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�anks to the availability of high-performance computers,
in the last few years, Computational Fluid Dynamics (CFD)
has been widely applied to simulate natural hazards in the
field of environmental and civil engineering [1]. In order to
explore different risk scenarios and potential risk-reduc-
tion options and to address hazard related uncertainty, the
development of numerical models represents an important
task in supporting emergency response agencies, water
resource managers, insurance companies, and other de-
cision-makers [2]. �e application purpose of CFD mod-
eling requires contextual attention to the output variables
of predictive interest and their time and space scales, the
level of accuracy required considering eventually real-time
data assimilation, and computational efficiency demands
[3, 4].

�e main aim of this special issue is to highlight the
most recent advances in CFD modeling and its application
related to water-related natural hazards and discusses fu-
ture directions. Special focus is devoted to the modeling,
handling of uncertainty, and the applications related to
relevant natural hazard problems of practical and theo-
retical interest. A brief summary of all accepted papers is
provided below.

In the paper by Y. Shi et al., they have investigated,
through the numerical CFD test, the influence of bed surface

roughness on the flow structure in an open channel. In
particular, they have developed a CFD meshless method,
such as a weakly compressible smoothed particle hydro-
dynamics (WCSPH) [5], for open-channel turbulence
simulation. �e proposed rough bed model is based on the
ghost boundary particles (GBPs) [6]; it uses wall function for
a small-scale rough boundary. �e results outperform the
traditional mixed-length-based subparticle scale (SPS) tur-
bulence model [7] by obtaining small numerical errors in the
mainstream and near-surface region but it is found that
errors varied widely for the inner region; the authors showed
that the latter error is positively correlated with the channel
bed slope and the equivalent roughness. On the basis of these
results, the study proposes empirical formulae to calculate
the ghost particle velocity under different hydraulic con-
ditions using data mining.

C. Zhen et al. have investigated the fatigue failure for
trimaran ship, which is actually considered as a good al-
ternative to monohulls in high-speed transportation and in
naval applications [8]. In particular, they have presented a
simplified fatigue analysis of trimaran cross-deck structure
based on three-dimensional (3D) linear potential flow
theory and global finite element (FE) analysis for wave loads
and stress transfer functions calculation; at the same time, a
stochastic spectral fatigue analysis is carried out considering
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the weighted wave heading factors. �en, the authors have
demonstrated the application of the proposed method by
simulating the fatigue lives of a few hot spots. �e outcome
of the study is to extend Lloyd’s Register Rules guideline [9]
for the structural design of these types of ships adding more
specifications on the fatigue characteristic of trimaran cross-
deck structure, which includes the most dangerous fatigue
position and the fatigue damage proportion of various wave
heading directions.

In the paper by J. Han et al., they have investigated,
through the finite element numerical simulations, the
mechanism of fracturing in shaft lining, i.e., the passageway
of mine production, due to high-pressure pore water. In
particular, the authors have adopted the ANSYS numerical
simulation (https://www.ansys.com) to obtain the volume
change of the cubic model under the pore water pressure.
Based on the calculation results, they have derived an ap-
proximate analytical solution of the hydraulic expansion
coefficient by means of the multivariate nonlinear regression
method. Analyzing the interaction between the pore water
pressure and the porous rock and shaft lining, the authors
found that the hydraulic expansion effect on the sur-
rounding rock increases with its porosity and decreases with
its elastic modulus and Poisson’s ratio.

S. Gao et al. have used ANSYS finite element numerical
software to simulate thermodynamic performance in the
fireproof sealing, which is widely employed to limit the
scale of fire in multistory building, commercial building,
industrial building, medical building, and other types of
public buildings. �ey have estimated the main thermal
parameters, including temperature field, thermal flux, and
thermal gradient, for two fireproof sealing models that
differ in terms of model shape and the initial fire surface.
�e authors, through the finite element numerical simu-
lations, have evaluated the performances of the two models
in terms of fire protection concluding that the rectangle
model outperforms the “T” shape model. �e conclusions
of the study are meaningful to improve the thermodynamic
performance of the fire-proof sealing in the converter
station.

J. F. Liang and X. Wang have proposed a consistent
Riccati expansion method [10] for obtaining interaction
solutions, such as soliton-soliton, multiple resonant soliton,
soliton-cosine wave, and soliton-cnoidal wave solutions, to
the modified Korteweg-de Vries (mKdV) equation [11] that
could be used in the water wave system. In particular, they
have demonstrated that interaction solutions such as the
soliton-tangent wave solution cannot be constructed for the
mKdV equation. Moreover, they have shown that soliton
and soliton-soliton wave interaction solutions can be de-
rived from the soliton-cnoidal wave interaction solution by
making the limit of the modulus approach either 0 or 1 (i.e.,
lower or upper bounds for the modulus in the Jacobi el-
liptical function).

In the paper by N. J. Lim and S. A. Brandt, they have
analyzed how the change of resolution in the adopted DEM
(Digital Elevation Model) in combination with the rough-
ness parameter can affect the performances of hydraulic
numerical modelling for areas with different topographies.

In particular, they have estimated the uncertainties in terms
of flood extent, respectively, for one-dimensional (i.e.,
HEC-RAS [12]) and a two-dimensional models (i.e.,
CAESAR-LISFLOOD [13]) in flat and mountain river
basins by comparing the simulations result with the ob-
served flood data of historical events. �e results showed
that poor-resolution DEMs might produce a global high
feature agreement score with historical data but may fail to
provide good flood extent estimations locally, particularly
in flat areas. Instead, high-resolution DEMs (1 to 5m)
remain advantageous for modelling as they represent better
the topography of the study area but it is important to
carefully calibrate the models by the use of the roughness
parameter. �e outcomes of the study confirm that the
knowledge of the magnitude and source of uncertainties
helps to improve assessments and leads to better inform
decisions on flood risk mitigation alternatives [14].
Moreover, numerical models need to be controlled, for
example, through a calibration process that adjusts model
parameters, assumptions, or equations to optimize con-
cordance between observed data and model predictions
[15].

In this context, remote sensing is a low-cost technology
that represents an important source of information in the
water-related hazards and in water resource management
fields [16]. K. Ennouri and A. Kallel have reviewed the
advantages and limitations (e.g., spatiotemporal constraints)
of the main remote sensing sensors, indices, and algorithms
for image analysis (e.g., postprocessing techniques, classi-
fication algorithms, and evaluation techniques) in the field of
crop condition assessment. �ey have discussed and high-
lighted how the remote sensing monitoring plays a central
role in diagnosing climate and management impacts on
agricultural systems.

H. Liu et al. focused their study on soil erosion risk
assessment and soil conservation planning. In particular, the
authors have analyzed the temporal trends and spatial
patterns of rainfall erosivity (R factor) for a large basin in
China (i.e., �ree Gorges Reservoir Area) during the period
of 1960–2010. �ey have used the Mann–Kendall test [17]
and co-kriging interpolation to analyzed data of meteoro-
logical stations and hydrological rain and gauging stations
aiming to examine the spatial distribution of annual and
seasonal R factor and to characterize the temporal trends of
R factor for different time scales in the light of the same data
span. �e outcomes highlighted in this study can support
watershed planning of soil conservation measures in the
�ree Gorges Reservoir Area.
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Rainfall erosivity is a key factor to predict soil erosion rate in universal soil loss equation (USLE) and revised USLE (RUSLE).
Understanding rainfall erosivity characteristics, especially its spatial distribution and temporal trends, is essential for soil erosion
risk assessment and soil conservation planning. In this study, the spatial-temporal variation of rainfall erosivity in the 0ree
Gorges Reservoir Area (TGRA) of China during 1960–2010, at annual and seasonal scales, was explored based on daily rainfall
data from 40 stations (26 meteorological stations and 14 hydrologic stations). 0e Mann–Kendall test and Co–kriging inter-
polation method were applied to detect the temporal trends and spatial patterns. 0e results showed that TGRA’s annual rainfall
erosivity increased from west, south, and east to the north-central, ranging from 3647.0 to 10884.8MJ·mm·ha− 1·h− 1 with an
average value of 6108.1MJ·mm·ha− 1·h− 1. 0e spatial distribution of summer and autumn rainfall erosivity was similar to the
pattern of annual rainfall erosivity. Summer is the most erosive season among four seasons, accounting for 53% of the total annual
rainfall erosivity, and winter is the least erosive season. July is the most erosive month with an average of 1327.3MJ·mm·ha− 1·h− 1,
and January is the least erosive month. Mean rainfall erosivity was 5969.2MJ·mm·ha− 1·h− 1 during 1960–2010, with the lowest
value of 3361.0MJ·mm·ha− 1·h− 1 in 1966 and highest value of 8896.0MJ·mm·ha− 1·h− 1 in 1982. Mann–Kendall test showed that the
annual rainfall erosivity did not change significantly across TGRA. Seasonal rainfall erosivity showed a significant decrease in
autumn and insignificant decrease in summer and winter. Monthly rainfall erosivity in TGRA showed insignificant increases from
Jun to Jul and then underwent decreases from Aug to Nov. and from Dec to Feb and it rose again in Feb reaching a 0.01 level
significance.0e daily rainfall data of supplemental stations is very useful to interpolate rainfall erosivity map, which could help to
find the credible maximum and minimum value of TGRA. In total, the findings could provide useful information both for soil
erosion prediction, land management practices, and sediment control project of TGRA.

1. Introduction

Soil erosion is recognized as a serious eco-environmental
problem of world-wide [1]. Universal soil loss equation
(USLE) and its revised version (RUSLE and RUSLE2) [2, 3]
were commonly used to predict soil erosion, then to assess
soil erosion risk, and evaluate the effectiveness of soil
conservation measures [4, 5]. Rainfall erosivity (R factor) is
one of the important factors influencing soil erosion [6, 7]. It
represents the ability of rainfall to detach soil particles and
erode the landscape and is determined by rainfall maximum
30-min intensity (I30) and its kinetic energy (E), classically

expressed as EI30 in USLE and RUSLE [3, 6]. Wischmeier
and Smith [6] developed the first iteration of the modern
rainfall erosivity index used today [2, 6, 7] and has also
proved EI30’s applicability in the Loess Plateau of China
during the 1980s [8, 9]. However, EI30 is difficult to de-
termine and the basic data involved are not readily available
in many parts of the world as it relies much more on long-
term rainfall data of high temporal resolution [3, 6, 10].
Consequently, some simple algorithms were developed to
calculate R-factor relying on daily rainfall [11–13] or
monthly rainfall [14], among which, half-month [15] and
month models [13, 14] were the most widely used ones
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[11, 15]. Furthermore, this simplified model was adopted by
the Chinese government in First National Census for Water
[16]. Nowadays, this simplified model has been used
worldwide [11, 17–20] to explore the spatial distribution and
temporal trends of R factor, including China, both on the
national [19] and regional scales [21–26].

Due to the rapid growth of population, coupling with the
widespread deforestation and expansion of agricultural land
during the last century [5], 0ree Gorges Reservoir Area
(TGRA) has become one of the most severely erosive areas in
the Yangtze River basin [21]. It is thus very necessary to
explore both the temporal (when) and spatial (where)
characteristics of rainfall erosivity in for making soil con-
servation and sediment control strategies. However, the
spatial and temporal coverage of pluviograph data are usually
very scarce because of limited data span and expensive cost.
Lacking of long-term rainfall intensity data makes the USLE
and RUSLE difficult to be applied rationally in this region.
Although some researchers had used this simplified model in
some tributaries of Yangtze River basin [27–31], evaluation of
R factor has not been well documented in TGRA. 0ere are
still some different opinions on the spatial-temporal varia-
tions among them [30–33]. 0e analysis about spatial dis-
tribution of R factor in their studies has not been well
demonstrated and was insufficient to answer the spatial and
temporal distribution characteristics of rainfall erosivity in
TGRA. Furthermore, different data sources and time series of
rainfall records resulted in significant differences in spatial
distribution and annual value of R in TGRA [27–30]. Daily
rainfall data, downloaded from China Meteorological Data
Sharing Service System, is the most popular choice for most
scholars studying R factor in TGRA [29, 30]. Daily rainfall
data from hydrological gauging station also are the primary
choice of other researchers [32, 34]. 0e diverse spans of
rainfall records impose restriction on spatial-temporal vari-
ations of R factor when the previous researches were com-
pared and analyzed. Nevertheless, the length of rainfall
records does influence the confidence level for annual R
factor, as the data series should have more than 20 years of
record in order to include dry and wet climate periods
[2, 3, 33]. It is well known that limited or scarce stations also
restrict the generalization and application of research findings
[29, 30]. More importantly, the previous studies indicated an
insignificant decreasing trend in annual precipitation ac-
companied by an increasing R factor in sub-basin of TGRA
during 2001–2010 [31, 32, 34], which potentially results in a
higher water erosion risk in TGRA. 0e features of R factor
are closely related to soil erosion and sediment yield which
flows into the 0ree Gorges Reservoir.

Although Wu et al. and Wang [29, 30] constructed the
spatial distribution of R factor in TGRA, the analysis about
sub-basins in their study was too weak to answer the spatial
and temporal distribution of R factor. 0ere remains a need,
therefore, to provide an assessment of R factor and guide the
watershed planning of soil conservation measures in sub-
regions of TGRA. It is very critical to analyze systematical
the spatial distribution and temporal trends of R factor in
TGRA based on the same data span, data sources, and
calculating method.

0erefore, the specific objectives of this study are as
follows: (1) to examine the spatial distribution of annual and
seasonal R factors of TGRA combined meteorological sta-
tions with hydrological rain gauging stations and (2) to
characterize the temporal trends of R factor for different
time-scales in the light of the same data span of 1960–2010.
0e results in this study offer a relatively reliable R value on
the soil erosion prediction in TGRA and provide an ap-
plicable spatial distribution of R factor for the evaluation of
the effectiveness of soil conservation measures.

2. Materials and Methods

2.1. Study Area. TGRA is located at the end of the upper
Yangtze River (106°16′–111°28′E, 28°56′–31°44′N) (Figure 1)
and consists of 22 counties (cities) or districts of Chongqing
municipality and Hubei province with an area of 58000 km2

[29, 30, 35]. It is characterized by a humid subtropical
monsoon climate with an obvious seasonality. 0e annual
precipitation ranges from 755.0 to 1786.0mm with 60% of
falling between June and September during 1960–2010.
TGRA has an altitude ranging from -22 to 3096m a.s.l. and
the mean altitude is nearly 800m a.s.l. with a mean tem-
perature of 15–18°C. Mountainous terrain occupies over
90% of the total region [35]. 0e main soil types are purple,
yellow, yellow brown, and so on. Erodible purple soil is the
dominant soil type. Highly erodible bedrock, including
purple sandstone and shale, crops out throughout much of
the area. 0e total eroded area was 38800 km2, accounting
for 66.8% of the study region in the mid-1980’s (Water
Resources Ministry, 2003). Consequently, in 1989, this area
was selected for the testing zone of measures designed for
soil erosion control, and it has in subsequent years been the
subject of a succession of conservation projects. 0e China
Bulletin of Soil and Water Conservation (2017) showed that
soil erosion area of the TGRA was about 23000 km2, in
whichmoderate erosion and strong erosion were 41.27% and
10.27%, and the extremely strong erosion and severe erosion
were 4.20% and 1.14%, respectively.

In order to deeply analyze the rainfall erosivity distri-
bution characteristics, the study region was divided into
seven subregions as shown in Figure 1. Subregion A includes
the Dong River and the Longxi River Basin, subregion B the
Mudong River and part ofWujiang River Basin, subregion C
the Xiaojiang River Basin, subregion D the Long River Basin,
subregion E the Tangxi and Daning River Basin, subregion F
the Modaoxi and Daxi River Basin, and subregion G the
Hubei province section of TGRA. In Yangtze River Basin,
the seasons were divided as follows: spring was from March
to May, summer June to August, autumn September to
November, and winter December to February of the fol-
lowing year.

2.2.PrecipitationDataCollection. Rainfall data of 1960–2010
were collected from 40 stations (Figure 1). Two data sources
were employed: one is daily rainfall data, downloaded from
China Meteorological Data Sharing Service System (http://
cdc.cma.gov.cn), which includes 51 years’ (1960–2010) data
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of 26 continuous series precipitation stations; another one is
excerpted from China Hydrological Almanac issued by
Yangtze River Water Resources Committee of China which
contains 41 years’ (1960–1990, 2001–2010) data of 14 dis-
continuous series precipitation stations. During 1991–2000,
the precipitation records from China Hydrological Almanac
are not available because of the changed policy and ex-
pensive cost. 0e precipitation records from China Mete-
orological Data Sharing Service System include 17 rain gauge
stations within the TGRA and 9 stations from surrounding
areas (Figure 1). All 40 stations were selected to ensure
reliability, continuity, and availability of long-term data
series in the study region.

2.3. Methods

2.3.1. Rainfall Erosivity Calculation. As mentioned above,
continuous rainfall data series with a high time resolution
for classical algorithm of R factor (USLE R factor) are rarely
available and daily rainfall data have been widely used
worldwide to estimate R factor. Zhang and Fu [15] compared
five simple models for estimating R factor based on average
annual rainfall, average monthly rainfall, and daily rainfall
data, respectively and then proposed a new daily rainfall
model to estimate R factor which was subsequently widely
used in China. 0e daily rainfall model was expressed as

Rk � α

j

i�1
P
β
ik, (1)

where Rk is the rainfall erosivity of the kth half-month,
MJ·mm·ha− 1·h− 1; k� 1, 2, . . ., 24; Pik is the effective rainfall

for day i of the kth half-month, and it is the actual rainfall
when the actual rainfall is higher than 12mm, otherwise, it is
considered to be 0 [36]; j is the number of days in the kth
half-month, j� 13, 14, 15, 16; α and β are parameters de-
termined by the following formulas:

β � 0.8363 +
18.144
Pd12

+
24.455
Py12

, (2)

α � 21.586β− 7.1891
, (3)

where Pd12 is the average daily rainfall which is greater
than 12mm and Py12 is the annual average of erosive
rainfall. 0e monthly, seasonal, and annual mean R
values were successively computed based on equations
(1)–(3).

2.3.2. Trend Analysis of Rainfall Erosivity. 0e Man-
n–Kendall trend test [37, 38] has been widely applied to
meteorological time series because it could identify
monotonic trends of a time-series [21, 39, 40]. It is based
on two useful indexes S and Z in the Mann–Kendall test
to determine whether a time series of n data points has a
significant trend. A positive Z indicates an upward trend
and negative Z indicates a downward trend. 0e trend
is statistically significant at α� 0.05 and 0.01 signifi-
cance level when |Z|> 1.96 and 2.58, respectively. 0e
detailed procedure of the Mann–Kendall trend test is
presented [40]and [39]. We used it to identify the trend
of annual R factor at 26 sites spanning 51 years in the
current study.
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Figure 1: Geographical location of 0ree Gorges Reservoir Area and rain gauge stations.
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2.3.3. Spatial Interpolation of Rainfall Erosivity. To under-
stand the spatial distribution and temporal changes of R
factor, the mean annual, seasonal, and multiperiod R factors
were interpolated through the Geostatistical Analyst module
of the ArcGIS 10.2 (ESRI, America).0e Co–kriging method
was selected to interpolate the spatial distribution of R factor,
because it can incorporate the neighboring primary data and
make best prediction compared with other methods [21, 41].
Additionally, the Co-kriging method has been proved to be
the most suitable interpolation method for rainfall erosivity
in mainland China [24].

3. Results

3.1. Spatial Distribution of Rainfall Erosivity in TGRA.
0e spatial distribution of annual R factor for 1960–2010 and
different decades (1960–1990, 1991–2000, and 2001–2010) in
TGRA is presented in Figure 2. It is noted that the spatial
distribution of 51-year annual R factor showed a strong
variability (Figure 2(a)). It generally increased from west,
south, and east to the north-central area, respectively, ranging
from 3647.0 to 10884.8MJ·mm·ha− 1·h− 1·yr− 1 with a mean
value of 6108.1MJ·mm·ha− 1·h− 1·yr− 1. 0e spatial character-
istics indicated that the annual R factor of was characterized
by a low on both sides and high in the middle in TGRA. 0e
highest annual R factor was found in the subregion E and the
lowest was in the subregion B. 0e annual R factor of the
seven geographical subregions in the TGRA showed an order
of subregion E> subregion C> subregion F> subregion
D> subregion G> subregion A> subregion B (Table 1). 0e
annual R factor in the subregion C, subregion E, and sub-
region F showed significant differences with other subregions
(Table 1). For different decades (Figures 2(b)–2(d)), the spatial
distribution of R factor in 1960–1990 and 2001–2010 dis-
played similar patterns to that of 1960–2010: the relative
higher values were distributed in subregion C (Xiaojiang
River basin) and subregion E (Daning River basin) while the
subregion B possessed a lower level (Mudong River basin). It
was noticed that the spatial distribution of annual R factor in
1991–2000 demonstrated a different pattern that increases
from west and east to the central area, respectively, and high
erosivity area slightly moving to the southwest (Figure 2(c)).
In this decade, the annual R factor ranged from 3848.0
to 7286.0MJ·mm·ha− 1·h− 1·yr− 1, with an average of
5641.9MJ·mm·ha− 1·h− 1·yr− 1. However, the mean R values
were 6134.5MJ·mm·ha− 1·h− 1·yr− 1 during 1960–1990
and 5937.0MJ·mm·ha− 1·h− 1·yr− 1 in 2001–2010, respectively
(Table 1 and Table 2). 0e spatial mean R factor of 1991–2000
was 29% lower than that of 1960–1990 in the subregion E,
10% lower than in the subregion B, subregion C, and sub-
region G. 0e spatial mean R factor of 1991–2000 was 32%
lower than that of 2001–2010 in subregion E. More differences
could be found about maximum, minimum and standard
deviation in subregion E (Figure 3). Rainfall erosivity exhibited
a strong seasonal variability which was roughly consistent with
the corresponding precipitation in this region (Figure 4).
Generally, summer was the most erosive season, followed by
spring and autumn, and winter was the least erosive season.

0e spring R factor ranged from 895.4 to
2917.3MJ·mm·ha− 1·h− 1 with an average of
1414.6MJ·mm·ha− 1·h− 1 that accounts for 23.6% of the total
annual R factor. 0e spring R factor for the seven subregions
showed an order of subregion E> subregion C> subregion
F> subregion D> subregion G> subregion A> subregion B
(Table 1).0e highest spring R factor was also found in
subregion C (Xiaojiang River basin) and subregion E
(Daning River basin) and the lowest was in subregion B
(Mudong River basin). 0e highest season R factor was
found in summer, accounting for 53.3% of the total annual R
factor in TGRA, which ranged from 1997.5 to
5887.3MJ·mm·ha− 1·h− 1 with the average value of
3253.3MJ·mm·ha− 1·h− 1.0e highest R factor of summer also
appeared in the upstream of Daning River basin (subregion
E) and the lowest was in Mudong River basin (subregion B).
0e summer R for the seven subregions showed an order of
subregion E> subregion C> subregion F> subregion
G> subregion D> subregion A> subregion B (Table 1). 0e
summer order is different from annual order and spring
order in subregion D and subregion G. 0e spatial distri-
bution of summer R factor was similar to annual R factor,
which was higher in subregion C, subregion E, and sub-
region F (Figure 4). 0e autumn R factor varied from 684.3
to 2782.7MJ·mm·ha− 1·h− 1 with an average of
1366.6MJ·mm·ha− 1·h− 1 accounting for 22.2% of the total
annual R factor. 0e spatial distribution of autumn R factor
was similar to the pattern of annual and summer R factor,
which increased from west, south, and east to the north-
central. 0e autumn R factor percentages of the seven
geographical subregions showed a same order as those of
summer. 0e lowest seasonal R factor was found in winter,
only accounting for 1.0% of the total annual R factor and
ranging from 23.0 to 138.4MJ·mm·ha− 1·h− 1. In most of the
40 stations, the winter R factor was lower than
100MJ·mm·ha− 1·h− 1, indicating a very low R factor level.
0e spatial distribution of winter R factor was different from
that of the other three seasons; higher winter R factor
appeared in most of the east-central TGRA. In conclusion,
subregion E held the highest R value and subregion B
possessed the lowest R value in TGRA.

0e monthly R factor varied greatly within one year
because rainfall including high-intensity storms was not
evenly distributed (Figure 5). July is the most erosive month
with an average R factor of 1327.3MJ·mm·ha− 1·h− 1, followed
by June of 1034MJ·mm·ha− 1·h− 1. January is the least erosive
month with the lowest R factor being only
11.7MJ·mm·ha− 1·h− 1. 0e mean monthly R factor of
May–Sep occupied 82.5%. 0e monthly R factor during the
flood season (Apr–Oct) was almost 18 times of that in dry
season (Nov–Mar).

3.2. TemporalVariation of Rainfall Erosivity. R factor of each
station was calculated based on average daily precipitation
from 1960 to 2010 (Table 3). It can be seen from Table 3 that
the coefficient of variance was 0.20 for TGRA and 0.25–0.46
for all the stations, indicating a moderate variability of 51-
year annual R factor in both TGRA and each station. For the

4 Mathematical Problems in Engineering



Unit: MJ·mm/(ha·h·yr)

R-factor (1960–2010)
3,600–4,500
4,500–5,100
5,100–5,600
5,600–6,200
6,200–7,000
7,000–8,000
8,000–9,000
9,000–10,000
10,000–10,856

km

5002500

(a)

R-factor (1960–1990)
3,953–4,500
4,500–5,100
5,100–5,600
5,600–6,200
6,200–7,000
7,000–8,000
8,000–9,000
9,000–10,000
10,000–12,994

Unit: MJ·mm/(ha·h·yr)
km

5002500

(b)

3,848–4,500

4,500–5,100

5,100–5,600

5,600–6,200

6,200–7,000

R-factor (1991–2000)

7,000–7,286

Unit: MJ·mm/(ha·h·yr)

km

5002500

(c)

Figure 2: Continued.
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whole study region, the annual mean R factor from 1960 to
2010 was 5969.17MJ·mm·ha− 1·h− 1·yr− 1, with the lowest
value of 3361.08MJ·mm·ha− 1·h− 1·yr− 1 in 1966 and highest
value of 8896.84MJ·mm·ha− 1·h− 1·yr− 1 in 1982 (Figure 6).
For the specific station, Cuntan station was located in the
boundary of subregion A and subregion B held the mini-
mum R factor of 1112MJ·mm·ha− 1·h− 1·yr− 1 in 2001, and
Jianlou station seated in the subregion E of TGRA held the
maximum R factor >23000MJ·mm·ha− 1·h− 1·yr− 1 in 1967
(Table 3). However, different decades had different temporal
mean annual R value that decreases in the order of
1960–1990> 2001–2010> 1991–2000.

0e trend variations were also analyzed for each station,
subregions, and the entire basin using the Mann–Kendall

test at monthly, seasonal, and yearly scales, respectively
(Tables 2 and 4). 0e critical value of Mann-–Kendall test is
1.96 at significance level α� 0.05 (95% confidence level).
According to Table 2, except subregion G, R values for the
other six subregions showed an insignificant decreasing
trend during 1960–2010; but for 1960–1990, 1991–2000, and
2001–2010, all subregions over various time scales showed
an insignificant increasing trend. 0e trend line slope of
annual R factor showed a linearly decreasing trend over
entire basin of 51 years (Figure 6).

0eMann–Kendall test of each station was performed to
analyze the temporal changes of R factor across TGRA.
Insignificant increasing trends were reported for 51-year R
factor and three periods (1961–1990, 1991–2000, and

Table 1: Statistical characteristics of average rainfall erosivity (MJ·mm·ha− 1·h− 1) for each subregion in the TGRA during 1960–2010.

Subregion
Annual Spring Summer Autumn Winter

Mean Stdev Mean Stdev Mean Stdev Mean Stdev Mean Stdev
Region A 5315.0 504.0 1418.3 144.5 2772.3 288.5 1103.2 185.7 38.4 3.7
Region B 4687.1 57.0 1191.4 45.2 2499.6 98.0 924.4 25.5 31.0 4.0
Region C 7132.0 769.0 1551.0 62.5 3837.2 437.9 1729.3 238.1 53.7 8.3
Region D 5406.0 455.0 1367.0 74.8 2834.5 327.1 1115.7 113.9 44.8 3.6
Region E 8146.0 1515.7 1736.9 399.7 4289.3 908.2 2016.8 416.1 94.6 15.2
Region F 6529.0 293.0 1451.0 92.0 3399.8 170.6 1495.8 125.3 74.8 17.1
Region G 5401.0 777.9 1199.1 199.6 3014.7 428.9 1143.2 252.7 86.7 15.2
TGRA 6108.1 1455.7 1414.6 287.3 3253.3 789.6 1366.6 457.0 63.7 26.7

Table 2: Annual average rainfall erosivity (MJ·mm·ha− 1·h− 1), Z of MK test, and precipitation (mm) for different periods in each subregion.

Subregions Elevation (a.s.l)
1960–1990 1991–2000 2001–2010 1960–2010

R Z P R Z P R Z P R Z P

Region A 447 5484.7 0.41 1146.5 5484.4 0.21 1157.1 5115.4 0.29 1119.8 5315.0 − 0.16 1140.0
Region B 726 5074.0 0.29 1166.9 4615.8 0.24 1165.0 4422.4 0.36 1091.6 4687.1 − 0.14 1143.2
Region C 556 6988.5 0.61 1205.7 6367.7 0.44 1188.4 6182.4 0.21 1131.9 7132.0 − 0.32 1192.1
Region D 896 5401.1 0.60 1201.2 5771.3 0.35 1186.4 4786.8 0.30 1082.7 5406.0 − 0.27 1178.4
Region E 1017 7641.7 0.50 1348.0 5920.0 0.56 1152.6 7828.1 0.08 1303.5 8146.0 − 0.22 1343.6
Region F 948 6288.2 0.49 1270.0 6527.3 0.53 1169.2 5958.2 0.16 1151.7 6529.0 − 0.23 1233.9
Region G 971 5827.8 0.60 1119.3 5262.4 0.59 1081.9 5595.6 0.69 1092.6 5401.0 0 1102.1
TGRA 800 6134.5 0.50 1204.9 5641.9 0.43 1148.4 5937.0 0.32 1147.4 6108.1 − 0.17 1190.2

R-factor (2001–2010)
3,661–4,500

4,500–5,100

5,100–5,600

5,600–6,200

6,200–7,000

7,000–8,000

8,000–9,000

9,000–10,000

10,000–14,771

Unit: MJ·mm/(ha·h·yr)km

5002500

(d)

Figure 2: Spatial distribution of mean annual R factor for 51-year and different decades in TGRA.
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2001–2010) (Figure 7). 0e spatial distribution of long-term
annual Z was generally negative in subregion A and sub-
region B and positive in subregion G (Figure 7(d)), indi-
cating that the annual R factor decreased in the western
TGRA while it increased in the eastern TGRA in the past
51 years. It is also noted that the spatial distribution of
temporal trends differed substantially for different periods
due to its numbers of stations. 0e highest Z� 0.89 was
observed in the decade of 1991–2000, and the lowest Z� 0.18
was during 2001–2010. Temporal changes of annual R for
most of the stations were similar to the changes in TGRA;
only Zigui station and Jinfoshan station had significant
increasing trends (0.05 level) that probably substantially
contributed to the increasing trend in 2001–2010.

Table 4 displayed the temporal trends of annual, sea-
sonal, and monthly R factor for TGRA and each station.
Mean Z of spring R factor for TGRA was -0.05, indicating a
decrease in spring R factor that was probably attributed to
the significant decreasing trend at the 0.01 level in Suining
station. 0ough half of the stations showed an increase in
spring R factor over the time series, none of them reached a

significant level. 0e summer R factor in TGRA showed an
insignificant increase during 1960–2010, as might be con-
siderably contributed by the significant increasing trends in
Suining, Wanyuan, Longjiao, and Laohekou stations. Sig-
nificant decreasing trend at the 0.05 level was detected for
the autumn R factor in TGRA. Most of the stations indicated
a decrease in autumn from 1960 to 2010 and the significant
decreasing trends of Qingxichang, Banqiao, and Lvcongpo
stations (α� 0.01) and Suining, Shapingba, and Laohekou
stations (α� 0.05) substantially contributed to the total
decreasing trend. Similar to the temporal trend of summer R
factor, the winter R factor in TGRA also showed an insig-
nificant increase during 1960–2010, as probably devoted by
the significant increasing trends at 0.01 level in Lvcongpo,
Wufeng, and Jingzhou stations.

0e monthly R factor in TGRA showed insignificant
increases from Jun to Jul and then underwent decreases from
Aug to Nov (Table 4). From Dec to Feb, monthly R rose
again with Feb reaching a 0.01 level significance, which
might mainly contribute to the increasing trend of winter R.
Furthermore, there were 7 stations in Feb indicating

Region A Region B Region C Region D Region E Region F Region G

1960–1990
1991–2000
2001–2010

3000

4000

5000

6000

7000

8000
Su

br
eg

io
n 

m
ea

n 
R 

(M
J·m

m
·h

a–1
·h

–1
)

(a)

Region A Region B Region C Region D Region E Region F Region G

1960–1990
1991–2000
2001–2010

0

1000

2000

3000

4000

5000

6000

Su
br

eg
io

n 
m

ea
n 

R 
(M

J·m
m

·h
a–1

·h
–1

)

(b)

Region A Region B Region C Region D Region E Region F Region G

1960–1990
1991–2000
2001–2010

0

2000

4000

6000

8000

10000

12000

14000

16000

Su
br

eg
io

n 
m

ax
im

um
 R

 (M
J·m

m
·h

a–1
·h

–1
)

(c)

Region A Region B Region C Region D Region E Region F Region G

1960–1990
1991–2000
2001–2010

Su
br

eg
io

n 
m

ea
n 

R 
(M

J·m
m

·h
a–1

·h
–1

)

0

200

400

600

800

1000

1200

1400

1600

1800

2000

2200

(d)

Figure 3: Statistics characteristics of R for different periods in each subregion.
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significant increasing trends (0.01 level), greatly leading to
the increasing trend in this month. It is noticeable that there
were 11 and 7 stations showing significant increasing trends
in Jun and Jul, respectively, which probably substantially

contributed to the increasing trends in these two months. A
similar situation also occurred in Sep when 16 stations
showed significant decreases, which was more likely to
contribute the decreasing trend of this month.
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Figure 4: Spatial distribution of seasonal (a) R factor and (b) precipitation during 1960–2010.
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Figure 5: Mean monthly R factor and precipitation.

Table 3: Annual R factor of 51 year and different decades in TGRA and each station (MJ·mm·ha− 1·h− 1·yr− 1).

