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Sobolev mappings, quasiconformal mappings, or deforma-
tions, between subsets of Euclidean space or manifolds
and harmonic maps between manifolds, may arise as the
solutions to certain optimization problems in the calculus
of variations, as stationary points which are the solutions to
differential equations (particularly in conformal geometry).
The most recent developments in the theory of planar and
space quasiconformal mappings are also related to the theory
to degenerate elliptic equations, which include p-Laplace
equation whose solutions are p-harmonic maps. In particular,
Euclidean harmonic (2-harmonic) maps, which are critical
points of Dirichlet’s integral, are related to the theory of
minimal surfaces and are the primary object of the study
in classical potential theory. The complex gradient of the p-
harmonic operator is quasiregular and it is general feature of
nonlinear PDEs.

Harmonic maps have also played a role in compact-
ifications and parametrizations of Teichmuller space, via
classical results of Mike Wolf, who gave a compactification in
terms of hyperbolic harmonic maps. Teichmuller spaces are
central objects in geometry and complex analysis today, with
deep connections to quasiconformal mappings (in particular,
to extremal problems of quasiconformal mappings), string
theory, and hyperbolic 3 manifolds. The study of connection
between extremal mappings of finite distortion and harmonic
mappings is also initiated. Since its introduction in the early
1980s, quasiconformal surgery has become a major tool in the
development of the theory of holomorphic dynamics.

In connection with the general trend of the geometric
function theory in Euclidean space to generalize certain
aspects of the analytic functions of one complex variable,
there is another development related to maps of quasi-
conformal type, which are solutions of nonlinear second-
order elliptic equations or satisfy certain inequality related to
Laplacian and gradient.

Variational analysis, fixed point theory, split feasibility
problems, and so forth are also some important and vital
areas in nonlinear analysis. During the last two decades,
several solution methods for these problems have been
proposed and analyzed. These areas include application in
optimization, medical sciences, image reconstruction, social
sciences, engineering, management, and so forth.

In this special issue, thirteen articles were being pub-
lished. All these articles have given important contributions
to different parts of the above-discussed areas. Among them
stands out the very important work of Professor M. Matel-
jevi¢, one of the most prominent scientists in the geometric
function theory. In fact, this issue is devoted to his 65th
birthday, as many authors emphasized in their articles.

Ljubomir B. Cirié
Samuel Krushkal
Qamrul Hasan Ansari
David Kalaj

Vesna Manojlovié
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We prove a quasiconformal analogue of Koebe’s theorem related to the average Jacobian and use a normal family argument here to
prove a quasiregular analogue of this result in certain domains in n-dimensional space. As an application, we establish that Lipschitz-
type properties are inherited by a quasiregular function from its modulo. We also prove some results of Hardy-Littlewood type for
Lipschitz-type spaces in several dimensions, give the characterization of Lipschitz-type spaces for quasiregular mappings by the

average Jacobian, and give a short review of the subject.

1. Introduction

The Koebe distortion theorem gives a series of bounds for a
univalent function and its derivative. A result of Hardy and
Littlewood relates Holder continuity of analytic functions in
the unit disk with a bound on the derivative (we refer to this
result shortly as HL-result).

Astala and Gehring [1] observed that for certain dis-
tortion property of quasiconformal mappings the function
ay, defined in Section 2, plays analogous role as | f '| when
n =2and f is conformal, and they establish quasiconformal
version of the well-known result due to Koebe, cited here as
Lemma 4, and Hardy-Littlewood, cited here as Lemma 5.

In Section 2, we give a short proof of Lemma 4, using
a version with the average Jacobian | f instead of a;, and

we also characterize bi-Lipschitz mappings with respect to
quasihyperbolic metrics by Jacobian and the average Jaco-
bian; see Theorems 8, 9, and 10 and Proposition 13. Gehring
and Martio [2] extended HL-result to the class of uniform
domains and characterized the domains D with the property
that functions which satisfy a local Lipschitz condition in D
for some « always satisfy the corresponding global condition
there.

The main result of the Nolder paper [3] generalizes a
quasiconformal version of a theorem, due to Astala and

Gehring [4, Theorems 1.9 and 3.17] (stated here as Lemma 5)
to a quasiregular version (Lemma 33) involving a somewhat
larger class of moduli of continuity than %, 0 < & < 1.

In the paper [5] several properties of a domain which
satisfies the Hardy-Littlewood property with the inner length
metric are given and also some results on the Holder
continuity are obtained.

The fact that Lipschitz-type properties are sometimes
inherited by an analytic function from its modulus was
first detected in [6]. Later this property was considered for
different classes of functions and we will call shortly results
of this type Dyk-type results. Theorem 22 yields a simple
approach to Dyk-type result (the part (ii.l); see also [7])
and estimate of the average Jacobian for quasiconformal
mappings in space. The characterization of Lipschitz-type
spaces for quasiconformal mappings by the average Jacobian
is established in Theorem 23 in space case and Theorem 24
yields Dyk-type result for quasiregular mappings in planar
case.

In Section 4, we establish quasiregular versions of the
well-known result due to Koebe, Theorem 39 here, and use
this result to obtain an extension of Dyakonov’s theorem
for quasiregular mappings in space (without Dyakonov’s
hypothesis that it is a quasiregular local homeomorphism),
Theorem 40. The characterization of Lipschitz-type spaces
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for quasiregular mappings by the average Jacobian is also
established in Theorem 40.

By R" = {x = (xy,...,%,) : xj,...,x, € R} denote
the real vector space of dimension n. For a domain D in R"
with nonempty boundary, we define the distance function
d = d(D) = dist(D) by d(x) = d(x;0D) = dist(D)(x) =
inf{|x - y| : y € 0D}, and if f maps D onto D’ ¢ R", in some
settings, it is convenient to use short notation d, = d f(x) for
d(f(x);0D"). Tt is clear that d(x) = dist(x, D), where D is
the complement of D in R”.

Let G be an open set in R”. A mapping f : G —» R™
is differentiable at x € G if there is a linear mapping f'(x) :
R" — R”, called the derivative of f at x, such that

feth) = f ()= f () h+Ihlexh), )

where e(x,h) — 0ash — 0. For a vector-valued function
f:G — R”, where G ¢ R" is a domain, we define

[f o = max|f' ok, 1(f ) = min|f G A,
2)

when f is differentiable at x € G.

In Section 3, we review some results from [7, 8]. For
example, in [7] under some conditions concerning a majorant
w, we showed the following.

Let f € C'(D,R") and let w be a continuous majorant
such that w, () = w(t)/t is nonincreasing for ¢t > 0.

Assume f satisfies the following property (which we call
Hardy-Littlewood (c, w)-property):

(HL(c,w)) dx)|f (x| < cw(d (), o
x € D, where d(x) = dist (x, D).
Then

(locA) felocA,(G). (4)

If, in addition, f is harmonic in D or, more generally,
f e OC?(D), then (HL(c, w)) is equivalent to (locA). If D
is a A ,-extension domain, then (HL(c, w)) is equivalent to
feA, D).

In Section 3, we also consider Lipschitz-type spaces of
pluriharmonic mappings and extend some results from [9].

In Appendices A and B we discuss briefly distortion of
harmonic qc maps, background of the subject, and basic
property of qr mappings, respectively. For more details on
related qr mappings we refer the interested reader to [10].

2. Quasiconformal Analogue of Koebe’s
Theorem and Applications

Throughout the paper we denote by 2, G, and D open subset
of R",n > 1.

Let B'(x,7) = {z € R" : |z—x| < r}, S" }(x,7) = 0B"(x, 1)
(abbreviated S(x,r)) and let B", S"! stand for the unit ball
and the unit sphere in R", respectively. Sometimes we write
D and T instead of B* and 0D, respectively. For a domain G ¢
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R"letp: G — [0,00) be a continuous function. We say that
p is a weight function or a metric density if, for every locally
rectifiable curve y in G, the integral

L) = | pds ©)

Y

exists. In this case we call /,(y) the p-length of y. A metric
density defines a metricd, : Gx G — [0, 00) as follows. For
a,b eG,let

d, (a,b) = infl, (y), (6)

where the infimum is taken over all locally rectifiable curves
in G joining a and b.

For the modern mapping theory, which also considers
dimensions n > 3, we do not have a Riemann mapping
theorem and therefore it is natural to look for counterparts of
the hyperbolic metric. So-called hyperbolic type metrics have
been the subject of many recent papers. Perhaps the most
important metrics of these metrics are the quasihyperbolic
metric kg and the distance ratio metric j; ofadomain G ¢ R"
(see [11, 12]). The quasihyperbolic metric k = k5 of G is a
particular case of the metric d 5 when p(x) = 1/d(x, 0G) (see
(11, 12]).

Given a subset E of C" or R”, a function f: E — C (or,
more generally, a mapping f from E into C™ or R™) is said
to belong to the Lipschitz space A (E) if there is a constant
L = L(f) = L(f;E) = L(f,w;E), which we call Lipschitz
constant, such that

|f ()= f(y)] < Lo (|x - y]) @)

forall x, y € E. The norm || f|l, g, is defined as the smallest
Lin (7).

There has been much work on Lipschitz-type properties
of quasiconformal mappings. This topic was treated, among
other places, in [1-5, 7, 13-22].

As in most of those papers, we will currently restrict
ourselves to the simplest majorants w, (¢) := t* (0 < a < 1).
The classes A ,(E) with w = w, will be denoted by A* (or by
Lip(a; E) = Lip(w, L; E)). L(f) and « are called, respectively,
Lipschitz constant and exponent (of f on E). We say that a
domain G ¢ R" is uniform if there are constants a and b such
that each pair of points x;, x, € G can be joined by rectifiable
arc y in G for which

Hy) <alx - x,
(8)
min (y;) < bd (x,3G)

for each x € y; here I(y) denotes the length of y and y,,y,
the components of y \ {x}. We define C(G) = max{a,b}.
The smallest C(G) for which the previous inequalities hold
is called the uniformity constant of G and we denote it by
¢* = ¢*(G). Following [2,17], we say that a function f belongs
to the local Lipschitz spaceloc A ,(G) if (7) holds, with a fixed
C > 0, whenever x € G and |y — x| < (1/2)d(x, 0G). We say
that G is a A ,-extension domain if A ,(G) = loc A ,(G). In
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particular if w = w,, we say that G is a A“-extension domain;
this class includes the uniform domains mentioned above.

Suppose that I'is a curve family in R". We denote by #(I)
the family whose elements are nonnegative Borel-measurable
functions p which satisfy the condition jy p(x)ldx| = 1 for
every locally rectifiable curve y € I', where ds = |dx| denotes
the arc length element. For p > 1, with the notation

4,0 = | lpealav o, ©)

where dV(x) = dx denotes the Euclidean volume element
dx,dx, - - - dx,, we define the p-modulus of T by

M, () =inf{A,(p):peF (D}, (10)

We will denote M,,(I') simply by M(T') and call it the mod-
ulus of I'.

Suppose that f : Q@ — QY is a homeomorphism.
Consider a path family I'in Q) and its image family I'* = {foy :
y € I'}. We introduce the quantities

M (T*)
M)’

M (T)

M (T*)’ )

K; (f) = sup Ko (f) = sup
where the suprema are taken over all path families I'in Q such
that M(T') and M(T™) are not simultaneously 0 or co.

Definition 1. Suppose that f : O — QF is a homeomor-
phism; we call K;(f) the inner dilatation and K,(f) the
outer dilatation of f. The maximal dilatation of f is K(f) =
max{Ky(f), K;(f)}. If K(f) £ K < oo, we say f is K-
quasiconformal (abbreviated qc).

Suppose that f : O — QF is a homeomorphism and
x € Q,x # 0o,and f(x) # oo.

For each r > 0 such that S(x;7) ¢ Q we set L(x, f,r) =
maxy,_y - f(y) = f()], I(x, f,r) = miny,__.|f(y) = f(x)I.

Definition 2. The linear dilatation of f at x is

H(x, f) = lim supM (12)

r—o L(x fir)

Theorem 3 (the metric definition of quasiconformality). A
homeomorphism f : Q — QF is qc if and only if H(x, f) is
bounded on Q.

Let Q) be a domain in R" and let f : O — R" be con-
tinuous. We say that f is quasiregular (abbreviated qr) if

(1) f belongs to Sobolev space erfloc(Q),
(2) there exists K, 1 < K < 00, such that

|f' @] < KJ; (x) ae. (13)

The smallest K in (13) is called the outer dilatation K( f).
A qr mapping is a qc if and only if it is a homeomorphism.
First we need Gehring’s result on the distortion property of
qc (see [23, page 383], [24, page 63]).

Gehring’s Theorem. For every K > 1 and n > 2, there exists a
function 0% : (0,1) — R with the following properties:

(1) O is increasing,

(2) lim, _, (0% (r) =0,

(3) lim, _, ,0%(r) = oo,

(4) Let Q and Q' be proper subdomains of R" and let f :

Q — Q' beaK-qc. If x and y are points in Q such
that 0 < |y — x| < d(x,0Q), then

SOt g (boal )

d(f (x),00) = X\ d(x,0Q) (14)

Introduce the quantity, mentioned in the introduction,

1
as(x) = azg(x) = exp (m Lx log]f (2) dz) , x€G,
(15)

associated with a quasiconformal mapping f: G — f(G) C
R™; here ] is the Jacobian of f, while B, = B, ; stands for
the ball B(x; d(x, 0G)) and |B, | for its volume.

Lemma 4 (see [4]). Suppose that G and G' are domains in R":
If f: G — G'is K-quasiconformal, then

d(f(x),0G")
d (x,0G)

d(f(x),0G")

ioc) = <@

(16)

1
- <dasg (x)<c

where c is a constant which depends only on K and n.
Setay = aft = KM,

Lemma 5 (see [4]). Suppose that D is a uniform domain in R"
and that o and m are constants with0 < o < 1 and m > 0. If
f is K-quasiconformal in D with f(D) c R" and if

agp (x) < md(x, D) for x € D, 17)

then f has a continuous extension to D\ {oo} and
|f (x1) = f (x2)] < C|x, = x| +d (x,,0D))" (18)

for xq,x, € D \ {oo}, where the constant C = &D) depends
only on K, n, a, m and the uniformity constant ¢* = ¢*(D)
for D. In the case a < w, (18) can be replaced by the stronger
conclusion that

|f (1) = f (x2)] < €% = x,])° (xpxz €D\ {00})‘
(19)

Example 6. The mapping f(x) = |x|*'x, a = K0 is K-
qc with a; bounded in the unit ball. Hence f satisfies the
hypothesis of Lemma 5 with « = 1. Since |f(x) — f(0)| <
|x —0|* = |x|% we see that when K > 1, thatis,a < 1 = «,
the conclusion (18) in Lemma 5 cannot be replaced by the
stronger assertion | f(x;) — f(x,)| < emlx; — x,].



LetQ € R"and R" = [0,c0)and f,g: Q — R".Ifthere
is a positive constant ¢ such that f(x) < cg(x), x € Q, we
write f < g on Q. If there is a positive constant c such that

%g(x)sf(x)ch(x), x € Q, (20)
we write f = g (or f = g) on Q.

Let G c R? beadomainandlet f: G — [R{Z,f =(f1, f2)
be a harmonic mapping. This means that f is a map from G
into R and both f, and f, are harmonic functions, that is,
solutions of the two-dimensional Laplace equation

Au = 0. (21)

The above definition of a harmonic mapping extends in a
natural way to the case of vector-valued mappings f : G —
R”, f =(f,..., f,), defined on a domain G c R”, n > 2.

Let h be a harmonic univalent orientation preserving
mapping on a domain D, D' = h(D) and dy(z) = d(h(z),
oD').If h = f + g has the form, where f and g are analytic,
we define A,(z) = D (z) = If'(z)l - Ig'(z)l, and A, (z) =
D*(2) = |f'(2)| +1g' (2)I.

2.1. Quasihyperbolic Metrics and the Average Jacobian. For
harmonic qc mappings we refer the interested reader to [25-
28] and references cited therein.

Proposition 7. Suppose D and D' are proper domains in RZ,
Ifh : D — D' is K-qc and harmonic, then it is bi-Lipschitz
with respect to quasihyperbolic metrics on D and D'.

Results of this type have been known to the participants
of Belgrade Complex Analysis seminar; see, for example,
[29, 30] and Section 2.2 (Proposition 13, Remark 14 and
Corollary 16). This version has been proved by Manojlovi¢
[31] as an application of Lemma4. In [8], we refine her
approach.

Proof. Leth = f + g be local representation on B,.
Since h is K-qc, then

(1—k2)|f’|zs]th|f’|2 (22)

on B, and since log If'(C)I is harmonic,

log| ' @) = 5757 | Togl @ dgan. @3)

2|

Hence,

NY:
1 ( )< l K+——| lo Q)| déd
oganp (2 og 2|B | J g|f ' n o)

= log\/f|f’ (z)|.
Hence, a;, p(2) < \/Elf'(z)| and V1 - k|f’(z)| < ay, p(2).

Using Astala-Gehring result, we get

d (hz,oD")

= 25
4(z.D) Ah,z). (25)

A(hz) =
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This pointwise result, combined with integration along
curves, easily gives

kp (h(z1),h(2,)) = kp (21,2,) s

Note that we do not use that log(1/]},) is a subharmonic
function. O

zy,2, € D. (26)

The following follows from the proof of Proposition 7:

(D) A(h,z) = a,p = A(h, 2) and Jp = lf; see below for

the definition of average jacobian ] ;-

When underlining a symbol (we also use other latex-
symbols) we want to emphasize that there is a special meaning
of it; for example we denote by ¢ a constant and by ¢, ¢, € some
specific constants.

Our next result concerns the quantity

B = [ Jr@de xeG @

B.]

associated with a quasiconformal mapping f: G — f(G) C
R"; here | # is the Jacobian of f, while B, = B, ; stands for
the ball B(x, d(x,0G)/2) and |B,| for its volume.

Define

lf = lf,G ={Esc- (28)

Using the distortion property of qc (see [24, page 63])
we give short proof of a quasiconformal analogue of Koebe’s
theorem (related to Astala and Gehring’s results from [4],
cited as Lemma 4 here).

Theorem 8. Suppose that G and G' are domains in R": If f :
G — G' is K-quasiconformal, then

d(f(x),0G") d(f(x),9G")

- <] () S c——————,

G)
¢ dxoG) "l dxoc) =~ ©°¢

(29)
where c is a constant which depends only on K and n.

Proof. By the distortion property of qc (see [23, page 383],

[24, page 63]), there are the constants C, and ¢, which depend

on nand K only, such that
B(f(x),c.d.) < f(B,) ¢

B(f(x),C,d,), x¢€G,

(30)

where d,(x) =
0G). Hence

d(f(x)) = d(f(x),0G") and d(x) := d(x,

B(f (x).c.d,)| < L J;(@dz < |B(f (x).C.d,)| ()

and therefore we prove Theorem 8. O

We only outline proofs in the rest of this subsection.
Suppose that Q and Q' are domains in R” different from
R".
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Theorem 9. Suppose f: Q — Q' isa C' and the following
hold.

(i) f is c-Lipschitz with respect to quasihyperbolic metrics
on Q and Q'; then

(11) dlf'(xo)l < cd, (x,) for every x, € Q.
(i2) If f is a qc c-quasihyperbolic-isometry, then

(12) f is a c*-qc mapping

1) 1| ~d./d.
Proof. Since Q and Q' are different from R”, there are quas-
ihyperbolic metrics on Q and Q'. Then for a fixed x, € Q, we
have

k(% %0) = d(x0) ™ | = x| 1 +0(1)),  x — x,,

K(f (0. £ (xp)) = %

when x — x,.

(1+0(1), (32

Hence, (i) implies (I1). If f is a c-quasihyperbolic-isom-
etry, then d|f'(x0)| < cd, and dl(f'(xo)) > d,/c. Hence,
(I2) and (I3) follow. L]

Theorem 10. Suppose f : QO — Q' isa C' qc homeomor-
phism. The following conditions are equivalent:

(a.l) f is bi-Lipschitz with respect to quasihyperbolic metrics
on Qand Q'

(b1) /] = d./d,
(c1) {|Jf = ay,
@n e =7,
where d(x) = d(x,0Q) and d, (x) = d(f(x),0Q").

Proof. It follows from Theorem 9 that (a) is equivalent to (b)
(see, e.g., [32, 33]).

Theorem 8 states thatlf =~d,/d.ByLemma 4, as = d,/d
and therefore (b) is equivalent to (c). The rest of the proof is
straightforward. O

Lemmall. If f € C"' isa K-quasiconformal mapping defined
in a domain Q c R" (n > 3), then

]f(x)>0, x€Q (33)

provided that K < 2"'. The constant 2" is sharp.

If G ¢ Q, then it is bi-Lipschitz with respect to Euclidean
and quasihyperbolic metrics on G and G' = f(G).

It is a natural question whether is there an analogy of
Theorem 10 if we drop the C' hypothesis.

Suppose f : Q@ — Q' is onto qc mapping. We can
consider the following conditions:

(a.2) f is bi-Lipschitz with respect to quasihyperbolic
metrics on Q and Q';

(b.2) 1 ]f ~d,/dae. in
(c.2) 4 ]f ~agae. in Q;
(d.2) "If = lf a.e.in Q.

It seems that the above conditions are equivalent, but we
did not check details.

If Q is a planar domain and f harmonic qc, then we
proved that (d.2) holds (see Proposition 18).

2.2. Quasi-Isometry in Planar Case. For a function h, we use
notations oh = (l/2)(h; - ih;) and oh = (1/2)(h; + ih;);

we also use notations Dh and Dh instead of ok and ok,
respectively, when it seems convenient. Now we give another
proof of Proposition 7, using the following.

Proposition 12 (see [29]). Let h be an euclidean harmonic
orientation preserving univalent mapping of the unit disc D into
C such that h(D) contains a disc By = B(a; R) and h(0) = a.
Then

0 (0) = 2 (34)
If, in addition, h is K-qc, then
A, (0) > - ;kR. (35)

For more details, in connection with material consid-
ered in this subsection, see also Appendix A, in particular,
Proposition A.7.

Let h = f + g be a harmonic univalent orientation
preserving mapping on the unit disk D, Q = h(D), d,(z) =
d(h(2),00), My(2) = D™(2) = |f'(2)] - 14'(2)], and A ,(2) =
D*(z) = If'(z)l + Ig'(z)l. By the harmonic analogue of the
Koebe Theorem, then

tims@m) (36)
16
and therefore
.
(1-12f") D" (@) < dy (). (37)
If, in addition, h is K-qc, then
(1-1z*) D" (2) < 16Kd, (2). (38)
Using Proposition 12, we also prove

1-k
@) (39)

(1-121*) A (2) 2

If we summarize the above considerations, we have
proved the part (a.3) of the following proposition.



Proposition 13 (e-qch, hyperbolic distance version). (a.3).
Leth = f + g be a harmonic univalent orientation preserving
K-qc mapping on the unit disk D, Q = h(D). Then, for z € D,

(1-12*) Ay (2) < 16Kd, (2),

(40)
1-k
, d, (z).

(1-121*) Ay (2) 2

(b.3) If h is a harmonic univalent orientation preserving K-
qc mapping of domain D onto D', then

d (Z) Ah (Z) < 16th (Z) N

- (41)

k
2 dy (2),

d(2) A, (z) >

and

1-k

Kp (z, z') < Kpy (hz, hz')
(42)

< 16Kxp (2.2),
where z,Zz' € D.

Remark 14. In particular, we have Proposition 7, but here the
proof of Proposition 13 is very simple and it it is not based on
Lemma 4.

Proof of (b.3). Applying (a.3) to the disk B,, z € D, we get (41).
It is clear that (41) implies (42).

For a planar hyperbolic domain in C, we denote by p = pp,
and dy,, = dy,p the hyperbolic density and metric of D,
respectively.

We say that a domain D ¢ C is strongly hyperbolic if
it is hyperbolic and diameters of boundary components are
uniformly bounded from below by a positive constant.

Example 15. The Poincaré metric of the punctured disk D' =
{0 < |z| < 1} is obtained by mapping its universal covering,
an infinitely-sheeted disk, on the half plane IT” = {Rew < 0}
by means of w = Inz (i.e., z = ). The metric is

dw|  |dz]
IRew|  |z]In(1/lz]) |

(43)

Since a boundary component is the point 0, the punctured
disk is not a strongly hyperbolic domain. Note also that p/d
and 1/1In(1/d) tend to 0 if z tends to 0. Here d = d(z) =
dist(z,0D') and p is the hyperbolic density of D'. Therefore
one has the following:

(A.1) forz € D, Ky (2, Z') = ln(l/d(z))dhyp,u],r(z, z') when
7 -z
There is no constant ¢ such that
(A.2) kpi (z, Z') < cxp-(w, w') for every w, w' € 1", where
z=e"andz' =¢e".

Since dy, 11~ = Kyp-, if (A.2) holds, we conclude that xpy =
dpyp,p> Which is a contradiction by (A.1).
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Let D be a planar hyperbolic domain. Then if D is simply
connected,

1 2
— -. 44
2d=P=3 (44)
For general domain as z — 0D,
1+0(1) 2
din(/d) ~Psa (45)

Hence dhyp(z,z') < 2kp(z,2'), 2,2 € D.

If O is a strongly hyperbolic domain, then there is a
hyperbolic density p on the domain €, such that p ~ d™',
where d(w) = d(w, 0Q); see, for example, [34]. Thus ——
kp. Hence, we find the following.

Corollary 16. Every e-harmonic quasiconformal mapping of
the unit disc (more generally of a strongly hyperbolic domain)
is a quasi-isometry with respect to hyperbolic distances.

Remark 17. Let D be a hyperbolic domain, let h be e-har-
monic quasiconformal mapping of D onto (), andlet¢ : D —
D be a coveringand h* = ho ¢.

(a.4) Suppose that D is simply connected. Thus ¢ and h*
are one-to-one. Then

1-k
Z d, (2), (46)

(1=12) A ©) 2

where z = ¢(0).
Hence, since A, ({) = I,(2)|¢’({)| and Phyp;D(Z)|¢’(0| =
Po(0)s

1-k

M@z —

d, (2) pp (2). (47)

Using Hall's sharp result, one can also improve the
constant in the second inequality in Propositions 13 and 12
(i.e., the constant 1/4 can be replaced by 7,; see below for
more details):

(1-12P) M (2) 2 (1 = k) 7dy, (2) » (48)

where 7, = 3/3/27.

(b.4) Suppose that D is not a simply connected. Then k" is
not one-to-one and we cannot apply the procedure as
in (a.4).

(c.4) It seems natural to consider whether there is an
analogue in higher dimensions of Proposition 13.

Proposition 18. For every e-harmonic quasiconformal map-
ping f of the unit disc (more generally of a hyperbolic domain
D) the following holds:

(e2) Jf=d,/d.
In particular, it is a quasi-isometry with respect to quasihyper-
bolic distances.
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Proof. For z € D, by the distortion property,
|f (z)) - f(2)| <cd(f (z)) foreveryz, €B,. (49)

Hence, by Schwarz lemma for harmonic maps, d| f "(2)] <
¢, d(f(z)). Proposition 12 yields (e) and an application of
Proposition 13 gives the proof. O

Recall B, stands for the ball B(x; d(x,0G)/2) and |B, | for
its volume. If V is a subset of R" and u : V. — R, we define

oscyu == sup {ju(x) —u(y)|: x,y €V},

w, (r,x) = sup {Ju(x) —u(y)|: |x-y|=r}.

Suppose that G ¢ R" and B, =
OC'(G)
that

B(x,d(x)/2). Let
= OCYG; ¢;) denote the class of f ¢ CY(G) such

d(x) |f' (x)| < closcﬁxf (51)
for every x € G.

Proposition 19. Suppose f : Q — Q' is a C'. Then
f € OCY(Q;c), if and only if f is c-Lipschitz with respect to
quasihyperbolic metrics on B and f(B) for every ball B C Q.

2.3. Dyk-Type Results. The characterization of Lipschitz-type
spaces for quasiconformal mappings in space and planar
quasiregular mappings by the average Jacobian are the main
results in this subsection. In particular, using the distortion
property of qc mappings we give a short proof of a quasicon-
formal version of a Dyakonov theorem which states:

Suppose G is a A”-extension domain in R” and f is
a K-quasiconformal mapping of G onto f(G) c R".
Then f € A*(G) ifand only if | f| € A*(G).

This is Theorem B.3, in Appendix B below. It is convenient
to refer to this result as Theorem Dy; see also Theorems 23-24
and Proposition A, Appendix B.

First we give some definitions and auxiliary results.
Recall, Dyakonov [15] used the quantity

E;g(x): J Jf(2)dz, x€G, (52)

1
[B,]
associated with a quasiconformal mapping f: G — f(G)
R"; here ] is the Jacobian of f, while B, = B,  stands for
the ball B(x; d(x,0G)/2) and |B, | for its volume.

Define oy = o = K0 ¢, = 0%(1/2), O (c,) = 1/2,
and

] Y E

L T \EfG (53)

For a ball B = B(x,r) ¢ R” and a mapping f: B —» R”",
we define

By B | Iy (s xeG (50

1B|

and ];'(V(B; x) =
and J 7(x;7) instead of ];V(B; x).

For x, y € R", we define the Euclidean inner product (-, -)
by

Q/E f(B; x); we also use the notation | f(B; X)

() =X, 91+ + X,V (55)

By E" we denote R" with the Euclidean inner product and
call it Euclidean space n-space (space of dimension »). In this
paper, for simplicity, we will use also notation R" for E”. Then
the Euclidean length of x € R" is defined by

+xl)

The minimal analytic assumptions necessary for a viable
theory appear in the following definition.

Let Q be a domain in R” and let f : Q@ — R" be
continuous. We say that f has finite distortion if

1/2

x| = ¢, ) = (e [+ (56)

(€0);

(2) the Jacobian determinant of f islocally integrable and
does not change sign in Q;

(1) f belongs to Sobolev space W/

Jloc

(3) there is a measurable function K
a.e., such that

I ) < Ko@) ]y ()] ae. (57)

= Kp(x) > 1, finite

The assumptions (1), (2), and (3) do not imply that f €
| loc(Q) unless of course K, is a bounded function.
If K, is a bounded function, then f is qr. In this setting,
the smallest K in (57) is called the outer dilatation K(f).
If f is qr, also

Jf(x) < K’l(f' (x))n a.e. (58)

for some K', 1 < K' < 0o, where l(f'(x)) = inf{lf'(x)hl :
|h] = 1}. The smallest K’ in (58) is called the inner dilatation
K;(f) and K(f) = max(Ko(f), K;(f)) is called the maximal
dilatation of f.If K(f) < K, f is called K-quasiregular.

In a highly significant series of papers published in 1966-
1969 Reshetnyak proved the fundamental properties of qr
mappings and in particular the main theorem concerning
topological properties of qr mappings: every nonconstant qr
map is discrete and open; cf. [11, 35] and references cited there.

Lemma 20 (see Morreys Lemma, Lemma 6.7.1, [10, page
170]). Let f be a function of the Sobolev class WLP(B,E") in
the ball B = 2B = B(x,,2R), B = B(x(,R), 1 < p < 00, such
that

o) s oo

where 0 < y < 1, holds for every ball B = B(a,r) C B. Then f
is Holder continuous in B with exponent y, and one has | f (x)—
f| < Clx - yl", forall x, y € B, where c = 4My~'27". Here
and in some places we omit to write the volume element dx.

We need a quasiregular version of this Lemma.



Lemma 21. Let f : B — R" be a K-quasiregular mapping,
such that

Jf(asr) < M’ (60)

where 0 < y < 1, holds for every ball B = B(a,r) C B. Then f
is Holder continuous in B with exponent y, and one has | f (x) -
f| < Clx - yI", forall x, y € B, where C = 4MK'/"y™1277.

Proof. By hypothesis, f satisfies (57) and therefore D, (f, B) <
Kl/”]f(a; r) . An application of Lemma 20 to p = n yields
proof. O

(a.0) By B(G) denote a family of ball B = B(x) = B(x,r)
such that B = B(x,2r) ¢ G. For B € B(G), define
d = d}’B = d(f(x),0B') and R(f(x),B") := ¢, d',
where B’ = f(B).

Define wy, (f,7) = wio g(fs7) = sup oscpf and ry(G) =
sup r(B), where supremum is taken over all balls B = B(a) =
B(a, r) such that B, = B(a,2r) ¢ G and r(B) denotes radius
of B.

Theorem 22. Let 0 < a < 1, K > 1. Suppose that (a.5) G is
a domain in R" and f : G — R" is K-quasiconformal and
G' = f(G). Then one has the following.

(i.1) For every x € G, there exists two points x|, x, € B,
such that |y,|-|y,| > R(x), where y, = f(x;), k = 1,2,
and R(x) = ¢, d, (x).

(ii1) wioe g(fs7) < 2w (I fI,7), 0 < 1 < 1(G), where
¢ =2C,/c,.

(iil.1) If, in addition, one supposes that (b.5) | f| € loc A*(G),
then for all balls B = B(x) = B(x,r) such that B, =
B(x,2r) ¢ G,d, = r* and in particular R(x) :=
c,d,(x) < Ld(x)", x € G.

(iv.1) There is a constant ¢ such that

1

Jp(xsr)<cr® (61)

Jor every x, € Gand B = B(x,r) C B, .

(v1) If, in addition, one supposes that (c.5) G is a A"-
extension domain in R”, then f € Lip(a, Ly;G).

Proof. By the distortion property (30), we will prove the fol-
lowing.
(vi.l) For a ball B = B(x) = B(x,r) such that B; = B(x,
2r) c G there exist two points x,, x, € B(x) such that
[y,] = 1311 = R(x), where y, = f(x;), k = 1,2.

Let I be line throughout 0 and f(x) which intersects the

S(f(x), (x)) at points y, and y, and x, = f~'(y), k = 1,2.
By the left side of (30), x;, x, € B(x). We consider two cases:

(a) if 0 ¢ B(f(x),R(x)) and | y,| > |y, then [y,| - |y,| =
2R(x) and | y,| = [y,| = 2R(x);

(b) if 0 € B(f(x), R(x)), then, for example, 0 € [y, f(x)]
and if we choose x; = x, we find | y,| — | f(x)| = R(x)
and this yields (vi.1).
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Let x € G. An application of (vi.1) to B = B, yields (i.1).
If |x — x'| <7 thenc,d < |¥5] = |y, | and therefore we have
the following:

(vil) [f(x) = f(x)] < C.d" < ¢(ly,] = Iy]), where ¢, =
C,/c,.

If z,,2, € B(x,7), then | f(z;) — f(2)| < |f(2)) — f(x)|+
| f(z,) — f(x)|. Hence, using (vi.1"), we find (ii.1). Proof of
(iii.1). If the hypothesis (b) holds with multiplicative constant
L, and |x — x'| = r, then c,d’ < [y = Iy < 2%Lr"
and therefore | f(x) — f(x')| < C,d < ¢r% where ¢ =
(C,/c,)2%L. Hence d; < r“ and therefore, in particular,
R(x) == c,d,(x) < Ld(x)%, x € G.

It is clear, by the hypothesis (b), that there is a fixed con-
stant L such that (vii.1) | f| belongs to Lip(«, L ; B) for every
ball B = B(x, r) such that B, = B(x, 2r) ¢ G and, by (ii.1), we
have the following:

(viii.1) L(f,B) < L, for a fixed constant L, and f € loc
Lip(a, L,; G).

Hence, since, by the hypothesis (c.5), G is a L"-extension
domain, we get (v.1).

Proof of (iv.1). Let B = B(x) = B(x, r) be a ball such that
B = B(x,2r) ¢ G. Then E (B;x) = dy/r", J¢(B;x) = d,/r,
and, by (iii.1), d, < #* on G. Hence

J; (B;x) < r*7, (62)

on G.

Note that one can also combine (iii.1) and Lemma 33 (for
details see proof of Theorem 40 below) to obtain (v.1). O

Note that as an immediate corollary of (ii.1) we get a
simple proof of Dyakonov results for quasiconformal map-
pings (without appeal to Lemma 33 or Lemma 21, which is a
version of Morrey’s Lemma).

We enclose this section by proving Theorems 23 and 24
mentioned in the introduction; in particular, these results
give further extensions of Theorem-Dy.

Theorem 23. Let0 < « < 1, K > 1, and n > 2. Suppose G
is a A*-extension domain in R" and f is a K-quasiconformal
mapping of G onto f(G) ¢ R". The following are equivalent:

(i2) f € A%G),
(ii.2) |f| € A%G),

(iii.2) there is a constant ¢; such that
I (x1) < gr! (63)

forevery xy € G and B = B(x,r) C B, . If, in addition,
G is a uniform domain and if « < ay = K™, then
(i.2) and (ii.2) are equivalent to

(iv.2) | f] € A%(G, 0G).
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Proof. Suppose (ii.2) holds, so that | f| is L-Lipschitz in G.
Then (iv.1) shows that (iii.2) holds. By Lemma 21, (iii.2)
implies (i.2). [

We outline less direct proof that (ii.2) implies (ii.1).

One can show first that (ii.2) implies (18) (or more gen-
erally (iv.1); see Theorem 22). Using A(z) = a + Rz, we
conclude that c¢*(B(a,R)) = c¢*(B) and ¢(B) = ¢ is a fixed
constant (which depends only on K, , ¢, ), for all balls B ¢ G.
Lemma 5 tells us that (18) holds, with a fixed constant, for all
balls B ¢ G and all pairs of points x;,x, € B. Further, we
pick two points x, y € G with |x — y| < d(x,0G) and apply
(18) with D = B(x;|x — y|), letting x; = x and x, = y. The
resulting inequality

|f (x) = f ()| < const|x — y[* (64)

shows that f € loc A%(G), and since G is a A%-extension
domain, we conclude that f € A“(G).

The implication (ii.4) = (i.4) is thus established. The con-
verse is clear. For the proof that (iii.4) implies (i.4) for « < «,
see [15].

For a ball B = B(x,r) ¢ R” and a mapping f: B —» R”,
we define

1
Ep(Bix) = o Lj J;(2)dz, x€G,  (63)

and ]f(B; x) = Q/Ef(B; X).
We use the factorization of planar quasiregular mappings
to prove the following.

Theorem 24. Let 0 < o < 1, K > 1. Suppose D is a A*-
extension domain in C and f is a K-quasiregular mapping of
D onto f(D) c C. The following are equivalent:

(i.3) f € A*(D),
(ii.3) | f| € A*(D),

(iii.3) there is a constant ¢ such that

Iy (Biz) <& (2), (66)
Joreveryzy € D and B = B(z,1) C B, .

Proof. Let D and W be domainsinCand f : D — W qr
mapping. Then there is a domain G and analytic function ¢
on G such that f = ¢ o g, where g is quasiconformal; see [36,
page 247].

Our proof will rely on distortion property of quasiconfor-
mal mappings. By the triangle inequality, (i.4) implies (ii.4).
Now, we prove that (ii.4) implies (iii.4).

Letz, € D, {, = g(zy), G, = 9(B;), Wy = ¢(Gy), d =
d(zy) = d(zy,0D), and d; = d,({;) = d({;,0G). Let B =
B(z,r) C B, . As in analytic case there is {; € g(B) such

that ||¢(C1)| - |¢(C0)|| = Cd1((o)|¢,(60)|' IfZ1 = 9_1({1), then
1S DI=1pC)I = I f(z))1-1 f(2p)ll. Hence, if | f] is a-Holder,
then dl({)l(/)'(C)I < qr* for { € G,. Hence, since

1
B

z

BB = | Ol @dasd @

9
we find
rlX
Tip(20) < 6—+<J, 6 (2 68
f,D( 0) czdl ((0) g,G( 0) ( )
and therefore, using Eg(B; Z) = df/rz, we get
I (B;z) < cr* 7 (69)

Thus we have (iii.3) with ¢ = ¢;.

Proof of the implication (iii.4) = (i.4).

An application of Lemma 21 (see also a version of Astala-
Gehring lemma) shows that f is a-Holder on B, with a
Lipschitz (multiplicative) constant which depends only on «
and it gives the result. O

3. Lipschitz-Type Spaces of Harmonic
and Pluriharmonic Mappings

3.1. Higher Dimensional Version of Schwarz Lemma. Before
giving a proof of the higher dimensional version of the
Schwarz lemma we first establish notation.

Suppose that A : B'(a,r) — R™ isa continuous vector-
valued function, harmonic on B"(a, r), and let

M, = sup {|h (y)-h@)|:yeS " (a r)}. (70)

Leth = (b, W2, ..., W™). A modification of the estimate in
[37, Equation (2.31)] gives

r'th(a)|SnM:, k=1,...,m. (71)

We next extend this result to the case of vector-valued
functions. See also [38] and [39, Theorem 6.16].

Lemma 25. Suppose that h : B'(a,r) — R™is a continuous
mapping, harmonic in B"(a, r). Then

r |h' (a)| <nM,. (72)

Proof. Without loss of generality, we may suppose thata = 0

and h(0) = 0. Let

2 2
r =X
K(xy) =K, 0= ——PL g
nwnrlx - yl

where w,, is the volume of the unit ball in R". Hence, as in [8],
for 1 < j < n, we have

2 3
—K (0,¢) = .
Ox; 0.8) w, 7"

(74)

Let # € S*! be a unit vector and |£| = r. For given &,
it is convenient to write K¢(x) = K(x, &) and consider Ky as
function of x.

Then

' 1
KeOn=—" (&n). (75)
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Since |(&,7)| < [&lly]| = 7, we see that
1

|Ké (0)71' < L, and therefore |VK£ (0)| < . (76)
w,r" w, 1"
This last inequality yields
Fowm =] v olk)]deo)
’ (77)

Minw, " Min
< =

w,r" r

>

where do(y) is the surface element on the sphere, and the
proof is complete. O

Let C" = {z = (2},...,%,) : Z;,--.,2, € C} denote the

complex vector space of dimension n. Fora = (a,,...,a,) €
C", we define the Euclidean inner product (-, -) by
(z,a) =z\a, + -+ + 2,4, (78)

where a; (k € {1,...,n}) denotes the complex conjugate of
ai.. Then the Euclidean length of z is defined by

2l = (522 = (Jaf ++ o f) . 79
Denote a ball in C" with center z' and radius > 0 by
B”(z',r):{zeC": |z—z'|<r}. (80)

In particular, B" denotes the unit ball B"(0, 1) and S"™! the
sphere {z € C" : |z| = 1}. SetD = B!, the open unit disk in
C,and let T = S° be the unit circle in C.

A continuous complex-valued function f defined in a
domain QO ¢ C" is said to be pluriharmonic if, for fixed
z € Qand @ € S, the function f(z + 60) is harmonic in
{C € C: 107 - z| < dy(2)}, where d(z) denotes the distance
from z to the boundary 0Q of Q. It is easy to verify that the
real part of any holomorphic function is pluriharmonic; cf.
[40].

Let w : [0,+00) — [0, +00) with w(0) = 0 be a con-
tinuous function. We say that w is a majorant if

(1) w(t) is increasing,

(2) w(t)/t is nonincreasing for ¢t > 0.

If, in addition, there is a constant C > 0 depending only
on w such that

S
J @dtscma), 0<3<8, (81)

0

SImw(t)dtSCw(S), 0<8<38, (82

s
for some §,, then we say that w is a regular majorant. A major-
ant is called fast (resp., slow) if condition (81) (resp., (82)) is
fulfilled.

Given a majorant w, we define A ,(Q) (resp., A ,(0Q)) to
be the Lipschitz-type space consisting of all complex-valued
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functions f for which there exists a constant C such that, for
all zand w € Q (resp., z and w € 0Q),

|f @) - f (w)| < Cw(lz - w]). (83)

Using Lemma 25, one can prove the following.

Proposition 26. Let w be a regular majorant and let f be har-
monic mapping in a simply connected A ,-extension domain
D c R".'Thenh € A (D) ifand only if|Vf| < C(w(1-|z])/(1-
|z1))-

It is easy to verify that the real part of any holomorphic
function is pluriharmonic. It is interesting that the converse
is true in simply connected domains.

Lemma 27. (i) Let u be pluriharmonic in By = B(a;r). Then
there is an analytic function f in B such that f = u + iv.

(ii) Let Q be simply connected and u be pluriharmonic in
Q. Then there is analytic function f in Q such that f = u +iv.

Proof. (i) Let By, = B(a;r) € Q, P, = —Uy,, and Q = Uy,
define form

Wy = Pkd.xk + deyk = —uykd.xk + uxkdyk, (84)

w=Yp, wand v(x,y) = J(i”y;o) w. Then (i) holds for f, =
u + iv, which is analytic on B,

(ii) If z € Q, there is a chain C = (B, By,...,B,) in Q
such that z is center of B, and, by the lemma, there is analytic
chain (By, fi), k = 0,...,n. We define f(z) = f,(z). Asinin
the proof of monodromy theorem in one complex variable,
one can show that this definition does not depend of chains

Candthat f =u+ivin Q. O

The following three theorems in [9] are a generalization
of the corresponding one in [15].

Theorem 28. Let w be a fast majorant, and let f = h + g be
a pluriharmonic mapping in a simply connected A -extension
domain Q. Then the following are equivalent:

(1) f e A, (Q);
2)heA,(Q)and g e A, (Q);
(3) |hl € A ,(Q) and |g| € A ,(Q);
(4) |h| € A ,(Q,09Q) and |g| € A ,(©Q,0Q),
where A ,(Q, 0Q)) denotes the class of all continuous functions

f on QU OQ which satisfy (83) with some positive constant C,
whenever z € Q and w € 0L

Define Df = (D, f,...,D,f)and Df = (D, f,...,D,f),
where z; = x; + iy, D f = (1/2)(0,_f —i0,, f) and D.f =
(1/2)(0y, f +i0,, ), k=1,2,...,n.

Theorem 29. Let QO ¢ C" be a domain and f analytic in Q.
Then

dq (2) |Vf (2)] < 4wy g (dg (2)). (85)
If1f] € A, (), then d(2)|Vf (2)| < 4Cw(dg(2)).
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If f = h+ g is a pluriharmonic mapping, where g and h
are analytic in Q, then |g'| < |f'| and |W'| < |f'|. In particular,
ID,gl, ID;k| < | f'| < |Dgl + |Dhl.

Proof. Using a version of Koebe theorem for analytic func-
tions (we can also use Bloch theorem), we outline a proof.
Letz € Q,a = (a,,...,a,) € C", |a| = 1, FA) = F(A,a) =
f(z+Aa), A € B(0,d(2)/2) ,and u = |F]|.

By the version of Koebe theorem for analytic functions,
for every line L which contains w = f(z), there are points
wy,w, € L such that dQ(z)IF'(O)I < 4w, —wl, k = 1,2,
and w € [w,;,w,]. Hence dQ(z)IF'(O)I < 4w, (dy(2)) and
dq(2)|F'(0)] < 4w f(dg(2)).

Define f’(z) = (fZ'1 (2),... len(z)). Since F'(0) =
YioiDif(z) a = (f'(z),a),we find [Vf(2)| = If'(z)l,where

a=(aj,...,a,). Hence
dq () |Vf (2)] < 4w, (dq (2)) < 4wy (dg (2). (86)

Finally if [f| € A_,(Q), we have d(2)|Vf(z)] <
4Cw(d(2)). O

For B” the following result is proved in [9].

Theorem 30. Let w be a regular majorant and let Q) be a simply
connected A ,-extension domain. A function f pluriharmonic
in belongs to A ,(Q) if and only if, for each i € {1,2,...,n},
do(2)ID; f(2)| < w(dg(2)) and do(z) ID; f(2)] < w(dg(2))
for some constant C depending only on f, w, Q, and n.

We only outline a proof: let f = h+g. NotethatD; f = D;h
and D, f = D;g.
We can also use Proposition 26.

3.2. Lipschitz-Type Spaces. Let f: G — G' be a C* function
and B, = B(x,d(x)/2). We denote by OC?(G) the class of
functions which satisfy the following condition:

sgp d* (x) |Af ()] < coscg_f, (87)

for every x € G.
It was observed in [8] that OC*(G) ¢ OC(G). In [7], we
proved the following results.

Theorem 31. Suppose that

(al) D is a A*-extension domain inR", 0 < « < 1, and f is
continuous on D which is a K-quasiconformal mapping
of Donto G = f(D) c R";

(a2) 0D is connected;

(a3) f is Holder on 0D with exponent o;

(a4) f € OC*(D). Then f is Holder on D with exponent «

The proof in [7] is based on Lemmas 3 and 8 in the
paper of Martio and Nakki [18]. In the setting of Lemma 8,
d|f'(y)| < Md*.In the setting of Lemma 3, using the fact that
0D is connected, we get similar estimate for d small enough.

1

Theorem 32. Suppose that D is a domain in R", 0 < a < 1,
and f is harmonic (more generally OC*(D)) in D. Then one
has the following:

(i.1) f e Lip(w,c, D) implies
(i) |f'(x)| < cd(x)*", x € D.
(ii.1) implies
(iii.1) f € loc Lip(e, Ly; D).

4. Theorems of Koebe and Bloch Type for
Quasiregular Mappings

We assume throughout that G ¢ R" is an open connected set
whose boundary, 0G, is nonempty. Also B(x, R) is the open
ball centered at x € G with radius R. If B ¢ R" is a ball, then
0B, o > 0, denotes the ball with the same center as B and with
radius equal to o times that of B.

The spherical (chordal) distance between two points a,

b € R" is the number

q(a,b) = [p(@) - p®)], (88)

where p : R" - S(e,.1/2,1/2) is stereographic projection,
defined by

x—e
T 2 (89)

p(x) = en+1 +
I.X' - en+1l

Explicitly, ifa # oo # b,
q@b)=la-bl(1+1aP) " (1+ )" ©0)

When f : G — R” is differentiable, we denote its
Jacobi matrix by Df or f' and the norm of the Jacobi matrix
as a linear transformation by | f'|. When Df exists a.e. we
denote the local Dirichlet integral of f at x € G by D /(x) =

D, 6(x) = (1Bl [, '), where B= B, = B, If there is
no chance of confusion, we will omit the index G.If B = B,
then D f)G(x) =Dy (x) and if B is the unit ball, we write D( f)
instead of D B (0).

When the measure is omitted from an integral, as here,
integration with respect to n-dimensional Lebesgue measure
is assumed.

A continuous increasing function w(t) [0,00) —
[0, c0) is a majorant if w(0) = O and if w(t, +1,) < w(t;)+w(t,)
forall¢,,t, > 0.

The main result of the paper [3] generalizes Lemma 5 to
a quasiregular version involving a somewhat larger class of
moduli of continuity than t*,0 < a < 1.

Lemma 33 (see [3]). Suppose that G is A ,-extension domain
in R". If f is K-quasiregular in G with f(G) c R" and if

D;(x) <Ciw(d(x))d(x,0D)""  for xeG,  (9])

then f has a continuous extension to D\ {oo} and

|f (x1) = f (3,)] < Coo (|x; = x,] +d (x,,0G)),  (92)
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for x,,x, € D\ {co}, where the constant C, depends only on
K,n,w,C,, and G.

If G is uniform, the constant C, = ¢(G) depends only on
K, n,C, and the uniformity constant ¢* = ¢*(G) for G.

Conversely if there exists a constant C, such that (92) holds
for all x,,x, € G, then (91) holds for all x € G with C,
depending only on C,, K, n, w, and G.

Now suppose that w = w, and & < «,.

Also in [3], Nolder, using suitable modification of a theo-
rem of Nakki and Palka [41], shows that (92) can be replaced
by the stronger conclusion that

|f (1) = f (x2)] < CIx; = x,])° (xpxz €D\ {00})-
(93)

Remark 34. Simple examples show that the term d(x,, dG)
cannot in general be omitted. For example, f(x) = x|x|7?
with a = KY07 g K-quasiconformal in B = B(0; 1). Qf(x)
is bounded over x € Byet f € Lip,(B); see Example 6.

If n = 2, then If'(z) = p”_l, where z = peie, and if B, =
B(0,), then [, |f'@)ldxdy = [ ;" p*“Vpd pdd ~ r*
and Qf,B,(O) ~ "t

Note that we will show below that if | f| € L*(G), the

conclusion (92) in Lemma 33 can be replaced by the stronger
assertion | f(x;) — f(x,)] < eml|x; — x,|%

Lemma 35 (see [3]). If f = (f1, f2>---> f) is K-quasiregular
in G with f(G) ¢ R" and if B is a ball with oB € G, 0 > 1,
then there exists a constant C, depending only on n, such that

1 i 1/n o 1 " 1/n
G L) = oS Lbse) o9

foralla € Randall j = 1,2,...,n. Here and in some places
we omit to write the volume and the surface element.

Lemma 36 (see[42], second version of Koebe theorem for
analytic functions). Let B = B(a;r); let f be holomorphic
function on B, D = f(B), f(a) = b, and let the unbounded
component D, of D be not empty, and let d,, = d,,(b) =
dist(b, D). Then (a.1) rlf'(a)l < 4d; (b.1) if, in addition,
D is simply connected, then D contains the disk B(b, p) of radius
p, where p = pf(a) = rIf'(a)|/4.

The following result can be considered as a version of this
lemma for quasiregular mappings in space.

Theorem 37. Suppose that f is a K-quasiregular mapping on
the unit ball B, f(0) = 0 and |D(f)| > 1.

Then, there exists an absolute constant « such that for every
x € S there exists a point y on the half-line A , = A(0,x) =
{px : p = 0}, which belongs to f(B), such that |y| > 2a.

If f is a K-quasiconformal mapping, then there exists an
absolute constant p, such that f(B) contains B(0; p,).

For the proof of the theorem, we need also the following
result, Theorem 18.8.1 [10].
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Lemma 38. For each K > 1 there is m = m(n, K) with the
following property. Let € > 0, let G C R" be a domain, and
let F denote the family of all qr mappings with max{Ky(x, f),
Ki(x, )} <Kand f: G > R"\ {aypa,p>- >y g} Where

a; s are points in R" such that q(a;p.a;5) > € i # j. Then F
forms a normal family in G.

Now we prove Theorem 37.

Proof. If we suppose that this result is not true then there
is a sequence of positive numbers a,, which converges to
zero, and a sequence of K-quasiregular functions f,, such
that f,(B) does not intersect [a,,+00), n > 1. Next, the
functions g, = f,/a, map B into G = R" \ [1,+00) and
hence, by Lemma 38, the sequence g, is equicontinuous and
therefore forms normal family. Thus, there is a subsequence,
which we denote again by g,,, which converges uniformly
on compact subsets of B to a quasiregular function g. Since
D(g,,) converges to D(g) and |D(g,,)| = |D(f,,)|/a,, converges
to infinity, we have a contradiction by Lemma 35. O

A path-connected topological space X with a trivial fun-
damental group 7, (X) is said to be simply connected. We say
that a domain V in R’ is spatially simply connected if the fun-
damental group 7,(V) is trivial.

As an application of Theorem 37, we immediately obtain
the following result, which we call the Koebe theorem for
quasiregular mappings.

Theorem 39 (second version of Koebe theorem for K-qua-
siregular functions). Let B = B(a;r); let f be K-quasiregular
function on B ¢ R", D = f(B), f(a) = b, and let the
unbounded component D, of D° be not empty, and let d, =
d..(b) = dist(b, D). Then there exists an absolute constant c:

(a.1) rIQf(a)I <¢dy;

(a.2) if, in addition, D ¢ R® and D is spatially simply con-
nected, then D contains the disk B(b, p) of radius p,
where p = pf(a) = rIQf(a)I/E.

(A.1) Now, using Theorem 39 and Lemma 20, we will
establish the characterization of Lipschitz-type spaces for
quasiregular mappings by the average Jacobian and in par-
ticular an extension of Dyakonov’s theorem for quasiregular
mappings in space (without Dyakonov’s hypothesis that it
is a quasiregular local homeomorphism). In particular, our
approach is based on the estimate (a.3) below.

Theorem 40 (Theorem-DyMa). Let 0 < « < 1, K > 1, and
n > 2. Suppose G is a L*-extension domain in R" and f is a
K-quasiregular mapping of G onto f(G) c R". The following
are equivalent:

(i4) f € A(G),
(ii.4) | f] € A%(G),
(iii.4) IQf(r,x)I < cr“_lfor every ball B = B(x,r) c G.
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Proof. Suppose that f is a K-quasiregular mapping of G onto
f(G) c R". We first establish that for every ball B = B(x,r) C
G, one has the following:

(a.3) rIQf(r, x)| < Cwy (r, x), where Qf(r, x) = Qf’B(x).

Let [ be line throughout 0 and f(x) and denote by D,
the unbounded component of D, where D = f(B(x,r)).
Then, using a similar procedure as in the proof of Theorem 22,
the part (iii.1), one can show that there is z' € dD, , NI such
that doy (x') < |2/ = F()] = [12'] = | f (Ol where x' = £(x).

Take a point z € f_l(z'). Then z' = f(z)and |z — x| = 1.
Since || f(2)| = | f(x)l] < @, 7/ (x, 7). Then using Theorem 39,
we find (a.3).

Now we suppose (ii.4), that is, | f| € Lip(e, L; G).

Thus we have w7 (x,7) < Lr”. Hence, we get

(a.4) rIQf(r, x)| < cr®, where c = LC.

