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Complex networks do exist in our lives. The brain is a neural network. The global economy

is a network of national economies. Computer viruses routinely spread through the Internet.

Food-webs, ecosystems, and metabolic pathways can be represented by networks. Energy is

distributed through transportation networks in living organisms, man-made infrastructures,

and other physical systems. Dynamic behaviors of complex networks, such as stability,

periodic oscillation, bifurcation, or even chaos, are ubiquitous in the real world and often

reconfigurable. Networks have been studied in the context of dynamical systems in a range of

disciplines. However, until recently there has been relatively little work that treats dynamics

as a function of network structure, where the states of both the nodes and the edges can

change, and the topology of the network itself often evolves in time. Some major problems

have not been fully investigated, such as the behavior of stability, synchronization and chaos

control for complex networks, as well as their applications in, for example, communication

and bioinformatics.

Complex networks have already become an ideal research area for control engineers,

mathematicians, computer scientists, and biologists to manage, analyze, and interpret

functional information from real-world networks. Sophisticated computer system theories

and computing algorithms have been exploited or emerged in the general area of computer

mathematics, such as analysis of algorithms, artificial intelligence, automata, computational

complexity, computer security, concurrency and parallelism, data structures, knowledge

discovery, DNA and quantum computing, randomization, semantics, symbol manipulation,

numerical analysis, and mathematical software. This special issue aims to bring together the

latest approaches to understanding complex networks from a dynamic system perspective.

Topics include, but are not limited to the following aspects of dynamics analysis for complex
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networks: (1) synchronization and control; (2) topology structure and dynamics; (3) stability

analysis; (4) robustness and fragility.

This special issue aims to bring together the latest approaches to understanding the

mathematical issues of complex networks from a dynamic system perspective. We have

solicited submissions to this special issue from electrical engineers, control engineers, math-

ematicians, and computer scientists. After a rigorous peer-review process, 21 papers have

been selected that provide overviews, solutions, or early promises, to manage, analyze,

and interpret dynamical behaviors of complex networks. These papers have covered both

the practical and theoretical aspects of complex networks in the broad areas of dynamical

systems, mathematics, statistics, operational research, and engineering.

This special issue starts with a survey paper on the recent advances of filtering and

control for complex networked systems with incomplete information. Specifically, in the

paper entitled “Recent advances on filtering and control for nonlinear stochastic complex systems
with incomplete information” by Z. Wang, the focus is mainly on the filtering and control

problem for complex systems with incomplete information and the main aim is to give a

survey on some recent advances in this area. The incomplete information under consideration

includes missing measurements, randomly varying sensor delays, signal quantization, sensor

saturations, and signal sampling. The modeling issues are first discussed to reflect the real

complexity of the nonlinear stochastic systems. Based on the models established, various

filtering and control problems with incomplete information are reviewed in detail. Then, the

complex systems, are dealt with from three aspects, that is, nonlinear stochastic systems,

complex networks and sensor networks. Both theories and techniques for dealing with

complex systems are reviewed and, at the same time, some challenging issues for future

research are raised. Subsequently, the filtering problems for the stochastic nonlinear complex

networks with incomplete information are paid particular attention by summarizing the

latest results. Finally, some conclusions are drawn and several possible related research

directions are pointed out.

Complex networks are composed of a large number of highly interconnected dy-

namical units and therefore exhibit very complicate dynamics. Examples of such complex

networks include the Internet, which is a network of routers domains, the World Wide

Web, which is a network of web sites, the brain, which is a network of neurons, and

an organization, which is a network of people. Synchronization for complex networks is

attracting more and more research attention due to its ubiquity in many system models of

the natural world. In another paper “Impulsive synchronization of nonlinearly-coupled complex
networks” by J. Cao, the impulsive synchronization problem is investigated for nonlinearly

coupled complex networks. Based on the stability analysis of impulsive functional differential

equations, some sufficient synchronization criteria are established in terms of average

impulsive interval. The model addressed is a nonlinearly coupled network that covers the

linearly coupled network and an array of linearly coupled systems as special cases. In the

work “Enhancement of the quality and robustness in synchronization of nonlinear lur’e dynamical
networks” by Y. Yang, the synchronization is studied for a class of nonlinear dynamical

networks with faults and external disturbances. Sufficient conditions are given to guarantee

the global robust synchronization for the network by means of solving the linear matrix

inequalities. By using adaptive-impulsive control approach, the projective synchronization

problem is dealt with in “Adaptive-impulsive control of the projective synchronization in drive-
response complex dynamical networks with time-varying coupling” by S. Zheng for drive-response

time-varying coupling complex dynamical networks with time delay and time-varying

weight links. An adaptive feedback controller with impulsive control effects is designed. In
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the paper entitled “Second-order consensus for multi-agent systems under directed and switching
topologies” by L. Gao, based on the graph theory and Lypunov method, sufficient conditions

of the consensus stability are established for systems with neighbor-based feedback laws in

leader-following case and leaderless case. As special cases, the consensus criteria for balanced

and undirected interconnection topology cases can be readily established.

Sensor networks have recently been undergoing a quiet revolution in all aspects of the

hardware implementation, software development, and theoretical research. Sensor networks

possess their own characteristics due mainly to the large number of inexpensive wireless

devices (nodes) densely distributed and loosely coupled over the region of interest. The past

decade has seen successful applications of sensor networks in many practical areas ranging

from military sensing, physical security, air traffic control, to industrial and manufacturing

automation. In the paper addressed “Energy-aware topology evolution model with link and node
deletion in wireless sensor networks” by X. Luo, based on the complex network theory, a new

topological evolving model is proposed. In the evolution of the topology of sensor networks,

the energy-aware mechanism is taken into account, and the phenomenon of change of the

link and node in the network is discussed. Theoretical results and numerical simulation

are given to analyze the topology characteristics and network performance with different

node energy distributions. It is shown that, when nodes energy is more heterogeneous, the

network is better clustered and the higher performance is achieved in terms of the network

efficiency and the average path length of transmitting data. In order to maintain k disjoint

communication paths from source sensors to the macronodes, a hybrid routing scheme is

developed in “An immune cooperative particle swarm optimization algorithm for fault-tolerant
routing optimization in heterogeneous wireless sensor networks” by Y.-S. Ding, where multiple

paths are calculated and maintained in advance, and alternative paths are created on demand.

Also, an immune cooperative particle swarm optimization algorithm (ICPSOA) is developed

to guarantee the fast routing recovery and reconstruct the network topology from path failure

in heterogeneous wireless sensor networks (H-WSNs). In another paper “Geometric buildup
algorithms for sensor network localization” by Z. Wu, a geometric build-up algorithm is given

for the sensor network localization problem with either accurate or noisy distance data.

Moreover, an algorithm with two buildup phases is presented to handle the noisy and sparse

distance data. By comparing with the existing approaches, the advantages of the proposed

algorithms are shown.

In the past few decades, neural networks have received considerable research interests

and have found successful applications in a variety of areas such as pattern recognition,

associative memory, and combinatorial optimization. The dynamical characteristics of neural

networks with time delays have become a subject of intense research activities. In the paper

entitled “Global robust stability of switched interval neural networks with discrete and distributed
time-varying delays of neural type” by H. Wu, a switched interval neural network is discussed

with discrete and distributed time-varying delays. Together with the Lyapunov approach

and linear matrix inequality (LMI) technique, a delay-dependent criterion is given such that

the switched interval neural network is globally asymptotically stable. By constructing the

Lyapunov-Krasovskii functional and using the reciprocal convex technique, a new sufficient

condition is derived in “Further stability criterion on delayed recurrent neural networks based
on reciprocal convex technique,” by T. Li to guarantee the global stability for recurrent neural

networks with both time-varying and continuously distributed delays. Numerical examples

are given to show the effectiveness and less conservatism of the proposed method. In another

paper “H ∞ Neural-network-based discrete-time fuzzy control of continuous-time nonlinear systems
with dither,” by J.-D. Hwang, and by constructing a discrete-time (DT) fuzzy controller, the
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stabilization problem is investigated for a class of continuous-time (CT) nonlinear systems.

After discretizing the CT nonlinear system, a neural-network (NN) system is established to

approximate the DT nonlinear system. Then, a Takagi-Sugeno DT fuzzy controller is designed

to stabilize this NN system. It is shown that when the discretized frequency or sampling

frequency of the CT system is sufficiently high, the DT system can maintain the dynamic of

the original CT system. Moreover, the trajectory of the DT system and the CT system can be

made as close as desired by designing the sampling frequency.

As being well known, the cyber world brings massive changes to the society.

There have been many cyber-related challenging problems that arise inevitably and should

be handled. In the paper addressed “Two quarantine models on the attack of malicious
objects in computer network,” by B. K. Mishra, SEIQR (susceptible, exposed, infectious,

quarantined, and recovered) models for the transmission of malicious objects are discussed in

computer network with simple mass action incidence and standard incidence rate. Sufficient

conditions for global stability and asymptotic stability of endemic equilibrium are given

for simple mass action incidence. Also, the behaviors are analyzed for the susceptible,

exposed, infected, quarantined, and recovered nodes in the computer network. The spatially

embedded networks are tackled in “Structural models of cortical networks with long-range
connectivity,” by S. Rotter with specific distance-dependent connectivity profiles. By applying

the stochastic graph theory, the structure and the topology of such networks are considered.

In another paper “Abstract description of internet traffic of generalized cauchy type,” by M.

Li, the set-valued analyses are investigated for the traffic of the fractional Gaussian noise

(fGn) type and the generalized Cauchy (GC) type. Meanwhile, a design procedure of the

autocorrelation function (ACF) is presented for the GC process in Hilbert spaces. Multiple

complex tasks commonly occur in the water distribution networks, such as design, planning,

operation, maintenance, and management. In the paper entitled “On the complexities of the
design of water distribution networks,” by J. Izquierdo, a synergetic association between swarm

intelligence and multiagent systems is discussed for water distribution networks, where

human interaction is simultaneously enabled. In the paper addressed “A novel algorithm of
stochastic chance-constrained linear programming and its application,” by C. Wang, the stochastic

chance-constrained linear programming problem is investigated. A simplex algorithm is

developed based on the stochastic simulation and a practical example is presented to

illustrate the applicability of the proposed algorithm.

Stability analysis and stabilization problems of stochastic systems have attracted much

attention in the past decades, since stochastic modeling has come to play an important

role in many real-world systems, including nuclear, thermal, chemical processes, biology,

socioeconomics, immunology, and so forth. In another paper “Mixed H 2/H ∞ performance
analysis and state-feedback control design for networked systems with fading communication
channels,” by A.–M. Stoica, the aim is to develop a performance analysis approach for

networked systems with fading communication channels. A state feedback controller is

designed to accomplish a mixed H 2/H ∞ performance requirement. A numerical iterative

procedure is presented which can be utilized to compute the stabilizing solution for system

with jumps. The practical stabilization problem is investigated in “The practical stabilization for
a class of networked systems with actuator saturation and input additive disturbances,” by D. Chen

for a class of linear systems with actuator saturation and input additive disturbances. The

time-invariant and time-varying input additive disturbances are considered, respectively. By

applying the Riccati equation approach and designing the linear state feedback controllers,

sufficient conditions are established to guarantee the semiglobal practical stabilization for

the closed-loop systems. In the paper entitled “A quasi-ARX model for multivariable decoupling
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control of nonlinear MIMO system,” by J. Hu, a multiinput and multioutput (MIMO)
quasi-autoregressive exogenous (ARX) model is presented and a multivariable-decoupling

proportional integral differential (PID) controller is designed for the MIMO nonlinear

systems. An adaptive control algorithm is given by using the MIMO quasi-ARX radial basis

function network (RBFN) prediction model. In another paper “Practical stability in the pth
mean for Itô stochastic differential equations,” by H. Shu, the pth mean practical stability problem

is investigated for a general class of Itô-type stochastic differential equations over both finite-

time and infinite-time horizons. Sufficient conditions are established such that the addressed

differential equations are pth moment practically stable. The practical stability problem

is studied in “pth mean practical stability for large-scale Itô stochastic systems with markovian
switching,” by H. Shu for Markovian switching systems in the pth mean sense. By using the

Lyapunov method, some criteria are presented such that various types of practical stability

in the pth mean are guaranteed for the nonlinear stochastic systems.
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The fault-tolerant routing problem is important consideration in the design of heterogeneous
wireless sensor networks (H-WSNs) applications, and has recently been attracting growing
research interests. In order to maintain k disjoint communication paths from source sensors to
the macronodes, we present a hybrid routing scheme and model, in which multiple paths are
calculated and maintained in advance, and alternate paths are created once the previous routing
is broken. Then, we propose an immune cooperative particle swarm optimization algorithm
(ICPSOA) in the model to provide the fast routing recovery and reconstruct the network topology
for path failure in H-WSNs. In the ICPSOA, mutation direction of the particle is determined by
multi-swarm evolution equation, and its diversity is improved by immune mechanism, which can
enhance the capacity of global search and improve the converging rate of the algorithm. Then
we validate this theoretical model with simulation results. The results indicate that the ICPSOA-
based fault-tolerant routing protocol outperforms several other protocols due to its capability of
fast routing recovery mechanism, reliable communications, and prolonging the lifetime of WSNs.

1. Introduction

The complex networks have attracted growing research interests in topology structure and

dynamic problems. Many kinds of system can be described with the complex network model,

and these models are constructed by several nodes connected with each other, such as the

Internet and the wireless sensor networks (WSNs). Due to the ability of collecting data from

the environment and reporting it back to the sink without human supervision [1, 2], WSNs,

especially heterogeneous ones, have come to pervade every aspect of our lives, such as habitat

monitoring, industrial sensing, and traffic control [3–5]. The heterogeneous WSNs always
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deploy an appropriate number of heterogeneous wireless sensor nodes (called macronodes),
which contain devices with more capabilities, storage space, and energy than ordinary nodes.

They cannot only improve the success rate of data transmission of WSNs, but also reduce the

energy consumption of transmission, thus can effectively prolong the network lifetime. The

benefits of using heterogeneous WSNs (H-WSNs) have been presented in the literature [6–9].
It is reported that when properly deployed, heterogeneity can triple the average delivery rate

and provide a fivefold increase in the network lifetime [6].
However, in practical applications, unpredictable events such as environmental

impairment, communication link broken, and battery depletion may cause the sensor devices

to fail, partitioning the network and disrupting network functions. Therefore, fault tolerance

becomes a critical issue for the successful communication of H-WSNs. It is expected that

the network topology broken by software or hardware failure of sensor nodes could be

automatically reconstructed and self-healed by the fault-tolerant routing technology so as

to be recovered from path failure and ensured the performance of the communication tasks.

The objective of this paper is to solve the fault-tolerant routing problem for the

H-WSNs while maintaining k disjoint communication paths from each source sensor to

the macronode it belongs to (called k-disjoint-path routing recovery problem). For this

purpose, we propose a swarm intelligence algorithm, immune cooperative particle swarm

optimization algorithm (ICPSOA), to provide fast recovery from path failure in the H-WSNs.

In this way, the network can tolerate the failure of up to k− 1 sensor paths with reconstructed

topology, traditional retransmissions can be decreased, and reliability can be provided with

lower energy consumption. Our problem is specifically tailored to the situation that data is

forwarded from sensors to macronodes.

The main contributions of this paper are as follows: firstly, we formulate the k-

disjoint-path routing recovery problem for the H-WSNs. Then, in order to maintain k
disjoint communication paths from each source sensor to the set of macronodes, we propose

the ICPSOA-based protocol to reconstruct the network topology and provide fast routing

recovery from path failure in the H-WSNs. The proposed method can provide simplicity,

robustness, and effectiveness for routing recovery problem of the WSNs.

The remainder of this paper is organized as follows: Section 2 overviews the related

work on fault-tolerant routing problem, especially routing recovery problem in the H-WSNs.

Then, we propose the H-WSNs architecture and fault model and the ICPSOA-based approach

for solving the routing recovery problem in Section 3. The simulation results are presented in

Section 4. Section 5 provides a conclusion of our paper and discusses a few future directions

for further improving the performance of our approach.

2. Related Work

2.1. The Fault-Tolerant Routing Algorithms of WSNs

Fault-tolerant routing protocols proposed for WSNs can be classified into three groups:

(1) proactive routing, called disjoint multipath, in which several paths from source node

to sink are calculated, maintained in advance, and stored in a routing table, but greater

energy consumption and the requirement to predict the global topology information are the

disadvantages [10–12], (2) reactive routing, where all paths are created on demand [7], and

(3) hybrid routing, which is a mix of the above two groups [8, 9].
One of the common fault-tolerant routing solutions is to establish disjoint multipath

with proactive routing mechanism. Disjoint multipath constructs a number of alternative
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paths which are node/links disjoint with the primary path and other alternative paths. Thus,

a failure in any or all nodes/links on the primary path does not affect the alternative paths.

Using this multipath scheme in a network with k disjoint paths from source to destination can

tolerate at most k−1 intermediate network component failures. A secure and energy-efficient

multipath routing protocol proposed by Nasser and Chen [10] is effectively resistive to some

specific attacks, and has the character of pulling all traffic through the malicious nodes by

advertising an attractive route to the destination.

A considerable amount of work has also been done on the hybrid routing scheme,

which combines multipath scheme and reactive routing scheme. In this scheme, multiple

paths are calculated and maintained in advance, and then, alternative paths are created

on demand. EARQ (energy-aware routing for real-time and reliable communication) is

a hybrid routing scheme proposed by Heo and Hong [9], which selected a path that

expended less energy than others, among paths that delivered a packet in time, which

enabled even distribution of energy expenditure to sensor nodes. It also provided reliable

communication and fast recovery from path failure, because it only sent a redundant

packet via an alternative path if the reliability of a path was less than a predefined value.

Pandana and Liu [11] sought to propose an algorithm which designed the connectivity

weight of each node and established a most reliable path in order to keep the other nodes’

connectivity.

Our work differs from the above existing ones [13–16] by considering a different

architecture and routing objective. We consider the H-WSNs architecture with a number of

macronodes and concern with providing k-connectivity from each source node to the set of

macronodes, and as such, we provide a hybrid routing scheme to maintain the multipath

routing. The H-WSNs usually consist of two types of wireless devices [12]: a large number of

resource-constrained wireless sensor nodes deployed randomly and a much smaller number

of resource-rich macronodes placed at known locations. The macronode network, which

provides more energy, transmission bandwidth, computing ability, and storage space, is used

to quickly forward sensor data packets to the sink. With this setting, data gathering in the H-

WSNs has two steps. Firstly, sensor nodes transmit and relay information on multihop paths

toward any macronode. Then, it is forwarded to the sink using fast macronode-to-macronode

communication once a packet encounters a macronode.

The similar hybrid routing schemes for the H-WSNs are as follows: CPEQ (cluster-

based periodic, event-driven, and query-based protocol) [17] groups sensor nodes to

efficiently relay data to the sink by uniformly distributing energy dissipation among the

nodes. It can provide fast broken path reconfiguration and high reliability in the delivery

of event packets and speed up new subscriptions by using the reverse path. Cardei and Yang

[18] proposed GATCk and DATCk in the H-WSNs, with the objective of minimizing the total

energy consumption while providing k independent paths from each node to macronodes.

Such a topology provides the infrastructure for fault-tolerant data-gathering applications

robust to the failure of up to k − 1 sensors. Boukerche et al. [8] used a protocol of ICE

(intercluster communication-based energy-aware and fault-tolerant protocol) by alternating

the nodes responsible for intercluster communication inside one cluster. If one of multiple

paths has faulty nodes, the other ones will be used for the event notification’s propagation.

But the fast routing recovery mechanism for path failure has rarely been considered. Further,

as the fault-tolerant optimization problem to find the optimal routing is NP-hard, these

heuristic deterministic methods would always get the likely optimal routing result, and is

easy to fall into local optimum. So, we employ a swarm intelligence algorithm, the ICPSOA,

to improve the performance of solving these problems.
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In this paper, we propose an ICPSOA-based fault-tolerant routing algorithm, which

reconstructs the network topology of H-WSNs and provides a fast recovery from path failure

with alternative path. We also compare the performance of the protocols of EARQ, CPEQ,

and ICE with that of our approach. As we known, EARQ is an effective fault-tolerant routing

protocol for homogeneous WSNs, while ICE and CPEQ are for H-WSNs to provide routing

recovery from path failure. In this way, we can evaluate the fault-tolerant routing recovery

mechanism with different network types.

2.2. SPSOA, CPSOA, and ICPSOA

The EA-based bionic randomized algorithm has become the important tools for solving

complex optimization problems because of its intelligence and widely used and global search

ability. But the algorithm dealing with fault-routing problem of WSNs should support the

characteristic of energy saving. In general, better fault-tolerant performance always needs

more energy consumption. Therefore, we choose light-weight algorithm based on the particle

swarm optimization algorithm (PSOA), which has a simple structure and is easy to realize.

The PSOA is a new EA based method to search an optimal solution in the high-

dimensional problem space [13], where each particle is a potential solution to the problem

under analysis. In updating a population of particles with regard to their internal position

and velocity, the PSOA is informed by the experiences of all the particles. It provides an

idea to find solutions to complex problems using group advantage without global model and

centralized control and can be suitable to apply in a dynamical modeling environment. It has

been applied to many optimization problems, such as control problems and protocol design

[14]. A remarkable difference between the PSOA and other EA-based algorithms is that the

PSOA is very simple and has few parameters to be adjusted. Therefore, in general, it requires

less computational complexity.

In the standard PSOA (SPSOA), each particle is a potential solution to the problem.

Assume N particles fly in the D -dimensional search space, the position of the ith particle is

xti = (xti1,x
t
i2,...,x

t
iD )

T , and its velocity is vti = (vti1,v
t
i2,...,v

t
iD )

T . pi = (pti1,p
t
i2,...,p

t
iD ) is the

best previous position of the particle, and pg is the global best position of the whole particle

swarm. Therefore, the velocity and position of each particle will be updated according to [15]

vt+1
id = w vtid + c1 rand1

(
ptid − x

t
id

)
+ c2 rand2

(
ptgd − x

t
id

)
,

xt+1
id = xtid + v

t+1
id ,

(2.1)

where 1 ≤ d ≤ D , c1 and c2 are learning factors, and usually, we make c1 = c2 = 2; w is

the inertia weight and used to control the tradeoff between the global and local exploration

ability of the swarm. Random numbers rand1 and rand2 are uniformly distributed in

[0,1].
The SPSOA also exhibits several disadvantages: it sometimes posses the problem of

converging to undesired local optimum, for the diversity of population decreases in the latter

iteration of evolution; optimizing stops when reaching a likely optimal solution, and thus the

accuracy of the algorithm is limited. Therefore, a cooperative PSOA (CPSOA), which uses

cooperative behavior of multiple swarms to improve the SPSOA, is proposed in [16]. In the

CPSOA, limitation of an individual can be compensated by a number of other individuals

from other symbiotic groups in the interaction. It can avoid misjudgment caused by single
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exchange of information [16]. However, it still uses the formula of the SPSOA to evolve. The

trajectory of each particle is unable to yield high diversity of particles to increase search space.

Therefore, the CPSOA may get a suboptimal solution.

For this reason, we draw on good diversity characteristic of immune mechanism and

develop an immune CPSOA (ICPSOA), in which each particle is considered as an antibody.

Particle clone is used to generate a new population with offspring. Mutation is used to

diversify the search process. Immune restrain is considered to restrain the inferior ones in

order to keep the stable population. Immune memory is used to store the feasible solutions

[19]. The affinity between antibody and antigen can measure the optimal path, and the

affinity between antibodies and antibodies can evaluate the diversity of population [20]. In

the ICPSOA, mutation direction of the particle (called antibody) is determined by evolution

equation, and its diversity is increased by immune mechanism [21]. Although the addition of

the immune mechanism may add more time complexity to the system, the proposed ICPSOA

largely improves the capability of jumping out of local optima. The use of the ICPSOA

for the fault-tolerant routing problem in H-WSNs has been presented in the following

sections.

3. Fault-Tolerant Routing Problem in H-WSNs Based on the ICPSOA

3.1. Model of the Proposed H-WSNs

3.1.1. The Architecture for the Model of H-WSNs

The architecture for the model of H-WSNs contains two types of wireless sensor devices as

shown in Figure 1. The lower layer is formed by sensor nodes with constrained resource,

including small amount of source nodes and other relay nodes. The main tasks performed by

the source nodes are sensing, data processing, and data transmission. The tasks performed by

the relay nodes are data processing and relaying. The dominant energy consumer is the radio

transceiver. The upper layer consists of resource-rich macronodes overlaid on the H-WSNs.

Wireless communication links between macronodes have considerably longer ranges and

higher data rates, allowing the macronode network to bridge remote regions of the interest

area. The tasks performed by a macronode are data aggregation and transmission, complex

computations, and decision making. The ICPSOA is also executed by macronodes.

Therefore, in-network data transmission can be performed by forming a spanning tree

among all the tree nodes. As shown in Figure 1, transmission starts with the leaf nodes (source

node) of the tree sending their values to their parent nodes (macronode, nodes 1,2,...,12)
in the tree, until the final data is obtained at the root node (sink, node 13). Thus, the overall

architecture would have a tree of macronodes and then each macronode can serve as the

root of a subtree of ordinary nodes. Here, we are only interested in the fault-tolerant routing

between sensor-sensor and sensor-macronode communications.

Assume that the network has the following characters: (1) the H-WSNs is a static

network, where the nodes will not move after deployment, (2) every node knows its own

position and that of the macronodes and the sink. The location can be obtained by GPS or

localization protocols for estimating the location of a node, (3) the wireless transmission

energy of macronode can be adjusted based on the distance between the receiver and itself,

(4) the adjacent nodes would acquire the state information of their 1-hop neighbors and

the links between them through periodically broadcast. The meanings of used symbols is

provided in Table 1.
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Figure 1: The architecture of H-WSNs.

Table 1: The main symbols.

STi The ith subtree of the tree of the H-WSNs

N STo The number of the sensor nodes in STi

PSTs The state information of all the nodes in STi

ns One of the source nodes in STi

nr The root node (macronode) in STi

P(s,r) The set of all the possible paths between ns and nr in STi

pi(s,r) The ith path between ns and nr in STi

nfail The failed relay node of pi(s,r) in STi

nfail−c The child node of nfail of pi(s,r) in STi

nfail−p The parent node of nfail of pi(s,r) in STi

ni The ith sensor node of pi(s,r) in STi

pb The optimal path of P(s,r) with optimal fitness in STi

npbi The ith sensor node of pb in STi
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3.1.2. The k-Disjoint-Path Spanning Graph in the Subtree

The subtree STiof the network is modeled as a directed, connected graph G (V,E), where V is

a finite set of subtree nodes and E is the set of subtree edges representing connection between

these nodes, where source node ns ∈ V and macronode (root) nr ∈ {V − {ns}}. pi(s,r) is a

valid path between ns and nr, and P(s,r) is the set of all the paths pi(s,r).n(n ∈ pi(s,r))
represents a node in pi(s,r), and e(e ∈ pi(s,r)) represents direct edge between any two

adjacent nodes in pi(s,r). Then, we can get the k-disjoint-path spanning graph in the subtree

STi. The factors affecting the choice of path pi(s,r) include (1) the available energy function

of each node, ene(n), (2) distance function of the edge between adjacent nodes, dist(e),
(3) energy consumption function, ene(e), (4) communication delay function of the node,

delay(n). Then, these parameters can determine the fitness function of pi(s,r), fitness(pi)

fitness
(
pi
)
=

∑
n∈pi(s,r)ene(n)

1f1 + 2f2 + 3f3
,

f1 =

∑
e∈pi(s,r)ene(n)∑
e∈Eene(n)

,

f2 =

∑
n∈pi(s,r)delay(n)∑
n∈N delay(n)

,

f3 =

∑
e∈pi(s,r) dist(e)∑
e∈E dist(e)

,

(3.1)

where f1 is the ratio of the energy consumed by the edges of path piand the energy consumed

by all the edges in the subtree, f2 is the delay of the edges and nodes of path piversus the

delay of all the nodes in the subtree, and f3 is the distance of the edges of path piversus the

distance of all the edges in the subtree. 1, 2, 3 are the weight of effective energy, delay

and distance constraints in the fitness function, and 1+ 2+ 3 = 1. We set 1 = 0.4, 2 = 0.2,

3 = 0.4. The higher fitness value indicates the more suitable path.

As illustrated in Figure 2, we assume k = 3, the three disjoint paths between source

node (node 2) and root (node 30) are 2-3-9-15-20-25-28-30, 2-8-13-18-23-30, and 2-7-12-16-21-

27-30, respectively. The detailed protocol dealing with routing recovery problem is presented

in the following sections.

3.1.3. The Proposed Fault Model and Energy Model

We use the simple fault model proposed in [22] and identify the node failure in it. The fault-

model should be simple enough to analyze, but also sophisticated enough to capture the fault

behavior effectively. The probability of sensor nodes failure of subtree is given by pnode. As

we use the more reliable macronodes to sustain the failure during transmission process, the

probability of macronode failure is assumed to be pmacro ≈ 0. If any of the sensor nodes fails,

our routing recovery approach for node failure in subtree can be implemented.

We introduce the energy model adopted in [18], and the equation of energy model of

a sensor node is as follows:

ene(m ,d) = enetx(m ,d) + enerx(m ) = (a11 + a2d
n)m + a12m , (3.2)
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Figure 2: k-disjoint-path spanning graph in subtree.

where d is the distance from the sensor node to the next-hop node, enetx(m ,d) and enerx(m )
are the energy consumption of sending and receiving m bits of data, a11, a2, and a12 are energy

consumption parameters of sending circuit, sending amplifier, and receiving circuit, and n is

the channel attenuation index. We also define eneDF as energy consumption of data fusion and

eneRT as energy consumption of updating routing table. For the ICPSOA, we define energy

consumption of paticle update, immune clone, mutation, particle selection, and restrain per

iteration as enePU, eneIC, eneIM, enePS, and enePR, respectively. So, the total consumption of

the ICPSOA is according to the actual iterated generations per round.

3.2. Fault-Tolerant Routing Problem Using the ICPSOA

As described in Section 2.2, the ICPSOA is used to provide a fast recovery mechanism from

path failure due to physical damage or energy depletion with an alternative path. It chooses

a path with optimal fitness from the optional sensor nodes. The ICPSOA is the kernel of our

fault-tolerant routing protocol. Its flowchart is shown in Figure 3, and its framework is shown

in Algorithm 1. The detailed procedures are described in the following subsections.

(1) Initialization

The principle of the ICPSOA is to search, respectively, in different D -dimensional target

spaces using k independent particle swarms. To initialize the algorithm, we set the population

size of particle n, the division factor k, and each particle swarm includes n/k particles. Then,

the D -dimensional vector (vector of particle’s position and velocity) is divided into k swarms.

We define a matrix by [D × 2n] to represent the initial particle swarm, in which the former n
columns are the position of particle, and the latter n columns are the velocity of particle. In
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Fault-tolerant routing recovery
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Figure 3: The architecture of the ICPSOA for the H-WSNs.

Input: PSTo : The information parameters of nodes
PGen: The iterated generations for searching process

Output: fitness(pi): The global optimal fitness
Process:
Step 1: Initialization: Generate initial particle swarm parameter.
Step 2: Immunization: Immune clone, mutation, particle selection and restrain.
Step 3: If termination criterion conditions are satisfied, go to Step 5; else go to

Step 4.
Step 4: Update: Update the velocity and position of each sub-swarm and particle.
Step 5: Output: Output the global optimal fitness of the particle swarm. Ends.

Algorithm 1: The ICPSOA for fault-routing problem.

Algorithm 2, b(g) is a complete vector function consisting of all subswarms’ optimal position

vector, xm Sirepresents position vector of the m th particle in the ith swarm, pm Siis the optimal

history position vector of the m th particle in the ith swarm, and pgSi represents optimal

experience position vector of the ith swarm.

(2) Immunization

In this step, each particle can be considered as an antibody, resulting in the clonal mutation

set C . The clone number and the fitness of particleare proportional. The clonal number N c is
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Input: PSTo : The information parameters of nodes
n: The population size of particle
k: The population size of swarm

Output: Si: The vector of the ith particle swarm
b(g): Each sub-swarm’s optimal position vector function

Process:
Particle’s D -dimensional vector is divided into k particle swarms.
b(L,i) = (pgS1,...,pgSi−1,L,pgSi+1,...,pgSk)

Algorithm 2: Initialization mechanism in the ICPSOA.

usually calculated as follows:

N c = N , (3.3)

where is the clone factor and is proportional to particle’s fitness value. N is the number of

particles. Mutation rule can be setup according to experience. The particle mutation rule for

the function optimization problem is

ci= xi+ rand, (3.4)

where ci is the clonal individual, xi is the original antibody, represents the mutation factor,

and rand is uniformly distributed in [0,1].
For the particles replacement rule, we need to calculate the antigen stimulus degree

of the original particles and select clonal mutation particles. The Euclidean distance between

any particle Ctand antigen Yt is

d
(
i,j
)
=

√√√√ n∑
i=1

(
cit− yjt

)2
. (3.5)

Therefore, the stimulus degree of antibody particle is

A
(
i,j
)
=

1

d
(
i,j
). (3.6)

After that, each particle is compared with stimulus threshold; the higher one will

maintain in the subswarm, and the lower one will be replaced (called restrain). The process

of this step is as shown in Algorithm 3. Then, go to Step 2 in Algorithm 1.

(3) Termination Criterion

If the solution is satisfied with the termination criterion, fitness(pi) is the optimal fitness or

PGen decreases to zero, the optimal path pi will be the desired optimal solution, and this

procedure ends; otherwise, returns to Step 4 in Algorithm 1. Then, the kth path is established.
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Input: n: The population size of particles
PGen: The iterated generations for searching process
k: The population size of swarm

Output: The allele of the offspring’s antibodies (particles)
Process:

For each swarm i∈ [1 · · ·k]
For each particle m ∈ [1 · · ·n/k]

Clone operation: N c = N
Mutation operation: ci= xi+ rand
Replacement (restrain) operation:

d(i,j) =

√
n∑
i=1

(cit− yjt)2, A (i,j) = 1/d(i,j)

If A (i,j) > threshold, the particle (antibody) is replaced
End For

End For

Algorithm 3: Immune mechanism in the ICPSOA.

(4) Update

In this step, the velocity and position of the particle is updated as (2.1). The process is as

shown is Algorithm 4. The updating equation of particles’ optimal position vector in each

subswarm is as follows:

b
(
pm Si,i

)
=

⎧⎨⎩b(xm Si,i), fitness(b(xm Si,i)) ≥ fitness
(
b
(
pm Si,i

))
,

b
(
pm Si,i

)
, fitness(b(xm Si,i)) < fitness

(
b
(
pm Si,i

))
,

(3.7)

where 1 ≤ i≤ k. The updating equation of optimal position of each subswarm is

b
(
pgSi,i

)
= arg

P(pm Si,i)
max fitness

(
b
(
pm Si,i

))
, 1 ≤ m ≤ n

k
, 1 ≤ i≤ k. (3.8)

Equation (3.8) indicates that the optimal position of the m th subswarm will select the

personal optimal position with the optimal fitness of particle in the swarm.

Inertia weight w plays an important role to the convergence of the result among the

adjustable parameters. The larger weight can help the particle escape from the local best

solution, and the smaller one is better for the convergence, thus the inertia weight can achieve

balance between global search and local search. To overcome the limitations of other general

strategies, the linear differential decreasing strategy is used [23]. Here, we select w start = 0.85,

w end = 0.35

dw (t)
dt

=
2(w start − w end)

t2max

t,

w (t) = w start −
(w start − w end)

t2max

t2.

(3.9)
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Input: PSTo : The information parameters of nodes
Si: The ith particle swarm
b(L,i): Each sub-swarm’s optimal position vector function
PGen: The iterated generations for searching process

Output: vt+1
id and xt+1

id : The velocity and position of each sub-swarm and its particle
fitness(pi): The global optimal fitness

Process:
For each swarm i∈ [1 · · ·k]

For each particle m ∈ [1 · · ·n/k]
Update velocity and position of each sub swarm’s particle

If fitness(b(xm Si,i)) ≥ fitness(b(pm Si,i)), b(pm Si,i) = b(xm Si,i)
Else If fitness(b(xm Si,i)) < fitness(b(pm Si,i)), b(pm Si,i) = b(pm Si,i)

Calculate fitness(pi) of the particle (path)
End For

b(pgSi,i) = arg
P(pm Si,i)

maxfitness(b(pm Si,i))

End For

Algorithm 4: Update mechanism in the ICPSOA.

The computational complexity is an important issue in designing our optimization

algorithms. In the nth iteration of the ICPSOA, the time to calculate fitness function for

immune clone is N c, the time to calculate fitness function for particle mutation and selection is

N c, and the time to calculate fitness function for particle update is tN . So the total calculating

time Pn in the nth iteration should be

Pn ≤
[
N c + N c

]
+ tN =

(
1 +

)
N c + tN . (3.10)

Therefore, the computational complexity of the ICPSOA is O(N c), which indicates that

the size of clone group has a direct impact on the search speed of the ICPSOA with the same

size of particle.

3.3. The ICPSOA-Based Fault-Tolerant Routing
Protocol Framework for H-WSNs

The ICPSOA is the kernel of fault-tolerant routing protocol. As shown in Figure 2, once

nfail (node 18) fails, the macronode nr (node 30) constructs subgraph G ′(G ′ ⊂ G ) according

to the current topology information of nodes and extracts the set of nodes N p which can

be used to construct an alternative path pi(s,r) from G ′. Each node represents a particle,

and the population size of particle is n. Some nodes of N p can form a particle sequence

{npi1,npi2,npi3 ...,npim } (m ≤ n) according to their order, which can construct a path pi(s,r)
from source ns to nr. The algorithm ICPSOA would optimize the particle sequence to obtain

the optimal path pb(s,r) with optimal fitness fitness(pb), and pb(s,r) includes the following

nodes {ns,npb1,npb2,...,npbm ,nr}. Each node owns a routing table recording the paths it

belongs to and the nodes’ information on these paths. We now demonstrate with an example

how the routing recovery process is accomplished in our protocol. In the example (Figure 2),
nfail’s child node nfail−c and parent node nfail−p are node 23 and 13.
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Step 1. nfail−c reports the failure of nfail to nr, and nfail−p reports the failure to ns (node 2), then

ns starts up another backup path to transmit data. ns broadcasts a path request (PR) packet,

with routing table including its own available energy and coordinate.

Step 2. If an intermediate node ni receives PR, it will relay the packet according to its own

state of information: if ni is on one of the other existed k − 1 paths between ns and nr, it

will ignore the packet; else, niwill calculate dist(e), ene(e) and delay(e) between niand ni−1

according to the information provided by ni−1. Then, it continues to relay packet RP, with

routing table including above information, niand ni−1’s ID, and its ene(n).

Step 3. Each intermediate node in the subtree repeats Step 2 until nr receives the PR. Then

nr extracts the information, calculates fitness(pi) using the ICPSOA and selects the path pb
with optimal fitness. Then, it broadcasts packet RP ACK, including the IDs of selected nodes

{npb1,npb2,npb3,...,npbn} on pb (path 2-8-14-19-24-30 in Figure 2) in routing table.

Step 4. If npbihas received PR ACK, it checks whether its ID is in the packet’s routing table.

Then it establishes a connection between child npbi−1 and parent npbi+1 and delivers PR ACK

to parent until ns receives the packet. Go to Step 5.

Step 5. ns broadcasts packet PR END, and npbi on pb delivers it to nr. Once nr receives

PR END, the kth path from source node to its root in the subtree is established, the network

topology is reconstructed, and protocol ends.

During this process, nr will broadcast one packet and receive three packets, ns will

broadcast two packets and receive two packets, a part of relay nodes ni in the subtree will

deliver four packets. We assume the number of hops of pi(s,r) (i ∈ (1,k − 1)) is N pi(s,r)i,

then the number of the packets received by nr before running the ICPSOA is N = N STii
−∑k−1

i=1 N pi(s,r)i. In this way the energy consumption of packet receiving and broadcasting of nr
can be calculated.

4. Simulation Results

4.1. Simulation Model

To evaluate the performance of the ICPSOA, we design a corresponding simulation scenario

upon Matlab. The simulation experiment is constructed on Windows XP with Intel Pentium

4 processor (2.4 GHz) and 2 GB RAM. The goal of the simulation is to show that the ICPSOA

can provide a more stable transport environment in an error-prone network. The results are

also compared to the protocols of ICE, CPEQ, and EARQ.

In Table 2, we present the parameters configured for the conducted simulation

experiments. The sensor nodes are randomly deployed on area A , and the macronodes

are located at known coordinates. 500 rounds are taken and five packets are delivered in

each round. The size of the network is the same for different algorithms and the fitness

function is then measured. The parameters used for the ICPSOA are function dimension

D = 30, iterated generations PGen = 1000, division factor k = 5, clone factor = 4, mutation

factor = 0.5. According to the description of the ICPSOA in Section 3.1.3, we set energy

consumption enePU = 80 pJ, eneIC = 5 pJ, eneIM = 10 pJ, enePS = 15 pJ, enePR = 10 pJ per

iteration. The metrics that we use in our experiments are average number of alive nodes per

round, average energy depletion ratio per round (measured as the energy dissipation versus
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Table 2: Simulation parameters.

Simulation parameter Value

Network area A 10000 m × 10000 m

Number of sensor node nnode 50–500

Number of macronode nmacro 10

Available energy on sensors Enode 120 J

Sensing radius of sensor node Rnode−s 300 m

Communication radius of sensor node Rnode−c 600 m

Communication radius of macronode Rmacro−c 3500 m

Bandwidth of sensor node Bnode 250 kb/s

Number of disjoint multipath k 3

Number of simulation rounds 500

Number of packet in each round 1

Size of packet in each round m 400 bits

Probability of node failure pnode 0.02

Energy consumption of sending circuit a11 40 nJ/bit

Energy consumption of receiving circuit a12 80 nJ/bit

Energy consumption of sending amplifier a2 200 pJ/bit/m2

Channel attenuation index n 2

Energy consumption of data fusion eneDF 4 nJ/bit

Energy consumption of updating routing table eneRT 2 nJ/bit

the initial energy), average delay of packet delivery, and packet delivery ratio (measured as

the number of successfully delivered packet versus required packet).

4.2. Evaluation of the Simulation Results

To illustrate the effect of the proposed protocol, we take a snapshot during a simulation.

Figure 4 shows a small area (2000 m × 2000 m), which illustrates a subtree with the existed

three paths between source node (node 29) and macronode (node 18). We can see when an

intermediate node (node 24) fails, source node immediately establishes an alternative path to

connect the macronode in order to replace the previous 3rd path.

The simulation ends after 1000 rounds. We compare the number of alive nodes per

round for these four protocols. As shown in Figure 5 for different network sizes, the number

of nodes died in the ICPSOA, ICE, and CPEQ is less than EARQ over the same number

of rounds. This is because comparing with heterogonous WSNs, all the nodes only need

to transmit data to its root (macronode) of the subtree in the H-WSNs, which indirectly

shortens the transmission distance between sensor nodes to the sink, and prolongs their

lifetime. The fast routing recovery mechanism of the ICPSOA also makes its number of alive

nodes 5% ∼ 10% more than that of ICE, and CPEQ in the same rounds. Then, we would

only compare the ICPSOA, ICE, and CPEQ with the same network style (H-WSNs) in the

remaining simulation process.
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Figure 4: Snapshot of establishing the alternative path using ICPSOA.
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Figure 5: Experimental results for number of alive nodes per round with variant scale of network. (a) Size
of 50 nodes. (b) Size of 250 nodes.

As shown in Figure 6 for different network sizes, energy depletion ratio of the ICPSOA

based protocol is 5% ∼ 15% smaller than that of ICE and CPEQ. And the dispersion between

them is more obvious as the size of the cluster increases. That is because firstly, each source

node has k paths to the macronode, and the total energy consumed is minimized; secondly,

the ICPSOA can select the nodes with better QoS parameters (such as more available

energy and less distance of path) to establish alternative path and construct a more reliable

transmission environment to reduce the retransmission caused by unstable paths, therefore,

prolong the network lifetime as compared to ICE and CPEQ.
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Figure 6: Experimental results for energy depletion ratio per round with variant scale of networks. (a) Size
of 50 nodes. (b) Size of 250 nodes.
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Figure 7: Experimental results for average delay of packet delivery.

Figure 7 shows the average delay of packet delivery (average delay of each packet

delivered from source node to the sink). We can observe that the ICPSOA outperforms ICE

and CPEQ in terms of average delay for the same networks. The ICPSOA has demonstrated

a lower delay when network size grows. A low delay of packets can be explained by the

multipath property and shortest alternative path selection of the proposed ICPSOA-based

protocol for fault tolerance.

Figure 8(a) shows that the H-WSNs with the ICPSOA can deliver more packets to the

sink than the network with EARQ and ICE with the value of 0.02 of pnode. In most cases,
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Figure 8: Experimental results for average successful packet delivery ratio with variant failure probability.
(a) pnode = 0.02. (b) pnode = 0.04. (c) pnode = 0.08.

the ICPSOA can send 5% ∼ 15% more packets to the sink. A bigger value of packet delivery

ratio indicates a lower packet dropout probability [24, 25] and a better network capability

of delivering useful information. This result can be explained by the fact that the ICPSOA

provides a fast recovery from path failure with an optimal alternative path, which improves

the success rate of data transmission. Note that the packets in the ICPSOA experience a higher

delivery ratio as the size of the network grows, which indicates the ICPSOA-based protocol

of the H-WSNs is more feasible for practical deployment of large-scale WSNs than ICE and

CPEQ.

We should also compare the performance trend of the three algorithms with different

probability of node failure pnode. We plot the packet delivery ratio against the number of

nodes in Figure 8 for various pnode (value of 0.02, 0.05, and 0.08). As shown in Figure 8(a),
8(b), and 8(c), the observed packet delivery ratio of the proposed schemes degrades as pnode
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ascends, which means the performance of proposed scheme is reduced as the percentage of

failed nodes increases. But the ICPSOA can still deliver more packets than ICE and CPEQ for

different size of the sensor network.

5. Conclusions

We propose the ICPSOA-based fault-tolerant routing protocol for H-WSNs, which focuses

on a solution to the problem of energy depletion and packet delivery of nodes, by trying to

reconstruct the topology structure and recover the routing for the path failure and achieve

energy conservation by avoiding unnecessary retransmission. The conserved energy can be

used to increase the quantity of information received by the sink. The experiment presents the

promising ability of the ICPSOA, and better solutions of fault tolerance and prolonging the

network lifetime can be obtained by the ICPSOA-based protocol than the protocols of EARQ,

ICE and CPEQ. The results have illustrated the advantage of H-WSNs and backup disjoint

multipath, which can reduce the risk of data delivery loss and energy consumption on the

path exploring. It also aims at shortening delay of packet delivery, evening energy dissipation

among the nodes by constructing the optimal alternative paths in the H-WSNs with the

swarm intelligence algorithm. The strength of the ICPSOA is its simplicity, robustness and

effectiveness for fast routing recovery compared to other approaches and makes the ICPSOA

a potential solution to meet the requirements of critical conditions monitoring applications.

As for future studies, the following directions are under the way: firstly, the proposed

protocol ignores the fault-tolerant routing between macronode-macronode communications,

which could be considered to form a more complete protocol architecture; secondly, we

should further reduce the computational complexity of the proposed ICPSOA such that it

converges faster to a better solution, providing robustness against failure in the network.
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The purpose of the present paper is to provide a performance analysis approach of networked
systems with fading communication channels. For a Ricean model of the fading communication
channel, it is shown that the resulting system has a hybrid structure including the continuous-time
dynamics of the networked systems and a discrete-time dynamics of the communication channels.
Moreover, this resulting hybrid system has both multiplicative and additive noise terms. The
performance analysis naturally leads to an H 2/H ∞-type norm evaluation for systems with finite
jumps and multiplicative noise. It is proved that this norm depends on the stabilizing solution
of a specific system of coupled Riccati’s equations with jumps. A state-feedback design problem
to accomplish a mixed H 2/H ∞ performance is also considered. A numerical iterative procedure
allowing to compute the stabilizing solution of the Riccati-type system with jumps is presented.
The theoretical results are illustrated by numerical results concerning the tracking performances
of a flight formation with fading communication channel. The paper ends with some concluding
remarks.

1. Introduction

The analysis and synthesis of networked control systems have received a major attention over

the last decade due to their wide area of applications (see, e.g., [1–3] and their references).
These applications include aerial and terrestrial surveillance [3], formation atmospheric

flight [4], terrain mapping, and satellites formations for space science missions [5]. In all

these applications, the formation members are autonomous vehicles from which the human

pilots have been removed in order to avoid their participation at dangerous and repetitive

tasks. The specific feature of such networked systems is that the control loop is closed

through a communication channel shared by all autonomous vehicles. This communication
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network is required since the control law of each formation member usually depends on the

measurements from all other vehicles. Even in the distributed control architectures when each

vehicle uses only the information about its neighboring vehicles, a communication network

is very useful. Indeed, in [6] it is proved that in a predecessor following approach, the relative

positioning error between vehicles is amplified if the members of the formation have no

information about the leader position. This conclusion motivates the use of a predecessor and
leader following method in which both information about the predecessor and about the leader

position are available for each formation member. In [6] it is also proved that in this case the

relative spacing errors can be attenuated. These interesting results emphasize the importance

of the communication in networked control systems. Most of the communication systems

are based on wireless networks which, in contrast with the wired systems, are much more

sensitive to information transmission errors.

The main goal of this paper is to analyze the interaction between the control and

the communication system with fading. To this end, a model of the fading communication

channel is required. There are many such models developed in the recent literature (see,

e.g., [7, 8]). Deterministic models of communication networks with time-varying delays are

considered in [9–11], in which the maximum admissible delays are determined using the

Lyapunov stability theory. In other deterministic models of fading communication channels,

the transmission errors are represented as uncertain parameters, and, the control system

is designed via specific robust synthesis procedures including linear quadratic Gaussian

(LQG) and μ-synthesis. Another class of representations of fading communication channels

is based on stochastic models either with Markovian jumps or with white noise [7, 12].
Many useful results concerning the stability, control, and disturbance attenuation of such

systems are available in the control literature (see, e.g., [13–15] and their references).
In [8], an H ∞-type design is used to determine a controller for a system with fading

communication channel represented as a Markovian system. A Markovian representation

of the network status is also used to solve robust fault detection problems by H ∞
techniques for communication systems which may be found in [16]. An extended version

for the case of random measurement delays and stochastic data-missing phenomenon is

treated in [17]. In the present paper, a discrete-time Ricean model of the communication

channel is considered. The stochastic Rice models are often used for models of wireless

links [7]. They include both additive and multiplicative white noise terms. The problem

analyzed in this paper is the influence of the fading communication channel over the

tracking performance of a flight formation. The control system of the flight formation is

the one derived in [4]. Since the exogenous inputs in the networked system are both

deterministic (the reference signals for the formation control) and stochastic (the white

noise terms in the fading communication channel model), a mixed H 2/H ∞-type approach

is appropriate for this analysis. Moreover, the networked system has a hybrid structure

due to its continuous-time component represented by the vehicles dynamics and a discrete-

time one corresponding to the communication channel. The above mentioned considerations

lead to a mixed H 2/H ∞ analysis problem for stochastic systems with finite jumps. The

systems with finite jumps are used to represent dynamic systems with continuous-time and

discrete-time components. Useful results and developments concerning these systems may

be found, for instance, in [18, 19]. The paper provides an analysis and an optimization

approach of the mixed H 2/H ∞ performance for a hybrid model of networked systems

with fading communication channels. This model is derived in Section 2 of the paper. In

Section 3, the expression of the H 2/H ∞ performance is determined in terms of the stabilizing

solution of a specific system of coupled Riccati equations with finite jumps. A state-feed-
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back design procedure to optimize the mixed performance is presented in Section 4.

Numerical aspects concerning the computation of the stabilizing solution are given in

Section 5. The theoretical results are illustrated by a numerical example concerning the

tracking performance of an aircraft formation. The paper ends with some final remarks and

future work.

2. A Model of Networked Systems over Fading
Communication Channel

In this section a control problem of a formation of unmanned air vehicles (UAVs) will be

briefly presented. Such problems have been intensively analyzed over the last fifteen years

(see, e.g., [3]) both for their wide area of applications and for the challenges addressed to the

control engineer. In [4], a dynamic inversion-type approach is used to linearize the nonlinear

dynamic and kinematic equations of the UAV motion. A simplified linearized model of a

flight formation member has the form:

˙ = Y ,

˙ = −K d − K x − ẋ,
(2.1)

where ∈ R
3 denotes the deviation of the aircraft with respect to its desired position and

∈ R
3 stands for the deviation of its state x = [V ]T (V representing the airspeed,

the heading angle, and the flight path angle) with respect to some specified value x. The

input vector ẋ includes the desired derivatives of x and plays the role of a reference signal

in the model (2.1). The constant matrix Y has the diagonal form Y = diag(1,V0,V0), and the

state-feedback control gains K d and K x are diagonal, too. In the present paper, the case when

the reference signal ẋ is transmitted from the ground station or from the formation leader

using a fading communication channel is considered. The aim is to analyze how the tracking

performances of the flight formation are altered due to the communication system. To this

end, a model of the fading communication channel is required. In this paper, the Lth-order

Rice model was adopted. This model is frequently used in wireless mobile links, and it is

given by the discrete-time equation:

r(i) =
L∑
k=0

ak(i)v(i− k) + n(i), (2.2)

where idenotes the moment of time, v(·) denotes the transmitted information, r(·) is the

received information, n is a Gaussian white noise with zero mean and unit variance, and

ak(i), k = 0,...,L are independent random variables with known mean ak and variance 2
k.

In the case of the application considered in this paper, v(·) is just the transmitted reference

signal ẋ. A state-space representation of (2.2) is

p(i+ 1) = M p(i) + N v(i),

r(i) =
L∑
k=1

ak(i)Pkp(i) + a0(i)v(i) + n(i), i= 0,1,...,
(2.3)
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where, by definition,

M =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0

I 0 · · · 0

...
. . .

0 · · · I 0

⎤⎥⎥⎥⎥⎥⎥⎦, N =

⎡⎢⎢⎢⎢⎢⎢⎣

I

0

...

0

⎤⎥⎥⎥⎥⎥⎥⎦, Pk =
[
0 · · · 0 I 0 · · · 0

]
, (2.4)

and p(i) ∈ R
L·nv×1 stands for the state vector of the communication channel, nv denoting

the dimension of the transmitted information vector v(·). In (2.4), the identity and the zero

matrices have the size nv × nv, and the identity matrix in Pk is on the kth position. The

configuration of the communication system (2.3) coupled with the system (2.1) is illustrated

in Figure 1. The resulting system from Figure 1 is in fact a hybrid system since the dynamics

of (2.1) is a continuous-time one, and (2.3) is a discrete-time system. A state-space realization

of such hybrid system can be given using systems with finite jumps of the general form:

ẋ(t) = A x(t) + Bw (t), t/=ih,

x(ih+) = A dx(ih) + Bdw d(i), i= 0,1,...,
(2.5)

in which h > 0 denotes the sampling period, the state x(t) is left continuous and right

discontinuous at the sampling moments t = ih,i = 0,1,..., and w (t),t/=ih, and w d(i),
i= 0,1,..., are the continuous-time and the discrete-time inputs, respectively, of the system

(see, e.g., [19, 20]). Since the received information r is constant between the sampling

moments, it can be represented as

ṙ(t) = 0, t/=ih,

r(ih+) =
L∑
k=1

ak(i)Pkp(ih) + a0(i)v(i) + n(i), i= 0,1,...,
(2.6)

where the state p of the communication system is given by

ṗ(t) = 0, t/=ih,

p(ih+) = M p(ih) + N v(i), i= 0,1,....
(2.7)

A similar model can be adopted for the continuous-time control system (2.1) which can be

represented as

q̇(t) = A q(t) + Br(t), t≥ 0, (2.8)



Mathematical Problems in Engineering 5

Multiplicative noise a

Fading

communication

network

Flight

formation

Formation

controller

ẋ
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Figure 1: Control configuration of networked systems with fading communication channel.

where

q(t) :=
[

T(t) T(t)
]T
,

A :=

[
0 Y

−K d −K x

]
, B :=

[
0

−I

]
.

(2.9)

In (2.8) the state q(t) is continuous-time, and therefore,

q(ih+) = q(ih), (2.10)

and r(t) is the received perturbed reference signal described by (2.6). From (2.6)–(2.10),
it follows that the hybrid networked system with fading communication channels can be

represented using a model with finite jumps of the form (2.5) where x = [qT rT pT]T .

Moreover, since in (2.6) the coefficients ak(i), k = 0,...,L and i = 0,1,..., are random

variables, one may consider the following stochastic version of (2.5) which includes both

multiplicative noise components and additive white noise terms:

dx(t) = (A 0x(t) + B0w (t))dt+ (A 1x(t) + B1w (t))d (t) + Gd (t), t/=ih,

x(ih+) = A 0dx(ih) + B0dw d(i) + (A 1dx(ih) + B1dw d(i)) d(i) + G d d(i), i= 0,1,...,

y(t) = Cx(t), t/=ih,

yd(i) = Cdx(ih), i= 0,1,...,

(2.11)

where the random variables (t) ∈ R, t ≥ 0, and (t) ∈ R
r, t ≥ 0, are such that

the pair ( (t), (t)) is an r + 1-dimensional standard Wiener process, and d(i) ∈ R and
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d(i) ∈ R
rd , i = 0,1,...are sequences of independent random variables on a probability

space (Ω,P,F). It is assumed that (t), (t), t≥ 0, d(i), d(i), i= 0,1,..., are independent

stochastic processes with zero mean and unitary second moments. The outputs y(t) and yd(i)
denote the continuous-time and the discrete-time outputs, respectively. By virtue of standard

results from the theory of stochastic differential equations (see, e.g., [21]), the system (2.11)
has a unique Ft-adapted solution for any initial condition x(0), Ft denoting the -algebra

generated by the random vectors (s), (s), d(i), and d(i), 0 ≤ s ≤ t,0 ≤ ih ≤ t. This

solution is almost surely left continuous.

A mixed H 2/H ∞ problem for this class of stochastic systems with jumps will be treated

in the next section.

3. Mixed H 2/H ∞-Type Norm for Systems with Jumps Corrupted with
Multiplicative Noise

Before defining and computing the mixed H 2/H ∞ norm for systems of the form (2.11), some

useful definitions and preliminary results will be briefly presented.

3.1. Notations, Definitions, and Some Useful Results

Consider the stochastic system with jumps (2.11) in which w and w d denote continuous-time

and discrete-time energy bounded inputs, respectively. It means that w ∈ L2[0,∞), where

L2[0,∞) denotes the space of the functions f(t),t≥ 0 for which ‖f‖2
L2 :=

∫∞
0
|f(t)|2dt< ∞,

and w d ∈ 2 where 2 is the space of the discrete-time vectors g(i),i = 0,1,...with the

property ‖g‖2
2 :=

∑∞
i=0|g(i)|2 < ∞, where | · | stands for the Euclidian norm.

Definition 3.1. The stochastic system with jumps and with multiplicative noise

dx(t) = A 0x(t)dt+ A 1x(t)d (t), t/=ih,

x(ih+) = A 0dx(ih) + A 1dx(ih) d(i) i= 0,1,...
(3.1)

is exponentially stable in mean square (ESMS) if there exist > 0 and ≥ 1 such that E[|x(t)|2] ≤
e− t|x(0)|2 for any initial condition x(0) and for all t ≥ 0, E[·] denoting the mean of the

random variable and x(t) representing the solution of (3.1) with the initial condition x(0).
The following result gives necessary and sufficient conditions in which the system

with finite jumps (3.1) is ESMS, and its proof may be found in [13].

Proposition 3.2. The system (3.1) is ESMS if and only if the system of coupled Lyapunov equations

−Ẋ (t) = A T
0X (t) + X (t)A 0 + A T

1X (t)A 1, t/=ih,

X
(
ih−

)
= A T

0dX (ih)A 0d + A T
1dX (ih)A 1d, i= 0,1,...

(3.2)

has a unique symmetric solution X (t) ≥ 0,t≥ 0, right continuous and h-periodic.

Another useful result is the differentiation rule of functions of solutions to stochastic

differential equations, well known in the literature as Itô’s formula [21].
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Proposition 3.3. Let v(t,x) be a continuous function with respect to (t,x) ∈ [0,T] ×R
n. If x(t) is a

solution of the stochastic differential equation

dx(t) = a(t)dt+ b(t)d (t), (3.3)

then

dv(t,x(t)) =

[
v

t
(t,x(t)) +

(
v

x
(t,x(t))

)T

a(t) +
1

2
Tr bT(t)

2v(t)
x2

(t,x(t))b(t)

]
dt

+
(

v

x
(t,x(t))

)T

b(t)d (t),

(3.4)

where Tr(·) denotes the trace of the matrix (·).

The next result will be used in the following sections, and its proof may be found in

[13, page 162].

Proposition 3.4. Consider the stochastic system with multiplicative noise

dx(t) = (A 0x(t) + B0u(t))dt+ (A 1x(t) + B1u(t))d (t) (3.5)

and the cost function

J(t0, ,u) = E

[∫
t0

[
xT(t) uT(t)

][M L

LT R

][
x(t)

u(t)

]
dt

]
, (3.6)

then

J(t0, ,u) = xT0X (t0)x0 − E
[
xT( )X ( )x( )

]
+ E

[∫
t0

(
u(t) − F̃(t)(x(t))

)T(
R + BT1 X (t)B1

)(
u(t) − F̃(t)x(t)

)
dt

]
,

(3.7)

where X (t) verifies the equation

−Ẋ(t) = A T
0X (t) + X (t)A 0 + A T

1X (t)A 1 −
(
X (t)B0 + A T

1X (t)B1

)
×
(
R + BT1 X (t)B1

)−1(
BT0 X (t) + BT1 X (t)A 1

)
+ M

(3.8)

and where F̃(t) = −(R + BT1 X (t)B1)
−1(BT0 X (t) + BT1 X (t)A 1 + LT).
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3.2. The Mixed H 2/H ∞ Norm of the System (2.11)

Assume that the system (2.11) which will be denoted below by G is ESMS and that x(0) = 0.

As in the deterministic case, H 2 and H ∞ norms can be defined as follows.

(i) For w (t) ≡ 0 and w d(i) ≡ 0, the impulse-to-energy gain induced from ( , d) to

(y,yd) stands for the H 2-type norm of the system (2.11). The H 2-type norm of (2.11) denoted

by ‖G‖2 can be determined as

‖G‖2
2 = Tr

(
G T
dQ (ih)G d

)
+

1

h

∫h

0

Tr
(
G TQ (t)G

)
dt, (3.9)

where Q (t),t≥ 0 is the solution of the Lyapunov-type system

−Q̇ (t) = A T
0Q (t) + Q (t)A 0 + A T

1Q (t)A 1 + CTC, t/=ih,

Q
(
ih−

)
= A T

0dQ (ih)A 0d + A T
1dQ (ih)A 1d + CT

dCd, i= 0,1,...,
(3.10)

(see also [18]).
(ii) For (t) ≡ 0 and d(i) ≡ 0, the energy-to-energy gain induced from (w ,w d) to (y,yd)

stands for the H ∞-type norm of the system (2.11), denoted by ‖G‖∞. It represents the smallest

> 0 for which the following system of coupled Riccati equations

−Ẋ (t) = A T
0X (t) + X (t)A 0 + A T

1X (t)A 1 + CTC +
(
X (t)B0 + A T

1X (t)B1

)
×
(

2I− BT1 X (t)B1

)−1(
BT0 X (t) + BT1 X (t)A 1

)
, t/=ih,

X
(
ih−

)
= A T

0dX (ih)A 0d + A T
1dX (ih)A 1d + CT

dCd +
(
A T

0dX (ih)B0d + A T
1dX (ih)B1d

)
×
(

2I− BT1dX (ih)B1d

)−1(
BT0dX (ih)A 0d + BT1dX (ih)A 1d

)
, i= 0,1,....

(3.11)

has a stabilizing solution X (t) ≥ 0,t≥ 0. Recall that a symmetric right continuous, h-periodic

function X (t) verifying (3.11) is called a stabilizing solution of (3.11) if

2I− BT1 X (t)B1 > 0, t/=ih,

2I− BT1dX (ih)B1d > 0, i= 0,1...,
(3.12)

and the system with jumps

dx(t) = (A 0 + B0F(t))x(t)dt+ (A 1 + B1F(t))x(t)d (t), t/=ih,

x(ih+) = (A 0dx(ih) + B0dF(ih))x(ih) + (A 1d + B1dF(ih))x(ih) d(i), i= 0,1,...
(3.13)
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is ESMS, where, by definition,

F(t) =
(

2I− BT1 X (t)B1

)−1(
BT0 X (t) + BT1 X (t)A 1

)
, t/=ih,

F(ih) =
(

2I− BT1dX (ih)B1d

)−1(
BT0dX (ih)A 0d + BT1dX (ih)A 1d

)
, i= 0,1,....

(3.14)

Similarly with the deterministic case (see, e.g., [22, 23]), a mixed H 2/H ∞-type norm of (2.11)
can be defined solving the optimization problem:

J0 = sup
(w ,w d, , d)

E
[∥∥y∥∥2

L2 +
∥∥yd∥∥2

2 − 2
(
‖w ‖2

L2 + ‖w d‖2
2

)]
, (3.15)

where (w ,w d) ∈ L2[0,∞)× 2, the white-noise-type random inputs and d are as in previous

subsection and > ‖G ‖∞ with ‖G‖∞. Notice that, if w and w d are null in (3.15), then J0 gives

the square of the H 2-type norm induced by the random inputs and d. The main result of

this subsection is the following theorem.

Theorem 3.5. The optimum J0 defined in (3.15) is given by

J0 = Tr
(
G T
dX (h)G d

)
+

1

h

∫h

0

Tr
(
G TX (t)G

)
dt, (3.16)

where X (t) is the stabilizing solution of the system of coupled Riccati equations (3.11).

Proof. The proof follows applying Itô’s formula (Proposition 3.3) for the function v(t,x) =
xT(t)X (t)x(t) with x(t) being the solution of (2.11) and with X (t) the stabilizing solution to

the system (3.11). Thus, by direct computations, one obtains

d
(
x(t)TX (t)x(t)

)
=
[
−Pc(t) − yT(t)y(t) + 2w T(t)w (t) + Tr

(
G TX (t)G

)]
dt

+ 2xT(t)X (t)Gd (t) + 2xT(t)X (t)(A 1x(t) + B1w (t))d (t),
(3.17)

where, by definition,

Pc(t) : =
[
xT(t)

(
X (t)B0 + A T

1X (t)B1

)
− w T(t)

(
2I− BT1 X (t)B1

)]
×
(

2I− BT1 X (t)B1

)−1[(
BT0 X (t) + BT1 X (t)A 1

)
x(t) −

(
2I− BT1 X (t)B1

)
w (t)

]
≥ 0.

(3.18)
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On the other hand using the second equations of (2.11) and of (3.11), it follows that

E

[∫ (i+1)h

ih+
d
(
xTX x

)]
= E

[
xT((i+ 1)h)X ((i+ 1)h)x((i+ 1)h) − xT(ih+)X (ih+)x(ih+)

]
= E

[
xT((i+ 1)h)X ((i+ 1)h)x((i+ 1)h) − xT(ih)X

(
ih−

)
x(ih) + yTd(i)yd(i)

− 2w T
d(i)w d(i) + Pd(i)

]
− Tr

(
G T
dX (ih)G d

)
,

(3.19)

where

Pd(i) :

=
[
xT(ih)

(
A T

0dX (ih)B0d+A T
1dX (ih)B1d

)
−w T(i)

(
2I−BT1dX (ih)B1d

)](
2I−BT1dX (ih)B1d

)−1

×
[
xT(ih)

(
A T

0dX (ih)B0d + A T
1dX (ih)B1d

)
− w T(i)

(
2I− BT1dX (ih)B1d

)]T
≥ 0.

(3.20)

Integrating (3.17) from t= 0 to ∞ and equalizing it with (3.19) summed up from i= 0 to

∞, based on the fact that Pc(t) ≥ 0 and Pd(i) ≥ 0 and that X (t) is h-periodic, one obtains

(3.16).

4. State-Feedback Mixed H 2/H ∞ Control Design

Consider the following linear stochastic system with multiplicative noise and finite jumps:

dx(t) = (A 0x(t) + B0w (t) + B2u(t))dt+ (A 1x(t) + B1w (t))d (t) + Gd (t), t/=ih,

x(ih+) = A 0dx(ih) + B0dw d(i) + (A 1dx(ih) + B1dw d(i)) d(i) + G d d(i), i= 0,1,...,

y1(t) = Cx(t) + D u(t), t/=ih,

y2(t) = x(t), t/=ih,

yd(i) = Cdx(ih), i= 0,1,...,

(4.1)

where w (t) ∈ L2[0,∞) is an exogenous input, u(t) denotes the control variable, y1(t)
stands for the regulated output, and y2(t) is the measured output. For the simplicity of the

computations, the following orthogonality assumption is made:

D T[C D
]
=
[
0 I

]
. (4.2)

As seen from the above system, the state vector x(t) is assumed measurable. It is not the

purpose of the present paper to analyze the case when the state variables must be estimated.
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For some results concerning the discrete-time filtering methods associated to networked

systems, see, for instance, [24–26].
The second equation of the system (4.1) does not include a discrete-time control

input since, in the application presented in the previous section, the control law has only

a continuous-time component.

The problem analyzed in this section consists in finding a state-feedback gain

F(t),t/=ih, such that the resulting system obtained with u(t) = F(t)x(t),t/=ih, satisfies the

following conditions.

(i) It is ESMS.

(ii) The H ∞-type norm of the stochastic system with jumps obtained by ignoring the

noises (t) and d(i) is less than a given > 0.

(iii) The performance index (3.16) is minimized, where X (t) in (3.16) denotes the

stabilizing solution of the norm-type Riccati system (3.11) corresponding to the

resulting system obtained with u(t) = F(t)x(t),t/=ih, namely, replacing A 0 by

A 0 + B2F(t).

The solution of this problem is given by the following result.

Theorem 4.1. The solution of the state-feedback mixed H 2/H ∞ control problem considered above is
given by

F(t) = −BT2 X (t), t/=ih, (4.3)

where X (t) denotes the h-periodic stabilizing solution of the game-theoretic Riccati type system with
jumps

−Ẋ (t) = A T
0X (t) + X (t)A 0 + A T

1X (t)A 1 + CTC +
(
X (t)B0 + A T

1X (t)B1

)
×
(

2I− BT1 X (t)B1

)−1(
BT0 X (t) + BT1 X (t)A 1

)
− X (t)B2B

T
2 X (t), t/=ih,

X
(
ih−

)
= A T

0dX (ih)A 0d + A T
1dX (ih)A 1d + CT

dCd +
(
A T

0dX (ih)B0d + A T
1dX (ih)B1d

)
×
(

2I− BT1dX (ih)B1d

)−1(
BT0dX (ih)A 0d + BT1dX (ih)A 1d

)
, i= 0,1....

(4.4)

Proof. Consider the cost function

J(x0, ,w ,u) = E

[∫
0

(∣∣y1(t)
∣∣2 − 2|w (t)|2

)
dt

]
(4.5)

associated with the system

dx(t) = (A 0x(t) + B0w (t) + B2u(t))dt+ (A 1x(t) + B1w (t))d (t), t/=ih,

x(ih+) = A 0dx(ih) + B0dw d(i) + (A 1dx(ih) + B1dw d(i)), i= 0,1,...,

y1(t) = Cx(t) + D u(t), t/=ih,

(4.6)
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with the initial condition x(0) = x0. Applying Proposition 3.4 for u1 = w and u2 = u, one

obtains that

J(x0, ,w ,u) = xT0X (0)x0 − E
[
xT( )X ( )x( )

]
+ E

∫
0

[(
u(t) + BT2 X (t)x(t)

)T(
u(t) + BT2 X (t)x(t)

)
− P̃(w (t),x(t),X (t))

]
dt,

(4.7)

where the following notation has been introduced

P̃(w (t),x(t),X (t)) : =
[
w (t) −

(
2I− BT1 X (t)B1

)−1(
BT0 X (t) + B1X (t)A 1

)
x(t)

]T
×
(

2I− BT1 X (t)B1

)
×
[
w (t) −

(
2I− BT1 X (t)B1

)−1(
BT0 X (t) + B1X (t)A 1

)
x(t)

]
,

(4.8)

X (t),t/=ih, denoting the stabilizing solution of the Riccati-type system (4.4).
Equation (4.7) shows that the minimum of J with respect to the control input u is

obtained for u(t) = −BT2 X (t)x(t).
Further, consider a stabilizing state-feedback control û(t) = F̂(t)x̂(t),t/=ih, for which

the H ∞ norm of the resulting system without additive white noise (see the requirement (ii)
above)

dx̂(t) =
[(
A 0 + B2F̂(t)

)
x̂(t) + B0w (t)

]
dt+ (A 1x̂(t) + B1w (t))d (t),

y(t) = (C + D F(t))x̂(t)
(4.9)

is less than .

Using again Proposition 3.4 for the system (4.9), direct computations give

J(x0, ,w ,̂u) = xT0 X̂ (0)x0 − E
[
x̂T( )X̂ ( )x̂( )

]
− E

[∫
0

P̃
(
w (t),x̂(t),X̂ (t)

)
dt

]
, (4.10)

where P̃(·,·,·) is defined by (4.8) and X̂ (t) is the stabilizing solution of the Riccati system of

form (3.11) corresponding to (4.9). Then, defining ũ(t) := F(t)x(t) and

w̃ (t) :=
(

2I− BT1 X (t)B1

)−1(
BT0 X (t) + BT1 X (t)A 1

)
x(t), (4.11)
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one obtains that J(x0, ,w̃ ,̃u) ≤ J(x0, ,w̃ ,̂u); namely,

xT0X (0)x0 − E
[
xT( )X ( )x( )

]
≤ xT0 X̂ (0)x0 − E

[
x̂T( )X̂ ( )x̂( )

]
,

−E
[∫

0

P̃
(
ŵ (t),x̂(t),X̂ (t)

)
dt

]
≤ xT0 X̂ (0)x0 − E

[
x̂T( )X̂ ( )x̂( )

]
.

(4.12)

Since X (t) and X̂ (t) are stabilizing solutions of the Riccati systems, it follows that

lim →∞x( ) = lim →∞x̂( ) = 0. Therefore, making → ∞ in (4.12), one obtains that

X (0) ≤ X̂ (0).
Further, using a similar reasoning for the cost function

Jt(x0, ,w ,u) = E

[∫
t

(∣∣y1(t)
∣∣2 − 2|w (t)|2

)
dt

]
(4.13)

with t∈ (0,h), one obtains that X (t) ≤ X̂ (t), and; thus, one concludes that the minimum of

(3.16) is obtained for the stabilizing solution X (t) of the Riccati-type system (4.4).

5. A Numerical Procedure to Compute the Stabilizing Solution
of the Riccati System with Jumps

In order to determine J0 with the expression given in the statement of Theorem 3.5, the

stabilizing solution X (t),t ≥ 0, of the Riccati-type system (3.11) must be determined.

Since the two Riccati equations of this system are coupled, an iterative procedure will be

used. The proposed iterative method is similar with the iterative numerical methods used

to solve Riccati equations of norm in the deterministic continuous-time and discrete-time

cases (see, for instance, [27, 28]). These Newton-type iterative procedures are adapted to

the particularities of the Riccati systems with jumps derived in the previous sections, and

a detailed proof of the convergence towards the stabilizing solution is not the purpose of

the present paper. Roughly speaking, the proof based follows showing that the solutions

obtained at each iteration determine a monotonic and bounded sequence. An important

particular feature of the Riccati systems with jumps, already mentioned above, is that their

solution X (t) is h-periodic and right continuous. The proposed iterative procedure is the

following:

Ẋ k+1(t) + (A 0 + B0Fk(t))TX k+1(t) + X k+1(t)(A 0 + B0Fk(t)) + M k(t) = 0, t/=ih,

X k+1

(
ih−

)
= (A 0d + B0dFd,k(i))

TX k+1(ih)(A 0d + B0dFd,k(i)) + N k(i), i= 0,1,...,
(5.1)

where

Fk(t) =
(

2I− BT1 X k(t)B1

)−1(
BT0 X k(t) + BT1 X k(t)A 1

)
,

M k(t) = A T
1X k(t)B1

(
2I− BT1 X k(t)B1

)−1
BT1 X k(t)A 1

− X k(t)B0

(
2I− BT1 X k(t)B1

)−1
BToX k(t) + A T

1X k(t)A 1 + CTC,
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Figure 2: Variation of J0 with respect to the sampling period h.

Fd,k(i) =
(

2I− BT1dX k(ih)B1d

)−1(
BT0dX k(ih)A 0d + BT1dX k(ih)A 1d

)
,

N k(i) = −FTd,kB
T
0dX k(ih)(A 0d + B0dFk,d(i)) − A T

0dX k(ih)B0dFk,d(i)

+ (A 1d + B1dFk,d(i))TX k(ih)(A 1d + B1dFk,d(i)) + CT
dCd.

(5.2)

For the initial step of the above iterative procedure, one takes X (0) = 0,t ∈ (0,h), and

F0(t) and F0,d(i) stabilizing (5.1). In order to solve (5.1) at each iteration, one solves the first

equation (5.1) obtaining

X k+1(ih) = e(A 0+B0Fk)
ThX k+1

(
ih−

)
e(A 0+B0Fk)h +

∫h

0

e(A 0+B0Fk)
T

M k( )e(A 0+B0Fk) d , (5.3)

which is substituted then in the second equation (5.1) obtaining, thus, a Lyapunov-type

equation with the unknown variable X k+1(ih−). Then, by backward integration on the interval

[(i− 1)h,ih−) with the initial condition X k+1(ih−), one obtains X k+1(t) for t∈ [(i− 1)h,ih−).
In the final part of this section, some of the above theoretical results will be

used to analyze the mixed performance of the UAVs formation networked with fading

communication channel considered in Section 2. The values of the gains considered in this

example are K d = diag(0.7,0.05, 0.05) and K x = diag(7,5, 5), for V0 = 150 m/s (see

Section 2). One determined the performance index H 2/H ∞ performance computing the

value of the index J0 defined by (3.15). The results are illustrated in Figure 2. One can see

the the tracking performances of the flight formation are severely deteriorated when the

sampling period of the transmission in the communication channel increases. In Figure 3, the

variation of min with respect to the sampling period and the variance of the multiplicative

noise, in the absence of the additive white noise, are shown in Figure 3. It can be seen that

min is not very much influenced by the multiplicative noise at small sampling periods, but it

becomes very sensitive with respect to this noise when the sampling period increases.
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6. Conclusions

The purpose of the paper was to provide an appropriate methodology to evaluate the

performance of networked systems interconnected via fading communication channels. The

main difficulty arises from the hybrid structure of the resulting system which includes a

continuous-time component specific to the network individual members and a discrete-time

component given by the communication system. It is shown that such a hybrid configuration

can be analyzed from the point of view of stability and disturbance attenuation performances

using dynamic models with finite jumps. In the actual stage of the research, a method

to compute a mixed H 2/H ∞-type performance has been developed, and a state-feedback

control law to optimize it has been designed. Further research will be focused on the state

estimation problems arising in the implementation of such control laws.
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Water supply is one of the most recognizable and important public services contributing to
quality of life. Water distribution networks (WDNs) are extremely complex assets. A number of
complex tasks, such as design, planning, operation, maintenance, and management, are inherently
associated with such networks. In this paper, we focus on the design of a WDN, which is a
wide and open problem in hydraulic engineering. This problem is a large-scale combinatorial,
nonlinear, nonconvex, multiobjective optimization problem, involving various types of decision
variables and many complex implicit constraints. To handle this problem, we provide a synergetic
association between swarm intelligence and multiagent systems where human interaction is also
enabled. This results in a powerful collaborative system for finding solutions to such a complex
hydraulic engineering problem. All the ingredients have been integrated into a software tool that
has also been shown to efficiently solve problems from other engineering fields.

1. Introduction

Water distribution networks (WDNs) are important and dynamic systems. Most people are

unaware of their importance, despite the fact that they routinely open the water tap every

day. The existence of WDNs is generally ignored, except when disruption occurs. Politicians

tend to neglect them because they are buried assets. Nevertheless, WDNs provide citizens

with an essential public service. They supply drinking water, which is a crucial requirement

for the normal development of most basic activities of life, such as feeding and hygiene [1].
For mosto of the people, perhaps with the exception of those directly involved in

their management, WDNs are simply static infrastructures. However, WDNs are dynamic
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and living beings. They are born, when they are designed and built; they grow, as a

consequence of increasing urban development and the appearance of new demands; they

age and deteriorate, since they suffer a number of operational and environmental conditions

that cause progressive and insidious deterioration; they need care, preventive care but

also sometimes surgery; they are expected to work properly, despite the great amount

of uncertainty involved and defective information about the state and operation of these

systems due to their geographical dispersion and the fact that they are hidden assets; they

have to meet basic requirements even under adverse circumstances, hence they must show

resilience; and so on.

Our aim is to achieve a quality long-lasting life for WDNs. Nevertheless, it is a fact that

with the passing of time these systems become gradually, but substantially, impaired. Some

of the reasons include increasing loss of pressure triggered by increasing roughness of the

inner pipes; breakage or cracking of pipes provoked by corrosion and mechanical or thermal

charges; loss of water (leaks) and pathogen intrusion due to pipe breaks and cracks, with

their corresponding economic loss, third party damage, and risk of contamination.

Several complex tasks, such as design, planning, operation, maintenance, and man-

agement, are inherently associated with WDNs. These tasks are not simple at all and require

considerable investment. Efficiency and reduction of costs have been compelling reasons

for practitioners to progressively move away from manual design based on experience and

support the development of suitable automatic or semiautomatic tools. Support, of course,

is increasingly multidisciplinary and receives contributions from various scientific areas.

Mathematics is one of the areas contributing most effectively with suitable and efficient

methods and tools.

