Mathematical Problems in Engineering

Emerging Trends on Optimization
and Control under Uncertainty in
Transportation and Construction
Lead Guest Editor: Honglei Xu
Guest Editors: Xinhua Jiang, Gerhard‑Wilhelm Weber, and Shenping Xiao

Emerging Trends on Optimization
and Control under Uncertainty in
Transportation and Construction

Mathematical Problems in Engineering

Emerging Trends on Optimization
and Control under Uncertainty in
Transportation and Construction
Lead Guest Editor: Honglei Xu
Guest Editors: Gerhard-Wilhelm Weber and Shenping Xiao

Copyright © 2019 Hindawi. All rights reserved.
This is a special issue published in “Mathematical Problems in Engineering.” All articles are open access articles distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Editorial Board
Mohamed Abd El Aziz, Egypt
AITOUCHE Abdelouhab, France
Leonardo Acho, Spain
José A. Acosta, Spain
Daniela Addessi, Italy
Paolo Addesso, Italy
Claudia Adduce, Italy
Ramesh Agarwal, USA
Francesco Aggogeri, Italy
Juan C. Agüero, Australia
Ricardo Aguilar-Lopez, Mexico
Tarek Ahmed-Ali, France
Elias Aifantis, USA
Muhammad N. Akram, Norway
Guido Ala, Italy
Andrea Alaimo, Italy
Reza Alam, USA
Nicholas Alexander, UK
Salvatore Alfonzetti, Italy
Mohammad D. Aliyu, Canada
Juan A. Almendral, Spain
José Domingo Álvarez, Spain
Cláudio Alves, Portugal
J. P. Amezquita-Sanchez, Mexico
Lionel Amodeo, France
Sebastian Anita, Romania
Renata Archetti, Italy
Felice Arena, Italy
Sabri Arik, Turkey
Francesco Aristodemo, Italy
Fausto Arpino, Italy
Alessandro Arsie, USA
Edoardo Artioli, Italy
Fumihiro Ashida, Japan
Farhad Aslani, Australia
Mohsen Asle Zaeem, USA
Romain Aubry, USA
Matteo Aureli, USA
Richard I. Avery, USA
Viktor Avrutin, Germany
Francesco Aymerich, Italy
Sajad Azizi, Belgium
Michele Bacciocchi, Italy
Seungik Baek, USA

Adil Bagirov, Australia
Khaled Bahlali, France
Laurent Bako, France
Pedro Balaguer, Spain
Stefan Balint, Romania
Ines Tejado Balsera, Spain
Alfonso Banos, Spain
Jerzy Baranowski, Poland
Roberto Baratti, Italy
Andrzej Bartoszewicz, Poland
David Bassir, France
Chiara Bedon, Italy
Azeddine Beghdadi, France
Denis Benasciutti, Italy
Ivano Benedetti, Italy
Rosa M. Benito, Spain
Elena Benvenuti, Italy
Giovanni Berselli, Italy
Giorgio Besagni, Italy
Michele Betti, Italy
Jean-Charles Beugnot, France
Pietro Bia, Italy
Carlo Bianca, France
Simone Bianco, Italy
Vincenzo Bianco, Italy
Vittorio Bianco, Italy
Gennaro N. Bifulco, Italy
David Bigaud, France
Antonio Bilotta, Italy
Paul Bogdan, USA
Guido Bolognesi, UK
Rodolfo Bontempo, Italy
Alberto Borboni, Italy
Paolo Boscariol, Italy
Daniela Boso, Italy
Guillermo Botella-Juan, Spain
Boulaïd Boulkroune, Belgium
Fabio Bovenga, Italy
Francesco Braghin, Italy
Ricardo Branco, Portugal
Maurizio Brocchini, Italy
Julien Bruchon, France
Matteo Bruggi, Italy
Michele Brun, Italy

Vasilis Burganos, Greece
Tito Busani, USA
Raquel Caballero-Águila, Spain
Filippo Cacace, Italy
Pierfrancesco Cacciola, UK
Salvatore Caddemi, Italy
Roberto Caldelli, Italy
Alberto Campagnolo, Italy
Eric Campos-Canton, Mexico
Marko Canadija, Croatia
Salvatore Cannella, Italy
Francesco Cannizzaro, Italy
Javier Cara, Spain
Ana Carpio, Spain
Caterina Casavola, Italy
Sara Casciati, Italy
Federica Caselli, Italy
Carmen Castillo, Spain
Inmaculada T. Castro, Spain
Miguel Castro, Portugal
Giuseppe Catalanotti, UK
Nicola Caterino, Italy
Alberto Cavallo, Italy
Gabriele Cazzulani, Italy
Luis Cea, Spain
Song Cen, China
Miguel Cerrolaza, Venezuela
M. Chadli, France
Gregory Chagnon, France
Ludovic Chamoin, France
Ching-Ter Chang, Taiwan
Qing Chang, USA
Michael J. Chappell, UK
Kacem Chehdi, France
Peter N. Cheimets, USA
Xinkai Chen, Japan
Luca Chiapponi, Italy
Francisco Chicano, Spain
Nicholas Chileshe, Australia
Adrian Chmielewski, Poland
Ioannis T. Christou, Greece
Hung-Yuan Chung, Taiwan
Simone Cinquemani, Italy
Roberto G. Citarella, Italy

Joaquim Ciurana, Spain
John D. Clayton, USA
Francesco Clementi, Italy
Piero Colajanni, Italy
Giuseppina Colicchio, Italy
Vassilios Constantoudis, Greece
Enrico Conte, Italy
Francesco Conte, Italy
Alessandro Contento, USA
Mario Cools, Belgium
Jean-Pierre Corriou, France
J.-C. Cortés, Spain
Carlo Cosentino, Italy
Paolo Crippa, Italy
Andrea Crivellini, Italy
Erik Cuevas, Mexico
Maria C. Cunha, Portugal
Peter Dabnichki, Australia
Luca D’Acierno, Italy
Weizhong Dai, USA
Andrea Dall’Asta, Italy
Purushothaman Damodaran, USA
Bhabani S. Dandapat, India
Farhang Daneshmand, Canada
Giuseppe D’Aniello, Italy
Sergey Dashkovskiy, Germany
Fabio De Angelis, Italy
Samuele De Bartolo, Italy
Abílio De Jesus, Portugal
Pietro De Lellis, Italy
Alessandro De Luca, Italy
Stefano de Miranda, Italy
Filippo de Monte, Italy
M. do Rosário de Pinho, Portugal
Michael Defoort, France
Alessandro Della Corte, Italy
Xavier Delorme, France
Laurent Dewasme, Belgium
Angelo Di Egidio, Italy
Roberta Di Pace, Italy
Ramón I. Diego, Spain
Yannis Dimakopoulos, Greece
Zhengtao Ding, UK
M. Djemai, France
Alexandre B. Dolgui, France
Georgios Dounias, Greece
Florent Duchaine, France

George S. Dulikravich, USA
Bogdan Dumitrescu, Romania
Horst Ecker, Austria
Saeed Eftekhar Azam, USA
Ahmed El Hajjaji, France
Antonio Elipe, Spain
Fouad Erchiqui, Canada
Anders Eriksson, Sweden
R. Emre Erkmen, Canada
G. Espinosa-Paredes, Mexico
Leandro F. F. Miguel, Brazil
Andrea L. Facci, Italy
Giacomo Falcucci, Italy
Giovanni Falsone, Italy
Hua Fan, China
Nicholas Fantuzzi, Italy
Yann Favennec, France
Fiorenzo A. Fazzolari, UK
Giuseppe Fedele, Italy
Roberto Fedele, Italy
Arturo J. Fernández, Spain
Jesus M. Fernandez Oro, Spain
Massimiliano Ferraioli, Italy
Massimiliano Ferrara, Italy
Francesco Ferrise, Italy
Eric Feulvarch, France
Barak Fishbain, Israel
S. Douwe Flapper, Netherlands
Thierry Floquet, France
Eric Florentin, France
Alessandro Formisano, Italy
Francesco Franco, Italy
Elisa Francomano, Italy
Tomonari Furukawa, USA
Juan C. G. Prada, Spain
Mohamed Gadala, Canada
Matteo Gaeta, Italy
Mauro Gaggero, Italy
Zoran Gajic, USA
Erez Gal, Israel
Jaime Gallardo-Alvarado, Mexico
Ugo Galvanetto, Italy
Akemi Gálvez, Spain
Rita Gamberini, Italy
Maria L. Gandarias, Spain
Arman Ganji, Canada
Zhiwei Gao, UK

Zhong-Ke Gao, China
Giovanni Garcea, Italy
Luis Rodolfo Garcia Carrillo, USA
Jose M. Garcia-Aznar, Spain
Akhil Garg, China
Alessandro Gasparetto, Italy
Gianluca Gatti, Italy
Oleg V. Gendelman, Israel
Stylianos Georgantzinos, Greece
Fotios Georgiades, UK
Parviz Ghadimi, Iran
Mergen H. Ghayesh, Australia
Georgios I. Giannopoulos, Greece
Agathoklis Giaralis, UK
Pablo Gil, Spain
Anna M. Gil-Lafuente, Spain
Ivan Giorgio, Italy
Gaetano Giunta, Luxembourg
Alessio Gizzi, Italy
Jefferson L.M.A. Gomes, UK
Emilio Gómez-Déniz, Spain
Antonio M. Gonçalves de Lima, Brazil
David González, Spain
Chris Goodrich, USA
Rama S. R. Gorla, USA
Kannan Govindan, Denmark
Antoine Grall, France
George A. Gravvanis, Greece
Fabrizio Greco, Italy
David Greiner, Spain
Simonetta Grilli, Italy
Jason Gu, Canada
Federico Guarracino, Italy
Michele Guida, Italy
Zhaoxia Guo, China
José L. Guzmán, Spain
Quang Phuc Ha, Australia
Petr Hájek, Czech Republic
Weimin Han, USA
Zhen-Lai Han, China
Thomas Hanne, Switzerland
Mohammad A. Hariri-Ardebili, USA
Xiao-Qiao He, China
Nicolae Herisanu, Romania
Alfredo G. Hernández-Diaz, Spain
M.I. Herreros, Spain
Eckhard Hitzer, Japan

Paul Honeine, France
Jaromir Horacek, Czech Republic
Muneo Hori, Japan
András Horváth, Italy
S. Hassan Hosseinnia, Netherlands
Gordon Huang, Canada
Sajid Hussain, Canada
Asier Ibeas, Spain
Orest V. Iftime, Netherlands
Przemyslaw Ignaciuk, Poland
Giacomo Innocenti, Italy
Emilio Insfran Pelozo, Spain
Alessio Ishizaka, UK
Nazrul Islam, USA
Benoit Iung, France
Benjamin Ivorra, Spain
Payman Jalali, Finland
Mahdi Jalili, Australia
Łukasz Jankowski, Poland
Samuel N. Jator, USA
Juan C. Jauregui-Correa, Mexico
Reza Jazar, Australia
Khalide Jbilou, France
Piotr Jędrzejowicz, Poland
Isabel S. Jesus, Portugal
Linni Jian, China
Bin Jiang, China
Zhongping Jiang, USA
Emilio Jiménez Macías, Spain
Ningde Jin, China
Xiaoliang Jin, USA
Liang Jing, Canada
Dylan F. Jones, UK
Palle E. Jorgensen, USA
Vyacheslav Kalashnikov, Mexico
Tamas Kalmar-Nagy, Hungary
Tomasz Kapitaniak, Poland
Julius Kaplunov, UK
Haranath Kar, India
Konstantinos Karamanos, Belgium
Krzysztof Kecik, Poland
Jean-Pierre Kenne, Canada
Ch. M. Khalique, South Africa
Do Wan Kim, Republic of Korea
Nam-Il Kim, Republic of Korea
Jan Koci, Czech Republic
Ioannis Kostavelis, Greece

Sotiris B. Kotsiantis, Greece
Manfred Krafczyk, Germany
Frederic Kratz, France
Petr Krysl, USA
Krzysztof S. Kulpa, Poland
Shailesh I. Kundalwal, India
Jurgen Kurths, Germany
Cedrick A. K. Kwuimy, USA
Kyandoghere Kyamakya, Austria
Davide La Torre, Italy
Risto Lahdelma, Finland
Hak-Keung Lam, UK
Giovanni Lancioni, Italy
Jimmy Lauber, France
Antonino Laudani, Italy
Hervé Laurent, France
Aimé Lay-Ekuakille, Italy
Nicolas J. Leconte, France
Dimitri Lefebvre, France
Eric Lefevre, France
Marek Lefik, Poland
Yaguo Lei, China
Kauko Leiviskä, Finland
Thibault Lemaire, France
Roman Lewandowski, Poland
Chen-Feng Li, China
Jian Li, USA
Yang Li, China
Huchang Liao, China
En-Qiang Lin, USA
Zhiyun Lin, China
Peide Liu, China
Peter Liu, Taiwan
Wanquan Liu, Australia
Bonifacio Llamazares, Spain
Alessandro Lo Schiavo, Italy
Jean Jacques Loiseau, France
Francesco Lolli, Italy
Paolo Lonetti, Italy
Sandro Longo, Italy
António M. Lopes, Portugal
Sebastian López, Spain
Pablo Lopez-Crespo, Spain
Luis M. López-Ochoa, Spain
Ezequiel López-Rubio, Spain
Vassilios C. Loukopoulos, Greece
Jose A. Lozano-Galant, Spain

haiyan Lu, Australia
Gabriel Luque, Spain
Valentin Lychagin, Norway
Antonio Madeo, Italy
José María Maestre, Spain
Alessandro Magnani, Italy
Fazal M. Mahomed, South Africa
Noureddine Manamanni, France
Paolo Manfredi, Italy
Didier Maquin, France
Giuseppe Carlo Marano, Italy
Damijan Markovic, France
Francesco Marotti de Sciarra, Italy
Rui Cunha Marques, Portugal
Rodrigo Martinez-Bejar, Spain
Guiomar Martín-Herrán, Spain
Denizar Cruz Martins, Brazil
Benoit Marx, France
Elio Masciari, Italy
Franck Massa, France
Paolo Massioni, France
Alessandro Mauro, Italy
Fabio Mazza, Italy
Laura Mazzola, Italy
Driss Mehdi, France
Roderick Melnik, Canada
Pasquale Memmolo, Italy
Xiangyu Meng, USA
Jose Merodio, Spain
Alessio Merola, Italy
Mahmoud Mesbah, Iran
Luciano Mescia, Italy
Laurent Mevel, France
Mariusz Michta, Poland
Aki Mikkola, Finland
Giovanni Minafò, Italy
Hiroyuki Mino, Japan
Pablo Mira, Spain
Dimitrios Mitsotakis, New Zealand
Vito Mocella, Italy
Sara Montagna, Italy
Roberto Montanini, Italy
Francisco J. Montáns, Spain
Gisele Mophou, France
Rafael Morales, Spain
Marco Morandini, Italy
J. Moreno-Valenzuela, Mexico

Simone Morganti, Italy
Caroline Mota, Brazil
Aziz Moukrim, France
Dimitris Mourtzis, Greece
Emiliano Mucchi, Italy
Josefa Mula, Spain
Jose J. Muñoz, Spain
Giuseppe Muscolino, Italy
Marco Mussetta, Italy
Hakim Naceur, France
Alessandro Naddeo, Italy
Hassane Naji, France
Mariko Nakano-Miyatake, Mexico
Keivan Navaie, UK
AMA Neves, Portugal
Luís C. Neves, UK
Dong Ngoduy, New Zealand
Nhon Nguyen-Thanh, Singapore
Tatsushi Nishi, Japan
Xesús Nogueira, Spain
Ben T. Nohara, Japan
Mohammed Nouari, France
Mustapha Nourelfath, Canada
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France
Krzysztof Okarma, Poland
Mitsuhiro Okayasu, Japan
Alberto Olivares, Spain
Enrique Onieva, Spain
Calogero Orlando, Italy
A. Ortega-Moñux, Spain
Sergio Ortobelli, Italy
Naohisa Otsuka, Japan
Erika Ottaviano, Italy
Pawel Packo, Poland
Arturo Pagano, Italy
Alkis S. Paipetis, Greece
Roberto Palma, Spain
Alessandro Palmeri, UK
Pasquale Palumbo, Italy
Weifeng Pan, China
Jürgen Pannek, Germany
Elena Panteley, France
Achille Paolone, Italy
George A. Papakostas, Greece
Xosé M. Pardo, Spain
Vicente Parra-Vega, Mexico

Manuel Pastor, Spain
Petr Páta, Czech Republic
Pubudu N. Pathirana, Australia
Surajit Kumar Paul, India
Sitek Paweł, Poland
Luis Payá, Spain
Alexander Paz, Australia
Igor Pažanin, Croatia
Libor Pekař, Czech Republic
Francesco Pellicano, Italy
Marcello Pellicciari, Italy
Haipeng Peng, China
Mingshu Peng, China
Zhengbiao Peng, Australia
Zhi-ke Peng, China
Marzio Pennisi, Italy
Maria Patrizia Pera, Italy
Matjaz Perc, Slovenia
A. M. Bastos Pereira, Portugal
Ricardo Perera, Spain
Francesco Pesavento, Italy
Ivo Petras, Slovakia
Francesco Petrini, Italy
Lukasz Pieczonka, Poland
Dario Piga, Switzerland
Paulo M. Pimenta, Brazil
Antonina Pirrotta, Italy
Marco Pizzarelli, Italy
Vicent Pla, Spain
Javier Plaza, Spain
Kemal Polat, Turkey
Dragan Poljak, Croatia
Jorge Pomares, Spain
Sébastien Poncet, Canada
Volodymyr Ponomaryov, Mexico
Jean-Christophe Ponsart, France
Mauro Pontani, Italy
Cornelio Posadas-Castillo, Mexico
Francesc Pozo, Spain
Christopher Pretty, New Zealand
Luca Pugi, Italy
Krzysztof Puszynski, Poland
Giuseppe Quaranta, Italy
Vitomir Racic, Italy
Jose Ragot, France
Carlo Rainieri, Italy
K. Ramamani Rajagopal, USA

Ali Ramazani, USA
Higinio Ramos, Spain
Alain Rassineux, France
S.S. Ravindran, USA
Alessandro Reali, Italy
Jose A. Reinoso, Spain
Oscar Reinoso, Spain
Carlo Renno, Italy
Fabrizio Renno, Italy
Nidhal Rezg, France
Ricardo Riaza, Spain
Francesco Riganti-Fulginei, Italy
Gerasimos Rigatos, Greece
Francesco Ripamonti, Italy
Jorge Rivera, Mexico
Eugenio Roanes-Lozano, Spain
Bruno G. M. Robert, France
Ana Maria A. C. Rocha, Portugal
José Rodellar, Spain
Luigi Rodino, Italy
Rosana Rodríguez López, Spain
Ignacio Rojas, Spain
Alessandra Romolo, Italy
Debasish Roy, India
Gianluigi Rozza, Italy
Jose de Jesus Rubio, Mexico
Rubén Ruiz, Spain
Antonio Ruiz-Cortes, Spain
Ivan D. Rukhlenko, Australia
Mazen Saad, France
Kishin Sadarangani, Spain
Andrés Sáez, Spain
Mehrdad Saif, Canada
John S. Sakellariou, Greece
Salvatore Salamone, USA
Vicente Salas, Spain
Jose Vicente Salcedo, Spain
Nunzio Salerno, Italy
Miguel A. Salido, Spain
Roque J. Saltarén, Spain
Alessandro Salvini, Italy
Sylwester Samborski, Poland
Ramon Sancibrian, Spain
Giuseppe Sanfilippo, Italy
José A. Sanz-Herrera, Spain
Nickolas S. Sapidis, Greece
Evangelos J. Sapountzakis, Greece

Luis Saucedo-Mora, Spain
Marcelo A. Savi, Brazil
Andrey V. Savkin, Australia
Roberta Sburlati, Italy
Gustavo Scaglia, Argentina
Thomas Schuster, Germany
Oliver Schütze, Mexico
Lotfi Senhadji, France
Junwon Seo, USA
Joan Serra-Sagrista, Spain
Gerardo Severino, Italy
Ruben Sevilla, UK
Stefano Sfarra, Italy
Mohamed Shaat, Egypt
Mostafa S. Shadloo, France
Leonid Shaikhet, Israel
Hassan M. Shanechi, USA
Bo Shen, Germany
Suzanne M. Shontz, USA
Babak Shotorban, USA
Zhan Shu, UK
Nuno Simões, Portugal
Christos H. Skiadas, Greece
Konstantina Skouri, Greece
Neale R. Smith, Mexico
Bogdan Smolka, Poland
Delfim Soares Jr., Brazil
Alba Sofi, Italy
Francesco Soldovieri, Italy
Raffaele Solimene, Italy
Jussi Sopanen, Finland
Marco Spadini, Italy
Bernardo Spagnolo, Italy
Paolo Spagnolo, Italy
Ruben Specogna, Italy
Vasilios Spitas, Greece
Sri Sridharan, USA
Ivanka Stamova, USA
Rafał Stanisławski, Poland
Florin Stoican, Romania
Salvatore Strano, Italy
Yakov Strelniker, Israel
Ning Sun, China
Sergey A. Suslov, Australia
Thomas Svensson, Sweden
Andrzej Swierniak, Poland
Andras Szekrenyes, Hungary
Kumar K. Tamma, USA

Yang Tang, Germany
Hafez Tari, USA
Alessandro Tasora, Italy
Sergio Teggi, Italy
Ana C. Teodoro, Portugal
Alexander Timokha, Norway
Gisella Tomasini, Italy
Francesco Tornabene, Italy
Antonio Tornambe, Italy
Javier Martinez Torres, Spain
Mariano Torrisi, Italy
George Tsiatas, Greece
Antonios Tsourdos, UK
Federica Tubino, Italy
Nerio Tullini, Italy
Andrea Tundis, Italy
Emilio Turco, Italy
Ilhan Tuzcu, USA
Efstratios Tzirtzilakis, Greece
Filippo Ubertini, Italy
Francesco Ubertini, Italy
Mohammad Uddin, Australia
Hassan Ugail, UK
Giuseppe Vairo, Italy
Eusebio Valero, Spain
Pandian Vasant, Malaysia
Marcello Vasta, Italy
Carlos-Renato Vázquez, Mexico
Miguel E. Vázquez-Méndez, Spain
Josep Vehi, Spain
Martin Velasco Villa, Mexico
K. C. Veluvolu, Republic of Korea
Fons J. Verbeek, Netherlands
Franck J. Vernerey, USA
Georgios Veronis, USA
Vincenzo Vespri, Italy
Renato Vidoni, Italy
V. Vijayaraghavan, Australia
Anna Vila, Spain
Rafael J. Villanueva, Spain
Francisco R. Villatoro, Spain
Uchechukwu E. Vincent, UK
Gareth A. Vio, Australia
Francesca Vipiana, Italy
Stanislav Vítek, Czech Republic
Thuc P. Vo, UK
Jan Vorel, Czech Republic
Michael Vynnycky, Sweden

Hao Wang, USA
Liliang Wang, UK
Shuming Wang, China
Yongqi Wang, Germany
Roman Wan-Wendner, Austria
Jaroslaw Wa̧s, Poland
P.H. Wen, UK
Waldemar T. Wójcik, Poland
Changzhi Wu, China
Desheng D. Wu, Sweden
Yuqiang Wu, China
Michalis Xenos, Greece
Guangming Xie, China
Xue-Jun Xie, China
Gen Q. Xu, China
Hang Xu, China
Joseph J. Yame, France
Xinggang Yan, UK
Jixiang Yang, China
Mijia Yang, USA
Yongheng Yang, Denmark
Luis J. Yebra, Spain
Peng-Yeng Yin, Taiwan
Yuan Yuan, UK
Qin Yuming, China
Elena Zaitseva, Slovakia
Arkadiusz Zak, Poland
Daniel Zaldivar, Mexico
Francesco Zammori, Italy
Vittorio Zampoli, Italy
Rafal Zdunek, Poland
Ibrahim Zeid, USA
Haopeng Zhang, USA
Huaguang Zhang, China
Kai Zhang, China
Qingling Zhang, China
Xianming Zhang, Australia
Xuping Zhang, Denmark
Zhao Zhang, China
Yifan Zhao, UK
Jian G. Zhou, UK
Quanxin Zhu, China
Mustapha Zidi, France
Gaetano Zizzo, Italy
Zhixiang Zou, Germany
J. A. Fonseca de Oliveira Correia, Portugal

Contents
Emerging Trends on Optimization and Control under Uncertainty in Transportation and Construction
Honglei Xu , Gerhard-Wilhelm Weber, and Shenping Xiao
Editorial (2 pages), Article ID 2734157, Volume 2019 (2019)
Rate Decline Behavior of Selectively Completed Horizontal Wells in Naturally Fractured Oil Reservoirs
Qi-guo Liu , You-jie Xu , Long-xin Li, and An-zhao Ji
Research Article (13 pages), Article ID 7281090, Volume 2019 (2019)
Experimental and Numerical Analysis and Prediction of Ground Vibrations Due to Heavy Haul
Railway Viaduct
Jingjing Hu , Yi Luo , and Jiayun Xu
Research Article (15 pages), Article ID 2751815, Volume 2019 (2019)
A Supply Chain-Logistics Super-Network Equilibrium Model for Urban Logistics Facility Network
Optimization
Yongyi Su, Jin Qin , Peng Yang , and Qiwei Jiang
Research Article (12 pages), Article ID 5375282, Volume 2019 (2019)
Optimization and Control on High Frequency Resonance of Train-Network Coupling Systems
Jie Zhang , Jing Shang, and Zhixue Zhang
Research Article (10 pages), Article ID 2190452, Volume 2019 (2019)
A Hybrid Approach for Project Crashing Optimization Strategy with Risk Consideration: A Case Study
for an EPC Project
Chao Ou-Yang and Wang-Li Chen
Research Article (17 pages), Article ID 9649632, Volume 2019 (2019)
Modeling and Speed Control of the Underwater Wheeled Vehicle Flexible Towing System
Gang Liu , Guohua Xu , Guanxue Wang , Guoqiang Yuan, and Jiajia Liu
Research Article (11 pages), Article ID 3943472, Volume 2019 (2019)
Influence Zone Division and Risk Assessment of Underwater Tunnel Adjacent Constructions
Zhong Zhou , Wenyuan Gao , Zhuangzhuang Liu, and Chengcheng Zhang
Research Article (10 pages), Article ID 1269064, Volume 2019 (2019)
Fuzzy Iterative Sliding Mode Control Applied for Path Following of an Autonomous Underwater
Vehicle with Large Inertia
Guanxue Wang , Guohua Xu , Gang Liu , Wenjin Wang, and Ben Li
Research Article (14 pages), Article ID 8650243, Volume 2019 (2019)
A Two-Stage Stochastic Model for Maintenance and Rehabilitation Planning of Pavements
Mahmoud Ameri , Armin Jarrahi, Farshad Haddadi , and Mohammad Hasan Mirabimoghaddam
Research Article (15 pages), Article ID 3971791, Volume 2019 (2019)

Control Strategy for the Energy Optimization of Hybrid Regenerative Braking Energy Utilization
System Used in Electric Locomotive
Jiande Yan , Hui Wang, Shuren Zhong, Yonghong Lan , and Keyuan Huang
Research Article (13 pages), Article ID 2510487, Volume 2018 (2019)
Improved Simulated Annealing Based Network Model for E-Recycling Reverse Logistics Decisions
under Uncertainty
Lei Wang , Mark Goh, Ronggui Ding , and Vikas Kumar Mishra
Research Article (17 pages), Article ID 4390480, Volume 2018 (2019)
Optimizational Mathematical Modeling Methods of DC Traction Power Supply System for Urban Mass
Transit
Jing Shang , Jie Zhang , and Zhixue Zhang
Research Article (9 pages), Article ID 3084184, Volume 2018 (2019)
Models and Methods for Two-Echelon Location Routing Problem with Time Constraints in City
Logistics
Peng Yang and Lining Zeng
Research Article (9 pages), Article ID 2549713, Volume 2018 (2019)
Robust Impulsive Stabilization of Uncertain Nonlinear Singular Systems with Application to
Transportation Systems
Shaohong Fang
Research Article (4 pages), Article ID 1893262, Volume 2018 (2019)
Supply Chain Cost Prediction for Prefabricated Building Construction under Uncertainty
Shaoli Wang , Yasir Mursalin, Gang Lin, and Conghua Lin
Research Article (5 pages), Article ID 4580651, Volume 2018 (2019)
Stationary Gas Networks with Compressor Control and Random Loads: Optimization with
Probabilistic Constraints
Martin Gugat and Michael Schuster
Research Article (17 pages), Article ID 7984079, Volume 2018 (2019)
Determining Equivalent Administrative Charges for Defined Contribution Pension Plans under CEV
Model
Hongjing Chen, Zheng Yin , and Tianhao Xie
Research Article (10 pages), Article ID 6278353, Volume 2018 (2019)
Joint Decision on Ordering and Pricing of Cruise Tourism Supply Chain with Competing
Newsboy-Type Retailers
Miaoqing Shi and Bin Liu
Research Article (16 pages), Article ID 3516785, Volume 2018 (2019)

Hindawi
Mathematical Problems in Engineering
Volume 2019, Article ID 2734157, 2 pages
https://doi.org/10.1155/2019/2734157

Editorial
Emerging Trends on Optimization and Control under
Uncertainty in Transportation and Construction
Honglei Xu ,1 Gerhard-Wilhelm Weber,2,3 and Shenping Xiao

4

1

Curtin University, Perth, Australia
Faculty of Engineering Management, Poznan University of Technology, Poznan, Poland
3
Institute of Applied Mathematics, METU, Ankara, Turkey
4
Hunan University of Technology, Zhuzhou, China
2

Correspondence should be addressed to Honglei Xu; h.xu@curtin.edu.au
Received 26 March 2019; Accepted 26 March 2019; Published 18 April 2019
Copyright © 2019 Honglei Xu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the real world, many problems are characterized by the
necessity of making decisions with incomplete information
and uncertainty. In such settings, many existing optimization
and control results need to be redeveloped to cope with
these uncertain eﬀects and a variety of interesting challenges
should be tackled at the same time. In fact, those emerging
problems are a key source of new research and application.
Innovative approaches for new computational and theoretical
results of stochastic (robust) optimization and optimal control are critical to provide best decisions in the perturbative
environments.
On the other hand, in the area of application such
as transportation and construction, the uncertainty eﬀect
has received strong attention widely and is regarded as
an important reason to decrease the system eﬃciency. To
control and maximize the eﬃciency, various optimization
and control problems under uncertainty are expected to be
formulated and solved appropriately using advanced analytical or numerical methods.
This special issue collects seventeen high-quality papers
related to methodologies of dealing with uncertainty in optimization and control and the linkages between theoretical
methodology and emerging applications. It will be valuable
for both academics and industry practitioners.
The paper entitled “Experimental and Numerical Analysis and Prediction of Ground Vibrations Due to Heavy Haul
Railway Viaduct” by J. Hu et al. analyzes the ground vibration
around Shenshan Village in section of Shuo-Huang railway
line and proposes the concept of energy index. Test results

validate the accuracy of the mathematical and predictive
models.
The paper entitled “A Supply Chain-Logistics SuperNetwork Equilibrium Model for Urban Logistics Facility
Network Optimization” by Y. Su et al. establishes a logistics
super network equilibrium via the variational inequality
theory. It derives the equilibrium condition of the network
and provides economic explanation. It also indicates that a
scientiﬁc planning scheme for storage facilities is important
for the relation of commodity supply and demand.
The paper entitled “Optimization and Control on High
Frequency Resonance of Train-Network Coupling Systems”
by J. Zhang et al. analyzes new harmonic characteristics of
mixed running of alternating current (AC) and direct current
(DC) trains in electriﬁed railway to solve high frequency
resonance problems in train network coupling systems.
The paper entitled “A Hybrid Approach for Project
Crashing Optimization Strategy with Risk Consideration:
A Case Study for an EPC Project” by C. Ou-Yang and
W.-L. Chen provides an evaluation strategy for schedulerelated variations and time-cost analysis for an engineering–
procurement–construction projects. It proposes a hybrid
method for the time-cost optimization strategy evaluation
of and Monte Carlo simulation for contingency plans and
optimal assess strategies for project execution under time and
cost constraints
The paper entitled “Modeling and Speed Control of the
Underwater Wheeled Vehicle Flexible Towing System” by G.
Liu et al. studies the dynamic characteristics of the towing
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system and proposes a master-slave synchronization control
technique. Then, it proposes fast terminal sliding mode
control to design a speed controller.
The paper entitled “Inﬂuence Zone Division and Risk
Assessment of Underwater Tunnel Adjacent Constructions”
by Z. Zhou et al. applies the Hoek–Brown nonlinear failure
criterion of rock mass to study the stress state of rock mass
around the underwater tunnel adjacent constructions. It
proposes the inﬂuence zone division method of underwater
tunnel adjacent constructions and applies it to analyze engineering practices.
The paper entitled “Fuzzy Iterative Sliding Mode Control
Applied for Path Following of an Autonomous Underwater
Vehicle with Large Inertia” by G. Wang et al. develops a fuzzy
iterative sliding mode control scheme for special autonomous
underwater vehicles on three-dimensional path following.
The control algorithm can optimize the control parameters
online to enhance the system adaptability.
The paper entitled “A Two-Stage Stochastic Model for
Maintenance and Rehabilitation Planning of Pavements” by
M. Ameri et al. establishes a two-stage stochastic model to
address uncertainty in budgeting and develops an executive
model for network level maintenance and rehabilitation
planning. Even though the two-stage stochastic model may
increase the total cost compared to the deterministic, it will
be more compatible for budget variation.
The paper entitled “Control Strategy for the Energy Optimization of Hybrid Regenerative Braking Energy Utilization
System Used in Electric Locomotive” by J. Yan et al. develops
an energy optimization scheme by combining energy storage
control and energy optimization. A tracking control of the
instantaneous power is designed for distributing the regenerative braking energy.
The paper entitled “Improved Simulated Annealing Based
Network Model for E-Recycling Reverse Logistics Decisions
under Uncertainty” by L. Wang et al. investigates a novel
approach to design the e-recycling reverse logistics network
under uncertainty. The approach consists of a matrix-based
simulation model and a simulated annealing algorithm to
generate. The paper conducts network static analysis and
proposed static network generation process and index design.
The paper entitled “Optimizational Mathematical Modeling Methods of DC Traction Power Supply System for Urban
Mass Transit” by J. Shang et al. proposes an optimization
mathematical modeling method of DC traction power supply
systems and gets the node admittance network equation of
DC traction power supply system based on the self-adaptive
real-time dynamics of node arrays and input parameter
documents.
The paper entitled “Models and Methods for TwoEchelon Location Routing Problem with Time Constraints
in City Logistics” by P. Yang and L. Zeng studies the twoechelon location routing problem with time constraints in
city logistics system. It develops a mathematic model to
optimize the locations and a metaheuristic algorithm to solve
it.
The paper entitled “Robust Impulsive Stabilization of
Uncertain Nonlinear Singular Systems with Application to
Transportation Systems” by S. Fang develops a new impulsive

Mathematical Problems in Engineering
control technique to make a singular system robustly asymptotically stable. It derives suﬃcient stability conditions in the
form of algebra matrix inequalities to solve them numerically.
The paper entitled “Supply Chain Cost Prediction for
Prefabricated Building Construction under Uncertainty” by
S. Wang et al. predicts a supply chain cost for prefabricated
building construction under an uncertain situation using an
activity-based costing method. It also establishes a computational model to estimate the total cost of the prefabricated
supply chain.
The paper entitled “Determining Equivalent Administrative Charges for Deﬁned Contribution Pension Plans under
CEV Model” by H. Chen studies the determination of the
equivalent administrative charges on balance and on ﬂow and
applies the maximum principle and the stochastic control
theory to obtain the explicit solutions of the equivalent
equation about the charges.
The paper entitled “Stationary Gas Networks with Compressor Control and Random Loads: Optimization with
Probabilistic Constraints” by M. Gugat and M. Schuster
investigates a stationary model of gas ﬂow using simpliﬁed
isothermal Euler equations in non-cycled pipeline networks.
The support of compressor stations will counteract the
pressure loss of the pipes. Optimal solutions exist for some
optimization problems with probabilistic constraints.
Finally, the paper entitled “Joint Decision on Ordering
and Pricing of Cruise Tourism Supply Chain with Competing
Newsboy-Type Retailers” by M. Shi and B. Liu studies a cruise
tourism supply chain system composed of one supplier and
two newsboy-type retailers. It derives optimal decisions in a
decentralized system from a game theoretical perspective and
obtains the optimal ordering and pricing strategies of both
retailers and the optimal wholesale prices of the supplier with
the limited number of cruise tickets.
We believe that the special issue will be very useful for
experts and practitioners working in the broad engineering
and academic communities.
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Selectively completed horizontal wells (SCHWs) can significantly reduce cost of completing wells and delay water breakthrough and
prevent wellbore collapse in weak formations. Thus, SCHWs have been widely used in petroleum development industry. SCHWs
can shorten the effective length of horizontal wells and thus have a vital effect on production. It is significant for SCHWs to study
their rate decline and flux distribution in naturally fractured reservoirs. In this paper, by employing motion equation, state equation,
and mass conservation equation, three-dimension seepage differential equation is established and corresponding analytical solution
is obtained by Laplace transform and finite cosine Fourier transform. According to the relationship of constant production and
wellbore pressure in Laplace domain, dimensionless rate solution is gotten under constant wellbore pressure in Laplace domain.
Dimensionless pressure and pressure derivate curves and rate decline curves are drawn in log-log plot and seven flow regimes are
identified by Stehfest numerical inversion. We compared the simplified results of this paper with the results calculated by Saphir for
horizontal wells in naturally fractured reservoirs. The results showed excellent agreement. Some parameters, such as outer boundary
radius, storativity ratio, cross-flow coefficient, number and length of open segments, can obviously affect the rate integral and rate
integral derivative log-log curves of the SCHWs. The proposed model in this paper can help better understand the flow regime
characteristics of the SCHWs and provide more accurate rate decline analysis of the SCHWs data to evaluate formation.

1. Introduction
In the early age, since horizontal wells can increase productivity, they became a popular method to develop oil and gas.
Compared with vertical wells, horizontal wells can control
severe water or gas coning problems, increase the connecting
area with the reservoir, and reduce wellbore turbulence [1].
Although horizontal wells show a number of advantages,
increasing wellbore length may lead to production imbalance
along the wellbore, which can lead to water coning and
decreased production. Certainly, the uneven rate distribution
can lead to bottom-water break through [2]. However, horizontal open holes may be completed by employing prepacked
screens because of their low cost. At the same time, prepacked
screens can effectively minimize sand production. With the
production of oil or gas, the sand will accumulate around the
horizontal wellbore, which makes fluids of formation flow

into wellbore by a section of wellbores opened and causes
productivity decline. In order to reduce cost of completing
horizontal well, delay water breakthrough, and prevent wellbore collapse in weak formations, SCHWs were used widely
and actual production also proves the effectiveness of the
method. An important feature of SCHWs was that only some
segments of the wellbore are open to the formation. It is also
observed that even if the entire length of the horizontal well
is open or perforated, only some segments produce fluid [3].
To analyze the wellbore pressure and rate response of
SCHWs, some engineers tend to use an effective horizontal
well length to replace the open length of the horizontal
well. This treatment assumes that the open length of the
horizontal well is continuous instead of interval distribution.
An analytical model was developed in real domain to predict
the inflow performance of SCHWs and selectively completed
vertical wells (SCVWs) [4, 5]. Their model considers the
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distribution of the open intervals. Kamal et al. [6] presented
an analytical model of SCHWs by employing instantaneouspoint-source solution and the superposition principle. They
used this model to analyze actual cases where pressure
transient is available. Yildiz [7–9] and Seyide [10] presented
a model of SCHWs and SCVWs and derived asymptotic
approximations of the model in Laplace space. Pressure and
pressure-derivate log-log curves were plotted, flow characteristics were discussed, and each segment rate of SCHWs
was analyzed. A new semianalytical model for predicting
the performance of horizontal wells which were completed
by inflow control devices in bottom-water reservoirs was
presented. The coupled solution is developed for predicting
the performance of horizontal wells in a box-shaped reservoir
with bottom-water drive [11].
In order to analyze the rate decline curve of SCHWs,
a mathematical model considering difference between horizontal and vertical permeability of SCHWs is established
in naturally fractured reservoirs. Based on point source and
the superposition principle, pressure analytical solution of
the SCHWs under the condition of constant production in
impermeable top and bottom boundary and lateral impermeable boundary by Laplace transform and finite cosine Fourier
transform. Log-log curves of pressure and pressure-derivate
and rate decline are drawn in naturally fractured reservoirs by
employing Stehfest numerical inversion. Seven flow regimes,
according to the characteristic of pressure-derivate curve, are
identified and every flow regime characteristic is described in
detail. This paper discusses that relevant parameters (storativity ratio, flow coefficient, number and length completed
horizontal sections, etc.) have effect on pressure and rate
decline curves. Corresponding solutions can be useful in
completion design and rate decline in field practice.

2. Physical Model of SCHWs and Assumption
Horizontal wells are located in naturally fractured reservoirs
with impermeable top and bottom boundary and lateral
impermeable boundary and parallel to the upper and lower

Fracture system

Figure 1: Schematic of the SCHWs in naturally fractured oil reservoirs.

Matrix
system
Horizontal wellbore

1
2

Open segment

Fig.2

Completed segment

Figure 2: Schematic of fluid flowing path for SCHW in naturally
fractured oil reservoirs.

impermeable boundary. Horizontal well consists of 𝑁Nc open
segments and 𝑁c completed segments (shown in Figure 1).
The naturally fractured reservoir is structured by matrix
system and natural fracture system. The dual-porosity media
are assumed as the Warren-Root model and pseudo-steady
cross flow exits between the matrix and fractures. Fluids
flow into natural fractures from matrix firstly and flow into
horizontal wellbore from natural fractures secondly by open
segments (shown in Figure 2). In order to make mathematical
model more reliable and accurate, some assumptions are
listed as follows:
(a) The fluid flow in the reservoir obeys Darcy’s law and
law of isothermal percolation.
(b) Flow is single phase and the fluid has constant and
small compressibility and constant viscosity.
(c) Formation permeability is anisotropic with three
major directional permeability 𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 .
(d) Formation initial pressure is 𝑝e and horizontal produced at a constant surface flow rate 𝑞sc .
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(e) Horizontal well consists of 𝑁Nc open segments and 𝑁c
completed segments, and fluids flow into wellbore by
only open segments.
(f) The length of the open segments and completed
segments may be unequal, and each open segment
may have a different skin effect and production rate.
In this paper, we follow the point source theory adopted
by Gringarten and Ramey [12] and Ozkan and Raghavan
[13, 14] in order to obtain wellbore pressure under constantrate production and rate distribution under constantpressure production in naturally fractured reservoirs (see
Notations section).

𝜕𝑝f (𝑟 = 𝑅e , 𝑧, 𝑡)
=0
𝜕𝑟

3.2. Dimensionless Point Source Model in Laplace Domain.
According to dimensionless variables definition in Table 1,
(1)–(8) can be transformed into
𝜕2 𝑝fD
1 𝜕𝑝fD 𝜕2 𝑝fD
+
+
𝑟D 𝜕𝑟D
𝜕𝑟D2
𝜕𝑧D2
= (𝜔

𝜕𝑝fD
𝜕𝑝
+ (1 − 𝜔) mD )
𝜕𝑡D
𝜕𝑡D
𝜕𝑝mD
=0
𝜕𝑡D

3. Mathematical Model of SCHWs

𝜆 (𝑝mD − 𝑝fD ) + (1 − 𝜔)

3.1. Point Source Model

𝑝fD (𝑟D , 𝑧D , 𝑡D = 0) = 0

3.1.1. Governing Equation

𝑝mD (𝑟D , 𝑧D , 𝑡D = 0) = 0

(A) Fracture System. The 3D governing equation describing
transient fluid flow in natural fracture system can be written
as follows:

𝜕𝑝fD (𝑟D , 𝑧D = 0, 𝑡D )
=0
𝜕𝑧D

𝜕2 𝑝f 1 𝜕𝑝f 𝑘f v 𝜕2 𝑝f
+
+
𝜕𝑟2
𝑟 𝜕𝑟 𝑘f h 𝜕𝑧2
𝜙 𝐶 𝜇 𝜕𝑝f 𝜙m 𝐶mt 𝜇 𝜕𝑝m
+
= f ft
𝑘f h 𝜕𝑡
𝑘f h
𝜕𝑡

(1)

𝜀D →0 𝑧 −𝜀 /2
wD
D

3.1.2. Initial Conditions. The initial pressure is assumed to be
equal and is represented by original formation pressure in
naturally fractured oil reservoirs; thus
𝑝f (𝑟, 𝑧, 𝑡 = 0) = 𝑝e

(3)

𝑝m (𝑟, 𝑧, 𝑡 = 0) = 𝑝e

(4)

3.1.3. Inner and Outer Boundary Conditions. It is assumed
that production rate of point source is 𝑞̃(𝑡); thus inner
boundary condition can be written as
lim ∫

𝑧w +𝜀/2

𝜀→0 𝑧 −𝜀/2
w

𝜕𝑝
𝑘
[ lim 2𝜋 f h (𝑟 f ) ] 𝑑𝑧 = 𝑞̃ (𝑡)
𝛿→0
𝜇
𝜕𝑟 𝑟=𝜀

𝜕𝑝fD (𝑟D = 𝑅eD , 𝑧D , 𝑡D )
=0
𝜕𝑟D
lim ∫

(B) Matrix System. The 3D governing equation describing
transient fluid flow in natural fracture system can be written
as follows:
𝜙 𝐶 𝜇 𝜕𝑝m
𝛼𝑘m
=0
(𝑝m − 𝑝f ) + m m
(2)
𝑘f h
𝑘f h
𝜕𝑡

(5)

Corresponding outer boundary conditions can be
expressed as for a laterally impermeable boundary, top, and
bottom boundaries being
𝜕𝑝f (𝑟, 𝑧 = 0, 𝑡)
=0
𝜕𝑧

(6)

𝜕𝑝f (𝑟, 𝑧 = ℎ, 𝑡)
=0
𝜕𝑧

(7)

(9)

𝜕𝑝fD (𝑟D , 𝑧D = ℎD , 𝑡D )
=0
𝜕𝑧D

𝑧wD +𝜀D /2

where 𝑟 = √(𝑥 − 𝑥w )2 + (𝑦 − 𝑦w )2

(8)

[ lim (𝑟D
𝛿D →0

𝜕𝑝fD
)
] 𝑑𝑧D
𝜕𝑟D 𝑟D =𝜀D

= −ℎD 𝑞̃D (𝑡D )
For convenience in derivation, by adopting Laplace transform with respect to 𝑡D and solving pressure of matrix,
respectively, through (9), thus (9) can be expressed as follows
in Laplace domain.
2
𝜕2 𝑝fD
1 𝜕𝑝fD 𝜕 𝑝fD
+
+
= 𝑢𝑝fD
𝜕𝑟D2
𝑟D 𝜕𝑟D
𝜕𝑧D2

𝜕𝑝fD (𝑟D , 𝑧D = 0, 𝑠)
=0
𝜕𝑧D
𝜕𝑝fD (𝑟D , 𝑧D = ℎD , 𝑠)
=0
𝜕𝑧D

(10)

𝜕𝑝fD (𝑟D = 𝑅eD , 𝑧D , 𝑠)
=0
𝜕𝑟D
𝑧wD +𝜀D /2

lim ∫

𝜀𝐷 →0 𝑧 −𝜀 /2
wD
D

[ lim (𝑟D
𝛿D →0

𝜕𝑝fD
)
] 𝑑𝑧D
𝜕𝑟D 𝑟D =𝜀D

= −ℎD 𝑞̃D (𝑠)
where 𝑢 = ((𝜆 + 𝑠𝜔(1 − 𝜔))/(𝜆 + 𝑠(1 − 𝜔)))𝑠
By finite cosine transform with respect to 𝑧D , (10) can be
written as
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Table 1: Dimensionless variables definition.

Variables

Dimensionless definition
2𝜋𝑘fh ℎ
𝑝fD =
(𝑝𝑒 − 𝑝f )
𝑞sc 𝜇
2𝜋𝑘fh ℎ
𝑝mD =
(𝑝𝑒 − 𝑝m )
𝑞sc 𝜇
2𝜋𝑘fh ℎ
𝑝wD =
(𝑝𝑒 − 𝑝w )
𝑞sc 𝜇
𝑘fh 𝑡
𝑡D =
𝜇(𝜙𝐶t )f+m 𝐿2ref
𝑟
𝑟D =
𝐿 ref
ℎ
ℎD =
𝐿 ref
𝑅
𝑅eD = e
𝐿 ref

Dimensionless pressure of fracture system
Dimensionless pressure of matrix system
Dimensionless wellbore pressure
Dimensionless production time
Dimensionless distance
Dimensionless reservoir thickness
Dimensionless radius of impermeable circle boundary
𝑥D =

Dimensionless coordinate

𝑥wD =

Dimensionless x-y-z coordinate of point source
Dimensionless length of open segment
Dimensionless wellbore radius
Dimensionless mid-point of ith open segment
Dimensionless continuous production
Dimensionless infinitesimal vertical distance
Dimensionless infinitesimal radial distance



𝑑2 𝑝
1 𝑑𝑝
𝑛2 𝜋2 
fD
fD
+
=
(𝑢
+
) 𝑝fD
𝑟D 𝑑𝑟D
𝑑𝑟D2
ℎ2D
 (𝑟 = 𝑅 , 𝑛, 𝑠)
𝑑𝑝
eD
fD D
=0
𝜕𝑟D

𝑑𝑝
lim (𝑟D fD )
𝛿𝐷→0
𝑑𝑟D 𝑟

𝐷 =𝜀𝐷

𝑞𝐷 (𝑠) ℎD cos (
= −̃

(11)
𝑛𝜋𝑧wD
)
ℎD

In deriving (10), we have used the following finite cosine
transform and inverse finite cosine transform.
ℎD

 (𝑟 , 𝑛, 𝑠) = ∫
𝑝
fD D

0

𝑝fD (𝑟D , 𝑧D , 𝑠) =

𝑛𝜋𝑧D
𝑝fD (𝑟D , 𝑧D , 𝑠) cos (
) 𝑑𝑧D (12)
ℎD

1 
𝑝 (𝑟 , 0, 𝑠)
ℎD fD D
𝑛𝜋𝑧D
2 ∞
∑ 𝑝fD (𝑟D , 𝑛, 𝑠) cos (
)
+
ℎD 𝑛=1
ℎD

(13)

𝑦
𝑘
𝑥
𝑧
√ fh
𝑦 =
𝑧 =
𝐿 ref D 𝐿 ref D 𝐿 ref 𝑘fv
𝑦
𝑥w
𝑧
𝑘
𝑦wD = w 𝑧wD = w √ fh
𝐿 ref
𝐿 ref
𝐿 ref 𝑘fv
𝐿
𝐿 NcD = 𝑁𝑐
𝐿 ref
𝑟
𝑟wD = w
𝐿 ref
𝑥
𝑥mD = m
𝐿 ref
𝑞̃
𝑞̃D =
𝑞sc
𝜀
𝜀D =
𝐿 ref
𝛿
𝛿D =
𝐿 ref

3.3. Model Solution of Point Source. Equation (10) is zeroorder Bessel equation and inner and outer boundary conditions; general solution of zero-order Bessel equation can be
written as
 = 𝐴𝐾 (𝜀 𝑟 ) + 𝐵𝐼 (𝜀 𝑟 )
𝑝
0 n D
0 n D
fD

(14)

where 𝜀n = √𝑢 + 𝑛2 𝜋2 /ℎ2D (n=0,1,2,3. . .).
According to the properties of modified Bessel’s functions
and outer boundary condition, the coefficient B can be
expressed by
𝐵=

𝐾1 (𝜀𝑛 𝑅eD )
𝐴
𝐼1 (𝜀𝑛 𝑅eD )

(15)

Hence, (14) also can be written as
 = 𝐴 [𝐾 (𝜀 𝑟 ) + 𝐾1 (𝜀𝑛 𝑅eD ) 𝐼 (𝜀 𝑟 )]
𝑝
0 n D
fD
𝐼1 (𝜀𝑛 𝑅eD ) 0 n D

(16)

Combining with inner boundary condition, the coefficient A in (16) can be determined as follows.
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Figure 3: Schematic of geometric relationship mid-point of 𝑖th open segment.

𝐴 = 𝑞̃D ℎD cos (

𝑛𝜋𝑧wD
)
ℎD

(17)

Substituting (17) into (16) and employing finite cosine
inverse transform, finally, (16) can be written as follows:
𝑝fD = 𝑞̃D [𝐾0 (𝜀0 𝑟D ) +

With (19) and by applying the superposition principle,
the pressure responses at point (𝑥D , 𝑦D , 𝑧D ) caused by all
segments can be obtained as follows:
𝑁

𝑝fD (𝑥D , 0, 𝑧D ) = ∑𝑝fD𝑖 (𝛽D , 𝛽D𝑖 )

𝐾1 (𝜀0 𝑅eD )
𝐼 (𝜀 𝑟 )
𝐼1 (𝜀0 𝑅eD ) 0 0 D

𝑖=1

= ∑𝑞D𝑖 𝐹D𝑖 (𝛽D , 𝛽D𝑖 )

∞

𝐾 (𝜀 𝑅 )
+ 2 ∑ (𝐾0 (𝜀n 𝑟D ) + 1 𝑛 eD 𝐼0 (𝜀n 𝑟D ))
𝐼1 (𝜀𝑛 𝑅eD )
𝑛=1
⋅ cos (

(18)

𝑛𝜋𝑧wD
𝑛𝜋𝑧D
) cos (
)]
ℎD
ℎD

𝑖=1

where 𝛽D = (𝑥D , 0, 𝑧D ); 𝛽D𝑖 = (𝑥D𝑖 , 0, 𝑧D𝑖 )
However, it is also required that the sum of the flow rates
for each open segment be equal to the total flow rate; that is,
𝑁

∑𝑞D𝑖 =

Equation (18) is the point source solution in naturally
fractured oil reservoirs.
3.4. Model Solution of Line Source for SCHWs. Taking the
SCHWs shown in Figure 1, for example, although rate of the
horizontal well in different location, open segments can be
seen as a uniform rate horizontal line source for SCHWs.
Thus we take the ith open segment as our research object,
taking mid-point of ith open segment as origin coordinate. So
we can get line source of 𝑖th open segment by integrating with
respect to 𝑥D from 𝑥mDi -𝐿 NcDi /2 to 𝑥mDi -𝐿 NcDi /2 for point
source in (18). Finally
𝑝fD𝑖
=

𝑞D𝑖 𝑥mD𝑖 +𝐿 NcD𝑖 /2
2
∫
[𝐾0 (𝜀0 √(𝑥D − 𝛼) )
𝐿 NcD𝑖 𝑥mD𝑖 −𝐿 NcD𝑖 /2

+

∞
𝐾1 (𝜀0 𝑅eD )
2
2
𝐼 (𝜀 √(𝑥D − 𝛼) ) + 2 ∑ (𝐾0 (𝜀n √(𝑥D − 𝛼) )
𝐼1 (𝜀0 𝑅eD ) 0 0
𝑛=1

(19)

𝐾 (𝜀 𝑅 )
𝑛𝜋𝑧wD
𝑛𝜋𝑧D
2
) cos (
)]
+ 1 𝑛 eD 𝐼0 (𝜀n √(𝑥D − 𝛼) )) cos (
ℎD
ℎD
𝐼1 (𝜀𝑛 𝑅eD )

It is noted that (19) is only valid to compute the pressure
anywhere. We use zD =zwD +rwD to calculate wellbore surface
pressure. Dimensionless wellbore radius for an anisotropic
reservoir is given as follows.
𝑟wD =

0.25
−0.25
𝑟w
√( 𝑘 ) + ( 𝑘 )
𝐿 ref
𝑘𝑧
𝑘𝑧

(20)

According to geometric relations shown in Figure 3, midpoint of ith open segment can be determined as follows.
𝑥mD𝑖 = 𝐿 cD𝑖 + 𝐿 NcD𝑖 +

𝐿 cD1
2

(22)

𝑁

(21)

𝑖=1

1
𝑠

(23)

Combining with (19) and (22), then the matrix form can
be formulated as follows.
𝐹D1 (𝛽D1 , 𝛽D1 ) 𝐹D2 (𝛽D1 , 𝛽D2 )
[
[ 𝐹 (𝛽 , 𝛽 ) 𝐹 (𝛽 , 𝛽 )
[ D1 D2 D1
D2
D2 D2
[
[
...
...
[
[
[𝐹 (𝛽 , 𝛽 ) 𝐹 (𝛽 , 𝛽 )
D2
D2 DM
[ D1 DM D1
1
1
[

. . . 𝐹D𝑁 (𝛽D1 , 𝛽D𝑁) −1

]
. . . 𝐹D𝑁 (𝛽D2 , 𝛽D𝑁) −1]
]
]
...
...
. . .]
]
]
. . . 𝐹D𝑁 (𝛽D𝑁, 𝛽D𝑁) −1]
]
...
1
0]

0
[ ]
[
] [ ]
[ 𝑞D2 ] [ 0 ]
[
] [ ]
[
] [ ]
× [ . . . ] = [ . . .]
[
] [ ]
[𝑞 ] [ 0 ]
[ D𝑁] [ ]
[1]
[𝑝wD ]
[𝑠]
𝑞D1

(24)

The dimensionless wellbore flow rate for the constantpressure production in naturally fractured reservoirs can be
determined by dimensionless pressure with the constant-rate
production in the Laplace domain [15]:
𝑞D =

1
𝑠2 𝑝wD

(25)

In order to be consistent with current literature, we use
the Fetkovich [16] definitions of the dimensionless decline
variables (𝑡Dd and 𝑞Dd ) which are given below. The 𝑡Dd
function is given in terms of dimensionless variables as
𝑡Dd =

𝑡D
2
𝑅2eD ln 𝑅eD − 0.5

(26)

In a similar fashion, the 𝑞Dd function is given in terms of
dimensionless variables as
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Figure 4: Comparison of the results of this paper with that of well-test simulator.

𝑞Dd = [ln 𝑅eD − 0.5] 𝑞D

(27)

The rate integral and rate integral derivative functions
introduced by McCray [17] are given in dimensionless form
below. The dimensionless rate integral function, 𝑞Di , is given
as
𝑞Ddi =

𝑁pDd
𝑡Dd

=

1
𝑡Dd

𝑡Dd

∫

0

𝑞Dd (𝑥) 𝑑𝑥

(28)

And the dimensionless rate integral derivative function,
𝑞Ddid , is given as
𝑞Ddid = 𝑞Ddid − 𝑞Dd

(29)

4. Model Verification
To verify the model and solutions derived in the above
section, a relatively particular case is considered and pressure
and pressure-derivate curves generated by our solution are
compared to well-test stimulator Saphir. Fluid flow into wellbore is treated as infinite conductivity, but rate distribution
in wellbore is no-uniform. Therefore, based on different
dimensionless variable definition between this paper and
well-test stimulator, we can set 𝜔=0.2 for this paper and welltest stimulator, 𝜆=0.01 for this paper, 𝜆=6.25 × 10−8 with
𝐿 ref =40 for well-test stimulator. Other parameters can be
set as 𝜔=0.2, 𝐿 h =400, 𝐿 Nc =40, 𝐿 c =0, 𝑁c =0, 𝑁Nc =10. The
comparisons presented in Figure 4 suggest that the results
calculated by our model are consistent with that obtained
by the well-test simulator, which verifies the credibility of
the model presented in this article. At the same time, by
analyzing each segment rate distribution in different time, we
can confirm imbalanced fluid inflow along the wellbore (see
Figure 5).

5. Discussions and Analysis
5.1. Flow Regimes. In order to study the flow regimes of
SCHWs in naturally fractured oil reservoirs more graphically, type curves of pressure response and production rate

performance are illustrated in Figures 6 and 7 by Stehfest
[18] numerical inversion. According to the dimensionless
pressure-derivate characteristic, pressure response curves of
SCHWs in naturally fractured oil reservoirs are divided into
seven flow regimes and the important basic data is shown in
Table 2.
Period I is the first radial (FR) flow period. During this
period, the flow regime is radial flow around open segment
in vertical direction (see Figure 8(a)). The pressure derivative
curve is a horizontal line with a value of “1/(4𝐿 hD ).” Curves of
rate, rate integral, and integral derivative exhibit a downward
line. Because each length of open segment is different, first
radial flow may not occur. If open segment is very small,
spherical flow can appear during this period.
Period II is first linear (FL) flow period, in which fluid
flow in the reservoir is parallel to the upper and lower boundary of the reservoir and each open segment is independent
during first linear flow stage (see Figure 8(b)). The main
characteristic of pressure-derivative is a line with a half slope
in this stage. Corresponding rate integral derivative curve
becomes gentle in this stage. Similarly, when open segment
is shorter compared with complete segment, first linear flow
cannot be appearing.
Period III is second pseudo-radial (SPR) flow, in which
the pressure derivative curve is horizontal line of “0.5/𝑁Nc .”
This flow period is exhibited when the lateral distance
between open segments is relatively large. Before and during
this flow period, each open segment has its own drainage area
and behaves independently without interference from open
segment (see Figure 8(c)).
Period IV is second linear (SL) flow. Pressure wave
propagates to drainage area controlled by each open segment,
and interference between open segments occurs. After the
superposition of the pressure waves, pressure waves propagate continually as time goes. The second linear flow can
be formed in natural fracture reservoir (see Figure 8(d)).
The pressure derivative curve during this period is exhibited
as a one-half slope straight line again and characteristics
of rate integral derivative curve do not appear in this
stage.
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Table 2: Important basic data for SCHWs.

Parameters (unit)
Wellbore radius (m)
Outer boundary radius (m)
Horizontal well length (m)
Length of each open segment (m)
Length of each completed segment (m)
Number of open segments (dimensionless)
Number of completed segments (dimensionless)
Reference length (m)
Storativity ratio (dimensionless)
Flow coefficient (dimensionless)

Value
0.1
10000
400
25
100
4
3
40
0.2
0.01

0.20
0.18
0.16
0.14
qD

0.12
0.10
0.08
0.06
0.04
0.02
10−4 10−3 10−2 10−1 100 101 102 103 104 105 106 107 108
tD
q＄1 , q＄10
q＄2 , q＄9
q＄3 , q＄8
q＄4 , q＄7
q＄5 , q＄6

Figure 5: Rate distribution along the wellbore in different time.

Period V is the cross-flow stage, in which fluid flows into
natural fracture from matrix firstly when the SCHWs are
put into production. The pressure of natural fracture system
will gradually decrease, causing pressure difference between
natural fracture system and matrix system. Because existence
of pressure drop between natural fracture system and matrix
system led to cross-flow from natural fracture system to
matrix system, the characteristic of pressure derivative during
stage is “dip.” Corresponding rate integral derivative curve
also exhibits a “dip” in this stage.
Period VI is late pseudo-radial (LPR) flow stage. After
cross-flow flow stage, the pressures in natural fracture system
and matrix system gradually incline to equilibrium. Pseudoradial flow around SCHWs is formed in naturally fractured
reservoirs (see Figure 8(e)). Pressure derivative exhibits a
horizontal line of “0.5” during pseudo-radial flow in log-log
plot. Corresponding rate integral derivative curve is also a
slanted line.
Period VII is characteristic of closed boundary. Pressure
waves propagate to circular impermeable outer boundary
during this stage. Curves of pressure derivative exhibit uniteslope line and corresponding rate integral and derivative
curve coincide and exhibit negative unite-slope line.

5.2. Sensitivity of Parameters. Figure 9 shows the effect of
outer boundary radius on dimensionless rate integral 𝑞Ddi
and rate integral derivative 𝑞Ddid . We can know that outer
boundary radius has effect on whole flow regime. With
increase of outer boundary radius, the value of dimensionless
rate integral and rate integral derivative curves is smaller,
which indicates that larger outer boundary radius can lead
to the smaller rate decline curves in whole flow regime.
Figure 10 shows the effect of storativity ratio on dimensionless rate integral 𝑞Ddi and rate integral derivative 𝑞Ddid .
It is obvious that storativity ratio mainly has significant effect
on FR, FL, SPR, and cross-flow regime. The smaller storativity
ratio represents that storativity ability of naturally fractured
reservoirs is smaller. It can be clearly observed that the
smaller the value of storativity ratio, the deeper and wider
the “dip” in rate integral derivative curve during cross-flow.
In addition, smaller value of storativity ratio leads to smaller
rate integral of FR, FL, and SPR.
Figure 11 shows the effect of cross-flow coefficient on
dimensionless rate integral 𝑞Ddi and rate integral derivative
𝑞Ddid . It is obvious that flow coefficient mainly has significant
effect on SPR, cross-flow, and LPR regime. The larger crossflow coefficient represents that cross-flow ability from natural
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Figure 6: Pressure and pressure derivative responses of SCHWs with 4 open segments.
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tDd

Closed boundary

101
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Figure 7: Rate, rate integral, and rate integral derivative responses of SCHWs with 4 open segments.

(a) First radial flow

(b) First linear flow

(c) Second pseudo-radial flow

(d) Second linear flow

(e) Late pseudo-radial flow

Figure 8: Schematic of flow stage for SCHWs with 4 open segments.
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Figure 9: The effect of outer boundary radius on 𝑞Ddi and 𝑞Ddid .
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Ddi &Ddid

101
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tDd

100

101

102

103

= 0.2
= 0.07
= 0.01

Figure 10: The effect of storativity ratio on 𝑞Ddi and 𝑞Ddid .

fracture to matrix is larger. It can be clearly observed that the
smaller the value of cross-flow coefficient is, the later the “dip”
in rate integral derivative curve during cross-flow appears.
Duration of LPR regime is shorter.
Figures 12 and 13 show the effect of number of open
(or completed) segments on dimensionless rate integral 𝑞Ddi
and rate integral derivative 𝑞Ddid . Though number of open
(or completed) segments is different, it is assumed that
length of SCHWs is equal. Number of completed segments
has an effect on SPR, cross-flow, and LR regimes mainly.
With increase of completed segment, rate of fluid flow
into wellbore decreases under constant wellbore pressure.
Therefore, higher number of completed segments can lead
to larger value of rate integral derivative curves in log-log
plot (see Figure 12). At the same time, increasing number
of completed segments can delay water breakthrough and
prevent wellbore collapse; it can also lead to small rate for
every open segment, which makes total rate decrease under
constant wellbore pressure (see Figure 13).
Figures 14 and 15 show the effect of length of completed
segment on dimensionless rate integral 𝑞Ddi and rate integral

derivative 𝑞Ddid . It is assumed that lengths of SCHWs and
numbers of completed segments are equal, while completed
segment length is different. It is obvious that length of
completed segment has an effect on each flow regime.
Compared with LR regime, length of completed segment
has an obvious influence on rate integral derivative curve
during FR, FL, SPR, and cross-flow regime. Longer length
of completed segment leads to low rate integral derivative,
which is caused by larger pressure loss from formation to
wellbore (see Figure 14). With the increase of length of
completed segment, open segment becomes more and more
short. As the time of production continues to increase, longer
completed segment makes each open segment rate smaller
(see Figure 15).

6. Conclusion
In this work, we have developed a solution to compute
the rate decline of SCHWs with constant wellbore pressure.
According to characteristic of pressure-derivative curves
under constant production and rate integral derivative curve
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Figure 11: The effect of cross-flow coefficient on 𝑞Ddi and 𝑞Ddid .
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Figure 12: The effect of number of open (or completed) segments on 𝑞Ddi and 𝑞Ddid .
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Figure 13: The flux distribution of each open segment.
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Figure 14: The effect of length of open (or completed) segment on 𝑞Ddi and 𝑞Ddid .
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Figure 15: The flux distribution of each open segment.

under constant wellbore pressure, flow regimes of SCHWs are
identified. Specific conclusions can be drawn as follows.
(1) An analytical model is proposed in this paper to
obtain rate decline response and flux distribution of SCHWs
in naturally fractured reservoirs under constant wellbore
pressure. Pressure transient responses and Blasingame rate
decline curve are generated and discussed.
(2) In addition, the seven flow periods observed for
SCHWs mainly include first radial flow, first linear flow, second pseudo-radial flow, second pseudo-radial flow, second
linear flow, late pseudo-radial flow stage, and characteristic
of closed boundary.
(3) By comparing results of simplified model in this paper
with the results calculated by Saphir for horizontal well in
naturally fractured reservoirs, the results showed excellent
agreement. Imbalanced flux distribution along the wellbore
is verified again.
(4) The model illustrated how the dimensionless rate
integral and rate integral derivative log-log curves are influenced by some parameters (such as outer boundary radius,

storativity ratio, cross-flow coefficient, and number and
length of open segments).
(5) The proposed model in this paper can be used to
interpret rate decline signals more accurately for SCHWs in
naturally fractured oil reservoirs and provide more accurate
dynamic parameters which are important for efficient reservoir development.

Notations
𝐶ft : Total compressibility of natural fracture
system and oil, atm−1
𝐶mt : Total compressibility of matrix system and
oil, atm−1
ℎ: Reservoir thickness, cm
𝑘: Equivalent permeability, 𝜇m2 ,
3
𝑘 = √𝑘
𝑥 𝑘𝑦 𝑘𝑧
𝑘f h : Horizontal permeability of natural
fracture system, 𝜇m2

12
𝑘f v :
𝑘m :
𝑘z :
𝐿 c𝑖 :
𝐿 Nc𝑖 :
𝐿 ref :
𝑁:
𝑁p :
𝑝e :
𝑝f :
𝑝m :
𝑝w :
𝑞:
𝑞d :
𝑞di :
𝑞did :
𝑞sc :
𝑞̃(𝑡):
𝑟:
𝑅e :
𝑟w :
𝑠:
𝑡:
𝑡d :
𝑥:
𝑥m :
𝑥w :
𝑦:
𝑦w :
𝑧:
𝑧w :
𝛼:
𝛿:
𝜀:
𝜆:
𝜇:
𝜑:
𝜔:
𝐼0 (𝑥):
𝐾0 (𝑥):
𝐼1 (𝑥):
𝐾2 (𝑥):
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Vertical permeability of natural fracture
system, 𝜇m2
Permeability of matrix system, 𝜇m2
Vertical permeability, 𝜇m2
Length of 𝑖th completed segment, cm
Length of 𝑖th open segment, cm
Reference length, cm
Open segment number, dimensionless
Cumulative production, cm3
Initial reservoirs pressure, atm
Pressure of natural fracture system, atm
Pressure of natural matrix system, atm
Wellbore pressure of natural matrix
system, atm
Production under constant wellbore
pressure, cm3
Decline rate function as defined by
Fetkovich, cm3
Decline rate integral as defined by
McCray, cm3
Decline rate integral derivative function as
defined by McCray
Production rate under the standard
conditions, cm3 /s
Surface production rate of a point source,
cm3 /s
Radial distance, cm
Radius of impermeable circle boundary,
cm
Wellbore radius, cm
Laplace variables
[Production time, s
Decline time, s
x-coordinates, cm
Mid-point of 𝑖th open segment, cm
x-coordinates of a point source, cm
y-coordinates, cm
y-coordinates of a point source, cm
z-coordinates, cm
z-coordinates of a point source, cm
Shape factor of dual-porosity system,
cm−2
Infinitesimal radial distance, cm
Infinitesimal vertical distance, cm
Cross-flow coefficient of dual-porosity
reservoirs, dimensionless
Viscosity at current reservoir pressure, cp
Reservoir porosity, dimensionless
Storativity ratio of dual-porosity
reservoirs, dimensionless
The first kind modified Bessel function,
zero order
The second kind modified Bessel
function, zero order
The first kind modified Bessel function,
first order
The second kind modified Bessel
function, first order.

Subscripts
D: Dimensionless
f: Natural fracture system
m: Matrix system.
Superscripts
: Laplace domain
: Finite cosine transform.
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The ground vibration wave induced by the viaduct section of the heavy freight wagons is transformed into the ground vibration
problem under the condition of point source excitation after it is transmitted to soil through pier. When the speed and axle load
of wagon become larger and larger, the impact on the surrounding buildings will also increase. In this paper, the ground vibration
around Shenshan Village in section of Shuo-Huang railway line is monitored and numerical analyzed; the 3D numerical model of
the Bridge-Pier-Field-House system is established. The relationship between peak vibration velocity (PPV) and the distance to the
pier caused by heavy freight wagons at different speeds and different type of wagons is analyzed. The power function relationship
between the two when measuring line perpendicular to the centerline of railway is verified. Based on the modified Sodev’s equation,
the relationship between PPV of ground points and wagon speed, axle load, and soil properties is proposed, and the value of every
parameter in the formula is discussed in detail. The concept of energy index is put forward for the first time in the formula, and
the relationship between energy index and wagon speed and wagon weight is analyzed by regression analysis. The accuracy of the
calculation model and prediction formula is verified by comparing field test results; an analytical method is proposed to predict the
ground vibration induced by viaduct.

1. Introduction
Railway is one of the most efficient transport systems in
recent years; railway transportation develops very fast in
China and abroad. With the development of transportation,
the vibration caused by railways has an increasing impact
on the environment. The environmental vibration caused
by traffic load has the characteristics of repeatability and
long-term. When it exceeds a certain level, it will affect the
daily life and work of people in nearby buildings. When the
vibration reaches a larger level, it may also cause damage
to the structure of the building, thus affecting the normal
function of the building [1–3].
On the other hand, due to the influence of terrain, more
and more sections are designed as railway viaducts to ensure
the smoothness of the line [4]. For example, the total length
of the Seoul-Busan high-speed railway in Korea is 412km,
the highest running speed is 300km/h, and the viaduct
proportion is 27.1%. The Madrid-Seville high-speed railway

in Spain has 31 viaducts with a total length of 15 km; the
bridge ratio is 3.2%. The Beijing-Shanghai railway line has
a total length of 1318 km, with 244 main bridges and a total
length of 1060km. The bridge length accounts for 80.7% of
the total line. However, the study of railway viaduct mostly
focuses on the deformation and stability of bridges, which is
quite complex due to the vehicle-coupled-guideway vibration
[5–7]. Due to the different ways of excitation, the ground
vibration caused by viaducts should also be concerned [8, 9].
On the other hand, with heavy load, long marshalling,
and fast running speed, the dynamic effect of heavy freight
wagons is stronger than that of ordinary trains, and the
dynamic influence of wagons on the railway structure and
its surrounding structures is more serious [10, 11]. The environmental vibration problem caused by the railway viaduct
system involves many complicated dynamic systems such
as wagons, bridges, piers, and sites and buildings, involving
a large number of nonlinear problems [1, 12, 13]. Usually
the system is decomposed into several subsystems to study
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separately. The current theoretical research has not yet
reached a high degree of precision or obtained a simplified
analytical solution. Field measurements are the most common means of studying such problems [14–16].
However, railway line is usually long and the complexity of the problem is high, given the dynamic interaction
between distinct domains, namely, the train, the viaduct,
the ground, and the building. It is not realistic to detect
each area nearby the line. As response to these needs,
it is necessary to put forward the general law of ground
vibration attenuation and to provide a method for evaluating
the magnitude of train vibration in a viaduct area to be
built.
Vibration assessment is a key element of the environmental impact assessment process for railway projects. For
the propagation and attenuation law of ground vibration,
many scholars have put forward different prediction formulas. They can be broadly classified into two categories:
one is the amplitude representation and the other is the
vibration level representation [17–19]. Among them, Bornitz
[20] put forward the attenuation formula of ground vibration
amplitude when disturbance force acts on the surface of
half space of soil, considering the geometric attenuation
of the vibration propagation and the medium absorption
attenuation and the influence of propagation distance of the
vibration. G. Volberg [21] based on tests at three different
sites regressed the relationship between the vibration level
and train speed. Chen Jianguo et al. [22] established an environmental vibration prediction formula based on the results
of finite element vibration analysis. The formula reflects the
logarithmic relationship between vibration acceleration level
and distance and also considers the vibration level correction
values of train speed, bridge span, and unit length and
quality of the bridge by the additional function method.
However, most of the above formulas can only reflect the
attenuation relationship of vibration with distance or wagon
speed and cannot clearly reflect the influence of geological
conditions. More accurate prediction formulas should be put
forward.
A large number of studies have shown that the vibration
velocity and vibration frequency of the particle are closely
related to the damage of the building [23–25]. It can directly
reflect the vibration energy and play an important role in the
evaluation of the vibration of building. Accurate prediction
of the peak vibration velocity (PPV) of ground points under
different site conditions is of great significance. In the field
of traffic environment vibration, especially for the ground
vibration caused by the heavy freight wagons, there are few
studies using PPV as the evaluation index. Regarding the
organization of the paper, firstly, a finite element model of
track, box girder, pier, field, and building is established on
the basis of field test. Numerical result of vibration response
of ground and structure is studied by analyzing vibration
velocity and spectra induced by trains of different weight and
speed on a railway viaduct. Based on modified Sodev’s formula, the relationship between PPV and wagon speed, wagon
weight, distance, and site is established. Finally, regression
analysis is used to discuss the procedures of determining each
parameter in the forecast formula.
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2. Field Test of Railway Viaduct in
Shenshan Village
Shuo-Huang railway is an important part of the second largest
channel of the “West-East Coal Transportation” in China. The
total length of the railway is nearly 600 km, the transportation
capacity exceeds 255 million tons, and the freight volume
increases by tens of millions of tons every year. It is located
in the connecting area between mountainous area and plain.
The relative height difference is 200m-700m. The length of
the bridge section accounts for more than 10% of the total
length. In the northeast of Yuanping City, Shanxi Province,
Shuo-Huang Heavy-Haul Line crosses Shenshan Village in
the form of viaducts. The area is densely populated and there
are a large number of residential buildings within 30 meters
of the railway line, as shown in Figure 1.
Shuo-Huang railway is a first-class electrified railway with
double track, ballast track, jointless track, and the rail of 60
kg/m. The commonly used types of trucks are C64k, C70, and
C80. The axle weights of heavy freight wagons are about 21t,
23t, and 25t, and the axle weights of empty wagons are about
5.8t, 6.0t, and 5.0t. The unspring mass of the wagon is about
1500 kg per wheel set.
Monitoring points in the field test can be divided into
3 parts: pier measuring points, site measuring points, and
house measuring points, as shown in Figure 2. Among them,
the site measuring points are mainly arranged on two different routes perpendicular to the viaduct axis (Rout MR and
Rout PL). Limited by the conditions of the site, there are four
measuring points on each of the two lines, and the distance
between adjacent points is not completely equal. Based on
measured data, the basic law of site vibration attenuation
on two measuring routs is put forward. In order to further
analyze and verify the proposed rules, a numerical model is
set up below.

3. Numerical Analysis of Ground Vibration
Induced by Viaduct
A 3D numerical model is established to analyze the vibration
attenuation rule of site points under various wagon speed and
axle load more deeply. Due to the complexity of rail system,
the tracks and the ballast were considered to be contact
directly; the field was considered as homogeneous sand soil.
3.1. Calculation Model and Parameter Setting. According to
the actual site conditions of Shenshan railway viaduct, a
numerical model of Bridge-Pier-Field-House system is established using ANSYS/LS-DYNA, as can be seen in Figure 3,
which shows the finite elements (FE) mesh of the cross
section. The size of the field model is 125m length perpendicular to the tracks direction and 132.5m in the direction
of the tracks, including 5 piers, with each span of 26.5m.
The thickness of the soil layer is 8.0m, under which there is
bed rock; the nodes at the bottom boundary are fixed in all
directions to simulate the bedrock. Pier foundation adopts
independent foundation. The maximum element size is 2.25
m; the minimum element size is 0.2m, satisfying the requirements of an element dimension in finite element analysis. The
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Figure 1: The field site of Shenshan railway viaduct.
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3D model mesh contains 226,912 eight-node brick elements.
The type of elements which are being used is solid simulating
all the part in system. As the structure of the symmetry,
in order to reduce the computation, the establishment of a
half model simulation. A symmetric boundary condition is
introduced into the model at the center of the pier.
The longitudinal direction of the rail and the ballast is
restricted to simulate their continuity. As the vibration wave
passes through the pier to the soil, it becomes a problem of
ground vibration. The whole viaduct system is simplified into
two subsystems: the vibration source system (track-cushionbox girder) and the vibration transmission system (pierresidence-soil). The schematic diagram of each part is shown
in Figure 4. The elastic parameters of the system material
are listed in Table 1. Material damping is modeled using the
Rayleigh damping model. The damping ratio is assumed to be
5% in the frequency range of interest.

The propagation of vibration in soil is infinite, and the
vibration simulated by FE model is propagated in the boundary of the model. Nonreflecting boundaries are implemented
to prevent wave reflections at the edges. The basic principle
is to apply viscous normal stress and shear stress on the
boundary, which are opposite to the direction of boundary
stress, to absorb the energy propagating to the boundary. A
study has been done in order to determine the accuracy of
nonreflective boundary, comparing the PPV on the test line
in Figure 3(a), parallel to the track. Considering the influence
of different piers, the center of each pier is taken as the origin,
and 17 test points are evenly placed within 20 meters around
the pier. The PPV of points around Piers 1#, 2#, and 3# were
compared in Figure 5 and the variances of points on the three
curves are calculated, respectively. It can be found that the
PPV variance of the particles around Pier 1# (which is closer
to the boundary) is larger than that of pier 3# (which is farther
away from the boundary), the PPV variance of the particles
around Pier 3# is 3.613e-9 m/s, and the value is very small. In
this paper, the locations of the measured points are all near
Pier 3# (Figure 7), which are less affected by the boundary.
The analysis results do not depend on the size of the model.
3.2. Simplification of Train Load. According to [26, 27], since
the straight railway lines account for a large proportion, only
the vertical bearing forces are applied to the Train-TrackBridge system to solve the ground vibration. For the purpose
of comparing the vibration characteristics of computational
model and field model, the wheelbase of four-axle wagons
and load distribution are stimulated, as shown in Figure 6.
Four car bodies are considered, while the actual number
can reach more than 100. Using a series of moving loads to
represent the effects of the moving train is an alternative for
Train-Structure Interaction. The load amplitude takes into
account the static wheel load and dynamic load coefficient,
and the track irregularity is also taken into account. It has
been proved effective in many researches [28, 29]. The train
load, which is represented by a series of axles load Pn
located in the wheel-track contact points, is formulated with
a constant moving speed v. The train load on the track is a
one-way pulse stress wave.
In Figure 6, 𝑙c is the wheelbase of the wagon, 𝑙w is the
wheelbase of the bogie, 𝑙b is the wheelbase between the bogies,
and 𝑙v is the length of a single wagon.
The C64, C70, and C80 track, which are commonly
used in China for heavy haul transport, are selected in this
numerical model. During the regular arrangement of axle
load, vertical loading frequency of wagon mainly depends on
wagon speed V (km/h) and wheelbase d (m). When loading
frequency is f = v/(3.6⋅d) and train speed is 80-160 km/ h, the
loading frequency of the freight wagon is calculated, as shown
in Table 2. It can be seen that the vertical loading frequency of
the train is within 26 Hz, and the influence of the wheelbase
between bogies and wheelbase inside the bogie on the loading
frequency is greater. In the model, the rail is divided into a
uniform grid with a side length of 0.2 m. In the calculation,
the load time history curve is applied to each unit of the rail.
The load curve on each unit is the same but the action time
is different. The running speed of the wagon is controlled by
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Table 1: Elastic material parameters of the system.

Position
Track
Cushion
Steel beam
Pier
Layer
Bedrock

Density/(kg/m3 )
7800
2200
7800
2200
2000
2200

Thickness/ (m)
1.0
3.0
21.0
8.0
∞

Modulus of elasticity /(Mpa)
6.0E+05
1.6E+04
2.0E+05
2.5E+04
46.62
2.85E+04

Poisson ratio
0.22
0.20
0.22
0.20
0.26
0.20

Table 2: Vertical loading frequency of wagons.
Type of wagon
C64k
C70
C80
Loading frequency range /Hz

𝑙𝑏 /m
2.988
2.69
1.97
7.44-22.56

𝑙𝑤 /m
1.75
1.83
1.83
12.14-25.39

the peak rise time and duration time of wheel-rail load curve,
and the different axle load is simulated by changing the load
amplitude.
3.3. Monitoring Point Arrangement. More measuring points
are arranged in the numerical model compared with the field
test, which are shown in Figure 7. BP1, BP2, and BP3 are the
measuring points of the top of pier, the measuring point at 2
m on the pier from the ground, and the measuring point of
pier foundation, respectively. Two vertical lines are placed on
the field, Route PL starts from a pier, with eight MPs (No.1
to 8) in horizontal distance of 1.0m, 7.5 m, 15 m, 22.5 m, 30
m, 40 m, 50 m, and 60 m perpendicular to viaduct axis. MR1MR7 are located at the Route MR. MP1-MP3 are placed on the
foundation of the residential building, the center of a room on
the ground floor, and the roof, respectively.
3.4. Ground Vibration Analysis. In order to verify the validity
of the numerical model, Figure 8 compares the calculated and
measured velocity time history and Fourier spectrum of PL3
under C80 running at a speed of 80km/h. The amplitude
and trend of velocity time histories are very close between
the calculated and measured value, as demonstrated in the
figure. Comparison of frequency spectrum shows that the
main frequency range of vibration is the same; there is a good
correspondence between the calculated and measured results,
so the results of numerical simulation are reliable.
Because the horizontal distance between Route PL and
the center line is smallest and the horizontal distance between
Route MR and the center line is largest, different points on
Route PL and Route MR with same distance perpendicular
to viaduct axis are selected to observe the attenuation law of
vibration on the ground. One case is studied, with available
data for C80 with a speed of 80km/h, the change law of root
mean square (RMS) velocity vibration level on the two routes
is compared. The RMS of a signal is the average of its squared
amplitude and is typically calculated over one second interval
[30]. The average vibration level and maximum vibration
level of different points are shown in Table 3.

𝑙𝑐 /m
6.95
7.38
6.37
3.01-6.98

Wheelbase between wagons/m
15.19
15.56
13.56
1.46-3.28

As an amplitude descriptor, velocity level 𝐿 V is defined as
𝐿 𝑉 = 20 lg (

𝑉0
),
𝑉ref

(1)

where 𝑉0 is the amplitude of the velocity time history in
m/s and 𝑉ref is the reference value amplitude 2.54×10−8 m/s.
It can be seen from Table 3 obviously that the average
vibration level of the measuring point on Route PL is larger
than that on Route MR. The attenuation rate of velocity
vibration level on Route PL is faster than that on Route MR
at the measuring point within 30 m (near source MPs). With
the distance from the axle of the viaduct increases from 7.5
m to 30 m, the average vertical vibration level on Route PL
decreases from 80.87 dB to 69.56 dB, which decreased 11.31
dB, while the average vertical vibration level on Route MR
decreases from 77.85 to 73.11 dB, which decreases by 4.74 dB.
The vibration attenuation rate of the Route PL is rapidly first
and then slowly with time, which is basically the same as the
measured law.
The variation of vertical vibration velocity on either route
is analyzed by comparing the RMS velocity level which
calculated from (1), as shown in Figure 9. As can be seen,
the velocity vibration levels of the measuring points on each
route decrease with the increase of distance regularly, but
sudden change (suddenly magnified or suddenly reduced)
also occurs locally, those regions called the local amplification
region (LAR). For example, the average value of vertical
velocity vibration levels at 40 m on Route PL is 2.57 dB larger
than that at 30 m. This phenomenon had been observed in
other field tests [31, 32]. The reason is uncertain; one possible
view is that the presence of hard bedrock beneath the soil
layer, the wave velocity of the bedrock, is usually larger than
that of the surface layer. When the incident wave generated by
the vibration source which is reflected and refracted on the
surface of bedrock and the surface wave propagating along
the ground surface reaches a certain point on the ground at
the same time, the superposition of the waves will form a local
amplification.
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Table 3: Maximum and average velocity levels at different routes (dB).

MPs

Max
94.99
88.29
83.32
80.62
82.17
80.09
74.81

7.5
15
22.5
30
40
50
60

Vertical vibration
Route PL
Route MR
Average
Max
Average
80.87
85.93
74.85
74.01
81.0
71.31
72.55
84.48
71.54
69.56
82.98
70.11
72.13
78.62
67.22
68.62
72.87
62.51
64.95
69.03
59.00
lＰ

lＱ
PＨ

lＱ

lＱ

l＝

l＜

l＝

Max
93.52
84.58
85.06
73.98
77.99
78.61
76.17

Horizontal vibration
Route PL
Route MR
Average
Max
Average
80.47
87.49
75.96
73.78
85.07
72.85
74.36
82.93
70.18
63.07
84.49
71.78
66.86
74.72
64.61
66.72
74.31
62.86
66.20
73.49
61.69



lＱ

lＱ

l＝

lＱ

lＱ
P4

lＱ

l＝
P3

P2

P1

Figure 6: The layout and geometrical specification of wagons.
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Figure 7: Layout of measuring points in the numerical model (unit: m).

Figure 10 displays the horizontal and vertical velocity of
all the points on Rout PL introduced previously (Section 3.3)
in the form of one-third center frequency band within the
scope of 1-80Hz. Due to the vibration-absorbing effect of soil,
the vibration usually decreases with the increase of the distance, but there are exceptions in some frequency bands, like
vertical vibration at 7.5m which is obviously larger than that at
1.0m in 25Hz to 35Hz frequency bands. The measuring point
within 30m has an amplification phenomenon at the center
frequency of 8∼16Hz and 20∼25Hz, and the amplification

is only obvious near the center frequency of 10Hz beyond
30m. The frequency less than 8 Hz is rapidly attenuated
from 1 m to 7.5 m and then remains stable. However, the
frequency band above 20 Hz is uniformly attenuated with
distance. It indicates that vibration in frequency between
8 and 16 Hz, where PPV lies, attenuates at a lower rate.
It is an interesting phenomenon that no much attenuation
is observed for distances larger than 30 m; the higher
frequencies of the ground vibration wave attenuate fast, while
the lower frequencies attenuate slowly. Higher frequencies at
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Figure 10: The effective value of 1/3 octave band velocity on Route PL.

distances larger than 30 m have been attenuated more than
half (perhaps 80 percent). On the other hand, Rayleigh wave
will play a leading role in the far field which accounts for 67%
of the total energy. The attenuation speed of Rayleigh wave
is much slower than that of body wave, so the attenuation of
vibration is slower at distances larger than 30 m.

the PPV and the distance to vibration source can be described
by the modified Sodev’s formula, as shown in (2) to (4).
𝑉𝑝𝑒𝑎𝑘

𝛼

√3 𝑄
) ,
=𝑘 (
𝐷




4. Regression Analysis Using Sodev’s
Modified Formula
Propagation characteristics of vibrations generated by various
vibration sources may be dependent on the type of the
generated waves which can be assessed by measuring particle
motions. According to the analysis of the literature, the
magnitude of the dynamic load transmitted to the ground
by the pier is mainly affected by the train running speed and
axle weight. After the vibration wave is transmitted to the soil
through the pier, it is converted into the ground vibration
problem purely under the point source excitation condition.
It is similar to the vibration effect induced by blasting in the
middle and far region. In fact, the propagation medium of
blasting vibration and pier vibration caused by wagons are
both rock and soil mass, and the vibration of medium near the
protected object is elastic vibration. The relationship between

𝑉𝑝𝑒𝑎𝑘 = 𝑘 𝐷−𝛼 ,
𝑘 = 𝑘 (𝑄

𝛼 /3

(2)
(3)

),

(4)

where 𝑘 and 𝛼 are the coefficients related to local geological condition, 𝑄 is a comprehensive indicator considering
various factors which affect the source of energy (hereinafter
referred to as the energy index), and 𝐷 is the scaled distance.
For vibration source, two adjustments are applied including
the train type and train speed.
In this section, the following steps are taken to obtain the
PPV of the ground point which is d from the center of the pier
according to (2): (1) Referring to the method of determining
site coefficient in blasting, 𝑘 and 𝛼 are obtained. (2) When
the wagon weight is the same, multiple sets of data are used
for regression analysis based on the (3), and then 𝑘 is got
and it is substituted in (4) to get Q’ at different wagon speeds,
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Figure 11: Power function fitting of PPV under different wagon weights.

and the change law of Q’ with the wagon speed can be fitted
by least square method. (3) In the same way as step (2), the
relationship between Q’ and wagon weight at the same speed
can be fitted. (4) Repeat steps (2) and (3); multiple sets of
change law of Q’ with wagon speed and Q’ with wagon weight
are obtained, so as to fit the calculation equation of Q’ under
any wagon speed and wagon weight. (5) After Q’ is obtained,
substitute it into (2) to obtain the PPV at any point.
4.1. PPV and Wagon Weight. A total of four types of trains
(between C50 and C80) were analyzed in the model, and
the values of 𝑘 and 𝛼 in (3) are discussed when the train
speed is 80km/h. The fitting result between PPV and distance
to the center line (𝐷) of each MPs on Rout PL is shown in
Table 4. Figure 11 shows the relationship curves between PPV
and distance under different wagon weights.
As can be seen from Table 4 and Figure 11, the correlation
coefficients in the fitting equation (3) are all greater than 88%
and the mean square error (MSE) is less than 0.8. The fitting
accuracy of vertical vibration is higher than that of horizontal
vibration. It is verified that the relationship between PPV
and distance under different wagon weights conforms to
power function. The coefficient 𝑘 varies greatly with the
increase of the total weight of the wagon. For the horizontal
vibration, from C50 to C80, 𝑘 gradually increases from
1.901 to 2.887, and 𝛼 maintains at around 0.5. For vertical
vibration, 𝑘 gradually increases from 2.612 to 3.533 and
𝛼 maintains around 0.65, indicating that the weight of the
wagon has a great influence on the PPV, especially the nearsource measuring point.
4.2. PPV and Wagon Speed. Taking the fully loaded train C80
as an example, a total of five speeds (between 80 and 160
km/h) were analyzed in the section. Table 5 and Figure 12

present the fitting result of PPV and 𝐷 on Rout PL at different
wagon speeds according to formula (3).
It can be seen from Table 5 and Figure 12 that the
correlation coefficients in fitting equation (3) are all greater
than 85% and the MSE are less than 0.9754. As wagon speed
increases, the coefficient 𝑘 increases, and 𝑘 in the vertical
vibration is larger than that in horizontal vibration, while 𝛼
is relatively stable. When the wagon speed increases from
80km/h to 160km/h, for horizontal vibration, 𝑘 gradually
increases from 2.887 to 3.666, and for vertical vibration, 𝑘
gradually increases from 3.533 to 8.896. With the increase of
wagon speed, the increasing speed of PPV at the same point
slows down.
4.3. Determination of Site Coefficient. The blasting vibration
simulation was carried out on the site of the model to
determine the value of site coefficient. Piers in the original
model were removed, and the equivalent blasting load was
applied in hole of the pier. A simplified triangular load curve
is adopted, as shown in Figure 13. Among them, 𝑃w is the peak
pressure of blasting, 𝑡1 is boost time, and 𝑡2 is total action
time.
The boost time is set to 2 ms, total action time is set to 7
ms, the total calculation time is 300 ms, and the peak pressure
of the blasting equivalent load is 6.64 MPa when the charge
is 120 kg. The velocity time histories of particles at different
distances on the site are extracted by calculation, and the
relationship between the PPV of the measuring points and
the distance from blasting center is fitted by Sodev’s formula
(see (5)).
𝛼

𝑉𝑝𝑒𝑎𝑘 = 𝑘 (

3
√𝑄
) ,
𝐷

(5)
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Table 4: Fitting of PPV versus distance under different wagons.

Vibration Component
Horizontal

Vertical

𝑘
1.901
2.036
2.48
2.887
2.612
3.021
3.267
3.533

Wagon
C50
C64
C70
C80
C50
C64
C70
C80

𝛼
0.5219
0.5914
0.5318
0.5181
0.6494
0.6576
0.6474
0.6163

Correlation coefficient
0.885
0.9504
0.9046
0.8783
0.9708
0.9743
0.9736
0.965

MSE
0.3154
0.1512
0.4369
0.7745
0.1472
0.1477
0.2071
0.3188

Table 5: Fitting of PPV versus distance under different speeds.
Vibration Component

Horizontal

Vertical

Speed/(km/h)
80
100
120
140
160
80
100
120
140
160

𝑘
2.887
3.109
3.434
3.580
3.666
3.533
3.644
4.082
4.275
4.896

where 𝑘 and 𝛼 are site coefficients; 𝑄 is the mass of
the blasting single-shot explosive (kg). Formula (5) takes
logarithms on both sides simultaneously
ln 𝑉𝑝𝑒𝑎𝑘 = ln 𝑘 + 𝛼 ln (

3
√𝑄
),
𝐷

(6)

3
where 𝑦 = ln 𝑉𝑝𝑒𝑎𝑘 , 𝑥 = ln(√𝑄/𝐷)
= (1/3) ln 𝑄 − ln 𝐷,
and 𝑏 = ln 𝑘.
Equation (6) becomes the following linear form:

𝑦 = 𝛼𝑥 + 𝑏.

(7)

By means of linear regression with the above method,
when the MSE of calculated value and fitted value are the
smallest, the coefficients 𝛼 and b are obtained. Results are
as follows, in horizontal direction, 𝛼=1.447, b=4.056, k=57.74
and in vertical direction, 𝛼=1.479=1.479, b=3.351, k=28.53.
The site coefficients are substituted into Equation (3), 𝑘𝑥
represents horizontal direction, and 𝑘𝑧 represents vertical
direction
𝑘𝑥 = 57.74 ∗ (Q

0.482

𝑘𝑧 = 28.53 ∗ (Q

0.493

)
(8)
)

4.4. Prediction Formula of PPV. If to predict PPV by (2),
after site coefficients are calculated, the energy index Q’ is
also needed. The following two regression methods are used
to analyze the relationship between energy index and wagon
speed and wagon weight.