It is clear that (iii.4) is denoted here as (a.4). The implica-
tion (ii.4) = (iii.4) is thus established.

If we suppose (iii.4), then an application of Lemma 20
shows that f € loc A%(G), and since G is a L*-extension
domain, we conclude that f € A*(G). Thus (iii.4) implies
(i.4).

Finally, the implication (i.4) = (ii.4) is a clear corollary
of the triangle inequality. O

(A.2) Now we give another outline that (i.4) is equivalent to
(ii.4).
Here, we use approach as in [15]. In particular, (a.4)

implies that the condition (91) holds.
We consider two cases:

(1) d(x) < 2|x - yl;

(2) s=Ilx—-yl <dx)/2.

Then we apply Lemma 33 on G and A = B(x, 2s) in Case
(1) and Case (2), respectively.

In more detail, if | f| € L%(G), then for every ball B(x, 1) C
G, by (a.3), rIQf(x)I < ¢r*! and the condition (91) holds.
Then Lemma 33 tells us that (92) holds, with a fixed constant,
for all balls B ¢ G and all pairs of points x;,x, € B. Next,
we pick two points x, € G with |x — y| < d(x,dG) and apply
(92) with G = A, where A = B(x; |x — yl), letting x; = x and
x, = y. The resulting inequality

|f (x) = f ()| < const|x — y[* (95)

shows that f € loc A%(G), and since G is a L"-extension
domain, we conclude that f € A“(G).

The implication (ii.4) = (i.4) is thus established. The
converse being trivially true.

The consideration in (A.1) shows that (i.4) and (ii.4) are
equivalent with (a.4).

Appendices

A. Distortion of Harmonic Maps

Recall by D and T = 9D we denote the unit disc and the unit
circle respectively, and we also use notation z = re®®. For
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a function h we denote by k., i, and h; (or sometimes by
0,h, 0,.h, and 0, h) partial derivatives with respect to r, x, and
y, respectively. Let h = f + g be harmonic, where f and g
are analytic, and every complex valued harmonic function h
on simply connected set D is of this form. Then oh = f’,
o= fl+g., f = fl(2)é% and J, = |f’|2 - |g'|2. If h is
univalent, then Ig'l < If'I and therefore |h;| < If,'I + Igll and
| < 2[f"l.

After writing this paper and discussion with some col-
leagues (see Remark A.11 below), the author found out that
it is useful to add this section. For origins of this section see
also [29].

Theorem A.1. Suppose that

(a) his an euclidean univalent harmonic mapping from an
open set D which contains D into C;

(b) h(D) is a convex set in C;

(c) h(D) contains a disc B(a; R), h(0)
belongs to the boundary of h(D).

= a, and h(T)

Then
(d) [K(e?) = R/2,0 < p < 2mm.

A generalization of this result to several variables has been
communicated at Analysis Belgrade Seminar, cf. [32, 33].

Proposition A.2. Suppose that

(") h is an euclidean harmonic orientation preserving uni-
valent mapping from an open set D which contains D
into C;

(b") h(D) is a convex set in C;

(c') h(D) contains a disc B(a; R) and h(0) = a.

Then
(d") |oh(2)| = R/4, z € D.

By (d), we have
(e) |f'| >R/40onT.

Since h is an euclidean univalent harmonic mapping, f' #
0. Using (e) and applying Maximum Principle to the analytic
function f' = dh, we obtain Proposition A.2.

Proof of Theorem A.1. Without loss of generality we can sup-
pose that h(0) = 0. Let 0 < ¢ < 2m be arbitrary. Since
h(D) is a bounded convex set in C there exists T € [0, 27]
such that harmonic function u, defined by u = Re H, where
H(z) = €h(z), has a maximum on D at e'?.

Define uy(z) = u(€?®) — u(z),z € D. By the mean value
theorem, (1/271) [, uy(€”) d6 = u(e”) -~ u(0) = R.

Since Poisson kernel for D satisfies

p@O)> 1,

1+7r (A.D
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using Poisson integral representation of the function u,(z) =
u(e'?) — u(z), z € D, we obtain

(&) () 2 L (u(e) -u ),

T l+r
and hence (d). O

(A.2)

Now we derive a slight generalization of Proposition A.2.
More precisely, we show that we can drop the hypothesis (a')
and suppose weaker hypothesis (a').

Proposition A.3. Suppose that (a"') h is an euclidean har-
monic orientation preserving univalent mapping of the unit
disc onto convex domain Q. If Q contains a disc B(a; R) and
h(0) = a, then

|oh (2)| > 17:, z €D. (A3)

A proof of the proposition can be based on
Proposition A.2 and the hereditary property of convex
functions: (i) if an analytic function maps the unit disk
univalently onto a convex domain, then it also maps each
concentric subdisk onto a convex domain. It seems that we
can also use the approach as in the proof of Proposition A.7,
but an approximation argument for convex domain G, which
we outline here, is interesting in itself:

(ii) approximation of convex domain G with smooth
convex domains.

Let ¢ be conformal mapping of D onto G, ¢'(0) > 0,G,, =
¢(r,D), r,, = n/(n+1), his univalent mapping of the unit disc
onto convex domain Q and D, = h™'(G,).

(iii) Let ¢, be conformal mapping of U onto D,, ¢,,(0) = 0,
¢.(0) > 0,and h, = ho ¢, Since D, ¢ D,,; and
UD,, = D, we can apply the Carathéodory theorem; ¢,
tends to z, uniformly on compacts, whence ¢, (z) —
1 (n — ©00). By the hereditary property G,, is convex.

(iv) Since the boundary of D,, is an analytic Jordan curve,
the mapping ¢, can be continued analytically across
T, which implies that h, has a harmonic extension
across T.

Thus we have the following.

(v) h,, are harmonic on D, G,, = h,(D) are smooth convex
domains, and h,, tends to A, uniformly on compacts
subset of D.

Using (v), an application of Proposition A.2 to h,,, gives
the proof.
As a corollary of Proposition A.3 we obtain (A.4).

Proposition A.4. Let h be an euclidean harmonic orientation
preserving K-qc mapping of the unit disc D onto convex domain
Q. If Q contains a disc B(a; R) and h(0) = a, then

A @ s kR (A4)

|h(z,) -h(z)|2c |2y -2|, 212, €D. (A.5)

(1.0) In particular, f" is Lipschitz on Q.
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It is worthy to note that (A.4) holds (i.e., ' is Lipschitz)
under assumption that Q is convex (without any smoothness
hypothesis).

Example A5. f(z) = (z- 1)* is univalent on D. Since
f'(z) = 2(z — 1) it follows that f'(z) tends 0 if z tends to 1.
This example shows that we cannot drop the hypothesis that
f(D) is a convex domain in Proposition A.4.

Proof. Let ¢" = ((1 - k)/4)R. Since

|Dh(z)| <k DR (2)l, (A.6)

it follows that 1,(z) > ¢, = ((1-k)/4)R and therefore |h(z,) -
h(z,)| 2c'|zz—zll. O

Hall, see [43, pages 66-68], proved the following.

Lemma A.6 (Hall Lemma). For all harmonic univalent map-
pings f of the unit disk onto itself with f(0) = 0,
27

2 2
o[ + 0] > ¢ =
where a, = Df(0), b, = Df(0), and ¢, = 27/4n* = 0.6839. ...

Set 7, = /G, = 3V3/2m. Now we derive a slight gener-
alization of Proposition A.3. More precisely, we show that we
can drop the hypothesis that the image of the unit disc is
convex.

Proposition A.7. Let h be an euclidean harmonic orientation
preserving univalent mapping of the unit disc into C such that
f(D) contains a disc By = B(a; R) and h(0) = a.

(i.1) Then

19k (0)] = —. (A.8)

|

(i.2) The constant 1/4 in inequality (A.8) can be replaced
with sharp constant T, = 3+/3/2/2m.

(.3) Ifin addition h is K-qc mapping and k = (K - 1)/(K +
1), then

T, (1 -k)
itk

Proof. Let0 < r < RandV =V, = h”'(B,) and let ¢ be a
conformal mapping of the unit disc D onto V such that ¢(0) =
0 and let h, = h o ¢. By Schwarz lemma

1, (0) > R (A.9)

o’ (0)] < 1. (A.10)

The function A, has continuous partial derivatives on D. Since
0h,(0) = ah(O)(p'(O), by Proposition A.3, we get |0h,(0)| =
[0h(0)||¢'(0)| = r/4. Hence, using (A.10) we find [0h(0)| >
r/4 and if r tends to R, we get (A.8).

(i2) If ry = max{|z| : z € Vy} and g, = 1/r,, then

(vi) [0, (0)] < [3(0)].
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Hence, by the Hall lemma, 2|a1|2 > Iall2 + Ibll2 > ¢ and
therefore

(vii) |a,| = 7;, where 7, = 3+/3/2/27. Combining (vi)
and (vii), we prove (i2).

(i3) If h = f + g, where f and g are analytic, then A,(z) =
If'@)| - 19'(2)l and A, (2) = | f'(2)| - 14" (2)] = (1 -
k)|f’(z)|. Set a, = Dh(0) and b, = Dh(0). By the Hall
sharp form |01|2 + |b1|2 > cOR2 we get |a1|2(1 +Kk) >
cORZ, then |a,| > R(r,/ V1 + k?) and therefore (A.9).

O

Also as a corollary of Proposition A.3 we obtain the fol-
lowing.

Proposition A.8 (see [27, 44]). Let h be an euclidean har-
monic diffeomorphism of the unit disc onto convex domain Q.
If Q contains a disc B(a; R) and h(0) = a, then

e(h) (z) > 1—16R2, zeD, (A1)

where e(h)(z) = |0h(z)|* + Iéh(z)lz.

The following example shows that Theorem A.1and Prop-
ositions A.2, A.3, A.4, A.7, and A.8 are not true if we omit the
condition h(0) = a.

Example A.9. The mapping
z-b

ng (Z) =

bl < 1,
1-bz

(A.12)

is a conformal automorphism of the unit disc onto itself and

1-|b?
|1 —Ez'z’

|(P1,, (Z)' = z € D. (A.13)

In particular ¢ (0) = 1 - |b|*.

Heinz proved (see [45]); that if & is a harmonic diffeomor-
phism of the unit disc onto itself such that 4#(0) = 0, then
1
e(h)(z2) 2 —, zeD. (A.14)
U

Using Proposition A.3 we can prove another Heinz the-
orem.

Theorem A.10 (Heinz). There exists no euclidean harmonic
diffeomorphism from the unit disc D onto C.

Note that this result was a key step in his proof of the
Bernstein theorem for minimal surfaces in R,

Remark A.11. Professor Kalaj turned my attention to the fact
that in Proposition 12, the constant 1/4 can be replaced with
sharp constant 7, = 3+/3/2/27 which is approximately
0.584773.
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Thus Hall asserts the sharp form Iall2 + |b1|2 > ¢ =
27/47%, where G = 27/47* = 0.6839... and therefore if
b, = 0, then |a,| > 7,, where 7, = /¢, = 3V/3/27.

If we combine Hall’s sharp form with the Schwarz lemma
for harmonic mappings, we conclude that if g, is real, then
3V3/2m <a, < 1.

Concerning general codomains, the author, using Hall’s
sharp result, communicated around 1990 at Seminar Uni-
versity of Belgrade a proof of Corollary 16 and a version of
Proposition 13; cf. [32, 33].

A.1. Characterization of Harmonic qc Mappings (See [25]). By
x we denote restriction of h on R. If h € HQC,(H), it is
well-known that y : R — R is a homeomorphism and
Re h = P[x]. Now we give characterizations of h € HQC(H)
in terms of its boundary value y.

Suppose that 4 is an orientation preserving diffeomor-
phism of H onto itself, continuous on HUR such that h(co) =
00, and y the is restriction of h on R. Recall i1 € HQC,(H) if
and only if there is analytic function ¢ : H — II* such that
¢(H) is relatively compact subset of IT* and X'(x) =Re ¢ (x)
a.e.

We give similar characterizations in the case of the unit
disk and for smooth domains (see below).

Theorem A.12. Let v be a continuous increasing function on
R such that y(t + 27) — w(t) = 27, y(t) = €Y and h = P[y].
Then h is qc if and only if the following hold:

(1) ess inft//' > 0;

(2) there is analytic function ¢ : D — TI" such that
@(U) is relatively compact subset of " and v'(x) =
Re¢* (') ae.

In the setting of this theorem we write i = h?. The reader
can use the above characterization and functions of the form
¢(z) = 2 + M(z), where M is an inner function, to produce
examples of HQC mappings h = h? of the unit disk onto itself
so the partial derivatives of & have no continuous extension
to certain points on the unit circle. In particular we can take
M(z) = exp((z+1)/(z—1)); for the subject of this subsections
cf. [25, 28] and references cited therein.

Remark A.13. Because of lack of space in this paper we could
not consider some basic concepts related to the subject and
in particular further distortion properties of qc maps as
Gehring and Osgood inequality [12]. For an application of
this inequality, see [25, 28].

B. Quasi-Regular Mappings

(A) The theory of holomorphic functions of one complex
variable is the central object of study in complex analysis. It is
one of the most beautiful and most useful parts of the whole
mathematics.

Holomorphic functions are also sometimes referred to as
analytic functions, regular functions, complex differentiable
functions or conformal maps.
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This theory deals only with maps between two-dimen-
sional spaces (Riemann surfaces).

For a function which has a domain and range in the com-
plex plane and which preserves angles, we call a conformal
map. The theory of functions of several complex variables
has a different character, mainly because analytic functions
of several variables are not conformal.

Conformal maps can be defined between Euclidean
spaces of arbitrary dimension, but when the dimension is
greater than 2, this class of maps is very small. A theorem of
J. Liouville states that it consists of Mobius transformations
only; relaxing the smoothness assumptions does not help, as
proved by Reshetnyak. This suggests the search of a gener-
alization of the property of conformality which would give a
rich and interesting class of maps in higher dimension.

The general trend of the geometric function theory in R"
is to generalize certain aspects of the analytic functions of one
complex variable. The category of mappings that one usu-
ally considers in higher dimensions is the mappings with
finite distortion, thus, in particular, quasiconformal and qua-
siregular mappings.

For the dimensionsn = 2 and K = 1, the class of K-quasi-
regular mappings agrees with that of the complex-analytic
functions. Injective quasi-regular mappings in dimensions
n > 2 are called quasiconformal. If G is a domain in R",
n > 2, we say that a mapping f : G — R” is discrete if
the preimage of a point is discrete in the domain G. Planar
quasiregular mappings are discrete and open (a fact usually
proved via Stoilow’s Theorem).

Theorem A (Stoilow’s Theorem). Forn =2 and K > 1, a K-
quasi-regular mapping f : G — R? can be represented in the
form f = ¢ o g, where g : G — G' is a K-quasi-conformal
homeomorphism and ¢ is an analytic function on G'.

There is no such representation in dimensions #» > 3 in
general, but there is representation of Stoilow’s type for qua-
siregular mappings f of the Riemann n-sphere S" = R, cf.
[46].

Every quasiregular map f: S” — S”" has a factorization
f =¢og whereg : S — S"is quasiconformal and ¢ :
S" — S"is uniformly quasiregular.

Gehring-Lehto Lemma: let f be a complex, continuous,
and open mapping of a plane domain Q which has finite par-
tial derivatives a.e. in Q. Then f is differentiable a.e. in Q.

Let U be an open set in R", and let f : U — R™ be a
mapping. Set

If f is differentiable at x, then L(x, f) = | f '(x)|. The theorem
of Rademacher-Stepanov states that if L(x, f) < co a.e., then
f is differentiable a.e.

Note that Gehring-Lehto Lemma is used in dimension
n = 2 and Rademacher-Stepanov theorem to show the fol-
lowing.

For all dimensions, n > 2, a quasiconformal mapping f :
G — R”, where G is a domain in R", is differentiable a.e. in
G.

L(x, f) =limsu
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Therefore the set S, of those points where it is not dif-
ferentiable has Lebesgue measure zero. Of course, Sy may be
nonempty in general and the behaviour of the mapping may
be very interesting at the points of this set. Thus, there is a
substantial difference between the two cases K > 1 and K =
1. This indicates that the higher dimensions theory of quasi-
regular mappings is essentially different from the theory in
the complex plane. There are several reasons for this:

(a) there are neither general representation theorems of
Stoilow’s type nor counterparts of power series expan-
sions in higher dimensions;

(b) the usual methods of function theory based on Cau-
chy’s Formula, Morera’s Theorem, Residue Theorem,
The Residue Calculus and Consequences, Laurent
Series, Schwarz’s Lemma, Automorphisms of the Unit
Disc, Riemann Mapping Theorem, and so forth, are
not applicable in the higher-dimensional theory;

(¢) in the plane case the class of conformal mappings is
very rich, while in higher dimensions it is very small
(J. Liouville proved that for n > 3 and K = 1, sufhi-
ciently smooth quasiconformal mappings are restric-
tions of Mobius transformations);

(d) for dimensions n > 3 the branch set (i.e., the set
of those points at which the mapping fails to be a
local homeomorphism) is more complicated than in
the two-dimensional case; for instance, it does not
contain isolated points.

Injective quasiregular maps are called quasiconformal.
Using the interaction between different coordinate systems,
for example, spherical coordinates (p,0,¢) € R, x [0,2m) X
[0, 7] and cylindrical coordinates (r, 8, t), one can construct
certain qc maps.

Define f by (p,0,¢) — (¢,0,1n p). Then f maps the cone
C(pg) = {(p,0,¢) : 0 < ¢ < ¢} for 0 < ¢, < 7 onto
the infinite cylinder {(r,0,t) : 0 < r < ¢,}. We leave it to
the reader as an exercise to check that the linear distortion H
depends only on ¢ and that H(p, 0, ¢) = ¢/ sin ¢ < ¢/ sin ¢h,.

For ¢, = /2 we obtain a qc map of the half-space onto
the cylinder with the linear distortion bounded by 7/2.

Since the half space and ball are conformally equivalent,
we find that there is a qc map of the unit ball onto the infinite
cylinder with the linear distortion bounded by /2.

A simple example of noninjective quasiregular map f is
given in cylindrical coordinates in 3-space by the formula
(r,0,z) — (r,20,z). This map is two-to-one and it is quasi-
regular on any bounded domain in R® whose closure does
not intersect the z-axis. The Jacobian J(f) is different from 0
except on the z-axis, and it is smooth everywhere except on
the z-axis.

SetS, = {(x,1,2) : X’ +y*+2° =1, z > 0} and H =
{(x,y,2) : z = 0}. The Zorich map Z : R> - R*\{0}isa
quasiregular analogue of the exponential function. It can be
defined as follows.

(1) Choose a bi-Lipschitz map h : [-7/2, n/2)? — S,-
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(2) Define Z : [-7/2,7/2]> x R — H> by Z(x, y,2) =
e“h(x, y).

(3) Extend Z to all of R’ by repeatedly reflecting in
planes.

Quasiregular maps of R” which generalize the sine and cosine
functions have been constructed by Drasin, by Mayer, and by
Bergweiler and Eremenko, see in Fletcher and Nicks paper
[47].

(B) There are some new phenomena concerning quasireg-
ular maps which are local homeomorphisms in dimensions
n > 3. A remarkable fact is that all smooth quasiregular
maps are local homeomorphisms. Even more remarkable is
the following result of Zorich [48].

Theorem B.1. Every quasiregular local homeomorphism
R" — R", wheren > 3, is a homeomorphism.

The result was conjectured by M. A. Lavrentev in 1938.
The exponential function exp shows that there is no such
result for n = 2. Zorich’s theorem was generalized by Martio
etal, cf. [49] (for a proof see also, e.g., [35, Chapter III, Section
3)).

Theorem B.2. There is a number r = r(n,K) (which one
calls the injectivity radius) such that every K-quasiregular local
homeomorphism g : B — R" of the unit ball B c R" is
actually homeomorphic on B(0; 7).

An immediate corollary of this is Zorich’s result.

This explains why in the definition of quasiregular maps
it is not reasonable to restrict oneself to smooth maps: all
smooth quasiregular maps of R" to itself are quasiconformal.

In each dimension n > 3 there is a positive number ¢,
such that every nonconstant quasiregular mapping f: D —
R™ whose distortion function satisfies K, 5(x, f) < 1 + ¢, for
some 1 < «, § < n—1islocally injective.

(C) Despite the differences between the two theories
described in parts (A) and (B), many theorems about geo-
metric properties of holomorphic functions of one complex
variable have been extended to quasiregular maps. These
extensions are usually highly nontrivial.

(e) In a pioneering series of papers, Reshetnyak proved
in 1966-1969 that these mappings share the fun-
damental topological properties of complex-analytic
functions: nonconstant quasi-regular mappings are
discrete, open, and sense-preserving, cf. [50]. Here we
state only the following.

Open Mapping Theorem. If D is open in R" and f is a noncon-
stant qr function from D to R", we have that f(D) is open set.
(Note that this does not hold for real analytic functions).

An immediate consequence of the open mapping theo-
rem is the maximum modulus principle. It states that if f is
qr in a domain D and | f| achieves its maximum on D, then
f is constant. This is clear. Namely, if a € D then the open
mapping theorem says that f(a) is an interior point of f(D)
and hence there is a point in D with larger modulus.
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(f) Reshetnyak also proved important convergence the-
orems for these mappings and several analytic prop-
erties: they preserve sets of zero Lebesgue-measure,
are differentiable almost everywhere, and are Holder
continuous. The Reshetnyak theory (which uses the
phrase mapping with bounded distortion for “quasi-
regular mapping”) makes use of Sobolev spaces,
potential theory, partial differential equations, cal-
culus of variations, and differential geometry. Those
mappings solve important first-order systems of PDEs
analogous in many respects to the Cauchy-Riemann
equation. The solutions of these systems can be
viewed as “absolute” minimizers of certain energy
functionals.

(g) We have mentioned that all pure topological results
about analytic functions (such as the Maximum Mod-
ulus Principle and Rouché’s theorem) extend to qua-
siregular maps. Perhaps the most famous result of this
sort is the extension of Picard’s theorem which is due
to Rickman, cf. [35]:

A K-quasiregular map R” — R" can omitat most a finite
set.

When n = 2, this omitted set can contain at most two
points (this is a simple extension of Picard’s theorem). But
when n > 2, the omitted set can contain more than two
points, and its cardinality can be estimated from above in
terms of n and K. There is an integer g = g(n, K) such that
every K-qr mapping f: R" — R\ {a,,a,,..., a,}, where a;
are disjoint, is constant. It was conjectured for a while that
q(n,K) = 2. Rickman gave a highly nontrivial example to
show that it is not the case: for every positive integer p there
exists a nonconstant K-qr mapping f: R® — R? omitting p
points.

(h) It turns out that these mappings have many properties
similar to those of plane quasiconformal mappings.
On the other hand, there are also striking differences.
Probably the most important of these is that there
exists no analogue of the Riemann mapping theorem
when »n > 2. This fact gives rise to the following two
problems. Given a domain D in Euclidean n-space,
does there exist a quasiconformal homeomorphism
f of D onto the n-dimensional unit ball B"? Next, if
such a homeomorphism f exists, how small can the
dilatation of f be?

Complete answers to these questions are known when n =
2. For a plane domain D can be mapped quasiconformally
onto the unit disk B if and only if D is simply connected
and has at least two boundary points. The Riemann mapping
theorem then shows that if D satisfies these conditions,
there exists a conformal homeomorphism f of D onto D.
The situation is very much more complicated in higher
dimensions, and the Gehring-Viisild paper [51] is devoted to
the study of these two questions in the case where n = 3.

(D) We close this subsection with short review of Dya-
konov’s approach [15].

The main result of Dyakonov’s papers [6] (published in
Acta Math.) is as follows.
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Theorem B. Lipschitz-type properties are inherited from its
modulus by analytic functions.

A simple proof of this result was also published in Acta
Math. by Pavlovi¢, cf. [52].

(D1) In this item we shortly discuss the Lipschitz-type
properties for harmonic functions. The set of har-
monic functions on a given open set U can be seen as
the kernel of the Laplace operator A and is therefore
a vector space over R: sums, differences, and scalar
multiples of harmonic functions are again harmonic.
In several ways, the harmonic functions are real
analogues to holomorphic functions. All harmonic
functions are real analytic; that is, they can be locally
expressed as power series, they satisfy the mean value
theorem, there is Liouville’s type theorem for them,
and so forth.

Harmonic quasiregular (briefly, hqr) mappings in the
plane were studied first by Martio in [53]; for a review of this
subject and further results, see [25, 54] and the references
cited there. The subject has grown to include study of hqr
maps in higher dimensions, which can be considered as a
natural generalization of analytic function in plane and good
candidate for a generalization of Theorem B.

For example, Chen et al. [19] and the author [55] have
shown that Lipschitz-type properties are inherited from its
modulo for K-quasiregular and harmonic mappings in planar
case. These classes include analytic functions in planar case,
so this result is a generalization of Theorem A.

(D2) Quasiregular mappings. Dyakonov [15] made further
important step and roughly speaking showed that
Lipschitz-type properties are inherited from its mod-
ulus by qc mappings (see two next results).

Theorem B.3 (Theorem Dy, see [15, Theorem 4]). Let 0 <
a < 1, K > 1,andn > 2. Suppose G is a A*-extension
domain in R" and f is a K-quasiconformal mapping of G onto
f(G) c R". Then the following conditions are equivalent:

(i5) f € A*(G);
(ii.5) |f] € A%G).

If, in addition, G is a uniform domain and if & < oy = af =
KYO then (i.5) and (ii.5) are equivalent to

(iii.5) | f| € A%(G, 9G).

An example in Section 2 [15] shows that the assumption
a < o = af = K’ cannot be dropped. For n > 3,
we have the following generalization—but also a consequence
of Theorem B.3 dealing with quasiregular mappings that are
local homeomorphisms (i.e., have no branching points).

Theorem B.4 (see [15, Proposition 3]). Let0 <a <1, K > 1,
and n > 3. Suppose G is a A*-extension domain in R" and f
is a K-quasiregular locally injective mapping of G onto f(G) c
R". Then f € A“(G) if and only if | f| € A“(G).
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We remark that a quasiregular mapping f in dimension
n > 3 will be locally injective (or, equivalently, locally
homeomorphic) if the dilatation K(f) is sufficiently close
to 1. For more sophisticated local injectivity criteria, see the
literature cited in [10, 15].

Here we only outline how to reduce the proof of
Theorem B.4 to qc case.

It is known that, by Theorem B.2, for given n > 3 and
K > 1, there is a number r = r(n, K) such that every K-
quasiregular local homeomorphism g : B — R” of the unit
ball B ¢ R" is actually homeomorphic on B(0; 7). Applying
this to the mappings g, (w) = f(x+d(x)w), w € B, where x €
G and d(x) = d(x,0G), we see that f is homeomorphic (and
hence quasiconformal) on each ball B, (x) := B(0; rd(x)). The
constant r = r(n,K) € (0,1), coming from the preceding
statement, depends on n and K = K(f), but not on x.

Note also the following.

(i0) Define mf(x, r) = min{lf(x') - f()l: Ix' = x| =1}
and Mf(x, r) = max{lf(x') - fx)l : Ix' = x| = r}. We
can express the distortion property of qc mappings in the
following useful form.

Proposition A. Suppose that G is a domain in R" and f :
G — R"is K-quasiconformal and G' = f(G). There is a
constant ¢ such that Mf(x, r) < cmf(x, r) forx € Gandr =
d(x)/2. This form shows in an explicit way that the maximal
dilatation of a qc mapping is controlled by minimal and it is
convenient for some applications. For example, Proposition A
also yields a simple proof of Theorem B.3.

Recall the following. (i) Roughly speaking, quasiconformal
and quasiregular mappings in R", n > 3, are natural gener-
alizations of conformal and analytic functions of one complex
variable.

(i2) Dyakonov’s proof of Theorem 6.4 in [15] (as we have
indicated above) is reduced to quasiconformal case, but it seems
likely that he wanted to consider whether the theorem holds
more generally for quasiregular mappings.

(i3) Quasiregular mappings are much more general than
quasiconformal mappings and in particular analytic functions.

(E) Taking into account the above discussion it is natural
to explore the following research problem.

Question A. Is it possible to drop local homeomorphism
hypothesis in Theorem B.4?

It seems that using the approach from [15], we cannot
solve this problem and that we need new techniques.

(i4) However, we establish the second version of Koebe
theorem for K-quasiregular functions, Theorem 39, and the
characterization of Lipschitz-type spaces for quasiregular
mappings by the average Jacobian, Theorem 40. Using these
theorems, we give a positive solution to Question A.
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Let f(x) be a smooth strictly convex solution of det(d* f /0x;0x;) = exp {(1/2) Y., x;(0f /0x;) — f} defined on a domain Q ¢ R";
then the graph My of Vf is a space-like self-shrinker of mean curvature flow in Pseudo-Euclidean space R>* with the indefinite
metric ) dx;dy;. In this paper, we prove a Bernstein theorem for complete self-shrinkers. As a corollary, we obtain if the Lagrangian
graph My, is complete in R and passes through the origin then it is flat.

1. Introduction

Let M be an n-dimensional submanifold immersed into
the Euclidean space R™"™. Mean curvature flow is a one-
parameter family X, = X(.t) of immersions X, : M —
R"™™ with corresponding images M, = X,(M) such that

d
aX(x,t):H(x,t), x € M, 0
X (x,0) = X (x)

is satisfied, where H(x,t) is the mean curvature vector of
M, at X(x,t) in R™™. Self-similar solutions to the mean
curvature flow play an important role in understanding the
behavior of the flow and the types of singularities. They satisfy
a system of quasilinear elliptic PDE of the second order as
follows:

1

=X 2)

2
where (-+-)* stands for the orthogonal projection into the
normal bundle NM.

Self-shrinkers in the ambient Euclidean space have been
studied by many authors; for example, see [1-6] and so forth.
For recent progress and related results, see the introduction
in [7]. When the ambient space is a pseudo-Euclidean space,
there are many classification works about self-shrinkers; for

example, see [8-13] and so forth. But very little is known
when self-shrinkers are complete not compact with respect
to induced metric from pseudo-Euclidean space. In this
paper, we will characterize self-shrinkers for Lagrangian
mean curvature flow in the pseudo-Euclidean space from this
aspect.

Let (xy,...,%,5 ¥1>--.>¥,) be null coordinates in 2n-
dimensional pseudo-Euclidean space R2". Then, the indef-
inite metric (cf. [14]) is defined by ds* = Y1 dxdy;.
Suppose f(x) is a smooth strictly convex function defined
on domain Q0 ¢ R". The graph My, of Vf can be written as
(x15...>%,50f/0xy,...,0f/0x,). Then, the induced Rieman-
nian metric on My is given by

n aZf
G =
;axiaxj

In particular, if function f satisfies

o f B v Of
det(@xiaxj) = exp <|5le6—)€1 - } , (4)

i=1

dx;dx;. (3)

then the graph My, of Vf is a space-like self-shrinking

solution for mean curvature flow in Rfl”.
Huang and Wang [12] and Chau et al. [8] have used
different methods to investigate the entire solutions to the
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above equation and showed that an entire smooth strictly
convex solution to (4) in R” is the quadratic polynomial
under the decay condition on Hessian of f. Later Ding and
Xin in [10] improve the previous ones in [8, 12] by removing
the additional assumption and prove the following.

Theorem 1. Any space-like entire graphic self-shrinking solu-
tion to Lagrangian mean curvature flow in R with the
indefinite metric Y ; dx;dy; is flat.

These rigidity results assume that the self-shrinker graphs
are entire. Namely, they are Euclidean complete. Here, we will
characterize the rigidity of self-shrinker graphs from another
completeness and pose the following problem.

If a graphic self-shrinker is complete with respect to
induced metric from ambient space R, then is it flat?

In this paper, we will use affine technique (see [15-18]) to
prove the following Bernstein theorem. As a corollary, it gives
a partial affirmative answer to the above problem.

Theorem 2. Let f(x) be a C™ strictly convex function defined
on a convex domain Q € R" satisfying the PDE (4). If there
is a positive constant o depending only on n such that the
hypersurface M = {(x, f(x))} in R™" is complete with respect
to the metric

o f
_exp{ D Xime }Z axiaxjdx,»dxj, ()

then f is the quadratic polynomial.

Remark 3. If f(x)is a strictly convex solution to (4), then the
graph {(x, Vf/2na)} is a minimal manifold in Rﬁ" endowed
with the conformal metric ds® = exp{-ax - y}dx - dy.

As a direct application of Theorem 2, we have the follow-
ing.

Corollary 4. Let f be a strictly convex C*™-function defined
on a convex domain Q ¢ R™. If the graph My, = {(x, Vf (x))}

inR2" is a complete space-like self-shrinker for mean curvature
flow and the sum }, x;(0f /0x;) has a lower bound, then My,
is flat.

When the shrinker passes through the origin especially,
we have the following corollary.

Corollary 5. If the graph Mgy = {(x, Vf(x))} in Rfl” is a
complete space-like self-shrinker for mean curvature flow and
passes through the origin, then Myy is flat.

2. Preliminaries

Let f(x,,...,x,) beastrictly convex C*°-function defined on

a domain Q) ¢ R". Consider the graph hypersurface
M ={(x, f (X)) | xpp1 = f (X155 %), (%155 %,) € Q(})
6
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For M, we choose the canonical relative normalization Y =
(0,0,...,1). Then, in terms of the language of the relative
affine differential geometry, the Calabi metric

G= Zf,-jdx,-dxj (7)

is the relative metric with respect to the normalization Y. For
the position vector y = (x;,...,x,, f(x;,...,x,)), we have

k
Yii = ZAijyk+ﬁjK (8)
where 7 denotes the covariant derivative with respect to the
Calabi metric G. We recall some fundamental formulas for

the graph M; for details, see [19]. The Levi-Civita connection
with respect to the metric G has the Christoffel symbols

1
= 3 2 ©

The Fubini-Pick tensor A ;. satisfies

1
e (10)

Consequently, for the relative Pick invariant, we have

—; il pjm ckn
/= dn(n-1) 2L i Fomn (11)

The Gauss integrability conditions and the Codazzi equations
read

h
Rijy = Z Vi (AjkmAhil - AikmAhjl) , (12)
Ajjkr = Ajji k- (13)

From (12), we get the Ricci tensor

h lj
Ry = Z ™f (AimlAhjk - AimkAhlj) . (14)
Introduce the Legendre transformation of f
of
==, i=12,...,n,
3 o,
(15)

u(&,....&,) = ixi% - f(x).

Define the functions

82f —1/(n+2) azu 1/(n+2)
o)) ()]

O = Zfij(lnp)i(lnp)j - "Vpill ’

(16)

here and later the norm || - || is defined with respect to the
Calabi metric. From the PDE (4), we obtain

1
2(n+2)

Olnp
ox

(f-u), = {fi —xfua. 7)

Y n+2)

i
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That is,
xi=y f5(fi—2(m+2)(Inp),). (18)
Using (17) and (18), we can get
Put7:=(1/2)Y f"f(p,./p) f;- From (19), we have
Ap = -gw +1p. (20)
By (17), we get
4+ 270 = |Vul® + |[VF - 2(f +u), @D
and then
IV(f + )| = 4(n +2)°® + 4 (f +u). (22)
Using (17) yields
A(f +u)=2n+(n+2)>0. (23)

Define a conformal Riemannian metric G := expl{a(f +u)}G,
where « is a constant.

Conformal Ricci Curvature. Denote by R the Ricci curvature

with respect to the metric G; then

n-2)a

~ (n- 2) o?
R;jj = R;; - T(f + “),ij

——(fru)(f+u);

n-2)a*

B=D 45 (14w )

(24)

—%(ocA(f+u)+

«»

where 7 again denotes the covariant derivation with respect
to the Calabi metric.

Using the above formulas, we can get the following crucial
estimates.

Proposition 6. Let f(x,,...,x,) be a C™ strictly convex
function satisfying PDE (4). Then, the following estimate holds:

2
A®2A1(V®,Vlnp)+i(v(eru))Vq»_AzIIVCDII
+A;0° + O,
(25)
where
_ _6i-n+16 __ 3 +3m
-1 Gn+ 4y 2T 8(-1)(Bn+4)
26)

64n° — 72n* — 46n - 72
5nin—1)(3Bn+4)

Ay =

Because its calculation is standard as in [16], we will give
its proof in the appendix.

For affine hyperspheres, Calabi in [20] calculated the
Laplacian of the Pick invariant J. Later, for a general convex
function, Li and Xu proved the following lemma in [17].

Lemma 7. The Laplacian of the relative Pick invariant |
satisfies

n+2 i rim ckn
A] = n(n Zflf] fk Al]k(lnp)lmn
, (n+2)" (27)
2 2 I+ 2
+n(n—1)”VA" +2] 1 o7,

(2

where 7 denotes the covariant derivative with respect to the
Calabi metric.

Using Lemma 7, we get the following corollary. For the
proof, see the appendix.

Corollary 8. Let f(x,,...,x,) be a C* strictly convex func-
tion satisfying PDE (4); then

AJ = J* =20(n +2)°®% + = (V] V(f+u))
(28)
+]=\nmn-1)|V(f+u)| 732,
3. Proof of Theorem 2
It is our aim to prove @ = 0; thus, from definition of p,
det (fl]) = const. (29)

everywhere on M. As in [8], by Euler homogeneous theorem,
we get Theorem 2.

Denote by s(p,, p) the geodesic distance function from
Po € M with respect to the metric G. For any positive number
a, let B,(py, G) := {p € M | s(py, p) < a}. Denote

o = max {(a2 - 52)2 exp {—a (f +u)} Q)} ,

B,(p0.G)

@ = max {(@ - ) exp -a(f +) 1]

(30)

Lemma 9. Let f be a strictly convex C®-function satisfying
the PDE (4). Then, there exist positive constants « and C,
depending only on n, such that

dSC(a2+a3). (31)

Proof. Step 1. We will prove that there exists a constant C
depending only on 7 such that

dSC(%1/2a+a2+a3). (32)
To this end, consider the function

F:=(a’- 32)2 exp{-a(f +u)}® (33)



defined on B,(p,, G), where « is a positive constant to be
determined later. Obviously, F attains its supremum at some
interior point p*. We may assume that s*isa C*-function in a
neighborhood of p*. Choose an orthonormal frame field on
M around p* with respect to the Calabi metric G. Then, at

P

4ss;
—a(fru), - =5 =0, (34)
2 2
%_ Z(g)zl) e (f +u) - 12a exlzn{(ng;u)}
(a* - s?) (35)
4sA
_as ;SO

«»

where 7 denotes the covariant derivative with respect to the
Calabi metric G as before, and we used the fact ||VS||é =
exp{a(f + u)}. Inserting Proposition 6 into (35), we get

2
@;
(4 2) ( ) + A0+ (f “ig
+A18’%+1_ a(2n+(n+2)0) (36)
~ 124° exp {a(f +u)} _ 4sAs
(02—52)2 at—s2 =

Combining (34) with (36) and using the Schwarz inequality,
we have

1 D;
i2Uriig
po2dewlals v

1
_SaZ[(f+u)l & (@ )

Z (D Pl A3 Az (Dz
4 1A o
@) (. 2 e epla(f +u)
02 2|« Z[(f+u)z] + 16#
(37)
Choose o small enough such that
A2
2(1+A2+—1)oc<L a(n+2)* < =3,
A, 16 4 (38)
100na < 1.
Then, by substituting the three estimates above, we get
A 2
So+ ioc(f+u)2.—exp{oc(f+u)}C—az
2 16 ! (a? - 5?)
(39)
4sAs
Taoe =

Abstract and Applied Analysis

here and later C denotes positive constant depending only on
n.

Denote a* = s(p,, p*). If a* = 0, from (39), it is easy to
complete the proof of the lemma. In the following, we assume
thata® > 0. Now, we calculate the term 4sAs/(a” — s%). Firstly,
we will give a lower bound of the Ricci curvature Ric(M, G).
Assume that

e {exp {~a(f +u)} @} = exp {~a (f +u)} @ (p),

—a(f+u)}T(a)-
(40)

max_{exp {-a(f + W} ]} = exp|
B+ (po,G)

For any p € B,.(py, G), by a coordinate transformation,

1ij(p) = 8;; and R;;(p) = 0 hold for i # j. Then, at p,
(n+2)2
P2 (me11+(n+2)2fmlza In ) 16 @,
2
“Df 1),

(n-2) 1

=L 2 - (2_Efiik(f+u)k)

s(n—Z)(x+M||V(f+u)|| +CJ.

(41)

Then, using the Schwarz inequality and (22)-(24), we know
that at the point p

Ric (M, G)
> —exp {~a(f +u)}

x{CO+CJ+a[3(n-2)a(f+u)+2(n-1)]}G.

(42)
If3(n - 2)a(f +u) +2(n—1) < 0, then

—a(f+u)la3(n-2)a(f+u)+2(n-1)]>0.
(43)

—exp

Otherwise,

exp{-a(f+u)la3(n-2)a(f+u)+2(n-1)] <C.

(44)

Then, the Ricci curvature Ric(M, G) on B, (po> G) isbounded
from below by

Ric (M, G)

> — J q)+ G.
: C<exp{ G D" apla(rrw) @ I)G

(45)
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By the Laplacian comparison theorem, we get

sAs

- S

2

A -2 S(f+u)i$’,-
- exp fa(f +u)) 25, - BETT T

Lo plalf ) ()

x (Jexp {-a(f +u)} @ (p)
#exp{-a(f +w} @) +1)s
@ e fa(f +u)

(@@=

(46)

+f‘—6(f+u)§+C

where A denotes the Laplacian with respect to the metric G.
Substituting (46) into (39) yields

—a(f+u)l®

[0 —
Sac<\/e><p{oc(f+u)} (?)

+\/—exp {a (f n u)} (q) + 1> (a2 - 52),

Ca?

exp {

, @)

Note that
o2 [(a=5) expl-a(f +u)} @] (p)
> (= 5") (p") exp {-a(f + )} (B) @ ()
Bz [(*-5) expl-a(f+u)}7] (@
> (=) (p) exp e (f +w)} (@) ] @)

Multiplying by (@® - 9 p"), at both sides of (47), yields

(48)

o <Ca(d"?+B")+C(a"+a). (49)
Using the Schwarz inequality, we complete Step 1.

Step 2. We will prove that there is a constant C depending only
on n such that

%SC(d+a2+a4). (50)
Consider

H=(a"- 52)2 exp{-a(f+u)}J (51)

defined on B,(p,, G), where « is the constant in (38).
Obviously, H attains its supremum at some interior point g*.
Choose an orthonormal frame field on M around g* with
respect to the Calabi metric G. Then, at ",

]’i 4ss;
7_“(f+u)’i_—a2—sz =0, (52)
N LU (e 2ol 4 )
T U (@ - s2)’
(53)
4sAs

>

where 7 denotes the covariant derivative with respect to the
Calabi metric G as before. Inserting Corollary 8 into (53), we
get

2
J-200+ 2 4 1 Z Z(f+ —Z(,]z’i)
—a(2n+ (n+ 2)2q>) — V=D |V(f+uw)| " (54)
12a’exp{a(f+u)}  4sAs
_ - <0.
(a? - 52)2 a? - s?

Applying the Schwarz inequality, we have

RIS (TR cewlalf +u)}

(a2 - s2)*
Z(],2) § 0622[(f+”),i]2 32a” exp {a (f +u)}
J (@ - 52’

V(=1 [V (f +u)] ]

Z+4n(n—1)((”+2)2®+(f+u))'

>

~

(55)

Inserting these estimates into (54) yields

3 o°
Z}—20(n+2)87—cc1>+ .

—6Z(f+u),2,-

45As

) (56)
e fa(f +w)
(@<
here and later C denotes different positive constants depend-
ing only on n.
We discuss two subcases.

-C(f+u)- <0,

Case 1. If
J * O] *
(q°) < @), 67
exp {or (f +u)} exp {o (f +u)}
then % < /. In this case, Step 2 is complete.
Case 2. Now, assume that
J .
( @) 8

expla(frw) 177 expla (f+u)}



Then, 1 > (®/])(g"). Thus,

_] CO + 162[(f+”),i]2—c%(j)+u)}
(59)
C(f+u)- 4S_A; <0.

The rest of the estimate is almost the same as in Step 1. The
only difference is to deal with the term ( f+u). If (f+u)(q") <
0, then —C(f + u)(g*) > 0. We can drop this term.
Otherwise, exp{—a(f + u)}(f + u) has a uniform upper
bound.
Using the same method as in Step 1, we can estimate the
term 4sAs/(a® — s%) and finally get

%SC(d+a2+a4). (60)

Then, combining the conclusion of Step 1, we get
d<C(a+a’). (61)
This completes the proof of Lemma 9. O

Proof of Theorem 2. For any point g € M, choose sufficient
large constant R, such that g € By (py, G). Then, for all a >
Ry, g € B,(p,). Using Lemma 9, we know

C(n) (a2 + a3)

exp {-a(f +u)} @ (q) < 5 (62)
(@-5)
Now, leta — +00, and we have
0<exp{-a(f+u)}d(q)<o. (63)
Consequently,
2
det ( aiaj; j ) (q) = const. (64)
This completes the proof of Theorem 2. O
4. Appendix

Proof of Proposition 6. Let p € M, and we choose a local
orthonormal frame field of the metric G around p. Then,

3 (py)’ pipsi, 2(py)
- pzj)’ ®;=2) ;)21 2 <,03])’
2 oo (65)
A(D_zz(P ) zzpjpjn_sz%

+(n+6) O - 270,

where we used (20). In the case O(p) = 0, it is easy to get, at
p’

2

AD > 272
p
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Now, we assume that ®(p) # 0. Choose a local orthonormal
frame field of the metric G around p such that p,(p) =
IVoll(p) > 0, p;(p) = 0, for all i > 1. Then,

(P,ij)2 N ZZ P,iP,jii
p? 2

AD=2(1-8+8)) ,

(67)

2
- 8—(’)’1)3’)’11 +(n+6)D° - 210,

where 1 > § > 0isaconstant to be determined later. Applying
(20), we obtain

2 2 2
) 2 (P»ij) S 2n (p11) 4Zi>1 (P1:)
2 = > T 2
P n-1 p P
2n (P,1)2P,11 n’ 2 (68)

n-1 p? 2(n-1)

4 P 2 2 2n
+

- - T° - OT.
n-1p n-1 n-1
An application of the Ricci identity shows that
2 4
%Zp,jp,jii ~ o (P,1)3P,11 N n(P,14)
P P P
(69)
+2R, (Pl) + 2—(p‘r)1
p?
Substituting (68) and (69) into (67), we obtain
(Pij)2 2n(1-90)
AD228) -2 +<—2n—8+ —)
p n—1
2 2
y (P,1)3P,11 +2R11(P,12)
P P
20 4
+ St (1-9) +2(n+3) (P,1)
2(n-1) pt
(70)
+2_( )1 4n — 212;18 +(1-0)
2 2
« 2n (p11) +4Zi>1 (P1:)
n-1 p2 p2
4 Pn 2
- —_ T
n-1p n-1
Note that
2 4
(Pn) Z (@, ) Zz>1 (Pl;) (P,l) At (p1)
P’ P’ p’ p*
(71)
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Then, (70) and (71) together give us

(PU)

L n1-9% (@)
Z(n— ) @

2 2
) (P,lf))3p,11 +2R,, (P,l)

p?

A<D>2<SZ

-2(n+4)

4

2(n+3)] (P,14)
p

+ 1_8<2T2—4QT>—
n-1 p

+<6n(1—8)
n—-1

2_ —
N [(n 4n)(1 8) N
2(n-1)

n-2-2
n n(Sq)T
n—1

P,
+ 2p—;(pr)’1.
(72)

Using the Schwarz inequality gives

) (73)
7
Using

2
(P1) Pui B lq) Pi
SR =0

P P

and choosing § = 7/(3n + 4), we get

g M- Z(@) (2=
“2mn-1 o 1

+ @ (74)

—(n+4)>

(py)’

xy cD + 2R, A -

. (n2+8n)(1—8)_2 ®2+8(1 6)12
2(n-1) 7(n-1)

(75)

_4n—2—2n6

P
— d>r+2?(pr)’l.

In the following, we will calculate the terms Ry, ((p; )2/ pz)
and (p,/ pz)(pr),l. Note that (17) is invariant under an affine
transformation of coordinates that preserved the origin.
So, we can choose the coordinates x;, x,,...,x, such that
fij(p) = &;; and 0p/0x; = |igradpl(p) > 0, (dp/0x;)(p) = 0,
for alli > 1. From (19), we easily obtain

PiP,j _A

Ajjifrp
Pij = Pij t AijiP1 = ijiP1 T ]+ 5 (76)

Thus, we get

2 2
_ 2p1p,i B P,i(P,l) - A (P,l) 42 plkakﬂ
ill P2 (1’1 + z)p

(77)

3 2
_ )13 + szAkll (p,lz) . (78)
TP P nt2 p

By the same method, as deriving (69), we have
2 2
Z (Amll 2 e Z (Am) - —Am ZAiil
1 2
+ e I(ZAiil) .

Note that ) A;;; = ((n+2)/2)(p,/p). Therefore, by (14), (77),
(78), and (79), we obtain

(79)

2 2 3
(P,l) _ 2 (P,l) (P,l)
2R117 = ZZ(Akjl) pz _(n+2)A111T

n Y(©;-2(py fil/(n+2)p))’

2(n-1) )
(n+2)(n+1)

T om-D 2(n-1) Z
n+1fk kll( ) +(n+2) e

2(n—-1)
(80)

On the other hand, we have

P 1
2?(/37)’1 =207+ -~

P,
» Al,-kfkf,»g‘ +O. (81

Then, inserting (80) and (81) into (75), we get

2n—n62(®,) _ (n+2)(n-15)+6nd
2(n—-1) 0] 2(n—-1)
. 2(n+2)* - (n* +8n)d
X T (74810
Tp 2(n—-1)
8(1-9) 2_2n(1—8)q) N 1
7(n—1)T n-1 ’ n+2
1
XZAlikfkfi% ﬂ+1(lj)12) SeAkn
B 2n 2P, fiha N 2n
n-1)(n+2) o (n-1)(n+2)*
X Z (kaki1)2-
(82)
Using (77), we have
1
n+22A1ikfkf,-%—:_l(p2) S
, (83)
zlfiq),i_ 2 (p1)

2 n-1 P2 fk k11*



One observes that the Schwarz inequality gives

2n YO frAri
n-1)(n+2) Vo)

In Z ((D,i)z 8n

b +
8(n—-1) ®  9m-1)(n+2)>
x Z(kaki1)2>
2 (84)
n-1 (P) JeArn
3 9(n +2)° o+ 10n
10n(n-1) 9(n-1)(n+2)>*

X Z (fehin)’s

2 2 x2
2ndt < 7 + "D,

Note that by (17) we have
1 ii n+2 ii 1
A_Lf](bjfi = —f7@;(Inp), + :lq)jxj
(85)
n+2 ij 0D ou
=——fIo (1 = .
2 f ( ) " f Bx ax

Then, inserting these estimates into (82) yields Proposition 6.
O

Proof of Corollary 8. Now, we will calculate the term (In p) .
In particular, if f satisfies PDE (4), choose the coordinate

(x1, %5, ..., x,) such that f;;(p) = ;;; then we have

1
(In p),ijk T 12 (Aijk + Aijk,pf,p) —(In P),zAijk,l
(86)

2
+ Ay Ay (3(ln P),p - mf,p> .
Using (17), we have

2
n+2

1
3(lnp))p— fp :—m(f+u)’p+(lnp))p. (87)

By the Young inequality and the Schwarz inequality, we have

n+2
n(n——l) Z AijkAileklh(ln p))h

1
= 5]2 160" (n - 1 (n+2)'0,

ZAl]kAljlk.fl

n(n— 1)

1 1 2
=S Y ufr= 7LV (f +u)) + (V. Vnp),
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n+2

r— Y AA(lnp),

n+2

Z],i(lnp),i
1 2 (n+2)
<o () e

1 2 1, m+2)?* ,
< —0 A + -]+ ——07,
n(n—l)Z( i) 7 16

(88)

1
n(n-1) Y AA A (f +u),
<Anm-1)|V(f+u)| 732,

Thus, by inserting (88) into Lemma 7, we obtain Corollary 8.
O
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We introduce the notion of generalized weaker («-¢-¢)-contractive mappings in the context of generalized metric space. We
investigate the existence and uniqueness of fixed point of such mappings. Some consequences on existing fixed point theorems
are also derived. The presented results generalize, unify, and improve several results in the literature.

1. Introduction and Preliminaries

In [1], Branciari introduced the notion of generalized metric
space by weakening the triangular inequality of metric
assumption with quadrilateral inequality. The author [1]
characterized and proved the analog of famous Banach fixed
point theorem in the setting of generalized metric space.
Although the theorem of Branciari [1] is correct, the proofs
had gaps [2] since the topology of generalized metric space
is not strong enough as the topology of metric space. The
disadvantages of generalized metric space can be listed as
follows:

(w1) generalized metric need not be continuous;

(w2) a convergent sequence in generalized metric space
need not be Cauchy;

(w3) generalized metric space need not be Hausdorff, and
hence the uniqueness of limits cannot be guaranteed.

Despite the weakness of the topology of generalized metric
space, in [3, 4], the authors suggested some techniques to
get a (unique) fixed point in such spaces.

On the other hand, Samet et al. [5] introduced the notion
of a-y contraction mappings and proved the existence and
uniqueness of such mappings in complete metric space.
The results of this paper are very impressive since several
existing results derived from the main theorem of Samet
et al. [5] quiet easily. Later, a number of authors have
appreciated these results and have used this technique to get
further generalization via a-y contraction mappings; see, for
example, [6-10].

In this paper, we introduce the generalized weaker «-
Y contraction mappings in the setting of generalized met-
ric spaces. Consequently, we investigate the existence and
uniqueness of fixed point by caring the problems (w1)-(w3)
mentioned above.

Let us recall basic definitions and notations and interest-
ing results that will be in the sequel.

Let ¥ be the family of functions v : [0,00) — [0,00)
satisfying the following conditions:

(i) v is nondecreasing;
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(ii) there exist k, € N and a € (0,1) and a convergent
series of nonnegative terms Y -, v, such that

v () < av® (1) + v, ¢))

fork > kyandanyt € R".

In the literature such functions are called either Bianchini-
Grandolfi gauge functions (see, e.g., [11-13]) or (c)-
comparison functions (see, e.g., [14]).

Lemma 1 (see, e.g., [14]). If y € Y, then the following hold:

(i) (W"(t)),,cp converges to 0 asn — oo forall t € R*;
(i) w(t) < t, forany t € RY;
(iii) y is continuous at 0;
(iv) the series Y 22, y*(t) converges for any t € R*.

In the following, we recall the notion of generalized
metric spaces.

Definition 2 (see [1]). Let X be a nonempty setand letd : X x
X — [0, 00] satisfy the following conditions for all x, y € X
and all distinct u, v € X each of which is different from x and

y:

(GMS1) d(x,y)=0 iffx=y,
(GMS2) d(x,y)=d(y.x), )
(GMS3) d(x,y)<d(x,u)+dw,v)+d(v,y).

Then, the map d is called generalized metric. Here, the pair
(X, d) is called a generalized metric space and abbreviated as
GMS.

In the above definition, if d satisfies only (GMSI1) and
(GMS2), then it is called semimetric (see, e.g., [15]).

The concepts of convergence, Cauchy sequence, and
completeness in a GMS are defined as follows.

Definition 3. (1) A sequence {x,} in a GMS (X, d) is GMS
convergentto alimit xifand onlyifd(x,,x) — Oasn — oo.
(2) A sequence {x,} in a GMS (X, d) is GMS Cauchy if
and only if for every € > 0 there exists positive integer N(e)
such that d(x,, x,,,) < e foralln > m > N(e).
(3) A GMS (X, d) is called complete if every GMS Cauchy
sequence in X is GMS convergent.

The following assumption was suggested by Wilson [15] to
replace the triangle inequality with the weakened condition.

(W) For each pair of (distinct) points u,v there is a
number 7, , > 0 such that, for every z € X,

Ty <dW,z) +d(z,v). 3)

Proposition 4 (see [3]). In a semimetric space, the assumption
(W) is equivalent to the assertion that limits are unique.

Abstract and Applied Analysis

Proposition 5 (see [3]). Suppose that {x,} is a Cauchy
sequence in a GMS (X, d) with lim, _, . d(x,,u) = 0, where
u € X. Then lim,_, d(x,,z) = d(u,z) forallz € X. In
particular, the sequence {x,} does not converge to z if z + u.

A function ¢ : [0,00) — [0,00) is said to be a Meir-
Keeler function [16] if, for each # > 0, there exists § > 0
such that for t € [0,00) with# <t <5+ §, we have ¢(t) < 7.
Such mapping has been improved and used by several authors
[17, 18]. In what follows we recall the notion of weaker Meir-
Keeler function.

Definition 6 (see, e.g., [19]). We call ¢ : [0,00) — [0,00)
a weaker Meir-Keeler function if for each # > 0, there exists
0 > 0 such that for t € [0,00) with# <t < 7+ §, there exists
ny € N such that ¢™(t) < #.

