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The AACR Cancer Progress Report (2011) shows that in
the USA from 1990 to 2007, death rates from all cancers
dropped to 22% in men and 14% in women. More than
68% of adults live five years or more after diagnosis, up from
50% in 1975. For all paediatric cancers, the five-year survival
rate is 80%, compared with 52% in 1975. However, the poor
survival rates from most deadly cancers, pancreatic, ovarian
and glioblastoma multiforme (GBM), have not changed to
this date.
Despite many technological and clinical advances, cancer
death rates are still high. Patient death arises from the
failure to detect primary tumors before they spread their
micrometastases around the body, as in pancreatic and
ovarian cancers, the inability to control primary tumors, as
in GBM, or the inability to eliminate micrometastases before
they form new lesions. Disseminated disease is the primary
cause of cancer death.
On top of this is the rapidly developing cost of the
management of cancer. Cancer causes the highest economic
loss of all of the 15 leading causes of death worldwide.
The World Health Organisation (WHO) notes that the
economic toll from cancer is nearly 20% higher than heart
disease, the second leading cause of economic loss ($895
billion and $753 billion, resp.). Health budgets in developed
countries are continually expanding and constrained by
limited resources. But cost/benefit analyses to determine
whether the increased cost of treatment achieves improved
outcomes remain unknown.
Approaches to understanding the causes and treatment
of cancer are numerous, involving chemistry, physics, biology, genetics, medicine, pharmacology, and experiments

based on in vivo or in vitro setups, using animal models
and/or human trials. Among the plethora of experimental
and research activities, mathematical models of cancer
growth, behaviour, and response of tumors to agents like
chemotherapy and radiotherapy have been the subject of
intensive research and development since the middle of
the last century. Just like all other cancer research, cancer
modeling requires a multidisciplinary approach, involving
physicists, mathematicians, molecular biologists, medical
specialists, and many others. At present, the rapid growth of
computational power allows us to build complex mathematical models that can investigate diﬀerent aspects of the disease
and can be used to investigate the role of complex tumor
behaviour and its response to various therapeutic protocols.
In general, modeling methods can be divided into analytical methods and stochastic methods. Analytical methods are
based on deterministic equations in order to model evolution
of a biological system. A set of diﬀerential equations with
multiple parameters is often used to model complex tumor
kinetics under various conditions. On the other hand,
stochastic methods use random number generators and
probability distributions to simulate evolution of the system
from a set of initial conditions and parameter values (also
known as in silico models). These methods are particularly
useful as they can take into account the high degree of
complexity and multifaceted nature of cellular proliferation,
communication, and interactions with reagents that cannot
be easily described by a set of equations.
Pros for modeling in cancer research are as follows.
(i) Modeling significantly reduces the time needed for an
outcome as compared to in vivo techniques; it also
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reduces the costs involved in the research and, very
importantly, reduces the risks, which, for example, in
a clinical trial are unavoidable.
(ii) Modeling allows the easy investigation of the “what
if?” scenarios; that is, models have predictive power.
(iii) Modeling allows for the quantitative assessment of
qualitative processes.
(iv) Because of the low costs involved, modeling allows
researchers with modest infrastructure to contribute
with valuable ideas to the field.
(v) Modeling enables to quantify and interpret experimental results, including data obtained from clinical
trials.
Cons are as follows.
(i) It is very diﬃcult, if not impossible, to model the
entirety of a biological process.
(ii) There is always a compromise in a modeling process
as only a certain number of known biological processes/parameters can be accounted for within the
model. This known compromise exists on top of the
unknown compromise represented by the obvious
omission of the unknown processes that happen in
the modeled biological system.
(iii) The results of an in silico model should be considered
clinically only after the credibility of the model has
been validated by several in vivo results.

Models can also allow for individualization of treatments.
It is therefore possible that in near future a patient can receive
individualized treatment based on their specific biological/genetic parameters rather than undergoing a treatment
protocol that is based on population averages.
In this special issue we will explore the topic of computational and mathematical modeling of tumor kinetics
and response to radiation and chemotherapy. The papers in
this issue have been contributed by eminent researchers and
research groups in the area of cancer modeling, radiation
biology modeling, microdosimetry, and many others. Several
papers oﬀer comprehensive reviews of current status of
cancer modeling in specific areas (e.g., hypoxia, glioblastoma
multiforme models, etc.). We trust that the readers will find
this issue both useful and practical as well as a good source of
reference material and a stimulating read.
Eva Bezak
Loredana Marcu
Scott Penfold
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Oxygenation is an important component of the tumour microenvironment, having a signi�cant impact on the progression and
management of cancer. eoretical determination of tissue oxygenation through simulations of the oxygen transport process is a
powerful tool to characterise the spatial distribution of oxygen on the microscopic scale and its dynamics and to study its impact on
the response to radiation. Accurate modelling of tumour oxygenation must take into account important aspects that are speci�c to
tumours, making the quantitative characterisation of oxygenation rather diﬃcult. is paper aims to discuss the important aspects
of modelling tumour oxygenation, reoxygenation, and implications for treatment.

1. Introduction
Oxygenation is an important component of the tumour microenvironment and has a signi�cant impact on the progression and management of cancer. Hypoxia, or reduced
oxygenation, has been associated with restrained proliferation, apoptosis, necrosis, angiogenesis, the development of
an aggressive phenotype, and resistance to treatment [1].
ese aspects make the quanti�cation of tumour oxygenation and the study of its impact on treatment approaches
highly relevant topics in oncology research. Consequently,
several methods have been proposed for measuring tissue
oxygenation, employing polarographic, �uorescent, radionuclide, or magnetic resonance techniques [2]. e results of
such measurements have generally been used for qualitative
correlations with treatment outcome [3–9]. However, many
of these methods are invasive or suﬀer from sampling or

resolution limitations and these aspects may reduce the
signi�cance of the results. �rom this perspective, theoretical
determination of tissue oxygenation through simulations of
the oxygen transport process might be a practical alternative
to characterise the spatial distribution of oxygen on the
microscopic scale and its dynamics and to study its impact
on the response to radiation. is paper aims to discuss
the important aspects of modelling tumour oxygenation,
reoxygenation, and implications for treatment.

2. Origins of Tumour Hypoxia
One of the most striking features of solid tumours in comparison to normal tissues is their architecture of vascular
networks. In normal tissues, the vasculature has developed
to provide adequate supply of oxygen to all of the cells,
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while in tumours, the vascular network is inadequate, almost
chaotic and the quality of the blood �owing in it can be
quite poor [10, 11]. is is the result of the generally high
proliferation rates of tumour cells in comparison to normal
cells that allow the tumours to quickly outgrow the existing
blood and nutrient supply. As sustained angiogenesis is one
of the hallmarks of cancer [12], oxygen supply is restored in
tumours through the formation of new blood vessels. is
is a relatively slow process [13] and newly formed vessels
are also outgrown by the proliferating cells. Furthermore,
newly formed vessels in tumours usually originate on the
venous side of the vasculature [10]. Newly formed vessels
in most solid tumours are oen dilated, tortuous and have
incomplete or missing endothelial lining resulting in an
increased vascular permeability [14]. ey are also unable
to respond to local or systemic signals for vasodilatation or
vasoconstriction [11]. In addition, tumour vasculature is not
accompanied by a lymphatic system hampering the drainage
of interstitial �uid and by-products of cell metabolism which
can further in�uence vascular �ow. Indeed, changes in
interstitial pressure are thought to be responsible for the
temporary cessation or resumption of �ow through tumour
microvessels. Further, the preference of tumour cells to
glucose metabolism leading to the formation of lactic acid
as a by-product leads to an acidi�cation of the extracellular
�uid in tumours [14]. All of these eﬀects lead to a unique
microenvironment in tumours characterised by poor supply
and steep gradients of oxygen and other nutrients.
Depending on the underlying mechanisms and their
duration, two main types of hypoxia have been identi�ed in
tumours, chronic and acute. Limitations in oxygen diﬀusion
from the blood vessels into the tissue lead to the development
of diﬀusion-limited or chronic hypoxia, �rst described by
omlinson and Gray [15]. In contrast, local disturbances in
vessel perfusion lead to the appearance of perfusion-limited
or acute hypoxia, described by Brown [16] and veri�ed
experimentally by Chaplin et al. [17]. is has also been
referred to as cyclic or �uctuating hypoxia due to the temporary character of the disturbances and the restoration of the
perfusion through the aﬀected vessels. Further subtypes of
hypoxia have been identi�ed depending on the mechanisms
behind the development of hypoxic regions in tumours [18].
An important feature of tumour oxygenation is that it is not
static and that several mechanisms determine its dynamics
on timescales ranging from a few minutes for acute hypoxia
to several days for chronic hypoxia. Accurate modelling of
tumour oxygenation would have to take into account all of
these aspects. However, their underlying complexity makes
the study of oxygen transport to tumours quite diﬃcult,
especially when the aim is to accurately quantify the oxygen
distribution.

3. Intravascular Oxygen Transport
In vertebrates, oxygen transport from the lungs to tissues
takes place through the circulatory system. Most oxygen is
transported bound to the heme groups of the haemoglobin
(Hb) molecule in red blood cells (RBCs). e binding of the
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oxygen to haemoglobin takes places in 4 steps corresponding
to the 4 heme groups of the metalloprotein, since binding one
oxygen molecule determines a conformational change of the
Hb molecule that in�uences its ability to further bind other
molecules. From this perspective, the kinetics of the oxygenhaemoglobin reaction is described by the Adair equation [19]
giving the equilibrium relationship between the saturation of
the Hb molecule and the oxygen tension. However, the Adair
equation is seldom used for the mathematical modelling of
oxygen transport since it cannot be inverted analytically to
give the oxygen tension as a function of the saturation of the
haemoglobin. Instead, the simpler Hill equation [20] is used:
𝑆𝑆 𝑆

𝑛𝑛

𝑝𝑝𝑝𝑝𝑝50,Hb 

𝑛𝑛 ,

1 + 𝑝𝑝𝑝𝑝𝑝50,Hb 

(1)

where 𝑆𝑆 is the fractional haemoglobin saturation, p is the local
partial pressure of oxygen (or pO2 ), 𝑝𝑝50,Hb , is the pO2 value
at which the haemoglobin is 50% saturated, and 𝑛𝑛 is the Hill
parameter.
e sigmoid relationship described by the Adair and Hill
equations is usually known as the oxyhaemoglobin dissociation curve or the oxygen-haemoglobin equilibrium curve.
is curve is aﬀected by a number of factors including temperature, pH, and CO2 concentration [21]. Given the unique
microenvironment of tumours with a low pH, the oxygenhaemoglobin equilibrium may be achieved at diﬀerent oxygen tensions in tumours compared to normal tissues and
there may also be diﬀerences between various normal tissues.
In light of these expected diﬀerences, caution is advised at
the generalisation of parameters determined for a particular
tissue or during the extrapolation of the results achieved
using these parameters.
Besides the bound component, modelled oxygen transport would also have to account for the free and dissolved
oxygen in the red blood cells and blood plasma. Unbound
oxygen represents only 1.5% of the total oxygen content of the
blood in normal tissues, provided Hb is completely saturated
[21]. However, this fraction might be higher for tumours,
where vessels oen originate on the venous side of the
vasculature containing desaturated blood. e association
between anaemia and cancer would further decrease the
relative importance of the bound component.
Modelling of intravascular transport has to account for
both the free and the Hb-bound oxygen, as well as for the
transport of oxygen through the membrane of the red blood
cells. Popel [21] provided a comprehensive review of the earlier theoretical work on the particulate nature of RBC-plasma
transport of oxygen. More recent approaches, however, have
incorporated RBC-plasma transport into intravascular transport models accounting for intracapillary O2 gradients and
giving the average �ux of oxygen through the capillary wall
[22]. ese models have mainly been used for studying the
oxygen delivery to muscles and have found that blood-tissue
transport encounters an eﬀective intravascular resistance
(I�R) that could be quanti�ed as a mass transfer coeﬃcient.
is is in�uenced by the assumptions for intravascular transport, the shape of the RBC or vessel permeability. is
suggests that care has to be employed when extrapolating
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normal tissue models to tumours, as the poor endothelial
lining of tumour microvessels increases their permeability,
while the acidic tumour microenvironment could in�uence
the shape of the RBC as well as the Hb dissociation curve.

proposed by Tang [32], although variations of the equation
have also been considered [33]:

4. Tissue Transport Models

where 𝑞𝑞max is the maximum consumption rate, p is the local
pO2 , and 𝑝𝑝50,MM is a parameter describing the 𝑝𝑝O2 at which
the consumption rate halves. Equation (3) predicts an almost
constant consumption rate at high oxygen tensions that is
in agreement with the zero-order kinetics assumed by some
of the earlier models [23, 25, 28, 34]. e Michaelis-Menten
kinetics has, however, the advantage of more accurately
describing the consumption at low 𝑝𝑝O2 and has been used
in recent models [2, 27, 29, 31, 35–38].
e source term, s, in (2) has been used in diﬀerent
ways in various models. Some models assume that the source
term could be set to zero since cells do not produce oxygen
[29, 37–40], while others implement a diﬀerent approach
where the oxygen supply from the capillaries is described as a
distributed source throughout the tissue with localised spikes
at the vessel positions [30, 40].
Most of the studies have focused on a steady state of
the system where 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜕𝜕. is is in agreement with the
observations by Hill [24], that the nonstationary evolution
of the system is very short. Changes of oxygenation patterns
due to perfusion limitations have time scales of minutes
[16], while the formation of new blood vessels through
angiogenesis takes place over several days [13] and therefore
the steady state solution would apply in most situations. However, there might be some cases where the time-dependent
oxygen transport would have to be considered, such as the
onset of acute hypoxia a�er the cessation of blood �ow,
its disappearance following the reperfusion of capillaries, or
cases when the oxygen supply through tumour capillaries has
variations for longer time periods.
Solving (2) to determine tissue oxygenation requires setting boundary conditions for the limits of the modelled
domain and even in this case various approaches have been
used. For the interface between capillaries and tissue, one
could neglect the intravascular resistance and use a Dirichlet
boundary condition assuming that the pO2 value at the
capillary wall equals the capillary pO2 [23, 29]. Alternatively,
one could use a Robin boundary condition, assuming that the
oxygen �ux across the interface, that is, the vessel wall, must
be continuous [37, 39, 40]. Assuming cylindrical symmetry
for a capillary with radius 𝑅𝑅 and thickness w, the diﬀusive
�ux on the tissue side of the vessel wall could be written as

e �rst attempts to theoretically describe the oxygen transport into tissue date from the beginning of the 20th century
[23, 24] and were based on systems with simple geometries
for which an analytical solution could be obtained. One of
these early models, the Krogh tissue cylinder model, has
been particularly important as it has served as the foundation
for many subsequent studies. Its main assumptions were the
following.
(i) pO2 distribution in tissue has a cylindrical symmetry
and axial diﬀusion is not signi�cant;

(ii) tissue pO2 at capillary wall equals capillary pO2 (no
intravascular resistance);

(iii) oxygen transport in tissue takes place through passive
diﬀusion;
(iv) tissue diﬀusivity is independent of spatial position;
(v) transport phenomena are steady state.
Many models derived from the Krogh model have
focused on the study of oxygenation in normal tissues as
reviewed by Popel [21] and Goldman [22]. However, the
assumptions of the Krogh tissue cylinder model have also
been used by omlinson and Gray [15] and by Tannock
[25] to describe theoretically the spatial distribution of
tumour hypoxia. Later developments saw the introduction of
models with more realistic vascular geometries to re�ect the
complexity of tumour vasculature, using Green functions or
numerical methods to describe the tissue oxygenation [2, 26–
31].
A general expression for the reaction-diﬀusion equation
describing the oxygen transport in homogeneous tissues is
shown in
𝜕𝜕𝜕𝜕
= ∇ ⋅ 𝐷𝐷𝐷𝐷𝐷 − ∇ ⋅ 
𝑢𝑢𝑢𝑢 − 𝑞𝑞 𝑞 𝑞𝑞𝑞
𝜕𝜕𝜕𝜕

(2)

where 𝑝𝑝 is the local pO2 , 𝐷𝐷 is the diﬀusion coeﬃcient, 𝑢𝑢 is
the �ow velocity, q represents the local consumption, and 𝑠𝑠 is
a source term.
In (2), the term ∇ ⋅ (𝐷𝐷𝐷𝐷𝐷𝐷 describes the movement of
oxygen through diﬀusion and the term ∇ ⋅ (
𝑢𝑢𝑢𝑢𝑢 describes
the movement through convection. e convection term is
usually neglected as the convective currents in the interstitial
compartment of the normal tissues are estimated to represent
only about 0.5–1% of the plasma �ow. is may, however, not
be the case of tumours, where the convective compartment
could reach up to 15% [14]. e impact of neglecting the
convective compartment in modelling tumour oxygenation
is yet to be studied.
e rate of oxygen consumption in tissues, q, is thought
to follow the Michaelis-Menten kinetics (3) as originally

𝑞𝑞 𝑞 𝑞𝑞max

2𝜋𝜋

𝐹𝐹 𝐹𝐹𝐹𝐹wall 

0

𝑝𝑝
,
𝑝𝑝𝑝𝑝𝑝50,MM

𝑝𝑝cap − 𝑝𝑝
𝜕𝜕𝜕𝜕
𝐷𝐷
𝑟𝑟𝑟𝑟𝑟𝑟 𝑟 wall
,
𝜕𝜕𝜕𝜕
𝑅𝑅 ln (1 − 𝑤𝑤𝑤𝑤𝑤)

(3)

(4)

where 𝐷𝐷wall is the diﬀusivity in the wall and 𝑝𝑝cap is the
capillary pO2 . Assuming that the wall thickness 𝑤𝑤 is much
smaller than the external radius R, (4) becomes
𝐹𝐹 𝐹

𝐷𝐷wall
𝑝𝑝cap − 𝑝𝑝 = 𝑃𝑃𝑚𝑚 𝑝𝑝cap − 𝑝𝑝 ,
𝑤𝑤

where 𝑃𝑃𝑚𝑚 is the vessel permeability.

(5)
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e expression in (5) could be integrated over the surface
of the capillary to obtain the net rate of oxygen entering the
tissue. us, the source term in (2) could be written for each
point representing the capillary as
𝑠𝑠 𝑠

1 2𝜋𝜋
1
 𝐹𝐹 𝐹 𝐹𝐹𝐹𝐹 𝐹𝐹𝐹𝐹 𝐹 𝑆𝑆 𝑆 𝑆𝑆𝑚𝑚 𝑝𝑝cap − 𝑝𝑝 ,
𝑉𝑉 0
𝑉𝑉

(6)

where 𝑉𝑉 is the capillary volume and 𝑆𝑆 is its area. Explicitly
writing the volume and area of a cylinder, (6) becomes
𝑠𝑠 𝑠

2𝑃𝑃𝑚𝑚
1
2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑚𝑚 𝑝𝑝cap − 𝑝𝑝 =
𝑝𝑝cap − 𝑝𝑝 .
2
𝑅𝑅
𝜋𝜋𝜋𝜋 𝐿𝐿

(7)

As expected, diﬀerent boundary conditions would lead
to diﬀerent solutions of the reaction-diﬀusion equation,
especially in the regions close to the vessels. However,
Skeldon et al. [40] showed that for vessels with very high
permeability, the Robin boundary condition leads to similar
results as the Dirichlet boundary condition. If this is the
case of tumour capillaries with increased permeability, it
could provide an advantage when solving (2), since Dirichlet
boundary conditions are easier to program.
Similarly, diﬀerent approaches may be used for the outer
boundaries of the simulated domain. ese include Neuman
boundary conditions setting the �ux through the outer
boundaries to zero, imposing periodic boundary conditions
or other approaches [23, 29, 37]. e choice of the border
conditions for the outer boundaries could also in�uence
the amount of calculated hypoxia in the tissue as shown
by Secomb et al. [37] who discussed the advantages and
disadvantages of these approaches.

5. Modelling Parameters
An important aspect for the theoretical modelling of tissue oxygenation is the choice of parameters in (1)–(7).
Experimental determination of these parameters is rather
challenging and in many cases it involves the assumption
of a model relating a measured quantity to the quantity
to be determined. is highlights the importance of using
parameters in the limit of the models for which they have
been determined.
e least debated parameter in the literature is the average
diﬀusivity of oxygen into tissue, with most authors agreeing
on D = 2 × 10−5 cm2 s−1 [25, 28]. is could be explained from
the point of view of the passive transport of oxygen through
tissue and the relative homogeneity of so tissues in the body.
In contrast, a relatively large range of values have been
proposed for the maximum consumption rate, 𝑞𝑞max , in
(3) [10, 41–43], predominantly explained by the variability
of the metabolic characteristics of tissues. As early as the
beginning of the 20th century, Hill [24] observed signi�cant
diﬀerences in the consumption rates in active versus inactive
muscle, while more recently Kallinowski et al. [44] showed
that oxygen consumption in tumour cells decreases as cell
quiescence develops. ese are key observations because
oxygen consumption is an important determinant of tissue
oxygenation as shown by Secomb et al. [35], who found

that a relatively modest reduction of tissue consumption
may abolish tissue hypoxia, while a considerable increase
of capillary oxygen content would be required for the same
purpose. ese results illustrate the diﬃculties in selecting
the relevant consumption parameter for modelling. Indeed,
signi�cant diﬀerences may appear between tumour types
or individuals depending on their metabolic activity, and
intratumour heterogeneity could also be expected. Further
confounding factors when determining the tissue consumption rate may reside in the method used for the determination
and the assumptions made with respect to the oxygen supply
rate or the invasiveness of the method used. Nevertheless, a
relevant value for the maximum oxygen consumption rate in
tumours that has been used in many studies is 15 mmHg s−1
[15, 25, 29].
Another parameter that is needed for the Robin boundary
conditions (5) or for the distributed source models (7) is the
permeability of tumour capillaries. Most of the permeability
values available are relevant for normal tissue capillaries
and these values have been used in studies investigating the
oxygenation of tumours [30, 39, 40]. However, it has to be
borne in mind that tumour vasculature has poor endothelial
lining resulting in increased vascular permeability [14] and
that normal tissue values may lead to an overestimation of
the intravascular resistance of tumour capillaries.
Simulations of tumour oxygenation also require vascular
oxygenation for the boundary conditions. Given the venous
origin of newly formed vessels in tumours [10], a common
assumption is that vascular pO2 in tumours is rather low
[15, 25, 29, 37] and this is in agreement with experimental
determinations of vascular oxygenations [45, 46]. Some
studies have assumed a uniform oxygenation of the vessels
[29, 30, 37, 39], while others have considered distributions of
values [2, 28, 31]. Comparisons between simulations with the
two assumptions have shown microscale diﬀerences between
the resulting distributions, but no signi�cant diﬀerences in
the global characterisation of tissue oxygenation [2].
e vascular geometry is another important factor that
has to be taken into account when simulating tumour oxygenation. Given the complexity of tumour vasculature, threedimensional (3D) data would be required for the full characterisation of tumour oxygenation, but such images are
diﬃcult to obtain with existing in vivo imaging modalities
due to their limited spatial resolution. Skin �ap window
chambers could be a solution to provide 3D geometries [35],
but the thickness of the tissue in this model is much smaller
than the chamber diameter. Alternatively, two-dimensional
(2D) sections of ex vivo tissue samples could be used for
the characterisation of vasculature and oxygenation. is
approach was originally used by omlinson and Gray [15]
for comparing the appearance of necrotic regions in lung
tumours with calculations of tumour oxygenation and also
in more recent studies employing tissue sections as input
for simulations [28, 39]. An alternative approach is to use
generated 2D maps of capillaries, either re�ecting measured distributions of intervascular distances [2, 29, 31] or
randomly generated distributions [30, 38, 40]. e former
approach should be preferred as it has been shown that a full
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description of tissue vasculature is required for an accurate
characterisation of tissue oxygenation. Average intervascular
distance or the related quantity mean vascular density giving
the number of vessels per unit area is one determinant
of tissue oxygenation, the other being the shape of the
distribution of intravascular distances [29].
Oxygen transport has also been coupled with the transport of other substances. Kirkpatrick et al. [47] used a
mathematical model of oxygen and glucose mass transport
in tumours to study the in�uence of kinetic and physical
factors on metabolism. Other models are concerned with
the transport and metabolism of tracers used in advanced
imaging methods capable of visualising tumour hypoxia [30,
39, 40].

6. Modelling the Dynamics of Hypoxia
e dynamics of tumour hypoxia is an important aspect that
has to be taken into consideration for many modelling studies. Indeed, angiogenesis and �uctuations in the perfusion of
the blood vessels supplying the tumours have the potential
to alter the oxygenation pattern, even in the absence of a
therapeutic action upon the tumour cell population. ese
changes could in principle be modelled by assuming diﬀerent spatial distributions of blood vessels over time, as the
impaired perfusion of some vessels considered responsible
for acute hypoxia would be equivalent to a decrease of the
eﬀective vascular density, while the appearance of new vessels
would increase it. In this context it is important to note that
even if the resulting distributions from repeated simulations
are similar, in the case of acute hypoxia, diﬀerent cells will be
in diﬀerent hypoxic subcompartments at each modelled time
point and this dynamic process needs to be re�ected in the
modelled radiosensitivity of the cells.
�esides �uctuations in perfusion that are responsible for
the cycling variation of the acutely hypoxic compartment,
there are other mechanisms that may lead to changes in
oxygenation during the course of a treatment. Radiation and
other cytotoxic agents may induce growth inhibition in the
irradiated cells that would subsequently lead to a decreased
oxygen consumption in the surviving tumour cells [44] and
thus improved oxygenation for previously hypoxic cells [35,
48]. On a longer timescale, the removal of the doomed cells
near the blood vessels damaged by the cytotoxic agents might
also improve the oxygenation of cells situated further away.
Another important aspect related to the timescale of
hypoxia is the radiosensitivity of the aﬀected cells. It is
rather well known that decreased oxygen availability could
lead to increased radioresistance of the hypoxic cells. Less
known, however, is the eﬀect of nutrient starvation that oen
accompanies chronic hypoxia, but not acute hypoxia. Indeed,
it has been suggested [49, 50] that the two types of hypoxia
might have diﬀerent radiosensitivities due to changes in the
repair capacity of the chronically hypoxic cells starved of
oxygen and nutrients [51–55]. Consequently, diﬀerentiating
between the two types of hypoxia as well as the timedependent variation of the oxygen and nutrient availability
might be needed for studies aiming to quantify the impact
of certain treatment approaches on tumour containing both
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types of hypoxic cells. In this case, simulations would have
to account for the perfusion status of the blood vessels in the
tumour at various time points during the treatment and the
impact on cellular radiosensitivity [56].

