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1. Motivations and Background
Understanding the fundamental mechanisms of ﬂuid ﬂows
and reactive transport in natural systems is a major challenge for several ﬁelds of Earth sciences (e.g., hydrology, soil
science, and volcanology) and geo/environmental engineering (CO2 sequestration, NAPLS contamination, geothermal
energy, and oil and gas reservoir exploitation).
The hierarchical structures of natural system (e.g., heterogeneity of geological formations) as well as the diﬀerent
behavior of single and multiphase ﬂuids at the pore-scale
coupled with the nonlinearity of underlying reactive processes necessitates investigating these aspects at the scale at
which they physically occur, the scale of pore and fractures.
Recent improvements in pore-scale computational
modelling, together with the development of noninvasive
microscopic imaging technology and the latest microﬂuidic technics are allowing the vast ﬁeld of porous and fractured media research to beneﬁt of major advances due to
(1) an improved understanding and description of porescale mechanisms and (2) the ability of thinking in terms
of coupled processes.
The contributions collected in this special issue, although
far from constituting a comprehensive picture of the “porescale world,” however oﬀer a good example of the potentialities

of such an approach to investigate a wide range of processes
usually observed at macroscale, but whose underlying physical and chemical processes take place at microscale.

2. Contents of the Special Issue
While a number of diﬀerent porous media and chemicalphysical processes have been investigated in the papers collected in this special issue, we think that there is a common
point shared by all the contributions: the attempt to assess
sound criteria to upscale information. Even if not always
explicitly stated, all studies try to answer the following question: which kind of information we should collect at microscale
to improve our understanding and therefore forecasting of
processes observed at macroscale?
In the following, a short presentation of each contribution is given.
(1) “Fluid Interfaces during Viscous-Dominated Primary
Drainage in 2D Micromodels Using Pore-Scale SPH
Simulations” by R. Sivanesapillai and H. Steeb. Authors
adopt a pore-scale hydrodynamic direct numerical
approach to investigate viscous-dominated two-phase
ﬂow. In particular, simulations of primary drainage
in partially wettable 2D porous media of particulate
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microstructure at large capillary numbers have been
performed. Numerical results indicate that the characteristic length of the capillary dispersion zone
increases with the heterogeneity of the microstructure.
(2) “Upscaling Strategies of Porosity-Permeability Correlations in Reacting Environments from Pore-Scale
Simulations” by N. I. Prasianakis et al. The paper
focuses on one of the still open challenges in geochemically reacting environments, i.e., the modeling
and upscaling of porosity and permeability changes
due to mineral dissolution and precipitation processes. Permeability-porosity correlations, extracted
after ﬁtting known type of relationships, are highly
nonlinear and strongly dependent on the magnitude
of Péclet and Damköhler numbers. The authors
ﬁnally discuss the challenges of upscaling while curbing computational costs.
(3) “Quantify the Pore Water Velocity Distribution by a
Celerity Function” by W. Shao et al. Fluid ﬂow velocities within porous media show a widely heterogeneous distribution with the coexistence of high
velocities, also call preferential paths, and low velocity regions or stagnations zones. W. Shao et al. propose to quantify the pore water velocity distribution
from a celerity function. They showed that the proposed function can assist in investigating subsurface
ﬂow and tracer transport, both in fully and partially
saturated conditions, and the kinematic ratio could
be used to predict the ﬁrst arrival time of a conservative tracer.
(4) “Eﬀect of Pore-Scale Mineral Spatial Heterogeneity on
Chemically Induced Alterations of Fractured Rock: A
Lattice Boltzmann Study” by H. Fazeli et al. Authors
investigate the pore-scale porosity-permeability relationship during mineral dissolution reactions in a
multimineral fracture with a focus on a well-mixed
and a banded structure, using lattice-Boltzmann
methods. Authors identify a degraded zone in the
well-mixed structures due to the dissolution of fastdissolving minerals, and a comb-tooth zone in the
banded structures. They ﬁnally conclude that besides
the contribution of geometry structures, the porositypermeability relationship greatly relies on the values
of Péclet and Damköhler numbers.
(5) “The Visual and Quantitative Study of the Microoccurrence of Irreducible Water at the Pore and
Throat System in a Low-Permeability Sandstone
Reservoir by Using Microcomputerized Tomography” by X. Gu et al. With 3D tomographic imaging
on a low permeable sandstone after a displacement
of brine with oil, authors observed that the irreducible water (wetting phase) tends to accumulate
in the throat system as water ﬁlms, leading to a
signiﬁcant cutoﬀ of drainage channels of oil. While
the remaining irreducible water spreads in the corners of the pore system, these water blobs are primarily linked through a water ﬁlm. These ﬁndings

advance the understandings on irreducible water
microbehaviors.
(6) “A Fluid-Solid Coupling Mathematical Model of
Methane Driven by Water in Porous Coal” by B.
Huang and W. Lu. The mathematical coupling of
multiphase ﬂow and adsorption-desorption processes within porous media is of extraordinary complexity. The ﬂuid-solid model proposed by B. Huang
and W. Lu has demonstrated its potential in reproducing experimental result of water-driven methane
in porous coal.
(7) “Study on Reasonable Energy Supplement Time of
Tight Sandstone Oil Reservoirs with Rock Compressibility Stress Sensitivity” by T. Xiaofeng et al. T. Xiaofeng et al. Proposes a new method to estimate the
energy supplement time (i.e., the time when it is convenient to supply energy for extraction because the
natural energy is going to decrease) in an oil reservoir. Such an approach, validated on experimental
data, takes into account at the pore scale of both
threshold pressure gradient and rock compressibility
stress sensitivity, demonstrating that the latter cannot
be neglected.
(8) “Permeability Estimation Based on the Geometry of
Pore Space via Random Walk on Grids” by T. Nan
et al. The characterization of hydraulic properties is
always challenging because of its strong dependence
on geometry and topology. In this special issue, T.
Nan et al. introduce a method to estimate permeability based on the geometry of pore space via random
walks on grids. This method overcomes diﬃculties
found by widely used approaches such as “walk on
spheres” or “walk on cubes.” In comparison with
Green’s functions for simple geometries and computational ﬂuid-ﬂow dynamics for complex geometries,
the proposed method is invaluable in the estimation
of permeability from digitalized porous media.
(9) “Impact of Synthetic Porous Medium Geometric Properties on Solute Transport Using Direct 3D Pore-Scale
Simulations” by P. R. Di Palma et al. The study proposes a systematic analysis of the relationships
between geometric features of the porous media, as
deﬁned in the context of Minkowski functionals,
and transport processes through direct simulations
of ﬂuid ﬂow and advection-diﬀusion of a nonreactive
solute in synthetically generated 3D media. The study
ﬁnds that the advective transport is primarily aﬀected
by the ﬁrst and second Minkowski functional, while
eﬀective diﬀusion scales as the inverse of the tortuosity squared.

3. Next Challenges
We believe that in the next future, advances in understanding
physical and chemical processes occurring in porous media
will take advantage from the superposition of approaches
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able to collect information at diﬀerent scales, from nano to
macro. Such a multiscale approach will be favoured by the
increasingly performing imaging techniques, as well as by
the increasing computational power allowing for a number
of “numerical experiments” much larger than in the past.
Therefore, to conclude this short Editorial, we wish to
suggest some “research challenges” that may be addressed
in the next future.
(1) Scale Translation in Multiphase Reactive Systems.
Notwithstanding the progress made in forward predictions of ﬂow and reactive transport in porous
media over the past decades, the achievement of a
seamless predictive understanding of the system
response at the macroscale (be it Darcy or ﬁeld scale)
from pore-scale processes appears still elusive, especially when the scale disparity between adjacent
models increases (e.g., from pore scale to Darcy scale
versus from pore scale to ﬁeld scale) [1]. Such challenges are further ampliﬁed in reactive multiphase
systems, where the complex distribution of phases,
as well as the inherent instability of the interfaces separating them, undermine the very foundation of
some of the upscaling methods classically employed
to build eﬀective medium models [2, 3]. Despite the
ubiquity of multiphase ﬂows in geologic media, current modelling eﬀorts are still based on postulated
multiphase Darcy’s equations, whose limitations
have been ostensibly highlighted by numerous
studies, and alternative physics-based formulations
[4, 5] are still slow to penetrate common wisdom.
This can greatly aﬀect one’s ability to properly model
reaction rates, distribution of contaminants and
resources (gas and oil), nutrient cycling, etc., in multiphase systems. Moving away from parametrization
of eﬀective models toward estimation of eﬀective
properties from pore-scale models in a bottom-up
framework requires the development of holistic
approaches which combine rigorous upscaling,
numerical simulations, experiments, and, last but
not least, data analytics tools, while ensuring that
predictive errors remain bounded by formal upscaling errors. The originally parallel paths between big
data analytics and physics-based models must now
intersect to generate the longed leap-frog improvement in predictive understanding of systems dominated by a tyranny of scales like porous media.
(2) Validation with 4D Experiments. Challenges should
also be focused on validation of numerical predictions [6] on pore-scale processes using wellcontrolled laboratory experiments [7, 8]. It has been
extremely diﬃcult to visualize 3D time-series (i.e.,
4D) data during laboratory experiments that investigate reactive transport through a porous and/or
fractured medium at suﬃcient spatial and temporal
resolutions, because the processes of interest occur
(deep) inside the medium of interest. Thanks to
fast evolution of nondestructive and noninvasive
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instrumentation and detectors as well as the development of ultrafast imaging procedures, a micrometer
to nanometer resolution is becoming aﬀordable even
during tracking of very rapid dynamic processes in
porous media. The real-time tracking of pore-scale
multiphase reactive transport processes enables conﬁrmation/validation/reexamination of known mechanisms and reveal/discover unknown mechanisms,
oﬀering parametrization of the existing models and
establishment of novel approaches to include the
newly discovered mechanisms.
(3) Fluid-Bioﬁlm Interactions in Porous Media. Processes
of bioﬁlm formation play a fundamental role in several natural phenomena, as well as in technological
applications, ranging from bioreactors, to permeable
reactive barriers, to medical systems. Bioﬁlm growth
is a stepwise complex process from attachment and
adaptation to detachment of cells and bioﬁlm fragments whose evolution is aﬀected by and at the same
time aﬀects ﬂuid dynamics features at the pore scale
[9]. Such a strong interaction between biological processes and microﬂuidics is very far from being understood. Insights for a deeper comprehension of the
mechanisms (mechanical and biological) involved
in the bioﬁlm growth can arise from a multidisciplinary approach involving (1) laboratory microﬂuidic
experiments under ﬂow controlled conditions [10],
(2) noninvasive imaging methods for assessing the
biomass evolution [11], and (3) 3D numerical models
[12] coupling bioﬁlm growth and pore-scale ﬂuid
dynamics models [13].
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Transport processes in porous media have been traditionally studied through the parameterization of macroscale properties, by
means of volume-averaging or upscaling methods over a representative elementary volume. The possibility of upscaling results
from pore-scale simulations, to obtain volume-averaging properties useful for practical purpose, can enhance the understanding
of transport eﬀects that manifest at larger scales. Several studies have been carried out to investigate the impact of the geometric
properties of porous media on transport processes for solute species. However, the range of pore-scale geometric properties,
which can be investigated, is usually limited to the number of samples acquired from microcomputed tomography images of
real porous media. The present study takes advantage of synthetic porous medium generation to propose a systematic analysis
of the relationships between geometric features of the porous media and transport processes through direct simulations of ﬂuid
ﬂow and advection-diﬀusion of a non-reactive solute. Numerical simulations are performed with the lattice Boltzmann method
on synthetic media generated with a geostatistically based approach. Our ﬁndings suggest that the advective transport is
primarily aﬀected by the speciﬁc surface area and the mean curvature of the porous medium, while the eﬀective diﬀusion
coeﬃcient scales as the inverse of the tortuosity squared. Finally, the possibility of estimating the hydrodynamic dispersion
coeﬃcient knowing only the geometric properties of porous media and the applied pressure gradient has been tested, within
the range of tested porous media, against advection-diﬀusion simulations at low Reynolds (<10-1) and Peclet numbers ranging
from 101 to 10-2.

1. Introduction
A quantitative relation between the structure of porous
media and its eﬀect on solute transport is fundamental to
our understanding of groundwater contamination dynamics
and the development of pollutant remediation strategies [1].
Transport processes in porous media have been traditionally
studied through the parametrization of macroscale properties (e.g., hydraulic conductivity or hydrodynamic dispersion

coeﬃcients) by means of volume-averaging or upscaling
methods over a representative elementary volume.
However, these upscaling approaches are not valid
when considering length scales on the order of a single pore
or the complexity of processes (i.e., physical, chemical, and
biological) that take place at the pore scale [2]. Developing
averaging approaches from the pore-scale approach can
provide further information on the macroscopic medium
properties and then enhance the understanding of transport
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eﬀects which exhibit at a greater scale (e.g., ﬁeld or laboratory
scale) [3–6].
The development of digital image processing led to a
large expansion of the quantitative analyses of rock and
soil structure. Various tomographic techniques are nowadays available for a three-dimensional non-invasive visualization of structural properties with a spatial resolution
down to microns [7–11]. Even with the availability of
these techniques, the cost of imaging limits the number
of samples that can be analyzed [12]. As an alternative,
a statistical approach to generate media with given
imposed structural features can be a cost-eﬀective means
for producing large numbers of realizations that represent
those features of natural samples deemed relevant. The
two approaches that are commonly used to generate synthetic porous media can be divided into statistical models
(e.g., multipoint statistics and autocorrelation functions)
and object-based methods, where geometrical objects
are randomly placed in a domain to simulate diagenesis
processes [8].
The well-established use of pore-scale approach consists of
estimating averaged properties, such as permeability through
direct single-phase ﬂuid ﬂow simulations [6, 13–18] and
relative permeability for multiphase ﬂuid ﬂows [4, 19–22].
Recently, some authors focused on the relationship between
velocity distribution and pore structure [23–28] as well as
transport processes [2, 24, 29–36].
The present research is aimed at analyzing the relationships between geometric features of diﬀerent porous
media and transport processes through direct simulations
of ﬂuid ﬂow and advection-diﬀusion of non-reactive solute
using the lattice Boltzmann method (LBM). The LBM is
selected for its ability to easily model diﬀerent phenomena
and its suitability to be parallelized and to exploit the
computing power of HPC systems [37]. The question we
address here is which geometric properties of the porous
media control ﬂuid ﬂow and solute transport? In order
to perform a sensitivity analysis on a wide class of porous
microstructures, multiple synthetic porous media are generated using a geostatistical approach. We also consider
two available sandpack samples (https://www.imperial.ac.
uk/earth-science/research/research-groups/perm/research/
pore-scale-modelling/micro-ct-images-and-networks/, last
access 16/01/2019) to compare results for synthetic and natural porous media. The choice of sandpack images is motivated because alluvial aquifers are the most commonly
contaminated systems [1]. Each porous medium is described
by the Minkowski functionals: porosity, speciﬁc surface area,
mean curvature, and Euler characteristic [38].

2. Materials and Methods
To identify the dominant pore-scale parameters that control
the transport of non-reactive solutes, LBM simulations
(Section 2.2) are run over synthetic porous media and
micro-CT images of sandpacks (Section 2.1). A speciﬁc simulation setup is designed to ﬁrst consider separately the
impact of advective and diﬀusive transport (Section 2.3).
Our objective is to reduce the number of variables to consider
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for the advection-diﬀusion simulations, which are subsequently carried out on a selection of porous media. In fact,
a full sensitivity analysis between the correlation lengths (ξ)
set for the generation model, the Minkowski functionals for
porous media characterizations (porosity (φ), speciﬁc surface area (SSA), mean curvature (MC), and Euler number
(χV )), and tortuosity (τ) over diﬀerent transport regimes
would require a computational eﬀort that goes beyond our
current capacity. Finally, the metrics used to quantify the
simulation results over the selected parameters are described
in Section 2.4.
Acronyms and abbreviations adopted throughout the
paper are summarized in Supplementary Material S3.
2.1. 3D Porous Medium. The procedure to generate the
porous media is described in details in Di Palma et al. [23].
Here, we only summarize the main steps as follows: (i) the
3D domain and resolution of the porous medium are set;
(ii) the geostatistical model is assigned, setting the type of
semivariogram (exponential and Gaussian) and the correlation length ξ. Pore-scale variability (i.e., for multiple length
scale) is neglected; (iii) a 3D Gaussian random ﬁeld (zero
mean and variance of 1) following the assigned spatial autocorrelation function (semivariogram) is generated with the
TFracGen code [39]; (iv) a threshold is imposed to the normal cumulated distribution function to obtain an indicator
ﬁeld of pores and grains with an assigned target porosity φ;
and (v) the spatial autocorrelation of the generated indicator
ﬁeld is estimated by ﬁtting the Matérn covariance model
[40, 41] as a function of the smoothness parameter νm
and the associated practical range. This step is necessary
as the transformation of a Gaussian ﬁeld into an indicator
ﬁeld does not preserve the characteristics of the spatial autocorrelation [12, 42]. The resulting smoothness parameters
of the Matèrn model for the porous media generated by
exponential and Gaussian variograms are νm = 0 35 and
νm = 1 2, respectively. These values are consistent with the
ﬁndings of Di Palma et al. [23]. However, for the sake of
simplicity, we refer for the rest of the paper to EXX and
GXX to porous media generated by exponential and Gaussian functions, respectively, where XX refers to the correlation length of each medium.
In this work, each porous medium is generated at a spatial resolution of 10 μm for a domain size of 3 mm3, resulting
in a number of voxels equal to 3003. A greater calculation
domain would have involved a huge computationally cost,
especially for advection-diﬀusion simulations. Porous media
are generated in a range between 3% and 11% of the ratio
correlation length over domain size to guarantee a suitable
balance between the spatial resolution impact on short correlation lengths and the representativeness of porous medium
generation for great correlation lengths compared to domain
size [23]. It is worth stressing that the synthetic porous media
are isotropic (i.e., show only one independent length scale)
and statistically homogeneous. We are aware that this modelling assumption constitutes a limitation of our approach, e.g.,
for sedimentary porous media that often show pronounced
anisotropy between the horizontal and vertical directions.
However, we think that this is justiﬁed by the reduction of
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the numbers of descriptors required to describe each
medium. Such limitation does not signiﬁcantly aﬀect the
interpretability of our results.
In order to compare the analysis of the synthetic porous
media with real samples, we performed additionally ﬂow
and solute transport simulations on two diﬀerent sandpacks
(i.e., F42C and LV60A) with the same spatial resolution of
10 μm and 3003 voxels, whose micro-CT images are available
from the pore-scale modelling Consortium of Imperial College (https://ﬁgshare.com/articles/F42C_sandstone/1189261,
https://ﬁgshare.com/articles/LV60A_sandpack/1153795, last
access 15/01/2019). Both the X-ray scanned sandpack media
have been veriﬁed to be isotropic and homogenous [17].
To describe the spatial characteristics of the generated
porous media, we adopted the four Minkowski functionals
and the tortuosity. The Minkowski functionals provide a
detailed description of the geometric characteristics of a
porous medium and are widely used in mathematical morphology [12, 38]. We brieﬂy summarize the general deﬁnitions
for each of them but refer interested readers to Vogel et al.
[38] for a complete treatment of the Minkowski functional.
The ﬁrst functional is the porosity:
ϕ=

V voids
,
V

1

deﬁned as the volume of the voids V voids over the total
volume of the medium (V).
The second functional is the speciﬁc surface area, as the
interstitial surface area of the voids and solids:
SSA =

As
,
V

2

where As is the surface area of the grains.
The third functional is the mean curvature (MC) representing a measure of the average pore size of the sample over
the total volume:
MC =

W1
V

3

Here, W 1 is related to the mean width and is deﬁned as
the mean value of the distance between a pair of parallel support planes [12, 43].
Finally, the fourth functional is the total curvature, also
known as the Euler number that measures the connectivity
of the pore space. This is more easily deﬁned by Vogel [38,
44, 45] as a topological parameter:
χV =

N −C+H
,
V
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where N are the isolated objects, C are interconnected
regions or loops, and H are the completely enclosed cavities.
Broadly speaking, a negative χV corresponds to high pore
space connectivity [45].
We calculate the tortuosity following the deﬁnition of
hydraulic tortuosity in Clennell [46] as τ = Le /L , Le being

the average length of the ﬂuid paths and L is the straightline length in the direction of ﬂow [46]. Le is obtained from
steady-state ﬂow simulations by counting the number of
streamlines passing through the porous medium. Streamlines are calculated using MATLAB® function “stream3,”
which is based on an explicit Euler integration of the ordinary diﬀerential equation x t , y t , z t = u x t , y t , z
t ,v x t ,y t ,z t ,w x t ,y t ,z t
for a given set of
starting points x t = 0 , y t = 0 , z t = 0 , , where u, v,
and w represent the components of the velocity.
In our 3D media, the porosity φ and correlation length ξ are
imposed in the generation process, whereas the Minkowski
functionals and tortuosity are calculated after the porous
medium realization and ﬂuid ﬂow simulations, respectively.
The imposed geometric properties of the generated
porous media and associated nomenclature (ID) are reported
in Table 1, together with the corresponding estimated geometric properties for the scanned samples.
Figure 1 shows the geometric descriptors of the generated
and scanned porous media (both imposed or calculated using
the Minkowski functionals). The dispersion of imposed
properties is by construction regularly distributed over the
imposed ranges of correlation length and porosity, including
both micro-CT sandpacks (Figure 1(a)). The SSA values of
the EXX are approximately two or three times greater than
those of the GXX and almost independent of the porosity.
Moreover, the SSA values of the micro-CT are closer to the
GXX than to the EXX (Figure 1(b)). On the other hand, the
SSA variability introduced by the investigated range of generated pore size is similar to that of EXX and GXX
(Figure 1(c)). The dependence of the mean curvature (MC)
on correlation length (Figure 1(d)) is similar to the dependence of the speciﬁc surface area (SSA) on the porosity
(Figure 1(e)) while these two functionals appear correlated
(Figure 1(f)). This implies that the two semivariogram
models (Gaussian and exponential) adopted for synthetic
generation lead to diﬀerent average pore sizes for the same
imposed correlation length.
The Euler number χV values (Figures 1(g)–1(j)) are
consistent with literature data for similar porous media
[38], showing overall negative values, except for one sample. A good correlation is found between χV and SSA
(Figure 1(i)), similar to the second versus the third Minkowski
functional (Figure 1(f)). Indeed, the Euler number and the
mean curvature seem to be correlated (Figure 1(j)). The
highest values of the χV for the media generated using the
exponential semivariogram model and the lowest correlation lengths (e.g., upper left black triangles in Figure 1(g))
are due to the presence of many isolated small structures,
which result in a massive inﬂation of the connectivity. The
issue is an artifact of the binarization procedure, which
can be avoided by using a ﬁner spatial resolution for the
exponential semivariogram model or a dedicated postprocessing routine.
A principal component analysis has been carried out on
the set of descriptors presented in Figure 1 (not shown here).
The loads of the ﬁrst PCA component conﬁrm the strong
relationship among SSA, MC, and χV , whereas the second
PCA component is mostly explained by the tortuosity and
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Table 1: Characteristics of generated and scanned porous media used for numerical simulations.
Exponential model media

ID
ξ (mm)
φ (-)

E09
0.1

X-ray scanned
sandpack media

Gaussian model media

E15
E21
E27
0.2
0.2
0.3
0.30/0.325/0.35/0.375/0.40

E33
0.3

G09
0.1

G15
G21
G27
0.2
0.2
0.3
0.30/0.325/0.35/0.375/0.40

G33
0.3

F42C
0.16
0.33

LV60A
0.125
0.38

휙 (−)

0.4
0.3
0

0.2

0.4

SSA (mm−1)

(a)
50
0

50
0

0.2

0.4

0

0.3

MC (mm−2)

(b)
300
200
100
0

0

0.2

0.4

300
200
100
0

0.3

(d)
0 ×10
휒V (−)

0.4

50

−5

−3

−5

−5

−5
0.4

−3
0 ×10

0 ×10

0 ×10

0.2

0
(f)

−3

0

300
200
100
0

(e)

−3

0.3

(g)
휏 (−)

0.4
(c)

0

0.4
(h)

0

50
(i)

100

200

300

(j)

1.6

1.6

1.6

1.6

1.6

1.4

1.4

1.4

1.4

1.4

1.2

1.2

1.2

1.2

0

0.2
휉 (mm)
(k)

0.4

0.3

0.4

0

휙 (−)

50
SSA (mm−1)

(l)

(m)

0

100 200
MC (mm−2)
(n)

300

1.2

−5

0
휒V (−)

×10−3

(o)

EXX
GXX
SP

Figure 1: Relationships between values of correlation length (ξ), Minkowski functionals—porosity (φ), speciﬁc surface area (SSA), mean
curvature (MC) and Euler number (χV )—and tortuosity τ for generated (black triangles and blue circles) and scanned porous media (SP)
as red squares used for numerical simulations. Porous media generated by exponential and Gaussian functions are named EXX and GXX,
respectively, where XX refers to the correlation length of each medium.

the third by the pore size and the porosity. 95% of the variance can be explained by these ﬁrst three PCA components. It is worth noting that, in contrast to the other
geometric parameters, the micro-CT sandpack tortuosity is
systematically lower than that of the synthetic media
(Figures 1(k)–1(o)). Such a feature is not explained by the
geometric characteristics captured by the variogram (or
related to it), or by the ﬁrst three Minkowski functionals. It
is probably due to the limitations of variogram-based generators. As the name implies, such methods can generate

random ﬁelds with a speciﬁed mean and variogram function,
which are their one-point and two-point statistics, respectively. Higher order statistics can, by deﬁnition, not be reproduced, limiting the range of possible structures that such
methods can produce (see, e.g., [47]). One particular feature
that cannot be directly reproduced, and is often discussed in
the literature, is the presence of long-ranging highlyconnected ﬂow paths [48]. Within the scope of our study,
we do not consider this a major issue, since such longrange structures are hardly present at the pore scale. This
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notion is conﬁrmed by our analysis, since the porous media
generated using the Gaussian random ﬁelds are described
eﬀectively by the Minkovsky functionals and show properties
comparable to the real media.
2.2. Lattice Boltzmann Method. The lattice Boltzmann
method is a computational ﬂuid dynamics technique that
solves ﬂuid ﬂow and transport processes within complex
structures such as porous media [37, 49, 50]. The mainstay
of the LBM is the discretized Boltzmann equation (or lattice
Boltzmann equation), which is based on kinetic theory and
describes the streaming and collision of particles. The macroscopic variables are deﬁned along each node of the computational domain as moments of the particle distribution
function f i x, t , which interact locally following simple
microscopic laws. The LBM allows us to model several
physical phenomena by means of diﬀerent particle distribution functions, which are properly coupled to reproduce the
process of interest (i.e., advection and diﬀusion within the
single-phase ﬂuid ﬂow). Here, two particle distribution
functions for ﬂuid hydrodynamic f i x, t and concentration
ﬁeld gi x, t are used and a one-way coupling (the velocity
of the ﬂuid is used to calculate the advective term of equation S2.4 in Supplementary Materials) is adopted, since the
transport of a non-reactive solute does not aﬀect the ﬂuid
ﬂow (Parmigiani et al., 2009). In LBM, all dimensional units
are expressed in lattice units and, conventionally, lattice
spacing and time step are unitary. More details about the
lattice Boltzmann algorithm are given in Supplementary
Material S1.
2.3. Numerical Simulation Setup. Numerical simulations
for both ﬂow and transport are carried out using Palabos
[51], an open-source software for computational ﬂuid
dynamics based on the LBM. All calculations are performed
on the cluster facility Euler at ETH Zurich. Initial and
boundary conditions for all simulations are summarized
in Figure 2.
Incompressible viscous ﬂow is simulated directly through
the pore space of the porous media by solving the Lattice
Boltzmann equation for ﬂuid ﬂow. The ﬂuid ﬂow is driven
by a ﬁxed pressure gradient imposed along the z direction
at the inlet (higher pressure at z = 0) and the outlet of the
domain (lower pressure at z = L). Periodic boundary conditions are applied to the other edges of the computational
domain. The solid-liquid interfaces along the grain boundaries are treated as a no-slip condition u = 0 , where u is
the local ﬂuid velocity. Simulations run until the ﬂuid ﬂow
reaches a steady state (Figure 2(a)).
For diﬀusion simulations, no pressure gradient is applied
and we assume for each run an initially homogenous concentration in a subdomain (i.e., Cini 50 ≤ x ≤ 250, 50 ≤ y ≤ 250,
50 ≤ z ≤ 250 = 1) and a concentration equals to 0 otherwise.
A ﬁxed null concentration is assigned at the inlet Cinlet 0
≤ x ≤ 300,0 ≤ y ≤ 300, z = 0 = 0 and the outlet C outlet 0 ≤
x ≤ 300,0 ≤ y ≤ 300, z = L = 0 of the domain, while periodic
boundaries are set at the other faces (Figure 2(b)).
Finally, to simulate the combined solute advection
and diﬀusion process, the solute transport simulation is
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initiated after the ﬂuid ﬂow reaches a steady state. The
advection-diﬀusion simulations use the same initial conditions as the diﬀusion simulations, but a Dirichlet boundary
condition for the concentration is assigned at the inlet face
of the domain C inlet 0 ≤ x ≤ 300,0 ≤ y ≤ 300, z = 0 = 0 and
a Neumann boundary condition ∂C/∂z = 0 with a secondorder ﬁnite diﬀerence scheme [52] is assigned to the outlet
0 ≤ x ≤ 300,0 ≤ y ≤ 300, z = L . Periodic boundary conditions are set as in the previous diﬀusive simulations
(Figure 2(c)).
2.4. Quantitative Descriptors of the Simulated Processes
2.4.1. Descriptors of Flow Simulations. To describe the ﬂow
features, the Reynolds number is calculated as follows:
Re =

U z · π/SSA
,
ν

5

where ν is the kinematic viscosity of the ﬂuid (assumed constant). Following Mostaghimi et al. (2016, [16]), we use the
ratio π/SSA as the characteristic length scale. This choice is
motivated since the speciﬁc surface area is readily computed
for each medium. It represents a proper descriptor of the
sample as it is directly related to the viscous forces acting at
the ﬂuid-rock interface. U z is the average seepage velocity
along the main ﬂow direction, calculated using the passing
streamlines through the porous medium having a length that
exceeds the domain side:
L

Uz =

s
∑Ns=1 ∑i=1
uz xi , yi , z i
,
N

6

where Ls is the length of each streamline and N the number
of streamlines passing through the porous media.
The calculation of the seepage velocity suﬀers from the
underestimation that may occur when the porosity is used
in lieu of the eﬀective porosity, because the latter is unknown
[23]. However, given the porosity range (between 0.3 and
0.4), the homogeneity, and relatively narrow pore size distribution of the media, we expect the eﬀective and true porosity
to closely match for each medium. Hereafter, the porosity
will therefore be used in lieu of the eﬀective porosity.
Finally, we use the original formula of Kozeny-Carman
that provides a simple model to relate permeability to most
of the descriptors discussed above:
k=

ϕ3
βτ2 SSA2

,

7

where β is a geometric factor (also called Kozeny constant)
and depends on the shape of the cross sections of the
channels. The original value of the Kozeny constant
equals to 5, even if generally accepted literature values of
β range from 2 for circular pores and 3 for ﬂat cracks
[46] to 10 [53].
2.4.2. Geometrical Control on Solute Diﬀusive Transport. In
the diﬀusion simulations, we compute for each time t the
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z

y

Pressure gradient
boundary condition

x

No pressure gradient BC
Dirichlet boundary condition
(Coutlet(0 ≤ x ≤ 300, 0 ≤ y ≤ 300, z = L) = 0)

(a)

Flow direction

Initial conditions
(Cini(50 ≤ x ≤ 250,
50 ≤ y ≤ 250,
≤ z ≤ 250) = 1)

No-slip boundary

No-slip boundary

Initial conditions
(Cini(50 ≤ x ≤ 250,
50 ≤ y ≤ 250,
≤ z ≤ 250) = 1)

No-slip boundary

No-slip boundary

No-slip boundary

No-slip boundary

No-slip boundary

Flow direction

Pressure gradient
boundary condition

Initial conditions
u(x, y, z) = 0

Advection-diﬀusion
simulations BCs
Pressure gradient BC
Dirichlet boundary condition
(Cinlet(0 ≤ x ≤ 300, 0 ≤ y ≤ 300,
z = 0) = 0)

Diﬀusion
simulations BCs
No pressure gradient BC
Dirichlet boundary condition
(Cinlet(0 ≤ x ≤ 300, 0 ≤ y ≤ 300,
z = 0) = 0)

Fluid ﬂow
simulations BCs

Pressure gradient BC
Neumann boundary condition
휕C
( outlet (0 ≤ x ≤ 300, 0 ≤ y ≤ 300, z = L) = 0)
휕z

(b)

(c)

Figure 2: Schematic representation of the boundary conditions and initial conditions imposed for ﬂuid ﬂow (a), diﬀusion simulations (b),
and advection-diﬀusion (c).

normalized solute mass within the computational spatial
domain as follows:
N

N

N

z
∑i=1x ∑ j=1y ∑k=1
C xi , y j , z k , t
M in t
=
,
M0
M0

N

N
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N

z
C xi , y j , z k , t = 0 . This ratio quanwhere M 0 = ∑i=1x ∑ j=1y ∑k=1
tiﬁes the fraction of solute lost over time for the volume of
porous medium initially occupied by the solute. By virtue of
the initial conditions, this ratio is equal to 1 at t = 0 and
decreases accordingly to the eﬃciency of the diﬀusive solute
transport of each medium. In order to analyze the diﬀusion
simulations for all porous media, we compared the time
t ∗ necessary for each sample to reach a selected cutoﬀ of the
initial mass, set at 10%.
The time t ∗ is compared with the eﬀective diﬀusion coefﬁcient Deff , which is diﬀerent from the molecular bulk diﬀusion coeﬃcient. Several theoretical and empirical laws are
proposed in the literature, mostly based on relationships that
include either porosity and tortuosity combined or the tortuosity only [54–57]. We test the following relationships:

Deff =

1
D ,
τ2 m
ϕ
D ,
τ m
ϕ
D
τ2 m

9

These diﬀerent relationships vary depending on the
spatial scale of investigation. For example, considering a
macroscopic description of the eﬀective diﬀusion coeﬃcient
requires both tortuosity and porosity. However, at the microscopic scale, the porosity is generally not considered [58].
There is no clear agreement on linear or quadratic dependence on the tortuosity [55, 56].

2.4.3. Geometrical Control on Combined Advective-Diﬀusive
Solute Transport. We perform the advection-diﬀusion
simulations over a range of transport regimes, from diﬀusion to advection dominated. These simulations are characterized by the Peclet (Pe) number, comparing diﬀusive
and advective ﬂux and being deﬁned as the product of
Reynolds and Schmidt numbers Sc = υ/Dm . We test three
diﬀerent Sc number values, i.e., 320, 32, and 3.2, obtained
by varying the magnitude of the molecular diﬀusivity Dm
to avoid ﬂow ﬁeld variations due to kinematic viscosity of
the ﬂuid and to obtain faster simulations without aﬀecting
the transport process.
The pressure gradient for all advection-diﬀusion simulations is ﬁxed to 1.5 Pa/mm. Consequently, the Re number for each porous medium diﬀers slightly because of
the actual value of SSA and seepage velocity U z . The
advection-diﬀusion simulations are carried out over a
range of Pe values from 101 to 10−2 for 9 samples selected
over the initial 52: the two scanned samples and 7 synthetic media.
We calculate the hydrodynamic dispersion coeﬃcient
using the method of temporal moments [59–62]. The dispersion coeﬃcient is estimated from the ﬁrst three temporal moments of the concentration breakthrough curves at
the outlet of the computational domain. The nth temporal
moment of a concentration distribution at the location z = L
is deﬁned as follows:
∞

Mn =

t n c x, y, z = L, t dt

10

0

We also deﬁne the second central moment as M 2c =
M 2 − M 1 2 /M 0 . The longitudinal dispersion coeﬃcient is
given by
DL =

z 2 M 2c M 0
2 M1 3

2
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Then, we compare the values of DL /Dm computed
through equation (11) with typical relationship used to estimate DL , as the following function of the Peclet number:
DL
1
= 2 + Peα ,
Dm τ

12

where the exponent α varies from 1 to 2. Here, we used
α = 1 2 accordingly to Mostaghimi et al. [16] and Icardi
et al. [36].

3. Results and Discussion
In this section, the inﬂuence of the porous medium structure
on ﬂuid ﬂow (Section 3.1) and solute diﬀusion (Section 3.2) is
analyzed for all generated porous media as well as the two
scanned sandpacks, while advection-diﬀusion simulations
(Section 3.3) are described for nine samples selected among
all porous media.
3.1. Fluid Flow Simulations. Figure 3 illustrates the pore-scale
ﬂuid ﬂow for two of the generated porous media (Figures 3(a)
and 3(b)) and the two sandpack samples (Figures 3(c) and
3(d)). The porous media EXX exhibit a very rough pore surface, whereas the GXX media show a smoother pore surface.
The low velocities clearly deﬁne a creeping ﬂow regime
(Re <<1). For a detailed discussion about semivariogram
functions adopted in the geostatistical model, we address
the interested readers to Di Palma et al. [23].
Figure 4 shows the behavior of the seepage velocity with
respect to the various geometric parameters analyzed. The
seepage velocity relation to the pore size and porosity is
approximately linear for each set of the two semivariogram
models (Figures 4(a) and 4(b)). As pointed out in a previous
study [23], the diﬀerence between the two semivariogram
models is clear (velocities diﬀer by two orders of magnitude),
whereas the variations of porosity result in a vertical shift of
the linear dispersion. The seepage velocity versus SSA displays a slightly nonlinear, inverse relation (Figure 4(c)),
almost independent of the porosity. A 2nd-degree polynomial function has been ﬁtted to highlight the relation
between the seepage velocity and the SSA (the corresponding
coeﬃcient of determination R2 is shown on the plot). The
dependence of the seepage velocity on the MC (Figure 4(d))
appears clearer than its dependence on the SSA, the coeﬃcient of determination being higher. This ﬁnding is quite
intuitive, meaning how high velocities, which are responsible
for the average ﬂow rate, are controlled by the shape/size of
channels passing through [26, 28].
The trend between the Euler number and the seepage
velocity (Figure 4(e)) shows a behavior similar to U z MC
(Figure 4(d)). It means that the mean curvature and the Euler
number provide similar information when describing the
seepage velocity, even if the former is preferable because of
its physical signiﬁcance compared to the connectivity information provided by χV that is purely topological.
Finally, the seepage velocity as a function of either tortuosity (Figure 4(f)) or porosity and tortuosity (Figures 4(g)
and 4(h)) well identiﬁes the generated porous media and

the scanned samples in two subsets, although the values
appear slightly scattered.
It is interesting to relate the computed seepage velocity to
the permeability calculated using the Kozeny-Carman equation (equation (7)). The clear linear correlation among the
generated media (i.e., black triangles and blue circles in
Figure 5) suggests the proper combination of parameters
governing the seepage velocity in the tested porous media.
The wide range of permeability values also highlights the
wide range explored through the two end-member semivariogram models. The values obtained for the sandpack
samples (i.e., red squares) fall within the range of values
obtained for the GXX porous media. The speciﬁc surface area
represents the most sensitive parameter in the KC equation.
Indeed, the porosities are identical for both semivariograms
models; tortuosity varies over a limited range of values,
whereas the SSA of EXX media is approximately two or three
times greater than that of the GXX.
Because of the linearity between calculated seepage velocity and KC permeability, we can estimate the geometric factor (β) in equation (7) simply as the ratio of the imposed
pressure gradient for all the ﬂuid ﬂow simulations over the
slope of the ﬁtting line. We obtain a Kozeny constant equals
to 5.13, very similar to Carman’s ﬁnding [46, 63].
The analysis of the results for the advective ﬂow shows
that the SSA and the MC can be considered the most important/leading proxies of the advective ﬂow. However, according to equation (7), the only speciﬁc surface area is not able
to describe the linear relation between the seepage velocity
and imposed pressure gradient (essentially the permeability),
but it needs to be combined with the porosity and tortuosity
to provide the best relationship (R2 = 0 99). On the contrary,
the permeability at the REV scale can be represented by the
solely mean curvature, although with a small degradation of
the performance (R2 > 0 90).
3.2. Diﬀusion Simulations. We analyze the behavior of the
solute diﬀusive transport over time (equation (8)) and with
the time t ∗ as a metric for the eﬃciency of the diﬀusion process (Section 2.4.2). In analogy to the analysis of the seepage
velocity, each Minkowski functional is plotted against t ∗
(Figure 6). Figures 6(a)–6(e) did not show a clear correlation
with t ∗ . However, it is worth to note how the porosity is a
good descriptor within each model adopted to generate
porous media.
A common relationship can be observed when considering the inverse tortuosity (Figure 6(f)), with the exception of
the porous media having the lowest correlation length (i.e.,
the upper right black triangles). This behavior results from
a limited spatial resolution for the lowest correlation length.
Excluding such realizations, a 2nd-degree polynomial function has been ﬁtted and the corresponding coeﬃcient of
determination R2 is shown on the plot to highlight the relation between the time t ∗ and the inverse of the tortuosity
squared. Finally, introducing the porosity in the descriptor
(Figures 6(g) and 6(h)) splits the diﬀusive response accordingly to the two correlation models, in line with the results
presented in Figure 6(a). In the following, the 1/τ2 is considered as a unique proxy of the diﬀusive ﬂow.
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Figure 3: Visualization of porous medium structures and ﬂuid ﬂow streamlines. (a) and (b) are two generated media with ξ = 0 21 mm
and φ = 0 35, whereas (c) and (d) are the scanned sandpacks with estimated ξ = 0 16 mm and φ = 0 33 (F42C) and ξ = 0 125 mm and
φ = 0 38 (LV60A).