Let @ be the class of all nondecreasing function ¢ :
[0,00) — [0, c0) satisfying the following conditions:

(¢) ¢ : [0,00) —
function;

(¢,) 0 < P(t) < tforallt >0, ¢(0) = 05

(¢5) for all t € (0,00), {¢" ()}, is decreasing;

(¢,) iflim, _, t, =y, thenlim, _, ¢(t,) < y.

[0,00) is a weaker Meir-Keeler

Let © be the class of functions ¢ : [0,00) — [0, 00) satisfying
the following conditions:

(¢;) @ is continuous;
(p,) @(t) > 0fort > 0and ¢(0) = 0.
By using the auxiliary functions, defined above, Chen and

Sun [19] proved the following theorem.

Theorem 7. Let (X,d) be a Hausdorff and complete general-
ized metric space, and let f: X — X be a function satisfying

d(fx, fy)<¢(d(xy) -9 (d(xy)) (4)

forallx,y € X and ¢ € O, ¢ € O. Then f has a periodic point
p in X; that is, there exists y € X such that u = fPu for some
peN.

Another interesting auxiliary function, a-admissible, was
defined by Samet et al. [5].

Definition 8 (see [5]). For a nonemptyset X,letT: X — X
and @ : X x X — [0,00) be mappings. We say that T is
a-admissible if

a(x,y)21= a(Tx,Ty) > 1, (5)
forall x, y € X.

Example 9. Let X = [2,00)and T : X — X byTx = (x +
1)/(x — 1). Define a(x, y) : X x X — [0, 00) and

x+1

e if x>y,
b = 6
«(x.) 10 if otherwise. (©)

Then T is a-admissible.
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Example 10. Let X = Rand T : X — X. Define a(x, y) :
X x X — [0,00) by Tx = e**! and

x* if x>y,
b = 7
a(x) {0 if otherwise. @

Then T is a-admissible.

Some interesting examples of such mappings were given
in [5].

The notion of an a-y contractive mapping is defined in
the following way.

Definition 11 (see [5]). Let (X,d) be a metric space and let
T : X — X be a given mapping. We say that T is an a-y
contractive mapping if there exist two functions & : X x X —
[0, 00) and v € ¥ such that

a(xy)d(TxTy) <y (d(x y)),

Clearly, any contractive mapping, that is, a mapping
satisfying the Banach contraction, is an «-y contractive
mapping with a(x, y) = 1 forall x,y € X and y(t) = kt,
ke (0,1).

Very recently, Karapmar [20] gave the analog of the
notion of an a-y contractive mapping, in the context of
generalized metric spaces as follows.

Vx,y e X. (8)

Definition 12. Let (X, d) be a generalized metric space and let
T : X — X be a given mapping. We say that T' is an a-y
contractive mapping if there exist two functions & : XxX —
[0, 00) and ¥ € ¥ such that

a(xy)d(TxTy) <y (d(x y)),

Karapmar [20] also stated the following fixed point
theorems.

Vx,yeX. (9)

Theorem 13. Let (X, d) be a complete generalized metric space
andletT : X — X be an a-y contractive mapping. Suppose
that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) = 1 and
a(xg, T?xg) = 1;

(iii) T is continuous.

Then there exists a u € X such that Tu = u.

Theorem 14. Let (X, d) be a complete generalized metric space
andletT : X — X be an a-y contractive mapping. Suppose
that

(i) T is a-admissible;
(ii) there exists x, € X such that a(xy,Tx,) = 1 and
a(xg, T?x0) = 1
(iii) if {x,,} is a sequence in X such that a(x,, x,,,,) > 1 for
allnand x, — x € Xasn — oo, then a(x,,x) > 1
for all n.

Then there exists au € X such that Tu = u.

For the uniqueness, Karapiar [20] (see also [21]) added
the following additional conditions.

(U) For all x,y € Fix(T), we have a(x, y) > 1, where
Fix(T) denotes the set of fixed points of T..

(H) For all x,y € Fix(T), there exists z € X such that
a(x,z) > land a(y,z) > 1.

Theorem 15. Adding condition (U) to the hypotheses of
Theorem 13 (resp., Theorem 14), one obtains that u is the unique
fixed point of T.

Theorem 16. Adding conditions (H) and (W) to the hypothe-
ses of Theorem 13 (resp., Theorem 14), one obtains that u is the
unique fixed point of T.

Corollary 17. Adding condition (H) to the hypotheses of
Theorem 13 (resp., Theorem 14) and assuming that (X,d) is
Hausdor{f, one obtains that u is the unique fixed point of T.

In this paper, we define the notion of weaker generalized
a-y contractive mappings and prove some fixed point results
in the setting of generalized metric spaces by using such
mappings. We state some examples to illustrate the validity
of the main results of this paper.

2. Main Results

In this section, we will state and prove our main results.

We give an extension of the notion of a-y contractive
mappings, in the context of generalized metric space as
follows.

Definition 18. Let (X, d) be a generalized metric space and let
T : X — X be a given mapping. We say that T is a («a-¢-
@)-contractive mapping of type I if there exist functions « :
XxX — [0,00), ¢ € ©,and ¢ € O such that

a(x,)d(Tx,Ty) < ¢(M(x,y)) —9(M(x,y))  (10)
for all x, y € X, where
M (x, y) = max{d(x,y),d (x,Tx),d (y,Ty)}. (1)

Definition 19. Let (X, d) be a generalized metric space and let
T : X — X bea given mapping. We say that T is a («-¢-
@)-contractive mapping of type II if there exist functions « :
XxX — [0,00), ¢ € ©,and ¢ € O such that

a(xy)d(TxTy) <¢(N(xy) -9 (N(xy)) (12)

for all x, y € X, where

d(x,Tx) +d (y,Ty) } (13)

N (x, y) = max {d (x,y), 5



Next, we introduce the notion of triangular «-admissible
as follows.

Definition 20. LetT : X — Xanda: XxX — [0,00). The
mapping T is said to be weak triangular «-admissible if for all

x € X, one has
a(x,Tx) > 1, oc(Tx, sz) >1 = oc(x,sz) > 1.

(14)

Now, we state the first fixed point theorem.

Theorem 21. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
I Suppose that

(i) T is weak triangular «-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;
(iii) T is continuous.

Then, T has a fixed point u € X; that is Tu = u.

Proof. Due to statement (ii) of the theorem, there exists a
point x, € X such that a(xy, Tx;) > 1 and a(xy, Txy) > 1.
First, we define a sequence {x,,} in X by x,,,, = Tx,, = T""'x,
forall n > 0. Notice that if x,, = x,, ., for some n,, then the
proof is completed. Indeed, we haveu = x,, = x, ., = Tx, =
Tu. Thus, for the rest of the proof, we assume that

X, F X, Vn 15)
Owing to the fact that T' is a-admissible, we derive that

o (xg,x7) = a(x, Txy) = 1

(16)
= a(Txp, Tx;) = a(x7,%,) > 1.
Utilizing the expression above, we find that
a(xpx,0) 21, Vn=0,1,.... (17)

Since T is a weak triangular q-admissible mapping, we obtain
that

o (xg,x,) > 1. (18)

Since a(xg, Ty ) = 1 and a(T'x, T?xy) = a(x, x,), iteratively,
we conclude that

a(xp X)) 21, Vnk=0,1,.... 19)

Taking (10) and (17) into account, we observe that
d ('xn+l’ xn) = d (Txn’ Txn—l)
s« (xn’ xn—l) d (Txn’ Txn—l) (20)

< ¢ (M (x5 X51)) = ¢ (M (%, %,-1))

for all n > 1, where

M (xn’ xn—l)
= max {d (xn’ xn—l) > d (xn’ Txn) 4 d (xn—17 Txn—l)}
= max {d (xn’ 'xn—l) > d ('xn’ xn+1) 4 d (xn—l’ xn)}

= max {d (xn’ ‘xn—l) 4 d (xn’ xn+1)} .
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If M(x,, x,_,) = d(x,, x,,1), then by (15) and property of the
function ¢, inequality (20) turns into

d (xn+1’ xn) < ¢ (M (xn’xn—l)) - (M (xn’xn—l))
= ¢ (d (xn’ xn+1)) 4 (d (xn’ an)) (22)
< ¢ (d (xn’ xn+1)) .

Since {¢"(¢)} is decreasing, the inequality above yields a
contradiction. Hence, we conclude that M(x,, x,_;) =
d(x,, x,_,) and (20) becomes

d (xn+1’ xn) < ¢ (d (xn’ xn—l)) > (23)

for all n > 1. Recursively, we derive that

d ('xn+l’ xn) < ¢n (d ('xl’ xO)) >

Owing to the fact that the sequence {¢"(d(x, x;))},.en 1S
decreasing, it converges to some # > 0. We will show that # =
0. Suppose, on the contrary, that 7 > 0. Taking the definition
of weaker Meir-Keeler function ¢ into account, there exists
0 > 0 such that for x, x; € X with 7 < d(x,, x;) < § +#,and
there exists 1, € N such that ¢™(d(x,, x;)) < 7. Regarding
lim,, _, . ¢"(d(x,x;)) = 7, there exists p, € N such that
n < ¢P(d(xg, x;)) < 8 + 1, forall p > p,. Hence, we deduce
that ¢P™(d(x,, x,)) < n, which is a contradiction. Thus,
lim,, , o,¢"(d(x,x1)) = 0, and hence

vn > 1. (24)

Jim d (x,,1,x,) = 0. (25)
Regarding (10) and (19), we deduce that
d (xn+2’ xn) =d (Txn+l’ Txn—l)
Sa (xn+1’ xn—l) d (Txn+1’ Txn—l)

< (/) (M (xn+1’ xn—l)) 4 (M ('xn+1’ xn—l)) >
(26)

for all n > 1, where
M (xn+1’xn—1)
= max {d (xn+1’ xn—l) > d (xn+1’ Txn+1) 4 d (xn—l’ Txn—l)}

= max {d (xn+1’ xn—l) 4 d (xn+1’ xn+2) > d (xn—l’ xn)} .
(27)

If M(x,,x,_,) = d(x,_,,x,,;) then inequality (26) turns
into

d (xn+2’ xn) < (/5 (d (xn+1’ xn—l)) 4 (d (xn+1’ xn—l))
< (/5 (d (xn+1’ xn—l))

for all n > 1. By repeating the same argument, inequality (15)
implies that

d (X1 %,) < ¢" (d (x5, %)) »

(28)

vn > 1. (29)
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Due to the fact that the sequence {¢"(d(xy, x,))},en 1S
decreasing, we conclude that

Jimd (5,%,) =0, )
by following the lines at the proof of (25).

If either M(x,,x,_;) = d(x,_;,x,) or M(x,,1,X,,,) =
d(x,,1> X,,,), then inequality (26) becomes either

d (xn+2’ xn) < ¢ (d (xn—l’ xn)) 4 (d (xn—l’ xn))
< ¢ (d (xn—l’ xn))

(31)

or

d (xn+2’ xn) < ¢ (d (xn+1’ xn+2)) 4 (d (xn+1’ xn+2)) (32)
< (/5 (d (xn+1’ xn+2)) >

foralln > 1. Lettingn — oo in any of the cases, (31) or (32),
together with (25), we have

nhlréod (xn+2’ xn) < nlgréo(p (d (‘xnfl’ xn)) <0
or (33)
xn) < nleréo¢ (d (xn+1’xn+2)) <0.

Let x,, = x,,, for some m,n € N with m #n. Without loss
of generality, assume that m > n. Thus, x,,, = T™ "(T"x,) =
T"x, = x,,. Regarding (15), we consider now

Jim d (x5,

d('xn+1’xn) = d(Txn’x ) (Tx xm)

= d (Txm’ Txm—l)

(34)
< o (%,

< ¢ (M (xm’xmfl)) -

Xp1)d(Tx,,, Tx,,_1)

¢ (M (xm’ xmfl)) >

where
M (%, X,py_1)
= max {d (x, X;p_1) »d (%, Tx,) » A (X1_1> TX,p_1 )}
= max {d (x> Xp_1) »d (X Xpps1) > A (X 1> X,) }
= max {d (x,,_1, %) » d (X X1 )} -

(35)

If M(x,,,X,,_;) = d(x
get that

X,,), then from (34) and (23) we

m—1>

d (X1, %,) = d (T, %) = d (T, %,,)
= d (T, T, )

< 0 (X Xy ) A (T, TX,p )
< ¢ (d (X Xn-1)) = @ (d (> X1))
< ¢ (d (% Xm-1))

< (/)m—” (d (xn+1’ xn)) .

(36)

If M(x,,,x,,.,) = d(x,,x,,), inequalities (34) and (23)
become

d (xn+1> xn) =d (Txn’ xn) =d (Txm’ xm)
= d (TxrrvTxm—l)
—1) d (Txm’ Txm—l)

< o (%, X,

(37)
< ¢) (d (xm’ xm+1)) % (d (xm’ xm+1))
< ¢ (d (xm’ xm+1))
< ¢"H(d (%0015 %)) -
Due to (¢,), inequalities (36) and (37) yield that
d ('xn+1’ xn) < ¢m_n (d ('xn+1’ xn)) < d (xn+1’ 'xn) >
(38)

d (xn+1’ xn) < ¢m_n+1 (d (xn+1’ xn)) <d (xn+1’ xn) >

which is a contradiction. Hence {x,,} has no periodic point.

In what follows we will prove that the sequence {x,} is
Cauchy by standard technique. Suppose, on the contrary,
that there exists ¢ > 0 such that for any k € N, there are
m(k),n(k) € N with n(k) > m(k) > k satistying

d (xm(k), xn(k)) > E. (39)

Furthermore, corresponding to m(k), one can choose n(k)
in a way that it is the smallest integer n(k) > mf(k) with
d(X (k) Xnk)) = € Consequently, we have d(x,, ), x
e. Consider

n(l)-1) <

e < d (X095 Xner))
<d (xn(k)’ xn(k)—z) +d (xn(k)fz’ xn(k)—l) +d (xn(kH» xm(k))

< d (%> Xy 2) +d(x X()-2> Xn(iy-1) + E-
(40)

Letting k — 00, we get that
d (Xp(hys X)) — €. (41)

On the other hand, again by using the quadrilateral
inequality, we find

d (xn(k)’ xm(k))
S d( n(k)» X k)—l) +d (xn(k)f

+d (xm(k)—l’ xm(k)) >

1 Xm(k)-1 )

d (xn(k)—l’ xm(k)—l)

< d (X1 Xny) + 4 (X X)) + & (Ko Xomiy-1) -
(42)
Lettingn — 00, in the inequalities above, we get that
d (X1 Xmy1) — & (43)



On account of (10), we have
d (%u(hy> (i)
=d (Txn(k)—p Txm(k)—l)
n(k)-1> Txm(k)—l)

@ (M (Xih)-15 Xm(iy-1)) »
(44)

s« (xn(k)fl’ xm(k)—l) d(Tx

< ¢ (M (x

n(k)-1> Xm(k)— )) -

where
M (xn(k)—l’xm(k)—l)

= max {d (%,4)-1> Xg)-1) » & (Xngry-15 Xnry) » (45)

d (xm(k)—l’ xm(k))} .

Letting n — 00, in (44), and regarding definitions of
auxiliary functions ¢, ¢ and (45), we conclude that

e<e—¢(e), (46)

which yields that ¢(e) = 0. By definition of ¢, we derive that
€ = 0, which is a contradiction. Hence, we conclude that {x,,}
is a Cauchy sequence in (X, d). Since (X, d) is complete, there
exists u € X such that

Jim d (x,,u) = 0. (47)

Since T is continuous, we obtain from (47) that

Jim d (x,,), Tu) = lim d (Tx,, Tu) = 0. (48)

From (47) and (48) we get immediately that lim,, _, ., T"x, =
lim, , Tx, = Tu. Taking Proposition 5 into account, we
conclude that Tu = wu. O

The following result is deduced from the obvious inequal-
ity N(x, y) < M(x, ).

Theorem 22. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
I1. Suppose that
(i) T is a weak triangular «-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1;
(iii) T is continuous.

Then there exists a u € X such that Tu = u.

Theorem 23. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
L Suppose that

(i) T is a weak triangular a-admissible and ¢ is upper
semicontinuous function;
(ii) there exists x, € X such that a(x,, Txy) = 1;

(iil) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, — x € Xasn — 00, then a(x,,x) > 1
for all n.

Then there exists au € X such that Tu = u.
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Proof. Following the proof of Theorem 21, we know that the
sequence {x,} defined by x,,,, = Tx,, for all n > 0 converges
for some u € X. We will show that Tu = u. Suppose, on
the contrary, that Tu # u. From (17) and condition (iii), there
exists a subsequence {x,} of {x,} such that a(x, ), u) > 1
for all k. By applying the quadrilateral inequality together
with (10) and (15), for all k, we get that

d (u, Tu)
< d (U Xyiy02) + A (X Xngoye1) + A (Xgeyrr> Tth)
< d (U Xpy42) + 4 (Xpgyr2s Xnoyr1) + A (Txy19, Tta)

<d(u, xn(k)+2) + d( n(k)+22 X n(k)+l)

+ (xn(k), U) d (Txn(k), TU)

(42> Xy 1) T O (M (X005 14)) 5
(49)

<d(u, Xngoy+2) + d(

where

M (x40 tt) = max {d (x50, 1) » d (X0 TX1) » A (w, Twr)} .

(50)

Letting k — oo in the above equality and regarding that
the ¢ is an upper semicontinuous mapping, we find that

d(u,Tu) < ¢ (d u,Tu)). (51)
It implies that from (¢,)
d(u,Tu) < ¢ (d (u, Tu)) < d(u, Tu), (52)

which is a contradiction. Hence, we obtain that u is a fixed
point of T that is, Tu = wu. O

In the following theorem, we remove the semicontinuity
of ¢ by weakening the contractive mapping type.

Theorem 24. Let (X, d) be a complete generalized metric space
and T : X — X be a (a-¢-@)-contractive mapping of type II.
Suppose that

(i) T is a weak triangular o-admissible;
(ii) there exists x, € X such that a(xy, Tx,) > 1;

(iii) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, —» x € Xasn — 00, then a(x,, x) > 1
for all n.

Then there exists au € X such that Tu = u.

Proof. Following the proof of Theorem 21, we know that the
sequence {x,} defined by x,,,, = Tx,, for alln > 0 converges
for some u € X. We will show that Tu = u. Suppose, on
the contrary, that Tu # u. From (17) and condition (iii), there
exists a subsequence {x,,,} of {x,} such that a(x,),u) > 1



Abstract and Applied Analysis
for all k. By applying the quadrilateral inequality together
with (10) and (15), for all k, we get that
d (u, Tu)

< d (t Xpiye2) + A (%20 X)) + d (X1, Tth)

< d (th Xy12) + 4 (X2 Xngioe1) + @ (T, T)

< d (1 Xpgoa2) + A (Xniiye20 X 1)

+ o (%000 1) A (TX 1, Tth)

<d(u, xn(k)+2) +d (xn(k)+2’xn(k)+l) +¢(N (xn(k)’ u)),
(53)

where

N (xn(k)’ u)

d (%1 TX i) + A (1, Tur) }
2 .

= max {d (%) 1) »
(54)

Letting k — o0 in the above equality and regarding (¢, ), we
find that

dw,Tu) < ¢ (55)

<d(u, Tu)) - d (u, Tu)
2 h 2

which is a contradiction. Hence, we obtain that u is a fixed
point of T; that is, Tu = u. O

Theorem 25. Adding condition (U) to the hypotheses of
Theorem 21 (resp., Theorem 23), one obtains that u is the
unique fixed point of T.

Proof. In what follows we will show that u is a unique fixed
point of T. We will use the reductio ad absurdum. Let v be
another fixed point of T with v # u. It is evident that a(u, v) =
o(Tu, Tv).

Now, due to (10) and (¢,), we have

d(u,v) < o (u,v)d (u,v)
= a(u,v)d (Tu, Tv)
<PM u,v)) = (M (u,v))
=¢dwv) - (dwv))
<¢dwv)
<d(u,v)
which is a contradiction, where

M (u,v) = max {d (u,v),d (u, Tu),d (v,Tv)} =d (u,v).
(57)

Hence, u = v. O
Theorem 26. Adding condition (U) to the hypotheses of

Theorem 22 (resp., Theorem 24), one obtains that u is the
unique fixed point of T.

Proof. The proof is analog of the proof of Theorem 25
which will be concluded by using the reductio ad absurdum.
Suppose, on the contrary, that v is another fixed point of T
with v # u. It is evident that a(u, v) = a(Tu, Tv).

Now, due to (12) and (¢,), we have

du,v) <a(,v)du,v)
=oawv)d(Tu,Tv)

< $(N (7)) - 9 (N (1,1))

(58)
=¢(dwv) -9 (dwv))
=¢(d(u,v))
<d(u,v)
which is a contradiction, where
N (u,v) = max{d(u,v), d(u,Tu);—d(v,Tv)} =duv).
(59)
Hence, u = v. O

For the uniqueness, we can also consider the following
condition.

(H") For all x,y € Fix(T), there exists z € X such
that a(x,z) > 1 and a(y,z) = 1. Further,
lim, _, d(z,,2,,,) =0, wherez, =zand z,,, =Tz,
forn=1,2,3,....

Theorem 27. Adding conditions (H*) and (W) to the hypothe-
ses of Theorem 21 (resp., Theorem 23), one obtains that u is the
unique fixed point of T.

Proof. Suppose that v is another fixed point of T. From (H"),
there exists z € X such that
a(u,z) =1, a(v,z) > 1. (60)

Since T is a-admissible, from (60), we have
a(w,T'z)>1, a(r,T"z)>1, Vn. (61)

Define the sequence {z,} in X by z,,, = Tz, foralln > 0 and
z, = z. From (61), for all n, we have

d(u,z,,,)=d(Tu,Tz,) < a(u,z,)d(Tu,Tz,)

(62)
<¢(M(u,2,)) -9 (M (.2,)),

where

M (u,z,) = max{d (u,z,),d (u,Tu),d(z,,Tz,)}
(63)
=max{d (u,z,),d(z,Tz,)}.

If M(u,z,) = d(z,,Tz,) then by lettingn — o0 in (62) we
get that

Jim d (z,pu) =0, (64)



due to the continuity of ¢, (¢,) and the fact that
lim,_, d(z,z,,) = 0.If M(uz,) = d(u,z,) then
(62) turns into

d(u2,11) < ¢ (d(w.2,)) -9 (d (w.2,)) < ¢ (d (u.2,)) .
(65)
Iteratively, by using inequality (62), we get that

d (u2,11) < ¢" (d (4.20)) (66)

for all n. Letting n — o0 in the above inequality, we obtain
Jlim d (zpu) =0. (67)
Similarly, one can show that
lim d (z,,v) = 0. (68)

Regarding (W) together with (67) and (68), it follows that u =
v. Thus we proved that u is the unique fixed pointof 7. [

Theorem 28. Adding conditions (H") and (W) to the hypothe-
ses of Theorem 22 (resp., Theorem 24), one obtains that u is the
unique fixed point of T.

The proof is the analog of the proof of Theorem 27; hence
we omit it.

Corollary 29. Adding condition (H") to the hypotheses of
Theorem 21 (resp., Theorems 23, 22, and 24) and assuming that
(X, d) is Hausdorff, one obtains that u is the unique fixed point
of T.

The proof is clear, and hence it is omitted. Indeed,
Hausdorftness implies the uniqueness of the limit. Thus, the
theorem above yields the conclusions.

3. Consequences

Now, we will show that many existing results in the literature
can be deduced easily from Theorems 13 and 14.

Definition 30. Let (X, d) be a generalized metric space and
let T : X — X be a given mapping. We say that T is a («-
¢-¢p)-contractive mapping of type III if there exist functions
a:XxX — [0,00), ¢ € 0,and ¢ € O such that

a(xy)d(TxTy) <¢(d(xy) -¢(d(xy)  (69)
forall x, y € X.

Now, we state the first fixed point theorem.

Theorem 31. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy,Tx,) > 1 and
a(xg, T?x,) > 1;

(iii) T is continuous.

Then, T has a fixed point u € X; that is, Tu = u.
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We omit the proof of Theorem 31, since it can be derived
easily by following the lines in the proof of Theorem 21,
analogously.

Theorem 32. Let (X, d) be a complete generalized metric space
andletT : X — X be a (a-¢-¢)-contractive mapping of type
II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that o(xy,Tx,) > 1 and
a(xg, T?x0) = 1

(iii) if {x,} is a sequence in X such that a(x,,, x,,,) = 1 for
allnand x, —» x € Xasn — 00, then a(x,, x) > 1
for all n.

Then there exists a u € X such that Tu = u.

Proof. Following the proof of Theorem2l (resp.,
Theorem 31), we know that the sequence {x,} defined
by x,..; = Tx,, for all n > 0 converges for some u € X. We
will show that Tu = u. Suppose, on the contrary, that Tu # u.
From (17) and condition (iii), there exists a subsequence
{xp} of {x,,} such that a(x,,),u) > 1 for all k. By applying
the quadrilateral inequality together with (10) and (15), for
all k, we get that

d (u, Tu)
< d (1 Xpgoe2) + A (Xnia2s Xngo 1) + A (K1 T1)
< d (th Xy12) + 4 (X2 Xngioer) + @ (T, T
<d(u, xn(k)+2) +d (xn(k)+2’xn(k)+l)
+ 0 (X0 1) d (T, 00, Tta)
< d (X 042) + 4 (X2 i) + @ (d (X005 1)) -

(70)

Letting k — o0 in the above equality and regarding (¢,),
we find that

d(u,Tu) < lim ¢ (d (X 1) < 0, (71)

which is a contradiction. Hence, we obtain that u is a fixed
point of T that is, Tu = u. OJ

Theorem 33. Adding condition (U) to the hypotheses of
Theorem 31 (resp., Theorem 32), one obtains that u is the
unique fixed point of T.

Proof. In what follows we will show that u is a unique fixed
point of T. We will use the reductio ad absurdum. Let v be
another fixed point of T with v # u. It is evident that a(u, v) =
o(Tu, Tv).
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Now, due to (10) and (¢,), we have
du,v) <a(uv)du,v)
=oa(Tu, Tv)d (Tu,Tv)

S¢(dwv) - (d(uv)) (72)
<¢(d(wv)
<d(u,v)

which is a contradiction. O

Theorem 34. Adding conditions (H) and (W) to the hypothe-
ses of Theorem 31 (resp., Theorem 32), one obtains that u is the
unique fixed point of T.

Corollary 35. Let (X,d) be a complete generalized metric
space and let T : X — X be a given mapping. Suppose that
there exist ¢ € @ and ¢ € O such that

d(Tx,Ty) <¢(M(x,9)) —¢(M(x,9)),  (73)
forall x, y € X, where
M (x,y) = max{d (x,y).d (x,Tx),d (y,Ty)}.  (74)
Then T has a unique fixed point.

Proof. Let o : X x X — [0,00) be the mapping defined
by a(x,y) = 1, for all x,y € X. Then T is a (a-¢-¢)-
contractive mapping of type I. It is evident that all conditions
of Theorem 21 are satisfied. Hence, T has a unique fixed
point. O

Corollary 36. Let (X,d) be a complete generalized metric
space and let T : X — X be a given mapping. Suppose that
there exist ¢ € © and ¢ € © such that

d(Tx,Ty) < (N (xy)) -9 (N (%)), (75
forall x, y € X, where

d(x,Tx)+d(y, T
N (x, y) = max {d (% y), (1) er (1) ]» . (76)
Then T has a unique fixed point.

The following Corollary is stronger than the main result of
[19]. Notice that we do not need the Hausdorffness condition
although it was required in [19].

Corollary 37. Let (X,d) be a complete generalized metric

space and let T : X — X be a given mapping. Suppose that
there exist ¢ € © and ¢ € © such that

d(TxTy) < ¢(d(xy) —¢(d (%),  (77)
forallx, y € X. Then T has a unique fixed point.
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The aim of this paper is to define weak a-y/-¢-contractive mappings and to establish coupled and tripled coincidence point theorems
for such mappings defined on G, -metric spaces using the concept of rectangular G-a-admissibility. As an application, we derive new
coupled and tripled coincidence point results for weak y-@-contractive mappings in partially ordered G, -metric spaces. Our results
are generalizations and extensions of some recent results in the literature. We also present an example as well as an application to
nonlinear Fredholm integral equations in order to illustrate the effectiveness of our results.

1. Introduction and
Mathematical Preliminaries

The concept of generalized metric space, or a G-metric space,
was introduced by Mustafa and Sims.

Definition 1 (G-metric space [1]). Let X be a nonempty set
andlet G : X x X x X — R" be a function satisfying the
following properties:
(G1) G(x, y,z) =0ifand onlyif x = y = z;
(G2) 0 < G(x, x, y), for all x, y € X with x # y;
(G3) G(x,x,y) <G(x, y,2z), forall x, y,z € X with y #z;
(G4) G(x, y,2) = G(x,2,y) = G(y,2,x) = -+ (symmetry
in all three variables);
(G5) G(x, y,2) < G(x,a,a)+G(a, y,z),forallx, y,z,a € X
(rectangle inequality).

Then, the function G is called a G-metric on X and the
pair (X, G) is called a G-metric space.

Recently, Aghajani et al. in [2] motivated by the concept of
b-metric [3] introduced the concept of generalized b-metric

spaces (G,-metric spaces) and then they presented some basic
properties of G,-metric spaces.
The following is their definition of G, -metric spaces.

Definition 2 (see [2]). Let X beanonemptysetandlets > 1be
a given real number. Suppose that a mapping G : XxXxX —
R™ satisfies the following:
(G)]) G(x, y,2) =0ifx = y =z,
(Gy2) 0 < G(x, x, y) forall x, y € X with x # y,
(Gy3) G(x,x,¥) < G(x, y,2z) forall x, y,z € X with y # 2,
(Gp4) G(x, y,2) = G(p{x, y,2}), where p is a permutation
of x, y, z (symmetry),
(Gy5) G(x, y,2) < s[G(x,a,a)+G(a, y,z)] forall x, y,z,a €
X (rectangle inequality).
Then Gis called a generalized b-metric and the pair (X, G)
is called a generalized b-metric space or a G,,-metric space.

Each G-metric space is a G,-metric space with s = 1.

Example 3 (see [2]). Let (X,G) be a G-metric space and
G.(x, y,z) = G(x, y,z)?, where p > 1 is a real number. Then
G, is a G,-metric with s = 277",
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Example 4 (see [4]). Let X = R and d(x,y) = Ix—ylz.
We know that (X,d) is a b-metric space with s = 2. Let
G(x,y,z) = d(x,y) + d(y,z) + d(z,x), it is easy to see
that (X, G) is not a Gy-metric space. Indeed, (G,3) is not
true for x = 0, y = 2, and z = 1. However, G(x, y,2) =
max{d(x, y),d(y,z),d(z, x)} is a G,-metric on R with s = 2.

Definition 5 (see [2]). A G,-metric G is said to be symmetric
it G(x, y,y) = G(y,x,x), forall x, y € X.

Proposition 6 (see [2]). Let X be a G,-metric space. Then for
each x, y,z,a € X it follows that

(1) if G(x, ¥,2) =0, then x = y = z,

(2) G(x, y,z) < s(G(x, x, y) + G(x, x, 2)),
(3) G(x, y, y) < 25G(y, x, x),

(4) G(x, y,2) < s(G(x,a,z) + G(a, y, 2)).

Definition 7 (see [2]). Let X be a Gj-metric space. One
defines di(x, y) = G(x, ¥, y) + G(x,x, y), for all x, y € X.
It is easy to see that d; defines a b-metric d on X, which one
calls the b-metric associated with G.

Definition 8 (see [2]). Let X be a G,-metric space. A sequence
{x,} in X is said to be

(1) G,-Cauchy if, for each € > 0, there exists a positive
integer 1, such that, for allm, n,1 > ny, G(x,,, x,,,, x;) <
&

(2) Gp-convergent to a point x € X if, for each € > 0, there
exists a positive integer 7, such that, for all m, n > n,
G(x,, X, X) < €.

Proposition 9 (see [2]). Let X be a G,-metric space. Then the
following are equivalent:

(1) the sequence {x,} is G,-Cauchy,

(2) for any € > 0 there exists n, € N such that G(x,, x,,,,
x,,) < & forall m,n > n,.

Proposition 10 (see [2]). Let X be a G,-metric space. The
following are equivalent.

(1) {x,} is G,-convergent to x.
(2) G(x,,, x,,x) — 0,as n — +o0.

(3) G(x,,x,x) — 0,as n — +00.

Definition 11 (see [2]). A Gy-metric space X is called G-
complete if every G,-Cauchy sequence is G,-convergent in
X.

Proposition 12. Let (X,G) and (X',G') be two G,-metric
spaces. Then a function f : X — X' is G,-continuous at a
point x € X if and only if it is G,-sequentially continuous at
x; that is, whenever {x,} is G,-convergent to x, { f(x,)} is G,'J-
convergent to f(x).

Proposition 13. Let (X, G) be a G,-metric space. A mapping
F : X x X — X is said to be continuous if, for any two
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G, -convergent sequences {x,} and {y,} converging to x and y,
respectively, {F(x,, v,)} is G,-convergent to F(x, y).

In general, a G,-metric function G(x, y,z) for s > 1is
not jointly continuous in all its variables. The following is an
example of a discontinuous G,-metric.

Example 14 (see [4]). Let X = NU{oo}andletD : XxX — R
be defined by

0, if m=n,
1 1 . .
— — —|, if one of m,n is even and the
m n
D (m,n) = - other is even or oo,
5, if one of m,n is odd and the
other is odd (and m#n) or oo,
2, otherwise.
(1)
Then it is easy to see that, for all m, n, p € X, we have
5
D (m, p) < E(D (m,n) + D (n, p)). (2)

Thus, (X, D) is a b-metric space with s = 5/2 (see [5]).

Let G(x, y,z) = max{D(x, y), D(y,z), D(z, x)}. It is easy
to see that G is a G,-metric with s = 5/2 which is not a
continuous function.

We will need the following simple lemma about the G-
convergent sequences in the proof of our main results.

Lemma 15 (see [4]). Let (X, G) be a G,-metric space with s >
1 and suppose that {x,}, {y,}, and {z,} are G,-convergent to x,
y, and z, respectively. Then one has

1
5_3G (X, Y Z) < llrIlIL})I.}fG (xn’ Ynos Zn)

< lim supG (x,, ¥, 2,,) 3)

<5°G(x,9,2).

In particular, if x = y = z, then we have lim,, _, . G(x,, ¥,
,2,) = 0.

The existence of fixed points, coupled fixed points, and
tripled fixed points for contractive type mappings in partially
ordered metric spaces has been considered recently by several
authors (see [6-28], etc.)

Lakshmikantham and Cirié¢ [17] introduced the notions of
mixed g-monotone mapping and coupled coincidence point
and proved some coupled coincidence point and common
coupled fixed point theorems in partially ordered complete
metric spaces.

Definition 16 (see [17]). Let (X, <) be a partially ordered set
andlet F: X x X — Xandg:X — X betwo mappings.
F has the mixed g-monotone property, if F is monotone
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g-nondecreasing in its first argument and is monotone g-
nonincreasing in its second argument; that is, for all x,, x, €
X, gx; < gx, implies F(x,, y) < F(x,, y) for any y € X and
forall y,, y, € X, gy, <X gy, implies F(x, y,) = F(x, y,) for
any x € X.

Definition 17 (see [7,17]). Anelement (x, y) € X x X is called

(1) a coupled fixed point of mapping F : X x X — X if
x = F(x,y)and y = F(y,x),

(2) acoupled coincidence point of mappings F : XxX —
Xandg: X — Xifg(x) = F(x,y) and g(y) =
F(y, ),

(3) a common coupled fixed point of mappings F : X x
X — Xandg: X — Xifx = g(x) = F(x, y) and
y=9(y) = F(y, x).

Definition 18 (see [17]). Let X be a nonempty set. We say that
the mappings F : X x X — Xandg : X — X are
commutative if g(F(x, y)) = F(gx, gy) forall x, y € X.

Choudhury and Maity [10] have established some coupled
fixed point results for mappings with mixed monotone
property in partially ordered G-metric spaces. They obtained
the following results.

Theorem 19 (see [10, Theorem 3.1]). Let (X, X) be a partially
ordered set and let G be a G-metric on X such that (X,G) is a
complete G-metric space. Let F : X x X — X be a continuous
mapping having the mixed monotone property on X. Assume
that there exists k € [0, 1) such that

G(F(x,y),F(uv),F(w,z2))< g [G(x,u,w) +G(y,v,2)],
(4)

forallx <u <wandy > v >z where either u#w or v#z.

If there exist x,, ¥, € X such that x, < F(x,, y,) and y, >
F(yy, x,), then F has a coupled fixed point in X; that is, there
exist x, y € X such that x = F(x, y) and y = F(y, x).

Theorem 20 (see [10, Theorem 3.2]). If; in the above theorem,
in place of the continuity of F, one assumes the following
conditions, namely,

(i) if a nondecreasing sequence {x,,} — x, then x,, < x for
all n,

(ii) if a nonincreasing sequence {y,} — y, then y, = y for
all n,

then F has a coupled fixed point.

Definition 21 (see [29]). Let (X, <) be a partially ordered set
andlet Gbe a G-metric on X. One says that (X, G, <) is regular
if the following conditions hold.

(i) If {x,} is a nondecreasing sequence with x, — x,
then x,, < xforalln e N.

(ii) If{x,} isanonincreasing sequence with x,, — x,then
x, > x foralln e N.

Definition 22 (see [10]). Let (', G) be a generalized b-metric
space. Mappings f : 2% — Zandg: 2 — & are called
compatible if
Jim G (gf (%0 ¥n) > £ (9% V) > £ (9% ) = O,
(5)
Jim G (gf (3 %) f (99w 9%0) » £ (99> 9%,)) = 0

hold whenever {x,} and {y,} are sequences in X such that

Jim f (x,,5,) = lim gx,,

(6)
lim f(y,,x,) = lim gy,.

n— 00

On the other hand, Berinde and Borcut [25] introduced
the concept of tripled fixed point and obtained some tripled
fixed point theorems for contractive type mappings in par-
tially ordered metric spaces. For a survey of tripled fixed point
theorems and related topics we refer the reader to [25-28, 30].

Definition 23 (see [25, 26]). Let (X, <) be a partially ordered
set, f: X7 — Lyandg: X — X.

(1) An element (x, y,z) € & % is called a tripled fixed
point of f if f(x,y,2) = x, f(y,x,¥) = y, and
f(z,9,x) =z

(2) An element (x, y,z) € & 3 is called a tripled coinci-
dence point of the mappings f and g if f(x, y,z) =
g%, f(y,x,y) = gy, and f(z, y,x) = gz.

(3) An element (x, y,2z) € % is called a tripled common
fixed point of f and g if x = g(x) = f(x,y,2), y =
9g») = f(y,x, y),and z = g(z) = f(z, y, x).

(4) One says that f has the mixed g-monotone property
if f(x, y,z) is g-nondecreasing in x, g-nonincreasing
in y, and g-nondecreasing in z; that is, if, for any
x, 9,z € X,

X% €L, gx; 2 gx, = f(x,,2) £ f (%5, ,2),
vy €L, gn=gy,= f(xy.2) = f(x,2),

25 €2, gz 295 = f(xy2)2f(xy2).
7)

Definition 24 (see [28]). Let 2 be a nonempty set. One says
that the mappings f: 2° — Zandg: 2 — X commute
if g(f(x, y,2)) = f(gx,9y,gz),forallx, y,z € X.

In [26], Borcut obtained the following.

Theorem 25 (see [26, Corollary 1]). Let (', <) be a partially
ordered set and suppose there is a metric d on & such that
(X,d) is a complete metric space. Let f : X° — X and
g : & — X be such that f has the g-mixed monotone
property. Assume that there exists k € [0, 1) such that

d(f (x.3,2), f (v w))
< kmax {d (gx, gu),d (gy. gv) . d (92, gw)}

(8)



for all x,y,z,u,v,w € X with gx < gu, gy = gv, and
gz < gw. Suppose f(X°) < g(X) and g is continuous and
commutes with f and also suppose either

(a) f is continuous, or

(b) & has the following properties:

(i) if a nondecreasing sequence x,, — x, then x,, <
x for all n,

(ii) if a nonincreasing sequence y,, — y, then y, = y
for all n.

If there exist x, ¥y, 2, € X such that gx, X f(xy, ¥o»20)>

gy = o x0,20), and gz, X f(zg, ¥o» Xo), then f and g
have a tripled coincidence point.

Definition 26. Let (X',G) be a generalized b-metric space.
Mappings f : X° — Landg : X — X are called
compatible if

lim G (gf (X Y 24) > f (9% 9V 920 »

f (g% 9V 92,)) = 0,

im G (gf (Y X ¥u) » f (V> 9% GVn) » o
9
£ (9w 9% 9Y)) = O,

nll»r%oG (gf (zn’ yn’xn) ’f(gzn’ gyn’gx") >

£ (920 gy 9%,)) = 0

hold whenever {x,}, {y,}, and {z,} are sequences in & such
that

Jim f (5 o 2,) = Jlim g%,
nlLIIgO f (,Vn) Xy yn) = nll_>r%o 9w (10)

lim f(z,,y,,x,) = lim gz,.

n—00 n—00
Lety : [0,+00) — [0, +00) satisfies the following:

(i) v is continuous and nondecreasing,

(ii) w(t) = 0 ifand only if t = 0.

That is, y is an altering distance function.

In this paper, we obtain some coupled and tripled coinci-
dence point theorems for nonlinear (y, ¢) weakly contractive
mappings which are G-a-admissible with respect to another
function in partially ordered G,-metric spaces. These results
generalize and modify several comparable results in the
literature.

2. Main Results

Samet et al. [31] defined the notion of x-admissible mapping
as follows.
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Definition 27. Let T be a self-mapping on X and let o :
X x X — [0,+00) be a function. One says that T is an «-
admissible mapping if

xyeX, a(xy)z2l=a(Ix,Ty)=1. (1)

Definition 28 (see [32]). Let (X, G) be a G-metric space, let
T be a self-mapping on X, and let & : X> — [0,+00) be a
function. One says that T is an G-a-admissible mapping if

xyz€X, a(x,yz)>21=a(Tx,Ty,Tz) > 1. (12)

Following the recent work in [33-35] we present the
following definition in the setting of G-metric spaces.

Definition 29. Let (X, G) be a G-metric space and let f,g :
X — Xanda : X — [0,+00). One says that f is a
rectangular G-a-admissible mapping with respect to g if

(R1) a(gx, gy, gz) = 1 implies «(fx, fy, fz) > 1,x, ¥,z €
X,

(R2) {algx, gy, g9y) = 1, algy,gz,.92z) =
algx, gz, gz) > 1, x,y,z € X.

1} implies

Lemma 30. Let f be a rectangular G-a-admissible mapping
with respect to g such that f(X) < g(X). Assume that there
exists x, € X such that a(gx,, fx,, fx,) = 1. Define sequence

{yat by yu = gx, = fx,1. Then

& (Vs Yo Y) 21 Vn,m e N withn<m.  (13)

Now, we prove the following coincidence point result.

Theorem 31. Let (X, G) be a generalized b-metric space and
let f,g: X — X satisfy the following condition:

a(gx. gy, g2) ¥ (sG (fx, f, fz))
<y (G(gx gy, 92)) - ¢ (G (gx, gy, 92))

forall x,y,z € I, where y,¢ : [0,00) — [0,00) are two
altering distance mappings, « : X — [0,+00), and f is a
rectangular G-a-admissible mapping with respect to g.

Then, maps f and g have a coincidence point if

(i) f(X) € g(X),
(ii) there exists x, € X such that a(gx,, fxo, fx) = 1,

(iil) f and g are continuous and compatible and (X, G) is
complete,

(iii') one of f(X) or g(X) is complete and assume
that whenever {x,} in X is a sequence such that
(%, X1, Xpyq) 2 1foralln e NU{O} and x,, — xas
n — +00, we have a(x,, x,x) > 1 for alln ¢ NU {0}.

Proof. Let x, € X be such that a(gx,, fx,, fx,) = 1.
According to (i) one can define the sequence {y,} as y,,;, =
gXp = fx,foralln=0,1,2,....

As a(gxy, gx,, gx;) = algxy, fxg, fx,) = 1 and since
f is an G-a-admissible mapping with respect to g, then
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a(yy, ¥a» ¥5) = a(fx, fx1, fx;) = 1. Continuing this process,
we get (¥, Vpi1> Vui1) = 1 foralln e NU {0}.
If y, = y,.1> then x,, is a coincidence point of f and g.
Now, assume that y, # y,.,, for all n; that is,

G(J’n>)’n+1:)/n+2) > 0’ (15)

foralln.Let G,, = G(¥,» ¥s1> Yusa)- Then, from (14) we obtain
that

V’ (SG (yn+1’ Yn+2> yn+3))

< 06()/,,, yn+1’yn+2)l//(5G (yn+1’yn+2’yn+3)) (16)

= (gxn’ gxn+1’ gxn+2) 1/’ (SG (fxn’ f‘xn+1’ fxn+2))
<Y (G (Vs Vst Yur2)) = P (G (P Vs> Ys2)) -

We prove that G,,; < G, foreachn € N.IfG,,, > G, for
some n € N, then from (16) we have y(G,,;) < w(G,,,) —
¢(G,,) which implies that G,, = 0, a contradiction to (15).

Hence, we have 0 < G,,,; < G, for each n € N. Thus, the
sequence {G,} is nonincreasing and so there exists r > 0 such
thatlim,,_, .G, =1 > 0.

Suppose that r > 0. Then from (16), taking the limit as
n — oo implies that

y(r)<y(r)—e(r) (17)
a contradiction. Hence,

lim G, = m G (¥ V1> Yus2) = 0- (18)

n— 00

Since y,..1 # ¥, for every n, so by property (G,3) we obtain

G(yn’yn+1’yn+1) 3G(J’m}’n+1>)’n+2)- (19)
Hence,
Jim G (Vs Yui1> Yuer) = 0. (20)

Also, by part (3) of Proposition 6 we have

im G (¥, V> Ys1) = 0. (21)

n—o00
Now, we prove that {y, } is a G,,-Cauchy sequence. Assume
on contrary that {y,} is not a G,-Cauchy sequence. Then there
exists ¢ > 0 for which we can find subsequences {y,, } and

{yn, } of {y,} such thatm, is the smallest index for which m;. >
n, > k and

G (Y Ym» Y, ) 2 &. (22)
This means that

G (xnk,xmk,l,xmk,l) <e (23)

Since f is a rectangular G-a-admissible mapping with respect
to g, then from Lemma 30 a(y,, > Vi, —1> Y1) = 1. Now,
from (14) we have

1// (SG (ynk+1’ ymk’ymk))
S (ynk’ ymk—l’ymk—l) V/(SG (ynk+1’ ymk’ ymk))
= (gxnk’gxmk—l’gxmk—l) 1// (SG (fxnk’fxmk—l’ fxmk—l))

<Y (G (s Ymt> Y1) = 2 (G (s Y15 Yim 1)) -
(24)

Using (G,5) we obtain that

G (D Yony» Y (25)

<sG (ynk’ ynk+17 ynk+1) +5G (ynkJrl’ymk’ ymk) :

Taking the upper limitas k — oo and using (20) and (23) we
obtain that

. €
1im upG (Yo 11 Yimg> Yim, ) = = (26)
k— o0 S
Using (G,5) we obtain that
G (Ve V> Vim,) o)

<sG (ynk’ ymk—l’ymk—l) +sG (ymk—l’ ymk’ymk) .

Taking the upper limitas k — oo and using (20) and (23) we
obtain that

| ™

h}?lg;fG(ynk’ ymk—l’ymk—l) = S' (28)

Taking the upper limit as k — oo in (24) and using (23) and
(26) we obtain that

y(e) <y (sli;n SUPG (V1> Yoo ymk))

<y <li£n supG (ynk, Yme—1> ymk1)>

(29)
~1iminfe (G (3> Yon,-1> im1))
<y(e)-¢ (11,33 infG (s V-1 ymk_l))
which implies that
¢ <klin30 inf G (s Yoy 1 ymk_l)> =0,  (30)

so limy _, oo inf G(¥,,,> Y, —1> Yim,—1) = 0, a contradiction to
(28). It follows that {y,} is a G,-Cauchy sequence in X.
Suppose first that (iii) holds. Then there exists

nleréo fx, = nleréo gx,=z¢€. (31)



Further, since f and g are continuous and compatible, we get
that

Am fgx, = fz,  lim gfx, = gz,

(32)
lim G (fgx,, fgx,» 9fx,) = 0.
We will show that fz = gz. Indeed, we have

G (fz, 92, 92) < s[G(fz, fax,» fgx,) + G (fgx,» g2, 97)]
< sG(fz, fgx,» f9x,)
+5° (G (f9x,0 9f % 91%,)
+G (gfx,» 92, 92)]

—5-0+s-0+5-0=0 as (n » 00),

(33)

and it follows that fz = gz. It means that f and g have a
coincidence point.

In the case (iii'), if we assume that g(X) is G,-complete,
then

Am fx, = lim gx, = gu =z (34)

for some u € . Also, from (iii’) we have a(gx,, gu, gu) > 1.
Applying (14) with x = x,, and y = u, we have

Y (G (fx, fu fu))
< o (g, gus gu) v (sG (fx,, fu, fu)) (35)
<y (G (g%, gu gu)) = ¢ (G (9%, gu> gu)) -
It follows that G( fx,,, fu, fu) — 0 whenn — oo; thatis,
fx, — fu.Uniqueness of the limit yields that fu = z = gu.

Hence, f and g have a coincidence point u € X. O

Theorem 32. Let (X, G, X) be an ordered generalized b-metric
space and let f, g : X — X satisfy the following condition:

v (sG(fx, fy, f2))
<y (G(gx, gy, 92)) - ¢ (G (9. gy, 92))

(36)

forallx, y,z € X, with gx < gy < gz, wherey, ¢ : [0,00) —
[0, 00) are two altering distance functions.
Then, maps f and g have a coincidence point if

(i) f is g-nondecreasing with respect to < and f(X) <
9(X);
(ii) there exists x, € X such that gx, < fx;

(iii) f and g are continuous and compatible and (X, G) is
complete, or

(iii") (X, G, <) is regular and one of f(X) or g(X) is
complete.
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Proof. Definea: X x X x X — [0, +00) by

I, ifx<y<z
Hx<y=<z (37)

w(mra)- |

0, otherwise.

First, we prove that f is a rectangular G-a-admissible
mapping with respect to g. Assume that a(gx, gy, gz) >
1. Therefore, we have gx < gy <X gz. Since f is g-
nondecreasing with respect to <, we get fx < fy < fz;thatis,
a(fx, fy, fz) = 1. Also, let a(x,2z,z) > 1 and a(z, y, y) > 1,
and then x < z and z < y. Consequently, we deduce that
x X y < y;thatis, a(x, y,¥) > 1. Thus, f is a rectangular
G-a-admissible mapping with respect to g. Since

Y (sG (fx, fy, f2))

(38)
<y (G(gx gy, 92)) — ¢ (G (gx. gy, g2))
forall x, y,z € X, with gx < gy < gz, then
a(gx, gy, 92) v (sG (fx, fy, fz)) 9)

<y (G(gx gy, 92)) - (G (gx, gy, 92)) -

Moreover, from (ii) there exists x, € X such that gx, <
fxo = fxy that is, a(gxy, fxy, fx;) = 1. Hence, all the
conditions of Theorem 31 are satisfied and therefore f and g
have a coincidence point. O

If a(x, y,z) = 1 forall x, y,z € X in Theorem 31, then we
obtain the following coincidence point result.

Theorem 33. Let (X, G) be a generalized b-metric space and
let f,g: X — X satisfy the following condition:

v (sG (fx, fy, f2))
<y (G(gx, gy, 92)) - ¢ (G (gx. gy, 92))

(40)

forall x,y,z € &, where y,¢ : [0,00) — [0,00) are two
altering distance functions.
Then, maps f and g have a coincidence point if

(i) f(X) € g(X),

(ii) f and g are continuous and compatible and (X, G) is
complete, or

(ii") one of f(X) or g(X) is complete.

3. Coupled Fixed Point Results

We will use the following simple lemma in proving our next
results. A similar case in the context of b-metric spaces can
be found in [24].

Lemma 34. Let (X', G) be a generalized b-metric space (with
the parameter s) and let f : X* — Landg : X — .
Suppose that F : X* — X is given by

EX=(f(xy),f(px), X=(xy)ed” (4D
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and H : X* — X% is defined by

HX = (gx,gy), X=(xy)e€ 2% (42)

(a) If a mapping QF : > x X* x L* — R" is given by
Q) (X,U, A) = max{G (x,u,a),G (y,v,b)},

X=(xy),

(43)

U=wv), A=(ab)ed?

then (L2, Q') is a generalized b-metric space (with the
same parameter s). The space (22, Q") is G,-complete
if and only if (X', G) is G,-complete.

(b) If f is continuous from (22, Q) to (X, G), then F is
continuous in (22, Q).
(¢) If f and g are compatible, then F and H are compatible.

(d) The mapping f : X* — X is G-a-admissible with
respect to g; that is,

x y,u,v,a,beX,
a((gx. gy)(gu. gv),(ga. gb)) > 1
= a(f(xy),f (%)), (44)
(f W), f (vu),
(f@b), f b)) =21

if and only if the mapping F : X* — X7 is G-a-
admissible with respect to H; that is,

X, U, A€ X%
o (HX, HU, HA) > 1 (45)
= a(FX, FU,FA) > 1,

where a1 X2 x X2 x X? — [0,00) is a function.

(e) The statement (d) holds if we replace the G-a-
admissibility by rectangular G-a-admissibility.

Let (2, G) be a generalized b-metric space, f: 2% —
and g : & — X.In the rest of this paper unless otherwise
stated, for all x, y,u,v,z,w € I, let

N¥ (x, y, u,v,2,w)

=max {G (f (%, y), f (), f (z,w)),
G(f(3x), f(mu), f(w,2)},  (46)

m
Ny (%, y,u,v,2,w)

= max {G (gx, gu, gz) , G (97, gv, gw)} .

Now, we have the following coupled coincidence point
result.

Theorem 35. Let (X', G) be a generalized b-metric space with
the parameter s and let f : X* — Landg : ¥ — 2.
Assume that

a((gx.gy),(gu, gv), (92, gw))
Xy (sN}” (x, y,u,v, 2, w))

<y (N;" (%, y,u,v, 2, w)) -9 (NZ' (x, y,u,v, 2, w)) ,
(47)

for all x, y,u,v,z,w € X, where y,¢ : [0,00) — [0,00) are

altering distance functions, a : (X*)* — [0,00), and f is a

rectangular G-a-admissible mapping with respect to g.
Assume also that

M) () € g( X%
(2) there exist x, y, € X such that

a((gx0 o) > (f (x0:%0) > f (0o %)) »
F (x0:30) > f (70> %)) 2 1,

a (950 9%0) » (f (o> X0)» f (%02 0)) »
I o %) f (%00 30)) 2 1.

(48)

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or

(b) (9(X),G) is Gy-complete and assume that whenever
{x,} and {y,} in X are sequences such that

@ (('xn’ yn) > (xn+1’ yn+1) 4 ('xn+l’ yn+1)) > 1,
(49)

o ((yn’xn) 4 (yn+1’ xn+1) 4 (yn+1’ xn+1)) 21

foralln e NU{0}and x, — x,y, — yasn — +00, we
have

a (% ) (%), (%, ) 2 1,
« ((yn’ xn) > (y’ x) > (y’ x)) >1

foralln e NU {0}.
Then, f and g have a coupled coincidence point in .

(50)

Proof. Let Q' be the generalized b-metric on 2 defined in
Lemma 34. Also, define the mappings F, H : > — 2 by
FX = (f(x, ), f(y,x)) and HX = (gx,gy), X = (x,y) as
in Lemma 34. Then, (27, Q') is a generalized b-metric space
(with the same parameter s as '), such that F(2?*) < H(Z?).
Moreover, the contractive condition (47) implies that

o (HX, HU, HA) y (sQ)' (FX, FU, FA))
(51)
<y (Q) (HX,HU,HA)) - ¢ (Q)' (HX, HU, HA))

holds for all X,U,A € 7. Also, one can show that all
conditions of Theorem 31 are satisfied for F and H and we



have proved in Theorem 31 that, under these conditions, it
follows that F and H have a coincidence point X = (x,y) €

2 which is obviously a coupled coincidence point of f and
g. O

In the following theorem, we give a sufficient condition
for the uniqueness of the common coupled fixed point (see
also [23]).

Theorem 36. In addition to the hypotheses of Theorem 35,
suppose that f and g are commutative and that, for all
(x,y) and (x*,y") € 2, there exists (u,v) € 22
such that a((gx, gy), (gu, gv), (gu, gv)) = 1 and a((gx",
gy"), (gu, gv), (gu, gv)) > 1. Then, f and g have a unique
common coupled fixed point of the form (a, a).