7. Tumour Oxygenation and
Treatment Modelling
eoretical simulations of oxygen transport to tumours have
played a key role in understanding many aspects of tumour
microenvironment that could in�uence treatment outcome.
For example, theoretical modelling has allowed the characterisation of the gradients that may appear around the blood
vessels, the study of the impact of the temporary closure of
some capillaries, the radiobiological distinction between the
two hypoxic compartments, or the eﬀectiveness of various
measurements methods. Comparisons between the maximum diﬀusion distance of oxygen into tissue and size of
the viable rims of tumour cells around stroma or individual
blood vessels led to the �rst descriptions of the appearance of
chronic hypoxia in tumours [15, 25]. Simulations have also
shown that several factors in�uence the relationship between
tumour vasculature and oxygenation, indicating that there
is an equivocal relationship between tissue oxygenation and
vascular oxygenation, mean intravascular distance, or the
number of unperfused vessels. us, mean vascular density
is an important determinant of tumour oxygenation, but the
relationship is modulated by the shape of the distribution
of intervascular distances, the vascular oxygen content, and
the number of closed capillaries [2, 29, 31]. is explains the
failure to �nd in experimental studies a direct correlation
between tumour oxygenation and vascular density [57].
Calculating the expected response from cell populations
with diﬀerent oxygenation requires a cell survival model with
parameters that could be modi�ed according to the radiation
sensitivity of each compartment. According to the linear
quadratic LQ model [58, 59], cell survival in a fully oxic
population aer a single radiation dose 𝑑𝑑 is given by
𝑆𝑆𝑆𝑆ox = exp −𝛼𝛼𝛼𝛼𝛼 𝛼𝛼𝛼𝛼2  ,

(8)

where 𝛼𝛼 and 𝛽𝛽 are model parameters for oxic conditions.
e modi�cation of radiosensitivity in hypoxia could be
accounted for through the use of modifying factors (OMFs)
that are dependent on the local oxygen tension and the
duration of hypoxia as in
𝑆𝑆𝑆𝑆hyp = exp −

𝛽𝛽
𝛼𝛼
𝑑𝑑 𝑑
𝑑𝑑2  .
OMF𝛼𝛼 𝑝𝑝O2 , 𝑡𝑡
OMF2𝛽𝛽 𝑝𝑝O2 , 𝑡𝑡
(9)

A noteworthy expression for the oxygen modi�cation
factors has been proposed by Alper and Howard-Flanders
[60]:
OMF 𝑝𝑝O2  = OERmax

𝑘𝑘 𝑘 𝑘𝑘O2
,
𝑘𝑘 𝑘 OERmax 𝑝𝑝O2

(10)

where OERmax is the maximum protection achieved in the
absence of oxygen and 𝑘𝑘 is a reaction constant around
2.5–3 mmHg [61, 62].

6

Computational and Mathematical Methods in Medicine

Cell survival for populations of cells characterised by
a distribution of oxygenations could be obtained as the
weighted sum of cell survival for each compartment:
𝑆𝑆𝑆𝑆distr (𝑑𝑑) =  𝑤𝑤𝑖𝑖 𝑆𝑆𝑆𝑆hyp,𝑖𝑖 (𝑑𝑑) ,

(11)

𝑖𝑖

where 𝑤𝑤𝑖𝑖 is the relative weight of each oxygenation compartment.
For fractionated treatments delivering 𝑛𝑛 fractions of
size 𝑑𝑑, diﬀerent equations may be employed depending on
the interfraction dynamics of oxygenation in the assumed
population. us, for populations with static oxygenations,
the cell survival is given by
𝑛𝑛

𝑆𝑆𝑆𝑆static
distr (𝑛𝑛𝑛𝑛𝑛) =  𝑤𝑤𝑖𝑖 𝑆𝑆𝑆𝑆hyp,𝑖𝑖 (𝑑𝑑) ,
𝑖𝑖

(12)

while for populations with full dynamics of the oxygenation,
cell survival is given by
dynamic
𝑆𝑆𝑆𝑆distr (𝑛𝑛𝑛𝑛𝑛)

𝑛𝑛

=  𝑤𝑤𝑖𝑖 𝑆𝑆𝑆𝑆hyp,𝑖𝑖 (𝑑𝑑) .
𝑖𝑖

(13)

Cell survival for other frequencies of oxygenations could
be obtained by combining (12) and (13).
eoretical simulations using (9)–(13) have shown significant diﬀerences in the predicted response depending on the
assumed oxygenation of the tissue and these results indicate
that full distributions of pO2 values, not only the hypoxic
fraction, are needed for modelling [25, 56, 63]. is is particularly important in light of the equivocal relationship between
tumour oxygenation and the above-mentioned parameters.
Equally interesting have been the results of simulations
taking into account the possible radiobiological diﬀerences
between acute and chronic hypoxic cells. Experimental studies have shown that chronically hypoxic cells may have low
or depleted energy reserves which would impair their repair
mechanisms [52–55], in contrast with acutely hypoxic cells
that are repair competent. Correlating these �ndings with
calculated oxygen distributions in tumours has suggested that
the added biochemical sensitisation of chronically hypoxic
cells could provide an explanation for the success of radiotherapy, as the chemical radioresistance conferred by hypoxia
in general would otherwise require unrealistically high doses
to control tumours containing hypoxic cells [49, 50, 56]. is
comes as a con�rmation of studies showing an improvement
of control in experimental systems in the presence of chronically hypoxic cells [64]. In contrast, the presence of acute
hypoxia in tumours leads to a worsening of the response to
radiation therapy [56, 65, 66]. However, while the �uctuating
character of the perfusion disturbances in tumour capillaries
does not lead to a full “washout” of the radioresistance of
acutely hypoxic cells, the �uctuations are essential for the
success of fractionated therapy. Indeed, treatment schedules
employing too few fractions (5 or fewer) might not allow
enough interfraction reoxygenation opportunities to change
the sensitivity of the hypoxic cells in tumours which would in
turn lead to poor outcome [67]. is could have signi�cant
implications for stereotactic radiotherapy where extremely

hypofractionated schedules should be pursued with caution
[68].
eoretical simulations have also been used to study the
eﬀectiveness of polarographic electrodes used to characterise
tissue oxygenation [65, 69–72] or imaging with hypoxiaspeci�c tracers [30, 39, 73–75]. It has thus been shown
that averaging characteristic both to polarographic methods
and to imaging methods with �nite spatial resolution as
well as diﬀerences in sensitivity of the measurement probes
could lead to measured oxygenations that would be quite
diﬀerent from the tissue oxygenation [70, 73, 76], that in
turn would translate into diﬀerent predictions regarding
tissue responsiveness to radiation therapy. is highlights the
importance of carefully extrapolating measurements of tissue
oxygenation to quantitative assessments of the expected
response from radiation therapy.
In vivo imaging of hypoxia with dedicated tracers has
received considerable attention in recent years as it could
be used to quantify the spatial distribution and the severity
of hypoxic areas in tumours for individualising or adapting
the treatment according to biological factors [67, 77, 78]. In
this context it has been shown that the dynamic character of
hypoxia observed in clinical and experimental studies [79–
84] has important implications for radiation therapy and it
needs to be taken into account for treatment simulations.
Indeed, neglecting it for prescriptions of highly heterogeneous dose distributions could lead to mismatches between
planned dose hotspots and radioresistant hypoxic domains in
tumours that would lead to poor outcome [67]. Furthermore,
the limited spatial resolution of imaging methods could lead
to poor rendering of the small hypoxic regions [76] that
would translate into an underestimation of their radiosensitivity. However, this might be less of a problem for rapid
interfraction reoxygenation that might ensure the success of
dose painting techniques that do not take into account the
microscale heterogeneity of hypoxia [85].
Besides these direct applications, theoretical modelling
has proven a valuable tool in supplementing experimental
data and for understanding the eﬀects of factors that could
not be studied individually or experimentally, in spite of
uncertainties regarding tissue geometry, vascular O2 distributions, and in vivo parameters such as oxygen consumption
rate [21, 22, 40]. It could also be used for more complex
models studying the interplay between tissue oxygenation
and cell growth and the macroscopic dynamics of tumours
[86–88].
Far from being exhaustive, this review illustrates the
importance of simulating the many complex facets tumour
oxygenation. Considerable amount of work remains to be
performed, both in updating the models of oxygen transport
into tissue according to new �ndings and validations regarding the involved mechanisms and parameters and in terms
of new opportunities for simulating treatments. erefore,
the increased interest in light of ion therapy [89] with its
included potential of reducing the hypoxic radioresistance
opens up new directions for research in terms of studying the
impact of hypoxia on radiation treatment. New models for
taking into account the response of hypoxic cells to high LET
radiation are being developed [90] and will be tested with
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the ultimate aim to counteract hypoxic radioresistance and
achieve maximum clinical bene�t for patients.
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Worldwide, breast cancer has become the second most common cancer in women. The disease has currently been named the
most deadly cancer in women but little is known on what causes the disease. We present the eﬀects of estrogen as a risk factor on
the dynamics of breast cancer. We develop a deterministic mathematical model showing general dynamics of breast cancer with
immune response. This is a four-population model that includes tumor cells, host cells, immune cells, and estrogen. The eﬀects of
estrogen are then incorporated in the model. The results show that the presence of extra estrogen increases the risk of developing
breast cancer.

1. Introduction
Among many cancer types, breast cancer is the second most
common cancer in women, exceeded only by skin cancers.
The chance of developing invasive breast cancer at some time
in a woman’s life is a little less than about 12% [1]. Being
exceeded only by lung cancer, breast cancer is the second
leading cause of cancer deaths in women. The chance that
breast cancer will be responsible for a woman’s death is about
1 in 36 [1]. The disease has been more pronounced in the
developed world in the past but has soon crossed boundaries
into the developing world of Africa and Asia. In Zimbabwe,
breast cancer is currently the third leading cancer responsible
for deaths of women of all ages with crude mortality rate
of 5.6 per 100 000, exceeded only by Cervical cancer and
Kaposi sarcoma [2]. Breast cancer is a malignant (cancerous)
tumor that starts in the cells of the breast, that is, a group of
cancer cells that can grow into (invade) surrounding tissues
or spread (metastasize) to distant areas of the body. It begins
when breast cells start to grow out of control due to DNA
damage which controls all cell actions in the body tissues.
When DNA is damaged, normal cells will repair the damage
or the cell dies but in cancer cells, damaged DNA is not

repaired and does not die like it should. Instead the cell goes
on making new abnormal cells with the same damaged DNA
which the body does not need. A single genetically altered cell
then grows into a tumor in a stepwise progression.
There are several types of breast cancer, but some of them
are quite rare. In some cases a single breast tumor can be a
combination of these types or be a mixture of invasive and
in situ cancer. Ductal carcinoma in situ (DCIS) is the most
common type of noninvasive breast cancer. DCIS means that
the cancer cells are inside the ducts but have not spread
through the walls of the ducts into the surrounding breast
tissue. However, after starting in a milk passage (duct) of the
breast, it can break through the wall of the duct and grow into
the fatty tissue of the breast. At this point, it may be able to
spread (metastasize) to other parts of the body through the
lymphatic system and bloodstream and will now be referred
to as invasive ductal carcinoma (IDC). Lobular carcinoma
in situ (LCIS) is another type of noninvasive breast cancer
which begins in the milk-producing glands and does not
grow through the wall of the lobules. This can become
invasive and spread to other parts of the body as invasive
lobular carcinoma (ILC), a state which is harder to detect by
a mammogram.
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2. Risk Factors and Vulnerable Groups
There are many factors that aﬀect the chance of an individual
developing breast cancer, some of which one can change
and some cannot be changed. Having a risk factor, or even
several, does not mean that one will automatically develop
the disease. Women have a higher risk of developing breast
cancer although in men it has been discovered too [3]. Some
of these factors include use of alcohol with the risk increasing
relative to the amount of alcohol consumed, overweight
or obese, especially for women after menopause. Obesity
increases estrogen levels due to fat tissue producing small
amounts of estrogen [1]. High doses of radiation are also
known to increase breast cancer risk, where exposure to radiation from the atomic bomb at Hiroshima caused increased
breast cancer incidence, especially in women exposed as
teenagers, when their breast cells were very immature [4].
Repeated X-ray exposure for treatment of tuberculosis,
postpartum mastitis, chest acne, and monitoring treatment
for scoliosis increases risk [5]. A woman may become
pregnant after a cancer cell has formed in her breast, a cell
which may have been dormant for many years. However,
with pregnancy, estrogen levels rise stimulating the dormant
cancer cell to grow into a clinically detectable cancer [6].
Breast cancer incidence rates are higher in non-Hispanic
white women compared to African American women for
most age groups. Incidence and death rates for breast cancer
are lower among women of other racial and ethnic groups
like Asian, African, and Hispanic white than among nonHispanic white and African American women [1]. However,
in women under 45 years of age, breast cancer is more
common in African American women. There is higher risk
among women whose close blood relatives have this disease.
Having one first-degree relative (mother, sister, or daughter)
with breast cancer approximately doubles a woman’s risk.
Having 2 first-degree relatives increases her risk about 3-fold.
The exact risk is not known, but women with a family history
of breast cancer in a father or brother also have an increased
risk of breast cancer. Altogether, less than 15% of women
with breast cancer have a family member with the disease.
This means that most (over 85%) women who get breast
cancer do not have a family history of this disease [7]. A
woman with cancer in one breast has a 3- to 4-fold increased
risk of developing breast cancer in the other breast or in
another part of the same breast [8]. Certain inherited DNA
changes can increase the risk for developing cancer and are
responsible for the cancers that run in families. For example,
the breast cancer genes one and two (BRCA1 and BRCA2)
are tumor suppressor genes. Mutations in these genes can
be inherited from parents. When they are mutated, they no
longer suppress abnormal growth and cancer is more likely
to develop [9].
2.1. Estrogen as a Risk Factor. The hormone estrogen works
as a chemical messenger in the body. It is essential for
normal sexual development and functioning of female
organs important for childbearing like the ovaries, uterus,
and breasts. Estrogen also helps regulate a woman’s menstrual cycles. It is necessary for the normal development
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of the breast. It also helps maintain the heart and healthy
bones. However, during each monthly menstrual cycle, a
woman is exposed to increased estrogen levels, especially
just before an egg is produced by her ovaries (ovulation).
Also during pregnancy, women have prolonged exposure to
high levels of estrogen. If a woman gives birth before 32
weeks or has an induced abortion, she will have an increased
estrogen exposure without the protective eﬀect of lobule
diﬀerentiation. Estrogen can cause cancer in two ways. It
acts as a “mitogen”; that is, it stimulates breast tissue to
increase cell divisions (mitosis). This sometimes results in
cancers due to errors in cell division (mutation). Secondly,
certain metabolites of estrogen also act as carcinogens or
genotoxins, by directly damaging DNA, thereby causing
cancer cells to form [10]. Estrogen exposure can be in the
form of environmental estrogens termed “xenoestrogens”
which are naturally occurring like phytoestrogens in plants
or synthetic chemicals that can act like human estrogen made
by the ovary. Xenoestrogens can mimic the eﬀect of human
estrogen as they have a chemical structure that allows them
to fit into the estrogen receptor the way a key fits into a lock.
The presence of estrogens can also activate hormones
like relaxin to stimulate cell division. In fact, relaxin (RLX)
has been shown to have a powerful eﬀect on growth and
diﬀerentiation of breast cancer (MCF-7) cells [14]. However,
the eﬀect of RLX is induced by estrogen probably by inducing
RLX receptors as in myometrial cells [15]. Therefore, in
general, it may be implicated in breast cancer risk because
of its role in stimulating breast cell division, work during
the critical periods of breast growth and development, eﬀect
on other hormones like relaxin that stimulate breast cell
division, and support of the growth of estrogen-responsive
tumors. Other studies have also shown that there is a positive
relationship between endogenous hormone levels in postmenopausal women and risk of breast cancer [16]. In hormonal birth control mechanisms, there are two hormones
involved, estrogen and progestin. Hormonal birth control
mechanisms involve the oral contraceptives, minipill, DepoProvera, and implants. These prevent pregnancy by releasing
synthetic hormones to prevent the release of eggs from the
ovaries (ovulation) and by thickening the cervical mucus,
which helps block sperm from entering the uterus and by
making it hard for an egg to attach and grow in the uterus.
2.2. Researches on Other Risk Factors. In the search for the
actual cause of this deadly disease, many risk factors have
been studied. Oral contraceptives use has undergone many
discussions as a risk factor of breast cancer. A meta-analysis
was performed of case control studies that addressed whether
prior oral contraceptive use is associated with breast cancer.
MEDLINE and PubMed databases and bibliography reviews
were searched to identify related material published in or
after 1980. Thirty-four studies were identified that met
inclusion criteria. Two reviewers extracted data from original
research articles or data provided by study authors. The
DerSimonia-Laird method was used to compute pooled odds
ratios (ORs) and confidence intervals (CIs). The MantelHaenszal test was then used to assess association between
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OC use and breast cancer. Results showed that the use of
OCs was associated with an increased risk of premenopausal
breast cancer in general with an OR (1.19) and 95% CI (1.09–
1.29) and across various patterns used. It was associated
with breast cancer risk in both parous (OR, 1.29; 95% CI,
1.20–1.40) and nulliparous women (OR, 1.24; 95% CI, 0.92–
1.67) [17]. It was however not specific on whether the oral
contraceptive investigated had estrogen, progesterone, or
both. Other researchers have argued that estrogen level is
increased in women receiving exogenous estrogens in form
of OC or HRT [18]. Moreover, there is general agreement
that the risk associated with OC and HRT depends on the
duration of exposure, being lowest in women who never used
OC or HRT [19].
Abortion and fertility have also been investigated as
risk factors on breast cancer. In a research, modelling and
forecasts based on abortion and other risk factors were
done. They used the national cancer registration data for
female breast cancer incidence in eight European countries:
England and Wales, Scotland, Northern Ireland, the Irish
Republic, Sweden, the Czech Republic, Finland and Denmark which were chosen because of their comprehensive
data on abortion incidence. Relaxin has also been discovered
to promote diﬀerentiation of breast cancer cells in vitro,
more specifically, the MCF-7 breast adenocarcinoma cells.
MCF-7 cells can be induced to progress in the diﬀerentiation
pathway under the influence of relaxin (RLX), a peptide
hormone that has been shown to have a powerful eﬀect on
growth and diﬀerentiation of epithelial and myoepithelial
cells of the mouse mammary ducts in vivo [20]. Estrogen
involvement has also been suggested. In fact, as shown for
normal mammary gland, estrogens are needed to allow
relaxin to produce its eﬀect [14], probably by inducing
relaxin receptors, as occurs in myo-metrial cells [15].
Association of metal exposure with breast cancer risk
is a topic currently under discussions. An experiment was
done to review the scientific evidence with respect to the
in vitro and in vivo studies and epidemiological evidence
for links between breast cancer and exposure to metals. It
was found that there is growing evidence that environmental
contaminants such as metals play a role in breast cancer [21].
Based on a relatively small number of studies, this literature
review uncovered important deficiencies and gaps in the
current literature that assesses the link of the incidence of
breast cancer to metal exposure.
Several studies suggest that selective estrogen-receptor
modulators (SERMs) like tamoxifen and raloxifene may
lower breast cancer risk in women with certain breast cancer
risk factors. But so far, many women are reluctant to take
these medicines because they are concerned about possible
side eﬀects. Newer studies are looking at whether aromatase
inhibitors; and drugs such as anastrozole, letrozole, and
exemestane can reduce the risk of developing breast cancer
in postmenopausal women. These drugs are already being
used as adjuvant hormone therapy to help prevent breast
cancer recurrences, but none of them is approved for
reducing breast cancer risk at this time. One of these drugs,
exemestane, has recently been shown to lower the risk of
invasive breast cancer by 65% in women at increased risk.
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Fenretinide, a retinoid (drugs related to vitamin A), is also
being studied as a way to reduce the risk of breast cancer. In
a small study, this drug reduced breast cancer risk as much as
tamoxifen. Other drugs are also being studied to reduce the
risk of breast cancer [1].
Studies continue to uncover lifestyle factors and habits
that alter breast cancer risk. Ongoing studies are looking at
the eﬀect of exercise, weight gain or loss, and diet on breast
cancer risk. Studies on the best use of genetic testing for
BRCA1 and BRCA2 mutations continue at a rapid pace. Scientists are also exploring how common gene variations may
aﬀect breast cancer risk. Each gene variant has only a modest
eﬀect in risk (10 to 20%), but when taken together they may
potentially have a large impact. Potential causes of breast
cancer in the environment have also received more attention
in recent years. While much of the science on this topic is
still in its earliest stages, this is an area of active research
[3].

3. Treatment of Breast Cancer
Treatment of breast cancer can be classified into broad
groups, based on how they work and when they are used.
These include surgery, chemotherapy, radiation therapy, and
hormone therapy. Surgery is when the breast tumor is
removed as partial mastectomy/breast-conserving surgery
and mastectomy. Partial mastectomy surgery only removes
a part of the aﬀected breast, but how much is removed
depends on the size and location of the tumor and other
factors whilst mastectomy surgery removes the entire breast.
The whole breast tissue is removed, and sometimes along
with other nearby tissues. This can be in the form of a
simple mastectomy or skin-sparing mastectomy depending
on whether there is need for immediate reconstruction of the
breast.
Radiation therapy, as the name implies, is treatment with
high energy rays or particles that destroy cancer cells. This
is also used to treat cancer that has spread to other areas,
for example, to the bones or brain. It can be administered
in two ways, external beam radiation and internal radiation.
External beam radiation is when the radiation is focused
from a machine outside the body on the area aﬀected by
the cancer. This procedure is more like getting an X-ray,
but here the radiation is more intense. Brachytherapy, also
called internal radiation, is when instead of aiming radiation
beams from outside the body, radioactive seeds or pellets are
placed directly into the breast tissue next to the cancer. Its
administration is limited by tumor size, location of tumor,
and other factors relating to the patient’s medical condition.
Systematic therapy refers to drugs which can be given by
mouth or directly into the bloodstream to reach cancer cells
anywhere in the body. chemotherapy, hormone therapy, and
targeted therapy are examples.
Chemotherapy is treatment with cancer-killing drugs
that can be given intravenously (injected into a vein) or by
mouth. It is given in cycles, with each period of treatment
followed by a recovery period. Treatment usually lasts for several months when chemotreatment is given to patients with
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no evidence of cancer after surgery. This is known as adjuvant therapy. When the treatment is given before surgery,
chemotherapy is called neoadjuvant therapy. Hormone therapy hormonal therapy is often used as an adjuvant therapy to
help reduce the risk of the cancer coming back after surgery
although it can also be used as neoadjuvant treatment as
well. This is when several approaches to blocking the eﬀect
of estrogen or lowering estrogen levels are used to treat
hormone receptor-positive breast cancers. However, hormonal therapy does not help patients whose tumors are both
estrogen receptor (er) negative and progestin receptor (PR)
negative.

4. Models Done on Tumor Growth
Several mathematical techniques have been applied in the
study of breast cancer [11, 22–24]. Delay diﬀerential equations were used to model the interaction of breast cancer
cells with the immune system. A developed model with delay
diﬀerential equations modelling breast cancer accounted
for diﬀerent cell cycles and included terms to evaluate
drug treatments, but ignored quiescent tumor cells [11].
Another related model included quiescent cells but ignored
immune response and drug treatments in which there was
consideration of the interconnected growth patterns of both
proliferating and quiescent cells [22]. In a bid to improve
the researches done by [11, 22], an integrated model in form
of delay diﬀerential equations was developed accounting for
quiescent cells, immune cells and included drug intervention
terms. They included additional terms to account for the
impact of Paclitaxel on the quiescent cells [25].
In one of the studies on the relationship between Body
Mass Index (BMI), menopausal status, estrogen replacement
therapy (ERT), and breast cancer risk, a mathematical
model was developed and results showed that estrogen levels
are responsible for the relationship between BMI, ERT,
menopausal status, and breast cancer risk [23]. Statistical
analysis and stochastic modelling have also been applied
to investigate breast cancer and tumor growth [26]. They
dealt with aspects of probability and statistics applied to
breast cancer research. From in vitro experiments, breast
cancer cells, the MCF-7 cells’ behaviour in diﬀerent types of
substrates was noted. More specifically, it is how the stiﬀness
of the diﬀerent substrates aﬀects the cell that is of most
interest. The eﬀect on aggregate counts and morphological
parameters of the cells by surrounding (simulated) tissue’s
stiﬀness was analysed using methods from linear Mixed
Models theory. The analysis indicated that certain parameters are significantly diﬀerent for diﬀerent tissue stiﬀness.
Stochastic modelling related to initial tumor growth was
studied and certain types of randomness were introduced in
it. They numerically investigated how the model responds
to stochastic behaviour of the parameters defining mutation
characteristics. The model for tumor growth was rather
stable with respect to small random perturbations. For
the case of significant parameter randomness, the average
number of cells (normal and mutant) at a time T was
highly dependent on the expected value of the stochastic
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process representing the corresponding parameter value.
This suggested a stable state for in vitro experiments and
since in vivo experiments are known to be unstable, the
presence of risk factors had aided in tumor behaviour.
A mathematical model of immune response to tumor
invasion was also developed using competition models.
Tumor cells population, CD8+ T cell population, and Natural
Killer cell population competed in a way almost similar to
that suggested by Lotka-Volterra’s competition models [24].
This carries a fundamental aspect on the interaction between
immune cells and tumor cells. The presence of tumor cells
stimulates the immune response, represented by the positive
nonlinear growth term for the immune cells. This type of
response term is of the same form as the terms used in the
respective model of [27].
Cell populations have also been known to compete
for nutrients and natural cell requirements resulting in
nutrient consumption models. Burton [28] first proposed
that diﬀusion and nutrient consumption might be limiting
solid tumor, and since then a large number of studies have
described the spatiotemporal interactions between tumor
cell populations and nutrients. Early models of nutrientlimited tumor growth calculated the nutrient concentration
profiles as a function of tumor spheroid radius that was
changing due to the rate of cell proliferation [29]. The later
models have incorporated diﬀering degrees of complexity
for cell movement. Tumor cell proliferation and death are
considered to be dependent on only one generic nutrient
(most often oxygen). However, some consider the eﬀect of
several nutrients and pH on the cell population [30].
The Gail model is also one of the widely used models
and established models for predicting breast cancer risk in
women. It was developed from a nested case control study
conducted on a cohort of white women who were receiving regular screening mammograms in order to calculate
multivariate relative risks of breast cancer based on age
at menarche, age at first live birth, number of first-degree
relatives (mother and sisters) with breast cancer, number
of breast biopsies, and whether or not a typical hyperplasia
was present on any biopsy specimen [31]. However, this
widely used model does not predict breast cancer risk in
young women generally and should not be used for that
purpose [32]. It also underestimates genetically inherited
breast cancer because it does not take into account paternal
history. The model was also not intended to predict risk in
women under age 40, nor in African American women of all
ages [33].
Cell-DEVS, an extension of the DEVS formalism, has
been used to model tumor-immune systems that involve
growing tumors interacting with immune cells [34]. This
has an advantage in that it facilitates the formal specification
and reuse of cellular models. A Cell-DEVS model was
implemented and tested using the CD++ toolkit and simulation results indicated that the model captured the intended
qualitative aspects of tumor growth and immune system
response [35]. Simulation-based parameter estimation oﬀers
a powerful means of estimating parameters in complex
stochastic models. The use of simulation for computing
the maximum likelihood estimator in the natural history of
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breast cancer was discussed. From the analysis, simulation
provided a straight forward means of computing such
estimators for models of substantial complexity [36].
A commonly proposed model for tumor growth assumes
that the rate of growth is proportional to the number of
malignant cells [37]. But currently, the hardest challenge
in modelling tumor growth and treatment is estimating
parameters in models that are mathematically simple and
broadly applicable [38]. Most of the risk factors have shown
an association with estrogen as emphasised so we seek to
develop Lotka-Volterra’s competition model of the tumor
cells and the immune response in order to assess the impact
of estrogen on the dynamics of breast cancer tumor.

