4. I/O Interface between Simulation and Controllers. In
the case study, the information passed to the simulation
is predefined; it consist of the strength and direction for
the players’ move and, in case the player can kick the ball,
the strength and direction of the kick. The information
provided by the simulation is also determined; it consists of

the position of the ball (if visible), a list of visible teammates,
a list of visible opponent players, and information about
the distance to the field’s (upper, lower, left, right) border.
The position of the goal is given indirectly by combining
the distance to the borders with the knowledge that the goal
resides in the middle of the side borders.

However, there are different ways to pass this information
into the ANN. In general, the ANN will have a set of so-called
input neurons, which activate their output according to a
given input from external sources. Respectively, a number
of output neurons is used to export information from the
network. Finally, some unspecified or hidden neurons are
added. All neurons are interconnected by directed weights,
which are evolved in the framework (see Figure 2).

Since the number of neurons defines the search space,
the number of neurons should not become too large. On the
other hand, input neurons should be defined in a way that
their result is easily interpretable by the ANN. For example
in [18], we modeled a distance sensor that is periodically
changing its orientation via several input neurons, each
representing the input for a particular orientation.

In the robot soccer example, the inputs are arranged
in groups of four neurons. Each group is responsible for
communicating the detection of a particular object class
(ball, teammate, opponent, border) and consists of a north,
south, east and west neuron.

If the nearest object of that class is in a particular
quadrant, lets say north-west, then the north neuron and
the west neuron are activated inversely proportionally to the
components of the vector to the object. So, if in our example
the ball is towards the north-north-west, the north neuron
gets a high activation and the west neuron a moderate one
(see Figure 3).

For the output neurons, we tested two setups: in the
first setup, the outputs are scaled to [−100%, 100%] and
[−180, +180], respectively and interpreted as polar coor-
dinates for the move and kick vectors. The second setup
interprets the neurons as being the x and y components of a
vector in cartesian coordinates. In general, both approaches
are expected to work, since they transport exactly the same
information and the ANN will be evolved to adjust to the
given representation.

4.5. Fitness Evaluation. Typically, when the task is more
complex, the definition of the fitness function is not trivial.
In the case of a soccer game, the primary aim is to train
teams scoring the most goals during the given time interval.
However, this problem is far too complicated for teams,
initially composed of random ANN controllers, to expect
improvement over generations just by rewarding them by the
final number of goals they score in each game. The idea here
is to decompose the overall goal into smaller achievements
(so-called guidelines) and let the teams fulfill them one after
the other. This method tries to ensure a smooth learning
process assuming some preliminary knowledge or ideas
about the solution. The guidelines are assigned a weight to
setup a hierarchical order. It means a task with smaller weight
is less important, but will most likely be accomplished before
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another tasks with higher value. This is because the second
one is too complex to be achieved without learning the first
one. Figure 4 shows the applied tasks in their respective order
in our simulation.

At the beginning of the training, we wanted the teams to
learn that a good distribution on the field might lead to good
overall play. Therefore, we introduced the first guideline
(field distribution). It was implemented by defining 64
evenly distributed checkpoints on the field and counting the
number of controlled points every 5 seconds for both teams.
A point is controlled by a team if it has the nearest player
to this point. The accumulated points are added to the final
fitness value. The second guideline was an advice for the

Field
distribution

Distance to
ball

Number of
kicks

Ball
distance

to opp. goal

Number
of scores

Proposed way of evolution

Figure 4: Weighted fitness.

teams to move their players closer to the ball. The distance
of the nearest player for both teams to the ball is measured
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Table 2: Parameters of the fitness function.

i Pi Wi

p field distribution 100

bd distance to the ball 103

k number of kicks 2 · 104

f k number of false kicks (ball is kicked out of bounds) 104

bg ball distance to the opponent’s goal 105

s number of scores 4 · 106

and compared every 4 seconds. The team having a player
closer to the ball earns one point. At the end of the game,
this point is weighted and also added to the final fitness.
The number of kicks is also counted with a weight however
only the first 10 kicks are taken into account to create an
upper bound and to prevent dead team strategies where they
only pass the ball back and forth. Concerning the kicking
direction, the ball distance to the opponents goal is also
measured and calculated every 2 game seconds in the same
manner as guideline two. The highest weight is assigned to
the number of scores, being more significant than the other
fitness components. Therefore, we define the fitness function
as the following equation:

F =WpPp +WbdPbd +
(
WkPk −Wf kP f k

)

+WbgPbg +WsPs,
(3)

where W and P stand for the weights and the points,
respectively. Table 2 explains the corresponding indexes and
values.

4.6. Tournament Ranking with Swiss System. Evolving com-
petitive team behavior is a good example where one cannot
assign a simple absolute fitness value. To rank the teams
one solution is to play a tournament among the candi-
dates in each generation (assuming one population with
n candidates). A full tournament would mean n(n − 1)/2
number of pairings when n is the number of entities in the
population. In case a simulation run takes too much time or
a high number of generations is needed, this approach can be
very ineffective. For example, a population of 50 individuals
would require 1225 runs for each generation. The proposed
solution tries to minimize the number of necessary pairing
using Swiss System style tournament [19]. It reduces the
required number to �log2n�(n/2) which is in the mentioned
case only 150 games (see Figure 5). Inspired by the official
FIDE (http://www.fide.com) rules for chess tournaments, we
established the following system.

In each game, the winner gets two points, loser gets
zero, in case of a draw both get one point. After the first
round, players are placed in groups according to their score
(winners in group “2”, those who drew in group “1”, and
losers in group “0”). The aim is to ensure that players with
the same score play against each other. Since the number
of perfect scores is cut in half each round, it does not take
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Figure 5: Total number of games in full tournament and Swiss
System.

long until there is only one player left with a perfect score.
The actual number of rounds needed is log2n to be able
to handle n teams. In chess tournaments, there are usually
many draws, so more players can be handled (a 5 round
event can usually determine a clear winner for a section of at
least 40 players, possibly more), although in our simulation
a draw is very unlikely. To avoid early games between elite
selected entities, the first round is not randomized but cut
into two halves where the first half, consisting of teams which
have performed well so far, is playing against the second
half.

The drawback of the Swiss system is that it is only
designed to determine a clear winner in just a few rounds.
Regarding other players, we have little information about
their correct ranking. For example, there could be many
players with 3-2 scores and it is hard to say which player is
better than the other, or whether a player with 3.5 points
is better than a player with 3 points. To help determine the
order of finish, a tiebreak method has been implemented. In
order to decide on the ranking for players having the same
score, we used a method developed by Bruno Buchholz [20].
There the score of the players’ opponents is summed up
thus favoring those who have confronted better opponents.
In case it is still undecided, the sum is extended by the
points of those opponents who have lost against the player.
This uncertainty in the ranking could cause problems in the
evolutionary algorithm when selecting entities for survival
to the next generation. In our case, elite selection was 15%
while the Swiss System ensures only the first and last position
to be ranked correctly, thus the position of all other players
carries also some obscurity. After observing this effect in
our simulation, we came to the conclusion that having a
somewhat imprecise selection among the top players slows
down the process just a little or not at all. To select entities
for survival, we used a roulette wheel selection where the
probability being selected is directly proportional to the
fitness, in our case the ranking of the Swiss System. Since this
approach already carries some randomization some more
uncertainty did not make a crucial impact.
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5. Results

We ran several simulations evolving soccer teams. In partic-
ular, we varied

(i) the type of representation (fully connected or layered
ANN),

(ii) the number of hidden nodes (2, 4, or 6),

(iii) the type of the interface between simulation and
controllers.

We evolved each setting up to 500 generations. Unfor-
tunately, there is no absolute fitness value for depicting the
quality of an evolved result. Only relative comparisons of
teams by matching them in a simulation are possible. For our
evaluation, we picked the best result of every 20th generation.
These “champions” have than been matched in a round-
robin tournament against each other in order to determine
if there is a constant evolution towards better gameplay and
if one setting is performing better than the other.

We found out that the design of the interface between
simulation and controllers is of major importance to the
success of the evolutionary algorithm. The results showed
that the selection of the interface between simulation and
controllers has a significant influence on the speed of
convergence and quality of the evolved solution. When
the output neurons were interpreted as polar coordinates,
the ANN controller needed to learn the coherent seman-
tics of polar coordinates, and, probably, learn to emulate
trigonometric functions. Figure 6 visualizes this observation
for both, layered and fully connected ANN. The figure
depicts the results of a tournament of the above mentioned
champions for various settings. Most curves are increasing
over generations which depicts that the gameplay of the
teams has been improved by the evolutionary algorithm.

As can be seen in the graphs, the systems using cartesian
coordinates, even after several hundreds generations, are
ranked lower than almost every other systems using cartesian
coordinates. So, in this case, yielding output in polar coordi-
nates posed a higher “cognitive complexity” for the system
than yielding output in cartesian coordinates. Figure 7 shows
a boxplot covering 10 different iterations of the evolutionary
algorithms and also confirms that the cartesian coordinate
I/O model is significantly superior to the polar coordinate
model. This, however, may be specific for the chosen problem
and may be different for other problems.

There was no significant effect of the number of hidden
neurons on the overall performance or speed of convergence.
This could be explained by the fact that a less complex ANN
is already sufficient to learn the local interactions producing
a competitive behavior.

Figure 8 compares the different versions using polar
coordinates with each other and depicts that the fully
connected ANN have evolved faster and to a better gameplay
than the layered networks. The box plot diagram in Figure 9
gives a statistic over 10 different runs of the evolutionary
algorithm. While it confirms that all fully connected ANNs
are typically better than the layered ANNs with 2 hidden
neurons, it also shows that a layered ANN with enough

neurons (that is 6 in that case) is in many iterations able to
compensate for the lower number of connections.

Thus, a fully connected network with 6 hidden neurons
and an I/O interface based on cartesian coordinates evolved
400 generations or more performed best according to the
ability to win over others. Unfortunately, the quality and
elegance of the result cannot be measured in this terms. By
watching several games, we observed the following behavior
(a video of the evolution of the gameplay can be found at
http://mobile.uni-klu.ac.at/demesos):

(i) the player nearest to the ball runs to the ball,

(ii) other players (of the same team) in the vicinity of
the ball also follow the ball, but they do not usually
converge to the same spot; instead they keep spread
out,

(iii) the player at the ball kicks it to a direction bringing it
nearer to the opponent’s goal,

(iv) players far from the ball spread out and build a
defense mesh in front of their own goal

(v) players sometimes tend to stick to opponent players
(man marking).

Considering the relatively small size and complexity
of the neural network controllers, the versatility of the
emerging strategy is impressive. When both teams are well
evolved, the ball is passed over several stations until the
ball possession changes. Goals are scored roughly every few
hundred simulation steps.

6. Related Work

In literature, only a few proposals for designing self-
organizing systems can be found. First, a method proposed
by Gershenson [21] introducing a notion of “friction”
between two components as a utility to design the overall
system using trial and error. Methods building on trials, even
if they are improved by certain notions, often suffer from
counterintuitive interrelationships between local rules and
emergent behavior.

Observing and learning from nature is also proven to
be useful in several scenarios [22]. If an appropriate model
exists and is available for study, top-down approaches can be
very effective by applying the same phenomena. Conversely,
bottom-up approaches adopt principles from nature and use
on a fundamental basis [23].

There is also an imitation-based approach proposed
by Auer et al. [24] where the behavior of a hypothetical
omniscient “perfect” agent is analyzed and mimicked in
order to derive the local rules. A good example would be a
perfect poker player who can see the hand of all other players
and his decisions can be analyzed to create a relatively good
normal player. The problem here and in all methods based
on imitation is the limitation to cases where an appropriate
example model is available.

Evolutionary algorithms have been applied in several
ways to evolve ANNs. Yao and Liu [25] describe a general
method for simultaneously evolving the weights of an ANN.
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Figure 6: Tournament results of ANN with different I/O interfaces.
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Figure 7: Box-and-whisker diagram of the repeated evaluation of
different I/O models and different number of hidden neurons for
layered and fully connected ANNs.
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Meeden [26] proposes a solution solely based on mutation
and selection without crossovers. Floreano and Mondada
[27] describe the evolving of a navigation system based on
discrete-time recurrent networks. They successfully evolve a
network for controlling a single Khepera robot. The work of
Baldassarre et al. [28] shows evolving physically connected
robots using ANN controllers. Sipper et al. [29] shows the
versatility of the approach by applying it to different game
playing problems.
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Nelson et al. [30] describes the evolution of multiple
robot controllers towards a team that plays “Capture the flag”
against an opponent team of robots. This work applies the
relative fitness concept as it is proposed in our approach. In
contrast, Coelho et al. [31] evolve soccer teams evaluating
against a control team. In particular, they evolve separate
ANN for the different player behaviors (defense, middle and
attack). In our approach, we evolve teams, where the same
replicated ANN controls all the players. Based on inputs
about situation and the behavior of the other teammates,
a self-organizing process leads to a differentiation into the
particular behavior types during run time.

7. Conclusion and Future Work

We have described a method for evolving neural network
controllers for a team of cooperative robots. Given an overall
goal function, we evolve the particular weights and biases
of the neural network controllers using an evolutionary
algorithm. Thus, the neural network learns to interpret the
sensory inputs, to control the robots actuators, and to behave
according to a strategy that is beneficial for the given task.
The approach is very flexible and can be applied to a wide
variety of problems but it depends on a sufficiently accurate
simulation and a fitness function that provides the necessary
gradients for the evolutionary algorithm.

In a case study, we have evolved a control behavior for
simulated soccer robots to cooperatively win soccer games.
After a few hundred generations, the players of a team adopt a
useful behavior. In contrast to related work, the players were
not evolved to a priori defined roles, like defender, midfielder
or striker, but all have an instance of the same neural network
controller. Still, during a game, different behavior of the
players emerge based on their situations. Thus, similar to
biological systems, the entities specify to different roles in
a self-organizing way. Since the entities are identical, the
system has a high robustness against failure of some of the
entities.

We have examined the influence of various factors to
the results. The most important factor was the design of
the interface between neural network and sensors/actuators.

Although an ANN could theoretically adopt to different rep-
resentations of sensor/actuator interfaces, it was necessary to
find an interface with low cognitive complexity for the ANN,
which was in our case a simple cartesian representation of
the sensors and intended robot movements. Furthermore, we
analyzed the influence of using different sizes and types of
ANN. While the number of neurons had the smallest effect
on the performance, the type of representation favored the
fully connected network type.

In the future, we plan to assess the robustness and
fault tolerance of the generated solutions. Furthermore, our
system is open to changes in the representation (e.g., using
different controller types), the optimization method, and
the problem definition (e.g., apply the approach to different
problem domains).
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Feedforward controller would be useful for hybrid Functional Electrical Stimulation (FES) system using powered orthotic devices.
In this paper, Feedback Error Learning (FEL) controller for FES (FEL-FES controller) was examined using an inverse statics model
(ISM) with an inverse dynamics model (IDM) to realize a feedforward FES controller. For FES application, the ISM was tested in
learning off line using training data obtained by PID control of very slow movements. Computer simulation tests in controlling
wrist joint movements showed that the ISM performed properly in positioning task and that IDM learning was improved by using
the ISM showing increase of output power ratio of the feedforward controller. The simple ISM learning method and the FEL-FES
controller using the ISM would be useful in controlling the musculoskeletal system that has nonlinear characteristics to electrical
stimulation and therefore is expected to be useful in applying to hybrid FES system using powered orthotic device.

1. Introduction

Functional electrical stimulation (FES), which applies elec-
tric current or voltage pulses to peripheral nerves and
muscles, is a method of restoring or assisting motor functions
lost by the spinal cord injury or the cerebrovascular disease.
FES has been found to be effective clinically, especially
in controlling paralyzed upper limbs [1–3]. For restoring
lower limb functions, the hybrid FES system, which uses
an orthosis with FES, has been accepted as one of practical
methods [4, 5].

In the recent years, powered orthotic devices or robotic
exoskeletons have been focused on an assist or rehabilitation
of lower limb functions [6, 7]. Therefore, the hybrid FES
system is also expected to be realized with powered orthotic
devices. In such system, cooperative control between FES
and powered orthosis will be necessary. Feedforward control
scheme would be useful for controlling fast movements of
lower limbs in tracking to movements developed by the

powered orthosis because control performance of a feedback
controller is limited by large time delay and time constant
in responses of electrically stimulated muscles. However,
complex, time-consuming adjustment of many parameters
of the feedforward controller such as creating stimulation
data for a lot of muscles and time-varying properties of the
musculoskeletal system make it difficult to use practically the
feedforward FES controller in clinical application.

The Feedback Error Learning (FEL) proposed by Kawato
et al. [8, 9] can realize a feedforward controller by learning
inverse dynamics of controlled object. The FEL will be useful
in FES control because it can learn nonlinear characteristics
of the musculoskeletal system to electrical stimulation and
can remove the problem of manual adjustment of controller
parameters by medical staffs in applying to various subjects
that have different characteristics of the musculoskeletal
system.

In order to apply the FEL, a feedback controller is
required. The multichannel feedback FES controller has
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to solve the ill-posed problem in regulating stimulation
intensities because the number of stimulated muscles is
larger than that of controlled joint angles. The feedback
FES controller based on the Proportional-Integral-Derivative
(PID) control algorithm that we developed could provide a
way of solving the ill-posed problem [10, 11]. In our previous
work, the FEL controller for FES (FEL-FES controller) using
the PID controller was found to be feasible in controlling
1-Degree-Of-Freedom (1-DOF) of wrist joint movement
(dorsi- and palmar flexions) stimulating 2 muscles [12].

The FEL-FES controller makes it possible to use both the
feedforward and feedback controllers, which is an advantage
for the cooperative control between FES and powered
orthosis in the hybrid FES system. Therefore, we performed
preliminary test to expand the previous FEL-FES controller
into controlling 2-DOF movements stimulating 4 muscles
through computer simulation. However, the previous FEL-
FES controller had a problem in learning the inverse
dynamics. That is, learning the inverse dynamics model
(IDM) in the previous FEL-FES controller sometimes failed.

Since a major problem in applying the FEL to FES is inap-
propriate learning of the IDM in FES control, a modification
of the FEL-FES controller was discussed through computer
simulation before testing with human subjects and applying
the controller to hybrid FES system in this paper. In the
previous FEL-FES controller, the IDM was only used for the
feedforward controller since learning an inverse statics model
(ISM) was not easy in clinical applications of FES because of
difficulty in acquiring training data, while the FEL controller
by Kawato was composed of the ISM and the IDM.

In this paper, in order to include the ISM into the
feedforward controller, a simple measurement method of
training data for the ISM was introduced considering FES
applications. The ISM learning and the modified FEL-FES
controller including the ISM were examined in wrist joint
movement control by computer simulations in order to be
compared to our previous work.

2. Feedback Error Learning Controller for FES

2.1. Outline. A block diagram of the feedback error learn-
ing controller for FES examined in this study is shown
in Figure 1. The sum of output stimulation intensities
from feedforward controllers (ISM and IDM) and a feed-
back controller is applied to each muscle after adding
offset (threshold value of electrical stimulation intensity)
and clipping out with the limiter to prevent excessive
stimulation.

The PID controller outputs positive and negative values
of stimulation intensity for each muscle to cancel out the
difference between the desired joint angle (θd) and the actual
angle (θ) during movement control. The outputs were also
used in IDM learning on line.

Two three-layered artificial neural networks (ANNS)
were used for ISM and IDM. The IDM and the ISM
output positive values of stimulation intensity to each muscle
calculated from the desired joint angle (θd), while the IDM
uses the first and second derivatives of the desired angle. The

θd , θ̇d , θ̈d

ISM

IDM

PID
controller

Offset

Limiter Limb

θd

θd

IISM

θ

IIDM
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Figure 1: Feedback error learning controller tested in this study.
The inverse statics model (ISM) and inverse dynamics model (IDM)
were used as the feedforward controller.
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Figure 2: Structure of ANN for IDM used in the FEL-FES
controller.

ISM is trained off line before IDM learning, and then the
IDM is done on line using outputs of the feedback controller.

2.2. Feedforward Controller. The structure of ANN for the
IDM is shown in Figure 2. The input data of the desired
joint angle and its first and second derivatives at continuous
6 times, from t to t + 5, (50 ms interval) in the directions
of dorsi/palmar flexion (θd1, θ̇d1, and θ̈d1) and radial/ulnar
flexion (θd2, θ̇d2, and θ̈d2) were given simultaneously. Out-
puts were stimulation intensities to 4 muscles. Therefore, the
numbers of neurons in the IDM were 36 for the input layer
and 4 for the output layer. That for the hidden layer was 18,
which was determined based on our previous results [12].

The output of each neuron in the hidden and the output
layers was defined as

y = f

⎛
⎝∑

i

wixi + c

⎞
⎠ (1)

where xi represents outputs of the neurons in the previous
layer, wi is the connection weight from neurons in the
previous layer, c is the bias term, and i is the index of the
neuron in the previous layer. The output function f (x) of
the neuron is the sigmoid function

f (x) = 1
1 + e−x

. (2)
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The IDM was trained on line by the error backpropaga-
tion algorithm [13, 14] using outputs of the PID controller.
ANN connection weights are changed to reduce total error,
E, as follows:

E = 1
2

(Idesired − IIDM)T · (Idesired − IIDM) (3)

dw

dt
= ε
(
∂IIDM

∂w

)T
(Idesired − IIDM) (4)

where Idesired and IIDM are desired stimulation intensity and
stimulation intensity of the IDM, respectively. ε is the learn-
ing speed coefficient that has effect on convergence speed
of learning. Idesired − IIDM is approximated by stimulation
intensity of the PID controller, IPID.

The ISM was trained off line before the IDM learning
by using the error backpropagation algorithm. The three-
layered ANN that had 2 neurons for the input layer, 18 and 4
for the hidden and the output layers, was used for the ISM.
The ISM and the PID controller output stimulation during
control for IDM learning, although outputs of the ISM were
not used for IDM learning.

2.3. Feedback Controller. The following PID control algo-
rithm was used in the FEL-FES controller as the feedback
controller:

IPID(n) = KPe(n) + KI

n∑

i=0

e(i) + KD{e(n)− e(n− 1)} (5)

where the error vector e(n) is defined as difference between
desired and measured joint angle vectors at time n. The
PID parameter matrices KP, KI, and KD were determined by
modifying the Chien, Hrones, and Reswick (CHR) method,
and their elements were expressed as follows [10]:

KPi j= 0.6Ti
Li

m−
i j , KIi j= 0.6Δt

Li
m−
i j , KDi j= 0.3Ti

Δt
m−
i j

(6)

where Li and Ti are the latency and the time constant of the
step response of muscle i, when the response is approximated
to the first order delay with latency. Δt is the sampling
period. In case that a muscle has two or more functions (j
shows index of the function), the delay time and the time
constant obtained for every components in a movement were
averaged, respectively. The coefficient m−

i j corresponds to a
reciprocal of the steady state gain of the system, which is
calculated as an element of a generalized inverse matrix of a
transformation matrix M. The matrix M transforms change
of stimulation intensity vector into change of joint angle
vector. Calculation method of the coefficient m−

i j is shown in
Appendix A.

3. Computer Simulation Tests

The FEL-FES controller including the ISM was tested in con-
trolling 2-DOF movements of the wrist joint. The muscles to
be stimulated were the extensor carpi radialis longus/brevis

(ECRL/ECRB), the extensor carpi ulnaris (ECU), the flexor
crpi radialis (FCR) and the flexor crpi ulnaris (FCU). The
ECRL and the ECRB were assumed to be one muscle group
(ECR) because of difficulty in selective stimulation to them
in experiments using surface electrodes that we performed
[10].

For computer simulation tests of learning the ISM and
the IDM and of control performance, a musculoskeletal
model of the upper limb was developed. In brief, muscle
force FCE produced by electrical stimulation was described by
the Hill type muscle model with nonlinear length-force rela-
tionship k(l) and nonlinear velocity-force relationship h(v),
which included muscle activation level am(s) determined
by nonlinear recruitment characteristics with dynamics to
applied electrical stimulation (refer to Appendix B for
details). That is,

FCE = am(s)k(l)h(v)Fmax (7)

where s, l, and v were normalized stimulation intensity,
muscle length and contraction velocity, respectively. Fmax

showed a constant of maximum muscle force. Active torque
τCE produced by electrical stimulation was calculated by
muscle force FCE and moment arm r f (θ). That is,

τCE = FCE r f (θ). (8)

Moment arm r f (θ) was represented by an approximated
polynomial equation as a nonlinear function of joint angle
θ for each movement developed by each muscle [15]. Six
different subject models were prepared, in which the differ-
ence between 6 subjects was represented by adjusting mainly
parameters of recruitment characteristics based on step
responses and input-output (stimulus intensity-joint angle)
relationships of the muscles measured on 6 neurologically
intact subjects.

In this study, ISM learning was carried out off line
using training data that consisted of stimulation intensities
to 4 muscles and 2 joint angles. A set of training data was
obtained by the tracking control of very slow movements
using the PID controller. Figure 3 shows target trajectories of
the tracking controls to obtain the training data set. The cycle
period was 30 s for all trajectories. In Figure 3(a), the training
data set was obtained from 2 target trajectories which were
ellipses on the joint angle plane with the major radius of
20 deg in dorsi/palmar flexion and the minor radius of 15 deg
in radial/ulnar flexion and those of 10 deg and 7.5 deg. Four
target trajectories as shown in Figure 3(b) were also used for
measurement of another training data set for ISM learning,
in which 2 trajectories with the radius of 15 deg and 11.25 deg
and 5 deg and 3.5 deg were added to those in Figure 3(a). The
ISM was trained off line applying training data in random
order. Initial values of the ANN connection weights were
random values.

The IDM was trained on line for different 5 target trajec-
tories shown in Figure 4, which were also ellipses on the joint
angle plane with the radius of 20 deg in dorsi/palmar flexion
and that of 15 deg in radial/ulnar flexion. The centers of
those trajectories were 0 deg, 5 deg moved to the radial, ulnar,
dorsi, and palmer directions. Three cycle periods, 2, 3, and
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Figure 3: Target joint angle trajectories to obtain training data for ISM learning. Cycle period was 30 s for all trajectories.
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Figure 4: Target joint angle trajectories for IDM learning. Each
movement had different center.

6 s, were used for all trajectories. Six cycles were included in
one control trial for IDM learning. Three sets of initial values
of ANN connection weights were prepared, which were
random small values that did not have effect on movements
at the 1st control trial (before IDM learning). Therefore, a
total of 45 learning tasks were tested on 6 subject models
with all controllers (without ISM, using ISM trained with
2 trajectories, and using ISM trained with 4 trajectories).
Iteration number of IDM learning was fixed at 50.

4. Results

The ISM was evaluated by feedforward control of position-
ing. Target position for the control was set by a pair of
dorsi/palmar flexion and radial/ulnar flexion angles at every

2 deg in the range of 20 deg in dorsi- and palmar flexions and
in the range of 16 deg in radial and ulnar flexions. An exam-
ple of the evaluation result of the ISM is shown in Figure 5.
In the case of using 2 target trajectories for obtaining training
data (ISM-2), the error did not reduce around the center
of the target trajectory and at positions between training
data. As for the 4 trajectories for training data (ISM-4), the
errors were small inside the largest target trajectory. Larger
target joint angles outside the largest trajectory could not be
controlled appropriately with both ISM-2 and ISM-4.

Figure 6 shows average errors in open loop control of
the positioning for ISM-2 and ISM-4. There was no large
difference in the error between 6 subject models. Positioning
errors shown in Figure 6(a) are for evaluation including
targets outside the largest trajectory, and those in Figure 6(b)
show those excluding targets outside the largest trajectory.
Average positioning errors inside the largest trajectory (Fig-
ure 6(b)) were smaller than those in Figure 6(a). Figure 6(b)
suggests that positioning in the radial/ulnar flexion was not
trained sufficiently with the ISM-2.

Figure 7 indicates an example of control result of the FEL-
FES controller using the ISM with the IDM. The IDM was
trained during the tracking control. The first cycle period
of 5 s, which was set for moving to the start position of
tracking control, was not used in the IDM learning. Before
IDM learning (the 1st control trial), the ISM and the PID
controller performed tracking control without the IDM.
After IDM learning (the 50th control trial), the FEL-FES
controller could perform good tracking with very small
outputs of the PID controller.

In order to evaluate performance of the FEL-FES con-
troller, mean error (ME) and power ratio (PR) shown in the
following equations were calculated in each learning task:

ME =
∑

n|e(n)|
N

=
∑

n|θd(n)− θ(n)|
N

[
deg
]
, (9)

PR =
∑

n PFF(n)∑
n PFB(n) +

∑
n PFF(n)

× 100 [%], (10)
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Figure 5: An example of evaluation results of ISM in positioning control (model A).
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Figure 6: Evaluation results of ISM learning in positioning control.

where, e(n) represents the error between target joint angle
and the resulted one at time n. N is the number of sampled
data. PFF(n) and PFB(n) represent the output power of the
feedforward and the feedback controllers, respectively. The
ME was calculated for each movement direction, and the PR
was done for each muscle.

Average values of ME are shown in Figure 8. The
controllers using the ISM decreased the error at the 1st
control trial (before IDM learning). Especially, the ME was
very small for slow movement control. All 3 controllers

performed good tracking control after the IDM learning (the
50th control trial). There was no difference in ME after the
IDM learning between ISM-2 and ISM-4 and also between
with and without the ISM.

The power ratio, PR, gives us information of IDM
learning. Figure 9 shows average value, the minimum
and the maximum values of the PR. The FEL-FES con-
troller using the IDM and the ISM achieved larger aver-
age value and larger minimum value of the PR than
those of the previous controller before and after IDM
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Figure 7: An example of control result by the FEL-FES controller using the ISM and the IDM. (model C, center at palmar position, cycle
period of 3 s).

learning. After IDM learning, the minimum value of
PR was greatly improved by using the ISM. There was
no difference in those improvements between ISM-2 and
ISM-4.

5. Discussion

The off line ISM learning was effectively achieved with
the small number of measurements of training data. For
practical clinical application, small number of measurements

and short period of control time for acquiring the training
data are required to avoid muscle fatigue and burden to
patients. Therefore, training data acquired from feedback
FES control of very slow continuous movements can be
useful in ISM learning for FES.

Increasing the number of target trajectories to obtain
training data may be required for learning the ISM of the
musculoskeletal system that has nonlinear characteristics.
However, if the ISM is mainly used to improve learning
performance of the IDM, it is possible to decrease the
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Figure 8: Average values of the mean error (ME) in tracking control
by FEL-FES controllers. Error bar shows the standard deviation.

number of measurements of training data because there was
no large difference between ISM-2 and ISM-4. On the other
hand, target positions that had larger joint angles outside
the largest trajectory could not be controlled appropriately
as seen in Figure 5. This was a natural result because those
targets were outside the training data. Since the control
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Figure 9: Average values of the power ratio (PR) in tracking control
by FEL-FES controllers. Error bar shows the minimum and the
maximum values of the PR.

performance of the ISM was improved by adding target
trajectories to obtain training data, the ISM is expected to
perform properly in the range of motion if the training data
that cover the range of motion are added.

The output power of the feedforward controller, PR, was
increased by using the ISM as shown in Figure 9. More



8 Journal of Robotics

0

20

40

60

80

100

2 3 6

Cycle period (s)

La
rg

e
P

R
ra

te
(%

)

IDM only
IDM + ISM-2
IDM + ISM-4
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controller.

than 84% of the number of muscle outputs showed the
increase of PR for movements with the cycle period of 2 s. For
movements with the cycle period of 3 s and 6 s, it was more
than 65% and more than 40%, respectively. These results
show that IDM learning was improved in most of learning
tasks. For evaluating the improvement of IDM learning,
the large PR rate that was defined as the percentage of the
number of muscle outputs that had PR larger than 80% was
calculated (Figure 10). The large PR rate was also improved
by using ISM, especially for fast movement control. These
results suggest that the FEL-FES controller using the ISM can
be effective to realize a feedforward controller by learning
nonlinear characteristics of the musculoskeletal system to
electrical stimulation. For practical applications of the FEL
to FES, an effective method of IDM learning will be
needed, because the musculoskeletal system has nonlinear
characteristics and also has hysteresis characteristics.

The FEL-FES controller using the ISM made better
control with small values of ME at the first control trial for
IDM learning as expected (Figure 8(a)). Since the difference
in ME between with and without the ISM was not so large,
the feedback controller was considered to perform well.
However, control performance of the feedback FES con-
troller sometimes deteriorated in tracking control because
of nonlinear characteristics of the musculoskeletal system to
electrical stimulation [16] although the feedback controller
has been shown to perform properly [10, 11]. Therefore, the
ISM is expected to become useful in controlling before IDM
learning.