No. Station Altitude (m) Data source 1960–1990 1991–2000 2001–2010 1960–2010
Mean Max Min Mean Std. Cv

1 Suining 355 CMAS 4919.74 4514.43 5493.68 8388.27 1844.93 4970.67 1667.07 0.34
2 Shapingba 259 CMAS 5118.33 5756.41 5691.59 10669.18 2393.02 5318.64 1809.32 0.34
3 Cuntan 210 CMAS 4391.01 4662.95 5065.85 11015.84 1111.88 4576.66 1862.26 0.41
4 Qingxichang 212 CMAS 4758.47 4501.44 3800.91 7895.39 2067.71 4520.32 1266.13 0.28
5 Daxian 345 CMAS 6693.96 5933.33 7662.95 13260.98 1943.77 6766.98 2255.83 0.33
6 Liangping 455 CMAS 7494.76 6880.68 5777.34 14915.13 2379.90 7037.75 2302.40 0.33
7 Wanyuan 674 CMAS 6908.07 6962.32 5838.47 19027.57 3280.52 9020.30 3211.40 0.36
8 Zhongxian 270 CMAS 5921.87 6039.74 4912.29 10661.88 2704.90 5747.02 1752.94 0.31
9 Shizhu 580 CMAS 4416.42 5060.38 4082.04 11186.78 1673.11 4477.12 1571.49 0.35
10 Wanxian 188 CMAS 6908.07 6962.32 5838.47 12914.70 3648.34 6707.28 2041.47 0.30
11 Longjiao 1500 CMAS 5490.48 5617.68 6261.35 13670.90 2830.15 5666.57 2001.13 0.35
12 Banqiao 1100 CMAS 8078.16 4573.13 6784.92 12362.13 2283.49 7035.06 2457.61 0.35
13 Lvcongpo 1820 CMAS 10428.42 8979.02 8424.96 16675.65 5917.31 10324.68 2792.60 0.27
14 Enshi 457 CMAS 8813.33 8554.49 7376.80 13597.67 3443.28 8434.31 2602.92 0.31
15 Fengjie 188 CMAS 5838.07 5996.24 5406.67 10089.92 3083.50 5670.66 1558.84 0.27
16 Badong 109 CMAS 5412.25 5576.08 5468.37 11123.61 2391.74 5455.38 1785.43 0.33
17 Wuxi 300 CMAS 5489.63 5203.64 5309.12 9177.43 1834.11 5398.16 1636.68 0.30
18 Zigui 151 CMAS 4711.67 4403.30 5344.48 8934.55 2545.27 4790.81 1629.04 0.34
19 Wufeng 620 CMAS 7764.11 7699.31 6454.02 13935.53 3716.33 7442.06 2374.10 0.32
20 Xingshan 210 CMAS 4224.27 4522.98 4710.55 8856.24 1849.96 4378.19 1543.16 0.35
21 Fangxian 427 CMAS 2985.06 2556.35 2979.62 5615.30 1176.67 2913.63 962.43 0.33
22 Sandouping 800 CMAS 6439.26 5611.81 6329.44 12021.94 3086.47 6333.13 1780.58 0.28
23 Yichang 133 CMAS 6126.22 5566.38 6359.33 12825.72 2320.96 6012.67 2020.79 0.34
24 Laohekou 90 CMAS 3598.05 3320.42 4160.95 8954.83 1033.34 3576.28 1577.55 0.44
25 Jingzhou 32 CMAS 5745.72 5691.50 5626.56 11362.58 2093.81 5812.22 2069.19 0.36
26 Jinfoshan 1906 CMAS 4873.23 4077.01 5344.48 11902.95 2496.49 4865.67 1674.26 0.34
27 Metan 270 CHA 4209.18 4546.32 6510.41 1604.60 4291.41 1329.78 0.31
28 Shuanghe 440 CHA 5452.64 5385.90 12334.15 2817.51 5436.36 1632.52 0.30
29 Gaotan 285 CHA 5617.08 4927.16 9449.45 1991.04 5617.08 1713.72 0.31
30 Jiannan 640 CHA 5771.95 5061.60 9915.53 2965.75 5594.36 1551.95 0.28
31 Moudao 1380 CHA 6480.31 5570.94 12355.14 3319.26 6258.51 1594.34 0.25
32 Gaolou 1100 CHA 11018.92 11904.79 18792.42 5746.04 11304.69 3002.74 0.27
33 Tuxiang 840 CHA 5824.89 5539.94 10292.67 3387.06 5755.39 1533.88 0.27
34 Jianlou 260 CHA 13158.45 14993.26 23046.65 6142.71 13605.96 4314.90 0.32
35 Tangfang 230 CHA 9124.60 8408.03 15297.45 4566.68 8949.83 2453.17 0.27
36 Xiangshuihe 600 CHA 5876.79 4749.04 10085.41 2422.05 5601.73 1870.74 0.33
37 Dachang 155 CHA 5084.65 6126.28 14291.06 2083.19 5338.71 2465.70 0.46
38 Wushan 271 CHA 5019.37 4489.53 8299.70 2154.98 4890.14 1357.59 0.28
39 Zhengjiaping 259 CHA 3932.62 4012.37 7334.61 1450.66 3952.07 1406.44 0.36
40 Yanglinqiao 500 CHA 5215.29 4976.50 8203.06 3011.73 5155.59 1305.26 0.25

TGRA 6134.46 5641.46 5799.27 8896.84 3361.08 5969.17 1189.32 0.20
CMAS: China Meteorological Data Sharing Service System; CHA: China Hydrological Almanac; Cv: coefficient of variation.
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4. Discussion

4.1. Spatial Distribution of Rainfall Erosivity. Zhang’s sem-
imonth model was developed in China and is favored for its
high-quality results [15, 20, 21]. Annual rainfall erosivity was
calculated, and its spatial distribution was obtained using the
Co–kriging interpolation technique. As mentioned above,
the annual rainfall erosivity spatially ranged from 3647.0 to
10,884.8MJ·mm·ha− 1·h− 1 with an average value of
6108.1MJ·mm·ha− 1·h− 1 and standard deviation of
1455.6MJ·mm·ha− 1·h− 1. According the criterion of Huang
et al. [41], TGRA was classified as medium rainfall erosivity.
0erefore, the quantitative relationship was discussed be-
tween the rainfall erosivity and the rainfall in TGRA. 0e
distribution map of seasonal precipitation (Figure 4) was
generated based on the average daily rainfall. From Figure 4,
although some differences exist in parts of the region, the
spatial distribution of seasonal rainfall erosivity visually
agrees well with that of seasonal precipitation, which in-
dicates that the precipitation almost determines the rainfall
erosivity both in amount and spatial distribution. To analyze
the influence of geographic location and elevation on R
factor, the linear relationships between average annual R
factor and longitude, latitude, elevation, and mean annual
rainfall of each station were performed (Figure 8). 0e
critical value of correlation coefficient test R0.05, 40� 0.312.
According to Figure 8, the correlation coefficients between R
factor and longitude, latitude, and elevation were not sig-
nificant. Only the relationship between annual R-factor and
annual precipitation reached a significant level. Figure 8(d)
indicats that the correlation between areal rainfall erosivity
and areal rainfall during 1960–2010 reached a significant
level (α< 0.05). Rainfall is the main external factor con-
tributing to rainfall erosivity. Intra-annually, the proportion
of R factor was higher than that of precipitation in summer,
indicating that erosive rainfall occurred mostly in summer
compared with other seasons (Figure 5).

Compared with the previous studies in TGRA, the re-
sults concerning the spatial-temporal distribution of R factor

were inconsistent and some important differences could be
discovered, primarily in subregion C and subregion F. Fan
et al. [27] and Wang et al. [28] found the mean annual R
factor in upper Yangtze River basin was
3000.0–4000.0MJ·mm·ha− 1·h− 1·yr− 1. However, they did not
detect the highest R factor area of Daning River basin and
underestimated approximately 40% of the R factor in TGRA
as their stations are not located in subregion E. 0e Daning
River basin of subregion E held the highest R factor in TGRA
and also has the most precipitation [32, 34]. 0e R value of
the current study was consistent with the results of Fan et al.
[27] and Wang et al. [28] in subregion G. Wu et al. [29] and
Wang [30] both studied the TGRA supported by meteo-
rological stations and showed a similar annual R factor of
3500.0–7500.0MJ·mm·ha− 1·h− 1·yr− 1 but a higher R factor
located in southwest of subregion G. However, there is over
20% difference between Wu et al. [29] and Wang [30] in
subregion E. 0e mean annual R factor of subregion E in the
present study is consistent with the results of Hua et al. [34]
and Ren and Liu [32].0e small differences of R factor in the
subregion E came from the impact of data series length in
determining rainfall erosivity. 0e R value fluctuates by the
short span of rainfall data series because of climatic change
in the previous researches.

A long series of rainfall records from sufficient stations
is the premise of studies on spatial distribution and tem-
poral trends of R factor. 0is study collected the daily
precipitation data from the China Meteorological Data
Sharing Service System (1960–2010) and China Hydro-
logical Almanac (1960–1990 and 2001–2010) to investigate
the spatial-temporal distribution of R factor. Spatial in-
terpolation was conducted to predict R factor distribution
for the three periods of 1960–1990, 1991–2000, and
2001–2010 (Figure 2).

Figures 2(b) and 2(d) show the spatial distribution of
mean annual R factor during 1960–1990 and 2001–2010
containing 40 stations (26 continuous series precipitation
stations and 14 discontinuous series precipitation stations),
respectively. Figure 2(c) show the spatial distribution of
mean annual R factor during 1991–2000 based on 26 con-
tinuous series precipitation stations. Figures 2(b) and 2(d)
have similar spatial characteristics in TGRA except the
extreme value. 0e reason was that the short length of
rainfall data resulted in fluctuation of R factor during
2001–2010. However, Figure 2(c) is different from
Figures 2(b) and 2(d). 0e highest R value could not be
detected in Figure 2(c) due to the lack of rainfall stations
during 1991–2000. Figure 2(c) demonstrates the same results
as those of the previous studies [27, 28]. 0erefore, only
Figure 2(b) appears to have a similar spatial distribution to
Figure 2(a). Furthermore, the daily rainfall data of supple-
mental stations in this study were very helpful to interpolate
R factor, which improved the spatial interpolation accuracy
and strengthened the spatial-temporal distribution reli-
ability of R factor. 0e distribution map could provide a
relatively reliable R factor for USLE and RUSLE of regional
erosion. It also provided a scientific basis to investigate soil
erosion and evaluate the effects of soil conservation mea-
sures and ecological restoration projects.
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Figure 7: Spatial distribution of R factor variation trends in different periods. (a) 1960–1990. (b) 1991–2000. (c) 2001–2010. (d) 1960–2010.
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Figure 8: Continued.
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4.2. Parameters of the Calculated Method. It is important to
recognize that, although themethod used in this study has its
inherent advantages in depicting the changing characteris-
tics of R factor, several uncertainties still exist regarding the
application of the method. First, α and β are the important
parameters in the calculation formula of R factor, and their
values are closely related to the zonal climate characteristics
and the underlying surface of the basin.0e same amount of
rainfall in summer can generate a totally different erosivity
than that in the winter, because the summer rains tended to
be more intense than winter rains. Even though values of α
and β were calculated by the same way in different basins of
China, the R value need more evidences to prove. According
to its definition, the R factor is directly related to the rainfall’s
kinetic energy and intensity. In this study, the R factor is
calculated from the daily erosive rainfall whether the actual
daily rainfall is higher than 12mm or not; this may also have
introduced uncertainties into the estimation of the R factor.
Future studies would be improved by investigating the re-
lationship of parameters α and β and the climate and
catchment characteristics to reduce or eliminate parameter
value uncertainties. Moreover, it is necessary to take more
factors into account when estimating the R factor in the
future studies.

5. Conclusions

0e spatial distribution and temporal trend of annual,
seasonal, and monthly R factors in TGRA of China from
1960 to 2010 were analyzed using daily rainfall data from 40
stations. 0e main findings are summarized as follows.

Spatially, the annual R factor varied from 3647.0 to
10884.8MJ·mm·ha− 1·h− 1 with an average value of
6108.1MJ·mm·ha− 1·h− 1. 0e spatial distribution of summer
and autumn R factors was similar to the pattern of annual R
factor, which increased from west, south, and east to the
north-central. 0e highest seasonal R factor was found in
summer, accounting for 53% of the total annual R factor, and
winter is the least erosive season. July is the most erosive
month with an average of 1327.3MJ·mm·ha− 1·h− 1, and
January is the least erosive month.

Temporally, the mean annual R factor was
5969.2MJ·mm·ha− 1·h− 1, with the lowest value of
3361.0MJ·mm·ha− 1·h− 1 in 1966 and highest value of
8896.0MJ·mm·ha− 1·h− 1 in 1982. 0e M-K test showed that
the annual R factor did not change significantly across
TGRA. 0e seasonal R factor showed a significant decrease
in autumn and insignificant decrease in summer and winter.
0e monthly R factor in TGRA showed insignificant in-
creases from Jun to Jul and then underwent decreases from
Aug to Nov. FromDec to Feb; monthly R rose again with Feb
reaching a� 0.01-level significance which was probably at-
tributed to the significant increasing trends (α� 0.01) of 7
stations.

Future studies should relate the trends of R factor de-
tected from this study to sediment loading in major rivers
across Yangtze River Basin or China to further evaluate the
usefulness of the R factor in evaluating potential soil erosion
at the large basin to regional scale.

Data Availability

0e data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

0e authors declare no conflicts of interest regarding the
publication of this article.

Authors’ Contributions

Huiying Liu and Guanhua Zhang conceived and designed
the experiments and wrote the manuscript. Pingcang Zhang
and Shengnan Zhu analyzed the data.

Acknowledgments

0is work was funded by the National Natural Science
Foundation of China (Nos. 41761058, 41877082, and
51569016) and supported by Scientific Research Project of
Jiangxi Province Educational Bureau (No. GJJ161098).

Y = 1.087X + 5498.40
R2 = 0.0614

n = 40

2000

4000

6000

8000

10000

12000

14000

A
re

al
 an

nu
al

 R
-fa

ct
or

(M
J·m

m
·h

a–1
·h

–1
·y

r–1
)

200 400 600 800 1000 1200 1400 1600 1800 20000
Elevation (m)

(c)

Y = 3.9426X + 11398.89
R2 = 0.1547

n = 40

2000

4000

6000

8000

10000

12000

14000

A
nn

ua
l R

-fa
ct

or
 (M

J·m
m

·h
a–1

·h
–1

·y
r–1

)

1000 1200 1400 1600 1800800
Annual precipitation (mm)

(d)

Figure 8: Relationship between annual rainfall erosivity, longitude, latitude, and precipitation.

Mathematical Problems in Engineering 13



References

[1] Z. H. Shi, L. Ai, N. F. Fang, and H. D. Zhu, “Modeling the
impacts of integrated small watershed management on soil
erosion and sediment delivery: a case study in the 0ree
Gorges Area, China,” Journal of Hydrology, vol. 438-439,
pp. 156–167, 2012.

[2] W. H. Wischmeier and D. D. Smith, “Predicting rainfall
erosion losses—a guide to conservation planning,” Agricul-
ture Handbook No. 537, Department of Agriculture, Wash-
ington, DC, USA, 1978.

[3] M. A. Nearing, S.-q. Yin, P. Borrelli, and V. O. Polyakov,
“Rainfall erosivity: an historical review,” Catena, vol. 157,
pp. 357–362, 2017.

[4] P. I. A. Kinnell, “Event soil loss, runoff and the universal soil
loss equation family of models: a review,” Journal of Hy-
drology, vol. 385, no. 1–4, pp. 384–397, 2010.

[5] X. X. Lu and D. L. Higgitt, “Estimating erosion rates on
sloping agricultural land in the Yangtze 0ree Gorges, China,
from caesium-137 measurements,” Catena, vol. 39, no. 1,
pp. 33–51, 2000.

[6] W. H. Wischmeier and D. D. Smith, “Rainfall energy and its
relationship to soil loss,” Transactions, American Geophysical
Union, vol. 39, no. 2, pp. 285–291, 1958.

[7] P. Panagos, P. Borrelli, J. Spinoni et al., “Monthly rainfall
erosivity: conversion factors for different time resolutions and
regional assessments,” Water, vol. 8, no. 4, p. 119, 2016.

[8] P. H. Zhou, B. Z. Dou, Q. F. Sun et al., “Experimental study on
rainfall energy,” Bulletin of Soil and Water Conservation,
vol. 1, no. 1, pp. 51–61, 1981.

[9] W. Z. Wang, “Study on the relations between rainfall char-
acteristics and loss of soil in loess region,” Bulletin of Soil and
Water Conservation, vol. 3, no. 4, pp. 7–13, 1983.

[10] J. M. J. Arnoldus, “Methodology used to determine the
maximum potential average annual soil loss due to sheet and
rill erosion in Morocco,” FAO Soils Bull, vol. 34, pp. 39–51,
1977.

[11] H. Lu and B. Yu, “Spatial and seasonal distribution of rainfall
erosivity in Australia,” Soil Research, vol. 40, no. 6, pp. 887–
901, 2002.

[12] C.W. Richardson, G. R. Foster, and D. A.Wright, “Estimation
of erosion index from daily rainfall amount,” Transactions of
the ASAE, vol. 26, no. 1, pp. 153–156, 1983.

[13] B. Yu and C. J. Rosewell, “An assessment of a daily rainfall
erosivity model for New South Wales,” Soil Research, vol. 34,
no. 1, p. 139, 1996.

[14] K. G. Renard and J. R. Freimund, “Using monthly pre-
cipitation data to estimate the R-factor in the revised
USLE,” Journal of Hydrology, vol. 157, no. 1–4, pp. 287–306,
1994.

[15] W. B. Zhang and J. S. Fu, “Rainfall erosivity estimation under
different rainfall amount,” Resources Science, vol. 25, no. 1,
pp. 35–41, 2003, in Chinese.

[16] http://www.mwr.gov.cn/sj/tjgb/dycqgslpcgb/.
[17] P. Panagos, C. Ballabio, P. Borrelli, and K. Meusburger,

“Spatio-temporal analysis of rainfall erosivity and erosivity
density in Greece,” Catena, vol. 137, pp. 161–172, 2016.

[18] A. A. Fenta, H. Yasuda, K. Shimizu et al., “Spatial distribution
and temporal trends of rainfall and erosivity in the Eastern
Africa region,” Hydrological Processes, vol. 31, no. 25,
pp. 4555–4567, 2017.

[19] B. Klik, K. Haas, A. Dvorackova, and I. C. Fuller, “Spatial and
temporal distribution of rainfall erosivity in New Zealand,”
Soil Research, vol. 53, no. 7, pp. 815–825, 2015.

[20] W. B. Zhang, Y. Xie, and B. Y. Liu, “Spatial distribution of
rainfall erosivity in China,” Journal of Mountain Science,
vol. 21, no. 1, pp. 33–40, 2003.

[21] X. Ma, Y. He, J. Xu, M. van Noordwijk, and X. Lu, “Spatial and
temporal variation in rainfall erosivity in a himalayan wa-
tershed,” Catena, vol. 121, no. 5, pp. 248–259, 2014.

[22] Z. Gu, X. Duan, B. Liu, J. Hu, and J. He, “0e spatial dis-
tribution and temporal variation of rainfall erosivity in the
Yunnan plateau, southwest China: 1960–2012,” Catena,
vol. 145, pp. 291–300, 2016.

[23] C. Lai, X. Chen, Z. Wang et al., “Spatio-temporal variation in
rainfall erosivity during 1960–2012 in the Pearl River Basin,
China,” Catena, vol. 137, pp. 382–391, 2016.

[24] W. Qin, Q. Guo, C. Zuo, Z. Shan, L. Ma, and G. Sun, “Spatial
distribution and temporal trends of rainfall erosivity in
mainland China for 1951–2010,” Catena, vol. 147,
pp. 177–186, 2016.

[25] S. Liu, S. Huang, Y. Xie et al., “Spatial-temporal changes of rainfall
erosivity in the loess plateau, China: changing patterns, causes and
implications,” Catena, vol. 166, pp. 279–289, 2018.

[26] L. Xue, X. Liu, and X.-y. Ma, “Spatiotemporal distribution of
rainfall erosivity in the Yanhe river watershed of hilly and
gully region, Chinese loess plateau,” Environmental Earth
Sciences, vol. 75, no. 4, p. 315, 2016.

[27] J. R. Fan, D. Yan, and X. Guo, “Spatial and temporal dis-
tribution of rainfall erosivity based on GIS in the upper
Yangtze River basin,” Research of Soil & Water Conservation,
vol. 17, no. 1, pp. 92–96, 2010, in Chinese.

[28] A. J. Wang, Z. G. Li, and F. Liu, “Spatiotemporal distribution
of rainfall erosivity for water erosion district in upper reaches
of Yangtze river,” Bulletin of Soil & Water Conservation,
vol. 33, no. 1, pp. 8–11, 2013, in Chinese.

[29] C. G. Wu, D. S. Lin, and W. F. Xiao, “Spatio-temporal dis-
tribution characteristics of rainfall erosivity in three Gorges
reservoir area,” Chinese Journal of Applied Ecology, vol. 22,
no. 1, pp. 151–158, 2011, in Chinese.

[30] X. M. Wang, Rainfall Erosivitv of ?ree Gorges Reservoir Area,
College of horticulture & forestry Sciences of Huazhong
Agriculture University, Wuhan, China, 2011, in Chinese.

[31] H. Y. Liu, H. Y. Ren, C.W. Zhang, and P. C. Zhang, “Temporal
and spatial variations of rainfall erosivity in the Xiangxi river
watershed of the 0ree Gorges Reservoir region,” Science of
Soil &Water Conservation, vol. 84, no. 6, pp. 362–371, 2015, in
Chinese.

[32] H. Y. Ren and H. Y. Liu, “Temporal-spatial variations of
rainfall erosivity in Daning river watershed of 0ree Gorges
Reservoir region,” Bulletin of Soil & Water Conservation,
vol. 36, no. 3, pp. 1–7, 2016, in Chinese.

[33] Y. C. Yan, S. P. Yue, and S. W. Zhang, “0e confidence
coefficient of mean annual rainfall erosivity influenced by
record length of rainfall datasets,” Journal of Natural Re-
sources, vol. 28, no. 2, pp. 21–27, 2012, in Chinese.

[34] L. Z. Hua, X. B. He, C. Z. Yan, and H. W. Nan, “Temporal-
spatial variations of rainfall erosivity in Daning river water-
shed of 0ree Gorges Reservoir region,” Bulletin of Soil &
Water Conservation, vol. 28, no. 4, pp. 22–25, 2008, in
Chinese.

[35] P. Cui, Y. G. Ge, and Y. M. Lin, “Soil erosion and sediment
control effects in the 0ree Gorges Reservoir region, China,”
Journal of Resources and Ecology, vol. 2, no. 4, pp. 289–297,
2011.

[36] Y. Xie, B. Liu, and M. A. Nearing, “Practical tresholds for
separating erosive and non-erosive storms,” Transactions of
the ASAE, vol. 45, no. 6, pp. 1843–1847, 2002.

14 Mathematical Problems in Engineering

http://www.mwr.gov.cn/sj/tjgb/dycqgslpcgb/


[37] H. B. Mann, “Nonparametric tests against trend,” Econo-
metrica, vol. 13, no. 3, pp. 245–259, 1945.

[38] M. G. Kendall, Rank Correlation Methods, Griffin, London,
UK, 1975.

[39] S. G. Meshram, S. K. Singh, C. Meshram, R. C. Deo, and
B. Ambade, “Statistical evaluation of rainfall time series in
concurrence with agriculture and water resources of Ken
River Basin, Central India (1901–2010),” ?eoretical and
Applied Climatology, vol. 134, no. 3-4, pp. 1231–1243, 2017.

[40] J. Huang, J. Zhang, Z. Zhang, and C.-Y. Xu, “Spatial and
temporal variations in rainfall erosivity during 1960–2005 in
the Yangtze River Basin,” Stochastic Environmental Research
and Risk Assessment, vol. 27, no. 2, pp. 337–351, 2013.

[41] M. Men, Z. Yu, and H. Xu, “Study on the spatial pattern of
rainfall erosivity based on geostatistics in Hebei Province,
China,” Frontiers of Agriculture in China, vol. 2, no. 3,
pp. 281–289, 2008, in Chinese.

Mathematical Problems in Engineering 15



Research Article
Are Feature Agreement Statistics Alone Sufficient to Validate
Modelled Flood Extent Quality? A Study on Three Swedish
Rivers Using Different Digital Elevation Model Resolutions

Nancy Joy Lim and Sven Anders Brandt

Department of Computer and Geospatial Sciences, University of Gävle, SE-801 76 Gävle, Sweden
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Hydraulic modelling is now, at increasing rates, used all over the world to provide flood risk maps for spatial planning, flood
insurance, etc. *is puts heavy pressure on the modellers and analysts to not only produce the maps but also information on
the accuracy and uncertainty of these maps. A common means to deliver this is through performance measures or feature
statistics. *ese look at the global agreement between the modelled flood area and the reference flood that is used. Previous
studies have shown that the feature agreement statistics do not differ much between models that have been based on digital
elevation models (DEMs) of different resolutions, which is somewhat surprising since most researchers agree that high-
resolution DEMs are to be preferred over poor resolution DEMs. Hence, the aim of this study was to look into how and under
which conditions the different feature agreement statistics differ, in order to see when the full potential of high-resolution
DEMs can be utilised. *e results show that although poor resolution DEMs might produce high feature agreement scores
(around F > 0.80), they may fail to provide good flood extent estimations locally, particularly when the terrain is flat. *erefore,
when high-resolution DEMs (1 to 5m) are used, it is important to carefully calibrate the models by the use of the roughness
parameter. Furthermore, to get better estimates on the accuracy of the models, other performance measures such as distance
disparities should be considered.

1. Introduction

Flood risk maps have become standard documents in local,
regional, national, and sometimes even international spatial
planning. *ey are widely used and considered as valuable
sources of information, mainly in planning and develop-
ment projects. Detailed positioning of houses, buildings, and
infrastructure is decided based on these maps. However, the
reliability of these flood maps have been questioned for
years. Deterministic flood maps, in particular, which show
defined flooded areas associated with a specific flood-return
year (e.g., the 100-year flood), are criticised to mislead map
users to think that they show absolute boundaries of flood
extent. Nonetheless, they can never be exact due to effects of
different factors andmodelling assumptions (e.g., input data,

model, and model parameters) in the production of these
maps. Different data, models, or parameters can change the
position of the flood borders.

To overcome this limitation of flood model results, they
are calibrated (e.g., using different roughness values) against
a historic (reference) flood event with the same discharge.
Each flood extent from the calibration is then validated
for its accuracy through a performance (goodness-of-fit)
measure that quantifies the model quality. Numeric scores
provided by the performance measures are used to justify the
choice of an optimal model that can be used as a flood hazard
map. In uncertainty and probabilistic mapping implemented
through the Generalised Likelihood Uncertainty Estimation
(GLUE)methodology [1], these performance estimators play
an important role, where they are used for deriving the
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likelihood weights assigned to the results of the ensemble,
prior to the creation of the map [2]. Moreover, performance
scores are widely used to analyse the sensitivity of the
modelled flood to the effects of the input topographic data
[3–6], roughness value [7–11], and hydraulic models, or
their numerical solutions [3, 7, 8].

In flood extent validation studies, performance mea-
sures used include various types of feature agreement (F)
statistics [9], as well as disparity measures [2]. F-statistics
are the most commonly applied in assessing flood model
predictions. *ey give a general view of the model’s per-
formance by considering the total sizes of over- and un-
derestimation and overlap between the model and the
reference data [12], but the outcome may be affected by
what is prioritised in the equation. *e disparity measures
(mean and median disparities), on the contrary, account
for the distance between the modelled and reference data at
each point sample location [2, 12]. Nevertheless, the scores
will be dependent on where the samples are taken or the
sampling strategy employed. According to Beven [13], all
these equations have their assumptions, which can have
implications on the choice of optimal models. Hence,
decisions of the optimal model can be relative to the
performance equation used.

Lim and Brandt [12] also showed that the combination of
the digital elevation model (DEM) and roughness (Man-
ning’s n) can influence the performance measures such as
the F-statistics scores. However, it remains uncertain how
these various statistical estimators’ results differ and when
they differ. Hence, the aims of this study are to evaluate the
following: (1) how the different performance measures, such
as the different feature agreement statistics, vary in their
results, in terms of the quantified values they produce; (2)
how the generated flood extents of models considered as
“best” coincide with the validation data and the computed
performance scores; (3) how the sizes of overlap and under-
and overestimation vary with the given DEM or DEM and
roughness pairs; and (4) how the proportion of areas cor-
rectly and incorrectly modelled agree with the performance
measures.

*e effects of model performance in the assessment of
simulation results based on the influence of the DEM alone,
or both the DEM and roughness values used, are investigated
in relation to the aims. *e topographic data remains an
important hydraulic numerical model input that provides
the geometry of the study area (through, e.g., cells, triangular
meshes or cross sections) and is the main source of the
elevation values [2]. *e grid size or the resolution mainly
affects the details in the modelling and the accuracy (both
vertical and horizontal) of model results [4, 5]. Nonetheless,
as what is shown in some studies [3, 6, 12], even lower
resolution DEMs (≥25m) can produce better quantified
performance. *us, basing decisions on optimal models
from a given performance measure alone may discard the
benefits of using fine resolution DEMs. In addition, as the
Manning’s n is the parameter that is adjusted during the
calibration, it is important to also see how these values,
especially when paired with different DEMs, can affect the
performance scores.

2. Verification Measures for Spatial
Predictions of Floods

One way to distinguish the goodness of predictions from
simulation result or modelling is through its quality or
agreement to the observed data (truth) [14]. *is quality is
assessed through verification methods that help describe or
quantify their performance. A model is usually compared
with observational data, based on binary conditions (i.e., yes/
presence or no/absence), through a 2× 2 contingency table
[15]. In Table 1, hits (A) represent predicted events to happen
and did take place. False alarms (B) are events modelled to
occur but did not occur, whereas misses (C) are events that
actually happened but were not modelled to happen. Model
results that are correctly predicted not to happen fall under
correct rejection (X). A number of performance estimators
based on this table are described in Mason [15].

In flood inundation studies, the goodness of model
prediction can be evaluated by assessing the overall, so called
global, spatial accuracy of the simulated flood result pro-
duced from model calibrations or ensemble modelling,
against a reference dataset, which is often a historical flood
extent having the same magnitude as the modelled one. In
such applications where the quality of spatial predictions of
modelled events are verified, performance measures that can
be applied will include accuracy, the critical success index
(CSI), hit rate or the probability of detection (POD), false
alarm rate or the probability of false detection (POFD), and
the false alarm ratio (FAR) [9].

*e degree of correspondence between the model and
the observation data can be estimated through computing
the proportion correctly predicted by the model (i.e., ac-
curacy) [9, 15]:

accuracy �
A + X

A + B + C + X
(1)

According to Schaefer [16], this equation can be affected
by the size or number of correct rejections, especially if it is
large, which can lead to high accuracy score. In flood
modelling, where dry areas are usually larger, a high ac-
curacy score can be achieved, despite the low number of hits
in themodel [10].*us, inmost performancemeasures used,
correct rejection (X) is disregarded. *e removal of the
correct rejection from the original accuracy equation leads to
another performance measure widely known as the critical
success index or the threat score:

CSI �
A

A + B + C
(2)

In flood model verification, the application of CSI allows
to focus on the correct prediction made by the model (hits,
A), and the two main causes of flood modelling errors, i.e.,
false alarm (B) and misses (C). *ere are several equations
based on the CSI, and they are known as the feature
agreement (F) statistics. Generally, they are implemented by
either considering (1) the binary flooding conditions (i.e.,
flooded� 1 or dry� 0) of each cell (in a raster data) in the
observed (D) and modelled (M) result [9, 17] or (2) by
comparing the areal size and location of the modelled flood
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against the reference data [18] (in vector data). All F-sta-
tistics equations rely on three important factors in the
contingency table that help assess how well the model
forecast the flooding. *ese are (1) the total number of cells
(P) correctly modelled to be flooded (M1D1) or the size of
overlap (A, hits) between the modelled and the reference
data, (2) total number of cells (M1D0) or size (B) over-
estimated (false alarms) by the model, and (3) total cells
(M0D1) or size underpredicted (C, misses).

*e most typically used F-statistics is F1, which is based
on the original CSI equation. It is based on getting the
intersection (hits) and union (hits + false alarm+misses) of
the modelled and observed event [3] (equation (3)). *e
values generated by the equation is from 0 (no fit) to 1
(perfect model fit):

F1 �
M∩D

M∪D
(3)

However, this feature agreement statistics is also
known to give bias in the results it produces [9], especially
when the prediction gives large overlap size (hits) [12]. If
the flooded area is large, as is the case when rivers flood
wide flat floodplains, the modelled flood area will overlap
the reference flood area to a relatively big extent, com-
pared with the areas that are either over- or under-
estimated. *is means that a rather poor model can
achieve strong statistics. As stated by Lim and Brandt [12],
as long as the model has hits greater than the combined
sizes ofmisses and false alarms, the equation will lead to an
F-value > 0.50. Because of this limitation, several variants
of the equation have been introduced (Table 2) to improve
the quantified scores. *ese versions of the equation
modify the numerator to penalise the model with the
overprediction (F2O), underprediction (F2U), or both
under- and overpredictions (F3) it produces [9]. Among
these variants, F2O is a widely used performance estimator
in flood extent validation studies and in creating proba-
bilistic maps. According to Hunter [9] and Hunter et al.
[8], it constrains the overlap produced by the model in F1,
by penalising it with the overprediction it produces. F2U

and F3 are the least applied among the four equations. In
F2U, the overlap is subtracted by the underestimation
made by the model, whereas in F3, both under- and
overestimation are subtracted from the overlap. Maximum
value of these performance measures is also 1, indicating a
perfect model fit with the reference data. *eir minimum
can be − 1.

Other spatial performance measures that can be used in
flood modelling are the hit rate or probability of detection,
probability of false detection, and false alarm ratio. *e
POD is a standard statistics that indicates the ratio of

correct prediction by the model, to the total observed data
[15, 16]. In floodmodel verification, it tells the total number
of pixels or areal size correctly predicted by the model to be
flooded, in relation to the reference data, by considering
both the overlap and the underestimation made by the
model. Maximum POD score is 1 in models with perfect
overlap with the reference data. According to Mason [15]
and Hunter [9], the PODmeasure alone cannot be used as
a performance estimator because the equation is affected
by the size of the hits (A). Large hits (and low un-
derestimation) can generate high performance score, even
if the model has largely overestimated the flooding. *us,
the POD equation should be supplemented with in-
formation that considers errors in overestimation [9],
through the probability of false detection (also known as
the false alarm rate) and the false alarm ratio. POFD
accounts for the proportion of overprediction made by the
model in relation to the correct rejections (X), while the
FAR score considers the proportion of overestimation in
relation to the hits. Maximum scores for both perfor-
mance measures are 0, i.e., no overestimation made by the
model. However, these two can also pose similar problems
as the POD. As the POFD is related only to correct re-
jections, how well the inundation is produced in terms of
the overlap or how the underprediction is minimised are
not considered in the equation. On the contrary, although
FAR accounts for the effect of the size of overlap made by
the model, the size underpredicted is not accounted in the
equation.

A further measure that can be applied to spatial model
verification is the BIAS. *is measure is for quantifying the
consistency between the model result and the observed flood
event [9] but does not indicate the model skill or perfor-
mance [15]. *erefore, the bias score is considered more of a
descriptive statistics that specifies the ratio of the predicted
data to the observation [15]. In flooding applications, this
measure indicates if overall the model result underestimates
(BIAS< 1) or overestimates (BIAS> 1) the flood. A value of
1 shows no bias.*e farther away the score from 1, the larger
the bias on either under- or overestimation.

3. Materials and Methods

Model performance measures are evaluated for model re-
sults based on different DEM resolutions in combination
with different roughness values or single-handedly by the
DEM resolution. To meet the aims, there were three study
areas at different geographical locations in Sweden used
(Figure 1): Voxna, Testebo, and Eskilstuna (two different
parts) (Figure 1). Voxna and Testebo rivers were used to
determine the influence of DEM together with Manning’s n
on the performance scores. In analysing the effect of the
DEM resolution (including its errors), the Eskilstuna river
was used as a case. Simulation results from earlier studies of
Lim and Brandt [12] (Voxna and Testebo), Klang and Klang
[19], and Brandt [20, 21] (Eskilstuna) were used in the
current study. Specific data processing and modelling
procedures are thereby described in the said articles in detail.