5. The Estrogen-Free Model
Based on many previous useful models done on tumor
growth we here consider a model which subdivides the total
population N(t) of cells of the breast tissue at any given
time t into three groups which include normal or host cells,
tumor cells and immune cells classes. The normal cells class,
denoted by H(t) is in form of epithelial cells that make up
the breast tissue. The cells diﬀerentiate and die normally
as they have unaltered DNA which controls all cell actions.
We assumed that the normal and tumor cells compete for
space and resources in a small volume and therefore assumed
a competition model used by Gatenby [39]. The normal
cells grow exponentially at a per capita growth rate of α1
as a result of DNA initiation [39]. β1 is the depletion rate
resulting from competition for resources such as nutrients
and oxygen or the accumulation of substances released from
cell metabolism within themselves.
Tumor cells, denoted by T(t) at any time t, represent
a class of breast cancer cells with damaged DNA. There
are about 51 breast cancer cell lines which mirror the
145 primary breast tumors [40]. These can be classified
into 2 major branches, the luminal, which has estrogen
receptors (ESR1 positive), and basal-like, without estrogen
receptors (ESR1 negative). We then assume a homogeneous
luminal type of cancer cells in form of MCF-7, MDAMB361,
BT474, T47D, and ZR75 cell lines. Several tumor growth
laws have been proposed which include an exponential
growth, Gompertz growth and logistic growth. We assume
the presence of a small tumor mass, that is, a tumor size that
is close to zero relative to carrying capacity, and therefore
the choice of growth law does not significantly aﬀect the
qualitative behaviour of the model since they only diﬀer
for large tumor sizes. We therefore assume an exponential
growth of tumor cells with per capita rate of α2 which
results from the damaged DNA. Analogously β2 is a factor
restricting their growth competition for space and food
within themselves. The normal cells H(t) and tumor cells
T(t) also compete for space and natural cell requirements like
oxygen as they are supplied by the blood vessels. We assume
cancer cells have uncontrolled cycle than the normal cells due
to changed DNA which makes them fail to regulate a cell
cycle [12] and thus their interaction with normal cells results
in an inhibitory eﬀect on normal cells at rate δ1 [41].
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The model includes an immune cells class, I(t), in form
of Natural Killer (NK) cells and CD8+ T cells. Their growth
may be stimulated by the presence of the tumor and they
can destroy tumor cells through a kinetics process. We also
assume that the presence of a detectable tumor in a system
does not necessarily imply that the tumor has completely
escaped active immunosurveillance. Although a tumor is
immunogenic, it is possible that the immune response may
not be suﬃcient on its own to completely combat the
rapid growth of the tumor cell population and the eventual
development into a tumor.
The population of immune cells is considered to be
outside of the system and we assume a background level of
NK cells, even in the absence of tumor with CD8+ T cells
only present as a result of activation. It is therefore reasonable
to assume a constant source, s, of the immune cells from
the thymus gland [27]. Furthermore, in the absence of any
tumor, the cells will die oﬀ naturally at a per capita rate of μ.
The presence of tumor cells stimulates the immune response
resulting in growth of immune cells. This is represented by
a positive nonlinear growth term for immune cells which
as a function of T(t), is positive, increasing and concave
with the form ρI(t)T(t)/(ω + T(t)), where ρ is the immune
response rate and ω is the immune threshold rate, which
is inversely proportional to the steepness of the immune
response curve. This type of response term is of the same
form as the terms used in respective models of [13, 27]. Thus
immune cell proliferation is controlled and will never result
in immune crowding which might in turn be detected as a
threat. Furthermore, the reaction of immune cells and tumor
cells can result in either the death of tumor cells at a rate
γ2 or the inactivation of the immune cells, with γ3 as the
interaction coeﬃcient.
After considering all these aspects, we present the following system of Lotka-Volterra type of diﬀerential equations to
determine the dynamics of breast cancer cells:


dH
= H α1 − β1 H − δ1 T ,
dt


dT
= T α2 − β2 T − γ2 IT,
dt

(1)

ρIT
dI
=s+
− γ3 IT − μI.
dt
ω+T
Initial values of variables are H(0) = 1, T(0) = 10−5 and
I(0) = s/μ = 1.379310345 adopted from [11, 13].
5.1. Equilibrium Points and Positivity of Solutions. An equilibrium point is a stable condition that does not change over
time, or in which change in one direction is continually
balanced by change in another. The variables H, T, and I
represent subpopulations of breast cells and therefore, should
be positive or zero for all t ≥ 0. One can easily show
that all the variables are greater than or equal to zero. If
this condition is not met, the model should be discarded
as it violates a basic aspect of scientific reality. The steady
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states occur where the ordinary diﬀerential equations are
simultaneously zero, that is, where

which when expanded will give


By letting u1 = γ3 , u2 = μ + ωγ3 − ρ and u3 = μω, we get


∗

ξt = (H , T , I ) =



α1
s
, 0,
.
β1
μ

(3)

We define a feasible region as a set of nonnegative and
real solutions of our variables (H, T, I) since cell populations
are nonnegative and real. The equilibrium state ξt exists since
α1 > 0, β1 > 0, μ > 0, and s > 0, we have all solutions in the
neighbourhood of ξt as positive and real and hence in the
feasible region.





=

0,



α2 − γ2 I ∗
s
,
,
β2
μ − ρT ∗ /(ω + T ∗ ) + γ3 T ∗



ξc = (H ∗ , T ∗ , I ∗ ) =





ξd2

s
= (H , T , I ) = 0, 0,
,
μ
∗

∗

∗

(9)

where ξd2 represents the type 2 dead equilibrium values for
the normal cells, tumor cells and immune cells, respectively. Since s > 0 and μ > 0 it implies that all the
solutions around the dead equilibrium of type 2, ξd2 are in
the feasible region. This state is feasible but however no
fixed tissue is present which can be as a result of whole
breast tissue removal maybe by a mastectomy surgery or
death.
5.1.4. Coexisting Equilibrium-ξc . The coexisting equilibrium
point ξc is a state in which all cell populations have survived
the competition and they coexist and is given by

(5)



(8)

5.1.3. Type 2 Dead Equilibrium-ξd2 . Type 2 dead equilibrium
exists when both normal cells and tumor cell population have
died oﬀ, given by

(4)

where ξd1 represents the type 1 dead equilibrium value of the
normal cells, tumor cells, and immune cells, respectively.
The tumor cell population will increase with a decrease
in tumor cell death rate, β2 , and an increase in tumor growth
rate, α2 . An increase in immune cells also reduces tumor cell
population as a result of predation on tumor cells by immune
cells. We know that β2 > 0. So we need α2 ≥ γ2 I ∗ which
implies I ∗ ≤ α2 /γ2 so that T ∗ can be in the feasible region.
That is, the net growth rate of tumor cells must be more
than or equal to immune cells at any time t in order for the
competition to drive normal cells to extinction.
The immune cells are inversely proportional to tumor
dynamics such that an increase in tumor dynamics reduces
immune cells as more immune cells are deactivated by tumor
cells. This exists when
ρT ∗
+ γ3 T ∗ > 0,
μ−
ω + T∗

u22 − 4u1 u3 ≥ u2 =⇒ 4μωγ3 ≤ 0,

which means one or more of the parameters μ, ω, γ3 is zero.
This explains that ξd1 only exists when there are totally no
immune dynamics which is a rare scenario, hence it is very
rare to reach to such an equilibrium point unless someone is
dead.

5.1.2. Type 1 Dead Equilibrium-ξd1 . The dead equilibrium
point is when normal cells only have died oﬀ leaving the
tumor cells surviving. We classify this as a “dead” in the sense
that there is no recovery of damaged normal cells since they
have been forced to extinction. This is given by
ξd1 = (H ∗ , T ∗ , I ∗ )


−u2 + u22 − 4u1 u3

(7)
.
2u1
We know that u1 > 0 and u3 > 0 and thus we need
u2 < 0, that is, μ + ωγ3 < ρ. This implies that the immune
response rate should be greater than the rate at which they
are reduced. We also have u22 − 4u1 u3 > 0 for T ∗ to be
real, that is, (μ + ωγ3 − ρ)2 > 4γ3 ωμ for solutions of our
system around the type 1 dead equilibrium to be real and
nonnegative. This implies that the diﬀerence in the rates of
immune cell initiation and reduction should be greater than
the rate at which they are lost. Also
T∗ =

5.1.1. Tumor-Free Equilibrium-ξt . The first equilibrium
point as the tumor-free equilibrium as this is when only
tumor cell population has been forced to extinction as a
result of the competition with normal and immune cells.
This is given by
∗

(6)

(2)

The model system admits four steady states in which
there are two dead equilibria, one tumor-free equilibrium
points and one coexisting equilibrium point.

∗



γ3 T ∗2 + μ + ωγ3 − ρ T ∗ + μω > 0.

dT
dI
dH
=
=
= 0.
dt
dt
dt





s
α1 δ1 α2 − γ2 I ∗ α2 − γ2 I ∗
−
,
,
,
β1
β1 β2
β2
μ − ρT ∗ /(ω + T ∗ ) + γ3 T ∗

(10)
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where ξc represent the coexisting equilibrium values of the
normal cells, tumor cells and immune cells, respectively.
This exists when β1 , β2 > 0 and


α1 −

δ1 α2 − γ2 I
β2

∗

5.2.2. Local Stability of Type 1 Dead Equilibrium. Evaluating
the Jacobian at the ξd1 gives the first eigenvalue as



=⇒ λ1 =

≥ 0,

(11)

α2 δ1 − α1 β2
=⇒
≤ I ∗.
γ 2 δ1

This implies that the combination of the net growth of
tumor cells as a result of competition due to normal cells
must always be less than the equilibrium value of the immune
cells for the cells to coexist. I ∗ > 0 when α2 δ1 ≥ α1 β2 which
implies α2 /β2 ≥ α1 /δ1 . That is, the net growth of tumor cells
must be greater than that of normal cells for a nonnegative
solution to exist at ξc . The equilibrium values for the tumor
cells and immune cells are given as the same as the ones at
the type 1 dead equilibrium.

⎛
α1 δ1
−
⎜−α1
β1
⎜
⎜
γ2 s
⎜
α2 −
Jξt = ⎜
⎜ 0
μ
⎜
⎜
⎝
s ρ
− γ3
0

⎞

0⎟

⎟
⎟
⎟
0⎟
⎟.
⎟
⎟
⎠
−μ

μ ω

(12)

Therefore the system gives three eigenvalues (λi ) which
are, λ1 = −α1 , λ2 = α2 − γ2 s/μ, and λ3 = −μ. Since λ1 ,
λ3 < 0, we have the tumor-free equilibrium point being stable
as long as α2 < sγ2 /μ. This implies that the system is stable
at tumor-free if and only if the resistance coeﬃcient sγ2 /μ is
greater than the per capita growth rate of the tumor cells, α2 .
This measures how the immune system competes with the
tumor cells and since we assumed that the immune cells are
capable of destroying cancer cells at some rate, we have λ2
being negative and therefore ξt is always a stable equilibrium
point.

⎛
⎜
⎜
⎜
⎜
Jξc = ⎜
⎜
⎜
⎝

5.2.3. Local Stability of Type 2 Dead Equilibrium. Evaluating
the Jacobian at the point ξd2 gives
⎛

α1

Jξd2

⎜
⎜
⎜0
=⎜
⎜
⎜
⎝

0
α2 −

0
γ2 s
μ

s ρ
− γ3
0
μ ω

⎞
⎟
⎟

0⎟
⎟
−μ

⎟.
⎟
⎠

(14)

The system has three eigenvalues (λi ) which are λ1 = α1 ,
λ2 = α2 − γ2 s/μ, and λ3 = −μ and since α1 > 0 and
−μ < 0, this implies that whatever value of λ2 , the type 2
dead equilibrium is a saddle point which is always unstable.
5.2.4. Local Stability of the Coexisting Equilibrium Point. We
would want to analyse how the system behaves around the
coexisting equilibrium point, ξc . For simplicity, we introduce
parameters f (h), f (t), f (i) where,
f (t) =

α2 − γ2 I ∗
,
β2

f (h) =

α1 δ1 α2 − γ2 I ∗
−
,
β1
β1 β2

f (i) =

s
.
μ − ρT ∗ /(ω + T ∗ ) + γ3 T ∗





(15)

We need f (h) ≥ 0, f (t) ≥ 0 and f (i) ≥ 0, for feasibility
of solutions, and therefore these parameters are nonnegative
as shown in the previous sections. Thus computing the
Jacobian matrix at this point gives

α1 − 2β1 f (h) − δ1 f (t)

−δ1 f (h)

0

0

α2 − 2β2 f (t) − γ2 f (m)

−γ2 f (t)

0

−ρω f (i)

2 − f (i)γ3

ρ f (t)
−μ +
− γ3 f (t)
ω + f (t)

f (t) + ω

(13)

We know from Section 5.1.4 that α1 β2 − α2 δ1 + δ1 γ2 I ∗ ≥
0, thus λ1 is a nonnegative eigenvalue and thus the type 1
dead equilibrium is always unstable. This is in fact the case
suggested by De Pillis and Radunskaya [13] that the dead
equilibria are always unstable in host dynamics. This implies
that once interactions among these cells drives them to the
death of normal cells, there is no recovery and no form of
intervention or parameter adjustment that will stabilise it.
That is, once normal cells’ DNA is damaged, the cell can
never recover.

5.2. Stability Analysis of Equilibria. We analyse the equilibrium points in terms of their stability by means of eigenvalues. We apply the Hartman Grobman Theorem which states
that in the neighbourhood of a hyperbolic equilibrium point,
a nonlinear dynamical system is topologically equivalent to
its linearisation.
5.2.1. Local Stability of the Tumor-Free Equilibrium Point.
We now evaluate the stability of the tumor-free equilibrium
point, that is at ξt in which the Jacobian is given by

α1 β2 − α2 δ1 + δ1 γ2 I ∗
.
β2

⎞
⎟
⎟
⎟
⎟
⎟.
⎟
⎟
⎠

(16)
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This results in one of the eigenvalues
λ1 = α1 − 2 f (h)β1 − f (t)δ1 .

(17)

Substituting for f (t) and f (h), then solve we have


λ1 = −α1 + δ1

5.2.5. Global Stability of Equilibria. To establish the global
asymptotic stability of the equilibrium points, we adopt
the method of Castilo-Chavez [42]. We rewrite system (1)
as
dX
= F(X, Z),
dt



α2 − γ2 I ∗
.
β2

(18)

However, since H ∗ exist at ξc when




δ1 α2 − γ2 I ∗
≥ 0,
β2

α1 −

(19)

this implies that λ1 is negative and thus the stability of the
system can be determined by the state of eigenvalues λ2 and
λ3 . These are obtained from the remaining 2 × 2 matrix
below:
⎛

α2 − 2β2 f (t) − γ2 f (i)

⎞

−γ2 f (t)

⎜
τ=⎜
⎝ −ρω f (i) − f (i)γ −μ +

2
3

ρ f (t)
ω + f (t)

f (t) + ω

⎟
⎟.
− γ3 f (t)⎠

(20)
For the system to be stable, we need the trace to be
negative and the determinant to be positive. The trace (τ)
can be written as
Trace (τ) = −α2 + 2γ2 I ∗ − γ2 f (i) − μ + ρ f (t)/(ω + f (t)) −
γ3 f (t).
For stability, we need trace τ < 0,
ρ f (t)
=⇒ 2γ2 I − γ3 f (t) +
− μ < α2 + γ2 f (i).
ω + f (t)
∗



2 

μ−ρ













+ 2 f (t)β2 f (t) + ω






f (t) μ − ρ







+ μω + f (t)γ3 f (t) + ω .
For Δ > 0


f (i)γ2 f (t)

2 



μ − ρ + 2 f (t)μω


+ μω2 + μω + f (t)γ3 f (t) + ω








H2: G(X, Z) = AZ − G∗ (X, Z), G(X, Z) ≥ 0 for
(X, Z) ∈ Ω where A = DZ G(X ∗ , 0) is an M-matrix
(with oﬀ diagonal elements as nonnegative) and Ω is
the region where the model makes biological sense.
In our case,
⎛

F(X, 0) = ⎝

α1 H − β1 H 2
s − μI

⎞
⎠

(25)

and A is a 1 × 1 matrix given by

G∗ (X, Z) = −β2 T ∗ .

(22)

+ μω + f (t) f (t) + ω γ3

H1: For dX/dt = F(X, 0), X ∗ is globally asymptotically stable.

(21)



+ 2 f (t)μω + μω2 − γ2 f (t) + ω f (t) μ − ρ

where G(X, 0) = 0, X ∈ 2 denotes the undamaged cell
compartments, (H(t) and I(t)) and Z ∈ 1 is comprised
of the damaged cell compartment, T(t).
The conditions below must be satisfied to guarantee
global stability.

A = DZ G(X ∗ , 0) = α2 − 2β2 T ∗ − γ2 I ∗ ,

That is, for us to have a stable system, tumor cell
dynamics should be less than that of immune cell population.
Also we need the determinant (Δ) of the 2 × 2 matrix to be
positive for the system to be stable. The determinant Δ for
the system is also given by
Δ = f (i)γ2 f (t)

(24)

dZ
= G(X, Z),
dt

(23)



> γ2 f (t) + ω f (t) μ − ρ .
We know that f (t) is a function of I ∗ and f (i) is a
function of T ∗ , therefore we generally have the growth of
immune cells being greater than that of tumor cells for us
to have a stable system.

(26)

We therefore conclude that the tumor-free equilibrium,
ξt is the only state that is globally asymptotically stable since
G∗ (X, Z) ≥ 0. All the other equilibrium states are globally
unstable since G∗ (X, Z) < 0.
Hence, the system can only be stable when the immune
system can eﬃciently compete with the cancer cells, that is,
the eﬃciency in CD8+ activation and NK cell supply from
the thymus. As shown by both equilibria, immune resistance
to tumor growth is the only factor that determines stability
of the system. The general necessary condition for stability of
our system is that the growth rate of immune cells α2 must be
greater than the immune cell resistance coeﬃcient sγ2 /μ. The
global stability of the system is only dependant on the natural
exponential death of tumor cells. That is, as the number of
tumor cells dies naturally, the system approaches a stable
state.

6. Model with Estrogen
We introduce another class of estrogen, E(t), in the form of
17-β estradiol to the dynamics of breast cancer cells. Over
and above the estrogen produced by the ovaries, there is
more estrogen introduced into the system as part of some
oral contraceptives, in hormone replacement therapy or in
estrogen replacement therapy. The assumption here is that as
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women take hormonal birth control methods they increase
a constant level of the estrogen hormonal level. We therefore
assume a constant source, π of 17-β estradiol, the primary
biologically most active estrogen which is all the estrogen in
the system at any given time.
Human breast cells, the epithelial cells, contain estrogen
receptors termed estrogen receptor-1 (ER-α) and estrogen
receptor-2 (ER-β). These are intracellular receptors, which
when activated by ligand binding, translocate to the nucleus
and act as transcription factors by binding to DNA in the
promoter regions of target genes. Both ER-α and ER-β bind
17-β estradiol in the nucleus of the cell with similar aﬃnity
(0.1–1 nM) and act as transcription factors to regulate gene
expression. This will lead to gene transactivation which may
also result from tethering of estrogen receptors to nuclear
transcription factors such as NFYB and SPI [43]. It is also
consistent to assume that the estrogen modulation of the
inflammatory response is a contributing factor in estrogenstimulated growth of breast tumor [43] which also has an
eﬀect on the host innate immune response. This can however
result in damage to DNA primary structure of the double
helix as a result of estrogen oxidation products, the 2-OH
and 4-OH catechol estrogens, and how it stimulates cell
proliferation and gene expression via the ER. Therefore,
normal cell population, H(t) will be reduced as some of
the normal cells are being converted into tumor cells by a
factor σ1 HE, where σ1 is the rate of tumor formation as a
result of DNA damage by estrogen. Damaged normal cells
will now form the class of tumor cells and therefore tumor
cell population will also increase at a rate σ2 resulting in
a growth factor of σ2 HE on tumor cell population. Here
σ2 < σ1 since some of the damaged cells can be destroyed
as a result of antitumor immunity from Natural Killer
cells.
Estrogen is oxidised to catechol estrogens by recombinant
phase 1 enzymes (CYP1A1 and CYP1B1) which also die
naturally at a rate θ represented by the death factor θE.
The molecule 17-β estradiol stimulates growth in estrogenresponsive breast cancer cells. As shown by [44] in a series
of experiments, ER-positive cells can stimulate surrounding
benign cells to proliferate through similar paracrine eﬀects
involving stromal-epithelial cell interactions. ER-positive
breast cancer cells are themselves stimulated to grow by
estrogen through autocrine eﬀects, and they are Ki67
positive [45]. We therefore introduce a growth factor α3 T
of tumor cells where α3 is the per capita growth of T(t)
cells which is greater than α2 , the growth factor from the
estrogen-free model. α3 is greater than α2 as a result of
combined natural growth rate plus growth due to autocrine
eﬀects.
The presence of estrogen has also been shown to reduce
immune cell proliferation. A process known as ovariectomy
which involves removal of one or both ovaries upregulates T
cell Tumor Necrosis Factor (TNF) production by increasing
the number of TNF producing T cells without altering the
amount of TNF produced by each T cell [46]. We therefore
assume that if estrogen deficiency increases immune cell proliferation and lifespan, then its presence will inhibit immune
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cell proliferation. We can therefore represent this by a decay
factor
σ3 IE
υ+E

(27)

on immune cells with σ3 as the rate of immune suppression
due to estrogen presence and υ is the estrogen threshold rate.
Incorporating these eﬀects of estrogen on system (1) will
result in the following system of equations:


dH
= H α1 − β1 H − δ1 T − σ1 HE,
dt


dT
= T α3 − β2 T − γ2 IT + σ2 HE,
dt

ρIT
dI
σ3 IE
= s+
− γ3 IT − μI −
,
dt
ω+T
υ+E

(28)

dE
= π − θE,
dt
where H(0) = 1, T(0) = 10, I(0) = 1.379310345, and E(0) =
2.
6.1. Equilibrium Points and Positivity of Solutions. The model
system admits three steady states which are the dead equilibrium, tumor-free equilibrium, and coexisting equilibrium
points.
6.1.1. Tumor-Free Equilibrium ψt . The tumor-free equilibrium is when only the tumor cell population has died due
to the competition with the other cells. This is given by
ψt = (H • , T • , I • , E• )

=



α1 − σ1 E•
s(E• + υ)
π
, 0,
,
,
•
β1
μ(E + υ) + σ3 E• θ

(29)

where H • , T • , I • , E• represent the tumor free equilibrium
values for the normal cells, tumor cells, immune cells, and
the estrogen hormone, respectively. We have I • > 0 and
E• > 0 since all parameters s, υ, μ,σ3 , θ, π, σ1 , α1 , and β1
are positive. I • now depends on estrogen suppression unlike
in the estrogen-free model, where it only depends on natural
dynamics.
H • will be nonnegative at ψt when (α1 − σ1 E• )/β1 ≥ 0,
=⇒ E• ≤

α1
.
σ1

(30)

This implies that estrogen cells at any given time t should
be less than the growth coeﬃcient of normal cells. We
also noted earlier on that E• is nonnegative. Therefore, the
existence of a tumor-free equilibrium in this case depends on
the estrogen levels and (30) whilst on the estrogen-free model
it depends on the natural dynamics only.
6.1.2. Dead Equilibrium ψd . An equilibrium point is referred
to as dead if the host cell population is zero. There are two
dead equilibria where the first one is as a result of breast tissue
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removal characterised with both normal cells and tumor cell
population having died oﬀ. This is feasible as the competition
has led to exclusion of both normal and tumor cells but


ψd = (H • , T • , I • , E• ) = 0,

however not of importance since it does not give us anything
to analyse the eﬀects of estrogen on the dynamics of breast
cancer. The second dead equilibrium is given by


γ2 I • − α3
π
s
,
,
,
β2
μ + δ3 E• /(ν + E• ) + γ3 T • − ρT • /(ω + T • ) θ

where (H • , T • , I • , E• ) represents the equilibrium values of
the normal cells, tumor cells, immune cells and estrogen
levels, respectively. This dead equilibrium is a situation where
the normal cells have been out competed by the tumor cells
and as a result the whole breast tissue is a tumor. It exist when
I • < α3 /γ2 and μ + δ3 E• /(ν + E• ) > (ρT • /(ω + T • ) − γ3 T • ).
Which implies the net growth of the tumor cells must be
more than the immune cell value in order to have the tumor
cells outgrowing the normal cells as the reactivation of the
immune cells due to estrogen eﬀects is greater than the
reactivation of the immune cells due to tumor eﬀect.
6.1.3. Coexisting Equilibrium-ψc . The coexisting equilibrium state exists when all cell populations would have survived the competition. This is given by ψc = (H • , T • , I • , E• )
where H • , T • , I • , and E• represent the coexisting equilibrium
values for the normal cells, tumor cells, immune cells and the
estrogen hormone, respectively, and are given by,
H• =

α1 − δ1 T • − σ1 E•
,
β1

T• =



1 
−B + B 2 − 4β1 β2 (−α1 σ2 E• + σ1 σ2 E•2 ) ,
2β1 β2

Therefore activation of immune response as a result of
tumor presence should be lower than the rate at which they
are lost due to estrogen eﬀects plus natural death.
6.2. Stability Analysis of Equilibria. Linearising the system at
diﬀerent equilibrium values gives the following.
6.2.1. Local Stability of the Tumor-Free Equilibria. We would
want to check how the system at the tumor-free equilibrium
point will now behave in terms of stability given the incorporated eﬀects of estrogen. The system has four eigenvalues
(λi ) which will determine the stability of the system, with the
first two eigenvalues both negative and given as
λ1 = −θ,



•

where B = −α3 β1 +β1 γ2 I +δ1 σ2 E . Since π and θ are positive
parameters, we have E• ≥ 0. We also need α1 ≥ δ1 T • + σ1 E•
for H • to be feasible at this equilibrium state. That is, the
rate of normal cell growth must be greater than the rate at
which they are lost as a result of interactions with tumor and
presence of more estrogen. The value of T • > 0 at the ψc
when
E• (σ1 σ2 E• − α1 σ2 ) ≥ 0.