3.3. Advection-Diﬀusion Simulations. The analysis of seepage velocity and time t ∗ suggests that two pore-scale geometrical properties can be selected as proxies to describe
either the advective or the diﬀusive transport (i.e., MC and
1/τ2 ). This allows reducing the number of descriptors to
only two. This two-parameter space is shown in Figure 7.
It is worth noting that the selected media do not correspond
exactly to the outermost points of this parameter space
because the extreme values of generated porous media highlight diﬀerent uncertainty issues: one related to low space
resolution (i.e., EXX with lowest ξ corresponding to the
highest MC values) and the second one to the unrepresentativeness of the domain length compared to the correlation
length (i.e., GXX with highest ξ corresponding to the lowest
MC values).
The results of the advection-diﬀusion simulations
provide information that can be used to infer transport
parameters at the REV scale. We estimate the hydrodynamic

dispersion coeﬃcient from the concentration breakthrough
curves of each run using temporal moments (equation (11))
and compare them with published relationships (equation
(12)). The Peclet number is estimated directly using the geometric properties of the porous media, where the seepage
velocity is inferred from the KC formula, as validated in the
previous section:
Pe =

U z π/SSA
πϕ2
dP
= 2
3
Dm
βτ SSA Dm μ L
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Figure 8 shows the calculated longitudinal dispersion
normalized by the molecular diﬀusivity for each simulation.
We ﬁnd a good match between the values calculated by the
temporal moments and the relationship based on the geometric properties entering the deﬁnition of the Peclet number. Associated uncertainty has been estimated through the
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Figure 4: Seepage velocity as a function of correlation length (ξ), Minkowski functionals—porosity (φ), speciﬁc surface area (SSA), mean
curvature (MC), and Euler number (χV )—and literature relationships for eﬀective diﬀusivity, 1/τ2 , τ2 /τ, and ϕ/τ2 , respectively, for
generated porous media (black triangles and blue circles for exponential (EXX) and Gaussian (GXX) variogram models, respectively)
and scanned sandpacks (SP) (red squares). The coeﬃcient of determination (R2 ) associated with the ﬁtting functions for the SSA and
MC (red lines) is reported in (c, d).

symmetric mean absolute percentage error (SMAPE) deﬁned
as follows:
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resulting in a value equal to 43%. The uncertainty decreases
for increasing Pe (30% for Pe > 10−1 ). In case of diﬀusiondominant process, the mechanical dispersion vanishes and
the eﬀective diﬀusivity can be calculated by ﬁtting the concentration breakthrough curves with analytical expressions.
The shift from high to low Pe, at the same conditions of
imposed pressure gradient, is a straightforward consequence
of the SSA range of the porous media, highlighting again the
impact of this geometric feature.
The good estimation of the longitudinal dispersion
through the temporal moments conﬁrms the validity of
Fickian transport regime for the investigated porous media,
as also reported in Bijeljic et al. [30] and Icardi et al. [36] that
used realistic packed geometries comparable to our synthetic
media. The non-Fickian behavior shows up in more complex porous media, such as carbonate and sandstone rock,
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(red squares). The coeﬃcient of determination (R2 ) associated to the ﬁtting functions for the MC (red lines) is reported in (f).
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Figure 7: Parameter space of MC and 1/τ2 for all generated porous
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and diﬀusion simulations. Crossed markers indicate the sample
selected for the advection-diﬀusion simulations.

in which the solute experiences a very wide range of transit
times across pores of a very diﬀerent size [29, 30, 34]. Moreover, the non-Fickian behavior is more evident under high
advection-dominant transport [32].
One possible limit to the application of our ﬁndings
to natural media lies in the assumption of geostatistical
homogeneity of the generated porous media, which could
prevent the extension of our results to porous media that
exhibit multiple length scales and/or anisotropy. Future
works should focus on the ability to generate realistic media
displaying either or both heterogeneity and anisotropy. We
do anticipate two diﬀerent approaches to address this challenge. First, one could keep the present workﬂow but amend
the procedure adopted in this paper by one additional transformation that allows for varying degrees of tortuosity (similar to the approach by [48]). Second, one could switch to the
use of generators able to directly reproduce multipoint statistics [64, 65].

4. Conclusions
This study investigates the impact of various porous medium
geometric descriptors on the transport of non-reactive solutes. To that end, we performed pore-scale ﬂow and transport simulations on 3D synthetic porous media and microCT images of sandpacks using the lattice Boltzmann method.
Synthetic porous media are generated with a geostatistically
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Figure 8: Comparison between the hydrodynamic dispersion coeﬃcients calculated from the advection-diﬀusion simulation using equation
(11) and the dispersion coeﬃcients obtained from Mostaghimi et al. [16] and Icardi et al. [36] and deﬁned in equation (12).

based approach, where the pore-scale characteristics are
described by semivariogram models with a speciﬁed correlation length.
We carried out a sensitivity analysis over diﬀerent synthetic porous medium features to identify proxies that best
describe advection and diﬀusive transport. Our ﬁndings suggest that the advective ﬂow is primarily aﬀected by the second
and third Minkowski functionals (speciﬁc surface area and
mean curvature). However, according to the KozenyCarman equation, macroscopic permeability necessitates
three pore-scale parameters to be estimated (porosity, tortuosity, and speciﬁc surface area), while similar results can be
obtained using the only mean curvature as proxy.
Results of the diﬀusion simulations show that the
eﬀective diﬀusion coeﬃcient scales as the inverse of the
tortuosity squared.
Finally, we tested the possibility to estimate the hydrodynamic dispersion coeﬃcients using only the geometric properties of porous media and the applied pressure gradient.
Such estimates from pore-scale geometric features have been
compared with the coeﬃcients calculated through the temporal moment method from the advection-diﬀusion simulations
with Peclet numbers ranging from 10-2 to 101. We concluded,
for the range of tested porous media, that an estimation of the
hydrodynamic dispersion can be obtained from pore-scale
properties: considering all tested Peclet numbers, the uncertainty of hydrodynamic dispersion is equal to 43%, when
compared with that obtained from advection-diﬀusion simulations. Limiting such estimation to simulations characterized by Pe > 10−1 , uncertainty decreases to 30%.

Data Availability
The micro-CT images of sandpacks used to support the ﬁndings of this study have been deposited in the Figshare digital

repository (https://www.imperial.ac.uk/earth-science/research/
research-groups/perm/research/pore-scale-modelling/micro-ctimages-and-networks/). The generated porous media and
simulation results used to generate ﬁgures are available upon
request via e-mail to the ﬁrst author.

Additional Points
Highlights. (i) We perform pore-scale ﬂow simulations on
synthetic porous media and micro-CT images. (ii) Advective
transport is primarily aﬀected by the second and third Minkowski functionals. (iii) Diﬀusive transport is a function of
the inverse of the squared tortuosity. (iv) Hydrodynamic dispersion coeﬃcients are estimated using geometric properties.
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In the literature, the mean penetration depth (MPD) calculated by “walk on spheres” or “walk on cubes” was used to quickly
estimate the intrinsic permeability of digitized porous media. However, these two methods encounter diﬃculties such as
irregular boundaries and the determination of arrivals at a boundary. In this study, an MPD method that is based on a more
ﬂexible “random walk on grid” (WOG) is explored. Moreover, the accurate MPDs for the pores of simple shapes are derived
with Green’s functions to validate the WOG-based MPD. The results suggested that MPDs based on Green’s functions and
WOG are consistent with each other; the factor C in the permeability expression is slightly dependent on roundness of the
cross sections and is approximately 1.125 on average, according to analytical and numerical results. In a synthetic complex
pore, the permeability estimated by WOG is comparable to, but greater than, the estimate based on the pore-scale dynamics
simulation in COMSOL.

1. Introduction
Permeability, which is a measure of the ability of a porous
material to allow ﬂuid to pass through it, is one of the
most important properties of geologic formations to
hydrogeologists, petrophysicists, and other geologic ﬂuid
researchers. Since permeability (or hydraulic conductivity)
greatly inﬂuences the ﬂuid movements and ﬂow ﬁelds of
groundwater, it is generally the fundamental factor in
all groundwater-related problems, such as groundwater
exploitation, surface-groundwater interaction, contaminant
transport, agricultural irrigation, and site selection for radioactive waste disposal [1, 2].
As a macroscopic parameter of formations, permeability
is closely related to pore microstructures. In addition to the
direct measurement of samples, indirect measurement is also
important for diﬀerent environmental and technological
applications. Some studies have been devoted to establishing
the relationship between microscopic geometry and macroscopic permeability by theoretical models and numerical
calculations [3–8], which are becoming increasingly valuable
for the growing availability of microscopic tomographic data,

such as nuclear magnetic resonance, X-ray microtomography, and scanning-electron-microscopic imaging ([9–12];
among many others).
For pores of some of the simplest geometries, the
permeability can be calculated by the exact solution to the
Poiseuille ﬂow equation. For example, in a straight tube
of circle-shaped cross sections, one obtains k = R2 /8 by
combining three equations: Q = πR4 /8μ ΔP/L (HagenPoiseuille law), Q = K ΔP/ρgL πR2 (Darcy’s law), and K =
k ρg/μ (relation between permeability and conductivity)
(see, e.g., [13]). For tubes of elliptical cross sections, k =
a2 b2 / 4 a2 + b2 , where a and b are the semiaxes [14]; similar results are available for several other shapes [15, 16].
For media of higher complexity, for example, k = cK n3 /
1 − n 2 d2 in a packed bed of solids, where d is the mean
grain diameter, n is the porosity, and cK is a parameter that
is dependent on cross-sectional geometry [6, 17, 18].
However, more powerful tools are required in media of
general microstructure. By analyzing diﬀusion processes in
porous media, Torquato [8] linked the permeability tensor
of the media to a so-called trapping constant, which is not
easy to evaluate and thus is not practical. However, the idea
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of using diﬀusion or Brownian processes to reﬂect the properties of porous media is useful. Based on the Brownian
motion model and the Debijf-Brinkman equation (see, e.g.,
[19]), Hwang et al. [5] found that the mean penetration depth
(MPD, denoted by D), which is the expected depth that a
Brownian motion can enter before reaching solid surface
for the ﬁrst time, is a good measure of the permeability of
the medium and suggested that k = D2 . Simonov and
Mascagni [7] took porosity into account and suggested that
k = C SM nD2 , where n is the porosity and cSM is a factor. They
estimated C SM = k/nD2 ≈ 6 63 by using the Poiseuille lawbased permeability k = 0 0351d 2 in an ideal, straight pore of
the square cross section with a side length that is equal to d,
and n = 0 5. It is still not clear whether k = CSM nD2 is also
valid for pores of other geometries. Sabelfeld [20] used a
spectral projection method to avoid the numerical calculation on overlapping discs and spheres which, however,
applies to simpliﬁed pore surfaces and is unsuitable for real
media with rough surfaces.
The equations above are all in a quadratic form; i.e.,
k = CL2 , where L is some type of characteristic length
(e.g., hydraulic radius, mean pore size, mean grain diameter,
or MPD), and the coeﬃcient C may depend on the cross
section and/or porosity ([13]; and references therein).
If one uses MPD as the characteristic length, the
coeﬃcient C may depend on both cross-section shape and
porosity. The inﬂuence of porosity on C was also investigated
by Simonov and Mascagni [7] using “walk on cubes” and
“walk on spheres.” However, “walk on cubes” is only suitable
for voids of polyhedron and is ineﬃcient for curly boundaries
[21]. “Walk on spheres” has diﬃculty in determining exactly
when and where the random walk ends at a boundary. The
diﬃculty leads to signiﬁcant error and generates some bias
(Milstein and Tretyakov 1999; Deaconu and Lejay 2006).
To avoid these problems, in this study, we extend the MPD
method by using a more ﬂexible “random walk on grid”
(WOG), which is able to easily determine the arrival at
boundaries and handle irregular surfaces, including cambering, narrow gaps, and wedge outs.
To validate the eﬀectiveness of the WOG-based MPD
method and to investigate the extent of C’s dependence on
the roundness of pore cross sections, we derived the theoretical values of MPD and C using Green’s function in the pores
of several basic geometries and compared them to their
WOG-based counterparts. Simonov and Mascagni [7] realized the possible weak dependence of C on the crosssectional geometry of void space, but they did not investigate
the problem further. Here, the dependence is investigated
through C derived by Green’s functions, as well as the C
estimated by WOG.
To date, the permeability calculated by the MPD method
has not been veriﬁed in a porous medium against dynamic
simulation or experimental results in the literature. A synthetic porous sample is constructed for permeability estimation using COMSOL simulation and the WOG-based
MPD method.
The paper is organized as follows: In Section 2, the MPD
method based on WOG and Green’s functions, as well as
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Hit point: x⁎

y

Starting point: x0
x

Departure region 𝛺
(outer boundary)

Figure 1: A diagram of random walk in void space. The outer
boundary is the face of the medium; the inner boundary consists
of the void-solid interface. Black line shows the path of a random
walk realization.

COMSOL simulation, is introduced. In Section 3, the results
of the MPD estimation in simple pores of diﬀerent geometries are reported, and the factor C is calibrated for each
geometry. Furthermore, the average C factor is used to
estimate the permeability of a synthetic pore, and the result
is veriﬁed by a COMSOL model. In Section 4, the results
are discussed and conclusions are drawn.

2. Methodology
2.1. Mean Penetration Depth (MPD) and MPD Calculation
via Green’s Function. Given a porous medium, let a Brownian
motion initiate at x′ (denoted by x0 = x′) on its outer boundary plane (say, z = 0; Figure 1) and enter the medium until the
walker hits a solid surface (i.e., the inner boundary, represented by blue surfaces in Figure 1) at a random position,
x∗ . The depth of the hit point relative to the outer boundary
plane (i.e., z ω ; ω is the ensemble index) is called the
penetration depth of the Brownian motion, denoted by
l x′, ω . The mean penetration depth (MPD) is the
ensemble mean of the penetration depths in Monte
Carlo experiments, starting from an area on the outer
boundary (termed “departure region” Ω, i.e., the green
area in Figure 1), i.e., DB = 1/S x′∈Ω l x′, ω dx′ , where
stands for expectation with respect to the ensemble index
ω, DB denotes the MPD estimated by the Brownian motion
(or random walk), and S is the area of Ω.
In fact, the Brownian motion in void space, as mentioned
above, is a diﬀusion process that is reﬂected back to void
space at the outer boundary and is killed at the inner boundary. Given a starting point x0 = x′, the spatial density c x ∣ x′
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Figure 2: Void spaces (a) between parallel planes and in straight tubes of (b) a square cross section; (c) a circular cross section; (d) an elliptic
cross section; and (e) an equilateral triangular cross section. (f) An ideal porous medium sample consisting of solid and many straight pores.
The green area indicates the outer boundary.

(i.e., mean times of occurrence in space) of the diﬀusion satisﬁes the following equation:
Δc x ∣ x′ + δ x − x′ = 0,
c x ∣ x′ = 0,
∂c x ∣ x′
∂ne

= 0,

hit point x∗ at the inner boundary can be expressed as (see,
e.g., Deaconu and Lejay [23])

1a
x ∈ Γ,

1b

x ∈ Ω,

1c

where x′ = x′, y′, z ′ ∈ Ω and x = x, y, z , δ is the Dirac
function, and ne is the vector normal to outer boundary Ω.
Equation (1b) is the absorbing boundary at the void-solid
interface Γ. Equation (1c) is the reﬂection (no-ﬂux) boundary
at the departure region Ω (outer boundary).
One may notice that (1) is actually a Green’s function
problem. Its solution c x ∣ x′ is the Green’s function of the
following Poisson equation:
Δu x = −f x ,

2a

Dirichlet boundary at Γ,

2b

Neumann boundary at Ω

2c

For some simple geometries, the analytical expressions of
c x ∣ x′ can be found or easily derived from the libraries of
Green’s functions in the literature (e.g., Cole et al. [22]).
When c x ∣ x′ is known, the probability distribution of the

∗

p x ∣ x0 = x′ = −

∂c x∗ ∣ x′

,

∂n

x∗ ∈ Γ,

3

where n is the vector normal to Γ and pointing to solid.
Hence, the penetration depth and MPD can be calculated
via c x ∣ x′ . That is, the penetration depth of point x′
is le x′ = l x′, ω = − Γ z ∂c x ∣ x′ /∂n ∣x∈Γ dx, which will
be further averaged on the departure region Ω to calculate
the MPD, i.e.,

DG =

1
S

x′∈Ω

le x′ dx′ = −

1
S

x′∈Ω

dx′ z
Γ

∂c x ∣ x′
∂n

∣x∈Γ dx,
4

where S is the area of Ω.
We consider the pores of three simple geometries
for which Green’s function c x ∣ x′ is available, i.e., parallel
planes, straight square, and circular tubes (Figures 2(a)–
2(c)). Here, we used the “isoperimetric ratio” φ as a measure
of the pore cross-sectional shape. φ = l2c /A is used to measure
how greatly the shape diﬀers from a circle, where lc is the
length of a curve (perimeter) and A is the corresponding area.
φ has a minimum value 4π for the circle and higher values for
all other shapes [24]. For parallel planes φ = ∞, since the
length of planes is inﬁnite and the plane distance d is ﬁnite;
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for the square cross section, φ = 4d 2 /d 2 = 16; for the
equilateral triangle, φ = 3d 2 / 3d2 /4 = 12 3 ≈ 20 8; for
the ellipse with semiaxes a and b a ≥ b , 4π ≤ φ < ∞ and
φ ≈ 15 0 as a = 2b.
For parallel planes of distance d (Figure 2(a)), the
corresponding Green’s function is expressed as [22]
c x, z ∣ x′, z ′ = 0 =

2 ∞ 1 −nπz/d
nπx
〠 e
sin
sin
π n=1 n
d

nπx′
d
5

Applying Equation (4), we obtain the MPD based on
Green’s function, i.e.,
DG = 7ζ 3

d
≈ 0 2714d,
π3

6

where ζ ∙ is the zeta function and the subscript “G”
stands for Green’s function. For straight tubes of square
cross sections (with side-length d, Figure 2(b)), Green’s
function is
2
2
4 ∞ ∞ exp − π n + m z /d
c x, y, z ∣ x′, y′, z ′ = 0 =
〠〠
πd m=1 n=1
n2 + m 2

mπx′
d

mπx
sin
sin
d
sin

nπy
sin
d

nπy′
,
d

7
and the MPD based on Green’s function is
16d ∞ ∞
1
〠〠
1 − −1
π5 m=1 n=1 n2 n2 + m2 3/2
16d
≈ 5 ⋅ 3 2535 = 0 1701d
π

DG =

m

1 − −1

n 2

8
For straight tubes of circular cross sections (with radius
R, Figure 2(c)), Green’s function is written as
c r, z ∣ r′, z ′ = 0 =

1 ∞
1
〠
πR m=1 βm J 1 2 βm
exp −

βm z
β r
β r′
J0 m J0 m
R
R
R
9

The MPD based on Green’s function is

where J 0 and J 1 are Bessel functions (of zeroth and ﬁrst
orders) of the ﬁrst kind; βm is the m‐th root of J 0 βm = 0.
No analytical Green’s functions are found for the
remaining examples in Figure 2; therefore, the numerical
simulation of the Brownian motion will be used to directly
estimate the MPD.
Taking into account the impact of porosity, let us consider a porous medium consisting of many straight tubes
(Figure 2(f)), whose porosity n is not equal to 1. For simplicity, assume that all of the pores are the same. Recall that k
represents the permeability of a single pore, DB is the MPD
with respect to a single pore, and k = CD2B . One may note that
the permeability of such a medium is
kb = nk = nCD2B ,

11

where “b” stands for bunch. Let Db be the eﬀective MPD after
being averaged on the whole area S; it is obvious that Db =
nDB + 1 − n ⋅ 0 = nDB . Let kb = Cb D2b . Then, nk = Cb n2 D2B ,
i.e., C b = k/n /D2B . Recall (C is the factor for porosity n = 1),
one has C b = C/n. Thus,
kb =

CD2b
,
n

12

which is valid for media comprising uniform straight tubes.
We will check this formula in the next section to test its
applicability. The impact of tortuosity on permeability is
not discussed but can be considered by some empirical
equations in the literature (e.g., [13]).
2.2. Random Walk on Grid (WOG). Green’s functions are
accessible to only limited, simple geometries and are not
practical for general pores. Thus, one has to rely on the
numerical simulation of the Brownian motion or random
walk. To simulate a Brownian motion in the medium, here
we employ a random walk on grid (WOG) due to its ease
in determining hit occurrences and its ﬂexibility of irregular
inner boundaries. In homogeneous void space, WOG is
equivalent to a simple lattice random walk. Here, implementation of WOG is only brieﬂy introduced in Figure 3. In step
(a), the domain can be discretized with a regular/irregular
block-/point-centered grid. In this study, we use regular
block-centered grids; i.e., each node represents a block or cell
of the same size. In step (b), given that the distances from
the current node to the neighboring nodes in six directions
(i.e., x± , y± , and z ± ) are Δx± , Δy± , and Δz ± in the Cartesian
coordinate and that px± , py± , and pz± denote the probability
that the walker moves from the current node to six neighboring nodes, the probability of the neighboring node in x+
direction can be estimated as
px+ =

1/Δx+
,
1/Δx+ + 1/Δx− + 1/Δy+ + 1/Δy− + 1/Δz + + 1/Δz −

13

∞

1
≈ 0 3235R,
3
β
m=1 m

DG = 4R 〠

10

which is similar for other directions. If the grid is
nonuniform, the probabilities are location-dependent and
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(a) Discretize domain

(b) At each node evaluate
probability of moving to neighbors

(c) Select a starting node
in departure area

Hit inner
boundary?

No

Yes

Starting node loop

Random walk loop

(e) Randomly go to a neighboring
node according to probabilities

Monte Carlo loop

(d) Start a walk simulation at
current starting node

(f) Record the hit node

# of realizations
> NMC?

No

Yes
(g) Exclude current starting node
from departure area

Departure area
empty?

No

Yes
(h) Average depths of all hit nodes

End

Figure 3: A ﬂowchart of the MPD estimation via WOG.

direction-dependent. The probabilities to neighbors at all
nodes are calculated and stored before random walks are
simulated. In step (c), every node x′ in the departure area will
be selected to serve as the starting node in the Monte Carlo
loop for N MC times (Figure 3). After completion of the
Monte Carlo loop, the node will be excluded from the

departure area and will not be used again in the following
simulation. If the original departure area contains N S nodes
after discretization, a random walk will be simulated for
N S × N MC times, and the number of hit nodes is N S × N MC
in total. Note that each realization of the random walk has
an uncertain number of steps (in the random walk loop),
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Table 1: Permeability, MPD, and C factor estimated by WOG and Green’s function for voids of simple geometries.

Void shape

Reference length Theoretical k∗

Parallel plane (Figure 2(a))

Plane distance d

Square (Figure 2(b))

d2
12
0 0351d2

Side-length d

MPD
DB ¢

MPD
DG ǂ

CB ¢

CG ǂ

φ£

0.2763d

0.2714 d 1.091 1.131

∞

0.1751d

0.1701 d 1.145 1.123

16

0.3318R

0.3235 R 1.135 1.194

4π

2

Circle (Figure 2(c))

Radius R

Ellipse (Figure 2(d))

Semiaxes: a, b

Equilateral triangle (Figure 2(e))

Side-length d

R
8
a2

b2 2
a + b2
4
d2
80

0.4210 b (as a = 2b)

—

1.128

—

4π~∞ (15 as a = 2b)

0.1054 d

—

1.125

—

12 3

∗

Theoretical k is obtained according to pressure drops and theoretical ﬂow rates in Drazin and Norman [25]. ¢DB is the MPD estimated by random walk on grid
(WOG); C B = k/D2B . ǂDG is the MPD evaluated by Green’s function c x ∣ x ′ by Equations (6), (8), and (10); C G = k/D2G . £φ according to Berger [24].

2.3. COMSOL Simulation. COMSOL is a general-purpose
platform software for modeling engineering problems. It is
able to simulate multiple physical processes and models,
including the ﬂow of ﬂuid. In this study, we use COMSOL
to solve the steady-state Stokes ﬂow in the pore space. The
void-solid interface is treated as a no-slip boundary. The prescribed pressure boundaries are imposed onto two opposite
faces of the parallelepiped and no-ﬂux boundaries onto the
other four lateral faces (due to the symmetry of the medium).

3. Results
3.1. MPD and C Factor Estimation. Table 1 reports the
summary results in our investigation of simple pores, including the theoretical permeability k, the MPD and factor C
estimated by WOG (DB and C B ), and the MPD and C estimated by the three Green’s functions (DG and CG ). First, it
can be seen that DB is slightly larger than DG (if available)
in all three cases. This suggests that DB tends to slightly overestimate the real MPD (DG ), which may lead to a limited
overestimation of the permeability (6%). Such a bias may
result from spatial discretization, which is further explored
in the sensitivity tests below. Second, the largest C value
(1.194) is only 9% larger than the smallest C value (1.091).
That is, the estimated values of C are more or less the same.

1.3

1.2

1
12

17
𝜑 = l2 / A

Parallel
planes

Equilateral
triangle

Square

Circle

1.1

Ellipse

C

and the location of its hit node is also uncertain before the
realization is complete. When all of the nodes in the original
departure area have served as starting nodes, the simulation
procedure ends and the depths of all hit nodes will be
averaged to estimate the MPD. More details of WOG algorithms and the superiority of WOG over “walk on cubes”
and “walk on spheres” can be found in Nan and Wu [21].
We evaluated the permeability in the pores of some simple geometries, including parallel planes and void of square,
circular, elliptic, and equilateral triangular cross sections
(Figures 3(a)–3(e)). For the void space of these shapes, the
theoretical expressions of permeability also exist (Table 1).
In all of these pores, the porosities are all equal to 1. Factor
C can be estimated using CB = k/D2B in each case after DB is
estimated by WOG.

22

∞

CG
CB

Figure 4: The isoperimetric ration φ versus factor C (a = 2b for
ellipse case).

The average value for ﬁve cross-sectional shapes is approximately 1.125. Figure 4 shows the C value versus the isoperimetric ratio φ. The smaller φ is, the closer the shape is to
being circular. It seems that there is no remarkable relationship between φ and C, which means that the dependence of
C on the roundness of the cross section is quite weak.
In Hwang et al. [5], C was simply assumed to be 1, leading
to the relationship k = D2 . However, our results from both
numerical simulation and Green’s function, as shown above,
indicate that the factor C ≈ 1 125 on average rather than 1.
Thus, the previous relation k = D2 underestimates the permeability by 10% or so compared to that of k = 1 125D2 .
To investigate the sensitivity of the MPD estimates to the
ensemble size, N MC in Monte Carlo experiments, and grid
discretization length Δ, we estimate the values of MPD for
parallel planes using ﬁve diﬀerent values of Δ (10−3 mm,
3 × 10−3 mm, 10−2 mm, 3 × 10−2 mm, and 10−1 mm) and nine
diﬀerent N MC values (102, 3 × 102, 103, 3 × 103, 104, 3 × 104,
105, 3 × 105, and 106). N MC = 104 when Δ is changed. Furthermore, Δ = 10−2 mm when N MC is changed. The resulting
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0.001

0.0001
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1E − 2
Δ

1E − 1

1E + 0

0.005
1E + 2

1E + 3

1E + 4
NMC

1E + 5
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(b) Δ = 10−2 mm

(a) N MC = 104

Figure 5: Sensitivity tests of the MPD estimates to discretization the length Δ and ensemble size N MC .

errors (e = DB − DG ) of MPD are reported in Figure 5. In
Figure 5(a), it is found that the error e has the same order
of magnitude as that of Δ (i.e., e ∝ O Δ ) and continues
decreasing as the grid becomes ﬁner. Figure 5(b) illustrates
the two-regime behavior of the error e with respect to N MC .
That is, when N MC < 104 , the error decreases with the
increase in N MC ; when N MC > 104 , the error stabilizes at
approximately 0.0076 (close to the error of Δ = 10−2 mm,
N MC = 104 ), which means that when Δ = 10−2 mm, the
increase of realizations will not improve the accuracy of
estimates remarkably once N MC > 104 . The discretization
error is dominant compared to the sampling error in Monte
Carlo simulation. The MPD estimates seem to be sensitive to
the discretization length.
3.2. Permeability Validation in a More Complex Medium. In
this section, we predict the permeability of a given porous
medium using a WOG-based MPD method. Meanwhile,
COMSOL is used to solve the steady-state Stokes ﬂow in
the pore and estimate the permeability using the dynamics
method to verify the MPD method.
Although there are geometric models available for isotropic random porous media (see, e.g., [26]), a synthetic ideal
porous medium (Figure 6) is used here so that we can
reconstruct the void space precisely in both the WOG and
COMSOL simulations and minimize the model error. The
void space is generated by removing tightly placed spheres
of same size from a cuboid. To reduce the computational
cost, we cut a representative volume (red-edge prism in
Figure 6) from the medium, which contained a pore with
enough length (Figure 7). The radius of each sphere is d/2.
d is suﬃciently small so that the requirement of Stokes ﬂow
can be easily satisﬁed in the following dynamic simulation.
In the COMSOL simulation, we let d = 1 mm. The porosity
of the medium was n = 8 − 4π/3 /8 = 0 476.
For simulating the Brownian motion with WOG, we
established a grid of size 100 × 100 × 300 in the space. The
number of Monte Carlo realizations was N MC = 104 for each
starting point. Figure 8 shows the locations where the

Simulated
volume

Void
Solid

z

y
x

Figure 6: A synthetic porous medium consisting of solid spheres of
equal radius (1 mm) and void.

Brownian motion stops (note that the Brownian motion
starts at the bottom surface). The starting points within the
solid immediately lead to stopping and, thus, are excluded.
The estimated MPD is DB = 0 07591d. Here, we use the average value of C = 1 125. The predicted permeability by MPD is
kb = nCD2B = 0 476 × 1 125 × 0 075912 d 2 ≈ 3 09 × 10−3 d2 .
In a dynamic simulation via COMSOL software, we let
d = 1 mm, the length in z direction Lz = 3 mm, the pressure
diﬀerence ΔP = 0 1 Pa between the top and bottom faces,
the dynamic viscosity of water μ = 1 002 × 10−3 Pa · s at
20°C, and the sample cross-sectional area S = d 2 . The voidsolid interface is set to be a no-slip boundary (gray faces in
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Figure 7: A void space formed among equal-sized solid spheres.
The top face (red) is the outlet, and the bottom face (hidden) is
the inlet; all the lateral planes (blue) are no-ﬂow boundaries; the
spherical faces (gray) are interfaces between the void and solid and
are treated as a no-slip boundary in dynamic simulation.
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Figure 9: The magnitude of velocity on planes of x = 0 5 mm and
z = 0 5 mm solved by COMSOL.
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The velocity ﬁeld is brieﬂy shown in Figure 9, with two
slices at planes of x = 0 5 and z = 0 5. The maximum velocity
is approximately 8.4 × 10−5 m/s, and the Reynolds number is
0.093, which is much smaller than 1 (satisfying the requirement of Stokes ﬂow). For the simulated steady-state ﬂow,
we found that the ﬂowrate at the outlet was Q = 8 3552 ×
10−11 m3 /s. Since Q = kb ΔP/μLz S, then kb = Q/S μLz /
ΔP = 2 52 × 10−9 m2 = 2 52 × 10−3 d 2 . Recall that the permeability estimated by MPD, as calculated above, is kb =
3 09 × 10−3 d2 , which is approximately 23% larger than that
estimated by the COMSOL simulation and means that
the MPD method here also overestimates the permeability
by 1/4.
To explore the impact of Reynolds number to permeability estimated by COMSOL, we calculated permeability
estimates using diﬀerent pressure drops (ΔP = 10−4 , 10−3 ,
10−2, 10−1, 1, 10, and 100 Pa). The results are shown in
Figure 10. It was found that when ΔP < 1 Pa (Reynolds
number < 0 94), the permeability estimate stabilized and
was insensitive to the Reynolds number.

100

Figure 8: Locations where the simulated Brownian motions
stop, i.e., points on the surfaces of the void-solid interface on the
100 × 100 × 300 grid. The colors from blue to green-yellow
indicate the increasing z values.

Figure 7). The blue lateral faces are cut sections of the void,
which are treated as a no-ﬂux boundary due to the void
symmetry within the entire medium.

4. Discussion and Conclusions
The eﬀectiveness of the WOG-based MPD method was
tested in this study via two approaches, i.e., comparing the
MPD to Green’s function results and comparing the permeability to the results of dynamic simulation. First, the results
of the MPD estimated by WOG are quite close to those based
on Green’s functions in three cases (Figures 2(a)–2(c)) and its

Geoﬂuids

9
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Figure 10: The permeability (normalized by d2 ) for the diﬀerent Reynolds numbers. The corresponding values of pressure drop ΔP are also
shown in red (in Pa).

relative errors were less than 5%. We found that WOG
estimates the MPD with good accuracy when compared to
the theoretical MPD in the simple pores (although WOG still
overestimates the MPD slightly, <6%). Second, the permeability of the synthetic porous medium as estimated by the
WOG-based MPD method was compared with that estimated by the COMSOL simulation. To the best of our knowledge, this is the ﬁrst time that an MPD estimate of the
permeability was compared with the permeability estimated
by a dynamic model in a “complex” porous medium. Our
results suggested that the MPD-based estimate of permeability was approximately 1/4 larger than the dynamics-based
estimate, which contrasts the accuracy in the pores of the
simple geometries above. The deviation may result from a
dramatic change in the void cross-sectional area and in the
singularities generated by the tangent spheres.
While factor C was taken as 1 in the literature, we found
that in pores of several geometries, the factor C ≈ 1 125 on
average using both the WOG simulation and Green’s
function. Factor C depends on the cross-sectional shape very
weakly. The largest C value (1.194) is only 9% larger than the
smallest C value (1.091). After analyzing the plot of the C
value against a shape parameter φ (isoperimetric ratio), it
was found that there is no remarkable relationship between
φ and C, which means that the dependence of C on the
cross-sectional shape is quite weak.
In sensitivity tests of MPD to discretization of the
length Δ and ensemble size N MC , it was found that the
error of MPD estimates has the same order of magnitude
as that of Δ. If Δ > 10−3 mm, the sampling error is negligible
as long as N MC > 104 .
When the pressure drop is suﬃciently small (ΔP < 1 Pa,
Reynolds number < 0 94), the ﬂow in the dynamic simulation is Stokes ﬂow, and the permeability estimate stabilizes
and is insensitive to the Reynolds number.
In summary, the eﬀectiveness of the permeability estimation using the WOG-based MPD was validated using Green’s
functions in simple pores and dynamic simulation in a complex pore. It was found that the WOG-based MPD method is

quite accurate in simple pores and overestimates the
permeability in the complex pore. It was shown that the
dependence of the factor C on cross-sectional geometry is
very limited, and the average C value can be used. The discretization error and the Monte Carlo sampling error both result
in errors in MPD estimation.
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A-HBR ﬁeld is a tight sandstone oil reservoir with a threshold pressure gradient and a rock compressibility stress sensitivity.
However, no existing approach could predict reasonable energy supplement time considering both of them. Therefore, in this
paper, rock compressibility stress sensitivity experiments are conducted. Then, a new approach is presented. This approach
considers the correlation of rock compressibility and formation pressure. And the formation pressure is diﬀerent from the
development time and distance to oil well. The study suggests that the energy supplement time is later when the original rock
compressibility is larger. The energy supplement time is earlier when the rock compressibility is more severe. A-HBR ﬁeld’s
reasonable energy supplement time is 83 days when considering the eﬀect of rock compressibility stress sensitivity. It is much
earlier than that when not considering the eﬀect of rock compressibility stress sensitivity.

1. Introduction
A-HBR ﬁeld is an overpressured tight sandstone oil reservoir. The depth of the reservoir is 3760 m. The average
porosity is 12%. The average permeability is 32 mD. The
oil viscosity is 0.4 mPa·s. The original formation pressure
is 50 MPa. Tight oil reservoirs have obvious threshold
pressure gradient characters [1–3] and rock compressibility
stress sensitivity characters [4–7]. The formation water is
going to salt out and solution gas is going to get out from
the oil if formation pressure decreases fast. As a result, oil
production decreases [8–11]. Therefore, it is key to use natural energy as much as possible and replenish formation
energy timely for A-HBR ﬁeld.
Zhang [12] presented an approach to calculate energy
supplement time considering the eﬀect of threshold pressure
gradient on drainage radius. However, this approach does
not take the pressure distribution into account. Based on
the Zhang’s approach, Chen et al. presented an approach
considering the eﬀect of threshold pressure gradient on
pressure distribution [13]. Numerical simulation also could

consider both of threshold pressure gradient and rock
compressibility stress sensitivity [14–16]. However, numerical simulation takes longer time and is harder to conduct.
However, no existing approach could predict reasonable energy supplement time considering both threshold
pressure gradient and rock compressibility stress sensitivity
[12, 13, 17–19]. Therefore, this paper comes up with a
new approach considering the eﬀect of threshold pressure
gradient and rock compressibility stress sensitivity.

2. Rock Compressibility Stress Sensitivity
Experiment of A-HBR Field
The rock compressibility stress sensitivity experiments were
conducted. The cores comes from A-HBR ﬁeld, and the basic
parameters are shown in Table 1. Experimental process is
shown in Figure 1. The experimental method refers to the
standard SY/T 5815-2008. The eﬀective stress is designed to
be 2.76, 5.52, 8.27, 10.34, 13.79, 20.68, 27.58, 34.47, and
55.16 MPa, respectively. The experimental results are shown
in Figure 2. It is found that the rock compressibility stress

2

Geoﬂuids

Table 1: Basic parameters of cores in rock compressibility stress
sensitivity experiments.
Number
A
B
C
D
E

Depth (m)

ϕ (%)

K (mD)

C ro (×10−3 MPa−1)

3773.72
3743.7
3727.36
3786.49
3775.76

12.6
12.4
11.5
11.0
10.6

37.6
8.0
35.2
42.1
40.3

7.8
11
7.6
11
7.4

Cr = Cro ⋅ 4

1

where C r is rock compressibility when the eﬀective stress
is σef f , MPa−1; C ro is original rock compressibility,
MPa−1; σef f is eﬀective stress, σef f = pover − p, MPa; pover
is overburden formation pressure, MPa; and p is formation
pressure, MPa.

pe − pwf − G r e − r w
r
+ G re − rw ,
ln
rw
ln r e /r w

where pwf is the bottom hole pressure, MPa; G is threshold
pressure gradient, MPa/m; r e is the drainage radius, m; and
r w is the well diameter, m.
At the same location, the formation pressure decreases in
development. As a result, the rock compressibility decreases
(Figure 3) because of the stress sensitivity. Integrating (2)
with respect to formation pressure and distance yields the
elastic cumulative oil production in drainage volume (4).
Vo =

pe re
pb rw

2πrh ⋅ C f r pe − p r drdp,

The rock compressibility of A-HBR ﬁeld is stress sensitive. As
a result, the location with diﬀerent distances to oil well has
diﬀerent rock compressibilities (Figure 3). The elastic cumulative oil production, where the distance is r from the oil well,
is shown in (2) according to the matter balance principle.