After IDM learning, all controllers showed small values
of ME with no significant difference between the controllers
(Figure 8(b)). However, the controllers using ISM resulted
in larger average and minimum values of PR than those of
the controller without the ISM (Figure 9(b)). This suggests
that the PID controller had effect on decreasing errors for
the controller without the ISM even after IDM learning while
the feedforward controller worked mainly in the controllers
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Figure 11: Outline of determination of gain of the musculoskeletal
system. The gray solid line shows the approximated linear line of the
input-output relationship of the muscle.

using ISM. Therefore, there is a possibility that the controller
without ISM has a problem in movement control of the
musculoskeletal system that has nonlinear characteristics.

6. Conclusions

Feedback error learning (FEL) controller using the ISM
with the IDM was applied to FES control. The FEL-FES
controller was examined in controlling 2-DOF movements
of the wrist joint through computer simulation. In order
to train the ISM in FES application, training data were
acquired by controlling very slow movements with the PID
controller. The ISM trained off line using the training data
obtained by the simple measurement method was found to
perform properly in the positioning task. The output power
ratio of the feedforward controller in the FEL-FES controller
was increased by using the ISM showing improvement of
IDM learning. The FEL-FES controller using ISM would
be useful in realizing feedforward controller for controlling
musculoskeletal system that has nonlinear characteristics to
electrical stimulation and therefore expected to be useful in
applying to hybrid FES system.

Appendix

A. Calculation of Gain of Feedback Controller

The transformation matrix M was obtained as follows
(see Figure 11). First, the input (stimulus intensity)-output
(joint angle) characteristics of each muscle were measured
by applying electrical stimulation, in which stimulation
intensity was increased very slowly. Then, the minimum
(Simin) and the maximum (Simax) stimulus intensities for
FES control were determined, and the characteristics were
approximated to a linear line between these intensities by
the least square method. The slope of the approximated
line was used as an element of the matrix M, mij . Here,
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the input-output relationship of the musculoskeletal system
was represented approximately by using experimentally
determined constant matrix M:

ΔΘ = MΔS. (A.1)

In case of controlling 2-DOF movements stimulating 4
muscles, the following equation is obtained:

⎛
⎝Δθ1

Δθ2

⎞
⎠ =

⎛
⎝ m11 m21 m31 m41

m12 m22 m32 m42

⎞
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ΔS1

ΔS2

ΔS3

ΔS4

⎞
⎟⎟⎟⎟⎟⎟⎠

, (A.2)

where Δθ1 and Δθ2 show change of joint angles of
dorsi/palmar flexion and radial/ulnar flexion, respectively.
ΔSi means change of stimulation intensity to muscle i.

The matrix M is not the square matrix in general
because the number of muscles stimulated is larger than that
of degree-of-freedom of movement controlled. Therefore,
the generalized inverse matrix of the matrix M, M−, was
calculated. That is,

ΔS = M−ΔΘ, (A.3)
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Since there are many generalized inverse matrices for M,
the generalized inverse matrix M− has to be determined
uniquely.

Here, after changing negative sign of mij into positive
one, the calculation of the generalized inverse matrix can be
solved as the quadratic programming problem using (A.5) as
the objective function under the constraints shown by (A.6)
and (A.7) [17]

L =
∑

i

∑

j

(
m−
i j

)2
, (A.5)
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m−
i j > 0. (A.7)

This type of the quadratic programming problem can
be converted to the linear programming problem by the
Wolfe’s algorithm [18]. The unique solution of such linear
programming problem can be obtained after the finite
number of iterative calculations by the simplex method [18].
That is, a set of positive values of m−

i j minimizing the value
L can be calculated under the condition of MM− = I after
changing negative sign of mij into positive one. Finally, the
sign of m−

i j was changed to negative sign based on the sign of
mij .
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Figure 12: Skeletal model structure of the upper limb.

B. Musculoskeletal Model for FES Control

In this study, the 2-DOF wrist joint movements (dorsi/
palmar flexions and radial/ulnar flexions) were controlled
stimulating the flexor carpi radialis (FCR), the flexor carpi
ulnaris (FCU), the extensor carpi radialis longus/brevis
(ECRL/B), and the extensor carpi ulnaris (ECU). Since the
four stimulated muscles also relate to forearm or elbow
movements, the skeletal model structure of the upper
extremity was constructed in order to represent elbow
flexion/extension, forearm pronation/supination, and wrist
dorsi/palmar flexions and radial/ulnar flexions as shown
in Figure 12. The shoulder joint was designed to be fixed
at arbitrary angles of flextion/extention and rotation. The
15 muscles relating these movements as the agonist were
included as listed in Table 1. Some muscles were also modeled
as the synergistic muscles for other movements.

The musculoskeletal model to predict responses of elec-
trically stimulated muscles is outlined in Figure 13. Muscle
force FCE produced by electrical stimulation was described
by the Hill type muscle model including muscle activation
level determined by electrical stimulation am(s), length-
force relationship k(l), velocity-force relationship h(v), and
maximum muscle force Fmax. That is,

FCE = am(s)k(l)h(v)Fmax (B.1)

where s, l, and v were normalized stimulation intensity,
muscle length, and contraction velocity, respectively. Active
torque τCE produced by electrical stimulation was calculated
by muscle force FCE and moment arm r f (θ). That is,

τCE = FCE r f (θ). (B.2)

Moment arm r f (θ) was represented by an approximated
polynomial equation as a nonlinear function of joint angle θ
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Figure 13: Outline of the musculoskeletal model for FES.

Table 1: Muscles included into the model.

Joint Movement Agonist muscle Synergistic muscle

Elbow flexion biceps brachii long head flexor carpi radialis

biceps brachii short head extensor carpi radialis longus

Brachialis extensor carpi radialis brevis

brachioradialis pronator teres

extension triceps brachii long head extensor carpi ulnaris

triceps brachii medial head

triceps brachii lateral head

Forearm pronation pronator quadratus

pronator teres

supination biceps brachii long head Brachioradialis

biceps brachii short head

Supinator

Wrist palmar flexion flexor carpi radialis

flexor carpi ulnaris

dorsi flexion extensor carpi radialis longus

extensor carpi radialis brevis

extensor carpi ulnaris

radial flexion extensor carpi radialis longus

extensor carpi radialis brevis

flexor carpi radialis

ulnar flexion extensor carpi ulnaris

flexor carpi ulnaris

for each movement developed by each muscle [15]. For
example, the moment arm for the wrist dosri/palmar flexion
and elbow flexion/extension was described by the following
equation:

r f (θ) = a0 + a1θ + a2θ
2 + a3θ

3 + a4θ
4 + a5θ

5 (B.3)

where a0 ∼ a5 were parameters for each movement of each
muscle. Each element of the FCE is described in the following.

The nonlinear recruitment property of electrically stim-
ulated muscle u(s) was modeled by the following [19]:

u(s) = sc tanh{sh(s− xc)} + yc (B.4)

where sc, sh, xc, and yc were constants. Electrical stimulation
was expressed in normalized stimulation intensity s. The

muscle activation am was described by the following dynam-
ics using the recruitment property with different two time
constants, tr and t f [20]:

dam
dt

= 1
tr
{u(s)− am}u(s) +

1
t f
{u(s)− am}. (B.5)

The length-force relationship k(l) was described by the
following equation. lo means optimum muscle length [21]:

k(l) = 1−
(
l − lo
0.5lo

)2

. (B.6)

The velocity-force relationship h(v) during shorten-
ing and lengthening of muscle was modeled. vmax shows
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maximum contraction velocity [21, 22]:

h(v) = vmax − v
vmax + 2.5v

(
v ≤ 0 : shortening

)
,

h(v) = 1.3− 0.3
vmax + 2.5v
vmax − 2.52v

(
v > 0 : lengthening

)
.

(B.7)

The maximum muscle force produced by electrical
stimulation Fmax was determined by PCSA (physiological
cross-sectional area) as follows [15]:

Fmax = 2.2 PCSA. (B.8)

The passive viscoelastic element developed passive torque
τP calculated by the following equation for each joint
movement [23]. The range of motion was also represented
by this property:

τp = k0θ + b0ω + k1
{

exp(k2 θ)− 1
}

(B.9)

where θ and ω were joint angle and angular velocity,
respectively. Constants k0, b0, k1, and k2 were determined for
each joint movement.
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We propose extension-by-unification method to improve reusability of the dialogue components in the development of
communication function of the robot. Compared to previous extension-by-connection method used in behavior-based
communication robot developments, the extension-by-unification method has the ability to decompose the script into
components. The decomposed components can be recomposed to build a new application easily. In this paper, first we, explain a
reformulation we have applied to the conventional state-transition model. Second, we explain a set of algorithms to decompose,
recompose, and detect the conflict of each component. Third, we explain a dialogue engine and a script management server we
have developed. The script management server has a function to propose reusable components to the developer in real time by
implementing the conflict detection algorithm. The dialogue engine SEAT (Speech Event-Action Translator) has flexible adapter
mechanism to enable quick integration to robotic systems. We have confirmed that by the application of three robots, development
efficiency has improved by 30%.

1. Introduction

In recent years, there has been an increasing demand for
robots that work in a human life environment.

Replacement of human labor by robots in the manu-
facturing sectors (e.g., factory production lines) has already
shown success. In the case of manufacturing robots, profes-
sional operators give commands to the robot. Professional
operators have expert knowledge, and they are able to
command the robot in a robot-friendly manner.

However, in the case of the robots used in a life
environment, the operator who gives commands to the
robot only has imperfect knowledge about the robot (called
a “naı̈ve user” hereafter). Naı̈ve users often use natural
language to command the robot. To create a robot that can be
easily used by naı̈ve users, the robot not only needs to have
mechanical skills but also linguistic ability to understand a
variety of commands.

The biggest problem in understanding language is
diversity. Words used by a naı̈ve user to command the

robot will be diverse for various reasons (described in
Section 3). This problem has been solved commonly by two
methods: the machine learning methods and the behavior-
based “scripting” methods. Each method has advantages and
disadvantages.

An advantage of using the machine learning method is
that the developer can implement the vast patterns of lan-
guage understanding without any programming effort. For
example, Iwahashi has used Markov model and stochastic
context-free grammar to let the robot understand lexicons
as well as associations between objects and words [1]. Roy
has implemented on-line learning algorithm on a robotic
platform, which automatically acquires the concept of the
words and the objects [2]. However, the disadvantage of this
method is that the models generated by the machine learning
method cannot be edited or modified for reuse. Some meth-
ods enable retraining of the model by controlling a meta-
level learning parameter (e.g., [3]), but we need to realize
intended behaviors in complex situations, so it becomes
generally difficult to find optimal learning parameters.



2 Journal of Robotics

In contrast, in the case of scripting methods, the
developer can program the specific behavior of the robot as
intended. While the disadvantage is, however, the difficulty to
cover the diversty of language understanding ability required
in each application, because the effort of human developer is
limited.

SHRDLU [4] is one of the most successful applications
based on scripting method. The system was developed
by Winograd in 1972. The system uses “inference-based”
scripting approach. The script consists of planning part
and vocabulary part and uses inference to complement the
meaning of words.

The inference-based scripting approach is useful for the
developer who has deep understanding about the inference
system, but this requirement is sometimes difficult to fulfill
in collaborative and incremental development (discussed
later in Section 7.1).

Recently, “behavior-based” scripting method has been
applied in many practical robotic systems. The application
presented by Brooks [5] used hieratical structure model. The
recent applications [6, 7] use state-transition model (finite
state automata) to model the situation of the system. The
developer incrementally develops the script by adding each
behavior which fits to each small situation. Diverse situation
understanding ability can be realized as a result of long-term
incremental development.

The behavior-based scripting method can also be applied
to communication robots by incorporating speech input
with the situation model. Application of the behavior-
based scripting method to the communication robot is first
presented by Kanda et al. [8] in 2002. In their work, they
not only proposed an incremental development framework,
but also implemented an on-line development environment
which can realize automated control of the robot. They have
confirmed through a 25-day field study that with the help of
the development environment, the conversation ability of the
robot was incremented on line and succeeded to decrease the
operation time of the human operator [9].

However, in the existing behavior-based scripting meth-
ods for communication robot, there is an inefficiency in
terms of reusing the script to develop different types of robots
(this problem is described in Section 3.1). In this paper,
we present the extension-by-unification method in order
to push forwards the behavior-based scripting approach to
develop communication robots.

In our approach, we will not only focus on the ability
of the model itself, but also on the descriptive format of
the script and its operation. We show that the reuse can
be enhanced by reformulating the conventional descriptive
format and also show the effectiveness of the reformulation
by implementing a computer-assisted development environ-
ment to enhance the development activity of the developer.

In Section 2, we give an overview of a basic state-
transition model and its characteristics.

In Section 3, a formal discussion of incremental devel-
opment methods for the state-transition model is presented.
Here, we introduce the formalization of the proposed incre-
mental development method and clarify its characteristics by
comparing it to the previous method.

In Sections 4 and 5, the implementations of the script
server and script engine are presented. The script engine and
script server implemented support functions that will allow
developers to reduce their development efforts.

In Section 6, examples of script development in actual
applications are presented, and the effectiveness of the
development environment is discussed.

2. State-Transition-Based Models

2.1. Formalization. A state-transition model is a modeling
method in which the input and output of the system assume
the following form:

A := 〈I , S,O, γ, λ, s0
〉

, (1)

where I represents the input alphabet, O represents the out-
put alphabet, S represents the internal states, γ represents the
state-transition function, λ represents the output function,
and s0 is the initial state.

The state transition function γ is defined in association
with the state to the input.

γ : S× I −→ S. (2)

The output function λ is defined in association with the
state to the input.

λ : S× I −→ O. (3)

When the system is in state st and gets input alphabet it,
state transition to st+1 will occur as follows:

st+1 = γst ,it . (4)

At the same time, we get output alphabet ot as follows:

ot+1 = λst ,it . (5)

Even the input to the system is the same, the output of
the system may be different, because the internal state st will
be updated each time the system gets the input.

We have explained the state-transition model in an
equation form, however, the state-transition model can be
also presented in a 2-dimensional diagram called “state-
transition diagram”. In the diagram, each state is represented
by a circle, and the transition between states is represented by
arrows. In this paper, we annotate the transition conditions
and the associative actions by including text over each arrow.
We use a black circle (called a “token”) to represent the
current state.

For example, Figure 1 represents a conversation modeled
by the state-transition model.

In the model presented in Figure 1, the initial state
of the system is in “TV control” state. When the model
gets the instruction “Turn on” as an input, it will output
the command “turn-on-TV”, and state transition “(a)” will
occur. Then the token turns back to the same “TV control”
state. When the model gets the instruction “Video” as an
input, state transition “(b)” will occur, and the token will
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(a) “Turn on”/turn-on-tv (c) “Turn on”/turn-on-video

(b) “Video”

(d) “TV”

VTR control
state

TV control
state

Initial state

Figure 1: Example of state-transition model.

Detect@facedetector/(talk “hello, . . .”)

Example interaction:
User: “(gets close)”

System: “hello, what can i do for you?”

Hear
state

Wait
state

Initial state

Figure 2: Example of state-transition model using multichannel
input.

move to “VTR control” state. This time when the instruction
“Turn on” is given, state transition “(c)” occurs and outputs
the command “turn-on-video”. In this way, we can model the
context by defining an appropriate state and state transitions
between the states.

The above example is expressed as follows in the equation
form:

A := 〈I , S,O, γ, λ, s0
〉

,

I = (“Turnon”, “Turnoff”, “TV”, “Video”),

S = (“tv-control”, “vtr-control”),

O = (“turn-on-tv”, “turn-on-video”,

“turn-off-tv”, “turn-off-video”),

γ =
(
s0 s0 s0 s1
s1 s1 s0 s1

)
,

λ =
(
o0 o2 none none
o1 o3 none none

)
.

(6)

As we have seen here, the expression in equation form
has an advantage in formalization, while the expression in
diagram form has an advantage in quick understanding.
In later discussion, we will use both the equation and the
diagram forms to explain the concept quickly and formally.

State-transition model is a very simple get very powerful
modeling method and has been applied to very wide
applications. Because the structure of state-transition model
is very simple, it is frequently misunderstood that the state-
transition model can only model simple behavior. However,
it can model diverse behavior by applying some extensions
(e.g., [10, 11]).

2.2. Extensions

2.2.1. Multichannel Input. The original state-transition
model uses a single input channel. In the case of a con-
versational system, the input channel is assigned to receive
input from the speech recognition subsystem. However, it
can accept multichannel input by formulating the transition
function γ as γ : S× I × C → S and the output function λ as
λ : S× I ×C → 〈O,C〉, where C is the type of input channel.
By this extension, the model can integrate voice input as well
as the other sensory inputs.

The example in Figure 2 shows the use of context in
image and voice input.

2.2.2. Loop-Back Events. The state-transition model updates
its internal state using external input. But by connecting
output of the system to the input, it can realize autonomous
behavior generation based on the internal event (in this
paper, we call this a “loop-back event”). Loop-back events
are important in realizing the autonomous behavior of the
robot (examples are presented in Section 6).

2.2.3. Automatic Generation of Frame-Based Questions. A
frame-based question is an interaction that requires answers
to two or more questions in an arbitrary order. Example
in Figure 3 shows realization of frame-based question using
state-transition model. The structure of the model is appar-
ently complex; however, we can generate this model using a
simple algorithm.

2.3. Existing Implementations Used in Industry. There have
been many script engines implemented (e.g., [12]). Most
of them implement both multichannel and loop-back event
extensions.

VoiceXML [13] is the de-facto standard of the script
format used in various dialogue systems. It uses a more
sophisticated format to describe the script than the state-
transition model does. However, as we have shown the
example of frame-based question in the previous section,
we can easily convert the sophisticated description into
the state-transition-based form. The implementation of
VoiceXML script engines also uses this conversion, and the
core part of these engines are based on a state-transition
model.

Our script engine does not only implement the above
extensions, but also has a function to support incremental
development. In the next section, we discuss our incremental
development method.

3. Incremental Development Method

Commands given by the human to the robot are diverse. The
following are the factors that cause this diversity.

The Nature of Language. Human language is ambiguous, and
different expressions can be used to give instructions that
carry the same meaning.
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(q1, q1n) = (("box", "dish"), "where")
(q2, q2n) = (("up", "down"), "which object")
func generate_2frame_question(q1, q1n, q2, q2n):
for q1st, qn, q2nd in ((q1, q1n, q2), (q2, q2n, q1)):
for quest1 in q1st:
state[start].rule.push(quest1, "And "+qn+"?",

state[quest1])
for quest2 in q2nd:
state[quest1].rule.push(quest2, "OK",

state[quest1+quest2])

/(Talk “tell me . . .”)

Up state

Down state

Wait state

Initial state

Dish state

Box state

Dish-down state

Dish-up state

Box-down state

Box-up state

Down/(talk“and which object?”)

Up/(talk“and which object?”)

Box/(talk“and where?”)

Dish/(talk“and where?”)

Up/(talk“OK”)

Down/(talk“OK”)

Box/(talk“OK”)

Up/(talk“OK”)

Down/(talk“OK”)

Dish/(talk“OK”)

Box/(talk“OK”)

Dish/(talk“OK”)

Example interaction:
System: “tell me which object to move and which direction to move.”

User: “box.”
System: “and where?”

User: “up.”

Figure 3: Example of state-transition model that can realize a 2-frame question. The structure of the model looks complex, but it can be
generated easily using a simple algorithm.

Tasks. Robots working in a life environment have to accept a
variety of tasks. In order to cope with this, it is necessary for
them to understand a variety of commands.

Ability of the Robot Itself. The diversity is also caused by
the ability of the robot itself. A command from a human
becomes effective due to the functions of the robot. For
example, humans do not say “walk N steps” to a robot on
wheels.

The language comprehension system of the robot must
be able to deal with these diversities.

In the script-based development approach, diversity has
been dealt with by stacking a newly developed script onto
the existing scripts. By accumulating a number of scripts, the
developer can accumulate the number of commands that the
system can deal with.

Incremental development of the state-transition model
has previously been conducted using the “extension-by-
connection” method (described in the next section). In
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Figure 4: Extension of a state machine using the extension-by-
connection model.

this section, we propose an “extension-by-unification”
method that can cope with the diversities mentioned above
(described in Section 3.3).

3.1. Extension-by-Connection Method. The simplest way to
extend state-transition model is as follows.

(1) Add a new state to the existing state-transition model.

(2) Add a new transition from the existing state to the
new state.

This process is illustrated in Figure 4.
Here, we formulate the above process. Let the existing

state-transition model be A, and the accumulated state-
transition model be A′.

As explained in Section 2.1, the existing state-transition
model A can be represented by the following form.

A := 〈I , S,O, γ, λ, s0
〉
. (7)

Here, S is the set of state s ∈ S. The transition function γ
can be defined in any form. In this paper, we use the matrix
of S× I , in which the transition from state st to state st+1 can
occur if γSt ,i = st+1.

Similarly, we define the accumulated state-transition
model A′ as follows:

A′ := 〈I , S′,O, γ′, λ′, s′0
〉
. (8)

Then, the new state ΔS can be calculated as follows:

S′ = S∪ ΔS. (9)

Here, S′ ∩ ΔS = ∅.
The new state transition Δγ can be calculated as follows:

γ′st ,i = γst ,i (st ∈ S, i ∈ I), (10)

γ′s′t ,i = Δγs′t ,i
(
s′t ∈ S′, i ∈ I

)
, (11)

λ′st ,i = λst ,i (st ∈ S, i ∈ I), (12)

λ′s′t ,i = Δλs′t ,i
(
s′t ∈ S′, i ∈ I

)
. (13)

The transition function of the accumulated partΔγ needs
to be defined based on the transition from the existing state
S. Therefore, Δγ will be a matrix of S′ × I . Note that the new
state ΔS can be expressed only by the newly defined part, but
the transition of the accumulated part Δγ includes both old
state S and new state ΔS in its definition.

The state-transition model is easy to understand in draw-
ing a state-transition diagram. Extension-by-connection can
also be carried out very easily by editing this diagram. There
are several GUIs that can add state-transition rules through
the operation of mouse clicks (e.g., [14]).

3.2. Problems with the Extension-by-Connection Method.
Extension-by-connection is a useful method, but it has the
following problems.

As we can see in (9) and (11), the definition of Δγ′

requires both S and ΔS. This causes problems in the function
development of robots. For example, let us consider the
following scenario.

(1) Robot “A” has function A, and we have already
developed a state-transition model AA to realize the
function.

(2) For the robot “A” to accumulate function C, we have
extended the state-transition model to AAC .

(3) We have developed another robot, “B”, which has
function B. And we want to add function C to this
robot.

Here, the state-transition model for function C is already
developed for robot A. We want to reuse the model for
robot B. Here, we discuss whether such a diversion would
be possible.

First, the state SAC is easily separable from state SA and
state SC

SC = SAC − SA. (14)

However, the definition of state-transition function γAC

is as follows:

γAC
sAt ,i = γAi j

(
sAt ∈ SA, i ∈ I

)
,

γAC
sACt ,i = γCi j

(
sACt ∈ SAC, i ∈ I

)
.

(15)

γC contains state SA in its definition.
Because states SA and SB are defined for different types

of robots, A and B are not equal. In addition, because the
transition for the function C is defined dependently on state
SA, we cannot replace variables like SAC = SBC , which means
that we cannot use γC to extend the state-transition model
AB. The state transition of function C developed for robot A
cannot be diverted for the extension of robot B.

Ideally, once a feature is developed, it would be possible
to share with other robots that need the same feature.
In order to achieve this, we introduce the extension-by-
unification method.
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Figure 5: Extension of the state-transition model using the
extension-by-unification method.

3.3. Extension-by-Unification Method. In the extension-by-
unification method, we extend the state-transition model by
the following procedure.

(1) Develop a state-transition model to realize a new
function.

(2) Unify a state with the same ID between the existing
and the new state-transition models.

This process is illustrated in Figure 5.
Here, we formulate the above process.
The existing state-transition model A can be represented

by state S, state transition γ, and initial state s0

A := 〈I , S,O, γ, λ, s0
〉
. (16)

Similarly, the new state-transition model A′ is repre-
sented as follows:

A′ := 〈I , S′,O, γ′, λ′, s′0
〉
. (17)

We accumulate the state-transition modelA′′ by unifying
A and A′. First, we calculate state as follows:

S′′ = S∪ S′. (18)

Here, S∩ S′ /=∅.
Next, the transition between the state S′′ is calculated as

follows:

γ′′st ,i = γst ,i (st ∈ S, i ∈ I), (19)

γ′′s′t ,i = γ′s′t ,i
(
s′t ∈ S′, i ∈ I

)
, (20)

λ′′st ,i = λst ,i (st ∈ S, i ∈ I), (21)

λ′′s′t ,i = λ′s′t ,i
(
s′t ∈ S′, i ∈ I

)
. (22)

By defining initial state s′′0 to be s′′0 = s0, the extended
state-transition model A′′ will be as follows:

A′′ = 〈I , S′′,O, γ′′, λ′′, s′′0
〉
. (23)

As visible in (20), the transition function γ′ is an
S′ × S′ matrix that only includes state S′ in its definition.
The extension-by-unification method does not require the
definition of the original state in the accumulated part of the
state-transition model.

As noted in Section 3.2, in the conventional extension-
by-connection method, the definition of the accumulated
part of the state-transition model depends on information
on the existing state. It is limited in terms of reusing scripts
for this reason. The proposed extension-by-unification
method does not have this problem. Using this method,
we can significantly increase the reusability of the state-
transition model (examples shown in Section 6).

3.4. Problems of the Extension-by-Unification Method. As
discussed above, the extension-by-unification method can
overcome a limitation in the extension-by-connection
method by applying a simple reformulation. However, as
a counterpart to this reformulation, we have dealt with
the following problems that do not occur in conventional
methods.

First, a conflict in transition conditions may occur. For
example, when we try to unify two states with one another,
the states may have different actions associated with the
same transition conditions. In this case, the state-transition
models cannot be unified.

Second, an isolated state may occur. For example, when
we try to unify state-transition models that do not have
the same state IDs in common, there will be no transitions
between the old and the new states. In this case, the developer
cannot activate the new function as intended.

In this study, we not only implement a script engine that
has a state unification function (detailed in Section 5), but
also implement a script-management server that includes
conflict detection, isolated state detection, and executability
detection functions (detailed in the next section).

4. The Development Environment

4.1. Script-Management Server. We developed the script-
management system, which is based on wiki.

The developer can write the script in XML form on the
wiki page, and the document of the script can also be written
on the same wiki page. The developer can annotate each
wiki page using tags. Tags are used as identifiers to indicate
multiple pages working as a set.

Algorithm 1 is an example of the state-transition model
written in the XML form.

Our run-time engine SEAT can read script using HTTP
protocol. Thus, the developer can directly load and run the
script (or the set of scripts defined by the tag) by specifying
the URL.

The script-management server uses the core func-
tions of dokuwiki (http://www.dokuwiki.org/). Functions
described in the next sections are realized by extending the
dokuwiki.

4.2. Detection of Isolated State. When we try to unify state-
transition models that do not have state IDs in common,
there will be no transition between the old and the new
states. In this case, the developer cannot activate the new
function as intended. Isolation of the state can be detected in
Algorithm 2.
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<state id="Robot" dict="julian-conf/hrp operate">
<rule>
<key>[take] one step [forward]</key>
<command host="talk">

(talk "Take one step forward.")
</command>
<command host="control">

(robot hwalk :set-target-pos 0.2 0 0)
</command>

</rule>
</state>

Algorithm 1

fstate = []

func checkisolatedstate recur(stateid):
for command in states(stateid).commands:
if command.type == statetransition:
if fstate(command.target) == 0:
fstate(command.target) = 1
checkisolatedstate recur(command.target)

func checkisolatedstate(stateid):
checkisolatedstate recur(command.target)
for state in states:
if fstate(state) != 1
detected = 1

Algorithm 2

4.3. Detection of State-Transition Conflict. When we try to
unify two states with one another, the states may have differ-
ent actions associated with the same transition conditions.
In this case, the state-transition models cannot be unified.
A conflict between the state-transition conditions can be
detected in Algorithm 3.

4.4. Detection of an Unexecutable Action. An “unexecutable
action” is an action that is defined in the state-transition
model but cannot produce any output because the robot does
not have the ability to generate the actual output. In this
case, the developer cannot achieve the intended output. By
using the instance ID of the adaptor mechanism (described
in Section 5.2), an unexecutable action can be detected in
Algorithm 4.

4.5. Visualization of Unifiable States. By using the above
algorithms, the possibility of unification between scripts
can be identified as “Unifiable”, “Unifiable (occurrence
of isolated state)”, or “Conflict”. Similarly, scripts can be
classified as “Executable” or “Unexecutable”. By comparing
a script and an adaptor definition for the existing scripts, we
can obtain a list of scripts annotated with 6 (3× 2) classes.

Our script-management server displays the above list at
the bottom of each wiki page. By displaying the list, the

developer can easily find a script that can be included in
his/her current application.

Figure 6 shows example of using the web-based interface.

5. Implementation of the Run-Time Engine

5.1. Architecture. SEAT consists of an adaptor mechanism,
phrase matcher, automaton driver, and automaton unifier. In
the next sections, we briefly overview each subsystem.

5.2. Adaptor Mechanism. The adaptor mechanism is used to
connect the run-time engine to the other subsystems of the
robot.

Adaptors are configured in XML format. For each
adaptor configuration, an instance ID is defined. In the body
of the state-transition model, the instance ID is used to
describe the actions. By using this mechanism, even if the
developer has changed the hardware configuration, the same
state-transition model can be used by employing an adaptor
definition that has the same instance IDs.

SEAT supports BSD socket communication, child process
communication, UNIX standard input and output, and
OpenRTM [15] as default interface types. Because the
adapter mechanism is defined in an abstract form, the
developer can easily add his/her own interface types.
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func checkconflict(state1, state2):
for c1 in state1.conditions:
for c2 in state2.conditions:
if (c1 == c2) && (c1.action == c2.action):
detected = 1

Algorithm 3

func checkactions(adaptor, state):
for c in state.conditions:
if not exist c.action.instanceid in adaptor:
detected = 1

Algorithm 4

5.3. Noise Robust Speech Recognition. A speech recognition
function is also important in improving the accuracy of
the robots’ linguistic understanding. In the human life
space, many noises occur around the robot. In such an
environment, normal speech recognition algorithms are not
accurate enough.

We have developed a speech recognition algorithm that
works in a practical noise environment by using a signal
processing technique combined with the speech recognition
engine Julius [16]. Signal processing technique uses MUSIC
spectrum method and fusion of video by Bayesian network,
and it reduces environment noise by using ML beamforming
(details are described in [17, 18]).

For HumanAID application (Figure 7), evaluation is
done with two persons speaking simultaneously. Number of
vocabulary was 492. Under this condition, the word error
rate of speech recognition was over 19.9%, while the word
error rate of normal speech recognition is 90.4%.

Speech recognition accuracy not only depends on envi-
ronmental noises, but also depends on number of vocabu-
laries. Because the recognizer needs to distinguish each word
among given vocabularies, as the vocabulary increases, the
recognition accuracy will go down. SEAT has a function to
switch the speech recognition vocabularies depending on the
situation. By using this function, the developer can increase
the number of vocabularies of the total system while keeping
the high speech recognition accuracy.

5.4. Phrase Matcher and Automaton Driver. The phrase
matcher compares the input for each state-transition con-
dition. To cope with the diversity of human language, we
utilized a subset of regular expressions. If we write “[A]”,
phrase A is omissible. If we write “(A | B)”, either phrase
A or B can be matched.

When a match is found, the result is passed to the
automaton driver. The automaton driver updates the current
state and executes the commands based on the definition of
the model. When a state transition occurs, switching of the
speech recognition dictionary occurs at the same time.

6. Applications

6.1. Robots and Tasks. In this section, we present the
applications we have developed using the development envi-
ronment.

HRP-2. We have implemented the HumanAID task in the
HRP-2 humanoid robot. The task is designed to assist people
in everyday life. In the task, the robot greets the human, and
the human gives commands to the robot, such as controlling
the video or the TV, carrying drinks from the refrigerator to
the table (Figure 7).

TAIZO. TAIZO is a health exercise demonstration robot
[19]. It is a small robot character that greets people and
demonstrates various exercises (Figure 8(a)).

RH-1. RH-1 is a mobile robot that is designed to assist
humans in the office environment (Figure 8(b)).

6.2. Development History. The development of the Human-
AID task in HRP-2 has taken place from 2006 to 2007.
Development of TAIZO and RH-1 has taken place from 2007
to the present. Table 1 shows the name of each script and its
development period.

Here, we list the development history.