(33)

Therefore we have either E• = 0 resulting in estrogenfree model or E• ≥ α1 /σ1 which implies that the estrogen
levels must be greater than the net growth rate of normal cells
for cells to coexist an opposite case with the tumor-free state
equation (30).
I • exists at ψc when
ρT •
σ3 E •
>
− γ3 T • .
υ + E• ω + T •

(34)

(35)



+ α1 α3 − 2g(h)α3 β1 − α1 α2 g(i)
π
θ
π
π
+ g(i)γ2 σ1 + g(h)δ1 σ2 = 0,
θ
θ

+ 2g(i)g(h)β1 γ2 − α3 σ1

(32)

μ+

μ(π + θυ) + σ 3 π
.
π + θυ

λ2 − λ α3 + 3σ1 E• + γ2 g(i) − α1

π
,
θ
•

λ2 = −

The remaining eigenvalues are given by the characteristic
equation:

s
I• =
,
μ − ρT • /(ω + T • ) + γ3 T • + σ3 E• /(υ + E• )
E• =

(31)

(36)

where
g(h) =

α1 − σ1 E•
,
β1

s(E• + υ)
.
g(i) =
μ(E• + υ) + σ3 E•

(37)

Since (α3 − α1 + 3σ1 E• + γ2 g(i)) is positive due to the
fact that the rate of tumor growth is greater than that of
normal cells, that is, α2 > α1 , this implies −(α3 − α1 + 3σ1 E• +
γ2 g(i)) is negative and by Routh Hurwitz criterion the system
cannot be stable. Thus the tumor-free equilibrium point is
always unstable implying the existence of estrogen has caused
instability in the tumor free state.
6.2.2. Local Stability of the Coexisting Equilibrium Point. We
linearise the system of diﬀerential equations (28) at ψc =
(H • , T • , I • , E• ) = (p(h), p(t), p(i), π/θ), where from the
previous section, p(h), p(t) and p(i) are nonnegative and
real parameters. This results in the following eigenvalues
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Table 1: Model parameters and their interpretations.
Parameter
Per capita growth rate of normal cells

Symbol
α1

Value
0.70

Units
(day)−1

Reference
est

Per capita growth rate of tumor cells
Natural death rate of normal cells

α2
β1

0.98
0.30

(day)−1
(day)−1

[11]
est

Natural death rate of tumor cells
Normal cell death rate due to competition
Tumor death rate due to immune response
Source rate of immune cells
Immune response rate
Immune threshold rate
Natural death rate of immune cells

β2
δ1
γ2
s
ρ
ω
μ

0.40
1.0
0.9
0.4
0.2
0.3
0.29

(day)−1
(day)−1
(day)−1
(day)−1
(day)−1
(day)−1
(day)−1

[12]
[12]
[12]
[13]
[13]
[13]
[12]

with λ1 = −θ which is negative. The other eigenvalues are
obtained from the following characteristic equation:
λ3 + λ2 α1 + α3 − 2p(h)β1 − 2p(t)β2 − p(i)γ2
− p(t)δ1 − 2p(t) β2 δ1 − σ1 E• −
2

s
+ · · · = 0.
I•
(38)

By Routh-Hurwitz criteria the system is stable only if
α1 + α3 > 2p(h)β1 + 2p(t)β2 + p(i)γ2
(39)
s
•
I
It is ideal when we have the growth of the tumor and
normal cells being greater than their depreciation if they
have to survive competition and coexist regardless of the
interactions. Otherwise if the rate of growth of these normal
and tumor cells is lower than the rate at which they die
due to either interaction or naturally, this will lead to
competitive exclusion and hence the dead equilibria. We
therefore conclude that it is ideal to have
+ p(t)δ1 + 2p(t)2 β2 δ1 + σ1 E• +

s
,
I•

(40)

which implies a negative coeﬃcient for λ2 ; hence the system
is unstable if cells coexist.
6.2.3. Global Stability of Equilibria. Global stability of
the equilibrium points here is done using Castilo-Chavez
method [42]. We rewrite system (1) as
dX
= F(X, Z),
dt
dZ
= G(X, Z),
dt

where A = DZ G(X • , 0) is an M-matrix (with oﬀ diagonal
elements as nonnegative) and Ω is the region where the
model makes biological sense. In our case,
⎛
⎜
⎜
F(X, 0) = ⎜
⎝

⎞

α1 H − β1 H 2 − σ1 HE
⎟
⎟
σ IE
⎟,
s − μI − 3
υ+E ⎠
π − θE

(42)

and A is a 1 × 1 matrix given A = DZ G(X • , 0) = α2 − 2β2 T • −
γ2 I • and G• (X, Z) = −(β2 T • + σ2 H • E• ).
The conditions H1 and H2 have not been satisfied.
We therefore conclude that the tumor-free equilibrium, ψt
is globally unstable since G• (X, Z) < 0. The coexisting
equilibrium point ψc likewise is globally unstable since
G• (X, Z) < 0 for all nonnegative values of coexisting
equilibrium points. The global stability of the system now
depends for the presence of estrogen levels

7. Numerical Simulations

α1 + α3 < 2p(h)β1 + 2p(t)β2 + p(i)γ2
+ p(t)δ1 + 2p(t)2 β2 δ1 + σ1 E• +

H1: For dX/dt = F(X, 0), X • is globally stable.
H2: G(X, Z) = AZ − G• (X, Z), G(X, Z) ≥ 0 for (X,
Z) ∈ Ω.

(41)

where G(X, 0) = 0, X ∈ 3 denotes the undamaged cell
compartments (H(t), I(t) and E(t)), and Z ∈ 1 is
comprised of the damaged cell compartment; T(t).
The conditions below must be satisfied to guarantee
global stability.

Matlab 6.5 version was used for all our simulations for both
models using ODE45 solver. Simulations on this model give
us a portrait of the general behaviour of breast cancer cells
in the presence of normal cells and immune cells. We are
also concerned on the parameters which are of importance
in stabilising the model and the ranges in which the system is
stable and unstable. Initial values of variables are H(0) = 1,
T(0) = 10−5 , and I(0) = s/μ = 1.379310345 adopted from
[13]. All parameter values used for the numerical simulations
are as shown in Table 1. The numerical solutions generally
show that in the presence of excess estrogen, tumor cells
grow as shown by Figure 1(a) while immune cells and normal
cells decrease with normal cells being the most aﬀected
(Figure 1(b)).

8. Conclusions
The general dynamics of breast cancer have been presented
in form of a system of diﬀerential equations. Conditions of
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Figure 1: (a) Showing the general result tumor progression with excess estrogen. (b) Showing the general normal, immune, and estrogen
levels in the presence of excess estrogen.

2.5
Tumor cell population

Normal cell population

Variations in estrogen source rate, pi
Variations in source rate of estrogen, pi

2.5
2
1.5
1
0.5
0
0

1

2

3

4

5

6

7

8

9

10

2
1.5
1
0.5
0
0

2

4

6

8

Time (days)

12

14

16

18

20

Time (days)

pi = 0.6
pi = 0.9

pi = 0
pi = 0.3

10

pi = 0.3
pi = 0

pi = 0.9
pi = 0.6

(a)

(b)

Figure 2: (a), (b) are graphs of numerical solutions showing the propagation of normal cells and tumor cells, respectively, with estrogen
variations.
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Figure 3: (a) The propagation of immune cells with estrogen variations. (b) The coexistence state of normal, tumor, and immune cells in
the presence of excess estrogen.
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stability of the tumor-free equilibria were established. The
system is only stable if and only if the immune resistance
is greater than tumor growth rate. That is, the chance
of an individual developing breast cancer depends on the
ability of the immunity to combat tumor cells. We have also
deduced that the presence of excess estrogen in the system
makes it unstable. This implies that additional estrogen
quantity introduced increases rate of tumor development
hence the development of breast cancer. This is supported by
Figure 2(a) which shows that the normal cells grow normally
without excess estrogen levels (pi = 0). However, their growth
is aﬀected negatively in the presence of excess estrogen as they
decrease with increase in estrogen amounts. The excess estrogen is however, a favorable condition to the tumor growth.
When pi = 0 tumor cells can be controlled to minimum levels
by the immune system but rises to uncontrollable levels as the
estrogen amount increases bringing the instability as shown
by Figure 2(b). This is so because excess estrogen increases
the rate of tumor formation and also suppresses immune
growth. Figure 3(a) shows that immune levels are reduced
with increase in estrogen levels hence weakening the immune
system. Therefore the immune system will not be able to
compete eﬀectively with the cancer cells and thus will fail
to control the disease. The estrogen-free model is always
stable in the absence of any tumor but as we introduced
estrogen, the system became unstable as shown on the global
stability. Thus, the presence of excess estrogen will lead
into a situation in which the disease is uncontrollable. No
form of control measure or intervention can stabilise the
system since it is always unstable in the presence of excess
estrogen. Therefore, abnormal estrogen levels increase the
chances of an individual developing breast cancer. This can
also implies that the use of estrogen hormone as a birth
control method has a negative impact since it can cause
breast cancer. The global stability of the model system (28)
shows that as estrogen levels approach zero, the tumor-free
equilibrium becomes stable. This brings us to another aspect
that increasing estrogen levels will increase the chance of an
individual developing breast cancer.
Numerical simulations have also shown that tumor
population increases as estrogen source rate increases in
excess estrogen (Figure 2(b)). That is, as estrogen levels
increase, the risk of developing breast cancer also increases.
Normal and immune cells also decreased with an increase in
estrogen levels. This implies that in the long run, the whole
breast tissue will be infested with tumor cells in the presence
of excess estrogen. We have also found out that any estrogen
amount above normal has a negative impact on the dynamics
of normal and immune cells. We therefore conclude that
taking extra estrogen levels either as hormonal birth control
or beauty enhancing practices will increase risk of breast
cancer development.

9. Discussion
The results clearly show a negative relationship of estrogen
amounts and tumor cell development. The development
of tumor cells depends on the ability of the normal cells
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(immune system) to combat tumor cells in the absence
of excess estrogen and on estrogen levels plus immune
compatibility in case of excess estrogen levels. However, it
must be noted that it may also depend on genetics of an
individual like the ability of DNA to resist change in structure
and amount of estrogen released during natural biological
processes like menopause and premenopause stages. Exposure periods to radioactive material, for example, are other
external factors which have not also been incorporated in the
model which might result in a diﬀerence of the results.
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The radiation-induced bystander eﬀect (RIBE) has been experimentally observed for diﬀerent types of radiation, cell types, and
cell culture conditions. However, the behavior of signal transmission between unirradiated and irradiated cells is not well known.
In this study, we have developed a new model for RIBE based on the diﬀusion of soluble factors in cell cultures using a Monte Carlo
technique. The model involves the signal emission probability from bystander cells following Poisson statistics. Simulations with
this model show that the spatial configuration of the bystander cells agrees well with that of corresponding experiments, where
the optimal emission probability is estimated through a large number of simulation runs. It was suggested that the most likely
probability falls within 0.63–0.92 for mean number of the emission signals ranging from 1.0 to 2.5.

1. Introduction
The radiation-induced bystander eﬀect (RIBE) was initially
reported by Nagasawa and Little [1]. Since then, this
phenomenon has been observed for diﬀerent radiation types
such as α particles, photons, and carbon beams [2–5], and
new experimental techniques have been applied to investigate the eﬀect and associated processes [6]. Particularly, the
microbeam technique has demonstrated RIBE clearly and
precisely in experiments [7–10]. Some of the experiments
indicate that the bystander eﬀect is independent of dose,
number of irradiated cells, and the linear energy transfer
(LET) of the radiation [11, 12].
Currently, it is presumed that the signal transmission
from irradiated cells to unirradiated cells is realized via
several molecules secreted by the irradiated cells, such
as interleukins, growth factors, and nitric oxide [13–15].
Facoetti et al. [16] have measured Interleukin-8 (IL-8) and
Interleukin-6 (IL-6), as candidates of the bystander signals,
and evaluated the influence of experimental conditions (e.g.,
cell density and medium volume) on the presence and release
of these molecules in the medium. On another front, the

mechanism of RIBE focusing on the intercellular signal
transmission has been investigated by simulation studies
considering the geometry of in vitro experiments. Brenner
et al. have proposed a mathematical model for RIBE, the
Bystander and Direct (BaD) model, based on a binary
phenomenon in a small sensitive subpopulation of cells and
suggested that the bystander eﬀect is important only at small
doses [17]. Khvostunov and Nikjoo [18] have developed a
biophysical model taking account of the bystander signal
molecules with a certain probability of emission from the
irradiated cells (bystander diﬀusion modeling: BSDM), and
some researchers have simulated the RIBE in diﬀerent ways
such as a fully Monte Carlo procedure [19–24]. However,
the underlying mechanisms of the molecules have not been
clearly shown. The information on the number of original
signals and the emitting probabilities of the signals from
bystander cells is scarce, while the model itself still remains
to be validated through a variety of means to examine this
eﬀect.
In this study, we present a simulation model of RIBE
focusing on the signal number, in which the behavior of the
bystander signal molecules is analyzed with a Monte Carlo
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technique. The model involves the signal emission probability from the bystander cells following Poisson statistics.

2. Methods and Modeling
The current investigations are based on experiments
and computer simulations to make clear the biological
characteristics and reactive properties of RIBE. Recently,
Xia et al. simulated RIBE with a Monte Carlo technique
aimed at studying how bystander cells react at diﬀerent
distances from the irradiated cell [22]. However, the parameters were arbitrary in their model, making it diﬃcult to
determine them uniquely.
2.1. Modeling of RIBE with Signal-Emission Probability
following Poisson Statistics. Our simulation algorithm is
constructed for demonstrating the clonogenic assays of
V79 cells which were randomly seeded as described in
Schettino et al. [25]. In Schettino’s experiment, individual
V79 cells were exposed to a focused carbon K-shell X-ray
microbeam (278 eV) in the 0–2 Gy range. The V79 cells
were randomly allocated in a circle with radius 3 mm in
the dish corresponding to the experimental condition. The
assumptions underlying this simulation are described as
follows.
(1) At the beginning, the original bystander signals are
generated by the irradiated cell and diﬀuse in cell
culture medium through Brownian motion with a
mean square displacement (r) of




r 2 (t) = 4Dt.

(1)

Here, D is the diﬀusion coeﬃcient (constant) of the
molecule considered as the bystander signal, and t is
the time. In order to estimate the spread pattern of
the bystander signals in the culture medium, the twodimensional (2D) motion of the signal molecules is
considered as in (1). The simulation is performed
on the assumption that the signaling molecules are
cytokines, such as IL-8 or IL-6, which have a mass
of about 10 kDa. Thus, the diﬀusion coeﬃcient of
cytokine in the cell culture medium can be estimated
to be around 108 nm2 s–1 [26], while the unit time step
Δt is set to be 1 s.
(2) When a signal comes in the sphere of 5 μm radius
about the center of an unirradiated cell, the unirradiated cell is transformed into a so-called “bystander
cell” with a probability Pdam .
(3) The bystander signal is annihilated in the above
reaction, and the transformed bystander cell reemits
a certain number (k) of bystander signals with a
probability Pre . In the present model, we assume this
probability to follow the Poisson distribution. The
probability Pre is given by
Pre (k) =

μk –μ
e .
k!

(2)

Here, μ is the mean value of the signal number. Then,
the total reemission probability, PreT , is deduced by
the summation of Pre (k) over k = 1 to infinity (the
case k = 0 is excluded because this brings about no
emission).
(4) All signals have a certain life time (60 hr) and
disappear at that time.
The basic idea in this model is that the signal transmission between cells is made by mobile entities such as
molecules (but the identity of them remains to be seen).
The simulation is performed with a Monte Carlo technique,
where 259200 steps are tracked for demonstrating 3 days in
real experimental time. This procedure is repeated to achieve
statistically satisfactory iterations for a variety of initial
random seeds. The program code is written in FORTRAN90,
and the Mersenne Twister is used as the random number
generator. The cell damage probability Pdam = 0.01 is chosen
in consideration of the fact that cytokine-specific receptors
cover 1% of the cell surface [27]. Although Xia et al.
presumed the life time of all signals to be 36 hours [22],
we assumed the life time to be 60 hours since Mothersill
and Seymour showed that bystander signals are still active
at 60 hours after irradiation [6]. Furthermore, the number
of original signals generated at the irradiated cell was set to
be 10, 15, 20, 25, or 30. For each original signal number, the
mean value of the reemitting signal number, μ, was varied
from 0.5 to 5.0 for estimating the optimal number of the
reemission signals.

3. Results and Discussion
Investigations using the microbeam technique have pointed
out that the RIBE occurs independently of the distance from
the irradiated cell, the absorbed dose, and the linear energy
transfer (LET) of the ionizing radiation in their experimental
conditions [11, 12]. According to Schettino et al., the fraction
of damaged cells per annulus is statistically constant over
the distance from the irradiated cell for the doses of 0.2
and 2 Gy. The results in the present model were compared
with those for the actual fraction of bystander cells as a
function of distance from the irradiated cell reported by
Schettino et al. In recent studies by Ballarini et al. [20] and
Xia et al. [22], normal cells were arrayed at a regular interval
between cells in a grid configuration. In such a condition, the
distances from the irradiated cell are distributed in a cyclic
manner, yielding the signal transmission distance with a
periodic pattern. This may lead to incorrect demonstrations
for the experimental condition. After the bystander signal
tracking in the simulation, the damaged bystander cells were
counted, and their X-Y positions were recorded. Figure 1
shows an example of cell distribution in the cell culture
under a microbeam irradiation to the center cell represented
as a star. The number of original signals is 15, while the
mean number of reemission signals (μ) is 2.0. All living cell
positions were acquired from the experiment by Schettino
et al. Open and filled circles correspond to the healthy cells
and the damaged bystander cells, respectively. One-hundred
three cells in the experiment were entirely allocated on the
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dish in the simulation model. The dashed lines mark the
virtual circular regions in 3 mm radius about the center of
the irradiated cell.
Each region delimited by adjacent dashed lines is defined
as an “annulus.” The width of each annulus is set at 0.5 mm.
Here, the number of original signals was set to be 25, and
the mean number of reemission signals was 1.5. As shown in
Figure 1, the damaged bystander cells are sparsely distributed
in the cell culture medium, which is consistent with the
results reported in previous studies [7, 12, 27].
Figures 2(a) and 2(b) compare the proportion of
bystander cells in each annulus in the experimental [25]
and simulation results under 0.2 and 2 Gy X-ray irradiation.
The simulation results for both cases were obtained with
the number of original signals 15 and the mean number of
reemission signals 2.0. The agreement between the simulation and experimental results is fairly good, except for the
ratio in the fourth annulus from the center in the 2 Gy case.
Many simulation trials, within the fluctuation of reemission
probability used here, tell us that the ratio of bystander cells
does not always decrease monotonically as the distance from
the center increases. The uniform spatial distribution of the
bystander cells appears presumably as a consequence of the
signal transmission process with a reemission probability. As
a test of coincidence for the ratios between the experiment
and simulation, the root mean square diﬀerence (RMSD)
was examined for every mean reemission signal number (μ).
The formula of RMSD is given by.

RMSD (%) =


 N 

 i=1 rexp (i)−r sim (i)

N

2

.

(3)

40
Bystander cells (%)

Figure 1: An example of the spatial distribution of cells in the
simulation. The star is the position of the irradiated cell. Open
circles represent the cells that remained to form healthy colonies,
while filled circles are cells damaged by bystander responses. Dashed
lines are for illustrative purposes only. Here, the number of original
signals is 25, while the mean number of reemission signals is 1.5.
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Figure 2: Ratio of the bystander cells as a function of distance from
the irradiated cell. Gray column represents Experiment [25], white
column represents simulation results: (a) for 0.2 Gy, single-cell
irradiation, (b) for 2 Gy, single-cell irradiation. Here, the number
of original signals is 15, and the mean number of reemission signals
is 2.0.

Here, rexp and rsim are the average rates of bystander cells per
total cells in each annulus (%) obtained by the experiment
and simulation, and i represents an annulus number (up to
N = 6 in this study). The RMSD versus mean number of
reemission signals is shown in Figures 3(a) and 3(b). Each
graph illustrates the cases for original signal number of 10,
15, 20, 25, and 30. It should be noted that the RMSD has a
minimum in the mean number of reemitted signals ranging
from 1.0 to 2.5 in all cases. The result also suggests that
the mean number at the minimum of RMSD is inclined to
decrease with increasing original signal number.
A salient feature of the present model is that the
signals from bystander cells are treated with the reemission
probabilities following Poisson statistics. It should be natural
that the phenomenon of signal emission is stochastic, and
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4. Conclusions
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(2) The simulation was able to reproduce the bystander
cell spatial distribution featuring a uniform distribution in accord with the experiment.
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(3) The reemission signal number was deduced by
comparing with the experimental result, where the
root mean square diﬀerence (RMSD) between the
simulation and experiment was found to have a
minimum as a function of the mean reemission signal
number.
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Figure 3: The RMSD between simulation and experimental results
plotted against the mean number of reemission signals with best-fit
curves. Each graph illustrates five cases for original signal number
10, 15, 20, 25, and 30: (a) for 0.2 Gy, (b) for 2 Gy.

thus, the number of released signals from bystander cells
obeys Poisson statistics. The advantage of using the Poisson
distribution is that the number of parameters for the
simulation can be reduced because the distribution is defined
by only one parameter (μ). Our simulation results show a fair
agreement with the experiment in corresponding conditions,
where the optimal probability is deduced through a large
number of the simulation runs. As a result, we find that
the most probable reemission probability (PreT ) fall within
0.63–0.92 for the mean number of signals ranging from 1.0
to 2.5. This procedure to obtain the minimum of RMSD
enables us to determine the signal reemission probability
without arbitrary adjustments. A natural extension of the
simulation would be to compute the time lapse of the signal
transmission.
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“Biological optimization” (BIOP) means planning treatments using (radio)biological criteria and models, that is, tumour
control probability and normal-tissue complication probability. Four diﬀerent levels of BIOP are identified: Level I is “isotoxic”
individualization of prescription dose Dpresc at fixed fraction number. Dpresc is varied to keep the NTCP of the organ at risk constant.
Significant improvements in local control are expected for non-small-cell lung tumours. Level II involves the determination of
an individualized isotoxic combination of Dpresc and fractionation scheme. This approach is appropriate for “parallel” OARs
(lung, parotids). Examples are given using our BioSuite software. Hypofractionated SABR for early-stage NSCLC is eﬀectively
Level-II BIOP. Level-III BIOP uses radiobiological functions as part of the inverse planning of IMRT, for example, maximizing
TCP whilst not exceeding a given NTCP. This results in non-uniform target doses. The NTCP model parameters (reflecting tissue
“architecture”) drive the optimizer to emphasize diﬀerent regions of the DVH, for example, penalising high doses for quasi-serial
OARs such as rectum. Level-IV BIOP adds functional imaging information, for example, hypoxia or clonogen location, to Level
III; examples are given of our prostate “dose painting” protocol, BioProp. The limitations of and uncertainties inherent in the
radiobiological models are emphasized.

1. Introduction
1.1. Advances in Radiotherapy Technology and Practice from
the 1960s to the Present. The practice of external-beam
radiation therapy is heavily influenced by the technology
available in any one era. In the 1960s linear accelerators began to replace Cobalt machines [1]. Thus higher
(bremsstrahlung) photon energies with improved tissue
penetration became available. The next major advance
was computerized treatment planning systems (TPSs) and
shortly thereafter computer tomography (CT) provided 3D images of the patient anatomy which were imported into
the TPS [2]. Through advances in dose computation “algorithms” for megavoltage photon beams, the first planning
systems worthy of the adjective “3-D” were developed and
began to be available commercially [3]. These early 3-D
TPSs made vastly improved targeting of the tumour volume
possible but also revealed just how much normal tissue was
irradiated using the crude collimation techniques of the time.
Beam’s eye view (BEV) computer graphics then led to much
improved beam shaping, firstly through custom casting of

shielding blocks (which became standard practice in N.
America in the 1980s) and subsequently via the computercontrolled multileaf collimator [4]. Already at this stage the
improved sparing of normal tissues encouraged eﬀorts at
“dose escalation” [5]. However, the really major advance was
intensity modulation (IMRT) with its associated “inverse
planning” which took normal-tissue sparing or “sculpting”
to a whole new level [6–8]. One could now ask the TPS
to create a treatment plan which significantly reduced the
volume of high dose to even “concave” organs at risk (OAR)
situated tightly adjacent to the target volume (in practice
the PTV), for example, rectum to the prostate gland. More
generally, a vastly increased number of degrees of freedom
in the inverse planning process were now available. And
the onward march of technology shows no signs of abating.
Tomotherapy Hi-Art (Accuray) and more recently RapidArc
(VARIAN) and VMAT (Elekta) have provided practical
solutions for converting multifield IMRT into continuously
rotating intensity modulation, originally known as IMAT [9],
making IMRT easier and faster to deliver. In parallel with
these advances in beam delivery and treatment planning,
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on-couch patient imaging was being steadily developed, from
the early EPIDS [10] through to kV cone-beam CT [11]
which is driving “image guidance” or IGRT. In addition
to all this increasing sophistication of megavoltage-photon
techniques, gantry-based, high-energy, scanned-beam proton therapy is now becoming available in the more aﬄuent
parts of the world, principally the USA, Japan, and Europe,
thereby achieving even higher degrees of “conformality” and
hence greater normal tissue sparing than is possible with any
photon-beam technique [12–15].
1.2. How Tumour Dose Is Prescribed. The advances in technology described above have been translated into increases
in dose to the tumour, but this has largely been by a “onesize-fits-all” strategy, that is, escalate the (prescription) dose
Dpresc to the same value for every patient (e.g., due to the
adoption of IMRT, protons, etc.) or change the number of
fractions in the same way for each patient (e.g., prostate or
breast hypofractionation due to low tumour α/β).
Despite the vastly increased normal-tissue-sparing and
tumour-targeting ability at our disposal, the way in which
the dose to the tumour is “prescribed” has hardly changed
at all. With very few exceptions, strict protocols are followed.
These specify for a given tumour type the precise radiation
dose that shall be delivered, within tightly defined uniformity
limits (e.g., the PTV shall be encompassed by the 95%
isodose), in a fixed number of fractions (delivered daily
between Monday and Friday). This rigid predetermination
of the very quantities, the total and fractional doses to the
tumour, Dpresc and dpresc , that determine the probability of
local control, removes the single most important weapon for
improving treatment outcome—increasing the tumour dose
and/or fraction size.
The above dose-escalation strategy has resulted in
some modest gains in local control rates, particularly for
intermediate- and late-stage prostate tumours [16] for no
increase or even decreases in (principally rectal) complication rates. But as will be demonstrated in what follows, a
rigid predefined dose prescription will lead to underdosage
in some patients and to adverse eﬀects from overdosage in
others [17]. With reference to the diﬀerent levels of biological
optimization described in what follows, we label the above
approach “level-zero optimization.”