No =

πr 2e ⋅ h ⋅ ϕ ⋅ Soi
,
Boi

5

where N o is the controlled reserves per well, m3; ϕ is the
porosity; Soi is the original oil saturation; and Boi is the formation volume factor.
The oil production per well is shown in (6) if the oil
recovery rate equals a.
aNo
,
t

6

where q is the oil production rate, m3/d; a is the oil recovery
rate; and t is the production days per year, days.
Substituting (1) and (3) into (4) yields the elastic cumulative oil production. Substituting (5) into (6) yields the oil production rate. The reasonable energy supplement time is
obtained when the elastic cumulative oil production divides
the oil production rate:

2

where V o is the elastic cumulative oil production, m3; C f is
the composite compressibility, C f = ϕ C o + Cr σef f ,
MPa−1; φ is the porosity; Co is the oil compressibility,
MPa−1; C r is the rock compressibility, MPa−1; V f is the drainage volume of the oil well, dV f = 2πrh ⋅ dr, m3; r is the distance to the oil well, m; h is the net pay, m; pe is original
formation pressure, MPa; and p r is the formation pressure
where the distance to the oil well is r, MPa.
The threshold pressure gradient greatly aﬀects the pressure distribution in tight sandstone oil reservoirs. The elastic
cumulative oil production is the max in tight sandstone oil
reservoirs when formation pressure gradient equals the

4

where rw is the well diameter, m, and r e the is drainage
radius, m.
The controlled reserves per well is shown in (5) if the well
space is re .

q=

3. Reservoir Engineering Approach to Predict
Reasonable Energy Supplement Time

dV o = C f σef f pe − p r dV f ,

p r = pwf +

3

sensitivity of A-HBR ﬁeld is severe from Figure 2. The rock
compressibility decreases by 90 percent when the eﬀective
stress increases from 2.76 MPa to 55.16 MPa. The correlation
of rock compressibility and eﬀective stress is obtained from
the experimental results (1).
It is found that rock compressibility and eﬀective stress
show a good exponential relationship. Rock compressibility
is the pore volume reduction per eﬀective stress. When eﬀective stress is small, pore volume is large and pore is easy to
press. When eﬀective stress increases, pore volume decreases
and rock becomes tight. Thus, pore volume is harder to press
and per eﬀective stress results in less pore volume reduction.
As a result, rock compressibility is less when eﬀective stress
increases [5, 20].
097
3434σ−1
,
ef f

threshold pressure gradient. The formation pressure distribution is shown in

tb =

Vo
,
q

7

where t b is the energy supplement time, days.

4. Verification
Numerical simulation could consider both threshold pressure gradient and rock compressibility stress sensitivity.
Therefore, numerical simulation helps to verify the new
approach, and commercial software Eclipse E100 is used.
The numerical model is shown in Figure 4. The numerical
model basic parameters are shown in Table 2. The threshold
pressure gradient is shown in (8) [1]. Comparing to the
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Figure 1: Rock compressibility stress sensitivity experimental process.
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Figure 3: Rock compressibility distribution.

Figure 2: Rock compressibility stress sensitivity experimental
results.

formation pressure distribution of numerical model and the
new approach, the new approach results have a great agreement with numerical model results (Figure 5). And the error
of elastic oil recovery is less than 1% (Table 3).
G = 0 075K −1 12 ,

p1, Cr1

60

8

where G is the threshold pressure gradient, MPa/m, and K is
the permeability, mD.

5. Sensitivity Analysis
5.1. Original Rock Compressibility. Original rock compressibility ranges from 0.0074 MPa−1 to approximately
0.011 MPa−1 (Table 1). Therefore, the eﬀect of original rock
compressibility on energy supplement time is studied. The
basic parameters in the new approach is shown in Table 2.
It is found that the original rock compressibility and energy
supplement time have a good linear relationship (Figure 6).
The average rock compressibility is larger in elastic development when the original rock compressibility is larger. As a

result, formation pressure decreases slower and energy
supplement time is later.
5.2. Rock Compressibility Reduction. The rock compressibility
reduction is diﬀerent, although the eﬀective stress is the same
(Figure 2). Therefore, the eﬀect of rock compressibility
reduction on energy supplement time is studied. The basic
parameters in the new approach is shown in Table 2. It
is found that rock compressibility reduction and energy
supplement time have a good logarithmic relationship
(Figure 7). The average rock compressibility is larger in elastic development when the rock compressibility reduction is
less. As a result, formation pressure decreases slower and
energy supplement time is later.

6. Application
Existing approach and this new approach are used to predict
energy supplement time of A-HBR ﬁeld. Basic data of the
ﬁeld is shown in Table 4. From Table 4, it is found that
formation pressure decreases faster considering rock compressibility stress sensitivity (Figure 8). In order to avoid
gas degassing from oil and oil rate decreasing, energy supplement time should be 86% earlier than not taking the eﬀect of
rock compressibility stress sensitivity into account.
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Table 3: Error of the new approach.

Method
Numerical
model
New
approach
Error (%)

Elastic cumulative
oil production
(m3)

Elastic oil
recovery
(%)

Energy
supplement
time (d)

Average
formation
pressure
(MPa)

5111

0.25

81

53.0

5136

0.25

81

53.3

0.48

0.43

0.39

0.59

Table 2: Basic parameters of numerical model.
Parameters

Value
100 × 10 × 10

Grid number

1 m × 36° × 1 m

Grid size
Porosity, %
Permeability, mD
Net pay, m
Original pressure, MPa
Drainage radius, m
Fluid viscosity, mPa·s
Formation volume factor
Original rock compressibility, ×10−3 MPa−1
Fluid compressibility, ×10−4 MPa−1
Oil recovery rate, %

10.6
20
10
55
1000
0.4
1.6
8.9
4.5
1

35

Formation pressure (MPa)

30

120

80
y = 6422.9x + 23.615
R2 = 0.9998

40

0
0

0.005

0.01
Cro, MPa−1

0.015

0.02

Figure 6: Energy supplement time vs original rock compressibility.
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Figure 4: Numerical model.
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y = −1113ln(x) + 5065
R2 = 0.9979
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Figure 7: Energy supplement time vs rock compressibility
reduction.
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7. Conclusions
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Figure 5: Veriﬁcation of formation pressure distribution.

(1) From experimental results, it is found that A-HBR
ﬁeld has obvious rock compressibility stress sensitivity. The rock compressibility and eﬀective stress have
a good power relationship
(2) A new approach is presented to predict energy supplement time of tight sandstone oil reservoirs. This
new approach takes threshold pressure gradient and
rock compressibility stress sensitivity into account
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Table 4: Basic data of A-HBR ﬁeld.

Field
A-HBR

h (m)

φ (%)

K (mD)

μo (mPa·s)

Bo

pb (MPa)

C ro (×10−3 MPa−1)

13

12

33

0.4

1.6

20

8.9

Formation pressure (MPa)

60
50

[4]

40
30
20

[5]

10
0
0

5

10

15

Time (years)

[6]

New approach
Existing approach

Figure 8: Formation pressure comparison of the existing approach
and the new approach.

(3) The formation pressure decreases more slowly, and
elastic recovery is larger if the original rock
compressibility is larger. As a result, the energy supplement time is later. The formation pressure
decreases faster and elastic recovery is smaller if the
rock compressibility reduction is larger. As a result,
the energy supplement time is earlier
(4) The energy supplement time of A-HBR is 83 days
considering the eﬀect of rock compressibility stress
sensitivity. It is 86% earlier than the energy supplement time of not taking the eﬀect of rock compressibility stress sensitivity into account

[7]
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The existence of the water-driven-methane eﬀect in gassy coal has been veriﬁed by ﬁeld tests and laboratory experiments. However,
a water-driven-methane mathematical model that considers methane adsorption and desorption has not yet been established.
Based on the water-driven-methane process, a ﬂuid-solid coupling mathematical model of methane driven by water is
established. The model’s reliability is veriﬁed by the results of a water-driven-methane physical experiment and by using a
solution of the COMSOL Multiphysics software. The space-time distribution regularities of the pore pressure, water-methane
two-phase saturation, and pore pressure gradient in the water-driven-methane process are analysed. The results reveal the
following. (1) The water-driven-methane ﬂuid-solid coupling mathematical model for porous coal is reliable. (2) In the waterdriven-methane process, there is an increasing zone and a decreasing zone of pore pressure in the coal sample. The increasing
zone of pore pressure is closest to the side of the water inlet, and its area gradually decreases. The decreasing zone of pore
pressure is closest to the side of the methane outlet, and its area gradually increases. Over time, the methane pressure in the
increasing zone of pore pressure ﬁrst increases and then decreases, and the methane pressure in the decreasing zone of pore
pressure continuously decreases. The change (increase or decrease) rate of the methane pressure gradually decreases from both
ends towards the middle of the coal sample. (3) The curve of the water saturation over time changes from a lower concave curve
to a straight line, while the curve of the methane saturation with time changes from an upper convex curve to a straight line.
The methane saturation in the decreasing zone of pore pressure is greater than that in the increasing zone of pore pressure.
Over time, the water saturation of a speciﬁc point in space continuously increases while its methane saturation continuously
decreases. Both of the increase rate of the water saturation and the decrease rate of the methane saturation gradually reduce over
time. (4) The pore pressure gradient along the driving direction ﬁrst decreases and then increases. The decreasing zone of the
pore pressure gradient is located in the increasing zone of pore pressure, and the increasing zone of the pore pressure gradient is
located in the decreasing zone of pore pressure. Over time, the pore pressure gradient at the side of the water inlet increases,
and its increase rate decreases. The pore pressure gradient at the side of the methane outlet decreases, and its decrease rate
decreases. The rate of increase in the pore pressure gradient at the side of the water inlet is greater than the rate of decrease in
the pore pressure gradient at the side of the methane outlet.

1. Introduction
During the process of water injection or hydraulic fracturing
in gassy coal, the methane concentration of the airﬂow in the
roadway clearly increases. This phenomenon is known as the
water-driven-methane eﬀect [1]. The existence of this phenomenon has been shown in laboratory experiments. The
eﬀect has both advantages and disadvantages in production

practice. On the one hand, it can provide new ideas and technology for the exploitation of coalbed gas, and the hydraulic
measures are used to eliminate methane outbursts. On the
other hand, it can increase the methane concentration of
the airﬂow in the roadway in addition to the methane content
and methane pressure of the local region in the coal seam,
which is detrimental to the prevention of coal and methane
outbursts and methane explosions [2–7]. In fact, the negative
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Figure 1: Methane distribution in porous coal.

eﬀect of the water-driven-methane process has always
existed, but it has not been an obvious cause of a disaster
and has not attracted the attention of ﬁeldworkers and
researchers. With an increase in the exploitation depth of
coal seam gas and coal resources, the positive and negative
impacts of the water-driven-methane eﬀect have become
more and more obvious [8, 9]. However, at present, a mathematical model considering the eﬀect of methane adsorption
and desorption in coal has not been established to describe
the water-driven-methane eﬀect in coal. Therefore, during
the water-driven-methane process, the distribution regularities of water and methane saturation in addition to the pore
pressure and its gradient are still not clear. Therefore, to
describe the water-driven-methane process accurately, a
mathematical model should be established. Based on this
mathematical model, the distribution regularities of water
and methane saturation and of the pore pressure and its gradient can be analysed. A more comprehensive and in-depth
understanding of the eﬀect of this process will be useful for
making the best use of this phenomenon’s advantages and
overcoming its disadvantages.
At present, a mathematical model has been established to
describe water-gas or water-oil two-phase driving processes
in conventional porous medium reservoirs [10–12]. Of
course, coal rock masses are also porous media. The waterdriven-methane process in a coal rock mass also belongs to
water-gas two-phase ﬂow in porous media. However, the
eﬀect of methane adsorption and desorption in coal is significantly diﬀerent from that of the water-driven-gas process in
coal rock masses and conventional porous media. During the
processes of water drainage, decreasing pressure, and desorption of coalbed methane, there is a stage of water-gas twophase ﬂow. A coupled ﬂuid-solid mathematical model that
considers the eﬀects of methane adsorption and desorption
has already been established to describe this stage, but it still
cannot be directly used to describe the water-driven-methane
process in coal because of the following reasons. (1) The
coupled ﬂuid-solid model of coalbed methane drainage is
used to describe the process of water-methane two-phase
ﬂow with a decrease in the water pressure and adsorbed
coalbed methane becoming free coalbed methane. However,
a coupled ﬂuid-solid model of methane driven by water is
required to describe the process of driving out methane in

coal by the injected water, which is injected into the coal.
The boundary conditions of the above two processes are different. In addition, the injected water will also cause an
increase in methane pressure, resulting in the transformation
of free methane to adsorbed methane. (2) For the coupled
ﬂuid-solid mathematical models of coalbed methane drainage, some equations are only listed but not solved, and for
the other equations, only the numerical solutions are oﬀered.
However, the reliability of these mathematical models has
not been veriﬁed. Furthermore, these models primarily study
the evolution regularities of reservoir permeability and methane production but rarely address the distribution regularities of water-methane two-phase saturation and of the pore
pressure and its gradient [13–15].
To clarify the distribution regularities of water-methane
two-phase saturation and the pore pressure and the mechanism of the pore pressure gradient in the water-drivenmethane process, pure porous coal rock without fractures is
selected in this study, thereby excluding the eﬀects of fractured structures. Based on the elastic theory of porous media,
the principle of eﬀective stress, the principle of methane
adsorption and desorption, and the principle of conservation
of mass and Darcy’s law, a coupled ﬂuid-solid mathematical
model of methane driven by water is established. This model
considers the eﬀect of coalbed methane adsorption and
desorption, the deformation ﬁeld of the coal rock mass, and
the seepage ﬁeld of water and methane. The reliability of
the mathematical model is veriﬁed by physical experiments
of artiﬁcially suppressed briquette coal. On the basis of the
mathematical model, a further study is developed on the distribution regularities of water-methane two-phase saturation
and the pore pressure and the mechanism of the pore pressure gradient. Scientiﬁc understanding is provided for the
water-driven-methane process in the porous coal.

2. Conceptual Model
Porous coal rock (Figure 1(a)) is characterized by a pore
structure of air pores and mold pores and similar structures
(Figure 1(b)), which can provide space for free methane
and adsorbed methane (Figure 1(c)) [16–18]. In a porous
coal rock, there are many interconnected pores, which can
be regarded as the migration channels of ﬂuid [19, 20].
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Figure 2: Conceptual model of methane driven by water in porous coal rock.

Before methane is driven by water, there are primarily
methane and a small amount of bound water (Figure 1(c))
in the pores of coal rock. The pressure is regarded as the initial pore pressure. During the water-driven-methane process,
pressure water will ﬂow along the pore channel [21–24]. This
breaks the original mechanical equilibrium in the coal sample, and the stress is redistributed again. The methane pressure will rise at a distance from the water injection position.
The water drives the methane in the pore to move forward
in the pore channel until the methane is expelled from the
coal rock mass. At the same time, the pore space of methane
is also occupied by water [1]. The pore space occupied by
water forms the water zone, but a certain amount of methane
remains in the water zone. The pore space occupied by methane forms the gas zone, and there is also a small amount of
bound water in the gas zone. According to the above process,
a conceptual model of methane driven by water in porous
coal rock (Figure 2) is constructed in this study.

3.2. Basic Equations
3.2.1. The Equations of the Stress Field. The free coalbed
methane and water in the coal can transfer ﬂuid pressure.
When methane is adsorbed on the surface of the coal, the
surface tension of the coal decreases, resulting in the expansion of the volume. However, when the methane is desorbed
from the coal surface, its volume shrinks. The above diﬀerences have prompted scholars to supplement the Terzaghi’s
eﬀective pressure principle to adapt to the deformation of
coal, which is rich in adsorbed coalbed methane. Based on
the elastic theory of porous media, the constitutive equation
of the coal body considering the eﬀect of methane adsorption
and desorption is as follows [14]:
εij =

1
1
1
σ −
−
σ δ
2G ij
6G 9K kk ij
Geostress strain

+

3. Mathematical Model
3.1. Basic Assumptions. The mathematical model is established based on the following six basic assumptions:
(1) The water-methane two-phase ﬂow is an immiscible
system, and the solubility of methane in water is not
considered in the model.
(2) The temperature in the seepage ﬁeld is a constant,
and the water, methane, and rock strata are in a state
of thermal equilibrium.
(3) Methane is an ideal gas. The ﬂow of water and methane in porous coal is both characterized by laminar
ﬂow and obeys Darcy’s law.
(4) Porous coal rock is homogeneous and isotropic. Its
solid skeletons and pores are compressible, and the
deformation of porous coal rock is elastic and small.
(5) The inﬂuences of capillary pressure and gravity are
considered in the mathematical model.
(6) Only the water-driven-methane eﬀect is considered,
and the water-displaced-methane eﬀect is ignored.

αp
pδ
3K ij

Pore pressure strain

+

εa
δ
3 ij

1
,

Adsorption swelling strain

in which
G=

E
,
2 1+ν

σkk = σ11 + σ22 + σ33 ,
1−K
,
αp =
Ks
2G 1 + ν
E
=
,
K=
3 1 − 2ν
3 1 − 2ν
Es
,
Ks =
1 − 2ν
V L pg
,
εa = εg V g = εg
pg + P L

2

p = Sw pw + Sg pg ,
where G is the shear modulus, E is the elastic modulus, ν is
Poisson’s ratio, σkk represents the components of the normal
stress, p is the pore pressure, α ≤1 is Biot’s eﬀective stress
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coeﬃcient, K is the volume modulus of coal rock, K s is
the volume modulus of a coal rock skeleton, Es is the elastic modulus of a coal rock skeleton, δij is the Kronecker
symbol (when i is equal to j, δij is 1; when i is unequal
to j, δij is 0), εs is the adsorption strain of the methane,
εg is the adsorption strain coeﬃcient of the methane, PL
is the Langmuir pressure constant, V L is the Langmuir
volume constant, Sw is the water saturation, pw is the pore
pressure of water, Sg is the methane saturation, and pg is
the pore pressure of methane.
According to the theory of elastic mechanics, the relation
between strain and displacement is
εij =

1
u + u j,i
2 i, j

3

where pg is the methane pressure (Pa), β = M g /RT is the
compression coeﬃcient (kg/(m3·Pa)), M g is the molecular
weight of methane (kg/mol), R is the ideal gas constant
(3.814 kJ/(mol·K)), and T is the absolute temperature (K).
According to (8) and (9), the density of methane can be
calculated by
ρg =

4

Substituting (1), (2), and (3) into (4), the modiﬁed Navier
balance equation (5) with the displacement as the fundamentally unknown quantity and with the coupling term included
can be obtained.
Gui, jj + G + λ u j, ji − αp pi − Kεa,i + F i = 0,

mx =

3.2.2. Mass Conservation Equation. There are adsorbed
methane and free methane in coal. The methane, which is
initially adsorbed on the internal surface of matrix pores,
becomes free-phase methane due to the reduction in pore
pressure. On the contrary, with the increase in the pore pressure, the free-phase methane can become adsorbed methane.
The total methane can be calculated by
m g = my + mx ,

6

where my is the free methane and my is the adsorbed
methane.
The free methane content my can be calculated by the
following:
my = ρg φnw ,

7

where ρg is the density of methane and φnw is the porosity
of coal rock.
By regarding the methane as an original gas, the relationship between its density and pressure can be expressed
as follows:
ρg = βpg ,

8

abβp0 ρc
p ,
1 + bpg g

10

where a is the ultimate adsorption capacity of the methane
(m3/kg), b is the adsorption equilibrium constant of the
methane (Pa−1), and ρc is the density of coal (kg/m3).
According to the principle of mass conservation, the
mass continuity equation of a ﬂuid is expressed as follows:

5

where ui is the displacement along the i direction and F i is
the volume force along the i direction i = x, y, z .

9

where p0 is the pressure under standard conditions (101325 Pa)
and ρ0 is the density of methane under standard conditions
(0.717 kg/m3).
The adsorbed methane content mx satisﬁes the Langmuir
formula, whose corresponding equation is

From the condition of static equilibrium, the following
can be obtained:
σij, j + F i = 0

pg
ρ,
p0 0

∂mi
+ ∇ ⋅ ρi ⋅ ui = 0,
∂t

11

ui = −λi ∇ρi + ρi g∇D ,

12

where i represents w or g, where w is a water phase and
g is a methane phase; mi is the mass of an i-phase ﬂuid
(kg/m3); ρi is the mass of an i-phase ﬂuid (kg/m3); ui is
the average velocity of an i-phase ﬂuid (m/s); K is the
absolute permeability of the coal (m2); λi = K kr,i /μi is
the conductivity of an i-phase ﬂuid; kr,i is the relative
permeability of an i-phase ﬂuid; μi is the dynamic viscosity
of an i-phase ﬂuid (Pa·s); and D is the height of the coordinate system (m).
By regarding the methane as a compressible ﬂuid and the
water as an incompressible ﬂuid, with the union of (1), (2),
(3), (4), (5), (6), (7), (8), (9), (10), (11), and (12), the mass
continuity equation of the methane and water can be separately expressed as follows:

βpg Sg

∂Sg
∂φ
+ φβpg
+
∂t
∂t

φβSg +

abβp0 ρc
1 + bpg

2

∂pg
∂t

− ∇ ⋅ βpg λg ∇pg + ρg g∇D
∂ φSw
− ∇ ⋅ λw ∇pw + ρw g∇D
∂t
∂S
∂φ
− ∇ ⋅ λw ∇pw + ρw g∇D = 0
= φ w + Sw
∂t
∂t

= 0,
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For a further simpliﬁcation, (13) can be separately
expressed as follows:
φ

∂Sw
∂φ
− ∇ ⋅ λw ∇pw + ρw g∇D = −Sw ,
∂t
∂t

∂Sg
φβpg
+
∂t

φβSg +

abβp0 ρc
1 + bpg

2

φ=

∂pg
∂t

− ∇ ⋅ βpg λg ∇pg + ρg g∇D

1
φ 1 + S0 + α S − S0 ,
1+S 0

17

in which
= −βpg Sg

∂φ
∂t
14

3.2.3. Level Set Transport Equation. The level set method,
ﬁrstly proposed by Osher and Sethian, is a numerical method
for solving the two-phase ﬂowing equations including the
surface tension phase. It can be utilized to simulate the
water-driven-gas process. To understand the dynamic
change characteristics of water and gas two-phase ﬂow, the
method has the advantages of convenience, visualization,
and the like. The level set equation is written as follows [25]:
∂ϕ
∇ϕ
+ u ⋅ ∇ϕ = γ∇ ⋅ ε∇ϕ − ϕ 1 − ϕ
∂t
∇ϕ

combined eﬀect of the pore pressure and matrix expansion/
contraction, the dynamic model of porosity can be written
as follows [26, 27]:

,

15

where ϕ is a contour line of the water-gas two-phase interface,
γ is the reinitialization parameter in the solution of the equation, u is the velocity of the ﬂuid, ε is the thickness of the
water-gas interface, and t is the time of water and gas ﬂow.
To avoid the instability of the numerical calculation, the
density and viscous property parameters of the ﬂuid in the
vicinity of the interface need to be smoothed. The smoothing
method of the level set equation describes the changes in the
density and dynamic viscosity in the process of water-gas
two-phase ﬂow with the level set function, and the corresponding equations are
ρ ϕ = ρg + ρw − ρg ϕ,

εv + p
,
K s − εa
ε + p0
,
S = v0
K s − εa0
εv = ε x + ε y + ε z ,
S=

where φ is the initial porosity of coal rock; εv is the volume
strain of coal rock; εx , εy , and εz are the volume strain in
the x, y, and z directions, respectively; K s is the volume modulus of the coal skeleton; and the index 0 is the initial value of
the corresponding parameter.
The absolute permeability of porous media is also inﬂuenced by the in situ stress. The dynamic model of absolute
permeability can be expressed as follows [28, 29]:

K=

where ρw and ρg are the densities of water and gas (kg/m3),
respectively, and μw and μg are the dynamic viscosities of
water and methane (Pa·s), respectively.
3.2.4. Dynamic Model of Porosity and Permeability. Methane
migration is determined by the porosity and permeability of
coal rock, which are a bridge between the stress ﬁeld and
seepage ﬁeld. Both of these key parameters are closely related
to the stress and inherent material properties of coal rock.
Porous coal rock is porous media. Its porosity is inﬂuenced
by the pore pressure and matrix expansion/contraction
caused by methane adsorption/desorption. Considering the

K0
ε − Δp 1 − φ0 /K s 3
1+ v
,
1 + εv
φ0

19

where K 0 is the initial permeability of the porous media.
Capillary pressure curves are used by the Brooks and
Corey-Burdine model to calculate the relative permeability
of a ﬂuid in porous media. Based on the Brooks and CoreyBurdine model, the relative permeabilities of water and
methane in porous coal rock are a function of the water saturation. The corresponding expressions are as follows [30]:
3+2/λ

kr,w = kr,w0

S w − S r ,w
1 − S r ,w − S r ,g

kr,g = kr,g0

S w − S r ,w
1−
1 − S r ,w − S r ,g

16
μ ϕ = μg + μw − μg ϕ,

18

,
2

Sw − Sr,w
1−
1 − S r ,w − S r , g

1+2/λ

,
20

where kr,w0 is the relative permeability of the water phase
endpoints, kr,g0 is the relative permeability of the gas phase
endpoint, Sr,w is the residual saturation of the water phase,
Sr,g is the residual saturation of the gas phase, and λ is a
parameter that represents the pore structure characteristics
of porous media.
When the parameter λ of the Brooks and Corey-Burdine
model is 1, the calculated relative permeability curves of
water and methane are consistent with the results of the
unsteady method experiment, as shown in Figure 3 [31].
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Figure 3: The permeability of water and methane in porous coal rock.

3.2.5. Capillary Equation. When the two immiscible ﬂuids of
water and gas ﬂow into the pore channel, a meniscus-shaped
interface between the water and methane is formed. The
pressure on both sides of the interface is discontinuous. The
diﬀerence in the pressure is called the capillary force, and
the corresponding expression is
pcgw = pg − pw ,

21

where pcgw is the capillary force, pg is the methane pressure,
and pw is the water pressure.
3.2.6. Saturation Equation. In saturated porous media, the
eﬀective pores are all ﬁlled with water and gas. This process
is described by the saturation equation:
Sg + S w = 1

22

3.3. Geometric Model and Boundary Conditions. After water
enters the coal rock from the borehole, it will drive the
methane forward along the pore channels in the coal rock.
The boundary and initial conditions corresponding to the
physical model are as follows:
pw = pw t ,
pg = pg0 ,

∂Ω inlet surf ace,
∂Ω outlet surf ace,

n ⋅ ρw −λw ∇pw + ρw g∇D = 0,
n ⋅ ρg −λg ∇pg + ρg g∇D

= 0,
p = p0 ,

∂Ω side of the cylinder,
∂Ω side of the cylinder,
∂Ω

23

4. Experimental Verification of the Model
4.1. Experiment of Methane Driven by Water in Porous
Coal Rock
4.1.1. Experimental System. Based on the principle of methane displaced by water, a pseudo three-axial experimental
system of water-methane displacement (Figure 4) is developed. This experimental system can simulate the process of
displacing methane by water under the conditions of axial
and conﬁning pressures on a cylindrical coal sample with a
diameter of 50 mm and a height of 100 mm. The experimental system comprises an axial and conﬁning pressure loading
system, a water injection system, a gas injection system, and
displaced gas collection and measurement devices. The principle and real objective of the water-methane displacement
device are shown in the blue rectangular dashed frame in
Figure 4. The axial pressure is loaded by the hydraulic jack
at the bottom of the water-methane displacement device,
and the conﬁning pressure is applied by injecting hydraulic
oil into the annular space. The water pressure loading is controlled by a four-channel, electrohydraulic servo control
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Figure 4: Experimental system of methane displacement by water.

system based on the MOOG valve. The pressure of the gas
circuit system is adjusted using the pressure release valve
at the outlet of the methane cylinders. The collection and volumetric measurement of the displaced methane are completed with the help of a geological exploration methane
desorption instrument.
4.1.2. Preparation of the Briquette Coal. Briquette coal is
formed from coal powder under the pressure provided by a
rigid pressure testing machine, and the internal structure of
the briquette coal is porous. To avoid the inﬂuence of discrete
factors such as joints and ﬁssures, the briquette coal can be an
ideal porous coal. The preparation processes used for the briquette coal in this paper (Figure 5) are as follows. First, sieve
out the coal powder with diameters of 0.3~0.45 mm with a

sifter (Figure 5(a)). Mix the coal powder and water to achieve
a mass ratio of 10 : 1, and then put the coal-water mixture
into the mold (Figure 5(b)). Exert a pressure of 100 MPa
(Figure 5(b)) on the coal-water mixture with a rigid pressure
testing machine. After ejection (Figure 5(c)), a briquette coal
sample with a diameter of 50 mm and a height of 100 mm is
produced (Figure 5(d)).
4.1.3. Experimental Process. The processes of the waterdisplaced-methane experiment are as follows. (1) Load the
axial and conﬁning pressures. An axial pressure of 2 MPa
and a conﬁning pressure of 1 MPa are simultaneously applied
at loading rates of 0.2 MPa/s and 0.1 MPa/s, respectively.
Then, maintain the axial pressure of 2 MPa and the conﬁning
pressure of 1 MPa for 5 minutes. (2) Vent the air. Open the
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Figure 5: Preparation process of the briquette coal samples.
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Figure 6: Schematic diagram of the geometric model (a) and imposed constraints (b).

intake and outlet valves and collect the gas at the outlet.
When the methane concentration of the collected gas is close
to 100%, it is believed that the air in the experimental system
has been vented out. Then, close the outlet valve. (3) Achieve
methane adsorption and desorption equilibrium. Open the
cylinder and inlet valves and control the output pressure of
the cylinder by adjusting the pressure-reducing valve. The
coal sample ﬁnally arrives at a state of adsorption and
desorption equilibrium, and the corresponding methane
pressure is 0.5 MPa. (4) Drive the methane by water injection.
Close the gas inlet valve, and open the gas outlet and water
inlet valves. Maintain a water pressure of 0.7 MPa, and inject
water into the coal sample. Collect the methane displaced by
water until no further methane is released.

analysis of the related parameters of the postprocessing
model, the water-displaced-methane direction is ﬂagged as
the positive direction of the z-axis, along which nine monitoring points are separately distributed at the locations of
10 mm, 20 mm, 30 mm, 40 mm, 50 mm, 60 mm, 70 mm,
80 mm, and 90 mm from the top of the cylinder. At the same
time, the axis of the cylinder is selected as the monitoring
line. Water enters the coal sample from its top and drives
the methane in the coal forward. The side of the cylinder is
an impermeable boundary, the upper surface is the water
inlet, and the lower surface is the methane outlet. In the
water-displaced-methane process, the loading conditions of
the axial and conﬁning pressures are shown in Figure 6(b).

4.2. Calculation of the Mathematical Model

4.2.2. Determining the Parameters of the Numerical
Simulation. The process of solving the equations using the
COMSOL Multiphysics software is actually a recurrence of
a physical process. The recurrence of a physical process needs
to be built on the basis of a series of reasonable parameters.

4.2.1. Geometrical Model. A cylindrical model with a diameter of 50 mm and a height of 100 mm (Figure 6(a)) is adopted
in this numerical simulation. To facilitate the monitoring and
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Table 1: Parameters of the numerical simulation.

Symbol

Physical signiﬁcance

Value

Unit

E

Elastic modulus of the coal rock

2713

MPa

Es

Elastic modulus of the coal skeleton

8469

MPa

v

Poisson’s ratio of the coal rock

0.32

1

φ0

Initial porosity

0.09

1

μnw

Pa·s

Dynamic viscosity of the methane

1 84e − 5

μw

Dynamic viscosity of the water

1 01e − 3

Pa·s

ρs

Density of the coal skeleton

1470

kg/m3

ρw

Density of water

1000

kg/m3

K0

Absolute permeability of the coal rock

2e − 17

m2

a

Langmuir ultimate adsorption capacity of the methane

0.036

m3/kg

b

Langmuir adsorption equilibrium constant of the methane

3.304

MPa

Sr,w

Bound water saturation

0.2

1

Sr,g

Residual methane saturation

0.1

1

kr,w0

Relative permeability of the water endpoint

0.83

1

kr,g0

Relative permeability of the methane endpoint

1

1

pg0

Outlet pressure

0.1

MPa

p0

Initial pore pressure

0.5

MPa

4.3. Comparisons of the Experiment and Numerical
Calculation Results. The methane driven by water is mainly
free methane in the coal. The free methane includes the original free methane (black line in Figure 7) and the desorbed
methane from the adsorbed methane (magenta line in
Figure 7). When pressure water enters the pores of the coal,
the free methane in the pores will be driven forward along
the seepage direction of the pressure water. As more water
enters the pores, additional methane is driven by the water.
It can be seen from Figure 7 that, during the initial 20 min,
the collected methane volume of the water-displacedmethane experiment is signiﬁcantly higher than the value
calculated by the mathematical model; however, from 20 min
to 60 min, the collected methane volumes of the experiment and numerical calculation gradually converge. In an
hour, the collected methane volume of the water-displacedmethane experiment is 1.4 percent higher than that of the
numerical calculation. This is because after water enters the
coal, both the free methane in the pores and the free methane
from the adsorbed methane displaced by water are driven out
at the same time. Although only a small volume of the
methane is displaced by water, its existence is conﬁrmed
by the experiment [1, 32–35]. Currently, the methane displaced by water cannot be quantitatively calculated by the

600
500
Volume of the methane (mL)

Only in this way can the solution of the equations converge
and the recurrence of the physical process succeed. To ensure
that the numerical simulation is similar to the real physical
experiment, the real physical parameters of the experimental
briquette coal sample are used in the numerical calculation to
the farthest extent possible. The relevant parameters used in
this numerical simulation are shown in Table 1.

400
300
200
100
0
0

10

20

30
40
Time (min)

50

60

Methane collected in the experiment
Total methane calculated by the mathematical model
Free methane calculated by the mathematical model
Adsorbed methane calculated by the mathematical model

Figure 7: Change in the methane volume over time.

mathematical formula. In this paper, the mathematical
model also lacks a quantitative expression of the methane
volume. This is the reason for the subtle diﬀerence
between the experimental and calculation results. Overall,
the results indicate that the mathematical model of the
methane driven by water is basically reliable and can be
used to predict the methane volume in the water-drivenmethane process.
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Figure 8: Space-time distribution of the water-methane two-phase saturation.

5. The Regularities of Methane Driven by Water
5.1. Space-Time Distribution Regularities of the Water-Methane
Two-Phase Saturation
5.1.1. Visualization of the Space-Time Distribution of the
Water-Methane Two-Phase Saturation along the Driving
Direction. In the water-driven-methane process, the dynamic
processes of the spatial distributions of water and methane
saturations can be shown clearly by a saturation cloud image.
The spatial distributions of the water and methane saturations at the four moments of 1 min, 5 min, 10 min, and
30 min are shown in Figure 8. The following can be seen from
Figure 8. (1) When water enters the pores, the methane cannot be expelled completely, and there is residual methane in
the pores of the coal rock. The residual methane saturation
is set as 0.2 in the numerical simulation, so the maximum
water saturation is 0.8. When the water saturation of the coal
sample reaches 0.8, it is believed that the pores in this area
have been saturated with water. (2) There is bound water in
the coal sample. With the existence of bound water, the pores
in the coal rock cannot be completely ﬁlled with methane.
Therefore, the saturation of bound water in the coal sample
is set as 0.05, and the maximum methane saturation is 0.95.
The results shown in Figure 8 are in agreement with the
preset parameters of the mathematical model, which indicates
indirectly the feasibility and reliability of the mathematical

model. With the help of the COMSOL Multiphysics software,
the visualization of the water-driven-methane behaviours can
be realized. This contributes to the semiqualitative and semiquantitative research on the visualization of the space-time
distribution of water-methane two-phase saturation.
5.1.2. Space-Time Distribution of the Water-Methane TwoPhase Saturation on the Axial Monitoring Line along the
Driving Direction. When the pressure water is injected into
the coal sample, more and more space is occupied by water.
Meanwhile, the methane at that point is driven forward by
water, resulting in a decrease in the space occupied by methane. Because the sum of the water and methane saturation at
any space point is 1, the change regularities of the water and
methane saturations at any point in space are opposite to one
another. In other words, the water saturation is greater and
the methane saturation is smaller, which is closer to the water
inlet end. It can be seen from Figure 9. (1) In the same position, the water saturation increases with an increase in time
(e.g., the water saturation at the 20 mm position increases
from 0.05 to 0.65 within 30 minutes), but the methane saturation decreases over time (e.g., the methane saturation at the
20 mm position decreases from 0.95 to 0.35 within 30
minutes). Meanwhile, the increase rate of the water saturation decreases gradually, and the decrease rate of the methane
saturation decreases gradually as well. The increase rate of
the spatial distribution of the water saturation in 1~5 min is

1.0

1.0

0.8

0.8

0.6

0.6

0.4

0.4
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0.2
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Figure 9: Space-time distribution curve of the water-methane two-phase saturation along the driving direction.
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Figure 10: Space-time distribution curve of the water-methane two-phase saturation at the axial monitoring points along the driving
direction.

larger than that in 10~30 min. (2) At the same time, the water
saturation along the driving direction is continuously
decreasing within the change interval from 0.05 to 0.8, and
the methane saturation shows a continuous increase within
the change interval from 0.2 to 0.95. (3) Over time, the curve
of the water saturation changes from a lower concave curve
to a straight line, and the curve of the methane saturation
changes from an upper convex curve to a straight line. It
is shown that with the continuous water-driven-methane

process, the water saturation along the driving direction
shows a linear increase and the methane saturation shows
a linear decrease.
5.1.3. Space-Time Distribution of the Water-Methane TwoPhase Saturation at the Axial Monitoring Points along the
Driving Direction. It can be seen from Figure 10 and
Table 2 that the space-time distribution regularities of the
water saturation are as follows. (1) For the same point in
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Table 2: Space-time distribution of the water-methane two-phase
saturation at the axial monitoring points.
Time
(min)

Monitoring point (mm)
10
50
90
Saturation
Saturation
Saturation
Water Methane Water Methane Water Methane

0
5
10
15

0.05
0.703
0.723
0.725

0.95
0.297
0.277
0.275

0.05
0.350
0.419
0.424

0.95
0.650
0.581
0.576

0.05
0.101
0.123
0.125

0.95
0.899
0.877
0.875

space, the water saturation ﬁrst presents a nearly linear
increase to a certain value and then remains stable. This is
because, over time, water continues to ﬂow into the coal sample, resulting in a continuous increase in the water saturation.
However, the pore space at this point is limited. When the
pore space is completely occupied by water, the water saturation at that point gradually becomes saturated and reaches a
stable value. (2) The increased values of the water saturation
at 10 m at 0~5 min, 5~10 min, and 10~15 min are, respectively, 0.653, 0.02, and 0.002, which indicates that the
increase in the rate of water saturation gradually reduces over
time. The changes in the water saturation at the 50 m and
90 m positions follow the same regularities as that at the
10 m position.
It can be seen from Figure 10 that the space-time regularities of the methane saturation are as follows. (1) For the
same point in space, the methane saturation ﬁrst presents a
nearly linear decrease to a certain value and then remains stable. This is because, over time, pressure water enters the coal
sample, drives the methane out from the coal sample, and
occupies the pore space of the methane. However, the total
pore space of the coal has a certain value. With an increase
in the water entering the coal sample, the pore space occupied by water gradually increases and the pore space occupied by methane gradually decreases. When the pore space
occupied by water in the coal sample tends to be stable, the
pore space occupied by the methane will eventually stabilize.
(2) The decreasing values of the methane saturation at the
10 m position at 0~5 min, 5~10 min, and 10~15 min are
0.653, 0.02, and 0.002, respectively. This indicates that, over
time, the decreasing rate of methane saturation gradually
reduces. The changes in the methane saturation at the 50 m
and 90 m positions follow the same regularities as that at
the 10 m position. (3) At the same time, the methane saturation is lower, which is closer to the water inlet. This is because
the water injection volume at a speciﬁc time is certain. The
closer to the water inlet, the greater the pore space occupied
by water and the lower the pore space occupied by methane.
5.2. Space-Time Distribution Regularities of the Pore Pressure
5.2.1. Space-Time Distribution of the Pore Pressure along
the Driving Direction. The following can be seen from
Figure 11. (1) The initial pore pressure in the coal sample
is 0.5 MPa. However, in the water-driven-methane process,
the pore pressure in the coal sample is no longer 0.5 MPa.