𝛼
0.5181
0.4915
0.4191
0.4452
0.4097
0.6163
0.5465
0.4987
0.4691
0.4642

Correlation coefficient
0.8783
0.8581
0.8742
0.8825
0.9252
0.9650
0.9745
0.9607
0.9856
0.9775

MSE
0.7745
0.8791
0.9754
0.8615
0.5892
0.3188
0.2282
0.4268
0.1549
0.3131

(a) Linear Regression. According to the corresponding value
of 𝑘 at the same speed and different weight in Table 4, Q’
corresponding to each weight can be obtained by substituting
them in (8); results are shown in Table 6. Making linear fitting
between energy index and total weight of wagon, the fitting
formula is shown in (9)
𝑄 (𝑔) = 𝑎1 𝑔 + 𝑏1 ,

(9)

where 𝑔 is total weight of wagon in t; 𝑎1 and 𝑏1 are linear
fitting coefficient.
Fitting results show that fitting correlation coefficient in
fitting equation (9) is greater than 90% and the max difference
value (D-value) percentage between the fitting value and the
calculated value is 6.36%, D-value in vertical direction are
all less than 1%. Among them, the linear fitting coefficients
of horizontal direction are a1 =5.47×10−7 and b1 =-2.689×10−5 ,
while those of vertical direction are a1 =1.768×10−6 and b1 =5.022×10−5. According to (9), the 𝑄’ values of different wagon
weights can be estimated under the same site condition and
wagon speed.
According to similar method above, using the value
of 𝑘 at same weight and different speeds in Table 5, Q’
corresponding to each speed can be obtained in Table 7.
Making linear fitting between energy index and wagon speed,
the fitting formula is shown in (10)
𝑄 (V) = 𝑐1 V + 𝑑1 ,

(10)

where V is wagon speed in km/h; 𝑐1 and 𝑑1 are linear fitting
coefficient.
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Figure 12: Power function fitting of PPV under different speeds.
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Figure 13: Applied blasting load.
Table 6: Energy index values under different wagon weight.
Type of wagon
C50
C64
C70
C80

Total weight /(t)
70
84
94
105

Horizontal
𝑄 (10-5)
1.363
1.572
2.366
3.242

Vertical
D-value
6.36%
6.23%
3.67%
5.78%

𝑄 (10-4)
0.734
0.926
1.126
1.355

D-value
0.19%
0.31%
0.32%
0.059%

Table 7: Energy index values under different wagon speed.
Type of wagon
C80
C80
C80
C80
C80

Speed /(km/h)
80
100
120
140
160

Horizontal
𝑄 (10-5)
3.242
3.78
4.645
5.064
5.32

Vertical
D-value
2.47%
2.48%
4.56%
2.17%
3.35%

𝑄 (10-4)
1.355
1.443
1.817
1.995
2.626

D-value
6.33%
3.6%
1.69%
5.14%
3.06%

12

Mathematical Problems in Engineering

The fitting results show that energy index increases linearly with the train speed between 80 km/h and 160km/h; the
D-value percentage between fitting value and calculated value
is all less than 8%. Among them, the linear fitting coefficients
of horizontal direction are c1 =2.72×10−7 and d1 =1.146×10−5 ,
while those of vertical direction are c1 =1.158×10−6 and d1 =0.981×10−6 . The Q’ value in vertical is larger than horizontal,
which indicates that the increase of train speed has a greater
impact on vertical vibration. According to (10), the Q’ values
of different wagon speeds can be estimated.
According to (9) and (10), Q’ is both the function of
wagon weight and wagon speed. Therefore, Q’ is assumed to
have the following forms for it has a linear relationship both
with wagon weight and wagon speed.
𝑄 (V, 𝑔) = (𝐴 1 V + 𝐵1 ) 𝑔 + (𝐴 2 V + 𝐵2 )
= (𝐴 1 𝑔 + 𝐴 2 ) V + (𝐵1 𝑔 + 𝐵2 ) ,

(11)

where 𝐴 1 , 𝐵1 and 𝐴 2 , 𝐵2 are fitting coefficients. At a
specific speed, the form of Q’ is as follows:
𝑄 (80, 𝑔) = 𝑎1 𝑔 + 𝑏1
𝑄 (100, 𝑔) = 𝑎2 𝑔 + 𝑏2
(12)

..
.
𝑄 (V, 𝑔) = 𝑎V𝑛 𝑔 + 𝑏V𝑛 ,

The values of a1 and b1 have been solved above, and
the same method can be used to find out the value of
𝑎2 , 𝑏2 . . . 𝑎V𝑛 , 𝑏V𝑛 . According to (11), regression coefficient
𝑎1 , 𝑎2 ⋅ ⋅ ⋅ 𝑎V𝑛 and 𝑏1 , 𝑏2 ⋅ ⋅ ⋅ 𝑏V𝑛 have linear relationship with
wagon speed respectively, it is expressed in the form as
𝑎V𝑛 = 𝐴 1 V + 𝐵1
𝑏V𝑛 = 𝐴 2 V + 𝐵2 ,

(13)

The coefficients of A1 , B1 and A2 , B2 were calculated by
fitting 𝑎1 , 𝑎2 ⋅ ⋅ ⋅ 𝑎V𝑛 , 𝑏1 , 𝑏2 ⋅ ⋅ ⋅ 𝑏V𝑛 and speed, respectively, and
then the change law of 𝑄 with wagon speed and wagon
weight can be found by substituting them in (11).
(b) Nonlinear Regression. Volberg’s [21] study has shown the
logarithmic relationship between ground vibration velocity
level caused by trains and train speed in a certain frequency
range in 1983.
V
),
(14)
40
where V is the wagon speed in km/h, 𝐿 V is vibration
velocity level in dB. From (14), it can be seen that the velocity
vibration level is logarithmic with the wagon speed, while
from (1), it can be seen that the velocity vibration level is
logarithmic with PPV, then it can be deduced that there is a
linear relationship between PPV and wagon speed. According
to (2), the relationship between Q’ and PPV can be deduced.
𝐿 V = 64 + 20 lg (

𝑄 = (

𝑉𝑝𝑒𝑎𝑘
𝑘

3/𝛼

)

⋅ 𝐷3 ,

(15)

Assuming the linear relationship between PPV and
wagon speed, the relationship between Q’ and wagon speed
can be assumed as follows:
𝑄 = (𝑝1 ⋅ V + 𝑝2 )

3/𝛼

,

(16)

where p1 and p2 are linear fitting coefficient; 𝛼’ is coefficient for site condition. Wagon speed and corresponding Q’
values in Table 7 are regression analyzed according to (16).
The results are compared with linear regression, as shown in
Figure 14.
The nonlinear fitting coefficients in horizontal direction are obtained like p1 =2.463×10−5 and p2 =0.0049, while
the nonlinear fitting coefficients in vertical direction are
p1 =5.668×10−5 and p2 =0.0075. As can be seen from Figure 14,
results of 𝑄’ under different wagon speed calculated by the
two methods are very close, the RMS in vertical direction of
the two fitting methods are compared with numerical value,
the nonlinear fitting is 1.206×10−6 , and the linear fitting is
1.232 ×10−6 .
A similar method is used to fit the relationship between Q’
and wagon weight, assuming the relationship between them
is as follows:
𝑄 = (𝑞1 ⋅ 𝑔 + 𝑞2 )

3/𝛼

.

(17)

The wagon weight and corresponding Q’ values in Table 6
are regression analyzed according to (17). Results are compared with the linear regression, as shown in Figure 15.
The nonlinear fitting coefficients in horizontal direction are obtained like q1 =6.414×10−5 and q2 =-1.64×10−4 ,
while nonlinear fitting coefficient in vertical direction are
q1 =9.23×10−5 and q2 =0.0027. As shown in Figure 15, the
nonlinear fitting is more accurate, for the RMS in the vertical
direction by the nonlinear fitting is 6.427×10−6 , and is smaller
that of the linear fitting which is 6.515 ×10−6 .
When wagon speed and wagon weight are both variables,
the expression of Q’ which satisfied (16) and (17) is as follows:
3/𝛼

𝑄 (𝑔, V) = [(𝑃1 𝑔 + 𝑄1 ) V + (𝑃2 𝑔 + 𝑄2 )]
= [(𝑃1 V + 𝑃2 ) 𝑔 + (𝑄1 V + 𝑄2 )]

3/𝛼

(18)

where P1 , Q1 , and P2 , Q2 are fitting coefficients. When
wagon speed is the same, the forms of Q’ under different
wagon weights are as follows:
𝑄 (80, 𝑔) = (𝑞1 𝑔 + 𝑞2 )

𝛼 /3

𝑄 (100, 𝑔) = (𝑞21 𝑔 + 𝑞22 )

𝛼 /3

(19)

..
.
𝑄 (V𝑛 , 𝑔) = (𝑞𝑛1 𝑔 + 𝑞𝑛2 )

𝛼 /3

.

The value of 𝑞1 and 𝑞2 have been solved above, and
the same method can be used to find out the value of
𝑞21 , 𝑞22 . . . 𝑞𝑛1 , 𝑞𝑛2 . The regression coefficients 𝑞1 , 𝑞21 ⋅ ⋅ ⋅ 𝑞𝑛1
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Figure 14: Regression analysis of energy index Q’ and wagon speed.
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Figure 15: Regression analysis of energy index 𝑄’ and wagon weight.

and 𝑞2 , 𝑞22 ⋅ ⋅ ⋅ 𝑞𝑛2 both have linear relationship with wagon
speed, respectively; according to (18), it is expressed in the
form as follows:
𝑞𝑛1 = 𝑃1 V + 𝑃2
𝑞𝑛2 = 𝑄1 V + 𝑄2 .

(20)

The coefficients 𝑃1 , 𝑃2 , and 𝑄1 , 𝑄2 were calculated by
fitting 𝑞1 , 𝑞21 ⋅ ⋅ ⋅ 𝑞𝑛1 , 𝑞2 , 𝑞22 ⋅ ⋅ ⋅ 𝑞𝑛2 and wagon speed, respectively, and then we can obtain the functional expression of
Q’ by substituting them in (18). Setting Q’ into (2), PPV of
any surface point at different speed and wagon weight can be
obtained.
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Table 8: Comparison of PPV of measuring points (mm/s).

Location of MPs /m
1
7.5
15
22.5

Measured value
Horizontal
Vertical
1.762
0.869
0.304

2.732
1.212
0.402

Numerical value
Horizontal
Vertical
1.803
0.8269
0.3287
0.2639

2.7296
1.2654
0.4113
0.3326

Linear fitting Value
Horizontal
Vertical
2.01
0.798
0.377
0.281

3.01
1.118
0.418
0.368

Nonlinear fitting value
Horizontal
Vertical
1.96
0.789
0.352
0.285

2.97
1.08
0.412
0.355

4.5. Comparison of Fitting Result and Monitoring Result.
When full C64 is running at 100km/h on the viaduct, the
monitoring results, numerical results, and fitting results of the
PPV of four MPs with the distance between MPs and center
line are 1, 7.5, 15, and 22.5m which are shown in Table 8.
It is found that the PPV at 15m is less than 0.5mm/s;
the ground vibration caused by wagons running on viaducts
decreases rapidly with the increase of distance. Compared
with PPV of MPs, the numerical value is close to the measured value, which verifies the correctness of the numerical
model. Comparing the numerical value with the predicted
value by two regression methods, it is obvious that the nonlinear fitting value is closer to the numerical value. Although the
fitting value at 7.5m is smaller and the value at 15m is slightly
larger, the deviation is less than 8%, which can predict the
attenuation trend of ground point vibration basically.

(4) The concept of energy index Q’ is proposed in
prediction formula firstly; the relationship between energy
index, axle load, and speed is regressed by linear fitting and
nonlinear fitting. The results show that the values obtained by
nonlinear fitting are more accurate.
The prediction formula presented in this paper does
not consider the mutation phenomenon in the attenuation
process, and the more accurate formula needs to be studied
further under more cases.

5. Conclusion

The authors declare no conflicts of interest in preparing this
article.

In this paper, the ground vibration attenuation rule and
propagation law are systematically discussed by establishing
the numerical model of Shenshan viaduct and its surrounding
site. Based on the modified Sadev’s formula, the prediction
formulas of PPV under different wagon speeds and axle loads
are proposed by linear regression and nonlinear regression
respectively. Method to determine each parameter in the
prediction formula is discussed; on the basis of the simulation
results, the principal conclusions (may be confined to the
similar configurations as this paper) are as follows:
(1) The comparison between numerical and measured
results revealed a good agreement, which confirms the
integrated Bridge-Pier-Field-House model established in this
paper is consistent with the actual project and can reflect the
vibration propagation chain caused by train passing through
viaduct.
(2) In the site, the attenuation of velocity vibration level
of the MPs on Route PL is faster than MPs on Route MR;
moreover, the velocity vibration level of the MPs on Route PL
shows a power function attenuation trend with the increase
of distance. However, there will also have the amplification
regions (LAR); the positions and quantities of LAR are
different in different directions.
(3) The prediction formula proposed in the paper can
predict the PPV of ground vibration under different train
speeds, axle loads, and site conditions effectively. Comparing
the fitting value with numerical calculation values, except that
the result at 7.5m is smaller, other results are close, which
verifies the correctness of the prediction method.
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The logistics facility decisions may be the most critical and most difficult of the decisions needed to realize an efficient supply chain
since these decisions have significant effects on the logistics costs generated in the logistics network. We establish a logistics super
network equilibrium integrating urban logistics facilities with members of traditional supply chain network, using the variational
inequality theory. This model takes into account the behavior of logistics facilities and the transactions between retailers and logistics
facilities are examined in this paper. Furthermore, we obtain the equilibrium condition of the system, and the economic explanation
and algorithm are given. Finally, some verification examples are provided to verify the solution and decision-making application.

1. Introduction
The logistics facility plays an important role in the development of urban logistics system, which is provided with
storage, processing, transporting, distribution, and other
functions. With urbanization the efforts on urban logistics
facility have made to optimize urban network structure and
improve social benefits.
A considerable number of researches have been done
on the urban logistics facility problems during the early
time. The facility location problems have been developed
extensively and a variety of methods and modelling have been
studied on them. Bookbinder and Reece [1] defined a twotier multicommodity distribution system and established a
nonlinear mixed integer programming model for facility
location problem. Taniguchi [2] developed a location model
of logistics center and heuristic algorithm. In addition, Li
and Tang et al. [3] proposed a two-layer logistics network
programing model to minimum the total logistics cost.
Yan et al. [4] optimized the spatial distribution and scale
of intermediate nodes in urban logistics network which
consists of nodes and lines, using a location model and
genetic algorithm. Also, Sankar Kumar Roy et al. [5] studied

a two-stage transportation problem with the goods collected
in warehouses at one stage and then distributed in another
stage.
In fact, the optimization of urban logistics facilities is
important since it has significantly influence on land use
and traffic condition [6]. The approaches mentioned above
generally consider the cost from factories to customers
through distribution centers and are developed to find one
or more than one location with lowest cost. Like the “all or
nothing” assignment in traffic planning, these methods are
suitable for early logistics market or monopoly market.
Under the condition of the increasing shortage of the
land resources in urban area, the logistics facility, which has
advantages in location, also has bargaining power in the
competitive supply chain networks, influenced by supply and
demand factors. On the one hand, suppliers and retailers
in the supply chain network compete with other decisionmakers and then achieve equilibrium, the derived industry;
urban logistics facilities can realize equilibrium in the market
on the other hand. We provide the equilibrium theory to
explain the urban logistics facility problems, which is proved
to be an effective method to deal with a network problem with
competition and corporation.

2
The equilibrium theory of supply chain has been widely
applied in many fields such as economy and transportation
and studied by many scholars at home and abroad. First
Nagurney (2002) proposed a three layers supply chain network equilibrium model including manufacturers, retailers,
and consumers. Later, the supply chain equilibrium network
model has been developed to consider random demand
[7] and electronic commerce [8]. Zhang and Liu et al. [9]
analyzed the independent decision-making behavior and
interaction of manufacturers, retailers, and decision makers
in demand market, respectively, aiming at the supply chain
network model with multiple commodity flows; Xu and Zhu
[10] assumed that products have differences in origin and
brand. They regarded the influence of origin and brand
differences as random variables and used stochastic utility
theory and polynomial logit model to study the random
selection of products in the demand market. Besides, some
scholars incorporated the traffic network and supply chain
network into a super network model [11–13]. But beyond that,
Turan Paksoy et al. [14] studied the trade-offs between various
costs using a linear programming model in a closed-loop
supply chain and a new mixed integer mathematical model
for a CLSC network including forward and reverse flows with
multiperiods and multicomponents is presented later [15].
The traditional supply chain network equilibrium model
is based on commodity flow (information flow and capital
flow). The commodity flow and logistics are essentially
unified, interrelated, and restricted with each other. With the
refinement of social division of labor and commercialized
large production, the variety and quantity of goods used for
exchange are increased, and the distance between production
and consumption is expanding in time and space. In this
case, the commodity flow can be completed by money media
and information medium, while logistics need to be carried
out by means of warehouse and transportation tools. This
difference between the two kinds of flows makes separation
of commodity flow and logistics has become a trend.
Within this context, we consider the decision behavior
of logistics network and its interaction with supply chain
members’ decision based on supply chain network model
established by Nagurney et al. [16, 17]. We extend the threeechelon supply chain with evolving urban logistics facilities,
as shown in Figure 1. The main contributions of the paper are
summarized as follows: (1) the relationship characteristics of
logistics network are involved and a more practical logistics
facility equilibrium model is established; (2) this model
describes the behavior of the logistics facilities as decisionmakers in the network, and logistics network nodes not only
have the characteristics of spatial distribution but also have
the characteristics of network based on commodity flow and
material demand; (3) logistics activities are carried out well in
this supply chain-logistics super network, including storage,
transportation, and removal.
The paper is organized as follows. In Section 2, we give
the analyzation and hypothesis of urban logistics facilities
equilibrium problem. In Section 3, we present the urban
logistics facilities equilibrium model as well as the supply
chain network model and derive optimality conditions for
the decision-makers. The variational inequality formulation
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Figure 1: The supply chain integrated with urban logistics facility.

of this problem is presented in this section as well. Section 4
promotes an algorithm and then applies this algorithm to
several numerical examples and the results of the model are
discussed. Finally, we conclude the paper in Section 5.

2. Problem Analysis and Hypothesis
We assume that a large number of logistics facilities in the
urban area and the retailers of the supply chain network
reach a service transaction and cooperate with each other,
and the competing facilities form a new hierarchy, logistics
facility layer. The traditional three-layer supply chain network
constitutes a business supply and demand layer. The above
two layers constitute a multilevel urban supply chain logistics
competition super network. Let 𝐺 = (𝑁, 𝐸) express this
network in which 𝑁 = 𝐼 ∪ 𝐽 ∪ 𝐾 ∪ 𝐿 and E expresses the nodes
connection of the network. We denote the set of suppliers by
J, the set of retailers by K, the set of demand markets by L, and
the set of logistics firms by I. We use i, j, k, and l to denote a
typical logistic firm, a typical supplier, a typical retailer, and
a typical customer, respectively, such that 𝑖 = 1, 2, . . . , 𝐼, 𝑗 =
1, 2, . . . , 𝐽, 𝑘 = 1, 2, . . . , 𝐾, 𝑙 = 1, 2, . . . , 𝐿. There is a direct
competition relationship among the members of each node
set, which is manifested as the struggle or utilization of
limited resources, as shown in Figure 2. We consider that the
products supplied by suppliers, serviced by logistics firms and
sold to customers by retailers, are homogeneous and denoted
by ℎ, ℎ = 1, 2, . . . , 𝐻.
In this mode, the retailers put the demanding goods in the
warehouse of the logistics facilities, and the logistics facilities
can get the service instructions of the retailers based on the
information sharing. The operation decision of the retailers
mainly includes sample display, promotion, and transaction;
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Table 1: Notation for logistics facilities.

Notation
𝑞𝑖ℎ
𝑞1
ℎ
𝑞𝑖𝑘
𝑄1
𝑐𝑖ℎ (𝑄1 )
ℎ
𝑝𝑖𝑘
ℎ
ℎ
𝑑𝑖𝑘 (𝑞𝑖𝑘
)
ℎ
1
𝜌𝑖𝑘 (𝑄 )

Definition
The nonnegative production storage of product h by logistics firm i
ih-dimensional column vector of the production storages with component i denoted by 𝑞𝑖1
The amount of product h transacted between logistics firm i and retailer k
ikh-dimensional column vector of transaction for all products between all logistics firms and all retailers
Storing cost of logistics firm i for unit product h
The price charged for product h by logistics firm i to retailer k
Handling costs including stevedoring and managing costs between logistics firm i and retailer k for product h
Delivery cost for product h associated with each logistics firm i and retailer k

Logistics facilities
layer
1

...

j

...

J

Retailers

1

...

k

...

K

Customers

1

...

l

...

L

1
...

Suppliers

i

Logistics ﬁrms

...

I

Figure 2: The structure of urban logistics supply chain network.

that is to say, the orders are required to be delivered to the
designated place by upper level, and the retailers pay the
supplier for the purchase cost according to the actual sales.
There are several differences between this model in this
paper and SCN model in Nagurney et al. [16, 17], which can
be seen in Figure 2 and what mentioned above. As depicted
in Figure 2, the model consists of four-tier SCNSs and the
logistics facilities layer involved implied that the activities of
transporting and delivering products were considered. Also,
the shipments between layers are various different products
which are distinguished from Nagurney et al. [16, 17].
Likely to the actual situation, we assume that there is a
noncooperative competition in the same level of urban supply
chain logistics competition super network. All commodities
in the market need to experience a certain storage cycle;
that is, the goods should bear a more fixed inventory cost,
and the time spent on distribution between fixed OD pairs
has little fluctuation. For convenience, we do not consider
the limitation of products supplication and the limitation of
service capacity of storage facilities.

3. Urban Logistics Facilities
Equilibrium Model
3.1. The Logistics Firms and Their Optimal Conditions. Storage facilities layer is a collection of warehouses, logistics center, and distribution center, whose main task is the integration
of input goods and transporting them to destination and
storage for goods that may not be delivered in a short time.

Let 𝑞𝑖ℎ denote the nonnegative production storage of
product h by logistics firm i, 𝑞𝑖1 denote the nonnegative
production storage of products by logistics firm i and group
the production storages of all logistics firms into the column
vector 𝑞1 . The amount of product transacted between logistics
ℎ
firm i and retailer k denoted by 𝑞𝑖𝑘
. We group the amount
of transaction for all products between all logistics firms and
all retailers into the ikh-dimensional column vector 𝑄1 . We
assume that each logistics firm i is faced with a storing cost
function 𝑐𝑖ℎ for unit product h, which can depend on the entire
ℎ
vector of production storage; that is, 𝑐𝑖ℎ = 𝑐𝑖ℎ (𝑄1 ). Let 𝑝𝑖𝑘
denote the price charged for product h by logistics firm i to
retailer k. This price means that the retailer should pay the
logistics firm for the storage of the transacted products. We
ℎ
denote the handling costs between logistics firm i and
let 𝑑𝑖𝑘
retailer k for product h, which mainly contain stevedoring
and managing charges of the shipments between retailer k
ℎ
ℎ
ℎ
= 𝑑𝑖𝑘
(𝑞𝑖𝑘
). The delivery cost for
and logistics firm i, and 𝑑𝑖𝑘
product h associated with each logistics firm i and retailer k
is denoted by 𝜌𝑖𝑘ℎ , which depends upon the total volume of
production storage; that is, 𝜌𝑖𝑘ℎ = 𝜌𝑖𝑘ℎ (𝑄1 ). For succinctness,
we present the notation for logistics facilities in this model in
Table 1.
The quantities stored by logistics firm i are equal to the
sum of the quantities transacted between logistics firm i and
all retailers; that is,
𝐾

ℎ
𝑞𝑖ℎ = ∑𝑞𝑖𝑘

(1)

𝑘

Based on the above-mentioned conditions, we assume
that the logistics firms compete in a noncooperative fashion
and we can express the criterion of profit maximization for
logistics firm i as
𝐾 𝐻

𝐻

𝐾 𝐻

𝑘

ℎ

𝑘

ℎ ℎ
ℎ
ℎ
𝑞𝑖𝑘 − ∑𝑐𝑖ℎ (𝑄1 ) − ∑ ∑𝑑𝑖𝑘
(𝑞𝑖𝑘
)
max ∑ ∑𝑝𝑖𝑘
ℎ

𝐾 𝐻

ℎ

(2)

− ∑ ∑𝜌𝑖𝑘ℎ (𝑄1 )
𝑘

ℎ

Formula (2) indicates that each logistics firm seeks to
maximize its profit which is equal to the difference between
the total storage income and all storage costs, handling costs,
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and delivery costs. Storing cost refers to the cost of storage
activities to meet the needs of customers. In addition to
the quantity of warehouse stock, the storing cost involves
the average storage cycle of goods reflecting the processing
capacity and efficiency of the storage facilities that can be
determined by the statistical analysis of the average inventory
period of various goods over the years. The average storage
cycle of different types of storage facilities for the same kind of
goods is different. The storage cost per unit storage time and
quantity is considered to be fixed in a certain period, which
can be expressed as follows:
𝑐𝑖ℎ (𝑄1 ) = 𝜗𝑖ℎ (𝑄1 ) 𝑇𝑖ℎ 𝑞𝑖ℎ

(3)

where 𝜗𝑖ℎ (𝑄1 ) denotes the storage cost per unit storage
time and quantity for product h of logistics firm i; 𝑇𝑖ℎ denotes
the average storage cycle for product h of logistics firm i.
ℎ
ℎ
(𝑞𝑖𝑘
) is related to the equipment
The handing cost 𝑑𝑖𝑘
conditions and management level. We suppose that the
delivery cost which refers to the cost vehicles spent on the
delivery of goods to customers from facilities to destinations
is a function of distributions. The delivery cost depends on
the travel time and relates to the different locations and lines
(or distribution paths, vehicle type, traffic congestion, unit
fright rates, etc.). The average travel speed between OD can
be estimated through historical operation data. The delivery
cost can be expressed as
ℎ
𝜌𝑖𝑘ℎ (𝑄1 ) = 𝜔𝑖𝑘
(𝑄1 )

𝐼

𝐾 𝐻

∑ ∑ ∑ {𝑇𝑖ℎ 𝜗𝑖ℎ (𝑄1∗ ) + 𝑇𝑖ℎ 𝑞𝑖ℎ
𝑖

𝑘

ℎ

ℎ
𝐿ℎ𝑖𝑘 𝑞𝑖𝑘

(4)

ℎ
𝜙𝜍V𝑖𝑘

𝜕𝜗𝑖ℎ (𝑄1∗ )
ℎ
𝜕𝑞𝑖𝑘

ℎ
where 𝜔𝑖𝑘
(𝑄1 ) denotes the delivery cost per unit quantity
ℎ
and time; 𝐿 𝑖𝑘 denotes the distance from logistics firm i to
the destination; 𝜙 denotes the average utilization coefficient
of loading capacity; 𝜍 denotes the rated loading capacity
(maximum allowable loading capacity of vehicles under safe
ℎ
denotes
driving conditions) of distribution vehicles; and V𝑖𝑘
the average speed of vehicles from warehouse provider i to
the destination.
The optimization problem (2) is equal to the following
equivalent form:

+

ℎ
ℎ∗
𝜕𝑑𝑖𝑘
(𝑞𝑖𝑘
)
ℎ
𝜕𝑞𝑖𝑘

+

𝐿ℎ𝑖𝑘

ℎ
𝜙𝜍V𝑖𝑘

𝐾 𝐻

𝐻

𝐾 𝐻

𝑘

ℎ

𝑘

ℎ ℎ
ℎ
ℎ
𝑞𝑖𝑘 − ∑𝜗𝑖ℎ (𝑄1 ) 𝑇𝑖ℎ 𝑞𝑖ℎ − ∑ ∑𝑑𝑖𝑘
(𝑞𝑖𝑘
)
max ∑ ∑𝑝𝑖𝑘

−

ℎ

𝐾 𝐻

ℎ
∑ ∑𝜔𝑖𝑘
𝑘 ℎ

1

(𝑄 )

ℎ

ℎ
𝐿ℎ𝑖𝑘 𝑞𝑖𝑘

(5)

ℎ
𝜙𝜍V𝑖𝑘

ℎ
ℎ
ℎ
(𝑞𝑖𝑘
) and 𝜔𝑖𝑘
(𝑄1 ) for each
The cost functions 𝜗𝑖ℎ (𝑄1 ), 𝑑𝑖𝑘
logistics firm are regarded as continuous and convex (the
same with 𝑐𝑖ℎ (𝑄1 ) and 𝜌𝑖𝑘ℎ (𝑄1 ) ). Given that the governing
optimization/equilibrium concept underlying noncooperative behavior is that of Cournot (1838) and Nash (1950, 1951),
which states that each logistics firm will determine his optimal production quantity and shipments, the given optimal
ones of the competitors and the optimality conditions for
all logistics firms simultaneously can be expressed as the
following variational inequality:

ℎ
ℎ
[𝜔𝑖𝑘
(𝑄1∗ ) + 𝜕𝑞𝑖𝑘

ℎ
𝜕𝜔𝑖𝑘
(𝑄1∗ )
ℎ
𝜕𝑞𝑖𝑘

ℎ∗
ℎ
ℎ∗
] − 𝑝𝑖𝑘
} × (𝑞𝑖𝑘
− 𝑞𝑖𝑘
)≥0

(6)

∀ (𝑄1 ) ∈ 𝑅+𝐼𝐾𝐻

The optimality conditions expressed by (6) have a nice
economic interpretation, which is that a logistics firm will
accept the logistics business when the marginal storage cost
plus the marginal handling cost and delivery cost is equal to
the service prices paid to the logistics firm. If the logistics
firm’s marginal storage, handling, and delivery costs exceed
what the retailer is willing to pay for the service, then the flow
on the link will be zero.
ℎ
3.2. The Suppliers and Their Optimality Conditions. Let 𝑞𝑗𝑘
denote the amount of product h shipped (or transacted)
between supplier j and retailer k. We group the shipments
between the suppliers and the retailers for all products into
the jkh- dimensional column vector 𝑄2 . The supply cost
function for each supplier is denoted by 𝑓𝑗ℎ , which depends
ℎ
on the entire vector of supplies; that is, 𝑓𝑗ℎ = 𝑓𝑗ℎ (𝑄2 ). Let 𝑝𝑗𝑘
denote the price charged for product h by supplier j to retailer
k. We associate with each supplier and retailer pair (j,k) a

ℎ
ℎ
ℎ
, 𝑔𝑗𝑘
= 𝑔𝑗𝑘
(𝑄2 ). Also, we
transaction cost denoted by 𝑔𝑗𝑘
summarize the notation for suppliers in this model in Table 2.
Due to the coordination of supply and marketing for
supplier j, we have
𝐾

ℎ
𝑞𝑗ℎ = ∑𝑞𝑗𝑘

(7)

𝑘

We can express the criterion of profit maximization for
supplier j as
𝐾 𝐻

𝐻

𝐾 𝐻

𝑘

ℎ

𝑘

ℎ ℎ
ℎ
𝑞𝑗𝑘 − ∑𝑓𝑗ℎ (𝑄2 ) − ∑ ∑𝑔𝑗𝑘
(𝑄2 )
max ∑ ∑𝑝𝑗𝑘
ℎ

(8)

ℎ

Assuming that the supply and transaction cost for each
supplier is continuous and convex, the optimality conditions
for all the suppliers coincide with the solution of the variational inequality:
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Table 2: Notation for suppliers.

Notation
ℎ
𝑞𝑗𝑘

Definition
The amount of product h shipped (or transacted) between supplier j and retailer k

𝑄2
𝑓𝑗ℎ (𝑄2 )

jkh- dimensional column vector of all products between the suppliers and the retailers
Supply cost of supplier j for product h
The price charged for product h by supplier j to retailer k

ℎ
𝑝𝑗𝑘

ℎ
(𝑄2 )
𝑔𝑗𝑘

Transaction cost between supplier j and retailer k

Table 3: Notation for retailers.
Notation
ℎ
𝑞𝑘𝑙
𝑄3
ℎ
𝑝𝑘𝑙
ℎ
V𝑘 (𝑄3 )

Definition
The shipments for product h between retailer k and customer l
klh- dimensional column vector of product shipments between the suppliers and the retailers
The price charged for product h by retailer k to customer l
The display and storage cost associated with the product of retailer k

𝐽

𝐾 𝐻

𝑗

𝑘

∑∑∑[
ℎ

[

𝜕𝑓𝑗ℎ (𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

+

ℎ
𝜕𝑔𝑗𝑘
(𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

−

ℎ∗ ]
𝑝𝑗𝑘

]

s.t
(9)

ℎ
ℎ∗
× (𝑞𝑗𝑘
− 𝑞𝑗𝑘
) ≥ 0 ∀𝑄2 ∈ 𝑅+𝐽𝐾𝐻

max

𝐿 𝐻

𝐾 𝐻

𝐾 𝐻

𝑙

𝑘

𝑘

ℎ ℎ
ℎ ℎ
ℎ ℎ
𝑞𝑘𝑙 − ∑ ∑𝑝𝑗𝑘
𝑞𝑗𝑘 − ∑ ∑𝑝𝑖𝑘
𝑞𝑖𝑘
∑ ∑𝑝𝑘𝑙
ℎ

𝐻

− ∑V𝑘ℎ (𝑄3 )
ℎ

ℎ

ℎ

𝐿

𝑗

𝑙

𝐽

𝐼

𝑗

𝑖

𝐼

𝐿

𝑖

𝑙

ℎ
ℎ
≥ ∑𝑞𝑖𝑘
∑𝑞𝑗𝑘

Formula (9) indicates that a supplier will ship a positive
amount of the product to a retailer if the price that the retailer
is willing to pay for the product is precisely equal to the
supplier’s supply and transaction costs associated with that
retailer. If the supplier’s supply and transaction costs exceed
what the retailer is willing to pay for the product, then the
flow on the link will be zero.
3.3. The Retailers and Their Optimality Conditions. The retailers purchase storing service from the logistics firms and pay
the suppliers for shipments and then sell goods to demand
ℎ
denote the shipments for product h between
markets. Let 𝑞𝑘𝑙
retailer k and customer l. We group the shipments between
the suppliers and the retailers for all products into the klhℎ
denote the price
dimensional column vector 𝑄3 . Let 𝑝𝑘𝑙
charged for product h by retailer k to customer l. We denote
an operating cost for a retailer by V𝑘ℎ , which may include,
for example, the display and storage cost associated with the
product. Suppose that this cost is a function of the shipments
and depends on the amounts of production held by other
retailers, that is, V𝑘ℎ = V𝑘ℎ (𝑄3 ). All the notations for retailers
in this model are presented in Table 3.
We can express the criterion of profit maximization for
retailer k as

𝐽

ℎ
ℎ
≥ ∑𝑞𝑘𝑙
∑𝑞𝑗𝑘

ℎ
ℎ
≥ ∑𝑞𝑘𝑙
∑𝑞𝑖𝑘
ℎ
ℎ
ℎ
𝑞𝑖𝑘
, 𝑞𝑗𝑘
, 𝑞𝑘𝑙
≥0

(10)
We assume here all cost functions for each retailer are
continuous and convex; this assumption is fully backed by
experience in articles (see, e.g., Nagurney, 2002, [13, 18]) to
guarantee an ideal solution. The optimality conditions for
all the retailers coincide with the solution of the variational
inequality:
𝐼

𝐾 𝐻

𝑖

𝑘

ℎ∗
ℎ
ℎ∗
− 𝜋𝑘ℎ∗ + 𝜎𝑘ℎ∗ ) × (𝑞𝑖𝑘
− 𝑞𝑖𝑘
)
∑ ∑ ∑ (𝑝𝑖𝑘
ℎ

𝐽

𝐾 𝐻

𝑗

𝑘

ℎ∗
ℎ
ℎ∗
− 𝑢𝑘ℎ∗ − 𝜎𝑘ℎ∗ ) × (𝑞𝑗𝑘
− 𝑞𝑗𝑘
)
+ ∑ ∑ ∑ (𝑝𝑗𝑘
ℎ

𝐾 𝐿 𝐻

+ ∑ ∑ ∑ (𝑢𝑘ℎ∗ +
𝑘

𝑙

𝜕V𝑘ℎ (𝑄3∗ )
ℎ
𝜕𝑞𝑘𝑙

ℎ

ℎ∗
+ 𝜋𝑘ℎ∗ − 𝑝𝑘𝑙
)

𝐾 𝐻

𝐽

𝐿

𝑘

ℎ

𝑗

𝑙

𝐾 𝐻

𝐼

𝐿

𝑘

𝑖

𝑙

ℎ
ℎ∗
ℎ∗
ℎ∗
× (𝑞𝑘𝑙
− 𝑞𝑘𝑙
) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑘𝑙
)

ℎ∗
ℎ∗
× (𝑢𝑘ℎ − 𝑢𝑘ℎ∗ ) + ∑ ∑ (∑𝑞𝑖𝑘
− ∑𝑞𝑘𝑙
)
ℎ
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Table 4: Notation for customers.

Notation
𝑐𝑘𝑙ℎ (𝑄3 )
𝑝
zℎ𝑙 (𝑝)

Definition
transaction cost for customer l buying product h from retailer k
lh-dimensional column vector of demand market prices with component lh denoted by 𝑝𝑙ℎ
demand function of customer l for product h

𝐾 𝐻

𝐽

𝐼

𝑘

𝑗

𝑖

The equilibrium conditions of customers at demand
market l take the following form: for all retailers 𝑘, 𝑘 =
1, 2, . . . , 𝐾

ℎ∗
ℎ∗
× (𝜋𝑘ℎ − 𝜋𝑘ℎ∗ ) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑖𝑘
)

× (𝜎𝑘ℎ −
1
2

𝜎𝑘ℎ∗ )
3

ℎ

≥0

= 𝑝ℎ∗ ,
ℎ∗
𝑝𝑘𝑙
+ 𝑐𝑘𝑙ℎ (𝑄3∗ ) { 𝑙ℎ∗
≥ 𝑝𝑙 ,

∀ (𝑄 , 𝑄 , 𝑄 , 𝑢, 𝜋, 𝜎) ∈ 𝑅+𝐼𝐾𝐻+𝐽𝐾𝐻+𝐾𝐿𝐻+𝐾𝐻+𝐾𝐻+𝐾𝐻
(11)

𝐾 𝐿 𝐻

ℎ∗
ℎ
ℎ∗
+ 𝑐𝑘𝑙ℎ (𝑄3∗ ) − 𝑝𝑙ℎ∗ ] × (𝑞𝑘𝑙
− 𝑞𝑘𝑙
)
∑ ∑ ∑ [𝑝𝑘𝑙
𝑘

𝑖

𝑘

𝜕𝜗𝑖ℎ (𝑄1∗ )

ℎ

𝐽

𝐾 𝐻

ℎ∗
− 𝑞𝑖𝑘
) + ∑∑∑[
𝑗 𝑘 ℎ
[
𝐾 𝐿 𝐻

+ ∑ ∑ ∑ [𝑢𝑘ℎ∗ +
𝑘

𝑙

ℎ
𝜕𝑞𝑖𝑘

𝜕𝑓𝑗ℎ (𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

𝜕V𝑘ℎ (𝑄3∗ )
ℎ
𝜕𝑞𝑘𝑙

ℎ

+

+

ℎ
ℎ∗
𝜕𝑑𝑖𝑘
(𝑞𝑖𝑘
)
ℎ
𝜕𝑞𝑖𝑘

ℎ
𝜕𝑔𝑗𝑘
(𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

+

𝑙

ℎ

𝐿 𝐻

𝐾

𝑙

𝑘

ℎ∗
− zℎ𝑙 (𝑝)] × (𝑝𝑙ℎ − 𝑝𝑙ℎ∗ ) ≥ 0
+ ∑ ∑ [∑𝑞𝑘𝑙
ℎ

3.5. Urban Logistics Facilities Equilibrium Model. In equilibrium, the outflow between the two adjacent layers is
consistent with the inflow. Furthermore, the equilibrium
shipment and price pattern in the supply chain must satisfy
the sum of inequalities (6), (9), (11), and (14), in order to
formalize the agreements between the tiers. We now state this
explicitly in the following definition.
The equilibrium conditions governing the urban logistics
facilities equilibrium model with competition are equivalent
to the solution of the variational inequality problem given by:
determine (𝑄1∗ , 𝑄2∗ , 𝑄3∗ , 𝑢∗ , 𝜋∗ , 𝜎∗ , 𝑝∗ ) ∈ Ω satisfying
𝐿ℎ𝑖𝑘

ℎ
𝜙𝜍V𝑖𝑘

ℎ
ℎ
[𝜔𝑖𝑘
(𝑄1∗ ) + 𝜕𝑞𝑖𝑘

ℎ
𝜕𝜔𝑖𝑘
(𝑄1∗ )
ℎ
𝜕𝑞𝑖𝑘

ℎ
] − 𝜋𝑘ℎ∗ + 𝜎𝑘ℎ∗ } × (𝑞𝑖𝑘

ℎ
ℎ∗
− 𝑢𝑘ℎ∗ − 𝜎𝑘ℎ∗ ] × (𝑞𝑗𝑘
− 𝑞𝑗𝑘
)
]
𝐾 𝐻

𝐽

𝐿

𝑘

𝑗

𝑙

ℎ
ℎ∗
ℎ∗
ℎ∗
+ 𝜋𝑘ℎ∗ + 𝑐𝑘𝑙ℎ (𝑄3∗ ) − 𝑝𝑙ℎ∗ ] × (𝑞𝑘𝑙
− 𝑞𝑘𝑙
) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑘𝑙
) × (𝑢𝑘ℎ − 𝑢𝑘ℎ∗ )
ℎ

𝐾 𝐻

𝐼

𝐿

𝐾 𝐻

𝐽

𝐼

𝐿 𝐻

𝐾

𝑘

𝑖

𝑙

𝑘

𝑗

𝑖

𝑙

𝑘

ℎ∗
ℎ∗
ℎ∗
ℎ∗
ℎ∗
− ∑𝑞𝑘𝑙
) × (𝜋𝑘ℎ − 𝜋𝑘ℎ∗ ) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑖𝑘
) × (𝜎𝑘ℎ − 𝜎𝑘ℎ∗ ) + ∑ ∑ [∑𝑞𝑘𝑙
− zℎ𝑙 (𝑝)] × (𝑝𝑙ℎ
+ ∑ ∑ (∑𝑞𝑖𝑘
ℎ

− 𝑝𝑙ℎ∗ ) ≥ 0 ∀ (𝑄1 , 𝑄2 , 𝑄3 , 𝑢, 𝜋, 𝜎, 𝑝) ∈ Ω

(14)

∀ (𝑄3 , 𝑝) ∈ 𝑅+𝐾𝐿𝐻+𝐿𝐻

3.4. The Customers and Their Optimality Conditions. In
demand market, consumers choose different brands which
can replace each other according to their own subjective
preferences and consumption abilities. Therefore, consumers'
demand is considered as a random variable. We denote the
transaction cost for customer l buying product h from retailer
k by 𝑐𝑘𝑙ℎ = 𝑐𝑘𝑙ℎ (𝑄3 ). Let 𝑝𝑙ℎ denote the price of the product at
demand market l and 𝑝 is the lh-dimensional column vector
of demand market prices. We assume that zℎ𝑙 is the demand
of customer l for product h, where zℎ𝑙 is influenced by the
demand market prices 𝑝 and zℎ𝑙 = zℎ𝑙 (𝑝). Then, the notation
for customers in this model is shown in Table 4.
𝐾 𝐻

(12)

𝐾

𝜎𝑘ℎ∗ ; a retailer will sell goods to the customers when the price
charged by retailer k is equal to the retailer's Lagrange multiplier 𝑢𝑘ℎ∗ , Lagrange multiplier 𝜋𝑘ℎ∗ , and marginal operation
cost.

𝐼

ℎ
𝑞𝑘𝑙
=0

ℎ
{
𝑞𝑘𝑙
, 𝑝𝑙ℎ > 0
{
{= ∑
ℎ
𝑘
z𝑙 (𝑝) { 𝐾
(13)
{
{≤ ∑𝑞ℎ , 𝑝ℎ = 0
𝑙
{ 𝑘 𝑘𝑙
The equilibrium conditions are equivalent to the following variational inequality problem:

where the terms 𝑢𝑘ℎ , 𝜋𝑘ℎ , 𝜎𝑘ℎ are the Lagrange multipliers
associated with constraint (11) for retailer k.
Inequality (11) indicates that a retailer will choose storing
service when the Lagrange multiplier 𝜋𝑘ℎ∗ is equal to the sum
of the store transaction price of a retailer and the Lagrange
multiplier 𝜎𝑘ℎ∗ ; a retailer will transact with a supplier if the
ℎ∗
price 𝑝𝑗𝑘
is precisely equal to the Lagrange multiplier 𝑢𝑘ℎ∗ plus

∑ ∑ ∑ {𝑇𝑖ℎ 𝜗𝑖ℎ (𝑄1∗ ) + 𝑇𝑖ℎ 𝑞𝑖ℎ

ℎ
𝑞𝑘𝑙
>0

ℎ

ℎ

(15)
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𝐻
ℎ∗
variational inequality (15) add the term ∑𝐼𝑖 ∑𝐾
𝑘 ∑ℎ (−𝑝𝑖𝑘 +
𝐽 𝐾 𝐻
ℎ∗
ℎ
ℎ∗
ℎ∗
ℎ∗
ℎ
ℎ∗
𝑝𝑖𝑘 )(𝑞𝑖𝑘 − 𝑞𝑖𝑘 ), ∑𝑗 ∑𝑘 ∑ℎ (−𝑝𝑗𝑘 + 𝑝𝑗𝑘 )(𝑞𝑗𝑘 − 𝑞𝑗𝑘 ) and

Proof. This proof is similar to that established by Nagurney
et al. (2002a). The summation of (6), (9), (11), and (14) yields,
after algebraic simplification and elimination, variational
inequality (15). Then, we should prove the converse that the
solution to (15) satisfies the sum of (6), (9), (11), and (14). To

𝐼

𝐾 𝐻

∑ ∑ ∑ {𝑇𝑖ℎ 𝜗𝑖ℎ
𝑖 𝑘 ℎ
−

ℎ∗
𝑞𝑖𝑘
)

𝐽

1∗

(𝑄 ) +
𝐾 𝐻

+ ∑∑∑[
𝑗

𝑘

ℎ

𝐾 𝐿 𝐻

+ ∑ ∑ ∑ [𝑢𝑘ℎ∗ +
𝑘

𝑙

𝑇𝑖ℎ 𝑞𝑖ℎ

𝜕𝜗𝑖ℎ (𝑄1∗ )
ℎ
𝜕𝑞𝑖𝑘

𝜕𝑓𝑗ℎ (𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

[
𝜕V𝑘ℎ (𝑄3∗ )
ℎ
𝜕𝑞𝑘𝑙

ℎ

+

+

ℎ
ℎ∗
𝜕𝑑𝑖𝑘
(𝑞𝑖𝑘
)
ℎ
𝜕𝑞𝑖𝑘

ℎ
𝜕𝑔𝑗𝑘
(𝑄2∗ )
ℎ
𝜕𝑞𝑗𝑘

+

𝐿 𝐻
ℎ∗
ℎ∗
ℎ
ℎ∗
∑𝐾
𝑘 ∑𝑙 ∑ℎ (−𝑝𝑘𝑙 +𝑝𝑘𝑙 )(𝑞𝑘𝑙 −𝑞𝑘𝑙 ), and the resulting inequality
as follows:

𝐿ℎ𝑖𝑘

ℎ
[𝜔𝑖𝑘
ℎ
𝜙𝜍V𝑖𝑘

1∗

(𝑄 ) +

ℎ
𝜕𝑞𝑖𝑘

ℎ
𝜕𝜔𝑖𝑘
(𝑄1∗ )
ℎ
𝜕𝑞𝑖𝑘

ℎ
] − 𝜋𝑘ℎ∗ + 𝜎𝑘ℎ∗ } × (𝑞𝑖𝑘

ℎ
ℎ∗
− 𝑢𝑘ℎ∗ − 𝜎𝑘ℎ∗ ] × (𝑞𝑗𝑘
− 𝑞𝑗𝑘
)
]
𝐾 𝐻

𝐽

𝐿

𝑘

𝑗

𝑙

ℎ
ℎ∗
ℎ∗
ℎ∗
+ 𝜋𝑘ℎ∗ + 𝑐𝑘𝑙ℎ (𝑄3∗ ) − 𝑝𝑙ℎ∗ ] × (𝑞𝑘𝑙
− 𝑞𝑘𝑙
) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑘𝑙
) × (𝑢𝑘ℎ − 𝑢𝑘ℎ∗ )
ℎ

(16)

𝐾 𝐻

𝐼

𝐿

𝐾 𝐻

𝐽

𝐼

𝐿 𝐻

𝐾

𝑘

𝑖

𝑙

𝑘

𝑗

𝑖

𝑙

𝑘

ℎ∗
ℎ∗
ℎ∗
ℎ∗
ℎ∗
− ∑𝑞𝑘𝑙
) × (𝜋𝑘ℎ − 𝜋𝑘ℎ∗ ) + ∑ ∑ (∑𝑞𝑗𝑘
− ∑𝑞𝑖𝑘
) × (𝜎𝑘ℎ − 𝜎𝑘ℎ∗ ) + ∑ ∑ [∑𝑞𝑘𝑙
− zℎ𝑙 (𝑝)] × (𝑝𝑙ℎ
+ ∑ ∑ (∑𝑞𝑖𝑘
ℎ

ℎ

ℎ

𝐼

𝐾 𝐻

𝐽

𝐾 𝐻

𝐾 𝐿 𝐻

𝑖

𝑘

𝑗

𝑘

𝑘

ℎ∗
ℎ∗
ℎ
ℎ∗
ℎ∗
ℎ∗
ℎ
ℎ∗
ℎ∗
ℎ∗
ℎ
− 𝑝𝑙ℎ∗ ) + ∑ ∑ ∑ (−𝑝𝑖𝑘
+ 𝑝𝑖𝑘
) (𝑞𝑖𝑘
− 𝑞𝑖𝑘
) + ∑ ∑ ∑ (−𝑝𝑗𝑘
+ 𝑝𝑗𝑘
) (𝑞𝑗𝑘
− 𝑞𝑗𝑘
) + ∑ ∑ ∑ (−𝑝𝑘𝑙
+ 𝑝𝑘𝑙
) (𝑞𝑘𝑙
ℎ

ℎ

𝑙

ℎ

ℎ∗
− 𝑞𝑘𝑙
) ≥ 0 ∀ (𝑄1 , 𝑄2 , 𝑄3 , 𝑢, 𝜋, 𝜎, 𝑝) ∈ Ω

Inequality (16) is equivalent to the price and shipments
satisfying the sum of (6), (9), (11), and (14). The proof is
completed.

4. The Algorithm and Numerical Examples
4.1. Modiﬁed Projection Method. In this section, an algorithm, the modified projection method, is presented which
can solve any variational inequality problem in standard
form. Please refer to literature [19, 20] for details about this
method. The algorithm is guaranteed to converge provided
that the function F that enters the variational inequality is
monotone and Lipschitz continuous (and that a solution
exists). The statement of the modified projection method is
as follows, where n denotes an iteration counter.
Step 0 (initialization). Set 𝑋0 ∈ Ω, let 𝑛 = 1, and let 𝛼 be
a scalar such that 0 < 𝛼 ≤ 1/𝐿, where L is the Lipschitz
continuity constant (cf. [21]).
𝑛

Step 1 (construction and computation). Compute 𝑋 ∈ Ω by
solving the variational inequality subproblem:
𝑇

𝑛

𝑛

(𝑋 + 𝛼𝐹 (𝑋𝑛−1 ) − 𝑋𝑛−1 ) (𝑋 − 𝑋 ) ≥ 0
Step 2 (adaptation). Compute 𝑋𝑛
variational inequality subproblem:
𝑛

∈ Ω by solving the

𝑇

(𝑋𝑛 + 𝛼𝐹 (𝑋 ) − 𝑋𝑛−1 ) (𝑋 − 𝑋𝑛 ) ≥ 0
Step 3 (convergence verification). If ‖𝑋𝑛 − 𝑋𝑛−1 ‖ ≤ 𝜀, with
𝜀 > 0, a prespecified tolerance, then stop; else, set 𝑛 = 𝑛 + 1

and go to Step 1. As long as the function F is monotone and
Lipschitz is continuous, the algorithm converges.
4.2. Numerical Examples. In order to verify the model, we
apply the modified projection method to several examples.
The algorithm is implemented in MATLAB and the parameter 𝛼 was set 0.005 and the Precision parameter was set 0.001
for all examples.
4.2.1. Problem Deﬁnition and the Base Case. The first numerical network consists of two logistics firms, two suppliers,
two retailers, and two demand markets with two kinds of
products. The parameters of logistics firms were set as follows:
ℎ
= 40, 𝜙 = 8, 𝜍 = 0.5.
𝑇𝑖ℎ = 6, 𝐿ℎ𝑖𝑘 = 50, V𝑖𝑘
The storage cost functions for all logistics firms were given
by
𝜗11 = 0.25𝑞11 + 0.6𝑞21 + 0.4
𝜗12 = 0.25𝑞12 + 0.6𝑞22 + 0.4
𝜗21 = 0.5𝑞21 + 0.6𝑞11 + 0.4

(17)

𝜗22 = 0.5𝑞22 + 0.6𝑞12 + 0.4
The handing cost functions and the delivery cost functions between the logistics firms and retailers, respectively,
were given by
2

1
1
1
𝑑11
= 0.4 (𝑞11
) + 0.4𝑞11
2

2
2
2
𝑑11
= 0.4 (𝑞11
) + 0.4𝑞11
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ℎ
) for all
The operating cost functions V𝑘ℎ = V𝑘ℎ (∑𝐿𝑙 𝑞𝑘𝑙
retailers were given by

1
1
1
𝑑12
= 0.4 (𝑞12
) + 0.4𝑞12
2

2
2
2
𝑑12
= 0.4 (𝑞12
) + 0.4𝑞12
2

1
1
1
𝑑21
= 0.4 (𝑞21
) + 0.4𝑞21
2

2
2
2
𝑑21
= 0.4 (𝑞21
) + 0.4𝑞21
1
𝑑22

=

1 2
0.4 (𝑞22
)

+

1
0.4𝑞22

2

=

1
2.5 (𝑞21

+

1 2
𝑞22
)

(21)

2

The transaction cost functions faced by the retailers and
associated with transacting with the customers were given by

1
1
1
𝜔11
= 2.5𝑞11
+ 2.5𝑞21

1
1
𝑐11
= 𝑞11
+1

2
2
2
𝜔11
= 2.5𝑞11
+ 2.5𝑞21

2
2
𝑐11
= 𝑞11
+1

1
1
1
𝜔12
= 2.5𝑞12
+ 2.5𝑞22

1
1
𝑐12
= 𝑞12
+1

2
2
2
𝜔12
= 2.5𝑞12
+ 2.5𝑞22

2
2
𝑐12
= 𝑞12
+1

1
1
1
𝜔21
= 10𝑞21
+ 4𝑞11

1
1
𝑐21
= 𝑞21
+1

2
2
2
𝜔21
= 10𝑞21
+ 4𝑞11

(22)

2
2
𝑐21
= 𝑞21
+1

1
1
1
𝜔22
= 10𝑞22
+ 4𝑞12

1
1
𝑐22
= 𝑞22
+1

2
2
2
𝜔22
= 10𝑞22
+ 4𝑞12

2
2
𝑐22
= 𝑞22
+1

(18)
The supply cost functions for all suppliers were given by
by

2

𝑓11 = 2.5 (𝑞11 ) + 3𝑞11 𝑞21 + 2𝑞11
=

2
2.5 (𝑞12 )

+

𝑓21 =

2
2.5 (𝑞21 )

+ 3𝑞21 𝑞11 + 2𝑞21

+

2𝑞12

(19)

2

1
1
1
= (𝑞11
) + 2.5𝑞11
𝑔11
2

2
2
2
𝑔11
= (𝑞11
) + 2.5𝑞11
2

1
1
1
𝑔12
= (𝑞12
) + 2.5𝑞12
2
2
2

2
2
2
𝑔21
= (𝑞21
) + 2.5𝑞21
2

1
1
1
𝑔22
= (𝑞22
) + 2.5𝑞22
2
2
2
𝑔22
= (𝑞22
) + 2.5𝑞22

(23)

𝑧22 = −2𝑝22 − 1.5𝑝12 + 1000

The transaction cost functions faced by the suppliers and
associated with transacting with the retailers were given by

1
1
1
𝑔21
= (𝑞21
) + 2.5𝑞21

𝑧12 = −2𝑝12 − 1.5𝑝22 + 1000
𝑧21 = −2𝑝21 − 1.5𝑝11 + 1000

2

2
2
2
𝑔12
= (𝑞12
) + 2.5𝑞12

The demands functions 𝑧𝑙ℎ (𝑝) of all customers were given
𝑧11 = −2𝑝11 − 1.5𝑝21 + 1000

𝑓22 = 5 (𝑞22 ) + 4𝑞22 𝑞12 + 2𝑞22

2

2
2
V12 = 2.5 (𝑞11
+ 𝑞12
)

2
2
V22 = 2.5 (𝑞21
+ 𝑞22
)

2

3𝑞12 𝑞22

2

V21

2
2
2
𝑑22
= 0.4 (𝑞22
) + 0.4𝑞22

𝑓12

1
1
+ 𝑞12
)
V11 = 2.5 (𝑞11

(20)

The modified projection method converged in 1181 iterations and the equilibrium solutions are given in Tables 5–7.
The demand prices at demand markets were 𝑝11 = 𝑝21 = 𝑝12 =
𝑝22 = 282.67.
Table 5 displays the production of transaction between
two logistics firms and two retailers. The difference of the
storage cost and delivery cost between the two firms, caused
by geographic conditions or land factors, led to different
results. The storage cost of logistics firm 2 is higher than
that of logistics firm 1, and the storage quantities of logistics
firm 2 for two products are zero while logistics firm 1 has
competitive power which holds the market of two products
almost. The main equilibrium results in Tables 6 and 7
have showed that the shipments adjusted by the equilibrium
between nodes are the same since the cost and demand
functions of a given network are partially symmetrical for the
same commodity. The supplies for product 2 of supplier 2 are
lower than that of supplier 1 since the supply cost of supplier
2 is higher.
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Table 5: The production of transaction between logistics firms and retailers.
retailer 1

ℎ
𝑞𝑖𝑘

product 1
9.08
0

logistics firm 1
logistics firm 2

retailer 2
product 2
9.06
0

product 1
9.08
0

product 2
9.06
0

Table 6: The shipments between suppliers and retailers.
retailer 1

ℎ
𝑞𝑗𝑘

product 1
5.78
5.78

supplier 1
supplier 2

retailer 2
product 2
11.59
0

product 1
5.78
5.78

product 2
11.59
0

Table 7: The shipments between retailers and demand markets.
demand market 1

ℎ
𝑞𝑘𝑙

product 1
5.31
5.31

retailer 1
retailer 2

demand market 2
product 2
5.30
5.30

4.2.2. Addition of New Logistics Firm. The second numerical
network consists of three logistics firms, two suppliers,
two retailers, and two demand markets with two kinds of
products. The rest of the parameters are the same as example
1.
The storage cost functions for all logistics firms were given
by
𝜗11 = 0.25𝑞11 + 0.6 (𝑞21 + 𝑞31 ) + 0.4
𝜗12

=

0.25𝑞12

+

0.6 (𝑞22

+

𝑞32 )

𝜗22 = 0.5𝑞22 + 0.6 (𝑞12 + 𝑞32 ) + 0.4

(24)

2

2
2
2
2
= 10𝑞21
+ 4 (𝑞11
+ 𝑞31
)
𝜔21

(26)

2
2
2
2
𝜔31
= 2.5𝑞31
+ 2.5 (𝑞11
+ 𝑞21
)
1
1
1
1
= 2.5𝑞32
+ 25 (𝑞12
+ 𝑞22
)
𝜔32
2
2
2
2
𝜔32
= 2.5𝑞32
+ 2.5 (𝑞12
+ 𝑞22
)

2

2

1
1
1
1
= 2.5𝑞12
+ 2.5 (𝑞22
+ 𝑞32
)
𝜔12

1
1
1
1
𝜔31
= 2.5𝑞31
+ 2.5 (𝑞11
+ 𝑞21
)

1
1
1
= 0.4 (𝑞31
) + 0.4𝑞31
𝑑31

2
2
2
𝑑32
= 0.4 (𝑞32
) + 0.4𝑞32

2
2
2
2
𝜔11
= 2.5𝑞11
+ 2.5 (𝑞21
+ 𝑞31
)

2
2
2
2
= 10𝑞22
+ 4 (𝑞12
+ 𝑞32
)
𝜔22

The handing cost functions between the third logistics
firms and the retailers, the same as the former in example 1,
were given by

2

1
1
1
1
= 2.5𝑞11
+ 2.5 (𝑞21
+ 𝑞31
)
𝜔11

1
1
1
1
𝜔22
= 10𝑞22
+ 4 (𝑞12
+ 𝑞32
)

𝜗32 = 0.25𝑞32 + 0.6 (𝑞12 + 𝑞22 ) + 0.4

1
1
1
𝑑32
= 0.4 (𝑞32
) + 0.4𝑞32

The delivery cost functions between the logistics firms
and retailers, respectively, were given by

1
1
1
1
𝜔21
= 10𝑞21
+ 4 (𝑞11
+ 𝑞31
)

𝜗31 = 0.25𝑞31 + 0.6 (𝑞11 + 𝑞21 ) + 0.4

2
2
2
𝑑31
= 0.4 (𝑞31
) + 0.4𝑞31

product 2
5.30
5.30

2
2
2
2
𝜔12
= 2.5𝑞12
+ 2.5 (𝑞22
+ 𝑞32
)

+ 0.4

𝜗21 = 0.5𝑞21 + 0.6 (𝑞11 + 𝑞31 ) + 0.4

product 1
5.31
5.31

(25)

The modified projection method converged in 1345 iterations and the production of transaction between the three
logistics firms and the two retailers are given in Table 8.
Note that there is an additional logistics firm in the
network and the competition increased. The results in Table 8
tell that although the storing cost of logistics firm 2 was higher
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Table 8: The production of transaction between logistics firms and retailers.

ℎ
𝑞𝑖𝑘

logistics firm 1
logistics firm 2
logistics firm 3

retailer 1
product 1
0
7.27
0

retailer 2
product 2
0
7.26
0

product 1
0
7.27
0

product 2
0
7.26
0

Table 9: The production of transaction between logistics firms and retailers.
ℎ
𝑞𝑖𝑘

logistics firm 1
logistics firm 2

retailer 1
product 1
10.86
0

retailer 2
product 2
10.82
0

product 1
10.86
0

product 2
10.82
0

Table 10: The shipments between retailers and demand markets.
ℎ
𝑞𝑘𝑙

retailer 1
retailer 2

demand market 1
product 1
6.16
6.16

demand market 2
product 2
6.13
6.13

product 1
6.16
6.16

product 2
6.13
6.13

Table 11: The production of transaction between logistics firms and retailers.
ℎ
𝑞𝑖𝑘

logistics firm 1
logistics firm 2

retailer 1
product 1
8.76
0

retailer 2
product 2
8.74
0

product 1
8.76
0

product 2
8.74
0

Table 12: The shipments between suppliers and retailers.
ℎ
𝑞𝑗𝑘

supplier 1
supplier 2

retailer 1
product 1
5.62
5.62

retailer 2
product 2
11.28
0

than the others, it monopolized the market because of the
entering of the new member. This means that a company with
a high price is more competitive than other companies with
lower prices because of the better quality of service.
4.2.3. Decline in Storage Circle of Logistics Facilities. Under
the influence of resource sharing and informatization, when
a storage facility improves the operate efficiency, the storage
circle will decrease. Hence, we have investigated the effect of
lowering the value of this parameter and we set the storage
circle 𝑇𝑖ℎ = 2, on the basis of Example 1.
The modified projection method converged in 837 iterations and we obtained the changed solutions which are
displayed in Tables 9 and 10. Comparing with the base
case, the products’ amounts this case increased obviously
and the demands of customers has increased as well. In
the increasingly competitive market environment, the reduce
of the storage circle has become a trend in consequence
of resource sharing and order processing informatization,

product 1
5.62
5.62

product 2
11.28
0

which also has a profound effect on the facilities’ market share
and social wealth.
4.2.4. Increase in the Delivery Distance. We considered the
impact of the changes in distance between the facilities and
customers on equilibrium solutions. Therefore, we changed
the distance parameter 𝐿ℎ𝑖𝑘 to be 80, and the other parameters
were the same as the base case.
The modified projection method converged in 1256 iterations and we got the consequences in Tables 11–13. The
demand prices at demand markets were 𝑝11 = 𝑝21 = 282.75;
𝑝12 = 𝑝22 = 282.76.
The increase of the distance between the facilities and
the customers means that the distribution distance becomes
longer. Facility migration leads to changes in the cost of
delivery of goods, resulting in a decrease in demand, an
increase in the balanced price, and a decrease in the supply of
goods. Such consequences would lead to a decrease in both
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Table 13: The shipments between retailers and demand markets.
demand market 1

ℎ
𝑞𝑘𝑙

retailer 1
retailer 2

product 1
5.16
5.16

demand market 2
product 2
5.15
5.15

product 1
5.16
5.16

product 2
5.15
5.15

business and customer satisfaction with the city. Therefore,
it is necessary to open up the logistics channel, shorten the
delivery time, improve operation efficiency, or decline the
unit cost to compensate for the above problems caused by
increased distance and urban expansion.

(c) Considering that these parameters, such as storage
period and distribution distance, are often changed in
reality, we carried on the relative example analysis and
obtained the corresponding management enlightenment.

4.3. Discussion. The results of previous examples indicate
that the modified projection method could solve the supply
chain network problems effectively, and different parameters
and network structures have different influences on equilibrium results.
We could find from the equilibrium results that supplies
and sales are approximately equal after the adjustment of
the equilibrium flow between nodes, because the parameters
of the cost and demand function for same products in
this network are symmetrical. Besides, storage quantities are
lower than supplies as the hypothesis of the model. These
results just verify the correctness and rationality of this
model.
The results of the storage facilities layer have showed that
a firm with better professional service and cost controlling
ability will have stronger competitiveness and even monopolize the market. With the development of logistics industry,
the number of the facilities has increased, and the efficiency
has improved as well. We also noted that the movement of
the location of logistics facilities influenced by urbanization,
which has become a trend, is called logistics sprawl [22].

This article shows that storage facilities and supply
chains interact with and restrict each other; facility efficiency
improvement and site relocation may lead to regular changes
in market structure, commodity flow and price, and social
welfare. It is suggested that a scientific planning scheme
for storage facilities should be carried out considering the
relation of commodity supply and demand.
This paper still has a large space to expand the research,
which needs further precision and improvement. Possible
future research may include the following: the dynamic
and time-lag of network lack characterization; the impact
of different operation mechanisms on network equilibrium
behavior is also worth exploring.
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5. Conclusion
Logistics facilities’ decision-making involves independent
decisions of urban commodity supply and demand network,
which affects the cost of all decision-makers in a network. In
this paper, a hypernetwork competitive equilibrium model
of urban logistics facilities supply chain is established by
using variational inequalities. Prices connected with logistics
facilities, suppliers, retailers, and consumers are endogenous,
as well as are the product shipments. After studies we got the
following contributions:
(a) The model is integrated comparing with the previous
models; the main feature of this framework is that
the interaction of consumers’ behavior, suppliers’
behavior, retailers’ behavior, and logistics operators’
behavior has been incorporated. And the equilibrium
theory has been applied in the game behavior of
logistics operators appropriately.
(b) We obtained the equilibrium conditions for the system and provided the economic explanation and
solution algorithm. Finally, the verification solution
and application of decision-making are provided with
a specific example.
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With the wide application of the electrified railway, high frequency resonances in train-network coupling system often occur, which
not only affect the normal operation of trains but also seriously restrict the rapid development of electrified railway. However,
the resonance mechanism has not been fully grasped and needs to be solved. First of all, this paper analyzed the new harmonic
characteristics of mixed running of alternating current (AC) and direct current (DC) trains in electrified railway. Then, the
mechanism of high frequency resonance and the burnout failure reason of the resistor connected with capacitance (RC) branch
in the dc train were analyzed. Simulations were carried out to find some basic conclusions and rules. Subsequently, this paper
reproduced and analyzed a real case of high frequency resonance accidents of train-network, burnout accident of RC branch of the
dc train. Based on the above researches, optimized control methods to avoid the high frequency resonance were introduced. The
achievement of this paper provides an important reference and theoretical basis for the comprehensive optimization and control
of train-network coupling systems and the resonance suppression measures.

1. Introduction
At present, the electrified railway of China has entered a
stage of rapid development [1]. According to the “long-term
railway network planning” promulgated by the State Council,
by the year of 2020, Chinese total railway mileage will reach
12 million kilometers, and the electrified railway will reach 7.2
million kilometers [2].
DC trains as the mainstream had been used for a long
time in China, but with the maturity and popularization of
ac drive technology, ac trains began to run on a large scale
[1, 3, 4]. At present, the number and application density of ac
trains in China rank first in the world. So the condition of
mixed running of AC and DC trains will be continued for a
period of time [5, 6].
With the wide application of the AC trains, huge economic benefits were gotten, but some new problems appeared
[7–9], such as low frequency and high frequency oscillations
of train-network coupling systems, which would hazard the
lightning arrester, high voltage transformer, substation DC
screen, and the RC branches of DC trains.
In order to find out the possible resonance points of
train-network coupling systems, measuring and analyzing

large amount of data from actual tests is commonly used.
Nevertheless, this method costs much time and manpower,
and the result accuracy is hardly guaranteed.
At present, the research on harmonic model of traction
power supply system and the harmonic characteristic of ac
trains are widely investigated, but the high frequency resonance mechanism of train-network coupling systems has not
been fully grasped. So there is no comprehensive guidance
on how to avoid the resonance of the train-network coupling
systems [10–13]. Therefore, the research and optimization on
high frequency resonance of train-network coupling systems
are imperative [14–17].
Reference [14] built the model of traction power supply
system. But the train model was an ideal current source,
which could not reflect the actual harmonic characteristic of
AC trains. Reference [15] studied various kinds of harmonic
characteristics of AC trains by simulation, but the trains were
connected with an ideal voltage source, which could not
reflect the harmonic character of the traction power supply
system. The condition of mixed running of AC and DC trains
exists in China, but few articles studied the corresponding
harmonic character. In [16, 17], the impedance-frequency
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Figure 1: Current harmonic distribution of Lanzhou traction
substation mixed with AC and DC trains.

Figure 2: Voltage harmonic distribution of Lanzhou traction substation mixed with AC and DC trains.

characteristic of train-network coupling systems was analyzed, but the coupling mechanism of train-network systems
needs to be further researched.
This paper analyzed the new harmonic characteristics
of mixed running of AC and DC trains firstly. Then, the
mechanism of high frequency resonance and the reason of the
RC branch burnout failure in the DC train were analyzed, and
simulations were carried out to uncover some meaningful
conclusions. Thirdly, this paper reproduced and analyzed
the actual high frequency resonance phenomena of trainnetwork coupling system and the burnout failures of the RC
branch of DC trains. Based on the above researches, some
advices of optimized controls on trains or network to avoid
the high frequency resonance were introduced.
This paper provides an important reference and theoretical basis for the comprehensive optimization of train-network
coupling systems and the resonance suppression measures.

the diagram that harmonic current and harmonic voltage
mainly contain the 3rd, 5th, 7th, and 25th components.
Because of mixed running of AC and DC trains, the
harmonic currents and voltages which are shown in Figures 1
and 2 have low order harmonics generated by DC trains and
also high harmonics generated by AC trains. The harmonic
spectrum distribution is broad.

2. Analysis on New Harmonic
Characteristics of Trains
Considering the current situation of mixed running of AC
and DC trains in China, this paper first analyzed the new
harmonic characteristics of mixed running of AC and DC
trains and then analyzed the new harmonic characteristics of
DC trains under different conditions.
2.1. Analysis on the New Harmonic Characteristics of the Mixed
Running of AC and DC Trains. Lanzhou traction substation
whose power supply arms are connected with HXD1C AC
trains, SS7E DC trains, etc. is located in the city of Lanzhou.
The RC branches of DC trains were often burned out, and the
low frequency resonance happened occasionally.
Figures 1 and 2, respectively, show the harmonic current
and harmonic voltage data of traction substation which
provides power to both AC and DC trains. It can be seen from

2.2. Harmonic Characteristics of the AC Train under Diﬀerent
Working Conditions. For example, the current harmonics
from Train HXD3B were analyzed under traction or braking
conditions. The results such as the root mean square (RMS)
and the Total Harmonic Distortion (THD) of current were
summarized in Tables 1 and 2.
From Tables 1 and 2, we can see that the load ratio has
influences on the harmonic current of the train. The RMS
values of the harmonic current of the train under various load
ratios are approximately equal. With the same load, the RMS
value of the traction current is higher than that of the braking
current. Figure 3 shows intuitively the train current THD
curve with different power level according to Tables 1 and 2.
Seen from Figure 3, the current THD of Train HXD3B is
decreased with the increase of the train power, whether under
traction condition or braking condition. When the train runs
with full load, the current THD value is small, which is no
more than 5%; but when the train runs with light load or no
load, the THD increases sharply.

3. Analysis and Simulation Research on
High Frequency Resonance Mechanism of
Train-Network Coupling Systems
In order to analyze the high frequency resonance mechanism
of train-network coupling systems, this paper derived the
formulas of resonance and harmonic propagation, and then
the corresponding simulation researches were carried out.
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Table 1: The current harmonics with load variation under traction condition in HXD3B.
Load ratio
100%
90%
80%
70%
60%
50%
40%
30%
20%
10%
8%
6%
4%
2%
1%

RMS value of traction current (A)
405.4
364.1
322.9
283.8
245.1
205.6
165.1
127.8
88.39
51.61
43.75
38.73
29.63
26.58
23.2

THD value of traction current
3.07%
3.35%
4.24%
4.54%
5.35%
6.12%
8.07%
10.61%
15.23%
25%
30.65%
37.65%
47.30%
47.93%
57.84%

RMS value of traction current harmonics (A)
12.44578
12.19735
13.69096
12.88452
13.11285
12.58272
13.32357
13.55958
13.461797
12.9025
13.409375
14.581845
14.01499
12.739794
13.41888

Table 2: The current harmonics with load variation under braking condition in HXD3B train.
Load ratio RMS value of current fundamental wave (A)
100%
366
90%
330.1
80%
293.8
70%
257
60%
220.6
50%
183.3
40%
145.6
30%
109.1
20%
71.33
10%
41.25
8%
35.06
6%
27.62
4%
24.75
2%
19.47
1%
17.41

THD value of braking current
3.87%
3.99%
4.82%
5.15%
5.64%
7.04%
9.72%
12.36%
19.43%
30.80%
37.57%
46.68%
52.02%
67.69%
73.30%

Finally, the burnout mechanism of RC branches of DC train
is analyzed theoretically as well.
3.1. Analysis on High Frequency Resonance Mechanism of
Train-Network Coupling Systems. Traction power supply system contains many inductors and capacitors. Any network
with inductors and capacitors has resonance points, but that
does not mean the resonance must exist consequentially.
Whether to trigger the resonance or not depends on the
characteristic harmonic frequency. When the characteristic
harmonic frequency of the system is equal to the resonant
frequency of the network, or the two are close to each other,
the harmonic resonance will occur.
Figure 4(a) is the traction power supply system schematic. Its equivalent circuit is shown in Figure 4(b) and the
traction network length is L.

RMS value of braking current harmonics (A)
14.1642
13.17099
14.16116
13.2355
12.44184
12.90432
14.15232
13.48476
13.859419
12.705
13.172042
12.893016
12.87495
13.179243
12.76153

From Figure 4(b), we can get the following equations:
𝐼𝑡 = 𝐼1 + 𝐼2

(1)

𝐼1 = 𝐼𝑡 ∙

𝑍2
𝑍1 + 𝑍2

(2)

𝐼2 = 𝐼𝑡 ∙

𝑍1
𝑍1 + 𝑍2

(3)

where 𝐼t is the train current, I 1 is the traction network current
in the direction of the traction substation (SS), I 2 is the
traction network current in the direction of the division (SP),
Z1 is the traction network impedance in the direction of train
position to the traction substation, Z2 is the traction network
impedance in the direction of the train position to the district,
𝑍ss is the equivalent impedance of traction substation system,
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Figure 5: Equivalent model of traction power supply system.
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Figure 3: Relationship curve of THD with HXD3B train power.

(4)
Traction substation

where 𝑍c is the characteristic impedance of the line, 𝑍𝐶 =
√𝑍/𝑌, 𝑍 and 𝑌 are the equivalent impedance and admittance
per unit length respectively, 𝛾 is the transmission coefficient
of the line, and 𝛾 = √𝑍𝑌.
Thus, we can get

SS
Section post
Traction network

𝑍1 = 𝑍𝐶

𝑍𝑆𝑆 cosh 𝛾𝐿 1 + 𝑍𝐶 sinh 𝛾𝐿 1
𝑍𝑆𝑆 sinh 𝛾𝐿 1 + 𝑍𝐶 cosh 𝛾𝐿 1

(5)

𝑍2 = 𝑍𝐶

cosh 𝛾𝐿 2
sinh 𝛾𝐿 2

(6)

sp
train

From formula (2), we can derive
(a) Traction power supply system schematic
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I2

𝐼1 = 𝐼𝑡 ⋅

SP

cosh 𝛾𝐿 2 (𝑍𝑆𝑆 sinh 𝛾𝐿 1 + 𝑍𝐶 cosh 𝛾𝐿 1 )
= 𝐼𝑡 ⋅
𝑍𝑆𝑆 sinh 𝛾𝐿 + 𝑍𝐶 cosh 𝛾𝐿

X
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Figure 4: Principle of traction power supply system and its equivalent circuit diagram.

𝑍𝜋1 = 𝑍𝑐 sinh 𝛾𝐿 1 = 𝑍𝑙1

sinh 𝛾𝐿 1
𝛾𝐿 1

𝑌𝜋1 cosh 𝐿 1 − 1 𝑌 tanh 𝛾𝐿 1 /2
=
= 𝐿1
2
𝑍𝑐 sinh 𝛾𝐿 1
2
𝛾𝐿 1 /2

(7)

Based on the two-port network equation, the traction network current can be obtained as follows (in the direction of
SS):
𝐼𝑋 = 𝐼𝑡
⋅

and 𝐼x is the traction network current at the position x of the
train. According to the steady state power transmission line
equation, the traction power supply system on both sides of
the train could be described by 𝜋 equivalent circuit, as shown
in Figure 5 [18, 19].
According to the equivalent model [20–22], we can get
the following equations:

𝑍2
𝑍1 + 𝑍2

cosh 𝛾𝐿 2 [𝑍𝑆𝑆 sinh 𝛾 (𝐿 1 − 𝑋) + 𝑍𝐶 cosh 𝛾 (𝐿 1 − 𝑋)]
𝑍𝑆𝑆 sinh 𝛾𝐿 + 𝑍𝐶 cosh 𝛾𝐿

(8)

The expression of the traction network current amplification
factor K’ is as follows:
𝐾 =

𝐼𝑋
𝐼𝑡

cosh 𝛾𝐿 2 [𝑍𝑆𝑆 sinh 𝛾 (𝐿 1 − 𝑋) + 𝑍𝐶 cosh 𝛾 (𝐿 1 − 𝑋)]
=
𝑍𝑆𝑆 sinh 𝛾𝐿 + 𝑍𝐶 cosh 𝛾𝐿

(9)

As can be seen from formula (9), the condition of the
resonance of the traction network is
𝑍𝑠𝑠 sin ℎ𝛾𝐿 + 𝑍𝑐 cos 𝛾𝐿 = 0

(10)
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Figure 6: The amplification of harmonic current in traction substation at different position.

Above expressions show that the resonance mechanism
of train-network coupling systems is mainly affected by
the length of the traction network, the system impedance
(including the power supply impedance and the traction
transformer impedance), the traction network distribution
parameters, the train location, and so on.
3.2. Simulation Research on High Frequency Resonance
Mechanism of Train-Network Coupling Systems
3.2.1. Simulation Research on Harmonic Current Ampliﬁcation
of Traction Substation. When the train is located at different
positions of the traction network, the harmonic current
amplification of the traction substation is shown below, where
L is the distance from train to traction substation.
As shown in Figure 6, the resonant frequency of traction
network is determined by its own electrical parameters,
traction transformer, and power system impedance, which
has nothing to do with the running position of the train.
The harmonic amplification factor is related to the position

of the train and the harmonic amplification factor of the
traction substation increases with the distance from train to
the traction substation. That means the train is not only a
resonant excitation source, but also a resonant component.
3.2.2. Simulation of Harmonic Current Ampliﬁcation in Traction Network with Train at Fixed Position. When the position
of train is fixed at the end of the traction network, the
harmonic current amplification of the traction network is
shown in Figure 7.
Figure 7 shows that when the position of the train is
fixed, the trend of harmonic current amplification at different
positions in traction network is basically the same, which
indicates that the traction network location has nothing to
do with the resonant frequency of traction network. But
the harmonic current amplification factor varies with the
position of the traction network. That is to say, when the
position is close to the traction substation, the harmonic
current amplification factor becomes large.
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Figure 8: Harmonic current amplification of the traction substation with different length of traction network.

3.2.3. Simulation of Harmonic Current Ampliﬁcation in
Traction Substation with Diﬀerent Traction Network Length.
Changing the length of the traction network, the harmonic
current amplifications of the traction substation are shown in
Figure 8.
Figure 8 shows that, with the increase of the length of
traction network, the resonance frequency is decreased. So
the resonance frequency of the traction network is inversely
proportional to the length of traction network.
The resonance frequency of traction network could be
ascertained by distributed capacitance and system equivalent
reactance of the traction network. Under the same suspension
structure traction network condition, the longer the length

of traction network is, the larger the distributed capacitance
value of the traction network is, and therefore the lower the
resonant frequency of the traction network is.
3.3. Analysis on the Burning Mechanism of RC Branches of
DC Train. Due to the existence of the traction network
impedance, voltage phase of AC trains are different at different position, and the phase difference of train’s current
harmonics is relevant to the distance between trains, traction
network distribution parameters, and the train traction current.
When the DC trains and the AC trains stop in the
centralized area, the distance between the trains is very close,
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Figure 9: The structure of the network between Yanjiao and Qinhuangdao.

and the traction current is relatively small. In this case, the
voltage phase of each train is completely consistent, and
the harmonic current phase is also completely consistent.
So the harmonic increases linearly. The RC branch current
will contain a large amount of high frequency components
caused by high frequency components of traction network’s
voltage. When the high frequency current amplitude reaches
a certain degree, the fundamental wave will be submerged in
the harmonics and the RC branches work in the heating state.
Because the resistor is designed for a transient overvoltage
process, the RC branches will be burned within a short time.

4. Replay and Analysis on Resonance Accident
of Train-Network Coupling Systems
To study the resonance mechanism more effectively, based
on train-network integration simulation platform, the actual
high frequency resonance accident of AC trains and the
burnout failure of RC branches of the DC train were replayed
and analyzed.
4.1. Replay and Analysis on High Frequency Resonance of Ac
Trains. The Jingha railway was built and put into operation in
1985. The railway section between Yanjiao and Qinhuangdao
uses the autotransformer (AT) power supply mode and
traction substations adopt Scott coupling method. The power
supply arm length is 50 km and there is a AT station per 10
km. The leakage resistance of rail is 100Ω∙m. Its structure was
shown in Figure 9 with the various types and the coordinates
of the conductors [23].

Since April 2007, capacitor banks connected in parallel to
the traction busbar often trip in Jixian South substation. The
monitoring system displays the voltage balance protection
or overvoltage protection, and the bus voltage increases
simultaneously.
Based on the AT traction power supply system parameters and the structure of the network shown in Figure 9, this
paper established the corresponding train-network system’s
simulation model, and simulation results and experimental
results were shown in Figure 10.
In Figure 10, the simulation replayed the high frequency
resonant accident of Jixian South traction substation. Both
measurement and simulation show that the resonance of
Jixian South traction substation is produced by the high
frequency harmonics. The traction network itself has a
certain resonance frequency (the 18th harmonic). When
network’s nature frequency is equal or close to the resonant
frequency of the AC trains, and the amplitude is large
enough, or the damping resistance is small enough, the
voltage of the frequency will be enlarged, which causes the
bus voltage increased abnormally. As a result, it would trigger
the protective devices.
DC trains generate mostly the 3rd, 5th, and 7th order
harmonics, and the resonance frequency of the traction network is generally higher than 500Hz, so the high frequency
resonance of DC trains had not appeared for many years.
4.2. Replay and Analysis on Burning Accident of RC Branches of
DC Trains. When the DC trains and the AC trains stopped
in the centralized area simultaneously and the main circuit
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breaker was closed within 10 to 30 minutes, RC circuit
resistance was burned. In extreme cases, the wires at the ends
of the resistance may be on fire, resulting in security risks.
The test and simulation results of burning accident of RC
branches of DC trains are shown in Figure 11.
The frequency of the RC branch maximum harmonic
current is the 2750 Hz, and the peak value of branch current
is over 100A. The fundamental component of the branch
current has been overwhelmed by high order harmonics; that
is to say, the RC branch current is a pure high order harmonic
current. So it was burned in short time.

5. Optimization and Controls on
Train-Network Coupling Systems
Based the above analyses of high frequency resonance mechanism of train-network systems, we can use controls on trains
or network to avoid the high frequency resonance.
5.1. Optimizations on Trains
(1) Adjust the control method or parameter of converter of
trains, so that the characteristic harmonic current frequency
spectrum can avoid the resonance frequency of network.
(2) Add the high frequency filter on the main circuit of
the trains.
(3) Amplify the absorbing resistance power or install the
fan on DC trains.
(4) Coordinate the AC and DC trains, control the numbers of operation trains, and disperse them possibly.
5.2. Optimizations on Network
(1) Install the paralleling compensate element on the traction
substation or section post to change the resonance frequency
of network.
(2) Install the active power filter (APF) to restrain the low
frequency harmonic component and compensate reactive

power, and install the high pass filter (HPF) to restrain the
high frequency harmonic component.
(3) Use the traction transformers with secondary winding
independent connection such as SCOTT, V/V, etc., when the
traction power supply system is designed or reformed.
(4) Adjust the traction the capacity of the substation or
the length of traction network or short-circuit impedance of
the traction transformers to change the resonance frequency
of network.
(5) Install the managing devices with dynamic power
compensation character such as static var compensator (SVC)
and static var generator (SVG).
(6) Remove the customary stationary capacitance devices
in the areas when the AC and DC trains are used together.

6. Conclusion
(1) In view of the special national conditions of China, the
new harmonic characteristics of the mixed running of AC
and DC electric trains were analyzed, and the harmonic
characteristics of the AC train were also compared and
analyzed under the traction and braking conditions along
with the change of load ratio.
(2) The equivalent circuit of the train-network coupling
systems was put forward, the conditional formula of high
frequency resonance of train-network was deduced, and
the corresponding simulation studies were carried out to
summarize some basic conclusions and laws.
(3) The burnout mechanism of the RC branch of DC
trains was analyzed in theory.
(4) High frequency resonance accident of train-network
and burnout accident of the RC branch of DC trains were
replayed and analyzed.
(5) Some advices of optimized controls on trains or network to avoid the high frequency resonance were introduced.
The achievement of this paper provides an important reference and theoretical basis for the comprehensive
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optimization and control of train-network coupling systems
and the resonance suppression measures.
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This study aims to develop and provide a comprehensive evaluation strategy for schedule-related variations and time-cost analysis
for an engineering–procurement–construction (EPC) project. Time-cost analysis is an important aspect of project scheduling,
particularly in long-term and costly EPC projects. In this study, a hybrid method is proposed for the time-cost optimization
strategy evaluation of a project. Monte Carlo simulation is applied to determine contingency plans and realize the effective
management of estimated schedule uncertainties. A mathematical integer linear programming optimization model coded using
CPLEX is developed to assess appropriate strategies for project execution under time and cost constraints. A set of project evaluation
optimization models considering risk and project crash plan and the relationship between crash cost and delay penalty is also
developed for assessing project feasibility. The correlation between project risk and crashing strategy has seldom been evaluated
simultaneously in previous research. This work fills this research gap by quantifying the feasibility of a project, with combined
data on risk, schedule, and cost as evaluation indicators. It allows project managers to consider management issues and strategies
before they implement projects. A practical example with numerical applications is presented to illustrate the contribution of the
decision-making support mechanism, and several managerial insights are provided.

1. Introduction
Construction projects are being implemented with diversified
contents and shortened plant construction time due to the
rapid growth of the competitive modern market and the
need for quickly profitable investments. Projects often fail to
meet the original target schedule because of uncertainties.
According to CoppendaIe [1] and ChatzogIou and Macaulay
[2], on the average, only 10% to 15% of large projects are
completed on time, and the rest are delayed. Yang and
Teng [3] reported that construction projects are naturally
uncertain in terms of activity duration and thus cause
an indeterminate project completion schedule. Scheduling
is possibly the most common issue in project planning
and control because delays cause many problems between
project owners and contractors. Delays in project completion

aggravate the cost burden of projects. Delay claims for
equitable adjustments can amount to millions of dollars.
Thus, scheduling and cost risk analysis are crucial. Project
managers must design and implement mitigating strategies to
overcome the growing uncertainty faced by projects. Project
risk management, a systematic risk assessment method for
project implementation, provides a platform for owners and
contractors to manage risks and communicate. The scope
of actual project risk management includes environment
safety and health [4], schedules [5–7], and costs [8–10].
Project managers must formulate strategies for overcoming
or avoiding the occurrence of uncertainties so that projects
remain on track.
Schedule and cost are the two most important indicators
in project practice. When project resources are limited, an
alternative relationship exists between schedule and cost.

2
Necessary crashing schedules must be planned in advance
to complete projects on time. However, the completion
times of projects are typically random variables due to
numerous activities and unfixed project execution times. The
first problem to be solved in the randomness of projects is
estimating the project completion time. All issues, including project scheduling, project resource investment optimization, project cost, and project risk assessment, should
be based on the expected project completion time. Most
studies on project deadlines are limited to the development
of a project crashing strategy rather than comprehensively
evaluating project risk and crashing strategy simultaneously.
Bromilow’s log-log time-cost (BTC) model was proposed
in the 1970s to estimate project duration, but different
parameter estimates are required for different project types.
The parameters of the BTC model have no guarantee and
are invariant over time [11]. Given this background, this
study explores the probability of a potential project risk
affecting the project completion schedule and the practical
consideration of the time-cost trade-off. The probability of
the project completion schedule by contract under risks is
discussed through risk analysis, and the activities located on
the critical path are identified through schedule sensitivity
analysis. The relationship between activity time and crash
cost is transformed into a mathematical model. The model is
solved through linear programming to calculate the optimal
crash cost. A set of project evaluation models considering
risk and project crash plan and the relationship between
crash cost and delay penalty is developed by using risk,
cost, and schedule as indicators for assessing project feasibility. This study provides project managers a reference for
management and strategy building in the bidding stage and
increases the probability of projects being completed within
the target time. To protect their interests, owners generally
specify the required delay penalties in their contracts. If a
project fails to meet the deadline, the project manager shall
use proper management skills to implement schedule and
cost control while considering the cost incurred by project
crash plan and delay penalties. Balance between these two
aspects should be achieved to complete a project successfully
in accordance with the objectives and quality set by the
plan.
This study applies the methods of Monte Carlo simulation
using Primavera Risk Analysis software and integer linear
programming coded using IBM ILOG CPLEX. These methods combine probabilistic activity duration with systematic
delay analysis procedures to predict the overall project delay
and estimate the additional cost brought about by a crash
plan under risk consideration. This paper is structured as
follows. Section 2 describes relevant studies and research
issues. Section 3 provides the framework of the schedule
risk analysis methodology and the formulation of the mathematical linear programming model. Section 4 focuses on
the models proposed in Section 3 and presents an actual
case study to illustrate the applications of the proposed
models for evaluating project strategies. Section 5 presents
the conclusions and discussions.
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2. Background
2.1. Schedule Method-CPM/PERT. The traditional critical
path method (CPM) has been widely used in the construction
industry for schedule analysis and project planning since
the 1950s. The critical path represents the longest and most
inflexible chain of activities in the overall project. The total
float time for activities located in the critical path is zero.
A project may contain several important critical paths. The
backwardness of any activity in critical paths affects the
completion of the entire project after a project starts. Hulett
[6] stated that CPM is a traditional and widely accepted
approach for scheduling, and it is essential for developing
the logic of a project and managing daily project tasks.
However, CPM does not consider risk or uncertainty [3, 12,
13]. CPM scheduling is accurate only when every activity
begins as planned and consumes the same amount of time as
estimated. Managers understand that projects do not always
go according to plan and therefore require frequent status
reviews. Given that projects generally do not proceed as
planned, CPM can only serve as the beginning of project
schedule management. Project managers should understand
key reservations about standard CPM and should know how
to perform a schedule risk analysis to obtain information that
is crucial to project success before they embark on projects.
The program evaluation and review technique (PERT)
in conjunction with CPM was developed in the late 1950s.
Network planning technology using classical CPM/PERT as
the core has been widely applied in project management.
PERT uses a three-point estimate (optimistic, most likely, and
pessimistic estimates) of activity duration to represent the
lack of certainty in duration estimates [6].
(1) Optimistic time (to ): refers to the minimum possible
time required to accomplish a task under the assumption that everything proceeds better than is normally
expected.
(2) Pessimistic time (tp ): refers to the maximum possible
time required to accomplish a task under the assumption that everything goes wrong.
(3) Most likely time (tm ): refers to the estimated time
required to accomplish a task under the assumption
that everything proceeds normally. This duration is
more likely to occur than the others.
The completion time for project is expressed in formulas
(1) and (2). The completion time (T) for project is the
maximum of all the completed paths, that is, the completion
time of the critical path. The formula is shown below, where
P(j) refers to the set of all jobs on path j, 𝑡𝑖 refers to the average
time (or mean time) of activity i on path j, and Tj refers to the
completion time of path j.
T = max (Tj )
Tj = ∑ 𝑡𝑖 ,
i∈p(j)

(1)

where i = 1, 2, 3, . . . , n j = 1, 2, 3, . . . , m (2)

However, PERT might underestimate the schedule risk
because it ignores important risks at the merge points applied
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to the path when multiple paths and merge points exist [6].
Omid et al. [7] stated that PERT considers only one critical
path, and it does not consider paths close to the critical one.
Nearly all schedules for actual projects possess multiple paths.
Thus, the Monte Carlo simulation method is applied in this
study to overcome the shortcomings of PERT, because it can
correctly compute risks at the merge points and represent the
duration with a realistic probability distribution. This method
is a preferred and reliable solution [6, 9, 12].

2
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x

Figure 1: Triangular distribution [20].

2.2. Monte Carlo Simulation. Hulett [6] stated that CPM
scheduling tools, which include manual and software-based
systems, cannot handle the uncertainty that exists in the real
world regarding project activity durations because these tools
assume that activity durations are with certainty as singlepoint numbers. A stochastic risk analysis technique called
Monte Carlo simulation can be applied to evaluate project
uncertainties [14–17]. Monte Carlo simulation is suitable
for determining the project completion date because the
date is determined by the uncertainty in the duration of
many activities that have already been linked logically in the
CPM schedule [6]. Monte Carlo simulation is a statistical
sampling technique that operates with random components
as input variables subject to uncertainties and presents a set
of results in terms of probabilities after several iterations
[18, 19]. As Covert [20] stated, a probability density function
(PDF) is used to define the probability distributions for
continuous distributions, which can be expressed in terms of
the mathematical formula of 𝑓𝑦 (𝑥), where 𝑓𝑦 (𝑥) is the PDF
defined over the range, 𝑥. Any point estimate (c) has some
probability to be sufficient or to be exceeded. The probability
that an estimate will be exceeded (i.e., overrun) is the risk, and
the probability that the estimate will be sufficient is the opportunity. Therefore, the risk is the integral of the PDF from the
point estimate, c, to infinity (∞), which can be expressed as
formula (3). Opportunity represents the area under the curve
from −∞ to c, which is expressed as formula (4).
∞

𝑐

𝑐

−∞

Risk = ∫ 𝑓𝑦 (𝑥) 𝑑𝑥 = 1 − ∫

𝑓𝑦 (𝑥) 𝑑𝑥

(3)

= 1 − 𝐹𝑦 (𝑐)
Opportunity = ∫

c

−∞

fy (x) dx = Fy (c)

(4)

A triangular distribution model is frequently used in
project risk analyses, and three-point scenarios are applied
in the analyses [13, 15, 21–23]. The parameters of a triangular
distribution are estimated using the lowest possible value
(L), the highest possible value (H), and the most likely value
(M). In Monte Carlo simulation, each project activity has
a respective range and a pattern of duration possibilities.
Figure 1 is the typical triangular distribution [20].
Triangular distribution: 𝑓𝑦 (𝑥; 𝐿, 𝑀, 𝐻) = T (L, M, H) (5)

where L is the lowest possible value (optimistic value)
M is the most likely value
H is the highest possible value (pessimistic value)

The PDF of the triangular distribution T(L, M, H) is
2 (𝑥 − 𝐿)
{
{
{ (𝐻 − 𝐿) (𝑀 − 𝐿)
fy (x) = {
2 (𝐻 − 𝑥)
{
{
−
𝐿) (𝐻 − 𝑀)
(𝐻
{

if 𝐿 ≤ 𝑥 < 𝑀
if 𝑀 ≤ 𝑥 ≤ 𝐻

(6)

Formulas (7), (8), and (9) combine the optimistic, pessimistic, and most likely time to estimate the average time,
variance, and standard deviation of project activity 𝑖. respectively [6].
Triangular average time (𝑡𝑖 ) =

(𝑡𝑜 + 𝑡𝑚 + 𝑡𝑝 )

(7)

3

Triangular variance (𝜇𝑖 )
2

=

(𝑡𝑝 − 𝑡𝑚 ) + (𝑡𝑝 − 𝑡𝑚 ) × (𝑡𝑚 − 𝑡𝑜 ) + (𝑡𝑚 − 𝑡𝑜 )

2

(8)
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Triangular standard deviation (𝜎i ) = √∑ 𝜇i ,

(9)

where i = 1, 2, 3, . . . , n
Experts familiar with the project tasks should accomplish
them to provide estimates in the workshop. If these uncertainties are identified early in the project, plans that minimize
or prevent risks can be formulated. Project managers can
accurately and confidently estimate the overall completion
time for the project under consideration by dealing with a
range of probable durations. The results of the Monte Carlo
simulation show the logical consequences of a particular set
of risk assumptions, which can include the range estimates
of durations, resource variations, and correlations among
project categories. Monte Carlo simulation provides quantitative results for decision-making and determines the key risk
factors that can make planned activities meet the scheduled
milestones.
2.3. Mathematical Methods for Time-Cost Trade-Off Analysis.
The time-cost trade-off problem has been studied since the
1960s and is considered as a difficult combinatorial problem
[24, 25]. The solving process of mathematical programming
involves converting the relationship between activity time
and crash cost in the network diagram into a mathematical
model and then using linear programming, integer programming, or dynamic programming to solve the model.