2. Materials and Methods
2.1. Radiobiological Models for TCP and NTCP. Models
for estimating the probability of tumour (local) control
(TCP) and of normal-tissue complication (NTCP) were first
proposed in the second half of the 1980s and the first half
of the 1990s (see [18] for a useful summary of the various
models and associated references). In the intervening period
of 20 years or so the active use of these models has largely
been confined to evaluating treatment plans, despite a very
considerable literature on the analysis of clinical outcome
data for determining “best fit” parameter values, recently
summarized by the QUANTEC project on normal tissue
complications [19]. By definition these best-fit parameters
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make the models reproduce the clinical data points they were
fitted to, but the associated confidence intervals are usually
fairly wide. The source of this sometimes large uncertainty
may reside in the functional form of the model but also in the
nature of the data and the way they are reported. However,
it should be borne in mind that uncertainty is intrinsic to
radiotherapy treatments; for example, meeting normal tissue
dose criteria is not a guarantee against the occurrence of
a complication. To some extent, biological models are also
subject to this uncertainty. All the radiobiological evaluations
given in this paper should be understood as estimates based
on the best-fit parameters available today.
It is emphasized that the current TCP, NTCP models are
hybrid in nature; they apply to the individual patient’s dose
distribution, expressed in terms of dose-volume histograms
(DVHs), but to the population-averaged patient biology.
Because in general we do not know the radiosensitivity
of the tumour clonogens of the patient in question [20],
the “Marsden” TCP model [21, 22] uses a mean α and
an assumed standard deviation σα over the population;
how these parameters are obtained for a given tumour
type is briefly described in the next section. The currently
used NTCP models also involve population-averaged biology
though this is generally implicit rather than explicit in their
mathematical form.
Certain radiobiological models are wholly or partly
mechanistic (e.g., Marsden TCP, Relative Seriality [18])
while others are purely phenomenological (Lyman [23] and
Kutcher et al. [24]). In all cases, some assumptions are
explicitly or implicitly made so as to render the problem
of predicting the outcome of radiotherapy mathematically
manageable. For example, the LKB model considers all
volume elements of a particular organ to have the same
importance for the function of this organ. Furthermore
the 3-D dose distribution in the organ/tissue is represented
by a dose-volume histogram, which is inherently 2-D and
does not include any spatial information. The Marsden TCP
model assumes firstly that a tumour is only “controlled” (i.e.,
eliminated) when every single clonogen has been “killed”
(i.e., rendered incapable of further division), and further,
at least as applied in the examples given here, that all
the clonogens have the same radiosensitivity and that this
remains constant from fraction to fraction. It is important
to keep in mind these assumptions.
In the present paper our focus is firmly on using
NTCP and TCP models to change or optimize the way
that (external-beam) treatment planning is done. The power
of this approach is illustrated by Figure 1. However, in
cases where metrics such as EUD for tumours [25, 26],
gEUD for normal tissues [27], and mean lung dose (MLD)
[28] are closely correlated with either TCP or NTCP then
optimization based on these surrogate quantities can also be
classed as radiobiological optimization.
2.2. The Diﬀerent “Levels” of Radiobiological Optimization.
Radiobiological models can be used to optimize treatment
plans in a variety of ways. We have found it convenient
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Figure 1: Illustration of the potential of TCP/NTCP-based optimization; the two arrows on the “Tumour Dose” axis indicate two diﬀerent
“isotoxic” prescription doses, Dpr , associated with the full and dashed NTCP curves which correspond to “large volume” and “small volume”
dose coverage of the OAR. The improvement in TCP, from ≈45% to ≈90%, that would result from such a change in dose to the tumour, is
also shown.

to define five diﬀerent “levels,” in approximate order of
increasing sophistication:
Level I. Individualisation of Dpresc on an isotoxic (i.e., isoNTCP) basis.
Level II. Individualisation of not only Dpresc but also the
number of fractions on an isotoxic basis.
Level III. The use of radiobiological functions (EUD and/or
NTCP and TCP) in the inverse planning algorithm.
Level IV. Additionally, patient-specific information from
functional imaging is added to radiobiological inverse planning dose-painting.
Level V. Individual patient biology, for example from
genomics, is added to any of the above.
Levels I to IV will be discussed in turn and illustrated by
examples generated using software created at our centre.

3. Results and Discussion
3.1. Isotoxic Prescription Dose Customization: Level I. Shortly
after the appearance of the first NTCP models [23, 24, 29]
it was suggested that these models could be used to choose
an optimum dose to the tumour [30, 31]; this was followed
by more detailed studies such as [32]. However, it is only
relatively recently that “isotoxic” clinical protocols have been
put into practice [33].
The basic idea is illustrated in Figures 2 and 3. The
standard Clatterbridge protocol for the radical radiotherapeutic treatment of non-small-cell lung tumours was, until
around 2009, to treat to a total dose of 55 Gy in 20 fractions
over 4 weeks [34]. A relatively straightforward 3-beam 6 MV
technique was employed. Figure 2 shows the NTCP values

(grade 2 radiation pneumonitis) for a series of 24 patients
treated around 2005-6; the NTCPs were computed from
the DVHs of the paired lung minus the GTV using the
Lyman-Kutcher-Burman (LKB) NTCP model [23, 24] with
parameters from [35]; naturally correction was made for the
varying fraction sizes in the DVHs, using α/β = 3 [18]. The
wide spread in these values is immediately evident, from as
low as ≈2% to as high as ≈22%, corresponding to the large
diﬀerences in normal lung coverage by the beams, caused by
patient-to-patient diﬀerences in tumour size and location. In
no sense could it be said that all these patients were “treated
to tolerance.” Local control rates were estimated to be in the
region of 35% [36].
For the same cohort, the prescription doses were recomputed so that the NTCP for each case was 10%. For a small
number of the treatment plans, Dpresc was reduced below
its “isotoxic” value due to the oesophageal constraint (set
at Dmax = 63 Gy for 20 fractions). An additional constraint
we imposed was not to allow the TCP to exceed 99.0%;
this restricted the highest value of Dpresc to around 85 Gy.
In all cases the number of fractions remained at 20. The
“spectrum” of prescription doses is shown in Figure 3(a). In
only two cases did this remain at ≈55 Gy. Figure 3(b) shows
the TCP values “before” (pale blue) and “after” (maroon)
dose customization, estimated using the “Marsden” TCP
model [21, 22] with parameters from [37] (see below). The
spread in TCP at the constant Dpresc of 55 Gy is due to the
variation in GTVs, which is translated into initial clonogen
number N0 via the clonogen density ρclon . The TCPs for the
“isotoxic” prescription doses range from ≈5% to ≈100% (to
be precise, 99%). The really important number is the average
TCP which has increased from ≈44% to ≈60%. This has
been achieved for absolutely no increase in the average NTCP,
which is ≈10% in both cases. In clinical practice the resulting
increase in the average local control rate may be even greater,
as the reduction in Dpresc for a number of patients in this
modelling exercise would probably not be applied clinically.
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Figure 2: The distribution of NTCP values (grade 2 pneumonitis) estimated for a series of Clatterbridge NSCLC patients all with a Dpresc of
55 Gy in 20 fractions; LKB model used with parameters α/β = 3; TD50 = 24.5 Gy; m = 0.37, n = 1 [35]. The extremely wide variation in
NTCP is simply a reflection of the wide variation in tumour sizes, tumour position, and hence volume of lung in the radiation fields. Note
that the average NTCP was 9.5% [36] (adapted from [38]).
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The parameters used in the TCP estimation were N0 =
107 clons cm−3 ; α = 0.307 Gy−1 , σα = 0.037 Gy−1 , α/β =
10 Gy; Tdbl = 3.7 days; Tdelay = 20.9 days. These were derived
by fitting the predictions of the TCP model to published
clinical outcomes [37] for a wide range of fraction sizes, total
doses, and overall treatment times [36, 39, 40]; the fit was
excellent.

3.2. Treatment Protocols Based on Level-I Optimization. In
the UK two current phase I/II trials for radical radiotherapy of NSC lung tumours have been developed based
on “isotoxic” dose individualization. The IDEAL-CRT trial
[34, 43] involves 30 daily fractions over 6 weeks, with
the prescription dose Dpresc adjusted until NTDmean (mean
normalized total dose) for the non-involved lung is equal to
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Figure 4: The variation of NTCP for radiation pneumonitis and oesophagitis, respectively, as a function of the number of fractions for a NSC
lung radiotherapy case planned using tomotherapy (IMRT) and 3-D conformal techniques. The total dose is adjusted for tumour isoeﬀect
using α/β = 10. The increase in oesophageal NTCP is consistent with the conventional application of the Withers formula [41], but the near
constancy of lung NTCP is definitely not. Note also that the NTCP values are consistently lower for the more conformal tomotherapy plan
(from [42]).

18.2 Gy; this corresponds to a 20% rate of grade 2, or greater,
pneumonitis. Dpresc is then reduced by 10% to compensate
for the possible eﬀect of the concurrent chemotherapy.
additionally, Dpresc is restricted to a window of 63–73 Gy.
The I-START (ISoToxic Accelerated RadioTherapy) protocol [44] is a 20-fraction, 4-week treatment, radiation alone,
and stages II to IIIb NSCLC patients are eligible. Dpresc is
chosen such that NTDmean = 17.0 Gy and is restricted to the
range 58–65 Gy, unless further limited due to cardiac, spinal
cord or oesophageal constraints. This can be compared to the
standard Clattebridge protocol of 55 Gy in 20 fractions for
this patient group. It should be noted that both protocols are
for fixed numbers of fractions; consequently increasing Dpresc
means that the dose per fraction is also increased.
Van Baardwijk et al. [33] described an individualized
dose prescription study of 166 Stage-III NSCLC patients.
Patients were treated to the maximally tolerable dose (MTD)
by increasing the number of fractions (of 1.8 Gy twice daily)
until normal-tissue constraints for the noninvolved lung and
spinal cord were met. They reported favourable 1- and 2-year
overall survival with acceptable toxicity.
One of the clear advantages of this type of optimization
is that improvements in the degree of conformality of treatment plans for any given tumour type, due, for example, to
moving from 3-D conformal to intensity modulation, from
fixed, few-field IMRT to rotational IMRT (Tomotherapy,
RapidArc, VMAT, etc.), or even from megavoltage photons
to protons, are automatically translated into increases in the
target dose, and therefore into probable improvements in
clinical outcome.
3.3. Level-II Optimization: Customization of the Prescription
Dose and Fraction Number under “Isotoxicity”. Fractionation
is possibly the most “radiobiological” of all the variables in
external-beam radiotherapy [45, 46]. The classic textbook
recipe is that as small a fraction size as is practicable should

be used to maximize the “therapeutic ratio” (see Figure 1),
which follows logically if α/β is low for late-reacting normal
tissues and high for tumour clonogens [46–48]. However,
two issues complicate this oversimplified picture. Firstly,
increasing the number of fractions may well take the overall
treatment time beyond 3 weeks, and therefore, in the case
of lung and head and neck tumours, into the clonogen
proliferation time zone [40], leading to a loss of local
control for a given tumour BED [49]. Secondly, the LQ-based
“Withers” formula for computing normal-tissue isoeﬀect as a
function of α/β, dose per fraction and total dose [41, 50] is
frequently used in an illogical manner. If instead of setting
the dose in the Withers’ expression equal to the (tumour)
prescription dose—that is, the “textbook” procedure—it is
chosen to be representative of the “behaviour” of the normal
tissue to which it is intended to apply (e.g., close to the
mean organ dose for the case of “parallel” lung), then it
can be shown that much larger fraction sizes can be safely
used, especially for highly conformal treatment plans [42,
51]. Figure 4 illustrates this for the case of a lung tumour
surrounded by “parallel” lung tissue; similar curves can be
found in Vogelius et al. [52].
The BioSuite software [53] enables the impact of changing the number of fractions over a wide range to be explored.
Figures 5 and 6 have been generated using BioSuite’s
“isotoxic optimization” option, with the choice of 10%
NTCP for radiation pneumonitis (RP), for two contrasting
treatment plans for NSC lung tumour radiotherapy. For the
case of Figure 5, for the (standard) prescription of 55 Gy in
20 fractions, the TCP was 48.0% and the NTCP (RP) 6.6%.
When the (total) dose is increased to make NTCP(RP) =
10%, we see how the TCP goes through a maximum at
around 15 fractions and then decreases, due to clonogen
proliferation (Tdelay = 21 days, Tdbl = 3 days assumed). The
optimum number of fractions is thus 15, that is, a 3-week
treatment. This figure represents the “classical radiobiology”
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behaviour of the therapeutic ratio for a proliferating tumour
(e.g., [49, 54]).
The treatment plan analysed in Figure 6 is also for a
NSC lung tumour, but here the tumour is much smaller
and more favourably located. The coverage of the noninvolved lung is much less and this results in a very diﬀerent
dependence of TCP on the fraction number. This is a clear
case of the eﬀective dose in the normal lung being very much
lower than the tumour dose, thus completely invalidating
the conventional use of Withers’ isoeﬀect formula (see the
discussion at the beginning of this section).
The examples in the above two figures illustrate very
clearly how diﬀerent one patient can be from another in
terms of the dependence of TCP on the number of fractions

under lung isotoxicity. This strongly suggests that when the
principal organ at risk behaves in a “parallel” fashion (as does
the lung [55]), and there is evidence for tumour clonogen
proliferation [40], biologically optimized radiotherapy will
result in customizing the fractionation scheme based on
the patient’s treatment plan. The extreme hypofractionation
employed in so-called stereoablative radiotherapy (SABR,
formerly known as SBRT) for early stage NSC lung tumours
[56] is eﬀectively an example of this, though the dose
is not generally individualized. However, for many of the
reported series of SABR treatments local control rates are so
high for acceptably low complication rates that it could be
argued that there is no need for isotoxic dose customization
[57, 58].
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Figure 7: Dose-volume histograms for a radiobiologically guided inverse plan (3-field IMRT) aiming to maximize TCP for the same NTCP
(labelled as “Bio-Plan (isotoxic)”) compare to a standard (3-field) treatment plan delivering 55 Gy (in 20 daily fractions) to a NSC lung
tumour. The target volume (PTV, GTV) doses are more heterogeneous in the radiobiological plan. The increases in TCP values for the
standard and radiobiologically optimized plans are also shown; the TCP parameters are from Nahum et al. [37]—see the subsection on
“Level I” BIOP.

Hoﬀmann et al. [17] conducted an in silico trial, not
dissimilar to the one described in the previous section
(Figures 2 and 3). They individualized the dose prescription
taking into account dose constraints not only for lung but
also for spinal cord, oesophagus, brachial plexus, and heart.
The number of fractions was set at 15, 20, and 33. They found
that dose escalation was possible in 79% of the cases. They
emphasised that to take the tumour dose to even higher levels
it was essential to employ techniques which maximally spare
the oesophagus.

3.4. Level-III BIOP: Radiobiologically Guided Inverse Planning. No modification of the treatment plan, that is, of the
relative dose distributions, is involved in Level I or Level
II optimization. Level III moves beyond this and, in the
context of intensity modulation, exploits the mathematical
properties of the TCP and NTCP functions in creating the
“inverse” plan. This approach has one obvious advantage
over dose-volume-based approaches to inverse planning: the
number of degrees of freedom available to the optimizer is
significantly increased. The intensity of each beamlet comprising the plan becomes a variable which can be adjusted to
produce the best possible plan, from a radiobiological point
of view. Thus the optimizer is now free to find solutions
such as a reduction in the target dose adjacent to a critical
normal tissue coupled with a boost to other parts of the target
volume [59]. Obviously the target volume dose will no longer
be uniform, but the TCP function will automatically take
care of the eﬀect of “hot” and “cold” spots.
There are however a couple of hurdles to overcome
before this method can be applied. Firstly, all TPS inverse
optimization engines work by minimizing a global cost
function which is a measure of how well a plan meets clinical
requirements (e.g., [8, 60]). For dose-based planning, these

requirements are formulated in terms of dose/volume limits
(e.g., maximum dose of 50 Gy in OAR1, minimum dose of
64 Gy in target volume 2, etc.). In the case of radiobiological
planning, however, the objective function to be minimized
should contain TCP- and NTCP-based criteria, possibly in
addition to dose/volume-based ones. One possibility is to
define the objective function so that the optimizer will try
to maximize TCP while keeping NTCP equal to or below
some user-defined threshold. Another possibility is to let
the optimizer find the dose distribution yielding the highest
“uncomplicated tumour local control probability” also called
P+ [61, 62]. The mathematical form of the objective function
has a critical influence on the resulting dose distribution.
Secondly, inverse planning engines rely on some form
of gradient descent algorithm to minimize the objective
function (e.g., [60]). These algorithms can be trapped
in local minima [8], corresponding to suboptimal plans,
when the objective function possesses specific mathematical
properties such as nonconvexity. While the functions for TCP
and NTCP in the most widely used models are intrinsically
nonconvex, mathematical transformations can help to make
these functions amenable to gradient descent minimization
(with limitations, see reference [63]). In practice, very few
commercial TPS include this kind of optimization. When
they do, radiobiological models are simplified to improve
the reliability of the inverse optimization process [64] at the
expense of the radiobiological therapeutic ratio.
We give below an example of radiobiological optimization, for the case of a non-small cell lung tumour. This was
created by ourselves by coding an objective function involving the Marsden TCP and LKB NTCP models inside the
Pinnacle Research Interface (PHILIPS Oncology Systems)
[65]. The parameters used were the same as in the “Level-II”
example described earlier. The resulting (cumulative) DVHs
are shown in Figure 7.
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In searching for the highest TCP for a fixed NTCP
the optimiser creates beams with a higher intensity in the
centre (not shown explicitly here) resulting in nonuniform
distributions in the PTV and the GTV; the corresponding
DVHs are labelled as “Bio-Plan (isotoxic)” in the figure.
There is a significant TCP increase while the DVHs for the
“paired” lung minus the GTV (“uninvolved” lung) for the
standard and radiobiologically optimized plans are virtually
identical, thus demonstrating that the optimizer was able
to keep the NTCP virtually constant. The much lower
TCP calculated for the PTV, which is a somewhat artificial
result, is a result of two factors: firstly and obviously the
PTV volume is considerably larger than that for the GTV
thus automatically reducing the TCP, but secondly the dose
inhomogeneity in the PTV is very much greater. This serves
to emphasize that if this strategy is to be implemented
clinically then it will be very important to minimize tumour
motion, due principally to respiration. Witte et al. [66]
describe a sophisticated implementation of level-III BIOP
involving not only TCP and NTCP but also the eﬀect of
random and systematic errors; their software platform was
also the Pinnacle Research Interface.
Engelsman et al. [67] showed that departing from a
uniform dose to lung tumours could result in an increase
in the therapeutic ratio. Their approach was much less
sophisticated than radiobiological inverse planning; they
explored the eﬀect of reducing the field sizes, and thus PTVCTV margin, thereby causing the dose in the tumour to
be inhomogeneous. Simultaneously they increased the beam
monitor units for all the beams in order to keep the NTCP
constant. The tumour EUD, which is closely correlated with
the TCP, went through a maximum at a margin size far
below the one generally recommended. Similar results were
obtained by Baker et al. [68] and by Popescu et al. [69]. In the
latter case 4DCT images, reconstructed over the respiration
cycle, were used as input to the Pinnacle research TPS,
which accumulated the doses in each voxel as the images
were deformed by respiration. It was found that the margin
width yielding the highest TCP for constant NTCP for the
uninvolved lung (all the doses were rescaled for each case)
was around 5 mm, compared to the standard clinical choice
of 15 mm. The above three approaches could be classed
as “forward-planned radiobiological optimization,” though
they belong to “Level III” as they involve modifications to
the treatment plan in order to increase the TCP.
A fixed number of fractions has been assumed in these
examples of level-III radiobiological optimization. This need
not be the case, though it is diﬃcult to see how the number
of fractions, nfrac , can be added as an independent variable
in the inverse planning procedure, as the values of TCP and
NTCP for a given dose depend on nfrac . This means that
the inverse optimization would need to be performed several
times, varying nfrac each time. One possible strategy to reduce
the number of iterations could be to choose a standard
number of fractions, say 20, perform the radiobiological
optimization, and export the DVHs to BioSuite. Then a TCP
versus nfrac curve (similar to those of Figures 5 and 6) could
suggest an optimum value of nfrac which could be fed back
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to the TPS and the inverse radiobiological optimizer then rerun with this modified numbers of fractions.
3.5. Level IV BIOP—Adding Patient-Specific Information from
Functional Imaging. Currently a great deal of attention is
being devoted to how information on individual tumour
“biology” revealed by function imaging can be used for
modifying the dose to the specific regions of the target (e.g.,
[69–73]). If the particular tumour property being imaged
is related to clonogen density then it makes obvious sense
to boost the dose to the identified subvolumes. Similarly
if the images can be translated into the degree of hypoxia
then the radiosensitivity in the TCP model can be suitably
modified. The descriptive term “dose painting” has entered
the radiotherapy lexicon to describe the various approaches
being tried.
We describe below our own work with intermediateand high-risk prostate tumours. The dominant interprostatic lesions (DILs) are identified using a combination of
diﬀusion-weighted MR, choline PET and template biopsies.
Our BIOPROP protocol makes use of our PRI-based radiobiological inverse planning (see previous section on Level
III BIOP). The objective function attempts to maximise the
TCP in the DILs (see Figure 8) while keeping the NTCP for
the rectum below 7%, for each of two distinct endpoints,
bleeding and faecal incontinence. Additionally there are
physical dose constraints of 74 Gy minimum dose outside
the DILs but inside the PTV and a maximum urethral dose
of 74 Gy. To date we have delivered a small number of pilot
treatments in 37 fractions.
The Pinnacle Research Interface (PRI) cannot be used
clinically. Prostate tumours are currently treated at Clatterbridge using RapidArc (VARIAN) which is a form of
rotational IMRT [9] planned on the Eclipse (VARIAN) TPS
[74]. Consequently we wanted to deliver our inverse radiobiologically optimised dose painting plans using RapidArc.
Our solution was to transfer the PRI-derived DVHs to the
Eclipse TPS and use these to drive the RapidArc optimizer.
An example of the resulting DVHs is shown in Figure 8.
It can be noted that the DIL DVH for the RapidArc
plan corresponds to a more homogeneous dose (between
80 and 83 Gy) than that for the Pinnacle plan, which was
created using 11 fixed IM fields. This is because it was not
possible to ask the RapidArc optimizer to “maximize the
TCP”. However, the eﬀect is only to reduce the TCP by 1.5%.
Our analysis of the first 5 BioProp treatments indicates an
average TCP = 84.7% corresponding to maximum doses in
the DILs from 82.4 to 87.4 Gy, compared to TCP = 70-71%
for the standard 74 Gy treatment (parameters assumed in the
TCP model: α = 0.262 Gy−1 , σα = 0.045 Gy−1 , α/β = 10,
ρclon = 107 cm−3 ; these were obtained from a fit to the clinical
outcomes reported by Dearnaley et al. [75]).
3.6. Level V BIOP—Adding Individual Patient Biology to
any of the above Levels. As far as we are aware there are
no specific examples in the literature of either in silico or
clinical studies of this further refinement of radiobiological
optimization strategies. As discussed earlier, the currently
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Figure 8: An example of a treatment under the Clatterbridge BIOPROP radiobiologically optimized prostate dose-painting protocol. The
DIL is shown in pink on the left. The DVHs for the standard and dose painting plans are shown on the right. The TCP values are computed
assuming that all the clonogens are contained in the DIL (or that any clonogens outside are 100% controlled). The NTCP values shown in
the table correspond to rectal bleeding.

used TCP and NTCP models are hybrids in the sense that
whilst they make predictions for a specific treatment plan
(to be precise for the DVHs computed from the plan) they
eﬀectively do so for a population of patients with that specific
treatment plan. Thus what TCP = 65% means is that 65 out
of 100 patients will have a tumour of that size controlled
by the dose distribution in question. If, however, we knew
the radiosensitivity of the tumour clonogens for the patient
undergoing treatment [20], then this prediction would be
overwhelmingly converted into either one or zero that is,
controlled/not controlled, with the TCP increasingly rapidly
from zero to unity over a very narrow range of doses [18,
21, 22]. This information would then enable us to choose
the lowest prescription dose still achieving say TCP > 99%.
Equally well, a prediction of a complication rate of say 6.0%
means that for that specific dose distribution in the normal
tissue in question, 6 out of 100 patients will experience
the complication. Were we to possess information on the
individual biology of the patient this prediction would in
principle be narrowed down to either a very low (possibly
zero) probability or a very high one. These issues have
been explored by, amongst others, Lambin et al. [76] and
Rutkowska [77].
Tucker et al. [78] showed that single nucleotide polymorphisms (SNPs) can significantly improve the ability of
the Lyman MLD model to predict the incidence of radiation
pneumonitis. In a study on clinical risk factors the same
group showed that the generalized Lyman model with patient
smoking status taken into account produced NTCP estimates
up to 27 percentage points diﬀerent from the model based
on dose-volume factors alone [79]. Valdagni et al. [80]
attempted to understand why, despite “excellent” rectal dosevolume histograms (DVHs), certain patients treated for
prostate cancer exhibited late rectal bleeding (LRB) whereas

others with “poor” DVHs did not. Thirty-five genes involved
in DNA repair/radiation response were analyzed. It was
found that nine genes were significantly down-regulated in
the low-risk bleeder group versus the high-risk bleeder and
high-risk non-bleeder groups; four genes were significantly
upregulated in the high-risk non-bleeder group compared to
the other groups. It is to be hoped that studies such as these
will result in the NTCP models capable of making diﬀerent
predictions for “biologically diﬀerent” patients having very
similar DVHs, and ultimately in the incorporation of such
improved models into the various levels of radiobiological
optimization discussed here [81, 82].