This indicates that, in the water-driven-methane process,
the pore pressure in the coal sample is redistributed. Compared with the initial pore pressure of 0.5 MPa, the maximum pore pressure after redistribution is 0.7 MPa and the
minimum pore pressure after redistribution is 0.1 MPa.
This shows that there is only a range of increasing zones
of pore pressure caused by the transmission of water pressure. (2) Using the initial pore pressure of 0.5 MPa as the
dividing line, the coal sample can be divided into an
increasing zone and a decreasing zone of pore pressure,
as shown by the dotted lines with arrows in Figure 11.
Over time, the increasing zone of pore pressure gradually
decreases, but the decreasing zone of pore pressure gradually
increases. (3) As the water-driven-methane process continues, the pore pressure along the driving direction gradually decreases. This is because the water pressure at the inlet
is 0.7 MPa and the atmospheric pressure at the outlet is
0.1 MPa. The pore pressure in the coal is continuous from
0.7 MPa to 0.1 MPa, as shown in the cloud image of the pore
pressure in Figure 11. (4) For the same point in space, the
methane pressure in the coal sample gradually decreases over
time. This is because the free methane in the coal sample is
driven by water, resulting in a decrease in the free methane
content and the methane pressure in the coal sample.
By combining the space-time distribution regularities of
the pore pressure with the space-time distribution regularities of the water-methane two-phase saturation, it is concluded that the methane saturation in the decreasing zone
of pore pressure is greater than that in the increasing zone
of pore pressure. That is, the free methane content in the
decreasing zone of pore pressure is greater than that in the
increasing zone of pore pressure. This is because, in the
increasing zone of pore pressure, some free methane is driven
to the decreasing zone of pore pressure and some free methane is converted into adsorption methane. The free methane
in the decreasing zone of pore pressure includes the free
methane driven by water from the increasing zone of pore
pressure, the original free methane in the region, and the free
methane desorbed from the adsorbed methane.
5.2.2. Space-Time Distribution of the Pore Pressure on the
Axial Line along the Driving Direction. The following can
be seen from Figure 12 and Table 3. (1) The initial pore
pressure in the coal sample is 0.5 MPa, and thus the initial
pore pressure at each space point in the coal sample is
0.5 MPa. When the pressure water enters the coal sample,
the free methane in the pores is driven forward and the
pore pressure along the driving direction is redistributed.
Therefore, the pore pressures at 10 mm, 20 mm, 30 mm,
40 mm, and 50 mm are all greater than the initial pore
pressure, indicating that these points in space are located
in the increasing zone of pore pressure. However, the pore
pressures at 60 mm, 70 mm, 80 mm, and 90 mm are less
than the initial pore pressure, indicating that these points
in space are located in the decreasing zone of pore pressure. That is, the increasing zone of pore pressure is distributed closer to the water inlet end, and the decreasing
zone of pore pressure is distributed closer to the methane
outlet end. This is because the water inlet end is closer to
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Figure 11: Space-time curve and cloud image of the pore pressure on the axial monitoring line along the driving direction.

a high-pressure source of 0.7 MPa, and the methane outlet
end is closer to a low-pressure source of 0.1 MPa. (2) Over
time, the pore pressure in the increasing zone ﬁrst increases
and then decreases, but the pore pressure in the decreasing
zone decreases continuously. (3) At the beginning of the
water-driven-methane process, the change (increase or
decrease) rate of the pore pressure decreases from both ends
to the middle of the coal sample. This is because the two ends
of the coal sample are close to a high- or low-pressure source,
which creates a pressure diﬀerence from the initial pore pressure. At the beginning of the water-driven-methane process,
to realize the continuous distribution of the pore pressure in
the coal sample, it is necessary to overcome this pressure difference in order to realize the connection and transition of
the pore pressure in the coal sample.
5.3. Space-Time Distribution of the Pore Pressure Gradient
along the Driving Direction. The following can be seen from
Figure 13 and Table 4. (1) When time is constant, the pore
pressure gradient on the monitoring line ﬁrst decreases and
then increases. The decreasing zone of the pore pressure gradient is located in the increasing zone of pore pressure, and
the increasing zone of the pore pressure gradient is located

in the decreasing zone of pore pressure. (2) At the time
of 30 minutes, the pore pressure gradient at the methane
outlet end is 7~9 times greater than that at the water inlet
end. This indicates that the pore pressure gradient at the
side of the methane outlet is greater than that at the side
of the water inlet. This is because the pressure diﬀerence
of 0.4 MPa between the initial pore pressure and the atmospheric pressure is greater than the diﬀerence of 0.1 MPa
between the water pressure and the initial pore pressure.
(3) Over time, the pore pressure gradient at the side of
the water inlet increases, but the rate of increase decreases.
For example, the rate of increase of 0.183 MPa/m in the
pore pressure gradient at 10~20 min is greater than the
rate of increase of 0.141 MPa/m in the pressure gradient
at 20~30 min. (4) Over time, the pore pressure gradient
at the side of the methane outlet decreases, and the rate
of decrease decreases as well. For example, the rate of
increase of 5.515 MPa/m in the pore pressure gradient at
10~20 min is greater than the rate of increase of 1.76 MPa/
m in the pressure gradient at 20~30 min. (5) The rate of
increase in the pore pressure gradient at the water inlet is less
than the rate of decrease in the pore pressure gradient at the
methane outlet.
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Figure 12: Space-time distribution curves of the pore pressure at the axial monitoring points along the driving direction.

Table 3: Space-time distribution of the pore pressure at the axial monitoring points.

Time
(min)
0
5
10
15
20

10
Pore
pressure
(MPa)

20
Pore
pressure
(MPa)

30
Pore
pressure
(MPa)

0.500
0.648
0.656
0.656
0.654

0.500
0.604
0.617
0.616
0.613

0.500
0.569
0.582
0.578
0.575

Monitoring point (mm)
40
50
60
Pore
Pore
Pore
pressure
pressure
pressure
(MPa)
(MPa)
(MPa)
0.500
0.542
0.548
0.543
0.539

6. Conclusions
(1) Based on the conceptual model of methane driven by
water in porous coal rock, with the eﬀect of methane
adsorption and desorption considered, a ﬂuid-solid
coupling mathematical model of methane driven by
water is established in this paper. The accuracy and
reliability of the mathematical model have been veriﬁed by the results of the water-driven-methane
experiment in a briquette coal sample.
(2) With the help of the COMSOL Multiphysics software, visualization of the space-time distribution of
water-methane two-phase saturation can be realized.
The curve of the water saturation over time changes
from a lower concave curve to a straight line, while
the curve of the methane saturation with time
changes from an upper convex curve to a straight

0.500
0.519
0.517
0.509
0.504

0.500
0.493
0.483
0.474
0.468

70
Pore
pressure
(MPa)

80
Pore
pressure
(MPa)

90
Pore
pressure
(MPa)

0.500
0.462
0.441
0.430
0.424

0.500
0.413
0.383
0.371
0.365

0.500
0.325
0.294
0.284
0.278

line. Meanwhile, both of the increase rate of the water
saturation and the decrease rate of the methane saturation gradually reduce over time.
(3) In the water-driven-methane process, the pore pressure of the coal sample is redistributed. The maximum pore pressure is the water pressure at the side
of the water inlet, and the minimum pore pressure
is the atmospheric pressure at the side of the methane
outlet. The pore pressure decreases along the driving
direction. Using the initial pore pressure as the dividing line, the coal sample can be divided into an
increasing zone and a decreasing zone of pore pressure. The increasing zone of pore pressure is close
to the side of the water inlet, and the decreasing zone
of pore pressure is close to the methane outlet. The
increasing zone of pore pressure gradually decreases,
and the decreasing zone of pore pressure gradually
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Figure 13: Space-time distribution of the pore pressure gradient along the driving direction.
Table 4: Space-time distribution of the pore pressure gradient at the axial monitoring points.

Time
(min)
10
20
30

0
Pore
pressure
(MPa/m)

10
Pore
pressure
(MPa/m)

20
Pore
pressure
(MPa/m)

30
Pore
pressure
(MPa/m)

4.623
4.806
4.947

4.119
4.325
4.460

3.720
3.966
4.091

3.422
3.704
3.817

Monitoring point (mm)
40
50
60
Pore
Pore
Pore
pressure pressure pressure
(MPa/m) (MPa/m) (MPa/m)
3.225
3.526
3.622

increases. Over time, the pore pressure in the increasing zone of pore pressure ﬁrst increases and then
decreases, and the pore pressure in the decreasing
zone of pore pressure continuously decreases. The
change (increase or decrease) rate of the pore pressure in the coal sample gradually decreases from both
ends towards the middle of the coal sample.
(4) The pore pressure gradient decreases ﬁrst and then
increases along the driving direction. The decreasing
zone of the pore pressure gradient is located in the
increasing zone of pore pressure, and the increasing
zone of the pore pressure gradient is located in the
decreasing zone of pore pressure. In the waterdriven-methane process, the distribution of the pore
pressure gradient is inﬂuenced by the diﬀerence
between the initial pore pressure and the atmospheric
pressure at the side of the methane outlet and the difference between the water pressure at the side of the
water inlet and the initial pore pressure. When the
pressure diﬀerence between the ﬁrst two is greater
than that between the latter two, the pore pressure
gradient at the side of the methane outlet is greater
than that at the side of the water inlet. Over time,

3.135
3.423
3.497

3.719
3.930
3.981

70
Pore
pressure
(MPa/m)

80
Pore
pressure
(MPa/m)

90
Pore
pressure
(MPa/m)

100
Pore
pressure
(MPa/m)

4.893
5.049
5.071

6.946
6.944
6.899

11.455
10.963
10.751

41.869
36.354
34.594

the pore pressure gradient at the side of the water
inlet increases, and its rate of increase decreases.
The pore pressure gradient at the side of the methane
outlet decreases, and its rate of decrease also
decreases. The rate of increase in the pore pressure
gradient at the side of the water inlet is greater than
the rate of decrease in the pore pressure gradient at
the side of the methane outlet.
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The microﬂow equipment monitored with micro X-ray computerized tomography (CT) is employed to investigate the
microoccurrence of the irreducible water in a low-permeability sandstone core. By means of image segmentation and the threedimensional (3D) image reconstruction technique, the visual microdistribution characteristics of irreducible water in twodimensional (2D) slices and the 3D pore-throat system are quantitatively evaluated. Some interesting ﬁndings are list as below.
Firstly, due to the variant micro geometric structures of the pore-throat systems, speciﬁc core slices showed signiﬁcantly
diﬀerent irreducible water saturation even though these slices had same areal porosity. Secondly, due to the inﬂuence of
capillary trapping and the existence of oil-wetting clay (main chlorite), the irreducible water saturation in the throat system
(64%) is much larger than that in the pore system (36%). Furthermore, the wetting phase (irreducible water) did not spread all
over the surface of the pore-throat network which caused a much more complicated oil-water two-phase interface. Thirdly, in
micro scale, the main irreducible water occurrence mode in the pore system is much diﬀerent from that in the throat system. In
the pore system, the irreducible water principally existed in the corner of the pores which are linked through a water ﬁlm. While
in the throat system, the irreducible water occurrence is dominated by the water ﬁlm. However, 25.5% of the throats are blocked
by the irreducible water which cut oﬀ the crude oil drainage channels.

1. Introduction
With the increasing worldwide demand for crude oil, lowpermeability reservoirs are considered to overcome the
energy deﬁcit in developing countries [1, 2]. Theory and
practice have proved that water ﬂooding is the most economical technology to replenish formation energy and enhance
oil recovery (EOR) in low-permeability reservoirs [3]. During
the water ﬂooding, many geological factors determine the
eﬃciency of water drives, such as rock permeability, porethroat structure, irreducible water saturation, and crude oil
viscosity [4–6]. Among these factors, the microdistribution

of irreducible water conﬁned in the pore-throat system is
one of the critical factors aﬀecting the ultimate recovery [7].
Because of pore geometry structure, the microdistribution
of irreducible water in porous media is very complicated.
[8]. According to the results of Kewen Li and Roland N.
Horne, the irreducible water saturation has a considerable
eﬀect on the spontaneous imbibition recovery. Higher irreducible water saturation is always correlated to the lower
recovery tendency in low permeable rock [9]. This phenomenon is also veriﬁed by Wang et al. [10]. Therefore, how to
obtain the quantitative visualized information about the
irreducible water microdistribution is necessary to
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investigate the mechanisms of irreducible water on microﬂow behaviors in low permeable porous media. For this purpose, speciﬁc techniques are currently employed which will
be discussed in the below paragraphs.
The two-dimensional (2D) etching glass model and core
displacement monitored by nuclear magnetic resonance
(NMR) are the main qualitative and quantitative approaches,
respectively, to look into the ﬂuid occurrence and its distribution in porous media [11–14]. The principal advantage of the
former experimental method is to visualize the water displacement. Speciﬁcally, the wettability diﬀerence between
the natural porous surface and modeled interface poorly
reﬂects the real microdisplacement in natural core samples.
Also, the 2D etching glass model cannot be perfectly related
to the natural 3D core sample. The above discrepancies have
constrained the application of the qualitative approach. As
far as core displacement based on NMR is concerned, it is a
currently reliable method to determine the distribution of
ﬂuids in porous media [15–19]. However, 3D visualization
of the natural core sample could not be perfectly developed.
As a result, it is essential to look for such a novel experimental method which can perfectly encompass the quantitative
microdistribution of irreducible water in 3D porous media
along with the acquisition of high-resolution visualizations.
The recent improvement in CT scanning resolution from
micron to nanoscale makes it possible for the researchers to
investigate pore scale and contained ﬂuid in the low permeable core samples [20–23]. Due to high-precision 3D visualization and quantitative characterization, this technology
overcomes the shortcomings of conventional experiment
methods [24]. Nevertheless, owing to a limitation in the
microﬂow device, CT scanning technology was frequently
applied to analyze the micro pore-throat structure in dry core
samples [25–27]. In contrast, this technology was seldom
used in research of ﬂuid microdistribution characteristics in
low permeable sandstone. The considerable research was
conducted to analyze water or gas ﬂooding to investigate
the evolution law of residual oil in high-permeability core
samples using the CT scanning technique [28–30]. However,
to the best of our knowledge, scarce literature is available that
has perfectly visualized and quantiﬁed the microoccurrence
of irreducible water in the pore and throat system [31].
Besides, owing to the huge diﬀerence between pore and
throat geometries, particularly in low-permeability porous
media, the microoccurrence of irreducible water is very complicated. Consequently, it led to lack of in-depth understanding of the microinﬂuence mechanisms of irreducible water
on oil-water two-phase ﬂow behaviors.
The key aim of this study is to investigate the irreducible
water microoccurrence which was conﬁned in the pore and
throat system in low permeable sandstone, taking the
Chang2 low-permeability reservoir sandstone of Ordos Basin
in northwest China as a case study. Afterwards, the microﬂow equipment monitored by micro X-ray computerized
tomography (CT) is employed to investigate the microoccurrence of the irreducible water in the pore-throat system. Subsequently, the visible information of the pore-throat structure
and irreducible water in the pore-throat network is acquired
with 1.5 microns per pixel. Besides, the microdistribution
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characteristics of irreducible water in two-dimensional
(2D) core slices and 3D pore-throat network are also quantitatively evaluated using the image segmentation and threedimensional (3D) image reconstruction technique. As a
consequence, our work would provide reliable experimental
evidence for recognizing the micro hydrodynamic mechanisms which play a pivotal role in enhancing water-ﬂooding
displacement eﬀectiveness.

2. Experiments
2.1. Rock Sample and Fluids. According to the China
National Petroleum Corporation’s reservoir quality grading
standards (SY/T6285-2011), the Triassic Yanchang Chang2
formation in Ordos Basin is declared as a typical lowporosity and low-permeability reservoir [32]. The oil and
core samples were obtained from the Chang2 reservoir in
Ordos Basin, northwest China. The parameters of the ﬂuid
and rock samples used in this experiment are as follows. Simulated oil had 6.4 mPa·s dynamic viscosity at 25°C temperature. Simulated formation brine was prepared by dissolving
potassium iodide (KI). The salinity of formation water is
70,000–90,000 mg/L in the given formation. Therefore, 8 wt.
% (KI) brine solution was injected for the reason to exactly
simulate the formation water. In this way, the density diﬀerence between oil and brine (KI) was enhanced in comparison
to distilled water. Furthermore, it could help to diﬀerentiate
between the oil and water phase in the CT image. Consequently, contained ﬂuids, such as water and oil, could easily
be distinguished by image segmentation step. The sandstone
core sample that was used in this study has a 5 mm diameter
and 10 mm length as shown in Figure 1. The gas permeability
and porosity are 4.25 × 10−3 μm2 and 15.3%, respectively.
2.2. Experimental Apparatus. A micron CT scanning equipment and microdisplacement device are shown in Figure 2.
The experimental parameters of the microdisplacement system and CT scanning are all controlled by a computer.
Other instruments used in this research goal are a HAAKE
RS600 Rheometer (Thermo Scientiﬁc, Germany), a DV-III
Brookﬁeld viscometer (Brookﬁeld Company, America), and
a 510 model micrometer CT scanner (Zeiss, Germany).
2.3. Experimental Procedure. Before acquiring a highresolution image, the CT scanning equipment is conﬁgured
with 50 KeV operational voltage, 1.5 s exposure time span,
and 1.5 microns per pixel scanning precision. Besides, the
slice thickness is 1.5 μm which contains 1024 × 1024 pixels.
These parameters can meet the requirement of pore size recognition above the micron level. The exact experimental procedure is as follows:
(1) The system consisting of a CT scanner and ﬂow cell
system is assembled as shown in Figure 2. After that,
a selected core sample is ﬁxed in the core holder.
(2) Vacuum (0.1 MPa) the core sample under a conﬁning
pressure of 0.1 MPa for 10 hours. Scan the core by CT
to obtain the characteristics of pore-throat structures
(pore volume as well) of the core.
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pore-throat, oil, and water in the core sample was obtained
as shown in Figure 5 and Table 1.
3.3. Quantitative Analysis Method
3.3.1. Calculation of Surface Area and Volume of the Data
Cube. Pixels are the basic unit of the building dataset, and
these pixel dots of irreducible water and rock particles were
obtained after image segmentation. In the next step, the characteristic parameters, for instance, the surface area and the
volume of irreducible water and the pore-throat in the core
samples, can be calculated using the following equations.
V i = Nv × V P,

Figure 1: The CT scanning image of the core sample.

(3) Close the vacuum valve. Then, saturate the core with
brine (5 PV) at a low speed of 0.002 mL/min. The
conﬁning pressure was held at least 0.5 MPa higher
than the injection pressure. Then the sample was kept
for 72 hours.
(4) Saturate the core sample with oil (5 PV) by constant
ﬂowrate of 0.002 mL/min at room temperature
(25°C). In this way, the oil was driven through the
core to generate the irreducible water in the core.
After keeping the core sample at room temperature
(25°C) for 72 hours, CT scanning is conducted to
obtain the microdistribution of the irreducible water
contained in the pore-throat network.

3. Image Processing and Analysis
3.1. Image Segmentation. Image segmentation is the fundamental part for the distinction of rock particles, the oil phase,
and the water phase in the porous media. Median ﬁltration
method based on a nonlinear signal processing was used to
minimize the noise in the scanning images. More speciﬁcally,
the ﬁltering mechanism is detailed in Andrew’s dissertation
[33]. The images before and after median ﬁltration are shown
in Figure 3.
By following the abovementioned procedure, the core
sample would contain three kinds of substances, such as rock
particles, water, and oil. It is visualized on the basis of different X-ray propagations in the abovementioned phases
which led to the variant scanning gray peak of each phase.
The corresponding peak intensity for rock particles, water,
and oil is 18,700, 10,400, and 11,700, respectively. Therefore, it could be distinguished from image segmentation.
As a result, the acquired image segmentation outcomes are
shown in Figure 4.
3.2. Image 3D Reconstruction. Two-dimensional image segmentation of core sample slices was obtained. Then, the distribution of pore-throat, oil, and water in all 2D slice images
was acquired. In the next step, the ORS 3D software was used
to add all the 2D images to become a 3D dataset. The 3D
reconstruction principle is based on the marching cube algorithm [34]. After that, the visualized 3D distribution of the
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where V i is the volume of pixel dots (μm3), N v is the total
number of the pixel dots of the same phase (dimensionless),
and V P is the volume of a single pixel dot which is 3.375 μm3
in this experiment.
Si = N s × S p ,

2

where Si is the surface area of a given phase (μm2), N s is the
number of pixel dots of a given phase (dimensionless), and Sp
is the surface area of a single pixel dot which is 9.0 μm2 in this
experiment.
3.3.2. Microoccurrence of Irreducible Water in the PoreThroat Network. Due to the micro-occurrence of irreducible
water in pore-throat network is very complicated. Hence, different parameters, such as the shape factor and the irreducible water saturation in a given single pore-throat, were
used to categorize the complex heterogeneous structures of
the given irreducible water block.
Gi =

6 πV w
,
Sw 1 5

3

where Gi is the shape factor of the irreducible water block
(dimensionless), V w is the volume (μm3), and Sw is the surface area of the irreducible water block (μm2). The shape factor represents the degree of sphericity of an object. In other
terms, the lower the Gi value, the more would be the shape
irregularity of the given irreducible water blocks and, subsequently, the higher would be the surface roughness. In contrast, the greater the Gi value, the more smooth the surface
would be and the more likely the shape would be spherical.
Saturation of irreducible water (SSwi′ ) shows the amount
of irreducible water in a given pore or throat. This parameter
can be obtained using (4). In general, the higher the irreducible water saturation (SSwi′ ), the lower would be the ﬂowability
in a given channel.
SSwi′ =

Vw
× 100%,
V p‐t
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where SSwi′ is the saturation of irreducible water in either the
pore or the throat (%), V w is the irreducible water volume
conﬁned in a given pore or throat (μm3), and V p−t is the pore
or throat volume (μm3).
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Figure 2: (a) The image of a microﬂow equipment monitored by micro X-ray computerized tomography. (b) The schematic illustration of the
microﬂow equipment. Note: the pumps and valve arrangement is used to control ﬂuid ﬂow to the ﬂow cell within the CT enclosure.
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Figure 3: Images ﬁltration (a) before and (b) after.

4. Results and Discussion
This section of the current study mainly emphasizes on three
aspects: irreducible water distribution characteristics in 500
2D slices, 3D pore-throat network, and microoccurrence
modes in the pore and throat system.
4.1. Distribution Characteristics of Irreducible Water in 2D
Slices. In this section, irreducible water distribution and its
exact content in 500 2D core slices are evaluated by areal
porosity and irreducible water that is contained in the porethroat space (after image segmentation). Meanwhile, the irreducible water saturation of each slice is mathematically calculated using (5), where the areal porosity and irreducible
water porosity can be ﬁgured out in Figure 6(a).
Sswi =

ϕp
× 100%,
ϕswi
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where Sswi is the irreducible water saturation for a given 2D
scanning slice (%), ϕp is the areal porosity of a 2D slice (%),

and ϕswi is the areal porosity of irreducible water in a given
2D slice (%).
Irreducible water saturation distribution of all 2D slices is
explicitly represented in Figure 6(b) that illustrates the irreducible water saturation alteration in the ﬂow direction. For
the evaluated irreducible water saturation in all 2D core
slices, the maximum irreducible water saturation is measured
to be 50.69% (slice number: 226), while the minimum irreducible water saturation remains at 26.59% (slice number:
343). At the same time, the average value of irreducible water
saturation is 36.94%. Additionally, three typical areas along
with the alteration of the irreducible water saturation in the
ﬂow direction, including the peak, medium, and low regions
are identiﬁed in Figure 6(b). The average saturation is up to
48.08% in the high-value zone in the continuous region (slice
numbers: 213–232). In the peak-value area, average irreducible water saturation is 36.42% in the continuous part (slice
numbers: 152–171). As far as the low-value part is concerned,
average irreducible water saturation is 29.04% in the continuous part (slice numbers: 333–352).
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Figure 4: Images segmentation results: (a) intensity of gas and grain; (b) intensity of oil and brine; (c) pore-throat network and rock matrix;
(d) oil and irreducible water. Note: yellow = pore-throat; gray = rock particles; blue = irreducible water; red = oil.

Figure 6(c) shows the frequency histogram of irreducible
water saturation distribution of all slices in the core sample. It
indicates that the law of irreducible water saturation (core
slices) belongs to a normal distribution, where the peakvalue region of irreducible water saturation ranges from
35% to 40%, while the irreducible water saturation value in
either the high-value part (over 40%) or the low-value region
(below 30%) shares lesser proportions with the corresponding frequency value of 6.8% and 5.6%.
A reasonable relationship between irreducible water saturation and areal porosity can be shown in Figure 6(d). It indicates that (i) an inverse relation is observed between
irreducible water saturation and porosity. Moreover, the line
became steeper at higher areal porosity. (ii) A signiﬁcant difference in irreducible water saturation existed among the
slices even at the same areal porosity.
To investigate the reason for the phenomenon of the
same (similar) areal porosity with a signiﬁcant diﬀerence in
2D slice irreducible water saturation, three typical slices were
selected as shown in Figure 7.
Despite the same porosity of the three slices
(16.1%~16.4%), the corresponding irreducible water saturation is measured to be 29.57%, 36.37%, and 50.69% as shown
in Figure 7. Due to the capillary force, rock surface wettability, and pore geometry, the displacing oil mainly existed in
the large-size pore and connected pore-throat. The variant

irreducible water saturation in the case of identical porosity
of three slices is due to the diﬀerence in pore-throat geometry. In the case of the higher pore radius, fewer pore corners,
and lesser narrow throats, lower irreducible water saturation
would exist in 2D slices. The distribution characteristics of
2D-slice irreducible water saturation are shown in Figure 8.
It can be inferred that the irreducible water is mainly trapped
by capillary force. In addition, the in-depth analysis helps to
classify irreducible water into three main types:
(i) Water trapped in pendular rings in complex angular
pore geometry beside surface roughness (stationary
ﬂuid part).
(ii) Water trapped in dead ends of the pore-network
(pore corner).
(iii) Water ﬁlm adherence in wider throats, while narrow
throats ﬁlled with irreducible water.
4.2. Distribution Characteristics of Irreducible Water in the
3D Pore-Throat Network. The pore-throat network governs
the liquid ﬂow in low-permeability porous media. However,
distinct distribution characteristics of irreducible water exist
in the pore-throat network. The pore and throat system recognition was based on the 3D reconstruction technology. The
maximal inscribed sphere algorithm was used to identify the
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Figure 5: 3D reconstruction results. Note: (a) distribution of the pore-throat system in the core sample; (b) distribution of irreducible water;
(c) distribution of simulated oil.

Table 1: Segmentation result of the core sample containing
irreducible water.
Pore and throat
(volume/μm3)
5.80 × 107

Irreducible water
(volume/μm3)

Oil
volume
(μm3)

Irreducible water
saturation (%)

2.14 × 107

3.67 × 107

36.94

certain throat part in varying diameter channels. Along with
the connected channel, the shortest distance portion was categorized as the throat. While the connected spherical-shaped
body is recognized as the pore. The principle of pore and
throat recognition is shown in Figure 9. The details of pore
and throat classiﬁcation methods and principles are reported
in Denney and Yang et al. [35, 36]. The information of overall
3D distribution characteristics of irreducible water is
extracted by identiﬁcation of 3D coordinates of the irreducible water pixels existing in the pore and throat system as
shown in Figure 10.
According to the 3D reconstruction results based on CT
scanning, the volumes of the pore system and throat system
are determined to be 5.63 × 107 μm3 and 1.69 × 106 μm3,
respectively. Moreover, the radius distribution, in either case,
followed a normal distribution (Figure 10), where the peakvalue regions of the pore and throat system are found in the
25–30 μm and 2–2.5 μm ranges, respectively (Figure 11). This
fundamental information provides a better platform for less
proportion of irreducible water saturation in the pore system
than the throat system (Figure 12). The exact irreducible

water saturation proportions are ﬁgured out to be (36%) in
the pore system which is far less than in the throat system
(64%) (Figure 13). This low percentage of irreducible water
saturation in the pore system could be attributed to the diﬀerence in radius. It is a well-understood fact that permeability
of a porous matrix is chieﬂy relying on the throat radius.
However, irreducible water occupied the throat system either
in the form of water ﬁlm or being completely ﬁlled with it.
Consequently, the eﬀective throat radius would further be
decreased in the ﬂooding ﬂuid. This obtained knowledge provided a rationalized answer to the high water-ﬂooding pressure and low hydrocarbon recovery in a low-permeability
reservoir. Characteristic parameters of irreducible water,
including numbers and volume that exist in the pore and
throat system with diﬀerent sizes, are quantitatively studied
in the upcoming part of the current section. In this connection, distribution of frequency number and irreducible water
volume in diﬀerent sizes of the pore and throat system is
determined by following the same calculation method which
is discussed in Section 3.3. As a consequence, the results are
elucidated in Figures 14 and 15.
Figure 14 relates frequency number and volume number
to irreducible water saturation in the throat system. It is
shown that both characteristic parameters sharply decrease
upon an increase in irreducible water saturation in the range
of volume less than the average throat volume. Furthermore,
this phenomenon can further be interpreted by throat radius
determination. As it is widely accepted that the throat volume is proportional to the throat radius which subsequently
provides a relatively larger ﬂow area. Consequently, the
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Figure 6: 2D distribution characteristics of irreducible water in core slices: (a) distribution of areal porosity and irreducible water porosity in
2D core slices; (b) distribution of irreducible water saturation of a 2D slice; (c) frequency histogram of irreducible water distribution in the
core sample; (d) relationship between areal porosity and irreducible water saturation.

exerted capillary force in a comparatively larger ﬂow area
would decrease, and it further resulted in the reduction in
the throat’s capability to trap irreducible water during the
process of oil displacement.
Figure 15 shows that the distribution frequency of the
number of irreducible water in the pore system and throat
system followed a similar trend, but the volume of irreducible
water in the pore system and throat system varies slightly
(Figures 14(a) and 15(a)). We can see that with the increase
in the number of irreducible water blocks, the trend of the
volume frequency distribution of irreducible water with different sizes ﬁrst descended and then increased. This dramatic
turning point (Figure 15(a)) in the trend happened when the
volume of irreducible water was over 105 μm3. This obscure
behaviour is explained as; since there are 13 irreducible water
blocks in pore system which has volume over 105 μm3, these
13 irreducible water blocks were extracted. On this basis, the
13 pore spaces were retrieved that contained the corresponding 13 irreducible water blocks. In next step, SSwi′ was calculated. Consequently, results showed that SSwi′ fell in the

80–98% range. It can be inferred that this dramatic turning
is due to poor sweeping of irreducible water during oil
displacement.
4.3. Microoccurrence of Irreducible Water in the Pore and
Throat System. The 3D structure of irreducible water distribution in pore space is complicated due to the combined
eﬀect of porous media heterogeneity and the oil-water displacement process. Meanwhile, by 3D visualization, the irreducible water microoccurrence in pore and throat systems is
categorized into each mode (Figures 16 and 17), which are
further explained below:
(a) Irreducible water in the pore system:
(i) Conglobation shape: this kind of pores has
comparatively small room and has a complicated
structure. Moreover, they are produced due to
dissolution at diﬀerent stages and are referred
to secondary pores. Referring to irreducible
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Figure 7: Distribution of irreducible water saturation of a given slice with the same areal porosity (void space): (a) Sswi = 29 57% (slice
number: 362); (b) Sswi = 36 37% (slice number: 425); (c) Sswi = 50 69% (slice number: 226). Note: gray = rock matrix; white = pyrite;
blue = irreducible water; red = oil.
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Figure 8: Schematic of irreducible water distribution in the porethroat system.

water presence, it occupied a small volume and
its ﬂow is governed by the bottle-necking
structure at certain positions as shown in
(Figure 16(a)).

(ii) Cluster shape: the cluster shape exists in a primary pore with the large compartment. However, due to surface roughness and complex
pore geometry, the irreducible water present in
the corner is linked to the adhered water ﬁlm
at other parts of the pore space (Figure 16(b)).
This shape is more complicated than the water
ﬁlm but simpler than the conglobation shape.
(iii) Water ﬁlm: this type of irreducible water
appears as a water ﬁlm which sticks to the
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2.5–3

>3

10

Geoﬂuids
instance, chlorite, oil may wet certain parts of the entire surface. XRD of the core sample has been conducted which
showed that chlorite content contributed around 17.5% of
the core sample as shown in Table 2. In a nutshell, the oilwater interface in natural sandstone porous media is complex
due to the inﬂuence of capillary trapping and the existence of
oil-wetting clay. This phenomenon is in agreement with Trantham and Clampitt and Feng et al. [37, 38].

Volume component (%)

20
16
12
8
4
0
Pore system

Throat system

Porosity of pore and throat system
Volume fraction of irreducible water
in pore and throat system

Figure 13: Histogram of irreducible water void space in the pore
and throat system.

relatively smooth surface of regularly shaped
pores (Figure 16(c)). However, it does not
occupy all the rock surfaces.
(b) Irreducible water in the throat system:
(i) Curved piece-necking shape: this kind of throat
structure featured with bottle-necking and
curved segments besides microeﬀective seepage
radius and large surface area. Consequently, it
almost helps to ﬁll the compartment entirely
(Figure 17(a)).
(ii) Slug-ﬁlling shape: irreducible water locates precisely at the neck in the slug-ﬁlling shape. As a
result, it blocks the path for the displacing oil.
At the same time, it breaks the continuous oil
phase which leads to high water drive pressure.
However, upon entering into the wide segment
of the same throat, the capillary force suddenly
disappeared which tends to cease the spontaneous imbibition phenomenon (Figure 17(b)).
(iii) Water-ﬁlm shape: we deal with that kind of irreducible shape, where it sticks to the surface
throat in the form of a ﬁlm, the so-called water
ﬁlm. Meanwhile, it reduced the eﬀective radius
for seepage. The channel radius and its complex
geometry, the shape of irreducible water along
with surface polarity of the pore-throat, are the
controlling factors in the 3D distribution of irreducible water. Irreducible water sticks to the surface of the throat as the shape of the water ﬁlm.
Subsequently, the small seepage space is becoming much narrower (Figure 16(c)).
Figures 16(b), 16(c), and 17(c) show that the wetting
phase (irreducible water) did not spread all over the surface.
It is considered as the “mixed” wetting characteristics of the
rock surface. Since the sandstone core sample is waterwetting in nature.But due to the presence of certain clay, for

Irreducible water in the pore and throat system can be
studied by 3D visualization technique. In this context, irreducible water distribution can be classiﬁed according to speciﬁc
essential parameters, such as shape factors and irreducible
water saturation. The standard classiﬁcation is illustrated in
Table 3.
Figure 18(a) shows the irreducible water frequency proportions in three kinds of irreducible water microoccurrence.
In detail, the respective proportions in conglobation shape,
cluster shape, and water ﬁlm shape are 14.2%, 68.4%, and
17.4%, respectively. Figure 18(b) depicts the volume frequency of irreducible water microoccurrence in the throat
system which is the curved piece-necking shape (16.9%),
slug-ﬁlling shape (8.6%), and water-ﬁlm shape (74.5%).
Therefore, the main irreducible water microoccurrence in
pores and throats is in cluster and water-ﬁlm shapes.
At the same time, from the results of the irreducible water
microoccurrence, the water-ﬁlm shape irreducible water is
found to be unﬂowable in the pore-throat network. It is
mainly attributed to the attractive force between the water
ﬁlm and the rock surface. As far as the other two kinds of
irreducible water patterns, for instance, conglobation shape
and cluster shape, are concerned, irreducible water should
be conﬁned by geological structure. It should be noted that
these latter types of irreducible water could be ﬂuidized using
advanced technology, such as hydraulic fracturing.
Compared with irreducible water contained in the pore
system, the microoccurrence of irreducible water in the
throat system has severely inﬂuenced the oil-water twophase ﬂow behavior. In the process of spontaneous imbibition, due to the capillary force, water is imbibed along narrow
channels and crude oil is driven out from the pores through a
comparatively larger size channel. As the saturation of irreducible water in the throat system is much higher than that
in the pore system, the amount of imbibed water in the throat
system will signiﬁcantly be reduced. Additionally, some of
the channels for crude oil are plugged due to the presence
of irreducible slug water (curved piece-necking and slug-ﬁlling) in the throat system. Therefore, an inverse correlation
between the saturation of irreducible water and spontaneous
imbibition recovery could be concluded from this study. Last
but not least, the role of lower rock permeability always
linked with higher irreducible water saturation could also
be explained in the above micromechanism.

5. Conclusions
(1) The micro geometric structures of the pore-throat
systems have a signiﬁcant inﬂuence on the microoccurrence of irreducible water in the low-permeability

Geoﬂuids

11
60
Number frequency (%)

Volume frequency (%)

12

8

4

0
1.0E + 00

1.0E + 01

1.0E + 02

1.0E + 03

Irreducible water volume

1.0E + 04

40

20

0
1.0E + 00

1.0E + 01

1.0E + 02

1.0E + 03

1.0E + 04

Irreducible water volume (휇m3)

(휇m3)

(a)

(b)

Figure 14: (a) Volume; (b) frequency number distribution of irreducible water blocks with diﬀerent sizes in the throat system.

80
Volume frequency (%)

Volume frequency (%)

3
2
1
0
1.0E + 00

1.0E + 04
1.0E + 02
Irreducible water volume (휇m3)

1.0E + 06

(a)

60
40
20
0
1.0E + 00

1.0E + 02
1.0E + 04
1.0E + 06
Irreducible water volume (휇m3)
(b)

Figure 15: (a) Volume; (b) frequency number distribution of irreducible water blocks with diﬀerent sizes in the pore system.

50 휇m

70 휇m

40 휇m

(a)

(b)

(c)

Figure 16: Diﬀerent modes of irreducible water microoccurrence in the pore system: (a) conglobation pattern (ineﬀective oil reservoir space);
(b) cluster pattern (partially eﬀective oil reservoir space); (c) water-ﬁlm pattern (eﬀective oil reservoir space). Note: the yellow area represents
a given pore or throat surface and the blue area represents irreducible water.

sandstone core sample. Certain core slices showed
signiﬁcantly diﬀerent irreducible water saturation
(29.57%–50.69%) even though these slices had the
same areal porosity.
(2) Due to the inﬂuence of capillary trapping and the
existence of oil-wetting clay, the irreducible water
saturation in the throat system (64%) is much larger

than that in the pore system (36%). Furthermore,
the wetting phase (irreducible water) did not spread
all over the surface of the pore-throat network. Subsequently, oil-water two-phase interface becomes
much more complicated.
(3) In the micro scale, the main irreducible water occurrence in the pore system is much diﬀerent from that
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Figure 17: Diﬀerent modes of irreducible water microoccurrence in the throat system: (a) curved piece-necking pattern (complete blockage,
ineﬀective percolation channel); (b) slug-ﬁlling (partially blockage, ineﬀective percolation channel); (c) water-ﬁlm pattern (partial blockage,
eﬀective percolation channel). Note: the yellow area represents a given pore or throat surface and the blue area represents irreducible water.

Table 2: XRD results of the core sample.
Clay minerals
Wt. %

Quartz

Plagioclase

Potash feldspar

Calcite

Illite

Chlorite

28.9

34.5

17.3

0.3

1.5

17.5

Table 3: Classiﬁcation of microcharacteristics of irreducible water in the pore and throat system.
Unit
Pore system

Throat system

Irreducible water patterns

Shape factor ranges

Range of saturation of irreducible water in a single pore or throat

Conglobation

G < 0.1

Cluster

0.1 < G < 0.2

′ < 100
90 < SSwi
′ < 90
30 < SSwi

Water ﬁlm

0.2 < G < 0.4

′ < 30
10 < SSwi

Curved piece-necking

G < 0.2

Slug-ﬁlling

0.4 < G < 0.7

′ < 100
90 < SSwi
′ < 90
30 < SSwi

Water ﬁlm

0.2 < G < 0.4

′ < 30
10 < SSwi
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Figure 18: Histogram of irreducible water modes distribution: (a) pore system; (b) throat system.
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in the throat system. In the pore system, the irreducible water principally existed in the corner of the
pores which are linked through the water ﬁlm. While
in the throat system, the irreducible water occurrence
is dominated by the water ﬁlm. However, 25.5% of
the throats are blocked by the irreducible water
(curved piece-necking and slug-ﬁlling) which plug
the crude oil drainage channels.
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Fractures are the main ﬂow path in rocks with very low permeability, and their hydrodynamic properties might change due to
interaction with the pore ﬂuid or injected ﬂuid. Existence of minerals with diﬀerent reactivities and along with their spatial
distribution can aﬀect the fracture geometry evolution and correspondingly its physical and hydrodynamic properties such as
porosity and permeability. In this work, evolution of a fracture with two diﬀerent initial spatial mineral heterogeneities is
studied using a pore-scale reactive transport lattice Boltzmann method- (LBM-) based model. The previously developed LBM
transport solver coupled with IPHREEQC in open-source Yantra has been extended for simulating advective-diﬀusive reactive
transport. Results show that in case of initially mixed structures for mineral assemblage, a degraded zone will form after
dissolution of fast-dissolving minerals which creates a resistance to ﬂow in this region. This causes the permeability-porosity
relationship to deviate from a power-law behavior. Results show that permeability will reach a steady-state condition which also
depends on transport and reaction conditions. In case of initially banded structures, a comb-tooth zone will form and the same
behavior as above is observed; however, in this case, permeability is usually less than that of mixed structures.