4
Kelley [26] used parametric linear programming to determine an optimal schedule. Butcher [27] assumed that activity
time and direct cost were in irregular forms and used
dynamic programming to obtain the shortest completion
schedule when the direct cost was known. Perera [28]
constructed three constraint models of crashing workload,
scheduled completion, and network diagram loop and utilized linear programming to solve the optimal crashing
scheduling. Russel and Caselton [29] applied dynamic programming to analyze the two-dimensional problem of resolving the start time of each activity in the unit and the
buffer time for entering the next unit. They constructed a
mathematical analysis model to obtain the shortest schedule.
Reda [30] constructed a minimum-cost linear programming
model that can calculate a specific construction period for an
engineering project on the basis of the relationship among
activity constraints. Moselhi and EI-Rayes [31] adopted the
model of Russell and Caselton to construct a resource
scheduling model that considers the direct and indirect costs
of activities in accordance with the principle of minimum
total project cost. Burns et al. [32] combined linear and
integer programming to solve the trade-off between construction schedule and cost. Feng et al. [33] used a hybrid
approach to minimize construction project time and cost
simultaneously through a combination of simulation and
mathematical algorithms. Sakellaropoulos and Chassiakos
[34] proposed the incorporation of parameters describing
the actual project into the mathematical model, followed
by an analysis of the time and cost of project scheduling.
Moussourakis and Haksever [35] presented a mixed integer
programming model that minimizes the total cost subject to
a project deadline or the project completion time subject to a
budget constraint for various types of activity cost functions.
Chassiakos et al. [36] utilized an integer linear programming
model to obtain an optimal project time-cost curve that
considers all activity time-cost alternatives simultaneously.
Liberatore and Bruce [37] used a hybrid mathematical model
to analyze the time and cost of a project. Mokhtari et al.
[38] developed a hybrid approach for the stochastic time-cost
trade-off problem to improve project completion probability
in a specified deadline from a risky value to a confident
probability through simulation and a mathematical program.
Gonen [39] proposed a linear programming approach for
budget allocation and demonstrated the budget constraint
method, including sensitivity analysis. Sato and Hirao [40]
used a mathematical modeling approach to analyze the tradeoff problem between budgets and critical risks. Ghaffari et al.
[41] employed a fuzzy linear programming model to assess
project risks on the basis of project life cycles. Zeng et al. [42]
used a stochastic optimization model to establish the total
expected travel time cost. Dupont et al. [43] used a mixed
integer linear programming model to show profit-and-loss
targets. Atan and Eren [44] established mixed integer linear
methods for several leveling objectives by using a heuristic
algorithm.
Although the time-cost trade-off issue appears to have
no unique optimum solution, mathematical programming
provides a correct calculated solution. Therefore, this study
uses the results of risk sensitivity analysis from Monte
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Carlo simulation to analyze activities in critical paths and
adopts IBM ILOG CPLEX optimizing software [45, 46] for
mathematical programming to solve the issue wherein the
crash cost and delay penalty are considered. A time-cost
trade-off analysis is performed by calculating the relationship
between optimal project completion time and crash cost in
consideration of risks through the constructed mathematical
programming model.
2.4. Research Objectives and Issues. This study aims to quantify the feasibility of a project by using data on risk, schedule,
and cost as evaluation indicators. The following issues are
raised to fulfill the objectives.
(1) How can project execution proceed in consideration
of project schedule risk management and crashing
strategy?
Comprehensive stepwise workflows for schedule risk
management and time-cost trade-off analysis are proposed in this study to conduct a quantitative analysis
that would aid management in decision-making and
performing proactive actions.
(2) How can project risk and the probability of a target
schedule for project completion be considered simultaneously?
A quantitative risk analysis is performed to provide a
numerical estimate of the sensitive schedule risk effect
on the project. Monte Carlo simulation, through statistical distribution functions, can be used to compute
the probability of project schedule completion under
a dynamic situation.
(3) How can project schedule and cost be optimized
under risk consideration?
The most sensitive schedule risk activities on the
critical path in the project are identified by Monte
Carlo simulation method and then an integer linear
programming method is used to derive the optimal
solution according to the proposed models. Quantifying the project risks can address the gap in time-cost
trade-off issues that may arise in reality.
(4) How can an optimal selection between crash cost and
delay penalty be achieved?
The total crash cost under different scenarios can
be determined through a proposed model solved by
an integer linear programming method. Afterward,
the relationship between crash cost and delay penalty
can be compared to attain the optimal selection for
project execution. When the total cost of the crash
plan is higher than the upper limit of delay penalty,
the project manager may stop the crash plan and pay
the delay penalty to minimize the total project cost.

3. Methodology
3.1. Schedule Risk Analysis. Schedule risk analysis is a project
management method for assessing the risk of a baseline
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Risk schedule structure built in Primavera Risk Analysis software
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Schedule
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Pre-analysis / Pre-mitigation / Post-mitigation
assessment
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(Action plans)

Finalize schedule
(To provide risk analysis report)

Figure 2: Project schedule risk analysis framework.

schedule and forecasting the impact of time on project
objectives [47]. The processes of risk analysis include (1)
planning risk management, (2) identifying potential risks,
(3) qualifying and quantifying potential risk probability and
impacts on a schedule, (4) combining information to determine the probability of schedule completion, (5) defining
risk responses, and (6) monitoring and controlling action
plans. The project schedule risk analysis framework for this
study, which mainly comprises 10 steps, and its workflow are
illustrated in Figure 2.
Step 1. A risk workshop is convened by the project manager,
and experts who are experienced in executing EPC projects
are invited. Workshops provide a good environment for sharing information and having a cross-disciplinary discussion.
The objectives of a risk workshop are as follows: (1) to verify
and analyze a project schedule, (2) to identify risk items, (3)
to define risk basic information, (4) to evaluate risk impact
and probability, (5) to develop a mitigation plan, (6) to decide

on risk response strategies, and (7) to estimate risk control
results.
Step 2. A risk register is used to record all required data for
each risk item, such as risk type, status, mapping result, risk
impact level and frequency, mitigation action, and expected
risk result after mitigation.
Step 3. Primavera P6 (revision 8.3) and Primavera Risk
Analysis (revision 8.7) software programs are used to build
the risk schedule structure.
Step 4. Schedule validation is conducted. Prior to conducting
the schedule risk analysis, the maturity and readiness of the
project should be verified to avoid the factors that influence
risk assessment, such as logic errors, open-ended activities,
negative lags, and start-to-finish links. Meanwhile, unnecessary constraints should be removed. Schedule validation may
also increase the reliability of risk assessment.
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Step 5. A risk model is developed. A risk model development
comprises two parts: risk identification/assessment/response
and risk mapping.
Step 6. After potential risks have been discussed with the
owner, project experts, and department staff, all of the risks
are recorded in the risk register, together with other details,
such as probability (P), impact (I), and scoring (Risk = 𝑃 ∗
𝐼) indicated by the risk matrix, for risk premitigation and
risk postmitigation plans. This process is called qualitative
risk analysis. Afterward, quantitative risk analysis involves
identifying and calculating the effects of risks, determining
the probability and impact for cost and schedule mitigation,
and implementing response actions. This process is time and
labor intensive and requires all participants to exert effort.
However, the assessment results are useful for subsequent
schedule risk assessments. All risks in project activities
should be identified upon the completion of the potential
risk assessment. Afterward, risk assessment software can be
used to import the impacts and probabilities of the risks for
simulation and predict the completion date of the project.
Step 7. Premitigation and postmitigation plans are developed
to analyze the identified risks and model different scenarios.
Risk ranges are established in workshops with more than 20
participants rather than through interviews with one or only
a few participants.
Stage 1. Preanalysis check: a preliminary verification
is conducted to identify risk-sensitive activities and
their influences on the total project schedule given the
uncertainty of the project activities. These activities
are prioritized in the subsequent risk analysis and
control. In the preanalysis process, the remaining
duration of different activities is determined after a
discussion, and a three-point estimate is commonly
adopted to distinguish optimistic, most likely, and
pessimistic activity periods.
Stage 2. Premitigation check: in addition to the
uncertainty of the activity itself, the effects of the risks
are considered.
Stage 3. Postmitigation check: in addition to the
uncertainty of the activity itself and the effects of risks,
risk mitigation effects are considered.
Step 8. Monte Carlo simulation is then performed via the
Primavera Risk Analysis software program to determine the
effects of the aforementioned risks on the schedule.
Step 9. The risk responses are defined. The action owners
monitor and control the action plans.
Step 10. The schedule is finalized. A risk analysis report is
provided to monitor all potential risks.
After schedule risk analysis, the sensitive schedule risk
items on the critical path can be identified through Monte
Carlo simulation. The activities on the critical path can
be further analyzed by a proposed mathematical model to

obtain the optimal solution for the project time-cost tradeoff strategy.
3.2. Model Description and Formulation. The most critical
path is selected from Monte Carlo simulation, which corresponds to the path with the maximum schedule sensitivity
index. On the basis of the results of the sensitivity analysis,
the activities on the critical path are analyzed. After a
schedule network diagram is created through an analysis of
precedence relationships and the activity time of each node,
the implementation time of the activities on the critical path
is calculated. Afterward, a three-point estimate of activity
duration to represent the lack of certainty in the duration
estimates is conducted through discussion meetings among
stakeholders in the workshop. Accordingly, a mathematical
linear programming model is proposed to determine the
relationship among project completion schedule, project
crash cost, delay penalty, and total project cost. The time-cost
trade-off for the best schedule and crash cost of the project
can be determined. The workflow is illustrated in Figure 3.
3.2.1. Model 1: Integer Linear Programming Model for Project
Duration. A mathematical linear programming model developed from the precedence relationship and activity time of
each node can be used to solve and determine the project
completion time. The constructed model indicates that every
activity should be initiated after the finish time of the prior
activity and ensures that the time to finish the project is as
short as possible. The network concept diagram is shown in
Figure 4.
I and 𝐽 are the sets. I is a set of nodes, p is the number of
nodes, and each 𝑖 ∈ 𝐼. J is a set of activities, q is the number of
activities, and each 𝑗 ∈ 𝐽. The decision variable 𝑁𝑖 represents
the starting time of node i, and 𝑁𝑝 is the starting time of
the last node, that is, the completion time of the project. The
parameter 𝑑𝑗 represents the duration of activity j, and (i−1)
represents the node prior to the node i (i = 1, 2, 3, . . . , n).
An integer linear programming model for project duration is established with mathematical formulas (10)-(13)
to calculate the minimum project duration under normal
operating conditions.
Minimize

𝑁𝑝 − 𝑁1 ,

(10)

Subject to 𝑁1 ≥ 0,

(11)

𝑁𝑖 ≥ 𝑁(𝑖−1) + 𝑑𝑗
𝑁𝑖 ∈ 𝑍+

∀𝑖 ∈ 𝐼.

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽,

(12)
(13)

Formula (10) is an objective function that requires the
project duration to be minimized under normal operating conditions. Formulas (11) and (12) are constraints that
indicate that the starting time of each node must not be
preceded by that of the prior neighboring node and the
activity duration between the two nodes, with the starting
time of the initial node larger than or equal to 0. Formula (13)
is a decision variable constraint that indicates that the starting
time of each node of the decision should be a positive integer
larger than or equal to zero.
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Figure 3: Time-cost trade-off analysis framework.

i-1

＞Ｄ

Minimize

(𝐿 − 𝑆) × 𝐶𝑃

i

+ ∑ ∑ [𝐶𝑘𝑗 (𝑇𝑗𝑘 − 𝑌𝑗𝑘 𝑀𝑗𝑘−1 )] + 𝐹𝑗
𝑘∈𝐾 𝑗∈𝐽

Figure 4: Network concept diagram.

(14)

∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,
3.2.2. Model 2: Integer Linear Programming Model for Project
Crash Plan. The shortest time for project completion under
normal operating conditions is calculated by Model 1. A cost
decision variable is added to Model 2 in order to develop a
comprehensive trade-off crash plan. This is done by balancing
the crash plan with certain activities and considering the
variable factors of crash cost and delay penalty when the
shortest time to finish the project under normal operating
conditions cannot meet the stated duration in the contract.
However, when the project crash plan is conducted, the
crash cost of the activity may increase with the crash time.
Additional time allotted for compression increases the crash
cost with the required amount of input resources. Thus, the
crash cost becomes an incremental piecewise linear function
type with the crash time of different segments.
K is a set of different segments for crash time, 𝑘 is the
number of segments for each activity, and each 𝑘 ∈ K. An
integer linear programming model for the project crash plan
is expressed in mathematical formulas (14)-(24).

Subject to 𝑁1 ≥ 0,

(15)

𝑁𝑖 ≥ 𝑁(𝑖−1) + 𝑑𝑗 − ∑ 𝑇𝑗𝑘
𝑘=𝐾

(16)

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,
∑ 𝑇𝑗𝑘 ≤ 𝐷𝑗

𝑘=𝐾

∑ 𝑌𝑗𝑘 = 1

∀𝑗 ∈ 𝐽,
∀𝑗 ∈ 𝐽,

𝑘=𝐾

and 𝑌𝑗𝑘 ∈ {0, 1}

∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,

(17)
(18)
(19)

𝑇𝑗𝑘 ≥ 𝑂𝑗𝑘 𝑌𝑗𝑘

∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,

(20)

𝑇𝑗𝑘 ≤ 𝑀𝑗𝑘 𝑌𝑗𝑘

∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,

(21)

𝑁𝑖 ∈ 𝑍+

∀𝑖 ∈ 𝐼,

(22)
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𝑇𝑗𝑘 ∈ 𝑍+
𝐿 ≥ 𝑆.

∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾,

(23)
(24)

Decision variable 𝑇𝑗𝑘 represents the crash time of activity
𝑗 at segment k, which is an integer variable and is represented
in terms of days. Decision variable 𝑌𝑗𝑘 indicates whether the
work segment k of activity 𝑗 crash time is selected, which is a
0 or 1 integer variable. In addition, 𝐶𝑘𝑗 is the crash cost per unit

time of 𝑇𝑗𝑘 ; 𝐹𝑗 represents the fixed cost of activity j; 𝐷𝑗 denotes
the difference between the most likely time or pessimistic
time or the average time of activity 𝑗 and the optimistic time,
that is, the allowable upper limit of the crash duration for the
activity j; 𝑀𝑗𝑘 represents the upper limit of work segment 𝑘

for activity 𝑗 crash time; and 𝑂𝑗𝑘 represents the lower limit
of work segment 𝑘 for activity 𝑗 crash time; CP indicates the
delay penalty cost per unit time if the deadline cannot be met;
L is the project duration after crashing; S indicates the agreed
project duration in the contract.
The mathematical models are expressed in formulas (14)(24). Formula (14) is an objective function that requires
minimizing the total project crash cost. Formulas (15) and
(16) are constraints stipulating that the starting time of each
node must not be earlier than that of the forward node plus
the time of the activity between the two nodes minus the
required activity crash time between the two nodes, with the
starting time of the initial node being larger than or equal to
zero. Formula (17) indicates that the crash time of activity
𝑗 for all segments should not be larger than the difference
between the optimistic time or most likely time or pessimistic
time minus its expected time, that is, the upper limit of the
crash time of each activity. Formulas (18) and (19) represent
the integer variable which is 0 or 1. If the work segment 𝑘 of
activity 𝑗 crash time is not conducting the crash plan, then the
integer variable is specified as 0. If it is conducting the crash
plan, then the integer variable is specified as 1. Formula (20)
indicates that the crash time of activity 𝑗 at segment 𝑘 shall be
larger than or equal to the lower limit of activity 𝑗 crash time
at segment k, and formula (21) indicates that the crash time of
activity 𝑗 at segment 𝑘 shall be less than or equal to the upper
limit of activity j crash time at segment 𝑘. Formulas (22) and
(23) are decision variable constraints that indicate that the
starting time of each node in the decision should be a positive
integer larger than or equal to zero, and the crash time of
each activity at any segment should be a positive integer larger
than or equal to zero. Formula (24) indicates that the project
duration after crashing should be larger than or equal to the
agreed project duration in the contract.

4. Case Study
4.1. Project Background. A case study that uses Monte Carlo
simulation for quantitative risk analysis and integer linear
programming for time-cost trade-off is described below.
The applied case is an EPC project for a high-value-added
fertilizer plant that consists of raw material tanks, reactors,
a nitric phosphate scrubber, handling conveying systems,

and warehouse units. This plant, located in Taiwan, is a
joint venture based on a 30%/70% share between a foreign
company and a local government-based company. The total
land area for this project is approximately 45,000 m2 , with the
required utility units to be developed. The requested schedule
completion for this project is 976 days with a liquidated
damage charging at 0.1% of the contract price per day of delay
according to the contract condition. The estimated budget for
this EPC project is 53,000,000 USD, and the ceiling penalty is
10% of the contract amount.
4.2. Monte Carlo Simulation and Analysis. A series of
symposia (workshops) is held to provide project duration
information for the optimistic, most likely, and pessimistic
ranges of each risk item. Participants should understand
the background, constraints, and key features of the project,
its relation to nearby residents, and its interaction with
government organizations. A person without related engineering experience cannot make estimates from various
angles. Primavera Risk Analysis R8.7 and Primavera P6 R8.3
are applied to calculate the possible project duration. A
simulation with 3,000 iterations is performed to compute the
duration estimate, and Latin hypercube sampling is used as
the simulation method (Hulett 2009).
4.2.1. Preanalysis. The preanalysis check is the preliminary
verification means used to determine risk-sensitive items
with a maximum impact on the total project schedule. Risksensitive items should be emphasized in the follow-up risk
analysis. Sensitivity analysis can determine which of the most
important inputs have the greatest impact on the outputs
and can reflect the correlation between activity and project
schedule duration during the simulation. Schedule sensitivity
also reflects the risks in the activities and their relationships
in schedule logic. The result can be presented in a tornado
graph, which is easy to read (Figure 5). A total of 679 items are
included in the activities under this case project. The seven
most sensitive items with great impact on each activity are
selected as the major items for the subsequent risk analysis.
4.2.2. Premitigation. Figure 6 shows the expected schedule by
considering the uncertainty of the current planned project
schedule and the impact of the most sensitive risk items
before taking mitigation actions. This project has an 80%
probability to be completed in 1,138 days and 100% probability
to be completed in 1,185 days. Compared with the planned
schedule that this case initially required, 976 days, the completion probability of the scheduled project is only nearly 1%.
4.2.3. Postmitigation. Figure 7 shows the expected schedule
by considering the uncertainty of the current planned project
schedule, the impact of the most sensitive risk items, and
the effect of risk disposal actions. This project has an 80%
probability to be completed in 1,079 days and a 100% probability to be completed in 1,123 days. According to practical
engineering experiences, most companies consider adopting
the 80th percentile as a conservative and prudent planning
schedule target (Hulett 2009; Mulcahy 2010). Hence, we need
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Table 1: Monte Carlo simulation results.

Description

Std.
Dev.
4.27
24.96
26.56

Deterministic probability (%)

Pre-analysis
Pre-mitigation
Post-mitigation

55
<1
<1

P80
(days)
979
1,138
1,079

P100
(days)
988
1,185
1,123

EPC Project (pre-analysis)
Schedule Sensitivity Index: Entire Plan - All tasks
CK0035 - Central Building Archi. 4 to shelter & Outside

89%

CK0010 - Central Building Fundation

27%

CK0030 - Central Building Archi. 2F

23%

CK0021 - RC.3F EL+109000

21%

CK0020 - RC.2F EL+104400

18%

CX0020 - Site Preparation/ TCF

17%

EB0130 - P&ID IFA

17%

PCBI0310 - DCS System PO to FOB 0%

Figure 5: Schedule sensitivity of activity.
EPC Project (pre-mitigation)
Entire Plan : Duration

100% 1185

Analysis
Simulation:
Iterations:

Latin Hypercube
3000

Statistics
Minimum:
Maximum:
Mean:
Max Hits:
Std Deviation:
Variance:
Bar Width:

1046
1185
1116
303
24.96
622.8
week

Highlighters
Deterministic (976)
50%
80%
100%

<1%
1116
1138
1185

95% 1157
300

90% 1150
85% 1143
80% 1138

250

75% 1133
70% 1130

60% 1122

Hits

55% 1119
50% 1116
150

45% 1112
40% 1108

Cumulative Frequency

65% 1125
200

35% 1104
100

30% 1101
25% 1097
20% 1093

50

15% 1089
10% 1083
5% 1076

0

0% 1046
1000

1050
1100
Distribution (start of interval)

1150

Figure 6: Probability distribution chart for premitigation simulation.

a schedule contingency of 103 days (976-1,079) to achieve a
conservative 80th percentile level of certainty after conducting risk treatment and considering the planned mitigation
actions.
4.2.4. Distribution Analyzer. Table 1 summarizes the Monte
Carlo simulation results, which provide a schedule comparison for this case project. Terms P80 and P100 represent

probabilities of 80% and 100%, respectively. The probability of
finishing the project within the requested schedule (976 days)
becomes less than 1% after considering the uncertainty of the
current planned schedule and the impact of the risk items.
However, this project has an 80% probability to be completed
in 1,079 days when risk response actions are adopted. Figure 8
presents a comparison diagram for the comprehensiveness
of the schedule risk analysis with a probability placement
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EPC Project (post-mitigation)
Entire Plan : Duration

100% 1123

Analysis
Simulation:
Iterations:

Latin Hypercube
3000

Statistics
Minimum:
Maximum:
Mean:
Max Hits:
Std Deviation:
Variance:
Bar Width:

981
1123
1055
305
26.56
705.7
week

Highlighters
Deterministic (976)
50%
80%
100%

<1%
1055
1079
1123

95% 1097
90% 1090

300

85% 1083
80% 1079
75% 1074

250

70% 1070

60% 1062

Hits

55% 1059
50% 1055
45% 1052

150

40% 1048

Cumulative Frequency

65% 1066
200

35% 1044
30% 1040

100

25% 1035
20% 1031
15% 1026

50

10% 1020
5% 1011
0

0% 981
1000

1050
Distribution (start of interval)

1100

Figure 7: Probability distribution chart for postmitigation simulation.

Distribution Analyzer
100%
Variation:112

Variation:85
Variation:82

Variation:77

60%
Variation:61

Variation:79

40%

Cumulative Probability

80%

20%

0%
970 980 990 1000 1010 1020 1030 1040 1050 1060 1070 1080 1090 1100 1110 1120 1130 1140 1150 1160 1170 1180
EPC Project (post-mitigation) - Entire Plan - Duration
EPC Project (pre-mitigation) - Entire Plan - Duration
EPC Project (pre-analysis) - Entire Plan - Duration

Figure 8: Project schedule comparison.

analysis provided for different completion duration. It shows
the current estimated project schedule (preanalysis), the
impact of risk occurrence on the project (premitigation),
and the schedule after introducing risk response behaviors
(postmitigation).
According to the result of the risk analysis, the most
possible duration for project completion within P80 for the
risk postmitigation result is 1079 days, which exceeds the

contract requested duration (976 days) and the allowable
delay period (100 days). Therefore, a proper crash plan is
necessary. In the next section, we will use the method of
integer linear programming to develop the optimal solution
of the project crash plan. Work activities on the critical path
are made into network diagrams. The relationship between
the activity time and crash cost needed for each work activity
in the network diagram is converted into a mathematical
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TCF Req.

Piling Req.
3/31

11

Building Req.
5/23
7/15
Inquiry/TBE/PO

2/11
Inquiry/TBE/PO

Piling Work

5/1

8/15

Building FDN

Building R.C
2F Floor

3F Floor

5F Floor

Shelter and Outside
Wall restored

4F Floor

8/31

1/31

EQ Install
Key EQ Install

C Phase
Piping work

E & I work

12/31

Power Energizer
10/30

Power/DCS EQ
Movie in

2/1
Piping Install work
3 /1
Flush

Pressure test
4/1
4/16

DCS SAT
Loop Test

Figure 9: Schedule network bar chart.

B

A
1

2
J

C
3

D
4

E
5

F
6

H
7

I
8

9

G

Figure 10: Critical path network diagram.

model, which is solved by integer linear programming.
We expect to determine the additional engineering cost in
accordance with the project duration as stated in the contract
and also consider the relationship between delay penalty and
crash cost.
4.3. Integer Linear Programming Modeling and Analysis
4.3.1. Schedule Network Analysis. Work activities and a network logic diagram with activity durations on the critical path
can be obtained from schedule network analysis. As shown in
the schedule sensitivity index (Figure 5), construction plays
an important role in the entire plan, especially in the activity
“CK0035 central building arch. 4 to a shelter and outside,”
which has 89% schedule sensitivity. Figure 9 provides a bar
chart illustrating the critical path of the case project. The
activities located in the longest bar of Figure 9 are defined
as the most critical items of the case project. These critical
items and correlative activities are used to make a critical path
network diagram shown in Figure 10. The completion time of
the case project under different paths can be solved based on
the precedence relationships of each node and its activity time
in the network diagram. Nine nodes and ten activities exist.
4.3.2. Model Numerical Application. Table 2 shows the input
data of the case analysis. The duration of activity G is longer
than that of activity F, though both can be conducted simultaneously. G is defined as one activity located in the critical path
for subsequent analysis. Similarly, activity A and activity J can
be conducted at the same period. The completed duration
of activity A is longer than that of activity J. A is defined
as one activity located in the critical path for subsequent

analysis. Hence, the critical path is A+B+C+D+E+G+H+I
after analysis. Table 3 shows the different crash cost for
different crash duration of each activity. Three segments for
crash durations (1-10 days as segment 1, 11-20 days as segment
2, and ≥21days as segment 3) are proposed with different crash
costs for each activity. For example, the crash cost (10 days x
5,000USD/day + 6 days x 5,500USD/day) shall be paid when
B is crashed by 16 days.
Table 4 shows the calculation results of project duration
under different scenarios by applying the integer linear
programming Model 1. Under optimistic time, the project
can be completed in advance within the contractual deadline.
Hence, we will not discuss this case. But under pessimistic
time, the project will be overdue for 146 days (1,122 days–976
days). As mentioned in Section 4.1, the ceiling penalty is 10%
of the contract amount, so the maximum delay penalty cost
accepted by the contract is converted into 100 days. Hence,
the next step is to focus on finding the optimum solution for
crash cost and crash schedule in the cases of average time,
most likely time, and pessimistic time.
Tables 5–7 show the calculation results of project crash
plans by applying integer linear programming Model 2. With
an integer linear programming technique, the overall project
cost can be reduced using less expensive resources, and
project planners can adjust the resource selection to shorten
the project duration. Table 5 indicates that when the project is
completed under average time, the optimum project duration
meets the requested date, resulting in no delay penalty with
a crash cost of 133,500 USD. Analysis shows that the delay
penalty cost is 53,000 USD/day (0.1% of the contract price per
day of delay), and the crash cost of several activities, such as
J, B, C, and I, is much lower than the delay penalty cost per
day. Hence, after the calculation of the integer optimization
model via CPLEX R12.6.2 software, the crash plan for the
average time case is to crash activity B for 10 days, activity
C for 13 days, and activity I for 6 days to meet the contracted
deadline with the lowest total cost. The required crash days of
each activity for the average time case after analysis fall in the
reasonable range as indicated in the crash time constraint of
Table 2.

Subsequent
activity
B

Note∗:

Duration (days)
m∗
69
119
117
89
73
72
72
92
72
398

o∗
57
107
95
73
59
59
58
79
59
326

o: optimistic; m: most likely; p: pessimistic.

J (Site Preparation)
A (Design and
B
Subcontracting)
B (Piling)
C
C (Foundation)
D
D (RC 2F)
E
E (RC 3F)
F, G
F (RC 4F)
H
G (Arch. 2F)
H
H (Arch. 3F)
I
I (Arch. 4F to shelter
- (FINISH)
&Outside)

Activity

434

127
97
79
78
79
98
78

131

p∗
76

386

113
86
71
70
70
90
70

119

Average time (days)
t = (to+tm+tp)/3
67

60

18
13
11
11
12
11
11

12

72

22
16
14
13
14
13
13

12

108

32
24
20
19
21
19
19

24

Crash time constraint (t - o) Crash time constraint Crash time constraint
(days)
(m -o) (days)
(p -o) (days)
10
12
19

Table 2: Input data for case analysis.

3,339

605
384
1,500
1,500
1,500
3,339
3,339

2,453

Fixed cost
(1000USD)
58
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Table 3: Different crash cost for different crash duration.
Subsequent activity

Crash Cost
(1000USD/DAY)
(k = segment 1) ∗

Crash Cost
(1000USD/DAY)
(k = segment 2) ∗

Crash Cost
(1000USD/DAY)
(k = segment 3) ∗

B

0.5

1

2

A (Design and Subcontracting)

B

10

25

30

B (Piling)

C

5

5.5

8

C (Foundation)

D

4

4.5

7

D (RC 2F)

E

10

20

-

E (RC 3F)

F, G

10

20

-

F (RC 4F)

H

10

20

-

G (Arch. 2F)

H

20

30

40

I

25

35

45

- (FINISH)

5

8.5

10

Activity
J (Site Preparation)

H (Arch. 3F)
I (Arch. 4F to shelter &Outside)
Note∗: segment 1: crash duration 1-10 days.
Segment 2: crash duration 11-20 days.
Segment 3: crash duration ≥ 21 days.

Table 4: Project duration in case of different expected times.
Activity
0
A
B
C
D
E
G
H
I

Average time (days)
Start time Project duration
0
119
232
318
1005
389
459
549
619
1005

Optimistic time (days)
Start time Project duration
0
107
202
275
857
334
393
472
531
857

Pessimistic Time (days)
Start time Project duration
0
131
258
355
1122
434
512
610
688
1122

Most likely time (days)
Start time Project duration
0
119
236
325
1032
398
470
562
634
1032

Table 5: Optimum project duration and crash plan in case of average time.
Node Start time (days)
1
0
2
119
3
222
4
295
5
366
6
436
7
526
8
596
9
976

Activity
A
B
C
D
E
G
H
I

Crash time (days)
0
10
13
0
0
0
0
6

Crash cost (USD)
0
50,000
53,500
0
0
0
0
30,000

Table 6 shows that when the project is completed by
considering the case of the most likely time, the optimum
project duration meets the requested date, resulting in no
delay penalty with a crash cost of 306,000 USD. After the
calculation of the integer optimization model via CPLEX
software, the crash plan for the most likely time case is to
crash activity B for 22 days, activity C for 16 days, and activity
I for 18 days to meet the contracted deadline with the lowest
total cost. The required crash days of each activity for the most

Project crash cost (USD)

Project delay penalty cost (USD)

133,500

0

likely time case after analysis fall in the reasonable range as
indicated in the crash time constraint of Table 2.
Table 7 shows that when the project is completed by
considering the case of pessimistic time, the optimum project
duration meets the requested date, resulting in no delay
penalty with a crash cost of 1,149,000 USD. After the calculation of the integer optimization model via CPLEX software,
the crash plan for the pessimistic time case is to crash activity
A for 10 days, activity B for 32 days, activity C for 24 days,
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Table 6: Optimum project duration and crash plan in case of most likely time.

Node Start time (days)
1
0
2
119
3
214
4
287
5
360
6
432
7
524
8
596
9
976

Activity
A
B
C
D
E
G
H
I

Crash time (days)
0
22
16
0
0
0
0
18

Crash cost (USD)
0
121,000
67,000
0
0
0
0
118,000

Project crash cost (USD)

Project delay penalty cost (USD)

306,000

0

Table 7: Optimum project duration and crash plan in case of pessimistic time.
Node Start time (days)
1
0
2
121
3
216
4
289
5
358
6
426
7
524
8
602
9
976

Activity
A
B
C
D
E
G
H
I

Crash time (days)
10
32
24
10
10
0
0
60

Crash cost (USD)
100,000
201,000
113,000
100,000
100,000
0
0
535,000

Project crash cost (USD)

Project delay penalty cost (USD)

1,149,000

0

Table 8: Analysis of crash cost and delay penalty cost in average time case.
Duration (days)
Overdue time (days)
Crash cost (USD)
Penalty cost (USD)
Total extra cost to pay (USD)

976
0
133,500
0
133,500

977
1
128,500
53,000
181,500

activity D for 10 days, activity E for 10 days, and activity I
for 60 days to meet the contracted deadline with the lowest
total cost. The required crash days of each activity for the
pessimistic time case after analysis fall in the reasonable range
as indicated in the crash time constraint of Table 2.
4.3.3. Crash Plan Feasibility. In the case of average time, we
set parameter L (project duration after crashing) to 976-981
and analyze the differences in the crash cost and delay penalty
cost of the project. As shown in Table 8 and Figure 11, the
slope of the decline of the crash cost with many overdue days
is less steep than the slope of the rise of the total extra cost.
When this project has longer duration, the gap between crash
cost and total extra cost is getting bigger and delay penalty
cost is increased accordingly. Given that the delay penalty
cost of this case is high, it is suggested that the crash plan be
conducted to make the project schedule completion meet the
contracted deadline. Any extension of the project duration
increases the total extra cost for this case project. However,
from the viewpoint of total project cost minimized, if the

978
2
123,500
106,000
229,500

979
3
118,500
159,000
277,500

980
4
113,500
212,000
325,500

981
5
108,500
265,000
373,500

cost of crash activities is higher than the delay penalty, then
conducting the crash plan becomes an unsuitable option.
Hence, optimizing the relationship between crash cost and
crash time to achieve the best solution is worthy of further
evaluation.
After the several analyses in this study, the company can
find the appropriate execution option for each activity so that
the project can be completed by a desired deadline with the
minimum cost. The company can make a final decision with
support data to approach this case project with confidence.

5. Discussion and Conclusion
Various risks and uncertainties exist in EPC projects. They
lead to projects not completed within time and cost limits.
In the construction industry, contractors always use previous
execution experiences to estimate project durations and costs,
which lead to many risks during project execution. This study
presents the frameworks of project schedule risk analysis and
time-cost trade-off strategy. It introduces a hybrid method
for solving time-cost trade-off problems based on Monte
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400,000
350,000

Cost (USD)

300,000
250,000

Delay penalty cost

200,000
150,000
100,000
50,000
974

976

978
980
Duration (days)

982

Crash Cost
Total extra cost

Figure 11: Illustration for crash cost and delay penalty cost in
average time case.

and risk consideration. It enables managers to optimize their
decision-making reference while approaching a project.
This study (1) provides comprehensive plans for project
schedule risk analysis and time-cost trade-off strategy, (2)
identifies and understands the critical path and near critical
paths through a real case study, (3) proposes a hybrid
approach with Monte Carlo simulation and mathematical
integer linear programming to solve problems related to
project scheduling, (4) constructs a mathematical model of
the project crashing strategy coded by CPLEX to determine
the optimal project completion schedule and minimize the
total cost, (5) analyzes the relationship between project
crash cost and delay penalty, and (6) provides reference
points to project budgeting under crashing strategy and risk
consideration.

Data Availability
All data are provided by the author.

Carlo simulation and integer linear programming. Monte
Carlo simulation is initially used to develop the probability
distribution of the possible project completion duration in
different scenarios by considering potential risks, and integer
linear programming is applied to determine the crashing
strategy for time-cost optimization.
Monte Carlo simulation can be used for the engineering
schedule risk analysis to obtain the most probable project
completion time by identification of risk factors and sensitivity analysis. Qualitative and quantitative risk analyses should
be conducted for all potential risk items during the quotation
phase. As in the case study, the project completion duration
specified in the contract, which is 976 days, turns out to
be an impossible requirement because the simulation results
validate that the total project duration is 1,079 days with
80% probability and 1,123 days with 100% probability after
considering the risk mitigation effects. On the basis of the
risk analysis result, a contractor might propose a reasonable
schedule to the owner to avoid the fine caused by schedule
delay. But the owner would not accept it and would disqualify
the contractor from the bidding. On the other hand, paying
delay penalties will result in serious damage to the corporation’s reputation, so companies are not inclined to choose
this option. Therefore, contractors must determine crashing
strategies and assess whether to approach this project. This
study introduces a new hybrid method to provide a simple
tool to evaluate project execution under a crashing strategy
and risk consideration. The proposed hybrid method selects
the most critical path using a schedule sensitivity index from
Monte Carlo simulation results and then uses a mathematical
integer linear programming optimization method to solve the
constructed model for the selected path. This model can be
effectively applied in a practical EPC project for assessment
during a bidding stage and may help project planners to
manage the project completion time accurately from a risky
amount to a desirable predefined value. This approach will
also allow managers to understand the trade-off between
project execution time and cost under crashing strategies
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In this paper, the research contents are mainly focused on the technology of the underwater wheeled vehicle speed control. For
providing a passive towed underwater wheeled vehicle with accelerating, uniform motion and decelerating capability which can
simulate an underwater navigation environment for the carried unit, we devised a novel open-type hydraulic flexible towing
system. Combining the hydrodynamic model of the vehicle and the hydraulic mechanism model, the dynamic characteristics of
the novel towing system are studied by computing simulation. Aiming at the force coupling character of double driving hydraulic
winches, a master-slave synchronization control strategy is proposed. Then, in view of the flexible towing system features, i.e., strong
coupling, nonlinear, time-varying load, and environmental constraints, a real speed controller based on fast terminal sliding mode
control theory is designed and manufactured. To verify the effectiveness of the controller, a hardware-in-the-loop simulation test
is carried out on the strength of a semiphysical simulation platform based on Matlab/Simulink and VxWorks real-time system.
The experiment results show that the speed controller based on fast terminal sliding mode control has excellent effect on rapidity,
stability, and anti-interference characteristics.

1. Introduction
In the new century, facing various challenges, especially in the
global population, resources, and environment, people will
inevitably pay more and more attention to sea and depend on
the ocean. With the extensive research and development of
the special equipment for marine resources exploitation and
marine environmental detection, the related testing device is
also developed rapidly [1–3]. The underwater wheeled vehicle
flexible towing system presented in this paper is a new kind
of experiment establishment which was built in a shallow
water tank. The experiment system is mainly composed of
a wheeled vehicle and a submersible lifting platform which
can hover at the specified depth underwater and adjust
the inclination of the platform itself by the using of intake
and drainage system and lifter winches. With the help of
the pulleys fixed on the lifting platform and the wire rope,
the underwater wheeled vehicle can be towed to achieve
steady horizontal uniform navigation on the track mounted
on the surface of the lifting platform. If this experiment

system is built in shallow seas, it can simulate a deeper and
more realistic marine environment for the tested object. On
account of this function, the underwater wheeled vehicle
towing system can be applied to a variety of underwater applications, for example, providing a required-speed running
environment, testing the dynamic performance of sensors
and tested objects, capturing the tested equipment status data,
and achieving effective data remote real-time transmission.
We can find that the accurate and steady speed of the wheeled
vehicle is the key to complete underwater dynamic testing.
Taking into consideration the fact that the hydraulic
winch features higher efficiency and superior load capacity
and is more economical than the electric winch, we choose
the hydraulic valve control motor driving winch in this
study [4]. As shown in Figure 1, the underwater wheeled
vehicle towing system consists of an anterior traction winch, a
posterior brake winch, track, wire rope, and fixed pulleys. The
track is mounted on the surface of the lifting platform, and the
two driving winches are, respectively, arranged on both ends
of the track. Along the pulley group, the open-type hydraulic
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Figure 1: Schematic diagram of underwater vehicle propelled by hydraulic winch.

flexible towing system is linked by two ropes which are fixed
and wound on the traction winch and brake winch. Driven by
two winches, the vehicle can move horizontally on the track.
When the loaded underwater wheeled vehicle runs in
a cuboid boundary pool, the complex water resistance will
come from the fluid-structure interaction, wave-making
interaction, and pond wall effect. In addition to this, there are
uncertain parameters in hydraulic system and environment.
So as to achieve the favorable and stabilized properties of
sailing when the loaded wheeled vehicle is conducting a test,
the speed controller must be provided with self-adaptive and
robust property. As we all know, once the rope slackens,
the tensile force becomes zero. If the speed of the vehicle is
fluctuating, the wire rope will oscillate up and down, which
will make the towing system destabilized or even destroyed.
In order to avoid overlarge tension shock of the hinder rope,
it is indispensable to put forward a multimode synchronous
control strategy.
In modern times, many scholars have done plenty of
research work on the modeling of hydraulic and fluid systems with rope actuation [5, 6] and proposed a good deal
of advanced control technology such as feedback, neural
network, adaptive robust control, and predictive control [7–
11]. In order to predict the vibration characteristics of the
armature assembly, Peng et al. focused on the mathematical modeling of the vibration characteristics of armature
assembly in a hydraulic servo valve and the identification
of parameters in the models [12]. Chen et al. developed the
dynamic model of the valve-controlled hydraulic winch by
linearizing its nonlinear dynamics at an operating point and
found that the FUZZY P + ID controller is much more
robust than the conventional PID controller [13]. Wei et al.
demonstrated that the nonlinear cascade controller together
with the extended fuzzy disturbance observer provides an
excellent motion tracking performance in the presence of
complex external disturbances [14]. Newton analyzed the
difference of control theory and control effects between
neural network control algorithm with the traditional PID
control algorithm in motor and valve control cylinder valvecontrolled system [15]. Yao concerned the high dynamic

tracking control of hydraulic servo systems and found the
proposed feedback linearization controller guarantees more
excellent tracking performance even with high-frequency
tracking demand than the proportional-integral controller
and the proportional-integral controller [16].
Provided the capacity of parameter adaptability and good
robustness for nonlinear control system, sliding mode control
has become increasingly applicable to electrohydraulic servo
systems control. Mohseni et al. presented a decoupled sliding
mode with fuzzy neural network controller for a nonlinear
system, which can make the response of system converge
faster [17]. Perron et al. presented a sliding mode controller to
resolve efficiency variations of the pump which are dependent
on the pressure operating point and its speed of rotation [18].
It is easy to see that the application of advanced control
theory has been a significant research direction for modern
hydraulic control [19–23]. However, it is more challenging for
the speed control system facing the flexible load. For example,
a sliding mode control algorithm based on fuzzy reaching law
for the underwater vehicle under hydraulic flexible traction
system with low rigidity and variable load was designed
by Zhao et al. [24]. Zhao presented a loop-type traction
system with one hydraulic winch differing from the opentype towing system with double hydraulic winches which
increased the complexity and difficulty of control system.
For the research object of the paper, it is a novel kind
of underwater flexible towing system depending on two
hydraulic valve-controlled motor winches and the wire rope.
The mathematical model of the open-type hydraulic flexible
towing system must be rebuilt in view of nonlinear flexible
wire rope, hydraulic valve-controlled motor, the vehicle
features, and the water resistance force in a limited pool.
Thus, it is meaningful to design a novel sliding mode control
arithmetic for the open-type hydraulic flexible towing system.
This article is organized as follows: the Problem Statement
describes the problem formulation. The model of the underwater vehicle towing system including the valve-controlled
hydraulic motor driving device, the wire rope traction mechanism, and the vehicle body is discussed in the Modeling
of Underwater Vehicle Control System. Then, the speed
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Figure 2: Schematic diagram of underwater vehicle propelled by hydraulic winch.

controller taking advantage of fast terminal sliding mode
method is developed in the Research on Fast Terminal Sliding
Mode Control. Next, in the Simulation and Discussion, the
robustness and effectiveness of the presented control laws
are confirmed by Matlab/Simulink. The satisfactory dynamic
quality of the control system is evidenced by comparing the
simulations in the disturbance and interference-free environment. And the physical controller is verified by the use
of the semiphysical simulation platform in the Semiphysical
Simulation. Finally, a brief conclusion is included in the
Conclusion.

2. Problem Statement
Since the effective length of the track is only 10.5 meters,
the wheeled vehicle which has great mass need be controlled to accelerate to specific speed firstly, keep uniform running for several seconds stably, and decelerate
gradually to 0 m/s lastly. Under these circumstances, the
speed control system of the underwater wheeled vehicle
must have short rising time, veracity, and anti-interference
ability to conquer the strong coupling, nonlinear, timevarying load, and environmental constraints of the towing
system.
In addition, the speed controller should actually output
two valve opening control signals at the same time, where
one is for the traction winch and another one is for the brake
winch. It is essential to put forward multimode synchronous
control strategy which can reduce the tensile impact of wire
rope while the underwater wheeled vehicle begins to slow
down from constant speed.

3. Modeling of Underwater Vehicle
Control System
3.1. Modeling of Flexible Traction System. Figure 2 is the
force analysis diagram of the underwater wheeled vehicle
towing system. As exhibited in this figure, we assume that
the direction of motion of the winches and pulleys is positive
direction. And the angular velocity of the brake winch,
pulleys, and the traction winch is defined respectively as 𝜔1 ,
𝜔2 , 𝜔3 , 𝜔4 , 𝜔5 , and 𝜔6 . Owing to the arrangement of the
hydraulic winches, chain wheels, and the underwater vehicle,
the wire rope can be segmented into six sections (L1, L2,
L3, L4, L5, and L6). For convenience, the tension of each
part is defined separately as F1 , F2 , F3 , F4 , F5 , and F6 . The
resultant force of the underwater wheeled vehicle consists of
three forces, that is, the front traction force F2 , posterior force
F1 , and resisting force f.
On the basis of the force analysis, we can acquire the
kinetic equation of the underwater wheeled vehicle as follows.
𝑑𝑉𝐿
(1)
𝑑𝑡
where F1 stands for the tensile force of segment L1 on the
back of the vehicle, F2 stands for the tensile force of the first
segment L2 in the front of the vehicle, f is water resistance
force which is applied on the vehicle, M is the mass of the
underwater vehicle, and V𝐿 is the running velocity of the
underwater vehicle.
Owing to the nonlinear characteristic of the wire rope and
the coupling of the applied forces from two directions, it is
necessary for us to analyze tension of steel wire rope which is
critically important element in this open-type flexible towing
𝐹2 − 𝐹1 − 𝑓 = 𝑀
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system. The mechanical model of unrelaxed rope can be
described as the Kelvin-Voigt model. And the tensile force
becomes zero when the rope is slack. Under the condition
of stretching, the deformation quantity of each segment is
expressed as xi (i = 1, 2, 3, 4, 5, 6), respectively.
Taking two states of the wire rope into account, the tensile
force of each rope segment can be described as follows.
{𝑘𝑖 Δ𝑥𝑖 + 𝑐𝑖 Δ𝑥𝑖̇ , Δ𝑥𝑖 > 0
𝐹𝑖 = {
0,
Δ𝑥𝑖 ≤ 0
{

(2)

Six rope segments share the same parameters, elasticity
modulus k = k1 = k2 = k3 = k4 = k5 = k6 , viscous modulus c = c1
= c2 = c3 = c4 = c5 = c6 . Considering the moving condition, the
dynamical elongations of each part of rope can be expressed
as follows.
Δ𝑥1 = 𝑋𝐿 + ∫ 𝜔1 𝑑𝑡 ⋅ 𝑅

Substituting (4) in (6) results in
𝑘2 𝜔2 (𝑠) 𝑅 − 𝑘2 𝑉𝐿 (𝑠) + 𝑐2 𝜔2 (𝑠) 𝑅 ⋅ 𝑠 − 𝑐2 𝑉𝐿 (𝑠) ⋅ 𝑠
= 𝑀𝑉𝐿 (𝑠) ⋅ 𝑠2 + 𝑓 ⋅ 𝑠

(7)

In the open-style flexible towing system, the relationship
about the underwater vehicle velocity, water resistance, and
hydraulic winch rotational speed can be extrapolated as
follows.
𝑉𝐿 (𝑠) =

𝜔4 (𝑠) ⋅ (𝑘 + 𝑐𝑠) ⋅ 𝑅4 − 𝑓 ⋅ 𝑠
𝑀𝑠2 + 𝑐𝑠 + 𝑘

(8)

3.2. Modeling of Hydraulic Winch System. In order to allow
the transfer function of the hydraulic winch, three fundamental equations consisting of the hydraulic actuated valve flow
equation, hydraulic motor flow rate continuation equation,
and the motor torque balance equation must be set out. And
their Laplace transform can be written as follows.

Δ𝑥2 = ∫ 𝜔2 𝑑𝑡 ⋅ 𝑅 − 𝑋𝐿

𝑄𝐿 = 𝐾q 𝑋𝑉 − 𝐾𝑐 𝑃𝐿

Δ𝑥3 = ∫ 𝜔3 𝑑𝑡 ⋅ 𝑅 − ∫ 𝜔2 𝑑𝑡 ⋅ 𝑅

𝑄𝐿 = 𝐷𝑚 𝑠𝜃𝑚 + 𝐶𝑡𝑚 𝑃𝐿 +
(3)

𝑉𝑚
𝑠𝑃
4𝛽𝑒 𝐿

(9)

Δ𝑥4 = ∫ 𝜔4 𝑑𝑡 ⋅ 𝑅4 − ∫ 𝜔3 𝑑𝑡 ⋅ 𝑅

𝑇𝑠 = 𝑃𝐿 𝐷𝑚 = 𝐽𝑚 𝑠2 𝜃𝑚 + 𝐵𝑚 𝑠𝜃𝑚 + 𝐺𝜃𝑚 + 𝑇𝐿

Δ𝑥5 = ∫ 𝜔5 𝑑𝑡 ⋅ 𝑅 − ∫ 𝜔1 𝑑𝑡 ⋅ 𝑅

where Ts is the theoretical torque generated by hydraulic
motor. Kq is the flow gain of the valve. Kc is the flow pressure
coefficient. Dm is the displacement of the hydraulic motor.
Ctm is the total leakage factor of the hydraulic motor. Vm is the
total volume of the pipe. 𝛽e is the oil elasticity modulus. Jm is
the inertia reflected to the rotation shaft of hydraulic motor.
Bm is the viscous damping coefficient of load and hydraulic
motor. G is the load torsion spring stiffness. And TL is the
external load torque acting on the motor shaft.
By putting these three fundamental equations together
and eliminating the middle term, the transform function of
the valve opening degree and vehicle speed comes out as
follows [25].

Δ𝑥6 = ∫ 𝜔6 𝑑𝑡 ⋅ 𝑅 − ∫ 𝜔5 𝑑𝑡 ⋅ 𝑅6
where XL is the running distance of vehicle. Consider the
steady condition, the hydraulic winch, and guide wheel have
equal linear speed, w1 ⋅R=w2 ⋅R=w3 ⋅R=w4 ⋅R4 =w5 ⋅R=w6 ⋅R6 .
Using the Laplace transformation, we can get
Δ𝑥1 (𝑠) ⋅ 𝑠 = 𝑉𝐿 (𝑠) + 𝜔1 (𝑠) ⋅ 𝑅
Δ𝑥2 (𝑠) ⋅ 𝑠 = 𝜔2 (𝑠) ⋅ 𝑅 − 𝑉𝐿 (𝑠)
Δ𝑥3 (𝑠) ⋅ 𝑠 = 𝜔3 (𝑠) ⋅ 𝑅 − 𝜔2 (𝑠) ⋅ 𝑅
Δ𝑥4 (𝑠) ⋅ 𝑠 = 𝜔4 (𝑠) ⋅ 𝑅4 − 𝜔3 (𝑠) ⋅ 𝑅

(4)

Δ𝑥5 (𝑠) ⋅ 𝑠 = 𝜔5 (𝑠) ⋅ 𝑅 − 𝜔1 (𝑠) ⋅ 𝑅

(𝐾𝑞 /𝐷𝑚 ) 𝑥V − (1/𝐷2m ) (𝐾𝑐𝑒 + (𝑉m /4𝛽𝑒 ) 𝑠) 𝑇𝐿
𝑠2 /𝜔2 ℎ + (2𝜉ℎ /𝜔ℎ ) 𝑠 + 1 + 𝐵𝑚 𝐾𝑐𝑒 /𝐷2𝑚

𝜔ℎ = √

Δ𝑥6 (𝑠) ⋅ 𝑠 = 𝜔6 (𝑠) ⋅ 𝑅6 − 𝜔5 (𝑠) ⋅ 𝑅
When the underwater vehicle is doing accelerated movement, the posterior force which is a resistance should be
as small as possible for the rapidity of speed control. Based
on the multimode synchronous control strategy, F1 can be
regarded as zero. Combining (1) and (2), we can get the kinetic
equation simplified as follows.
𝐹2 − 𝑓 = 𝑘2 ⋅ Δ𝑥2 + 𝑐2 ⋅ Δ𝑥2̇ − 𝑓 = 𝑀 ⋅ 𝑉𝐿̇

̇ =
𝜃m

𝜉ℎ =

4𝛽𝑒 𝐷2𝑚
𝑉𝑚 𝐽

(10)

𝐾𝑐𝑒 𝛽𝑒 𝐽
𝐵
𝑉
√
+ 𝑚 √ 𝑚
𝐷𝑚 𝑉𝑚 4𝐷𝑚 𝛽𝑒 𝐽

𝐾𝑐𝑒 = 𝐾𝑐 + 𝐶𝑡𝑚

(5)

where 𝜔h is equivalent hydraulic natural frequency. 𝜁h is
damping ratio of hydraulic valve-controlled motor. And Kce
is general coefficient of flow pressure.

(6)

3.3. Modeling of External Load. The force analysis of the open
flexible traction structure is described as shown in Figure 2.

Equation (6) can be written as
𝑘2 ⋅ Δ𝑥2 (𝑠) + 𝑐2 ⋅ Δ𝑥2 (𝑠) ⋅ 𝑠 = 𝑀 ⋅ 𝑉𝐿 (𝑠) ⋅ 𝑠 + 𝑓
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According to the torque equilibrium equation of winch, we
can get the following.
4

𝑇𝐿 = 𝑅4 ⋅ ∑ (𝐾𝑖 Δ𝑋𝑖 + 𝐶𝑖 Δ𝑋̇ 𝑖 )

(11)

𝑖=2

Combining (4), (8), and (11), the torque equilibrium
equation of hydraulic may be obtained as follows.
𝑇𝐿 = 𝑅4 [𝑘
= 𝑅4 [

𝜔4 𝑅4 − 𝑉𝐿
+ 𝑐 (𝜔4 𝑅4 − 𝑉𝐿 )]
𝑠

𝑘𝑅4 + 𝑐𝑅4 𝑠
𝑘 + 𝑐𝑠
𝜔4 −
𝑉𝐿]
𝑠
𝑠

(12)

= 𝑅4 𝑀𝑠𝑉𝐿 + 𝑅4 𝑓
The model of water resistance force applied on the
underwater vehicle can be expressed as follows [26].
𝑓 = 0.5𝐶𝑑 𝜌𝐴𝑉𝐿2

(13)

3.4. Modeling of the Underwater Vehicle Speed Control System.
As we can know from Figure 3, according to the deviation
between the measured velocity and the given value, the
speed controller of underwater wheeled vehicle computes the
opening degree of valve and outputs the control signal to the
servo valve. And, then, the rotating winch drives the opentype flexible towing structure under the variable disturbance.
Integrating each of the component transfer functions (8),
(10), (12), and (13), we can acquire the transfer function
structure diagram of the whole hydraulic flexible towing
speed control system which is shown; the transfer function
diagram of the underwater vehicle speed control system may
be obtained in Figure 4.

Different from the traditional hydraulic speed servo
control system, the underwater wheeled vehicle flexible
towing system utilizes the steel wire rope as the traction
medium, which increases the system order and reduces the
system rigidity. In addition, compared with the conventional
hydraulic winch, the external load is time-varying owing to
the variable vehicle speed and water resistance, which brings
great challenges for the stability speed control.
In order to calculate the transfer function expression
for the running velocity and the opening of the servoproportional control valve, we have to simplify the above
transfer function diagram. For the sake of convenience, the
substitution variables are defined as follows.
𝑘𝑞 /𝐷𝑚
𝐴=
𝑠 (𝑠2 /𝜔ℎ2 + 2𝜉ℎ 𝑠/𝜔ℎ + 1 + 𝐵𝑚 𝑘𝑐𝑒 /𝐷2𝑚 )
𝐵=

(𝑉𝑚 /4𝛽𝑒 𝐷2𝑚 ) 𝑠 + 𝑘𝑐𝑒 /𝐷2𝑚
𝑠 (𝑠2 /𝜔ℎ2 + 2𝜉ℎ 𝑠/𝜔ℎ + 1 + 𝐵𝑚 𝑘𝑐𝑒 /𝐷2𝑚 )

(14)

𝑠 (𝑘 + 𝑐𝑠) 𝑅4
𝑀𝑠2 + 𝑐𝑠 + 𝑘
𝑠
𝐷=
𝑀𝑠2 + 𝑐𝑠 + 𝑘
On the basis of the above equation, we can acquire
𝐶=

V𝐿 (𝑠) = (𝐴𝑋𝑉 (𝑠) − 𝐵𝑇𝐿 (𝑠)) 𝐶 − 𝐷𝑓 (𝑠)
= 𝐴𝐶𝑋𝑉 (𝑠) − 𝐵𝐶 (𝑅4 𝑀𝑠V (𝑠) + 𝑅4 𝑓) − 𝐷𝑓 (𝑠)
= 𝐴𝐶𝑋𝑉 (𝑠) − 𝐵𝐶𝑅4 𝑀𝑠V (𝑠)

(15)

− (𝐵𝐶𝑅4 − 𝐷) 𝑓 (𝑠)
where XV (s) is the control input of servo-proportional control
valve, v(s) is the running velocity of the underwater wheeled
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vehicle on last measuring period, and f(s) is the water
resistance acting on the vehicle.

4. Research on Fast Terminal Sliding
Mode Control
It is difficult to pinpoint the mathematical model of the
underwater vehicle speed control system on account of the
large inertia, variable load, time delay, parameter uncertainty,
and strong nonlinearity features. When the vehicle moves
in the limited rectangular parallelepiped pond, the existing
fluid-structure interaction, the pond wall effect, the fluid
resistance, and the change of system state usually make the
system deviate from the design state.
Sliding mode control has received wide attention and
research because of its good robustness to the external
disturbance and parameter perturbation. On its basis, the
terminal sliding mode control theory introduces nonlinearity
into the design of sliding mode which brings about the
limited time convergence, rapid convergence, and stronger
robustness. Therefore, it is suitable for the underwater vehicle
speed control system.
Taking a SISO second-order nonlinear system as the
research object,

Table 1: Parameters of the hydraulic flexible towing system.
Parameter name
Winch radius
Valve flow gain
Motor leakage factor
Charge oil pressure
Motor displacement
Volume of cavity
Bulk modulus of hydraulic
Flow-pressure coefficient
Vehicle quality
Meeting area of flowing

Note
R4
Kq
Ctm
Ps
Dm
Vm
𝛽e
K ce
M
A

Unit
m

MPa
m3 /rad
m3
Pa
m5 /(Ns)
kg
m2

value
0.27
0.1193
1.45 ×10−12
23
0.00207
0.04
7.0 × 108
4.54 ×10−12
20000
16.8

The following formula is derived.
s1̇ = s0̈ + 𝛼0 s0̇ + 𝛽0

d q0 /p0
s
dt 0

d q /p
= −f (x) − g (x) u + 𝛼0 s0̇ + 𝛽0 s00 0
dt

(19)

Combining (19) with (18), the fast sliding mode controller
is developed as
u (t)

x1̇ = x2
x2̇ = f (x) + g (x) u + d (t)

(16)

The system state is expressed as x = [x1 x2 ], f(x) and g(x)
are the known smooth functions, respectively, g(x) ≠ 0, and
d(t) denotes the uncertainty and disturbance satisfied with
|d(t)| ≤ L.
A fast terminal sliding surface is selected as follows.
s1 = s0̇ + a0 s0 + 𝛽0 s0 q0 /p0

(17)

where 𝛼0 , 𝛽0 > 0 and q0 , p0 (q0 < p0 ) are positive odd
numbers, s0 = x1 . The linear term 𝛼0 s0 is involved to optimize
the rapidity of the approaching area, and the nonlinear
term 𝛽0 s0 q0 /p0 can ensure that the system motion points can
converge to the sliding surface in finite time [27].
Next, according to the concept and function of reaching
law which can ensure the excellent dynamic quality of the
system states in the approaching area, the fast terminal
reaching function is devised as follows [28].
q/p

s1̇ = −𝜙s1 − 𝛾s1 − d (t)

(18)

where 𝛾, 0 > 0, p, q > 0 are positive odd numbers. In
the fast terminal reaching law, it makes sure that the system
can get to the sliding surface s1 (x) = 0 from any initial
state in a finite time to use the item with fractional diffusion
power instead of the sign function. In addition, differing from
the conventional reaching law, the fast terminal reaching
law without the discontinuous items can reduce the chatting
caused by the sign function efficaciously.

= −g (x)−1 (f (x) + 𝛼0 s0̇ − 𝛽0

(20)
d q0 /p0
q/p
s0
− 𝜙s1 − 𝛾s1 )
dt

The Lyapunov function is selected as
1
V = s21
2

(21)

With reference to (17) and (18),
(p+q)/p
V̇ = s1 s1̇ = −𝜙s21 − 𝛾s1
− s1 d (t)

(22)

We know that (p + q) is an even number, because
q/p
is satisfied; i.e., 𝛾 ≥ |1/s1 ||d(t)| or
we have V̇ ≤ 0.

(p+q)/p
− s1 d(t) ≤ 0
−𝛾s1
q/p
𝛾 ≥ |1/s1 |L; therefore,

5. Simulation and Discussion
In this section, the model of the underwater wheeled vehicle
towing system is simplified firstly, and the velocity controller
on account of the fast terminal sliding mode control theory
is designed. To examine the performance of the velocity
controller, the whole-course towing movement simulations
based on the FTSMC and PID controller have been both
carried out in Matlab/Simulink platform.
5.1. Model Simplification. On the basis of the actual equipment selection, the main nominal parameters of the hydraulic
flexible towing system are exhibited in Table 1.
According to the main system parameters, the transfer
function diagram of the underwater wheeled vehicle speed
control system may then be acquired in Figure 5.
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Figure 5: The transfer function diagram of the underwater vehicle speed control system.
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Figure 6: Motion curve based on PID control law.

Figure 7: Motion curve based on LSM control law.

After simplification, the transfer function of the underwater vehicle speed control system may be written as

where v is the running velocity of the underwater wheeled
vehicle on last measuring period, and f is the water resistance
acting on the vehicle.

V𝐿 (𝑠) =

𝑠2

178.4688
𝑋 (𝑠)
+ 0.826244𝑠 + 20.26594 𝑉

−

24.81859𝑠
V (𝑠)
𝑠2 + 0.826244𝑠 + 20.26594

−

3.2168 × 10−5 𝑠2 + 8.0147 × 10−4
𝑓 (𝑠)
𝑠2 + 0.826244𝑠 + 20.26594

(23)

The status parameters of the underwater wheeled vehicle
velocity control system can be selected as x1 = VL and x2 =
x1̇ . Then the state-space equation of the hydraulic flexible
towing system can be obtained as follows.
𝑥1 = 𝑉𝐿
𝑥1̇ = 𝑥2
𝑥2̇ = −20.26594𝑥1 − 0.826244𝑥2 + 178.4688𝑢
− 24.81859V̇ − 3.2188 × 10 𝑓 ̈ − 8.0147
−5

× 10−4 𝑓 ̇

(24)

5.2. Comparing Simulation with Multiple Given Speeds. In
this part, the PID control method has been realized firstly in
the simulation platform with the following control parameters: P=2, I=0.8, and D=0.1.
As shown in Figure 6, the entire journey movement simulations with three different inputs 2.5 m/s, 2 m/s, and 1.5 m/s,
respectively, are experimented. Using the PID approach, the
practical uniform velocity can catch up with the given speed
in an acceptable time; however the steady-state deviation of
the uniform phase increases with the set velocity. In addition,
there is just a small margin for the track length when the set
speed is 2.5 m/s, which means there is a risk of hitting the pool
wall.
After that, the classical line sliding mode control method
is applied to the design of the speed controller. And the
simulation has been carried out, as shown in Figure 7.
Thirdly, the FTSMC method is realized secondly in the
simulation platform with the following control parameters:
𝛼0 = 20, 𝛽0 = 0.1, q0 = 5, p0 = 7, 𝜑 = 1400, 𝛾 = 100, q = 3,
and p = 5, as shown in Figure 8.
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In the next step, the comparing diagram putting the PID
curve, LSM curve, and the FTSMC curve together is shown
in Figures 9 and 10.
As shown in Figure 8, using the FTSMC approach, the
practical uniform velocity can also catch up with the given
speed in an acceptable time, and the steady-state accuracy
of the uniform phase is excellent. In addition, there is
still a big margin for the track length when the set speed
is 2.5 m/s. With the analysis of the comparing motion
curve, the control effect of two controllers can meet the
experiment requirements, and the FTSMC controller is more
excellent.
5.3. Comparing Simulation with Parameter Perturbation. A
comparison experiment referring to multiple parameter perturbations is carried out to examine the adaptable character
of the FTSMC controller we designed, as shown in Figure 11.
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Figure 11: FTSMC control simulation with parameter perturbation.

In this part, the FTSMC control method has been realized
in the simulation platform with the 1.2, 1.4, 1.6, and 2 times of
water resistance coefficient.
Exhibited in Figure 11, using the FTSMC approach, the
practical velocity of the uniform phase can keep stable as well
as accuracy under multiple coefficients, which displays that
the speed controller of the underwater wheeled vehicle can
be adaptable to the different parameter perturbations.
To examine the performance of the multimode synchronous control strategy, the entire journey movement
simulations have been carried out in Matlab/Simulink, as
shown in Figure 12.
5.4. Comparing Simulation with Impulsive Disturbance. A
comparison experiment referring to impulsive disturbance is
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Figure 14: Comparing distance curve with impulsive disturbance.
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Figure 13: Comparing velocity curve with impulsive disturbance.

carried out to examine the robust character of the FTSMC
controller we designed, as shown in Figures 13 and 14.
In this part, the FTSMC control method has been realized
in the simulation platform with impulsive disturbance which
is applied to the wheeled vehicle in the negative direction and
is maintained for 0.8 seconds.
The velocity response of the FTSMC controller still can
converge to the desired speed. However the speed responses
of PID and LSM controllers appear with a fluctuation, and the
distances of the vehicle have crossed the end line of the track.

6. Semiphysical Simulation
After the real control equipment manufactured, a semiphysical simulation platform based on Matlab/Simulink and
VxWorks real-time system is set up, which connects physical
controller with simulator by the authentic electrical interface
and communication, as shown in Figure 15. The controller
outputs the opening signal of the valve to the target simulator
running the dynamic mathematic model instead of the

Figure 15: Semiphysical simulation platform.

physical control object. And the entire journey movement
experiment of the underwater wheeled vehicle has been
carried out by use of the semiphysical simulation platform,
as shown in Figure 16.
During the entire journey movement experiment, the
velocity and distance response of the underwater wheeled
vehicle still behaves well on the function of the practical
controller based on the FTSMC theory.

7. Conclusion
In this paper, we introduced an underwater wheeled vehicle
flexible towing system. After analyzing each component characteristic of the underwater wheeled vehicle towing system,
the dynamic mathematical system model is established. Aiming at the environmental constraint and disturbance caused
by the external environment, the fast terminal sliding mode
variable structure controller is designed. At last, effective
simulations based on the semiphysical simulation platform
is carried out. Analyzing the simulation results, the velocity
and displacement converge to the desired status rapidly which
indicates that the speed control system based on the FTSMC
theory can be robust against the nonlinear, environmental
disturbance.
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Compared with ordinary tunnels, the influence analysis of underwater tunnel adjacent constructions is more complicated. At
present, the empirical method used to divide the influence zone of the tunnel adjacent constructions has great uncertainty. So
it is of great significance for actual construction and design to determine the influence zone accurately according to theoretical
calculations. In this paper, based on the Hoek–Brown nonlinear failure criterion of rock mass and taking seepage factor into
account, the stress state of rock mass around the underwater tunnel adjacent constructions can be deduced by elastoplastic theory.
Then combined with the concept of “loose zone-bearing zone”, the influence zone division method of underwater tunnel adjacent
constructions is proposed, and it is applied to the analysis of engineering examples. Through the deduced theoretical formulas, the
influence zone of underwater tunnel adjacent construction can be divided into extensively strong, strong, relatively strong, weak,
and noninfluence zones. Corresponding the influence zones with the risk levels in the code, different control measures are adopted
for different risk levels, which can provide certain guidance for the design and construction of tunnel in practical engineering.

1. Introduction
Presently, the development of urban subway traffic construction is rapid. As the utilization ratio of land resources and
building space in the city is gradually improved, tunnel construction inevitably will be close to existing structures, which
makes tunnel adjacent construction become the key link
in current tunnel design and construction, and underwater
tunnel is no exception. However, due to its more difficult construction, more complicated conditions, and more stringent
requirements, the underwater tunnel adjacent construction is
different from ordinary tunnels. How to evaluate the impact
of underwater tunnel construction on adjacent structures is
of great guiding significance for tunnel line selection and site
construction.
The local and overseas scholars have performed outstanding achievement regarding the influence zone division
of tunnel adjacent constructions. In 1998, Japan made a
guideline for the construction of railway, highway, and
electric power industries which lead to the beginning of the
study on the influence zone of adjacent construction [1].
In recent years, the research on the theory of zoning has

been further developed. In terms of experimental research,
the team of Chou [2] systematically summarized the local
cases of recent construction projects, studied the impact of
adjacent construction, and proposed the zoning method of
different types of adjacent construction. For example, when
two tunnels are parallel (where L is the distance between the
two tunnels), L <1D is the strong influence area, and 1D≤L
<2.5D is the weak influence area. Thereafter, most of the
studies are similar. Du [3] relied on the tunnel in Shanghai
to carry out in situ tests of soil disturbance. Based on the soil
disturbance data, the degree of influence was divided. Li et al.
[4] deduced the disturbed plastic zone of soil under tunnel
construction based on hole expansion theory. The plastic
zone was regarded to strong influence zone, and the field
test and the finite element method were used to verify this
finding. Other scholars conducted further research on the
basis of different engineering test data. In terms of numerical
simulation, Huang et al. [5] used a series of centrifuge model
tests conducted to investigate the effect of deep excavation
above an existing tunnel. Xu et al. [6] studied the influence
shield tunneling on surround soils through the monitoring
in situ and analyzed the soil disturbance by variation of the
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stress due to shield tunneling. Tao et al. [7] calculated the
stress of infinite elastic plate by using elastic theory of plane
strain, in which the stress and the different stress of it only
caused before metro tunnel excavation were piled up, and
then derived ground settlement curve equation from the
solution of infinite elastic plate. Huang et al. [8] presented
a finite-element parametric study of tunnel behavior caused
by nearby deep excavation and investigated the effects of
several parameters that may affect the tunnel response. Wang
et al. [9] established a three-dimensional simulation method
that can fully reflect the whole process of shield tunneling
to study the impact of the adjacent construction to the pile
foundation. Liu et al. [10] investigated the effects of pipe
jacking on existing underlying tunnels and analyzed the
vertical displacement, horizontal displacement, and diameter
convergence of the tunnel based on the field observations.
Avgerinos et al. [11] developed a basic three-dimensional (3D)
finite-element (FE) model and discussed changes in hoop
forces, bending moments, and lining deformations of the
exiting tunnel due to excavation of the new tunnel. Zhang
et al. [12] presented the deformation analyses of existing
subway tunnels induced by an earth pressure balance (EPB)
shield during the process of above-overlapped and downoverlapped crossing tunnels with oblique angles based on
the Shanghai Railway transportation project and in situ
monitoring data. Hu et al. [13] discussed in detail the criteria
and measures for controlling the soil and tunnel deformation.
Sharma et al. [14] found that the stiffness of the tunnel
lining has significant influence on the displacement and
distortion of tunnels caused by an adjacent excavation. In
works [15, 16], different numerical simulation methods were
also used to evaluate the influence zone of the adjacent
construction. In theoretical deduction, the influence zone
of the adjacent construction was often simplified to the
elastic mechanics analysis and calculation of double-hole
or multihole tunnel excavation. Classical solutions are as
follows: Peck formation loss model [17], Sagaseta “mirror
method” [18], and Howland [19] infinite circular hole stress
function. Ng et al. [20] designed and carried out two threedimensional centrifuge tests in dry sand to investigate the
effects of a basement excavation on an existing tunnel located
in two horizontal offsets in relation to the basement. Zhao et
al. [21] determined the additional stress of shield tunneling on
the basis of Mindlin solution of elastic mechanics to evaluate
the influence range. Zhang et al. [22] used a viscoelastoplastic
model (VEP model) to simulate the rheologic deformation
of soil and studied the behavior of the tunnel underneath
excavation by the new method to discuss the influence of
different factors, including excavation area, relative distance,
and construction procedure. Nawel et al. [23] used Finite
Element Method to simulate numerically the interaction
effects caused by construction of two parallels tunnels. Wei
et al. [24] presented a method for security discrimination of
adjacent underground pipelines during the construction of
twin shield tunnel. Ding et al. [25] analyzed the law of soil displacement caused by shield tunnel construction of adjacent
buildings. Liang et al. [26] proposed a simplified analytical
method to predict the shield tunnel behaviors associated with
adjacent excavation by introducing the Pasternak foundation
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model with a modified subgrade modulus. Asano et al. [27]
presented an observational excavation control method for a
mountain tunnel excavated adjacent to an existing tunnel in
active service. Xu et al. [28] obtained the stress expressions
of mutual influence of parallel tunnels from the point of view
of linear elasticity and proposed the concept of interference
coefficient in the proximity construction impact zoning.
Summarizing previous studies, it is found that the current
research on the influence zone of tunnel adjacent construction is rarely about the underwater tunnel. Using the Japanese
tunnel construction guidelines as examples, all of them are
comprehensively evaluated on the basis of distance, engineering geology, and construction design. When applied to
underwater tunnels, it is insufficient due to the lack of consideration of water weakening and permeation to surrounding
rock. In addition, most scholars use the Mohr–Coulomb
failure criterion for the theoretical analysis. Based on the
development of constitutive models of rock mass in recent
years, the Hoek–Brown failure criterion is considered as a
more universal model. The Hoek–Brown nonlinear theory
is extensively used in various kinds of problems due to its
relatively accurate solutions. In this study, based on the HoekBrown yield criterion, considering the influence of water
seepage, the elastoplastic analysis of the underwater tunnel
construction is carried out, and the method of zoning of the
underwater tunnel adjacent construction is further proposed.
Corresponding the influence zones with the risk levels in the
code, then the appropriate control measures are selected on
the basis of the risk level to guide the site construction.

2. Elastoplastic Analysis of Surrounding Rock
under Seepage Conditions
2.1. Hoek–Brown Failure Criterion and Basic Assumptions.
Based on the Griffith brittle fracture theory, the Hoek–Brown
failure criterion believed that the cause of rock failure is
the deformation and expansion of the existing cracks, which
has no significant relationship with the complete rock body
yield strength. It is assumed that the rock mass cracks are
irregular and the whole rock is isotropic. After years of
research and development, the Hoek–Brown failure criterion
has been amended several times. Finally, the relationship
between rock parameters 𝑚, 𝑠, 𝛼 and GSI is established, and
its mathematical expression is as follows:
𝜎1 = 𝜎3 + 𝜎𝑐 (𝑚𝑏

𝛼
𝜎3
+ 𝑠) .
𝜎𝑐

(1)

In the formula, 𝜎1 and 𝜎3 are the maximum and minimum
principal stresses when rock mass is destroyed (the compressive stress is positive), 𝜎𝑐 is the uniaxial compressive strength
of complete rock mass, and m, s and 𝛼 are the dimensionless
parameter, which have the following equivalent expressions:
𝑚𝑏 = 𝑚𝑖 ⋅ exp [
𝑠 = exp [

(𝐺𝑆𝐼 − 100)
].
(28 − 14𝐷)

(𝐺𝑆𝐼 − 100)
].
(9 − 3𝐷)

(2)
(3)

Mathematical Problems in Engineering

3

−𝐺𝑆𝐼/15
− 𝑒−20/3 )
1 (𝑒
(4)
+
.
2
6
In the formula, D is the disturbance factor that reflects the
type of rock mass, and GSI reflects the integrity of rock mass.
Based on the revised Hoek–Brown failure criterion, the
elastic–plastic stress state of underwater tunnel excavation is
analyzed, and the calculation model is shown in Figure 1. In
the model, the tunnel section shape is circular, the radius of
the tunnel is 𝑎, the inner water head is ℎ𝑎 , the surrounding
rock plastic zone radius is 𝑅𝑝 , the water head at the edge of the
plastic zone is ℎ𝑝 , the normal stress at the interface between
the elastic zone and the plastic zone is 𝑃𝑝 , and the elastic zone
radius is 𝑅𝑒 , the water head far enough is ℎ0 , the original
rock stress of the surrounding rock is 𝑃0 , and the lining
support force is 𝑃𝑎 . In order to simplify the calculation model
and the solution process, the following basic assumptions
are made during the solution of the circular tunnel: (1)
assuming that the surrounding rocks around the tunnel are
homogeneous rocks, and ignoring the self–weight of the
calculation unit, the lateral pressure coefficient is 1.0; (2)
with the same permeability coefficient of rocks, the seepage
direction is radial to form a stable seepage field; (3) the
tunnel lining support force is evenly distributed along the
radial direction; (4) the length of the tunnel is long enough
to handle the problem as axially symmetric plane strains
during calculation; (5) finally, the elastoplastic analysis of the
surrounding rock follows the Hoek–Brown failure criterion.

P0

𝛼=

2.2. Seepage Field Status Calculation. According to Darcy’s
law and the continuity equation of seepage flow in the underwater tunnel, the seepage continuous equilibrium differential
equation (5) can be obtained. Equations (6) and (7) are the
seepage flow boundary conditions which are expressed as
follows:
𝜕2 𝐻 1 𝜕𝐻
(5)
+
= 0,
𝜕𝑟2
𝑟 𝜕𝑟

Elastic zone

Rp
Pa

P0

P0

Figure 1: Calculation model of surrounding rock.

In the formula, 𝜎𝑟 is radial stress; 𝜎𝜃 is tangential stress
(tensile stress is positive and compressive stress is negative).
𝛾𝑤 is the weight of water, 𝜉 is the equivalent pore water
pressure coefficient, and 𝑘 = 𝑅𝑒 /𝑎.
After the unit is deformed, according to the
displacement–strain geometric equation (11) and the
physical stress–strain physical equation (12), then combined
with the equilibrium differential equation, (13) can be
obtained:
𝜀𝜃 =

𝑢
,
𝑟
𝑑𝑢
,
𝑑𝑟

(6)

𝜀𝑟 =

𝐻 (𝑟)𝑟=𝑅𝑒 = ℎ0 .

(7)

𝛾𝑟𝜃 = 0,

2.3. Elastic–Plastic Zone Stress State Calculation. When the
stress state of the elastic–plastic zone of the surrounding rock
is calculated, the seepage water pressure acts on the unit in
the form of volume force, and the expression is as follows:
𝑑 (𝜉𝐻) 𝛾𝑤 𝜉 (ℎ𝑎 − ℎ0 )
(9)
=
.
𝑑𝑟
𝑟 ln 𝑘
Considering the effect of seepage volume force, according
to elastoplastic calculation principle, the balance differential
equation of elastic zone unit is expressed as follows:
𝑓𝑟 = −𝛾𝑤

𝑑𝜎𝑟 𝜎𝑟 − 𝜎𝜃 𝛾𝑤 𝜉 (ℎ𝑎 − ℎ0 )
+
+
= 0.
𝑑𝑟
𝑟
𝑟 ln 𝑘

(10)

P0

Re

𝐻 (𝑟)𝑟=𝑎 = ℎ𝑎 ,

Combined with above equations, the water head H (r) can
be obtained:
𝑅
𝑟
1
(ℎ0 ln + ℎ𝑎 ln 𝑒 ) .
𝐻 (𝑟) =
(8)
𝑎
𝑟
ln (𝑅𝑒 /𝑎)

a Plastic
zone

𝜎𝑟 =

(11)

(1 − 𝜇) 𝐸
𝜇
(𝜀𝑟 +
𝜀)
1+𝜇 𝜃
(1 + 𝜇) (1 − 2𝜇)

(1 − 𝜇) 𝐸
𝜇
(𝜀 +
𝜎𝜃 =
𝜀 ).
(1 + 𝜇) (1 − 2𝜇) 𝜃 1 + 𝜇 𝑟
𝑢 = 𝐶3 𝑟 +

𝐶4 (1 + 𝜇) (1 − 2𝜇)
+
𝑟
2 (1 − 𝜇) 𝐸

(12)

(13)

𝜉𝛾 (ℎ − ℎ𝑎 )
𝑟 ln 𝑟.
× 𝑤 0
ln 𝑘
After introducing the elastic boundary condition equation (14), the expression of stress state in the elastic zone of
surrounding rock considering the seepage condition can be
solved as (15) and (16):
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𝜎𝑟 𝑟=𝑅𝑝 = 𝑃𝑝 ,


𝜎𝑟 𝑟=𝑅𝜀 = 𝑃0 .

(14)

that the tangential stress on the boundary of the loose area is
the original rock stress, that is 𝜎𝜃 = 𝜎𝑝 , then it can be obtained
according to the Hoek-Brown failure criterion:

2

𝑅𝑝
𝜉𝛾 (ℎ − ℎ𝑎 ) ln (𝑟/𝑅𝑒 )
𝜎𝑟 = 𝑃0 + 𝑤 0
+ 2
2 (1 − 𝜇) ln (1/𝑘)
𝑅𝑝 − 𝑅𝑒 2
𝑅2
× ( 𝑒2 − 1)
𝑟
⋅ [𝑃0 − 𝑃𝑝 +
𝜎𝜃 = 𝑃0 +
−

𝜎𝜃 = 𝜎𝑙 + 𝜎𝑐 (𝑚𝑏

(15)

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) ln (𝑅𝑝 /𝑅𝑒 )
2 (1 − 𝜇) ln (1/𝑘)

𝑅𝑝 2 − 𝑅𝑒 2

𝑅2
× ( 𝑒2 + 1)
𝑟

× [𝑃0 − 𝑃𝑝 +

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) ln (𝑅𝑝 /𝑅𝑒 )
2 (1 − 𝜇) ln (1/𝑘)

].

When the stress state of the plastic zone is calculated, the
surrounding rock follows the Hoek–Brown failure criterion
in the plastic zone. According to the force analysis when
𝜆 = 1, it can be known the tangential pressure 𝜎𝜃 is
the maximum principal stress 𝜎1 and the radial stress 𝜎r is
the minimum principal stress 𝜎3 , the Hoek–Brown failure
criterion is expressed as follows:
(17)

𝑅𝑏0

∫

𝑅𝑝

(𝜎𝜃𝑒 − 𝑃0 ) 𝑑𝑟 =

After integrating (18), (19) and (20) can be obtained.
According to (20), the amount of change of the radial
stress along the radial direction in the plastic zone can be
determined. Furthermore, according to (17), the amount of
change of the tangential stress along the radial direction in
the plastic zone can be determined:
𝜎𝑟

𝑟
𝑑𝜎𝑟
𝑑𝑟
=∫
∫
𝛼
𝑎 𝑟
𝑃𝑎 𝜎𝑐 (𝑚𝑏 (𝜎𝑟 /𝜎𝑐 ) + 𝑠) − 𝛾𝑤 𝜉 (ℎ0 − ℎ𝑎 ) / ln 𝑘

𝑟
= ln .
𝑎

(19)

𝑟=𝑎
× exp [∫

𝜎𝑟

𝑃𝑎

(20)
𝑑𝜎𝑟
].
𝜎𝑐 (𝑚𝑏 (𝜎𝑟 /𝜎𝑐 ) + 𝑠) − 𝛾𝑤 𝜉 (ℎ0 − ℎ𝑎 ) / ln 𝑘
𝛼

2.4. Calculation of the Radius of Loose Zone–Bearing Zone.
According to the definition of the “loose area”, it is assumed

1 𝑅𝑒
∫ (𝜎 − 𝑃0 ) 𝑑𝑟.
2 𝑅𝑝 𝜃𝑒

(23)

By substituting (12) into (23), the radius of the bearing
zone 𝑅b0 can be obtained.
∫

𝑅𝑝

+

[

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) [ln (𝑟/𝑅𝑒 ) + 2𝜇 − 1]
2 (1 − 𝜇) ln (1/𝑘)
𝑅𝑝 2

𝑅𝑝 2 − 𝑅𝑒 2

×(

𝛼

(18)

(22)

It can be seen from (22) that the mechanical parameters
of rock mass, groundwater pressure, and seepage effect have
a great influence on the radius of the loose zone. Meanwhile,
the larger the section size of the excavation tunnel, the larger
the radius, whereas the larger the tunnel support force 𝑃𝑎 , the
smaller the radius.
The radius of the bearing zone can be determined by the
following:

𝑅𝑏0

The equilibrium equation of the unit can be changed into
(18) as follows:
𝛾 𝜉 (ℎ0 − ℎ𝑎 )
𝑑𝜎𝑟 𝜎𝑐 (𝑚𝑏 (𝜎𝑟 /𝜎𝑐 ) + 𝑠)
−
+ 𝑤
= 0.
𝑑𝑟
𝑟
𝑟 ln 𝑘

𝑑𝜎𝑟
]
𝑃0 − 𝜎𝑟 − 𝛾𝑤 𝜉 (ℎ0 − ℎ𝑎 ) / ln 𝑘

𝑎 [𝑃0 − 𝑃𝑎 − 𝛾𝑤 𝜉 (ℎ0 − ℎ𝑎 ) / ln 𝑘]
.
=
[𝑃0 − 𝜎𝑙 − 𝛾𝑤 𝜉 (ℎ0 − ℎ𝑎 ) / ln 𝑘]

(16)

𝛼
𝜎
𝜎𝜃 = 𝜎𝑟 + 𝜎𝑐 (𝑚𝑏 𝑟 + 𝑠) .
𝜎𝑐

𝜎𝑙

𝑃𝑎

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) [ln (𝑟/𝑅𝑒 ) + 2𝜇 − 1]
2 (1 − 𝜇) ln (1/𝑘)

𝑅𝑝 2

(21)

Substituting (21) into (20), the radius of the loose zone can
be obtained as follows:
𝑅𝐿 = 𝑎 ⋅ exp [∫

].

𝛼
𝜎𝑙
+ 𝑠) = 𝑃0 .
𝜎𝑐

× [𝑃0 − 𝑃𝑝 +

𝑅𝑒 2
+ 1)
𝑟2

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) ln (𝑅𝑝 /𝑅𝑒 )
2 (1 − 𝜇) ln (1/𝑘)

]] =

1
2
(24)

𝑅𝑒

𝜉𝛾 (ℎ − ℎ𝑎 ) [ln (𝑟/𝑅𝑒 ) + 2𝜇 − 1]
⋅∫ [ 𝑤 0
2 (1 − 𝜇) ln (1/𝑘)
𝑅𝑝
+

𝑅𝑝 2
𝑅𝑝 2 − 𝑅𝑒 2

×(

× [𝑃0 − 𝑃𝑝 +

𝑅𝑒 2
+ 1)
𝑟2

𝜉𝛾𝑤 (ℎ0 − ℎ𝑎 ) ln (𝑅𝑝 /𝑅𝑒 )
2 (1 − 𝜇) ln (1/𝑘)

]] .

3. Underwater Tunnel Adjacent Construction
Influence Zones Division
After the excavation of the underwater tunnel, the initial
stress equilibrium state of the surrounding rock is damaged
and the stress is redistributed. The rock stress around the
tunnel exceeds the yield stress of the rock mass and the rock
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becomes damaged or enters the plastic state. Subsequently,
the stress of the plastic zone around the tunnel is partly transferred to the deep rock mass due to the stress redistribution,
while the other part is relieved and eliminated due to the
deformation. As the distance from the cave wall increases,
the minimum radial principal stress increases and the bearing
capacity of the rock mass also increases, which makes the
stress state of the surrounding rock transition from plastic
state to elastic state in space.
Compared with the initial state of stress, the plastic zone
of surrounding rock can be divided into the bearing zone
and the loose zone after excavation. The area in the deep
plastic zone where the stress is higher than the initial stress
and the area with the higher stress in the elastic area of
the surrounding rock are combined as the “bearing zone”,
while the area whose stress is lower than the initial stress
is the “loose zone”. In the loose zone, the stress and crack
propagation of the surrounding rock increase, and the plastic
slip is obvious. When the surrounding rock reaches the
plastic state, all mechanical parameters are deteriorated. At
the same time, the “weak” surrounding rock structure is
further weakened by the action of groundwater through
pore hydrostatic pressure and hydrodynamic pressure, which
makes it easier to damage.
According to the above analysis of the stress state of
the surrounding rock after the underwater tunnel excavation
and the stress graph of the surrounding rock, the influence
zone of the adjacent construction is divided. The loose and
bearing zones are considered to be the strong influence zone.
In the elastic zone, under the elastic stress state, the range
of tangential stress at the hole edge greater than or equal to
1.01 times of the initial stress is defined as the elastic stress
concentration zone. Therefore, the stress concentration zone
in the elastic zone can be regarded as the weak influence zone
and the outer zone is an initial stress zone. The influence
zones division is shown in Figure 2.
Based on the Hoek-Brown failure criterion, the loose zone
can be divided into three regions, the strong influence, weak
influence, and no influence zones, and the strong influence
zone can be divided into extensively strong influence, strong
influence, and fairly strong influence zones.

4. Engineering Example
The research on the influence zone division of the adjacent
construction has a strong guiding role in the design and
construction of underwater tunnels. For example, when
the adjacent construction is in a strong influence zone,
reinforcement and support are required. When it is in a weak
influence zone, monitoring measures are needed. When it is
in a no influence zone, no measures are needed. Figure 3 is an
example of underwater shield tunnel engineering.
The underwater tunnel adopts Φ6250 earth pressure
balance shield machine construction. Under the river, the
left tunnel is parallel to the existing tunnel main line; the
minimum spacing between the outer contour of the tunnel
and the outer contour of the existing tunnel is 14.700m. Then
below the river bank, new tunnel underpasses the existing
tunnel; the vertical distance from the outer contour of the new
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Figure 2: Elastic–plastic stress status of the surrounding rock in
underwater tunnel. In the figure, 1 and 2 are the plastic, and 3 and
4 are the elastic zones; 1 is the loose zone, 2 and 3 are the bearing
zones, and 4 is the elastic stress concentration zone.

Existing tunnel

14.7m

A

New tunnel

B

Figure 3: Location of the engineering example.

tunnel to the main floor of the existing tunnel is 5.442 m. The
riverbed strata are mainly highly weathered conglomerate,
and moderately weathered conglomerate exists locally. Two
typical sections are selected for calculation and analysis.
According to geological data, the water depth of the river in
section A is 6 m, the depth of the shield tunnel is 10.906 m,
and the whole tunnel is in strong weathered conglomerate.
The water depth of river in section B is 1 m, the depth of
the shield tunnel is 26.73 m, and the tunnel is also in strong
weathered conglomerate.
The relevant parameters at section A are as follows: the
tunnel radius is a = 3.14 m, the inner water head is ha = 0 m,
the water head far enough is h0 = 20 m, the original rock
stress of surrounding rock is P0 = 0.4 MPa, the equivalent
pore water pressure coefficient is 𝜉 = 1.0, the surrounding rock
elastic modulus is E = 45 MPa, Poisson’s ratio is 𝜇 = 0.3, the
cohesion is c = 50 kPa, and the internal friction angle is 𝜑 =
37∘ .
By substituting r = 𝑅𝑝 in Equation (19), the radial stress
Pp of the surrounding rock at the elastic–plastic zone can be
obtained. Then the plastic zone radius Re can be obtained.
Combined with the relevant parameters of surrounding rock
and tunnel, the radius of the plastic zone after the excavation
of tunnel is 5.76m.
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Figure 4: Influence zones of section A.

The radii of the loose zone and the bearing zone are
further solved according to (22). When substituting the
surrounding rock and tunnel parameters into the equation,
the following can be obtained: the loose and bearing zones
radii are 4.58 m and 9.53 m. Therefore, the range of extensively strong influence zone is 3–4.58 m, the range of strong
influence zone is 4.58–5.76 m, and the range of fairly strong
influence zone is 5.76–9.53 m. After solving the radius of
the loose and bearing zones, according to (15) and (16),
then combining the calculation result of the plastic zone, the
following can be obtained: the radius of stress concentration
in the elastic zone is 18.44 m, so the radius of the weak
influence zone is 18.44 m. The influence zones of section A
are shown in Figure 4.
The relevant parameters at section B are as follows: the
tunnel radius is a = 3.14 m, the inner water head is ha = 0 m,
the water head far enough is h0 = 10 m, the original rock stress
of surrounding rock is P0 = 0.5 MPa, and the equivalent pore
water pressure coefficient is 𝜉 = 1.0; and the surrounding rock
elastic modulus is E = 50 MPa, the Poisson’s ratio is 𝜇 = 0.2,
the cohesion is c = 55 kPa, and the internal friction angle is 𝜑
= 40∘ .
Based on the process of calculating the radius of the
influence zones in section A, the radius of the influence zones
in section B can be calculated as follows.
It can be obtained from (19) that the radius of the tunnel
excavation plasticity influence zone is 6.17m, then the radius
of the loose zone is 4.72m and the radius of the bearing
zone is 8.28m. Therefore, the range of extensively strong
influence zone is 3–4.72 m, the range of strong influence zone
is 4.72–6.17 m, and the range of fairly strong influence zone is
6.17–8.28 m. Similarly, the radius of the stress concentration
zone in the elastic zone is 15.22m, so the radius of the weak
influence zone is 15.22m.The influence zones of section B are
shown in Figure 5.

5. Adjacent Construction Influence Zones and
Risk Classification
On the basis of the adjacent construction influence zone division, different influence zones of the adjacent construction
are associated with different risk levels in the risk assessment,
so that the risk level can be determined according to different
influence zones during construction. Then the corresponding measures can be taken. Different countermeasures are
adopted for the adjacent construction with different risk
levels, which has guiding significance for the actual project.
Referring to (GB50652–2011 underground rail transit
urban construction risk management practices) [29], (GB
/ T 50839–2013 urban rail transit safety control technical
specifications) [30], and (CJJ / T 202–2013 urban rail
transit structural safety protection technical specifications)
[31], the influence zones obtained above and risk levels are
corresponded. Different risk levels should be taken different
risk disposal guidelines and control plans, as shown in
Table 1.

6. Control Measures
For the adjacent construction, three aspects can be controlled:
one is to reinforce the existing structure, the other is to
strengthen the new structure, and the third is to take
measures against the soil between the existing and the new
structures. Therefore, the following measures can be taken for
the adjacent construction.
(1) Measures to be taken for the existing tunnels or
projects: the types of countermeasures include basic measures, strengthening measures, and repairing measures. The
basic measures include backfilling grouting and prevent
tunnel lining off the block. Strengthening measures include
the use of arches, anchorage, and crossbar to strengthen
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Figure 5: Influence zones of section B.

tunnel linings. Repairing measures include stripping of floating blocks that may fall off, cleaning the surface of the
tunnel lining, repairing drainage ditch, and preventing water
leakage.
(2) Measures to be taken for the new tunnels or projects:
when construction has to be conducted in a strong-influence
zone, in order to reduce the impact on the existing tunnel, a
more perfect construction scheme or new countermeasures
should be developed. The concrete measures include adjusting the driving parameters and changing the supporting
structure of lining.
(3) Measures to be taken for the surrounding rock
between the existing and the new construction or projects:
when the adjacent construction has a bad influence, the
protection of the existing tunnel and the measures taken to
the side of the new construction are insufficient; measures
should be taken to deal with the intermediate strata in
order to reduce or eliminate the impact. Generally, methods
such as grouting method and freezing method are adopted
to strengthen and improve the stratum, and methods of
isolating influence may also be adopted, such as underground
continuous walls, pipe sheds, steel pipe piles, and arch
protection.
Under normal circumstances, the above measures are not
completely independently used, and comprehensive application can achieve better control effect. In addition, construction monitoring is an important part of underground
engineering. Due to the high risk, complexity, and unpredictability of adjacent construction, monitoring is even more
significant. Monitoring data must be fed back in time to guide
follow-up construction.

Based on the influence degree of the adjacent construction, the risk level is judged, and then the actual situation of
the site is combined to take corresponding measures. For the
grade I risk level, the existing structure, the new structure,
and the surrounding rock between the existing structure and
the new structure should be taken reinforcement measures.
For the grade II risk level, the new structure and the
surrounding rock between the existing structure and the
new structure should take reinforcement measures, and the
monitoring of existing structures is needed. For the grade
III risk level, the surrounding rock between the existing
structure and the new structure should take reinforcement
measures, and the monitoring of the existing and the new
structures are needed. For the grade IV risk level, the
monitoring of the existing and the new structures are needed
so as to grasp the impact of construction in real time.

7. Conclusions
In this paper, based on the Hoek–Brown failure criterion, the
theoretical analysis is conducted on the underwater tunnel
adjacent construction. In consideration of seepage flow, the
influence zone of underwater tunnel adjacent construction is
divided, then influence zones are matched with risk levels in
the code. The following conclusions can be obtained.
(1) The elastic–plastic stress state of the surrounding rock
of underwater tunnel is different from that of ordinary tunnel.
The seepage action can cause a certain degree of deterioration
to the surrounding rock, which cannot be ignored.
(2) According to the proposed zoning method for the
influence zone of underwater tunnel adjacent construction in

Level I

Level II
Level III
Level IV
None

Strong influence zone

Fairly Strong influence zone

Weak influence zone
No influence zone

2

3

4
5

Disposal guidelines

Control plans

Unacceptable

Risk control measures must be implemented to reduce the
risk, at least to a level that is either acceptable or unwilling

Risk warning and emergency response programs,
or program amendments or adjustments should
be prepared
Risk prevention and monitoring should be
Risk management should be implemented to reduce risk, and
implemented and risk management measures
Unwilling to accept the cost of risk reduction should not be higher than the risk
should be formulated
after the risk of loss
Risk management should be implemented and risk
The daily management and monitoring frequency
Acceptable
management measures can be taken
should be increased
Can implement risk management
Examination can be conducted daily
Ignorable
No need to consider the risk
General management should be checked
No

Risk level Accepted guidelines

Extensively influence zone

Adjacent construction influence
zone

1

No.

Table 1: Adjacent construction influence zone and risk classification.
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this study, the influence zone can be divided into extensively
strong, strong, fairly strong, weak, and no-impact zones.
During the construction, measures will be taken on the basis
of the different influence zone.
(3) The influence zones are matched with the risk levels,
and different countermeasures are taken according to different risk levels, which have guiding significance for the site
construction.

Symbols
𝜎1 :
𝜎3 :
𝜎𝑐 :
m:
S:
𝛼:
D:
GSI:
𝑎:
ℎ𝑎 :
𝑅𝑝 :
ℎ𝑝 :
𝑃𝑝 :
𝑅𝑒 :
𝑅𝐿 :
ℎ0 :
𝑃0 :
𝑃𝑎 :
𝜎𝑟 :
𝜎𝜃 :
𝛾𝑤 :
𝜉:

The maximum principal stress, MPa
The minimum principal stress, MPa
The uniaxial compressive strength of
complete rock mass, MPa
The dimensionless parameter
The dimensionless parameter
The dimensionless parameter
The disturbance factor that reflects the
type of rock mass
The integrity of rock mass
The radius of the tunnel, m
The inner water head, m
The surrounding rock plastic zone radius,
m
The plastic zone radius head, m
The elastic–plastic contact interface at the
normal stress, N
The elastic zone radius, m
The loose zone radius, m
The water head far enough, m
The original rock stress of the surrounding
rock, N
The lining support force, N
The radial stress, MPa
The tangential stress, MPa
The unit weight of water
The equivalent pore water pressure
coefficient.

Data Availability
The data used to support the findings of this study are
available from the corresponding author upon request.

Additional Points
Outlook. Some issues remain to be addressed in future studies. In the latter study, field test and model experiments will be
carried out to improve the calculation method of the adjacent
construction influence zone division. Further a construction
manual to guide the adjacent-construction will be prepared,
and a complete set of adjacent-construction technology will
be formed to ensure the safety of construction.
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The aim of this paper is to develop a fuzzy iterative sliding mode control (FISMC) scheme for special autonomous underwater
vehicles (AUVs) on three-dimensional (3D) path following. In this paper, the characteristics of the AUV are considered, which
include a large scale, large inertia, and high speed. The FISMC controller designs iterative sliding mode surfaces by using
a hyperbolic tangent function to keep the system with fast convergence and robust performance. At the same time, system
uncertainties and environmental disturbances are taken into account. The control algorithm introduces fuzzy control to optimize
the control parameters online to enhance the adaptability of the system and inhibit the chattering of the actuators. The performance
of the proposed FISMC is demonstrated with numerical simulations.