Unit-Based Development in HRP-2 (Period 1). HumanAID
task functions have been developed separately. The state-
transition model for demo conversation (e.g., saying “hello”,
“bye”, introducing itself), the model for controlling the
robot (e.g., walking, picking up objects), and the model for
controlling the TV and VTR using an infrared controller
were split into different scripts and developed simultaneously
in this period.

Integration in HRP-2 (Period 2). After the development of
each part of the function, a script was developed that
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Figure 6: Example of using the web-based interface. (a) Overview of the development interface. Visualization of the state-transition model
(left), XML-based editing panel (right top), real-time annotation of existing scripts (right bottom). Editing task script. When the developer
types the keyword “Hello”, the existing script from the script database is annotated as “conflict” and suggests reuse. At this step, the system
only accepts 3 (“Hello”, “What can you do?”, “Come here”) phrases. (b) When the developer checks the “greet” script, which already contains
several vocabularies for greeting, it is unified to the task script. As a result, the developer only has to increment the application specific
vocabulary to realize the whole script with many vocabularies. At this step, the system accepts 7 (“Hello”, “Good morning”, “Good afternoon”,
“Thank you”, “Nice to meet you”, “What can you do?”, “Come here”) phrases.
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Figure 7: HRP-2 during a HumanAID task.

(a) (b)

Figure 8: TAIZO (a) and RH-1 (b) robots.

defined a menu. Within this script, a central state and states
corresponding to each function were defined. For states
corresponding to each function, nothing was contained in
this script, but it was unified with other scripts to obtain
the functions. Only transitions from the central state to each
function state were defined in the script.

Each automaton has been developed and tested individ-
ually, but at the final stage of development, it was possible to
unify the script by simply confirming the warning messages
given by the script-management server.

Extension of the Scripts in TAIZO (Periods 3 and 4). Script
development of TAIZO was conducted by extending the
scripts developed for HRP-2. The scripts for greeting and
basic demo tasks were selected for reuse, and the other
scripts (TV-control, VTR-control) were not selected because
TAIZO has no ability to control this equipment. To add
more patterns to the greeting, the “greet-taizo” script was
defined, which shares the same state as “greet” but adds more
transitions. Functions specific to TAIZO were developed as
the script “exercise”. Finally, a menu script was developed to
integrate all of the functions.

Table 1: Scripts used by each application and its development
period.

Name of
script

Used by # of
trans.

Period
(developed for)HRP-2 TAIZO RH-1

greet ∗ ∗ ∗ 3 1, 3 (HRP-2)

robot-ctl ∗ ∗ 13 1 (HRP-2)

tv-ctl ∗ ∗ 14 1 (HRP-2)

vtr-ctl ∗ ∗ 10 1 (HRP-2)

hrp-menu ∗ 3 2 (HRP-2)

greet-taizo ∗ 4 3 (TAIZO)

exercize ∗ 17 3 (TAIZO)

taizo-menu ∗ 17 4 (TAIZO)

wander ∗ 15 5 (RH-1)

ask-who ∗ 3 6 (RH-1)

Although the composition of the subsystems (e.g., speech
recognizer, behavior generation) of TAIZO and HRP-2 was
different, it was possible to share the scripts with no
modification by simply switching the adaptor configurations.

Development of RH-1 (Periods 5 and 6). The script devel-
opment of RH-1 was conducted simultaneously with the
development of TAIZO. In RH-1, some control functions
were imported from HRP-2. The script “wander” was defined
as wandering around the office. This script not only uses
speech input, but also uses visual information to find people.
A multichannel input mechanism was used to integrate
visual and speech inputs.

6.3. Results and Effects of Development. As a result of these
developments, the number of acceptable command types has
reached 43, 54, 45 for the respective applications.

Each application shares 93%, 30%, or 60% of its scripts
with the other applications, respectively. As a total, 30% (=
1− (3 + 13 + 14 + 10 + 3 + 4 + 17 + 17 + 15 + 3)/(43 + 54 + 45))
of the script development effort is reduced. Because the time
used to develop the system was in proportion to the number
of transitions defined in the script, the development time is
estimated to have decreased by 30%.

7. Discussion

7.1. Comparison with Other Accumulative Development
Methods. In the above discussion, we compared our
method to the extension-by-connection method. Both
the extension-by-connection and extension-by-unification
methods belong to the same state-transition model group.
For other modeling methods, and especially for artificial
intelligence applications, a production system model is used
in some applications.

A production system model is a modeling method that
maintains the state of the system as a multidimensional
feature vector, and controls the execution of actions by
comparing the state to the pattern written in the script.
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By using the same symbols as in Section 2, the produc-
tion system model is formalized as follows:

A := 〈S,R, s0〉, (24)

where S is the state in vector (in the state-transition model, S
was a set of states), R represents the conditions for each rule,
and s0 is the initial state in vector.

Condition R is a comparison function that can be defined
arbitrarily. In this paper, we define R as a matrix that
consists of the conditions for each rule Rij . The rows of R
stand for each rule, and columns stand for the conditions
corresponding to each dimension of features in the state
vector. We define the conditions as “1”: the value of the
feature is positive, “−1”: the value of the feature is negative,
and “0”: does not care.

Production system models are generally known to be
extensible. Our model can easily accumulate rules, as follows:

R′′i, fm( j) = Ri, j
(
Ri, j /= 0, i, j ∈ S

)
,

R′′i+N , f ′m( j) = R′i, j
(
R′i, j /= 0, i, j ∈ S′

)
,

R′′i, j = 0
(
otherwise, i, j ∈ S′′

)
,

(25)

where R′′ represents the accumulated rules, R represents
the existing rules, and R′ is the rule for accumulation. fm
is a mapping function that converts each feature vector
dimension into the other. S is a dimension of the feature
vector, and N is the number of rules.

Although these are good points theoretically, in practical
development there have only been a few examples of
successful large-scale development. It is generally said that
in a production system, the developers are required to be
proficient in script development in order to ensure the
extensibility of the system. We discuss this problem from the
viewpoint of handling the states.

Let developer “A” has defined the state SA and rule RA,
and developer “B” has accumulated rule RB to extend the
system. Rule RB not only extends the rule, but also adds a new
dimension to the state vector that is not used in rule RA. Let
the new state vector be SB and the old state vector be SA. The
final state vector in the extended system is SA+B = SA ∪ SB.

In the extended system, the rules RA and RB are
evaluated on an equal footing. However, when developer “A”
developed rule RA, only SA was considered. On the other
hand, when developer “B” developed, rule RB, SA+B was
considered. SA+B contains more information than SA, and
this may cause an antinomy to rule RA, which only considers
SA. Figure 9 illustrates this antinomy.

To avoid this problem, the script developer needs to
project the final system before beginning to develop the rule
RA, and maintain consistency during the development of rule
RB. However, this problem is as difficult as the frame problem
[20] discussed in early artificial intelligence research.

In contrast, the state-transition model clearly defines the
model in the form of state and transition conditions in the
design phase.

Frame A

Frame B

Rule for
state 1-1

Rule for
state 1

State
1-1

State
1-2

State 2

State 2State 1

Frame B

Frame A

World

Figure 9: Antinomy between an existing rule and an accumulated
rule. State 1 may be split into state 1-1 and state 1-2 when a new
feature vector (frame B) is considered. There are no clear criteria to
use to decide whether to select rule 1 or rule 1-1.

In state-transition model, we need to define a new state
every time we add a new feature vector to the internal state
so that the system can handle it. Here, we explain this using a
concrete example. In rule RA, developer “A” has considered
feature A and defined S1 = 〈A = 0〉, S2 = 〈A = 1〉. Developer
“B” wants to consider feature B in addition to feature A. Here,
developer “B” has to define the new states S3 = 〈A = 0,B =
0〉, . . . , S6 = 〈A = 1,B = 1〉. In the production system model,
the state with smaller dimensions will be included in the state
with larger dimensions. In the above case, all states will be
included in S = 〈A,B〉(A,B ∈ [0, 1]), and states S1 and S2

will be overwritten.
In the state-transition model, the developer assesses the

internal parameters of the system in the design step, but
for the description, the developer needs to break down the
combination of parameters into a set of states. When the
developer wants to increase the internal parameters, he/she
has to use a different state. Due to this restriction, the
definition of a state is always clear, and is not overwritten by
a script that is added later. Thus, the developer can proceed
without being trapped by the issues discussed earlier in this
section.

7.2. Reuse of Motion Content. In this paper, we have proposed
a development environment to enhance the reuse of dialogue
components. However, total development cost of the robot
has to be calculated from both speech communication part
and motion generation part.

Because the cost for reusing the motion depends on the
algorithm, we first explain the algorithm we used. There
are two methods for robot motion generation, one is the
planning-based algorithm, and the other is the motion
database. In our examples, for HumanAID and RH-1, we
have used the planning-based algorithm. For TAIZO robot,
we have used the motion database.

In the planning-based algorithm (HumanAID and RH-
1) the motion generation algorithm will automatically
generate the motion. We do not need to adjust the motion
by hand, but only have to change the parameter such as
structure of the arm, location of the target object. Because we
share the motion generation algorithms between the robot,
the cost of reusing the motion is very low in this case.
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Accept
command

Bring:
pushstate ()

To:
popstate (),
pushstate ()

Object

(Pause): bring (pop ($obj), “here”)

Location

(Pause): popstate (), bring (pop ($obj), (pop ($loc) )

(a) Syntactics model for “bring” command

Accept
command

Pick:
pushstate ()

Object

(Pause): popstate (), pick (pop ($obj))

(b) Syntactics model for “pick” command

Object Location

Book:
push ($obj, “book”)

Table:
push ($loc, “table”)

Cellphone

Drink Bed

Sofa

(c) Vocaburary for objects and locations (part
of command is abbriviated)

Object

And

Bottle

Box

(d) vocaburary for additional objects

(Pause)

(Pause)

(Pause)

Bring To
Object Location

Accept
command

Bed

Sofa

Table

Object

Drink

Drink

Cellphone

Cellphone

Book

Book

Pick

And · · ·

And · · ·

(e) Unified automaton (commands are abbriviated in this figure)

Figure 10: An example of word-level input model.
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Location
(template)

Object
(template)

Bring To

Table

Sofa

Bed

Location

From To

Drink

Cellphone

Bed

Sofa

TableBook

Accept
command

Figure 11: An example of three automaton unification. Dotted
rectangle part is the extended part from the example shown in
Figure 10.

When we use motion database (TAIZO), there is a
problem in reusing the motion. Because the motion database
is generated by hand, we have to create a new motion by
hand for the new robot with different structure. For this
problem, we are planning to implement motion retargeting
technique. This algorithm was originally developed for
creating a motion for computer animated creatures in movies
[21]. The algorithm automatically generates a motion of
animated creature from the motion of human actor by
calculating the mapping between both structures. By using
this motion retargeting algorithms, we believe the cost of
reuse for motion database-based robot can be also reduced
to very low level.

7.3. Word-Level Input and Pushdown Functions. State-
transition model is possible to model the input in word level.
An example is shown in Figure 10.

In the example, first, state-transition model in Figures
10(a), 10(b), and 10(c) is developed to interpret command.
Second, state-transition model in Figure 10(d) is developed
to extend the vocabulary. Finally, all the developed models
are unified as Figure 10(e). This model uses pushdown
automata [22] (“pushstate” and “popstate” command) to
enable transition to the shared state “object” and return
back. It also uses “push” and “pop” commands to hold the
information about each object and location. Now the system
can accept the input such as: “Bring Cellphone (pause)”
converted as bring (cellphone, here), and “Bring Drink to
Sofa (pause)” converted as bring (drink, sofa).

In our application, we have used the input in command
(sentence) level. Modeling of input in word-level may be
also useful, especially when the developer wants to share the
syntactical structure of commands among the several scripts.

7.4. Comparison with the Template Methods. In VoiceXML,
the industrial standard for scripting general voice operation
system, there is an extension called RDC (Reusable Dialogue
Component) [23]. The VoiceXML-RDC allows the developer
to write the scripts of primitive interactions in an abstract

form. The user can instantiate the primitive interactions by
filling in the template parameters. By using the template,
the user can generate dialogue scripts which fit to their
application with less programming effort.

Our proposed method has equivalence to the template
method. As we have seen in Figure 10, “object” slot of the
syntax can be filled either with Figures 10(c) or 10(d).

The difference between our method and the template
method is the possiblity to compose single model like
in Figure 11 because our method uses “state” as a unit
of unification, and allows unification of two or more
components to one,. The template method is not able to
realize this example, because it explicitly distinguish template
part and instance parameters and only allows to unify those
two.

7.5. Left Problems and Future Research. As shown in the
examples of previous section, by using the proposed
extension-by-unification method, the developer can develop
functions simultaneously, and in the final step he/she can
easily unify those functions to create an integrated system.
In addition, scripts created in the past can easily be reused
in the new application. In the conventional extension-by-
connection method, the developer had to develop each
function in turn, because it did not support the “merging”
of scripts that had been developed simultaneously. Moreover,
the developer needs to erase the unneeded functions manu-
ally when he/she wants to reuse the script in another robot.
The proposed method does not require this process, because
the script keeps information about the function even after
the integration, and it can easily be separated for reuse. In
our example, the script created for HRP-2 could be reused for
TAIZO, but we had to remove the functions for TV and VTR
control because TAIZO does not have this capability. In the
conventional extension-by-connection method, we would
have to do this manually. However, in the extension-by-
unification method, this process is done simply by selecting
the scripts to be unified.

As a result, we have confirmed that the extension-by-
unification method significantly improves the efficiency of
developing conversational function of the robots.

In terms of unification problems, it was possible to
prevent the occurrence of isolated states by displaying
a warning message, but there was a problem when the
developer intentionally isolated the state. This happens when
the developer has written a script in a redundant manner, or
when he/she has tried to use pushdown automation. We are
currently trying to solve this problem using 2 methods. One
is a more intelligent isolation detection algorithm that can
reduce misdetection (e.g., [24]), and the other will allow the
developer to use an annotation tool that indicates that the
state is intentionally isolated.

By applying a probabilistic weight to each transition of
the state-transition model, the model became equivalent to
the Markov model. There are some robots that have realized
interactions with humans using such a model (e.g., [25]). In
this paper, we have discussed the accumulation of the state-
transition model based on deterministic input and output.
However, probabilistic models are effective in modeling
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real-world information, which includes noise. In further
research, we are planning to incorporate these probabilistic
models to the extensible development environment we have
developed in this paper.

8. Summary

In this paper, we have proposed an extension-by-unification
method to improve reusability and flexibility in the incre-
mental development of state-transition models. The dialogue
engine SEAT has been developed to realize the incremen-
tal development of state-transition models to give robots
a dialogue ability that can cope with various kinds of
speech inputs in various tasks. SEAT has a flexible adaptor
mechanism that can connect to many types of robotic
interfaces, and the developer can accumulate scripts by using
the script server, which has a function to propose existing
reusable scripts to the developer. We have confirmed that
the application of this system to the development of three
robots has significantly improved the efficiency of their
development.
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This paper presents a motion control strategy for a rigid and constraint consistent formation that can be modeled by a directed
graph whose each vertex represents individual agent kinematics and each of directed edges represents distance constraints
maintained by an agent, called follower, to its neighbouring agent. A rigid and constraint consistent graph is called persistent
graph. A persistent graph is minimally persistent if it is persistent, and no edge can be removed without losing its persistence.
An acyclic (free of cycles in its sensing pattern) minimally persistent graph of Leader-Follower structure has been considered here
which can be constructed from an initial Leader-Follower seed (initial graph with two vertices, one is Leader and another one is
First Follower and one edge in between them is directed towards Leader) by Henneberg sequence (a procedure of growing a graph)
containing only vertex additions. A set of nonlinear optimization-based decentralized control laws for mobile autonomous point
agents in two dimensional plane have been proposed. An infinitesimal deviation in formation shape created continuous motion
of Leader is compensated by corresponding continuous motion of other agents fulfilling the shortest path criteria.

1. Introduction

There are several examples of coordinated team work of
mobile agents in nature like food foraging by a group of ants,
flocking birds, fish schooling for protection from enemies,
and so forth. These examples give us a lesson that a particular
task accomplished by a single mobile autonomous agent (like
fish and birds) may be done more efficiently by a group of
agents if they perform in a collaborative manner. During last
thirty years or more, this fact has motivated many researchers
in the field of control and automation significantly to
contribute in several similar applications in industry. In
some particular applications during their motion as whole,
autonomous agents (e.g., robots, vehicles, etc.) need to
maintain a particular geometrical shape for cohesive motion,
called formation which satisfies some constraints like desired
distance between two agents, desired angle between two
lines joining two agents each. Examples of these types
of formations are found in collective attack by a group
of combat aircraft, search/rescue/surveillance/cooperative

transportation by a troop of robots, underwater explo-
ration/underwater inspection (like pipeline inspection) by
a group of Autonomous Underwater Vehicles, attitude
alignment of clusters of satellites, air traffic management
system, automated highway system, and so forth.

In the area of formation control of autonomous agents
like robots, the motion control strategies may be either a
centralized one or it could be a decentralized control. In
centralized mode of control [1, 2], the command for all
agents of the group are assigned by the central command
control board or a designated group leader for monitoring
and control of all agents to guide them be placed at desired
position. The centralized formation control could be a good
scheme for a small group of robots, when it is implemented
with a single computer and a single sensor to monitor and
control the entire group. Control of large number of robots
in a formation requires greater computational capacity
and large amount communication. Due to these problems,
decentralized control is recommended when formation
involves a large number of agents. In the decentralized mode
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of control [3–5], one agent of the group can be a leader and
others are followers (or each agent of the group can be a
leader and follower except a designated group leader and the
two outmost agents) and as a follower, each agent generates
its own commands autonomously (i.e., control law for each
agent is provided separately such that each agent works
autonomously) based on the relative measurement only from
its neighbours without the need of an external supervisor,
and the whole purpose of the formation motion is achieved.

Although two types of basic control strategies are
discussed in the last paragraph, motion control scheme for
formation may be modified depending upon some factors
like agent dynamics, interagent information exchange struc-
ture, control goals in different applications, and so forth.

Formations are modeled using formation graph whose
each vertex represents individual agent kinematics and each
edge represents interagent constraint (e.g., desired distance)
that must be maintained during motion of formation.
Specifically, graph is used to represent coordinated behaviour
among agents. Depending upon the pattern of information
exchange in that coordination, two types of graphs are
possible, that is, directed and undirected.

In undirected formation graph both of any pair of agents,
constrained by an edge have equal responsibility to satisfy
the constraint. For example, distance between any pair of
agents is sensed by both the agents; that is, sensing is
distributed. Therefore, structure of undirected graph suffers
from various disadvantages. One of those disadvantages is
information-based instability [6], which happens due to
possibility of difference in distances measured by noisy
sensors of any pair of agents. Communication requirement
among agents is more. Therefore, external observer-based
centralized control strategy is best suited for undirected
formation graph. Control law is mainly focused on rigidity
property of formation.

Formation graph is rigid [7] if distance between any pair
of agents remains constant during any continuous motion of
formation. A graph is said to be minimally rigid if it is rigid
and if there is no rigid graph having the same vertices but
fewer edges.

In directed formation graph, only one (called follower) of
any pair of agents, constrained by an edge has responsibility
to satisfy the constraint. Therefore, decentralized control
strategy is best suited for directed formation graph.

A graph is constraint consistent [8] if every agent is
able to satisfy all the constraints on it provided all others
are trying to do so. A formation that both rigid and
constraint consistent is termed as persistent graph.Persistence
is a generalization to directed graphs of the undirected
notion of rigidity. A persistent graph is minimally persistent if
it is persistent and if no edge can be removed without losing
persistence.

However, focus in this paper is in development of
control strategy for directed graph-based formation. There
are several papers in which basics of directed formation
graph-related issues are discussed [7–10]. Definitions and
theorems [7–10] with regard to undirected and directed
graphs included in Section 2.

Digraph is called acyclic when no cycle is present in its
sensing pattern [6, 8]. Control scheme for cyclic formation
is more complicated than acyclic formation. Minimally
persistent formation of autonomous agents may be formed
in two ways. First one is leader-follower graph architecture
constructed from an initial leader-follower seed by Hen-
neberg Sequence with standard vertex additions or edge
splitting [11]. Leader-follower type minimally persistent
graph is always acyclic. Another type of construction by
sequence of specific operation elaborated in [9] such that
every intermediate construction is also persistent. Minimally
persistent graph constructed by this method may have cycles.
In this paper, control strategies for only leader-follower type
formation constructed from sequence of vertex addition is
described.

Although a number of research works have been directed
in the area of cyclic formation graph, but still there remains
scope of further work. In [12], Anderson et al. have
proposed a distance preservation-based control law when
cycles contain in the formation graph.

In most recent works [13, 14] or some previous works
[6], distributed control is provided with exploiting gradient
control law for each autonomous agent in a formation
separately. In [5], formation control strategy of leader-
follower and three coleader structures is set up based on
discrete-time motion equations considering decentralized
approach. In [15], Anderson et al. analyzed control of
leader-follower structure in continuous domain assuming
linearized system for small motion and stability aspects are
also discussed. However, we proceed for the control of leader-
follower formation in a different way; that is, our approach is
based on optimization of some distances.

In the present paper, we consider the motion control
scheme of the leader-follower structure type persistent forma-
tion in continuous domain that is based on optimization of
a set of nonlinear objective functions under a set of equality
constraints where each objective function (corresponding to
each agent) corresponds to a specific constraints separately,
as control scheme considers a decentralized approach. With
advent of high speed computational platforms the solution
associated with optimization procedure in the control gener-
ation is possible.

This paper is organized as follows. In Section 2, appli-
cation of graph theory in formation control has been
discussed. Problem formulation for formation control of
multiple autonomous agents has been included in Section 3
followed by the development of control law, simulation, and
conclusion in Sections 4, 5, and 6, respectively.

2. Application of Graph Theory in
Formation Control

As briefly described about the graph theory in Section 1, it is
observed that graph is the best way for proper understanding
of information flow among agents in a formation. This
makes groundwork for control engineers to design an
efficient control scheme for the motion control of formation.
In this paper, formation of leader-follower structure has been
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considered and it may be extended to any number of agents.
Therefore, it is worthwhile to understand how a leader-
follower type formation graph is built up from an arbitrarily
chosen number of agents. In this section, at the outset the
pertinent definitions and theorems given in [7–10] about the
rigidity and persistence are reviewed and subsequently the
procedure of creating a leader-follower formation for a case
of four numbers of autonomous agents is described.

2.1. Definitions Associated with Rigid Graph

2.1.1. Infinitesimally Rigid Graph. A representation p of an
undirected graph G(V ,E) with vertex set V and edge set E is
a function p : V → Rd, where d(2, 3, . . .) is the dimension of
Euclidean space. Representation p is rigid if there exists ε > 0
such that for all realizations due to continuous deformations
p′ of distance set induced by p and satisfying, d(p, p′) < ε
(where, d(p, p′) = max ‖p(i) − p′(i)‖, where, i ∈ V), there
holds ‖p′(i) − p′( j)‖ = ‖p(i) − p( j)‖ for all i, j ∈ V .
We simply say this phenomenon as congruence relationship
between p and p′.

2.1.2. Generically Rigid Graph. A graph is said to be gener-
ically rigid if almost all realizations due to continuous
deformations are rigid. This definition of rigidity is to
exclude some undesirable situations like certain collections
of vertices are collinear during continuous deformations.

2.1.3. Minimally Rigid Graph. A rigid graph is minimally
rigid when no single edge can be removed without losing its
rigidity.

2.1.4. Laman’s Criteria (see [10]). If an undirected graph
G = (V ,E) in R2 with at least two vertices is rigid, then
there exists a subset E′ of edges such that |E′|= 2|V | − 3 and
any subgraph G′′ = (V ′′,E′′) of G′ with at least two vertices
satisfies |E′′| ≤ 2|V(E′′)| − 3, where |V(E′′)|is number of
vertices that are end-vertices of the edges in E′′.

Lemma 1 (see [7]). LetG = (V ,E) be a minimally rigid graph
in R2 and G′ = (V ′,E′) a subgraph of G such that |E′| =
2|V ′| − 3. Then, G′ is minimally rigid.

In directed graph, each agent is only aware of its own
distance constraints and can move freely as long as these
distance constraints are satisfied. Persistence is a directed
notion and rigidity is an undirected notion. The properties
of directed graphs are described below.

2.2. Definitions Associated with Persistent Graph. Suppose,
for a directed graph G, desired distances di j > 0 for all
(i, j) ∈ E, edge set where i, j ∈ V , vertex set, and a realization
p, then the following definitions are described.

2.2.1. Active Edge. The edge (i, j) ∈ E is active if ‖p(i) −
p( j)‖ = di j , that is, if the corresponding distance constraint
is satisfied.

2.2.2. Fitting Position of a Vertex. The position of a vertex
i ∈ V is fitting for any desired distance set {d} of G, if it
is not possible to increase the set of active edges leaving i by
changing the position of i while maintaining the positions of
other vertices unchanged. Specifically, the position of vertex
i, for a given realization p, is fitting if there is no p′ ∈ R2 for
which the condition elaborated below is strictly satisfied:

{(
i, j
) ∈ E :

∥∥p(i)− p
(
j
)∥∥ = di j

}

⊂
{(
i, j
) ∈ E :

∥∥p′ − p
(
j
)∥∥ = di j

}
.

(1)

2.2.3. Fitting Realization of a Graph. A realization of a graph
is a fitting realization for a certain distance set {d} if all the
vertices are at fitting positions for {d}.

2.2.4. Constraint Consistent Graph. A realization p of digraph
G is constraint consistent if there exists ε > 0 such that any
realization p′ fitting for the distance set {d} induced by p
and satisfying d(p, p′) < ε is a realization of {d}. A graph is
generically constraint consistent if almost all realizations are
constraint consistent.

2.2.5. Persistent Graph. Realization p of the digraphG having
desired distances di j > 0 for all {i, j} is persistent if there
exists ε > 0 such that every realization due to continuous
deformation, p′ fitting for the distance set induced by p and
satisfying d(p, p′) < ε is congruent to p.

2.2.6. Generically Persistent Graph. A graph is generically
persistent if almost all possible realizations are persistent
(same as elaborated in case of generically rigid).

Theorem 1 (see [8]). A realization is persistent if and only if
it is rigid and constraint consistent.

A graph is generically persistent if and only if it is
generically rigid and constraint consistent.

2.2.7. Minimally Persistent Graph. A persistent graph is
minimally persistent if it is persistent and if no edge can be
removed without losing persistence.

Theorem 2 (see [8]). A rigid graph is minimally persistent
if and only if either of the two conditions elaborated below is
satisfied.

(i) Out of all vertices, each of three vertices has one
outgoing edge and each of rest vertices has two outgoing
edges

(ii) Out of all vertices, one vertex has no outgoing edge;
another one vertex has one outgoing edge and each of
rest vertices has two outgoing edges.

Theorem 3 (see [8]). An acyclic digraph is persistent if all the
conditions elaborated below are satisfied.

Out of all vertices,

(i) one vertex has one outgoing edge. This vertex represents
Leader,
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Figure 1: Henneberg construction for making leader-follower type
formation from four agents “a”, “b”, “c”, and “d” (i) “a”, “b” are initial
vertices with one edge directed towards “a” (leader) from “b” (first
follower) (ii) “c” is new vertex added to (i) (iii) “d” is new vertex
added to (b).

(ii) another vertex has one outgoing edge which must
be incident to the Leader. This vertex represents first
follower,

(iii) each of rest vertices must have two or more number of
outgoing edges.

2.3. Construction of Acyclic Minimally Persistent Graph.
Acyclic minimally persistent graph is always constructed
starting from a combination of two vertices, one is called
leader and the other one is first follower, and an edge directed
towards leader using Henneberg Sequence with only vertex
additions.

2.4. Henneberg Construction (Directed Case) Containing
Vertex Addition. It describes the sequence of graphs
G2,G3, . . . G|V |, such that each graph Gi+1 (i ≥ 2) can be
obtained by a vertex addition starting from Gi, where i is
number of vertices and |V | is cardinality of vertex set of
desired graph. Therefore, the procedure of drawing the graph
using Henneberg sequence is described as

(i) start with a directed edge between two vertices.The
vertex towards which edge is directed is called leader
and remaining vertex is called first follower. The
combination of these two a vertex with a directed
edge is called initial leader-follower seed,

(ii) at each step of growing graph, add a new vertex,

(iii) join the new vertex to two old vertices (corresponding
to leader and first follower) via two new edges,
directed towards old vertices.

Figure 1 shows the construction procedure of formation of
four agents.

3. Problem Formulation

For simplicity, we restrict our analysis only in quadrilateral
formation of leader-follower structure taking into account
four mobile autonomous point agents, in plane. This

R-2

d5

R-1

d2
d3

d4R-4

d1

R-3

Figure 2: Quadrilateral formation of leader-follower structure. In
this figure, the notations are as follows. R-1 denotes the leader and
R-2 denotes the first follower, R-3 is for the ordinary follower-1 and
R-4 is for ordinary follower-2.

formation is shown in Figure 2. One among them is leader
which has no outgoing edge; that is, it is free to move
along a specified path and does not have any responsibility
to maintain any distance constraint from other agents, the
second one as the first follower which has one outgoing
edge; that is, it requires to maintain only one desired
distance constraint from the leader, the third one as ordinary
follower-1 which has two outgoing edges; that is, it requires
to maintain two distance constraints, one of which is directed
towards leader and other one towards first follower, the
fourth one as ordinary follower-2 which has two outgoing
edges; that is, it requires to maintain two distance constraints,
one of which is directed towards first follower and other one
towards ordinary follower-1.

The different distance constraints among agents assumed
are as follows: d1 is the desired distance maintained by first
follower from leader, d2 is the desired distance maintained
by ordinary follower-1 from first follower, d3 is the desired
distance maintained by ordinary follower-1 from leader, d4

is the desired distance maintained by ordinary follower-2
from ordinary follower-1, and d5 is the desired distance
maintained by ordinary follower-2 from first follower.

We assume the desired distances among the agents satisfy
noncollinear condition such that at least three point agents do
not form a straight line.

Assumptions 1. (i) For simplicity, for each agent “i”, the
kinematic model [5] of unicycle nonholonomic point agent
is considered as follows:

(
ẋi, ẏi

) = (vi cos θi, vi sin θi), θ̇i = ωi, (2)

where pi(t) = (xi(t), yi(t)) with i = 1, 2, 3, 4 denotes, the
position of ith agent, θi(t), and vi(t) denote the orientation
and translational velocity of the ith agent at each instant of
time t, respectively. (xi(t), yi(t)) is with respect to an earth-
fixed coordinate coordinate system.

(ii) Each agent can measure its position with respect to
earth-fixed coordinate system by proper sensor arrangement.

(iii) First follower has position information of leader only
with respect to its own point body system by using an active
sensor (e.g., sonar).
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(iv) Ordinary follower-1 has position information of
leader and first follower only with respect to its own point
body system by using an active sensor (e.g., sonar).

(v) Ordinary follower-2 has position information of first
follower and ordinary follower-1 only with respect to its own
point body system by using an active sensor (e.g., sonar).

(vi) Each agent (except leader) can achieve the positions
of neighbours w.r.t earth-fixed coordinate system from the
relative informations of its neighbours and its own position
w.r.t. earth-fixed coordinate system.

Now, the objective is to provide a control scheme for
this triangular formation (starting from a non-collinear
arrangement) such that during the motion of three robots
for any mission, desired interagent distances are preserved.

4. Development of Control Law

Here, we intend to develop set of decentralized control
laws for overall formation. Therefore, for each agent, we
provide separate control law for continuous movement in
autonomous manner based on local knowledge only of
direction of its neighbours. Control Law for each agent is
derived by optimizing corresponding objective function with
given constraints involving desired distance constraints of
formation. The unknown variables to be solved are x and
y coordinates (which are continuous function of time) of
position (with respect to earth-fixed coordinate system) of
corresponding agent for which objective function is derived.

Assumptions 2. (i) Interagent distances are sufficiently large
so that initial collision among robots can be avoided.

(ii) Initially positions of robots are not collinear (already
stated).

(iii) During motion of formation, failure of sensors do
not occur.

(iv) There is no time delay in sensing.
(v) Control input in the form of translational velocity

and angular velocity (discussed later in this section) calcu-
lated from final and initial position of any agent should be
necessarily generated by controller of each agent.

When all the agents of given formation completes move-
ment to a new set of position coordinates from an old set of
position coordinates during certain period of time such that
desired distances among agents are preserved for both set of
positions and not any other distance preserving position set
is available in between these two position sets during motion,
then the movement of formation from the old set to new set of
positions is called one complete displacement of formation.