We focus on the design of a WDN, a wide and open problem in hydraulic engineering

that involves the addition of new elements in a system; the rehabilitation or replacement

of existing elements; decision making on operation; reliability and protection of the system;

among other actions. Designs are necessary to carry out new configurations or enlarge and

improve existing configurations to meet new conditions. The design of a WDN involves

finding acceptable trade-offs among various conflicting objectives: finding the lowest costs

for layout and sizing using new components and rehabilitating, reusing, or substituting

existing components; creating a working system configuration that fulfils all water demands,

including water quality; adhering to the design constraints; guaranteeing a certain degree of

reliability for the system [2–4].
The formulation of the optimal WDN design problem has traditionally been

influenced by the available mathematical support for solving the problem; formulations have

been adapted (restricted and/or simplified) to the available mathematical techniques [5].
However, in its more general setting, the optimal design of a large WDN is a formidable

problem because of the very high computational complexity involved if it has to be solved

within a reasonable time framework. There are various explanations for this complexity. One

reason is the huge number of expensive hydraulic analyses that must be performed during

the process. In addition, WDN optimal design is a nonlinear, nonconvex problem that cannot

be formulated in just one way and has various objective functions because of the plurality of

situations that can be found and the different aims that each situation may involve. Last but

not least, even for the simplest cases and the smallest of WDNs, design can easily become an

NP-hard problem.

In this paper, we provide a detailed description of the various objectives involved in

the WDN optimal design problem. We argue that classical optimization techniques are unable

to satisfactorily solve these problems and describe an evolutionary, multiagent approach
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Figure 1: A WDN.

to tackle this task. We then provide the solution for some real-world water distribution

networks.

2. The WDN Optimal Design Problem

The layout of a network is usually conditioned by urban plans and/or various other reasons.

Street positions, location of sources, main consumption points, and so forth are perfectly

known before starting the design. Therefore, design does not generally consider the layout

and is usually restricted to sizing the necessary network components. Figure 1 presents a

network fed by one tank (small red box), with 294 pipes (lines) amounting to 18.34 km and

240 nodes (blue points). This network has already been designed, and the different colors

(light blue, green, yellow, and red) represent different pipe diameters.

Various objectives may be considered in the WDN optimal design problem. In this

section, we describe these objectives, namely, cost of components; adherence to hydraulic

constraints; satisfaction of water demand quality; resilience of the system during stressed

conditions.

2.1. Cost of Components

Apart from the basic variables of the problem, which are the diameters of the new pipes,

additional variables that depend on the design characteristics of the system may be required:

storage volume, pump head, type of rehabilitation to be carried out for various parts

of the network, and so forth. The estimation of individual costs will always depend on

these variables. The correct approach to assess the costs for each element is important

when defining the objective function, which has to be fully adapted to the problem under

consideration in terms of design, enlargement, rehabilitation, operational design, and so

forth. For example, in the network shown in Figure 1, some of the areas may be already built,
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while others must be newly designed. For the already existing pipes, the objective may consist

in one of various actions: rehabilitation (with several available alternatives with associated

costs), replacement, or simply duplication.

In addition, it is important that the objective function reflects with utmost reliability

the total cost of the system during its lifetime [6].
Many authors have used, in their optimization, an objective function that only

considers the cost of pipelines, new and/or additional, duplicated pipelines, while others

have taken into account other various costs [7, 8]. For the sake of simplicity, we only describe

in detail here the cost related to the L pipes of the network, which includes the cost of

new pipes, Lnew, and the cost of rehabilitated pipes, Lreh. This function, besides contributing

most of the total cost, exhibits the characteristics we are interested in underlining. Costs

corresponding to other elements (tanks, pumps, valves, etc.), which are typically nonlinear,

are just new terms to be added within this fitness function (see [7], for example).
The cost of the pipes is expressed as

C (D ) =
L∑
i=1

c(D i) · li, (2.1)

and the sum extended to all (L = Lnew +Lreh) individual pipes. D = (D 1,...,D L)t is the vector

of the pipe diameters. The costs per meter, depending on the diameter of pipe i, D i, are given

by c(D i); li is the ith pipe length. Note that D i is chosen from a discrete set of commercially

available diameters, and c(·) is a nonlinear function of diameter.

Typically, the unitary cost of a new pipe, including purchase, transport, and in-

stallation costs, takes the form

c(D ) = (T1 + T2D ), (2.2)

where T1, T2, and are characteristic constants of the pipes (information provided by pipe

manufacturers, market costs of construction works, etc.). Typically, takes values different

from 1. Maintenance costs are usually considered as a fraction of the installation costs.

There are various rehabilitation options: no rehabilitation, relining, duplication, and

replacement are the most usual. Relining costs may be evaluated by the nonlinear function

c(D ) = T4D , (2.3)

with T4 and , other characteristic constants. Duplication is equivalent to the installation of a

new pipe, and replacement involves, in addition, the cost of removing the old pipe.

2.1.1. Working Conditions or Scenarios

The working conditions of a WDN depend on the values adopted by two types of variables,

namely, demand models and roughness coefficient values. Typically, independent random

variables are used to model both types of variables. Under the assumption that design is

made to work for N dm demand models and N rc sets of roughness coefficient values, the

design is performed for N wc = N dm · N rc working conditions. Each of these conditions
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has individual probabilities, Pk
wc, k = 1,...,N wc, given by the product of the corresponding

probabilities regarding demand models and roughness values. In addition, these probabilities

verify

∑
k

Pk
wc = 1. (2.4)

In the case of inclusion of the operational costs of the network along a certain temporal

horizon, the necessary amortization rates must be considered. In this case, the objective cost

function, omitting for simplicity the independent variables, may be represented by

CNet =
∑
k

[
Pk

wc

(
apipe · Cpipe + apump · Cpump + avalv · Cvalv + atank · C tank + COper

)]
. (2.5)

In this case, values axxx correspond to amortization rates, Cpipe is given by expression

(2.1), and the costs of pumps, tanks, valves, and operation (which have not been detailed

in this paper, as stated) are also considered. Observe that, in general, CNet is a nonlinear,

partially stochastic function depending on continuous, discrete, and binary variables.

2.2. Hydraulic Constraints

When modeling physical processes where the underlying functions are known, the

deterministic equations can be solved to forecast the model output to a certain degree of

accuracy. In hydraulic modeling, different governing laws, [9], can provide a very accurate

description of the process provided that the initial and/or boundary conditions and the

forcing terms are precisely defined.

Analyzing pressurized water systems is a mathematically complex task that hydraulic

engineers must face, especially for the large systems found in even medium-sized cities,

since it involves solving many nonlinear simultaneous equations. Several formulations are

available (see, for example, [9]). One formulation considers the N − 1 continuity equations,

which are linear, plus the L energy equations, typically nonlinear

∑
j∈N i

qij = Q i, i= 1,...,N − 1,

H k1 − H k2 = Rkqk
∣∣qk∣∣, k = 1,...,L.

(2.6)

N is the number of demand junctions, and L is the number of lines in the system. N i

is the number of nodes directly connected to node i; Q i is the demand associated to node i;
k1 and k2 represent the end nodes of line k, which carries an unknown flowrate qk and is

characterized by its resistance Rk, which depends on the diameter D k and on qk through the

Reynolds number (the nonlinearity of the energy equations arises not only from the quadratic

term, but also from the function Rk). Hk1 and Hk2, piezometric heads at nodes k1 and k2, are
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unknown for consumption nodes and are given for fixed head nodes. The complete set of

equations may be written by using block matrix notation as

(
A 11

(
q
)
A 12

A t
12 0

)(
q

H

)
=

(
−A 10H f

Q

)
, (2.7)

where A 12 is the connectivity matrix describing the way demand nodes are connected

through the lines. Its size is L ×N p, N p being the number of demand nodes; q is the vector

of the flowrates through the lines; H is the vector of unknown heads at demand nodes; A 10

describes the way fixed head nodes are connected through the lines and is an L ×N f matrix,

N f being the number of fixed head nodes with known head H f; Q is the N p-dimensional

vector of demands. Finally, A 11(q) is an L × L diagonal matrix, with elements

aii= Riqi+ Bi+
A i

qi
, (2.8)

with Ri= Ri(D i,qi) being the line resistance and A i, Bicoefficients characterizing a potential

pump. System (2.7) is a nonlinear problem, whose solution is the state vector x = (qt,H t)t

(flowrates through the lines and heads at the demand nodes) of the system.

Since most water systems involve a huge number of equations and unknowns, the

system (2.7) is usually solved using some gradient-like technique. Various tools to analyze

water networks using gradient-like techniques have been developed in the past. Among

them, EPANET2, [10], is used in a generalized way.

To be integrated in the algorithm later described, we have modified the EPANET

Toolkit to support pressure-driven demands as described in [11]; the idea of pressure-driven

demands has also been considered in other works [12, 13]. The demand at a certain node

is formulated for pressure (piezometric head) values, H real, between the minimum pressure

allowed, H inf, and the required pressure, H req, with 0 < H inf < H req, at the node by

Q real

D req
=

(
H real − H inf

H req − H inf

)0.5

, if H req ≤ H real ≤ H inf, (2.9)

a function of Qreal and D req representing the real flow delivered and the demand requested at

the node, respectively. Along with this equation, two other conditions complete the definition

of the demand at the node

(i) if H real ≥ H req, then Qreal = D req,

(ii) if H real ≤ H inf, then Qreal = 0.
(2.10)

The integration of such software to run different analyses or simulations for potential

solutions of the problem is performed during the optimization process that is developed

within the evolutionary algorithms [14–16], such as the algorithm presented in this paper.
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2.3. Satisfaction of Demand Quality

WDN design is typically performed subject to several performance constraints in order to

achieve an adequate service level. The most used constraint requires a certain minimum

pressure level at each node of the system. Other constraints may include maximum pipe

flow velocities and minimum concentrations of chlorine, for example. For many years, nodal

pressure constraints have been considered as strong constraints in the sense that they should

be strictly satisfied. Nevertheless, the possibility of violating by a small degree some of these

constraints opens the door to various strategies for adopting suboptimal designs or soft

solutions that may be more convenient from other (global or political) perspectives. This

fact has been openly favored by multiobjective approaches such as the one we present in this

paper.

In many studies, these constraints have been included as penalty terms in the cost

function. However, in this paper, we consider the satisfaction of demand quality as a new

objective that must be fulfilled.

There are various ways of expressing lack of compliance with pressure, velocity,

disinfectant, and so forth conditions. For example, an objective function considering nodal

and velocity constraints given by minimum values of node pressures and pipe velocities may

be given by

P =
N∑
j=1

H
(
pmin − pj

)
·
(
pmin − pj

)
+

L∑
i=1

H (vmin − vi) · (vmin − vi), (2.11)

where all the functions involved depend on the D, the vector of diameters, through the

hydraulic model presented in the previous section.

Here, N is the number of demand nodes in the network, and L is the number of

pipes. For nodes with pressures greater than this minimal value, the associated individual

terms vanish, and the Heaviside step function H is used in this explicit expression. The same

argument applies to pipe velocities (note that absolute values for velocities are considered

since flow may occur in any direction). Parameters and help normalize the importance

of the different scales between pressure and velocity, and this enables a more meaningful

aggregation of different types of constraint violation and can also be used to balance the

importance of one over the other. Extensions of (2.11) may be provided to consider maximum

bounds for both variables. It is also straightforward to extend (2.11) to consider additional

objectives, such as limiting the level of chlorine in each pipe in the case of water quality

optimization. This expression is also a function of the selected pipe diameters through the

hydraulic model presented in the next subsection.

2.4. Reliability and Tolerance

WDNs have almost always been designed with loops so as to provide alternative paths

from the source to every network node or junction. This reduces the number of affected

consumers when a pipe is withdrawn from service for various reasons. Under normal

operating conditions, there is no need for loops, meaning that a looped network is redundant.

Redundancy is the capacity of the network to distribute water to users using alternative

routes. Redundancy is only needed to maintain service, reduce deficit, and minimize the

number of affected consumers when a pipe is withdrawn from service. Redundancy includes
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two important concepts: firstly, the connectivity necessary to provide alternative flow paths

to each node; secondly, the provision of an adequate flow capacity (diameter) for those paths

[17].
The concept of redundancy is closely related to reliability [18–20]. The concept

of reliability was introduced to quantitatively measure the possibility of maintaining an

adequate service for a given period.

The reliability calculation in looped water supply networks is formulated in the

literature as a function of the causes affecting consumer demand. The causes usually

considered include real demand exceeding the design demand (e.g., a fire demand); growth

of population served by the network; pipe aging; pipe failure.

An explicit formulation of all these causes in probabilistic terms and their further

integration implies considerable mathematical and algorithmic complexity. Thus, although

numerous WDN reliability quantification schemes exist [17, 21], most are computationally

expensive.

This paper considers a simple reliability formulation as in [11, 22, 23] which only

considers pipe failures. It is assumed that a pipe temporarily withdrawn from service can

be isolated, and so only those consumers connected to that pipe are affected. Only one pipe

failure at a time is considered in the formulation of reliability. This is supported by the well-

known fact that the probability of simultaneous failure by two or more pipes is extremely

small [11, 19, 20, 24–29].
Accordingly, it is accepted that the probability of simultaneous pipe failures is

practically zero. In this case, the probability pf0 of the whole network working without failure

is

pf0 = 1 −
L∑
k=1

pfk, (2.12)

where k is a pipe counter; L is the total number of pipes in the network; pfk is the failure

probability of pipe k.

The value of pfk can be obtained from empirical formulae as a function of pipe

diameter and length [20, 27, 28, 30, 31].
Considering an average time for the duration of pipe failure, reliability R is defined as

R =
1

qreq

(
qnfpf0 +

L∑
k=1

qkpfk

)
, (2.13)

where qreq is the total required demand by the network (the sum of all nodal demands); qnf is

the total flow delivered to the network when there are no failures; qk is the total flow delivered

to the network when pipe k fails. Again, R is a function of D, the vector of diameters, through

the hydraulic model.

After this definition, it can be seen that reliability R represents the expected fraction of

qreq that can be maintained for a certain time horizon, providing the network properties used

for this reliability calculation are maintained.
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By calling r0 = qnf/qreq and rk = qk/qreq, as follows(2.13) can be written:

R = r0pf0 +
L∑
k=1

rkpfk. (2.14)

As WDNs should behave satisfactorily under normal conditions when there are no

failures (r0 = 1), it is worthwhile making a separate and specific analysis of their behavior

under only failure states. Accordingly, the concept of tolerance to failure T has been introduced

[22, 23] using the expression

T =
R − r0pf0

1 − pf0
=
∑L

k=1 rkpfk∑L
k=1 pfk

. (2.15)

In this expression, the variables are related to the whole network, and T is a function

of D . However, tolerance can also be formulated for each individual node if desired.

This tolerance to failure represents the expected qreq fraction that the network supplies

as an average when it is in a state of failure. In other words, this index answers the question

of how well the network behaves, on average, when a pipe is removed from service.

From (2.15), a very important conclusion can be derived: the value of tolerance is not

influenced by the value of r0.

Kalungi and Tanyimboh [23] showed that despite the fact that tolerance is not an

explicit measure of redundancy, the tolerance index is a good measure of the impact of

redundancy. Moreover, tolerance seems to give an adequate inverse measure of network

vulnerability, or of the vulnerability of the whole system if other components are included

in the calculation. It is an inverse measure, because the greater the tolerance, the lesser the

vulnerability.

In short, the reliability concept, as defined above, can be regarded as simply a measure

of the behavior of the network under normal conditions: meaning that reliability is not

a good measure of behavior under failure situations. This is because the term r0pf0 from

(2.15) is absolutely predominant. Moreover, tolerance T refers only to the time during which

the network is in a failure state. The main aim in looping the network is to reduce the

consequences of failures. Therefore, we will use both reliability and tolerance objectives in

the optimal design of WDNs.

An additional factor considered by various authors (see, for example, [17]) is that both

reliability and tolerance assessment depends on the real demand expected to be required

at each node. Demands are considered not as fixed values but as random variables, and a

fixed design demand will not be established a priori. However, it is usual to estimate design

demands as a fixed value that is the result of multiplying an average demand (usually an

estimated value of liters per person per day) by some coefficient reflecting expected peaks of

demand.

3. Combining Swarm Optimization and Multiagent Paradigm for
Multiobjective WDN Design

Given the complexity of the problem described above, we now develop suitable tools

to handle the problem. Our approach is a synergetic combination of swarm intelligence
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principles together with multiagent system properties aimed at solving the above multiob-

jective problems. Let us first briefly introduce the necessary details around multiobjective

optimization.

In multiobjective optimization, the goal is to find the vector, X, in the decision or

search space S ⊆ R
d, of decision variables, x1,...,xd, that satisfy a set of constraints, and

optimizes a vector function, F(x) = (f1(x),...,fm (x))t in the objective space F(S) ⊂ R
m , with

m components representing the various objective functions considered. As a consequence, a

multiobjective optimization problem may be formulated as follows

optimize F(x) =
(
f1(x),...,fm (x)

)t (3.1)

subject to

gi(x) > 0, i= 1,2,...,k,

hj(x) = 0, j= 1,2,...,l,
(3.2)

where k and lare inequality and equality constraints, respectively.

Both the decision and the objective spaces are multidimensional, and a change in

the decision variables producing a positive increment in one of the components of F often

simultaneously causes worse values in other components of F. If the objectives are conflicting

in this way, the goal is to find, from all the sets of solutions satisfying the constraints, the set of

solutions that yield optimal values with respect to all the objective functions. This set is called

the Pareto optimal solution set, P ⊂ S, and its image F(P) in the objective space is called the

Pareto front [32]. This set represents a cost-benefit trade-off among the considered objectives

and enables informed decision making.

Each solution in the Pareto optimal set is optimal because improvements in one of the

components are not possible without impairing at least one of the other components. Two

solutions are compared based on the concept of dominance. The concept of dominance (for

a minimization problem) is concisely defined by stating that solution X dominates another

solution Y, and we write X ≤ Y if X /= Y and X is not worse than Y for any of the objectives,

that is,

X dominates Y if
{
fi(X ) ≤ fi(Y ),i= 1,...,m

}
,
{
∃j,1 ≤ j≤ m : fj(X ) < fj(Y )

}
. (3.3)

Two solutions are termed indifferent or incomparable if neither dominates the other. In

general, the goal of a multiobjective optimization algorithm is to identify P and its image

F(P). However, finding solutions in P may be too difficult, or the Pareto optimal set may

consist of a prohibitory large number of decision alternatives. In fact, what is frequently

sought is an approximation of the global Pareto-optimal set of design solutions.

The design of a WDN is a large-scale combinatorial, nonlinear, multiobjective opti-

mization problem, involving various types of decision variables and many complex implicit

constraints, such as the hydraulic constraints already mentioned. There is no single search

algorithm for solving such real-world optimization problems without compromising solution

accuracy, computational efficiency, and problem completeness.
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Classical methods of optimization involve the use of gradients or higher-order

derivatives of the fitness function. But these methods are not well suited for many real-

world problems since they are unable to process inaccurate, noisy, discrete, and complex data.

Robust methods of optimization are often required to generate suitable results. Several works

(e.g., [33–35]) have shown that evolutionary algorithms and, in particular, genetic algorithms

are suitable for handling this type of problem.

Many researchers have shifted direction and embarked on the implementation

of various evolutionary algorithms: genetic algorithms, ant colony optimization, particle

swarm optimization, simulated annealing, shuffled complex evolution, harmony search, and

memetic algorithms, among many others. These derivative-free global search algorithms

have been shown to obtain better solutions for large network design problems. Recent

examples of the use of evolutionary algorithms for multiobjective design of WDN include

[36–38].
The advantages of the growing use of evolutionary algorithms in the optimal design

of WDN include [5]

(1) evolutionary algorithms can deal with problems in a discrete manner, which unlike

other optimization methods, enables the use of naturally discrete variables and the

use of the binary variables in yes/no decisions so frequently in many real-world

problems;

(2) evolutionary algorithms work with only the information of the objective function,

and this prevents complications associated with the determination of the deriva-

tives and other auxiliary information;

(3) evolutionary algorithms are generic optimization procedures and can directly

adapt to any objective function, even if it is not described by closed expressions,

but by whole, complex procedures;

(4) because evolutionary algorithms work with a population of solutions, various

optimal solutions can be obtained, or many solutions can be obtained with values

close to the optimal objective function, and this can be of great value from an

engineering point of view;

(5) an analysis of systems with various loading conditions or forcing terms can be

performed within the optimal design process.

A particle swarm optimization-based environment has been developed by the authors

that mimics the judgment of an engineer. It was built by using various prior features

and improvements regarding swarm intelligence, multiagent systems, and the necessary

adaptation to multiobjective performance, including human interaction.

3.1. Swarm Intelligence Approach

The first feature derives from the philosophy behind PSO (particle swarm optimization) [39].
It consists of a variant of the standard PSO that can deal with various types of variables [40],
includes a mechanism for increased diversity [15, 41], and enables the self-management of

the parameters involved so that engineers are spared the task of parameter selection and

fine-tuning [16]. A concise description follows.

A swarm of M particles is initially randomly generated. A particle, X, is represented

by its location in a d-dimensional subset, S ⊂ R
d (search space). Any set of values
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of the d variables, determining the particle location, represents a candidate solution for

the optimization problem. The optimal solution is then searched for by iteration. The

performance of each particle is measured using one or more fitness functions, according to

the problem in hand. During the process, a particle X is associated with three vectors;

(i) current position, X = (x1 ...xd);

(ii) best position, Y = (y1 ...yd), reached in previous cycles; and

(iii) flight velocity V = (v1 ...vd), which makes it evolve.

The particle which is in the best position, Y ∗, is identified in every iteration.

In each generation, the velocity of each particle is updated as in (3.4) based on its

recent trajectory, its best encountered position, the best position encountered by any particle,

and a number of parameters as follows: is a factor of inertia suggested in [42] that controls

the impact of the velocity history on the new velocity; c1 and c2 are two positive acceleration

constants, called the cognitive and social parameters, respectively,

V ←− V + c1R1(Y − X ) + c2R2(Y ∗ − X ), (3.4)

where R1 and R2 are d × d diagonal matrices with their in-diagonal elements randomly

distributed within the interval [0,1].
For discrete variables, we use

V ←− fix( V + c1R1(Y − X ) + c2R2(Y ∗ − X )), (3.5)

where fix (·) is a function that takes the integer part of its argument.

Expressions (3.4) and (3.5) are used to calculate the particle’s new velocity, a

determination that takes into consideration three main terms: the particle’s previous velocity;

the distance of the particle’s current position to its own best position; the distance of the

particle’s current position to the swarm’s best experience (position of the best particle).
In each dimension, particle velocities are clamped to minimum and maximum veloc-

ities, which are user-defined parameters,

Vmin ≤ Vj ≤ Vmax, (3.6)

in order to control excessive roaming by particles outside the search space. These very

important parameters are problem dependent. They determine the resolution with which

regions between the present position and the target (best so far) positions are searched. If

velocities are too great, particles might fly through good solutions. On the other hand, if

they are too slow then, particles may not explore sufficiently beyond locally good regions,

becoming easily trapped in local optima and unable to move far enough to reach a better

position in the problem space. Usually, Vmin is taken as −Vmax.

There is, however, a singular aspect regarding velocity bounds that must be taken

into consideration so that the algorithm can treat both continuous and discrete variables in

a balanced way. In [40], it was found that using different velocity limits for discrete and

continuous variables produces better results.
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Finally, the position of each particle is updated every generation. This is performed by

adding the velocity vector to the position vector,

X ←− X + V. (3.7)

Thus, each particle or potential solution moves to a new position according to

expression (3.7).
The main drawback of PSO is the difficulty in maintaining acceptable levels of

population diversity while balancing local and global searches [43]; as a result, suboptimal

solutions are prematurely obtained [44]. Some evolutionary techniques maintain population

diversity by using some more or less sophisticated operators or parameters. Several other

mechanisms for forcing diversity in PSO can be found in the literature [45–47]. In general,

the random character that is typical of evolutionary algorithms adds a degree of diversity to

the manipulated populations. Nevertheless, in PSO, those random components are unable to

add sufficient diversity.

Frequent collisions of birds in the search space, especially with the leader, can be

detected—as shown in [15]. This causes the effective size of the population to decrease and

the algorithm’s effectiveness to be consequently impaired. The study in [41] introduces a

PSO derivative in which a few of the best birds are selected to check collisions, and colliding

birds are randomly regenerated after collision. This random re-generation of the many birds

that collide with the best birds has been shown to avoid premature convergence because

it prevents clone populations from dominating the search. The inclusion of this procedure

into PSO greatly increases diversity, as well as improving convergence characteristics and the

quality of the final solutions.

The role of inertia, , in (3.4) and (3.5) is considered critical for the convergence

behavior of the PSO algorithm. Although inertia was constant in the early stages of the

algorithm, it is currently allowed to vary from one cycle to the next. As inertia facilitates

the balancing of global and local searches, it has been suggested that could be allowed

to adaptively decrease linearly with time, usually in a way that initially emphasizes global

search and then, with each cycle of the iteration, increasingly prioritizes local searches [48].
A significant improvement in the performance of PSO, with decreasing inertia weight across

the generations, is achieved by using the proposal in [49],

= 0.5 +
1

2(ln(k) + 1)
, (3.8)

where k is the iteration counter.

In the variant, we propose that, the acceleration coefficients and the clamping

velocities are neither set to a constant value, as in standard PSO, nor set as a time-

varying function, as in adaptive PSO variants [50]. Instead, they are incorporated into the

optimization problem [16]. Each particle is allowed to self-adaptively set its own parameters

by using the same process used by PSO—and given by expressions (3.4) or (3.5), and (3.7).
These three parameters are considered as three new variables that are incorporated into

position vectors X . In general, if d is the dimension of the problem, and p is the number

of self-adapting parameters, the new position vector for X will be

X =
(
x1,...,xd,xd+1,...,xd+p

)
. (3.9)
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Clearly, these new variables do not enter the fitness function, but rather they are manipulated

by using the same mixed individual-social learning paradigm used in PSO. Also, V and Y,

which give the velocity and thus-far best position for the particle, increase their dimension,

correspondingly.

By using expressions (3.4) or (3.5), and (3.7), each particle is additionally endowed

with the ability to self-adjust its parameters by taking into account the parameters it had

at its best position in the past, as well as the parameters of the leader, which facilitated

this best particle’s move to its privileged position. As a consequence, particles use their

cognition of individual thinking and social cooperation to improve their positions, as well

as improving the way they better their position by accommodating themselves to the best-

known conditions, namely, their conditions and their leader’s conditions when they achieved

the thus-far best position.

Although the authors have applied this algorithm mainly to WDN design, it has

proven very efficient in solving optimization problems in other fields [51–54].

3.2. Multiagent Paradigm Adoption

The emergent behavior of a PSO swarm is strongly reminiscent of the philosophy behind

the multiagent (MA) paradigm [55, 56]. In an MA system each agent has a limited capacity

and/or incomplete information to resolve a problem, and, therefore, has a limited view of

the solution. There is no overall control of the system; values are decentralized, and the

computation is asynchronous [55]. Each agent acting alone cannot solve the problem in all

its entirety, but a group of agents, with the coexistence of different views, is better able to

find a solution by interacting together. This idea can be clearly extrapolated to the case of

multiobjective optimization, since the result of the many interactions occurring within an

MA, as explained above, is an improved performance.

For the optimal design of WDNs, an MA system offers considerable added value

because of the introduction of several agents with different visions of the evaluation

of solutions for the same problem, so enabling a multiobjective optimization that is

qualitatively much closer to reality. From a practical standpoint, the development of a

multiobjective optimization process enables the combination of economic, engineering, and

policy viewpoints when searching for a solution.

Taking into account the desirability of solving the optimal design of WDNs with

a multiobjective approach and the benefits offered by MA systems, a departure from the

standard behavior of particles in PSO must be performed. In addition to using the concept of

dominance, various other aspects must also be restated.

3.3. Adaptation to Multiobjective Performance

Firstly, the concept of leadership in a swarm must be redefined. The most natural option

is to select as leader the closest particle to the so-called utopia point in the objective space.

The utopia point is defined as the point in the objective space whose components give the

best values for every objective. The utopia point is an unknown point since the best value for

every objective is something unknown at the start (and perhaps during the whole process).
Accordingly, we use a dynamic approximation of this utopia point, termed singular point,
which is updated with the best values found so far during the evolution of the algorithm
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[38]. Even though this idea resembles the concept of reference point [57–59], it is simpler while

effective.

Secondly, because each objective may be expressed in different units, it is necessary

to make some regularization for evaluating distances in the objective space. Once a

regularization mechanism has been enforced, to establish the distance between any two

objective vectors, the Euclidean distance between them is calculated. Note that the worst

and best objective values are not usually known a priori; they are updated while the solution

space is explored.

Thirdly, arguably, the most interesting solutions are located near the singular point

and not too far from the peripheral areas of the Pareto front. Therefore, instead of seeking a

complete and detailed Pareto front, we may be more interested in precise details around the

singular point. Nevertheless, situations can occur when unbalanced Pareto fronts develop

with respect to the singular point. Consequently, poorly detailed sections on the Pareto front

may appear to be worth exploring. It seems plausible that problem complexity is the cause of

this asymmetry in many real-world, multiobjective optimization problems.

It is not easy to find a general heuristic rule for deciding which parts of the Pareto front

should be more closely represented and how much detail the representation of the Pareto

front should contain. Various ways of favoring the completeness of a Pareto front may be

devised. We describe one possible approach based on dynamic population increases to raise

the Pareto front density [60, 61] and another approach based on human-computer interaction

to complete poorly represented areas of the Pareto front.

3.3.1. Increasing the Density of the Pareto Front

In the first approach, during the search process, swarms can increase their population when

needed in order to better define the Pareto front; a particle whose solution already belongs

to the Pareto front may, on its evolution, find another solution belonging to the front. In

this situation, a new clone of the particle is placed where the new solution is found, thus

increasing the density of particles on the Pareto front. Greater densities on the Pareto front

must be restricted to the case where the new clone has at least one of its neighbors located

further away than some minimal permissible distance in the objective space. It must be noted

that two particles are considered to be neighbors when no other particle is located between

them for at least one of the objectives considered in the problem.

3.3.2. Human-Computer Interaction

In the second approach, users are allowed to add new swarms for searching in the desired

region of the objective space. The concept of a singular point is now extended to any desired

point in the objective space for particles to search around.

Decisions are strongly dependent on the people solving the problem and on the

problem itself. The user can specify additional points where the algorithm should focus the

search and specify how much detail a region should contain. This must be achieved in real

time during the execution of the algorithm. Once a new singular point is added, a new swarm

is created with the same characteristics as the first created swarm. Swarms will run in parallel,

but they share (and can modify) the information related to the Pareto set. Particles from any

swarm can be added to the Pareto set. If the user changes the fixed values for a singular

point, then the corresponding swarm selects a new leader considering the location of the new

singular point.
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Human interaction with the algorithm in real time also enables the incorporation of

human behavior, so that the human becomes another member of the swarm by proposing

new candidate solutions. Eventually, such a solution can be incorporated into the Pareto

front or lead the behavior of a group of particles. User solutions will always be evaluated

in the first swarm created. If a particle is being evaluated, then the user request waits until

the evaluation of the particle is finished. If a solution proposed by the user is being evaluated,

then any particle belonging to the first swarm should wait for evaluation. Once any solution

is evaluated, the algorithm checks whether it could be incorporated in the Pareto front.

Synchronization is effected among all the swarms in order to open access for managing the

Pareto front. Proposed solutions could even become leaders of the swarm(s) if they are good

enough. At this point, human behavior begins to have a proactive role during the evolution

of the algorithm.

The participation of several human agents with different perspectives on a problem is

very close to what happens in the practice of engineering decision making, where politicians,

economists, engineers, and environmental specialists are involved in final decisions. The idea

of incorporating user experience into the search process is a step forward in the development

of computer-aided design.

The combination of various swarms within the same algorithm is efficient because

it conducts a neighborhood search in which each of the swarms specializes, and the best

improvement step in terms of Pareto optimality is followed to yield a new solution. The

practice of incorporating different search mechanisms also reduces the probability of the

search becoming trapped in local optima.

3.4. The Algorithm

In the approach presented, as explained above, new particles are used that are based on

the behavior of particles in PSO. Swarms running in parallel may be distributed in different

computers, and it must be ensured that the swarms can communicate amongst themselves—

a peer-to-peer scenario would be a good choice for this task. The steps of the algorithm for

every swarm may be summarized in Pseudocode 1 .

The algorithm and its connection with EPANET2 (modified with the pressure-driven

demand feature explained above) were implemented in a software program called WaterIng

(http://www.ingeniousware.net/) [62], which was developed for water distribution system

design and analysis. WaterIng is in constant development and may be downloaded from its

website; the installation includes a file with network data as an example. A first step guide is

also available to learn the main concepts of how to design a water distribution system using

the software.

4. Case Studies

This software has been used to perform the design of the case studies shown below.

The multiobjective model implemented by this software has shown robustness and good

explanatory outcomes. Decision makers are provided with a set of informed solutions to

select the best design with regard, for example, to available resources and/or other criteria.

Some parameters of the algorithm were established a priori for running the case

studies; the initial population size was set equal to 20. The inertia weight was calculated

using (3.8). Finally, fine-tuning the other parameters is performed by using the self-adaptive
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(1) Set up parameters and initialize the number of iterations to zero.

(2) Generate a random population of M particles: {X i(k)}Mi=1

(3) Evaluate the fitness of the particles and set the local best location for each
particle equal to its current location.

(4) Form the Pareto front and make a list of particles belonging to the front.
(5) Build the singular point.
(6) Find the closest particle to the singular point and establish it as swarm leader.
(7) While not in termination-condition, do the following:

(a) Execute from i = 1 to number of particles.
Start
(i) Change the position of the particle:

Determine the inertia parameter (k), according to (3.8).
Calculate the new velocity, Vi(k + 1), for particle iaccording to (3.4) or (3.5).
Set a new position, X i(k + 1), for particle iaccording to (3.7).

(ii) Calculate the new fitness function vector for particle iin its new position.
(iii) If the new fitness function vector for particle idominates the fitness

function vector that the particle had before moving to the new position;
then set the new position as the best position currently found by particle i.

(iv) If particle iis in the list of particles belonging to the Pareto front then:
if the new fitness function vector may also be a point on the
Pareto front and this new position has at least one of its
neighbors located further than the minimal permissible distance
from any of the objectives, then add a new particle j (a clone of i)
with Pk and Pkbest located at the current position of i;

else
try to add (if possible) the particle i (at its new position) to the
Pareto front; if the particle is added, remove from the list any
dominated solution; dominated clones are eliminated from the swarm.

(v) If particle iis closer to the singular point than any other particle in the
swarm, then set particle ias the leader of the swarm with regard to the
singular point.

(vi) If particle iis not currently the leader of the swarm, but coincides in
position with the leader, then re-generate particle irandomly.

End
(b) Increase the iteration number.

(8) Show the Pareto front and related results.

PSEUDOCODE 1

techniques described above. As a termination condition, we ran the algorithm until 600

iterations were completed without improvement. However, the figures presented in this work

were taken during the first moments and not after reaching the number of iterations without

improvements. An improvement is understood as any positive change in the approximated

Pareto front that the algorithm obtains. It must be noted that even if the algorithm reaches

its own termination condition, it could still be receiving requests from users or other swarms

running in parallel; each swarm can, in addition, restart the search by itself when an update

in its Pareto front is needed after the interaction with a user or another swarm.

4.1. Hanoi Network

This is a well-known problem, one of the most explored systems in the research literatura,

and it has been included in this paper for comparison purposes. In this problem, the
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Figure 2: Hanoi network. Approximated Pareto front regarding investment and lack of pressure.
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Figure 3: Approximated Pareto front regarding investment and minimum pressure in the network.

engineer seeks the minimum investment cost for a water network, constrained to have

at least a minimum pressure value at demand nodes. This constraint was turned into

an objective for considering a multiobjective approach: to find solutions minimizing the

investment and minimizing the lack of pressure at demand nodes. More information about

the original problem can be found in [63]. Figure 2 represents the network layout and an

approximated Pareto front considering as objectives the minimization of investment costs

and the minimization of the lack of pressure. The estimation of the lack of pressure was made

without considering any failure condition in the network.

This problem was also run considering as objectives the minimization of the

investment costs and the maximization of the minimum expected pressure in the network

(see Figure 3).
All approximated Pareto fronts were obtained in less than 25 seconds (in a Pentium

core2duo, 2 GB RAM). Although images were taken when the algorithm was still running

(without reaching the termination condition), some similarities with results obtained in other

works may be identified (see [7, 14–16, 64, 65] among others). From Figure 2, it can be seen

that a solution without lack of pressure is found around 6.2x106 $. After a zoom in the Pareto

front it can be seen that the algorithm found a solution without lack of pressure and with a
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cost of 6.12 × 106 $. This result is very close to the best results obtained by other authors for

this problem under the same conditions.

Finally, in Figure 4, an approximated Pareto front considering as objectives the

investment costs and the reliability of the network is represented.

4.2. Real Case I: Modified Sector of Lima, Peru

The second case study is a real-world design with three objectives: minimizing the investment

cost, minimizing the lack of pressure at demand nodes, and minimizing additional costs

caused by reliability problems. This case is a modification of a network designed in

collaboration with Wasser SL, a company located at Madrid, Spain.

Results obtained in this design showed a good tolerance to failure conditions.

Consideration of tolerance made it possible to find a solution (Figure 5, left) that could

distribute all the required water with a pressure satisfying the requirement, even if failure

conditions occur in any pipe. In contrast, in Figure 5 (centre and right) problems for the

network designed without considering any tolerance to failure condition are presented. Red

points indicate a pressure lower than the minimum requirement if the pipe marked with an

arrows fails.

Figure 6 represents the solutions initiating the Pareto front. The best solution found for

this project when considering a good performance under failure was just 3% more expensive

than any solution obtained without consideration of tolerance.

4.3. Real Case II: Modified San José Town

This case was taken from studies developed in San José de las Lajas, Havana, Cuba. A

modified variant of the network of this town (see Figure 7) was used for testing the algorithm.
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In this network, a significant investment is necessary for increasing the minimum

pressure at demand nodes. The layout and configuration of the network do not contribute

to good pressure distribution throughout the network. This system is currently working

without distributing water 24 hours a day; various zones have been determined that receive

water at specific moments of the day. Even if this system was designed anew, with the

presented configuration and the proposed commercial pipes, the network would have

pressure problems at various points. The addition of another tank and different layouts

were proposed for analysis in future works. Figure 8 provides relevant information for

sound decision making as it shows an approximated relation between investment cost and

minimum pressure in the network.
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Figure 7: San José town, a modified real case example.
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5. Conclusions

In this paper, one of the aspects that reflects the huge complexity of WDNs, namely, the design

of these infrastructures, is addressed. We have described the various design elements that

render the problem into a large-scale combinatorial, nonlinear, nonconvex, multiobjective

optimization problem, involving various types of decision variables and many complex

implicit constraints. We then argued that this type of problem is not accessible for classical

optimization techniques and discussed the great interest and impact produced by the many

evolutionary algorithms.

Based on PSO, we have developed the necessary tools to build an MA algorithm that

has proven to be efficient for solving the stated problem. We described some features that

substantially improve the searching ability of PSO, paying special attention to two aspects:

increase in diversity and self-management of parameters. We then provided the necessary
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adaptations to deal with multiobjective problems. We proposed the possibility that various

swarms could explore different areas of the Pareto front. And finally, we have integrated

human interaction into the process. This offers a special platform for finding solutions in a

human-computer cooperative framework. Integrating the search capacity of algorithms with

the ability of specialists to redirect the search towards specific points of interest—based on

their experience in solving problems—results in a powerful collaborative system for finding

solutions to complex engineering problems. Agents can profit from the creativity and ideas

of human experts to improve their own solutions; and in turn, human experts can profit from

the speed and search capabilities of artificial agents to explore broader solution spaces.

WaterIng is just a first step for engineers working in WDN decision making. The

development of the software has not stopped with the contents of this paper; it continues

to meet new challenges. Extensions to this work are possible for solving more complex

problems, especially in the field of hydraulic engineering. The ideas presented in this paper

can also be applied to other engineering fields or, in general, to problems where the search

for optimal solutions needs the use of a computer.

One of the aspects we have not explicitly addressed in this paper is the partial

stochastic character of the considered problem due to demand variations and the probability,

or even the possibility from a fuzzy theory point of view, of the evolution (due to aging)
of the roughness within the pipes. Future research topics could explore this aspect, perhaps

using recently developed ideas regarding stochastic complex networks, as in [66–69].
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genéticos, Ph.D. thesis, Universidad Politécnica de Valencia, Valencia, Spain, 2003.

[8] G. C. Dandy and M. O. Engelhardt, “Multi-objective trade-offs between cost and reliability in the
replacement of water mains,” Journal of Water Resources Planning and Management, vol. 132, no. 2, pp.
79–88, 2006.



Mathematical Problems in Engineering 23
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In order to improve the synchronous reliability and dependability of complex dynamical networks,
methods need to be proposed to enhance the quality and robustness of the synchronization
scheme. The present study focuses on the robust fault detection issue within the synchronization
for a class of nonlinear dynamical networks composed by identical Lur’e systems. Sufficient
conditions in terms of linear matrix inequalities (LMIs) are established to guarantee global
robust H−/H∞ synchronization of the network. Under such a synchronization scheme, the
error dynamical system is globally asymptotically stable, the effect of external disturbances
is suppressed, and at the same time, the network is sensitive to possible faults based on a
mixed H−/H∞ performance. The fault sensitivity H− index, moreover, can be optimized via a
convex optimization algorithm. The effectiveness and applicability of the analytical results are
demonstrated through a network example composed by the Chua’s circuit, and it shows that the
quality and robustness of synchronization has been greatly enhanced.

1. Introduction

In daily life, many physical systems can be characterized by various complex network models

whose nodes are the elements of the network and the edges represent the interactions among

them [1]. Treated as typical versions of large-scale systems, the notion of complex dynamical

networks has drawn more and more attentions in recent years [2, 3]. One of the interesting

and significant phenomena in complex dynamical networks is the synchronization of all

dynamical nodes, which is a kind of typical collective behaviors and basic motions
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in nature [4–9]. Aiming at deriving global synchronization conditions, attempts have

been made to consider the synchronization for a special class of networks composed of

nonlinear Lur’e systems [10–12]. The main reason is that, in various fields of theory and

engineering applications, vast amounts of nonlinear systems can be represented as the Lur’e

type, including the Chua’s circuit [13], the Goodwin model [14], and the swarm model [15].
Primary methods of dealing with such problems, among others, are developed under the

framework of absolute stability theory [16].
In order to improve the synchronous reliability and dependability, methods have been

proposed to enhance the quality and robustness of the synchronization scheme. Due to the

instability and poor performance that caused by noise or disturbances, it is reasonable to

take the noise phenomenon into account during the synchronization process of complex

dynamical networks [17, 18]. On the other hand, research in fault diagnosis has been gaining

increasing consideration worldwide in the past decades [19–23]. One of the key issues related

to fault detection is concerned with its robustness. Large amounts of the relevant jobs have

been done for the linear systems in order to examine the robust fault detection (RFD)
problem (see [22, 23] and the references therein). In a recent work, we have investigated

the robust fault sensitive synchronization of nonlinear Lur’e systems coupled in a master-

slave fashion [24]. Similarly, in complex dynamical networks, since it is inevitable for faults

to happen within each of the single node, a fault-free synchronization process cannot always

be guaranteed. Even though, there is a few work concentrating upon the RFD problem of

large-scale nonlinear systems, and hardly there is any previous work that brought the notion

“fault” into physical aspects such as synchronization of nonlinear dynamical networks.

Based on these considerations, this present study considers the fault detection and

disturbance rejection problem within robust synchronization for a class of dynamical net-

works. The network model is composed by identical nodes with each node being a perturbed

nonlinear Lur’e system, while at the same time, subject to possible faults. The main challenge

in evaluating the synchronization scheme is to distinguish failures from other disturbances,

and accordingly, theH−/H∞ paradigm is introduced [25]. For the purpose of description, the

robustness objectives during synchronization are considered in virtue of the H∞ norm, while

the fault sensitivity specifications are expressed by utilizing the formulation of H− index. In

this manner, the closed-loop error system is asymptotically stable with theH∞-norm from the

disturbance input to controlled output reduced to a prescribed level, and at the same time,

with the H− performance index maximized. By transforming the synchronization problem of

dynamical networks into absolute stability problem of corresponding error systems as well

as applying Lur’e system method in control theory [16], sufficient conditions to the global

robust H−/H∞ synchronization within nonlinear Lur’e networks are developed in terms

of sets of linear matrix inequalities (LMI) [26]. Furthermore, the derived high-dimensional

LMI condition is simplified into three groups of lower-dimensional LMIs, which are easier

to handle. It should be pointed out that no linearization technique is involved through

derivation of all the synchronization criteria.

The rest of the paper is organized as follows. Section 2 proposes the model to be

examined in this study, and gives the mathematical formulations of the global robustH−/H∞
synchronization problem to be solved. In Section 3, the global robust H∞ synchronization

scheme of the networks is firstly studied, based on which the criteria on H−/H∞ syn-

chronization are then proposed in virtue of the LMI technique. Moreover, performance

analysis of the network is also discussed in this part. The dynamical network composed by

ten identical Chua’s circuits is adopted as a numerical example in Section 4, and Section 5

closes the paper.
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2. Notations and Preliminaries

The notations used in this study are fairly standard. R
n×n is the set of n × n real matrices. For

a matrix A , A T denotes its transpose. He is the Hermit operator with He A = A + A T . If A is

a real symmetric negative definite matrix, it is shown by A < 0. diag(·) implies a diagonal or

block-diagonal matrix. A ⊗B indicates the Kronecker product of an n×m matrix A and a p×q
matrix B, that is,

A ⊗ B =

⎛⎜⎜⎜⎝
a11B · · · a1m B

...
. . .

...

an1B · · · anm B

⎞⎟⎟⎟⎠. (2.1)

If not explicitly stated, matrices are assumed to have compatible dimensions, and the terms

replaced by ∗ of a matrix refer to the terms in a symmetric position that do not need to be

written out.

2.1. Basic Knowledge on Lur’e Systems

The basic model of nonlinear Lur’e systems subject to input noise and possible faults

considered in this paper is described by

ẋ = A x + B
(
y
)
+ Bdd0 + Bff0, y = Cx,

z = H x + D f,
(2.2)

where x ∈ R
n is the state vector and z ∈ R

m represents the measurement output vector.

d0 ∈ R
p is an unknown input vector (including disturbance, uninterested fault as well as

some norm-bounded unstructured model uncertainty) belonging to L2[0,+∞), while f0 ∈ R
q

denotes the process, sensor, or actuator fault vector to be detected and isolated. Depending

on specific situations under consideration, f0 and d0 can be modeled as different types of

signals. The matrices A ,B,C,D ,Bd,Bf and H , are known constant matrices with appropriate

dimensions. Nonlinearity : R
m × R+ → R

m is continuous and locally Lipschitz in the first

argument with (0) = 0,y = (yT1 ,...,y
T
m )

T
and (y) = ( T

1 (y1),..., T
m (ym ))

T
, where the

functions l(yl),l= 1,2...,m are assumed to satisfy the following inequalities:

0 ≤ l
(
yl
)
yl≤ ly

2
l, l= 1,2...,m , (2.3)

where l∈ R,l= 1,2...,m . Denoting Θ0 = diag( 1, 2,..., m ), it is obvious to get

T(y)( (
y
)
−Θ0y

)
≤ 0, (2.4)

and the nonlinearity (y) is said to be in the sector [0,Θ0] if it satisfies (2.4).
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Definition 2.1. Nonlinear system (2.2) is said to be absolutely stable with respect to the sector

[0,Θ0], if the equilibrium point x = 0 is globally asymptotically stable for the nonlinearity

(y) satisfying (2.4).

In order to characterize the influence of the disturbance and fault input, several def-

initions are introduced.

Definition 2.2. Consider the following transfer function d0 �→ z of system (2.2):

K zd0(s) � H (sI− A )−1Bd. (2.5)

Then itsH∞ norm is defined as ‖K zd0‖∞ = supd0∈L2
[K zd0(j )] = supd0∈L2

(‖K zd0d0‖2/‖d0‖2),
where represents the maximal singular value.

Definition 2.3. For system (2.2), the transfer function from the input f0 to output z is given as:

K zf0(s) � H (sI− A )−1Bf + D , (2.6)

whose H− index is defined by ‖K zf0(s)‖[0, ]
− � inf ∈[0, ] [K zf0(j )] = inff0∈L2

(‖K zf0f0‖2
/

‖f0‖2), where stands for the minimum singular value and denotes the frequency band

[0, ].

Remark 2.4. The H− index defined has been widely adopted to measure the sensitivity of

residual to fault in the frequency domain. A system is said to possess a better level of

RFD, if the H∞ norm of its transfer function from the disturbances to the performance

variable is small; meanwhile, the H− index of the transfer function from fault to the output

variable is large [19]. Various kinds of H−/H∞ performance criteria have been proposed to

determine the RFD issue [21], and the performance is mostly adopted as a trade-off between

robustness and sensitivity. In this study, for the sake of simplicity, we will consider the case

of maximizing the fault sensitivity ‖K rf(s)‖− with disturbance attenuation ‖K rd(s)‖∞ being

a prescribed constant.

2.2. Dynamical Networks Composed of Lur’e Nodes

Consider a class of complex dynamical network model with each node being a general Lur’e

system (2.2) shown as follows:

ẋi= A xi+ B
(
yi
)
+

N∑
j=1

gijΓzj+ Bdd0 + Bff0, yi= Cxi,

zi= H xi+ D f0, i= 1,2,...,N ,

(2.7)

where xi∈ R
n and zi∈ R

m are the state and measurement output of the ith node, respectively.

d0 and f0 are defined as in system (2.2), which are supposed to be the same with respect to

each node. The inner coupling matrix Γ = ( ij)n×n denotes the coupling pattern between two

nodes. G = (gij)N ×N is the outer coupling matrix, standing for the coupling configuration



Mathematical Problems in Engineering 5

of the network. If there is a connection between node iand node j(i/=j), then gij = gji = 1;

otherwise, gij = gji = 0(i/=j). The row sums of G are zero, that is,
∑N

j=1,j/=igij = −gii,i =

1,2,...,N . Let i = ( T
i1,...,

T
im )

T ∈ Rm and (yi) = ( T
1 (yi1) · · · T

m (yim ))
T ∈ Rm with the

following properties:

0 ≤ l
(
yil
)
yil≤ 1ly

2
il, 0 ≤ ′

l

(
yil
)
≤ 1l, i= 1,2,...,N ,l= 1,2,...,m . (2.8)

Denote Θ1 = diag( 11,..., 1m ) then the nonlinear function (y) belongs to the sector [0,Θ1].

Lemma 2.5 (Wu [27]). The eigenvalues of an irreducible matrix G 0 = (G 0ij) ∈ RN ×N with∑N
j=1,j/=iG 0ij = −G 0ii,i= 1,2,...,N satisfy the following.

(i) 0 is an eigenvalue of G 0 associated with the eigenvector (1,1,...,1)
T .

(ii) If G 0ij ≥ 0 for all 1 ≤ i,j≤ N ,i/=j, then the real parts of all eigenvalues of G 0 are less than
or equal to 0 and all possible eigenvalues with zero part are 0. In fact, 0 is its eigenvalue of
multiplicity 1.

Assume that the network (2.7) has no isolate clusters; namely, the network is con-

nected. Under this circumstance, the coupling matrix G is symmetric and irreducible; hence

it satisfies all the properties given in Lemma 2.5. Besides, suppose that the coupling matrix G
has q distinct different eigenvalues 1,..., q; then there exists a nonsingular matrix U with

U TU = IN such that U TGU = Λ, where Λ is in the following form:

Λ = diag

⎛⎜⎜⎝ 1, 2,..., 2︸ ︷︷ ︸
m 2

, 3,..., 3︸ ︷︷ ︸
m 3

,..., q,..., q︸ ︷︷ ︸
m q

⎞⎟⎟⎠. (2.9)

Here, 1 = 0 is the maximum eigenvalue of multiply 1 and i is the eigenvalue of multiply

m i,i= 2,3,...,q satisfying m 2 + · · · + m q = N − 1 and 2 > 3 > · · · > q.

Definition 2.6. When d0 = f0 = 0, the dynamical network (2.7) is said to achieve global

(asymptotical) synchronization if

lim
t→∞

‖xi− xs‖2 = 0, i= 1,2,...,N , (2.10)

where ‖ · ‖2 means the Euclidean norm. xs ∈ Rn is a solution of an isolate node given by

ẋs = A xs + B
(
ys
)
, ys = Cxs,

zs = H xs,
(2.11)

which can be an equilibrium point, a periodic orbit, or even a nonperiodic orbit.
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From the properties of the internal coupling matrix G , the following condition holds:

ẋs = A xs + B (Cxs) +
N∑
j=1

gijΓH xs. (2.12)

Define error signals ei= xi−xs and residual signals ri= zi−zs for i= 1,2,...,N . By subtracting

(2.12) from (2.7), one arrives at the dynamics of synchronization residual error:

ėi= A ei+ B (Cei;xs) +
N∑
j=1

gijΓH ej+ Bdd0 + Bff0 +
N∑
j=1

gijΓD f0,

ri= H ei+ D f0, i= 1,2,...,N ,

(2.13)

where (Cei;xs) = (Cei+ Cxs) − (Cxs). Let (·) = ( T
1 (·),..., T

m (·))
T

; it is not difficult to

derive from (2.8) that for cTie/= 0, the nonlinear functions l(cTlei;xs), l= 1,2,...,m , satisfy

the following sector restrictions:

0 ≤ l
(
cTlei;xs

)
cTlei

=

(
cTlei+ c

T
lxs

)
−

(
cTlxs

)
cTlei

≤ 1l, i= 1,2,...,N ,l= 1,2,...,m , (2.14)

which leads to

l
(
cTlei;xs

)(
l
(
cTlei;xs

)
− 1lc

T
lei

)
≤ 0, i= 1,2,...,N ,l= 1,2,...,m , (2.15)

and thus (Cei;xs) also belongs to the sector [0,Θ1].

Remark 2.7. Based on the basic knowledge of synchronization, the residual error dynamics

must be asymptotically stable in order for the whole process to work. Note that the dynamics

of the residual error signal rdepends not only on f0,d0, and (y) but also on the states of each

isolated node xi. In consequence, this study aims at ensuring the residual error dynamical

system to be sensitive to possible faults in the regard of H− index, but the error dynamics also

remain robustly asymptotically stable to external disturbance in the H∞ sense. Under such

circumstances, the dynamical network composed of Lur’e nodes is said to achieve global

synchronization with a guaranteed H−/H∞ performance.

Reformulating system (2.13) in virtue of the Kronecker product [28] as

ė = (IN ⊗ A + G ⊗ ΓH )e+ (IN ⊗ B)Φ((IN ⊗ C )e;X s) + (IN ⊗ Bd)d +
(
IN ⊗ Bf + G ⊗ ΓD

)
f

� A e+ BΦ
(
Ce;X s

)
+ Bdd + Bff,

r= (IN ⊗ H )e+ (IN ⊗ D )f � H e+ D f,
(2.16)
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where

e =

⎛⎜⎜⎜⎜⎜⎜⎝
e1

e2

...

eN

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ RN n, d =

⎛⎜⎜⎜⎜⎜⎜⎝
d0

d0

...

d0

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ RN p, f =

⎛⎜⎜⎜⎜⎜⎜⎝
f0

f0

...

f0

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ RN q,

Φ
(
Ce;X s

)
=

⎛⎜⎜⎜⎜⎜⎜⎝
(Ce1;xs)

(Ce2;xs)

...

(CeN ;xs)

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ RN m , X s =

⎛⎜⎜⎜⎜⎜⎜⎝
xs

xs

...

xs

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ RN n,

(2.17)

with Θ = IN ⊗ Θ1 ∈ RN m > 0 and Φ(Ce;X s) belonging to the sector [0,Θ]. accordingly, the

residual error dynamical system (2.16) can be treated as an N n-dimensional nonlinear Lur’e

system, and the H−/H∞ synchronization of the nonlinear dynamical networks (2.7) can be

transformed into the performance analysis and stabilization problem of the corresponding

residual error dynamics (2.16).

For system (2.16), the transfer function d �→ r is given by K rd(s) � H (sI− A )
−1
Bd,

while K rf(s) � H (sI− A )
−1
Bf+D denotes the transfer function f �→ r. Specifically speaking,

the main objective of this present study is to determine under what condition the residual

error dynamics (2.16) could be asymptotically stable and, at the same time, satisfy the

following conditions: ∥∥K rf(s)
∥∥
− > , ‖K rd(s)‖∞ < , (2.18)

where is a prescribed positive constant, and is a constant to be optimized. By applying the

well-known Parseval theorem to the frequency-domain expressions (2.18), where the ratios

H∞ norm and H− index are presented in Definitions 2.2 and 2.3, respectively, we arrive at the

equivalent statements as follows:

J1 =
∫∞

0

[
r(t)Tr(t) − 2dT(t)d(t)

]
dt< 0, (2.19)

J2 =
∫∞

0

[
r(t)Tr(t) − 2fT(t)f(t)

]
dt> 0. (2.20)

Accordingly, the definition of robust H−/H∞ synchronization is derived as follows.

Definition 2.8. The dynamical networks composed of nonlinear Lur’e nodes in (2.7) are said

to achieve global robust H−/H∞ synchronization with disturbance attenuation and fault

sensitivity over the frequency range [0, ] (where could be both finite and infinite),
if with zero disturbance and zero fault, the synchronization residual error signal (2.16) is

asymptotically stable, while with zero initial condition and given constants > 0, > 0,

conditions (2.19)-(2.20) hold.
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3. Main Results

The intention of this part is to investigate the fault sensitivity as well as disturbance rejection

ability of the complex dynamical network (2.7). In order to quantify these two performance

indices, one borrows the concept of H− index and H∞-norm defined in the previous section.

3.1. Global H∞ Synchronization of Nonlinear Lur’e Networks

In this subsection, we first consider the case that there is no fault existed in the network by

extending previous results on H∞ synchronization between two identical Lur’e systems to

that of nonlinear Lur’e dynamical networks. Accordingly, the network model is described by

ẋi= A xi+ B
(
yi
)
+

N∑
j=1

G ijΓzj+ Bdd0, yi= Cxi,

zi= H xi, i= 1,2,...,N ,

(3.1)

and the corresponding error dynamics in form of Kronecker product is expressed as

ė = A e+ BΦ
(
Ce;X s

)
+ Bdd,

r= H e.

(3.2)

The disturbance rejection problem within the synchronization of nonlinear dynamical net-

work (3.1) is summarized in the following definition.

Definition 3.1. Given constant scalar > 0, the dynamical network (3.1) is said to achieve

global robust H∞ synchronization, if system (3.2) is globally asymptotically stable with

zero disturbance, and meanwhile, the performance index (2.19) is satisfied with zero initial

conditions.

The robust H∞ synchronization can be determined in virtue of the following criterion.

Theorem 3.2. Suppose that > 0 is a prescribed constant. For a given scalar , if there exist
positive-definite matrices P = PT > 0, diagonal matrices Δ1 = diag( 1,..., m ) > 0, Π1 =
diag( 1,..., m ) > 0, and Ω1 = diag( 1,..., m ) > 0, and matrices Q 1 and Q 2 such that the
following LMI

Ξ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−He
(
Q 1A

)
+ H

T
H C

T
ΘΔ − Q 1B P + Q 1 − A

T
Q
T

2 C
T
ΘΩ −Q 1Bd

∗ −HeΔ −BTQ T

2 0 0

∗ ∗ HeQ 2 C
T
Π −Q 2Bd

∗ ∗ −HeΩ 0

∗ ∗ ∗ ∗ − 2I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0 (3.3)
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holds, whereΔ = IN ⊗Δ1,Π = IN ⊗Π1,and Ω = IN ⊗Ω1, then the dynamical network (3.1) achieves
global robustH∞ synchronization with disturbance attenuation .

Proof. See Appendix A.

Remark 3.3. Theorem 3.2 has provided a sufficient condition for the global robust H∞
synchronization of nonlinear Lur’e networks by introducing slack matrices Q 1 and Q 2

into LMI (3.3). It is thus expected that Theorem 3.2 will be less conservative than some

existing results due to the increasing freedom of these slack variables [29]. With the derived

H∞ synchronization conditions on Lur’e networks, the fault detection issue will then be

examined in the next subsection. However, if the number of nodes is large, condition (3.3)
would become a high-dimensional LMI, which is rather tedious to verify. To this end, both

of these criteria will be further simplified to the test of three groups of lower-dimensional

LMIs.

3.2. Fault Detection within Global H∞ Synchronization

The RFD within a synchronization configuration can be treated as a multiple objective

design task; that is, the design objective is not only being as sensitive as possible to faults

such that early detection of faults is possible, but on the other hand, the sensitivity of

possible faults is maximized, also suppressing the effect of disturbances and modeling errors

on the synchronization error and subsequently on the residual, in order to prevent the

synchronization process from being destroyed. Next theorem gives an LMI formulation for

global robust H−/H∞ synchronization.

Theorem 3.4. Suppose that > 0, > 0 are prescribed constant scalars. For a given constant ,
if there exist a positive-definite matrix P = PT > 0, diagonal matrices Δ1 = diag( 11,..., 1m ) >
0,Π1 = diag( 11,..., 1m ) > 0,andΩ1 = diag( 11,..., 1m ) > 0, and matrices Q 1 andQ 2 such
that LMIs (3.3) as well as

Ξ2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−He
(
Q 1A

)
− H T

H C
T
ΘΔ − Q 1B P + Q 1 − A

T
Q
T

2 C
T
ΘΩ −H D − Q 1Bf

∗ −HeΔ −BTQ T

2 0 0

∗ ∗ HeQ 2 C
T
Π −Q 2Bf

∗ ∗ −HeΩ 0

∗ ∗ ∗ ∗ 2I− D T
D

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0

(3.4)

hold, then the dynamical network in (2.7) achieves global robust H−/H∞ synchronization with
disturbance attenuation and fault sensitivity .

Proof. See Appendix B.
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Theorem 3.5. Suppose that , > 0 and > 0 are given scalars. If there exist matrices W i > 0,Vi,
and diagonal matrices Δ1 > 0,Π1 > 0,and Ω1 > 0 such that the following conditions for i= 1,2 and
q hold:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Υ11 + H TH CTΘ1Δ1 − ViB Υ31 CTΘ1Ω1 −ViBd
∗ −HeΔ1 − BTV T

i 0 0

∗ ∗ He Vi CTΠ1 − ViBd

∗ ∗ −HeΩ1 0

∗ ∗ ∗ ∗ − 2I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0, (3.5)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Υ11 − H TH CTΘ1Δ1 − ViB Υ31 CTΘ1Ω1 −H D − ViBf − iViΓD

∗ −HeΔ1 − BTV T
i 0 0

∗ ∗ He Vi CTΠ1 − ViBf − i ViΓD

∗ ∗ −HeΩ1 0

∗ ∗ ∗ ∗ 2I− D TD

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0, (3.6)

where Υ11 = −He(ViA + iViΓH ) andΥ31 = W i+ Vi− A TV T
i − i H TΓTV T

i , then the conditions
given in Theorem 3.4 are ensured.

Proof. See Appendix C.

Corollary 3.6. For a constant , let > 0 and > 0 be prescribed constant scalars. The dy-
namical network (2.7) is said to achieve global robust H−/H∞ synchronization with disturbance
attenuation and fault sensitivity , if there exist matrices W i > 0, ViTi, and diagonal matrices
Δ1 > 0,Ω1 >,Π1 > 0 such that the LMI conditions (3.5)-(3.6) hold for i= 1,2 and q (corresponding
to the largest, second largest, and smallest eigenvalues, resp.).

Remark 3.7. If the number of nodes N is large, the H−/H∞ synchronization criterion of the

dynamical network would become a group of LMIs with rather high dimensions. In order

to tackle this problem, the synchronization of the nN × nN -dimensional network has been

disposed in a lower n-dimensional space through verifying three groups of n-dimensional

LMIs in Corollary 3.6, and the derived conditions are quite convenient to use.

As an immediate consequence, we arrive at the simplified criterion for global robust

H∞ synchronization of nonlinear dynamical network (3.1) summarized as in the following

corollary.

Corollary 3.8. For a constant , let > 0 and > 0 be prescribed constant scalars. If there exist
matrices W i > 0, ViTi, and diagonal matrices Δ1 > 0,Ω1 >,Π1 > 0 such that the LMIs (3.5) for
i = 1,2 and q are feasible, then the dynamical network (2.7) is said to achieve global robust H∞
synchronization.
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3.3. H−/H∞ Performance Analysis

It comes from Corollary 3.6 that the H−/H∞ synchronization within a dynamical network

can be cast into that of three sets of independent systems whose dimensions are the same as

that of each isolate node. Namely, if the following systems

ė i= (A + iΓH )e i+ B (Ce i) +
(
Bf + iΓD

)
f0 + Bdd0,

r i= H e i+ D f0,
(3.7)

satisfy (3.5)-(3.6) for i = 1,2 and q, then the conditions given in Definition 2.8 will be

guaranteed. Suppose the transfer function of system (3.7) from d0 �→ r i and f0 �→ r i for

i= 1,2,...,N as K rdi and K rfi, respectively. Then denote

K rd = diag(K rd1,...,K rdN ),

K rf = diag
(
K rf1,...,K rfN

)
,

(3.8)

where K rd and K rf are in the following form:

K rd = (IN ⊗ H )(sI− IN ⊗ A −Λ ⊗ ΓH )−1(IN ⊗ Bd),

K rf = (IN ⊗ H )(sI− IN ⊗ A −Λ ⊗ ΓH )−1(IN ⊗ Bf −Λ ⊗ ΓD
)
+ (IN ⊗ D ).

(3.9)

On the other hand, consider the following system:

ė = (IN ⊗ A + Λ ⊗ ΓH )e + (IN ⊗ B)Φ((IN ⊗ C )e;X s) + (IN ⊗ Bd)d +
(
IN ⊗ Bf + Λ ⊗ ΓD

)
f

r = (IN ⊗ H )e + (IN ⊗ D )f,
(3.10)

where e = (eT
1
,...,eTN )T and r = (rT

1
,...,rTN )T . It can be found that the transfer functions

from d �→ r and f �→ r of system (3.10) are just those defined in (3.8). Moreover, by

carrying out unitary transformation, K rd is similar to K rd, and so do K rf and K rf. Recall

the definition of the H∞ norm and H− index previously stated in Definitions 2.2 and 2.3; then

we arrive at the following relationships between the H∞ norms of K rd and K rdias well as the

H− indexes of K rf and K rfifor i= 1,2,...,N :

‖K rd‖∞ = ‖K rd ‖∞ = max
i=1,...,N

‖K rdi‖∞,∥∥K rf

∥∥
− =

∥∥K rf

∥∥
− = min

i=1,...,N

∥∥K rfi

∥∥
−.

(3.11)

Conditions (3.11) show that the H∞ norm of the transfer function from d �→ r in (2.16)
equals to the maximum of those of the N systems (3.7), whilst the corresponding H− index

is the minimum value within those of (3.7). Accordingly, the RFD of the network (2.7) can be

cast into those of (3.7); thus we have the following corollary.
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Corollary 3.9. For a given scalar > 0, the performance indexes of the dynamical network (2.7)
satisfy ‖K rd‖∞ < , and ‖K rf‖− > , if maxi=1,...,N ‖K rdi‖∞ < and mini=1,...,N ‖K rfi‖− > hold in
the decoupled systems (3.7) for i= 1,2,...,N .

The following corollary presents a method of deriving the maximum value of fault

sensitivity and, at the same time, suppresses the external disturbance to a prescribed level for

the global robust H−/H∞ synchronization of network (2.7).

Corollary 3.10. The nonlinear dynamical networks (2.7) are said to achieve global synchronization
with guaranteed H∞ performance and the maximum fault detection sensitivity 0 = √ , where
is the global minimum of the following generalized eigenvalue minimization problem with respect to
matrices W i> 0,Vi for i= {1,2,q} as well as diagonal matrices Δ1 > 0,Π1 > 0, and Ω1 > 0:

min−⎛⎜⎜⎜⎜⎜⎜⎝
Υ11 − H TH CTΘ1Δ1 − ViB Υ13 −H D − ViBf

∗ −HeΔ1 Π1C − BTV T
i 0

∗ ∗ He Vi − ViBf

∗ ∗ ∗ I− D TD

⎞⎟⎟⎟⎟⎟⎟⎠ < 0,
(3.12)

as well as the LMI condition (3.5) holds. Here, Υ11 and Υ13 are described in Theorem 3.5 with constant
scalars and > 0 prescribed.

4. Numerical Examples

A lower-dimensional dynamical network model is concerned in this part so as to demonstrate

the applicability and effectiveness of the approaches proposed in the previous sections.

Throughout our numerical simulations, each node of the network is supposed to be a concrete

Chua’s circuit, which is frequently observed in various fields of theory and engineering

applications [30].
In the first stage, it will be shown that how the results derived in Section 3.1 can be

used to guarantee the global robust H∞ synchronization of the dynamical network (2.7). Let

us take a group of ten dimensionless state equations of Chua’s oscillators, for example, where

one of the node system is shown as system Sa in Figure 1, a = 1,2,...,10:

⎛⎜⎜⎝
v̇a1

v̇a2

i̇a3

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1

C 1

(
va2 − va1

R
− g(va1)

)
+

10∑
j=1

G aj

R1C 1
H vj1

1

C 2

(
va1 − va2

R
+ ia3 + iad

)
− 1

L
(va2 + R0ia3)

⎞⎟⎟⎟⎟⎟⎟⎟⎠. (4.1)

Here, R0 and R are linear resistors. The voltages across the capacitors C 1 and C 2 are denoted

by va1 and va2,ia3 is the current through the inductances L, and iad is an external disturbance



Mathematical Problems in Engineering 13

−−

++

C 2 C 1

R

L

3ia

va12va N R

g(va1)

R0 R0

−

−

+ +

C 2 C 1

R

L

ib3

vb2 vb1 N R

g(vb1)

R1+

−

F

iad ibd

(Sa) (Sb)

Figure 1: Coupling of any of the two identical Chua’s circuits with disturbance signal, a = 1,2,...,N , and
b = 1,2,...,N .

current that system Sa subjects to. The nonlinear characteristic g(v1) represents the current

through the nonlinear resistor N R , which is a piecewise-linear function expressed as

g(va1) = M 1va1 +
1

2
(M 0 − M 1)[|va1 + 1| − |va1 − 1|], (4.2)

and it satisfies min{M 0,M 1} ≤ g′(v1) ≤ min{M 0,M 1}.

Suppose that each node of the dynamical network developed by (2.7) is a circuit in

the form of (4.1). The possible coupling between two arbitrary Chua’s circuits, as shown in

Figure 1, indicates that there is a connection from Sb to Sa but none from Sa to Sb, where

the element F plays the role of unicommunication. Depending on different values of the

controller gain, the resistor R1 can be adjusted. It is straightforward to reformulate system

(4.1) into the Lur’e form as

ẋi= A xi+ B (Cxi) +
10∑
j=1

gijΓH xj+ Bddi, (4.3)

where

x =

⎛⎜⎜⎝
v1

v2

i3

⎞⎟⎟⎠, A =

⎛⎜⎜⎝
−p(M 0 + 1) p 0

1 −1 1

0 −q −s

⎞⎟⎟⎠, B =

⎛⎜⎜⎝
−p(M 1 − M 0)

0

0

⎞⎟⎟⎠,

C =
(
1 0 0

)
, Bd =

⎛⎜⎜⎜⎝
0

1

C 2

0

⎞⎟⎟⎟⎠, di= iad,

(4.4)

and the nonlinear function (Cx) = (1/2)(|x1 + 1| − |x1 − 1|) satisfies the sector condition on

[0,1]. Furthermore, suppose the output equation to be as

zi= H xi, (4.5)
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Figure 2: The time responses of synchronization errors of the nominal dynamical network.

with parameter matrix H = (1 0 0). Choose system parameters as R = C 2 = 1, p = 1/RC 1 =
5.5,q = 1/L = 7.3,s = R0/L = 4,M 0 = −1/7,M 1 = 2/7. In the following, R1 = 0.3Ω is taken.

The network topology is assumed as star-like with ten nodes; thus G has the eigenvalues as

follows:

1 = 0, 2 = · · · = 9 = −1, 10 = −10. (4.6)

Picking = 3, and prescribing disturbance attenuation = 0.9, we arrive at the feasible

solutions given in Appendix B by solving the LMIs (3.5), which, according to Corollary 3.8,

implies that the dynamical network composed of Chua’s circuits has achieved the global

robust H∞ synchronization.

Simulation results also confirm the effectiveness of the design. Figure 2 depicts

the time response of synchronization error of the nominal dynamical network without

disturbance signal d(t), and it shows that the synchronization error converges to zero

exponentially. Herein, initial values are taken arbitrarily.
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Figure 3: The fault-free residual responses riwith di(t) = 0.5 sin(2t), i= 1,2,...,10.

To observe the H∞ performance with disturbance attenuation, assume the unknown

input noise disturbance dito be as

di(t) = 0.5 sin(2t), t≥ 0,i= 1,2,...,10. (4.7)

Accordingly, the time response of the output residual error of Lur’e dynamical network with

the above disturbance signals and zero initial conditions are shown in Figure 3.

In what follows, let us consider the global robust H−/H∞ synchronization of the

dynamical network (4.4) in the presence of fault signal f. For the purpose of illustration,

the process fault is supposed to be a faulty current flowing in the same direction as im 3 along

with the leftmost branch of each of the circuits, which will be simulated as two different types.

Accordingly, it leads to

ẋi= A xi+ B (Cxi) +
10∑
j=1

gijΓH xj+ Bddi+ Bff,

zi= H xi+ D f, i= 1,2,...,10

(4.8)

with Bf = (0 1/C 2 − R0/L)
T and D = 1.

Remaining = 0.9 and picking the fault sensitivity = 0.6, we arrive at solution of

the LMI (3.5)-(3.6) with = 3 presented in Appendix C, which on its turn ensures that the

network (4.4) has achieved global robustH−/H∞ synchronization in the presence of possible

faults and external disturbances.

As for the corresponding simulation results, first let the process fault be a pulse of unit

amplitude occurred from 5s to 10s (and is zero otherwise). The generated residual signals

ri(t), i= 1,2,...,10 are depicted in Figure 4(a), from which one observes that the effect of

the disturbance input di(t) on the residual error signal ri(t), i= 1,2,...,10 has been greatly

reduced, and the residuals have rather large amplitudes so that the synchronization process
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Figure 4: The residual responses ri(t) with di(t) = 0.5 sin(2t) and (a) f(t) = f1(t); (b) f(t) = f2(t), i=
1,2,...,10.

remains sensitive to fault. With the same disturbance di(t), then redo the simulation with a

different:

f2(t) =

⎧⎨⎩0.4(t− 5), 10 ≤ t< 20,

0, elsewhere,
(4.9)

and the results are plotted in Figure 4(b).
By solving the generalized eigenvalue problem corresponding to the minimization

problem given in Corollary 3.6, we get estimates of the maximum values of fault sensitivity as

1m = 0.7961, 2m = · · · = 9m = 0.8548, and 10m = 0.9524., which also guarantees in terms of

Corollary 3.6 that Lur’e dynamical networks achieve H−/H∞ synchronization with < 0m ,

where 0m = mini=1,...,10{ im } = 0.7961.

5. Conclusion and Future Work

Aiming at enhancing the reliability and robustness of synchronization, the global robust

H−/H∞ synchronization scheme has been introduced into a class of nonlinear dynamical

networks in the existence of possible faults and external disturbances. The criterion on

synchronization was developed in virtue of the LMI technique such that each of the node

systems of the network is robustly synchronized as well as sensitive to faults according to

a mixed H−/H∞ performance. Since both of the external disturbance and system fault are,

respectively, considered, such synchronization scheme proposed here may be more practical

than the synchronization in the previous literature. Moreover, the fault sensitivity H − index

could be optimized via a convex optimization algorithm. In order to demonstrate the

effectiveness and applicability of the derived results, a low-dimensional dynamical network

with each node being a Chua’s circuit has been adopted as an example.

As for future work, it will be interesting to study the synchronization of complex

networks with different disturbance from various sources. Also, it is possible to extend the

present results to stochastic complex networks [31–34].
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Appendices

A. Proof of Theorem 3.2

Proof. First, we will show the global asymptotical stability of the residual error dynamics (3.2)
with d = 0 (no fault is taken into account here), and accordingly (3.2) is represented as

ė = A e+ BΦ
(
Ce;X s

)
. (A.1)

Under the given conditions, the performance indexes J1 in condition (2.19) are then proven

to be satisfied.

Choose a Lyapunov functional candidate in the form of

V = eTPe+ 2
N∑
i=1

m∑
j=1

ij

∫cTijei

0
j( )d , (A.2)

where P > 0 and Π = IN ⊗ Π1 with Π1 = diag( 11,..., 1m ) > 0 need to be determined. By

calculating the time derivative of V along with the trajectory of the residual error dynamics

(3.2), it yields

V̇ = 2eTPė+ 2
N∑
i=1

m∑
j=1

ij j

(
cTijei

)
cTijėi= 2eTPė+ 2ΨT

(
Ce

)
ΠCė, (A.3)

where Ψ(Ce) = ( T(Ce1),..., T(CeN )). Then consider the sector restrictions that nonlineari-

ties Φ(Ce;X s) and Ψ(Ce) satisfy, namely, for any diagonal matrices Δ1 = diag( 11,..., 1m ) >
0 and Ω1 = diag( 11,..., 1m ) > 0:

2
N∑
i=1

m∑
j=1

ij j

(
cTijei;xs

)(
j

(
cTijei;xs

)
− jc

T
ijei

)

= 2ΦT
(
Ce;X s

)
ΔΦ

(
Ce;X s

)
− 2ΦT

(
Ce;X s

)
ΔΘCe ≤ 0,

2
N∑
i=1

m∑
j=1

ij j

(
cTijei

)(
j

(
cTijei

)
− jc

T
ijei

)

= 2ΨT
(
Ce

)
ΩΨ

(
Ce

)
− 2ΨT

(
Ce

)
ΩΘCe ≤ 0

(A.4)

with Ω = IN ⊗ Ω1Δ = IN ⊗ Δ1. The results are obtained with the assumption that each

subsystem has the same diagonal matrices Π1, Ω1, and Δ1 which does not affect the feasibility

of inequality (2.18). For the sake of simplicity, denote Φ � Φ(Ce;X s) and Ψ � Ψ(Ce) in the

following contexts. Moreover, it is known from (A.1) that there exist free-weighting matrices

Q 1 and Q 2 with appropriate dimensions such that

eTQ 1

(
ė− A e− BΦ

)
= ėTQ 2

(
ė− A e− BΦ

)
= 0. (A.5)
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Incorporating formulations (A.4)-(A.5) into equality (A.3) derives

V̇ ≤ 2eTPė+ 2ΨTΠCė− 2ΦTΔΦ + 2ΦTΔΘCe− 2ΨTΩΨ + 2ΨTΩΘCe

+ 2eTQ 1

(
ė− A e− BΦ

)
+ 2ėTQ 2

(
ė− A e− BΦ

)
= TΞ ,

(A.6)

where

=

⎛⎜⎜⎜⎜⎜⎝
e

Φ

ė

Ψ

⎞⎟⎟⎟⎟⎟⎠, Ξ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

HeQ 1A C
T
ΘΔ − Q 1B P + Q 1 − A

T
Q
T

2 C
T
ΘΩ

∗ −HeΔ −BTQ T

2 0

∗ ∗ HeQ 2 C
T
Π

∗ ∗ −HeΩ

⎞⎟⎟⎟⎟⎟⎟⎟⎠, (A.7)

and it follows that Ξ < 0 is guaranteed by the upper left block of LMI (3.3); hence the

synchronization residual error dynamics (3.2) is globally asymptotically stable.

In the following, we will show that the restriction on performance index J1 given in

(2.19) is satisfied under zero initial conditions for all nonzero d ∈ L2[0,∞). In this case, the

error dynamics (3.2) is expressed by

ė = A e+ BΦ
(
Ce;X s

)
+ Bdd, r= H e. (A.8)

Based on (A.6) and (A.8), it is not difficult to derive

rTr− 2dTd + V̇ ≤ T
1Ξ1 1, (A.9)

where 1 = [eT ΦT ėT ΨT dT]T , and Ξ1 is described in condition (3.3) with Ξ1 < 0. It further

implies that for any d/= 0, r(t)Tr(t) − 2dT(t)d(t) + V̇ (t) < 0. Under zero initial condition, the

Lyapunov function V defined in (A.2) satisfies V (0) = 0 and V (t) ≥ 0 for t> 0, hence

J1 ≤
∫∞

0

[
r(t)Tr(t) − 2dT(t)d(t)

]
dt+ V (t)|t→∞ − V (0)

=
∫∞

0

[
r(t)Tr(t) − 2dT(t)d(t) + V̇ (t)

]
< 0,

(A.10)

and (2.19) is satisfied, which completes the proof.

B. Proof of Theorem 3.4

Proof. On the basis of Theorem 3.2, it is known that if there exist solutions to LMI (3.3),
the network achieves global synchronization and robust to input disturbances. As for the
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condition of fault detection within the H∞ synchronization, namely, the synchronization

process should be sensitive to possible input faults, it then comes to an extra verification

of condition (2.20) under zero initial conditions for all nonzero f ∈ L2[0,∞]. In this situation,

the error dynamics is given by

ė = A e+ BΦ
(
Ce;X s

)
+ Bff, r= H e+ D f. (B.1)

Following the same line of the proof of J1 < 0 in Theorem 3.2, we know that if

−J2 ≤
∫∞

0

[
2fT(t)f(t) − r(t)Tr(t)

]
dt+ V (t)|t→∞ − V (0)

=
∫∞

0

[
2fT(t)f(t) − r(t)Tr(t) + V̇ (t)

]
< 0

(B.2)

holds, then the constraint (2.20) will be satisfied where V is defined in (A.2), and further, the

inequality condition (B.2) is guaranteed by

2fTf − rTr+ V̇ ≤ T
2Ξ2

T
2 < 0, (B.3)

where 2 = [eT ΦT ėT ΨT fT]T with Ξ2 < 0 given in (3.4). Thus the performance index J2 > 0

is satisfied, and the proof is completed.

C. Proof of Theorem 3.5

Proof. To facilitate the design of the coupling matrix Γ, we designate Q 1 = S and Q 2 = S,

respectively, where is a constant scalar; also it can be seen from (3.3) that (S +S
T
) < 0, and

thus S is nonsingular.