Proof. We will use the notations as in the proof of
Theorem 35. It was proved in this theorem that the set of
coupled coincidence points of f and g; that is, the set of
coincidence points of F and H in 27 is nonempty. We will
show that if X and X are coincidence points of F and H,
that is,

HX =FX, HX"=FX", (52)

then HX = HX".

Choose an element U = (u,v) € 2 such
that a((gx, gy), (gu, gv), (gu,gv)) = 1 and a((gx™, gy"),
(gu, gv), (gu, gv)) = 1. Let U, = U and choose U, € 27 so
that HU, = FU,,. Then, we can inductively define a sequence
{HU,} such that HU,,, = FU,,.

As «((gx, gy), (gu, gv), (gu,gv)) = 1 and f is rect-
angular G-a-admissible with respect to g, then a((f(x, ),

F (), (f . v), f(v,u)), (f(w,v), f(v,w))) = 1; that is,
a(HX, HU,, HU,)) > 1 yields that
o (FX, FU, FU) = a (FX, FU,, FU,)
= a(HX, HU,, HU,) (53)

> 1.

Therefore, by the mathematical induction, we obtain that
«(HX,HU,,HU,) > 1, foralln > 0.
Applying (47), one obtains that

¥ (593 (FX, HU,,.1, HU,,,,))
<a(HX,HU,, HU,)y (sQ) (FX, FU,, FU,))
< y (0" (HX, HU,, HU,)) - ¢ (' (HX, HU,, HU,))

<y (Q) (HX,HU,, HU,)).
(54)

From the properties of y, we deduce that the sequence
{Q)'(HX, HU,, HU,,)} is nonincreasing. Hence, if we proceed
as in Theorem 31, we can show that

lim Q' (HX, HU,,, HU,)) = 0; (55)

that is, {HU, } is G,-convergent to HX.
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Similarly, we can show that {HU,} is G,-convergent to
HX". Since the limit is unique, it follows that HX = HX".

The compatibility of f and g yields that F and H are
compatible, and hence F and H are weak compatible. Since
HX = FX, we have HHX = HFX = FHX. Let HX = A.
Then, HA = FA. Thus, A is another coincidence point of F
and H. Then, A = HX = HA. Therefore, A = (a,b) is a
coupled common fixed point of f and g.

To prove the uniqueness, assume that P is another
common fixed point of F and H. Then, P = HP = FP and
also HP = HA. Thus, P = HP = HA = A. Hence, the coupled
common fixed point is unique. Also, if (a,b) is a common
coupled fixed point of f and g, then (b, a) is also a common
coupled fixed point of f and g. Uniqueness of the common
coupled fixed point yields that a = b. O

Let Q% : 22 x 2% x > — R* be given by

G (x,u,a) + G(y,v,b)
2 BNED)
A=(ab)e?,

Q2 (X,U, A) =

X=(x9), U=wv)),

and then (22, Q)) is a generalized b-metric space (with the
same parameter ).

Let (2, G) be a generalized b-metric space, f: * — <,
andg: & — Z.Forallx, y,u,v,z,we I, let

N% (x, y,u, v, 2, w)

_G(f (), f W), f (zw)
2

LGU ), f 0w, f (w,2)
2
_ G(gx, gu, gz) + G(gy, gv, gw)'

a
Ng(x,y,u,v,z,w)— 5

>

(57)
Remark 37. The result of Theorems 35 and 36 holds, if we
replace (', N, and N by Q, N¢, and Ny, respectively.
4. Coupled Fixed Point Results in Partially
Ordered Generalized b-Metric Spaces

We will use the following simple lemma in proving our
results.

Lemma 38. Let (X, G, <) be an ordered generalized b-metric
space (with the parameter s) and let f : X* — X and g :
X — L. LetF:X* — 27 be given by

FX=(f(x).f(px), X=(xy)ex® (58
and H : ? - 2* is defined by

HX = (gx,gy), X=(xy)¢€ % (59)
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(a) If a relation C, is defined on X by

X=(xy), U=@v)e2?
(60)

XU x2uNy=v,

then (22, Q),L,) and (2?08, C,) are ordered generalized b-
metric spaces (with the same parameter s).

(b) If the mapping f has the g-mixed monotone property,
then the mapping F : X* — 27 is G-nondecreasing with
respect to C,; that is,

HXc, HU = FXC, FU. (61)

Theorem 39. Let (X, Gy, X) be a partially ordered generalized
b-metric space with the parameter s and let f : * — X and
g: X — X. Assume that

v (sN}" (x, y,u,v, 2, w))

<y (N;" (x, y,u, v, 2, w)) -9 (N;” (% y, w12 2,w))
(62)

for all x, y,u,v,z,w € & with gx < gu < gz and gy >
gv = gw, where y, ¢ : [0,00) — [0,00) are altering distance
functions.

Assume also that

(1) f has the mixed g-monotone property and f(2*) <
g();

(2) there exist x,, y, € & such that gx, < f(x,, y,) and
9Y0 = f (3o Xo)-

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (L, G) is G,-complete, or

(b) (X, Gy) is regular and (g(X), G) is G,-complete.

Then, f and g have a coupled coincidence point in .

Proof. By Lemma 38, (22, Q' C,) is an ordered generalized
b-metric space (with the same parameter s).
Define a : X* x X* x X* — [0, +00) by

1, if (x,9)C, (w,v)C,(ab),
0, otherwise.

a((xy),wv),(ab) = {
(63)

First, we prove that F is a rectangular G-a-admissible
mapping with respect to H. Hence, we assume that a(HX,
HU,HA) > 1, where X = (x,y), U = (4,v), and A = (a,b).
Therefore, we have HX C, HU C, HA. Since f has the mixed
g-monotone property, then from Lemma 38, the mapping
F: 2% — 27 is G-nondecreasing with respect to C,; that
is,

FXC, FULC, FA; (64)

that is, a(FX, FU, FA)
«(A,U,U) > 1; then X

1. Also, let a(X,A,A) > 1 and

>
C, A and A, U. Consequently, we

deduce that X, U; that is, «(X,U,U) > 1. Thus, F is a
rectangular G-a-admissible mapping with respect to H.
From (62) and the definition of & and C,,

y (sQ (FX, FU, FA))

<y (Q) (HX,HU, HA)) - ¢ (Q)' (HX, HU, HA)),
(65)

forall X,U, A € X with HX C, HU c, HA. Moreover, from
(2) there exists (x,, y,) € X* such that

H (x9, o) = (9%0- 9%) S5 ((x0 %0) > f (70> %))
(66)
= F (x0, ¥o) -

Hence, all the conditions of "Iheorgn 32 are satisfied and so
F and H have a coincidence point X = (x,y) € & 2 which is
a coupled coincidence point of f and g. O

In the following theorem, we give a sufficient condition
for the uniqueness of the common coupled fixed point (see
also [25, 28, 30]).

Theorem 40. In addition to the hypotheses of Theorem 39,
suppose that, for all (x,y) and (x*,y*) € L7, there exists
(u,v) € X2 such that (gu, gv) is comparable with (gx, gy)
and (gx*, gy™). Then, f and g have a unique common coupled
fixed point of the form (a, a).

Proof. It was proved in Theorem 39 that the set of coupled
coincidence points of f and g, that is, the set of coincidence
points of F and H in 2, is nonempty. We will show that if X
and X are coincidence points of F and H, that is,

HX = FX, HX"=FX", (67)

then HX = HX". There exists (1, v) € 27, such that (gu, gv)
is comparable with (gx, gy) and (gx*, gy*). Without any loss
of generality, we may assume that (gx, gy) &, (gu, gv) and
(gx*, gy") E, (gu, gv). According to the definition of « in
the above theorem, a((gx, gy), (gu, gv), (gu, gv)) > 1 and
a((gx®, gy™), (gu, gv), (gu, gv)) = 1.

Now, following the proof of Theorem 36, one can obtain
that HX = HX". The remainder part of proof is analogous to
the proof of Theorem 36 and so we omit it. O

Remark 41. In Theorem 39, we can replace the contractive
condition (62) by the following:

a((gx. gy),(gu gv), (92, gw))
Xy (SN; (x, y,u,v, 2, w))

<y (N; (x, y,u,v, 2, w)) -9 (NZ (x, y,u,v, 2, w)) :
(68)

Remark 42. Theorem 39 provides conclusions of Theorems
3.1 and 3.2 of [4] for more general pair of compatible maps.

In Theorem 39, if we take y/(t) = t for all t € [0, 0c0), we
obtain the following result.
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Corollary 43. Let (2,G,<X) be a partially ordered G-
complete generalized b-metric space with the parameter s > 1
andlet f: X* — L. Assume that

G(f (%), f W), f(zw)
2

LG 0hx), f (1), f (w,2))
2

G (gx, gu, gz) + G (gy, gv, gw)
2

I(P ( G (gx, gu, gz) + G (gy, gv» gw) )

s 2

(69)

1
< -
N

forall x, y,u,v,z,w € L withx <u<zandy > v > w,
where ¢ : [0,00) — [0, 00) is an altering distance function.
Assume also that

(1) f has the mixed g-monotone property and f(*) €
9(X);

(2) there exist x,, y, € & such that gx, X f(xg, y,) and
9% = (¥ Xo)-

Also, suppose that either

(a) f is continuous, or
(b) (X, G) is regular.

Then, f and g have a coupled coincidence point in .

In addition, suppose that, for all (x, y) and (x*, y*) € L7,
there exists (u,v) € X2 such that (u,v) is comparable with
(x,y) and (x*, y*). Then, f and g have a unique coupled
fixed point of the form (a, a).

In Corollary 43, if we take ¢(t) = (1-k)t forallt € [0, 00),
where k € [0,1), we obtain the following extension of the
results by Choudhury and Maity (Theorems 19 and 20).

Corollary 44. Let (X,G,<) be a partially ordered G-
complete generalized b-metric space with the parameter s > 1
andlet f: X* — L. Assume that

G(f (). f W), f(zw)
2

(UL SO wD) g

B kG(xu,z)+G(y,vw)
T s 2

>

forall x, y,u,v,z,w € L withx <u<zandy >vx>w,or
zxu=xandw > v x> y, wherek € [0, 1).
Assume also that
(1) f has the mixed monotone property;
(2) there exist xy, y, € X such that x, < f(x,,,) and
Yo = f (Yos %o)-

Also, suppose that either
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(a) f is continuous, or

(b) (X, G) is regular.

Then, f has a coupled fixed point in .

In addition, suppose that, for all (x, y) and (x*, y*) € L%,
there exists (u,v) € 2% such that (u,v) is comparable with
(x,y) and (x*, y™). Then, f has a unique coupled fixed point
of the form (a, a).

Now, we present an example to illustrate Theorem 39 and
Remark 41.

Example 45. Let X = R be endowed with the usual
ordering and let G,-metric G on X be given by G(x, y,z) =
max{|x — y|2, ly - z|%, |x — z|*}, where s = 2. Define F : X x
X — Xas

‘-
Fxy) =57

(x,y) e Xx X. (71)

We define y, ¢ : [0,00) — [0, 00) by

go(t):ln(;“ ). o

v(t)=In(t+1), 1

where ¢ = 8/81. Also, F has mixed monotone property and
satisfies the condition (68). Indeed, for all x, y,u,v,a,b € X
with x <u <aand y > v > b, we have

v (2(G(F (x,y),F(u,v),F(a,b))))

_ — 2 _ —_b\?
i am (552 ) (500,
9 9 9 9

S

=ln<%max{(x—u+v—y)2,(u—a+b—v)2,

(a—x+y—b)2}+ 1)
< ln<84—1 max{(x— u)’ + (v—y)z,(u —a)*
Hb-vh(a-x)+(y-b)'}+ 1)

<In <84_1 [max {(x —uw)l (w-a)(a- x)z}

+max{(v—y)2,(b— v)z,(y—b)z}] + 1)
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I 8 G(x,u, a)+G(y,v,b)
s 2

_ 1n<CG(x,u,a)-;G(y,v,b) . 1)

W (G(xua)+G (y,v,b) )

SN EETLE AR NE AN

(G(x,u,a) + G (y,1,b)) [2) + 1
G(x,wa)+G(y,nb
:v/< (x,u,a) + G (y,v ))

2

_¢<G(x,u,a)+G(y,v,b))

2
(73)
Similarly,
Y (G (F(y,x), F (1), F (5,)))
p 1//(G(x,u,a)+G(y,v,b))
2 (74)
<G(x,u,a) +G(y,v,b))
_p > .
So,
1//(2(G(F(x,y),Fz(u,v),F(a,b))
+G(F(y,x),F(v,u),F(b,a)))
2
(75)

Sl//(G(x,u,a);G(y,v,b))

(G(x,u,a)+G(y,v,b))
—¢ . )

Finally, there are obviously x,, y, € X such that x, <
F(xy, yy) and y, = F(y,x,). Thus, we conclude that the
mapping F has a coupled fixed point (which is (0, 0)).

Consider now the same example, but with the G-metric

G(x,y,2)

on X = R. The respective contractive condition
v (G(F(x,y),F (uv),F (a,b)))
3 1I](G(x,u,a) +G(y,v,b))

=max{|x-y|,|y—z|,lx-zl]}  (76)

2 (77)

(G(x,u,a)+G(y,v,b))
" :

1

does not hold for all x, y,u,v,a,b € X suchthatx > u > a
and y < v < b.Indeed, forx =1, y=u=v=a=>b=0it
reduces to

=y <$) =0.10536051565

£ 0.4054651081 — 0.35726300629

S ()-+(2)
=l//(G(l,O,O);G(O,O,O))

_¢<G(1,0,0);G(0,0,0)>‘

We conclude that, using a G,-metric instead of the standard
one, one has more possibilities for choosing a control func-
tion in order to get a coupled fixed point result.

Remark 46. Theorems 3.5, 3.6, and 3.7 of [4] are special cases
of Theorem 39.

5. Tripled Coincidence Point Results

In this section we prove some tripled coincidence and tripled
common fixed point results.

Lemma 47. Let (X, G, <) be an ordered generalized b-metric
space (with the parameter s) and let f : X° — XL and g :
L - .

(a) If a relation C, is defined on X by

X UesS x2uNyzvAz 2w,
(79)

X=(x92), U=@Wwvw) e,

and a mapping Q3" : x> x X — RY is given by

Q7 (X,U, A) = max {G (x,u,a),G (y,v,b),G (z,w, )},
(80)

forall X = (x,9,2),U = (u,v,w),and A = (a,b,c) € 23, then
(273, O}, C3) is an ordered generalized b-metric space (with the
same parameter s). The space (2>, Q') is G,-complete if and
only if (X, G) is G,-complete.

(b) If the mapping f has the g-mixed monotone property,
then the mapping F : X° — X given by

= (f(ey2), f(rxy), f(z ),

81)
=(x,y,2) e X’
is G-nondecreasing with respect to Cs; that is,
HXC, HU = FXC, FU, (82)

where H : X° — 2 is defined by

HX = (gx,gy,92), X=(xp2)e2’.  (8)
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(c) If f is continuous from (23, Q3) to (X,G), then F is
continuous in (2>, Q3.

(d) If f and g are compatible, then F and H are compatible.

(e) The mapping f : X> — X is G-a-admissible with
respect to g; that is,

X 201, vy, s by € X,
a((gx. gy, 92) (97> 9% 9y) - (92, 9y, 9x)) 2 1
= a((f (% 1.2), f (1:%9), f (2 3.%)),
(f wv,w), f(vu,v), f(w,v,u)),
(f(ab,0), f (b,ab), f(c.b,a))) 21

if and only if the mapping F : X° — 2 is G-a-admissible
with respect to H; that is,

(84)

X, U, Ae X,
o (HX, HU, HA) > 1 (85)
— « (FX, FU,FA) > 1,

wherea : X° x X2 x X® = [0,00) is a function.

Let (2, G, <) be an ordered generalized b-metric space,
f:2° - Landg: ¥ — X.Forallx, y,z,u,v,w,a,b,c €
Z, let

MY (x, y,2,u,v,w,a,b,c)
=max{G(f (x,5,2), f (w,v,w), f (a,b,c)),
G(f (%), f u,v), f (b,a,b)),
G(f(zp.%), f (wv,u), f(c.ba)},

m
My (x,y,2,u,v,w,a,b,c)

= max {G (gx, gu, ga) , G (gy, gv» gb) , G (92, gw, gc)} .
(86)

Theorem 48. Let (X', G) be a generalized b-metric space with
the parameter s and let f : X° — Landg : ¥ — <.
Assume that

a((gx gy, 92), (gu, gv, gw)., (ga, gb, gc))
Xy (sM}” (x, y,z,u,v,w,a,b, c))

(87)
<y (M;” (x, y,z,u, v,w,a, b, c))
- (M;" (x, y,z,u,v,w,a,b, C)) ,
for all x,y,z,u,v,w,a,b,c € X where y,¢ : [0,00) —

[0, co) are altering distance functions and « : (xX*?® > [0,00)
is a mapping such that f is a rectangular G-a-admissible
mapping with respect to g.

Assume also that

D) £(L3) < g(X)s

Abstract and Applied Analysis
(2) there exist x, ¥y, 2y € X such that

o (90> 90> 9%0) »
(f (x0> Y0:20) » f (Yo %02 %) » f (202 Yo X0)) »
(f (x0> Y0:20) » f (Yoo %02 ¥0) > f (200 Y00 X0))) 2 1,
o ((9¥0> 9%0> 9%0) »
(f 0o X0 ¥0) > f (%00 Yo Z0) > f (Yo %00 30)) (88)
(f (o X0 ¥0) > f (%05 Y0, 20) > f (30> X0 30))) 2 1,
o (920> 9Y0» 9%0) »
(f (20 ¥or %0) » f (Yor %02 ¥0) > f (%02 Yo Z0)) »
(f (z0:¥00 %0)» f (Yor %02 Y0) » f (%0> Y0 20))) 2 1.

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or

(b) (g(X),G) is G,-complete and assume that whenever
{x,}, .} {z,} in X are sequences such that
o ((xn’ yn’ zn) > (xn+l’ yn+1’ Zn+1) > (xn+1’yn+1’ zn+1)) 2 1’
o ((yn"xn’ yn) > (yn+1’ xn+l’ yn+1) > (yn+1’ xn+l’ yn+1)) 2 1’

@ ((Zn’ Y xn) > (Zn+1> Ynt+1> ‘xn+1) > (zn+1’ Yn+1> xn+1)) 21
(89)

foralln e NU {0} and x, — x,y, — y,andz, — zas
n — +0o, we have

o ((xn’yn’zn) > (X,)/, Z) > (x’y’ Z)) 2 1’
(Y X V) (1, 9), (12, 9)) 2 1, (90)
(2 Y Xn) > (2, 35 %) 5 (2, 9, X)) 2 1

foralln e NU{0}.
Then, f and g have a tripled coincidence point in .

Theorem 49. In addition to the hypotheses of Theorem 48,
suppose that f and g are commutative and that, for all (x, y, z)
and (x*, y*,2*) € X, there exists (u, v,w) € X°, such that

« ((gx, gy, gz), (gu, gv, gw) , (gu, gv, gw)) = 1, o

a((gx" gy", 92"), (gu, gv, gw), (gu, gv, gw)) = 1.

Then, f and g have a unique common tripled fixed point of the
form (a, a,a).
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Let

0 (X,U, A) = G(x,u,a)+G(y;v,b)+G(z,w,c))
X=(x92), U=@wvw), A=(abc) e’
M5 (x, y,z,u,v,w,a,b,¢)

_G(f(x22), fwvw), f(ab0)
3

+ G(f()/,X,y),f(v,u,v),f(b,a,b))
3

G myx).f @), f (eha)
. ,

a
My (x, y,z,u,v,w,a,b,c)

_ G(gx, gu ga) + G (gy gv gb) + G (92, gw, gc)
5 .

(92)

Remark 50. In Theorem 48, we can replace the contractive
condition (87) by the following:

« ((gx, gy, gz) , (gu, gv» gw) , (ga, gb, gc))

Xy (SM; (%, y,z,u,v,w,a,b, C))

(93)
<y (M; (x, 3,21, v,w,4,b,¢))

- (M (x, y,z.u,v,w,a,b,c)).

The following tripled fixed point results in ordered metric
spaces can be obtained.

Theorem 51. Let (X, G, X) be a partially ordered generalized
b-metric space with the parameter s and let f : 2> — X and
g: X — X. Assume that

v (SM}” (%, y,z,u,v,w,a,b, c))
<y (M;” (x, y,z,u,v,w,a,b, c)) (94)
-9 (M;" (% y,z,u, v, w, a, b,c)) ,

forall x,y,z,u,v,w,a,b,c € X with gx X gu < ga, gy =
gv = gb, and gz < gw X gc, where y, ¢ : [0,00) — [0, 00)
are altering distance functions.

Assume also that

(1) f has the mixed g-monotone property and f(>) <
9(X);

(2) there exist xy, ¥y, 2y € X such that gx, < f (x> Yo Z0)>
9Y0 = f (Yo %05 Yo)s and gz, < f (2o, Yo, Xo)-

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or
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(b) (X, Q) is regular and (g(X), G) is G,-complete.
Then, f and g have a tripled coincidence point in I

Theorem 52. In addition to the hypotheses of Theorem 48,
suppose that f and g are commutative and that, for all
(x,y,2) and (x*, y*,2") € 93, there exists (u,v,w) € 2>,
such that (gu, gv, gw) is comparable with (gx, gy, gz) and
(9x*,gy", gz"). Then, f and g have a unique common tripled
fixed point of the form (a, a, a).

Remark 53. In Theorem 51, we can replace the contractive
condition (94) by the following:

v (SM; (x, y,z,u, v,w,a,b, c))
<y (MZ (%, y,z,u,v,w,a,b, c)) (95)
- (MZ (%, y,z,u, v, w, a, b,c)) .

Remark 54. Theorem 51 extends Theorem 2.1 of [36] to a
compatible pair.

Remark 55. Corollaries 2.2, 2.3, 2.6, 2.7, and 2.8 of [36] are
special cases of Theorem 51.

Remark 56. Theorem 25 is a special case of Theorems 51.

6. Application to Integral Equations

As an application of the (coupled) fixed point theorems estab-
lished in Section 4, we study the existence and uniqueness of
a solution to a Fredholm nonlinear integral equation.

In order to compare our results to the ones in [37, 38] we
will consider the same integral equation; that is,

b
x(t) = J (K, (t,8) + Ky (£,9)) (f (5, x(s)) + g (s, x(s))) ds

+h(t),
(96)

wheret € I = [a,b].
Let ® denote the set of all functions 8 : [0, 00) — [0, 00)
satistying the following.

(ip) 6 is nondecreasing and (6(r))? < O(r?), for all p > 1.

(iig) There exists ¢ € @ such that 20(r) = (r/2) — ¢(r/2),
for all r € [0, 00).

© is nonempty, as 0,(r) = 2kr with 0 < 4k < 1isan
element of ©.

Like in [38], we assume that the functions K, K,, f, and
g fulfill the following conditions.

Assumption 57. Consider the following:

(i) K, (t,s) 2 0and K,(t,s) < 0, forallt,s € I;
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(ii) there exist two positive numbers A and ¢ and 0 € ©
such that, for all x, y € R with x > y, the following
Lipschitzian type conditions hold:

0< f(tx)—f(t,y)<AO(x-y),
~ub(x-y)<gt.x)-g(ty) <0

(97)

(iif)
(max {A, u’})

b P b b 1
.S::? |:(L Kl (t,S)dS) + (J; —K2 (t,s) dS) :| < W

(98)
Definition 58 (see [38]). A pair (a, ) € X2 with X = C(I, R)
is called a coupled lower-upper solution of (96) if, forall t € I,

b
alt) < j K, (t5) [f (s a(s) + g (s, B(5))] ds
b
+j Ky (t,9)[f (s () + g (s a(s)] ds + h (1),
b
Bt) > j K (65 [f (5, B(s) + g (5, (s))] ds

b
+ J K, ts)[f(s,a(s)+g(s,B(s)]ds+h(t).
(99)
Theorem 59. Consider the integral equation (96) with
K., K, e CIxLR),

heC(,R). (100)

Suppose that there exists a coupled lower-upper solution («, [3)
of (96) with a < [3 and that Assumption 57 is satisfied. Then
the integral equation (96) has a unique solution in C(I, R).

Proof. Consider on X = C(I,R) the natural partial order
relation; that is, for x, y € C(I,R),
x<ye=x({t)<y(t), Vtel (101)

It is well known that X is a complete metric space with respect
to the sup metric:

d(xy)=suplx() -y 0], xyeCULR). (g

Now for p > 1 we define

P
p(x.y) = d(x.y)" - (sup () y<t>|)
tel (103)

=suplx(t) -y O, xyeCUR).
tel
Define

G(x,y,2) =max{p(x,y),p(1.2),p(z,x)}.  (104)
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It is easy to see that (X, G) is a complete G, -metric space with
s = 2P (see Example 3).

Now define on X” the following partial order:
for all (x, y), (u,v) € X2

Viel.
(105)

(y)<wv) = xt)<u), y)=zv()

Obviously, for any (x, y),(z,t) € X2, the element (max
{F(x, y), F(z,t)}, min{F(y, x), F(t,z)}) is comparable with
(F(x, y), E(y,x)) and (F(z,1), F(t, 2)).

Define now the mapping F: X x X — X by

b
F(x,9) (t) = j K, (6:9) [ (5x(9) + g (s y ()] ds

b
N j K (1:5) [f (5,7 (9)) + g (5,x ()] ds

+h(t), Vtel.

(106)

It is not difficult to prove, like in [38], that F has the mixed
monotone property. Now for x, y,u,v,a,b € X with x > u >
aand y <v < b, we have

p(F(x,y),F(u,v))= su?|F (x,y) (t) = F (w,v) (1|7
(107)

Let us first evaluate the expression in the right hand side.
According to the computations done by Berinde in [37],

F(x,y)(t) = F (uv) (t)

b
= J K, ts)[f(s,x(s)+g(sy(s)]ds

a

b

+ J Ky (6,9 [f (s y(s) + g(s,x(s))]ds
b

- J K, (ts)[f (s,u(s)+g(s,v(s)]ds
b

- I K, () [f (s,v(s) + g(s,u(s)]ds

b
= J- K, ts)[f(s,x(s) = f(ssu(s)+g(s,y(s))
-g(s,v(s)]ds

b

+ j K, t,8)[f(sy(5) = f(s,v(s) +g(s,x(s))

—-g(s,u(s))]ds

b
- j K, (69 [(f (5. () — f (s, ()

—(g(s,v(s) = g (5 y(5)))] ds
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b
—JKﬂagKf@yQD—f@V®D

—(g(s,u() - g (s x(s)))] ds

b
< J K, (£,5) [A0 (x (s) —u(s)) + ub (v (s) — y (s))] ds

b
- J K, (t,8) [A0 (¥ (s) = v (s)) + ub (u(s) — x (s))]ds.
(108)

Since the function 0 is nondecreasing and x > wand y < v,
we have

O(x(s)—u(s) <O (sup |x (t) — u(t)l) =0(d(x,u)),
tel

O(v(s)— y(s) <0 (stu? ly (t) - v(t)l) =0(d(y.v).
(109)

Hence, by (108), in view of the fact that K, (¢, s) < 0, we obtain
that

|F (x,y) (t) = F (u,v) (1)

b
SJ K, () [A0(d (eow) + 0 (d (y,v))]ds (4

b
- J K, (t,5) [A0(d (y,v)) + u6 (d (x,u))] ds,

as all quantities in the right hand side of (108) are nonnega-
tive.
Now from (108) we have

|F (x, ) (t) = F (u,v) (0]

b
< (j Ky (t:5) (16 (d (x0) + 48 (d (3,1))] ds
b P
- J K, (t,5) [A0(d (v, y)) + uO(d(x,u))] ds)
b p
< 2Pt ((I K, (t,s) ds) (A8 (d (x,u)) + ub (d (v, )))?

b 4
+ (—J K, (t,s) ds)

x (A (d (v, y)) + ub (d (x,u)))? )
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b P
< 2P ((j K, (t,s)ds)

x 2P~ ()LPG(d (e, w)? + uf(d (v, y))‘D)

b
+ (—J K, (t,s) ds)

x2P71 (/\PO(d (v, ¥))F + ufO(d (x, u))P) )

b p
< 2! ((J K, (t,s)ds)

x 2P (AP0 (p (x,w)) + 1?0 (p (v, ¥)))

b P
+ (—J K, (t,s) ds)

x2P7H (AP0 (p (v, 7)) + 40 (p (x,w)) )

< 92p-2 [(AP(JJJK (t,s) ds)p
< 16
b p
+{,¢P<—J K, (t,s)ds) )9/3(96,14)
b P
+ (MP<J K, (t,s)ds)
b P
+AP<—J K, (t)S)dS) )GP(V’)’) ]

p

an)
So, we have

|F(x, y)(t) = Eu, v)(t)|

e [(AP(JbK (t )p
< L(t,s)ds

b P
+MP(—J K, (t,s)ds) >0p(x,u)

b p
+ (yP<L K, (t,s) ds)
b p
+AP(—J' K, (t,s)ds) >9p(y,v) ] .

112)
Similarly, one can obtain that

|F (u,v) (t) = F (z,1) ()|

< 22 [(AP(JbK (t,s) ds)p
< 1,
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+#P<_ r K, (ts) ds)p> Op (u,2) Now, since 0 is nondecreasing, we have
’ 0(G(x,u,2) <0(G(x,u,z) +G(y,nt)),
’ ? (115)
+ (#P<J K (t,s) ds) 0(G(y,wt)) <0(G(x,u,2) +G(y, 1))
b j4 and so
M- ,s)d Op (v, 1) |,
' ( J 0 S) ) Pe t)] 6(G (x.12)) + 6 (G (7. m1))
|F(z,0) (t) - F (x, y) (1) <20(G(x,u,2)+G(ynt)

y
b p
<22 [(Ap(j K, (t,9) ds) gl . Gl w) (ti6)

G(x,u,z)+G(y,v,t)>

b p
+yp(—J K, (t,s)ds) )9p(x,z) —go( )
b P by the definition of 0. Finally, from (114) we get that
+ (yP<J K, (t,s) ds>
a G(F(x,y),F(u,v),F(z,t))
b p
+)L"<— j K, (t5) ds) > Op (y,1) ] ) - LG(x,u,z) +G(y,t)
a 2t 2 (117)
(113) 1 <G(x,u,z) +G(y,v,t)>
- 59 :
Taking the supremum with respect to ¢ and using (98) we get 207 2

G(F(x,y),F(uv),F(21) Similarly, we can obtain that

= max {suplF (x,y) (£) = F (w,v) 0)|°, G(F(y,x),F(v,u),F(t,2))
tel

1 G(x,u,2) + G(y, v, t)
sup|F (u,v) (t) - F (z,t) ()|, T 2pl 2 (118)
el 1 <G(x,u,z)+G(y,v,t)>
-— ,
su?|F (z0) (1) - F (x, y) (1) } 2k 2
te
2p2 o 5 which is just the contractive condition (69) in Corollary 43.
<2777 (max {A”, p}) Now, let (o, B) € X* be a coupled upper-lower solution of
b » ) » (96). Then we have
K, (t5)ds | + j K, (65)d
e [(l 1(63) S) ( , et S) ] aW) <F(p)®), PO=FBa)@), 9
x max {6 (p (x,w)) + 60 (p (1,v)).0 (p (u2)) for all t € I, which show that all hypotheses of Corollary 43
are satisfied.
0(p(10)),0(p(%2) + 0 (p (5.1))} This proves that F has a coupled fixed point (x,, ,) in
< 227 (max {A?, }) X

Since « < f3, by Corollary 43 it follows that x, = y,; that

b p b P is,
X sup [(J K, (t,s)ds) + (J -K, (t,s)ds) ]
tel a a

x0(G (x,u,2)) +0(G (y, v, 1))

x, =F(x,,x,), (120)

and therefore x, € C(I,R) is the solution of the integral
22p72 equation (96). |

< 5 [6(G(x,u,2)) +0(G(y,v,1))]
1 Conlflict of Interests
= 51 [6(G(x,u,2)) +0(G(y,v,1))].
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We obtained some generalized common fixed point results in the context of complex valued metric spaces. Moreover, we proved
an existence theorem for the common solution for two Urysohn integral equations. Examples are presented to support our results.

1. Introduction and Preliminaries

Since the appearance of the Banach contraction mapping
principle, a number of papers were dedicated to the improve-
ment and generalization of that result. Most of these deal
with the generalizations of the contractive condition in metric
spaces.

Gahler [1] generalized the idea of metric space and
introduced a 2-metric space which was followed by a number
of papers dealing with this generalized space. Plenty of
material is also available in other generalized metric spaces,
such as, rectangular metric spaces, semimetric spaces, pseu-
dometric spaces, probabilistic metric spaces, fuzzy metric
spaces, quasimetric spaces, quasisemi metric spaces, D-
metric spaces, G-metric space, partial metric space, and cone
metric spaces (see [2-14]). Azam et al. [15] improved the
Banach contraction principle by generalizing it in complex
valued metric space involving rational inequity which could
not be handled in cone metric spaces [3, 5, 11, 15] due
to limitations regarding product and quotient. Rouzkard
and Imdad [16] extended the work of Azam et al. [15].
Sintunavarat and Kumam [17] obtained common fixed point
results by replacing constant of contractive condition to
control functions. Recently, Klin-eam and Suanoom [12]
extend the concept of complex valued metric spaces and
generalized the results of Azam et al. [15] and Rouzkard and
Imdad [16]. In this paper we continue the study of complex
valued metric spaces and established some fixed point results

for mappings satisfying a rational inequality. The idea of
complex valued metric spaces can be exploited to define
complex valued normed spaces and complex valued Hilbert
spaces and then it will bring wonderful research activities in
nonlinear analysis.

In this paper we continue our investigations initiated by
Azam etal. [15] and prove a common fixed point result for two
mappings and applied it to get the coincidence and common
fixed points of three and four mappings.

We begin with listing some notations, definitions, and
basic facts on these topics that we will need to convey our
theorems. Let C be the set of complex numbers and z;,z, €
C. Define a partial order < on C as follows:

Re(z,) < Re(z,),

iff z, < z,, Im(z,) <Im(z,). (1)

It follows that
z, 22, (2)

if one of the following conditions is satisfied:
() Re(z,) = Re(z,),

(ii)Re (z;) < Re(z,),

Im(z;) < Im(z,),

Im(z,) =Im(z,),
€)
(iii) Re (z,) < Re(z,), Im(z,) < Im(z,),

(iv)Re(z,) = Re(z,), Im(z,) =Im(z,).
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In particular, we will write z, 5z, if z; # z, and one of (i), (ii),
and (iii) is satisfied and we will write z; < z, if only (iii) is
satisfied. Note that

022,32, = 2| < |z
(4)

zZ1 2 2y, Z) < z3 = 27 < Z3.
Definition 1. Let X be a nonempty set. Suppose that the self-
mapping d : X x X — C satisfies:

(1) 0 < d(x,y), forall x,y € X and d(x, y) = 0if and
onlyifx = y;

(2) d(x,y) =d(y,x) forall x, y € X;
(3) d(x,y) 2d(x,z) +d(z, y), forall x, y,z € X.

Then d is called a complex valued metric on X, and (X, d)
is called a complex valued metric space. A point x € X is
called interior point of a set A € X whenever there exists
0 < r € C such that

B(x,r)={yeX:d(x,y)<r} cA (5)

A point x € X is called a limit point of A whenever for
every0 < r € C,

B(x,r) N (A\{x}) #¢. (6)

Ais called open whenever each element of A is an interior
point of A. Moreover, a subset B € X is called closed
whenever each limit point of B belongs to B. The family

F={B(x,r):x€ X,0<r} (7)

is a subbasis for a Hausdorft topology 7 on X.

Let x,, be a sequence in X and x € X. If for everyc € C
with 0 < ¢ there is n; € N such that for all n > n,,
d(x,,x) < ¢, then {x,} is said to be convergent, {x,,} converges
to x, and x is the limit point of {x,}. We denote this by
lim, , x, = x,0orx, — x,asn — o0.If for every
c € Cwith 0 < c thereisn, € N such that for all n > n,,
d(x,, X,.m) < ¢ then {x,} is called a Cauchy sequence in
(X, d). If every Cauchy sequence is convergent in (X, d), then
(X, d) is called a complete complex valued metric space. Let
X be a nonempty setand T, f : X — X. The mappings T,
f are said to be weakly compatible if they commute at their
coincidence point (i.e., Tfx = fTx whenever Tx = fx). A
point y € X is called point of coincidence of T and f if there
exists a point x € X such that y = Tx = fx. We require the
following lemmas.

Lemma 2 (see [15]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X. Then {x,} converges to x
if and only if |d(x,, x)| — 0asn — oo.

Lemma 3 (see [15]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X. Then {x,} is a Cauchy
sequence if and only if |d(x,,, X,,,)] — 0asn — oo.
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Definition 4 (see [18]). Two families of self-mappings {T;}}"
and {S;}] are said to be pairwise commuting if:

) TT; =TTy irj € (L,2,...,m};

(2) S¢S =SS k.1 e {1,2,...,n}

B) TS =S T,i€{l,2,...,m} ke{l,2,...,n}
Lemma5 (see [19]). Let X be a nonemptysetand f: X — X

a function. Then there exists a subset E C X such that fE = fX
and f: E — X is one to one.

Lemma 6 (see [20]). Let X be a nonempty set and the
mappings S, T, f: X — X have a unique point of coincidence
vin X. If (S, f) and (T, f) are weakly compatible, then fvisa
unique common fixed point of S, T, f.

2. Main Results

Theorem 7. Let (X,d) be a complete complex valued metric
space and 0 < h < 1. Ifthe self-mappings S, T : X — X satisfy

d (Sx,Ty) 2 hL(x, ) (8)
forall x, y € X, where

L(x )

d (x,Sx)d (y,Ty) }

E{d(x,y),d(%sx))d()”Ty)’ 1+d(x y)

€
then S and T have a unique common fixed point.

Proof. We will first show that fixed point of one map is a fixed
point of the other. Suppose that p = Tp. Then from (8)

d (Sp,p) = d (Sp,Tp) S hL(p. p). (10)

Case 1
d(Sp.p) < hd(p.p) =0, p=Sp. (11)

Case 2
d (Sp, p) < hd (p.Sp) (12)

which yields that p = Sp.

Case 3
d(Sp,p) < hd (p,Tp) =0, p=Sp. (13)

Case 4

d(p,Sp)d (p.Tp)
1+d(p,p)

which implies that d(Sp, p) < 0, and hence p = Sp. In a
similar manner it can be shown that any fixed point of S is
also the fixed point of T'. Let x,, € Xand define

d(Sp.p) 2h (14)

Xops1 = SXop 15)

Xonea = TXpp, 12 0.



Abstract and Applied Analysis

We will assume that x,, # x,,,, for each n. Otherwise, there
exists an # such that x,, = x,,,,,. Then x,, = Sx,, and x,, isa
fixed point of S, hence a fixed point of T'. Similarly, if x,,,, =
Xy, for some n, then x,,,,, is common fixed point of T' and
hence of S. From (8)

d (X415 Xopsa) = A (SX3 TXp1) < BL (X5 X341) - (16)
Case 1

ld (%2415 x2n+2)| = |d (S35 Tx2n+1)| <h |d (%25 x2n+1)(| .
1

7)
Case 2
|4 (i1 Xams2)| = |d (S5 Tp01)|
< hl|d (x,,, Sx5,)| (18)
= h|d (x50 %501)] -
Case 3

|d (X241 Xane2)| = |d (Sx3 T 01|

< hld (%3015 TXp1)| 19)
= hld (Xpne1 Xani2)|»

which implies that

Xons1 = Xone2s (20)
a contradiction to our assumption.
Case 4
|4 (%115 Xone2)| = |4 (S22 Tpp1)|

d (xZ,,, szn) d (x2n+1> Tx2n+1)
1+d (x2n’ x2n+1)

<

d (x2n’ x2n+1)

d b)
1+d(x2n,x2n+1) | (x2n+1 x2n+2)|

< h|d (X511 Xon42)| -
(21)

That is

Xoni1 = Xoni2o (22)

a contradiction to our assumption.

Thus, |d(x,,,1> Xo40)| < hld(x,,, x5,,1)|. Similarly, one
can show that |d(x,,,,5, X5,43)| < Bld(x5,,1> X5,.5)|. It follows
that, for all »,

|d (xn’xn+l)| < h |d (xn—1>xn)|

< W |d (%00 %,)| < - < B (x50, x7)| -
(23)

Now for any m > n,
|d (xm’ xn)l < |d (xn’ xn+1)| + |d (xn+1’ xn+2)|
oot |d (0 X))

< [hn T s hm_l] |d (%0, %)) -

s [ lh_"h] |d (x0 x1)]

and so
hn
1-h

|d (x,,, x,,)| < |d (x,x1)] — 0, as myn — oo.

(25)

This implies that {x,} is a Cauchy sequence. Since X is
complete, there exists u € X such that x, — u. It follows
that u = Su; otherwise d(u, Su) = z > 0 and we would then
have

z 2d (U Xy5) + d (X242, SU)
<d (U, x5,05) + d (Txy0 1, St) (26)
2d (4, Xp01) + HL (14, X304, -
Case 1
|2 < |d (1 %300)| + B |d (11, X0, (27)
That is, |z| < 0, a contradiction and hence u = Su.
Case 2
2| < |d (t Xs2)| + P 1d (1, Su)] . (28)
That is, |z| < 0, a contradiction and hence u = Su.
Case 3
|2 < |d (1, x342)| + B |d (X311, T 11|
< |d (14, %30)| + B |d (315 Xonio)| (29)
< |d (1, Xgppy0)| + B2 |d (20, 1) -

This in turn gives us |z| < 0, a contradiction and hence u =
Su.

Case 4
d (Ll, Su) d (x2n+1,Tx2n+l)

1+d (1, xp1)

|d (u, Su)| |d (x2n+1,x2n+2)|
|1 +d (u, x2n+1)|

2| < |d (4 x345)| + h

<d (U xy,) +h (30)

1 (u, Su)) |d (xo.x,)|

. d , h2n+ .
< | (1/! x2n+2)| + |1 +d (U) x2n+1)|

That is, |z] < 0 and hence u = Su. It follows similarly that u =
Tu. We now show that S and T have unique common fixed



point. For this, assume that u* in X is another common fixed
point of S and T. Then d(u, u*) = d(Su, Tu™) < hL(u,u").

Case 1
d(u,u") < hd(uu"). (31)
Case 2
d(u,u") 2 hd (u,Su) < hd (u,u) = 0. (32)
This gives us u = u*.
Case 3
d(uu”) 2hd (", Tu")=hd (u*,u*)=0.  (33)

Case 4

hd (u,Su)d (u", Tu")

1+du,u*) (34)

d(uu”) <

Hence, in all cases u* = u. This completes the proof of the
theorem. O

Corollary 8 (see [15]). Let (X,d) be a complete complex
valued metric space and let S,T : X — X and0 < h < 1.
If the self-mappings S, T'satisfy

d(Sx,Ty) 2 hL(x, y) (35)
forall x, y € X, where

d(x,8x)d (y,Ty) } (36)

L(x,y) € {d(x’y)’ 1+d(x,y)

then S and T have a unique common fixed point.

Corollary 9. Let (X, d) be a complete complex valued metric
space and 0 < h < 1. If the self-mapping T : X — X satisfies

d(Tx,Ty) 3 hL(x, y) (37)
forall x, y € X, where

L(x, )

d(x,Tx)d (y,Ty) }

E{d(x,)/),d(x)Tx)’d()”Ty)’ 1+d(x y)

(38)

then T has a unique fixed point.

Corollary 10 (see [15]). Let (X,d) be a complete complex
valued metric space and let T : X — Xand0 < h < 1. If
the self-mapping Tsatisfies

d(Tx,Ty) 3 hL(x, y) (39)

forall x, y € X, where

d(x,Tx)d(y,Ty) } (40)

L(x,y)€ {d(x,y), 1+d(x,y)

then T has a unique fixed point.
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As an application of Theorem 7, we prove the following
theorem for two finite families of mappings.

Theorem 11. If {T;}" and {S;}] are two finite pairwise com-
muting finite families of self-mapping defined on a complete
complex valued metric space (X, d) such that the mappings S
and T (withT =T, T,,..., T, and S = §,,S,,...,S,) satisfy
the contractive condition (8), then the component maps of the
two families {T;}" and {S;}] have a unique common fixed point.

Proof. From theorem we can say that the mappings T' and S
have a unique common fixed point z; that is, Tz = Sz = z.
Now our requirement is to show that z is a common fixed
point of all the component mappings of both families. In view
of pairwise commutativity of the families {T;}}" and {S;}, (for
every 1 < k < m) we can write Tz = T;Tz = TT,z and
Tz = T} Sz = ST}z which show that T}z (for every k) is also
a common fixed point of T and S. By using the uniqueness of
common fixed point, we can write T,z = z (for every k) which
shows that z is a common fixed point of the family {T}}]".
Using the same argument one can also show that (for every
1 < k < n) Sz = z. Thus component maps of the two families
{T;}]" and {S;}] have a unique common fixed point. O

By settingT, =T, =--- =T, = Fand§, =S, =--- =
S, = G, in Theorem 11, we get the following corollary.

Corollary 12. If F and G are two commuting self-mappings
defined on a complete complex valued metric space (X,d)
satisfying the condition

d(F"x,G"y) < hL(x, y) (41)
forallx,y € X and 0 < h < 1, where

L) € a6 ) (0 E™) (67).
(42)

d(x, F"x)d (y,G"y) }
1+d(x,y) ’

then F and G have a unique common fixed point.

Corollary 13. Let (X, d) be a complete complex valued metric
spaceand let T : X — X be a self-mapping satisfying

d(T"x,T"y) < hL(x, y) (43)
forallx,y € X and 0 < h < 1, where
L) € fa (). d ") d ().
(44)

d(x,T"x)d (y, T"y) }
1+d(x,y) '

Then T has a unique fixed point.

Corollary 14 (see [15]). Let (X,d) be a complete complex
valued metric space and T : X — X and 0 < h < 1. The
self-mapping T satisfies

d(T"x,T"y) 2 hL(x, y) (45)
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forall x, y € X, where

(46)

L(x,y) € {d(x’y))d(x’Tnx)d(y’Tny)}.

1+d(xy)

Then T has a unique fixed point.

Our next example exhibits the superiority of Corollary 13
over Corollary 9.

Example 15. Let X, ={z ¢ C: 0 < Rez < 1,Imz = 0} and
X,={zeC:0<Imz<1,Rez =0}andlet X = X, UX,.
Then with z = x + iy, set S = T and define T : X — Xas
follows:

0,0) ifx,yeQ
_ (1,0 ifxeQ yeQ
Tlxy)= 0,1) ifxeQ yeQ (47)
(1,1) ifx,yeQ".

Consider a complex valued metricd : XxX — C as follows:

21 .
glxl—x2|, if z,z, € X,

i .
§|Y1_)’2|’ if z),2, € X,
d(z,2,) = § (48)

2 1
i(;x1 + gyz), ifz; € X;, z, € X,

1 2
i(;y1 + §x2> ifz; € X,, z, € X},

where z;, = x; +iy,, 2, = x5, + iy, € X. Then (X,d)
is a complete complex valued metric space. By a routine
calculation, one can verify that the map T? satisfies condition
(43) with A = (1/3)(say). It is interesting to notice that this
example cannot be covered by Corollary9 as z; = (1,0),
z, = (1/2,0) € X implies

= =d(Tz,Tz,) <d(z,2,) = % (49)

a contradiction for every choice of A which amounts to say
that condition (37) is not satisfied. Notice that the point 0 € X
remains fixed under T and T2 and is indeed unique.

3. Application

By providing the following result, we establish an existence
theorem for the common solution for two Urysohn integral
equations.

Theorem 16. Let X = C([a,b],R"),a > 0,andd : X x X —
C is defined as follows:

d(x,y)= max ||x ) -y @®)] V1 + a2 e, (50)

5
Consider the Urysohn integral equations
b
x(t) = J K, (t,s,x(s))ds+g(t), ()
b
x(0)= | K (tsx(@)ds+h0), ()

wheret € [a,b] CR, x,g,h € X.

Suppose that K, K, : [a,b] x [a,b] x R" — R" are such
that F,, G, € X for each x € X, where,

b
E. (t) = J K, (t,s,x(s)) ds,

(51)
b
G, (1) = J K, (t,s,x(s))ds, Vte][ab].
If there exists 0 < h < 1 such that for every x, y € X
"Fx ) - Gy B +g)- h(t)”m\/l ta2etn a
(52)

< hL(x,y)(t),
where
L(x,y)(t)

€e{A(x,y)(®),B(x,y)(#),C(x,y) (), D(x,y) (1)},

(x )/ ) = ||x(t) y(t)“ 1+az itan” a
B(x,9) () = [F, () + g() - x(0)] , VT + @™
C(xy) ) =[G, ) + () - y0)||_ VI +a2e™ e,

D (x,y)(t)

E® g0 -x 0l |6, 0 +he) -y
B 1+ max; ., A (%, y) (t)

1+ a2e itan” a

(53)

then the system of integral equations («) and () has a unique
common solution.

Proof. Define S,T: X — Xby

Sx=F +g, Tx =G, +h. (54)



Then
d(Sx,Ty) = max |-G, &) +g)-h (t)||00

. -1
itan ‘a
x V1 + a?e ,

d(x,y) = maxA (x, ) (@),

d(x,8x) = tn%ai(]B (x, ) (D), &9

d(y,Ty) = maxC(x, y)(t),
tela,b]

d(x,Sx)d (y,Ty)

T d(ny) = maxD (x, y) (t).

tela,b)

It is easily seen that d(Sx, T'y) < hL(x, y), where

L(x, )

d(x,Sx)d (y,Ty) }

e{d(x,y),d(%sx)’d()”Ty)’ 1+d(x y)

(56)

for every x,y € X. By Theorem 7, the Urysohn integral
equations () and () have a unique common solution.  [J

Remark 17. Now we will apply techniques of [6] to obtain the
common fixed points of three and four mappings by using a
common fixed point result for two mappings.

Theorem 18. Let (X, d) be a complete complex valued metric
spaceand0 < h < 1. LetS,T, f : X — X by the self-mappings
such that SX UTX c fX. Assume that the following holds:

d(Sx,Ty) 3 hL(x,y) (57)
forall x, y € X, where

Lixy) e {d(fx, fy)d (. 52),d (f.Ty),
(58)

d(fx,Sx)d (fy,Ty) }
L+d(fx fy) |

If (S, f) and (T, f) are weakly compatible and fX is closed,
then S, T, and f have a unique common fixed point in X.

Proof. By Lemma 5, there exists E ¢ X such that fE = fX
and f: E — X is one to one. Now define the self-mappings
g-h: fE — fEbyg(fx) = Sxand h(fx) = Tx, respectively.
Since f is one to one on E, then g, h are well defined. Note
that

d(g(fx),h(fx)) 3 hL(xy), (59)
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where

Lixy) e {d(fx, Fy)d (0.9 () (Foh (),

d(fx g (fx))d(fy.h(£y)) } .

L+d(fx )
(60)

By Theorem 7 as fE is complete, we deduce that there exists
a unique common fixed point fz € fE of g and h; that is,
fz = g(fz) = h(fz). Thus, z is a coincidence point of S,
T, and f. Now we show that S, T, and f have unique point
of coincidence. Now let x € X such that Sx = Tx = fx,
fx+# fz. Then fx is another common fixed point of g and
h, which is a contradiction, which implies that S, T, and f
have a unique point of coincidence. Since (S, f) and (T, f)
are weakly compatible by Lemma 6, we deduce that fz is a
unique common fixed point of S, T, and f. O

Theorem 19. Let (X, d) be a complete complex valued metric
spaceand 0 < h < 1. Let S,T, f,g : X — X by the self-
mappings such that SX,TX < fX = gX. Assume that the
following holds:

d(Sx,Ty) 2 hL(x, y) (61)

forall x, y € X, where

L(x,y) € {d (fx,gy),d(fx,8x),d (gy,Ty),
(62)

d(fx,Sx)d (gy,Ty) }
1+d(fx.gy) |

If (S, f) and (T, g) are weakly compatible and fX is closed in
X, then S, T, f, and g have a unique common fixed point in X.

Proof. By Lemma 5, there exists E,, E, ¢ X such that fE, =
fX =gX =gE,, f: E, - X,g:E, — X areone to one.
Now define the mappings A,B: fE;, — fE, by Af(x) = Sx
and Bg(x) = Tx, respectively. Since f, g are one to one on E,
and E,, respectively, then the mappings A, B are well-defined.
Now

d(Sx,Ty) =d(A(fx),B(gy)) S hL(x,y),  (63)
where

L(x, )

latmon.aimaum).awe@).

d(fx, A(fx))d(gy. B(gy)) }
L+d(fx g)
for all fx,gy € fE,. By Theorem?7, as fE; is complete

subspace of X, we deduce that there exists a unique common
fixed point fz € fE, of Aand B;thatis, A(fz) = Bf(z) = fz.
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This implies that Sz = fz;let v € X such that fz = gv. We
have B(gv) = gv = Tv = gv. We show that S and f have a
unique point of coincidence. If Sw = fw then fw is a fixed
point of A. By the proof of Theorem 7 fw is another common
fixed point of A and B which is a contradiction. Hence, S and
f have a unique point of coincidence. By Lemma 6, it follows
that fz is a unique common fixed point of S and f. Similarly,
gv is the unique common fixed point for Tand g. This proves
that fz = gv is the unique common fixed point for S, T, f,
and g. O
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We consider a nonlinear integral equation which can be interpreted as a generalization of Theodorsens nonlinear integral equation.
This equation arises in computing the conformal mapping between simply connected regions. We present a numerical method for
solving the integral equation and prove the uniform convergence of the numerical solution to the exact solution. Numerical results

are given for illustration.

1. Introduction

Numerical methods for conformal mapping from a simply
connected region onto another simply connected region are
avaijlable only when one of the region is a standard region,
mostly the unit disk D. Let G and Q be bounded simply
connected regions in the z-plane and w-plane, respectively,
such that their boundaries I' := 0G and L := 0Q) are smooth
Jordan curves. Then the mapping ¥ : G — Q is calculated
as the composition of the maps G — D — Q.

Recently, a numerical method has been proposed in [1] for
direct approximation of the mapping ¥ : G — (. Assume
that I'and L are star-like with respect to the origin and defined
by polar coordinates

nit)=p@)e’, () =R@®)e, 0<t<2m, (1)

respectively, such that both p and R are 27-periodic continu-
ously differentiable positive real functions with nonvanishing
derivatives. By the Riemann-mapping theorem, there exists a
unique conformal mapping function ¥ : G — Q normalized
by ¥(0) = 0, ¥'(0) > 0. The boundary value of the function
¥ is on the boundary L and can be described as

Y (n(®)=¢S®), 0<t<2m, (2)

where S(t) is the boundary correspondence function of the
mapping function ¥. The function S(¢) is a strictly increasing
function so that S(t) — t is a 27r-periodic function.

The function S(t) is the unique solution of a nonlinear
integral equation which can be interpreted as a generalization
of Theodorsens nonlinear integral equation [1]. The proof
of the existence and the uniqueness of the solution of the
nonlinear integral equation was given in [1] for regions Q of
which boundaries L = 0Q) satisfy the so-called e-condition;
that is,

R (t)
R(t)

<. (3)

T ost<on

In this paper, the nonlinear integral equation is solved by
an iterative method. Each iteration of the iterative method
requires solving an n x n linear system which is obtained
by discretizing the integrals in the integral equation by the
trapezoidal rule. The linear system is solved by a combination
of the generalized minimal residual (GMRES) method and
the fast multipole method (FMM) in O(nlnn) operations.
The main objective of this paper is to prove the uniform
convergence of the numerical solution to the exact solution.
We also study the properties of the generalized conjugation
operator. Numerical results are presented for illustration.
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2. Auxiliary Materials

2.1. 'The Functions 0 and 1. Let w = f(z) be the mapping
function from the simply connected region G onto the unit
disk D with the normalization f(0) = 0 and f'(0) > 0. Then
the boundary value of the function f is on the unit circle and
can be described as

fn®)=e",

The function 6(t) is the boundary correspondence function
of the mapping function f where 0(t) — t is a 27-periodic
function and 6'(t) > 0 for all + € [0,27]. Let 7(¢) be
the inverse of the function 0(t). Then 7(t) is the boundary
correspondence function of the inverse mapping function
z = f_l(w) from D onto G; that is,

f—l (eit) —

where 7(t) — t is a 27r-periodic function and 7'(t) > 0 for all
€ [0, 2m].