Before proceeding to develop the control laws for all
agents, it is assumed that at any time t each agent is main-
taining its own distance constraints. Then how these agents
move to their new positions for a complete displacement is
discussed below.

4.1. Control Law for Leader. Leader does not need to main-
tain any distance constraint from any other agent in forma-
tion. A specified control action is provided for its dynamics

such that it moves along a specified path (trajectory); that
is, each position (at each instant of time t) coordinate is
known (preprogrammed (known)/unknown) to computa-
tional system of the leader. Suppose at time t initial position
coordinate for leader is assumed as ((x1 In(t), y1 In(t)). Let
the leader move to a new position (x1 f (t), y1 f (t)), that is,
the final position (rest point), in very small period of time
dt such that continuity preserves between (x1 In(t), y1 In(t))
& (x1 f (t), y1 f (t)); that is, the distance between these two
positions is sufficiently small. This motion of the leader and
corresponding movement of the first follower is shown in
Figure 3. According to Figure 2, d�s1 = dx1 î + dy1 ĵ, where
�s1(t), a vector field along the trajectory curve of the leader,
î and ĵ are unit vectors along x and y direction of the global
coordinate system, and dx1 = x1 f −x1 In and dy1 = y1 f −y1 In.
It should be noted that (x1 In(t), y1 In(t)) and (x1 f (t), y1 f (t))
are always on�s1(t). Therefore, control input to reach its final
position is

�v1(t) = d�s1(t)
dt

= dx1

dt
î +

dy1

dt
ĵ = v1x(t)î + v1y(t) ĵ, (3)

where, dx1/dt = v1x(t) and dy1/dt = v1y(t).
The translational velocity control input during dt =

‖�v1‖ =
√

(v1x(t))2 + (v1y(t))2 meter/second.
The angular velocity control input (rad./sec) during same

period of time is

ω1(t)= tan−1
∣∣∣∣

dy1

dx1

∣∣∣∣ when dx1 is + ve, dy1 is + ve

=
(
π−tan−1

∣∣∣∣
dy1

dx1

∣∣∣∣
)

when dx1 is − ve, dy1 is + ve

=−
(
π−tan−1

∣∣∣∣
dy1

dx1

∣∣∣∣
)

when dx1 is − ve, dy1 is − ve

= −tan−1
∣∣∣∣

dy1

dx1

∣∣∣∣ when dx1 is + ve, dy1 is − ve

= −π
2

or
π

2
when dx1 = 0 and dy1 is + ve or − ve.

(4)

4.2. Control Law for First Follower. It may be noted that first
follower has one outgoing edge; that is, it has to maintain
only one distance constraint (desired distance d1) and that is
to leader. Initial and final position coordinates for the leader
are (x1 In(t), y1 In(t)), (x1 f (t), y1 f (t)), respectively. Then, first
follower senses the disturbance in position of leader; that
is, it senses error in desired distance constraint (d1) by
sensing the final position of the leader staying at its initial
position (x2 In(t), y2 In(t)). It tries to satisfy this distance
constraint to leader. Therefore, suppose it moves to a rest
point (final position) (x2 f (t), y2 f (t)) at the next instant of
time dt after the instant during which the leader moves to its
final position. During this movement of first follower, leader
is assumed to be stationary at the position (x1 f (t), y1 f (t)).
A condition is given to first follower such that only due to
disturbance in position of leader, first follower changes its
position.To maintain the cohesive motion with the leader,
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Figure 3: Motion of leader and first follower for a very small
duration of time.

distance of the first follower from the leader must be d1 at
final position of both the agents. It can be formulated as
follows:

(
x1 f (t)− x2 f (t)

)2
+
(
y1 f (t)− y2 f (t)

)2 − d2
1 = 0, (5)

where the values of x1 f , y1 f , and d1 are known to compu-
tational system of first follower. But it is clear from (5) that
locus of the position of first follower is a circle. Hence, its
rest position may be at anywhere on this circle. First follower
may take its rest position for which it crosses over the leader
and may collide with leader. Undesirable consequence of
this phenomenon is that ordinary follower may collide with
leader and first follower both for maintaining the distant
constraints from both of them. Hence, to provide a control
avoiding this unsafe situation, a restriction to the motion of
first follower must be imposed, such that it reaches to a.

In Figure 3, ‖d�s2‖ is defined as the distance between the
final and initial position of first follower. Here,�s2(t) a vector
field along the trajectory curve of first follower. It should be
noted that (x2 In(t), y2 In(t)), and (x2 f (t), y2 f (t)) are always
on�s2(t). Then, we have

∥∥d�s2
∥∥2 =

(
x2 f (t), x2 In(t)

)2
+
(
y2 f (t), y2 In(t)

)2
. (6)

Therefore, ‖d�s2‖ must be minimum such that first follower
moves along the shortest path to its final position. Hence,
the first follower follows the leader maintaining safe motion.
Now, we intend to propose a control law for motion of
first follower satisfying the aforesaid conditions. Actually, the
whole problem may be treated as an optimization problem,
where minimization of objective function (7) under equality
constraint (6) should be performed. And a control law based
on this optimization is presented as

�v2(t) = d�s2
dt

= dx2

dt
î +

dy2

dt
ĵ = v2x(t)î + v2y(t) ĵ, (7)

(x2 f , y2 f ) (x1 f , y1 f )

(x3 f , y3 f )

d1

d1

d2 d3y

x

Leader

LeaderFirst follower

First follower

Ordinary follower-1

(0, 0)

(x2In, y2In) (x1In, y1In)

d−→s1d−→s2

Figure 4: Motion of leader, first follower, and ordinary follower-1
for a very small duration of time.

where dx2/dt = v2x(t) and dy2/dt = v2y(t) and î and ĵ are
unit vectors along x and y direction of the global coordinate
system.

The translational velocity control input = ‖�v2‖ =√
(v2x(t))2 + (v2y(t))2 meter/second.

The angular velocity (rad/sec) control input is

ω2(t)= tan−1
∣∣∣∣

dy2

dx2

∣∣∣∣ when dx2 is + ve, dy2 is + ve

=
(
π−tan−1

∣∣∣∣
dy2

dx2

∣∣∣∣
)

when dx2 is − ve, dy2 is + ve

=−
(
π−tan−1

∣∣∣∣
dy2

dx2

∣∣∣∣
)

when dx2 is − ve, dy2 is − ve

= −tan−1
∣∣∣∣

dy2

dx2

∣∣∣∣ when dx2 is + ve, dy2 is − ve

= −π
2

or
π

2
when dx2 = 0 and dy2 is + ve or − ve.

(8)

4.3. Control Law for Ordinary Follower-1. Ordinary follower-
1 tries to satisfy two distance constraints; that is, it has
two outgoing edges, the first one (d2) is directed towards
first follower and the second one (d3) is directed towards
leader. Let the leader and first follower be placed at their
corresponding final positions. The ordinary follower senses
the disturbances in position of leader and first follower; that
is, it senses error in desired distance constraints d2 and d3

by sensing the final position of the first follower and leader,
respectively. It tries to satisfy these distance constraints to
first follower and leader (as shown in Figure 4). Therefore,
suppose the ordinary follower moves to its final position
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(rest point) at the next time instant of the time (dt) after
the instant during which first follower moves to its final
position. During this movement of ordinary follower, leader
and first follower are assumed to be stationary at the position
(x1 f (t), y1 f (t)) and (x2 f (t), y2 f (t)), respectively. At the final
position, ordinary follower satisfies its distance constraints.
Here, a condition is given to the ordinary follower such
that only when disturbances in positions of both leader as
well as first follower (not merely leader) occur; ordinary
follower changes its position to final one. This final position
is assumed (x3 f (t), y3 f (t)). The assumed initial position of
the ordinary follower is (x3 In(t), y3 In(t)). Now, according to
the desired distance constraints for it, two conditions are to
be satisfied as given in

(
x1 f (t)− x3 f (t)

)2
+
(
y1 f (t)− y3 f (t)

)2 − d2
3 = 0,

(
x2 f (t)− x3 f (t)

)2
+
(
y2 f (t)− y3 f (t)

)2 − d2
2 = 0,

(9)

where x1 f , y1 f , x2 f , y2 f ,d2, and d3 are known to the com-
putational system of ordinary follower. Hence, ‖d�s3‖ is
defined as the distance between the final and initial position
of ordinary follower. Here, �s3(t) a vector field along the
trajectory curve of ordinary follower. It should be noted
that (x3 In(t), y3 In(t)) and (x3 f (t), y3 f (t)) are always on�s3(t).
Then, we define

∥∥d�s3
∥∥2 =

(
x3 f (t), x3 In(t)

)2
+
(
y3 f (t), y3 In(t)

)2
. (10)

Actually, (9) are equations of two circles. They meet at two
different points. The ordinary follower will follow the leader
and first follower maintaining safe motion and moves to
any one meeting point such that ‖d�s3‖ is minimum. By
maintaining ‖d�s3‖minimum, ordinary follower moves along
shortest path to its final position. Now, it is the need to
propose a control law for motion of first follower satisfying
the aforesaid conditions. Actually, the whole problem may be
treated as an optimization problem, where minimization of
objective function (10) under equality constraint (9) should
be performed. And a control law based on this optimization
is presented as

�v3(t) = d�s3
dt

= dx3

dt
î +

dy3

dt
ĵ = v3x(t)î + v3y(t) ĵ, (11)

where, dx3/dt = v3x(t), dy3/dt = v3y(t), î and ĵ are unit
vectors along x, and y direction of the global coordinate
system.

The translational velocity control input ‖�v3‖ =√
(v3x(t))2 + (v3y(t))2 m/second.

Angular velocity (rad./sec) control input is

ω3(t)= tan−1
∣∣∣∣

dy3

dx3

∣∣∣∣ when dx3 is + ve, dy3 is + ve

=
(
π−tan−1

∣∣∣∣
dy3

dx3

∣∣∣∣
)

when dx3 is − ve, dy3 is + ve

=−
(
π−tan−1

∣∣∣∣
dy3

dx3

∣∣∣∣
)

when dx3 is − ve, dy3 is − ve

= −tan−1
∣∣∣∣

dy3

dx3

∣∣∣∣ when dx3 is + ve, dy3 is − ve

= −π
2

or
π

2
when dx3 = 0 and dy3 is + ve or − ve.

(12)

4.4. Control Law for Ordinary Follower-2. Ordinary follower-
2 tries to satisfy two distance constraints; that is, it has two
outgoing edges, first one (d4) is directed towards ordinary
follower-1 and second one (d5) is directed towards first
follower. Let the first follower and ordinary follower-1 be
placed at their corresponding final positions. The ordinary
follower senses the disturbances in position of first follower
and ordinary follower-1; that is, it senses error in desired dis-
tance constraints d5 and d4 by sensing the final position of the
first follower and ordinary follower-1. It tries to satisfy these
distance constraints to first follower and ordinary follower-1.
Therefore, suppose the ordinary follower-2 moves to its final
position (rest point) at the next instant of the time (dt) after
the instant during which ordinary follower-1 moves to its
final position. During this movement of ordinary follower-2–
ordinary follower-1, first follower and leader are assumed to
be stationary at the position (x3 f (t), y3 f (t)), (x2 f (t), y2 f (t)),
and (x1 f (t), y1 f (t)), respectively. At the final position, the
ordinary follower satisfies its distance constraints. Here, a
condition is given to the ordinary follower such that only
when disturbances in positions of both leader as well as first
follower (not merely leader) occur, ordinary follower changes
its position to final one. This final position is assumed
(x4 f (t), y4 f (t)). The assumed initial position of the ordinary
follower is (x4 In(t), y4 In(t)). Now according to the desired
distance constraints for it, two conditions are to be satisfied
as given in

(
x2 f (t)− x4 f (t)

)2
+
(
y2 f (t)− y4 f (t)

)2 − d2
5 = 0,

(
x3 f (t)− x4 f (t)

)2
+
(
y3 f (t)− y4 f (t)

)2 − d2
4 = 0,

(13)

where x2 f , y2 f , x3 f , y3 f ,d4, and d5 are known to the compu-
tational system of ordinary follower. Hence, ‖d�s4‖ is defined
as distance between the final and initial position of ordinary
follower. Here,�s4(t) is a vector field along the trajectory curve
of ordinary follower. It should be noted that (x4 In(t), y4 In(t))
and (x4 f (t), y4 f (t)) are always on�s4(t). Then we define

∥∥d�s4
∥∥2 =

(
x4 f (t), x4 In(t)

)2
+
(
y4 f (t), y4 In(t)

)2
. (14)



8 Journal of Robotics

Actually, (13) are equations of two circles. They meet at two
different points. The ordinary follower will follow the leader
and first follower maintaining safe motion and moving to
any one meeting point such that ‖d�s4‖ is minimum. By
maintaining ‖d�s4‖minimum, ordinary follower moves along
shortest path to its final position. Now it is the need to
propose a control law for motion of first follower satisfying
aforesaid conditions. Actually, the whole problem may be
treated as an optimization problem where minimization of
objective function (14) under equality constraint (13) should
be performed. And a control law based on this optimization
is presented as

�v4(t) = d�s4
dt

= dx4

dt
î +

dy4

dt
ĵ = v4x(t)î + v4y(t) ĵ, (15)

where dx4/dt = v4x(t) and dy4/dt = v4y(t) and î and ĵ are
unit vectors along x and y directions of the global coordinate
system.

The translational velocity control input ‖�v4‖ =√
(v4x(t))2 + (v4y(t))2 m/second.

Angular velocity (rad./sec) control input is

ω4(t)= tan−1
∣∣∣∣

dy4

dx4

∣∣∣∣, when dx4 is + ve, dy4 is + ve

=
(
π−tan−1

∣∣∣∣
dy4

dx4

∣∣∣∣
)

, when dx4 is− ve, dy4 is + ve

=−
(
π−tan−1

∣∣∣∣
dy4

dx4

∣∣∣∣
)

, when dx4 is − ve, dy4 is − ve

= −tan−1
∣∣∣∣

dy3

dx3

∣∣∣∣, when dx3 is + ve, dy3 is − ve

= −π
2

or
π

2
, when dx3 = 0 and dy3 is + ve or − ve.

(16)

Remarks 1. Hence, from the previous discussion it is con-
cluded that for each complete displacement of considered
quadrilateral formation, at the end of first instant of time
dt the leader moves to its desired final position. Then,
at the end of next instant dt (which is the second one)
the first follower moves to its final desired position to
maintain distance constraints to the leader, during which
leader is kept stationary. At end of another instant dt (which
is third one) the ordinary follower-1 reaches to its final
position to maintain distance constraints to both leader
and first follower. At end of another instant dt (which
is fourth one) the ordinary follower-2 reaches to its final
position to maintain distance constraints to both leader
and first follower. Therefore, the agents are not reaching
their corresponding final position exactly at the same time.
Consequently, during the period from “after the starting of
first instant” and “before the end of fourth instant” desired
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Figure 5: Straight line motion of formation of four agents with
leader-follower structure.

distances are not preserved among the agents, rather the first
follower, ordinary follower-1 and ordinary follower-2 try to
form up. So it may be concluded that after every 4∗ dt time,
the desired formation is obtained. Therefore, each agent start
to move to its new position (to be in a new position set) after
every 3∗dt time. That is there is a discontinuous motion that
occurs for every agent. Therefore, for formation of n number
of agents, after every n ∗ dt time the desired formation is
maintained. Each agent start to move to its new position
(to be in a new position set) after every (n − 1) ∗ dt time.
However, if the dt is chosen as very small we may assume
that all the agents reach their corresponding final (new)
positions during first instant of time dt (almost same time
taken by leader to reach its desired final position) and during
each complete displacement of formation, and continuous
motion of formation is maintained. Consequently we may
also assume all the agents move with continuous motion.
Simulation results in the next section are also done based on
this assumption.

5. Simulation Studies

The control laws (3), (7), (11), and (15) for different agents
have been tested successfully via three cases of simulations
for specified formation with consideration of d1 = d 2 =
d3 = d4 = d5 = 2 meters. Length of each time
instant is considered as 0.01 second for simulation during
optimization as described in what follows.
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Figure 6: Motion of formation of four agents with leader-
follower structure, with 0.09 degree (approximately 0.00157 radian)
orientation at each instant of time provided in the motion of leader.
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Figure 7: Plot of distance between leader and first follower versus
time.

5.1. Specific Assumptions in Different Cases

5.1.1. Case I and Case II . In Case I and Case II, the
assumptions are as follows:

(i) Initial position coordinates are (2, 4), (2, 2),
(3.732, 3), and (3.732, 1) for leader, first follower,
Ordinary Follower-1, and Ordinary Follower-2,
respectively;

(ii) Translational velocity input to the leader is
1 meter/second;

(iii) Distance travelled by leader is 1.5 meter in each case;

5.1.2. Case III . Here the considerations are as follows:

(i) Initial position coordinates are (2, 4), (2, 2),
(3.732, 3), and (3.732, 1) for leader, First follower,
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Figure 8: Plot of distance between first follower and ordinary
follower 1 versus time.
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Figure 9: Plot of distance between leader and ordinary follower 1
versus time.

Ordinary Follower-1, and Ordinary Follower-2,
respectively;

(ii) Leader is assumed to move along a sinusoidal path.
The equations that describe that sinusoidal path of
the leader is considered as

x(t) = 0.03t meter,

y(t) = sin(0.03t) meter;
(17)

(iii) Time travelled by the leader is 100 second;

Control laws given in (3), (7), (11), and (15) require the
final position of the corresponding agent at each instant of
time during their motion. For the leader, the final position
at each instant of time is available as the path is specified for
it, but for other agents, these positions must be calculated.
To find out the final position at each instant of time t, the
controller in each case requires optimization of an quadratic
objective function under one or two quadratic equality
constraints as described in Section 4. Several optimization
methods are available for this purpose. Our choice here
is to exploit Sequential Quadratic Programming (SQP) as
it is one of the most popular and robust algorithms for
nonlinear continuous optimization. The method is based
on solving a series of subproblems designed to minimize a
quadratic model of the objective subject to a linearization
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Figure 10: Plot of distance between ordinary follower 1 and
ordinary follower 2 versus time.
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Figure 11: Plot of distance between first follower and and ordinary
follower 2 versus time.

of the constraints. In the proposed controller, the objective
functions are chosen as quadratic whilst the constraints
are taken as nonlinear quadratic which can be linearized
during course of optimization procedure. At the beginning
of each instant of time t (i.e., at the beginning of a complete
displacement of the whole formation), the position of each
agent is used as the initial position in control law of that
particular agent. This position coordinate is also assumed
as starting point of that agent’s complete iterative procedure
(in optimization process using SQP) for finding out its final
position.That iterative procedure follows the steps elaborated
below:

(i) making a Quadratic Programming (QP) subprob-
lem (based on a quadratic approximation of the
Lagrangian function) using nonlinear objective func-
tion and equality constraints,

(ii) solving that Quadratic Programming (QP) sub prob-
lem at each iteration,

(iii) during (ii) updating an estimate of the Hessian of
the Lagrangian at each iteration using the BFGS
(Broyden–Fletcher–Goldfarb–Shanno) formula [16,
17],

(iv) quadratic Programming solution at each iteration
performing appropriate Line Search using Merit
Function [16–18].
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Figure 12: Plot of angular velocity (rad/second) versus time
(second) for sinusoidal motion of leader.
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Figure 13: Plot of velocity versus time for sinusoidal motion of
leader.

In this work, MATLAB optimization toolbox has been
used for solving the above said optimization problem using
Sequential Quadratic Programming. However, alternatively
other packages such as NPSOL, NLPQL, OPSYC, and
OPTIMA can be used.

5.2. Description of Simulation Result in Different Cases

5.2.1. Case I . We provide straight line motion to the Leader
such that it moves along global x-axis. The paths followed by
all agents during motion of formation are shown in Figure 5.
Distances (d1,d2,d3,d4, and d5) are observed maintained at
specified values.

5.2.2. Case II . We provide 0.09 degree (approximately
0.00157 rad/sec) angular velocity input to the motion of
leader.The translational velocity input is constant at 1 m/s.
In this case complete path of the leader may be considered
as part of a complete circle. For this case paths of all agents
during motion are shown in Figure 6. From the simulation
studies of Case II it is found that the distances among agents
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are maintained at the desired values during the motion of the
formation as in case of Case-I. Plots of d1 versus t, d2 versus
t and d3 versus t, d4 versus t, d5 versus t are shown in Figures
7, 8, 9, 10, and 11, respectively. These plots are also observed
in Case-I also.

5.2.3. Case III . As the path of leader is sinusoidal the
velocity and orientation (corresponding angular velocity)
change at each instant. The changes in translational velocity
and angular velocity (which are control inputs for leader)
along sinusoidal path are shown in Figure 12, Figure 13, and
Figure 10. for travelling time 250 seconds. For this case path
followed by first follower and ordinary follower along with
leader are shown in Figure 11. Here also in this case similar
observations are made on the maintaining of the distance
constraints during the motion of the formation as in Case
I and Case II.

6. Conclusions

In this paper, a new algorithm using a set of decentral-
ized control laws based on optimization (using Sequential
Quadratic Programming) of distance constraints has been
proposed for the motion control of a leader-follower structure
type formation of multiple mobile autonomous agents.
The effectiveness of the proposed control schemes have
been demonstrated through a number simulation studies.
During the motion of formation, the interagent distances are
maintained at desired values.

The above described control design strategy may be
extended to the formation of any number of autonomous
agents in the form of leader-follower structure in which
each agent (except First Follower) observes the distances of
only two neighboring agents to which it needs to main-
tain distance constraints. The control strategy considering
kinematics (other than unicycle nonholonomic point model)
of each agent and phenomenon of obstacle avoidance are
currently in contemplation. The future work in this context
may be to pursue the stability study of proposed control
design.
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An embedded measurement system for foot orthosis during gait is proposed. Strain gauge sensors were mounted on a foot orthosis
to give information about strain in the sagittal plane. The ankle angle of the orthosis was fixed and strain characteristics were
therefore changed when walking on slopes. With a Fourier series representation of the strain during a gait cycle, ground angle at
different walking speeds and inclinations could be estimated with similar accuracy as previous studies using kinematically based
estimators. Furthermore, if the angle of the mechanical foot ankle was changed, the sensing technique still could estimate ground
angle without need for recalibration as opposed to kinematical sensors. This indicates that embedded strain sensors can be used
for online control of future orthoses with inclination adaptation. Also, there would be no need to recalibrate the sensing system
when changing shoes with different heel heights.

1. Introduction

Ankle and foot muscles disorders affect the human gait and
are commonly treated with orthoses to partially compensate
functional loss. With an ankle-foot orthosis, AFO, typical
assisting functions are provide ankle stability during stance,
stimulate push-off effect during late stance, keep the toes
off ground during swing, assist poor functional muscles,
and decrease pain by limiting motion. Orthoses have been
passive and purely mechanical. But decreasing size and cost
of electronics have made it possible for active solutions
of assistance, for example, [1–3]. But existing systems are
still limited in their capability of adapting to new inclining
circumstances, that is, hills or heel height variation.

Studies have shown that when able-bodied walked uphill,
gait was adjusted in the ankle foot system [4]. Downhill
walking is considered to be different in the sense that joints
have to absorb more energy caused by the combined forward
and downward movement (see, e.g., [5–7]). This can be seen
by a shorter stride length [5] and is compensated mostly by
the knees and somewhat by the hip [4].

It is stated in [8] that people with reduced range of
motion in one joint compensate by using their other joints.

But with elderly, orthotic, and prosthesis users, these changes
in flexion may not be possible. Many of the assisting
devices have fixed ankle position and attempting to move
the body’s center of mass forward may cause a sense of
instability when walking in inclinations. Our hypothesis
is that this restricted adaptation possibility causes an extra
torque on the AFO. This would therefore be measurable and
useful for estimating the ground angle. In the future this
could be used in ankle control for adapting to the ground
inclination.

Portable gait measuring techniques are interesting both
for gait analysis and active control. Automatic classification
of gait phases has previously been done using various
wearable sensors, for example, force resistive sensors (FSR)
[9, 10], gyros [11], combinations of FSRs and gyros [12],
accelerometers [13–15], or goniometers [16]. It has also been
shown that upper-body mounted accelerometers together
with artificial neural networks can be used for slope and
speed estimation. Aminian et al. [17] used summary statistics
(median, variance, etc.) for inclination estimation and Wang
et al. [18] used wavelets to separate slope from level walking.
Sabatini et al. [15] mounted accelerometers on the foot and
used them as gravity sensors during stance.
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Figure 1: (a) Strain measurement setup. One strain gauge sensor S1 is attached partly on the inside at the back and one S2 partly on the
inside at the front. Sensors S3 and S4 are attached at the corresponding positions but on the outside. (b) Measured ankle angle α (stars) and
force F (squares) relation to AFO strain sensor output. Estimated linear relations: solid (α) and dashed (F).

Torque is typically estimated from measuring ground
reaction forces and ankle angle. Instead of using previously
mentioned sensors, the use of strain gauge sensors as
an indirect measurement is investigated. Another feature
of strain sensors is the small size that allows embedded
constructions (see Figure 1). These sensors can be valuable
for active control as well as for prosthetic and orthotic
design.

Previous studies showed that gait cycle strain peak and
mean value changed in inclination [19]. But similar changes
in strain can also be caused by a changed gait speed. In
this work we propose to take advantage of the fact that
gait cycles are periodic. A Fourier series representation
can then be used to code the information into fewer
variables. This is then used for estimation of the ground
inclination. It extends the work in [19] and shows that
a fixed estimation model can be used even though the
speed changes. In addition and more importantce, the
estimation works also when the ankle angle is changed.
This indicates that online ankle angle control would be
possible using the strain signal and that no recalibration
would be necessary when changing shoes to other heel
heights.

2. Strain Measurement

2.1. Strain Sensor Setup. A solid light-weight carbon ankle-
foot orthosis was used. Four strain gauge sensors were glued
60 mm above the orthotic sole as shown in Figure 1(a).
The sensor signals were combined into one via a (full
Wheatstone) bridge. The combined amplified sensor signal
was sampled with an off-the-shelf PIC processor with a 10-
bit AD-converter at 50 Hz sampling frequency. The signal
was logged into a PC with Sysquake software using Bluetooth

modules. The strain sensor signals are combined into one
strain signal describing the angle behavior in the sagittal
(vertical-longitudinal) plane during gait.

A torque applied on an AFO can be modeled as a force F,
acting on a beam with one fix end as shown in Figure 1(a),
where the beam bending angle α is proportional to the force
for small angles. Instead of measuring the angle α and the
force F or trying to reconstruct the corresponding torque,
the attached strain sensors are used to produce information
about the orthosis bending during gait.

Experiments were made to verify the strain signal being
proportional to both applied force F and angle α in
Figure 1(b).

2.2. Strain Signal Behavior. From Figure 1(b) it is seen that
no strain (when the orthosis is unloaded) corresponds to a
sensor output around 1.8 Volts. The sensor signal increased
at plantar flexion and decreased at dorsiflexion; see Figure 2.
At heel strike the strain increased to a peak from being
unloaded as the foot was put down in front of the body.
The foot was then lowered and the trunk moved forward
decreasing the strain. The body continued forward and the
leg tried to rotate with an ankle dorsiflexion. An oscillation
in the sensor signal was sometimes seen around the time
of heel lift. In the end of the stance phase, an abrupt
decrease of the strain signal occurred. This was the largest
load on the orthosis caused by the push-off. After toe-
off, the inherent orthotic elasticity brought the orthosis
to unload. Although the sensor setup was designed to
mainly measure in the sagittal (vertical-longitudinal) plane
it was also somewhat influenced by the natural motion
in the coronal (vertical-transversal) plane during weight
acceptance.
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3. Methods

3.1. Strain Signal Extraction. In order to extract one gait
cycle from the strain sensor output, an appropriate starting
point is selected to be particularly easy to detect. This is
chosen to be after toe-off since here the strain sensor signal
is making an abrupt monotonous increase. However, there
are sometimes oscillations around heel lift with the sensor
signal increasing which should not be misinterpreted as toe
lift (see Figure 2). By introducing two thresholds, the time
instant just after toe-off can be found. The procedure is as
follows.

Denote the strain sensor output S(t) with sample index
t (integer). Let tstart(0) be any initial sampling instant. Find
the start of gait cycle k, defined at tstart(k) by using auxiliary
sampling instant taux(k), according to

taux(k) = min
t>tstart(k−1)

{
t | S(t) < γ1

}
,

tstart(k) = min
t>taux(k)

{
t | S(t) < γ1

}
.

(1)

The strain signal (vector) at gait cycle k is now defined as

sk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

s1

s2

...

sN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

S(tstart(k))

S(tstart(k) + 1)

...

S(tstart(k + 1)− 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (2)

The index k will be omitted for simplicity except when the
gait number is specific for the expression.

3.2. Fourier Series Representation. Since the dimension (N)
of the strain vector is changing with the walking speed,
it is inconvenient to use the strain vector s directly in an
estimation scheme. However, due to the periodicity of the
strain with S(t+N) = S(t), it would make sense to use Fourier

series representation. Then the gait information in the strain
signal is coded into fewer variables efficiently and with a
vector representation with a fixed prechosen dimension.

Using n harmonics, the Fourier coefficients can be
written in matrix form as

x =

⎛
⎜⎜⎝

a0

a

b

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
N

N∑

i=1

si

2
N

CTs

2
N

STs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (3)

where the matrixes C ∈ RN×n and S ∈ RN×n have the
elements Ci j = cos(i jΩ), Si j = sin(i jΩ), and Ω = 2π/N .

Letting 1 = [1 · · · 1]T ∈ RN×1, the basis functions can be
put in a matrix where each column corresponds to a basis
function

E =
(

1 C S
)
∈ RN×(2n+1). (4)

The strain can then be approximated as

ŝ = Ex ∈ RN×1 (5)

which is the orthogonal projection to the space spanned by
the 2n + 1 basis functions, that is,

x = arg min
x

∥∥s− ŝ
∥∥2 ∈ R2n+1. (6)

Notice that the dimension of x is fixed and chosen (= 2n+ 1)
and usually much smaller than the dimension of s (= N),
which also varies from step to step.

3.3. Estimation of Inclination. Assume that the ground angle
φ can be modeled linearly by the parameter vector θ from the
Fourier coefficients x as

φk = xTk θ + εk, (7)

where εk is stochastic white noise and

θ =
(
θ1 · · · θ2n+1

)T
. (8)

The model parameters θ are found using M steps data

φ =
(
φ1 · · · φM

)T
,

X =
(
x1 · · · xM

)T

ε =
(
ε1 · · · εM

)T

−→ φ = Xθ + ε, (9)

by the least squares method as

θ = arg min
θ

(
εTε

)
= (XTX)

−1
XTφ. (10)

Inclination can then be estimated from strain according to

φ̂k = xTk θ. (11)
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of a biological foot during mid-stance while using compensating keels with resulting control error e. (b) The keel angle δ is chosen so that
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To quantify the estimation quality the root mean square error
RMSE is used:

RMSE =

√√√√
∑M−1

k=0

(
φk − φ̂k

)2

M
. (12)

3.4. Estimation of Control Error. The main motivation of
this study was to find a way to estimate a control error
suitable to be used for adjusting an ankle angle such that an
orthosis or prosthesis can be designed to adapt to changes of
ground slope inclinations. Previous studies have suggested a
controller which tried to keep the lower leg motion adjusted
to an imagined vertical line [20]. That suggests, as shown in
Figure 3, that the AFO ankle angle β is adjusted so that it
during mid-stance, when it is unloaded, becomes equal to
βr . Thus, the system has an error defined as

e(k) = β(k)− βr(k) = β − π

2
+ φ (13)

and a control law is then

β(k + 1) = β(k)− e(k). (14)

Since the control error e is not known, it needs to be
estimated. Notice that when β = π/2 it follows from (13)
that e = φ. Assume the strain changes in the same way by the
ground inclination as by a corresponding change in ankle angle.
If so, then the control error can be estimated by the same
estimator as that used for inclination previously. Thus,

ê(k) = xTk θ (15)

which would be appropriate also for β /=π/2.

3.5. Experiment. Data sampling during gait was conducted
by letting three healthy male subjects, whose heights are 182–
186 cm, walk continuously on a treadmill at different speeds
and inclinations. Two test subjects A and B, wore their own
walking shoes and one test subject C used sandals with heel
straps.
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Figure 4: Mean strain signal (red) from test subject B, during a normalized gait cycle, from tstart to tstart, at seven different ground inclinations
−4◦ to 4◦, and two speeds: slow speed (0.5 m/s) and fast speed (1.0 m/s). The standard deviations are plotted in blue.