1. Introduction
In the last decades, AUVs have attracted more and more
attention for their multifunctions and practicability in many
fields. They have been used in exploring resources, graphic
mapping, underwater pipelines inspection, seabed surface
reconstruction, and so on [1–3]. Due to the uncertainty
and complexity of a marine environment, it is necessary to
improve the performance of the AUV, especially for 3D path
following, in which the robustness and adaptability of the
vehicles are the most important.
Before choosing a reliable control scheme, it is essential
to comprehend the features of the AUV. Firstly, a traditional
AUV is an underactuated and second-order nonholonomic
system [4]. At the same time, the AUV’s rudder and propeller
have range and frequency saturation. This causes that the real
time of the controller will decrease. Also, considering the
wave and current, this requires the system to be antidisturbance [5–7]. All of these characteristics bring more challenges
to controlling the AUV [8, 9].
Various researches have been carried out for AUVs’
control, such as adaptive control, suboptimal control, backstepping control, genetic control, neural network control, and
fuzzy control. Different control algorithms have their advantages and disadvantages. For the adaptive control [10–12],

the controller is able to learn itself and adapt to variations of
the dynamics and hydrodynamic coefficients of the system.
But the selection of the key parameters is complex. For the
suboptimal control, [13] puts forward an approach which
is decoupling the model or dismissing the nonaffine terms
when designing the suboptimal control schemes. However,
the coupling terms must be considered in the control system,
or the accuracy of the model will be decreased. For the
backstepping control [14], backstepping control techniques
were used to force the errors of the system to an arbitrarily
small neighborhood of zero. Nevertheless, the system has a
longer settling time. For the genetic control [15], the genetic
algorithm has to encode and decode a mass of data, which
it will spend a long time to calculate, and the quick response
cannot be guaranteed. For the neural network control [16],
the algorithms cannot keep the stability at a better level
because the optimal weight is of strong dependence in the
input. For the fuzzy control, a fuzzy sliding mode controller
proposed in [17] is designed for path tracking in the horizontal plane, but the convergence time is too long. Also,
many scholars, such as G. W. Weber, E. Kropat, and T. Paksoy
et al., carried out immense amounts of concrete researches
in different fields which include environment prediction,
free market trading, and resource allocation [18–21]. In
their study, the characteristics of the research object are in
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common which are uncertain parameters, strong hysteresis,
and high dependence to initial state. On account of the
similar features which the AUV introduced in this paper has,
the fuzzy control methods can be learned from.
As sliding mode control is based on the sliding mode
surfaces, the stability and rapidity are evident if the Lyapunov
equation is right established. Hence, sliding mode control
becomes popular. Furthermore, sliding mode control is with
strong robustness against model uncertainties and external
environmental disturbances [22–24]. Therefore, the sliding
mode control does not need strict requirements on the
accuracy of the model, and, at the same time, it can ensure the
stability, the accuracy, and the rapidity as well as parameters’
easy tuning. However, the model adopted in this paper is of
big difference from most AUVs on account of its large inertia
and large scale.
In this paper, based on the advantages of each control
algorithm introduced above and then doing further optimizing, a novel fuzzy iterative sliding mode control scheme is
presented which introduces a hyperbolic tangent function
in multiple sliding mode surfaces and control laws and uses
fuzzy logic to tune the parameters automatically. Due to
the boundedness of the hyperbolic tangent function, the
controller will also be bounded. It is concluded that the
stability, the accuracy, and the rapidity of the system can be
in favorable control. In this way, FISMC is more suitable for
engineering applications.
The rest of this paper is organized as follows: Section 2
presents the kinematic and kinetic model of the AUV. The
next section describes the design of the proposed controller
based on line-of-sight guidance law, iterative sliding mode
surfaces, and fuzzy logic. A set of comparative simulations
are conducted in Section 4 to test the performance among the
newly designed controller and other controllers. In the final
section, conclusions and future work are discussed.

2. Problem Statement
2.1. Modeling of the AUV. The purpose of modeling for the
AUV is to establish kinematic and kinetic equations. The
kinematic model deals with geometrical aspects of motion,
while the kinetic model focuses on the active and passive
forces and moments about the vehicle [25]. In this paper,
3D path following is considered; hence, the AUV’s motion in
3D space must be taken into consideration, which involves
displacements and rotations in the 3D space, that is, the surge,
sway, heave, roll, pitch, and yaw motion [26].
As shown in Figure 1, the earth-fixed and body-fixed
reference frame are represented with {E} and {B}. The origin
of the frame {B} is fixed at the AUV’s center of gravity with
the x-axis forward, the y-axis right, and the z-axis down.
Also, the motion in the roll direction around the x-axis is
positive counterclockwise, the pitch motion around the yaxis is positive bow-up, and the yaw motion around the
z-axis is positive turning left. The linear velocities 𝑢, V, 𝑤
are along with the 𝑥-, 𝑦-, 𝑧-axes, respectively, and the
angular velocities 𝑝, 𝑞, 𝑟 are rotated around the 𝑥-, 𝑦-, 𝑧-axes,
respectively.
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Figure 1: Definition of coordinate frames.

The AUV has neutrally buoyant and hydrodynamic
restoring forces which are large enough to neglect the roll
motion in 3D space; the model of the AUV can be described
as following the kinetic and kinematic model.
𝑢̇ = 𝑋𝑢𝑢 𝑢2 + 𝑋VV V2 + 𝑋𝑤𝑤 𝑤2 + 𝑋V𝑟 V𝑟 + 𝑋𝑤𝑞 𝑤𝑞
+ 𝑋𝑞𝑞 𝑞2 + 𝑋𝑟𝑟 𝑟2 + 𝑋𝛿𝑠𝛿𝑠 𝑢2 𝛿𝑠 2 + 𝑋𝑇 + 𝐹𝑋𝑑𝑖𝑠
 
V̇ = 𝑌V 𝑢V + 𝑌𝑟 𝑢𝑟 + 𝑌V𝑤 V𝑤 + 𝑌V𝑞 V𝑞 + 𝑌V|V| V V0 
+ 𝑌V|𝑟|

V  
 
V  |𝑟| + 𝑌|V|𝑟 V0  𝑟 + 𝑌𝑤𝑟 𝑤𝑟 + 𝑌𝑞𝑟 𝑞𝑟
|V|  0 

+ 𝑌𝑟|𝑟| 𝑟 |𝑟| + 𝑌𝛿𝑟 𝑢2 𝛿𝑟 + 𝐹𝑌𝑑𝑖𝑠
𝑤̇ = 𝑍𝑤 𝑢𝑤 + 𝑍|𝑤| 𝑢𝑤 + 𝑍𝑞 𝑢𝑞 + 𝑍𝜃 𝜃 + 𝑍VV V2 + 𝑍V𝑟 V𝑟
𝑤    
 


+ 𝑍𝑤𝑤 𝑤𝑤0  + 𝑍𝑤|𝑤| 𝑤 𝑤0  + 𝑍𝑤|𝑞|
𝑤  𝑞 
|𝑤|  0   
 
 
+ 𝑍|𝑤|𝑞 𝑤0  𝑞 + 𝑍|𝑞|𝑞 𝑞 𝑞 + 𝑍𝑟𝑟 𝑟2 + 𝑍𝛿𝑠 𝑢2 𝛿𝑠
 
+ 𝑍|𝑞|𝛿𝑠 𝑢 𝑞 𝛿𝑠 + 𝐹𝑍𝑑𝑖𝑠
 
𝑝̇ = 𝐾V 𝑢V + 𝐾𝑟 𝑢𝑟 + 𝐾V𝑤 V𝑤 + 𝐾V|V| V V0  + 𝐾V𝑞 V𝑞
V  
 
+ 𝐾|V|𝑟 V0  𝑟 + 𝐾V|𝑟| V0  |𝑟| + 𝐾𝑤𝑟 𝑤𝑟
|V|
+ 𝐾𝑞𝑟 𝑞𝑟 + 𝐾𝑟|𝑟| 𝑟 |𝑟| + 𝐾𝛿𝑟 𝑢2 𝛿𝑟 + 𝐾𝑋𝑑𝑖𝑠
𝑞 ̇ = 𝑀𝑤 𝑢𝑤 + 𝑀|𝑤| 𝑢 |𝑤| + 𝑀𝑞 𝑢𝑞 + 𝑀𝜃 𝜃 + 𝑀VV V2
 


+ 𝑀𝑟𝑟 V𝑟 + 𝑀𝑤𝑤 𝑤𝑤0  + 𝑀𝑤|𝑤| 𝑤 𝑤0 
𝑤 

 
 
𝑤 𝑞 + 𝑀|𝑤|𝑞 𝑤0  𝑞 + 𝑀𝑞|𝑞| 𝑞 𝑞
|𝑤|  0 
 
+ 𝑀𝑟𝑟 𝑟2 + 𝑀𝛿𝑠 𝑢2 𝛿𝑠 + 𝑀|𝑞|𝛿𝑠 𝑢 𝑞 𝛿𝑠 + 𝑀𝑌𝑑𝑖𝑠

+ 𝑀𝑤|𝑞|

 
𝑟 ̇ = 𝑁V 𝑢V + 𝑁𝑟 𝑢𝑟 + 𝑁V𝑤 V𝑤 + 𝑁V|V| V 𝑤0  + 𝑁V𝑞 V𝑞
V  
 
+ 𝑁|V|𝑟 V0  𝑟 + 𝑁𝑟|𝑟| V0  |𝑟| + 𝑁𝑤𝑟 𝑤𝑟
|V|
+ 𝑁𝑞𝑟 𝑞𝑟 + 𝑁𝑟|𝑟| 𝑟 |𝑟| + 𝑁𝛿𝑟 𝑢2 𝛿𝑟 + 𝑁𝑍𝑑𝑖𝑠

(1)
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Figure 2: Control framework of 3D path following.

𝜉 ̇ = 𝑢 cos 𝜓 cos 𝜃 − V sin 𝜓 + 𝑤 sin 𝜃 cos 𝜓
𝜂̇ = 𝑢 sin 𝜓 cos 𝜃 + V cos 𝜓 + 𝑤 sin 𝜃 sin 𝜓

(2)

𝜁 ̇ = −𝑢 sin 𝜃 + 𝑤 cos 𝜃.
The detailed descriptions of the model and parameters in
formulas (1) and (2) can be found in [27].
2.2. Problem Formulation. The AUV in this paper is characteristic with a large scale, large inertia, and high speed. With
these special features, controller designing of this AUV is
much more difficult and of higher requirements in terms of
stability, accuracy, and rapidity.
For example, in order to drive the vehicle and converge
to a predefined path, there are so many parameters by
using the PID controller, such as input variable, error of
present and desired heading angle, and output variable and
control-rudder angle. In addition, the parameters in the
PID controller are sensitive to the AUV’s initial position,
initial attitude, environmental disturbances, and so on. The
drawback of the PID controller applied for this AUV will be
illustrated in detail by simulation results in Section 4.
The 3D path following problem deals with the design of
control law which could control this kind of special AUV with
a large scale, large inertia, and high speed to reach a desired
path stably, accurately, and rapidly. The control objectives are
as follows:
lim 𝜀 (𝑡) = 0
𝑡→∞
(3)
lim 𝑈 (𝑡) = 𝑈𝑝 .
𝑡→∞

Deriving a control law so that the position error 𝜀 between
the AUV’s present position (𝑥, 𝑦, 𝑧) and desired position
(𝑥𝑝 , 𝑦𝑝 , 𝑧𝑝 ) converges to zero asymptotically, the current
resultant velocity 𝑈 tends to the desired resultant velocity 𝑈𝑝 .

3. 3D Path Following Controller Design
In this section, the two-layered control framework is established for 3D path following of the AUV. As presented in
Figure 2, the control framework includes a 3D line-of-sight
(LOS) guidance layer and a fuzzy iterative sliding mode
control layer.

The input of the control system is the desired path
(𝑥𝑝 , 𝑦𝑝 , 𝑧𝑝 ) given in advance, while the present position
(𝑥, 𝑦, 𝑧) and the present attitude angle (𝜓, 𝜃) of the AUV are
outputs. The respective heading angle and pitch angle are
acquired from 3D guidance laws. Then, the sliding mode surfaces and control law are introduced to regulate the outputs of
the actuators. By using the fuzzy logic optimizer with inputs
which include errors of the path (𝑦𝑒 , 𝑧𝑒 ) and rudder angles
(𝛿𝑟 , 𝛿𝑠 ), outputs 𝑘5 and 𝑘11 are added to automatically tune
FISMC parameters. Hence, the performance of the 3D path
following controller is obviously improved.
3.1. LOS Guidance Law for Path Following. In this subsection,
the LOS guidance law for path following is presented. The
3D motion of the AUV can be divided into motions in two
different planes which are the horizontal plane and vertical
plane, respectively.
Control objectives of path following need to meet the
following two requirements [28]:
(1) Decreasing the offset distance between the AUV’s
position and the desired position to zero
(2) Aligning the direction between the AUV’s velocity
vector and the desired path’s tangential vector
As shown in Figure 3, the AUV follows the desired
curvilinear path S which is marked in the green color. The
red dot “O” is the present position of the AUV in the earthfixed frame {E} while the pink dot “F” represents the current
target point in reference path S, and the blue dot “R” is
the next target point which is along with the desired path’s
tangential vector. Introducing the Serret-Frenet coordinate
frame {P} taking the current target point “F” at the origin, and
considering the rotation from path frame {P} to fixed frame
{E}, the path following error vector [𝑥𝑒 , 𝑦𝑒 , 𝑧𝑒 ]𝑇 can be written
as
𝑥𝑒 = cos (𝜓𝑝 ) cos (𝜃𝑝 ) (𝑥 − 𝑥𝑝 )
+ sin (𝜓𝑝 ) cos (𝜃𝑝 ) (𝑦 − 𝑦𝑝 )
− sin (𝜃𝑝 ) (𝑧 − 𝑧𝑝 )
𝑦𝑒 = − sin (𝜓𝑝 ) (𝑥 − 𝑥𝑝 ) + cos (𝜓𝑝 ) (𝑦 − 𝑦𝑝 )
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Figure 3: Path following in 3D space.

𝑧𝑒 = cos (𝜓𝑝 ) sin (𝜃𝑝 ) (𝑥 − 𝑥𝑝 )

Similarly, the elevation angle 𝜃𝐿𝑂𝑆 and pitch angle 𝜃𝑑 in
the vertical plane are depicted as

+ sin (𝜓𝑝 ) sin (𝜃𝑝 ) (𝑦 − 𝑦𝑝 )

𝜃𝐿𝑂𝑆 = arctan (𝑘𝜃 ⋅ 𝑧𝑒 )

+ cos (𝜃𝑝 ) (𝑧 − 𝑧𝑝 ) .
(4)
The line-of-sight (LOS) guidance angle in the horizontal
plane named azimuth angle 𝜓𝐿𝑂𝑆 is designed as
𝑦𝑝 − 𝑦𝑞
),
𝜓𝐿𝑂𝑆 = arctan (
(5)
Δ1
where (Δ 1 , 0) is the coordinate of the next followed target
point in moving frame {P}, Δ 1 is a positive constant, and
(𝑥𝑞 , 𝑦𝑞 ) is the coordinate of the next followed target point in
the earth-fixed frame {E}, that is, absolute position coordinates.
Analyzing Figure 3, the value of (𝑦𝑝 − 𝑦𝑞 ) in the earthfixed frame {E} equals 𝑦𝑒 in frame {P}, so 𝜓𝐿𝑂𝑆 is rewritten
as
𝜓𝐿𝑂𝑆 = arctan (−𝑘𝜓 ⋅ 𝑦𝑒 ) > 0,

(6)

where the control gain 𝑘𝜓 = −1/Δ 1 > 0.
As 𝜓𝐿𝑂𝑆 = 𝜓𝑊 − 𝜓𝑃 and 𝜓𝑑 = 𝜓𝐵 = 𝜓𝑊 − 𝛽, the desired
yaw angle under the LOS guidance of path following can be
defined as
𝜓𝑑 = arctan (−𝑘𝜓 ⋅ 𝑦𝑒 ) + 𝜓𝑃 − 𝛽,
where 𝛽 = arctan(V/𝑢) is the side-slip angle of the AUV.

(7)

𝜃𝑑 = arctan (𝑘𝜃 ⋅ 𝑧𝑒 ) − 𝜃𝑝 + 𝛼,

(8)

where 𝛼 = arctan(𝑤/𝑢) is the angle of attack and the control
gain 𝑘𝜃 > 0. Here, the signs of (6), (7), and (8) should be
noted.
3.2. Fuzzy Iterative Sliding Mode Controller Design. As previously mentioned, the PID control scheme lacks robustness
and could not keep the accuracy while guaranteeing the
rapidity. To solve this problem, a fuzzy iterative sliding mode
controller based on the LOS guidance law is designed in this
subsection. More than one of the sliding mode nonlinear surfaces settle the contradiction between static performance and
dynamic performance of the control system which mainly
refer to errors of the steady state and time of approaching
the steady state, respectively. In this way the controller can
ensure the robustness and the adaptability, despite of system uncertainties and environmental unknown disturbances.
Next, application of fuzzy logic heuristic knowledge further
enhances the self-adaptability which makes it more convenient to tune the parameters of the controller automatically.
Theorem 1. Consider the nonlinear scalar system with zero
order defined as 𝑠𝑛 = 𝑓(𝑥, 𝑢, 𝑡), where 𝑥, 𝑢, 𝑠 ∈ R are system
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state variable, system input, and system output, respectively. If
the following conditions are established:
(I) The equation of state is 𝑥̇ = 𝑔(𝑢), where 𝑔(𝑢) is a
continuous and bounded function
(II) 𝑓(𝑥, 𝑢, 𝑡) is a continuous, bounded, and nonlinear
function, namely, |𝜕𝑓/𝜕𝑥| < 𝜎, and 𝜎 is a bounded
value
(III) Sign for the gain of output 𝑠𝑛 to input 𝑢 is known; here
assume that 𝜕𝑓/𝜕𝑢 > 0
(9)

where 𝑘𝑡 , 𝜀 ∈ R+ .
Based on the proposed conditions and control law above,
the system 𝑠𝑛 can realize asymptotic stability.
Proof. Choose the following Lyapunov function candidate:
1 2
𝑠 .
2 𝑛
Taking the derivative of formula (10), one can get
𝑉=

(10)

𝜕𝑓
𝜕𝑓
(11)
𝑥̇ + 𝑢.̇
𝜕𝑥
𝜕𝑢
By using formulas (9) and (11), the time derivative of the
proposed Lyapunov function is such that
𝜕𝑓
𝜕𝑓
̇
𝑉̇ = 𝑠𝑛 𝑠𝑛̇ = 𝑠𝑛 ( 𝑥̇ + 𝑢)
𝜕𝑥
𝜕𝑢

≤ −{

where 𝑘0 , 𝑘1 , 𝑘2 , 𝑘3 , 𝑘4 , 𝑘5 , 𝜀1 ∈ R+ and 𝑘3 ≤ 𝑘4 .
When applying to the controller with defined surfaces (14)
and control law (15), it can guarantee the errors of path
following in the horizontal plane for the AUV asymptotic
convergence to zero.

𝑠4 = 𝑘4 tanh (𝑠3 ) + [𝑘3 tanh (𝑠2 ) + 𝑠2̇ ]

= 𝑘4 tanh (𝑠3 ) + {𝑘3 [1 − tanh 2 (𝑠2 )] 𝑠2̇ + 𝑠2̈ }


= 𝑘4 tanh (𝑠3 ) +

𝑘3 [𝑘2 ∫ tanh (𝑠1 ) 𝑑𝑡 + 𝜓𝑒 ]
cosh2 (𝑠2 )

= 𝑘4 tanh (𝑠3 ) +
+

𝑘3 [𝑘2 ∫ tanh (𝑠1 ) 𝑑𝑡 + 𝜓𝑒 ]
cosh2 (𝑠2 )

𝑘2 [𝑘1 tanh (𝑘0 𝑦𝑒 ) + 𝑦𝑒̇ ]

(16)

cosh2 (𝑠1 )

(12)
+

(13)

𝑘3 [𝑘2 ∫ tanh (𝑠1 ) 𝑑𝑡 + 𝜓𝑒 ]
cosh2 (𝑠2 )

𝑘2 {𝑘1 𝑘0 𝑦𝑒̇ /cosh2 (𝑘0 𝑦𝑒 ) + 𝑦𝑒̈ }
cosh2 (𝑠1 )

+ 𝑟̇

.

Analyzing formula (14), information can be gotten as
follows.
Due to the surface 𝑠4 with second-order derivative terms
in 𝜓𝑒 , namely, control-rudder 𝛿𝑟 , one can obtain

𝜕ℎ (𝑠2 )
= 0,
𝜕𝛿𝑟

Theorem 2. In the horizontal plane, iterative sliding mode
control surfaces are given as follows:

𝜕ℎ (𝑠1 )
= 0,
𝜕𝛿𝑟

𝜕ℎ (𝑠4 )
≢ 0,
𝜕𝛿𝑟
𝜕ℎ (𝑠3 )
= 0,
𝜕𝛿𝑟

(17)

where ℎ(𝑠𝑛 ) (𝑛 = 1, 2, 3, 4) are the functions of 𝑠𝑛 .
Substituting formula (17) in (16), one can get

𝑠1 (𝑦𝑒 ) = 𝑘1 tanh (𝑘0 𝑦𝑒 ) + 𝑦𝑒̇

𝑠4 (𝑠3 ) = 𝑘4 tanh (𝑠3 ) + 𝑠3̇

+ 𝑟̇



with existing 𝑘𝑡 , 𝜀 ∈ R+ , that is, 𝑉 < 0.
Therefore, it can be concluded that the system 𝑠𝑛 can realize asymptotic stability according to the Lyapunov stability
criterion.
According to the features of the AUV in this paper,
the revolving speed of the propeller is fixed. Aiming at the
actuators of the AUV, yaw rudder, and horizontal rudder, the
controllers used for the horizontal plane and vertical plane
are designed, respectively.

𝑠3 (𝑠2 ) = 𝑘3 tanh (𝑠2 ) + 𝑠2̇

+ 𝜓𝑒 

+ 𝑘2 [1 − tanh 2 (𝑠1 )] 𝑠1̇

= 𝑘4 tanh (𝑠3 ) +

As 𝜕𝑓/𝜕𝑢 > 0 and 𝜎 is bounded, it is clear that

𝑠2 (𝑠1 , 𝜓𝑒 ) = 𝑘2 ∫ tanh (𝑠1 ) 𝑑𝑡 + 𝜓𝑒





𝜕𝑓

 
 

[−𝑘𝑡 𝑠𝑛  + 𝜀 tanh (𝑠𝑛 )] − 𝜎𝑔 (𝑢)} 𝑦 .
𝜕𝑢

𝜕𝑓
𝜕𝑓

 

[−𝑘𝑡 𝑠𝑛  + 𝜀 tanh (𝑠𝑛 )] −
𝑔 (𝑢) > 0
𝜕𝑢
𝜕𝑢

(15)



𝑠𝑛̇ =

𝜕𝑓
𝜕𝑓
̇ +
𝑥𝑦
[−𝑘𝑡 𝑠𝑛 − 𝜀 tanh (𝑠𝑛 )] 𝑦
=
𝜕𝑥
𝜕𝑢

𝛿𝑟̇ = −𝑘5 𝑠4 − 𝜀1 tanh (𝑠4 ) ,

Proof. Expanding formula (14), one can obtain

the incremental feedback control law is chosen as
𝑢̇ = −𝑘𝑡 𝑠𝑛 − 𝜀 tanh (𝑠𝑛 ) ,

and the control law combined with sliding mode surfaces is
defined as

(14)

𝑘2 𝑦𝑒̈
𝜕𝑠4
𝜕
=
(𝑟 ̇ +
).
𝜕𝛿𝑟 𝜕𝛿𝑟
cosh2 (𝑠1 )

(18)

Next, analyzing formulas (1) and (2), information can be
gotten as follows.
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On one hand, the signs of velocities 𝑢, V, 𝑟 keep the same
as yaw rudder 𝛿𝑟 . On the other hand, the values of 𝑤, 𝑞, V̇ are
absolutely small due to steering yaw rudder; one can get
𝜕𝑠4
𝜕
=
𝜕𝛿𝑟 (𝜕𝛿𝑟 ) (𝑀𝑅 / (𝐽𝑧 + △𝐽𝑧 ) + 𝑘2 𝑦𝑒̈ /cosh2 (𝑠1 ))
𝑀𝑅
> 0,
𝐽𝑧 + △𝐽𝑧

𝜕𝑠1
= 𝑢 cos (𝜓𝑒 ) − V sin (𝜓𝑒 ) .
𝜕𝜓𝑒
(19)

where 𝑀𝑅 refers to the moment of force caused by steering
yaw rudder, 𝐽𝑧 refers to the moment of inertia for the AUV
body, and △𝐽𝑧 refers to the additional moment of inertia for
the hydrodynamic force.
Go on analyzing formulas (1) and (2); information can be
obtained as follows.
𝑦𝑒̈ is related to the acceleration caused by forces of the
propeller and yaw rudder. And the forces split into two
components which are a force 𝐹𝑋𝑅 along with the x-axis and
a force 𝐹𝑌𝑅 along with the y-axis. One can get

+

cosh2 (𝑠1 )

(25)

Because of the characteristic of the AUV which voyages
forward at a fixed speed, that is to say, 𝑢 ∈ R+ is a constant,
and because the value of forward velocity 𝑢 is more than
lateral velocity V, it is easy to conclude that
𝜕𝑠1
= 𝑢 cos (𝜓𝑒 ) − V sin (𝜓𝑒 ) > 0
𝜕𝜓𝑒

(26)

when |𝜓𝑒 | < 𝜋/2.
Based on Theorem 1, the surface 𝑠1 can asymptotically
converge to zero under the control law chosen as formula (15);
it yields that
𝑦𝑒̇ → −𝑘1 tanh (𝑘0 𝑦𝑒 ) .

(27)

Due to the uniform monotonicity of 𝑦𝑒 and tanh(𝑘0 𝑦𝑒 )
while 𝑦𝑒̇ has the opposite monotonicity of tanh(𝑘0 𝑦𝑒 ), it is
evident that

𝑀𝑅
𝜕𝑠4
𝜕
=
(
𝜕𝛿𝑟 𝜕𝛿𝑟 𝐽𝑧 + △𝐽𝑧
𝑘2 [𝐹𝑋𝑅 / (𝑚 + 𝑚𝑥 ) + 𝐹𝑌𝑅 / (𝑚 + 𝑚𝑦 )]

Obviously, 𝑠1 is a continuous, bounded, and nonlinear
function of 𝜓𝑒 which can be deemed to be the control input
as described in Theorem 1; one can obtain

(20)
),

where 𝑚𝑥 , 𝑚𝑦 refer to the additional mass for the hydrodynamic force.
Considering the case of steering yaw rudder in the
horizontal plane, the values of 𝐹𝑋𝑅 and 𝐹𝑌𝑅 are far less than
𝑀𝑅 , due to the boundedness of the hyperbolic trigonometric
function; it can be concluded that
𝜕𝑠4
>0
𝜕𝛿𝑟

𝑠2 = 0.

(21)

(22)

When 𝑠2 → 0, it yields that
𝜓𝑒 = −𝑘2 ∫ tanh (𝑠1 ) 𝑑𝑡

Therefore, the errors of path following for the AUV
asymptotically convergence to zero.
Theorem 3. In the vertical plane, iterative sliding mode control
surfaces and control law are given as follows:
𝑠5 (𝑧𝑒 ) = 𝑘7 tanh (𝑘6 𝑧𝑒 ) + 𝑧̇𝑒 ,

𝑠7 (𝑠6 ) = 𝑘9 tanh (𝑠6 ) + 𝑠6̇

(29)

𝑠8 (𝑠7 ) = 𝑘10 tanh (𝑠7 ) + 𝑠7̇
𝛿𝑠̇ = −𝑘11 𝑠8 − 𝜀2 tanh (𝑠8 )
where 𝑘6 , 𝑘7 , 𝑘8 , 𝑘9 , 𝑘10 , 𝑘11 , 𝜀2 ∈ R+ and 𝑘9 ≤ 𝑘10 .
When applying to the controller with defined surfaces and
control law (29), it can guarantee the errors of path following
in the vertical plane for the AUV asymptotic convergence to
zero.
Proof. The proving process can be in a similar method and it
is omitted.

(23)

𝜓̇𝑒 = −𝑘2 tanh (𝑠1 ) .
As the values of 𝜑, 𝜃, 𝑤 are absolutely small while steering
yaw rudder, and substituting for 𝑦𝑒̇ into formula (14) from
formula (2), one can get
𝑠1 = 𝑘1 tanh (𝑘0 𝑦𝑒 ) + 𝑢 sin (𝜓𝑒 ) + V cos (𝜓𝑒 ) .

(28)

𝑠6 (𝑠5 , 𝜃𝑒 ) = 𝑘8 ∫ tanh (𝑠5 ) 𝑑𝑡 + 𝜃𝑒

with existing 𝑘2 .
Based on formula (21), surface 𝑠4 asymptotically converges to zero with defined control law (15).
As 𝑠4 = 0, according to the mathematical relationship
among surfaces 𝑠4 , 𝑠3 , 𝑠2 , it is clear that
𝑠3 = 0,

𝑦𝑒 → 0.

(24)

Based on ISMC, the FISMC focuses on the selfadaptability of control parameters which guarantee the AUV
with environmental disturbance rejection and inhibition of
chattering for the rudder.
Analyzing the control laws 𝛿𝑟̇ , 𝛿𝑠̇ in formulas (15) and (29),
it is clear that parameters 𝑘5 , 𝑘11 determine the efficiency and
robustness of the control system. Consequently, fuzzy logics
are introduced to tune 𝑘5 , 𝑘11 automatically.
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Table 1: Fuzzy logic rules for Δ𝑘5 .
Δ𝑘5

NB
NB
NM
PS
PS
PS
NM
NB

NB
NM
NS
Z
PS
PM
PB

𝑦𝑒

NM
NB
NM
PS
PM
PM
NM
NB

𝛿𝑟
Z
NB
NM
PB
Z
PB
NM
NB

NS
NB
NM
PS
PS
PS
NM
NB

PS
NB
NM
PS
PS
PS
NM
NB

Table 3: Key parameters of the AUV.

PM
NB
NM
PS
PM
PM
NM
NB

PB
NB
NM
PS
PS
PS
NM
NB

Table 2: Fuzzy logic rules for Δ𝑘11 .
Δ𝑘11

NB
NB
NM
PS
PS
PS
NM
NB

NB
NM
NS
Z
PS
PM
PB

𝑧𝑒

1

NB

NM
NB
NM
PS
PM
PM
NM
NB

𝛿𝑠
Z
NB
NM
PB
Z
PB
NM
NB

NS
NB
NM
PS
PS
PS
NM
NB

PS
NB
NM
PS
PS
PS
NM
NB

NM

NS

ZO

PS

PM

−2

−1

0

1

2

PM
NB
NM
PS
PM
PM
NM
NB

PB
NB
NM
PS
PS
PS
NM
NB

PB

0.8
0.6
0.4
0.2
0
−4

−3

3

4

Figure 4: Membership function.

The fuzzy logic rules for the parameters Δ𝑘5 , Δ𝑘11 are
shown in Tables 1 and 2. In Table 1, the first column represents
fuzzy subsets for the following errors of the path 𝑦𝑒 while
the first row is fuzzy subsets for the control-rudder 𝛿𝑟 . Also,
other cells represent the evaluating values of outputs. All of
the inputs and outputs keep the IF-THEN rules. Table 2 is set
the same as Table 1.
The fuzzy subsets are divided into traditional types
which are NB, NM, NS, ZE, PS, PM, and PB, respectively,
namely, negative big, negative medium, negative small, zero,
positive small, positive medium, and positive big. The input
scaling factors of 𝑦𝑒 , 𝛿𝑟 , 𝑧𝑒 , 𝛿𝑠 are 𝑔𝑦𝑒 , 𝑔𝛿𝑟 , 𝑔𝑧𝑒 , 𝑔𝛿𝑠 , respectively,
while the output scaling factors of Δ𝑘5 , Δ𝑘11 are 𝑔𝑘5 , 𝑔𝑘11 .
The fuzzification of Δ𝑘5 , Δ𝑘11 is designed by the triangular
membership function shown in Figure 4 while introducing
centroid defuzzification.

Parameter name
Mass
Length
Breadth
Height
Displacement
Speed

Parameter signal
𝑚
𝐿
𝐵
𝐻
∇
𝑢

Value
2218.28 t
80 m
6m
6m
1500 m3
12 kn

4. Numerical Simulation Research
Numerical simulation researches are performed to test the
performance of the proposed control schemes in this paper
through a special AUV whose key parameters are partly
presented in Table 3. In the simulations, the AUV voyages
with a fixed forward velocity, 𝑢 = 6 m/s, due to a constant
revolving speed in one direction of the propeller, and the
desired route, 𝑦𝑝 = 500, 𝑧𝑝 = 100, which is 500 meters
laterally and 100 meters vertically away from the initial route,
𝑦0 = 0, 𝑧0 = 0, is used to test the performance of the proposed
controllers.
In the simulations, the delay time between the control
signal and the actuators is considered according to the largeinertia feature of the AUV. The rudder control signals lag
behind the yaw rudder and the horizontal rudder with 100
milliseconds, and the sample time in numerical simulation is
1 second.
It should be noted that the AUV mentioned in this paper
has two water tanks, and the mass described in Table 3
includes the weight of the two water tanks and the weight
of buoyancy force caused by the displacement. The existing
advanced control algorithms are not applied to such largescale underwater vehicles, and almost all of the submarinelike AUVs adopt the PID controller. In this way, different
controllers commonly used in engineering are selected to
verify the performance of the designed fuzzy iterative sliding
mode control schemes. The control parameters are described
as follows:
(i) PID parameters:
𝐾𝑝ℎ = 2 × 10−5 ,
𝐾𝑖ℎ = 5 × 10−9 ,
𝐾𝑑ℎ = 1.8,
𝐾𝑝V = 3 × 10−2 ,
𝐾𝑖V = 1.3 × 10−8 ,
𝐾𝑑V = 0.5
(ii) ISMC parameters:
𝐾0 = 0.01,
𝐾1 = 1.5,
𝐾2 = 0.05,

(30)
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𝐾3 = 0.001,

X−Y−Z 3D

𝐾4 = 0.01,
200

𝜀1 = 1,

150

1 =

z (m)

𝐾5 = 1,
1
0.003

100
50

𝐾6 = 0.02,

0
600

𝐾7 = 0.6,

400

𝐾8 = 0.07,

y (m)

𝐾9 = 0.001,

0

5000
x (m)

0

Desired Path
PID
ISMC
FISMC

𝐾10 = 0.01,
𝐾11 = 0.5,

Figure 5: Paths in 3D space.

𝜀2 = 1,
2 =

15000
10000

200

1
0.003
(31)

(iii) FISMC parameters:
𝑔𝑦𝑒 =

4
,
2

𝑔𝛿𝑟 =

4
,
2

𝑔𝑧𝑒 =

4
,
2

𝑔𝛿𝑠 =

4
,
2

𝑔𝑘5 =

4
,
4

𝑔𝑘11 =

4
4

(32)

4.1. Simulation under Ideal Conditions. Figures 5–11 show the
simulation results obtained under the conditions in which
there are no environmental disturbances and the values of the
AUV’s initial position and attitude all equal zero.
In Figure 5, paths in 3D space along the desired path
which is the green dot line and actual paths of the AUV
using controllers marked in the black, red, and blue colors
are shown. It is obvious that good path following of the
AUV is achieved through each controller but with different
performance.
More details can be noticed in Figure 6 which are,
respectively, the projection of 3D paths in the horizontal plane
and vertical plane. From this figure, it is illustrated that paths
using the PID controller have big overshoots and oscillations.
Nevertheless, paths of ISMC and FISMC converge to the
desired path smoothly. Obviously, one should firstly try to

avoid the overshoots and oscillations in controlling this kind
of AUV with a large scale, large inertia, and high speed. At the
same time, the time of approaching the steady state applying
FISMC is shorter than the time with ISMC; this is more
evidently shown in X-Z plane projection. Furthermore, errors
of the steady state in FISMC are the smallest among the ISMC
and PID controller. Note that it is difficult for the system to
keep the shorter rising time as well as the smaller overshoots
and the fewer oscillations simultaneously as a result of the
parameters 𝐾𝑝 , 𝐾𝑖 with quite small orders of magnitude.
Focusing on the status of steering rudders from Figures
7 and 8, values of yaw rudder and horizontal rudder both
converge to zero ultimately. But in controlling process,
the chattering of the rudders when applying FISMC only
happened one time, which is the lowest under the premise
of keeping the stability, accuracy, and rapidity.
The changes of the desired angles 𝜓𝑑 , 𝜃𝑑 depicted in
Figure 9 map to the changes of paths in Figure 6.
Finally, regarding Figure 10, the convergence speed of
surfaces 𝑠1 , 𝑠2 , 𝑠3 , 𝑠4 in FISMC is much faster than ISMC’s.
This is also notable form surfaces 𝑠5 , 𝑠6 , 𝑠7 , 𝑠8 shown in
Figure 11. Meanwhile, the values of 𝑠2 , 𝑠3 , 𝑠4 are decreasing
progressively one by one as well as 𝑠6 , 𝑠7 , 𝑠8 for the reason that
surfaces are iterative. It further explains why fuzzy iterative
sliding mode control can maintain better stability, accuracy,
and especially rapidity than traditional sliding mode control
with only one sliding surface.
4.2. Simulation under Environmental Disturbances. In this
part, simulation is carried out under the environmental
disturbance which is added from multiple directions in 3D
space. Referring to formula (1), the decomposed force and
moment can be described as
𝐹𝑋𝑑𝑖𝑠 = 0
𝐹𝑌𝑑𝑖𝑠 = 0.11 × 105 sin [

2𝜋
]
100 (𝑡 − 100)
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𝐹𝑍𝑑𝑖𝑠 = 0.11 × 105 cos [

2𝜋
(𝑡 − 100)]
100

𝐾𝑋𝑑𝑖𝑠 = 0
𝑀𝑌𝑑𝑖𝑠 = 𝐹𝑌𝑑𝑖𝑠 × 40
𝑁𝑍𝑑𝑖𝑠 = 𝐹𝑍𝑑𝑖𝑠 × 40.
(33)
The time-varying disturbances which are an 11-ton force
at maximum occur in the process of rising stage, 100 ∼ 200
s, and steady state, 1200 ∼ 1300 s. Compared with ideal
conditions, simulation under environmental disturbances
achieves better testing of three different controllers.
Glancing at Figure 12, paths differ from the paths shown
in Figure 5, particularly in the stage of adding disturbances.
To analyze the performance of the controllers, Figure 13
should be paid closer attention to.
Making a comparison with Figures 16 and 11, the
approaching time is delayed for 20 s, and the overshoots of
the PID controller increase. After all, there is a disturbance
appended to the AUV body. Great differences can be noticed

from the process of adding disturbances the second time.
All three controllers are not able to avoid oscillations, but
the performances are different from each other. In the PID
controller, although its oscillation is approximately one time,
it has the maximum deviation, 50 m in the lateral direction
and 10 m in the vertical direction. Also, FISMC owns a lower
number of oscillation with smaller deviation than ISMC. In
the end, the minimal errors of the steady state appear in
FISMC, not ISMC or PID.
4.3. Simulation under Different Initial Conditions. It can be
basically estimated that FISMC provides the best performance when applying for path following of the AUV with
large inertia. But in many cases, the AUV cannot start at zero
initial conditions. For example, the initial heading angle of the
AUV may not be zero absolutely. This comes to a question:
If the special AUV is with the different initial heading angle,
𝜓0 , will the performances in one and the same controller be
without distinction? Figures 14–16 explain the answer.
Figure 14 shows different actual paths of the AUV in the
PID controller. It is obvious that different 𝜓0 make a great
difference in path following control. In spite of 𝜓0 = 𝜋/90,
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the error of the steady state in the horizontal plane is about
40 m marked in blue color; there is no need to consider other
bigger 𝜓0 .
As Figure 15 explained, many simulation results prove
the robustness of sliding mode control. With multiple initial
heading angles 𝜓0 = 0, 𝜋/4, 𝜋/2, 3𝜋/4, 𝜋, −𝜋/4, −𝜋/2, −3𝜋/4,
actual paths in ISMC are different more or less. Even if 𝜓0 = 𝜋
which means the direction of the AUV is completely opposite

with 𝜓0 = 0, the ISMC can adjust the AUV to follow the
desired path. As is shown, overshoots exist in the actual paths
when |𝜓0 | is big enough.
And making further improvement, the simulation used
FISMC are carried out to be in contrast with ISMC. In
Figure 16, the blue line is the path adopting FISMC and the
red line is the path controlled by ISMC. It is clear that the
overshoot disappears although there is a small amplitude
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oscillation. The performance has been markedly improved on
the foundation of ISMC.
In general, applying fuzzy iterative sliding mode control
to the special AUV with a large scale, large inertia, and high
speed, the performance can be guaranteed. Particularly when
considering environmental disturbances and different initial
state, the advantages of FISMC are evidently demonstrated.

5. Conclusion
This paper presented a novel fuzzy iterative sliding mode
control scheme for the mentioned AUV. On the basis of
previous research, the modeling of the AUV is introduced
firstly, along with a problem formulation. Guidance laws for
path following are then proposed applying the line-of-sight
scheme. In this way, iterative sliding mode controller can be
designed. Meanwhile, considering the self-adaptability of the

control parameters, fuzzy logic is added on ISMC and then to
form the FISMC. Finally, the robustness and self-adaptability
of FISMC are verified through representative simulations.
The AUV is able to complete path following while it is under
environmental disturbances and various initial states.
Focusing on the results, the FISMC method can be
applied to an underactuated vehicle with large-scale, largeinertia, and high-speed characters, in 2D and 3D path
following, such as autopilot of oil tankers and cargo ships.
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Pavement maintenance and rehabilitation (M&R) plan for maintaining the pavement quality in an acceptable level has direct
influence on the required budget. Deterministic budgeting is an unrealistic assumption, so, in this study, a two-stage stochastic
model using integer programming is developed to address uncertainty in budgeting. Another aim of this study is to develop an
executive model that considers a broad range of parameters at network level maintenance and rehabilitation planning. While
having too many details in planning problems makes them more complicated, some restrictions called “technical constraints” were
considered to reduce solution time of solving procedure as well as improve M&R activities assignment efficiency. Comparing results
of the stochastic model with a deterministic model for a case study revealed that the two-stage stochastic model led to increased
total cost compared to the deterministic one due to considering probability in budgeting. However, the developed model provides
several M&R plans that are compatible with budget variation.

1. Introduction
Network level pavement management is complex due to
the influential factors such as network size, available budget, pavement performance, distress and maintenance and
rehabilitation (M&R) history, traffic and climatic conditions,
nonuniform structural properties of pavement and construction operation [1–3]. Each of the aforementioned factors
changes during the years, so it is crucial to estimate them
within the life-span of pavement. On the other hand, the deviations between the predicted and actual values are inevitable.
Thus, uncertainty in the predictions of the influential factors,
in addition to their values change with elapse of time, makes
the pavement management problems further complex.
Among the influential factors in Pavement Management
System (PMS), the one dealing with the limited budget is
of great importance. Taking limited budget into account,
Wang, Zhang, and Machemehl proposed an optimization
process based on the linear integer programming to select the

best M&R strategies at the network level for a 5-year period
of planning [4]. Wu, Flintsch, and Chowdhury focused on
development of a decision-making model to optimize budgeting of the short-term preventive M&R actions [5]. They
utilized goal planning methods for multiobjective problems
and Analytic Hierarchy Process (AHP) for prioritization
under multicriteria. The model was to achieve two objectives:
minimizing the M&R costs and maximizing the pavement
quality during its service life. Priya, Srinivasan, and Veeraragavan formulated the problems regarding determination
of the appropriate types of M&R actions and the time
for implementation of them using an effective optimization
method [6]. Jesus et al. used a simple but practical model
to optimize M&R management with limited budget using
linear integer programing [7]. The model determined the
budget assignments required to achieve the predetermined
goals. Chai et al. established a correlation between the budget
assignments and pavement quality indices for a road network
in Queensland and, based on the correlation, a model

2
developed [8]. In their study, an index, namely, pavement
sustainability index, indicating budget deficit was introduced.
Single-objective optimization for M&R work planning
deals with a function in which one independent variable
is optimized. However, its main drawback is its suboptimal
response compared to that obtained from multiobjective
planning [9]. Nevertheless, various pavement management
studies have developed and utilized multiobjective optimization models. A research developed a biobjective deterministic optimization model which simultaneously satisfied the
objectives of both minimization of total maintenance costs
and maximization of performance of the road network [10].
Also, an optimization methodology for county paved roads
has been devised that identifies the best mix of preservation
projects within budget, maximizing traffic (passengers and
trucks traffic) on treated roads, maximizing the weighted
average PSI, and minimizing risk [11].
There are also various optimization approaches for developing decision-making models in PMS. The Analytic Hierarchy Process (AHP) is the simplest and most popular method
for multiobjective M&R action prioritization [12, 13]. Others
are the life-cycle cost analysis for probabilistic model using
fuzzy logic [14] and the application of Artificial Neural Network (ANN) for solving multiobjective optimization problems in PMS [15–20]. Moreover, an optimization tool based
on a hybrid Greedy Randomized Adaptive Search Procedure
(GRASP) has been developed. This tool facilitates the design
of optimal maintenance programs subject to budgetary and
technical restrictions and explores the effects of different
budgetary scenarios on overall network conditions [21].
Budget restrictions have always been the main challenge
of PMS to deal with. The PMS models can be developed based
on available budget, with the assumption that the available
budget is equal to the predicted budget. However, due to
the political and economic risks involved in any financial
system, there is uncertainty in budget allocations to organizations. Lack of budget can lead to postponing M&R actions
implementation in some years during the planning period,
which negatively affects the whole predictions. Therefore,
deterministic budget cannot be a realistic assumption for
planning purposes.
Most studies on PMS have considered pavement deterioration as nondeterministic variable [23–26]. DurangoCohen took pavement deterioration models as nondeterministic models and evaluated the M&R policies efficiently
when imprecise pavement deterioration models are available
[27]. Some researchers found the uncertainty in pavement
deterioration models as function of uncertainty in pavement
structural design, traffic and climatic conditions, and pavement age [28–32]. However, it is important not to restrict
the uncertainty to the pavement deterioration [23]. Kuhn
[33] considered the uncertainty in the return of investment
and Chootinan et al. [34] took the predicted traffic volumes
as nondeterministic variable. Yet, there are few studies that
considered future budget as uncertain [22, 35].
Gao and Zhang used robust optimization for budgeting
M&R at project level considering uncertainty in the annual
budget [36]. The approach efficiency was examined using
a 20-year pavement performance data and it was found
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reasonable. Li developed a probabilistic model to allocate
nondeterministic budget to the highway network [37]. The
model was formulated as probabilistic multiobjective and
multidimensional knapsack problem and the results indicated that the uncertainty has significant positive effect on the
efficiency of investment.
It seems that the application of uncertainty in development of M&R planning is still immature [38]. Two-stage
stochastic programming is useful tool to develop planning
models [39–44]. Uncertainty in budgeting justifies application of two-stage stochastic planning in PMS. In the
present study, a model for M&R work planning is developed
using two-stage stochastic approach with nondeterministic
budget. It renders a multi-optional M&R solution under the
nondeterministic budget circumstance. Moreover, at network
level PMS, consideration of more decomposed condition
indicators and consequently extension of details are important study areas that need further investigation in models
development. In previous studies, due to the complexity of
the problem, especially in large-scale issues or long-term
planning periods, less attention has been paid to increasing
the number of details. Although the dimensions of the
networks expanded as the studies developed, the number
of M&R treatments used is still constant and limited [23].
Unlike most models that use four M&R strategies at the most,
in this research, eight M&R categories were defined using
four pavement quality indicators reflecting thermal distress,
structural, skid, and roughness conditions and another that
reflects a specific combination of them. Clearly, this level of
detail and its application in pavement M&R planning have
led to increased model accuracy as well as a higher degree of
problem difficulty and complexity. As such, some restrictions
called “technical constraints” were defined to reduce solution
time of solving procedure. This advantage is applicable for
huge networks or long-term planning durations and helps
avoid expending too much time in solving M&R planning
issues. Therefore, the development of a linear integer twostage stochastic programming model, which can be used for
large-scale networks or for long-term planning periods while
also addressing the issue of a greater number of details and
considering nondeterministic budget parameter, is one of the
innovations of this study.

2. Literature
In this section, a comparison of the applied methodologies
mentioned above is summarized in Table 1. As can be seen,
there are few studies that utilize more than one condition
indicator and at the same time consider uncertainty of
budgeting in pavement M&R planning. Accordingly, this
study attempts to develop a two-stage stochastic model
involving a larger number of condition indicators which allow
the network level M&R work planning to become closer to
project-level one.

3. Research Approach
In this research, formulation of integer programing at the
network level is developed based on a two-stage stochastic
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Table 1: Comparison of applied methodologies in investigated studies.
Study
Fwa et al. [15]
Fwa et al. [16]
Fwa et al. [17]
Chen and Flintsch. [14]
Wu et al. [5]
Wu and Flintsch. [22]
Moazami et al. [13]
Mathew and Isaac. [10]
Meneses and Ferreira. [9]
Saha, and Ksaibati. [11]
Yepes et al. [21]
Swei et al. [23]
Current study

Optimization Method
MuOb
SiOb
Others
√
√
√
√
√
√
√
√
√
√
√
√
√

Level of Study
Net
Pro
√
√
√
√
√
√
√
√
√
√
√
√
√

Formulation

Model Type

Condition Indicator

GA
GA
GA
LCCA
GP & AHP
MDP
AHP
GA
GA
LCCA
GRASP
MINLP
MILP

Det
Robust
Robust
Fuzzy
Det
Prob
Fuzzy
Det
Det
Det
Det
Det & Prob
Det & Prob

PSI
PCI
PCI
PSI, PCI
Condition State
Condition State
PCI
PCI
PSI
PSI
PCI
PCR
q𝑥̇ (qf, qt, qs, qr), qo

MuOb: multiobjective; SiOb: single objective; Net: network; Pro: project; Det: deterministic; Prob: probabilistic; PCI: Pavement Condition Index; PSI:
present serviceability index; PCR: pavement condition rate; GA: Genetic Algorithm; LCCA: life cycle cost analysis; AHP: analytic hierarchy process; MDP:
multidimensional problem; GRASP: greedy randomized adaptive search procedure; MINLP: Mix integer nonlinear programming; MILP: mix integer linear
programming.

Table 2: Indices.
Index
Description
𝑡, (𝑡 ∈ {1, 2, . . . , 𝑇})
Period (year)
𝑛, (𝑛 ∈ {1, 2, . . . , 𝑁})
No. of section
𝑚, (𝑚 ∈ {1, 2, . . . , 𝑀})
M&R actions category
𝑠, (𝑠 ∈ {1, 2, . . . , 𝑆})
Budget scenarios
𝑏, (𝑏 ∈ {1, 2, . . . , 𝐵}) Auxiliary index corresponding to condition

model on the condition of nondeterministic budget. GAMS
software was employed to solve the developed model using
the CPLEX solver. A small network with 10 sections and
a planning period of 3 years is considered as a case study.
The results of deterministic and probabilistic models were
compared for the case study to assess how budget uncertainty
affects the results of M&R planning.
3.1. Model Development. Indices, parameters, and variables of
the developed method were described in Tables 2, 3, and 4,
respectively. t, n, m, and s are the main indices of the model
corresponding to the year, section ID, M&R action ID, and
budgeting scenario. Index b is an auxiliary index that was
used to round the pavement quality indicator values with
precision of 0.1. Notably, t addresses the end of a year in the
planning period.
In accordance with Table 4, the goal of the model is to
find the binary variables of x and y when, with application
of the restrictions of the problem, the objective function is
minimum. 1 represents implementation of an M&R action
and 0 means no M&R application. Moreover, it can be found
in Table 4 that there are four normalized indicators of 𝑞𝑥̇ (qf,
qt, qs, and qr) as well as a compound index of qo to quantify
pavement condition with respect to structural condition,

thermal distresses, skid resistance, roughness, and a linear
combination of them, respectively. Notably, the values of
these indicators were normalized to be between 0 and 1.
As given in Table 5, there are 8 categories of M&R actions
with an ID number attributed to them.
Generally, there is administration cost (AC) and user cost
(UC) included in the work planning optimization models.
The AC is M&R actions expenses that the administration
pays while UC is the sum of vehicle operation cost (VOC),
delay cost (DC), and crash cost (CC) that users of the road
pay indirectly [45]. In this research, VOC, which depends
on the pavement quality, and DC, which is due to treatment
type and the time duration it blocks the road, were used in
the developed model. It should be noted that a few efforts
have been made in literature to determine how pavement
condition affects accidents rate and crash costs and what these
effects are. Therefore, in this study, due to absence of required
data and models related to accidents rate and crash costs
affected by pavement condition, the crash cost effects are not
considered in the modeling.
Since the deviation in conditions in each scenario leads to
the decision change, in the two-stage stochastic model of this
article, a cost-based parameter (Ca) was defined to take the
cost due to the difference between the first and second stage
decision variables into account. Table 6 lists all types of the
influential costs on objective functions that were utilized for
cost analysis.
Equation (1) expresses the objective function (ob) where,
in addition to minimization of all costs, maximization of
pavement network condition at the end of analysis period
is going to be achieved. Since the objective function is to be
minimized, consumed pavement financial value was defined
and considered in it, which should be minimized in order
to have maximized pavement condition at the end of the
analysis period. Simply, by multiplying a transformer term
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Table 3: Parameters.

Parameter

Description

𝜇

Large value (a value close to infinity)

𝜀

𝑑𝑟𝑜𝑝Vẋ𝑛,𝑚,𝑡,𝑏

Small value (a value close to zero)
Pavement financial value of section n at the year t while being in the
best condition
Condition drop from t=1 to the target year of t if no M&R action is
performed
Condition drop from the year of performing M&R action (m) on a
pavement section (n) with condition index b to the target year of t

𝑖𝑛𝑞ẋ𝑛

Initial condition

𝑖𝑛𝑞ẋ𝑛 ∈ [0, 1]

𝑖𝑚ẋ𝑚

Condition improvement

𝑖𝑚ẋ𝑚 ∈ [0, 1]

𝑐𝑟𝑙ẋ𝑛

Lower threshold of condition

𝑐𝑟𝑙ẋ𝑛 ∈ [0, 1]

𝑐𝑟𝑙𝑜𝑛,𝑠

Lower threshold of overall condition

𝑐𝑟𝑙𝑜𝑛,𝑠 ∈ [0, 1]

𝑐𝑟ℎẋ𝑛

Upper threshold of condition

𝑐𝑟ℎẋ𝑛 ∈ [0, 1]

𝑐𝑟ℎ𝑜𝑛

Upper threshold of overall condition

𝑐𝑟ℎ𝑜𝑛 ∈ [0, 1]

𝑏𝑢𝑡,𝑠

Allocated budget

𝑏𝑢𝑡,𝑠 ∈ [0, ∞)

𝑐𝑜𝑛,𝑚,𝑡

M&R action cost (Operating cost)

𝑝𝑟𝑠𝑠
𝑐𝑟𝑞𝑛

Probability of scenario
Critical condition in the vehicle operation cost (VOC) vs overall
condition curve

𝑐𝑢𝑐𝑛,𝑡

VOC at the critical condition

𝑐𝑢𝑐𝑛,𝑡 ∈ [0, ∞)

𝑐𝑢𝑏𝑛,𝑡

VOC at the worst condition (0)

𝑐𝑢𝑔𝑛,𝑡

VOC at the best condition (1)

𝑐𝑢𝑏𝑛,𝑡 ∈ [0, ∞)
𝑐𝑢𝑔𝑛,𝑡 ∈ [0, ∞)

𝑐𝑒𝑛,𝑚,𝑡

Delay cost due to performing M&R actions
Cost constant to address deference between first and second stage
decisions

V𝑎𝑛,𝑡
𝑑𝑟𝑜𝑝ẋ𝑛,𝑡

𝑐𝑎

Domain
(𝜇 → ∞)
(𝜀 → 0)
V𝑎𝑛,𝑡 ∈ [0, ∞)
𝑑𝑟𝑜𝑝ẋ𝑛,𝑡 ∈ [0, 1]
𝑑𝑟𝑜𝑝Vẋ𝑛,𝑚,𝑡,𝑏 ∈
[0, 1]

𝑐𝑜𝑛,𝑚,𝑡 ∈ [0, ∞)
𝑝𝑟𝑠𝑠 ∈ [0, 1]
𝑐𝑟𝑞𝑛 ∈ [0, 1]

𝑐𝑒𝑛,𝑚,𝑡 ∈ [0, ∞)
𝑐𝑎 ∈ [0, ∞)

𝑘ẋ

Coefficient of ẋ condition in overall condition equation

𝑘ẋ ∈ [0, 1]

𝑐

Deterioration constant in overall condition equation

𝑐 ∈ [0, 1]

𝑥̇ can be replaced by f, t, s, or r which are, respectively, related to fatigue, thermal distress, skid, or roughness.

(1 − 𝑞𝑜𝑛,𝑇,𝑠 ), the utility related parameter (va: pavement
financial value) was converted to the cost related variable (Va:
consumed pavement financial value) which caused the objec-

𝑁

𝑀

tive function to be formulated as (1) in the form of a single
minimizing function. Actually, in this way, a multiobjective
function has been changed to a single-objective function.

𝑇

𝑜𝑏 = min [ ∑ ∑ ∑ (𝑐𝑜𝑛,𝑚,𝑡 × 𝑍𝑛,𝑚,𝑡,1 + 𝑐𝑒𝑛,𝑚,𝑡 × 𝑦𝑛,𝑚,𝑡,1 )
𝑛=1 𝑚=1 𝑡=1

𝑁 𝑇

+ ∑ ∑ ((𝑐𝑢𝑏𝑛,𝑡 × 𝑐𝑢𝑞𝑏𝑛,𝑡,1 − 𝑐𝑏𝑛,𝑡,1 × (
𝑛=1 𝑡=1
𝑁

𝑁

𝑀

𝑇

𝑐𝑢𝑐𝑛,𝑡 − 𝑐𝑢𝑔𝑛,𝑡
𝑐𝑢𝑏𝑛,𝑡 − 𝑐𝑢𝑐𝑛,𝑡
)) + (𝑐𝑢𝑐𝑛,𝑡 × 𝑐𝑢𝑞𝑔𝑛,𝑡,1 − (𝑐𝑔𝑛,𝑡,1 − 𝑐𝑟𝑞𝑛 × 𝑐𝑢𝑞𝑔𝑛,𝑡,1) × (
)) − 𝑐𝑢𝑔𝑛,𝑡 )
𝑐𝑟𝑞𝑛
1 − 𝑐𝑟𝑞𝑛

𝑆



+ ∑ V𝑎𝑛,𝑇 × (1 − 𝑞𝑜𝑛,𝑇,1 ) + ∑ ∑ ∑ ∑𝑝𝑟𝑠𝑠 × (𝑐𝑎 × 𝑥𝑛,𝑚,𝑡 − 𝑦𝑛,𝑚,𝑡,𝑠  + 𝑐𝑜𝑛,𝑚,𝑡 × 𝑍𝑛,𝑚,𝑡,𝑠 + 𝑐𝑒𝑛,𝑚,𝑡 × 𝑦𝑛,𝑚,𝑡,𝑠 )
𝑛=1

𝑛=1 𝑚=1 𝑡=1 𝑠=1

𝑁 𝑇

𝑆

+ ∑ ∑ ∑𝑝𝑟𝑠𝑠 × ((𝑐𝑢𝑏𝑛,𝑡 × 𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 − 𝑐𝑏𝑛,𝑡,𝑠 × (
𝑛=1 𝑡=1 𝑠=1
𝑁

𝑆

+ ∑ ∑𝑝𝑟𝑠𝑠 × (V𝑎𝑛,𝑇 × (1 − 𝑞𝑜𝑛,𝑇,𝑠 ))]
𝑛=1 𝑠=1

𝑐𝑢𝑐𝑛,𝑡 − 𝑐𝑢𝑔𝑛,𝑡
𝑐𝑢𝑏𝑛,𝑡 − 𝑐𝑢𝑐𝑛,𝑡
)) + (𝑐𝑢𝑐𝑛,𝑡 × 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 − (𝑐𝑔𝑛,𝑡,𝑠 − 𝑐𝑟𝑞𝑛 × 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠) × (
)) − 𝑐𝑢𝑔𝑛,𝑡 )
𝑐𝑟𝑞𝑛
1 − 𝑐𝑟𝑞𝑛

(1)

Mathematical Problems in Engineering

5
Table 4: Variables.

Variable

𝑦𝑛,𝑚,𝑡,𝑠

Description
First stage decision variable for M&R action m, section n and year t in
the M&R work planning
Second stage decision variable for M&R action m, section n, year t
and scenario s in the M&R work planning

𝑞ẋ𝑛,𝑡,𝑠

Condition index

𝑤ẋ𝑛,𝑡,𝑠,𝑏

Auxiliary variable of condition

𝑥𝑛,𝑚,𝑡

Domain
𝑥𝑛,𝑚,𝑡 ∈ {0, 1}
𝑦𝑛,𝑚,𝑡,𝑠 ∈ {0, 1}
𝑞ẋ𝑛,𝑡,𝑠 ∈ [0, 1]
𝑤ẋ𝑛,𝑡,𝑠,𝑏 ∈
[0.5 − 10𝜀, 1]

𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠

Binary variable determining whether (1) or not (0) auxiliary variable
of condition is in index b
Binary variable determining whether (1) or not (0) the condition is in
the poor zone in the VOC vs overall condition curve
Binary variable determining whether (1) or not (0) the condition is in
the good zone in the VOC vs overall condition curve

𝑐𝑏𝑛,𝑡,𝑠

Auxiliary variable for the effect of poor condition on the VOC

𝑐𝑔𝑛,𝑡,𝑠

Auxiliary variable for the effect of good condition on the VOC

𝑞𝑜𝑛,𝑡,𝑠

Overall condition index

𝑞𝑜𝑛,𝑡,𝑠 ∈ [0, 1]

𝑘𝑛,𝑚,𝑡,𝑠

Intensity of distress variable

𝑘𝑛,𝑚,𝑡,𝑠 ∈ [0, 1]

𝑧𝑛,𝑚,𝑡,𝑠

Auxiliary variable for intensity of distress

𝑧𝑛,𝑚,𝑡,𝑠 ∈ [0, 1]

𝑑𝑎ẋ𝑛,𝑡,𝑠

Condition drop

𝑑𝑎ẋ𝑛,𝑡,𝑠 ∈ [0, 1]

𝑑𝑑ẋ𝑛,𝑡,𝑠

Auxiliary variable for condition drop

𝑑ẋ𝑛,𝑚,𝑡,𝑡 ,𝑠

Condition drop at 𝑡 once M&R action was performed at t

𝑑𝑑ẋ𝑛,𝑡,𝑠 ∈ [0, 1]
𝑑ẋ𝑛,𝑚,𝑡,𝑡 ,𝑠 ∈
[0, 1]

𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏
𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠

𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 ∈ {0, 1}
𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 ∈ {0, 1}
𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 ∈ {0, 1}
𝑐𝑏𝑛,𝑡,𝑠 ∈ [0, 1]
𝑐𝑔𝑛,𝑡,𝑠 ∈ [0, 1]

𝑥̇ can be replaced by f, t, s, or r which are, respectively, related to fatigue, thermal distress, skid, or roughness.

Table 5: List of M&R action categories.
ID No.

Action category

Policy

1

Localized safety maintenance

Temporary

2
3

Localized preventive maintenance
Level 1: Global preventive maintenance with the objective of improving thermal distresses
Level 2: Global preventive maintenance with the objective of improving skid resistance in addition to
level 1 objective
Level 3: Global preventive maintenance with the objective of surface irregularity correction in
addition to improving level 2 objective

Preventive

Surface rehabilitation
Deep rehabilitation
Reconstruction

Corrective
(rehabilitation and
reconstruction)

4
5
6
7
8

Equations (2) to (45) present all of the constraints of the
model. Equations (2) to (7) indicate the constraints of
auxiliary variables of pavement condition. These equations

convert the continuous values of the input parameters corresponding to condition indicators (between 0 and 1) into
discretized values with increment of 0.1.

𝑤ẋ𝑛,𝑡,𝑠,𝑏
=(

max {min {max {0, (𝑖𝑛𝑞ẋ𝑛 − 𝑑𝑟𝑜𝑝ẋ 𝑛,𝑡 )} − 𝜀 − 0.1 × 𝑏 + 0.1, 0.1} , min {(0.1 × 𝑏 − max {0, (𝑖𝑛𝑞ẋ𝑛 − 𝑑𝑟𝑜𝑝ẋ 𝑛,𝑡 )}) , 0.1}}
)
0.1

𝑤ẋ𝑛,𝑡,𝑠,𝑏
=(

(2)

∀𝑛, 𝑠, 𝑏, 𝑡 = 1, 𝑏 ≠ 1

max {min {max {0, (𝑞ẋ𝑛,𝑡−1,𝑠 − 𝑑𝑎ẋ𝑛,𝑡,𝑠 )} − 𝜀 − 0.1 × 𝑏 + 0.1, 0.1} , min {(0.1 × 𝑏 − max {0, (𝑞ẋ𝑛,𝑡−1,𝑠 − 𝑑𝑎ẋ𝑛,𝑡,𝑠 )}) , 0.1}}
)
0.1
∀𝑛, 𝑡, 𝑠, 𝑏, 𝑡 ≠ 1, 𝑏 ≠ 1

(3)
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Table 6: Different cost-based functions used in this study.

ID
𝐶𝑎
𝐶𝑒
𝐶𝑜
𝐶𝑢
𝑉𝑎

Cost
Cost due to deference between the variables of first and second stage decisions
Delay cost due to performing M&R actions
Operating cost
Vehicle operation cost
Consumed pavement financial value compared to the highest pavement value

𝑤ẋ𝑛,𝑡,𝑠,1 = (

max {min {max {0, (𝑖𝑛𝑞ẋ𝑛 − 𝑑𝑟𝑜𝑝ẋ 𝑛,𝑡 )} − 𝜀, 0.1} , min {(0.1 − 𝜀 − max {0, (𝑖𝑛𝑞ẋ𝑛 − 𝑑𝑟𝑜𝑝ẋ 𝑛,𝑡 )}) , 0.1}}
)
0.1

(4)

∀𝑛, 𝑠, 𝑡 = 1

𝑤ẋ𝑛,𝑡,𝑠,1 = (

max {min {max {0, (𝑞ẋ𝑛,𝑡−1,𝑠 − 𝑑𝑎ẋ𝑛,𝑡,𝑠 )} − 𝜀, 0.1} , min {(0.1 − 𝜀 − max {0, (𝑞ẋ𝑛,𝑡−1,𝑠 − 𝑑𝑎ẋ𝑛,𝑡,𝑠 )}) , 0.1}}
)
0.1

(5)

∀𝑛, 𝑡, 𝑠, 𝑡 ≠ 1
𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 ≥ (1 − 𝑤ẋ𝑛,𝑡,𝑠,𝑏 )

∀𝑛, 𝑡, 𝑠, 𝑏

(6)

𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 ≤ (1 − 𝑤ẋ𝑛,𝑡,𝑠,𝑏 ) × 𝜇 ∀𝑛, 𝑡, 𝑠, 𝑏

(7)

Equations (8) to (11) define the constraints of pavement
deterioration rate and yield the condition deterioration rate
for each condition indictor.

𝑑ẋ𝑛,𝑚,𝑡,𝑡 ,𝑠 = [∑ (𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 × 𝑑𝑟𝑜𝑝Vẋ𝑛,𝑚,𝑡 −𝑡,𝑏 )
𝑏

− ∑ (𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 × 𝑑𝑟𝑜𝑝Vẋ𝑛,𝑚,(𝑡 −𝑡)−1,𝑏 )] + 𝜇 × (1

𝑑𝑑ẋ 𝑛,𝑡 ,𝑠 = (𝑑𝑟𝑜𝑝ẋ𝑛,𝑡 − 𝑑𝑟𝑜𝑝ẋ 𝑛,𝑡 −1 ) + 𝜇

𝑏

− 𝑦𝑛,𝑚,𝑡,𝑠 )

(8)

𝑀

× [∑ ∑ 𝑦𝑛,𝑚,𝑡,𝑠 ]

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

∀𝑛, 𝑚, 𝑡, 𝑡 , 𝑠, (𝑡 > 𝑡 + 1)

𝑑𝑎ẋ𝑛,𝑡 ,𝑠 = min  {𝑑ẋ𝑛,𝑚,𝑡,𝑡 ,𝑠 , 𝑑𝑑ẋ𝑛,𝑡 ,𝑠 }

𝑡<𝑡 𝑚=1

∀𝑚,𝑡(𝑡<𝑡 )

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑑ẋ𝑛,𝑚,𝑡,𝑡 ,𝑠 = [∑ (𝑘𝑤ẋ𝑛,𝑡,𝑠,𝑏 × 𝑑𝑟𝑜𝑝Vẋ 𝑛,𝑚,𝑡 −𝑡,𝑏 )] + 𝜇
𝑏

× (1 − 𝑦𝑛,𝑚,𝑡,𝑠 )

(9)
∀𝑛, 𝑚, 𝑡, 𝑡 , 𝑠, (𝑡 = 𝑡 + 1)

(10)

(11)

Subsequently, (12) shows the constraints of pavement condition at each year and was defined to compute the values of
pavement condition indictors at the end of each year.

𝑀

𝑞ẋ𝑛,𝑡,𝑠

{
{
min {1, (max {0, (𝑖𝑛𝑞ẋ𝑛 − 𝑑𝑟𝑜𝑝ẋ𝑛,𝑡 )} + ∑ (𝑖𝑚ẋ𝑚 × 𝑦𝑛,𝑚,𝑡,𝑠 ))} , ∀𝑛, 𝑠, 𝑡 ∈ {1}
{
{
{
{
𝑚=1
{
{
={
{
{
𝑀
{
{
{
{
{min {1, (max {0, (𝑞ẋ𝑛,𝑡−1,𝑠 − 𝑑𝑎ẋ𝑛,𝑡,𝑠 )} + ∑ (𝑖𝑚ẋ 𝑚 × 𝑦𝑛,𝑚,𝑡,𝑠 ))} , ∀𝑛,,𝑠, 𝑡 ∈ {2, . . . , 𝑇}
𝑚=1
{

(12)
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Equation (13) is the constraint of the overall condition
computation and gives the linear relation between the overall
condition (qo) and condition indicators (q𝑥:̇ qf, qt, qs and qr).
𝑞𝑜𝑛,𝑡,𝑠 = 𝑘𝑓 × 𝑞𝑓𝑛,𝑡,𝑠 + 𝑘𝑡 × 𝑞𝑡𝑛,𝑡,𝑠 + 𝑘𝑠 × 𝑞𝑠𝑛,𝑡,𝑠
+ 𝑘𝑟 × 𝑞𝑟𝑛,𝑡,𝑠 + 𝑐

∀𝑛, 𝑡, 𝑠

With the aid of (14) to (16), the calculation of M&R costs
based on distress intensity level is possible. As such, these
equations define the constraints related to the intensity of
distress for localized maintenance application.

(13)

{1 − (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛 + 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛 + 𝑐) ; 𝑚 ∈ {1, 2}
𝑘𝑛,𝑚,𝑡,𝑠 = {
1;
𝑚 ∈ {3, . . . , 8}
{
{1 − 𝑞𝑜𝑛,𝑡−1,𝑠 ;
𝑘𝑛,𝑚,𝑡,𝑠 = {
1;
{

𝑚 ∈ {1, 2}
𝑚 ∈ {3, . . . , 8}

∀𝑛, 𝑠, 𝑡 = 1

∀𝑛, 𝑠, 𝑡 ≠ 1

(14)

(15)

𝑍𝑛,𝑚,𝑡,𝑠 ≤ 𝑦𝑛,𝑚,𝑡,𝑠
𝑍𝑛,𝑚,𝑡,𝑠 ≤ 𝑘𝑚,𝑛,𝑡,𝑠

(16)

𝑍𝑛,𝑚,𝑡,𝑠 ≥ 𝑘𝑚,𝑛,𝑡,𝑠 − (1 − 𝑦𝑛,𝑚,𝑡,𝑠 )
∀𝑛, 𝑚, 𝑡, 𝑠

The constraint for budget allocation (17) relates to the
restriction on the annual budget.

𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 < 1 − (𝑐𝑟𝑞𝑛 − (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠
× 𝑖𝑛𝑞𝑠𝑛 + 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛 + 𝑐))

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 < 1 − (𝑐𝑟𝑞𝑛 − 𝑞𝑜𝑛,𝑡−1,𝑠 )
∑∑ (𝑐𝑜𝑛,𝑚,𝑡 × 𝑍𝑛,𝑚,𝑡,𝑠 ) ≤ 𝑏𝑢𝑡,𝑠
𝑚 𝑛

∀𝑡, 𝑠

(17)

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 + 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 = 1 ∀𝑛, 𝑡, 𝑠

× 𝑖𝑛𝑞𝑟𝑛 + 𝑐) × 𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠

(22)
(23)

𝑐𝑏𝑛,𝑡,𝑠 = (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛 + 𝑘𝑟
Equation (18) is the constraint that determines the applications of localized maintenance or corrective rehabilitation
which is done based on cost comparison. The equation
imposes a restriction that recommend a corrective M&R
action instead of several localized preventive M&R actions if
the costs of the former is less than the latter.

(21)

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

(24)

𝑐𝑏𝑛,𝑡,𝑠 ≤ 𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠
𝑐𝑏𝑛,𝑡,𝑠 ≤ 𝑞𝑜𝑛,𝑡−1,𝑠

(25)

𝑐𝑏𝑛,𝑡,𝑠 ≥ 𝑞𝑜𝑛,𝑡−1,𝑠 − (1 − 𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 )
∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑐𝑜𝑛,1,𝑡 × 𝑍𝑛,1,𝑡,𝑠 ≤ 𝑐𝑜𝑛,𝑚,𝑡

∀𝑛, 𝑡, 𝑠, 𝑚 ∈ {6, 7, 8}

(18)

𝑐𝑔𝑛,𝑡,𝑠 = (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛 + 𝑘𝑟
× 𝑖𝑛𝑞𝑟𝑛 + 𝑐) × 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠

Equations (19) to (27) are used for user cost computations.
The constraints of auxiliary variables for vehicle operation
cost are defined by (19) to (23), and the constraints of vehicle
operation cost calculation are defined by (24) to (27).

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

(26)

𝑐𝑔𝑛,𝑡,𝑠 ≤ 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠
𝑐𝑔𝑛,𝑡,𝑠 ≤ 𝑞𝑜𝑛,𝑡−1,𝑠

(27)

𝑐𝑔𝑛,𝑡,𝑠 ≥ 𝑞𝑜𝑛,𝑡−1,𝑠 − (1 − 𝑐𝑢𝑞𝑔𝑛,𝑡,𝑠 )
∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 ≤ 1 − (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛
+ 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛 + 𝑐 − 𝑐𝑟𝑞𝑛 )

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

𝑐𝑢𝑞𝑏𝑛,𝑡,𝑠 ≤ 1 − (𝑞𝑜𝑛,𝑡−1,𝑠 − 𝑐𝑟𝑞𝑛 )

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

(19)
(20)

Equations (28) and (29) are the constraints to avoid the
application of more than one M&R action from a M&R policy
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Table 7: Limits of condition indicators for ignoring M&R action.

𝑚
𝑞𝑜
𝑞𝑓
𝑞𝑡
𝑞𝑠
𝑞𝑟

1
𝑐𝑟𝑙 <
-

2
< 𝑐𝑟𝑙∗
< 𝑐𝑟𝑙
-

3
< 𝑐𝑟𝑙
< 𝑐𝑟𝑙
𝑐𝑟ℎ <
-

4
< 𝑐𝑟𝑙
< 𝑐𝑟𝑙
𝑐𝑟ℎ <
-

5
< 𝑐𝑟𝑙
< 𝑐𝑟𝑙
𝑐𝑟ℎ <

6
-

7
-

8
∗ ∗ 𝑐𝑟ℎ <
-

∗ < crl indicates the lower threshold value for a condition index that performing M&R action over section with value less than it is not justified.
∗∗ crh < indicates the upper threshold value for a condition index that performing M&R action over section with value greater than it is not justified.
- There is not any limitation for performing M&R action.

during each year. These restrictions do not allow applying
more than one strategy from Table 5 within a year.

𝑦𝑛,1,𝑡,𝑠 + 𝑦𝑛,2,𝑡,𝑠 + 𝑦𝑛,6,𝑡,𝑠 + 𝑦𝑛,7,𝑡,𝑠 + 𝑦𝑛,8,𝑡,𝑠 ≤ 1

∀𝑛, 𝑡, 𝑠 (28)

(∑𝑦𝑛,𝑚,𝑡,𝑠 ) ≤ 1
𝑚

(29)

𝑞𝑓𝑛,𝑡−1,𝑠 ≥ 𝑐𝑟𝑙𝑓𝑛 × 𝑦𝑛,𝑚,𝑡,𝑠
∀𝑛, 𝑡 (𝑡 > 1) , 𝑠, 𝑚 ∈ {3, 4, 5}
𝑖𝑛𝑞𝑓𝑛 ≥ 𝑐𝑟𝑙𝑓𝑛 × 𝑦𝑛,𝑚,𝑡,𝑠
∀𝑛, 𝑡 (𝑡 = 1) , 𝑠, 𝑚 ∈ {3, 4, 5}
𝑐𝑟ℎ𝑡𝑛 + 1 − 𝑞𝑡𝑛,𝑡−1,𝑠 ≥ 𝑦𝑛,3,𝑡,𝑠
𝑐𝑟ℎ𝑡𝑛 + 1 − 𝑖𝑛𝑞𝑡𝑛 ≥ 𝑦𝑛,3,𝑡,𝑠

∀𝑛, 𝑡, 𝑠, 𝑚 ≠ 2

𝑐𝑟ℎ𝑠𝑛 + 1 − 𝑞𝑠𝑛,𝑡−1,𝑠 ≥ 𝑦𝑛,4,𝑡,𝑠
Equation (30) is the constraint to correlate between first and
second stage decision variables.

𝑥𝑛,𝑚,𝑡 = 𝑦𝑛,𝑚,𝑡,1

∀𝑛, 𝑚, 𝑡

(30)

As well, extra constraints are defined according to the
existence criteria in Table 7 which are named technical
constraints ((31) to (44)). These constraints determine the
appropriate limits with using some threshold values which
create the zone for ignoring M&R action.

𝑐𝑟ℎ𝑜𝑛 + 1 − 𝑞𝑜𝑛,𝑡−1,𝑠 ≥ 𝑦𝑛,8,𝑡,𝑠

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑐𝑟ℎ𝑜𝑛 + 1 − (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛
+ 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛 + 𝑐) ≥ 𝑦𝑛,8,𝑡,𝑠
𝑐𝑟𝑙𝑜𝑛 + 1 − 𝑞𝑜𝑛,𝑡−1,𝑠 ≥ 𝑦𝑛,1,𝑡,𝑠

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠
∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

𝑐𝑟𝑙𝑜𝑛 + 1 − (𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛
+ 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛 + 𝑐) ≥ 𝑦𝑛,1,𝑡,𝑠

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

𝑞𝑜𝑛,𝑡−1,𝑠 ≥ 𝑐𝑟𝑙𝑜𝑛 × 𝑦𝑛,𝑚,𝑡,𝑠
∀𝑛, 𝑡 (𝑡 > 1) , 𝑠, 𝑚 ∈ {2, 3, 4, 5}

(31)
(32)

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠, 𝑚 ∈ {2, 3, 4, 5}

𝑐𝑟ℎ𝑟𝑛 + 1 − 𝑞𝑟𝑛,𝑡−1,𝑠 ≥ 𝑦𝑛,5,𝑡,𝑠
𝑐𝑟ℎ𝑟𝑛 + 1 − 𝑖𝑛𝑞𝑟𝑛 ≥ 𝑦𝑛,5,𝑡,𝑠

(33)
(34)

(35)

(36)

(38)
(39)

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

(40)

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

(41)

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

(42)

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

(43)

∀𝑛, 𝑡 (𝑡 = 1) , 𝑠

(44)

In order to have realistic M&R planning, since each scenario
is based on the variation in annual budget, it is crucial
to have the same M&R actions for those scenarios with
similar budgets in past years. In other words, budget of each
year is effective in the M&R assignment of the same and
coming years and has no influence on the past years’ M&R
assignment. Accordingly, (45) presents the restriction titled
“nonanticipative constraint in scenarios” (this formulation is
developed based on sequence in budgeting order given in
Table 9).
𝑦𝑛,𝑚,𝑡,𝑠 = 𝑦𝑛,𝑚,𝑡,𝑠+1
∀𝑛, 𝑚, 𝑡, 𝑠, 𝑏, 𝑠 < 2𝑇−𝑡 × 𝑏, 𝑠 > 2𝑇−𝑡 × (𝑏 − 1) , 𝑡 < 𝑇, 𝑏 ≤

(𝑘𝑓 × 𝑖𝑛𝑞𝑓𝑛 + 𝑘𝑡 × 𝑖𝑛𝑞𝑡𝑛 + 𝑘𝑠 × 𝑖𝑛𝑞𝑠𝑛 + 𝑘𝑟 × 𝑖𝑛𝑞𝑟𝑛
+ 𝑐) ≥ 𝑐𝑟𝑙𝑜𝑛 × 𝑦𝑛,𝑚,𝑡,𝑠

𝑐𝑟ℎ𝑠𝑛 + 1 − 𝑖𝑛𝑞𝑠𝑛 ≥ 𝑦𝑛,4,𝑡,𝑠

∀𝑛, 𝑡 (𝑡 > 1) , 𝑠

(37)

𝑆

(45)

2𝑇−𝑡

3.2. Problem Solving Procedure. This study develops an integer programming-based model involving a multiobjective
function. The multiobjective function was changed to a
single-objective function by consideration of the transformer
term which converts the utility related parameter to the cost
related variable. The General Algebraic Modeling System
(GAMS) software was used to solve the linear integer programming problem. GAMS is a high-level modeling system
for mathematical programming and optimization. GAMS
is specifically designed for modeling linear, nonlinear, and
mixed integer optimization problems. The settings of the
software were modified to meet the specifications of the
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Table 8: Budgets ($1000) and their probabilities for each year of planning period.
Budget

t

Predicted
2518
2946
3450

1
2
3

Probability
30% reduction
1763
2062
2415

Predicted
0.9
0.8
0.7

30% reduction
0.1
0.2
0.3

Table 9: Budgets ($1000) and the probability of each scenario.
Scenario
1
2
3
4
5
6
7
8

t=1
0.9
0.9
0.9
0.9
0.1
0.1
0.1
0.1

Probability
t=2
0.8
0.8
0.2
0.2
0.8
0.8
0.2
0.2

t=3
0.7
0.3
0.7
0.3
0.7
0.3
0.7
0.3

Total probability (PRS)
0.504
0.216
0.126
0.054
0.056
0.024
0.014
0.006

solving algorithm of the work planning problem. The CPLEX
solver and the MIP (Mix Integer Programming) option were
set to solve the model since this study dealt with a linear
integer programming problem. CPLEX is a GAMS solver that
allows users to combine the high-level modeling capabilities
of GAMS with the power of CPLEX optimizers. Notably,
this software was used because it is widely used for accurate
problem solving of linear models; however, any software with
the ability to solve mathematical models can be employed for
the purpose of this research.
3.3. Case Study. Since the runtime for problem solving is
directly related to the length of the analysis period and the
size of the pavement network, a small pavement network
and short analysis period have been selected for evaluating
the model and comparing the approaches. A 3-year data collection on pavement conditions and M&R implementation
was carried out covering 10 pavement network sections in
Mashhad, Iran. In order to be concise and since the aim of
this article is to compare results of probabilistic model in
condition of budget uncertainty with those of deterministic
model, the budget specifications were brought here and
values for the other parameters of the models were not
described (S1).
In this case study, two budget modes were considered for
each year. Table 8 gives the predicted budget for each year
as well as the probability of it. If the predicted budget is not
provided, 30% of relative deficit was estimated for each year’s
budget. The budget values were predicted by inquiry from
undertaken administration, but the related probabilities were
estimated based on an obvious assumption; if the forecast
is longer, the probability of occurrence of the event will be
relatively reduced. As there are two budget allocations for
each year of the planning period, subsequently, 8 scenarios
exist for the planning period of 3 years (23 = 8). The scenarios

t=1
2518
2518
2518
2518
1763
1763
1763
1763

Budget
t=2
2946
2946
2062
2062
2946
2946
2062
2062

t=3
3450
2415
3450
2415
3450
2415
3450
2415

Total budget
8914
7879
8030
6995
8159
7124
7275
6240

are defined according to the whole situations can be possible
for budgeting at each year. Accordingly, the budgets and their
probabilities for each scenario could be determined as given
in Table 9. Notably, the sum of probabilities is equal to 1.

4. Results Analysis
In the developed two-stage stochastic model, parameter ‘Ca’
is defined as the cost of inequality of the first stage variable
and the second stage variable. Due to the decision change, the
value of Ca is added to the costs. Ca is the cost that is paid by
decision maker to mitigate the effect of budget variation on
planning and total cost due to the scenario change. Thus, by
minimizing the total cost, the decision made in the second
stage has less variation compared to the first stage. On the
other hand, the greater the value of Ca, the less the variation
at the second stage in comparison with first stage and vice
versa. Even so, if the value of Ca is greater than a boundary
threshold, the increase in Ca has no influence on the decision
and, subsequently, on the costs. The boundary threshold is the
point where the decisions of the first and second stages are the
same and that is why (based on the line plotted in Figure 1)
the result of the model shows no sensitivity to the budget
variation after that point (for the case study, Ca = 60000).
The value of Ca is dependent on the conditions of each
project. Ca values of the case study are presented in Table 10
as a percentage of the total budget and the developed model
was solved for each Ca value. Also, the total cost for each Ca
was computed by finding the response value of the objective
function (ob according to (1)) using the developed model.
Based on the results of Table 10, the total cost versus Ca is
plotted in Figure 1. It can be observed that, with Ca increase,
the total cost increases up until a point that the increase in
Ca has no impact on total cost. As mentioned earlier, the
reason of it is the same values for the first and second stage
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Table 10: The default values of Ca and their corresponding total
costs.
Ca ($1000)

ob (total cost)
($1000)

0

38173.463

0.001

0.08914

38293.675

0.01

0.8914

38495.21

0.1

8.914

38877.417

1

89.14

38732.591

10

891.4

39579.052

100

8914

40482.297

432

38500

43184.203

673

60000

43813.052

774

69000

43813.052

Percent of Total
budget (%)
0

ob ($1000)

Total cost (ob value) per Ca
44000
43000
42000
41000
40000
39000
38000

60000
43813

38500
43184

69000
43813

8914
891
40482
39579

0

10000

20000

30000 40000
Ca ($1000)

50000

60000

70000

decision variables (𝑥 = 𝑦) from that point on. As shown
in Figure 1, Ca of 60000 is approximately corresponding to
the boundary threshold for the case study of this research.
For the Ca less than the boundary threshold, first, there is
smooth total cost decrease with the Ca reduction. Then, there
is turning or break-even point on the line where the slope of
the line increases dramatically with Ca decrease. This point is
considered the best value for Ca because the values less than
it lead to the high sensitivity of the results of the model to
the variation of Ca. Also, as the Ca approaches zero, it can be
inferred that the decision and plan alteration do not impose
any additional cost which is contrary to the reality. Therefore,
in the case study, 891 is the appropriate value for the Ca based
on Figure 1.
Once Ca is determined, the effects of budget uncertainty
on the results of M&R planning can be assessed with comparing the results obtained from the two-stage stochastic and the
deterministic models. Notably, the deterministic model was
developed similar to the probabilistic model except that the
“s” index was eliminated from formulations. Consequently,
some terms in the objective function and some restrictions
were omitted or changed in the deterministic model. More
precisely, in addition to using “x” as the decision variable
instead of “y” in all of the equations, (30) and (45) were
eliminated and objective function was changed as (46) in the
deterministic model.

Figure 1: Total cost versus Ca.

𝑁

𝑀

𝑇

𝑜𝑏 = min [ ∑ ∑ ∑ (𝑐𝑜𝑛,𝑚,𝑡 × 𝑍𝑛,𝑚,𝑡 + 𝑐𝑒𝑛,𝑚,𝑡 × 𝑥𝑛,𝑚,𝑡 )
𝑛=1 𝑚=1 𝑡=1

𝑁 𝑇

+ ∑ ∑ ((𝑐𝑢𝑏𝑛,𝑡 × 𝑐𝑢𝑞𝑏𝑛,𝑡 − 𝑐𝑏𝑛,𝑡 × (
𝑛=1 𝑡=1

𝑐𝑢𝑐𝑛,𝑡 − 𝑐𝑢𝑔𝑛,𝑡
𝑐𝑢𝑏𝑛,𝑡 − 𝑐𝑢𝑐𝑛,𝑡
)) + (𝑐𝑢𝑐𝑛,𝑡 × 𝑐𝑢𝑞𝑔𝑛,𝑡 − (𝑐𝑔𝑛,𝑡 − 𝑐𝑟𝑞𝑛 × 𝑐𝑢𝑞𝑔𝑛,𝑡) × (
)) − 𝑐𝑢𝑔𝑛,𝑡 ) (46)
𝑐𝑟𝑞𝑛
1 − 𝑐𝑟𝑞𝑛

𝑁

+ ∑ V𝑎𝑛,𝑇 × (1 − 𝑞𝑜𝑛,𝑇)]
𝑛=1

Finally, parameter values corresponding to the first scenario
were used to solve the deterministic model. According to
(30), since the first stage decision variable is equal to the
second stage decision variable in the first scenario (𝑥𝑛,𝑚,𝑡 =
𝑦𝑛,𝑚,𝑡,1 ), the values obtained for first scenario could correspond to the first stage decision variable. Therefore, in
order to make the comparison between the deterministic
and stochastic models possible, the results of the first stage
decision variable of the two-stage stochastic model were
compared to the decision variable of deterministic model.
Moreover, in order to assess the impact of technical
constraints on the results, the deterministic model was
also solved without any technical constraints addressed by
(31) to (44). As such, adding technical constraints to the
deterministic model resulted in a 91% decrease in runtime
for solving the problem. Therefore, considering the technical
constraints in the model reduces the solution time of solving
procedure. This advantage is applicable for huge networks or

long-term planning durations and helps avoid expending too
much time in solving M&R planning issues.
Table 11 presents the results of M&R actions assignment
for the deterministic and stochastic models. Each number
in Table 11 refers to M&R action category ID presented
in Table 5. “Noting” shows that any M&R action was not
assigned to the related section at the investigated year. It can
be seen that 23 percent of the assignments in the stochastic
model, i.e., 7 out of 30, are different from deterministic ones.
Based on the definitions given in Table 2, Figure 2 compares the component costs of the deterministic and stochastic
models, while Figure 3 makes the comparison between the
total costs of them. The total cost of the stochastic model is
higher than the deterministic one due to the uncertainty. It
can be inferred that considering the probability in budgeting
variation within the modeling process and, subsequently,
alteration in M&R plan, results in an increase in the costs
at the network level during the planning period. Instead of
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Table 11: Comparison between the deterministic and stochastic assignment results.
n

Deterministic
t=2
6
6
4
2
noting
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6
6
5
6
6
4
2
100
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Type of cost
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noting
noting
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noting
noting
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Sto
Type of model

Det
Sto
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Figure 2: Comparison between the costs of the deterministic and
stochastic models.

Co
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Figure 4: Comparison between portions of costs for deterministic
and stochastic models.

25000

Cost ($1000)

20000

763

1433

10644

11417

15000
10000
5000

5011

0

4512

2441

2071

Det

Sto
Type of model
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Figure 3: Comparison between the total costs of the deterministic
and stochastic models.

this, the stochastic model provides several M&R plans that
are compatible with budget variation.
Figure 4 illustrates the ratios of the effective costs to the
total cost for both models. It can be seen that a significant
portion of the total cost is due to the vehicle operation cost

(Cu) indicating the higher sensitivity of it in both models.
Thus, minimizing Cu has more impact on minimization of
the total cost. As shown in Figures 2 and 3, although the
M&R operation cost (Co) of deterministic model is higher
than those of stochastic model, the lower cost of Cu of
deterministic model leads to lessened total cost compared to
the stochastic model.
Figure 5 shows each year’s consumed budget as well as
the average consumed budget within the planning period
for deterministic and stochastic models. In order to better
distinguish the cost values in each year, Figure 6 gives each
year’s effective costs separately for deterministic and stochastic models. It can be observed that each model consumed
the most out of the available budget for first year. In other
words, more budgets are used in the initial years of the
planning period. This proves that the objective functions of
the models have more sensitivity to the initial years of the
planning period. The reason of it is the high influence of the
vehicle operation cost (Cu) and, subsequently, the pavement
condition on the total cost. Therefore, the model suggests that
the maximum M&R operation costs (Co) in the initials years
reach the desired pavement condition in order to reduce the
Cu costs substantially. In the last year of the planning period,
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Table 12: Comparison between the total costs ($1000) of deterministic model and each scenario of the stochastic model.

t=1
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56.21
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3.37
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3.045753
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0.014
375.3
18858.65
42.1477
0.590068
0.006 160.8428
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Figure 5: Comparison between the percent of consumed budget to
available budget for deterministic and stochastic models.
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Figure 6: Comparison between each year’s effective costs of the
deterministic and stochastic models.

the pavement condition is approximately in a desired level
and, consequently, the Cu does not increase rapidly as any
dramatic deterioration exists. Therefore, in the last year of the
planning period, M&R operation cost has greater effect on
the results of the model compared to the Cu and the model
intends to reduce M&R operation cost (Co). Subsequently,

the total cost reduces gradually in the last year of the planning
period.
Table 12 yields the total costs of each scenario for deterministic and stochastic model. Also, the percentage increases
in the total costs in accordance with the deterministic model
are given. It can be observed that the total costs of the
stochastic model are higher than those of the deterministic
one. For scenario 1, it is 3%, and in the worst scenario
that there is deficit in all of years of the planning period,
it is obtained as 42%. According to Table 9, the maximum
budget deficit in the stochastic model can be 2674 (difference
between 8914 and 6240) thousand USD by comparing the
best and worst case scenarios (the 1st and 8th scenarios). In
accordance with Table 12, this amount resulted in an increase
of 7374 (difference between 26807 and 19433) thousand
USD in the total cost which is approximately three times
greater than the maximum budget deficit. This indicates the
importance of funding in pavement management.
Although using the two-stage stochastic model increases
the total cost, it has some advantages. Table 13 presents
the results of M&R assignments in each planning year for
each scenario. Since the different conditions of budgeting are
considered in the planning process, a flexible M&R planning
is resulted for the budget variations.
Due to the Nonanticipative constraint considered in
scenarios, it can be seen that in all scenarios with equal
budgets at prior years, similar M&R actions were assigned.
Such M&R assignment gives a plan that can be pursued at
any year of the planning period according to budgets which
had been implemented in prior years.

5. Summary and Conclusion
An M&R planning model which considers nondeterministic
budget was developed in this study based on a linear integer
two-stage stochastic programming approach. The model can
be used for large-scale networks or for long-term planning
periods, although it addresses a great number of details. As
such, the effects of budget uncertainty on results of M&R
planning were assessed by comparing the results obtained
from the two-stage stochastic and the deterministic models.
From the comparison of the results of the deterministic and
stochastic models, following conclusions can be drawn:
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Table 13: Results of two-stage model M&R assignments.
n
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(i) Taking the probabilistic effect of the budgeting within
modeling process and, subsequently, alteration in
M&R planning into account results in an increase in
the costs of the planning period. It was computed
as 3% for the case study. However, considering the
various conditions for budgeting in the two-stage
stochastic model leads to flexible M&R actions planning for budget variation so that it can be followed at
any year of the planning period regardless of having
the exact expected budget in that year.
(ii) The annual budget deficit leads to the increased costs
during the planning period. The total financial loss
could reach 3 times as much as the total deficit for the
case study.
(iii) Both deterministic and stochastic models have the
most sensitivity to the vehicle operation cost (Cu).
Thus, minimization of the Cu has the greatest impact
on the minimization of the total cost.
(iv) Both deterministic and stochastic models used the
most of the available budget in the first year of the
planning period. In other words, the total cost has
greater sensitivity to the initial years of the planning
period, so providing sufficient budget for the initial
years is of much importance.
This study can be helpful to other researchers in area
relevant to pavement M&R planning since it employs a linear
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2
2
2
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2
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2
2
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t=3
2
noting
noting
noting
noting
2
2
noting
noting
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integer programming model. There is not any limitation for
application of the model if the parameters values are fully
available. However, completely gathering data for a huge
network or for a long time planning period could impose
considerable costs to undertaking administrations. It would
be worthwhile for other researchers and scholars to develop
this model by using heuristic and metaheuristic methods like
genetic algorithm (GA) and others which also reduce runtime
in solving the problem. In addition to budgeting, this study
can be considered by other researchers as it takes into account
uncertainty in some other parameters such as pavement performance deterioration, traffic estimations, and other similar
items. Moreover, determining pavement condition effects
on accidents rate and related crash costs and, consequently,
considering the crash cost effects in the modeling can be
taken into account by other researches. Also, a comparison
of the model, not only with the deterministic approach but
also with other approaches such as robust optimization or
fuzzy mathematical programming that allow for inclusion of
the uncertainty of budgeting, could be greatly noteworthy for
researchers.
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The braking process of electric locomotive is featured by short braking time, large braking power, large voltage fluctuations, etc.
Faced with the problem of low utilization of braking energy and high investment cost of the current regenerative braking energy
utilization systems, an energy optimization scheme is proposed in this paper by combining the control strategy for energy storage
and energy optimization. The regenerative braking energy utilization system is modeled by analyzing the braking process of electric
locomotive. The instantaneous absorption reference powers of the energy storage subsystem and energy feedback subsystem in
braking process are obtained according to the established mathematical model. The energy storage subsystem uses super capacitor
and adopts a power-current dual closed-loop control strategy. The energy feedback subsystem adopts a voltage-current dual closedloop control strategy. Through the tracking control of the instantaneous power, a reasonable distribution of the regenerative
braking energy is achieved between the energy feedback subsystem and energy storage subsystem, thereby increasing the utilization
efficiency of the two subsystems. Finally, the performance of the proposed scheme is verified by simulation and experiment.

1. Introduction
Large amount of regenerative energy is generated in the
process of electric locomotive braking. The effective recycling
of regenerative energy has many benefits, e.g., stabilizing the
bus voltage of traction network, preventing the failure of
regenerative braking, and avoiding energy waste [1].
Currently, most of the existing electric locomotive braking systems adopt mechanical contracting brake or consume
the regenerative energy on resistance [2]. In comparison,
the scheme that absorbs regenerative feedback energy has
the advantages of small harmonic content, flexible control
strategy, and good dynamic performance. Besides, the system
adopting this scheme has a high power factor, which does
not change with the change of feedback power, making it a
promising choice for the utilization of regenerative energy
[3–7]. The braking of electric locomotive is featured by large
power and large fluctuation in voltage, which requires that

feedback energy system should have high power density and
high energy density. However, it is difficult to meet this
requirement by a single type of absorption scheme. Super
capacitor, with advantages of high power density, long cycle
life, good temperature characteristics and simple charging
and discharging circuits, is an excellent choice for feedback
energy absorption [3, 8–12]. Therefore, the combination of
super capacitor and energy-type feedback system provides a
promising scheme for the absorption of regenerative feedback energy in electric locomotive braking. Literature [13]
proposed a coordinated control of energy storage subsystem
(with super capacitors) and energy feedback subsystem to
absorb the feedback energy of electric locomotive and to
further stabilize the DC bus voltage of traction network.
Literature [14] proposed a capacity distribution method for
hybrid energy absorption in electric locomotive braking.
However, both literature [13] and [14] failed to establish a
mathematical model for analyzing the distribution of the
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braking energy between energy storage subsystem and energy
feedback subsystem, and their systems both adopted the
traditional voltage-current dual closed-loop control strategy.
This kind of control strategy mainly aims at suppressing
the fluctuation in DC bus voltage and cannot achieve the
dynamic tracking control of the feedback power in braking
process. Therefore this control strategy fails to achieve an
optimal distribution of the feedback energy between energy
storage subsystem and energy feedback subsystem.
The contribution of this paper mainly includes the following parts. (1) A mathematical model is established for
the regenerative braking energy utilization system. (2) The
instantaneous absorption reference powers of the energy
storage subsystem and energy feedback subsystem in braking
process are obtained according to the mathematical model.
(3) An optimized energy distribution scheme that adopts
novel control strategies for energy storage subsystem and
energy feedback subsystem is proposed, which significantly
improves the overall performance of the braking energy
utilization system.
The rest of this paper is organized as follows. In Section 2,
the mathematical model for the energy storage subsystem
and energy feedback subsystem is established and the control
strategies for the two subsystems are presented. In Section 3,
the energy distribution between the two subsystems and
its control strategy are illustrated. In Sections 4 and 5,
the simulation and experiment are performed, respectively.
Conclusions are drawn in Section 6.