Recall that there exists a unitary matrix U such that U TGU = Λ with Λ defined in

(2.9). Pre- and postmultiplying to both sides of LMIs (3.3) by U = diag(U T ⊗IN ,U T ⊗Im ,U T ⊗
Im ,U T ⊗ Im ) and U

T
yields

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−He
(
V A Λ

)
+ H

T
H C

T
ΘΔ − V B W + V − A

T
V
T
C
T
ΘΩ −V Bd

∗ −HeΔ − B
T
V
T

0 0

∗ ∗ He V C
T
Π − V Bd

∗ ∗ −HeΩ 0

∗ ∗ ∗ ∗ − 2I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
< 0, (C.1)

where V = (U T ⊗ IN )S(U ⊗ IN ),W = (U T ⊗ IN )P(U ⊗ IN ), and A Λ = I⊗ A + Λ ⊗ ΓH . It

implies from (C.1) that all the matrices appearing in this LMI are diagonal except for matrices

V ,W . To this end, suppose that there exist matrices Vi and W i such that for i= 1,2,...,N ,

the N LMIs (3.5) hold; then there must exist diagonal matrices V = diag(V1,V2,...,VN )



20 Mathematical Problems in Engineering

and W = diag(W 1,W 2,...,W N ) as solutions to condition (C.1), and accordingly (3.3) holds.

In a similar pattern, the feasibility of LMI (3.6) means that condition (3.4) holds.

Moreover, since the coupling matrix G has qdistinct different eigenvalues as (2.9), it is

evident to find that the number of LMI groups to be examined in (3.5)-(3.6) can be reduced

from N to q. On the other hand, it is noted that due to the convex property of LMI [26], each

of the rest q−3 groups of LMIs for i= 3,...,q−1 can be written as a linear combination of the

two groups of LMIs corresponding to the second-maximum 2 and the minimum eigenvalue

q. In this situation, the synchronization condition only requires the feasibility of three groups

LMIs (3.5)-(3.6) with i= 1,2 and q; thus it completes the proof.

D. Solution of LMIs (3.5) for i= 1,2 and q

One has

W 1 =

⎛⎜⎜⎝
14.4037 −10.8380 0.4396

−10.8380 30.5854 3.0167

0.4396 3.0167 7.0477

⎞⎟⎟⎠, V1 =

⎛⎜⎜⎝
−1.6269 −2.0020 −0.2305

−1.0598 −6.5768 −0.7952

0.0584 0.3076 −0.2281

⎞⎟⎟⎠,

Π1 = 1.9512, Δ1 = 7.6035, Λ1 = 2.5538,

W 2 = · · · = W 9 =

⎛⎜⎜⎝
11.0778 −5.0711 1.8522

−5.0711 17.0729 3.4321

1.8522 3.4321 9.6299

⎞⎟⎟⎠,

V2 = · · · = V9 =

⎛⎜⎜⎝
−0.9218 −1.0373 −0.1830

−0.3643 −3.0024 −0.4393

−0.0293 0.3875 −0.3124

⎞⎟⎟⎠,

Π2 = · · · = Π9 = 1.8828, Δ2 = · · · = Δ9 = 5.0301, Λ2 = · · · = Λ9 = 2.9445

W 10 =

⎛⎜⎜⎝
7.1144 −1.1548 0.5316

−1.1548 5.1002 1.5201

0.5316 1.5201 4.5129

⎞⎟⎟⎠, V10 =

⎛⎜⎜⎝
−0.1892 −0.1842 −0.0411

−0.0345 −0.7973 −0.1416

0.0078 0.2423 −0.1422

⎞⎟⎟⎠,

Π10 = 1.0396, Δ10 = 1.9588, Λ10 = 2.0045.

(D.1)

E. Solution of LMIs (3.5)-(3.6) for i= 1,2 and q

One has

W 1 =

⎛⎜⎜⎝
19.4357 −10.2421 −0.2580

−10.2421 50.9203 4.7464

−0.2580 4.7464 0.5780

⎞⎟⎟⎠, V1 =

⎛⎜⎜⎝
−2.5375 −4.4290 −0.4708

−2.4266 −15.4850 −1.8584

−0.3124 −1.6514 −0.2009

⎞⎟⎟⎠,
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Π1 = 2.1700 × 10−6, Δ1 = 12.8948, Λ1 = 1.0216 × 10−12,

W 2 = · · · = W 9 =

⎛⎜⎜⎝
31.7702 −9.3411 0.1724

−9.3411 56.7357 5.3885

0.1724 5.3885 0.6592

⎞⎟⎟⎠,

V2 = · · · = V9 =

⎛⎜⎜⎝
−3.0576 −6.0476 −0.6670

−1.8406 −15.4908 −1.8934

−0.2677 −1.7028 −0.2106

⎞⎟⎟⎠,

Π2 = · · · = Π9 = 1.5037 × 10−6, Δ2 = · · · = Δ9 = 20.8139,

Λ2 = · · · = Λ9 = 2.0313 × 10−12w

W 10 =

⎛⎜⎜⎝
275.7624 −44.0445 1.2220

−44.0445 59.4247 5.0031

1.2220 5.0031 0.6368

⎞⎟⎟⎠, V10 =

⎛⎜⎜⎝
−7.0320 −9.6985 −1.1098

0.4957 −10.1060 −1.2957

−0.0845 −1.1706 −0.1522

⎞⎟⎟⎠,

Π10 = 3.6238 × 10−6, Δ10 = 114.4167, Λ10 = 3.0198 × 10−12.

(E.1)
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Some recent advances on the filtering and control problems for nonlinear stochastic complex sys-
tems with incomplete information are surveyed. The incomplete information under consideration
mainly includes missing measurements, randomly varying sensor delays, signal quantization,
sensor saturations, and signal sampling. With such incomplete information, the developments
on various filtering and control issues are reviewed in great detail. In particular, the addressed
nonlinear stochastic complex systems are so comprehensive that they include conventional
nonlinear stochastic systems, different kinds of complex networks, and a large class of sensor
networks. The corresponding filtering and control technologies for such nonlinear stochastic
complex systems are then discussed. Subsequently, some latest results on the filtering and control
problems for the complex systems with incomplete information are given. Finally, conclusions are
drawn and several possible future research directions are pointed out.

1. Introduction

Filtering and control problems have long been a fascinating focus of research attracting

constant attention from a variety of engineering areas. In recent years, with the rapid

development of the network technology, the study of networked control systems (NCSs) has

gradually become an active research area due to the advantages of using networked media in

many aspects such as low cost, reduced weight and power requirements, simple installation

and maintenance, as well as high reliability. It is well known that the devices in networks are

mutually connected via communication cables which are of limited capacity. Therefore, some
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new network-induced phenomena have inevitably emerged in the areas of signal processing

and control engineering. These phenomena include, but are not limited to, network-induced

time delay, data missing (also called packet dropout or missing measurement), quantization,

saturation, and channel fading. Note that these phenomena could drastically deteriorate the

performance of the networked filtering or control systems and, as such, the aim of this

paper is to deal with the filtering and control problems for nonlinear stochastic complex

systems with aforementioned network-induced phenomena. In this paper, the information

with respect to the network-induced phenomena is customarily referred to as the incomplete

information.

Nowadays, practical engineering systems typically exhibit a great deal of complexity

which poses significant challenges for the analysis and synthesis of such systems. Among

others, the nonlinearity and stochasticity serve as two of the main sources in reality that

have resulted in considerable system complexity and have received recurring research

attention. Moreover, due to the unavoidable modeling errors and coupled dynamics, some

new interesting phenomena (such as parameter uncertainties and coupling between control

nodes) should be taken into account to achieve the desired performance. The complexity

sources mentioned above give rise to the urgent necessity for developing new filtering

and control technologies for various kinds of complex systems in order to meet the needs

of practical engineering. It is not surprising that, in the past few years, the control and

filtering problems for complex systems with incomplete information have been extensively

investigated by many researchers.

In this paper, we focus mainly on the filtering and control problem for complex

systems with incomplete information and aim to give a survey on some recent advances in

this area. The incomplete information under consideration includes missing measurements,

randomly varying sensor delays, signal quantization, sensor saturations, and signal sam-

pling. The modeling issues are first discussed to reflect the real complexity of the nonlinear

stochastic systems. Based on the models established, various filtering and control problems

with incomplete information are reviewed in detail. Then, we deal with the complex systems

from three aspects, that is, nonlinear stochastic systems, complex networks, and sensor

networks. Both theories and techniques for dealing with complex systems are reviewed

and, at the same time, some challenging issues for future research are raised. Subsequently,

the filtering problems for the stochastic nonlinear complex networks with incomplete

information are paid particular attention by summarizing the latest results. Finally, some

conclusions are drawn and several possible related research directions are pointed out.

The remainder of this paper is organized as follows. In Section 2, the motivation for

addressing the incomplete information is discussed. Section 3 reviews the developments

of filtering and control issues for three kinds of complex systems. Section 4 gives latest

results on filtering problems for the stochastic nonlinear complex networks with incomplete

information. The conclusions and future work are given in Section 5.

2. Incomplete Information

Recently, the signal transmission via networked systems has become prevalent and, ac-

cordingly, network-induced issues have drawn considerable research interests. These

issues mainly include missing measurements (also called packet dropouts), randomly

varying sensor delays, signal quantization, sensor saturations, and signal sampling whose

mathematical models are listed in Table 1, where vk is the external disturbance while w k

represents both the exogenous random inputs and parameter uncertainty of the system. Let
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Table 1: Mathematical models of incomplete information.

Types Mathematical models

Missing measurements
xk+1 = f(xk) + E1vk + g(xk)w k,yk = kh(xk) + E2vk,where k is a
stochastic variable taking value on 1 or 0.

Randomly varying sensor
delays

xk+1 = f(xk) + E1vk + g(xk)w k,
yk = kh(xk) + (1 − k)h(xk−1) + E2vk, where k is a stochastic
variable taking value on 1 or 0.

Signal quantization
xk+1 = f(xk) + E1vk + g(xk)w k,yk = q(h(xk)) + E2vk, where q(·)
is a quantization function.

Sensor saturations
xk+1 = f(xk) + E1vk + g(xk)w k,yk = Sat(h(xk)) + E2vk, where
Sat(·) is a saturation function.

Signal sampling ẋt= f(xt) + E1vt+ g(xt)w t, yt= h(xtk) + E2vtk,tk ≤ t< tk+1.

us now discuss the network-induced issues one by one as follows in order to motivate the

research problem to be investigated.

2.1. Missing Measurements

It is quite common in practice that the measurement output of a discrete-time stochastic

system is not consecutive but contains missing observations due to a variety of causes such as

sensor temporal failure and network-induced packet loss, see, for example, [1–3]. Therefore,

it is not surprising that the filtering problem for systems with missing measurements has

recently attracted much attention. For example, a binary switching sequence has been used

in [4–6], which can be viewed as a Bernoulli distributed white sequence taking values of 0

and 1, to model the measurement missing phenomena. A Markovian jumping process has

been employed in [7] to reflect the measurement missing problem. In [8, 9], the data missing

(dropout) rate has been converted into the signal transmission delay that has both the upper

and lower bounds. In [10], a model of multiple missing measurements has been presented by

using a diagonal matrix to account for the different missing probability for individual sensors.

By introducing a certain set of indicator functions, the packet dropouts and random sensor

delays have been modeled in a unified way in [11]. The optimal H 2 filtering problem for

linear systems with multiple packet dropouts has been studied in [12], whereas the optimal

H ∞ filtering problem has been dealt with in [13] for the same systems. Moreover, the optimal

filter design problem has been tackled in [14] for systems with multiple packet dropouts by

solving a recursive difference equation (RDE).

2.2. Randomly Varying Sensor Delays

In practical applications such as engineering, biological, and economic systems, the measured

output may be delayed. Therefore, the problem of filtering with delayed measurements has

been attracting considerable research interests, see [7, 15, 16], for some recent publications,

where the time-delay in the measurement is customarily assumed to be deterministic.

However, it is quite common in practice that the time-delays occur in a random way,

rather than a deterministic way, for a number of engineering applications such as real-time

distributed decision-making and multiplexed data communication networks. Hence, there

is a great need to develop new filtering approaches for the systems with randomly varying
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delayed measurements, and some efforts have been made in this regard so far. For example, in

[17], a linear unbiased state estimation problem has been examined for discrete-time systems

with random sensor delays over both finite- and infinite-horizons where the full and reduced-

order filters have been designed to achieve specific estimation error covariances. These

results have been extended in [18] to the case where parameter uncertainties are taken into

account. A robust suboptimal filter design problem has been considered for uncertain discrete

time-varying systems with randomly varying sensor delay in [19], where some sufficient

conditions have been developed for the filter design such that the upper-bound of the state

estimation error variance is minimized. Very recently, in [20], a linear matrix inequality (LMI)
approach [21] has been developed to discuss the infinite-horizon H ∞ filtering problem for

linear discrete-time systems with randomly varying sensor delays.

2.3. Signal Quantization

The signal quantization is considered as another source that has significant impact on the

achievable performance of the networked systems and, therefore, it is necessary to conduct

analysis on the quantizers and understand how much effect the quantization makes on

the overall networked systems. In fact, the problem of quantized control for nonnetworked

systems has been reported as early as in 1990 [22]. So far, a great number of results have

been available in the literature, see for example, [22–27]. In [23], the feedback stabilization

problems have been considered for linear time-invariant control systems with saturating

quantized measurements. In [27], some general types of quantizers have been developed

to solve the problem of feedback stabilization for general nonlinear systems. Recently, a

new type of quantizer (called logarithmic quantizer) has attracted considerable research

interest. Such a quantizer has proven to be the coarsest one in the problem of quadratic

stabilization for discrete-time single-input-single-output linear time-invariant systems using

quantized feedback under the assumption that the quantizer is static and time-invariant

[25]. Based on that, a number of quantized feedback design problems have been studied

in [26] for linear systems, where the major contribution of [26] lies in that many quantized

feedback design problems have been found to be equivalent to the well-known robust

control problems with sector-bounded uncertainties. Later, the elegant results obtained in

[25] have been generalized to the multiple-input-multiple-output systems and to control

design with performance constraints. Inspiringly, in recent years, there have appeared some

new results on NCSs with the consideration of signal quantization effects. In [28], the

network-based guaranteed cost problem has been dealt with for linear systems with state

and input quantization by using the method of sector bound uncertainties. Moreover, in [29],
the problem of quantized state feedback H ∞ stabilization has been addressed for linear time-

invariant systems over data networks with limited network quality-of-service. Following

that, the problem of output feedback control for NCSs with limited communication capacity

has been investigated in [30], where the packet losses and quantization effects are taken into

account simultaneously.

2.4. Sensor Saturations

In reality, the obstacles in delivering the high performance promises of traditional filter

theories are often due to the physical limitations of system components, of which the most

commonly encountered one stems from the saturation that occurs in any actuators, sensors,



Mathematical Problems in Engineering 5

or certain system components. Saturation brings in nonlinear characteristics that can severely

restrict the amount of deployable filter scheme. Such a characteristic not only limits the

filtering performance that can otherwise be achieved without saturation, it may also lead to

undesirable oscillatory behavior or, even worse, instability. Therefore, the control problems

for systems under actuator/sensor saturations have attracted considerable research interests

(see e.g., [31–37]), and the related filtering problem has also gained some scattered research

attention [38, 39].
It should be pointed out that, in almost all the relevant literature, the saturation is

implicitly assumed to occur already. However, in networked environments such as wireless

sensor networks, the sensor saturation itself may be subject to random abrupt changes, for

example, random sensor failures leading to intermittent saturation, sensor aging resulting in

changeable saturation level, repairs of partial components, changes in the interconnections of

subsystems, sudden environment changes, modification of the operating point of a linearized

model of a nonlinear systems, and so forth. In other words, the sensor saturations may occur

in a probabilistic way and are randomly changeable in terms of their types and/or intensity.

Such a phenomenon of sensor saturation, namely, randomly occurring sensor saturation

(ROSS), has been largely overlooked in the area.

2.5. Signal Sampling

With the rapid development of high-speed computers, modern control systems tend to be

controlled by digital controllers, that is, only the samples of the control input signals at

discrete time instants will be employed. The traditional approach is to use periodic sampling

technique to obtain a discrete-time system for modeling the real plant. However, such a

discrete-time model might not capture the intersample behavior of the real system, especially

for the case when the sampling period is time-varying. On this account, considerable research

efforts have been made on various aspects of sampled-data systems. For example, the H 2

optimal and H ∞ suboptimal control problems for sampled-data systems have been studied

in [40, 41] and [42, 43], respectively. As for the sampled-data filtering problem, let us

mention some representative work here. In [44], the robust H ∞ filtering problem has been

investigated for a class of systems with parametric uncertainties and unknown time delays

under sampled measurements. The nonlinear H ∞ filtering problem for sampled-data systems

has been considered in [45], where a set of certain continuous and discrete Hamilton-Jacobi

equations has been established for the existence of the desired filter. In [46], the performance

criterion in terms of the estimation error covariance has been proposed and the corresponding

sampled-data filtering problem has been solved. It is worth pointing out that, in [47, 48],
a new approach to dealing with the sampled-data control problems has been proposed

by converting the sampling period into a time-varying but bounded delay, and then the

sampled-data H ∞ control problem has been investigated by recurring to the H ∞ control

theory for the time-delay systems. Based on this method, the sampled-data H ∞ control and

filtering problems have been thoroughly investigated in [49] and [50], respectively, where

the stochastic sampling has been taken into account.

3. Complex Systems

In this section, we take a look at the theories and technologies for handling the filtering and

control problems for the complex systems including nonlinear stochastic systems, complex
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networks, and sensor networks. Afterwards, we point out some challenging issues to be

studied.

3.1. Nonlinear Stochastic Systems

The nonlinearity and stochasticity are arguably two of the main resources in reality that have

resulted in considerable system complexity [40]. In the past few years, nonlinear H ∞ filtering

and H ∞ control have been an active branch within the general research area of nonlinear

control problems, and a great deal of results have been available in the literature. For the H ∞
control problems, we refer the readers to [51–54] and the references therein. With respect to

the H ∞ filtering problems, we mention some representative work as follows. In [16], the

H ∞ filtering problem has been investigated for a class of uncertain stochastic time-delay

systems with sector-bounded nonlinearities. The H ∞ reduced-order approximation of two-

dimensional digital filters has been considered in [55], while [56] has designed a full-order

H ∞ filter for 2D Markovian jump systems. In [45], a nonlinear H ∞ filtering problem has been

studied for sampled-data systems. In [57, 58], the H ∞ filtering problem has been considered

for systems with constant and time-varying delay, respectively. It should be pointed out that,

in all the papers mentioned above, the nonlinearities have been assumed to be bounded by a

linearity-like form (e.g., Lipschitz and sector conditions), and the filters have been designed

by solving a set of LMIs. With respect to general stochastic systems, the nonlinear H ∞ filtering

problem has been considered for discrete-time systems in [59], and a great effort has been

paid in [60] to investigate the H ∞ filtering problem for continuous stochastic systems with a

very general form.

3.2. Complex Networks

Complex networks are made up of interconnected nodes and are used to describe various

systems of real world. Many real world systems can be described by complex networks,

such as the World Wide Web, telephone call graphs, neural networks, scientific citation

web, and so forth. Since the discoveries of the “small-world” and “scale-free” properties of

complex networks [61, 62], complex networks become a focus point of research which has

attracted increasing attention from various fields of science and engineering. In particular,

special attention has been paid to the synchronization problem for dynamical complex

networks, in which each node is regarded as a dynamical element [63–65]. It has been shown

that the synchronization is ubiquitous in many system models of the natural world, for

example, the large-scale and complex networks of chaotic oscillators [66–73], the coupled

systems exhibiting spatiotemporal chaos and autowaves [74], and the array of coupled neural

networks [75–84].
Recently, the synchronization problem for discrete-time stochastic complex networks

has drawn much research attention since it is rather challenging to understand the interaction

topology of complex networks because of the discrete and random nature of network

topology [85]. On one hand, discrete-time networks could be more suitable to model digitally

transmitted signals in many application areas such as image processing, time series analysis,

quadratic optimization problems, and system identification. On the other hand, the stochastic

disturbances over a real complex network may result from the release of probabilistic causes

such as neurotransmitters [86], random phase-coupled oscillators [87], and packet dropouts

[88]. A great number of results have been available in the recent literature on the general topic

of stochastic synchronization problem for discrete-time complex networks. For example,
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in [89], the synchronization stability problem has been studied for a class of complex dy-

namical networks with Markovian jumping parameters and mixed time delays.

Although the synchronization problem for discrete-time stochastic complex networks

is now attracting an increasing research attention, there are still several open problems

deserving further investigation. In a real world, virtually all complex networks are time-

varying, that is, all the network parameters are explicitly dependent on time. For example,

a major challenge in biological networks is to understand and model, quantitatively,

the dynamic topological and functional properties of biological networks. Such time, or

condition specific biological circuitries are referred to as time-varying networks or structural

nonstationary networks, which are common in biological systems. The synchronization

problem for time-varying complex networks has received some scattered research interest,

where most literature has focused on time-varying coupling or time-varying delay terms. For

example, in [90], a time-varying complex dynamical network model has been introduced and

it has been revealed that the synchronization of such a model is completely determined by the

innercoupling matrix, the eigenvalues, and the corresponding eigenvectors of the coupling

configuration matrix of the network. Very recently, in [91], a class of controlled time-varying

complex dynamical networks with similarity has been investigated and a decentralized

holographic-structure controller has been designed to stabilize the network asymptotically

at its equilibrium states. It should be pointed out that, up to now, the general synchronization

results for complex networks with time-varying network parameters have been very few,

especially when the networks exhibit both discrete-time and stochastic natures.

Closely associated with the synchronization problem is the so-called state estimation

problem for complex networks. For large-scale complex networks, it is quite common that

only partial information about the network nodes (states) is accessible from the network

outputs. Therefore, in order to make use of key network nodes in practice, it becomes

necessary to estimate the network nodes through available measurements. Note that the

state estimation problem for neural networks (a special class of complex networks) was first

addressed in [92] and has then drawn particular research interests, see, for example, [93, 94],
where the networks are deterministic and continuous-time. Recently, the state estimation

problem for complex networks has also gained much attention, see [95].

3.3. Sensor Networks

Sensor networks have recently received increasing interests due to their extensive application

in areas such as information collection, environmental monitoring, industrial automation,

and intelligent buildings [96, 97]. In particular, the distributed filtering or estimation for

sensor networks has been an ongoing research issue that attracts increasing attention from

researchers in the area. Compared to the single sensor, filter iin a sensor network estimates

the system state based not only on the sensor i’s measurement but also on its neighboring

sensors’ measurements according to the topology of the given sensor network. Such a

problem is usually referred to as the distributed filtering or estimation problem. The main

difficulty in designing distributed filters lies in how to deal with the complicated coupling

between one sensor and its neighboring sensors.

Recently, considerable research efforts have been made with respect to distributed

filtering, and some novel distributed filters have been proposed. For example, a distributed

estimation algorithm for sensor networks has been proposed in [98], where each node

computes its estimate as a weighted sum of its own and its neighbors’ measurements and

estimates, and the weights are adaptively updated to minimize the variance of the estimation
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error. In [99], diffusion strategies have been suggested and then successfully applied to

the distributed Kalman filtering, where nodes communicate with their direct neighbors

only and the information is diffused across the network. By using the same diffusion

strategies, the distributed Kalman smoother has been designed in [100]. In [101], the notion

of distributed bounded consensus filters has been proposed and the convergence analysis has

been conducted for the corresponding distributed filters. It has been shown in [101] that, in

view of the pinning control approach, only a small fraction of sensors are needed to measure

the target information while the whole network can be controlled.

In the past few years, the consensus problems of multiagent networks have stirred a

great deal of research interests, and a rich body of research results has been reported in the

literature, see, for example, [102–110]. Representatively, in [102], a systematical framework

of consensus problem has been proposed, and three kinds of networks including directed

networks with fixed topology, directed networks with switching topology, and undirected

networks with communication delay and fixed topology have been discussed by using

the Lyapunov approach and the frequency domain theory. In [105], the H ∞ performance

constraint has been introduced to the consensus context, and a distributed robust H ∞
consensus controller has been designed for the directed networks of agents with time-delay.

The consensus protocol has been extended in [107], where the measurement noises have

also been taken into account in constructing the consensus protocol. Comparing to the work

mentioned above, in [110], the average consensus problems have been studied for agents

with integrator dynamics in presence of communication delays. Recently, the consensus

problem has also been studied for designing distributed Kalman filters (DKFs). For example,

a distributed filter has been introduced in [111] that allows the nodes of a sensor network to

track the average of n sensor measurements using an average consensus-based distributed

filter called consensus filter. The DKF algorithm presented in [111] has been modified in

[112], where another two novel DKF algorithms have been proposed and the communication

complexity as well as packet-loss issues have been discussed. The DKF problem considered

in [113] is also based on the average consensus, where the node hierarchy has been used

with nodes performing different types of processing and communications. Very recently, the

consensus-based overlapping decentralized estimation problem has been dealt with in [114]
for systems with missing observations and communication faults.

It is worth mentioning that, in almost all the literature concerning the distributed

filtering problems, the filter design algorithm has been mainly based on the traditional

Kalman filtering theory. Unfortunately, it is now well known that the robust performance

of Kalman filters cannot always be guaranteed since Kalman filters tend to be sensitive to

model structure drift [7, 45, 57, 60, 115–118]. As such, a variety of robust and/or H ∞ filtering

approaches have been proposed in the literature to improve the robustness of the filters

against parameter uncertainties and exogenous disturbances. In this sense, it seems natural

to include the robust and/or H ∞ performance requirements for the distributed consensus

filtering problems, and this deserves deep investigation.

4. Latest Progress

Very recently, the filtering problem for the stochastic nonlinear complex systems with in-

complete information has been intensively studied and some elegant results have been

reported. In this section, we highlight some of the newest work with respect to this topic.

(i) In [119], the H ∞ filtering problem has been studied for a general class of nonlinear

discrete-time stochastic systems with missing measurements and a filter of very general form
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has been designed such that the filtering process is stochastically stable and the filtering error

satisfies H ∞ performance constraint for all admissible missing observations and nonzero

exogenous disturbances under the zero-initial condition. The existence conditions of the

desired filter have been derived in terms of the Hamilton-Jacobi-Isaacs inequalities (HJIs).
Then, by using similar analysis techniques, the H ∞ filtering problem with randomly varying

sensor delays has been considered in [120], and a set of parallel results has been derived.

(ii) In order to describe the phenomena of a nonlinear disturbance appearing in a ran-

dom way, a notion of the randomly occurring nonlinearity has been introduced in [121, 122].
In [121], a new robust H ∞ filtering technique has been developed for the Itô-type discrete

time-varying stochastic systems with polytopic uncertainties, quantization effects, and ran-

domly occurring nonlinearities. Then, the robust H ∞ finite-horizon filtering problem has been

studied in [122] for a class of discrete time-varying stochastic systems with norm-bounded

uncertainties, multiple randomly occurred nonlinearities, and successive packet dropouts.

(iii) The H ∞ filtering problem has been studied in [123] for a class of nonlinear

systems with randomly occurring incomplete information, where the considered incomplete

information includes both the sensor saturations and the missing measurements. A new

phenomenon of sensor saturation, namely, randomly occurring sensor saturation, has first

been put forward in order to better reflect the reality in a networked environment. Then,

a novel sensor model has been established to account for both the randomly occurring

sensor saturation and missing measurement in a unified representation. Based on this sensor

model, a regional H ∞ filter with a certain ellipsoid constraint has been designed such that

the filtering error dynamics is locally mean-square asymptotically stable and the H ∞-norm

requirement is satisfied.

(iv) In [124], a new distributed H ∞-consensus filtering problem over a finite-horizon

has been addressed for sensor networks with multiple missing measurements. The so-called

H ∞-consensus performance requirement is defined to quantify bounded consensus regarding

the filtering errors (agreements) over a finite-horizon. A sufficient condition has first been

established in terms of a set of difference linear matrix inequalities (DLMIs) under which the

expected H ∞-consensus performance constraint is guaranteed. Then, the filter parameters

have been explicitly parameterized by means of the solutions to a certain set of DLMIs that

can be computed recursively. Subsequently, two kinds of robust distributed H ∞-consensus

filters have been designed for the systems with norm-bounded uncertainties and polytopic

uncertainties.

(v) In [125], the distributed H ∞ filtering problem is dealt with for a class of polynomial

nonlinear stochastic systems in sensor networks. A Lyapunov function candidate whose

entries are polynomials has been adopted and then, a sufficient condition for the existence

of a feasible solution to the addressed distributed H ∞ filtering problem has been derived

in terms of parameter-dependent linear matrix inequalities (PDLMIs). For computational

convenience, these PDLMIs have further been converted into a set of sums of squares (SOSs)
that can be solved effectively by using the semidefinite programming technique.

(vi) In [126], the problem of distributed H ∞ filtering in sensor networks using

a stochastic sampled-data approach has been investigated. The signal received by each

sensor is sampled by a sampler separately with stochastic sampling periods before it is

employed by the corresponding filter. By using the method of converting the sampling

periods into bounded time-delays, the design problem of the stochastic sampled-data-

based distributed H ∞ filters amounts to solving the H ∞ filtering problem for a class of

stochastic nonlinear systems with multiple bounded time-delays. Then, by constructing a

new Lyapunov functional and employing both the Gronwall’s inequality and the Jenson
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integral inequality, a sufficient condition has been derived to guarantee the H ∞ performance

as well as the exponential mean-square stability of the resulting filtering error dynamics.

Subsequently, the desired sampled-data-based distributed H ∞ filters have been

designed in terms of the solution to certain matrix inequalities.

(vii) In [127], new synchronization and state estimation problems have been con-

sidered for an array of coupled discrete time-varying stochastic complex networks over

a finite-horizon. A novel concept of bounded H ∞ synchronization has been proposed to

handle the time-varying nature of the complex networks. By utilizing a time-varying real-

valued function and the Kronecker product, criteria have been established that ensure the

bounded H ∞ synchronization in terms of a set of recursive linear matrix inequalities (RLMIs).
The bounded H ∞ state estimation problem has then been studied for the same complex

network, where the purpose is to design a state estimator to estimate the network states

through available output measurements such that, over a finite-horizon, the dynamics of the

estimation error is guaranteed to be bounded with a given disturbance attenuation level.

Again, an RLMI approach has been developed for the state estimation problem.

5. Conclusions and Future Work

In this paper, we have surveyed some recent advances on the filtering and control for complex

systems with incomplete information. The developments of the incomplete information

models have been reviewed and various filtering and control problems based on these

incomplete information have been discussed. Then, we have introduced basic theories and

methods for dealing with filtering and control problems of complex systems and raised a few

challenging issues. Subsequently, we have paid particular attention to the filtering problems

of the stochastic nonlinear complex systems with incomplete information and given the latest

results. Related topics for the future research work are listed below.

(i) In practical engineering, there still exist many more complex yet important

network-induced issues which, however, have not been studied. Therefore, these

new phenomena of incomplete information should be paid great attention to, and

a unified measurement model accounting for these issues simultaneously also

remains to be established.

(ii) The polynomial nonlinear system is one of the most important classes of nonlinear

systems. The control and filtering problems for polynomial nonlinear systems with

kinds of incomplete information are interesting and deserve further investigation.

The analysis and synthesis of polynomial nonlinear controllers and filters for the

polynomial nonlinear systems would be a challenging research topic.

(iii) The problems of fault detection and fault tolerant control in the presence of

incomplete information are of engineering significance, especially when the system

is time varying. Hence, the problems of fault detection and fault tolerant control

for time-varying systems with incomplete information over a finite time-horizon

would be another interesting topic.

(iv) Note that the incomplete information usually occurs in a random way which

makes the considered system stochastic. In this case, the performance objection is

only required to be achieved in the desired probability. Therefore, the control and

filtering problems for nonlinear stochastic systems with probabilistic performance

are of significant engineering importance.
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(v) Applications of the existing theories and methodologies to some practical engi-

neering problems such as the mobile robot navigation would be another one of

the future work.
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This paper investigates synchronization problem of nonlinearly coupled dynamical networks, and
an effectively impulsive control scheme is proposed to synchronize the network onto the objective
state. Based on the stability analysis of impulsive differential equations, a low-dimensional
sufficient condition is derived to guarantee the exponential synchronization in virtual of average
impulsive interval. A numerical example is given to illustrate the effectiveness and feasibility of
the proposed methods and results.

1. Introduction

Synchronization of complex networks is an important topic that has drawn a great deal

of attention from diverse fields including physics, biology, neuroscience, and mathematics

[1–3]. It is also a fundamental phenomenon that enables coherent behavior in networks

as a result of interactions. In our real life, there are many interesting and useful network

synchronization phenomena, such as, fireflies in the forest, applause, description of heart,

and routing messages in the internet.

Due to its potential applications in many different areas, the synchronization of

complex dynamical networks has been widely discussed in the last decade. For example, in

[4, 5], the authors studied the synchronization in two specific kinds of networks including

scale-free networks and small-world networks. In [6–8], the authors introduced a time-

varying dynamical network with the same prototype of [4, 5] and further investigated

its synchronization. In order to simulate more realistic complex networks, the researchers
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studied the influences of time delays on synchronization in [9–12]. In [9], the authors

extended the model of [4, 5] to a uniform model with coupling delays, and some

synchronization criteria for complex networks are derived for both delay-independent and

delay-dependent exponential stability of the synchronous state. In [10], the authors are

concerned with global synchronization of coupled delayed neural network. In [11], the

authors studied the globally exponential synchronization in arrays of coupled identical

delayed neural networks by using Lyapunov functional method and Kronecker product

techniques. Some interesting results about synchronization and consensus of sensor networks

with communication constraints have been obtained in [12–14]. However, previous studies

on synchronization mainly concerned with linearly coupled dynamical networks, with the

coupling matrix constant or time varying, and so forth. Only some papers investigated

nonlinearly-coupled networks, such as [15–17].
Most recently, another synchronization technique, based on impulsive control, has

been reported and developed in [18–22]. This technique is very effective and robust and

with a low cost since the control input is implemented by the “sudden jumps” of some state

variables at some instants. Therefore it is of great importance to study the coupled dynamical

networks under impulsive control. Based on the theory of impulsive differential equations,

in [18], the authors proposed an impulsive synchronization criterion for an uncertain

dynamical network. In [19], the authors studied the synchronization of complex dynamical

networks with time-varying delays and impulsive effects by introducing the concept of

control topology. In [20], the authors investigated the exponential synchronization of the

complex dynamical networks with a coupled delay and impulsive control. By referring to the

concept of average dwell time, a unified synchronization criterion was derived by proposing

a concept named “average impulsive interval” in [21]. In [22], the authors investigate the

globally exponential synchronization for linearly coupled neural networks with time varying

delay and impulsive disturbances under the concept of average impulsive interval.

Motivated by the above discussions, the aim of this paper is to discuss the impulsive

synchronization of nonlinearly-coupled complex networks. Based on the stability analysis

of impulsive functional differential equations, some sufficient synchronization criteria are

derived in virtual of average impulsive interval.

The main contributions of this paper are as follows. First, this paper uses the concept

of “average impulsive interval” to obtain the synchronization criterion. It makes the result

much less conservative than previous results since the strict requirement on the upper bound

and lower bound of the impulsive interval, which always appear in the previous results, is

not necessary any more. Second, the model considered in this paper is nonlinearly coupled

network, which includes linearly coupled network and array of linearly coupled systems as

special cases.

The outline of this paper is given as follows. In Section 2, a model of nonlinearly-

coupled complex networks with impulsive control and some necessary definitions are

proposed. In Section 3, a sufficient criterion is derived based on the stability analysis of

impulsive functional differential equations. In Section 4, a numerical example is given to

illustrate the effectiveness and feasibility of the synchronization criterion.

Notation 1. Throughout this paper, some mathematical notations are used. I represents the

identity matrix and R = {−∞,+∞}. Denote the transpose of the vector x as xT . Without

explicitly state, the dimension of the vectors and matrices are assumed to be compatible in

the context.
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2. Model Description and Preliminaries

Consider a complex dynamical network consisting of N nonlinearly-coupled identical nodes,

which is described by

ẋi(t) = f(xi(t)) + c
N∑
j=1

ijΓh
(
xj(t)

)
, i= 1,2,...,N , (2.1)

where the nonlinear coupling function h(xj(t)) = (h(xj1(t)),h(xj2(t)),...,h(xjn(t)))
T satisfies

the following condition: [(h(u) − h(v))/(u − v)] ≥ > 0 for any u,v ∈ R. The configuration

coupling matrix L = ( ij)N ×N is defined as follows: if there is a connection between node i
and node j(j/=i), then ij = ji> 0; otherwise, ij = ji= 0; the diagonal elements are defined

as ii= −∑N
j=1,j/=i ij. Γ = diag{ 1, 2,..., n} > 0 is the inner coupling positive definite matrix

between two connected nodes iand j.

In order to achieve the synchronization of the complex dynamical network (2.1) at the

original point, we design an impulsive control law:

ui(t) =
∞∑
k=1

μxi(t) (t− tk), i= 1,2,...,N , (2.2)

where the impulsive instant sequence {tk}∞k=1 satisfies 0 ≤ t1 < t2 < · · · < tk < · · ·
and limk→∞tk = ∞, μ is the impulsive control gain, and (·) is the Dirac delta function.

Then, we obtain the following impulsive dynamical network with nonlinear coupling as

follows:

ẋi(t) = f(xi(t)) + c
N∑
j=1

ijΓh
(
xj(t)

)
, t/=tk,k ∈ N ,t≥ t0,

Δxi(tk) = μxi(tk), t= tk,

(2.3)

where i= 1,2,...,N , and Δxi(tk) = xi(t+k) − xi(t
−
k) is the “jump” in the state variable at the

time instant tk, with xi(t+k) = limt→t+k
x(t), and xi(t−k) = limt→t−k

x(t). For simplicity, we assume

that x(t) is left continuous at t= tk, that is, xi(t−k) = xi(tk).
There are some definitions and denotations that are necessary for presenting the main

results as follows.

Definition 2.1. The nonlinear-coupled dynamical network is said to be exponentially

synchronized to the original point if there exist some constants > 0 and M > 0 such that for

any initial conditions

‖xi(t)‖ ≤ M e− t, ∀t≥ 0. (2.4)
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Now, we give the following definition on quadratic (QUAD) inequality, which plays

an important role in the discussion of synchronization.

Definition 2.2. The function f(·) is said to satisfy f(·) ∈ QUAD(P,Δ, ), if there exists a

positive definite diagonal matrix P = diag(p1,...,pn), a diagonal matrix Δ = diag( 1,..., n),
and a scalar > 0, such that

(
x − y

)T
P
[
f(x) − f

(
y
)
−Δ

(
x − y

)]
≤ −

(
x − y

)T(
x − y

)
(2.5)

holds for any x,y ∈ R
n.

Definition 2.3 (see [20] average impulsive interval). The average impulsive interval of the

impulsive sequence = {t1,t2,...} is less than Ta, if there exist positive integer N 0 and positive

number Ta, such that

N (T,t) ≥ T − t
Ta

− N 0, ∀T ≥ t≥ 0, (2.6)

where N (T,t) denotes the number of impulsive times of the impulsive sequence in the time

interval (t,T).

3. Main Result

Suppose that we are mainly interested in achieving synchronization of the network (2.3) by

defining the controlled synchronization state as original point x∗ = 0, which satisfies f(x∗) =
0. Now the main result will be presented in this section.

Theorem 3.1. Consider the nonlinearly-coupled complex network (2.1) with impulsive controller.
Suppose that f(·) ∈ QUAD(I,Δ, ), and the average impulsive interval of impulsive sequence =
{t1,t2,...} is less than Ta. Then the impulsive dynamical system (2.3) is exponentially synchronized
with convergence rate if

=
2 ln

(∣∣1 + μ
∣∣)

Ta
+ < 0, (3.1)

where = −2 + 2 maxk{ k}.

Proof. Construct a Lyapunov function in the form of

V (t) =
N∑
i=1

xTi(t)xi(t). (3.2)
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When t∈ (tk−1,tk], the derivative of V (t) with respect to (2.3) can be calculated as follows:

V̇ (t) = 2
N∑
i=1

xTi(t)ẋi(t)

= 2
N∑
i=1

xTi(t)

⎡⎣f(xi(t)) + c N∑
j=1

ijΓh
(
xj(t)

)⎤⎦
= 2

N∑
i=1

xTi(t)f(xi(t)) + 2c
N∑
i=1

N∑
j=1

ijx
T
i(t)Γh

(
xj(t)

)
.

(3.3)

Since f(·) ∈ QUAD(I,Δ, ), the following inequality can be obtained:

2
N∑
i=1

xTi(t)f(xi(t)) = 2
N∑
i=1

[
xTi(t)

(
f(xi(t)) −Δxi(t)

)
+ xTi(t)Δxi(t)

]

≤ 2
N∑
i=1

[
− xTi(t)xi(t) + maxk{ k}xTi(t)xi(t)

]

= (−2 + 2 maxk{ k})
N∑
i=1

xTi(t)xi(t)

= V (t),

(3.4)

where = −2 + 2 maxk{ k}.

Let x (t) = (x1 (t),x2 (t),...,xN (t))T and h(x (t)) = (h(x1 (t)),h(x2 (t)),...,
h(xN (t)))T . Since [(h(u) − h(v))/(u − v)] ≥ > 0, it follows from the diffusive property

of matrix L that

2c
N∑
i=1

N∑
j=1

ijx
T
i(t)Γh

(
xj(t)

)
= 2c

N∑
i=1

N∑
j=1

ij

[
n∑
=1

xi (t) h
(
xj (t)

)]

= 2c
n∑
=1

⎡⎣ N∑
i=1

N∑
j=1

xi (t) ijh
(
xj (t)

)⎤⎦
= 2c

n∑
=1

(
x (t)

)T
Lh

(
x (t)

)

= −c
n∑
=1

N∑
i=1

N∑
j=1,j/=i

ij
(
xi (t) − xj (t)

)(
h(xi (t)) − h

(
xj (t)

))

≤ −c
n∑
=1

N∑
i=1

N∑
j=1,j/=i

ij
(
xi (t) − xj (t)

)2

≤ 0.

(3.5)
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From the inequalities (3.4) and (3.5), we can obtain that

V̇ (t) ≤ V (t), t∈ (tk−1,tk],k = 1,2,.... (3.6)

Therefore,

V (t) ≤ V
(
t+k−1

)
exp[ (t− tk−1)], t∈ (tk−1,tk),k = 1,2,.... (3.7)

On the other hand, when t= t+k,k = 1,2,...,

V
(
t+k
)
=

N∑
i=1

xTi
(
t+k
)
xi
(
t+k
)
=

N∑
i=1

(
1 + μ

)2
xTi(tk)xi(tk) =

(
1 + μ

)2
V (tk). (3.8)

From (3.7) and (3.8), we know that for any t ∈ (t0,t1],V (t) ≤ V (t0)e (t−t0), which leads to

V (t1) ≤ V (t0)e (t1−t0). When t= t+1 , one has V (t+1 ) ≤ (1 + μ)2V (t1) ≤ (1 + μ)2V (t0)e (t1−t0). By

induction, for t∈ (tk,tk+1], k = 1,2,...,

V (t) ≤ V (t0)
(
1 + μ

)2k
e (t−t0). (3.9)

Let N (t,t0) be the number of impulsive times of the impulsive sequence on the

interval (t0,t). Hence for any t∈ R we can obtain

V (t) ≤
(
1 + μ

)2N (t,t0)e (t−t0)V (t0). (3.10)

Since μ ∈ (−2,0), it follows from Definition 2.3 that

V (t) ≤
(
1 + μ

)2((t−t0)/Ta−N 0)e (t−t0)V (t0)

≤
(
1 + μ

)−2N 0e(2 ln(|1+μ|)/Ta)(t−t0)e (t−t0)V (t0)

=
(
1 + μ

)−2N 0e(2 ln(|1+μ|)/Ta+ )(t−t0)V (t0)

=
(
1 + μ

)−2N 0e (t−t0)V (t0).

(3.11)

Since = (2 ln(|1 + μ|)/Ta) + < 0, the system (2.1) can be exponentially stabilized to

the original point, which implies exponential synchronization of the impulsive dynamical

network (2.3). The proof is completed.

Remark 3.2. Due to the introduction of the concept “average impulsive interval”, the

requirement on the lower bound and upper bound of impulsive interval is removed in

Theorem 3.1. It makes our result less conservative.
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4. Numerical Example

In this section, based on the results obtained in the previous section, we consider the

impulsive control of four nonlinearly-coupled canonical Lorenz systems to show the ef-

fectiveness of our results. The network is described as follows:

ẋi= f(xi(t)) + c
4∑
j=1

ijΓh
(
xj(t)

)
, t/=tk,

Δxi(tk) = μxi(tk), t= tk,

(4.1)

where xi = (xi1,xi2,xi3)
T ∈ R

3 is the state vector of ith node, h(xi(t)) = (h(xi1(t)),
h(xi2(t)),h(xi3(t)))

T = (3xi1(t)+sin(xi1(t)),3xi2(t)+sin(xi2(t)),3xi3(t)+sin(xi3(t)))
T satisfying

the condition: [(h(u) − h(v))/(u − v)] ≥ > 0 for any u,v ∈ R with = 2. The Laplacian

coupling matrix is

L =

⎡⎢⎢⎢⎢⎢⎣
−5 4 1 0

4 −6 0 2

1 0 −1 0

0 2 0 −2

⎤⎥⎥⎥⎥⎥⎦. (4.2)

The uncoupled canonical Lorenz system ẏ(t) = f(y(t)) is described as

ẏ1 = 10
(
y2 − y1

)
,

ẏ2 = 28y1 − y2 − y1y3,

ẏ3 = y1y2 −
8

3
y3,

(4.3)

and the respective double-scroll attractor is shown in Figure 1.

In this case, we can prove that the coupled Lorenz system satisfies the QUAD condition

with P = I, Δ = diag{10,19,−5/3} and = 1, which can be verified in the following:

xTi(t)
(
f(xi(t)) −Δxi(t)

)
= xTi(t)

(
10xi2 − 10xi1,28xi1 − xi2 − xi1xi3,xi1xi2 −

8

3
xi3

)
− xTi(t)Δxi(t)

= xi1(10xi2 − 10xi1) + xi2(28xi1 − xi2 − xi1xi3) + xi3
(
xi1xi2 −

8

3
xi3

)

− 10x2
i1 − 19x2

i +
5

3
x2
i3 = −20x2

i1 − 20x2
i − x2

i3 + 38xi1xi2

≤ −x2
i1 − x2

i − x2
i3 = −xTi(t)xi(t).

(4.4)
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Figure 1: The double-scroll attractor of the Lorenz system.
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Figure 2: Evolution of the state variable xi(t),i= 1,2,3,4.

Then = −2 + 2 maxk{ k} = 36. If we choose average impulsive interval Ta = 0.125 and μ =
−1.1, the sufficient condition in the Theorem 3.1 will be satisfied with 2 ln(|1 + μ|)/Ta + < 0.

The simulation results of xi(t),i= 1,2,3,4 are shown in Figure 2 with the coupling strength

c= 1.

5. Conclusion

In this paper, the synchronization of nonlinearly-coupled networks has been investigated.

By using the impulsive controllers, the nonlinearly-coupled dynamical networks can be

synchronized to the original point. A criterion for the synchronization is derived by using the

stability analysis of impulsive differential equations and the concept of average impulsive

interval. A numerical example is finally given to illustrate the effectiveness and feasibility

of the proposed method and result. One of the future research topics would be extending
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the present results to the synchronization of nonlinearly coupled networks by impulsively

controlling a small fraction of nodes.
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We consider multiagent consensus problems in a decentralized fashion. The interconnection
topology among the agents is switching and directed. The agent dynamics is expressed in
the form of a double-integrator model. Two different cases are considered: one is the leader-
following case and the other is the leaderless case. Based on graph theory and the common
Lyapunov function method, some sufficient conditions are established for the consensus stability
of the considered systems with the neighbor-based feedback laws in both leader-following case
and leaderless case, respectively. As special cases, the consensus conditions for balanced and
undirected interconnection topology cases can be established directly. Finally, two numerical
examples are given to illustrate the obtained results.

1. Introduction

In recent years, the coordination problem of multiple autonomous agents has drawn an

increasing attention. It is because there are many applications of multiagent systems in many

areas including cooperative control of unmanned air vehicles, flocking of birds, schooling for

underwater vehicles, distributed sensor networks, attitude alignment for cluster of satellites,

collective motion of particles, and distributed computations [1–5].
Although these practical backgrounds are different, the fundamental principles in

the coordination of multiple spacecraft, robots, and even animals are very similar, that is,

coordinating multiple agents to achieve a goal of the whole system by local information. As

a result, a critical problem for coordinated control is to design appropriate protocols and

algorithms such that the group of agents can reach consensus on the shared information

in the presence of limited and unreliable information exchange and dynamically changing

interaction topologies [6]. In [5], the author also pointed out that a key technology in

cooperative control is the problem of consensus. The investigated feedback scheme associated
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with those problems is inspired by the aggregates of individuals in nature. Reynolds first

proposed a computer animation model to simulate collective behaviors of multiple agents

in [2]. In the fields of system and control, the development of consensus theory is primarily

impelled by Vicsek’s particle swarm model mentioned in [3]. In [1], Jadbabaie et al. gave

a theoretical explanation of the consensus behavior of Vicsek’s model and proved that the

states of all the jointly connected agents converged to the same value or the value of a given

leader. Ren and Beard [6] extended the work of Jadbabaie et al. [1] to the case of directed

graphs and explored the minimum requirements to reach global consensus. Olfati-Saber

and Murray studied the average-consensus problem with strongly connected and balanced

directed topologies in [7], which is essentially the same problem as in [1, 6] for continuous-

time consensus scheme. Similar or generalized consensus problems have also been studied in

[8–12]. There are also many interesting results about the similar topic for stochastic complex

networks [13–15].
In real applications, the interacting topology between agents may change dynamically

since the communication links between agents may be unreliable due to disturbances and/or

subject to communication time delay. It is well known that switching of the communication

topology and communication time delays may lower the system performance and even

cause the network system to diverge or oscillate. Theoretically, the consensus in undirected

switching topology is much easier than that of directed switching topology. Recently, some

preliminary results have been reported to deal with the directed switching topology [16, 17].
Furthermore, with many practical applications, especially involving mechanical sys-

tems, the dynamics of agents is usually modeled as a double integrator ẍ = u. There are many

interesting agent-related works, such as in [18–20], involving double-integrator dynamics

under switching and undirected interconnection topology among the agents. Most existing

results are obtained under undirected interconnection topology. In directed topology case,

[21] discussed this topic under the simple fixed topology. In [9], the authors pointed out that

the system matrix related to this multiagent system with double-integrator dynamics does

not satisfy the properties related to stochastic matrix and the norm-based method proposed

by [1] may fail for the double-integrator form agent dynamic. Therefore, the Lyapunov-based

approach is often chosen to solve consensus problem of multi-agent systems with double

integrator model.

Motivated by the above works, we study a group of agents with the double-in-

tegrator dynamics. The main purpose of this paper is to develop a decentralized control

strategy to reach the global consensus of the multi-agent systems under directed switching

interconnection topology among the agents. Two different cases are considered: one is the

leader-following case and the other is the leaderless case. First, we establish a sufficient

consensus condition by constructing a parameter-dependent common Lyapunov function in

leader-following formulation. The established consensus condition is expressed as a reduced-

order Lyapunov matrix inequalities. As commonly known, it is not an easy task to construct

a common Lyapunov function for a switching system, let alone the parameter-dependent

common Lyapunov function. As for the leaderless case, the common Lyapunov method

cannot be used directly. By using the Schur orthogonal transformation, we decomposes

the group tracking dynamics into two subsystems: one represses the leader and the other

represses a leader-following subsystem. Then, a sufficient condition is established by

applying the obtained leader-following consensus condition to leader-following subsystem.

As special cases, we can obtain consensus conditions directly for the multi-agent system

with undirected and balanced switching interconnection topology. The jointly connected

convergence condition can guarantee that the multi-agent with linear dynamical model
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achieves consensus. But for double-integrator model, we construct a counterexample to show

that the jointly connected condition may not guarantee that the multi-agent system achieves

consensus, which implies that the proposed globally reachable convergence condition may be

moderatable and acceptable. By using similar analysis method, we also can probe consensus

problems of [9, 18, 19] with switching and directed interconnection topology. Finally, the

numerical examples also show that the established consensus condition is solvable.

The rest of the paper is organized as follows. In Section 2, we give a formulation of

the coordination problem with help of graph theory. Then in Section 3, some results on the

consensus stability are obtained for the multi-agent system with fixed and varying inter-

connection topologies in the leader-following case, while in Section 4, the leaderless case

is studied. In Section 5, two simulation examples are presented to illustrate our theoretical

results. Finally, concluding remarks with discussions of the future work are given in Section 6.

The notation of this paper is standard. R is the real number set. I is an identity matrix

with compatible dimension. A T denotes as transpose of a matrix A . For symmetric matrices

A and B, A > (≥)B means A − B is positive (semi-)definite. (A ) represents an eigenvalue

of A . For symmetric matrices A , min(A ) and max(A ) represent the minimum and maximum

eigenvalue of A , respectively. ‖ • ‖ denotes the Euclidean norm. ⊗ denotes the Kronecker

product, which satisfies (1) (A ⊗ B)(C ⊗ D ) = (A C ) ⊗ (BD ); (2) if A ≥ 0 and B ≥ 0, then

A ⊗ B ≥ 0.

2. Problem Formulation

Stability analysis of the group of agents is based on several results of algebraic graph theory.

In this section, we first introduce some basic concepts and notations in graph theory that will

be used throughout this paper. More details are available in [22].
We n by G = {V, ,A } with an index set I = {1,2,...,n}, where V = {v1,v2,...,vn}

is the set of vertices, ⊂ V × V is the set of edges of the digraph, and each edge is denoted by

(vi,vj) ∈ ,i,j ∈ I, and a weighted adjacency matrix A = [aij] has nonnegative adjacency

elements aij. Throughout this paper, we assume that all the graphs have no edges from a

node to itself. A weighted graph is called undirected if for all (vi,vj) ∈ ⇒ (vj,vi) ∈ and

aij = aji. Otherwise, the graph is called a directed graph or digraph. The adjacency elements

associated with the edges of the graph are positive, that is aij > 0 ⇔ (vi,vj) ∈ . Obviously,

we also have aij = 0 ⇔ (vi,vj) /∈ . A path from vertex vito vertex vj is a sequence of distinct

vertices starting with vi and ending with vj such that consecutive pair of vertices make an

edge of digraph. If there is a path from one node vi to another node vj, then vj is said to

be reachable from vi. If a node vi is reachable from every other node of the digraph, then it

is said to be globally reachable. Obviously, every node of an undirected connected graph is

globally reachable.

The relationships between n agents can be conveniently described by a simple digraph

G. We denote the set of all neighbor vertices of vertex vi by Ni = {j | (vi,vj) ∈ }.

Neighboring relations reflect physical proximity between two agents, or the existence of a

communication channel [6]. Its degree matrix D = diag{d1,...,dn} ∈ Rn×n is a diagonal

matrix, where diagonal elements di =
∑

j∈Ni
aij for i= 1,...,n. Then the Laplacian matrix of

G is defined as

L = D − A . (2.1)
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The following lemma relates the Laplacian matrix with its directed graph, as well as

supplying an algebraic characterization. It is well known that the Laplacian matrix captures

many interesting properties of the graphs. The result of Lemma 2.1 can be found in [6].

Lemma 2.1. The weighted graph Laplacian matrix L associated with graph G has at least one zero
eigenvalue, and all of the nonzero eigenvalues are located on the open right half plane. Furthermore, L
has exactly one zero eigenvalue if and only if the directed graph G has a globally reachable node.

Moreover, for a digraph with a globally reachable node, the n-dimensional eigenvector

associated with the single zero eigenvalue is the vector of ones, 1 := (1,1,...,1)T . For

undirected weight graph G, L is symmetric, positive and semidefinite, and all eigenvalues

of L are real and nonnegative.

A weighted graph G = (V, ,A ) is said to be balanced if

n∑
j=1

aij =
n∑
j=1

aji, i= 1,2,...,n, (2.2)

Any undirected weighted graph is balanced. Furthermore, a weighted graph is balanced if

and only if 1TL = 0 (see [7]).
Let ˜ be the set of reverse edges of G obtained by reversing the order of all the pairs in

. The mirror of G is denoted by an undirected graph in the form Ĝ = (V,̂ ,Â ) with the same

set of nodes of G, the set of edges ̂ = ∪ ,̃ and the symmetric adjacency matrix Â = [âij] with

elements âij = (aij+ aji)/2. The Laplacian matrix for mirror graph Ĝ is L(Ĝ) = (1/2)(L(G) +
LT(G)) if and only if G is balanced graph [7].

In what follows, we mainly consider a graph G associated with the system with n
agents (labeled by vi,i= 1,2,...,n) and one leader (labeled by v0). A simple and directed

graph G describing the topology relation of these n followers, and G contains graph G and v0

with the directed edges from some agents to the leader describes the topology relation among

all agents. In other words, we denote a weighted digraph of order n + 1 by G = {V, ,A },

where V = {v0,v1,...,vn}, and the weighted matrix has the following form:

A =

(
0 0

b A

)
, b = (b1,b2,· · · ,bn)T ∈ Rn,A =

(
aij
)
∈ Rn×n. (2.3)

The element aij > 0 represents that agent iis connected to agent j, and bi > 0 represents

that agent iis connected to leader. Meanwhile, aij = 0 and bi = 0 represents that agent iis

not connected to agent jand leader, respectively. The induced subgraph G = {V, ,A } of G
represses the interconnection topology among n following agents.

For the multi-agent system under consideration, the relationships between neighbors

can change over time and the interconnection topology may be dynamically changing. Let

t1 = 0,t2,t3,...be an infinite time sequence at which the interconnection graph of the

considered multi-agent system switches. Usually, it is assumed that chattering does not occur;

that is, there is a constant 0 > 0, often called dwell time, with ti+1 − ti ≥ 0, for all i.
Moreover, we assume that only finite possible interconnection topologies can be switched.

In the leaderless case, denote S = {G1,G2,...,GN} as a set of the graphs of all possible

topologies, while in the leader-following case, denote S = {G1,G2,...,GN 0
} as a set of the
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graphs of all possible topologies. Denote P = {1,2,...,N } and P0 = {1,2,...,N 0} as index

sets, respectively.

In this paper, we intend to coordinate n mobile agents with each agent expressed in

the form of a double integrator:

ṙi= pi,

ṗi = ui,
i= 1,...,n, (2.4)

where ri∈ Rm is the position of agent i,pi∈ Rm its velocity and ui∈ Rm its control inputs. In

the leader-following case, the dynamics of the leader is taken as

ṙ0 = p0

ṗ0 = a0(t),
(2.5)

where r0 ∈ Rm and p0 ∈ Rm are the position and velocity vectors of the leader, respectively,

and a0(t) ∈ Rm is a known input, which may be regarded as some given policy known to all

the agents. Particularly, a0(t) ≡ 0 expresses that the leader moves in constant velocity.

The n mobile agents are said to achieve global consensus if for any given initial values

ri(0) and pi(0) (i= 1,2,...,n), limt→+∞ (ri(t)−rj(t)) = 0 and limt→+∞ (pi(t)−pj(t)) = 0 for any

i,j = 1,2,...,n. Thus, in the leader-following case, the multi-agent system achieves global

consensus if and only if limt→+∞ (ri(t) − r0(t)) = 0 and limt→+∞ (pi(t) − p0(t)) = 0 for any

initial values.

The control law is said to beneighbor control law or local control law if all the control

inputs uionly depend on the states of agent iand its neighbors. We are interested in using

neighbor control law to solve the consensus problem. To this end, the controller uiof agent

i, regarded as node i in a graph, requires state information from a subset of the agent’s

flockmates, called the neighbor set Niand defined as above. There are two cases considered

for multi-agent system as follows.

Leader-Following Case

For any i∈ I, take the local control law, which is neighbor-based feedback law as follows:

ui = a0(t) −
( ∑

j∈Ni(t)
aij(t)

(
ri− rj

)
+ bi(t)(ri− r0)

)

−
( ∑

j∈Ni(t)
aij(t)

(
pi− pj

)
+ bi(t)

(
pi− p0

))
,

(2.6)

where is considered as a “control” parameter, which is positive constant and will be

determined later, and is a positive weighted parameter. The set of switching interconnection

topology graph is assumed to beGl= {V, l,A l},l∈ P0, where the A lhas the following form:

A l=

(
0 0

bl A l

)
, bl=

(
b(l)1 ,b(l)2 ,...,b(l)n

)T
∈ Rn,A l=

(
a(l)ij

)
∈ Rn×n. (2.7)
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In time t, the interconnection topology graph is assumed to be switched to Gl,l∈ P0, so aij(t)
and bi(t) are chosen by aij(t) = a(l)ij and bi(t) = b(l)i .

Denote sj = rj− r0 and qj = pj− p0. Take s := (sT1,...,s
T
n)

T ∈ Rm n, q := (qT1,...,q
T
n)

T ∈
Rm n, and u := (uT1 − aT0,uT2 − aT0,...,uTn − aT0 )

T ∈ Rm n. Then error dynamics of closed system

(2.4)–(2.6) can be rewritten as

ṡ= q,

q̇ = u = − (H ⊗ Im )s− (H ⊗ Im )q,
(2.8)

where H = L + B , : [0,+∞) → P0 = {1,2,...,N 0} is a piecewise constant switching

signal with successive times when the topology of graph G switches. L is the Laplacian

matrix of the switching graph G consisting of n vertices (presenting agents 1,...,n), and B
is a diagonal matrix whose idiagonal entry is bi(t) at time t.

Leaderless Case

Because there is no leader dynamics (2.5), take the local control law for any i∈ I as follows:

ui= −
∑

j∈Ni(t)

aij(t)
(
ri− rj

)
−

∑
j∈Ni(t)

aij(t)
(
pi− pj

)
. (2.9)

Let r := (rT1 ,...,r
T
n )

T
and p := (pT1,...,p

T
n)

T
. Then we can rewrite the closed-loop system (2.4)

and (2.9) as

ṙ= p,

ṗ = u = − (L ⊗ Im )r− (L ⊗ Im )p,
(2.10)

where : [0,+∞) → P = {1,2,...,N } is a piecewise constant switching signal to describe

the switch of the interconnection graph G. The aij(t) is chosen by aij(t) = a(l)ij ,l∈ P.

The next lemma shows well-known results and will be used later, which is given in

[23].

Lemma 2.2. Suppose that a symmetric matrix is partitioned as

(
C 1 C 2

CT
2 C 3

)
, (2.11)

where C 1 and C 3 are square. This matrix is positive definite if and only if C 1 is positive definite and
C 3 − CT

2C
−1
1 C 2 is positive definite.

In what follows, we first focus on the analysis of the leader-following case and then

study the leaderless case in a similar trace.



Mathematical Problems in Engineering 7

3. Leader-Following Case

In this section, we concentrate on the analysis of the multi-agent systems with a leader. If

the information of the input a0(t) can be used in local control design, then we can prove that

although the leader keeps changing, the agents can follow the leader that is, consensus is

achieved.

Using neighbor-based feedback law (2.6), the error dynamics system (2.8) will be

expressed in a compact form as follows:

ẋ = (F ⊗ Im )x, (3.1)

where

x =

(
s

q

)
, F =

(
0 I

− H − H

)
. (3.2)

The interconnection topology graph is G (t), and the interconnection graphs asso-

ciated with all followers are G (t).
Note that F is not directly related to a stochastic matrix, and therefore, the method

reported in [1] cannot be applied directly. In what follows, we will propose an approach

based on common Lyapunov function for the system (3.1) to demonstrate the convergence of

the dynamics system (3.1).
Now we give the main result in the leader-following case as follows.

Theorem 3.1. Suppose that the interconnection graph is connected for any interval [tj,tj+1). If there
exist a positive definite matrix P1 and a positive constant μ such that

H T
lP1 + P1H l≥ μI, l∈ P0, (3.3)

and taking a constant

>
2

μ 2 max

(
P1

)
, (3.4)

then the local control law (2.6) can guarantee that multi-agent system (2.4), (2.5) achieves consensus
for any given initial condition r(0) and p(0).

Proof. To prove the theorem, we consider the dynamics in each interval at first. Note that, in

any interval (say [tj,tj+1)), the interconnection topology does not change. Therefore, F (t) is

a constant matrix for t∈ [tj,tj+1) for any j≥ 0, and then the solution to (3.1) is well defined.

Thus, we can assume that (t) = l,l∈ P0,t∈ [tj,tj+1). Choose matrix P̃1 as

P̃1 =

⎛⎝2P1 P1

P1
2P1

⎞⎠. (3.5)



8 Mathematical Problems in Engineering

We can verify that P̃1 is positive definite by applying Lemma 2.2. Consider a common Lya-

punov function V (x) = xT(P̃1 ⊗ Im )x, where P̃1 is defined in (3.5). Then, for any l∈ P0 which

corresponds to interval [tj,tj+1), we have

V̇ (x)|(3.1) = xT
[(
FTl ⊗ Im

)(
P̃1 ⊗ Im

)
+
(
P̃1 ⊗ Im

)
(Fl⊗ Im )

]
x

= xT
[(
FTl P̃1 + P̃1Fl

)
⊗ Im

]
x := −xT(Q l⊗ Im )x,

(3.6)

where

Q l=

⎛⎝
(
H T

lP1 + P1H l

)
2
(
H T

lP1 + P1H l

)
− 2P1

2
(
H T

lP1 + P1H l

)
− 2P1

3
(
H T

lP1 + P1H l

)
− 2 P1

⎞⎠. (3.7)

Note that (
2

2 3

)
⊗
(
H T

lP1 + P1H l− μI
)
≥ 0. (3.8)

Then we have

Q l≥ Q :=

⎛⎝ μI 2μI− 2P1

2μI− 2P1
3μI− 2 P1

⎞⎠. (3.9)

By using Lemma 2.2, (3.4) guarantees that matrix Q is positive definite.

In addition, the maximum eigenvalue of P̃1 is

max

(
P̃1

)
=

2 + 2 + 2
√

1 + 4

2
max

(
P1

)
,

min
xT(Q l⊗ I)x
xT
(
P̃1 ⊗ I

)
x
≥ min(Q )

max

(
P̃1

). (3.10)

Let := min(Q )/2 max(P̃2). Then, we have V̇ (x) ≤ −2 V (x), which implies V (x) ≤
V (x(0))e−2 t. Moreover, we have

‖x(t)‖ ≤
√
V (x)√

min

(
P̃1

) ≤
√
V (0)√

min

(
P̃1

)e− t≤

√
max

(
P̃1

)
√

min

(
P̃1

) ‖x(0)‖e− t. (3.11)

Thus we have limt→+∞ x(t) = 0 with at least an exponent rate . The proof is now completed.
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Remark 3.2. Obviously, the consensus problem of closed-loop multi-agent system (2.4), (2.5)
and (2.6) is equivalent to stability problem of error system (3.1). The closed-loop multi-

agent system and the error system are both 2n-order systems, and the consensus condition

(3.3) given in Theorem 3.1 is n-order Lyapunov matrix inequalities. Thus, the established

consensus condition is a reduced order condition. In many applications, the system normally

switches in finite model. The assumption that the system switches only in finite model is

often used. Because the interconnection topology is modeled by weighted digraph, different

weight will lead different interconnection topology. Although the set of nodes and the set of

possible edges are finite, the set of possible interconnection topology may be infinite, but from

the point of mathematics, the assumption that the index set P is finite in Theorem 3.1 may be

not necessary. From the proof of Theorem 3.1, we can also obtain the result of Theorem 3.1 by

the assumption that condition (3.3) is satisfied for any element of an infinite index set P.

Note that the matrix H = L + B plays a key role in the convergence analysis of system

(3.1). A matrix is said to be a positive stable matrix if all its eigenvalues have positive real

parts. The matrix H = L + B is positive stable if and only if node v0 is globally reachable in G
(see [18]).

Of course, the result of Theorem 3.1 can be applied to fixed topology case directly.

Because H is positive stable, there exists a positive definite matrix P2 ∈ Rn×n such that

H TP2 + P2H = I. (3.12)

Therefore, we can obtain the following corollary for fixed topology case.

Corollary 3.3. Suppose the interconnection topology G is fixed. If node v0 is globally reachable in G
and the constant satisfies

>
2
2 max

(
P2

)
, (3.13)

then the local control law (2.6) can guarantee that system (2.4), (2.5) achieves consensus for any given
initial condition r(0) and p(0).

Moreover, let i(H ) = i+ j i (i= 1,2,...,n) be ith eigenvalue of H . A necessary and

sufficient condition for fixed topology case obtained by [21] is given as follows. The local

control law (2.6) can guarantee that the multi-agent system in leader-following case achieves

consensus for any given initial condition r(0) and p(0) if and only if node v0 is globally

reachable in G and the constants and satisfy

>
1
2

max
i

2
i

i
[

2
i +

2
i

]. (3.14)

The assumption that node v0 is globally reachable in G can guarantee that i > 0. For

any given > 0, i> 0, and i, it is not difficult to see (3.14) can be satisfied for larger enough

. Obviously, (3.14) always holds for any > 0, > 0 if all i= 0. When the interconnection

graphs G associated with all followers are undirected and node v0 is globally reachable in G,
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all eigenvalues of H are real and positive (see [9]). Thus, in this fixed undirected case, multi-

agent system (2.4)–(2.6) achieves consensus for any given initial condition r(0) and p(0) if

and only if node v0 is globally reachable in G.

Consider the special case that the graph G associated with all followers is balanced.

The matrix L + LT is positive semidefinite. Moreover, we have (see [18]).

Lemma 3.4. Suppose Glis balanced. Then H T
l +H lis positive definite if and only if node v0 is globally

reachable in Gl.

Based on Lemma 3.4 and the fact that the set P0 is finite, define

1 : =
1

2
min
l∈P0

{
min

(
H T

l + H l
)
| node 0 is globally reachable of Gl and Gl is balanced

}
> 0

(3.15)

which is fixed and depends directly on the constants a(l)ij and
(l)
i for i,j = 1,...,n and

l = 1,2,...,N . Obviously, if all the interconnection graphs G associated with followers

are undirected and node v0 is globally reachable in G , 1 can be expressed as 1 =
minp∈P0

{ min(H l)}. Now we propose following the corollary for the balanced graph case.

Corollary 3.5. In any interval [tj,tj+1), suppose that node v0 is globally reachable in the inter-
connection graph Gl, and Glassociated with all followers is balanced. Taking a constant

>
1

2
1

, (3.16)

then multi-agent system (2.4)–(2.6) achieves consensus for any given initial condition r(0) and p(0).

Proof. According to Lemma 3.4 and the definition of 1, we have

H T
lI+ IH l≥ 2 1I. (3.17)

Then we can obtain the corollary directly by using the result of Theorem 3.1.

Because the interconnection graph considered in this paper is weighted graph,

two graphs with same edge set and different weighted adjacency matrices are different

interconnection graphs. Although the node set and edge are finite, the set of possible

interconnection graph may be infinite. For the case that all the graphs Gl,l∈ P0 are associated

with all followers are balanced and the switching index set P0 is infinite, we also can prove

that multi-agent system achieves consensus by only assumption that there exists a positive

constant amin such that all nonzero weighted factors a(l)ij ,b
(l)
i are equal or greater than amin.

To probe the consensus stability condition in this case, let Γ0 = {Gp,p ∈ P0}
denote the class of all possible interconnection graphs with the following properties: (1)
v0 is globally reachable node; (2) the interconnection graph Gp related to all followers is

balanced; (3) all constant weighted factors aij,biare equal or greater than a positive constant

amin. P0 is index set of Γ0, which is infinite set. Let Γ̃0 denote the class of all possible
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nonweighted interconnection graphs with the properties: (1) v0 is globally reachable node;

(2) the interconnection graph G related to all followers is undirected; (3) all nonzero weights

are 1.

For any graph G ∈ Γ0, we construct a related graph G̃ by replacing all directed edges

between all follower agents with undirected edges and all nonzero weights with 1. Because v0

is globally reachable node in the interconnection graph G, v0 is also globally reachable node

in G̃. Thus, we have G̃ ∈ Γ̃0. Moreover, H (G̃) = B(G̃)+L(G̃) is symmetric and positive definite

by Lemma 3.4. Because of the finiteness of node set and edge set, Γ̃0 is a finite set. Define

˜
1 := min

G̃∈Γ̃0

{
min

(
H̃
(
G̃
))}

, (3.18)

which is fixed, and ˜
1 > 0.

On the other hand, consider a weighted graph Ĝ with same node set and edge set as

G̃l. In addition, its weight of edge (i,j) is taken as (aij+ aji)/2 − amin ≥ 0 and weight of edge

(0,i) is taken as 2bi− amin ≥ 0. It is not difficult to see that

H
(
Ĝ
)
= B

(
Ĝ
)
+ L

(
Ĝ
)

= 2B
(
G
)
+ L

(
G
)
+ LT

(
G
)
− amin

[
B
(
G̃
)
+ L

(
G̃
)]

= H
(
G
)
+ H T

(
G
)
− aminH

(
G̃
)
.

(3.19)

Noticing that H (Ĝ) is symmetric and positive semidefinite matrix, we have

H
(
G
)
+ H T

(
G
)
≥ aminH

(
G̃
)
≥ amin

˜
1I. (3.20)

Similarly, we can get the following result.

Corollary 3.6. Suppose that the interconnection graph G (t) of any interval [tj,tj+1) belongs in Γ0.
Take a constant

>
2

amin
2˜

1

. (3.21)

Then the local control law (2.6) can guarantee that the multi-agent system in leader-following case
achieves consensus for any given initial condition r(0) and p(0).
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4. Leaderless Case

In this section, similar to the analysis given in the last section, we probe the consensus

problem for leaderless case. The involved interconnection graph is G instead of G. The closed-

loop system (2.10) will be expressed in a compact form as follows:

ẋ = (F ⊗ Im )x (4.1)

with

x =

(
r

p

)
, F =

(
0 I

− L − L

)
. (4.2)

Noticing that vector 1 is the eigenvector of the Laplacian matrix L corresponding to

its zero eigenvalue by Lemma 2.1, we choose an orthogonal matrix with form

U =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1√
n

∗ · · · ∗
1√
n

∗ · · · ∗
...

...
...

...

1√
n

∗ · · · ∗

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.3)

where ∗ denotes the other entries in this matrix. We have

U TL U =

⎛⎝0 B

0 L

⎞⎠, (4.4)

where B ∈ R1×(n−1),L ∈ R (n−1)×(n−1). Taking s= U Trand q = U Tp, system (4.1) is equivalent

to be described by

ṡ= q

q̇ =

⎡⎣⎛⎝0 − B

0 − L

⎞⎠ ⊗ Im

⎤⎦s+
⎡⎣⎛⎝0 − B

0 − L

⎞⎠ ⊗ Im

⎤⎦q. (4.5)

For convenience, set

0 = s1,

1 =
(
sT2,s

T
3,...,s

T
n

)T
,
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0 = q1,

1 =
(
qT2,q

T
3,...,q

T
n

)T
.

(4.6)

Then the whole system decomposes into two subsystems as follows: one is

˙
1 = 1,

˙ 1 = −
(
L ⊗ Im

)
1 −

(
L ⊗ Im

)
1,

(4.7)

and the other one is

˙
0 = 0,

˙ 0 = −
(
B ⊗ Im

)
1 −

(
B ⊗ Im

)
1.

(4.8)

Notice that all eigenvalues of the matrix L are eigenvalues of L from (4.4), which means all

of the nonzero eigenvalues of L are located on the open right half plane by Lemma 2.1. If the

graph has a globally reachable node, the rank of L is n − 1, and therefore all the eigenvalues

of matrix L are located on the open right half plane, which implies matrix L is positive

stable matrix. Now we give the main result in leaderless case as follows.

Theorem 4.1. Suppose that the interconnection graph has a globally reachable node for any interval
[tj,tj+1). If there exist a matrix U 1 ∈ Rn×(n−1), a positive definite P3 ∈ R (n−1)×(n−1), and a positive
constant μ such that

U T
1 1 = 0,

U T
1U 1 = In−1,(

U T
1LlU 1

)T
P3 + P3

(
U T

1LlU 1

)
≥ μI, l∈ P,

(4.9)

and taking a constant

>
2

μ 2 max

(
P3

)
, (4.10)

then the local control law (2.9) can guarantee that the multi-agent system in leaderless case achieves
consensus for any given initial condition r(0) and p(0).

Proof. Take U = ((1/
√
n)1,U 1). Due to U T

1 1 = 0 and U T
1U 1 = In−1, it is easy to know that U is

an orthogonal matrix and satisfies (4.4). Because the interconnection graph Glhas a globally
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reachable node, Ll= U T
1LlU 1 is positive stable matrix. Applying the result of Theorem 3.1 to

system (4.7), we have

lim
t→∞

(
1

1

)
= 0. (4.11)

Noticing that U T1 = (
√
n,0,...,0)T , we have

r(t) − 1√
n

0(t)1 = U

(
s− 1√

n
0(t)U T1

)
= U

(
0

1(t)

)
−→ 0 (t−→ +∞),

p(t) − 1√
n

0(t)1 = U

(
q− 1√

n
0(t)U T1

)
= U

(
0

1(t)

)
−→ 0 (t−→ +∞),

(4.12)

which imply limt→+∞ (ri(t) − rj(t)) = 0 and limt→+∞ (pi(t) − pj(t)) = 0 for any i,j= 1,2,...,n.

This completes the proof.

Similarly, consider the special case that all the interconnection graphs G are balanced.

Due to 1TL = L 1 = 0 for balanced graph G , we have

U TL U =

(
0 0

0 L

)
, L ∈ R (n−1)×(n−1), (4.13)

where U is orthogonal matrix having form (4.3). The next lemma is given for L
T
+ L .

Lemma 4.2. If G is balanced and has a globally reachable node, then L
T
+ L is positive definite.

Proof. 1/2(LT +L ) is the Laplacian matrix of the mirror graph of G . Because G is balanced

and has a globally reachable node, the mirror graph is undirected and connected. Therefor,

1/2(LT + L ) is positive semidefinite and its rank is n − 1. From (4.13), we have L
T
+ L is

positive definite.

Based on Lemma 4.2 and the fact that the set P is finite, define

2 := min
l∈P

{
1

2
min

(
L
T

l + Ll
)
| Gl is balanced and has a globally reachable node

}
> 0.

(4.14)

2 is also well defined. From (4.13), 2 is equivalent to be expressed as

2 = min
l∈P

{
1

2
2

(
LTl + Ll

)
| Gl is balanced and has a globally reachable node

}
> 0,

(4.15)
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where 2(LTl+Ll) is the second small eigenvalue of LTl+Ll. Moreover, if all the interconnection

graphs G associated with any time interval are undirected and connected, then we have

2 = minl∈P { 2(Ll)}. For balanced graph case, the following corollary is similarly obtained

as in Corollary 3.5.

Corollary 4.3. In any interval [tj,tj+1), suppose that the interconnection graph G (t) is balanced and
has a globally reachable node. Taking a constant

>
1

2
2

, (4.16)

then the local control law (2.9) can guarantee the multi-agent system in leaderless case achieves
consensus for any given initial condition r(0) and p(0).

Similarly, denote by Γ = {Gp,p ∈ P} the class of all possible interconnection graphs

with the following properties: (1) the interconnection graph Gp is balanced and has a globally

reachable node; (2) all constant weighted factors aij are equal or greater than a positive

constant amin. P is index set of Γ, which is infinite set. Let Γ̃ denote the class of all possible

nonweighted interconnection graphs with the properties that the graph is balanced and

connected. Thus Γ̃ is a finite set. Define

˜
2 := min

G̃∈Γ̃

{
2

[
LT
(
G̃
)
+ L

(
G̃
)]}

, (4.17)

which is fixed, and ˜
2 > 0. By applying similar analysis of leader-following case, we propose

the following result directly.

Corollary 4.4. Suppose that any interconnection graph G (t) associated with interval [tj,tj+1)
belongs in Γ. Take a constant

>
2

amin
2˜

2

. (4.18)

Then the local control law (2.6) can guarantee that the multi-agent system in leader-following case
achieves consensus for any given initial condition r(0) and p(0).

Remark 4.5. We define the center of the multi-agent system as r = (1/n)
∑n

i=1ri. The velocity

of the center is expressed as p = (1/n)
∑n

i=1pi. If all the interconnection graphs G associated

with any time interval are balanced, the dynamics of center is given by
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ṙ=
1

n

n∑
i=1

ẋi=
1

n

n∑
i=1

vi= p,

ṗ =
1

n

n∑
i=1

ṗi=
1

n

n∑
i=1

ui,

=
1

n

n∑
i=1

⎡⎣− ∑
j∈Ni

aij
(
ri− rj

)
−

∑
j∈Ni

aij
(
pi− pj

)⎤⎦ = 0.

(4.19)

Then, we can get that

p(t) = p(0) =
1

n

n∑
i=1

pi(0) =
1√
n

0(t),

r(t) = r0(0) + p(0)t=
1√
n

0(t).

(4.20)

The center r of the closed-loop system (2.10) will move at a constant speed (1/n)
∑n

i=1pi(0),
which is the average initial velocity of all agents. The position and velocity of every agent

will tend to the position and velocity of center, respectively, which means that the multi-agent

network achieves consensus.

Remark 4.6. If the dynamics of the agent is linear, that is, ṙ = ui, and the interconnection

graph is jointly connected, as pointed out in the local control law can guarantee the multi-

agent system achieves consensus [1, 8]. But for double-integrator model, the jointly connected

condition may not guarantee that the multi-agent system achieves consensus. We propose

a counterexample as follows. Thus the assumption that the interconnection graph has a

globally reachable node in many references and also in this paper may be moderatable and

acceptable.