First, gait experiments were made by letting subject B
walk on the treadmill at inclination angles 0◦,±1.4◦,±2.7◦,
and ±4◦. For each inclination two speed conditions were
investigated, 0.5 m/s and 1.0 m/s, referred to hereafter as slow
and fast. For each walking situation the gait cycles were
extracted and the mean strain signal shape and its standard
deviation were calculated. The purpose was to display the
strain signal for various situations and attempt to explain
intuitively characteristic differences.

Then, gait experiments were made on all subjects A,
B and C, in order to investigate the performance of the
inclination estimation technique. Ten different experiments
were investigated for each one, consisting of the five inclina-
tions 0◦,±2.9◦, and ±4.7◦ at the two speeds 0.5 m/s (slow)
and 1.0 m/s (fast). Each walking condition was measured
during 90 s. Before measuring, each subject walked 10 steps
on the treadmill getting familiar with the current speed
and inclination. Three different inclination estimators were
calculated for each subject. One used only slow speed data,
the second used only fast speed data, and the third used both
slow and fast speed data for the calculation of the estimator
model parameter θ. Since the third estimator is based on
two different speeds, it becomes robust to speed variations.
By comparing its performance to the estimators turned for
one speed only, it is possible to find out what the robustness
to speed variations costs in terms of degraded performance.

Data were split as 60/40% for estimation and validation,
respectively.

Finally, experiments were made to validate the estimation
of the control error. The AFO used in the experiments had a
fixed ankle angle that could not be adjusted. Instead the ankle
was adjusted by inserting a keel as shown in Figure 3. Then
the error in (13) can be formulated as

e = φ − δ, (16)

where the δ is the keel angle. In this study the error was
estimated from (15) and was compared with the calculated
one using (16).

4. Results

4.1. Strain Signal Analysis. Uphill walking affected the strain
signal curvature as expected. It was also observed that there
was a considerable variation between steps, from heel strike
to heel strike. If the ground angle increased, the plantarflex-
ion peak was reduced in magnitude and almost disappeared
completely for 4-degree uphill slow walking (Figure 4). This
inclination also caused a large strain at dorsiflexion just
before push-off. As previous studies have shown, an increase
of dorsiflexion is a result of the compensation in the ankle
foot system [4].
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Figure 7: Control error of test subject B at different inclinations and
control angles (δ: keel angles), theoretical (dotted) calculated from
(16) and estimated (solid) during fast walking using (15).

In downhill walking, the opposite foot has a lower
position than the measured foot during weight transfer.
Thus, the dorsiflexion should increase, which also can be
observed in the strain signal. But there seems to be a
difference between slow and fast walking in that the push-
off peak is increased for slow walking while the dorsiflexion
strain has increased magnitude mostly at mid-stance for
fast walking (Figure 4, φ < 0). No significant difference in
plantarflexion could be observed.

The differences between inclination and horizontal walk-
ing occur both at fast and slow walking. With increased
speed, the step length increases which would cause a larger
foot blade to ground ankle at heel strike. This is observed by
the increase in plantarflexion for all inclinations (Figure 4,
compare fast to slow). A faster gait also needs larger push-
off force, especially at uphill. This is seen as an increased
dorsiflexion (Figure 4, compare fast to slow for φ > 0).

4.2. Estimation of Inclination. The ground angle estimation
performance varied with the number of chosen Fourier
harmonics n. RMSE for different harmonics n of the gait
cycle is shown in Figure 5(a), where it drops rapidly to a
minimum around n = 8. For higher harmonics, no signif-
icant improvement of the performance is seen Therefore the
number of harmonics was chosen to be n = 8, resulting
in dim(x) = 2n + 1 = 17. The three different estimators,
tuned for slow, fast, and the combination slow + fast walking
speeds, can also be evaluated in Figure 5(a). At n = 8, the
RMSE is 1.2◦ for the single speed estimators while it degrades
to 1.5◦ for the combined estimator based on both speeds. A
rather modest cost to pay to get robustness against speed
variations. The Fourier series approximated strain signal ŝ
for n = 8 is compared to the measured strain signal s in
Figure 5(b). Clearly, most of the strain signal behavior is
captured.

The three different inclination estimators, tuned for slow,
fast, and the combined slow + fast walking situations are
shown in Figures 6(a), 6(b), and 6(c), respectively. It is seen
in Figure 6(c) that the combined estimator based on the two
speeds mostly degrades at slow speed downhill.

The results for the other subjects A and C are similar
and therefore not shown for the interest of brevity. The only
difference in performance was noticed for subject C who
walked using sandals, but surprisingly only with degraded
performance for uphill walking (RMSE = 2.3◦).

4.3. Estimation of Control Error. The control error estimator
was validated at different inclinations and control angles
(keel angles). The results show in Figure 7 that the error
has similar precision as when estimating ground inclination.
Walking with a keel which has the same angle as the ground
clearly centralizes the estimations around zero. The estimator
also finds the right sign of the error for other walking
situations, which is essential for control law (14).

5. Conclusions

An embedded measurement system for foot orthosis during
gait is proposed. Strain gauge sensors were mounted on a
foot orthosis in order to give information about strain in
the sagittal plane. It was shown that the extracted strain
signal for each gait cycle can be efficiently coded into a vector
representation based on Fourier series. This vector has a fixed
and lower dimension than the original strain signal. It can be
used in linear regression techniques for estimation of ground
slope inclination. The proposed estimation scheme uses the
entire gait cycle as opposed to kinematically based estimators
that need a stationary phase in order to extract inclination
information from accelerometers. A drawback could be that
the strain signal-based estimator needs to be tuned for
each person’s walking style. A particular interesting feature,
though, is that a control error defined as the unloaded
orthosis deviation from the vertical line can be estimated.
The orthosis used here was not hinged and the ankle angle
could not be changed. A keel was used to artificially change
the ankle angle to a “controlled” position. It was then verified
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that the inclination estimator produced estimates of the
control error. This error is thereby controllable. A future
development of a hinged actuated orthosis would be able to
take a advantage of the proposed technique for online ankle
angle adaptation. Also, as opposed to kinematically based
estimators this approach does not need to be recalibrated
when changing shoes with other heel heights. Further tests
on disabled are now needed for more detail evaluation.
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Robert, “Spatio-temporal parameters of gait measured by an
ambulatory system using miniature gyroscopes,” Journal of
Biomechanics, vol. 35, no. 5, pp. 689–699, 2002.

[12] I. P. I. Pappas, M. R. Popovic, T. Keller, V. Dietz, and
M. Morari, “A reliable gait phase detection system,” IEEE
Transactions on Neural Systems and Rehabilitation Engineering,
vol. 9, no. 2, pp. 113–125, 2001.

[13] R. Williamson and B. J. Andrews, “Gait event detection for
FES using accelerometers and supervised machine learning,”
IEEE Transactions on Rehabilitation Engineering, vol. 8, no. 3,
pp. 312–319, 2000.

[14] A. T. M. Willemsen, F. Bloemhof, and H. B. K. Boom,
“Automatic stance-swing phase detection from accelerometer
data for peroneal nerve stimulation,” IEEE Transactions on
Biomedical Engineering, vol. 37, no. 12, pp. 1201–1208, 1990.

[15] A. M. Sabatini, C. Martelloni, S. Scapellato, and F. Cavallo,
“Assessment of walking features from foot inertial sensing,”
IEEE Transactions on Biomedical Engineering, vol. 52, no. 3, pp.
486–494, 2005.

[16] S. K. Ng and H. J. Chizeck, “Fuzzy model identification for
classification of gait events in paraplegics,” IEEE Transactions
on Fuzzy Systems, vol. 5, no. 4, pp. 536–544, 1997.

[17] K. Aminian, P. Robert, E. Jéquier, and Y. Schutz, “Estimation
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In contemporary brachytherapy procedure, needle placement at desired location is challenging due to a variety of reasons. We have
designed and fabricated an image-guided robot-assisted brachytherapy system to improve the needle placement and seed delivery.
In this article we have used two different predictive control strategies in order to investigate the needle insertion efficacy and system
dynamics during prostate brachytherapy. First, we used neural network predictive control (NNPC) to predict an insertion force.
The NNPC uses the linearized state-space model of the robotic system to predict future system performances. Second, we used
feedforward model predictive control (MPC) which allows the controller to compensate the influence of a measured disturbance’s
impact immediately rather than waiting until the effect appears in the system. Feedback control problem for the contact force
regulation is considered. The simulation results and experiments for both cases are presented and compared.

1. Introduction

LOW-DOSE rate (LDR) prostate brachytherapy is a method
of delivering radiotherapy by implanting radioactive sources
into and around the prostate gland [1]. This procedure
is performed under the guidance of transrectal ultrasound
(TRUS) images. In traditional brachytherapy procedures, the
needles are inserted transperineally under the guidance of
transrectal ultrasound images. Both the needle and the ultra-
sound are operated manually. The seeds are deposited using
a manual applicator. In order to increase accuracy of the
needle placement and seed delivery, we have developed a fully
automated robotic system for prostate brachytherapy [2].
Using the robotic approach we are able to record the needle
insertion forces and motion trajectories measured during
the actual brachytherapy needle insertion while implanting
radioactive seeds in the prostate gland [3, 4]. These insertion
forces are significantly responsible for needle deviation from
the desired trajectories and target movements. Also, needle
insertion causes soft tissues to deform and it is often difficult
to obtain precise imaging data during insertion. Since the
target organ is deformable, sometimes it is necessary for
the next needle trajectory to be updated according to the
magnitude of the deformation. During brachytherapy needle
insertion forces deform the prostate tissue and displace the

targeted seed positions [5]. The prostate deformation and
possible calcification within the gland can cause additional
needle deflection. Several authors discussed these problems
and suggested methods and procedures to improve the
needle insertion efficacy.

In order to reduce tissue deformation, the authors have
studied the effect of different trajectories for a 2-DOF robot
performing needle insertion in soft tissue [6]. They have
compared tissue deformation and infinitesimal force per tis-
sue displacement for different trajectories. In the articles [7,
8] the needle insertion motion planning system is presented.
The system is based on an interactive simulation of needle
insertion in deformable tissues and numerical optimization
to reduce placement error. The authors described a 2D
physically based, dynamic simulation of needle insertion that
uses a finite-element model of deformable soft tissues and
models needle cutting and frictional forces along the needle
shaft. The investigation of flexible needle insertion was
presented in [9]. A method for an interactive virtual needle
insertion simulation has been suggested in [10]. In [11, 12] a
force model for needle insertion and a model that predicted
the soft tissue deformation caused by needle insertion were
presented. A novel method for the evaluation and correction
of brachytherapy needle deflection was introduced in [13].
The authors discussed about the influence of needle rotation
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to the insertion force and needle deformation. It has been
reported that robot used in conjunction with an optimized
needle insertion technique benefits patients with increased
accuracy, leading to a more successful outcome and reduced
complications [14]. To improve needle insertion outcome,
the needle insertion point, needle heading, and needle depth
are optimized by minimizing the distance between a rigid
needle and a number of targets in the tissue as it is shown
in [15]. In [16] the authors suggested fast needle insertion to
minimize tissue deformation and damage.

Generally, to improve needle placement and seed deposi-
tion in brachytherapy procedure several methods have been
presented in the literature, such as parameter optimization,
different needle rotation techniques, robotic insertion, force
modeling, and needle steering techniques. In the previous
studies, we concluded that the proper selection of the
translational and rotational velocities may reduce tissue
deformation and target movements by reducing insertion
force [17–19]. Therefore, it can be concluded that the inser-
tion force has a dominant influence on the needle insertion,
seed deposition precision, and dosimetry distribution in
brachytherapy procedure.

In our initial work [20] we have investigated tracking
problem for the same robotic system using neural network
approach. The force prediction model was introduced as
well. In this article we have introduced novel methods to
control the brachytherapy robot with the lowest tissue defor-
mation and highest seed precision delivery as the ultimate
goals. In order to achieve the desired dynamic behavior of the
robotic system, both control strategies that we implemented
in the robotic system have a force prediction module. For the
first one we have used an artificial neural network (ANN)
and neural network predictive control (NNPC). The second
one was a feedforward model predictive control (MPC).
The purpose of both approaches is to control the reactive
force which is responsible for tissue displacement. When the
reactive force is minimized, tissue displacement decreases.
The force prediction control was also used to minimize the
effect of system time-delay. The mathematical model of the
system should include the contact force. Consequently, the
purpose of both NNPC for force prediction and feedforward
MPC is to optimize insertion force which should result in
less tissue displacement and deformation, on one side, and
higher seed deposition precision, on the other side. The
experiments and results for both control approaches are
discussed in the following parts.

In the first approach, we used an NNPC to predict
insertion force in order to achieve real-time adaptive needle
control. We have tested whether the system is able to
predict the insertion force. The implemented optimization
algorithm then computes the control signals that optimize
the future system performances. It is shown in the literature
that the force prediction technique for needle insertion
can improve insertion outcome. The measurement and
prediction of insertion force and needle fracture force using
experimental approach were investigated in [21, 22]. Predic-
tion of how the skin deforms upon insertion by microneedles
is described in [23]. Applications of ANN in medical robotics
are used in the following studies. Nonetheless, no application

of the neural networks in the needle insertion optimization
has been reported so far. ANN is applied in early detection
of prostate cancer [24, 25]. In miniature robotic surgical
systems ANN is used in conjunction with real-time visual
feedback to “learn” the inverse system dynamics and control
the manipulator endpoint trajectory [26]. The real-time
control of a robot arm using recorded neurons in the
motor cortex together with mathematical transformations
including neural networks is presented in [27]. The overview
of the ANN applications in many disciplines, especially in
medicine can be found in [28]. In the article [29] the authors
solved the problem of achieving high-accuracy positioning
of a medical robot using neural network for the patient
positioning system. Another robotic system for cardiac
surgery which uses a recurrent neural network with adaptive
internal states is described in [30]. In [31] it is shown that the
neural network demonstrated robust adaptability to all of the
observed breathing patterns while the linear filter failed in a
significant percentage of the cases.

In the second approach (the MPC) the control strat-
egy was to compare predicted robot states to a set of
objectives and to adjust the actuators to achieve the objec-
tives respecting the robot’s constraints. Such constraints
included the actuators’ physical limits, needle deflection,
tissue deformation and displacement, and the needle contact
forces. Therefore, the robotic system is modeled to take the
contact with an environment into account. For a described
case, robot dynamics is usually called constrained system
dynamics. Mathematical models of robotic systems give
rise to a mathematical system of differential equations and
algebraic equations that can be viewed as a singular system
of differential equations [32]. While the manipulator end-
effector is in contact with the environment, system dynamics
changes significantly. Notwithstanding, it is essential to
maintain an appropriate control over the working regime
not only force and torques arising due to contact, but also
the position and orientation of the end-effector [33]. In this
approach, the controller predicts how much each output will
deviate from its setpoint within the prediction horizon. It
multiplies each deviation by the output’s weight and com-
putes the weighted sum of squared deviations. The critical
step for MPC is choosing the weights. Because of the contact
force influence the controller cannot be exclusively focused
on setpoint tracking. In that case, the large manipulated-
variable adjustment cannot be implemented. Contact forces
are capable to accelerate equipment wear or can lead to
control system instability. The described problem can be
solved by decomposition of the system to its slow and fast
subsystems.

2. System Description

We developed a 16- (DOF-) robot-assisted brachytherapy
system, [2]. This robotic system is divided into three sub-
systems: the cart, the supporting platform, and the surgery
module, with 3, 6, and 7 DOF, respectively, Figure 1. The
supporting platform connects the surgery module to the cart.
The surgery module consists of a 2-DOF ultrasound probe
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Figure 1: Robot-assisted brachytherapy system (Euclidian). Three
basic subsystems are shown: 7DOF robot subsystem (surgery
module), supporting platform and cart.

driver and a 5-DOF needling module. The ultrasound (US)
module can be translated and rotated independently by two
DC servomotors fitted with high-resolution optical encoders
and gearboxes. In this current study, we have investigated
the 5-DOF-needling module which consists of a gantry and
a needle driver. The gantry connects the needle-driving
module to the positioning platform. The gantry has two
translation motions and one rotational motion (pitching).
The needle driver subsystem consists of a hollow needle
(cannula) and a solid needle (stylet) driven separately by
two DC servomotors. The cannula rotates continuously or
partially using another tiny DC motor. The basic task of these
parts is to deliver the exact prescribed dose of radioactive
seeds with high precision level into the human prostate.
The seeds are delivered through the cannula. During the
operation the stylet pushes the seeds through the cannula
according to the control algorithm and prescribed surgery
plan.

Also, the system is designed to take ultrasound images
during the operation to update the real-time radiation dose
distribution, seed position, and number of needles to be
inserted into the prostate, depending on the surgery plan.
Dedicated software for 3D imaging and control is developed
to support the surgery procedure.

3. Mathematical Framework

3.1. System Dynamics for NNCP. Prior to implementing one
of the suggested controllers to the system, it is essential to
investigate the system behavior. Therefore, in this section, we
have presented a mathematical model of the robotic system
together with the mathematical model of the actuators.
The derivation of dynamic equations is performed using
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Figure 2: 5-DOF surgery module, absolute and local coordinate
systems together with generalized coordinates qi.

the energy-based Lagrangian dynamic formulation. The
mechanical part of the robotic subsystem is represented as a
five-link open kinematic chain. All links are rigid bodies. We
assumed that all materials for the system are homogenous.
The generalized coordinates (q1, q2, q3, q4, q5) are adopted
to describe each joint movement; see Figure 2. The general
form of dynamic equation can be written as follows:

n∑

α=1

aαγ
(
q
)
q̈α +

n∑

α=1

n∑

β=1

Γαβ,γ
(
q
)
q̇αq̇β = Q

g
γ +Qu

γ , (1)

where γ = 1, . . . , 5, aαγ(q) stands for the metrics tensor
coefficients, Γαβ,γ(q) denotes the corresponding coefficients,
and Qg , Qu are the generalized forces components. The
former is a component due to gravitation and the latter is
a component that corresponds to the actuator forces and
torques. Each robot joint is motorized by a direct current
motor, depending on the torque. Mathematical relationship
between the output torque and the input motor torque for
each motor is

NVNmJMθ̈ + Fθ̇ +M = CnNmIR. (2)

Equation of the electrical equilibrium in the rotor circuit is:

LRİR + RRIR + CENV θ̇ = U , (3)

where θ is the output rotation angle, M is the output torque
of the motor, IR is the rotor current, LR is the motor’s
inductance, and U is the motor’s voltage. Other values are
constant numbers and they depend on the motor type and
motor characteristics. They are: NV—output reduction ratio
(ratio of the angular velocity at the output to the rotation
speed at the input of the reductor), Nm—torque reduction
ratio (ratio of the torques at the input and output of the
reductor), JM—rotor torque, F—friction coefficient of the
motor, Cn—motor’s mechanical constant (ratio of the motor
shaft torque to the rotor current), RR—electrical resistance of
the rotor circuit and CE—counter electromotive force coeffi-
cient. The electrical schema of the DC motors is represented
in Figure 3. Based on (2) and (3) the mathematical model
of the each actuator can be obtained. For the purpose of the
further modeling it is necessary to express the equation of
the actuator in the state space. We adopted the state vector

as x̂ = (θ, θ̇, IR)
T

. The order of the actuator’s equation is
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Figure 3: Electric schema for DC motor. Each robot joint is
motorized by direct current motor.

three. Without losing any precision the model of the actuator
can be described with an order being equal to two because
the inductance is LR ≈ 0. In this case, the nonlinear motor
behavior is neglected. A dynamic equation for the actuators
is as follows:

˙̂xi = Aix̂i + biUi + fiMi, (4)

where Ai is the motor’s system matrix having dimension 2×
2, and bi and fi are 2× 1 vectors. Matrices Ai, bi, and fi can
be represented as

Ai =

⎡
⎢⎣

0 1

1 − 1
JMi

(
Fi

NViNMi
+
CMiCEi
RRi

)
⎤
⎥⎦,

bi =

⎡
⎢⎣

0

CMi

NViJMiRRi

⎤
⎥⎦,

fi =

⎡
⎢⎣

0

− 1
NViJMiNmi

⎤
⎥⎦.

(5)

The robotic system consists of the mechanical part (1)
and actuators (4). The relationship between the actuator
and manipulator’s mathematical model is twofold, via
coordinates and via torques: θi = tiqi, where ti is a transfer
coefficient. For the described case, ti = 1. Similarly, the
actuator’s torque is equal to the torque on the joint Mi = τi.
Equation (1) can be rewritten as follows:

M
(
q
)
q̈ +G

(
q, q̇
) = τ, (6)

where M is the inertia matrix, G is a matrix that represents
the centrifugal, coriollis, and gravitational influence to the
system, and τ is the generalized torque vector. The state
space vector of the whole system is adopted as

x = [x1 x2 · · · x2n−1 x2n]T

= [q1 q̇1 · · · qn q̇n
]T ,

(7)

where n is the number of generalized coordinates, that is,
number of DOF of the surgery module. Now, based on the
equation θi = tiqi, it can be calculated for each actuator
q̇i = Tix̂i and for the whole system q̇ = Tx, keeping in mind
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Figure 4: 3D representation of the contact surface (prostate gland)
which is variable and it is different for each case. Mathematical
equation of contact surface is calculated using Euclidian robotic
system software.

that T = diag(Ti), Ti = (0 ti). Based on (6) the mathematical
equation of the mechanical part in the state space form is

τ =M(x)Tẋ +G(x). (8)

Using the suggested relationships between the actuators and
mechanical part via the coordinates and torques, the system
model can be expressed by the following matrix equation:

ẋ = Ax + Bu + Fτ, (9)

where A = diag(Ai) having order 2n, and B and F are
2n× n matrices described by the equations B = diag(bi) and
F = diag( fi). Vector u is the input vector u = (U1 · · ·Un)T .
Combining (6) and (8) and solving it in terms of τ the
following expression is obtained:

τ = (In −M(x)TF)−1[M(x)T(Ax + Bu) +G(x)]. (10)

The final form of the state space nonlinear dynamic equation
is calculated by putting (10) into (9):

ẋ = Â(x) + B̂(x)u, (11)

where the matrices from (11) are represented by (12):

Â(x) =
(
A + F(In −M(x)TF)−1M(x)TA

)
x

+ F(In −M(x)TF)−1G(x),

B̂(x) = B + F(In −M(x)TF)−1M(x)TB.

(12)

3.2. System Dynamics for MPC. Assume that the contact
surface is a scalar function Φ : Rm → R1 (Figure 4):

Φ
(
p
) = 0. (13)

The contact force vector is

f = DT
(
p
)
λ. (14)
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λ is a scalar multiplier for the constraint function andD(p) is
the gradient of the constraint function, described as in (15):

D
(
p
) = ∂Φ

(
p
)

∂p
. (15)

In the previous equation p ∈ R3 is a position vector from the
fixed reference frame to the constrained surface. Additional
constraint is p = Φ(q) at the contact point. The matrix
function J(q) is defined as the Jacobian matrix function:

J
(
q
) = ∂Φ

(
q
)

∂q
. (16)

The influence of the contact force to the system can be
described as

M
(
q
)
q̈ +G

(
q, q̇
) = τ + JT

(
q
)
f , (17)

where M(q) denotes the inertia matrix function and G is
the vector function which describes coriolis, centrifugal,
and gravitational effects. q is a vector of the generalized
coordinates and τ is the torque vector. Influence of the
external contact forces is described by factor f . Combining
(13)–(17) the mathematical model of the system is

M
(
q
)
q̈ +G

(
q, q̇
) = τ + JT

(
q
)
DT
(
M
(
q
))
λ
(
q, q̇, τ

)
. (18)

After an appropriate transformation, (18) is transformed to
its matrix form:
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q
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⎡
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I

0
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(19)

System (19) is linearized at the surrounding point where
the needle is inserted into the patient. The linearized
mathematical model of the system is obtained, as follows:

Eẋ(t) = Ax(t) + Bu(t) + d, (20)

with singular matrix E ∈ Rn×n, and vector d which
represents the unmeasured disturbances such as needle
deflection, tissue deformation, and displacement, A ∈ Rn×n,
B ∈ Rm×r . x and u represent the system state-space vector
and control vector, respectively, x ∈ Rn, u ∈ Rr .

The system defined by (20) is known as a singular system,
descriptor system, semistate system, system of differential-
algebraic equations, or generalized state space system. They
arise naturally in many physical applications, such as electri-
cal networks, aircraft and robotic systems, neutral delay and
large-scale systems, economics, optimization problem, and

constrained mechanics. The matrices of linearized system
(20) are defined as follows:

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 I 0

∂

∂q
(G− JTDTλ)

∣∣∣∣∣
0

0 JTDT
∣∣

0

DJ|0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

E =

⎡
⎢⎢⎢⎣

I 0 0

0 M
(
q0
)

0

0 0 0

⎤
⎥⎥⎥⎦,

B =

⎡
⎢⎢⎢⎣

0

I

0

⎤
⎥⎥⎥⎦,

u = δτ,

d =

⎡
⎢⎢⎢⎣

0

Δτ

0

⎤
⎥⎥⎥⎦.

(21)

Now it is possible to find subspaces S and F, as in [34],
having in mind that for state space X the system (20) can be
represented as the direct sum of S and F,X = S⊕F. As a result
of the matrix transformation M applied to system (20), the
slow and fast subsystems can be described by a mathematical
formulation:

ẋs = Lsxs + Bsu + ds,

L f ẋ f = x f + Bf u + d f ,
(22)

with Ls = MA | S, L f = MA | F, Bs = PMB, Bf = QMB,
ds = PMd, and d f = QMd for some linear transformationsQ
and P represented by matrices Q and P, respectively. For that
case, the initial conditions are chosen to satisfy x0s = Px0 and
x0 f = Qx0. The solution of system (10) is x = xs + x f as in
[35]:

xs = eLstx0s +
∫ t

0
eLs(t−τ)Bsu(τ)dτ +

∫ t
0
eLs(t−τ)d(τ)dτ,

x f = −
v−1∑

i=0

Lif B f u
i.

(23)

Now it is possible to apply the NNPC and MPC
controllers and to simulate dynamical behavior of the system
when two types of the predictive approaches are considered.

4. Results

4.1. Optimization Goals and Experiments. In the NNPC
approach the ANN predicts insertion force. The adaptive
optimization module was responsible to minimize the
insertion force by recomputing the optimization parameters.
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In the MPC approach the slow subsystem was stabilized
with state feedback

u = Kslxs. (24)

A stabilizing feedback Ksl for the slow subsystem was
obtained by minimization of the following expression:

min
∫∞

0

(
xTx Qxs + uTPu

)
dt. (25)

For data collection, we used the fully automated Robotic
Brachytherapy System—EUCLIDIAN (Endo-Uro Com-
puted Lattice for Intratumoral Delivery, Implantation, Abla-
tion with Nanosensing); see Figure 1. The whole equipment
was integrated into the system. For cannula, we used Rev.
A4, 304 Stainless steel needle (r = 2.98 mm ± .01 mm with
15◦ bevel angle) and for stylet Rev. A4, 304 Stainless steel
needle Vita Needle Company. The phantom was made of
polyvinylchloride (PVC) plastic and PVC+ hardener in the
ratio 80% to 20%, respectively (MF Manufacturing, TX).
Force measurements were performed using two single-axis
force sensors (Model 13, Honeywell Sensotech, Columbus,
OH), one at each of the proximal ends of the stylet and
cannula, and one 6-axis force-torque sensor (Nano17, ATI
Industrial Automation, Apex, NC) at the distal end of the
cannula. The deposited seeds were rounded stainless steel
dummy seeds (BARD). The position of the needle tip and,
consequently, the depth of deposition into the phantom were
measured using optical encoders FAULHABER MicroMo
HEDM5500J series 5500, attached to the cannula and stylet
motors.

4.2. Force Prediction Using NNPC. Neural network controller
uses a neural network model to predict future system
responses to potential control signals (Figure 5). The first
task of the system was to train the neural network to
represent the forward dynamics of the robotic system. An
optimization algorithm then computes the control signals
that optimize the future system parameters. For the MPC the
dynamic model of the robotic system (11) is used to predict
the future system behavior. An optimization algorithm is
used to select the control input that optimizes the future

performances. The error between the predicted force value
and measured value is used as an ANN training signal.

A multilayer backpropagation neural network is
employed to the NNPC scheme to model the nonlinear
relationships between the robotic system input (actuators
voltage) and the insertion force, in order to adapt the system
to a variety of operating conditions and to acquire a more
flexible learning ability. The differences of the predicted
force and real-time measured values are within the margin
of the 1.8% which may be satisfactory for the presented
application, as in Figure 6. The prediction error was shown
in Figure 7. The time delay for such a complex nonlinear
system could be modified if stronger system performaces
are required. The predictive neural network had 3 hidden
layers. The number of the time steps within the prediction
errors that were minimized was 8. The number of the time
steps within the control increments that are minimized was
2. In the presented simulation, 350 training epochs were
used together with trainlm training function. It was found
that the optimal update interval of 0.3s was good enough
in the prediction procces, but our anticipation was that the
suggested system performances might benefit if the future
algorithms are applied in order to get a faster update rate.

In Figure 8 the insertion force for both cases was repre-
sented: nonoptimized insertion and insertion when the ANN
network approach is employed. It can be concluded that for
optimized case the insertion force is smooth without peaks.
Using the presented method, it is not possible to completely
decrease the force during needle trajectory but high force
gradient can be avoided. Consequently, it is possible that the
tissue deformation and damage can be decreased.

4.3. Insertion Force Control and MPC. The purpose of this
approach is to control the reactive insertion force on one side
and to predict and compensate the impact of the measured
and unmeasured disturbances rather than waiting until the
effect appears at the output of the system on the other side.
Because of the fact that this procedure required an accurate
robot system model, it was necessary to obtain a more precise
model. That is a reason for adopting the robotic system
model as a singular system of differential equations. In [33]
it is shown that the impulsive behavior of the system can be
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avoided using appropriate initial conditions, defined by x0s =
Px0 and x0 f = Qx0. By using the described approach the
fast subsystem will not induce impulsive behavior. Moreover,
it can be concluded as stated previously and from (23)

q0, q̇0, λ0

Dynamic model

q, q̇, λ

x
y

z

φ(p)

κ

c
∫

robot
dynamic

+

+ +

− φ(p)
Df ref
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τ̂0

η

q, q̇, f

λ

Figure 9: Insertion force control scheme for the slow subsystem.
Disturbance d is given to MPC and its effect is predicted and
compensated before the effect appears at the system output.
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Figure 10: Controlled force (red) and insertion force when MPC is
not implemented (blue).

that there is little need to find fast feedback to eliminate
the impulsive behavior. The necessary task was to find an
appropriate feedback for the slow subsystem. The control
scheme for the slow subsystem is represented in Figure 9, as
suggested in [34].

Furthermore, when the MPC controller is applied, the
main objective is to hold the insertion force at the predefined
acceptable reference value, by adjusting the control signal
from actuators in order to minimize the prostate displace-
ment, that is, the reactive force which acts upon the tissue.
Using this approach it is possible to decrease the insertion
force during insertion trajectory. The needle displacement
is an unmeasured disturbance and the controller provides
feedback compensation for such disturbances. For the inser-
tion force the controller provides feedforward compensation.
Various noise effects can corrupt the measurements. The
noise could vary randomly with a zero mean or could
exhibit a nonzero, drifting bias. The MPC uses a filtering
method for removing estimated noise component. At the
beginning of each sampling instant, the controller estimates
the current system state. Accurate knowledge of the state
improves prediction accuracy which improves controller
performances. As a result of passive insertion force control,
multiplier λ changes values during the insertion and the
force is minimized based on (25). During the insertion
passive force control becomes active and keeps passive
insertion force close to the predefined minimal value. When
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Figure 11: Tissue displacements for the MPC (green) and for open-loop control approach (red). Disturbance d is given to MPC and its
effect is predicted and compensated before effect appears at the system output.

the MPC control approach was implemented, it is possible to
decrease the insertion force, as it is shown in Figure 10. Also,
peaks during the insertion are minimized. These conclusions
give us a reason to believe that tissue deformation can
be decreased better than using the NNPC approach. The
previous hypothesis was proven after the experiments, as in
Figure 11. Figure 11 shows the result of tissue deformation
for both insertion approaches, the MPC and classic insertion
with open loop control. It can be observed that the open-
loop controller is not able to predict insertion force and
consequently to minimize tissue displacement. A system with
the MPC has better optimization characteristics and faster
response. Consequently, tissue deformation is less compared
to the open-loop case as well as to the NNPC approach. For
the needle displacement, the results are similar. As a result
of the experiments, the needle displacement, and therefore
seed deposition precision, for insertion depth of 8 cm in the
first case (NNPC) was between 0.8 and 1.1 mm. For the MPC
it was 0.2–0.4 mm. The results in the second approach were
better because the MPC includes an influence on the needle
deflection as an unmeasured disturbance. Presented feedback
compensation method resulted in needle deflection which
ensures clinically acceptable precision for radioactive seed
deposition (less then ±2 mm, according to [36]).