1. Introduction
During reactive transport processes in tight rocks, fractures
play an important role as it is the main ﬂow path for species
transport. Existence of fractured seals in geological CO2
sequestration and fractures in the host rock of nuclear waste
disposal sites are some practical examples in which hydrodynamic properties of fractures can help to better understand
the long-term evolution of the system [1]. These hydrodynamic properties will change due to chemical disequilibrium
resulting from interactions between pore ﬂuid and rock minerals. There are experiments which have shown that the presence of reactive and nonreactive (or less reactive) minerals
and their spatial distribution with respect to each other can
aﬀect the way a fracture evolves as a result of reactions with
reactive ﬂuids [2]. For instance, when slow- and fastreacting minerals are mixed in the rock matrix around a fracture, dissolution of fast-reacting minerals will form a
degraded zone around the fracture [2, 3]. In another
example, when fractures crossing zones of slow- and fast-

reacting minerals form banded structures, the dissolution of
fast-reacting minerals will generate a comb-tooth structure
around the fracture [2, 3]. Therefore, fracture permeability
evolution might not follow the same behavior when minerals
form initially banded and mixed structures, and in addition
to the experiments, numerical studies are needed to address
the eﬀect of spatial mineral distributions on fracture evolution. There have been diﬀerent continuum-scale numerical
studies that have investigated the fracture evolution [4–7].
In these models, mineral spatial heterogeneities are generally
represented in a single discretized cell, but pore-scale models
resolving spatial heterogeneities can provide better description of processes and help to understand the role of spatial
heterogeneities on fracture evolution [8, 9]. Diﬀerent porescale reactive transport modeling approaches, involving
geometry changes due to chemical interactions, have been
developed [10–17]. Lattice Boltzmann method- (LBM-)
based models have also been developed which are mostly
focusing on single mineral dissolution in nonfractured media
[5, 18–33]. Recently, Chen et al. [26] investigated the eﬀect of
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mineral heterogeneity on evolution of a single fracture surrounded by a rock matrix composed of binary minerals, but
the model is limited to a simple mineralogy. In the present
work, we utilize a similar setup used in Chen et al.’s work
[26], a single fracture surrounded by a rock matrix composed
of two diﬀerent minerals, and focus more on the eﬀect of
mineral spatial heterogeneity on fracture geometry evolution
by constructing initially mixed and banded mineral structures that are conceptualizations of the structures observed
by Ellis et al. [2]. The pore-scale simulations are carried out
using a multicomponent reactive transport LBM model proposed by Patel et al. [30] which has been implemented in
open-source code Yantra [34]. This model couples the LBM
transport solver with a well-known geochemical solver
IPHREEQC which allows accounting for complex and realistic reaction networks. In this study, we have further extended
the model to include the advective ﬂow component and the
kinetic reactions. We use mixed and banded structures in
two diﬀerent parts. In the ﬁrst part of the paper, we perform
single-species simulations to investigate fracture geometry
evolutions and also study the eﬀect of diﬀerent ﬂow and
reaction conditions by choosing diﬀerent dimensionless
numbers. The second part of the paper presents results
related to a realistic case where a single fracture (representing
a leakage pathway) in a caprock, above a formation used for
CO2 storage, is considered where the rock matrix is assumed
to be composed of carbonate (calcite) and clay (kaolinite)
minerals. This rock is representative of a carbonate-rich
caprock such as some intervals in the Draupne shale [35].

LBM has been used in this study to solve the NavierStokes equation. LBM describes the behavior of a collection
of particles, and instead of macroscopic equation of ﬂuid
dynamics, it is based on the Boltzmann equation which
describes dynamics of a gas on a mesoscopic scale [37]:
∂f
∂f
F ∂f
+ ξα
+ α
=Ω f ,
∂t
∂xα
ρ ∂ξα

where f is density of particles with velocity ξ in the α-direction
at position x and time t. Also, F is the force term and Ω is a collision operator which represents local distribution of f because
of collisions of particles. It can be shown that (2) can recover
the NS equation meaning that if one solves (2) and obtains f ,
then one is able to calculate the macroscopic quantities such
as velocity and pressure using f . To solve for f , (2) must be
discretized in time, velocity space, and physical space [37]:
f i x + ci Δt, t + Δt = f i x, t + Ωi f + Fi Δt,

Ωi f =

wi =

0, 0 ,
ci =

−Δt
eq
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2. Numerical Model Description

where ρ (kg/m3) is density, u (m/s) is velocity, P (Pa) is pressure, μ (Pa·s) is dynamic viscosity, and F (N/m3) is body force.
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In the above equations, Δx and Δt are space and time
resolutions. f i is the discrete velocity distribution function,
eq
f i is the equilibrium distribution function, and τ is the
relaxation time. Discrete velocities ci and their corresponding set of weighing coeﬃcients wi will form velocity sets.
There are diﬀerent velocity sets used in LBM, and in this
study and for ﬂuid ﬂow LBM, we use D2Q9 where 2 is
the number of spatial dimensions (x and y) and 9 is the
set’s number of velocities [37]:
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where

c2s =

2.1. Lattice Boltzmann Method for Fluid Flow. The ﬂow of
incompressible ﬂuids can be described by continuity and
Navier-Stokes (NS) equations [36]
∇ · u = 0,
1
∂u
ρ
+ ρu · ∇u = −∇P + μ∇2 u + F,
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Equation (3) consists of two parts named collision and
streaming. Particles move with velocity ci to a neighboring
node at position x + ci Δt during time step t + Δt, and at
the same time, they are aﬀected by the collision operator.
So, (3) can be broken into two parts [37]:
Collision plus source term : f ∗i x, t = f i x, t + Ωi f + Fi Δt,
Streaming f i x + ci Δt, t + Δt = f ∗i x, t

6
Once these two steps are performed, distribution functions f i in the current timestep can be calculated and then
one is able to compute the macroscopic ﬂuid density and
velocity [37]:
8

ρ = 〠 f i,
i=0

7

1 8
FΔt
u = 〠 f i ci +
ρ i=0
2ρ

As was mentioned, it can be shown that the LB
equation can recover the NS equation using ChapmanEnskog analysis [38], and it can be observed that the
kinematic viscosity ν takes the following form in terms
of Lattice parameters:
ν = c2s τ −

Δt
2
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2.2. Lattice Boltzmann Method for Advection-DiﬀusionReaction Equation. Reactive transport of chemical species
can be described using the advection-diﬀusion-reaction
(ADR) equation [39]:
∂C j
+ ∇ · −D j ∇C j + uC j = R j ,
∂t

9

j

j

4

j

gi x + ci Δt, t + Δt = gi x, t + Ωi g + wi Rtotal x, t Δt,
10

j

C j = 〠 gi

In the above equations, g is the distribution function used
for species concentration. It should be pointed out that in the
LBM model above, the D2Q5 lattice was used for the ADR
j
equation. Rtotal is a source-sink term due to both heterogeneous and homogeneous reactions. While in most of previous LBM models [2, 10, 18, 20, 21, 23–27, 29, 40–42],
heterogeneous reactions are treated as a boundary ﬂux, in
this study, LBM treats heterogeneous reactions as pseudohoj
mogeneous reactions meaning that Rtotal at the bulk only
includes the homogeneous reactions, but at the ﬂuid nodes
j
adjacent to a solid node, Rtotal also includes heterogeneous
reactions (now treated as pseudohomogeneous reactions)
[30]. Using this approach, both homogeneous and heterogeneous reactions can be treated similarly, and it gives the possibility to couple the LBM transport part with an external
geochemical solver such as IPHREEQC which has been used
in this work. The validation of the LBM model has been presented in the Appendix.
2.3. Numerical Implementation. Figure 1 shows how the LBM
models for ﬂuid ﬂow and mass transport and the reaction
solver have been coupled. To initialize the model, ﬁrst, initial,
and boundary concentrations of diﬀerent species are computed using IPHREEQC. In each time step, ﬁrst we solve
for the velocity proﬁle using the LBM ﬂow solver (as
described in Section 2.1). In this study, since the time scale
of the ﬂuid ﬂow is much shorter than the other processes,
velocity reaches steady-state condition during the chosen
time step. Equilibrium distribution functions are calculated
using (12), and the collision step is then executed according
to the following equation:
j

j

gi x, t = gi x, t + Ωi g

j

Rtotal x, t =
j

Ωi g =
eq, j

gi

−Δt j
eq, j
gi − gi ,
τg

11

u · ci
,
c2s

12

= wi C j 1 +

14

We do not include the reaction source-sink term in this
j
step. In the next step, molar concentrations C trnp are transferred to IPHREEQC. IPHREEQC is a class of the
PHREEQC geochemical solver that facilitates the usage of
PHREEQC along with other software such as transport
j
solvers [43]. After importing concentrations C trnp from the
transport step into the geochemical solver, new concentraj
j
tions C phrq are calculated by the PHREEQC. Finally, Rtotal is
calculated using
j

with

13

i=0

j∗

where C j is the concentration of species j, D j is the diﬀusion
coeﬃcient which is considered constant for all species, and R j
represents the source or sink term due to reactions for species
j. R j is related to the homogeneous reactions while heterogeneous reactions happening at the solid-ﬂuid interface are
usually described as boundary conditions.
LBM can also be applied to solve the ADR equation. So,
the LB equation for each species j [30]
j

solves the ADR equation for concentration of species j

j

C phrq − C trnp
Δt

15

All these steps are done using a PHREEQC wrapper ﬁle
which is part of the LBM code used in this study and has
been detailed in Patel’s work [34] and in open-source code
Yantra 1.0.0 which is available online (https://bitbucket.org/
yantralbm/yantra/overview).
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Start

Calculate initial and boundary
concentrations using IPHREEQC
Calling LBM ﬂuid
ﬂow solver

Tramsferring concentrations from last
timestep (Cjtrnp) to IPHREEQC

Executing reaction in IPHREEQC to
obtain (Cjphrq)

Calculating Rjtotal
using equation
(15)

No
Yes
Porosity
change > 1%

Update geometry

Update distribution functions by using
source-sink term (equation (16))
Executing
streaming step

Computing Cjtrnp
using equation (13)

Final time

No

Yes
End

Figure 1: Flowchart of the LBM reactive transport model.

The geometry is updated using static update rules
detailed in Patel et al. [30]. Before performing the streaming
step, to apply the eﬀect of chemical reactions, we update the
distribution functions using
j∗∗

gi

j∗

j

x, t = gi x, t + wi Rtotal x, t Δt,

16

and then the streaming step is executed:
j

j∗∗

gi x + ci Δt, t + Δt = gi

x, t
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Once the streaming step is performed, species concentrations can be obtained using (13), and we go to the next time
step. It should be pointed out that in the next time step, we
solve for the velocity when there is at least 1% change in
the porosity.

3. Results and Discussion
3.1. Generation of Initially Mixed and Banded Mineral
Assemblages. To investigate the eﬀect of initial mineral distributions on fracture geometry evolution, the quartet structure
generation set (QSGS) algorithm [44] was used to generate
mixed and banded mineral distributions around a single fracture (Figures 2 and 3). Both of these two geometries are used
for both single- and multispecies simulations. In singlespecies simulations, a synthetic reactive mineral and an inert
mineral are present while in the multispecies simulations, the
rock matrix is composed of calcite (fast-reacting) and kaolinite (slow-reacting) minerals. The QSGS algorithm is a reconstruction method which can generate the microstructure of
materials composed of diﬀerent constituents such as rocks
with diﬀerent minerals. There are three tunable parameters
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Figure 2: The geometry of a single fracture (in light gray) surrounded by reactive (in black) and nonreactive (in dark gray) minerals. In
multispecies simulations, dark gray is kaolinite and black is calcite. The QSGS algorithm was used to grow nonreactive minerals inside a
reactive mineral (in black) to form a mixed structure.
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Figure 3: The geometry of a single fracture (in light gray) surrounded by reactive (in black) and nonreactive (in dark gray) minerals. In
multispecies simulations, dark gray is kaolinite and black is calcite. The QSGS algorithm was used to grow nonreactive minerals inside a
reactive mineral (in black) to form a banded structure.
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Figure 4: Normalized permeability versus normalized porosity at
diﬀerent Pe and Da numbers for initially mixed mineral assemblage.

(cd , Di , and Φ) in the QSGS algorithm to control how different phases (minerals) are growing inside a nongrowing
phase. cd represents the probability of a location in the
nongrowing phase to become a nucleus for the ﬁrst growing mineral. In this study, the nonreactive (in a singlespecies case) and kaolinite minerals (in a multispecies
case) were considered as the growing phases which grow
inside the reactive (in the single-species case) and calcite
minerals (in the multispecies case), respectively. Di is the
probability for a nongrowing phase cell in direction i, to
merge into a neighboring growing cell. In this study, eight
diﬀerent growth directions are considered for the growing
phases. Also, Φ indicates the volume fraction of the growing phase in the nongrowing phase and is considered to be
equal to 0.3 in this study. In both mixed and banded
structure cases, cd is equal to 0.015. To generate mixed
mineral structures (Figure 2), we used Di=1,2,3,4 = 0 04
and Di=5,6,7,8 = 0 01. To generate banded structures, values
of Di=2,4 = 0 04 and Di=1,3,5,6,7,8 = 0 were chosen to allow
the vertical growth of growing minerals so that it can
generate initial banded structures for the mineral spatial
distribution (Figure 3).

6

Geoﬂuids
Concentration

0.0005

2.5
2.22222

0.0004

1.94444
1.66667

0.0003
Y (m)

1.38889
1.11111

0.0002

0.833333
0.555556

0.0001

0.277778
0

0
0

0.0002

0.0004

0.0006

0.0008

0.001

X (m)
(a)

Concentration

0.0005

2.5
2.22222

0.0004

1.94444
1.66667

0.0003
Y (m)

1.38889
1.11111

0.0002

0.833333
0.555556

0.0001

0.277778
0

0
0

0.0002

0.0004

0.0006

0.0008

0.001

X (m)
(b)

Figure 5: Concentration (mol/L) of species A(aq) when (a) Pe = 26 and Da = 20 and (b) Pe = 0.026 and Da = 20. In both (a) and (b), porosity
(after dissolution) is near 0.59 but permeability (after dissolution) is 1.60 × 10−9 m2 for (a) and 1.48 × 10−9 m2 for (b). The nonreactive
minerals are illustrated in light gray. The areas showing a zero concentration of species A(aq) are representing reactive minerals.

3.2. Single-Species Fracture Dissolution. In this section, it is
assumed that the rock matrix around the fracture consists
of two diﬀerent minerals. For the single-species case, it is
considered that one mineral is reactive (with molar
volume of 2 × 10−3 m3/mol) and the other is inert. A single
synthetic species A(aq) is injected into the fracture and
reacts with the reactive mineral A(s) according to a ﬁrstorder kinetic reaction with dissolution rate given by the
following equation [45]:
RA = kr scA ,

18

where cA is the concentration of A aq and s is the reactive
surface area.
3.2.1. Initial Mineral Distribution: Mixed Structures. Figure 2
is used as the geometry for the mixed-structure case. The
dimension of the domain is 1 mm × 0.5 mm with a resolution
of 5 μm. Initially, concentration of species A(aq) is zero in the

fracture. The ﬂow with kinematic viscosity of 10−6 m2/s
(representing water) is driven using a constant pressure gradient in the x-direction and with no ﬂow top and bottom
boundaries. Species A(aq) is injected into the fracture from
the inlet where it is a constant concentration boundary with
a concentration equal to 0.5 mol/L and all other boundaries
are zero-gradient concentration boundaries. To see how
hydrodynamic properties (permeability and porosity) of the
fracture change during dissolution under diﬀerent transport
and reaction conditions, we run simulations at diﬀerent
Peclet (Pe) and Damkohler (Da) numbers deﬁned as follows:
UL
,
D
kL
Da = r ,
D
Pe =

19

where L is the initial aperture of the fracture equal to
200 μm, D is the diﬀusion coeﬃcient with a value of
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Figure 6: Concentration (mol/L) of species A(aq) when (a) Pe = 26 and Da = 20 and (b) Pe = 26 and Da = 10. In both (a) and (b), porosity (after
dissolution) is near 0.50 but permeability (after dissolution) is 1.47 × 10−9 m2 for (a) and 1.56 × 10−9 m2 for (b). The nonreactive minerals are
illustrated in light gray. The areas showing a zero concentration of species A(aq) are representing reactive minerals.
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Figure 7: Normalized permeability versus normalized porosity at
Pe = 26 and Da = 20 for initially mixed mineral assemblage where
two diﬀerent mineral sizes are used for nonreactive minerals.

10−11 m2/s, kr is the reaction rate constant obtained from
kr = 5 × 10−8 · Da m/s, and U is the average velocity
calculated by U = 5 × 10−8 · Pe m/s. Normalized permeability (permeability divided by initial permeability) and
their corresponding normalized porosity (porosity divided
by initial porosity) values have been obtained for diﬀerent
Pe and Da numbers. As shown in Figure 4, for a constant
Da, higher Pe will lead to a higher permeability increase
for a given porosity. As the ﬂow regime will change from
a diﬀusive to advective regime, it results in faster ﬂow of
the reactant through the fracture consequently leading to
more dissolution of minerals along the fracture walls and
quicker increase in fracture aperture. Figure 5 compares
the fracture evolution for two Pe numbers of 26 and
0.026 while Da is 20 for both cases. These two cases have
the same porosity (after dissolution) of 0.59, but permeability values (after dissolution) in Figures 5(a) and 5(b)
are 1.60 × 10−9 and 1.48 × 10−9 m2, respectively. In
Figure 5(a), the dissolution front quickly moves along

8

Geoﬂuids
Concentration

0.0005

2.5
2.22222

0.0004

1.94444
1.66667

0.0003
Y (m)

1.38889
1.11111
0.0002

0.833333
0.555556

0.0001

0.277778
0

0
0

0.0002

0.0004

X (m)

0.0006

0.0008

0.001

(a)
Concentration

0.0005

2.5
2.22222

0.0004

1.94444
1.66667

0.0003
Y (m)

1.38889
1.11111
0.0002

0.833333
0.555556

0.0001

0.277778
0

0
0

0.0002

0.0004

X (m)

0.0006

0.0008

0.001

(b)

Figure 8: Concentration (mol/L) of species A(aq) when Pe = 26 and Da = 20, for (a) coarser and (b) ﬁner nonreactive minerals. In both (a) and
(b), porosity (after dissolution) is near 0.56 but permeability (after dissolution) is 1.56 × 10−9 m2 for (a) and 1.41 × 10−9 m2 for (b). The
nonreactive minerals are illustrated in light gray. The areas showing a zero concentration of species A(aq) are representing reactive minerals.

the fracture increasing the aperture along the fracture wall
which translates into higher fracture permeability. However, in Figure 5(b), most of the dissolution happens near
to the inlet, and it does not increase fracture aperture as
much as Figure 5(a) along the ﬂow direction.
Figure 4 also shows how increasing the reaction rate
(Da number) results in lower permeability values.
Figures 6(a) and 6(b) are related to the cases with
Da = 20 and Da = 10, respectively, while both have the
same porosity of 0.50 (after dissolution) and Pe equal
to 26. As it can be observed, in Figure 6(b), the fracture
walls have been dissolved more than Figure 6(a) along

the ﬂow direction; hence, dissolution in Figure 6(b) has
more eﬀect on increasing the fracture permeability, and
permeability values conﬁrm this diﬀerence where permeability in Figure 6(a) is 1.47 × 10−9 m2 and in
Figure 6(b) is 1.56 × 10−9 m2. In all previous cases, either
when Pe is constant and Da diﬀers or when Da is constant and Pe changes, dissolution of reactive minerals in
regions far away from the main channel has less impact
on increasing permeability since the generated porous
zone does not play an important role in increasing permeability and ﬂow regime is more diﬀusive in this
porous layer.

Geoﬂuids

9
U
5.5E-06
5.21053E − 06
4.92105E − 06
4.63158E − 06
4.34211E − 06
4.05263E − 06
3.76316E − 06
3.47368E − 06
3.18421E − 06
2.89474E − 06
2.60526E − 06
2.31579E − 06
2.02632E − 06
1.73684E − 06
1.44737E − 06
1.15789E − 06
8.68421E − 07
5.78947E − 07
2.89474E − 07
0

0.0005

0.0004

Y (m)

0.0003

0.0002

0.0001

0

0

0.0002

0.0004

X (m)

0.0006

0.0008

0.001

(a)

U
5.5E-06
5.21053E − 06
4.92105E − 06
4.63158E − 06
4.34211E − 06
4.05263E − 06
3.76316E − 06
3.47368E − 06
3.18421E − 06
2.89474E − 06
2.60526E − 06
2.31579E − 06
2.02632E − 06
1.73684E − 06
1.44737E − 06
1.15789E − 06
8.68421E − 07
5.78947E − 07
2.89474E − 07
0

0.0005

0.0004

Y (m)

0.0003

0.0002

0.0001

0

0

0.0002

0.0004

X (m)

0.0006

0.0008

0.001

(b)

Figure 9: Velocity proﬁle (m/s) for cases with (a) coarser and (b) ﬁner nonreactive minerals when Pe = 26 and Da = 20. In both (a) and (b),
porosity (after dissolution) is near 0.56 but permeability (after dissolution) is 1.56 × 10−9 m2 for (a) and 1.41 × 10−9 m2 for (b).
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Figure 10: Normalized permeability versus normalized porosity at
diﬀerent Pe and Da numbers for initially banded mineral assemblage.

We also ran a case in which distribution of inert minerals inside the reactive minerals form ﬁner mixed structures. Figure 7 shows that if the initial mixed
distribution of nonreactive minerals inside the reactive
minerals contains ﬁner nonreactive minerals, the porous
region formed after dissolution has more negative eﬀect
on permeability enhancement. Figures 8(a) and 8(b) are
snapshots of species concentration having a porosity of
0.56 (after dissolution) and permeabilities (after dissolution) equal to 1.56 × 10−9 and 1.41 × 10−9 m2, respectively.
Although the extent of dissolution (along the fracture wall
and in the ﬂow direction) in Figure 8(b) is even a bit
more than Figure 8(a), the generated porous zone in
Figure 8(b) creates more resistance to ﬂow, and this region
would be more tortuous than a porous region containing
coarser inert minerals and that is why we observe lower
permeability for the case with ﬁner nonreactive minerals.
This eﬀect can be observed in Figures 9(a) and 9(b) where
the velocity magnitude (in the degraded zone) for the case
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Figure 11: Concentration (mol/L) of species A(aq) when (a) Pe = 26 and Da = 20 and (b) Pe = 0.026 and Da = 20. In both (a) and (b), porosity
(after dissolution) is near 0.58 but permeability (after dissolution) is 1.42 × 10−9 m2 for (a) and 1.37 × 10−9 m2 for (b). The nonreactive
minerals are illustrated in light gray. The areas showing a zero concentration of species A(aq) are representing reactive minerals.

with ﬁner minerals is less than that of the case with
coarser minerals.
3.2.2. Initial Mineral Distribution: Banded Structures. For the
banded structures, the geometry illustrated in Figure 3 is
used. All the initial and boundary conditions for ﬂow and
mass transfer and also the type of reaction are the same as
the ones used in the mixed-structure case. Simulations were
performed at diﬀerent Pe and Da numbers. As with
Figure 4 (for the mixed structures), Figure 10 also displays
that at a constant Da, higher permeability values can be
reached when an advective ﬂow regime is more dominant
(higher Pe).

The contour maps in Figures 11(a) and 11(b) compare the fracture aperture along fracture walls (when
Da number is 20 and porosity (after dissolution) is
0.58) showing that in Figure 11(a), which corresponds
to Pe = 26, the aperture increase is more uniform compared to that in Figure 11(b), with Pe of 0.026, in which
the aperture is increasing more locally and near the
inlet. Therefore, permeability is higher in Figure 11(a).
Also, in the case of constant Pe and diﬀerent Da numbers, it can be observed in Figure 10 that there is a negative
correlation between the Da number and permeability
increase. Figure 12(a) which corresponds to a larger Da
number indicates a face-dissolution behavior and less
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Figure 12: Concentration (mol/L) of species A(aq) when (a) Pe = 26 and Da = 20 and (b) Pe = 26 and Da = 10. In both (a) and (b), porosity
(after dissolution) is near 0.52 but permeability (after dissolution) is 1.39 × 10−9 m2 for (a) and 1.43 × 10−9 m2 for (b). The nonreactive
minerals are illustrated in light gray. The areas showing a zero concentration of species A(aq) are representing reactive minerals.

permeability while the dissolution in Figure 12(b) is happening uniformly along the fracture wall leading to a
higher permeability.
In the banded structure case as well as the mixed structures, it can be observed that the permeability increases until
it reaches a constant value. Pe and Da numbers can aﬀect the
time it takes for the permeability to reach this steady-state
condition, but it is the existence of nonreactive minerals that
causes this plateau in permeability-porosity curve. This
behavior in normalized permeability-porosity relationship
indicates that the relation k = k0 φ/φ0 3 (which is normally
used in many continuum modeling approaches to relate fracture permeability changes to porosity [39]) is not always valid
when minerals with diﬀerent reactivities exist in the fractured

media. This cubic relation is valid for single mineral cases
where fracture planes are parallel and smooth. Figure 13
displays normalized permeability versus normalized porosity for a fracture geometry such as Figure 2 with only
reactive minerals present in the rock matrix (no nonreactive mineral was considered). Figure 13 shows that in
absence of nonreactive minerals, there will be no steadystate behavior in permeability values and normalized
permeability-porosity relationship takes a power-law form,
and the exponent of this power-law equation can be equal
to 3 for a speciﬁc Da and Pe number.
3.3. Multispecies Fracture Dissolution. In the previous section, eﬀects of mineral spatial heterogeneity and diﬀerent
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Geoﬂuids
are performed to show the ability of the developed
pore-scale reactive transport model to handle more complicated cases where diﬀerent minerals with more sophisticated kinetic rate equations exist in the model. As
discussed before, in this section, we simulate preferential
dissolution of calcite minerals while kaolinite minerals
are also present in a fractured caprock, under two diﬀerent initial mineral distributions.
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Figure 13: Normalized permeability versus normalized porosity at
diﬀerent Pe and Da numbers when a single fracture is surrounded
only by a single reactive mineral and no nonreactive mineral exists
in the rock matrix.
Table 1: Concentrations used for the initial and inlet solutions.
Parameter
pH
Ca
C
Na
Cl
Al
Si

Initial value in the fracture

Value at the inlet

7.4
3.401 × 10−3 mol/kgw
6.975 × 10−3 mol/kgw
1 mol/kgw
1 mol/kgw
1.777 × 10−6 mol/kgw
1.777 × 10−6 mol/kgw

3.9
5.510 × 10−3 mol/kgw
1. 334 mol/kgw
1 mol/kgw
1 mol/kgw
—
—

reactive transport conditions on fracture evolution were
investigated when synthetic single-species reactive and
nonreactive minerals were present in the model. In reality, however, the minerals are composed of diﬀerent
species and have more complicated kinetic rate equations
which might aﬀect the fracture textural evolution in ways
that are not the same as evolutions related to the synthetic minerals. Therefore, in this section, simulations

RAl2 Si2 O5

04
+ kOH aOH− 0 3
OH 4 = kH aH+

3.3.1. Initial Mineral Distribution: Mixed Structures. In this
section, the geometry illustrated in Figure 2 was used with
the black and dark gray areas representing calcite and kaolinite minerals, respectively. The domain dimensions, grid
resolution, type of ﬂow, and mass transfer boundary
conditions are similar to the synthetic mineral case. A
constant pressure gradient is applied on the domain such
that the average velocity in the entire domain equals to
U = 5 × 10−7 · Pe m/s. The diﬀusion coeﬃcient for all
species is considered to be 10−10 m2/s. The initial and inlet
species concentrations are listed in Table 1. The inlet solution
is assumed to be a CO2-saturated brine which has a pH
around 4 and is undersaturated with respect to calcite with
saturation index Ω (Ω = log(Q/K), where Q is the ion
activity product and K is the equilibrium constant) of
−3. When solving our chemical reaction system in
IPHREEQC, there are diﬀerent speciation and kinetic reactions. Among those reactions, calcite and kaolinite reactions are considered as kinetic reactions. For the calcite
reaction, the following reaction rate equation based on
the transition state theory (TST) is used [46]:
1−

RCaCO3 = k1 aH+ + k2 aH2 CO∗3 + k3

aCa2+ aCO2−
3
,
K eq,CaCO3

20

which corresponds to the following reaction:
CaCO3 s ⇌Ca2+ + CO2−
3

21

In (20), ai is the activity of species i; RCaCO3 is the
reaction rate; k1 , k2 , and k3 are reaction rate constants
which are equal to 0.89, 5.01 × 10−4, and 6.6 × 10−7 mol/
(m2·s), respectively. The equilibrium constant of the reaction (K eq,CaCO3 ) is 10–8.49.
The kaolinite reaction is described as
Al2 Si2 O5 OH

4s

+ 6H+ ⇌2Al3+ + 2H4 SiO4 + H2 O,

22

and its overall reaction rate equation is given by [47]:

1−

aAl3+

2

aH4 SiO4

aH+ 6 K eq,Al2 Si2 O5

09

2

,
OH

4
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Figure 14: Ca concentrations (mol/L) at (a) t = 1 5 hr, (b) t = 4 9 hr, and (c) t = 8 7 hr. In all three cases, Pe = 2.6 and kaolinite is illustrated in
light gray.
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Figure 15: Ca concentrations (mol/L) at (a) t = 6 2 hr, (b) t = 20 5 hr, and (c) t = 42 hr. In all three cases, Pe = 0.026 and kaolinite is illustrated
in light gray.
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Figure 16: Al concentrations (mol/L) at (a) t = 1 5 hr, (b) t = 4 9 hr, and (c) t = 8 7 hr. In all three cases, Pe = 2.6 and kaolinite is illustrated in
light gray.
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Figure 17: Al concentrations (mol/L) at (a) t = 6 2 hr, (b) t = 20 5 hr, and (c) t = 42 hr. In all three cases, Pe = 0.026 and kaolinite is illustrated
in light gray.
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Figure 19: Eﬄuent Ca concentrations versus time at two diﬀerent
Pe numbers.
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where reaction rate constants kH and kOH are 10–10.8 and 10–
mol/(m2·s), respectively, and reaction equilibrium constant K eq,Al2 Si2 O5 OH 4 is 107.435. It should be pointed out that
all the reaction rate and equilibrium constants correspond
to 25°C.
We performed simulations at two diﬀerent Pe numbers
of 2.6 and 0.026. Ca and Al concentrations at three diﬀerent times are shown in Figures 14–17 for these two Pe
numbers. As it can be observed in these ﬁgures, for the
lower Pe number, the dissolution is limited to the inlet
(face dissolution) while for the higher Pe number, since
the carbonated water can react with more reactive minerals along the fracture length, the dissolution is uniform
along the fracture. These two diﬀerent dissolution patterns
(face dissolution and uniform dissolution) cause diﬀerent
permeability values for the fracture. For the facedissolution case, the aperture increase happens closer to
the inlet and a degraded zone forms in this region where
it does not contribute to the permeability increase due to
the high ﬂow resistance in this layer. However, in the case
of uniform dissolution, the aperture increases uniformly
throughout the fracture and it has more positive eﬀect
on the permeability enhancement. Due to this behavior,
it can be seen in Figure 18 that when the ﬂow regime is
more diﬀusive, the permeability is lower than that of a
more advective ﬂow regime.
Also, Ca and Al concentrations at the outlet are plotted in Figures 19 and 20, respectively. For the lower Pe
number, Ca concentration increases and then it becomes
constant whereas for the higher Pe number, it increases
to a maximum and then starts decreasing. This behavior

30
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Figure 18: Normalized permeability versus normalized porosity at
two diﬀerent Pe numbers for initially mixed mineral assemblage
(multispecies case).
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Figure 20: Eﬄuent Al concentrations versus time at two diﬀerent
Pe numbers.

can be attributed to a decrease in calcite dissolution rate.
When calcite surfaces are near to the main ﬂow channel,
the ﬂuid velocity is higher and the ﬂuid reactivity can be
maintained along the fracture channel. Hence, the dissolution rate is higher which leads to the increase in Ca
concentration. However, when calcite surfaces dissolve
and become further away from the main ﬂow channel,
the reactive ﬂuid (here, the low-pH solution) cannot
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Figure 21: Ca concentrations (mol/L) at (a) t = 1 3 hr, (b) t = 2 8 hr, and (c) t = 6 4 hr. In all three cases, Pe = 2.6 and kaolinite is illustrated in
light gray.

Geoﬂuids

19
Ca
0.066
0.0625263
0.0590526
0.0555789
0.0521053
0.0486316
0.0451579
0.0416842
0.0382105
0.0347368
0.0312632
0.0277895
0.0243158
0.0208421
0.0173684
0.0138947
0.0104211
0.00694737
0.00347368
0

0.0005

0.0004

Y (m)

0.0003

0.0002

0.0001

0
0

0.0002

0.0004

0.0006

0.0008

0.001

X (m)

(a)
Ca
0.066
0.0625263
0.0590526
0.0555789
0.0521053
0.0486316
0.0451579
0.0416842
0.0382105
0.0347368
0.0312632
0.0277895
0.0243158
0.0208421
0.0173684
0.0138947
0.0104211
0.00694737
0.00347368
0

0.0005

0.0004

Y (m)

0.0003

0.0002

0.0001

0
0

0.0002

0.0004

0.0006

0.0008

0.001

X (m)

(b)
Ca
0.066
0.0625263
0.0590526
0.0555789
0.0521053
0.0486316
0.0451579
0.0416842
0.0382105
0.0347368
0.0312632
0.0277895
0.0243158
0.0208421
0.0173684
0.0138947
0.0104211
0.00694737
0.00347368
0

0.0005

0.0004

Y (m)

0.0003

0.0002

0.0001

0
0

0.0002

0.0004

0.0006

0.0008

0.001

X (m)

(c)

Figure 22: Ca concentrations (mol/L) at (a) t = 5 1 hr, (b) t = 12 6 hr, and (c) t = 29 3 hr. In all three cases, Pe = 0.026 and kaolinite is
illustrated in light gray.
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Figure 23: Al concentrations (mol/L) at (a) t = 1 3 hr, (b) t = 2 8 hr, and (c) t = 6 4 hr. In all three cases, Pe = 2.6 and kaolinite is illustrated in
light gray.
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Figure 24: Al concentrations (mol/L) at (a) t = 5 1 hr, (b) t = 12 6 hr, and (c) t = 29 3 hr. In all three cases, Pe = 0.026 and kaolinite is
illustrated in light gray.
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3.3.2. Initial Mineral Distribution: Banded Structures. As in
Section 3.3.1, we simulate two diﬀerent cases where
Pe = 2.6 and Pe = 0.026. Similar dissolution patterns as in
the mixed structures can be seen (Figures 21–24); a
smaller Pe number results in face dissolution and higher
Pe number leads to uniform dissolution. Also, a smaller
Pe number translates into lower permeability values compared to the higher permeability values obtained for the
higher Pe number (Figure 25). As in the mixed structures, in the banded structure case, when ﬂuid velocity
is higher and uniform aperture increase is visible along
the fracture walls, dissolution has a more positive role
in increasing fracture permeability than the case with
lower velocity leading to more localized dissolution near
the inlet.
It should be pointed out that in the banded structure,
compared to the mixed-structure case, the permeability
values are smaller indicating that when nonreactive minerals are distributed as banded structures, they act as a
ﬂow barrier and, as can be observed in Figures 26(a)
and 26(b), generate more resistance to ﬂow compared
to the porous zone formed after dissolution in the case
of mixed structures.
Also, similar to the mixed-structure case, while calcite dissolves and recedes from the main ﬂow channel,
the rate of calcite dissolution decreases due to buﬀering
eﬀect and lower velocity in the areas between two vertical kaolinite bands (comb-tooth zones). This will cause a
decrease in Ca concentration after it reaches a maximum
at the beginning (Figure 27). However, Figure 28 displays that eﬄuent Ca concentrations for the case of
banded structures are higher than those of mixed structures. Although in both cases of mixed and banded
structures, after calcite dissolution, the calcite surfaces
will be further away from the main ﬂow channel, but
as Figure 26 showed, in the case of a banded structure,
it would be more diﬃcult for the carbonated water to
enter the comb-tooth zone compared to the degraded
zone. Therefore, in the case of mixed structures, the
extent of buﬀering would be more than the banded
structure case, and that is why lower Ca concentrations
are observed at the outlet for mixed-structure cases.

1.12

1.1
Normalized permeability

easily ﬂow into the degraded zone because the ﬂow barrier is high in this region. Therefore, the solution in those
regions becomes buﬀered, and the saturation index is
closer to zero meaning that the rate of calcite dissolution
would be lower and limited by diﬀusion. So, we observe a
decreasing trend in the Ca concentration at the outlet.
Also, Figure 20 shows that Al concentration decreases
quickly when the inlet solution is introduced to the
domain. This is because the inlet solution does not contain Al and also kaolinite dissolution rate is very slow,
so the Al concentration will decrease in the domain.
But a closer look at Figure 20 indicates that after a sharp
decrease at the beginning, Al concentration starts to
increase very slowly in which this increase conﬁrms the
kaolinite dissolution reaction which is of course very slow
at the time scale considered here.
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Figure 25: Normalized permeability versus normalized porosity
at two diﬀerent Pe numbers for an initially banded mineral
assemblage (multispecies case).

Also, higher concentrations of Al between thinner kaolinite bands near to the inlet (Figures 23(c) and 24(c)),
also conﬁrm the increasing trend in Al concentration
indicated in Figure 29.

4. Conclusions
In this study, a previously developed LBM transport
solver coupled with IPHREEQC has been extended for
simulating advective-diﬀusive reactive transport. The
LBM was used to investigate the eﬀects of initial mineral
spatial heterogeneity on textural alteration of a fracture
and consequently on its hydrodynamic properties. The
LBM coupled with IPHREEQC geochemical solver
enables us to model a broad range of diﬀerent geochemical reactions. To simulate the eﬀects of diﬀerent mineral
spatial distributions, synthetic models were constructed.
Results showed that the generated degraded and combtooth zones [3] as observed in experiments done by Ellis
et al. [2] will cause the permeability of the fracture to
increase until a steady-state condition while in most of
continuum-scale models, a power-law relation is used
for permeability-porosity relationship which can overestimate the permeability values when multiminerals exist
in the system. In addition to the existence of diﬀerent
minerals, this permeability-porosity relation is a function
of transport and reaction conditions. At a constant Da
number, increasing Pe causes higher permeability values,
and at constant Pe, increasing the Da number will lead
to a permeability decrease.
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Figure 26: Velocity proﬁle (m/s) for cases with (a) mixed and (b) banded structures when Pe = 2.6 for a multispecies case. In both (a) and (b),
porosity (after dissolution) is near 0.47 but permeability (after dissolution) is 1.58 × 10−9 m2 for (a) and 1.43 × 10−9 m2 for (b).

Moreover, to show the ability of the LBM model for
realistic cases, we simulated a case with calcite and kaolinite minerals which were assumed to represent two
main minerals in a rock matrix around a single fracture
inside a caprock. It was observed that the tortuosity in
the degraded zone (in the case of initially mixed distributions) and distance from the main ﬂow channel (in the
case of initially banded structures) lowers the permeability of the fracture. Also, a decreasing trend in the eﬄuent
Ca concentration conﬁrmed the eﬀect of degraded and
comb-tooth zones on decreasing the dissolution rate of
calcite in those regions.
3D simulations need to be done in order to better
understand the eﬀects of initial mineral distributions on
fracture hydrodynamic properties. The developed LBM
can also be used to simulate the 3D geometries as well,
and this will be published in a future work.

Appendix
A. Validation of LBM Model
The applicability of the current LBM approach (without
ﬂow solver) used in this work has been previously demonstrated for ion exchange problems [48] or cases in which
reactions were at local equilibrium [30]. In this study, we
will perform two diﬀerent benchmark tests to show the
performance of our LBM model where kinetic reactions
exist in the problem.
A.1 Reaction-Diﬀusion of a Single Species in a Square
Domain. This benchmark shows how a single species A
(with constant concentration) diﬀuses from left boundary
into a square domain with size a × b (Figure 30) and
reacts with a solid As (according to the reaction A⇌As)
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Figure 27: Eﬄuent Ca concentrations versus time at two diﬀerent
Pe numbers.