Table 1: 2× 2 contingency table assessing the quality of model
results [15].

Observation
Yes (presence) No (absence)

Model Yes (presence) Hits (A) False alarm (B)
No (absence) Misses (C) Correct rejection (X)
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Table 2: Different flood verification measures implemented for raster and vector data (revised from Hunter [9]).

Verification measures Binary classification (raster-based) Areal size (vector-based) Values
Feature agreement statistics:

F1  PM1D1

 PM1D1+ PM1D0+ PM0D1

A
A + B + C

0 to 1

F2O
 PM1D1 −  PM1D0

 PM1D1+ PM1D0+ PM0D1

A − B
A + B + C

− 1 to 1

F2U
 PM1D1 −  PM0D1

 PM1D1+ PM1D0+ PM0D1

A − C
A + B + C

− 1 to 1

F3  PM1D1 −  PM1D0 −  PM0D1

 PM1D1+ PM1D0+ PM0D1

A − B − C
A + B + C

− 1 to 1

Hit rate/probability of detection (POD)  PM1D1

 PM1D1+ PM0D1

A
A + C

0 to 1

Probability of false detection (POFD)/false alarm rate  PM1D0

 PM1D0+ PM0D0

B
B + X

0 to 1

False alarm ratio (FAR)  PM1D0

 PM1D1+ PM1D0

B
A + B

0 to 1

BIAS  PM1D1+ PM1D0

 PM1D1+ PM0D1

A + B
A + C

0 to ∞

GävleEdsbyn

Stockholm
Eskilstuna

500m

250m

250m

250km
250m

Testebo

Voxna

Eskilstuna (north)

Eskilstuna (south)

N

Figure 1: Locations of the study areas ©Lantmäteriet.
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3.1. Study Areas, Data, and Hydraulic Modelling

3.1.1. Voxna River. *e first site is the Voxna river, situated
in Edsbyn. *e total size of the study area is about 14.7 km2.
Its western part is flat, consisting mainly of agricultural lands
and forests. At the east, the river flows through the town of
Edsbyn, where mostly built-up areas are present.*is part of
the river is steeper. *e Voxna river has a mean annual flow
of 40m3/s at the outlet.

Topographic data used for creating the digital elevation
models for Voxna came from a combination of bathymetric
and LiDAR data. *e DEMs were produced from the to-
pographic data through TIN generation and conversion to
raster, which is the main input required by the hydraulic
model used [12]. *e different DEMs used for this river had
resolutions of 3, 4, 5, 10, 15, 20, 25, and 50m. *e highest
resolution DEMs were not possible to be used for the study
area due to the technical limitations of the 2D hydraulic
model in terms of the size of the site. For each DEM, 10
different Manning’s roughnesses were used, ranging from
0.010 to 0.100, with 0.01 increments in accordance with
Horritt and Bates [7]. *is was mainly to see how these
different roughness coefficients affect the model results from
different DEM resolution models.

*e simulated flow was 360m3/s, which is equal to the
big flood event in 1985. A corresponding reference flood
inundation map was provided by Ovanåker municipality for
this particular event. *e flow was modelled as steady state
2D flow in CAESAR-LISFLOOD software (Coulthard et al.
[22]). Eighty simulations from the different combinations of
DEM and Manning’s n were carried out for the river.

3.1.2. Testebo River. *e second area is around the Testebo
river at Forsby, north of Gävle. It has a mean annual flow of
12m3/s. *e surrounding areas of the river, particularly its
central portion is mainly flat arable land, with some mixed
forests. Most residential areas are situated at the edges of
these lands. Steeper sections of the river are located at the
eastern and southern parts of the study site.

DEMs produced for Testebo river were processed in the
same way as for the Voxna river. Similar DEM resolutions
(except for the 1 and 2m resolution, which were also in-
cluded) and range of roughness values as for the Voxna river
were used for the modelling. Here, the simulated flow was
160m3/s, which coincides with the 100-year flood. Gävle
municipality provided a flood inundation map over the 1977
flood, which is equivalent to this flow. A steady state 2D flow
using the CAESAR-LISFLOOD software was also imple-
mented to the study area [12]. A total of 100 simulations
were conducted for the combinations of resolution and
roughness values.

3.1.3. Eskilstuna River. *e third location consists of two
parts of the Eskilstuna river (with a mean annual flow of
24m3/s) in Eskilstuna. *e northern part of the study area is
located in the city centre where most residential, com-
mercial, and industrial establishments are concentrated.*is
site is characterised by relatively steeper banks. *e other

location is situated just south of the city, where the flood-
plain is flatter. Residences are visible in the western part of
this study site, along the river. Some forests are also lining up
the river. At the edges of these forested areas are arable lands.

DEM resolutions used for the modelling were 1.04, 2.09,
3.13, 10, 25, and 50m. Note, however, that these particular
DEMs have not been derived in the same way as those for
Voxna and Testebo rivers, where linear interpolation of
point cloud data was used to construct the DEMs of the
desired resolution. Here, the original point cloud data, which
had a density of 1.64 and 1.36 points/m2, corresponding to
cell sizes of 0.78 and 0.86m for the flat and steep subareas,
respectively, were used to produce the reference elevation
model. *is DEM was then resampled and degraded by
introducing random errors to simulate the behaviour of the
results from a Leica ALS50 LiDAR instrument for different
flight heights. Details of the DEM degeneration can be found
in Klang and Klang [19] and Brandt [20, 21].

A single roughness value (0.033) was used for all model
runs. *is Manning’s n is the most commonly suggested
friction coefficient for rivers in Sweden. As a single Man-
ning’s n was used, this means that the uncertainties of
modelled flood extents can be isolated to only depend on the
characteristics of the DEM and not on the DEM resolution
in combination with roughness [20, 21]. Flow equivalent to
the maximum probable flow of 198m3/s was used for the
simulations. A steady state 1D flow was simulated using the
HEC-RAS software (Hydrologic Engineering Center [23]).

3.1.4. Model Performance Evaluation. Different feature
agreement statistics, which are applied in flood extent
validation studies, were used to assess the overall perfor-
mance of the simulation results. Each model result was
compared to the observed flood data (i.e., the historical
flood maps for Voxna and Testebo rivers and the simulation
result from the original point cloud data in case of Eskil-
stuna). Since the reference data were all in vector formats,
equations accounting for areal size (cf. Table 2) were used.
*is was implemented by overlaying the reference and the
given modelled flood map resulting from simulating a given
DEM, or DEM and Manning’s n combination. *en, the
sizes of overlap and under- and overestimation were taken
(Figure 2), prior to the application of the specific F-statistics
equation.

Aside from using the F-statistics, each simulation and
best model results from the different resolution DEMs were
also evaluated using two other spatial performance measures
that can help understand the performance scores provided
by the F-statistics, in terms of the probability of detection and
false alarm ratio. Both statistics were considered to be able to
determine how well the model produces the inundation in
relation to the hits, as well as underestimation it produces
(POD) [9], and how it overpredicted the results (FAR).
Probability of false alarm or the false alarm rate was not used
in this study, due to its inclusion of correct rejection (X) in
the equation, which is difficult to account in spatial model
results such as in flood extents because of huge dry areas
being modelled [10]. To further understand whether the
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model from a given performance, DEM, and DEM and
Manning’s n combination tends to over- or underestimate
the �ood predictions, BIAS scores were also computed.

4. Results

�e e�ects of performance in evaluating quality of �ood
models’ results as in�uenced by both the DEM and Man-
ning’s n used (Testebo and Voxna), and by the DEM
(Eskilstuna, North and South), were analysed through the
following: (1) the overall performance scores of the simu-
lation results, (2) the most optimal models’ performance
scores and their corresponding spatial extents and size of
inundation areas, (3) changes in the sizes of overlap and
over- and underestimation produced by the model for the
given DEM and DEM and roughness combinations, and (4)
the POD, FAR, and BIAS scores of the models.

4.1. Combined E
ects of DEM and Roughness Values (Testebo
and Voxna Rivers)

4.1.1. Overall Performance Results. For both Testebo and
Voxna rivers, various DEM resolution together with dif-
ferent roughness values were evaluated to �nd out how they
a�ect the quanti�ed performance scores using the di�erent
feature agreement statistics. From the 3D surface plots in
Figure 3, it can be seen that the DEMs produced varying
performance values in each measure, depending on the
Manning’s n paired with them. Moreover, from the two
study sites, the Testebo river produced more variation in the
performance score (for each goodness-of-�t measure) when
using high-to-low-resolution DEMs, compared with the

Voxna river. Overall, the Voxna river resulted in higher
performances from the di�erent combinations of DEMs and
roughnesses, with only 1 to 4 model results (out of 80)
having F< 0.50 in the four F-statistics. It can also be ob-
served that, regardless of the goodness-of-�t measure used
for both study areas, higher performances were more
concentrated in medium to lower resolution DEMs (from 10
to 50m), paired with a wider range of Manning’s n values,
whereas better results from higher resolution DEMs (1–5m)
came from a smaller range of roughness values.

Among the di�erent feature agreement statistics, F2O
had fewer simulation results that gave higher performance.
Lower roughness values also led to better results for this
measure, especially when paired with coarser resolution
DEMs. With F2U, more simulation results produced higher
performances. Nevertheless, it can also be seen that higher
resolution DEMs performed poorly with lower Manning’s
values (particularly for the Testebo river, producing more
negative performances), while coarser resolution DEMs
performed well with most of Manning’s n, especially for the
Voxna river. �e performance patterns for F1 and F3 were
the same, but the latter produced lower and even negative
values, especially for the higher resolution DEMs paired with
lower roughness.

4.1.2. Most Optimal Performance Results. �e four perfor-
mance measures considered di�erent pairs of DEM and
Manning’s n to be the most optimal from the ensemble of 80
(Voxna) and 100 (Testebo) simulations (Figure 4). In gen-
eral, F2O produced the best results from each DEM with
much lower roughness values, while F2U produced the best
results with higher friction. F1 and F3, which had the same
optimal model results, almost followed the roughness pat-
tern of F2U for each resolution, but using a lower friction
coe�cient. It is also visible from the diagram that the best
models from the three performance estimators (F1, F2U, and
F3) that used higher resolution DEMs (1–5m) worked well
with higher roughness, and that the most optimal Manning’s
n used decreased as the resolution became coarser.

When considering the maximum performance scores for
the di�erent DEMs, the lowest resolution DEMs (25 and 50m)
produced the most optimal performance in all four F-statistics
for the Testebo river (F150m|n0.030 � 0.730, F2O,25m|n0.040 �
0.651, F2U,50m|n0.010 � 0.646, and F350m|n0.030 � 0.460). For the
Voxna river, the 10m DEM got the highest scores when using
F1n0.040 (0.850),F2U,n0.080 (0.807), andF3n0.040 (0.70), while the
5m DEM received the highest with F2O,n0.030 (0.763). Al-
though the maximum performance range did not vary much
within each F-statistics (Tables 3 and 4), the variations in
extents using the di�erent DEMs and Manning’s roughness
were more discernible when compared with each other
visually (Figure 5). Flood extents having the highest F2O
values produced big underestimations particularly for the
highest resolution DEMs in both rivers. �e 1 to 5m DEMs
underestimated the southern part of the Testebo river and
the southeastern section of Voxna river. �e 10 to 50m
DEMs underpredicted the �ooding in the north of Testebo,
while in Voxna, these resolutions overpredicted the

N

500m

A (overlap/hits)
B (overestimation/false alarms)
C (underestimation/misses)

Figure 2: Derivation of areal sizes for each of the components of F-
statistics for one of the simulation results.
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flooding. F2U produced larger extents in all DEM reso-
lutions for Testebo (especially in the south and southeast)
than F1 |F3 (except for the 50m DEM) because of the
higher roughness values used. In Voxna, the difference in

extents between F2U and F1 |F3 were less noticeable in the
map, but if the size of the inundation area will be compared,
the former had a larger flooded area as brought by using the
higher roughness value (i.e., n � 0.030) (Table 4).

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n 
DEM re

solutio
n (m

)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

Testebo

F1
F2

O
F2

U
F3

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

1
0.5

0

0
5

10
15

20
25

50
–0.5
0.100

0.090
0.080

0.070
0.060

0.050
0.040

0.030
0.020

0.010

Manning’s n

DEM re
solutio

n (m
)

F

Voxna

1

0.75

0.5

0.25

0

–0.25

F1
F2

O
F2

U
F3

–0.5

Figure 3: Different performance results for the Testebo and Voxna rivers using various combinations of DEM resolution and roughness
parameter.

Mathematical Problems in Engineering 7



*e size of flooded areas produced by the best models for
each resolution and performance measure and the percent
difference in areal size in relation to the reference data are
further shown in Tables 3 and 4. A percentage equal to 0
means that the size of the inundation area from the simu-
lation is the same as the reference data. Take note that this
value does not signify an exact match in extents (overlap)
between the model and the reference. A negative value (<0)
means that the modelled flood area is smaller than the
reference data, while if it is positive (>0), the modelled size is
larger. *e farther away the value is from 0 means the
smaller or larger the under- or overestimation is. Here, the
values clearly show that models computed with the highest

F2U scores have bigger modelled areal size than the reference
data, in both study sites, and the other three performance
measures (except for the 50m DEM for the Testebo river).
Inundation areas of best models derived from this perfor-
mance measure for the Testebo river have size differences
from the reference data ranging from 27 to 37%. For Voxna,
the differences in sizes were smaller (5–12%). In the Testebo
river, the 50mDEM that was paired with n � 0.010 produced
a size equal to the reference data (0% difference), but it can
be seen in Figure 3 that they did not exactly match each
other’s extents. Results with the highest F2O have generally
smaller inundation areas, especially for the Testebo river. But
again, for this river, although the areal size of inundation
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Figure 4: DEM and Manning’s n combinations that produced the most optimal performances for the different feature agreement statistics.

Table 3: Performance scores of most optimal DEM resolutions (with associated roughness in small font) for the Testebo river, together with
inundation areas and the percent differences in size from the reference data.

Res. (m)
F1 and F3 F2O F2U

Max. score F1 |F3 Flood area (km2) % diff. Max. score Flood area (km2) % diff. Max. score Flood area (km2) % diff.

1 0.6680.080 | 0.3370.080 0.674 17.42 0.4680.050 0.419 − 27.00 0.6070.100 0.789 37.46
2 0.6690.080 | 0.3390.080 0.683 18.99 0.4670.050 0.428 − 25.44 0.6010.090 0.743 29.44
3 0.6670.080 | 0.3330.080 0.691 20.38 0.4650.070 0.624 8.71 0.6040.090 0.752 31.01
4 0.6700.070 | 0.3400.070 0.635 10.63 0.4940.040 0.311 − 45.82 0.6080.090 0.760 32.40
5 0.6740.070 | 0.3480.070 0.639 11.32 0.4720.040 0.29 − 49.48 0.6050.090 0.762 32.75
10 0.6940.070 | 0.3880.070 0.512 − 10.80 0.5900.070 0.512 − 10.80 0.6220.080 0.733 27.70
15 0.6970.060 | 0.3950.060 0.643 12.02 0.5250.040 0.367 − 36.06 0.6380.080 0.782 36.24
20 0.7150.060 | 0.4300.060 0.575 0.17 0.6160.050 0.476 − 17.07 0.6300.080 0.742 29.27
25 0.7210.040 | 0.4420.040 0.487 − 15.16 0.6510.040 0.487 − 15.16 0.6450.070 0.790 37.63
50 0.7300.030 | 0.4600.030 0.573 − 0.17 0.5960.030 0.573 − 0.17 0.6460.010 0.574 0.00

Table 4: Performance scores of most optimal DEM resolutions (with associated roughness in small font) for the Voxna river, together with
inundation areas and the percent differences in size from the reference data.

Res. (m)
F1 and F3 F2O F2U

Max. score F1 |F3 Flood area (km2) % diff. Max. score Flood area (km2) % diff. Max. score Flood area (km2) % diff.

3 0.8230.080 | 0.6460.080 5.410 8.80 0.7390.030 4.331 − 12.91 0.7870.090 5.585 12.33
4 0.8230.080 | 0.6470.080 5.457 9.75 0.7340.040 4.479 − 9.92 0.7870.090 5.605 12.72
5 0.8430.080 | 0.6870.080 5.303 6.65 0.7630.050 4.410 − 11.31 0.8020.080 5.303 6.65
10 0.8500.040 | 0.7000.040 5.241 5.40 0.750.030 5.086 2.29 0.8070.040 5.241 5.40
15 0.8410.040 | 0.6820.040 5.263 5.84 0.7380.020 5.051 1.59 0.8050.060 5.550 11.61
20 0.8430.030 | 0.6850.030 5.176 4.10 0.7440.020 5.040 1.35 0.8030.040 5.339 7.37
25 0.8230.020 | 0.6550.020 5.300 6.59 0.7150.010 5.154 3.65 0.7900.030 5.438 9.36
50 0.8280.010 | 0.6570.010 5.407 8.73 0.6970.010 5.407 8.73 0.7940.030 5.556 11.73
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produced from the 50m DEM was smaller than the actual
�ood data, the percent di�erence was very small (− 0.17%)
compared with the other DEMs. In addition, the most
optimal results based on the highest resolution DEMs for
this performance measure have smaller inundated areas than

the reference (− 25 to − 49%di�erence for the 1, 2, 4, and 5m for
Testebo and − 9 to − 13% for Voxna). With F1 and F3, all
optimal models produced larger �ood extents than the refer-
ence data in Voxna, whereas in Testebo, the 10, 25, and 50m
DEMs produced smaller �ood areas than the rest of the DEMs.

250m

F1 | F3 F2O F2U

N

F1 | F3 1m0.080 = 0.668 | 0.337
5m0.070 = 0.674 | 0.348
10m0.070 = 0.694 | 0.388
25m0.040 = 0.721 | 0.446
50m0.030 = 0.730 | 0.646

F2O 1m0.050 = 0.468
5m0.040 = 0.472
10m0.070 = 0.590
25m0.040 = 0.651
50m0.030 = 0.596

F2U 1m0.100 = 0.607
5m0.090 = 0.605
10m0.080 = 0.622
25m0.070 = 0.645
50m0.010 = 0.646

3m0.080 = 0.823 | 0.646
5m0.080 = 0.843 | 0.687
10m0.040 = 0.850 | 0.700
25m0.020 = 0.828 | 0.655
50m0.010 = 0.828 | 0.657

3m0.030 = 0.739
5m0.050 = 0.763
10m0.030 = 0.752
25m0.010 = 0.715
50m0.010 = 0.697
ReferenceReference

Reference Reference Reference

Reference

3m0.090 = 0.787
5m0.080 = 0.802
10m0.040 = 0.807
25m0.030 = 0.790
50m0.030 = 0.793

500m

Figure 5: Extent comparison of most optimal results produced for each performancemeasure. F1 and F3 have the same results although the
scores were lower for the latter.
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4.2. Resolution’s Effect onQuantified Performance (Eskilstuna
River). For the Eskilstuna river, a constant roughness
(n � 0.033) was used for all DEMs to produce the results.
Irrespective of the topographic characteristics of the study
area, i.e., steep (north) or flat (south), the highest resolution
data (1m) received the highest performance in all four
measures (Figure 6 and Table 5). A distinct trend is also
shown that the performance decreased as the resolution
became coarser. Among the goodness-of-fit measures, F1
showed a more gradual decrease in performance from finer
to coarser resolution, while F3 manifested a more significant
decrease. From the two study areas, it can be noticed that the
shift in performance between the highest resolution and the
10m DEM was more prominent for the northern part of the
river (i.e., from 0.93–0.96 down to 0.74–0.87), particularly
when F2U and F3 were used.

When looking at the inundation areas produced by the
different resolution DEMs (Table 5), 50m produced the
largest flood areas in both sites although there was larger
difference in the north (10.55%). Also noticeable is that 3m
data produced the next largest difference after 50m. Lowest
percent difference in areal size was made by 1m DEM, both
in the northern and southern parts of the river.*e 25m also
generated smaller percent difference in flooded area than
some of the higher resolution DEMs.

When the inundation extents are examined (Figure 7),
there were higher degree of overlaps (with the reference)
produced by the higher resolution (1–10m) DEMs. But after
these resolutions, the mismatches at the edges became more
recognisable, especially when 50m was used. Over- and
underestimations in flooding in some parts of the study areas
also became obvious with this resolution.

4.3. Changes in Sizes of Overlap and Over- and Un-
derestimation for the Different Resolution DEMs. All per-
formance measures’ equations are based on accounting for
the overlap, overestimation, and underestimation sizes
produced by the simulation results. If these three will be
looked at for each of the results from the different study cases
(Figure 8), and for each DEM resolution, it can be seen that
the general pattern for the Voxna and Testebo rivers were
similar; i.e., there were more overlaps attained when using
the lower resolution data and high roughness. Nonetheless,
these resolutions also generated more overpredictions (but
minimal underpredictions), especially when they were
paired with higher roughness values. On the contrary, the
sizes of overlaps produced by higher resolution DEMs were
generally lower than the coarser resolution DEMs. Fur-
thermore, higher friction coefficients paired with them
generated better overlap size, as well as overestimations,
while lower frictions produced underestimations. *e big
shifts in the size of overlap and over- and underestimation
from the highest (1m) to the lowest (50m) DEMs were most
obvious for the Testebo river.

In both the southern and northern parts of Eskilstuna
river, the overlap sizes did not vary much among the results
from the different digital elevation models, but 1m got the
highest inundation match with the reference data. In

addition, the overlap size decreased as resolution became
coarser. *e increase in size of overestimation from finest to
coarsest DEM was similar to the Testebo and Voxna rivers.
Nevertheless, the pattern that followed for the un-
derestimation was opposite the two other study areas; i.e.,
the coarser resolution DEMs generated more under-
predictions for the Eskilstuna river.

4.4. POD, FAR, and BIAS Assessment of All Simulations and
Best Model Results. Both Testebo and Voxna rivers had the
highest hit rate or probability of detection (POD) value of
0.98 attained for the 50 and 25m DEMs, whereas the
higher resolution DEMs received lower maximum values
(Figure 9). It can also be seen in the graphs that there was
more spread in the POD values of results that used finer
resolution, compared with coarser resolution DEMs (due
to the effect of roughness), especially for the Testebo river.
Higher overall POD scores were computed for Voxna
river. *e models that used 10 to 50m data for this study
site received higher POD values (POD≥ 0.886). Eskilstuna
showed an opposite trend in the probability of detection
scores. Unlike the two other rivers, the maximum POD

value (0.98) was attained in both sites by the 1m resolution
data. It is also shown in the figure that the POD decreased
as the resolution became coarser.

If the POD scores of the most optimal results according
to the different F-statistics (as marked in Figure 9) will be
considered, it can be seen that they varied with the different
goodness-of-fit measures. *e most optimal results from
F2O had lower hit rate compared with the results from F2U

and F1 | F3. In the case of Testebo, best models quantified
using F2U received the highest POD scores. For Voxna, the
hit rates of most optimal results based on F1 | F3 and F2U

were very close to each other.
False alarm ratio values have inverse performance re-

lationship from PODs; the closer the FAR value is to 0
(maximum), the better. *e pattern manifested in false
alarm ratio most likely agreed in all three rivers; i.e., they
decreased as the resolution became coarser. Simulations that
came from the 50m DEM also received the lowest FAR

values, specifically for the Testebo river (FAR � 0.45). *e
highest FAR scores attained were as follows: Testebo�

0.0198 (10m), Voxna� 0.037 (5m), EskilstunaNorth � 0.014
(1 and 2m), and EskilstunaSouth � 0.009 (1m).

Models with the highest performance using F2O had
FAR values closer to the maximum. FAR values of F2U

results for Testebo river were farther from 0, especially for
the 1m data, while the FAR score for the 50m DEM was
closer to 0. In Voxna, FAR values of highest performing
models quantified through F2U and F1 | F3 were the same.
Like Testebo river, the highest resolution DEMs (3m and
4m) had lower FAR scores, while the rest had values closer
to the maximum FAR score of 0.

Looking at the BIAS scores of the different simulations
results, it can be seen how the lower resolution DEMs, mainly
the 50m data, produced results that overestimated the
flooding. For Testebo and Voxna rivers, there were more
variations in the BIAS values of the higher to medium
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resolution DEMs. In the former, the results from 1m to 10m
DEMs producedmore results that underestimated the �ooding
(BIAS< 1), while the 25 and 50m gave more overpredictions
(BIAS> 1). For the latter, the 10 to 50m DEM caused
overestimations in the model.

�e majority of the best model results derived using
F1 |F3 and F2U for Testebo and Voxna rivers had BIAS> 1,
especially for F2U. For the Voxna river, the BIAS scores of
the best models from F1 |F3 and F2U for the lower reso-
lution DEMs were closer to 1. With F2O, optimal models

from almost all the resolutions for the Testebo river had
BIAS towards underprediction. With Voxna river, the high-
resolution DEMs with maximum F2O values also under-
predicted the inundation. From 10 to 50m, despite the
overprediction, the BIAS scores were closer to 1. Computed
BIAS scores for the Eskilstuna river were all closer to 1,
ranging from 0.946 to 1.106. All DEM resolutions, with the
exception of the 50m data, had values less than 1. �e 1m
DEMs had the BIAS score closest to 1 (i.e., 0.99), followed by
the 25m (0.989) DEM, in both sites.
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Figure 7: Flood extents for the Eskilstuna river using di�erent resolution DEMs.
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5. Discussion

If models are calibrated using a combination of DEM and
roughness values, the best performing models varied among
the feature agreement statistics used, as what was exem-
plified in the Testebo and Voxna cases. *is was because the
different equations try to handle the sizes of overlap,
overestimation, and underestimation differently in the nu-
merator. Also, as roughness values have impact on the size of
the flooding produced (i.e., flood area increases with

increased Manning’s n), the friction coefficient paired with a
given DEM can affect the scores in a given performance
measure, especially with F2O and F2U. *e most optimal
models derived for different resolution DEMs using F2O

were paired with lower roughness values (mostly from 0.01
to 0.05) (Figure 4), as they produced smaller inundations.
Since the equation tries to penalise the overlap with the
overprediction by the model, a lower size of overestimation
will give higher performance scores. Contradictory to this
was the result using F2U, which tries to suppress the
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Figure 8: Changes in overlap and over- and underestimation sizes in the different study cases.
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underestimation produced in the model. �us, models with
lowest underestimations, i.e., those produced by higher
roughness values, received maximum performance using
this measure. F3, on the contrary, produced the lowest
overall performance in all feature agreement statistics al-
though the combinations of best performing models it
considered were the same as F1. �e equation tries to limit
the e�ect of the overlap size to the quanti�ed performance
value, which is the problem with F1 that was mentioned by
Hunter [9]. In the constraint that F3 applies in the nu-
merator, it subtracts the overlap with both the sizes of over-
and underestimation, balancing the e�ects of F2O and F2U.
�is prevents the model from attaining higher scores, which
can help identify better performing models. �is also means
that if the F3 value is high, the model can be considered to be
very good. However, the use of F2O and F2U may be good to
use if the modeller seeks to �nd minimum or maximum,
respectively, probable �ood inundation areas.

Furthermore, the roughness value used together with the
DEM resolution was important to get higher performance in
the case of Testebo and Voxna rivers. As generally seen in the
results of the performance scores (Figure 3), higher
roughness values worked better with higher resolution
DEMs, while lower resolution DEMs performed better with
lower Manning’s n. Also clear is that a particular DEM
paired with the right Manning’s n can attain high perfor-
mance values, which was especially true for the coarser
resolution DEMs. As shown in Tables 3 and 4, the maximum
performance scores received by the lowest resolution DEMs
(25 and 50m) in at least three goodness-of-�t measures (F1,

F2U, and F3) were higher than the �nest resolution DEMs.
�e overlap size with the reference data produced by them
was also the highest (Figure 8). Even the POD scores
(Figure 9) were high and yielded the least varied values
compared with the other resolution data. But, despite the
high quanti�ed performance that they received, the extents
generated by themwere not better than the higher resolution
DEMs in terms of details and their accuracy at the edges
(Figures 5 and 7). �ese resolutions (speci�cally 50m) also
produced more overestimation of the �ooding, lower FAR
scores, and gave higher BIAS in overestimation.

Peculiarly, the high performance scores manifested by the
low-resolution DEMs for the Testebo and Voxna rivers were
opposite to that of the Eskilstuna river, wherein the highest
resolution DEMs received the highest performance scores. In
addition, a more signi�cant decrease in performance is no-
ticeable for the Eskilstuna test sites as the resolution was de-
creased. Even when the performance scores for the Testebo and
Voxna rivers using di�erent DEMs paired with similar
Manning’s n of 0.03, the 1–5m DEMs received lower per-
formances than the coarsest resolution DEMs. One of the
possible explanations can be the reference data used to com-
pare the results to derive the di�erent performance values. For
both Testebo and Voxna rivers, historical �ood observations
were used for extent validation, while for Eskilstuna, the ref-
erence data were derived from simulations using the original
laser scanned point cloud data of 0.78m (North) and 0.86m
(South) DEMs, due to the absence of a �ood extent from
historical �ood event. �e 1m DEM gave the highest per-
formance in all F-statistics (from F� 0.93–0.974 in Table 5)
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and better details and match in the borders generated (Fig-
ure 7) because it was most similar to these two resolutions.*e
50m, on the contrary, was the most dissimilar in extent and
performance because of the resolution difference from the
reference model. *e tendency of getting higher performance
for the finest DEM resolution when benchmarking with a
better topographic data was similar to the results of Cook and
Merwade [5] and Peña and Nardi [6]. As also seen in Table 5,
the percent difference in the inundated area between the
reference model and the modelled floods became larger (due to
themodelled areas getting smaller) as DEM resolution changed
from 1 to 3m.Why the modelled areas became smaller for 3m
than 1m resolution is unclear to us, but it may have to do with
local conditions and where the elevation data points have been
sampled. However, with further change in resolution, the
percent difference first decreased between 10 and 25m DEM,
followed by an increase for 50m resolution. *e modelled
inundated areas are now getting bigger and bigger.*e effect is
most profound for the Northern area, which has a narrower
floodplain. *e reason for this behaviour can be attributed to
raised bed levels when the DEM cell size is getting closer to or
even exceeding the width of the channel. Small depressions that
used to be present in the high-resolution DEMs were removed
and replaced by higher lying areas, with elevated water levels as
a result. With very big cell sizes, the cells would then represent
the surrounding terrain, rather than being representative of the
river channel.*is effect was shown in Lim and Brandt [12] for
the Testebo and Voxna rivers. Cook and Merwade [5] and
Saksena andMerwade [4] also show in their results that the size
of inundation areas become larger when using coarser grid
resolution. Hence, from a flood risk perspective, the use of
coarse-resolution models may actually increase the chances of
being on the “safe” side when the flood map is used for
planning purposes.

Maximum scores in all performances (from the entire
ensemble of models) for both Testebo and Voxna rivers were
also lower than for the Eskilstuna river.*is is not surprising
as the deviations in result for the Eskilstuna river only
depended on the quality of the DEMs. However, besides
adding roughness as an influencing parameter, these low
scores could also have been influenced by the historical data
used for the validation. According to Lim and Brandt [12],
the data can have accuracy issues in terms of how they were

generated (e.g., how precise the flood borders were digitised
or produced), and their timeliness (i.e., the time difference
between the event and generation of topographic data),
which can affect getting better inundation matches. *us, an
accurate estimation of performance scores can also be
subjective to the observation data, as what is stated in
Merwade et al. [24]. Moreover, a perfect or very high match
between the modelled and real flood extents can be difficult
to achieve because of other factors, which can affect the
actual flood extents, that are not taken into account by the
model used or in the modelling performed.

*e single roughness Manning’s n of 0.033 also worked
well for Eskilstuna and Voxna rivers in the four performance
estimators although this did not produce the most optimal
results for the latter. *is was regardless of the hydraulic
models used (HEC-RAS 1D for Eskilstuna and 2DCAESAR-
LisFlood for Voxna). However, for the Voxna river, per-
formance scores among the different resolution DEMs using
this friction had lower variability in the three feature
agreement statistics (except for F2U) than the Eskilstuna
river. But even when considering the performance results
from the ensemble, the quantified performances for the
Voxna river were higher and less varied than the two other
study areas. For the Testebo river, this roughness led to lower
performance for higher resolution DEMs, especially when
using F2U and F3. *is was for the reason that higher
roughness values worked well with these resolutions for
Testebo river, while lower resolution DEMs were better with
lower roughness values.

*e result that the Eskilstuna river’s flat terrain area
received better performance measures than the steeper area
might at first seem surprising, as the modelled flood borders
clearly are at further distance from the reference model in
the flat area. Nonetheless, Cook and Merwade [5] also
achieved similar results in their study over the flat Brazos
river (better performance) and the steeper Strouds creek
(lower performance). *is can be attributed to the flatter
sites’ relatively larger inundated areas in comparison to the
fringe that will be either over- or underestimated. But, it is
still important to notice that the disparity distances between
the modelled and the reference flood edges are always bigger
in the flatter areas. *is makes it questionable to only rely on
the feature statistics treated in this paper. Instead, the

Table 5: Performance scores of results from the Eskilstuna river, based on using different resolution DEMs.

Resolution (m) F1 F2O F2U F3 Inundation area (km2) % diff.

Eskilstuna north

1 0.965 0.951 0.944 0.930 0.1604 − 0.67
2 0.956 0.943 0.926 0.912 0.1588 − 1.69
3 0.911 0.892 0.839 0.821 0.1528 − 5.41
10 0.874 0.835 0.786 0.747 0.1532 − 5.16
25 0.814 0.726 0.716 0.629 0.1598 − 1.09
50 0.724 0.543 0.630 0.446 0.1786 10.55

Eskilstuna south

1 0.974 0.966 0.958 0.949 0.3578 − 0.83
2 0.959 0.946 0.930 0.917 0.3548 − 1.68
3 0.943 0.926 0.904 0.887 0.3526 − 2.30
10 0.920 0.886 0.875 0.841 0.3567 − 1.15
25 0.847 0.776 0.765 0.694 0.3567 − 1.15
50 0.754 0.613 0.648 0.507 0.3754 4.05
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distance disparities described in Brandt [21] and Lim and
Brandt [12] should also be considered. *ese measures will
provide better estimates on local flood extent uncertainties,
especially where the terrain is flat.

Finally, it is clear from the results that when high-res-
olution DEMs are used, calibration of the roughness co-
efficient is of utmost significance. Important to note here
that calibrated results from earlier models, as well as stan-
dard Manning’s n values, are not advisable to be used.
Calibration should be done according to the current DEM,
study area, model, and model conditions. As what is shown
in Figure 4, although the general trend for roughness values
and DEM for each performance measure have similarities,
the most optimal roughness still differed. *ese differences
in the friction values reflect sampling variation, which is
typical for any model parameter. In the case of Testebo and
Voxna, the varying roughness values can be ascribed to the
differences in their physical characteristics, which affect the
flow characteristics in the river. As different study areas are
spatially heterogeneous, the friction values will vary from
one site to another. In addition, because the DEM provides
the topography of the area for the model, its quality in terms
of resolution will affect the flow characteristics, which in
turn can impact the friction to be used and the flood extent
produced.*e usage of the 1D or 2D model can also have an
effect on the optimal roughness values derived, due to their
assumptions in solving the energy loss equation [25] (cf.
Horritt and Bates [7]). For the 2D model results (Voxna and
Testebo), if the basis of optimality will be F1 | F3 for the
highest resolution DEMs (1–5m), the most optimal Man-
ning’s n is 0.08 but varied as the resolution decreased. For the
Eskilstuna river, the most optimal roughness will be difficult
to know as only a single roughness was used. Likewise, the
discharge used can also produce varying inundation extents
and patterns, as well as lead to different optimal roughnesses
[7]. Maximum discharges were used for the different study
sites. Although they were roughly of the same magnitude,
the flow differed a bit (360m3/s for Voxna, 160m3/s for
Testebo, and 198m3/s for Eskilstuna). *is can be another
reason for the varying friction values. All these factors can
affect the modelling results, as what is also shown in earlier
studies, and as a result of the equifinality problem [1].
However, since our study focused on the variability of
performance measures as effect of the DEM resolution and
roughness, our results are centred to the effects of topog-
raphy in the flood extents and performance measures, rather
than the model or the flow used.