4. Summary and Conclusions
The recent AAPM task group report on the use and QA
of biologically related models for treatment planning [83]
stated in the Introduction:
Until recently, the quality of a RT plan has
been judged by physical quantities, that is, dose
and dose-volume (DV) parameters, thought to
correlate with biological response rather than by
estimates of the biological outcome itself. It is
widely recognized that the DV criteria, which are
merely surrogate measures of biological responses,
should be replaced by biological indices in order for
the treatment process to more closely reflect clinical
goals of RT. Developments in our understanding
of advantages and limitations of existing doseresponse models begin to allow the incorporation
of biological concepts into a routine treatment
planning process.
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This paper has proposed several ways (or levels) in which
the “biological indices” TCP and NTCP can be incorporated
directly into the treatment planning process, not merely in
order to evaluate and compare rival plans (e.g., Iori et al.
[84]), but to optimize treatment plans in terms of the prescription dose and number of fractions, thereby improving
clinical outcomes. As a result of much careful research,
summarized in the QUANTEC (QUantitative Analysis of
Normal Tissue Eﬀects in the Clinic) series of papers [85], the
predictions of especially the widely applied and researched
Lyman-Kutcher-Burman NTCP model [23, 24] are now
suﬃciently reliable for certain important organs/tissues and
endpoints (rectal bleeding [86], pneumonitis [55], radiationinduced liver disease, xerostomia in the parotid glands,
possibly also cardiac complications [87]) that treatment
protocols involving “isotoxic” tumour dose individualization
can be developed and applied [17, 33, 34, 44]. Software
such as BioSuite [53] makes this straightforward as long
as only prescription dose rescaling and/or fraction number
customization is involved. In order to plan and deliver
radiobiologically based IMRT, however, treatment planning
systems must incorporate TCP and NTCP into the objective
functions; at the time of writing full-blown radiobiological
inverse planning is possible in at most two of the commercial
systems [64, 83], though planning based on gEUD [27] is
more widely available.
By taking full advantage of the steadily improving degree
of conformality achievable with modern techniques, the
individualization of fractionation (towards fewer fractions)
has huge radiobiological potential. Furthermore, hypofractionation also delivers increased patient convenience and
a reduction in cost per treatment course, which could be
especially important for proton therapy [13]. Two notes of
caution are in order however. Firstly the methods and models
employed to generate much of the data in this paper (e.g.,
Figures 4, 5 and 6) are either directly, in the case of the
Marsden TCP model [18, 21, 22, 31], or indirectly, in the case
of Lyman-Kutcher-Burman NTCP model [18, 23, 24], based
on the linear-quadratic expression linking (cell) surviving
fraction and absorbed dose [41, 45–50, 88]. At doses per
fraction above ≈10 Gy, however, the so-called generalized
linear quadratic model proposed by Wang et al. [89] and
by Carlone et al. [90] may be more correct, though this is
by no means universally accepted [91]. Whatever the “truth”
eventually turns out to be, if the LQ model does overpredict
cell killing at very large fraction sizes then at such doses
per fraction LQ-based radiobiological models will result
in an overprediction of NTCP but an underprediction of
TCP. Consequently the resulting hypofractionation schemes
are highly unlikely to cause excessive complication rates
[58]. Secondly, regarding proton-beam radiotherapy there
is an added complication that is (thankfully!) not present
when considering low-LET modalities (which include the
bremsstrahlung photon beams produced in linear accelerators): the biological eﬀect of a given number of Grays of
absorbed dose is not the same everywhere in the patient (or
in a phantom); it depends on the proton energy spectrum
[92–94]. Though this dependence of proton RBE on energy
and hence on depth, and therefore position in the patient,
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probably never exceeds ≈10%, Dale et al. [93] have pointed
out that a 10% uncertainty in RBE is precisely equivalent to
a 10% uncertainty in dose in photon treatment plans, which
would not be tolerated. Therefore more research is required
on proton RBE variation [92, 93].
In conclusion, if today’s sophisticated imaging, treatment
planning and radiation-delivery techniques, and tomorrow’s
genome-based patient biology are to be translated into
maximum clinical benefit then the stipulation of a fixed
dose to the target volume in today’s treatment protocols
must be replaced by individualized doses, and, in certain
situations, individualized fractionation. In the right hands
biomathematical models of radiation eﬀect are powerful
tools [95, 96]; to paraphrase Chapman and Gillespie [97],
let’s use them!
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[70] Y. Kim and W. A. Tomé, “Dose-painting IMRT optimization
using biological parameters,” Acta Oncologica, vol. 49, no. 8,
pp. 1374–1384, 2010.
[71] S. M. Bentzen and V. Gregoire, “Molecular imaging-based
dose painting: a novel paradigm for radiation therapy prescription,” Seminars in Radiation Oncology, vol. 21, no. 2, pp.
101–110, 2011.
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Targeted alpha therapy (TAT) has the advantage of delivering therapeutic doses to individual cancer cells while reducing the dose
to normal tissues. TAT applications relate to hematologic malignancies and now extend to solid tumors. Results from several
clinical trials have shown eﬃcacy with limited toxicity. However, the dosimetry for the labeled alpha particle is challenging because
of the heterogeneous antigen expression among cancer cells and the nature of short-range, high-LET alpha radiation. This paper
demonstrates that it is inappropriate to investigate the therapeutic eﬃcacy of TAT by macrodosimetry. The objective of this work is
to review the microdosimetry of TAT as a function of the cell geometry, source-target configuration, cell sensitivity, and biological
factors. A detailed knowledge of each of these parameters is required for accurate microdosimetric calculations.

1. Introduction
Targeted alpha therapy (TAT) can provide selective systemic
radiotherapy to primary and metastatic tumors (even at a
low dose rate and hypoxia region) [1]. It permits sensitive
discrimination between target and normal tissue, resulting in
fewer toxic side eﬀects than most conventional chemotherapeutic drugs. Monoclonal antibodies (MAbs) that recognize
tumor-associated antigens are conjugated to potent alpha
emitting radionuclides to form the alpha-immunoconjugate
(AIC) (Figure 1). The AIC can be administered by intralesional, orthotopic, or systemic injection. Targeted cancer
cells are killed by the short-range alpha radiation, while sparing distant normal tissue cells, giving the minimal toxicity to
normal tissue [2].
An alpha particle with energy of 4 to 9 MeV can deposit
about 100 keV/μm within a few cell diameters (40–90 μm),
causing direct DNA double-strand breaks, which lead to
cancer cell apoptosis [3]. Cell survival is relatively insensitive
to the cell cycle or oxygen status for alpha radiation [4]. TAT
is potent enough to eradicate disseminated cancer cells or
cancer stem cells that are minimally susceptible to chemo- or

radio-resistance. The relative biological eﬀect (RBE) of alpha
particles is from 3 to 7 [5], which means that for the same
absorbed dose, the acute biological eﬀects of alpha particles
are 3 to 7 times greater than the damage caused by external
beam photons or beta radiation.
TAT is ideally suited to liquid cancers or micrometastases
[6]. However the regression of metastatic melanoma lesions
after systemic TAT in a phase I clinical trial for metastatic
melanoma has broadened the application to solid tumors [7].
The observed tumor regression could not be ascribed to killing of all cancer cells in the tumors by TAT and led to
the hypothesis that tumors could be regressed by a mechanism called tumor antivascular alpha therapy (TAVAT) [8].
Therapeutic eﬃcacy relates to the extravasation of the AIC
through porous tumor vascular walls and widened endothelial junctions into the perivascular space in the solid
tumor. The AICs bind to antigenic sites on the membranes
of pericytes and contiguous cancer cells around the capillary.
The alpha-particle emitters are localized close to the vascular
endothelial cells (ECs), which are irradiated by alpha particles and killed. Subsequent tumor capillary closure, causing
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Figure 1: Schematic diagram of an AIC targeting a cell.

depletion of oxygen and nutrition, is the likely cause of cancer cell death and tumor regression [8, 9].

2. Microdosimetry
2.1. Microdosimetry Concept. Radiation dosimetry is the
study of the physical properties of radiation energy deposition in tissue. It can be used to optimize treatments and allow
comparison of diﬀerent therapeutic approaches, as well as to
study the basic methods of irradiation of biological matter
[10]. Radiation dose in conventional external radiotherapy
is a macroscopic concept. Upon the properties of the short
path length alpha emissions and the spatial distribution of
the radionuclide relative to the small target volumes, microdosimetry is indispensible for TAT to investigate the physical
properties of radiation energy deposition in biological cells
[11].
The dosimetry of TAT is distinguished from that of beta
immunotherapy [12] or external beam radiotherapy in three
diﬀerent ways.
(1) Short path length of alpha particles. The high energy
of alpha particles is deposited in a short range [13].
Some cell nuclei receive multiple alpha particle hits,
while others receive no hits. The amounts of energy
deposited vary greatly from target to target, leading
to a wide frequency distribution [14].
(2) Small target volume. The alpha track length is comparable to cellular/subcellular sizes causing high LET
within the small target volume. It is important to
understand the diﬀering biological eﬀects on individual cells [15]. Given the energy delivered along an
alpha-particle track and its potential cytotoxicity, the
dosimetry for estimating mean absorbed dose may
not always yield physically or biologically meaningful
information of radiation energy deposition in biological cells. Instead, stochastic or microdosimetric
methodologies may be required [16].

(3) Nonuniform distribution of radioisotopes. The heterogeneous antigen expression and tumor uptake leads
to variable spatial microdosimetric distributions of
the AIC [17]. Spatial and temporal changes of the
source activity in the target can also occur [4]. When
the distribution of radio-labeled antibody is nonuniform, techniques of dose averaging over volumes
greater in size than the individual target volumes can
become inadequate predictors of the biological eﬀect
[18].
The specific energy is the most important quantity for microdosimetry as it can be used to calculate the cancer cell survival rate. Specific energy (z Gy) is the ratio of the energy
deposited (ε Joule) to the mass of the target (m kg) (1) and
has the same units as absorbed dose [19]. The mean specific
energy equals the absorbed dose [15]. Although microdosimetry is concerned with the same concept of energy deposition per unit mass as dosimetry, the diﬀerence in the length
of alpha particle and small size of the target volume introduces stochastic eﬀects which are negligible in conventional
dosimetry [20].
z=

ε
Gy.
m

(1)

The stochastic quantity of specific energy z can be used to
investigate biological eﬀects [21]. The cell survival fraction
(SF) is given by
SF = e−z/z0 ,

(2)

where z0 is the absorbed dose required to reduce cell survival
to 37% [22].
Many microdosimetric models have been developed
since Roesch’s initial work [23]. Two diﬀerent microdosimetric methods can be used. Experimental measurement with
high-resolution solid-state microdosimeters is one way. The
high spatial resolution and the tissue-equivalence correction
detectors have been applied for hadron therapy and Boron
neutron capture therapy [24–26]. On the other hand, dose
distributions can be calculated with analytical calculations
[15] or Monte Carlo techniques based on fundamental physical principles [27]. The latter method is more practical and
much less expensive [19].
2.2. Microdosimetry Case Study. It is inappropriate to evaluate the background dose for radioimmunotherapy, especially
for TAT by conventional dosimetry. For example, in the phase
I clinical trial for metastatic melanoma, patients received
up to 25 mCi of 213 Bi [7]. Assuming that all the activity
injected in patient remains in the blood, 25 mCi corresponds
to 3.65 × 1012 213 Bi atoms in the macrodosimetry point of
view. Taking the average energy of 8.32 MeV, the total energy
lost would be 4.8 Joules. The absorbed dose (z) received by
blood (5 L) would be calculated by
z=

ε
4.8 J
=
≈ 1 Gy.
m
5 kg

(3)

The above dosimetry would indicate that the blood system
would receive an absorbed dose of ∼1 Gy from alpha particle
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Table 1: Experimental values of z0 for in vitro exposure to alpha
radiation.
AIC

z0 (Gy)

Reference

MCF7
BT

225 Ac-Herceptin

0.27
0.37

[47]
[47]

MDA
Line 1

225 Ac-Herceptin
213 Bi-13A

0.53
1.4

[47]
[36]

EMT-6

213 Bi-13A

1.7

[36]

Cell line

225 Ac-Herceptin

irradiation. The risk for unwanted radiation exposures of
normal tissues would be too high.
However, by using Geant4 Monte Carlo microdosimetry
calculation, the actual dose to endothelial cells is ∼2 cGy
and to lymphocyte is ∼10 cGy [28], being 2% and 10% of
the macroscopic absorbed dose, respectively, and is too low
to post any serious damage. In other words, unless alphas
actually hit their target, their energy is lost to the medium
and has no eﬀect on normal tissue.
Memorial Sloan Kettering found that the maximum tolerance dose was in excess of 1 mCi/kg for bone marrow
toxicity [29]. In the melanoma clinical trial [4], 25 mCi converts to ∼0.3 mCi/kg and is well below that value. Thus, the
clinical trial result is consistent with the Monte Carlo calculations. The entirely diﬀerent result from two dosimetry
methods shows it is essential to use microdosimetry method
for TAT.

3. Factors Affecting TAT Microdosimetry Result
3.1. The Choice of the Target. Microdosimetry depends on
the choice of target, for example, the entire cell, cell nucleus,
or DNA. This is because the size of the target will aﬀect both
the energy deposition and the mass which determines the
specific energy.
As has been substantiated by in vitro and in vivo experiments, the radiosensitive sites are associated with DNA in the
cell nucleus. Microdosimetry research target has fluctuated
between DNA and cell nucleus. For alpha particles with a
range of a few cell diameters, the cell nucleus is an appropriate choice for the target considering the genome is
assumed to be randomly distributed throughout the cell
nucleus, and its specific location is not well known [20].
However, under the circumstances that if the particle (e.g.,
Auger electrons) range is a few μm and the source decays
within 1 or 2 nm of the DNA molecule, radiation dose to the
cell nucleus may be inadequate to predict radiation toxicity,
and determination of the energy deposition to the DNA
molecule may be necessary [30].
3.2. Target and Source Configuration. The TAT microdosimetry dose is highly sensitive to experimental factors such as the
nucleus size and source distribution, kinetics of the AIC, and
subcellular distribution of the radionuclide.
Because of the short range of alpha particles, even small
changes in the thickness or diameter of the cell nucleus can
influence the dose distribution. Simplified spheroid models
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with diﬀerent cell and nucleus radii are used to model
cells [4, 15, 31]. Recently some more realistic models with
geometric parameters taken from monolayer or suspended
cells measurement were built [32–35].
The position of the source relative to the target cell
nucleus is another major factor in determining the hit probability, specific energy, and ultimately the eﬃcacy of TAT
[36]. For a spherical single-cell model, the specific energy
from activity internalized in the cell nucleus, in the cytoplasm, on the cell membrane, or in the medium can diﬀer
as much as 150 times [37]. Rapidly internalized antibodies or
radioisotopes are superior because of markedly greater intracellular retention and higher probability of hit. However,
caution is needed as some animal studies indicate that the
retention of 111 In and 90 Y is prolonged in normal organs such
as bone, liver, and kidney as well [38].
3.3. Cell Sensitivity. The z0 value is highly sensitive to
experimental factors such as the distribution of DNA within
the nucleus (i.e., the phase of the cell cycle) and the number
and spatial distribution of the alpha particle sources relative
to the target cell nucleus [39]. It is also expected that the in
vitro cell sensitivity will vary between diﬀerent cells within a
given tumor. Table 1 shows a survey of TAT in vitro experiments, which illustrated that z0 values for cancer cell lines
exposed to alpha radiation can vary as much as 6 times, indicating that for a given specific energy, the biological responses can also vary 6 times or more (SF in (2)).
3.4. Radioisotopes. The clinical application of TAT is focused
on alpha particle emitters of 211 At, 213 Bi, 223 Ra, and 225 Ac
[40–42]. The physical properties of these radionuclides,
including half-life, mean particle energy, maximum particle
energy, and average range in tissue, aﬀect the therapeutic
result and are listed in Table 2 [43, 44].
For an AIC with a long residence time in a tumor, a radionuclide with a long half-life will deliver more decays than one
with a short half-life (t1/2 ) for the same initial radioactivity
[44]. The number of radionuclides (N) to produce activity
(A) is
N=

A
A
.
=
(0.693/t1/2 )
λ

(4)

For TAT aimed at destroying all cancer cells in the tumor,
deep penetration and uniform distribution of the AIC would
be crucial. Thus, the longer half-life radioisotope would be a
better choice. However, if the aim is to destroy tumor capillaries, poor AIC diﬀusion away from the capillaries and
shorter half-life would be an advantage [19].
The longer half-life of 225 Ac and the 4 alpha particle emissions (Figure 2) gives greater toxicity and can prolong
survival in the mouse xenograft models for several cancers
[45]. However, the drawback is that the binding energy of
the chelation is not strong enough to withstand the alpha
particle recoil energy of the Actinium ion (between 100 and
200 keV). Daughters of 225 Ac will lose tumor selectivity and
could diﬀuse away, causing cell damage in normal tissue
[16, 46].

4

Computational and Mathematical Methods in Medicine
Table 2: Physical properties of alpha-particle emitters.

Radionuclide
211 At
213 Bi
223 Ra
225 Ac
∗ weighted

Z
85
83
88
89

Half-life
7.2 h
45.6 min
11.43 d
10.0 d

Mean particle energy∗ (MeV)
6.79
8.32
5.64
6.83

Maximum energy (MeV)
7.45
8.38
7.59
8.38

Average range (μm)
60
84
45
61

<LET> (keV/μm)
71
61
81
71

average of emissions.
229 Th
7.34E3 y

α
225 Ra

14.8 d

β

225 Ac

10 d
α
221 Fr

4.8 m
α
217 At
32.3 ms

α
213 Bi

45.6 m

β
(97.84%)

α

α (2.16%)
209 Tl
2.2 m

213 Po
4.2 μs

β

209 Pb
3.253 h

β

209 Bi
Stable

Figure 2: The decay chain of 225 Ac and 213 Bi.

3.5. Biological Factors. There are great complexities of the
mammalian cell, the nucleus and its internal structures and
pathways, types of DNA damage, and cellular repair. For
cancer-cell cluster or solid-tumor modeling, a precise kinetic
description of AICs diﬀusing through cells and saturating
antigenic sites is needed for microdosimetry. The number of
AICs in the solid tumor depends critically on the capillary
permeability and the number of antigens expressed on cells
that can vary 10-fold and more. As such, the calculations rest
on realistic assumptions but results, in spite of the quantitative nature of the Monte Carlo calculation, are qualitative
only.

4. Conclusion
Targeted Alpha Therapy uses radio-isotopes that emit alpha
radiation to kill targeted cancer cells. It is most eﬀective in the
elimination of single-cancer cells and micrometastases before
the tumors grow to become clinically evident. The application has been extended to the treatment of solid tumors by
tumor antivascular alpha therapy. Because the short range
of alpha particles is comparable to the size of the biological

target and the variable distribution of alpha emitters, stochastic processes apply, and Monte Carlo calculations of microdosimetry are indispensible in the investigation of biological
response mechanisms.
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The new concept of keeping primary tumor under control in situ to suppress distant foci sheds light on the treatment of
metastatic tumor. Hyperthermia is considered as one of the means for controlling tumor growth. To simulate the tumor growth, a
continuum mathematical model has been introduced. The newest understanding of the Warburg eﬀect on the cellular metabolism
and diﬀusion of the nutrients in the tissue has been taken into consideration. The numerical results are compared with the
in vivo experimental data by fitting the tumor cell doubling time/tumor cell growth rate under diﬀerent thermal conditions.
Both the tumor growth curve and corresponding average glucose concentration have been predicted. The numerical results have
quantitatively illustrated the controlling eﬀect on tumor growth under hyperthermia condition in the initial stage.

1. Introduction
Cancer is the second major cause of human death in the
world, and its mortality rate is growing every year [1].
Treatments include surgery, radiotherapy, chemotherapy,
and gene therapy. Thermal therapy has also been intended
to locally destroy tumor cells or enhance the body defense
against tumor cells. However, recurrent rate of malignant
tumor is still high [2], and the eﬃcacy of the existing therapeutic means is yet to be improved. A new concept has
been proposed recently that the primary tumor suppresses
distal foci [3, 4]. This sheds new light on tumor treatment.
Keeping the primary tumor in situ but restricting its size
might enable the host to impede the development of distal
foci and progression of metastasis.
For tumor growth, there are three distinct stages: avascular, vascular, and metastatic/invade stage. Mathematical
models have been developed to perform parametric studies
on factors influencing tumor growth or to evaluate the
outcome of tumor treatment modalities [5, 6]. Model-based
numerical studies would enable one to extrapolate more
spatial and temporal information from the experimental
findings and to make predictions [7]. Laird [8] first found
that the tumor growth data-fitted Gompertz function could
be used to simulate the entire growth curve, which was

defined as an empirical model. Hu and Ruan [9] studied
the suppression eﬀect of immunity system on tumor growth
by merging the Gompertz function into a cellular automaton model. Other mathematical models based on certain
biological assumptions have also been attempted to predict tumor growth curve using fundamental physics, such
as mass/energy conservation. Greenspan [10] introduced
surface tension into the diﬀusion model developed by
Burton [11]. Tumor growth/inhibition factors [12, 13], cell
adhesions [14, 15], angiogenesis [16, 17] and invasion [18,
19] were further considered to describe tumor growth at
diﬀerent stages.
Models focusing on the avascular stage [20–27] have
been well studied and could be easily applied to in vitro
experiment. Ward and King [23, 24] and Casciari et al. [28]
proposed a continuum mathematical model focusing on how
nutrients’ concentration aﬀects tumor growth. These models
typically consist of reaction-diﬀusion equations. Forbes [29]
further incorporated energy metabolism (ATP production
rate) into the growth model. However, most of these models
have not taken the Warburg eﬀect into consideration, which
fundamentally diﬀerentiates the tumor cell metabolism from
that of the normal cells.
In 1930, Warburg (1930) proposed that tumor cells
preferentially underwent glycolysis when consuming glucose
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Figure 1: Schematic of tumor growth. The tumor starts with one single cell (represented by the yellow circle), and the cells diﬀerentiate
continuously. When the infinitesimal unit of the space volume is filled up with the tumor cells, they grow into the next volume unit.

2. Theory
2.1. Experimental Study of Tumor Growth. Animal study of
tumor metabolisms under long-term hyperthermia has been
studied [47]. In the study, tumor cells were injected into the
back of Balb/c mice around 6∼8 weeks. Mice were grouped

5
4
Radius (mm)

even under aerobic conditions. Unregulated glucose uptake
and lactic acid production have been found in tumor cells
as compared to normal cells [30, 31]. It indicates that tumor
cells obtain energy to maintain their viability primarily relying on anaerobic metabolism. This phenomenon was termed
as “the Warburg eﬀect.” Anaerobic glycolysis consumes one
molecule of glucose to produce 2 molecules of ATP as compared with oxidative phosphorylation which can produce
38 molecules of ATP [31–40]. Although the latter is much
more eﬃcient in glucose utilization, the rate of anaerobic
glycolysis is much faster than aerobic metabolism. Therefore,
the ineﬃcient metabolism pathway might still supply enough
energy for tumor cells to maintain their activities and
diﬀerentiate at the cost of unreasonable consumption of
glucose. The mechanisms causing the Warburg eﬀect have
been explained by gene mutation [38], signaling pathway
alternations, possible defects in mitochondria [36, 41], and
microenvironment deterioration (hypoxia or fluctuation of
oxygen) [34, 37, 42]. Heiden et al. [32] have reported
that biomass synthesis in tumor cells plays a role in the
Warburg eﬀect. Furthermore, he has determined nutrition
utilizations in tumor cells: 85% of glucose converting to
lactate in cytoplasm, 5% reacting in mitochondria, and
10% synthesizing biomass. As the metabolic activities greatly
influence the growth of tumor, it is necessary to include this
unique metabolic mode of tumor in mathematical models.
Although thermal treatment has been applied in clinical
applications for many years, most of them were used
as short-term treatments. There are three classes of the
treatment strategies [43–45]: with a mild temperature at
40∼41◦ C for 6∼72 hours until the thermal dose is equivalent
to 5 minutes at 43◦ C; a moderate temperature at 42∼45◦ C
for 15∼60 minutes; and high temperature >50◦ C for 4∼6
minutes. Both mild and moderate temperature treatments
(40∼45◦ C) termed as hyperthermia treatment impair mammalian cells by protein denaturation and membrane damage
and could cause cell death in situ [46].
In the present study, a mathematical model of tumor
growth has been built by combining ATP production rate
and the mechanism of the Warburg eﬀect. It is validated by
the tumor growth measurements in situ and further applied
to study the hyperthermia eﬀect on tumor metabolism over
a period of time.
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Figure 2: Tumor growth curve of the experimental measurements
versus the numerical simulation of the control group.

randomly into the control and treatment groups with 6 in
each group. In the treatment group, the tumor region of
the mice was heated via a 15 mm-diameter circular heating
pad for 28 days. On each day, it was heated for 12 hours
with an interval of 12 hours. The supplying power of the
heating pad was controlled to maintain the tumor surface
tissue temperature at 39◦ C. Tumor sizes of both the control
and treatment groups were measured and recorded at 3, 7,
10, 14, 21, 28 days, respectively. The experimental results are
shown in Figures 2–5 with the permission of the authors.
2.2. Model Development. At the avascular stage of a solid
tumor, tumor cells proliferate and tumor grows like a
spheroid without restriction. In our model, the tumor is
assumed to start from one single tumor cell (as illustrated
in Figure 1), and to grow into a homogenous spheroid over a
period of time. This is an assumption used by many models
[7, 10, 14, 16, 23, 24, 29] and acceptable when the diameter
of tumor is less than 2∼4 mm prior to microvascular development. In addition, only living tumor cells are supposed to
take the space of the spheroid. The proliferation of tumor
cells is related to local concentration of nutrients. In this
model, nutrients are simplified to the main source of energy
(glucose) only. Glucose diﬀuses passively into tumor tissue
from the outer rim of the tumor, where its concentration
remains at a constant over the initial tumor growth period.
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Figure 3: Tumor growth curve of the experimental measurements
versus the numerical simulation of the treatment group (39◦ C) (n =
6).

Figure 5: Average glucose concentration of the experimental measurement versus the numerical simulation of the treatment group.

not only the metabolic site and end products are diﬀerent,
but also the amount of energy produced diﬀers. Through
aerobic metabolism, one mole of glucose consumes 6 moles
of oxygen and produces 38 moles of ATP, while in anaerobic
metabolism only 2 moles of ATP per mole glucose could be
produced without oxygen. These reactions are simplified and
presented by the following formulae
Aerobic respiration:

1.5

Concentration (mM)

0

1

C6 H12 O6 + 6O2 + 38ADP −→ 6CO2 + 6H2 O + 38ATP (1)

0.5

Anaerobic respiration:
0
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Figure 4: Average glucose concentration of the experimental measurements versus the numerical simulation of the control group.