0<t<2m. (4)

n(r(), 0<t<2m, (5)

2.2. The Norms. Let H be the space of all real Holder
continuous 27-periodic functions on [0, 27z]. With the inner
product

1 21
0¥) =57 | vV ©

the space H is a pre-Hilbert space. We define the norm || - ||,
by

Ivl, = (rp)". )
Since s = 7(t)and if t = O(s), we have
2
ll(el)l/z)’ 2 _ L o' (s) y(s)zds
. (8)
[ vewra-tyedd,
With the norm || - [|,, we define a norm | - || by
1/2
o = (@), = Iy 7l ©)
We define also the maximum norm | - ||, by
[Vlleo := max [y @)]. (10)
Since 8(2) — 6(0) = 277, we have
2 1 (7, 2
M=o | ¢ v o
T Jo
(11)

<o [0 @de= i,
which implies that

I¥le < I]eo- (12)
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Theorem 1. Ifj_obT Gl(s)y(s)ds =0, then

!
Il = 27yl 75 13)
0
Proof. Since s = 7(t) and if t = 0(s), we have
2 2
L (yor)(t)dt = Jo y( (b)) dt
2 (1)
= J o' (s)y(s)ds=0.
0
Thus, it follows from [2, page 68] that
lyerl, < 2nlly o 7l (o)), (15)
We have also
2 1 2
[ooe = 55 |, lven) f ar
1 2
=5Lyuwrmw
1 2 (16)
R J e
1 21 ’ 2
“a o (0@)“
Hence,
2
oo - 2 w
Since 7(-) : [0,27] — [0, 27] is bijective, we have
[y el = max |y (= )]
(18)
= max |y ()] = [yl
Hence, (15) and (18) imply that
Il < 27y o 7l | (v =], (19)
Then (13) follows from (9), (17), and (19). O

2.3. The Operators K and J. The conjugation operator K is
defined by

K —rﬂ icots—_t () dt (20)
“= ) o 2 '

Let J be the operator defined by

1 2
= — t) dt. 21
=5 | wo 1
Hence, the operators K and J satisfy [3]

JK =0, K =-I+]J. (22)
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3. The Generalized Conjugation Operator

Let A be the complex 27r-periodic continuously differentiable
function:

A(s) =1(s). (23)

We define the real kernels M and N as real and imaginary
parts:

1A #'(®
m A ) -n(s)
The kernel N(s, t) is called the generalized Neumann kernel

formed with A and #. The kernel N(s, t) is continuous and the
kernel M has the representation

M (s,t) +iN (s, t) := (24)

1 -t
M (s, t) = _ECOtST + M, (s, 1), (25)

with a continuous kernel M. See [4] for more details.
We define the Fredholm integral operators N and M, and
the singular integral operator M on H by

21
Ny = J-o N (s, t) u(t) dt,
21
My = L M, (s, t) u(t) dt, (26)

2
My = J M (s,t) p(t) dt.
0
We define an operator E on H by

E=-(I-N)"'M. (27)

The operator E is singular but bounded on H [1]. Finally, we
define an operator Jg by

1 2 )
Jot = - L 0’ (1) u (1) . (28)

Remark 2. When T reduces to the unit, then 6'(f) = 1,
the operator J, reduces to the operator J, and the operator
E reduces to the operator K; that is, the operator E is a
generalization of the well-known conjugation operator K (see
[1] for more details).

The operator E is related to the operator K by [1]
pu=Ey iffpcr=K(yer). (29)

Since yy = (poB)orandy = (y o 0) o 1, it follows from (29)
that

p=Ky iffuc6=E(y-0). (30)

Lemma 3 (see [1]). Let y,u € H be given functions. Then
f(n(t)) = y(t) + iu(t) is the boundary value of an analytic
function in G with Im f(0) = 0 if and only if

u = Ey. 31

Lemma 4 (see [1]). Ify € Hand yu = Ey, theny = ¢ — Eu
with a real constant ¢ = f(0) where f is the unique analytic
function in G with the boundary values f(yn(t)) = y(t) + iu(t)
and Im f(0) = 0.

Lemma5 (see [1]). The operator E has the following properties:
Null (E) = span{1},
E’ = -E, (32)
o (E) = {0, +i}.
Lemma 6. The operator E has the norm
IEllg = 1. (33)

Proof. The operator E has the norm ||E[ly < 1 [1]. Sincei €
o(E), hence 1 = |i| < ||E[lg < 1. Hence, we obtain (33). O

Lemma 7. The operators J, and E satisfy
JoE = 0. (34)

Proof. Foranyy € H,lety = Ey, i = po1,andy = yo 1.
Then, it follows from (29) that i = Ky. Thus,

JoEy (s) = Jou (s)

1 2 )
_ Z—J 6 (t) u (1) dt

7T Jo

2
_ ij u(r (s)) ds

2 Jo (35)

1 ZTIA
= e L pi(s)ds

=Ji(s)
=JKy (s),
which by (22) implies that
JoEy (s) = 0. (36)

Since (36) holds for all functions y € H, the operator identity
(34) follows. O

Lemma 8. The operator E satisfies
E’ = -1+, (37)
Proof. Lety € H and y = Ey. Then, by Lemma 4,y = ¢ — Ey

with a real constant c. By the definition of the operator J4, we
have J4c¢ = c. Since J4E = 0, we have

Ig'y = ]gc - IQE =C. (38)

Hence,
Ey=Eu=-y+c=(-1+J,)y (39)
holds for all y € H. Thus, the operator identities (37) follow.
O



Lemma 9. For all functionsy € H, we have

[Evlls < Il (40)
with equality for all y with Jgy = 0.
Proof. For all functions y € H, the inequality (40) follows
from (33).

For all functions y with Jgy = 0, we have from (37) that
y = —E’y. Hence

Ivle = [E*v], < [Evls < Il (4D)

which means that |[Eylly = [Iyll,. O

Theorem 10. Lety € H and y = Ey. Then

! !
¢ Y
Proof. For y € H and y = Ey, we have from (29) that g o 7 =
K(y o 7). Then, it follows from [2, page 64] that

(po T)’ =K(yo T),. (43)

Hence, by (30), we have

(uoT)’oG:E((yoT)/oe), (44)
which implies that
oT)o 0 ! oT)o 9 !
ree0f _p(Wrege0l) g
Hence, we obtain (42). O

4. The Generalized Theodorsen Nonlinear
Integral Equation

The boundary correspondence function S(¢) is the unique
solution of the nonlinear integral equation

R(S()
p ()

S(t)-t=Eln (t) (46)

which is a generalization of the well-known Theodorsen
integral equation [1]. Nonlinear integral equation (46) can be
solved by the iterative method

Sk(t)—t:ElnM(t),
p()

k=1,23,.... (47)
Then we have [1]

IS =Sl < €IS = Sl (48)
Thus, if the curve L satisfies the e-condition (3), then

IS = Slly — O (49)
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That is, the approximate solutions S;.(¢) converge to S(¢) with
respect to the norm || - ||y if e < 1.

In this section, we will prove the uniform convergence of
the approximate solutions S; () to the exact solution S(¢). We
will use the approach used in the proof of Proposition 1.5 in
[2, page 69] related to Theodorsen’s integral equation. See also
[5,6].

Lemma 11. Consider
E[llnp()] () =t-6(). (50)

Proof. The function 0 is the boundary correspondence func-
tion of the conformal mapping f from G onto the unit disk.
Hence, the function 6(t) — ¢ satisfies [1]

1
()=t =Eln — (1).
(t)-t=Eln 0 (t) (51)

Then (50) follows from (51). O

The previous lemma implies that (46) can be rewritten as
S() -6 () =EB[InRS)](®), (52)
and (47) can be rewritten as
S () =0 (t) =E[InR (S, ())] (®). (53)
Thus
Sk () =S =E[InR(S,; () RS (@®). (54)
Lemma 12. Consider
ISk = Sy < (e + IS0 - 0],) €". (55)

Proof. Let a be such that

1 SR—(t)sl+s, Vt. (56)
1+¢ a
Then
Iln RT(t) <In(l1+¢)<e VL (57)
Hence,
llln R <e. (58)
a llco
Thus
R(S(-) R(S)
e i (FS2)]], < e = (52,
R(S) (59)
Since
S(t) =Sy (1) = S(t) = 0.(1) +6.(t) ~ S, (1)
(60)

=E[InR(S(NI @) +0(t) - S, (1)
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and E(Ina) = 0, we have

S(t) =S, (t) = E [m(@)] B +0()-S, (), (6])
which implies that

IS = Solly <

B,

+ 6 = Sollg < &+ 16 = Solle-
Hence (55) follows from (48). O

Lemma 13. Consider

S -8 € S
< 1 — . 63
7, vice ( g ) (63)

Proof. We have

S-S S, -0 +6' -8
0, o' 0
g ¢ (64)
<|ZE-1) +|5 -1 .
0 0 0 0
Since
s P 1, (S g
o =—| [ =-1)at
o' 0 27‘[,[0 ® o

1 (27, s \? 1 (27
= — W= |dt—-2— S (t)dt
271,[0 ()(0’) 27TJO 2

1 271 ,
+ —I o' (t) dt,
21

0

(65)
_[Ozn S'(H)dt = 27, and _[02” 0'(t)dt = 27, we obtain
, 2 2
S =3 -1 (66)
o' o 19 le
Similarly, we have
A A
kel =12 -1 (67)
o’ o 191l
In view of Theorem 10, it follows from (52) and (53) that
S . [REOS ()
9,(t)—1_E-R(S(.)) 9'(-)](t)’ (68)
S, (t) R (S () Spy () ]
-1=E . 69
R s T ORI
Hence, it follows from (68) that
s E[R’ (S()S (-)]
o PR 70|,
(70)
RSSO s
< E[plm— 2220 < g 2
< ” ”0 R(S()) o' () 0 € o' 0

5
By (70) and (66), we have
2 2 2
s 5 ’ ., s
— 1| <= = +|= -1 (71)
o' 0 0" |l o’ 0
Hence,
2
s’ &
g <= (72)
0 _
Similarly, it follows from (69) that
Sk k1
o 1 e 9, (73)
which by (67) implies that
2 2
i -1 & %
o’ 0 0" 1l
, (74)
SI
_ 24 k;l 1l
0 0
Hence,
2 ! 2
S, S
k) <+ =L
o' o'
0 0
(75)
s
<< w0,
9[
0
which, in view of (67), implies that
2 2 2
S/ S I U Y I R
0’ g 1-¢ o' 0 1-&2|0"||,
(76)
O

Then (63) follows from (64), (72), and (76).

Theorem 14. If ¢ < 1, then the approximate solution S;
converges uniformly to the exact solution S with

21
|m—wmsJ 2

1-¢
(77)
S(’) k/2+1/2
X (s+||80—0||9)<1+ o )e .
0
Proof. In view of (54), Lemma 7 implies that
2
j 0’ (t) (S, (t) - S(t))dt = 0. (78)
0
Thus, we have from (13) that
Y
2
I i P
Hence (77) follows from (55) and (63). O



The following corollary follows from the previous theo-
rem.

Corollary 15. If

So(t)=0()=t-E[Inp(")] (), (80)
then
T k/2+1
S, -S < 24| ——¢ 81
I5 =Sl =2 2= @
Remark 16. When T reduces to the unit, then
pt) =1, 0@)=t, E=K. (82)

Hence, the results presented in this section reduces to the
results presented in [2] for Theodorsen’s integral equation.

5. Discretizing (47)

In this paper, we will discretize (47) instead of (46). The
numerical method used here is based on strict discretization
of the integrals in the operator E by the trapezoidal rule which
gives accurate results since the integrals are over 27r-periodic.
Let n be a given even positive integer. We define n equidistant
collocation points s; in the interval [0, 27r] by

2
t=G-10Z, i=12,...n (83)
n

Then, for 2m-periodic function y(t), the trapezoidal rule
approximates the integral

2
I= J y(t)dt (84)
0
by
27 &
L=y (t). (85)
i=1

If the function y(t) is continuous, then |[I — I,| — 0. If the
integrand y(¢) is k times continuously differentiable, then the
rate of convergence of the trapezoidal rule is O(1/ n*). For
analytic y(t), the rate of convergence is better than O(1/ nk)
for any positive integer k [7, page 83]. See also [8].

For y € H, the integral operator N will be discretized by
the Nystrom method as follows:

N,y (s) = 2%er (s, tj)y(t]-). (86)
=

Hence, we have

I(N-N,) vl
m 27 «
- max j N(s,f)ya)df_7;N(s,fj)y(tj) .

(87)
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Since the kernel N(s, t) is continuous on both variables and
since the function y(t) is continuous, we have [9]

I(N-N,) |, — o. (88)

The integral operator M; will be discretized by the
Nystrom method as follows:

M,y (s) = Z%TZMl <5> tj) [Y (tj) - V(S)] - (89)
=

Since the kernel M, (s, t) is continuous on both variables and
since the function y(t) is continuous, we have [9]

"(Ml - Nl,n) V"oo
2
- max J M, (s.t)y (B) dt

0 (90)

n
M (s) (1) — 0.
j=1

To discretize the operator Ky(s), we first approximate the
function y(s) by the interpolating trigonometric polynomial
of degree n/2 which interpolates y(s) at the n points ¢;, j =
1,2,...,n. Thatis,

n/2 n/2—1

y(s) = Za,» cosis + Z b; sin is. (91)
i=0 i=0

Then Ky(s) is approximated by

n/2 n/2-1
K,y (s) = Zai sinis — Z b, cosis, (92)
i=1 i=0
where [6]
I(K-K,) vl — 0. (93)

The integral operator M is then discretized by
M, =M,, - K, (94)
Then, it follows from (90) and (93) that
M -M,)y|,, — 0. (95)

The operator M,, is bounded operator since the operator M, ,,
is bounded (M, (s, t) is continuous) and the operator K, is
bounded operator (see [6]).

Since the kernel N(s,t) is continuous and A = 1 is not
an eigenvalue of the kernel N(s, ) [1], the operators I — N,
are invertible and (I - Nn)_l are uniformly bounded for
sufficiently large n [9]. Hence, we discretize the operator E
by the bounded operator

E,:=—(I-N,)'M,. (96)
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Lemma17. Ify € H, then
|(E-E)y]e, — 0. (97)

Proof. Let ¢ := Ey and ¢,, := E, y, then
I-N)¢=-My, (I-N,)¢,=-M,y. (98)
Let also ¢, be the unique solution of the discretized equation
(I-N,)$, = -My. (99)

Thus, we have

IE-E) Ve =19 - bl < ¢ -
+ 6.~ ¢,

Since the kernel N is continuous and N,, is the discretization
of N, then it follows from [9, page 108] that

||¢ - (z;n

[ee]

(100)

OO‘

w0 (101)

Since (I — Nn)_1 is bounded and y is continuous, then (95)
implies that

[, - ¢u].,

=|@-N)" (M-M,)y| (102)
< Ja-N) | M- M,) ], — o,
which with (100) and (101) implies (97). O]

To calculate the function S; in (47) for a given S;_;, we
replace the operator E in (47) by the approximate operator E,,
to obtain

R(Si, ()
p()

where S, is an approximation to S. Substituting s = ¢; and

Skn(s)—s=E,In (s), (103)

i=1,2,...,n,in (103) we obtain
R(Si_; (-
Skn(t,»)—tizEnlnM(ti), i=12...,n (104)
’ p)
Equation (104) can be rewritten as
R(S;_, (-
(1N, 500 (6) ~ 1] = -M, ln 205 )
pC) (105)
i=12,...,m,

which represents an #n x n linear system for the unknown
Sn(t1)s Sgn(ts)s .. .5 Sy (t,). By obtaining S . (¢;) for i =
1,2...,n, the function S, (s) can be calculated for s ¢
[0,27] by the Nystrom interpolating formula. In the fol-
lowing lemma, we prove the uniform convergence of the
approximate solution Sy ,, of discretized equation (103) to the
solution Sy, of (46).

7
Lemma 18. Consider
ISks = Skll, — 0 asn— oo. (106)
Proof. Let y(s) := In(R(S;_,(s)))/p(s). Then, we have
Sin— Sk =E,y—Ey=(E,-E)y. (107)
Hence,
1Sk = Slloo < (B = En) il oo (108)
The lemma is then followed from (97). O

The proof of the uniform convergence of the approximate
solution Sy , to the boundary correspondence function S is
given in the following theorem.

Theorem 19. Ife < 1, then

ISk =S|, — 0 ask,n — oo. (109)

Proof. We have
ISk = Sloo < ISk = Skllo + 1Sk = Slleo- (110)

Since € < 1, it follows from (77) that ||S, - S|, — Oask —
00. The theorem is then followed from (106). O

6. The Algebraic System

Let t be the n x 1 vector t := (¢,¢,,..., tn)T where T denotes
transposition. Then, for any function y(¢) defined on [0, 27],
we define y(t) as the n x 1 vector obtained by componentwise
evaluation of the function y(t) at the points ¢;,i = 1,2,...,n.
As in MATLAB, for any two vectors x and y, we define x, %y
as the componentwise vector product of x and y. If y; # 0, for
all j =1,2..., (m+ 1)n, we define x /y as the componentwise
vector division of x by y. For simplicity, we denote x. * y by
xy and x./y by x/y.

Let x, ; = S,_;(t) — t (given) and x, = S, (1) — t
(unknown). Then system (105) can be rewritten as

R(x;_; +1)
p(t)

where I is the n x n identity matrix, B is the discretized
matrix of the operator N, and C is the discretized matrix of
the operator M [1]. Linear system (111) is uniquely solvable
(4,10, 11].

We start the iteration in (47) with S;(t) = t and
iterate until [|Sp —S;_;ll,, < tol where tol is a given
tolerance; that is, we start the iteration in (I111) with
X, = 0 and iterate until |x -x_,l,, < tol. Each
iteration in (111) requires solving a linear system for x;
given x;_,. Linear system (111) is solved in O(nlnn) oper-
ations by the fast method presented in [11, 12] which is
based on a combination of the MATLAB function gmres
and the MATLAB function zfmm2dpart in the MATLAB
toolbox FMMLIB2D [13]. In the numerical results below, for

(I-B)x;, =—Cln , k=1,2,..., (111)
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function zfmm2dpart, we assume thatiprec = 4 which
means that the tolerance of the FMM is 0.5 x 1072, For the
function gmres, we choose the parametersrestart = 10,
gmrestol = 107'2, andmaxit = 10, which means that the
GMRES method is restarted every 10 inner iterations, the
tolerance of the GMRES method is 1072, and the maximum
number of outer iterations of GMRES method is 10. See
[11, 12] for more details.

By obtaining x;, we obtain the values Sy ,(t;) for i =
1,2,...,n. Then, the function S; ,(s) — s can be calculated
for s € [0,2m] by the Nystrom interpolating formula.
The convergence of S ,(s) to S(s) follows from Theorem 19.
Then the values of the mapping function ¥ can be com-
puted from (2). The interior values of the mapping func-
tion can be computed by the Cauchy integral formula
which can be computed using the fast method presented in
[12].

7. Numerical Examples

In this section, we will compute the conformal mapping from
three simply connected regions G, G,, and G; onto three
simply connected regions Q;, ),, and Q5. The boundaries I';,
I, and I of the regions G, G,, and G; are parameterized by

nit)=p(t)e’, 0<t<2m, (112)

9
where the function p(t) is given by
1 3
I:p®)=1+ 708 4t,
3 (113)
Lypt)=1+ 1 cos 4t,

Ty p(t) = e cos”2t + ™ sin2t.

The boundaries L, L,, and L, of the regions Q,, Q,, and Q,
are parameterized by

n(t)=R(t)e", 0<t<2m, (114)

where the function R(t) is given by

Li: R(t) =1,

[24

L= (1 = o) cos?t.
1-(1-a?)cos’t (ws)

o = 0.6180339630899485,

L, R(t) =

1
L R(t) =1+ — cos8t.
3 R(?) 10
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The curves L, L,, and L; satisfy the e-condition where

N Y0
B FY03)
_Re| _
e 0 00_0.5<1, (116)
- Ro| _
e Y0 00—0.80403<1.

The numerical results obtained with n = 4096 and tol = 107!
are shown in Figures 1, 2, and 3. The error norm [x;, — x;_; [l

versus the iteration number k in (111) is shown in Figure 4.
It is clear from Figure 4 that the number of iterations in (111)
depends only on the boundary L of the image region. More
precisely, it depends on e. The iterations in (111) converge only
if e < 1. For small ¢, a few number of iterations are required
for convergence. For values of € close to 1, a large number of
iterations are required for convergence.
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We construct an implicit sequence suitable for the approximation of solutions of K-positive definite operator equations in real
Banach spaces. Furthermore, implicit error estimate is obtained and the convergence is shown to be faster in comparsion to the
explicit error estimate obtained by Osilike and Udomene (2001).

1. Introduction

Let E be a real Banach space and let ] denote the normalized
duality mapping from E to 2* defined by

J) ={f" e B (o £y = IxI% | £ ==}, @

where E* denotes the dual space of E and (-,-) denotes the
generalized duality pairing. It is well known that if E* is
strictly convex, then J is single valued. We will denote the
single-valued duality mapping by j.

Let E be a Banach space. The modulus of smoothness of E
is the function.

pE ¢ [0,00) — [0, 00) defined by

1
pe ) = sup [ (b + yl + Jx =yl = 1 Il < ] <
(2)

The Banach space E is called uniformly smooth if

lim P29 _ 3)
t—>0 f

A Banach space E is said to be strictly convex if for two
elements x, y € E which are linearly independent we have
that [|x + yll < x|l + |yl

Let E, be a dense subspace of a Banach space E. An
operator T with domain D(T') 2 E, is called continuously E, -
invertible if the range of T', R(T'), with T in E considered as an
operator restricted to E;, is dense in E and T has a bounded
inverse on R(T).

Let E be a Banach space and let A be a linear unbounded
operator defined on a dense domain, D(A), in E. An operator
A will be called K positive definite (Kpd) [1] if there exist a
continuously D(A)-invertible closed linear operator K with
D(A) ¢ D(K) and a constant ¢ > 0 such that j(Kx) € J(Kx),

(Ax, j (Kx)) = c|Kx|’, Vx e D(A). (4)

Without loss of generality, we assume that ¢ € (0, 1).

In [1], Chidume and Aneke established the extension of
Kpd operators of Martynjuk [2] and Petryshyn [3, 4] from
Hilbert spaces to arbitrary real Banach spaces. They proved
the following result.

Theorem 1. Let E be a real separable Banach space with a
strictly convex dual E and let A be a Kpd operator with D(A) =
D(K). Suppose

(Ax, j(Ky)) = (Kx, j (Ay))

Then, there exists a constant o > 0 such that for all x € D(A)

Vx,y € D(A). (5)

[Ax]l < o [|Kxx]] . (6)
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Furthermore, the operator A is closed, R(A) = E, and the
equation Ax = f has a unique solution for any given f € E.

As the special case of Theorem 1 in which E = L, (I,)
spaces, 2 < p < 00, Chidume and Aneke [1] introduced
an iteration process which converges strongly to the unique
solution of the equation Ax = f, where A and K are
commuting. Recently, Chidume and Osilike [5] extended the
results of Chidume and Aneke [1] to the more general real
separable g-uniformly smooth Banach spaces, 1 < g < oo,
by removing the commutativity assumption on A and K.
Later on, Chuanzhi [6] proved convergence theorems for the
iterative approximation of the solution of the Kpd operator
equation Ax = f in more general separable uniformly
smooth Banach spaces.

In [7], Osilike and Udomene proved the following result.

Theorem 2. Let E be a real separable Banach space with a
strictly convex dual and let A : D(A) € E — Ebea
Kpd operator with D(A) = D(K). Suppose (Ax, j(Ky)) =
(Kx, j(Ay)) for all x, y € D(A). Choose any €, € (0, A/ +
a(l =¢) +a?)) and defineT,: D(A) CE — Eby

T.x=x+eK ' f—-eK 'Ax. (7)

Then the Picard iteration scheme generated from an arbitrary
x, € D(A) by

Xpy1 = Texy = Tenxo (8)

converges strongly to the solution of the equation Ax = f.
Moreover, if x* denotes the solution of the equation Ax = f,
then

[ = x| < (1 —ce (1 - )" g! [Kxo - Kx*||.  (9)

The most general iterative formula for approximating
solutions of nonlinear equation and fixed point of nonlinear
mapping is the Mann iterative method [8] which produces a
sequence {x,} via the recursive approach x,,, = a,x, + (1 -
«,)Tx,, for nonlinear mapping T : C = D(T) — C, where
the initial guess x, € C is chosen arbitrarily. For convergence
results of this scheme and related iterative schemes, see, for
example, [9-15].

In [16], Xu and Ori introduced the implicit iteration
process {x,}, which is the modification of Mann, generated
by x, € C,x, =, x,_, +(1-a,)T,x,, for T;,i=1,2,...,N,
nonexpansive mappings, and T,, = T, (modN) and {«,} C
(0, 1). They proved the weak convergence of this process to
a common fixed point of the finite family of nonexpansive
mappings in Hilbert spaces. Since then fixed point problems
and solving (or approximating) nonlinear equations based
on implicit iterative processes have been considered by many
authors (see, e.g., [17-21]).

It is our purpose in this paper to introduce implicit
scheme which converges strongly to the solution of the Kpd
operator equation Ax = f in a separable Banach space. Even
though our scheme is implicit, the error estimate obtained
indicates that the convergence of the implicit scheme is faster
in comparison to the explicit scheme obtained by Osilike and
Udomene [7].
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2. Main Results

We need the following results.

Lemma 3 (see [10]). IfE" is uniformly convex then there exists
a continuous nondecreasing function b : [0,00) — [0, 00)
such that b(0) = 0, b(8t) < 8b(t) for all 6 > 1 and

I+ yI* < Ixl” + 2 (, j () + max{llxl, By & (Iy])
(R)

orall x,y € E.
J y

Lemma 4 (see [22]). If there exists a positive integer N such
that for alln > N, n € N (the set of all positive integers),

Pnt1 = (1 - On) Pnt bn’ (10)
then
lim p, =0, (1)

where 6, € [0,1), Y72, 6, = co and b, = 0(6,,).

Remark 5 (see [6]). Since K is continuously D(A) invertible,
there exists a constant 3 > 0 such that

IKx|| > Bllxll, VxeD(K)=D(A). (12)
In the continuation ¢ € (0, 1), & and f are the constants
appearing in (4), (6), and (12), respectively. Furthermore, € >
0 is defined by
c—
e=—17 n € (0,¢c). (13)

a(l-75)

With these notations, we now prove our main results.

Theorem 6. Let E be a real separable Banach space with a
strictly convex dual and let A : D(A) € E — Ebea
Kpd operator with D(A) = D(K). Suppose (Ax, j(Ky)) =
(Kx, j(Ay)) for all x, y € D(A). Let x* denote a solution of
the equation Ax = f. For arbitrary x, € E, define the sequence
{x, )02, in E by

X, =X, +eK ' f-—eK'Ax,, n>0. (14)
Then, {x,},2, converges strongly to x* with
byl < o8 K- K], 9

where p =1—((c —n)/(a(1 - 1) +c—n))y € (0,1). Thus, the
choicen = ¢/2 yieldsp = 1 - (c*/(4a(1 = c/2) +2¢)). Moreover,
x* is unique.

Proof. The existence of the unique solution to the equation
Ax = f comes from Theorem 1. From (4) we have

(Ax - cKx, j (Kx)) >0, (16)
and from Lemma 1.1 of Kato [23], we obtain that

[[Kx| < HKx +y(Ax - ch)|

; 17)
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forall x € D(A) and y > 0. Now, from (14), linearity of K and
the fact that Ax™ = f we obtain that

Kx, = Kx,_, + €f —e€Ax,

(18)
= Kx,_; + €Ax" — €Ax,,
which implies that
Kx,_, = Kx, — €Ax" + €Ax,, (19)
so that
Kx,_; — Kx" = Kx, - Kx" — eAx" + €Ax,,. (20)

With the help of (14) and Theorem 1, we have the following
estimate:

4%, = Ax™[ = A Ge, = 2" < @ K (x, = x7))|

= a|Kx, - Kx"|
(21)
= a|Kx,_, - Kx" —€(Ax, — Ax")|
< a|Kx,, - Kx"|| + ae | Ax, — Ax"|,
which gives
* [24 *
||Axn - Ax || < T ||Kxn_1 - Kx || (22)

Furthermore, inequality (20) can be rewritten as
Kx, ; — Kx"
= (1 +¢)(Kx, - Kx")
+¢€(Ax, - Ax" — ¢ (Kx, - Kx"))

-e(l1-c)(Kx, - Kx")

= (1 +¢€) [Kx, - Kx*

+1L+€ (Ax, — Ax" - c(Kx, — Kx*))]
-e(l1-c)(Kx, - Kx")
=(1+e€) [Kx, - Kx*
+1L+€ (Ax, — Ax" - c(Kx, — Kx*))]
—e(1-c¢)(Kx, , - Kx*)+€ (1 -c¢)(Ax, - Ax").
(23)
In addition, from (17) and (22), we get that

[Kx,_, — Kx"|

n—1

> (1+e€) |Kx, - Kx"

€ * *
+—— (Ax, - Ax" —c(Kx, - K
S (Ax, - Ax” — ¢ (K, — Kx°))|

3
—-e(1-¢)|Kx,_, - Kx"| - e (1-¢) |Ax, - Ax"
> (1+¢€)|Kx, - Kx*|| —e(1-c)||Kx,_, - Kx"|
—é(1-¢) ——||Kx,, - Kx*[,
1-ae
(24)
which implies that
[Kx, — Kx™*|
l+e(l-c)+€e (1-¢)(af (1 -ae N
L Lrelog @ U-g@ o) e, o)
€
plKx, - K]
(25)
where
Clt+e(l-o)+€e(1-¢)(af (1 - ae))
a 1+e
=1- € (c—e(l—c) i )
l1+e€ 1 - «e
3 €
=1- 1+ 617 (26)
c-n
— 1 _
a(l-n)+te-n"
T S
0 4a(1-¢/2) +2¢
From (25) and (26), we have that
IKx, - Kx*|| < p||[Kx,; = Kx™|| <+ < p" |K (x4 = x7)||-
(27)
Hence by Remark 5, we get that
., - 7]
< B ||Kx, - Kx*|| < -+ < p"B7 |Kxo - Kx*|| — 0,
(28)
asn — oo.Thus, x, —» x"asn — oo. O

In [6], Chuanzhi provided the following result.

Theorem 7. Let E be a real uniformly smooth separable
Banach space, and let A : D(A) € E — E be a Kpd operator
with D(A) = D(K). Suppose (Ax, j(Ky)) = (Kx, j(Ay)) for
all x, y € D(A). For arbitrary f € E and x, € D(A), define
the sequence {x,},-, by

Xn+1 = Xy + tn)/rv

Yn = K_lf - K_len’

1
0 < t < >
"7 2 (29)
Ztn:O, lim t, =0,
b(“tn) < —, nz 0)



where b(t) is as in (R), « is the constant appearing in inequality
(6), c is the constant appearing in inequality (4), and

B = max {”Ky()" ,1}. (30)

Then, {x,},>, converges strongly to the unique solution of Ax =

However, its implicit version is as follows.

Theorem 8. Let E be a real uniformly smooth separable
Banach space, and let A : D(A) € E — E be a Kpd operator
with D(A) = D(K). Suppose (Ax, j(Ky)) = (Kx, j(Ay)) for
all x,y € D(A). For arbitrary f € E and x, € D(A), define
the sequence {x,},-, by

Xp = Xy-1 + tnyw (31)
y =K' f ~KAx,, (32)
Ztn = 00, nILI%ot” =0, nx=0. (33)

Then, {x,},?>, converges strongly to the unique solution of Ax =

f.

Proof. The existence of the unique solution to the equation
Ax = f comes from Theorem 1. Using (31) and (32) we obtain

Ky, = KYyey = £ AV (34)
Consider
IKYall* = (Ko j (K9)) = (Ko = £ AY j (K7,))
= (K> ] (KY)) =t (A j (K0)) (35)

< Ky s [ 1Kyl = et Kl

which implies that
"KYHH < "KYn—IH -ty "KYn” : (36)
Hence, {Ky,}2, is bounded. Let

M, = sup [|Ky,| . (37)
n=>0

Also from (6) it can be easily seen that {Ay,}., is also
bounded. Let

M, = sup ||Ay,] . (38)
n=>0

Denote M = M, + M,; then M < co.
By using (34) and Lemma 3, we have

IKYll” = 1Kyt = taAV|
< [KYuall” = 2, (AY  (K0))
+ max {|[Ky, ||, 1} £, Ay ]| & (£, A.])
= [Kpuall” = 2, (Ao § (Kpmt))
+ 2t (A1 = AV j (Ky1))
+ max {|[Ky, |, 1} £, [ Ay, | & (£, [| Aya])
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< (1 - 2Ctn) “I<Vn—1"2 + Ztn "Ayn—l - AV,," "Kyn—lu
+ max {|[Ky,[|, 1} at,, | Ky, || b (at,, | Kya])
< (1-2¢t,) [Kyoi [ +2Mt,m,

+ max {M, 1} ocZMztnb (t,)»

(39)
where
My = “Ayn—l - Ayn" . (40)
By using (6) and (34) we obtain that
1AY-1 = Ayall = A e = vl < @K (s = 1)
= at, ”Ayn” < Mat, — 0, asn— o0.
(41)
Thus,
H, — 0 asn— oo. (42)
Denote
Pn = ||xn _p" >
6, = 2ct,, (43)

0, = 2Mt 1, + max {M, 1} &’ M*t,b (t,) .

Condition (33) assures the existence of a rank n, € N such
that 0, = 2ct,, < 1, for all n > n,. Since b(t) is continuous, so
lim, , b(t,) = 0 (by condition (33)). Now with the help of

(33), (42), and Lemma 4, we obtain from (39) that
lim_[|Ky,[ =o. (44)

At last by Remark 5,9, — 0Oasn — oo; thatis Ax, — f
asn — 00. Because A has bounded inverse, this implies that
x, — A”'f,the unique solution of Ax,, = f. This completes
the proof. O

Remark 9. (1) According to the estimates (6-8) of Martynjuk
[2], we have

[Koxnar = K
—_— 2 —_—
< l+e(1-c)+ae](1-c+«) IKx, — Kx'[|  (45)
1+¢
=0|Kx, - Kx"|,

where

0 1+el(1—c)+ocef(l—c+(x)

1+¢
€
=1- c—a(l-c+a)e 46
1+€1( ( )1) (46)
€
:1— N
1+€117

forn =c—a(l-c+a)e, ore; = (c—n)/a(l-c+a),n € (0,c).
Thus,
c—n

0=1-
a(l-c+a)+c—9

n

5 (47)
- c
4o (1 —c+a) +2c
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TABLE 1
1 2 3 4 5 6 7 8
” 0.0922 0.0851 0.07859 0.07528 0.06947 0.06411 0.05916 0.05459
TABLE 2
1 2 3 4 5 6 7 8
" 0.0893 0.0798 0.07136 0.06376 0.05698 0.05092 0.04550 0.04066
TABLE 3
1 2 3 4 5 6 7 8
n 0.0098 0.0096 0.00949 0.00933 0.00917 0.00901 0.00885 0.00870
TABLE 4
n 1 2 3 4 5 6 7 8
0.0098 0.0096 0.00941 0.00923 0.00905 0.00887 0.00869 0.00852

(2) For a > ¢/2, we observe that

CZ

= 1— ——
p 4o (1 —¢/2) + 2c
2

_o_ 4oc < _£>
T (da(1-c¢/2) +2¢) (4a (1l —c+a) +2c) *=3)
(48)

Thus, the relation between Martynjuk [2] and our parameter
of convergence, that is, between 0 and p, respectively, is the
following:

p <. (49)

Despite the fact that our scheme is implicit, inequality
(49) shows that the results of Osilike and Udomene [7] are
improved in the sense that our scheme converges faster.

Example 10. Suppose E = R, D(A) = R,, Ax = x, Kx =
21 (x* = 0 is the solution of Ax = f); then for the explicit
iterative scheme due to Osilike and Udomene [7] we have

Kx,., = Kx, — €, Ax,, (50)

which implies that

2%, = 2X, — €,X, (51)
and hence
Xpi1 :<1—%>xn. (52)
Also for the implicit iterative scheme we have that
Kx, = Kx,_, — €Ax,, (53)

which implies that

. = 1
" 1+¢/2

Xn-1- (54)

It can be easily seen that for ¢ < 1/2 and « > 1/2, (4) and (6)
are satisfied. Suppose ¢ = 1/4 and « = 3/5; then 5 = 0.125,
€=(c—-n/a(l -n) =0.23810,¢, = (c—-y)/a(l —c+a) =
0.15432, p = 0.97596, and 0 = 0.983288 and so p < 0. Take
X, = 0.1; then from (52) we have Table 1 and for (54) we get
Table 2.

Example 11. Let us take E = R, D(A) = R,, Ax = (1/4)x,
Kx = 2x (x* = 0 is the solution of Ax = f); then for the
explicit iterative scheme due to Osilike and Udomene [7] we
have

Kx,,, = Kx, — €, Ax,, (55)
which implies that
21 = 2%~ 2% (56)
and hence
X, = (1 - %) X, (57)
Also for the implicit iterative scheme we have that
Kx, = Kx,_; — €Ax,, (58)
which implies that
1
Xp = 1+ G/an—l- (59)

It can be easily seen that for ¢ < 1/8 and & > 1/8, (4) and
(6) are satisfied. Suppose ¢ = 0.0625 and & = 0.2; then 7 =
0.03125,€ = (c —#)/a(l — 1) = 0.16129, ¢; = (c — ) /(1 -
c+a) =0.13736, p = 0.99566, and 6 = 0.99623 and so p < 6.
Take x, = 0.01; then from (57) we have Table 3 and for (59)
we get Table 4.

Even though our scheme is implicit we observe that
it converges strongly to the solution of the Kpd operator
equation Ax = f with the error estimate which is faster in
comparison to the explicit error estimate obtained by Osilike
and Udomene [7].
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1. Introduction

This work was motivated by some recent works on the
extension of Banach contraction principle to metric spaces
with a partial order [1] or a graph [2]. Caristi’s fixed point
theorem is maybe one of the most beautiful extensions of
Banach contraction principle [3, 4]. Recall that this theorem
states the fact that any map T : M — M has a fixed point
provided that M is a complete metric space and there exists a
lower semicontinuous map ¢ : M — [0, +00) such that

d(x,Tx) < ¢ (x) - ¢ (Tx), @)

for every x € M. Recall that x € M is called a fixed point of T
if T(x) = x. This general fixed point theorem has found many
applications in nonlinear analysis. It is shown, for example,
that this theorem yields essentially all the known inwardness
results [5] of geometric fixed point theory in Banach spaces.
Recall that inwardness conditions are the ones which assert
that, in some sense, points from the domain are mapped
toward the domain. Possibly, the weakest of the inwardness
conditions, the Leray-Schauder boundary condition, is the
assumption that a map points x of OM anywhere except to
the outward part of the ray originating at some interior point
of M and passing through x.

The proofs given to Caristi’s result vary and use different
techniques (see [3, 6-8]). It is worth to mention that because
of Caristi’s result of close connection to the Ekeland’s [9]
variational principle, many authors refer to it as Caristi-
Ekeland fixed point result. For more on Ekeland’s variational
principle and the equivalence between Caristi-Ekeland fixed
point result and the completeness of metric spaces, the reader
is advised to read [10].

2. Main Results

Maybe one of the most interesting examples of the use of
metric fixed point theorems is the proof of the existence of
solutions to differential equations. The general approach is to
convert such equations to integral equations which describes
exactly a fixed point of a mapping. The metric spaces in which
such mapping acts are usually a function space. Putting a
norm (in the case of a vector space) or a distance gives us a
metric structure rich enough to use the Banach contraction
principle or other known fixed point theorems. But one
structure naturally enjoyed by such function spaces is rarely
used. Indeed we have an order on the functions inherited
from the order of R. In the classical use of Banach contraction
principle, the focus is on the metric behavior of the mapping.
The connection with the natural order is usually ignored.
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In [1, 11], the authors gave interesting examples where the
order is used combined with the metric conditions.

Example 1 (see [1]). Consider the periodic boundary value
problem

u' (1) = f (tu(),
u(0) =u(T),

te[0,T],
2

whereT > 0and f: [0,T]xR — Risacontinuous function.
Clearly any solution to this problem must be continuously
differentiable on [0, T']. So the space to be considered for this
problem is C'([0, T], R). The above problem is equivalent to
the integral problem

T
u(t) = .[o Gt s)[f (s,u(s)) + Au(s)] ds, (3)

where A > 0 and the Green function is given by

A(T+s—t)
e
0<s<t<T,
|
G(ts) = (4)
e)t(s—t)
T 0<t<s<T.

Define the mapping &/ : C([0,T],R) — C([0,T],R) by

T
o (u)(t) = L G(t,s)[f (s,u(s)+Au(s)]ds. (5)

Note that if u(t) € C([0,T],R) is a fixed point of </, then
u(t) € CY[0,T],R) is a solution to the original boundary
value problem. Under suitable assumptions, the mapping &/
satisfies the following property:

(i) if u(t) < v(t), then we have of (u) < A (v);
(ii) if u(t) < v(t), then

et (u) — o W)l < kflu =], (6)

for a constant k < 1 independent of u and v.

The contractive condition is only valid for comparable func-
tions. It does not hold on the entire space C([0, T], R). This
condition led the authors in [1] to use a weaker version of
the Banach contraction principle to prove the existence of
the solution to the original boundary value problem, a result
which was already known [12] using different techniques.

Let (X, ) be a partially ordered setand T : X — X. We

will say that T is monotone increasing if
x<y=T(x)<T(y), foranyx,yeX. (7)

The main result of [1] is the following theorem.

Theorem 2 (see [1]). Let (X, <) be a partially ordered set and
suppose that there exists a distance d in X such that (X,d) is a
complete metric space. Let T : X — X be a continuous and
monotone increasing mapping such that there exists k < 1 with

d(T(x),T(y)) <kd(xy),

If there exists x, € X, with x, < T(x,), then T has a fixed
point.

whenever y < x. (8)
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Clearly, from this theorem, one may see that the contrac-
tive nature of the mapping T is restricted to the comparable
elements of (X, <) not to the entire set X. The detailed
investigation of the example above shows that such mappings
may exist which are not contractive on the entire set X.
Therefore the classical Banach contraction principle will not
work in this situation. The analogue to Caristi’s fixed theorem
in this setting is the following result.

Theorem 3. Let (X, <) be a partially ordered set and suppose
that there exists a distance d in X such that (X,d) is a
complete metric space. Let T : X — X be a continuous and
monotone increasing mapping. Assume that there exists a lower
semicontinuous function ¢ : X — [0, +00) such that

d(x,T(x)) < ¢(x)-¢(T(x),

whenever T (x) < x.

)

Then T has a fixed point if and only if there exists x, € X, with
T(x,) 2 X,

Proof. Clearly, if x, is a fixed point of T, that is, T'(x,) = x,
then we have T'(x;) < x,. Assume that there exists x, € X

such that T(x;) < x,. Since T is monotone increasing, we
have T (x,) < T"(x,), for any n > 1. Hence

d(T" (x0), T (%))

<P (T" (%) — (T (%)), n=12....

Hence {$(T"(x,))} is a decreasing sequence of positive

(10)

numbers. Let ¢, = lim,,_, . ,¢(T"(x,)). For any n,h > 1, we
have
h-1
d (Tn (xo) )Tn+h (xo)) < zd (Tn+k (x()) , Tn+k+1 (XO))
k=0

<@ (T" (x0)) = ¢ (1" (o))
(1)

Therefore {T"(x,)} is a Cauchy sequence in X. Since X is
complete, there exists x € X such that lim,,_, ., T"(x,) = X.
Since T is continuous, we conclude that T'(x) = x; that is, x is
a fixed point of T O

The continuity assumption of T may be relaxed if we
assume that X satisfies the property (OSC).

Definition 4. Let (X, <) be a partially ordered set. Let d be a
distance defined on X. One says that X satisfies the property
(OSC) if and only if for any convergent decreasing sequence
{x,} in X, that is, x,,,;, < x,, for any n > 1, one has
lim,, , x,, = inf{x,,n > 1}.

One has the following improvement to Theorem 3.

Theorem 5. Let (X, <) be a partially ordered set and suppose
that there exists a distance d in X such that (X, d) is a complete
metric space. Assume that X satisfies the property (OSC). Let
T : X — X be amonotone increasing mapping. Assume that
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there exists a lower semicontinuous function¢ : X — [0, +00)
such that
d(xT(x)<¢d(x)—¢(T(x)), whenever T (x) < x.
(12)

Then T has a fixed point if and only if there exists x, € X, with
T(x,) = X,.

Proof. We proceed as we did in the proof of Theorem 3. Let
Xy € X such that T(x,) < x,. Write x,, = T"(x,), n > 1. Then
we have the fact that {x,} is decreasing and lim,, _, .. x,, = x,,
exists in X. Since we did not assume T continuous, then x,,
may not be a fixed point of T. The idea is to use transfinite
induction to build a transfinite orbit to help catch the fixed
point. Note that since X satisfies (OSC), then we have x, =
inf{x,,n > 1}. Since T is monotone increasing, then we will
have T'(x,) < x,,. These basic facts so far will help us seek the
transfinite orbit {x,},r, where I is the set of all ordinals. This
transfinite orbit must satisfy the following properties:

(1) T(x,) = x4, forany & € T

(2) x, = inf{xﬁ, B < a}, if a is a limit ordinal;
(3) x4 = xp, whenever B <o

(4) d(xa,xﬁ) < (/)(xﬁ) - ¢(x,), whenever 8 < a.

Clearly the above properties are satisfied for any o €
{0,1,...,w}. Let « be an ordinal number. Assume that the
properties (1)-(4) are satisfied by {xﬁ} p<a- We have two cases
as follows.

(i) Ifa = B+ 1, then set x, = T(xp).

(ii) Assume that « is a limit ordinal. Set ¢, =
inf{¢(xp), B < a}. Then one can easily find an
increasing sequence of ordinals {f,}, with 5, < «,
such that lim, , ¢(xg) = ¢o. Property (4) will
force {x } to be Cauchy. Since X is complete, then
lim, _, ,xg = X exists in X. The property (OSC) will
then imply ¥ = inf{x 1> 1}. Let us show that
x = inf{xg, B < a}. Let f < a. If B, < B, for all
n > 1, then we have

d(xl;,xl;n) s¢(xﬁ”)—¢(xﬁ), n=12,.... (13)

But ¢(xp) > ¢y = lim,, _, ,¢(xpg ) > ¢(xp). Hence ¢(x3) = ¢,
which implies that lim,, _, ,,xg = x4. Hence xg = X. Assume
otherwise that there exists 7, > 1 such that 5 < 8, . Hence
xg, X Xp which implies X < x;. In any case, we have X < x;,

for any 3 < «. Therefore we have

X = inf{xﬁn,n > l} < inf{xﬁ,ﬁ < oc} < inf{xﬁn,n > 1}.
(14)

Hence x = inf{xg, B < a}. Set x, = Xx. Let us prove that
{xp, B < o} satisfies all properties (1)-(4). Clearly (1) and (2)
are satisfied. Let us focus on (3) and (4). Let § < a. We need
to show that x, < xp. If o is a limit ordinal, this is obvious.
Assume that oo — 1 exists. We have two cases; if o — 2 exists,
then we have x,_; < x,_,. Since T is monotone increasing,

then T(x,_;) < T(x,_,)); thatis, x, < x,_;. Otherwise, if
o« —2is an ordinal limit, then x,_, = inf{x,,y < a - 2}. Since
T is monotone increasing, then we have

Xqo1 = T (Xqp) 2 X)py, foranyy<a-2, (15
which implies x, < x,,,,, foranyy < a—2. Therefore we have
X4 X xp, which completes the proof of (3). Let us prove (4).
Let 8 < a. First assume that « — 1 exists. Then, in the proof of
(3), we saw that x, = T'(x,_;) X x,_;. Our assumption on T'
will then imply

d (xowl’ xoc) < ¢ (xocfl) - ¢ (xzx) . (16)

If B = a— 1, we are done. Otherwise, if f < o — 1, then we use
the induction assumption to get

d (g %o1) < ¢ (xg) = ¢ (xen) - 17)
The triangle inequality will then imply
d (xgx,) < ¢ (%) = b (x). (18)

Next we assume that e is a limit ordinal. Then there exists
an increasing sequence of ordinals {f,}, with 3, < «, such
that x, = lim, _, ,xp . Given 8 < a, assume that we have
B, < B, foralln > 1. In this case, we have seen that x, = x;.
Otherwise, let us assume that there exists n, > 1 such that
B < B,,- In this case, from our induction assumption and the
triangle inequality, we get

d(xgx5,) < @ (x5) =9 (xg,), nzmp (19)

Using the lower semicontinuity of ¢, we conclude that

d(xpxa) < ¢ (x5) ¢ (%) (20)

which completes the proof of (4). By the transfinite induction
we conclude that the transfinite orbit {x,} exists which
satisfies the properties (1)-(4). Using Proposition A.6 ([13,
page 284]), there exists an ordinal f3 such that ¢(x,) = gb(xﬁ),
forany « > f8. In particular, we have ¢(x,) = ¢(x,,,), for any
« > 3. Property (4) will then force x,,, = x,; that is, T'(x,) =
X,. Therefore T has a fixed point.

One may wonder if Theorem 5 is truly an extension of the
main results of [1, 2, 11]. The following example shows that it
is the case.

Example 6. Let X = L'([0,1],dx) be the classical Banach
space with the natural pointwise order generated by R. Let
C ={f € X, f(t) = 0 a.e.} be the positive cone of X. Define
T:C — Cby

O £ > %
T(f)() = : (21)
0 if f(t) < 3

First note that C is a closed subset of X. Hence C is
complete for the norm-1 distance. Also it is easy to check
that the property (OSC) holds in this case. Note that, for any



f € C,wehave 0 < T(f) < f. Also we have T*(f) =
T(T(f)) = T(f)); thatis, T(f) is a fixed point of T for any
f € C. Note that for any f € C we have

AT = [ 1F 0-T() 0]ar

= | rwa-| T(y@ar= -l

(22)

Therefore all the assumptions of Theorem 5 are satisfied.
But T fails to satisfy the assumptions of [1, 2, 11]. Indeed if we
take

, nx1, (23)

SR
S =

CEENACE

then we have T(f) = 0 and T(f,) = f,, foranyn > 1.
Therefore T is not continuous since { f,,} converges uniformly
(and in norm-1as well) to f. Note also that f < f,, forn > 1.
So any Lipschitz condition on the partial order of C will not
be satisfied by T in this case. O

3. Caristi’s Theorem in Metric Spaces
with Graph

It seems that the terminology of graph theory instead of
partial ordering sets can give more clear pictures and yield
to generalize the theorems above. In this section, we give the
graph versions of our two main results.

Throughout this section we assume that (X, d) is a metric
space and G is a directed graph (digraph) with set of vertices
V(G) = X and set of edges E(G) containing all the loops;
that is, (x,x) € E(G) for any x € X. We also assume
that G has no parallel edges (arcs) and so we can identify
G with the pair (V(G), E(G)). Our graph theory notations
and terminology are standard and can be found in all graph
theory books, like [14, 15]. A digraph G is called an oriented
graph; if whenever (1, v) € E(G), then (v,u) ¢ E(G).

Let (X,<) be a partially ordered set. We define the
oriented graph G, on X as follows. The vertices of G are the
elements of X, and two vertices x, y € X are connected by a
directed edge (arc) if x < y. Therefore, G has no parallel arcs
asxy&y<x=>x=y.

If x, y are vertices of the digraph G, then a directed path
from x to y of length N is a sequence {x;}', of N + 1 vertices
such that

Xo =% XN =D

i=0,1,...,N.

(24)
(xi>xi+l) € E(G),

A closed directed path of length N > 1 from x to y, that
is, x = y, is called a directed cycle. An acyclic digraph is a
digraph that has no directed cycle.

Given an acyclic digraph, G, we can always define a
partially order < on the set of vertices of G by defining that
x %5 y whenever there is a directed path from x to y.

Abstract and Applied Analysis

Definition 7. One says that a mapping T : X — X is G-edge
preserving if

Vx,y€X, (x,y)€E(G) = (Tx,Ty) € E(G). (25)

T is said to be a Caristi G-mapping if there exists a lower
semicontinuous function ¢ : X — [0, +00) such that

d(xTx)<¢(x)-¢(Tx), whenever (T (x),x) € E(G).

(26)

One can now give the graph theory versions of our two
mean Theorems 3 and 5 as follows.

Theorem 8. Let G be an oriented graph on the set X with E(G)
containing all loops and suppose that there exists a distance d
in X such that (X, d) is a complete metric space. Let T : X —
X be continuous, G-edge preserving, and a G-Caristi mapping.
Then T has a fixed point if and only if there exists x, € X, with
(T(x,), xo) € E(G).

Proof. G has all the loops. In particular, if x; is a fixed point
of T, that is, T'(x,) = x,, then we have (T'(x,),x,) € E(G).
Assume that there exists x,, € X such that (T'(x,), x,) € E(G).
Since T is G-edge preserving, we have (T (x,), T"(x,)) €
E(G), for any n > 1. Hence

d (T (%), T (xo))
<@ (T"(x) — ¢ (T (%)), n=12....
Hence {¢(T"(x,))} is a decreasing sequence of positive

numbers. Let ¢, = lim,,_, . ,¢(T"(x,)). For any n,h > 1, we
have

(27)

d (Tn (-x()) , Tn+h (xo)) < kild (Tn+k (xo) )Tn+k+1 (xo))
<P (T" (%)) - ¢ (Tn+h (xo)) .

(28)

Therefore {T"(x,)} is a Cauchy sequence in X. Since X is
complete, there exists X € X such that lim,_, ., T"(x,) = X.
Since T is continuous, we conclude that T'(x) = x; that is, x is
a fixed point of T. O

The following definition is needed to prove the analogue
to Theorem 5.

Definition 9. Let G be an acyclic oriented graph on the set X
with E(G) containing all loops. One says that G satisfies the
property (OSC) if and only if (X, <) satisfies (OSC).

The analogue to Theorem 5 may be stated as follows.

Theorem 10. Let G be an oriented graph on the set X with
E(G) containing all loops and suppose that there exists a metric
d in X such that (X, d) is a complete metric space. Assume that
G satisfies the property (OSC). Let T : X — X be a G-edge
preserving and a Caristi G-mapping. Then T has a fixed point
if and only if there exists x, € X, with (T(x,), x,) € E(G).
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The proof of Theorem10 is similar to the proof of
Theorem 5. In fact it is easy to check that these two theorems
are equivalent.
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By using the method of differential subordinations, we derive some properties of multivalent analytic functions. All results presented

here are sharp.

This paper is dedicated to Professor Miodrag Mateljevi¢ on the occasion of his 65th birthday

1. Introduction

Let A(p) denote the class of functions f(z) of the form

fz)=2"+ Zap+nzp+" (peN={1,23,...}), @
n=1

which are analytic in the open unitdisk D = {z € C : |z] < 1}.
Let f(z) and g(z) be analytic in D. Then, we say that f(z)
is subordinate to g(z) in D, written as f(z) < g(z), if there
exists an analytic function w(z) in D, such that |w(z)| < |z]
and f(z) = g(w(z)) (z € D). If g(z) is univalent in D, then
the subordination f(z) < g(z) is equivalent to f(0) = g(0)
and f(D) c g(D). Let p(z) = 1+ p,;z + -+ be analytic in D.
Then, for -1 < B < A < 1, it is clear that

1+ Az

pP@) < - (@eD) )
if and only if
1-AB| A-B
p(z)—l_B2 <Tm (-1<B<A<1lzeD),
3)
Rep(z)>1_A (B=-1; ze D). (4)

Recently, a number of results for argument properties
of analytic functions have been obtained by several authors
(see, e.g., [1-5]). The objective of the present paper is to
derive some further interesting properties of multivalent
analytic functions. The basic tool used here is the method of
differential subordinations.

To derive our results, we need the following lemmas.

Lemma 1 (see [6, Theorem 1, page 776]). Let h(z) be analytic
and starlike univalent in D with h(0) = 0. If g(z) is analytic in
D and zg'(z) < h(z), then
Zht
9(2) < g(0)+ L %dt. 5)
Lemma 2 (see [5, Theorem 1, page 1814]). Let 0 < o < 1,
0<a,<1,B=(a;—a)/(a; + ), and c = eP™. Also let

Aoa>20, A(b+2)20, (b+1)Reu>0,
2 (6)
b+1] < , la-b-1| < .
o +ay max {a;, o, }
If q(z) is analytic in D with q(0) = 1 and
(@) +Ma @) + u(a ()" .
7

+29' (2)(q(2))’ < h(z) (z € D),
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2
where
1+cz a((e;+a,)/2) 1+cz (1/2)(b+1) (o +a)
h(z) = /\O( > + ( )
1-z 1-z
1+cz (ot +ay)/2
(e (T5) ®

a + o, < z cz )
+ +
2 1-z 1+cz
is (close-to-convex) univalent in D, then
7T U
—5 % <arg (q(=) < S (zeD). 9)

The bounds «, and o, in (9) are sharp for the function q(z)
defined by

(10)

1+cz )(0‘1*’0‘2)/2

q(z):<1

Remark 3 (see [5, Lemma 2, page 1813]). The function g(z)
defined by (10) is analytic and univalent convex in D and

-z

q(D) = {w :w e C, —goc2 <argw < g(xl}. (1)

2. Main Results

Our first result is contained in the following.