From a feature statistics point-of-view, it may seem
unnecessary to use high-resolution DEMs, when average
resolution DEMs provide similar F-statistics scores, as in the
case of Voxna and Testebo rivers. However, as the results
from Eskilstuna river show (wherein only the effect of the
DEM is considered), feature statistics clearly get better when
resolution is increased. *e positive effect of resolution in
the flood model results when considering both the effects of
DEM and roughness became more evident when the dis-
parity distance measures were used, especially for Voxna
river. In Lim and Brandt [12], the mean and median dis-
parities for 3 to 5m were 59.71–63.16m and 10.75–15.18m,

respectively. *ese were clearly better than for the 50m
DEM (D�117.7m and D � 41.17m). Nonetheless, the results
of the disparity measures are more unclear for the Testebo
river.

6. Conclusions

*is study has highlighted the implications of using feature
statistics in assessing modelled flood inundation areas. Some
of the most frequently used feature statistics have been tested
on three different rivers, whereof one constituted two dif-
ferent topographies and flat and steep side slopes, re-
spectively. From the results, it is clear how the performance
values using the feature statistics varied when going from the
most commonly used F1 that divides the overlap area of
modelled and reference flood with the total combined area of
modelled and reference flood, over the F2O and F2U that
penalises over- and underpredicted areas, respectively, to F3
that penalises both over- and underpredicted areas. *is
suggests that a high F3 value, i.e., close to 1, more or less
guarantees a high match between modelled and reference
flood area. However, even when feature statistics show high
values, caution should be taken especially for local or flat
areas. Consequently, alternative performance measures,
such as disparity distances, may be better substitutes.

*e direct relationship between the roughness value and
the size of flooding was also shown to affect quantified
performance, especially from F2O and F2U equations. As the
flooded area increases with higher Manning’s n, the ten-
dency to overestimate flood becomes higher. Because F2O

penalises the model with overestimation produced, lower
roughness values that generate smaller extents and minimal
overprediction performed better with this measure. On the
contrary, F2U worked well with higher friction because the
equation tries to minimise the underestimation made by the
model.

*e results also showed that DEMs of poor resolution
can receive relatively high performance scores over a wide
range of roughnesses. But despite the high scores, there are
more spatial inconsistencies in the flood extents produced
from low-resolution data. *erefore, assumptions on the
goodness of results based on poorer resolution DEMs must
be carefully made. Usage of higher resolution DEMs remains
advantageous for modelling as they represent the topogra-
phy of the study area better. As the results from the
Eskilstuna river showed, which is only dependent on the
quality of the DEM, better resolution has the potential to
always bring better results. However, high-resolution DEMs
needs to be carefully calibrated through the roughness value,
to be able to fully utilise their modelling advantage. If not
calibrated properly, the feature agreement statistics will
directly show decreased scores.

Performance scores also varied in the different study
areas. Regardless of the measure used, Eskilstuna and Voxna
rivers received higher overall performances than the Testebo
river. *ese variations in the scores can be caused by several
factors such as the modelling assumptions of the model
utilised (1D vs. 2D) or the spatial heterogeneities of the study
areas, which can both influence the flow beingmodelled, and
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the inundation extents produced. Moreover, the reference
data and its quality can also affect the quantified
performance.
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A weakly compressible smoothed particle hydrodynamics (WCSPH) method was developed to model open-channel flow over
rough bed. An improved boundary treatment is proposed to quantitatively characterize bed roughness based on the ghost
boundary particles (GBPs). In this model, the velocities of GBPs are explicitly calculated by using evolutionary polynomial
regression with a multiobjective genetic algorithm. ,e simulation results show that the proposed boundary treatment can well
reflect the influence of wall roughness on the vertical flow structure. A fully developed open channel is established, and its flume
length, processing time, and turbulent model are discussed. ,e mixed-length-based subparticle scale (SPS) turbulence model is
adopted to simulate uniform flow in open channel, and this model is compared with the Smagorinsky-based one. For the modified
WCSPHmodel, the results show that the calculated vertical velocity and turbulent shear stress distribution are in good agreement
with experimental data and fit better than the calculations obtained from the traditional Smagorinsky-based model.

1. Introduction

Computational fluid dynamics (CFD) is widely used in
hydraulic engineering simulations with good computational
efficiency and accuracy. As an important branch of CFD,
meshless methods such as smoothed particle hydrodynamics
(SPH) method, moving particle semi-implicit (MPS)
method, and discrete element method (DEM) have received
wide attention due to their ability to consider large de-
formations of free interface and multiple interfaces without
mesh distortion. ,e SPH method is a widely used La-
grangian meshless method that was originally developed by
Gingold and Monaghan [1] and Lucy [2] to solve astro-
physics problems and later used in fluid dynamics appli-
cations such as fluid-structure interaction [3–5], underwater
explosion [6, 7], local scour [8, 9], other transport phe-
nomena [10], and related applications [11–13]. Despite
advances in SPH methodology, the SPH method has not yet
been widely adopted for the simulation of open-channel
flows in natural rivers and artificial channels. ,us, the focus

of this study was to address the use of SPH for simulation of
open-channel flows.

Boundary conditions can directly affect the calculation
accuracy and efficiency for the accurate simulation of open-
channel flows. However, it is quite challenging to achieve
strict boundary conditions in the SPH framework due to the
interpolation procedures. Previous studies of numerical
simulations of free surface flows mainly focused on
boundary treatments of inflow and outflow. A variety of
nonreflecting boundary schemes such as open boundary
condition [6, 14] and sponge layer [15–17] have been applied
in the field of free surface flow to minimize undesirable
boundary effects. However, the influence of bed surface
roughness on the flow field has not been explicitly stated or
well considered in the most open-channel flow simulation
[18–22]. In some works, the bottom boundary is roughly
treated as slip or no-slip wall [18–20]. López et al. [21]
proposed that uneven distribution of Lennard-Jones re-
pulsive force exerting on particles near the solid wall can be
considered as numerical resistance caused by roughness,
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which may suffer from spurious behavior [23]. Chern and
Syamsuri [22] used corrugated solid walls to represent rough
bed surface resistance, in which different bed boundaries
such as triangle-type, trapezoid-type, and sinusoid-type are
characterized by discrete particles. Although these simple
approaches are reasonable approximations, the roughness of
the bed surface can only be qualitatively expressed in these
works, and thus, the effect of the bed roughness on the fluid
structure cannot be accurately described.

An additional complication is that open-channel beds
in nature have different forms and different scales of
roughness, such as fine sand bed, pebble river bed, or
vegetation river bed. ,e bed roughness can exert an
important influence on the flow field characteristics, such
as average flow rate, time-averaged pressure, Reynolds
stress, and turbulent energy. ,e slip/no-slip treatment on
the bottom boundary directly affects the overall accuracy of
the simulation results for the open-channel flow.,erefore,
the bottom boundary should be carefully described. To the
best of our knowledge, there are two major types of ap-
proaches to accurately account for the effects of bed
roughness on the open-channel flow. One approach is to
express the effect of the rough bed on the fluid by adding a
source term in the fluid-governing equation [24, 25]. For
example, Khayyer and Gotoh [24] investigated the effect of
bed friction on a dam-break flow by applying a frictional
drag force between a near-bed fluid particle and its
neighboring wall particle. However, the proposed drag
force is a purely artificial drag force that lacks physical
meaning such as bed roughness. Kazemi et al. [25] also
proposed a drag-based formulation to account for the
large-scale roughness bed surface in depth-limited tur-
bulent open-channel flow. In that work, the thickness of the
roughness zone ranged from 0.009m to 0.011m, which
refers to gravel according to river sediment classification
[26]. It is not clear whether this drag force model could be
applied to a small-sized rough bed surface, such as silt and
sand with particle size that is at least an order of magnitude
lower than that of gravel. Another approach to account for
the effects of bed roughness on the open-channel flow is to
describe the shearing effect of the rough boundary on the
ambient flow by indirectly modifying the velocity gradient
of the bed particles and ambient fluid particles [27, 28].
Violeau and Issa [27] used the wall function model to
reproduce the logarithmic velocity distribution near a solid
wall, but the particle disorder can be clearly found near the
bed surface (see Figure 9 in their paper). ,e velocity of
ghost particles in the bottom boundary was revised by Fu
and Jin [28] to force the vertical velocity distribution of
water flow to logarithmic form. ,e ghost particle velocity
is thought to be only related to water depth and roughness
height but independent of the slope of the bed surface.
Similar to the second approach [27, 28], Barreiro et al. [29]
modified the artificial viscosity value for interactions be-
tween fluid and bottom to mimic the Manning roughness
coefficient of vegetation [26]. However, there is still no
universal roughness boundary of free surface flow in the
current SPH framework for different flow patterns such as
hydraulic smooth flow, hydraulic rough flow, or hydraulic

transition flow. ,erefore, a focus of this work is the
proposal of a more comprehensive rough bed boundary
treatment method for the SPH framework.

In addition to boundary conditions, the turbulence
model is equally important in simulating open-channel
flows. ,e turbulence phenomena are quite complex, pre-
venting full resolution through full-proof theory. Existing
turbulence models are primarily based on semiempirical
assumptions. For example, the Reynolds stress caused by
momentum exchange can be related to the average flow field
by the eddy viscosity assumption [30]. One of the earliest
and commonly used turbulent models in mesh-free method
is the subparticle scale (SPS) turbulence model, proposed by
Gotoh et al. [31]. ,e main idea of the SPS turbulence model
is to apply a certain filtering function to decompose the
instantaneous motion of the turbulent flow into two parts:
large-scale vortex and small-scale vortex. Large-scale vortex
can be directly solved using the Navier–Stokes (N-S)
equation, and small-scale vortex is set by SPS formulation.
Subsequently, the SPS turbulence model was adopted to
applications such as dam break [32], hydraulic jump [22],
and sediment transport [33], although most cases are mainly
based on a smooth bed surface. In addition to the spatial
average-based SPSmodel, other turbulencemodels are based
on the Reynolds average of the flow field physical quantities
in the time domain, such as the k-ε model [23, 34] and the
explicit algebraic Reynolds stress model (EARSM) [27].
,ese two models can successfully predict complex free
surface with strong distortion and rotation. However, these
models [27, 34] do not consider the effect of bed roughness
on fluid turbulence, and the near-wall particle distribution is
chaotic. Recently, De Padova et al. [35] investigated undular
hydraulic jumps over small-scale rough bed for bed
roughness of 0.02H, where H denotes the water depth. ,e
SPH mixing-length turbulence model exhibits satisfactory
performance for simulating hydraulic jump as long as strong
turbulent rollers are not present and is applicable for open-
channel flow simulation [25, 36]. Overall, there have been
insufficient studies of the open-channel flow over rough bed
using SPH methods. ,erefore, the aim of this work was to
further investigate rough-bed boundary treatment and the
turbulent model and extend this model to simulate open-
channel flows in natural rivers and artificial channels with
wide hydraulic conditions.

,e remainder of this paper is organized as follows: After
the introduction, the methodology of the SPH model is
presented in detail and an improved bottom boundary
treatment is proposed for small-scale rough bed. Next, a
numerical open channel is established with a revised tur-
bulence model for open-channel flow in Section 3. In Section
4, turbulent open channel flows over a small-scale rough bed
surface are simulated, and the error is analyzed. In Section 5,
the conclusions are summarized.

2. Materials and Methods

2.1. SPH Approximation. SPH is a purely Lagrangian
method, using a series of particles to discretize the con-
tinuum. For the fluid dynamics, the value of field functions
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such as mass, density, velocity, and pressure at each discrete
particle can be approximated based on the physical prop-
erties of surrounding particles:

f ra(  ≈ 
b

f rb( W ra − rb, h( ΔVb, (1)

where the subscripts a and b denote the particles at locations of
ra and rb, respectively; f(ra) and f(rb) denote the field function
of the target particle a and its neighboring particle b, re-
spectively; W denotes the kernel function; h denotes the
influencing domain of the kernel function or smoothing
length; andΔVb denotes the volume of particle b.ΔVb�mb/ρb,
where mb and ρb denote the mass and density of particle b,
respectively.

A commonly used smoothing kernel is a quintic func-
tion, as proposed byWendland [37], and can be expressed as

W(r, h) �

αD 1 −
q

2
 (2q + 1), 0≤ q< 2,

0, q≥ 2,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(2)

where αD is taken as 7/4πh2 for the 2D case and q denotes the
dimensionless distance between particles.

2.2. Governing Equations. ,e Reynolds-averaged Navier–
Stokes (RANS) equations can be expressed as

dρ
dt

� − ρ∇ · u,

du

dt
� −

1
ρ
∇p + ]0∇

2u −
1
ρ
∇ · (ρ τ→) + g,

(3)

where ρ denotes the fluid density, u denotes the velocity
vector of fluid, p denotes the fluid pressure, ]0 denotes the
kinetic viscosity, τ→ denotes the turbulence stress tensor, and
g denotes the gravitational acceleration.

In the SPH notation, the governing equations can be
rewritten as [38,39]

dρa

dt
� 

b

mbuab · ∇aWab, (4)

dua

dt
� − 

b

mb

pb

ρ2b
+

pa

ρ2a
 ∇aWab

+ 
b

mb

4]0rab∇aWab

ρa + ρb(  rab



2

⎛⎝ ⎞⎠vab

+ 
b

mb

τ→a

ρ2a
+

τ→b

ρ2b
 ∇aWab + ga,

(5)

where the subscripts a and b denote the index of the target
particle and its neighbor in the support domain, respectively.
ua, pa, τ

→
a, and ga refer to the velocity, pressure, shear stress,

and gravity acceleration of particle a, respectively. uab and
rab refer to the relative velocity and location between par-
ticles a and b and are expressed as uab � ua–ub and

rab � ra – rb. ,e ∇aWab refers to the gradient of smoothing
kernel W(ra − rb, h) for particles a and b.

To close the governing equations (4) and (5), the sub-
particle-scale (SPS) model is adopted to model the turbu-
lence stress tensor with its elements as

τij

ρ
� ]t 2Sij −

2
3

kδij  −
2
3

CIΔl
2δij Sij




2
, (6)

where subscripts i and j denote the index of spatial co-
ordinates, respectively. ]t denotes the eddy viscosity co-
efficient, Sij denotes an element of the SPS strain tensor,
Sij � 1/2(zui/zxj) + (zuj/zxi), k denotes the turbulence
kinetic energy, CI � 0.0066, Δl denotes particle spacing, and
δij denotes the Kronecker delta function.

In the original SPS turbulence model, the eddy viscosity
coefficient is taken as vt � (CsΔl)2|S|, where Cs denotes the
Smagorinsky constants with a range of 0.1∼0.2 and |S| de-
notes the local strain rate and can be calculated as |S|� (2Sij
Sij)1/2. In this study, the eddy viscosity coefficient is modified
with reference to mixed length theory [36] and can be
expressed as follows:

]t � l
2
m|S|, (7)

lm

H
� κ

����
1 − ξ

 1
ξ

+ π  sin(πζ) 

− 1

, (8)

where lm denotes the mixed length, |S| denotes the local
strain rate, κ denotes the von Karman constant, and ζ de-
notes the vertical relative position and is equal to y/H. U

denotes the Coles parameter, and when it approaches 0,
equation (8) degenerates to

lm � κy

�����

1 −
y

H



. (9)

Following Dalrymple and Rogers [38], the fluid in the
SPH formalism is considered weakly compressible with fluid
pressure determined via the Tait state equation as follows:

p �
c20ρ0

c

ρ
ρ0

 

c

− 1 , (10)

where c0 denotes the speed of sound at the reference density
ρ0 and c denotes the isentropic expansion factor and is taken
as 7 for the case of water. ,e sound speed should be at least
ten times larger than the maximum fluid velocity to restrict
density variation to less than 0.01. Fluid pressure is explicitly
expressed by the state equation without solving the Poisson
equation iteratively, so the problem of poor convergence and
low computational efficiency of the linear system can be
avoided.

To limit spurious high-frequency noise in the density
field, the dissipative term proposed by Molteni and Cola-
grossi [40] should be included in the right side of equation
(4) and can be written as

Λ � 2δhc0 
b

ρb − ρa( 
rab · ∇aWab

r2ab

mb

ρb

, (11)
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where δ denotes the delta-SPH coefficient and is taken as 0.1.
Note that this is a numerical artifact that is used only in SPH
notation.

2.3. Boundary Treatment

2.3.1. Inlet and Outlet Conditions. ,e computing domain is
divided into three parts of inflow domain, internal fluid
domain, and outflow domain (Figure 1). ,e inflow and
outflow domains are considered part of the buffer layer to
apply appropriate boundary conditions to the internal fluid.
,e width of inflow and outflow domains should be at least
as wide as the smoothing radius to guarantee full function of
kernel interpolation for fluid particles in the internal fluid
region. In this study, the buffer length of the inlet/outlet is
taken as two times the smoothing length (or three times the
particle diameter), as used inWang et al. [6] and Tafuni et al.
[14]. ,e particles in the inflow, internal, and outflow do-
mains are called inflow particles, internal fluid particles, and
outflow particles, respectively. ,e inflow and outflow flow
particles are treated as fluid particles, as are the internal fluid
particles.

,e properties of the internal fluid particles are de-
termined by the governing equations, and the properties of
the inflow and outflow particles are controlled by the
specified boundary conditions. ,e velocities of particles in
the inflow and outflow domains are controlled by a specified
flow velocity, which is analogous to the physical pumping
process. ,e density and pressure conditions for the inflow
and outflow particles are both determined by the hydrostatic
pressure of the free surface flow. Because the velocity and
pressure of particles in the buffer layer are forcibly allocated,
particle instability and diverging velocity field near the in-
terface between the internal fluid and the buffer layer could
arise. ,erefore, the flume length should be long enough to
avoid undesirable boundary effects and to reduce any
overconstrained issues in inflow and outflow regions.

Similar to the periodic boundary condition proposed by
Gomez-Gesteira et al. [41], the outflow particles that pass
through the end of the outflow region will immediately flow
into the computational domain from the front of the inflow
region (Figure 1). Unlike most open boundary treatments
like Verbrugghe et al. [42], there are no particle additions
and deletions within the calculation domain, so the total
number of particles remains the same andmass conservation
of fluid is implicitly satisfied. ,e particle positions are
adjusted according to the periodic boundary, and the par-
ticle properties such as velocity, density, and pressure in the
buffer layer of the inlet and outlet are artificially specified.
,us, it is not necessary to extend the support domain of
outflow particles into the inlet domain.

2.3.2. Free Surface Condition. No special attention is paid to
the particles at the free surface because the continuous
density method (equation (4)) is adopted to solve particle
density. ,e kinematic condition is intrinsically satisfied at
the free surface by the Lagrangian solver. In the simulation
of open-channel flows over a small-scale rough bed, when

the flow in the water flume tends to stabilize, the water
elevation in the streamline direction is almost constant.

2.3.3. Bottom Boundary Condition. Open-channel water
flow is always affected by fluid resistance and energy dis-
sipation, especially for rough bed. ,e roughness of the bed
surface significantly influences the formation and devel-
opment of the water flow structure, i.e., the vertical flow
velocity distribution. To quantitatively describe the bed
surface roughness, equivalent roughness is generally in-
troduced, also known as Nikuradse’s equivalent roughness
[43]. ,e flow state can be divided into hydraulic smooth
flow, hydraulic rough flow, and hydraulic transition flow
according to the bed surface roughness. For a hydraulic
smooth flow (R∗e � u∗ks/]0 < 5, where R∗e denotes friction
Reynolds number, u∗ is the friction current velocity, ks is the
equivalent roughness, and ]0 is the kinematic viscosity), the
bed surface roughness height is smaller than the adhesive
bottom layer thickness, the coarse elements are submerged
in the viscous bottom layer, and the bulk flow does not
perceive bed roughness. For this condition, the flow velocity
distribution in the logarithmic zone and the outer zone is not
affected by the bed surface roughness but is affected by the
viscosity of the fluid. With regard to hydraulic rough flow
(R∗e > 70), the bed surface roughness height is much greater
than the viscous bottom layer thickness. ,e flow velocity
distribution in the logarithmic zone and the outer zone is
affected by the roughness of the bed surface but is not af-
fected by the viscosity of the fluid. For hydraulic transition
flow, the roughness of the bed surface is equivalent to the
thickness of the viscous bottom layer, and the flow velocity
distribution can be affected by both surface roughness and
fluid viscosity.

,e treatment of bed surface roughness in the SPH
method has always been a complex issue. If the governing
equations of equations (1) and (2) are solved using a direct
numerical simulation (DNS) method, the solid boundary
and the nearby turbulence field can be directly resolved in
the computational mesh. However, DNS methods are
computationally intensive and thus are not usable for most
engineering problems.,erefore, a generalized wall function
model is proposed to simulate turbulent open-channel flow
over the small-scale rough bed surface. ,e wall function in
the particle method is similar to that in the grid method, but
this function does not directly modify the velocity of the first
layer of the near-wall mesh. In the present study, the velocity
of the solid-wall boundary particle is modified to create a
velocity gradient with the ambient fluid particles. Based on
the equivalent roughness of the bed surface, the bottom
shear stress of the near-wall fluid particle is corrected by
adjusting the virtual velocity of the solid-walled particle,
thereby modifying the flow velocity profile according to the
following expression:

u
∗∗

�
1
κ
ln

y∗ + Δy∗

ζ∗
  + B, (12)

where u∗∗ denotes the dimensionless current velocity
(u∗∗ � u/u∗), y∗ denotes the dimensionless vertical distance
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(y∗ � yu∗/υ0), and κ denotes the von Karman constant and
is equal to 0.41. Δy∗ denotes the dimensionless distance
between the top of the rough element and the reference bed
surface, where the logarithmic curve zero is located. ζ∗

denotes the dimensionless vertical distance offset of velocity
log profile (Figure 2). B denotes the logarithmic integration
constant and can be written as

B �

5.5 + 2.5 lnR∗e , R∗e < 5,

8.5 + 2.5 lnR∗e − 3( exp − 0.121 ln 2.42R∗e(  , 5≤R∗e ≤ 70,

8.5, R∗e > 70,

⎧⎪⎪⎨

⎪⎪⎩

(13)
where R∗e denotes the friction Reynolds number.

For the hydraulic smooth flow and the hydraulic tran-
sition flow, the wall functionmethod can be adopted. For the
hydraulic rough flow, the rough scale should be evaluated,
and the small-scale rough bed can be adopted. ,e scale of
roughness in the SPH method is a relative concept, where
small-scale rough is if Δy∗ <dp, and large-scale rough is if
Δy∗ > dp, where Δy∗ is equal to 0.25ks [44]. ,e wall
function method is only applicable to small-scale roughness
because the horizontal current velocity in the Δy∗ range
does not meet the log-profile distribution. ,e shear stress
can be correctly transferred to the fluid in the log rate region
only if the distance between the inner water particles and the
side wall is greater than the thickness of the bottom
boundary layer (Figure 2).

,e ghost particle velocity of the bottom boundary must
be determined by trial calculation. When the numerical
result of the cross-sectional velocity distribution is closest to
the theoretical flow velocity distribution, the ghost particle
velocity corresponds to the equivalent roughness.

2.4. Solution Algorithm. A two-stage predictor-corrector
algorithm is used for the numerical integration scheme in
this study [45], with the fluid properties of particle a, i.e.,
velocity (ua), position (ra), and density (ua) initially pre-
dicted at the half time step n+ 1/2, and can be written as

un+1/2
a � un

a +
Δt
2

dun+(1/2)
a

dt
 ,

r
n+1/2
a � r

n
a +
Δt
2

drn+(1/2)
a

dt
 ,

ρn+1/2
a � ρn

a +
Δt
2

dρn+(1/2)
a

dt
 ,

(14)

and corrected at the time step n+ 1 with the following
expressions:

un+1
a � un

a + Δt
dun+(1/2)

a

dt
 ,

r
n+1
a � r

n
a + Δt

drn+(1/2)
a

dt
 ,

ρn+1
a � ρn

a + Δt
dρn+(1/2)

a

dt
 .

(15)

Fluid particles

Wall particles ∆ζ∗ ∆y∗
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Figure 2: Schematic diagram of the bottom boundary condition.
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Figure 1: Schematic diagram of inlet and outlet conditions.
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As suggested byMonaghan and Kos [46], the time step is
then adjusted according to the Courant–Friedrichs–Lewy
(CFL) condition, and the forcing terms and the viscous
diffusion term can be written as

Δt � CFLmin min
a

h

fa/ma




 ,

min
a

�������������������

h

ca + max
b

huab · rab/r2ab







⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

(16)

where CFL denotes the Courant–Friedrichs–Lewy number
and fa/ma denotes the fluid force per unit mass exerted on
particle a.

3. Simulation of Open-Channel Flows

3.1. Model Setup and Verification. To validate the proposed
model, a case with water depth H � 0.05m, bed slope
s � 0.002, and bed roughness ks � 0.01m was tested. ,e bed
roughness of the open channel was calculated in accor-
dance with Section 2.3, with the velocity of ghost particles
in bottom boundary being determined by trial calculation
and taken as − 0.025m/s. ,e height of the model calcu-
lation domain is equal to the water depth, and the length is
100 times the water depth (Figure 3). ,e initial particle
spacing values (dp) were set as 0.002m, 0.003m, or 0.004m.
For the case with particle spacing of 0.002m, the whole
computational domain is modeled by using 3753 solid
particles and 31275 water particles. A computer with an
octa-core Intel® Core™ i7-6700 processor (clock speed of
3.40 GHz and 16.0 GB RAM) was used to carry out the
simulation. ,e simulated time of 8 s costs nearly 8.8 h of
CPU time.

In the test scenario, the numerical sensors were evenly
arranged in the middle section to monitor the sectional
water level process (Figure 3).,e wave gaugesWG1–4 were
positioned in the streamline direction at x� 50H, x� 60H,
x� 70H, and x� 80H, respectively. ,e water surface is
considered stable as long as the error between the sensor
value and the target water level is less than 2%. As described
in Section 2.3, inflow and outflow particles in the buffer layer
were assigned hydrostatic pressure and specific flow velocity.
,e specific flow velocity was obtained by trial calculation
based on the following principle. When the water levels
determined by the four sensors are consistent with the target
water level (Figure 3), the flow velocity for the particles in the
buffer layer is considered reasonable. ,e water surface can
be stabilized when the specific current velocity in the buffer
layer is equal to 0.312m/s. ,e maximum error between the
sensor value of water elevation and the target value is 0.08%
(Table 1).

Figure 4 presents the simulated velocity and pressure
fields for the model including the wall function. ,e in-
stantaneous flow field is captured at the moment of 6 s. ,e
results show that fully developed uniform flow is obtained at
the middle of water flume without numerical noise.

3.2. Optimization of the Calculation Domain. ,e fluid
boundary layer and open-channel turbulence can be fully
developed under a sufficiently long computational domain in
the streamline direction. However, it is necessary to minimize
the length of the computing domain due to limited computing
resources. ,e suitable flume length must be determined by
trial calculation and is initially taken as up to 100 times the
water depth.,e length of the front, middle, and rear sections
of the numerical water flume is taken as 50, 20, and 30 times
the water depth, respectively (Figure 3). ,e development of
the open-channel flow directly depends on the flow distance.
Figure 5 presents the simulated results of current velocity
versus the variation of flow distance for measuring points
located at different water depths. Due to speed constraints in
the inflow and outflow regions, the upstream uniform velocity
fluid gradually stratifies until the velocity profile along the
water depth becomes consistent with the logarithmic one.,e
downstream fluid is also affected by the outflow region, and
the average flow velocity of this fluid will converge to 0.312m/
s. For a particle size of 0.002m, the current velocity of the
upper fluid with y�H increases with increasing flow distance
and tends to stabilize to 0.36m/s at x≈ 35H. However, the
fluids in the lower layer show different trends. For example, at
y� 1/5H, the current velocity gradually decreases to 0.25m/s
at x≈ 25H as flow distance increases due to the friction from
the bottom boundary. In Figure 5(b), it can be seen that the
profile of the flow velocity along the water depth convergences
to a stable value until the flow distance reaches 40 times the
water depth.,e flow velocity constraint in the outflow region
will nonphysically affect the flow field structure. At a distance
of about 5H from the end of the water flume, the flow velocity
of each monitoring section significantly changes to 0.312m/s.
,e results show little effect of particle size on the influence
range of the inflow and outflow boundaries (Figure 5(a)). ,e
velocity development range of inflow particles and the in-
fluence range of the outlet boundary are about 40H and 10H,
respectively, for different particle sizes. ,is indicates that the
fully developed flow field structure including the flow velocity
profile can be achieved with a flume length of 50H. ,us, to
reduce computing resources, the computing domain is taken
as 50 times the water depth in the following study.

3.3. Optimization of Time-Average Operation. ,e devel-
opment of open-channel flow requires a certain amount of
time, and the simulation time is directly related to the
boundary and initial conditions. ,erefore, for a specific
model, it is crucial to determine the appropriate simulation
time. Figure 6 presents the evolution process of the
streamline component of current velocity at the position of
x� 40H. ,e flow velocities at different water depths are
developed from an initial value of 0.312m/s towards stable
values so that the vertical velocity distribution is in accor-
dance with logarithm law. In general, a large particle spacing
corresponds to a shorter flow time or convergence time
(Figure 6(a)). For fine particle spacing of 0.002m, the
current velocities at all depths become stable after a flow
time of 6 s. ,e flow time required for the fluid near the free
surface to reach a steady velocity is larger than that close to
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Figure 4: Instantaneous velocity (a) and pressure (b) fields for the model including the wall function.
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Figure 3: Schematic diagram of numerical water flume, where x and y denote coordinates in the streamline and vertical direction, re-
spectively, with “o” as the origin. H denotes the water depth and s denotes the bed slope.

Table 1: Numerical water elevation for a specific current velocity of 0.312m/s.

Gauge number, Gn (− ) WG1 WG2 WG3 WG4
Water elevation, Hwg (m) 0.05004 0.05002 0.04997 0.05003
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Figure 5: Simulated results of current velocity u versus the flow distance L in the streamline direction of water flume for measuring points at
different water depths (a) and its evolution process (b). ,e solid line represents particle spacing of 0.002m, the dashed line represents
particle spacing of 0.003m, and the dotted line represents particle spacing of 0.004m.
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the flume bottom, indicating that the boundary layer is
developing upward from the flume bottom.

Since fluid turbulence can cause spatiotemporal fluctu-
ation in fluid parameters such as current velocity and water
pressure, especially for fluid near the flume bottom, time and
space averaging are required to reduce the oscillation of flow
parameters.,e particle approximation process (equation (1))
in the SPH method is essentially spatial interpolation [6],
where the physical quantities of a target particle are obtained
from its neighbor particles in the supporting domain. A time-
average operation is adopted to update the physical quantities
of the boundary particles. To determine the time interval of
the time-average operation, it is necessary to carry out time
convergence analysis of the main flow rate at different depths.
Figure 6(b) presents the relative standard deviation (RSD)
values of the current velocities in the streamline direction for
measuring points at different water depths.,e RSD values of
coarse particles (dp� 0.004m) are relatively smaller than those
of finer ones, and the convergence time is relatively shorter for
coarser particles. For cases with different particle spacings, the
flow velocities at all depths can reach convergence within
1.75 s∼2 s, with an RSD value in the range of ±0.5%. Except for
the current velocity near the bottom wall, current velocities at
other water depths can be considered to converge by 1 s.

,e average current velocities under four other flow
conditions were analyzed in the same way, with case I
(H� 0.05m, s� 0.001, ks � 0.00005m), case II (H� 0.08m,
s� 0.001, ks � 0.01m), case III (H� 0.08m, s� 0.002,
ks � 0.002m), and case IV (H� 0.1m, s� 0.001, ks � 0.01m),
where H denotes water depth, s denotes bed slope, and ks
denotes equivalent roughness. ,e simulation results show
that the average main flow velocities under the four flow
conditions with different water depths, bed slopes, and
particle spacings can be stabilized after 6 s (Figure 7(a)) and

that the time interval used for time averaging is less than 2 s
(Figure 7(b)). ,erefore, in this analysis, the processing time
of 2 s was adopted to average fluid quantities.

3.4. Smagorinsky-Based and Mixed-Length-Based SPS
Model. ,e original SPS model [31], known as the Sma-
gorinsky-based SPS turbulence model, has been success-
fully applied to some coastal applications such as fluid-
structure interaction [4, 47, 48]. However, the performance
of this model to simulate open-channel flow is not satis-
factory. Figure 8 shows the comparison of current velocity
and turbulent shear stress with changing water depth for
the Smagorinsky-based SPS turbulence model with dif-
ferent Smagorinsky constants (Cs). None of the simulated
results were consistent with the theoretical result. ,is is
likely because the tested Cs values are suitable for non-
constant flow problems and should be revised for a case of
constant uniform flow.

For cases with Cs value being of similar magnitude, the
velocity profiles for different Cs values are almost the same
(Figure 8(a)). ,e value of Cs affects the current velocity
distribution of the open-channel flow if the Cs value has a
different order of magnitude. In general, the larger the Cs
value, the greater the numerical error, with overestimation
of current velocity near the water surface and un-
derestimation near the channel bottom (Figure 8(b)). ,e Cs
value also has a significant influence on the fluid shear stress.
A larger Cs value corresponds to larger fluid shear stress
(Figure 8(c)), but even the largest shear stress obtained in the
Smagorinsky-based model is less than the theoretical value
(Figures 8(d)–8(f)).

,e CsΔl value shows a certain degree of influence on the
flow field distribution of the open-channel flow. Figure 9
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Figure 6: Numerical current velocity in the streamline direction u (a) and its relative standard deviation value RSD (b) versus flow time t for
measuring points at different water depths.,e solid line represents particle spacing of 0.002m, the dashed line represents particle spacing of
0.003m, and the dotted line represents particle spacing of 0.004m.
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shows the effect of particle spacing on the current velocity
and shear stress for the Smagorinsky-based SPS turbulence
model. A more uniform velocity profile can be obtained by
using a relatively larger CsΔl value (Figure 9(a)). ,e shear
stress increases with increasing CsΔl (Figure 9(b)), while
even the largest value is still lower than the theoretical shear
stress. ,e low turbulent shear stress obtained by the
Smagorinsky-based turbulence model is attributed to the
loss of the turbulent stress by spatial filtering during the
long-term development of the water flow. In this model, the
particle spacing has almost no effect on the flow velocity at
free surface due to the loss of the surface shear force.