Counterexample 1

The multi-agent system contains two agents, labeled by agent 1 and agent 2. Without loss of

generality, we assume m = 1. For any positive constant , let t0 = 0,t1,t2,...be an infinite

time sequence, which satisfies t2k+1 = t2k + 1 and t2k+2 = t2k+1 + (1/2 2) + (1/4 2) (e2 + e−2 ),
k = 0,1,2,.... Suppose that the two agents are connected in time interval [t2k,t2k+1) and not

connected in time interval [t2k+1,t2k+2). The dynamics of the two agents can be expressed as

ṙi= pi,

ṗi= ui,
i= 1,2. (4.21)
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Take = 2 , = . All nonzero weighted elements of graph are taken as 1. Applying the local

law (2.9) to the multi-agent system, the control input uihas the following form:

u1(t) =

⎧⎨⎩−2 (r1 − r2) − 2 2
(
p1 − p2

)
, t∈ [t2k,t2k+1),

0, t∈ [t2k+1,t2k+2),

u2(t) =

⎧⎨⎩−2 (r2 − r1) − 2 2
(
p2 − p1

)
, t∈ [t2k,t2k+1),

0, t∈ [t2k+1,t2k+2).

(4.22)

The initial position and velocity of agents are taken as r1(0) = −r2(0) = (e2 − 2 + 1)/4 2

and p1(0) = −p2(0) = 1. From the symmetry of the input and initial values, we can know that

r1 = −r2 and p1 = −p2. Then, we can obtain

r1(t) = −r2(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
e2 − 2 + 1

4 2
+
e2 + 1

2
(t− t4k)

]
e−2 (t−t4k), t∈ [t4k,t4k+1),

1 + 2

4 2
+

1

4 2
e−2 2 − (t− t4k+1), t∈ [t4k+1,t4k+2),

−
[
e2 − 2 + 1

4 2
+
e2 + 1

2
(t− t4k)

]
e−2 (t−t4k), t∈ [t4k+2,t4k+3),

−1 + 2

4 2
− 1

4 2
e−2 2

+ (t− t4k+3), t∈ [t4k+3,t4k+4),

p1(t) = −p2(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

e−2 (t−t4k) −
(
e2 + 1

)
(t− t4k)e−2 (t−t4k), t∈ [t4k,t4k+1),

−1, t∈ [t4k+1,t4k+2),

−e−2 (t−t4k) +
(
e2 + 1

)
(t− t4k+2)e−2 (t−t4k+2), t∈ [t4k+2,t4k+3),

1, t∈ [t4k+3,t4k+4),

(4.23)

for k = 0,1,2,.... Although the interconnection graph related with any time interval

[t2k+1,t2k+2) is not connected, the jointed graph related to the multi-agent system is jointly

connected in any interval [t2k,t2(k+1)). Thus, the interconnection topology of the multi-agent

system satisfies jointly connected condition proposed by [1]. On the other hand, it is easy to

see that the multi-agent system cannot achieve consensus for any positive constant in this

case.

5. Simulation Examples

In this section, to illustrate our theoretical results derived in the above sections, we will

provide two numerical simulations. Without loss of generality, we take m = 1 in numerical

simulation. In leader-follower case, consider a multi-agent system with one leader and six

followers. The interconnection topology is arbitrarily switched with switching period 1
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among four graphs Gi(i = 1,2,3,4). The Laplacian matrices Li(i = 1,2,3,4) for the four

subgraphs Gi(i= 1,2,3,4) are

L1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3.5 −1.5 0 0 0 −2

−1 5.5 −2.5 0 −2 0

0 −1 2 −1 0 0

0 0 −2 5 −1 −2

0 −2 0 −1 5 −2

−1 0 0 −1 −2 4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, L2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

5 −1 −2 0 −2 0

−1.5 4.5 −1 0 0 −2

−2 −1 4 0 −1 0

0 0 0 2 0 −2

−1 0 −1 0 2 0

0 −2 0 −2 0 4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

L3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 0 0 −2 0 −1

0 2 0 −1 −1 0

0 0 2 0 0 −2

−2 −1 0 5 −2 0

0 −1 0 −2 3 0

−2 0 −2 0 0 4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, L4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 −1 −1 0

0 4 −2 0 −2 0

0 −2 5 −2 0 −1

−2 0 −2 4 0 0

−1 −2 0 0 5 −2

0 0 −1 0 −2 3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(5.1)

and the diagonal matrices for the interconnection relationship between the leader and the

followers are

B1 = diag(1,0,0,1,0,0), B2 = diag(0,1,0,1,0,0),

B3 = diag(1,0,0,0,1,1), B4 = diag(0,0,1,1,0,0).
(5.2)

The positive definite

P2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4.60 0.58 0.18 0.65 0.78 0.67

0.58 4.01 0.95 0.41 0.92 0.85

0.18 0.95 6.12 0.74 0.80 1.38

0.65 0.41 0.74 3.51 0.59 0.61

0.78 0.92 0.80 0.59 5.08 1.05

0.67 0.85 1.38 0.61 1.05 4.92

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.3)

and μ = 1 satisfy condition (3.3). Take = 2.5 and = 3 > (2/μ 2) max(P2), where max(P2) =
8.81.

The initial positions and velocities of the all agents are randomly produced. The

position and velocity errors in Figure 1 are defined as ri−r0 and pi−p0, respectively. Figure 1

shows that the follower agents can track the leader.

In leaderless case, consider a multi-agent system with six agents. The interconnection

topology is also arbitrarily switched with switching period 1 among four graphs Gi(i =
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Figure 1: Position and velocity tracking errors of six followers.

1,2,3,4). The Laplacian matrices Li(i= 1,2,3,4) of graphs Gi are also defined as above.

The matrix

U 1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.4695 0.4926 0.3434 0.3596 −0.3507

−0.5804 −0.5372 −0.0859 −0.4456 −0.0433

0.3598 0.3469 −0.5239 −0.3718 −0.4133

0.5426 −0.2934 0.6559 −0.0941 −0.1174

0.0109 0.3577 0.0222 −0.1558 0.8249

0.1366 −0.3666 −0.4118 0.7077 0.0998

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.4)

the positive definite

P3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.7577 −0.0131 −0.0377 0.0021 −0.0559

−0.0131 0.6863 0.0262 0.0109 −0.0595

−0.0377 0.0262 0.8184 0.0813 0.0027

0.0021 0.0109 0.0813 0.8299 0.0194

−0.0559 −0.0595 0.0027 0.0194 0.8698

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.5)

and μ = 1 such that they satisfy condition (4.9). Take = 2.5 and = 1 > (2/μ 2) max(P3),
where max(P3) = 0.93. The position and velocity errors in Figure 2 are defined as ri− r and

pi− p, respectively. Figure 2 shows the multi-agent system in leaderless case can achieve

consensus.
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Figure 2: Position and velocity tracking errors of six followers.

6. Conclusion

In this paper, we have investigated the control of multi-agent systems with varying directed

interconnection topologies using graph theory and stability theory. The proposed consensus

strategy is neighbor-based law that is, each agent regulated its position and velocity based

on its neighbor agents. There are two different cases considered in this study. One is the

leader-following case and the other the leaderless case. To make this less conservative, a

parameter-dependent common Lyapunov function (CLF) was constructed to analyze the sta-

bility of the closed system. Some sufficient conditions are given to achieve consensus of

these mobile agents with the proposed local control strategies in both leader-following

and leaderless cases, respectively. Of course, we can obtain consensus condition directly

for the multi-agent system with the switching and undirected interconnection topology

or directed balanced interconnection topology. Due to conservativeness of the common

Lyapunov function method, we will probe less conservative method in our future work. We

also will probe multi-agent H ∞ consensus control problems with external disturbance under

time delay directed switching topologies in our future work. Moreover, several numerical

simulations were shown to verify the theoretical analysis.
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Most current studies of neuronal activity dynamics in cortex are based on network models
with completely random wiring. Such models are chosen for mathematical convenience, rather
than biological grounds, and additionally reflect the notorious lack of knowledge about the
neuroanatomical microstructure. Here, we describe some families of new, more realistic network
models and explore some of their properties. Specifically, we consider spatially embedded
networks and impose specific distance-dependent connectivity profiles. Each of these network
models can cover the range from purely local to completely random connectivity, controlled by
a single parameter. Stochastic graph theory is then used to describe and analyze the structure and
the topology of these networks.

1. Introduction

The architecture of any network can be an essential determinant of its respective function.

Signal processing in the brain, for example, relies on a large number of mutually connected

neurons that establish a complex network [1]. Since the seminal work of Ramón y Cajal more

than a hundred years ago, enormous efforts have been put into uncovering the microcircuitry

of the various parts of the brain, including the neocortex [2–6]. On the level of networks,

however, our knowledge is still quite fragmentary, rendering computational network models

for cortical function notoriously underdetermined.

Networks with a probabilistically defined structure represent, from a modeler’s

perspective, a viable method to deal with this lack of detailed knowledge concerning cell-

to-cell connections [7]. In such models, data from statistical neuroanatomy (e.g., coupling

probabilities) are directly used to define ensembles of networks where only few parameters
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Figure 1: Left: reconstruction of a pyramidal cell stained in a tangential slice of the rat neocortex (top view).
Middle: schematic 2D section representing a spatially embedded network composed of locally (red lines)
connected pyramidal cells (black triangles). Right: different types of abstract networks.

are needed to define relatively complex network structures. Properties that all members of

such a statistical ensemble have in common are then regarded as “generic” for this type of

network.

Random graphs [8, 9] and more general stochastic graph models have been

mathematically analyzed in great detail. The main motivation was that striking threshold

behavior and phase transitions could be observed when certain parameters of such systems

were varied. Recently the theory of “complex networks” began to raise even more interest as

it was discovered that real-world networks of very different nature (e.g., social networks,

the Internet, and metabolic networks) share a number of universal properties [10–12].
Applications to large-scale brain organization were among the earliest applications of the new

concepts [13–15]. Here, we suggest to import some of the ideas and methods that came up in

the abstract theory of complex networks and apply them to neuronal networks at a cellular

level (Figure 1). Specifically, we provide several parametric models for spatially embedded

networks. These models allow us to synthesize biologically realistic networks with controlled

statistical properties, which serve as candidate models for cortical networks. Providing such

models supports the joint structural analysis of synthetic and biological networks.

The graph-theoretic analysis of cortical networks raises the following problem: graphs

usually do not deal with space (right part Figure 1), even though a spatial embedding

of the physical network implicitly determines some of its properties. Horizontal wiring

between cortical neurons, for example, exhibits a clear dependence on the distance of the

involved cells, indicated by the left part of Figure 1. Many synaptic contacts are formed

between close neighbors, in accordance with, and constrained by, the geometry of neuronal

dendrites and local axons [16–18]. However, there is also an appreciable number of axons

that travel for longer distances within the gray matter before making synaptic contacts with

cells further away [6, 7, 19, 20]. Absolute numbers of local and nonlocal synaptic connections

are still a matter of debate among neuroanatomists, and the same is true for the details of

the spatial organisation of synaptic projections [1, 6, 7]. Here, we consider three different

candidate network models, each representing one possible concept for the geometric layout

of distance-dependent connectivity. The uncertainty concerning the ratio of local versus

nonlocal synapses is reflected by the systematic variation of a suitable parameter in each

model. Moreover, if spatial aspects are included in simulating and analyzing cortical network
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dynamics, neurons are commonly placed on the grid points of a regular lattice [21, 22].
Cortical neurons, however, are unlikely to be arranged in a crystal-like fashion [1], neither

in three dimensions nor in a two-dimensional projection.

Altogether, we face a spatially embedded and very sparsely connected network, where

only a very small fraction of neuron pairs are synaptically coupled to each other directly.

What is the impact of these general structural features of synaptic wiring in the cortex? Do

these features matter in determining the global topology of the network? Sparse couplings

save cable material, but they also constrain communication in the network. Can the sparsity,

in principle, be overcome by smart circuit design? Likewise, admitting only neighborhood

couplings saves cable length but increases the topological distance between nodes in the

network, that is, the number of synapses engaged in transmitting a signal between remote

neurons becomes quite large [23, 24]. On the other hand, allowing for distant projections

reduces the topological distance, but it induces a higher consumption of wiring material.

These wires occupy space that is clearly limited within the skull. Has cortex optimized

its design by making use of such tricks? Here, we approach these and related biological

questions by establishing suitable parametric families of stochastic network models and by

exploring their properties numerically.

Preliminary results of this study have been presented previously in abstract form

[25, 26].

2. Methods

We considered network models that comprised neurons with directed synaptic connections.

Therefore, our cortical networks were represented by directed graphs G (see Figure 2, left),
specified by nonsymmetric adjacency matrices A (G ) = (aij). We had aij = 1 if a link i→ j
existed, otherwise aij = 0 (see Figure 2, middle). We did neither allow for autapses (self-

coupling) nor for multiple synapses for any pair of neurons. Also, our choice of the adjacency

matrix approach did not allow, at this point, to differentiate between excitatory and inhibitory

synaptic contacts. Our networks were composed of N = 1024 sparsely connected nodes.

On average, only a fraction c ≈ 0.012 of all N (N − 1) possible links was realized in each

particular network. These synaptic connections were established according to probabilistic

rules common to all neurons. In general, the expected number of both incoming and outgoing

synapses was fixed to k ≈ 12; see Table 1. The same distribution for incoming (P(kin)) and

outgoing (P(kout)) links, respectively, held for all nodes. However, in any specific network

realization, each node had random in- and out-degrees. Along the same lines, all other

network properties assumed random values if computed from individual networks. To

obtain characteristic mean values, we generated 20 independent realizations for each type

of network and calculated the corresponding averages and the standard errors of the means

(SEM).

2.1. Spatially Embedded Graphs

Each neuron was situated in a quadratic domain of extent R = 1, wrapped to a torus to

avoid boundary effects (see Figure 2, right). We considered the following two types of 2D

spatially embedded networks, random position networks (RPNs), and lattice position

networks (LPNs). In RPNs, the positions of all nodes were drawn independently from the
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Figure 2: Left: simple ring graph composed of 6 nodes. Middle: the corresponding adjacency matrix. Right:
scheme describing the construction of spatially embedded networks with distance-dependent connectivity.
Each node (red dots) has a connectivity disk (filled circle); blue arrows indicate periodic boundary
conditions (torus topology).

Table 1: List of randomness parameters used to construct the spatially embedded RPNs. is the rewiring
probability for the SW model, (r,p) describe range and probability of connectivity in the FN model, and
( ,p0) are the parameters for the adjusted GN networks.

SW: 0 0.01 0.02 0.05 0.1 0.2 0.5 0.8 1

FN: p 1 0.99 0.98 0.95 0.9 0.8 0.5 0.2 0.01

FN: r 0.0611 0.0614 0.0617 0.0627 0.0644 0.0683 0.0864 0.1366 0.5

k (FN, LPN) 12 — 11.76 11.4 10.8 10.2 12.00 12.00 11.9

GN: p0 1 — — 0.95 0.9 0.8 0.5 0.2 0.05

GN: 0.0432 — — 0.0443 0.0455 0.0483 0.061 0.0965 0.197

same uniform probability distribution. In LPNs, the nodes were placed on the grid points of

a rectangular lattice. For a comparison, we also analyzed the corresponding 1D ring graphs.

In a network with no long-range connections, nodes placed within a circular neighbor-

hood of radius rwere linked to the center node with connection probability p, according to

cR2 = pr2 with r≤ R. (2.1)

For the LPNs, the smallest possible neighborhood compatible with this rule was obtained

for full connectivity (p = 1), implying a radius rmin = R
√
c/ ≈ 0.061. This neighborhood

consisted of 8 nearest neighbors and 4 additional next-to-nearest neighbors, compatible with

k = 12 for all networks considered in this study.

We considered the following three families of networks, each spanning the full range

from regular to random connectivity.

(i) Fuzzy neighborhood (FN) network: this model assumed uniform connectivity of

probability p within a circular neighborhood of radius r. No connections were

established with nodes further away. Starting from a symmetric adjacency matrix

A (G ) with (r,p) = (rmin,1), the transition to a completely random graph was

induced by simultaneously increasing r and decreasing p accordingly to (r,p) =
(0.5,0.015).

(ii) Small-world- (SW-) like network: again starting from (r,p) = (rmin,1), we applied

a rewiring procedure in order to introduce long-range links, that is, connections

spanning larger distances than rmin. Each individual link of the graph was, with
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probability , replaced by a randomly selected one. For = 1 we again ended up

with a completely random graph.

(iii) Gaussian neighborhood (GN) network: Gaussian profiles were used to define a

smooth distance-dependent connection probability, adjusted to the connectivity

parameters of the FN networks. The corresponding parameter pairs were ( ,p0),
where was the width of the Gaussian profile used. For technical reasons, we

confined our investigation here to RPN models. In contrast to the FN and SW

models, the initial adjacency matrix A (G ) for ( ,p0) = (0.043,1) was nonsymmet-

rical. Motivated by neuroanatomical data [16], GN models represent a biologically

more realistic connectivity model.

2.2. Characteristic Network Properties

The following descriptors were used to characterize and compare the network models

described above. Most quantities are well established in the context of graph theory (see, eg.,

[10, 11]).
(a) Degree distributions and correlations: counting incoming and outgoing links for

each node of a graph yield an estimate of the distribution of in-degrees Pin(k) and out-

degrees Pout(k), respectively. Here, we only used the out-degree for analysis. The two-node

degree correlation K c = 〈∑i→jkikj〉 describes out-degree correlations between connected

nodes i → j. In addition, to account for the spatial embedding aspect of our graphs, we

considered histograms of the number of links between any two nodes depending on their

spatial distance.

(b) Small-world characteristics: the cluster coefficient describes the probability that

two nodes, both connected to a common third node, are also directly linked to each other.

Let Ci be the fraction of links actually established between any two nodes receiving a link

from node i. We considered the mean cluster coefficient C = (1/N )
∑

iCi. Additionally, we

calculated the degree-dependent cluster coefficient C (k), where the average was formed over

all nodes with a given out-degree [27]. The shortest path Lij is the minimal number of hops

necessary to get from node ito node jrespecting link directions. We considered the average

shortest path length L = (1/N (N − 1))
∑

i/=jLij for all pairs of distinct nodes, referred to as

“characteristic” path length. If delays in a neuronal network are mainly generated by synaptic
and dendritic integration times, L is a natural measure for the total delay to transmit a signal

from neuron ito neuron j. The two measures C and L together constitute the so-called small-

world characteristics [10–12].
(c) Wiring length: since we deal with spatially embedded networks, any pair of nodes

iand jcan be assigned a spatial distance D ij. Of interest here was the total pairwise distance

of connected nodes D =
∑

i→jD ij. It provides a measure of the total wiring length of the

network, assuming straight cables [28, 29]. If delays in a neuronal network are mainly

generated by axonal conductance times, D is a natural measure for the total delay to transmit

a signal from neuron ito neuron j.
(d) Eigenvalues and eigenvectors: for any graph G with N nodes, we numerically

determined the N (complex) eigenvalues of its adjacency matrix A (G ) and estimated the

eigenvalue density P( ) based on 20 samples of graphs of the same type [10, 30, 31]. The

corresponding eigenvectors v of A (G ) were also numerically determined [10]. To quantify
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Figure 3: Localization of four sample eigenvectors of spatially embedded graphs. The squared value of
each component of an eigenvector is represented by a rectangle of proportional area, centered at the
position of the corresponding node. Top left: FN random position network with p = 0.9. Bottom right:
FN lattice position network with p = 0.5. Right top and bottom: Two different eigenvectors of a SW RPN
for = 0.1.

the spatial spread of a normalized eigenvector v, we used three different measures: firstly,

the weighted 2D circular variance

V = 4 − 2

∣∣∣∣∣∑
k

|vk|2e2 ixk/R

∣∣∣∣∣ − 2

∣∣∣∣∣∑
k

|vk|2e2 iyk/R

∣∣∣∣∣, (2.2)

where vk are the components of v satisfying
∑

kv
2
k = 1 and (xk,yk) denotes the spatial

coordinates of node k. Complex numbers were used here to conveniently account for the

fact that the neurons in our model are arranged on a torus. The circular mean [32, 33] of x-

coordinates across all neurons μc =
∑

ke
(2 ixk)/R was used to obtain the average x-coordinate

in a consistent manner. The circular variance 2
c = 2(1 − |μc|) provides a measure for the

dispersion of x-coordinates and small values of 2
c indicate a high concentration on the

circle. For any eigenvector v, we considered the sum of the circular variances for x- and

y-coordinates, respectively, each weighed according to the participation of individual nodes

k described by the coefficient |vk|2. This definition gives values for 0 ≤ V ≤ 4. Small values

of V indicate that the “mass” encoded by the squared components of v is concentrated in a

compact spatial region (see Figure 3 (top-left)), while larger values of V imply that it is more
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uniformly spread over the whole domain (see Figure 3 (bottom-right)). For comparison, we

also considered two other measures, the entropy H and the inverse participation ratio I

H = −
N∑
k=1

|vk|2 log
(
|vk|2

)
, I=

N∑
k=1

|vk|4. (2.3)

The entropy H assumes its maximal value H max = logN if the mass encoded by the squared

coefficients of v is uniformly distributed over its N components. Its minimal value H min = 0

is assumed if the mass is concentrated in one point in space. The inverse participation ratio

was suggested for the analysis of 1D ring graphs [31]. In contrast to H , it assumes its

minimal value Imin = 1/N if the mass encoded by the squared coefficients of v is uniformly

distributed over its N components. Its maximal value Imax = 1 is assumed if the mass is

concentrated in one point in space. As the circular variance, both measures were used to

asses the spatial concentration of eigenfunctions. Figure 3 shows four sample eigenvectors

arising from different networks, with the corresponding values for the three locality measures

indicated above each plot.

3. Results

We employed several characteristic network properties to compare different types of spatially

embedded networks (FN, SW, and GN). Comparing FN and SW connectivity, we aimed

to analyze the effect of unconstrained long-range connections, as opposed to the compact

FN connectivity. We also asked if GN connectivity provides an appropriate compromise,

involving long-range links combined with a compact local connectivity range. We focused on

networks with random node positions (RPN), while the results for lattice position networks

(LPNs) and the corresponding 1D ring graphs are only discussed in case of a significant

deviation.

3.1. Degree Distributions and Degree Correlations

In the FN, SW, and GN scenarios, networks with random node positions exhibited binomial

distributions for both the in- and out-degree (Figure 4 (top-left)), irrespective of the relative

abundance of nonlocal connections. For networks with nodes positioned on a regular lattice,

however, these distributions were binomial only in the case of random connectivity. Here,

a more regular wiring ( < 0.5, p > 0.5), that is, fewer nonlocal connections, implied less

spread in the distribution [28]. For RPNs, the variability of the degree of each node depended

both on the randomness parameter characterizing its connectivity and on the fluctuations of

the number of nodes located within its neighborhood (connectivity disk). In case of LPNs,

however, this variability was only determined by the randomness parameter.

Figure 4 (top-right) shows the two node degree correlations of RPNs for the three

types of connectivity considered in this study (FN, GN, and SW). Additionally shown are

the results of calculating K c for 1D ring graphs with SW and FN connectivity. These were

comparable to those of the LPN models but much less influenced by the strong sensitivity

to fluctuations in k as they occurred for LPNs with FN connectivity. For regularly connected

1D ring graphs (p = 1 or = 0) the degree correlations exhibited smaller values (K c = kk)
than for random connections (p ≈ 0, = 1), resulting in an increasing K c curve. In contrast,
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Figure 4: Top left: binomial out-degree distributions (gray) for RPNs based on FN and SW connectivity for
different parameter settings. The fitted binomial distribution is superimposed (black). Top right: degree
correlations depending on the randomness parameters p and , respectively, for FN (blue), SW (red),
and GN (green) RPNs. The results for the corresponding 1D ring graphs are also indicated, for both SW
(magenta) and FN (light blue). Each data point represents the mean outcome of 20 simulations, the largest
occurring SEM is 0.54. Bottom: three histograms P(d) of the number of links in dependence of their spatial
distance d. Each histogram represents one connectivity type (SW, FN, or GN). The specific parametric
realizations are chosen according to an approximately equal mean distance of connected nodes D = 0.15,
corresponding to a horizontal line in Figure 5, bottom left.

for RPNs, K c started with rather high values and decreased with increasing randomness

parameter, terminating at the same value of approximately K c = 156 as observed for

randomly connected 1D ring graphs. RPNs with GN connectivity exhibited rather small K c

values for < 0.2 compared to the other two models. Thus, P(k) and K c clearly depended on

the type of spatial embedding (RPN versus LPN), whereas there were only small deviations

with respect to the type of connectivity (FN versus SW versus GN).
The three histograms in Figure 4 (bottom) indicate the frequency of connections P(d)

at a given distance d for SW, FN, and GN RPNs, respectively. Each of these networks was

established with the same total wiring length D = 0.15 (cf. Figure 5). In contrast to the

out-degree distribution P(k), the distributions P(d) reflect the specific distance-dependent

connectivity profiles. For uniform connection probability, as given in the local neighborhood

d < rmin = 0.0611 in SW networks, P(d) exhibited a linear slope; see Figure 4, bottom-left.

We also observed a linear increase of P(d) within the connectivity range rof FN networks, as

well as for the number of long-range links (rmin < r< R) in SW models. This feature is due to

the linear increase of the circumference of a circle with increasing radius. Therefore, in case of

a 2D spacial embedding with uniformly distributed node positions and a constant connection

probability, the number of nodes connected at a given distance grows linearly with increasing

distance. For GN networks, however, the connection probability is not constant but decreases

with increasing distance, leading to the nonlinear rise, and decline, as displayed in Figure 4,

bottom-right.
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Figure 5: Top left: cluster coefficient C and average shortest path length L for RPN with SW (upper) and
FN (lower) connectivity, for different parameters p and , respectively. All curves are normalized to the
common maximum (Cmax = 0.586, Lmax = 8.53). Shown are mean values obtained from 20 simulations
for each parameter, the SEM is always below 0.003. Top right: scatter plot of the normalized values of C
versus L for RPNs with FN, SW, and GN connectivity. The leftward bending of the SW curve reflects the
small-world effect: Strong clustering (high values of C ) coexists with short paths linking pairs of nodes
(low values of L). Bottom left: mean distance of connected nodes D for FN, GN, and SW RPNs, depending
on p or , respectively. All values are normalized as described above (D max = 0.38). The SEM is below on
0.00009. Bottom right: scattering of D versus L for the same FN, GN, and SW RPNs.

3.2. Small-World Characteristics and Wiring Length

In this section, most results are shown for RPNs. Concerning the average shortest path length

and the mean distance of connected nodes, any differences between RPNs and LPNs were
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Figure 6: Degree-dependent cluster coefficient for RPNs (left) and LPNs (right) with SW (red symbols) and
FN (blue symbols) connectivity. Each figure shows the results for several different values of the parameters
p and , respectively.

negligible. Only the cluster coefficient was significantly higher in case of RPNs; for a detailed

analysis of this issue, see [28].
The well-known characteristic feature of small-world networks is the L-C ratio

depending on the rewiring probability . Starting from a regular graph with increasing

the average shortest path length, L, initially decreases much more than the cluster coefficient

C . This is exactly what we observed for our spatially embedded SW networks; see Figure 5,

top left (red curves). In contrast, we found C ≤ L for all p in case of FN connectivity (blue

curves). These findings are summarized in Figure 5, top-right, plotting C versus L for the

three types of connectivity. Randomness now progresses from top-right to bottom-left. Spa-

tially embedded SW networks showed a strong small-world effect, according to which very

few long-range connections sufficed to dramatically decrease the characteristic path length

L, while the cluster coefficient C remained relatively high. Neither FN nor GN networks

shared this behavior. Any given clustering C was associated with much shorter paths L in

SW networks than in FN or GN networks.

Figure 5, bottom, shows the mean Euclidean distance D between pairs of connected

nodes, again depending on the randomness parameters p, and . For SW connectivity,

D increased linearly, while again both FN and GN curves exhibited a different behavior:

initially, there was a comparably weak increase, which became steeper at p0 = 0.8 and p = 0.8.

Wiring length D and graph distance L are jointly displayed for all networks considered here

in Figure 5, bottom-right. For all network models, D increased as L decreased from regular

(bottom-right) to random (top) connectivity. Non-local connections decreased the graph-

theoretic path length L, but they increased the total wiring length D . To realize a given graph-

theoretic path length, SW networks had the smallest wiring expenses, followed by GN and

FN networks, which make the least effective use of cables.

We also computed the degree-dependent cluster coefficient C (k), another well-

established measure for 1D networks [27]. For random graphs, C (k) is known to be indepen-

dent of the degree k. This is what we observed for RPNs, independently of the type of connec-

tivity, as well as for LPNs with FN and GN connectivity, as indicated by the horizontal lines in

Figure 6. Only for LPNs with a less random SW connectivity ( < 0.5) we found a decreasing

C (k) for degrees k larger than a certain threshold (depending on the specific value of
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). This effect cannot be traced back to the degree distribution since P(k) is identical for

the corresponding SW and FN LPNs (see above). In LPNs, thus, the nonconstant C (k)
carries information about deviations from a uniform connectivity. In turn, for more regular

connectivity, C (k) behaved differently for RPNs and LPNs, respectively.

To summarize, FN and GN models did not exhibit any small-world characteristics.

There was no reduction of L compared to C with increasing randomness because

unconstrained long-range connections were only present in the SW model. Long-range links

also induced the strong increase of D in the SW model, as well as the decrease in C (k) in case

of LPNs.

3.3. Eigenvalues and Eigenvectors

Concerning the eigenvalue distribution of the adjacency matrix, we again found characteristic

differences due to the spatial embedding, especially in the case of near-regular connectivity.

We observed, however, again only small deviations between different types of connectivity.

Figure 7, bottom rows, shows the density of eigenvalues (real part on the x-axis,

imaginary part on the y-axis) for the FN (left) and SW (right) RPNs. From top to bottom

randomness progresses, indicated by p ranging from 0.95 to 0.015 and ranging from 0.05 to

1.0. For regular networks (p = 1 or = 0), these networks had a symmetric adjacency matrix

and, therefore, only real eigenvalues. The corresponding eigenvalue spectrum P( ) is shown

in Figure 7, top. Note the prominent peak at = −1 in an otherwise smooth and asymmetric

distribution. The GN network, however, even at p0 = 1 exhibited an asymmetric disk-like

structure, due to the initially asymmetrical adjacency matrix (data not shown). In contrast to

the smooth distributions of RPNs, the eigenvalue density of LPNs was rugged, with many

peaks; see Figure 8.

For both the FN and SW scenarios, the distribution of eigenvalues smoothly changed

its shape from circular (most eigenvalues complex) with radius
√
N c(1 − c) in the case

of a completely randomly connected network to degenerate (all eigenvalues real) with a

heavy tail of large positive eigenvalues for networks with only local couplings; see Figure 7.

Additionally, both distributions exhibited a prominent peak at Re( ) = −1 , clearly visible

only for p > 0.9 and < 0.1, respectively. In the FN model, there were more large real

eigenvalues, corresponding to the prominent horizontal line. For the SW model, particularly

in the range of = 0.5, we observed a higher frequency of eigenvalues with 2.5 < Re( ) < 7.5
and −1.5 < Im( ) < 1.5.

Although the spectra of FN and SW networks were quite similar, the average spatial

concentration of eigenvectors turned out to be a quite sensitive indicator for both the type

of spatial embedding (RPN versus LPN) and the type of wiring (FN versus SW) assumed

for the construction of the graph. Figure 9 shows the results of calculating the locality of

all eigenvectors. As explained in Section 2 we considered three measures, two of them are

displayed in Figure 9. In the top row, we present the entropy H for RPNs, the middle row

shows the square-root of the circular variance V 1/2 for RPNs, and the bottom row shows the

same quantity for LPNs. In each figure, dots correspond to the eigenvectors and eigenvalues

of one particular network realization. The different colors represent different randomness

parameters p and , respectively.

In general, the eigenvectors corresponding to the largest absolute values of were

the most local ones. Additionally, we found that the more regular the connectivity is, the

more spatial concentration occurs: there were more localized eigenvectors in the regular
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Figure 7: Eigenvalue density of FN (left) and SW (right) RPNs ranging from local (top) to random
(bottom) networks. Top: real eigenvalue spectrum of a (symmetric) locally connected network (r= 0.061,
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parameters p and are indicated within the plot. The logarithmic gray scale indicates densities up to about
16 per unit square (black).
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Figure 8: Complex eigenvalue density for LPNs with FN (p = 0.95) and SW ( = 0.05) connectivity. The
logarithmic gray scale indicates densities up to about 16 per unit square (black).
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connectivity range (red), and these exhibited smaller values of both V 1/2 and H . (the I
measure behaved similar to H ; data not shown). In addition to the features discussed above,

we again found a prominent aggregation for = −1 which can be traced back to the peak at

Re( = −1) in the eigenvalue spectrum. Comparing our two connectivity models, we found
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that the eigenvectors of the FN networks were clearly more local than those for SW networks:

There were more points with small V 1/2 values on the left than on the right side of Figure 9.

Figure 9, bottom, indicates a prominent difference between RPNs and LPNs. Lattice

positions produced significantly less spatial concentration. We found only very few eigenvec-

tors for V 1/2 < 1.5. The most local eigenvectors were not to be found in the regular connectiv-

ity range but for values of p and at approximately 0.5. Hence, a certain amount of random-

ness was important for the emergence of locality. There was less locality in the LPNs and less

locality in the SW model. However, for more random connectivity these differences were less

expressed. With respect to the circular variance, the GN model showed indeed intermediate

behavior: the eigenvectors were not as local as in the SW network, but there was more spatial

concentration than in the FN model.

4. Discussion and Conclusions

We introduced two families of network models, each describing a sheet, or layer, of cortical

tissue with different types of horizontal connections. We assumed no particular structure in

the vertical dimension. Neurons were situated in space, and the probability for a synaptic

coupling between any two cells depended only on their distance. Both models could be

made compatible with basic neuroanatomy by adjusting the parameters of the coupling

appropriately. Both families of networks spanned the full range from purely local, or regular,

to completely random connectivity by variation of a single parameter. The paths they took

through the high-dimensional manifold of possible networks, however, were very different.

The first model (fuzzy neighborhood) assumed a homogeneous coupling probability

for neurons within a disk of a given diameter centered at the source neuron. The probability

was matched to the size of the disk such that the total connectivity assumed a prescribed

value. The related Gaussian neighborhood model was based on similar assumptions but its

smoothly decreasing connection probabilities were defined by Gaussian profiles, adapted to

those of the fuzzy neighborhood model. For very small disks, only close neighbors formed

synapses with each other, and, for very large disks spanning the whole network, couplings

were effectively random. The second model (small world) started with the same narrow

neighborhoods but departed in a different direction by replacing more and more local

connections with nonlocal ones, randomly selecting targets that were located anywhere in

the network.

For most models considered in this study, the initial random positioning of neurons in

space guaranteed that both in-degrees and out-degrees had always the same binomial distri-

bution, irrespective of the size of the disk defining the neighborhood and irrespective of the

number of non-local connections. This means that none of the statistical differences between

the various candidate models described in the paper can be due to specific degree distri-

butions. This is in marked contrast to the original demonstration of the small-world effect

in ring graphs [34], where the locally coupled networks were at the same time completely

regular, that is, all degrees were identical. Finally, we also relaxed the random positioning of

neurons before linking them and put them on a (jittered) grid instead [28]. It is striking to see

(and a warning to the modeler) that this had indeed a strong impact on several parameters

considered (Figures 6 and 9).
The first main result of this study is that networks residing in two dimensions—

very much like one-dimensional ring graphs [34]—can also exhibit the small-world effect

(Figure 5). As a prerequisite, though, the non-local shortcut links must be allowed to invade
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also remote parts of the network without any constraints on the distance they might need

to travel. In our small-world model, strong clustering (provided by intense neighborhood

coupling) and short graph-theoretical paths (provided by the long-distance bridges)
coexisted for certain parameter constellations. Such a smart circuit design is the prevailing

assumption for cortical connectivity [14, 15, 29]. In the fuzzy neighborhood models, in

contrast, the global limit imposed on the physical length of connections was strictly pro-

hibitive for this combination of properties. The Gaussian neighborhood model, finally, shows

comparably weak clustering but shorter graph-theoretical paths than the corresponding

fuzzy neighborhood model.

It seems reasonable to assume that, in neocortex, the length of a cable realizing a

connection is roughly proportional to the physical distance it has to bridge. The second main

result of this study is that the length of the average shortest graph-theoretical path was always

inversely related to the total length of cable that is necessary to realize it (Figure 5 (bottom

part)), considering networks with fixed global connectivity. Completely random networks

had very short graph-theoretical paths, but they needed a lot of cable to be wired up. In

contrast, networks with local couplings were only very economical in terms of cable, for

the price of quite long graph-theoretical paths. Networks from the small-world regime with

short graph-theoretical paths were relatively inefficient in terms of necessary cable length,

compared to the fuzzy and Gaussian neighborhood models (Figure 5). Only networks with

patchy long-range connectivity [7, 20, 29] provide a near-to-optimal solution since they

are very efficient in terms of both cable and graph-theoretical path lengths, in addition to

high clustering. Networks with patchy connectivity are, however, beyond the scope of this

paper. In view of the results presented here, an optimized model would employ a Gaussian

connectivity profile for local connections, combined with some long-distance bridges to

overcome the sparsity in cortical connectivity.

What conclusions can be drawn from graph spectral analyses? First of all, the complex

eigenvalue spectrum of the adjacency matrix of a graph is a true graph invariant in the sense

that any equivalent graph (obtained by renaming the nodes) has exactly the same spectrum.

To some degree, the opposite is also the case: significantly different graphs give rise to differ-

ently shaped eigenvalue spectra. Empirically, it seems that similar graphs also yield similar

spectra, but a rigorous mathematical foundation of such a result would be very difficult to

establish. So we informally state the result that the shape of eigenvalue spectra reflects char-

acteristic properties of graph ensembles, very much like a fingerprint. With an appropriate

catalog at hand, major characteristics of a network might be recognized from its eigenvalue

spectrum.

More can be said once the eigenvalue spectrum is interpreted in an appropriate

dynamical context. Linearizing the firing rate dynamics about a stationary state allows

the direct interpretation of eigenvalues in terms of the transient dynamic properties of

an eigenstate. Real parts give the damping time constant, and imaginary parts yield the

oscillation frequency. Although some care must be taken to correctly account for inhibition in

the network [35], it is safe to predict that networks with more local connections tend to have

a greater diversity with respect to the life times of their states and a reduced tendency to pro-

duce fast oscillations (Figure 7). The spatial properties of the eigenstates (Figures 3 and 9) are

potentially relevant for describing network-wide features of activity, which can be observed

in the brain using modern methods like real-time optical imaging. More specific predictions

about the network dynamics based on a network model, however, would certainly

depend on the precise neuron model, further parameters describing the circuit, in particular
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synaptic transmission delays [36], but also on the type of signal the dynamic properties of

which are considered [37].
Finally, we would like to stress once more the importance of identifying characteristic

parameters in stochastic graphs and their potential yield for the analysis of neuroanatomical

data. Measurable quantities, or combinations of such characteristic numbers, could be of

invaluable help to find signatures and to eventually identify the type of neuronal network

represented by neocortex.
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This paper proposes a multiinput and multioutput (MIMO) quasi-autoregressive eXogenous
(ARX) model and a multivariable-decoupling proportional integral differential (PID) controller for

MIMO nonlinear systems based on the proposed model. The proposed MIMO quasi-ARX model

improves the performance of ordinary quasi-ARX model. The proposed controller consists of a

traditional PID controller with a decoupling compensator and a feed-forward compensator for the

nonlinear dynamics based on the MIMO quasi-ARX model. Then an adaptive control algorithm

is presented using the MIMO quasi-ARX radial basis function network (RBFN) prediction model

and some stability analysis of control system is shown. Simulation results show the effectiveness

of the proposed control method.

1. Introduction

Nonlinear system control has become a considerable topic in the field of control engineering

[1, 2]. Many control results have been obtained for nonlinear single-input and single-output

(SISO) systems based on the black box models, such as neural networks (NNs), wavelet

networks (WNs), neurofuzzy networks (NFNs), and radial basis function networks (RBFNs),
because of their abilities to approximate arbitrary mapping to any desired accuracy [3–9].
These black box models have been directly used to identify and control nonlinear dynamical

systems.



2 Mathematical Problems in Engineering

Due to the complexity of nonlinear Multi-Input and Multi-Output (MIMO) systems,

most of the control techniques developed for SISO systems cannot be extended directly

for MIMO systems. One of the main difficulties in MIMO nonlinear system control is

coupling problem. As such, it is important to investigate the realization of decoupling control.

Many adaptive decoupling control algorithms have been proposed to deal with coupling in

nonlinear system based on linear methods and nonlinear networks [10–14]. Some decoupling

control methods of them are difficult not only to achieve accurate requirement and stability

but also to be implemented in industrial applications. On the other hand, PID controller

has been widely applied in controlling the SISO system because of its simple structure and

relatively easy industrial application [15, 16]. However, PID controller cannot be directly used

for MIMO model. Lang et al. [17] proposed a multivariable decoupling PID controller for

MIMO linear systems based on the linear PID control and generalized minimum variance

control law. What’s more, Zhai & Chai [18] presented a multivariable PID control method

using neural network to deal with nonlinear multivariable processes. In this control system,

the nonlinear unmodeled part estimated by neural network is considered as a black box. The

initial weights of neural network, local minima, and overfitting are the problems which need

to be resolved.

In our previous work, a quasi-autoregressive exogenous (ARX) model with an ARX-

like macromodel part and a kernel part was proposed, and a controller was designed for

SISO systems [4, 19–21]. The kernel part is an ordinary network model, but it is used to

parameterize the nonlinear coefficients of macromodel. As we know, RBFNs have played an

important role in control engineering, especially in nonlinear system control because of their

simple topological structure and precision in nonlinear approximation [22, 23]. Especially,

RBFNs can be regarded as nonlinear models which are linear in parameters when fixing the

nonlinear parameters by a priori knowledge [24, 25]. Incorporating the network models with

this property, the quasi-ARX models become linear in parameters. Therefore, the RBFNs are

chosen to replace the NNs as in [4].

The SISO model and control methods based on quasi-ARX model cannot directly

be applied to MIMO nonlinear systems. Motivated by the above discussions, an MIMO

quasi-ARX model is first proposed for MIMO nonlinear systems and then a nonlinear

multivariable decoupling PID controller is proposed based on the MIMO quasi-ARX model,

which consists of a traditional PID controller with a decoupling compensator and a feed-

forward compensator for the nonlinear dynamics based on the MIMO quasi-ARX model.

Then an adaptive controller is presented using the MIMO quasi-ARX RBFN prediction model.

The parameters of such controller are selected based on the generalized minimum control

variance. In this paper, quasi-ARX RBFN model is divided into two parts: the linear part is

used to guarantee the stability and decoupling, and the nonlinear part is used to improve the

accuracy.

The paper is organized as follows: in Section 2 the nonlinear MIMO system considered

is first described, and then a hybrid system expression is obtained and an MIMO quasi-

ARX RBFN model is proposed. In Section 3, a multivariable decoupling PID controller

is developed based on the proposed model and generalized minimum variance control

law. Then an adaptive control algorithm is presented using the MIMO quasi-ARX RBFN

prediction model, and the corresponding parameter estimation methods are proposed in

Section 4. Section 5 carries out numerical simulations to show the effectiveness of the

proposed control method. Finally, Section 6 presents the conclusions.
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2. An MIMO Quasi-ARX Model

2.1. Systems

Consider an MIMO nonlinear dynamical system with input-output relation as

y(t+ d) = f
(

(t)
)
,

(t) =
[
y(t+ d − 1)T,...,y

(
t+ d − ny

)T
,u(t)T,...,u(t− nu + 1)T

]T
,

(2.1)

where y = [y1,...,yn]
T ∈ Rn and u = [u1,...,un]

T ∈ Rn are system input and output vectors,

respectively, d the known integer time delay, (t) the regression vector, and ny,nu the system

orders. f(·) = [f1(·),...,fn(·)]T is a vector-valued nonlinear function, and, at a small region

around (t) = 0(0 = [0,...,0]T), they are C∞ continuous. The origin is an equilibrium point,

then f(0) = 0. The system is controllable, in which a reasonable unknown controller may be

expressed by u(t) = ( (t)), where (t) is defined in Section 2.4.

2.2. ARX-Like Expression

Under the continuous condition, the unknown nonlinear function fk( (t)),(i= 1,...,n) can

be performed Taylor expansion on a small region around (t) = 0:

yk(t+ d) = f′k(0) (t) +
1

2
T(t)f′′k(0) (t) + · · ·, (2.2)

where the prime denotes differentiation with respect to (t). Then the following notations are

introduced:

(
f′k(0) +

1

2
T(t)f′′k(0) + · · ·

)T

=
[
a1,k

1,t · · ·a
1,k
ny,t

· · ·an,kny,tb
1,k
1,t · · ·b

1,k
nu,t

· · ·bn,knu,t
]T
, (2.3)

where al,ki,t = al,ki ( (t))(i = 1,...,ny) and bl,kj,t = bl,kj ( (t))(j = 0,...,nu − 1) are nonlinear

functions of (t).
However, we need to get y(t+d) by using the input-output data up to time tin a model.

The coefficients al,ki,t and bl,kj,t need to be calculable using the input-output data up to time t. To

do so, let us iteratively replace y(t+ l) in the expressions of al,ki,t and bl,kj,t with functions:

y(t+ s) =⇒ g
( ˜(t+ s)), s= 1,...,d − 1, (2.4)

where ˜(t+ s) is (t+ s) whose elements y(t+ m ),s+ 1 < m ≤ d − sare replaced by (2.4), and

define the new expressions of the coefficients by

al,ki,t = ãl,ki,t = ãl,ki
(

(t)
)
, bl,kj,t = b̃l,kj,t = b̃l,kj

(
(t)
)
, (2.5)
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where (t) is a vector:

(t) =
[
y(t)T · · ·y

(
t− ny + 1

)Tu(t)T · · ·u(t− nu − d + 2)T
]T
. (2.6)

Now, introduce two polynomial matrices A(q−1, (t)) and B(q−1, (t)) based on the

coefficients, defined by

A
(
q−1, (t)

)
= I − a1,tq

−1 − · · · − any,tq
−ny,

B
(
q−1, (t)

)
= b0,t+ · · · + bnu−1,tq

−nu+1,
(2.7)

where ai,t = (al,ki,t)N ×N ,i= 1,...,ny and bj,t = (bl,kj,t)N ×N
,j = 1,...,nu. Then, the nonlinear

system (2.1) can be equivalently represented as the following ARX-like expression:

A
(
q−1, (t)

)
y(t+ d) = B

(
q−1, (t)

)
u(t). (2.8)

By (2.8), let y(t+ d) satisfies the following equation:

y(t+ d) = A
(
q−1, (t)

)
y(t) + B

(
q−1, (t)

)
u(t), (2.9)

where

A
(
q−1, (t)

)
= A 0,t+ A 1,tq

−1 + · · · + A ny−1,tq
−ny+1,

B
(
q−1, (t)

)
= F

(
q−1, (t)

)
B
(
q−1, (t)

)
,

= B0,t+ B1,tq
−1 + · · · + Bnu+d−2,tq

−nu−d+2,

(2.10)

A i,t(i= 0,...,ny − 1) and Bj,t(j= 0,...,nu + d − 2) are coefficient matrices. And G(q−1, (t)),
F(q−1, (t)) are unique polynomials satisfying

F
(
q−1, (t)

)
A
(
q−1, (t)

)
= I − A

(
q−1, (t)

)
q−d. (2.11)

2.3. Hybrid Expression

The coefficients matrices A i,t(i= 0,...,ny − 1) and Bj,t(j= 0,...,nu + d − 2) can be considered

as a summation of two parts: the constant part A l
iand Blj and the nonlinear function part on

(t) which are denoted A n
i,tand Bni,t. Then, the expression of system in the predictor form (2.9)

can be described by

y(t+ d) = Al
(
q−1

)
y(t) + Bl

(
q−1

)
u(t) +An

(
q−1, (t)

)
y(t) + Bn

(
q−1, (t)

)
u(t), (2.12)
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where

Al
(
q−1

)
= A l

0 + A
l
1q

−1 + · · · + A l
ny−1q

−ny+1,

An
(
q−1, (t)

)
= A l

0,t+ A
l
1,tq

−1 + · · · + A l
ny−1,tq

−ny+1,

Bl
(
q−1

)
= Bl0 + B

l
1q

−1 + · · · + Blny−d+2q
−nu+d−2,

Bn
(
q−1, (t)

)
= Bl0,t+ B

l
1,tq

−1 + · · · + Blny−d+2,tq
−nu+d−2.

(2.13)

Similar with [18], the linear polynomial matrix Bl(q−1) can be expressed as Bl(q−1) =

Bl(q−1)+B
l

(q−1) with Bl(q−1) being diagonal and B
l

(q−1) being a polynomial matrix with zero

diagonal elements.

Then, the linear and nonlinear expression of system (2.12) can be obtained as

y(t+ d) = Al
(
q−1

)
y(t) + B

l(
q−1

)
u(t) + B

l(
q−1

)
u(t)

+An
(
q−1, (t)

)
y(t) + Bn

(
q−1, (t)

)
u(t).

(2.14)

2.4. Quasi-ARX RBFN Model

Now, we will propose an MIMO quasi-ARX RBFN model. However, the v( (t)) are based on

Ψ(t) whose elements contain u(t). To solve this problem, an extravariable x(t) Obviously, in

a control system, the reference signal y∗(t+ d) can be used as the extra variable x(t+ d), is

introduced, and an unknown nonlinear function ( (t)) is used to replace the variable u(t)
in (t). Under the assumption of the system is controllable in Section 2.1, the function ( (t))
exists. Define

(t) =
[
y(t)T · · ·y(t− n1)Tx(t+ d)

T · · · x(t− n3 + d)
Tu(t− 1)T · · ·u(t− n2)T

]T
, (2.15)

including the extra variable x(t+d) as an element. A typical choice for n1,n2, and n3 in (t) is

n1 = ny − 1, n2 = nu + d − 2, and n3 = 0. We can express (2.14) by

y(t+ d) = T(t)Ω0 + (t) n, (2.16)

where T(t) = (t−d). The elements of n are unknown nonlinear function of (t), which can

be parameterized by NN or RBFN. In this paper, the RBFN is used which has local property:

n =
M∑
j=1

ΩjRj
(
pj, (t)

)
, (2.17)
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where M is the number of RBFs. Ωj = [Ωj,1,...,Ωj,n] is the coefficient matrix with Ωj,i =
[ 1

j,i,...,
N
j,i]

T , j= 1,...,M . And Rj( (t),Ωj) the RBFs defined by

Rj
(
pj, (t)

)
= e− j‖ (t)−Zj‖2

, j= 1,2,...,M , (2.18)

where pj = { j,Zj} is the parameters set of the RBFN; Zj is the center vector of RBF and

j are the scaling parameters; ‖ • ‖2 denotes the vector two norm. Then we can express the

quasi-ARX RBFN prediction model for (2.16) in a form of

y(t+ d) = T(t)Ω0 + T(t)
M∑
j=1

ΩjRj
(
pj, (t)

)
. (2.19)

3. Controller Design

3.1. Nonlinear Multivariable Decoupling PID Controller

Introduce the following performance index:

M (t+ d) =
∥∥∥y(t+ d) − R

(
q−1

)
y∗(t+ d) + S

(
q−1

)
u(t) +Q

(
q−1

)
u(t)

∥∥∥, (3.1)

where R and S are the diagonal weighting polynomial matrices, and Q is a weighting

polynomial matrix with diagonal elements.

The optimal control law minimizing (3.1) is

y(t+ d) − R
(
q−1

)
y∗(t+ d) + S

(
q−1

)
u(t) +Q

(
q−1

)
u(t) = 0. (3.2)

Substituting (2.14) into (3.2), the following equation is obtained:

(
Bl
(
q−1

)
+Q

(
q−1

))
u(t) = R

(
q−1

)
y∗(t+ d) −Al

(
q−1

)
y(t) −

(
B
l(
q−1

)
+ S

(
q−1

))
u(t)

−
(
Bn
(
q−1, (t)

)
u(t) +An

(
q−1, (t)

)
y(t)

)
,

(3.3)

where Bl(q−1) + Q(q−1) = −1H(q−1), with = diag{ 1,... n} and H(q−1) = (1 − q−1) · I. By

introducing R(q−1) = Al(q−1) and Bl(q−1)S(q−1) = Q(q−1)B
l

(q−1), when ny − 1 ≤ 2, a nonlinear

decoupling PID controller is obtained, similar to a traditional PID controller:

H
(
q−1

)
u(t) = Al

(
q−1

)
e(t) −H

(
q−1

)
u(t) − v

(
(t)
)
, (3.4)

where H(q−1) = (B
l

(q−1) + S(q−1)) and v( (t)) = (Bn(q−1, (t))u(t) + An(q−1, (t))y(t)).
e(t) = y∗(t+ d) − y(t).



Mathematical Problems in Engineering 7

MIMO Quasi-ARX model

Nonlinear system

Controller

Controller
parameters

H (q−1)u(t) = u(e(t),K P,K I,K D ,H , ( (t)))

ꉱy

y∗

y

e

e

u

ꉱy(t+ d) = A (q−1, (t))y(t) + B(q−1, (t))u(t)

Figure 1: The multivariable decoupling PID control system based on MIMO quasi-ARX model.

The controller (3.4) is substituted into the system (3.2), the obtained closed-loop

system which is shown in Figure 1 will be stable, and the decoupling control effect and

tracking errors can be eliminated.

A velocity-type form of the PID controller is given:

H
(
q−1

)
u(t) = Kp(e(t) − e(t− 1)) +KIe(t) +KD (e(t) − 2e(t− 1) + e(t− 2))

−H
(
q−1

)
u(t) − v

(
(t)
)
.

(3.5)

The gain can be selected as

Kp = − (2A 2 + A 1),

KI = (A 0 + A 1 + A 2),

KD = A 2,

(3.6)

where when ny = 1, A 1 = A 2 = 0 and when ny = 2, A 2 = 0.

3.2. Parameter Estimation

3.2.1. A Simple Strategy for Determining pj

Now let us initialize pj, denoted as follows:

pj =
[
z
j
1z

j
2 · · ·z

j
N , j

]T (
j= 1,...,M

)
, (3.7)

where N = dim( (t)). Since pj is associated with partition of (t), the bounds of (t) can be

used to determine a fairly good initial value. It will not be discussed here, and the interested

readers are referred to [26].
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3.2.2. Estimation of Parameter Vector Ω0

If the process is known, Ω0 is obtained by using Taylor expansion at its equilibrium;

otherwise, it will be replaced by its estimation Ω̂0.

3.2.3. Estimation of Parameter Vector Ωj

Parameter vector Ωj(j = 1,...,M ) can be estimated by a simplified multivariable least-

squares algorithm as in [27]. By introducing the notations:

Ω =
[
ΩT

1,...,Ω
T
M

]T
, Φ(t) =

[
(t)T ⊗ΨT

R(t)
]T
, (3.8)

where the symbol ⊗ denotes Kronecker production, then ΨT
R(t) = [Rj(pj, (t)),j= 1,...,M ],

the MIMO quasi-ARX model (2.12) can be expressed in a regression form:

y(t+ d) = T(t)Ω0 + ΦT(t)Ω. (3.9)

The parameter Ω is updated by an LS algorithm while fixing pj and Ω0:

Ω̂(t) = Ω̂(t− d) +
p(t)Φ(t− d)e(t)

1 + Φ(t− d)Tp(t)Φ(t− d)
, (3.10)

where Ω̂(t) is the estimate of Ω at time instant t. e(t) is the error vector of MIMO quasi-ARX

model, defined by

e(t) = y(t) − T(t)Ω0 −Φ(t− d)TΩ̂(t− d),

P(t) =
P(t− d) − PT(t− d)Φ(t− d)TΦ(t− d)P(t− d)

1 + Φ(t− d)TP(t)Φ(t− d)
.

(3.11)

Remark 3.1. Comparing with [18], there are three improvements: the unmodeled part is

modeled in this paper by quasi-ARX model, RBFN is used to replace NN, and some priori

knowledge can be used to determine the parameters.

4. Stability Analysis

There are some assumption made.

Assumption 1. (i) y∗(t) is a bounded deterministic sequence; (ii) v( (t)) is globally bounded,

|v( (t))| ≤ Δ, where the boundary Δ is known; (iii) the choices of and S(q−1) are such that

det{H̃(q−1)A(q−1) + q−dB̃(q−1) Al(q−1)}/= 0.

Theorem 4.1. For the MIMO nonlinear (2.1) with the controller (3.5), together with the parameters
of the controller selected by Section 3.2, all the signals in the closed-loop system described above can be
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bounded, and the tracking error can be made less than any specified constant over a compact set by
properly choosing the structures and parameters of quasi-ARX RBFN model, that is, limt→∞‖y(t+
d) − y∗(t+ d)‖ ≤ .

Proof. The nonlinear part estimation error vector can be described by

(t) = v
(

(t+ d)
)
− T(t+ d)

M∑
j=1

Ω̂(t+ d)jRj
(
pj, (t+ d)

)
. (4.1)

We can see that, if the nonlinear decoupling PID controller (3.5) is used to the system

(2.14), the following input-output dynamics are obtained as in [18]:(
H̃
(
q−1

)
A
(
q−1

)
+ q−dB̃

(
q−1

)
Al
(
q−1

))
y(t+ d)

= B̃
(
q−1

)
Al
(
q−1

)
y∗(t+ d) + H̃

(
q−1

)
v
(

(t+ d)
)
− B̃

(
q−1

)
v̂
(

(t+ d)
)
,(

A
(
q−1

)
H
(
q−1

)
+ q−d A

(
q−1

)
Al
(
q−1

))
u(t+ d)

= Ã
(
q−1

)
Al
(
q−1

)
y∗(t+ d) − q−d Al

(
q−1

)
v
(

(t+ d)
)
−A

(
q−1

)
v̂
(

(t+ d)
)
.

(4.2)

Substitute (4.1) into (4.2), the equations are given as follows:(
H̃
(
q−1

)
A
(
q−1

)
+ q−dB̃

(
q−1

)
G
(
q−1

))
y(t+ d)

= B̃
(
q−1

)
G
(
q−1

)
y∗(t+ d) +

(
H̃
(
q−1

)
− B̃

(
q−1

))
v
(

(t+ d)
)
+ B̃

(
q−1

)
(t),(

A
(
q−1

)
H
(
q−1

)
+ q−d A

(
q−1

)
Al
(
q−1

))
u(t+ d)

= Ã
(
q−1

)
Al
(
q−1

)
y∗(t+ d) −

(
q−d Al

(
q−1

)
+A

(
q−1

))
v
(

(t+ d)
)
−A

(
q−1

)
(t).

(4.3)

From (4.3) and Assumption 1, there exist constants C 1,C 2,C 3,C 4 satisfying

‖y(t+ d)‖ ≤ C 1 + C 2max
0≤ ≤t

‖ (t)‖,

‖u(t)‖ ≤ C 3 + C 4max
0≤ ≤t

‖ (t)‖.
(4.4)

Because of the universal approximations of the RBFNs, the estimation error (t) can be

achieved less than any constant over a compact set by properly choosing their structures

and parameters. It can be got that∥∥ (t+ d)
∥∥ ≤ C 5 + C 6max

0≤ ≤t
‖ (t)‖ ≤ C 7 + C 8 ≤ C 9. (4.5)

where C 5,C 6,C 7,C 8,C 9 are constants.

Then, the boundness of all the signals in the closed-loop system is got.
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The tracking error of the system is obtained as

e = lim
t→∞

‖y(t+ d) − y∗(t+ d)‖ ≤ C, (4.6)

where C > 0 is a constant.

5. Numerical Simulations

In order to study the behavior of the proposed control method, a numerical simulation is

described in this section. The MIMO nonlinear system to be controlled is described by

y1(t+ 1) = 0.9y1(t) −
0.3y1(t− 1)

1 + y2
2(t− 1)

+ 0.4 sin(u1(t)) + 0.7u1(t− 1) + 0.3u2(t) − 0.5u2(t− 1),

y2(t+ 1) = −0.4 sin
(
y2

2(t)
)
− 0.1y2(t− 1) + u2(t− 1) − 0.3 sin(u1(t))

+ 0.2u1(t− 1 + 0.8 sin(u2(t))) + 0.5u2
2(t− 1), for t∈ [0,150),

y1(t+ 1) = 0.6y1(t) −
0.4y1(t− 1)

1 + y2
2(t− 1)

+ 0.4 sin(u1(t)) + 0.6u1(t− 1) + 0.4u2(t) − 0.5u2(t− 1),

y2(t+ 1) = −0.5 sin
(
y2

2(t)
)
− 0.1y2(t− 1) + u2(t− 1) − 0.3 sin(u1(t)) + 0.3u1(t− 1)

+ 0.9 sin(u2(t)) + 0.5u2
2(t− 1), for t∈ [150,∞).

(5.1)

In this example, a system disturbance appears when t= 150. The desired output of

system is given y∗1(t) = sign(sin( t/50)) and y∗2(t) = 0.7.

In this example, the proposed control method in Sections 3 and 4 is illustrated

effective in the control stability and robustness. The order is chosen as ny = nu = 2,

and time delay d = 1. The regression (t) = [y1(t− 1)y2(t− 1)y1(t− 2)y2(t−
2)u1(t− 1)u2(t− 1)u1(t− 2)u2(t− 2)]T and (t) = [y1(t− 1)y2(t− 1)y1(t− 2)y2(t−
2)y∗1(t)y

∗
1(t)y

∗
2(t)u1(t− 2)u2(t− 2)]T . Based on the priori acknowledge, we choose

Zmax = [2 2 2 2 4 1 4 1] and Zmin = [−2 − 2 − 2 − 2 − 4 − 1 − 4 − 1]. The parameters pj
can be determined by the proposed method in Section 3.2.

Under the same simulation conditions and with the same parameters value, the control

output results by a typical PID controller are given for comparison, where the PID controller

has neither the decoupling compensator nor the nonlinear part. The control outputs are

shown in Figure 2, the solid red line is the desired outputs, the dashed blue line is the typical

PID control outputs, and the dotted green line is the proposed method control outputs. The

corresponding control inputs u1(t) and u2(t) are given in Figures 3 and 4. We can see that our

proposed method is nearly consistent with the desired output at most of the time which is

better than typical PID control method when t∈ [0,150). Obviously, the control performance

of our proposed method is much better than typical PID control method when the system has

disturbance when t= 150. The input signals have small fluctuation as shown in Figure 4.
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Figure 2: Control outputs.
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Figure 3: Corresponding control inputs of the PID control method.

Table 1 gives the comparison results of the errors. Obviously, the mean and variance

of errors of the proposed method are smaller than the typical PID control method.

6. Conclusions

In this paper, an MIMO quasi-ARX model is first introduced, and a nonlinear multivariable

decoupling PID controller is proposed based on the proposed model for MIMO nonlinear

systems. The proposed controller consists of a traditional PID controller with a decoupling

compensator and a feed-forward compensator for the nonlinear dynamics based on the
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Figure 4: Corresponding control inputs of the proposed control method.

Table 1: Comparison results of errors based on two control method.

Mean of errors Variance of errors

y1(t) typical method 0.0132 0.1350

: proposed method −0.0090 0.0668

y2(t) typical method −0.0067 0.0157

: proposed method −0.0039 0.0098

MIMO quasi-ARX model. And an adaptive control system is presented using the MIMO

quasi-ARX RBFN prediction model. The parameters of such controller are selected based

on the generalized minimum control variance. The proposed control method has more

simplicity structures and better control performance. The nonlinear part is not a black box

whose parameters can be determined by a priori acknowledge. Simulation results show the

effectiveness of the proposed method on control accuracy and robustness when a disturbance

appears in the system. Because the PID controller can be realized on standard DCS/PLC

modules, the algorithm is more useful for industrial process control. Otherwise, because the

parameters of controller are chosen from the generalized minimum variance control law, it is

easier for engineers and process operators to relate the parameter settings.
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The pth mean practical stability problem is studied for a general class of Itô-type stochastic
differential equations over both finite and infinite time horizons. Instead of the comparison
principle, a function (t) which is nonnegative, nondecreasing, and differentiable is cooperated
with the Lyapunov-like functions to analyze the practical stability. By using this technique, the
difficulty in finding an auxiliary deterministic stable system is avoided. Then, some sufficient
conditions are established that guarantee the pth moment practical stability of the considered
equations. Moreover, the practical stability is compared with traditional Lyapunov stability; some
differences between them are given. Finally, the results derived in this paper are demonstrated by
an illustrative example.

1. Introduction

Lyapunov stability is one of the most important conceptions of stability and has been widely

applied to many fields involving nearly all aspects of reality. As we all know, however, the

Lyapunov stability is usually employed to study the steady-state property over an infinite

horizon and cannot cope with the transient behavior of the trajectory. Therefore, even a

stable system in the sense of Lyapunov cannot be applied in the practice since the trajectory

exhibits undesirable transient behaviors such as exceeding certain boundary imposed on

the trajectory. Moreover, for a Lyapunov stable system, the domain of the desired attractor

may be too small to control the initial perturbation in it, which also limits the uses of the

Lyapunov stability. On the other hand, for an unstable system in the sense of Lyapunov, it

is often the case that its trajectory oscillates sufficiently near by the desired state, which is

absolutely acceptable in the practical engineering. As such, we are more interested in the

transient behavior over a finite or infinite horizon rather than the steady-state property over
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an infinite horizon. For this purpose, a new notion of stability, that is, the practical stability

has first been proposed in [1], where it has been shown that the Lyapunov stability may not

assure the practical stability and vice versa. Subsequently, the theory on the practical stability

has been developed in [2–4].
Up to now, the practical stability problem has been well investigated for deterministic

differential equations and many desirable results have been achieved. For example, in [5], a

concept of finite time stability, as one special case of practical stability proposed in [6], has

been introduced to examine the behavior of systems contained within prespecified bounds

during a fixed time interval. The practical stability with respect to a set rather than the

particular state x = 0 has been extended. In [7, 8], some results on the practical stability

have been obtained for discontinuous systems and some differences between the practical

stability and the Lyapunov stability have been given. In [9], by using the method of Lyapunov

function and Dini derivative, some sufficient conditions have been derived for various types

of practical stability. In [10], a new definition of generalized practical stability is introduced.

By making use of Lyapunov-like functions, some sufficient conditions are established.

With respect to the stochastic differential systems, we just mention the following repre-

sentative works. The practical stability in the pth mean has been proposed for discontinuous

systems in [11]. In [12], by using the Lyapunov-like functions and the comparison principle,

a unified approach is developed to deal with the problems of both the pth mean Lyapunov

stability and the pth mean practical stability for the delayed stochastic systems. In [13], some

criteria of practical stability in probability have been established in terms of deterministic

auxiliary systems with initial conditions. The results obtained in [11, 13] have been further

extended to a class of large-scale Itô-type stochastic systems in [14], where the initial

conditions of the resulting auxiliary systems are random. In all papers mentioned above, the

practical stability of the stochastic systems is determined through testing one corresponding

auxiliary deterministic system, whereas, in [15], the sufficient conditions for practical stability

in the mean square for a class of stochastic dynamical systems are established by using an

integrable function and Lyapunov-like functions instead of the comparison principle.

In this paper, we are concerned with the problem of the practical stability in the pth

mean for a general class of Itô-type stochastic differential equations over both finite and

infinite time intervals. By using Lyapunov-like functions and a nonnegative, nondecreasing,

and differentiable function (t), some criteria are established to ensure the pth mean practical

stability for the considered stochastic system. This technique avoids the difficulty in finding

an auxiliary deterministic stable system. Moreover, the practical stability is compared with

traditional Lyapunov stability and some differences between them are presented. Finally, an

illustrative example is provided to demonstrate the results derived in this paper.

Notation. Rn denotes the n-dimensional Euclidean space. T0 denotes the interval [t0,T),
where t0,T ∈ R+ (in this paper, T can be finite or infinite). M [t0,T) represents the family

of nonnegative, nondecreasing, and differentiable functions on [t0,T). C 1,2(T0 × Rn,R+)
represents the family of all real-valued functions V (t,x(t)) defined on T0 × Rn which are

continuously twice differentiable in x(t) ∈ Rn and once differentiable in t∈ R+. Let (Ω,F,P)
be a complete probability space. For a random variable , E‖ ‖p means the pth mean of . The

followings are the other notions in this paper:

S0(t) =
{
x(t) ∈ Rn : E‖x(t)‖p <

}
,

S(t) =
{
x(t) ∈ Rn : E‖x(t)‖p ≤ A

}
,
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V S0

M (t) = sup{EV (t,x(t)) : x(t) ∈ S0(t)},

V Ŝ
m (t) = inf{EV (t,x(t)) : x(t) ∈ S(t)},

(1.1)

where ,A ( < A ) are given.

2. Preliminaries and Definitions

Consider the stochastic system described by the following n-dimensional stochastic dif-

ferential equation:

dx(t) = f(t,x(t))dt+ g(t,x(t))dB(t) on t∈ T0,

x(t0) = x0,
(2.1)

where dx(t) is the stochastic increment in the sense of Itô and B(t) is an m -dimensional

Brownian motion. f(t,x(t)) and g(t,x(t)) are n × 1 and n × m matrix functions, respectively.

And x(t0) = x0 is the initial value. Then, we let x(t) = x(t;t0,x0) be any solution process of

(2.1) with the initial value x(t0) = x0. Furthermore, we assume that (2.1) satisfies the theorem

of the existence and uniqueness of solutions [16] as follows.

(i) (Lipschitz condition) for all x(t),y(t) ∈ Rn,and t∈ T0,∥∥f(t,x(t)) − f(t,y(t))∥∥2
∨∥∥g(t,x(t)) − g(t,y(t))∥∥2 ≤ K

∥∥x(t) − y(t)∥∥2. (2.2)

(ii) (Linear growth condition) for all x(t),y(t) ∈ Rn, and t∈ T0,

∥∥f(t,x(t))∥∥2
∨∥∥g(t,x(t))∥∥2 ≤ K ∗

(
1 + ‖x(t)‖2

)
, (2.3)

where K and K ∗ are two positive constants.

Note that S0(t) and S(t) satisfy the conditions

S0(t) ⊂ S(t), S0(t) ∩ S(t) = ∅. (2.4)

By using Itô formula, The derivative of the Lyapunov-like function V (t,x(t)) ∈ C 1,2(T0 ×
Rn,R+) with respect to talong the solution x(t) of (2.1) is given by

dV (t,x(t)) = LV (t,x(t))dt+ Vx(t,x(t))g(t,x(t))dB(t), (2.5)

where

LV (t,x(t)) = Vt(t,x(t)) + Vx(t,x(t))f(t,x(t)) +
1

2
trace

[
gT(t,x(t))Vxx(t,x(t))g(t,x(t))

]
.

(2.6)

Now, we give the definitions on the practical stability in the pth mean for (2.1).
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Definition 2.1. System (2.1) is said to be practically stable in the pth mean (PSM) with respect

to ( ,A ), 0 < < A ; if there exist ( ,A ), then one has E‖x0‖p < ; one implies that

E‖x(t;t0,x0)‖p < A ∀t∈ T0. (2.7)

Remark 2.2. In Definition 2.1, for T0 = [t0,T), if the T is finite time, then the system (2.1) is

called finite time practically stable, which is one special case of practical stability.

Noticing the notations of S0(t) and S(t) above, we can see that S0(t0) is a subset

of the initial-state set when the initial time is t0, and S(t) is a subset of the state space

at time t. Therefore, it is easy to see that E‖x0‖p < ; one implies that x(t0) ∈ S0(t0),
E‖x(t;t0,x0)‖p < A , and x(t;t0,x0) ∈ intS(t). Thus, we give the following definition which is

equal to Definition 2.1.

Definition 2.3. System (2.1) is said to be PSM with respect to ( ,A ), 0 < < A , if, for given

S0(t),S(t) with S0(t) ⊂ S(t) and S0(t) ∩ S(t) = ∅, one has x(t0) ∈ S0(t0) then it is implied

that

x(t;t0,x0) ∈ intS(t) ∀t∈ T0. (2.8)

Remark 2.4. If the conditions of Definition 2.3 are satisfied, then the system (2.1) is also said

to be practically stable in the pth mean with respect to (S0(t0),S(t)).

In Section 3, the criteria for practical stability in the pth mean will be established for

(2.1).

3. Practical Stability Criteria

In this section, the practical stability in the pth mean will be investigated in detail, and

some stability criteria will be derived for (2.1) by using a Lyapunov-like function and a

nonnegative, nondecreasing, and differentiable function (t).

Theorem 3.1. If the following conditions are met:

(1) S0(t) ⊂ S(t) and S0(t) ∩ S(t) = ∅ for all t∈ T0,

(2) there exists a function V (t,x(t)) ∈ C 1,2(T0 × Rn,R+), which is satisfying the following
conditions:

(a)

ELV (t,x(t)) ≤ 0 t∈ T0,x(t) ∈ S(t), (3.1)

(b)

V S0

M (t0) < V Ŝ
m (t) ∀t∈ T0, (3.2)

then (2.1) is PSM with respect to ( ,A ).
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Proof. For all x0 ∈ S0(t0), let x(t) = x(t;t0,x0) be a solution of (2.1) with the initial value x0.

For contradiction, we assume that there exists a first time t1 ∈ T0 such that E‖x(t)‖p < A for

t0 ≤ t< t1 and E‖x(t1)‖p = A .

By the notations of V S0

M (t), V Ŝ
m (t), and (2)-(b), we have

V S0

M (t0)< V Ŝ
m (t1) ≤ EV (t1,x(t1)). (3.3)

Noticing the V (t,x(t)) and (2.5), (2.6), it can be obtained that

V (t1,x(t1)) − V (t0,x(t0)) =
∫t1

t0

LV (s,x(s))ds+
∫t1

t0

Vx(s,x(s))g(s,x(s))dB(s). (3.4)

By the assumption (2)-(a) and taking the expected value on the both sides of (3.4), we have

E[V (t1,x(t1)) − V (t0,x(t0))] = E

[∫t1

t0

LV (s,x(s))ds

]

=
∫t1

t0

ELV (s,x(s))ds

≤ 0

(3.5)

because

E

[∫t1

t0

Vx(s,x(s))g(s,x(s))dB(s)

]
= 0, (3.6)

then we have

V S0

M (t0) < V Ŝ
m (t1) ≤ EV (t1,x(t1)) ≤ EV (t0,x(t0)) ≤ V S0

M (t0). (3.7)

This is a contradiction, so the proof is complete.

Remark 3.2. In Theorem 3.1, if the T0 is a finite time interval, then (2.1) is practically stable

on finite time. Furthermore, it should be pointed out that the condition ELV (t,x(t)) ≤ 0 is

necessary to guarantee the pth moment stability for (2.1) in the sense of Lyapunov. However,

it would be too strict for the pth mean practical stability of (2.1). In the following theorem,

this condition is replaced by

ELV (t,x(t)) ≤
d (t)

dt
, (3.8)

where (t) ∈ M [t0,T).
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Theorem 3.3. If the following conditions are met:

(1) S0(t) ⊂ S(t) and S0(t) ∩ S(t) = ∅ for all t∈ T0,

(2) there exists a function (t) ∈ M [t0,T), which satisfies the following conditions:

(a)

ELV (t,x(t)) ≤
d (t)

dt
t∈ T0,x(t) ∈ S(t), (3.9)

(b)

(t0) = V S0

M (t0), (3.10)

(c)

(t) < V Ŝ
m (t) ∀t∈ T0, (3.11)

then (2.1) is PSM with respect to ( ,A ).

Proof. Let x(t) be a solution of (2.1) with the initial value x0 ∈ S0(t0). For contradiction, we

assume that the result is not true, which means that there exists a first time t1 ∈ T0 such that

E‖x(t)‖p < A for t0 ≤ t< t1 and E‖x(t1)‖p = A .

Noticing the notation of V Ŝ
m (t), we have

V Ŝ
m (t1)≤ EV (t1,x(t1)). (3.12)

By using (2.5), (2.6), it follows that

V (t1,x(t1)) − V (t0,x(t0)) =
∫t1

t0

LV (s,x(s))ds+
∫t1

t0

Vx(s,x(s))g(s,x(s))dB(s). (3.13)

Taking the expectation on the both sides of (3.13), considering

E

[∫t1

t0

Vx(s,x(s))g(s,x(s))dB(s)

]
= 0 (3.14)

and the assumption (2)-(a), we obtain

EV (t1,x(t1)) = EV (t0,x(t0)) +
∫t1

t0

ELV (s,x(s))ds

≤ EV (t0,x(t0)) +
∫t1

t0

d (s)
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= EV (t0,x(t0)) + (t1) − (t0)

= (t1) −
[
V S0

M (t0) − EV (t0,x(t0))
]

≤ (t1).

(3.15)

Then, it follows from (3.12) and (3.15) that

V Ŝ
m (t1) ≤ EV (t1,x(t1)) ≤ (t1) (3.16)

which contradicts with the condition (2)-(c) of Theorem 3.3, and, hence, the proof is complete.

Remark 3.4. In Theorem 3.3, we mainly use the function (t) and the Lyapunov-like functions

but not the comparison principle in [11–14] to achieve the result, which avoids the difficulty

in finding an auxiliary deterministic stable system. Here, we assume that

ELV (t,x(t)) ≤
d (t)

dt
(3.17)

holds on x(t) ∈ S(t). Next, the condition x(t) ∈ S(t) will be replaced by a weaker one, that is,

x(t) ∈ S(t)/S0(t).

Theorem 3.5. If the following conditions are met:

(1) S0(t) ⊂ S(t) and S0(t) ∩ S(t) = ∅ for all t∈ T0,

(2) there exists a function (t) ∈ M [t0,T), which satisfies the following conditions:

(a)

ELV (t,x(t)) ≤
d (t)

dt
t∈ T0,x(t) ∈

S(t)
S0(t)

, (3.18)

(b)

(t) = V S0

M (t), x(t) ∈ S0(t), (3.19)

(c)

(t) < V Ŝ
m (t) ∀t∈ T0, (3.20)

then (2.1) is PSM with respect to ( ,A ).

Proof. Let x(t) be a solution of (2.1) with the initial value x0 ∈ S0(t0). For contradiction, we

assume that there exists a first time t2 ∈ T0 such that E‖x(t)‖p < A for t0 ≤ t < t2 and
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E‖x(t2)‖p = A . Due to the continuity of E‖x(t)‖p and the connectivity of S(t),S0(t), there

exists such a time t1 and E‖x(t1)‖p = holds for the last time before the time t2. So, we get

that x(t) ∈ S(t)/S0(t) when t∈ [t1,t2].
Noticing the (2.5), (2.6), it can be obtained that, when t∈ [t1,t2],

V (t2,x(t2)) − V (t1,x(t1)) =
∫t2

t1

LV (s,x(s))ds+
∫t2

t1

Vx(s,x(s))g(s,x(s))dB(s). (3.21)

By virtue of

E

[∫t2

t1

Vx(s,x(s))g(s,x(s))dB(s)

]
= 0, (3.22)

we take the conditional expectation of (3.21) conditioning on the initial value x(t0) = x0; it

can be seen from condition (2)-(a) that

E[V (t2,x(t2)) − V (t1,x(t1)) | x(t0) = x0] = E

[∫t2

t1

LV (s,x(s))ds | x(t0) = x0

]

=
∫t2

t1

ELV (s,x(s))ds

≤
∫t2

t1

d (s)

= (t2) − (t1).

(3.23)

Taking the expectation on the both sides of (3.23) and using the assumption (2)-(b), we obtain

EV (t2,x(t2)) = EV (t1,x(t1)) + (t2) − (t1)

= (t2) −
[

(t1) − EV (t1,x(t1))
]

≤ (t2) −
[

(t1) − V S0

M (t1)
]

= (t2).

(3.24)

Then,

V Ŝ
m (t2)≤ EV (t2,x(t2)) ≤ (t2). (3.25)

Noticing the assumption (2)-(c), this is a contradiction, Then, the proof is complete.

In the theorems above, some sufficient conditions that guarantee the pth mean

practical stability are derived for (2.1). It is worth mentioning that the establishment of the

practical stability criteria here avoids introducing other auxiliary stable systems, which make
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it convenient to determine whether an Itô-type stochastic differential system is the pth mean

practically stable. In Section 4, an example will be employed to demonstrate the obtained

results.

4. Example

In this section, one numerical example is given to demonstrate the result in Theorem 3.3. The

results obtained in Theorems 3.1 and 3.5 can be verified in the same way.

Example 4.1. Consider the one-dimensional stochastic differential equation as follow:

dx(t) = x(t) sin(t)dt+ dB(t) on t∈ [t0,T),

x(t0) = x0,
(4.1)

where B(t) is a one-dimensional Brownian motion.

Let K = K ∗ = 1; it is obvious that (4.1) satisfies both the Lipschitz condition and

the Linear growth condition, so the existence and uniqueness of the solution x(t) of (4.1) is

guaranteed.

Now, we investigate the practical stability in the 1st mean for (4.1) with respect to = 1

and A = 2. One assumes that the initial value x(t0) satisfies the conditions E|x(t0)| < 1 and

E|x(t;t0,x0)| < 2 for t∈ T0. Then, we approximate the value of t0 and T.

We define a Lyapunov-like function as

V (t,x(t)) = |x(t)|. (4.2)

Due to the fact that V (t,x(t)) is a positive-definite function, one can easily get V (t,x(t)) > 0

when x(t)/= 0.

So, when x(t)/= 0, it is obvious that

Vt(t,x(t)) = 0, Vx(t,x(t)) =

⎧⎨⎩1, x > 0,

−1, x < 0,
Vxx(t,x(t)) = 0. (4.3)

By using the Itô formula, we calculate the derivative of the Lyapunov-like function V (t,x(t))
along the solution x(t) of (4.1), and noticing the (2.6), we have

LV (t,x(t)) = Vt(t,x(t)) + Vx(t,x(t))f(t,x(t)) +
1

2
trace

[
gT(t,x(t))Vxx(t,x(t))g(t,x(t))

]
= 0 ± x(t) sin(t) + 0

≤ |x(t)|.

(4.4)

Taking the expectation on both sides of (4.4), one obtains

E[LV (t,x(t))] ≤ E|x(t)| < A = 2, (4.5)



10 Mathematical Problems in Engineering

0 0.2 0.4 0.6 0.8 1
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

E|x(t0)|

m
a
x
E
|x
(t
;t

0
,x

0
)|

Figure 1: Illustration of the practical stability in the 1st mean.

so we define

(t) = 2t. (4.6)

From (4.4)–(4.6), it can be easily verified that the condition (2)-(a) of Theorem 3.3 is satisfied.