Usually, the glucose is metabolized through two different pathways: aerobic and anaerobic, depending on the
cell status and physiological conditions. According to the
recent understanding of the Warburg eﬀect [32, 38], in
tumor metabolism, about 5% of glucose undergoes aerobic
pathway, and 85% takes the anaerobic pathway to produce
ATP. The rest of 10% glucose is utilized for biomass synthesis
necessary for cell divisions.
Through anaerobic pathway, glucose first degrades into
pyruvate, and pyruvate converts into lactate by lactate
dehydrogenase in the cytoplasm. While in the aerobic metabolism, pyruvate will further react with oxygen, and produce
water and carbon dioxide inside mitochondria. It is clear that

C6 H12 O6 −→ 2C3 H6 O3 + 2ATP

(2)

The proliferation rate of tumor cells is supposed to rely
on the ATP production rate, which is determined by the
metabolic reactions:
QATP = 38Qg,AR + Qlac ,

(3)

where Qg,AR is the glucose assumption rate due to aerobic
respiration, Qlac is the lactate production rate.
Following the hypothesis of Heiden [32], the glucose
consumption rate due to aerobic metabolism and the lactate
production rate could be derived from the uptake rate of
glucose by tumor cells:
Qg,AR = 5%Qg ,
Qlac = 85% × 2 × Qg ,

(4)

where Qg is the cellular glucose uptake rate.
Then the ATP production rate QATP could be calculated:
QATP = 5% × 38 × Qg + 85% × 2 × Qg .

(5)
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The cellular uptake rate of glucose depends on both the
extracellular level of glucose concentration and the ability of
cell uptake. The reaction is assumed to be enzyme reaction
and followed Michaelis-Menten kinetics’ equation [10, 25]:
Qg = Qg max

cg
,
c g + Kg

(6)

where Qgmax is the maximum glucose uptake rate per tumor
cell, cg is the glucose concentration in tumor tissue, and Kg is
saturate concentration.
The concentrations of nutrients (both glucose and lactate) are assumed to be functions of tumor spheroid radius
that are changing with the rate of cell proliferation [7]:
dcg
= Dg ∇2 cg − Qg l,
dt

(7)

where Dg is the diﬀusion coeﬃcient of glucose and reported
to be 1.05 ∗ 10−6 cm2 /s for EMT6/R0 spheroid, and l is the
number of living cell per unit volume.
The concentration of glucose at the boundary is decided
by the average value of glucose concentration in blood—
5 mM, and the tumor is assumed symmetric, thus the
boundary conditions for (5) are as follows
Boundary condition:





∂cg 


= 0,
∂t r =0

cg r =R = 5 mM,



Dlac = Dg

MWg
MWlac

(10)

R(t+dt) =

1
,
VL

kl lVL r 2 dr
,
R2(t)

(14)

 t+dt





(15)

v t, R(t) dt + R(t) .

t

 R(t) 

c(t) =

0



c(r) · 4πr 2 dr
.
(4/3)πR3(t)

(16)

(11)

where MWg and MWlac are molecular weights of glucose and
lactate, respectively.
Assuming that all viable space in tumor tissue is filled
with living and tightly packed tumor cells (see Figure 1), the
number of living cells per unit tumor tissue volume is
l=

0

The average concentration of the metabolites is calculated from the integration of the substances’ distribution
throughout tumor tissue divided by the tumor tissue volume
as

3/4

,

 R(t)



v t, R(t) =

The diﬀusion coeﬃcient of lactate could be determined
from the glucose diﬀusivity [25]:


(13)

where kl is cell growth rate of tumor cells, A is the maximum
cell growth rate, and KATP is saturation ATP production rate.
In this model, tumor growth is considered as tumor
cells moving outward while all space occupied. In other
words, tumor growth is mainly due to living tumor cells’
proliferation, then the moving velocity of the tumor spheroid
rim is given as

(9)



clac |r =R = 0 mM.

QATP
,
QATP + KATP

where r is radial distant from center of tumor spheroid, and
R(t) is the radius of tumor spheroid at time t. The radius of
tumor spheroid at time t + dt is

where clac is the concentration of lactate in tumor tissue, and
Dlac is the eﬀective diﬀusion coeﬃcient of glucose and lactate.
The boundary conditions are:
∂clac 

= 0,
∂t r =0

kl = A

(8)

where R is the radius of solid tumor.
The distribution of lactate in tumor is determined by
dclac
= Dlac ∇2 clac − Qlac l,
dt

suspended 4T1 tumor cells are measured and averaged to get
the volume of a single cell. Its average radius is 13.41 μm with
a standard deviation of 2.21 μm. With this radius, the tumor
cell volume was calculated and the result is listed in Table 1.
By solving the above listed equations together, the ATP
production rate and concentrations of glucose and lactate
inside the tumor tissue could be obtained. The relationship
between ATP production rate and cell growth rate is
proposed and well parameterized by Forbes et al. [29]:

(12)

where VL is the volume of a living tumor cell. It is obtained
through in vitro measurement. Diameters of more than 150

By substituting the dimensionless quantities and parameters as defined below into the above equations, the dimensionless equations could be obtained.
The dimensionless variables are defined as
cg∗ =

cg
,
cg,0

∗
clac
=

where cg,0 = 5 mM.

clac
,
cg,0

r∗ =

r
,
R∗(t)

t∗ =

t
,
1/A
(17)
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Table 1: List of variables used in modeling.
Variable
cg
clac
Qg
Qlac
QATP
kl
L
R
V
T

Description
Glucose concentration
Lactate concentration
Glucose uptake rate
Lactate production rate
ATP production rate
Cell proliferation time
Number of living cells in certain unit volume
Radius of tumor spheroid
Tumor growth velocity
Growth time

Thus, the dimensionless equations are
∗
QATP
= 85% ∗ 2 ∗ Qg∗ + 5% ∗ 38 ∗ Qg∗

cg∗
Qg
= ∗
Qg max
cg + Kg /cg,0

Qg∗ =
∗
Qlac
=

∗
clac
Qlac
= ∗
Qg max
clac + Klac /cg,0



dcg∗
R(t)2 Qg max ∗
1
2 ∗
∇
=
c
−
Qg
g
dt ∗
A
DVL cg,0


cg∗ 






=1

r ∗ =1

dcg∗ r ∗ =0
dt ∗



=0

∗
R(t)2 Qg max ∗
dclac
1
2 ∗
∇
=
c
−
Qlac
lac
dt ∗
A
DVL cg,0


clac r ∗ =1 = 0
∗

kl∗ =
R(t) =

(18)




∗ 
dclac
r ∗ =0
=0
dt ∗

∗
QATP
kl
= ∗
A QATP + KATP /Qg max

t
0





v∗ R(t) A d

t∗
+ R0 .
1/A

Tumor growth in vivo is actually a complex process,
which involves many influencing factors such as gene
mutation, immune system, tumor cell mechanism eﬀect,
tumor angiogenesis, metabolic waste, and tumor microenvironment. It is diﬃcult to include all these factors into
one single model. The present model is built based on
energy production only and all other influencing factors are
lumped into the maximum cell growth rate parameter A. The
behavior of tumor growth is determined by the maximum
cell growth rate A and it is determined by fitting to the animal
experiment data. The other parameters used are all listed in
Tables 1 and 2. The constants (Dg , Qg max ) listed in Table 2
are taken from EMT6/Ro tumor, whose biophysical constants
have been well studied. EMT6 is a mouse breast cancer cell
line that grows in the Balb/C strain. 4T1 cells are assumed to
be similar to EMT6 biophysically in the present modeling.

Unit
mM
mM
mol/cell/sec
mol/cell/sec
mol/cell/sec
1/h
cells/cm3
cm
cm/h
h

To solve the equations listed above, discrete algorithm
is built. The one-dimensional tumor space is divided into
1000 intervals evenly. The time increment Δt is set to be
small enough to guarantee the solver stability. The diﬀusionreaction equations are then diﬀerentiated using the finite
diﬀerence method. The tumor radius at certain time t is
used as an input into the diﬀerentiated equation, and the
forward elimination and backward substitution method is
used to solve these diﬀerentiated equations to obtain the
glucose concentration distribution, the corresponding ATP
production rate, tumor growth rate, the velocity of the
moving boundary of tumor, and the new tumor radius at
a given time t. The updated tumor radius is then used as
an input into the equations iteratively, until the diﬀerence
between two iterations is small enough. For the next time
step (t + Δt), the radius of tumor is derived from the original
radius at time t and radius increment during Δt. This process
is repeated until the final convergence reached in simulation.
The maximum cell growth rate parameter A is fitted
from the animal experimental data. The reciprocal of A
ranged from 0∼50 h, with an interval of 0.2 h. Each A is then
substituted to the mathematical model to obtain a simulated
curve, which is compared with the animal experimental data
using the coeﬃcient of determination (R2) as a criteria. The
optimal A is chosen in correspondance to the maximum
achieved R2 value.

3. Results and Discussion
By fitting the numerical model with the experimentally
measured tumor growth data, the parameter A for tumor
growth with and without treatment was obtained. The fitted
curve and the experimental results were shown in Figures 2
and 3, respectively.
For the control group, the tumor growth curve during the
first 28 days was well captured by the energy-based model
developed in this study (Figure 2). The fitted maximum
cell growth rate parameter A was (18 h)−1 . However, after
28 days, the tumor growth slowed down and became
nonlinear, which could no longer be described by the current mathematical model. It implied that alternations in
tumor metabolism and some impedimental mechanisms
might appear which led to cell death when tumor radius
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Table 2: List of constants used in modeling (cell type—EMT6/Ro).
Value
1.05 ∗ 10−6 cm2 /s
1.33 ∗ 10−16 mol/(cell sec)
4.0 ∗ 10−2 mM
1.26 ∗ 10−9 cm3
5.5 mM or less
3.75 ∗ 10−19 mol/cells

reached about 4∼5 mm in diameter. These factors were not
considered in the present model.
Tumor growth in mice under long-term mild hyperthermia treatment was also fitted and shown in Figure 3. It was
obvious that the growth rate of tumor was much slower
and the fitted maximum cell growth rate A was (24 h)−1 .
The model predicted the general trend of tumor growth well
in the first 15 days. The oscillation occurred in the growth
curve that was not observed in the control group could be
attributed to the thermal interference, although the causing
mechanism is yet to be further explored. Moreover, it was
clear that the model overestimated the tumor growth under
the hyperthermia condition after 15 days. This indicates that
more complex eﬀects on the system might be triggered by
hyperthermia after a period of time. It could be related to
tumor angiogenesis, the activities of enzymes in diﬀerent
pathways associated with tumor cell metabolism and proliferation and so forth, which cannot be simply modeled based
on energy consumption.
With the fitted parameter A, the distribution of glucose
in tumor has also been obtained. The average concentration
of glucose in the tumor was calculated and compared to the
experimental results. Seen from Figures 4 and 5, the average
concentrations of glucose tended to decrease which agreed
well with the experimental results. There existed significant
diﬀerences between experimental and numerical results,
especially for the group under the long-term mild hyperthermia treatment. This was likely because in the present
model only glucose consumption for cell proliferation was
considered. There could be excessive supply of glucose from
the conceivable blood vessels inside tumor and the decreased
cellular uptake of glucose due to heat. A more sophisticated
model taking these factors into consideration should be
developed to accurately predict the glucose distribution in
tumor tissue.
As there are no publications on the nutrition diﬀusion
and cell uptake rate of 4T1 tumor cells, the data for EMT6/Ro
tumor has been used. Although EMT6/Ro tumor cells are
expected to possess similar properties, the dependence of
these parameters on tumor species might also introduce
some errors in the simulations. Therefore, parametric studies
were performed and the influences on the glucose uptake rate
and the diﬀusion coeﬃcient were studied as shown in Figures
6 and 7. It was clear that the variation of tumor growth
caused by 10% changes of either two factors was less than 5%.
In the present model, besides the Warburg eﬀect, the
influence of all other factors such as blood perfusion,

Authors
Casciari et al., 1988 [28]
Casciari et al., 1992 [25]
Casciari et al., 1992 [25]
Experiment
Freyer and Sutherland, 1986 [55]
Venkatasubramanian et al., 2006 [29]
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Figure 6: Parametric study of the tumor growth rate under diﬀerent
glucose uptake rates in tumor cells. Solid line stands for glucose
uptake rate from reference [29]. Dot and dash lines represent 10%
increase and decrease, respectively.
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Figure 7: Parametric study of the tumor growth rate under diﬀerent
glucose diﬀusion coeﬃcients in tumor tissue. Solid line stands for
glucose diﬀusion value from reference [29]. Dot and dash lines
represent 10% increase and decrease, respectively.
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immunity, and other growth or necrosis factors, has been
lumped into a simple parameter A. Using tumor growth
data from the experimental studies, the maximum tumor
cell growth rate in vivo under the normal condition was
fitted to be (18 h)−1 , and the linear tumor growth at the
early stage was successfully modeled without consideration
of cell death. The growth was found to be excessively
inhibited by the long-term mild hyperthermia treatment. In
fact, during the treatment, both the temperature gradient
and inhomogeneity existed, and the higher temperature
could impair tumor cells by denaturation or destruction of
cellular membrane, cellular skeleton, and nucleus [48]. The
long-term mild hyperthermia treatment might also aﬀect
the activities of enzymes in diﬀerent pathways associated
with tumor cell metabolism and proliferation, stimulate the
immunology factors such as hsp70, which could arouse
body system defense and eliminate tumor cells specifically
[49]. Besides, Song’s study [50] revealed that under mild
hyperthermia (41∼42◦ C, 30 min) blood perfusion in tumor
tissue could increase 1.5∼2 folds as compared to that prior
to the treatment. Tumor vasculature is very sensitive to heat,
as it is loosely organized and usually lacks of smooth muscles
[51–54]. Tumor cells would suﬀer from starvation due to the
damage of the angiogenesis. All these influences on tumor
growth are not linear and could not be accurately represented
by a single parameter. This warrants further investigation
into more detailed modeling of the long-term hyperthermia
eﬀect on tumor growth in the near future.

4. Conclusion
An energy-based model linking tumor growth with cell proliferation rate has been developed in this study to investigate
the hyperthermia treatment eﬀect. In the model, the new
understanding of the Warburg Eﬀect was for the first time
taken into account for tumor cellular metabolism regardless
of the concentration of oxygen. The maximum cell growth
rate was used as an integrated variable responding to changes
under diﬀerent environments. Trends of initial tumor growth
and changes of the average glucose concentration in tumor
were successfully modeled. The comparison of the maximum tumor cell growth rate has revealed a slowdown
of tumor growth under the long-term mild hyperthermia
condition. To accurately predict the tissue glucose level and
the corresponding metabolites, especially under the longterm hyperthermia, the model needs to be further developed.
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Auger electrons emitted in nuclear decay oﬀer a unique tool to treat cancer cells at the scale of a DNA molecule. Over the last forty
years many aspects of this promising research goal have been explored, however it is still not in the phase of serious clinical trials.
In this paper, we review the physical processes of Auger emission in nuclear decay and present a new model being developed to
evaluate the energy spectrum of Auger electrons, and hence overcome the limitations of existing computations.

1. Introduction
Unstable atomic nuclei release excess energy through various
radioactive decay processes by emitting radiation in the
form of particles (neutrons, alpha, and beta particles) or
electromagnetic radiation (gamma-ray photons). Most of the
applications using nuclear isotopes are based on the fact that
the interaction of the radiations passing through material
will depend on their type (photons, neutral, or charged
particles) and the transferred energy. Most radioisotopes
used in clinical therapy emit β particles, which are ionizing
radiations. The biological eﬀect is often characterized by
the so-called linear energy transfer, LET, expressed in units
of keV/μm, which is a measure of the energy deposited
along the particle track. A new class of radionuclides [1],
including Tb149 , Bi213 , Po211 , At211 , Ra223 , Ac225 , Ac227 , Th226 ,
and U230 , which emit α particles (made up of two protons
and two neutrons) have been considered for therapy. The
LET for most therapeutic α emitters ranges from 25 to
230 keV/μm. On the other hand, electrons and positrons
emitted in nuclear β decay, and in the internal conversion
processes, referred to here as β particles, have kinetic energies
ranging from tens of keV to several MeV and their LET is
much lower, typically ∼0.2 keV/μm.
A third type of ionizing radiation is Auger electrons
[2], named after the French physicist Pierre Victor Auger.
When an inner-shell electron is removed from an atom,

the vacancy will be filled by an electron from the outer
shells and the excess energy will be released as an X-ray
photon, or by the emission of an Auger electron. Referred
to as atomic radiations, X-ray and Auger electron emission
are competing processes. The atomic transition rates, and
whether X-ray or Auger emission is dominant, depend on the
atomic number, the electron shells involved, and the electron
configuration of the atom. The full relaxation of the innershell vacancy is a multistep process, resulting in a cascade
of atomic radiations. The energy of emitted X-rays and/or
Auger electrons depends on the atomic number, the electron
shells and electron configuration involved, and is typically in
the range from a few eV to 100 keV. Due to their short range
(nm to μm), Auger electrons with relatively low energies can
have a much higher LET. For example, for electron energies
below 1 keV the LET peaks at around 26 keV/μm [3]. In
comparison to α or β particles, Auger electrons have a much
shorter range in material, which makes them ideal tools for
targeted radiation therapy [4]. Figure 1 shows a pictorial
comparison of the interaction sites for these three types of
ionizing radiation.
Since the early 70s, when the use of Auger electrons
for cancer therapy was first suggested (see the review by
Howell [5]), considerable advances have been made in the
understanding of the radiobiological eﬀect of low-energy
electrons. The use of Auger emitters for radiation therapy is
often cited in the literature as a viable option, however the
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electron. For allowed transitions nearly all vacancies occur
on the s shells (K, L1 , M1 , etc.) with the inner-most shells
dominating. Comprehensive compilations of the relevant
electron capture probability ratios for the K, L, M, N, and
O shells were presented by Schönfeld [6]. Leaving aside the
eﬀect of β+ decay, which may compete with electron capture,
the basic relation between the subshell capture ratios (PX ) is

Auger
electrons

PK + PL + PM + PN + PO = 1.

β particles

(3)

The individual terms can be calculated from their ratios. For
example, for PK we get








P
P
P
P
PK = 1 + L 1 + M 1 + N 1 + O
PK
PL
PM
PN

α particles

−1

,
(4)

Figure 1: Interactions of ionizing radiations on the scale of DNA.
(Courtesy of Thomas Tunningley, ANU).

clinical research is still yet to come. According to the recent
review of Buchegger et al. [4], the three main requirements of
this type of targeted therapy are: (i) suitable tumor selective
agent to bind the radioactive material to the tumor cells, (ii)
consecutive internal irradiation cycles, and (iii) reduction
of unwanted radiation damage outside the living cancer
tissue. To address all these aspects would require a complex
approach, however in this paper we will only focus on the
physical processes required to evaluate the Auger emission in
nuclear decay. We start our discussion with an overview of
the current knowledge; then we propose a new approach to
overcome the limitations of the current computations used
for low-energy Auger emission from medical isotopes.

2. Radioactive Decay Processes
When a vacancy is created in an inner electron shell, the
residual atom is left in an excited state. Such a vacancy
can be created by photoionization, ion-atom collisions,
electron bombardment, electron capture (EC), or internal
conversion electron (CE) processes. EC and CE are the
only processes which involve nuclear decays and changes in
nuclear structure. Typical atomic events involving the Kshell are shown in Figure 2.
In electron capture the nucleus decays by absorbing an
atomic electron and emitting a neutrino
(Z + 1, A) + e −→ (Z, A) + νe .

(1)

The condition for electron capture decay is
Eν = Q+ − Ei − EX > 0,

(2)

where Q+ is the energy diﬀerence in atomic masses between
parent and daughter ground states, Ei is the energy of
the final nuclear state in the daughter nucleus, and EX
is the binding energy of the captured electron, X. The
released energy, Eν will be shared by the emitted neutrino
and, if applicable, the Bremsstrahlung photon or shaking

and one can obtain the PL /PK ratio as


PL
ΔE − EL1
= kLK ×
PK
ΔE − EK

2

,

(5)

where the kLK factors are tabulated in [6], and ΔE is the
energy diﬀerence between the parent and daughter states.
For allowed and nonunique first forbidden transitions, the
dominant contribution is from the K, L1 , M1 , and N1 shells,
however, the contributions of the L2 , M2 , and N2 shells
should not be neglected. The L1 /L2 ratios can be calculated
from amplitudes of the bound electron radial wave functions
[7].
Nuclei undergoing electromagnetic decays will emit γrays, internal conversion electrons, or if the transition
energy is higher than twice the electron rest mass, electronpositron pairs. In the internal conversion process an atomic
electron is ejected from one of the atomic shells. The
electron conversion coeﬃcient is defined as the ratio of the
probabilities of the emission of atomic electrons from shell
X (PX ) to the emission of γ-rays (Pγ ):
αX =

PX
.
Pγ

(6)

The kinetic energy of the electron, ECE,X , can be deduced
from the transition energy, Etr , and the binding energy of the
atomic shell, EBE,X , as follows:
ECE,X = Etr − EBE,X − Erecoil ,

(7)

where Erecoil is the recoil energy of the emitting atom,
which in most cases is very small. Transitions involving
conversion electrons are only possible if ECE,X > 0. For
example, the 2.1726 keV transition from the decay of Tc99m
can only proceed with internal conversion from the M1
and higher shells. Theoretical internal conversion electron
emission rates can be obtained from [8].

3. X-Rays and Auger Electrons
It is customary to assume that the radioactive atom initially is
in the neutral, ground state electronic configuration. Immediately after an electron capture or internal conversion event,
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Initial vacancy on K-shell created
by nuclear decay (EC or IC)
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M

KL2 X-ray

KL1 L2 Auger electron

Figure 2: Relaxation of a vacancy in the K shell by X-ray and Auger emission.

the atom will be excited. In 1923, Rosseland [9] postulated
that the atom relaxes via both radiative and nonradiative
processes. Radiative processes will involve the emission of Xrays with characteristic energies as the atomic electrons are
reorganized to fill the vacancy. In X-ray emission, an electron
in an outer shell, Y , makes a transition to a vacancy in the
inner shell, X, and the emitted energy of the X-ray is
EXY = EBE,X − EBE,Y ,

(8)

where EBE,X and EBE,Y are the binding energies of the atomic
shells involved. The fluorescence yield, ωX , is defined as the
number of radiative (X-ray) transitions per vacancy in any
shell or subshell X. Considering all possible shells, subshells,
Y , involved in filling the vacancy on the K shell (X is equal
to K-shell), the X-ray yield, YKY can be expressed as
YKY = fK ωK NKY ,

(9)

where fK is the number of primary vacancies on the K-shell,
and NKY is the relative intensity of various X-ray transitions
with NKY = 1.
Pierre Auger made the first confirmed experimental
observation of the nonradiative process in 1925 [2]. Nonradiative processes (also called “radiationless processes” or the
“Auger eﬀect”) similarly involve the redistribution of atomic
electrons but result in the emission of an atomic electron
(Auger electron). The Auger electron process XY Z involves
three electron (sub-)shells. An electron in an outer shell, Y ,
makes a transition to the vacancy in an inner shell, X, and an
electron in outer shell Z is ejected. The energy of the Auger
electron can be expressed as:
EXY Z = EBE,X − EBE,Y − EZY ,

(10)

where EBE,X and EBE,Y are the neutral atom binding energies
for shell X and Y . EZY is the binding energy of an electron on
the Z-shell when the atom is already ionized with a single
vacancy on the atomic shell Y . This process will result in
vacancies in both the Y and Z shells from a single initial
vacancy in the X shell. For example, if X is the K-shell, Y
the L1 subshell, and Z the L2 subshell the electron is called
a KL1 L2 Auger electron. In Coster-Kronig (CK) transitions
one of the final vacancies is in the same principal shell (Y )

as the initial vacancy (X). Similarly to (9) the Auger electron
yield can be expressed as
YKY Z = fK (1 − ωK )NKY Z ,

(11)

where NKY Z is 
the relative intensity of various Auger
NKY Z = 1. The sums are over all
transitions with
energetically possible Y and all possible Z with binding
energies EBE,Y ≥ EBE,Z .

4. Vacancy Propagation
The rearrangement of the atomic structure will continue
until all primary, secondary, and subsequent vacancies are
filled by the emission of X-rays and Auger electrons, or
until no more transitions are energetically possible. In the
latter case, the vacancy has reached the valence shell. This
is the region where solid state, or chemical eﬀects might be
dominant. The correct treatment of such eﬀects is beyond
the scope of the present paper.
The full relaxation of the initial vacancy created in
the nuclear event (Section 2) is a multistep process. While
the fundamental physical picture of the individual atomic
transitions remains similar to the one described above, the
atomic structure will continuously change. This change will
aﬀect both the atomic-binding energies and transition rates.
Considering the number of possible atomic configurations, the procedure of evaluating the atomic radiation
spectrum becomes very complex. Table 1 compares the
various calculated Auger electron yields of radioisotopes of
medical importance. These include Tc99m , In111 , I123,125 , and
Tl201 . The table contains six calculations, which follow two
fundamentally diﬀerent approaches. The key features of the
relevant physical data and assumptions are also listed and will
be discussed below.
In the so-called “deterministic approach” (DET and
DET++), the contributions from filling each vacancy are
computed using closed formulae, similar to (9) and (11).
Provided that all relevant transition rates are known, this
approach has very small computational requirements and
it was used by the Radiation Dose Assessment Resource
(RADAR) [10, 11], the Decay Data Evaluation Project
(DDEP) [12], and Eckerman and Endo [13]. This approach
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Table 1: Calculated Auger electron yields for selected medical radioisotopes.
RADAR [10, 11] DDEP [12] Eckerman and Endo [13] Howell [14] Stepanek [15] Pomplun [16]

Nuclear decay data(a)

Present
study

ENSDF

DDEP

ENSDF

ENSDF

ENSDF

ICRP38

ENSDF

Conversion coeﬃcients

[17]

[8, 18]

[18, 19]

[18]

[15]

[17, 20, 21]

[8]

Electron capture ratios

[22]

[23]

[24]

[22, 25]

[22, 25]

[22]

[23]

Atomic shells

K, L

K, L

K–O

K–O

K–N

K–N

K–R

[7, 26]

[27–29]

[30, 31]

[32–35] (A)

[30]

[32–34] (A)

[30]

RADLST

EMISSION

EDISTR04

[27, 36] (X)

NAB [39]

SE [40]

NAB [30]

Z/Z + 1(A)

Atomic transition

rates(b)

Atomic transition energies(c)

[37, 38] (X)
DF

DF [41]

DF [42]

NAB (X)
Vacancy propagation(d)

DET

DET

DET++

MC

MC

MC

MC

Charge neutralization

No

No

No

Yes

No

No

No

0.122

0.13

2.5

3.37

Auger electron yield per nuclear decay
99m Tc
111 In

(6.007 h)

4.0

1.136

1.16

7.215

14.7

123 I

(13.22 h)

1.064

1.08

13.71

14.9

125 I

(59.4 d)

1.77

1.78

23.0

24.9

0.773

0.614

20.9

36.9

201 Tl

(2.805 d)

4.363

(3.04 d)

6.05

5.75
6.4

15.3

(a) ENSDF: evaluated nuclear structure file [43]; DDEP: decay data evaluation project [12]; ICRP38: international commission on radiological protection [44].
(b) Computer codes: RADLST by Burrows [26], EMISSION by Schönfeld and Janßen [45], and EDISTR04 by Endo et al. [46]; (A): Auger electrons, (X): Xrays.
(c) Transition energies deduced from: NAB: neutral atom binding energies; SE: semiempirical Auger energies Z/Z + 1 approximated from neutral atom binding
energies [47]; DF: relativistic Dirac-Fock calculations.
(d) Approach to treat vacancy cascades: DET: deterministic, using closed formulae; DET++: deterministic, using up to 3000 possible transitions; MC: Monte
Carlo approach.

is quite reasonable and simple for transitions involving
vacancies on the K and L shells. However a more realistic
description must include the outer shells and hence requires
that a very large number of transitions be considered. A set
of approximating formulae were presented in the pioneering
work of Dillman [48] to evaluate the L- and M-series atomic
radiations. Dillman used a rather coarse approach, which
assumed that these radiations carry a low total energy and
may be treated as a “single group” [48]. This work led to
the development of the EDISTR code [48] to evaluate the
complete spectrum of atomic radiations. Recently, Endo et al.
[46] have further improved the EDISTR code. In general, the
accuracy of these “deterministic predictions” largely depends
on the inclusion of outer shells.
An alternative approach is to base the calculations on
“Monte Carlo” (MC) techniques, which prove to be better
suited to the inclusion of all possible paths in the relaxation
process. Such simulations begin with the selection of the
nuclear decay process and the consequent creation of the
initial vacancy. During the propagation of the initial vacancy,
the next transition is randomly selected from all available
atomic transitions, using the transition rates as weighting
factors. Table 1 includes results from Howell [14], Stepanek
[15], and a very recent calculation by Pomplun [16]. As
indicated in the table, the Monte Carlo approach allows
the incorporation of all atomic shells with the potential to
produce low-energy Auger electrons with high radiotoxicity.