Figure 29: Eﬄuent Al concentrations versus time at two diﬀerent
Pe numbers.
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Figure 30: Schematic of the domain used for single-species
reaction-diﬀusion benchmark.
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Figure 28: Eﬄuent Ca concentrations versus time for mixed and
banded structures when Pe = 2.6.

with the boundary conditions
c 0, y = c0 ,

at the top boundary. The governing equation for the
stationary condition is [19]
∂2 c ∂2 c
+
= 0,
∂x2 ∂y2

A1

∂c
x, y = b = k c − ceq ,
∂y
∂c
x, 0 = 0,
∂y
∂c
a, y = 0
∂x

A2
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Figure 31: Steady-state concentrations, obtained by analytical (contour and solid lines) and LB (dashed lines) methods, for a single species
diﬀusing through the left boundary of a square domain and reacting at the top boundary according to a ﬁrst-order reaction while other
boundaries are zero concentration gradients.
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Figure 32: Sketch of domain used for 1D simulation of advection-diﬀusion-reaction of four species involved in a chain of decay reactions.
The left boundary is maintained at constant concentration for diﬀerent species, and the right boundary is a zero concentration gradient.

The analytical solution of (A.1) is [49]
∞

sin βn b cosh β x − a
2
cosh βn a
n=0 N n βn

c x, y = c0 − ceq 〠

cos βn y + ceq ,

A3
where
N 2n =

b
sin 2βn b
1+
2
2βn b

,

A4

and βn can be calculated by solving the following equation:
βn b tan βn b =

kb
D

A5

In the above equations, c is species concentration, c0 is concentration at the inlet, ceq is initial concentration at the

domain, k is reaction rate constant, and D is diﬀusion coeﬃcient. To compute the analytical and numerical solutions of
the problem, a domain size of 1 cm × 1 cm was considered
which was discretized into 50 × 50 grids for the LBM. Inlet
and equilibrium (initial) concentrations are 10 × 10−5 mol/L
and 1 × 10−5 mol/L, respectively. Also, the values used for
reaction rate and diﬀusion constants are 4.8 × 10−3 m/s and
10−9 m2/s, respectively. As it was mentioned earlier, the reaction part is done using IPHREEQC. Figure 31 shows the
steady-state solution obtained using analytical (the contour
map and solid lines) and numerical (dashed lines) LBM. As
it can be observed, analytical and numerical methods agree
very well indicating the ability of the proposed LBM coupled
with IPHREEQC.
A.2 Advection-Diﬀusion-Reaction of Multispecies Involved in
a Kinetic Decay-Chain. To further verify the implementation of a coupled LBM-IPHREEQC reactive transport
model, a 1D simulation of advection-diﬀusion-reaction
(ADR) was considered in which four diﬀerent species A,
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between both solvers conﬁrming the correctness of coupling
of LBM with IPHREEQC.
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B, C, and D are reacting according to the following decay
reactions [50, 51].
RA =

dcA
= −kA cA ,
dt

A6

RB =

dcB
= kA cA − kB cB ,
dt

A7

RC =

dcC
= kB cB − kC cC ,
dt

A8

RD =

dcD
= kC cC − kD cD ,
dt

A9

where Ri (i = A, B, C, and D) refers to the reaction rate, ci is
species concentration, and ki is the reaction rate constant.
As illustrated in Figure 32, species A with constant concentration of 10−3 mol/L is introduced to the domain (with a
length of 0.2 m) from inlet while other species concentrations
are kept zero at this boundary. All other boundaries have a
zero-gradient boundary condition for concentration. The initial concentration for all species is zero. Velocity is constant
and equal to 4.8 × 10−6 m/s and diﬀusion coeﬃcient is
10−8 m2/s. Once A enters the domain, a chain of decay reactions occurs according to (A.6)–(A.9). In these equations kA ,
kB , kC , and kD are 5 × 10−4, 2 × 10−4, 1 × 10−4, and 5 × 10−5 1/s,
respectively. The simulation was run until 105 s, and comparisons of the results were made between the reactive transport
modules of PHREEQC and LBM-IPHREEQC. The breakthrough curves for diﬀerent species concentrations have been
plotted in Figure 33. Results show a very good agreement
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Celerity and velocity of subsurface ﬂow in soil porous medium are intimately linked with tracer transport, while only few current
studies focused on their relations. This study conducted theoretical analyses based on a pore bundle model, under which celerity in
unsaturated ﬂow is equivalent to maximum velocity. Furthermore, under 3 models Brooks-Corey model and unmodiﬁed and
modiﬁed Mualem-van Genuchten models, we used a celerity function to derive breakthrough curves aiming to quantify the
advective tracer transport for 5 typical soil textures. The results showed that the celerity under near-saturated conditions can be
5 up to 100 times larger than the saturated hydraulic conductivity, and a small volumetric fraction (<15%) of pores contributed
more than half of the speciﬁc discharge. First arrival time and extensive tailing of the breakthrough curves were controlled by
maximum velocity and velocity distribution, accordingly. As the kinematic ratio in the Brooks-Corey model remained
constantly for each speciﬁc soil, we used it to quantify the ratio of maximum tracer velocity over average tracer velocity. We also
found that a bimodal soil hydraulic function (for a dual-permeability model) may result in similar soil hydraulic conductivity
functions for diﬀerent parameter sets, but their celerities are diﬀerent. The results showed that the proposed celerity function
can assist in investigating subsurface ﬂow and tracer transport, and the kinematic ratio could be used to predict the ﬁrst arrival
time of a conservative tracer.

1. Introduction
Subsurface ﬂow is conducted in the soil porous medium, in
which the pore structure (i.e., pore connectivity, tortuosity,
and pore size distribution) controls the permeabilities and
pore water velocities in numerous ﬂow paths [1–3]. In hydrological studies, it is impractical to deterministically represent
the pore-scale ﬂuid dynamics and transport processes in
soil, for the variability of pore water velocity is diﬃcult
to observe or predict [4–6]. For describing the subsurface
ﬂow processes, the continuum approach was often used

to conceptualize the discrete materials and water particles
as one single continuous mass. The soil hydraulic properties
(e.g., the lumped hydraulic conductivity and moisture capacity) and state variables (e.g., volumetric water content and
capillary pressure) are often quantiﬁed in a representative
elementary volume (REV) [7, 8]. The continuum subsurface
ﬂow equation (i.e., the well-known Darcy-Richards equation)
calculates speciﬁc discharge and average pore water velocity
for transport phenomenon. Speciﬁcally, the speciﬁc discharge quantiﬁes the volumetric ﬂow [9, 10], and the average
pore water velocity can be coupled with an advection-

2
diﬀusion equation to simulate solute/thermal transport
[10–12]. Applications of the Darcy-Richards equation relay
on the indicators of velocities and speciﬁc discharge.
For describing the water ﬂuid dynamics, the terminologies of velocity (i.e., pore water velocity) and celerity have
been commonly used in various hydrological systems, such
as river channels [13–15], estuaries [16, 17], and soil porous
medium [8, 18, 19]. Theoretically, velocity expresses mass
ﬂux, while celerity represents the speed of pressure propagation through a ﬂow domain [20]. In surface water, for
instance, the pressure wave is a ﬂood wave propagating
through river channels. Similarly, the celerity in subsurface
ﬂow describes a perturbation-induced pressure wave that is
aﬀected by precipitation, evaporation, or ﬂuid injection and
extraction [21, 22]. In saturate soil, the diﬀerence between
velocity and celerity can be illustrated by a virtual experimental [20], and the authors pointed out: “in a cylinder full of
sand and saturated with water, changing the ﬂow rate or head
at the input boundary will immediately cause a change in ﬂow
at the output boundary. While the water ﬂow velocity through
the sand is slow, the celerity in this case is (theoretically)
instant, hence the immediate response. At larger scales, this
case is analogous to a conﬁned aquifer with incompressible
water and rock. Allowing for the compressibility will slow the
celerity a little, but the velocities of ﬂow will still be much less
than the celerities.”
In conﬁned saturated ﬂow, the nearly-instant celerity is
caused by the low compressibility of water and soil porous
medium. While in unsaturated soil, the pressure propagation
was achieved by the variation of capillary pressure that is
driven by diﬀerent mechanisms. For example, a response of
the pore water pressure in unsaturated soil can be caused
by either preferential ﬂow [23] or pressure wave through
the entrapped air [24]. However, how to distinguish the
initial cause-eﬀect mechanism of pressure response is still a
challenge [22, 25]. Many studies used the kinematic wave
equation to simulate unsaturated ﬂow [8, 18, 26, 27], in
which the celerity was deﬁned as a ﬁrst-order derivative of
hydraulic conductivity (i.e., equal to speciﬁc discharge) with
respect to the water content [22, 28, 29]. These studies illustrated the celerity as “mobility of water in soil” [29, 30], and
the mechanisms of pressure propagation in unsaturated zone
was, however, not discussed.
On the other hand, the pore water velocity in numerous
ﬂow paths is dictated by the pore structure such as pore connectivity, tortuosity, and pore size distribution [1–3]. Especially, the soil hydraulic functions can be derived as an
integration of pore water velocities in all ﬂow paths if considers a unit gradient condition [10, 12, 31]. Based on a pore
bundle model, the hydraulic properties of each ﬂow path can
be equivalent to that of a cylinder tube with a small circular
cross section and a suﬃcient length [32–34], then the experimentally measured water retention curve is used to infer
pore size distribution and pore water velocity distribution
[35–38]. Under such condition, each tube conducts the viscous ﬂow; therefore, the relations of the equivalent tube
radius to capillarity pressure and pore hydraulic conductivity
can be, respectively, described by a capillary rise equation
(i.e., Young-Laplace equation) and a pipe/cylinder liquid
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ﬂow equation (i.e., the Hagen-Poiseuille law). The hydraulic conductivity functions integrated from pore velocity
distribution can indirectly reﬂect the pore-scale hydraulic
properties [39, 40]. As the ﬁrst-order derivative of hydraulic
conductivity can be deﬁned as a celerity function for unsaturated soil [22, 24], the celerity can be related to the pore water
velocity distribution.
The complex solute transport behaviours are caused by
the pore water velocity distribution in a subsurface ﬂow system [28, 41–43], which have been captured either by an
experimentally obtained breakthrough curve [5, 44–46] or
by natural and artiﬁcial tracers in a hydrological system
[28, 47, 48]. The breakthrough curve expresses the time
series of the tracer concentration of drainage ﬂow, which
was often characterized by a coexisting early initial breakthrough and extensive tailing [44]. The tracer experiment
in a hillslope or a catchment assists in inferring the travel
time distribution [49, 50]. However, many tracer studies
found a paradox behaviour; that is, during a high-intensity
rainstorm a large amount of “old” water resident in soil or
groundwater is expelled into the stream, while the labelled
“new” water of the rainfall on the hillslope immediately
starts to appear in the stream after a fast inﬁltration
through a fast ﬂow path [51–54]. Those complex tracer
transport behaviours address the importance of quantifying the pore water velocity distribution for achieving the
more detailed physical interpretations of unsaturated ﬂow
and transport [28, 55].
The celerity and velocity are intimately linked with
tracer transport, while most of the current studies focused
on one or two aspects. For example, mathematical derivations for the celerity and kinematic ratio have been provided
by Rasmussen et al. [22], while they did not ﬁnd the relation
between tracer transport and pressure propagation. Wang
et al. [24] and Mohammadi et al. [56] found the derivation
of the tracer breakthrough curve through the soil hydraulic
conductivity functions, and their method have been validated
through their experiments. However, the studies from Wang
et al. [24] and Mohammadi et al. [56] were based on the soil
hydraulic functions of either the Brooks-Corey model or the
van Genuchten model for a single-permeability model, and
more soil hydraulic functions still need further studies. There
is no report existing that explored the relations among celerity (pressure propagation), velocity (water transport), and
tracer transport (pore velocity distribution) yet.
The objective of this paper was to (i) illustrate the concept
of celerity in unsaturated ﬂow, (ii) propose a new soil hydraulic function (i.e., celerity function) to express the pore water
velocity distribution, and (iii) quantify the advective breakthrough curves using the proposed celerity function. Speciﬁcally, in Section 2.1, the deﬁnitions of velocity and celerity
were given to illustrate the mechanisms of pressure propagation in unsaturated soils. Based on a pore bundle model,
Section 2.2 mathematically proved the equivalence between
celerity in unsaturated soil and maximum pore water velocity
among all ﬂow paths that conduct water. Furthermore, a
theoretical analysis was conducted to illustrate the diﬀerence
between celerity and velocity of wetting front under a unithydraulic-gradient condition, showing that the celerity
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function derived from a perturbation analysis can reveal the
pore water velocity distribution (see Section 2.3). The celerity
functions of the Brooks-Corey model and both unmodiﬁed
and modiﬁed Mualem-van Genuchten models are provided
in Section 2.4. The impact of velocity distribution on tracer
transport can be illustrated by mathematically deriving a
breakthrough curve through a celerity function (Section
2.5). Functions for the celerity in dual-permeability models
are derived in Section 2.6. Section 3 analysed the hydraulic
characteristic and breakthrough curves of typical soil textures
by using the proposed celerity function. Hereto, the pore
water velocity distribution and breakthrough curve of typical
soils were analysed using the existing parameter sets of the
Mualem-van Genuchten model and the Brooks-Corey
model. Additionally, the equiﬁnal parameter sets of a
bimodal soil hydraulic function were distinguished by the
celerity function. The follow-up discussion focused on the
mechanism of pressure propagation and tracer transport in
a natural subsurface ﬂow system.

2. Theory
2.1. Deﬁnitions. In subsurface, the vertical component q
(LT−1) of a speciﬁc discharge vector (i.e., the volume ﬂux of
water per unit cross-sectional area) is formulated using
Darcy’s law as
q = −K

∂
h−z ,
∂z

q
,
θ − θr

2

where θ (−) is the volumetric water content and θr (−) is the
residual water content.
The continuity equation for one-dimensional vertical
ﬂow is
∂θ ∂q
+
=0
∂t ∂z

3

The derivative of speciﬁc discharge q with respect to z is
written as
∂q ∂q ∂θ
=
∂z ∂θ ∂z

4

Substitution of (4) for ∂q/∂z in (3) results in an advection
equation
∂θ
∂θ
+c
= 0,
∂t
∂z

5

where c (LT−1) is the celerity [22]
∂q
c=
∂θ

αK =

vi = −ki

∂
h−z ,
∂z

7

8

where ki (LT−1) is a coeﬃcient relating the head gradient and
the average velocity in pore i.
The pores with the same size and the same pore water
velocity can be classiﬁed as one group, based on which the
water content θ (i.e., all the volumetric fractions of the
pore space ﬁlled with water) is discretised in N fragments
of equal water content Δθ and ordered from small pores to
larger pores. Assuming a unique, nonhysteretic relationship
between water content and capillary pressure, water can ﬂow
through the water-ﬁlled saturated smaller pores with higher
capillary pressure, while the larger pores will remain empty
and inactivated for conducting unsaturated ﬂow [58].
By discretizing the ﬂow domain into numerous ﬂow
tubes that are vertically homogeneous, the hydraulic characteristics of each tube can be formulated as functions of the
volumetric water content θ. Considering the pore size distribution, the pore water ﬂow velocity vi follows a distribution
ordering from smallest pore group (with velocity v1 ) to largest pore group (with velocity vM ). At a certain water content
value, v θ (LT−1) may denote the maximum pore water ﬂow
velocity taking place in the water-ﬁlled pore with the largest
equivalent radius—then the speciﬁc discharge q (LT−1) and
the hydraulic conductivity K (LT−1) can be obtained through
a summation:
M

6

c
v

2.2. Celerity and Maximum Pore Velocity. The pore sizes and
their intrinsic permeabilities vary throughout the unsaturated zone. Based on a pore bundle model, many previous
studies considered soil as a bundle of nonintersecting, parallel, and cylindrical tubes with varying radii to quantify
the water and solute transport [32–34, 57]. When water
enters soil ﬂowing through a pore of certain size, each pore
is either entirely ﬁlled with water or entirely empty. Considering variably saturated conditions, pores are ﬁlled from the
smallest tube group (i = 1) to the largest (i = N). Under
unsaturated conditions, Mof the N tube groups are ﬁlled with
water. The pore water velocity vi (LT−1) in one speciﬁc equivalent (saturated) cylinder tube i can be determined by its
speciﬁc discharge

1

where K (LT−1) is the hydraulic conductivity, h (L) is
the pressure head, and z (L) is the vertical coordinate
(positive downward).
The average pore water velocity v (LT−1) is
v=

Theoretically, the advection equation represents the
advection of the soil-water content θ with speed c. When c
is a constant value, it would mean that an arbitrarily shaped
pulse of θ moves with constant speed c without changing its
shape. The celerity is, however, not a constant but a function
of water content. Hence, the celerity is an approximate
advection speed of a small pulse of θ.
A ratio between celerity and average velocity is called the
kinematic ratio αK (−), as deﬁned by Rasmussen et al. [22]:

q = 〠 vi Δθ,
i=1

9

700

35

600

30

500

25

400

20

300

15

200

10

100

5

0

0

0.1

0.2

0.3

0.4

0.5

K (cm‧day−1)

Geoﬂuids

v (cm‧day−1)

4

0

휃 (cm3‧cm−3)

Figure 1: A numerical integration of pore water velocities from pore groups.

where M is the largest tube group ﬁlled with water. Substitution of (8) for vi in (9) gives
M

M

i=1

i=1

q = 〠 vi Δθ = 〠 − ki

∂
∂
h − z Δθ = −K
h−z ,
∂z
∂z
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where the hydraulic conductivity K is deﬁned as
M

K = 〠 ki Δθ

11

i=1

The unit hydraulic gradient condition considers a
gravity-driven vertical inﬁltrating ﬂow (i.e., when ∇h = 0
and K = q), and the hydraulic conductivity function K θ
therefore can be obtained by summing up the pore water
velocity vi from a limited number of pore groups as shown
in Figure 1.
The integral equation of (9) is
q=

θ
θr

vdθ,

12

and the integral equation of (11) is
K=

θ
θr

kdθ

13

The celerity is now obtained as
cθ =

∂q
= v θθ = v θ ,
r
∂θ

14

where v θ is the maximum velocity corresponding to the
water content θ. Hence, the celerity is equal to the maximum
velocity corresponding to a certain water content θ.
Many previous studies using the pore bundle model to
derive the hydraulic conductivity function by upscaling
pore water velocities to REV scale were similar to (12)–(13)
[32–34], while an inverse derivation in (14) demonstrates
that the celerity in unsaturated ﬂow is equal to the maximum
pore water ﬂow velocity. Moreover, Figure 1 implies that the
piecewise linear approximation of the soil hydraulic conductivity function can infer the ﬂow paths (or tubes groups) in
which the water ﬂow has distinct velocities.

2.3. Expressing Pore Water Velocity Distribution by a Celerity
Function. The eﬀects of pore water velocity distribution on
soil hydrology can be visualized by a perturbation analysis
with a hypothetical inﬁltration experiment. Considering soil
under unit hydraulic gradient condition as ∂ h − z /∂z = −1
(when h is constant), the speciﬁc discharge is equal to the
hydraulic conductivity (q = K) [58]. Under this condition,
an increment of water ﬂow on the surface boundary will
cause downward pressure propagation. The pressure propagation may be linked to the celerity as maximum pore water
velocity, while it can also be described by a similar terminology of the velocity of wetting front. A hypothetical analysis is
provided hereafter to exemplify their diﬀerent roles in quantifying the pressure wave propagation under unit hydraulic
gradient condition.
Considering a steady ﬂow condition driven by an inﬁltration ﬂow q, the increments of Δq to the upper boundary correspondingly induce an increment of soil water content Δθ
that generates a piston-shaped advancing wetting front with
velocity vWF (LT−1) expressed as [59]
vWF =

Δq q θ + Δθ − q θ
K θ + Δθ − K θ
=
=
Δθ
Δθ
Δθ

15

The velocity of wetting front vWF expresses the average
pore water velocity of the newly activated pore system with
the volumetric fraction of Δθ, which is induced by a change
of the speciﬁc discharge Δq.
On the other hand, the celerity in unsaturated ﬂow can be
illustrated by a perturbation analysis; namely, a small increment of δq at the surface boundary will activate water ﬂow
in a larger-size pore with water content of δθ:
c=

δq
=v θ
δθ

16

Furthermore, under unit hydraulic gradient condition,
the celerity can be mathematically linked to the maximum
pore hydraulic conductivity
c=

∂K
=k θ
∂θ

17

A perturbation (i.e., an small increment) of water ﬂow at
the surface boundary will activate water ﬂow in the “new”
tube group with larger size and higher pore hydraulic conductivity k θ , and the ﬂow velocity v θ in the newly
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Table 1: Constitutive relationships under the unit hydraulic gradient condition formulated by the Brooks-Corey model and the modiﬁed
Mualem-van Genuchten model.
Property

Deﬁnition

Water retention

Θ=f h

Speciﬁc capacity

dθ
dh

Speciﬁc discharge

q=K

Θ=

αBC h

−nBC

,

αBC h < −1,

1,

αBC h > −1

αBC nBC θs − θr Θ1+1/nBC
K s Θ 2/nBC

+2

dK
dθ

aK K s 2/nBC
Θ
θs − θr

+2

Celerity

c=v=
αK =

c
v

2
+3
nBC

εΘ =

1 + αVG h nVG

−mVG

,

h < hs ,

1,

h ≥ hs

mVG nVG αVG θs − θr Θ1/mVG 1 − Θ1/mVG
K s ΘlVG

Ks
Θ 2/nBC
θs − θr

v=

Modiﬁed Mualem-van Genuchten

m

+3

q
θ − θr

Average pore velocity

Kinematic ratio

Brooks-Corey

1 − 1 − εΘ 1/mVG VG
1 − 1 − ε1/mVG mVG

mVG

2

m

2

m

2

Ks
1 − 1 − εΘ 1/mVG VG
ΘlVG −1
θs − θr
1 − 1 − ε1/mVG mVG
aK K s lVG −1 1 − 1 − εΘ 1/mVG VG
Θ
θs − θr
1 − 1 − ε1/mVG mVG
lVG +

2 1 − εΘ

1/mVG mVG −1

1 − 1 − εΘ

εΘ

1/mVG

1/mVG mVG

−1

Notation of table: α (L ), n (−), and m (−) are the ﬁtting parameters for the Brooks-Corey model (detonated with subscription of “BC”) and the Mualem-van
Genuchten model (detonated with subscription of “VG”); Θ is the eﬀective saturation (−) that is deﬁned as Θ = θ − θr / θs − θr ; ε is the correction factor to
m
modify the van-Genuchten model ε = θs − θr / θm − θr , with θm = θr + θs − θr 1 + αVG hs nVG VG ; hs is the minimum capillary height, which becomes zero
when θm = θs ; and lVG is the pore connectivity parameter and is usually assumed to be 0.5.

activated water ﬂow path will be larger than other water-ﬁlled
tubes. Assuming that the ﬂuid dynamics are independent
among tubes, the celerity under variably saturated condition
express the one-to-one correspondence between the maximum pore water velocities with the water content [58]. When
exerting the perturbation analysis in saturated/unsaturated
soil, the celerity as a ﬁrst-order derivative of the hydraulic
conductivity function can quantify the pore hydraulic conductivity distribution (equivalent to the pore water velocity
distribution) under unit hydraulic gradient condition.
2.4. Diﬀerent Soil Hydraulic Models. The pore water velocity
distribution can be obtained by a celerity function that was
derived as the ﬁrst-order derivative of the hydraulic conductivity function. The two most widely used soil hydraulic conductivity functions of the Brooks-Corey model and
the Mualem-van Genuchten model [35, 37, 60] have been
chosen by Rasmussen et al. [22] to formulate celerity functions. However, the kinematic ratio and celerity under the
Mualem-van Genuchten model in near-saturated soil is
approaching an inﬁnite value, which is caused by a mathematical artefact [38]. To overcome this problem, the modiﬁed Mualem-van Genuchten model was used to prevent the
unrealistic variations in unsaturated hydraulic conductivity
for the near-saturation range [38, 61–63].
The mathematical formulations of water retention curve,
hydraulic conductivity, average pore velocity, celerity, and
kinematic ratio based on the Brooks-Corey and Modiﬁed
Mualem-van Genuchten parameterization are shown in
Table 1 [35, 38]. The modiﬁed Mualem-van Genuchten
model here includes a nonzero minimum capillary height
of air entry pressure to overcome the mathematical artefact,
and the results will be given in Section 3.1. The unmodiﬁed
Mualem-van Genuchten model sets the air entry pressure

hs to zero, so that the parameter ε equals one. The formulation of the kinematic ratio derived from the Brooks-Corey
model is a constant value of 2/nBC + 3 that equals to the
power index in the hydraulic conductivity function.
The kinematic ratio is a constant value if deriving it from
a power function that describes unsaturated hydraulic conductivity [64, 65], and its value usually falls in a range between
2.5 and 24.5 [65]. Similarly, the celerity in surface water has
been extensively investigated for describing ﬂuid dynamics
[13–15, 17]. The kinematic ratio for surface ﬂow is approximately equal to 1.67 derived from the Manning resistance
coeﬃcient in a kinematic wave equation for open-channel
ﬂow [15]. Since the celerity in unsaturated subsurface ﬂow
is analogous to the wave celerity in surface ﬂow [8], the kinematic ratio of unsaturated ﬂow can be 1.5–14.7 times larger
than that of surface ﬂow, which implies that the velocity distribution in unsaturated subsurface ﬂow is highly nonlinear.
2.5. Derivation of a Breakthrough Curve through the Celerity
Function. Transport of a conservative tracer in a porous
medium is governed by physical mechanisms of advection,
dispersion, and molecular diﬀusion, among which advection
and dispersion are a function of the velocity distribution.
The tracer advection is governed by the average pore water
velocity, and the tracer dispersion is caused by the velocity
distribution [66, 67].
Considering a one-dimensional and uniform ﬂow under
the unit hydraulic gradient condition, the transport of conservative tracer in a subsurface ﬂow system can be described with
the pore bundle model, and the breakthrough curve can be
derived from velocity distribution [58]. If the water content
is constant and equal to θw , M of the N tube groups are ﬁlled
with water, so that the water content θw may be written as
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M
θ
N s

θw =

Considering a soil column with length L (L) with a
uniform distributed water content θw , the speciﬁc discharge
is equal to the speciﬁed constant water ﬂow at the upper
boundary under unit hydraulic gradient condition. Considering the varying pore water velocities in numerous vertical
ﬂow paths in a soil column, the time t i needed for tracer
breakthrough from a pore group with a velocity vi can be
expressed as
ti =

L
vi

19

Tracer breakthrough sequentially occurs from the largest
water-ﬁlled pores to the smallest one. Especially, the ﬁrst
arrival time of the tracer transport is associated with the maximum pore water velocity L/v θw and thus can be calculated
with L/c θw .
When the tracer concentration in the surface ﬂow is
changing from C0 to C 0 + ΔC, the tracer breakthrough will
be achieved at the time of L/c θw , and then the concentration of the drainage ﬂow will be increased gradually. At time
t i (after the ﬁrst arrival time), water in all tube groups j > i has
travelled from the top of the column to the bottom of the column; the concentration of drainage ﬂow can be formulated
through a summation [57]:
〠 j=i v j Δθ

C t c = C0 + 1 −

18

K θc
ΔC
K θw

25

The mathematical expression for the breakthrough curve
C t based on the Mualem-van Genuchten parameterization
requires an analytical approach [56]. In this study, the
numerical approach was used to derive the breakthrough
curve of the unmodiﬁed and modiﬁed Mualem-van Genuchten models. We hereafter demonstrate an example of deriving the breakthrough curve C t c of a nonreactive tracer
from the celerity function based on the Brooks-Corey model,
to be more explicitly linking the tracer transport with the
pore water velocity distribution [58].
Substitution of the celerity equation for the Brooks-Corey
model in Table 1 into (25) and rearrangement of terms giving
the pore water velocity v θc can be calculated as
v θc = c θc = αK

Ks
θc − θr
θs − θr θs − θr

2/nBC +2

If the initial tracer concentration is zero, the breakthrough curve for the Brooks-Corey model can be written
explicitly as
0;

C tc
=
ΔC

1−

K s θs − θr L
K w αK K s t

3nBC +2 / 2nBC +2

;

M

C t i = C0 +

M
〠 j=1 v j Δθ

ΔC

20

The integral equivalent of (21) is
C t c = C0 +
= C0 +

θw
vdθ
θc
ΔC
θw
vdθ
θr
θw
vdθ − θθc vdθ
θr
r
ΔC,
θw
vdθ
θr

21

where
L
tc = ,
vc

22

where vc is pore water ﬂow velocity in a certain ﬂow path at
the arrival time of t c for tracer breakthrough
vc = c θc

23

θc is the water content corresponding to a ﬂow velocity vc
that is equal to the celerity and thus
tc =

L
c θc

24

Under unit hydraulic gradient condition, the integrals in
(21) are equal to the speciﬁc discharge (see (12)), which are
equal to the hydraulic conductivity, so that it becomes

26

t≤

L
c θw

t>

L
,
c θw
27

where L/c θw approximates the ﬁrst arrival time of the
tracer. Eq. (27) indicates that the ﬁrst arrival time of a tracer
is determined by the maximum pore water velocity, and the
tailing is determined by the pore water velocity distribution.
The above-given mathematical derivations are similar with
the previous work that also formulated the breakthrough
curve by soil hydraulic conductivity functions under the saturated condition [57]. In this study, we extended the formulation to unsaturated soils and further formulated the tracer
transport as a function of kinematic ratio αK that simpliﬁed
(28) by replacingnBC :
∗

C t
=
ΔC

t∗ ≤

0;
1
1−
αK t ∗

aK /aK −1

;

1
αK

1
t >
,
αK

28

∗

with t ∗ as a dimensionless time deﬁned as
t∗ =

v
Kw
t =
t
L c L θw − θr c

29

When t ∗ is equal to 1, the ﬂow through a soil column is
equal to one pore volume.
The breakthrough curve expressed with (28) shows that
the kinematic ratio can directly determine the ﬁrst arrival
time and tailing of a conservative tracer in drainage ﬂow.
For an extreme case, when the kinematic ratio is equal to 1,
the pore water velocity in all the ﬂow paths is equal to the

Geoﬂuids

7

average pore water velocity. Such a uniform pore water velocity distribution leads to a piston-shaped breakthrough curve:
C t∗
=
C1

0;

t ∗ ≤ 1,

1;

t∗ > 1

30

Eq. (30) expresses only the tracer advection that is
controlled by the average pore water velocity, while
excluding the dispersion eﬀect caused by the pore water
velocity distribution.
For the Brooks-Corey model, substituting the hydraulic
conductivity function (from Table 1) into (29), the dimensionless time can be formulated as a function of either soil
water content or speciﬁc discharge:
K ΘαK −1
Ks
t∗ = s
tc =
L θs − θr
L θs − θr

Kw
Ks

1− 1/αK

tc

2.6. Celerity of the Bimodal Soil Hydraulic Functions. This
section derives a celerity function through the bimodal soil
hydraulic conductivity functions for quantifying the pore
water velocity distribution in structured soil. Conceptualizing a soil porous medium as two overlapping continuums
of the matrix domain and the preferential ﬂow domain as a
dual-continuum pore system [41, 68], the composite bimodal
soil hydraulic functions use two water retention curves and
hydraulic conductivity functions to, respectively, describe
the soil hydraulic properties [69–74]. The preferential ﬂow
domain consists of the pores with relatively large size (often
taken as larger than 0.3 mm in equivalent tube diameter)
and low tortuosity, such as worm burrows, root channels,
tension cracks, and interaggregate pores [41, 75, 76]. The
remaining micropore volume is classiﬁed as the matrix
domain. The bimodal soil hydraulic function has been widely
used to parameterize the dual-permeability models that simulate two groups of state variables (i.e., diﬀerent pressure
heads, water contents, and tracer concentrations between
two domains) for describing the nonequilibrium phenomena
[77]. The hydraulic characteristics of the preferential ﬂow
domain and the matrix domain can be distinguished by
their parameterization in bimodal soil hydraulic functions
[70, 78]. Below, we derive the soil hydraulic functions of average pore water velocity and celerity for a dual-continuum
system under unit hydraulic gradient condition.
First, the volumetric ratio of the preferential ﬂow domain
and the matrix ﬂow domain sums up to 1:
w f + wm = 1,

32

where the subscripts f and m denote the preferential ﬂow and
matrix ﬂow domains, respectively. The total water content
and total speciﬁc discharge of a soil with a dual-continuum
pore system are calculated as the weighted average of the
two domains water content and speciﬁc discharge:

33

q = w f q f + wm qm

34

The average pore velocity of each a domain is deﬁned as
vf =

qf
,
θ f − θr f

qm
vm =
θm − θrm

35

Then, the average pore velocity of the dual-continuum
pore system is
v=

31

The kinematic ratio is a constant in the Brooks-Corey
model (see Table 1), which means that the breakthrough
curve as a function of dimensionless time t ∗ in variably saturated soil is independent of the speciﬁc discharge or eﬀective
saturation for the Brooks-Corey model.

θ = w f θ f + wm θm ,

w f q f + wm qm
q
=
θ − θr
θ − θr

36

Under the steady ﬂow condition, the celerity of each a
domain can be deﬁned as follows:
cf =

∂q f
,
∂θ f

∂q
cm = m
∂θm

37

Finally, the celerity of the dual-continuum pore system
can be expressed as
c = max c f , cm

38

When the matrix domain is unsaturated, the matrix conducts water, and the preferential ﬂow domain remains inactive. Therefore, pressure propagation will take place in the
matrix domain as well. When the matrix domain approaches
near-saturation condition, the preferential ﬂow domain
becomes activated. At this stage, the water ﬂow in the preferential domain quickly takes over the majority of water ﬂow
and consequently the pressure propagation of celerity.

3. Analysis
3.1. Soil Hydraulic Functions under a Single-Domain
Conceptualization. This section combines the theoretical formulation (given in Section 2) with the existing parameterization of 5 typical soils to analyse the soil hydraulic behaviours.
Table 2 shows the standard parameter sets of 5 typical soils
obtained from the UNSODA database [79, 80]. The detailed
values of each soil type have slightly diﬀerent values of saturated hydraulic conductivity and residual/saturated water
content, which might be related to the diﬀerent ﬁtting algorithms and sampling data. Considering that the values of
these parameters are drastically varied for diﬀerent soil textures, we then decided to use dimensionless indicators, for
example, the eﬀective saturation. Furthermore, the values of
speciﬁc discharge, average velocity, and celerity were all
divided by the saturated hydraulic conductivity to convert
those variables to dimensionless values. Consequently, all
the values of each individual indicator for the diﬀerent soil
types fall in a similar range (Figure 2). The air entry pressure
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Table 2: Parameter sets of 5 typical soils in the Brooks-Corey model and the van-Genuchten model.

Soil
Sand
Sandy loam
Loam
Clay loam
Silty clay loam

K s (m day−1)
5.0400
0.6216
0.1632
0.0522
0.0360

Brooks-Corey model
θr (−) θs (−) αBC (m−1)
0.020
0.041
0.027
0.075
0.040

0.417
0.412
0.434
0.390
0.432

13.8
6.8
9.0
3.9
3.1

nBC (−)

K s (m day−1)

0.592
0.322
0.220
0.194
0.151

7.1280
1.0610
0.2496
0.0624
0.0168

Van-Genuchten model
θr (−) θs (−) αVG (m−1)
0.045
0.065
0.078
0.095
0.089

0.430
0.410
0.430
0.410
0.430

14.5
7.5
3.6
1.9
1.0

nVG (−)

hs (m)

2.680
1.890
1.560
1.310
1.230

0.072
0.147
0.111
0.256
0.322

Note. hs is the air entry pressure value of the Brooks-Corey model and the modiﬁed Mualem-van Genuchten model.

values in the modiﬁed Mualem-van Genuchten model were
adopted from those of the Brooks-Corey model for all 5 typical soils and listed in the last column of Table 2. Solely using
either speciﬁc discharge or average pore water velocity to
quantify the transport processes is theoretically insuﬃcient
[20, 22, 81]; we included the celerity and kinematic ratio in
Table 2 to provide a more complete illustration of the dependence of pore water ﬂow velocity and pressure propagation
on soil eﬀective saturation.
The water retention curves (ﬁrst row in Figure 2) for 5
typical soils have distinct curvatures attributed to the diﬀerent pore size distributions [38, 76]. Speciﬁcally, in coarse
texture soil (e.g., sandy soil), a ﬂatter curve might manifest
a relatively uniform pore size distribution and homogeneous
soil hydraulic characteristic of the coarse texture. When
approaching the fully saturated state, the slopes of the water
retention curve from the Mualem-van Genuchten model
reaches an inﬁnite value; instead, the slopes from the
Brooks-Corey model and the modiﬁed Mualem-van Genuchten model (Figures 2(a) and 2(c)) are close to 0, which
are attributed to the inclusion of an air entry pressure head
stemmed from the observation of various types of soils [80].
Celerity, average pore water velocity, and speciﬁc discharge all increase as the eﬀective saturation increases, but
the ranges of their values diﬀer. Speciﬁcally, q/K s ranges from
0 to 1 as expected. v/K s is between 0 and 3 (because θs − θr is
around 0.35; see Table 2). c/K s ranges from 0 to 70. αK also
ranges from 0 to 30, except for the unmodiﬁed Mualem-van
Genuchten model under near-saturated condition. All four
dimensionless variables reach their maximum value when
soils are saturated. The celerity curves can manifest the maximum pore water velocity at a certain saturation state, and
Figure 2 shows that the celerity is over 20 times larger than
the average pore water velocity and 10 up to 100 times larger
than the speciﬁc discharge.
The celerity curves show diﬀerent patterns for diﬀerent
soil types. Near saturation, c/K s can reach above 50 for
ﬁne textured soils, while it reaches around 20 for coarsetextured soils. On the contrary, when the eﬀective saturation drops below 0.8–0.9, c/K s is much smaller. The value
of K/K s is below 0.5 for θ = 0 85 for all soil types. The
value of K/K s is highest for sand (= 0.5) and lowest for
clay (= 0.2), which means that more than 50% of the speciﬁc discharge ﬂows through only 15% of the pore space
when ﬂow is saturated.
The K/K s curves are near-exponentially increased with
the eﬀective saturation increasing till the soils reach the fully

saturated state. However, the celerity curves show diﬀerent
patterns under the parameters set for diﬀerent soil types.
Under near-saturated condition, in ﬁne-textured soil (i.e.,
sandy clay and clay), the celerity responds to the eﬀective
saturation more signiﬁcantly than that in coarse soil textures.
c/K s in coarse-textured soil (e.g., sandy soil) only changes
from 0 to around 15 (Figures 2(i) and 2(j)), while the celerity
curve of ﬁne texture soil has a much larger range (e.g., c/K s of
silty soil ranges from 0 to 70). Under the low saturation state
(e.g., Θ < 0 7), speciﬁc discharge and average pore water
velocity behave similarly with the relative low values between
diﬀerent soil textures. Till the eﬀective saturation Θ reaches
0.9, K/K s is below 0.5 in all soil types (sand K/K s = 0 5 and
clay K/K s = 0 2), which implicitly manifests that more than
50% of speciﬁc discharge is conducted in pores with a volumetric fraction less than 10%.
The slope of the αK curve is used as an indicator, shown
in Figure 3. The kinematic ratios derived from the unmodiﬁed Mualem-van Genuchten model approach the inﬁnite
values, which were induced by a mathematical artefact. However, the kinematic ratios under the modiﬁed Mualem-van
Genuchten model and the Brooks-Corey model consistently
have (nearly) constant values for all the saturation ranges
(speciﬁc values are given in Table 3). αK indicates that the
celerity is proportionally increasing with the average pore
water velocity (see Figure 3(a)).
3.2. Breakthrough Curves. The pore water velocity distribution can further dictate the tracer transport, which can be
formulated and illustrated with a breakthrough curve
(Figure 4). The functions of the breakthrough curve in typical soils used the same parameter set given in Table 2. Breakthrough curves were plotted for three soil hydraulic models,
using an analytic approach for the Brooks-Corey model and
a numerical approach for the unmodiﬁed and modiﬁed
van-Genuchten models. We adopted a dimensionless time
(see (29)) to exclude the impact of K s , θs , and θr on breakthrough curve. It is recalled that only advective transport is
considered based on the pore bundle model, where water
particles remain in the same pore group (and hence travel
with the same velocity) for the entire length of the column.
Here, we used dimensionless time t ∗ to eliminate the inﬂuence of diﬀerent speciﬁc discharges in various soil textures,
and the kinematic ratio is directly correlated with the shape
of breakthrough curves (following (28)).
The generated breakthrough curves are presented in
Figure 4 for saturated conditions and Figures 5 and 6 for
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Modified Mualem-van Genuchten
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0
3
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60
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0
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1 0

0.5
Effective saturation: 훩

1 0

0.5
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1

Clay loam
Silty clay loam
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Figure 2: Constitutive relations of the eﬀective saturation to logarithmic pressure head (a–c), dimensionless speciﬁc discharge (d–f),
dimensionless average pore water velocity (g–i), dimensionless celerity (j–l), and kinematic ratio (m–o) in 5 typical soils under models of
Brook-Corey, unmodiﬁed Mualem-van Genuchten, and modiﬁed Mualem-van Genuchten (illustrated in each column).
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Figure 3: Relations between dimensionless celerity and dimensionless average pore water velocity for 5 typical soils under (a) the BrookCorey model, (b) unmodiﬁed Mualem-van Genuchten model, and (c) modiﬁed Mualem-van Genuchten model.
Table 3: Kinematic ratio under low saturation condition (eﬀective saturation Θ < 0 5).
Soil types

Sand

Sandy loam

Loam clay

Loam

Silty clay loam

Brooks-Corey model
Modiﬁed Van-Genuchten model

6.378
3.691

9.211
4.747

12.091
6.071

13.309
8.952

16.245
11.196

unsaturated conditions. The piston-shaped breakthrough
curves (black lines in Figure 4, based on (31)) were computed
for tracer advection driven by ﬂow with uniform velocity distribution. The dimensionless ﬁrst arrival time can be determined as a reciprocal of the kinematic ratio (see (28)).
Speciﬁcally, the kinematic ratio is lower in coarse-textured
soil than in ﬁne-textured soil; therefore, the dimensionless
ﬁrst arrival time of ﬁne-textured soil is earlier. The ﬁrst
arrival time described by the Brooks-Corey model and the
modiﬁed Mualem-van Genuchten model is signiﬁcantly
larger than that calculated by the unmodiﬁed Mualem-van

Genuchten model for saturated condition. The kinematic
ratio under the unmodiﬁed Mualem-van Genuchten model
is expressed as an inﬁnite value under saturated condition,
which is caused by the overestimated celerity leading to a
nearly instant breakthrough of the tracer.
After the ﬁrst arrival time, the increment of relative concentration over the dimensionless time in each soil is caused
by pore water velocity distribution. When t ∗ = 1, the relative
concentration is above 0.7 for all soil types and all soil
hydraulic models. All breakthrough curves show very long
tailing, caused by the low velocity in the smaller pore
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0
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2

(c)
Sand
Sandy loam
Loam

Clay loam
Silty clay loam
Piston curve

Figure 4: Breakthrough curves and the piston-shaped breakthrough curves under the unit hydraulic gradient condition for 5 typical
saturated soils in (a) the Brook-Corey model, (b) the unmodiﬁed Mualem-van Genuchten model, and (c) the modiﬁed Mualem-van
Genuchten model.

bundles. When t ∗ < 1, the relative concentration C t ∗ /ΔC
approximately ranges between 0 and 0.7; the water particle
transport process is dominated by the pore water velocity
that is larger than the average pore water velocity. When
t ∗ > 1, the relative concentration C t ∗ /ΔC generally
approaches 1.0, and the slopes of the breakthrough curves
turn to be ﬂatter. The long tailing is determined by the pore
water velocity distribution, because a signiﬁcant fraction of
pores with the low pore water velocity needs much longer
time for tracer breakthrough.
In the Brooks-Corey model, the kinematic ratio is constant, and the breakthrough curves are independent of the
eﬀective saturation. In the modiﬁed Mualem-van Genuchten model, the shapes of the breakthrough curves for

saturated soil are aﬀected by the value of the air entry
pressure, while the shapes of the breakthrough curves for
unsaturated soil are not aﬀected by the eﬀective saturation.
The eﬀect of the air entry pressure on the breakthrough
curves for sandy loam soil under saturated and unsaturated
(θ = 0 8) conditions is shown in Figure 5. Under saturated
conditions (Figure 5(a)), the dimensionless ﬁrst arrival time
is zero for the unmodiﬁed Mualem-van Genuchten model
(hs = 0), and it approaches 0.2 when the air entry pressure
is increased from 3 cm to 30 cm. In contrast, breakthrough
curves do not depend signiﬁcantly on the air entry pressure in unsaturated sandy loam (Figure 5(b)).
Breakthrough curves are shown for diﬀerent eﬀective
saturation values for sandy loam under the unmodiﬁed
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Figure 5: Eﬀect of air entry pressure and eﬀective saturation on breakthrough curves for sandy loam soil in the (a) unmodiﬁed Mualem-van
Genuchten model and (b) the modiﬁed Mualem-van Genuchten model.
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Figure 6: Eﬀect of eﬀective saturation on breakthrough curves for sandy loam soil for the unmodiﬁed Mualem-van Genuchten model.