Then, by the condition (2)-(b) of Theorem 3.3, we have

(t0) = V S0

M (t0) = sup{E|x(t0)|;x(t0) ∈ S0(t0)} = = 1 (4.7)

and hence, it can be obtained from (4.6) that

t0 =
1

2
. (4.8)

On the other hand, from the condition (2)-(c) of Theorem 3.3, we have

(t) < V Ŝ
m (t) = inf{E|x(t)| : x(t) ∈ S(t)} = A = 2. (4.9)

So, we have

t< 1. (4.10)

Now, we have the fact that t0 = 1/2 and T = 1. According to Theorem 3.3, (4.1) is practically

stable in the 1st mean with respect to = 1 and A = 2 on t∈ [1/2,1). In the simulation, we

take 50 initial values satisfying E|x(1/2)| < 1. For every initial value, the 1st mean orbit and

the maximum of E|x(t)| for t∈ [1/2,1) are computed numerically. The simulation result is

depicted in Figure 1.
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5. Conclusion

This paper mainly establishes the sufficient conditions of practical stability in the pth mean

for the Itô-type stochastic differential equation over finite or infinite time interval. By using

Lyapunov-like functions and a nonnegative, nondecreasing, and differentiable function (t)
instead of the comparison principle, the difficulty in finding an auxiliary deterministic stable

system is avoided. Moreover, this paper indicates that the practical stability can be examined

over finite or infinite time interval and it can be used to depict the transient behavior of the

trajectory.

For further studies, we can extend practical stability in the pth mean to uniformly

practical stability and strict practical stability in the pth mean by the same methods in this

paper. And, we can also consider other techniques to establish the sufficient conditions for

the practical stability in probability and the almost sure practical stability instead of the

comparison principle. Other future research topics include the investigation on the filtering

and control problems for uncertain nonlinear stochastic systems; see, for example, [17–26].
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Motivated by the study of a class of large-scale stochastic systems with Markovian switching, this
correspondence paper is concerned with the practical stability in the pth mean. By investigating
Lyapunov-like functions and the basic comparison principle, some criteria are derived for various
types of practical stability in the pth mean of nonlinear stochastic systems. The main contribution
of these results is to convert the problem of practical stability in the pth mean of stochastic systems
into the one of practical stability of the comparative deterministic systems.

1. Introduction

The practical dynamical systems in real-world applications, such as engineering, physics, and

economics, usually exhibit the stochastic nature due to the uncertain resulting from the exter-

nal environment. Examples include traffic systems, flexible manufacturing systems, and eco-

nomic systems. All of these dynamical systems can be modeled by Itô stochastic differential

equations. Therefore, it is not surprising that various problems of Itô stochastic differential

equations have received considerable attention. As the development of the stochastic theory

including stochastic processes, stochastic integral, and stochastic partial differential equa-

tions, the theory on the stochastic differential equations in infinite dimensional spaces has ad-

vanced greatly, and, so far, a rich body of literature has been reported.

Stability is one of the most important issues in the analysis and synthesis of stochastic

systems and often regarded as the first characteristic of the dynamical systems (or models) to

be studied. Currently, there have already been many kinds of stability concepts such as asym-

ptotic stability, stability in probability, almost sure exponential stability, and mean-square
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exponential stability. These stabilities are analyzed in terms of the theory of functional anal-

ysis which, however, makes it difficult for a newcomer to enter this interesting and impor-

tant field. The concepts of stability mentioned above are defined in the sense of Lyapunov.

In many real-world applications, however, the systems might not be asymptotically stable in

the sense of Lyapunov and stay nearby a state with an acceptable fluctuation. For example,

an aircraft or a missile may oscillate around a mathematically unstable course, and its perfor-

mance may be acceptable yet. To treat with such situations, a new stability concept, that is,

the practical stability, has been proposed by LaSalle and Lefschetz [1] and, subsequently, has

been developed in [2–4].
With respect to stochastic systems, the practical stability in the pth mean and the sta-

bility in probability have been introduced in [5] and [6], respectively. In these papers, both

the stochastic system and its corresponding auxiliary equation have deterministic initial con-

ditions. By using the powerful comparison theorem, which is developed in [7, 8], these con-

cepts have been extended to a more general class of stochastic systems in [9], where the result-

ing auxiliary system has random initial conditions. Recently, stochastic differential equations

with Markovian switching have also stirred a great deal of research interests due primarily

to their insight into applications. The fundamental theory of existence and uniqueness of the

solution of stochastic differential equations with Markovian switching has been studied well

in [10, 11], while the stability issues have been investigated in [12–15].
To be more specific, during the research of practical stability, one of the foremost chal-

lenges to system theory in the present-day advanced technological world is to overcome the

increasing size and complexity of the corresponding mathematical models [9, 16]. This is the

so-called large-scale systems, which is more closed to the actual circumstances, and, therefore,

it has a wider significance. However, since the computational efforts are enormous, the pra-

ctical stability of large-scale systems has received relatively little attention. Recently, several

important results have been obtained in the area of practical stability for large-scale Itô stocha-

stic systems, see [17], for example, in which the large amount of computational efforts of a

large-scale complex system become simpler and more economical by decomposition into a

number of interconnected subsystems; these subsystems, to some extent, can be considered

to be independent so that some of the qualitative behaviors of the corresponding subsystems

can be combined with interconnection constraints to come up with the qualitative behavior of

the overall large-scale systems. Like all other systems, the stability issue should be examined

first in the large-scale systems. However, the problem of pth mean practical stability for

large-scale Itô stochastic systems with Markovian switching has not been addressed properly,

which motives the current research.

In this paper, the problem of the pth mean practical stability for large-scale Itô stocha-

stic systems with Markovian switching is studied. First, the notion of practical stability in the

pth mean is introduced and extended for the large-scale stochastic systems with Markovian

switching. Then, the concepts of Lyapunov-like vector-valued functions coupled with the de-

composition-aggregation techniques are utilized to develop a comparison principle. In addi-

tion, some general criteria of practical stability for the large-scale Itô stochastic systems with

Markovian switching are obtained. Finally, an example is given to show the usefulness of the

developed criteria.

2. Preliminaries

Let {Ω,F,Ft≥0,P} be a complete probability space with a filtration satisfying the usual con-

ditions, that is, the filtration is continuous on the right and F0 contains all P-zero sets.
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W (t) = (W 1(t),W 2(t),...,W m (t))
T is an m -dimensional Wiener process defined on the proba-

bility space. {r(t),t∈ R+} denotes a right-continuous Markov chain on the probability space

{Ω,F,Ft≥0,P}, taking values in a finite state space S = {1,2,...,N } with generator Γ =
( ij)N ×N given by

P
{
r(t+ Δ) = j | r(t) = i

}
=

⎧⎨⎩ ijΔ + o(Δ), if i/=j,

1 + iiΔ + o(Δ), if i= j,
(2.1)

where Δ > 0 and ij ≥ 0 is the transition rate from ito jif i/=jwhile ii= −Σj/=i ij. We assume

that the Markov chain r(·) is independent of Wiener process W (·). It is known that almost

every sample path of r(t) is a right-continuous step function with a finite number of simple

jumps in any finite subinterval of R .

Consider the following Itô stochastic differential equations with Markovian switching:

dx(t) = f(t,r(t),x(t))dt+ (t,r(t),x(t))dw (t) (2.2)

with the initial condition x0 = . Here is assumed to be independent of W (·). The nonlinear

functions f : R+ × S × Rn → Rn and : R+ × S × Rn → Rn×m satisfy Lipschitz condition and

Linear growth condition.

In this paper, we always assume that (2.2) has a unique continuous solution x(t, ) such

that E(sup ‖x(t, )‖p) < ∞ for each t≥ 0 and p ≥ 0. Further, it is also assumed that f(t,j,0) = 0

and (t,j,0) = 0 for all j∈ S and, accordingly, (2.2) has a trivial solution x(t,0) ≡ 0.

Now, we decompose (2.2) into n interconnected subsystems described by

dxi=
[
pi(t,r(t),xi) + hi(t,r(t),x)

]
dt+

m∑
r=1

[
lir(t,r(t),xi) + k

i
r(t,r(t),x)

]
dw r(t),

xi(t0) = x0, i= 1,2,...,n,

(2.3)

where nonlinear functions pi(t,r(t),xi), and lir(t,r(t),xi) ∈ R+ × S × R → R, hi(t,r(t),x) and

kir(t,r(t),x) ∈ R+ × S × Rn → R, respectively.

3. Comparison Principle

The comparison principle has proved to be a useful tool in the study of the qualitative and

quantitative properties of solution processes of Itô-type stochastic system with Markovian

switching. In this section, by employing the concept of Lyapunov vector-valued function cou-

pled with decomposition-aggregation techniques, and together with the theory of differen-

tial inequalities, the comparison theorems for the large-scale system (2.3) are developed.

The L-operator for the n-interconnected subprocedures (2.3) is defined as

LcVi
(
t,j,x(t)

)
=

Vi
(
x,t,j

)
t

+
n∑
j=1

(
Vi
(
x(t),t,j

)
xj

)[
pj
(
t,j,xi

)
+ hj

(
t,j,x

)]

+
1

2

n∑
j,r=1

V 2
i

(
t,j,x

)
xj xr

ajr +
N∑
j=i

ijVi
(
t,j,x

)
,

(3.1)
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where

(
ajr

)
= lij(t,i,xi)

Tlir(t,i,xi) + l
i
j(t,i,xi)

Tkir(t,i,x) + k
i
j(t,i,x)

Tlir(t,i,xi) + k
i
j(t,i,x)

Tkir(t,i,x),

j,r= 1,2,...,n, s= 1,2,...,N .

(3.2)

Now, consider now the following auxiliary random differential system:

du = g(t,u)dt, u(t0) = u0, (3.3)

where g(t,u) ∈ C[J × Rn
+,Rn] is concave and quasi-monotone nondecreasing in u for each

fixed t∈ J and u0 is an n-dimensional random vector. Let u(t,t0,u0) be any solution of the

system (3.3) and r(t,t0,u0) the maximal solution process of the system (3.3) through (t0,u0).
We need the following corresponding definitions of practical stability for the auxiliary

system (3.3).

Definition 3.1. System (3.3) is said to be practically stable, if for all given ( ,A) with 0 < <
A, E

∑n
i=1 ui0 < implies

∑n
i=1 ui(t,t0,u0) < A, for all t≥ t0 for some t0 ∈ R+.

Definition 3.2. Set = ( 1, 2,..., s) and = ( 1, 2,..., s). If i ≤ i, ∀i= 1,2,...,s, one

denotes < .

In this section, by employing the Lyapunov-like functions and the basic comparison

principle of stochastic systems, some results on various types of practical stability in the pth

mean are obtained for the interconnected system (2.3).

Theorem 3.3. Assume that there exist functions Vi(t,x) and g(t,u) satisfying the following condi-
tions:

(i) for every Vi(t,x) ∈ C[J×Rn,R+], Vi(t,x)/ t, Vi(t,x)/ x2, and 2Vi(t,x)/ x2 exist
and are continuous for (t,x) ∈ (J × Rn), and LVi(t,j,x) ≤ gi(t,Vi(t,j,x)) holds for all
(t,x) ∈ J × Rn, i= 1,2,...,n, j= 1,2,...,N ;

(ii) g(t,u) ∈ C[J ×Rn,Rn
+] is a quasi-monotone nondecreasing concave function in u for each

t∈ J, and satisfies g(t,0) ≡ 0;

(iii) the maximal solution of the auxiliary differential system (3.3), that is, r(t,t0,u0) exists for
all t≥ t0, where u0 is an n-dimensional random vector;

(iv) for the solution process xi(t) = xi(t,t0,x0) of system (2.3), if E[Vi(t,x(t),j)] exists for all
t≥ t0, then

E
[
V
(
t,x(t),j

)]
≤ r(t,t0,u0) (3.4)

whenever t≥ t0 and V (t0,x0,j) ≤ u0, where

V
(
t,x,j

)
=
[
V1

(
t,x,j

)
,V2

(
t,x,j

)
,...,Vn

(
t,x,j

)]T
. (3.5)
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Proof. By applying generalized Itô formula, we have

EVi
(
x,t,j

)
− EVi

(
x(t0),t0,j

)
=
∫t

t0

ELVi
(
x,s,j

)
ds. (3.6)

Setting m i(t) = EVi(x,t,j), we obtain

m i(t) − m i(t0) =
∫t

t0

ELVi
(
x,s,j

)
ds, (3.7)

based on which, letting → 0+, it can be obtained that

m i
(
t+

)
− m i(t) =

∫t+

t

ELVi
(
x,s,j

)
ds

≤
∫t+

t

Egi
(
t,Vi

(
x,s,j

))
ds

≤
∫t+

t

gi
(
t,EVi

(
x,s,j

))
ds.

(3.8)

That is, for each i= 1,2,...,n, we have

D +m i(t) ≤ gi(t,m i(t)), (3.9)

where D + denotes the upper right Dini-derivative operator and m i(t) = EVi(x,t,j).
Denoting D +m (t) = (D +m 1(t),D +m 2(t),...,D +m n(t)), we have

D +m (t) ≤ g(t,m (t)). (3.10)

According to comparison theorem in [17], it immediately follows that

E
[
V
(
t,x(t),j

)]
≤ r(t,t0,u0) (3.11)

whenever t≥ t0 and V (t0,x0,j) ≤ u0, and hence the proof is complete.

4. Practical Stability Criteria

In this section, by employing Lyapunov-like functions and basic comparison principles for

interconnected systems developed in the previous section, we give various types of practical

stability in the pth mean of the interconnected system (2.3).

Definition 4.1. System (2.3) is said to be practically stable in the pth mean, if for all given

( ,A) with 0 < < A, E‖x0‖p < implies E‖x(t,t0,x0)‖p < A for all t≥ t0.
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Definition 4.2. A function (u) is said to belong to the class K, if ∈ K(R+,R+) satisfies

(0) = 0; (t,u) is said to belong to the class CK, if ∈ CK(R+ × R+,R+) is continuous, con-

cave, and strictly increasing in u for each t∈ R+ and satisfies (t,0) = 0; (u) is said to belong

to the class VK, if ∈ VK[R+,R+] is continuous, convex, and strictly increasing for each

u ∈ R+ and satisfies (0) = 0.

The following theorem gives the criteria of practical stability.

Theorem 4.3. Assume that

(i) all the hypotheses of Theorem 3.3 hold;

(ii) for (t,x) ∈ J × Rn, the following inequality holds:

b
(
‖x‖p

)
≤

n∑
i=1

Vi
(
t,x,j

)
≤ a

(
t,‖x‖p

)
, (4.1)

where b ∈ VK[R+,R+] and a ∈ CK[R+,R+] satisfy b(0) = 0 and a(t,0) = 0, respectively;

(iii) the maximal solutions of the auxiliary differential system (3.3) on t≥ t0, that is, r(t) =
r(t,t0,u0) and E[r(t,t0,u0)] both exist;

(iv) for the given andA (0 < < A), system (3.3) is practically stable with a(t0, ) < b(A).

Then, the interconnected system (2.3) is practically stable in the pth mean.

Proof. Let xi(t) = xi(t,t0,x0) (i= 1,2,...,n) be any solution process of system (2.3). It can be

obtained from Theorem 3.3 that

E
[
V
(
t,x(t),j

)]
≤ r(t,t0,u0) (4.2)

whenever t≥ t0 and V (t0,x0,j) ≤ u0, where r(t,t0,u0) is the maximal solution of system (3.3)
on [t0,∞), and thus,

n∑
i=1

E
[
Vi
(
t,j,x(t)

)]
≤

n∑
i=1

ri(t,t0,u0). (4.3)

Considering that r(t,t0,u0) is practically stable, we have

n∑
i=1

ui0 < a(t0, ), (4.4)

which implies that

n∑
i=1

ri(t,t0,u0) < b(A) ∀t≥ t0. (4.5)
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We claim that E‖x0‖p < implies E‖x(t,t0,x0)‖p < A, for all t≥ t0 for some t0 ∈ R+,

where x(t) = (x1(t),x2(t),...,xn(t)) is any solution of system (2.3) with E‖x0‖p < . Suppose

that this claim is not true, then there exists a t1 > t0 and a solution x(t) = x(t,t0,x0) of system

(2.3) with E‖x0‖p < satisfying

E‖x(t1)‖p = A, E‖x(t)‖p < A for t0 ≤ t< t1. (4.6)

Then, it follows from assumption (ii) that

n∑
i=1

E
[
Vi
(
t,j,x(t1)

)]
≥ b

(
E‖x(t1)‖p

)
= b(A). (4.7)

Choosing u0 such that V (t0,x0) = u0 and
∑n

i=1 ui0 = a(t0,E‖x0‖p), we have

n∑
i=1

E
[
Vi
(
t1,j,x(t1)

)]
≤

n∑
i=1

ri(t1,t0,u0) < b(A). (4.8)

Therefore, we arrive at the following contradiction:

b(A) ≤
n∑
i=1

E
[
Vi
(
t1,j,x(t1)

)]
< b(A). (4.9)

This completes the proof.

Theorem 4.4. Assume the following:

(i) all hypotheses of Theorem 3.3 hold;

(ii) for (t,x) ∈ T × Rn, V (t,x) satisfies the following inequality:

Φ
(
‖x‖p

)
≤

n∑
i=1

Vi
(
t,x,j

)
, (4.10)

where Φ ∈ VK[R+,R+] and VK[R+,R+] is the collection of all continuous, convex, and
increasing functions defined on R+ into itself with Φ(0) = 0;

(iii) the maximal solution r(t) of system (3.3) through (t0,u0) converges to the zero vector as
t→ ∞. Then, the interconnected system (2.3) is practically stable in the pth mean.

Proof. An application of Theorem 3.3 gives the following inequality:

EV
(
t,j,x(t)

)
≤ r(t,t0,u0), (4.11)

where r(t,t0,u0) is the maximal solution of system (3.3).
From assumption (ii), it can be seen that Φ( ) > 0 for every A > > 0. Let be a posi-

tive real number satisfying ‖x0‖p < . By choosing u0 such that V (t0,x0) = u0 and noting as-
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sumption (ii) and the continuity of V , there exists ∗ such that ‖x0‖p < implies∑n
i=1 E[Vi(t,j,x0)] ≤ ∗.

From assumption (iii) and the practical stability of r(t) of system (3.3), we have∑n
i=1 Vi(t,j,x0) =

∑n
i=1 ui0 <

∗ which implies that

n∑
i=1

ri(t,t0,u0) < Φ(A). (4.12)

It follows from (4.11) that

n∑
i=1

E
[
Vi
(
t,j,x(t)

)]
≤

n∑
i=1

ri(t,t0,u0), t≥ t0, (4.13)

and from (4.10), we arrive at the following inequality:

E
[
Φ
(
‖x‖p

)]
≤

n∑
i=1

E
[
Vi
(
t,j,x(t)

)]
. (4.14)

By noting that Φ is a convex function and using the Tensen’s inequality [18], we have

Φ
[
E
(
‖x‖p

)]
≤ E

[
Φ
(
‖x‖p

)]
. (4.15)

Then, from (4.12)–(4.15), we obtain

Φ[E(‖x‖p)] < Φ(A) (4.16)

whenever ‖x0‖p < , which implies

E[(‖x(t)‖p)] < A, ∀t≥ t0. (4.17)

Thus the proof is complete.

5. Example

Consider the following stochastic differential equation with Markovian switching:

dx(t) = f(t,r(t),x(t))dt+ (t,r(t),x(t))dw (t), (5.1)

where x = [x1 x2]
T ∈ R2 is the sate vector, w (t) is a normalized scalar wiener process.

The nonlinear vector function = [ 1 2]
T ∈ C[R+×S×R2,R2] satisfies (t,r(t),0) ≡ 0,

[ 1(t,r(t),x(t)) + 2(t,r(t),x(t))]2 ≤ (x1 + x2)2 (t),

[ 1(t,r(t),x(t)) − 2(t,r(t),x(t))]2 ≤ (x1 − x2)2 (t),
(5.2)

where ∈ C[R+,R+]
⋂
L1[0,∞).
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The nonlinear function f(t,r(t),x(t)) is taken as

f(t,r(t),x(t)) =

(
e−t+ sin(t)x1

e−t+ sin(t)x2

)
. (5.3)

We choose

V (t,r(t),x) =

(
V1(t,x)

V2(t,x)

)
=

(
(x1 + x2)2

(x1 − x2)2

)
(5.4)

as the Lyapunov function for (5.1). It is not difficult to obtain

|x|2 ≤
2∑
i=1

Vi(t,r(t),x(t)) ≤ 2|x|2. (5.5)

Now, consider the following auxiliary random differential system:

du = g(t,u)dt u(t0) = u0, (5.6)

where u ∈ R2, g(t,u) is given by

g(t,u) =

((
2e−t+ 2 sin(t) + (t)

)
u1(

2e−t+ 2 sin(t) + (t)
)
u2

)
. (5.7)

We obtain

LVi(t,r(t),x(t)) ≤ gi(t,Vi(t,r(t),x(t))) for (t,x) ∈ R+ × R2; (5.8)

let a(r) = b(r) = r. Obviously, the functions a(r) and b(r) are both convex and concave. More-

over, it is easy to see that g(t,u) is concave and quasi-monotone nondecreasing in u for the

fixed t, and hence the system (5.1) is uniformly practically stable.

6. Conclusions

In this paper, the notion of practical stability in the pth mean is introduced and extended for

the large-scale stochastic systems with Markovian switching. By employing Lyapunov-like

functions and the basic comparison principle, sufficient conditions are established for various

types of practical stability in the pth mean of nonlinear stochastic systems. The advantage of

these results is to convert the problem of practical stability in the pth mean of stochastic sys-

tems into the problem of practical stability of the comparative deterministic systems. Future

research topics include the investigation on the filtering and control problems for uncertain

nonlinear stochastic systems, see for example, [19–28].
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The practical stabilization problem is investigated for a class of linear systems with actuator
saturation and input additive disturbances. Firstly, the case of the input additive disturbance
being a bounded constant and a variety of different situations of system matrices are studied
for the three-dimensional linear system with actuator saturation, respectively. By applying the
Riccati equation approach and designing the linear state feedback control law, sufficient conditions
are established to guarantee the semiglobal practical stabilization or oscillation for the addressed
system. Secondly, for the case of the input additive disturbances being time-varying functions, a
more general class of systems with actuator saturation is investigated. By employing the Riccati
equation approach, a low-and-high-gain linear state feedback control law is designed to guarantee
the global or semiglobal practical stabilization for the closed-loop systems.

1. Introduction

Actuator saturation (control saturation), as a common and typical nonlinear constraint for

control systems, is often encountered in various industrial systems, especially in many

physical-controlled systems with magnitude limitation in the input. In general, linear systems

can be completely controlled by using the linear state feedback, and the semiglobal (or local)
stabilization can be achieved [1–3]. Linear systems with actuator saturation are also a special

class of nonlinear systems [4]. The occurrence of actuator saturation inevitably affects the

control systems performance and may even result in the instability of the controlled systems.

Consequently, the actuator saturation has attracted significant attention, and a variety of

approaches have been developed in the literature with respect to various types of systems

[5–13]. Specifically, the problems of the global (or semiglobal) asymptotic stabilization,

the attraction domain estimation, and the practical stabilization have been extensively

investigated.
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When the dimension of the integrator is greater than or equal to 3, the linear

systems with input saturation cannot be stabilized by using the linear state feedback control

law, so the global asymptotic stabilization of the system cannot be attained. However, if

all eigenvalues of the open-loop system have negative real parts, the global asymptotic

stabilization for the addressed system can be guaranteed by designing a globally stable

boundary control law. Accordingly, the exponentially semiglobal stabilization problems have

been widely studied in [1–3] by designing a linear state feedback control law. By employing

the linear matrix inequality (LMI) technique, much work has been done in finding the

condition of invariant set and the estimation of attraction domain, see for example, [14–18].
Very recently, networked control systems (NCSs) have attracted considerable attention due

to their successful applications in a wide range of areas with the advantage of decreasing

the installation cost and implementation difficulties [19–27]. It should be pointed out that, in

most related literature concerning the actuator saturation problems, the networked systems

with actuator saturation and input additive disturbances have not been thoroughly studied

yet.

On the other hand, the study of the linear systems with actuator saturation also covers

the practical stabilization problem, that is, a controller is designed such that the trajectories

of closed-loop system can enter into an arbitrarily small prescribed neighborhood of the

origin in finite time and remain thereafter. The practical stabilization problems have been

gaining an increasing research interest, and many important results have been reported,

see, for example, [28–30]. To mention a few, the problems of global practical stabilization

for planar linear systems have been studied [28, 29] in the presence of actuator saturation

and input additive disturbances. By tuning the value of the parameter and designing a

parameterized linear state feedback law, sufficient conditions have been established such that

all trajectories of the closed-loop systems approach to an arbitrarily small neighborhood of the

origin in a finite time and remain thereafter. Moreover, the global stabilization problem has

also been studied in [30] for a class of second-order switched systems with input saturation.

It is worth mentioning that, because of the mathematical complexity and computational

difficulty, the corresponding results for general multidimensional systems with actuator

saturation and input additive perturbations have been not reported. By designing the low-

and-high-gain and the scheduled low-and-high-gain control laws, the semiglobal asymptotic

stabilization problems have been investigated in [31, 32] for general multidimensional

linear systems. The feedback control law has been designed to deal with the matched

uncertainties and input additive disturbances. However, strict assumptions on the input

additive uncertainties and disturbances have been imposed on the systems. It is, therefore,

our aim to address the multidimensional systems with general constraints on the input

additive disturbances.

Motivated by the above discussion, we aim to investigate the practical stabilization

problem for three-dimensional (multidimensional) system with actuator saturation and

input additive disturbances. By employing the Riccati equation approach, the linear state

feedback control law is designed to guarantee the practical stabilization for the system with

actuator saturation and time-invariant input additive disturbances. Moreover, the practical

stabilization of a general multidimensional system with actuator saturation and time-varying

input additive disturbances is studied, and the low-and-high-gain linear state feedback

control law is synthesized by using the Riccati equation approach. The main contributions

of this paper can be highlighted as follows: (1) the practical stabilization problem of three-

dimensional linear systems is investigated for the first time, which covers actuator saturation

as well as input additive disturbances; (2) the low-and-high-gain linear state feedback control
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law is designed for multidimensional system with actuator saturation and time-varying input

additive disturbances.

Notations. The notations in this paper are quite standard except where otherwise stated.

The superscript “T” stands for matrix transposition; R
n (Rn×m ) denote, respectively, the n-

dimensional Euclidean space, the set of all n × m matrices; the notation P > 0 (P ≥ 0) means

that matrix P is real symmetric and positive definite (positive semi-definite); 0 represents

a zero matrix with appropriate dimension, respectively; ‖ · ‖ denotes the Euclidean norm

of a vector and its induced norm of a matrix. In symmetric block matrices or long matrix

expressions, we use a star “∗” to represent a term that is induced by symmetry. Matrices,

if their dimensions are not explicitly stated, are assumed to be compatible for algebraic

operations.

2. The Case of Bounded Constant Input Disturbance

Consider the following three-dimensional system with actuator saturation and input additive

disturbance:

ẋ = A x + B (u + d), (2.1)

where x ∈ R
3 is the state, A and B are real matrices of appropriate dimensions, u ∈ R is the

control input, and d ∈ R is the disturbance.

The saturation function (·) is defined as

(u) = sign(u)min{1,|u|}, (2.2)

where the notation of “sign” denotes the signum function.

Before proceeding further, we make the following assumptions.

Assumption 2.1. The matrix pair (A ,B) is controllable, and the eigenvalues of A have

nonpositive real parts.

Assumption 2.2. The input disturbance is bounded, that is, |d| ≤ D , where D is an arbitrarily

large positive scalar.

Based on Assumption 2.1, let B = [0 0 1]T , matrix A is in one of the following forms:

(a) A =

⎡⎢⎢⎣
0 1 0

0 0 1

0 0 0

⎤⎥⎥⎦, (b) A =

⎡⎢⎢⎣
0 1 0

0 0 1

0 0 −a

⎤⎥⎥⎦, (c) A =

⎡⎢⎢⎣
0 1 0

0 0 1

0 −a 0

⎤⎥⎥⎦,
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(d) A =

⎡⎢⎢⎣
0 1 0

0 0 1

−a 0 0

⎤⎥⎥⎦, (e) A =

⎡⎢⎢⎣
0 1 0

0 0 1

−a −b 0

⎤⎥⎥⎦, (
f
)
A =

⎡⎢⎢⎣
0 1 0

0 0 1

−a 0 −b

⎤⎥⎥⎦,

(
g
)
A =

⎡⎢⎢⎣
0 1 0

0 0 1

0 −a −b

⎤⎥⎥⎦, (h) A =

⎡⎢⎢⎣
0 1 0

0 0 1

−a −b −c

⎤⎥⎥⎦,
(2.3)

where a, b, and care positive scalars.

These forms of the matrix pair (A ,B) correspond to eight different cases for system

(2.1). In the following, the problem of practical stabilization for system (2.1) will be

investigated by designing the linear state feedback control law. To facilitate our development,

we introduce the following definition.

Definition 2.3. Define an ellipsoid Ω(P, ) as follows:

Ω
(
P,

)
:=
{
x ∈ R

3,xTPx ≤
}
, (2.4)

where P ∈ R
3×3 is a symmetric positive definite matrix and is a positive scalar.

For system (2.1), the control law under consideration is of the following structure:

u = −1
BTPx, (2.5)

where ∈ (0,1], and P is a symmetric positive definite matrix to be determined according to

the form of (A ,B) defined in (2.3).

Lemma 2.4 (see [10]). Letting u,v ∈ R with |v| ≤ 1, E1 = 0 and E2 = 1, one has

(u) ∈ co{u,v} = co
{
Eiu + E−iv,i= 1,2

}
, (2.6)

where “co” denotes the convex hull and E−i = 1 − Ei.

Theorem 2.5. Consider the system (2.1) with (A ,B) defined in (2.3) and the control law (2.5).

(i) If A satisfies case (g) with b2 > 2a or case (h) with bc > a in (2.3), then for any given
arbitrarily small set 0 ⊂ R

3 containing origin in its interior and for any positive scalar D ,
there always exists ∗ ∈ (0,1] such that, for any ∈ (0, ∗], all trajectories of the closed-loop
system will enter into the set 0 in finite time and remain thereafter.

(ii) If A satisfies cases (a) or (b) or (c) in (2.3), when the initial state is in some bounded
set, then for any given arbitrarily small set 0 ⊂ R

3 containing origin in its interior and
any positive number D , there always exists ∗ ∈ (0,1], such that, for any ∈ (0, ∗], all
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trajectories of the closed-loop system will enter into the set 0 in finite time and remain
thereafter.

(iii) If A satisfies cases (d) or (e) or (f) in (2.3), then all trajectories of the closed-loop system
are oscillatory.

Proof. Firstly, let us prove (i).
(i1) Consider the following system

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

0 −a −b

⎤⎥⎥⎦x +

⎡⎢⎢⎣
0

0

1

⎤⎥⎥⎦ sat(u + d), (2.7)

that is, A satisfies the case (g) with b2 > 2a in (2.3).
Let P be the solution to the following algebra Riccati equation (ARE):

A TP + PA − PBBTP = −

⎡⎢⎢⎣
a2 0 0

0 b2 − 2a 0

0 0 1

⎤⎥⎥⎦, (2.8)

we have

P =

⎡⎢⎢⎣
a2 + ab ab+ a a

∗ b2 + b b

∗ ∗ 1

⎤⎥⎥⎦. (2.9)

Define

Ω+ :=
{
x ∈ R

3,
1
BTPx ≥ 1 + D

}
,

Ω− :=
{
x ∈ R

3,
1
BTPx ≤ −1 − D

}
,

Ω0 :=
{
x ∈ R

3,

∣∣∣∣1
BTPx

∣∣∣∣ < 1 + D
}
.

(2.10)

For any x ∈ Ω+, we have BTPx ≥ (1 + D ), that is, ax1 + bx2 + x3 ≥ (1 + D ). From (2.7), we

obtain

ẋ1 = x2,

ẋ2 = x3,

ẋ3 = −ax2 − bx3 − 1.

(2.11)

Furthermore, there is aẋ1 + bẋ2 + ẋ3 = −1. It means that ax1 + bx2 + x3 will decrease in a

constant speed and will be less than (1 + D ) in finite time. Hence, any trajectory departing



6 Mathematical Problems in Engineering

from x ∈ Ω+ will enter into the interior of Ω0 in finite time. Similarly, any trajectory departing

from x ∈ Ω− will enter into Ω0 in finite time.

We choose the Lyapunov function V (x) = xTPx with P > 0 being the solution to ARE

(2.8). For any x ∈ Ω0, we have |(1/ (1 + D ))BTPx| < 1. It follows from Lemma 2.4 that

sat

{
1
BTPx − d

}
∈ co

{
Ei

(
1
BTPx − d

)
+ E−i

1

(1 + D )
BTPx,i= 1,2

}
. (2.12)

Noticing that > 0 is a sufficiently small scalar, we have

V̇ (x) = xTP

[
A x − B sat

(
1
xTPx − d

)]
+
[
A x − B sat

(
1
xTPx − d

)]T
Px

≤ max
i∈{1,2}

{
xTP

[
A x − BEi

(
1
BTPx − d

)
+ BE−i

1

(1 + D )
BTPx

]

+
[
A x − BEi

(
1
BTPx − d

)
+ BE−i

1

(1 + D )
BTPx

]T
Px

}

≤ xT
[
A TP + PA − 2D

(1 + D )
PBBTP

]
x + 2xTPBd

≤ xT
[
A TP + PA − PBBTP

]
x + 2 D (1 + D )

= −xT

⎡⎢⎢⎣
a2 0 0

0 b2 − 2a 0

0 0 1

⎤⎥⎥⎦x + 2 D (1 + D ).

(2.13)

Define

Ω7
d :=

⎧⎪⎪⎨⎪⎪⎩x ∈ R
3,xT

⎡⎢⎢⎣
a2 0 0

0 b2 − 2a 0

0 0 1

⎤⎥⎥⎦x ≤ 2 D (1 + D ),b2 > 2a

⎫⎪⎪⎬⎪⎪⎭, (2.14)

then there exists a scalar > 0 such that Ω(P, ) is the smallest ellipsoid satisfying Ω(P, ) ∩
Ω0 ⊃ Ω7

d ∩ Ω0. Hence, we have V̇ (x) < 0 for all x ∈ Ω(P, ) ∩ Ω0, and Ω(P, ) ∩ Ω0 is an

invariant set. Hence, any trajectory of the closed-loop system departing from Ω(P, ) ∩ Ω0

will enter into Ω(P, ) ∩ Ω0 in finite time and remain thereafter. If → 0, then Ω7
d tends to

origin. Therefore, Ω(P, ) ∩Ω0 approaches to the origin.

(i2) Assuming that matrix A satisfies the case (h) and bc> a, then the system (2.1) can

be written as follows:

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

−a −b −c

⎤⎥⎥⎦x +

⎡⎢⎢⎣
0

0

1

⎤⎥⎥⎦ sat(u + d). (2.15)
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It follows from bc> a that A is stable. Then there exists P > 0 satisfying

A TP + PA = −I3. (2.16)

When x ∈ Ω+, noting that BTPx ≥ (1 + D ), we have sat(u + d) = −1 and

V̇ (x) = xT
(
PA + A TP

)
x − 2xTPB ≤ −xTx − 2 (1 + D) < 0. (2.17)

Similarly, for any x ∈ Ω−, it is easy to obtain V̇ (x) < 0.

When x ∈ Ω0, considering |(1/ (1 + D ))BTPx| < 1 and noticing that > 0 is a

sufficiently small scalar, we have

V̇ (x) = xT
(
PA + A TP

)
x − 2

xTPBBTPx + 2 D (1 + D )

< −xTx + 2 D (1 + D ).
(2.18)

Set

Ω8
d :=

{
x ∈ R

3, ‖x‖2 ≤ 2 D (1 + D )
}
. (2.19)

Then there exists a scalar > 0 such that Ω(P, ) is the smallest ellipsoid which satisfies

Ω(P, ) ∩ Ω0 ⊃ Ω8
d ∩ Ω0. Now, we can conclude that V̇ (x) < 0 holds for all x /∈ Ω(P, ) ∩ Ω0.

Therefore, all trajectories will enter into Ω(P, )∩Ω0 in finite time. When → 0, Ω(P, )∩Ω0

approaches to the origin.

Secondly, let us prove (ii).
(ii1) Consider the following system:

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

0 0 0

⎤⎥⎥⎦x +

⎡⎢⎢⎣
0

0

1

⎤⎥⎥⎦ sat(u + d), (2.20)

that is, A satisfies the case (a).
In this case, we choose the matrix P to be the solution to the following ARE:

A TP + PA − 2

(1 + D )
PBBTP = − 1

(1 + D )

⎡⎢⎢⎢⎣
1 0 0

0 2 0

0 0
1 − 8 (1 + D )

4

⎤⎥⎥⎥⎦, (2.21)
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where 0 < < 1/(8(1 + D )). Then, we obtain

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
2

(1 + D )
1

2 (1 + D )

√
2

2

∗
√

2

2

(√
1 − (1 + D )
(1 + D )

)
1

∗ ∗
√

2

4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.22)

For any x ∈ Ω+, BTPx ≥ (1 + D ) and sat(u + d) = −1. The system (2.20) reduces to

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

0 0 0

⎤⎥⎥⎦x −
⎡⎢⎢⎣

0

0

1

⎤⎥⎥⎦. (2.23)

Hence, the solution to (2.23) can be described as:

x1 = −1

6
t3 +

1

2
x03t2 + x02t+ x01,

x2 = −1

2
t2 + x03t+ x02,

x3 = −t+ x03,

(2.24)

where x(0) = [x01 x02 x03]
T is the initial state.

By noting BTPx ≥ (1+D ), we have (
√

2/2)x1+x2+(
√

2/4)x3 ≥ (1+D ). Furthermore,

we obtain

BTPẋ =
√

2

2
ẋ1 + ẋ2 +

√
2

4
ẋ3

= −
√

2

4
t2 −

(
1 −

√
2

2
x03

)
t−

√
2

4
+ x03 +

√
2

2
x02.

(2.25)

If BTPẋ < 0, then any trajectory departing from Ω+ will enter into Ω0 in finite time. Let

√
2

4
t2 +

(
1 −

√
2

2
x03

)
t+

√
2

4
− x03 −

√
2

2
x02 > 0. (2.26)

For t> 0, the discriminant of quadratic inequality is less than zero, then it is accessible to the

conditions of the initial point set.
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Define

X +
1 :=

{
x =

[
x1 x2 x3

]T ∈ Ω+ : x1 ∈ R,
1

2
x2

3 + x2 +
1

2
< 0

}
, (2.27)

then any trajectory departed from X +
1 will enter into Ω0 in finite time and remain thereafter.

Similarly, when x ∈ Ω−, a set of initial points can also be found such that any trajectory

departing from the set will enter into Ω0 in finite time and remain thereafter. After some

algebraic manipulations, the initial set of points can be expressed as follows:

X −
1 :=

{
x =

[
x1 x2 x3

]T ∈ Ω− : x1 ∈ R,
1

2
x2

3 − x2 +
1

2
< 0

}
. (2.28)

For any x ∈ Ω0, |(1/ (1 + D ))BTPx| < 1, we have

V̇ (x) ≤ xT
[
PA + A TP − 2

(1 + D )
PBBTP

]
x + 2 D (1 + D )

− 1

(1 + D )
xT

⎡⎢⎢⎢⎣
1 0 0

0 1 0

0 0
1 − 8 (1 + D )

4

⎤⎥⎥⎥⎦x + 2 D (1 + D ).

(2.29)

Let

Ω1
d :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩x ∈ R
3,xT

⎡⎢⎢⎢⎣
1 0 0

0 1 0

0 0
1 − 8 (1 + D )

4

⎤⎥⎥⎥⎦x ≤ 2 2D (1 + D )2, <
1

8(1 + D )

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (2.30)

Then there exists a scalar > 0 such that Ω(P, ) is the smallest ellipsoid which satisfies

Ω(P, ) ∩ Ω0 ⊃ Ω1
d ∩ Ω0. Now, we can conclude that V̇ (x) < 0 holds for all x ∈ Ω(P, ) ∩ Ω0.

So Ω(P, ) ∩Ω0 is an invariant set. For the initial state x /∈ Ω(P, ) ∩Ω0, any trajectory of the

system departing from x ∈ X +
1 ∪ X −

1 ∪ (Ω0 \Ω(P, )) will enter into Ω(P, ) ∩Ω0 in finite time

and remain thereafter. When → 0, Ω(P, ) ∩Ω0 approaches to the origin.

(ii2) Consider the following system:

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

0 0 −a

⎤⎥⎥⎦x +

⎡⎢⎢⎣
0

0

1

⎤⎥⎥⎦ sat(u + d), (2.31)

that is, A satisfies the case (b).
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In this case, we choose the matrix P to be the solution to the following ARE:

A TP + PA − 2
PBBTP = −2

⎡⎢⎢⎢⎢⎢⎣
1

16
a4 0 0

0
1

2
a2 0

0 0 1

⎤⎥⎥⎥⎥⎥⎦. (2.32)

Then, we obtain

P =

⎡⎢⎢⎢⎢⎢⎢⎣
a3

2

a2

2

1

4
a2

∗ 2
a − 1

4
a2 a

∗ ∗ 1

⎤⎥⎥⎥⎥⎥⎥⎦, (2.33)

where, if a > 6, then < 6/a, and, if 0 < a ≤ 6, then ∈ (0,1].
Define

X +
2 :=

{
x =

[
x1 x2 x3

]T ∈ Ω+ : x1 ∈ R,x2 ≤
4

a2
,x3 ≥ −

1

a

}
,

X −
2 :=

{
x =

[
x1 x2 x3

]T ∈ Ω− : x1 ∈ R,x2 ≥
4

a2
,x3 ≤ −

1

a

}
,

Ω2
d :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x ∈ R

3,xT

⎡⎢⎢⎢⎢⎢⎣
1

16
a4 0 0

0
1

2
a2 0

0 0 1

⎤⎥⎥⎥⎥⎥⎦x ≤ 2D (1 + D ), <
6

a
,a > 6, ∈ (0,1],0 < a ≤ 6

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

(2.34)

Then there exists a scalar > 0 such that Ω(P, ) is the smallest ellipsoid which satisfies

Ω(P, )∩Ω0 ⊃ Ω2
d ∩Ω0. Therefore, V̇ (x) < 0 holds for all x ∈ Ω(P, )∩Ω0. Hence Ω(P, )∩Ω0

is an invariant set. For the initial state x outside Ω(P, ) ∩ Ω0, any trajectory departing from

x ∈ X +
2 ∪ X −

2 ∪ (Ω0 \Ω(P, )) will enter into Ω(P, ) ∩Ω0 in finite time and remain thereafter.

Moreover, when → 0, Ω(P, ) ∩Ω0 approaches to the origin.

(ii3) Consider the following system:

ẋ =

⎡⎢⎢⎣
0 1 0

0 0 1

0 −a 0

⎤⎥⎥⎦x +

⎡⎢⎢⎣
0

0

1

⎤⎥⎥⎦ sat(u + d), (2.35)

that is, A satisfies the case (c).
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In this case, we choose the matrix P to be the solution to the following ARE:

A TP + PA − 2
PBBTP = −1

⎡⎢⎢⎢⎣
2a2 0 0

0
1 − 6 2a

2 3
0

0 0 1

⎤⎥⎥⎥⎦. (2.36)

Then, we obtain

P =

⎡⎢⎢⎢⎢⎣
a2 +

a
2

2a
a

∗ 1
2

1

2
∗ ∗ 1

⎤⎥⎥⎥⎥⎦, (2.37)

where, if a > 1/6, then <
√
(1/6)a, and, if 0 < a ≤ 1/6, then ∈ (0,1].

Set

X +
3 :=

{
x =

[
x1 x2 x3

]T ∈ Ω+ : x1 ∈ R,
√
ax2 + x3 < 2 − 1√

a

}
,

X −
3 :=

{
x =

[
x1 x2 x3

]T ∈ Ω− : x1 ∈ R,
√
ax2 + x3 < 2 +

1√
a

}
,

Ω3
d :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩x ∈ R
3,xT

⎡⎢⎢⎢⎣
2a2 0 0

0
1 − 6 2a

2 3
0

0 0 1

⎤⎥⎥⎥⎦x ≤ 2 2D (1 + D ),

<

√
1

6
a,a >

1

6
, ∈ (0,1],0 < a ≤ 1

6

⎫⎪⎪⎪⎬⎪⎪⎪⎭.

(2.38)

Then, there exists a scalar > 0 such that Ω(P, ) is the smallest ellipsoid which satisfies

Ω(P, )∩Ω0 ⊃ Ω2
d∩Ω0. Therefore, V̇ (x) < 0 is true for all x ∈ Ω(P, )∩Ω0. Hence, Ω(P, )∩Ω0

is an invariant set. For the initial state x /∈ Ω(P, )∩ Ω0, any trajectory of the system departing

from x ∈ X +
3∪X −

3∪(Ω0\Ω(P, )) will enter into Ω(P, )∩Ω0 in finite time and remain thereafter.

Moreover, when → 0, Ω(P, ) ∩Ω0 approaches to the origin.

Finally, let us prove (iii).
Assuming that matrix A satisfies any case among (d)–(f), when the actuator is

saturated, all the system trajectories departed from Ω+ and Ω− are oscillatory, that is, all

the trajectories cannot back into any arbitrarily small set containing the origin in finite time.

When the actuator is unsaturated, that is, x ∈ Ω0. The positive definite symmetric matrix

P satisfying certain ARE can be obtained. When → 0, there exists a small ellipsoid Ωi
d

which contains origin as its interior and approaches to the origin such that V̇ (x) < 0 for all

x ∈ Ω0 \Ωi
d. Furthermore, there exists > 0 such that Ω(P, ) is the smallest ellipsoid which
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satisfies Ω(P, ) ∩ Ω0 ⊃ Ωi
d ∩ Ω0, that is, x /∈ Ω(P, ) ∩ Ω0, the trajectory only starting from

Ω0 \Ω(P, ) can enter into Ω(P, ) ∩Ω0 in finite time.

Based on (i)–(iii), the proof of this theorem is now complete.

Remark 2.6. It should be pointed out that, because of the mathematical complexity and

computational difficulty, almost all papers concerning the actuator saturation and input

additive disturbances have considered the two-dimensional systems. In this paper, we make

the first attempt to investigate the practical stabilization problem for three-dimensional

system with actuator saturation and input additive disturbances. To the best of our

knowledge, the research topic addressed in this paper is new and meaningful. The above

attempts distinguish our research results from the existing ones.

Remark 2.7. The sufficient conditions are established in Theorem 2.5 for three-dimensional

system with actuator saturation and input additive disturbance. By applying the Riccati

equation approach, the linear state feedback control law is designed such that the semiglobal

practical stabilization can be guaranteed. It should be pointed out that the simultaneous

consideration of actuator saturation and input additive disturbance leads to essential

difficulties in the technical development, and the corresponding derivations are nontrivial.

More specifically, some constructive strategies are introduced to facilitate the derivation of

the main results.

3. The Case of Time-Varying Uncertain Input Disturbance

In this section, we investigate a more general class of systems with actuator saturation and

time-varying disturbance input. A low-and-high-gain is designed to guarantee the global or

semiglobal practical stabilization for the closed-loop systems.

Consider the following linear system with actuator saturation and time-varying

disturbance input

ẋ = A x + B
(
u + g(x,t)

)
, (3.1)

where x ∈ R
n is the state vector, u ∈ R

m is the control input, g(x,t) : R
n ×R → R

m represents

the time-varying uncertainty, and A and B are known real matrices with appropriate

dimensions. (·) : R
m → R

m is the standard saturated function, that is,

(s) =
[

1(s1) 2(s2) · · · m (sm )
]T
, i(si) = sign(si)min{1,|si|}, s∈ R

m . (3.2)

Before proceeding further, we make the following assumptions.

Assumption 3.1. The matrix pair (A ,B) is asymptotically null controllable with bounded

control, that is, all the eigenvalues of A are in the left half plane (LHP) and (A ,B) is

stabilizable.

Assumption 3.2. The uncertain element g(x,t) is piecewise continuous in t and locally

Lipschitz in x satisfying

∥∥g(x,t)∥∥ ≤ g0(‖x‖) + D 0, ∀(x,t) ∈ R
n × R

+, (3.3)
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where D 0 is a known positive scalar, and the known function g0(·) : R
+ → R

+ is local

Lipschitz and satisfies g0(‖x‖) ≤ L‖x‖ with L > 0 being a constant.

Problem 1. For the system (3.1), the purpose of this section is to design a state feedback control

law u = Fx such that the following requirements are satisfied.

(1) If D 0 = 0, the closed-loop system is globally asymptotically stable at the point of

x = 0.

(2) If D 0 > 0, the trajectories of the system enter into a given set which contains the

origin as an interior point and remain thereafter.

Remark 3.3. As discussed in [31], corresponding to the specific values for D 0 and g0, Problem

1 refers to different names. Specifically, when g0 = 0, D 0 = 0, it is called the globally

asymptotical stabilization by state feedback problem. When g0 = 0, D 0 > 0, it is called the

global disturbance rejection by state feedback problem. When g0 /= 0, D 0 = 0, it is called the

robust globally asymptotical stabilization by state feedback problem. When g0 /= 0, D 0 > 0, it

is called the robust global disturbance rejection by state feedback problem.

For Problem 1, the design of low-and-high gain state feedback control law is composed

of three steps. In Steps 1 and 2, the low-gain and high-gain state feedback control law is

designed, respectively. Accordingly, the low-and-high-gain control law is designed in Step 3.

Step 1 (low-gain state feedback design). Let Q : (0,1] → R
n×n be a continuously

differentiable and strictly increasing function such that Q ( ) is symmetric positive definite

for each ∈ (0,1] and lim
→ 0
Q ( ) = 0. Consider the following ARE:

A TP( ) + P( )A − P( )BBTP( ) = −Q ( ). (3.4)

Then, the following lemma is obtained.

Lemma 3.4 (see [32]). Let Assumption 2.1 be satisfied, then, for all ∈ (0,1], there exists a unique
symmetric positive definite matrix P( ) > 0 which solves the ARE (3.4) and lim → 0P( ) = 0.

Now, we construct the low-gain state feedback law as follows:

uL = −BTP( )x, (3.5)

where P( ) is a symmetric positive definite solution to ARE (3.4).
Based on Lemma 3.4, we can conclude that the above low-gain state feedback control

law can be arbitrarily small when is arbitrarily small.

Step 2 (high-gain state feedback design). We design the high-gain state feedback control law

as follows:

uH = − BTP( )x, (3.6)

where ≥ 0 is called high-gain parameter, = 0(1 + L + D 0)
2/ min(Q ( )) with 0 ≥ 0 being

an adjustable constant, L and D 0 are defined in Assumption 3.2.
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Step 3 (low-and-high-gain state feedback design). Taking the low-gain and high-gain state

feedback control law into account, the low-and-high-gain state feedback control law is

constructed as follows:

uLH = −
(
1 +

)
BTP( )x. (3.7)

Concluded from [32], the state feedback control law (3.7) is one of the optimal control

for the linear system (3.1) without any saturation constraint. The following theorem presents

a criterion about the solution to Problem 1.

Theorem 3.5. Let Assumption 3.1 be true. There exist positive scalars and ∗
0 such that, for all ∈

(0, ∗] and 0 ≥ ∗
0, the low-and-high-gain state feedback control law (3.7) is a solution to Problem1.

Proof. To begin with, the cases of saturation and unsaturation are discussed respectively. For

convenience, set P( ) = P and Q ( ) = Q .

Firstly, we choose the Lyapunov function V (x) = xTPx. By calculating the derivative

of V (k) along the trajectory of closed-loop system, we have

V̇ (x) = xT
(
A TP + PA

)
x + 2xTPB

(
−
(
1 +

)
BTPx + g(x,t)

)
= −xTQ x + xTPBBTPx + 2xTPB

(
−
(
1 +

)
BTPx + g(x,t)

)
≤ −xTQ x + 2xTPBBTPx + 2xTPB

(
−
(
1 +

)
BTPx + g(x,t)

)
.

(3.8)

(1) The actuator is with saturation. Here, it is proved only when (BTPx)i < 0, where

(·)idenotes the ith element of vector (·).
When 1 + ≥ (−(1 + )BTPx)i≥ 1 + L‖x‖ + D 0, we arrive at

(
−(1 + )BTPx + g(x,t)

)
i
≥ 1, ∀(x,t) ∈ R

n × R
+,

i

(
−
(
1 +

)
BTPx + g(x,t)

)
= 1, i= 1,2,...,m ,∀(x,t) ∈ R

n × R
+,

(3.9)

−1 ≤
(
BTPx

)
i
≤ −1 + L‖x‖ + D 0

1 +
≤ − 1

1 +
< 0. (3.10)

Thus, we get

(
xTPB

)
i

((
BTPx

)
i
+ 1

)
≤ 0. (3.11)

Hence,

xTPBBTPx + 2xTPBH ≤ 2
m∑
i=1

(
xTPB

)
i

((
BTPx

)
i
+ 1

)
< 0, (3.12)

where H = [1 · · · 1]T .
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It follows from (3.8) that

V̇ (x) = −xTQ x + xTPBBTPx + 2
m∑
i=1

(
xTPB

)
i

≤ −xTQ x + 2
m∑
i=1

(
xTPB

)
i

((
BTPx

)
i
+ 1

)

< −xTQ x < 0.

(3.13)

If (BTPx)i< −1, for each (x,t) ∈ R
n×R

+, it can be easily seen that (−(1+ )BTPx+g(x,t))i≥ 1,

that is, i(−(1 + )BTPx + g(x,t)) = 1(i= 1,2,...,m ). Then, we have

V̇ (x) = xT
(
A TP + PA

)
x + 2

m∑
i=1

(
xTPB

)
i
≤ xT

(
A TP + PA

)
x − 2n < 0. (3.14)

According to Assumption 3.1, we have A TP + PA < 0 for any P > 0.

When −(1 + ) ≤ (−(1 + )BTPx)i≤ −1 − L‖x‖ − D 0, we obtain

(
−
(
1 +

)
BTPx + g(x,t)

)
i
≤ −1, ∀(x,t) ∈ R

n × R
+,

i

(
−
(
1 +

)
BTPx + g(x,t)

)
= 1, i= 1,2,...,m ,∀(x,t) ∈ R

n × R
+,

1 ≥
(

BTPx
)
i
≥ 1 + L‖x‖ + D 0

1 +
≥ 1

1 +
> 0.

(3.15)

That is (BTPx)i > 0. Along the same line of the above proof, we can discuss the cases

0 < (BTPx)i ≤ 1 and (BTPx)i > 1, respectively. Hence, we can conclude that V̇ (x) < 0 for

(BTPx)i> 0.

(2) The actuator is not saturated. When |(−(1 + )BTPx)i+ (g(x,t))i| < 1, according to

(3.8), we have

V̇ (x) = −xTQ x − 2 xTPBBTPx + 2xTPBg(x,t)

≤ −xTQ x + 2
m∑
i=1

(
g(x,t)

)
i−

(
BTPx

)
i

(
BTPx

)
i
.

(3.16)
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Next, we discuss the following two cases.

If |( BTPx)i| ≥ |gi|, by noting (BTPx)i(− (BTPx)i+ (g(x,t))i) < 0, we obtain

V̇ (x) = −xTQ x − 2xTPB
(
−
(
1 +

)
BTPx + g(x,t) + BTPx

)

≤ −xTQ x + 2
m∑
i=1

(
−
(
BTPx

)
i
+
(
g(x,t)

)
i

)

≤ −xTQ x

< 0.

(3.17)

If |( BTPx)i| ≤ |gi|, then

V̇ (x) = −xTQ x + 2xTPBg(x,t)

≤ −xTQ x + 2
m∑
i=1

∣∣gi∣∣2

≤ −xTQ x + 2
(L‖x‖ + D 0)

≤ −
(

min(Q ) − 4L2
)
‖x‖2 +

4D 2
0 .

(3.18)

Suppose

W 0 :=

{
x ∈ R

n : ‖x‖2 ≤
4D 2

0

0(1 + L + D 0)2 − 4L2

}
. (3.19)

Taking ∗ = 4, then all trajectories will enter into W 0 in finite time and remain thereafter for all

0 ≥ ∗. Here, W 0 is an arbitrarily small set including the origin point, and 0 is a sufficiently

large scalar.

Specifically, it follows from D 0 = 0 that V̇ (x) < 0, that is, x = 0 is globally

asymptotically stable. To this end, the proof of this theorem is complete.

Remark 3.6. In this section, the practical stabilization problem is investigated for a general

multidimensional system. From a practical point of view, it is more significant to consider

the high-dimensional systems. It is worth mentioning that the system under consideration is

comprehensive that includes the actuator saturation and the time-varying input disturbances.

By using the Riccati equation approach, the low-and-high-gain state feedback control law is

designed such that the global or semiglobal practical stabilization for the multidimensional

system can be guaranteed. On the other hand, we are now researching into a method for the

system with uncertainties, time-delay, and/or input disturbance in more general cases. The

corresponding results will appear in the near future.
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4. Conclusions

In this paper, we have made an attempt to investigate the practical stabilization problem for

a class of system with actuator saturation and input additive disturbances. For the case of the

input additive disturbance being bounded constant, the three-dimensional system has been

studied where the system matrices satisfy a class of the controllability canonical form. Eight

different forms of the system matrices have been discussed. Subsequently, by applying the

Riccati equation approach and designing the linear state feedback control law, the sufficient

conditions of the semiglobal practical stabilization or oscillation for the addressed systems

have been established. For the case when the input additive disturbances are time-varying

functions, by using of the Riccati equation approach as well as combining the low-gain linear

state feedback and high-gain linear state feedback, a low-high-gain linear state feedback

control law has been designed such that the global or semiglobal practical stabilization for

a general multidimensional system with actuator saturation can be guaranteed. One of the

future research topics would be the extension of the main results obtained in this paper to

networked control systems [27, 33–36].
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We present a geometric buildup algorithm for solving the sensor network localization problem
with either accurate or noisy distance data. The algorithm determines the locations of the sensors,
one at a time, by using the distances between the determined sensors and the undetermined ones.
Each time, only a small system of distance equations needs to be solved and therefore, in an ideal
case when the required distances are available for every sensor to be determined, the computation
can be completed in n steps if n sensors are to be determined. An algorithm with two buildup phas-
es is also implemented to handle not only noisy but also sparse distance data with for example only
a few distant anchors. We show our test results and compare them with other approaches.

1. Introduction

Ad hoc wireless sensor networks consist of a large number of spatially distributed sensor

nodes that communicate with their nearby sensors within a radio range [1, 2]. The sensor data

are relevant only if the sensors’ locations are known. The expensive GPS (Global Positioning

System) may locate only some of the sensors (called anchors). Most sensors can be located by

means of some distance information obtained from the radio signals that the sensors receive

[1]. The problem of finding the locations of the sensors given a few anchors and some local

distance information among the sensors is called the sensor network localization problem.

Sensor network localization has been applied to many application fields, including

environmental studies such as monitoring environmental conditions [3, 4], health cares such

as patient tracking [5], and military applications such, as battlefield surveillance [6]. For ex-

ample, [2, 7] mention that Southern California Edisons Nuclear Generating Station in San

Onofre, Calif, USA has deployed wireless mesh-networked sensors from Dust Networks Inc.



2 Mathematical Problems in Engineering

to obtain real-time trend data. These data are used to predict which motors are about to fail,

so they could be preemptively rebuilt or replaced during scheduled maintenance periods.

Implementation of a sensor localization algorithm could provide a service that eliminates the

need to record every sensor’s location and its associated ID number in the network [2].
Mathematically, the sensor network localization problem can be described as follows.

Assume that there are m anchors whose locations denoted by ak ∈ R2,k = 1,...,m , are

known and n − m sensors whose locations denoted by xj ∈ R2,j = m + 1,...,n need to

be decided. For a pair of sensors xi and xj, let their Euclidean distance be denoted by di,j.
Similarly, let di,k denote the Euclidean distance between an anchor ak and a sensor xi. Let N x

and N a be two sets of node pairs,

N x =
{(
i,j
)

:
∥∥xi− xj∥∥ = di,j < rd

}
,

N a = {(i,k) : ‖xi− ak‖ = di,k < rd},
(1.1)

where ‖ · ‖ represents the Euclidean norm and rd is a fixed parameter called radio range. The

sensor network localization problem can be formulated as a 2D distance geometry problem,

to find the vectors xi∈ R2 for all i= m + 1,...,n such that

∥∥xi− xj∥∥2 = d2
i,j ∀

(
i,j
)
∈ N x,

‖xi− ak‖2 = d2
i,k ∀(i,k) ∈ N a.

(1.2)

In practice, the distance information is available only if the distance of two nodes is within a

certain radio range. Therefore, the available distances are usually sparse, that is, only a small

subset of all distances among the nodes is available. The distance data contains errors as well

due to the accuracy of the measurements, the power of the sensors, and some other envi-

ronmental factors. A distance geometry problem with sparse and inexact distances has been

proved to be difficult to solve in general [8–10].
More specifically, if exact distances for all pairs of nodes are available, a distance geom-

etry problem can be solved in polynomial time by using for example a singular value de-

composition algorithm in O (n2) [9] or a geometric buildup algorithm in O (n) [11], where n
is the number of nodes to be determined and O (·) is the conventional expression for time

complexity. If only a sparse set of distances is given, the problem is NP-hard in general [8],
even if small distance errors are allowed [10].

Much work has been done on the sensor network localization problem. Biswas et al.

[1, 12] proposed an SDP (semidefinite programming) approach to the problem. Wang et al.

[13] made further SDP relaxations and developed NSDP (node-based SDP) and ESDP (edge-

based SDP) algorithms for large-scale applications. Nie [14] presented an SOS (sum of

squares) approach by formulating the problem as a minimization problem for a sum of

squares. Tseng [15] developed an SOCP (second-order cone programming) relaxation meth-

od. Recent works also include Carter et al. [2], the SFSDP (sparse variant of FSDP [1]) ap-

proach by Kim et al. [16], Zhu et al. [17], the LPCGD (log-barrier penalty coordinate gradient

descent) approach by Pong and Tseng [18], and the SNLSDPclique approach by Krislock and

Wolkowicz [19, 20].
We investigate the solution of the sensor network localization problem within a geo-

metric buildup framework. A basic geometric buildup algorithm [11] was proposed for the
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solution of a 3D distance geometry problem with exact distances. The work was later extend-

ed to problems with sparse distances [21–23], inexact distances [24], and distance bounds

[25]. All these works were applied to protein structure determination problems, which are to

determine a set of points given a set of distances between the points. The idea of geometric

buildup is to determine the points, one at a time, using the distances between the determined

points and the undetermined ones. The algorithm can be applied to distance geometry prob-

lems in any finite dimensional Euclidean space including the sensor network localization in

2D.

In every buildup step, for determining a point, a small system of distance equations

needs to be solved. However, the point may be overdetermined for there may be more equa-

tions than the coordinates for the point. On the other hand, the distances may have errors

and the equations are most likely to be inconsistent. To overcome this difficulty, a least-

squares approximation method has been developed for solving the distance equations [24].
The method employs a low-rank matrix approximation scheme [26], which requires the sin-

gular value decomposition for a small distance matrix. Here, our algorithm is different from

[24] in the approximation scheme. We implement a low-rank positive semidefinite approxi-

mation scheme [27], which requires a spectral decomposition and guarantees a best-possible

approximation to the solution of the distance equations in a least-squares sense.

The availability of an initial set of determined points can be important for a geometric

buildup algorithm to start and succeed. Fortunately, for sensor network localization, there is

usually a set of anchor nodes that can be used as an initial set of nodes. However, if there

are only a few anchors scattered widely in space, the chance is that there may not be many

sensors with (at least three) distances to these anchors and the algorithm may be able to de-

termine only a small set of sensors. For this reason, we have also implemented a two-phase

buildup algorithm. In the first phase, we determine as many sensors as possible starting with

the initial anchors. In the second phase, from the undermined sensors, if there are any, we

find a clique of sensors, that is, a subset of sensors with all distances among them available.

We position the sensors in the clique in space (which is possible using their distances) and

start from them to determine the remaining sensors. In this way, we can have more sensors

determined than a single phase algorithm.

This paper is organized as follows. In Section 2, we present several possible versions

of geometric buildup algorithms for sensor network localization. In Section 3, we present the

numerical results for a set of simulated sensor network localization problems with exact and

inexact sparse distances. We conclude the paper and make some remarks in Section 4.

2. The Geometric Buildup Algorithms

In this section, we present three versions of geometric buildup algorithms for sensor network

localization. Three cases of problems are concerned (1) when exact distances are available, (2)
when distances have errors, and (3) when there are only a few distant anchors. A geometric

buildup algorithm, named as basic, extended, and two-phase geometric buildup algorithms,

respectively, is described for each of the three cases.

2.1. The Basic Geometric Buildup Algorithm

When a set of exact distances is given, that is, the distances in (1.1) is accurate, a basic geo-

metric buildup algorithm can be applied. The algorithm works as follows. It first takes the

anchors as the initial set of determined sensors. Then, for any undetermined sensor j, it
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Input: The positions of the anchors, the distances di,j, (i,j) ∈ N x ∪ N a.
Output: The positions of a set of determined sensors.
Step 1: Let the anchors be the initial set of determined sensors.
Step 2: Repeat:

For each undetermined sensor j:
If a basis set of determined sensors is found for sensor j,

determine sensor jby solving the linear system (2.2).
End

End
If no sensor can be determined in the loop, stop.
If all sensors are determined, stop.

Algorithm 1: The basic geometric buildup algorithm.

tries to find three determined sensors that are not collinear but have distances to sensor j.
We call these three determined sensors a basis set of sensors for sensor j. Let xi =
(xi,1,xi,2)

T (i= 1,2,3) be the coordinate vectors of the three determined sensors. Given the

distances di,j (i= 1,2,3), the coordinate vector xj = (xj,1,xj,2)
T of sensor jcan be determined

by using the following system of equations:

‖xi‖2 − 2xTixj+
∥∥xj∥∥2 = d2

i,j, i= 1,2,3. (2.1)

Subtracting equation ifrom equation i+ 1 (i= 1,2) results in a linear system of equations

A xj = b, (2.2)

where

A = −2

[
(x2 − x1)

T

(x3 − x2)T

]
, b =

⎡⎢⎣
(
d2

2,j− d2
1,j

)
−
(
‖x2‖2 − ‖x1‖2

)
(
d2

3,j− d2
2,j

)
−
(
‖x3‖2 − ‖x2‖2

)
⎤⎥⎦. (2.3)

The points x1,x2,x3 are not collinear, so the coefficient matrix A is nonsingular and the

linear system (2.2) has a unique solution. An outline of the basic geometric buildup algorithm

is given in Algorithm 1. Note that if there are at least three anchors in the network and the

distances are exact, and if in every step, an undetermined sensor and a basis set of determined

sensors associated with it can be found, then the basic geometric buildup algorithm can

solve the problem in O (n) computation time, where n is the total number of sensors to be

determined.

2.2. The Extended Geometric Buildup Algorithm

Note that for every undetermined sensor, there may be more than three determined sensors

that have distances to it. Therefore, there may be more than three distance equations in (2.1)
for the sensor to satisfy. Of course, if the distances are accurate, or in other words, are exact,

only three equations need to be solved as done in the basic algorithm, while all other
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equations are satisfied automatically. However, in practice, the distances may have errors and

therefore, the distance equations may not be consistent, and satisfying three of them does not

necessarily satisfy all the equations. Besides, (2.1) cannot be reduced to (2.2) any more be-

cause there may not be a solution to the equations in (2.1) or, in other words, the equations

may never hold and hence cannot add or subtract. The extended geometric buildup algorithm

is developed to overcome these difficulties.

An extended geometric buildup algorithm works as follows. It again takes the anchors

as the initial set of determined sensor. Then, for each undetermined sensor, it finds all the

determined sensors that have distances to the undetermined sensor. If there are at least three

such determined sensors and if they are not collinear, then the algorithm tries to find the coor-

dinates for the undetermined sensor by solving a system of distance equations corresponding

to all these determined sensors. In particular, since the equations may not be consistent, they

are solved approximately in a least-squares sense as described in the following.

Let x +1 = (x +1,1,x +1,2)
T be the coordinate vector of the sensor to be determined. Let

xi = (xi,1,xi,2)
T (i= 1,..., ) be the coordinate vectors of the determined sensors to be used

for the determination of x +1. Let di, +1 be the distances from xi to x +1,i= 1,..., . Then the

distance equations to be solved are

‖xi‖2 − 2xTix +1 + ‖x +1‖2 = d2
i, +1, i= 1,..., . (2.4)

The equations can be solved by using for example a standard nonlinear least-squares method,

but we implement a method similar to that proposed in [24] and obtain a more direct solution

to the equations. Instead of working on the system in (2.4), we expand it to the following

system:

‖xi‖2 − 2xTixj+
∥∥xj∥∥2 = d2

i,j, i,j= 1,..., + 1. (2.5)

Note that di,j,i,j= 1,..., in the added equations may or may not be available in the given

distance data, but they can be computed if some of them are not because xi,i= 1,..., are

already known. We then consider all xi,i= 1,..., + 1 as unknowns and determine them all

by solving the system of equations in (2.5). Since the relative positions of these sensors are

invariant under any translation and orthogonal transformation, we can set a reference system

so that the sensor to be determined is located at the origin or, in other words, x +1 = (0,0)T . It

follows that ‖xi‖ = di, +1,‖xj‖ = dj, +1 and

d2
i, +1 − 2xTixj+ d

2
j, +1 = d2

i,j, i,j= 1,..., . (2.6)

Define a coordinate matrix X and an induced distance matrix D as follows:

X = {xi,k : i= 1,..., ,k = 1,2},

D =

⎧⎨⎩
(
d2
i, +1

− d2
i,j+ d

2
j, +1

)
2

: i,j= 1,...,

⎫⎬⎭.
(2.7)
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It is easy to verify that X X T = D , which has been widely studied in the classical multidimen-

sional scaling or “MDS” [27–29]. If the distances have errors, the system X X T = D may not

be consistent. It is natural to consider a least-squares problem

min
X ∈R ×2

∥∥∥D − X X T
∥∥∥
F
, (2.8)

where ‖ · ‖F is the matrix Frobenius norm. [24] applied the best rank rmatrix approximation

coming from the classical Eckart-Young Theorem [26], which involves the singular value de-

composition. Here, we apply a best positive semidefinite approximation which involves

the spectral decomposition. The solution to the problem in (2.8) can be obtained from the

following theorem.

Theorem 2.1 (see [19, 27]). Let M = Σn
i=1 iuiu

T
i be the spectral decomposition of the symmetric

matrix M , where 1 ≥ · · · ≥ n. Then M̃ = Σr
i=1

+
iuiu

T
i , where

+
i = max{0, i}, is the best positive

semidefinite approximation to the following problem,

min
M̃

∥∥∥M − M̃
∥∥∥
F
,

subj. to rank
(
M̃
)
≤ r, M̃ � 0.

(2.9)

Now suppose that the spectral decomposition of D is U ΛU T , where the diagonal en-

tries of Λ are in a decreasing order. Let V = U (:,1 : 2) and Σ be the diagonal matrix with

Σii = max{0,Λii}, where i = 1,2. Then X = VΣ1/2 solves the problem in (2.8), and the

coordinates of all the sensors are obtained, with the sensor to be determined located at (0,0)T .

To obtain the coordinates of this sensor in the original reference system, it can be transformed

along with other sensors so that the recalculated coordinates of those sensors agree with

their old ones as much as possible. The latter can be done by minimizing the so-called RMSD

(root-mean-square deviation) of the coordinates (details at the end of this subsection).
It seems that the system of equations in (2.4) is simpler and easier to solve than that

in (2.5), and the coordinates of xi,i= 1,..., are also recalculated in (2.5). It turns out that

solving (2.5) instead of (2.4) is critical for the stability of the buildup algorithm. The solution

to the system in (2.4) depends on previously calculated coordinates xi,i= 1,..., and, there-

fore, may inherit errors from previous calculations. If such errors are continuously passed

down to later calculations, the buildup algorithm is most likely to end up with an incorrect

set of coordinates for the sensors. In contrast, the solution to the system in (2.5) depends only

on the distances among the sensors, most of which are given in the original distance data.

The recalculation of the coordinates xi,i= 1,..., also “cutoffs” possible propagations of

calculation errors, making the algorithm much more stable [24].
As we have mentioned above, the coordinates of xi,i= 1,..., + 1 are determined

in an independent reference system. In order to move the coordinates back to their original

reference system, we need to make a proper translation and orthogonal transformation for

the coordinates. Let X ∈ R ×2 and Y ∈ R ×2 be the previously calculated and recalculated
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coordinate matrices of the determined sensors, respectively. We first calculate the geometric

centers of X and Y ,

X c =
1∑
i=1

X (i,:), Yc =
1∑
i=1

Y (i,:), (2.10)

and then update X and Y :

X := X − I ,1X c,

Y := Y − I ,1Yc,
(2.11)

where I ,1 is an × 1 vector with all elements 1s. After such a translation, the geometric centers

of X and Y coincide at the origin. We then implement an orthogonal transformation on Y so

that Y is aligned with X as much as possible. This can be done by choosing an appropriate

orthogonal transform Q so that the root-mean-square deviation of X and YQ are minimized,

that is,

min
Q :Q Q T=I

RMSD(X,Y ) =
‖X − YQ ‖F√ , (2.12)

where Q ∈ R2 × 2 is an orthogonal matrix. Let C = YTX , and let U ΣV T be the singular value

decomposition of C . It follows that Q opt = U V T is the optimal matrix of the above problem

[30]. The coordinates of the determined sensors can then be obtained by setting

X := YQ opt + I ,1X c, (2.13)

and the coordinates of the sensor + 1 by

xT+1 := ((0,0) − Yc) × Q opt + X c. (2.14)

An outline of the extended geometric buildup algorithm is given in Algorithm 2.

2.3. The Two-Phase Geometric Buildup Algorithm

The basic and extended geometric buildup algorithms both start building up from the an-

chors. If only a few anchors are available and if the distance data is also very sparse, the

algorithms may not be able to determine any sensors since they may not be able to find an

undetermined sensor that has at least three given distances to the anchors. Even if the algo-

rithms can proceed, they may not be able to determine all the sensors if some undetermined

sensors do not have enough required distances to the determined sensors. Here, we present

a two-phase geometric buildup algorithm to deal with these situations.

In Phase 1, we proceed with the extended geometric buildup algorithm until no sen-

sors can be determined. In Phase 2, we find, in the undetermined sensors, a subset of at least

three sensors where the distances between every pair of sensors are given (details are in
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Input: The positions of the anchors, the distances di,j, (i,j) ∈ N x ∪ N a.
Output: The positions of a set of determined sensors.
Step 1: Set the anchors to be the initial set of determined sensors.
Step 2: Repeat:

For each undetermined sensor:
If the sensor has distances to ( ≥ 3) required determined sensors,

determine the positions of all + 1 sensors by solving (2.8),
and update the coordinates of all + 1 sensors by proper
translation and orthogonal transformation.

End
End
If no sensor can be determined in the loop, stop.
If all the sensors are determined, stop.

Algorithm 2: The extended geometric buildup algorithm.

Input: The set of undetermined sensors (I2) in Phase 1.
Output: An initial set of sensors (I1) with distances between each other
known.
Step 1: Choose the first element in I2 to be the first element in I1.
Step 2: Repeat:

For each element in I2:
If it has given distances to all the elements in I1,

add it into I1.
End

End

Algorithm 3: Choose an initial set in Phase 2.

Algorithm 3 “choose an initial set in Phase 2”). More discussions on finding a clique can be

found in [31, 32], and so forth. If such a set of sensors, say + 1 sensors, are found, a system

of distance equations as in (2.5) can be formed, and the positions of the sensors can be

determined by solving these equations in the same way as we described in the previous

subsection: we first set x +1 = (0,0)T . We then define X and D as in (2.7). Let the spectral

decomposition of D be U ΛU T , where the diagonal entries of Λ are in a decreasing order. Let

V = U (:,1 : 2) and Σ be the diagonal matrix with Σii = max{0,Λii}, where i= 1,2. Then

X = VΣ1/2 gives the positions of the rest of the sensors. Once the positions of these sensors

are determined, we can use them as an initial set of sensors to start the extended geometric

buildup algorithm again. Upon finishing, another set of determined sensors is obtained.

Hopefully, the two sets of sensors determined in Phases 1 and 2 have an overlapping

subset of at least three sensors, say k sensors. Let X ∈ Rk×2 and Y ∈ Rk×2 be the coordinate

matrices of these sensors obtained in Phases 1 and 2, respectively. We can then make a proper

translation and orthogonal transformation so that the root-mean-square deviation of X and

Y are minimized. An outline of the two-phase buildup algorithm is given in Algorithm 4.

Note that the parameter TH is a threshold used in the algorithm. If the percentage of the

undetermined sensors in Phase 1 is greater than TH, the algorithm enters Phase 2, otherwise

it stops, leaving a few sensors undecided. In principle, if there are a few sensors without
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Input: The positions of the anchors, the distances di,j, (i,j) ∈ N x ∪ N a.
Output: The positions of a set of determined sensors.
Step 1: Phase 1:

Set the anchors to be the initial set of sensors.
Apply the extended geometric buildup algorithm.

Step 2: If the percentage of the undetermined sensors is greater than TH.
Phase 2:

Find and determine an initial set of sensors.
Apply the extended geometric buildup algorithm.

Step 3: Align the sensors determined in the two phases.

Algorithm 4: The two-phase geometric buildup algorithm.

enough distance constraints (e.g., each with fewer than three distances), they are considered

to be undecidable.

3. Numerical Results

In this section, we present some numerical results from applying the two-phase geometric

buildup algorithm (abbreviated as BU) to a set of test problems for sensor network localiza-

tion. The test problems were generated in a similar way as used in [1]. We randomly generate

n points with a uniform distribution in a square of size 1 × 1 centered at the origin. Without

loss of generality we choose the first m points to be the anchors. We compute the distances

di,jbetween every pair of sensors, but select only those less than the given radio range rd. We

also add a multiplicative random noise to every selected distance,

di,j = di,j(1 + nf · randn(1)), (3.1)

where nf is a specified noisy factor, and randn(1) is a standard Gaussian random variable. We

set the threshold TH = 0.1. The 10% threshold for starting Phase II is indeed arbitrary. It was

used for our testing purposes. In real applications, it may be set to a practically acceptable

value. That is, if the percentage is lower than that value, the algorithm can terminate.

The output includes three parameters and all of our outputs are the average results

from five independent test problems. One parameter is T, the average CPU time in seconds

over five cases except the time to generate the test problems. The buildup algorithm tries to

determine all the points, but may terminate with only a subset of points as determined. In

the latter case, we use another parameter NumUndet to report the average number of un-

determined sensors. This is reasonable because there could be cases that some points are not

determinable uniquely, for example, when a point has only one or two distances. If the un-

determined points do have more than two distances, we would suggest using a general opti-

mization algorithm to followup. However, in this paper, we have not included follow-

up optimization, for we want to evaluate the performance of the buildup algorithm only.

The last parameter is the RMSD value, measuring the average root-mean-square deviation of
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Table 1: Input and output of the two-phase geometric buildup algorithm.

Input:
m :number of anchors.
n :number of all the sensors, including anchors.
PPn×2: original coordinates matrix of all sensors.
rd: radio range.
nf :noise factor: di,j = di,j(1 + nf · randn(1)).

Output:
T: average CPU time in seconds over five cases except the time to generate the test problems.
NumUndet: average number of undetermined sensors.
RMSD: average root-mean-square deviation defined in (3.2).

Table 2: Example 3.1: problems with exact distances.

Approach n m rd NumUndet RMSD T (sec.)
BU 500 50 0.1 1 3.7e− 16 0.25

SFSDP 500 50 0.1 0 4.7e− 3 13.1

SFSDP 500 50 0.3 0 2.9e− 7 7.6

SNLSDPclique 500 50 0.1 0.4 1e− 14 0.4

BU 1000 100 0.1 0 4.6e− 16 0.6

SFSDP 1000 100 0.1 0 3.4e− 4 22.7

SFSDP 1000 100 0.3 0 2.2e− 7 16.0

SNLSDPclique 1000 100 0.1 0 4e− 15 0.7

BU 2000 100 0.1 0 1.3e− 15 7.0

SFSDP 2000 100 0.1 0 7.7e− 5 42.3

SFSDP 2000 100 0.3 0 5.2e− 7 34.9

SNLSDPclique 2000 100 0.1 0 1e− 14 1.8

BU 4000 100 0.06 0 7.5e− 16 9.4

SFSDP 4000 100 0.06 0 2.1e− 3 317.8

SFSDP 4000 100 0.1 0 1.9e− 4 109.2

SNLSDPclique 4000 100 0.06 0 3e− 14 3.1

the calculated and actual locations of the determined sensors:

RMSD =

(
1

p

p∑
i=1

‖xi− xi‖2

)1/2

, (3.2)

where p is the number of the determined sensors, xiand xiare the true and calculated loca-

tions of the determined sensors, respectively. For convenience, we list all the input and output

parameters in Table 1. Note that as an input the original coordinates matrix of all sensors

(i.e., “PPn×2”) is used only to generate distances we need and evaluate the accuracy of the

algorithms in numerical simulations.

All our calculations are done in MATLAB 7.9.0 (R2009b) on a Dell xps M1330 laptop

with 2.00 GHz CPU and 3.00 GB memory.
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Table 3: Large-scale problems with exact distances.

Approach n m rd NumUndet RMSD T (sec.)

BU

5000 100 0.06 0 1.1e− 15 18.0

6000 200 0.05 0 7.3e− 16 17.9

7000 200 0.05 0 9.9e− 16 28.4

8000 300 0.04 0 7.2e− 16 32.1

9000 300 0.04 0 7.2e− 16 43.7

10000 300 0.04 0 8.1e− 16 51.9

SNLSDPclique 10000 300 0.04 0 5e− 14 16.3

−0.5 0 0.5
−0.5

0

0.5

Figure 1: A network determined by the geometric buildup algorithm. n = 1000,m = 100,rd = 0.1,nf = 0.
The (blue) diamonds refer to the positions of the anchors; the (green) circles to the original locations of the
unknown sensors; the (red) asterisks to their estimated positions from the geometric buildup algorithm.