Theorem 4. Let a € (0,1/2] and § € (0,1). If f(z) € A(p)
satisfies f(z)#0 (0 < |z| < 1) and

ﬁ(dﬁp_)
fa\f@ F

where 0 is the smallest positive root of the equation

<8 (zeD), (12)

asin(?)xz—x+(1—(x)sin<%§>=0, (13)

then

cx>’<g[3 (z € D). (14)
The bound 3 is sharp for each o € (0, 1/2].

Proof. Let
g(x):asin<ﬂz—ﬁ>x2—x+(l—oc)sin(%;) (15)

We can see easily that (13) has two positive roots. Since g(0) >
0 and g(1) < 0, we have

O<“

d<d<1. (16)
1-«

Put

%=a+(l—o¢)p(z). (17)
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Then, from the assumption of the theorem, we can see that
p(z) is analytic in D with p(0) = 1 and o + (1 — &) p(2) #0
for all z € D. Taking the logarithmic differentiations in both
sides of (17), we get

f' @) -0z (2)

= , (18)
f(z) a+(l-a)p(z)
zP (zf’ (2) > __(-w zp' (2) 1)
f@\ f(2 (a+(1-a) p(z))2
for all z € D. Thus, inequality (12) is equivalent to
U-azp &) 4, (20)
(a+(1-a)p(2))
By using Lemma 1, (20) leads to
r dza)p © Sdt < 8z (21)
0 (a+(1—a)p(t)
or to
1
1- m < 0z. (22)
According to (16), (22) can be written as
P (@) < 1+ (af (1 —a))&z‘ 23)

1-06z

Now, by taking A = («/(1 — «))§ and B = -6 in (2) and (3),
we have

z
larg (% - oc) = |arg p (2))|
(24)
< arcsin <L> = Eﬁ
l-a+ad?) 2
for all z € D because of g(§) = 0. This proves (14).
Next, we consider the function f(z) defined by
ZP
f@ 1-0z (25)
for all z € D. It is easy to see that
2 [ zf' (2) )l
- =|0z| <d (26)
fw(f@ P
for all z € D. Since
f(2) 1+ (a/(1-«))dz
—a=(1- 27
2 (1-a) 1-0z ’ (27)
it follows from (3) that
21618 arg(% - oc) = arcsin (ﬁ) = gﬁ (28)

Hence, we conclude that the bound 3 is the best possible for
each o € (0,1/2]. O

Next, we derive the following.
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Theorem 5. If f(z) € A(p) satisfies f(z)#0 (0 < |z| < 1)

and
2 (zf'(2)
Re{f(Z) (W - )} <y (zeD), (29)
where
<rvs 2log2’ (30)
then
Re 2 > 1-2ylog2 D
_ . X
CF s (2eD) (31)
The bound in (31) is sharp.
Proof. Let
P(Z) = & (32)

zP

Then, from the assumption of the theorem we can see that
p(z) is analytic in D with p(0) = 1 and p(z) #0 forall z € D.
According to (32) and (29), we have immediately

!
1_zp (2) < 1+z; (33)
w(z) 1-z
that is,
!
2
Z<L) PRl (34)
p(2) 1-z
Now, by using Lemma 1, we obtain
1
—— < 1-2ylog(1-2). (35)

p(2)

Since the function 1 — 2ylog(1 — z) is convex univalent in D
and

Re(1-2ylog(1-2))>1-2ylog2 (z€eD), (36)
from (35), we get inequality (31).

To show that the bound in (31) cannot be increased, we
consider

zP

T 200 (l—2) 2ylog(1-2) (zeD). (37)

f(2)=

It is easy to verify that the function f(z) satisfies inequality
(29). On the other hand, we have

Re — 1-2ylog2 (38)

ZP
f @)
asz — —1. Now, the proof of the theorem is complete. [

Finally, we discuss the following theorem.

Theorem 6. Let o,y € (0,1). If f(z) € A(p) satisfies
f(2)#0 (0 < |z| < 1) and

arg{f(z) (Y(Zf ©) —P)+(1—Y)§>

zP /@
(39)
—(1—)/)0c2]> <né
forall z € D, where
s_l, L. o VPEa-a)(1-y)+y) (40)
—E+;an 2a(1—y) ’
then
Re&>¢x (ze D). (41)
zP

The bound & in (39) is sharp.

Proof. Define the function p(z) by (17). For «,y € (0,1), it
follows from (17) and (18) that

L (f@( (f' @ £(2)
ya—wni 2 <Y(fwm _p)+(1'Y)757>

~-nef
U oy 201 )2t
14 Y
(42)
for all z € D. Putting
a=b=1,=0, a =0y =1,
(1-a)(1-y) 2a(1-7y) (43)
A= —n 7 p="—~-
Y Y

in Lemma 2 and using (42), we see that if

1 f@ ( (zf' (@ f(2)
ya—a>{,ﬂ (y<fxa _P)+(1_”'27>

—(1—)/)042} < h(z),

(44)

where

h(z)

(DN

N 2z
1-2z2)°

then (41) holds true.




Letting 0 < 0 < 7 and x = cot(0/2), we deduce that
argh (eie)

1- 1- ; 200 (1 —
E +arg { ( “) ( Y) xem/z + “( Y)
2 Y Y

)

T (2(1—a>(1—y)+y)x2+y)
2 4a(l-y)x '

Making use of (46), we obtain that

inf )|argh (2)|

|z]=1(z # £1

. 0
min argh (e )
0<0<m

T . -1 ((
= — + mintan
2 x>0

20-0)(1-y)+y)*" +y
da(1-y)x

T \/Y(Z(l—“)(l—)/)ﬂ’)
= — +tan
2 2a(1-7y)

=7d.
(47)

Therefore, if f(z) € A(p) satisfies (39), then the subordina-
tion (44) holds, and, thus, we obtain (41).
For the function

f(2) _ 1+(1-2x)z

48
zP 1-z (48)

>

we find that

1 f(2) zf' (2) f (2
y(l—oo{ 20 (V( @ ‘p>+(1‘” 2 )
(49)

—(l—y)ocz}:h(z),

where h(z) is defined by (45). In view of (46) and (49), we
conclude that the bound § in (39) is the largest number such
that (41) holds true. This completes the proof. O
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A new existence result of e-vector equilibrium problem is first obtained. Then, by using the existence theorem of e-vector
equilibrium problem, a weakly e-cone saddle point theorem is also obtained for vector-valued mappings.

1. Introduction

Saddle point problems are important in the areas of opti-
mization theory and game theory. As for optimization theory,
the main motivation of studying saddle point has been their
connection with characterized solutions to minimax dual
problems. Also, as for game theory, the main motivation has
been the determination of two-person zero-sum games based
on the minimax principle.

In recent years, based on the development of vector
optimization, a great deal of papers have been devoted
to the study of cone saddle points problems for vector-
valued mappings and set-valued mappings, such as [1-8].
Nieuwenhuis [5] introduced the notion of cone saddle points
for vector-valued functions in finite-dimensional spaces and
obtained a cone saddle point theorem for general vector-
valued mappings. Gong [2] established a strong cone sad-
dle point theorem of vector-valued functions. Li et al. [4]
obtained an existence theorem of lexicographic saddle point
for vector-valued mappings. Bigi et al. [1] obtained a cone
saddle point theorem by using an existence theorem of a
vector equilibrium problem. Zhang et al. [9] established a
general cone loose saddle point for set-valued mappings.
Zhangetal. [8] obtained a minimax theorem and an existence
theorem of cone saddle points for set-valued mappings by
using Fan-Browder fixed point theorem. Some other types of
existence results can be found in [3, 10-18].

On the other hand, in some situations, it may not
be possible to find an exact solution for an optimization

problem, or such an exact solution simply does not exist,
for example, if the feasible set is not compact. Thus, it is
meaningful to look for an approximate solution instead.
There are also many papers to investigate the approximate
solution problem, such as [19-21]. Kimura et al. [20] obtained
several existence results for e-vector equilibrium problem
and the lower semicontinuity of the solution mapping of
e-vector equilibrium problem. Anh and Khanh [19] have
considered two kinds of solution sets to parametric gener-
alized e-vector quasiequilibrium problems and established
the sufficient conditions for the Hausdorft semicontinuity (or
Berge semicontinuity) of these solution mappings. X. B. Li
and S. J. Li [21] established some semicontinuity results on
e-vector equilibrium problem.

The aim of this paper is to characterize the e-cone sad-
dle point of vector-valued mappings. For this purpose, we
first establish an existence theorem for e-vector equilibrium
problem. Then, by this existence result, we obtain an existence
theorem for e-cone saddle point of vector-valued mappings.

2. Preliminaries

Let X be a real Hausdorft topological vector space and let
V be a real local convex Hausdorft topological vector space.
Assume that S is a pointed closed convex cone in V' with
nonempty interior intS# 0. Let V* be the topological dual
space of V. Denote the dual cone of S by S*:

S ={s"eV":5"(s) 20,Vs € S}. 1)
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Note that from Lemma 3.21 in [22] we have

zeS e {(z",z) 20,Vz" € S},

2
zeintS & {(z",2) > 0,Vz" € S*\ {0}.

Definition 1 (see [7, 23]). Let f: X — V be a vector-valued
mapping. f is said to be S-upper semicontinuous on X if and
only if, for each x € X and any s € int S, there exists an open
neighborhood U, of x such that

fu) e f(x)+s—intS, VueU,. (3)

f issaid to be S-lower semicontinuous on X if and only if — f
is S-upper semicontinuous on X.

Lemma 2 (see [17]). Let f: X x X — V be a vector-valued
mapping and s* € S*\{0}. If f is S-lower semicontinuous, then
s o f is lower semicontinuous.

Definition 3 (see [24]). Let A and B be nonempty subsets of
Xand f: Ax B — V be a vector-valued mapping.

(i) f is said to be S-concavelike in its first variable on A
if and only if, for all x,,x, € Aand! € [0, 1], there
exists x € A such that

FEy)elf (xp,y)+ (=D f(xy)+S, VyeB. (4)
(ii) f is said to be S-convexlike in its second variable on
Bifand only if, for all y,, y, € Band [ € [0, 1], there
exists y € B such that
fy)elf(x, )+ =1 f(x,9,)-S VxeA (5
(iii) f is said to be S-concavelike-convexlike on A x B if

and only if f is S-concavelike in its first variable and
S-convexlike in its second variable.

Definition 4. Let A C V be a nonempty subset and ¢ € int S.

(i) A point z € A is said to be a weak e-minimal point
of Aifand onlyif AN (z — ¢ —intS) = 0 and Min, A
denotes the set of all weak e-minimal points of A.

(ii) A point z € A is said to be a weak e-maximal point
of Aifand only if AN (z + € + intS) = @ and Max, A
denotes the set of all weak e-maximal points of A.

Definition 5. Let f: AxB — V be a vector-valued mapping
and ¢ € intS. A point (a,b) € A x Bis said to be a weak &-S-
saddle point of f on A x Bif

f (a,b) € Max, f (A,b)( | Min, f (a, B). (6)

3. Existence of &-Vector Equilibrium Problem

In this section, we deal with the following e-vector equilib-
rium problem (for short VAEP). Find X € E such that

f(x,y)+e¢—intS, VyeE, (7)
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where f: X x X — V is a vector-valued mapping, E is a
nonempty subset of X, and ¢ € intS.
If fx,y) = g(y) —gx), x,y € E,andifx € Eis
a solution of VAEP, then X € E is a solution of e-vector
optimization of g, where g is a vector-valued mapping.
Denote the e-solution set of (VAEP) by

S()={x€E: f(x,y)+e¢—intS,Vy € E}. (8)

Lemma 6 (see [20]). Let E be a nonempty subset of X. Suppose
that f : X x X — V is a vector-valued mapping and the
following conditions are satisfied:

(i) cl E is a compact set;
(ii) {x e lE: f(x,y) ¢ —intS,Vy € clE} #0;

(iii) f is S-lower semicontinuous on cl E x cl E.

Then, for each ¢ € int S, S(e) # 0.

Next, we give a sufficient condition for the condition (ii)
in Lemma 6.

Lemma 7. Let E be a nonempty subset of X. Suppose that f :
X x X — Visavector-valued mapping with f(x,x) = 0 for
all x € X and the following conditions are satisfied:

(i) cl E is a compact set;
(ii) f is S-concavelike-convexlike on cl E x cl E;

(iii) for each x € clE, f(x,-) is S-lower semicontinuous on
clE.

Then, there exists x € cl E such that
f(x,y) ¢ —intS,

Proof. Foranyt < 0and s* € S* \ {0}, we define a multifunc-
tionG: dlE — 29F by

Gix)={yedE:s"(f(x,y)<t},

First, by assumptions, we must have

(] Gx) =0. an

xeclE

Vy e clE. 9)

Vx ecE. (10)

In fact, if there exists ¥ € clE such that y € G(x), for all
x € clE, then

s“(f(xy))<t, VxeclE. (12)

Particularly, taking x = J, we have 0 = s*(f(¥, %)) < t, which
contradicts the assumption about t.

Then, by Lemma 2, G(x) is a closed set, for each x € cl E.
By (11), for any y € cl E, we have

yeV\ (G = [JV\Gw. 13)

xeclE xeclE

Since cl E is compact, there exists a finite point set {x;, x,,
..., x,} in cl E such that

clE c UV\G(XI) (14)

1<i<n
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Namely, for each y € clE, there exists i € {1,2,...,n} such
that
s'(f G y)) > (15)
Now, we consider the set
M= {(z,23,...,2,,r) € R"' | Ty e dlE,
(16)

S* (f(xl’y)) Sr—’—zi’Vi: 1;2)---,71}.

Obviously, by the condition (ii), M is a convex set. By (15), we
have the fact that (0gs, t) ¢ M.

By the separation theorem of convex sets, there exists
(A, Ay, o5 A, T) # Opn such that

n
Y Az +Fr 2 7,

i=1

V(z1,25.52,,7) € M. (17)

Since M + R™' ¢ M, wecanget A; > 0 and 7 > 0, for all
i=1,2,...,n. By the definition of M, for each y € clE,

<0Rn,1 +maxs” (f (xl-,y))) € int M, (18)
1<i<n

(s (f (x1pp)) =1
sST(f ) =ress” (f (x9) -
By (18), 7 > 0. Then, by (17) and (19),

(19)
r,r) € M.

M=
ﬂI|N>‘

1]
—_

i i=1

(f(xz,y))ﬂ(l—i%)zt. (20)

By (20), Y-, (;/7) = 1. Thus, by the condition (ii), for each
y € cl E, there exists X € cl E such that

n Az .
@)z YT (5 ) (21)
i=1
By the assumption about ¢ and s*, there exists X € cl E such
that
f(x,y) ¢ —intS, VyeclE. (22)
This completes the proof. O

By Lemmas 6 and 7, we can get the following result.

Theorem 8. Let E be a nonempty subset of X. Suppose that
f: X xX — Visavector-valued mapping with f(x,x) =0
for all x € X and the following conditions are satisfied:

(i) cl E is a compact set;

(ii) f is S-concavelike-convexlike on cl E x cl E;

(iil) f is S-lower semicontinuous on cl E x cl E.

Then, for each € € int S, S(e) # 0.

Remark 9. Note that the condition (i) does not require the
fact that cl E is a convex set. So Theorem 8 is different from
Theorem 3.2 in [20]. The following example explains this case.

Example 10. Let X =R,V = R*,and E = [0,1/3] U [2/3,1],
f(x,y):{(xy,xz)eR2|z: l—yz}, x,y€X,

Sz{(x,y)eRzleO,yEO}.

(23)

Obviously, cl E is a compact set. However, cl E is not a convex
set. So, Theorem 3.2 in [20] is not applicable. By the definition
of f, f is S-concavelike-convexlike on clE x clE and S-
lower semicontinuous on cl E x cl E. Thus, all conditions of
Theorem 8 hold. Indeed, for each ¢ = (¢;,¢,) € intS,

f(0,y)+e=(e,¢) ¢ —intS,

Namely, 0 € S(e).

Vy € E. (24)

4. Existence of e-Cone Saddle Points

Lemmall. Let E be a nonempty subset of X and E = AXB. Let
eeintSandlet f: X x X — V be a vector-valued mapping
with f(x,y) = g(a,v) — g(u,b), where x = (a,b), y = (u,v),
a,u € A, and v,b € B. If there exists X = (a,b) € E such that
f(x,y)+e¢—intS, Vyc€E, (25)
then (@,b) € A x Bis a weak e-S-saddle point of g on A x B.
Proof. By assumptions, we have
f(x,y)+e¢—intS, VyeE. (26)
Then,
g@,v) - g(u,I;) +e¢—intS, V(u,v) € AxB. (27)
By (27), taking u = a,
g(ﬁ,v)—g(ﬁ,g)+£¢—int8, Vv € B, (28)

which implies g(a, b) € Min, g(a, B). Then, by (27), taking
v=b,

g (ﬁ, E) -
which implies g(a, b) € Max, g(A, b). Thus, (@,b) € A x B

is a weak e-S-saddle point of g on A x B. This completes the
proof. O

g(u,E) +e¢ —intS, VuceA, (29)

Theorem 12. Let A and B be nonempty sets and ¢ € intS.
Suppose that g is a vector-valued mapping and the following
conditions are satisfied:
(i) cl A and cl B are compact sets;
(ii) g is S-concavelike-convexlike on cl A x cl B;
(iii) g is S-upper semicontinuous on cl A x cl B;

(iv) g is S-lower semicontinuous on cl A x cl B.

Then, g has a weak e-S-saddle point on A x B.



Proof. Let AxB = Eand f : clEx cdE — V be a vector-
valued mappings by

f(xy)=g@v)-gwb), Vx=(ab)edE,

(30)
y =(u,v) € clE.

Next, we show that all assumptions of Theorem 8 are satisfied
by g.

Clearly, by the condition (i), cl E is compact. Then, by the
condition (ii), we have the fact that, for each a,,a, € cl A and
I € [0, 1], there exists a; € cl A such that

g(as,b) €lg(a,b)+(1-1)g(ayb)+S,
and, for each b;,b, € cl Band [ € [0, 1], there exists by € cI B

g(a,by) €lg(a,b) +(1-1)g(ab)-S,

Vb e cB (31)

Va € cl A.
(32)

By (31) and (32), for each (a;, b)), (a,,b,) € clEand [ € [0,1],
there exists (a5, b;) € cl E such that

g(a,b) - g(ab;) €l(g(a;,b) - g(ab))

+(1-D(g(ayb)-g(ab))+S,
Y (a,b) € clE,

g(a,b;)—g(asb) €l(g(aby)-g(a;b))

+(1-D(g(ab)-g(ayb))-S,

V(a,b) € clE.
(33)

Namely, f is S-concavelike-convexlike on cl E x cl E.

Now, we show that f is S-lower semicontinuous on cl E x
cl E. By the condition (iii), for each (a,v) € cl A x cIB and
s € int S, there exists an open neighborhood U, of a and U,
of v such that

g (ugu,) € glav) - % +intS, Vu, €U, u, €U,, (34)

and, for each (u,b) € cl A x cI Band s € intS, there exists an
open neighborhood U,, of u and U, of b such that

g (u,u,) € gu,b)+ % —intS, Vu, €U,, u, € U,.
(35)

By (34) and (35), we have the fact that, for any ((a, b), (4, v)) €
clE x clE,

g (uu’ uv) -9 (uu’ ub) €g (a’ V) -9 (”: b) —s+intS, (36)
Y ((upup), (u,,u,)) € U, xU, xU, x U,

Namely, f is S-lower semicontinuous on cl Excl E. Therefore,
by Lemma 11, g has a weak e-S-saddle point on A x B. This
completes the proof. O

Remark 13. The conditions (iii) and (iv) of Theorem 12 do not
imply that g is continuous (see [23]).
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1. Preliminaries

We know by the Banach contraction principle [1], which is
a classical and powerful tool in nonlinear analysis, that a
self-mapping f on a complete metric space (X, d) such that
d(fx, fy) < cd(x, y)forall x, y € X, where c € [0,1), hasa
unique fixed point. Since then, the Banach contraction prin-
ciple has been generalized in several directions (see [2-26]
and references cited therein).

In 2008, Suzuki [21] proved the following result that is an
interesting generalization of the Banach contraction principle
which also characterizes the metric completeness.

Theorem 1. Let (X, d) be a complete metric space and let T
be a self-mapping on X. Define a nonincreasing function 0 :
[0,1) — (1/2,1] by

V5-1)
1, ifOSTS T’
0 = (1-r)r2 if —(\/5_1) <r<271? M
1+r7Y, if2<r<l

Assume that there exists r € [0, 1) such that

0(r)d(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y)

2)

for all x, y € X. Then there exists a unique fixed point z of T.
Moreover, lim,, _, , ., T"x = z forall x € X.

In 2012, Samet et al. [19] introduced the concepts of a-
y-contractive and a-admissible mappings and established
various fixed point theorems for such mappings defined on
complete metric spaces. Afterwards Salimi et al. [16] and
Hussain et al. [7] modified the notions of «-y-contractive and
a-admissible mappings and established fixed point theorems
which are proper generalizations of the recent results in [12,
19].

Definition 2 (see [19]). Let T be a self-mapping on X and let
a: X xX — [0,+00) be a function. One says that T is an
a-admissible mapping if

xyeX, a(xy)21l=a(Tx,Ty)=1. (3)
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Definition 3 (see [16]). Let T be a self-mapping on X and let
a,n: XxX — [0,+00) be two functions. One says that T is
an a-admissible mapping with respect to # if

a(x,y)2n(x,y) = a(Tx,Ty) 2 n(Tx, Ty()4)

Note that if we take #(x, y) = 1, then this definition reduces
to Definition 2. Also, if we take a(x, y) = 1, then we say that
T is an #-subadmissible mapping.

x,y €X,

Here we introduce the notions of a-#-complete metric
space and «a-#-continuous function and establish fixed point
results for modified «a-#-y-rational contractions in «-#-
complete metric spaces which are not necessarily complete.
Asan application, we derive some Suzuki type fixed point the-
orems and new fixed point theorems for y-graphic-rational
contractions. Moreover, some examples and an application to
integral equations are given here to illustrate the usability of
the obtained results.

2. Main Results

First, we introduce the notions of «-#-complete metric space
and «a-#-continuous function.

Definition 4. Let (X, d) be ametric spaceand o, 77 : X x X —
[0, +00). The metric space X is said to be a-x-complete if
and only if every Cauchy sequence {x,} with a(x,,x,,,;) >
n(x,, x,.,) for all n € N converges in X. One says X is an «-
complete metric space when #(x, y) = 1 forall x, y € X and
one says (X, d) is an 57-complete metric space when a(x, y) =
lforallx,y e X.

Example 5. Let X = (0,00) and d(x, y) = |x — y| be a metric
function on X. Let A be a closed subset of X. Define a,# :
XxX — [0,+00) by

a(x,y) = (x+y), ifx,yeA,
V)= 0, otherwise, (5)
n(x y) = 2xy.

Clearly, (X, d) is not a complete metric space, but (X, d) is
an «-y-complete metric space. Indeed, if {x,} is a Cauchy
sequence in X such that a(x,,x,,,) > #(x,,x,,,) for all
n € N, then x, € A forall n € N. Now, since (A,d) is a
complete metric space, then there exists x* € A such that
x, —> x"asn — oo.

Remark 6. LetT : X — X beaself-mapping on metric space
X andlet X be an orbitally T-complete. Define ar, 77 : XxX —
[0, +00) by

3, ifx,yeO(w),
0, otherwise, (6)

x|

n(xy)=1,

where O(w) is an orbit of a point w € X. Then (X, d) isan a--
complete metric space. Indeed, if {x,,} be a Cauchy sequence,

Abstract and Applied Analysis

where a(x,, x,..;) > n(x,,x,,,) foralln € N, then {x,} <
O(w). Now, since X is an orbitally T-complete metric space,
then {x,} converges in X. That is, (X, d) is an a-y#-complete
metric space. Also, suppose that «(x, y) > 1(x, y); then x, y €
O(w). Hence, Tx, Ty € O(w). That is, o(Tx, T'y) = n(Tx, Ty).
Thus, T is an a-admissible mapping with respect to #.

Definition 7. Let (X, d) be a metric space. Leta, 7 : X x X —
[0,00) and T : X — X. One says T is an «-#-continuous
mapping on (X, d), if for given x € X and sequence {x,} with

X, — X, as 1 — 00,

o (%, Xp41) 21 (%, X001), VnEN= Tx, — Tx.

7)

Example 8. Let X = [0,00) and d(x, y) = |x — y| be a metric
on X. Assume thatT: X — Xanda,: XxX — [0,+00)
be defined by

x°, if x € [0, 1],
Tx =4, ;
sinztx +2, if (1,00),
x2+y2+1, if x,y € [0,1], (8)
a(xy) = {0, otherwise,
n(xy) ="

Clearly, T is not continuous, but T is «-7-continuous on
(X,d).Indeed, if x, — xasn — ooand«a(x,, x,.,) = y(x,,
X,41)s then x,, € [0,1] and so lim,, , . Tx, = lim, , x, =
x° =Tx.

Remark 9. Define (X,d) and o, : X x X — [0, +00) as in
Remark 6. Let T': X — X be a an orbitally continuous map
on (X, d). Then T is a-y-continuous on (X, d). Indeed if x,, —
xasn — oo and a(x,,x,.;) = n(x,, x,,,) foralln € N, so
x, € O(w) for all n € N, then there exists sequence (k;);cy
of positive integer such that x, = TFw — xasi — oo.
Now since T is an orbitally continuous map on (X, d), then
Tx, = T(TYw) — Txasi — oo as required.

A function v : [0,00) — [0,00) is called Bianchini-
Grandolfi gauge function [13, 14, 27] if the following condi-
tions hold:

(i) v is nondecreasing;

(ii) there exist k, € N and a € (0,1) and a convergent
series of nonnegative terms ) -, v, such that

v () < ay () + v, 9)
for k > kyand any t € R™.

In some sources, Bianchini-Grandolfi gauge function is
known as (¢)—comparison function (see e.g., [2]). We denote
by ¥ the family of Bianchini-Grandolfi gauge functions. The
following lemma illustrates the properties of these functions.
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Lemma 10 (see [2]). Ify € Y, then the following hold:

(i) (W"(t)),,cp converges to 0 asn — oo forall t € R*;
(ii) w(t) < t, forany t € (0,00);
(iii) y is continuous at 0;
(iv) the series Y o, 1//k(t) converges for anyt € R*.

Definition 11. Let (X, d) be a metric space and let T be a self-
mapping on X. Let

dxTx) d(yTy)
1+d(x,Tx) 1+d(y,Ty)’

M (x, y) = max {d (% y),

d(x,Ty)+d(y,Tx)}.

2
(10)
Then,
(a) we say T is a modified «a-#-y-rational contraction
mapping if
x,y€X,
1)
n(x,Tx) <a(x,y) = d(Tx,Ty) <y (M (x,y)),
where y € ¥;
(b) we say T is a modified «-y-rational contraction
mapping if
xyeX, a(xy)z21=d(Tx,Ty) <y (M(x,y)),

(12)
where y € V.
The following is our first main result of this section.

Theorem 12. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that o,y : X x X — [0, 00) are
two functions and y € Y. Assume that the following assertions
hold true:

(i) (X,d) is an a-n-complete metric space;
(ii) T is an a-admissible mapping with respect to 1;

(iii) T is modified a-n-y-rational contraction mapping on
X;

(iv) T is an a-n-continuous mapping on X;

(v) there exists x, € X such that a(x,, Txy) > n(xy, Tx,).
Then T has a fixed point.

Proof. Let x, € X be such that a(x, Tx,) > #(xy, Tx,).
Define a sequence {x,} in X by x,, = T"x, = Tx,_, for all
ne NIfx,, = x,forsomen € N, thenx = x,isa
fixed point for T and the result is proved. Hence, we suppose
that x,,,, # x,, for all n € N. Since T is a-admissible mapping
with respect to 1 and a(x,, Tx,) > r(x,, Tx,), we deduce

that a(x,, x,) = oc(TxO,szO) > n(Tx,, szo) = n(x, x5).
Continuing this process, we get

‘x(xn’xnﬂ) = n(xn’xnﬂ) = ’1(waxn) (13)
for all n € N U {0}. Now, by (a) we get
d (xn’ xn+1) = d (Txn—l’ Txn) < ‘/’ (M (xn—l’ xn)) 4 (14)

where
M (xnfl’xn) = max {d (xnfl’ xn) >

d(xn—l’Txn—l) d(xn’Txn)

1+d(x, ,Tx, ) 1+d(x,Tx,)
d (xn—l’ Txn) +d (xn’ Txn—l)
2
d (xn—l’xn)

= max {d A T
n—-1>"*n

d (xn’ xn+1) d ('xn—l’ xn+1)
1 +d(xn’xn+1)) 2

< max {d (%15 %) > d (X0 X101 ) >

d (xn—l’ xn) + d (xn’ xn+1) }
2

= max {d (xn—l’ -xn) ,d (xn’ xn+1)}
(15)

and so, M(x,_;,x,) < max{d(x,_,,x,),d(x,,x,,,)}. Now
since y is nondecreasing, so from (14), we have

d (xw xn+1) < 1// (max {d (xn—l’ xn) > d (xn’ xn+1)}) . (16)

Now, if max{d(x,,_;, x,,), d(x,, x,,,1)} = d(x,, x,,,) for some
n € N, then

d (xn’ xn+1) < 1// (max {d (xn—l’ xn) ’ d (xn’ xn+1)})

(17)
= 1/] (d (xn’ xn+1)) < d (xn’ xn+1)
which is a contradiction. Hence, for all n € N we have
d(xn’ xn+1) < W(d (xn—l’xn)) . (18)
By induction, we have
d (% Xpe1) < Y (d (%0, %1)) - (19)
Fix € > 0; there exists N € N such that
Z v (d (x5, %)) <e. (20)
n=N

Let m,n € Nwithm > n > N. Then by triangular inequality
we get

m—1
d (% %) € Y d (i x01) < YY" (d (x00%1)) < e
k=n n>=N
(21)



Consequently lim,, . d(x,,x,) = 0. Hence {x,} is a
Cauchy sequence. On the other hand from (13) we know that
(X, X,01) 2 1(x,, x,,,) for all n € N. Now since X is an «-
n-complete metric space, there is z € X such that x, — z
asn — 00. Also, since T is an «-#-continuous mapping,
$0 X,y = Ix, — Tzasn — oo.Thatis,z = Tz as
required. O

Example13. Let X = (—00,-2)U[-1,1]U(2, +00). We endow
X with the metric

Sl ifx#y,
dw40={mﬂﬂﬂ|ﬂ} Y @

0, X =y.

DefineT : X — X,a,: XxX — [0,00),and y : [0,
00) — [0,00) by

[(V2x2 -1, if x € (—00,-3],
-1, if x € (-3,-2),
1
-2, if x € [-1,0],

Tx =44
1

~x, if x € (0,1],
1 (0,1]

5+ sin7x, if x € (2,4),

3 . (23)

[3x" +Inx + 1, if x € [4,00),

x2+y2+1, ifx,ye[-1,1],

“()= {5

x5, otherwise,
2. 2
n(xy)=x"+y,

Y=t

Clearly, (X,d) is not a complete metric space. However, it
is an a-n-complete metric space. In fact, if {x,} is a Cauchy
sequence such that a(x,, x,,;) > #(x,,x,,;) foralln € N,
then {x,} < [-1,1] for all n € N. Now, since ([-1,1],d) is
a complete metric space, then the sequence {x,} converges
in [-1,1] € X. Let a(x, y) > n(x, y); then x,y € [-1,1].
On the other hand, Tw € [-1,1] for all w € [-1, 1]. Then,
o(Tx, Ty) = n(Tx, Ty). Thatis, T is an a-admissible mapping
with respect to #. Let {x,} be a sequence, such that x, — x
asn — oo and a(x,,;,x,) = n(x,,x,,,) foralln € N.
Then, {x,} < [-1,1] forall n € N. So, {Tx,} < [-1,1]
(since Tw € [-1,1] for all w € [-1,1]). Now, since T is
continuous on [—-1,1]. Then, Tx,, — Txasn — oo. That s,
T is an a--continuous mapping. Clearly, (0, T0) > #(0, T0).
Let a(x, y) = n(x,Tx). Now, if x ¢ [-1,1] or y ¢ [-1,1],
then x*> > x*> + y* + 1 which implies y* + 1 < 0 which is
a contradiction. Then, x, y € [-1,1]. Now we consider the
following cases:
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(i) let x, y € [-1,0) with x # y; then,
1 2 2
d(Tx,Ty) = Zmax{x Ly }

<

max {[x], [y]} =y (d (x. ) < v (M (x.));
(24)

Y-

(ii) let x, y € (0, 1] with x # y; then

d(Tx,Ty) = 4—11 max {|x], | y|}

<

max {lx], [y|} = v (d (x, ) < v (M (x. y));
(25)

Y-

(iii) let x € (—=1,0) and y € (0, 1); then

d(Tx,Ty) = - max {xz,y}

<

max {lx, [y} = v (d (x, y)) < v (M (x. y))
(26)

N = =

(iv) letx = y € [-1,0),x = y € (0,1]orletx = -1, y = 1;
then, Tx = T'y. That is,

d(Tx,Ty) =0 <y (M(x,y)). (27)

Thus T is a modified «-#-y-rational contraction mapping.
Hence all conditions of Theorem 12 are satisfied and T has
a fixed point. Here, x = 0 is fixed point of T'.

By taking r(x, y) = 1 for all x, y € X in Theorem 12, we
obtain the following corollary.

Corollary 14. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that o« : X x X — [0,00) is a
function and ¢ € Y. Assume that the following assertions hold
true:
(i) (X, d) is an a-complete metric space;

(ii) T is an a-admissible mapping;

(iil) T is a modified a-y-rational contraction on X;

(iv) T is an a-continuous mapping on X;

(v) there exists x, € X such that a(x,, Tx,) > 1.

Then T has a fixed point.

Theorem 15. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that a,n : X x X — [0, 00) are
two functions and y € Y. Assume that the following assertions
hold true:

(i) (X, d) is an a-n-complete metric space;

(ii) T is an a-admissible mapping with respect to 1;

(iii) T is a modified a-n-y-rational contraction on X;
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(iv) there exists x, € X such that a(xy, Txg) = 1(xq, Tx);

(v) if {x,} is a sequence in X such that a(x,,x,,;) =
(x5 X,41) With x,, — xasn — 0o, then either

n (Txn, sz,,) <a(Tx,,x)
(28)
orny (szn, T3xn) <« (szn, x)
holds for alln € N.
Then T has a fixed point.

Proof. Let x, € X be such that a(x, Tx,) > #(xy, Tx,).
Define a sequence {x,} in X by x,, = T"x, = Tx,,_, foralln €
N. Now as in the proof of Theorem 12 we have a(x,,,;,x,) >
7(x,,1>x,) for all n € N and there exists z € X such that
x, — zasn — 00.Letd(z,Tz)#0. From (v) either

’7 (Txnfl’ sznfl) Sa (Txnfl’ Z)

(29)
or i (szn_l, T3xn_1) <« (szn_l,z)
holds for all n € N. Then,
7] (xn’ xn+1) s« (xw Z)
(30)

or n (xn+1’ xn+2) s« (xn+1’ Z)

holds for all n € N. Let 5(x,,x,,,) < «(x,,z) hold for all
n € N. Now from (a) we get

d (x,,kH,Tz)

=d(Tx,.Tz)
d (xnk, Txnk)

<y (max <|d (xnk,z) , m,
> g

d(z,Tz) d (xnk,Tz) +d (z, Txnk)
1+d(z,Tz) 2
d (xnk’ xnk+1)

= d ? Vad(x, %0 0)
V’(max‘l (x”k Z) 1+d(xnk’x”k+1)

d(z,Tz) d (xnk, Tz) +d (z, x,,kﬂ)
1+d(z,Tz) 2

d ('xnk’ xnk+1)

1+d (xnk,xnkﬂ)’

d(z,Tz) d (xnk, Tz) +d (z, xnkH)
1+d(z,Tz) 2 ’

< max {d(xnk,z) R

(1)
By taking limit as k' — co in the above inequality we get

d(z,Tz) d(z,Tz)
1+d(z,Tz) 2

d(z,Tz) < max{ } <d(z,Tz)

(32)

5
which is a contradiction. Hence, d(z,Tz) = 0 implies z =
Tz. By the similar method we can show that z = Tz if
(X i1 Xpya) < &(x,,,1,2) holds for all m € N. O

Example 16. Let X = (0, +00). We endow X with usual met-
ric. DefineT: X — X, a,1: X xX — [0,00),and y : [0,
00) — [0,00) by

Vx2 4+ 1

— ifx€(0,1),
sinx +cosx +3

Tx=4—x*+1, if x € [1,2],

, if x € (2,00),
x2+1 (33)

1

-, ifx,ye[1,2],
a(x,y)=1q2

0, otherwise,

n(xy) = i, y(t) = L—llt-

Note that (X, d) is not a complete metric space. But it is an «-
n-complete metric space. Indeed, if {x,,} is a Cauchy sequence
such that a(x,, x,,,1) > 1(x,, x,,,) for alln € N, then {x,} <
[1,2] for all n € N. Now, since ([1,2], d) is a complete metric
space, then the sequence {x,} converges in [1,2] € X. Let
a(x, y) = n(x, y); then x, y € [1,2]. On the other hand, Tw €
[1,2] for all w € [1,2]. Then, «(T'x, Ty) > n(Tx, Ty). That is,
T is an a-admissible mapping with respect to #. If {x,} is a
sequence in X such that a(x,, x,,,,) > #(x,, x,,;) with x,, —
xasn — oo. Then, Tx,, T x,, T’x, € [1,2] foralln € N.
That is,

n (Txn,szn) <a(Tx,,x),
(34)
n (szn, T3xn) <a (szn, x) ,

holds for alln € N. Clearly, (0, T0) > #(0, T0). Let, ae(x, y) >
n(x,Tx). Now, if x ¢ [1,2] or y ¢ [1,2], then 0 > 1/4, which
is a contradiction. So, x, y € [1,2]. Therefore,

1
=g ol 4yl g -yl (35)

= led(x,y) < A—ILM(X;J/) =y (M(x ).

Therefore T is a modified «-#-y-rational contraction map-
ping. Hence all conditions of Theorem 15 hold and T has a

fixed point. Here, x = 8 — 214 is a fixed point of T.

If in Theorem 15 we take 7(x, y) = 1 forall x, y € X, then
we obtain the following result.

Corollary 17. Let (X, d) be a metric space and let T be a self-
mapping on X. Also, suppose that « : X x X — [0,00) isa
function and ¢ € Y. Assume that the following assertions hold
true:



(i) (X, d) is a a-complete metric space;
(ii) T is an a-admissible mapping;

(iii) T is a modified a-y-rational contraction mapping on
X;

(iv) there exists x, € X such that a(x,, Txy) = 1;

(v) if{x,} is a sequence in X such that a(x,, x,,.,) > 1 with
X, — xasn — 0o, then either

a(Tx,,x)>1 ora (szn, x) >1 (36)
holds for alln € N.
Then T has a fixed point.

Corollary 18. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that T is a modified
rational contraction mapping, that is,

Vx,yeX, d(Tx,Ty)<v(M(x,y)), (37)
where y € Y. Then T has a fixed point.

Corollary 19. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that T satisfies the
following rational inequality:

Vx,yeX, d(Tx,Ty)<rM(x,y), (38)

where0 < r < 1 and

d(x,T.
M (x, y) = max {d (%), %,
d(yTy) d(xTy) +d(y,TX)}
1+d(y,Ty) 2 ’

(39)
Then T has a fixed point.

3. Consequences

3.1. Suzuki Type Fixed Point Results. From Theorem 12 we
deduce the following Suzuki type fixed point result.

Theorem 20. Let (X,d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that there exists
r € [0, 1) such that

d(x,Tx) <d(x,y) implies d(Tx,Ty) <rM (x,y)

(40)
forall x, y € X, where
d(x,Tx)
M (X, y) = max {d (X, y) 5 m,
d(y,Ty) d(x,Ty)+d(y,Tx)
1+d (y, Ty) ’ 2 ’
(41)

Then T has a unique fixed point.
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Proof. Define o, : X x X — [0,00) and y : [0,00) —
[0, 00) by

n(xy)=d(xy), (42)

forall x,y € X and y(t) = rt, where 0 < r < 1. Clearly,
n(x, y) < alx, y) for all x, y € X. That is, conditions (i)-(v)
of Theorem 12 hold true. Let 5(x, Tx) < a(x, y). Then, d(x,
Tx) < d(x, y). Now from (40) we have d(Tx,Ty) < rM(x,
y) = w(M(x, y)). That is, T is a modified «a-#-y-rational
contraction mapping on X. Then all conditions of Theorem 12
hold and T has a fixed point. The uniqueness of the fixed point
follows easily from (40). O

a(x,y)=d(x,y),

Corollary 21. Let (X, d) be a complete metric space and let T
be a continuous self-mapping on X. Assume that there exists
r € [0, 1) such that

d(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y)

(43)
forall x, y € X. Then T has a unique fixed point.

Now, we prove the following Suzuki type fixed point
theorem without continuity of T

Theorem 22. Let (X, d) be a complete metric space and let T
be a self-mapping on X. Define a nonincreasing function p :
(0,1) — (1/2,1] by

1
1+71

p(r)= (44)

Assume that there exists v € [0, 1) such that

p(r)d(x,Tx) <d(x,y) implies d(Tx,Ty) < rd(x, y)

(45)
forall x,y € X. Then T has a unique fixed point.

Proof. Define a,77 : X x X — [0,00) and y : [0,00) —
[0, co0) by

n(xy)=prd(xy) (46)

for all x, y € X and y(t) = rt, where 0 < r < 1. Now, since
p(r)d(x,y) < d(x,y) forall x,y € X, n(x, y) < a(x, y) for
all x, y € X. That is, conditions (i)-(iv) of Theorem 15 hold
true. Let {x, } be a sequence with x, — xasn — o00. Since
p(r)d(Txn,szn) < d(Tx,, szn) for all n € N, then from
(45) we get

a(xy)=d(xy),

d (szn,T3xn) <rd (Txn, szn) (47)

foralln e N.
Assume there exists r1;, € N such that

n (Txnn, szno) >« (Txnn, x) ,
(48)
n (szno’ T3xn0) >« (szno’ x) ;
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then,
p(r)d (Txno, szno) >d (Txno, x) ,
(49)
p(r)d (sz”o’ T3xn0) >d (szﬂo’ x) R
and so by (47) we have

d(Tx,,T’x, )
<d(Tx,,x)+d(T’x,,x)
<p(d(Tx, . T’x, ) +pr)d(T*x,.T’x, )  (50)
< p(r)d(Tx,, T, ) +rp (r) d (Tx,,, Tx,, )
=p(r)(1+nd(Tx,,T’x, ) =d(Tx,,T’x, )

which is a contradiction. Hence, either

n (Txn, szn) <a(Tx,,x)
(51)
or (szn, T3xn) <a (szn,x)

holds for all n € N. That is condition (v) of Theorem 15 holds.

Let, n(x,Tx) < a(x,y). So, p(r)d(x,Tx) < d(x,y).
Then from (45) we get d(Tx,Ty) < rd(x,y) < rM(x,y) =
y(M(x, y)). Hence, all conditions of Theorem 15 hold and T
has a fixed point. The uniqueness of the fixed point follows
easily from (45). O

3.2. Fixed Point Results in Orbitally T-Complete Metric Spaces

Theorem 23. Let (X, d) be a metric space andletT : X — X
be a self-mapping on X. Suppose the following assertions hold:

(i) (X, d) is an orbitally T-complete metric space;
(ii) there exists w € Y such that

d(Tx,Ty) <y (M (x,y)) (52)
holds for all x, y € O(w) for some w € X, where

M (x,y)

~ _deTy)
= max {d(x,y), 1 +d(x,TX), (53)
d(y,Ty) d(xTy)+d(y,Tx)]|
1+d(y,Ty)’ 2 )

(iii) if {x,,} is a sequence such that {x,} < O(w) with x,, —
xasn — 00, then x € O(w).

Then T has a fixed point.

Proof. Define o« : X x X — [0, +00) as in Remark 6. From
Remark 6 we know that (X, d) is an «-complete metric space
and T'is an a-admissible mapping. Leta(x, y) > 1;thenx, y €
O(w). Then from (ii) we have

d(Tx, Ty) <y (M (x, y)). (54)

Thatis, T is a modified a-y-rational contraction mapping. Let
{x,} be a sequence such that a(x,, x,,,;) > 1 with x, — xas
n — 00.8So0, {x,} € O(w). From (iii) we have x € O(w). That
is, a(x,,, x) = 1. Hence, all conditions of Corollary 17 hold and
T has a fixed point. O

Corollary 24. Let (X, d) be a metricspaceandletT : X — X
be a self-mapping on X. Suppose the following assertions hold:

(i) (X, d) is an orbitally T-complete metric space;
(ii) there exists v € [0, 1) such that

d(Tx,Ty) <rM(x, y) (55)

holds for all x, y € O(w) for some w € X, where

d(x,T.
M (x, y) = max {d(x, ¥), %,
d(y,Ty) d(x,Ty)+d(y, Tx)}_
1+d(y,Ty) 2 ’

(56)

(iii) if {x,,} is a sequence such that {x,} < O(w) with x,, —
xasn — 00, then x € O(w).

Then T has a fixed point.

3.3. Fixed Point Results for Graphic Contractions. Consistent
with Jachymski [11], let (X, d) be a metric space and let A
denote the diagonal of the Cartesian product X x X. Consider
a directed graph G such that the set V(G) of its vertices
coincides with X, and the set E(G) of its edges contains all
loops; that is, E(G) 2 A. We assume that G has no parallel
edges, so we can identify G with the pair (V(G), E(G)).
Moreover, we may treat G as a weighted graph (see [11]) by
assigning to each edge the distance between its vertices. If x
and y are vertices in a graph G, then a path in G from x to
y of length N(N € N) is a sequence {xi}fio of N + 1 vertices
such that x, = x, x5y = yand (x,_;,x,) € E(G) fori =
1,...,N. A graph G is connected if there is a path between
any two vertices. G is weakly connected if G is connected (see
for details [3, 6, 10, 11]).

Recently, some results have appeared providing sufficient
conditions for a mapping to be a Picard operator if (X, d) is
endowed with a graph. The first result in this direction was
given by Jachymski [11].

Definition 25 (see [11]). We say that amapping T : X — Xis
a Banach G-contraction or simply G-contraction if T pre-
serves edges of G; that is,

Ve, yeX ((xy)€EG) = (T(x),T(y)) € E(G))
(57)

and T decreases weights of edges of G in the following way:
Ja € (0,1),

((x,y) € E(G) = d(T (x),T(y)) < ad (x, 7).

Vx,ye X
58)



Definition 26 (see [11]). A mapping T : X — X is called
G-continuous, if given x € X and sequence {x,,}

X, — X, asn— 00,

(59)

(%, X,.1) € E(G), Vn €N implying Tx,, — Tx.

Theorem 27. Let (X,d) be a metric space endowed with a
graph G and let T be a self-mapping on X. Suppose that the
following assertions hold:

(i) forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists v € Y such that
d(Tx,Ty) <y (M (x,y)) (60)
for all (x, y) € E(G), where

d(x,Tx)
"1+d(x, Tx)

d(y,Ty) d(xTy)+d(y, Tx)}
1+d(y,Ty)’ 2

M () = max {a(5.)

>

(61)

(iv) T is G-continuous;

(v) if {x,,} is a Cauchy sequence in X with (x,,x,,;) €
E(G) for alln € N, then {x,,} is convergent in X.

Then T has a fixed point.
Proof. Define o : X* — [0, +00) by

1, if (x,y) € E(G),

62
0, otherwise. (62)

x(m)- |

At first we prove that T is an a-admissible mapping. Let
a(x, y) = 1; then (x, y) € E(G). From (i), we have (Tx, Ty) €
E(G). That is, «(Tx,Ty) > 1. Thus T is an a-admissible
mapping. Let T be G-continuous on (X, d). Then,

X, — X, ashn—> 00,
(63)

(%, X,.1) € E(G), Vn €N implying Tx,, — Tx.

That is,

X, — X, asn— 00,
(64)

o (%X X,1) 21, VneN implying Tx,, — Tx

which implies that T' is «-continuous on (X, d). From (ii)
there exists x, € X such that (x;,Tx,) € E(G). That is,
a(xy, Txg) = 1. Let a(x, y) = 1; then (x, y) € E(G). Now,
from (iii) we have d(Tx, Ty) < w(M(x, y)). That is,

a(x,y)21=d(Tx,Ty) <y (M(x,y)). (65)

Condition (v) implies that (X,d) is an a-complete metric
space. Hence, all conditions of Corollary 14 are satisfied and
T has a fixed point. O
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Theorem 28. Let (X, d) be a complete metric space endowed
with a graph G and let T be a self-mapping on X. Suppose that
the following assertions hold:

() forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists y € ¥ such that

d(Tx,Ty) < y (M (x, y)) (66)
for all (x, y) € E(G), where

d(x,T
M (x, y) = max {d(x, ¥), %,
d(y.Ty) d(xTy)+d(y Tx)}_
1+d(y,Ty)’ 2 ’

(67)

(iv) T is G-continuous.
Then T has a fixed point.
As an application of Corollary 17, we obtain.

Theorem 29. Let (X,d) be a metric space endowed with a
graph G and let T be a self-mapping on X. Suppose that the
following assertions hold:

() forall x,y € X, (x,y) € E(G) = (T(x),T(y)) €
E(G);

(ii) there exists x, € X such that (x,, Tx,) € E(G);
(iii) there exists y € Y such that

d(Tx,Ty) <y (M (x, y)) (68)

for all (x, y) € E(G), where

d(x,T.
M (x, y) = max {d(x, ¥), %,
d(y,Ty) d(xTy)+d(y, TX)},
1+d(y,Ty) 2 ’

(69)

(iv) if {x,)} is a sequence such that (x,, x,,,) € E(G) with
x, — xasn — 00, then either

(Tx,,x) € E(G) or (szn,x) € E(G) (70)

holds for alln € N;

(v) if {x,} is a Cauchy sequence in X with (x,,x,,,) €
E(G) for all n € N, then either {x,} is convergent in
X or (X, d) is a complete metric space.

Then T has a fixed point.
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Let (X, d, <X) be a partially ordered metric space. Define
the graph G by

EG)={(x,y) e XxX:x=y}. (71)

For this graph, condition (i) in Theorem 27 means that
T is nondecreasing with respect to this order [5]. From
Theorems 27-29 we derive the following important results in
partially ordered metric spaces.

Theorem 30. Let (X, d, <) be a partially ordered metric space
and let T be a self-mapping on X. Suppose that the following
assertions hold:

(i) T is nondecreasing map;
(ii) there exists x, € X such that x, < Txy;

(iii) there exists y € Y such that

d(Tx,Ty) <y (M (x, y)) (72)

forall x < y, where

d (x,Tx)
M > = > s T 1,
(%) max{d(x M d o)
d(y,Ty) d(x,Ty)+d(y,Tx)|
1+d(y,Ty) 2 ’
(73)
(iv) either for a given x € X and sequence {x,,}
X, — X, asn— 00,
(74)
X, X X, VneN, one has Tx,, — Tx

or T is continuous;

(v) if {x,} is a Cauchy sequence in X with x,, < x,,,, for all
n € N, then either {x,} is convergent in X or (X,d) isa
complete metric space.

Then T has a fixed point.

Corollary 31 (Ran and Reurings [15]). Let (X,d,<) be a
partially ordered complete metric space and let T : X — X be
a continuous nondecreasing self-mapping such that x, < Tx,
for some x, € X. Assume that

d(Tx,Ty) <rd(x,y) (75)

holds for all x, y € X with x X y, where0 < r < 1. Then T has
a fixed point.

Theorem 32. Let (X, d, <) be a partially ordered metric space
and let T be a self-mapping on X. Suppose that the following
assertions hold:

(i) T is nondecreasing map;

(ii) there exists x, € X such that x, < Txy;
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(iii) there exists y € Y such that
d(Tx,Ty) <y (M (x, y)) (76)
forall x <y, where
: d(x,Tx)
M (x, y) = max {d(x,y), Tt d(e T

d(yTy) dlxTy)+d(y.Tx)]|

1+d(y,Ty) 2 ’
(77)

(iv) if {x,} is a sequence such that x,, < x,.., with x,, — x
asn — 0o, then either

Tx, <x orT’x, <x (78)

holds for alln € N;

(v) if {x,,} is a Cauchy sequence in X with x,, < x,,,, for all
n € N, then either {x,} is convergent in X or (X,d) isa
complete metric space.

Then T has a fixed point.

4. Application to Existence of Solutions of
Integral Equations

Fixed point theorems for monotone operators in ordered
metric spaces are widely investigated and have found various
applications in differential and integral equations (see [28-
30] and references therein). In this section, we apply our
result to the existence of a solution of an integral equation.
Let X = C([0, T],R) be the set of real continuous functions
defined on [0,T] andletd : X x X — R, be defined by

d(xy) = x =yl (79)
for all x, y € X. Then (X, d) is a complete metric space. Also,

assume this metric space endowed with a graph G.
Consider the integral equation as follows:

T
x(0) = p(t) + L S(ts) f(s.x(s)ds  (80)

andlet F: X — X be defined by

T
Fx) ()= p(t)+ JO S(s) f(sx(s)ds. (8D

We assume that
(A) f:10,T] xR — R is continuous;
(B) p:[0,T] — R is continuous;

(C)S: [0, T] xR — [0,+00) is continuous;
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(D) there exists a y € ¥ such that for all s € [0, T]
Vx,yeX (xy)€E(G) = (F(x),F(y)) € E@G),
Vx,ye X (x,y)€E(G) =0

< flsx(9)) = f(sy(s)

< (max <l—|x )~y (s)l
=V L+ |x(s) = y(s)|

|x (s) = F (x(5))]
1+ |x(s) = F(x(s))l

Jy &) =F(y )|

FhO-FOOI b ©-Feol});
(82)

(E) there exists x, € X such that (x,, F(x,)) € E(G);

(F) if {x,;} is a sequence such that (x,, x,,,;) € E(G) with
x, — xasn — 09, then either

(Fx,,x) € E(G) or (szn, x) € E(G) (83)

holds for all n € N;
(G) [, S(t,s)ds <1 forall .

Theorem 33. Under assumptions (A)-(G), the integral equa-
tion (80) has a solution in X = C([0,T], R).

Proof. Consider the mapping F : X — X defined by (81).
Let (x, y) € E(G). Then from (D) we deduce

|F (x) (t) = F (y) (t)|

T
L S(s) [f (5x(5) - £ (s, y(s))] ds

T

< L Sts)|f (s, x() = f (s, y(s))|ds
T

< L S(t,s)y

X <max{ |x (s) = y ()],

Ix(s)-F(x@)l &) -F(©)
1+ |x(s)=F(x(s)I" 1+]y(s) - F(y ()|

% [|x (5)=F (y (s))|+|y (s)=F (x (s))|] })ds

JT S(t,s) ds) v

0

X

Abstract and Applied Analysis

X (max { |x )=y &

Ix(s)=Fx) [y -F(y )
L+ ]x(s) = Fx (I’ 1+ [y () -F(y )|

1
3O -FOOIly©-FaoIl }).
(84)
Then
Iyl

<y (max{ Jx© -y,

Ix(s)-=FxG)Il - |y =F(y )|
L+ ]x(s)=Fx ) 1+]ys)-F(y )|

SO -FOOIy©-Faol }).

(85)
That is, (x, ) € E(G) implies
[F< - Byl
<y (max {5l
Ix = F)ly Y =FOD)]o (86)

L+ flx = F(lloo™ 1+ [y = FO)|oo”

Sl F O+ - Fl )

It easily shows that all the hypotheses of Theorem 29 are
satisfied and hence the mapping F has a fixed point that is a
solutionin X = C([0, T], R) of the integral equation (80). [J
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We introduce new implicit and explicit iterative algorithms for finding a common element of the set of solutions of the minimization
problem for a convex and continuously Fréchet differentiable functional, the set of solutions of a finite family of generalized mixed
equilibrium problems, and the set of solutions of a finite family of variational inclusions in a real Hilbert space. Under suitable
control conditions, we prove that the sequences generated by the proposed algorithms converge strongly to a common element of
three sets, which is the unique solution of a variational inequality defined over the intersection of three sets.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H and let P be the metric projection of H onto C. Let
§:C — Cbe a self-mapping on C. We denote by Fix (S) the
set of fixed points of S and by R the set of all real numbers.
A mapping A : C — H is called L-Lipschitz continuous if
there exists a constant L > 0 such that

[Ax - Ay| <L|x-y|, Vx,yeC. (1)

In particular, if L = 1, then A is called a nonexpansive
mapping [1]; if L € [0, 1), then A is called a contraction.

A mapping V is called strongly positive on H if there
exists a constant ¢ > 0 such that

Vx € H. (2)

Let A : C — H be a nonlinear mapping on C. We
consider the following variational inequality problem (VIP):
find a point x € C such that

(Ax,y-x) >0, VyeC. 3)
The solution set of VIP (3) is denoted by VI (C, A).