Mualem-van Genuchten model in Figure 6. Except for the
saturated case (Θ = 1 0), the other three breakthrough curves
are very similar.
3.3. Analysis of the Dual-Permeability Model. The bimodal
soil hydraulic function describes the hydraulic properties
of a conceptualized dual-continuum pore system as a composite function. However, parameterization of a bimodal soil

hydraulic function is diﬃcult as two conceptualized domains
cannot be experimentally separated. Fitting the parameter set
of the bimodal soil hydraulic function according to the
measurable single-continuum soil hydraulic function of the
water retention curve and soil hydraulic conductivity might
result in the “equiﬁnal” parameter sets. For example, based
on the Mualem-van Genuchten model, Köhne et al. [70]
obtained 5 sets of the equiﬁnal parameters of bimodal soil
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Table 4: Equiﬁnal parameter sets of the bimodal soil hydraulic function for a hypothetical single-continuum soil.

w (−)

K s (cm day−1)

0.1
0.025

2.01
1.9

Matrix ﬂow domain
θr (−)
θs (−)
αVG (cm−1)
0.05
0.0

0.350
0.345

0.01
0.01

nVG (−)

K s (cm day−1)

1.2
1.2

1000
3990

hydraulic functions, all of which can perfectly ﬁt a singlecontinuum water retention curve and hydraulic conductivity
function. Diﬀerent soil hydraulic behaviours described by
those 5 parameter sets are diﬃcult to distinguish. Therefore,
this section demonstrates a way to distinguish the soil
hydraulic characteristics of the equiﬁnal parameter sets in
the bimodal soil hydraulic function, by quantifying the celerity as a function of pressure head.
Table 4 shows the hydraulic properties of each pore
domain speciﬁed by the Mualem-van Genuchten model
under two “equiﬁnal” parameter settings [70]. Under unit
hydraulic gradient condition, it is often assumed that the
pressure heads in the matrix ﬂow domain and in the
preferential ﬂow domain are the same when facilitating
the illustration of the hydraulic behaviour of structured
soil [70]. For a dual-continuum conceptualization, the
hydraulic characteristics in the matrix domain, preferential
ﬂow domain, and total domain were obtained according to
(32)–(38).
Figure 7(a) shows the water retention curve for the bulk
soil; the ﬁtted bimodal water retention curve using two
groups of parameters (w = 0 1 and w = 0 025) for a dualcontinuum porous medium (shown as “Total” in Figure 7)
agrees well with that of the single-continuum soil hydraulic
model (shown as “Single” in Figure 7). Figures 7(b) and
7(c) further show that the speciﬁc discharge and average pore
water velocity in a bimodal hydraulic conductivity function
under two groups of “equiﬁnality” parameter sets are diﬀerent from that in single-continuum soil hydraulic function.
However, the parameter sets of a bimodal soil hydraulic function generate an equiﬁnal phenomenon in the formulated
total hydraulic conductivity and total average pore water
velocity. Thus, under the equiﬁnal parameter sets of the
bimodal soil hydraulic model, the higher hydraulic conductivity of the preferential ﬂow domain can be compensated
by a smaller volumetric fraction of w for conducting the
equivalent amount of total speciﬁc discharge.
The proposed constitutive relation between celerity and
pressure head c h (in Figure 7(d)) is able to distinguish the
implicitly formulated pore water velocity distribution of
equiﬁnal parameter sets. The celerity in the matrix domain
is nearly the same for the two parameter sets. When the pressure head is smaller than −35 cm, the celerity is controlled by
the matrix ﬂow, and the preferential ﬂow domain can be
regarded as an insigniﬁcant component contributing to the
pressure propagation, while when the pressure head is larger
than −35 cm, the celerity is in turn controlled by the preferential ﬂow with a much higher pore water velocity than the
matrix ﬂow, and the pressure propagation is induced by the
preferential ﬂow with much higher pore water velocity than
that of the matrix ﬂow.

Preferential ﬂow domain
θr (−)
θs (−)
αVG (cm−1)
0
0

0.6
1.0

0.1
0.1

nVG (−)
2.5
2.508

The relative diﬀerence of the hydraulic conductivity and
the celerity for the total domain is shown in Figure 8. For the
two parameter sets, the relative diﬀerence of the hydraulic
conductivity is less than 5% (Figure 8(a)). However, the
celerity for the second parameter set (w = 0 025) in c h is
approximately twice as large as with the ﬁrst parameter set
(w = 0 1) (Figure 8(b)). This is an important result, as it
can be decided which of the two parameter sets is the better
one, if the celerity can be measured. The celerity can be
measured with a tracer experiment by using a conservative
tracer and measuring the ﬁrst arrival time of the tracer. In
summary, the proposed constitutive relation between
celerity and pressure head (i.e., c h ) is able to distinguish
the implicitly formulated pore water velocity distribution
of equiﬁnal parameter sets.

4. Discussion
4.1. Relations of Soil Hydraulic Properties to the Breakthrough
Curve. The pore water velocity distribution is feasible by
measuring the variation of both speciﬁc discharge and water
content under a perturbation analysis (i.e., by generally
increasing the water ﬂuxes on the soil surface) [33]. The pore
bundle model is linking the measurable REV-scale variable
with the pore-scale hydraulic characteristics. On such a basis,
the proposed celerity function enables the derivation of the
breakthrough curve to express the inﬂuence of pore water
velocity distribution on tracer transport. Consequently, the
mathematical derivation (in Section 2) implies that the same
parameter set for the water retention curve or hydraulic conductivity function can also be used to parameterize pore
water velocity distribution and the breakthrough curve.
Inversely, the measured breakthrough curve might also be
used to infer the parameter for soil hydraulic function.
Recent studies show that the breakthrough curve derived
from a tracer experiment could assist in obtaining a reasonably accurate parameter estimation for describing the
water retention curve and the hydraulic conductivity function [56, 57]. Thus, mutually ﬁtting the breakthrough curve,
water retention curve, and hydraulic conductivity function
by an inverse parameter estimation through experiments
can provide a more accurately mathematical formulation to
express the soil hydraulic properties.
The obtained pore water velocity distribution in typical
soil textures is highly nonlinear [31, 38], which manifests that
the nonuniform pore size distribution inﬂuences both water
and tracer transport. In the breakthrough curve, the ﬁrst
arrival time is dictated by the maximum pore water velocity,
and the long tailing is dictated by the relatively low pore
water velocity. This phenomenon implies that the transport
processes are signiﬁcantly diﬀerent in the preferential ﬂow
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Figure 7: Under parameter settings of a single-continuum soil hydraulic model in Table 4, bimodal soil hydraulic functions of (a) water
retention θ h , (b) hydraulic conductivity K h , (c) average pore velocity v h , and (d) celerity c h for matrix ﬂow (matrix), preferential
ﬂow (PF), single-continuum model, and dual-continuum model (dual) are given, respectively.

path within the matrix. A large volumetric fraction of water
stored in micropores is nearly stagnant or with extremely
low velocity [50], being classiﬁed as the matrix domain,
which causes an extensive tailing of tracer concentration in
the breakthrough curve. The matrix ﬂow has a relatively
insigniﬁcant contribution in delivering speciﬁc discharge
and propagating pressure wave under near-saturated condition, while ﬂow occurs in a small volumetric fraction of
pores (e.g., macropores) that can be categorized as the preferential ﬂow path dominating the transport processes and
pressure propagation.
4.2. Implementing the Kinematic Ratio to Predict the
Maximum Tracer Velocity. The fast tracer transport in heterogeneous soil will be dominated by the preferential ﬂow

with the high ﬂow velocity; thus, the eﬀect of absorption,
reaction, or diﬀusion might be negligible. Nimmo [23] analysed 64 ﬁeld experiments and determined that the maximum tracer velocities varied within a small range, which
could be predicted with by a simple model. These tracer
experiments were conducted in various types of soil or bedrock with a transport distance ranging from 0.3 to 1300 m,
and the maximum tracer velocities (with a 90% probability)
spread between 0.8 and 200 m/day. Nimmo [23] proposed a
predictive model using a ratio to link the fastest tracer velocity v0 with an eﬀective precipitation rate i0 (a spatially and
temporarily averaged precipitation applied to the surface
boundary) and suggested that the ratio of v0 /i0 is an essentially constant value which equaled to 18 based on an empirical estimation from their geometric mean. The obtained
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Figure 8: Relative diﬀerence of (a) unsaturated hydraulic conductivity and (b) celerity of total soils under the two parameter sets of Table 3.

ratio with an order-of-magnitude accuracy facilitates a fast
prediction of worst-case contaminate travel times. Nimmo
illustrated that the low variability of the ratio v0 /i0 could be
caused by a natural speed limit of the preferential ﬂow in
terms of frictional force and water exchange (e.g., via absorption) from the macropore to the matrix. However, the predicting ability of Nimmo’s model might be hampered due
to lack of the parameter constrains.
Based on our analyses of celerity, a theoretical proof and
parameter constrain for Nimmo’s model can be achieved by
using a kinematic ratio to predict the maximum tracer velocity. Considering a hillslope, the process of water particle and
tracer transport can be summarized as follows. For vertical
inﬁltration ﬂow in an unsaturated zone, celerity represents
the maximum pore water velocity as well as the maximum
tracer velocity, and the kinematic ratio approximately represents the ratio between maximum tracer velocity and average
tracer velocity. For lateral ﬂow in a saturated zone, celerity
represents a nearly instant pressure propagation, yet the
actual ﬂow velocity in each pore is related with the intrinsic
permeability depending on the size and tortuosity of the pore
[31, 38]. Therefore, the celerity function derived for unsaturated ﬂow can express the pore water velocity distribution
even in saturated soil. In Section 3.1, we found that the kinematic ratio of unsaturated ﬂow is likely to be a constant value
for all ranges of saturation. Therefore, it can be used as an
indicator to quantify the ratio between maximum tracer
velocity and average tracer velocity for both the saturated soil
and unsaturated soil.
The presented analysis of celerity in unsaturated soils can
be compared to Nimmo’s model. The ratio v0 /i0 in Nimmo’s paper has the same physical meaning as the ratio of
c/q that can be deﬁned in this study. The value of c/q is
related to both kinematic ratio and soil water content as
c/q = c/ vθ = αK /θ. The kinematic ratio of unsaturated
ﬂow based on the Brooks-Corey model is constant and
ranges from 3 to 16 for the soils of Table 2, and q is equal
to K under unit gradient condition.
The ratio c/K is plotted versus the eﬀective saturation Θ
in Figures 9(a)–9(c). The value of c/K decreases with Θ for
the Brooks-Corey and the modiﬁed van Genuchten model.

The value of c/K approaches inﬁnity when the eﬀective saturation decreases from 0.3 to 0, which is not shown here
because the corresponding speciﬁc discharge is very small.
Except for the unmodiﬁed van Genuchten model, c/K is
fairly constant and only weakly depends on the speciﬁc discharge (q/K s ) as shown in Figures 9(d)–9(f). Assuming that
the soil-water content in the natural system is within a range
of 0.2–0.5 (eﬀective saturation is within a range of 0.4–1.0),
we can also derive c/K which approximately ranges between
6 and 80. The geometric mean of c/K is 23 based on this
rough estimation, which is close to the value of 18 from Nimmo’s experimental ﬁnding. Moreover, the value of the kinematic ratio can be approximately inferred by the soil
textures, water retention curve, soil hydraulic function, or
maximum tracer velocity, and using the estimated kinematic
ratio can provide an additional parameter constrain.

5. Conclusion
We conducted a theoretical study attempting to investigate
the mechanism of pressure propagation and tracer transport in a subsurface ﬂow system by analyzing the celerity
in unsaturated ﬂow. The celerity was ﬁrstly deﬁned according to the continuum equations. Furthermore, based on the
conceptualization of a pore bundle model, a mathematical
derivation showed that the celerity in unsaturated ﬂow can
be illustrated as the maximum pore water velocity among
all the water-ﬁlled ﬂow paths, and the kinematic ratio can
be illustrated as the ratio of the maximum pore water velocity
to the average pore water velocity. Under unit hydraulic
gradient condition, the celerity function is formulated as
a ﬁrst-order derivative of the soil hydraulic conductivity
function to manifest the pore water velocity distribution,
which can further be used to derive a breakthrough curve
for tracking the tracer and water particle transport under
steady ﬂow condition.
The soil hydraulic characteristic of typical soil textures is
reanalysed by using the (un/modiﬁed) Mualem-van Genuchten and Brooks-Corey models with standard parameter sets.
The results of all soil textures present nonlinear relations of
eﬀective saturation with hydraulic conductivity and celerity.

16

Geoﬂuids
Modified Mualem-van Genuchten

Mualem-van Genuchten

Brooks-Corey
100

c/K

80
60
40
20
0
0.4

0.6
0.8
Effective saturation: Θ

0.4

1

0.6
0.8
Effective saturation: Θ

(a)

0.4

1

0.6
0.8
Effective saturation: Θ

(b)

1

(c)

100

c/K

80
60
40
20
0
0

0.2

0.4

0.6

0.8

1

Specific discharge: q/Ks

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

Specific discharge: q/Ks

Specific discharge: q/KS

(e)

(f)

1

Clay loam
Silty clay loam

Sand
Sandy loam
Loam

(d)

Figure 9: Under 3 models (illustrating in each column), (a–c) the relation between the ratio of c/K with eﬀective saturation Θ and (d–f) the
relation between the ratio of c/K with relative speciﬁc discharge q/K s are illustrated.

The results show that water in a small volumetric fraction
(around 15%) of pores has a much higher velocity than the
remaining pore volume. The derived breakthrough curve
can manifest the inﬂuence of pore water velocity distribution
on the advective tracer transport. The ﬁrst arrival time of the
tracer is determined by the maximum pore water velocity,
and the long tailing is caused by the nearly stagnate matrix
ﬂow in micropores with a large volumetric fraction. Furthermore, the pore water velocity distribution formulated in a
composite bimodal soil hydraulic function can also be
described by the proposed celerity function. Diﬀerent parameter sets may result in similar water retention curves and soil
hydraulic functions, but their celerities diﬀer signiﬁcantly
which shows that the equiﬁnal parameter sets of a bimodal
soil hydraulic function can be distinguished by using the
celerity function.
Analyzing the celerity in unsaturated ﬂow facilitates
the understanding and quantiﬁcation of the pore-scale
hydraulic characteristics and the complex subsurface transport processes. The celerity-eﬀective saturation curve may
be applicable to the bimodal soil hydraulic functions to demonstrate the distributions of pore water velocities for natural

soils. Furthermore, the following possible approaches for
implementation are suggested and discussed in Section 4.
Under unit hydraulic gradient, the three constitutive relations (i.e., water retention curve θ h , hydraulic conductivity function K θ , and celerity function c θ ) and the
derived breakthrough curve share the same parameter
set, which could facilitate the formulation and parameterization of soil hydraulic models. Finally, we found that
the ratio of celerity and speciﬁc discharge c/q is fairly constant for speciﬁc soil texture, in accordance with published
experiment ﬁndings.
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In geochemically reacting environments, the mineral dissolution and precipitation alters the structural and transport properties of
the media of interest. The chemical and structural heterogeneities of the porous media aﬀect the temporal evolution of the
permeability with respect to porosity. Such correlations follow a nonlinear trend, which is diﬃcult to estimate a priori and
without knowledge of the microstructure itself, especially under the presence of strong chemical gradients. Macroscopic ﬁeldscale codes require such an input, and in the absence of exact descriptions, simpliﬁed correlations are used. After highlighting
the diversity of microstructural evolution paths, due to dissolution, we discuss possible upscaling strategies.

1. Introduction
Precipitation and dissolution reactions in porous media
dominate and control a large number of geochemical processes and industrial applications. The precipitation and dissolution of minerals from aqueous solutions alters the pore
space and its connectivity. This has a strong eﬀect on the
mass convection and diﬀusion through the porous medium.
When a mineral precipitates/dissolves at the reactive porous
surface, the overall porosity decreases/increases, leading to a
subsequent decrease/increase in permeability and eﬀective
diﬀusivity. At the same time, the connectivity of the pores
can also change in a way to block or to facilitate the mass
diﬀusion processes.
Reactive transport modelling at the ﬁeld scale is usually
based on a macroscopic ﬁnite element or a ﬁnite volume
discretization scheme [1]. In such descriptions, the computational domain is divided into small elements/volumes,
the so-called voxels. The voxels are typically several orders of
magnitude larger than the typical pore diameter, and as a
consequence, all chemical and transport properties within
such volumes are homogenized and smoothed out. The pore
space and its transport properties are therefore represented

using macroscopic parameters, such as the porosity, the tortuosity, the diﬀusivity, and the permeability. In such a
description, the small scale geometrical characteristics and
the heterogeneities of the porous materials are neglected.
Such an assumption allows making accurate numerical predictions in the case of relatively mild chemical gradients, as
well as in the case where chemical reactions can be approximated by equilibrium values. However, when strong chemical gradients are present with simultaneous dissolution and
precipitation reactions, the pure macroscopic reactive transport codes fail to make accurate predictions of the evolution
of the system.
Dissolution and precipitation reactions change the pore
space and the resulting material properties, in a nonlinear
way, and therefore have a strong feedback in the transport
properties of the porous medium. The lack of explicit pore
structure description and of appropriate material-speciﬁc
correlations is responsible, for example, for the numerical
artefact, relevant to the dependency of the resulting clogging
times on the spatial grid discretization [1–5]. An improvement to the numerical predictions can be achieved (a) by
coupling pore-level solvers to the macroscopic ones in a multiscale simulator [6–8] or (b) by providing the necessary

2
microscopic feedback in terms of appropriate correlations or
tabulated values, which can be deﬁned from pore-level simulations (upscaling of results). Pore-level methods allow the
simulation of the advection-diﬀusion-reaction processes at
the pore space, where surface charges and reactive surface
areas can be explicitly considered. Representative structures
can be generated via computer models or can be obtained
via X-ray or other microtomography techniques. When combined with appropriate kinetic and thermodynamic solvers
that act at the submicrometer level, it is possible to reproduce
accurately the experimental observations.
Depending on the level of abstraction, diﬀerent porelevel methodologies exist. The more detailed ones solve the
relevant ﬂow equations or some approximation depending
on the ﬂow regime and the ﬂow physics that are involved,
in realistic geometries. Such methods are the lattice Boltzmann method [9–13], the methods based on particle hydrodynamics [14, 15], as well as the standard ﬁnite volume
methods when applied in complex geometries with moving
boundaries [16–18]. Lattice Boltzmann models can resolve
transport processes in realistic complex geometries, involving complex interactions between species and phases, but
are more computational intensive compared to pore network models. A signiﬁcant advantage of the lattice Boltzmann methodology is the minimum eﬀort to discretize
the realistic computational domain, as well as the eﬃcient
continuous solid structure update per time step. Such an
example is the evolution of a system when simultaneous
dissolution and precipitation processes are competing and
drive the evolution of the system [11, 19]. Eﬃcient parallelization though allows running simulations with many billion
degrees of freedom in relatively small computer clusters,
especially when GPGPUs are used [20, 21]. We note that
the numerical extraction of microscopic properties using
realistic geometries has the potential to provide useful input
to the eﬀective medium theories, which are used to upscale
porous medium ﬂows [22]
In this paper, we construct pore geometries with target
porosity and initial permeability following a methodology
similar to [23, 24]. The target permeability is selected in a
way to represent limestone rock samples commonly found
in hydrocarbon reservoirs or in geothermal ﬁelds. The
implemented chemical reaction is representing the calcite
dissolution under the presence of acid, a common process
used in the ﬁeld stimulation, in order to enhance the permeability of the formation. The evolution of selected geometries
is examined using the lattice Boltzmann framework, and
permeability-porosity correlations are numerically extracted.
Upscaling strategies that allow passing information to the
macroscopic solvers and therefore bridge pore level and
macroscopic scales, are discussed based on the output of
the simulations.

2. Reactive Transport Modelling
2.1. Pore-Level Modelling. For the simulation presented in
the next sections, the lattice Boltzmann methodology is
implemented. This method is a special discretization of the
Boltzmann equation. The elementary variables are the so-
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called populations or velocity probability distribution functions f i . At every distribution function corresponds to a
discrete velocity vector [25–27]. Diﬀerent discretization
schemes lead to diﬀerent numbers of discrete velocities,
which results in several lattice models [28, 29]. For twodimensional simulations, the standard D2Q9 square lattice
with 9 discrete velocities is usually implemented due to its
simplicity and robustness in complex geometry domains
(see Figure 1).
For the modelling of the advection-diﬀusion and precipitation processes, a multicomponent LB model is used as
described in [19]. For the sake of completeness, we brieﬂy
present it also here. The model is composed of a basis ﬂuid
medium that recovers the Navier-Stokes equations at the
macroscopic limit, plus a passive scalar-coupled population
set that simulates the diﬀusion of ions. The isothermalguided equilibrium nine-velocity model (D2Q9 lattice) of
Prasianakis et al. [30] is selected as the basis model. The discrete velocities of populations f i for i = 0–8 are ci = 0, 0 for
i = 0, ci = ±1, 0 and (0, ±1) for i = 1–4, and ci = ±1, ±1 for
i = 5–8 [29].
The following population moments correspond to the
density of the solution ρ and the momentum ja in the direction a = x, y:
8

〠 f i = ρ,
i=0

1

8

〠 cia f i = ja
i=0

eq

The guided equilibrium populations f i are given in a
closed form, where T0 = 1/3:
eq

fi =ρ ∏

2c2ia − 1

a=x,y

2

2cia

c2ia − 1 + cia ua + u2a + T 0

2

The Boltzmann BGK equation is solved: ∂t f i + cia ∂a f i =
eq
−1/τ f i − f i , where τ is the relaxation parameter, and μ =
τρT 0 is the resulting macroscopic dynamic viscosity. BGK
stands for the Bhatnagar-Gross-Krook collision model as
depicted in the right hand side of the aforementioned equation and describes the relaxation of populations f i to their
eq
equilibrium state f i with a single relaxation time τ. Implementation of the BGK model for porous medium ﬂows needs
speciﬁc care, since under speciﬁc circumstances, high slip
velocities might arise at the solid-ﬂuid interface. This could
aﬀect the numerical measurements of permeability and the
evolution of the geometries due to reactions. A detailed study
on this issue has been presented in [31]. Here, we operate the
model in conditions as described in the aforementioned reference. For the advection-diﬀusion-reaction equations of
the reactive species, a D2Q9 model is also implemented.
The equilibrium populations ξi eq for the reactive species
ξi are given:
eq

ξi = C i ∏

α=x,y

1 − 2c2iα
2

2ciα

c2iα − 1 + ciα uα + T 0 ,

3
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Figure 1: The two-dimensional 9-velocity lattice (D2Q9).

where Ci is the concentration of the considered ions, and uα
is obtained from the basis model. The relevant population
moment that corresponds to the concentration is
8

〠 ξi = C i

4

i=0

2.2. Computer-Generated Stochastic Porous Media. Characteristic material microstructures can be resolved and digitalized, using a variety of experimental techniques that span
from X-ray tomographic techniques to the combination of
FIB-SEM microscopy. At the same time, there is a lot of
eﬀort in the algorithmic stochastic reconstruction of porous
geometries (clays, membranes, etc.) that respect certain
structural and statistical properties. In Figure 2, two such
examples are shown. Figure 2(a) is obtained using the methodology of Tyagi et al. [32]. This pore map is constructed
such that it matches the targeted rock’s mineralogical components and its macroscopic properties such as porosity,
grain, and pore size distributions. This methodology allows
generating anisotropic structures, which are composed of
diﬀerent grain types. The map in Figure 2(a) represents a
clay material, where grains and interlayers within the grains
are present.
The pore map in Figure 2(b) was created by following
the methodology of [23, 24]. A Voronoi tessellation of randomly distributed points on a plane is used as a template.
Subsequently, the edges of the tessellation are used as
guides to open the pore space, resulting in fully connected
porosity. Here, we increase the degree of heterogeneity by
varying the channel size and by distributing variable size
spherical pores at the junctions of the pore channels. We
construct our pore maps based on the latter methodology
due to its simplicity and in order to work with a generic
porous medium.
2.3. Description of the Reactive System and Boundary
Conditions. The evolution of a porous geometry, due to

mineral reactions, depends strongly on the aqueous mixture
species concentrations and the ﬂow regime. The quantiﬁcation of these conditions is aided from dimensional analysis.
The nondimensional numbers that are used to characterize
geochemical reactive ﬂows at low Reynolds number (Darcy
regime) are the Péclet number: Pe = UL/D0 and the Damköhler number: Da = kL/D0 C 0 , where D0 is the mass diﬀusivity, U is the convective ﬂow velocity, C 0 in this work is the
acid concentration at inlet, and L is the characteristic linear
dimension of the system of interest. Whenever mentioned
in this text, the Pe and Da values correspond to the initial
conditions of the ﬂow setup.
The solid domain of the generated microstructures
represents pure calcite. In the connected void space, a
water solution is allowed to advect, diﬀuse, and react at
the solid interface.
The reactant enters the domain from the left boundary
with a uniform ﬂow rate. The top and bottom boundary conditions are treated as periodic, while the right boundary as a
zero gradient boundary.
For simpliﬁcation, we here consider a single-step heterogeneous reaction of the dissolution of calcite applicable for
low pH conditions: H+ + CaCO3 ➔ Ca2+ + HCO−3.
The reaction constant is k1 = 8 9 × 10−1 mol/m2 s [33, 34],
and the reaction rate is a ﬁrst-order reaction R = k1 αH+ ,
where αH+ is the activity of H+ in the solution. The diﬀusion
coeﬃcient is D0 = 10−9 m2/s, and the kinematic viscosity of
the ﬂuid ν = 10−6 m2/s.

3. Results and Discussion
3.1. Permeability of Computer-Generated Structures. Several
pore map realizations have been generated using the same
set of rules (distribution of channel width and distribution
of spherical pore sizes), diﬀering only in the number of original random seed points. The two-dimensional domain size
was selected to be square and is discretized by a 1500 ×
1500 computational grid, whose total size corresponds to a
100 μm × 100 μm domain. This allows constructing random
pore maps with variable target porosities that range from
ε = 0.1 to 0.9. The permeability (K (m2)) of the generated
structures was numerically measured by ﬂow simulations
similar to [31]. The results are plotted in the log-linear
plot of Figure 3. The permeability correlates positively
with the porosity. In the framework of macroscopic reactive transport codes, the microstructural information is
implicitly considered using permeability-porosity correlations. In reactive environments, for example, when dissolution or precipitation processes take place, the porosity
increases or decreases at a pace dictated by the ﬂow and the
chemical kinetics. In the case where the generated geometries
are representing a real material, a ﬁrst approximation, due to
the lack of mechanistic understanding, would be to update
the porosity according to the thermodynamics or kinetics.
Subsequently, the permeability of the respective voxel would
be updated following the permeability-porosity trend of the
pristine structures (black circles in Figure 3). As it will be
shown in the next section, such an approximation would

4

Geoﬂuids
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Figure 2: Digitally reconstructed pore maps. (a) Clay-type structure using lattice Monte Carlo methodology. (b) Generic porous medium
based on Voronoi tessellation.
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Figure 3: Permeability-porosity trends for several scenarios. Black-ﬁlled circles connected with a black line correspond to the permeability
versus the porosity of the computer-generated unreacted samples. Blue (ε = 0 25) and red (ε = 0 39) curves correspond to the distinct
permeability-porosity temporal evolution paths under diﬀerent reactive transport conditions (circles: high Pe-high Da, crosses: moderate
Pe-high Da).

not be accurate for reactive transport calculations in the presence of strong chemical gradients.
3.2. Evolution of Permeability in Reactive Environments.
The use of the lattice Boltzmann framework to study the
evolution of pore structures in reactive environments provides process understanding of the underlying mechanisms
([10, 12, and references within, 9, 19, 35]). The eﬀect of
diﬀerent transport and chemical conditions has been studied by several authors [10, 36]. Depending on the chemical
conditions and the ﬂow properties, the evolving geometries
due to dissolution follow distinct paths. The change in pore
topology and connectivity will have an eﬀect on permeability.
Diﬀerent regimes have been identiﬁed and have been categorized in phase diagrams based on the characteristic

nondimensional numbers that describe the reactive environment. For high Pe and Da numbers, the cross sections of the
preferential ﬂow paths increase fast, due to the strong supply
of reactants (Pe) and the fast reaction rates (Da). Soon, the
so-called wormholes start to appear resulting in the fast
increase of the permeability versus the porosity of the reacting structure. At the other end, permeability increases at
the slowest pace, when Pe is moderate and Da is high. The
reason for that is the fast depletion of reactants at the incoming boundaries leading to face dissolution [12]. This categorization is veriﬁed also here.
We selected two diﬀerent geometries stemming from the
analysis of the previous section, with initial pristine porosity
of ε = 0 25 (see Figure 4, top row) and ε = 0 39 (see Figure 4,
bottom row). The evolution of each of the two pore
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Figure 4: (a) Initial pristine pore structures with porosity 0.25 (top) and 0.39 (bottom), black is solid, gray is void. From (a) to (b), temporal
evolution for the high Pe = 400-high Da = 87 × 105 boundary condition leading to the creation of wormholes. Contour gradient of the reactant
concentration is plotted.

realizations was examined under two diﬀerent ﬂow conditions. In the ﬁrst case, HCl acid 0.001 M (pH = 3) was
injected from the left boundary resulting in Pe = 4 and Da
= 87 × 106 . This case evolved as face dissolution. In the second case, HCL acid 0.01 M (pH = 2) was injected at higher
rates resulting in higher Pe = 400 and Da = 87 × 105 . These
conditions lead to the formation of wormholes. The evolution
of the latter cases is shown in Figure 4. After speciﬁc time
intervals, the evolved structures were extracted, and their permeability was measured in a similar manner as done in the
previous section. The resulting permeabilities that represent
the evolved pore structures are plotted in Figure 3. Blue lines
and symbols represent the evolution of the ε = 0 25 structure,
and red lines and symbols represent the evolution of the ε
= 0 39 one.
3.3. Extracting Correlations from Pore-Level Simulations and
Upscaling Strategies. The pore-level simulations provide the
basic understanding of the underlying mechanisms, which
dictate the structural evolution of porous media in reactive
conditions. At the same time, it is possible to provide the
necessary input to the macroscopic algorithms via upscaling
of the results. This can be simply done by replacing, for
example, the permeability-porosity correlations that are
modelled in a macroscopic code, with more precise and
case-speciﬁc correlations. To that end, there are mainly three
diﬀerent approaches. First, the result can be transmitted in
the form of power law or Kozeny-Carman type of function
as K = f ε . Second, tabulated values can be provided instead

of a power law, such that during the macroscopic simulations, speciﬁc values can be calculated, after interpolating
between successive points. Third, the macroscopic code
could call on demand the pore-level solver, to deliver the prediction of evolution in a fully coupled multiscale manner.
The permeability porosity correlations that describe the
evolution of the structures in the presence of velocity and
chemical gradients have been extracted after ﬁtting known
type of relationships. As a ﬁrst remark, it should be mentioned that it was not possible to ﬁt the results using as a
model of Kozeny-Carman-type function. This was especially
true for the case of high Pe-Da (wormholes). The most
appropriate and simple type of model was found to be the
K = a × εb , where a and b are the ﬁtting parameters. The
results are shown in Figure 5 for the pore map ε = 0 39 (see
Videos S1 and S2 in the Supplementary Materials, which
depicts the temporal evolution of the porous medium and
the respective mass transport).
The scaling with respect to the porosity was found to
be of the order b = 0 9 for the moderate Pe case. The high
Pe-Da results could not be ﬁtted using only one function
of that type due to the existence of two distinct evolution
regimes. Evolution starts with a relatively weak scaling, where
b = 2 4 (for 0.39< ε <0.45) and corresponds to the wormhole
formation, and continues with a strong scaling regime
where b = 13 7 (for 0.45< ε <0.5) and corresponds to the
point where the ﬂow is accelerated due to the growing
of the major wormholes. For the upscaling of these
results, speciﬁc care has to be taken that the simulation
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Figure 5: Fitted permeability porosity correlations, describing the evolution of permeability of the pore structure ε = 0 39, for two diﬀerent
reactive and ﬂow conditions. Open red circles correspond to the evolution under high Pe-high Da conditions and have been ﬁtted using two
correlation functions (black lines). Red solid line and crosses depict the low Pe-high Da case. Black circles represent the permeability of the
pristine structures.

domains are indeed representative element volumes (REV).
This is especially important in the case where wormholes
are formed. Running several simulations in larger and
smaller geometries can clarify the interaction between
diﬀerent wormholes.
At the moment, it is seems that such a ﬁtting cannot be
fully automated in the classical sense. The existence of (a)
very small numbers among the ﬁtted parameters and (b) different scaling regimes, will always be a source of error when
transferring such functionals to macroscopic codes. Nevertheless, if done with care, this kind of microscopic feedback
has the potential to substantially improve the modelling
perspectives, provided that digitalized characteristic microstructures are available. By passing, we note that the two
geometries (ε = 0 25 and ε = 0 39) seem to evolve in a similar
way under similar conditions (see Figure 3). The comparison
between the blue and the red set of curves in Figure 3 goes
beyond the scope of this paper. For the extraction of safe
conclusions, it would be needed to test several geometries
in reactive environments, and proceed with statistical
analysis of the results.
The second approach would be to tabulate the a priori
executed pore-level simulation results and provide these
tables as input to a macroscopic code. Exact values for speciﬁc cases can be determined via interpolation schemes. This
would not require a ﬁtting process and shall be eﬃcient as
soon as a minimum number of information (size and
accuracy of tables) has to be passed to the next level of
description. We note that for complex chemically reactive
systems, this option would require the precalculation of a
large number of diﬀerent scenarios. The subsequent storage
of the resulting information with very high accuracy could
become impractical.
The third option would be to fully couple the pore-level
codes with macroscopic codes in a multiscale manner. Executing several pore-level simulations for every voxel, in order
to extract the microscopic physics, would defeat the purpose

of pore-level simulations. At the same time, it would result in
an extremely slow simulation. Nevertheless, novel much
promising machine learning techniques started recently to
appear as, for example, in [37]. In that paper, the authors
demonstrate a technique to accelerate the solution of chemical equilibrium equations, by using previous equilibrium calculations of similar input conditions. Such algorithms, when
applied to the problem described in this paper, can identify
voxels with similar input and save the most representative
cases, for use in future calculations. This would accelerate a
fully coupled multiscale code.

4. Conclusions
The evolution of permeability with respect to porosity in
reactive environments is of great importance in geochemical reactive transport modelling and subsequent predictions. Within the porous structure, the mineral dissolution
and precipitation processes alter the pore topology in a
strongly nonlinear way. In this paper, we have constructed
calcite microstructures in a stochastic way and have traced
their temporal evolution in the presence of an acid.
Permeability-porosity correlations have been extracted for
each of the diﬀerent evolution paths. Using this paradigm,
we discussed possible upscale strategies and the numerical
bridging between pore level understanding and macroscopic modelling. We conclude that such approaches are
viable under the condition of fully automating the communication between the solvers.
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We perform pore-scale resolved direct numerical simulations of immiscible two-phase flow in porous media to study the evolution
of fluid interfaces. Using a Smoothed-Particle Hydrodynamics approach, we simulate saturation-controlled primary drainage
in heterogeneous, partially wettable 2D porous microstructures. While imaging the evolution of fluid interfaces near capillary
equilibrium becomes more feasible as fast X-ray tomography techniques mature, imaging methods with suitable temporal resolution
for viscous-dominated flow have only recently emerged. In this work, we study viscous fingering and stable displacement processes.
During viscous fingering, pore-scale flow fields are reminiscent of Bretherton annular flow, that is, the less viscous phase percolates
through the core of a pore-throat forming a hydrodynamic wetting film. Even in simple microstructures wetting films have major
impact on the evolution of fluid interfacial area and are observed to give rise to nonnegligible interfacial viscous coupling. Although
macroscopically appearing flat, saturation fronts during stable displacement extend over the length of the capillary dispersion zone.
While far from the dispersion zone fluid permeation obeys Darcy’s law, the interplay of viscous and capillary forces is found to
render fluid flow within complex. Here we show that the characteristic length scale of the capillary dispersion zone increases with
the heterogeneity of the microstructure.