3.1. Problems with Exact Distances

Example 3.1. We have generated a set of sensor networks with 500, 1000, 2000, and 4000 nodes,

respectively. We downloaded the code “SFSDP V111” of the SFSDP approach [16] from

http://www.is.titech.ac.jp/∼kojima/SFSDP/SFSDP.html. In Table 2, the “RMSD” of SFSDP

are the average results over five cases without post-refinement of locations of sensors by the

MATLAB function “lsqnonlin”. The “T” of SFSDP is the average CPU time consumed by

SeDuMi with the same accuracy parameter pars.eps = 1.0e− 5 as [16]. The numerical results

in Table 2 show that for these problems with exact distances, the SFSDP approach performs

well when rd is relatively larger, while the BU algorithm can find solutions to the problems

with smaller RMSD values in shorter running time with fewer distance data (i.e., smaller rd).
Figure 1 shows a graph of 1000 node network determined by the geometric buildup algorithm

and all the sensors are accurately positioned.

We have also tested some larger-scale problems with exact distances. The results for

each problem size are obtained and shown in Table 2. Note that in particular, a sensor net-

work of 10000 nodes was solved by the geometric buildup algorithm in less than 1 minute.
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Table 4: Example 3.2.

n m rd nf NumUndet RMSD T (sec.)
50 3 0.3 0 7.4 6.0e− 16 0.04

50 3 0.35 0 3.8 4.5e− 16 0.05

Table 5: Example 3.3.

Approach n m rd nf NumUndet RMSD Timea

BUb

500 4 0.3 0

12.2 8.0e− 16 1 sec

SOSc 0 2.9e− 6 85 min

ESDPd 0 1e− 6 30 sec
aThis time indicates all the running time including that to generate problems.
bBU was implemented on a laptop with 3.00 GB memory and 2.00 GHz CPU.
cSOS [14] was implemented on a Linux machine with 0.98 GB RAM and 1.46 GHz CPU. The “RMSD” and “Time” of SOS
come from [14].
dESDP [13] was implemented on a laptop with 1.99 GB RAM and 1.06 GHz CPU. The “RMSD” and “Time” of ESDP come
from [13].

Recently Krislock and Wolkowicz [19, 20] proposed an SNLSDPclique approach which is

very efficient for noiseless problems. We also ran “SNLSDPclique-0.2” downloaded from

http://orion.math.uwaterloo.ca/∼hwolkowicz/henry/software/EDM.shtml and present

the results in Tables 2 and 3. We find that in these cases when the sensor network is relatively

small (e.g., n = 500,1000), the two algorithms perform very closely and the BU algorithm

is a little more accurate than the SNLSDPclique algorithm (note that these results of

SNLSDPclique have been very accurate); when the sensor network is relatively big (e.g., n ≥
2000), the SNLSDPclique algorithm runs faster than the BU algorithm and the BU algorithm

is still a little more accurate. We will further demonstrate the performance behaviors of these

two algorithms on the noisy problems in Table 7.

3.2. Problems with a Few Anchors

Example 3.2. We have also tested a special network generated by [1, 12]. This network consists

of 50 sensors, including 3 anchors. Exact distances are assumed and therefore nf = 0. The

radio range rd takes values from 0.2 to 0.35. The average performance results for rd = 0.3,0.35

are listed in Table 4. We can see that the problems were solved in less than 1 second. Note

that for each rd in these tests, in two runs only Phase 1 was executed, while in the other three

runs Phase 2 was also invoked. It showed that sometimes Phase 2 was necessary for sparse

distance data. However, when we reduced rd to 0.25 or 0.2, the distances became very sparse,

and even in Phase 2, only a few sensors could be determined.

Example 3.3. Another problem we have tested comes from [14]. We have randomly generated

500 sensors x∗1,x
∗
2,...,x

∗
500 and the anchors were chosen to be the four points at (± 0.45,± 0.45).

The distance set A was generated as follows. Initially, set A = ∅. Then for each ifrom 1 to 500,

compute the set Ii= {j : ‖x∗i−x∗j‖2 ≤ 0.3,j≥ i}; if |Ii| ≥ 10, let A ibe the subset of Iiconsisting

of the 10 smallest integers; otherwise, let A i= Ii; then let A = A ∪{(i,j) : j∈ A i}. The distance

set B is chosen such that B = {(i,k) : ‖x∗i − a∗k‖2 ≤ 0.3}, that is, every anchor is connected to

all the sensors that are within distance 0.3. The whole distance set is A ∪ B. Since there are no

noises, nf = 0.
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Table 6: Example 3.4.

n m rd nf NumUndet RMSD of BUa T (sec.) RMSD of ESDPa

1000 100 0.06 0 38.6 3.2e− 16 2.2 2e− 3

1000 100 0.06 0.001 26.2 4.7e− 3 2.1 3e− 3

1000 100 0.06 0.01 36.8 3.3e− 2 2.5 2e− 2

4000 400 0.035 0 5.6 3.2e− 16 41.3 1e− 3

4000 400 0.035 0.001 4 3.9e− 3 40.7 8e− 4

4000 400 0.035 0.01 3.2 1.2e− 2 40.8 3e− 2
aRMSD of ESDP is obtained by implementing the steepest descent local search refinement for noisy sensor network
problems. RMSD of BU is obtained without postrefinement. The RMSD values of ESDP come from [13].

−0.5 0 0.5
−0.5

0

0.5

Figure 2: Graphical display of a sensor network with n = 1000,m = 100,rd = 0.06,nf = 0.001. The (blue)
diamonds refer to the positions of the anchors; the (green) circles to the original locations of the unknown
sensors; the (red) asterisks to their estimated positions by BU. The discrepancies between the original and
the estimated points are indicated by the solid lines. RMSD = 5.9e− 3.

In this problem, the four anchors are far away from each other. If one unknown sensor

has distances to at least three of them, the radio range has to be at least the distance from one

of them to the origin (� 0.6364), which is not possible. Therefore, the geometric buildup

algorithm has to go to Phase 2 to solve the problem. The average performance results are

listed in Table 5. We also list the results of the SOS approach [14] and the ESDP approach

[13] in Table 5. Since the SOS code is not published online and the published ESDP code

implements the steepest descent local search refinement, while the BU algorithm does not

implement any postrefinement, we decided to directly cite their original results. From Table 5

we see that on this test problem the BU algorithm outperforms the SOS approach in the

accuracy and running time and it outperforms the ESDP approach in the accuracy at least.

3.3. Problems with Noisy Distances

Example 3.4. We have also tested a set of problems with a large fraction of anchors but

low distance noises (e.g., m = 0.1n and nf ≤ 0.01). These problems are mid- to large-

scale, tested by SOCP [15], ESDP [13], and LPCGD [18]. The parameters are set as follows:
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nf = 0,0.001,0.01,rd = 0.06 for n = 1000,rd = 0.035 for n = 4000. For each set of parameters,

the average results are in Table 6. We see that the numbers of undetermined sensors are

relatively small (less than 5% of the total number of sensors). In particular, for the problem

with 4000 sensors, there are only a few sensors undetermined. The average RMSD values

of the BU algorithm without postrefinement are close to those of ESDP with postrefinement

on noisy problems. Figure 2 shows one example of 1000 sensors with nf = 0.001 in which

the locations of sensors are fairly accurate. Note that in the five cases of 4000 nodes with

nf = 0.001, although the average RMSD is 3.9e− 3, the best RMSD value is 9.1e− 5 actually

without any postrefinement.

We also compared the running time of the BU algorithm with the ESDP [13],
SOCP1(SeDuMi) [15], SOCP2(SCGD) [15], and LPCGD [18] approaches. Based on their pub-

lished results and our running results, we think on these problems the BU algorithm is most

likely to run faster than ESDP, SOCP1(Se DuMi), SOCP2(SCGD), and LPCGD may run faster

than BU. Since the running environments are quite different and only the ESDP code with a

post-refinement is published online, it is hard to compare these approaches exactly in terms

of running time, which makes us not list their running time here. Interested readers can refer

to the above papers.

We have also tested some problems with larger noises, for example, nf = 0.1. The

average results are shown in Table 7. As in Example 3.1, the running time of SFSDP is

the average CPU time in seconds over five cases consumed by SeDuMi with the accuracy

parameter pars.eps = 1.0e−5. Kim et al. [16] used three different values of rd for each problem

and we chose the rd with the best result. We also ran “SNLSDPclique-0.2” [19, 20] and show

the average results over five cases in Table 7. We can see that although the SFSDP approach

is a little more accurate than the BU algorithm, BU obtains similar accuracy with SFSDP (i.e.,

their RMSD values have the same orders) in shorter running time with fewer distance data.

The SNLSDPclique approach runs faster than the BU algorithm, but BU needs fewer distance

data with large noises than SNLSDPclique to obtain same orders of RMSD values. We also

see that the RMSD values of the BU algorithm become larger than those of problems with low

noises. This may be due to the fact that the buildup algorithm is an iterative algorithm and

large noises affect the accuracy of calculations. However, we see from Table 7 that the errors

of the BU algorithm may be improved by increasing the number of anchors.

Note that for SFSDP, larger rd values result in smaller RMSDs, but for BU, larger rd

values may result in larger RMSD, as shown in Table 8. We can see that for the network of

2000 nodes with nf = 0.1, when rd varies from 0.05 to 0.11, RMSD increases from 6.9e − 2

to 3.7e + 1. For the network of 1000 nodes with nf = 0.001, as rd varies from 0.06 to 0.22,

RMSD decreases first, then increases. The reason is that for an undetermined sensor, larger rd

may result in more neighboring determined sensors and thus a larger-size noisy least-squares

problem, the solution to which may involve larger errors.

3.4. Impact of Noise, the Number of Anchors, and the Radio Range

We now summarize in the following on how the distance noise, the number of anchors, and

the radio range affect the performance of the geometric buildup algorithm.

First, as shown in Table 6, the RMSD value of a network determined by the geometric

buildup algorithm increases as nf increases. For example, for a network of 4000 nodes, when

the noise factor nf increases from 0.001 to 0.01, the RMSD value increases from around 1e− 3

to 1e− 2.



Mathematical Problems in Engineering 15

Table 7: Examples with nf = 0.1.

Approach n m rd NumUndet RMSD T (sec.)
BU 1000 100 0.08 0 4.1e− 2 0.53

SFSDP 1000 100 0.2 0 2.6e− 2 44.0

SNLSDPclique 1000 100 0.2 0 2e− 2 1

SNLSDPclique 1000 100 0.08 0.2 5e− 1 0.7

BU 2000 100 0.05 3.4 7.9e− 2 8.9

SFSDP 2000 100 0.2 0 2.6e− 2 134.6

SNLSDPclique 2000 100 0.2 0 4e− 2 2.7

SNLSDPclique 2000 100 0.05 1.8 2e+ 1 1.4

BU 2000 200 0.05 3 3.6e− 2 6.0

BU 4000 100 0.035 6 9.99e− 2 75.7

SFSDP 4000 100 0.1 0 1.6e− 2 269.4

SNLSDPclique 4000 100 0.1 0 2e− 1 5.6

SNLSDPclique 4000 100 0.035 11.4 9e+ 2 3.9

BU 4000 200 0.035 8.8 4.7e− 2 65.6

BU 4000 300 0.035 5.8 3.2e− 2 52.4

BU 4000 400 0.035 5.8 2.6e− 2 43.0

Table 8: Effect of varying radio ranges.

n m rd nf NumUndet RMSD

1000 100 0.06 0.001 20.8 4.2e− 3

1000 100 0.08 0.001 0.6 1.3e− 3

1000 100 0.12 0.001 0 2.5e− 4

1000 100 0.15 0.001 0 8.9e− 4

1000 100 0.18 0.001 0 6.7e− 2

1000 100 0.2 0.001 0 1.3e− 1

1000 100 0.22 0.001 0 1.3e+ 1

2000 100 0.05 0.1 5.4 6.9e− 2

2000 100 0.07 0.1 0 7.0e− 2

2000 100 0.08 0.1 0 1.2e− 1

2000 100 0.1 0.1 0 7.3e− 1

2000 100 0.11 0.1 0 3.7e+ 1

Second, as shown in Table 7, increasing the number of anchors increases the accuracy

of localization. It may reduce the time to find the required determined sensors for an un-

determined sensor as well. For example, for a network of 4000 nodes, when m increases from

100 to 400, the RMSD value decreases from 9.99e−2 to 2.6e−2 and the running time decreases

from 75.7 s to 43.0 s.

Third, as further demonstrated in Table 8, the impact of the radio range depends on the

noise. As mentioned in Example 3.4, for an undetermined sensor, larger rd values may result

in more neighboring determined sensors and thus a larger-size noisy least-squares problem

whose optimal solution may involve larger errors. For example, if nf is small, increasing rd in

an appropriate range can improve the accuracy of localization, while if nf is large, increasing

rd may increase the RMSD value.
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4. Conclusion

In this paper, we have investigated a geometric buildup approach to the sensor network local-

ization problem. We follow the buildup scheme [24] which was applied to protein structure

determination problems. The main difference between our algorithm and [24] is that we

employ a low-rank positive semidefinite approximation scheme, which requires a spectral

decomposition for a small distance matrix and guarantees a best-possible approximation to

the solution of the distance equations in a least-squares sense. We have also implemented a

two-phase buildup algorithm to handle problems with a few anchors and sparse distances. In

principle, the initial clique in Phase II may find only several points while there are still larger

cliques in the graph. We would like to consider some efficient clique searching algorithms in

our future efforts.

We have tested the geometric buildup algorithm on a set of simulated sensor network

localization problems with sparse and exact or inexact distances. The results showed that the

algorithm runs fast on the test problems with acceptable accuracy. The algorithm is easy to

follow and implement, and if further developed, may particularly be suitable for large-scale

applications. The algorithm still needs to be improved to handle problems with large distance

noises and problems with extremely sparse distances, which we will work on in our future

efforts.
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Université Bordeaux I, Bordeaux, France, 2001.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2012, Article ID 361871, 18 pages
doi:10.1155/2012/361871

Research Article
Global Robust Stability of Switched Interval
Neural Networks with Discrete and Distributed
Time-Varying Delays of Neural Type

Huaiqin Wu, Ning Li, Kewang Wang, Guohua Xu,
and Qiangqiang Guo

Department of Applied Mathematics, Yanshan University, Qinhuangdao 066001, China

Correspondence should be addressed to Huaiqin Wu, huaiqinwu@ysu.edu.cn

Received 24 May 2011; Accepted 6 July 2011

Academic Editor: Zidong Wang

Copyright q 2012 Huaiqin Wu et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

By combing the theories of the switched systems and the interval neural networks, the
mathematics model of the switched interval neural networks with discrete and distributed time-
varying delays of neural type is presented. A set of the interval parameter uncertainty neural
networks with discrete and distributed time-varying delays of neural type are used as the
individual subsystem, and an arbitrary switching rule is assumed to coordinate the switching
between these networks. By applying the augmented Lyapunov-Krasovskii functional approach
and linear matrix inequality (LMI) techniques, a delay-dependent criterion is achieved to ensure
to such switched interval neural networks to be globally asymptotically robustly stable in terms of
LMIs. The unknown gain matrix is determined by solving this delay-dependent LMIs. Finally, an
illustrative example is given to demonstrate the validity of the theoretical results.

1. Introduction

In the past few decades, neural networks have been a subject of intense research activities due

to their wide applications in different areas such as image processing, pattern recognition,

associative memory, and combinational optimization. A fundamental problem is the stability

which is the prerequisite to ensure that the developed neural network can work [1–40].
In hardware implementation of the neural networks, time delay is inevitably encountered

and is usually time varying due to the finite switching speed of amplifiers. It is known that

time delay is often the main cause for instability and poor performance of neural networks.

Moreover, due to unavoidable factors, such as modeling error, external perturbation, and

parameter fluctuation, the neural networks model certainly involves uncertainties such as

perturbations and component variations, which will change the stability of neural networks.
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To analyze uncertainty of neural networks, one reasonable method is to assume parameters

in certain intervals. Therefore, it is of great importance to study the global robust stability of

interval neural networks with time-varying delay. Recently, some sufficient conditions for the

global robust stability of interval neural networks with time-varying delays and parametric

uncertainties have been obtained in terms of LMIs [1–9].
Since neural networks usually have a spatial extent, there is a distribution of

propagation delays over a period of time. In these circumstances, the signal propagation

is not instantaneous and cannot be modeled with discrete delays, and a more appropriate

way is to incorporate continuously distributed delays in neural network model. On the

other hand, in certain physical systems, mathematical models have been described by some

functional differential equations of neutral type, which depend on the delays of state and

state derivative. In practice, neutral type phenomenon always appear in studies of automatic

control, chemical reactors, population ecology, heat exchanges, microwave oscillators, and so

on. Hence, the stability for neutral type neural networks with time-varying delay has been

also considered in the recent years [10–18].
A class of hybrid systems has attracted significant attention because it can model

several practical control problems that involve the integration of supervisory logic-based

control schemes and feedback control algorithms. As a special class of hybrid systems,

switched systems are regarded as nonlinear systems, which are composed of a family of

continuous-time or discrete-time subsystems and a rule that orchestrates the switching

between the subsystems. Recently, switched neural networks, whose individual subsystems

are a set of neural networks, have found applications in fields of high-speed signal processing,

artificial intelligence, and gene selection in a DNA microarray analysis [19–21]. Therefore,

some researchers have studied the stability issues for switched neural networks [22–27].
In [22], based on the Lyapunov-Krasovskii method and LMI approach, some sufficient

conditions were derived for global robust exponential stability of a class of switched Hopfield

neural networks with time-varying delay under uncertainty. In [23], by combining Cohen-

Grossberg neural networks with an arbitrary switching rule, the mathematical model of a

class of switched Cohen-Grossberg neural networks with mixed time-varying delays were

established, and the robust stability for such switched Cohen-Grossberg neural networks was

analyzed. In [24], by employing nonlinear measure and LMI techniques, some new sufficient

conditions were obtained to ensure global robust asymptotical stability and global robust

stability of the unique equilibrium for a class of switched recurrent neural networks with

time-varying delay. In [25], authors investigated a large class of switched recurrent neural

networks with time-varying structured uncertainties and time-varying delay; some delay-

dependent robust periodicity criteria guaranteeing the existence, uniqueness, and global

asymptotic stability of periodic solution for all admissible parametric uncertainties were

devised by taking free weighting matrices and LMIs. In [26], based on multiple Lyapunov

functions method and LMI techniques, the authors presented some sufficient conditions

in terms of LMIs which guarantee the robust exponential stability for uncertain switched

Cohen-Grossberg neural networks with interval time-varying delay and distributed time-

varying delay under the switching rule with the average dwell time property.

It should be noted that, in the above literature, almost all results treated of the robust

stability for switched neural networks with norm-bounded uncertainty. However, as it well

known that there are two forms of parametric uncertainties, namely the interval uncertainty

and the norm-bounded uncertainty. To the best of our knowledge, up to now, there are few

researchers to deal with the global robust stability for switched neural networks with the

interval uncertainty, despite its potential and practical importance.
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Motivated by the preceding discussion, the aim of this paper is to present a new class

of the switched interval neural networks with discrete and distributed time-varying delays

of neural type under interval parameter uncertainties by integrating the theory of switched

systems with neural networks. By constructing a suitable Lyapunov-Krasovskii functional

and employing Jensens inequality, a delay-dependent criterion will be derived such that the

proposed switched interval neural networks are globally robustly asymptotically stable. The

proposed criterion is represented in terms of LMIs, which can be solved efficiently by using

recently developed convex optimization algorithms [28].
The rest of this paper is organized as follows. In Section 2, the model formulation and

some preliminaries are given. The main result are stated in Section 3. In Section 4, a numerical

example is presented to demonstrate the validity of the proposed results. Some conclusions

are made in Section 5.

Notations. Throughout this paper, and R denotes the set of real numbers, Rn denotes the

n-dimensional Euclidean space, Rm ×n denotes the set of all m ×n real matrices. For any matrix

A , A T denotes the transpose of A . A > 0(A < 0) means that A is a positive definite (negative

definite). Given the column vectors x = (x1,...,xn)
T,y = (y1,...,yn)

T ∈ Rn, and xTy =∑n
i=1 xiyi. ẋ(t) denotes the derivative of x(t), and ∗ represents the symmetric form of matrix.

2. Neural Network Model and Preliminaries

Consider the interval neural network model with discrete and distributed time-varying

delays of neutral type described by the system of differential equations in the form

ẋ(t) = −A x(t) + W 1g(x(t)) + W 2g(x(t− (t))) + W 3

∫t

t− (t)
g(x(s))ds + W 4ẋ

(
t− μ(t)

)
+ u,

A ∈ A l, W k ∈ W (k)
l , k = 1,2,3,4,

(2.1)

where x(t) = (x1(t),...,xn(t))
T ∈ Rn denotes the state vector associated with n neurons;

g(x) = (g1(x1),...,gn(xn))
T : Rn → Rn is a vector-valued neuron activation function;

u = (u1,...,un)
T is a constant external input vector; (t) denotes the discrete and distributed

time-varying delays μ(t) represents neutral time-varying delays; A = diag(a1,...,an) is n× n
constant diagonal matrices; ai> 0,i= 1,...,n, are the neural self-inhibitions; W k = [w (k)

ij ] ∈
Rn×n,k = 1,2,3,4, are the connection weight matrices; A l= [A ,A ] = {A = diag(ai) : 0 < ai≤
ai ≤ ai,i = 1,2,...,n}, W (k)

l = [W k,W k] = {W k = [w (k)
ij ] : w (k)

ij ≤ w (k)
ij ≤ w (k)

ij ,i,j =

1,2,...,n} with A = diag(a1,a2,...,an),A = diag(a1,a2,...,an),W k = [w (k)
ij ]n×n,W k =

[w (k)
ij ]n×n.

Throughout this paper, the following assumptions are made on the activation

functions gj,j = 1,2,...,n, the discrete and distributed time-varying delay (t), and the

neutral time-varying delay μ(t),

(H1): |gj(x1) − gj(x2)| ≤ kj|x1 − x2|,x1,x2 ∈ R,j= 1,2,...,n,

(H2): 0 ≤ (t) ≤ N , ˙ (t) ≤ < 1,0 ≤ μ(t) ≤ μN ,μ̇(t) ≤ μ < 1,
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where N ,μN are constants. The initial value associated with (2.1) is assumed to be x(s) =
(s), and (s) is a continuous function on [−h,0], h = max{ N ,μN }.

With loss of generality, it is assumed that the above neural networks have only one

equilibrium point and are denoted by x∗ = (x∗1,x
∗
2,...,x

∗
n)

T . For the purpose of simplicity, the

equilibrium x∗ will be always shifted to the origin by letting y(t) = x(t) − x∗, and the neural

network system (2.1) can be represented as follows:

ẏ(t) = −A y(t) + W 1f
(
y(t)

)
+ W 2f

(
y(t− (t))

)
+ W 3

∫t

t− (t)
f
(
y(s)

)
ds + W 4ẏ

(
t− μ(t)

)
,

(2.2)

where fj(yj(t)) = gj(yj(t) + x∗j) − gj(x∗j), and fj(0) = 0,j= 1,2,...,n.

The initial condition associated with (2.2) is given in the form y(s) = x(s) − x∗ =
(s) = (s)−x∗,s∈ [−h,0]. From the assumption (H1), it follows that f(y(t)) ≤ K y(t),K =

diag(k1,k2,...,kn). Based on some transformations, the system (2.2) can be written as an

equivalent form

ẏ(t) = −[A 0 + EAΣA FA ]y(t) + [W 10 + E1Σ1F1]f
(
y(t)

)
+ [W 20 + E2Σ2F2]f

(
y(t− (t))

)
+ [W 30 + E3Σ3F3]

∫t

t− (t)
f
(
y(s)

)
ds+ [W 40 + E4Σ4F4]ẏ

(
t− μ(t)

)
,

(2.3)

where ΣA ∈ Σ,Σk ∈ Σ,k = 1,2,3,4

Σ =
{

diag[ 11,..., 1n,..., n1,..., nn] ∈ Rn2×n2

:
∣∣

ij

∣∣ ≤ 1,i,j= 1,2,...,n
}
,

A 0 =
A + A

2
, H A =

[
ij
]
n×n =

A − A
2

,

W k0 =
W k + W k

2
, H (k)

W =
[

ij
]
n×n =

W k − W k

2
,

EA =
[√

11e1,...,
√

1ne1,...,
√

n1en,...,
√

nnen
]
n×n2,

FA =
[√

11e1,...,
√

1nen,...,
√

n1e1,...,
√

nnen
]T
n2×n,

Ek =
[√

(k)
11 e1,...,

√
(k)
1n e1,...,

√
(k)
n1 en,...,

√
(k)
nn en

]
n×n2

,

Fk =
[√

(k)
11 e1,...,

√
(k)
1n en,...,

√
(k)
n1 e1,...,

√
(k)
nn en

]T
n2×n

,

(2.4)

where ei∈ Rn denotes the column vector with ith element to be 1 and others to be 0.

The switched interval neural networks with discrete and distributed time-varying

delays of neural type consists of a set of interval neural network with discrete and distributed

time-varying delays of neural type and a switching rule. Each of the interval neural networks

is regarded as an individual subsystem. The operation mode of the switched neural networks
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is determined by the switching rule. According to (2.2), the switched interval neural network

with discrete and distributed delays of neural type can be described as follows:

ẏ(t) = −A (t)y(t) + W 1 (t)f
(
y(t)

)
+ W 2 (t)f

(
y(t− (t))

)
+ W 3 (t)

∫t

t− (t)
f
(
y(s)

)
ds

+W 4 (t) ẏ
(
t− μ(t)

)
, A (t) ∈ A l (t), W k (t) ∈ W

(k)
l (t)
, k = 1,2,3,4,

(2.5)

where A l (t) = [A (t),A (t)] = {A (t) = diag(ai (t) ) : 0 < ai (t)
≤ ai (t) ≤ ai (t),i= 1,2,...,n},

W (k)
l (t)

= [W k (t)
,W k (t) ] = {W k (t) = [w (k)

ij (t)
] : 0 < w (k)

ij (t)
≤ w (k)

ij (t)
≤ w (k)

ij (t)
,i,j = 1,2,...,n}

with A (t) = diag(a1 (t)
,a2 (t)

,...,an (t)
), A (t) = diag(a1 (t),a2 (t),...,an (t) ), W k (t)

= [w (k)
ij (t)

]
n×n

,

W k (t) = [w (k)
ij (t)

]
n×n

A 0 (t) =
A (t) + A (t)

2
, H A (t) =

[
ij (t)

]
n×n =

A (t) − A (t)

2
,

W k0 (t) =
W k (t) + W k (t)

2
, H (k)

W (t)
=
[

ij (t)

]
n×n =

W k (t) − W k (t)

2
,

EA (t) =
[√

11 (t)e1,...,
√

1n (t)e1,...,
√

n1 (t)en,...,
√

nn (t)en
]
n×n2

,

FA (t) =
[√

11 (t)e1,...,
√

1n (t)en,...,
√

n1 (t)e1,...,
√

nn (t)en
]T
n2×n

,

Ek (t) =

[√
(k)
11 (t)

e1,...,

√
(k)
1n (t)

e1,...,

√
(k)
n1 (t)

en,...,
√

(k)
nn (t)en

]
n×n2

,

Fk (t) =

[√
(k)
11 (t)

e1,...,

√
(k)
1n (t)

en,...,

√
(k)
n1 (t)

e1,...,
√

(k)
nn (t)en

]T
n2×n

,

(2.6)

(t) : [0,+∞) → Γ = {1,2,...,N } is the switching signal, which is a piecewise

constant function of time. For any i ∈ {1,2,...,l}, A i = A 0i + EA iΣA iFA i, W ki =
W k0i + EkiΣkiFki, and ΣA i ∈ Σ,Σki ∈ Σ,k = 1,2,3,4. This means that the matrices

(A (t),W 1 (t),W 2 (t),W 3 (t),W 4 (t) ) are allowed to take values, at an arbitrary time, in the

finite set {(A 1,W 11
,W 21

,W 31
,W 41

),(A 2,W 12
,W 22

,W 32
,W 42

),...,(A N ,W 1N ,W 2N ,W 3N ,W 4N )}.

Throughout this paper, it is assumed that the switching rule is not known a priori, and

its instantaneous value is available in real time. The initial condition associated with the

switching system (2.5) is y(s) = (s),s∈ [−h,0].
By (2.3), the system (2.5) can be written as

ẏ(t) = −A 0 (t)y(t) + W 10 (t)f
(
y(t)

)
+ W 20 (t)f

(
y(t− (t))

)
+ W 30 (t)

∫t

t− (t)
f
(
y(s)

)
ds

+W 40 (t) ẏ
(
t− μ(t)

)
+ E (t)Δ (t)(t), A (t) ∈ A l (t),W k (t) ∈ W

(k)
l (t)
,k = 1,2,3,4,

(2.7)
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where E (t) = [EA (t),E1 (t),E2 (t),E3 (t),E4 (t) ]

Δ (t)(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−ΣA (t)FA (t)y(t)

Σ1 (t)F1 (t)f
(
y(t)

)
Σ2 (t)F2 (t)f

(
y(t− (t))

)
Σ3 (t)F3 (t)

∫t

t− (t)
f
(
y(s)

)
ds

Σ4 (t)F4 (t) ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= diag
{
ΣA (t),Σ1 (t),Σ2 (t),Σ3 (t),Σ4 (t)

}
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−FA (t)y(t)

F1 (t)f
(
y(t)

)
F2 (t)f

(
y(t− (t))

)
F3 (t)

∫t

t− (t)
f
(
y(s)

)
ds

F4 (t) ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(2.8)

and Δ (t)(t) satisfies the following quadratic inequality:

ΔT
(t)(t)Δ (t)(t) ≤

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(t)

f
(
y(t)

)
f
(
y(t− (t))

)
∫t

t− (t)
f
(
y(s)

)
ds

ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

FTA (t)

FT1 (t)

FT2 (t)

FT3 (t)

FT4 (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

FTA (t)

FT1 (t)

FT2 (t)

FT3 (t)

FT4 (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(t)

f
(
y(t)

)
f
(
y(t− (t))

)
∫t

t− (t)
f
(
y(s)

)
ds

ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.9)

Define the indicator function (t) = [ 1(t), 2(t),..., N (t)]T , where

i(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, when the switched system is described by the ith mode,

A 0i,W k0i,k = 1,2,3,4,Ei,

0, otherwise

(2.10)

where i= 1,2,...,N . Therefore, the system model (2.7) can also be written as

ẏ(t) =
N∑
i=1

i(t)

{
− A 0iy(t) + W 10if

(
y(t)

)
+ W 20if

(
y(t− (t))

)

+W 30i

∫t

t− (t)
f
(
y(s)

)
ds+ W 40iẏ

(
t− μ(t)

)
+ EiΔi(t)

}
,

(2.11)

where
∑N

i=1 i(t) = 1 is satisfied under any switching rules.
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To derive the main result in the next section, the following definitions and lemmas will

be need.

Definition 2.1. The switched interval neural network model (2.5) is said to be globally robustly

asymptotically stable if the neural network model (2.5) is globally asymptotically stable for

any A (t) ∈ A l (t),W k (t) ∈ W
(k)
l (t)
,k = 1,2,3,4.

Lemma 2.2 (see [6]). Let Γ0(x) and Γ1(x) be two arbitrary quadratic forms over Rn, then Γ0(x) < 0

for all x ∈ Rn − {0} satisfying Γ1(x) ≤ 0 if and only if there exists ≥ 0 such that

Γ0(x) − Γ1(x) < 0, ∀x ∈ Rn − {0}. (2.12)

Lemma 2.3 (Jensen’s inequality, see [23]). For any constant matrix Ω ∈ Rn×n,Ω = ΩT >
0, scalar 0 < (t) < , vector function : [t− ,t] → Rn,t ≥ 0 such that the integrations
concerned are well defined, then

(∫ (t)

0

(s)ds

)T

Ω

(∫ (t)

0

(s)ds

)
≤ (t)

(∫ (t)

0

(s)TΩ (s)ds

)
. (2.13)

3. Main Results

In this section, the global robust asymptotic stability of the proposed model (2.5) will

be discussed. By constructing a suitable Lyapunov functional, a robust delay-dependent

criterion for the global asymptotic stability of the neural network system (2.5) is derived

in terms of LMIs.

Theorem 3.1. Under the assumptions (H1) and (H2), if there exist matrices P > 0,Q 1 > 0,Q 2 >
0,Q 3 > 0,Q 4 > 0,N i (i= 1,2,...,7) such that the following LMIs hold:

Πi=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏
i11

∏
i12

∏
i13

∏
i14

∏
i15

∏
i16

∏
i17

∗ −Q 1 N 3W 20i N 3W 30i N 3W 40i N 3Ei −N 3

∗ ∗
∏
i33

∏
i34

∏
i35

∏
i36

N 2W 20i− N 4

∗ ∗ ∗
∏
i44

∏
i45

N 5Ei+ N 7W 30i N 2W 30i− N 5

∗ ∗ ∗ ∗
∏
i55

N 6Ei+ N 7W 40i N 2W 40i− N 6

∗ ∗ ∗ ∗ ∗ N 7Ei− I N 2Ei− N 7

∗ ∗ ∗ ∗ ∗ ∗ Q 4 − N 2 − N T
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (3.1)
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where

∏
i11

= −PA 0i− A T
0i
P + PW 10iW

T
10i
P + K TK + K Q 2K + N K Q 3K − N 1A 0i− A T

0i
N T

1 + N 1W 10i

+ W T
10i
N T

1 + FTA i
FA i+ F

T
A i
F1i+ F

T
1i
K F1i,

∏
i12

= −N 3A 0i+ N 3W 10iK ,

∏
i13

= −PW 20i+ N 1W 20i− N 4A 0i+ N 4W 10iK + FTA i
F2i+ F

T
1i
K F2i,

∏
i14

= −PW 30i+ N 1W 30i− N 5A 0i+ N 5W 10iK + FTA i
F3i+ F

T
1i
K F3i,

∏
i15

= −PW 40i+ N 1W 40i− N 6A 0i+ N 6W 10iK + FTA i
F4i+ F

T
1i
K F4i,

∏
i16

= −PEi+ N 1Ei− N 7A 0i+ N 7W 10iK ,

∏
i17

= −N 2A 0i+ N 2W 10iK − N 1,

∏
i33

= −(1 − )Q 2 + N 4W 20i+ F
T
2i
F2i,

∏
i34

= N 4W 30i+ N 5W 20i+ F
T
2i
F3i,

∏
i35

= N 4W 40i+ N 6W 20i+ F
T
2i
F4i,

∏
i36

= N 4Ei+ N 7W 20i,

∏
i44

= −(1 − )1/ N Q 2 + N 5W 30i+ F
T
3i
F3i,

∏
i45

= N 5W 40i+ N 6W 30i+ F
T
3i
F4i,

∏
i55

= −
(
1 − μ

)
Q 4 + N 6W 40i+ F

T
4i
F4i,

(3.2)
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then the switched interval neural network model (2.5) is globally robustly asymptotically

stable under any switching rules.

Proof. Consider the following Lyapunov-Krasovskii functional:

V (t) = yT(t)Py(t) +
∫t

t− (t)
y(s)TQ 1y(s)ds+

∫t

t− (t)
f
(
y(s)

)T
Q 2f

(
y(s)

)
ds

+
∫t

t− (t)
(s− t+ (t))f

(
y(s)

)T
Q 3f

(
y(s)

)
ds+

∫t

t−μ(t)
ẏ(s)TQ 4ẏ(s)ds.

(3.3)

Calculating the time derivative of V (t) along the trajectory of (2.11), it can follow that

V̇ (t) = 2yT(t)Pẏ(t) + yT(t)Q 1y(t) − y(t− (t))TQ 1y(t− (t)) + f
(
y(t)

)T
Q 2f

(
y(t)

)
− (1 − ˙ (t))fT

(
y(t− (t))

)
Q 2f

(
y(t− (t))

)
+ (t)fT

(
y(t)

)
Q 3f

(
y(t)

)
+
∫t

t− (t)
(−1 + ˙ (t))f

(
y(s)

)T
Q 3f

(
y(s)

)
ds+ ẏT(t)Q 4ẏ(t)

− ẏT
(
t− μ(t)

)
Q 4ẏ

(
t− μ(t)

)(
1 − μ̇(t)

)
= 2yT(t)P

{
N∑
i=1

i(t)

[
− A 0iy(t) + W 10if

(
y(t)

)
+ W 20if

(
y(t− (t))

)

+W 30i

∫t

t− (t)
f
(
y(s)

)
ds+ W 40iẏ

(
t− μ(t)

)
+ EiΔi(t)

]}

+ yT(t)Q 1y(t) − y(t− (t))TQ 1y(t− (t)) + f
(
y(t)

)T
Q 2f

(
y(t)

)
− (1 − ˙ (t))fT

(
y(t− (t))

)
Q 2f

(
y(t− (t))

)
+ (t)fT

(
y(t)

)
Q 3f

(
y(t)

)
+
∫t

t− (t)
(−1 + ˙ (t))f

(
y(s)

)T
Q 3f

(
y(s)

)
ds+ ẏT(t)Q 4ẏ(t)

− ẏT
(
t− μ(t)

)
Q 4ẏ

(
t− μ(t)

)(
1 − μ̇(t)

)
=

N∑
i=1

i(t)
{
yT(t)

(
−PA 0i− A T

0iP
)
y(t) + 2yT(t)PW 10if

(
y(t)

)
+ 2yT(t)PW 20if

(
y(t− (t))

)
+ 2yT(t)PW 30i

∫t

t− (t)
f
(
y(s)

)
ds+ 2yT(t)PW 40iẏ

(
t− μ(t)

)
+ 2yT(t)PEiΔi(t)

+ yT(t)Q 1y(t) − y(t− (t))TQ 1y(t− (t)) + f
(
y(t)

)T
Q 2f

(
y(t)

)
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− (1 − ˙ (t))fT
(
y(t− (t))

)
Q 2f

(
y(t− (t))

)
+ (t)fT

(
y(t)

)
Q 3f

(
y(t)

)
+
∫t

t− (t)
(−1 + ˙ (t))f

(
y(s)

)T
Q 3f

(
y(s)

)
ds+ ẏT(t)Q 4ẏ(t)

−ẏT
(
t− μ(t)

)
Q 4ẏ

(
t− μ(t)

)(
1 − μ̇(t)

)}
.

(3.4)

By the assumption (H1) and Lemma 2.3,

2yT(t)PW 10if
(
y(t)

)
≤ yT(t)

(
PW 10iW

T
10i
P + K TK

)
y(t), (3.5)

f
(
y(t)

)T
Q 2f

(
y(t)

)
≤ yT(t)K Q 2K y(t), (3.6)∫t

t− (t)
(−1 + ˙ (t))f

(
y(s)

)T
Q 3f

(
y(s)

)
ds

≤ −(1 − )
1

N

(∫t

t− (t)
f
(
y(s)

)
ds

)T

Q 3

(∫t

t− (t)
f
(
y(s)

)
ds

)
.

(3.7)

Noting the following zero equation with free weighting matrices N i (i= 1,2,...,7), which

indicate the relationship between the terms in the state equation (2.11) and can easily be

determined by solving the corresponding LMIs, it follows that

2 (t)TN ×
{

l∑
i=1

i(t)

[
− ẏ(t) − A 0iy(t) + W 10if

(
y(t)

)
+ W 20if

(
y(t− (t))

)

+W 30i

∫t

t− (t)
f
(
y(s)

)
ds+ W 40iẏ

(
t− μ(t)

)
+ EiΔi(t)

]}
= 0,

(3.8)

(t) = [yT(t)ẏT(t)yT(t− (t))fT(y(t− (t)))(
∫t
t− (t) f(y(s))ds)

TẏT(t− μ(t))ΔT
i(t)]

T
.N =

[N T
1 N

T
2 N

T
3 N

T
4 N

T
5 N

T
6 N

T
7 ]

T
. By substituting (2.9) and (3.5)–(3.8) into (3.4), it follows that

V̇ (t) −
N∑
i=1

i(t)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ΔT
i(t)Δi(t) −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(t)

f
(
y(t)

)
f
(
y(t− (t))

)
∫t

t− (t)
f
(
y(s)

)
ds

ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

FTA i

FT1i
FT2i

FT3i
FT4i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

FTA i

FT1i
FT2i
FT3i
FT4i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(t)

f
(
y(t)

)
f
(
y(t− (t))

)
∫t

t− (t)
f
(
y(s)

)
ds

ẏ
(
t− μ(t)

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
≤

N∑
i=1

i(t) T(t)Πi (t),

(3.9)



Mathematical Problems in Engineering 11

where (t) = [yT(t) yT(t− (t))fT(y(t− (t)))(
∫t
t− (t) f(y(s))ds)

T
ẏT(t− μ(t))ΔT

i(t)ẏ
T(t)]

T

and > 0. From Lemma 2.2 with the conditions (3.1) and (3.9), this implies that V̇ (t) < 0

for all (t)/= 0. Hence, the neural network system (2.7) is globally asymptotically stable for

A (t) ∈ A l (t),W k (t) ∈ W (k)
l (t)
,k = 1,2,3,4, that is, the switched neural network model (2.5) is

globally robustly asymptotically stable. The proof is completed.

When the time-varying delay (t) and μ(t) in (2.5) becomes into (t) = = const,

μ(t) = μ = const, according to Theorem 3.1, it is easy to obtain the following corollary.

Corollary 3.2. Under the assumption (H1) and (H2), if there exist matrices P > 0,Q 1 > 0,Q 2 >
0,Q 3 > 0,Q 4 > 0,N i (i= 1,2,...,7) such that the following LMIs hold:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∏
i11

∏
i12

∏
i13

∏
i14

∏
i15

∏
i16

∏
i17

∗ −Q 1 N 3W 20i N 3W 30i N 3W 40i N 3Ei −N 3

∗ ∗
∏
i33

∏
i34

∏
i35

∏
i36

N 2W 20i− N 4

∗ ∗ ∗
∏
i44

∏
i45

N 5Ei+ N 7W 30i N 2W 30i− N 5

∗ ∗ ∗ ∗
∏

i55
N 6Ei+ N 7W 40i N 2W 40i− N 6

∗ ∗ ∗ ∗ ∗ N 7Ei− I N 2Ei− N 7

∗ ∗ ∗ ∗ ∗ ∗ Q 4 − N 2 − N T
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (3.10)

where

∏
i11

= −PA 0i− A T
0i
P + PW 10iW

T
10i
P + K TK + K Q 2K + N K Q 3K − N 1A 0i− A T

0i
N T

1

+ N 1W 10i+ W
T
10i
N T

1 + FTA i
FA i+ F

T
A i
F1i+ F

T
1i
K F1i,∏

i12

= −N 3A 0i+ N 3W 10iK ,

∏
i13

= −PW 20i+ N 1W 20i− N 4A 0i+ N 4W 10iK + FTA i
F2i+ F

T
1i
K F2i,

∏
i14

= −PW 30i+ N 1W 30i− N 5A 0i+N5W 10iK + FTA i
F3i+ F

T
1i
K F3i,

∏
i15

= −PW 40i+ N 1W 40i− N 6A 0i+ N 6W 10iK + FTA i
F4i+ F

T
1i
K F4i,

∏
i16

= −PEi+ N 1Ei− N 7A 0i+ N 7W 10iK ,

∏
i17

= −N 2A 0i+ N 2W 10iK − N 1,
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i33

= −Q 2 + N 4W 20i+ F
T
2i
F2i,

∏
i34

= N 4W 30i+ N 5W 20i+ F
T
2i
F3i,

∏
i35

= N 4W 40i+ N 6W 20i+ F
T
2i
F4i,

∏
i36

= N 4Ei+ N 7W 20i,

∏
i44

= −1/ Q 2 + N 5W 30i+ F
T
3i
F3i,

∏
i45

= N 5W 40i+ N 6W 30i+ F
T
3i
F4i,

∏
i55

= −Q 4 + N 6W 40i+ F
T
4i
F4i,

(3.11)

then the switched interval neural network model (2.5) is global robust asymptotically stable.

Remark 3.3. When N = 1, the switched system model (2.7) degenerated into the interval

neural network model (2.1) with discrete and distributed time-varying delays of neutral type

which contain neural network models studied in [1–3, 5, 7]. Moreover, note that when N =
1, W 1 = 0, and (t) = μ(t) = const, Theorem 3.1 in this paper coincides with Theorem

1 in [12]. Without considering interval parameter uncertainty, the neural network models

presented in [11, 13–15] are the special case. Hence, the results obtained in this paper extend

and improve the stability results available in the existing literature [1–3, 5, 7, 11, 13–15].

Remark 3.4. In this paper, augmented Lyapunov functional is used to analyze the stability of

the interval neural network model (2.1) with discrete and distributed time-varying delays of

neutral type. In the Lyapunov functional, both state and activation function are considered

in the same term. Hence, the novel Lyapunov function contains structures more general than

the traditional ones, and the negative matrices Πiin Theorem 3.1 contain more elements. This

shows that it is easy to find more appropriate elements in Πi to ensure that the LMIs (3.1)
hold. Thus, sufficient conditions given in this paper are less conservative than the existing

results.

Remark 3.5. In this paper, the activation function is Lipschitz continuous, which is first

introduced in [29] and used also in [30, 31] is more general than the usual sigmoid functions.

Therefore, the stability results obtained in this paper are less conservative than those in [10–

13, 27].

Remark 3.6. In [32, 33], the mixed time-delay problems have been considered for the

stochastic system with Markovian jump parameters and discrete-time stochastic complex

networks with randomly occurred nonlinearities. By applying the Lyapunov-Krasovskii

functional approach and linear matrix inequality techniques, the conditions of exponential
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stabilization and global synchronization were presented for the stochastic system and

discrete-time stochastic complex networks. In [34], Bounded H-infinity synchronization and

state estimation were considered for discrete time-varying stochastic complex networks over

a finite- horizon via linear matrix inequality. [35] The authors studied the robust H-infinity

fuzzy output-feedback control; a controller design is given for the system with multiple

probabilistic delays and multiple missing measurements. In the future, based on [32, 33],
the model of the switched interval stochastic system and the switched interval discrete-time

stochastic complex networks will be expected to be established, and the stability strategy

proposed in this paper will be utilized to investigate the stability problems.

4. An Illustrative Example

In this section, an example will be given to illustrate the validity and effectiveness of the

proposed stability criterion for the switched interval neural network with discrete and

distributed delays of neural type when N = 2.

Example 4.1. Consider the following second-order switched interval neural networks with

discrete and distributed delays of neural type:

ẏi(t) = −ai (t)yi(t) +
2∑
j=1

w (1)
ij (t)

fj
(
yj(t)

)
+

2∑
j=1

w (2)
ij (t)

fj
(
yj(t− (t))

)
+

2∑
j=1

w (3)
ij (t)

∫t

t− (t)
fj
(
yj(s)

)
ds

+
2∑
j=1

w (4)
ij (t)

ẏj
(
t− μ(t)

)
, ai (t) ∈

[
ai (t)

,ai (t)

]
, w (k)

ij (t)
∈
[
w (k)

ij (t)
,w (k)

ij (t)

]
,

k = 1,2,3,4, yi(t) = i(t), t∈ [−h,0], i,j= 1,2,

(4.1)

where the switching signal (t) : [0,+∞) → Γ = {1,2}, the activation functions fi(x) =
(2/3) sinx+(1/3)x,i= 1,2, the discrete and distributed delays (t) = (1/2) cost+(1/2), and

the neural type delay μ(t) = (1/2) sint+ (1/2). Obviously, the assumptions H1 and H2 are

satisfied with K = diag(1,1) and h = 1, = μ = 1/2. The neural network system parameters

are defined as

A 1 =

(
3.99 0

0 2.99

)
, A 1 =

(
4.01 0

0 3.01

)
,

W 11 =

(
1.188 0.09

0.09 1.188

)
, W 11 =

(
1.208 0.11

0.11 1.208

)
,

W 21 =

(
0.09 0.14

0.05 0.09

)
, W 21 =

(
0.11 0.16

0.07 0.11

)
,

W 31 =

(
0.44 −0.21

0.29 0.41

)
, W 31 =

(
0.46 −0.19

0.31 0.43

)
, (4.2)
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W 41 =

(
0.09 −0.01

−0.01 0.09

)
, W 41 =

(
0.11 0.11

0.11 0.11

)
,

A 2 =

(
1.99 0

0 2.99

)
, A 2 =

(
2.01 0

0 3.01

)
,

W 12 =

(
−0.07 0.03

−0.01 0.02

)
, W 12 =

(
−0.05 0.05

−0.04 0.04

)
,

W 22 =

(
−0.47 −0.15

0.11 −0.54

)
, W 22 =

(
−0.45 −0.13

0.13 −0.54

)
,

W 32 =

(
−0.31 0.09

−0.51 −0.61

)
, W 32 =

(
−0.29 0.11

−0.49 −0.59

)
,

W 42 =

(
0.03 −0.22

−0.21 −0.44

)
, W 42 =

(
0.05 −0.2

−0.19 −0.42

)
.

(4.3)

Solving the LMI in (3.4) by using appropriate LMI solver in the Matlab, the feasible positive

definite matrices P,Q i,i= 1,2,3,4 and the matrices N i,i= 1,2,...,7 could be as

P =

(
6.0192 −0.5039

−0.5039 4.8686

)
, Q 1 =

(
3.2386 0

0 3.2386

)
, Q 2 =

(
4.7009 0.3313

0.3313 4.9146

)
,

Q 3 =

(
3.0347 −0.0788

−0.0788 2.8395

)
, Q 4 =

(
1.9859 −0.2388

−0.2388 1.4177

)
, N 1 =

(
−4.1198 0.4992

0.7261 −2.7597

)
,

N 2 =

(
1.9399 −0.0997

−0.1962 1.5020

)
, N 3 =

(
0 0

0 0

)
, N 4 =

(
−0.2957 −0.0263

0.0959 −0.0107

)
,

N 5 =

(
−0.0147 0.0606

0.1252 0.2426

)
, N 6 =

(
0.0734 −0.1495

−0.0498 −0.0592

)
, N 7 =

(
M 1 M 2

)
,

M 1 =

(
0.085 0.085 −0.0068 −0.0068 0.085 0.085 −0.0068 −0.0068

0.008 0.008 0.0892 0.0892 0.008 0.008 0.0892 0.0892

)
,

M 2 =

(
0.085 0.085 −0.0068 −0.0068 0.085 0.085 −0.0068 −0.0068

0.008 0.008 0.0892 0.0892 0.008 0.008 0.0892 0.0892

)
.

(4.4)

By Theorem 3.1, this switched interval neural network with discrete and distributed delays

of neural type is globally robustly asymptotically stable under any switching rules.
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Figure 1: The state trajectories y1 and y2 of the network with initial value ( 1(t), 2(t))
T =

((cos 2t)2 − 0.5,(sin 3t)2 − 0.4)
T
,t∈ [−1,0].
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Figure 2: The state trajectories y1 and y2 of the network with initial value ( 1(t), 2(t))
T =

((cos 3t)2 − 0.5,(sin 2t)2 − 0.6)
T
,t∈ [−1,0].

Let A 1 = A 1,W 11 = W 11,W 21 = W 21,W 31 = W 31,W 41 = W 41 and A 2 = A 2,W 12 =
W 12,W 22 = W 22,W 32 = W 32, and W 42 = W 42. For numerical simulation, assume that the

two subsystems are switched every four seconds. Figure 1 displays the state trajectories of this

network with initial value ( 1(t), 2(t))
T = ((cos 2t)2 − 0.5,(sin 3t)2 − 0.4)

T
,t∈ [−1,0]. It can

be seen that these trajectories asymptotically converge to the unique equilibrium x∗ = (0,0)T

of the network. This is in accordance with the conclusion of Theorem 3.1.

Let A 1 = A 1,W 11 = W 11,W 21 = W 21,W 31 = W 31,W 41 = W 41 and A 2 = A 2,W 12 =
W 12,W 22 = W 22,W 32 = W 32, and W 42 = W 42. For numerical simulation, assume that the

two subsystems are switched every four seconds. Figure 2 displays the state trajectories of this

network with initial value ( 1(t), 2(t))
T = ((cos 3t)2 − 0.5,(sin 2t)2 − 0.6)

T
,t∈ [−1,0]. It can

be seen that these trajectories asymptotically converge to the unique equilibrium x∗ = (0,0)T

of the network. This is in accordance with the conclusion of Theorem 3.1.
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5. Conclusion

In this paper, a novel class of switched interval neural networks with discrete and distributed

delays of neural type has been presented by combing the theories of the switched systems

and the interval neural networks with discrete and distributed delays of neural type.

Furthermore, a delay-dependent criterion expressed in the form of LMIs has been obtained to

guarantee the proposed neural networks to be globally asymptotically robustly stable under

interval parameter uncertainties. An illustrative example has been also given to demonstrate

the effectiveness of the proposed LMI-based stability criteria.

Acknowledgments

The authors are extremely grateful to the Editor and the Reviewers for their valuable

comments and suggestions, which help to enrich the content and improve the presentation

of this paper. This work was supported by the Natural Science Foundation of Hebei Province

of China (A2011203103) and the Hebei Province Education Foundation of China (2009157).

References

[1] V. Singh, “A new criterion for global robust stability of interval delayed neural networks,” Journal of
Computational and Applied Mathematics, vol. 221, no. 1, pp. 219–225, 2008.

[2] V. Singh, “On global robust stability of interval Hopfield neural networks with delay,” Chaos, Solitons
& Fractals, vol. 33, no. 4, pp. 1183–1188, 2007.

[3] Q. Song and J. Cao, “Global robust stability of interval neural networks with multiple time-varying
delays,” Mathematics and Computers in Simulation, vol. 74, no. 1, pp. 38–46, 2007.

[4] Y. Q. Zhang and X. Wan, “Statistical fuzzy interval neural networks for currency exchange rate time
series prediction,” Applied Soft Computing Journal, vol. 7, no. 4, pp. 1149–1156, 2007.

[5] H. Zhang, Z. Wang, and D. Liu, “Robust stability analysis for interval Cohen-Grossberg neural
networks with unknown time-varying delays,” IEEE Transactions on Neural Networks, vol. 19, no. 11,
pp. 1942–1955, 2008.

[6] W. Su and Y. Chen, “Global robust exponential stability analysis for stochastic interval neural
networks with time-varying delays,” Communications in Nonlinear Science and Numerical Simulation,
vol. 14, no. 5, pp. 2293–2300, 2009.

[7] R. Zhang and L. Wang, “Global exponential robust stability of interval cellular neural networks with
S-type distributed delays,” Mathematical and Computer Modelling, vol. 50, no. 3-4, pp. 380–385, 2009.

[8] H. Wu, F. Tao, L. Qin, R. Shi, and L. He, “Robust exponential stability for interval neural networks
with delays and non-Lipschitz activation functions,” Nonlinear Dynamics. In press.

[9] S. Senan and S. Arik, “New results for global robust stability of bidirectional associative memory
neural networks with multiple time delays,” Chaos, Solitons & Fractals, vol. 41, no. 4, pp. 2106–2114,
2009.

[10] R. Rakkiyappan and P. Balasubramaniam, “New global exponential stability results for neutral type
neural networks with distributed time delays,” Neurocomputing, vol. 71, no. 4-6, pp. 1039–1045, 2008.

[11] R. Rakkiyappan and P. Balasubramaniam, “LMI conditions for global asymptotic stability results for
neutral-type neural networks with distributed time delays,” AppliedMathematics and Computation, vol.
204, no. 1, pp. 317–324, 2008.

[12] L. Liu, Z. Han, and W. Li, “Global stability analysis of interval neural networks with discrete and
distributed delays of neutral type,” Expert Systems with Applications, vol. 36, no. 3, pp. 7328–7331,
2009.

[13] J. Zhu, Q. Zhang, and C. Yang, “Delay-dependent robust stability for Hopfield neural networks of
neutral-type,” Neurocomputing, vol. 72, no. 10–12, pp. 2609–2617, 2009.

[14] J. Qiu and J. Cao, “Delay-dependent robust stability of neutral-type neural networks with time
delays,” Journal of Mathematical Control Science and Applications, vol. 1, pp. 179–188, 2007.



Mathematical Problems in Engineering 17

[15] J. H. Park, O. M. Kwon, and S. M. Lee, “LMI optimization approach on stability for delayed neural
networks of neutral-type,” Applied Mathematics and Computation, vol. 196, no. 1, pp. 236–244, 2008.

[16] O. M. Kwon, J. H. Park, and S. M. Lee, “On stability criteria for uncertain delay-differential systems
of neutral type with time-varying delays,” Applied Mathematics and Computation, vol. 197, no. 2, pp.
864–873, 2008.

[17] J. H. Park, C. H. Park, O. M. Kwon, and S. M. Lee, “A new stability criterion for bidirectional
associative memory neural networks of neutral-type,” Applied Mathematics and Computation, vol. 199,
no. 2, pp. 716–722, 2008.

[18] J. H. Park and O. M. Kwon, “Design of state estimator for neural networks of neutral-type,” Applied
Mathematics and Computation, vol. 202, no. 1, pp. 360–369, 2008.

[19] Y. Tsividis, “Switched neural networks,” US patent no. 4873661, 1989.
[20] T. X. Brown, “Neural networks for switching,” IEEE Communications Magazine, vol. 27, no. 11, pp.

72–81, 1989.
[21] M. Muselli, “Gene selection through switched neural networks,” in Network Tools and Applications in

Biology Workshop (NETTAB ’03), pp. 27–28, Bologna, Italy, 2003.
[22] H. Huang, Y. Qu, and H. X. Li, “Robust stability analysis of switched Hopfield neural networks with

time-varying delay under uncertainty,” Physics Letters A, vol. 345, no. 4–6, pp. 345–354, 2005.
[23] K. Yuan, J. Cao, and H. X. Li, “Robust stability of switched Cohen-Grossberg neural networks with

mixed time-varying delays,” IEEE Transactions on Systems, Man, and Cybernetics, Part B, vol. 36, no. 6,
pp. 1356–1363, 2006.

[24] P. Li and J. Cao, “Global stability in switched recurrent neural networks with time-varying delay via
nonlinear measure,” Nonlinear Dynamics, vol. 49, no. 1-2, pp. 295–305, 2007.

[25] X. Lou and B. Cui, “Delay-dependent criteria for global robust periodicity of uncertain switched
recurrent neural networks with time-varying delay,” IEEE Transactions on Neural Networks, vol. 19,
no. 4, pp. 549–557, 2008.

[26] J. Lian and K. Zhang, “Exponential stability for switched Cohen-Grossberg neural networks with
average dwell time,” Nonlinear Dynamics, vol. 63, no. 3, pp. 331–343, 2011.

[27] C. K. Ahn, “Switched exponential state estimation of neural networks based on passivity theory,”
Nonlinear Dynamics. In press.

[28] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix Inequalities in System and Control
Theory, vol. 15 of SIAM Studies in Applied Mathematics, SIAM, Philadelphia, Pa, USA, 1994.

[29] Z. Wang, Y. Liu, and X. Liu, “On global asymptotic stability of neural networks with discrete and
distributed delays,” Physics Letters A, vol. 345, no. 4–6, pp. 299–308, 2005.

[30] Z. Wang, Y. Liu, M. Li, and X. Liu, “Stability analysis for stochastic Cohen-Grossberg neural networks
with mixed time delays,” IEEE Transactions on Neural Networks, vol. 17, no. 3, pp. 814–820, 2006.

[31] Z. Wang, D. W.C. Ho, and X. Liu, “State estimation for delayed neural networks,” IEEE Transactions
on Neural Networks, vol. 16, no. 1, pp. 279–284, 2005.

[32] Z. Wang, Y. Liu, and X. Liu, “Exponential stabilization of a class of stochastic system with Markovian
jump parameters and mode-dependent mixed time-delays,” IEEE Transactions on Automatic Control,
vol. 55, no. 7, pp. 1656–1662, 2010.

[33] Z. Wang, Y. Wang, and Y. Liu, “Global synchronization for discrete-time stochastic complex networks
with randomly occurred nonlinearities and mixed time delays,” IEEE Transactions on Neural Networks,
vol. 21, no. 1, pp. 11–25, 2010.

[34] B. Shen, Z. Wang, and X. Liu, “Bounded H ∞ synchronization and state estimation for discrete time-
varying stochastic complex networks over a finite-horizon,” IEEE Transactions on Neural Networks, vol.
22, pp. 145–157, 2011.

[35] H. Dong, Z. Wang, D. W. C. Ho, and H. Gao, “Robust H ∞ fuzzy output-feedback control with multiple
probabilistic delays and multiple missing measurements,” IEEE Transactions on Fuzzy Systems, vol. 18,
no. 4, pp. 712–725, 2010.

[36] S. Xu, J. Lam, D. W. C. Ho, and Y. Zou, “Delay-dependent exponential stability for a class of neural
networks with time delays,” Journal of Computational and AppliedMathematics, vol. 183, no. 1, pp. 16–28,
2005.

[37] J. Cao, K. Yuan, and H. X. Li, “Global asymptotical stability of recurrent neural networks with
multiple discrete delays and distributed delays,” IEEE Transactions on Neural Networks, vol. 17, no.
6, pp. 1646–1651, 2006.

[38] Y. Liu, Z. Wang, J. Liang, and X. Liu, “Stability and synchronization of discrete-time Markovian
jumping neural networks with mixed mode-dependent time delays,” IEEE Transactions on Neural
Networks, vol. 20, no. 7, pp. 1102–1116, 2009.



18 Mathematical Problems in Engineering

[39] P. Balasubramaniam and G. Nagamani, “Global robust passivity analysis for stochastic interval
neural networks with interval time-varying delays and Markovian jumping parameters,” Journal of
Optimization Theory and Applications, vol. 149, no. 1, pp. 197–215, 2011.

[40] Z. Wang, H. Gao, J. Cao, and X. Liu, “On delayed genetic regulatory networks with polytopic
uncertainties: robust stability analysis,” IEEE Transactions on Nanobioscience, vol. 7, no. 2, pp. 154–163,
2008.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2012, Article ID 314964, 18 pages
doi:10.1155/2012/314964

Research Article
H ∞ Neural-Network-Based Discrete-Time Fuzzy
Control of Continuous-Time Nonlinear Systems
with Dither

Zhi-Ren Tsai1 and Jiing-Dong Hwang2

1 Department of Computer Science and Information Engineering, Asia University, No. 500 Lioufeng Road,
Wufeng Distinguish, Taichung City 41354, Taiwan

2 Department of Electronic Engineering, Jinwen University of Science and Technology,
No. 99 Anchung Road, Xindian Distinguish, New Taipei City 23154, Taiwan

Correspondence should be addressed to Jiing-Dong Hwang, ditherman@just.edu.tw

Received 23 April 2011; Revised 26 June 2011; Accepted 6 July 2011

Academic Editor: Zidong Wang

Copyright q 2012 Z.-R. Tsai and J.-D. Hwang. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

This study presents an effective approach to stabilizing a continuous-time (CT) nonlinear system
using dithers and a discrete-time (DT) fuzzy controller. A CT nonlinear system is first discretized to
a DT nonlinear system. Then, a Neural-Network (NN) system is established to approximate a DT
nonlinear system. Next, a Linear Difference Inclusion state-space representation is established for
the dynamics of the NN system. Subsequently, a Takagi-Sugeno DT fuzzy controller is designed to
stabilize this NN system. If the DT fuzzy controller cannot stabilize the NN system, a dither, as an
auxiliary of the controller, is simultaneously introduced to stabilize the closed-loop CT nonlinear
system by using the Simplex optimization and the linear matrix inequality method. This dither
can be injected into the original CT nonlinear system by the proposed injecting procedure, and this
NN system is established to approximate this dithered system. When the discretized frequency or
sampling frequency of the CT system is sufficiently high, the DT system can maintain the dynamic
of the CT system. We can design the sampling frequency, so the trajectory of the DT system and
the relaxed CT system can be made as close as desired.

1. Introduction

During the past decade, fuzzy control [1, 2] has attracted great attention from both the

academic and industrial communities, and there have been many successful applications.

Despite this success, it has become evident that many basic and important issues [3] remain

to be further addressed. These stability analysis and systematic designs are among the

most important issues for fuzzy control systems [4] and H ∞ control theories [1, 2, 5–10],
and there has been significant research on these issues (see [4, 11, 12]). In addition, fuzzy
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controller has been suggested as an alternative approach to conventional control techniques

for complex control systems [1, 2]. Moreover, Neural-Network- (NN-) based modeling has

become an active research field because of its unique merits in solving complex nonlinear

system identification and control problems (see [12]). Neural networks (NNs) are composed

of simple elements operating in parallel, inspired by biological nervous systems. As a result,

we can train a neural network to represent a particular function by adjusting the weights

between elements [13]. As the discrete-time (DT) controller is cheaper and more flexible

than continuous-time (CT) controller, the DT control problem for CT plant is worth studying

in this paper. However, an NN-model-based design method with dither has not yet been

developed to adjust the parameters of a discrete-time (DT) fuzzy controller such that the

original continuous-time (CT) system is uniformly ultimately bounded (UUB) stable.

Therefore, to solve this problem, this paper proposes a less conservative DT control

design methodology for a CT nonlinear system with dither based on using an NN model, then

these problems of the systematic control design are overcame using the simplex optimization

[14] and the LMI method [3, 11]. Our design approach is to approximate a DT nonlinear

system with a multilayer perceptron of which the transfer functions. Then, an LDI state-space

representation [12] is established for the dynamics of the NN system. Finally, a DT fuzzy

controller is designed to stabilize the CT nonlinear system. According to this approach, if the

closed-loop DT system cannot be stabilized, a dither is injected into the original CT nonlinear

system as an auxiliary of the controller (see Figure 1).
A dither [15] is a high-frequency signal injected into a CT nonlinear system in order to

augment stability, quench undesirable limit cycles, eliminate jump phenomena, and reduce

nonlinear distortion. Zames and Shneydor [16] rigorously examined the effect of a dither

depending on its amplitude distribution function. Mossaheb [17] showed that when the

dither frequency is high enough, the output of the smoothed system and the dithered system

may be as closed as desired. Desoer and Shahruz [18] studied the effect of dither in nonlinear

control systems involving backlash or hysteresis. A rigorous analysis of stability in a general

CT nonlinear system with a dither control was given in [19]. Based on these articles, we

suggest that the trajectory of a DT system can be predicted rigorously by establishing a

corresponding system the CT relaxed system, provided that the dither’s frequency and the

discretized frequency (or sampling frequency) are sufficiently high. This enables us to obtain

a rigorous prediction of the stability of the closed-loop DT system by establishing the stability

of the NN system. On the other hand, some parameters of membership functions for fuzzy

controller could not be optimized by the LMI method; hence, we use the simplex optimization

method [14] to search these parameters quickly. A simulation example is given to illustrate

the proposed design method.

2. System Description

Consider an open-loop CT nonlinear system fCT described by the following equation:

ẋ(t) = fCT(x(t),u,D ( , )) = fCT( ), (2.1)

where D ( , ) is the dither signal and is the maximum dither amplitude; is dither’s

lower-bound frequency [15] when D = 0, (2.1) is a common CT nonlinear system without

dither, otherwise, it is a CT nonlinear dithered system; x(t) is a CT state vector, u is a DT

control input vector, and fCT is a vector-valued function that satisfies the assumptions of
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Figure 1: CT to DT fuzzy control system with dither effect and design flow chart.

boundedness given in [19]. Then fCT is discretized by setting the sampling time or sampling

period T (sec), and t= k · T, k is a positive integer, to the following a DT nonlinear system

fDT:

x
(
(k + 1) · T

)
= fDT

(
x
(
k · T

)
,u
(
k · T

))
, or x(k + 1) = fDT(x(k),u(k)), (2.2)

where k indicates the signal sequence, the DT state vector is x(k ·T), and the DT control input

vector is u(k · T).
In this study, an NN system is first established to approximate a CT nonlinear system

(2.1). An LDI state-space representation is then established for the dynamics of the NN

system. Finally, a DT fuzzy controller is designed to stabilize the CT nonlinear system.

2.1. Neural Network System

An NN system with S layers each having Re (r = 1e,2e,...,Re; e = 1,2,...,S) neurons is

established to approximate a CT nonlinear system fCT, as shown in Figure 1. Superscript

text is used to distinguish these layers. Specifically, we append the number of the layer as

superscript to the names of these variables. Thus, the weight matrix for the eth (e = 1,2,...,S)
layer is written as W e(T). Moreover, it is assumed that vr (r = 1e,2e,...,Re) is the net input

and that all the transfer functions TS(vr) of units in the NN system are described by the

following sigmoid function:

TS(vr) = ·
(

2

1 + exp
(
−vr/q

) − 1

)
, (2.3)
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where q and are the positive parameters associated with the sigmoid function. The transfer

function vector of the eth layer is defined as

Ψe(vr) ≡ [TS(v1e),TS(v2e),...,TS(vRe)]T, e = 1,2,...,S, (2.4)

where TS(vr) (r = 1e,2e,...,Re) is a transfer function of the rth neuron. The final outputs of

the NN system can then be inferred as follows:

x(k + 1) = S
(
W S S−1

(
W S−1 S−2

(
· · · 2

(
W 2 1

(
W 1Z (k)

))
· · ·

)))
, (2.5)

where Z T(k) = [x(k),u(k)]. In next section, an LDI state-space representation is established

in order to deal with the stability problem of the NN system.

2.2. Linear Difference Inclusion (LDI)

An LDI system can be described in the state-space representation as [12]:

y(k + 1) = A (a(k))y(k), A (a(k)) =
l∑
i=1

hi(a(k))A i, (2.6)

where lis a positive integer, a is a vector signifying the dependence of hi on its elements,

A i (i= 1,2,...,l), and y(k) = [y1(k),y2(k),...,y (k)]T . Moreover, it is assumed that hi ≥ 0,∑l
i=1 hi= 1. From the properties of LDI, without loss of generality, we can use hi(k) instead of

hi(a(k)). In the following, a procedure is taken to represent the dynamics of the NN system

(2.5) by LDI state-space representation [12]:

g(TS(vr)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g1 = min

vr

dTS(vr)
dvr

= 0,

g2 = max
vr

dTS(vr)
dvr

=
2q
,

(2.7)

where g1 and g2 are the minimum and the maximum of the derivative of TS, respectively. The

min-max matrix G e is defined as

G e = diag
(
g
)
, e = 1,2,...,S; r= 1e,2e,...,Re. (2.8)
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Next, using the interpolation method and (2.5), we can obtain

x(k + 1) =
2∑

v1=1

2∑
v2=1

· · ·
2∑

vRS=1

hSv1
(k)hSv2

(k) · · ·hSvRS (k)G
S

×

⎛⎝W S

⎡⎣· · ·
⎡⎣ 2∑
v1=1

2∑
v2=1

· · ·
2∑

vR2=1

h2
v1
(k)h2

v2
(k) · · ·h2

vR2
(k)G 2

×

⎛⎝W 2

⎡⎣ 2∑
v1=1

2∑
v2=1

· · ·
2∑

vR1=1

h1
v1
(k)h1

v2
(k) · · ·h1

vR1
(k)G 1

(
W 1Z (k)

)⎤⎦⎞⎠⎤⎦ · · ·
⎤⎦⎞⎠

=
∑
ΩS

h̃SΩS(k)G SW S · · ·
∑
Ω2

h̃2
Ω2(k)G 2W 2

∑
Ω1

h̃1
Ω1(k)G 1W 1Z (k) =

∑
Ω

ĥΩ(k)EΩZ (k),

(2.9)

where

∑
Ωe

h̃eΩe(k) ≡
2∑

v1=1

2∑
v2=1

· · ·
2∑

vRe=1

hev1
(k)hev2

(k) · · ·hevRe(k), for e = 1,2,...,S;

hevr(k) ∈ [0,1],
2∑

vr=1

hevr(k) = 1, for r= 1e,2e,...,Re,

EΩ ≡ G SW S · · ·G 2W 2G 1W 1,
∑
Ω

ĥΩ(k) ≡
∑
ΩS

· · ·
∑
Ω2

∑
Ω1

h̃SΩS(k) · · · h̃2
Ω2(k)h̃1

Ω1(k).

(2.10)

Finally, using (2.6), we can rewrite the dynamics of the NN system (2.9) in the following LDI

state-space representation:

x(k + 1) =
l∑
i=1

ĥi(k)EiZ (k), (2.11)

where ĥi(k) ≥ 0,
∑l

i=1 ĥi(k) = 1,l is a positive integer, and Ei is a constant matrix with

appropriate dimension associated with EΩ. The LDI state-space representations (2.11) can be

further rearranged as follows:

x(k + 1) =
l∑
i=1

ĥi(k)[A ix(k) + Biu(k)], (2.12)

where A iand Biare the partitions of Eicorresponding to the partitions of Z (k). Furthermore,

we obtain the LDI relaxed representations of the CT dithered system, as shown in the next

section.
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2.3. LDI Form of the Dithered System

The LDI form of a CT nonlinear system with dither includes the dither’s maximum

amplitude and can be obtained by replacing ĥi,A i,Biin (2.12) with the relaxed parameters

h̆i, Ă i( ),B̆i( ), respectively. For relaxed theory and its application for dithered systems,

refer to [15]. Hence, we directly obtain the LDI state-space relaxed representation of this CT

dithered system as

x(k + 1) =
l∑
i=1

h̆i(k)
[
Ă i( )x(k) + B̆i( )u(k)

]
, (2.13)

where u(k) is a Takagi-Sugeno (T-S) DT fuzzy controller, as shown in the following section.

3. T-S DT Fuzzy Controller

Here, a Takagi-Sugeno (T-S) DT fuzzy controller is synthesized to stabilize the NN system

(2.13). The DT fuzzy controller is in the following form.

Rule j. IF x1(k) is M j1, and ...and x (k) is M j , THEN u(k) = −Fjx(k), where j= 1,2,...,
and is the number of IF-THEN rules and M jμ (μ = 1,2,..., ) are the fuzzy sets. Hence, the

final output of this DT fuzzy controller is inferred as follows:

u(k) =
−∑j=1 j(x)Fjx(k)∑

j=1 j(x)Fjx(k)
= −

∑
j=1

hj(x)Fjx(k) (3.1)

with

j(x) =
∏
μ=1

M jμ
(
xμ(k)

)
, hj(x) =

j(x)∑
j=1 j(x)

, (3.2)

in which M jμ is the grade of membership of xμ in M jμ. In this study, it is also assumed

that j(x) ≥ 0,
∑

j=1 j(x) > 0,j = 1,2,..., ,and k = 1,2,...,K . Therefore, hj(x) ≥
0,

∑
j=1 hj(x) = 1 for all k. Substituting (3.1) into (2.12), we have

x(k + 1) =
l∑
i=1

∑
j=1

h̆ihj(x)
[
Ă i( ) − B̆i( )Fj

]
x(k) =

l∑
i=1

∑
j=1

h̆ihjH̆ ij( )x(k), (3.3)

where H̆ ij = Ă i− B̆iFj.
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Furthermore, we consider the CT system (2.1) by using the above NN system (3.3)
and modeling error emod (k) as follows:

x(k + 1) =
l∑
i=1

∑
j=1

h̆ihjH̆ ij( )x(k) + emod (k), for i= 1,2,...,l; m = 1,2,..., ; j= 1,2,..., ,

(3.4)

where emod (k) ≡ fCT( ) −∑l
i=1

∑
j=1 h̆ihj[Ă i( ) − B̆i( )Fj]x(k).

If the closed-loop CT system’s sampling frequency is sufficiently high, according to

the Nyquist sampling theory, the discretized states of this dithered system can approximate

its original CT states. This permits a rigorous prediction of the stability of the CT dithered

system by establishing the stability of the closed-loop NN system (3.4) with the bounded

condition (eU ). The modeling error emod (k) satisfies the following bounded condition:

eTmod (k)emod (k) ≤ eTU eU . (3.5)

Moreover, according to the Lyapunov approach, the following Theorem 3.1 is given to

guarantee the uniformly ultimately bounded (UUB) stability of the closed-loop CT system

(3.4).

Theorem 3.1. The closed-loop CT system (3.4) is UUB stable in the large if there exists a common
positive definite matrix P > 0, Q > 0, 2 and ≥ 0 such that

H̆ T
ijP · H̆ ij− P + 2H̆ T

ijP
TPH̆ ij ≤ −Q , (3.6)

where H̆ ij( ) = Ă i( ) − B̆i( )Fj.

Proof. See the appendix.

According to the stability conditions addressed in Theorem 3.1, the closed-loop NN

system is classified into two conditions. Condition 1: if there exists a common positive definite

matrix P to satisfy the stability conditions in Theorem 3.1, then the fuzzy controller can

stabilize this closed-loop NN system without dither. Condition 2: if there does not exist a

common positive definite matrix P to satisfy the stability conditions in Theorem 3.1, then

the DT fuzzy controller and the dither (as an auxiliary of the T-S fuzzy controller) are

simultaneously introduced to stabilize the closed-loop CT nonlinear system. Therefore, the

rest of this paper focuses on the robust stability analysis of Condition 2.

4. T-S DT Fuzzy Controller and Dither Design Algorithm

An illustration of the flow chart in Figure 1 for DT fuzzy controller and dither design

algorithm is as follows.
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Step 1. If the DT fuzzy controller cannot stabilize the NN system, a dither, as an auxiliary

of this controller, is simultaneously introduced to stabilize the closed-loop CT system. This

study suggests users add the dither’s amplitude from zero, and go to Step 2 until Step 4 has

a stable solution.

Step 2. The CT nonlinear system with dither is discretized by setting the sampling time T,

and go to Step 3.

Step 3. Collect DT training input data: x(k) and u(k), output data: x(k + 1), and the NN

system can be obtained by a Levenberg-Marquardt backpropagation (LM-BP) algorithm [13]
and the LDI relaxed representation, then go to Step 4.

Step 4. According to the LDI relaxed representation in Step 3, a T-S DT fuzzy controller (3.1)
can be designed by the linear matrix inequality (LMI) method. Finally, we can adjust the

dither’s amplitude in Step 1 and verify the stability condition of a system with this DT fuzzy

controller in Step 4.

5. Case Study

The above T-S DT fuzzy controller and dither design algorithm discussed in the preceding

section is illustrated below by the numerical example of a van der Pol control system:

ẋ1 = x2,

ẋ2 = −x1 + 2 ·
(

1 − x2
1

)
x2 + u,

(5.1)

where the initial states x1(0) = −3,x2(0) = 0.

In this example, we use the dither method [19] in Case 2 to compare with our method

in Case 1 as follows.

Case 1. Stability of the NN model in Figure 2 of the dithered system with a fuzzy controller,

and demonstrate the control performance of dither plus fuzzy controller in the van der Pol

system.

Case 2. Demonstrate the control performance of the dithering system [19] in the van der Pol

system.

First, the neural-network structure 3-3-1 of Case 1 has 3 inputs, 3 sigmoid neurons

of (2.3) in a hidden layer, 1 sigmoid neuron in an output layer, and their weights are 12, as

shown in Figure 2.

Step 1. According to Theorem 3.1, the T-S DT fuzzy controller cannot stabilize the NN

system of (5.2) without dither. Hence, we use a dither and DT fuzzy controller and rebuild

the NN system of (5.2) with dither to stabilize the following closed-loop CT system with
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Figure 2: NN model of CT dithered system.

dither:

ẋ1 = x2,

ẋ2 = −x1 + 2 ·
(

1 − x2
1

)
x2 + uD + u(t) = −x1 + 2

[
1 − (x1 + D ( , ))2

]
x2 + u(t),

(5.2)

where uD = −2[2x1D ( , )+D 2( , )]x2. A periodic symmetrical square-wave dither D ( , )
with sufficiently high frequency is added in front of u(t). The lower-bound dither’s maximum

amplitude = 0.5.

Step 2. The CT nonlinear system with dither is discretized as the following equations by

setting the sampling time T = 0.05 sec, and go to Step 3,

x1(k + 1) = x1(k) + x2(k)T,

x2(k + 1) = x2(k) +
{
−x1(k) + 2

[
1 − (x1(k) + D ( ))2

]
x2(k) + u(k)

}
T.

(5.3)

Step 3. Collect and shuffle DT training input data: x(k) and u(k), output data: x(k + 1) to

avoid most of local optimal weight values, due to the NN system is obtained by a LM-BP

algorithm [13]. The training result is shown in Figure 3.
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Figure 3: The training result of NN for system identification for Case 1.

The weight matrices of the hidden and the output layer are denoted by W 1 and W 2.

After training via the LM-BP algorithm, the weights can be obtained as follows:

W 1
1,1 = 0.2304, W 1

2,1 = 0.6039, W 1
3,1 = 0.6846,

W 1
1,2 = −0.1446, W 1

2,2 = 2.4534, W 1
3,2 = −0.1107,

W 1
1,3 = 1.8985, W 1

2,3 = −0.1123, W 1
3,3 = 0.8417,

W 2
1,1 = 0.2853, W 2

1,2 = −0.0002, W 2
1,3 = 0.0267.