(Vx, x) = pllxl,

The VIP (3) was first discussed by Lions [2]. There
are many applications of VIP (3) in various fields; see, for
example, [3-6]. It is well known that if A is a strongly
monotone and Lipschitz continuous mapping on C, then VIP
(3) has a unique solution. In 1976, Korpelevi¢ [7] proposed an
iterative algorithm for solving the VIP (3) in Euclidean space
R™

Yn = PC (xn - TAxn)’
(4)

Xui1 = P (xn - TA}’n) , VYn=0,

with 7 > 0 a given number, which is known as the
extragradient method (see also [8]). The literature on the VIP
is vast and Korpelevich’s extragradient method has received
great attention given by many authors, who improved it in
various ways; see, for example, [9-24] and references therein,
to name but a few.

Letp : C — Rbe areal-valued function, A : H — H
a nonlinear mapping, and ® : C x C — R a bifunction. In
2008, Peng and Yao [12] introduced the following generalized
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mixed equilibrium problem (GMEP) of finding x € C such
that
O(xy)+¢(y)—@(x)+{Ax,y-x) >0, VyeC. (5)
We denote the set of solutions of GMEP (5) by GMEP
(©,¢, A). The GMEP (5) is very general in the sense that
it includes, as special cases, optimization problems, varia-
tional inequalities, minimax problems, and Nash equilibrium
problems in noncooperative games. The GMEP is further
considered and studied; see, for example, (11, 14, 23, 25-28]. If
¢ = 0and A = 0, then GMEP (5) reduces to the equilibrium
problem (EP) which is to find x € C such that
O(x,y)=0, VyeC. (6)
It is considered and studied in [29]. The set of solutions of
EP is denoted by EP (®). It is worth mentioning that the EP
is a unified model of several problems, namely, variational
inequality problems, optimization problems, saddle point
problems, complementarity problems, fixed point problems,
Nash equilibrium problems, and so forth.
Throughout this paper, it is assumed as in [12] that ® : Cx
C — Risa bifunction satisfying conditions (Al)-(A4) and
¢ : C — Risalower semicontinuous and convex function
with restriction (B1) or (B2), where

(A1) O(x,x) =0forall x € C;
(A2) © is monotone; that is, O(x, y) + O(y, x) < 0 for any

x,y €G;
(A3) O is upper-hemicontinuous; that is, for each x, y, z €
C)
limsup® (tz + (1 -t) x, y) <O (x, y); )
t—0*

(A4) ©(x,-) is convex and lower semicontinuous for each
x € C;

(B1) for each x € H and r > 0, there exists a bounded
subset D, ¢ C and y, € C such that, for any z €
C\D,,

O(z, ) +o(y.) —9(2) + % (Ve—22-x)<0;  (8)

(B2) C is a bounded set.

Next we list some elementary results for the MEP.

Proposition 1 (see [26]). Assume that ® : Cx C — R
satisfies (Al)-(A4) and let ¢ : C — R be a proper lower
semicontinuous and convex function. Assume that either (Bl)
or (B2) holds. For r > 0 and x € H, define a mapping
T . H — C as follows:

T (x) = {z€C:0(23) +9 () -9 ()
1 (©)
o (y-zz-x)z0vyech,
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for all x € H. Then the following hold:

(i) for each x € H,T'®?(x) is nonempty and single-
valued;

(ii) Tr(®"p) is firmly nonexpansive; that is, for any x, y € H,

[T@Px — TPy < (TP - T®Py,x— y);  (10)

(iii) Fix (T'®%) = MEP(®, ¢);
(iv) MEP(®, ¢) is closed and convex;

2
W ITOPx TP < (s - /)T x - T,
T®x — x) forall s,t > 0 and x € H.

Let A, 1,A,5...,A,y € (0,1], n > 1. Given the
nonexpansive mappings S;,S,,...,Sy on H, for eachn > 1,
the mappings U, |, U,,,, ..., U, y are defined by

Uy =4S+ (1-4,0) L,
Un,2 = /\n,ZSnUn,l + (1 - /\n,z) I,

Un,n—l = /\n—lTn—lUn,n + (1 - An—l) I,

an
Upn-t = AanaSneiUpnoa + (1= Anen) I
Wn = Un,N = An,N SN Un,N—l + (1 - /\n,N) L
The W,, is called the W-mapping generated by S, ..., Sy

and A,,,A,,,...,A, n. Note that the nonexpansivity of S;
implies the nonexpansivity of W,

In 2012, combining the hybrid steepest-descent method
in [30] and hybrid viscosity approximation method in [31],
Ceng et al. [27] proposed and analyzed the following hybrid
iterative method for finding a common element of the set of
solutions of GMEP (5) and the set of fixed points of a finite
family of nonexpansive mappings {S;},.

Theorem CGY (see [27, Theorem 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let ® : C x
C — R be a bifunction satisfying assumptions (Al)-(A4)
and ¢ C — R a lower semicontinuous and convex
function with restriction (B1) or (B2). Let the mapping A :
H — H be 8-inverse-strongly monotone and {S;}Y, a finite
family of nonexpansive mappings on H such that N | Fix(S;) N
GMEP(©,,A)#0. Let F : H — H be a x-Lipschitzian
and n-strongly monotone operator with constants k,n > 0
andV : H — H a p-Lipschitzian mapping with constant
p>0.Let0 < p < 2n/c* and 0 < yp < 7, where T =

1—1/1 — u(2n — ux?). Suppose {w,,} and {B,,} are two sequences

in (0, 1), {y,} is a sequence in (0, 28], and {An,i}f\il is a sequence
in [a,b] with0 < a < b < 1. For everyn > 1, let W, be the

W-mapping generated by S,,...,Sy and A, 1, A, 55, A, N
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Given x, € H arbitrarily, suppose that the sequences {x,} and
{u,} are generated iteratively by

O (uy, y) + 9 (¥) — 9 (u,) + (Ax,, y —u,)

+l<y—un,un—xn>20, Vy e C,
r

Xn+1 = (Xnyvxn + ﬁnxn + ((1 - ﬁn) I- (xn.“F) W,
Vn>1,
(12)

where the sequences {&,},{B,},{r,} and the finite family of
N . .
sequences {A,,;};5, satisfy the conditions:

(i) lim,, _, &, =0and Y >, a, = 00;
(ii) 0 < liminf, ,, B, <limsup,_, B, <L

(iii) 0 < liminf,_, r, < limsup,_ 7, < 28 and
lim, , (r,01 — 1) = 0;

(iv) lim,, , (A4, — Ayy) =0 foralli=1,2,...,N.

Then both {x,,} and {u, } converge strongly to x™ € ﬂf\:]l Fix($;)Nn

GMEP(®, ¢, A), where X" = Pon gix (s)nomep©@g.4) (I = UF +

yf)x" is a unique solution of the variational inequality problem

(VIP):

((uF —yV)x",x" —=x) <0,

N (13)
Vx € [ |Fix(S;) N GMEP (©, ¢, A).

i=1

Let B be a single-valued mapping of C into H and R a
multivalued mapping with D(R) = C. Consider the following
variational inclusion: find a point x € C such that

0 € Bx + Rx. (14)

We denote by I(B,R) the solution set of the variational
inclusion (14). In particular, if B = R = 0, then I(B,R) = C.
If B = 0, then problem (14) becomes the inclusion problem
introduced by Rockafellar [32]. It is known that problem (14)
provides a convenient framework for the unified study of
optimal solutions in many optimization related areas includ-
ing mathematical programming, complementarity problems,
variational inequalities, optimal control, mathematical eco-
nomics, and equilibria and game theory.

In 1998, Huang [33] studied problem (14) in the case
where R is maximal monotone and B is strongly monotone
and Lipschitz continuous with D(R) = C = H. Subsequently,
Zeng et al. [34] further studied problem (14) in the case which
is more general than Huang’s one [33]. Moreover, the authors
[34] obtained the same strong convergence conclusion as
in Huang’s result [33]. In addition, the authors also gave
the geometric convergence rate estimate for approximate
solutions. Also, various types of iterative algorithms for
solving variational inclusions have been further studied
and developed; for more details, refer to [35-39] and the
references therein.

Let {T,},2, be an infinite family of nonexpansive self-
mappings on C and {A,},2, a sequence of nonnegative
numbers in [0, 1]. For any n > 1, define a self-mapping W,
on C as follows:

Un,n+1 = I’
Un,n = /\nTnUn,nJrl + (1 - An) I’

Un,n—l = /\n—lTn—lUn,n + (1 - )‘n—l) I,

Ui = MTUper + (1= A) L, (15)

Upjeor = Mecr T Uy + (1= Ay) L

Upr = MU, 5 + (1-1,)1,
W,=U,, =AMT\U,, +(1-1,) L

Such a mapping W, is called the W-mapping generated by
T,T, 1 ....,Tyand A, A, ..., Ay

Whenever C = H a real Hilbert space, Yao et al. [11] very
recently introduced and analyzed an iterative algorithm for
finding a common element of the set of solutions of GMEP
(5), the set of solutions of the variational inclusion (14), and
the set of fixed points of an infinite family of nonexpansive
mappings.

Theorem YCL (see [11, Theorem 3.2]). Let¢p : H — Rbea
lower semicontinuous and convex functionand ® : Hx H —
R a bifunction satisfying conditions (A1)-(A4) and (Bl). Let V
be a strongly positive bounded linear operator with coefficient
u>0andR: H — 2% a maximal monotone mapping. Let
the mappings A, B : H — H be a-inverse-strongly monotone
and f-inverse-strongly monotone, respectively. Let f : H — H
be a p-contraction. Let v > 0,y > 0, and A > 0 be three
constants such that r < 2a, A < 23, and 0 < y < u/p.
Let {A};2 | be a sequence of positive numbers in (0, b] for some
b € (0,1) and {T,}2, an infinite family of nonexpansive self-
mappings on H such that Q == n;? | Fix(T,,)NGMEP(®, ¢, A)n
I(B, R) # 0. For arbitrarily given x, € H, let the sequence {x,}
be generated by

O (u,, ) + @ (¥) — @ () + (¥ — u Ax,.)
o1 (y -upu,—x,) >0, VyeH,
r

Xny1 = “an (xn) + ﬁnxn
+[(1 =B -, VW, Jp (1, — ABu,), Vn=>1,
(16)

where {a,}, {,,} are two real sequences in [0, 1] and W, is the
W -mapping defined by (15) (with X = H and C = H). Assume
that the following conditions are satisfied:



(C1) lim,, _, oo, = 0 and Y2 ax,, = 00;
(C2) 0 < liminf,_, , B, <limsup, B, <L
Then the sequence {x,} converges strongly to x* € Q, where

x* = Po(yf(x™) + (I - V)x*) is a unique solution of the VIP:

((pf -V)x"y-x") <0,

Let f : C — R be a convex and continuously Fréchet
differentiable functional. Consider the convex minimization
problem (CMP) of minimizing f over the constraint set C

VyeQ. a7)

minf (x) (18)

(assuming the existence of minimizers). We denote by T’ the
set of minimizers of CMP (18). It is well known that the
gradient-projection algorithm (GPA) generates a sequence
{x,} determined by the gradient Vf and the metric projection
Pe:

Xp1 = Po(x, - AVf (x,)), V¥n=0, (19)
or more generally,
X1 = Po(x, - 1, Vf (x,)), V¥n>0, (20)

where, in both (19) and (20), the initial guess x, is taken
from C arbitrarilyn and the parameters A or A, are positive
real numbers. The convergence of algorithms (19) and (20)
depends on the behavior of the gradient Vf. As a matter of
fact, it is known that if Vf is «a-strongly monotone and L-
Lipschitz continuous, then, for 0 < A < 2a/L?, the operator
P-(I—-AVf) is a contraction; hence, the sequence {x,} defined
by the GPA (19) converges in norm to the unique solution of
CMP (18). More generally, if the sequence {A,} is chosen to
satisfy the property

0< linn_l,ig})f)‘n < liy?lso%pA" < i—?, (21)
then the sequence {x,} defined by the GPA (20) converges in
norm to the unique minimizer of CMP (18). If the gradient
Vf is only assumed to be Lipschitz continuous, then {x,}
can only be weakly convergent if H is infinite-dimensional
(a counterexample is given in Section 5 of Xu [40]).

Since the Lipschitz continuity of the gradient Vf implies
that it is actually (1/L)-inverse-strongly monotone (ism) [41],
its complement can be an averaged mapping (i.e., it can be
expressed as a proper convex combination of the identity
mapping and a nonexpansive mapping). Consequently, the
GPA can be rewritten as the composite of a projection and an
averaged mapping, which is again an averaged mapping. This
shows that averaged mappings play an important role in the
GPA. Recently, Xu [40] used averaged mappings to study the
convergence analysis of the GPA, which is hence an operator-
oriented approach.

Motivated and inspired by the above facts, we in this
paper introduce new implicit and explicit iterative algorithms
for finding a common element of the set of solutions of the
CMP (18) for a convex functional f : C — R with L-
Lipschitz continuous gradient Vf, the set of solutions of a
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finite family of GMEPs, and the set of solutions of a finite
family of variational inclusions for maximal monotone and
inverse-strong monotone mappings in a real Hilbert space.
Under mild control conditions, we prove that the sequences
generated by the proposed algorithms converge strongly to a
common element of three sets, which is the unique solution
of a variational inequality defined over the intersection of
three sets. Our iterative algorithms are based on Korpelevich’s
extragradient method, hybrid steepest-descent method in
[30], viscosity approximation method, and averaged map-
ping approach to the GPA in [40]. The results obtained in
this paper improve and extend the corresponding results
announced by many others.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert
space whose inner product and norm are denoted by (., -)
and || - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence
{x,} converges weakly to x and x, — x to indicate that
the sequence {x,} converges strongly to x. Moreover, we use
w,,(x,) to denote the weak w-limit set of the sequence {x,,};
that is,

w, (x,) = {er:xni—\x

for some subsequence {xni} of {xn}}. )
Recall that a mapping A : C — H is called
(i) monotone if
(Ax—Ay,x—y) >0, Vx,y€C; (23)

(ii) #-strongly monotone if there exists a constant 7 > 0
such that

(Ax - Ay, x-y) =q|x -y, Vx,yeC (24)

(iil) ac-inverse-strongly monotone if there exists a constant
a > 0 such that

(Ax - Ay, x - y) =z af|Ax - Ay|’, Vx,yeC. (25

It is obvious that if A is a-inverse-strongly monotone,
then A is monotone and (1/«)-Lipschitz continuous.

The metric (or nearest point) projection from H onto C is
the mapping P : H — C which assigns to each point x € H
the unique point P-x € C satisfying the property

v-Berl = inf e -l = 0. (g

Some important properties of projections are gathered in
the following proposition.



Abstract and Applied Analysis

Proposition 2. For given x € H and z € C,
(z=Pxeo(x-2,y-2)<0,forally e C

(i) z = Pex © |lx—z|* < llx =yl = Iy -zl for all
yeC;

(iii) (Pox — Poy,x — ) = |Pex — Peyl?, forall y € H.
Consequently, P is nonexpansive and monotone.
If A is an a-inverse-strongly monotone mapping of C into

H, then it is obvious that A is (1/«)-Lipschitz continuous. We
also have that, forallu,v € Cand A > 0,

I = AA) u = (I = AA)VI* = | = v) = A (Au — AV)|?
= lu-v|* =21 (Au— Av,u —v)
+ M| Au — Ay
<lu-v* +A(A-2a)
x || Au — Av]*.
(27)

So,if A < 2a, then I — AA is a nonexpansive mapping from C
to H.

Definition 3. A mapping T : H — H is said to be
(a) nonexpansive [1] if

ITx~Ty| < |x-y|., VxyeH; (28)

(b) firmly nonexpansive if 2T — I is nonexpansive or,
equivalently, if T' is 1-inverse-strongly monotone (1-
ism),

x -y Tx—-Ty) > |Tx - Ty|*, Vx, ye H; (29)
y y y y

alternatively, T' is firmly nonexpansive if and only if T can be
expressed as

T:%(I+S), (30)

where S : H — H is nonexpansive; projections are firmly
nonexpansive.

It can be easily seen that if T' is nonexpansive, then
I — T is monotone. It is also easy to see that a projection
P is 1-ism. Inverse-strongly monotone (also referred to as
co-coercive) operators have been applied widely in solving
practical problems in various fields.

Definition 4. A mapping T : H — H is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=01-a)l+asS, (31)

where « € (0,1) and S : H — H is nonexpansive. More
precisely, when the last equality holds, we say that T' is «-
averaged. Thus, firmly nonexpansive mappings (in particular,
projections) are (1/2)-averaged mappings.

Proposition 5 (see [42]). Let T :
mapping.

H — H be a given

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.

(ii) If T is v-ism, then, for y > 0,yT is (v/y)-ism.

(iii) T is averaged if and only if the complement I =T is v-ism
forsomev > 1/2. Indeed, for« € (0, 1), T is a-averaged
ifand only if I — T is (1/2c)-ism.

Proposition 6 (see [42, 43]). Let S, T,V : H — H be given
operators.

D) IT = (1 - a)S + aV for some o € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(ii) f T = (1 - a)S + aV for some a € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings
is averaged. That is, if each of the mappings {T;}~
is averaged, then so is the composite T, ---Ty. In
particular, if T) is o, -averaged and T, is «,-averaged,
where oy, , € (0,1), then the composite T, T, is a-
averaged, where & = o) + &, — o4 &,.

(v) If the mappings {Ti}f\:] , are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, -+ Ty). (32)

i=1

The notation Fix(T) denotes the set of all fixed points of the
mapping T; that is, Fix(T) = {x € H : Tx = x}.

We need some facts and tools in a real Hilbert space H
which are listed as lemmas below.

Lemma 7. Let X be a real inner product space. Then the
following inequality holds:

I+ y|” <lxl> +2(px+y), VxyeX — (33)

Lemma 8. Let A : C — H be a monotone mapping. In the
context of the variational inequality problem the characteriza-
tion of the projection (see Proposition 2(i)) implies
u e VI(C,A) & u=P-(u—-AAu), forsome A > 0.
(34)

Lemma 9 (see [44, Demiclosedness principle]). Let C be a
nonempty closed convex subset of a real Hilbert space H. Let
T be a nonexpansive self-mapping on C with Fix(T) # 0. Then
I — T is demiclosed. That is, whenever {x,,} is a sequence in C
weakly converging to some x € C and the sequence {(I - T)x,}
strongly converges to some y, it follows that (I - T)x = y. Here
I is the identity operator of H.



Lemma 10 (see [45]). Let {s,} be a sequence of nonnegative
numbers satisfying the conditions

Spe1 < (1 —a,) s, + o, B,y Vn21, (35)
where {«,} and {B,} are sequences of real numbers such that

(i) {o,} € [0,1] and Y2, &, = 00 or, equivalently,

(o8] n
[T -a):= lim [T(1-a)=0; (36)
n=1 k=1
(i) limsup,, _, 3, < 0, 0r X020 lev, Bl < 0.
Then lim,, _, s, = 0.

Lemma 11 (see [46]). Let {x,} and {z,} be bounded sequences
in a Banach space X and {f3,} a sequence in [0, 1] with

0< linrrii(gfﬁn < hrIerSolipﬁn <1 (37)

Suppose that x,,,, = (1 - B,)z, + B,x, for eachn > 1 and

limsup (||z,., = z,|| = [|%p1 — x.]|) < 0. (38)
n— 0o
Then lim,,_, . llz, — x,|l = 0.

The following lemma can be easily proven and, therefore,
we omit the proof.

Lemma 12. Let V : H — H be an I-Lipschitzian mapping
with constant | > 0, and let F H — H bea «-
Lipschitzian and y-strongly monotone operator with positive
constants k, 1 > 0. Then, for 0 < yl < un,

((WE = yV) x = (uF =yV) yox = y) = (un =) |x - y|,
Vx,y € H.
(39)

That is, uF — yV is strongly monotone with constant pr — yl.

Let C be a nonempty closed convex subset of a real Hilbert
space H. We introduce some notations. Let A be a number in
(0, 1]andlet y > 0. Associating with a nonexpansive mapping

T:C — H, we define the mapping T* : C — H by
T x = Tx — MEF (Tx), VxeC, (40)

where F : H — H is an operator such that, for some
positive constants x, 77 > 0, F is x-Lipschitzian and #-strongly
monotone on H; that is, F satisfies the conditions:

. (Fx-Fyx-y)znlx -y,
(41)

|Fx = Ey|| < |x = »|

forallx,y € H.

Lemma 13 (see [45, Lemma 3.1]). T" is a contraction provided
0 < u < 2n/K%; that is,

"T)Lx - le" <(1-A1)|x-y|, Vx,yeC, (42)

where T = 1 — 1 — u(2n — ux?) € (0, 1].
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Recall that a set-valued mapping R : D(R) ¢ H — 2" is
called monotoneifforall x, y € D(R), f € R(x)and g € R(y)

imply
(f-g:x-y)=0. (43)

A set-valued mapping R is called maximal monotone if R is
monotone and (I + AR)D(R) = H for each A > 0, where I
is the identity mapping of H. We denote by G(R) the graph
of R. It is known that a monotone mapping R is maximal if
and only if, for (x, f) € Hx H, (f — g,x — y) > 0 for every
(¥, 9) € G(R) implies f € R(x).

Let A: C — H be a monotone, k-Lipschitz continuous
mapping and let Nv be the normal cone to C at v € C; that
is,

Nev={weH:{(v-u,w) >0, Yu € C}. (44)

Define

Ty — ‘IAV + Ngv, ifveC, (45)

0, ifv ¢ C.

Then, T is maximal monotone and 0 € Tvif and only if v €
VI(C, A); see [32].

Assume that R : D(R) ¢ H — 29 is a maximal
monotone mapping. Then, for A > 0, associated with R, the
resolvent operator Jp 5 can be defined as

Jaax = (I +AR)'x, Vx e H. (46)

In terms of Huang [33] (see also [34]), the following property
holds for the resolvent operator J , : H — D(R).

Lemmal4. ]y, is single-valued and firmly nonexpansive; that
is,

(Jrax = Jrpysx = ) 2 |[Jgax - ]R,A;VHZ’ Vx,y € H.
(47)

Consequently, J , is nonexpansive and monotone.

Lemma 15 (see [39]). Let R be a maximal monotone mapping
with D(R) = C. Then, for any given A > 0, u € C is a solution
of problem (14) if and only if u € C satisfies

u=Jp, (u—ABu). (48)

Lemma 16 (see [34]). Let R be a maximal monotone mapping
with D(R) = C and let B: C — H be a strongly monotone,
continuous, and single-valued mapping. Then, for each z € H,
the equation z € (B+ AR)x has a unique solution x, for A > 0.

Lemma 17 (see [39]). Let R be a maximal monotone mapping
with D(R) = Candlet B: C — H be a monotone, continuous,
and single-valued mapping. Then (I + A(R+ B))C = H for each
A > 0. In this case, R + B is maximal monotone.
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3. Implicit Iterative Algorithm and
Its Convergence Criteria

We now state and prove the first main result of this paper.

Theorem 18. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let M, N
be two integers. Let ®, be a bifunction from C x C to R
satisfying (A1)-(A4) and let ¢ : C — R U {+oo} be a
proper lower semicontinuous and convex function, where k €
{1,2,...,M}. Let R, : C — 2" be a maximal monotone
mapping and let A, : H — Hand B; : C — H be -
inverse-strongly monotone and ;-inverse-strongly monotone,
respectively, where k € {1,2,...,M}, i € {1,2,...,N}. Let
F : H — H be a x-Lipschitzian and n-strongly monotone
operator with positive constantsk,n > 0. LetV: H — H bean
I-Lipschitzian mapping with constant 1 > 0. Let 0 < p < 217/x*

\J1 — u(2n — px?). Assume that

Q = nYY, GMEP(®y, ¢, Ay) N NY,I(B, R) N T #0 and that
either (B1) or (B2) holds. Let {x,} be a sequence generated by

and 0 < yl < 1, wheret =1 -

u, = Tr(ii/[’(PM) (I _ rM,nAM) T(®M—1)‘PM—1)

"M-1,n
X (I=ryyphpy) Tr(l(il’%) (I=r10A1) X,

Vi = TR (I- AN,nBN) ]RN,I,/\N,M

x (I - AN—I,nBN—l) IR, (I- A1yBi) s

(49)

Xp = Snyvxn + (I - SmuF) Tnvn’
Vn > 1,

where Po(I-A,Vf) = s,1+(1-s,)T, (here T, is nonexpansive
ands, = (2-1,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) foreach A, € (0,2/L), lim
lim A, =2/L);

n— 00

(i) {A;,.} € [a;, ] € (0,2), foralli € {1,2,...,N};
(iii) {re,} € [ew fil € (0,2u), forallk € {1,2,..., M}.

s, =0 (e

n— 00

Then {x,} converges strongly as A,, — 2/L (& s, — 0)toa
point q € Q, which is a unique solution of the VIP:

((uF=yV)g.p-q) =20, VpeQ. (50)

Equivalently, g = Po(I — uF +yV)q.

Proof. First of all, let us show that the sequence {x,} is well
defined. Indeed, since Vf is L-Lipschitzian, it follows that Vf
is 1/L-ism; see [41]. By Proposition 5(ii) we know that, for A >
0, AVf is (1/AL)-ism. So by Proposition 5(iii) we deduce that
I — AVf is (AL/2)-averaged. Now since the projection Py is
(1/2)-averaged, it is easy to see from Proposition 6(iv) that
the composite Po(I — AVf) is (2 + AL)/4-averaged for A €
(0,2/L). Hence, we obtain that, for each n > 1, Po(I — A, Vf)

is ((2 + A,L)/4)-averaged for each A, € (0,2/L). Therefore,
we can write

/\,,LI N 2+A,L

2_
PC(I_Aan): 4 Tn:snl+(1_5n)Tn’

(51)

where T, is nonexpansive and s,, := s,(A,) = 2-A,L)/4 €
(0,1/2) for each A, € (0,2/L). It is clear that

2
An—>z<=}sn—>0. (52)

Put

AF = Tr(lik"/)k) (I _ rk,nAk) T(Ok1:9%1)

n 1 1
‘ o (53)
©,¢;
X (I =1y pAir) "Trm I =11 ,A1) X,
forallk € {1,2,...,M}andn > 1,
Aln = ]R,»,Ai,n (I - /\f,nBi) ]R,.,l,)t,.,l,n
(54)

x (I - /\i—l,nBi—l) “IRoAL, (I- /\l,nBl) >

foralli € {1,2,...,N}and»n > 1, and A(L = A(il = I, where I
is the identity mapping on H. Then we have that u,, = AYx,
and v, = ANu,.

Consider the following mapping G,, on H defined by

G,x = s,pVx + (I - s,uF) T,AYAMx, VxeH, n>1,
(55)

where s, = (2-1,,L)/4 € (0,1/2) for each A,, € (0,2/L). By
Proposition 1(ii) and Lemma 13 we obtain from (27) that for
allx,y e H

|G, = G,
< s,y [V = Vy|| + (T = s,4F) T, A} A% x
(I = s,uF) T,A A%y
< sl =yl + (1=s5,7) [AN AN x - AN AYY|
< syl =yl + (1= 5,7) | (T = Ay, By) A AN
= (1= AyuBy) A A%y

< slfx =y + (1=s,7) A3 AN x - AN AYY)|

<sylllx=y|+(1-s,7) “AOnAlfx - A(LAIZIy"



= Snyl ”X - y“ + (1 - SnT) HAIZIX - AIXIJ}"

<sylflx=y|+(1-s, T)H ~ Ty Ay AM X

-(I- "M,nAM) A _1)’"

< st o1+ (1- )35 42

<sylflx =y +(1-s,7) HA(;x - A(Ly"
= syl x =y + (1 =s,7) |x -y

= (=5, (=) -5l
(56)

Since0 < 1-s,(r—-vy) < 1,G, : H - Hisa
contraction. Therefore, by the Banach contraction principle,
G,, has a unique fixed point x,, € H, which uniquely solves
the fixed point equation:

X, = $,yVx, + (I = s,uF) T,ANAY x, . (57)

This shows that the sequence {x,,} is defined well.
Note that 0 < yI < Tand uy > 7 & « > 5. Hence, by
Lemma 12 we know that

((UE = yV) x = (uF =yV) yox = y) = (un =) |x - y|,
Vx,y € H.
(58)

That is, uF — yV is strongly monotone for 0 < yl < 7 < pn.
Moreover, it is clear that uF — yV is Lipschitz continuous. So
the VIP (50) has only one solution. Below we use g € Q to
denote the unique solution of the VIP (50).

Now, let us show that {x,} is bounded. In fact, take p € Q
arbitrarily. Then from (27) and Proposition 1(ii) we have

®M¢M) (I_rMnAM) AM ' Xn

e, =l =
Tr(S]:[ (1 - ") Alr\:[_IP“

M 1
H rM nAM Xn

~(I =" An) AJZI_IP“

M-1 M-1
< e, a2

(59)

< [A%x, - A%p
=[x, -l
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Similarly, we have

"Vn - P" = "]RN,)LN,,, (I- AN,nBN) AI;H
TR (I - An,By) AI:,HP"
S “(I = AnnBy) AN, = (I- Ay,By) AI;HP”

< I ]

< ”Aonun - A(Lp"

= [, - p|-
(60)
Combining (59) and (60), we have
v, = pll < % - £l (61)
Since
2
P=PC(I_/\an)p=Snp+(1_sn)Tnp’ VAn€<0’z>’
(62)

where s, :=s,(A,) = (2-1,L)/4 € (0,1/2), it is clear that
T,p = pforeach A, € (0,2/L). Thus, utilizing Lemma 13 and
the nonexpansivity of T,,, we obtain from (61) that

%, = pll = s (yVi,, = uFp) + (I = 5,uF) T,p,
~ (I = s,uF) T,,p|
< |1 = s,uF) T, = (I = s,uF) T, p]|
+ 5, YV, - up|
< (1=s,7) v - pl
+5, (v [V, = Vo[ + |yvp - uFpl)
< (1=s,7) [, — pl
+ 5, (V% = | + |lyVp - uFpl)
= (1 =5, (= 1)) |, = Pl + s, [y¥Vp — uFp] -
(63)

This implies that ||lx, — pl| < |yVp—uFpll/(t—yl). Hence, {x,}
is bounded. So, according to (59) and (61) we know that {u,,},
.5 {T,v,}, {Vx,}, and {FT,v,} are bounded.

Next let us show that [|u, — x| — 0, |lv,—u,| — 0,and
lx, — T,x,| = Oasn — oo.
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Indeed, from (27) it follows that for all i € {1,2,..., N} = (1= 5,2)|vs - P + 25,y (Vx,, - VP, x,, - p)
and k € {1,2,..., M}

+2s, (yVp — uFp, x,, - p)
I, - oI = AN, - |
< AL - [

"IR)L (I Azn z)Al lu

< (1= 5,7 [va - oI + 25,01, - I/
+ an “YVP - Aqu" "xn - p“

<(1-s,7) [Ilun = ol + A (A - 26)
2
_]R Ain (I /\zn i p"

"(I Azn z)Al 1Li _(I /\zn i P||2

< "Ai;l“n - P“z +A, (Ai,n -2n;)

x|, w, - Bp| ]
+ 25,71, = plI* + 25, [yVp — uEp| |x, - p|

| 2 < (1= 5,20 [ 1= I+ 7 (s~ 20
x |B:AY w, - Bip| . ,
5 X ”AkAn*lxn - Akp"

= "un - P" + Ai,n (/\i,n - 2771')

y ||BiAi;1un B BiP||2 +Ai, (A, — 215) “B A'u, - B p“z]

<y = P>+ Aiw (Ai— 27) + 25,9llx, = pl* + 25, |yVp - uFp| |, - pl
< B, — Bop| =[1-25,(c =y + 5,77, - o’
lu, - oI = |A%x, - p”Z - (1-5,7)’ [fk,n (bt = o) AR 5, - AkP||2
< Ak, - o i (2= Ay, | B, ~ Bp ]
=10 (1~ 1, ,A,) A1, +2s, [yVp - uFp |x, - pl

< |x, - p|* + 22|, - p||* - (1 = s,7)°
1O (14 of bl sl ol

x [rk,n (244 = 1) AkA];—lxn - AkP"

< "(I ~ enAr) A L x, = (1= 13,A1) P"2

/\in 2 i_Ain BiAF1 n_Bi ’
s |A}:1_1xn _p||2 +rk,n (rk,n _Zf’lk) ' ’ ( ! ’ ) - p“ ]

+2s, [yVp - uFp| ||x, -

X "AkAl;_lxn - Akp"2 (65)
< |x, - p”2 + T (Fen — 204 which implies that
_ 2
X "AkAI:lxn - Akp||2' (1 - SnT)z [rk,n (zl’lk - rk,n) "AkA]; lxn - Akp"
64 .
oy i (2= 130) | B, ~ Bip] (66
Thus, utilizing Lemma 7, from (49) and (64) we have
I, - oI < si7|lx, = pl” + 25, IyVe - uFp| |, - ol
= |is, (yVx,, — uFp) + (I - s,uF) T,v, Since {A;,,} € [a;, b] € (0,27;) and {ry,.} < [eg, fie] < (0,2p4)

foralli € {1,2,...,N}and k € {1,2,..., M}, froms, — 0

— (I-s,uF)T, P||2 we conclude immediately that

< (1 = uuF) T, = (1 = s,uF) T, p Jim 4,87 x, - Ayp] =0, (67)
+ 2Sn <nyn - [’tFp’ Xy — P> hm "B Al lu Bip" =0,

< (1-5,2)|v, = pl* + 25, (yVx,, — uFp, x, — p) forallk € {1,2,...,M}andi € {1,2,...,N}.
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‘e lgilr;herm](\);(}e, by Proposition 1(ii) we obtain that for each % (” (I-1,,B) Az by~ (I - AinB) p"
oy P o 2

k) Ak—lx _( zn 1)p
- (W= p)[)

R I}

2
‘Tr(,ik’w) (I -7,A%) P“

l
< <(I - rk,nAk) Al;_lxn - (I - rk,nAk) p> AI;xn - p> E (

i-1

- % ("(I - rk,nAk) A]:lxn - (I - rk,nAk) p“Z - “Al;lu” B Ai”u” B Ai’” (BiAl;lu” B Bip)||2>

1 2
+[alx, P" (1= rpai) A, E<”u AN
— (I =ruA) p oty = Nyt = Ay, (B, — B P)"Z)
70
o) v
%( k=1 p" Aex, P” which implies

_"A’:lxn - A]:an — Tk (AkAI;:lxn - AkP)"2> > ”Ainun B p“Z < [, - P||2 B ”A’;lun B Ain“n

(68)
which implies that Ao (BAL w, - Bp)|
8%, - p|f = o = oI = A5 1y = Al
<[5 e~ Nl Biry w, ~ Bipl

- ”A]:l_lxn - Al:lxn ~Tkn (AkA’;_lxn - Akp)||2 * 20 <Al”1u” B A”u”’ 7

N A N | Bkt = ip)

i-1 i 2
= N

2
- rlz,n“AkA};_lxn - 14kp“2 < “un - p" -

- )
+ 21y, <Alf1_1xn _ A];xn,AkA};_lxn _ Akp> (69) + ZA- "Al u, — A’nun"

BA’ 'u, - B;p|.
cJet s, -puZ—uA“x stef ! |
on, A5 x, - ke AkP“ Thus, utilizing Lemma 7, from (49), (69), and (71) we have
< I = ol - :
Ak 1 A "xn - p”
2 -
+2r, l\k x, = Ny || — s, (WVix, — aFp) + (I = 5,uF) T,
1
L, - At S
Also, by Lemma 14, we obtain that for each i € {1,2,..., N} I F)T (I F)T ||2
< |\(I = s,uF) v, — (I - s,uF) T, p
2
u, - P” +2s, {(yVx, — uFp, x, — p)
2
”]R Ain (I /\tn z) - ]R Ain (I Aanz P” < (1 - SnT)2||Vn - P"2 + anyl“xn h P"2

<<I Azn 1)A (I A’lﬂ 1)p A p> +25n"VVp_#Fp“ “'xn_p"
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= (1= 5,00 | AN, = |+ 25,1, - I + 20 [ = A | B, By
+2s, [lyVp - uFp| ||x, - p| +2s, [lyvp - uFp| ||x, - p|

< (1= s, A%, - pf + 25,01, - I < %o = pl* + 557 - pl* - (1= 5,7)°
+ 25, [yVp - uFp| |, - pl (85, - A%+ A% - A )

i-1 i 2
A, u, — Anun“ + 21k,

k-1 k
A, x, - A x,

< (1= 5,7)° [, - pII” -

AkA,:lxn - AkP"

+ 24, A, — Ainun” + 20, [|A ey, — A"nun“ “BiA';lun -B p“
x|[B,A" - Bip] | +2s, [yVp - wFp| |Ix. - pll-
(72)
+ 25, 9ll%, = pI* + 25, |yVp - uFp| |, - pl It immediately follows that
= (1 - SnT)Z I:“Alr\l/[xn - p“z - "Air?lun - Ainun |2 (1 - Sn‘l')2 ("A’:lxn - A];Xnuz + |'Ai;11/ln - Ainun"z)
+2A;, Al;l“n - Ainun” < sflrz [, p||2 + 21, “Aljl_lxn - A];xn”
' (73)
x| B u, - Bip| ] x| Acd %, - Ap| + 20, AT, - AL,
+ zsnyl"xn - P"2 + zsn “YVP - ‘qu” ”xn - P" x "BiA:l”n - Bip" + 25n "VVP - ptFp" "xn - P” :

Since {A;,,} C [a;,b] € (0,27;) and {ry .} € [ex, fi] € (0,2)
foralli € {1,2,..., N}and k € {1,2,..., M}, from (67) and
s, — 0 we deduce that

<(1- sn‘r)2 [”Aixn - p"2 - "A’;lun - Ainun"2

i-1 i
+21;, "An u, — Anun” . .
. -1 . i-1 i
nIL%O “An X, — Anxn' =0, Jim "An u, — Anun" =0,

x B, - B | (74)

+ 25,0, - pllz + 25, |[yVp — uFp| |x, - p| forallk € {1,2,..., M}andie{l,2,..., N}. Hence, we get

||xn - un" = “A(an - Afxn

<(1-s,1)° [“xn -1l - ”A’:lxn - A];xn"2

0 1 1 2
or, |45, - Ak <[ = dnl + Jasn = i (75)

M-1 M
+---+.|An xn—Anxn“ —0

x ||AkA’;‘1xn - Akp“
as n — 09,

A1 Al 2
- n Un = DUy

||un - vn" = “A(ilun - Afun“
+21;,

i-1 i
AN, u,— Anun" o . X X
< ”Anun - Anun” + “Anun - Anun“

o (76)
X "BiAn u, Bip" ] +oeeet “Al;fflun - Al:l]un” — 0
+25,¥l|x, - p|I° as n — 0o.
+2s, [yVp - uFp||||x, - pl So, taking into account that [|x,, — v, || < llx,, —u, |l + llu, = v,
< (1= 26, (e 1)+ 22 oo - e
n n n lim |x, - v,| = 0. 77)

n— 00
2

k-1 k
An Xn — An'xn

Thus, from (77) and s, — 0 we have

- (=50

"Vn - Tnvn“ = "Vn - xn” + ”xn - Tnvn“

+ A’;lun - Ainunnz)

= "Vn - xn” + Sy ||YVxn - VFTnVn” — 0 (78)

k-1 k
A, x, - A x,

+ ZTk,n

k-1
AN — A ||
KBy X kP as n — 0.
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Now we show that ||x, - T, x,| — 0Oasn — oo.In fact, from
the nonexpansivity of T,,, we have

s = Tl < 12, = vall + [ = vl
+ | Tav = Tl (79)
< 2%, = vl + v = Tvall-
By (77) and (78), we get
Jim ||x, - T,x,[ = 0. (80)
From (78) it is easy to see that
Jim |x, = T,v,[ =o0. (81)
Observe that
1Pc (T = A Vf) v, =il
= [lsuvs + (1= 5,) Tv = vl
(82)
= (1= 5,) [T, = v
< Tv = vl

where s, = (2 - A,L)/4 € (0,1/2) for each A,, € (0,2/L).
Hence, we have

2
Jre (1= Lor) =

< "PC <I - %Vf) v, = Po (=1, Vf),

+ “PC (I - Anvf) Yy = Vn”
(83)

< ”(I - %w) v —(I=AVf)v,
# [P (1-2,9f) v, - v,
< (2 =0 ) IS Gl + T =il

From the boundedness of {v,},s, — 0 (& A, — 2/L) and
IT, v, — v, — 0 (due to (78)), it follows that

lim =0. (84)
n— 00

2
Vy — PC (I - sz) Vy

Further, we show that w,(x,) ¢ Q. Indeed, since {x,}
is bounded, there exists a subsequence {x,} of {x,} which
converges weakly to some w. Note that lim,, _, . [lx, —u,[| =0
(due to (75)). Hence, x,, — w. Since C is closed and convex,
C is weakly closed. So, we have w € C. From (74) and (75),
we have that Al;ixni —w, Aju, — wu, = W, — W,
where k € {1,2,...,M}, m € {1,2,..., N}. First, we prove
that w € NY_ I(B,,, R,,). As a matter of fact, since B,, is 7],,-
inverse-strongly monotone, B,, is a monotone and Lipschitz
continuous mapping. It follows from Lemma 17 that R, + B,,
is maximal monotone. Let (v,g) € G(R,, + B,,); that is,

Abstract and Applied Analysis
g - B,v € R,v. Again, since AJu, = Jp ; (I -
A,.B )A’Z‘lun, n>1,me{l,2,...,N}, we have

mn-m

A = A B AT, € (T4 Ay ,R,) ATy (85)
that is,
1 _ _
A (Ars lun - Arsun - Am,anArZ lun) € RmAnr:un' (86)
m,n

In terms of the monotonicity of R,,,, we get

1
<v—A’Zun,g—Bmv— 3

m,n

(87)

n m,n—m =

X (Amilun -ATu, -\, B A’:flun) > >0
and hence
<V - Ar:;un’ g>

1
> <V—A’Zun,Bmv+ T

mn

X (Arrr:_lun - A’Zun - /\m,anAr::_lun) >
= <v -A"u,, B, v—- B, A u, +B,A"u, (88)

m—1
-B, A, u,+

/\1 (Arrr:_lun - A'Zun)>

mn

> <v - AT, B, Nu, — BmAr::_lun>

n-n>
+ <V—Amu L(A"Hu - A"u )>
n n’A n n n-n N
m,n

In particular,

<V - ArZiu”i’g>

> <v—Amu

n;'n>

1
+ <v— Ar:iunp 3

mn;

m m—1
B, A U, — BmAn,- “n,->

(An’::i_luni - Ar::iu”i)> '

Since |A"u, — A’Z"lunH — 0 (due to (74)) and ||B,,A"u,, —
B,,A" 'u,| — 0 (due to the Lipschitz continuity of B,,), we
conclude from A} U, —w and condition (ii) that

(89)

lim (v- Ar:,.”n,-’9> =(v-w,g) >0. (90)

It follows from the maximal monotonicity of B,, + R,
that 0 € (R, + B, )w; that is, w € I(B,,R,).
Therefore, w € NY_ I(B,,R,). Next we prove that
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w € N GMEP(®y, ¢, Ay). Since Alx, = T -
rk)nAk)A’;_lxn, n>1ke{l,2,..., M}, wehave
k k
Oy (A%x 7) + 91 () — i (A5x,,)
k— k
+ <AkAn lxn,y—Anxn> (91)

1 k k k-1
+ ; <y—Anxn,Anxn—An xn> > 0.
N

By (A2), we have
o (1) = o (Ax,) + (A x, y - A x,)

+ i <y - A’;xn, Aﬁxn - Akilxn> > 0, (y, A];xn) .

5 n
(92)

Letz, =ty+ (1 -t)wforallt € (0,1] and y € C. This implies
that z, € C. Then, we have

<zt - A];xn, Akzt>

=X (A];xn) ~ o (2) + <Zt - Al;xn’ Akzt>

k k-1
- t n
(7, - M, ApA ')

n-n’ n

k k-1

AN x, — AN x

k n’'n n “'n k

_<zt—Anxn,T + 0y (20, A% x,)
N

= Pk (A];xn) - ¢ ()

+ (2, ~ Mix, Az, - A,

+(z - Alx,, ApAx, — A A )
A x — Ay
- <zt - Ak x,, M> + 0, (zt, A};xn) :
7"k,n
(93)
By (74), we have IIAkAI;xn - AkA’;_lxnll — 0 (due

to the Lipschitz continuity of A;). Furthermore, by the
monotonicity of A, we obtain (z, — A’;xn, Az, —A kA];xn) >
0. Then, by (A4) we obtain

(7~ w, Arz,) 2 ¢ (W) — @ (2,) + O (z,w) . (94)
Utilizing (Al), (A4), and (94), we obtain
0=0y(22) + 9 (2) — 9 (20)

<tO (25, ) + (1 - 1) O (2, w) + ter (¥)
+(1=1) ¢ (W) — 9 (2,)

<t[O (20 ) + 91 (¥) = o1 (21)] (95)
+(1 -z, —w,Asz,)

=[O (20 y) + 91 (¥) = o1 (21)]
+(1-t)t(y-w, Az,

13

and hence

0< 0 (26 y) + 91 (7))~ (2) + (1 =) (y ~w, Akzt(>9'6)

Lettingt — 0, we have, for each y € C,
0< 6 (w,y) + i (y) — g (W) + (y ~w, Agw) . (97)

This implies that w € GMEP(®y, ¢, A;) and hence w €
N, GMEP(®y, ¢, A,). Further, let us show that w € T. Asa
matter of fact, from (84), Vy, — W, and Lemma 9, we conclude
that

w=p(1- %Vf) w. (98)

So, w € VI(C,Vf) = I. Therefore, w € nkM:1 GMEP(0,,
@A) NNY I(B;, R) NT =: Q. This shows that w,,(x,) ¢ Q.

Finally, let us show that x, — qasn — oo where g is
the unique solution of the VIP (50). Indeed, we note that, for
w e Qwithx, —w,

Xy —W=S, (van - ‘MPLU) + (I - SmuF) Tnvn
(99)
— (I - s,uF)w.
By (61) and Lemma 13, we obtain that
I%, - w|* = s, (yVix,, — uFw, x,, - w)
+ <(I - snl"F) Tnvn - (I - SnMF) w, x, — w>
=S ()/Vxn - #Fw’ Xn — w>
+||(I = s,uF) T, — (I - s,uF) w| |x, - w|
<s, (yVx, — pFw, x, — w)
+(1=s,7)|]v, - w| ||, - w]

<s, (yVx, - pFw,x, - w) + (1 —s,7) ||xn - w||2.
(100)

Hence, it follows that
2 1
"xn - w" < ; <van - [/le, X — w>
1
= (y{(Vx, - Vw, x,, — w)

+{(yVw - pFw, x,, — w))

1
< - (Yl”Xn - w||2 + {(yVw - puFw, x,, — w)) ,
(101)
which hence leads to
sy~ wff < PYRTHER X Tw) g,

T-vl
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In particular, we have

<wa - uFw,x, - w>

o, ol = a0y

-yl

Since x,, — w, it follows from (103) thatx,, — wasi — ©o.
Now we show that w solves the VIP (50). Since x,, =
s,yVx, + (I — s,uF)T,v,, we have

(‘MF - yV) Xp = _l ((I - STIMF) Xp — (I - Sn.uF) Tnvn) .
Sﬂ
(104)
It follows that, for each p € Q,

<(/’lF - ’}/V) X Xy — p>

= _l <(I_ Sn‘”F) Xn — (I _Sn(’lF) Tnvn’xn _p>
S

n

=L (1= 5uF) x, — (T = $,4F) Ty, %, - )
Sn

1
= _S_ <(I - Sn/’lF) Xn — (I - sn."lF) TnAl:z]AIr\l/Ixn’ Xn — P>

=—i<(I—THAIZAJZI) ~(1-T,ANAM) p,x, - p)

+ <‘qun - .uFTnAIZAI:fxn’ Xn — P>
< (uFx, — uFT, A AY'x

w Xn = P> ’
(105)

since I — TnAIZAIZI is monotone (i.e., {(I — T,,AI:AJZI)x -(I-
T,ANAM)y,x — y) > 0 forall x,y € H. This is due to
the nonexpansivity of T,,AI;] AIZI )- Since ||lx, — T,v,| = (I -
TnAIZ AIZI )x,| — 0asn — o0, by replacing n in (105) with
n; and letting i — 00, we get

((uF —=yV)w,w - p)

< lim <;4Fx — UFT, v, x,

n; n’
i— 00

p>:0.

That is, w € Q is a solution of VIP (50).

Finally, in terms of the uniqueness of solutions of VIP
(50), we deduce thatw = gand x,, — gasn — 00.So, every
weak convergence subsequence of {x,} converges strongly to
the unique solution g of VIP (50). Therefore, {x,} converges
strongly to the unique solution g of VIP (50). In addition, the
VIP (50) can be rewritten as

(I-pF+yV)q-q.9-p) =0,

By Proposition 2(i), this is equivalent to the fixed point
equation:

Vp e Q. (107)

Po(I-uF+yV)q=q. (108)

This completes the proof. O
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Corollary 19. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ® be a bifunction
from C x C to R satisfying (A1)-(A4) and let ¢ : C — R U
{+00} be a proper lower semicontinuous and convex function.
Let R, : C — 2" be a maximal monotone mapping and let
A:H — HandB; : C — H be(-inverse-strongly monotone
and n;-inverse-strongly monotone, respectively, fori = 1,2. Let
F : H — H be a x-Lipschitzian and n-strongly monotone
operator with positive constantsx,n > 0. LetV: H — H bean
I-Lipschitzian mapping with constant1 > 0. Let 0 < u < 21/x*

and 0 < yl < 1, where T = 1 — \|1 — u(2n — px?). Assume that

Q := GMEP(0, ¢, A) N I(B,,R,) N I(B,,R,) N T # 0 and that
either (BI) or (B2) holds. Let {x,} be a sequence generated by

O (uy, y) + 9 (¥) — 9 (u,) + (Ax,, y —u,)
1
+—(y-u,u,—x,) >0, VyeC,
Tn (109)

YV = ]szAz,n (I - AZ,nBZ) ]Rl,)tm (I - Al,nBl) Uy

x, = s,yVx, + (I - s,uF)T,v,, Yn=1,

where Po(I-A,Vf) = s, I1+(1-s,)T, (here T, is nonexpansive
ands, = (2-A,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) foreach A,, € (0,2/L),lim,,_, s, =0 (&
limn_>OO . =2/L);

(i) {A;,.} € [a5, ] € (0,21;) fori=1,2;
(iii) {r,,} < [e, ] € (0,20).

Then {x,} converges strongly as A,, — 2/L (&'s, — 0)toa
point q € Q, which is a unique solution of the VIP:

((UF=yV)a.p-q) =0, VpeQ.

Corollary 20. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ® be a bifunction
from CxC to R satisfying (Al)-(A4) andletp : C — RU{+0c0}
be a proper lower semicontinuous and convex function. Let
R : C — 2" be a maximal monotone mapping and let
A: H — Hand B : C — H be {-inverse-strongly
monotone and &-inverse-strongly monotone, respectively. Let
F : H — H be a k-Lipschitzian and n-strongly monotone
operator with positive constantsx,n > 0. LetV: H — H bean
I-Lipschitzian mapping with constant1 > 0. Let 0 < u < 217/x*

(110)

and 0 < yl < 7, where T = 1 — |1 — u(25 — px?). Assume that

Q := GMEP(0, ¢, A) N I(B, R) NI # 0 and that either (B1) or
(B2) holds. Let {x,,} be a sequence generated by

O (uy y) + 9 (y) — 9 (u,) + (Ax,, y —u,)

1
+—(y-u,u,-x,) >0, VyeC,
Tn (111)

Xn = snnyn + (I - SmuF) Tn]R,pn (un - pnBun) >

Vn>1,
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where Po(I- A, Vf) = s,1+(1-s,)T, (here T, is nonexpansive
ands, = (2-A,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) foreach A,, € (0,2/L),lim,,_, s, =0 (&

lim, , A, = 2/L);

(ii) {p,}  [a,b] € (0,28);

(iii) {r,} < [e, f] € (0,20).
Then {x,} converges strongly as A,, — 2/L (& s, — 0)toa
point q € Q, which is a unique solution of the VIP:

((WF=yV)qp-q) 20, VpeQ. (112)
4. Explicit Iterative Algorithm
and Its Convergence Criteria

We next state and prove the second main result of this paper.

Theorem 21. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let M, N
be two integers. Let ®, be a bifunction from C x C to R
satisfying (A1)-(A4) and let ¢, : C — R U {+oo} be a
proper lower semicontinuous and convex function, where k €
{1,2,...,M}. Let R; : C — 2" be a maximal monotone
mapping and let A, : H — Hand B; : C — H be -
inverse-strongly monotone and n;-inverse-strongly monotone,
respectively, where k € {1,2,...,M}, i € {1,2,...,N}. Let
F : H — H be a x-Lipschitzian and n-strongly monotone
operator with positive constantsk,n > 0. LetV: H — H bean

I-Lipschitzian mapping with constant 1 > 0. Let 0 < u < 217/x”
and 0 < yl < 7, where T = 1 — |1 — u(2n — ux?). Assume that

Q == NYL, GMEP(®y, ¢, Ap) N MY, (B, R) N T #0 and that
either (B1) or (B2) holds. For arbitrarily given x, € H, let {x,}
be a sequence generated by

U, = Tr(iff’%) (I - rM,nAM) Tﬁsf;l’(pMil)

X (I =1y pAp) Tr(l(il’%) (I=r141) X,
Vn = ]RN,AN,,, (I - )‘N,nBN) ]RN,I,)LN,LH
x (I - /\N—l,nAN—l) e ]Rl,)tl),, (- )H,nBl) Uy»

Xn+1 = Snyvxn + ﬁnxn + ((1 - ﬁn) I- Sn."lF) Tnvn’
Vn > 1,

(113)

where Po(I-A,Vf) = s,1+(1-s,)T, (here T, is nonexpansive
ands, = (2-A,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) for each A,, € (0,2/L), and lim,, , s,
0 (& lim,_, A, = 2/L);

(i) {8, < (0,1) and 0 < liminf, B, <
limsup, _, B, < 1L;
(iii) {A;,} € [a;,b] € (0,2#;) andlim,, , |A;, 1 —A;,1 =0

forallie{1,2,...,N};

(IV) {rk’n} C [ek, fk] C (0, 21“]() and limnﬂoo|rk’n+l —rk,nl =
Oforallk € {1,2,..., M}.
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Then {x,} converges strongly as A, — 2/L (&'s, — 0)toa
point q € Q, which is a unique solution of VIP (50).

Proof. First of all, repeating the same arguments as in
Theorem 18, we can write

2oAL 2+4AL
Po(I=A9f) = =1+ +4” T,=s,I+(1-5s,)T,

(114)

where T, is nonexpansive and s, := s,(1,) = (2 -1,L)/4 €
(0,1/2) for each A, € (0,2/L). It is clear that

2
A, — I s, — 0. (115)
Put
Al; — Tr(gk#’k) (I _ rk,nAk) Tr(glf;l Pr-1)
(116)
0,
X (I = 1y phier) Tr(ml o (I-r,A,)x,
forallk € {1,2,...,M}andn > 1,
Aln = ]R,-,/\,-m (I - Ai,nBi) ]Ri,l,)t,-,l,n
117)

x (I - Ai—l,nBi—l) TR, (I- A1,n31)

foralli € {1,2,...,N}andn > l,andA(L = A(L = I, whereI is
the identity mapping on H. Then we have thatu,, = AMx, and
v, = ANu,. In addition, taking into consideration conditions
(i) and (ii), we may assume, without loss of generality, that
s, <1-p,foralln>1.

We divide the remainder of the proof into several steps.

Step 1. Let us show that [lx,, — pll < max{llx, — pll, lyVp -
uFpll/(t —yD} foralln > 1 and p € Q. Indeed, take p € Q
arbitrarily. Repeating the same arguments as those of (59)-
(61) in the proof of Theorem 18, we obtain
lu, - pll < I, - 2l
v, = ol < s = 2l
v = ol < Ix. - -

(118)

Then from (118), T,,p = p, and Lemma 13, we have

%1 = £l
= s, (yVix,, = uFp) + B, (x, = p)
+((1=B) I = s,uF) T,
~((1=B) I~ s,uF) T,p|
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<8y, ”VV’Cn - /,tFp" + ﬁn "xn - P"

== )| (1- 22pwr ) 1

(152 “g! )1,

< Sn (||)/Vxn - pr" + "pr - /’le")

~pl+ (=) (1- 725 )=l

+ B lx

< s, (Jyvax, = Vo[ + |yvp - uFpl)
+ Bullxn = ol + (1= By = 5,7) 1%~ Pl
< sy¥l 2, = pll + s, [¥Vp — uFp|
+(1=s,7) %, - 1l
= (1=s, (v =) |x, - Pl

lyve - uFp|
+s,(t—-90) E—
lyvp - uFp|
< max {"xn p” 5 T——yl .
(119)
By induction, we have
bl < mas e -l 2Ly
T—yl
(120)

Hence, {x,} is bounded. According to (118), {u,}, {v,,}, {T,v,}>
{Vx,}, and {FT,v,} are also bounded.