5. Conclusion and Future Work

In this article, we used the neural network predictive control
(NNPC) to predict an insertion force. The NNPC uses the
nonlinear model of the robotic system to predict future
system performances. The controller then calculates the
control input vector (motors voltages) that optimizes the
robot performances based on predicted force values over
finite time interval. The control system is designed to
maintain practical stability even when the force gradient
is high. It is shown that the neural network approach is

suitable for improving performances of the robotic system
with complex dynamic behavior.

In the second approach the MPC method was applied.
This method shows better results than the NNPC method.
There are two reasons for that. First is that the mathemat-
ical model of the system used for NNPC does not take
the insertion force into account. The insertion force was
measured but the robot dynamics does not depend directly
on the insertion force. Based on the experiments, the results
show that this method has a slower response, and sometimes
it is not good enough for displacement compensation.
Actually, the compensation of the displacement for the
NNCP method is performed by decreasing force gradient.
It was a consequence of the insertion force prediction
and optimization of the insertion procedure. That is a
second reason why MPC was more suitable for this kind
of application. On the other hand, the mathematical model
in the MPC case includes the insertion force. Moreover,
the system is described by using a singular system of
differential equations. That approach gives a more accurate
mathematical model which is one of the basic prerequisites
for the MPC method. An influence of the insertion force
can be changed by observing changes of the Lagrange
multiplier λ. Here, not only the control of the passive
insertion force (the reaction force) were implemented, but
also the disturbances are taken into account. All disturbances
were divided into two groups, measured and unmeasured.
The insertion force was a measured disturbance to the system
and the needle and tissue displacement belonged to another
group of disturbances. Together with the control of the
passive force, position control and velocity control were
applied as well.

The second approach (MPC) can include more proce-
dure specific criteria such as needle acceleration or rotation
for each specific encounter, or patent specific criteria such
as age, prostate volume, activity, or even prostate density or
texture. Based on the presented results an effective motion
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planning algorithm will be developed as well as the improved
predictive and optimization algorithm.
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We present an intelligent driver identification system to handle vehicle theft based on modeling dynamic human behaviors. We
propose to recognize illegitimate drivers through their driving behaviors. Since human driving behaviors belong to a dynamic
biometrical feature which is complex and difficult to imitate compared with static features such as passwords and fingerprints,
we find that this novel idea of utilizing human dynamic features for enhanced security application is more effective. In this
paper, we first describe our experimental platform for collecting and modeling human driving behaviors. Then we compare fast
Fourier transform (FFT), principal component analysis (PCA), and independent component analysis (ICA) for data preprocessing.
Using machine learning method of support vector machine (SVM), we derive the individual driving behavior model and we then
demonstrate the procedure for recognizing different drivers by analyzing the corresponding models. The experimental results of
learning algorithms and evaluation are described.

1. Introduction

Automobiles are by now indispensable to our personal lives,
as well as to the activities of business, public services, and
even national security, but the problem of car thefts is a
reality and it threatens the automobile security seriously.
According to the National Insurance Crime Bureau, a vehicle
is stolen every 25 seconds in the U.S.A. Each year, over
1.2 million vehicles are stolen across the country, causing the
loss of 8 billion US dollars. Therefore, the work on vehicle
security is significant.

Not surprisingly, many classical intelligent technologies
are already well established within the automotive industry
for vehicle security. GM has developed the OnStar system
[1], which can supply the vehicle information to the
infrastructure once the vehicle owner reported for a theft.
However, it has no solution to how to detect the theft by
vehicle automatically. There are a large number of vehicle
companies which have commercialized their intelligent elec-
tronic car keys [2], however, the level of “intelligence” is
only limited to activating the vehicle remotely. The deeper
research for intelligent recognition of a vehicle theft will
boost the vehicle intelligence significantly.

In the past decade, a number of groups have participated
in the research of intelligent vehicles, which have led to
projects including ARGO [3], ROVA [4], and MOSFET [5].
These vehicles mainly apply machine vision techniques to
perform road-condition analysis and assist people in driving.

In recent years, the paradigm of learning human behav-
iors has attracted considerable amount of attention. It is
difficult to describe the desired instructions into specific
and proper code statements. In the past decade, several
researchers have proposed various experimental designs and
applications [6–8]. Significant research towards learning
skills directly from humans on intelligent vehicles has been
conducted primarily by the Navlab group at the CMU [9]
and our group at the CUHK [10, 11].

Support vector machine (SVM) has recently become
popular in the machine learning. SVM is a new learning-
by-example paradigm spanning a broad range of classifi-
cation, regression, and density estimation problems. This
systematic approach motivated by statistical learning theory
combines ideas from various scientific branches such as
mathematical programming, exploiting the quadratic pro-
gramming for convex optimization, functional analysis,
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indicating adequate methods for kernel representations, and
machine learning theory, exploring the large maximum
classifiers concept [12]. It was first introduced by Vapnik
and co-workers and is described in more detail in [13, 14].
The roots of this approach, the so-called support vector (SV)
methods of constructing the optimal separating hyperplane
for pattern recognition, were already presented and had
been used in machine learning in [15]. The SV technique
was generalized for nonlinear separating surfaces in [16],
and was further extended for constructing decision rules
in the nonseparable case [17]. The training task involves
optimization of a convex cost function conveying to a
technique without local minima.

SVM has been applied to many areas, such as pattern
recognition, regression, equalization [18, 19]. It is adopted in
applications such as dynamic robot control [20], space robot
control [21], image classification [22], human dynamic gait
recognition [23], and so on.

In this paper, we focus on the research of utilizing
dynamic human behavior models for vehicle security (pre-
venting vehicles from being stolen) application. A method-
ology of modeling dynamic human behaviors is proposed.
By learning from driving performances, the intelligent
classifier can be embedded into an IC-based car key, through
which the vehicle security system can identify valid drivers
based on the ways the vehicle are driven and the drivers
behave. When an illegitimate driver come to use the car
and the demonstrated driving behaviors do not match the
specified model, the car will be enabled to automatically stop
running and deliver alarm signals accordingly. In [24, 25],
we constructed a steering-by-wire vehicle and its steering
interphase, which will be able to work as an on-road test
platform for vehicle security.

We highlight the following aspects of our system in this
paper: First, live biometrical features in dynamic human
behaviors are adopted in the system, which brings the
enhanced security to the proposed security system. Second,
since we collect the signals directly from human driving
controls, which include steering, acceleration and braking,
we do not utilize other car dynamics and environmental
variables such as the car’s yaw angle with respect to the
road, lateral offset to the road’s center, and the road
curvature. Therefore, no complicated sensor is required,
which brings to the system robust and efficient perfor-
mance in realtime. Third, the intelligent security system
is easy to install on a normal vehicle by adding on
functional modules. No complicated requirements means
little space and time needed for system installation and
drivers are likewise not distracted by the addition of the in-
car system. Finally, we develop a methodology to capture
and analyze the characteristics of human behaviors into
computational representations. It is easily scalable for other
applications.

The paper is organized as follows. Firstly, technical
descriptions of the experimental hardware and software
platforms are presented. In Section 3, we then extract features
from the data collected from the experimental platform.
Thereafter, we utilize SVM to classify the features of human
driving behavior data in Section 4. Section 5 studies and
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Figure 1: Architecture of the experimental system.
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Figure 2: Architecture of the system hardware implementation.

analyzes the experimental results. Section 6 concludes the
paper.

2. Experimental Platform and Data Collection

2.1. Overview. In this section, the technical descriptions
of the implemented hardware and software platforms are
presented. Figure 1 shows the architecture of the exper-
imental intelligent vehicle security system. We design an
experimental platform which consists of three parts, (1) a
real-time graphic simulator offering full controls including
steering as well as the brake and acceleration pedals, (2)
a sensory system with a processor circuit board to capture
human driving behavior data, and (3) an analysis system
to model and identify human behavior. While the human
subject is “driving” on the driving simulator in part 1, the
signals of his/her driving performance are captured by part 2
and then transferred to part 3 for modeling processes.

Figure 2 shows the hardware architecture of the proposed
intelligent vehicle security system. The sensory module is
implemented in the vehicle (we use simulated driving system
instead) to measure the values of steering, braking, and
acceleration. The data is sent to the monitoring module in
realtime with the driver models embedded in the IC-based
car key. Then the recognition result from the monitoring
module is sent to user interface incar and to the driving
data recorder as well. If the illegitimate driver is detected,
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Figure 3: Diagram of the simulated driving system.

the alarm module will be active and the alarm message can
be delivered through the wireless communication network.

2.2. Driving Simulation Subsystem. Figure 3 shows the
diagram of proposed driving simulation subsystem. In
this system, a simulated driving environment which bears
substantial resemblance to a comparable real driving task
is developed. Although some aspects of a real driving task
cannot be modeled well in a simulated driving environment,
including driving control reality variable road conditions,
and, we choose a simulated driving task because it embodies
the qualities which meet that criteria for comparing and
identifying individual driving behavior. Moreover, the focus
of this paper is the analysis of human behaviors itself.

In the simulation subsystem, we apply one PC to offer
the simulated driving environment for the driver, including
rendered 3-D graphics display as well as realistic controls,
which are the steering wheel and pedals for acceleration and
brake. We adopt a set of commercial racing game controllers
from Logitech (in Figures 4(a) and 4(b)) and the racing game
named “Need for Speed: Underground” from Electronic
Arts. The racing game provides the features of 3-D road
scenes with dynamic traffic stream (in Figure 4(c)). Human
subject uses the front view and game controller to drive in
the simulated environment, as if sitting in the driving seat in
a real car. In this experiment, the host PC used to run the
racing game is based on Pentium 4 2.0 G and 1024 MB RAM,
the graphics card is Matrox Parhelia 128 MB which supports
3 monitors at a time for wide angle display.

2.3. Data Sensing and Capturing Subsystem. In the data cap-
turing subsystem, a processor circuit board (in Figure 4(d))
is utilized to sense and gather the individual driving behavior
data from the driving environment simulation subsystem.
With the driving control sensing device, 3 analog signals
are gathered and then processed by an A/D converter at the
sampling time of 100 ms and then the digitized values are

sent to the microcomputer (ATmega8535L). The received
data X(t) can be represented by

X(t) � {a(t), b(t), c(t)}, (1)

where a(t) represents the normalized acceleration value, b(t)
represents the normalized braking value, and c(t) represents
the normalized steering value.

The X(t) is a time sequence of 3-Dimensional data
(shown in Figure 5) and is transferred to the human behavior
analysis subsystem through the RS232 port for further
processing.

2.4. Data Analysis Subsystem. In the human behavior anal-
ysis subsystem, the methods introduced in the following
sections are applied to the retrieved human behavior data.
For our goal in identifying the drivers from their driving
skills, the human behavior model library of each driver is
generated from the corresponding behavior data input. Once
the models are ready, we implement them as the classifier
in the system in response to the real-time individual driving
performance.

Before modeling human driving behaviors, we apply
data preprocessing methods towards data collected from the
previous subsystem. Fast Fourier transform (FFT), principal
component analysis (PCA), and independent component
analysis (ICA) are investigated in this paper. The output
of this data preprocessing module is for the support vector
machine (SVM) modeling and evaluation. These method-
ologies are presented as follows.

3. Feature Extraction

In this section, we apply data preprocessing methods
towards data collected from the aforementioned experi-
mental platform. It is necessary and important to apply
data reduction and feature selection in data preprocessing
for human behaviors modeling because failures in feature
selection reduces the efficiency of the system performance
significantly, even bad feature selection causes the failure
of whole recognition procedures. Among several feature
extraction methods, fast Fourier transform (FFT), principal
component analysis (PCA), and independent component
analysis (ICA) are investigated in this paper.

3.1. Fast Fourier Transform. To determine the extent of
preprocessing human behaviors, we consider factors such
as the existence of a preprocessing algorithm, its necessity,
its complexity, and its generality. We select fast Fourier
transform. In fact, if we have a function given by x(t) whose
Fourier transform is X( f ), when we shift x(t) by a constant
time, T , that is, x(t − T), its Fourier transformation is

X
(
f
)
e− j2π f T , (2)

that is, time shifting affects phase only; the magnitude
remains constant throughout.

Although the Fourier transform does not explicitly show
the time localization of frequency components, the time
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Figure 4: (a) Steering wheel; (b) Acceleration and brake pedals; (c) Simulated driving scene; (d) Processor circuit board.

localization can be presented by suitably prewindowing the
signal in time domain [26]. Accordingly, short time Fourier
transform (STFT) [27] of a signal x(t) is defined as

STFTγ
x

(
t, f
) =

∫

τ

[
x(τ)γ(τ − t)]e− j2π f τdτ. (3)

STFT at time t is the Fourier transform of the signal x(τ)
multiplied by a shifted analysis window γ(τ − t) centered
around t. All integrals are from −∞ to ∞. Because multi-
plication by the relatively short window γ(τ − t) effectively
suppresses the signal outside a neighborhood around the
analysis time point t = τ, the STFT is simply a local
spectrum of the signal x(τ) around analysis window t. The
windows can be overlapped to prevent loss of information.
Although human behavior is a nonstationary stochastic
process over a long interval, it can be considered stationary
over a short time interval. Thus, STFT should give a good
spectral representation of the human behaviors during that
time interval.

3.2. Principal Component Analysis. The method can be
described in brief as follows suppose that we have two sets of
training samples: A and B. The number of training samples
in each set is N . Φi represents each eigenvector produced by

principal component analysis (PCA). Each of the training
samples, including positive samples and negative samples,
can be projected into an axis extended by the corresponding
eigenvector. By analyzing the distribution of the projected
2N points, we can roughly select the eigenvectors which
have more human behavior information. The following is a
detailed description of the process.

(1) For a certain eigenvector Φi, compute its mapping
result according to the two sets of training samples.
The result can be described as λi, j (1 ≤ i ≤ M, 1 ≤
j ≤ 2N).

(2) Train a classifier fi using a simple method such as
Perception or Neural Network which can separate λi, j
into two groups: specific valid driver or others with a
minimum error E( fi).

(3) If E( fi) < θ, then we delete this eigenvector from the
original set of eigenvectors.

M is the number of eigenvectors and 2N is the total
number of training samples. θ is the predefined threshold.
The remaining eigenvectors are selected.
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Figure 5: Human driving behavior data.

3.3. Independent Component Analysis. Apart from PCA, we
also propose using independent component analysis (ICA) to
reduce the dimensions of the data inputs for human behavior
modeling. Independent component analysis is a statistical
method which transforms an observed multidimensional
vector into components that are statistically as independent
as possible.

A fixed-point algorithm is employed for independent
component analysis [28]. The goal of the ICA algorithm is
to search for a linear combination of the prewhitened data
x′i (t), where y = wTx′(t), such that the negentropy (non-
gaussianity) is maximized. w is assumed to be bounded to
have a norm of 1 and g′ is the derivative of g. The fixed point
algorithm [28] is as follows:

(1) Generate an initial random vector wk−1, k = 1

(2) wk = E{x′g(wT
k−1x

′)} − E{g′(wT
k−1x

′)}wk−1

(3) wk = wk/‖wk‖
(4) Stop if converged (‖wk − wk−1‖ is smaller than a

certain defined threshold). Otherwise, increment k
by 1 and return to step (2).

If the process converges successfully, the vector wk

produced can be converted to one of the underlying inde-
pendent components by wT

k x
′(t), t = 1, 2, . . . ,m. Due to the

whitening process, the columns of B are orthonormal. By
projecting the current estimates on the subspace orthogonal
to the columns of the matrix B which are found previously,
we are able to retrieve the components one after the other.

4. Learning via Support Vector Machine

In this paper, SVM is applied within the framework of
modeling human behaviors for intelligent vehicle security
application. Inherent complexities and the nonlinearity of

human dynamic behavior make mathematical modeling
difficult, hindering the use of conventional methods for
process modeling and condition monitoring.

4.1. Mathematical Description. In SVM, the basic idea is to
map the data X into a high-dimensional feature space F
via a nonlinear mapping Φ, and to do linear classification
or regression in this space

f(x) = (ω ·Φ(x)) + b with Φ : RN −→ F , ω ∈ F , (4)

where b is a threshold. Thus, linear regression in a high-
dimensional (feature) space corresponds to nonlinear regres-
sion in the low-dimensional input space RN . Note that
the dot product in (4) between ω and Φ(x) would have
to be computed in this high-dimensional space (which is
usually intractable), if we are not able to use the kernel that
eventually leaves us with dot products that can be implicitly
expressed in the low-dimensional input space RN . Since Φ is
fixed, we determine ω from the data by minimizing the sum
of the empirical risk Remp[ f ] and a complexity term ‖ω‖2,
which enforces flatness in feature space

Rreg
[
f
] = Remp

[
f
]

+ λ ‖ω‖2 =
l∑

i=1

C
(
f (xi)− yi

)
+ λ ‖ω‖2,

(5)

where l denotes the sample size (x1, . . . , xl), C(·) is the
penalty term and λ is a regularization constant. For a large set
of loss function, (5) can be minimized by solving a quadratic
programming problem, which is uniquely solvable. It can be
shown that the vector ω can be written in terms of the data
points

ω =
l∑

i=1

(αi − α∗)Φ(xi), (6)

with αi, α∗i being the solution of the aforementioned
quadratic programming problem. αi and α∗i have an intuitive
interpretation as forces pushing and pulling the estimate
f (xi) towards the measurements yi. Taking (6) and (4) into
account, we are able to rewrite the whole problem in terms
of dot products in the low-dimensional input space

f(x) =
l∑

i=1

(
αi − α∗i

)
(Φ(xi) ·Φ(x)) + b

=
l∑

i=1

(
αi − α∗i

)
K(xi, x) + b,

(7)

where αi, α∗i are Lagrangian multipliers, and xi are support
vectors.

In (7), we introduce a kernel function K(xi, x j) = Φ(xi) ·
Φ(x j). As explained in [29], any symmetric kernel function
K satisfying Mercer’s condition corresponds to a dot product
in some feature space.
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4.2. Approach. We propose to use SVM to model human
driving behaviors. We consider human driving data X(t)
as the input vector of human dynamic behavior features
as the time sequence. Since the SVM has an ability for
classification, we use the human behavior data to “train”
the SVM classifiers in the human dynamic behavior features
space. For each driver, we want to design an SVM model to
separate them from the other drivers. The task is to build
up models across individuals by using the SVM training
procedure. Then, since a dual class SVM model is capable
of classifying two different classes of data only, in our
applications, more than one dual class SVM is utilized and
they are organized in a hierarchical manner. If there are
n drivers to be recognized, n − 1 SVMs will be connected
together as shown in Figure 6.

In any predictive learning task, such as classification, an
appropriate representation of examples as well as the model
and parameter estimation method should be selected to
obtain a high level of performance of the learning machine.
Traditional statistical approach to estimating models from
data is based on parametric estimation. The basic fact
that an assumption of an underlying dependency with a
simple known parametric form is an ensuing need, limits
its applicability in practice. Recent approaches allow a wide
class of models of varying complexity to be chosen. The
task of learning then amounts to selecting the model of
optimal complexity and estimating parameters from training
data. Under the SVM approach, the parameters to be usually
chosen are the following.

(1) The penalty term C which determines the tradeoff
between the complexity of the decision function and
the number of training examples misclassified.

(2) The mapping function Φ.

(3) The kernel function such that K(xi, xj) = Φ(xi) ·
Φ(xj).

5. Experimental Study

In this section, we conduct experiments based on the
proposed methodology for recognition of driver identities
by analyzing the driving performances. In order to esti-
mate the performance of the proposed system, we invite
7 human subjects to attend the experiment, who are
Meng, Ou, Ye, Huang, Wang, Wu, and Shen. They are
asked to “drive” on the designed experimental platform
individually. The raw data of their driving behaviors is
collected by the Data Sensing and Capturing Subsystem.
The data recorded is to be analyzed by the Data Analysis
Subsystem aforementioned. Our objective is to identify
the driving data by trained SVM models. We use the
accuracy rate of the SVM classifications to evaluate the
performance of the proposed system. The experimental
results of applying different data preprocessing methods
and choosing different parameters of SVM when mod-
eling human driving behaviors are shown in what fol-
lows.

5.1. Preprocess Data Analysis. In the first series of experi-
ments, we run different data preprocessing methods for the
optimization. The raw data is captured at a rate of 10 Hz and
overlapping windows are applied on the data to cut the data
into segments. Each segment is 40 seconds long and can be
considered as a matrix of size 400× 3.

We then apply FFT, PCA, and ICA to reduce the input
size to the SVM for classification. The following steps are
performed on each data segment.

(1) Apply FFT of order 20 to transform each column of
data of size 400 into 20, so the result retrieved is a
matrix of size 20 × 3, as each data segment. Then,
align the data into a single row as a 1× 60 vector.

(2) Divide the raw data matrix into 10 parts by time
sequence and align these 40 × 3 matrix to a 40 × 30
matrix. Extract two features from the gained data
matrix using PCA. With 2 PCs, a 2 × 30 feature
retrieved is aligned to form a 1× 60 vector.

(3) Divide the raw data matrix into 10 parts by time
sequence and align these 40 × 3 matrix to a 40 × 30
matrix. Extract two features from the gained data
matrix using ICA. With 2 ICs, a 2 × 30 feature
retrieved is aligned to form a 1× 60 vector.

We compare the data preprocessing using PCA and ICA
with FFT. We simply train an SVM to distinguish one
tester from all testing data, which is Meng’s, to evaluate the
performances of three methods of feature selection and data
reduction. We have 2 groups of data containing 348 raw data
segments totally, 104 segments representing the behaviors
of driver Meng (the authorized driver) and 244 segments
representing non Meng (the unauthorized drivers). These
segments are sent to SVM for training and testing. Due to the
aforementioned rules, each segment is processed to a 1 × 60
vector as the input to SVM.

Three data preprocessing methods are tested indepen-
dently and the SVM testing results are shown in Table 1 for
comparing the ability of feature selection of each method. As
seen, FFT achieves the best performance among those three
feature selections and data reduction methods, so we choose
FFT as the data preprocessing for the further procedures.

Next we examine the different parameters of FFT to
the classification results. Table 2 shows the test results of
classification using different sampling times (length of data
segment) and different FFT orders (size of input vector).
Different sampling times from 10 seconds to 160 seconds and
different FFT orders of 5, 10, and 20 are conducted. When
using the sampling time t and FFT orders n, it means each
data segment is a matrix of size 10t × 3 as the original
sampling rate of the hardware is 10 Hz. The FFT transforms
each column of data of size 10t into n and the result retrieved
is a matrix of size n× 3. Then the data is aligned into a single
row as a 1× 3n vector for the SVM training and testing.

Table 2 shows the average success rate of identifying
driver Meng from all testing data, using different sampling
times and FFT orders. Different combination of sampling
time and FFT order affects different classification rates.



Journal of Robotics 7

Human
behavior

data

Human
behavior
feature

Identification of
nondriver A

Identification of
nondriver B

Identification of
nondriver C

· · ·

Data
preprocessing

module
SVM1 SVM2 SVM3

Identification
of driver A

Identification
of driver B

Identification
of driver C
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Table 1: Test results using different preprocessing methods.

Number of errors Number of errors
Average success rate

(authorized driver) (unauthorized drivers)

FFT 22 46 80.46%

PCA 39 82 65.23%

ICA 47 79 63.79%

Table 2: Test results using different sampling time and FFT orders.

Sampling time FFT (order 5) FFT (order 10) FFT (order 20)

10 sec. 64.92% 66.83% 64.68%

20 sec. 66.51% 66.51% 60.29%

40 sec. 69.23% 69.23% 78.85%

80 sec. 63.46% 55.77% 51.92%

160 sec. 65.38% 53.85% 65.38%

Shorter sampling time and smaller FFT order may cause the
loss of important features involved in the human behavior
signal, while longer time and larger order may lead to a
mixed redundant signal to the classification procedure, both
of them lower than the recognition rate. By comparing
the success rate, sampling time at 40 seconds and FFT
order of 20 achieve the best results. In addition, the data
segment length of 40 seconds, namely, the time interval
of the system examining the current driver, is efficient
for not causing huge data segments for computation and
providing adequate sampling frequency for testing driving
performance in realtime.

5.2. Models Design. Training SVM requires the selection of
parameters which influence the ensuing model performance.
Therefore, to achieve a good model those parameters have
to be chosen correctly. Examples, as stated earlier, are (1)
cost function C and (2) the mapping function Φ. In the first
part of our experiments, we have considered Gaussian radial
basis function (RBF) as the kernel function. The RBF kernel
is very advantageous in complex nonseparable classification
problems due to its ability of nonlinear input mapping. It
has the property that Φ(x) ·Φ(y) = exp(−γ ‖x − y‖2), and
subsequently γ (defined as 1/2σ2 being the kernel width) is
an important parameter to be chosen.

In this series of experiments, we run the SVM classifier
with several values of C and γ somehow trying to determine
which combination of parameters might be the best for a
“good” model. That is, the one that could better express

the causal relation among variables which govern the quality
within the driving platform. This is accessed through the
evaluation of performance accuracy. One possible way is
to divide the original data into a data training set and
into a validation data set for model evaluation. Figure 7
shows the testing accuracy as a function of kernel γ both
parameterized with C for identification of driver Meng.
Figure 8(a) shows the variation of number of SVs versus γ
and C and Figure 8(b) shows the variation of number of
learning iterations versus γ and C. The stopping tolerance
for solving the optimization problem is set to 10−3.

In the second part of our experiments, we consider a
polynomial kernel as the kernel function. It has the property
that Φ(x) ·Φ(y) = (γ × x′ × y + c)d, where c = 0 and d = 3
as the default settings in this experiment, and subsequently
γ (defined as 1/2σ2 being the kernel width) is an important
parameter to be chosen.

Figure 9 shows the testing accuracy as a function of kernel
γ both parameterized with C for identification of driver
Meng. Figure 10(a) shows the variation of number of SVs
versus γ and C and Figure 10(b) shows the variation of
number of learning iterations versus γ and C. The stopping
tolerance for solving the optimization problem is set to 10−3.

From the results shown above, larger C corresponds to
a smaller number of SVs as well as a larger number of
training iterations. Larger γ corresponds to poorer balanced
classification, which means the deflective classifier model
causing the lower accuracy on one side of the classification
destination but higher accuracy on the other side, as well
as the lager C doing so. Further explanation is required for
these results taking into account both C and γ parameters.

For nonseparable data, the penalty term C
∑l

i=1( f (xi − yi))
is able to reduce the training errors in the working data set.
Therefore, the margin is an indicator of the generalization
accuracy. In the absence of a method to compute the best
tradeoff between the regularization term and the training
errors, the balance sought by the SVMs technique is hard
to find. Thus, a larger C corresponds to a higher penalty of
training errors and clearly overfitting occurs. On the other
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Figure 7: Success rate of model Meng versus Others parameterized with γ.
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Figure 9: Success rate of model Meng versus Others parameterized with γ.
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Figure 10: (a) Number of SVs versus γ; (b) Number of learning iterations versus γ (model Meng versus Others parameterized with C).

hand, the higher when the kernel parameter γ becomes,
the greater the variety of the decision boundaries that can
be formed originating a more complex model. The added
flexibility initially decreases the generalization error as the
model can better fit the data. However, there is the danger
that this can lead to overfitting as well.

Due to the requirements of the proposed system, we
aim to achieve a high classification accuracy as well as low
computational consumption. The aim of the identification
system is for the vehicle to judge if it is his own driver, so we
set the Meng’s success rate with higher priority. It is found
experimentally that C = 10 and γ = 0.02 in the polynomial
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Table 3: Test results on driver identifications via SVM.

Meng Ou Ye Huang Wang Wu Shen

81.45% 93.62% 77.08% 84.62% 79.31% 90.00% 89.47%

kernel has the highest success rate for Meng. With the same
method, we train 7 SVM models for all 7 human subjects and
utilize the SVM network to form a multiple classifier. To test
with our testing samples and evaluate with the identification
accuracy, we derive the final results in Table 3. As seen, we
achieve the average success rate over 85%.

5.3. Discussion. In this section, we demonstrate that SVM is a
feasible parametric model for our proposed application. The
first aspect investigated is to use preprocessing methods for
feature extraction from large human dynamic behavior data
for modeling purposes. The extension of the implementation
is to the data sets in a larger scale and different methods
of problem multiclass formulation. The feature extraction
method based on FFT is found to be able to give the best data
reduction results compared to PCA and ICA in the presented
experiments of modeling human driving behaviors through
SVM. FFT establishes a one-to-one mapping between the
time domain and the frequency domain and preserves infor-
mation from the original signal, ensuring that important
features are not lost as a result of the transformation. Under
the experimental criteria in this paper, FFT is proved to have
a better performance to model human dynamic behavior for
driver identification than PCA and ICA. Although PCA and
ICA are often used for input reduction, it is not always useful
because the variance of a signal is not necessarily related to
the importance of the variable. Human behavior contains
much signals at lower frequencies and FFT can retain the
energy at this frequent area but PCA and ICA work bad
as there are too many isotropically distributed clusters. By
reducing the redundancy in the input data, the training
process of the human driving behavior model becomes more
efficient. After the unnecessary information is removed from
the inputs, not only the key characteristics of the human
behavior data can be retained, but also the modeling power
of the SVM is actually improved.

Besides choosing preprocessing methods, the SVM
model design is an important issue in this section. We have
discussed the application of the multiclass SVM’s classifiers
and compared them with different SVM parameters to
identify different drivers. The basic idea of SVM is to
determine the structure of the classifier by minimizing
the bounds of the training error and generalization error.
The SVs close to the boundary decision surface determine
the efficacy of the classifier. Based on the results from
our application, SVM with polynomial kernel achieves the
better performance. Our results demonstrate that the SVMs
have the potential to obtain a reliable distinction among
our testing human subjects, individual identification can
be recognized with the multiclass SVM’s classifiers with a
success rate of over 85%, which verifies that the proposed
SVM modeling method is valid and useful against the vehicle
thefts problem.

6. Conclusion and Future Work

In this paper, we focus on the research of utilizing dynamic
human behavior models for vehicle security (preventing
vehicles from being stolen) application. By learning from
driving performances, the intelligent classifier can be embed-
ded into an IC-based car key, through which the vehicle
security system can identify the valid drivers based on the
ways the vehicle are driven and the drivers behave.

6.1. Conclusions. We proposed the innovative idea on driver
identification system for detecting vehicle theft based on
dynamic human behaviors. The dynamic and stochastic
feature is difficult to be handled by traditional mathematical
methods. We compared FFT, PCA and ICA in the data
preprocessing, and proved FFT has better performance
to process human dynamic behavior. Thereafter, machine
learning method based on SVM is applied. We discussed the
application of the multi-class SVM classifiers and compared
the performance of different SVM parameters. SVM with
polynomial kernel performs better than other functions.

6.2. Future Work. Choosing the best parameters, especially
if a systematic approach is not used and/or the problem
knowledge do not aid for proper selection, can be time
consuming since we have to rely upon guessing and trial-
and-error techniques. Therefore, an interactive grid search
model selection method can be studied, which may further
enhance the accuracy.
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This paper describes recent research on the design, implement, and testing of a new small-scaled rotorcraft Unmanned Aerial
Vehicle (RUAV) system—ServoHeli-40. A turbine-powered UAV weighted less than 15 kg was designed, and its major components
were tested at the Shenyang Institute of Automation, Chinese Academy of Sciences in Shenyang, China. The aircraft was designed
to reach a top speed of more than 20 mps, flying a distance of more than 10 kilometers, and it is going to be used as a test-bed
for experimentally evaluating advanced control methodologies dedicated on improving the maneuverability, reliability, as well as
autonomy of RUAV. Sensors and controller are all onboard. The full system has been tested successfully in the autonomous mode
using the multichannel active modeling controller. The results show that in a real windy environment the rotorcraft UAV can follow
the trajectory which was assigned by the ground control station exactly, and the new control method is obviously more effective
than the one in the past year’s research.

1. Introduction

Unmanned aerial vehicles (UAVs) are useful for many
applications where human intervention is considered dif-
ficult or dangerous. Traditionally, the fixed-wing UAV has
been served as the unit for these dangerous tasks because
the control is easy. Rotary-wing UAV, on the other hand,
can be used in many different tasks where the fixed-
wing one is unable to achieve, such as vertical take-
off/landing, hovering, lateral flight, pirouette, and bank-to-
turn. Due to the versatility in maneuverability, helicopters
are capable to fly in and out of restricted areas and hover
efficiently for long periods of time. These characteristics
make RUAV applicable for many military and civil applica-
tions.