Mayrhofer et al. [49] simulated open-channel flow
using a Smagorinsky-based eddy viscosity model and found
that the resolution of the particle-based method needed to
be at least 16 times higher than that of the grid-based
method in order to correctly redistribute the energy be-
tween the Reynolds stress components in the SPH-LES
frame. ,is indicates that the open-channel flow cannot be
well resolved if the resolution size is not sufficiently dense.
For the Smagorinsky-based turbulence model, it is difficult
to reconcile the simulated velocity profile with the theo-
retical value by adjusting particle resolution for this particle
scale.

To obtain a reasonable shear force, some researchers
have tried to modify the original SPS model based on other
perspectives. For example, Gotoh et al. [48] modified the
Smagorinsky-based model in the near-wall region. ,e
original turbulence eddy viscosity ]t � (CsΔl)2S was modified
to ]t � [min (CsΔl, κ·dwall)]2S, where Cs denotes the Sma-
gorinsky constant, Δl denotes the particle spacing, κ denotes
the von Karman constant, dwall denotes the minimum
distance of particles from the wall, and S denotes the local
strain rate. ,e treatment proposed by Gotoh et al. [48] is
quite similar to the simplified mixed length formula pro-
posed by Nezu et al. [50]. In this study, a mixed-length-based

SPS model (equation (7)) is adopted to simulate the open-
channel flow. As shown in Figure 10, the turbulent shear
stress is obviously improved by using the SPS model based
on mixed length. ,e vertical distribution of the mixed
length and Reynolds stress obtained by numerical simula-
tion are quite similar to the theoretical values. Since this
method allows determination of the correct turbulent shear
stress, the vertical velocity profile can be well matched with
the theoretical curve.

4. General Boundary Treatment for Rough
Bed Surface

In Section 3, the improved wall function model and tur-
bulence model in the WCSPH framework are successfully
employed to represent the open-channel flow over a rough
bed with a roughness height of 0.001. To apply the wall
function model to various types of rough bed, a general
boundary treatment for a rough bed surface is proposed in
this section.

4.1. Investigation of Bed Surface with Wide Roughness. To
investigate open-channel flow with wide bed roughness, a
series of numerical cases were designed with reference to the
actual size of river sediment particles [26] (Table 2). ,e
values of equivalent roughness were selected as 0.00005m,
0.001m, 0.002m, and 0.01m; the values of the water depth
are 0.05m, 0.08m, and 0.1m; the values of bed slope are
0.001, 0.002, and 0.004; and the values of particle spacing are
0.002m, 0.003m, and 0.004m. As described in Section 2.3,
bed surface roughness is achieved by exerting proper wall
shear stress on the bottom boundary. ,e shear stress can be
correctly transferred to the fluid only if the first layer of fluid
particles near the lower wall is in the log rate region of open-
channel flow. ,is means that the particle spacing should be
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Figure 7: Averaged current velocity uav (a) and its relative standard deviation value RSD (b) over time for different water flow conditions.
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larger than the dimensionless distance between the top of the
rough element and the reference bed surface, or Δy∗ > dp,
where Δy∗ equal to 0.25ks.

,e numerical cases were divided into hydraulic smooth
flow, hydraulic rough flow, and hydraulic transition flow
based on calculation of the friction Reynolds number. Here, a
total of 159 sets of cases were performed. Among them, 51 sets
made up the hydraulic smooth flow experimental group, 39
sets made up the hydraulic transition flow experimental
group, and 69 sets made up the hydraulic rough flow ex-
perimental group (see Supplemental data (available here)).
,e test case is named according to the water depth, slope,
equivalent roughness, and particle spacing. For example, for

the case mentioned in Section 3.1 (H� 0.05m, s� 0.002,
ks � 0.01m, dp � 0.002m), the test case name is H50s2ks10(2).

,e distribution of current velocity in the entire vertical
section should be consistent with that of the theoretical
curve by specifying the appropriate ghost particle velocity, so
the ghost particle velocity can be matched with flow con-
dition and bed surface roughness. Figure 11 presents the
simulated results of the dimensionless velocity distribution
for the model with wall function. Satisfactory results were
obtained regardless of the flow regime. However, there was a
significant deviation at the free surface and near the bottom
surface, especially for the near-bottom area. ,e deviation at
the free surface is mainly due to the absence of Coles’ wake
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function [51]. However, the apparent deviation near the
bottom is the inevitable result of using a meshless method
with the wall function model. ,e wall function itself cannot
resolve particle velocity inside the transition zone and the

viscous bottom layer, only improving the flow velocity
distribution in and/or outside the logarithmic region. In
addition, since the computational domain is composed of
particles, the shear stress of the fluid must be transmitted
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Figure 10: Simulated results of mixed length (a), shear stress (b), current velocity (c), and dimensionless current velocity (d) for the mixed-
length-based SPS turbulence model.

Table 2: River sediment classification (cosmid and boulder sizes were not considered in this simulation).

Type Cosmid Silt Sand Gravel Cobble Boulder
Size (×10− 3m) <0.004 0.004∼0.062 0.062∼2.0 2.0∼16.0 16.0∼250.0 >250.0
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Figure 11: Simulated results of the dimensionless velocity distribution for the model with the wall function method. (a) H50s001ks1 and
(b) H100s004ks005.
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through interactions between particles. It is necessary to
exert reasonable force on the internal fluid particles through
the ghost particles. However, strictly speaking, the shear
force is exerted at the positions of the upper fluid particles
yet not directly on the upper fluid particle itself, making the
external force subject to the particle size.

Figure 12 shows the effect of particle spacing on the
wall function method. ,e particle spacings shown in
Figure 12 are dp1, dp2, and dp3, respectively, where
dp1 < dp2 < dp3. ,e shear stress required by the bottom
fluid particles for each case is equal to the theoretical shear
stress corresponding to the height of the fluid particle. ,at
is, the smaller the particle size, the larger the required shear
stress of the fluid and the smaller the required ghost
particle velocity.

We next performed an error analysis of the velocity
distribution of all the test cases (Figure 13). ,e average
relative error (MRE) describes the error of the WCSPH
model coupled with the wall function method. In the
vertical direction, the fluid region can be roughly divided
into three layers, the inner zone (y/h < 0.2), the main zone
(0.2 ≤ y/h≤ 0.8), and the near-surface zone (y/h > 0.8).
,ere is only a small relative average error in the main-
stream and near-surface regions, roughly below 2%, while
the relative average error in the inner region varies widely,
mainly due to the influence of particle size. As shown in
Figure 13, common laws can be obtained from the error
distribution of typical cases with different water flow
conditions: (i) the error in the mainstream area is generally
smaller than that in the inner area; (ii) the error in the
mainstream area and the near-surface area is hardly af-
fected by the test conditions but significantly affected by the
test conditions in the inner area; (iii) for the case with the
same particle size, the deeper the water depth, the smaller
the data error in the inner zone; (iv) the error is positively
correlated with bed roughness, especially for hydraulic
rough flow; and (v) the bed slope has almost no effect on the
error of the inner zone for hydraulic smooth flow, but the
error in the inner zone increases with the increase of the
channel slope for hydraulic rough flow.

According to the above findings, the bed slope and the
equivalent roughness are positively correlated de-
terminants of the numerical error. Obviously, for the same
hydraulic condition, the result will be more accurate for
smaller particle spacing, but more computing resources
will be needed.

4.2. Explicit Rough Wall Treatment. From the analysis
presented above, a reasonable current velocity distribution
can be obtained by adjusting the velocity of the ghost
particles on the bed surface. However, this method would be
cumbersome if it was necessary to determine the ghost
particle velocity every time by trial and error. ,erefore, it is
necessary to establish relationships between ghost particle
velocity and case condition such as bed slope, bed surface
roughness, water depth, and particle resolution.

As a powerful data-mining method, the evolutionary
polynomial regression with multiobjective genetic algorithm

(MOGA-EPR) technique is widely used to construct non-
linear polynomial expression [52, 53]. It is interesting that
the variable relationship and structure parameters of
polynomial expression do not need to be identified in prior,
making this approach especially suitable to solve multi-
objective value optimization problems with unclear re-
lationship structure.

Based on the simulation results presented in Section 4.1,
a total of 159 sets of training data including hydraulic
smooth flow, hydraulic rough flow, and hydraulic transition
flow were used to determine the ghost particle velocity,
essential to exert reasonable turbulence shear stress in open-
channel flow. In this study, six potential dimensionless
candidate variables were selected in terms of relative water
depth (hdp �H/dp), relative bed surface roughness (ksdp � ks/
dp), channel bed slope (s), roughness scale (hks �H/ks), di-
mensionless water depth (h∗ � Hu∗/υ0), dimensionless
particle resolution (d∗p � dpu∗/υ0), and dimensionless bed
surface roughness (k∗s � ksu

∗/υ0). ,e nonnegative least-
squares method was adopted for global regression, with
logarithmic function as the interfunction of the Pareto front
[54]. ,e maximum number of terms of the Pareto sets was
taken as 4. ,ree empirical formulae were derived from the
EPR-MOGA in terms of hydraulic smooth flow, hydraulic
rough flow, and hydraulic transition flow and were written
as

u
∗
g � 92609500.83
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ks

ln
k∗0.5
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(19)

where u∗g, hdp, ksdp, hks, d∗p, and k∗s denote the dimensionless
ghost particle velocity (u∗g � ug/u∗), the relative water depth,
relative bed surface roughness, dimensionless water depth,
dimensionless particle resolution, and dimensionless bed
surface roughness, respectively.

From Table 3, it can be seen that (i) numerical boundary
condition is indeed related to particle resolution as described
in Section 4.1; (ii) returned equations have satisfactory ac-
curacy and also conform to physical insights. For example,
the velocity of the ghost particle on the bed surface is
positively correlated with bed slope and dimensionless
particle resolution (see Figure 12 for detail); and (iii) some
potential information can be inferred from the empirical
formula. For example, the ghost particle velocity is almost
irrelevant to the relative water depth.
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Figure 13: Error analysis of the wall function model for hydraulic smooth flows a, c, d, e, and i and hydraulic rough flows b, f, g, h, j, k, and l.
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5. Conclusions

In this study, an in-depth study on the simulation of the
open-channel flow over roughness bed based on WCSPH
was performed. ,rough the numerical test, the influence of
bed surface roughness on the flow structure was clarified.
Numerical tests showed that the Smagorinsky-based SPS
turbulence model performs poorly near the rough bed
surface in the open-channel flow, showing deviation of the
vertical velocity and turbulent shear stress distribution from
the theoretical values, but the improved mixed-length-based
SPS turbulence model achieved satisfactory fluid structure.

Based on the principle of the wall function model in the
grid method, an improved meshless wall function was de-
veloped for small-scale rough boundary and the sensitivity of
this method was determined and error analysis was per-
formed. ,ere was relatively small numerical error in the
mainstream and near-surface regions, but the error varied
widely for the inner region.,is error is positively correlated
with the channel bed slope and the equivalent roughness. In
addition, for the convenience of model application, em-
pirical formulae are proposed to calculate the ghost particle
velocity under different hydraulic conditions using data
mining. ,e proposed rough bed model is expected to be
useful for open-channel turbulence simulation.
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A consistent Riccati expansion (CRE) method is proposed for obtaining interaction solutions to the modified Korteweg-de Vries
(mKdV) equation. Using the CRE method, it is shown that interaction solutions such as the soliton-tangent (or soliton-cotangent)
wave cannot be constructed for the mKdV equation. More importantly, exact soliton-cnoidal periodic wave interaction solutions
are presented. While soliton-cnoidal interaction solutions were found to degenerate to special resonant soliton solutions for the
values of modulus (n) closer to one (upper bound of modulus) in the Jacobi elliptic function, a normal kink-shaped soliton was
observed for values of n closer to zero (lower bound).

1. Introduction

The direct study of exact solutions to nonlinear evolution
equations (NLEEs) has received much attention from many
mathematicians and physicists due to the fact that new strides
in nonlinear science, which were made possible by a sub-
stantial increase in computational platforms such as Mathe-
matica, Maple, andMATLAB, have enabled improvements in
the performance of complicated and tedious numerical com-
putational methods. Indeed, several powerful methods such
as the Tanh-function method [1–3], F-expansion method
[4], Jacobian elliptic function method [5], and variational
approach [6, 7] have been proposed for constructing exact
solutions to NLEEs. Despite the successful implementation
of such methods, it is still challenging to obtain solutions for
interactions among different types of nonlinear excitations
such as the soliton-soliton interaction.

Recently, some new soliton structure solutions were
obtained for nonlinear systems. Chen et al. studied the
vortex solitons in Bose-Einstein condensates with spin-orbit
coupling andGaussian optical lattices, based on the analytical
and numerical method [8]. Milan et al. found exact funda-
mental soliton solutions in the spiraling guiding structures

by the modified Petviashvilis iteration method [9]. Cheng et
al. investigated the formation and propagation of a multipole
soliton in a cold atomic gas with a parity-time symmetric
potential using the modified square operator method [10].
Liu et al. obtained the three-soliton solutions for high-order
nonlinear Schrodinger equation by Hirotas bilinear method
[11].

Specially, Lou [12] proposed a consistent Riccati expan-
sion (CRE) method, which is a more generalized yet simpler
method to find interaction solutions for various NLEEs [13–
17].The core concept of CRE is the construction of interaction
solutions based on the usual Riccati equationmethod and the
consistent equation or the𝑤-equation [12]. The CREmethod
is critical to finding more new solutions to the 𝑤-equation.

In this study, the CREmethod is used to construct several
types of interaction solutions for the focusing real modified
Korteweg-de Vries (mKdV) equation [18] shown in

𝑢𝑡 + 𝛼𝑢2𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 = 0, (1)

where 𝛼 and 𝛽 are arbitrary constants. The mKdV equation
plays an important role in describing some physical phenom-
ena, such as optical cycles [19, 20], soliton propagation in
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plasma [21] and lattices [22], the Schottky barrier transmis-
sion lines [23], and fluid mechanics [24].

To provide better insights into these physical phenomena,
finding and analyzing exact solutions to the mKdV equation
is important. Previously, many powerful methods have been
proposed for constructing exact solutions to the mKdV
equation. For instance, in 1972, Hirota obtained an exact
solution to the mKdV equation for the case of multiple
collisions of solitons with different amplitudes [25]. Subse-
quently, he also derived the exact envelope soliton solution
to the mKdV equation [26]. In 1973, Ablowitz et al. obtained
exact solutions to the mKdV equation by using the inverse
scattering technique [27]. In 1988, Akhmediev et al. used
the Darboux transformation scheme to obtain second-order
periodic solutions to the mKdV equation [28]. In 2004,
Kevrekidis et al. derived some classes of periodic solutions
to the mKdV equation by using direct methods [29]. In 2015,
Jiao and Lou constructed a new soliton-cnoidal periodic wave
interaction solution by using the CREmethod [30]. However,
they did not investigate how the soliton-cnoidal interaction
solutions may be used to derive soliton-soliton or soliton-
periodic wave interaction solutions among other types of
solutions. Moreover, new interaction solutions to the mKdV
equation involving different types of nonlinear wavesmust be
investigated in depth.

The present article is structured as follows. Section 2
introduces the CRE solvability of the mKdV equation.
Section 3 describes new explicit interaction solutions such
as soliton-soliton, multiple resonant soliton, soliton-cosine
wave, and soliton-cnoidal wave solutions to the mKdV
equation obtained using the CRE method. Furthermore,
it is demonstrated that interaction solutions such as the
soliton-tangent wave solution cannot be constructed for the
mKdV equation. The last section presents a summary and
discussion.

2. CRE Solvability of the mKdV Equation

Consider the following NLEE, shown in (2), with indepen-
dent variables 𝑋 ≡ (𝑡, 𝑥1, 𝑥2, . . . , 𝑥𝑚) and a dependent
variable 𝑢 ≡ 𝑢(𝑋)

𝑃 (𝑢, 𝑢𝑡, 𝑢𝑥𝑖 , 𝑢𝑥𝑖𝑥𝑖) = 0, (2)

where𝑃 is a polynomial function of some arguments with the
subscripts denoting partial derivatives. We assume that the
solution to (2) is the following possible truncated expansion
form

𝑢 = 𝑛∑
𝑗=0

𝑢𝑗𝑅𝑗 (𝑤) , (3)

where 𝑛 is determined from the leading order analysis of (2).
All the expansion coefficient functions (𝑢𝑗) are determined by
substituting (3) into (2) and then vanishing all the coefficients
for a given power of 𝑅(𝑤). Further, 𝑢𝑗 and 𝑤 are functions
of (𝑥, 𝑦, 𝑡) and 𝑅(𝑤) satisfies the following simple Riccati
equation shown below:

𝑅𝑤 = 𝜎 + 𝑅2,
𝑅 ≡ 𝑅 (𝑤) , (4)

which includes the following five special solutions [31]. For𝜎 < 0, 𝑅 = −√−𝜎 tanh (√−𝜎𝑤) , (5a)

𝑅 = −√−𝜎 coth (√−𝜎𝑤) . (5b)
For 𝜎 > 0, 𝑅 = √𝜎 tan (√𝜎𝑤) , (6a)

𝑅 = −√𝜎 cot (√𝜎𝑤) . (6b)
For 𝜎 = 0,

𝑅 = − 1𝑤. (7)

Definition. If the equation for 𝑢𝑗 (𝑗 = 0, 1, . . . , 𝑛) and 𝑤,
obtained by vanishing all the coefficients of each power
in 𝑅(𝑤) after the substitution of (3) into (2), is either
consistent or not overdetermined, then the expansion in (3)
is considered a CRE and the nonlinear system in (2) is said to
be CRE solvable [8].

According to the CRE method defined above, one can
obtain the following form based on the leading order analysis
of the mKdV equation in (1)𝑢 = 𝑢0 + 𝑢1𝑅 (𝑤) , (8)
where 𝑢0, 𝑢1, and𝑤 are functions of (𝑥, 𝑦, 𝑡) and𝑅(𝑤) satisfies
the Riccati equation (see (4) above).

Substituting (8) and (4) into (1) and vanishing all the
coefficients of different powers of 𝑅(𝑤), one obtains

𝑢1 = −√6𝛽𝑤𝑥√−𝛼 ,
𝑜𝑟 𝑢1 = √6𝛽𝑤𝑥√−𝛼 ,

(9)

𝑢0 = − √3𝛽𝑤𝑥𝑥√−2𝛼𝑤𝑥 ,
𝑜𝑟 𝑢0 = √3𝛽𝑤𝑥𝑥√−2𝛼𝑤𝑥 ,

(10)

𝑤𝑡 = 2𝜎𝛽𝑤3𝑥 − 3𝛽𝑤2𝑥𝑥2𝑤𝑥 + 𝛽𝑤𝑥𝑥𝑥. (11)

Based on the definition above, (11) is the consistent
equation of the mKdV equation (or the mKdV 𝑤-equation).
If𝑤 is a solution to theMDWW𝑤-equation in (11), themKdV
equation in (1) is CRE solvable. In this study, we set 𝛼 = −6
and 𝛽 = 1. Thus, the solutions to the mKdV equation are
expressed as follows.

𝑢 = −𝑤𝑥𝑥2𝑤𝑥 − 𝑤𝑥𝑅 (𝑤) , (12a)

𝑢 = 𝑤𝑥𝑥2𝑤𝑥 + 𝑤𝑥𝑅 (𝑤) . (12b)
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3. Interaction Solutions to the mKdV Equation

Upon the determination of solutions to (11) by using (12),
the corresponding solutions to the mKdV equation in (1)
can be obtained. In this section, we construct interaction
solutions to the mKdV equation by using different types of
trivial solutions to (11).

�.�. Soliton-Soliton Interaction Solutions to the mKdV Equa-
tion. To obtain soliton-soliton interaction solutions to the
mKdV equation, we consider the following form in (13) as
the trial solution to (11):

𝑤 = 𝑘1𝑥 + 𝑤1𝑡 + 𝑅 (𝜙) ,
𝜙 = 𝑘2𝑥 + 𝑤2𝑡, (13)

where 𝑅(𝜙) satisfies the following Riccati equation in

𝑅𝜙 = 𝑟 + 𝑅 (𝜙)2 , (14)

where 𝑟 is an arbitrary constant. This equation has special
solutions similar to those in (5a), (5b), (6a), (6b), and (7).
By vanishing all the coefficients for each power of 𝑅𝜙 after
the substitution of (13) and (14) into the mKdV 𝑤-equation
in (11), one can obtain

𝜎 = −14 ,𝑟 = −1,
𝑘2 = − 3√𝑤22𝑟 ,
𝑘1 = 𝑘2𝑤1𝑤2 ,
𝑤1 = −𝑤2.

(15)

From (15), it can be seen that both 𝜎 and r are less
than 0 when 𝑤1 ̸= 0. Based on (5a), (5b), (6a), and (6b),
Eqs. (4) and (14) have only solitary solutions (viz., (5a) and
(5b)) but not tangent or cotangent solutions such as the
ones described in (6a) and (6b). This shows that interaction
solutions such as soliton-tangent (or soliton-cotangent) wave
cannot be constructed for the mKdV equation.

Under condition (15), from (5a), (5b), (12a), and (13), the
soliton-soliton interaction solutions of the mKdV equation
are expressed as

𝑢 = 2𝑘22 tanh𝜙𝑘1 + 2𝑘2 + 𝑘1 cosh (2𝜙) + 12 (𝑘1 + 𝑘2 sech2 𝜙)
⋅ tanh(12 (−𝑘1𝑥 − 𝑤1𝑡) − tanh𝜙) ,

(16a)

𝑢 = 𝑘22 csch2 𝜙 coth𝜙−𝑘1 + 𝑘2 csch2 (𝜙) + 12 (𝑘1 − 𝑘2 csch2 𝜙)
⋅ tanh (12 (−𝑘1𝑥 − 𝑤1𝑡) − coth𝜙) ,

(16b)

𝑢 = 𝑘22 sech2 𝜙 tanh𝜙𝑘1 + 𝑘2 sech2 (𝜙) + 12 (𝑘1 + 𝑘2 sech2 𝜙)
⋅ coth (12 (−𝑘1𝑥 − 𝑤1𝑡) − tanh𝜙) ,

(16c)

𝑢 = −𝑘22 coth𝜙 csch2 𝜙𝑘1 − 𝑘2 csch2 (𝜙) + 12 (𝑘1 − 𝑘2 csch2 𝜙)
⋅ coth (12 (−𝑘1𝑥 − 𝑤1𝑡) − coth𝜙) .

(16d)

�.�. Interaction Solution between and Trigonometric Periodic
Wave for the mKdV Equation. To investigate the interaction
between a soliton and a periodic wave in the interaction
solution to the mKdV equation, we consider a solution of the
following form (11):

𝑤 = 𝑘1𝑥 + 𝑤1𝑡
+ 𝑐0 ln (cos (𝑘2𝑥 + 𝑤2𝑡) exp (𝑘2𝑥 + 𝑤2𝑡)) , (17)

where 𝑐0 is determined constant. Substituting (17) into (11)
and then vanishing all coefficients of powers tan(𝑘2𝑥 + 𝑤2𝑡),
we can obtain

𝜎 = −14 ,
𝑘1 = − 𝑘2√−2𝜎 ,
𝑐0 = 2 (2𝜎𝑘31𝑘2 − 𝑘1𝑘32)𝑘42 − 8𝜎𝑘21𝑘22 + 4𝜎2𝑘41 ,
𝑤1 = 2 (2𝑐0𝑘1𝑘32 + 3𝑐20𝑘42 − 𝜎𝑘41)𝑘1 ,
𝑤2 = 4 (𝑘32 − 3𝜎𝑘21𝑘2 − 6𝜎𝑐0𝑘1𝑘22) .

(18)

Then, based on (5a), (17), and (12a), one can obtain a
soliton-trigonometric periodic wave interaction solution as

𝑢 = 𝑘2 (6 sec2 (𝑀) − √2 (1 + 2 tan2 (𝑀)))6 + 12 tan (𝑀)
+ tanh ((3𝑘2 (𝑥 + 𝑘22𝑡) − 2 ln (𝑀 cos (𝑀))) /3√2)6 + 12 tan (𝑀) ,

(19)

where𝑀 = 𝑘2𝑥 + 2𝑘32𝑡.
�.�. Interaction Solutions between Soliton and Cnoidal Wave
for the mKdV Equation. In [26], Jiao and Lou constructed a
solution of the following form for (11)

𝑤 = 𝑘1𝑥 + 𝑤1𝑡 + 𝐴𝐸𝜋 [sn (𝑘2𝑥 + 𝑤2𝑡, 𝜇1) , ], 𝜅] , (20)
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where sn(𝜁, 𝜇) is the usual Jacobi elliptic sine function and𝐸𝜋(𝜉, ], 𝜅) is the third type of incomplete elliptic integral.
Jiao and Lou used the following parameters in (21) to obtain
a special soliton-cnoidal wave interaction solution to the
mKdV equation:

{𝜇1, 𝑘1, k2} = {1.5, 2, 1} . (21)

As seen from (21), Jiao and Lou chose the modulus (𝜇1) of
Jacobi elliptic function to be 1.5, which is outside the allowed
range (0 < 𝜇1 < 1) [13].

In this study, we will further investigate how soliton-
cnoidal interaction solutions can be used to derive soliton-
soliton and soliton-periodic wave interaction solutions
among other types of solutions. To this end, we performed all
the substitutions and evaluations by using the Mathematica
software.

Consider a trial solution of the following form for solving
(11)

𝑤 = 𝑘1𝑥 + 𝑤1𝑡 + 𝑊 (𝑘2𝑥 + 𝑤2𝑡) , (22)

where

𝑊(𝑘2𝑥 + 𝑤2𝑡) = 𝑊 (𝜉) = 𝑊, (23)

satisfies the following elliptic equation:

𝑊21𝜉 = 𝐶0 + 𝐶1𝑊1 + 𝐶2𝑊21 + 𝐶3𝑊31 + 𝐶4𝑊41 ,
𝑊1 ≡ 𝑊𝜉. (24)

Substituting (22) and (24) into (11), one obtains

𝐶0 = 𝐶0,
𝐶1 = 3𝐶0𝑘42 − 2𝑘1𝑤1 − 4𝜎𝑘41𝑘1𝑘32 ,
𝐶2 = 𝐶1𝑘42 − 𝑘2𝑤1 − 𝑘1𝑤2 − 8𝜎𝑘2𝑘31𝑘1𝑘32 ,
𝐶3 = 𝐶2𝑘32 − 2𝑤2 − 24𝜎𝑘2𝑘213𝑘1𝑘22 ,
𝐶4 = −4𝜎.

(25)

From the analysis of (24), we assume the solution of (24) in
the following form

𝑊1 = 𝐴0 + 𝐴1sn (𝑚 (𝑘2𝑥 + 𝑤2𝑡) , 𝑛) . (26)

Substituting (26) into (24) and setting the coefficient of{sn(𝑚(𝑘2𝑥 + 𝑤2𝑡), 𝑛), cn (𝑚(𝑘2𝑥 + 𝑤2𝑡), 𝑛), dn(𝑚(𝑘2𝑥 +𝑤2𝑡), 𝑛)} equal to zero, one obtains
𝐴0 = 𝐴0,
𝐴1 = 𝐴0,
𝐶0 = −𝑚2𝐴20𝐴21 + 𝑚2𝐴41 + 𝑚2𝑛2𝐴40 − 𝑚2𝑛2𝐴20𝐴21𝐴21 ,
𝐶1 = 2 (2𝐶0 + 𝑚2𝐴20 − 2𝑚2𝐴21 + 𝑚2𝑛2𝐴20)𝐴0 ,
𝐶2 = −3𝐶1 + 4𝑚2𝐴0 + 4𝑚2𝑛2𝐴02𝐴0 ,
𝐶3 = 2 (𝐶2 + 𝑚2 + 𝑚2𝑛2)3𝐴0 ,
𝐶4 = 𝐶34𝐴0 .

(27)

Based on (25) and (27), one can find a group solution

𝑘2 = 3√− 2𝑤2𝑚2 (5 − 𝑛2) ,

𝑘1 = 600𝜎𝑤1𝑤2 − √360000𝜎2𝑤21𝑤22 − 4 (𝑁1) (𝑁2)2 (𝑁2) ,
𝐴0 = −4𝑚2𝑘1𝑘32 − 4𝑚2𝑛2𝑘1𝑘32 + 3𝑤1𝑘2 + 𝑤2𝑘14𝑘2 (𝑚2𝑘32 + 𝑚2𝑛2𝑘32 − 𝑤2) ,
𝐴1

= −√ 6 (𝑚2𝑛2𝑘2𝑘21 + 2𝑚2𝑛2𝑘1𝑘22𝐴0 + 𝑚2𝑛2𝑘22A20)𝑚2𝑘32 + 𝑚2𝑛2𝑘32 + 2𝑤2 ,

(28)

where 𝑁1 = −160𝑚6𝑘72 + 992𝑚6𝑛2𝑘72 − 236𝑚4𝑤2𝑘42 −616𝑚4𝑛2𝑤2𝑘42 + 20𝑚4𝑛4𝑤2𝑘42 + 168𝑚2𝑤22𝑘2 + 40𝑚2𝑛2𝑤22𝑘2 +300𝜎𝑤21𝑘2, and 𝑁2 = 375𝜎𝑚4𝑘52 − 1950𝜎𝑚4𝑛4𝑘52 +375𝜎𝑚4𝑛4𝑘52 + 600𝜎𝑚2𝑤2𝑘22 + 600𝜎𝑚2𝑛2𝑤2𝑘22. Under the
substitution of (26), (22), and (5a) into (12a), under the
conditions imposed by (28), one obtains

𝑢 = −𝑚𝐴1𝑘22𝐶𝐷2 (𝑘1 + 𝑘2𝐴0 + 𝑘2𝐴1𝑆)
+ 2 (𝑘1 + 𝑘2𝐴0 + 𝑘2𝐴1𝑆)2√−𝜎 tanh (√−𝜎𝑇)2 (𝑘1 + 𝑘2𝐴0 + 𝑘2𝐴1𝑆) ,

(29)
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Figure 1: (Color online)The evolution of the soliton-cnoidal wave interaction solution shown in (29) obtained by using the parameters listed
in (31). The profiles at t = 0 and x = 0 are shown in (a) and (b), respectively. Different color traces represent different values for the modulus
n = 0.00001 (black), n = 0.5 (red), and n = 0.99999 (blue).
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Figure 2: (Color online)The evolution of the soliton-cnoidal wave interaction solution shown in (29) obtained by using the parameters listed
in (31) with different modulus values as a function of both x and t. The modulus values for different panels are (a) n = 0.00001, (b) n = 0.5,
and (c) n = 0.99999.

where

𝑆 = sn (𝑚 (𝑘2𝑥 + 𝑤2𝑡) , 𝑛) ,
𝐶 = cn (𝑚 (𝑘2𝑥 + 𝑤2𝑡) , 𝑛) ,
𝐷 = dn (𝑚 (𝑘2𝑥 + 𝑤2𝑡) , 𝑛) ,
𝑇 = (𝑘1 + 𝑘2𝐴0) 𝑥 + (𝑤1 + 𝑤2𝐴0) 𝑡

+ 𝐴1 ln (𝐷 − √𝑛𝐶)𝑚√𝑛 .

(30)

To investigate how the soliton-cnoidal interaction solu-
tions could be used to derive soliton-soliton interaction
or other types of solutions, we illustrate the following two
cases corresponding to the soliton-cnoidal wave interaction
solution described in (29) by selecting different sets of
parameters. For the first case, the parameters are chosen as

𝜎 = −1,
𝑤1 = 0.5,
𝑤2 = 0.8,
𝑚 = 2.

(31)

While Figure 1 shows two-dimensional views for interaction
solution at 𝑡 = 0 and 𝑥 = 0. Figure 2 displays three-
dimensional plots for the evolution of soliton-cnoidal wave
interaction solution with different values for the modulus in
the Jacobian elliptic function, viz., 𝑛 = 0.000001, 0.5, and
0.99999. While 𝑛 = 0.5 exhibited a particular periodic-kink
soliton wave interaction, the extreme values of 𝑛 = 0.00001 (a
value close to the lower modulus limit or 0) showed a normal
kink-shaped soliton and 𝑛 = 0.9999 (a value close to the
upper modulus limit or 1) displayed an interaction between
a periodic wave and another periodic wave.

For the second case, the parameters were altered as shown
in (32) by changing the angular frequency 𝑤2
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Figure 3: (Color online) The evolution of the soliton-cnoidal wave interaction solution shown in (29) obtained by using the parameters in
(32). The profiles at t = 0 and x = 0 are shown in (a) and (b), respectively. Different color traces represent different values for the modulus n
= 0.00001 (black), n = 0.5 (red), and n = 0.99999 (blue).
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Figure 4: (Color online)The evolution of the soliton-cnoidal wave interaction solution shown in (29) obtained by using the parameters listed
in (32) with different modulus values as a function of both x and t. The modulus values for different panels are (a) n = 0.00001, (b) n = 0.5,
and (c) n = 0.99999.

𝜎 = −1,
𝑤1 = 0.5,
𝑤2 = 0.1,
𝑚 = 2.

(32)

Similar to the first case, we illustrate the structures of the
soliton-cnoidal wave interaction solution for different values
of 𝑛 = 0.00001, 0.5, and 0.99999. Clearly, as shown in Figures
3 and 4, wavenumbers and the amplitudes in the range of x(-
40,40) and t(-40,40) are less than that of the first case (cf.
Figures 1 and 2 ). While there is still a normal kink soliton
in the x-u plot for n = 0.00001, an incomplete kink soliton
is observed in the t-u plot in contrast to the first case shown
in Figure 1(b). Building on the above two cases, soliton and
soliton-soliton wave interaction solutions are derived from
the soliton-cnoidal wave interaction solution by making the
limit of the modulus approach either 0 or 1.

4. Summary and Discussion

In this study, we investigated the focusing mKdV equation by
using the CRE method. This nonlinear equation was shown
to be CRE solvable and interaction solutions; namely, soliton-
soliton, soliton-trigonometric periodic waves, and soliton-
cnoidal periodic wave for the mKdV equation were explicitly
provided by choosing different trial solutions for the mKdV
w-equation shown in (11). In addition, analytical solutions for
interactions between soliton and cnoidal wave were provided
and their properties were discussed graphically. According
to the presented analysis, soliton and soliton-soliton wave
interaction solutions can be derived from the soliton-cnoidal
wave interaction solution bymaking the limit of the modulus
approach either 0 or 1 (i.e., lower or upper bounds for the
modulus in the Jacobi elliptical function).
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Actually, cultivators are increasingly arranging innovative high technical and scientific estimations in the aim to enhance
agricultural sustainability, effectiveness, and/or plant health. Innovative farming technologies incorporate biology with smart
agriculture: computers anddevices exchangewith one another autonomously in a structured farmmanagement system.Throughout
this structure, smart agriculture can be accomplished; cultivators decrease plantation inputs (pesticides and fertilizers) and increase
yields via integratedpest management and/or biological control.The emerging concept of remote sensingmay provide a framework
to systematically consider these issues of smart farming technology and to embed high-tech agriculture better. The impact(s) may
be beneficial depending on how tools, such as data mining, and imagery technologies, such as picture treatment and analysis, are
applied. Remote sensing technology is discussed in this review and demonstrates its possibility to create novel opportunities for
scientists (and agronomists) to explore aspects of biological phenomena that cannot be accessed through usual mechanisms or
processes.

1. Introduction

It is evident that agriculture can be considered as the
“vertebral column” of the humanity life and has considerable
control on economy. This highlights the process require-
ment for usual monitoring of the crop state. There are
an assortment of features to supervise crop state starting
from soil humidity accessibility, plant vigour situation, and
stress provided by abiotic causes (for example, humidity,
rainfall, and temperature) and also biotic causes (for example,
pest and illness). Any delay from the ordinary development
parameter influences crop growth in addition to ultimately
diminishing the production and productivity, and for this
reason it is especially imperative to examine crop state for
complete cycle of development.