2. Modeling of Energy Feedback Subsystem
and Energy Storage Subsystem
2.1. The Topology and Control Strategy of Energy Storage
Subsystem. The energy storage subsystem consists of two
components: the super capacitor bank for storing braking
energy and the bidirectional DC-DC converter circuit for
charging and discharging the super capacitor bank. The
topology and working mode of this subsystem are shown in
Figure 1. The energy storage subsystem receives the charging
and discharging commands according to the fluctuation in
DC bus voltage. Then the subsystem selects the boost mode
or buck mode to suppress the fluctuation of DC bus voltage by
absorbing or releasing energy. When electric locomotive is in
traction state, the VT2 is turned on with a certain duty cycle,
constituting a boost chopper circuit with the antiparallel
diode of VT1 . As a result, the energy is released to the bus
of traction network, at which time iL is negative. When the
electric locomotive is in braking state, the VT1 is turned on
with a certain duty cycle, constituting a buck chopper circuit
with the antiparallel diode of VT2 to absorb the feedback
energy from the traction bus, at which time iL is positive.
According to the principle of PWM, we have
𝑈𝑆𝐶 = 𝐷 ⋅ 𝑈𝑑𝑐

(1)

where 𝑈𝑆𝐶 is the terminal voltage of super capacitor, 𝐷 is the
duty cycle, and 𝑈𝑑𝑐 is the DC bus voltage.

In steady state, 𝐷 = 𝑈𝑆𝐶/𝑈𝑑𝑐 and the voltage of the
inductor is zero. The input of the energy storage subsystem
is given by [10]
𝐷 = (Δ𝐷 + 𝐷𝑠 ) = (𝑈𝐿 𝑆𝐶 +

𝑈𝑆𝐶
)
𝑈𝑑𝑐

(2)

where 𝑈𝐿 𝑆𝐶 is the electromotive force generated by the
inductance and 𝐷𝑠 is the duty cycle in steady state.
The dynamic equations for the inductor/capacitor branch
are obtained by Kirchoff ’s voltage law, as presented by
𝑅 1
1
−
𝑑 𝑖𝑆𝐶
[ 𝐿 − 𝐿 ] 𝑖𝑆𝐶
[
]=[ 1
] + 𝐿 ] 𝑈𝑑𝑐
(3)
[
][
𝑑𝑡 𝑈𝑆𝐶
𝑈𝑆𝐶
0]
−
0
[
[ 𝐶
]
In (3), the system states variables include the voltage 𝑈𝑆𝐶
generated by the current going through the inductor iL and
the capacitor.
Therefore, the dynamics equation of the reduced-order
model is obtained and described by
𝑖𝑆𝐶 = −

𝑈𝑆𝐶 𝑈𝑑𝑐
+
𝑅
𝑅

(4)
𝑑
𝑖𝑆𝐶 = 𝐶 𝑈𝑆𝐶
𝑑𝑡
In this research, the energy storage subsystem adopts a
dual loop control strategy where the traction bus voltage is the
outer loop and the current is the inner loop. Figure 2 shows
the control diagram of the energy storage subsystem.
The reference charging current 𝑖𝑆𝐶∗ of the energy storage
system is obtained by performing PI operation on the
difference between the absorb power 𝑃𝑆𝐶 and the reference
absorption power 𝑃𝑆𝐶∗ . Then, the difference between the reference charging current and the measured charging current
is adjusted by PI operation, to produce a trigger pulse with
the desired duty cycle. The trigger pulse is used to control the
turn-on and turn-off of the IGBT.
2.2. The Topology and Control Strategy of Energy Feedback
Subsystem. With a power electronics converter, the energy
feedback subsystem gives back the braking energy to AC
network. The energy feedback subsystem is mainly composed
of isolating switch QF, feedback converter and isolated transformer, where the feedback converter is composed of power
electronics module, control subsystem, and filter. The main
circuit and control diagram of the energy feedback subsystem
are shown in Figure 3.
To achieve the decoupled dual closed-loop control of the
active and reactive current components in a simple way, the
AC-side mathematical model after coordinate transformation is described by [5]
𝑑𝑖𝑑
𝑑𝑡 ) = ( −𝑅 𝜔𝐿) (𝑖𝑑 ) + (1 0) (𝑈𝑑 )
( 𝑑𝑖
𝑞
𝑖𝑞
𝑈𝑞
−𝜔𝐿 −𝑅
0 1
𝑑𝑡
ed
1 0
−(
)( )
eq
0 1

(5)
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Figure 1: Topology and working mode of bidirectional DC-DC converter.
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Figure 2: Control diagram of the energy storage subsystem.

Thus, the control strategy of the current controller can be
obtained by
𝐾𝑖
) (𝑖𝑑 ∗ − 𝑖𝑑 ) + 𝜔𝐿𝑖𝑞 + 𝑒𝑑
𝑆
𝐾
𝑈𝑞 = − (𝐾𝑝 + 𝑖 ) (𝑖𝑞 ∗ − 𝑖𝑞 ) − 𝜔𝐿𝑖𝑑 + 𝑒𝑞
𝑆

𝑈𝑑 = − (𝐾𝑝 +

(6)

Based on grid-voltage vector orientation, the voltage of
AC network in (6) is oriented on the 𝑑 axis, 𝑒𝑑 = 0; when
it is in inverter state with negative power factor, the reactive
power of the converter is 0, so the specified reactive current
𝑖𝑞 ∗ = 0. The actual DC bus voltage 𝑈𝑑𝑐 and the given
𝑈𝑑𝑐 ∗ are used as the input of the PI regulator. The output
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Figure 3: Main circuit and control diagram of the energy feedback subsystem.

of the PI regulator is used as the reference current 𝑖𝑑 ∗ of 𝑑
axis corresponding to the active power. Through adjusting
the active power that is given back to the AC network, the
increasing speed of the DC bus voltage can be reduced.

3. Energy Distribution between Energy
Feedback Subsystem and Energy Storage
Subsystem and Its Control Strategy
3.1. Theoretical Analysis of the Optimization of Energy Distribution. There are generally two types of control strategies
for the distribution of regenerative braking energy between
the energy storage subsystem and the energy feedback subsystem, i.e., strategy of energy storage priority and strategy
of energy feedback priority. For the purpose of reducing the
capacity of the energy storage subsystem and improving the
utilization efficiency of the energy feedback subsystem, the
strategy of energy feedback priority is selected in this paper.
The DC traction buses of the energy storage subsystem and
the energy feedback subsystem are parallelly connected.
In the braking process, the speed of electric locomotive
is reduced (or the S curve) with a constant deceleration.

Figure 4 shows the ideal power curve and energy distribution
relationship of the two subsystems in the braking process. At
the time of t 1 , the electric locomotive enters the braking stage.
It can be seen from Figure 4 that with the increase of the
maximum absorption power 𝑃𝐿max of the energy feedback
subsystem, the required capacity of the super capacitor is
reduced, but the unutilized capacity of the energy feedback
subsystem (the corresponding energy is 𝐸Δ𝐿 ) is increased.
Similarly, as the value of 𝑃𝐿max decreases, although the unutilized capacity of the energy feedback subsystem is reduced,
the required capacity of the super capacitor is increased. The
goal of the optimization is to maximize the utilization of
the energy feedback subsystem and minimize the capacity
required for the super capacitor in energy storage subsystem.
To conduct the mathematical modeling, the first step is to
obtain the relationship between braking time, initial braking
speed, and braking torque by dynamics analysis.
The resistance in the process of electric locomotive braking is composed of basic resistance, electromagnetic braking
resistance, and additional air braking resistance. The basic
resistance includes bearing resistance, rolling resistance, sliding resistance, shock vibration resistance, and air resistance.
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Figure 4: Energy distribution between energy feedback subsystem and energy storage subsystem.

The electromagnetic braking resistance is determined by the
braking torque and some intrinsic parameters of the electric
locomotive.
The basic resistance can be obtained by empirical experiment, which is
𝐹𝑤 = (𝑎 + 𝑏V + 𝑐V2 ) ⋅ 𝑀 ⋅ 𝑔 ⋅ 10−3

(7)

where a, b, and c are the empirical constants related to
the electric locomotive, M is the total mass of the electric
locomotive, and 𝑔 is the gravity coefficient.
The electromagnetic braking resistance is given by
𝑛 𝑇𝐺
𝐹𝑏 = 𝑚𝑎 𝑒 𝑟
𝑅𝑤 𝜂𝑔 𝜂𝑚

(8)

where 𝑛𝑚𝑎 is the number of shafts that provide power, 𝑇𝑒 is
the braking torque, 𝐺𝑟 is the transmission ratio, 𝑅𝑤 is the
wheel radius, 𝜂𝑔 is the efficiency of the gearbox, and 𝜂𝑚 is the
efficiency of the motor.
According to the basic law of dynamics, we have
𝐹𝑡 = 𝐹𝑤 + 𝐹𝑏 + 𝐹𝑎 = 𝑀 (1 + 𝛾) 𝑎

(9)

where F t is the sum of all resistances in the braking process,
𝐹𝑤 is the basic resistance, F b is the electromagnetic braking
resistance, 𝐹𝑎 is the air braking resistance, 𝛾 is the rotary mass
coefficient, and a is the acceleration.
Therefore, the braking time of the electric locomotive can
be expressed by
V
𝑎

where V s is the speed of the electric locomotive when
entering the braking stage and C is the equivalent constant
resistance in the braking process.
For the convenience of modeling, the x axis in Figure 4
is translated to the position of the t 1 moment in the original
coordinate system. In the new coordinate system, the feedback power in the braking process is given by
𝑝𝑀 = 𝑃𝑀max (1 −

𝑡
𝑡
) = 𝑃𝑀max (1 −
)
𝑡3
𝑡𝑏𝑟𝑒𝑎𝑘

(12)

where 𝑝𝑀 is the instantaneous feedback power in the braking
process, 𝑃𝑀max is the peak feedback power in the braking
process, and 𝑡𝑏𝑟𝑒𝑎𝑘 is the braking time in (11).
Then, the t 2 moment, i.e., the intersection of the feedback power curve and the maximum absorption power of
the energy feedback system (the energy storage subsystem
changes from absorbing power to releasing power), can be
calculated by
𝑡2 = (1 −

𝑃𝐿max
𝑃
) 𝑡 = (1 − 𝐿max ) 𝑡𝑏𝑟𝑒𝑎𝑘
𝑃𝑀max 3
𝑃𝑀max

(13)

where 𝑃𝐿max is the maximum absorption power of the energy
feedback subsystem.
Further, the energy absorbed by the energy storage
subsystem and the energy absorbed by the energy feedback
subsystem are calculated by
2

(10)

𝐸𝑆𝐶 =

1 (𝑃𝑀max − 𝑃𝐿max )
𝑡𝑏𝑟𝑒𝑎𝑘
2
𝑃𝑀max

(14)

Bringing (7), (8), and (9) into (10), the braking time can
be calculated by

𝐸Δ𝐿 =

1 𝑃𝐿max 2
𝑡
2 𝑃𝑀max 𝑏𝑟𝑒𝑎𝑘

(15)

𝑡𝑏𝑟𝑒𝑎𝑘 = 𝑡3 − 𝑡1 =

𝑡𝑏𝑟𝑒𝑎𝑘
V𝑠 M (1 + 𝛾)
=
(a + bv + cv2 ) ⋅ M ⋅ g ⋅ 10−3 + 𝑛𝑚𝑎 𝑇𝑒 𝐺𝑟 /𝑅𝑤 𝜂𝑔 𝜂𝑚 + 𝐹𝑎
=

V𝑠 𝑀 (1 + 𝛾)
𝐶

(11)

The super capacitors in the system require a large-scale
combination of series and parallel work, and their overall
performance will decrease depending on many factors such
as temperature, bias voltage, and inconsistent monomer
parameters [15]. The cost of absorbing the same amount
of energy varies for energy storage subsystem and energy
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feedback subsystem. So a parameter 𝜆 is introduced to act as
the ratio of unit cost, which is defined by
𝜆=

𝐶cos𝑡
𝑃 ⋅ 𝑇𝑙𝑖𝑓𝑒

(16)

where P is the power of the system, 𝑇𝑙𝑖𝑓𝑒 is the service life of
the system, and 𝐶cos𝑡 is the total cost of the system.
To optimize the system, an objective function is defined
as
𝑆 = 𝜆 𝑆𝐶𝐸𝑆𝐶 + 𝜆 𝐿 𝐸𝐿

(17)

where 𝜆 𝑆𝐶 is the ratio of unit cost energy ratio of energy
storage subsystem, 𝜆 𝐿 is the ratio of unit cost energy ratio
of energy feedback subsystem, 𝐸𝑆𝐶 is the energy absorbed by
energy storage subsystem, and 𝐸𝐿 is the energy fed back by
energy feedback subsystem.
When S in (17) reaches the minimum, an optimal distribution is achieved between energy storage subsystem and
energy feedback subsystem. Bringing (14) and (15) into (17),
we have
2

2
− 𝑃𝐿max )
𝑃
1 (𝑃
1
𝑡3
𝑆 = 𝜆 𝑆𝐶 𝐿max 𝑡3 + 𝜆 𝐿 𝑀max
2
𝑃𝑀max
2
𝑃𝑀max

(18)

To find the minimum of 𝑆, we let
𝜕𝑆
=0
𝜕𝑃𝐿max

(19)

Therefore, the maximum absorption power of the energy
feedback subsystem is obtained as
𝑃𝐿max =

𝜆𝐿
𝑃
𝜆 𝑆𝐶 + 𝜆 𝐿 𝑀max

𝐸𝑀 = ∫ 𝑃𝑀𝑑𝑡
(20)

Correspondingly, the instantaneous absorption power of
the energy feedback subsystem and that of the energy storage
subsystem can be obtained as
𝑝𝐿 ∗ =
𝑝𝐿

∗

𝜆𝐿
𝑃
,
𝜆 𝑆𝐶 + 𝜆 𝐿 𝑀max

𝑡
= 𝑃𝑀max (1 − ) ,
𝑡3

𝑝𝑆𝐶∗ = (
𝑝𝑆𝐶∗ = 0,

0 < t ≤ t2
(21)
t2 < 𝑡 < 𝑡3

𝜆 𝑆𝐶
𝑡
− )𝑃
, 0 < t ≤ t2
𝜆 𝑆𝐶 + 𝜆 𝐿 𝑡3 𝑀max

energy storage and energy feedback. Specifically, the main
controller distributes the absorption power of the energy
storage subsystem and the energy feedback subsystem based
on the DC bus voltage of traction network. The control
diagram of the proposed energy distribution scheme is
shown in Figure 5. In the figure, the absorption power is
calculated based on the fluctuation in the DC bus voltage
and then the command is transmitted to the energy feedback
subsystem and the energy storage subsystem. The energy
storage subsystem independently suppresses the fluctuation
of the DC bus voltage in traction network.
The energy storage subsystem adopts the dual closedloop control strategy with active power and current. The
reference power absorbed by the super capacitor can be
obtained by (22). The difference between the reference power
and the actual power is adjusted by PI operation to obtain
the reference charging and discharging currents of the super
capacitor. The reference current and the actual current are
adjusted by PI operation to formulate a pulse with desired
duty cycle. The energy feedback subsystem adopts the dual
closed-loop control strategy with bus voltage and current
as the parameters. The maximum absorption power of the
energy feedback subsystem can be obtained by (21), to further
obtain the three-phase current of the energy feedback subsystem. The corresponding maximum active current component
(negative value) can be obtained by the Park transform.
Thus, the maximum absorption power of the energy feedback
subsystem can be suppressed by limiting the maximum active
component of the energy feedback subsystem.
In the braking stage, the distribution of feedback energy
is as follows

(22)

𝐸𝑆𝐶 = ∫ 𝑃𝑆𝐶𝑑𝑡 = ∫ 𝑖𝑆𝐶𝑢𝑆𝐶𝑑𝑡
𝐸𝐿 = ∫ 𝑃𝐿 𝑑𝑡 = 3 ∫ 𝑢𝐿 𝑖𝐿 𝑑𝑡

where 𝐸𝑀 is the energy generated by the electric locomotive
braking, 𝐸𝑆𝐶 is the energy absorbed by the energy storage
subsystem, and 𝐸𝐿 is the energy absorbed by the energy
feedback subsystem.
To verify the effectiveness of the proposed energy distribution scheme, we let
𝑎=

𝐸𝑆𝐶
𝐸𝑀

𝑏=

𝑃𝐿𝑚𝑎𝑥
𝑃𝑀𝑚𝑎𝑥

𝛾=

𝐸𝐿
𝐸𝐿
=
𝐸𝐿 + 𝐸Δ𝐿 𝑃𝐿𝑚𝑎𝑥 × 𝑡3

𝜂=

𝐸𝑆𝐶 + 𝐸𝐿
× 100%
𝐸𝑀

t2 < 𝑡 < 𝑡3

where 𝑝𝐿 ∗ is the instantaneous absorption power of the
energy feedback subsystem and 𝑝𝑆𝐶∗ is the instantaneous
absorption power of the energy storage subsystem.
3.2. Control Strategy for the Optimal Distribution of Braking
Energy. The control strategy in this research aims at controlling the feedback power of electric locomotive and the
fluctuation in the DC bus voltage of traction network. This
paper researches the master-slave control strategy combining

(23)

(24)

where 𝛼 is the ratio of the energy absorbed by the super
capacitor to the total feedback energy, 𝛽 is the ratio of the
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Figure 5: Control diagram of the energy distribution scheme.
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Figure 6: Main circuit topology of hybrid braking energy utilization system in electric locomotive.

capacity of the converter in the energy feedback subsystem
to the peak power of the electric locomotive braking, 𝛾 is the
efficiency of the converter in the energy feedback subsystem,
and 𝜂 is the efficiency of absorbing regenerative feedback
energy.

4. Simulation Analysis
To evaluate the effectiveness of the proposed energy distribution scheme and the control strategy, MATLAB/Simulink
platform is used to construct the model of regenerative braking energy utilization system. Figure 6 shows the modeled
system which is mainly composed of three modules, i.e.,
traction substation, energy storage subsystem, and energy
feedback subsystem. The AC voltage of 10 kV is reduced by the
traction substation and rectified by 24-pulse wave, to obtain
the DC bus voltage of traction network, 1500 V, for electric
locomotive traction. The electric locomotive adopts the Atype model with 6 tractors and 2 trailers. Each tractor is
driven by six AC asynchronous motors.

Table 1: Parameters of electric locomotive system.
Parameter
Model of traction motor
Electric locomotive mass ( M/t)
Rated power (P/MW)
Max running speed (km/h)
Rated voltage of traction network (U/V)
Wheel radius (R/m)
Motor efficiency
Gearbox efficiency
Max braking force (F/kN)

Value
1TB2010
225
4.56
80
1500
0.4025
0.9
0.96
342.24

Tables 1 and 2 show the parameters of the electric
locomotive system and the super capacitor bank, respectively.
The main parameters of the simulation model are as
follows: DC bus voltage of traction network 𝑈𝑑𝑐 = 1500V, 𝐿 𝑆𝐶
= 0.012H, super capacitor voltage 𝑈𝑆𝐶𝑚𝑖𝑛 = 750V and 𝑈𝑆𝐶𝑚𝑎𝑥
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Figure 7: Working characteristics of the energy storage subsystem.
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Figure 8: Working characteristics of the energy feedback subsystem.

= 1000V, energy storage capacity C=24F, internal resistance
𝑅𝑆𝐶 = 5.6mΩ, switching frequency of IGBT is 5000Hz, and
the maximum feedback power of energy feedback system is
1.5MW. The simulation results are presented in Figures 7–10.
Figure 7 shows the working characteristics of the energy
storage subsystem. At t=20s, when the DC bus voltage is
lower than 1450V, the energy storage subsystem enters the

discharging mode, and the DC bus voltage is stabilized by
releasing the energy in energy storage subsystem, with peak
discharging current of about 3200A. At t=30s, the starting
stage comes to an end and the energy storage subsystem
enters a stable state, neither releasing nor absorbing energy.
At t=40s, the electric locomotive enters the braking stage,
and the regenerative braking energy released to the traction

Energy feedback power (W)
Total power (W)
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Figure 9: Energy cycling status during electric locomotive braking.
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Figure 10: Working characteristics of the DC bus voltage.

Table 2: Parameters of the super capacitor.
Parameter
Single unit
Energy density (Wh/kg)
Combination of series and
parallel connection
Available energy (kW ⋅ h)
Max voltage (V)

Value
3000F, 𝑉max = 2.5𝑉
6
4 parallel×500 series, 24F
5.2
1250

network causes an increase in the DC bus voltage; the
energy storage subsystem enters the charging mode and
stabilizes the DC bus voltage at around 1800V by absorbing
excess regenerative feedback energy; the peak of charging
current reaches 3000A and the maximum power released and
absorbed by the energy storage subsystem is both about 3MW,

with the super capacitor voltage fluctuating between 750V
and 1000V.
Figure 8 shows the working characteristics of the energy
feedback subsystem. In the stage of starting and the stage
of moving at constant speed, the energy feedback subsystem
does not work. When the electric locomotive enters the
braking stage, the energy feedback subsystem begins to
absorb the braking energy with a maximum power of 1.5MW,
and the excess braking energy is absorbed by the energy
storage subsystem. When the braking energy is less than
the maximum absorption energy of the energy feedback
subsystem, the energy storage subsystem stops working, and
the energy feedback subsystem absorbs all of the regenerative
feedback energy. In the braking stage, the energy feedback
subsystem always absorbs the regenerative feedback energy
with a negative power factor, a voltage amplitude of 1000V,
and a current amplitude of 3200A.
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Figure 11: Facilities for field experiment and the working characteristics of the electric locomotive.

Figure 9 shows the energy recycling status in the process
of electric locomotive braking. The peak power of the feedback energy is about 5MW. The peak power absorbed by the
regenerative braking energy utilization subsystem is about 4.5
MW. According to Figure 9 and (23), the total braking energy
generated by the electric locomotive and the energy absorbed
by the absorption subsystem are EM =8.1 kW⋅h, 𝐸𝑆𝐶=2.5 kW⋅h,
and EL =4.2 kW⋅h, respectively, where the unabsorbed energy
of 1.4 kW ⋅ h is the sum of the switching loss and resistance
loss of the power electronics device. It can be known from
(20) and Figure 10 that the energy absorbed by the super
capacitor is only 0.31 times of the total feedback energy, which
greatly reduces the capacity of the energy storage subsystem;
that the maximum absorption power of the energy feedback
subsystem is 0.3 times of the peak power in braking process,
with the utilization of the converter capacity being 81%; and
that the recycling rate of the regenerative braking energy is as
high as 82.7%.
Figure 10 shows the working characteristics of the DC
bus voltage. In the stage of electric locomotive starting, the
traction substation transmits power to the electric locomotive through the DC bus. The transmitted power gradually
increases in the early stage of starting and becomes stable at
around 3.2 MW in the late stage of starting. When entering
the braking stage, due to the clamping function of the rectifier
diode, the regenerative energy cannot flow to the traction
substation, and the power transmitted by the traction bus
is zero. The simulation result shows that energy storage
subsystem effectively suppresses the decrease of the DC

bus voltage during starting stage, and the DC bus voltage
is maintained at a preset value of 1450V. During braking
stage, the DC bus voltage does not exceed 1800V due to the
functioning of the energy feedback subsystem and the energy
storage subsystem. Since the fluctuation in the DC bus voltage
is within a reasonable range, the current curve of the DC bus
is similar to its power curve.

5. Field Experiment
To verify the performance of the proposed scheme, the field
experiment was carried out using the electric locomotive and
other facilities from Zhuzhou CRRC Times Electric Co., Ltd.
The parameters of the electric locomotive and the facilities
are shown in Tables 1 and 2. Figure 11 shows the experimental
facilities and the electric locomotive’s working characteristics.
As can be seen from the figure, the electric locomotive
experiences the stage of staring (0-23 s), the stage of moving
at constant speed (23-57 s), and the stage of braking (57-81 s).
The experimental results are shown in Figures 12 and 13.
Figure 12 shows the curves of the DC bus voltage of traction
network (U dc ), the power of the super capacitor (Psc ), and
the voltage of the super capacitor (U 𝑠𝑐 ). Figure 13 shows the
curves of energy feedback power (PL ), the working current
(iL ), and the feedback power of electric locomotive (PM ). The
no-load voltage of the DC bus is 1500V.
In the stage of starting, the starting power supplied by the
traction substation to the electric locomotive flowed through
the line impedance, causing a decrease in the DC bus voltage.

200V/Grid

Udc
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Figure 12: Results of field experiment: bus voltage 𝑈𝑑𝑐 , super capacitor power 𝑃𝑠𝑐 , and super capacitor voltage 𝑈𝑠𝑐 .
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Figure 13: Results of field experiment: energy feedback subsystem power PL , energy feedback subsystem current iL , and electric locomotive
feedback power 𝑃𝑀 .
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To prevent the huge decrease in bus voltage, the energy
storage subsystem released energy to the DC bus with a peak
power of 3MW. The DC bus voltage was finally stabilized at
about 1400V, and the super capacitor voltage was reduced
from 1000V to 700V. In the stage of moving at a constant
speed, the operating power of the electric locomotive was
low, the DC bus voltage was approximately restored to 1500V,
the energy storage subsystem entered the standby mode, and
super capacitor voltage remained constant at 700V. When
entering the braking stage, the regenerative feedback energy
was charged to the DC bus, causing the bus voltage to rise
beyond the preset value, and the energy storage subsystem
was switched from standby mode to charging mode. At
the same time, the energy feedback subsystem received the
command to start its operation.
It can be seen from Figure 13 that the peak power of
the electric locomotive braking was 5MW, and the generated
feedback energy generated was about 16.7 kW ⋅ h. For the
synergistic absorption of feedback energy in the early stage,
the peak power of the energy storage subsystem was 3 MW,
and the absorbed feedback energy was about 6.2 kW ⋅ h.
The energy feedback subsystem always absorbed the feedback
energy with the maximum absorption power of 1.5 MW, the
absorbed feedback energy was 6.6 kW ⋅ h, and the bus voltage
was stable at 1700V. In the final stage, with the decrease of
feedback energy, the energy storage subsystem stopped its
operation, and only the energy feedback subsystem absorbed
all the feedback energy of 1.67 kW⋅h, and the braking process
ended. From (24), 𝛼 is calculated as 0.3 and 𝛽 as 0.371.

6. Conclusions
This paper proposes an optimized scheme for the reasonable
energy distribution between energy storage subsystem and
energy feedback subsystem. This scheme adopts an improved
voltage-current dual closed-loop control strategy. The experimental results show that the maximum absorption power of
the energy feedback subsystem is 0.3 times of the peak power
of the electric locomotive braking, with a capacity utilization
efficiency of 81% and that the energy absorbed by the energy
storage subsystem is 0.371 times of the energy of electric
locomotive braking. The fluctuation in the DC bus voltage
of traction network and the recycling rate of the regenerative
braking energy are within the normal range. It is verified
by the simulation and experiment that the proposed scheme
can effectively overcome the shortcomings of low energy
density of energy storage subsystem and weak antishock
power of energy feedback subsystem. The proposed scheme
has improved the capacity utilization of the energy feedback
devices and shows good economic benefits.
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Electronic waste recycle (e-recycling) is gaining increasing importance due to greater environmental concerns, legislation, and
corporate social responsibility. A novel approach is explored for designing the e-recycling reverse logistics network (RLN) under
uncertainty. The goal is to obtain a solution, i.e., increasing the storage capacity of the logistics node, to achieve optimal or nearoptimal profit under the collection requirement set by the government and the investment from the enterprise. The approach
comprises two parts: a matrix-based simulation model of RLN formed for the uncertainty of demand and reverse logistics collection
which calculates the profit under a given candidate solution and simulated annealing (SA) algorithm that is tailored to generating
solution using the output of RLN model. To increase the efficiency of the SA algorithm, network static analysis is proposed for getting
the quantitative importance of each node in RLN, including the static network generation process and index design. Accordingly,
the quantitative importance is applied to increase the likelihood of generating a better candidate solution in the neighborhood
search of SA. Numerical experimentation is conducted to validate the RLN model as well as the efficiency of the improved SA.

1. Introduction
Electronic waste recycling (e-recycling) is gaining notice in all
organizations due to a combination of environmental, legal,
and social factors [1]. Typically, each person disposes of 11 kg
of electronic waste (e-waste), or the equivalent of 73 mobile
phones each year, while almost 60% of the population do
not know how to recycle the e-waste in Singapore [2]. The
National Environmental Agency (NEA) has embarked on the
Extended Producer Responsibility program to build an ewaste recycling management system by 2021 [3], which is a
reverse logistics collection initiative [4]. In the framework,
the producers of the covered electrical and electronic equipment are responsible for collecting and properly treating the
e-waste under the standard raised by NEA [3]. Therefore, the
e-recycling problem for firms is on how to design the RL
network, e.g., increasing the storage capacity of each node and
maximizing the firm’s profit under a specified deposit–refund
threshold set by the government [5].

The design of an RLN must follow from the forward
logistics network (FLN) [6–8], which is a “system whose constituent parts include material suppliers, production facilities,
distribution services and customers linked together by feed
forward flow of materials and feedback flow of information”
[9]. By convention in logistics, the nodes that perform the
roles of collection and inspection in RLN may also undertake
the function of distribution in FLN [4, 10]. Hence, a firm’s
revenue and sales volume are influenced by the e-recycling as
the collection and the subsequent activities may impact the
FLN’s flexibility of meeting the customer demand [10, 11]. For
the purpose of maximizing the enterprise profit, the demand
should be considered when designing the RLN. It is clear that
both the customer demand of the electronic product and the
reverse logistics collection of e-waste are uncertain [1, 10],
which make the RLN design problem be a classical stochastic
optimization problem.
It is reported in the literature that typically mixed integer linear programming (MILP) is used for designing and
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modeling the RLN under the deterministic environment [7,
12, 13]. Stochastic MILP model is developed considering the
uncertainty in demand and in reverse logistics collection
volume [14]. For solving the stochastic MILP model, two
approaches are commonly used. (a) The first approach is
two-stage stochastic programming, which is adopted by most
of the researchers in this area, where the decision variables
are categorized into two groups: the first and second stages
[14–17]. For instance, Khatami et al. [14] designed an RLN
and integrated it into an existing multiproduct forward
network, which was redesigned as well. In their study, the first
stage decision variables are strategic and independent from
scenarios; on the contrary, second stage decision variables
are tactical and scenario-based. (b) The second approach is
converting the stochastic MILP model into an equivalent
deterministic model under a given confidence level, which
can be easily solved by classical technology [18]. All the
approaches mentioned above have two basic parts: the
evaluation and optimization of the RLN design solution
[1]. The evaluation part describes reverse logistics situation
and computes objective function under a given solution [19,
20], such as the collection cost [21], logistics cost [8, 22],
and enterprise profit [23]. The optimization part selects a
suitable solution based on the output of the evaluation part
and generates a new candidate solution. The optimization
part is usually according to the solution techniques, which
include the branch-and-cut [24, 25], branches-and-bound
[25], and Benders’ decomposition [14, 26] in the standard
mathematical optimization techniques of MILP and simulated annealing (SA) algorithm [20, 27], genetic algorithm
[18, 28], and swarm optimization algorithm [29] from the
heuristic methods. As the RLN design problem belongs to
a class of combinatorial optimization problems that require
computational resources at an exponentially growing rate
when the number of decision variables increases, hence,
heuristic methods are usually adopted when the number of
decision variables is large [29–31].
Simulation is an effective tool to address the stochastic
problems, which has been tested for having better “goodnessof-fit” to the real-life circumstances [1, 32]. This study thus
builds a simulation model of capturing the e-cycling RLN
given the uncertainty in demand and e-waste collection,
which serves as the evaluation part [10, 33]. The RLN design
solution changes the capacity of the nodes in RLN, under
which the value of the objective function is calculated by
the simulation model. So for the optimization part, as the
combination of the decision variables is tremendous in this
study, simulated annealing (SA) algorithm, which is widely
used in the field of logistics network design [1, 34], is selected
to function the optimization role. SA generates candidate
solutions and tests them based on the evaluation results from
the RLN simulation model. For obtaining the evaluation
result, sufficient runs of the simulation model need to be
accomplished until the output become stable enough. Therefore, integrating the simulation model and the SA algorithm
is costly on the respect of computing time [35], which leads
to the requirement of improving the SA. Nevertheless, even
though heuristic methods are commonly used to obtain a
good feasible solution in the design of RLN, researchers care
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for the application of heuristics to a specific problem and
pay less attention to the improvement of them [36, 37]. To
address this problem, following the social network analysis,
network static analysis is applied to enhance the performance
of the SA algorithm, which is the main academic contribution
of this paper. Specifically, on the basis of the proposed
network generation process, the RLN is converted to a static
network whose nodes are the same in terms of the attribute,
which is the foundation of conducting the network static
analysis. Meanwhile, a new network index is put forward
by referencing the concept of betweenness in the theory of
social network analysis. Then the quantitative importance of
the nodes in RLN is calculated based on the network index
value of the nodes in the static network. Accordingly, when
generating a new candidate solution in the neighborhood
search part of SA, the storage capacity of an RLN node with
a higher importance is more likely to be increased.
The rest of this paper is structured as follows. Section 2
provides the optimization framework of designing the RLN.
The simulation model of RLN is presented in Section 3.
Section 4 discusses the network static analysis formed by
the network generation and index design of the network,
and the improved SA algorithm is described in Section 5.
Computational results are reported in Section 6, and, finally,
a summary of this study and some possible future works are
given in Section 7.

2. The Optimization Framework for
RLN Design
The optimization framework for RLN design consists of four
phases: (1) the identification of RLN; (2) the assessment of
RLN; (3) the static analysis of RLN; (4) the dynamic analysis
of RLN. Figure 1 illustrates this framework. It is noted that, in
the general structure of reverse logistics, products from the
producers are delivered to a quantity of geographically dispersed customers through forward activities and the returned
e-waste are taken from customers and transported to the
nodes with specific function, e.g., recovery and disposal,
depending on the decision taken to either recapture value or
dispose of it [1].
In phase (1), the nodes are identified based on the logistics
process and geographic position. Specifically, the nodes those
pertaining to the reverse process as well as the forward
process are taken into account [10]. The transportation
between different geographic positions causes transport time
and cost. As the hybrid nodes within more than one function
are considered in this study, so after identifying the functions
of a node, the function interactions within a node need
to be identified. This phenomenon can be regarded as the
inner interaction of a node. Correspondingly, the external
interaction is the transportation relationship between one
pair of nodes.
In phase (2) of the network assessment, the capacity and
cost of specific function of each node as well as those of
transportation between the nodes are evaluated, which are
termed as the node function evaluation and node interaction
evaluation, respectively. Meanwhile, the function interaction
is evaluated as quantitative sequence between two functions.
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Figure 1: The optimization framework for e-recycling RLN design.
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Figure 2: Illustration of binary RLN.

Therefore, RLN is described by the matrices, which is underlying the simulation model of RLN.
Phase (3) conducted the network static analysis to gain
the nodes quantitative importance. This analysis has two
steps: one describes the static network (SN) by the adjacent
matrix and another is the design of the network index.
Thus, a matrix generation process is implied to obtain an
SN from the matrices of RLN and index is put forward
based on the e-recycling characteristic and social network
analysis theory. Accordingly, the importance of each node is
calculated eventually.
The network dynamic analysis of phase (4) consists of
three activities: (a) the construction of RLN simulation
model; (b) the improvement of SA algorithm using the output
of network static analysis; (c) the dynamic analysis of RLN
after combining the improved SA and RLN model, and
accordingly the network design solution as well as sensitivity
analysis result is obtained.

3. The Matrix-Based Simulation Model of RLN
The design structure matrix method introduced by Steward
[38] is useful for representing and analyzing the relations

among system components, which is similar to the adjacent
matrix in the social network analysis [39] and complex
network analysis [35, 40]. In this paper, the matrix is used to
describe RLN and extended to presenting the attributes of the
node and arc as well. Mathematical relationships among the
matrices and ultimately a matrix-based simulation model of
RLN will be presented in this section.
M = [𝑚𝑖𝑗 ] is defined as a binary and square matrix where
𝑚𝑖𝑗 = 1 if node 𝑛𝑖 transports product to node 𝑛𝑗 ; otherwise,
it is blank. Figure 2 gives an example on the use of M to
represent a binary RLN [40, 41].
The following notations are used in the formulation of the
model:
𝑁 is total number of nodes in RLN
𝐾 is total number of functions
𝑇 is number of simulation periods
N = {1, 2, . . . , 𝑖, . . . , 𝑁} is set of nodes in RLN
K = {1, 2, . . . , 𝑘, . . . , 𝐾} is set of functions
T = {0, 1, . . . , 𝑡, . . . , 𝑇} is set of simulation periods in a
given planning horizon, and the value of parameters related
to 𝑡 = 0 denotes the initial state of the model
M = [𝑚𝑖𝑗 ] is binary and square matrix of RLN, ∀𝑖, 𝑗 ∈
N, 𝑗 ≠ 𝑖M𝑇𝐴 = [𝑚𝑡𝑎
𝑖𝑗 ] is matrix of transportation capacity
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between the nodes, ∀𝑖, 𝑗 ∈ N, 𝑗 ≠ 𝑖M𝑇𝐶 = [𝑚𝑡𝑐
𝑖𝑗 ] is matrix
of transportation cost between the nodes, ∀𝑖, 𝑗 ∈ N, 𝑗 ≠
𝑓𝑛
𝑖M𝐹𝑁 = [𝑚𝑘𝑙 ] is matrix of function network, ∀𝑘, 𝑙 ∈ K, 𝑙 ≠
𝑓𝑎
𝑘M𝐹𝐴 = [𝑚𝑖𝑘 ] is matrix of node function capacity, ∀𝑖 ∈
𝑓𝑐
N, 𝑘 ∈ KM𝐹𝐶 = [𝑚𝑖𝑘 ] is matrix of node function cost, ∀𝑖 ∈
𝑓𝑠
N, 𝑘 ∈ KM𝐹𝑆 = [𝑚𝑖𝑘 ] is matrix of storage volume of specific
product that will be processed by function 𝑘, product 𝑘 for
short, in node 𝑖, ∀𝑖 ∈ N, 𝑘 ∈ KM𝑠𝑐 = [𝑚𝑠𝑐
𝑖𝑘 ] is matrix of unit
storage cost of product 𝑘 in node 𝑖, ∀𝑖 ∈ N, 𝑘 ∈ KM𝑇𝑁 =
[𝑚𝑡𝑛
𝑖𝑗 ] is matrix of transportation relationship between node 𝑖
and node 𝑗, ∀𝑖, 𝑗 ∈ N, 𝑗 ≠ 𝑖𝐹𝑆𝑡𝑖𝑘 is storage quantity of product
𝑘 in node 𝑖 at the end of period 𝑡, ∀𝑖 ∈ N, 𝑘 ∈ K, 𝑡 ∈ T𝑇𝑟𝑡𝑖𝑗 (𝑘)
is amount of product 𝑘 shipped from node 𝑗 to node 𝑖 in
period 𝑡, ∀𝑖, 𝑗 ∈ N, 𝑡 ∈ T, 𝑗 ≠ 𝑖𝐼𝑖𝑡 (𝑘) is amount of product
𝑘 shipped from other nodes to node 𝑖 in period 𝑡, ∀𝑖 ∈ N, 𝑘 ∈
K, 𝑡 ∈ T𝑂𝑖𝑡 (𝑘) is amount of product 𝑘 shipped from node
𝑖 to other nodes in period 𝑡, ∀𝑖 ∈ N, 𝑘 ∈ K, 𝑡 ∈ T𝑈𝑖𝑡 (𝑘) is
volume of product 𝑘 increased through predecessor functions
of function 𝑘 in node 𝑖 during period 𝑡, ∀𝑖 ∈ N, 𝑘 ∈ K, 𝑡 ∈
T𝐷𝑡𝑖𝑘 is volume of product 𝑘 decreased through function 𝑘
in node 𝑖 during period 𝑡, ∀𝑖 ∈ N, 𝑘 ∈ K, 𝑡 ∈ T𝐶𝑡𝑓 is total
function cost in period 𝑡, ∀𝑡 ∈ T𝐶𝑡𝑠 is total storage cost in
period 𝑡, ∀𝑡 ∈ T𝐶𝑡𝑝 is total transportation cost in period
𝑡, ∀𝑡 ∈ T𝐶𝑡𝑜 is total opportunity loss in period 𝑡, ∀𝑡 ∈ T𝑝1
is opportunity loss of per unit product
𝑝2 is price of per unite product
𝐷𝑡𝑖 is demand for node 𝑖 in period 𝑡, ∀𝑖 ∈ N, 𝑡 ∈ T𝐹𝑡 is
benefit in period t, ∀𝑡 ∈ T𝐹 is total benefit of all the periods
𝐶𝑜𝑙𝑖𝑡 is volume of e-waste collected into node 𝑖 in period
𝑡, ∀𝑖 ∈ N, 𝑡 ∈ T𝐶𝑜𝑙 is total volume of e-waste collected in all
the periods
𝑘1 is sequence number of distribution function in the
set K𝑘2 is sequence number of collection function in the
set K𝑊𝐷 is warm-up periods at the start of the simulation
process
𝑁𝑠𝑖𝑚 is number of simulation runs
𝑊𝑇𝑆 is warm-up times of simulation
𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is accuracy degree of stable value
3.1. Matrices about the Attributes of Node and Arc in RLN.
The binary RLN shows the basic transportation relationships
between each pair of nodes. From this, parameters regarding
the attributes of the arc are taken into account, such as
transport capacity and cost. Therefore, the matrix M𝑇𝐴 =
[𝑚𝑡𝑎
𝑖𝑗 ] related to transportation capacity is put forward, in
which 𝑚𝑡𝑎
𝑖𝑗 refers to the maximal volume of products that
can be transported from node 𝑖 to node 𝑗 in a unit period.
Analogously, the matrix M𝑇𝐶 = [𝑚𝑡𝑐
𝑖𝑗 ] concerned with the
transportation cost within 𝑚𝑡𝑐
that
means
the transportation
𝑖𝑗
cost of the unit product from node 𝑖 to node 𝑗. So the matrices
M𝑇𝐴 and M𝑇𝐶 can be obtained by adjusting the parameters
that are equal to 1 in the binary matrix of M to the specific
capacity and cost, respectively.
After defining the attribute of the arc, the attribute
of another key component of RLN, i.e., node, should be

Mathematical Problems in Engineering
considered, which mainly depends on the logistics functions.
Agrawal et al. make a summary of the reverse logistics
functions as reuse, repair, remanufacturing, recycling, and
disposal based on the previous study [1]. The functions of
the forward process are mainly related to production and
distribution [10]. As for e-recycling, the products returning
from customs, i.e., e-waste, will deal with the function of
disposal largely [3]. Accordingly, the functions that repair
and remanufacture are regarded as recovery. So the functions
included in the set K are production, distribution, collection,
inspection, recovery, and disposal. Also, the product needs to
be processed by the function 𝑘 named product 𝑘 in this study.
The relationships between the functions form the function
𝑓𝑛
𝑓𝑛
network denoted by the matrix M𝐹𝑁 = [𝑚𝑘𝑙 ], where 𝑚𝑘𝑙
is the proportion of product 𝑘 that becomes product 𝑙.
The node attributes are defined as function capacity,
function cost, and function storage. Specifically, function
capacity is the highest rate at which goods are produced. The
function capacity of all the nodes in RLN is represented by a
𝑓𝑎
𝑓𝑎
matrix M𝐹𝐴 = [𝑚𝑖𝑘 ], where notation 𝑚𝑖𝑘 is the capacity on
𝑓𝑐
function 𝑘 of node 𝑖. Likewise, matrix M𝐹𝐶 = [𝑚𝑖𝑘 ] denotes
𝑓𝑐
the function cost of each node, where 𝑚𝑖𝑘 represents the cost
of per unit product produced by function 𝑘 in node 𝑖.
The storage at the node should also be categorized based
on the function as the node sends different products to
responding nodes. Except this, there are hybrid nodes in the
network generating various kinds of products in the node
consequently, e.g., collection and inspection [10, 42]. The
𝑓𝑠
storage matrix M𝐹𝑆 = [𝑚𝑖𝑘 ] thus is proposed to denote the
different storage places for different kinds of products in the
𝑓𝑠
nodes, where 𝑚𝑖𝑘 is the volume of product 𝑘 stored in node 𝑖.
Hence, the matrix M𝑆𝐶 = [𝑚𝑠𝑐
𝑖𝑘 ] is used to denote the storage
cost and 𝑚𝑠𝑐
𝑖𝑘 is the unit storage cost of product 𝑘 in node 𝑖
during one period.
After defining the concepts of M𝐹𝑆 and product 𝑘, a
specific matrix M𝑇𝑁 = [𝑚𝑡𝑛
𝑖𝑗 ] about the transportation relationship between two nodes is needed. The binary matrix M
describes the transportation logic among the nodes and M𝑇𝑁
presents the transportation amount, where 𝑚𝑡𝑛
𝑖𝑗 is the proportion of products in node 𝑖 that delivered to node 𝑗. As to the
type of product delivered, it will depend on the initial function(s) of node 𝑗, which can be determined by M𝐹𝐴 and M𝐹𝑁.
The calculation process of transportation volume of product
𝑘 shipped from node 𝑖 to node 𝑗 will be discussed next.
3.2. Mathematical Relationships between Matrices. Hybrid
nodes make RLN complex as product 𝑘 in node 𝑖 may be
transported to node 𝑗 within function 𝑘 or deal with node
𝑖 itself [10, 42, 43], except the situation that node 𝑖 does not
have any function but just works as a storage point. Taking
this issue into account, assume that only when node 𝑖 does
not have function 𝑘 that the product 𝑘 will be transported to
the related node 𝑗. Maybe node 𝑖 and node 𝑗 both have the
function 𝑘 and the volume of product 𝑘 in node 𝑖 exceeds
the capacity of node 𝑖 while that of node 𝑗 is not. In this
case, product 𝑘 will transport from node 𝑖 to node 𝑗 and the
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assumption above is updated to “only when node 𝑖 does not
have the function 𝑘 or volume of product 𝑘 in node 𝑖 exceeds
its capacity of function 𝑘 that product 𝑘 in node 𝑖 will be
transported to node 𝑗”.
Hence, using the notations and the matrices, the RLN
mode can be formulated as follows.
𝑓𝑐
When node 𝑖 does not have function 𝑘 (𝑚𝑖𝑘 = 0) or its
𝑓𝑎
volume of product 𝑘 exceeds its capacity (𝐹𝑆𝑡𝑖𝑘 > 𝑚𝑖𝑘 ), node 𝑖
will transport product 𝑘 to directed node 𝑗 based on the value
of 𝑚𝑡𝑛
𝑖𝑗 , which possesses function 𝑘 or serves as pure storage
nodes without any functions and its downstream nodes have
function 𝑘. The amount of the product transported for node
𝑖 to node 𝑗, i.e., 𝑇𝑟𝑡𝑖𝑗 (𝑘), is stated as follows:
𝑇𝑟𝑡𝑖𝑗 (𝑘) = 𝐹𝑆𝑡𝑖𝑘 × 𝑚𝑡𝑛
𝑖𝑗 .

(1)

And the output amount of product 𝑘 of node 𝑖 during period
𝑡 is found from
𝑂𝑖𝑡

(k) =

𝑁

∑ 𝑇𝑟𝑡𝑖𝑗
𝑗=1,𝑗=𝑖̸

(𝑘) =

𝑁

∑ 𝐹𝑆𝑡𝑖𝑘
𝑗=1,𝑗=𝑖̸

×

𝑚𝑡𝑛
𝑖𝑗 .

𝑁

𝑁

𝑗=1,𝑗=𝑖̸

𝑗=1,𝑗=𝑖̸

(3)

What is more, the volume of product 𝑘, i.e., the product
that needs to deal with function k, in node 𝑖 will decrease
𝑓𝑎
when node 𝑖 has function 𝑘 based on the given capacity 𝑚𝑖𝑘 .
Therefore,
𝑓𝑎

𝐷𝑡𝑖 (𝑘) = min (𝐹𝑆𝑡𝑖𝑘 , 𝑚𝑖𝑘 ) .

(4)

Meanwhile, if node 𝑖 has the predecessor functions of function 𝑘, the volume of product 𝑘 will increase as
𝐾

𝑐𝑓

𝑈𝑖𝑡 (𝑘) = ∑ min (𝐹𝑆𝑡𝑖𝑙 , 𝑚𝑖𝑙 ) .

(5)

𝑙=1,𝑙=𝑘
̸

𝐹𝑆𝑡𝑖𝑘

The value of
will change as time going on depending
on the four processes: the input from the other nodes, the
output to the other nodes, the increase through predecessor
functions of function 𝑘 in node 𝑖, and the decrease through
function 𝑘 in node 𝑖. Mathematically, we have
𝑡
𝑡
𝑡
𝑡
𝑡
𝐹𝑆𝑡+1
𝑖𝑘 = 𝐹𝑆𝑖𝑘 − 𝑂𝑖 (𝑘) + 𝐼𝑖 (𝑘) − 𝐷𝑖 (𝑘) + 𝑈𝑖 (𝑘) .

𝑁

(6)

Until now, the basic running mechanism of RLN model is
developed using the matrices and relationships mentioned
above. Subsequently, parameters and corresponding mathematical relationships will be put forward to assess the model
and end in the evaluation formula of the model, which
is related to the objective function and works as the key
interface between RLN model and SA algorithm.
Two factors, cost and benefit, will be considered to assess
the model and the other factors can be subsumed under these
two factors [35]. Besides the cost incurred through function,
storage, and transportation, opportunity loss is considered
as the e-recycling disturbs the product flow of the forward
logistics [4, 10]. What is more, there are lots of hybrid nodes

𝐾

𝑓𝑐

𝑓𝑎

𝐶𝑡𝑓 = ∑ ∑ 𝑚𝑖𝑘 × min (𝐹𝑆𝑡−1
𝑖𝑘 , 𝑚𝑖𝑘 ) .

(7)

𝑛=1 𝑘=1

The storage cost in period 𝑡 is
𝑁 𝐾

𝐶𝑡𝑠 = ∑ ∑ 𝑚𝑠𝑐
𝑖𝑘 ×
𝑖=1 𝑘=1

𝑡
𝐹𝑆𝑡−1
𝑖𝑘 + 𝐹𝑆𝑖𝑘
.
2

(8)

The transportation cost in period 𝑡 is
𝑁 𝑁 𝐾

𝑡
𝐶𝑡𝑝 = ∑ ∑ ∑ 𝑚𝑡𝑐
𝑖𝑗 × 𝑇𝑟𝑖𝑗 (𝑘) .

(9)

𝑖=1 𝑗=𝑖̸ 𝑘=1

(2)

So for the input amount of product 𝑘 from other nodes to
node 𝑖, the equation is
𝐼𝑖𝑡 (k) = ∑ 𝑇𝑟𝑡𝑗𝑖 (𝑘) = ∑ 𝐹𝑆𝑡𝑗𝑘 × 𝑚𝑡𝑛
𝑗𝑖 .

that distribute products to the customer and collect e-waste
from the customer; the big amount of e-waste may lead to
more opportunity loss as e-waste occupies the storage place
of products [4], which make the opportunity loss significant
in the design of e-recycling RLN.
So the function cost in period 𝑡 is

To determine the opportunity loss, suppose the demand for
node 𝑖 follows a known distribution in the period 𝑡, denoted
by 𝐷𝑡𝑖 . The opportunity loss of per unit of a product and
the number of distribution function in function set K are
denoted by 𝑝1 and 𝑘1 , respectively, and opportunity loss in
period 𝑡 can be calculated as follows:
𝑁

𝑓𝑎

𝐶𝑡𝑜 = ∑𝑝1 × (𝐷𝑡𝑖 − min (𝐹𝑆𝑡𝑖𝑘1 , 𝑚𝑖𝑘 , 𝐷𝑡𝑖 )) .
1

𝑖=1

(10)

Likewise, the benefit during period 𝑡 depends on the unit
price 𝑝2 which is given by
𝑁

𝑓𝑎

𝐹𝑡 = ∑𝑝2 × min (𝐹𝑆𝑡𝑖𝑘1 , 𝑚𝑖𝑘1 , 𝐷𝑡𝑖 ) − 𝐶𝑡𝑓 − 𝐶𝑡𝑠 − 𝐶𝑡𝑝
𝑖=1

−

(11)

𝐶𝑡𝑜 .

And the total benefit 𝐹 is the sum of 𝐹𝑡 , which works as the
evolution formula of RLN model:
𝑇

𝐹 = ∑ 𝐹𝑡 .

(12)

𝑡=1

Suppose the volume of e-waste collected into node 𝑖 also
follows a known distribution in period 𝑡, denoted by 𝐶𝑜𝑙𝑖𝑡 . Let
the number of collection in set K be 𝑘2 , so the total collection
volume 𝐶𝑜𝑙 is
𝑇 𝑁

𝑓𝑎

𝐶𝑜𝑙 = ∑ ∑ min (𝑚𝑖𝑘2 , 𝐶𝑜𝑙𝑖𝑡 ) .

(13)

𝑡=1 𝑖=1

The model of RLN is programmed on MATLAB with due
considerations given to the following:
(a) Warm-up duration (WD) is the volume of periods at
the start of one simulation process, after which the duration
of simulation will start: 𝑊𝐷 is concerned with the complexity
and size of RLN.
(b) RLN simulation model is stochastic because of the
uncertainty of demand and collection, so the arithmetic mean
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RLN

SN

Figure 3: The generation process of SN. Notes. → Product flow in nodes and related data from the matrix M𝑇𝑁 . [ Product flow among
nodes and related data from the matrix M𝐹𝑁.
Functions and related data from the matrix M𝐹𝐴.

of 𝐹 of simulation iterations is used for getting the stable value
and the criterion principle is formulated as [40]
𝑁𝑠𝑖𝑚

𝐹𝑞

𝑞=1

𝑁𝑠𝑖𝑚

∑

𝑁𝑠𝑖𝑚−1

𝐹𝑞

𝑞=1

𝑁𝑠𝑖𝑚 − 1

− ∑

< 𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑,

(14)

𝑤ℎ𝑒𝑛 𝑁𝑠𝑖𝑚 ≥ 2.
𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is set as 0.01% of the values of 𝐹 [35], which is
calculated by the warm-up process in section (c).
(c) Warm-up times of simulation (𝑊𝑇𝑆) is used to avoid
the accidental event that the criterion principle is satisfied
when 𝑁𝑠𝑖𝑚 is small and the stable value of 𝐹 is not obtained.
When the simulation model of RLN runs several times whose
number is greater than 𝑊𝑇𝑆, a temp arithmetic mean of 𝐹,
which informs the order magnitude of the stable value, is
obtained to calculate the value of 𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 [35].
The stable value of 𝐹 will be used in the neighborhood
search of SA to find a candidate solution on capacity settings
which will be discussed in the section regarding SA algorithm
thereinafter.

4. Network Static Analysis
NSA is used for improving SA algorithm through increasing
the probability of generating a better candidate solution in the
neighborhood search, which outputs the quantitative importance of the nodes in the respect of maximizing the value of
evaluation formula, i.e., 𝐹. Accordingly, this section continues
by discussing static network (SN) generation process based

on the matrices of RLN and then put forward the index of SN
which will be used for calculating the importance of nodes in
RLN.
4.1. Network Generation Process. Previous studies have tried
to find the important nodes in the logistics network, closedloop supply chain network, etc. by NSA [41], e.g., social
network analysis. However, node attributes vary with the
number of functions in RLN, which make the NSA short
of premises of application as it requires the nodes at one
on the attribute [35]. We will divide the nodes in RLN to
subnodes until all the nodes are unified on the respect of
attribute and the subnodes are regarded as the stored place
for specific product 𝑘 in node 𝑖. So the node in SN is the
subnode generated from node 𝑖 in RLN, whose sequence in
the matrix of SN is equal to (𝑖 − 1) ∗ 𝑁 + 𝑘. The arc in SN is
thus regarded as the directed relationship between the nodes
that obey a product flow logic, which can be obtained from
the matrices of RLN. Figure 3 illustrates SN by presenting its
generation process.
The matrix of M𝑇𝑁 reflects the transportation relationships among the nodes denoting the distribution centers,
factory, etc. Relatively, in the same node, the link of different
functions denotes the sequence of the functions which can be
obtained from the function network M𝐹𝑁 and node function
capacity M𝐹𝐴. The generation process of SN also can be
regarded as the fusion of matrices of M𝑇𝑁, M𝐹𝑁, and M𝐹𝐶 .
There are pure storage nodes in the real word and typical
logistics models [1, 10, 44]. Such kind of nodes serve as pure
storage (PS) nodes but without any functions in RLN, and
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the identification of their subnodes in SN is dependent on
their connected nodes in RLN. To be more specific, PS node
has different places, which are corresponding to subnodes in
SN, for the product received from nodes pointing to the PS
nodes in RLN, which can be named as the first-tier (FT) node.
But the FT nodes may also have the products that will not
be delivered to the PS node. The nodes directed by PS node
thus are used to judge whether the product of FT node will be
delivered to PS node or not. For example, a PS node 𝑖 works
as a link between node ℎ (FT node) and node 𝑗, so product
from node ℎ will pass through node 𝑖 and goes into node 𝑗,
which can deal with the function in node 𝑗. So the subnodes
of node 𝑖 are identified on the basis of the functions of nodes
ℎ and 𝑗. Meanwhile, if either node ℎ or node 𝑗 is the PS node
as well, it is necessary to search the upstream nodes of node
ℎ and downstream nodes of node 𝑗, respectively.
4.2. Network Analysis Index. The node which takes up the
important position in the network is more likely to be
improved in respect of storage capacity. Meanwhile, individual connections are aggregated to define a measure of
connectivity between each node pair, named the network
index and reflecting the importance of the node in the
network with the specific structure. Hence, as to the SN, the
index should be designed based on the capacity setting of the
node that impacts the value of 𝐹 fundamentally. Specifically,
the importance of one node is concerned with the output
of the network related to two aspects: one is the extent of
the node causing product backlog to the upstream nodes
and another is whether the node is likely to lead to the
stockout to the downstream nodes or not. If the node with
high importance has less capacity, the normal product flow
will be severely affected and lead to the high storage cost and
opportunity loss and ultimately less 𝐹.
It is clear that the network is the set of nodes and arcs,
but it can also be regarded as the gathering of subsets that
denote the paths involving several nodes and corresponding
arcs. If node 𝑖 is passed through lots of paths, it will have a
high probability to be the bottleneck of product flow which
makes upstream nodes cannot deliver product to it as usual
but store the product by themselves and end in the product
backlog. Meanwhile, node 𝑖 has the potential to give rise to
the perturbation to the downstream nodes’ operations and
eventually supply disruptions [41]. In this situation, node 𝑖
works as a significant intermediate node in the network; this
is related to the classical issue “betweenness” in the theory of
social network analysis.
In the social network analysis, the index regarding with
betweenness is a measure of the centrality of a node in the
network and is normally calculated based on the shortest
paths between each pair nodes [45]. The reason for taking the
shortest path into account is that the nodes mainly interact
through the shortest path in the social network [44, 45],
e.g., communication network. What is more, every node may
have the chance to spread information to other nodes and
the spread stops randomly. But in the SN, the product must
start from the start node, such as the production node and
collection node, and end in the distribution node or disposal
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node. Each path from the start node to end node plays a part
in SN no matter it is the shortest or not.
So based on the idea of betweenness of social network
theory and the difference between social network and static
network, the calculating index of node quantitative importance is put forward by adjusting the index of betweenness
in social network analysis. In the social network analysis,
betweenness proportion of node 𝑔 for a particular pair of
nodes 𝑦 and 𝑧 is defined as the proportion of geodesics,
the shortest paths, connecting that pair that passes through
𝑔 [45]. This will be adjusted as follows: nodes 𝑦 and 𝑧 are
regarded as start nodes and end nodes, respectively, in SN
instead of the arbitrary two nodes. Meanwhile, all the paths
that connect 𝑦 and 𝑧 are taken into account instead of the
shortest paths. Then, the dependency of node 𝑦 on node 𝑔
denotes the congestion probability of 𝑔 caused by 𝑦 which
can be calculated by all the start nodes and corresponding
path. And also, the influence of the node 𝑔 while it is stockout
is concerned with the end node 𝑧 and its corresponding
path from 𝑔 to 𝑧, which can be calculated by the sum of its
proportions of all the end nodes. So the betweenness of node
𝑔 is defined as the sum of the betweenness proportions of 𝑔
for all pairs including start and end nodes. The calculating
process of the betweenness of node 𝑔 is thus as follows: first,
finding out all the start-end paths whose number is 𝑊 and
then calculating the times of node 𝑔 (𝑤𝑔 ) passing by the paths.
The index of betweenness of node g (𝐵𝑔 ) is defined as
𝐵𝑔 =

𝑤𝑔
𝑊

.

(15)

To account for the quantitative importance of node 𝑖 in RLN
which is from zero to one and calculated by the sum of the
betweenness of its corresponding nodes in SN, betweenness
of node 𝑔 is normalized as
𝐵𝑔 =

𝐵𝑔
.
𝑁×𝐾
∑𝑔=1 𝐵𝑔

(16)

And then quantitative importance 𝑆𝑖 of node 𝑖 in RLN is given
by
𝑆𝑖 =

∑

𝐵𝑔 =

(𝑖−1)×𝐾+1≤𝑔≤𝑖×𝐾

𝐵𝑔
.
𝑁×𝐾
(𝑖−1)×𝐾+1≤𝑔≤𝑖×𝐾 ∑𝑔=1 𝐵𝑔
∑

(17)

5. Improved Simulated Annealing Algorithm
Metropolis et al. first introduced SA in 1953 [46] and it was
later popularized by Kirkpatrick et al. [47]. SA has been
applied to many hard combinatorial optimization problems,
including the design of reverse logistics network and related
closed-loop supply chain network [29, 48]. The SA’s neighborhood search method is a random fashion that lets every
factor in the candidate solution have the same probability
to be changed [49], which increases the probability of local
optima and computing time [50]. After the static analysis of
SN, the quantitative importance related to the value of 𝐹 in
RLN dynamic model is obtained, which can help to find a
better candidate solution efficiently. Therefore, in this section,
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Figure 4: Illustration of solution representation.

different parts of the improved SA are introduced, and the
relations between them are explained.
5.1. Solution Representation and Initial Solution. The capacity
improvement of the specific node will increase the profitability of RLN and lead to a better value of 𝐹. The improvement of
the node capacity, which is mainly with regard to the storage
capacity, is discrete as the unit facility of inventory related to
the specific volume of the product. Let 𝐶𝑖 be the changed
storage capacity of node 𝑖 that belongs to a finite set 𝐶 whose
range is from zero to the value that is nearest to but less than
𝐼𝑛V𝑒𝑠𝑡/(𝑆×𝐶𝑝𝑒𝑟 ) where 𝐶𝑝𝑒𝑟 is the unit facility of storage, 𝑆 is
the corresponding cost, and 𝐼𝑛V𝑒𝑠𝑡 is the total investment for
increasing storage capacity.

max

𝑇

𝑁

𝑡=1

𝑖=1

𝑓𝑎

The solution representation 𝑋 comprises a set 𝐶𝑖 denoted
by [𝐶1 , 𝐶2 , . . . , 𝐶𝑖 , . . . , 𝐶𝑁] where 𝐶𝑖 is the current capacity of
node 𝑖, composed by the initial capacity 𝐼𝐶𝑖 and the changing
capacity 𝐶𝑖 , as shown in Figure 4.
It is assumed that the enterprise should achieve the
standard raised by the government, presented by the volume
of collection product [3, 4]. Therefore, the enterprise should
put out specific money to increase the capacity of the network.
Accordingly, the standard raised by the government and
the investment concerned with capacity improvement are
the constraint conditions. So the objective function is to
maximize the value of total benefit by increasing the capacity
of nodes under the constraint of total investment (𝐼𝑛V𝑒𝑠𝑡) and
collection standard (𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑):
𝑁

𝐾

𝑓𝑐

𝑓𝑎

𝑁 𝐾

𝑠𝑐
(𝐹) = max [∑ (∑𝑝2 × min (𝐹𝑆𝑡𝑖𝑘1 , 𝑚𝑖𝑘1 , 𝐷𝑡𝑖 ) − ∑ ∑ 𝑚𝑖𝑘 × min (𝐹𝑆𝑡−1
𝑖𝑘 , 𝑚𝑖𝑘 ) − ∑ ∑ 𝑚𝑖𝑘 ,
𝑛=1 𝑘=1

𝑖=1 𝑘=1

𝑁
𝐹𝑆𝑡−1 + 𝐹𝑆𝑡𝑖𝑘 𝑁 𝑁 𝐾 𝑡𝑐
𝑓𝑎
− ∑ ∑ ∑ 𝑚𝑖𝑗 × 𝑇𝑟𝑡𝑖𝑗 (𝑘) − ∑𝑝1 × (𝐷𝑡𝑖 − min (𝐹𝑆𝑡𝑖𝑘1 , 𝑚𝑖𝑘 , 𝐷𝑡𝑖 )))]
× 𝑖𝑘
1
2
𝑖=1 𝑗=𝑖̸ 𝑘=1
𝑖=1
]

𝑆.𝑇.

(18)

𝑁

∑𝐶𝑖 ∗ 𝑆 ≤ 𝐼𝑛V𝑒𝑠𝑡,

(19)

𝑖=1

𝑇 𝑁

𝑓𝑎

∑ ∑ min (𝑚𝑖𝑘 , 𝐶𝑜𝑙𝑖𝑡 ) ≥ 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑.
2

(20)

𝑡=1 𝑖=1

All the nodes in RLN have the probability of increasing
storage capacity, so the initial solution is obtained by increasing the capacity of all the nodes averagely, named as equal
division method. Note that the increasing quantity is discrete,
so the average may not be an integer, and then the integer less
and most near to the average will be taken as the increasing

capacity of the nodes and the remainder will be assigned
randomly [29].
5.2. Definition of the Neighborhood Search. In the standard
SA algorithm, the candidate solutions are always defined
randomly. NSA generates the quantitative important 𝑆𝑖 of
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Begin

𝑒𝑛𝑑

Generate an initial solution X by the equal division method;
𝑋𝑏𝑒𝑠𝑡 = 𝑋; 𝐹𝑋 = 𝑜𝑏𝑗(𝑋); 𝐹𝑏𝑒𝑠𝑡 = 𝐹𝑋;
𝑇 = 𝑇0 ;
𝑤ℎ𝑖𝑙𝑒 (𝑇 > 𝑇𝑓 ) {
𝐼 = 0;
𝑤ℎ𝑖𝑙𝑒 (𝐼 < 𝐼𝑖𝑡𝑒𝑟 ){
𝑟1 = 𝑟𝑎𝑛𝑑𝑜𝑚(0, 1);
𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑎 𝑛𝑒𝑤 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑌 𝑓𝑟𝑜𝑚 𝑋 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑖𝑚𝑝𝑟𝑜V𝑒𝑑 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑒𝑎𝑟𝑐ℎ 𝑚𝑒𝑡ℎ𝑜𝑑 𝑤𝑖𝑡ℎ𝑖𝑛 𝑆;
𝐹𝑌 = 𝑜𝑏𝑗(𝑌);
Δ = 𝐹𝑌 − 𝐹𝑋;
𝑖𝑓 (Δ ≥ 0){𝑋 = 𝑌; 𝐹𝑋 = 𝐹𝑌 ; }
𝑒𝑙𝑠𝑒 {
𝑟 = 𝑟𝑎𝑛𝑑𝑜𝑚(0, 1);
𝑖𝑓 𝑟 < exp(Δ/(𝐾 × 𝑇)){𝑋 = 𝑌; 𝐹𝑋 = 𝐹𝑌 ; }
}
𝑖𝑓 (𝐹𝑋 ≥ 𝐹𝑏𝑒𝑠𝑡 ){𝑋𝑏𝑒𝑠𝑡 = 𝑋; 𝐹𝑏𝑒𝑠𝑡 = 𝐹𝑋 ; }
𝐼 = 𝐼 + 1;
}
𝑇 = 𝑇 × 𝛼;
}

Algorithm 1: Pseudocode of proposed SA improved by the output of NSA.

each node. So when trying to find a candidate solution in the
improved SA, the adjustment of each node’s capacity depends
on the difference between 𝑆𝑖 and 𝐶𝑖 , which is a measure of the
relative amount calculated by the current storage capacity of
each node (𝐶𝑖 ):
𝐶𝑖 =

𝐶𝑖
.
𝑁
∑𝑖=1 𝐶𝑖

(21)

Let 𝑃𝑖 be the adjustment profitability of node 𝑛𝑖 , stated as
𝑃𝑖 =

(1 + Si − Ci )
2

.

(22)

And 𝑃𝑖 will be used to define the solution given as
𝑃𝑖 = 𝑃𝑖 × rand (0, 1) ,

As a consequence, in the proposed solution approach, the
improved SA algorithm is applied to swiftly search the feasible
domain of the variable 𝐼𝐶𝑖 , denoted by 𝑋 in the pseudocode
of the improved SA in Algorithm 1. This is an extension of
the pseudocode presented in [29], which is related to the
standard SA. In Algorithm 1, 𝑜𝑏𝑗(𝑋) represents the process of
calling the algorithm of RLN simulation model, whose value
is 𝐹 under the specific 𝑋; 𝑆 = {𝑆𝑖 } is the set of quantitative
importance of each node in RLN; 𝐼𝑖𝑡𝑒𝑟 represents the total
number of iterations that the perturbation (neighborhood
search) should repeat at a particular temperature; 𝑇0 and 𝑇𝑓
are the initial and final temperature, respectively; 𝐾 is the
Boltzmann constant used in computing the probability of
accepting a worse solution; and 𝛼 is the coefficient of the
cooling schedule [29].

(23)

where rand(𝑎, 𝑏) generates a single uniformly distributed
random number in the interval (𝑎, 𝑏).
The capacity of the node responding to maximal in the
set of 𝑃 will increase by the value of unit change, 𝑆𝑝𝑒𝑟, and
reversely that is related to the minimum will be decreased by
the same value.
There are two conditions that need to be considered as the
increased capacity of the node with the maximum 𝑃𝑖 cannot
be increased further and those of other nodes are zero. Then,
the capacity of the node with maximum 𝑃𝑖 will be decreased
and the capacity of the node with the second maximum 𝑃𝑖
will be increased. What is more, the capacity of the node
with minimum 𝑃𝑖 may not be reduced as its current capacity
is equal to the initial capacity; therefore the node with the
second minimum 𝑃𝑖 will be searched until the capacity of this
node is higher than its initial value.

6. Illustrative Example
In this section, we highlight the application of the proposed
approach to a computing example adopted from the classical
reverse logistics model and the key issues concerned with the
e-recycling problem. The following analysis shows the implementation of the proposed approach, and the effectiveness is
indicated by comparing the improved SA and the standard
one.
The SA program is implemented in MATLAB R2017b on
a Windows 10 PC with Intel Core i7 6700 CPU at 3.40 GHz
and 16 GB of RAM.
6.1. RLN Modeling. The RLN in this study is adapted
from [10] and then adjusted based on the characteristic
of e-recycling and investigation about Extended Producer
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Figure 5: The binary RLN.
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Figure 6: The matrix of the function network.
Table 1: Initial storage capacities of nodes.
Node
Capacity/1000 Unit

01
44

02
20

03
10

04
10

Responsibility program in Singapore, such as the high propagation of scrap product in the collected products. Figure 5
shows the binary RLN.
Based on the binary RLN, the matrices related to transportation capacity, cost, and propagation can be obtained as
well as the matrices regarding node function capacity, node
function cost, and the relationship between the functions.
The matrices are shown in Figures 6 and 7, respectively
[10, 23]. Figure 7 shows that node 09 ships products to node
05 and node 10, respectively, under the proportion of 100%,
which means that products to node 05 and to node 10 are
different. In other words, node 09 delivers all the products
of a specific kind to node 05 and another kinds of products
are transported to node 10 totally.

05
49

06
15

07
16

08
15

09
16

10
13

The initial storage capacity 𝐼𝐶 is shown in Table 1,
respectively [10, 35].
A significant feature of SA is a procedure where the worse
solution is accepted and replaces a better solution with a
probability and eventually reduces the chance of getting stuck
in the local optima. The probability of accepting a worse
solution should be high when the temperature is high and
reduces in the annealing process. The value of the probability
is related to the initial temperature 𝑇0 , Boltzmann constant
𝐾, and the cooling schedule coefficient 𝛼. Therefore, the SA’s
parameters tuning is mainly about the joint configuration
of these parameters, which is determined by a preliminary
experiment. The parameter values tested are as follows:
𝑇𝑜 = 50, 100, 150;
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Figure 7: The matrix of the transportation network.

1

Probability

0.8
0.6
0.4
0.2

100.000
87.752
77.004
67.573
59.297
52.034
45.661
40.068
35.161
30.854
27.075
23.759
20.849
18.296
16.055
14.088
12.363
10.849
9.520
8.354
7.331
6.433
5.645
4.954
4.347
3.815
3.347
2.937
2.578
2.262
1.985
1.742
1.528
1.341
1.177
1.033
0.906
0.795
0.698
0.612
0.537
0.472
0.414
0.363
0.319
0.280
0.245
0.215
0.189
0.166
0.146
0.128
0.112
0.098
0.086
0.076
0.066
0.058
0.051
0.045
0.039
0.035
0.030
0.027
0.023
0.020
0.018
0.016
0.014
0.012
0.010

0

Temperature (∘ C)

Figure 8: The trend of the probability of accepting a worse solution using 𝑇𝑜 = 100, 𝛼 = 0.01, 𝐾 = 300.

𝛼 = 0.01, 0.02, 0.03;
𝐾 = 100, 200, 300;
All the 27 combinations of the parameters are tested and
using 𝑇𝑜 = 100, 𝛼 = 0.01, 𝐾 = 300 seems to satisfy the
requirement to the change of the probability of accepting the
worse solution, as shown in Figure 8. In Figure 8, the blue
full line represents the value of the probability of accepting
a worse solution, and the red dot line denotes the trend of the
probability in the annealing process.
For the setting of 𝐼𝑖𝑡𝑒𝑟 and 𝑇𝑓 , as these two parameters
have the same function that increasing the likelihood of
avoiding getting stuck at a local optima, the value of 𝐼𝑖𝑡𝑒𝑟 is
set by experience and the value of 𝑇𝑓 is selected modestly. In
detail, when testing the combinations of 𝑇𝑜 , 𝛼, 𝐾, we find that
the best solution is obtained before the temperature reducing
to 0.2. For statistical and computational convenience, 𝑇𝑓 is set
as 0.01. Even though this increases the SA computing time,
it is not a limiting factor since the redundancy computing
time is less than 25 minutes using the software MATLAB on
a normal PC.
The settings of SA parameters are shown in Table 2, along
with the RIN model parameter settings, which are adopted

from an existing study; detailed discussions can be found in
[51].
6.2. Static Analysis. Using the matrices M𝐹𝑁, M𝐹𝐴, and
M𝑇𝑁, the SN is generated, as shown in Figure 9. In Figure 9,
the last two digits denote the function and others denote the
node. For example, in “502”, 02 refers to the second function
in K, i.e., distribution, and “5” represents the fifth node in
RLN. Based on the SN, the quantitative importance of each
node is calculated, as shown in Table 3.
6.3. Computational Results and Sensitivity Analysis. The
simulation model of RLN and the improved SA are both
programmed on MATLAB, and the latter serves as the
main program that calls the former. Through running the
programs, the optimized storage capacity is obtained, which
is [49 25 15 15 49 15 32 16 49 13] (×1000 unit).
Based on the optimized node capacity, more values of
parameters are computed by running the RIL simulation
model. The result is in period-unite, which is helpful and
convenient for the decisions regarding different durations.
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Table 2: Parameter values.

Parameter
𝑇
𝑊𝐷
𝑊𝑇𝑆
𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑
𝐼𝑛V𝑒𝑠𝑡
S

Value
360 periods
20 periods
100 times
1775(unit)
600,000$
12,000$

Parameter
𝐶𝑝𝑒𝑟
𝑇0
𝑇𝑓
𝐾
𝐼𝑖𝑡𝑒𝑟
𝛼

Value
1000(unit)
100(∘ C)
0.01(∘ C)
300
5
0.01

Table 3: Node quantitative importance calculation.

Node

SN
𝐵𝑔

𝐵𝑔

RLN

101
102
202
302
402
502
602
702
703
704

0.29
0.29
0.35
0.18
0.18
0.88
0.18
0.18
0.35
0.35

0.05
0.05
0.06
0.03
0.03
0.15
0.03
0.03
0.06
0.06

𝑆𝑖

Node
01

0.1

02
03
04
05
06

0.06
0.03
0.03
0.15
0.03

07

0.15

Node

SN
𝐵𝑔

𝐵𝑔

Node

RLN
𝑆𝑖

802
902
903
904
905
906
1006

0.18
0.59
0.35
0.71
0.59
0.12
0.12

0.03
0.1
0.06
0.12
0.1
0.02
0.02

08

0.03

09

10

0.40

0.02

302

402

202

602

702
502

101

802

902
905

102

1006
906

904

703

704

903

Figure 9: Static network.

In Figure 10, the size of the node reflects the volume
of products stored in this node and the color presents the
volume of product handled with the function(s) performed
by the node.

Node 03, node 07, and node 09 are selected for sensitive
analysis. The increased capacity of node 09 is more than
that of any other node; the increased capacity of node 07 is
only less than node 09; and the increased capacity of node
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Table 4: Descriptive analysis of the samples.

Best value (×104 $)
Min
Ave
10.06
10.12
9.97
10.07

Max
10.17
10.15

Improved SA
Standard SA

×104
2.5

Node10

2

Node09
Node07
Node05
Node03

Node02

1.5
Node08

1
Node06

Node01

0.5

Node04

0

Figure 10: The volume of products stored in and dealt with each
node.

03 is equal to the average increased capacity. The range of
increased capacity of each node is from 1 to 20 (1000 Unit),
and the result is shown in Figure 11.
The profit increases obviously when node 09 capacity
improves, but there is no significant distinction on profit
when node 03 capacity changes. What is more, the profit
presents a decreasing trend when node 07 capacity increases.
It is because that node 09 is a hybrid node within the function
of collection, inspection, and recovery and thus has a great
impact on the e-cycling directly and indirectly. The RLN is
facing the situation that lots of e-waste need to be collected
and dealt with properly. Increasing the capacity of node 09
contributes to increasing the collection volume as well as the
efficiency of dealing with the e-waste. The indirect impact
of node 09 is related to Node 07 performing the collection
function. The collected products by node 07 will be dealt with
by node 09; therefore, if node 07 capacity is just increasing,
there will be more collection products stored in node 07
leading to a higher store cost. This is the reason why the profit
decreases when node 07 capacity increases. Node 03 does not
serve any function related to the reverse logistics; it receives
product from its upstream node (node 02) and distributes
them to the customers. Increasing the capacity of node 03 is
useless when it cannot receive more products from node 02.
6.4. Contrastive Analysis of Improved and Standard SAs. For
the purpose of indicating the efficiency of improved SA, it
is compared with the standard SA which just differs on the
neighborhood search. The change in the objective value of
each SA as the number of simulation runs increases, which is
based on the temperature decreasing, is shown in Figure 12.
From Figure 12, the dotted line regarding standard SA
fluctuates at the start of the simulation, which is caused by
the pure random neighborhood search style. On the contrary,
the full line related to improved SA quickly rises, which
means that it generates a better candidate solution at each
step, with the help of the node quantitative importance. What

SD
0.32
0.48

Max
884
907

Min
413
469

NSR(times)
Ave
601.55
687.90

SD
117.94
120.63

is more, the final value of profit, i.e., the best value of 𝐹,
obtained by the improved SA is higher than that of standard
SA, which demonstrates the effectiveness of the improved SA.
Meanwhile, the improved SA searches the final profit with
less number of running the simulation than the standard SA,
which signifies the efficiency of the improved SA.
To further verify the above conclusions, both of the
standard SA and improved SA run 20 times. For each kind
of SA, a sample of the best value and a sample of the number
of simulation runs (NSR) are got. The maximum (Max),
minimum (Min), average (Ave), and standard deviation (SD)
of the samples are described in Table 4.
Table 4 shows that the improved SA performs better than
the standard SA with respect to the effectiveness (best value)
as well as the efficiency (NSR). But it is still necessary to judge
whether the difference is significant or not in a statistical
sense and the significance level is set as 5% by convention.
With respect to the samples of best value, we should judge
whether the samples obey the normal distribution and have
equal variance, which are the foundations of comparing the
two samples by parametric test [52]. A two-sided goodnessof-fit test, named Lilliefors test, is adapted to judge whether
the sample obeys the normal distribution [53], the p value of
the improved SA sample is 0.5000 and that of the standard
SA is 0.1182, which means that both of them obey the
normal distribution. And then, Bartlett’s test is used to judge
whether the two samples have equal variance [54]; the p
value is 0.0514, which indicates that the test accepts the
null hypothesis that the variances are equal across the two
samples. Accordingly, the parametric test is conducted as the
two basic assumptions are satisfied. The returned p value is
0.0014, which indicates the two samples are different from
the lens of statistics theory [55]. Therefore, it is reasonable to
make the conclusion that the improved SA is better than the
standard SA on the respect of effectiveness from the lance of
statistics theory.
By the same token, when comparing the NSR samples, the
Lilliefors test shows that both of the samples obey the normal
distribution. The p value calculated by Bartlett’s test is 0.9237,
which is in favor of accepting the null hypotheses that the
variances are equal across the two samples [54]. Therefore,
the two basic foundations of conducting the parametric test
are satisfied. The parametric test returns the p value as 0.0392
[52], which is in favor of the conclusion that these two samples
are different with respect to the average. Therefore, the NSR
of the improved SA is less than that of the standard SA based
on the statistics theory, which indicates the efficiency of the
former.
In order to verify the conclusion that the improve SA
performs better than standard SA with respect to effectiveness and efficiency, two new problems are designed based on

14

Mathematical Problems in Engineering
Table 5: Percentage gaps of Ave and NSR between the two SAs.

Number of nodes in the problems
5
10
15

Ave percentage gap (%)
1.30
0.50
0.70

NSR percentage gap (%)
8.72
14.36
19.66

80000
70000
60000
50000

Proﬁt ($)

40000

Node 07
0
−1000
−2000
−3000
−4000
−5000
−6000
−7000
−8000

30000
20000
10000
0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

−10000
−20000

1

2

3

4

5

6

7 8 9 10 11 12 13 14 15 16 17 18 19 20
Improved node capacity (1000 Unit)

Node 03
Node 07
Node 09

Profit ($)

Figure 11: Profits for different improved capacities of nodes.
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6
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2
0
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−4
−6

×104

0
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Number of simulation runs

800
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Improved SA

Figure 12: Objective value changing process of each SA.

In order to compare the performance of the two SAs on
the three problems, two percentage gaps (%) are proposed:
Ave percentage gap calculated as (Ave of standard SA – Ave
of improved SA)/Ave of standard SA and NSR percentage
gap calculated as (NSR of improved SA – NSR of standard
SA)/NSR of improved SA. Table 5 shows the result, which
demonstrates that the improved SA performs better than the
standard SA in dealing with all the three problems. The Ave
percentage gaps are small; it is because that both of the two
SAs running efficient times until the temperature decrease to
𝑇𝑓 . Even though the values of Ave percentage gaps is small,
the differences between the two SAs is significant, which
demonstrate the effectiveness of the improved SA. The NSR
percentage gaps of the three problems are all relatively big
which demonstrates the efficiency of the improved SA.

7. Conclusion
the problem in the illustrative example, which has 10 nodes
and named as 10-node problem. One of the new problems is
designed within 5 nodes by selecting nodes from the 10-node
problem following the principle that all the functions should
be involved. Similarly, a 15-node problem is designed by
adding five new nodes into the RIN of the 10-node problems.

This study has explored an approach within a simulation
model and improved SA algorithm for addressing the RLN
design issue, i.e., increasing the storage capacity of each node
of RLN to maximize the firm’s profit. The simulation model
abstracts the e-cycling reverse logistics with consideration
of the forward logistics. In view of uncertain demand and
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e-waste collection volume, the simulation model is capable
of analyzing the enterprise profit under a given RLN design
solution. The SA algorithm is used to select a suitable solution
based on the output of the simulation model and generate a
new candidate solution. Integrating the simulation model and
SA, an optimal solution for designing RLN can be obtained.
Further, SA is improved using the network static analysis.
In particular, a network generation process is proposed for
changing the RLN to a static network, which satisfies the
requirement of conducting the network static analysis. A
new network index regarding betweenness is designed with
the consideration of the characteristics of reverse logistics.
The quantitative importance of a node (𝐴) in RLN is
calculated by summing up the betweenness values of the
nodes (𝐴 1 , 𝐴 2 , . . .) corresponding to node 𝐴 in the static
network. Then the quantitative importance is applied in
the neighborhood search part of SA, which lets the storage
capacity of a node with a higher importance be more likely
to be increased. Therefore, the chance of generating a better
candidate solution is increased. Our approach of integrating
the RLN simulation model and improved SA is well illustrated with an example. Two more examples are generated
and discussed as well. The contrastive analysis within three
different examples shows that the improved SA is beyond the
standard SA on the respects of effectiveness and efficiency.
We can refine this research by (a) taking into account
other static networks related to transport cost, time and
put forward corresponding indexes to make the NSA more
accurate and (b) considering control module regarding
overstock and stockout problems into the RLN simulation
model for the purpose of designing RLN under different
operation strategies, which bring the method closer to reality.
Our approach can be applied to other network optimization
problems including both dynamic network analysis and static
network analysis, such as risk interaction network [40] and
project governance network [35].
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Time-varying characteristics of DC traction power supply system network structure are the key technical problem in its
mathematical modeling. Based on node admittance network equation theory, this paper puts forward an optimizational
mathematical modeling method of DC traction power supply system for urban mass transit, and that is to conduct automatic
sequencing firstly for all the nodes on both ends of traction substation and the train according to the given rules, then arrange
the nodes according to the position coordinates and save them into the arrays, and finally generate the node admittance network
equation of DC traction power supply system according to the self-adaptive real-time dynamics of node arrays and input parameter
documents. Simulation study indicates the rationality and correctness of optimizational mathematical modeling method of DC
traction power supply system for urban mass transit.

1. Introduction
With the rapid development of Chinese economy and the
growth of the urban traffic, urban mass transit, as a kind of
means of transport with a lot of advantages, such as high
speed, safety, reliability, punctuality, comfort, convenience,
and pollution-free technology, has been increasingly used in
China [1–3].
Urban mass transit power supply system is an important
part of urban railway transportation. It is the source of urban
mass transit operations, which takes charge of the supply and
transmission of electric energy. It provides tractive power
supply for electric train and dynamic lighting power supply
for the station, section, rolling stock depot, control center,
and other buildings. Urban mass transit power supply system
should meet the basic requirements such as safety, reliability,
applicability, economy, and advancement. Therefore, a reasonable design of urban mass transit power supply system is
very essential [4, 5].
DC traction power supply system mathematical modeling
plays an extremely important role in the design of urban
mass transit power supply system, which is really necessary
for design of power supply system. It relates to the critical

factors [6, 7] of system design, such as power supply system
composition, tractive power supply mode, settings of the
traction substation, and capacity of traction rectifier unit.
The particularity of urban mass transit lies in the persistent moving of many trains. Many trains, the traction
substation, the overhead lines, the steel rails, and the ground
constitute the changing DC power grid structure at different
time. In terms of theory of circuit, DC traction power
supply system is a complicated time-varying network. Thus it
causes problems [8, 9] to the mathematical modeling of DC
traction network with a fixed circuit diagram. In addition, the
quantities or the locations of traction substations of different
urban mass transit line are usually not the same, so the DC
tractive power supply network topology structures are also
different.
The existing mathematical modeling methods for DC
traction power supply are the average traffic volume method
and the method of sections of train working diagram.
The average traffic volume method can calculate the
average voltage, current of the DC traction power supply, but
it cannot get the instant electrical character.
The method of sections of train working diagram usually
takes the train or traction substation as the break point and
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calculate based on the whole traction network divided into a
number of independent power supply sections. Actually, the
traffic flow or power of urban railway train comes from all the
traction substations [10, 11] across the whole line connected to
the traction network. So the calculation precision of method
of sections of train working diagram is low [12, 13].
The above mathematical modeling methods of DC traction power supply system cannot adapt to the quantities of
traction substations and the change of position of different
lines [14, 15].
On account of the above technical problems, a kind of
adaptive real-time dynamic mathematical modeling method
for DC traction power supply system of urban mass transit is
put forward on this basis and leads to a patent [16].
This method regards DC traction power supply system
of the whole line as a complete real-time dynamic change
system. And it is assumed that the traffic flow or power
of the train is distributed between the traction substations
interlinked by the traction networks, so the calculation
precision of method can be ensured.
It can calculate the voltage, current, or power of the
whole line’s traction substation or trains of DC traction power
supply system.
The real-time dynamic mathematical model for DC traction power supply system can be self-adaptive generated with
arbitrary input number and location of traction substations.
It also can be self-adaptive generated with real-time
change of the number and position of the locomotives.

2. Optimizational Mathematical Modeling of
DC Traction Power Supply System
First of all, this section introduces the principle of selfadaptive real-time dynamic mathematical modeling method
for DC traction power supply system of urban mass transit,
and a simple example is used for specific explanations on this
method after introducing the principle in order to make the
method more understandable.
2.1. Principles of Optimizational Mathematical Modeling of
DC Traction Power Supply System. Before establishing an
optimizational dynamic mathematical model of DC traction
power supply system for urban mass transit, the following
basic assumptions shall be made on the premise of meeting
the precision requirements for engineering calculation:
(a) It is assumed that the AC voltage of each traction substation across the whole line is the same and stable, without
regard to the effect of AC system changes on calculation.
(b) It is assumed that all the traction substation transformers and rectifiers of the whole line are considered as the
voltage source branch with internal resistance.
(c) It is assumed that the traction network system is of
a uniform and symmetrical structure. The traction network
system has a consistent resistance per unit length.
(d) The coordinates of feeding point of traction network
are deemed to be the coordinates of location of traction
substation, and it is believed that the feeding point and
backflow point of traction network are at the same coordinate
position.
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(e) The locomotive will be regarded as a power source. The
power of the locomotive at a certain position at a time shall
be given according to the result of traction calculation.
(f) The start station position coordinate shall be regarded
as the zero point and will serve a reference for calculation of
the upward or downward running position coordinates.
The basic idea of the real-time dynamic mathematical
modeling method of DC traction power supply system for
urban mass transit presented in this paper is as follows.
Firstly, input the parameters files at t moment. It is
set that the serial numbers of the nodes on both ends of
the traction substation and the node on both ends of the
locomotive are continuous. Sequence the nodes on both
ends of the traction substation, check if the position of each
locomotive overlaps with the location of traction substation
at t moment, and then sequence the nodes on both ends
of the locomotive. Arrange the upward contact line system,
upward rail, downward contact line system, and downward
rail node number, respectively, according to the location
coordinates in an increasing sequence, and save them into the
corresponding arrays, respectively. The equivalent circuit diagram of DC traction power supply system can be generated
automatically in line with the node array. According to the
parameters such as the equivalent voltage source amplitude
of traction substation, the value of internal resistance, the
power of locomotive, the line resistance between two nodes,
and the leakage conductance of rail, based on the modeling
principle of node admittance network equation, the node
admittance network equation at t moment will be generated
automatically with the stored four node arrays and the input
parameters.
For the next moment (t + Δ𝑡), the parameter files at
t + Δ𝑡 moment shall be read in, and then the dynamic
mathematical model of DC traction power supply system will
be regenerated, the method of which is the same as above.
Along with the change of time and constant repetition, the
real-time dynamic mathematical modeling of DC traction
power supply system for urban mass transit will be achieved.
The specific real-time dynamic mathematical modeling
methods are as follows:
(a) Input Parameter Files at t Moment. Set the input parameters as follows: the quantity of traction substation is n and
the locations are 𝐿 1 , 𝐿 2 ⋅ ⋅ ⋅ 𝐿 𝑛 , respectively; the quantity of
upward locomotive at T moment is m given by traction calculation, the positions are upward 𝐿 𝑚1 , 𝐿 𝑚2 ⋅ ⋅ ⋅ 𝐿 𝑚𝑚 , respectively, and the corresponding powers are 𝑝𝑚1 , 𝑝𝑚2 ⋅ ⋅ ⋅ 𝑝𝑚𝑚 ,
respectively; the quantity of downward locomotive is k, the
positions are downward 𝐿 𝑘1 , 𝐿 𝑘2 ⋅ ⋅ ⋅ 𝐿 𝑘𝑘 , respectively, and the
corresponding powers are 𝑝𝑘1 , 𝑝𝑘2 ⋅ ⋅ ⋅ 𝑝𝑘𝑘 , respectively.
(b) Sequencing of Nodes at Both Ends of Traction Substation.
Suppose the serial number of nodes on both ends of the
traction substation is continuous. Because the quantity of
traction substation is n, the nodes on both ends of the traction
substation are sequenced according to the position of traction
substation in an increasing sequence, that is, 1, 2, 3, 4, ⋅ ⋅ ⋅ 2𝑛 −
1, 2𝑛, for the advantage of programming.
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Figure 1: Equivalent circuit diagram of DC traction power supply system.

(c) Sequencing of the Locomotive Node on Both Ends. Check if
the locomotive position overlaps with the traction substation
location according to (1).


𝑠𝑖 − 𝑠𝑗  < 𝜉
(1)


where 𝑠𝑖 is the position of the locomotive, 𝑠𝑗 is the location
of traction substation, and 𝜉 is a set positive number. When
the conditions of (1) are met, if a locomotive position
overlaps with a traction substation location, the nodes of the
locomotive shall not be numbered, and the node current of
traction substation is the superposition of traction substation
current and locomotive current. When the conditions of (1)
cannot be met, if the locomotive position does not overlap
with the traction substation location, a new node number of
locomotives will be increased. The nodes on both ends of the
locomotive will be sequenced according to the quantity of
upward and downward running locomotives at t moment and
based on the locomotive position in an increasing sequence.
Set the quantity of upward locomotives as m, and the node
numbers of upward locomotives are as follows: 2𝑛 + 1, 2𝑛 +
2, 2𝑛 + 3, 2𝑛 + 4, ⋅ ⋅ ⋅ 2𝑛 + 2𝑚 − 1, 2𝑛 + 2𝑚. Set the quantity
of downward locomotives as k, and the node number of
downward locomotives are as follows: 2𝑛 + 2𝑚 + 1, 2𝑛 + 2𝑚 +
2, 2𝑛 + 2𝑚 + 3, 2𝑛 + 2𝑚 + 4, ⋅ ⋅ ⋅ 2𝑛 + 2𝑚 + 2𝑘 − 1, 2𝑛 + 2𝑚 + 2𝑘.
The node numbers of upward locomotives are 2𝑛 + 1, 2𝑛 +
2, 2𝑛 + 3, 2𝑛 + 4, ⋅ ⋅ ⋅ 2𝑛 + 2𝑚 − 1, 2𝑛 + 2𝑚. The node numbers
of downward locomotives are 2𝑛 + 2𝑚 + 1, 2𝑛 + 2𝑚 + 2, 2𝑛 +
2𝑚 + 3, 2𝑛 + 2𝑚 + 4, ⋅ ⋅ ⋅ 2𝑛 + 2𝑚 + 2𝑘 − 1, 2𝑛 + 2𝑚 + 2𝑘.
(d) Save the Nodes into the Array. Set T up as upward contact
line system, R up as upward rail, T down as downward
contact line system, and R down as downward rail. Arrange
the upward contact line system, upward rail, downward
contact line system, and downward rail node numbers,
respectively, according to the location coordinates in an
increasing sequence, and save them into the corresponding
array respectively.