However, the control of RUAV is difficult. Although
some control algorithms have been proposed [1–6], most of
them were verified by simulation instead of real experiments.
One reason for this is due to the complicate, nonlinear,
and inherently unstable dynamics, which has cross coupling
between main and tail rotor, and lots of time-varying
aerodynamic parameters. Another reason is that the flight
test is in high risk. If an RUAV lost its control, it would never
be stabilized again.

Based on our UAV research in [7], this paper details
the development of a new unmanned helicopter (UAV)
test bed—ServoHeli-40 (Figure 1) and the advanced control
experiments performed toward achieving full autonomous
flight. The experimental platform which has 40 kilograms
takeoff weight is designed and finished by our research group
in Shenyang Institute of Automation, Chinese Academy of
Sciences. The brief of this paper is as follows: the ServoHeli-
40 platform is introduced in Section 2. The introduction of
sensor package is in Section 3. The modeling of the UAV
helicopter system is presented in Section 4. In Section 5,
we introduce active modeling scheme as a baseline control
of the platform. In the end, there will be a conclusion of
our work and also some discussions about future research
issues.

2. ServoHeli-40 Platform Description

The entire experiment was implemented on the ServoHeli-40
small-size helicopter platform (Figure 1).

ServoHeli-40 aerial vehicle is a high-quality helicopter,
which is changed by us using an RC technical grade
helicopter operating with a remote controller. The modified
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Figure 1: ServoHeli-40 small-size helicopter platform.

Figure 2: Airborne control box.

Figure 3: Crossbow IMU.

system allows a payload of more than 10 kilograms, which
is sufficient to take the whole airborne avionics box and
the communication units for flight control. The fuselage of
the helicopter is constructed with sturdy duralumin, and
composite body and the main rotor blades are replaced with
heavy-duty fiber glass reinforced ones to accommodate extra
payloads. The vehicle is powered by a ZENOAH engine
which generates 9 hp at about 10000 rpm, a displacement
of 80 cc, and practical angular rate ranging from 2,000 to
16,000 rpm. The full length of the fuselage is 2120 mm as
well as the full width of it is 320 mm. The total height of the

Table 1: Physical characteristics of ServoHeli-40 small-size heli-
copter.

Length 2.12 m

Height 0.73 m

Main rotor diameter 2.15 m

Stabilizer bar diameter 0.75 m

Rotor speed 1450 rpm

Dry weight 20 kg

Engine 2-stroke, air cooled

Flight time 45 min

Figure 4: Hemisphere OEM GPS.

Figure 5: HMR3000 digital compass.

helicopter is 730 mm, the main rotor is 2150 mm, and the tail
rotor is 600 mm.

Designing the avionics box and packing the box appro-
priately under the fuselage of the helicopter are two main
tasks to implement of this UAV helicopter system. In the
actual flight environment, the weight and the size of the
avionics box are strict limited. Our airborne control box,
which is shown in Figure 2, is a compact aluminum alloy
package mounted on the landing gear. The center of gravity
of the box lies on the IMU device, where it is not the
geometry center of the system that keeps the navigation data
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from IMU accurate. The compass and the IMU are taken as
the horizontal center of the gravity of the avionics system and
the other components are installed on the same line.

The platform, which is fixed with a 3-axis gyro, a three-
axis acceleration sensor, a compass, and a GPS, can save the
data of velocities, angular rates, Euler angle accelerations,
and positions into an SD card through an ARM processor. An
Extended Kalman Fliter is used to estimate the sensors values.
There is a CPLD used for sampling control inputs from the
remote control of the pilot. The rotor speed is controlled by
a Governor, an electronic unit for engine control. Table 1
shows the physical characteristics of ServoHeli-40 small-
size helicopter. The type of the sensors and the method for
navigation will be described in the next section.

3. Sensors of the ServoHeli-40

3.1. Sensors for Attitude and Position Estimation. In order to
navigate following a desired trajectory while stabilizing the
vehicle, the information about helicopter position, velocity,
acceleration, attitude, and the angular rates should be known
to the guidance and control system. The rotorcraft UAV
system is equipped with sensors including inertial sensor
unit, GPS, digital compass, rotor speed sensor, air-press
altimeter, and ultrasonic sensor to obtain above accurate
information about the motion of the helicopter in associa-
tion with environmental information.

The Crossbow IMU300, which is shown in Figure 3,
is a six-axis measurement system designed to measure the
linear acceleration along three orthogonal axes and rotation
rate around three orthogonal axes. It employs on-board
digital processing to provide application-specific outputs and
to compensate for deterministic error sources within the
unit. Solid-state MEMS sensors make the IMU300 product
responsive and reliable.
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Figure 7: Velocities before and after filtering.

Hemisphere GPS, which is shown in Figure 4, is a
space-based satellite radio navigation system developed by a
Canada company. GPS provides three-dimensional position
and time with the deduced estimates of velocity and heading.
The GPS provides position estimates at up to 10 Hz. For
operation, the GPS and the antenna are installed on the host
aerial vehicle.

HMR3000 digital compass, which is presented in
Figure 5, is an electronic compass module that provides yaw,
pitch, and roll output for navigation and guidance systems.
This compass provides fast refrash rate of up to 20 Hz and a
high accuracy of 0.5 degree with 0.1-degree resolution.
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Figure 8: Rotorcraft UAV modeling verification.

In order to get the accurate altitude information of the
vehicle, an air-pressure altimeter that is collecting data higher
than 5 meters as well as an ultrasonic sensor that is getting
the information on other situations is equipped under the
avionics box.

The update rate of all sensors is ranging from 10 to
100 Hz, which is enough for implementation for advanced
control algorithms.

3.2. EKF Based Navigator Design. In our avionics box, we use
rate gyros and accelerometers to measure rates about three
axes and accelerations along 3 axes; an independent ARM
processor is used to extract absolute roll and pitch. However,
in the real flight environment, the sensors will be subjected
to rotor frequency vibrations; both the rate and acceleration
readings are grossly inaccurate and consequential; so it is the
attitude estimation.

In order to isolate the unit from these frequencies, we
use EKF method to build an effective navigator for flight
information estimation. The proposed GPS INS Navigator is
in Figure 6, and a typical plot of the forward velocities before
and after filtering is given in Figure 7.

4. Rotorcraft UAV Modeling

For effective hovering identification, the original model in
[8] is decomposed into three groups (longitudinal, lateral,
and yaw-heave coupling), and a semidecoupled model is
obtained. Each group has a decoupled system matrix,
and the coupling characteristics are presented only in the
control matrix. Thus, the number of unknown parameters
and control inputs is reduced and the control loops are
semidecoupled. Then, to identify the unknown parameters
in the MIMO semidecoupled model, a new cost function is



Journal of Robotics 5

Model errors

Reference
input

Controller

Reference
model

Active
modeling

Plant

Plant
output

Figure 9: The scheme of active model-based control.

Figure 10: ServoHeli-40 small-size helicopter platform for experi-
ment use.

proposed to make the traditional method of SISO system
frequency estimation [9] applicable to the MIMO state-
space models. The proposed cost function is presented in the
addition form of the frequency error of every input-output
pair for transfer matrix, and the parameters are identified
by minimizing the cost function. The simplified model and
proposed identification method free the selection of initial
estimation and constraint is not required.

We have got the numerical model, and then the other
serial of input data was tested using the proposed model. The
blue line is the measurement of the yaw rate from the real
flight as well as the red line is calculated by the numerical
model and the real flight input. As is shown in Figure 8, the
estimation output is similar to the real flight data and we can
conclude that the proposed modeling method is useful to the
rotorcraft UAV.

5. Active Modeling Control Scheme

Figure 9 illustrates the active model-based control scheme.
The error between the reference model and the actual
dynamics of the controlled plant is estimated by an online
modeling strategy. The control, which is designed according
to the reference model, should be able to compensate the
estimated model error and fix it in real time. In the followings
of this paper, we use the Adaptive Set Membership Filter

(ASMF) [10] as the active modeling algorithm and the
modified GPC as the control.

For normal missions of an unmanned helicopter, the
flight modes include hovering (velocity under 5 m/s), cruis-
ing (velocity above 5 m/s), taking off and landing (dis-
tance to the ground is below 3 m while significant ground
effect exists), and the transitions among these modes. A
reference model is typically obtained by linearizing the
nonlinear dynamics of a helicopter at one flying mode.
The model errors from linearization, external disturbance,
simplification, and unmodeled dynamics can be considered
as additional process noise. Thus, a linearized state-space
model for helicopter dynamics in full flight envelope can be
formulated as

Ẋ = A0X + B0U + Bf f
(
X , Ẋ ,W

)
,

Y = CX ,
(1)

where X ∈ R13 is the state, including 3-axis velocity, pitch
and roll angle, 3-axis gyro values, flapping angles of main
rotor and stabilizer bar, and the feedback of yaw gyro. Y ∈ R8

is the output, including 3-axis velocity, pitch and roll angle,
and 3-axis gyro values, A0 and B0 contain parameters that
can be identified in different flight modes, and we use them
to describe the parameters in hovering mode. U ∈ R4 is
the control input vector. The detail of building the nominal
model and physical meaning of parameters is explanted in
[11].

To describe the dynamics change, in (1), here, we
introduce f (X , Ẋ ,W , t) ∈ R13 to represent the time varying
model error in full flight envelope, and W ∈ R13 is the
process noise.

5.1. Velocity Tracking Control. All flight tests are performed
on the ServoHeli-40 setup (Figure 10), which was developed
in the State Key Laboratory, SIACAS. It is equipped with a
3-axis gyro, a 3-axis accelerometer, a compass, and a GPS.
The sensory data can be sampled and stored into an SD card
through an onboard DSP.

Generalized predictive control (GPC), stationary incre-
ment predictive control (SIPC), and active model-based
stationary increment predictive control (AMSIPC), which
are proposed by us in [11], were all tested in the same flight
conditions, and the comparison results are shown in Figures
11–13. The identified parameters were in [12] as nominal
model.

It can be seen that when the helicopter increases its
longitudinal velocity and changes flight mode from hovering
to cruising, GPC (brown line) has a steady velocity error
and increasing position error because of the model errors.
SIPC (blue line) has a smaller velocity error because it uses
increment model to reject the influence of the changing
operation point and dynamics’ slow change during the flight.
However, the increment model may enlarge the model errors
due to the uncertain parameters and sensor/process noises,
resulting in the oscillations in the constant velocity period
(clearly seen in Figures 11 and 12). While for AMSIPC (green
line), because the model error has been online estimated



6 Journal of Robotics

Longitudinal velocity tracking comparison

100806040200

Time (s)

Reference
GPC

AMSIPC
SIPC

−8

−6

−4

−2

0

2

4

6

8

10

12

Lo
n

gi
tu

di
n

al
ve

lo
ci

ty
(m

/s
)

Figure 11: Longitudinal tracking results.
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Figure 12: Lateral tracking results.

by the ASMF, the proposed AMSIPC successfully reduces
velocity oscillations and tracking errors.

5.2. Preliminary Autonomous Flight Result. A two-loop con-
trol scheme for the rotorcraft UAV system was designed
and tested using the ServoHeli-40 platform, in [7]. Some
specified trajectories were designed to be flown. These
trajectories were selected in order to evaluate the inner loop
and outer loop response over several different sequences of
inputs. We selected a tunnel way to be followed, as is shown
in Figure 16. The proposed controller handled this flight
trajectory with minimal error; see Figure 17. Figures 14 and
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Figure 13: Vertical tracking results.
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Figure 14: Forward and lateral velocity during the flight.

15 show that the angles and velocities which are controlled
by inner loops also get a stable response.

5.3. New Flight Result. In this experiment, the identified
hovering model was selected as nominal model for PID con-
troller parameters calculation. The helicopter flies between
two selected points, point A and point B. In the flight, the
helicopter turns head 180◦ to point B at point A first; then,
the helicopter increases the longitudinal velocity from 0 m/s
to 10 m/s. When the helicopter arrives at point B, it decreases
the longitudinal velocity from 10 m/s to 0 m/s and flies back
to point A in the same way. To verify the strategy for estimate
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Figure 15: 3-axes angles during the flight.

H

Figure 16: Trajectory in the Google Map.

and elimination of the online model error, during the flight,
we only use the PI controller without the strategy of model
error elimination before time 150 seconds and compensate
for the model error after that time in order to show the
necessity of the strategy for model-error estimation and
elimination. The flight path and position tracking errors are
shown in Figures 18-19, and Figure 20 shows longitudinal
velocity in the flight experiment. The wind in the flight
environment is 3–6 m/s from the southeast.
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Figure 17: Desired and real trajectory.
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Figure 18: Flight path for test.

It is clearly seen in Figures 18–20 that when the helicopter
increases the longitudinal velocity and changes flight mode
from hovering to cruise, the adaptive set-membership filter
estimates the nonzero model errors and the estimated
model error boundaries converge into the constant ellipse
intersection, which means that the filter is stable. The effect
of the strategy can be clearly seen in Figures 18–20, the
lateral and vertical position errors decrease into 0.5 m, and
the accuracy of longitudinal velocity tracking increases after
the compensation, while nominal PID controller cannot get
rid of the wind disturbance and changing flight mode that
cause position error.
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Figure 19: Vertical tracking error in real flight.
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Figure 20: Longitudinal velocity in the flight.

6. Conclusions

This paper describes the current status of the ServoHeli-
40 autonomous helicopter. We have introduced the system
implementation of the rotorcraft UAV and control scheme
for model-scaled helicopter. A reliable helicopter is built
as the basic helicopter, which is changed to adapt to a
heavier load in the future. We also introduce the sensors and
algorithm for attitude and position estimation. The active
modeling control and navigator works better than the two
loop linear control scheme, which is applied by us in [7] last
year.

The rotorcraft UAV system has been tested successfully
for full autonomous flight including autonomous taking
off and landing. The next step is to integrate the visual
and IMU estimation into a unified sensor suite and to
develop advantage autonomous flight control algorithm for
maneuverable fight.
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In the context of controlling a robot arm with multiple joints, the method of estimating the joint angles from the given end-effector
coordinates is called inverse kinematics, which is a type of inverse problems. Network inversion has been proposed as a method
for solving inverse problems by using a multilayer neural network. In this paper, network inversion is introduced as a method
to solve the inverse kinematics problem of a robot arm with multiple joints, where the joint angles are estimated from the given
end-effector coordinates. In general, inverse problems are affected by ill-posedness, which implies that the existence, uniqueness,
and stability of their solutions are not guaranteed. In this paper, we show the effectiveness of applying network inversion with
regularization, by which ill-posedness can be reduced, to the ill-posed inverse kinematics of an actual robot arm with multiple
joints.

1. Introduction

In the context of controlling a robot arm with multiple
joints, the problem of estimating the joint angles from
the given end-effector coordinates is called the inverse
kinematics problem, which is a type of inverse problems
[1]. Inverse problems that estimate the cause from the given
results are studied in various engineering fields [2]. There
are a number of methods for solving inverse kinematics
problems: analytical method, iterative calculation by using
an algorithm, and so forth [1]. In addition, neural-network-
based inverse modeling has been proposed [3], and we
can use it as a solution of inverse kinematics [4, 5]. The
network inversion method has been proposed for solving
inverse problems by using a multilayer neural network [6].
In this method, inverse problems are solved by using a
trained multilayer neural network inversely to estimate the
corresponding input from the given output [7, 8]. The
advantages of this method are easiness of the direct modeling
by learning and adaptive estimation of the inverse solution.
It has been applied to actual problems [9, 10]. In addition, it
was introduced as a method to solve the inverse kinematics

problem of estimating the multiple joint angles of a robot
arm from the given end-effector coordinates [11–13].

In general, inverse problems are affected by ill-posedness,
which implies that the existence, uniqueness, and stability
of their solutions are not guaranteed [2]. Ill-posedness
also affects the solution when a problem is solved using
network inversion. The regularization method to decrease ill-
posedness by limiting the solution space of the inverse prob-
lem has been proposed for the ill-posed inverse problems
[14, 15]. It has also been examined for network inversion
[16, 17]. The inverse-modeling approach with a multilayer
neural network and the approach that uses the network
inversion method have been examined as neural-network-
based methods. The problem of ill-posedness is an important
aspect of inverse problems, and it has often been studied
in the field of mathematical engineering [2, 15]. However,
only a few studies have examined the possibility of solving
the problem of ill-posedness by using a neural network [18].
In particular, a few systematic investigations of ill-posedness
have been carried out by applying a neural network to the
actual problem, but these investigations considered only the
uniqueness of the solution [19].
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Figure 2: Inverse kinematics problem of 3-DOF robot arm in 2D plane. (a) Three joints and an end-effector coordinate. Ill-posed solutions
in terms of (b) existence, (c) uniqueness, and (d) stability.

In this study, we aim at examining the applicability of
the network inversion method to the inverse kinematics
of a robot arm with multiple joints. That is, we aim to
demonstrate the applicability of this method to the ill-posed
inverse kinematics in terms of the existence, uniqueness,
or stability of the solutions provided by the method. In
addition, we aim to examine the applicability of the network
inversion method to all problems that involve ill-posedness.
We consider a three-degree-of-freedom (DOF) robot arm
that moves in two-dimensional space and set the ill-posed
problem as one in which the existence, uniqueness, or
stability of the solution is not satisfied. We then examine
the problem and solution by using the network inversion
method so as to demonstrate the effectiveness of this method
in addressing the inverse kinematics of a robot arm with
multiple joints. We consider that the results suggest the
effectiveness of the method when applied to inverse not only
kinematics but also a general ill-posed inverse problem.

2. Inverse Estimation of Joint Angles of
Robot Arm

An inverse problem determines the inner mechanism or
cause from observed phenomena. In the case of a direct
problem, the result is derived from a given cause by using a
fixed mathematical model, whereas in the case of an inverse
problem, the cause is estimated from the fixed model and
given results. In the case of a direct problem, the existence,
uniqueness, and stability of the solution are guaranteed.
Problems in which these three conditions are satisfied are

called as well-posed problems. In the case of an inverse
problem, it may be difficult to obtain a solution because
the well-posedness of the problem is not guaranteed [2]. An
example of ill-posedness is shown in Figure 1.

Direct kinematics implies a problem of calculating the
end-effector coordinates from the joint angles of robot arms.
On the other hand, inverse kinematics inversely estimates
the joint angles from the provided end-effector coordinates
of robot arms. A number of analytical methods, algorithms
of iterative calculation, and so forth exist for solving inverse
kinematics problems. Analytical methods are effective for
a robot arm of a low degree-of-freedom. They include
the method of solving kinematics equations as nonlinear
simultaneous algebraic equations, the method of solving
an equation as a problem in planar geometry, and so on.
Because an analytical method is not a general method,
the iterative approximation algorithm that is based on the
Newton method is generally used [1]. In addition, there is
a method of solving inverse kinematics problems by using
the adaptively estimated inverse model of kinematics [5].
The use of a neural network is proposed as a method of this
inverse modeling [11]. Motion control of a robot arm is often
achieved by the point-to-point or continuous-path methods,
and it is required to solve the inverse kinematics problem.

In this paper, we consider a 3-DOF robot arm that moves
in two-dimensional space, which is shown in Figure 2(a). We
examine the problem of estimating the joint angles for the
specified end-effector coordinate of the 3-DOF robot arm. In
an inverse kinematic problem, the problem of ill-posedness
in terms of the existence, uniqueness, and stability of the
solution also arises. For instance, the combination of joint
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angles for the specified end-effector coordinate may not exist,
as shown in Figure 2(b). This is an ill-posed problem where a
solution does not exist. Figure 2(c) shows an example where
there are a number of combinations for the joint angles of
an end-effector coordinate; here, the problem is ill-posed in
terms of its uniqueness. In addition, a minor measurement
error for the end-effector coordinate may cause a large
estimation error of the joint angles according to scaling of
the joint angles and end-effector coordinate, as shown in
Figure 2(d); the problem is ill-posed because the solution is
unstable [2].

In this paper, we introduce the network inversion method
in order to solve the inverse estimation problem of joint
angles for a 3-DOF robot arm. We examine the solutions to
the above-mentioned ill-posed problems.

3. Network Inversion

An ordinary multilayer neural network is used to solve a
direct problem. In a usual multilayer network in which the
training is complete, the input-output relation is given by y =
f (w, x), where x, y, and f represent the input vector, output
vector, and function defined by the interlayer weights w of
the network, respectively. If the input vector x is provided,
the network calculates the output vector y.

Linden and Kindermann proposed the network inversion
method [6]. In this method, the observed output data y can
be applied with f fixed after finding the forward relation f by
training. The input x can then be updated according to the
calculated input correction signal based on the duality of the
weights and input. The input is estimated from the output
by iterative updating of the input based on the output error,
as shown in Figure 3. In this manner, the inverse problem
for estimating the input x from the output y is solved with
the multilayer neural network by inversely using the forward
relation.

We use a network in two phases so as to solve the inverse
problem by network inversion: forward training and inverse
estimation. The procedure is shown in Figure 4. In the
training phase, we provide the training input x and training
output y to calculate the output error E. The weight w is then
updated by

w(n + 1) = w(n)− εt ∂E
∂w

, (1)

where εt denotes the training gain, because the output error
is due to maladjustments of the weights. By repeating this
update procedure, the forward relation is obtained. This
procedure is based on the usual back propagation method.

In the inverse estimation phase, we fix the relation
obtained in the training, provide the random input x and
test output y, and calculate the output error E. The input x
is then updated by

x(n + 1) = x(n)− εe ∂E
∂x

, (2)

where εe denotes the input update gain, because the output
error is due to the error in the input. By repeating this update
procedure, the input is estimated from the output.

4. Ill-Posedness and Regularization

In general, inverse problems are ill-posed in that the
existence, uniqueness, and stability of their solutions are
not guaranteed [2]. Regularization, which limits the solution
space of an inverse problem, is a method that reduces ill-
posedness. In this method, a functional intended to provide
some constraints is added to the error functional of the
iterative method. For example, when the transform from the
element x in space X to the element y in space Y is expressed
as Kx = y by mapping K, we search the element x to minimize
the functional

E = ∥∥y − Kx∥∥2 + λF(x), (3)

where F(x) and λ represent the regularization functional and
regularization coefficient, respectively.

We can also use regularization for network inversion
[17]. In order to provide the constraint condition, we
minimize the regularization functional in accordance with
the output error in the inverse estimation phase. The energy
function E(x) with the regularization functional F(x) is
defined as

E(x) = ∥∥ ỹ − Kx∥∥2 + λF(x), (4)

where ỹ, K, and x indicate the network output, transform,
and input, respectively. In (4), the first and second terms
represent the output error of the network and the regu-
larization functional, respectively. The parameter λ is the
regularization coefficient. The objective of the regularization
term F(x) is to express the restraint condition that the input
x should satisfy and to be minimized simultaneously with
the error term. By using the regularization term, we aim
to obtain a feasible solution that minimizes the error and
satisfies the restraint condition. Since F(x) is a restraint
condition concerning the input, we can use the minimum
norm to select a specific solution, the minimum difference
to smooth the solution, and so forth. Moreover, we can use
the minimum and maximum norms of the vector of the
joint angles, the minimum and maximum inclinations of the
arm, and so forth by expressing them as the regularization
term F(x) for the robot arm considered in this paper. The
coefficient λ is usually fixed and determined empirically or
by trial and error. However, the balance between the output
error minimization and regularization is often uncertain.
The regularization coefficient may actually be reduced with
a decrease in the output error. We refer to this as dynamic
regularization. For example, the regularization coefficient
λ(t) is reduced for each input correction as

λ(t) = λ(0) exp(−mt), (5)

where λ(0), t, and m denote the initial value of λ, current
epoch number, and decay coefficient, respectively. The
parameter λ(t) decays from λ(0) to zero with the epoch
number t.
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Table 1: Network parameters.

Input neurons 3

Hidden neurons 10

Output neurons 2

Training rate εt 0.01

Inverse estimation rate εe 0.01

Training error to be attained <0.001

Estimation error to be attained <0.0001

Joint angles for training data (◦) θ1 0, 15,. . ., 90

θ2 45, 60,. . ., 315

θ3 45, 60,. . ., 315

Arm length l (cm) 30

Tutorial output y′

Output y

Output layer

Weights

Hidden layer

Weights

Input layer

Input x

Error E

Fixed weights

Fixed weights

Figure 3: Iterative update of input from provided output by
network inversion.

In this paper, we introduce the regularization method
to reduce the ill-posedness of the problems in terms of the
uniqueness and stability of their solutions. For the unique-
ness problem, we examine the addition of a regularization
term for conditioning and attempt to selectively estimate
a specific solution. We select a solution that meets the
requirement by specifying conditions for the joint angles.
This method is shown to be effective when the solution for a
specific shape of the arm is required to avoid some obstacle.
Moreover, we attempt to stabilize the solutions by decreasing
the difference between multiple solutions. We consider a
regularization term to minimize the difference in solutions
to successive data. This method is shown to be effective for
estimating joint angles when the robotic arm is successively
operated.

The principle of network inversion is the iterative
correction of the input so as to minimize the error for a
given output. That is, the output error converges to almost
zero when it reaches an appropriate input for the given
output. Therefore, the output error remains when the input
to a given output does not exist. Thus, we can estimate
that a solution may not exist by observing decreases in
the output error in response to the corrections made to
the input by network inversion. As a result, we consider it
possible to deal with ill-posedness in terms of the existence of
a solution.

Training
input

Training phase

Training
output

Estimated
input

Test
output

Estimation phase

By multilayer NN

Inverse estimating

Forward learning

Figure 4: Two-step procedure to solve inverse problem by using
network inversion.
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Figure 5: Network architecture.

5. Simulation

In order to demonstrate the application of the network
inversion method to an inverse kinematics problem and its
effect on the ill-posedness, we carry out four simulations
considering an ill-posed problem with no solution, with a
nonunique solution, and with an unstable solution and a
well-posed problem. These four simulations aim to cover
all situations concerning ill-posedness when the network
inversion method is applied to actual inverse kinematics
problems.

We examine the inverse estimation of joint angles from
the end-effector coordinates of the 3-DOF robot arm, shown
in Figure 2(a), using network inversion. First, we train
the network by providing the joint angles and end-effector
coordinate corresponding to the joint angles as the tutorial
input and output, respectively. The training of the network is
conducted by the usual error back-propagation method. The
inputs are then iteratively updated due to the error between
the network outputs and the end-effector coordinate value.
Initially, the inputs are set to random values, and the trained
weights are assigned to the values obtained during learning.
In this manner, the joint angles are estimated from the
provided end-effector coordinates.

The network architecture used in the simulation is shown
in Figure 5, and the network parameters are listed in Table 1.
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Figure 6: Distribution of end-effector coordinates (a) for training data and for test data of (b) well-posed problem and a problem with (c)
nonunique solution, (d) no solution, and (e) unstable solution.

Because there are three joint angles (θ1, θ2, and θ3) and
two end-effector coordinates (x and y) for the arm, we use
a network with three inputs and two outputs. The hidden
neurons are decided to be 10 units by trial and error. The
input and output values of the network are normalized to
the range [0.0, 1.0] by the maximum and minimum values
of the joint angles and coordinates.

First, we prepare the training data by calculating the end-
effector coordinates for the three joint angles. We obtain 1136
data points in the tutorial training dataset by varying each of
the joint angles θ1, θ2, and θ3 to 7, 19, and 19 different values,
respectively, and by selecting only positive coordinates (x,
y). The length of each arm is 30 cm. The distribution of
the end-effector coordinates in the training data is shown in
Figure 6(a). The training is continued until the mean square
error decreases to less than 0.001. The training rate εt is set
to 0.01. The actual training is completed after approximately
8000 epochs.

In the inverse estimation, the joint angles are estimated
from the given end-effector coordinates by means of network
inversion. In order to confirm the effectiveness of the
network inversion to the ill-posed inverse kinematics, we
set each of the end-effector coordinates for well-posed,
nonexistent, nonunique, and unstable solutions. The end-
effector coordinates shown in Figures 6(b), 6(c), 6(d), and
6(e) correspond to well-posed, nonexistent, nonunique, and
unstable solution data, respectively. The inverse estimation
is continued until the mean square error decreases to less
than 0.0001. The inverse estimation rate εe is set to 0.001. In
order to confirm the effect of the regularization method, the

Table 2: Estimated joint angles, calculated end-effecter coordinates,
and mean square errors for well-posed problem.

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (15.56, 163.07, 189.15) (88.61, 11.40) 4.23

2 (38.55, 153.58, 175.06) (82.56, 28.75) 2.86

3 (42.80, 166.39, 173.72) (75.84, 46.69) 2.70

4 (44.49, 176.89, 178.63) (66.89, 60.14) 3.07

5 (45.67, 184.19, 181.96) (58.85, 67.98) 1.39

6 (47.29, 194.13, 186.55) (45.96, 76.19) 2.00

7 (64.68, 190.92, 168.88) (33.22, 83.25) 2.77

8 (73.66, 194.68, 169.71) (15.52, 88.13) 0.51

initial input values are set to the constant value of 0.5 in this
simulation, although they are generally set to random values
for network inversion.

5.1. Results for Well-Posed Problem. In order to demonstrate
the fundamental ability of inverse estimation by network
inversion, we simulate a well-posed problem. We use the
abovementioned training data. The eight points of the end-
effector coordinates that have unique solutions and are
shown in Figure 6(b) are used as data for inverse estimation.
Regularization is not used for this simulation. The estimated
results for the joint angles are shown in Figure 7 and Table 2.
The end-effector coordinates calculated from the estimated
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Figure 7: Graph showing the coordinates of robot arm whose joint
angles are estimated by network inversion for well-posed problem.

joint angles closely corresponded to the given end-effector
coordinates shown in Figure 7. Table 2 shows that the
error between the estimated and given coordinates is small.
According to these results, the joint angles that realized the
given end-effector coordinates are accurately estimated. We
confirm that the joint angles are correctly estimated from the
given end-effector coordinates by network inversion in the
case of the well-posed problem.

5.2. Results for Ill-Posed Problem with No Solution. We
consider measures to reduce the ill-posedness when no
solution exists. When an impossible end-effector coordinate
is given, the system is required to estimate the joint angles
that realize the end-effector coordinate as much as possible
for an approximate or provisional solution. Further, it
is necessary to specify that the estimated solution is an
approximate one and that a rigorous solution does not exist.

Here, we present the inverse estimation of an approx-
imate solution by means of network inversion when a
rigorous solution does not exist. The abovementioned
training data are used for training. For inverse estimation,
we use data that consist of four possible and four impossible
end-effector coordinates, as shown in Figure 6(c). We do
not use regularization in this simulation. We consider the
transition and the converged values of the output error in
the inverse estimation as criteria specifying the nonexistence
of a solution.

The estimated joint angles are shown in Figure 8 and
Table 3. According to the results, the joint angles are
approximately estimated for the impossible end-effector
coordinates, while they are correctly estimated for the
possible end-effector coordinates. In other words, Figure 8
shows the results of the estimated end-effector coordinates in
the possible range for impossible coordinates. Figure 9 shows
the transition of the output error in the inverse estimation.
We found that the transition and converged value of the
output error were obviously different for the impossible
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Figure 8: Graph showing the coordinates of robot arm whose joint
angles are estimated by network inversion for ill-posed problem
with no solution.
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Figure 9: Error curves of inverse estimation for each estimation
data.

data points no.1 to no.4 and the possible data points no.5
to no.8. We confirmed that the approximated joint angles
for a given end-effector coordinate can be estimated by
network inversion when a solution does not exist. Moreover,
we confirmed that the nonexistence of a solution can be
determined according to the output error of the inverse
estimation.

5.3. Results for Ill-Posed Problem with Nonunique Solution.
We consider the effect of using regularization as a selection
method when a solution is not unique. Here, we examine
the maximization and minimization of the joint angles.
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Table 3: Estimated joint angles, calculated end-effector coordi-
nates, and errors for ill-posed problem with no solution.

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (32.20, 181.72, 172.81) (77.07, 46.23) 13.34

2 (37.13, 181.99, 175.97) (71.74, 54.29) 20.23

3 (41.25, 181.77, 178.91) (66.81, 60.29) 28.29

4 (44.54, 181.36, 181.13) (62.71, 64.53) 37.33

5 (45.88, 185.27, 182.78) (57.37, 69.15) 0.52

6 (57.85, 185.84, 186.30) (43.69, 78.30) 1.36

7 (65.69, 183.78, 185.06) (30.87, 84.35) 0.24

8 (75.49, 187.07, 180.73) (14.91, 88.59) 0.72

For example, for the arm shape, we assumed the restraint
condition as a case where an obstacle exists. The training
dataset is the same, as described above. For inverse estima-
tion, we use data consisting of eight end-effector coordinates,
as shown in Figure 6(d).