Appropriate and suitable crop evaluation at better level
requires observing wide regions by a powerful system.
Remote sensing skill offers this through nondestructive
synoptic screening capacities. It is well known that spectral
answer of the soil attribute is different for various areas
of electromagnetic spectrum. These sensed measures assist

distantly in the detection and recognition of the globe surface
trait.

The fundamental aim of appliance of remote sensing
in cultivation is to conclude vegetation characteristics by
examining the data included in the dispersed/returned sig-
nal [1]. The initial most important operational implement
in the farming uses of remote sensing was that of Large
Area Crop Inventory Experiment (LACIE) [2], where an
effort was produced to approximate country-wise wheat
land and yield via LANDSAT digital information. Landsat
is an operation of Earth surveillance satellites expanded
under a combined program of the National Aeronautics and
Space Administration (NASA) and United States Geological
Survey (USGS). Evaluations of the consequence of edaphic
and meteorological answer aspects to crop have stayed a
principal subject; there are a huge number of features as
edaphic, climatic, biotic, hydrologic, and agronomic, which
control a crop development and production. Furthermore,
weather has a considerable position over the development
and productivity reaction of crops. Remote sensing method
by means of the potential of multispectral, multitemporal,
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and synoptic exposure has revealed an excellent potential in
giving broad rank of crop situation and production potential
at local stage.With remote sensing method, the form of crops
developed in an area, crop state, and yield can be considered.
Recording crop state by remote sensing can get the crop
status in addition to the condition and progress of their
development. Obtaining the crop situation data at early steps
of crop development is still more significant than acquiring
the fixed production after harvest period.

2. Indices of Remote Sensing and Signification

Crop state estimation necessitates an information input, for
example, environmental conditions such as air temperature,
relative humidity, and rainfalls and surface condition like soil
moisture and soil temperature. Remote sensing indices like
Normalized Difference Vegetation Index (NDVI), Land Sur-
face Water Index (LSWI), Temperature-Vegetation Dryness
Index (TVDI), Soil Adjusted Vegetation Index (SAVI), Water
Deficit Index (WDI), etc. obtained from satellite imagery are
helpful to derive crop development state and/or soil humidity
state. The Normalized Difference Vegetation Index (NDVI)
calculates vegetation density through evaluating the variation
between near-infrared (which vegetation powerfully returns)
and red luminosity (which vegetation attracts). Moreover, the
Land Surface Water Index (LSWI) employs the Shortwave
Infrared (SWIR) and the Near-Infrared (NIR) zones of the
electromagnetic range [3]. There is powerful luminosity
assimilation by liquid water in the SWIR, and the LSWI is
well recognized to be susceptible to the entire quantity of
liquid water in vegetation and its soil [4]. In addition, the
Temperature-Vegetation Dryness Index (TVDI) is acquired
from spatial Land Surface Temperature-NDVI and can be
employed as amarker of soil humidity and therefore the vege-
tation water pressure [5].The SAVI (Soil Adjusted Vegetation
Index) takes in consideration the visual soil characteristics
on the plant cover reflectance [6]. The WDI represents the
relative rate of hidden heat change, so it illustrates a rate of
“zero” for totally wet surface and a value of “one” concerning
dry surfaceswhere there is no hiddenheat change [7]. Remote
sensing method aids to create a temporal development profile
of plants over its development phase. With the recovery of
environmental factors in addition to remote sensing indices,
it is simple to recognize the development model of crop and
also their connection among each other and consequence
of concerned variables on crop development. On the basis
of preceding information and test, remote sensing method
is especially helpful in estimating the crop development at
land level in addition to large level. Assimilation of ecological,
surface, and crop state acquired through remote sensing
method in addition to soil station aids in improvement of
model to calculate the crop state [8].

3. Role of Remote Sensing in Crop
State Evaluation

Remote sensing gives immense occasion to obtain a general
synoptic vision of the globe organization [9]. Numerous

classes of selective information on available resources such
as soil humidity, soil use and cover, crop natures and state,
and soil type data can bemined since the satellite information
[10].

Remote sensing as a device will provide information
frequently and at an inexpensive value to permit, in the
appropriate time, interference for recovery of crop state.
Satellite structures offer spatially and temporally perma-
nent records cover of the globe [11]. Satellite records of
visual sensors similar to SPOT (in French: Satellite Pour
l'Observation de la Terre), Moderate Resolution Imaging
Spectroradiometer (MODIS), Atmospheric Infrared Sounder
(AIRS), and LANDSAT, are employed for diverse domains.
The Landsat task offers the greatest permanent space-based
record of Earth’s soil, beginning from 1972 and the Landsat 1
satellite.

Starting through Landsat 4, each of the satellites repre-
sented the Earth’s surface at a 30-meter resolution about once
each five to ten days by means of thermal and multispectral
devices. SPOT is an elevated-quality visual imaging globe
inspection satellite structure controlling from space. It has
been made to develop the understanding and managing of
the globe via discovering the globe’s reserves, perceiving
and predicting phenomena engaging oceanography and also
climatology, and supervising human movements as well as
innate phenomena. The SPOT structure comprises a chain of
satellites and land control reserves for satellite management
and training and picture creation and delivery (Table 1) [12].

The Moderate Resolution Imaging Spectroradiometer
(MODIS) is known as an imaging device launched into globe
orbit by means of NASA [13]. The devices capture records
in 36 spectral bands varying in wavelength starting from
0.4×10−6m to 14.4 ×10−6m and at varying spatial motions.
The Atmospheric Infrared Sounder, AIRS, is a service tool
whose objective is to help climate study and develop weather
prediction.

On the other hand, the Sentinel-2 operation, funded
by the European Space Agency (ESA), includes two polar-
orbiting satellites: Sentinel-2A and Sentinel-2B. It offers
systematic overall treatment of land coverage and surfaces
among latitudes 83∘ North and 56∘ South [14]. Various func-
tions such as land cover change, agriculture, and mapping
of biological parameters (leaf area indicator, leaf chloro-
phyll amount, and leaf water amount) can be estimated
[14].

Sentinel-2A (launched in 2015) furnishes general report-
ing of the Earth’s land every ten days and,when it is connected
with Sentinel-2B (launched in 2017), the treatment duration
has reduced to five days. The two satellites are similar and
transmit a singlemixture of general coverage:methodical and
organized acquisition of high-resolution pictures, elevated
revisit rate of five days, extensive vision field of approximately
290 km, elevated resolution of ten meters and, due to a high-
tech Multispectral Imager, thirteen spectral bands [14, 15], of
which three are comprised into the ‘red edge’ fraction of the
spectral field.

Because of developed attributes evaluated to preceding
operations, Sentinel-2 is able to identify early modifications
in plant healthiness, to differentiate between diverse crop
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Table 1: Common thermal bands of different sensors and their specifications.

Platform Sensor Spatial
resolution (m)

Band(s) Wavelength
range (𝜇m)

MTI MWIR 20 J 3.50-4.10
K 4.87-5.07

LWIR L 8.00-8.40
M 8.40-8.85
N 10.2-10.7

Landsat TM 120 6 10.40-12.50
ETM+ 30 6 10.40-12.50
OLI 100 TIRS 1 10.60-11.19

TIRS 2 11.50-12.51
ASTER TIR 90 11 8.125-8.475

12 8.475-8.825
13 8.925-9.275
14 10.250-10.950
15 10.950-11.650

MODIS TIR 1000 20 3.660-3.840
21 3.929-3.989
22 3.292-3.989
23 4.020-4.080
24 4.433-4.498
25 4.482-4.549

AVHRR TIR 1090 1 0.58-0.68
2 0.725-1.00
3A 1.58-1.64
3B 3.55-3.93
4 10.30-11.30
5 11.50-12.50

varieties, and distribute appropriate data on diverse biophys-
ical factors. These constituents can facilitate tasks of users
and specialists to identify precursors of food deficiencies in
countries [16].

Moreover, predictions of crop productions, modelling
yield, and crop stress recognition have been determined via
remote sensing records. Detection and recognition of plant
illness and preparation for efficient manage estimations are
important to sustain crop production. One of the possible
appliances of remote sensing in farming is the estimation
of crop acreage and recognition of crop situation because
of either water stress or pest. Vigorous plants provide an
elevated reflectance in the near-infrared area and an inferior
in the observable area. Illness influenced plants demonstrate
an elevated reflectance in the perceptible band and a minor
in infrared area. This theory can be employed in discerning
vigorous and infected crop.

Once plants are infected with malady, assimilation of
incident solar ray transformations in the perceptible and
Near-Infrared range [17], this is possibly caused by reduced
chlorophyll quantity and modifications in internal organi-
zation. The variation of assimilation accordingly affects the
reflectance of infected plants. As a result, in evaluating the

range difference of infected and vigorous plants, scientists are
able to recognize the stress potency of green foliage (Table 2)
[12].

While the chlorophyll quantity tends to diminish under
illness emphasis, assimilation of incident solar rays by green
vegetation declines in the perceptible area. Subsequently,
spectral reflectance is important in the red region and
declines in the Near-Infrared range depending on the con-
tamination potency. The powerful spectral reflectance of
green trees in the Near-Infrared array is principally provoked
by its foliar internal constitution. Besides, plants with malady
stress show different degrees of morphological internal trans-
formations, which conduct to a decline of spectral reflectance
in the Near-Infrared array. These spectral attributes of foliage
are the foundation for remote sensing of malady-stressed
vegetation [13].

4. Imagery Treatment and Prediction
in Mapping

Remotely sensed information has been employed for eval-
uation of land cover ever since remote sensing initiated.
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Table 2: Main spectral vegetation indices used in agriculture.

Index Equation Usefulness
NG G/ (NIR+R+G) Carotenoids, anthocyanins, xanthophylls
NR R/ (NIR+R+G) Chlorophyll
DVI NIR-R Soil reflectance
GDVI NIR-G Chlorophyll, N status
NDVI (NIR-R)/ (NIR+R) Vegetation cover
GNDVI (NIR-G)/ (NIR+G) Chlorophyll and photosynthesis, N status
Abbreviation: A=adapted, D=difference, G=green, N=normalized, NIR=near-infrared, R=red, RVI=Ratio Vegetation Index, VI= Vegetation Index.
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Figure 1: A neural network architecutre.

Land cover estimation via employing remotely sensed records
can no longer be identified as entire in the sense of their
spatial and spectral determinations, except that land cover
categorization of satellite images can be built by image
operating and model detection methods [18]. Enhancement
of land cover categorization and classification of satellite data
can possibly be prepared by means of using techniques like
k-nearest neighbor [19, 20], artificial neural nets [21, 22],
decision tree analytical technique [23], and finally cluster-
ing division and segmentation methods for categorization
[24, 25]. Artificial Neural Network designs the function or
composition of biological neural networks. The principal
objective is to achieve prototype matching for classification
and regression problems. Nevertheless, the method imitates
the approach employed by biological organisms rather than
rigorously relying on an accurate math-based approach. Here
are many examples of Artificial Neural Network architecture
algorithms: Radial Basis Function Network (RBFN), Per-
ceptron, Hopfield Network, Feed-forward Neural Network,
and finally Self-Organizing Map (SOM) [26]. This algorithm
is very helpful in finding samples that are in addition
difficult for being physically mined and taught to identify
to the calculation instrument. In the perspective of this
composition, samples are initiated to the Artificial Neural
Network via the input layer that has only one neuron for every
element present in the input records and is corresponded to
one or more hidden layers existing in the system [27]. In
fact, the processing happens in the hidden layers through
an arrangement of relationships distinguished via weights
and biases. The input is collected and the neuron estimates
a weighted amount accumulating as well the bias and in
accordance with the outcome and a preset activation func-
tion, it makes a decision whether it should be discarded or

otherwise stimulated. Subsequently, the neuron spreads the
record downstream to other joined neurons [28]. At the last
part of the process, the final hidden layer is connected to the
output layer which has one neuron for each potential wanted
output (Figure 1).

Decision tree builds a model of decisions on the basis of
real values found in records. The resulting tree configuration
permits making comparisons among novel and existing data
rapidly. This type of algorithm habitually sees application
for regression and categorization problems [29]. Decision
trees are machine learning algorithms that gradually separate
data sets into less important data sets on the basis of an
explanatory attribute, until they achieve sets that are little
as much as necessary to be explained via a number of label
(Figure 2). They necessitate that data is marked; hence they
attempt to validate novel data based on this understanding.
Decision tree algorithms are ideal to resolve regression and
classification problems.

Regression trees are employed while the dependent value
is considered as quantitative or continuous and classification
trees are employed while the dependent value is considered as
qualitative or categorical. We discern some frequent decision
tree algorithms: Chi-squared Automatic Interaction Detec-
tion (CHAID), C4.5 and C5.0, Classification and Regression
Tree (CART), and Iterative Dichotomiser 3 (ID3) [30].

Clustering method expresses a model for managing
data through class or other norms. In general, information
points that are in the identical set should have analogous
characteristics or else descriptions (Figure 3), although infor-
mation points in dissimilar sets should have very divergent
characteristics or descriptions [31]. The results are frequently
hierarchical or else centroid. We obtain data relationships
in a way that assists making sense of the data, that is, how
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Figure 3: Example of clustering.

the values influence each other. There are many examples of
clustering construction algorithms: Hierarchical Clustering,
K-medians, Expectation Maximisation (EM), and K-means
[32].

The imagery arrangement of remote sensing records
either can be prepared in the direction of achieving different
spectral groups on the basis of spectral brightness rate or
can, besides, be further planned to instinctively concerned
soil use categories in regard to the soil-truth plan. The soil-
truth plan is made bymeans of assistance of user interface via
imagery treatment method and understanding of categories
on the land. Generally, the spectral model existing inside
the information for every pixel is utilized as the numeric
source for classification. Spectral model identification makes
reference to the set of categorization processes that employs
the pixel-per-pixel spectral data like the foundation for
computerized land cover categorization [33]. Spatial form
recognition holds the categorization of illustration pixels
on the basis of the spatial connection among pixels neigh-
boring them [34]. These sorts of groups try to repeat the
type of spatial fusion done by means of special analysts
through ocular analysis operations found on picture quality
and texture, pixel nearness, attribute dimension, contour,
and duplication, in addition to environment. The objective
consists of determining spectral prototypes via spatial liaisons
in given remote sensing records instead of exploring by a
temporal methodology in which case one would investigate
transformations in examples over the specific period of time
by means of numerous years of records [35].

Spectral picture categorization is generally separated into
two main categorization methods of supervised and unsu-
pervised classifications. The basic distinction among these
methods is that supervised classification entails a training
stage succeeded by a categorization stage. In the unsupervised
theory, the picture data are primarily categorized through
combining them into the natural spectral assemblages, oth-
erwise groups, contained in the recorded data. These spectral
clusters are in that case categorized by evaluating them to soil
reference record. Imagery experts can in addition decide how
well a categorization has classified an illustrated subgroup of
pixels employed in the training procedure by means of a pre-
cision estimate. Model-based clustering has expressed excel-
lent results in imagery examination [36]. One of the most
common indications of describing categorization precision
is the construction of a classification error table. Obtained
findings from the organization and arrangement of remotely
sensed records are generally recapitulated as contingency
table or else confusion matrix. Error matrices evaluate, on
a categorical basis, the possible connection among reference
records (symbolizing the soil reality) in addition to the related
results of a computerized organization. These particular
matrices are called square, through the sum of columns and
rows equivalent to the sum of categories whose classification
precision is being considered [37]. Picture categorization has
frequently been achieved via employing usual numerical and
machine learning methods in the earlier periods. Numerical
methods such as Bayesian networks are excellent while the
data is considered as normalized or noise-free [38], whereas



6 Mathematical Problems in Engineering

implicit designs, also known as machine learning algorithms,
like Artificial Neural Networks (ANN), are further than
a “black box” system, depending on repetitive training in
the aim of regulating and adjusting factors by transferring
functions to enhance their projecting aptitude concerning
training results for which the outputs are acknowledged
[39, 40]. The numerical theory achieves more once a priori
instruction regarding categories is accessible; nevertheless
they have restrictions in the case of purpose categorization
andwhen the dispersion of recorded points are not identified,
like the case with remote sensing spatial records. Data mining
skills have become progressively more important methods to
treat information from a large pool of records [41].

The word “data mining” has existed for a few decades,
while the majority of the machine learning processes and
statistics, for example, Artificial Neural Networks (ANN) and
Decision Tree (DT), nowadays attached with data mining
were progressed [42].

Nowadays, numerous image classification techniques
have been ameliorated and employed to extract significant
information from remote sensing descriptions [43]. Assort-
ment of appropriate classification techniques is especially
imperative to effectively extract useful results from imagery
[43]. Analytical classifiers such as Artificial Neural Networks
[44] and Decision Tree [45] do not employ statistical factors
to recognize classes. They are better adapted for investigating
noisy, multimodal, and/or missing records [18]. In fact,
Szuster et al. [46] studied the land cover and land use
classification via Artificial Neural Networks. Lakshmi and
Vijaya [47] used machine learning methods such as decision
tree and Artificial Neural Networks for categorization and
classification on the samples. The samples were able to
attain good precision, which was elevated for decision trees
when evaluating with others. On the other hand, Zanaty
[48] applied an evaluation study by using Artificial Neural
Networks and SupportVectorMachines for data classification
and categorization.

Data mining for spatial form recognition is the method
of determining interesting information, for instance, con-
figurations, relationships, modifications, irregularities, and
major organisations, frombig volumes of data stocked in data
servers or other data sources [49]. Because of the disposal
of colossal quantities of records, data mining has attracted
important consideration in the information management
business. Generally, data mining assignments can be cat-
egorized into two classes: predictive and descriptive data
mining [50]. The latter refers to the information set in a brief
way and highlights common data characteristics; the first
achieves interpretation on the obtainable data set and efforts
to forecast the novel data comportment.

A data mining structure could realize at least one of
the data mining assignments: (1) arrangement, (2) connec-
tion, (3) forecast, and (4) clustering [51]. Between diverse
data mining methods and techniques, the Artificial Neural
Network (ANN) technique is one of the most extensively
employed methodologies in engineering, particularly when
data or information is accessible from several sources, in
addition to a priori understanding of explanatory arrange-
ments or developments which is accessible because of

capacity of ANN to study complex configurations rapidly
[52]. This method was successfully employed in many fields
as biology [53–56], physics [57, 58], chemistry [59, 60], etc.
Besides, the decision tree systems of data mining approaches
are more directly adapted for classification, from the time
when data symbolising a specified individual are classed
through the decision tree construction to be classified directly
into a preprogrammed group [61, 62]. They not only sig-
nify an effective organization technique, but also have the
supplementary benefit of simplicity of elucidation of the
factors employed to classify data sets to their suitable groups,
although concurrently carrying to highlight the relative
significance of diverse variables in the concerned system
[63, 64]. It is particularly laborious to retrieve clarifications
for occurrences when ANN methods are employed because
of the “black-box” methodology in ANN [65].

The designs are learnt by ANN via iterative learning
successions of illustrative data, hence generating forecasts
of spectral ranges by detecting unidentified pixels [66, 67].
Decision trees, conversely, employ dichotomization to route
available data to the precise group, as is observed in vegetal
basics. Even if the distinction conditions at each stage of
the decision tree arrangement are produced by the software,
it is probable to examine the conditions in an effort to
comprehend what origin distinction has been completed [68,
69].

5. Conclusion

Remote sensing as a device will provide information fre-
quently and at an inexpensive value to permit, in the
appropriate time, interference for recovery of crop state.
Satellite structures offer spatially and temporally permanent
records cover of the globe. Along through the expansion of
remote sensing functions, satellite information has become
the principal data foundation to supervise high-dimension
crop situation. With the aid of satellite and digital imaging
methods, it is simple and also price efficient in planning and
observing the crop situation.
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With the increase in shaft depth, the problem of cracks and leakage in single-layer concrete lining in porous water-rich stable
rock strata has become increasingly clear, in which case the mechanism of fracturing in shaft lining remains unclear. Considering
that the increase in pore water pressure can cause rock mass expansion, this paper presents the concept of hydraulic expansion
coefficient. First, a cubic model containing spherical pores is established for studying hydraulic expansion, and the ANSYS
numerical simulation, a finite element numerical method, was used for calculating the volume change of the model under the
pore water pressure. By means of the multivariate nonlinear regression method, the regression equation of the hydraulic expansion
coefficient is obtained. Second, based on the hydraulic expansion effect on the rock mass, an interaction model of pore water
pressure–porous rock–shaft lining is established and further solved. Consequently, the mechanism of fracturing in shaft lining
caused by high-pressure pore water is revealed. The results show that the hydraulic expansion effect on the surrounding rock
increases with its porosity and decreases with its elastic modulus and Poisson’s ratio; the surrounding rock expansion caused by the
change in pore water pressure can result in the outer edge of the lining peeling off from the surrounding rock and tensile fracturing
at the inner edge.Therefore, the results have a considerable guiding significance for designing shaft lining through porouswater-rich
rock strata.

1. Introduction

In recent years, with the implementation of China’s western
development strategy, the abundant coal resources in some
water-rich bedrock areas (Shaanxi, Ningxia, Gansu, Inner
Mongolia, etc.) have been mined on a large scale [1]. Since
the shaft is the passageway of mine production, the shaft
lining should be designed with sufficient strength, rigidity,
and waterproof performance to meet the requirements of
safety, sealing, and durability. However, with the increase in
coal mining depth, the non-mining-related deformation and
fracture of the shaft lining under the action of high water
pressure is still very serious. At present, scholars at home
and abroad have carried out a lot of considerable research
on shaft fracture caused by groundwater activities. Regarding
the study topic on groundwater seepage, Farmer [2] studied
the hydrostatic stresses acting on shaft lining based on the

theory of surrounding rock permeability. Bear [3] carried out
a microscopic study on the seepage mechanism, indicating
that the change in pore shape is a sensitive factor that
causes permeability coefficient changes. Bruno [4] studied
the effect of pore pressure on the tensile fracture of rock
on the basis of Biot theory and noted the importance of
fluid-solid coupling in hydraulic fracturing. Zimmerman [5]
briefly deduced the linear porous-elasticity and thermoelastic
equation by using the three-dimensional fluid-solid coupling
seepage model. Jiang [6] used a high-pressure permeability
test to simulate the deformation law of rock mass fracturing
under the action of pore water pressure. Regarding the study
topic on hydrophobic settlement, Lou [7] derived a general
formula for calculating the additional stress in the shaft lining
based on the drainage consolidation theory. According to the
principle of superposition and strain compatibility, Yang [8]
derived the theoretical solution of vertical additional stress
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on the shaft lining by using a numerical method. Wang
[9] obtained the additional stress value at complex alluvium
strata by the negative friction coefficient between the shaft
lining and surrounding rock. Zhang [10] studied the fluid-
solid coupling numerical simulation of sharp severely aquifer
drainage in underground mining and analyzed the influence
of drainage location and drainage rate on the stability of
shaft lining. Regarding the study on unstable rock strata,
Sun [11] simulated and analyzed the deformation and stress
characteristics of surrounding rock and shaft lining under the
interactive geological conditions of soft and hard rock strata,
and the conclusion that the shear failure occurred in shaft
lining under the inhomogeneous pressure of surrounding
rock was obtained. In addition, Yang [12] deduced the elastic
approximate stress and displacement solution of irregular
inclined shaft lining subjected towater pressure and proposed
the optimal design for inclined shaft lining. Meng [13]
classified and studied the constructing techniques for the
inclined shaft penetrating the drift sand stratum, and the
problems such as the stability of inclined shaft structure and
the sealing ofwater and sandwere solved. It is well known that
shaft lining in porous water-rich rock strata is constructed by
the temporary drainage method or the frozen water method.
When the drainage or freezing is stopped, the pore water
pressure of the surrounding rock will rise, and at this time,
cracking and leakage of lining often occurs. However, no
leakage occurs before the shaft lining fractures, inhibiting
seepage in the surrounding rock. Additionally, the theory
of vertical additional stress caused by mining hydrophobic
settlement is applicable to mainly alluvium. Clearly, although
some existing theories havematured, the fracturemechanism
of shaft lining in high-pressure water-rich stable rock strata
has not been clarified.

Based on the compressive and expansive deformation
properties of the porous media under the action of stress, in
analogy with the coefficient of thermal expansion, this paper
defines the linear expansion coefficient of the rock caused by
unit pore water pressure as the hydrostatic expansion coeffi-
cient, which is expressed as 𝛼. With the advantage of solving
complex problems that cannot be solved by theoretical and
experimental research and having the characteristics suitable
for any problem geometry and boundary conditions [14],
the finite element numerical method has become one of the
most effective methods to solve scientific and engineering
problems. Therefore, the ANSYS numerical simulation is
adopted to obtain the volume change of the cubic model
under the pore water pressure. Based on the calculation
results, the approximate analytical solution of the hydraulic
expansion coefficient is derived by means of the multivariate
nonlinear regression method. By comprehensively analyzing
the influence of various factors on the shaft lining stress, the
mechanism of fracturing in shaft lining due to high-pressure
pore water is clarified, providing an effective and scientific
basis for lining safety.

2. Hydraulic Expansion Coefficient Solution

�.�. Basic Assumptions. (1) The rock mass is composed of
an infinite number of identical cubic microunits containing

spherical pores of equal diameter, and the rock is a homoge-
neous and isotropic linear elastic medium.(2) The effect of pore water pressure on a microunit can
be regarded as free expansion, and the effect on the rock is the
superposition of the expansive effect of each microunit [15].

The elastic modulus, Poisson’s ratio, and porosity of the
cubic model containing spherical pores are expressed by E0,𝜇0, and n0, respectively. Since the elastic modulus reflects
the degree of rock elastic deformation, E0 is clearly inversely
proportional to 𝛼. According to the basic assumptions, the
hydraulic expansion coefficient of the entire porous water-
rich rock is equal to that of any single cubic microunit
containing spherical pores under conditions of a free bound-
ary. Assuming 𝛼V is the volumetric hydraulic expansion
coefficient of the rock, 𝛼V = 3𝛼 when the infinitesimal
of higher order is ignored. Considering that n0 and 𝜇0 are
both dimensionless parameters, then 𝛼E0 can be studied as
dimensionless. When the compressive stress is specified as
positive, the following equations can be derived from the
theory of elastic mechanics.

�̃� = Δ�̃�
(3Δ𝑝𝑤) , (1)

𝑛0 = 𝜋𝑟306 , (2)

�̃� = 𝛼𝐸0,
Δ𝑝𝑤 = Δ𝑝𝑤𝐸0 ,

Δ�̃� = Δ𝑉
𝑉 ,

𝑟0 = 𝑟0𝑎 < 1,

(3)

where𝑉 is the total volume of the cubic model, 𝑝𝑤 is the pore
water pressure, r0 is the pore radius, and 𝑎 is the half length
of the microunit.

�.�. Solution Result. According to the characteristics of the
solutionmodel, a 1/8 cubicmodel containing spherical pore is
established by ANSYS numerical simulation, and the volume
change in the model with different values of n0 and 𝜇0 under
the action of pore water pressure is calculated. When Δ𝑝𝑤 =0.1, taking n0=0.1, 𝜇0=0.2 as an example, the model after
mesh generation is shown in Figure 1, and the equivalent
displacement cloud of the model after solution is shown in
Figure 2.

By means of the samemethod, Δ�̃� can be calculated with
different parameters of cubic model, as shown in Figure 3.

Based on the changing laws of the data in Figure 3,
the multivariate nonlinear regression method is adopted to
obtain the expression ofΔ�̃� for n0 and 𝜇0, which satisfies that
when 𝑛0 ≈ 0,Δ�̃� ≈ 0. Toward this goal, the objective function
can be expressed as

Δ�̃� = Δ𝑝𝑤𝑛0 (𝜆1𝑛20 + 𝜆2𝑛0 + 𝜆3) (𝜆4 − 𝜇0)
(𝜆5 − 𝑛0) , (4)
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Table 1: Regression coefficients values.

𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 R2

-3.509 -0.261 1.952 1.087 0.505 0.9995
Note: R2 is the goodness of fit.

Symmetry constraint

Pore water pressure

Figure 1: Mesh generation.
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Figure 2: Equivalent displacement cloud (deformation scale factor:
1000).

where n0 satisfies the general rock porosity value; i.e., 𝑛0 <0.5, 𝜆1, 𝜆2, 𝜆3, 𝜆4, and 𝜆5 are the regression coefficients, the
values of which are shown in Table 1.

Substitute (4) into (1). Then,

�̃� = 𝑛0 (0.651 − 0.087𝑛0 − 1.17𝑛20)
0.505 − 𝑛0 (1.087 − 𝜇0) . (5)
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Figure 3: Values of Δ�̃� with different parameters.

3. The Variation Law of the Coefficient of
Hydraulic Expansion

�.�. Regular Analysis. Analysis of the relationship between
the hydraulic expansion coefficient and the various param-
eters is helpful to better understand the influence law of
hydraulic expansion on underground structures in different
water-rich rock strata and has an important guiding signif-
icance for mitigation of the shaft lining fracture problem.
Therefore, the partial derivatives of n0 and 𝜇0 for (5) are
solved, and (6) and (7) are always satisfied.

𝜕�̃�
𝜕𝑛0 > 0, (6)

𝜕�̃�
𝜕𝜇0 < 0,
𝜕2�̃�
𝜕𝜇20 = 0.

(7)

The results show that the hydraulic expansion coefficient
increases with n0 and linearly decreases with 𝜇0.
�.�. Influence of Pore Shape on Hydraulic Expansion Effect.
Rock is a typical porous medium, in which the internal
pores are not a sphere but an irregular space with various
forms and a fractal dimension [16]. Therefore, an equal-
porosity cubicmodel with a regularN-polyhedron is adopted
to analyze the influence of pore shape on the hydrostatic
expansion effect, where N=4, 6, 8, 12, 20, and ∞ (sphere).
If the hydraulic expansion coefficient of the model with a
regular N-polyhedron pore is expressed as 𝛼N, then �̃�𝑁 =
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Table 2: Fitting coefficient values.

Curve Num. n0 𝜂1 𝜂2 R2 Adj. R2

1 0.02 0.651 10.920 0.9837 0.9796
2 0.06 0.669 8.877 0.9831 0.9789
3 0.10 0.719 8.304 0.9910 0.9887
4 0.20 1.031 7.003 0.9818 0.9772
5 0.30 1.432 7.896 0.9847 0.9808
6 0.40 1.878 7.124 0.9856 0.9809
Note: Adj. R2 is the goodness of fit after correction.

Table 3: The range value of f (n0, N).

N 4 6 8 12 20
f (n0, N) 3.0∼7.8 1.8∼3.0 1.5∼2.0 1.2∼1.6 1.0∼1.4

0.00 0.05 0.10 0.15 0.20 0.25
0

1

2

3

4

 Fit Curve 1  Fit Curve 2
 Fit Curve 3 Fit Curve 4
 Fit Curve 5  Fit Curve 6

1/N

n0=0.40n0=0.30

n0=0.20n0=0.10

n0=0.06n0=0.02


N

Figure 4: The relationship between �̃�𝑁 and 1/𝑁.

𝛼𝑁𝐸0. Taking 𝜇0=0.2 as an example, the relationship between�̃�𝑁 and 1/N at different n0 values can be obtained by the
ANSYS numerical simulation (see Figure 4). The expressions
of the fitting function in Figure 4 can be expressed in the
form of (8), and the corresponding fitting coefficient values
are shown in Table 2.

As shown in Figure 4, �̃�𝑁 increases with n0 and decreases
with N. The hydraulic expansion coefficient of the model
containing the tetrahedral pore is the largest, while that of the
model containing the spherical pore is the smallest.

�̃�𝑁 = 𝑛0𝜂1 [exp (𝜂2𝑁) + exp (−𝜂2𝑁 )] , (8)

where 𝜂1 and 𝜂2 are both functions in terms of n0.
Based on the data in Table 2, the polynomial regression

formulae of 𝜂1 and 𝜂2 can be calculated, as shown in Figures
5 and 6, respectively.

0.0 0.1 0.2 0.3 0.4

0.8

1.2

1.6

2.0

2.4

Fit Curve

Formula
Coefficient

Value 0.600 1.006 5.564

0.9972

0.9954

c1c0 c2

1=c0+c1n0+c2n0
2

Adj. R2

R2

 1

n0

Figure 5: The expression of 𝜂1.

Since both �̃�𝑁 and �̃� are functions of regarding n0 and
N, the function f (n0, N) can be used to represent the value of�̃�𝑁/�̃�.When𝜇0=0.2, the expression of f (n0,N) can be derived
from (5) and (8) as follows:

𝑓 (𝑛0, 𝑁)
= (0.505 − 𝑛0) 𝜂1 [exp (𝜂2/𝑁) + exp (−𝜂2/𝑁)]

0.577 − 0.077𝑛0 − 1.038𝑛20
(9)

The value of f (n0, N) for different rock porosities can be
solved by (9).Therefore, when𝜇0 is between 0.1 and 0.3 andn0
is between 0.02 and 0.4, the range of f (n0,N) can be obtained,
as seen in Table 3.

As seen in Table 3, the hydraulic expansion coefficient
of the model containing regular polyhedral pores is approx-
imately (1.0∼7.8) 𝛼 and decreases with the number of pore
faces.
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Figure 6: The expression of 𝜂2.

4. Mechanism of Shaft Lining
Fracture Analysis

�.�. Stress and Displacement Solution

�.�.�. Basic Assumptions. In the absence of water, the elastic
moduli of the surrounding rock and the shaft lining are E1
and E2, the corresponding Poisson’s ratios are 𝜇1 and 𝜇2, the
corresponding porosities are n1 and 𝑛2, respectively, and the
porosity of the contact surface between the surrounding rock
and the shaft lining is 𝑛3.

According to the nature of the problem, the following
assumptions are made.(1) The elastic modulus and Poisson’s ratio of the sur-
rounding rock mass and the rock matrix approximately
satisfy the linear relations as follows:

𝐸1 = 𝐸0 (1 − 𝑘1𝑛1) , (10)

𝜇1 = 𝜇0 (1 − 𝑘2𝑛1) , (11)

where k1 and k2 are constants related to pore shape, for
spherical pores [17]: k1=2.08, and k2=0.345.(2) The porosity of contact surface n3 can be calcu-
lated according to the probability statistical method, namely,
n3=n1+n2-n1n2.(3) The shaft lining is a homogeneous, continuous, and
isotropic linear elastic medium.(4)The expansion effect of the pore water pressure on the
surrounding rock can be equivalent to the volume expansion
of elastomer, which is similar to the thermal expansion.(5) The inner and outer radii of the shaft lining are
r1 and r2, respectively, and the inner and outer radii of
the surrounding rock are r2 and r3, respectively. The outer
boundary of the surrounding rock is fixed, as shown in
Figure 7.