1. Introduction
Assessing the stability and evolution of saturation fronts, or,
from a pore-scale point of view, interfaces between immiscible bulk fluid phases, is key with respect to understanding a multitude of subsurface processes. Examples include
sequestration of carbon dioxide in geological media, groundwater contamination remediation, or enhanced oil recovery.
Depending on the governing capillary number (Ca), viscosity ratio (𝑀), properties of the porous microstructure,
and boundary conditions, primary drainage results in flow
regimes as diverse as viscous fingering, stable displacement,
or capillary finger branching [1]. In traditional macroscopic
continuum models, a phenomenological extension of Darcy’s
law is assumed to be applicable with relative permeability and
capillary pressure functions representing constitutive model
inputs [2]. Calibration of these constitutive relations in light
of a particular flow regime typically renders them nonlinear

and hysteretic [3–5]. In an attempt to face the latter, contemporary models acknowledge the role of interfacial areas
in hysteresis [6–10] or explicitly account for mass-exchange
between hydraulically reservoir-connected and reservoirdisconnected subphases [11, 12].
Considerable effort has been devoted to studying twophase flow patterns at the length scale of pore-networks, both
experimentally [13–18] and numerically [19–25], providing a
reliable set of data for the Ca-𝑀 phase diagram of drainage
displacement patterns as introduced by [1]. However, the
pore-scale dynamics of fluid interfaces and the mechanisms
by means of which they evolve remain poorly understood.
To this end, recent advances in pore-scale imaging-based
characterization methods (see review [26]) that enable the
fast visualization of two-phase flow at pore-scale resolution,
most notably microscopy imaging of thin micromodels [18,
27–29], X-ray computed tomography [30–34], and confocal
microscopy [35, 36], have provided valuable insights into
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the interplay of viscous, capillary, gravitational, and inertial
forces constituting the complexity of interface dynamics at
the pore-scale. For instance, free-energy driven Haines jumps
have been confirmed as dominant displacement mechanism
for flow at small capillary numbers [29, 32]. Clearly, these
observations deviate from the assumptions underlying generalized Darcy flow. Besides experimental approaches, we
consider direct numerical simulations (DNS) to be an important complementary tool for quantitative characterization of
multiphase flow in porous media [26, 37].
Our method of choice is a quasi-incompressible
Smoothed-Particle Hydrodynamics (SPH) model [38–41]
which incorporates the Navier-Stokes equations together
with the Continuum Surface Stress method [42, 43] to
account for the interfacial balance equations. Advantages
of SPH in the context of two-phase flow in porous media
include its mesh-free nature. The reproducing kernel
interpolation of SPH does not require nodal integration
points (particles) to be distributed on grids or meshes.
The latter renders spatial discretization of complex pore
spaces less computationally expensive as compared to
traditional grid or mesh-based methods. Typical SPH
methods use an updated Lagrangian approach; that is,
particles are advected in space according to their local
advection velocity. Hence, nonlinear convection terms
are not required to be modeled. The latter further implies
that phase indicator fields are advected through particle
motion. As a result, implementation of the Continuum
Surface Stress method does not require interface-tracking
such that SPH constitutes an attractive approach to model
formation, coalescence, and fragmentation of fluid interfaces
in complex pore spaces. Moreover, the updated Lagrangian
formulation simplifies modeling of locally large Reynolds
numbers [44, 45]. Disadvantages of SPH include its high
computational costs associated with repetitive use of
neighbor searching algorithms. In the context of using
explicit time integration schemes, time stepping stability
criteria such as the CFL-condition may be rather restrictive.
Moreover, since uncorrected SPH interpolation stencils lack
the Kronecker delta property, the application of essential
boundary conditions remains nontrivial [46, 47].
In this work, we present pore-scale resolved DNS of twophase flow in 2D partially wettable porous media of particulate microstructure. We perform numerical experiments of
saturation-controlled primary drainage for various magnitudes of Ca and 𝑀. While much effort has been devoted
to studying the pore-scale distribution of fluid interfaces
near capillary equilibrium, pore-scale numerical studies for
viscous-dominated flow remain comparatively sparse. Rather
than studying the emerging macroscopic displacement patterns we discuss pore-scale flow fields. For viscous fingering
we discuss the formation of hydrodynamic wetting films and
their impact on the evolution of specific interfacial area and
interfacial viscous coupling effects. For stable displacement
we discuss the microscopic dispersion of stable saturation
fronts (capillary dispersion zone) and the role of microstructure heterogeneity. In an attempt to elucidate the trade-off
between modeling assumptions, topological constraints of
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2D simulations, and physical meaningfulness, we critically
discuss our numerical approach.

2. Methods
2.1. Direct Numerical Simulation Approach. We model
isothermal flow of a Newtonian, quasi-incompressible
wetting (Ωw ) and nonwetting (Ωn ) fluid phase through
the pore-space (Ωf ) of a rigid solid matrix (Ωs ). Bulk fluid
balance equations for mass density and linear momentum in
phase domains Ω𝛼 ∈ {Ωn , Ωw } read
𝛼̇ = −𝛼 div u𝛼 ,
𝛼 u̇ 𝛼 = div T𝛼𝐸 − grad 𝑝𝛼 ,

(1)
(2)

respectively. The Newtonian viscous extra stress tensor reads
T𝛼𝐸 = 𝜇𝛼 (grad u𝛼 + grad𝑇 u𝛼 ) and u𝛼 denotes local velocity.
Dynamic viscosity 𝜇𝛼 is considered constant. A superimposed dot denotes the material time derivative. Fluid pressure
𝑝𝛼 is related to bulk mass density 𝛼 by a stiff barotropic equation of state 𝑝𝛼 = 𝑓(𝛼 )+𝑝0 such that density fluctuations are
small implying quasi-incompressibility. A constant, positive
backpressure 𝑝0 is included to avoid negative pressures that
otherwise lead to a numerical tensile instability which SPH
methods are prone to [48].
Immiscibility and solid wettability are accounted for
using interfacial balance equations for all Gibbs material
interfaces Γ𝛼𝛽 ∈ {Γwn , Γns , Γws }. Interfacial balance equations
are expressed in terms of jump conditions using the RankineHugoniot jump operator ⟦ ⋅ ⟧𝛼𝛽 . The interfacial mass balances
[[ (u − u𝛼𝛽 ) ⋅ n𝛼𝛽 ]]𝛼𝛽 = 0,

(3)

where u𝛼𝛽 denotes interfacial velocity, imply kinematic coupling along the interfacial normal vector n𝛼𝛽 . Interfacial
balances of linear momentum read
[[(T𝐸 − 𝑝I) ⋅ n𝛼𝛽 ]]𝛼𝛽 = −div𝛼𝛽 Π𝛼𝛽 ,

(4)

where div𝛼𝛽 denotes the surface divergence operator and
the interfacial Cauchy stress tensor Π𝛼𝛽 = 𝜎𝛼𝛽 (I − n𝛼𝛽 ⊗
n𝛼𝛽 ). Interfacial tensions 𝜎𝛼𝛽 are considered constant which
is considered reasonable in the absence of surface-active
agents. Solid wettability properties are prescribed by setting
parameters 𝜎wn , 𝜎ns , and 𝜎ws appropriately.
An alternative expression of the interfacial balance of
linear momentum (4) for the fluid-fluid interface Γwn reads
𝛼𝛽
+ (𝑝w − 𝑝n + 𝜎wn 𝜅wn ) nwn = 0,
(Tn𝐸 − Tw
𝐸) ⋅ n

(5)

where 𝜅𝛼𝛽 = −div𝛼𝛽 n𝛼𝛽 is twice the mean curvature. The first
term in (5) implies interfacial viscous coupling whereas the
second term introduces a pressure jump condition according
to the Young-Laplace equation [49].
Our DNS approach [41, 45, 50] is based on the Continuum Surface Stress method [42, 43] whereby bulk balance equations are formulated for the whole-fluid domain
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Table 1: Overview of microstructure parameters. Intrinsic permeabilities 𝑘 were calculated using single-phase flow simulations.
Microstructure
Pore-throat size distribution
Mean value 𝑚𝑇 [mm]
Standard deviation V𝑇 [mm]
Grain diameter distribution
Mean value 𝑚𝐺 [mm]
Standard deviation V𝐺 [mm]
Miscellaneous
Porosity 𝜙cuc [%]
Intrinsic permeability 𝑘cuc [10−9 m2 ]
Dimensions [mm2 ]
Grain count

C

0.42
0.14

0.41
0.15

0.41
0.21

1.63
0.20

1.61
0.34

1.60
0.44

45.5
4.41

46.0
4.55
20 × 15
85

44.3
4.55

Ωw

UP e1

e1

B

88

Ωn

e2

A

UP e1

Ωn,res

Ωcuc

Ωw,res

Figure 1: Schematic diagram of simulation setup at initial time 𝑡 = 0.
Black bars represent displacing pistons.

Ωf = Ωn ∪ Ωw . The latter is achieved by immersing
jump conditions (4) using interface Dirac delta distributions
𝛿𝛼𝛽 which are compactly supported on points of Γ𝛼𝛽 only.
The resulting whole-fluid balance of linear momentum is
expressed as
f u̇ f = div Tf𝐸 − grad 𝑝f + ∑div (Π𝛼𝛽 𝛿𝛼𝛽 ) ⋅ Ifs ,
𝛼𝛽

(6)

where the solid surface identity tensor Ifs fl I − nfs ⊗ nfs is
introduced to remove the otherwise unbalanced contact line
stress 𝜎wn sin Θ normal to the solid surface [45, 50], that is,
to reduce contact line forces to planes tangent to the solid
surface. Discretization of (6) using SPH leads to the intuitive
motion equation
𝛼𝛽

𝑃
𝑚𝑖 u̇ 𝑖 = ∑F𝑉
𝑖𝑗 − ∑F𝑖𝑗 + ∑F𝑖
𝑗

𝑗

𝛼𝛽

(7)

for a fluid particle P𝑖 ∈ Ωf with lumped mass 𝑚𝑖 . Upon
discretization, internal bulk forces due to viscous diffusion
and pressure gradient result in discrete interaction forces (F𝑉
𝑖𝑗
and F𝑃𝑖𝑗 ) that act between P𝑖 and its neighboring particles P𝑗 .
2.2. Simulation Setup and Microstructures. The total computation domain (Figure 1) is comprised of wetting phase (WP)
and nonwetting phase (NWP) reservoirs denoted by Ωw,res
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and Ωn,res , respectively, as well as the porous computational
unit cell Ωcuc . The unit cell has side lengths 𝐿 𝑊 = 20 mm
and 𝐿 𝐻 = 15 mm in direction of the unit vectors e1 and
e2 , respectively. The microstructure exhibits 𝐿 𝐻-periodicity
in direction of e2 such that periodic boundary conditions are
applied with respect to e2 . The latter avoids boundary artifacts
that otherwise arise due to wall confinement. Initially, the
sample is completely saturated by the WP. Saturation levels
inside the porous sample are controlled by imposing the
velocity U𝑃 = 𝑈𝑃 e1 of pistons that displace the reservoir
fluids relative to Ωcuc . As a result of choosing 𝑈𝑃 constant,
saturation rates remain constant during drainage. Simulations are halted as soon as the NWP penetrates into the WP
reservoir, that is, at breakthrough.
Three different microstructures (Appendix) comprised
of disordered, nonoverlapping circles (hereinafter referred
to as grains) have been generated using an event-driven
particle dynamics algorithm [51, 52]. Pore-throat sizes and
grain diameters are normally distributed. Mean values and
standard deviations are denoted by 𝑚𝑇 and V𝑇 for pore-throat
size distribution and 𝑚𝐺 and V𝐺 for grain diameter distribution, respectively. Microstructures are constructed such that
they only differ by the degree of heterogeneity as measured
by V𝑇 and V𝐺, while mean values 𝑚𝑇 and 𝑚𝐺, intrinsic
permeabilities, and porosities are in close agreement (Table 1).
Mean pore-throat size 𝑚𝑇 serves as characteristic length scale
for the reference capillary pressure 𝑃𝐶ref fl 2 cos Θ𝜎wn 𝑚𝑇−1 .
Given its small size, the computational unit cell Ωcuc does
not constitute a representative unit cell. However, clipping the
sample width 𝐿 𝑊 by 50% was observed to yield changes in
V𝑇 and V𝐺 of less than 10%. In other words, we consider the
domain size large enough to study pore-scale effects related to
the length scale of microstructure heterogeneity. Nonetheless,
a suitable representative size of the computation domain
needs be studied using an in-depth converge analysis.
Varying the piston velocity 𝑈𝑃 , which also represents
the prescribed specific discharge, we control the capillary
number
𝜇n 𝑈
(8)
Ca fl wn𝑃 .
𝜎
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Figure 2: (a) NWP distributions (black) at breakthrough for microstructure C in (Ca, 𝑀) feature plane. Solid phase and WP are colored gray
and white, respectively. (b) Normalized macroscopic capillary pressure 𝑃𝐶 (𝑆w )/𝑃𝐶ref and specific fluid interfacial area 𝑎wn (𝑆w ) for capillarydominated primary drainage in microstructure C at log10 (Ca, 𝑀) = (−5, 0). During the preentry regime, 𝑃𝐶 increases to the entry capillary
pressure level while 𝑎wn (𝑆w ) decreases as the meniscus comes in contact with the solid phase. During the postentry regime, 𝑃𝐶 exhibits a
constant mean value with fluctuations related to spontaneous Haines jumps.

Primary drainage processes are studied for Ca ∈
{10 , 10−3 , 10−4 , 10−5 }. Fluid viscosities are varied to prescribe the viscosity ratio:
−2

𝑀 fl

𝜇n
.
𝜇w

(9)

The simulated set of viscosity ratios is 𝑀
∈
{10−1 , 100 , 101 } by considering the viscosity 2-tuples
log10 (𝜇n , 𝜇w ) = (−4, −3), (−3, −3), (−3, −4) Pa s, respectively.
The fluid-fluid interfacial tension is chosen 𝜎wn = 5 N/mm
whereas Young’s equilibrium contact angle Θ = 30∘ . The
latter is achieved by setting fluid-solid interfacial tensions
𝜎ws = 0 and 𝜎ns = 𝜎wn cos Θ following Young’s equation.
Since the contact angle is fixed for all simulations, effects
related to variations in solid surface wettability are not
studied herein. Volumetric forces such as gravity are
absent and macroscopic inertial effects are considered
negligible, that is, small macroscopic Reynolds numbers. The
parameterization of fluid densities is thus expected to play a
minor role such that we set f = n = w . Neither the mean
pore-throat size 𝑚𝑇 ≈ 0.41 mm nor the interfacial tension
𝜎wn is chosen with regard to a particular reservoir system
but rather in an attempt to optimize computational costs.
Both, for larger values of 𝜎wn and smaller values of 𝑚𝑇 , time
stepping constraints become increasingly restrictive.
SPH particles are initially placed on the vertices of a
Cartesian grid with grid spacing d𝑥. Our choice of numerical
resolution d𝑥 depends on mean pore-throat size 𝑚𝑇 as well as
Ca and 𝑀. For viscous fingering, the pore-scale flow field is
found to resemble an annular flow with wetting films which
require a fine spatial resolution to ensure numerical accuracy.
Hence, for viscous fingering we choose d𝑥 = 𝑚𝑇 /19 =
21.7 𝜇m which leads to wetting films being represented by
approximately 4 particles in direction of film thickness. For
all remaining cases, we choose d𝑥 = 𝑚𝑇 /14 = 29.5 𝜇m. It was
previously shown in [45, 50] that the incorporated choices
of d𝑥 can reproduce local pressure, menisci, and velocity
profiles with reasonable accuracy. The total number of SPH

particles is approximately 6 ⋅ 105 . Average computation time
for a single time step was 0.6 s using a moderately optimized
code running 6 threads in parallel on an Intel Xeon CPU
E5-1650. The total number of time steps varied between 1.1 ⋅
106 for small and 1.6 ⋅ 105 for large capillary numbers.
Animated simulation results showing phase, pressure,
and velocity magnitude distributions during primary
drainage are available as supplementary information (Movies
S01–S09). While these animations demonstrate that the
numerical model is capable of representing Haines jumps
during capillary-dominated flow, in the following we
focus on viscous-dominated flow. Phase distributions at
breakthrough (Figure 2(a)) are consistent with the expected
displacement patterns (capillary finger branching for
sufficiently low Ca, stable displacement at sufficiently large
Ca and 𝑀 > 1, and viscous fingering at sufficiently large
Ca and 𝑀 < 1); however, their statistical characterization is
not insightful herein due to the limited size of the unit cells.
A prevailing feature of the present microstructures is that
capillary-dominated primary drainage is found to occur at
near-constant macroscopic capillary pressure 𝑃𝐶 and linear
growth of specific fluid interfacial area 𝑎wn (Figure 2(b))
until breakthrough occurs. Macroscopic capillary pressure
is computed as the difference in reservoir-averaged fluid
pressures 𝑃𝐶 ≡ ⟨𝑝n ⟩res − ⟨𝑝w ⟩res whereas 𝑎wn is the ratio
of total fluid-fluid interfacial area to total unit cell volume.
While constant 𝑃𝐶 relates to a narrow entry pressure
distribution along the percolating capillary finger, linear
growth of interfacial area is due to morphological simplicity
of the microstructures as previously observed in both
modeling and experimental studies of primary drainage in
particulate microstructures [18, 53–55].
In an attempt to highlight methodological limitations,
we discuss the most crucial restrictions of the present
simulations. (a) The present model is only applicable to
ideal solid surfaces with absent chemical imperfections,
surface roughness, or dust particles. In the presence of
inhomogeneous solid surfaces a phenomenon referred to as
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Figure 3: Hydrodynamic wetting film entrainment in subdomain of microstructure A for log10 (Ca, 𝑀) = (−2, −1). Solid phase domain is
colored gray whereas WP SPH particles are represented by black markers. NWP SPH particles are omitted for improved visibility. Streamlines
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contact line hysteresis has to be taken into account. (b) Given
the computational costs associated with pore-scale resolved
SPH simulations, we restrict ourselves to two-dimensional
problems. The latter implies topological constraints related
to connectivity in 2D microstructures as well as a lack
of representing depth-related effects, for example, due to
curvature of menisci in the out-of-plane direction. (c) When
a gas bubble invades a capillary tube that is initially saturated
with a WP of nonnegligible viscosity, a residual wetting
film is hydrodynamically entrained between gas bubble and
channel wall regardless of solid wettability characteristics
[56]. The latter constitutes a special case of the LandauLevich-Derjaguin problem [57]. When the thickness of the
wetting film 𝛿 ∼ O (0.1 m) [58], mutual interaction of
meniscus and solid surface separated by the molecularly
thin wetting film gives rise to an additional contribution to
pressure inside the film referred to as disjoining pressure [57,
59] which has a crucial effect on the stability of molecularly
thin wetting films. While the present model reproduces
hydrodynamic entrainment of wetting films well within the
viscous fingering regime, it does not take into account the
effect of disjoining pressure.

3. Results and Discussion
3.1. Viscous Fingering Regime: Hydrodynamic Wetting Films.
Viscous fingering, i.e., the Saffman-Taylor instability [60],
occurs when a less viscous fluid displaces a more viscous
fluid (𝑀 < 1) at sufficiently large capillary numbers. While
invasion percolation is considered a suitable stochastic model
for capillary fingering, viscous fingering is stochastically
reminiscent of diffusion-limited aggregation (DLA) [61–63].
In this section, we empirically study the annular pore-scale
flow profiles during viscous fingering and the impact of
wetting films on the evolution of specific interfacial area
and related dynamic effects. Hydrodynamic entrainment of
wetting films at large Ca was previously shown in micromodel
experiments of [18].
As the present model does not take into account disjoining pressure, wetting film effects are discussed well within
the viscous fingering regime (Ca ∼ 10−2 ) where films are
sufficiently thick. For core-annular gas-liquid flow in straight
capillary tubes, i.e., Bretherton flow [56], lubrication theory
[57] predicts the thickness of liquid films 𝛿 ∼ 𝑚𝑇 Ca2/3
m ,
where the microscopic capillary number Cam incorporates
a characteristic microscopic velocity rather than 𝑈𝑃 . While

lubrication theory has provided closed-form expressions for
wetting film thicknesses in curved capillary tubes as well [64],
the complexity of pore-networks is expected to necessitate
either laboratory experiments or DNS to study hydrodynamic
film entrainment in porous media.
If sufficiently fine spatial resolutions are used the present
simulations reveal the underlying annular flow fields. Menisci
are of spherical shape near fingertip regions whereas the
curvature of wetting films is determined by the solid surface
(Figure 3). Transition from spherical tip to wetting film is
observed less obvious when the finger percolates through a
pore-body (Figure 3, 𝑡0 + 0.6 ms). The mean curvature flow
assumption clearly does not apply for viscous fingering. In 2D
microstructures, dynamic wetting films become hydraulically
reservoir-disconnected (trapped) when viscous fingers coalescence (Figure 3, 𝑡0 + 0.9 ms). The latter does not hold for 3D
microstructures where flow through wetting films that extend
over the surface of the entire pore-network might constitute
a relevant transport mechanism [65]. The interface of an
entrapped wetting film exhibits a ridge in the wake region
of the wetted grain as previously observed in micromodel
experiments [18]. Due to viscous coupling, recirculating fluid
flow takes place within the ridge (Figure 3, 𝑡0 + 0.9 ms).
Following [66], we consider our choice of viscosity
parameters for 𝑀 = 10−1 a rough representation of a
carbon dioxide- (CO2 -) water system in deep sedimentary
formations. In particular, the modeled NWP has small but
nonnegligible viscosity (𝜇n = 0.1 mPa s). Annular flow
may thus constitute a relevant transport mechanism during supercritical CO2 sequestration if local flow rates are
sufficiently high. The presence of wetting films implies not
only a decrease in the effective channel width, but also a
change in apparent boundary conditions. Before drainage the
kinematic no-slip boundary condition applies with respect
to the percolating WP whereas after drainage the dynamic
interfacial viscous coupling condition applies with respect
to the percolating NWP. Despite the fact that streamline
patterns before and after drainage are rather comparable
to each other due to laminar flow, the dynamic boundary
condition is expected to affect energy dissipation.
It is intuitively understood that wetting films have considerable effect on the evolution of specific interfacial areas.
For viscous fingering at Ca = 10−2 and 𝑀 = 10−1 , the
rate of change of 𝑎wn is observed to be significantly larger
as compared to stable displacement and capillary fingering
(Figure 4(a)). The magnitude of 𝑎wn at breakthrough is
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Figure 4: (a) Evolution of specific fluid-fluid interfacial area 𝑎wn in microstructure C. (b) Ratio of total interfacial viscous force to total
resistance force in microstructure C. Data are presented as a function of normalized NWP saturation where 𝑆n𝐵 denotes NWP saturation at
breakthrough.

found nearly six times the corresponding value for capillary
fingering. The latter difference is expected to be even more
pronounced for domain sizes large enough such that fractal
branching can be statistically reproduced.
In an attempt to quantify the dynamic role of wetting
films, we measure the total forces the reservoir pistons have to
do work against to displace the NWP into the pore-space. For
viscous-dominated flow we expect the total resistance force
against drainage to be additively composed of the total skin
friction force due to viscous shear between fluid and solid
phase, that is, Darcian drag, and the total viscous coupling
force acting between WP and NWP, that is, the Yuster effect
[67, 68]. Total skin friction and viscous coupling force are
evaluated as
F𝑉
fs fl ∮

𝜕Ωs

F𝑉
wn

fl ∮

Γwn

Tf𝐸 ⋅ tfs d𝑎,
(10)
Tn𝐸

wn

⋅t

d𝑎,

respectively, where t𝛼𝛽 denotes a vector tangent to the
𝑉
𝑉
interface Γ𝛼𝛽 . The ratio ‖F𝑉
wn ‖/(‖Ffs ‖ + ‖Fwn ‖) is a measure
for the relative dominance of viscous coupling forces in total
resistance. Both for capillary fingering (Ca ≤ 10−4 ) and
for stable displacement (Ca ≥ 10−2 , 𝑀 > 100 ) viscous
coupling forces are negligible (Figure 4(b)). The latter does
not apply for viscous fingering where the relative dominance
𝑉
increases monotonically with 𝑆n and in a manner
of 𝐹wn
qualitatively similar to 𝑎wn (𝑆n ). At breakthrough, nearly onesixth of total resistance is due to viscous coupling and this
trend is expected to be even more pronounced for finer
microstructures, larger domain sizes, and higher saturations.
These results suggest that viscous coupling terms should be
accounted for in macroscopic models for viscous fingering in
porous media since otherwise lubrication effects are lumped
into relative permeability functions, which, by definition,
are related to momentum exchange between solid and fluid
phases only.

3.2. Stable Displacement Regime: Capillary Dispersion Zone.
Viscosity stabilizes interfacial perturbations when a more
viscous fluid displaces a less viscous fluid (𝑀 > 1) at
sufficiently large capillary numbers. The latter gives rise to
compact displacement patterns, stochastically referred to as
anti-DLA patterns [62, 63], and interfaces that macroscopically appear as being flat. Stable displacement is hence
desirable during enhanced oil recovery (EOS) due to optimal
sweeping efficiency. In our simulations, compact patterns are
observed for 𝑀 > 1 and Ca > 10−3 (Figure 2(a)). While large
Ca implied that capillarity effects are macroscopically negligible, the latter does not apply at smaller length scales. On
the contrary, capillarity greatly affects pore-scale interfacial
dynamics within the capillary dispersion zone (CDZ) [69–
71].
Disregarding boundary effects, saturation profiles 𝑆w (𝑋1 )
that arise during stable displacement are sigmoidal in shape
and, in a rough approximation, upper and lower asymptotes
𝑢
= 1
to 𝑆w (𝑋1 ) can be considered the saturation limits 𝑆w
𝑙
and 𝑆w ≈ 0, respectively (Figure 5). Considerable saturation
gradients are observed only in the localized CDZ. Since we
associate macroscopic saturation gradients with the presence
of microscopic interfaces, sigmoidal profiles evidence compact patterns. However, rather than being sharp as one would
anticipate on the basis of the Buckley-Leverett equation
[72] and its admissible shock wave solutions, capillarity is
observed to regularize the shock wave within the CDZ.
We define the width 𝐿 𝐶(𝑡) of the CDZ as spatial
difference between both points where saturation profiles
𝑆w (𝑋1 , 𝑡) approach the asymptotes. While these asymptotes
are observed to be barely sensitive to properties of the
microstructures, the width 𝐿 𝐶(𝑡), on the other hand, appears
to increase with the degree of microstructure heterogeneity.
In an attempt to quantify the latter, we compute the temporal
average of 𝐿 𝐶(𝑡) during drainage, hereafter denoted by 𝐿𝐶. In
order to avoid boundary artifacts, we consider the averaging
window for 𝐿𝐶 equal to the time frame during which the CDZ
is entirely contained within the porous unit cell. The average
width of the CDZ is found to increase linearly with standard
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deviation V𝐺 of grain diameter distribution (Figure 6(a)). In
particular, 𝐿𝐶 ≈ 14V𝐺𝑚𝐺 yields a reasonable fit to the present
data. We emphasize that drainage rates, interfacial tensions,
and viscosities, which are all expected to affect 𝐿 𝐶(𝑡), are
kept constant meanwhile. Moreover, microstructures A–C
only differ by the degree of heterogeneity expressed in terms
of V𝐺 while porosities, intrinsic permeabilities, and mean
values 𝑚𝐺 and 𝑚𝑇 are comparable (Table 1). This suggests
that, in addition to permeability, flow velocity, viscosity, and
characteristic capillary pressure [73], the capillary dispersion
length scale also depends on the second central moment of
the grain size distribution (∼ V𝐺).

Within the CDZ, fluid interfaces and hydraulically
reservoir-disconnected WP clusters are subject to the interplay of viscous and capillary forces. This is discussed in
terms of the temporal evolution of mean pressure profiles
𝑝(𝑋1 , 𝑡) (Figure 6(b)). Mean pressure profiles are found
to be continuous, piecewise linear functions composed of
two line segments. Each line segment can be intuitively
attributed to Darcy flow of WP and NWP, respectively. As
the kink point moves downstream with increasing NWP
saturation, pressure gradients appear invariant to the degree
of saturation. The latter is due to the fact that intrinsic
permeability, bulk viscosities, and specific discharge remain
constant during drainage. While all of the above is consistent
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Figure 7: Pore-scale interfacial dynamics during stable displacement at log10 (Ca, 𝑀) = (−2, 1). Visual representation is equivalent to Figure 3.
Spherical wetting cap formation due to menisci overlap near the saturation front ((a), 𝑡0 ). Fragmentation of a pendular bridge into multiple
wetting caps within the CDZ ((b), 𝑡1 ). Wetting phase cluster mobilization by sequence of fragmentation and coalescence events within CDZ
((c), 𝑡2 ).

with the macroscopic assumption that fluid permeation
obeys Darcy’s law a broad fluid pressure distribution is found
within the CDZ which we attribute to transient pore-scale
events related to disconnected WP cluster dynamics. The
latter is most pronounced when the entire CDZ is contained
within the porous unit cell (Figure 6(b), blue area).
We empirically discuss the types of pore-scale events
that occur near the saturation front and within the CDZ
(Figure 7). At the saturation front, adjacent menisci are
observed to overlap, a mechanism referred to as Melrose
event [74, 75]. The point of overlap is generally located
at some distance downstream of the solid surface whereby
the enclosed WP becomes hydraulically disconnected and
forms a spherical cap (Figure 7, 𝑡0 ). In close vicinity to the
saturation front, the local viscous pressure drop is negligible
(Figure 6(b)) as the local saturation of the less viscous WP
is comparatively high. Due to the resulting local dominance
of capillary forces, entry pressure thresholds govern flow
near the saturation front; that is, invasion percolation takes
place at the saturation front. Besides wetting cap formation,
capillary trapping mechanisms, for example, pendular bridge
formation, thus contribute to disconnection of the WP near
the saturation front. As the saturation front further advances,
the local viscous pressure drop across a wetting cluster
increases due to higher viscosity of the surrounding NWP.
The latter leads to fragmentation of large wetting clusters such
as the transition of pendular bridges into multiple wetting
caps (Figure 7, 𝑡1 ). Wetting caps that are of spatial extent
large enough for the pressure distribution to be nonuniform
are found to be mobilized due to viscous entrainment
and eventual coalescence with other disconnected clusters
(Figure 7, 𝑡2 ). If the size of a wetting cap falls below a critical

threshold size, mobilization due to viscous entrainment does
not occur. While these results are consistent with previous
reports [36], we emphasize that meaningful predictions for
the critical threshold size necessitate that contact line pinning
and dynamic contact angle effects are accounted for.
3.3. Critical Discussion on Connectivity in 2D Simulations.
Recent studies emphasize the importance of integral geometry [76] and, in particular, use of the Euler characteristic
𝜒 to relate topological properties of microstructures [30,
77] or displacement patterns [34] to macroscopic hydraulic
properties. For instance, [34] recently demonstrated the
fundamental role of fluid topology in permanent hysteresis
effects during drainage and imbibition. The lack of representing topological properties of 3D processes is the main
drawback of 2D simulations. Indeed, while the solid matrix
of a 3D consolidated porous material is generally composed
of a single connected component, the solid matrix in 2D
simulations has to be composed of disjoint sets for the
fluid phase to percolate. We concisely study the evolution
of the Euler characteristic 𝜒w of the total WP to emphasize
topological implications of 2D simulations. In 2D, the Euler
characteristic can be expressed as 𝜒w = Nw − Lw , where Nw
denotes the number of isolated components and Lw denotes
the number of circular holes (Betti Numbers). For further
introduction to integral geometry, the reader is referred to
the above references. The notation 𝜒(Ω◻ ) = 𝜒◻ applies in the
following.
During stable displacement, reservoir-connected WP
as well as NWP remain compact clusters and changes in
connectivity only occur within the narrow CDZ. On the
one hand, the number of isolated components Nw increases
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Figure 8: (a) Number of isolated components (Nw ) and Euler characteristic (𝜒w ) of WP for viscous fingering at log10 (Ca, 𝑀) = (−2, −1) in
microstructure B. (b) Euler characteristics of WP and reservoir-connected WP (𝜒w,𝐶 ) as well as number of isolated components for stable
displacement at log10 (Ca, 𝑀) = (−2, 1) in microstructure B.

due to wetting cap or pendular cluster formation. On the
other hand, the number of circular holes within the WP
decreases as fewer grains are enclosed by the WP. The distinct
characteristic of stable displacement is that the rate of change
of 𝜒w (𝑆n ), Nw (𝑆n ) and Lw (𝑆n ) with saturation is constant,
that is, invariant with respect to the position of the compact
saturation front. At initial time 𝑡0 , WP saturates the entire
pore-space such that Lw (𝑡0 ) is equal to the genus of the porespace and Nw (𝑡0 ) is one. As saturation levels increase both
Nw and 𝜒w are observed to increase linearly with saturation
(Figure 8(b)). These results are consistent with experiments
reported in [34], where the Euler characteristics of compact
displacement patterns that emerge during main imbibition
were shown to change linearly with saturation. We therefore
argue that 2D simulations of compact displacement patterns
exhibit topological properties applicable to 3D compact
patterns as well.
For viscous fingering, on the other hand, 2D simulations
are not topologically representative of 3D processes. In 3D,
dynamic wetting films are considered to extend over the
surface of the entire pore-network and remain connected to
the WP reservoir such that 𝜒w should remain constant during
viscous fingering in 3D unless discrete WP clusters snap off.
On the contrary, dynamic wetting films that emerge during
viscous fingering in 2D become reservoir-disconnected as
interfaces coalesce and thus form isolated objects of topological genus one (homeomorphic to a circle). As Nw increases
with the number of isolated films, the total number of
holes Lw (𝑆n ) = Lw (𝑡0 ), however, is expected to remain
unchanged since grains remain wetted by WP. As a result,
we expect 𝜒w to change with the same rate as that of Nw
as NWP saturation increases. While our results qualitatively
reproduce the expected trends (Figure 8(a)), 𝜒w is found
to increase with a slightly higher rate as that of Nw . This
implies that Lw slightly decreases which can be attributed
to the unstable breakup of dynamic wetting films, that is,

isolated wetting films of genus one breakup into multiple
clusters of genus zero. For an isolated wetting film to be stable
in equilibrium, the pressure inside the film must equal the
capillary pressure difference across the curved film meniscus
when disjoining pressure effects are neglected. As this is
generally not the case since film isolation occurred during
viscous entrainment, films tend to break up at later stages of
the simulation. Both the isolation and subsequent breakup of
dynamic wetting films are 2D phenomena. Nonetheless, the
impacts of films on specific interfacial area 𝑎wn and viscous
coupling F𝑉
wn as discussed in Section 3.1 are expected to apply
regardless of above topological issues.

4. Summary and Open Questions
While pore-scale imaging methods, for example, fast X-ray
tomography methods, to study the distribution and evolution of fluid interfaces for capillary-dominated flow become
increasingly mature, their applicability to viscous-dominated
flow is limited by temporal resolution. We consider hydrodynamic direct numerical simulations a suitable complementary approach for pore-scale modeling of viscous-dominated
two-phase flow. Using a Smoothed-Particle Hydrodynamics
model, we performed pore-scale simulations of primary
drainage in partially wettable 2D porous media of particulate
microstructure at large Ca. We have demonstrated the use
of the mesh-free model to study hydrodynamic entrainment
of thick wetting films during viscous fingering as well as the
dispersion of stable saturation fronts.
While the impact of wetting films on the dynamics of
viscous fingering was outlined, the identification of capillary
numbers where the onset of wetting film formation takes
place requires further efforts. As the modeling of thin wetting
films requires disjoining pressure forces to be accounted for,
the present model was only applied to thick hydrodynamic
wetting films well within the viscous fingering regime. While
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Figure 9: Computational unit cells A, B, and C (from (a) to (c)). Black lines in microstructure plots correspond to Delaunay edges that have
been used to generate pore-throat size histograms (Table 1).

the relative dominance of interfacial viscous coupling forces is
observed to monotonically increase during viscous fingering,
their impact on relative permeability functions remains open.
While mesh-free methods were shown to be a viable approach
to study viscous fingering phenomena, significant computational resources and algorithmic optimizations are currently
required to render 3D mesh-free simulations feasible.
In contrast to viscous fingering, the 2D topological
properties of the compact wetting phase during stable displacement were found qualitatively equivalent to those in 3D.
The observation that the width of capillary dispersion zones
increases with microstructure heterogeneity is thus considered to apply to 3D processes as well. The latter may thus
motivate the regularization of Buckley-Leverett models to
account for capillary dispersion. Mobilization, fragmentation
and coalescence of disconnected wetting phase clusters were
found as processes entirely local to the capillary dispersion
zone. Hence, the dispersion zone decisively impacts residual
wetting phase distribution in form of disconnected wetting
caps and pendular bridges. This implies that the region of
interest to study wetting phase entrapment during stable
displacement using pore-scale imaging methods can be
restricted to the capillary dispersion zone. For an accurate
numerical prediction of threshold sizes for wetting phase
cluster mobilization in reservoir systems, however, more realistic models that take into account contact angle hysteresis are
considered necessary.

Appendix
Hydraulic and Morphological
Properties of Microstructures
In analogy to what was done in [50, 78], pore-throat size
distributions of computational unit cells are computed on
the basis of a Delaunay triangulation of grain center points
(Figure 9). The pore-throat size between two neighboring
grains is considered equal to the length of the connecting Delaunay edge upon subtracting respective grain radii.
Delaunay edges that intersect the system boundaries are
excluded during generation of pore-throat size histograms.
Resulting pore-throat size histograms and grain diameter
histograms (Table 1) are subsequently fitted to the Gaussian
distributions 𝐺𝑇 (𝑥) fl 𝐴 𝑇 exp[−(𝑥 − 𝑚𝑇 )2 /(2V𝑇2 )] and
2
)], respectively.
𝐺𝐺(𝑥) fl 𝐴 𝐺 exp[−(𝑥 − 𝑚𝐺)2 /(2V𝐺
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and I. Lunati, “Challenges in modeling unstable two-phase
flow experiments in porous micromodels,” Water Resources
Research, vol. 51, no. 3, pp. 1381–1400, 2015.
P. Kunz, I. M. Zarikos, N. K. Karadimitriou, M. Huber, U.
Nieken, and S. M. Hassanizadeh, “Study of Multi-phase Flow
in Porous Media: Comparison of SPH Simulations with Micromodel Experiments,” Transport in Porous Media, vol. 114, no. 2,
pp. 581–600, 2016.
T. Bultreys, W. De Boever, and V. Cnudde, “Imaging and imagebased fluid transport modeling at the pore scale in geological

12

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]
[39]

[40]

[41]

[42]

Geofluids
materials: a practical introduction to the current state-of-theart,” Earth-Science Reviews, vol. 155, pp. 93–128, 2016.
N. K. Karadimitriou and S. M. Hassanizadeh, “A review of
micromodels and their use in two-phase flow studies,” Vadose
Zone Journal, vol. 11, no. 3, 2012.
F. Moebius and D. Or, “Interfacial jumps and pressure bursts
during fluid displacement in interacting irregular capillaries,”
Journal of Colloid and Interface Science, vol. 377, no. 1, pp. 406–
415, 2012.
R. T. Armstrong and S. Berg, “Interfacial velocities and capillary
pressure gradients during Haines jumps,” Physical Review E:
Statistical, Nonlinear, and Soft Matter Physics, vol. 88, no. 4, 2013.
D. Wildenschild and A. P. Sheppard, “X-ray imaging and
analysis techniques for quantifying pore-scale structure and
processes in subsurface porous medium systems,” Advances in
Water Resources, vol. 51, pp. 217–246, 2013.
M. J. Blunt, B. Bijeljic, H. Dong et al., “Pore-scale imaging and
modelling,” Advances in Water Resources, vol. 51, pp. 197–216,
2013.
S. Berg, H. Ott, S. A. Klapp et al., “Real-time 3D imaging of
Haines jumps in porous media flow,” Proceedings of the National
Acadamy of Sciences of the United States of America, vol. 110, no.
10, pp. 3755–3759, 2013.
T. Bultreys, M. A. Boone, M. N. Boone et al., “Real-time
visualization of Haines jumps in sandstone with laboratorybased microcomputed tomography,” Water Resources Research,
vol. 51, no. 10, pp. 8668–8676, 2015.
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