Step 2. Let us show that ||x,,,
end, define

- x,| — 0asn — oo. To this

X1 = Buxn+ (1-B,)z,, Vn=1. (121)

Observe that, from the definition of z,,,

Zp+l ~ Rn
_ Xn+2 _ﬁn+1xn+1 _ Xp+1 ﬁn n
1- ﬁn+1 1- ﬁn
_ Sn+1yvxn+l + ((1 B ﬁn+1) n+1‘”F) Tn+1 n+1

I- ﬁrwl

Snyvxn + ((1 - ﬁn) I- Sn."lF) Tnvn
1- ﬁn
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Sn+1
- Vx, + T,V
ﬁn+1 1 B y n+l1"n+1
Sn+1
-T,v,+ _ﬁnyFT v, — 1—ﬁn+1 T,i1Vne1
= I_H—ELH (YVX nuF n+1V, n+1)
S
+ —— (UFT,v, — yVx,) + Tpp1Vys1 — TV
1- ﬁn

(122)

Thus, it follows that

Sn+1

|21 = 2] < —ﬁ (V| + # | F 1)

+ 12 Ty V)
n

+ ” n+1Vn+1 — Tnvn" .

(123)

On the other hand, since Vf is (1/L)-ism, Po(I — A, Vf) is
nonexpansive for A, € (0,2/L). So, it follows that, for any
given p € (),

1Pc (I = As V) vall < 1P (I = A V) v = pll + 12
= 1P (I = A V) v,
~Po (I =21 VF) 2l + |12l
< v =2l + 2l

< vl + 22l -
124

This together with the boundedness of {v,} implies that
{Po(I - A,.1Vf)v,} is bounded. Also, observe that

" ni1Vn Tnvn“

_ 4PC(I_/\n+1Vf) (2 An+1L)I
2+ AL n

4P (I-AVf)-(2-A,L)I
2+A,L "

4R 1= 2,%)
- 24+A L "

n+l
= || (4 (2 + /\nL) PC (I - /\n+lvf) Vu

4P (I - A, Vf)
2+A,L '

2 - /\L
2+/\L

2- /\n+1L
C24A,,L"

—4 (2 + AnJrlL) PC (I - Anvf) Vn)

X((2+ A yrL) (2 + A,0)) |

T
@+ A L) 2+ 4,0 1
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" (4L (/\n - )Ln+1) PC (I - AnHVf) Vp T 4 (2 + An+1L)
X (PC (I - /\n+lvf) Vi = PC (I - /\nvf) Vn))
X((Z + An-«-lL) (2 + AnL))_l ||

4L lAn+1 B An|
+ vl
CRSWNICRS WA

4L I/\n B An+1| ”PC (I B An+1vf) Vn"
(2+A,,L)(2+A,L)

+ (4 (2 + An+1L) "PC (I - AnJrlvf) Vi
~Pc(I-A,f)v,|)

X (244, L) (2 +2,0))"

e
@+ AL @+ 4,0

= |/\n+1 - An| [L "PC (I - /\n+lvf) Vn”

+4|Vf ()l + Lval]

< M |/\n+1 n| ’
(125)

where suplgl{LHPC(I—AnHVf)vnH +4|VF (v )l +Llv,lI} < M
for some M > 0. So, by (125), we have that

" n+1Vn+1 T v ” < " n+1Vn+1 _TnHVn”
+ || i1V Tnvn”
= 126
< Wt = vall + BT Ay =2, 026
4M
< ||Vn+1 - Vn" + T ($n+1 + sn) .
Note that
"Vn+1 - Vn” = ”AIZﬂunﬂ - AI:LI”n

= ”]RN,AN,,,H (I - /\N,n+1BN) Al;tj-:llurwl
TR (I- AN,nBN) AIZ_I”n”
< ”]RN,AN,,H (I = AN By) Al;tj-:llurwl
TRy A (I = AnnaBy) A n+1 n+1|'
"IRN A (I- ANnBN)AnH Upyy

_]RN,AN,,‘ (1 - /\N,nBN) AIZ_ ”n"
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“(I ANnHBN) An+1 n+1

(I ANnBN)AnJrl n+1||
+ (1= AnBa) AN

n+1 Upt1

- (I - /\N,nBN) AIr\:_ un"

SMN,nH A n+1 Uyt

N-1
|'An+1 n+1_An un“

N-2
+ [ An-tmet = ANt "BN—IAnHunH"

|ANn+l A’an '|BNAn+1 n+l

N-2
|'An+1 n+1_An Uy

ANl ByAY

+ |)‘N—1,n+1

N—1n| "BN lAn+1 n+1||

Al,nl “BlAn+1un+1 "

0 0
+ ”Anﬂun+1 - Anun"

= |AN,n+1 n+1 Uyt

Tt |A1,n+1 -

N
< MOZ lAi,nJrl - Ai,n| + ||un+1 - un” >
i=1

(127)

where supn>1{z, IIIB,Al +1un+1||} < M, for some M, > 0.
Also, utilizing Proposition 1(v) we deduce that

“um—l - un“

nn

M M
= ”Anﬂxnﬂ A x

(@ ) M-1
T, w90 (T — 7'M,n+1AM) A1 Xni1

"Mpn+1

(©r:9n1) M-1
_TrMy]:[ P (1_ rM,nAM)An Xn

(OrrPnr) M-1
TrMm (I = "o Ang) Aoy X

(OrPn)
_Ter:[ o (I_rMnAM)ArHl Xn+1

M-1

(®n:Pn)
+ TrM:/I o (I - rM,nAM) An+1 Xnt1

(© ) M-1
TrMI,\:I A (I - rMnAM) A Xn

(© ) M-1
TrMi/iI(PM (I - rM,nJrlAM) AnJrl Xn+1

Oy
_Tr(M,Inw o) (I M, n+1AM) A

n+1 Xn+1
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+ [ Tromeee) (1 AV

- rM,rH—lAM) nl Xnel

T ®rfm) (I - ”MnAM) An+1 n+1

"™n

+ “(I ”MnAM) An+1 e — (1= ”M,nAM) Ajy\f_lxn”

< lrM,n+1 - rM,nl T(®M,tpM)

"Mpn+1

(1 - ”Mn+1AM) An+1 n+1
rM,n+1

- (I - ”M,n+1AM) AM_lan

n+1
+ |rM,n+1 - rM,nl AMAn+1 n+l |
+ ' Acﬁ-—llxnﬂ - AIZI_lxn
= |rM,n+1 - TM,n|
| Janddin,|
+ ! Tiij :PM) (I - rM n+1AM) An+1 n+1
TMan+1
—(I- ”Mn+1AM) An+1 n+l ]
+ "An+1 Xnt1 A];1/I_lxn||

< l”M,n+1 - rM,n|

[ ||AMAn+1 Xn+1 ||

1
+—

(® )
T, P (I — T, n+1AM) An+1 n+l
TMp+1

"M+l

_(I rMn+1AM)An+1 Xn+1

+oet |rl,n+1 - rl,nl
x| [A,AL,,x
15 n+1"n+1

T ©Gup) (I -n n+1A ) AO

Tl n+1%n+1

)

+ [
T n+1

-(I- rl,n+1A1) A?’Hl'xm-l

0 0
+ “An+1xn+1 - Anxn“

. M
< MIZ |rk,n+1 - rk,nl + ”xn+1 - xn" >
k=1

(128)
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where M, > 0 is a constant such that for each n > 1

S 1
Z ["AkAnﬂxnﬂ | +
k=1 Tnt1
(I - rk,n+1Ak) Aljl;llxnﬂ (129)
(I T+l k)An+1xn+1 ] < My

Combining (123)-(128), we get

||Zn+1 - zn" -

< Sn+1

N l_ﬁnﬂ

ﬁn

"xn+1 - xn“

y ”V'xn+1 "

(#[FTv.|

+ " n+1Vn+1 — Tnvn”

Sn+1

1_ﬁn+

IA

N
+ n
1

_ﬁn

+ ||vn+1

Sn+1

l_ﬁn+

N
+ n
1

IN

_ﬁn

¥ [V

(4 |FT,v,|

V| + —
y ”V'xn+1||

(4 |FT, v,

+u "F +1Vn+1||
| +7[vx,])
- ”xn+1 - xn"

tu "F +1Vn+1||
|+ [Vx.|)
(5n+1 +s ) “er-l - xn”

+u "F +1Vn+1||

|+ [Vl

N
* MOZ |/""”+1 B Ai,n| + "un+1 - ”n"
i=1

4M

+ T (5n+1 + Sn) -

Sn+1

l_ﬁn+

N
+ n
1

IN

_:Bn

y ”V'xn+1 "

(4 |FT, v,

"xn+1 - xn“
+u "F +1Vn+1||

|+ [Vl

M

N
+ MOZ |/‘i,n+l - Ai,n| + Ml Z |rk,n+1 - rk,nl
i=1

+ "xn+1

Snt1

I- ﬁn-fl

N
+ n
1

_ﬁn

- x| +

[V

(u|[FT,v,|

k=1

4M
T (Sn+1 + Sn) - |lxn+1 - xn"

+ U "FTn+lvn+1")

|+ y[vx])
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N M
+ MOZ |/\i,n+1 - )‘i,nl + Ml Z Irk,n+1 ~ Tin
i=1 k=1

4M
+ T (Sn+1 + Sn) .

(130)
Thus, it follows from (130) and conditions (i)-(iv) that
lim sup (||Zn+1 - Zn" - "xn+1 - xn”) <0. (131)
n— oo
Hence, by Lemma 11 we have
,,ILH&) “zn - xn" =0. (132)
Consequently,
nli—>n3>o s = 2] = nli—>n(l>o (=B zn=xa] =0, (133)
and, by (126)-(128),
nll,néo "un+1 - un" =0,
lim V1 = v = 0, (134)

n— 00

lim [T,y — T,v,| = 0.

n— o0

Step 3. Let us show that ||AkAI;_1xn - Aipl — 0 and
IB;A" 'w, — Bipll — 0 forallk € {1,2,...,M}and i €
{1,2,...,N}.

Indeed, since

Xp+1 = Sn]/VXn + ﬁnxn + ((1 - ﬁn) I- Sn"lF) Tnvn’ (135)

we have
"xn - Tnvn" < ”xn - xn+1” + ”xn+1 - Tnvn“
< |xn = %piall + 50 |yVx, — wFT,v, | (136)
+ :Bn “xn - Tnvn" >
that is,
1
"xn - Tnvn" £ 1- ﬁ ”xn - xnﬂ”
" (137)
S
+ —— (y||Vx, | + ¢ |FT,v,) -

l_ﬁn

So, from's, — 0, |lx,,; — x,l — 0, and condition (ii), it
follows that

Jim_ %, = T,yv, || = 0. (138)
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Also, from (27) it follows that for alli € {1,2,...,N}and k €
{1,2,...,M}

v~ pIF = A, - pff
i 2
< “Anun - p“
= “]Ri:/\i,n (I - Ai,nBi) Airjlun
IR, (I-2i,B:) P"2
< “(I - Ai,nBi) Aiglun
- (I~ Ai,nBi) p ||2
< “Ai;lun - P||2 + Ai,n (/\i,n - 27’11')
x| B, ~ Bp
< “un - P"2 + Ai,n (Ai,n - 2’7i)
x| B, - Bp
< |x, - P"2 + Aip (Aiw = 211) (139)
i-1 2
X “BiAn U, — sz“ >
”un - P"2 = “Alzfxn - p”z
<[ A, - p||2

1O (1 - 1y, 4,) 85,
109 (11,80 |
< (= rwd) A5, = (1= A o
< 8570, = | + 1 (i — 200)
x |4a% x, - Agp|
< 1t = I + i (i — 26)
x |4eak x, - Agp|
Furthermore, utilizing Lemma 7, we deduce from (113) that

s = 2l
= |ls, (yVax, — uFp) + B, (x, = T,v,,)
+ (I - Sn["F) Tnvn - (I - SmuF) p”Z
< “ﬁn (xn - Tnvn) + (I - Sn["F) Tnvn - (I - SmuF) p”2

+ 2511 (nyn - Aqu’ Xn+1 ~ p)
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< (B ln = Tuvall + 10 = $,aF) T, = (1 = s,B) T, |1
+ 25, 9V, = uFp| %1 = p

< (Bl = Tovall + (1= 5,0) v = 2T’
+ 25, 9V, = uFp| %1 = p

= (1= 5,0) v = oI + Bl = T’
+2(1=5,7) By f[v = pll 0 = Tovil

+2s, [yVx, = uFp| |1 — Pl -
(140)

From (139)-(140), it follows that
"xn+1 - P”Z < "Vn - P"2 + ﬁﬁ”xn - Tnvnllz
+2 (1 - SnT) Bn "Vn - p" "xn - Tnvn”
+ 25, [lyVax, = uFp|| |01 - 2l
< "un - P"2 + Ai,n (/\i,n - 2’71’)
. 2
x "BiA'nlun - B,»p" + ﬁi”xn - Tnvn"2
+2 (1 - SnT) Bn "Vn - P" "xn - Tnvn"
+ 25, [lyVax, = uFp|| |01 - pll (141)
< "xn - p“z + Tkn (rk,n - 2Auk)
_ 2
x |Aal x, - Agp|
i-1 2
+ Ai (Ai = 213) ||BiAn Uy~ BiP"
+ Brllx, = T
+2 (1 - SnT) /371 "Vn - P" "xn - Tnvn"

+ zsn "YVXn - #FP" ||xn+1 - P" >

and so
Ten (24 = i) "AkAI;_lxn - AkP”Z
+ Ay (21— Ay,) |BAS s, — Bip|
< = PI* = I%er = 2l + Bills = Tl
+2(1=5,7) By v = pll % = T
+ 28, [yVae, = uFp|| %1 - P
< (o = 2l + e = 2l

(142)

x| = x| + Bl = Toval
+2 (1 - SnT) /3n "Vn - P" ”xn - Tnvn”

+ 25, [yVix, = uFp|l %1 = pll-
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Since {A; ,} C [a;,b] € (0,27;) and {ry .} € [er, fi] € (0,2)
foralli € {1,2,...,N}and k € {1,2,..., M}, by (133), (138),
and (142) we conclude immediately that

i 4,855, 4] o,
' (143)
lim "BiA’;lun - Bip" =0,

n— 00

forallk € {1,2,...,M}andi € {1,2,...,N}.

Step 4. Let us show that ||x,, — u,| — 0, [lu,, —v,| — 0,and
lv,-T,v,ll — O0Oasn — oo.

Indeed, by Proposition 1(iii) we obtain that for each k €
{1,2,..., M}

|, - ol

2
(O-pr) k-1 (O9)
Trk,,,k o (I - rk,nAk) An Xn — Trkmk o (I - rk,nAk) PH

< <(1 — i) A5 x, = (1= 1, Ar) pr A, — P>
= 2 (0= rpa0) 455, = (1= ) o]
+ ||Al:fzxn - p”Z - ”(I - rk,nAk) AI;_lxn
~(I=1e,Ar) p
-(%x-p)[)
< 3 (185, = ol + [, - o

e, - e, - (4851, - ),
(144)

which implies that

k 2 k-1 2
|Anxn_p|| < |An xn_p'l

k-1 k
- "An x, — A, x,

“Tkn (AkA]:lxn - AkP)"2
ol - e
- rlf,n "AkA];_lxn - Akp"2

k-1 k k-1
+21, <An x, — Nx,, AN x, — Akp>

k-1 2 k-1 k. |3
S|An xn—p” —|An x, — A, x,

+ 21, A5 x, = Al | [ AAY  x, - Agp|
<, - ol - 2% x, - A%,

+ 21, A5 x, = Al | [AkAY e, - Agp| .-
(145)



Abstract and Applied Analysis

Also, by Lemma 14, we obtain that for each i € {1,2,..., N}

; 2
A un—p"

= T, (1= 0iB) ALty = T, (1= A B) o

< ((I=2;,B)) A u, = (T- A,,B,) p, Ayu, — p)
(|| (1= A5,B) A, — (1= 1,,8,) p||
N =~ - AiB) A
—(I-AiB) p
o)
<5 (5w, p||2+||Azun—p||2

A, K, = A, (B, - Bp)[)

IN

% ("un - pllz + HAinun - pnz

A, K, - A (B, - B)[E),
(146)
which implies
[ = o] = s~ I
A ALty = A (B, ~ Bp)|
=l = I =, =
X B e, Bop|

+2X, (A, = A, BAT ', — Bip)

n> 1 n

< [ty = ol = 7 0, — |

20, A, = N[BT, - B
(147)

Thus, from (140), (145), and (147), we have
P—
< (1= 5,7 v, = P + Bl = Tl
+2(1=5,7) B, v = pll [0 ~ T
+ 25, |9V, uFp] [0es — £
= (1= 5,7 | AN, — o + B2lxs - Tva
+2(1=5,7) B v = pll [0 — T

+ 25, [ vV, = uFp|| %1 - P

< (1 - SnT)ZHAinun - p"2 + ﬁrzl“xn - Tflvnuz

<

<

<

<

+2 (1 - SnT) ﬁn “Vn - P“ “xn - Tnvn"
+ an "}IVXH - MFp” ”xnﬂ - P"
(1 - SnT)2 ["un - p”Z - “Air:lun - in n

+2), A%y,

- Ainun“
x| B, - Bip| |

+ Bl = Tl +2(1 = 5,7) B, v, -

x o, = Tyv|| + 25, [[yVx, = pFp |01 = P

(1= 5,) [|aMx, - o = 0w, - A |
+2M, AL, - A,
X3, - Bip]

+ Bl = Tl +2 (1= 5,7) B, v, -

% || = Tyvall + 25, YV, = uFp|| |01 = P

(1-s,7) [ A*

. . 2
i—1 i
= Ny

2
xn_p" -

i-1 i
= Nt

><||BA' Yu —Bp"]

1 n n

+ ﬁi"xn - Tnvrl”2 +2 (1 - SnT) Bn ”Vn - p”

x|l = Tava] + 25, IIVVx - ukp| lem -7l

(1= 5,7)" [, - ol -

+ Zrk,n

n x -

k-1
A, x, - A x,

n

x | Ak x, - Agp|

i-1

+21;, ”A’;lun - Ainun“
x| B, - Bip| |
+ ﬂﬁ"xn - Tnvn”
+2 (1 - SnT) :8n ”Vn - p“ “xn - Tnvn"
+ 2‘Sn ||van - nqu” ”xnﬂ - P"
[, = p||2 -(1- snT)ZHAI;_lxn - Al;xnn2

k-1 k
A, x, - A x,

n

+ Zrk,n

kAI;_lxn - AkP"

21
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= (1=, = A
+ 24, A%, = A | | BAT - Bip|
4 Ballxn = Tl +2(1 = 5,7) By v~ o
x ||, = Tyl + 25, vV, — uFp|| |01 = pl5
(148)
that is,
(1-s,0) [, - A |+ A, - N[
< [l = pl* = s = 2l
+ 21, AN x, - A, | |ArAY x, - Arp|
+ 20, AL, = A | | B, - Bip|
+Ballxu = T’
+2(1=5,7) B I~ ol %, T )

+25, [yVx, = uFp|| %1 - 2l
< (”xn - P" + ||xn+1 - P") "xn - xn+1"
+ 21, || A x, - A | AAY  x, - Agp|

i-1 i
+2A,, (A w, - A,

BA, ', - BiP"

+ ﬁrzl“xn - TnVn"2 +2 (1 - snT) ﬁn "Vn - P"
X ||xn - Tnvn” +2s, ||nyn - pr" ||anrl - p“ .
So, from s, — 0, (133), (138), and (143), we immediately get

nli_{IgO ' A';lun - Ainun =0, nli_)rr&) | A’;_Ixn - A’;xn =0,
(150)
foralli € {1,2,...,N}andk € {1,2,..., M}. Note that
||xn - un" = HA(an - Ajfxn
< HA(an - Alnxn" + "Alnxn - Aznxn"
+ 1t HAf’lxn - Alfxn' ,
(151)

0 N
AN, — N, u,

“”n - Vn" = ‘

0 1
< HA aln — N Uy,

+ HAlnun - Aznun“
+ot HAIZ_lun - AIZun" .
Thus, from (150) we have

lim |x, —u,| =0,

n— o0

,,ILI%O "un - Vn” =0. (152)

It is easy to see thatasn — oo

||xn - vn” < ||xn - un" + ||un - vn” — 0. (153)
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Also, observe that

||Tnvn - vn|| < ||T,,vn - xn“ + llxn - vn" . (154)
Hence, we have from (138)
nlLHéO “Tnvn - Vn” =0. (155)

Step 5. Let us show that lim sup,, _, . ((uF —yV)g,q9-x,,) <0,
where g € Q is the same as in Theorem 18; that is, g € Q
is a unique solution of VIP (50). To show this inequality, we
choose a subsequence {x, } of {x,} such that

lim sup ((uF - yV) q,q — x,,)

n— 00

(156)
= lim ((uF -yV) 4,9~ x,,).

Since {x,} is bounded, there exists a subsequence {x,, } of
ij

{x,,.} which converges weakly to w. Without loss of generality,
we may assume that x, — w. From Step 4, we have that

A’;ixni — w, A’Ziuni - w,u, — w,andv, — w, where
ke{l,2,...,M},me{l,2,...,N}. Sincev, - T,v, — 0by
Step 4, by the same arguments as in the proof of Theorem 18,
we get w € Q. Since g = Py (I — uF + yV)g, it follows that

lim sup ((uF = V) 4,q = x,) = lim ((uF ~V)q.q - x,,)

= ((WF -yV)q,q - w) <0.
(157)

Step 6. Let us show that lim,, _, . llx,, — gll = 0, where g € Q is
the same as in Theorem 18; that is, g € () is a unique solution
of VIP (50). From (113), we know that

Xn+e1 =9 = Sy (van - MFq) + ﬁn (Tnvn - q)
+ ((1 - ﬁn) I- smuF) Tnvn (158)
- ((1 - ﬁn) I- Sn[/lF) q.

Applying Lemmas 7 and 13 and noticing T,,q = q and |v, —
qll < llx,, — gll for all n > 1, we have

%1 = all’
= “:Bn (Tnvn - q) + ((1 - ﬁn) I- Sn["F) Tnvn
- ((1 - ﬁn) I- SmuF) q"2

+ 25, (YVx,, — uFq, X0 — q)
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< [ﬂn "Tnvn - q” + ”((1 - ﬂn) I- Sru“F) Tnvn
- ((1 - ﬂn)l - Sn[’lF) q" ]2
+ 25, (YVx, =YV %11 — )

+2s, (YVq — uFq, X0y — q)

= [ﬁn ”Tnvn - q" + (1 - ﬁn)

S N
I-—"—uF|Tv,—|(1-—"~uF|T,
< 1_[;"[4 > nvn < 1_[;"# > qu

+25, (YVx,, = YVq X0 — q)

X

]Z

+2s, (YVq - uFq, X,y — q)

<[Bul-al+ - (1- 125 Y b
+ 28, (YVx, = YV X011 — q)
+ 25, (YVq - uFq, X141 — )
= [Bullva=al + (1 = By = s7) v~ alll®
+ 28, (YVx, = YV X1 — )
+ 25, (YVq — uFq, X1 — )
< [Bullxu =gl + (1= By = 5,7) |, —all)?

+ 25, (YVx, = YV X1 — q)
+ 25, (YVq - uFq, X1 — q)
< (1= 5,7) s = all” + 25,01 %, — al
* | %par = qll + 25, YV — uFq, x,1 — 9)
< (1= 5,7) I = all” + 59 (s = al” + 2 —al”)

+25, (YVq - uFq, X, — q) -

(159)
This implies that
s = all’
1-21s, +7°s> +5,y] 2
LTty
2s
n _ F , _
T (YVq - uFq, X,y = q)
B 2(r—yl)s, ) TZSfL )
(12 Y - -l
¢ (Ve - uFgx,,, - q)
Y yvq - urg, X, —4q

1_n
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2(t -yl 2(t -yl
<[1- (T Y)Sn “xn_q"2+ (T )/)Sn
1-s,yl 1-s,yl
s, —
_—n M
X(z(r—w) :
1
e (#Fq—VVq,q—xm))
= (1 - Gn) "xn - q"2 + o'n(sn’
(160)

where M, = sup,,., llx, — ql*, o, = Q@ = yD/(A = s,y1))s,,5
and

2
T°s — 1
8, = "M Fq-yVg,q - . (6l
" el 2+T_VZ<M‘1 YWaq - %) (161)

From condition (i) and Step 5, it is easy to see that o, — 0,
Y20, = 00 and limsup, _, 8, < 0. Hence, by Lemma 10,
we conclude that x, — qasn — oo. This completes the
proof. O

Corollary 22. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ® be a bifunction
from C x C to R satisfying (Al)-(A4) and let ¢ : C — R U
{+00} be a proper lower semicontinuous and convex function.
Let R, : C — 2" be a maximal monotone mapping and let
A:H — HandB,; : C — H be(-inverse-strongly monotone
and n;-inverse-strongly monotone, respectively, fori = 1,2. Let
F : H — H be a k-Lipschitzian and n-strongly monotone
operator with positive constantsx,n > 0. LetV: H — H bean
I-Lipschitzian mapping with constant1 > 0. Let 0 < u < 21/x”

and 0 < yl < 7, where T = 1 — |1 — u(2n — px?). Assume that

Q = GMEP(®, ¢, A) N I(B,,R,) N I(B,, R,) N T #0 and that
either (B1) or (B2) holds. For arbitrarily given x, € H, let {x,}
be a sequence generated by

O (uy, y) + ¢ (¥) — 9 (u,) + (Ax,, y —u,)

1
+—(y-upu,—x,) >0, VyeC,

Tn

162
Vn = ]RZ’AZ,n (I - A2,;/132) ]Rl,)tl,n (I - Al,nBl) Uy 162)
Xn+1 = Snyvxn + ﬁnxn + ((1 - :Bn) I- SmblF) Tnvn’
Vn>1,
where Po(I-A,Vf) = s, I1+(1-s,)T, (here T, is nonexpansive

ands, = (2-A,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) for each A, € (0,2/L), and lim s

n—ootn

0 (& lim,_, A, =2/L);

(i) {8, < (0,1) and 0 < liminf, B, <
limsup, _, B, < 1L

(iii) {A;,,} ¢ [a;, b] € (0,21;) andlim,, | |A;, 1 =A;,l =0

fori=1,2;
(iv) {r,} c [e, f1 € (0,20) and lim,, _, |7, — 1| = O.



24

Then {x,} converges stronglyas A, — 2/L (&'s, — 0)toa
point q € Q, which is a unique solution of VIP (110).

Corollary 23. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C — R be a convex functional
with L-Lipschitz continuous gradient Vf. Let ® be a bifunction
from CxC to R satisfying (Al)-(A4) andlet ¢ : C — RU{+0c0}
be a proper lower semicontinuous and convex function. Let
R : C — 2" be a maximal monotone mapping and let
A: H — Hand B : C — H be {-inverse-strongly
monotone and &E-inverse-strongly monotone, respectively. Let
F : H — H be a x-Lipschitzian and n-strongly monotone
operator with positive constantsk,n > 0. LetV: H — H bean
I-Lipschitzian mapping with constant 1 > 0. Let 0 < u < 217/x”
and 0 < yl < 7, where T = 1 — \|1 — u(2n — px?). Assume that
Q := GMEP(O, ¢, A) N I(B,R) N T # 0 and that either (BI) or
(B2) holds. For arbitrarily given x, € H, let {x,} be a sequence
generated by

O (uy, y) + 9 (¥) — 9 (u,) + (Ax,, y —u,)

+l<y—un,un—xn> >0, VyeC,
r

n

Xn+1 = Snnyn + ﬁnxn

+((1 - ﬁn) I- SnMF)Tn]R,pn(un - PnBun)’ Vn 21,

(163)

where Po(I - A, Vf) = s,I+(1-s,)T, (here T, is nonexpansive
ands, = (2-1,L)/4 € (0,1/2) foreach A, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) for each A,, € (0,2/L), and lim,, , s,
0 (& lim,_, A, = 2/L);
(i) {B,} < (0,1) and 0 <
limsup, , B, <L
(iii) {p,} € [a,b] C (0,2&) and lim,,_, ,|pys1 — Pul = 0;
(iv) {r,} < [e, f1 € (0,20) and lim,,_, o |7,y — 7l = O.

lim inf

IN

n—>oo/5n

Then {x,} converges strongly as A, — 2/L (&'s, — 0)toa
point q € Q, which is a unique solution of VIP (112).
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1. Introduction

Let H be a real Hilbert space with inner product {,-) and
norm | - ||. Let C be a nonempty closed convex subset of H,
and let Proj. be a nearest point projection of H into C; that is,
for x € H, Proj.x is the unique point in C with the property
x — Projx| := inf{llx — y| : y € C}. It is well known that
y=Projoxiff (x - y,y-2z) 20forallz € C.

Let f be a bifunction from C x C into R, such that
f(x,x) = 0 for all x € C. Consider the Fan inequality [1]:
find a point x* € C such that

fx"y) 20,

where f(x,-) is convex and subdifferentiable on C for every
x € C. The set of solutions of this problem is denoted by
Sol(f,C). In fact, the Fan inequality can be formulated as
an equilibrium problem. Such problems arise frequently in
mathematics, physics, engineering, game theory, transporta-
tion, economics, and network. Due to importance of the
solutions of such problems, many researchers are working
in this area and studying the existence of the solutions of
such problems; for example, see, [2-4]. Further, if f(x,y) =
(Fx, y — x) for every x, y € C, where F is a mapping from C

VyeC, @

into H, then the Fan inequality problem (equilibrium prob-
lem) becomes the classical variational inequality problem
which is formulated as finding a point x* € C such that

(Fx",y-x")> VyeC. (2)

Variational inequalities were introduced and studied by
Stampacchia [5]. It is well known that this area covers
many branches of mathematics, such as partial differential
equations, optimal control, optimization, mathematical pro-
gramming, mechanics, and finance; see [6-11].

Here we recall some useful notions.

A mapping T : C — H is said to be L-Lipschitz on C if
there exists a constant L > 0 such that for each x, y € C,

ITx=Ty] < Lx =] (3)

In particular, if L € [0, 1[, then T is called a contraction on C;
if L = 1, then T is called a nonexpansive mapping on C. The
set of fixed points of T' is denoted by F(T).

Afamily T = {T'(s) : 0 < s < 0o} of mappings ona closed
convex subset C of a Hilbert space H is called a nonexpansive
semigroup if it satisfies the following: (i) T(0)x = x for all
x € C;(ii) T(s+t) = T(s)T(t) forall s, > 0; (iii) for all x € C,



s — T(s)x is continuous; (iv) [T(s)x — T(s)yll < llx — y| for
allx,y e Cands > 0.

We use F(J) to denote the common fixed point set of the
semigroup J; thatis, F(7) = {x € C : T(s)x = x,Vs >
0}. It is well known that F(9) is closed and convex [12].
A nonexpansive semigroup J on C is said to be uniformly
asymptotically regular (in short, u.a.r.) on Cif forallh > 0
and any bounded subset B of C,

tlirlgosug IT (h) (T (t)x) - T (t) x| = 0. (4)

X€E
For each h > 0, define 0,(x) = (1/t) f; T(s)xds. Then
tlim sup | T (h) (0, (x)) — 0, (x)| = 0, (5)
O xeB

Provided that B is closed bounded convex subset of C. It is
known that the set {o,(x) : t > 0} is a u.a.r. nonexpansive
semigroup; see [13]. The other examples of u.a.r. operator
semigroup can be found in [14].

A bifunction f : Cx C — R is said to be (i) strongly
monotone on C with a > 0if f(x, y) + f(y,x) < —afx - y||2,
Vx, y € C; (ii) monotone on Cif f(x, y)+ f(y,x) <0,Vx, y €
G; (iii) pseudomonotoneon Cif f(x,y) > 0= f(y,x) <0,
Vx, y € C; (iv) Lipschitz-type continuous on C with constants
¢ >0andc, > 0if f(x,y) + f(3,2) = f(x,2) — ¢ llx - ylI* -
olly - z|%, Vx, y,z € C.

Note that if T is L-Lipschitz on C, then for each x, y €
C, the function f(x,y) = (Fx,y — x) is a Lipschitz-type
continuous with constants ¢, = ¢, = L/2.

An operator A on H is called strongly positive if there is a
constant y > 0 such that

(Ax,x) = ¥llx|>, Vx e H. (6)

Recently, iterative methods for nonexpansive mappings
have been applied to solve convex minimization problems.
In [15], Xu defined an iterative sequence {x,} in C which
converges strongly to the unique solution of the minimization
problem under some suitable conditions. A well-known
typical problem is to minimize a quadratic function over the
set of fixed points of a nonexpansive mapping T on a real
Hilbert space H:

1
xg}}(r%)z (Ax, x) — (x,b), (7)

where b is a given point in H and A is strongly positive
operator.

For solving the variational inequality problem, Marino
and Xu [16] introduced the following general iterative process
for nonexpansive mapping T based on the viscosity approxi-
mation method (see [17]):

Xpir = ayyh(x,) + (I - a,A)Tx,, Vn>0, (8)
where A is strongly positive bounded linear operator on H,
h is contraction on H, and {a,} c ]0, 1[. They proved that,
under some appropriate conditions on the parameters, the
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sequence {x,} generated by (8) converges strongly to the
unique solution x* € F(T) of the variational inequality

((A-yh)x",x-x") >0, VxeF(T), 9)
which is the optimality condition for the minimization
problem

1
xlg}:l(l%)z <Ax) x) - g (X) > (10)

where g is a potential function for yh (i.e., g'(x) = yh(x),
Vx € H).

Iterative process for approximating common fixed points
of a nonexpansive semigroup has been investigated by various
authors (see [13, 14, 18-21]). Recently, Li et al. [19] introduced
the following iterative procedure for the approximation of
common fixed points of a nonexpansive semigroup J =
{T'(s) : 0 < s < 00} on a closed convex subset C of a Hilbert
space H:

x, = a,yh(x,) + (I - a, A) sl Ln T(s)x,ds, n>1, (11)

where A is a strongly positive bounded linear operator on
H and h is a contraction on C. Imposing some appropriate
conditions on the parameters, they proved that the iterative
sequence {x,} generated by (11) converges strongly to the
unique solution x* € F(J) of the variational inequality
((yh- A)x*,z-x") <0,Yz € F(T).

For obtaining a common element of Sol( f, C) and the set
of fixed points of a nonexpansive mapping 7T, S. Takahashi
and W. Takahashi [9] first introduced an iterative scheme by
the viscosity approximation method. They proved that under
certain conditions the iterative sequences converge strongly
t0 2 = Proj p)nsol( f,c)(h(z)).

During last few years, iterative algorithms for finding a
common element of the set of solutions of Fan inequality and
the set of fixed points of nonexpansive mappings in a real
Hilbert space have been studied by many authors (see, e.g.,
(2, 4, 22-28]). Recently, Anh [22] studied the existence of a
common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of Fan inequality for
monotone and Lipschitz-type continuous bifunctions. He
introduced the following new iterative process:

w,, = argmin {/\nf (x,w) + %“w x| we C} ,

. 1 2
2 =argmin {1,f (w2) + 3le - iz ech

Xn+1 = “nh (xn) + ﬁnxn T Vn (#S (xn) + (1 - [4) Zn) >
Vn >0,

where p €]0, 1[, C is nonempty, closed convex subset of a real
Hilbert space H, f is monotone, continuous, and Lipschitz-
type continuous bifunction, h is self-contraction on C with
constant k €]0, 1[, and S is self nonexpansive mapping on
C. He proved that, under some appropriate conditions over
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positive sequences {e,}, {8,}, {y,}, and {A,}, the sequences
{x,}, {w,}, and {z,;} converge strongly to g € F(S) N Sol( f,C)
which is a solution of the variational inequality ((I — h)q, x —
q) = 0,Vx € F(S) N Sol(f,C).

In this paper, we introduce a new iterative scheme based
on the viscosity method and study the existence of a common
element of the set of solutions of equilibrium problems for
a family of monotone, Lipschitz-type continuous mappings
and the sets of fixed points of two nonexpansive semigroups
in a real Hilbert space. We establish strong convergence
theorems of the new iterative scheme for the solution of
the variational inequality problem which is the optimality
condition for the minimization problem. Our results improve
and generalize the corresponding recent results of Anh [22],
Cianciaruso et al. [18], and many others.

2. Preliminaries

In this section we collect some lemmas which are crucial for
the proofs of our results.

Let {x,} be a sequence in H and x € H. In the sequel,
x, — x denotes that {x,,} weakly converges to x and x,, — x
denotes that {x, } weakly converges to x.

Lemma 1. Let H be a real Hilbert space. Then the following
inequality holds:

lx+y|” <lxl>+2(px+y), Vx,yeH (13

Lemma 2 (see [15]). Assume that {a,} is a sequence of
nonnegative real numbers such that

Gpyp S (1 - ﬂn) a, + ’7n8n’ nz0, (14)
where {1, } is a sequence in 0, 1[ and J,, is a sequence in R such
that

(1) z;)il n, = 00,
(i) limsup,, _, .8, < 0 0r Y02 [17,,8,,] < 0.

Then lim,,_, .a, = 0.
Lemma 3 (see [16]). Let A be a strongly positive linear
bounded self-adjoint operator on H with coefficienty > 0 and

0<p<|Al™. Then |IT - pAl <1-p 7.

Lemma 4 (see [29]). Let H be a Hilbert space and x; € H,
(1 <i < m). Then for any given {A;}, 10, 1[ with Y2 A; =
1 and for any positive integer k, j with 1 < k < j <m,

m
QA%
i=1

Lemma 5 (see [30]). Let {t,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such that t, <
ty for all i € N. Then there exists a nondecreasing sequence
{t(n)} < N such that T(n) — oo and the following properties
are satisfied by all (sufficiently large) numbers n € N:

2 m
Y Y e )
i=1

t‘r(n) < t‘r(n)+1’ tn < t‘r(n)+1' (16)

In fact
7(n) =max{k <n:t; <tp,}. (17)

Lemma 6 (see [2]). Let C be a nonempty closed convex subset
of a real Hilbert space H and let f : CxC — R be
a pseudomonotone and Lipschitz-type continuous bifunction
with constants ¢;,c, > 0. For each x € C, let f(x,-) be convex
and subdifferentiable on C. Let x, € C and let {x,}, {z,}, and
{w,} be sequences generated by

n

w, = argmin {)Lnf (x,, w) + %"w —x| iwe C} ,

(18)
z, = argmin {A,,f (w,,2) + %”z —x,|’ iz e C} :
Then for each x* € Sol(f,C),
low =" < lpw =" = (1= 20, &) |,
(19)

(-2, ) fuw, -z vno.

3. Main Results

In this section, we prove the main strong convergence result
which solves the problem of finding a common element
of three sets F(J), F(S), and Sol(f;,C) for finite family
of monotone, continuous, and Lipschitz-type continuous
bifunctions f; in a real Hilbert space H.

Theorem 7. Let C be a nonempty closed convex subset of a real
Hilbert space H and let f; : CxC — R (i = 1,2,...,m)
be a finite family of monotone, continuous, and Lipschitz-
type continuous bifunctions with constants c,; and c,;. Let
T ={Tw) : u>0tand § = {S(u) : u = 0} be two
u.a.r. nonexpansive self-mapping semigroups on C such that
Q = N2, Sol(f;,C) N F(T)(F(S) #0. Assume that h is a
k-contraction self-mapping of C and A is a strongly positive
bounded linear self-adjoint operator on H with coefficient y <
land 0 < y < y/k. Let x, € C and let {x,}, {w, ;}, and {z, ;}
be sequences generated by

w,; = argmin {An,ifi (xpw) + %"w —x,| iwe C} ,

n,i

ie{l,2,...,m},

. 1
Z,; = argmin {/\n),»fi (w,;»2) + Euz - xn"2 1z € C} ,

ie{l,2,...,m},

yn = ‘ann + Z:Bn,izn,i + YnT (tn) Xn + ﬂns (tn) Xn>

i=1

X+l = enyh (xn) + (I - enA) Yo Vn >0,

(20)



where a, + Z:ﬁl ﬁn,i TVt = 1 and {tn}’ {“n}’ {ﬁn,i}’ {Vn}’
{1} (A}, and {0, } satisfy the following conditions:

(i) lim,, _, o t, = 0o,
(i) {6,} <10, 1[, lim, _, .6, = 0, and ¥.°, 6, = 0o,

(iii) {A,;} € [a,b] c]0,1/L[, where L =max{2¢ ;,2¢,;, 1 <
i <m),

(i) {a, 1, {Bih (v i} € 10,1, liminf, o, B,; > 0,
liminf,e,y, > 0, liminf,ay, > 0, and
liminf, B, (1 -2, ; ¢;;) >0 foreach 1 <i <m.

Then, the sequence {x,} converges strongly to x* €
N, Sol(f;,C) N E(T)(F(S) which solves the variational
inequality:

((A-yh)x*,x-x") >0, VxeQ. (21)

Proof. Since F(9), F(S), and Sol(f;,C) are closed and
convex, Proj, is well-defined. We claim that Proj, (I - A+yh)
is a contraction from C into itself. Indeed, for each x, y € C,
we have

|Proj, (I A+ yh) (x) - Projg, (I - A+ yh) (y)]
< (1= A+yh) () - (I - A+yh) ()|
<|T-A)x-I-A)y|+y|hx-hy| (22)
< (1=7) |x =y + vk |x - ¥
<= -yk)|x-l-

Therefore, by the Banach contraction principle, there
exists a unique element x* € C such that x™ = Proj,(I - A +
yh)x*. We show that {x,} is bounded. Since lim,, _, ..,0,, = 0,
we can assume, with no loss of generality, that 8, € (0, lAI™,
for all n > 0. By Lemma 6, for each 1 < i < m, we have

2 =*"1 < Jn =71 (23)
This implies that

Iy =7l

Xy + Zﬁn,izn,i + ynT (tn) Xy ’7n5 (tn) Xn — x"

i=1

<

m
< &y "xn - x*" + Zﬁn,i "Zn,i - x*”
i=1
+ Vu “T (tn) Xy — x* || + 17, "S (tn) Xn— x*"
m
< aty [, = x| + Y B lxn = |
i=1
T Vn “xn - x*“ 1, "xn - x*”

= [ ="1-
(24)
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It follows from Lemma 3 that

[N

= 6, (vh (x,) - Ax") + (I - 6,A) (y, - x")|

<0, [yh (x,) - Ax"| + |1 - 6,4] |y, - x7]

< 0, [yh (x,) - Ax"|| + (1 - 6,7) |x, - x7|

< 0,y |1 (x,) - B (x| +6, Jyh (x") - Ax7|
+(1-6,9) |x, - 7|

< Ok |x, — x7[ + 6, |yh (x7) - Ax7]|
+(1-0,) |x, - x|

< (1-6,(y - yk)) |x, = x| + 6, [yh (x) - Ax"|

= (1 - en (?_ yk)) ”xn - x*"

_ lyh (x*) - Ax™||
10, (F—yk) XA
(v - vk) —
o lyhx™ = dx*| }
<max{|x,- x|, ——¢t.
fl -y =2

(25)

This implies that {x,} is bounded and so are {z,;}, {h(x,)},
{T'(t,)x,}, and {S(t,)x,}. Next, we show that lim, , [x, —
T(t,)x,|l =lim, _, . lx, — S(t,)x,| = 0. Indeed, by Lemma 6,
for each 1 < i < m, we have

Iz = %" < s = 277 = (1 = 2A,50,) %, = w1
) (26)
—(1-21,,6,) [[wn; = 2]

Applying Lemma 4 and inequality (26) for k € {1,2,...,m}
we have that

Iy, - I
2

ax, + z  +v.T(t)x, +1n.S(t)x, —x°
nvn Zﬁn,z n,i Yn (n) nt nl *n

i=1

m
< “n”xn - x*"2 + Z/)’n,i”Zn,i -x" "2
i=1

1l T () X = X |° + 718 (£) %, — 57
_ (Xnﬁn,k"xn - Zn,k||2 _ (xnyn“xn -T (tn) xn“Z

- ‘xnnn”xn =S (tn) xn”2
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<ol -+ iﬁn,iuxn e A
bl = 2 - Bl - 2l
= B (1 =24, 4) [|x, - wn,k”Z
— gl = T ) 5l = ol = S (6) 5,
=[x, - X*“z = Bk (L =22, 56 4) %, - wn,k“z
= &, Brllxn - Zn,k"2 —a,ylx, - T(t,) xn||2

- ‘xnrln”xn =S (tn) anZ‘

(27)
We now compute
% = %I
= 6, (vh (x,) = Ax") + (1= 6,4) (3, - x")|
<O llyh (x,) - A+ (1-6,9) 3, - x|
+20, (1-0,7) [yh (x,) = Ax™[ |y = x7|

<@l (x,) - Ax"|" + (1-6,9) %, - x|

(28)

+20,, (1-60,7) [yh (x,) = Ax"|| |, - x|
— (1= 0,7)Bux (1 = 22, 01) % = wis]®
— (1= 0,7 @Bl — 2l
= (1= 0,9 @ yllx, = T (8,) %,
— (1= 0,7 ol — S (8,) x, -
Therefore,
(1= 0,7) Bl =z’
< | = x| = s — x| + 26, (1-6,7)

x |yh (x,) - Ax™||||x, — x*|| + Oi”yh (x,) - Ax™ ||2
(29)

In order to prove that x, — x* asn — 00, we consider the
following two cases. O

Case 1. Assume that {||x, — x*||} is a monotone sequence.
In other words, for large enough ny, {llx, — x"[I},,, is
either nondecreasing or nonincreasing. Since {|x,, — x*||} is
bounded, it is convergent. Since lim 0, = 0 and {h(x,)}

n—-oo-"n

and {x,} are bounded, from (29), we have
nlglgo(l - en?)z‘xnﬁn,k"xn - zn,k"2 =0, (30)
and by assumption we get

nleréo ||x,, - zn,k“ =0, l1<k<m. (31)

By similar argument we can obtain that

lim |x, - w,,| = lim |x, =T (t,) x,|

e e (32)
= lim [x, =S (t,)x,] = 0.
Further, for all 1 > 0 and n > 0, we see that
I, = T () x|
< [l =T () %l + T (1) 2, = T (W) T (£,) x, |
+ T W) T (1) %, = T (h) x| (33)
< 2|x, = T (t,) x|

+ sup "T (tn) Xn — T(hT (tn) xn“ .

x€{x,}
Since {T'(t)} is wuw.ar nonexpansive semigroup and
lim, _, t, = 0o, we have
Jim |, = T (h) x,,|| = 0. (34)

Similarly, for all 4 > 0 and n > 0, we obtain that
Jim |x, =S (B) x,| = 0. (35)
Next, we show that

lim sup ((A - yh) x",x" - x,) <0. (36)

To show this inequality, we choose a subsequence {x,, } of {x,}
such that

lim <(A —yh)x*, x* - xni>
(37)
=limsup ((A - yph) x", x" - x,,) .

n—00

Since {x,,} is bounded, there exists a subsequence {x,, } of
: i

{xni} which converges weakly to X. Without loss of generality,
we can assume that X, = X. Consider

%, - T <

xnj -T (t) xnj

+ ”T (t)x,, T (t) 55”

< 1%, = T (t) X ||+ || X, —9?”
(38)
Thus, we have
lim sup "xni -T(t) 55" < lim sup “xni - 3?“ . (39)
n— 0o n— 00

By the Opial property of the Hilbert space H we obtain
T(t)x = X for all t > 0. Similarly we have that S(t))X = X
for all + > 0. This implies that X € F(J)[)F(S). Now we
show that X € Sol(f;,C). For each 1 < i < m, since f;(x,") is
convex on C for each x € C, we see that

1
w,; = argmin {/\n)i fi (% y) + E"y - xn"2 ty€ C} (40)



if and only if

)+ Ng(w,;), (41)

0€2, (4, () + by =)

where N (x) is the (outward) normal cone of C at x € C. This
follows that

0=Av+w,; —x,+u, (42)

where v € 0, f;(x,, w,;) and u, € No(w,;). By the definition
of the normal cone N we have

<wn,i XY~ wn,i> = An,i <V’ Wy — y> > Vy € C. (43)

Since f;(x,,-) is subdifferentiable on C, by the well-known
Moreau-Rockafellar theorem [31] (also see [6]), for v €
0, fi(x,, w,;), we have

fi (xn’ )/) - fz ('xn’ wn,i) = <V’ Y- wn,i> > V)’ eC. (44)

Combining this with (43), we have

/\n,i (fz (xn’ y) - fz (xn’

wn,i)) 2 <wn,i T X Wy — y) >

In particular, we have

Mo (Fi (%) = i (0 05)) 2 (s = %= ).

Vy e C.

(46)

Since x, — X, it follows from (32) that W, = X. And thus
we have

fi(xy)=0, VyeC. (47)

This implies that X € Sol(f;, C) and hence X € Q. Since x* =
Proj,(I — A+ yh)x* and X € Q, we have

lim sup ((A — yh) x*, x" - x,,)
= lim ((A-yh)x",x" - x, ) (48)

={(A-yh)x",x" -X) <0.
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From Lemma 1, it follows that

s = %I
< |(1-6,4) (3, - x|’
+ 29?1 <yh (xn) - AX*’ Xn+1 ~ X*>

< (1-6,9) %, - x|
+ 20ny <h (xn) ~h (x ) Xpy1 — % >
+20,, (yh (x") = Ax", x4y — %)

< (1-60,7) %, - x*|* + 26,ky ||, = x| [ per = %7
+20, (yh(x") = Ax", x4 — x7)

< (1-6,9)[x, - x|
+0,ky (||x,, - x*"2 + s — x*||2)
+20, (yh(x") -

n+l — x*>

<((1- 0,7) + 0,ky) |x, - x* I

Ax", x

+0,yk||x,y — x ”2 +20, (yh(x") = Ax", x4 —x7).
(49)
This implies that
s =7

1-20,y+ (9,1?)2 + 0,7k
1-0,yk

e ==

20,
n ]’1 LAY
e )

_(,_2G-vk)6, . 67 >
(1 M - (g,

20,
n ]’1 *\
o )

Z(V_Vk)en * |12
< (1 W ||Xn X " +

§ ( (envz)M

2(-9K)

* *
AX", Xy = X7)

* *
AX", Xy = X7)

2 (7 B yk) Gn
1-0,yk

o )—Ax*,xnﬂ—xw)
= (1 - ’771) "xn -x" ”2 + nn8n>
(50)
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where
M=sup{||xn—x*||2:n20}, qn=%,
8, = (GHVZ)M (yhx™ = Ax", x, — x7)
"T2G-k) 7o Vk N
(51)
It is easy to see that , — 0, Y 2,7, = o0, and

limsup, _, 0, < 0. Hence, by Lemma 2 the sequence {x,}
converges strongly to x*. From (32) we have that {w,;} and
{z,,;} converge strongly to x™.

Case 2. Assume that {||x,, — x"||} is not a monotone sequence.
Then, we can define an integer sequence {r(n)} for all n > n,
(for some large enough #,) by

7(n) :==max{k e N,k <n:|x, — x| < xpey — x|}

Clearly, 7 is a nondecreasing sequence such that 7(n) — oo
asn — 00, and for all n > n,,

”xr(n X*“ < ||x-r(n)+1 - x*"' (53)
From (33) we obtain that

= lim [x,

= lim_ “xf(n -T (tTn) xT(")“ =0.
(54)

lim ||x

n— 00 T(n) wT(Vl),i”

T(n) — rn)z

Following an argument similar to that in Case 1 we have

2 2
”x‘r(n)+1 - x*" < (1 - nr(n)) ”x‘r(n) -x" n T Me(n) r(n)’ (55)
where 7,y = 0, X2 #,) = 00, and limsup,, _, ,8,(,) < 0.
Hence, by Lemma 2, we obtain lim,, _, [l — ™| = 0 and
lim,, , 1%, (4 — %" [ = 0. Now Lemma 5 implies that
0 < [lx, =" < max {fxegy = x". 0 = 2"}
. (56)
< "xT(n X ”
Therefore, {x,} converges strongly to x*
yh)x™. This completes the proof.

= Proj,(I - A +

4. Application

In this section, we consider a particular Fan inequality
corresponding to the function f defined by the following: for
every x,y € C

f(xy)=(F(x),y-x), (57)

where F : C — H. Then, we obtain the classical variational
inequality as follows.

Find z € C suchthat (F(z),y-z) >0, VyeC. (58)

The set of solutions of this problem is denoted by VI(F, C).
In that particular case, the solution y, of the minimization
problem

argmin {An f(x,y)+ %”y —x,| i ye C} (59)
can be expressed as
Yn =P (xn - AnF (xn)) : (60)

Let F be L-Lipschitz continuous on C. Then

fxy)+f(rhz)-f(xz)=(F(x)-F(y),y-z), )
x, y,z € C.
Therefore,
[(F(x)=F(y),y-2)| <L|x-y| |y -2
62)

L
< S (= +ly-=l)

hence, f satisfies Lipschitz-type continuous condition with
q=¢=1LJ2.

Using Theorem 7 we obtain the following convergence
theorem.

Theorem 8. Let C be a nonempty closed convex subset of
a real Hilbert space H and let F, C - H(@G =
1,2,...,m) be functions such that, for each 1 < i < m,
F; is monotone and L-Lipschitz continuous on C. Let I =
{T(u) u > 0and § = {S(u u > 0} be two
u.a.r. nonexpansive self-mapping semigroups on C such that
Q =N, VI(E, C)(F(T) (| F(S) # 0. Assume that h is a k-
contraction of C into itself and A is a strongly positive bounded
linear self-adjoint operator on H with coefficient y < 1 and
0 <y < ylk Let x, € Cand let {x,}, {w,;}, and {z,;} be
sequences generated by

wn,i:PC(xn nz z(x ))’

Zn,i =PC(xn_ n,i z(wnz))

ie{l,2,...,m},

ie{l,2,...,m},
" (63)

Vn = O Xy + Zﬁn,izn,i + YnT (tn) Xy qns (tn) Xn

i=1

Xn+1 = Onyh (xn) + (I - enA) Y

where o, + Y B+ Y, + 1, = Land {0}, {B,} yva) (1.
A} and {0, )} satisfy the following conditions:

Vn=>0,

(i) lim,, _, o t, = 00,

(i) {6,} 10,1, lim,,_, .6, = 0, and Y2, 6,

(iii) {1} € [a,b] € 10,1/L[

(i) {1, {Bib v} i) € 10,1, liminf, «, B,; > 0,
liminf, &y, > O, liminf,&,n, > 0, and

liminf, 3, ;(1 -2, ;c;) >0 foreach1 <i<m.

Then, the sequence {x,} converges strongly to x* €
i, VI(E, C) (F(T) ( F(S) which solves the variational
inequality

((A-yh)x",x-x") >0, VxeQ. (64)



In [32], Baillon proved a strong mean convergence the-
orem for nonexpansive mappings, and it was generalized
in [33]. It follows from the above proof that Theorems 7 is
valid for nonexpansive mappings. Thus, we have the following
mean ergodic theorems for nonexpansive mappings in a
Hilbert space.

Theorem 9. Let C be a nonempty closed convex subset of
a real Hilbert space H and let F, C - H(@G =
1,2,...,m) be functions such that for each 1 < i <
m, F; is monotone and L-Lipschitz continuous on C. Let
T and S be two nonexpansive mappings on C such that
Q = (2, VI(F,,C)(F(T) (N F(S) # 0. Assume that h is a k-
contraction of C into itself and A is a strongly positive bounded
linear self-adjoint operator on H with coefficient y < 1 and
0 <y <y/k. Let {x,}, {w,;}, and {z,;} be sequences generated
by x, € C and by

ief{l,2,...,m},

w,; = Pg (%, = AiF; (x,)) >

2, = Po(x, = AiF (w,;)), i€f{l,2,....m},

m ., ., (65)
Yn = Xy + Zﬁn,izn,i + ynT X, + nns Xn>
i=1

Xp = 0,70 (x,) + (I-6,A) y,, Yn>0,

Where “n + Z:zl /311,1' + Yn + ’7n =1 and {(xn}’ {ﬁn,i}’ {Yn}’ {ﬂn}’
{Ani} and {0,} satisfy the following conditions:

(i) 16,,} 10,1, lim,,_, .6, = 0, and Y o2, 6, = oo,
(i) {A,.;} < [a,b] € ]0,1/L[, where L = max{2c;, 2¢,;,
1<i<m}

(111) {‘xn}) {,Bn,i}: {yn}) {nn} C ]0) 1[: hm infn“nﬁn,j > 0)
liminf,«,y, > O, liminf,&,y, > 0, and
liminf, 3, (1 -2, ; ¢;;) >0 foreach 1 <i <m.

Then, the sequence {x,} converges strongly to x* €
N, VI(E, C)(F(T) (| F(S) which solves the variational
inequality

((A-yh)x*,x-x") >0, VxeQ. (66)
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