(5.4)

If the symbol vab denotes the net input of the bth neuron of the ath layer, then

v1
r = W 1

r,1Suu(k) + W
1
r,2Sxx1(k) + W 1

r,3Sxx2(k), r= 1,2,3, (5.5)

where Sx = 1/3 and Su = 1/11 are the scaling constants to limit the range of inputs x,u in

the NN model; respectively, and

v2
1 = W 2

1,1TS
(
v1

1

)
+ W 2

1,2TS
(
v1

2

)
+ W 2

1,3TS
(
v1

3

)
, x(k + 1) = TS

(
v2

1

)
, (5.6)

where TS(v1
r) = 2/(1 + exp(−v1

r/0.5)) − 1,r= 1,2,3, TS(v2
1) = 2/(1 + exp(−v2

1/0.5)) − 1.
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Hence, g1 = 0, g2 = 1, and we can obtain Ă i(0.5), B̆i(0.5) of the LDI relaxed represent-

ation as follows:

Ă 1 =

⎡⎣ 1 T

g2
2W

2
1,1W

1
1,2 g2

2W
2
1,1W

1
1,3

⎤⎦, Ă 2 =

⎡⎣ 1 T

g2
2W

2
1,2W

1
2,2 g2

2W
2
1,2W

1
2,3

⎤⎦,

Ă 3 =

⎡⎣ 1 T

g2
2W

2
1,3W

1
3,2 g2

2W
2
1,3W

1
3,3

⎤⎦,

Ă 4 =

⎡⎣ 1 T

g2
2

(
W 2

1,1W
1
1,2 + W

2
1,2W

1
2,2

)
g2

2

(
W 2

1,1W
1
1,3 + W

2
1,2W

1
2,3

)
⎤⎦,

Ă 5 =

⎡⎣ 1 T

g2
2

(
W 2

1,1W
1
1,2 + W

2
1,3W

1
3,2

)
g2

2

(
W 2

1,1W
1
1,3 + W

2
1,3W

1
3,3

)
⎤⎦,

Ă 6 =

⎡⎣ 1 T

g2
2

(
W 2

1,2W
1
2,2 + W

2
1,3W

1
3,2

)
g2

2

(
W 2

1,2W
1
2,3 + W

2
1,3W

1
3,3

)
⎤⎦,

Ă 7 =

⎡⎣ 1 T

g2
2

(
W 2

1,1W
1
1,2 + W

2
1,2W

1
2,2 + W

2
1,3W

1
3,2

)
g2

2

(
W 2

1,1W
1
1,3 + W

2
1,2W

1
2,3 + W

2
1,3W

1
3,3

)
⎤⎦,

B̆1 =

[
0

g2
2W

2
1,1W

1
1,1Su/Sx

]
, B̆2 =

[
0

g2
2W

2
1,2W

1
2,1Su/Sx

]
, B̆3 =

[
0

g2
2W

2
1,3W

1
3,1Su/Sx

]
,

B̆4 =

⎡⎣ 0

g2
2

(
W 2

1,1W
1
1,1 + W

2
1,2W

1
2,1

)
Su/Sx

⎤⎦, B̆5 =

⎡⎣ 0

g2
2

(
W 2

1,1W
1
1,1 + W

2
1,3W

1
3,1

)
Su/Sx

⎤⎦,
B̆6 =

⎡⎣ 0

g2
2

(
W 2

1,2W
1
2,1 + W

2
1,3W

1
3,1

)
Su/Sx

⎤⎦,
B̆7 =

⎡⎣ 0

g2
2

(
W 2

1,1W
1
1,1 + W

2
1,2W

1
2,1 + W

2
1,3W

1
3,1

)
Su/Sx

⎤⎦.
(5.7)

Because the case of Ă i=
[

0 0
1 0

]
and B̆i=

[
0
0

]
did not have any effect on x(k + 1) in the

LDI relaxed representation, so the relaxed LMI conditions are not considered this case.
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Step 4. According to [15], the lower-bound dither’s frequency is 50 Hz. In this example, we

choose the sampling frequency of a T-S DT fuzzy controller (3.1) to be 20 Hz, and it can be

designed by the linear matrix inequality (LMI) method in Theorem 3.1. First, we design the

membership functions of Rule 1, 2 as follows:

Rule 1 : IF x1(k) is M 1(x1(k)), THEN u(k) = −F1x(k),

Rule 2 : IF x1(k) is M 2(x1(k)), THEN u(k) = −F2x(k),
(5.8)

where x(k) = [x1(k),x2(k)]
T .

Next, we design

h1 = M 1 = exp

(
− (x1(k) − c)2

(2 2)

)
, h2 = M 2 = 1 − h1. (5.9)

Then, we use the Simplex optimization method [14] to search = 2.2132 and c= 0.00000445.

According to (3.1), the overall T-S DT fuzzy controller is

u(k) = −
2∑
j=1

hjFjx(k). (5.10)

Finally, we can adjust dither’s amplitude in Step 1, and according to the LMI solutions:

P =

[
4.174 0.1803

0.1803 4.7201

]
, 2 = 10−7, Q =

[
10−6 0

0 10−6

]
, (5.11)

we have verified the stability condition of the system with these DT fuzzy gains:

F1 = [−0.0000376,7.3814], F2 = [0.0000391,−18.8912]. (5.12)

The DT controller of Case 1 is to check the fulfillment of (3.5). According to the recorded

values shown in Figure 4, (3.5) is satisfied. Hence, the DT controller of Case 1 can stabilize

the CT dithered nonlinear system (5.2), as shown in Figure 5. The DT controller of Case 1 is

shown in Figure 6. However, Case 2 cannot stabilize this CT nonlinear system, as shown in

Figure 7. Furthermore, the different dither’s shapes did not have an effect on the stability of

the system, but the system responses to different dithers’ shapes of Case 1 must be clearly

different.

6. Conclusion

This study presents an effective NN-based approach to stabilizing continuous-time (CT)
nonlinear systems by a dither and a T-S discrete-time (DT) fuzzy controller. This NN system

is established to approximate a nonlinear system with dither. The dynamics of the NN system
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Figure 4: The result of detecting modeling error emod = [emod 1,emod 2]
T for Case 1.
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Figure 5: The detail of response of a van der Pol control system for Case 1.

are then converted into an LDI relaxed representation, and finally, a T-S DT fuzzy controller

is designed to stabilize the CT nonlinear system by the LMI method. If the designed DT

fuzzy controller cannot asymptotically stabilize the NN system, a dither is injected into this

system. The T-S DT fuzzy controller and the dither signal are simultaneously introduced

to stabilize the closed-loop CT nonlinear system. With sufficiently high dither frequency

and system sampling frequency, simulation results show that the DT fuzzy controller can
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Figure 6: The digital control signal of a van der Pol CT plant for Case 1.
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Figure 7: Comparison of results for Cases 1, 2.

stabilize the nonlinear dithered system by appropriately regulating the dither amplitude.

The algorithm of LMI solver needs the special form to obtain control gains; therefore we

will develop less conservative theorem by SOS algorithm for further research [20]. LM-

BP has disadvantages such as getting into local minimum for the offline training stage

of NN. For this reason, we will improve these disadvantages of LM-BP by studying fast

convergence of genetic algorithm [14] with the multilayer perceptron (MLP) neural network

[13].



Mathematical Problems in Engineering 15

Appendix

Lemma A.1 (see [11]). For any matrices A and B with appropriate dimension, we have

A TB + BTA ≤ 2A TA + −2BTB. (A.1)

Let the Lyapunov function for the nonlinear system be defined as

V (k) = x(k)TPx(k), (A.2)

where P = PT > 0. We then evaluate the backward difference ΔV (k) of V (k) to obtain

ΔV (k) = V (k + 1) − V (k) = x(k + 1)TP · x(k + 1) − x(k)TP · x(k)

=

⎧⎨⎩ l∑
i=1

∑
j=1

h̆ihjH̆ ij( )x(k) + emod (k)

⎫⎬⎭
T

P

⎧⎨⎩ l∑
i=1

∑
j=1

h̆ihjH̆ ij( )x(k) + emod (k)

⎫⎬⎭
− x(k)TP · x(k)

=
l∑
i=1

∑
j=1

h̆ihjx(k)
T
[
H̆ T

ij( )PH̆ ij( ) − P
]
x(k) +

l∑
i=1

∑
j=1

h̆ihjx(k)
TH̆ T

ijP · emod (k)

+
l∑
i=1

∑
j=1

h̆ihjemod (k)TP · H̆ ijx(k) + emod (k)TP · emod (k).

(A.3)

According to Lemma .1, we obtain

x(k)TH̆ T
ijP · emod (k) + emod (k)TP · H̆ ijx(k)

≤ 2x(k)TH̆ T
ijP

TPH̆ ijx(k) +
−2emod (k)Temod (k).

(A.4)

Therefore, we obtain

ΔV (k) ≤
l∑
i=1

∑
j=1

h̆ihjx(k)
T
(
H̆ T

ijP · H̆ ij− P
)
x(k)

+
l∑
i=1

∑
j=1

h̆ihj
[

2x(k)TH̆ T
ijP

TP · H̆ ijx(k) +
−2emod (k)Temod (k)

]

=
l∑
i=1

∑
j=1

h̆ihjx(k)
T
(
H̆ T

ijP · H̆ ij− P + 2H̆ T
ijP

TP · H̆ ij

)
x(k) + −2emod (k)Temod (k)

≤ −x(k)TQ · x(k) + −2emod (k)Temod (k).
(A.5)
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In accordance with H̆ T
ijP · H̆ ij− P + 2H̆ T

ijP
TPH̆ ij ≤ −Q < 0, we have

ΔV (k) ≤ −x(k)TQ · x(k) + −2emod (k)Temod (k) ≤ − min(Q )x(k)Tx(k) + −2eTU eU , (A.6)

where min(Q ) denotes the minimum eigenvalue of Q . Whenever

‖x(k)‖ >
−1eU√
min(Q )

, ΔV (k) < 0. (A.7)

By a standard Lyapunov extension [21], this illustrates the trajectories of the closed-

loop nonlinear systems are UUB stable. From k = 0 to N yields

V (N + 1) − V (0) < −
N∑
k=0

x(k)TQ · x(k) + −2
N∑
k=0

emod (k)Temod (k),

N∑
k=0

x(k)TQ · x(k) < V (0) − V (N + 1) + −2
N∑
k=0

emod (k)Temod (k).

(A.8)

Hence, we have

N∑
k=0

x(k)TQ · x(k) < x(0)TP̃ · x(0) + −2
N∑
k=0

emod (k)Temod (k). (A.9)

Hence, the H ∞ control performance is achieved with a prescribed −2 in (3.6). Next,

recasting a control problem as an LMI problem is equivalent to finding a solution to the

original problem, H̆ T
ijP · H̆ ij− P < 0. The stability conditions encountered in Theorem 3.1 are

expressed in the following forms of LMIs. The conditions H̆ T
ijP · H̆ ij − P < 0 are not jointly

convex in Fj and P . Now multiplying the inequality on the left and right by P−1 and defining

new variables P = P−1 and M j = FjP , the conditions H̆ T
ijP · H̆ ij−P < 0 can be rewritten using
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the Schur complement as follows:

⎡⎣ −P
(
Ă iP − B̆iM j

)T
Ă iP − B̆iM j −P

⎤⎦ < 0, for i= 1,2,...l; j= 1,2,..., ,

⎡⎣ −2P
(

2Ă iP − B̆iM j− B̆iM
)T

2Ă iP − B̆iM j− B̆iM −P

⎤⎦ < 0, for j< = 1,2,..., ,

⎡⎣ −2P (Ă iP − B̆iM j+ Ă P − B̆ M j)
T

Ă iP − B̆iM j+ Ă P − B̆ M j −P

⎤⎦ < 0, for i< = 1,2,...,l,

⎡⎣−4P M̆ T

M̆ −P

⎤⎦ < 0, for i< = 1,2,...,l; j< = 1,2..., ,

(A.10)

where M̆ ≡ Ă iP − B̆iM j+ Ă P − B̆ M + Ă iP − B̆iM + Ă P − B̆ M j.

The feedback gain Fj and a common P can be obtained as P = P
−1

, Fj = M jP
−1

from

the solutions P and M j.
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Together with Lyapunov-Krasovskii functional theory and reciprocal convex technique, a new
sufficient condition is derived to guarantee the global stability for recurrent neural networks with
both time-varying and continuously distributed delays, in which one improved delay-partitioning
technique is employed. The LMI-based criterion heavily depends on both the upper and lower
bounds on state delay and its derivative, which is different from the existent ones and has more
application areas as the lower bound of delay derivative is available. Finally, some numerical
examples can illustrate the reduced conservatism of the derived results by thinning the delay
interval.

1. Introduction

Recently, various classes of neural networks have been increasingly studied in the past few

decades, due to their practical importance and successful applications in many areas such

as optimization, image processing, and associative memory design. In those applications,

the key feature of the designed neural network is to be convergent. Meanwhile, since there

inevitably exist communication delay which is the main source of oscillation and instability in

various dynamical systems, great efforts have been made to analyze the dynamical behaviors

of time-delay systems including delayed neural networks (DNNs), and many elegant results

have been reported; see [1–31] and the references therein. In practical application, though it

is difficult to describe the form of delay precisely, the ranges of time delay and its variation

rate can be measured. Since Lyapunov functional approach imposed no restriction on delay
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and its derivative and presented the simple stability results, Lyapunov-Krasovskii functional

(LKF) one has been widely utilized due to that it can fully utilize the information on time-

delay system. Thus recently, the delay-dependent stability or delay-derivative-dependent one

for DNNs has become an important topic of primary significance, in which its main purpose

was to derive the maximum allowable upper bound on time delay such that the system can

be convergent [7–9, 11–16]. Meanwhile, since a neural network usually has a spatial nature

due to the presence of an amount of parallel pathways of a variety of axon sizes and lengths,

it is desired to model them by introducing a distributed delay over a certain duration of time

such that the distant past has less influence compared to the recent behavior of the state. In

other words, when studying stability for DNNs, the distributed delay should be taken into

consideration simultaneously [18–26].
Presently, during tackling the effect of time delay, the delay-partitioning idea has been

verified to be more effective in reducing the conservatism and widely employed [10–17]. In

[11], one delay-partitioning idea has been used to tackle time-varying delay of DNNs based

on the improved idea in [10] and in [12, 13], and some researchers also put forward the

other novel delay-partitioning idea to tackle constant delay, which can be more evident and

concise than the idea based on the one in [10]. Later, though the idea was extended to time-

varying delay case [14, 15, 17], the improved idea cannot deal with the interval varying delay

efficiently, especially as the lower bound of delay is greater than 0. Meanwhile, as for time-

varying delay, because convex combination technique can play an important role in reducing

the conservatism, it has received much attention and achieved some great improvements in

studying the stability for time-delay systems including DNNs [15–18, 28–30]. Its basic idea

is to approximate the integral terms of quadratic quantities into a convex combination of

quadratic terms of the LMIs. However, owing to the inversely weighted nature of coefficients

in Jensen inequality approach or the limitation of free-weighting matrix method, when

estimating the derivative of Lyapunov-Krasovskii functional, some important terms still have

been ignored based on the convex combination technique [15–18]. In [31], together with

integral inequality lemma, the authors put forward the reciprocal convex technique, which

can consider these previously ignorant terms. Yet, we have noticed that the reciprocal convex

technique could not tackle the case that the lower and upper bound of time delay can be

measured simultaneously, which still needs the convex technique. Now, together with the

improved delay-partitioning idea in [17] and combining reciprocal convex technique with

convex combination one, no researcher has investigated the stability for DNNs as the lower

bound of delay derivative is available, which motivates the focus of this presented work.

In the paper, we make some great efforts to investigate asymptotical stability for

recurrent neural networks with both time-varying and continuously distributed delay, in

which both the upper and lower bounds of time delay and its derivative are treated. Through

applying an improved delay-partitioning idea, one LMI-based condition is derived based on

combination of reciprocal convex technique and convex one, which can present the pretty

delay dependence and computational efficiency. Finally, we give three numerical examples

to illustrate the reduced conservatism.

Notations

For symmetric matrices X,Y,X > Y (resp., X ≥ Y ) means that X − Y > 0 (X − Y ≥ 0) is a

positive-definite (resp., positive-semidefinite) matrix; Tr(A ) denotes the trace of the matrix

A ;
[
X Y
YT Z

]
=
[
X Y
∗ Z

]
with ∗ denotes the symmetric term in a symmetric matrix.
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2. Problem Formulations

Consider the DNNs with continuously distributed delay of the following form:

ż(t) = −Cz(t) + A g(z(t)) + Bg(z(t− (t))) + D
∫t

−∞
K (t− s)g(z(s))ds+ J, (2.1)

where z(t) = [z1(t) · · ·zn(t)]T ∈ Rn is the neuron state vector; C = diag{c1,...,cn} > 0 and

A ,B,D are n × n known constant matrices; g(z(·)) = [g1(z1(·)) · · ·gn(zn(·))]T ∈ Rn stands

for the neuron activation function, J ∈ Rn is a constant input vector, and K (t− s) = [kij(t−
s)]n×n; here the delay kernel kij(·) is a real-valued nonnegative continuous function defined

on [0,+∞) and satisfies
∫∞

0
kij( )d = 1 for i,j= 1,2,...,n.

The following assumptions on system (2.1) are utilized throughout this paper.

(H1) The delay (t) denotes one continuous function satisfying

0 ≤ 0 ≤ (t) ≤ m , μ0 ≤ ˙ (t) ≤ μm , (2.2)

in which 0, m ,μ0,μm are constants. Here we denote m = m − 0 and μm = μm −μ0.

(H2) For the constants +
j,

−
j , the functions gj(·) in (2.1) are bounded and satisfy the

following condition:

−
j ≤

gj(x) − gj
(
y
)

x − y ≤ +
j, ∀x,y ∈ R,x/=y,j= 1,2,...,n. (2.3)

In what follows, we denote Σ = diag{ −
1,...,

−
n}, Σ = diag{ +

1,...,
+
n} and set Σ1 =

ΣΣ, Σ2 = (Σ + Σ)/2, respectively.

Remark 2.1. As pointed out in [22], the constants +
i,

−
i in (H2) are allowed to be positive,

negative, or zero. Thus, some previously used Lipschitz conditions are just special cases of

(H2), which means that the activation functions are of more general descriptions than these

previous ones.

Suppose z∗ = [z∗1 · · ·z∗n]
T is the equilibrium point of the system (2.1). In order to prove

the result, we will shift the equilibrium to the origin by changing the variable x(·) = z(·) − z∗.
Then the system (2.1) can be transformed into

ẋ(t) = −Cx(t) + A f(x(t)) + Bf(x(t− (t))) + D
∫t

−∞
K (t− s)f(x(s))ds, (2.4)

where x(t) = [x1(t),...,xn(t)]
T , and f(x) = [f1(x1),...,fn(xn)]

T with fj(xj) = gj(xj + z∗j) −
gj(z∗j),j= 1,2,...,n. Note that the function fj(·) satisfies fj(0) = 0, and

−
j ≤

fj(x)
x

≤ +
j, ∀x ∈ R,x/= 0. (2.5)

In order to establish the stability criterion, firstly, the following lemmas are introduced.
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Lemma 2.2 (see [27]). For any constant matrix W ∈ Rn×n,W = WT > 0, scalar functional 0 ≤
r(t) ≤ rM , and a vector function ė : [−rM ,0] → Rn such that the following integration is well
defined, then −rM

∫0

−r(t) ė
T(t+ s)Wė(t+ s)ds≤ [e(t) − e(t− r(t))]TW[e(t) − e(t− r(t))].

Lemma 2.3 (see [31]). Let the functions f1(t),f2(t),...,fN (t) : Rm → R have the positive values
in an open subsetD of Rm and satisfy

1

1
f1(t) +

1

2
f2(t) + · · · +

1

N
fN (t) : D −→ Rn (2.6)

with i> 0 and
∑

i i= 1, then the reciprocal convex technique of fi(t) over the setD satisfies

∑
i

1

i
fi(t) ≥

∑
i

fi(t) +
∑
i/=j

gi,j(t) ∀gi,j(t) : Rm −→ Rn,gi,j(t)=̇ gj,i(t),

[
fi(t) gi,j(t)

gj,i(t) fj(t)

]
≥ 0.

(2.7)

Then the problem to be addressed in next section can be formulated as developing a

condition ensuring that the DNNs (2.4) are asymptotically stable.

3. Delay-Derivative-Dependent Stability

In the section, through utilizing the reciprocal convex technique idea in [31], we present one

novel delay-derivative-dependent stability criterion for the system (2.4) in terms of LMIs.

Theorem 3.1. Given a positive integer l and setting = m /l,Σ̃1 = diag {Σ1,...,Σ1}l×l,
Σ̃2 =diag {Σ2,...,Σ2}l×l, then the system (2.4) satisfying (2.2) and (2.5) is globally asymptotically
stable if there exist n×nmatrices P > 0,P1 > 0,H 1,Q 1 > 0,V > 0,W j > 0(j=1,...,l),Sj(j=1,
...,l),Ei(i= 1,2), n × n diagonal matrices K > 0,L > 0,T > 0,U i > 0(i= 1,2,3),Vj > 0,Rj > 0

(j= 1,...,l), n × n matrices X ij > 0,Yij,Zij > 0(i= 1,2;j= 1,...,l), and ln× ln constant matrices
P̃ > 0,Q̃ > 0,̃H such that the LMIs in (3.1)-(3.2) hold:

[
P1 H 1

∗ Q 1

]
> 0,

⎡⎣P̃ H̃

∗ Q̃

⎤⎦ > 0,

[
X ij Yij

∗ Zij

]
> 0,

[
W j Sj

∗ W j

]
≥ 0,

i= 1,2; j= 1,...,l,

(3.1)

Υ1ΘΥT
1 + Υ2ΞΥT

2 +
μm
l

l∑
i=1

IT1i

[
X ki Yki

∗ Zki

]
I1i< 0, k = 1,2, (3.2)
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where I1i=
[

0n·(l+1+i)n −In0n·(2l+1)n −In0n·(l−i+4)n
0n·(l+1+i)n In0n·(2l+1)n In0n·(l−i+4)n

]
, and

Θ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Θ11 V 0 Θ14 0 0 Θ17 0 ET1B ET1D

∗ Θ22 0 0 −H 1 0 0 0 0 0

∗ ∗ −U 2Σ1 0 0 U 2Σ2 0 0 0 0

∗ ∗ ∗ Θ44 0 0 Θ47 0 0 0

∗ ∗ ∗ ∗ −Q 1 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ −U 2 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ Θ77 0 ET2B ET2D

∗ ∗ ∗ ∗ ∗ ∗ ∗ −U 3Σ1 U 3Σ2 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −U 3 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ − 1

n
T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Υ1=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

In ∗
0n·n In ∗

0n·(l+1)n In ∗
0n·(2l+2)n In ∗
0n·(2l+3)n In ∗
0n·(3l+3)n In ∗
0n·(4l+3)n In ∗
0n·(4l+4)n In ∗
0n·(4l+5)n In ∗
0n·(4l+6)n In ∗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ξ=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 S̃ W̃ 1 − S̃ Ξ14 0 0

∗ Ξ22 W̃ − S̃ 0 0 −H̃
∗ ∗ Ξ33 0 0 Ξ36

∗ ∗ ∗ Ξ44 0 0

∗ ∗ ∗ ∗ −Q̃ 0

∗ ∗ ∗ ∗ ∗ Ξ66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Υ2=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0ln ·n Iln ∗
0ln ·2n Iln ∗

0ln ·(l+2)n Iln ∗
0ln ·(2l+3)n Iln ∗
0ln ·(2l+4)n Iln ∗
0ln ·(3l+4)n Iln ∗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.3)

with ∗ representing the appropriately dimensional 0 matrix making Υi(i = 1,2) of (4l+ 8)n
columns, X̃ i = diag{X i1,...,X il}, Ỹi = diag{Yi1 ...Yil}, Z̃ i = diag{Zi1,...,Zil},i = 1,2,
W̃ = diag{W 1,...,W l}, S̃ = diag{S1,...,Sl}, Ṽ = diag{V1,...,Vl}, R̃ = diag{R1,...,Rl}, and

Θ11 = −ET1C − CTE1 + P1 − V − U 1Σ1, Θ14 = ET1A + H 1 + U 1Σ2,

Θ17 = P − ΣK + ΣL − ET1 − CTE2, Θ22 = −P1 − V,

Θ44 = −U 1 + Q 1 + Tr(T)In, Θ47 = K − L + A TE2,

Θ77 = −ET2 − E2 + 2
0V +

l∑
i=1

2W i, Ξ11 = P̃ + X̃ 1 − W̃ − Ṽ Σ̃1,
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Ξ14 = H̃ + Ṽ Σ̃2 + Ỹ1, Ξ22 = −P̃ − W̃ , Ξ33 = −2W̃ + S̃ + S̃T − R̃ Σ̃1,

Ξ36 =
(

1 − μm
l

)
Ỹ2 −

(
1 − μ0

l

)
Ỹ1 − R̃ Σ̃2, Ξ44 = Q̃ + Z̃ 1 − Ṽ ,

Ξ66 =
(

1 − μm
l

)
Z̃ 2 −

(
1 − μ0

l

)
Z̃ 1 − R̃.

(3.4)

Proof. Based on (2.5) and denoting (t) = ( (t)− 0)/l, we construct the Lyapunov-Krasovskii

functional candidate as

V (x(t)) = V1(x(t)) + V2(x(t)) + V3(x(t)) + V4(x(t)), (3.5)

where

V1(x(t)) = xT(t)Px(t) + 2
n∑
i=1

ki

∫xi

0

[
fi(s) − −

is
]
ds+ 2

n∑
i=1

li

∫xi

0

[ +
is− fi(s)

]
ds,

V2(x(t)) =
∫t

t− 0

[
x(s)

f(x(s))

]T[
P1 H 1

∗ Q 1

][
x(s)

f(x(s))

]
ds+

∫t− 0

t− 0−

[
(s)

h( (s))

]T⎡⎣P̃ H̃

∗ Q̃

⎤⎦[ (s)

h( (s))

]
ds

+
l∑
i=1

∫t− 0−(i−1)

t− 0−(i−1) − (t)

[
x(s)

f(x(s))

]T[
X 1i Y1i

∗ Z 1i

][
x(s)

f(x(s))

]
ds

+
l∑
i=1

∫t− 0−(i−1) − (t)

t− 0−i

[
x(s)

f(x(s))

]T[
X 2i Y2i

∗ Z 2i

][
x(s)

f(x(s))

]
ds,

V3(x(t)) =
n∑
i=1

n∑
j=1

ti

∫∞

0

kij( )
∫t

t−
f2
j

(
xj(s)

)
dsd ,

V4(x(t)) =
∫0

− 0

∫t

t+
0ẋ

T(s)V ẋ(s)dsd +
l∑
i=1

∫− 0−(i−1)

− 0−i

∫t

t+
ẋT(s)W iẋ(s)dsd

(3.6)

with K = diag{k1,...,kn} > 0, L = diag{l1,...,ln} > 0, T = diag{t1,...,tn} > 0 waiting to be

determined, and

T(s) =
[
xT(s) · · ·xT(s− (l− 1) )

]
, hT( (s)) =

[
fT(x(s)) · · ·fT(x(s− (l− 1) ))

]
. (3.7)
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Through directly calculating and using any n × n constant matrices Ei(i = 1,2), the time

derivative of functional (3.5) along the trajectories of system (2.4) yields

V̇1(x(t)) = 2xT(t)Pẋ(t) + 2
[
fT(x(t))(K − L) + xT(t)

(
ΣL − ΣK

)]
ẋ(t)

+ 2
[
xT(t)ET1 + ẋT(t)ET2

][
− ẋ(t) − Cx(t) + A f(x(t)) + Bf(x(t− (t)))

+D
∫t

−∞
K (t− s)f(x(s))ds

]
,

(3.8)

V̇2(x(t)) =
[
xT(t)P1x(t) + 2xT(t)H 1f(x(t)) + fT(x(t))Q 1f(x(t))

]
−
[
xT(t− 0)P1x(t− 0) + 2xT(t− 0)H 1f(x(t− 0)) + fT(x(t− 0))Q 1f(x(t− 0))

]
+
[

T(t− 0)P̃ (t− 0) + 2 T(t− 0)H̃ h( (t− 0)) + hT( (t− 0))Q̃ h( (t− 0))
]

−
[

T(t− 0 − )P̃ (t− 0 − )+2 T(t− 0 − )H̃ h( (t− 0 − ))+ hT( (t− 0 − ))

×Q̃ h( (t− 0 − ))
]

+
[

T(t− 0)X̃ 1 (t− 0) + T(t− 0 − (t)
)(

1 − ˙ (t)
l

)(
X̃ 2 − X̃ 1

) (
t− 0 − (t)

)

− T(t− 0 − )X̃ 2 (t− 0 − )
]

+
[

2 T(t− 0)Ỹ1h( (t− 0)) + 2 T(t− 0 − (t)
)(

1 − ˙ (t)
l

)(
Ỹ2 − Ỹ1

)

×h
( (

t− 0 − (t)
))
− 2 T(t− 0 − )Ỹ2h( (t− 0 − ))

]

+
[
hT( (t− 0))Z̃ 1h( (t− 0))+ hT

( (
t− 0 − (t)

))(
1 − ˙ (t)

l

)(
Z̃ 2 − Z̃ 1

)
×h
( (

t− 0 − (t)
))
− hT( (t− 0 − ))Z̃ 2h

T( (t− 0 − ))
]
,

(3.9)

V̇3(x(t)) =
n∑
i=1

n∑
j=1

ti

∫∞

0

kij( )f2
j

(
xj(t)

)
d −

n∑
i=1

n∑
j=1

∫∞

0

kij( )f2
j

(
xj(t− )

)
d

≤
n∑
i=1

tif
T(x(t))f(x(t)) −

n∑
i=1

n∑
j=1

(∫∞

0

kij( )fj
(
xj(t− )

)
d

)2
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≤ Tr(T)fT(x(t))f(x(t)) −
(∫t

−∞
K (t− s)f(x(s))ds

)T(
1

n
T

)

×
(∫t

−∞
K (t− s)f(x(s))ds

)
, (3.10)

V̇4(x(t)) = ẋT(t)

[
2
0V +

l∑
i=1

(
2W i

)]
ẋ(t) −

∫t

t− 0

0ẋ
T(s)V ẋ(s)ds

−
l∑
i=1

∫t− 0−(i−1)

t− 0−i
ẋT(s)W iẋ(s)ds.

(3.11)

Moreover, together with Lemmas 2.2 and 2.3 and (3.1), we can estimate −∑l
i=1

∫t− 0−(i−1)
t− 0−i ×

ẋT(s)W iẋ(s)dsas follows:

−
l∑
i=1

∫t− 0−(i−1)

t− 0−i
ẋT(s)W iẋ(s)ds

≤ −
l∑
i=1

{
m

m − (t)
[
x
(
t− 0 − (i− 1) − (t)

)
− x(t− 0 − i )

]T
× W i

[
x
(
t− 0 − (i− 1) − (t)

)
− x(t− 0 − i )

]
− m

(t) − 0

×
[
x(t− 0 − (i− 1) ) − x

(
t− 0 − (i− 1) − (t)

)]T
× W i

[
x(t− 0 − (i− 1) ) − x

(
t− 0 − (i− 1) − (t)

)]}

≤ −
l∑
i=1

⎡⎢⎢⎣
x(t− 0 − (i− 1) )

x
(
t− 0 − (i− 1) − (t)

)
x(t− 0 − i )

⎤⎥⎥⎦
T⎡⎢⎢⎣

W i Si− W i −Si
∗ 2W i− Si− STi STi − W i

∗ ∗ W i

⎤⎥⎥⎦

×

⎡⎢⎢⎣
x(t− 0 − (i− 1) )

x
(
t− 0 − (i− 1) − (t)

)
x(t− 0 − i )

⎤⎥⎥⎦

= −

⎡⎢⎢⎣
(t− 0)(

t− 0 − (t)
)

(t− 0 − )

⎤⎥⎥⎦
T⎡⎢⎢⎣

W̃ S̃ − W̃ −S̃

∗ 2W̃ − S̃ − S̃T S̃T − W̃

∗ ∗ W̃

⎤⎥⎥⎦
⎡⎢⎢⎣

(t− 0)(
t− 0 − (t)

)
(t− 0 − )

⎤⎥⎥⎦.

(3.12)
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From (2.5), the following inequality holds for any diagonal matrices U i>0 (i=1,2,3),Vj>0,

Rj > 0 (j = 1,...,l) with the compatible dimensions and setting Ṽ = diag{V1,...,Vl},
R̃ = diag{R1,...,Rl},

0 ≤
[
−xT(t)U 1Σ1x(t) + 2xT(t)U 1Σ2f(x(t)) − fT(x(t))U 1f(x(t))

]
+
[
−xT(t− m )U 2Σ1x(t− m )+2xT(t− m )U 2Σ2f(x(t− m ))−fT(x(t− m ))U 2f(x(t− m ))

]
+
[
−xT(t− (t))U 3Σ1x(t− (t)) + 2xT(t− (t))U 3Σ2f(x(t− (t))) − fT(x(t− (t)))

×U 3f(x(t− (t)))
]

+
[
− T(t− 0)Ṽ Σ̃1 (t− 0) + 2 T(t− 0)Ṽ Σ̃2h( (t− 0))

]
− hT( (t− 0))Ṽ h( (t− 0))

+
[
− T(t− 0 − (t)

)
R̃ Σ̃1

(
t− 0 − (t)

)
+ 2 T(t− 0 − (t)

)
R̃ Σ̃2h

( (
t− 0 − (t)

))
−hT

( (
t− 0 − (t)

))
R̃h

( (
t− 0 − (t)

))]
.

(3.13)

Now, adding the terms on the right-hand side of (3.8)–(3.12) and employing inequality (3.13),
we can deduce

V̇ (x(t)) ≤ T(t)

{
Υ1ΘΥT

1 + Υ2ΞΥT
2 +

˙ (t) − μ0

l

l∑
i=1

IT3i

[
X 1i Y1i

∗ Z 1i

]
I3i+

μm − ˙ (t)
l

×
l∑
i=1

IT3i

[
X 2i Y2i

∗ Z 2i

]
I3i

}
(t) =̇ T(t)Λ(t) (t),

(3.14)

in which Θ,Ξ,Υi (i= 1,2) are presented in (3.2), and

T(t) =

⎡⎣xT(t) T(t− 0) xT(t− 0 − m ) T(t− 0 − (t)
)
fT(x(t))

hT( (t− 0)) fT(x(t− m ))hT
( (

t− 0 − (t)
))

ẋT(t)

xT(t− (t)) fT(x(t− (t)))

(∫t

−∞
K (t− s)f(x(s))ds

)T
⎤⎦.

(3.15)

Then by employing convex combination technique, the LMIs in (3.2) can guarantee Λ(t) < 0,

which indicates that there must exist a positive scalar > 0 such that V̇ (x(t)) ≤ − ‖x(t)‖2 < 0

for x(t)/= 0. Then it follows from Lyapunov-Krasovskii stability theory that the system (2.4)
is asymptotically stable, and the proof is completed.
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Remark 3.2. Presently, the convex combination technique has been widely employed to

tackle time-varying delay owing to the truth that it could reduce the conservatism more

effectively than the previous ones, see [15–18, 28–30]. In [31], the authors put forward the

reciprocal convex approach, which can reduce the conservatism more effectively than convex

combination ones. Yet, it has come to our attention that no researchers have utilized both of

them simultaneously to tackle the stability for DNNs.

Remark 3.3. One can easily check that the theorem in this work achieves some great improve-

ments over the one in [17], which can be illustrated in the following. Firstly, some ignored

terms in [17] have been fully considered in this paper when estimating the derivative of

Lyapunov-Krasovskii functional in (3.11), such as the ignored ones.

Secondly, owing to the introduction of reciprocal convex approach, Theorem 3.1 can

be much less complicated than the ones in [17], which will result in some computation sim-

plicity in some degree. Thirdly, though reciprocal convex approach plays an important role

in tackling the range of time delay, it cannot efficiently deal with the effect of lower and

upper bound on delay derivative, which can be checked in (3.14). Thus we employ the convex

combination technique to overcome this shortcoming.

Remark 3.4. When (t) is not differentiable or μ0 (resp., μm ) is unknown, through setting[
X ij Yij
∗ Zij

]
= 0 (i= 1,2) or

[
X 2j Y2j

∗ Z 2j

]
= 0 (resp.,

[
X 1j Y1j

∗ Z 1j

]
= 0) in (3.5), our theorem still can be true.

Remark 3.5. Owing to the introduction of delay-partitioning idea in this work, the difficulty

and complexity in checking the theorem will become more and more evident when the

integer l increases and the dimension of the LMIs in (3.2) will become much higher. Yet

based on the results in [12–16], the maximum allowable upper bound of m would become

unapparent enlarging as l≥ 5. Thus if we want to employ the idea to real cases, we do not

necessarily partition the interval [ 0, m ] into more than l≥ 5 subintervals.

4. Numerical Examples

In the section, three numerical examples will be presented to illustrate that our results are

superior over the ones by convex combination technique.

Example 4.1. We revisit the system considered in [9, 11, 17] with the following parameters:

C =

[
2 0

0 2

]
, A =

[
1 1

−1 −1

]
, B =

[
0.88 1

1 1

]
,

D = Σ =

[
0 0

0 0

]
, Σ =

[
0.4 0

0 0.8

]
,

(4.1)

in which 0 = 0 is set. If we do not consider the existence of μ0, then by utilizing Theorem 3.1

and Remark 3.2, the corresponding maximum allowable upper bounds (MAUBs) max for

different μm derived by Theorem 3.1 in [17] and in the paper can be summarized in Table 1,
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Table 1: Calculated MAUBs max for various l, unavailable μ0 in Example 4.1.

Methods\μm 0.6 0.8 0.9 1.2

Li et al. [17] l= 1 3.4878 2.8458 1.9150 1.1167

l= 2 3.7458 3.1150 2.1153 1.3189

Theorem 3.1 l= 1 3.5664 2.9316 2.0552 1.2107

l= 2 3.8543 3.2311 2.2115 1.4445

Table 2: Calculated MAUBs max for various land μ0 = 0.5 in Example 4.1.

Methods\μm 0.6 0.8 0.9 1.2

Zhang et al. [9] 3.5209 2.8654 1.9508 —

Li et al. [17] l= 1 3.5872 2.8815 1.9657 1.2055

Theorem 3.1 l= 1 3.6435 2.9443 2.0112 1.2899

which demonstrates that Theorem 3.1 in this paper of l = 1 is less conservative than the

theorem in [17]. Yet, if we set μ0 = 0.5, it is still easy to verify that our results can yield much

less conservative results than the one in [17], which can be shown in Table 2.

Based on Tables 1 and 2, it indicates that the conservatism of stability criterion can be

greatly deduced if we take μ0 into consideration. Moreover, though the delay-partitioning

idea has been used in [17], the corresponding MAUBs max derived by [17] and Theorem 3.1

are summarized in Table 3, which shows that the idea in this work can be more efficient than

the one in [17] even for l= 1,2.

Example 4.2. Consider the delayed neural networks (2.1) with

C = diag{1.2769,0.6231,0.9230,0.4480}, Σ = 03×3, Σ = diag{0.1137,0.1279,0.7994,0.2368},

A =

⎡⎢⎢⎢⎢⎢⎣
−0.0373 0.4852 −0.3351 0.2336

−1.6033 0.5988 −0.3224 1.2352

0.3394 −0.0860 −0.3824 −0.5785

−0.1311 0.3253 −0.9534 −0.5015

⎤⎥⎥⎥⎥⎥⎦, B =

⎡⎢⎢⎢⎢⎢⎣
0.8674 −1.2405 −0.5325 0.0220

0.0474 −0.9164 0.0360 0.9816

1.8495 2.6117 −0.3788 0.8428

−2.0413 0.5179 1.1734 −0.2775

⎤⎥⎥⎥⎥⎥⎦,
(4.2)

which has been addressed extensively, see [2, 15, 17] and the references therein. Together

with the delay-partitioning idea and for different μm , the works [15, 17] have calculated the

MAUBs max such that the origin of the system is globally asymptotically stable for (t)
satisfying 3 = 0 ≤ (t) ≤ m ≤ max. By resorting to Theorem 3.1 and Remark 3.2, the

corresponding results can be given in Table 4, which indicates that our delay-partitioning

idea can be more effective than the relevant ones in [15, 17] for l= 1,2 and μ0 = 0.
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Table 3: Calculated MAUBs m ax for various l, μ0 = 0.5 in Example 4.1

Methods\μm 0.8 0.9 Unknown μm
Li et al. [17] l= 1 2.8815 1.9657 1.2055

l= 2 3.1488 2.1968 1.4078

Theorem 3.1 l= 1 2.9668 2.0113 1.3115

l= 2 3.2350 2.2778 1.4890

Table 4: Calculated MAUBs m ax for various l,μm in Example 4.2.

Methods\μm 0.1 0.5 0.9 Unknown μm
Hu et al. [15] l= 1 3.33 3.16 3.10 3.09

l= 2 3.65 3.32 3.26 3.24

Li et al. [17] l= 1 3.35 3.21 3.20 3.19

l= 2 3.77 3.41 3.38 3.37

Theorem 3.1 l= 1 3.40 3.32 3.31 3.24

l= 2 3.86 3.49 3.42 3.40

Table 5: Calculated MAUBs m ax for various [μ0,μm ], and lin Example 4.3.

Methods\[μ0,μm ] [0.1, 0.4] [0.4, 0.8] [0.8, 0.9] [0.9, 1.1 ]
Li et al. [17] l= 1 0.8712 0.8257 0.9327 0.9805

l= 2 1.1872 1.1815 1.2657 1.3028

Theorem 3.1 l= 1 0.9221 0.9115 0.9995 1.1134

l= 2 1.2315 1.2189 1.3012 1.3898

Example 4.3. Consider the delayed neural networks (2.4) with

C =

[
4.2 0

0 3.8

]
, A =

[
1 −1.66

0 −1

]
, B =

[
1 0

−2.475 1

]
, D =

[
0.5 0.2

0.3 0.4

]
,

K (t− s) =
[

2e−2(t−s) 3e−3(t−s)

4e−4(t−s) 2e−2(t−s)

]
,

(4.3)

and f(xi) = tanh(xi),i= 1,2. For 0 = 0.5, choosing various μ0,μm in Table 5 and applying

Theorem 3.1 in our work and the one in [17], we can find the MAUBs on m for which the

system remains asymptotically stable.

Based on Table 5, it can indicate that the delay-partitioning idea in our work can be

less conservative than the ones in [17].

5. Conclusion

This paper has investigated the asymptotical stability for DNNs with continuously dis-

tributed delay. Through employing one improved delay-partitioning idea and combining
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reciprocal convex technique with convex combination one, one stability criterion with signif-

icantly reduced conservatism has been established in terms of LMIs. The proposed stability

condition benefits from the partition of delay intervals and reciprocal convex technique.

Three numerical examples have been given to demonstrate the effectiveness of the presented

criteria and the improvements over some existent ones. Finally, it should be worth noting that

the delay-partitioning idea presented in this work is widely applicable in many cases.
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Self-similar process with long-range dependence (LRD), that is, fractional Gaussian noise (fGn)
with LRD is a widely used model of Internet traffic. It is indexed by its Hurst parameter H fGn that
linearly relates to its fractal dimension D fGn. Note that, on the one hand, the fractal dimension D of
traffic measures local self-similarity. On the other hand, LRD is a global property of traffic, which
is characterized by its Hurst parameter H . However, by using fGn, both the self-similarity and the
LRD of traffic are measured by H fGn . Therefore, there is a limitation for fGn to accurately model
traffic. Recently, the generalized Cauchy (GC) process was introduced to model traffic with the
flexibility to separately measure the fractal dimension D GC and the Hurst parameter H GC of traffic.
However, there is a fundamental problem whether or not there exists the generality that the GC
model is more conformable with real traffic than single parameter models, such as fGn, irrelevant
of traffic traces used in experimental verification. The solution to that problem remains unknown but
is desired for model evaluation in traffic theory or for model selection against specific issues,
such as queuing analysis relating to the autocorrelation function (ACF) of arrival traffic. The key
contribution of this paper is our solution to that fundamental problem (see Theorem 3.17) with
the following features in analysis. (i) Set-valued analysis of the traffic of the fGn type. (ii) Set-
valued analysis of the traffic of the GC type. (iii) Revealing the generality previously mentioned
by comparing metrics of the traffic of the fGn type to that of the GC type.

1. Introduction

This paper explores the Internet traffic (traffic for short) modeling which plays a role in

telecommunications [1]. Let x[t(i)] be an arrival traffic function, implying the number of

bytes in the ith packet arriving at t(i) (i = 0,1,2,...), where t(i) is the timestamp of the

ith packet [2]. To avoid confusion, we use x(t) and x(i) to represent a traffic time series in
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the continuous case and the discrete one, respectively, where x(i) implies the size of the ith
packet. Note that traffic statistics for x(i) corresponds with the statistics of the traffic time

series represented by either byte count or packet size [3].
The pioneer in stochastic modeling of traffic refers to the Danish scientist A. K. Erlang,

see Bojkovic et al. [4]. As early as the 1920s, he contributed to his experimental work on the

statistics of the traffic in telephony networks and introduced the traffic models of the Poisson

type [5, 6]. Erlang’s work was so successful in characterizing the old telephony traffic such

that it was applied as a law in traffic engineering, see for example, Yue et al. [7], Papoulis

[8], Gibson [9], Cooper [10], Pitts and Schormans [11], and McDysan [12]. Note that the

autocorrelation function (ACF) of the traffic of the Poisson type, which is Markovian, is

exponentially decayed [13]. In fact, the ACF of a Markov process decays exponentially [14].
The Poisson-type models fit in with the traffic in old telephony networks, which are circuit-

switched, see for example, [9], Le Gall [15], Lin et al. [16], Manfield and Downs [17], Reiser

[18], and Lu [19]. Those types of models, however, fail to effectively characterize the traffic

in the Internet, which is packet switched. As a matter of fact, the ACF, the probability density

function (PDF), and the power spectrum density (PSD) function of traffic, follow power law,

see for example, Resnick [20], Csabai [21], Leland et al. [22], Beran et al. [23], López-Ardao

et al. [24], and Cleveland and Sun [25]. Therefore, system responses to the Internet have

to take into account the arrival traffic with long-range dependence (LRD), see for example,

Tsybakov and Georganas [26], Norros [27], Fishman and Adan [28], Li and Zhao [29], Dahl

and Willemain [30], and Kingman [31].
Theoretically, on one hand, Taqqu’s Theorem relates a heavy-tailed PDF in power law

to a hyperbolically decayed ACF, that is, power law-type ACF [3, 32]. On the other hand, the

Fourier transform connects a hyperbolically decayed ACF with 1/f ( > 0) noise (power

law-type PSD), see for example, Li [33].
Note that, before the Internet’s worldwide prevalence, in the seventies of the last

century, Tobagi et al. [34] reported a noticeable behavior of traffic, which is called “burstiness”

[12]. It implies that there would be no packets transmitted for a while, then flurry of

transmission, no transmission for another long period of time, and so on if one observes

traffic over a long period of time. This also means that traffic has intermittency. In 1986, Jain

and Routhier [35] further described the intermittency or burstiness of traffic using the term

“packet trains.” They inferred that traffic is neither a Poisson process nor a compound Poisson

one [35]. The results in [34, 35] are quite qualitative but they may be considered as early work

with respect to fractal-type traffic. The concept of packet train is interesting [36] but we utilize

the concept of fractal time series for traffic modeling in this paper.

The early literature quantitatively describing the statistical properties of traffic from a

view of fractals refers to Csabai [21], Leland et al. [22], Beran et al. [23], Paxson and Floyd

[37], and Crovella and Bestavros [38]. Those scientists revealed some of the main properties

of traffic, such as LRD and asymptotic self-similarity. The traffic model described in [22, 23,

37, 39–43], just citing a few, is the fGn that was introduced by Mandelbrot and Van Ness in

mathematics [44].
The model of fGn is characterized by a single parameter H , called the Hurst parameter.

Its limitation in accurately modeling traffic was noticed by Paxson and Floyd [37], and

Tsybakov and Georganas [39]. Paxson and Floyd noted that “it might be difficult to

characterize the correlations over the entire traffic traces with a single Hurst parameter

[37, Section 7.4].” They suggested that “further work is required to fully understand the

correlational structure of wide-area traffic [37].” Tsybakov and Georganas remarked that

“the class of exactly self-similar processes, that is, fGn or fractional Brownian motion (fBm),
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is too narrow for modeling actual network traffic [39, Section II].” The authors of [37, 39]
qualitatively stated the limitation of fGn in traffic modeling without mentioning how to

release the limitation. In this regard, Beran [45, page 101-102] suggested to develop a suf-

ficiently flexible class of parametric correlation models. The key of the Beran’s idea implies

that the ACF of an LRD series may be fitted by a correlation model with several parameters

instead of one, but he did not mention what concrete parametric correlation models are.

Li and Lim recently reported a two-parameter traffic model called the GC process

with the demonstrations based on sets of real-traffic traces in [46, 47]. Li [48] discussed its

simulation. Nevertheless, whether or not it has the generality to be more agreement with

traffic than single parameter models, such as fGn, remains an unsolved problem. Therefore, it

may be useful, especially for traffic engineers, to exhibit that generality. Motivated by this, we,

in this paper, aim at presenting a solution to it based on the abstract analysis, more precisely,

the set-valued analysis in Hilbert spaces, to thoroughly reveal that generality, irrelevant of

traces used in experimental verification. To the best of our knowledge, the set-valued analysis

of traffic models is rarely seen.

The rest of paper is organized as follows. Related work is explained in Section 2. The

set-valued analysis is presented in Section 3. An application case is demonstrated in Section 4.

Discussions are provided in Section 5, followed by our conclusions.

2. Related Work

We first respectively brief the ACFs of the fGn and the GC process. Then, fractal dimension

and the Hurst parameter are discussed.

2.1. fGn

The continuous fGn is the derivative of the smoothed fractional Brownian motion (fBm)
in the sense of the generalized functions over the Schwartz space of test functions, refer to

Kanwal [49] for generalized functions.

Denote by rgGn( ) the ACF of the fGn as the increment process of the fBm of the Weyl

type. Then, for time lag ∈ R , which is the set of real numbers,

rgGn( ) =
2 2H −2

2

[( | |
+ 1

)2H

+
∣∣∣∣ | | − 1

∣∣∣∣2H

− 2

∣∣∣∣ ∣∣∣∣2H
]
, (2.1)

where H ∈ (0,1) is the Hurst parameter, > 0 is used by smoothing the fBm so that the

smoothed fBm is differentiable, and 2 = (H )−1Γ(1 − 2H ) cos(H ) [44]. The PSD of fGn is

given by [50]

SfGn( ) = 2 sin(H )Γ(2H + 1)| |1−2H , (2.2)

where is angular frequency.

FGn includes three classes of time series. When H ∈ (0.5,1),rgGn( ) is positive and

finite for all . It is nonintegrable and the corresponding series is LRD. For H ∈ (0,0.5), the

integral of rgGn( ) is zero, corresponding series with short-range dependence (SRD). Besides
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rgGn( ) for 0 < H < 0.5 changes its sign and becomes negative for some proportional to . It

reduces to the white noise when H = 0.5.

The ACF of fGn in the discrete case is given by

rfGn(k) = 0.5 2
[
(|k| + 1)2H − 2|k|2H + (||k| − 1|)2H

]
, (2.3)

where k ∈ I, where I is the set of integers. To avoid confusion, we often consider ACFs for

k ≥ 0 in the normalized case in what follows as an ACF is an even function. Thus, for k ≥ 0,

one has

rfGn(k) = 0.5
[
(k + 1)2H − 2k2H + (k − 1)2H

]
. (2.4)

Considering the right side of (2.4) as the finite 2-order difference of 0.5(k)2H and approximat-

ing it with the 2-order differential of 0.5(k)2H yields the following equation. Its right side is

quite accurate to the left for k > 10 [51]:

0.5
[
(k + 1)2H − 2k2H + (k − 1)2H

]
≈ H (2H − 1)(k)2H −2. (2.5)

2.2. GC Process

A random function x(t) is called the GC process if it is stationary Gaussian with the ACF

given by

rGC( ) = E[X (t+ )X (t)] =
(
1 + | |

)− /
, (2.6)

where 0 < ≤ 2 and > 0. When = = 2, one gets the usual Cauchy process the ACF of

which is expressed by

rC( ) =
(

1 + | |2
)−1

, (2.7)

which is used in geostatistics, see Chilès and Delfiner [52].
The PSD of the GC process is given by (see [47])

SGC( ) =
∞∑
k=0

(−1)kΓ
((

/
)
+ k

)
Γ
(
/
)
Γ(1 + k)

I1( ) ∗ Sa( )

+
∞∑
k=0

(−1)kΓ
((

/
)
+ k

)
Γ
(
/
)
Γ(1 + k)

[ I2( ) − I2( ) ∗ Sa( )],

(2.8)
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where Sa( ) = sin( )/ and

I1( ) = −2 sin

(
k

2

)
Γ( k + 1)| |− k−1,

I2( ) = 2 sin

[(
+ k

)
2

]
Γ
[
1 −

(
+ k

)]
| |( + k)−1.

(2.9)

The PSD of the GC process for → 0 is given by (see [53])

SGC( ) ∼ 1

Γ
( )

cos
(

/2
) | | −1, −→ 0. (2.10)

On the other hand, SGC( ) for → ∞ is given by

SGC( ) ∼
Γ(1 + ) sin( /2) | |−(1+ ), −→ ∞. (2.11)

The above exhibits the power law of SGC( ). The GC process is LRD if 0 < < 1 and is SRD

if 1 < .

As noted in [53], “the GC process is non-Markovian since rGC(t1,t2) does not satisfy

the triangular relation given by

rGC(t1,t3) =
rGC(t1,t2)rGC(t2,t3)

rGC(t2,t2)
, t1 < t2 < t3, (2.12)

which is a necessary condition for a Gaussian process to be Markovian, see Todorovic [54].”
In fact, up to a multiplicative constant, the Ornstein-Uhlenbeck process is the only stationary

Gaussian Markov process, see Lim and Muniandy [55] and Wolpert and Taqqu [56].

2.3. Fractal Dimension and the Hurst Parameter

On the one hand, fractal dimension, denoted by D , of traffic x(t) is a measure to characterize

its local self-similarity or irregularity. On the other hand, the Hurst parameter H is used to

measure its statistical dependence, see Mandelbrot [57]. Thus, we respectively use D and H
to describe the local property and the global property of x(t), see Li and Lim [46, 47] and Li

and Zhao [58]. In fact, if the ACF rxx( ) is sufficiently smooth on (0,∞) and if

rxx(0) − rxx( ) ∼ c1| | for | | −→ 0, (2.13)

where c1 is a constant and is the fractal index of x(t), D of x(t) is expressed by

D = 2 −
2
, (2.14)
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see, for example, Kent and Wood [59], Hall and Roy [60], Chan et al. [61], and Adler [62].
Applying the binomial series to rfGn( ) yields

rfGn(0) − rfGn( ) ∼ c| |2H for | | −→ 0. (2.15)

Therefore, one has

D fGn = 2 − H fGn. (2.16)

Consequently, the fGn, as the incremental process of the fBm of the Weyl type, is stationary.

Its D happens to linearly relate to its H , see [57, page 27] and Gneiting and Schlather [63].
Hence, a single parameter model fails to separately capture the local irregularity and the LRD

of traffic.

Recall that a self-similar process x(t) with the self-similarity index requires for a > 0,

x(at)=da x(t), (2.17)

where =d denotes equality in joint finite distribution. It is known that a stationary Gaussian

random function x(t) that is not exactly self-similar may satisfy a weaker self-similar property

known as local self-similarity. Taking into account the definition of the local self-similarity

provided in [59–62], we say that a Gaussian stationary process is locally self-similar of order

if its ACF satisfies for → 0,

rxx( ) = 1 − | |
{

1 + O
(
| |

)}
, > 0. (2.18)

The fractal dimension D of a locally self-similar process of order is given by (2.14).
Therefore, we have the asymptotic expressions given by

rGC( ) ∼ | | , −→ 0,

rGC( ) ∼ | |− , −→ ∞.
(2.19)

Note that traffic x(t) is LRD if its ACF rxx( ) satisfies

rxx( ) ∼ | |−b, −→ ∞, (2.20)

where 0 < b < 1. Denote by D GC and H GC the fractal dimension and the Hurst parameter of

traffic of the GC type, respectively. Then, according to (2.19), one has

D GC = 2 −
2
,

H GC = 1 −
2
.

(2.21)
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Replacing and , respectively, by D GC and H GC according to (2.21), we have

rGC( ) =
(

1 + | |4−2D GC

)−(1−H GC)/(2−D GC)
, (2.22)

where D GC is independent of H GC. Thus,

D GC /=D fGn. (2.23)

3. Set-Valued Analysis

A physically measured traffic trace has single history with finite length. Without losing

generality, the maximum possible length of a traffic series is assumed as N ∈ I+(= 1,2,...).
Let l2N be a space containing all ACFs, including ACFs of real traffic. Let r be an ACF of a

real-traffic series. Define the norm of ras an inner product given by

‖r‖ =
√
〈r,r〉 =

√√√√N −1∑
k=0

|r|2. (3.1)

Then, the inner space given by

l2N =

⎧⎨⎩r;

√√√√N −1∑
k=0

|r|2 <∞

⎫⎬⎭ (3.2)

is a Hilbert space when all limits are included [64, 65].

Remark 3.1. l2N is a finite-dimensional normed space.

Now, we consider the following consequences of a linear normed space with finite

dimensions.

Lemma 3.2. In a linear finite-dimensional space, all norms are equivalent [66].

Lemma 3.3. Every finite-dimensional subspace of a linear normed space is closed [67].

Lemma 3.4. Let H be a Hilbert space and M be a closed subspace of H. Let x ∈ H, x /∈ M. Then
there exists a unique element x̂ ∈ M satisfying ‖x − x̂‖ = infy∈M‖x − y‖ [66, 67], Aubin [68].

From the above, we obtain the following theorem. Its proof is straightforward

according to Lemmas 3.2–3.4.

Theorem 3.5. Let r ∈ l2N be an ACF of a real-traffic series. Let S be a closed subspace of l2N . Then,
there exists a unique R ∈ S such that ‖r− R‖ = infs∈S‖r− s‖ [64, 65].
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Let e = R − rbe the error. Its norm is defined by

‖e‖ =
√
〈e,e〉 = 1

N

N −1∑
k=0

|e|2. (3.3)

Let the functional of e be F(e) = ‖e‖. Then, F(e) is convex. Thus, the optimal approximation

of r in S can be expressed by

R = arg minF(e), r∈ l2N ,R ∈ S. (3.4)

Suppose R has m parameters such that

R(k) = R(k;a1,a2,...,am ). (3.5)

Then, the error by taking the approximation (3.5) as a traffic model is a function of aj (j =
1,2,...,m ). To clarify this point, we utilize the cost function of m dimensions expressed by

J(a1,a2,...,am ) =
1

N

∑
k

[R(k) − r(k)]2. (3.6)

The partial derivative of Jwith respect to m parameters, which will be zero at the Jminimum,

yields [69]

J

aj
=

2

N

∑
k

(R − r) R

aj
, j= 1,2,...,m . (3.7)

Let (a10,a20,...,am 0) be the solution of J/ aj = 0. Then, R(k;a10,a20,...,am 0) is the optimal

approximation of r in S.

The above discussions draw attention to the fact that an optimal approximation of r
in S may have m parameters. Obviously, an approximation of r is related to a subspace of l2N
as can be seen from Theorem 3.5. For this reason, we, below, consider the extensions of the

fGn’s ACF towards constructing the ACF of the GC process.

Definition 3.6. Let H be a Hilbert space equipped with a distance d. When K is a subset of H,

the distance from r to K is denoted by d(r,K ) = infs∈K d(r,s) [70, 71].

Definition 3.7 (see [70]). Let {K n}(n ∈ I+) be a sequence of subspaces of a Hilbert space H.

Then, the subset

lim sup
n→∞

K n =
{
r∈ H : lim inf

n→∞
d(r,K n) = 0

}
(3.8)

is the upper limit of the sequence K n. Besides, the subset

lim inf
n→∞

K n =
{
r∈ H : lim

n→∞
d(r,K n) = 0

}
(3.9)
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is the lower limit of K n. A subset K is said to be the limit or the set limit of K n if

K = lim inf
n→∞

K n = lim sup
n→∞

K n = lim
n→∞

K n. (3.10)

Considering the above terms, one has the lemma below.

Lemma 3.8. Any monotone sequence of subsets K n has a limit [70].

According to Lemma 3.8, therefore, the following holds.

Corollary 3.9 (see [70, 71]). Let {K n} (n ∈ I+) be a family of increasing closed subspaces of a
Hilbert spaceH : K 0 ⊂ K 1 ⊂ K 2 ⊂ · · · . Then,

d(r;K 0) ≥ d(r;K 1) ≥ d(r;K 2) ≥ · · · ,

lim
n→∞

d(r,K n) = 0.
(3.11)

We now turn to constructing the ACF of the GC process.

Corollary 3.10. (c/2H (2H − 1))[( + 1)2H − 2 2H + ( − 1)2H ] ≈ c( + 1)2H −2.

Proof. According to (2.5), this corollary results.

Let

G =

⎧⎨⎩r;r= rfGn, ‖r‖ =

√√√√N −1∑
k=0

|r|2 < ∞

⎫⎬⎭, c> 0. (3.12)

Then, G is the set containing the ACF of fGn. Therefore, we have the following remark.

Remark 3.11. G ⊂ l2N . Besides, it is closed according to Lemma 3.3.

We now construct the second space. Let GA be the set containing ACFs of traffic in the

form c(| | + 1)2H −2 for c> 0. Then,

GA =

⎧⎨⎩r;r= c(| | + 1)2H −2, ‖r‖ =

√√√√N −1∑
k=0

|r|2 <∞

⎫⎬⎭. (3.13)

According to Corollary 3.10, element in GA is an approximation of the ACF of fGn. Hence,

we have d(r;GA) ≈ d(r;G). Based on GA, we further construct a space as follows.

Proposition 3.12. The following Ga1
is an extension of GA, where c> 0;

Ga1
=

⎧⎨⎩r; r= c
(
| |a2 + 1

)2H −2
,a2 ∈ (0,1), ‖r‖ =

√√√√N −1∑
k=0

|r|2 <∞

⎫⎬⎭. (3.14)



10 Mathematical Problems in Engineering

Proof. (| |a2+1)2H −2 equals to (| |+1)2H −2 for a2 = 1, meaningGa1
⊃ GA. Thus, this proposition

results.

Remark 3.13. (| |a2 + 1)2H −2 is nonintegrable for a2(2 − 2H ) ∈ (0,1) because (| |a2 + 1)2H −2 ∼
| |a2(2H −2)( → ∞). Clearly, Ga1

⊂ l2N . In addition, it is closed according to Lemma 3.3.

The space Ga1
can be further extended into the following.

Proposition 3.14. The following Ga2
is an extension of Ga1

;

Ga2
=

⎧⎨⎩r;r= rGC, ‖r‖ =

√√√√N −1∑
k=0

|r|2 < ∞

⎫⎬⎭, (3.15)

where rGC = (| |a2 + 1)−a1,a1 > 0, a2 ∈ (0,1), a1a2 ∈ (0,1).

Proof. (| |a2 + 1)2H −2 is a special case of (| |a2 + 1)−a1 for a1 = 2− 2H , implying Ga2
⊃ Ga1

. Thus,

Proposition 3.14 holds.

According to Proposition 3.14, therefore, we have the remarks below.

Remark 3.15. (| |a2 +1)−a1 is nonintegrable for a1a2 ∈ (0,1) because (| |a2 +1)−a1 ∼ | |a1a2 ( →
∞). Clearly, Ga2

⊂ l2N . It is closed according to Lemma 3.3.

Remark 3.16. Proposition 3.14 presents a class of parametric ACF structures.

From the above, we have the theorem below.

Theorem 3.17. Let r∈ l2N be an ACF of real traffic. Then,

d(r;Ga2) ≤ d(r;Ga1) ≤ d(r;GA). (3.16)

Proof. Because Ga2
⊃ Ga1

⊃ GA, Theorem 3.17 holds according to Corollary 3.9.

Theorem 3.17 exhibits the generality of the GC process in accurate modeling of traffic.

In what follows, we let a2 = and a1 = / so as to be consistent with (2.6) in computations.

In the end of this section, we note that the purpose for using the abstract expression

of m -parameter model (3.5) as well as (3.6) and (3.7) is simply to mention the concept of

multiparameter model of ACF. For traffic, the GC model equipped with two parameters can

be well explained because one parameter is the fractal index for local property and the other

the LRD index for global one.

4. Application of Theorem 3.17 to Traffic Modeling

As an application of Theorem 3.17, we show the ACF modeling of x(i) of real-traffic trace

named by AMP-1131669938-1.psize, which was collected by the US National Laboratory for

Applied Network Research (NLANR) in November 2005 [73]. We first model it in Ga2
. Then,

we compare it with that in G (i.e., fGn model). Because d(r;GA) ≈ d(r;G), we use d(r; G) in

this section.
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Denote the measured ACF of x(i) by r(k). Denote by Rgc(k) and Rfgn(k) the modeled

ACFs in Ga2
and G, respectively. Let M 2(Rgc) = E[(Rgc−r)2] be the mean square error (MSE)

by using Rgc(k) and M 2(Rfgn) = E[(Rfgn − r)2] be the MSE by using Rfgn(k). For the sake

of demonstration, we use (4.1) for the MSE in Ga2
and (4.2) for that in G;

J1
(
,
)
=

1

N

∑
k

[
Rgc(k) − r(k)

]2
, (4.1)

J2(H ) =
1

N

∑
k

[
Rfgn(k) − r(k)

]2
. (4.2)

Figure 1(a) shows the first 2048 points of AMP-1131669938-1.psize. Figure 1(b) is the

right part, that is, the part for k ≥ 0, of the measured ACF r(k) with the block size L = 2048

and average count = 30. By least squares fitting, we obtain the estimates ( 0, 0) = (0.020,

0.028). Thus, we have

Rgc(k) =
(
k0.020 + 1

)−0.028/0.020
, (4.3)

with M 2(Rgc) = 5.157× 10−5. Figure 1(c) shows Rgc(k) and Figure 1(d) indicates that Rgc(k)
fits well with r(k). Figure 2 illustrates the estimates of and . According to (2.21), H GC and

D GC of that series equal to 0.986 and 1.990, respectively.

With least squares fitting in G, however, we have

Rfgn(k) = 0.5
[
(k + 1)2H − 2k2H + (k − 1)2H

]
H =0.930

, (4.4)

with M 2(Rfgn) = 1.347 × 10−3. Figure 3(a) plots the Rfgn(k) and Figure 3(b) shows the data

fitting in G. Figures 1(d) and 3(b) exhibit an application case of (3.16) in Theorem 3.17.

Judging from them, it is obvious that the GC process is more effective with that trace for

both short-term and long-term lags.

Purely from a view of curve fitting, the fitting accuracy of 10−3 in G may not be too

large. The unsatisfactory point of the modeling inG is in two aspects. One is that Rfgn(k) may

overestimate autocorrelations of traffic for small lags (around the knee of the ACF curve). The

other is that it may underestimate autocorrelations for large lags as evidenced by Figure 3(b),
refer to Li and Lim [46] for more cases regarding modeling real-traffic traces in Ga2

.

5. Discussion

A conventional method to assess whether a model is appropriate is goodness-of-fit test in

statistics ([3, 69], Press et al. [74]). However, it still needs sets of traffic data involved in the

test. In fact, experimental processing of specific sets of real traffic, no matter how many traces

are involved in experimental verification or goodness-of-fit test, may not deterministically

infer the generality of the GC process expressed by Theorem 3.17, theoretically speaking.

Recall that an ACF of arrival traffic has a considerable impact on queuing systems,

see, for example, Hajek and He [75], Livny et al. [72], Li and Hwang [76, 77], Wittevrongel

and Bruneel [78], and Geist and Westall [79]. Therefore, using the ACF of the arrival traffic
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Figure 1: Modeling procedure using the GC process. (a) Traffic series: AMP-1131669938-1.psize. (b) Mea-
sured ACF r(k). (c) Modeled ACF Rgc(k). (d) Fitting the data: dot line, r(k); solid line, Rgc(k).
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Figure 2: Estimations of and for Rgc(k) of AMP-1131669938-1.psize.

of the GC type may bring in considerable advances in practice, such as system analysis or

evaluation, which we will work on in the future.

The GC model has one significance to separately characterize the local self-similarity

and the LRD. In the case study in the previous section, we have H GC = 0.986 and D GC =
1.990 for AMP-1131669938-1.psize. Both H GC and D GC are of large value for this trace since

H GC ∈ (0.5,1) for LRD and D GC ∈ (1,2). Note that a large value of H corresponds to strong
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Figure 3: Modeling ACF of AMP-1131669938-1.psize in G. (a) Modeled ACF in G. (b) Fitting the data: dot
line, r(k); solid line, R fgn(k).

LRD while a large value of D implies highly local irregularity. The phenomenon of traffic

like this was demonstrated with more real-traffic traces in [46]. This phenomenon may not

be satisfactorily observed using single parameter models, that is, fGn due to the restrictive

relationship D fGn = 2 − H fGn.

The GC model has another significance to explain the complicated phenomenon

of traffic, which was observed by Paxosn and Floyd [37] and Feldmann et al. [80], and

which was stated like this. Traffic has robust long-term persistence at large time scales but

high irregularity at small time scales. This phenomenon may be described by Var[D (n)] >
Var[H (n)], where D (n) and H (n) are the fractal dimension and the Hurst parameter of

traffic in the nth interval on an interval-by-interval basis for n = 1,2,..., respectively. This

complicated phenomenon of traffic can be well characterized by the GC model because H GC

is independent of D GC, refer to [46] for the demonstrations of this phenomenon with real

traffic. Again, we note that it may not be described by single parameter models, such as

fGn. In fact, Var[H fGn(n)] = Var[D fGn(n)] because D fGn and H fGn are restricted by D fGn =
2 − H fGn.

The third significance of the traffic model of the GC type can be briefed as follows. It

is well known that the amount of traffic accumulated in the interval [0,t] is upper bounded

by

∫t

0

x(u)du ≤ + t, (5.1)

where and are constants and t> 0, see Cruz [81]. It is obviously that a tightened bound

of
∫t

0
x(u)du is particularly desired in practice, such as delay computations. By applying the

GC model to the traffic bound, we have the tightened bound expressed by

∫t

0

x(u)du ≤ r2D −5 [u(t) − u(t− )] + a−H u(t− )t, (5.2)
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where r > 0 is a small-scale factor, a > 0 is a large-scale factor, and > 0, u(t) is the unit step

function, see Li and Zhao [58] for details. For instance, if we let D = 1.8, H = 0.9, r= 1.5, and

a = 10, then we have a tightened bound given by

∫t

0

x(u)du ≤ 0.567 [u(t) − u(t− )] + 0.126 u(t− )t. (5.3)

The conventional traffic bound, that is, the right side of (5.1), is a special case of (5.2) for

r = a = 1. We should emphasize that the fractal dimension D and the Hurst parameter H in

(5.2) have to be considered in the sense of the GC model of traffic [58].
Our future work is in two ways. One is to explore more specific significances of the GC

model of traffic in practical issues, for example, queuing. The other is to study whether the

GC model of random processes may provide new explanation for the random phenomena

in nonlinear time-varying systems or complex systems discussed by Dong et al. [82–84], and

Shen et al. [85–87], Chen et al. [88], and Sheng et al. [89, 90].

6. Conclusions

FGn, which is a self-similar process with LRD for H ∈ (0.5,1) and a widely used model

in traffic engineering, was proposed as a traffic model by Leland et al. [22], Beran et al. [23],
and Paxson and Floyd [37], based on their data processing of sets of real-traffic traces. The GC

process, which is a locally self-similar process with LRD for ∈ (0,1), was recently reported

by Li and Lim [46], also based on their processing the same sets of traffic traces as those in

[22, 37]. However, experimental processing of real traffic relying on selected sample records

of traffic may be limited, in methodology, to be used to abstractly evaluate which is more

conformable with real traffic without relating to the selected sample records of traffic. The

theoretical significance of this paper is to provide us with the abstract assessment in terms of

the generality described by (3.16) in Theorem 3.17 that the GC model is more conformable

with real traffic than single parameter models, for example, fGn, regardless of any sample

records of traffic, which may yet be a theoretical supplement with respect to the traffic model

of the GC type. In addition, we have given our construction procedure of the ACF of the GC

process in Hilbert spaces with the technique of extensions based on fGn.
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Based on the complex network theory, a new topological evolving model is proposed. In the
evolution of the topology of sensor networks, the energy-aware mechanism is taken into account,
and the phenomenon of change of the link and node in the network is discussed. Theoretical
analysis and numerical simulation are conducted to explore the topology characteristics and
network performance with different node energy distribution. We find that node energy
distribution has the weak effect on the degree distribution P(k) that evolves into the scale-
free state, nodes with more energy carry more connections, and degree correlation is nontrivial
disassortative. Moreover, the results show that, when nodes energy is more heterogeneous, the
network is better clustered and enjoys higher performance in terms of the network efficiency and
the average path length for transmitting data.

1. Introduction

Recently, complex networks have attracted considerable intention to investigate various real-

world dynamic networks, such as scientific collaboration, the Internet, worldwide web,

social networks, biological networks, transportation networks, e-mail networks, software

engineering, and ad hoc networks; see [1–9] and the references therein. In the original

theoretical description of these findings, the Watts-Strogatz (WS) model [10] provided a

simple way to generate networks with the “small-world” properties. Barabási and Albert [11]
proposed a “scale-free” network with a power-law degree distribution. Further studies show

that real networked systems may undergo the more complex evolution process governed

by multiple mechanisms on which the occurrence of network structures depends [12–15].
Therefore, to get a better understanding of the real-world system, it is necessary to describe

such evolution processes of complex network in more detailed and realistic manner.
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The motivation for considering dynamic networks comes, in part, from the recent

interest in designing wireless sensor networks as a prime example. Sensor networks have

recently received increasing interests due to their extensive application in areas such as

information collection, environmental monitoring, industrial automation, health tracking,

and military surveillance [16, 17]. Consequently, many critical techniques in sensor network

have gained much research efforts [18–22]. The motivations of this work is to continue such

efforts aimed at discovering new mechanism to construct optimal network structures and

that might be useful in designing engineered senor networks.

Well-known examples of such dynamical network models are proposed including

preferential attachment and its variants [11, 23, 24]. Very recently, Zhu et al. [25] have

proposed two scale-free networks-based models for wireless sensor networks, named energy-

aware evolution model (EAEM) and energy-balanced evolution model (EBEM) which can

organize the networks in an energy-efficient way. Chen et al. [26] have proposed a topology

control of wireless sensor networks under an average degree constraint. Actually, the

above evolving models have considered energy efficiency of WSNs using by energy-aware

mechanism. These mechanisms, however, model the dynamics WSN as a monotonously

growing network, where the effect of node deletion is not considered to be significant.

Sensor networks experience significant rates of links and nodes deletion for several kinds

of cases as follows and beyond. Nodes join and depart from sensor networks in a random

and rapid manner for artificial mobility. The links and nodes are probably removed for many

factors such as environment deteriorated, hostile attack because the sensor nodes are usually

deployed over some inaccessible and dangerous geographical area. Usually the energy of

sensor node is limited and nonrecharged and would be exhausted after working for a period

of time. Hence, developing a network dynamic model for the real-world sensor networks

with a significant deletion component is necessary.

Several recently proposed models have addressed the link and node deletion process

for dynamical sensor network. Kong and Roychowdhury [27] proposed an ad hoc network

with node addition and removal, focusing on the compensatory process for node removal

to preserve true scale-free state. Sarshar and Roychowdhury [28] investigated stable ad hoc

network where nodes deletion is dominated by preferential survival mechanism. A local-

world heterogeneous model of wireless sensor networks with node and link diversity was

proposed in [29]. Unfortunately, those works have not considered the node energy problem

in the network. Energy efficiency is a critical factor for prolonging the life of the network

system. If the topology is constructed based on the node energy, then the traffic load is

properly adjusted, that is, nodes with more energy carry more connections and the node with

less energy will carry few connections. The energy consumption is balanced in the whole

network, and the network lifetime will be effectively extended.

Motivated by the above analysis, in this paper, we aim to investigate the topological

evolving model for wireless sensor network, which is combined energy-aware mechanism

with both addition and removal of link and node based on complex network theory. To

the best of the authors’ knowledge, the proposed mechanism has not yet been addressed

for WSNs. The main contributions of this paper are summarized as follows. (1) a new

evolution model is proposed to describe dynamical sensor network. (2) a combination of

two important mechanisms of energy preferential attachment for link and node addition

and energy antipreferential attachment for link and deletion contributes to investigating

the complexity of WSNs. (3) Degree distribution P(k) is solved by utilizing mean-field

analysis and shows how the network evolves into the scale-free state. Numerical simulations
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of several critical topology characteristics are used to demonstrate the effectiveness of the

proposed model in this paper.

The rest of this paper is organized as follows. In Section 2, we present our new energy-

aware topology evolving model for wireless sensor networks. In Section 3, we give the

numerical analysis and simulations experiments discussion about the network characteristics

under the effect of different node energy distribution. Its effectiveness is analytically

investigated by its topology properties, such as degree distribution, node degree, and the

average degree of neighboring node, the average clustering coefficient, the average path

length, and the network efficiency. The results are validated through numerical calculations

and simulations. Finally in Section 4, we conclude the investigation and point out the further

research direction.

2. The Proposed Model for WSNs

In this section, we present the following model to capture the particular features of such

WSNs evolving networks. In the initial state, the network has a small number n0 of connected

nodes and small number e0 of edges. Then, the iterative algorithm during the evolving

process is outlined as follows.

(1) Preferential Attachment

At each time step, a new node is added to the system. And m (0 < m ≤ n0) new links from

the new node are connected to m existing nodes. We assume that the preferential probability

Π(ki) of a new node will be connected to node idepending on the connectivity kiand energy

(Ei) of that node. In this paper, we use the definition of the function f(Ei) to present the

relationship between the energy of a node and its ability to be linked just as in [25]. Then

Π(ki) =
f(Ei)ki∑
jf
(
Ej
)
kj
. (2.1)

In real wireless sensor network, the node which has more connetivities will carry more

traffic load and consume its energy more quickly. For the balance the energy consumption,

we assume the more energy a node has, the strong ability it will have of being connected to

the new coming nodes. Therefore, f(Ei) must be an increasing function here, and the form

may be as Ei, E2
i and so on. Here is the coefficient. In this paper, we just set f(Ei) = Ei,

where = 1. And the form of Π(ki) is expressed as

Π(ki) =
Eiki∑
jEjkj

. (2.2)

(2) Links Deletion

At each time step, with probability p (0 ≤ p < 1), m ∗pold links are removed. So the parameter

p denotes the deletion rate, which is defined as the rate of links removed divided by the rate

of links addition. We first select a node ias an end of a deleted link with the antipreferential
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probability as (2.2). The less energy the node has, the more probability it will have for being

deleted:

Π∗(ki) =
(kiEi)

−1∑
i(kiEi)

−1
. (2.3)

Then node j is then chosen from the linked neighborhood of node i (denoted by

O i) with probability K i
−1Π∗(kj), where K i =

∑
j∈O i

Π∗(kj). Then the link connecting nodes

iand j is removed; this process is repeated m ∗ p times. Once an isolated node appears,

it should be removed from the network to maintain the connectivity of networks. The

antipreferential removal mechanism is more reasonable for deleting links that are parallel

with the preferential connection. It is consistent with the real wireless sensor networks

environment. The wireless links that have not been active may be removed from the

network when the energy of the connecting nodes falls down to a certain level. The

particular antipreferential removal phenomenon is also reasonable for many real networks.

For example, users’ e-mail networks can be constructed by considering user address books

as nodes and addresses in the address books as links. Some old addresses that have become

inactive below the threshold may be deleted in the evolving e-mail network [8]. Furthermore,

in the evolving words network, there will be link and node removals over time because some

old expressions and sentences are no longer used and some words may become obsolete [12].

3. Network Analysis

Topological characterization is of great importance for network structure in reality. To have a

better understanding of the complex dynamics in the considered model and of the influence

of (E), in this section we give theoretical analysis and numerical simulation of these

statistical properties parameters—the degree distribution P(k), node degree (kE), the average

nearest-neighbor connectivity (knn(k)), the average clustering coefficient (C ), the average

path length (L), and the network efficiency (E).

3.1. Degree Distribution

The degree distribution P(k), which indicates the probability that a randomly selected node

has k connections, is very important statistical character of large-scale complex network. In

fact, P(k) has been suggested to be used as the first criterion to classify real-world networks.

Now we adopt the mean field theory [30] to give a qualitative analysis of P(k) for our energy-

aware evolving model with link and node deletions.

By the mean-field theory, let ki(t) be the degree of the ith node at time t, then in the

limit of large t, the increasing rate of ki(t) satisfies the following dynamical equation:

ki
t
= m Π(ki) − m p

⎡⎣Π∗(ki) +
∑

j∈ linked(i)

Π∗(kj)K i
−1Π∗(ki)

⎤⎦. (3.1)

It is easy to know that the first term in (3.1) accounts for the increasing number of

links of the ith node by the preferential attachment due to the newly added node. The second



Mathematical Problems in Engineering 5

term in (3.1) explains the losing of links by antipreferential attachment during the evolving

process.

From the mean-field sense, we have∑
j

Ejkj = N (t) ∗ E ∗ 〈k(t)〉, (3.2)

where E is the expected value of the node energy in the whole network; N (t) is the number

of the nodes at time step t; 〈k(t)〉 is the average degree of the network at time t. For large t,
N (t) = n0 + t≈ t; 〈k(t)〉 = (2m (1 − p)t+ e0)/(m 0 + t) ≈ 2m (1 − p) with e0 being the number

of edges that were initially linked to n0 nodes. Moreover we can have
∑

j∈O (i) K i
−1Π∗(ki) ≈ 1.

Then, at time step t, Π∗(ki) ≈ 1/N (t) ≈ 1/t, which indicates that link deletion with the

antipreferential probability is equivalent to deleting links with equal probability by mean-

field sense. This phenomenon is also observed in [12].
Supposing that sensor networks which undergo a large number of time steps thave

sufficiently large scale, we obtain

ki
t
≈ m Eiki

2m
(
1 − p

)
Et

− 2m p

t
. (3.3)

It is obvious that, at every time step t, 0 ≤ p < 1. Since p = 1, the network cannot

grow. We then consider two cases in the above proposed evolving network model: p = 0 and

0 < p < 1, which are further discussed below.

Case A (p = 0). In this case, there are only link and node additions without link and node

deletions in the evolving process as in [25]. It is usually fit for topology discovery state of

WSNs in which the all nodes have enough power in the ideal environment. So ki(t) satisfies

ki
t
= m

Eiki

N E〈k(t)〉
=

Eiki

2(n0 + t)E
≈ Eiki

2tE
. (3.4)

With the initial condition ki(ti) = m , then we can get

ki(t) = m
Ei

2E

(
t

ti

)1/2

. (3.5)

The probability that a node has a connectivity which satisfy ki(t) < k is

P(ki(t) < k) = P

(
ti>

1

2

(
m Ei

2E

)2 t

k2

)
. (3.6)

Assuming that we add the node to the network at equal time intervals in evolving

process for WSNs, the probability density at the time tiis P(ti) = 1/(n0 +t). Therefore, we get

P(ki(t) < k) = 1 − 1

2

(
m Ei

2E

)2 t

k2

1

n0 + t
. (3.7)
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The probability density function of the degree of a node with energy E is

P(kE) =
P(ki(t) < k)

k
=

2

n0 + t

(
m E

2E

)2 t

k3
. (3.8)

The overall probability density function is

P(k) =
∫Emax

Emin

(E)P(kE)dE =
∫Emax

Emin

(E)
1

2(n0 + t)

(
m E

E

)2 t

k3
dE

=
∫Emax

Emin

1

2
(E)

(
m E

E

)2 1

k3
dE, t−→ ∞,

(3.9)

where (E) is the probability density distribution of node energy E in the whole network;

Emin and Emax are the bounds of node energy values. Obviously, p(k) ∝ k−3, where

=
∫Emax

Emin
(1/2) (E)(m E/E)2dE. The degree distribution follows the same power law as the

Barabási-Albert scale-free model [11].