(e) Automatic Generation of the Equivalent Circuit of DC
Traction Power Supply System. According to the node array,
the equivalent circuit of DC traction power supply system can
be generated automatically, as shown in Figure 1.
(f) The Node Admittance Matrix Automatically Generated
Based on the Position Arrangement, Types, and Traction
Network Line Parameters of the Node Array Elements in the
Array. The node admittance matrix order 2 × (𝑛 + 𝑚 + 𝑘)
depends on the number of nodes. Set the initial value of all
the elements of the node admittance matrix as 0, calculate
the value of each matrix element, and then add them to
the corresponding position of node admittance matrix, and
eventually form a complete node admittance matrix.
A Calculation of Mutual Admittance between the Nodes.
(1) Calculation of line admittance: calculate the admittance
between two adjacent array elements of the above four arrays,
respectively, according to the node position coordinates and
resistance value per unit length of the contact line and rail.
(2) Calculation of mutual admittance of the nodes
on both ends of the traction substation and that of the
locomotive: calculate the mutual admittance of numerical
value elements at the same arrangement position in T up,
R up, T down, and R down arrays, respectively. The mutual
admittance of the nodes at both ends of traction substation is
determined by the internal resistance of traction substation.
Set the mutual admittance of the nodes on both ends of
locomotive as 0.
B Calculation of the Self-Admittance of Nodes. As the rail is
not completely insulated, part of traction current will leak
into the ground and flow back to the rail and return to the
traction substation. Therefore, at the time of modeling of
rail, the leakage resistance from the rail to the earth shall
be considered. According to the uniform transmission line
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Figure 2: Type ∏ equivalent circuit of the rail.

theory, a length of rail can be equivalent to type ∏ equivalent
circuit, as shown in Figure 2.
The leakage conductance from the rail node to the ground
can be calculated by Figure 1 according to the length of the rail
and the leakage resistance from the rail per unit length to the
ground.
(g) Calculate the Self-Admittance of the Contact Line System
Node and Rail Node Respectively. (1) Calculation of selfadmittance of the nodes of upward and downward traction
networks: the self-admittance of the node of upward traction
network is equal to the negated value of the sum of the mutual
admittance of this node and the adjacent node in the same
array and that of this node and the node at the same arranged
position of another upward array. The calculation method
of the self-admittance of the node of downward traction
network is the same as that of the upward one.
(2) Calculation of self-admittance of the nodes of upward
and downward rails: the self-admittance of the node of
upward rail is equal to the negated value of the sum of the
mutual admittance of this node and the adjacent node in
the same array and that of this node and the node at the
same arranged position of another upward array plus the
leakage conductance value from this node to the ground.
The calculation method of the self-admittance of the node of
downward rail is the same as that of the upward one.
According to the calculation above, it is able to get all the
element values of matrix admittance, which can generate the
corresponding node admittance matrix 𝑌 automatically.
(h) The Node Current Column Vector Generated Automatically
Based on the Node Array Element Number, Type, and the
Equivalent Current Source Parameters. The node current
column vectors are row 2 × (𝑛 + 𝑚 + 𝑘) and column 1. The
initial element value is 0. Arrange the node current vector
according to the node number in an increasing sequence. The
traction substation and locomotive are equivalent current
sources. Firstly, it is assumed that the current of traction
substation and that of locomotive are of the positive direction.
Set the injected current of node as negative, and the outflow
current of node as positive. The absolute value of node
current of traction substation is 𝑈𝑠𝑗 /𝑅𝑠𝑗 . 𝑈𝑠𝑗 and 𝑅𝑠𝑗 are the
equivalent voltage source amplitude and internal resistance
of traction substation, respectively. The absolute value of node
current of the locomotive is 𝑃𝑠𝑖 /𝑈𝑠𝑖 . 𝑃𝑠𝑖 and 𝑈𝑠𝑖 are the power
and terminal voltage of the locomotive, respectively. Firstly,
determine the node type. It is the node of traction substation
or that of locomotive. Calculate the node current vector by the

corresponding formula according to the type of nodes and
the parameters of the equivalent current source. According
to the above calculation, it is able to get all the element
values of node current column vector, which can generate the
corresponding node current column vector 𝐼 automatically.
(i) Automatic Generation of Mathematical Model of DC Traction Power Supply System. At this point, the mathematical
model 𝑌𝑈 = 𝐼 of DC traction power supply system at t
moment can be generated automatically.
(j) The Mathematical Model of DC Traction Power Supply
System at the Next Moment Generated Automatically. The
above calculation is a mathematical model deduction at a
certain moment since the DC traction power supply system is
a real-time dynamic network. For the mathematical model at
the next t + Δ𝑡 moment, first of all, input the file according to
the parameters at t + Δ𝑡 moment, determine the number and
position of trains at the new moment and their corresponding
power and get to know the DC traction network structure
and loading conditions at the new moment accordingly to
establish the mathematical model for DC traction power
supply system at the new moment with the same mathematical modeling method as above. Repeat constantly as time
changes.
Summing up the above calculation steps, the flow chart
of self-adaptive real-time dynamic mathematical modeling
method of DC traction power supply system for urban mass
transit is as in Figure 3.
2.2. Example of Optimizational Mathematical Modeling
Method of DC Traction Power Supply System for Urban Mass
Transit. The following is a simple example to illustrate the
method of automatically generated mathematical model of
DC traction power supply system at t moment:
Set the number of traction substation input in DC
traction power supply system as N = 2, and the positions
are 0 km and 30 km, respectively. The quantity of upward
locomotives at t moment given by traction calculation is 2, the
positions are upward 10 km and 20 km, respectively, and the
corresponding locomotive powers are p1 and p2, respectively.
The quantity of downward locomotives is 3, the positions
are downward 10 km, 20 km, and 25 km, respectively, and
the corresponding locomotive powers are p3, p4, and p5,
respectively.
Firstly, sequence the nodes on both ends of the traction
substation, and set the node numbers of traction substation
at 0 km and 30 km as 1, 2, 3, and 4, respectively.
Check if the locomotive overlaps with the traction substation, and then number the nodes at both ends of locomotives
at upward 10 km and 20 km, respectively, according to 5, 6, 7,
and 8; and number the nodes of locomotives at downward 10
km, 20 km, and 25 km, respectively, according to 9, 10, 11, 12,
13, and 14.
Arrange the upward contact line system, upward rail,
downward contact line system, and downward rail node
numbers, respectively, according to the position coordinates
in an increasing sequence, and save them in the corresponding arrays, then we get
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given by traction calculation
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Solve the mathematical
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Figure 3: Flow chart of optimizational mathematical modeling method of DC traction power supply system for urban mass transit.

T up : [1, 5, 7, 3]
R up : [2, 6, 8, 4]
T down : [1, 9, 11, 13, 3]

(2)

R down : [2, 10, 12, 14, 4] .
So the equivalent circuit for dc traction power supply system
at t moment is available (see Figure 4).
(I) Automatic Generation of Node Admittance Matrix

A Mutual Admittance between Computational Nodes. (1)
Calculation of the line admittance: according to the node
position coordinates, the contact line, resistance value per
unit length of rail shall be calculated for the admittance
between two adjacent array elements of four node arrays
respectively.
(2) Calculation of mutual admittance of the nodes on
both ends of the traction substation and that of the locomotive: calculate the mutual admittance of numerical value at
the same arrangement position in T up, R up, T down, and
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Table 1: The main parameters of Guangzhou Metro Line 4.

Name
Number of pulses
Capacity of rectifier unit
Ration of rectifier transformer
Through impedance of rectifier transformer
Half-through impedance of rectifier transformer
Rated voltage of DC traction power supply system
Length of line
The resistance per unit length of contact line system
Resistance per unit length of rail
Leakage resistance from the rail to the ground
Total weight of the train
Maximum running speed of train
Train tracking interval at recent rush hour

5

1

T_up

train

station
2

3

7

Value
24
2 x 2200 kVA
33 kV/1180 V
8%
6.5%
1500 V
46.3 km
0.0143Ω/km
0.0137Ω/km
15Ω∙km
175t
90 km/h
450 s

6

8

4

9

11

13

10

12

14

R_up

T_down

R_down

Figure 4: Equivalent circuit of DC traction power supply system at
t moment.

R down arrays. The mutual admittance of the nodes on both
ends of traction substation depends on the internal resistance
of traction substation. Set the mutual admittance of the nodes
at both ends of locomotive as 0.
B Self-Admittance of Computational Nodes. Self-admittance
of node of contact line system: if 𝑌(1, 1)𝑢𝑝 = −𝑌(1, 2)𝑢𝑝 −
𝑌(1, 5)𝑢𝑝, 𝑌(1, 1)𝑑𝑜𝑤𝑛 = −𝑌(1, 2)𝑑𝑜𝑤𝑛 − 𝑌(1, 9)𝑑𝑜𝑤𝑛,
and then 𝑌(5, 5)𝑢𝑝 = −𝑌(5, 1)𝑢𝑝 − 𝑌(5, 7)𝑢𝑝 − 𝑌(5, 6)𝑢𝑝.
When calculating the self-admittance of the positive node
of traction substation, 𝑌(1, 1) = 𝑌(1, 1)𝑢𝑝 + 𝑌(1, 1)𝑑𝑜𝑤𝑛 +
𝑌(1, 2).
Self-admittance of the rail node: if 𝑌(6, 6)𝑢𝑝 =
−𝑌(6, 2)𝑢𝑝 − 𝑌(6, 5)𝑢𝑝 + 𝑔6, 𝑔6 is the leakage admittance
from node 6 of rail to the ground. When calculating the

self-admittance of negative node of traction substation, if
𝑌(2, 2) = 𝑌(2, 2)𝑢𝑝 + 𝑌(2, 2)𝑑𝑜𝑤𝑛 + 𝑌(1, 2) − 𝑔2, 𝑔2 is
the leakage admittance from the negative node 2 of traction
substation to the ground.
According to the above calculation, it is able to get all the
element values of matrix admittance, which can generate the
corresponding node admittance matrix automatically.
(II) Automatic Generation of Node Current Column Vector. If
the currents of nodes 1 and 2 of traction substation at 0 km
are −𝑈𝑠1 /𝑅𝑠1 and 𝑈𝑠1 /𝑅𝑠1 , respectively, the currents of nodes
5 and 6 of locomotive at upward 10 km are 𝑃1 /𝑈𝑡𝑟𝑎𝑖𝑛1 and
−𝑃1 /𝑈𝑡𝑟𝑎𝑖𝑛1 , respectively.
According to the above calculation, it is able to get all
the element values of node current column vector, which can
generate the corresponding node current column vector 𝐼
automatically.
At this point, the node admittance network equation
𝑌𝑈 = 𝐼 of DC traction network under normal operation
conditions at t moment can be generated automatically.

3. Test Valuation
In order to verify the correctness of self-adaptive real-time
dynamic mathematical modeling method of DC traction
power supply system for urban mass transit presented in this
article, a simulation analysis is made for power supply conditions of the section from the Olympic Center to Chongwei
of Guangzhou Metro Line 4 and compared with the results
tested in actual use.
The setting scheme of Guangzhou Metro Line 4 traction
substation from Chebei South Station to Huangge North Station of Line 4 is Chebei, Wanshengwei, Guanzhou, Nanting,
Xinzao, Xinguan Section, Guanqiao, Shihui, Haibang, Diyong, Dongyong, Qingsheng, Huangge North, and Jiaomen,
14 stations in total [13]. The main parameters of Guangzhou
Metro Line 4 are shown in Table 1.
The position and power distribution of the train at a
certain moment are as shown in Table 2 [13].
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Table 2: Position and power distribution of the metro at a certain moment.
Upward train
Power (kW)
Position (km)
200
1.349
1764
5.178
672
10.291
200
13.853
779
20.125
1746
25.367
1439
29.047
200
34.229
2127
39.783
200
—
Voltage (Unit:V)

Position (km)
0
3.513
7.34
12.394
17.53
21.616
26.715
33.012
35.833
43.570

Power (kW)
200
200
1577
321
825
976
200
534
1978
—

Downward train
Power (kW)
Position (km)
200
3.146
200
6.796
200
12.293
1743
17.477
245
21.567
1252
26.707
1953
32.822
780
35.694
200
41.081
1736
46.059

Position (km)
0.966
5.176
10.279
13.524
20.172
25.154
28.871
34.108
39.607
43.383

Power (kW)
200
200
2191
277
762
200
1960
200
200
200

Voltage of upward contact line system across the whole line

1580
1570
1560
1550
1540
1530
0

5

10

15

20
25
30
Distance (Unit:km)

35

40

45

40

45

40

45

40

45

Voltage (Unit:V)

Upward contact line system
Train
Traction substation
15
10
5
0
−5
−10

Voltage of upward rail across the whole line

0

5

10

15

20
25
Distance (Unit:km)

30

35

Voltage (Unit:V)

Upward rail
Traction substation
Voltage of downward contact line system across the whole line

1580
1570
1560
1550
1540
1530
0

5

10

15

20
25
Distance (Unit:km)

30

35

Voltage (Unit:V)

Downward contact line system
Train
Traction substation
15
10
5
0
−5
−10

Voltage of downward rail across the whole line

0

5

10

15

20
25
Distance (Unit:km)

30

35

Downward rail
Traction substation

Figure 5: Simulation waveform of DC traction power supply system of the section from Olympic Center to Chongwei of Guangzhou Metro
Line 4.

Mathematical Problems in Engineering

Voltage (Unit: V)

8
1580
1575
1570
1565
1560
1555
1550
1545
1540
1535
1530

Voltage of upward contact line system across the whole line

0

4.6

9.3

13.9

18.5

23.1
27.8
Distance (Unit: km)

32.4

37

41.7

46.3

37

41.7

46.3

37

41.7

46.3

37

41.7

46.3

Upward contact
line system
Train

Voltage (Unit: V)

Rectiﬁer unit

15
12.5
10
7.5
5
2.5
0
−2.5
−5
−7.5
−10

Voltage of upward rail across the whole line

0

4.6

9.3

13.9

18.5

23.1
27.8
Distance (Unit: km)

32.4

Upward rail

Voltage (Unit: V)

Rectiﬁer unit

1580
1575
1570
1565
1560
1555
1550
1545
1540
1535
1530

Voltage of downward contact line system across the whole line

0

4.6

9.3

13.9

18.5

23.1
27.8
Distance (Unit: km)

32.4

Downward
contact line system
Train
Rectiﬁer unit

Voltage (Unit: V)

Voltage of downward rail across the whole line
15
12.5
10
7.5
5
2.5
0
−2.5
−5
−7.5
−10

0

4.6

9.3

13.9

18.5

23.1

27.8

32.4

Distance (Unit: km)

Downward rail
Rectiﬁer unit

Figure 6: Waveform of DC traction power supply system of the section from Olympic Center to Chongwei of Guangzhou Metro Line 4 tested
in actual.

After calculation of upward and downward contact line
system and rail voltage distribution across the Guangzhou
Metro Line 4 based on the DC traction power supply system
structure, parameters, the position and power distribution of
the train, and comparison with the data tested in actual, the
results are as in Figures 5 and 6.

From up to down of Figure 5 or Figure 6, these curves
are upward contact line system voltage, upward rail voltage,
downward contact line system voltage, and downward rail
voltage. We can see, by comparing Figure 6 with Figure 5,
the simulation waveform of upward and downward contact
line system and rail voltage distribution across the section
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from Olympic Center to Chongwei of Guangzhou Metro
Line 4 achieves high conformity (the max error is 10%)
with the waveform provided by the authoritative literature;
thus, the correctness of the self-adaptive real-time dynamic
mathematical modeling method of DC traction power supply
system for urban mass transit presented in this paper is well
proven.

4. Conclusion
The self-adaptive real-time dynamic mathematical modeling
method of DC traction power supply system for urban
rail presented in this paper mainly includes four parts: the
regular sequences of the nodes on both ends of the traction
substation and that of the locomotive; arrangement of the
nodes according to location coordinates and storage in the
arrays; automatic generation of equivalent circuit diagram of
DC traction power supply system based on the node arrays;
automatic generation of node admittance network equation
of DC traction power supply system with self-adaption based
on the equivalent circuit diagram and according to the node
arrays and input parameter files.
The self-adaptive real-time dynamic mathematical modeling method assumes that the traffic flow or power of
the train is distributed between the traction substations
integrated by the traction network, which makes the mathematical model more in line with the actual circumstances of
the DC traction power supply system for urban mass transit.
The self-adaptive real-time dynamic mathematical modeling method can calculate the voltage, current, or power of
the whole line’s traction substation or trains of DC traction
power supply system.
This paper solves the key technical modeling problem
caused by DC traction power supply system network structure time-varying characteristics, so that the mathematical
model of DC traction power supply system can be generated
adaptively and dynamically in real time under the circumstances that the quantities and locations of traction substation
are input arbitrarily and the quantities and positions of
locomotive change over time.
The algorithm has high adaptive ability, which offers a
powerful tooling support for design and research of DC
traction system for urban mass transit.
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This paper focuses on the two-echelon location routing problem with time constraints in city logistics system. The aim is to define
the structure of a system which can optimize the location and the number of two different kinds of logistics facilities as well as the
related routes on each echelon. A mathematic model considering the problem characteristics has been set up. Based on probability
selection principle, this paper first puts forward a metaheuristic algorithm with comprehensive consideration of time and space
accessibility to solve it. Then, random instances of different sizes are generated to verify the effectiveness of our method.

1. Introduction
Many cities find it challenging to set up a high-efficiency
city logistics system to increase the freight efficiency of city
freight vehicles and decrease the impact of city distribution
on city living conditions [1]. In China, more and more cities
have been making great effort to reduce traffic in the city
center, by creating peripheral logistic platforms or transfer
stations, from which only smaller vehicles are allowed to go
downtown. Therefore, the bigger-capacity trucks are usually
prohibited from entering the city center, and the smaller
trucks provide most of the distribution activities within the
city. Multiechelon, especially two-echelon logistics system,
has been becoming the most common version in practice [2].
The service providers in this system usually need to deliver on
or before the time requested by the customer. In consequence,
how to select locations for the node facilities of the system,
how to dispatch vehicles, and how to plan appropriate vehicle
routes have become the key problems in the city logistics
system optimization [3].
Transportation route optimization is a long-term research
hotspot in the logistics system optimization field. Early
in 1959, Dantzig [4] put forward Vehicle Routing Problem (VRP). Afterwards, various problems extended from

VRP attracted extensive attention, such as time constraints,
abnormal shape, open type, and backhauls. Two-Echelon
Vehicle Routing Problem (2E-VRP) is an extension, aiming at
the transportation routing problem of two-echelon logistics
system. It was raised by Jacobsen early in 1980 [5]. Since
2E-VRP is an NP problem, which is more complicated than
classical VRP, its solution algorithm has got wide attention.
It includes deterministic algorithm and heuristic algorithm.
In 2008, Crainic et al. [6] and Taniguchi et al. [7] put
forward a heuristic algorithm based on cluster, by which
they applied two single echelon vehicle routing problems to
replace 2E-VRP problem and then got iterative solution of
the two subproblems. In 2009, Perboli et al. [8] put forward
some effective inequality constraints and applied branch
and bound methods to solve 2E-VRP problem; however,
such deterministic algorithm is only applicable to smallscale problem. In 2011, Perboli et al. [9] have additionally
built two heuristic algorithms to solve 2E-VRP problem. In
brief, seeking high-quality and high-efficiency algorithm has
become the striving direction in this field.
The above problems only refer to tactical planning
decision-making. When a problem extends to the decisionmaking on both strategic and tactical planning, 2E-LRP
problem is put forward, but few scholars have carried out

2
research on this issue. Alumur and Kara [10] once built a
multiple-target MIP model for the two-echelon LRP problem
of a hazardous substance and got a solution through CPLEX.
Sterle [11] and Boccia [12] applied tabu search algorithm to
solve 2E-LRP problem. Nguyen et al. [13, 14] applied four
present constructive heuristics and a hybrid metaheuristic to
solve 2E-LRP problem. Considering a 2E-LRP problem with
capacity limitation, Contardo et al. [15] built two-subscript
vehicle follow model, applied branch and cut algorithm for
solution, and got lower bound of the model. They put forward
self-adaption large-scale neighborhood search algorithm and
got upper bound of the model. Zhao [16] built a heterogeneous fleet two-echelon capacitated location-routing model
for joint delivery arising in city logistics.
The existing algorithms aiming to solve the 2E-LRP problem mentioned above mainly focused on tabu search algorithm and large-scale neighborhood search algorithm. There
are few heuristic algorithms taking the problem structure
characteristics into account. Considering two-echelon location routing problem with time constraints in city logistics
system and its characteristics, this paper has set up relevant
data structure and mathematic model and put forward a
metaheuristic algorithm with comprehensive consideration
of time and space accessibility and application of probability
selection principle. To verify effectiveness of the algorithm,
this paper has built relevant calculation instances for solution.
The remainder of this paper is organized as follows: the
description of the problem and a mathematical model are
presented in Section 2; the proposed algorithm is introduced
in Section 3. Experimentation and concluding remarks are
discussed in Sections 4 and 5, respectively.

2. Problem Description
The problem can be described as follows. The two-echelon
city logistics network normally consists of a series of known
distribution centers, potential transfer stations, and known
customers. Due to practical problems, such as city transportation environment and transportation efficiency, goods
are distributed first from distribution centers, via transfer
stations, and finally sent to customers within given time.
In the system, distribution centers, transfer stations, and
relevant routes constitute first-echelon city logistics network;
transfer stations, customers, and relevant routes constitute
second-echelon city logistics network. Under the conditions
such as known customers’ geographical position and quantity
demand, distribution centers and potential transfer stations’
geographical position, and capacity limitation and vehicles’
capacity limitation in the logistics network at all echelons, we
try to solve problems, including facilities locating, rationing,
and vehicle routing in the two-echelon logistics network, to
minimize the total cost.
An illustrative example of the two-echelon logistics system is given in Figure 1. The overall system is expressed as
graph 𝐺 = (𝑁, 𝐸), in which node set 𝑁 = 𝑃 ∪ 𝑆 ∪ 𝐶 means set
of distribution centers, transfer stations, and customers and 𝐸
means set of edges. Let 𝐶 be a set of customer demands. The
demand of each customer 𝑖 (1 ≤ 𝑖 ≤ 𝑘) is expressed as twotuple combination 𝑐𝑖 = (𝑤𝑖 , 𝑑𝑖 ), in which 𝑤𝑖 ∈ 𝑅+ means this
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Figure 1: Example of the two-echelon logistics system.

customer’s demands quantity; 𝑑𝑖 ∈ 𝑅+ means this customer’s
required date for receiving the goods before 𝑑𝑖 ; that is, the
time window of customer demand is [0, 𝑑𝑖 ].
Distribution center set 𝑃 consists of 𝑚 distribution
centers; any distribution center 𝑝𝑖 (1 ≤ 𝑖 ≤ 𝑚) is expressed
as two-tuple combination 𝑝𝑖 = (𝑝𝑐𝑖 , 𝑝𝑙𝑖 ), in which 𝑝𝑐𝑖 ∈
𝑅+ means fixed cost of the distribution center; once the
distribution center is used, the fixed cost occurs; 𝑝𝑙𝑖 ∈
𝑅+ means maximum load of the distribution center; the
distribution center cannot allow overload; that is, the loading
of distribution center cannot exceed 𝑝𝑙𝑖 .
Transfer station set 𝑃 consists of 𝑛 transfer stations, any
transfer station 𝑠𝑖 (1 ≤ 𝑖 ≤ 𝑛) is expressed as two-tuple
combination 𝑠𝑖 = (𝑠𝑐𝑖 , 𝑠𝑙𝑖 ), in which 𝑠𝑐𝑖 ∈ 𝑅+ means fixed cost
of transfer station; once the transfer station is used, the fixed
cost occurs; 𝑠𝑙𝑖 ∈ 𝑅+ means maximum load of the transfer
station; that is, the transferred goods quantity of transfer
station cannot exceed 𝑠𝑙𝑖 .
The transportation between distribution centers and
transfer stations is the first-echelon transportation, and the
limited capacity of each first-echelon vehicle is represented
as 𝐿 1 . Correspondingly, the transportation between transfer
stations and customers is the second-echelon transportation,
and the limited capacity of each second-echelon vehicle is
expressed as 𝐿 2 ; obviously, considering the practical conditions, there is 𝐿 1 > 𝐿 2 .
The edge between any two nodes 𝑁1 , 𝑁2 ∈ 𝑃, ∪𝑆 ∪
𝑁
𝑁 𝑁
𝑁
𝐶 is expressed as 𝐸𝑁21 = (𝑐𝑁12 , 𝑡𝑁21 ), in which 𝑐𝑁12 ∈
𝑅+ means the transportation cost of single vehicle at the
𝑁
transportation echelon; 𝑡𝑁21 ∈ 𝑅+ means the time for finishing
the transportation between the two nodes. When 𝑁1 , 𝑁2 ∈
𝑃 ∪ 𝑆, the first-echelon transportation occurs; when 𝑁2 ∈
𝐶 ∧ 𝑁1 ∈ 𝑆 ∪ 𝐶, the second-echelon transportation occurs.
If there is no direct transportation route between two nodes,
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𝑁

it is expressed as 𝐸𝑁21 = 0. Since direct transportation cannot
be realized between distribution centers and customers, it is
𝑁
𝑁
obvious that when 𝑁1 ∈ 𝑃 ∧ 𝑁2 ∈ 𝐶, 𝐸𝑁21 = 𝐸𝑁12 = 0 occurs.
Vehicle 𝑇𝑖 can be expressed as 𝑇𝑖 = {𝑝𝑎𝑡ℎ𝑖 , {𝐶𝑇𝑖 }}, in
𝑁

𝑁

𝑁

} means that vehicle 𝑇𝑖
which 𝑝𝑎𝑡ℎ𝑖 = {𝐸𝑁21 , 𝐸𝑁32 , ..., 𝐸𝑁𝑘+1
𝑘
𝑁

𝑁

𝑁

must pass 𝑘 edges of 𝐸𝑁21 , 𝐸𝑁32 , ..., 𝐸𝑁𝑘+1
and nodes including
𝑘
𝑁1 , 𝑁2 , ..., 𝑁𝑘+1 to finish the transportation task; {𝐶𝑇𝑖 } =
{𝐶1𝑇𝑖 , 𝐶2𝑇𝑖 , ..., 𝐶𝑘𝑇𝑖 } means that the goods of vehicle 𝑇𝑖 contain
the transportation demand of 𝑘 customers. The time of
𝑁
vehicle 𝑇𝑖 passing node 𝑁𝑗 is expressed as 𝑡𝑇𝑖𝑗 , which represents the total time of vehicle 𝑇𝑖 that starts from 𝑁1 , passes
𝑁2 , 𝑁3 , ..., 𝑁𝑗−1 , and reaches 𝑁𝑗 ; the total time of vehicle 𝑇𝑖 is
𝑁
𝑡𝑇𝑖𝑘+1 . The

total goods weight
expressed as 𝑡𝑇𝑖 ; obviously, 𝑡𝑇𝑖 =
of vehicle 𝑇𝑖 is expressed as 𝑊𝑇𝑖 = ∑𝑐𝑗 ∈{𝐶𝑇 } 𝑤𝑗 .
𝑖

To meet any customer’s demand 𝑐𝑖 , the goods must be
transported by two different vehicles, which are responsible for the first-echelon and second-echelon transportation
tasks, respectively. Therefore, the path of demand 𝑐𝑖 can be
expressed as 𝑝𝑎𝑡ℎ𝑐𝑖 = (𝑝𝑐𝑖 , 𝑠𝑐𝑖 , 𝑇𝑖1 , 𝑇𝑖2 ), which means that
the goods path of 𝑐𝑖 starts from distribution center 𝑝𝑐𝑖 ,
transported by vehicle 𝑇𝑖1 to transfer station 𝑠𝑐𝑖 , after being
transferred by vehicle 𝑇𝑖2 to the customer. In the process, 𝑐𝑖
must pass all edges of 𝑇𝑖1 before arriving at 𝑠𝑐𝑖 and must pass
all edges of 𝑇𝑖2 before arriving at the customer. In this paper,
we set that the customer demands cannot be split.
Since customer requires finishing delivering task within
a certain time constraint, it is necessary to consider the
time consumed in the whole transportation process. The
total consumed time includes three parts: (1) time for the
𝑠𝑐
first-echelon transportation, expressed as 𝑡𝑇𝑖1 ; (2) time for
𝑖

𝑐

the second-echelon transportation, expressed as 𝑡𝑇𝑖 2 ; and (3)
𝑖
waiting time at transfer station 𝑠𝑐𝑖 . The waiting time of vehicle
means that, in the process of the first-echelon transportation,
the goods to be transported by vehicle 𝑇𝑖2 may be from
different first-echelon transporting vehicles, and the arrivals
of these vehicles are not at the same time. Although the goods
of 𝑐𝑖 arrive at transfer station 𝑠𝑐𝑖 , it is required to wait for
arrival of other goods and then to realize the dispatch; this
period constitutes the waiting time. The length of waiting
time depends on the time taken for the arrival of the goods
transported by the 𝑐𝑖 -used same vehicle to the transfer station
during the second-echelon transportation; the waiting time
𝑠𝑐
𝑠𝑐
is expressed as 𝑤𝑡𝑐𝑖 = max{𝑡𝑇𝑖1 | 𝑇𝑗2 = 𝑇𝑖2 } − 𝑡𝑇𝑖1 . It needs to be
𝑗

𝑖

noticed that all goods demands are known, and the goods of
distribution center can be prepared in advance. Therefore, no
waiting time is consumed in the distribution center.
The plan of the given system is a set of all customer
demands and 𝑐𝑖 -related vehicles and paths, which is expressed
as follows.
Set 𝑈𝑃 = {𝑢𝑝1 , 𝑢𝑝2 , ..., 𝑢𝑝𝑚 } is expressed as the use
condition of distribution center, in which 𝑢𝑝𝑖 (1 ≤ 𝑖 ≤ 𝑚)
is a 0-1variable. 𝑢𝑝𝑖 = 1 means that the distribution center is
used; otherwise, the distribution center is not used.

Set 𝑈𝑆 = {𝑢𝑠1 , 𝑢𝑠2 , ..., 𝑢𝑠𝑛 } is expressed as the use
condition of transfer station, in which 𝑢𝑠𝑖 (1 ≤ 𝑖 ≤ 𝑛) is a
0-1variable. 𝑢𝑠𝑖 = 1 means that the transfer station is used;
otherwise, the transfer station is not used.
𝑁
Set 𝑅 = {𝑟𝑁12 } means the set of all paths in the result, in
𝑁

which 𝑟𝑁12 ∈ 𝑁+ means the number of vehicles from node 𝑁1
to node 𝑁2 .
Finally, the cost of the whole plan can be expressed as the
sum of fixed cost of distribution centers, fixed cost of transfer
centers, and path-to-path transportation cost; that is,
𝑍 = ∑ 𝑢𝑝𝑖 ∗ 𝑝𝑐𝑖 + ∑ 𝑢𝑠𝑖 ∗ 𝑠𝑐𝑖 +
𝑝𝑖 ∈𝑃

∗

𝑠𝑖 ∈𝑆

∑
𝑁1 ,𝑁2 ∈{𝑃,𝑆,𝐶}

𝑁

𝑟𝑁12
(1)

𝑁
𝑐𝑁12

A correct plan must satisfy the following constraints:
𝑠𝑐

𝑐

𝑡𝑇𝑖1 + 𝑡𝑇𝑖 2 + 𝑤𝑡𝑐𝑖 ≤ 𝑑𝑖

(2)

𝑊𝑇𝑖 ≤ 𝐿

(3)

𝑖

𝑖

∑
𝑇𝑖 ⊂𝑙𝑒V𝑒𝑙 1

∑
𝑝𝑗 ⊂𝑝𝑎𝑡ℎ𝑇𝑖

∑
𝑠𝑗 ⊂𝑝𝑎𝑡ℎ𝑇𝑖

𝑊𝑇𝑖 =

∑
𝑇𝑖 ⊂𝑙𝑒V𝑒𝑙 2

𝑊𝑇𝑖

(4)

𝑊𝑇𝑖 ≤ 𝑝𝑙𝑗

(5)

𝑊𝑇𝑖 ≤ 𝑠𝑙𝑗

(6)

Constraints (2) imply that all customer demands must be
completed within the specified time constraints. Constraints
(3) ensure that any vehicle cannot be overloaded, in which 𝐿
depends on the echelon on which the vehicle lies. As for the
first-echelon vehicle, 𝐿 = 𝐿 1 ; otherwise, 𝐿 = 𝐿 2 . Constraints
(4) indicate that the total amount brought to all transfer
stations by the bigger-capacity trucks must be equal to the
total demand of customers assigned to these transfer stations.
Constraints (5) and Constraints (6) state that any goods
through distribution centers and transfer stations cannot
exceed the load limit.

3. Algorithm
3.1. Algorithm Framework. Since the above problems are NPhard problems, this paper has designed a Heuristic Algorithm
Based on Probability (HABP) for solution. The main ideas of
the algorithm are the following:
(a) In line 1, HABP seeks initial solution by function
InitialSolution(G), which takes the Graph G as input. InitialSolution(G) computes a solution by FirstFit(FF) mechanism
and return.
(b) Weight number distribution: in line 2, according to the
node-to-node comprehensive space-time distance consisting
of single-vehicle transportation cost and transportation time,
the function STDistance(node) makes initial processing of
graph 𝐺 in the system to distribute initial value for each node.
(c) Iterative solution: in lines 3 to 5, based on the current
solution and initial value, the HABP chooses customer
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Input: two-echelon routing graph 𝐺
Output: New solution 𝑉
1. 𝑉 = InitialSolution(𝐺);
2. for every node in G : value(node) = STDistance(node);
3. for 1 to maxIterationNum do
4. 𝑉 = RandomRePath();
5. endfor;
6. return 𝑉;

Input: two-echelon routing graph 𝐺
Output: An initial solution 𝑉
1. for every customer demand do
2. for i = 1 to m do
3.
for j = 1 to n do
𝑠𝑐
𝑠𝑐
4.
if(𝐸𝑝𝑐𝑖 ≠ 0 ∧ 𝐸𝑐𝑠𝑖𝑐 ≠ 0 ∧ 𝑡𝑝𝑐𝑖 + 𝑡𝑐𝑠𝑖𝑐 ≤ 𝑑𝑖 )
𝑠𝑐

𝑖

𝑖

𝑖

5.
𝑟𝑝𝑐𝑖 + = 1; 𝑟𝑠𝑐𝑖𝑐 + = 1;
𝑖
𝑖
6.
break;
7. return 𝑉;

𝑖

Algorithm 1: HABP algorithm framework.
Algorithm 2: FirstFit.

nodes for optimization and replaces the current solution
when finally better solution is found, where the function
RandomRePath() is the core function of the algorithm, which
seeks better solution in the iteration. RandomRePath() will be
explained in detail in Section 3.3.
(d) Algorithm termination: when the number of iterations reaches the designated value, stop the search.
The pseudocodes of HABP algorithm framework are
shown in Algorithm 1.
3.2. Composition of Initial Solution. A given two-echelon
routing graph 𝐺 with time constraints consists of 𝑚 distribution centers, 𝑛 transfer stations, and 𝑘 customer demands.
At the beginning of heuristic algorithm, we search for an
initial solution one by one at first and then take it as the
starting point for optimizing. For the algorithm in this paper,
we adopt FirstFit (FF) algorithm to generate initial solution.
The main ideas of FF algorithm are as follows: for the
demand of each customer, we successively search for all
potential routes. The first route satisfying the requirements
is selected as the route for the demand. Here, we put aside the
concentration of goods, assuming that all goods directly start
off from the distribution center, arrive at the transfer station,
and finally get to the customer. The optimizing is done in
the later process of algorithm. In the process of searching for
initial route, the two conditions should be met:
(a) As for route 𝑝𝑐𝑖 → 𝑠𝑐𝑖 → 𝑐𝑖 satisfying any customer
𝑠𝑐
demand 𝑐𝑖 , this route is interconnected; that is, 𝐸𝑝𝑐𝑖 ≠ 0, 𝐸𝑐𝑠𝑖𝑐 ≠
𝑖
𝑖
0.
(b) This route transportation can meet the time require𝑠𝑐
ment of customer demand; that is, 𝑡𝑝𝑐𝑖 + 𝑡𝑐𝑠𝑖𝑐 ≤ 𝑑𝑖 .
𝑖
𝑖
The algorithm of initial solution is shown in Algorithm 2.
3.3. Optimizing Strategy. For a given two-echelon routing
graph 𝐺 and initial solution, it is required to utilize optimizing
strategy to seek better feasible solution and replace current
solution. In the optimizing process, heuristic algorithm
usually adopts random method to generate new solution and
compare it with current solution. In this process, random
strategy directly influences algorithm convergence rate. In
HABP, problem solution means a vehicle operating plan satisfying all customer demands in 𝐺 in transportation quantity
and time. For two different solutions, on the condition that
the time demand of all customers is satisfied, the solution
with less total cost is the better one. In the process of seeking

better solution, in order to improve convergence rate, it is
required to choose a random value with bigger probability
to obtain better solution when new solution is generated.
Therefore, in the optimizing process, HABP puts forward
the concept of selective probability and puts forward an
optimizing mode based on probability. This mode contains
the following steps:
Step 1. Allocate initial value for all nodes.
Step 2. Distribute probability for all demands and select
optimizing node according to probability, based on the initial
value and current solution of nodes.
Step 3. Replan for the selected node, generate new solution,
and accept new solution with certain probability according to
the comparison of new and old solutions.
Step 4. Return the optimal solution obtained in the process
as a result.
3.3.1. Initial Value of Node. In the two-echelon location
routing environment, it is not completely equivalent between
nodes. For example, for a customer demand, there are two
transfer station nodes 𝑠1 and 𝑠2 for choice, and the two routes
have the same cost, but 𝑠1 has better connectivity than 𝑠2 ; that
is, 𝑠1 is connected with more other nodes and has better cost;
it is obvious that 𝑠1 is a better choice for this demand, for it
has more possibility to share the transportation resource with
other demands and bring optimization of total cost. Here,
connectivity is measured from the two aspects of cost and
time. About initial value, we consider that the node with less
average cost and average time shall have higher probability
for route accession.
The cost and time initial values of various nodes are
calculated in the formula below.
About distribution center node 𝑝𝑖 , its initial value is the
mean value of the route of all transfer stations connected with
it; that is,
𝑠

V𝑐𝑝𝑖 =

∑𝐸𝑠𝑗 =0̸ 𝑐𝑝𝑗𝑖
𝑝𝑖

𝑛𝑢𝑚𝑝𝑖
𝑠

V𝑡𝑝𝑖 =

∑𝐸𝑠𝑗 =0̸ 𝑡𝑝𝑗𝑖
𝑝𝑖

𝑛𝑢𝑚𝑝𝑖

,
(7)
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In the formula, 𝑛𝑢𝑚𝑝𝑖 means the number of transfer
station nodes with route to connect node 𝑝𝑖 ; V𝑐𝑝𝑖 means the
initial cost of distribution center node 𝑝𝑖 , whose value is the
mean cost value of the route connecting transfer stations;
similarly V𝑡𝑝𝑖 means the initial time of distribution center
node 𝑝𝑖 , whose value is the mean time value of the route
connecting transfer stations.
Correspondingly, for distribution center node 𝑠𝑖 , its initial
value is the mean value of the route of all distribution centers
connected with it; that is,
V𝑐𝑠𝑖 =

𝑠𝑖

𝑛𝑢𝑚𝑠𝑖

(8)

𝑠𝑖

𝑛𝑢𝑚𝑠𝑖

For distribution center node 𝑐𝑖 , its initial values and mean
values of all potential direct routes include the values from
𝑐𝑖 to transfer station node and from transfer station node
to distribution center, since the values from transfer station
node to distribution center can be expressed as V𝑐𝑠𝑖 and V𝑡𝑠𝑖 ,
which are formulated as follows:
𝑠

V𝑐𝑐𝑖 =

𝑐𝑖

𝑛𝑢𝑚𝑐𝑖
𝑠

V𝑡𝑐𝑖 =

∑𝐸𝑠𝑗 =0̸ 𝑡𝑐𝑖𝑗 + V𝑡𝑠𝑗

,
(9)

𝑐𝑖

𝑛𝑢𝑚𝑐𝑖

It should be noted that, for transfer station node and
customer node, the initial value does not take the path
between the same nodes into account. This is because the
path between the same nodes does not represent the actual
capacity of the node but only reflects the convenience in
combining goods.
3.3.2. Selection of Optimizing Nodes. For a given graph 𝐺 and
a current solution 𝑉, 𝑉 consists of distribution center utility
state set 𝑈𝑃, transfer center utility state set 𝑈𝑆, and route set
𝑅. The optimizing process means seeking a new solution with
cost and time advantages by adjusting the content of current
solution. For the algorithm in this paper, the optimizing
process consists of two parts: determination of optimizing
node and construction of new solution, in which selection of
optimizing node is to determine the adjustment of current
solution. In this algorithm, we assign probability to each
customer demand, take random selection of customer node,
and replan its route for optimization, based on node initial
value and current solution.
At first, we should define the cost of all demands in the
current solution. For any demand, finishing the transportation may include four kinds of routes: (1) 𝑃 → 𝑆; (2) 𝑆 →
𝑆; (3) 𝑆 → 𝐶; and (4) 𝐶 → 𝐶. Among the four routes,
route 1 and route 3 are the unique paths that the goods must
pass, while route 2 and route 4 are not unique. For any of the
routes, the vehicle may carry goods from multiple customers.

(10)

𝑁

∑
𝑁
1

𝐸𝑁2 ∈𝑝𝑎𝑡ℎ𝑐𝑖

∑𝐸𝑝𝑗 =0̸ 𝑡𝑠𝑖𝑗

∑𝐸𝑠𝑗 =0̸ 𝑐𝑐𝑖𝑗 + V𝑐𝑠𝑗

𝑤𝑖
𝑊𝑇

In the above formula, 𝑊𝑇 means load of vehicle 𝑇 on this
route. For demand 𝑐𝑖 of 𝑝𝑎𝑡ℎ𝑐𝑖 , its 𝑐𝑜𝑠𝑡𝑖 can be formulated as
follows:

,

𝑝

V𝑡𝑠𝑖 =

𝜆𝑖 =

𝑐𝑜𝑠𝑡𝑖 =

𝑝

∑𝐸𝑝𝑗 =0̸ 𝑐𝑠𝑖 𝑗

Therefore, the transportation costs are shared by multiple
customers. Those costs are accounted on one-route vehicle 𝑇;
proportion of demand 𝑐𝑖 is formulated as 𝜆 𝑖 :

𝜆 𝑖 ∗ 𝑐𝑁12

(11)

Considering the time cost of 𝑐𝑖 , in accordance with the
definition, the transfer of all vehicles only occurs in the
transfer from the first-echelon transportation to the secondechelon transportation; therefore, 𝑐𝑖 transportation shall and
shall only be realized through the two vehicles 𝑇𝑖1 and 𝑇𝑖1 , with
the total time as follows:
𝑠𝑐

𝑐

𝑡𝑖 = 𝑡𝑇𝑖1 + 𝑡𝑇𝑖 2 + 𝑤𝑡𝑐𝑖
𝑖

𝑖

(12)

According to the above parameters, we can assign the
probabilities that are selected for optimization to different
demands. We should make an analysis on the aspects of cost
and time. As for the cost, a demand that requires high cost
in the current solution, it must get distribution of higher
probability, for such demand may have higher possibility
for optimization. As a reference, the ratio of initial value
to current cost 𝑐𝑜𝑠𝑡𝑖 /V𝑐𝑐𝑖 can be considered as one of basic
parameters for probability assignment. As for the time, any
demand must meet the requirement of deadline; any delivery
within the deadline shall be consistent in effect. However,
generally, it is hoped to realize the delivery ahead of the
deadline, under the condition that the cost is not raised. In
fact, it can also improve the customer satisfaction. In this
paper, we define the time impact factor of 𝑐𝑖 as 𝜒𝑖 , which is
formulated as follows:
1
{
{
𝜒𝑖 = { 𝑡𝑖
{
{ V𝑡𝑐𝑖

𝑡𝑖 ≤ V𝑡𝑐𝑖
𝑡𝑖 > V𝑡𝑐𝑖

(13)

In formula (13), when the time consumption of demand
𝑐𝑖 is higher than the mean value in the current solution, a
time impact factor (>1) is assigned to it, so that it has higher
probability to be selected for optimization.
To sum up, in the HABP algorithm, the probability 𝑝𝑖
that a demand 𝑐𝑖 is selected for optimization is formulated as
follows:
𝑝𝑖 =

𝑐𝑜𝑠𝑡𝑖 ∗ 𝜒𝑖
∑𝑐𝑗 ∈{𝐶} 𝑐𝑜𝑠𝑡𝑗 ∗ 𝜒𝑗

(14)

3.3.3. Construction and Acceptance Strategy of New Solution.
After all demands are assigned with probabilities, we make
a random selection of a demand for optimization on the
probability base. The optimizing method is to cancel existing
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route and reselect a new route for this demand. In the
selection process, the following factors should be considered:
(a) Access point: for the route of a demand 𝑐𝑖 , in the final
section of the route, two possibilities may occur: starting from
the transfer station node or starting from the customer node.
It is clear that, in view of cost, “vehicle pooling” is useful
for control of comprehensive cost. Therefore, during the
planning of new route, “vehicle pooling” should be realized
as much as possible under the premise that time and load
constraints are not exceeded.
(b) Treatment of original route: for the generation of new
route, it is required to cancel the original route. Considering
the following conditions, the vehicle transporting for a certain demand 𝑐1 on the second-echelon route has a route in the
current solution, expressed as {𝑠0 , 𝑐1 , 𝑐2 }. When 𝑐1 is selected
as the optimization node, route 𝐸𝑐𝑠10 becomes unnecessary; at
this time, if 𝐸𝑐𝑠20 ≠ 0, we should make a comparison of the cost
and time results between original route {𝑠0 , 𝑐1 , 𝑐2 } and new
route {𝑠0 , 𝑐2 }; the better one shall be selected.
(c) Load: during the construction of new route, load is
an important factor for consideration. At first, it should be
ensured that no overload occurs. Here, “overload” includes
overload of all nodes and overload of all vehicles in the whole
transportation. For the overload route, probability should not
be assigned. With no overload, we hope to select the route
loaded with bigger loading capacity, because this means a
reduction of unit transportation cost.
(d) Time: the time consumption must be lower than the
time constraint of the demand.
(e) Selection of transfer station and distribution center
nodes. During the construction of new route, we should select
the transfer station and distribution center route which can
bring better solution.
Considering the above constraints, the construction of
new route can be implemented in the following steps:
(a) Selecting access point: at first, we should select access
point for the demand. In this algorithm, we also apply the
mode based on probability; that is, the node with shorter
distance shall get higher probability to become the access
𝑐
point for node optimization. For the set {𝑁𝑗 | 𝐸𝑁𝑖 𝑗 ≠ 0} of
the given to-be-optimized demand 𝑐𝑖 and all nodes connected
with it, the probability that 𝑁𝑗 is selected as the access point
is formulated as follows:
𝑐

𝑝𝑁𝑗 =

1/𝑐𝑁𝑖 𝑗

𝑐

∑𝐸𝑐𝑖 =0̸ 1/𝑐𝑁𝑖

(15)

𝑁

(b) Constructing route: after the access point is selected,
we shall reconstruct the route. During the route construction,
we should consider the influence of different access points.
When the selected access point is the customer node, in fact,
it is unnecessary to reconstruct a new route; it is only required
to add an edge based on the route of the access point. Three
conditions need to be met: the load is sufficient; the time
constraint is satisfied; the access point is the end point of the
vehicle path. If and only if the three conditions are satisfied,
we add the edge between the access point and demand node
on the vehicle route of the access point, which is regarded as

the new route of the demand. When the selected access point
is the transfer station node, the route shall be constructed in
the following steps.
At first, we assign probability to the transfer station node.
Similar to the preceding method, the route construction
also applies probability-based method. The probability that
transfer station node 𝑠𝑗 is selected is formulated as follows:
𝑠

𝑝=

1/𝑐𝑐𝑖𝑗 ∗ (1 + 𝑝𝑆𝑗 ) /2
𝑠

∑𝐸𝑠𝑐𝑘 =0̸ 1/𝑐𝑐𝑖𝑘 ∗ (1 + 𝑝𝑠𝑘 ) /2
𝑖

=

(1 + 𝑝𝑆𝑗 ) ∗ ∑𝐸𝑠𝑐𝑘 =0̸ 𝑐𝑐𝑠𝑖𝑘

(16)

𝑖

𝑠

𝑐𝑐𝑖𝑗 ∗ ∑𝐸𝑠𝑐𝑘 =0̸ (1 + 𝑝𝑠𝑘 )
𝑖

In Formula (16), 𝑝𝑠𝑗 means the probability that the node
𝑆𝑗 is chosen for optimization. (1+𝑝𝑠𝑗 )/2 is used to standardize
the probability and balance the probability of all nodes. It
can avoid the local optimization where the top of the formula
means the result of standard probability that the node can be
chosen. The bottom of the formula means the total result of
all nodes, so the formula presents the final probability that the
note 𝑆𝑗 can be chosen.
Formula (16) shows that the probability that transfer
station node 𝑠𝑗 is inversely proportional to the distance
between 𝑐𝑖 and 𝑠𝑗 . In addition, since transfer station’s fixed
cost occupies a fairly large proportion in the comprehensive
cost, we reduce by half the probability that unused transfer
station node is selected. In random method, we are able
to select transfer station node. Similarly, after selection of
transfer station node, we can also search for distribution
center node and finally construct a complete route.
3.3.4. Acceptance of Route. After a route is completed, we
should judge whether the route is acceptable. Firstly, the route
must satisfy the load and time constraints; if not, such route
should be given up. Secondly, after the route is constructed, if
the total cost is better than the current solution, such current
solution shall be replaced. However, we should not simply
give up the new solution whose total cost fails to be better
than the current solution. Otherwise, the algorithm may fall
into local optimum. Here we assign accepted probability to
the new route. In the algorithm operating process, with the
increase of iterations, the current solution is continuously
approaching the optimal solution. Thus, in accordance with
the relations between current iterations and maximum iterations, we define acceptance probability as follows:
𝜆=

𝐼
∗𝛼
𝐼𝑚𝑎𝑥

(17)

In the above formula, 𝜆 means acceptance probability,
𝐼 means current iterations, 𝐼max means maximum iterations
of the system, and 𝛼 is a constant, which means the datum
acceptance probability of the system. On the basis of probability, if the system accepts the route mentioned above, the
current solution shall be replaced; if not, this route shall be
given up.
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Input: Two-echelon routing graph 𝐺, Current solution 𝑉
Output: New solution 𝑉
1. Compute the initial value for every node by Formula (15)
2. for 1 to maxIterationNum do
3. 𝑐 = ChooseCustomer();
4. n = ChooseLinkNode(𝑐);
5. if (n ∈ C)
6.
AddPath(𝑐, 𝑛);
7.
if(acceptPath() == true)
8.
uptate(𝑉);
9.
Endif;
10. else
11.
RePath(𝑐, 𝑛);
12.
if(acceptPath() == true)
13.
uptate(𝑉);
14. Endif;
15. Endif;
16. Endfor;
14. return 𝑉;
Algorithm 3: RandomRePath.

3.3.5. Improvement Process. Algorithm 3 shows the pseudocodes in the improvement process.
In Algorithm 3, line 1 computes the initial value of all
nodes. The optimization iteration is executed in lines 2-16. In
line 3, the function ChooseCustomer() chooses a customer
to be optimized randomly as described in Section 3.3.2. The
function ChooseLinkNode() chooses the previous link node
based on the connection graph in line 4, as described in
Section 3.3.3. In line 5, if the previous link node is a customer
node, the algorithm constructs a new path and compares
the result with the current result by function acceptPath().
If acceptPath() returns “true,” the algorithm takes the new
result as the current result. In lines 10-14, if the previous link
node is a satellite node, the algorithm uses function RePath()
to construct a new result and compares it to decide whether
to accept it as described in Section 3.3.4.

4. Computational Experiments
In this section, we present the results of the computational
testing. To the best of our knowledge, there is no suitable
standard benchmark for the problem considered here. Therefore, the main experiments were carried out on a number
of randomly generated test instances, specially designed to
reflect the sizes and peculiarities of real-world distribution
problems.
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(d) the capacity of the first-floor vehicles which is set as 1500,
(e) the capacity of the second layer vehicle which is set as 900,
and (f) the number of algorithm iterations which is set as 1000
times.
It should be noted that the scale of the experiment in
this paper is set from 0 to 500. Generally speaking, for
any optimization algorithm, one must supply some termination conditions specifying when the algorithm halts. In
the experiment of this paper, we have tested that, after 1000
iterations of the system, the optimization effect becomes
weaker. That is, it can obtain a better solution. In addition,
the system sets a uniform number of iterations, which can
eliminate noises in different iterations and pay more attention
to the optimization effect of the algorithm itself. Therefore
1000 is set as the number of iterations. When the system
needs to deal with large-scale problems, it only needs to
add the termination condition to the algorithm. The system
will automatically terminate when the convergence speed is
reduced. All randomly generated values follow the following
methods:
V𝑎𝑙𝑢𝑒 = 𝑎 + 𝑏 ∗ 𝑟𝑎𝑛𝑑 () ∗ 𝑠

(18)

where 𝑎 is the lowest value and 𝑟𝑎𝑛𝑑() is the random
value, whose values are real numbers between 0 and 1. 𝑏
represents the coefficients of two random values; 𝑠 denotes
the scaling factor which is used to expand the random range
and calculated by 𝑠 = 𝑐 ± 𝑑 ∗ 𝑟𝑎𝑛𝑑(), where 𝑐 and 𝑑 represent
the minimum size coefficient and the scale factor parameter,
respectively. Therefore, the value of 𝑠 is a real number whose
value is between 𝑐 − 𝑑 and 𝑐 + 𝑑. When 𝑐 = 1 and 𝑑 = 0, it
means that the value does not need to be scaled. The values
of the parameters are shown in Table 1.
4.2. Experiments and Results. In this paper, the purpose
of proposing the HABP algorithm is to solve problems
of insufficient cost optimization and long calculation time.
Therefore, this paper mainly compares the change of cost
optimization and algorithm running time after using the
HABP algorithm. In the simulation experiment, we analyzed
the total cost and running time of HABP when using the
FirstFit algorithm and the HABP algorithm in instances of
different scales. In the algorithm, the following conditions
need to be met:
(a) The capacity constraints of the vehicle
(b) Load constraints of the distribution center
(c) The load constraints of the transfer station
(d) Customer’s time constraints

4.1. The Generation of the Instances. The main data generated
by the instances include (a) the load and fixed cost of the
distribution center, (b) the load and fixed cost of the satellite,
(c) the weight and time constraints of the customer, and (d)
the connected graph G, where each element contains the
distance between two nodes and the transportation time.
Other major parameters that need to be set autonomously
in the experiment include (a) the number of parking lots P,
(b) the number of satellites S, (c) the number of customers C,

(e) Path access constraints
All tests were performed on an Intel i5-3230M 2.6GHz
processor. The algorithm is implemented in C++. The results
of the algorithms are shown in Table 2.
In the actual environment, the number of distribution
centers or transfer stations is normally fixed, while the number of customers usually varies. Therefore, in the simulation
experiment, the value of C is variable, ranging from 50 to
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Table 1: Parameter values for generating instances.
𝑎
2000
1000
1000
500
50
150
30
20

Value
𝑝𝑙𝑖
𝑝𝑐𝑖
𝑠𝑙𝑖
𝑠𝑐𝑖
𝑤𝑖
𝑑𝑖
𝑁
𝑐𝑁12
𝑁2
𝑡𝑁1

𝑏
2000
1000
1000
1000
80
170
30
30

𝑐
𝑘/𝑚
1
𝑘/𝑛
1
1
1
1
1

𝑑
0
0.15
0
0.15
0
0
0
0.2

Table 2: Results of the algorithms.
Number of
Computational
distribution
instances
centers
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

Number of
Number of
transfer
customers
stations
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8
8

20
50
100
150
200
250
300
350
400
450
500
550
600
650
700
750
800
850
900
950
1000

Name of
instances

Final
costs

Run
time
(s)

Initial
solution
cost

Optimization
(%)

P3-S8-C10
P3-S8-C50
P3-S8-C100
P3-S8-C150
P3-S8-C200
P3-S8-C250
P3-S8-C300
P3-S8-C350
P3-S8-C400
P3-S8-C450
P3-S8-C500
P3-S8-C550
P3-S8-C600
P3-S8-C650
P3-S8-C700
P3-S8-C750
P3-S8-C800
P3-S8-C850
P3-S8-C900
P3-S8-C950
P3-S8-C1000

3051.93
6078.23
9274.95
12799.8
14959.7
19391.5
23544.5
25819.1
31814.9
34776.4
35206.1
43403.2
44031.1
51651.6
56875.8
61195.3
62861
69820.9
68511.9
78655.7
83872.3

0.09
0.12
0.16
0.19
0.22
0.23
0.23
0.27
0.26
0.29
0.31
0.33
0.35
0.34
0.35
0.36
0.39
0.41
0.43
0.44
0.46

4473.99
7866.92
12489.2
17820.7
19332.7
26043.9
31092
32973.6
41883.6
46474.6
44403.3
56309.2
56052
67129.7
72771.3
77920.5
79422.5
89022.5
85313.8
97806.6
104377

31.785
22.737
25.737
28.174
22.580
25.543
26.198
21.698
24.04
25.171
20.713
22.92
21.446
23.057
21.843
21.464
20.852
21.569
19.694
19.581
19.645

1000 with a span of 50. From the experimental results, the
following conclusions can be drawn.
(a) Compared with the FirstFit algorithm, HABP can
effectively optimize the cost, and the optimized ratio is over
20%. What is worth mentioning is that the FirstFit (FF)
algorithm is a typical optimization algorithm in computer
operating system, which is widely used in industry and is
thought to be efficient. The simulation that used FF as the
comparison object is meaningful. The experiment was based
on the statistical result. We generated multiple graphs of given
scale, optimized the result, and took the average result as the
final result.
(b) The optimization result of HABP is slightly reduced
when the size of customer increases, but the decrease is

not obvious. In the experiment, the effect of the number
of iterations on the experimental results is more reflected.
This is because the setting is 1000 times. Under the premise
of the number of iterations, the larger the scale, the
lower the coverage of the randomly selected optimization
node.
(c) The convergence speed of HABP is fast. When the
number of iterations is determined, similar optimization
values can be obtained for different scale instances, indicating
that the algorithm can obtain a relatively better solution
within a small number of iterations.
(d) HABP has extremely fast operation speed. This speed
is not affected by scale. Therefore, a significant advantage of
HABP is that it can be applied to large-scale calculations,
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which cannot be realized by most current researches and
algorithms.

5. Conclusion
In this paper, a mixed-integer linear programming model is
put forward for a two-echelon location routing problem with
time constraints in city logistics. To solve this problem, we
propose a metaheuristic algorithm with comprehensive consideration of time and space accessibility and application of
probability selection principle. The methods are tested using
randomly generated instances with up to 1000 customers.
Experimental results show that the proposed algorithm is
effective in terms of quality of solutions and computation
times in most of the solved instances. In future research, we
aim to consider more real-life constraints to deal with some
other realistic problems, such as uncertain demand of customers and drop shipping measure. We are also interested in
improving the algorithm with other metaheuristic techniques
and an iterative process.
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We consider the robust asymptotical stabilization problem for uncertain singular systems. We design a new impulsive control
technique to ensure that the controlled singular system is robustly asymptotically stable and hence derive the corresponding stability
criteria. These sufficient conditions are expressed in the form of algebra matrix inequalities and can be implemented numerically.
We finally provide a numerical example of a transportation system to illustrate the effectiveness and usefulness of the proposed
criteria.

1. Introduction
System stability is a fundamental issue for a nonlinear
system. It not only relates to its system structure but also
has relations with the exterior disturbance of the system.
Singularity and parameter’s uncertainty of the system can
seriously affect its stability performance. For an unstable
system, how to design a controller which stabilizes the system
becomes a critical problem, which motivates the current
research. The stabilization methods can be applied to a
range of practical applications such as transportation systems
[1, 2].
As for general nonlinear systems, various design methods
to control these dynamical systems have been proposed.
Among them, impulsive control methods have attracted
considerable attention because impulsive control laws have
a fast response time, strong robustness and resistance to
disturbances, and low energy consumption. They have been
applied to many disciplines [3–5]. The stabilization issue for
the nonsingular certain system by use of the impulsive control
method has been studied and many sufficient conditions of
its asymptotical stability, such as [6–9], have been provided.
Recent research work can be found in [10–15] and the
references therein.

In this paper, we will develop the impulsive control
method, the Lyapunov functional method, and the matrix
inequality technology to solve the stabilizing issue of a class
of singular systems with uncertainty, and design an impulsive
controller of parts of state variables. Finally, the sufficient
conditions of asymptotical stability will be given under our
designed controller.
This paper’s notations are quite standard. Let 𝑅𝑛 denote
the n-dimensional Euclidean space, 𝑅+ the set of nonnegative
real numbers, and 𝑅𝑚×𝑛 the set of all real 𝑚 × 𝑛 matrices. The
superscript “T” represents the matrix transposition operation
and 𝑋 ≥ 𝑌 (respectively, 𝑋 > 𝑌), where 𝑋 and 𝑌
are symmetric matrices, indicates that 𝑋 − 𝑌 is positive
semidefinite (respectively, positive definite). The symbol 𝐼𝑛 is
𝑛 × 𝑛the identity matrix and ‖ ⋅ ‖ is the Euclidean norm in
𝑅𝑛 . The 𝜆 𝑀(𝑃) and 𝜆 𝑚 (𝑃) represent the largest and smallest
eigenvalues of 𝑃, respectively. Let 𝐾 : 𝑅+ → 𝑅 denote
the set of all continuous real-valued functions. We say that
the function 𝑝 : 𝑅+ → 𝑅+ is piecewise continuous if
it is continuous on 𝑅+ , except at the time points in the set
{𝜏𝑘 }, is left-continuous, and has the right limit at 𝜏𝑘 for all
𝑘. The 𝑃𝐶(𝑅+ , 𝑅+ ) is the set of all such piecewise continuous
functions 𝑝.
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2. Preliminaries
2.1. Uncertain Singular System. Consider the following singular system with disturbances:

Given 𝜌 > 0, let 𝑆𝜌 = {𝑥 ∈ 𝑅𝑛 : ‖𝑥(𝑡)‖ < 𝜌}. For 𝑘 =
1, 2, . . . and (𝑡, 𝑥) ∈ (𝜏𝑘−1 , 𝜏𝑘 ] × 𝑅𝑛 , define
𝐷+ 𝑉 (𝑡, 𝑥)

𝐸𝑥̇ (𝑡) = 𝐴𝑥 (𝑡) + 𝑤 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

(1)

𝑥 (𝑡0 ) = 𝑥0 ,
where 𝑥(𝑡) ∈ 𝑅𝑛 and 𝑦(𝑡) ∈ 𝑅𝑚 are the system state
and output vectors, respectively. The parameter 𝑤(𝑡, 𝑥(𝑡))
is the norm-bounded external uncertainty described by a
continuous vector-valued function. The matrices 𝐴 ∈ 𝑅𝑛×𝑛
and 𝐶 ∈ 𝑅𝑚×𝑛 are constant ones of appropriate dimensions.
In the situation that 0 < rank(𝐸) < 𝑛, we say that system (1) is
an uncertain singular system. Without loss of generality, we
assume that
𝐼𝑢 0
𝐸=(
),
0 0

(2)

where 𝐼𝑢 ∈ 𝑅𝑢×𝑢 (𝑢 ∈ 𝑁+ , 𝑢 < 𝑛) is an 𝑢 × 𝑢 identity matrix.
We need the following assumptions for our later use.
Assumption 1. The uncertainty 𝑤(𝑡) is a norm-bounded
nonlinear function and satisfies the following Lipschitz condition:




𝑤 (𝑡1 ) − 𝑤 (𝑡2 ) ≤ 𝑙 𝑥𝑢 (𝑡1 ) − 𝑥𝑢 (𝑡2 ) ,
(3)
∀𝑡1 , 𝑡2 ∈ 𝑅+ ,

2.2. Impulsive Control System Theory. Consider the following
nonlinear system with impulses:

Furthermore, let 𝑉(⋅, ⋅) : 𝑅+ × 𝑆𝜌 → 𝑅+ be a continuous
function on 𝑅+ × 𝑆𝜌 , except possibly at the time points{𝜏𝑘 }
satisfying the following two conditions:
(1) For each 𝑥 ∈ 𝑆𝜌 , 𝑘 = 1, 2, . . . , lim(𝑡,𝑦)→(𝜏𝑘− ,𝑥) 𝑉(𝑡, 𝑦) =
𝑉(𝜏𝑘− , 𝑥) exists;
(2) 𝑉(𝑡, 𝑥) is locally Lipschitz in 𝑥.
To proceed, we need the following lemmas.
Lemma 3 (see [7]). Let 𝜑(0− ) = 𝜑(0) and 𝜏 = sup𝑘 {𝜏𝑘+1 −
𝜏𝑘 } < ∞. Suppose that there exist 𝛼, 𝛽, 𝑐, 𝜓 ∈ 𝐾, 𝑝 ∈
𝑃𝐶(𝑅+ , 𝑅+ ), 𝑉(𝑡, 𝑥) ∈ 𝑉0 , and 𝜎 > 0 such that
(1)
(2)
(3)
(4)

𝑥 + 𝑢𝑘 (𝑥) ∈ 𝑆𝜌 for all 𝑘;
𝛽(‖𝑥‖) ≤ 𝑉(𝑡, 𝑥) ≤ 𝛼(‖𝑥‖), ∀(𝑡, 𝑥) ∈ 𝑅+ × 𝑆𝜌 ;
𝑉(𝜏𝑘 , 𝑥 + 𝑢𝑘 (𝑥)) ≤ 𝜓𝑘 (𝑉(𝜏𝑘 , 𝑥)), 𝑘 = 1, 2, . . .;
𝐷+ 𝑉(𝑡, 𝑥) ≤ 𝑝(𝑡)𝑐(𝑉(𝑡, 𝑥)), for 𝑡 ≠ 𝜏𝑘 and 𝑥 ∈ 𝑆𝜌 ;
𝜓 (𝑞)

𝜏

(5) ∫𝑞 𝑘 (𝑑𝑠/𝑐(𝑠)) + ∫𝜏 𝑘+1 𝑝(𝑠)𝑑𝑠 ≤ −𝑙𝑘 , ∀𝑞 ∈ (0, 𝜎), for
𝑘

all 𝑙𝑘 ∈ (0, +∞), 𝑘 = 1, 2, . . ., and ∑∞
𝑘=1 𝑙𝑘 = ∞.
Then, system (4a), (4b), (4c), and (4d) is asymptotically
stable.

𝑀𝑁 + 𝑁𝑇𝑀𝑇 ≤ 𝛾−1 𝑀𝑆−1 𝑀𝑇 + 𝛾𝑁𝑇𝑆𝑁,

(7)

(4a)

where 𝑀 and 𝑁 are real matrices with appropriate dimensions.

𝑡 ≠ 𝜏𝑘 ,

(4b)
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𝑘 = 1, 2, . . . ,

(4c)

In this section, we shall design an impulsive control pair
{𝜏𝑘 , 𝑢𝑘 (𝑥𝑢 ) = 𝐵𝑥𝑢 (𝜏𝑘 )} to stabilize system (1). System (1)
under impulsive control can be rewritten as

𝑥̇ (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) , 𝑡 ≠ 𝜏𝑘 ,
𝑦 = 𝜑 (𝑥) ,
= 𝑥0 ,

(6)

Lemma 4 (see [8]). Given a positive matrix 𝑆 and a positive
scalar 𝛾, we have

where 𝑙 > 0 is a known constant scalar.

𝑥 (𝑡+0 )

1
= lim sup [𝑉 (𝑡 + ℎ, 𝑥 + ℎ𝑓 (𝑡, 𝑥)) − 𝑉 (𝑡, 𝑥)] .
ℎ→0
ℎ

Δ𝑥 (𝑡) = 𝑢𝑘 (𝑦) ,

𝑡 = 𝜏𝑘 ,

(4d)

where 0 < 𝜏1 < ⋅ ⋅ ⋅ < 𝜏𝑘 < ⋅ ⋅ ⋅ , with𝜏𝑘 → ∞ as 𝑘 → ∞,
and
Δ𝑥 (𝜏𝑘 ) = 𝑥 (𝜏𝑘+ ) − 𝑥 (𝜏𝑘− ) = 𝑥 (𝜏𝑘+ ) − 𝑥 (𝜏𝑘 ) ,

(5)

with 𝑥(𝜏𝑘+ ) = lim𝑡→𝜏𝑘+ 𝑥(𝑡), and 𝑥(𝜏𝑘− ) = lim𝑡→𝜏𝑘− 𝑥(𝑡). Let
𝜑 ∈ 𝐶(𝑅𝑛 , 𝑅𝑚 ), 𝑢𝑘 ∈ 𝐶(𝑅𝑚 , 𝑅𝑛 ), 𝑓 ∈ 𝐶(𝑅+ × 𝑅𝑛 , 𝑅𝑛 ). The
𝐶(𝑅𝑛 , 𝑅𝑚 ) is defined to be the set of all continuous functions
mapping the value in 𝑅𝑛 to the value in 𝑅𝑚 and𝐶(𝑅𝑚 , 𝑅𝑛 ) and
𝐶(𝑅+ × 𝑅𝑛 , 𝑅𝑛 ) can be defined similarly.
Deﬁnition 2. A sequence pair {𝜏𝑘 , 𝑢𝑘 (𝑦(𝜏𝑘 ))} is said to be an
impulsive control pair for system (4a)-(4c). If system (4a)(4c) is asymptotically stable after implementing an impulsive
control, system (4a)-(4c) is said to be robustly impulsively
stabilizable.

𝑥̇𝑢 (𝑡) = 𝐴 11 𝑥𝑢 (𝑡) + 𝐴 12 𝑥V (𝑡) + 𝑤𝑢 (𝑡) ,
Δ𝑥𝑢 (𝑡) = 𝑥𝑢 (𝑡+ ) − 𝑥𝑢 (𝑡− ) = 𝐵𝑥𝑢 (𝑡) ,

𝑡 = 𝜏𝑘 ,

0 = 𝐴 21 𝑥𝑢 (𝑡) + 𝐴 22 𝑥V (𝑡) + 𝑤V (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

𝑡 ≠ 𝜏𝑘 ,

𝑡 ≠ 𝜏𝑘 ,

(8a)
(8b)
(8c)
(8d)

where 𝑥(𝑡) = (𝑥𝑢 (𝑡), 𝑥V (𝑡))𝑇, 𝑤(𝑡) = (𝑤𝑢 (𝑡), 𝑤V (𝑡))𝑇 and 𝐵 ∈
𝑅𝑢×𝑢 . The initial conditions are given as 𝑥𝑢 (𝑡0 ) = 𝑥𝑢0 , and
𝑥V (𝑡0 ) = 𝑥V0 , 𝜏𝑘 ≥ 𝑡0 , 𝑘 = 1, 2, ⋅ ⋅ ⋅ .
Theorem 5. Suppose Assumption 1 holds. The impulsive controlled system (8a), (8b), (8c), and (8d) is robustly asymptotically stable if the following conditions are satisﬁed:
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(1) 𝜆 𝑀(𝑄2 ) < 1;
(2) 𝛼 = 𝜆 𝑚 (𝐴𝑇22 𝐴 22 ) > 0;
(3) 𝜆 𝑀(𝑄1 )𝜏 + ln 𝜆 𝑀(𝑄2 ) < 0.
where

Combining (14), (16), and (17) together, we have
𝐷+ 𝑉 (𝑡, 𝑥) ≤ 𝜆 𝑀 (𝑄1 ) 𝑉 (𝑡) .

𝑄1 = 𝐴 11 + 𝐴𝑇11 + 𝐴 12 𝐴𝑇12 +

1 𝑇
𝐴 𝐴
𝛼 21 21

Thus, condition (8a), (8b), (8c), (8d) is satisfied with 𝑝(𝑠) =
𝜆 𝑀(𝑄1 ) and 𝑐(𝑠) = 𝑠.
At 𝑡 = 𝜏𝑘 , 𝑘 = 1, 2, . . ., we have

+ (1 + 𝑚𝑙2 ) 𝐼𝑝 ,
(9)

𝑇

𝑇

𝑉 (𝑥𝑢 (𝑡) + 𝐵𝑥𝑢 (𝑡)) = 𝑥𝑇𝑢 (𝐼𝑢 + 𝐵) (𝐼𝑢 + 𝐵) 𝑥𝑢

𝑄2 = (𝐼𝑝 + 𝐵) (𝐼𝑝 + 𝐵)

≤ 𝜆 𝑀 (𝑄2 ) 𝑉 (𝑥𝑢 (𝑡)) .

2
and 𝑚 = max {1, } .
𝛼
Proof. Consider the following standard quadratic Lyapunov
function candidate:
𝑉 (𝑡, 𝑥) = 𝑥𝑢 (𝑡)𝑇 𝑥𝑢 (𝑡) ,


  
𝑥𝑢 (𝑡) + 𝐵𝑥𝑢 (𝑡) ≤ 𝑥𝑢  ,

= 𝑥𝑢 (𝑡) (𝐴 11 +

𝜓𝑘 (𝑞)

(𝑡)

(21)

𝑝 (𝑠) 𝑑𝑠 ≤ 𝜆 𝑀 (𝑄1 ) (𝜏𝑘+1 − 𝜏𝑘 ) .

(22)

𝑞

and

By Lemma 4, the following inequalities
2𝑥𝑢 (𝑡)𝑇 𝐴 12 𝑥V ≤ 𝑥𝑢 (𝑡)𝑇 𝐴 12 𝐴𝑇12 𝑥𝑢 (𝑡) + 𝑥𝑇V 𝑥V ,

𝑑𝑠
= ln 𝜆 𝑀 (𝑄2 )
𝑐 (𝑠)

∫

(11)

+ 2𝑥𝑢 (𝑡)𝑇 𝐴 12 𝑥V + 2𝑥𝑢 (𝑡)𝑇 𝑤𝑢 (𝑡) .

(20)

which indicates that 𝑥𝑢 ∈ 𝑆𝜌0 , 𝜌0 ∈ (0, 𝜌); i.e., 𝑥𝑢 + 𝐵𝑥𝑢 ∈ 𝑆𝜌0
for all 𝑘. Thus, condition (ii) of Lemma 3 is also guaranteed.
For 𝜏 < ∞, the following two integrals are valid:

𝐷+ 𝑉 (𝑡, 𝑥) = 𝑥̇𝑢 (𝑡)𝑇 𝑥𝑢 (𝑡) + 𝑥𝑢 (𝑡)𝑇 𝑥𝑢̇ (𝑡)
𝐴𝑇11 ) 𝑥𝑢

(19)

Then condition (7) of Lemma 3 is satisfied with 𝜓𝑘 (𝑠) =
𝜆 𝑀(𝑄2 )𝑠. It follows from condition (1) of Theorem 5 and (19)
that

(10)

which satisfies condition (i) of Lemma 3. By virtue of the
upper Dini derivative of Lyapunov function (10) along the
solution of system (8a), (8b), (8c), and (8d), it follows that
at 𝑡 ≠ 𝜏𝑘 , 𝑘 = 1, 2, . . ., it yields

𝑇

(18)

∫

𝜏𝑘

(12)

and

𝜏𝑘+1

Hence, it follows from condition (7) of Theorem 5 that
2𝑥𝑢 (𝑡)𝑇 𝑤𝑢 (𝑡) ≤ 𝑥𝑢 (𝑡)𝑇 𝑥𝑢 (𝑡) + 𝑤𝑢 (𝑡)𝑇 𝑤𝑢 (𝑡)

(13)
∫

hold. Thus, it follows that (11) can be rewritten as

𝑞

𝐷+ 𝑉 (𝑡, 𝑥) ≤ 𝑥V (𝑡)𝑇 𝑥V + 𝑤𝑢 (𝑡)𝑇 𝑤𝑢 (𝑡)

+ 𝑥𝑢 (𝑡) (𝐼𝑢 +

𝐴𝑇12 𝐴 12 ) 𝑥𝑢

(14)

(𝑡) .

and
∞

∑ 𝑙𝑘 = ∞.

Moreover, we have

(24)

𝑘=1
𝑇

𝜆 𝑚 (𝐴𝑇22 𝐴 22 ) 𝑥𝑇V 𝑥V ≤ (𝐴 22 𝑥V ) (𝐴 22 𝑥V )
≤ 3𝑥𝑇𝑢𝐴𝑇21 𝐴 21 𝑥𝑢 + 3𝑤V𝑇𝑤V .

(15)

Using condition (4a), (4b), (4c), and (4d) of Theorem 5, we
obtain
𝑥𝑇V 𝑥V ≤

𝜏𝑘+1
𝑑𝑠
+ ∫ 𝑝 (𝑠) 𝑑𝑠 ≤ 𝜆 𝑀 (𝑄1 ) 𝜏 + ln 𝜆 𝑀 (𝑄2 )
𝑐 (𝑠)
𝜏𝑘
(23)

= −𝑟𝑘 < 0

+ 𝑥𝑢 (𝑡)𝑇 (𝐴 11 + 𝐴𝑇11 ) 𝑥𝑢 (𝑡)
𝑇

𝜑𝑘 (𝑞)

3 𝑇 𝑇
3
𝑥𝑢 𝐴 21 𝐴 21 𝑥𝑢 + 𝑤V𝑇 𝑤V ,
𝛼
𝛼

(16)

Condition (10) of Lemma 3 is also satisfied. Therefore,
by Lemma 3 and Definition 2, system (8a)-(8b) is
robustly asymptotically stable. Obviously, we can see
that lim𝑡→+∞ 𝑥𝑢 (𝑡) = 0 as ‖𝑤(𝑡)‖ ≤ 𝑙‖𝑥𝑢 (𝑡)‖, which leads
to lim𝑡→+∞ 𝑥(𝑡) = 0. Therefore, system (8a), (8b), (8c), and
(8c) is robustly asymptotically stable under the designed
impulsive control. The proof is complete.

4. Application to Transportation Systems

and
3 𝑇
𝑤 𝑤 + 𝑤𝑢𝑇 𝑤𝑢 ≤ 𝑚𝑙2 𝑥𝑇𝑢 𝑥𝑢 .
𝛼 V V

(17)

In this section, we will consider a transportation application
to illustrate our results obtained in Section 3. Consider a

4

Mathematical Problems in Engineering

transportation system which is modelled by (1) with the
following specifications:
𝐴 11 = 1,
𝐴 12 = 0.52,
𝐴 21 = −0.48,
𝐴 22 = 2,
𝑇

𝑥2
𝑥2
𝑤 (𝑡) = (√ 1 + 𝑥2 , √ 1 − 𝑥2 ) ,
2
2
𝐸=(

1 0
0 0

(25)

),

𝑥 (0) = (−2, 1)𝑇 .
It is clear that 𝑙 = 1. Then this transportation system is
a singular 2-dimensional system with uncertainty. Now, we
design an impulsive pair {𝜏𝑘 , 𝐵𝑥1 (𝜏𝑘 )}, where 𝐵 = −0.8 and
𝜏 = 𝜏𝑘+1 − 𝜏𝑘 = 0.02. Then, we have 𝛼 = 1 > 0, 𝑄1 = 18,
𝑄2 = 0.04, and 𝜆 𝑀(𝑄1 )𝜏 + ln 𝜆 𝑀(𝑄2 ) = −3 < 0.
Consequently, it follows from Theorem 5 that the transportation system is impulsively stabilizable under the following impulsive control pair:
{𝜏𝑘 , 𝐵𝑥1 (𝜏𝑘 ) = −0.8𝑥1 (𝜏𝑘 )} .

(26)

From the example, it is concluded that the impulsive control
method can effectively stabilize the transportation singular
systems.

5. Conclusion
In this paper, we have proposed a design method for robust
impulsive stabilizing control for a singular transportation
system with uncertainty. Sufficient conditions are derived
to guarantee the global asymptotical stability of the system. An application to transportation systems shows that
our designed impulsive stabilizing control is effective and
strongly robust.
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This paper considers the problem of predicting a supply chain cost for prefabricated building construction under an uncertain
situation. Based on the Activity-Based Costing (ABC) method, we establish a computational model to estimate the total cost of the
prefabricated supply chain. The model can assist in not only finding the critical areas for cost reduction of the whole supply chain
but also analyzing other costs of prefabricated construction projects. Furthermore, we provide a numerical example of prefabricated
building construction to validate the results.

1. Introduction
Modern building construction industry always faces significant challenges to incorporate all the building construction
activities and reduce the cost of its logistics. Supply Chain
Management (SCM) will be a fundamental tool to alleviate
the expenses of all the parties [1]. SCM is a process to
coordinate and distribute all commodities among the stakeholders in a strategic manner. In the building construction
industry, the supply chain manages the material flow, the
information flow, and the fund flow, which are of importance for owners, designers, manufacturers, suppliers, and
contractors. In [2], it is pointed out that a proper planning
approach to utilize materials along with an efficient logistics
and inventory system will improve the project performance
and will consequently reduce the whole construction cost.
Since many components and stages have been involved in
prefabricated building construction, it is hard to find out
which ones lead to the rise of the total cost. The identification
of the impact of each action for the cost increase becomes
critical for prefabricated building construction [3].
In this paper, we consider the supply chain cost problem
of prefabricated building construction under an uncertain
environment. We utilize an ABC method to predict the

total weekly cost of the prefabricated supply chain of a
construction project. It is difficult to estimate “overhead cost”
against the direct material cost of the prefabricated supply
in a construction project [3]. Therefore, the purpose of this
article is to develop a cost model to predict those overhead
costs in an uncertain situation. The proposed cost model is
established by using the unit rate of the resources involved in
the prefabrication process, the rate of resource utilization of
each activity, and the volume of the cost driver activity. The
model ensures better prediction performance by considering
every activity of the project and uncertain factors. The cost
model will help supply chain decision makers and senior
executives for supply chain cost reduction. From the model,
the senior management team can find the growing cost sector
(it could be a resource, activity, or improper utilization of the
resource).
Our main contributions of this paper are twofold. One
contribution is that combining existing works on supply
chain cost with the activity-based cost model, we propose a
new supply chain cost model to predict the corresponding
cost for prefabricated building construction industry under
uncertainty. Another one is to provide an explementary case
to illustrate the application of the model in an Australian
prefabricated building construction industry.
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Figure 2: The Relationship of the activities and the cost drivers.
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Figure 1: ABC Driven Model.

2. Activity-Based Cost Model
The section briefly introduce the ABC model, which has been
applied extensively [3–5]. In construction industry, around
50 percent of a product cost is the overhead cost and 15
percent cost of the product cost is the direct labour cost [6].
The ABC method in Figure 1 is to reformulate the product
costing by determining the company’s internal and external
resource and service consumption on each task that produces
the product. For a traditional costing method, the overhead
cost is used as the general basis. On the other hand, the ABC
method checks the overhead cost more exclusively and now
the activity-based cost model is in use to compute the daily
cost by many managers [5].

3. Cost Model to Uncertainty
The proposed cost model aims to predict the total cost of
prefabricated supply chain in a week. Each cost of each
activity associated with this prefabricated supply chain is
summed up for the total cost for the deterministic setting.
This cost model includes the overhead cost of wages of the
resources, utilities, and land cost, together with workforce
cost. The weekly material cost is predicted using the unit
material price and weekly material consumption. The cost of
uncertainty is then added to obtain the total cost.
A mathematical model of the prefabricated supply chain
cost can be described by
𝑇𝐶𝑘 = 𝐿𝐸𝐿𝐶𝑘 + 𝐷𝑀𝑘 + 𝑈𝐶𝑘

Activity

(1)

where 𝑇𝐶𝑘 , 𝐿𝐸𝐿𝐶𝑘 , 𝐷𝑀𝑘 , and 𝑈𝐶𝑘 denote the weekly total
cost, the labor, energy and land leasing cost in a week, the
direct material cost of the week, and the cost produced by
the uncertainty, respectively. In ABC, a cost driver is a factor
that makes the difference in the total cost [7]. For example,
the number of the purchase order is a cost driver for a
company. When the number of the purchase order increases,
the total expenditures of a company increase as well. The

cost driver and the total cost is linearly proportional [8].
As the total work can be subdivided in to many multiple
work, optimum selection of the cost driver is critical to
find out the total cost [9]. In model (1), the creation and
revision of the prefabricated component drawing is a cost
driver. When more drawings are created, or required, or
reviewed, the weekly prefabricated component supply cost
would increase. The numerical value of each cost driver
indicates the importance or its impact on the total weekly
supply chain cost. For details, see [10–14] and the references
therein. The relationship of the activities and the cost drivers
of total cost of prefabricated supply chain can be found at
Figure 2.
In many cases, the total project can be divided into
three significant steps: (a) shop drawing, (b) prefabrication,
and (c) assembly, delivery, inspection, and installation. To
complete every level, some activities are required to finish.
Every activity is a cost driver in the entire supply chain cost
of the weekly prefabricated supply. As mentioned earlier, to
complete the step Shop Drawing, a series of activities are
identified in this cost model. For example, generating the
drawing of the component is an activity, again revising of
that drawing is another activity in the Shop drawing stage.
Preparing the material list based on that approved drawing is
an activity and placing the order is another activity. Here, the
number of the orders is a cost driver in the total supply chain
cost of weekly prefabricated supply.
Again, in the prefabrication plant, preparing the fabrication is an activity and number of the production run
is the cost driver of that activity. The other activities in
prefabrication plant include ordering the raw component,
assembling the fabricated component as per drawing, or
even moving the component to the assembly site. Then,
the corresponded cost drivers are the number of purchased
orders of the raw component, the working hours required for
assembling the component, and the working hours needed
in the movement of the component in the assembly yard.
Furthermore, the number of the deliveries is a cost driver,
and delivery the fabricated component in the main project
location is the activity. Thus, total activities can be identified
in the project. Let j denote the activity index, m denote the
number of activity, i denote the resource index, l denote the
number of resources available for the activity j, 𝑑𝑗𝑘 denote the
volume of the cost driven activity, 𝑐𝑖 denote the unit cost of the
resource, and 𝑟𝑖𝑗 denote the rate consumption for the resource
i by the activity j.
The cost model is constructed by determining the volume
of cost driver (𝑑𝑗𝑘 ), workforce utilization rate as per activity
(𝑟𝑖𝑗 ), and unit cost of each workforce (𝑐𝑖 ). The total weekly
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5. Numerical Example

Table 1: Number of prefabricated construction.
Steps
Shop Drawing
Prefabrication
Assemble, delivery, inspection & installation
Total number of activity m

Activity Numbers
1-8
9 - 18
19 - 32
25 - 32

work of component fabrication and supply to the construction site is divided into three significant steps including shop
drawing, prefabrication, and installation.
Each of these three steps consists of several activities,
and each activity or each cost driver had a different value
in the ABC driven model. The number of the prefabricated
construction activity is shown in Table 1.
Therefore, the total weekly cost can be predicted to be
𝑚

𝑙

𝑗=1

𝑖=1

𝑇𝐶𝑘 = ∑ (𝑑𝑗𝑘 × ∑ (𝑐𝑖 × 𝑟𝑖𝑗 )) + 𝐷𝑀𝑘 + 𝑈𝐶𝑘

(2)

4. Cost Analysis
Similar to the ABC driven method [12], the model (2) can predict actual cost accurately and stipulate a clear understanding
of the cost occurring factor associated with the stakeholders.
Senior management executives can get a distinct instruction,
in which task consumes most of the financial figure in the
total supply chain cost and activity should be adjusted to
reduce the overall cost.
Company decision-makers will also know about the
resource utilization in the weekly supply chain cost. Managers
can figure out if any resources are underutilized or overutilized. Task sharing technique can also be applied to reduce the
overall cost. On the other hand, from the rate consumption
of the resources table, managers can also look at how much
time it may need to complete any activity by a resource.
Our model provides an opportunity to work on working
hours to minimize the total cost by implementing any process
improvement or reducing any additional work time in a
changing environment. Many optimization methods such as
those in [15–18] can be implemented to obtain the optimal
cost.
One of the main hurdles of implementing the supply
chain cost model (2) is the information sharing in between
the cross-functional stakeholders. Sometimes, many industries are unwilling to share their resource data with other
company. Similarly, the General Contractor may not share
their Labour wages to the Speciality Contractor. But the
success and effectiveness of this cost model depend upon
information transparency between stakeholders. As more
information is shared, the top management can enhance
the planning capabilities as well as revealed cost reduction
scopes. In this regards, any trade agreement or contract may
be used in the shake of the overall performance of the project.

In this example, we consider a counterpart of the example
in [4]. In our scenario, we assume that we also have a 19story residential building and 16 story office building in Perth,
Australia. Prefabricated components used in this project are
manufactured in a plant located 27 miles apart from the
project site. The prefabricated components are assembled in
an assembly site located near the plant. We also use 20-ton
heavy duty trucks to transport the prefabricated component
to the project site. Table 2 is the list of activity and its
correspondence weights on the total weekly cost, adopted
from [4].
To perform those activities or tasks, several resources
personnel are involved. In this model, that manpower is
represented by five stakeholders: Architect/Structural firm,
General Contractor (GC), Specialty Contractor (SC), and
Prefabrication Plant and Mill (Driver). These stakeholders
executed the total work of this projects such as (1) design,
review, and approval of the component drawing, (2) manufacturing and assembling of raw component, (3) transportation, and (4) site installation. The general contractor who is
responsible for the total construction of the project assigned
a specialty contractor and a component fabricator. The
component fabricator prepared the component from the raw
component by cutting and bending technology. The specialty
contractor ties up those cut pieces of raw components in the
assembly yard as per the approved drawing of the general
contractor. Then the prefabricated component is transported
to the site. If any error is identified in the supplied component
by the general contractor, the specialty contractor had to
reorder the fabricator to rectify the mistake. Table 3 shows
the list of manpower, their functional responsibilities, and
respective salaries (on an hourly basis).
The utilities and the prices consumed in the component
fabrication are listed in Table 4.
Besides, the weekly direct material cost as per their
consumption and unit price will be shown in Table 5.
These Australian data are collected from different local
sources to crosscheck the weekly component supply chain
cost in Australia. Information is collected on sample basis for
research only. We choose local salary rates for structural engineers, project managers, construction civil engineers, construction workers, construction managers, structural drafter,
truck drivers, manufacturing engineers, and so on. The unit
rates for utilities are $0.1965 KWH (electricity), $6.03 / ft2 per week (assembly yard rent) $1.499 per litre (diesel), and
$0.312 per litre (propane). The raw material prices are $1450
per ton for raw component and $160 per ton for scrap
component. In this scenario, we consider that the uncertain
cost is the 5% of the weekly deterministic cost. Using (2), we
can predict that the weekly cost of the prefabricated supply
chain is 140,490 AUD.

6. Conclusion
In this paper, a new model is established to predict the
supply chain cost of a prefabricated building construction
project under an uncertain environment. A virtual Australian
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Table 2: Activities and respective volume of the cost driver [4].
Steps

Shop Drawing

Prefabrication

Assembly, delivery, inspection & installation

Activity
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

Volume of Cost Driven on Activity, j (djk )
10
0.3
10
0.3
10
0.3
5.0
1.0
5.0
0.1
5.0
0.1
0.5
4.0
5.0
0.1
1.0
0.02
2.0
0.04
1.0
0.02
20
0.4
4.0
0.02
4.0
0.08
4.0
0.08
0.1
4.0

Table 3: Workforce hourly salary.
Participant
Architect/Structural firm
General Contractor

Specialty Contractor

Mill
Prefabrication Plant

Designation
Structural Engineer
Project Manager (1)
Engineer (1)
Labour (1)
Project Manager (2)
Shop Drawing Draftsman
Engineer (2)
Labour (2)
Driver
Project Manager (3)
Engineer (3)
Labour (3)

Wages (in Hour)
AU$ 34
AU $ 63
AU $ 40
AU $ 40
AU $ 57
AU $ 30
AU $ 33
AU $ 40
AU $ 40
AU $ 48
AU $ 34
AU $ 30
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Table 4: Utility rate for consumables.
Utility
Electricity
Assembly Yard rent
Diesel
Propane

Unit rate
AU $ 0.07 KWH
AU $ 1.02 / ft2 - per week
AU $ 0.6 per litre
AU $ 0.17 per litre

Table 5: Raw material price.
Material
Raw component
Scrap component

Unit Rate Per Ton
AU$ 882
AU$ 184

Weekly Consumption
82.4 Ton
2.4 Ton

project case is provided to verify the cost model. All data
are collected from the different source of the internet on a
random sample basis. The proposed model can be used in the
future to estimate the weekly prefabricated component supply
chain cost. More detailed analysis of cost calculation can be
in the further scope of the study. The model can also allow
to analysis the other cost of any prefabricated construction
project.
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We introduce a stationary model for gas flow based on simplified isothermal Euler equations in a non-cycled pipeline network.
Especially the problem of the feasibility of a random load vector is analyzed. Feasibility in this context means the existence of a
flow vector meeting these loads, which satisfies the physical conservation laws with box constraints for the pressure. An important
aspect of the model is the support of compressor stations, which counteract the pressure loss caused by friction in the pipes. The
network is assumed to have only one influx node; all other nodes are efflux nodes. With these assumptions the set of feasible loads
can be characterized analytically. In addition we show the existence of optimal solutions for some optimization problems with
probabilistic constraints. A numerical example based on real data completes this paper.

1. Introduction
In this paper, we present a way to model stationary gas
networks with random loads. Natural gas as energy source
has been popular for decades. Because of the nuclear power
phase-out and aim to leave energy gained by coal behind,
natural gas as energy source is more current than ever. So in
this paper we study the problem of gas transport in a pipeline
network mathematically. The aim of this paper is to get results
in optimization problems with probabilistic constraints using
the example of gas networks.
There are several studies about the mathematical problem
of gas transport. A gas transport network in general can be
modeled as a system of hyperbolic balance laws, like e.g.,
the isothermal Euler equations. In [1] one can find a great
overview about existing models and their application areas. A
network system is modeled as a graph with nodes end edges.
It can be extended by different elements, like compressor
stations, valves and resistors. In [2] the authors describes the
functionality of these elements and how they can be included
to the model.
We assume an active stationary state for our model that
means we use compressor stations as controllable elements in

a state of time-independent flows and pressures. Our model is
based on the Weymouth-Equation (see [3]), a simplification
of the isothermal Euler equation (see e.g., [4, 5]). Further
[3] also studies the isothermal Euler equations for real gas.
We assume our gas to be ideal. The optimal control problem
in pipeline networks has been studied in, e.g., [4, 6]. In
our work we assume the loads to be random, so this leads
to optimization problems with probabilistic constraints (see
[7]).
In the next section, we introduce our gas network model,
which is based on the model in [8]. This is a passive one which
we extend by compressor stations. So our model contains
inner control variables which makes our model an active
one. These controls will be one goal of the optimization in
Section 4.
In Section 3 we characterize the set of feasible loads.
Instead of searching a flow and a pressure vector (based on
a given load vector), which fulfills the physical balance laws,
we look for these vectors fulfilling a system of inequalities,
which depend on bounds for the pressure. In addition, we
assume the load vector to be random. So we adapt the system
to the spheric-radial decomposition, which is our central tool
to handle the uncertainty in the loads.

2

Mathematical Problems in Engineering

In Section 4, we consider some optimization problems
with and without probabilistic constraints. The existence of
optimal solutions is based on the analysis we did in Section 3.
This should built a base for further works about optimal
control problems with probabilistic constraints using the
example of gas networks.
In Section 5 we present three numerical examples. The
first is a minimal graph without inner control, which shows
the idea of the spheric-radial decomposition. The second one
is a minimal graph with inner control and the third one is
based on real data, for which we present real values for a
network.
In the last section we present a few ideas of extending this
paper. One main aspect is the turnpike-theory.

2. Mathematical Modeling
We start with the introduction of the model that is also used
in [8]. This model does not include compressor stations. We
extend this model to include compressor stations and we
discuss the network analysis. Then the main tool, the so called
spheric-radial decomposition, is introduced to handle the
stochastic uncertainty.
2.1. Model Description. We consider a connected, directed
graph 𝐺 = (V+ , E) which represents a pipeline gas transport
network. We assume that there are no cycles in the graph,
so the network is a tree. We set |V+ | fl 𝑛 + 1 and |E| fl
𝑚 = 𝑛 (𝑛, 𝑚 ∈ N). In our model, every node is either a
influx node (gas enters the network) or an efflux node (gas
leaves the network). An edge can either be a flux edge, so the
pressure decreases along the edge, or a compressor edge, so
the pressure increases along the edge. We define E𝐹 as the
set of all flux edges and E𝐶 as the set of compressor edges, it
follows E = E𝐹 ∪ E𝐶 with E𝐹 ∩ E𝐶 = 0.
Let 𝑏+ ∈ R𝑛+1 with 1𝑇𝑛+1 𝑏+ = 0 denote the balanced load
vector and assume 𝑏𝑖 ≤ 0 for nodes with gas influx and 𝑏𝑖 ≥ 0
for nodes with gas efflux (𝑖 ∈ {0, . . . , 𝑛}). The vector 1𝑛+1
denotes the vector of all ones in the dimension 𝑛 + 1. Furthermore, a vector 𝑞 ∈ R𝑚 describes the flows through the edges
resp. through the pipes. The pressures at the nodes are defined
in a vector 𝑝+ ∈ R𝑛+1 . Let pressure bounds 𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ∈
R𝑛+1 be given. For the pressure we consider the constraints
𝑝+ ∈ [𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ]. For further modeling we need the following definition:
Definition 1. Consider the graph 𝐺 = (V+ , E):
(i) ℎ(𝑒) denotes the head node of an edge 𝑒 and 𝑓(𝑒)
denotes the feet of an edge 𝑒 for all 𝑒 ∈ E.
(ii) 𝐸0 (V) fl {𝑒 ∈ E | ℎ(𝑒) = V ∨ 𝑓(𝑒) = V} denotes all
edges which are connected to node V.
(iii) The matrix 𝐴+𝑖𝑗 ∈ R𝑛+1×𝑚 , 𝐴+𝑖,𝑗 fl 𝜎(V𝑖 , 𝑒𝑗 ) with
−1
{
{
𝜎 (V, 𝑒) fl {1
{
{0

if 𝑓 (𝑒) = V and 𝑒 ∈ 𝐸0 (V)
if ℎ (𝑒) = V and 𝑒 ∈ 𝐸0 (V)
if 𝑒 ∉ 𝐸0 (V)

is called the incidence matrix of the graph 𝐺.

(1)

fl
{V} ∪
(iv) For V
∈
V+ is Π(V)
⋃{𝑘∈V+ |∃𝑒∈E:𝑓(𝑒)=𝑘∧ℎ(𝑒)=V} Π(𝑘) the (unique) directed
path from the root to V.
(v) For V, 𝑤 ∈ V+ is Π𝑤 (V) fl Π(V) \ Π(𝑤) the (unique)
directed path from 𝑤 to V.
Note that definition (iv) only makes sense since we
assumed the graph to be tree-structured, so there are no
cycles and the union is finite. The model is based upon the
conservation equations of mass and momentum. The mass
equation for the nodes is formulated for every node by
∑ 𝑞𝑒 = 𝑏V+

∀V ∈ V+ .

(2)

𝑒∈𝐸0 (V)

This is equivalent to Kirchhoff ’s first law (see [9]) and by
using the definition of the incidence matrix, the equation for
mass conservation for the whole graph is
𝐴+ 𝑞 = 𝑏+ resp. 𝐴𝑞 = 𝑏 with
+

𝐴 =[

𝐴0
𝐴

]

∈ R1×𝑚
∈ R𝑛×𝑚

𝑏0 ∈ R
and 𝑏+ = [ ]
.
𝑏 ∈ R𝑛

(3)

As balance laws we use the isothermal Euler equations
(see [3, 4, 10]) for a horizontal pipe, so the flow through every
flux edge is modeled by
𝜌𝑡𝑒 + 𝑞𝑒𝑥 = 0
𝑞𝑒𝑡 + (

2
 𝑒 𝑒
(𝑞𝑒 )
𝜆𝑒 𝑞  𝑞
2 𝑒
+
𝑎
𝜌
)
=
−
𝜌𝑒
2𝐷𝑒 𝜌𝑒

(4)

𝑥

∀𝑒 ∈ E𝐹
Here, 𝜌 is the gas density, 𝑎 is the speed of sound, 𝜆 is a
(constant) friction coefficient and 𝐷 is the diameter of the
pipe.
We assume first, that the network is in a steady state, so
the time derivatives are equal to zero. And second, we assume
the gas flow to be slow, so the coefficient (𝑞𝑒 /𝑎)2 is negligible.
These assumptions simplify the equations enormously. With
the ideal gas equation 𝑝 = 𝜌𝑅𝑆 𝑇 (see [9]) we get a
direct dependency between pressure and density. Solving this
simplified equation leads us to the so called WeymouthEquation (see [3]):
𝑒 𝑒
2 𝜆 𝐿
 
2
2
𝑝𝑓(𝑒)
− 𝑝ℎ(𝑒)
= 𝜙𝑒 𝑞𝑒  𝑞𝑒 with 𝜙𝑒 = (𝑅𝑆 𝑇) 𝑒 2
𝐷 𝑎

(5)

∀𝑒 ∈ E𝐹 .
Here, 𝑅𝑆 is the specific gas constant, 𝑇 is the temperature of
the gas and 𝐿𝑒 is the length of the pipe 𝑒. This equation shows
the pressure drop along the pipes (see Figure 1). Some articles
consider the isothermal Euler equations in gas transport
without these simplifications, e.g., [5, 10].
Compressor stations counteract the pressure drop along
the pipes. These stations are modeled as pipes without
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friction. We use the following model equation (see [1], section
7.4.7; [11], section 2.3):
𝛾
𝑝
𝑐
(( 𝑜𝑢𝑡 ) − 1) = 𝑢̃.
𝛾
𝑝𝑖𝑛

(6)

Here, 𝑝𝑜𝑢𝑡 and 𝑝𝑖𝑛 are the pressures at the end resp. at the
beginning of one pipe, 𝑐 and 𝛾 are constants and 𝑢̃, which
is our control, is the specific change in adiabatic enthalpy.
More information about the parameters can be found in
[11]. In addition, [2] contains more information about the
functionality of compressor stations and a deduction of the
equation. A short transformation of the equation leads to
our representation of the pressure rise along the compressor
edges:
2

2/𝛾
𝑝ℎ(𝑒)
𝛾
) = 𝑢𝑒 with 𝑢𝑒 = ( 𝑢̃ + 1)
𝑝𝑓(𝑒)
𝑐
𝑒

0.5

1

1.5

2

×10 4

Figure 1: Pressure drop along a pipe for 𝐷 = 0.762𝑚, 𝑇 = 289.15𝐾,
𝑅𝑆 = 500.27𝐽/𝑘𝑔𝐾, 𝜆 = 0.005, 𝑎 = 429.17𝑚/𝑠, 𝑞 = 795𝑘𝑔/𝑚2 𝑠 and
𝑝(0) = 60 ⋅ 105 𝑃𝑎.