We examine two types of regularization terms, where the
regularization term F(x) of (4) is set as

F1(x) = x2
1 + (x2 − 0.5)2,

F2(x) = (1− x1)2 + (x2 − 0.5)2,
(6)

where x represents a normalized joint angle. F1(x) forces the
angles θ1 and θ2 to 90◦ and 180◦, respectively, while F2(x)
forces the angles θ1 and θ2 to 0◦ and 180◦, respectively. More-
over, we use a dynamic regularization method that reduces
the regularization coefficient according to the updated input

λ(t) = λ0

(
1− t

T

)
, (7)

where the number of input updates, maximum inverse
estimation epoch, and initial regularization coefficient are
expressed as t, T = 10000, and λ0 = 0.001, respectively.
The inverse estimation is carried out for two regularization
methods by using F1(x) and F2(x) of (6).

The estimated joint angles are shown in Figure 10 and
Table 4. According to the results shown in Figure 10(a), we
found that the estimated joint angle θ1 became maximum
for all end-effector coordinates when the regularization
term F1(x) was added. Because of the ratio between the
regularization coefficient and the inverse estimation rate, we
found that the regularization term only had a slight effect
on the estimated joint angle θ2. Similarly, we found that the
estimated joint angle θ1 was minimized to all end-effector
coordinates when the regularization term F2(x) was added,
as shown in Figure 10(b).

From the above-mentioned results, we confirmed that
the joint angles for the shape of the robot arm could be
estimated on the basis of specific conditions from the given
end-effector coordinates by using network inversion with
regularization. In other words, an arbitrary shape can be
estimated using network inversion with regularization by
providing conditions for the joint angles when the joint
angles of a 3-DOF robot arm are inversely estimated.

Table 4: Estimated joint angles, calculated end-effector coordi-
nates, and errors with (a) regularization F1(x) and (b) regulariza-
tion F2(x), for ill-posed problem of nonuniqueness.

(a)

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (0.00, 145.90, 284.08) (65.11, 11.37) 3.10

2 (0.00, 170.03, 285.01) (56.91, 24.69) 3.89

3 (0.00, 182.40, 282.07) (52.48, 30.30) 2.40

4 (0.00, 199.61, 284.23) (41.55, 34.99) 8.68

5 (0.00, 217.91, 264.82) (37.45, 43.67) 5.51

6 (0.00, 234.76, 245.68) (32.11, 50.37) 4.23

7 (0.00, 252.69, 225.30) (24.85, 55.13) 5.24

8 (0.00, 281.08, 189.01) (13.93, 57.62) 5.34

(b)

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (90.00, 85.51, 152.49) (55.35, 11.76) 6.74

2 (90.00, 106.39, 132.56) (54.48, 23.00) 4.94

3 (90.00, 123.27, 117.75) (51.33, 31.93) 3.26

4 (90.00, 139.97, 103.46) (46.13, 39.56 2.33

5 (90.00, 158.16, 89.18) (38.85, 46.29) 2.57

6 (90.00, 177.82, 87.58) (31.04, 57.57) 3.04

7 (90.00, 184.35, 90.19) (27.63, 62.29) 6.82

8 (90.00, 121.83, 290.82) (1.64, 64.02) 9.51

5.4. Results for Ill-Posed Problem of Instability. We consider
the effect of using regularization as a stabilization method
when a solution is instable. Here, we attempt to stabilize
the solution by assuming that the data for estimation is
successively provided and impose the restraint condition
between data. This method effectively estimates the joint
angles for a given orbit of the end-effector coordinates by
the point-to-point method. The above-mentioned training
data are used in this simulation. We use the data shown in
Figure 6(e) for the inverse estimation; the data are created by
adding a disturbance to the amplitude of 10% for every eight
points shown in Figure 6(d).

The regularization term F3(x) of (4) isset as

F3(x) = ‖x(n)− x(n− 1)‖2. (8)

This regularization term minimizes the difference between
the estimation data. We also use dynamic regularization
as expressed in (6) and use the same parameters as those
mentioned in the previous subsection.

The estimated results of the joint angles with and
without the regularization term are shown in Figures 11(a)
and 11(b), respectively. The estimated values are shown in
Table 5. In Table 5, the mean square error of the end-
effector coordinates represents the difference between the
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Figure 10: Graphs showing the coordinates of robot arm whose joint angles are estimated by network inversion with (a) regularization F1(x)
and (b) regularization F1(x), for ill-posed problem with nonunique solution.
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Figure 11: Graphs showing the coordinates of robot arm whose joint angles are estimated by network inversion (a) with regularization F3(x)
and (b) without regularization for ill-posed problem of instability.

estimated and correct values without disturbance. According
to the results obtained without regularization (Figure 11(a)),
the difference between the estimated and correct joint angles
were large and unstable. In contrast, with regularization,
we found that the fluctuation of the joint angles became
small and that they could be estimated with stability
(Figure 11(b)). The large variance in the mean square error
is clearly shown in Table 5(a), while the stable mean square
error is shown in Table 5(b). These results confirm that
we could estimate stable joint angles from given uneven
end-effector coordinates through network inversion with
regularization.

6. Conclusion

In this paper, we applied network inversion to the inverse
kinematics problem of estimating the joint angles of a
robot arm from the given end-effector coordinates. We
then examined different aspects of ill-posedness in the
inverse kinematic problem for a robot arm. We showed
that network inversion could detect the nonexistence of
a solution and estimate an approximate or provisional
solution. We also confirmed that network inversion with
regularization provided a unique or stable solution to the
ill-posed problems. Through our results, we demonstrated
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Table 5: Estimated joint angles, calculated end-effector coordi-
nates, and errors(a) with regularization F3(x) and (b) without
regularization for ill-posed problem of instability.

(a)

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (53.67, 152.29, 96.80) (60.98, 12.08) 1.56

2 (50.75, 165.75, 117.70) (70.11, 28.02) 12.69

3 (57.45, 178.11, 90.36) (57.96, 33.22) 3.81

4 (55.85, 188.36, 104.63) (59.33, 46.03) 12.38

5 (28.37, 168.91, 285.48) (38.81, 48.39) 1.69

6 (37.31, 183.61, 248.99) (36.31, 66.04) 12.45

7 (34.15, 195.49, 265.50) (22.99, 60.86) 2.20

8 (42.89, 211.92, 230.95) (12.31, 73.71) 11.75

(b)

Joint angles (◦)
(θ1, θ2, θ3)

End-effector
coordinates (x, y)

MSE of
end-effector
coordinates

1 (53.67, 152.29, 96.80) (60.98, 12.08) 1.56

2 (55.03, 163.23, 101.18) (63.54, 23.65) 4.82

3 (59.11, 174.72, 92.30) (58.02, 33.24) 3.87

4 (60.25, 182.58, 94.85) (56.34, 41.34) 8.12

5 (66.21, 196.54, 75.65) (43.78, 46.17) 3.89

6 (67.99, 208.19, 78.62) (37.89, 54.92) 6.40

7 (71.44, 241.13, 61.29) (18.38, 57.72) 3.50

8 (74.08, 253.47, 69.53) (6.84, 63.03) 4.22

the effectiveness of applying network inversion to ill-posed
inverse kinematic problems. We consider that the results
suggest the applicability of network inversion to general ill-
posed inverse problems.

In the future, we intend to search for a more effective reg-
ularization method for actual inverse kinematics problems
by examining different types of regularization methods. In
addition, we intend to examine the inverse estimation of joint
angles for a multi-DOF robot arm.
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Generalized intelligence is much more difficult than originally anticipated when Artificial Intelligence (AI) was first introduced
in the early 1960s. Deep Blue, the chess playing supercomputer, was developed to defeat the top rated human chess player and
successfully did so by defeating Gary Kasporov in 1997. However, Deep Blue only played chess; it did not play checkers, or any
other games. Other examples of AI programs which learned and played games were successful at specific tasks, but generalizing
the learned behavior to other domains was not attempted. So the question remains: Why is generalized intelligence so difficult?
If complex tasks require a significant amount of development, time and task generalization is not easily accomplished, then a
significant amount of effort is going to be required to develop an intelligent system. This approach will require a system of systems
approach that uses many AI techniques: neural networks, fuzzy logic, and cognitive architectures.

1. Introduction

The problem of generalized intelligence has been plaguing
the field of Artificial Intelligence (AI) since its inception
in the early 1960s. Researchers in the area of AI had once
hoped that a generalized intelligent system would be able to
“grease a car or read Shakespeare; tell a joke or play office
politics” [1]. Instead, AI researchers found that the learned
rules and hard coded knowledge developed in order to solve
a specific task was not likely to be transferable to other tasks.
The International Business Machines (IBM) Corporation
was eventually able to develop a computer program which
defeated the most highly ranked chess player in the world
[2]. However, IBM’s computer only accomplished one task—
playing chess. It did not play backgammon or checkers. It
did not read Shakespeare or grease a car. The real problem
for AI turned out to be the brittleness of behavior, or the
lack of generalization across behaviors. In other words—how
does playing chess help with reading Shakespeare? Or how
does learning to tell a joke help with learning office politics?
It could be that very little knowledge can be transferred
from playing chess to reading Shakespeare. If this is the case

then how can generalized intelligence ever be realized? This
paper will examine the different aspects of generalization and
whether it can be performed successfully by future computer
programs or robots.

Generalized intelligence is especially important for
mobile robots, whether they are in the air, on the ground,
in space, or in water. There is a need for these robots to
be both intelligent and autonomous (and they may become
conscious too [3]). Current mobile robots have very little
intelligence or autonomy. Intelligence would allow the robots
to perceive their environment, plan their activities, solve
problems, and learn from experience [4]. Autonomy would
allow them to survive in a real-world environment without
external control. Intelligence and autonomy will require a
complex system of systems approach that is highly inter-
connected, much like the human brain and central nervous
system. The sensor input data will need to be processed in
a hierarchical manner from low-level features to complex
objects. In addition, learning will be crucial. It will not be
possible to program these systems for all possible circum-
stances that they will encounter. It will also not be physically
possible to write all the needed software and logic rules. They
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will need to be trained and nurtured as are human infants
and children, and they need to learn from experience.

2. Symbolic and Subsymbolic Generalization

The chess playing computer program developed by IBM grew
out of the symbolic tradition of AI. The symbolic tradition
emphasized symbolic manipulations of information for
problem solving, for example, the blocks world problem, the
water jug problem, and so forth. A symbolic system uses
localized representations of knowledge for problem solving
(i.e., concepts are represented in one place). Mathematics
and language are symbolic systems of knowledge repre-
sentation (this assumption has been challenged by neural
network researchers [5]). Symbolic systems of knowledge
representation are in contrast to subsymbolic or distributed
representations of knowledge. Subsymbolic representations
of knowledge are not localized (i.e., concepts can be rep-
resented across a collection of nodes as weights). Neural
networks and computer vision algorithms are subsymbolic
representations of knowledge.

Subsymbolic systems were once hoped to be a solution
to complex recognition tasks [5] and indeed they are capable
of recognizing a wide variety of functions. Neural networks
are capable of perceiving and classifying the noisy outside
world given the correct topology and enough training
examples. However, neural networks still have a problem
with generalization. Within neural network research the
generalization problem is defined as the over-fitting or
overtraining problem. Neural networks can be trained to
recognize training data; however, if the training is conducted
with too many iterations, then the network will only be able
to recognize the training data. Specifically, the network will
not be able to generalize to data from outside the training
set—it will be “over trained” or “over fit” to the original
training set. And while recognition of previously trained data
is an important component of an AI system, generalization
is more important for a robust intelligence system. A neural
network which has succumbed to over fitting will not be able
to generalize outside the original training set. This can be
especially problematic in real-world dynamic environments
where the outside world is less predictable.

This issue is also a problem for the neural network
developer since a network’s architecture can be “under fit”
as well as “over fit.” In the “under fit” condition, the network
will not be able to recognize training data without a sufficient
number of training iterations. Moreover, the problem of over
fitting a neural network is related to a number of structural
factors in the network (i.e., network size, number of hidden
layers, number of training examples) in addition to the
point of learning convergence. These factors can make the
autonomous selection of a cut-off point for training difficult
to determine since the determination is related to many other
architectural and data factors. The problem has become
harder than expected within the neural network community
[6] and this will continue to limit the subsymbolic general-
ization of traditional neural network architectures.

Once a network has been trained, it could be easily
assumed that new training examples could be added to the

original training set and this would overcome the gener-
alization problem. However, this leads to the catastrophic
forgetting problem [7]. Once a neural network has been
trained on a specific set of training examples, training the net
on new examples without including the older examples leads
to the loss of the older examples. The network “forgets” the
previously learned material. For example, one could easily
train a neural network to recognize the alphabet, but once it
is trained to do that, it would be difficult to then have it also
learn to recognize numbers without human intervention.
This greatly affects the generalization of the network since
it becomes difficult to add new information to the network.
Or, a neural network for a mobile robot that is trained
to recognize doors would be hard to expand to include
windows.

Newer neural network architectures [8], however, have
overcome some of these problems and there are solutions to
the problem catastrophic forgetting with traditional neural
networks [9]. A newer promising architecture for over-
coming problems of catastrophic forgetting is the Adaptive
Resonance Theory (ART) [10]. ART was specifically devel-
oped to overcome problems of associated with catastrophic
forgetting by adding additional functionality to a typical
neural network. Specifically, ART uses a feedback mechanism
between different layers of the network which allows the
network to automatically switch between stable and flexible
modes of operation. Additionally, ART has a competitive
network, which, based on some criteria, allows nodes in the
network to compete and select a winner in classification
tasks. These additional functional mechanisms allow for on-
line continual learning without the destruction of previous
learned information. Additionally, they allow for learning
based on a few number of instances (so called one-trial
learning) which is one of the defining hallmarks of human
learning.

Another type of relatively new neural networks is spiking
neural networks [11]. These are biologically plausible time-
dependent networks that are especially good for forming
episodic memories and for sensor processing. These more
closely model human neurons and synapses using nonlinear
differential equations for membrane voltages and time-
dependent Hebbian learning for synapses. These have been
implemented to learn object recognition tasks. As in the
human brain, one could also implement neurogenesis and
synaptogenesis to allow the network to keep learning without
forgetting the existing information.

It would appear then that newer types of subsymbolic
architectures will be needed to allow for increased generaliza-
tion over and above traditional neural networks. These newer
architectures appear to be the only solutions to the problems
of subsymbolic generalization (see Table 1).

3. Subsumptive Architectures

Subsumptive architectures [12] were developed as an answer
to the brittleness and lack of generalization found in
traditional symbolic AI systems. In a jab at symbolic
systems, Brooks [13] titled his seminal work on subsumptive
architectures, “Elephants do not play chess” implying that
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Table 1: Symbolic and subsymbolic distinctions.

Symbolic Subsymbolic

Data Discrete
Symbolic

Distributed Metric

Strengths Readable
Logical

Fault tolerant

Adaptive

Weakness Frame Catastrophic

problem Forgetting

elephants don’t need symbolic manipulation. In a subsump-
tive architecture, explicit representations of the world or
the problem space are intentionally avoided to allow for
relatively simple generalizations across environments. Rules
are used to represent a problem space, much like a symbolic
architecture, but these rules tend to be extremely simple
(i.e., move forward, turn left, move to light). These rules are
embodied within agents and the rules compete for behavioral
priority. For example, “turn left” would compete with “turn
right,” and would only execute if the threshold for the
execution of “turn right” were, for some reason, lower than
the threshold for the execution of “turn left.” Subsumptive
architectures do not represent the world as a model, because,
as the subsumptive researchers explain, “the world is its own
best model.” The logic here is—why go about memorizing
previous experiences and creating and updating a world
model when one only has to look at the world to determine
how to behave?

The answer to this question is that the world does not
hold all the answers to all the questions and some questions
are too abstract to represent with simple if-then statements.
Learning and memory are very important to generalized
intelligence. The problem with subsumptive architectures
is that they work well for some simple behaviors, but
more complex behavior is more difficult to represent. A
subsumptive architecture would have difficulty playing a
good game of chess. It might also produce mobile robots
that get stuck in environments such cul-de-sacs. It is possible
that a subsumptive architecture could play a game of chess,
and perhaps get better at playing chess, but not reach a level
of a grand master without formal symbolic representations.
It is this very lack of symbolic complexity that leads to
problems with subsumptive architectures. A reactive system
might be suitable for lower level reactive behaviors of the
type exhibited by an elephant, but what if the task domain
required the symbolic manipulations necessary to play chess?

4. Cognitive Architectures

Cognitive architectures are well-known symbolic AI
approaches that attempt to mimic human cognitive abilities
via rule-based processing. Examples of these are Soar [14],
ACT-R [15], and EPIC [16]. Some of these have been
implemented on mobile robots [4, 17].

Some generalization can be accomplished using simple,
rule-based, symbolic representations of knowledge. They can
use general rule sets in order to encompass a wide variety

of structural mappings and thus allow for more robust
decision making. For example, a door can be defined as
an opening that leads into, or out of, a predefined space.
Note that this definition says nothing about the specific
properties of the door or even the specific properties of the
space. Having such a broad, or generalized, definition of
a “door” allows for a significant amount of generalization
that is not specific to the properties of a door. For instance,
using our previous definition, if a garage can be defined as
a pre defined space, then any door leading into or out of
the garage could be defined as also being a “door.” So the
definition applies to a garage door—even though a typical
garage door has structural properties which are very different
from a typical household door (i.e., a garage door is very
large, opens horizontally, and typically does not include a
doorknob while a household door is smaller, opens vertically,
and usually includes a doorknob). The specification of an
abstract or general rule can enable a system to perform
symbolic generalizations across the underlying structural
similarities of a problem space.

However, one problem with symbolic generalization
techniques, especially those which generate a large number
of possible actions, is the frame problem [18]. The frame
problem can generally be thought of as having to represent
every possibility symbolically. The discovery of the frame
problem was one of the essential motivating factors in
the development of the previously mentioned subsumptive
architectures [12]. Interestingly, the frame problem goes
away if development concentrates on task-specific behavior,
which may be one reason why task-specific development has
dominated AI research. It was an effort to ignore or overcome
the frame problem. Task specific behavior, by very definition,
is constrained, so developers did not have to worry about a
wide variety of possible behaviors.

While the cognitive architectures are powerful and useful,
they too have their limitations. A purely symbolic approach
is difficult to use for processing detailed sensor data, for
example. It would also be difficult to use it for sensitive motor
output tasks. In addition, it is quite difficult to add learning
to cognitive architectures, which is essential for future mobile
robots. And unless the systems can develop their own rules,
they are susceptible to the frame problem as well.

5. Hybrid Approach to Complex Cognition

Both symbolic and subsymbolic data and data processing
have their advantages and disadvantages for mobile robots,
and a hybrid approach using both are really required.

Human cognitive systems, and some intelligent animals,
exhibit within their neurological functionality indications of
both symbolic and subsymbolic representations of knowl-
edge [19]. This is a functional distinction and not a cellular or
neurological distinction. Specifically, the cerebral cortex and
frontal lobes of the human cognitive system are capable of
accomplishing symbolic manipulations of information while
other parts of the system appear to operate—functionally—
in a more distributed manner. However, the cerebral cortex
and frontal lobes are probably neurologically distributed
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Figure 1: SS-RICS notional data flow with the symbolic and subsymbolic distinctions [3].

systems—at least in terms of memory components [20],
but in this paper, we are making a distinction between the
functional aspects not the structural aspects. We are making
this distinction between different types of knowledge rep-
resentation (i.e., symbolic versus subsymbolic) because the
type of knowledge representation used within an intelligent
system will affect the ways in which the information can be
manipulated.

There are several examples of hybrid systems: SS-RICS
[17], CRS [4], and CLARION [21].

SS-RICS is largely based on the Adaptive Control of
Thought-Rational (ACT-R) (see Figure 1). It implements
a production system architecture similar to ACT-R with
decay algorithms that affect memories. Like ACT-R, it is
production system architecture at the highest level, which
we are using to mimic the functionality of human working
memory. SS-RICS also includes a subsymbolic system at
the lower levels, which mimic iconic short-term memory
and perception. The production system within SS-RICS
is composed of rules and goals. SS-RICS can also access
“concepts” which are long term facts; similar to declarative
memories within ACT-R, but within SS-RICS they are
considered long term memories (i.e., memories which do not
decay). SS-RICS can also generate productions automatically
in order to generalize [17]. SS-RICS has two types of
processes for the symbolic generation of new productions,
top-down learning and bottom-up learning. It is envisioned
that SS-RICS will have other types of symbolic generation
mechanisms primarily because there seem to be a number of
other techniques already available [22].

CRS uses Soar combined with subsymbolic processing
(e.g., computer vision systems). In this case, Soar is coupled
to Java software for input and output processing. The sensor
inputs and motor control outputs are controlled in Java while
the symbolic data is stored in Soar. CRS has been used on
both wheeled and legged robots [4]. It has also been used
with several types of sensor input systems (vision, sonar,
GPS, compass, touch, etc.). The approach has been very
effective, and it is fairly easy to add additional sensors, rules,
or output devices.

The Connectionist Learning with Adaptive Rule Induc-
tion ON-line, or CLARION cognitive architecture is desi-
gned to capture the interaction between subsymbolic and

symbolic processes, or as the CLARION developers say,
the distinction between implicit and explicit knowledge.
CLARION uses Q learning, or reinforcement learning, at
subsymbolic levels. Additionally, the architecture uses rule
extraction algorithms at the symbolic level to develop links
between subsymbolic and symbolic information.

Generalized symbolic representations work well with
real-world data as compared to subsymbolic and statistical
representations. In a recent exercise at the National Insti-
tutes of Standards and Technology (NIST) using SS-RICS
(February, 2009) we found that a symbolic representation
of the intersections in a maze was just as useful as neural
network representations or statistical representations. We
essentially used “primitives” to define a small core set of
examples which were predefined by the programmer. The use
of primitives seems to work well as an overall strategy for
symbolic generalization. This is essentially the same strategy
as the use of “scripts” [23] or “frames” [24] where abstract
symbolic representations are used to represent a variety of
problem situations (e.g., restaurants). This approach seems
to work well for symbolic representations of knowledge.

6. Human Generalization

In order for humans to successfully accomplish a generalized
learning procedure, a number of complex operations or
components are required. Each one of the components
within the generalization process can be difficult for humans
to accomplish effectively. Researchers [25] have identified
four major components of the analogy or generalization
processes.

(1) The retrieval or selection of a plausibly useful source
analog.

(2) Mapping.

(3) Analogical inference or transfer.

(4) Subsequent learning.

Gick and Holyoak [26, 27] found that in the absence
of clear relationships between two problem spaces useful
analogies are often not discovered by problem solvers.
Additionally, Holyoak and Koh [25] found that subjects are
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frequently fixated on the salient surface regularities of a
problem space and not the underlying structural features,
making the selection of a useful source analog even more
problematic. Moreover, mapping can be a difficult process
as well, because it is not only the selection of a source
analog but also selecting which aspects of the source are
important [28]. Additionally, Novick [29] found instances
of negative transfer—where misleading surface similarities
were used to create the analogy. So it would appear from
the human behavioral data that human generalization is not
easily accomplished by human problem solvers.

To complicate matters, it would also appear that mas-
tering a task to the level of an expert is also quite difficult.
Ericsson [30] has found that in order to develop expertise in
a complex task, a human subject needs to have a considerable
amount of time doing the task. This amount of time,
according to Ericsson, is roughly estimated to be 10,000
hours (roughly 5 years of full-time effort). Even human
experts who were once considered to be child prodigies,
like Wolfgang Mozart or Bobby Fisher, still required 10,000
hours before they were able to perform at a level that was
considered a “master” level. Additionally, not only does task-
specific behavior require a large amount of experience but
it also requires “deliberate practice” in order for an expert
to fully master a complex task (like playing chess). Ericsson
has shown that human masters in a specific task require a
large amount of practice before they become proficient at the
task and that the practice has to be efficient and useful for a
full development of skills. The human data from Ericsson’s
studies seem to be concurrent with computer software data:
that is, in order to develop a system with expertise in one
area a significant amount of development time is required.
This would imply that task-specific behavior requires a
large amount of learning or development time before an
autonomous system would be capable of mastering a task.

If generalization is difficult for human subjects and task-
specific behavior is time consuming for human subjects then
one must only assume that generalization for robotics and
autonomous systems will also be difficult. AI researchers
have found that the development of complex task-specific
behavior requires an enormous amount of hand tuning in
order to achieve the desired results and this would seem to
apply to human learning as well. Generalization has proved
difficult for human subjects and this seems to also be the case
for AI systems as well. The two problems are related. The
more task-specific behavior that is developed, the more likely
a system can generalize to a new environment. Thrun [31]
has noted that learning becomes easier when embedded in a
life-long context. So, it could be then that the development
of task-specific behaviors will help with generalization—but
only if the bulk of the behaviors can be applied to a new
situation.

7. Hybrid Intelligent Systems for Mobile Robots

Until we can reverse engineer human or animal brains, we
will need to use a clever assortment of algorithms in order
to build intelligent, autonomous, and possibly conscious
mobile robots. We will need to take a system of systems

approach. The various sensor inputs (vision, touch, smell,
sound, etc.) will each need to be highly refined systems, and
these will most likely be subsymbolic systems as they are in
humans. We will also need symbolic systems that use fuzzy
logic, rule-based approaches, and other AI techniques. And
we will also need motor control output systems. There are
roughly 600 muscles in the human body, each controlled by
the central nervous system.

It is also important to recognize that whether an
approach is considered subsymbolic or symbolic really
depends on the granularity of the view taken. In the human
brain, all the processes are cell or neuron-based. So at that
level everything is subsymbolic. Groups of neurons working
together, however, can perform tasks that appear symbolic.
For example, in the human vision system there are face
recognition subsystems. The human brain also has place cell
subsystems, and possibly “grandmother cells” subsystems.
Another example is the use of fuzzy logic. It has been shown
that neural networks can be replaced by fuzzy logic systems,
while the neural network would appear to be a subsymbolic
system the ultimate function of the system could be replaced
by a symbolic system. Since, at the current time, we cannot
model all the roughly 1011 neurons or 1014 synapses (or
the wiring diagram that connects them all), we will need
to model some of these systems using symbolic approaches.
Intelligence is defined as: “a very general mental capability
that, among other things, involves the ability to reason, plan,
solve problems, think abstractly, comprehend complex ideas,
learn quickly, and learn from experience” [32].

Current cognitive architectures do have the ability to
perform some of these tasks, but in order to accomplish
many of these the robot will need the abilities discussed ear-
lier regarding analogies and inference. Autonomy is defined
as: The ability to operate “in the real-world environment
without any form of external control for extended periods
of time” [33].

Current mobile robots are usually designed for very
specific environments, and even indoor and outdoor robots
are designed very differently. The ultimate goal should be
to build robots that can adapt to new environments or can
be taught and nurtured by humans for the various envi-
ronments.

It will not be possible to completely wire or program
these robots, however. They will need to learn on their
own, through traditional machine learning approaches, tra-
ditional neural network learning, or neuro/synaptogenesis.
Learning will be required at both the symbolic and subsym-
bolic levels. For the sensor input or motor-control output
systems, we will most likely need subsymbolic learning, while
at the symbolic level we will need more traditional machine
learning approaches. The human brain is possibly the most
complex system in the known universe, we must also
remember that it takes roughly 20 years to train this system,
and roughly 5 years to become an expert on some topic. For
robots to reach human levels of intelligence and autonomy
the training and learning will need to be extensive. Once it
has been trained though, it can then be easily replicated!

We have done some initial work with conceptual general-
ization and we have found that instance-based recognition of
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objects is relatively easy, but that generalized recognition of
objects is much more difficult. For example, during robotic
navigation, a robot needs to be able to recognize doors
as landmarks. Using simple image correlation algorithms
(i.e., template matching), we were able to train SS-RICS to
recognize specific instances of doors (i.e., the front door,
the back door, Sue’s door). However, the image correlation
algorithm was easily fooled by lighting variations or occlu-
sion. Additionally, the algorithm would sometimes not work
with objects that had not been seen before, especially if the
new image was significantly different from the template. In
addition to using image correlation, we also have used other
algorithms for shape definitions. These algorithms extracted
the shape of the object being viewed. For instance, a door
shape is typically rectangular. However, these algorithms can
be problematic if the door is partially occluded. Also, the
shape algorithm worked best with a extremely clean data,
which is not typical in real world conditions.

We have hypothesized that developing generalized recog-
nition emerges from previous exposures to numerous
instance based recognitions. The essential component to
this hypothesis is a prior expectation of the input data. In
order to account for changes across time due to lighting
variations an algorithm is being developed that checks to
see if the image being viewed is somehow different from
what is expected (correlation). This obviously requires an
expectation metric for each object being viewed. If the
input data is somehow lower than what is expected, the
algorithm first needs to assume that what is being viewed is
the previously viewed object but it has somehow changed,
and not a new object. This assumption is not always correct,
but for the initial implementation of the algorithm, this was
the default assumption. Next, the algorithm checks to see
what has remained the same across the two images. The
features that have remained the same across the two images
would represent the essential features of the object. The
essential features are what need to be learned to allow for
generalization.

8. Conclusions

We have discussed the idea that both symbolic and subsym-
bolic generalization are difficult for computational systems.
We have also discussed the research that shows that gener-
alization is difficult for people as well as computer systems.
However, while subsymbolic generalization is difficult for
computer systems it is relatively easy for people. Human
subjects can learn from one example and do not seem to
suffer from catastrophic forgetting in the same way that
traditional subsymbolic systems do. People can be exposed
to just one example of a stimulus and be able to incorporate
this new example into a generalized understanding of the
stimulus (a.k.a. one-trial learning). One would assume then
that the mechanisms of subsymbolic generalization used by
humans must somehow be different from the traditional
generalizations in subsymbolic systems. However, perhaps
the newer subsymbolic algorithms [8–10, 34] will lead to
more robust subsymbolic generalizations.

Task specific behaviors, which have been extensively
developed by AI systems over the last 40 years, require
a large amount of development time and programmer
expertise. The continuation of task-specific development
must be approached with longer term goals of modularity
and reuse in order to facilitate broader generalization. A long
development time for task-specific behavior is also reflected
in the human data associated with acquisition of expert
performance [28]. If task generalization becomes easier when
learning is done within the context of extensive previous
knowledge [29], then generalization can only proceed once
an extensive amount of task-specific behavior has already
been developed. This would argue for the continuation of
task-specific approaches, but with the need for generalization
to occur following the development of task-specific behav-
iors. This seems to have been ignored by much of the AI
research. If we assume the need for an extensive knowl-
edge base, and this is represented symbolically—primitives,
scripts, or frames can be used to generalize across problem
spaces. But this only applies to symbolic representations of
knowledge not subsymbolic representations of knowledge.

Subsumptive architectures are capable of task general-
ization across simple tasks. However, the very mechanisms
that make subsumptive architectures powerful generalization
systems within a simple task domain are the same mecha-
nisms that exclude them from being able to generalize across
more complex task domains (i.e., lack of a world model).
This would argue for a combination of approaches, with
a subsumptive architecture being able to generalize over
simple reactive tasks coupled with a symbolic system for
generalization across more complex tasks. Some researchers
have called for the combinations of Bayesian/probabilistic
and connectionist approaches [34]. This would facilitate
further understanding of the applicability of subsymbolic
knowledge structures. In truth, there is probably a contin-
uum of approaches that span the range between symbolic
and subsymbolic approaches to include statistical, Bayesian,
and chaotic knowledge structures.

Perhaps another approach to accomplishing a general-
ized intelligent system capable of performing a wide variety
of tasks would be something similar to the DARPA Grand
Challenge [35] except instead of researching mobility across
an open road, the task would be researching generalization
across tasks. This would help to emphasize the architec-
tural constraints associated with generalization within each
architecture and would force researchers to address how
their respective architectures would generalize to different
environments. Perhaps the “winning” architecture could
then be accepted by researchers and then allowed to learn
other tasks on the way to a generalized learning system.

The prospects for a generalized intelligence system are
daunting. We have argued in previous papers [3, 36] that
complex cognition will require a complex approach Both
symbolic and subsymbolic systems appear to have some lim-
itations with regard to generalization, however, newer sub-
symbolic are capable of addressing some of the limitations
associated with subsymbolic learning. Symbolic systems
show some promise with generalization given enough prior
information and the use of frames or scripts. The careful
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combination of symbolic systems with newer subsymbolic
structures, along with an extensive experiential knowledge
base, all appear to be necessary to solving the generalization
challenge. Only then will intelligent and autonomous mobile
robots be possible.
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