Case B (0 < p < 1). In this case, links and nodes in the evolving network model are

not monotonously growing. Instead, links and nodes can be added in some occasion and

removed in other case. We rewrite (3.3) as follows:

ki
t
= m

Eiki

2m
(
1 − p

)
Et

− 2m p

t
. (3.10)

With the initial condition that node iat its introduction has ki(ti) = m , one can get

ki(t) = B

(
t

ti

)
− B + m for large t, (3.11)

where the dynamic exponent is

=
(
m ,p

)
=

m Ei[
2m

(
1 − p

)
+ 1

]
E

(3.12)

and the coefficient is

B = B
(
m ,p

)
= m −

m − 2m p
[
2m

(
1 − p

)
+ 1

]
m

E

Ei
. (3.13)

We can get from (3.11) that

P(ki(t) < k) = P

(
ti>

(
B

B − m + k

)1/

t

)
for k > m . (3.14)
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With the same about the probability density at the time ti, P(ti) = 1/(n0 + t). Hence,

P(ki(t) < k) = 1 −
(

B

B − m + k

)1/ t

n0 + t
. (3.15)

The probability density function of the degree of a node with energy E is

P(kE) =
P(ki(t) < k)

k
=

t

n0 + t
1
B1/ (k + B − m )−(1+1/ ). (3.16)

To obtain the overall probability density function

P(k) =
∫Emax

Emin

(E)P(kE)dE =
∫Emax

Emin

(E)
t

n0 + t
1
B1/ (k + B − m )−(1+1/ )dE, (3.17)

where (E), Emin, and Emax have the same definition as in (3.9). We compute numerical results

and compare them with simulation as follows.

In this paper, we consider three kinds of node energy distribution (E) in the whole

network within the interval [0J,1J]: (1) the same node energy with value 0.5Jwith = 0; (2)
uniform distribution (U [0J,1J]) with = 1/12; (3) exponential distribution (exp(−E)) with

= 1, where is the standard deviation used to indicate the node energy heterogeneity. The

nodes energy in the network becomes more and more heterogeneous as increases. So, the

node energy with exponential distribution is the most heterogeneous among the three cases,

while the node energy is homogeneous with = 0 for the first case.

In Figure 1, we make the simulations for m = 4 and m = 1, where p = 0. We can

find that the degree distributions P(k) are power law as B-A model. Moreover, it is easy

to understand that the network makes higher connectivity as m increases. We also can see

that the network degree distribution curves obtained by the mathematic method and by

simulation match very well.

In Figures 2, 3(a) and 3(b), we, respectively, give the simulations for p = 0.5,p = 0.75,

and p = 0.25, where m = 4, t= 2000. We observe that the results of P(k) display a horse-

head-like curve, with its middle section showing the expected scale-free state whatever the

value of p is. We can see that the network degree distribution curves obtained by the mean-

field method and by simulation match very well for degree larger than m . The figures also

show that the mean-field solution cannot provide probabilities for degrees smaller than m .

The overall horse-head-like distribution curve has also been observed in [12] by Markov

process. Thus, from Figures 1, 2, and 3, there is little distinction among the plots for three

kinds of nodes energy distribution. So we think the different nodes energy distribution in the

network has the weakest affect on the degree distribution.

3.2. Connectivity Correlation

To clearly understand the influence of (E) on the network connectivity and uncover the

internal complexity of the topological structure, it is worth investigating the connectivity

correlation through kE (the average degree of node with energy E) and knn(k) (the average
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Figure 1: The degree distribution P(k) obtained by simulations as hollow symbol for m = 4; face color
marked symbol for m = 1, with three kinds of (E), by the mean-field method as dashed line, where p = 0,
t= 2000.

same 0.5J
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Figure 2: The degree distribution P(k) obtained by simulations with three kinds of (E): same (0.5J),
U [0,1], exp(−E) and by fitting line as dashed line, by the mean-field method as solid green line, where
m = 4, p = 0.5, t= 2000.

degree of neighboring nodes of a given node with degree k). We find from Figure 4 that the

node which has more energy has a larger degree. The node degree is linearly increased with

node energy when (E) is uniform distribution. But for the exponential distribution, there
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Figure 3: The degree distribution P(k) obtained by simulations for three kinds of node energy distribution
(E) and by fitting line as dashed line; (a) p = 0.25, (b) p = 0.75; where m = 4, t= 2000.
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Figure 4: The relation between node degree and node energy obtained by simulations for two kinds of
node energy distribution (E): U [0,1], exp(−E), where m = 4, p = 0.5.

is an inward bend at the middle of the data curve that most high energy nodes carry much

more links and a few of them keep relatively less links. It is because we can only perform a

finite number of computation steps, and then possibly some nodes with high energy newly

come into the network. There are a few hubs, that have much more links than the others

nodes, emerging in the evolving process for the energy exponential distribution case. Thus

the connectivity becomes more inhomogeneous when nodes energy is more heterogeneous.
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Figure 5: The average degree of neighboring node knn(k) obtained by simulations for three kinds of node
energy distribution (E), where m = 4, p = 0.5.

Connectivity correlation is also quantified by reporting the numerical value of the

slope of knn(k) as a function of K . We compute knn(k) which is defined as in [31]:

knn(k) =
1

N k

∑
i∈Ωk

⎛⎝ 1

k

∑
j∈O i

kj

⎞⎠, (3.18)

where Ωk is the set of nodes with degree K of the amount N k in the evolving WSNs. O i

is the set of linked neighbors of node i. In Figure 5, it is found that knn(k) is independent

of K for nodes with large degree, that is, nodes with large k show no obvious biases in their

connections. But there is a short disassortative region when k is relatively small, that is, nodes

with low degree are more likely linked with the highly connected ones. Such phenomenon

can be explained by the effect of network growth with energy preferential attachment and

elements removals with antipreferential mechanism.

3.3. Clustering Coefficient

We investigate the effect of node energy distribution on network’s cluster coefficient, which

quantifies the extent to which nodes adjacent to a given node are linked [15, 31]. Let Eidenote

the number of edges among the neighbor nodes of a selected node iwith degree ki in the

network; Ciis local clustering coefficient of node i. Then the clustering coefficient of the whole

network is the average of all individual Ci. It is defined as follows:

C =
1

N

∑
i

Ci=
1

N

∑
i

Ei
ki(ki− 1)/2

. (3.19)
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Figure 6: The clustering coefficient obtained by simulations for three kinds of node energy distribution
(E), where m = 4, p = 0.5.

In Figure 6, we give the clustering coefficient (C ) changing by network size with three

kinds of node energy distribution. C keeps very small value of 0.005 when node energy is

same in the network. But when (E) is exponential distribution, C keeps large value with the

average value 0.185. The result indicates that nodes energy heterogeneity makes the network

more clustering.

3.4. Average Shortest Path Length and Network Efficiency

In WSN, the sensor nodes forward the data by multihops. The average path length L is

defined to be the average length of the shortest paths between any two nodes in the network

that is written as in (3.20). Usually we use it to measure the average hops among the nodes for

data processing. Simultaneously we use the network efficiency E to measure how efficiently

the information is exchanged over the network. Let dij denote the length of the shortest path

between node iand node j. The efficiency between node iand j is assumed to be inversely

proportional to the shortest distance: eij = 1/dij. With this definition, when there is no path

between iand j, dij = ∞. The global efficiency of the network is defined as the average of the

efficiencies over all couples of nodes. Its calculation can be defined as (3.21):

L =
1

N (N − 1)

∑
i/=j

dij, (3.20)

E =
1

N (N − 1)

∑
i/=j

1

dij
. (3.21)



12 Mathematical Problems in Engineering

same 0.5J

U [0J,1J]
Exp(−E)

200018001600140012001000800600400200

t

2

2.5

3

3.5

4

4.5

A
v

er
a

g
e

sh
o

rt
es

t
p

a
th

le
n

g
th

Figure 7: The average shortest path length obtained by simulations for three kinds of node energy
distribution (E), where m = 4, p = 0.5.

Since L and E characterize the ability of two nodes to communicate with each other, the

smaller L and the larger E mean fewer hops and less energy consumption for data processing.

In Figures 7 and 8, we plot the average shortest path length (L) and network efficiency

(C ) with evolving time step t, which denoted network size, for three kinds of node energy

distribution. We observe that L increases, and E decreases with the network size increasing.

We also find, by the same evolving time step t, that the network obtains the smallest L and the

largest E when (E) is exponential distribution among the three kinds of (E). Conversely,

L is the largest and E is the smallest when node energy is same in the network for the same

network size. The results verify that nodes in energy inhomogeneous networks are more

efficient to communicate with others.

4. Conclusion

In this paper, we have addressed a novel topology evolution model for wireless sensor

networks. A notion of energy-aware mechanism combined with additions and removals

of link and node has been first defined to characterize the evolution model of WSNs.

Subsequently, by using mean-field approach, numerical calculation shows the network

evolving into the scale-free state with a horse-head-like initial section. Finally, experimental

simulations have been employed to demonstrate the effectiveness of the results derived in

this paper. Node energy distribution has a weak effect on the degree distribution P(k) but

it has much effect on the network internal topological characterizations. The node which

has more energy will have more degrees for balancing energy consumption, and the model

exhibits the nontrivial disassortative degree correlation as a natural property of network

evolution. In addition, the connectivity is tighter and the network is higher clustering for
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Figure 8: The network efficiency obtained by simulations for three kinds of node energy distribution (E)
where m = 4, p = 0.5.

the sensor network system in which node energy is more heterogeneous. Then, from the

perspective of the average path length and the network efficiency, we find that, when node

energy distribution is more heterogeneous, the network enjoys better performance in energy

efficiency for transmitting data. The analysis of the robustness against the random failures

and intentional attacks for the proposed model is beyond the scope of the current work and

is left for future investigations.

This model articulates the topology dynamics of the real WSNs and provides some

useful guidelines for constructing WSNs.
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The computation problem is discussed for the stochastic chance-constrained linear programming,
and a novel direct algorithm, that is, simplex algorithm based on stochastic simulation, is
proposed. The considered programming problem in this paper is linear programming with chance
constraints and random coefficients, and therefore the stochastic simulation is an important
implement of the proposed algorithm. By theoretical analysis, the theory basis of the proposed
algorithm is obtained and, by numerical examples, the feasibility and validness of this algorithm
are illustrated. The detailed algorithm procedure is given, which is easily converted into the
executable codes of software tools. Then, we compare it with some algorithms to verify its
superiority. Finally, a practical example is presented to show its practicability.

1. Introduction

In the late 1950s, stochastic linear programming (SLP) appeared with the further application

of linear programming. SLP is a special kind of linear programming problem in which a

part or all of coefficients are random variables with joint probability distribution. Generally

speaking, there are two sorts of SLP models, one of which can be described as “wait-and-see”

model based on the hypothesis that the decision maker can wait until the random variables

come true and another one is called “here-and-now” model in which the decision maker must

make decision before the random variables come true.

Stochastic chance-constrained programming (SCP), firstly proposed by Charnes and

Cooper [1], offers a powerful means of modeling stochastic decision and control systems

(see, e.g., [2, 3]). SCP is mainly concerned with the problem that the decision maker must

give his solution before the random variables come true. In this problem, the made decision
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may not satisfy the constraints in some degree, but the probability of decision satisfying the

constraints cannot be less than some given confidence level . Stochastic chance-constrained

linear programming (SCLP) is an important part of SCP.

As we know the traditional method to solve SCLP is converting it into an equivalent

deterministic linear programming and then obtaining the optimal solution by some

deterministic algorithms [4]. However, this method is only effective for some special cases.

Generally, SCLP cannot be converted into some deterministic linear programming and

convex programming, see the work of Kall and Wallace in [5]. However, for those which

can be converted to deterministic problem, it is usually a difficult work to convert and one

can always obtain a complicated nonlinear programming which is traditional hard problem.

Therefore, it is necessary and urgent to find the direct and effective algorithm to solve SCLP.

Luckily, with the rapid development of computer, genetic algorithms based on stochastic

simulation were designed for SCP, see, for example, [6–8]. These intelligent algorithms are

more direct and effective than the method of converting SCP to deterministic programming.

However, the disadvantages of these genetic algorithms are obvious. That is, they are always

designed aiming to solve every specified problem, depending on experiment and lacking the

common theory basis. Therefore, it is a necessary and urgent task to find a better algorithm,

which gives rise to the motivation for the present study in this paper.

Summarizing the above discussion, we aim to develop a novel direct and universal

algorithm to solve the computation problem of the stochastic chance-constrained linear

programming. The main contribution of this paper can be given as follows: (i) several simple

approaches are illustrated to be ineffective or limited to SCLP by numerical example; (ii)
a novel and direct algorithm, that is, simplex algorithm based on stochastic simulation,

is proposed; (iii) the theory basis of the proposed algorithm is proved; (iv) the detailed

procedures of the simplex algorithm are given. By numerical examples, our algorithm is

compared with the traditional methods and genetic algorithm based on stochastic simulation

and verified to be feasible, valid, and better than the traditional ones and intelligent

technique. Finally, a real-world example is given to illustrate the practicability of the

developed algorithm.

2. Research Model and Computation Problem of SCLP

In this paper, unless otherwise specified, (Ω,F,P) denotes a complete probability space,

where Ω is a nonempty sample space, F is the power set of Ω, and P is a probability measure

on F, and a random variable is defined as a function from the probability space (Ω,F,P) to

the set of F.

2.1. Stochastic Linear Programming (SLP) Model

Firstly, introduce the following SLP model

min CTX

s.t. A X ≤ b

X ≥ 0,

(2.1)
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where X is an n dimensional vector to be determined, and A = (aij( ))m ×n,b =
(bi( ))m ×1,C = (cj( ))n×1, with ai,j( ),bi( ),cj( ) (i = 1,...,m ,j = 1,...,n) being

random variables and ∈ Ω.

2.2. Stochastic Chance-Constrained Linear Programming (SCLP) Model

SCLP usually includes two sorts of models which can be formulated as follows:

min CTX

s.t. P(A X ≤ b) ≥

X ≥ 0,

(2.2)

min CTX

s.t. P(A iX ≤ bi) ≥ i, i= 1,2,...,m

X ≥ 0,

(2.3)

where A i is the ith row of A , bi is the ith element of b, and i is the ith confidence level of the

constraints.

2.3. Computation Problem of SCLP

In this subsection, by solving a numerical example of SLP, the computation problem of SCLP

is analyzed and several possible approaches are tried to obtain the optimal solution to the

example.

Example 2.1. Let (a,b) be the random variables with uniform distribution in rectangle {1 ≤
a ≤ 4,1/3 ≤ b ≤ 1} and consider the following SLP problem:

min x1 + x2

s.t. ax1 + x2 ≥ 7

bx1 + x2 ≥ 4

x1 ≥ 0, x2 ≥ 0.

(2.4)

Solution 1. In (2.4), the expectations of the random variables a and b are easily derived.

Therefore, a very simple idea is to replace the stochastic parameters a and b by their
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expectations, respectively, and solve the corresponding deterministic linear programming

problem described as follows:

min x1 + x2

s.t.
5

2
x1 + x2 ≥ 7

2

3
x1 + x2 ≥ 4

x1 ≥ 0, x2 ≥ 0.

(2.5)

From (2.5), by deterministic linear programming algorithms, it is easy to derive the

unique optimal solution x∗1 = 18/11,x∗2 = 32/11.

Now, in order to analyze the feasibility of this approach, we assume ∗ =
(18/11,32/11), and, from the example, we can easily know the feasible region D = {(x1,x2) |
ax1 + x2 ≥ 7,bx1 + x2 ≥ 4}. Then

P( ∗ ∈ D ) = P

(
18

11
a +

32

11
≥ 7,

18

11
b+

32

11
≥ 4

)

= P

(
a ≥ 5

2
,b ≥ 2

3

)
= 0.25.

(2.6)

That is, the probability of the solution ∗ taking value in the feasible region D is only 0.25,

which verifies that the method of directly replacing random parameters by their expectations

is invaluable.

Solution 2. It is well known that the samples of random variables are also easily obtained;

therefore, another simple technique is to produce some random samples of these random

parameters and solve all the deterministic linear programming problems corresponding to

the samples, and then we choose the best solution as the optimal solution. Now, produce 10

samples of a and b in (2.4):

a : (1.99,2.02,2.47,3.23,2.56,3.78,1.68,3.95,2.33,3.65),

b : (0.63,0.62,0.41,0.58,0.85,0.59,0.47,0.80,0.57,0.62).
(2.7)

From Table 1, it is easy to see that the largest probability P( ∗ ∈ D ) is no more than 0.5.

Consequently, this approach is almost useless for any practical problems.

To further testify the above conclusion about the technique in Solution 2, we consider

the following stochastic chance-constrained programming, which relaxes the constraints in

(2.4):

min x1 + x2

s.t. P{ax1 + x2 ≥ 7,bx1 + x2 ≥ 4} ≥ 0.95 × 0.95

xi≥ 0, i= 1,2.

(2.8)
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Table 1: The solutions and their probabilities ∗ ∈ D .

Number Solution (x1,x2) x1 + x2 P( ∗ ∈ D )
1 (2.20, 2.62) 4.82 0.37

2 (2.13, 2.68) 4.81 0.38

3 (1.46, 3.40) 4.86 0.45

4 (1.13, 3.34) 4.48 0.16

5 (1.75, 2.50) 4.26 0.11

6 (0.95, 3.44) 4.39 0.05

7 (3.18, 1.66) 4.84 0.37

8 (0.95, 3.23) 4.19 0.00

9 (1.70, 3.03) 4.74 0.36

10 (0.99, 3.39) 4.81 0.38

Generate 10000 samples of (a,b), replace (a,b) by the samples, and calculate all the

deterministic programming problems. We can find that there is almost no solution satisfying

the constraints of (2.8) among 10000 solutions.

Solution 3. In the following, we analyze a traditional but indirect approach, which is to

convert SLP into an equivalent deterministic programming problem and obtain the optimal

solution by some deterministic programming algorithms.

From the constraints in (2.8), we have

P{ax1 + x2 ≥ 7,bx1 + x2 ≥ 4} = P

{
a ≥ 7 − x2

x1
,b ≥ 4 − x2

x1

}

= P{a ≥ a∗,b ≥ b∗}

= [(4 − a∗)(1 − b∗)] ÷
(

3 × 2

3

)
,

(2.9)

where a∗ = (7 − x2)/x1,b∗ = (4 − x2)/x1.

Therefore, the constraints in (2.8) are equivalent to

[(
4 − 7 − x2

x1

)
×
(

1 − 4 − x2

x1

)]
÷
(

3 × 2

3

)
≥ 0.9025,

(
4 − 7 − x2

x1

)
÷ 3 ≥ 0.9025,

(
1 − 4 − x2

x1

)
÷ 2

3
≥ 0.9025,

(2.10)
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and then the SCLP model (2.8) is equivalent to the following deterministic nonlinear

programming:

min x1 + x2

s.t. 1.805x2
1 − (4x1 + x2 − 7)(x1 + x2 − 4) ≤ 0

0.9025x1 −
4x1 − (7 − x2)

3
≤ 0

0.9025x1 −
x1 − (4 − x2)

2/3
≤ 0

x1 ≥ 0, x2 ≥ 0.

(2.11)

Setting the initial value X 0 = (0,0), then the optimal solution ∗ and the optimal value

f∗ of this nonlinear programming model are

∗ = (3.36,2.84)T, f∗ = 6.19, (2.12)

and we can have the probability P( ∗ ∈ D ) = 0.9025.

From the above calculation and analysis of the three methods, we can conclude that the

former two are not feasible regardless of their simpleness and the third one is valid. However,

the third measure is indirect and the obtained equivalent deterministic programming is

usually a nonlinear programming whose calculation is difficult and sometimes impossible.

Therefore, it is necessary to find some novel direct computation method. Recently, a direct and

effective algorithm, that is, genetic algorithms, has been put forward and rapidly developed

to solve the stochastic chance-constrained linear programming, see, for example, the work

of Liu in [9], of Ding et al. in [10], and of Ding and Sun in [11]. However, they are always

designed aiming to solve every specified problem, depending on experiment and lacking the

common theory basis.

In next section, we propose a direct and universal algorithm of SCLP, simplex

algorithm based on stochastic simulation, and build its theory basis. Then we design the

detailed procedures of the algorithm, which are easily changed into the executable codes of

software.

3. Simplex Algorithm Based on Stochastic Simulation

In SCLP model, on one hand, the meaning of “min” is not clear because of C being random

vector; on the other hand, it is difficult to judge the convexity of SCLP which is required by

optimization theory. Therefore, the computation problem of the SCLP is very difficult. In this

section, we propose a satisfying algorithm, that is, simplex algorithm based on stochastic

simulation, to overcome this difficulty. Firstly, several problems in SCLP are handled by

stochastic simulation. Then, we build the theory basis of this algorithm by theoretical

analysis. Finally, the detailed procedures of this algorithm are designed.



Mathematical Problems in Engineering 7

According to the theory of stochastic chance-constrained linear programming, we can

transform (2.2) into the following programming model:

min f

s.t. P
(
CTX ≤ f

)
≥

P(A X ≤ b) ≥

X ≥ 0,

(3.1)

where f is the target function and , are the confidence levels of the target function and

constraint, respectively.

Similarly, model (2.3) can be transformed into

min f

s.t. P
(
CTX ≤ f

)
≥

P(A iX ≤ bi) ≥ i, i= 1,2,...,m

X ≥ 0.

(3.2)

3.1. Stochastic Simulation

3.1.1. Judging the Chance Constraint

Consider the chance constraints in (3.1):

P{A X ≤ b} ≥ , (3.3)

where the random matrix A and the random vector b have a known joint probability

distribution Φ(A ,b). Then we check whether the chance constraint holds or not if we have a

solution X by applying the stochastic simulation method (the Monte Carlo simulation). The

algorithm is as follows.

Algorithm 3.1. Chance constraint judging algorithm.

Step 1. Set N ′ = 0.

Step 2. Sample a random vector {(aki,j,bki),i = 1,2,...,m ,j = 1,2,...,n} according to the

joint probability distribution of Φ(A ,b).

Step 3. Calculate A X ; if A X ≤ b, then N ′ + +.

Step 4. Repeat Step 2 to Step 3 N times.

Step 5. If N ′/N ≥ , return FEASIBLE, or else return INFEASIBLE.
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3.1.2. Handling the Target Function

Consider the target function with the random parameter vector C :

P
(
CTX ≤ f

)
≥ . (3.4)

For any given vector X , the minimum objective function f can always be found by

stochastic simulation, and the algorithm is as follows.

Algorithm 3.2. Minimum target function searching algorithm.

Step 1. Sample a random vector {Ck,k = 1,2,...,N } according to the probability distribution

of Φ(C ).

Step 2. Compute {CT
kX,k = 1,2,...,N } and arrange the results according to the ascending

order.

Step 3. Set N ′ as the integer part of N .

Step 4. Return the N ′th largest element in the set {CT
kX,k = 1,2,...,N } as the estimation of

f.

3.1.3. Checking the Estimation Number

In order to check the estimate of probability, we test and return the random variable tj, such

that

P
{

∈ Ω | tj− ĉj > 0
}
≥ , (3.5)

where tj is a random variable, ĉj is a deterministic number, and is a prescribed confidence

level.

Algorithm 3.3. Estimation number checking algorithm.

Step 1. Set N ′ = 0.

Step 2. Sample random vectors {t(k)j ,k = 1,2,...,N } according to the probability distribution

of Φ(tj).

Step 3. If tj− ĉj > 0, then N ′ + +.

Step 4. Repeat Step 2 to Step 3 N times.

Step 5. If N ′/N ≥ , return FEASIBLE and execute Step 6.

Step 6. Letting K ′ be the integer part of N , array {tj − ĉj,k = 1,2,...,N } according to

ascending order, return the (N − K ′ + 1)′th element.

Step 7. Otherwise return INFEASIBLE.
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3.2. Theoretical Analysis

In this subsection, we aim to build the theory basis of simplex algorithm based on stochastic

simulation by theoretical analysis. To begin with, we recall the basic principle of deterministic

linear programming. According to the convexity of deterministic linear programming, the

programming has optimal solution if the feasible solutions are finite, and the optimal solution

must be in the range of the feasible solutions (see the work of Zhang and Xu in [12]). Based

on this theory, the simplex method is designed. Specifically, the basic principles of simplex

method can be formulated as follows. First of all, find a feasible solution stochastically and

check whether it is optimal; if it is not optimal, then we find another feasible solution which

can improve the target function and check this solution again; repeat the above process until

we find the optimal solution and the corresponding target value, or we can confirm that the

programming does not have the optimal solution. According to these principles, we further

consider the stochastic chance-constrained linear programming (3.1).
In (3.1), replace A X ≤ b by A X + Y = b with Y ≥ 0 according to the slack variable

method and assume H = (A ,EY ), where EY is an m × m unit matrix. Then the constraint is

equivalent to

P(H Z = b) ≥ , (3.6)

where Z = (X T YT)T . Still mark (CT 0TY )
T as CT , where 0Y is a m × 1 zero vector, and then we

have CTX = CTZ .

Based on the above assumption, the main principle of simplex algorithm based on

stochastic simulation can be described as follows. Firstly, find a base matrix from H by

random sample or Big M method (Big M method is the most direct method and the base

matrix is deterministic unit matrix). Secondly, search a feasible basic solution satisfying the

chance constraint according to stochastic simulation, calculate the corresponding b (denoted

by b̂), then check whether it is the optimal solution by the sample value of C (denoted by

Ĉ ), which is calculated by stochastic simulation method; if it is not optimal, according to the

improvement principle, we can find the sample value of H (denoted by Ĥ ). Thirdly, solve

the deterministic programming defined by Ĥ , b̂ and Ĉ by simplex algorithm, and we can

obtain a solution X which can improve the value of target function. Fourthly, check whether

the solution satisfies the constraint. If it does not, change Ĥ , b̂, and Ĉ and check once more

until we derive an improved solution satisfying the constraint. Repeat the above steps until

we find the optimal solution or are sure that there is no optimal solution (infinite optimal

solutions).
Assume Z , B, b̂, U (H = (B,U )) are the initial feasible solution, the feasible base, a

sample value of b (b̂ is determined by checking whether B−1b̂ satisfies the constraint through

stochastic simulation), and the nonbase matrix, respectively, and then we have

Z =

(
B−1b̂

0

)
=

(
b

0

)
,

CTZ =
(
CT
B CT

U

)(b

0

)
= CT

Bb,

(3.7)



10 Mathematical Problems in Engineering

with CB and CU being corresponding to the base variable and the nonbase variable of C ,

respectively.

Computing the value of target function by stochastic simulation and chance constraint

P

(
CT

(
b

0

)
≤ f

)
≥ , (3.8)

it is easy to obtain the sample value Ĉ of C and the target value f = Ĉ T
Bb.

Set Z = (Z T
B Z T

U )
T as being any feasible solution and consider the following stochastic

chance constrained programming:

min f = Ĉ TZ

s.t. P
(
H Z = b̂

)
≥

Z =
(
X T YT

)T
≥ 0.

(3.9)

From (3.9) and the above discussion, we have

P
(
ZB = B−1b̂− B−1U ZU

)
≥ ,

f = Ĉ TZ = Ĉ T
BZB + Ĉ T

U ZU .

(3.10)

therefore,

P
(
f = Ĉ T

Bb−
(
Ĉ T
BB

−1U − Ĉ T
U

)
ZU

)
≥ . (3.11)

Let H = (h1,h2,...,hn) and JU be the lower label set of nonbase variables and

tj− ĉj = Ĉ T
BB

−1hj− ĉj, j∈ JU , (3.12)

where tj− ĉj is defined as the estimation number. Then we can derive

P

⎛⎝f = f −
∑
j∈JU

(
tj− ĉj

)
zj

⎞⎠ ≥ . (3.13)
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Then, the programming (3.9) is converted into

min f = Ĉ TZ

s.t. P

⎛⎝f = f −
∑
j∈JU

(
tj− ĉj

)
zj

⎞⎠ ≥

P
(
ZB = B−1b̂− B−1U ZU

)
≥

Z =
(
X T YT

)T
≥ 0,

(3.14)

where f = Ĉ T
BB

−1b̂with b̂ and Ĉ being obtained by stochastic simulation in (3.1).
If the feasible base solutions in programming (3.14) are nondegenerative, from the

above discussion, we can have the following theorem.

Theorem 3.4. If P(tj− ĉj ≤ 0,∀j∈ JU ) ≥ , then Z is the optimal solution of SCLP (3.14) and is
denoted as Z ∗.

Proof. Since P(tj− ĉj ≤ 0) ≥ holds for all j∈ JU , there is no new feasible solution satisfying

the constraint and reducing target function value. Therefore Z must be the optimal solution.

Given a probability space (Ω,F,P), assume

Ω1 =
{

∈ Ω | tj− ĉj ≤ 0,∀j∈ JU
}
,

Ω2 =
{

∈ Ω | tj− ĉj > 0,∀j∈ JU
}
.

(3.15)

Then it is easy to know that Ω = Ω1

⋃
Ω2,Ω1

⋂
Ω2 = ∅, and P(Ω1) + P(Ω2) = 1. According to

Theorem 3.4, if P(Ω1) ≥ does not hold, there may be other new feasible solutions satisfying

the constraint and reducing the target function value. Since P(Ω1) < is equivalent to

P(Ω2) ≥ , we can compute estimation number P(Ω2) ≥ 1 − by stochastic simulation and

return some sample values of tj and also obtain some sample values of hj which is denoted

as Ĥ . Then we can derive a feasible solution by solving the following deterministic linear

programming by simplex method (see the work of Zhang and Xu in [12]).

min Ĉ TZ

s.t. Ĥ Z = b̂

Z ≥ 0.

(3.16)

Now, we can begin solve the SCLP problem (3.1) by simplex algorithm based on stochastic

simulation, and the steps are as follows.

Firstly, check the initial feasible solution Z . If all of the estimation numbers tj− ĉj ≤ 0

hold, then Z is the optimal solution; if tj− ĉj > 0 and B−1hk ≤ 0, there is no optimal solution;
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otherwise, if tj − ĉj > 0 and some of elements of B−1hk are positive, there must be a new

feasible solution Ẑ to reduce the target function value.

Secondly, check whether Ẑ satisfies the constraint of (3.1) by stochastic simulation. If

it does, continue to check whether it is the optimal one; if it does not, change a new Ĥ and

the corresponding new b̂ and repeat the above checking.

Finally, repeat the above two steps. The number of basic feasible solutions is finite;

therefore, it is sure that we can find an optimal solution or the programming problem has no

optimal solution.

In order to find a new basic feasible solution Ẑ , let the vector hk (k is the biggest

estimation number of tk − ĉk) enter the base vector and change the nonbase vector into a base

vector. Set

zk = min

{
bi

hik
| hik > 0

}
∧=
bi

hik
, i= 1,2,...,m (3.17)

and let zBr = 0. Then we obtain a new basic feasible solution

Ẑ = (ẑB1
,...,̂zBr−1

,0,̂zBr+1
,...,̂zBm ,0,...,zk,...,0)

T, (3.18)

where ẑBi = bi−hikzk ≥ 0, (i= 1,...,r−1,r+1,...,m ) and ẑBr = zk > 0. This is to say Ẑ B ≥ 0.

Then, check whether Ẑ satisfies the constraints by stochastic simulation. If it does, we figure

out a new feasible solution.

3.3. Computation Procedure

In this subsection, we design the detailed steps for the simplex algorithm based on stochastic

simulation according to the above algorithm analysis. These procedures can easily be

converted into the executable codes of some software tools.

Algorithm 3.5. Simplex algorithm based on stochastic simulation.

Step 1. Find an initial feasible base B.

Step 2. Find a basic feasible solution satisfying the chance constraints and the corresponding

sample value of b (denoted by b̂).

Step 3. Computing ZB = B−1b̂
∧= b and the target function value f = Ĉ T

Bb by stochastic

simulation, return the sample value Ĉ .

Step 4. Check P(tj− ĉj > 0) > 1− by stochastic simulation, and return sample value tjwhich

satisfies the constraint. Produce a group of Ĥ by stochastic simulation.

Step 5. Select an Ĥ , and calculate the estimation number by tj− ĉj = Ĉ T
BB

−1ĥj− ĉj. Determine

the lower label k by tk − ĉk = max{tj− ĉj | j= 1,2,...,n}, and then let zk enter the base vector.
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Step 6. If tk − ĉk ≤ 0, end the procedure. Then, the basic feasible solution is the optimal one

and the target function can be calculated as f = Ĉ T
Bb, or else, go to Step 7.

Step 7. Calculate hk = B−1ĥk; if hk ≤ 0, end the steps. We can get the programming is infinite,

or else, go to Step 8.

Step 8. Calculate the ratio

zk = min

{
bi

hik
| hik > 0

}
∧=
bi

hik
(3.19)

to find the lower label r, and set ẑBr = 0.

Step 9. Replace ĥBr by hk, and we have a new base. Then, compute the new basic feasible

solution Ẑ .

Step 10. Check whether Ẑ satisfies the chance constraints by stochastic simulation. If it does,

go to Step 2; otherwise, go to Step 5. If, for all of Ĥ obtained in Step 4, Ẑ does not satisfy the

chance constraint, go to Step 2 to find a new b̂.

4. A Numerical Example

In this section, a simulation example is presented to illustrate the feasibility and effectiveness

of the simplex algorithm based on stochastic simulation developed in this paper.

Example 4.1. Consider the stochastic chance-constrained linear programming (2.8) again.

According to Big M method, (2.8) is equivalent to

min (x1 + x2 + M x3 + N x4)

s.t. P

{
ax1 + x2 + x3 − x5 = 7

bx1 + x2 + x4 − x6 = 4

}
≥ 0.95 × 0.95

xi≥ 0, i= 1,2,...,6,

(4.1)

where x4 and x5 are slack variables.

According to Algorithm 3.5, the above SCLP (4.1) can be solved by using MATLAB

toolbox and the optimal solution and optimal target function value can be obtained as

follows:

X ∗ = (3.2010,2.9245)T, f∗ = 6.1255. (4.2)

Moreover, we can find that, for the above optimal solution,

P{ax1 + x2 ≥ 7,bx1 + x2 ≥ 4} = 0.9035 ≥ 0.95 × 0.95. (4.3)
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Table 2: The solutions and their probabilities ∗ ∈ D .

Number Solution (x1,x2) f∗ P( ∗ ∈ D )
1 (3.2802, 2.8907) 6.1709 0.9091

2 (3.2708, 2.8899) 6.1607 0.9061

3 (3.4615, 2.8299) 6.2914 0.9252

Remark 4.2. In SCLP, the coefficients, X and f, are all random variables; therefore, the optimal

solution may be different for different computation. In Table 2, we obtain three couples of

optimal solutions by executing Algorithm 3.5 three times.

From the above results, we can know that every optimal solution satisfies the

constraints, and there is a different confidence level corresponding to the optimal solution.

Remark 4.3. From Solution 2 of Example 2.1, it is very difficult to obtain an effective result

even if 10000 random samples are utilized. But we can obtain a satisfactory optimal solution

using less than 20 samples in our experiment by simplex algorithm based on stochastic

simulation. So it is clear that Algorithm 3.5, that is, simplex algorithm based on stochastic

simulation, is effective and much better than the method in Solution 2 to Example 2.1.

Remark 4.4. Apparently, simplex algorithm based on stochastic simulation is a direct method

and can be applied to any SCLP problem. Thereby, Algorithm 3.5 is also better than the

traditional approach in Solution 3 to Example 2.1, which is indirect measure and only

effective for some special cases.

Example 4.5. In this example, we consider a typical optimal decision problem in oil refinery

production (Kall and Wallace [5]). An oil refinery factory refines two kinds of crude oil

(denoted by raw1 and raw2) and provides gas (denoted by prod1) for the gas company

and burning oil (denoted by prod2) for power company. A plan is needed one week before

production. Assume that the yield (raw1,prod1) of gas by raw1 and yield (raw2,prod2) of

burning oil by raw2 are random and yields of other products are deterministic. Therefore, set

(
raw1,prod1

)
= 2 + 1,

(
raw1,prod2

)
= 3,(

raw2,prod1

)
= 6,

(
raw2,prod2

)
= 3.4 + 2,

(4.4)

where 1is uniform distribution U(−0.8,0.8) and 2is exponential distribution EXP(0.4). And

let the requirement h1 of gas and h2 of burning oil be also random variables

h1 = 180 + 1, h2 = 162 + 2, (4.5)

where 1is normal distribution N(0,
√

12) and 2is normal distribution N(0,3).

The amount of expending raw1 and raw2 are denoted as x1 and x2, respectively, and

the unit prices of raw1 and raw2 are c1 = 2 and c2 = 3, receptively. Therefore, the total cost is

2x1 +3x2. Again assume the production capability (the largest amount of raw consumed) per

week is 100, that is, the constraint

x1 + x2 ≤ 100. (4.6)
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This problem has been dealt with by using a two-stage complement model in [5], and now

we solve it by our simplex algorithm based on stochastic simulation developed in this paper.

As we know that the decision (x1,x2) is made a week before production and cannot be

changed during the next week. Moreover, in these decisions, confidence levels are necessary;

these are

P
(
(2 + 1)x1 + 6x2 ≥ 180 + 1

)
≥ 1,

P
(
3x1 + (3.4 − 2)x2 ≥ 162 + 2

)
≥ 2.

(4.7)

According to the decision principles: satisfying customer and minimizing loss, we can have

the following SCLP problem:

min f = 2x1 + 3x2

s.t. P
(
(2 + 1)x1 + 6x2 ≥ 180 + 1

)
≥ 1

P
(
3x1 + (3.4 − 2)x2 ≥ 162 + 2

)
≥ 2

x1 + x2 ≤ 100

x1,x2 ≥ 0.

(4.8)

If the confidence levels 1 and 2 are 0.8 and 0.7, respectively, by our simplex algorithm based

on stochastic simulation, we can obtain an optimal solution

X ∗ = (33.0944,21.7716)T, f∗ = 131.5035,

P
(
(2 + 1)x1 + 6x2 ≥ 180 + 1

)
≥ 0.8149,

P
(
3x1 + (3.4 − 2)x2 ≥ 162 + 2

)
≥ 0.715.

(4.9)

Remark 4.6. In this SCLP problem, the random variables 1, 2, 1, and 2 obey uniform,

exponential and normal distributions, respectively; therefore the joint distribution of them is

so complicated that it is nearly impossible to find Φ−1. Therefore the programming problem

is difficult to be solved by using the approach in Solution 3 to Example 2.1.

Remark 4.7. Genetic algorithm based on stochastic simulation has been put forward by

Iwamura and Liu [6] for SCL problems, which is also a direct and effective method.

Supposing the scale popsize = 30, the cross probability Pc = 0.5, the mutation probability

Pm = 0.05, and the parameter in the rank-based evaluation function = 0.05, after running

500 generations, we obtain an optimal solution

X ∗ = (31.95,22.65)T, f∗ = 131.85,

P
(
(2 + 1)x1 + 6x2 ≥ 180 + 1

)
≥ 0.8859,

P
(
3x1 + (3.4 − 2)x2 ≥ 162 + 2

)
≥ 0.6849.

(4.10)
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Comparing (4.9) and (4.10), we can see both of them satisfying all of the constraints.

However, (4.9) can obtain a less minimum value; this is a better result than (4.10). We should

notice that their confidence levels are different. So simplex algorithm based on stochastic

simulation is a practicable method.

5. Conclusion

This paper has studied the computation problem of stochastic chance-constrained linear

programming and proposed a novel algorithm, simplex algorithm based on stochastic

simulation. By a numerical example, several simple approaches have been tried to solve the

SCLP problem, and the disadvantages of these methods have been analyzed. By theoretical

analysis, the theory basis of the simplex algorithm based on stochastic simulation has been

built and a theorem has been proved. Then the detailed procedures of the proposed algorithm

have been designed, which are easily executed by some software tools. Finally, by two

examples, the introduced algorithm has been verified to be better than the approaches used

in Example 2.1 and be more effective than genetic algorithm based on stochastic simulation.

Based on the algorithm proposed in this paper, some possible further research topics

include (i) the direct and universal algorithm for uncertain programming, such as fuzzy

programming and nonlinear stochastic programming, see, for example, [10, 13, 14]; (ii) the

control and state estimate problems, see, for example, [3, 15–19] and the references therein.

References

[1] A. Charnes and W. W. Cooper, “Chance-constrained programming,” Management Science, vol. 6, no.
1, pp. 73–79, 1959.

[2] B. Liu, Theory and Practice of Uncertain Programming, Springer, Heidelberg, Germany, 2002.
[3] T. B. M. J. Ouarda and J. W. Labadie, “Chance-constrained optimal control for multireservoir system

optimization and risk analysis,” Stochastic Environmental Research and Risk Assessment, vol. 15, no. 3,
pp. 185–204, 2001.

[4] J.-M. Bismut, “An introductory approach to duality in optimal stochastic control,” SIAM Review, vol.
20, no. 1, pp. 62–78, 1978.

[5] P. Kall and S. W. Wallace, Stochastic Programming, Wiley-Interscience Series in Systems and
Optimization, John Wiley & Sons, Chichester, UK, 1994.

[6] K. Iwamura and B. Liu, “A genetic algorithm for chance constrained programming,” Journal of
Information & Optimization Sciences, vol. 17, no. 2, pp. 409–422, 1996.

[7] J. Ren, R. Zhao, and B. Liu, “The combination model of stochastic optimal depenture investment,”
The Theory and Practice of Systemic Engineering, vol. 9, no. 1, pp. 14–18, 2000.

[8] S. He, S. S. Chaudhry, Z. Lei, and W. Baohua, “Stochastic vendor selection problem: chance-
constrained model and genetic algorithms,” Annals of Operations Research, vol. 168, pp. 169–179, 2009.

[9] B. Liu, “Dependent-chance programming: a class of stochastic optimization,” Computers &
Mathematics with Applications, vol. 34, no. 12, pp. 89–104, 1997.

[10] X. Ding, R. Wu, and S. Shao, “Fixed chance-constrained programming model with fuzzy and
stochastic parameter,” Control and Decision, vol. 17, no. 5, pp. 587–590, 2002.

[11] X. Ding and X. Sun, “A hybrid chance-constrained integer programming model and its application,”
Systems Engineering-Theory Methodology Application, vol. 14, no. 2, pp. 141–144, 2005.

[12] J. Zhang and S. Xu, Linear Programming, Science, Beijing, China, 1990.
[13] B. Liu, R. Zhao, and G. Wang, Uncertain Programming with Applications, Springer, Beijing, China, 2003.
[14] H. Dong, Z. Wang, D. W. C. Ho, and H. Gao, “Robust H ∞ fuzzy output-feedback control with multiple

probabilistic delays and multiple missing measurements,” IEEE Transactions on Fuzzy Systems, vol. 18,
no. 4, pp. 712–725, 2010.

[15] B. Shen, Z. Wang, and X. Liu, “Bounded H ∞ Synchronization and state estimation for discrete time-
varying stochastic complex networks over a finite horizon,” IEEE Transactions on Neural Networks, vol.
22, no. 1, pp. 145–157, 2011.



Mathematical Problems in Engineering 17

[16] H. Dong, Z. Wang, and H. Gao, “Observer-based H ∞ control for systems with repeated scalar
nonlinearities and multiple packet losses,” International Journal of Robust and Nonlinear Control, vol.
20, no. 12, pp. 1363–1378, 2010.

[17] B. Shen, Z. Wang, and Y. S. Hung, “Distributed H ∞-consensus filtering in sensor networks with
multiple missing measurements: The finite-horizon case,” Automatica, vol. 46, no. 10, pp. 1682–1688,
2010.

[18] H. Dong, Z. Wang, D. W. C. Ho, and H. Gao, “Variance-constrained H∞ filtering for a class of
nonlinear time-varying systems with multiple missing measurements: the finite-horizon case,” IEEE
Transactions on Signal Processing, vol. 58, no. 5, pp. 2534–2543, 2010.

[19] B. Shen, Z. Wang, Y. S. Hung, and G. Chesi, “Distributed H ∞ filtering for polynomial nonlinear
stochastic systems in sensor networks,” IEEE Transactions on Industrial Electronics, vol. 58, no. 5, pp.
1971–1979, 2011.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2012, Article ID 501843, 12 pages
doi:10.1155/2012/501843

Research Article
Adaptive-Impulsive Control of the Projective
Synchronization in Drive-Response Complex
Dynamical Networks with Time-Varying Coupling

Song Zheng1, 2

1 School of Mathematics and Statistics, Zhejiang University of Finance and Economics, Hangzhou,
Zhejiang 310018, China

2 Faculty of Science, Jiangsu University, Zhenjiang, Jiangsu 212013, China

Correspondence should be addressed to Song Zheng, songzheng07318@yahoo.com.cn

Received 25 February 2011; Accepted 6 July 2011

Academic Editor: Zidong Wang

Copyright q 2012 Song Zheng. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

This paper investigates the projective synchronization (PS) of drive-response time-varying
coupling complex dynamical networks with time delay via an adaptive-impulsive controlling
method, in which the weights of links are time varying. Based on the stability analysis of impulsive
control system, sufficient conditions for the PS are derived, and a hybrid controller, that is, an
adaptive feedback controller with impulsive control effects, is designed. Numerical simulations
are performed to verify the correctness and effectiveness of theoretical result.

1. Introduction

Complex network models widely exist in the real world including the spread of infectious

diseases, the World Wide Web, food webs, various wireless communication networks,

metabolic networks, biological neural works, and scientific citation webs. Since the discovery

of small-world effect [1] and scale-free feature [2] of complex networks, many scientists and

engineers from various disciplines, such as mathematics, physics, biology, engineering, have

paid increasing attention to the studies of complex networks.

Synchronization, one of the typical collective behaviours of complex dynamical

networks, has received rapidly increasing attention from different fields in recent years [3–

24]. And different control schemes including adaptive control [10–12], pinning control [13–

16], and impulsive control [17–22] have been used to study the above problem. Recently,

some authors presented hybrid control strategy to investigate the synchronization of complex

networks [23–26]. Compared to the conventional control method, hybrid control method is

more effective to the networks with evolutionary features [23]. In many practical situations,

some complex networks may change suddenly and sharply and thus the modes switch
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simultaneously. This kind of networks can be found in many evolutionary processes,
such as optimal control model in economics, bursting rhythm model in pathology, mobile
communication networks, and social networks.

The typical configuration of chaotic synchronization consists of drive and response
systems and has been widely investigated. The PS, a new chaos synchronization phe-
nomenon, was first studied in two coupled partially linear systems by Mainieri and Rehacek
in [27]. Later, the PS between two complex networks has obtained much more attention [28–
32]. In [28], Guo et al. studied the PS in drive-response networks via impulsive control. In
[29, 30], authors discussed the PS of a drive-response dynamical network model without the
time delay. Sun et al. studied the PS in drive-response dynamical networks of partially linear
systems with time-varying coupling delay in [31]. Xu et al. [32] investigated the PS of a class
of the drive-response dynamical networks with coupling delays. However, the time-varying
coupling was not considered in the above studies. To simulate more realistic networks, time-
varying coupling [33–35] should be taken into account. Motivated by the above discussions,
this paper will focus on the adaptive-impulsive PS problem of drive-response time-varying
coupling dynamical networks with time delay. Based on the stability theory of the impulsive
differential equation, some criteria for the PS are derived. Furthermore, analytical results
show that the drive-response networks can realize the PS.

The rest of this paper is organized as follows. In Section 2, we present the model of
drive-response time-varying coupling dynamical networks with time delay and a hybrid
controller is designed. In Section 3, synchronization criteria for PS are derived. Numerical
simulations are shown in Section 4. The conclusion is finally drawn in Section 5.

2. Model Description and Preliminaries

Consider the following drive-response time-varying coupling dynamical network model

with time delay:

u̇d(t) = M (z) · ud(t),
ż(t) = f(ud(t),z(t)),

u̇ri(t) = M (z) · uri(t) + c
N∑
j=1

cij(t)Γ(t)urj(t− ), i= 1,2,...,N ,

(2.1)

where the drive system and the response network systems are linked through the variable

z(t) ∈ R1, ud(t) = (u1
d(t),u

2
d(t),...,u

n
d(t))

T ∈ Rn, uri(t) = (u1
ri(t),u

2
ri(t),...,u

n
ri(t))

T ∈ Rn and

the d and r stand for the drive system and response system, respectively. The constant c > 0
is the coupling strength to be adjusted, ≥ 0 is the time-delay. M (z) ∈ Rn×n is a matrix which
depends on the variable z(t). Γ(t) ∈ Rn×n is the time-varying inner-coupling link matrix at
time t. C (t) = (cij(t))N ×N is the outer-coupling configuration matrix, in which cij(t)/= 0 if there
is a link from node ito node j(i/=j), and cij(t) = 0 (i/=j) otherwise, the diagonal elements of

matrix C (t) are given by

cii(t) = −
N∑

j=1,j/=i

cij(t), i= 1,2,...,N . (2.2)

If there exists a constant ( /= 0) such that limt→∞ = ‖ei(t)‖ = ‖uri(t) − ud(t)‖ = 0

for i = 1,2,...,N , then the PS of network (2.1) is achieved. is a desired scaling factor.
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The aim of this paper is to discuss the adaptive-impulsive PS in the drive-response time-

varying coupling complex dynamical network with time delay. We choose the linear

impulsive controller Bik which is a n × n constant matrix, and design an adaptive feedback

controller U i. Therefore, the network (2.1) can be rewritten as the following impulsive

differential equations:

u̇d(t) = M (z) · ud(t),

ż(t) = f(ud(t),z(t)),

u̇ri(t) = M (z) · uri(t) + c
N∑
j=1

cij(t)Γ(t)urj(t− ) + U i, t/=tk,

Δuri= uri
(
t+k
)
− uri

(
t−k
)
= Bik[uri− ud], t= tk,

(2.3)

where uri(t+k) = limt→t+k
uri(t),uri(t−k) = limt→t−k

uri(t).Moreover, any solution of (2.3) is left

continuous at each tk, that is, uri(t−k) = uri(tk).
Letting the PS error ei(t) = uri(t) − ud(t), the adaptive controllers U i and updating

laws are designed as follows:

U i= −diei(t),

ḋi= kie
T
i(t)ei(t) = ki‖ei(t)‖2, ki> 0.

(2.4)

The system (2.3) is said to be synchronized if limt→∞‖ei(t)‖ = 0.

Under the adaptive-impulsive control, the error dynamical network is characterized

by

ėi(t) = M (z) · ei(t) + c
N∑
j=1

cij(t)Γ(t)ej(t− ) + U i, t/=tk,

ż(t) = f(ud(t),z(t)),

Δei= Bikei, t= tk, k = 1,2,....

(2.5)

Before proceeding, we give some necessary assumptions and lemmas to derive the main

results of the paper.

Lemma 2.1. The matrix inequality 2xTy ≤ xTQ x + yTQ −1y holds, for any vectors x,y ∈ Rn and a
positive-definite matrix Q ∈ Rn×n.

Assumption 2.2. Suppose there exists a positive constant , such that ‖ei(t− )‖2 ≤ ‖ei(t)‖2 holds.

3. PS Analysis

In this section, we will make drive-response time-varying coupling complex dynamical

networks achieve the PS by using the adaptive-impulsive controlling method.
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Theorem 3.1. For given synchronization scaling factor , the PS in drive-response dynamical
networks will occur if the following conditions hold:

(i) If there exist two constants a, satisfying 0 ≤ a < and (t) ≤ − < 0 such that

ln
(

k
)
− a(tk − tk−1) ≤ 0, k = 1,2,..., (3.1)

then the trivial solution of error system (2.5) is global asymptotically stable, which implies drive-
response networks achieve the projective synchronization under the adaptive-impulsive control.

(ii) If (t) ≥ 0 and there exists a constant a ≥ 1 such that

ln
(
a k

)
+
∫tk+1

tk

(s)ds≤ 0, k = 1,2,..., (3.2)

then a = 1 implies that the trivial solution of error system (2.5) is stable and a > 1 implies that the
trivial solution of error system (2.5) is global asymptotically stable where

(t) = max1≤i≤N

{(
1

min(P)

)
sup

[
max

(
PM (z) + M T(z)P − 2d∗P

)]
+ N ,

+
N∑
j=1

(
ccij(t)

)2‖PΓ(t)‖2

⎫⎬⎭,

maxk
(
||I+ Bik ||2

)
= k < 1, k ≥

(
k‖P‖

min(P)

)
,

(3.3)

P is a positive-definite matrix. d∗ is the minimum value of the initial feedback strength di0 (di0 ≤ di),
i= 1,2,...,N .

Proof. Consider the following Lyapunov functional:

V (t) =
1

2

N∑
i=1

eTi(t)Pei(t). (3.4)

For t/=tk, the derivative of V (t) along the trajectories of (2.5) is

V̇ (t) =
1

2

N∑
i=1

ėTi(t)Pei(t) +
1

2

N∑
i=1

eTi(t)Pėi(t)

=
1

2

N∑
i=1

⎡⎣M (z)ei(t) + c
N∑
j=1

cij(t)Γ(t)ej(t− ) − diei(t)

⎤⎦T

Pei(t)

+
1

2

N∑
i=1

eTi(t)P

⎡⎣M (z)ei(t) + c
N∑
j=1

cij(t)Γ(t)ej(t− ) − diei(t)

⎤⎦
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=
1

2

N∑
i=1

eTi(t)
[
PM (z) + M T(z)P − 2diP

]
ei(t) +

1

2

N∑
i=1

N∑
j=1

eTj(t− )ccij(t)ΓT(t)Pei(t)

+
1

2

N∑
i=1

N∑
j=1

eTi(t)ccij(t)PΓ(t)ej(t− )

≤ 1

2

N∑
i=1

{
sup

[
max

(
PM (z) + M T(z)P − 2diP

)]}
eTi(t)ei(t)

+
1

2

N∑
i=1

N∑
j=1

eTi(t)
(
ccij(t)

)2
PΓ(t)ΓT(t)PTei(t)

+
1

2

N∑
i=1

N∑
j=1

eTj(t− )ej(t− )

≤ 1

2

N∑
i=1

{
sup

[
max

(
PM (z) + M T(z)P − 2di0P

)]}
eTi(t)ei(t)

+
1

2

N∑
i=1

N∑
j=1

eTi(t)
(
ccij(t)

)2
PΓ(t)ΓT(t)PTei(t) +

N

2

N∑
i=1

eTi(t− )ei(t− ).

(3.5)

From Assumption 2.2, we get

N

2

N∑
i=1

eTi(t− )ei(t− ) ≤ N

2

N∑
i=1

eTi(t)ei(t). (3.6)

Thus we have

V̇ (t) ≤ 1

2

N∑
i=1

⎧⎨⎩ sup
[

max

(
PM (z) + M T(z)P − 2d∗P

)]
+ N

+
N∑
j=1

(
ccij(t)

)2‖PΓ(t)‖2

⎫⎬⎭eTi(t)ei(t)

≤ max
1≤i≤N

⎧⎨⎩ 1

min(P)
sup

[
max

(
PM (z) + M T(z)P − 2d∗P

)]
+ N

+
N∑
j=1

(
ccij(t)

)2‖PΓ(t)‖2

⎫⎬⎭ N∑
i=1

1

2
eTi(t)Pei(t)

= (t)
N∑
i=1

1

2
eTi(t)Pei(t)

= (t)V (t).

(3.7)
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This implies that

V (t) ≤
(
V t+k−1

)
exp

∫t

tk−1

(s)ds, k = 1,2,...,t∈ (tk−1,tk]. (3.8)

When t= tk, we have

V
(
t+k
)
=

1

2

N∑
i=1

eTi(t)(I2 + Bik)
TP(I2 + Bik)ei(t)

≤ k||P ||
min(P)

V (tk)

≤ kV (tk), k = 1,2,....

(3.9)

When k = 1 in inequality (3.8), then for any t∈ (t0,t1],

V (t) ≤ V
(
t+0
)

exp

∫t

t0

(s)ds. (3.10)

This leads to

V (t1) ≤ V
(
t+0
)

exp

∫t1

t0

(s)ds. (3.11)

Also from (3.9) we have

V
(
t+1
)
≤ 1V (t1) ≤ 1V

(
t+0
)

exp

∫t1

t0

(s)ds. (3.12)

In the same way for t∈ (t1,t2], we have

V (t) ≤ V
(
t+1
)

exp

∫t

t1

(s)ds

≤ 1V
(
t+0
)

exp

∫t1

t0

(s)ds exp

∫t

t1

(s)ds,

= 1V
(
t+0
)

exp

∫t

t0

(s)ds.

(3.13)

In general for any t∈ (tk,tk+1], one finds that

V (t) ≤ 1 2 · · · kV (t+0) exp

∫t

t0

(s)ds. (3.14)
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(i) If there exist two constants a, satisfying 0 ≤ a < , (t) ≤ − < 0 and (3.1), we

have

k ≤ ea(tk−tk−1), k = 1,2,.... (3.15)

From (3.14), one finds that

V (t) ≤ 1 2 · · · kV
(
t+0
)
e− (t−t0)

= 1 2 · · · kV
(
t+0
)
e−a(t−t0)−( −a)(t−t0)

≤ 1 2 · · · kV
(
t+0
)
e−a(tk−t0)−( −a)(t−t0)

≤ V
(
t+0
)
ea(t1−t0)ea(t2−t1) · · ·ea(tk−tk−1)e−a(tk−t0)−( −a)(t−t0)

= V
(
t+0
)
e−( −a)(t−t0), t∈ (tk,tk+1].

(3.16)

Then the trival solution of error system (2.5) is global asymptotically stable, which implies

drive-response time-varying coupling dynamical networks (2.3) achieve the PS under the

adaptive-impulsive control.

(ii) If (t) ≥ 0 and there exists a constant a ≥ 1 satisfying (3.2), we have

k ≤
1

a
exp

∫tk

tk+1

(s)ds. (3.17)

From (3.14), we have

V (t) ≤ 1 2 · · · kV
(
t+0
)

exp

∫t

t0

(s)ds

≤ 1 2 · · · kV
(
t+0
)

exp

∫tk+1

t0

(s)ds

≤ V
(
t+0
) 1

a
exp

∫t1

t2

(s)ds
1

a
exp

∫t2

t3

(s)ds· · · 1

a
exp

∫tk

tk+1

(s)dsexp

∫tk+1

t0

(s)ds

= V
(
t+0
) 1

ak
exp

∫t1

t0

(s)ds, t∈ (tk,tk+1].

(3.18)

This implies that error system (2.5) is global asymptotically stable about zero.

Therefore, the PS of the drive-response dynamical networks (2.3) is achieved. The proof is

completed.
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Remark 3.2. The conditions given by Theorem 3.1 do not require the network configuration to

be symmetric and irreducible, which can be applied to more real-world dynamical networks.

Moreover, Theorem 3.1 does not impose any bound on the time-delay constant . Thus, our

synchronization results are a time-delay-independent stability criteria.

4. Numerical Simulation

In this section, to verify and demonstrate the effectiveness of the proposed methods, we

consider the unified chaotic system as the drive system. It is well known that the unified

chaotic system is described by

ẋ1 = (25 + 10)(x2 − x1),

ẋ2 = (28 − 35 )x1 − x1z+ (29 − 1)x2,

ż = x1x2 −
8 +

3
z,

(4.1)

where M (z) =
(
−(25 +10) 25 +10
28−35 −z 29 −1

)
, f(x,z) = x1x2 − (8 + /3)z, x = (x1,x2)

T , ∈ [0,1]. System

(4.1) especially is always chaotic in the whole interval ∈ [0,1].
The drive-response time-varying coupling dynamical networks with time delay are

described as follows:

ẋ = (25 + 10)
(
y − x

)
,

ẏ = (28 − 35 − z)x + (29 − 1)y,

ż = xy − 8 +
3

z,

ẋi= (25 + 10)
(
yi− xi

)
+ c

5∑
j=1

cij(t)xj(t− ) + ui1,

ẏi= (28 − 35 − z)xi+ (29 − 1)yi+ c
5∑
j=1

cij(t)xj(t− ) + ui2.

(4.2)

Choose the time-varying coupling configuration matrix:

C (t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 sint −1 0 2 sint 1

sint − sint− cost 0 0 cost

0 cost 0 − cost 0

0 sintcost 1 − sintcost −1

−1 2 sint 0 −1 2 − 2 sint

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.3)
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Figure 1: The trajectories of PS in the x-y plane.
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Figure 2: PS errors under the adaptive-impulsive control: (a) ei1(t) = xi1 − 0.5x1, (b)ei2(t) = xi2 − 0.5x2.

For simplicity, in the numerical simulations, we assume P = Γ(t) = I2,c = 0.1,ki = 1,

= 1, = 0.03, the time-delay = 0.07, and the impulsive interval tk+1 − tk = 0.08. The

initial values of the drive systems and the response systems are chosen as −2, 1, 2, 3.8, −2,

4.2, −6, 4.6, −10, 5, −14, 5.4, −18, Bik = diag{−0.79,−0.79}, k = 0.0441 > 0,di0 = 5. After

calculations, we get (t) = max1≤i≤N {(1/ min(P)) sup[ max(PM (z) + M T(z)P − 2d∗P)] +
N +

∑N
j=1(ccij(t))

2‖PΓ(t)‖2] = 31.667 > 0. Let a = 1.02. Then ln(a k) +
∫tk−1

tk
(s)ds =

−0.5681 < 0, according to Theorem 3.1, and the trivial solution of error system (2.5) is global

asymptotically stable. Therefore, the adaptive-impulsive PS of the drive-response dynamical

networks (2.3) is achieved. Figure 1 displays the trajectories of PS in the x−y plane when =
0.5. The synchronization errors ei1(t) = xi1 − 0.5x1 and ei2(t) = xi2 − 0.5x2 (i = 1,2,...,5)
are shown, respectively, in Figure 2. Figure 3 show the evolution of the feedback strength di.
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Figure 3: The evolution of the feedback strength di,i= 1,2,...,5.
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Figure 4: PS errors under the impulsive control.

The numerical results show that the adaptive-impulsive controlling scheme for the drive-

response complex network is effective in Theorem 3.1.

Remark 4.1. We only consider the impulsive control; the other conditions are chosen as above,

and simulation results are shown in Figure 4. From Figures 2 and 4, it is easy to find that the

control effect is not as well as the adaptive-impulsive control method.

Remark 4.2. In [31, 32], the authors investigated the PS of the drive-response dynamical

networks model, but the time-varying coupling was not taken into account. Here, the PS of

the drive-response time-varying coupling dynamical networks with time delay is studied by

employing the adaptive-impulsive control. Furthermore, the proposed adaptive-impulsive

control scheme is more effective than the adaptive control scheme in [31] and the impulsive

control scheme in [32].
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5. Conclusion

In this paper, the adaptive-impulsive PS of the drive-response time-varying coupling

dynamical networks with time delay has been investigated. Based on the stability analysis

of impulsive functional differential equations, some sufficient conditions for realizing the

PS are established under the adaptive-impulsive control. And the results are a time delay

independent stability criteria. Finally, numerical simulations have also been given to show

effectiveness of the proposed method by an example of the unified chaotic systems. In the

near future, we will extend the proposed method to discrete complex dynamical networks

and discuss the delay-dependent case.
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SEIQR (Susceptible, Exposed, Infectious, Quarantined, and Recovered) models for the trans-
mission of malicious objects with simple mass action incidence and standard incidence rate in
computer network are formulated. Threshold, equilibrium, and their stability are discussed for
the simple mass action incidence and standard incidence rate. Global stability and asymptotic
stability of endemic equilibrium for simple mass action incidence have been shown. With the
help of Poincare Bendixson Property, asymptotic stability of endemic equilibrium for standard
incidence rate has been shown. Numerical methods have been used to solve and simulate the
system of differential equations. The effect of quarantine on recovered nodes is analyzed. We have
also analyzed the behavior of the susceptible, exposed, infected, quarantine, and recovered nodes
in the computer network.

1. Introduction

It is a well-known fact that cyber world brought massive changes in the society. But nowadays

cyber world is being threatened by the attack of malicious objects. Electronic mails and

use of secondary devices are the major sources for the transmission of malicious objects

in the computer network these days [1]. In accordance with their propagating behavior

and characteristic, malicious objects spread in different way to each other. To curb the

spread and impact of these malicious objects, it is important to study about their feature

propagating methods, means, and limitation. Isolation may also be a very important and

easy way to curb the transmission of these malicious objects. The word quarantine has

evolved, meaning a forced isolation or stoppage of interactions with others. In biological

world, quarantine has been adopted to reduce the transmission of human diseases, such as

Leprosy, Plague, and Smallpox. Same concept has been adopted in the cyber world; the most

infected nodes are isolated from the computer network till they get recovered. Anderson
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and May [2, 3] discussed the spreading nature of biological viruses, parasite, and so forth.

leading to infectious diseases in human population through several epidemic models. The

action of malicious objects throughout a network can be studied by using epidemiological

models for disease propagation [4–9]. Richard and Mark [10] proposed an improved SEI

(Susceptible-Exposed-Infected) model to simulate virus propagation. However, they do

not show the length of latency and take into account the impact of antivirus software.

Mishra and Saini [11, 12] presented a SEIRS model with latent and temporary immune

periods to overcome limitation, which can reveal common worm propagation. Feng and

Thieme [13–15] considered very general endemic models that include SEIQR model, with

arbitrarily distributed periods of infection including quarantine and with a general form for

the incidence term that includes the three forms. Wa and Feng [16] showed that an epidemic

approximation near threshold number (Rq = 1) can have a homoclinic bifurcation, so that

some perturbation of the original model might also have a homoclinic bifurcation. Several

authors studied the global stability of several epidemiological models [17–24]. Wang et al.

studied the robustness of filtering on nonlinearities in packet losses, sensors, and so forth,

[25–30].
In the SEIQR models for infection that confers immunity, susceptible nodes go to latent

period, that is, nodes become infected but not infectious called exposed nodes, thereafter

some nodes go to infectious class. Some infected nodes remain in the infected class while they

are infectious and then move to the recovered class after the run of antimalicious software.

Other most infected nodes are transferred into the quarantine class while they are infectious

and then move to the recovered class after their recovery. The models here have a variable

total population size, because they have recruitment into the susceptible class by inclusion of

some new nodes and they have both crashing of nodes due to reason other than the attack of

malicious codes and crashing of nodes due to the attack of malicious codes. We have devel-

oped two models and have taken simple mass action incidence and standard incidence rate,

because standard incidence rate is more realistic than the simple mass action incidence [31].

2. Model 1: Mathematical Formulation for the SEIQR Model with
Simple Mass Action Incidence

Let S(t) be the number of susceptible at time t, E(t) be the number of exposed, I(t) be the

number of infected nodes, Q (t) be the number of quarantined nodes, R(t) be the recovered

nodes after the run of antimalicious software, and N (t) be the total population size in time t.
The schematic diagram for the flow of malicious objects is depicted in Figure 1.

As per our assumption, we have the following system of equations:

dS

dt
= A − SI− dS,

dE

dt
= SI−

(
+ d

)
E,

dI

dt
= E −

(
d + 1 + + −

)
I,

dQ

dt
= I− (d + 2 + )Q ,

dR

dt
= Q + I− dR, (2.1)
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A

S SI E I Q R d

dd d + 1 d + 2

Figure 1: Schematic diagram for the flow of malicious objects in computer network.

where A is the recruitment rate of susceptible nodes, d is the per capita natural mortality rate,

1 the death rate in infective compartment due to malicious objects, and 2 the death rate in

quarantine class due to malicious objects. The per capita contact rate is average number

of effective contacts with other nodes per unit time, 2 is the rate constant which leaves the

exposed compartment for infective class, is the rate constant which leaves the infective class

for quarantine class, is the rate by which the nodes go from quarantine class into recovered

class, and is the rate of vertical transmission into the infective class.

Lemma 2.1. Consider the following two systems:

dx

dt
= f(t,x),

dy

dt
= g

(
y
)
, (2.2)

where x, y belong to Rn, f and g are continuous function which satisfy a local Lipschitz condition
in any compact set X which belongs to Rn, and f(t,x) → g(x) as ttends to infinity so that the
second system is the limit system. Let (t,t0,x0) and (t,t0,y0) be the solutions of these systems,
respectively. Suppose that e ∈ X is a locally asymptotically stable equilibrium of the limit system and
its attractive region is

W (e) =
{
y ∈ X/ (t,t0,x0) −→ e,t−→ +∞

}
. (2.3)

Let W be the omega limit set of (t,t0,x0). If W ∩ W (e) = , then limt→∞ (t,t0,x0) = 0.

Lipschitz’s condition

If for some function F(y), the following condition is satisfied:

∣∣F(y2

)
− F

(
y1

)∣∣ ≤ K ∣∣y2 − y1

∣∣. (2.4)

where y1 andy2 are any points in the domain and K is a constant, this condition is called the

Lipschitz’s condition.



4 Mathematical Problems in Engineering

Now, the total population size N (t) satisfies the equation

dN

dt
= A − dN − 1I− 2Q . (2.5)

When t→ ∞, then from the above equation N → A /d.

Let us define the solution region by D = {(S,E,I,Q ,R)/S ≥ 0;E ≥ 0; I≥ 0,Q ≥ 0;R ≥
0; S + E + I+ Q + R ≤ A /D }.

The system (2.1) always has the malicious oject-free equilibrium P0 = (A /d,0,0,0,0).
Here the quarantine reproduction number is

Rq =
(A /d)(

+ d
)(
d + 1 + + −

). (2.6)

If Rq > 1, then D also contains a unique positive, endemic equilibrium P∗ = (S∗,E∗,I∗,Q ∗,R ∗).
Now from (2.1), on simplification, we have

S∗ =
A /d

Rq
, I∗ =

(
Rq − 1

)d
,

E∗ =
A
(
Rq − 1

)(
+ d

)
Rq

, R ∗ =
1

d

{ (
Rq − 1

)
d

(d + 2 + )
+

d
(
Rq − 1

)}
, Q ∗ =

(
Rq − 1

)
d

(d + 2 + )
.

(2.7)

We have N ∗ = S∗ + E∗ + I∗ + Q ∗ + R ∗, Hence,

N ∗ =
A /d

Rq
+
A
(
Rq − 1

)(
+ d

)
Rq

+
d(

Rq − 1
)
+

1

d

{ (
Rq − 1

)
d

(d + 2 + )
+

d
(
Rq − 1

)}
. (2.8)

Theorem 2.2. Consider the system (2.1). If Rq < 1, then solution set D = {(S,E,I,Q ,R)/S ≥
0;E ≥ 0;I≥ 0,Q ≥ 0;R ≥ 0;S + E + I+ Q + R ≤ A /D } is locally asymptotically stable for disease-
free equilibrium P0. If Rq > 1, then the region D − {(S,E,I,Q ,R)/I= 0}, is an asymptotically stable
region for the endemic equilibrium P∗.

Proof. For local stability, Jacobian of system (2.1) at equilibrium P0 is

Jp0
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 − (A /d) 0 0

0 −
(

+ d
)

(A /d) 0 0

0 −
(
d + 1 + + −

)
0 0

0 −(d + 2 + ) 0

0 0 −d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.9)

The eigenvalues of Jp0
are −d;−( +d);−(d+ 1 + + − );−(d+ 2 + );−d. Since all the roots

are real and negative, system is locally asymptotically stable.
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In order to prove the global stability when Rq ≤ 1, consider the Liapunov function

V = I. Liapunov derivative dV/dt= E − I(d + 1 + + − ):

dV

dt
=

(
Rq − 1

)d(
d + 1 + + −

)
,

dV

dt
=

{
Rq − 1

}d −
(
d + 1 + + −

)
I≤ 0,

(
since Rq − 1 ≤ 0

)
.

(2.10)

As we know the Liapunov Lasallel theorem [17] implies that solutions in D approach

the largest positively invariant subset of the set where dV/dt = 0, which is the set where

I= 0.
In this set,

dQ

dt
= −(d + 2 + )Q ,

dS

dt
= A − dS.

(2.11)

We have

Q =
1

e(d+ 2+ )t
, (2.12)

when

t−→ ∞, (2.13)

then

Q −→ 0,

S −→ A

d
.

(2.14)

We have from (2.1),

dR

dt
= Q + I− dR ; (2.15)

this implies

R = e−t. (2.16)
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Thus,

R −→ 0 (2.17)

when

t−→ ∞. (2.18)

Thus, all solutions in the set I= 0 go to the disease, free equilibrium P0. By Lemma 2.1,

the system is globally asymptotically stable, when Rq < 1.

From the fourth equation in system (2.1), we can solve to obtain

Q (t) =

{
Q 0 +

∫t
t0

I( ) (d+ 2+ )( −t0)d
}

e( +d+ 2)(t−t0)
. (2.19)

Now, limt→ 0Q (t) = limt→ 0( I(t))/( + d + 2). This implies Q ∗ = I∗/( + d + 2);
The similarly, solving for R by using, fifth equation in (2.1), we obtain

lim
t→∞

R(t) = lim
t→∞

Q (t) + I(t)
d

, =⇒ R ∗ =
I∗ + Q ∗

d
. (2.20)

An application of Lemma 2.1 shows that the endemic equilibrium P∗of model (2.1) is globally

asymptotically stable in the region D − {(S,E,I,Q ,R)/I= 0}.

3. Model 2: The SEIQR Model with the Standard Incidence Rate

The flow chart for the SEIQR model will be the same as depicted in Figure 1, but instead

of simple mass action incidence SI, we take standard incidence rate SI/N , where N =
S + E + I + Q + R .

The system of differential equations for this model is

dS

dt
= A − SI

N
− dS,

dE

dt
=

SI

N
−
(

+ d
)
E,

dI

dt
= E −

(
d + 1 + + −

)
I,

dQ

dt
= I− (d + 2 + )Q ,

dR

dt
= Q + I− dR,

(3.1)
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where the parameters are the same as in the previous model,

dN

dt
= A − dN − 1I− 2Q . (3.2)

When t → ∞ then N → A /d. When there are malicious objects free equilibrium

P0 = (A /d,0,0,0,0). For this model basic reproduction number is

Rq = (
+ d

)(
d + 1 + + −

). (3.3)

If Rq > 1, then D also contains a unique positive, endemic equilibrium P∗ = (S∗,E∗,I∗,Q ∗,R ∗)
where

S∗ =
[
1/
{
−
(

+ d
)
(d + 2 + ) + Rq

(
+ d

)
(d + 2 + ) + d (d + 2 + )

+ Rq
(

+ d
)
( 2 + + d) + Rqd

(
+ d

)
+ Rq

(
+ d

)
+ Rq

(
+ d

)
(d + 2 + )

}]
×
[
A d(d + 2 + ) + Rqd

(
+ d

)
(d + 2 + )

+ RqA
(

+ d
)
d + RqA

(
+ d

)
+ RqA

(
+ d

)
(d + 2 + )

]
,

E∗ =
1(
+ d

)(A − dS∗),

I∗ =
Rq(A − dS∗)

, Q ∗ =
(d + 2 + )

×
Rq(A − dS∗)

,

R ∗ =
Rq(A − dS∗)

d(d + 2 + )
+

Rq(A − dS∗)
d

.

(3.4)

Theorem 3.1. Consider the system (3.1). If Rq < 1, then solution set D = {(S,E,I,Q ,R)/S ≥
0; E ≥ 0; I ≥ 0; Q ≥ 0; R ≥ 0; S+E+I+Q +R ≤ A /D )} is locally asymptotic stable for disease-
free equilibrium P0. If Rq > 1, then the region D −{(S,E,I,Q ,R)/I= 0} is an asymptotically stable
region for the endemic equilibrium P∗

.

Proof. For the local stability, Jacobian of the system (3.1) at equilibrium P0 is

JP0
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−d 0 − (A /D )
N

0 0

0 −
(
d +

) (
A /D

N

)
0 0

0 −
(
d + 1 + + −

)
0 0

0 0 −(d + 2 + ) 0

0 0 −d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.5)
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Table 1: Parametric values used in simulating the models.

Parameters Simple mass action Standard incidence rate

N 10,000 10,000

S(0) 9900 9900

E(0) 100 100

I(0) 0 0

Q (0) 0 0

R(0) 0 0

0.1 0.01

0.09 0.09

0.01 0.09

0.07 0.07

0.09 0.03

A 0.01 0.01

d 0.01 0.01

1 0.1 0.03

2 0.1 0.04

0.01 0.03

The eigenvalues of JP0
are −d; −(d + ); −(d + 1 + + − ); (d + 2 + ); −d. Since all the

roots are real and negative, system is locally asymptotically stable.

With a view to prove the global stability when Rq ≤ 1, we use the Liapunov function

by putting V = I, we get the same equation as we have found in the model 1; therefore, the

proof will be analogous with the proofs in the previous section.

In order to prove the global stability when Rq > 1 and 1 = 2 = 0, first we get dN /dt=
A − N d, this implies N → A /d when ttends to infinity.

The limit system for (3.1) is

dS

dt
= A − d SI

A
− dS,

dE

dt
=
d SI

A
−
(

+ d
)
E,

dI

dt
= E −

(
d + 1 + + −

)
,

dQ

dt
= I− (d + 2 + )Q ,

dR

dt
= Q + I− dR,

(3.6)

where N = A /d. The first three equations are independent of Q and R . In the three

dimensional S E I first octant region with S + E + I ≤ A /d, the equilibrium (0, 0, 0) is

saddle, that is, attractive along I = 0 and has a repulsive direction into the region. The other

equilibrium (S∗,I∗) in the region is locally asymptotically stable.
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Figure 2: Time series of susceptible population S(t), E(t), I(t), Q (t), and R(t) of the system (2.1).

Using Dulac’s criteria with multiplier 1/I, we have

S

[
A

I
− d S

A
− dS

I

]
+

E

[
d S

A
− E

I

(
+ d

)]
+

I

[
E

I
−
(
d + 1 + + −

)]

= −d
A

− d

I
−
(

+ d
)1

I
− E

I2
< 0,

(3.7)

so that there are no periodic solutions in the region. Thus, by the Poincare-Bendixson theory,

all solutions starting in the first octant region with I > 0 and S + E + I ≤ A /d approach

(S∗,E∗,I∗) as ttends infinity.

In this case, the differential equation for Q has the limiting equation

dQ

dt
= I− (d + + 2)Q , (3.8)

so that Q tends to Q ∗ by Lemma 2.1.

Similarly, the differential equation for R has the limiting equation

dR

dt
= Q ∗ + I∗ − dR, (3.9)

so that R tends to R ∗ by Lemma 2.1. Thus P∗ is a globally asymptotically stable equilibrium

for the limit system (3.6). Hence, by Lemma 2.1, all solutions starting in the region D −
{(S,E,I,Q ,R) /I= 0} of the system (3.1) approach the endemic equilibrium P∗ as ttends

to infinity.
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Figure 4: Time series of susceptible population S(t), E(t), I(t), Q (t), and R(t) of the system (3.1).

4. Conclusion

Inspired by the biological compartmental epidemic model, we made an attempt to develop

two SEIQR models, one using simple mass action incidence and the other using standard

incidence rate. Vertical transmission has been included into infectious compartment. Runge

Kutta Fehlberg fourth-fifth order method is used to solve and simulate the system (2.1)
and (3.1) by using parametrical values mentioned in Table 1. The model has a constant

recruitment of the nodes and exponential natural and infection-related death (crashing) of

the nodes. Global stability of the unique endemic equilibrium for the epidemic model has

been established. We observe that the behavior of the Susceptible, Exposed, Infected, and
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Quarantined nodes with respect to time is asymptotically stable, which is depicted in Figures

2 and 4. The effect of Q on R is depicted in Figure 3. When the nodes are highly infected by

different kinds of malicious objects, quarantine is one of the remedy. We run antimalicious

software of latest signature against quarantined nodes, and these nodes are kept under

observation. The more we quarantine the most infected nodes, the more the recovery is;

the lesser we quarantine, the lesser the recovery is. Also at a very specific short interval

of time, the recovery of the nodes is constant when the quarantine node decreases. These

can be observed in Figure 3. Simulation result agrees with the real life situation. The basic

reproduction number Rq is obtained and has been identified as a threshold parameter. If

Rq ≤ 1, the disease-free equilibrium D is globally stable in the feasible region and the disease

always dies out. If Rq > 1, a unique endemic equilibrium P∗ exists and is globally stable in

the interior of the feasible region, and once the disease appears, it eventually persists at the

unique endemic equilibrium level. Lyapunov function is used to prove the global stability

of D when Rq ≤ 1. In our model, the number of contacts is influenced by the size of the

quarantine class Q . The quarantine process is an alternative method for reducing the average

infectious period by isolating some infectives, so that they do not transmit the malicious

objects in the computer network. We have observed that both the effective infectious period

1/(d + 1 + + )( + d) and Rq decrease as the quarantine rate increases.

The analysis of quarantine reproduction number Rq by Feng and Thieme [14, 15]
andHethcote et al. [31] agrees with our model. Feng and Theieme [14, 15] in their SIQR model

observed that the quarantine reproduction number was independent of the mean residence

time in the quarantine class Q . Hethcote et al. [31] also had their same observation regarding

the independence of the mean residence time in the Q class for all of their endemic models.

We also have the same observation for our SEIQRS model. The mean residence time in the

class Q for our model SEIQRS is 1/ . The expression for the threshold does not involve the

parameter . This comes from our assumption that the nodes in the quarantine class Q do

not infect other nodes and nodes are not infectious when they move out of the quarantine

class. The quarantine reproduction number Rq, depends on parameter . For example, if

= n ,n ∈ Z +, then transfer out of infectious class I to quarantine class Q is n times as

frequent as transfer to the removed class R . A positive rate constant to transfer out of

infectious class I by quarantine does decrease the quarantine reproduction number Rq, so

that it is less than its value without quarantine. Hence the use of quarantine to control a

disease not only decreases the endemic infective class size when Rq remains above 1, but also

makes it easier to obtain Rq ≤ 1 leading to disease extinction.

The future work will involve in taking time delay constraints in various compartments

which may lead to more interesting result.
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