(

×10 7

∀𝑒 ∈ E𝐶.

(7)

𝑒

It holds 𝑢 ≥ 1 where 𝑢 = 1 means that the compressor
station is switched off (see Figure 2).
Now, we define the set of feasible loads. We say that a
vector 𝑏+ ∈ R𝑛+1 is feasible, if (3), (5), and (7) are fulfilled.
̂ is defined as follows:
So the feasible set (here called 𝑀)
̂ = {𝑏+ ∈ R𝑛+1 | 1𝑇 𝑏+ = 0 and ∃ (𝑝+ , 𝑞) ∈ R𝑛+1
𝑀
𝑛+1
× R𝑚 : 𝑝+

(8)

∈ [𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ] and (3) , (5) , (7) are fulfilled} .
2.2. Stochastic Uncertainty in the Loads. In reality, the future
demand for gas can never be known exactly a priori. It
depends on various physical effects like e.g., the temperature
of the environment. Also personal reasons can be responsible
for a higher or lower use of gas. Thus the load vector is

2.5

3
3.5
u in J/kg

4

4.5

5
×10 5

Figure 2: Compressor property for 𝑐 = 144652.6𝐽/𝑘𝑔, 𝛾 = 0.225,
and 𝑝𝑖𝑛 = 40 ⋅ 105 𝑃𝑎.

considerd to be a random vector. Many papers study how
the distribution functions of the load vector can be identified,
e.g., [12]. This article also describes, why a multivariate Gaussian distribution is a good choice for random gas demand.
So we use some random vector 𝜉(𝜔) with 𝜉 ∼ N(𝜇, Σ) for
a mean vector 𝜇 and a positive definite covariance matrix Σ
on a suitable probability space (Ω, A, P) and our aim is to
calculate the following probability:
P {𝜔 ∈ Ω | 𝜉 (𝜔) ∈ 𝑀}

(9)

for a suitable set 𝑀.
In our case, we assume that the tree-structured graph
has only one influx node, which gets the number zero,
all remaining nodes are efflux nodes. Then the graph is
numerated with breadth-first search or depth-first search and
every edge 𝑒 ∈ E gets the number max{ℎ(𝑒), 𝑓(𝑒)}. Our set 𝑀
is defined as follows:
̂ .
𝑀 fl {𝑏 ∈ R𝑛≥0 | (−1𝑇𝑛𝑏, 𝑏) ∈ 𝑀}

(10)

There are many studies for special sets 𝑀, e.g., for polyhedral sets (see [13]), but our set is very general. So we need a
very general method for calculating the probability (9). Our
method of choice is the so called spheric-radial decomposition.
It became popular for dealing with probabilistic constraints
(e.g., see [8, 14–19]).
Theorem 2 (spheric-radial decomposition). Let 𝜉 ∼ N(0, 𝑅)
be the 𝑛-dimensional standard Gaussian distribution with zero
mean and positive definite correlation matrix 𝑅. Then, for any
Borel measurable subset 𝑀 ⊆ R𝑛 it holds that
P (𝜉 ∈ 𝑀) = ∫

S𝑛−1

𝜇𝜒 {𝑟 ≥ 0 | 𝑟𝐿V ∈ 𝑀} 𝑑𝜇𝜂 (V) ,

(11)

where S𝑛−1 is the (𝑛 − 1)-dimensional sphere in R𝑛 , 𝜇𝜂 is the
uniform distribution on S𝑛−1 , 𝜇𝜒 denotes the 𝜒-distribution
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The difference with our problem is, that our load vector is
normal distributed with mean value 𝜇 and positive definite
covariance Σ. We want to use the result of Theorem 2 to
general Gaussian distributions (see [8]). Therefore we set

F(x)

with 𝑛 degrees of freedom and 𝐿 is such that 𝑅 = 𝐿𝐿𝑇 (e.g.,
Cholesky decomposition).

𝜉∗ fl 𝐷−1 (𝜉 − 𝜇) ∼ N (0, 𝑅) with
𝐷 fl diag (√Σ𝑖𝑖 )

𝑖=1,...,𝑛

and 𝑅 fl 𝐷−1 Σ𝐷−1 ,

(13)

So the calculation of the probability (9) for a very general
set 𝑀 is equivalent to compute the integral in Theorem 2,
which is not easy to compute analytically, too. But the integral
can be computed numerically in a easy and nearly exact
way. Therefore we formulate the following algorithm (see [8],
Algorithm 4):
Algorithm 3. Let 𝜉 ∼ N(𝜇, Σ) and 𝐿 such that 𝐿𝐿𝑇 = Σ.
(1) Sample 𝑁 points {V1 , . . . , V𝑁} uniformly distributed
on the sphere S𝑛−1 .
(2) Compute the one-dimensional sets 𝑀𝑖 fl {𝑟 ≥ 0 |
𝑟𝐿V𝑖 + 𝜇 ∈ 𝑀} for 𝑖 = 1, . . . , 𝑁.
(3) Set P(𝜉 ∈ 𝑀) ≈ (1/𝑁) ∑𝑁
𝑖=1 𝜇𝜒 (𝑀𝑖 ).

The first step is quite easy. There are many possibilities
to sample a set of uniformly distributed points on the sphere
S𝑛−1 , e.g., Monte-Carlo sampling or the randn-generator in
MATLAB. Normalizing these points leads us to the sampling
we are looking for. Alternatively, quasi Monte-Carlo methods
can be used. In [8] the authors use a quasi Monte-Carlo
method for their computations and they show its advantages
in Figure 6.
The main challenge is to handle the one-dimensional sets
of the second step. If the set 𝑀 is convex, these sets are closed
intervals but 𝑀 need not to be convex. The aim is to get a
representation of 𝑀𝑖 (𝑖 = 1, . . . , 𝑁) as a union of disjoint
intervals. With this, the third step can be done efficiently. The
next section deals with this representation in detail.
The third step is the approximation of the integral. The
values 𝜇𝜒 (𝑀𝑖 ) can be calculated easily with the distribution
function F𝜒 of the distribution (see [20] for details of that
distribution). With the representation 𝑀𝑖 = ⋃𝑡𝑗=1 [𝑎𝑗 , 𝑎𝑗 ] the
𝜒-distribution can be calculated the following:
𝑡

𝜇𝜒 (𝑀𝑖 ) = ∑F𝜒 (𝑎𝑗 ) − F𝜒 (𝑎𝑗 ) .

(14)

𝑗=1

This leads to the wanted probability. The 𝜒-distribution
function is given by the following (see [20], p. 132):
F𝜒 (𝑥) =

1
2𝑁/2 Γ (𝑁/2)

𝑥

∫ V𝑁/2−1 𝑒−V/2 𝑑V
0

0

2

4

6

8

(12)

and observe that P(𝜉 ∈ 𝑀) = P(𝜉∗ ∈ 𝐷−1 (𝑀 − 𝜇)). So our
aim is to compute the following probability:
P (𝜉∗ ∈ 𝐷−1 (𝑀 − 𝜇)) .

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

(15)

10
x

12

14

16

18

20

Figure 3: Distribution function of the Chi-square distribution for 3
(blue), 5 (red), 8 (green), and 12 (purple) degrees of freedom.

with Γ(1/2) = 𝜋, Γ(1) = 1 and Γ(𝑟 + 1) = 𝑟Γ(𝑟) for all 𝑟 ∈ R+ .
Note that there are very precise numerical approximations
for the distribution function, e.g., the chi2cdf -function in
MATLAB (see Figure 3).

3. Explicit Characterization of the Gas Flow
In this section we want to characterize the feasible set to use
Algorithm 3. The aim is to get a representation of the onedimensional sets of step (2) as a union of disjoint intervals.
Therefore we need another representation of the feasible set
as a system of inequalities. This is an idea from [8], Theorem 1.
In the proof, the authors use a representation of the pressure
loss for the full network graph:
𝑇
2
 
(𝐴+ ) (𝑝+ ) = −Φ 𝑞 𝑞,

(16)

which is equivalent to (5) if and only if E𝐶 = 0. In this paper
we also consider the case E𝐶 ≠ 0. The matrix Φ is diagonal
with the values 𝜙𝑒 as defined in (5) at its diagonal. This
representation is not possible yet, because we extended our
model by compressor edges, so this equation does not hold
for all edges. So we have to find a way to use a similar equation
like (16) to state a suitable theorem. The idea that allows
to include compressor stations is to remove compressor
edges from the graph and replace them by suitable algebraic
conditions. First we consider the equation of mass:
∑ 𝑞𝑒 = 𝑏V+ ⇐⇒

𝑒∈𝐸0 (V)

∑
𝑒∈𝐸0 (V)∩E𝐹

𝑞𝑒 = 𝑏V+ −

∑

𝑞𝑒 .

(17)

𝑒∈𝐸0 (V)∩E𝐶

We want to treat the flows through the compressor edges as
loads, so we have to adapt the load vector. The new load vector
̃𝑏+ is defined as follows:
̃𝑏+
V

+
𝑒
{𝑏V + 𝑞
{
{
{
fl {𝑏V+ − 𝑞𝑒
{
{
{ +
{𝑏V

∀𝑒 ∈ 𝐸0 (V) with 𝑒 ∈ E𝐶 and 𝑓 (𝑒) = V
∀𝑒 ∈ 𝐸0 (V) with 𝑒 ∈ E𝐶 and ℎ (𝑒) = V

(18)

else.

̃ = (V+ , E𝐹 ) is no longer connected
The resulting graph 𝐺
(scheme is shown in Figure 4).
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Figure 4: Network graph with two compressor edges (left) and new not connected network graph with three connected subgraphs after
removing the compressor edges (right).

We set |E𝐹 | fl 𝑚1 and |E𝐶 | fl 𝑚2 with 𝑚1 + 𝑚2 = 𝑚,
̃ consists of 𝑚2 + 1 subgraphs, which are all connected.
so 𝐺
Note that 𝑞 is a vector in 𝑅𝑚1 now. We determine that 𝐺𝑖 is the

𝑖-th self-connected subgraph of 𝐺 (depends on numbering of
+
the graph). Analogously 𝑝𝑖,𝑗
is the 𝑗-th component of the 𝑖-th
subgraph. The terms 𝑞𝑖,𝑗 and 𝐴 𝑖,𝑗,𝑘 are defined similarly. The
̃ is then
feasible set for 𝐺

∧
1𝑇𝑛+1̂𝑏+ = 0
{
{
{
{
+
𝑛+1
𝑚
+
{
with 𝑝 ∈ [𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ] :
∃ (𝑝 , 𝑞) ∈ R≥0 × R
{
{
{
{
{
{
{
∀𝑖 = 1, . . . , 𝑚2 + 1
𝐴 𝑖 𝑞𝑖 = ̃𝑏𝑖
̃
𝑀 = {̃𝑏+ ∈ R𝑛+1 |
𝑇
2


{
+
+
{
(𝐴 𝑖 ) (𝑝𝑖 ) = −Φ𝑖 𝑞𝑖  ∘ 𝑞𝑖
∀𝑖 = 1, . . . , 𝑚2 + 1
{
{
{
{
{
2
{
𝑝ℎ(𝑒)
{
{
{
) = 𝑢𝑒
∀𝑒 ∈ E𝐶
(
𝑝𝑓(𝑒)
{

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

(19)

̃ is the same as in (8), that models
The last equation in 𝑀
the pressure rise caused by the compressor. With this we can
present the equation for pressure loss in the form of (16) for
every subgraph. Before we state a theorem for characterizing
̂ and 𝑀.
̃
the feasible set, we show the equivalence of 𝑀

in all self-connected parts of the graph too and because the
relevant coefficients of 𝑞 doesn’t change while adding the
compressor edges, the pressure loss is fulfilled in 𝑀 too. Last,
as said before, the compressor property is independent of ̃𝑏+
and 𝑞, it is also fulfilled in 𝑀. This completes the proof.

Lemma 4. Let ̃𝑏+ be as defined in (18). The feasible sets defined
in (8) and (19) are equivalent in the following sense:

Because our network graph is a tree, the mass conservation is fulfilled with a full rank incidence matrix 𝐴 of size 𝑛×𝑛,
so 𝑞 can be computed explicit by the following:

̂ there is ̃𝑏+ ∈ 𝑀
̃
(i) For all 𝑏+ ∈ 𝑀
̃ there is 𝑏+ ∈ 𝑀
̂
(ii) For all ̃𝑏+ ∈ 𝑀

(20)

̂ It holds 1𝑇 𝑏+ = 0 and
Proof. (i) Consider a vector 𝑏+ ∈ 𝑀.
𝑛+1
because of (18) it follows directly 1𝑇𝑛+1̃𝑏+ = 0. After removing
the compressor edges, from 𝐴+ 𝑞 = 𝑏+ it follows with (17) that
𝐴+𝑖 𝑞𝑖 = ̃𝑏𝑖+ , which is equivalent to 𝐴 𝑖 𝑞𝑖 = ̃𝑏𝑖 . The pressure loss
̂ and because the flow vector
is fulfilled for all flux edges in 𝑀
𝑞 doesn’t change in the relevant coefficients while removing
̃ too.
the compressor edges, the pressure loss is fulfilled in 𝑀
The compressor property is independent of 𝑏+ and 𝑞, so it also
̃
holds. From this it follows ̃𝑏+ ∈ 𝑀.
(ii) The other way around is quite similar. We consider a
̃ From 1𝑇 ̃𝑏+ = 0 it follows with (18) that
vector ̃𝑏+ ∈ 𝑀.
𝑛+1
𝑇
+
1𝑛+1 𝑏 = 0. The equation for mass conservation is fulfilled
in every subgraph. So with (17) it follows 𝐴+ 𝑞 = 𝑏+ , which
implies the mass conservation in 𝑀. The pressure loss holds

𝑞 = 𝐴−1 𝑏,

(21)

which makes us able to use Lemma 4.
With this result, we can write the equation for momentum
conservation depending on the incidence matrices for the
parts of the tree. This makes us able to formulate the theorem
̃ Therefore we will use the
for characterizing the feasible set 𝑀.
following function:
𝑛
{R → R
𝑔:{
 −1  −1
𝑇 −1


{𝑥 → (𝐴 ) Φ 𝐴 𝑥 (𝐴 𝑥) ,

(22)

which describes the pressure loss between the nodes. We also
introduce a new notation:
(i) 𝑢(𝑖,𝑗),𝑘 is the 𝑘-th control on the path from V𝑖,0 to V𝑗,0
(ii) 𝑔(𝑖,𝑗),𝑘 is the function 𝑔 for the 𝑘-th subgraph on the
path from V𝑖,0 to V𝑗,0 , whereas 𝑔(𝑖,𝑗),1 is the function 𝑔
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of the graph 𝐺𝑖 . According to this, 𝑔(𝑖,𝑗),𝑘,ℓ is the ℓ-th
component of the function 𝑔(𝑖,𝑗),𝑘
(iii) ̃𝑏(𝑖,𝑗),𝑘 is the load vector of the 𝑘-th subgraph in the
path from V𝑖,0 to V𝑗,0 , whereas ̃𝑏(𝑖,𝑗),1 is the load vector
of the graph 𝐺𝑖 and ̃𝑏(𝑖,𝑗),𝑘,ℓ is the ℓ-th component of
̃𝑏
(𝑖,𝑘),𝑘

Theorem 5. For given pressure bounds 𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ∈ R𝑛+1
and controls 𝑢𝑖 ∈ R (𝑖 = 1, . . . , 𝑚2 ) the following equivalence
holds.
̃ if and
A vector ̃𝑏+ with 1𝑇𝑛+1̃𝑏+ = 0 is feasible, i.e., ̃𝑏+ ∈ 𝑀,
only if the following inequalities hold. For all 𝑖 = 1, . . . , 𝑚2 + 1
holds (feasibility inside the subgraphs):

(ii)

fl max{𝑘 ∈ {1, . . . , 𝑚2 + 1} | V𝑘,0 ∈ Π(V𝑖,0 ) ∧ V𝑘,0 ∈
Π(V𝑗,0 )} as the largest index of all subgraph, the paths
to V𝑖,0 and V𝑗,0 pass through

With this notation and these values we define a sum for 𝑖, 𝑗 ∈
{1, 𝑚2 + 1}. If V𝑖,0 ∈ Π(V𝑗,0 ) we set ∑𝑖,𝑖 fl 0 and else we set
𝑛∗ −2

Σ𝑘∗ ,𝑖 fl ∑

𝑘=1

𝑘=1,...,𝑛𝑖

∏ℓ=1 𝑢(𝑘∗ ,𝑖),ℓ
)
(𝑘∗ ,𝑖),𝑛∗ −𝑘

+ 𝑔(𝑘∗ ,𝑖),1,𝑓(𝑒𝑢

)
(𝑘∗ ,𝑖),1

≤ min

𝑘=1,...,𝑛𝑖

𝑚𝑎𝑥 2
[(𝑝𝑖,𝑘
)

+ 𝑔𝑖,𝑘 (̃𝑏𝑖 )] .

(̃𝑏(𝑘∗ ,𝑖),𝑛∗ −𝑘 )

(23)

1
1
𝑚𝑖𝑛 2
𝑚𝑎𝑥 2
(𝑝𝑖,0
) + Σ𝑘∗ ,𝑖 ≤
(𝑝𝑗,0
) + Σ𝑘∗ ,𝑗 ,
Π𝑘∗ ,𝑖
Π𝑘∗ ,𝑗

(28)

1
1
𝑚𝑎𝑥 2
𝑚𝑖𝑛 2
(𝑝𝑖,0
) + Σ𝑘∗ ,𝑖 ≥
(𝑝𝑗,0
) + Σ𝑘∗ ,𝑗 ,
Π𝑘∗ ,𝑖
Π𝑘∗ ,𝑗

(29)

where we write only 𝑛∗ and 𝑚∗ instead of 𝑛∗𝑘∗ ,𝑖 and 𝑚∗𝑘∗ ,𝑖 for
better reading. Last, we define a product Π𝑖,𝑖 fl 1 and
𝑚∗

Π𝑘∗ ,𝑖 fl ∏𝑢(𝑘∗ ,𝑖),𝑘 .

≤

1

2

𝑚𝑎𝑥
min [(𝑝𝑗,𝑘
) + 𝑔𝑗,𝑘 (̃𝑏𝑗 )] + Σ𝑘∗ ,𝑗 ,

(24)

𝑘=1

From a first point of view, the notation seems to be confusing,
but using this notation makes sense since we want to
guarantee the feasibility of a load vector by comparing the
pressure bounds at every node with each other. We explain
this in a short example. Figure 5 shows a graph after removing
the compressor edges.
If we want to compare the pressure bounds of node 11 and
node 12, we need to know how the pressures change on the
path from 2 to 11, resp., from 2 to 12. Node 11 is part of the
subgraph 𝐺5 and node 12 is part of the subgraph 𝐺6 , so it
follows 𝑘∗5,6 = 2 because node 2 is part of subgraph 2. The
notation can be understood as a numbering along the path.
It is 𝑢(2,11),1 = 𝑢2 , the first control on the path from node 2
to node 11 and 𝑢(2,11),2 = 𝑢4 , the second control on this path.
Further it follows 𝑛∗2,11 = 3 (𝐺2 , 𝐺3 , 𝐺5 ) and 𝑚∗2,11 = 2 (𝑢2 , 𝑢4 ).
The product defined before is the product of all controls along
this path and the sum is the pressure loss between node 2 and
node 7. Using this notation makes us able to formulate the
theorem for characterizing the feasible set in a readable way.

≥

1

max
Π𝑘∗ ,𝑗 𝑘=1,...,𝑛𝑗

𝑚𝑖𝑛 2
[(𝑝𝑗,𝑘
)

+ 𝑔𝑗,𝑘 (̃𝑏𝑗 )] + Σ𝑘∗ ,𝑗 ,

1
𝑚𝑖𝑛 2
max [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ𝑘∗ ,𝑖
Π𝑘∗ ,𝑖 𝑘=1,...,𝑛𝑖
≤

1
Π𝑘∗ ,𝑗

𝑚𝑎𝑥 2
(𝑝𝑗,0
)

1
Π𝑘∗ ,𝑗

1

min
Π𝑘∗ ,𝑗 𝑘=1,...,𝑛𝑗

2

𝑚𝑎𝑥 2
[(𝑝𝑗,𝑘
)

+ 𝑔𝑗,𝑘 (̃𝑏𝑗 )] + Σ𝑘∗ ,𝑗 ,

1
𝑚𝑎𝑥 2
min [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ𝑘∗ ,𝑖
𝑘=1,...,𝑛
Π𝑘∗ ,𝑖
𝑖
≥

1

(32)

(33)

𝑚𝑖𝑛
(𝑝𝑗,0
) + Σ𝑘∗ ,𝑗 ,

1
𝑚𝑖𝑛 2
max [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ𝑘∗ ,𝑖
Π𝑘∗ ,𝑖 𝑘=1,...,𝑛𝑖
≤

(31)

+ Σ𝑘∗ ,𝑗 ,

1
𝑚𝑎𝑥 2
min [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ𝑘∗ ,𝑖
Π𝑘∗ ,𝑖 𝑘=1,...,𝑛𝑖
≥

(30)

Π𝑘∗ ,𝑗 𝑘=1,...,𝑛𝑗

2
1
(𝑝𝑚𝑎𝑥 ) + Σ𝑘∗ ,𝑗
Π𝑘∗ ,𝑖 𝑖,0

(̃𝑏(𝑘∗ ,𝑖),1 ) ,

(27)

For all 𝑖, 𝑗 = 1, . . . , 𝑚2 + 1 with 𝑖 < 𝑗 holds (feasibility between
the subgraphs):

2
1
(𝑝𝑚𝑖𝑛 ) + Σ𝑘∗ ,𝑖
Π𝑘∗ ,𝑖 𝑖,0

1

𝑚∗ −𝑘

⋅ 𝑔(𝑘∗ ,𝑖),𝑛∗ −𝑘,𝑓(𝑒𝑢

(26)

𝑚𝑖𝑛 2
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )]
max [(𝑝𝑖,𝑘

𝑛∗𝑖,𝑗

(iii) 𝑚∗𝑖,𝑗 fl |{𝑒 ∈ E𝐶 | ℎ(𝑒) ∈ ΠV𝑖,0 (V𝑗,0 )∧𝑓(𝑒) ∈ ΠV𝑖,0 (V𝑗,0 )}|
as the number of controls which are between V𝑖,0 and
V𝑗,0

𝑚𝑎𝑥 2
𝑚𝑖𝑛 2
) ≥ max [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] ,
(𝑝𝑖,0
𝑘=1,...,𝑛𝑖

𝑘∗𝑖,𝑗

: |{𝑘 ∈ {1, . . . , 𝑚2 + 1} | V𝑘,0 ∈ ΠV𝑖,0 (V𝑗,0 )}| as the
number of subgraph which are on the path from V𝑖,0
from V𝑗,0 containing 𝐺𝑖 and 𝐺𝑗

(25)

𝑘=1,...,𝑛𝑖

Analogously we define 𝐴 (𝑖,𝑗),𝑘 , 𝑝(𝑖,𝑗),𝑘 and 𝑞(𝑖,𝑗),𝑘 . Furthermore
we define the following values:
(i)

𝑚𝑖𝑛 2
𝑚𝑎𝑥 2
(𝑝𝑖,0
) ≤ min [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] ,

max
Π𝑘∗ ,𝑗 𝑘=1,...,𝑛𝑗

𝑚𝑖𝑛 2
[(𝑝𝑗,𝑘
)

+ 𝑔𝑗,𝑘 (̃𝑏𝑗 )] + Σ𝑘∗ ,𝑗 .

(34)

(35)
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Figure 5: Example graph for illustration of the used notation.

b0

b1
0

q1

1

and using the definition of the function 𝑔 we have

b2
q2

2

2
= 𝑝𝑖2 + 𝑔𝑖 (̃𝑏𝑖 ) .
1𝑛𝑖 𝑝𝑖,0

(41)

Figure 6: Graph of Example 1.

Let us have a look at the inequalities. Inequalities
(25)–(27) are well-known from [8] and they describe the
feasibility inside a connected tree. The other inequalities
(28)–(35) guarantee the feasibility between the subgraphs.
Therefore we compare the pressures of the entries of two parts
((28), (29)), of the entry of one part and the exit nodes of the
other parts ((30)–(33)) and we compare the pressures of all
exits ((34), (35)). Because we cannot compare the pressures
of 𝐺𝑖 and 𝐺𝑗 directly (there may be no direct connection), we
have to compare them using the subgraph 𝐺𝑘∗ which is the
last part the paths to V𝑖,0 and V𝑗,0 pass. Therefore we defined
the sums Σ𝑘∗ ,𝑖 and Σ𝑘∗ ,𝑗 , which trace back the pressures to 𝐺𝑘∗ .
Remark 6. For an implementation it is wise to define a set
𝑈(𝑖,𝑗) containing all controls on the path from V𝑖,0 to V𝑗,0 and
use an index running over this set to define the sums and the
products.

Note here, that 𝑝𝑖 is the vector of pressures of the subgraph 𝐺𝑖
and 𝑔𝑖 (̃𝑏𝑖 ) is the vector-valued function, which describes the
pressure loss in 𝐺𝑖 . Equation (41) holds for all subgraphs 𝐺𝑖
with 𝑖 ∈ {1, . . . , 𝑚2 + 1}. From this, the inequalities (25)–(27)
follow directly with 𝑝+ ∈ [𝑝+,𝑚𝑖𝑛, 𝑝+,𝑚𝑎𝑥 ]. Next we use (41)
component-by-component. For fix 𝑖, 𝑗 ∈ {1, . . . , 𝑚2 + 1} with
𝑖 < 𝑗 it follows
𝑝𝑘2∗ ,0 = 𝑝𝑘2∗ ,𝑘 + 𝑔𝑘∗ ,𝑘 (̃𝑏𝑘∗ )

−1𝑇𝑛𝑖 𝐴 𝑖 = 𝐴+𝑖,0

(𝑖 = 1, . . . , 𝑚2 + 1) .

2
𝑝ℎ(𝑒
𝑢

)
(𝑘∗ ,𝑖),1

2
𝑝𝑓(𝑒

𝑞𝑖 =

2
𝑝(𝑘
∗ ,𝑖),1,0 =

(36)

(37)

We take the equation of momentum conservation for the 𝑖-th
subgraph (𝑖 ∈ {1, . . . , 𝑚2 + 1}) and separate 𝐴+𝑖 to 𝐴+𝑖,0 and 𝐴 𝑖 :
𝑇 2
 
(𝐴+𝑖,0 ) 𝑝𝑖,0
+ 𝐴𝑇𝑖 𝑝𝑖2 = −Φ 𝑞𝑖  𝑞𝑖 .

(38)

Next we insert (36) into (38) and get
2
−𝐴𝑇𝑖1𝑛𝑖 𝑝𝑖,0

+

𝐴𝑇𝑖 𝑝𝑖2

 
= −Φ 𝑞𝑖  𝑞𝑖 .

(39)

)
𝑢 ∗
(𝑘 ,𝑖),1

= 𝑢(𝑘∗ ,𝑖),1 ,

1
𝑝2 ∗
𝑢(𝑘∗ ,𝑖),1 (𝑘 ,𝑖),2,0
+ 𝑔(𝑘∗ ,𝑖),1,𝑓(𝑒𝑢

(𝑘∗ ,𝑖),1

̃
) (𝑏(𝑘∗ ,𝑖),1 ) .

(44)

2
̃
̃
Note that 𝑝𝑘2∗ ,0 = 𝑝(𝑘
∗ ,𝑖),1,0 , 𝑔𝑘∗ ,𝑘 (𝑏𝑘∗ ) = 𝑔(𝑘∗ ,𝑖),1,𝑘 (𝑏(𝑘∗ ,𝑖),1 ) and
2
2
𝑝ℎ(𝑒
) = 𝑝(𝑘∗ ,𝑖),2,0 . We use the compressor equation for
𝑢
(𝑘∗ ,𝑖),1

the second compressor on the path from V𝑘∗ ,0 to V𝑖,0 and put
it, together with (42) into (44):
2
𝑝(𝑘
∗ ,𝑖),1,0 =

1
𝑢(𝑘∗ ,𝑖),1

[

1
𝑢(𝑘∗ ,𝑖),2

2
𝑝(𝑘
∗ ,𝑖),3,0

We multiply this equation from left with (𝐴𝑇𝑖 )−1 and insert
(37), so it follows

+ 𝑔(𝑘∗ ,𝑖),2,𝑓(𝑒𝑢

(̃𝑏(𝑘∗ ,𝑖),2 )]

−1
 ̃  −1̃
2

1𝑛𝑖 𝑝𝑖,0
= 𝑝𝑖2 + (𝐴𝑇𝑖 ) Φ 𝐴−1
𝑖 𝑏𝑖  𝐴 𝑖 𝑏𝑖

+ 𝑔(𝑘∗ ,𝑖),1,𝑓(𝑒𝑢

(̃𝑏(𝑘∗ ,𝑖),1 ) .

(40)

(43)

and insert it into (42) for 𝑘 = 𝑓(𝑒𝑢(𝑘∗ ,𝑖),1 ):

̃ From the
“⇒” We consider a feasible vector 𝑏+ ∈ 𝑀.
equation of mass conservation of every subgraph it follows
̃
𝐴−1
𝑖 𝑏𝑖 .

(42)

Remember, that 𝑘∗𝑖,𝑗 is the largest index of all subgraphs, the
paths to V𝑖,0 and V𝑗,0 pass through. For better reading, we only
write 𝑘∗ instead of 𝑘∗𝑖,𝑗 . We use the equation of the compressor
property for the first compressor on the path from V𝑘∗ ,0 to V𝑖,0 ,

Now we want to proof the theorem.
Proof of Theorem 5 . Because the columns of 𝐴+ sum up to
zero, it holds

(𝑘 = 1, . . . , 𝑛𝑘∗ ) .

)
(𝑘∗ ,𝑖),2
)
(𝑘∗ ,𝑖),1

(45)
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We repeat this procedure for all controls on the path from
V𝑘∗ ,0 to V𝑖,0 . Although we write 𝑛∗ and 𝑚∗ instead of 𝑛∗𝑘∗ ,𝑖 and
𝑚∗𝑘∗ ,𝑖 . Thus we get
2
𝑝(𝑘
∗ ,𝑖),1,0 =

1

[

𝑢(𝑘∗ ,𝑖),1

1
𝑢(𝑘∗ ,𝑖),2

+ 𝑔(𝑘∗ ,𝑖),𝑛∗ −1,𝑓(𝑒𝑢

)
(𝑘∗ ,𝑖),𝑛∗ −1

[⋅ ⋅ ⋅ [

𝑘=1,...,𝑛𝑖

(49)
We set
(46)

+ 𝑔(𝑘∗ ,𝑖),1,𝑓(𝑒𝑢

̃
) (𝑏(𝑘∗ ,𝑖),1 ) .

We take again (42) for the node V𝑘∗ ,0 and do the same
procedure just like before for the path from V𝑘∗ ,0 to V𝑗,0 . With
𝑛∗ = 𝑛∗𝑘∗ ,𝑗 and 𝑚∗ = 𝑚∗𝑘∗ ,𝑗 we get
2
𝑝(𝑘
∗
,𝑗),1,0

=

1
𝑢(𝑘∗ ,𝑗),1

[

1
𝑢(𝑘∗ ,𝑗),2

+ 𝑔(𝑘∗ ,𝑗),𝑛∗ −1,𝑓(𝑒𝑢

[⋅ ⋅ ⋅ [

(𝑘∗ ,𝑗),𝑛∗ −1

1
𝑢(𝑘∗ ,𝑗),𝑚∗

+ 𝑔(𝑘∗ ,𝑗),2,𝑓(𝑒𝑢

(̃𝑏(𝑘∗ ,𝑗),2 )]

+ 𝑔(𝑘∗ ,𝑗),1,𝑓(𝑒𝑢

̃
) (𝑏(𝑘∗ ,𝑗),1 ) .

)
(𝑘∗ ,𝑗),2

(𝑘∗ ,𝑗),1

(47)

𝑃1,1 fl

𝑚𝑎𝑥 2
, (𝑝1,0
) ],

𝑃1,𝑖 fl [

1
1
𝑚𝑖𝑛 2
𝑚𝑎𝑥 2
(𝑝𝑖,0
) + Σ1,𝑖 ,
(𝑝𝑖,0
) + Σ1,𝑖 ] ,
Π1,𝑖
Π𝑖,1

according to requirement

𝑃2,𝑖 ≠ 0

because of (26) .

𝑃2,𝑖 ∩ 𝑃1,𝑗 ≠ 0 because of (32) and (33) .

(50)

(51)

(52)

𝑃2,𝑖 ∩ 𝑃2,𝑗 ≠ 0 because of (34) and (35) .
So the set 𝑃0 is not empty. We define the following values:

(48)

2
∈ 𝑃0 ,
𝑝1,0
2
2
𝑝𝑖,0
fl Π1,𝑖 (𝑝1,0
− Σ1,𝑖 )

𝑖 = 2, . . . , 𝑚2 + 1,

2
2
fl 𝑝𝑖,0
− 𝑔𝑖,𝑘 (̃𝑏𝑖 )
𝑝𝑖,𝑘

(53)
𝑖 = 1, . . . , 𝑚2 + 1, 𝑘 = 1, . . . , 𝑛𝑖 ,

̃
𝑞𝑖 fl 𝐴−1
𝑖 𝑏𝑖

𝑖 = 1, . . . , 𝑚2 + 1.

Now we show that our choice of pressures and flows is
𝑚𝑖𝑛 𝑚𝑎𝑥
2
feasible. It is 𝑝1,0 ∈ [𝑝1,0
, 𝑝1,0 ] because of 𝑝1,0
∈ 𝑃1,1 . Further
2
because of 𝑝1,0 ∈ 𝑃1,𝑖 for all 𝑖 = 2, . . . , 𝑚2 + 1 it holds

𝑘=1,...,𝑛1

𝑚𝑎𝑥 2
min [(𝑝1,𝑘
) + 𝑔1,𝑘 (̃𝑏1 )]] ,

𝑃1,𝑖 ≠ 0

𝑃1,𝑖 ∩ 𝑃2,𝑗 ≠ 0 because of (30) and (31) .

𝑚𝑖𝑛 2
) + 𝑔1,𝑘 (̃𝑏1 )] ,
𝑃2,1 fl [ max [(𝑝1,𝑘

𝑘=1,...,𝑛1

𝑘=1

𝑃1,𝑖 ∩ 𝑃1,𝑗 ≠ 0 because of (28) and (29) .

with Σ𝑘∗ ,𝑖 resp. Σ𝑘∗ ,𝑗 defined before. (48) directly implies (28)
and (29). Using (48) together with (42) for V𝑖,0 first time,
for V𝑗,0 second time and for V𝑖,0 and V𝑗,0 a third time, the
inequalities (30)–(35) follow directly. So this part of the proof
is complete.
“⇐” For this part, we consider a vector 𝑏+ ∈ R𝑛+1
with 1𝑇𝑛+1 𝑏+ = 0, which fulfills the inequalities (25)–(35). We
define the following sets (𝑖 = 2, . . . , 𝑚2 + 1):
𝑚𝑖𝑛 2
[(𝑝1,0
)

𝑘=1

Furthermore its 𝑃1,𝑖 ∩ 𝑃2,𝑖 ≠ 0 because of (25) and (26). The
missing intersections are nonempty too, for 𝑖, 𝑗 ∈ {1, . . . , 𝑚2 +
1} with 𝑖 < 𝑗, as follows:

Expanding (46) and (47) and equalizing them (this is possible
because 𝑝(𝑘∗ ,𝑖),1,0 = 𝑝(𝑘∗ ,𝑗),1,0 ) leads to
1 2
1 2
𝑝 + Σ𝑘∗ ,𝑖 =
𝑝 + Σ𝑘∗ ,𝑗
Π𝑘∗ ,𝑖 𝑖,0
Π𝑘∗ ,𝑗 𝑗,0

𝑚2 +1

2
and we will define a value 𝑝1,0
∈ 𝑃0 later. So to guarantee
2
such a value 𝑝1,0 exists, we have to show first, that 𝑃0 is not
empty. Because 𝑃0 is a finite intersection of convex intervals,
we have to make sure that all intervals are not empty and
every intersection between two intervals is not empty. In one
dimension, this is sufficient that 𝑃0 is not empty. For 𝑖 =
1, . . . , 𝑚2 + 1,

2
𝑝(𝑘
∗
,𝑗),𝑛∗ ,0

̃
) (𝑏(𝑘∗ ,𝑗),𝑛∗ −1 )] ⋅ ⋅ ⋅]

𝑚2 +1

𝑃0 fl ⋂ 𝑃1,𝑘 ∩ ⋂ 𝑃2,𝑘

(̃𝑏(𝑘∗ ,𝑖),2 )]

)

(𝑘∗ ,𝑖),1

𝑢(𝑘∗ ,𝑖),𝑚∗

1
1
𝑚𝑖𝑛 2
max [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ1,𝑖 ,
Π1,𝑖 𝑘=1,...,𝑛𝑖
Π𝑖,1

𝑚𝑎𝑥 2
⋅ min [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ1,𝑖 ] .

2
𝑝(𝑘
∗ ,𝑖),𝑛∗ ,0

(̃𝑏(𝑘∗ ,𝑖),𝑛∗ −1 )] ⋅ ⋅ ⋅]

+ 𝑔(𝑘∗ ,𝑖),2,𝑓(𝑒𝑢

(𝑘∗ ,𝑖),2

1

𝑃2,𝑖 fl [

2
1 2
1
𝑝 + Σ1,𝑖 ≤
(𝑝𝑚𝑎𝑥 ) + Σ1,𝑖
Π1,𝑖 𝑖,0
Π1,𝑖 𝑖,0

(54)

1 2
1
𝑚𝑖𝑛 2
𝑝𝑖,0 + Σ1,𝑖 ≥
(𝑝𝑖,0
) + Σ1,𝑖 .
Π1,𝑖
Π1,𝑖

(55)

and
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2
2
Now we replace 𝑝𝑖,0
in its definition with (𝑝𝑖,𝑘
+ 𝑔𝑖,𝑘 (̃𝑏𝑖 )) and
2
because of 𝑝𝑖,0 ∈ 𝑃2,𝑖 for all 𝑖 = 1, . . . , 𝑚2 + 1 it follows

2
2
𝑝(1,𝑖),𝑛
∗ ,0 = 𝑝𝑖,0 ,

1
(𝑝2 + 𝑔𝑖,𝑘 (̃𝑏𝑖 )) + Σ1,𝑖
Π1,𝑖 𝑖,𝑘
1
𝑚𝑎𝑥 2
≤
min [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ1,𝑖
Π1,𝑖 𝑘=1,...,𝑛𝑖
1
(𝑝2 + 𝑔𝑖,𝑘 (̃𝑏𝑖 )) + Σ1,𝑖
Π1,𝑖 𝑖,𝑘
1
𝑚𝑖𝑛 2
≥
max [(𝑝𝑖,𝑘
) + 𝑔𝑖,𝑘 (̃𝑏𝑖 )] + Σ1,𝑖 .
Π1,𝑖 𝑘=1,...,𝑛𝑖

𝑔(1,𝑖),𝑛∗ −1,𝑓(𝑒𝑢

(1,𝑖),𝑛∗ −1

(57)

So for all 𝑖 = 1, . . . , 𝑚2 + 1 and for all 𝑘 = 1, . . . , 𝑛𝑖 it holds
𝑚𝑖𝑛 𝑚𝑎𝑥
, 𝑝𝑖,𝑘 ] which is equivalent to
𝑝𝑖,𝑘 ∈ [𝑝𝑖,𝑘
𝑝+ ∈ [𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ] .

(58)

The equation for mass conservation follows directly from the
definition of 𝑞𝑖 (𝑖 = 1, . . . , 𝑚2 + 1). For the pressure loss we
use
2
𝑝𝑖2 = 1𝑛𝑖 𝑝𝑖,0
− 𝑔𝑖 (̃𝑏𝑖 ) ,

(59)

And multiply this equation from left with 𝐴𝑇𝑖 and use (36).
With this it follows the equation for momentum conservation:
𝑇
2
 
(𝐴+𝑖 ) (𝑝𝑖+ ) = −Φ 𝑞𝑖  𝑞𝑖 .

(60)

The last equation missing is the compressor property. For a
control 𝑗 ∈ {1, . . . , 𝑚2 } we fix a vertex V𝑖,0 (𝑖 ∈ {1, . . . , 𝑚2 + 1})
2
2
= Π1,𝑖 (𝑝1,0
− Σ1,𝑖 ) and solve the
with ℎ(𝑒𝑢𝑗 ) = V𝑖,0 . We use 𝑝𝑖,0

2
in the following way:
formula for 𝑝1,0

1
𝑢(1,𝑖),1

[⋅ ⋅ [

+ 𝑔(1,𝑖),𝑛∗ −1,𝑓(𝑒𝑢

1
𝑢(1,𝑖),𝑚∗

(1,𝑖),𝑛∗ −1

+ 𝑔(1,𝑖),1,𝑓(𝑒𝑢

(1,𝑖),1

)

2
𝑝(1,𝑖),𝑛
∗
,0

(̃𝑏(1,𝑖),𝑛∗ −1 )] ⋅ ⋅]

𝑗

1 2
2
𝑝
= 𝑝𝑓(𝑒
,
𝑢𝑗 )
𝑢𝑗 ℎ(𝑒𝑢𝑗 )

(64)

which is equivalent to the compressor property. This completes the proof.
With this theorem we have another characterization of
̃ The last step in this intersection is the
the feasible set 𝑀.
adaption of the results to the spheric-radial decomposition.
As mentioned before, the main step is to get a representation
of the sets 𝑀𝑖 in step (2) of Algorithm 3.
Because we assumed that the graph has only one entry, we
define the following set:
̂ .
𝑀 fl {𝑏 ∈ R𝑛≥0 | (−1𝑇𝑛𝑏, 𝑏) ∈ 𝑀}

(65)

Consider a sampled point V𝑖 ∈ S𝑛−1 of step (1) of Algorithm 3
(𝑖 = 1, . . . , 𝑁). We identify the load vector 𝑏 with the affine
linear function:
𝑏𝑖 (𝑟) fl 𝑟𝐿V𝑖 + 𝜇 = 𝑟𝜔𝑖 + 𝜇

with 𝜔𝑖 = 𝐿V𝑖 ,

(66)

where 𝜇 is the mean value of the Gaussian distribution and 𝐿
is such that 𝐿𝐿𝑇 = Σ for positive definite covariance matrix
Σ. Note that the index 𝑖 here is for the sampled vector V𝑖 , not
for the 𝑖-th subgraph. Because 𝑏𝑖 is defined only for the exit
nodes, it must hold 𝑏 ≥ 0 which leads to the definition of the
regular range:
𝑅𝑟𝑒𝑔,𝑖 fl {𝑟 ≥ 0 | 𝑏𝑖 (𝑟) ≥ 0} ⊇ 𝑀𝑖 .

𝑀𝑖 = {𝑟 ∈ 𝑅𝑟𝑒𝑔,𝑖 | 𝑏𝑖 (𝑟) f ulfills (3) , (5) and (7)} ,

2
𝑝(1,𝑖−1),𝑛
∗ ,0 ,

depending on
which
same representation for
is equivalent to 𝑝(1,𝑖),𝑛∗ −1,0 . We equalize these representations
2
2
depending on 𝑝𝑖,0
and 𝑝𝑖−1,0
and we get
1
𝑝2 ∗ + 𝑔(1,𝑖),𝑛∗ −1,𝑓(𝑒𝑢 ∗ ) (̃𝑏(1,𝑖),𝑛∗ −1 )
(1,𝑖),𝑛 −1
𝑢(1,𝑖),𝑚∗ (1,𝑖),𝑛 ,0
=

(𝑏(1,𝑖),𝑛∗ −1 ) = 𝑔𝑖−1,𝑓(𝑒𝑢 ) (𝑏𝑖−1 ) ,

(67)

So the feasible set is

̃
) (𝑏(1,𝑖),1 ) .

2
2
= Π1,𝑖−1 (𝑝1,0
− Σ1,𝑖−1 ) to get the
𝑓(𝑒𝑢𝑗 ) ∈ 𝐺𝑖−1 . We use 𝑝𝑖−1,0

2
𝑝(1,𝑖),𝑛
∗ −1,0 .

)

(63)

2
2
and we know that 𝑝𝑖,0
resp. 𝑝𝑖−1,0
− 𝑔𝑖−1,𝑓(𝑒𝑢 ) (𝑏𝑖−1 ) are the
𝑗
pressures at the head resp. the foot of the compressor edge
𝑒𝑢𝑗 . So it follows

(61)

Consider w.l.o.g. that the subgraphs along the path from V1,0
to V𝑖,0 are numbered chronological, s.t. if ℎ(𝑒𝑢𝑗 ) ∈ 𝐺𝑖 then
2
𝑝1,0

2
2
𝑝(1,𝑖),𝑛
∗ −1,0 = 𝑝𝑖−1,0 ,

(56)

and

2
𝑝1,0
=

We chose 𝑖 ∈ {1, . . . , 𝑚2 + 1} s.t. 𝑢𝑗 is the last control on the
path from V1,0 to V𝑖,0 , so it is 𝑢(1,𝑖),𝑚∗ = 𝑢𝑗 . Further we have

(62)

(68)

and with Theorem 5 it holds
𝑀𝑖 = {𝑟 ∈ 𝑅𝑟𝑒𝑔,𝑖 | ̃𝑏𝑖 (𝑟) f ulfills (25) − (34)} ,

(69)

where ̃𝑏𝑖 (𝑟) is from (18). Because ̃𝑏𝑖 depends on 𝑟 now, the
function 𝑔 depends on 𝑟, too. More exactly, 𝑔 is quadratic in
𝑟, so 𝑔𝑘 (𝑏𝑖 (𝑟)) can be represented as follows:
2
−1
∑ Ψ𝑘,𝑗 ( ∑ 𝐴 𝑗,ℓ 𝜔𝑖,ℓ ) ]
𝑗=1
ℓ=1
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

2[

𝑟

[

𝑛

𝑛

𝑎̃𝑖

]
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𝑛

𝑛

Optimization with Constant Loads. Consider the two optimization problems

−1
]
+ 𝑟[2 ∑Ψ𝑘,𝑗 ( ∑ 𝐴−1
𝑗,ℓ 𝜔𝑖,ℓ ) ( ∑ 𝐴 𝑗,ℓ 𝜇ℓ )
𝑗=1
ℓ=1
ℓ=1
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
]
[

min

̃𝑏𝑖

𝑛

𝑝+,𝑚𝑎𝑥 ∈𝑃
2

𝑛

subject to

].
+ [∑ Ψ𝑘,𝑗 ( ∑ 𝐴−1
𝑗,ℓ 𝜇ℓ )
𝑗=1
ℓ=1
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
[
]

min
𝑚

𝑢∈R≥12

(70)
Here, Ψ is the product of 𝐴 and Φ. So the inequations, which
characterize 𝑀𝑖 , are also quadratic in 𝑟 because the minimal
and maximal pressures in the inequalities only count to 𝑐̃𝑖 .
Now we can write the feasible sets as follows:
𝑀𝑖 = {𝑟 ∈ 𝑅𝑟𝑒𝑔,𝑖 | 0 ≤ 𝑎𝑖,𝑡 𝑟2 + 𝑏𝑖,𝑡 𝑟 + 𝑐𝑖,𝑡 } ,

𝑘=1

𝑠𝑖 ∈ N.

(72)

Here 𝑠𝑖 is the number of disjoint intervals in which all
inequalities are fulfilled and 𝑎𝑖,𝑘 and 𝑎𝑖,𝑘 are the interval
bounds, they depend on the pressure bounds and the controls. So the third step of Algorithm 3 can be executed. With

𝑏 (𝑝

̂
)∈𝑀

1 𝑁 𝑖
∑ ∑ F (𝑎 ) − F𝜒 (𝑎𝑖,𝑘 ) ,
𝑁 𝑖=1 𝑘=1 𝜒 𝑖,𝑘

(76)

̂
subject to 𝑏 (𝑢) ∈ 𝑀.
Lemma 7. There exists a unique solution for (75).
̂
Proof. We have a look at the side constraint 𝑏+ (𝑝+,𝑚𝑎𝑥 ) ∈ 𝑀.
Using Theorem 5, we can write (75) as
𝑝

𝑐𝑇𝑝+,𝑚𝑎𝑥

min

+,𝑚𝑎𝑥

∈𝑃

(77)
(25) − (35) are f ulfilled.

subject to

For 𝑖 ∈ {1, . . . , 𝑚2 + 1} we write inequality (25) (and all
remaining analogous) in the following way:
2

𝑚𝑖𝑛
𝑚𝑎𝑥
0 ≤ 𝑔𝑖,𝑘 (̃𝑏𝑖 ) − (𝑝𝑖,0
) + (𝑝𝑖,𝑘
)

2

∀𝑘 = 1, . . . , 𝑛𝑖

(78)

So every inequality depends only on one upper pressure
bound (but more inequalities may depend on the same
bound). Because the inequalities are not strict, the values
𝑝𝑘 fl min {𝑝𝑘𝑚𝑎𝑥 ∈ [0, ∞) | (25) − (35) are f ulfilled} (79)

(73)

the probability for a random load vector to be feasible can be
computed.

4. Existence of Optimal Solutions
In this section we want to have a look at some optimization
problems. We distinguish between problems with constant
loads (without uncertainty on the demand) and problems
with random loads. The latter leads us to optimization
problems with so called probabilistic constraints or chance
constraints (see [21]). There are two aims in optimization:
Minimize the maximal pressure bounds and minimize the
controls. For minimizing the maximal pressure bounds, we
define the following set:
𝑛

𝑃 fl ⋃ [𝑝𝑖+,𝑚𝑖𝑛 , ∞) ,

‖𝑢‖2

exist for all 𝑘 = 1, . . . , 𝑛 + 1 and we can define a value

𝑠

P (𝑏 ∈ 𝑀) ≈

+,𝑚𝑎𝑥

+

(71)

where 𝑡 is an index for the total number of inequalities in 𝑀𝑖 .
Now the regular range can be cut with the positive intervals of
the inequalities and the result is a union of disjoint intervals:
𝑀𝑖 = ⋃ [𝑎𝑖,𝑘 , 𝑎𝑖,𝑘 ]

(75)
+

and

𝑐̃𝑖

𝑠𝑖

𝑐𝑇𝑝+,𝑚𝑎𝑥

(74)

+,𝑚𝑎𝑥
fl max {𝑝𝑘 , 𝑝𝑘𝑚𝑖𝑛 }
𝑝𝑜𝑝𝑡,𝑘

which is obviously a solution of (75). Moreover, this solution
is unique, because reducing one component of the upper
bounds would either hurt an inequality or it would not fulfill
𝑝+,𝑚𝑎𝑥 ≥ 𝑝+,𝑚𝑖𝑛 anymore.
For the optimization problem (76) we can formulate a
necessary and a sufficient condition for optimal solutions.
Lemma 8. Consider pressure bounds 𝑝+,𝑚𝑖𝑛 , 𝑝+,𝑚𝑎𝑥 ∈ R𝑛+1 s.t.
𝑝+,𝑚𝑖𝑛 < 𝑝+,𝑚𝑎𝑥 and a suitable vector 𝑏+ ∈ R𝑛+1 (i.e., ̃𝑏+ fulfills
(25)–(27)). For all 𝑘 = 1, . . . , 𝑚2 we set 𝑖(𝑘) and 𝑗(𝑘) such that
𝑓(𝑒𝑘 ) ∈ V+𝑖(𝑘) and ℎ(𝑒𝑘 ) ∈ V+𝑗(𝑘) .
(a) If 𝑢 ∈ R𝑚2 is a solution of (76), it holds for all 𝑘 =
1, . . . , 𝑚2 :
𝑚𝑖𝑛 2
𝑚𝑎𝑥 2
(𝑝𝑖(𝑘),0
) − 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) ≤ (𝑝𝑗(𝑘),0
) .

(81)

(b) If the inequalities

𝑖=0

in which we look for them. Because the maximal pressures
are in proportion to the cost of pipes, an objective function
for a optimization problem could be 𝑐𝑇𝑝+,𝑚𝑎𝑥 for a cost vector
𝑐 ∈ R𝑛+1
>0 . By minimizing the controls, we use the Euclidean
norm of the controls as an objective function.

(80)

2

2

𝑚𝑖𝑛 2
(𝑝𝑖(𝑘),0
)

𝑚𝑎𝑥 2
− 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) ≤ (𝑝𝑗(𝑘),0
)

𝑚𝑎𝑥
𝑚𝑖𝑛
) − 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) ≥ (𝑝𝑗(𝑘),0
)
(𝑝𝑖(𝑘),0

and

(82)
𝑚

are fulfilled for all 𝑘 = 1, . . . , 𝑚2 , an optimal solution 𝑢 ∈ R≥12
of (76) exists.
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Note that a vector 𝑏+ ∈ R𝑛+1 is suitable here if the vector
̃𝑏+ is feasible for the subgraphs, i.e., the inequalities (25)-(27)
are fulfilled for ̃𝑏+ .

In general problems with probabilistic constraints have the
form

Proof. (a) For this part we use a proof by contradiction.
Assume that

subject to P (ℎ (𝑥, 𝜉) ≤ 0) ≥ 𝛼,

𝑚𝑖𝑛 2
𝑚𝑎𝑥 2
(𝑝𝑖(𝑘),0
) − 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) > (𝑝𝑗(𝑘),0
) .

(83)

Because 𝑢𝑘 ≥ 1 for all 𝑘 = 1, . . . , 𝑚2 , it follows
2
1
𝑚𝑖𝑛 2
) − 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) >
(𝑝𝑚𝑎𝑥 ) .
(𝑝𝑖(𝑘),0
𝑢𝑘 𝑗(𝑘),0

Σ𝑘∗ ,𝑗(𝑘) = 𝑔(𝑘∗ ,𝑗(𝑘)),1,𝑓(𝑒𝑢

)
(𝑘∗ ,𝑗(𝑘)),1

= 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) .

(85)

Thus we have a contradiction to (28) and 𝑢𝑘 cannot be
optimal.
(b) As mentioned before, the vector 𝑏+ is such that ̃𝑏 is
feasible for the subgraphs. So because of the conditions for
𝑚𝑖𝑛
𝑚𝑎𝑥
, 𝑝𝑖(𝑘),0
] and a
𝑘 ∈ {1, . . . , 𝑚2 } there exists a 𝑝𝑖(𝑘),0 ∈ [𝑝𝑖(𝑘),0
𝑚𝑖𝑛 𝑚𝑎𝑥
𝑝𝑗(𝑘) ∈ [𝑝𝑗(𝑘) , 𝑝𝑗(𝑘) ] so that
2
2
𝑝𝑖(𝑘),0
− 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) ≥ 𝑝𝑗(𝑘),0
.

(86)

2
2
2
2
With 𝑝𝑖(𝑘),0
− 𝑔𝑖(𝑘),𝑓(𝑒𝑘 ) (̃𝑏𝑖(𝑘) ) = 𝑝𝑓(𝑒
and 𝑝𝑗(𝑘),0
= 𝑝ℎ(𝑒
it
𝑘)
𝑘)
follows

(

𝑝ℎ(𝑒𝑘 )
𝑝𝑓(𝑒𝑘 )

) ≥ 1.

min

𝑝+,𝑚𝑎𝑥 ∈𝑃

(𝑏(𝑘∗ ,𝑗(𝑘)),1 )

(87)

𝑚

Therefore we can find a 𝑢 ∈ R≥12 that the inequalities (28)(35) are fulfilled. Now we can use the Weierstraß theorem and
get the existence of an optimal solution.
Note that the sufficient condition in Lemma 8 is comparatively strong, there may exist optimal solutions with less
strong conditions, e.g., the following.
Corollary 9. If the graph has only one compressor edge, i.e.,
|E𝐶| = 1, then it holds: If 𝑢 ∈ R≥1 is an optimal solution of
(76), 𝑢 is unique.
This conclusion follows directly from the strict monotonicity of the objective function.
Optimization with Random Loads. In this section we consider the load vector to be random as we mentioned in
Section 2.2. In the optimization problems, we want to make
sure that the feasibility of a random load vector is guaranteed
for a probability 𝛼 ∈ (0, 1). This leads us to optimization
problems with so called chance or probabilistic constraints.

(88)

with an objective function 𝑓 and a vector of uncertainty 𝜉.
There exist many works about probabilistic constraints resp.
stochastic programming, e.g., [7] gives an excellent overview
about chance constraints in theory and application. In our
case we consider the following problem:

(84)

It it Σ𝑘∗ ,𝑖(𝑘) = 0 and Π𝑘∗ ,𝑖(𝑘) = 1 because the subgraph with
index 𝑘∗ is equal to the subgraph with index 𝑖(𝑘). And because
the subgraphs 𝑖(𝑘) and 𝑗(𝑘) are neighbours (i.e., directly
connected), it follows Π𝑘∗ ,𝑗(𝑘) = 𝑢𝑘 and

𝑓 (𝑥, 𝜉)

min

𝑐𝑇𝑝+,𝑚𝑎𝑥
(89)

subject to P (𝑏 (𝑝+,𝑚𝑎𝑥 ) ∈ 𝑀) ≥ 𝛼.
To handle this problem resp. the probabilistic constraint, the
spheric-radial decomposition gives us an explicit representation of the constraint for a Gaussian vector 𝑏 ∼ N(𝜇, Σ) with
mean value 𝜇 and positive definite covariance Σ:
P (𝑏 (𝑝+,𝑚𝑎𝑥 ) ∈ 𝑀)
=∫

S𝑛−1

𝜇𝜒 {𝑟 ≥ 0 | 𝑟𝐿V + 𝜇 ∈ 𝑀} 𝑑𝜇𝜂 (V) .

(90)

Further, Algorithm 3 gives a way to approximate this integral
in an efficient way. In Section 3 we showed a way to characterize the feasible set 𝑀 and how to adapt this characterization to
the spheric-radial decomposition. This changes our problem
with probabilistic constraints (89) to
𝑐𝑇 𝑝+,𝑚𝑎𝑥

min

𝑝+,𝑚𝑎𝑥 ∈𝑃

𝑠

1 𝑁 𝑡
∑ ∑F (𝑎 ) − F𝜒 (𝑎𝑖,𝑡 ) ≥ 𝛼.
𝑁 𝑖=1 𝑡=1 𝜒 𝑖,𝑡

subject to

(91)

Of course the interval bounds depend on the pressure bounds
and the control. For this problem we formulate the next
lemma.
Lemma 10. Let a sampling {V1 , . . . , V𝑁} (from step (1) of
Algorithm 3) and 𝛼 ∈ (0, 1) be given. For a suitable 𝜇 ∈ R𝑛
problem (91) has at least one solution 𝑝+,𝑚𝑎𝑥 ∈ 𝑃.
Proof. For the proof, we fix a V ∈ {V1 , . . . , V𝑁} from the given
sampling. From (25) and (26) it follows for all 𝑘 = 1, . . . , 𝑛𝑖
with 𝑖 ∈ {1, . . . , 𝑚2 + 1},
𝑚𝑎𝑥 2
𝑚𝑖𝑛 2
0 ≤ 𝑔𝑖,𝑘 (̃𝑏𝑖 (𝑟)) + (𝑝𝑖,𝑘
) − (𝑝𝑖,0
) ,

(92)

𝑚𝑎𝑥 2
𝑚𝑖𝑛 2
0 ≤ −𝑔𝑖,𝑘 (̃𝑏𝑖 (𝑟)) + (𝑝𝑖,0
) − (𝑝𝑖,𝑘
) .

With a random vector 𝑏 ∼ N(𝜇, Σ)𝑔𝑖,𝑘 (̃𝑏𝑖 (𝑟)) are quadratic
functions in 𝑟 and the upper pressure bounds only influence
the constant part with a positive sign:
2

2

𝑚𝑎𝑥
𝑚𝑖𝑛
0 ≤ 𝑎𝑖,𝑘 𝑟2 + 𝑏𝑖,𝑘 𝑟 + 𝑐𝑖,𝑘 + (𝑝𝑖,𝑘
) − (𝑝𝑖,0
) ,
2

0 ≤ −𝑎𝑖,𝑘 𝑟 − 𝑏𝑖,𝑘 𝑟 − 𝑐𝑖,𝑘 +

𝑚𝑎𝑥 2
(𝑝𝑖,0
)

−

𝑚𝑖𝑛 2
(𝑝𝑖,𝑘
)

(93)
.
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𝑚𝑎𝑥
It follows that a rise in 𝑝𝑖,𝑘
for all 𝑘 = 0, . . . , 𝑛𝑖 enlarges
the intervals, in which the inequalities hold. The same holds
for all inequalities in Theorem 5. The cumulative distribution
function of the Chi-Square-Distribution is strictly monotonic
increasing and convergent to 1. Thus upper pressure bounds
𝑚𝑎𝑥
𝑝𝑖,𝑘
(for 𝑖 = 1, . . . , 𝑛) can be found so that

So the feasible set 𝑀 is the following (see Figure 7):
𝑀 = {𝑏 ∈ R2≥0 | 𝑏2 ≤ √3 ∧ 𝑏1 ≤ −𝑏2 + √8 − 𝑏22 } .
Now consider the optimization problem:
min

𝑠𝑗

1 𝑁
∑ ∑F (𝑎 ) − F𝜒 (𝑎𝑗,𝑡 )
𝑁 𝑗=1 𝑡=1 𝜒 𝑗,𝑡

In this section we show a few results of implementation. At
first we show the idea of the spheric-radial decomposition by
using an easy example. Next we show a easy example with one
compressor edge and at last we use real data of the Greek gas
network. The focus of the implementation is on the theorems
proofed in Section 4.
Example 1. Our first example is an easy graph without inner
control (see Figure 6).
Assume that node 1 and 2 are gas consumers with mean
demand 𝜇 = [0.5, 0.5]𝑇 . The pressure bounds are given by
𝑝+,𝑚𝑖𝑛 = [2, 1, 1]𝑇 and 𝑝+,𝑚𝑎𝑥 = [3, 2, 2]𝑇 and Φ = E2 . Then
the incidence matrix is
−1 0
[ 1 −1]
𝐴 =[
]
[0

1]

1 −1
resp. 𝐴 = [
].
0 1

(95)

Consider the inequalities of Theorem 5 to characterize the
feasible set. Because the network has no compressor edges
the system of inequalities only contains the information (25)(27), the other inequalities do not occur. The function 𝑔 is
given by
1 0 1 0  1 1 𝑏1 
] ( )
𝑔 (𝑏) = [
][
] ⋅ [
1 1 0 1  0 1 𝑏2 
(96)
1 1 𝑏1
𝑏12 + 2𝑏1 𝑏2 + 𝑏22
∘ ([
] ( )) = ( 2
).
0 1 𝑏2
𝑏1 + 2𝑏1 𝑏2 + 2𝑏22
By inserting the pressure bounds, one can see that inequality
(25) is always fulfilled and inequality (27) implies
𝑏2 ≤ √3.

(97)

With this, inequality (26) follows for 0 ≤ 𝑏2 ≤ √3:
0 ≤ 𝑏1 ≤ −𝑏2 + √8 − 𝑏22 .

1𝑇3𝑝+,𝑚𝑎𝑥
(100)
+,𝑚𝑎𝑥

5. Numerical Results

+

𝑝+,𝑚𝑎𝑥 ∈𝑃

(94)

is higher that 𝛼 ∈ (0, 1). The index 𝑁 is for all sampled points
on the sphere and the index 𝑠𝑗 is for the union of intervals in
which all inequalities hold. The interval boundaries 𝑎𝑗,𝑡 and
𝑎𝑗,𝑡 depend continuously on the pressure bounds and because
the inequalities are not strict, 𝑝𝑚𝑎𝑥 can be found s.t. the side
constraint is fulfilled with equality. So there exists at least one
solution of (91).

(98)

(99)

subject to 𝑏 ∈ 𝑀 (𝑝

),

with 𝑏 = 𝜇 = [0.5, 0.5]𝑇. Lemma 7 guarantees the existence
of a unique solution of this problem. We use the fminconfunction in MATLAB, which minimizes a constrained nonlinear multivariable function. The fmincon default setting
uses a interior-point method. For more information we refer
to the official MathWorks homepage (https://www.mathworks.com/help/optim/ug/fmincon.html). The solver returns
the following result:
𝑇

+,𝑚𝑎𝑥
𝑝𝑜𝑝𝑡
= [2, √3, √2.75] .

(101)

One can easily see that this is the correct solution. The gas
demand at node 2 is 0.5, which is equal to the flow 𝑞2 , so
using the equation of momentum implies a difference in the
quadratic pressures between node 1 and node 2 of 0.25. The
flow through edge 1 is given by the two exit nodes and it is
𝑞1 = 1. This implies a difference in the quadratic pressures
+,𝑚𝑎𝑥
between node 0 and node 1 of 1. So the optimal solution 𝑝𝑜𝑝𝑡
directly follows.
Next we use the spheric-radial decomposition, especially
Algorithm 3, to calculate the probability P(𝑏 ∈ 𝑀) for a
random vector 𝑏 ∼ N(E2 , [0.5, 0.5]𝑇). Therefore we view
the results of 8 tests with 1000 sampled points in each one
(Table 1).
The probability in all eight tests is nearly the same. The
mean value is 0.3479 and the variance is 2.7723 ⋅ 10−6 , which
is very small. This shows that the implementation is working
nearly exact. The efficiency of the implementation of course
is not perfect, but that is not part of this work.
Last we want to solve the following optimization problem:
min

𝑝+,𝑚𝑎𝑥 ∈𝑃

subject to

1𝑇3 𝑝+,𝑚𝑎𝑥
1 𝑁 𝑠
∑ ∑F (𝑎 ) − F𝜒 (𝑎𝑖,𝑡 ) ≥ 𝛼.
𝑁 𝑖=1 𝑡=1 𝜒 𝑖,𝑡

(102)

We use again the fmincon-function in MATLAB to solve the
problem eight times, with 1000 sampled points in every case.
Because Lemma 8 needs a suitable 𝜇 ∈ R2≥0 , we assume 𝑏 ∼
N(0.1⋅𝐸2 , [1.5, 1.5]). We set 𝛼 fl 0.9 and the results are shown
in Table 2.
Example 2. Now we add a compressor edge to the graph of
Example 1 (see Figure 8).
Assume that node 1 and 3 are consumers, node 2 is a
inner node. The mean demand 𝜇 = [0.5, 0, 0.5]𝑇. The pressure
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−1
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1

2
rLv3

−1
−1
−2
Feasible set M for p+,min = [2, 1, 1]T and
p

+,max

Scheme of the spheric-radial decomposition with
the feasible set M −  for Σ = E2 ,  = [0.5, 0.5]T
and three points 1 , 2 , 3 (red) at the unit

T

= [3, 2, 2] .

sphere (yellow).

Figure 7: Feasible set of Example 1.
Table 1: Test results of easy example.
Test 1
0.3486

P(𝑏 ∈ 𝑀)

Test 2
0.3481

Test 3
0.3450

Test 4
0.3501

Test 5
0.3484

Test 6
0.3499

Test 7
0.3459

Test 8
0.3475

Test 7
5.4888
3.0336
1.0285

Test 8
5.5167
3.0029
1.0558

Table 2: Test results of Example 1.
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,0
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,1
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,2

Test 1
5.4514
2.9802
1.0084

Test 2
5.4714
3.0126
1.0004

b0

Test 3
5.4758
3.0225
1.0776

b1
0

q1
e 1 ∈ ℰF

b2
q2

1

Test 4
5.4028
2.9725
1.0001

2

e2 ∈ ℰC

b3
q3
e3 ∈ ℰF

3

Figure 8: Graph of Example 2.
b0

b1
0

q1
e 1 ∈ ℰF

1

q2

b2
q2

2

b3
q3
e3 ∈ ℰF

3

Test 5
5.4767
3.0300
1.1221

Test 6
5.3921
2.9485
1.1390

Before we have a look at the inequalities of Theorem 5,
we have to remove the compressor edge from the graph.
The flows can be computed by using the equation of mass
conservation and the new load vector is then
𝑏1 + 𝑞2

̃𝑏 = (𝑏2 − 𝑞2 )
𝑏3

𝑏1 + 𝑏2 + 𝑏3

Figure 9: Separated graph of Example 2.

𝑞=(
bounds are given by 𝑝+,𝑚𝑖𝑛 = [2, 1, 1, 1]𝑇 and 𝑝+,𝑚𝑎𝑥 = [3, 2,
2, 2]𝑇 and 𝜙𝑒1 = 1 and 𝜙𝑒3 = 1. The incidence matrix is given
by
−1 0 0
1 −1 0
]
[
[ 1 −1 0 ]
[0 1 −1]
+
]
[
𝐴 =[
].
] resp. 𝐴 = [
[ 0 1 −1]
[0 0 1 ]
[0 0 1]

with
(104)

𝑏2 + 𝑏3 ) .
𝑏3

We assume the control to be switched off, so it holds 𝑢 = 1.
With this, the control edge 𝑒2 is treated as a flow edge without
friction. The resulting graph is shown in Figure 9: from the
inequalities (25)–(35) it follows

(103)
̃𝑏 ≤ √3 and ̃𝑏 ≤ √8 − ̃𝑏2 ,
3
1
3

(105)
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Figure 10: Feasible set of the Example 2.

Table 3: Test results of control example.
P(𝑏 ∈ 𝑀)

Test 1
0.1531

Test 2
0.1500

Test 3
0.1540

Test 4
0.1536

so the feasible set is (see Figure 10):
̃ = {̃𝑏+ ∈ R𝑛+1 | 1𝑇̃𝑏+ = 0 ∧ 0 ≤ ̃𝑏3 ≤ √3 ∧ ̃𝑏2 = 0
𝑀
4
(106)
∧ 0 ≤ ̃𝑏1 ≤ √8 − ̃𝑏22 } .
This implies
𝑀 = {𝑏 ∈ R3≥0 | 0 ≤ 𝑏3 ≤ √3 ∧ 𝑏2 = 0 ∧ 0 ≤ 𝑏1 ≤ −𝑏3

(107)
+ √8 − 𝑏32 } .

Solving the problem
min

𝑝+,𝑚𝑎𝑥 ∈𝑃

1𝑇4 𝑝+,𝑚𝑎𝑥
(108)

̃
subject to ̃𝑏 ∈ 𝑀

𝑇

(109)

The argumentation for the optimality of this vector is exactly
like before in the easy example. Because we have a compressor
edge in this graph, we can minimize the control. Therefore
we fix the pressure bounds as we did at the beginning of this
example and we set 𝑏 = [1, 0, 1.5]𝑇 . So inequality (31) is not
fulfilled anymore for 𝑢 = 1. We use again the fmincon-solver
in MATLAB to solve the following problem:
min
𝑢≥1

‖𝑢‖2

subject to 𝑏 ∈ 𝑀 (𝑢) .
The solver returns the optimal solution 𝑢𝑜𝑝𝑡 = 1.1818.

Test 6
0.1550

Test 7
0.1567

Test 8
0.1528

Here, one can see that the sufficient condition in Lemma 8
is really strong. It’s not fulfilled with the given values but there
exists a solution anyway. Of course, the necessary condition
is fulfilled.
Now, we use again Algorithm 3 to compute the probability P(𝑏 ∈ 𝑀) for a random load vector 𝑏 ∼ N(E3 , [0.5,
0.5, 0.5]𝑇 ). Table 3 shows us the results.
Again we can see, that the probability is nearly the same
in all eight cases. The mean probability is 0.1535 and the
variance is 3.2369 ⋅ 10−6 . For the optimization, we reduce
the covariance matrix and assume 𝑏 ∼ N(0.01 ⋅ E3 , [0.5, 0.5,
0.5]𝑇 ). For a probability 𝛼 = 0.9 Table 4 states the results.
Example 3. In this example, we use a part of a real network.
The focus here is on realistic values for our model. We
get these values from the GasLib (see [22]), a collection of
technical gas network data.
“The goal of GasLib is to promote research on gas
networks by providing a set of large and realistic
benchmark instances.” (http://gaslib.zib.de/)

for 𝑏 = 𝜇 = [0.5, 0, 0.5]𝑇 leads us to the optimal solution
+,𝑚𝑎𝑥
= [2, √3, √3, √2.75] .
𝑝𝑜𝑝𝑡

Test 5
0.1530

(110)

We use a part of the Greek gas network (GasLib-134) (see
Figure 11).
For using real values, we first need to know the constant
𝜙𝑒 from (5):
𝜙𝑒 = (𝑅𝑆 𝑇)

2

𝜆 𝐿
.
𝐷 𝑎2

(111)

The value 𝑅𝑆 is the specific gas constant, which can be
calculated by 𝑅𝑆 = 𝑅/𝑀 with the ideal gas constant 𝑅 =
8.31451𝑘𝑔 ⋅ 𝑚2 /𝑠2 ⋅ 𝑚𝑜𝑙 ⋅ 𝐾 (see [23]) and the molar mass
𝑀 = 16.62𝑘𝑔/𝑘𝑚𝑜𝑙 (from real data) of the used natural gas.
Also the temperature 𝑇 = 289.15𝐾 is given from real data.
For the (constant) friction factor 𝜆 we use the law of Chen
(see [24]):
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Table 4: Test results of control example.

Test 1
3.9013
1.6568
1.6568
1.0000

𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,0
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,1
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,2
𝑚𝑎𝑥
𝑝𝑜𝑝𝑡,3

Test 2
3.9223
1.6565
1.6565
1.0000

Test 3
3.9039
1.6365
1.6365
1.0000

Test 4
3.8901
1.6497
1.6497
1.0000

Test 5
3.8879
1.6496
1.6496
1.0002

Test 6
3.9039
1.6365
1.6365
1.0000

Test 7
3.8901
1.6497
1.6497
1.0000

Test 8
3.9098
1.6492
1.6498
1.0000

Table 5: Values based on real data.
variable
value
unit

𝑅𝑆
500.27
𝑚2 /𝑠2 ⋅ 𝐾

𝑇
289.15
𝐾

𝜆
0.0093
−

𝐷
914.4
𝑚𝑚

𝐿
17.8693
𝑘𝑚

𝑎
438.62
𝑚/𝑠

𝜙
1.98 ⋅ 107
𝑚2 /𝑠2

𝑎 depends on the modulus of compressibility (see [9]). For
ideal gases, the modulus of compressibility only depends on
the adiabatic exponent and the pressure. Using the ideal gas
equation simplifies the equation for the sound speed to
𝑎 = √𝜅

𝑅𝑇
.
𝑀

(113)

The adiabatic exponent for methan, which is the main part
of natural gas (> 90%) is about 1.33 (see [25]). Together, all
values are shown in Table 5 (example for the pipe next to the
source in Figure 11).
Now we want to optimize the inner control in the network
for a fix load vector. Therefor we choose two nominations:
2011-11-01 and 2016-02-17. In both cases, the fmincon-function
in MATLAB returns
𝑢𝑜𝑝𝑡 = 1

Figure 11: Greek gas network from GasLib [22], red edges are used
in our example.

1
𝑘/𝐷
= −2 log10 (
√𝜆
3.7065
5.0425
5.8506
(𝑘/𝐷)1.1098
−
log10 [
+ 0.8981 ]) .
Re
2.8257
Re

(112)

Diameter 𝐷 = 914.4𝑚𝑚 and roughness value 𝑘 = 8 ⋅ 10−6 𝑚
for the first pipe (see Figure 11) are known from real data. The
Reynolds-Number Re can be calculated by Re = (V𝐷𝜌)/𝜂
with the dynamic viscosity 𝜂 = 1 ⋅ 10−5 𝑃𝑎 ⋅ 𝑠 (see [1]),
the mean velocity V = 95.48𝑚/𝑠 (calculated with the mean
volume flow rate which is given by the real data) of the gas
and the density 𝜌 = 0.7433𝑘𝑔/𝑚3 (from real data). So we get
Re = 6489590.74 ≈ 6.49 ⋅ 106 and with this the pipe friction
coefficient after Chen is 𝜆 = 0.0093.
The length of the first pipe is given by 𝐿 = 17.8693𝑘𝑚
from the real data. Last value missing is the sound speed in
natural gas, which we assume to be ideal. The sound speed

(114)

as a local minimum, which satisfies the constraint 𝑏 ∈ 𝑀.
This means, for these nominations, a compressor station
is not needed so it is switched off. With this, as a last
calculation in this paper, we calculate the probability for the
given nominations to be feasible. We use the values from the
nominations as mean value 𝜇 and set 𝑏 ∼ N(𝜇 ⋅ 10−3 E, 𝜇).
The results are shown in Tables 6 and 7.
Again one can see that the results are quite similar.
The mean probability in Table 6 is 0.9860 and the mean
probability in Table 7 is 0.9760. Both values are nearly 1 so
there must happen something really unforeseeable that a
Greek does not get his demanded gas.

6. Conclusion
In this paper, we have used an existing stationary model
for gas transport based on the isothermal Euler equations.
We have extended this model by compressor stations and
presented a characterization of the set of feasible loads.
Especially Theorem 5 contains the central idea to get an
access to the optimization in Section 4 and the spheric-radial
decomposition is our main tool to handle the uncertainty in
the loads. We were able to show some results for optimization
with probabilistic constraints in gas transport. In a next step
these results should be generalized.
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Table 6: Test results for nomination 2011-11-01.

P(𝑏 ∈ 𝑀)

Test 1
0.9849

Test 2
0.9849

Test 3
0.9878

Test 4
0.9885

Test 5
0.9863

Test 6
0.9845

Test 7
0.9854

Test 8
0.9853

Test 6
0.9775

Test 7
0.9734

Test 8
0.9739

Table 7: Test results for nomination 2016-02-17.
P(𝑏 ∈ 𝑀)

Test 1
0.9744

Test 2
0.9756

Test 3
0.9788

With the characterization of the feasible set, we have
shown that the feasibility of a load depends significantly on
the pressure bounds. These pressure bounds play a main
role in our optimization problems. The other main parts
are the inner controls modeled by compressor edges, which
should lead in optimal control problems with probabilistic
constraints. Here we have built a base for further works with
this topic.
The idea of separating the graph and removing the
compressor edges can be used to extend the model with other
components, like, e.g., control valves and resistors. This would
change the inequalities in Theorem 5, but the approach works
also for these modifications. Further, [8] showed a way to deal
with a network which is a cycle. Combining both methods, we
get an access to model gas networks in high detail.
Finally the expansion to a dynamic model might be
also possible. The idea is to use a space-mapping approach,
because one can use a lot of the analysis we did here.
Therefore upcoming papers should deal with these problems
and present results of the turnpike-theory, which describes
a relation between stationary and instationary solutions. In
fact, turnpike-theory implies that the optimal dynamic state
is close to the optimal static state in the interior of the time
intervals for sufficiently long time horizons. A.J. Zaslavski
explains the turnpike-phenomenon in [26]. This book also
gives an overview about the theory.
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[12] H. Heitsch, R. Henrion, H. Leövey et al., “Empirical observations and statistical analysis of gas demand,” in Evaluating Gas
Network Capacities, T. data, B. Koch, M. E. Hiller et al., Eds., pp.
273–290, MOS-SIAM, 2015.
[13] A. Genz and F. Bretz, Computation of Multivariate Normal and
t Probabilities, vol. 195 of Lecture Notes in Statistics, Springer,
2009.
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In defined contribution pension plan, the determination of the equivalent administrative charges on balance and on flow is
investigated if the risk asset follows a constant elasticity of variance (CEV) model. The maximum principle and the stochastic
control theory are applied to derive the explicit solutions of the equivalent equation about the charges. Using the power utility
function, our conclusion shows that the equivalent charge on balance is related to the charge on flow, risk-free interest rate, and the
length of accumulation phase. Moreover, numerical analysis is presented to show our results.

1. Introduction
The defined contribution (DC) pension plan is a scheme that
contribution is fixed in individual pension systems, which
help us to ensure our life after retirement. There are many
literatures to study the optimal investment strategies for DC
pension plan. Vigna and Haberman [1] investigate a discrete
model for the DC pension plan. Devolder et al. [2] study the
optimal investment strategy by using stochastic optimal control theory under the constant absolute risk aversion (CARA)
and constant relative risk aversion (CRRA) utility functions
before and after retirement. On the basis of works of Devolder
et al. [2], Gao [3] considers the portfolio problem with the
stochastic interest rate, which is based on the Cox-IngerollRoss (CIR) model and the Vasicek model. Gao [4] finds out
the optimal investment strategy and extends the geometric
Brownian motion (GBM) model to the constant elasticity of
variance (CEV) model. Wang et al. [5] discuss the CEV model
in a study of optimal investment strategy for the exponential
utility function by using the Legendre transform method.
Chang et al. [6] apply dynamic programming principle to
obtain the Hamilton-Jacobi-Bellman (HJB) equation and
consider the optimal investment and consumption decisions
under the CEV model. Guan and Liang [7] investigate
optimal investment strategy of DC pension plan under a
stochastic interest rate and stochastic volatility model, which

includes the CIR, Vasicek and Heston’s stochastic volatility
models. The optimal investment strategies under the loss
aversion and constraints of value at risk (VaR) from a perspective of risk management are discussed in Guan and Liang
[8]. Recently, Sun et al. [9] discuss the optimal strategy under
inflation and stochastic income by using the Heston’s SV
model. Sheng and Rong [10] study the optimal time consistent
investment strategy for the DC pension merged with an
annuity contract, which focuses on the return of premiums
clauses under the Heston’s stochastic volatility model. Chen
et al. [11] combine the loss aversion and inflation risk and
add minimum performance constraint to investigate the asset
allocation problems. Luis [12] provides a methodology to
compare administrative charges, i.e., the commission of the
pension management in which affiliates would pay to the
Pension Fund Administrator (PFA), including the charge on
balance and charge on flow.
About administrative fees, Kritzer et al. [13] point out that
the PFA could charge a fee on contribution as a percentage of
a person’s income flow (charge on flow) or charge a fee on
individual pension account asset (charge on balance). There
are two types of administrative fees which are charged by
PFA in Latin America. On one hand, the charge on asset
is utilized by Mexico, Peru, Bolivia, Costa Rica, etc. On
the other hand, Colombia, Chile, Bolivia have the charge
on flow. Both Bolivia and Peru have the two types. In
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Whitehouse [14] and Tapia and Yermo [15], we find some
specific analysis and comparison of administrative charges
across different countries. Queisser [16] finds out that the
charge on flow has more advantages for the PFA in the initial
stages of the system, but the charge on balance tends to be
more expensive in the long run. Hernandez and Stewart [17]
consider a methodology, known as the charge ratio, to make
a standardized international comparison.
Motivated by the works of the Luis [12], we investigate the
relationship between charge on balance and charge on flow.
The research approaches come from those in Gao [5]. We
consider an affiliate who is involved in a DC pension plan and
aim to maximize the expected utility of terminal wealth under
constraints during his accumulation period. The factors of
charge on balance and charge on flow are added to constraint
condition. The contribution which affiliate should contribute
to his personal account monthly is fixed. This amount of
money is invested by a professional PFA’s manager. The
affiliate pays the commission to the manager at the same time
and receives his pension after retirement.
Under the continuously complete market, we extend the
driving equation of the risky asset to a generalized CEV
model and take the power utility function of CRRA. We
assume that the contribution rate is a constant. We solve
three stochastic optimal control problems and obtain the
corresponding certainty equivalent (CE). We compare the CE
of charge on balance and charge on flow. One of the novel
features of our research is that we require the risky asset to
satisfy a CEV model which is different from that in Luis [12].
The GBM model is just a special case of the CEV model. The
other is that we use the power utility function of CRRA to
reach our goal, which is different from that in Luis [12].
The rest of this paper is organized as follows. Section 2
provides the model setting of our paper. Section 3 solves
the optimization problem and provides a methodology to
compare charge on balance and charge on flow. Section 4
presents a numerical analysis to demonstrate our results.
Section 5 draws a conclusion.

2. Model Setting

2.2. Wealth Process. We suppose that the contribution rate is
a fixed constant rate 𝜃 per month during the accumulation
phase. Let 𝑊(𝑡) denote the affiliate’s wealth in his pension
account at time 𝑡 ∈ [0, 𝑇]. The dynamics of wealth 𝑊(𝑡)
satisfies
𝑑𝑊 (𝑡) = 𝜋 (𝑡) 𝑊 (𝑡)

𝑑𝑆 (𝑡)
𝑑𝐵 (𝑡)
+ (1 − 𝜋 (𝑡)) 𝑊 (𝑡)
𝑆 (𝑡)
𝐵 (𝑡)

(3)

+ 𝜃𝑑𝑡,
where 𝜋(𝑡) is the proportion invested in risky asset. 1 − 𝜋(𝑡)
is the proportion invested in risk-free asset, which is used by
the pension manager at time 𝑡.
Plugging (1) and (2) into (3), we obtain
𝑑𝑊 (𝑡) = [𝑊 (𝑡) (𝜋 (𝑡) (𝜇 − 𝑟) + 𝑟) + 𝜃] 𝑑𝑡
+ 𝑊 (𝑡) 𝜋 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,

(4)

𝑊 (0) = 𝑊0 .
It is clear that the optimal problem is to maximize the
expected utility of terminal wealth 𝐸[𝑈(𝑊𝑇)]. Our goal is to
find out the optimal proportion 𝜋∗ (𝑡), which is the solution
of the problem
max 𝐸 [𝑈 (𝑊 (𝑇))] ,

(5)

where 𝑈(.) is strictly concave and satisfy the Inada conditions.
Now we introduce a fee rate on the basis of (4), the
“charge on balance”, which is denoted by 𝛿 in continuous
time. The charge on balance is a percentage of the value of
assets. Similar to the works of Luis [12], we introduce the
stochastic differential equation (SDE) in the form
𝑑𝑊𝑠 (𝑡) = [𝑊𝑠 (𝑡) (𝜋𝑠 (𝑡) (𝜇 − 𝑟) + 𝑟 − 𝛿) + 𝜃] 𝑑𝑡

In this section, we derive our model.
2.1. Financial Market. Our model is set up on probability
space (Ω, F, P), and the filtration F = {F𝑡 } is generated by
Brownian motion 𝑍(𝑡). Consider that there just exists two
assets, a risk-free asset and a risky asset, such as the monetary
account and stock. We assume that there are no transaction
costs. The risk-free asset satisfies
𝑑𝐵 (𝑡) = 𝑟𝐵 (𝑡) 𝑑𝑡,

where 𝜇 is the expected return rate of the stock and 𝜎(𝑆(𝑡))𝛽 is
the instantaneous volatility rate, 𝛽 is the elasticity parameter.
Equation (2) reduces to the GBM when 𝛽 = 0.

(1)

where 𝑟 is the risk-free interest rate.
In several previous literatures, researchers use the GBM
to describe the risk asset in the study of DC pension plan.
Here we use the CEV model to describe the risk asset, which
is a generalization of the GBM in Luis [12]. Namely, the risky
asset satisfies
𝑑𝑆 (𝑡)
= 𝜇𝑑𝑡 + 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,
(2)
𝑆 (𝑡)

+ 𝑊𝑠 (𝑡) 𝜋𝑠 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,

(6)

𝑊𝑠 (0) = 𝑊0 .
In a similar way, we consider other fee rate on the basis
of (4), the “charge on flow”. Let 𝛼 denote the charge on flow.
When someone contributes 𝜃 in his account in a particular
month, he pays a proportion of that contribution to the
Pension Fund Administrator, i.e., (1 − 𝑒−𝛼 )𝜃, and the rest of
it, i.e., 𝑒−𝛼 𝜃, as the adjusted contribution rate. Similar to the
work of Luis [12], we introduce the SDE in the form
𝑑𝑊𝑓 (𝑡) = [𝑊𝑓 (𝑡) (𝜋𝑠 (𝑡) (𝜇 − 𝑟) + 𝑟) + 𝑒−𝛼 𝜃] 𝑑𝑡
+ 𝑊𝑓 (𝑡) 𝜋𝑠 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,
𝑊𝑓 (0) = 𝑒−𝛼 𝑊0 .

(7)
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3. Solution to the Model
3.1. The Solution of Affiliate Problem. Consider an affiliate
who will retire after 𝑇 month. He can accumulate his pension
account during this period. At the beginning, he already has
𝑊0 in his individual pension account. He will contribute
additional money in this account which will be managed
by the special pension manager to invest these money to
the monetary account or stocks of the financial market.
Therefore, the affiliate’s problem is given by
max

𝐸 [𝑈 (𝑊𝑇 )]

𝑠.𝑡.

𝑑𝑊 (𝑡)
(8)

+ 𝑉𝑠𝑤 𝑑 [𝑆, 𝑊] (𝑡) .
Integrating on both sides of (10), we get
𝑡+ℎ

𝑉 (𝑡 + ℎ, 𝑆 (𝑡 + ℎ) , 𝑊 (𝑡 + ℎ)) = 𝑉 (𝑡, 𝑠, 𝑤) + ∫

(𝑉𝑢

1
1
+ 𝑉𝑠𝑠 𝜎2 𝑆2𝛽+2 + 𝑉𝑤𝑤 𝜋2 𝜎2 𝑆2𝛽 𝑊2
2
2
𝑡+ℎ

+ 𝑉𝑠𝑤 𝜎2 𝜋𝑆2𝛽+1 𝑊) 𝑑𝑢 + ∫

𝑡

𝑊 (0) = 𝑊0 .

(11)

(𝑉𝑠 𝜎𝑆𝛽+1

𝛽

To solve this problem, we use the classical tools of
stochastic optimal controls. We define the value function
𝑉 (𝑡, 𝑠, 𝑤)
= max 𝐸 [𝑈 (𝑊 (𝑇)) | 𝑆 (𝑡) = 𝑠, 𝑊 (𝑡) = 𝑤] ,

(9)

0 < 𝑡 < 𝑇.

+ 𝑉𝑤 𝜋𝜎𝑆 𝑊) 𝑑𝑍 (𝑡) .
Using (11) yields
𝑉 (𝑡, 𝑠, 𝑤)
= max 𝐸 [𝑉 (𝑡 + ℎ, 𝑆 (𝑡 + ℎ) , 𝑊 (𝑡 + ℎ)) | 𝑆 (𝑡)

(12)

= 𝑠, 𝑊 (𝑡) = 𝑤] .

Using the CRRA utility function, it is possible for us to get
a close-form solution. Using It̂
𝑜 lemma on 𝑉(𝑡, 𝑠, 𝑤), we have

𝑡

(10)

+ 𝑉𝑠 𝜇𝑆 + 𝑉𝑤 (𝑊 (𝜋 (𝜇 − 𝑟) + 𝑟) + 𝜃)

+ 𝑊 (𝑡) 𝜋 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,

𝑡+ℎ

1
+ 𝑉𝑤 𝑑𝑊 (𝑡) + 𝑉𝑤𝑤 𝑑 [𝑊, 𝑊] (𝑡)
2

𝑡

= [𝑊 (𝑡) (𝜋 (𝑡) (𝜇 − 𝑟) + 𝑟) + 𝜃] 𝑑𝑡

0 = max 𝐸 [∫

1
𝑑𝑉 (𝑡, 𝑠, 𝑤) = 𝑉𝑡 𝑑𝑡 + 𝑉𝑠 𝑑𝑆 (𝑡) + 𝑉𝑠𝑠 𝑑 [𝑆, 𝑆] (𝑡)
2

Furthermore, we get

1
1
(𝑉𝑢 + 𝑉𝑠 𝜇𝑆 + 𝑉𝑤 (𝑊 (𝜋 (𝜇 − 𝑟) + 𝑟) + 𝜃) + 𝑉𝑠𝑠 𝜎2 𝑆2𝛽+2 + 𝑉𝑤𝑤 𝜋2 𝜎2 𝑆2𝛽 𝑊2 + 𝑉𝑠𝑤 𝜎2 𝜋𝑆2𝛽+1 𝑊) 𝑑𝑢 |
2
2

(13)

𝑆 (𝑡) = 𝑠, 𝑊 (𝑡) = 𝑤] .
Dividing by ℎ > 0, letting ℎ → 0, and using mean value
theorem, we get

1
max ( 𝜋2 𝜎2 𝑠2𝛽 𝑤2 𝑉𝑤𝑤 + 𝜋𝑤 (𝜇 − 𝑟) 𝑉𝑤
2

0 = max (𝑉𝑡 + 𝑉𝑠 𝜇𝑠 + 𝑉𝑤 (𝑤 (𝜋 (𝜇 − 𝑟) + 𝑟) + 𝜃)
1
1
+ 𝑉𝑠𝑠 𝜎2 𝑠2𝛽+2 + 𝑉𝑤𝑤 𝜋2 𝜎2 𝑠2𝛽 𝑤2
2
2
2

2𝛽+1

+ 𝑉𝑠𝑤 𝜎 𝜋𝑠

wealth, respectively. Therefore, the problem becomes to solve
the maximum problem

(14)

2 2𝛽+1

+ 𝜋𝜎 𝑠

(16)

𝑤𝑉𝑤𝑠 ) .

𝑤) .

Therefore, the Hamilton-Jacobi-Bellman (HJB) equation
is derived in the form
1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + (𝑟𝑤 + 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2
1
(15)
+ max ( 𝜋2 𝜎2 𝑠2𝛽 𝑤2 𝑉𝑤𝑤 + 𝜋𝑤 (𝜇 − 𝑟) 𝑉𝑤
2
+ 𝜋𝜎2 𝑠2𝛽+1 𝑤𝑉𝑤𝑠 ) = 0,
where 𝑉𝑡 , 𝑉𝑠 , 𝑉𝑤 , and 𝑉𝑤𝑤 denote partial derivatives of first
and second orders with respect to time, stock price, and

From the first order condition of maximum principle, the
optimal investment proportion of risky asset 𝜋∗ (𝑡) is derived
to satisfy
𝜋∗ (𝑡) = −

(𝜇 − 𝑟) V𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠
.
𝜎2 𝑠2𝛽 𝑤𝑉𝑤𝑤

(17)

We plug (17) into (15) and then obtain the following partial
differential equation (PDE)
1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + (𝑟𝑤 + 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2

4
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−

[(𝜇 − 𝑟) 𝑉𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠 ]
2𝜎2 𝑠2𝛽𝑉𝑤𝑤

Proof. Following the methods in Gao [5], we conjecture a
solution of (19) in the form

=0
(18)

with the boundary condition 𝑉(𝑇, 𝑠, 𝑤) = 𝑈(𝑤).
Equation (18) is an nonlinear PDE, which is very hard
to be solved. Usually we can conjecture a solution of this
complex PDE.
In this paper, we consider the power utility function,
which is a special case of the CRRA utility; namely,
𝑈 (𝑤) =

𝑤𝑝
,
𝑝

𝑉 (𝑡, 𝑠, 𝑤) = 𝑏 (𝑡, 𝑠)

(19)

𝑝 (𝜇 − 𝑟)
𝑏 + 𝑟𝑝𝑏} (𝑤 − 𝑎)𝑝 + 𝑝𝑏 {𝜃 + 𝑟𝑎
2𝜎2 𝑠2𝛽 (1 − 𝑝)

We split (25) into two equations

𝜃𝑎1
) 𝑀 (𝜎𝑡 ) 𝑁 (𝑡) ,
𝑤

(20)

𝑎𝑡 − 𝑟𝑎 − 𝜃 = 0,

where 𝜎𝑡 = 𝜎(𝑠(𝑡))𝛽 , 𝑀(𝜎𝑡 ) = (𝜇 − 𝑟)/(1 − 𝑝)𝜎𝑡2 , 𝑁(𝑡) = 1 −
2
2𝛽(1 − 𝑝)𝐼(𝑡)/(𝜇 − 𝑟), 𝐼(𝑡) = (𝜆 1 − 𝜆 1 𝑒2𝛽 (𝜆 1 −𝜆 2 )(𝑇−𝑡) )/(1 − (𝜆 1 /
2
𝜆 2 )𝑒2𝛽 (𝜆 1 −𝜆 2 )(𝑇−𝑡) ), and 𝑎1 (𝑡) = (1 − 𝑒−𝑟(𝑇−𝑡) )/𝑟.
The value function is
𝑉 (𝑡, 𝑠, 𝑤) = {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

𝑟𝑝
] (𝑇 − 𝑡)
1−𝑝
(21)

𝑝

1−𝑝
(𝑤 + 𝜃𝑎1 )
𝐼 (𝑡)
,
} 𝐶 (𝑡)}
2
2𝛽
𝑝
𝜎𝑠

𝑏𝑡 +

2

𝑝 (𝜇 − 𝑟)
𝑏 + 𝑟𝑝𝑏 = 0.
+ 2 2𝛽
2𝜎 𝑠 (1 − 𝑝)

𝐸 [𝑈 (𝑊 (𝑇))] = 𝑉 (0, 𝑠, 𝑤0 )

1−𝑝

𝑟𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
1−𝑝
𝜎𝑠

(22)

𝑓𝑡 + 𝛽 [(2𝛽 + 1) 𝜎2 −

The certainty equivalent of 𝑊(𝑇) satisfies the relations

𝑝 (𝜇 − 𝑟)

(1−𝑝)/𝑝

⋅ 𝐶 (0)}

𝑟𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
1−𝑝
𝜎𝑠

2 (𝜇 − 𝑟𝑝) 𝑦
] 𝑓𝑦 + 2𝛿2 𝛽2 𝑦𝑓𝑦𝑦
1−𝑝
(29)

2

Adding 𝑓(𝑡, 𝑦) = 𝐴(𝑡)𝑒𝐵(𝑡)𝑦 into (29) yields
(23)

𝑝

{

(𝑤0 + 𝜃𝑎1 (0))
,
𝑝
2𝛽2 (𝜆 1 −𝜆 2 )𝑇

(28)

𝑟𝑝
𝑓 = 0.
+
𝑦𝑓 +
2
2
1
−𝑝
2𝛿 (1 − 𝑝)

𝐶𝐸 [𝑊 (𝑇)]
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

1 − 𝑒−𝑟(𝑇−𝑡)
),
𝑟

where 𝑎(𝑡) ≡ −𝜃𝑎1 , 𝑎1 = (1 − 𝑒−𝑟(𝑇−𝑡) )/𝑟.
Equation (27) is a nonlinear second-order PDE and hard
to find an explicit solution. We follow the method of power
transformation and variable change proposed by Cox [18]
and Gao [5]. Then we can transform (27) into a linear
PDE.
Letting 𝑏(𝑡, 𝑠) = 𝑓(𝑡, 𝑦)1−𝑝 , 𝑦 = 𝑠−2𝛽 , from (27), we get

𝑝

(𝑤0 + 𝜃𝑎1 (0))
.
𝑝

(27)

Equation (26) is a simple first ordinary differential equation (ODE) which has the solution
𝑎 (𝑡) = −𝜃 (

where 𝐶(𝑡) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 2 −𝜆 1 )(𝑇−𝑡) ))(2𝛽+1)/2𝛽 .
If 𝑊(𝑇) is the terminal wealth when investment proportion
approaches to optimal strategy 𝜋∗ (𝑡), then

⋅ 𝐶 (0)}

(26)

𝜇 − 𝑟𝑝
𝑝𝜎2 𝑠2𝛽+2 𝑏𝑠2
1
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏

2

= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

(25)

− 𝑎𝑡 } (𝑤 − 𝑎)𝑝−1 = 0.