Assume that the interaction force between the sur-
rounding rock and the shaft lining under the action of

r2

Shaft lining

r3

Surrounding rock

r1

Figure 7: Stress analysis model of shaft lining.

pore water pressure is a compressive stress, and the stress
direction is defined as positive. The radial displacement is
expressed by ur, and the radial stress and circumferential
stress are expressed by 𝜎𝑟 and 𝜎𝜃, respectively, and the radial
strain and circumferential strain are expressed by 𝜀𝑟 and 𝜀𝜃,
respectively. The total stress at the interface is p0, and the
effective stress is p1. The bonding strength is f 1, the uniaxial
compressive design strength and the uniaxial tensile design
strength of the concrete are 𝑓𝑐 and 𝑓𝑡, respectively, and the
compressive design strength and the tensile design strength
of the reinforcement are 𝑓𝑦 and 𝑓𝑦, respectively. To facilitate
the analysis, the relevant parameters are dimensionless as
follows:

d�̃�𝑟 = d𝜎𝑟Δ𝑝𝑤 ,

d�̃�𝑟 = d𝑢𝑟
d𝑟 ,

d𝑟 = d𝑟
𝑟 ,

�̃�𝑟 = 𝑢𝑟𝑟 ,
�̃�𝑟 = 𝜎𝑟Δ𝑝𝑤 ,
�̃�𝜃 = 𝜎𝜃Δ𝑝𝑤 ,
𝑟12 = 𝑟1𝑟2 ,
𝑟23 = 𝑟2𝑟3 ,

𝐸12 = 𝐸1𝐸2 ,
�̃�1 = 𝛼𝐸1,
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𝑝0 = 𝑝0Δ𝑝𝑤 ,
𝑝1 = 𝑝1Δ𝑝𝑤 ,

𝑓1 = 𝑓1Δ𝑝𝑤 ,

𝑓𝑐 = 𝑓𝑐Δ𝑝𝑤 ,

𝑓𝑡 = 𝑓𝑡Δ𝑝𝑤 ,

𝑓𝑦 = 𝑓𝑦
Δ𝑝𝑤 ,

𝑓𝑦 = 𝑓𝑦
Δ𝑝𝑤 ,

Δ𝑝𝑤1 = Δ𝑝𝑤𝐸1 ,

Δ𝑝𝑤2 = Δ𝑝𝑤𝐸2 .
(12)

�.�.�. Stress and Displacement Solution in the Surrounding
Rock Zone. The equations of equilibrium in the surrounding
rock zone can be expressed as [18]

d�̃�𝑟
d𝑟 + �̃�𝑟 − �̃�𝜃 = 0. (13)

The equations of geometry for the axisymmetric plane
strain problem can be written as

𝜀𝑟 = d�̃�𝑟,
𝜀𝜃 = �̃�𝑟. (14)

The equations of constitution in the surrounding rock
zone under the action of water pressure expansion can be
expressed as

𝜀𝑟 = Δ𝑝𝑤1 (1 + 𝜇1) [(1 − 𝜇1) �̃�𝑟 − 𝜇1�̃�𝜃 + �̃�1] , (15)

𝜀𝜃 = Δ𝑝𝑤1 (1 + 𝜇1) [(1 − 𝜇1) 𝜎𝜃 − 𝜇1𝜎𝑟 + �̃�1] . (16)

The boundary conditions of the surrounding rock can be
expressed as

�̃�𝑟𝑟=𝑟2 = 𝑝0, (17)

�̃�𝑟𝑟=𝑟3 = 0. (18)

According to (13)∼(18), the analytical solutions of the
stress and displacement in the surrounding rock zone can be
obtained as

�̃�𝑟 = (1 − 2𝜇1) 𝑝0 + �̃�11 + (1 − 2𝜇1) /𝑟223 (
1

1 − 2𝜇1 +
𝑟23𝑟2) − �̃�11 − 2𝜇1 , (19)

�̃�𝜃 = (1 − 2𝜇1) 𝑝0 + �̃�11 + (1 − 2𝜇1) /𝑟223 (
1

1 − 2𝜇1 −
𝑟23𝑟2) − �̃�11 − 2𝜇1 , (20)

�̃�𝑟 = Δ𝑝𝑤1 (1 + 𝜇1) (1 − 2𝜇1) 𝑝0 + �̃�11 + (1 − 2𝜇1) /𝑟223 (1 −
𝑟23𝑟2) . (21)

�.�.�. Stress and Displacement Solution in the Sha	 Lining
Zone. Theequations of equilibriumand geometry in the shaft
lining zone are the same as those in the surrounding rock
zone, and the equations of constitution can be expressed
as

𝜀𝑟 = Δ𝑝𝑤2 [(1 − 𝜇22) �̃�𝑟 − 𝜇2 (1 + 𝜇2) �̃�𝜃] , (22)

𝜀𝜃 = Δ𝑝𝑤2 [(1 − 𝜇22) �̃�𝜃 − 𝜇2 (1 + 𝜇2) �̃�𝑟] . (23)

The boundary conditions of the shaft lining can be
expressed as

�̃�𝑟𝑟=𝑟1 = 0, (24)

�̃�𝑟𝑟=𝑟2 = 𝑝0. (25)

The analytical solutions of the stress and displacement in
the shaft lining zone can be derived as

�̃�𝑟 = 1 − 𝑟21/𝑟21 − 𝑟212 𝑝0, (26)

�̃�𝜃 = 1 + 𝑟21/𝑟21 − 𝑟212 𝑝0, (27)

�̃�𝑟 = Δ𝑝𝑤2𝑝0 (1 + 𝜇2) 1 − 2𝜇2 + 𝑟21/𝑟21 − 𝑟212 . (28)

�.�. Stress Analysis at the Interface between the
Surrounding Rock and Sha	 Lining

�.�.�. Total Stress Analysis. Considering the conditions of
single-valued displacement at the interface between the
surrounding rock and the shaft lining, 𝑝0 can be solved by
(21) and (28) as follows:

𝑝0 = �̃�1
[1 − 2𝜇1 + ((1 + 𝜇2) / (1 + 𝜇1)) ((1 − 2𝜇2 + 𝑟212) (1 − 2𝜇1 + 𝑟223) / (1 − 𝑟212) (1 − 𝑟223)) 𝐸12] . (29)
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The partial derivative of 𝑟23 for 𝑝0 is
𝜕𝑝0𝜕𝑟23 < 0. (30)

According to (30), the smaller the value of 𝑟23 is, the larger
the value of 𝑝0 is. Therefore, when the outer boundary of

the surrounding rock is farther from the interface between
the lining and the surrounding rock, the interaction force at
the interface is greater under the unit pore water pressure.
When 𝑟23 ≈ 0, the interaction force is a constant value equal
to

𝑝0 = �̃�1
{(1 − 2𝜇1) [1 + ((1 + 𝜇2) / (1 + 𝜇1)) ((1 − 2𝜇2 + 𝑟212) / (1 − 𝑟212)) 𝐸12]} . (31)

By analyzing (31), it can be found that

(1) when 𝐸12 ≈ ∞, 𝑝0 ≈ 0;
(2) when 𝐸12 ≈ 0, 𝑝0 = �̃�1/(1 − 2𝜇1);
(3) when 𝑟12 ≈ 1, 𝑝0 ≈ 0.
The results show that when the elastic modulus of the

surrounding rock is too large compared with the shaft lining,
p0 is close to 0; otherwise, p0 is constant. Additionally, when
the lining thickness is very small, p0 approaches 0; when the
pore water pressure increases (Δ𝑝𝑤 > 0), p0 is a compressive
stress, and a compressive fracture forms at the inner edge
of the shaft lining. Finally, when the pore water pressure
decreases (Δ𝑝𝑤 < 0), p0 is a tensile stress, and a tensile
fracture forms at the inner edge of the shaft lining.

�.�.�. Effective Stress Analysis. According to the composition
of the stress at the contact surface between the surrounding
rock and the shaft lining, the effective stress (or skeleton
stress) at the contact surface can be expressed as

𝑝1 = 𝑝0 − 𝑛3. (32)

By analyzing (32), it can be found that(1)when𝑝0 = 𝑛3, then𝑝1 = 0; that is, the contact skeleton
stress is equal to 0;(2) when the pore water pressure increases, if 𝑝0 < 𝑛3,
then 𝑝1 < 0, and the skeleton stress at contact surface is
tensile stress; if 𝑝0 > 𝑛3, then 𝑝1 > 0, and the skeleton stress
at contact surface is compressive stress;(3) when the pore water pressure decreases, if 𝑝0 < 𝑛3,
then 𝑝1 < 0, and the skeleton stress at contact surface is
compressive stress; if 𝑝0 > 𝑛3, then 𝑝1 > 0, and the skeleton
stress at contact surface is tensile stress.

The results show that when the skeleton stress at the
contact surface is subjected to tensile stress, the shaft lining
has a risk of peeling off the surrounding rock.

�.�. Sha	 Lining Fracture Condition Analysis

�.�.�. Fracture Condition at Inner Edge of Sha	 Lining. When
p0 is the compressive stress, the inner edge of the shaft lining is
in compression. According to the Code [19], the compressive
failure condition at the inner edge of the shaft lining is

�̃�𝜃𝑟=𝑟1 > 𝜂𝑓𝑐 + ]𝑓𝑦, (33)

where 𝜂 is the improvement coefficient of the concrete
strength under multiaxial stress, 𝜂 is related to 𝜎𝜃 and 𝜎𝑟 (in
general, 𝜂 = 1.2), and ] is the minimum steel content.

When p0 is a tensile stress, the inner edge of the shaft
lining is in tension. According to the Code [20], the tensile
failure condition at the inner edge of the shaft lining is

�̃�𝜃𝑟=𝑟1 > 𝜂𝑓𝑡 + ]𝑓𝑦 . (34)

�.�.�. Stripping Condition at Outer Edge of Sha	 Lining. To
avoid the hydrostatic action of groundwater on the entire
outside surface of the shaft lining, there must be a certain
bonding strength between the shaft lining and surrounding
rock to ensure that the two are not separated. Therefore,
when the contact surface skeleton is subjected to tension, the
condition for peeling of the outer edge of the shaft lining away
from the surrounding rock is

𝑝1 > 𝑓1 . (35)

The Code [20] stipulates that the bonding strength of
shotcrete should be no less than 0.8 MPa with Class I and
Class II surrounding rock and should be no less than 0.5
MPa with Class III surrounding rock, respectively. However,
the bonding strength between the pouring concrete and
the surrounding rock is less than these values. In fact, the
maximum bonding strength between the shaft lining and the
surrounding rock in engineering is less than 1 MPa.

5. Engineering Example

A shaft passes through water-rich bedrock strata with Class
III surrounding rock. The radius of the shaft is r1=3 m, and
the shaft lining is made of C60 concrete and HRB335 steel,
that is, f c=27.5MPa, f t=2.04MPa, f y=300MPa, and𝑓𝑦 = 300
MPa. The other parameters are as follows: E0=15 GPa, E2=36
GPa, 𝜇0=0.16, 𝜇2=0.2, n1=0.15, n2=0.12, ]=0.2%, f 1=0.8 MPa.
For a change in groundwater level in the water-rich bedrock
strata of 500 m, the fracturing in the lining with different
thicknesses is shown in Figures 8 and 9.

The calculation results show that 𝑝1 < 0. Figures 8 and 9
show that when the water level rises, there is no compressive
failure at the inner edge of the shaft lining, while stripping
failure occurs at the outer edge of the shaft lining when 𝑟12 >0.918; when the water level drops, only the inner edge of the
shaft lining undergoes tensile fracturing.
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Figure 8: Fracture condition at inner edge of shaft lining.
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Figure 9: Stripping condition at outer edge of shaft lining.

To further study the relationship between the stress and
the deformation at the outer edge of the shaft lining, the
lateral stiffness coefficient Kc of the lining can be calculated
from (28) and (32), which can be derived as

𝐾𝑐 = 𝑝0𝑢𝑟𝑟=𝑟2 = (1 − 𝑟212)
(1 + 𝜇2) (1 − 2𝜇2 + 𝑟212)

𝐸2𝑟2 . (36)

According to (36), the values of Kc with different thick-
nesses are shown in Figure 10.

As shown in Figure 10, Kc decreases approximately lin-
early with 𝑟12, indicating that the increase in shaft lining
thickness can effectively improve the lateral stiffness coeffi-
cient.
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Figure 10: Values of𝐾𝑐 with different 𝑟12.

6. Conclusions

Based on the cubic model of hydraulic expansion containing
a spherical pore, its volume change is calculated by the
ANSYS numerical simulation, and the approximate analytical
solution of the hydraulic expansion coefficient is obtained
by the multivariate nonlinear regression method. Finally,
the mechanism of fracturing in single-layer concrete lining
caused by high-pressure pore water in stable rock strata
is revealed by analyzing the interaction between the pore
water pressure and the porous rock and shaft lining, and the
following conclusions are obtained.(1) The hydraulic expansion effect increases with the
porosity of the surrounding rock and decreases with the
elastic modulus and Poisson’s ratio of the surrounding rock.
Therefore, by reducing the porosity and improving the
strength of the surrounding rock, the expansion effect of the
surrounding rock on shaft lining can be weakened.(2)Themechanism of fracturing in shaft lining in water-
rich bedrock strata is as follows: the hydraulic expansion
effect on the surrounding rockmay lead to stripping failure at
the outer edge or tensile failure at the inner edge of the shaft
lining.(3)When designing the shaft lining of water-rich bedrock
section through the stable rock strata, the influence of pore
water pressure change should be fully considered, which is to
ensure that the shaft lining not only can take full advantage of
deformation and compression effect but also has high bearing
capacity.
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In this paper, the finite element analysis was firstly employed to investigate the thermal analysis on two fireproof sealing models
with ANSYS software under HC standard temperature-time condition. Themain thermal parameters were analyzed and obtained,
including temperature field, thermal flux, and thermal gradient. After comparing the two fireproof sealing models, the major
conclusions are summarized as follows: In terms of temperature field, the temperature on the left side of the first model ranges from
60 to 524∘C in. In contrast, the highest temperature on the left side of the second model eventually reaches below 151∘C. Moreover,
the vectors of thermal gradient in the first model are compared with the second model, and the temperature gradient disturbance
is more obvious in the second fireproof sealing model, which is better to slow down temperature spreading. The accelerated speed
of E1 and G1 is 0.0096

∘C/s and 0.0619∘C/s partly, which are far more than C2 and F2 with values of 0.0028∘C/s and 0.0078∘C/s,
respectively. In a word, the performance of the first fireproof sealing model is inferior to the second fireproof sealing model. The
conclusions of the study are meaningful to improve the thermodynamic performance of the fireproof sealing in the converter
station.

1. Introduction

Converter station is an important element in High Voltage
Direct Current (HVDC) transmission system, which con-
verts alternating current into direct current or converts direct
current into alternating current, and electricity is the blood of
industry and daily life. If a fire occurs at a converter station,
the converter station will fail in the fire, which will result
in loss of business and service and endanger people’s lives.
Therefore, the fireproof performance of the fireproof sealing
isolated from the converter transformer side and the valve
hall side of the converter station is studied.

Over the years, a large number of scholars have done
a deal of investigations on fire protection with numerical
simulation. Raduca et al. [1] used finite element method to
present the modeling and simulation of the thermal transfer
in the transformers from the high electric voltage stations,
and the simulation of an optimal solution was obtained

regarding the correct usage of the transformers. Piloto et
al. [2] investigated the thermal behavior of the unexposed
surface and the nodal internal layers in light steel frame
with numerical simulations. Jeyakumar et al. [3] carried out
numerical simulations on Ag2SO4/ZnO(ASZ) nanocompos-
ite coating with steady-state thermal analysis using ANSYS
to validate the output in the numerical approach, and the
results obtained showed that ASZ nanocomposite coating
acted as an efficient thermal barrier coating for the exhaust
manifold, thus increasing its reliability. Liu et al. [4] car-
ried out some simulations and experiments about weld-
ing processes of martensitic steel (RAFM steel) in three-
dimensional finite element models by ANSYS software, and
the temperature fields and stress fields from simulations
were contrasted with that from experiments, respectively.
Mittal and Greiner [5] constructed two-dimensional and
three-dimensional thermal models of a Nuclear Assurance
Corporation Legal Weight Truck (NAC-LWT) cask using the
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PATRAN commercial finite element package under normal
and fire accident conditions. Liu et al. [6] analyzed firstly
potential fire scenarios relevant to a cable-stayed bridge
crossing the Yangtze River, then the temperature distribution
in key elements and the global structural behavior of the
bridge under tanker truck fires were calculated by using
general purpose finite element analysis software ANSYS.
Moreover, numerical simulation results demonstrated that
cable-stayed bridge might collapse under some specific fire
scenarios. Zhang [7] conducted a comprehensive modal
analysis of Z-shaped beam electrothermal microactuators for
the first time, and both longitudinal and lateral vibrations
were taken into account to obtain the vibration equations
of the unique geometric feature: a Z-shaped beam with a
shuttle in the middle. Zivkovic et al. [8] investigated the
influence of the boiler scale on the thermal stresses and
strains of the structure of hot water boilers with the finite
elementsmethod byANSYS software, andmaximum thermal
stresses appeared in the zone of the pipe-carrying wall of
the first reversing chamber. Tomecek [9] studied thermal
response of steel columns with lost protection material and
varying amounts of missing protection when exposed to
the ASTME-119 furnace environment by a finite element
analysis of heat transfer. Moreover, some scholars studied the
thermodynamic problem and design of fireproof sealing and
plugging in building under the fire conditions. In addition,
Chung et al. [10] conducted a simulation on the development
of a finite element model capable of representing a blast-
resistant flexible window (flex-window) system developed
by the Air Force Research Laboratory, Airbase Technologies
Division (AFRL/RXQ). Hatiegan and Raduca [11] conducted
the thermal analysis on the hydrogenerator stator winding
and found that the insulation aging is influenced first by the
environmental conditions and second by the speed increase
of the high temperature chemical reaction inmaterials.More-
over, Cindea and Hatiegan [12] investigated the influence of
the thermal field on X60 carbon steel components during
welding in CO2 environment given that the heat source
(electric arc) moves.

Sun and Zhou [13] studied the thermal properties on
new fireproof sealing sheet with the principle of fireproof
sealing and plugging in building and proposed the composite
applications of fireproof sealing technical measures on the
basis of combining the engineering application. Ro [14]
investigated the designing of appropriate height of firewalls
for toluene and methanol outdoor storage tank’s pool fire
accidents with considering input variables, such as thermal
radiation, orifice diameter, and elevation, and the result of
effect distances was obtained.

Fireproof sealing is widely employed to limit the scale
of fire in multistory building, commercial building, indus-
trial building, medical building, and other types of public
buildings. However, the experiment on fireproof sealing is
difficult to conduct to obtain the parameter of thermal
and fire resistance. In this paper, the two fireproof sealing
models are established by ANSYS, which is the first time
to apply finite element analysis to the research of fireproof
sealing and improve the effectiveness of the later experiment.
Thus, the numerical simulation of finite element analysis is

introduced to study the fire protection of firewall sealing wall
in this paper. Regarding finite element analysis, mathematical
approximation is applied to simulate a real physical system
(geometric and load conditions). With simple and interacting
elements, a finite number of unknowns can be used to
approximate an infinitely unknown real system. In this paper,
the finite element analysis was employed to investigate the
thermal parameters, such as temperature field, thermal flux,
and thermal gradient. When optimum effective combination
with different materials was assumed for the model, a good
approach was achieved by the simple calculation model, and
the fireproof sealing model was made of different material
which would enhance fire protection performance.

2. Simulation Setup

2.1. Geometry Model and Material Parameters. The typical
fireproof materials are selected for fireproof sealing models
which are widely applied in the market and have the good
fireproof performance. Moreover, the combination of various
fireproof materials can greatly improve the mechanical and
fireproof performance of a high-quality fireproof material.
In addition, two typical models are selected for simulation
study in combination experiment to explore whether the fire
protection performance of various composite materials can
be improved using specific research methods.Thus, the main
fireproof materials are rock wool, aluminum silicate needle
blanket, square steel, fire retardant coating, fire retardant
module, ALC board, cement, and fire suppression module.
When designing the fireproof sealing, not only fire resistance
but also stress and explosion hazard are required, and the
thermodynamics should be considered firstly due to the
importance of thermal performance. In this paper, two
different types of combination of fire sealing were simulated
with finite element analysis by ANSYS, and the parameters of
thermal were achieved as the evaluation criteria to obtain the
optimum effective combination. The finite element analysis
can be divided into three procedures. Firstly, the designated
model should be built and the materials properties are
applied in the models; secondly, the parameters of boundary
conditions are given and the forces with different conditions
are loaded; lastly, the data are obtained and analyzed to check
the desired result after completing the simulation.

The fireproof sealing comprising rock wool, aluminum
silicate needle blanket, square steel, and ALC board with fire
suppression module was selected as the simulative materials
of two models. And then thermal parameters, such as
density, specific heat capacity, and heat conductivity, were
set, respectively, in ANSYS software which could influence
the thermal field and the velocity of temperature conduction,
and the specific parameters of four materials are shown in
Table 1 [15]. The apparatus of four material modules were
shown separately in Figures 1(a) and 1(b), and the fire surfaces
were on the right side of two models. On account of the
thermal characteristic changing with fire spread, the type
of analysis was selected as transient and three significant
thermal parameters were chosen as different characteristics
in various temperature fields.
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Table 1: Different kinds of material properties.

Material category Temperature (∘C) Thermal Conductivity
(W/(m⋅K)) Specific Heat

(J/(kg⋅K)) Density (kg/m3)

Rock wool

0∼300 0.039

150 750301∼500 0.057
501∼800 0.134
801∼1200 0.197

Aluminum silicate
needle-punched blanket

0∼400 0.043
96 900401∼800 0.093

801∼1200 0.147
Square steel 0∼1200 50 460 7850
ALC board 0∼1200 0.2 1782.1 500
Fire suppression module 0∼1200 0.3 1600 103

Aluminum silicate needle-punched
blanket

Aluminum

needle-punched
blanket

Rock wool

Square steel

Square
steel

Square
steel

Fire surface
silicate

ALC board

！1

＆1

(a)

Aluminum silicate
needle-punched

blanket

Aluminum silicate
needle-punched

blanket

Rock wool

Square steel

Fire surface

Fire suppression
module

(b)

Figure 1: The designing model of fireproof sealing.

The differences of two fireproof sealing models were
the model shape and the initial fire surface. Moreover, the
fireproof performance of different materials was exhibited
during the simulation in this paper. One fireproof sealing
modelwas shown in Figure 1(a) whichwasmade of four kinds
of plates with 410 × 500 × 200mm, and the T-shape was the
shape of model in the front side. In contrast to Figure 1(a),
the other fireproof sealing model was shown in Figure 1(b)
which also consisted of four kinds of plates with 290 × 350 ×
200mm; however, the shape of model was rectangle to ensure
protective sealing. A three-dimensional finite element model
was built by ANSYS software, and then mesh was compared
into 18 and 11 areas, respectively. Furthermore, 10mm mesh
was employed at every different kind and the total number of
meshes were 46179 and 26360 partly to meet the accuracy of
calculation results, which were exhibited in Figure 3.

2.2. Boundary and Temperature Conditions for Thermal Anal-
ysis. The fire surface of the first model is on the ALC board
and square steel in the right of first model, and the fire surface
of the second model is on the rock wool and fire suppression
in the right of first model. The fire surface of the fireproof

sealing is one side and the two fireproof sealing models
have the same initial loads. Thus, when evaluating the fire
resistance of building components under liquid hydrocarbon
fire conditions, a hydrocarbon (HC) heating curve can be
used for fire resistance testing and is suited with the case. For
the HC fires, the temperature-time relationship in the fire test
furnace is expressed by

𝑇 = 108 (1 − 0.325𝑒−0.167𝑡 − 0.675𝑒−2.5𝑡 + 𝑇0) (1)

where 𝑡 denotes the time of simulation experiment whose
unit is minutes (min) and T is the average temperature at the
time t, which is measured in degrees Celsius (∘C). Moreover,𝑇0 is the initial average temperature before the start of the test,
which is required to be 5∘C to 40∘C, and the value of𝑇0 is 20∘C
in this simulation. The standard temperature-time curve of
the hydrocarbon (HC) fire is shown in Figure 2. The possible
application scenario of the fire temperature rise curve is the
oil and gas fire at the converter station.

2.3.Thermal AnalysisModel. In the thermal simulation, solid
8-node 70 elements were applied as element types as shown in
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Figure 2: The curve of hydrocarbon (HC) temperature heating.

Figure 3. To realize the accuracy of simulation, the initial tem-
perature was set to 20∘C as simulation ambient temperature.
On account of the temperature of models parameters ranging
from 0 to 1200∘C, thermodynamic propagations can work
after the thermodynamic properties of materials are 20∘C.
The type of model contact is surface to surface in different
materials, and the contact value between the contact surface
and the target surface is 1000, which is coordinated with
simulation requirement.

3. Results and Discussion

3.1. Temperature Field in Fireproof of Different Materials.
According to heat transfer, if there is a temperature gradient
inside the model, the energy will transfer from the high
temperature zone to the low temperature zone, which is
transferred in the form of heat conduction.

Heat conduction is subject to Fourier law; that is, the
heat flow density of a place formed by heat conduction is
proportional to the temperature gradient of the same place
at the same time in the nonuniform temperature field, and
its mathematical expression in the one-dimensional model
temperature field is exhibited in [16]

𝑞𝑥 = −𝑘𝑑𝑇𝑑𝑥 (2)

where 𝑞𝑥 is thermal flux, 𝑑𝑇/𝑑𝑥 is the temperature
gradient in the 𝑥 direction, and 𝑘 is thermal conductivity.

When there is no internal heat source, the unsteady
thermal conductivity differential equation of the three-
dimensional model temperature field is as follows [17].

𝜕𝑇
𝜕𝑡 = 𝛼(𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇
𝜕𝑦2 +

𝜕2𝑇
𝜕𝑧2 ) (3)

It is demonstrated from Figure 4 that the distribution of
temperature has diverse spread trend in the two fireproof
sealing models with different materials. In Figures 4(a) and
4(b), since the right sides of themodels are the fire surface, the

two models have highest temperature point in common and
finally reach to 1100∘C. Simultaneously, Figure 4(a) indicates
that the temperature conduction to the left is a gradient of
heat growth, but the temperature trend irregularly transfers
to low energy, which is due to the law of the conservation of
energy and the function of two fire surfaces [18]. Ultimately,
the temperature on the left side of the first model ranges
from 60 to 524∘C, and the temperature of rock wool is above
524∘C. However, the thermal performance of superstructure
is superior to substructures, which demonstrates that the
model widths can affect the thermal performance of fireproof
sealing. In contrast, Figure 4(b) shows that the regularity
of heat conduction is more obvious, and the speed of
conduction is apparently slow which could meet the required
application requirements. Moreover, the highest temperature
on the left side of the second model eventually reaches below
151∘C, and the temperature in different material could be
fundamentally stabilized in the controlled range.

By comparing Figure 4(a) with Figure 4(b), the first
model is inferior to the second model in the temperature
field, and the second model is also an optimized choice in
terms of heat conduction. In addition, the heat conduction
equation employed for the calculation of temperature at
various sections of the model is in accord with the law of
thermodynamics.

3.2. Heat Flux in the Fireproof Sealing. The heat is mainly
transmitted by heat conduction for fireproof sealing in a fire
scenario, and the heat flux is explained by Fourier’s law. In the
one-dimensional model, the relation between heat flux 𝑇(𝑥)
and the thermal conductivity 𝑘 is as follows [19].

𝜙𝑞 = −𝑘𝑑𝑇 (𝑥)
𝑑𝑥 (4)

Theminus sign indicates that the heat fluxmoves from the
higher temperature region to the lower temperature region.

In the three-dimensional model, the heat flux vectors are
decomposed into several components.

𝜙𝑞 = −𝑘(→𝑖 𝜕𝑇𝜕𝑥 + →𝑗 𝜕𝑇𝜕𝑦 + →𝑓 𝜕𝑇
𝜕𝑧 ) (5)

Since the thermal field analysis in fireproof sealing is not
constant, the analysis of heat flow is critical and thermal flux
in the fireproof sealing is shown in Figure 5. It is noted from
Figure 5 that the minimum value of the heat flux is far less
than the maximum value in the fireproof sealing, and the
maximum value of heat flux substantially exists in the square
steel, which is due to high thermal conductivity in the square
steel.

Thermal flux is a vector parameter, which illustrates the
trend of heat flow. To show the best heat flow, the vectors
of the thermal flux in the two fireproof sealing models are
demonstrated in Figure 6. In Figure 6(a), on account of the
combination of up and down heat, the vectors of thermal
flux accumulate in the connection between square steel and
aluminum silicate needle-punched blanket by the fire side,
which demonstrates that the heat of bottom right aluminum
silicate needle-punched blanket is dominated by the heat flux
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Figure 3: The grid with finite elements of geometrical model.
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Figure 4: The distribution of the temperature in the fireproof sealing.
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Figure 5: Thermal flux in the fireproof sealing.
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Figure 6: Vectors of the thermal flux in the fireproof sealing.
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Figure 7: Distribution of the thermal gradient in the fireproof sealing.

of the two models. Moreover, the maximum of heat flux
vector gathers on square steel commonly in Figures 6(a) and
6(b), which is far more than the other materials. With the
heat flowing, the phenomenon of the energy concentration is
gradually evident; the values of thermal flux are bigger and
bigger with fast speed in the two fireproof sealing models,
of which the vector direction is from the high temperature
region to the low temperature region.

3.3. Thermal Gradient in Fireproof Sealing. The thermal gra-
dient is a significant thermal parameter in the two fireproof
sealing models, which can analyze where and what rate
the temperature changes most rapidly under environmental
conditions [20].

𝐺𝑟𝑎𝑑𝑇 = lim
Δ𝑛→0

(Δ𝑇Δ𝑛 ) = (𝜕𝑇𝜕𝑛 ) (6)

Here, 𝑛 is the unit vector in the normal direction, and 𝜕 is
the derivative of temperature in the 𝑛 direction.

The thermal gradients are transient in the two fireproof
sealing models, and the variation of distribution is demon-
strated in Figure 7. It is noted from Figure 7(a) that the
trend of thermal gradient is not uniform and is changed by
the different thermal material properties, and the variation
increases rapidly at the junction of square steel and rock
wool, which is due to the thermal conductivity with great
gap between square and rockwool. In contrast, the minimum
value of thermal gradient is on the left of Figure 7 tending
toward zero, which keeps away from the fire surface. It is
demonstrated from Figure 7(a) that the highest value of
thermal gradient is in the aluminum silicate needle blanket
and the highest factor intensity of thermal gradient is also in
the aluminum silicate needle blanket. However, the highest
value of thermal gradient exists in the connection of rock
wool and square steel, and the thermal gradient of the second
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Figure 8: Vectors of the thermal gradient in the fireproof sealing.
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Figure 9: Temperature distribution of different material element in different nodes, (a) the first “T” shape model, (b) the second rectangle
model.

fireproof sealing model is more regular; the increase of
temperature gradient shows obvious gradient distribution, as
shown in Figure 7(b).

The vectors of thermal gradient in two fireproof sealing
models are exhibited in Figure 8. Contrary to thermal flux,
the vector direction is from the low temperature region to the
high temperature region. Nevertheless, the thermal gradient
in differentmaterials has the phenomenon of the regular flow,
and the vector direction is in accord with the calculation of
the thermal gradientwith heat flow.However, the intersection
of two heat flows results in the crossing of temperature
gradient vectors, which affects the fire prevention effect of the

fireproof sealing.Moreover, the vectors of thermal gradient in
Figure 8(a) are compared with the vectors of thermal gradient
in Figure 8(b), and the temperature gradient disturbance is
more obvious in the second fireproof sealing model, which is
better to prevent the heat from spreading and slow down the
propagation.

3.4. Temperature Field of VariousMaterials in Different Nodes.
It is noted from Figure 1 that the different element points are
selected to analyze the temperature field of various materials.
Thereby, temperature trend on selected points of various
materials is shown in Figure 9. It is noted from Figure 9(a)
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that the temperature of the other nodes finally reached above
400∘C except for the two points D1 and E1, and the F1 point
quickly rose to 1100∘C at 100s, which is in fire surface to
supply the high thermal energy. The temperatures of the A1,
G1, B1, and H1 point gradually increase and asymptotically
attain the constant values after the rapid rise. However, the
temperature at point C1 tends to increase linearly, which
demonstrates the stable heat transfer in steel plate. On the
contrary, the temperatures at the points of D1 and E rise
slowly which are lower than 200∘C, due to the protection
of the thick protective layer at the two points of D1 and
E1. It is demonstrated from Figure 9(a) that the thermal
insulation performance in different materials are diverse.
The ALC board and aluminum silicate needle-punched blan-
ket are better than square steel in the thermal insulation
performance.

As shown in Figure 9(b), the temperature of different
nodes in the second model increases slowly. Nevertheless,
A2 and D2 increase at a high rate of speed with a power
function growth trend. After rapid growth, the temperatures
gradually tend to a fixed value, with the highest temperature
reaching 1050∘C. In contrast, the temperatures of B2, C2,
E2, F2, G2, and H2 grow slowly with a linear growth trend.
Comparing the temperature trends of A2, D2, and other
points, the difference of temperature between them is to
450∘C, which indicates that the fire resistance of aluminum
silicate needle blanket is better, while the temperatures of C2
and F2 near the left side of the model keep below 100∘C all the
time.

In terms of node temperature, the first model has a max-
imum temperature of 1050∘C and a minimum temperature
of 128∘C; the second model has a maximum temperature
of 908∘C and a minimum temperature of 56∘C. In contrast,
the speed of heat in the first fireproof sealing model is
significantly faster than the second model. By comparing the
temperature of different nodes of two fireproof sealing mod-
els, the overall growth trend of the first model is faster than
second model, and the final temperature of the first model is
higher than the second model, which shows that the second
model has better fire protection performance. Compared
with E1/G1 and C2/F2, the temperature of the second model
is lower than that of the first model, and the advantage of the
second model is obvious. Moreover, the accelerated speed of
E1 is 0.0096

∘C/s and the accelerated speed of G1 is 0.0619
∘C/s,

which is far more than the accelerated speed of C2 and F2
whose values are 0.0028∘C/s and 0.0078∘C/s, respectively. By
comparing the temperatures of different nodes, the second
fireproof sealingmodel is superior to the first fireproof sealing
model.

The temperatures in various nodes have different trends
because of the different energy transfer of the material. The
energy formula and energy conversion formula are as follows.

Energy conversation formula [21]:

𝑄 = 𝑐𝜌VΔ𝑡 (7)

where 𝑐 is the specific heat capacity; 𝜌 is density; ] is volume;Δ𝑡 is temperature change; and 𝑄 is the change in energy.

4. Conclusion

In this paper, the finite element analysis was employed to
investigate the thermal analysis on twofireproof sealingmod-
els with ANSYS software under HC standard temperature-
time condition. The main thermal parameters, such as
temperature field, thermal flux, and thermal gradient, were
analyzed and obtained. After comparing two fireproof sealing
models, the main conclusions of this paper are summarized
as follows:

In terms of temperature field, the temperature conduction
to the left is a gradient of heat growth, but the temperature
trend irregularly transfers from high energy to low energy,
which is due to the law of the conservation of energy and
the function of two fire surfaces. Moreover, in the first model,
the temperature on the left side ranges from 60 to 524∘C and
the temperature of rock wool is above 524∘C. In contrast,
the highest temperature on the left side of the second model
eventually reaches below 151∘C. In a word, the first model is
inferior to the second model in the temperature field, and the
second model is also an optimized choice in terms of heat
conduction.