Theorem 1. The optimal strategy is

+

𝜇 − 𝑟𝑝
𝑝𝜎2 𝑠2𝛽+2 𝑏𝑠2
1
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏
2

+

The power utility function is a constant relative risk aversion
(CRRA) utility, and 𝑝 is so-called CRRA coefficient.

𝜋∗ (𝑡) = (1 +

(24)

with the boundary condition 𝑎(𝑇) = 0, 𝑏(𝑇, 𝑠) = 1.
Plugging every derivatives of the 𝑉(𝑡, 𝑠, 𝑤) into (18), we
get the equation
{𝑏𝑡 +

with 𝑝 < 1, 𝑝 ≠ 0.

(𝑤 − 𝑎 (𝑡))𝑝
𝑝

𝑟𝑝
𝐴𝑡
+ 𝛽 (2𝛽 + 1) 𝛿2 𝐵 +
} + {𝐵𝑡
𝐴
1−𝑝
2

2𝛽2 (𝜆 1 −𝜆 2 )𝑇

where 𝐼(0) = (𝜆 1 − 𝜆 1 𝑒
)/(1 − (𝜆 1 /𝜆 2 )𝑒
),
2𝛽2 (𝜆 2 −𝜆 1 )𝑇 (2𝛽+1)/2𝛽
𝐶(0) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒
))
, and 𝑎1 (0) =
(1 − 𝑒−𝑟𝑇)/𝑟.

−

2𝛽 (𝜇 − 𝑟𝑝)
𝑝 (𝜇 − 𝑟)
𝐵 + 2𝛿2 𝛽2 𝐵2 +
}𝑦
2
1−𝑝
2𝛿2 (1 − 𝑝)

= 0.

(30)
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Here we split (30) into two equations in order to eliminate the
dependent 𝑡 and 𝑦. Then
𝑟𝑝
𝐴𝑡
+ 𝛽 (2𝛽 + 1) 𝛿2 𝐵 +
= 0,
𝐴
1−𝑝

(31)

3.2. The Solution of Charge on Balance. Our optimal problem
becomes that we consider the charge on balance 𝛿 under the
constraint condition (6)
max 𝐸 [𝑈 (𝑊𝑠 (𝑇))]
𝑠.𝑡.

2

2𝛽 (𝜇 − 𝑟𝑝)
𝑝 (𝜇 − 𝑟)
𝐵𝑡 −
𝐵 + 2𝛿2 𝛽2 𝐵2 +
= 0.
2
1−𝑝
2𝛿2 (1 − 𝑝)

𝑑𝑊𝑠 (𝑡)

(32)

= [𝑊𝑠 (𝑡) (𝜋𝑠 (𝑡) (𝜇 − 𝑟) + 𝑟 − 𝛿) + 𝜃] 𝑑𝑡
+ 𝑊𝑠 (𝑡) 𝜋𝑠 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,

Thus we get

𝑊𝑠 (0) = 𝑊0 .

1
𝐵 (𝑡) = 2 𝐼 (𝑡) ,
𝛿

(33)

2

(𝜆 1 − 𝜆 1 𝑒2𝛽 (𝜆 1 −𝜆 2 )(𝑇−𝑡) )/(1 − (𝜆 1 /
2𝛽2 (𝜆 1 −𝜆 2 )(𝑇−𝑡)
), 𝜆 1 = ((𝜇 − 𝑟𝑝) − √(1 − 𝑝)(𝜇2 − 𝑟2 𝑝))/
𝜆 2 )𝑒

where 𝐼(𝑡)

=

2𝛽(1−𝑝), and 𝜆 2 = ((𝜇−𝑟𝑝)+ √(1 − 𝑝)(𝜇2 − 𝑟2 𝑝))/2𝛽(1−𝑝).
𝐴 (𝑡)
= 𝑒[𝜆 1 𝛽(2𝛽+1)+𝑟𝑝/(1−𝑝)](𝑇−𝑡) (

(2𝛽+1)/2𝛽

𝜆2 − 𝜆1
)
2
𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 1 −𝜆 2 )(𝑇−𝑡)

(34)

.

𝑏 (𝑡, 𝑠) = {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

(35)

1−𝑝
𝐼 (𝑡)
} 𝐶 (𝑡)} ,
2
2𝛽
𝜎𝑠

where 𝐶(𝑡) = ((𝜆 2 −𝜆 1 )/(𝜆 2 −𝜆 1 𝑒

(2𝛽+1)/2𝛽

))

𝜇−𝑟
𝜃𝑎1 (𝑡)
)( 2
).
𝑤
𝜎 (1 − 𝑝)

1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + ((𝑟 − 𝛿) 𝑤 + 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2
(40)

The maximum problem, which is just relative with 𝜋, is
the same as that of (16). Therefore, we get the same optimal
investment strategy 𝜋𝑠∗ (𝑡) of risky asset

Remark 3. Here, we want to show the results when the CEV
model degenerates into the GBM model of the power utility
function. Because of the difference of the assumption of the
utility function, we find that the result is different from that
in Luis [12]. However, it is noted that the CE is related to
the parameters of risk-free interest rate 𝑟, risk aversion 𝑝,
shape ratio (𝜇 − 𝑟)/𝜎, the initial wealth 𝑊0 , and the length
of accumulation phase 𝑇. This relationship is similar to the
CE in Luis [12].

(41)

1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + ((𝑟 − 𝛿) 𝑤 + 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2
(42)

2

−

[(𝜇 − 𝑟) 𝑉𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠 ]
2𝜎2 𝑠2𝛽𝑉𝑤𝑤

=0

with the boundary condition 𝑉(𝑇, 𝑠, 𝑤) = 𝑈(𝑤).
Theorem 4. The optimal strategy is
𝜋𝑠∗ (𝑡) = (1 +

(37)

⋅ (𝑊0 + 𝜃𝑎1 (0)) .

(𝜇 − 𝑟) V𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠
.
𝜎2 𝑠2𝛽 𝑤𝑉𝑤𝑤

Adding (41) into (40), we have

(36)

2

𝜇−𝑟
1
) ] 𝑇}
(
𝜎
2 (𝑝 − 1)

(39)

Then the HJB equation is derived in the form

.

If 𝑊(𝑇) is the terminal wealth when investment proportion
approaches to optimal strategy 𝜋∗ (𝑡), then
𝐶𝐸 [𝑊 (𝑇)] = exp {[𝑟 −

= max 𝐸 [𝑈 (𝑊𝑠 (𝑇)) | 𝑆 (𝑡) = 𝑠, 𝑊𝑠 (𝑡) = 𝑤] .

𝜋𝑠∗ (𝑡) = −

Corollary 2. If 𝛽 = 0, then the CEV model reduces to the GBM
model. Therefore the optimal investment strategy is
𝜋∗ (𝑡) = (1 +

𝑉 (𝑡, 𝑠, 𝑤)

+ 𝜋𝜎2 𝑠2𝛽+1 𝑤𝑉𝑤𝑠 ) = 0.

𝑟𝑝
] (𝑇 − 𝑡)
1−𝑝

2𝛽2 (𝜆 2 −𝜆 1 )(𝑇−𝑡)

Similar to the method we use in the above, we define the value
function

1
+ max ( 𝜋2 𝜎2 𝑠2𝛽 𝑤2 𝑉𝑤𝑤 + 𝜋𝑤 (𝜇 − 𝑟) 𝑉𝑤
2

Finally, we get the explicit solution of 𝑏(𝑡, 𝑠):

+

(38)

𝜃𝑎1
) 𝑀 (𝜎𝑡 ) 𝑁 (𝑡) .
𝑤

(43)

The value function is
𝑉 (𝑡, 𝑠, 𝑤)
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

(𝑟 − 𝛿) 𝑝
] (𝑇 − 𝑡)
1−𝑝

(44)

𝑝

+

1−𝑝
(𝑤 + 𝜃𝑎2 )
𝐼 (𝑡)
,
}
𝐶
(𝑡)}
2
2𝛽
𝑝
𝜎𝑠
2

where 𝐶(𝑡) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 2 −𝜆 1 )(𝑇−𝑡) ))(2𝛽+1)/2𝛽 .
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If 𝑊𝑠 (𝑇) is the terminal wealth when investment proportion approaches to optimal strategy 𝜋𝑠∗ (𝑡), then

Corollary 5. If 𝛽 = 0, then the CEV model reduces to the GBM
model. Therefore the optimal investment strategy is

𝐸 [𝑈 (𝑊𝑠 (𝑇))] = 𝑉 (0, 𝑠, 𝑤0 )
(𝑟 − 𝛿) 𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +
(45)
1−𝑝
𝜎𝑠
1−𝑝

⋅ 𝐶 (0)}

𝜋𝑠∗ (𝑡) = (1 +

(𝑤0 + 𝜃𝑎2 (0))
.
𝑝

𝐶𝐸 [𝑊𝑠 (𝑇)]
= exp {(𝑟 − 𝛿) −

𝐶𝐸 [𝑊𝑠 (𝑇)]
(𝑟 − 𝛿) 𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +
(46)
1−𝑝
𝜎𝑠
(1−𝑝)/𝑝

⋅ 𝐶 (0)}

𝑝

(𝑤0 + 𝜃𝑎2 (0))
,
𝑝
2

2

where 𝐼(0) = (𝜆 1 − 𝜆 1 𝑒2𝛽 (𝜆 1 −𝜆 2 )𝑇)/(1 − (𝜆 1 /𝜆 2 )𝑒2𝛽 (𝜆 1 −𝜆 2 )𝑇),
2
𝐶(0) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 2 −𝜆 1 )𝑇 ))(2𝛽+1)/2𝛽 , and 𝑎2 (0) =
(1 − 𝑒−(𝑟−𝛿)𝑇)/𝑟.
Proof. Similarly, consider 𝑉(𝑡, 𝑠, 𝑤) = 𝑏(𝑡, 𝑠)((𝑤 − 𝑎(𝑡))𝑝 /𝑝)
with the boundary condition 𝑎(𝑇) = 0, 𝑏(𝑇, 𝑠) = 1.
Plugging the derivatives of the 𝑉(𝑡, 𝑠, 𝑤) into (42), we get
the equation
𝜇 − 𝑟𝑝
𝑝𝜎2 𝑠2𝛽+2 𝑏𝑠2
1
{𝑏𝑡 +
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏

+ (𝑟 − 𝛿) 𝑎 − 𝑎𝑡 } (𝑤 − 𝑎)

= 0.

𝑏𝑡 +

(48)

𝜇 − 𝑟𝑝
𝑝𝜎2 𝑠2𝛽+2 𝑏𝑠2
1
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏
2

+

𝑝 (𝜇 − 𝑟)
𝑏 + (𝑟 − 𝛿) 𝑝𝑏 = 0.
2𝜎2 𝑠2𝛽 (1 − 𝑝)

(49)

(50)

where 𝑎(𝑡) ≡ −𝜃𝑎2 and 𝑎2 = (1 − 𝑒
)/𝑟.
Using the same method above to solve nonlinear PDE
(49), we get 𝑏(𝑡, 𝑠) in the form

1−𝑝
𝐼 (𝑡)
+ 2 2𝛽 } 𝐶 (𝑡)} .
𝜎𝑠

(𝑟 − 𝛿) 𝑝
] (𝑇 − 𝑡)
1−𝑝

3.3. The Solution of Charge on Flow. Our optimal problem
becomes that we consider the constraint condition equation
(7), which is about charge on flow 𝛼
max 𝐸 [𝑈 (𝑊𝑓 (𝑇))]
𝑑𝑊𝑓 (𝑡)
= [𝑊𝑓 (𝑡) (𝜋𝑓 (𝑡) (𝜇 − 𝑟) + 𝑟) + 𝑒−𝛼 𝜃] 𝑑𝑡

(54)

+ 𝑊𝑓 (𝑡) 𝜋𝑓 (𝑡) 𝜎 (𝑆 (𝑡))𝛽 𝑑𝑍 (𝑡) ,

Using the methods in above section, we define the value
function

= max 𝐸 [𝑈 (𝑊𝑓 (𝑇)) | 𝑆 (𝑡) = 𝑠, 𝑊𝑓 (𝑡) = 𝑤] .

(55)

Using It̂
𝑜 lemma, mean value theorem, and DPP, the HJB
equation is derived in the form

−(𝑟−𝛿)(𝑇−𝑡)

𝑏 (𝑡, 𝑠) = {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

Remark 6. Corollary 5 is the result of GBM case for charge
on balance, when the CEV model degenerates into the GBM
model of the power utility function. Because we assume that
the utility function is the CRRA, which is different from the
assumption in Luis [12], we find that the result is different
from that in [12]. Except the relation in Corollary 2, the CE is
related to the charge on balance 𝛿. Notice that the relationship
of the CE here is similar to the CE in Luis [12].

𝑉 (𝑡, 𝑠, 𝑤)

From (48), we get
1 − 𝑒−(𝑟−𝛿)(𝑇−𝑡)
𝑎 (𝑡) = −𝜃 (
),
𝑟

(53)

𝑊𝑓 (0) = 𝑒−𝛼 𝑊0 .

Equation (47) can be split into two equations
𝑎𝑡 − (𝑟 − 𝛿) 𝑎 − 𝜃 = 0,

𝜇−𝑟 2
1
) 𝑇}
(
𝜎
2 (𝑝 − 1)

⋅ (𝑊0 + 𝜃𝑎2 (0)) .

𝑠.𝑡.

2
(47)
𝑝 (𝜇 − 𝑟)
𝑏 + (𝑟 − 𝛿) 𝑝𝑏} (𝑤 − 𝑎)𝑝 + 𝑝𝑏 {𝜃
2
2𝛽
2𝜎 𝑠 (1 − 𝑝)
𝑝−1

(52)

Moreover,

𝑝

Therefore, it has

+

𝜇−𝑟
𝜃𝑎2 (𝑡)
)( 2
).
𝑤
𝜎 (1 − 𝑝)

(51)

1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + (𝑟𝑤 + 𝑒−𝛼 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2
1
+ max ( 𝜋2 𝜎2 𝑠2𝛽 𝑤2 𝑉𝑤𝑤 + 𝜋𝑤 (𝜇 − 𝑟) 𝑉𝑤
2

(56)

+ 𝜋𝜎2 𝑠2𝛽+1 𝑤𝑉𝑤𝑠 ) = 0.
From the first order condition of maximum principle, the
optimal investment proportion of risky asset 𝜋𝑓∗ (𝑡) is derived
to satisfy
𝜋𝑓∗ (𝑡) = −

(𝜇 − 𝑟) V𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠
.
𝜎2 𝑠2𝛽 𝑤𝑉𝑤𝑤

(57)
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Adding (57) into (56), we have

Splitting (63) into two equations

1
𝑉𝑡 + 𝜇𝑠𝑉𝑠 + (𝑟𝑤 + 𝑒−𝛼 𝜃) 𝑉𝑤 + 𝜎2 𝑠2𝛽+2 𝑉𝑠𝑠
2

𝑎𝑡 − 𝑟𝑎 − 𝑒−𝛼 𝜃 = 0,
(58)

2

−

[(𝜇 − 𝑟) 𝑉𝑤 + 𝜎2 𝑠2𝛽+1 𝑉𝑤𝑠 ]

=0
2𝜎2 𝑠2𝛽𝑉𝑤𝑤
with the boundary condition 𝑉(𝑇, 𝑠, 𝑤) = 𝑈(𝑤).

𝑏𝑡 +

2

(65)

From (64), we get

𝑒−𝛼 𝜃𝑎1
) 𝑀 (𝜎𝑡 ) 𝑁 (𝑡) .
𝑤

(59)
𝑎 (𝑡) = −𝑒−𝛼 𝜃 (

The value function is
𝑉 (𝑡, 𝑠, 𝑤) = {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

𝜇 − 𝑟𝑝
𝑝𝜎2 𝑠2𝛽+2 𝑏𝑠2
1
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏

𝑝 (𝜇 − 𝑟)
𝑏 + 𝑟𝑝𝑏 = 0.
+ 2 2𝛽
2𝜎 𝑠 (1 − 𝑝)

Theorem 7. The optimal strategy is
𝜋𝑓∗ (𝑡) = (1 +

(64)

𝑟𝑝
] (𝑇 − 𝑡)
1−𝑝
(60)

𝑝

1−𝑝
(𝑤 + 𝑒−𝛼 𝜃𝑎2 )
𝐼 (𝑡)
+ 2 2𝛽 } 𝐶 (𝑡)}
,
𝑝
𝜎𝑠
2

where 𝐶(𝑡) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 2 −𝜆 1 )(𝑇−𝑡) ))(2𝛽+1)/2𝛽 .
If 𝑊𝑓 (𝑇) is the terminal wealth when investment proportion approaches to optimal strategy 𝜋𝑓∗ (𝑡), then

1 − 𝑒−𝑟(𝑇−𝑡)
),
𝑟

(66)

where 𝑎(𝑡) ≡ −𝑒−𝛼 𝜃𝑎1 , 𝑎1 = (1 − 𝑒−𝑟(𝑇−𝑡) )/𝑟.
Use the same method above to solve that nonlinear PDE
(65), we get 𝑏(𝑡, 𝑠) in the form
𝑏 (𝑡, 𝑠) = {exp {[𝜆 1 𝛽 (2𝛽 + 1) +

𝑟𝑝
] (𝑇 − 𝑡)
1−𝑝
(67)

1−𝑝
𝐼 (𝑡)
+ 2 2𝛽 } 𝐶 (𝑡)} .
𝜎𝑠

𝐸 [𝑈 (𝑊𝑓 (𝑇))] = 𝑉 (0, 𝑠, 𝑤0 )
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +
1−𝑝

⋅ 𝐶 (0)}

𝑟𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
1−𝑝
𝜎𝑠

(61)

Corollary 8. If 𝛽 = 0, then the CEV model reduces to the GBM
model. Therefore the optimal investment strategy is

𝑝

(𝑤0 + 𝑒−𝛼 𝜃𝑎2 (0))
.
𝑝

𝜋𝑓∗ (𝑡) = (1 +

Therefore, it has

𝑟𝑝
𝐼 (0)
] 𝑇 + 2 2𝛽 }
= {exp {[𝜆 1 𝛽 (2𝛽 + 1) +
1−𝑝
𝜎𝑠
(1−𝑝)/𝑝

⋅ 𝐶 (0)}

𝐶𝐸 [𝑊𝑓 (𝑇)] = exp {𝑟 −
(62)

𝑝

(𝑒−𝛼 𝑤0 + 𝑒−𝛼 𝜃𝑎2 (0))
,
𝑝
2

2

where 𝐼(0) = (𝜆 1 − 𝜆 1 𝑒2𝛽 (𝜆 1 −𝜆 2 )𝑇)/(1 − (𝜆 1 /𝜆 2 )𝑒2𝛽 (𝜆 1 −𝜆 2 )𝑇),
2
𝐶(0) = ((𝜆 2 − 𝜆 1 )/(𝜆 2 − 𝜆 1 𝑒2𝛽 (𝜆 2 −𝜆 1 )𝑇 ))(2𝛽+1)/2𝛽 , and 𝑎1 (0) =
(1 − 𝑒−𝑟𝑇)/𝑟.
Proof. Consider 𝑉(𝑡, 𝑠, 𝑤) = 𝑏(𝑡, 𝑠)((𝑊 − 𝑎(𝑡))𝑝 /𝑝) with the
boundary condition 𝑎(𝑇) = 0, 𝑏(𝑇, 𝑠) = 1.
Plugging the derivatives of the 𝑉(𝑡, 𝑠, 𝑤) into (58), we get
the equation
2 2𝛽+2

𝑏𝑠2

𝜇 − 𝑟𝑝
𝑝𝜎 𝑠
1
𝑏𝑠 + 𝜎2 𝑠2𝛽+2 𝑏𝑠𝑠 +
1−𝑝
2
2 (1 − 𝑝) 𝑏
2

+

(68)

Moreover,

𝐶𝐸 [𝑊𝑓 (𝑇)]

{𝑏𝑡 +

𝜇−𝑟
𝑒−𝛼 𝜃𝑎1 (𝑡)
)( 2
).
𝑤
𝜎 (1 − 𝑝)

𝑝 (𝜇 − 𝑟)
𝑏 + 𝑟𝑝𝑏} (𝑤 − 𝑎)𝑝 + 𝑝𝑏 {𝑒−𝛼 𝜃
2𝜎2 𝑠2𝛽 (1 − 𝑝)

+ 𝑟𝑎 − 𝑎𝑡 } (𝑤 − 𝑎)𝑝−1 = 0.

(63)

𝜇−𝑟 2
1
) 𝑇}
(
𝜎
2 (𝑝 − 1)

(69)

⋅ (𝑒−𝛼 𝑊0 + 𝑒−𝛼 𝜃𝑎1 (0)) .
Remark 9. Similar to Corollary 5, Corollary 8 is the result of
GBM case for charge on flow, when the CEV model degenerates into the GBM model of the power utility function.
Because of the difference of the assumption of the utility
function, we find that the result is different from that in Luis
[12]. Except the relation in Corollary 2, the CE is related to
the charge on flow 𝛼. Notice that the relationship of the CE
here is similar to the CE in Luis [12].
3.4. Compare “Charge on Balance” and “Charge on Flow”.
In this section, we compare two charges and figure out
the relation between the “charge on balance” and “charge
on flow”. We know that an affiliate is to seek an optimal
investment strategy to maximize his terminal expected utility.
If we want to compare which charge is better, it allows us
to compare the expected utility of the two types of charges,
respectively. We have known that the expected utility can be
replaced by the certainty equivalent. Therefore, this problem
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becomes a comparison about which CE is bigger. We denote
a ratio which is used in Luis [12] in the form
𝑅𝑠𝑓 ≡

𝐶𝐸 (𝑊𝑠 (𝑇))
𝐶𝐸 (𝑊𝑓 (𝑇))

.

(70)
Age (years)

If 𝑅𝑠𝑓 > 1, it means that the charge on balance is better. If
𝑅𝑠𝑓 < 1, it means that the charge on flow is better. If 𝑅𝑠𝑓 =
1, it means that both of them are indifferent, i.e., equivalent.
Hence, plugging (46) and (62) into (70), we obtain
𝑅𝑠𝑓 = 𝑒𝛼−𝛿𝑇

𝑊0 + (𝜃/𝑟) (1 − 𝑒−(𝑟−𝛿)𝑇)
𝑊0 + (𝜃/𝑟) (1 − 𝑒−𝑟𝑇)

.

(71)

For simplicity, we consider 𝑊0 = 0, which means that,
initially, the pension account has no wealth. Then we get
𝑅𝑠𝑓 = 𝑒𝛼−𝛿𝑇

1 − 𝑒−(𝑟−𝛿)𝑇
.
1 − 𝑒−𝑟𝑇

(72)

From (72), we find that 𝑅𝑠𝑓 is determined by 𝛼, 𝛿, and
accumulation time 𝑇. Interestingly, this has nothing to do
with the parameter 𝛽 no matter how 𝛽 changes. Namely, when
we compare these two commissions, i.e., charge on balance
and charge on flow, even if the risky asset satisfies GBM, it
does not affect our final comparison, which is not affected by
the volatility risk 𝛽.
We study the case when 𝑅𝑠𝑓 = 1, because we want to know
what relationship between two types of commission when
they are equivalent. Letting 𝑅𝑠𝑓 = 1, we have
𝑒𝛼

∗

−𝛿∗ 𝑇

=

1 − 𝑒−𝑟𝑇
,
∗
1 − 𝑒−(𝑟−𝛿 )𝑇

Table 1: For a charge on balance 𝛿∗ such that 𝑅𝑠𝑓 = 1 for different
charge on flow and charge on balance, we give three charge on flow,
and 𝑟 = 0.037%, the constant contribution rate is 10% of the affiliate’s
salary.

(73)

where 𝛼∗ and 𝛿∗ are called the equivalent charge on flow
and on balance, respectively. Thus, if one equivalent charge
is given, then another can be figured out. It is our goal which
determines the equivalent charges in our DC pension plan
under the CEV model of risky asset and the CRRA utility
function. Our conclusion shows that the equivalent charge on
balance is related to charge on flow, risk-free interest rate, and
the length of accumulation phase.

4. Numerical Analysis
In this section, we show the numerical analysis of our
solution if 𝑊0 = 0. In Peruvian Private Pension System,
Peru had finished its reform of administrative charges which
substituted from charge on flow to charge on balance of DC
pension plan. It is a significant reform that allows affiliates to
choose the commissions they want.
Similar to the works in Luis [12], we consider a person
who will retire at age of 65, and we cite the data of 2014
that is used by Luis [12]. The data we used are as follows:
𝑓𝑚𝑖𝑛 = 1.47%, 𝑓𝑎V𝑔 = 1.58%, and 𝑓𝑚𝑎𝑥 = 1.69% yearly.
We can calculate the parameter 𝛼𝑖 from 𝛼𝑖 = − ln(1 − 10𝑓𝑖 ),
and the monthly risk-free interest rate is 𝑟 = 0.037%. The
accumulation phase 𝑇 is (65−𝐴𝑔𝑒)∗12𝑚𝑜𝑛𝑡ℎ𝑠. A mandatory
contribution rate is 10% of the affiliate’s salary.

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

Equivalent charge on balance (in % and yearly)
f=1.47%
f=1.58%
f=1.69%
0.005304
0.005734
0.006170
0.005315
0.005746
0.006183
0.005326
0.005758
0.006196
0.005337
0.005771
0.006209
0.005349
0.005783
0.006222
0.005360
0.005795
0.006235
0.005372
0.005808
0.006249
0.005383
0.005820
0.006262
0.005395
0.005832
0.006275
0.005406
0.005845
0.006289
0.005418
0.005857
0.006302
0.005429
0.005870
0.006316
0.005441
0.005882
0.006329
0.005453
0.005895
0.006343
0.005464
0.005908
0.006356
0.005476
0.005920
0.006370
0.005488
0.005933
0.006384
0.005500
0.005946
0.006397
0.005511
0.005959
0.006411
0.005523
0.005971
0.006425
0.005535
0.005984
0.006439
0.005547
0.005997
0.006452
0.005559
0.006010
0.006466
0.005571
0.006023
0.006480
0.005583
0.006036
0.006494
0.005595
0.006049
0.006508
0.005607
0.006062
0.006522
0.005619
0.006075
0.006536
0.005632
0.006088
0.006551
0.005644
0.006101
0.006565
0.005656
0.006115
0.006579
0.005668
0.006128
0.006593
0.005681
0.006141
0.006607
0.005693
0.006155
0.006622
0.005705
0.006168
0.006636
0.005718
0.006181
0.006651
0.005730
0.006195
0.006665
0.005743
0.006208
0.006680
0.005755
0.006222
0.006694
0.005768
0.006235
0.006709
0.005780
0.006249
0.006723
0.005793
0.006263
0.006738
0.005806
0.006276
0.006753
0.005819
0.006290
0.006767
0.005831
0.006304
0.006782
NAN
NAN
NAN

By calculation, we get Table 1 and Figure 1. Figure 1
describes an affiliate who has power utility and will retire
at 65, seeking the maximum expected terminal wealth, for
different accumulation phase and three given charge on
flows. As can be seen from the figure, on one hand, giving
a certain charge on flow, the equivalent charge on balance

Charge on balance, %- \delta^{∗}
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6.8

× 10-3
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administrative charges. Our conclusion shows that, even if
the risky asset is assumed to follow the CEV model, there
is no elasticity parameter in our comparison. Namely, it has
nothing to do with the elasticity parameter, i.e., the implied
volatility skew, and there is no concern with the risk aversion
coefficient.

Equivalent charge on balance

＠ＧＣＨ=1.47%

6.6

＠；ＰＡ=1.58%
＠Ｇ；Ｒ=1.69%

6.4
6.2
6
5.8

Data Availability

5.6
5.4
5.2
20

Table 1 has the data to support this study.
25

30

35

40
45
Age (years)

50

55

60

65

Figure 1: Equivalent charge on balance.

gradually increases with age. On the other hand, at a certain
age, charge on balance increases with charge on flow. This
trend is consistent with the conclusion in Luis [12]. However,
we need to note that this increment is very small, and the
value of charge on balance is very small in our model,
which is different from the result in Luis [12]. Because his
model is based on the assumption that the utility function is
exponential, we assume here that the utility function is power
utility. Hence we can see that the power utility function yields
results similar to that of the exponential utility function in
[12]. That is, the charge is smaller, the cost is lower. For an
affiliate of 20 years old, 𝛿∗ is 0.005304% per year when 𝑓𝑚𝑖𝑛
is the corresponding charge on flow. This shows that a charge
on balance 𝛿∗ ≥ 0.005304% would make this pension plan to
be preferred for all affiliates of Peru.

5. Conclusion
In this paper, we consider an affiliate who is involved in a
defined contribution (DC) pension plan and aim to maximize
the expected utility of terminal wealth under the constraint of
his accumulation period. Fixed contribution is contributed to
his personal pension account monthly, which is invested by
a professional Pension Fund Administrator (PFA)’s manager
and a certain commission is paid to the manager at the
same time. The pension is invested in risk-free asset and
risky asset such as monetary account and stock in order
to preserve and increase the value of the pension account.
The affiliate will receive his pension after retirement. For the
commission, charge on balance, charge on flow, or both of
them are prevalent in Latin America recently. The relationship between these two kinds of administrative charges, when
they are equivalent, is based on the study in Luis [12]. Under
the continuously complete market, we expand the driving
equation of the risky asset to a general one which captures
the implied volatility skew, namely, the constant elasticity of
variance (CEV) model, and take the power utility function of
CRRA in our considerations. It is noted that the contribution
rate is a constant in our paper. The general optimization
problems are listed. Two kinds of charge factors are added to
our SDE, respectively, to solve the three stochastic optimal
control problems, so as to obtain the certainty equivalent. We
utilize the methodology in Luis [12] to determine equivalent
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Cruise industry has recorded rapid expansion during the last decades, and it has substantial contribution to local economies. In this
paper, we introduce a cruise tourism supply chain system consisting of one supplier and two newsboy-type retailers. We investigate
the optimal decisions in a decentralized system from a game theoretical perspective and find out the optimal ordering and pricing
strategies of both retailers and the optimal wholesale prices of the supplier with the limited number of cruise tickets and try to
find out how the total profits should be allocated by the two retailers in the alliance case. Our framework involves two operational
strategies, including inconsistent wholesale prices in the benchmark case and consistent wholesale price in the alliance case in which
the two retailers have a virtual alliance, combining to one retailer. A numerical example compares the performance of the supply
chain members and the system in two cases and finds that it is better for the two retailers to have a virtual alliance, combining to
one retailer when the total amount of cruise tickets ordered by the two retailers is constrained by the total number of cruise tickets
for the supplier, but it is not good choice for the two retailers to combine to one retailer when the total number of cruise tickets
for the supplier does not constrain the total amount of cruise tickets ordered by the two retailers. In addition, the performance of
the system in the alliance case is as good as that in the benchmark case when the total amount of cruise tickets ordered by the two
retailers is constrained by the total number of cruise tickets for the supplier. However, when the total number of cruise tickets for
the supplier does not constrain the total amount of cruise tickets ordered by the two retailers, the performance of the system in the
benchmark case is better than that in the alliance case.

1. Introduction
In recent years, we have witnessed a period of rapid growth
and remarkable change in the cruise industry, which is one of
the fastest growing and most dynamic segments of the entire
tourism and leisure travel market [1, 2]. According to Cruise
Market Watch, the number of passengers is projected to grow
to 25 million in 2019 with an average growth rate of 4.5%
[3]. The substantial spending of cruise passengers, together
with the high growth rates, indicates that the cruise industry
has great market potential. Therefore, policy makers and
researchers have paid close attention to the economic impacts
of cruise tourism at the national or regional level [4], Chang
and Lee et al. [3] build a network DEA model to elaborate
the operation of cruise lines at two stages for the purpose
of analyzing the financial statements of the lines. However,

we investigate the supply chain management problem of the
cruise industry in China.
In terms of the cruise industry, it may be different
from the other industries in several ways. First, there is no
salvage of the cruise tickets in one trip, but many products
such as garment and mobile phone often have salvage after
a period. Second, there is a nature partnership between
the downstream retailers. That is when one retailer’s order
quantity of cruise tickets is less than the customers demand
then they can reorder the cruise tickets from the other
retailer by a higher reorder cost, which is similar to the
emergency procurement behavior in Zhang and Liu [5]. But
it is uncommon in other industries, because there always
only exist competition between retailers in general case; that
is, there is no specific cooperation between retailers. Third,
because of the characteristics of cruise industry operation,

2
there is almost no centralized system in the cruise industry.
Suppliers and retailers compete with each other, while other
industries may have centralized systems. Finally, the total
number of cruise tickets for the supplier is fixed over a
relatively long time, because the size of the cruise is fixed, and
the number of cruise beds is limited, and it may hold a limited
number of customers during one trip. It is impossible for the
supplier to satisfy the total amount of cruise tickets ordered by
downstream retailers when the total number of cruise tickets
for the supplier is smaller than the total amount of cruise
tickets ordered by retailers. But, for the other industries,
it may always occur that the supplier can satisfy the total
amount ordered by the retailers, and one can take no account
of the limited number of products for the supplier.
Supply chain management has been studied by many
researchers; however, it always refers to ordinary products,
seasonal products, or other related products. These products often involve the passing of property, but the sale of
cruise tickets may more involve the right of use to the
cruise in one trip. That may be a difference between the
cruise tourism supply chain management problem and other
industries supply chain management issues. In addition, as
for the two-echelon cruise tourism supply chain, there will
always be competition between the upstream supplier and
the downstream retailers like other industries supply chain,
and, in reality, the competing retailers in the cruise industry
can use alliance to counter the monopoly of supplier, and
the paper considers the strategic alliance between the two
retailers whether being better off to both retailers or not, and
correspondingly we analyze the performance difference of
the supplier and the system between the benchmark (without
alliance) case and the alliance case.
In this paper, we address the cruise tourism supply chain
consisting of one supplier-cruise owner and two competing
retailers with the limited number of cruise tickets for the
supplier under stochastic demand, and we find that the
maximum profit function of the supplier is continuous and
concave, so the optimal solution to the wholesale ticket
price of the supplier exists, and it is the one and only
solution; the maximum expected profit functions of both
retailers are also continuous and concave, and the optimal
solutions to the retail ticket price and order quantity of cruise
tickets for both retailers exist, and that is the one and only
solution, and then this paper illustrates that the optimal
wholesale ticket price of the supplier is not affected by the
market potentials of both retailers in the alliance case; that
is, the optimal wholesale ticket price in the alliance case is
decided by supplier without considering the market potential
of both retailers or the market potential gap between the
two retailers. We are particularly interested to see what the
performance difference of the supply chain members and
the system is between in the benchmark scenario and in
the alliance scenario with a certain number of cruise tickets
for the supplier, and we study the optimal decisions of the
supplier and both retailers in the two scenarios. Furthermore,
the paper numerically investigates the impacts of related
parameters on the supplier’s profit, the two retailers’ expected
profits, the system’s expected profit, the optimal pricing and
ordering decisions of both retailers, and the optimal pricing
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decision of the supplier. In addition, our work considers the
profits allocation between the two retailers in the alliance
case, and the paper gives some useful management insights
into the economic behaviors of cruise firms. We assume that
all parameters and states are considered common knowledge
so that all players have full information [6], and when each
of the two retailers has no enough number of cruise tickets to
customers, the retailer can reorder the insufficient number of
cruise tickets using more than the wholesale price costs from
the other retailer. The two retailers are in the same market
and compete with each other in the benchmark case, and the
two retailers cooperate to have a virtual alliance, combining
to one retailer to weaken the supplier’s monopoly position in
the alliance case.
The relevant literature can be divided into three research
streams: joint decision on pricing and ordering research, multiechelon supply chain research, and competitive research.
The newsvendor model is necessitated by the pricing and
ordering decisions under uncertain demand. And our work
is closely related to the newsvendor setting literature. Whitin
[7] is the first to formulate a newsvendor model with price
effects. In his model, selling price and stocking quantity
are set simultaneously. Petruzzi and Dada [8] review the
newsvendor problem and formulate a randomness in demand
which is price independent model either in an additive or in
a multiplicative fashion. Hua and Wang et al. [9] consider the
newsvendor problem that incorporates price decision with
free shipping using the two fashions.
In the operations management research, joint decision
pricing and ordering research is not uncommon. Fu and Dan
et al. [10] present a joint decisions model in a newsvendor
setting, where a retailer sells the seasonal products at the
weather-dependent prices and provide a detailed analysis of
the problems and characterizations of the optimal decisions
when the retailer is risk-neutral. Wu and Zhang [11] study
ordering and pricing problems for new repeat-purchase
products and incorporate the repeat-purchase rate and price
effects into the Bass model to characterize the demand pattern which considers two decision models: two-stage decision
model and joint decision model. Liu and Zhang et al. [12]
investigate online dual channel supply chain system and its
joint decision on production and pricing under information
asymmetry. They extend a newsvendor framework to dual
channel in which there exists competitions and apply the
competitive stochastic customer demand functions to the
dual channel supply chain management.
Because the overall system sometimes should be considered in the supply management, multiechelon supply chain
is widely studied. Tiaojun and Gang et al. [13] study the
coordination of the supply chain in which there are one
manufacturer and two competing retailers with demand disruptions and consider a price-subsidy rate contract to coordinate the investments of the competing retailers with sales
promotion opportunities and demand disruptions. Cachon
and Zipkin [14] investigate a two-stage serial supply chain
with stationary stochastic demand and fixed transportation
times. Qi and Wang et al. [15] consider a two-echelon maketo-order supply chain consisting of one supplier and two
retailers under carbon cap regulation and analyze the pricing
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decision process in a decentralized system from a game
theoretical perspective.
Competitive research is challenging, but competition is
also more in line with the actual situation, so many scholars
study the optimization of supply chain from the perspective
of competition. Parthasarathi and Sarmah et al. [16] study the
supply chain coordination under retail competition using a
newsvendor framework in which the random demand faced
by each retailer is dependent on their own price as well
as on the price of the competing retailer. In addition to
this, the demand is also influenced by the initial stock level
of each individual retailer. Bernstein and Federgruen [17]
and Narayanan and Raman et al. [18] investigate decentralized supply chains with competing retailers under demand
uncertainty and design contractual arrangements between
the parties that allow the decentralized chain to perform
as well as a centralized one. In addition, Liu and Zhang et
al. [12] extend a newsvendor framework to dual channel in
which there exists competitions and apply the competitive
stochastic customer demand functions to the dual channel
supply chain management, and Qi and Wang et al. [15]
study a make-to-order supply chain with one supplier and
two competing retailers under a carbon cap regulation and
formulate different pricing models and analyze the respective
pricing processes under a carbon cap regulation in a decentralized system considering the competition between the two
retailers.
Our work is closely related to Qi and Wang et al. [15]
but differs from Qi and Wang et al. [15] in several manners.
First, the demand is deterministic of the two-echelon supply
chain in their work, but our work studies the random
demand. Second, they consider an external constraint-carbon
cap regulation-imposed on the supply chain; however, our
work considers the internal constraint of the limited number
of cruise tickets for the supplier. Third, their framework
involves various operational strategies, including consistent
and inconsistent wholesale prices for the supplier and consistent and inconsistent retail prices for the two retailers, but our
framework involves only two different pricing strategies, and
we consider how the total expected profits of both retailers
in the alliance case should be allocated by the two retailers,
in which case both retailers launch an alliance against the
monopoly position of the supplier in cruise industry. Our
model is most closely related to Liu and Zhang et al. [12];
Liu and Zhang et al. [12] set a dual channel newsvendor
model and investigate online dual channel supply chain
system and its joint decision on production and pricing
under information asymmetry; they take more consideration
to the impact of information on retailer’s optimal decisions
and profits of the supplier and retailer. But our work has to
consider the limited number of cruise tickets for the supplier.
This paper considers the limited number of cruise tickets
for the supplier, and the two retailers may follow a policy
which is similar to the “base-stock” policy. Federgruen and
Zipkin [19] demonstrate that a modified base-stock policy is
optimal for a single-stage capacitated inventory system over
an infinite horizon; this policy recommends ordering up to
a particular inventory level, if possible, but to the capacity
level otherwise. And, in the optimal decisions process, similar
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to Ben Daya and Raouf [20] that develop a Lagrange based
method for solving two-constraint problem with uniform
demand distribution, we also solve the limited number of
cruise tickets constraint problem using a Lagrange based
method, and we develop a solution method based on KuhnTucker (K-T) conditions which produces the optimal solution
to the problem with any continuous demand distribution
similar to Zhang [21]. In addition, when the two retailers
launch a virtual alliance, combining to one retailer in the
alliance case, we establish a bargaining game similar to Selcuk
and Gokpinar [22] in order to satisfy each of the both
retailers.
The paper is structured as follows. In Section 2 we
describe the model and provide some notations and assumptions. Section 3 solves the optimal decisions of the supplier
and two retailers in the benchmark case. Section 4 deals
with the optimal decisions of the supplier and two retailers
in the alliance case as well as the total profits’ allocation
between the two retailers. Section 5, based on a numerical
example, illustrates different optimal decisions under two
cases and sensitivity to critical parameters, and it allows us
to interpret the effects of market potential of the two retailers
and competition between them on profits. We conclude in
Section 6. Proofs appear in the Appendix.

2. Modeling and Assumptions
The paper considers a two-echelon supply chain consisting of
one supplier and two retailers under stochastic demand with
the limited number of cruise tickets for the supplier. Because,
in the cruise industry, there are few cases of centralized
system, then we discuss two cases (the benchmark case 𝑊1 ≠
𝑊2 and the alliance case 𝑊1 = 𝑊2 = 𝑊0 ) in the decentralized
system.
2.1. The Notations and Assumptions. For the stochastic customer demand, we denote the demand function of both
retailers as follows:
𝐷1 (𝑃1 , 𝑃2 ) = 𝑦1 (𝑃1 , 𝑃2 ) + 𝑥1 ,
𝑦1 (𝑃1 , 𝑃2 ) = 𝜃 − 𝑃1 + 𝛽𝑃2 .
and 𝐷2 (𝑃1 , 𝑃2 ) = 𝑦2 (𝑃1 , 𝑃2 ) + 𝑥2 ,
𝑦2 (𝑃1 , 𝑃2 ) = 1 − 𝜃 − 𝑃2 + 𝛽𝑃1 .

(1)

(2)

𝜃, which is a parameter, represents the market potential
of retailer 𝑟1 ; 𝛽 is called the cross-price-sensitivity coefficient,
which implies the intensity of competition between the two
retailers, and 𝑥𝑖 is the random variable of retailer’s 𝑟𝑖 (𝑖 = 1, 2)
demand, with the mean 𝜇𝑖 (𝑖 = 1, 2), in our model, and let
𝜇1 = 𝜇2 = 0 and the density function 𝑓𝑖 (∙) have a continuous
derivative 𝑓𝑖 (∙) [16], and 𝑓𝑖 (∙) ≥ 0 in our model. The major
notations used in this paper are listed in Table 1.
Consistent with Petruzzi and Dada [8], we define
𝑧1 = 𝑄1 − 𝑦1 (𝑃1 , 𝑃2 ) ,
𝑧2 = 𝑄2 − 𝑦2 (𝑃1 , 𝑃2 ) .

(3)
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Table 1: Major notations.

𝑐
𝑇0
𝜃
𝛽
𝑔
𝑊𝑖
𝑊0
𝑃𝑖
𝑃 𝑖
𝑄𝑖
𝑄 𝑖
𝜆
𝜆
𝑥𝑖
𝑓𝑖 (∙)
𝐹𝑖 (∙)
𝐹𝑖−1 (∙)

The unit operating cost of the supplier
The total number of cruise tickets for the supplier
Market potential composed of the retailer 𝑟1
Cross price elastic coefficient
The cost per unit when the amount of cruise tickets ordered by a retailer less than the demand of consumers
then to reorder from the other retailer
The unit wholesale ticket price of the supplier to retailer 𝑟𝑖 (𝑖 = 1, 2) in the benchmark case
The unit wholesale ticket price of the supplier to retailer 𝑟𝑖 (𝑖 = 1, 2) in the alliance case
The unit retail ticket price of the retailer 𝑟𝑖 (𝑖 = 1, 2) in the benchmark case
The unit retail ticket price of the retailer 𝑟𝑖 (𝑖 = 1, 2) in the alliance case
The retailer 𝑟𝑖  𝑠 (𝑖 = 1, 2) order quantity of cruise tickets in the benchmark case
The retailer 𝑟𝑖  𝑠 (𝑖 = 1, 2) order quantity of cruise tickets in the alliance case
Lagrange multiplier in the benchmark case
Lagrange multiplier in the alliance case
The random variable of retailer’s 𝑟𝑖 (𝑖 = 1, 2) demand
The PDF(Probability Density Function) of random variable 𝑥𝑖 (𝑖 = 1, 2)
The CDF(Cumulative Distribution Function) of random variable 𝑥𝑖 (𝑖 = 1, 2)
The inverse Cumulative Distribution Function of random variable 𝑥𝑖 (𝑖 = 1, 2)

Note: the subscripts “r” and “s” are added to the relative variables to represent the values of the retailer and supplier, respectively, the subscripts “1” and “2” are
added to the relative variables to represent the values of the retailer r1 and r2 respectively, the subscript “T” is added to the relative variables to represent the
values of the system, and the superscripts “∗” and “  ” are added to the relative variables to represent their corresponding optimal values and the corresponding
values in the alliance case, respectively, and the expected profits in the benchmark case and the alliance case are denoted as Π(⋅), Π (⋅), respectively.

𝑧 1 = 𝑄 1 − 𝑦 1 (𝑃 1 , 𝑃 2 ) ,
𝑧 2 = 𝑄 2 − 𝑦 2 (𝑃 1 , 𝑃 2 ) .

(4)

where 𝑄𝑖 (𝑖 = 1, 2) is the retailer’s order quantity of
cruise tickets in the benchmark case, and 𝑄 𝑖 (𝑖 = 1, 2) is the
retailer’s order quantity of cruise tickets in the alliance case.
And there are also some assumptions made in our model.
(1) The total market potential equals 1, and 𝜃 (𝜃 ∈ [0, 1])
represents the market potential of retailer 𝑟1 . 1 − 𝜃 represents
the market potential of retailer 𝑟2 , and then we also assume
that 𝜃 ≥ 1/2, implying that the market potential of the retailer
𝑟1 is bigger than or equal to the market potential of the retailer
𝑟2 .
(2) The price-sensitivity coefficient of every retailer equals
𝛽, and 𝛽 < 1 (𝛽 ∈ [0, 1]), implying that the demand of retailer
𝑟𝑖 (𝑖 = 1, 2) is more sensitive to 𝑃𝑖 than the rival’s price.
(3) 𝑔 > 𝑊𝑖 > 𝑐(𝑖 = 0, 1, 2), implying that the reorder
cost when one retailer’s order quantity of cruise tickets is
less than the customers demand and then to order from the
other retailer is larger than the wholesale ticket price from the
supplier, and the wholesale ticket price of the supplier is larger
than the operating cost of his own.
(4) The total number of cruise tickets levels at the
beginning of the period. Both retailers know the total number
of cruise tickets levels for the supplier at the beginning
of the period, which was similarly assumed by Parker and
Kapuściński [6].
(5) All the demands of customers must be met at all
times, and the retailers must ensure satisfying the demands of

customers through a cost which is larger than the wholesale
ticket price and swift transportation from the other retailer to
provide to customers [5, 12].
(6) All members in the cruise industry supply chain are
risk-neutral. The market information is a common knowledge, and retailers are assumed to be operating in the same
marketplace, and all of them seek the maximization of their
own expected profit.
2.2. Modeling Formulation. In this paper, the supplier has
a certain number of cruise tickets with a constant unit
operating cost c, and the supplier determines the wholesale
ticket prices to the two retailers. Both retailers operate in
the same marketplace and compete with each other [6],
and the two retailers, respectively, determine the retail ticket
prices 𝑃1 , 𝑃2 and the order quantities of cruise tickets 𝑄1 ,
𝑄2 simultaneously with the fixed number of cruise tickets
𝑇0 for the supplier. We study a decentralized system in two
cases, which are the benchmark case (𝑊1 ≠ 𝑊2 ) and the
alliance case (𝑊1 = 𝑊2 = 𝑊0 ), and we want to compare
the performance of the supply chain members and the system
between them in the benchmark case and in the alliance case
where the two retailers have a virtual alliance, combining
to one retailer. And the two-echelon cruise tourism supply
chain is illustrated by Figure 1, where the benchmark case is
represented in Figure 1(a) and the alliance case is represented
in Figure 1(b).
We model the decisions process of the system as a Stackelberg game in which the supplier is the leader and the two
retailers are the follower. In this system, the decisions process
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c
c

T0

T0
supplier

supplier
Q 1 +Q 2

W0
W2

W1

Q1

retailer

Q2

W0

W0

retailer1

Q 1

retailer2

Q 2

retailer1
P1

retailer2

P2
P 2

P 1
market demand

market demand

(a)

(b)

Figure 1: The two-echelon cruise tourism supply chain with one supplier and two retailers in two cases.

is that the supplier first determines the wholesale ticket prices
𝑊1 and 𝑊2 in the benchmark case or 𝑊0 in the alliance
case, and then the two retailers, respectively, determine their
own retail ticket price and the order quantity of cruise
tickets simultaneously. In addition, the cruise industry has no
salvage value; then the model in the paper is equal to a model
which is salvaged at 0 similar to Luo and Sethi et al. [23].
Under this system, the expected profit functions of both
retailers in the benchmark case are
Π𝑟𝑖 (𝑃𝑖 , 𝑄𝑖 ) = 𝐸 (𝜋 (𝑟𝑖 )) = 𝐸 (𝑃𝑖 ∗ 𝐷𝑖 (𝑃1 , 𝑃2 ) − 𝑊𝑖
+

∗ 𝑄𝑖 − 𝑔 ∗ [𝐷𝑖 (𝑃1 , 𝑃2 ) − 𝑄𝑖 ] ) ,

(𝑖 = 1, 2)

(5)

where [∙]+ = max{∙, 0}.
Given the retail ticket price and the order quantity of
cruise tickets, the retailer’s revenue is shown in the first term,
the second term is the purchasing cost from the supplier, and
the last term is the purchasing cost from the other retailer
when the demand of consumers is larger than his/her orders.
The profit of the supplier in the benchmark case is
Π𝑠 (𝑊1 , 𝑊2 ) = 𝑊1 𝑄1 + 𝑊2 𝑄2 − 𝑐𝑇0 .

(6)

Accordingly, the expected profit functions of both retailers in
the alliance case can be formulated by
Π 𝑟𝑖 (𝑃 𝑖 𝑄 𝑖 ) = 𝐸 (𝜋 (𝑟𝑖 )) = 𝐸 (𝑃 𝑖 ∗ 𝐷𝑖 (𝑃 1 , 𝑃 2 )
+

− 𝑊0 ∗ 𝑄 𝑖 − 𝑔 ∗ [𝐷𝑖 (𝑃 1 , 𝑃 2 ) − 𝑄 𝑖 ] ) ,
(𝑖 = 1, 2) .

The meaning of each term in this expression is similar to that
in (5).
The profit of the supplier in the benchmark case can be
formulated by
Π 𝑠 (𝑊0 ) = 𝑊0 (𝑄 1 + 𝑄 2 ) − 𝑐𝑇0 .

The supplier and two retailers in two cases all operate to
maximize their own expected profit.

3. Optimal Joint Decisions in
the Benchmark Case
In this section, the supplier sets the wholesale price discrimination to the two retailers because of the different
market potential of both retailers, and we use the backward
sequential decision-making approach to obtain the optimal
solutions.
3.1. Joint Decision on Pricing and Ordering of the Two Retailers
in the Benchmark Case. From (1)-(5) and 𝜇1 = 𝜇2 = 0, we
can obtain the expected profit functions of both retailers in
the benchmark case as follows:
Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ) = 𝑃𝑖 ∗ 𝑦𝑖 (𝑃1 , 𝑃2 ) − 𝑊𝑖 ∗ (𝑦𝑖 (𝑃1 , 𝑃2 ) + 𝑧𝑖 )
+ 𝑔 ∗ (𝑧𝑖 − Θ𝑖 (𝑧𝑖 )) ,

(7)

(8)

𝑧

(𝑖 = 1, 2)

(9)

where Θ𝑖 (𝑧𝑖 ) = ∫−𝑎𝑖 (𝑧𝑖 − 𝑥𝑖 ) ∗ 𝑓𝑖 (𝑥𝑖 )𝑑𝑥𝑖 (𝑖 = 1, 2).
𝑖
We can formulate the Stackelberg game model under this
system in the benchmark case as follows:

6
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max

(𝑊1 ,𝑊2 )

Π𝑠 = 𝑊1 ∗ (𝑦1 (𝑃1∗ , 𝑃2∗ ) + 𝑧1∗ ) + 𝑊2 ∗ (𝑦2 (𝑃1∗ , 𝑃2∗ ) + 𝑧2∗ ) − 𝑐𝑇0
𝑦1 (𝑃1∗ , 𝑃2∗ ) + 𝑧1∗ + 𝑦2 (𝑃1∗ , 𝑃2∗ ) + 𝑧2∗ ≤ 𝑇0

s.t.

𝑃1∗ , 𝑃2∗ , 𝑧1∗ , 𝑧2∗ is derived from solving the following problem
max

Π𝑟1 = 𝑃1 ∗ 𝑦1 (𝑃1 , 𝑃2 ) − 𝑊1 ∗ (𝑦1 (𝑃1 , 𝑃2 ) + 𝑧1 ) + 𝑔 ∗ (𝑧1 − Θ1 (𝑧1 ))

max

Π𝑟2 = 𝑃2 ∗ 𝑦2 (𝑃1 , 𝑃2 ) − 𝑊2 ∗ (𝑦2 (𝑃1 , 𝑃2 ) + 𝑧2 ) + 𝑔 ∗ (𝑧2 − Θ2 (𝑧2 )) .

(𝑃1 ,𝑧1 )
(𝑃2 ,𝑧2 )

Using the backward sequential decision-making
approach in this model, both retailers’ response functions for
the given wholesale prices 𝑊1 and 𝑊2 in the benchmark case
may be obtained as follows:
𝑃1∗ =

2𝑊1 + 𝛽𝑊2 + 𝛽 + (2 − 𝛽) 𝜃
4 − 𝛽2

2𝑊2 + 𝛽𝑊1 + 𝛽 + (2 − 𝛽) (1 − 𝜃)
𝑃2∗ =
4 − 𝛽2
𝑄1∗ =

+
𝑄2∗ =

𝐹1−1

𝑔 − 𝑊1
(
)
𝑔

Proposition 2. The optimal wholesale ticket prices of the
supplier in the benchmark case can be given by
(i)
[1 − 𝑓1 ∗ (𝐴 1 − 𝑔)] 𝑊1 − 𝑓1 ∗ 𝐹1−1 (

𝑔 − 𝑊1
)=0
𝑔

[1 − 𝑓2 ∗ (𝐴 2 − 𝑔)] 𝑊2 − 𝑓2 ∗ 𝐹2−1 (

𝑔 − 𝑊2
)=0
𝑔

(ii)
(11)

𝐵2 𝑊2 − 𝐵1 𝑊1 + 𝐶2 𝑔𝑓2 − 𝐶1 𝑔𝑓1 = 0
𝑀𝑇0 − 𝑁 (𝑊1 + 𝑊2 ) − 𝑀𝐸 − 𝑆 = 0

2

(𝛽 − 2) 𝑊2 + 𝛽𝑊1 + 𝛽 + (2 − 𝛽) (1 − 𝜃)
𝑔 − 𝑊2
).
𝑔

From both retailers’ response functions, we can obtain the
following proposition.
Proposition 1. The retail ticket prices of both retailers are
increasing with the increasing intensity of competition between
the two retailers for the given values of W1 and W2 .
Form Proposition 1, we know that the greater the competition between the two retailers, the larger the retail ticket
prices of both retailers; that is, the retail ticket prices of
both retailers are increasing with increasing the degree of the
substitution between the two retailers.
3.2. Decision on Wholesale Ticket Prices of the Supplier in the
Benchmark Case. Under this system, the supplier determines
the optimal wholesale ticket prices 𝑊1∗ and 𝑊2∗ to the two
retailers differently in the benchmark case based on the
existing number of cruise tickets for the supplier. From the
game model in the benchmark case we can have the following
proposition.

(13)

for 𝜆 > 0

4 − 𝛽2
+ 𝐹2−1 (

(12)

for 𝜆 = 0.

(𝛽2 − 2) 𝑊1 + 𝛽𝑊2 + 𝛽 + (2 − 𝛽) 𝜃
4 − 𝛽2

(10)

where 𝐴 1 = ((𝛽2 − 4𝛽) ∗ 𝜃 ∗ 𝑔)/((8 − 2𝛽2 ) + (2𝛽2 + 4𝛽 − 8 −
𝛽3 )𝜃) − 𝑔, 𝐴 2 = ((𝛽2 − 4𝛽) ∗ (1 − 𝜃) ∗ 𝑔)/((8 − 2𝛽2 ) + (2𝛽2 +
4𝛽 − 8 − 𝛽3 )(1 − 𝜃)) − 𝑔
𝑀 = 4 − 𝛽2 ,
𝑁 = 𝛽2 + 𝛽 − 2,
𝐸=

𝐹1−1

𝑔 − 𝑊1
𝑔 − 𝑊2
(
) + 𝐹2−1 (
),
𝑊1
𝑊2

(14)

𝑆 = 2 + 𝛽.
Note that, in the rest of the paper, there always are 𝑓𝑖 =
𝑓𝑖 (𝐹𝑖−1 ((𝑔 − 𝑊𝑖 )/𝑔)) and 𝑓 𝑖 = 𝑓 𝑖 (𝐹𝑖−1 ((𝑔 − 𝑊𝑖 )/𝑔))(𝑖 = 1, 2).
From Proposition 2, we can have the supplier’s optimal
wholesale ticket prices which may be different when the
total number of cruise tickets for the supplier is different.
To be more specific, the size relationship between the
total amount of cruise tickets ordered by the two retailers and the total number of cruise tickets for the supplier may affect the optimal wholesale ticket prices of the
supplier.
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Π 𝑟𝑖 (𝑃 𝑖 , 𝑧 𝑖 ) = 𝑃 𝑖 ∗ 𝑦 𝑖 (𝑃 1 , 𝑃 2 ) − 𝑊0

4. Optimal Joint Decisions in the Alliance Case
In this section, the supplier decides the consistent wholesale
price to the two retailers because there is an alliance between
them, and then we also use the backward sequential decisionmaking approach to obtain the optimal solutions.

∗ (𝑧 𝑖 − Θ 𝑖 (𝑧 𝑖 )) ,

4.1. Joint Decision on Pricing and Ordering of the Two Retailers
in the Alliance Case. From Section 2, we can have the
expected profit functions of the two retailers in the alliance
case as follows:

where Θ 𝑖 (𝑧 𝑖 ) = ∫−𝑎𝑖 (𝑧 𝑖 − 𝑥𝑖 ) ∗ 𝑓𝑖 (𝑥𝑖 )𝑑𝑥𝑖 (𝑖 = 1, 2).
𝑖
Then we can formulate the Stackelberg game model under
this system in the alliance case as follows:

max
𝑊0

s.t.

∗

∗

∗ (𝑦 𝑖 (𝑃 1 , 𝑃 2 ) + 𝑧 𝑖 ) + 𝑔
(𝑖 = 1, 2) .

𝑧

∗

∗

∗

∗

Π 𝑠 = 𝑊0 ∗ (𝑦 1 (𝑃 1 , 𝑃 2 ) + 𝑧 1 + 𝑦 2 (𝑃 1 , 𝑃 2 ) + 𝑧 2 ) − 𝑐𝑇0
∗

∗

∗

∗

∗

∗

∗

∗

𝑦 1 (𝑃 1 , 𝑃 2 ) + 𝑧 1 + 𝑦 2 (𝑃 1 , 𝑃 2 ) + 𝑧 2 ≤ 𝑇0
∗

∗

𝑃 1 , 𝑃 2 , 𝑧 1 , 𝑧 2 is derived from solving the following problem
max

Π 𝑟1 = 𝑃 1 ∗ 𝑦 1 (𝑃 1 , 𝑃 2 ) − 𝑊0 ∗ (𝑦 1 (𝑃 1 , 𝑃 2 ) + 𝑧 1 ) + 𝑔 ∗ (𝑧 1 − Θ 1 (𝑧1 ))

max

Π 𝑟2 = 𝑃 2 ∗ 𝑦 2 (𝑃 1 , 𝑃 2 ) − 𝑊0 ∗ (𝑦 2 (𝑃 1 , 𝑃 2 ) + 𝑧 2 ) + 𝑔 ∗ (𝑧 2 − Θ 2 (𝑧2 )) .

(𝑃 1 ,𝑧 1 )

(𝑃 2 ,𝑧 2 )

The same as the structure in Section 3, we have both
retailers’ response functions in the alliance case as follows:

∗

𝑃 1 =

(𝛽 + 2) 𝑊0 + 𝛽 + (2 − 𝛽) (1 − 𝜃)
=
4 − 𝛽2

∗

(𝛽2 + 𝛽 − 2) 𝑊0 + 𝛽 + (2 − 𝛽) 𝜃
4 − 𝛽2
+

∗
𝑄 2

=

𝐹1−1

𝑔 − 𝑊0
(
)
𝑔

(i)
[𝑆 𝑀 + (4𝛽 − 4) 𝑁 ] 𝑊0 − [𝑆 𝐸 − 1] 𝑁 = 0

(18)

(ii)
𝑊0 = (𝑇0 − 𝐸 )

2−𝛽
1
−
2𝛽 − 2 2𝛽 − 2

for 𝜆 > 0

(19)

where 𝑀 = 𝑔(𝑓1 + 𝑓2 ), 𝑁 = 𝑔2 𝑓1 𝑓2 , 𝑆 = 𝛽 − 2 and 𝐸 =
𝐹1−1 ((𝑔 − 𝑊0 )/𝑔) + 𝐹2−1 ((𝑔 − 𝑊0 )/𝑔).
(17)

(𝛽2 + 𝛽 − 2) 𝑊0 + 𝛽 + (2 − 𝛽) (1 − 𝜃)
4 − 𝛽2
+ 𝐹2−1 (

(16)

for 𝜆 = 0.

(𝛽 + 2) 𝑊0 + 𝛽 + (2 − 𝛽) 𝜃
4 − 𝛽2

∗
𝑃 2

𝑄 1 =

(15)

𝑔 − 𝑊0
).
𝑔

4.2. Decision on Wholesale Ticket Price of the Supplier in the
Alliance Case. Under this system, the supplier determines
the optimal wholesale ticket price 𝑊0∗ to the two retailers
identically in the alliance case based on the existing number
of cruise tickets, and, from the game model in the alliance
case, we have the following proposition.
Proposition 3. The optimal wholesale ticket price of the
supplier in the alliance case can be given by

According to Proposition 3, we can obtain the following
corollary.
Corollary 4. The optimal wholesale ticket price of the supplier
in the alliance case is not affected by the market potential of the
two retailers.
This corollary implies that the wholesale ticket price of the
supplier to the two retailers in the alliance case has nothing to
do with the market size of each retailer, and it may be related
to the existing number of cruise tickets for the supplier and
the competition between the two retailers.
4.3. Profits Allocation between the Two Retailers in the Alliance
Case. In terms of the expected total profits size relationships
of both retailers in the two cases, we can talk about it in two
ways. In the first way, the total expected profits of the two
retailers in the alliance case are equal to that in the benchmark
case, and then the optimal negotiated payoff of the retailer
in the alliance case equals the optimal expected profit of
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Table 2: The optimal solutions with different value of 𝜃 in the benchmark case.

𝑇0
0.6

𝜃
0.5
0.6
0.7
0.8
0.5
0.6
0.7
0.8
0.5
0.6
0.7
0.8

0.5

0.4

𝛽
0.2

0.2

0.2

𝑊1∗
0.0797
0.0796
0.0744
0.0792
0.0816
0.0864
0.0913
0.0962
0.0985
0.1034
0.1083
0.1132

𝑊2∗
0.0705
0.0708
0.0865
0.0717
0.1336
0.1187
0.1036
0.0885
0.1506
0.1356
0.1206
0.1055

the retailer in the benchmark case. In the second way, the
total expected profits of the two retailers in both cases are
not equal, and there is a bargaining game between the two
retailers in the alliance case.
Then, we can formulate a model which is similar to Selcuk
and Gokpinar [22] in the alliance case as follows: let (𝑆1 , 𝑆2 )
be the values of the expected profit of retailer 𝑟1 and retailer
𝑟2 in the bargaining game, and we have 𝑆1 + 𝑆2 = Π 𝑟1 + Π 𝑟2 ;
that is, 𝑆2 = Π 𝑟1 + Π 𝑟2 − 𝑆1 and 𝑆1 = Π 𝑟1 + Π 𝑟2 − 𝑆2 .
We define the market potential of the retailer 𝑟1 , 𝜃, as the
bargaining power of the retailer 𝑟1 , and we define 1 − 𝜃 as the
bargaining power of the retailer 𝑟2 . Then the allocated value of
the retailer 𝑟1 , 𝑆1 , can be found as the solution to the following
maximization problem:
max


𝑆1 ∈[0,Π

𝑟1

+Π

1−𝜃

𝜃

𝑟2 ]

(𝑆1 − Π𝑟1 ) (Π 𝑟1 + Π 𝑟2 − 𝑆1 − Π𝑟2 )

. (20)

The solution yields
𝑆1∗ = 𝜃 (Π 𝑟1 + Π 𝑟2 ) + (1 − 𝜃) Π𝑟1 − 𝜃Π𝑟2 .

(21)

Similarly, the allocated value of the retailer 𝑟2 , 𝑆2 , can be
found as the solution to the following maximization problem:
max

𝑆2 ∈[0,Π 𝑟1 +Π 𝑟2 ]

𝜃

1−𝜃

(Π 𝑟1 + Π 𝑟2 − 𝑆2 − Π𝑟1 ) (𝑆2 − Π𝑟2 )

. (22)

The solution yields
𝑆2∗ = (1 − 𝜃) (Π 𝑟1 + Π 𝑟2 ) + 𝜃Π𝑟2 − (1 − 𝜃) Π𝑟1 .

(23)

The optimal solution 𝑆1∗ is the retailer r1 ’s payoff in the
alliance case, and the optimal solution 𝑆2∗ is the retailer r2 ’s
payoff in the alliance case.

5. Numerical Example
In this section we provide a numerical example to illustrate
the two cases in our model, and then we analyze the effects
of the coefficients 𝜃, 𝛽 on the profits of the cruise supply
chain members as well as the system and provide some
management insights.

𝑃1∗
0.3216
0.3670
0.4106
0.4578
0.3257
0.3729
0.4200
0.4672
0.3351
0.3823
0.4295
0.4766

𝑃2∗
0.3174
0.2721
0.2343
0.1816
0.3494
0.2966
0.2438
0.1910
0.3588
0.3060
0.2532
0.2004

𝑄1∗
0.3231
0.3690
0.4387
0.4618
0.3178
0.3408
0.3634
0.3861
0.2425
0.2652
0.2879
0.3106

𝑄2∗
0.2764
0.2305
0.1613
0.1382
0.1822
0.1592
0.1366
0.1139
0.1575
0.1348
0.1121
0.0894

5.1. Numerical Analysis. In this subsection, we provide three
different total numbers of cruise tickets for the supplier: 𝑇0 =
0.6, 𝑇0 = 0.5, and 𝑇0 = 0.4 and set the parameters as follows:
𝑐 = 0.005,
𝑔 = 0.2,
𝜃 = 0.6,

(24)

𝛽 = 0.2.
We give that 𝑥𝑖 (𝑖 = 1, 2) is uniformly distributed with a
mean of 0, respectively, which should satisfy the conditions
that are given as the above, and then we set them as 𝑥1 ∼
𝑈1 [−0.4, 0.4] and 𝑥2 ∼ 𝑈2 [−0.1, 0.1].
The optimal solutions and the corresponding computational results in the benchmark case are summarized in
Tables 2 and 3, and the optimal solutions and the corresponding computational results in the alliance case are summarized
in Tables 4 and 5.
From Table 2, we can conclude that the optimal retail
ticket price and the optimal order quantity of cruise tickets of
the retailer 𝑟1 , which has the relatively larger market potential
when 𝜃 > 1/2, are gradually increasing with the increasing 𝜃
whatever the total number of cruise tickets for the supplier is
in the benchmark case. However, it is opposite to the retailer
𝑟2 , which has the smaller market potential and the retailer
r2 ’s optimal retail ticket price and the optimal order quantity
of cruise tickets are decreasing with the increasing 𝜃 in the
benchmark case with three different total numbers of cruise
tickets for the supplier. Then we obtain the wholesale ticket
prices change differently with three different total numbers
of cruise tickets. First, when the total number of cruise tickets
for the supplier equals 0.6; that is, the total number of cruise
tickets for the supplier accounts for 60% of the total market
demand, and when the total number of cruise tickets for the
supplier does not constrain the total amount of cruise tickets
ordered by both retailers, the optimal wholesale ticket price
of the supplier to the retailer 𝑟1 is slightly decreasing with the
increasing 𝜃, but that to the retailer 𝑟2 is slightly increasing
with the increasing 𝜃, and the wholesale ticket price to the
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Table 3: The optimal solutions with different value of 𝛽 in the benchmark case.
𝑇0

𝜃

0.6

0.6

0.5

0.4

𝑊1∗

𝛽

0.6

0.6

𝑊2∗

𝑃1∗

𝑃2∗

𝑄1∗

𝑄2∗

0.1

0.0798

0.0711

0.3526

0.2532

0.3536

0.2110

0.2

0.0796

0.0708

0.3670

0.2721

0.3690

0.2305

0.3

0.0747

0.1123

0.3844

0.3138

0.4109

0.1891

0.4

0.0807

0.1250

0.4092

0.3443

0.4057

0.1943

0.1

0.0818

0.1088

0.3545

0.2721

0.3455

0.1545

0.2

0.0864

0.1187

0.3729

0.2966

0.3408

0.1592

0.3

0.0918

0.1297

0.3945

0.3240

0.3354

0.1646

0.4

0.0981

0.1424

0.4201

0.3552

0.3296

0.1704

0.1

0.0986

0.1256

0.3633

0.2810

0.2703

0.1297

0.2

0.1034

0.1356

0.3823

0.3060

0.2652

0.1348

0.3

0.1090

0.1469

0.4046

0.3341

0.2596

0.1404

0.4

0.1155

0.1598

0.4310

0.3661

0.2535

0.1465

Table 4: The optimal solutions with different value of 𝜃 in the alliance case.
∗

∗

∗

∗

𝑇0

𝜃

𝛽

𝑊0∗

𝑃 1

𝑃 2

𝑄 1

𝑄 2

0.6

0.5

0.2

0.0896

0.3276

0.3276

0.2796

0.2484

0.6

0.0896

0.3730

0.2821

0.3250

0.2029

0.7

0.0896

0.4185

0.2366

0.3705

0.1574

0.0896

0.4639

0.1912

0.4159

0.1120

0.0943

0.3302

0.3302

0.2586

0.2414

0.0943

0.3756

0.2847

0.3040

0.1960

0.8
0.5

0.5

0.2

0.6

0.4

0.7

0.0943

0.4211

0.2393

0.3495

0.1505

0.8

0.0943

0.4665

0.1938

0.3949

0.1051

0.1113

0.3396

0.3396

0.1830

0.2170

0.5

0.2

0.6

0.1113

0.3851

0.2942

0.2285

0.1715

0.7

0.1113

0.4305

0.2487

0.2740

0.1260

0.8

0.1113

0.4760

0.2032

0.3194

0.0806

Table 5: The optimal solutions with different value of 𝛽 in the alliance case.
∗

∗

∗

∗

𝑇0

𝜃

𝛽

𝑊0∗

𝑃 1

𝑃 2

𝑄 1

𝑄 2

0.6

0.6

0.1

0.0863

0.3562

0.2610

0.3247

0.1884

0.2

0.0896

0.3730

0.2821

0.3250

0.2029

0.3

0.0934

0.3925

0.3056

0.3255

0.2188

0.4

0.0978

0.4153

0.3320

0.3263

0.2364

0.1

0.0885

0.3574

0.2621

0.3149

0.1851

0.2

0.0943

0.3756

0.2847

0.3040

0.1960

0.5

0.4

0.6

0.6

0.3

0.1010

0.3970

0.3101

0.2920

0.2080

0.4

0.1087

0.4221

0.3388

0.2786

0.2214

0.1

0.1053

0.3662

0.2710

0.2397

0.1603

0.2

0.1113

0.3851

0.2942

0.2285

0.1715

0.3

0.1182

0.4071

0.3202

0.2162

0.1838

0.4

0.1261

0.4330

0.3496

0.2025

0.1975
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retailer 𝑟1 is larger than the wholesale ticket price to the
retailer 𝑟2 .
But when the total amount of cruise tickets ordered by
both retailers is constrained by the total number of cruise
tickets for the supplier, both retailers’ optimal order quantity
of cruise tickets should be adjusted based on the existing
number of cruise tickets for the supplier, and when 𝜃 is not too
large, the wholesale ticket price to the retailer 𝑟2 is larger than
that to the retailer 𝑟1 , and when 𝜃 is relatively large (𝜃 = 0.8
in our mode), it is adverse to the former, and the wholesale
ticket price to the retailer 𝑟1 is larger than that to the retailer
𝑟2 . Furthermore, the wholesale prices of the supplier to both
retailers in the case in which the total amount of cruise tickets
ordered by the two retailers is constrained by the number of
cruise tickets for the supplier are larger than that in the case in
which the number of cruise tickets for the supplier does not
constrain the total amount of cruise tickets ordered by the two
retailers. And when 𝑇0 = 0.5 and 𝑇0 = 0.4, the total amount
of cruise tickets ordered by both retailers is constrained by the
total number of cruise tickets for the supplier, and the optimal
wholesale ticket price to the retailer 𝑟1 is gradually increasing
with the increasing 𝜃, but that to the retailer 𝑟2 is gradually
decreasing with the increasing 𝜃.
From Table 3, we can conclude that the optimal retail
ticket prices of both retailers are gradually increasing with
the increasing 𝛽 whatever the total number of cruise tickets
for the supplier is in the benchmark case, implying that
the greater the competition between the two retailers, the
higher the retail ticket prices of the two retailers, and when
the total number of cruise tickets for the supplier does not
constrain the total amount of cruise tickets ordered by the
two retailers, both retailers’ order quantities of cruise tickets
are gradually increasing with the increasing 𝛽 too, and when
the total amount of cruise tickets ordered by the two retailers
is constrained by the total number of cruise tickets for the
supplier, both retailers’ optimal order quantities of cruise
tickets may be smaller than that in the former, but both
retailers’ optimal order quantities of cruise tickets are also
gradually increasing with the increasing 𝛽. As to the optimal
wholesale ticket prices of the supplier, when the total number
of cruise tickets for the supplier does not constrain the total
amount of cruise tickets ordered by the two retailers, the
optimal wholesale ticket prices to both retailers are slightly
decreasing with the increasing 𝛽, and the wholesale ticket
price to the retailer 𝑟1 , which has the larger market potential,
is larger than that to the retailer 𝑟2 . But when the total amount
of cruise tickets ordered by the two retailers is constrained
by the total number of cruise tickets for the supplier, the
wholesale ticket price of supplier to the retailer 𝑟2 is larger
than that to the retailer 𝑟1 . And, under this case, the wholesale
ticket prices to both retailers are gradually increasing with
the increasing 𝛽, implying that the greater the competition
between the two retailers, the higher the wholesale ticket
prices of the supplier to both retailers, which is similar to
the retail ticket prices of the two retailers. In addition, the
wholesale ticket prices of the supplier and the retail ticket
prices of the two retailers in a larger number of cruise tickets
case are always higher than that in a smaller number of cruise
tickets case, which is consistent with [24].
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There are the optimal solutions of the supplier and the two
retailers in the alliance case in Tables 4-5. From Table 4, we
can conclude that the retailer r1 ’s optimal retail ticket price
and the optimal order quantity of cruise tickets are gradually
increasing with the increasing 𝜃 under a certain total number
of cruise tickets for the supplier; however, the retailer r2 ’s
optimal retail ticket price and the optimal order quantity of
cruise tickets are gradually decreasing with the increasing 𝜃
in the alliance case, which is similar to that in the benchmark
case. And the optimal wholesale ticket price of the supplier
in the alliance case is immunity to the increasing 𝜃, which
verifies the previous theoretical result in Corollary 4. And the
optimal wholesale ticket price in a smaller number of cruise
tickets case is larger than that in a larger number of numerous
cruise tickets’ case.
From Table 5, we can conclude that the retail ticket prices
of both retailers are gradually increasing with the increasing
𝛽, implying that the greater the competition between the two
retailers, the higher the retail ticket prices of both retailers
with a certain number of cruise tickets in the alliance case.
When the total number of cruise tickets for the supplier
does not constrain the total amount of cruise tickets ordered
by the two retailers, the two retailers’ optimal quantities of
cruise tickets are gradually increasing with the increasing 𝛽,
implying that the greater the competition between the two
retailers, the larger the quantities of cruise tickets ordered
by the two retailers. But when the total amount of cruise
tickets ordered by the two retailers is constrained by the total
number of cruise tickets for the supplier, the optimal order
quantity of cruise tickets for the retailer 𝑟1 , which has the
relatively larger market potential, is gradually decreasing with
the increasing 𝛽, and the optimal order quantity of cruise
tickets for the retailer 𝑟2 , which has the relatively smaller
market potential, is gradually increasing with the increasing
𝛽. And the wholesale ticket prices of the supplier to both
retailers are gradually increasing with the increasing 𝛽 with
a certain number of cruise tickets, implying that the greater
the competition between the two retailers, the larger the
wholesale ticket price of the supplier to both retailers in the
alliance case, which is similar to the change in the benchmark
case.
5.2. Effects of the Coefficients 𝜃 and 𝛽 on Profits. In this
subsection, we study the effects of the coefficients 𝜃 and 𝛽
on the expected profits of the supply chain members and the
system in the benchmark case and the alliance case when
the total number of cruise tickets for supplier is 𝑇0 = 0.6,
𝑇0 = 0.5, and 𝑇0 = 0.4, respectively.
From Figure 2, we can see that the total expected profits
of both retailers are gradually increasing with the increasing 𝜃
and 𝛽 under a certain number of cruise tickets for the supplier
condition in two cases. And the larger the total number of
cruise tickets, the higher the total expected profits of the two
retailers. In fact, it is true that when the total number of cruise
tickets for the supplier does not constrain the total amount of
cruise tickets ordered by the two retailers, the maximum total
expected profit of the two retailers is not changed with the
number of cruise tickets for the supplier, because, under this
condition, the two retailers have the optimal order quantity
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Figure 2: The effect of coefficients 𝜃 and 𝛽 on the total expected profits of the two retailers with different total number of cruise tickets in
two cases.

of cruise tickets to maximize their own expected profit, it has
nothing to do with the total number of cruise tickets for the
supplier, but when the two retailers’ total order quantity of
cruise tickets is constrained by the total number of cruise
tickets for the supplier, it will be the larger the total number
of cruise tickets for the supplier, the higher the total expected
profit of the two retailers, because the larger total number of
cruise tickets can make both retailers obtain more revenue.
When the total number of cruise tickets for the supplier
equals 0.6 in our model, that means the two retailers’ total
order quantity of cruise tickets is not constrained by total the
number of cruise tickets for the supplier at some times, the
total expected profits of the two retailers in the benchmark
case are larger than that in the alliance case. However, when
the total amount of cruise tickets ordered by the two retailers
is constrained by the total number of cruise tickets for the
supplier (the total amount of cruise ships for the supplier
equals 0.5 and 0.4 in our model), the total expected profits
of the two retailers in the alliance case are larger than that
in the benchmark case. Furthermore, we can see that the
difference value of the total expected profits of the two
retailers between the benchmark case and the alliance case
is gradually decreasing with the increasing 𝜃, implying that
the larger the market potential gap between the two retailers,
the total expected profit of the two retailers in the benchmark
case is closer to that in the alliance case whether the total
expected profits of the two retailers in the benchmark case
are larger than that in the alliance case or the total expected
profits of the two retailers in the alliance case are larger than
that in the benchmark case.

From Figure 3, we can see that the profit of the supplier
is hardly affected by the market potential of the retailer 𝑟1 (𝜃)
in the alliance case, and the profit of the supplier is increasing
and then fluctuates between a fixed value with the increasing
𝜃 when total number of cruise tickets for the supplier equals
0.6, but the profit of the supplier in the benchmark case is
decreasing and then smoothly closer to that in the alliance
case when total number of cruise tickets for the supplier
equals 0.5 and 0.4 with the increasing 𝜃. Furthermore, the
profits of the supplier in the benchmark case and the alliance
case are all increasing with the increasing 𝛽 with a certain
amount of cruise tickets for the supplier, implying that the
greater the competition between the two retailers, the higher
the profit of the supplier whether in the benchmark case or
in the alliance case. In addition, when the total amount of
cruise tickets ordered by the two retailers is constrained by
the total number of cruise tickets for the supplier, the profit of
the supplier in the benchmark case is higher than that in the
alliance case, because the monopoly position of the supplier
in the alliance case is weaker than that in the benchmark case,
and then the profit of the supplier correspondingly drops. But
when the total number of cruise tickets equals 0.6, it can occur
that the profit of the supplier in the alliance case is higher
than that in the benchmark case, because the costs of the
supplier are increasing with the increasing total number of
cruise tickets, and then, for the supplier’s monopoly position
whether weaker or not, the supplier may put up the wholesale
ticket price to the two retailers in order to increase the
supplier’s incomes, and then the profit of the supplier in the
alliance case may be higher than that in the benchmark case;
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Figure 3: The effect of the coefficients 𝜃 and 𝛽 on profit of the supplier with different total number of cruise tickets in two cases.

of course, it may occur that the profit of the supplier in the
benchmark case is higher than that in the alliance case when
the degree of the competition between the two retailers is
relatively large.
From Figure 4, we can see that the profit of the system
is gradually increasing with the increasing 𝜃 and 𝛽, and
the profit of the system in the benchmark case and the
alliance case is almost identical when the total number of
cruise tickets equals 0.5 and 0.4. However, when the total
number of cruise tickets equals 0.6, the profit of the system
in the benchmark case is higher than that in the alliance
case, which is similar to the change of the two retailers’
total expected profits. In addition, the profit of the system
in the benchmark case when the total number of cruise
tickets equals 0.6 is higher than the other cases with different
total number of cruise tickets. In fact, it is not true that the
larger the number of cruise tickets, the higher the profit of
the system, because the system’s profit has something to do
with the total quantity of cruise tickets ordered by the two
retailers; if the total number of cruise tickets is too larger,
the total amount of cruise tickets ordered by the two retailers
is not constrained by the total number of cruise tickets for
the supplier, the operating costs are increasing, and then the
efficiency of the system is lower, which is consistent with
Parker and Kapuściński [6] and Chang and Lee et al. [3].
The paper focuses on the difference of the expected profits
of the cruise supply chain members and the system between
them in the benchmark case and in the alliance case with a
certain number of cruise tickets for the supplier; then we do
not analyze the effect of the total number of cruise tickets for
the supplier.

According to the above analysis, we can give some meaningful management insights for the supply chain members.
With a certain number of cruise tickets for the supplier,
the performance of the supplier in the benchmark case may
outperform that in the alliance case when the total number
of cruise tickets for the supplier does not constrain the total
amount of cruise tickets ordered by the two retailers. It is
good for the two retailers to have a virtual alliance, combining
to form one retailer when the total amount of cruise tickets
ordered by the two retailers is constrained by the total number
of cruise tickets for the supplier, but when the total number
of cruise tickets for the supplier does not constrain the total
amount of cruise tickets ordered by the two retailers, it is not
good for the two retailers to launch a virtual alliance to form
one retailer.

6. Conclusion
In this paper, the two-echelon cruise tourism supply chain
with one supplier and two competing retailers which are in
the same competing market is investigated, and we model
a decentralized system with limited total number of cruise
tickets for the supplier and stochastic demand. We investigate
the optimal decisions of the supplier and the two retailers
using the supplier Stackelberg game in two different cases
with a certain number of cruise tickets. First, the benchmark
case: the supplier properly sets the wholesale ticket prices to
the two retailers differently, and the two retailers determine
the optimal decisions following a policy similar to the “basestock” policy. Second, the alliance case: the two retailers
launch a virtual alliance, combining to one retailer, and the
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Figure 4: The effect of the coefficients 𝜃 and 𝛽 on profit of the system with different total number of cruise tickets in two cases.

supplier sets the uniform wholesale price to the two retailers,
and the two retailers determine the optimal decisions in this
case using the same method in the benchmark case. And, in
a numerical example, we can find that the size relationship
of the wholesale ticket prices between them in the benchmark case and in the alliance case is not determined; it is
related to the total number of cruise tickets for the supplier,
cross-price coefficient, the reorder costs, and some other
factors.
Furthermore, the larger the market potential of the
retailer, the larger the retailer’s retail ticket price and the
order quantity of cruise tickets; the retail ticket prices of
both retailers are increasing with the increasing cross-price
coefficient. The wholesale ticket price of the supplier in the
alliance case is not affected by the market potential of the
two retailers, but it is increasing with the increasing crossprice coefficient. In addition, it is better off for the two
retailers to launch a virtual alliance when the total amount
of cruise tickets orders of the two retailers is constrained by
the total number of cruise tickets for the supplier, but the
total expected profits of both retailers in the alliance case
are smaller than that in the benchmark case when the total
number of cruise tickets for the supplier does not constrain
the total amount of cruise tickets ordered by the two retailers.
The supplier will put up the wholesale ticket price in the
alliance case, and that increases the supplier’s incomes to
offset the costs, and the profit of the system in the alliance case
is close to that in the benchmark case when the total amount
of cruise tickets ordered by the two retailers is constrained
by the total number of cruise tickets for the supplier, but the

profit of the system in the alliance case is smaller than that in
the benchmark case when the total number of cruise tickets
for the supplier does not constrain the total amount of cruise
tickets ordered by the two retailers.
Certainly, there are some limitations in this paper. First,
we assume that the cruise supply chain members are riskneutral, but that may not be true in reality. Second, the two
retailers’ demands are assumed to be uniformly distributed,
and a future analysis would be to study the random demands
of the two retailers with a general distribution. Finally, the full
ticket prices or the non-full ticket prices buyback contract of
the cruise supply chain would be another significant analysis.

Appendix
Proof of Proposition 1. First, we give the proof of formula (11).
Take the first derivative Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ) with respect to 𝑃𝑖 , 𝑧𝑖 ,
respectively, and we have
𝜕Π𝑟1
= −2𝑝1 + 𝛽𝑝2 + 𝑤1 + 𝜃,
𝜕𝑝1
𝜕Π𝑟2
= −2𝑝2 + 𝛽𝑝1 + 𝑤2 + 1 − 𝜃,
𝜕𝑝2
𝜕Π𝑟1
= −𝑤1 + 𝑔 − 𝑔 ∗ 𝐹1 (𝑧1 ) ,
𝜕𝑧1
𝜕Π𝑟2
= −𝑤2 + 𝑔 − 𝑔 ∗ 𝐹2 (𝑧2 ) ,
𝜕𝑧2

(A.1)
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Take the second derivative Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ) with respect to 𝑃𝑖 , 𝑧𝑖 ,
respectively, and we have
𝜕2 Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 )
= −2
𝜕𝑃𝑖2

Then we have the retail ticket prices of the two retailers
that are increasing with the increasing intensity of competition between the two retailers.
Proof of Proposition 2 . From (10), we can formulate a model
for the profit function of the supplier as follows:
Π𝑠 (𝑊1 , 𝑊2 ) = 𝑊1 𝑄1 + 𝑊2 𝑄2 − 𝑐𝑇0

𝜕2 Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ) 𝜕2 Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 )
=
=0
𝜕𝑃𝑖 𝜕𝑧𝑖
𝜕𝑧𝑖 𝜕𝑃𝑖

𝑠.𝑡.

(A.2)

2

𝜕 Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 )
= −𝑔 ∗ 𝑓𝑖 (𝑧𝑖 )
𝜕𝑧𝑖2

𝑄1 + 𝑄2 ≤ 𝑇0

(A.5)

𝑊𝑖 ≥ 0, 𝑖 = 1, 2.
Substituting 𝑄1∗ , 𝑄2∗ in (11) into the above expression, we can
construct the Lagrange function as follows:

(𝑖 = 1, 2) .

𝐿 = 𝐿 (𝑊1 , 𝑊2 , 𝜆) = 𝑅 (𝑊1 , 𝑊2 )
For the given values of 𝑊1 and 𝑊2 , we have Hessian matrix as
follows:
−2
0
],
𝐻𝑖 (1) = [
0 −𝑔𝑓𝑖 (𝑧𝑖 )

+ 𝜆 (𝑇0 − 𝑟 (𝑊1 , 𝑊2 ))
𝑠.𝑡.

+ 𝐹1−1 (

(A.3)


−2
0




 0 −𝑔𝑓 (𝑧 ) = 2𝑔𝑓𝑖 (𝑧𝑖 ) > 0.

𝑖
𝑖 

2
𝜕𝑃2 (𝑊1 + 𝜃) (4 − 𝛽 ) + 2𝛽𝐼2
=
2
𝜕𝛽
(4 − 𝛽2 )

𝑔 − 𝑊1
𝑔 − 𝑊2
) + 𝐹2−1 (
) ≤ 𝑇0
𝑔
𝑔
𝑊𝑖 ≥ 0, 𝑖 = 1, 2

where 𝑅(𝑊1 , 𝑊2 ) = Π𝑠 (𝑊1 , 𝑊2 ),

The Hessian matrix is negative definite, so Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ) is
concave on the vector(𝑃𝑖 , 𝑧𝑖 )(𝑖 = 1, 2).
Let the first order of Π𝑟𝑖 (𝑃𝑖 , 𝑧𝑖 ),(𝑖 = 1, 2) with respect to
𝑃𝑖 , 𝑧𝑖 equal 0, and, by solving the simultaneous equation, we
can obtain (11).
Then, from (11), we have
2
𝜕𝑃1 (𝑊2 + 1 − 𝜃) (4 − 𝛽 ) + 2𝛽𝐼1
=
2
𝜕𝛽
(4 − 𝛽2 )

(A.6)

4 − 𝛽2

(𝑖 = 1, 2)

due to − 2 < 0,

𝑟 (𝑊1 , 𝑊2 ) =

(𝛽2 + 𝛽 − 2) (𝑊1 + 𝑊2 ) + 2 + 𝛽
4 − 𝛽2
+

𝐹1−1

𝑔 − 𝑊1
𝑔 − 𝑊2
(
) + 𝐹2−1 (
).
𝑔
𝑔

(A.7)

Take the second derivative Π𝑠(𝑊1 , 𝑊2 ) with respect to
𝑊1 , 𝑊2 , respectively, and we have the Hessian matrix
𝐻 (2)
(2𝛽2 − 4) 𝑔2 𝑓13
2𝛽
]
[
] (A.8)
[ (4 − 𝛽2 ) 𝑔2 𝑓3 − 𝑋1
4
−
𝛽2
1
]
=[
2
2 3
]
[
(2𝛽 − 4) 𝑔 𝑓2
2𝛽
]
[
−
𝑋
2
2
2 ) 𝑔2 𝑓 3
4
−
𝛽
(4
−
𝛽
2
]
[

(A.4)

where 𝐼1 = 2𝑊1 + 𝛽𝑊2 + 𝛽 + (2 − 𝛽)𝜃, 𝐼2 = 2𝑊2 + 𝛽𝑊1 + 𝛽 +
(2 − 𝛽)(1 − 𝜃).
Since 𝐼𝑖 > 0, 𝑖 = 1, 2, it follows that 𝜕𝑃1 /𝜕𝛽 > 0, 𝜕𝑃2 /𝜕𝛽 >
0.

|𝐻 (2)| =

(𝛽2 + 𝛽 − 2) (𝑊1 + 𝑊2 ) + 2 + 𝛽

where 𝑋1 = (2(4 − 𝛽2 )𝑔𝑓12 + (4 − 𝛽2 )𝑓1  𝑊1 )/(4 − 𝛽2 )𝑔2 𝑓13 and
𝑋2 = (2(4 − 𝛽2 )𝑔𝑓22 + (4 − 𝛽2 )𝑓2  𝑊2 )/(4 − 𝛽2 )𝑔2 𝑓23 .
Due to 𝜕2 Π𝑠 (𝑊1 , 𝑊2 )/𝜕𝑊12 = (2𝛽2 − 4)𝑔2 𝑓13 /(4 −
2 2 3
𝛽 )𝑔 𝑓1 − 𝑋1 < 0,

[(2𝛽2 − 4) 𝑔2 𝑓13 − 𝑋1 ] ∗ [(2𝛽2 − 4) 𝑔2 𝑓23 − 𝑋2 ] − 4𝛽2 𝑔4 𝑓13 𝑓23
2

(4 − 𝛽2 ) 𝑔4 𝑓13 𝑓23

The Hessian matrix is negative definite, so Π𝑠(𝑊1 , 𝑊2 ) is
joint concave with respect to 𝑊1 and 𝑊2 ; say, 𝑅(𝑊1 , 𝑊2 ) is

> 0.

(A.9)

joint concave with respect to 𝑊1 , 𝑊2 , so we can use the K-T
conditions to discuss it in two cases.
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(𝛽2 − 2) 𝑊2 + 𝛽𝑊1 + 𝛽 + (2 − 𝛽) (1 − 𝜃)

(i) 𝜆 = 0, and we have 𝑊1 > 0, 𝑊2 > 0, and

4 − 𝛽2

𝜕𝐿
𝜕𝑅
𝜕𝑟
=
−0∗
=0
𝜕𝑊1 𝜕𝑊1
𝜕𝑊1

∗(

𝜕𝑅
𝜕𝑟
𝜕𝐿
=
−0∗
=0
𝜕𝑊2 𝜕𝑊2
𝜕𝑊2

(A.10)

𝑇0 −

i.e.,
(𝛽2 − 2) 𝑊1 + 𝛽𝑊2 + 𝛽 + (2 − 𝛽) 𝜃
4−
∗(

𝛽2

𝑔 − 𝑊1
𝑔 − 𝑊2
) − 𝐹2−1 (
) = 0.
𝑔
𝑔

Then we can calculate it and have the optimal solution (13).

𝑔 − 𝑊1
)=0
𝑔
4 − 𝛽2

+ 𝑊2
(A.11)

𝛽2 − 2
𝛽
1
∗(
−
) + 𝑊1 ∗
4 − 𝛽2 𝑔𝑓2
4 − 𝛽2

𝑇0 −

4 − 𝛽2

(A.13)

(𝛽2 − 2) 𝑊2 + 𝛽𝑊1 + 𝛽 + (2 − 𝛽) (1 − 𝜃)

+ 𝐹2−1 (

𝑔 − 𝑊2
𝛽2 + 𝛽 − 2
1
−
)=0
) − 𝜆(
2
𝑔
4−𝛽
𝑔𝑓2

(𝛽2 + 𝛽 − 2) (𝑊1 + 𝑊2 ) + 2 + 𝛽

− 𝐹1−1 (

+ 𝑊1

𝛽2 − 2
𝛽
1
−
) + 𝑊2 ∗
4 − 𝛽2 𝑔𝑓1
4 − 𝛽2

+ 𝐹1−1 (

𝛽2 − 2
𝛽
1
−
) + 𝑊1 ∗
4 − 𝛽2 𝑔𝑓2
4 − 𝛽2

+ 𝐹2−1 (

𝜕𝐿
= 𝑇0 − 𝑟 (𝑊1 , 𝑊2 ) ≥ 0;
𝜕𝜆

Proof of Proposition 3 . The structure in the alliance case is
the same as that in the benchmark case, and we can have that
Π 𝑠(𝑊0 ) is concave in 𝑊0 .
Then we use the same method in Proof of Proposition 2
to discuss it in two cases.
(i) 𝜆 = 0, and we have

𝑔 − 𝑊2
)=0
𝑔

(

(𝛽2 + 𝛽 − 2) (𝑊1 + 𝑊2 ) + 2 + 𝛽

4𝛽2 + 4𝛽 − 8
1
1
1
−
−
) 𝑊0 +
2
4−𝛽
𝑔𝑓1 𝑔𝑓2
2−𝛽
+ 𝐹1−1 (

4 − 𝛽2

𝑔 − 𝑊1
𝑔 − 𝑊2
− 𝐹1−1 (
) − 𝐹2−1 (
) ≥ 0.
𝑔
𝑔

𝑇0 −

Then we can calculate it and have the optimal solution (12).

𝜕𝐿
𝜕𝑅
𝜕𝑟
=
−𝜆
=0
𝜕𝑊1 𝜕𝑊1
𝜕𝑊1
𝜕𝑅
𝜕𝑟
𝜕𝐿
=
−𝜆
=0
𝜕𝑊2 𝜕𝑊2
𝜕𝑊2

(A.12)

4 − 𝛽2

+ 𝑊1

𝛽2 − 2
𝛽
1
−
) + 𝑊2 ∗
4 − 𝛽2 𝑔𝑓1
4 − 𝛽2

+ 𝐹1−1 (

𝑔 − 𝑊0
𝑔 − 𝑊0
) − 𝐹2−1 (
) ≥ 0.
𝑔
𝑔

(ii) 𝜆 > 0, and we have
(

4𝛽2 + 4𝛽 − 8
1
1
1
−
−
) 𝑊0 +
2
4−𝛽
𝑔𝑓1 𝑔𝑓2
2−𝛽
+ 𝐹1−1 (

i.e.,

∗(

(A.14)

Then we can calculate it and have the optimal solution
(18).

𝜕𝐿
= 𝑇0 − 𝑟 (𝑊1 , 𝑊2 ) = 0;
𝜕𝜆

4 − 𝛽2

𝑔 − 𝑊0
𝑔 − 𝑊0
) + 𝐹2−1 (
)=0
𝑔
𝑔

(2𝛽2 + 2𝛽 − 4) 𝑊0 + (2 + 𝛽)

− 𝐹1−1 (

(ii) 𝜆 > 0, and we have 𝑊1 > 0, 𝑊2 > 0, and

(𝛽2 − 2) 𝑊1 + 𝛽𝑊2 + 𝛽 + (2 − 𝛽) 𝜃

+ 𝑊2

𝑔 − 𝑊1
𝛽2 + 𝛽 − 2
1
−
)=0
) − 𝜆(
2
𝑔
4−𝛽
𝑔𝑓1

− 𝜆(
𝑇0 −

𝑔 − 𝑊0
𝑔 − 𝑊0
) + 𝐹2−1 (
)
𝑔
𝑔

2𝛽2 + 2𝛽 − 4
1
1
−
−
)=0
2
4−𝛽
𝑔𝑓1 𝑔𝑓2

(2𝛽2 + 2𝛽 − 4) 𝑊0 + (2 + 𝛽)

− 𝐹1−1 (

4 − 𝛽2
𝑔 − 𝑊0
𝑔 − 𝑊0
) − 𝐹2−1 (
) = 0.
𝑔
𝑔

(A.15)
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Then we can calculate it and have the optimal solution (19).
Proof of Corollary 4 . From Proposition 3, we know that
the optimal wholesale price of the supplier in the alliance
case can be expressed as (18) and (19), and we define (18)
and (19) as 𝐴 1 (𝑊0 ) and 𝐴 2 (𝑊0 ) and differentiate 𝐴 1 (𝑊0 )
and 𝐴 2 (𝑊0 )with respect to 𝑊0 , 𝜃, respectively, using the
derivative of the implicit function, and we have 𝜕W0 /𝜕𝜃 = 0,
that completes this proof.
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