The minimum value of the heat flux is far less than
the maximum value in the fireproof sealing. Moreover, with
the heat flowing, the vector direction is from the high
temperature region to the low temperature region, and the
phenomenon of energy concentration is gradually evident.
Nevertheless, the vectors of thermal gradient in the first
model are compared with the vectors of thermal gradient in
the second model, and the temperature gradient disturbance
is more obvious in the second fireproof sealing model, which
is better to prevent the heat from spreading and slow down
the propagation

By comparing the temperature of different nodes of two
fireproof sealing models, the overall growth trend of the first
model is faster than the second model, which shows that
the second model has better fire protection performance.
Compared with E1/G1 and C2/F2, the accelerated speed of E1
is 0.0096∘C/s and the accelerated speed of G1 is 0.0619

∘C/s,
which is far more than the accelerated speed of C2 and F2
whose values are 0.0028∘C/s and 0.0078∘C/s, respectively.The
temperature of the secondmodel is lower than that of the first
model, and the advantage of the second model is obvious.

In summary, the finite element analysis is firstly applied in
the fireproof sealing as a reference for experiments, and this
study is helpful to improve the thermodynamic performance
of the fireproof sealing in the converter station. In the next
research, it is still necessary to investigate the factors of stress,
and the trend of stress and the different combination in
different superior materials will be further studied.
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In order to investigate the fatigue behaviour of trimaran cross-deck structural details, the spectral and simplified fatigue analysis
approaches are proposed. In spectral fatigue approach, three-dimensional (3D) linear potential flow theory and global FE analysis
are used for wave loads and stress transfer functions calculation; the stochastic spectral fatigue analysis is carried out considering the
weightedwave headings factors. In simplified fatigue approach, based on the direct calculation procedure of LR rules, the evaluation
of simplified fatigue loads and loading conditions are presented, and the stress ranges are obtained by global finite element (FE)
analysis. Then the fatigue lives of a few hot spots are computed to demonstrate the application of the proposed method. The result
shows that themethod given in this paper has a good applicability.This study offersmethodology for the fatigue analysis of trimaran
cross-deck structure, which may be regarded as helpful references for structural design of these types of ships.

1. Introduction

Trimarans, being high-performance ships, have attracted
more and more people’s attention in recent years. Because of
the unique configuration, trimarans have a lower resistance
and a better transverse stability compared with conventional
monohull ships. Further, they have large open decks for
diverse design, transport capacity, and arrangement conve-
nience, due to the suitable arrangement of the side hulls.
Consequently, trimarans have become a high-performance
vehicle type, which have been considered as alternative
to monohulls in high speed transportation and in naval
applications [1].

Because of the trimaran having so many advantages,
many investigations have been performed on trimaran in
the past years. Related researches are still going on world-
wide. Most of the researches focused on hydrodynamics
including the resistance and seakeeping performance. With
regard to resistance, reducing the wave-making resistance
and the optimization of placement of side hulls are widely
investigated [2–4]. In terms of seakeeping performance study
of a trimaran, several researches have been conducted to
examine the seakeeping performance of the trimaran using

numerical and experimentalmethods [5–7]. For the trimaran
wave loads study, Bingham et al. investigated the trimaran’s
wave induced motion and loads in regular head waves using
three-dimensional pulsating source method [8]. In addition,
Fang et al. used 3D translating-pulsating source distribution
model to study the global loads of a trimaran in oblique
waves, and the wave loads based spectral analysis for the
optimal selection of trimaran side hulls arrangement are
proposed [9, 10].

Fatigue is one of the most significant failure modes for
marine structures [11]. Ships are prone to fatigue due to
high cyclic loads predominantly caused by waves and varying
loading conditions. Due to the unique structure, the stress
concentration of trimaran’s cross-deck structure is serious
and the fatigue problem of cross-deck structure appears
particularly serious [12]. Hence, evaluation of fatigue strength
is vital for trimaran design.

The fatigue strength assessment of marine structure
usually includes the 𝑆 − 𝑁 curve approach and fracture
mechanics approach [13]. The fracture mechanics approach
is based on the existence of an initial crack and subsequent
growth under cyclic loading. The 𝑆 − 𝑁 curve approach is
based on experimental fatigue test data along with Miner
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linear cumulative damage criteria, which has been widely
used formarine structure fatigue assessment. It can be further
subdivided into the “simplified fatiguemethod” and “spectral
fatigue method”. This approach is adopted by most of the
world major classification societies such as ABS, BV, DNV
GL, LR, and CCS. The fatigue analysis procedures of the
conventional ship structures have been established by the
major classification societies, in order to meet the fatigue
strength requirement at the design stage. Lots of investigators
have adopted 𝑆 − 𝑁 curve approach for the study of marine
structure’s fatigue strength, using both the “simplified fatigue
method” and the “spectral fatigue method” [14–17]. Previous
studies show that an extensive and in depth research in
recent years on fatigue strength assessment of ship structures
mainly focused on conventional vessels like bulk carriers,
oil tankers, and container ships. However, few researchers
have investigated the trimaran fatigue strength and relatively
very little reference material is available in literature. Peng et
al. made some important contributions to trimaran fatigue
strength assessment [18]. They performed coarse meshed
global finite element analysis of trimaran to identify the
hot spots and computed fatigue damage by spectral fatigue
analysis in conjunction with hot spot stress approach. Zhen
et al. calculated the fatigue damage of a trimaran by using
spectral analysis and discussed the effect of different sea area
and heading angles’ time factors [19].

Furthermore, for the novel trimaran, there is only con-
ceptual guideline providing for fatigue analysis, and no clear
fatigue assessment procedure is available. At present, the only
available rule for trimaran is the Lloyd’s Register Rules for
Classification of Trimaran (LR Rules) [20]. But in LR Rules,
only formulation of design loads and strength analysis are
illustrated and the fatigue strength assessment is suggested
to refer to the fatigue guidelines of conventional vessels.
When the fatigue strength assessment is done according to
conventional vessels’ fatigue guidelines, especially using the
“simplified fatigue method”, there are some difficulties for
the unique cross-deck structure. Firstly, we cannot use the
conventional ship beam-theory to calculate the stress of the
cross-deck structure. Secondly, the shape parameter h of the
Weibull distribution is usually obtained by empirical formula
about ship length for conventional vessel; it is obviously not
appropriate for the unique cross-deck structure. Presently,
because of the above problems, the literature regarding
fatigue strength assessment of trimaran, which uses the
“simplified fatigue method”, is very rare.

Therefore, there is a great significance of an in depth
research on fatigue strength assessment of trimaran especially
fatigue problems related to the cross-deck structure. In the
present study, in order to investigate the fatigue behaviour
of cross-deck structural details, a suitable simplified fatigue
approach for trimaran is explored, which refers to the
existing fatigue guidelines of conventional ships and the
direct calculation procedure of LR rules for trimaran. At the
same time, the stochastic spectral fatigue analysis is carried
out with considering the weighted wave headings factors.
Finally, the fatigue lives of a few hot spots are computed
to demonstrate the application of the proposed method.
Eventually the fatigue characteristic of trimaran cross-deck

structure is summarized, which includes the most dangerous
fatigue position and the fatigue damage proportion of various
wave heading directions.

2. Basic Theory of Ship Fatigue Analysis

2.1. S-N Curve and Palmgren-Miner Linear Cumulative Dam-
age Theory. The fatigue strength of structural components is
described by using the 𝑆 − 𝑁 curve, which is obtained from
fatigue tests. For ship structural details, the 𝑆 − 𝑁 curve is
usually represented by the following formula:

𝑆𝑚 ⋅ 𝑁 = 𝐴 (1)

where 𝑆 is the stress range; 𝑁 is the number of cycles to
failure; 𝑚 and 𝐴 are constants, which are obtained from the
fatigue test data.

Fatigue damage is defined as the ratio between the
number of cycles in the design lifetime and the number of
cycles to fatigue failure. Based on Palmgren-Miner linear
cumulative damage theory, the total fatigue damage can then
be calculated as

𝐷 = 𝐾∑
𝑖=1

𝐷𝑖 = 𝐾∑
𝑖=1

𝑛𝑖𝑁𝑖

= 1𝐴
𝐾∑
𝑖=1

𝑛𝑖𝑆𝑚𝑖 = 𝑁𝐿𝐴 𝑆𝑚 (2)

where 𝐷𝑖 is the fatigue damage in the stress amplitude𝑆𝑖; 𝑛𝑖 is the number of cycles under the stress range 𝑆𝑖; 𝑁𝑖 is
the number of cycles corresponding to fatigue failure at the
same stress range 𝑆𝑖, based on the 𝑆 −𝑁 curve;𝑁𝐿 represents
the total number of cycles in the duration; and 𝑆𝑚 is the
mathematical expectation of 𝑆𝑚.

When the stress range is a continuum function and its
probability density function is 𝑓𝑆(𝑆), the total fatigue damage
can be denoted as follows:

𝐷 = 𝑁𝐿𝐴 ∫+∞
0

𝑆𝑚𝑓𝑆 (𝑆) 𝑑𝑆 (3)

2.2. Short-Term and Long-Term Stress Range Distribution.
Under the assumption of a stationary zero mean Gaussian
wave elevation process within each short-term period, the
stress response for the linear system is also a stationary zero
mean Gaussian process, and the peak values of the stress
follow Rayleigh probability density function:

𝑓𝑌 (𝑦) = 𝑦𝜎2𝑋 exp(− 𝑦22𝜎2𝑋) 0 ≤ 𝑦 < +∞ (4)

where𝑦 is the peak stress and𝜎𝑋 is the standard deviation
of the stress process.

The standard deviation of the stress process 𝜎𝑋 in terms
of spectral moment can be described as

𝜎𝑋 = √∫+∞
0

𝐺𝑋𝑋 (𝜔) 𝑑𝜔 = √𝑚0
(5)

where 𝜔 is the frequency of the stress process; 𝐺𝑋𝑋(𝜔) is
the stress response spectrum; 𝑚0 is the zero order spectral
moment.
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On the other hand, for a narrow band process, the
following relationship applies to stress range and peak stress.

𝑆 = 2𝑦 (6)

Then the stress range probability density function and
distribution function can be expressed as

𝑓𝑆 (𝑆) = 𝑆4𝑚0

exp(− 𝑆28𝑚0

) 0 ≤ 𝑆 < +∞ (7a)

𝐹𝑆 (𝑆) = 1 − exp(− 𝑆28𝑚0

) 0 ≤ 𝑆 < +∞ (7b)

The stress range distribution over the entire structure life
is referred as the long-term distribution of the stress range.
The commonly used theoretical distribution to adequately
approximate the long term distribution of wave induced
stress range is two-parameter Weibull distribution [21]. The
probability density function and distribution function of two-
parameter Weibull distribution are expressed as

𝑓𝑆 (𝑆) = ℎ𝑞 (𝑆𝑞)
ℎ−1

exp[−(𝑆𝑞)
ℎ] 0 ≤ 𝑆 < +∞ (8a)

𝐹𝑆 (𝑆)=1 − exp[−(𝑆𝑞)
ℎ] 0 ≤ 𝑆 < +∞ (8b)

where ℎ and 𝑞 are Weibull shape and scale parameters,
respectively.

The distribution function of two-parameter Weibull dis-
tribution 𝐹𝑆(𝑆) is usually obtained from weighted combina-
tion of short-term distribution functions of stress range:

𝐹𝑆 (𝑆) = ∑
𝑛𝑆
𝑖=1∑𝑛𝐻

𝑗=1 ]𝑖𝑗 ⋅ 𝑝𝑖 ⋅ 𝑝𝑗 ⋅ 𝐹𝑆𝜃𝑖𝑗 (𝑆)∑𝑛𝑆
𝑖=1∑𝑛𝐻

𝑗=1 V𝑖𝑗 ⋅ 𝑝𝑖 ⋅ 𝑝𝑗
= 𝑛𝑆∑

𝑖=1

𝑛𝐻∑
𝑗=1

𝑟𝑖𝑗 ⋅ 𝑝𝑖 ⋅ 𝑝𝑗 ⋅ 𝐹𝑆𝜃𝑖𝑗 (𝑆)
(9)

where 𝑛𝑆 is the number of sea states; 𝑛𝐻 is the number
of wave headings; 𝑝𝑖 is the probability of occurrence of the
individual sea state; 𝑝𝑗 is the probability of occurrence of the
wave heading; ]𝑖𝑗 is the average zero crossing rate of stress
alternating response in the sea state 𝑖 and wave heading 𝑗;𝑟𝑖𝑗 is the ratio of average zero-crossing rate to total average
response zero-crossing rate in the sea state 𝑖 andwave heading𝑗.

The shape parameter h of the Weibull distribution
depends on the parameters of the ship, locations of the
structure details, structure types, response characteristics,
and the sailing routes during the design life. The values of
shape parameter generally vary from 0.7 to 1.3. In this paper,
the least square method is used to fit the shape parameter. In
order to fitWeibull shape parameters by least square method,
(8b) is rewritten in linear form as follows:

1 − 𝐹 (𝑠) = exp[−( 𝑠𝑞)
ℎ] (10)

Taking natural logarithms on (10) and setting a function𝑄(𝑠) about s, (10) can be rewritten as

𝑄 (𝑠) = ln {− ln [1 − 𝐹 (𝑠)]} = ℎ ⋅ ln 𝑠 − ℎ ⋅ ln 𝑞 (11)

From (11) we can find that𝑄(𝑠) is linear with ln 𝑠, and the
shape parameter h of the Weibull distribution is the slope of
the line.

In practical application, 𝑄(𝑠) and ln 𝑠 can be obtained
from a series values of stress range S by using the above
method; then a set of sample values are obtained. The least
square method is used to fit the sample data linearly, and the
shape parameter is obtained.

The scale parameter 𝑞 is described from the shape
parameter and a reference stress response 𝑆0. The reference
stress response 𝑆0 is exceeded once out of the corresponding
reference number of the stress cycles𝑁0.The scale parameter𝑞 can be determined as

𝑞 = 𝑆0(ln𝑁0)1/ℎ (12)

2.3. Spectral Fatigue Damage Calculation. The “spectral
fatigue method” usually involves direct wave load analysis
in frequency domain and the stress response analysis to
establish complex stress transfer functions [21, 22]. On the
assumption of narrow band, the Rayleigh probability density
function, which is used to describe the short-term stress
range distribution, can be obtained by using the various
orders of spectral moments of the stress response. The total
fatigue damage of a structural element is calculated by adding
up the short-term damages over all the applicable sea states in
a specific wave scatter diagram. It is considered as the most
reliable method for fatigue life estimation of ship structure
due to its ability to take into account different sea states as
well as their probabilities of occurrence.

The environmental wave spectrum for the different sea
states can be defined as the Pierson-Moskowitz wave spec-
trum and expressed as

𝐺𝜂𝜂 (𝜔 | 𝐻𝑠, 𝑇𝑧)
= 𝐻2

𝑠4𝜋 (2𝜋𝑇𝑧 )
4 𝜔−5 exp(− 1𝜋 (2𝜋𝑇𝑧 )

4 𝜔−4) (13)

where 𝐻𝑠 is significant wave height; 𝑇𝑧 is zero crossing
period and 𝜔 is wave frequency.

For vessel with forward speed 𝑈 and heading angle 𝜃,
the relation between wave frequency 𝜔 and the encounter
frequency 𝜔𝑒 is given by

𝜔𝑒 = 𝜔(1 + 2𝜔𝑈𝑔 cos 𝜃) (14)

According to conservation of energy, using the value of𝜔𝑒
from (14) and after some mathematical manipulation, wave
spectrum 𝐺𝜂𝜂(𝜔𝑒 | 𝐻𝑠, 𝑇𝑧, 𝜃) for a given heading angle is
given by the relation

𝐺𝜂𝜂 (𝜔𝑒 | 𝐻𝑠, 𝑇𝑧, 𝜃) = 𝐺𝜂𝜂 (𝜔 | 𝐻𝑠, 𝑇𝑧)1 + (2𝜔𝑈/𝑔) cos 𝜃 (15)
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Assuming that ship structure is a linear system, the stress
energy spectrum 𝐺𝑋𝑋(𝜔𝑒|𝐻𝑠, 𝑇𝑧, 𝜃) can be obtained from

𝐺𝑋𝑋 (𝜔𝑒 | 𝐻𝑠, 𝑇𝑧, 𝜃) = 𝐻𝜎 (𝜔𝑒 | 𝜃)2
⋅ 𝐺𝜂𝜂 (𝜔𝑒 | 𝐻𝑠, 𝑇𝑧, 𝜃) (16)

where𝐻𝜎(𝜔𝑒 | 𝜃) is the stress transfer function.
Then the nth order spectral moment of the response

process for a given heading may be described as

𝑚𝑛 = ∫+∞
0

𝜔𝑛𝑒 ⋅ 𝐺𝑋𝑋 (𝜔𝑒 | 𝐻𝑠, 𝑇𝑧, 𝜃) 𝑑𝜔𝑒 (17)

According to (3) and (7a) and (7b) and after some
mathematical manipulations, the short-term fatigue damage𝐷𝑖𝑗 during the time of sailing 𝑇𝑖𝑗 in the specific sea state 𝑖 and
wave heading 𝑗 can be written as

𝐷𝑖𝑗 = 𝑇𝑖𝑗𝑓0𝑖𝑗𝐴 (2√2𝑚0𝑖𝑗)𝑚 Γ (1 + 𝑚2 ) (18)

where 𝑓0𝑖𝑗 is zero-up crossing frequency of the stress
response.

The cumulative fatigue damage D for the structural detail
in the design life is calculated as

𝐷 = 𝑛𝑆∑
𝑖=1

𝑛𝐻∑
𝑗=1

𝐷𝑖𝑗

= 𝑇𝐴Γ(1 + 𝑚2 )
𝑛𝑆∑
𝑖=1

𝑛𝐻∑
𝑗=1

𝑝𝑖𝑝𝑗𝑓0𝑖𝑗 (2√2𝑚0𝑖𝑗)𝑚
(19)

where T denotes the design life of a ship in seconds.

2.4. Simplified Fatigue Damage Calculation. The “simplified
fatigue method” is based on the long-term stress range distri-
bution, which follows the two parameter Weibull probability
distribution [21].The shape and scale parameters are obtained
from the previous section. Then choosing basic design 𝑆 −𝑁
curves and according to the linear cumulative damage theory,
the fatigue damage can be obtained.

Substituting the value of Weibull scale factor 𝑞 from (12)
into (8a) and then putting the value of long term stress range
probability density function 𝑓𝑆(𝑆) from (8a) into (3), after
mathematical manipulation, we get the fatigue damage:

𝐷 = 𝑁𝐿𝐴 ∫+∞
0

𝑆𝑚 ℎ𝑞 (𝑆𝑞)
ℎ−1

exp[−(𝑆𝑞)
ℎ]𝑑𝑆

= 𝑁𝐿𝐴 𝑆0𝑚(ln𝑁0)𝑚/ℎ Γ (1 +
𝑚ℎ )

(20)

where Γ denotes gamma function.
When predicting the long-term response for trimaran per

LR rules, the design life is generally to be taken as 20 years,
which corresponds to a long-term probability level of 10−8
[20]. So the value of N0 is 108 cycles, and the value of NL
is 0.6×108 cycles. Substituting these values and 𝑆 − 𝑁 curve

Table 1: Wave load calculation parameters.

Parameter Range Increment
Frequency 𝜔 (rad/s) 0.1∼2.9 0.1
Heading angle 𝜃 (∘) 0∼330 30

parameter m = 3, incorporating variables 𝛼 (proportion of
ship’s life in different loading condition) and 𝜇 (coefficient
taking into account the change in slope of 𝑆 − 𝑁 curve) in
(20), we get

𝐷 = 𝛼0.6𝐴 𝑆0318.423/ℎ 𝜇Γ (3ℎ + 1) × 108 (21)

From (21), we can find that only the reference stress
response 𝑆0 is the important parameter to be calculated. It
can be obtained by complex empirical formulas global FE
analysis.

3. FE Model and Location to Be Checked

Because of the complexity of trimaran’s hullform and struc-
ture, the local fine meshes at hot spot location in the whole
FE model are used for the calculation of hot spot stress.
This whole FE model extends over the full length, breadth,
and depth of trimaran. All primary structures, such as deck
plating, bottom and side shell plating, longitudinal and
transverse bulkhead plating, transverse floors, and internal
structural walls, are represented by plate elements. Secondary
stiffening members are modeled using line elements having
axial and bending stiffness (beams and bars). And the net
thinkness is used for the fatigue analysis.Thewhole FEmodel
is shown in Figure 1(a). Structure analysis of trimaran based
on direct calculation procedure of Lloyd’s Register Rules
for the classification of trimarans is performed to identify
locations of hot spots [19, 20]. Then the connection of the
main hull and cross-deck at the front (Figure 1(b)) and two
transverse sections of the main hull at the center of the cross-
deck are selected to perform fatigue analysis.

4. Spectral Fatigue Analysis for Trimaran

4.1. Calculation of Wave Load. The calculation of wave load
and stress transfer function is the key step in spectral
method.The responses of trimaranmotion and wave load are
calculated using 3D linear potential flow theory. Parameters
used in wave load calculation are summarized in Table 1.

After these parameters are determined, the responses of
trimaran motion and hydrodynamic pressure on trimaran’s
surface in unit wave amplitude regular waves are calculated.
Under the condition of head sea and the wave frequency 𝜔
=0.7rad/s, the hydrodynamic pressure on trimaran’s surface
is shown in Figure 2.

4.2. Calculation of Stress Transfer Function. A global FE
analysis of trimaran structure is performed for 4176 load cases
by applying inertial load of trimaran motion and spectral
fatigue pressure loads generated during previous step to
generate stress transfer functions at hot spots. Stress transfer
functions of selected hot spots are shown in Figure 3.
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Figure 1: The whole FE model and fine mesh models. (a) The whole FE model and details. (b) Detail 1. (c) Detail 2 (Detail 3).
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Figure 2: The hydrodynamic pressure on ship’s surface.
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Figure 3: Stress transfer function. (a) Hot spot 1. (b) Hot spot 2. (c) Hot spot 3. (d) Hot spot 4. (e) Hot spot 5.
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Figure 4: World Wide Trade wave scatter diagrams.

Figure 3 shows that the stress transfer function values of
hot spot 1 are larger in thewave heading 60∘ and 120∘. It can be
inferred that the longitudinal torsional moment is the main
load for structure detail 1. The stress transfer function values
of hot spots 2, 3, 4, and 5 in the wave heading 60∘ and 90∘
are almost equivalent; the values in the wave heading 180∘ are
also larger. It means that structural response in oblique sea
is almost as large as that caused in beam sea, so the splitting
moment and transverse torsional moment are the main load
components for structure details 2 and 3. At the same time,
following sea can also cause larger structural response.

4.3. Spectral Fatigue Analysis Results and Discussion. In this
paper, fatigue damage is calculated by using wave scatter data
of World Wide Trade (shown in Figure 4). And the Pierson-
Moskowitz spectrum is chosen as wave energy spectrum.

Meanwhile, it is usually assumed that the ship has equal
probability of encountering waves from all directions in
spectral fatigue analysis. Corresponding to simplified fatigue
method, the time allocation ratios of 50% head sea and
following sea, 25% beam sea and 25% oblique sea are used
for calculating the fatigue damage. In this paper, 0∘ is defined
as head sea, 180∘ is defined following sea, 90∘ and 270∘ are
defined as beam sea, and others are defined as oblique sea.
Fatigue damage calculation results of hot spots in all wave
headings are shown as Figure 5. The proportion of spectral
fatigue damage in head sea, beam sea, and oblique sea is
summarized in Figure 6.

From Figure 5, we can clearly find that the fatigue
cumulative damage values of hot spot 1 are larger in all wave
headings than that of other hot spots. It indicates that the
fatigue problem of the connection of the main hull and cross-
deck at the front is serious.Meanwhile, the fatigue cumulative
damage values of hot spots 2, 3, 4, and 5 in the oblique wave
headings are larger than other wave headings, so the oblique
sea contributes the majority of fatigue damage. Figure 6
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Figure 5: The spectral fatigue damage results.

shows that the fatigue damage caused in oblique seas are
larger than beam sea and head sea for hot spots 2, 3, 4, and 5.
Meanwhile, the fatigue damage is caused in oblique sea nearly
as large as that caused in head sea for hot spot 1. Figure 6 also
shows that the fatigue damage caused in beam sea is smaller
than other sea conditions, especially for hot spot 1.

5. Simplified Fatigue Analysis for Trimaran

The simplified fatigue method is generally the first level
procedure of the classification societies for fatigue assess-
ment of ship structures. The analysis procedures have been
established for conventional ships by the major classification
societies. However, because the positions with severe fatigue
problems aremainly located at trimaran cross-deck structure,
application of this method for trimaran is complex since
guidelines for fatigue loads, load cases, loading conditions,
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Figure 6: The proportion of spectral fatigue damage. (a) Hot spot 1. (b) Hot spot 2. (c) Hot spot 3. (d) Hot spot 4. (e) Hot spot 5.

and stress range evaluation are not available. The simplified
fatigue method for trimaran in this study, the fatigue loads,
and loading conditions are based on themanipulation of load
combinations of the direct calculation procedure of LR Rules
[20]. Stress ranges are computed by global FE analysis.

5.1. Calculation of Wave Load. The vertical wave bending
moment 𝑀𝑤, at any position along the length of trimaran,
is given by the following:

𝑀𝑤 = 𝐹𝑓 ⋅ 𝐷𝑓 ⋅ 𝑀0 (22)

where 𝐹𝑓 is the correction factor of the hogging or
sagging; 𝐷𝑓 is the vertical bending moment distribution
factor;𝑀0 is given by the following:

𝑀0 = 0.1𝐿𝑓𝑓𝑠𝑒𝑟V𝐿𝑅2𝐵𝑊𝐿 (𝐶𝑏 + 0.7) (23)

where 𝐿𝑓 is the factor varying with length of trimaran;𝑓𝑠𝑒𝑟V is the service group factor; 𝐿𝑅 is the Rule length; 𝐵𝑊𝐿 is
the breadth of water line; 𝐶𝑏 is the block coefficient.

The horizontal bending moment 𝑀ℎ is calculated as
follows:

𝑀ℎ = 𝐷𝑓𝐿𝑓𝑓𝑠𝑒𝑟V𝐿2𝑅𝐷(𝐶𝑏 + 0.7) (24)

where D is the depth of main hull.
The splitting moments, for hog,𝑀𝑠𝑝ℎ, and for sag,𝑀𝑠𝑝s,

are given by the following:

𝑀𝑠𝑝ℎ−I = 9.81f𝑠𝑒𝑟V𝑊𝑠ℎ (1 + 𝛼𝑧) (𝑦𝑠ℎ − 𝐵𝑚ℎ2 )
𝑀𝑠𝑝ℎ−O = 9.81f𝑠𝑒𝑟V𝑊𝑠ℎ (1 + 𝛼𝑧) (𝑦𝑠ℎ − 𝑦O)
𝑀𝑠𝑝𝑠−I = 9.81f𝑠𝑒𝑟V (Δ − 2Δ 𝑠ℎ)2 𝛼𝑧 (𝑦𝑠ℎ − 𝐵𝑚ℎ2 )
𝑀𝑠𝑝𝑠−O = 9.81f𝑠𝑒𝑟V (Δ − 2Δ 𝑠ℎ)2 𝛼𝑧 (𝑦𝑠ℎ − 𝑦O)

(25)

where 𝑊𝑠ℎ is the total weight of one side hull; 𝛼𝑍 is the
vertical acceleration; 𝐵𝑚ℎ is the main hull breadth; Δ is the
total displacement of the side hulls and the main hull; Δ 𝑠ℎ
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Table 2: Load combinations.

Wave direction Load cases Load components𝑀𝑤ℎ 𝑀𝑤𝑠 𝑀ℎ 𝑀𝑠𝑝ℎ 𝑀𝑠𝑝𝑠 𝑀𝑙𝑡 𝑀𝑡𝑡

Head seas 1 1.0 — — 0.3 — — 0.2
2 — 1.0 — — 0.3 — 0.2

Beam seas 3 0.1 — — 1.0 — 0.2 —
4 — 0.1 — — 1.0 0.2 —

Oblique seas
5 — — 0.3 0.4 — 1.0 0.3
6 — — 1.0 0.4 — — 0.2
7 — 0.2 0.2 0.6 — — 1.0

is the total displacement of one side hull. Points I and O are
referred to as LR Rules [21].

The longitudinal torsional moment 𝑀𝑙𝑡 is calculated as
follows:

𝑀𝑙𝑡 = 7.5 (𝑇𝑓𝑓𝑠𝑒𝑟V𝜌𝑉𝑠ℎ + 𝑉𝑐𝑑 + 𝑉𝑚𝑠ℎ2 𝑦𝑐𝑠𝑎ℎ𝑒𝑎V𝑒) (26)

where 𝑇𝑓 is the distribution coefficient along trimaran
length; 𝜌 is the sea water density; 𝑉𝑠ℎ is the volume of one
side hull; 𝑉𝑐𝑑 is the volume of the cross-deck structure; 𝑉𝑚ℎ𝑠
is the volume of the main hull; 𝑦𝑐𝑠 is the transverse distance
from centerline to the centre of area of a cross-section taken
at mid length of the side hull; 𝑎ℎ𝑒𝑎V𝑒 is the heave acceleration.

The transverse torsional moment 𝑀𝑡𝑡, is uniform along
the breadth of the cross-deck structure and is given by the
following:

𝑀𝑡𝑡 = 3.75𝑓𝑠𝑒𝑟V𝜌 (𝑉𝑠ℎ + 𝑉𝑐𝑑) 𝐿 𝑠ℎ𝑎ℎ𝑒𝑎V𝑒 (27)

where 𝐿 𝑠ℎ is the length of side hull.

5.2. Load Case. Fatigue analyses are carried out for the repre-
sentative loading conditions according to the intended opera-
tion of trimaran. Fatigue loading conditions corresponding to
LR Rules are summarized in Table 2 and categorized as three
wave heading directions including head sea, beam sea, and
oblique sea.

5.3. Evaluation of Stress Range. In simplified fatigue analysis
of conventional ship, the stress range Sri required for the
calculation of accumulated damage is usually calculated
based on simple beam theory assumptions. This method is
obviously not appropriate for trimaran cross-deck structure
due to its unique configuration. Alternatively, for trimaran,
the global FE analysis is employed to directly calculate stress
values, and the stress range evaluation is based on the results
of that. According to various deflection pattern of trimaran
for different loading conditions, load cases 1 and 2 of head seas
cause the longitudinal hogging and sagging, whereas load
cases 3 and 4 of beam seas result in transverse hogging and
sagging. Therefore the stress ranges for head seas condition
and beam seas condition can be expressed as

𝑆ℎ𝑒𝑎𝑑 = 𝜎𝐿𝐶1 − 𝜎𝐿𝐶2 (28a)

𝑆𝑏𝑒𝑎𝑚 = 𝜎𝐿𝐶3 − 𝜎𝐿𝐶4 (28b)

For oblique seas condition, the relationship 𝑆 = 2𝜎 is
assumed between stress range 𝑆 and stress amplitude 𝜎.Thus,
the stress range for oblique seas condition can be calculated
as follows:

𝑆𝑜𝑏𝑙𝑖𝑞𝑢𝑒 = 13 (𝑆𝑜𝑏𝑙𝑖𝑞𝑢𝑒−1 + 𝑆𝑜𝑏𝑙𝑖𝑞𝑢𝑒−2 + 𝑆𝑜𝑏𝑙𝑖𝑞𝑢𝑒−3)
= 13 (2𝜎𝐿𝐶5 + 2𝜎𝐿𝐶6 + 2𝜎𝐿𝐶7)

(29)

5.4. Simplified Fatigue Analysis Results and Discussion. A
global FE analysis of trimaran in the seven load cases above
is done. To limit the length of the paper, only the results
of structural details 2 and 3 in load case 4 are given in
Figure 7. The shape parameter h of the Weibull distribution
is calculated by using the method given in Section 2.2. The
short-term distribution functions of stress range are obtained
by using the spectral method. And the parameters used in
wave load calculation are the same as those for spectral
fatigue analysis, which has given in Section 4.1. In this
paper, 45 sample data (3-25MPawith 0.5MPa increments) are
selected for fitting. The fitting results are shown in Figure 8.

Figure 7 shows that the connections of the main hull
and wet-deck in the cross-deck structure have serious stress
concentration. From Figure 8, it can be seen that the data
points are distributed near the fitting lines for all the five
hot spots. The correlation coefficients are all close to 1; there
is a strong linear correlation. The values of the Weibull
distribution’s shape parameter h are all near to 1 for these hot
spots. But for hot spots 2 and 4, the values are larger.

The fatigue strength of trimaran cross-deck structure’s
hot spots, which are illustrated at Section 3, is evaluated
by simplified fatigue method to demonstrate its application.
The fatigue damage calculation results of hot spots in all
wave headings are shown as Figure 9. The proportion of
fatigue damage in head seas, beam seas, and oblique seas is
summarized in Figure 10.

From Figures 9 and 10, we can see that the fatigue damage
value of hot spot 1 is larger than other hot spots, which
indicates that the connection of the main hull and cross-deck
at the front has serious fatigue problem.The same conclusion
can be obtained from spectral fatigue analysis result. Figure 9
shows that the fatigue damage values of hot spot 1 in the
head seas and load case 6 of oblique seas are larger than
other sea conditions. It can be inferred that the vertical and
horizontal wave bending moment are the main loads for hot
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Figure 7: The max principal stress contour in load case 4. (a) Detail2. (b) Detail3.

spot 1, which cause the majority of the fatigue damage. From
Figure 10, we can also find that beam seas nearly do not
cause fatigue damage; head seas cause the majority of fatigue
damage for hot spot 1. But, for hot spots 2, 3, 4, and 5, the
fatigue damage caused in oblique seas is larger than head seas
and beam seas. Meanwhile, the fatigue damage values caused

in beam seas are also larger, which is mainly caused by the
splitting moments.

5.5. Further Discussion. From the spectral and simplified
analysis calculation results, it is found that the connection of
the main hull and cross-deck at the front suffers maximum
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Figure 8: The fitting results of shape parameter. (a) Hot spot 1. (b) Hot spot 2. (c) Hot spot 3. (d) Hot spot 4. (e) Hot spot 5. (f) Values of hot
spots’ shape parameter.

fatigue damage for trimaran. The fatigue damage results
in three wave headings obtained from both spectral and
simplified fatigue method show that the cumulative damage
from the beam sea can be neglected for hot spot 1. The
cumulative damage values from the oblique sea are so large in
all hot spots. It can be inferred that severe loads fromhead sea
and oblique sea are the major factor of trimaran cross-deck
structure’s fatigue. Moreover, the predicted fatigue damage
value of hot spot 1 exceeded the allowance, which indicates
the requirement of structure strengthening and optimization
at this location.

6. Conclusion

In this paper, the methodology of spectral and simpli-
fied fatigue analysis is adopted to investigate the fatigue
characteristic of trimaran cross-deck structure.The following
conclusions can be drawn based on the above study.

A methodology to perform simplified fatigue analysis of
trimaran cross-deck structure is presented. In this simplified
fatigue method, the total stress ranges are obtained by
combining the stress ranges under different sea conditions.
Due to the unique structure, they are achieved by global FE
analysis based on direct calculation procedure.
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Figure 10: The proportion of simplified fatigue damage. (a) Hot spot 1. (b) Hot spot 2. (c) Hot spot 3. (d) Hot spot 4. (e) Hot spot 5.
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The spectral and simplified fatigue analysis results give
the basically same fatigue characteristics of trimaran cross-
deck structure details. The fatigue analysis methodology of
trimaran cross-deck structure presented in this paper is
validated. Furthermore, the connection of the main hull and
cross-deck at the front is themost dangerous fatigue position;
it must attract sufficient attention. Meanwhile, the cross-deck
structure’s fatigue damage ismainly caused fromhead sea and
oblique sea.
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