Common in both approaches is the necessity to know all
relevant transition energies and transition rates. All 6 calculations listed in Table 1 use transition rates from existing
tabulations based on a combination of experimental data,
systematics (obtained by interpolation and extrapolation), as
well as theoretical calculations, which often used diﬀerent
assumptions, wave functions, and so forth. The two most
often cited works are from Bambynek et al. [7] and the
Evaluated Atomic Data Library, EADL, by Perkins et al. [30].
Most of the data presented in these compilations are for cases
when there is a single vacancy on one of the atomic shells. In
an eﬀort to compensate for this limitation, the calculations
presented in Table 1 have employed various corrections. One
of these is the so-called Krause-Carlson correction [49],
which takes into account the eﬀect of multiple vacancies on
a shell accumulated in the course of the relaxation process.
Most of these calculations neglect the shakeup and shakeoﬀ
eﬀects, which might be significant for transition rates when
a vacancy is created on the outermost shells [50].
The transition energies are usually derived from atomic
binding energies. As for the transition rates, the atomic
binding energies are also aﬀected by changes in the atomic
configuration occurring during the relaxation process. Some
of the calculations listed in Table 1 simply use neutral atombinding energies (NAB) or semiempirical values (SE) from
Larkins [40]. Others use the Z/Z + 1 rule [47] to estimate
the Auger electron energies. Only the two most recent
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Monte Carlo approaches (Stepanek [15] and Pomplun [16])
use theoretical values obtained from relativistic Dirac-Fock
calculations.
In summary, existing computations of Auger electron
spectra are far from complete. Most of them are based on
transition rates and transition energies obtained for single
vacancies. It is also evident that the correct treatment of the
relevant transition energies and rates requires a much more
sophisticated computational approach than was available
twenty or more years ago, when the EADL data base was
developed.

5. New Ab Initio Calculations of Auger
Transition Rates
The starting point to fully explore the potential of the
targeted Auger-electron-based therapy is an accurate description of the relevant atomic radiation spectrum from the
decaying radioisotopes. Recognizing the lack of a consistent
theoretical model, the August 2011 IAEA special meeting on
Intermediate-term Nuclear Data Needs for Medical Applications [51] concluded that: “A comprehensive calculational
route also needs to be developed to determine the energies
and emission probabilities of the low-energy X-rays and
Auger electrons to a higher degree of detail and consistency
than is available at present.” The document identifies a
number of radioisotopes as potential candidates for targeted
microdosimetry at the cellular level: Ga67 , Ge71 , Br77 , Tc99m ,
Pd103 , In111 , I123 , Nd140 , Ta178 , Pt193m , Pt195m , and Hg197 . The
document also concludes that for many of these isotopes
further experimental studies and rigorous assessments of the
existing nuclear structure information are also required.
To improve the understanding of the atomic radiation
spectra in nuclear decay a new approach is required, which
should use new theoretical transition energies and rates.
In addressing this need we propose to adopt the following
protocol for a new Monte Carlo approach.
(a) Nuclear structure data will be extracted from the Evaluated Nuclear Structure File (ENSDF) [43]. ENSDF
is maintained regularly and this will ensure the use
of the most up-to-date information to evaluate the
nuclear event.
(b) Electron capture rates will be taken from the Schönfeld
compilation [6] and subshell electron capture ratios
will be calculated from (4) and (5).
(c) Internal conversion coeﬃcients (ICC) will be taken
from BrIcc [8]. The ICC values in that tablulation
were calculated using relativistic Dirac-Fock wave
functions. It is important to note that most of
the previous ICC calculations assumed that the
atomic vacancy created in the conversion process is
filled instantly. Therefore, the conversion coeﬃcients
were calculated for the neutral atom. High-precision
experimental conversion coeﬃcients [52] indicate
that the eﬀect of the atomic vacancy should be
taken into account. It is particularly important for
cases when the transition energies are close to one
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of the shell binding energies, where the conversion
coeﬃcient is larger, and therefore the yield of atomic
radiations is larger too. BrIcc uses the so called
“Frozen Orbital” approximation [42] to take into
account the eﬀect of the atomic vacancy. The BrIcc
data tables cover all atomic shells and transition
energies starting from 1 keV above the shell-binding
energies and continuing up to 6000 keV.
(d) Auger and X-ray transition energies and rates will
be calculated using the most recent version of
the General Purpose Relativistic Atomic Structure
program, GRASP2K [53] and the Relativistic Atomic
Transition and Ionization Properties, RATIP [54]
codes. The RATIP program package was developed
in the late 90s for the calculation of atomic transition
and ionization properties for atoms with arbitrary
charge/vacancy distributions [55], similar to those
expected during the vacancy propagation process.
Calculations will be carried out at every propagation
step for the actual atomic configuration of the ionized
atom. The calculated rates and energies together with
the atomic configuration will be stored, so CPU
intensive calculations need not be repeated.
(e) The vacancy creation and the atomic relaxation
processes from EC decay and from internal conversion
will be treated independently. In all practical cases IC
takes place after the daughter atom is fully relaxed
following an EC event, so internal conversion takes
place in a neutral atom. This assumption is not valid
in rare cases wherein the nuclear level halflife of
the daughter nucleus is much shorter than the time
needed for the atom to fully relax. For example,
a shift of 20 ± 7 eV of the K conversion electron
line of the 963 keV transition in the electron capture
decay of Eu152m [56] is one of the few experimental
observations of this rare scenario. Depending on the
level scheme, the radioactive decay may produce multiple electromagnetic transitions, which depending
on the conversion coeﬃcient may proceed with the
emission of multiple conversion electrons. There is
a finite, usually very small probability, that a second
conversion electron is emitted before the vacancy
created in the first conversion process could fully
relax. Based on the average nuclear and atomic
halflives, it is a very unlikely event, and it will not be
considered in our model.
(f) The ab initio treatment of the propagation process
including the random sampling of the available decay
channels will ensure the realistic evaluation of the
atomic spectra. A key element of the proposed model
is the use of transition energies and transition rates
calculated for the given atomic configuration (see (d)
above). While in terms of computing requirements
this is an expensive approach, it should improve the
accuracy of the model.
(g) The atom is assumed to be free, and any influence
from the chemical environment or solid-state eﬀects
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Figure 3: Vacancies created during the relaxation process in In111 .

is neglected. In our model the propagation of a
particular vacancy will be terminated if there is
no higher state energetically available, or if it has
reached the valence shell. However the propagation
of the event is not complete while there are any
inner vacancies still left; the propagation of these
vacancies will continue until all have reached the
valence shell. In contrast, Howell [14] has assumed
that once a vacancy reaches the valence shell, it will
be immediately neutralized by absorbing electrons
from the neighboring environment. There is strong
evidence that this assumption is not correct. Specifically, the Auger cascade takes about 10−16 to 10−14 s to
complete, and as pointed out recently by Robertson
[57] and Pomplun [16], the proposed neutralization
process is too slow to have an eﬀect on the much
faster propagation process. In the proposed model
it will therefore be assumed that the vacancies on
the valence shell(s) will remain unfilled throughout
the entire atomic relaxation process. The atomic
processes involved in neutralization of the ionized
atom at the end of the above vacancy propagation
would go beyond the scope of the present study.
It also should be noted that in many medical applications, the radioactive nuclide is attached to a molecule,
which will aﬀect the atomic transition energies and rates,
particularly for the outermost shells. None of the previous calculations listed in Table 1 consider this eﬀect.
The relativistic multiconfiguration Dirac-Fock method we
propose to use has the potential to incorporate the chemical
environment, however, at least initially, this option will not
be considered in our model.

6. Pilot Study
To explore the implications of this new approach, a pilot
model was developed. This model follows the proposed
approach, except that fixed atomic transition rates were taken
from the EADL [30] data base. EADL contains X-ray, Auger
electron (including Coster-Kronig and super Coster-Kronig)
transition probabilities and energies for an atom with

a single vacancy. These were calculated with a Dirac-HartreeSlater method using j-j coupling. These calculations use
semiempirical corrections to improve the accuracy for lowenergy Coster-Kronig transitions. Since the EADL contains
the most complete atomic data available to date, and since it
describes the total transition rates correctly, it was adopted
for the pilot model. However, the transition energies from
EADL have been replaced with values deduced from binding
energies calculated at each propagation step using the RAINE
Dirac-Fock code [42]. The RAINE code tends to slightly
overestimate the binding energies of the inner shells and
this results in some of the K Auger lines appearing above
their experimental values [57, 58]. Transitions with negative
energies, that is, energetically not allowed, were excluded.
This approach, at least on the superficial level, takes into
account the eﬀect of the presence of multiple vacancies and
should improve the accuracy of the transition energies.
Using the pilot model, detailed calculations have been
carried out for two of the isotopes listed in Table 1: Tc99m
and In111 . Figure 3 shows the abundance of atomic vacancies
for each atomic shell during the atomic vacancy cascade.
Vacancy creation from the nuclear decay occurs at step “0,”
and events with up to 14 propagation steps are indicated.
The plot was generated by evaluating 1,000,000 EC decays
of In111 , one of the commonly used radioisotopes for nuclear
imaging. More than 97.5% of the initial vacancies are from
electron capture on the K- and L1 -shells. Closer examination
of the graph reveals how the vacancies “migrate” towards the
outer shells. For most of the events, the created vacancies take
7 or 8 propagation steps to reach the outer shells. Beyond
that number of propagation steps, the vacancy abundance
in Figure 3 shows a decrease because events with more
steps become increasingly unlikely. Some key features of the
propagation process include: the highest abundances of the
vacancies are on the last subshell of each principal shell: L3 ,
M5 , and N5 . (N6 and N7 are not occupied.) As the vacancies
approach the outer shells (M and N) they are retained longer;
that is, they are more likely to survive for several propagation
steps.
In Tables 2 and 3, the nuclear and atomic transition energies and yields obtained for Tc99m and In111 are compared
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Table 2: Average radiation yields and energies of 99m Tc. For every entry the first line contains the energies in keV, and the second line (in
italics) contains the emission probabilities.
RADAR [10, 11]

DDEP [12]

Eckerman and Endo [13] Howell [14] Pomplun [16] Present study (pilot model)

Nuclear radiations
2.1726(4)

γ1
CE − M

7.4(2)E − 9

2.1

2.1726(4)

1.05E − 2

7.3(2)E − 9

1.6

[1.628 : 1.919]

1.748

1.82

1.779 (a)

1.781

7.46E − 1

8.80(24)E − 1

8.62E − 1

9.91E − 1

9.14E − 1

8.75E − 1

[2.104 : 2.170]

2.173

2.060 (a)

2.139

1.17(3)E − 1

1.30E − 1

7.53E − 2

1.15E − 1

CE − N

2.166

CE − O
γ2
CE − K
CE − L
CE − M

2.50E − 6
140.5

140.511(1)

140.5

141

140.5

140.511(1)

8.906E − 1

8.85(2)E − 1

8.91E − 1

8.89E − 1

9.012E − 1

8.906E − 1

119.5

119.467(1)

119.5

119

119.4

119.467

8.80E − 2

9.20(27)E − 2

8.92E − 2

8.43E − 2

8.440E − 2

8.79E − 2

137.5

[137.468 : 137.834]

137.5(a)

137

137.4(a)

137.494

1.07E − 2

1.142(35)E − 2

1.087E − 2

1.36E − 2

1.14E − 2

1.07E − 2

140.0

[139.967 : 140.258]

140.1

140

140.1(a)

139.977

1.9E − 3

2.09(6)E − 3

1.99E − 3

2.70E − 3

1.94E − 3

CE − N

3.70E −

3(b)

140.5

140.4

140.4

3.80E − 4

3.00E − 4

3.13E − 4
140.5

CE − O
γ3
CE − K
CE − L
CE − M

2.13E − 5
142.6

142.683(1)

142.683(1)

2E − 4

2.3(2)E − 4

121.6

121.631(25)

121.6

122

2.5(2)E − 4
121.586

5.5E − 3

6.7(6)E − 3

5.50E − 3

5.90E − 3

6.51E − 3

139.6

[139.632 : 139.998]

139.8(a)

140

139.741

1.7E − 3

2.15(20)E − 3

1.75E − 3

2.50E − 3

2.05E − 3

142.1

142.2

142.140

3E − 4

3.48E − 4

4.00E − 4
142.57

CE − N

6.12 E − 5
142.62

CE − O

1.50E − 6

X-rays
Kα1
Kα2
Kβ
L
M
N

18.4

18.3672

18.33

18.4

18.36

18.421

4.02E − 2

4.21(12)E − 2

4.06E − 2

3.89E − 2

3.65E − 2

4.05E − 2

18.3

18.251

18.21

18.3

18.24

18.302

2.10E − 2

2.22(7)E − 2

2.14E − 2

2.17E − 2

1.96E − 2

2.13E − 2

20.6

20.677(a)

20.59

20.7(a)

20.7(a)

20.729

1.20E − 2

1.30(4)E − 2

6.53E − 3(c)

1.18E − 2

9.10E − 3

1.18E − 2

2.4

[2.134 : 3.002]

2.45

2.499

2.466

4.8E − 3

4.82(12)E − 3

4.90E − 3

4.2E − 3

4.72E − 3

0.236

0.263

1.20E − 3

7.83E − 4
0.047
8.73E − 1
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Table 2: Continued.
RADAR [10, 11]

DDEP [12]

Eckerman and Endo [13] Howell [14] Pomplun [16] Present study (pilot model)

Auger electrons
KLL
KLX
KXY
K total

[14.86 : 15.58]

15.42

15.3

15.3

15.37

1.49(6)E − 2

1.48E − 2

1.26E − 2

1.42E − 2

1.48E − 2

[17.43 : 18.33]

17.82

17.8

17.83

17.85

2.79(10)E − 3

5.59E−3

4.70E−3

4.60E−3

5.58E−3

[19.93 : 21.00]

20.32

20.27

2.8(1)E − 4

4.0E − 4

5.07E − 4
16.15(a)

15.5
2.07E − 2

2.15(8)E − 2

2.04E − 2

1.73E − 2

1.92E − 2

0.054

CK LLM

9.20E − 3

CK LLX
LMM
LMX

2.2
1.02E −

[1.6 : 2.9]
1(d)

1.089(9)E −

1(d)

CK MMX
MXY

0.0429

0.1721

0.144
9.48E − 3

1.93E − 2

1.13E − 2

2.054

2.05

2.032

2.016

9.03E − 2

8.68E − 2

8.47E − 2

9.02E − 2

2.333

2.32

2.326

2.328

1.41E − 2

1.37E − 2

1.10E − 2

1.41E − 2

2.66

2.631

2.654

1.20E − 3

6.00E − 4

6.07E − 4

2.09(a)

1.77(a)

1.86(a)

1.765

1.04E − 1

1.21E − 1

1.08E − 1

1.24E − 1

0.1142

0.116

0.09578

0.104

7.09E − 1

7.47E − 1

3.49E − 1

7.10E − 1

0.2061

0.226

0.1818

0.170

1.08E + 0

1.10E + 0

1.116E + 0

1.10E + 0

LXY
L total

2.08E − 2

0.014

Super CK NNN
CK NNX

5.36E − 1
0.02961

0.0334

0.01291

0.012

2.47E + 0

1.98E + 0

8.723E − 1

8.45E − 1

Total energy release per nuclear decay (keV)
γ-rays

124.997

125.133

CE electrons

15.383

15.232

X-rays

1.367

1.433

Auger electrons

0.899

0.833

(a)

Evaluated from subshell data.
N-shell summed contribution.
(c) Kβ1 only.
(d) Auger electrons only, does not include Coster-Kronig transitions.
(b) M-,

with literature values from RADAR [10, 11], DDEP [12],
Eckerman & Endo [13], Howell [14] and Stepanek [15, 59].
Our values are given in the last column of the tables, which
are based on 10 million (99m Tc) and 1 million (111 In) Monte
Carlo events. Each entry of these tables consists of two rows.
Transition energies (in keV) are given in the first row and
transition probabilities (in units of emission per nuclear
decay) are in the second row. The contribution of internal
conversion for each atomic subshell is evaluated, however the
summary tables presented here only give values averaged for

the principal shells. The electron capture decay of In111 will
also produce atomic vacancies. The electron capture events
are not listed explicitly in Table 3, but the associated atomic
radiations are fully accounted for in Table 3.
The main part of Tables 2 and 3 is concerned with
the atomic radiations. One of the benefits of the Monte
Carlo approach is the ability to consider all possible transitions, providing that they are energetically allowed and the
corresponding transition rates are known. In the present
computation for each transition, the type (Auger electron
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Table 3: Average radiation yields and energies of 111 In. For every entry the first line contains the energies in keV, and the second line (in
italic) contains the emission probabilities.
RADAR [10, 11]

DDEP [12]

Eckerman and Endo [13]

Howell [14]

Stepanek [15, 59]

Present study
(pilot model)

Nuclear radiations
γ1
γ2
CE − K
CE − L
CE − M
CE − N+

150.81(3)

150.81(3)

1.5(15)E − 5

∼3E − 5

171.3

171.28(3)

171.3

171

171.28(3)

9.02E − 1

9.061(20)E − 1

9.06E − 1

9.06E − 1

9.065(25)E − 1

144.6

144.57(3)

144.6

145

144.57

7.80E − 2

8.13(20)E − 2

8.51E − 2

8.24E − 2

8.39E − 2

167.3

[167.3 : 167.7]

167.3(a)

167

167.29

1.06E − 2

1.02(3)E − 2

1.08E − 2

1.00E − 2

1.05E − 2

170.5

[170.51 : 170.88]

170.7

171

170.52

2.0E − 3

1.97(5)E − 3

2.09E − 3

1.40E − 3(b)

2.01E − 3

171.2

171.3

171.18

4E − 4

4.35E − 4

3.92E − 4
171.18

CE − N

3.70E − 4
171.27

CE − O
γ3
CE − K
CE − L
CE − M
CE − N+

2.40E − 5
245.4

245.35(4)

245.4

245

245.35(4)

9.40E − 1

9.412(6)E − 1

9.41E − 1

9.37E − 1

9.409(18)E − 1

218.7

218.64(4)

218.7

219

218.64

4.93E − 2

4.93(10)E − 2

5.04E − 2

5.21E − 2

5.03E − 2

241.4

[241.33 : 241.81]

241.5(a)

241

241.46

7.9E − 3

7.70(15)E − 3

7.96E − 3

9.10E − 3

7.89E − 3

244.6

[244.58 : 244.95]

244.7

245

244.63

1.5E − 3

1.50(3)E − 3

1.56E − 3

1.90E –

1.51E − 3

3(b)

245.3

245.4

245.26

3E − 4

3.09E − 4

2.70E − 4
245.26

CE − N

2.58E − 4
245.34

CE − O

1.20E − 5

X-rays
Kα1
Kα2
Kβ
L
M
N+

23.2
4.433E − 1
23.0
2.350E − 1
26.1
1.450E − 1
3.1

23.1739
4.447(26)E − 1
22.9843
2.365(18)E − 1
26.19(a)
1.466(16)E − 1
[2.77: 3.95]

6.90E − 2

6.78(14)E − 2

23.15
4.50E − 1
22.96
2.40E − 1
26.25(a)
7.87E − 2

23.2
4.63E − 1
23.0
2.40E − 1
26.2(a)
1.37E − 1
3.23

23.3
4.58E − 1
23.1
2.37E − 1
26.3(a)
1.48E − 1
3.25

23.25
4.51E − 1
23.06
2.39E − 1
26.26
1.42E − 1
3.23

4.99E − 2

7.83E − 2

6.90E − 2

0.356

0.431

0.424

3.00E − 3

2.50E − 3

2.54E − 1

0.0521

0.068

7.75E − 1

1.03E + 0
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Table 3: Continued.
RADAR [10, 11]

DDEP [12]

Eckerman and Endo [13]

Howell [14]

Stepanek [15, 59]

Present study
(pilot model)

Auger electrons
KLL
KLX
KXY
K total

[18.675: 19.636]

19.28

19.1

19.3

19.23

1.05(3)E − 1

1.06E − 1

1.03E − 1

9.84E − 2

1.07E − 1

[21.923: 23.172]

22.42

22.3

22.5

22.46

4.5(2)E − 2

4.37E − 2

3.94E − 2

4.35E − 2

4.39E − 2

[25.171: 26.028]

25.58

25.5

25.7

25.64

5(1)E − 3

4.33E − 3

3.60E − 3

4.10E − 3

4.29E − 3

19.3

20.3

1.56E − 1

1.55E − 1
0.032

CK LLM

4.82E − 2

CK LLX
LMM
LMX
LXY
L total

0.183

0.247

0.234

1.51E − 1

1.52E − 2

1.32E − 1

2.611

2.59

2.60

2.58

8.16E − 1

8.35E − 1

8.03E − 1

8.16E − 1

3.054

3.06

3.06

3.06

1.88E − 1

1.90E − 1

1.81E − 1

1.88E − 1

3.515

3.53

3.54

3.54

1.14E − 2

1.09E − 2

1.05E − 2

1.13E − 2

2.7

[3.404: 3.804]

2.31

9.80E – 1(c)

1.005(8)E + 0(c)

1.20E + 0

CK MMX

0.1280

0.125

0.0103

0.098

8.86E − 1

9.15E − 1

8.57E − 1

8.59E − 1

0.3454

0.350

0.328

0.308

2.12E + 0

2.09E + 0

2.05E + 0

2.12E + 0

MXY

0.020

Super CK NNN
CK NNX

5.38E − 1
0.03677

0.0388

0.0268

0.017

3.04E + 0

2.54E + 0

1.49E + 0

6.81E − 1

0.00847

0.0518

0.054

7.82E + 0

3.63E − 1

2.06E − 1

NXY
Total energy release per nuclear decay (keV)

366.532(d)

386.154

CE electrons

25.957

27.657

X-rays

19.966

19.994

Auger electrons

6.750

6.678

γ-rays

(a)

Evaluated from subshell data.
(b) M-, N-shell summed contribution.
(c) Auger electrons only, does not include Coster-Kronig transitions.
(d) Possible misprint in the original paper, should read 386.532 keV.

or X-ray), the emitted energy, and the corresponding full
atomic configuration is stored on disk. A separate program is
used to extract the average energy and yield for any transition
type of interest. The grouping of the atomic transitions
follows the convention established in previous studies. While

for the transitions involving vacancies on the K and L shells
there is a general agreement between our values and most of
the other calculations, for the other shells it is evident that
either no data is given in previous studies, or their energies
and/or rates are diﬀerent.
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Figure 4: Calculated energy spectrum of Auger electrons in the decay of Tc99m . The vertical axis is the probability per nuclear decay for a
10 eV energy bin. (a) is the low-energy (0–3500 eV), and (b) shows the K-shell Auger lines.
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Figure 5: Calculated energy spectrum of Auger electrons in the decay of In111 . The vertical axis is the probability per nuclear decay for a
10 eV energy bin. (a) is the low-energy (0–4500 eV) and (b) shows the K-shell Auger lines.

The most notable diﬀerence is for the NXY Auger
electrons in the EC decay of In111 between our pilot model
and Stepanek [15, 59] and Howell [14]. The later one can
be attributed to the so-called “fast neutralization” approach
resulting in significantly larger numbers of Auger electrons.
By filling the valence vacancies instantly, fast neutralization
creates significantly more opportunities for other vacancies
to be filled by Auger processes, especially in large atoms.
The slower neutralization approach in the present study,
coupled with consideration of the charge distribution at
each stage of the cascade, recognises that many of the
NXY Auger and NNX Coster-Kronig transitions become
energetically impossible once the atom has lost a few
electrons. Some X-ray transitions are available to take
their place. Further studies are required to explore both

experimentally and theoretically the full extent of the atomic
relaxation process leading to the full neutralization of the
atom.
The calculated Auger electron energy spectra for Tc99m
and In111 are shown in Figures 4 and 5. In the case of Tc99m
more than 450 transition types (10) have been computed.
Most transition types have multiple satellite lines at a range
of energies corresponding to diﬀerent atomic configurations.
For the Tc99m our computations resulted in a spectrum
with more than 87000 Auger lines. For clarity, a 10 eV
energy bin was used in these plots and the frequency of the
transitions was converted to yields per nuclear decay. Apart
from the work of Eckerman and Endo [13], energy spectra
have never been calculated for radioisotopes listed in Table 1.
Only a few experimental investigations exist on the detailed
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energy spectrum of these Auger electron emitters. The only
known Auger-electron spectra measured for Tc99m [60] and
In111 [61] cover a relatively high-energy range: 1.50–2.32 keV
(99m Tc) and 1–6 and 15–35 keV (111 In). While for some
energy regions (1.5–4 keV for In111 ) the experimental spectra
are in agreement with our calculations, detailed experimental
spectra are required to benchmark our calculations. This is
particularly important for low Auger energies (E < 1 keV),
which have the largest potential for targeted Auger therapy
[4].
An important result of the pilot model is the calculated
total yield of Auger electrons: Tc99m : 3.37 and In111 : 5.75
electrons per radioactive decay of the parent atom. In accord
with our assumption that valence-shell vacancies persist,
these results are consistent with those of Pomplun [16].
We have therefore demonstrated that our calculations using
the pilot model can reproduce the previous Monte Carlo
calculations for these isotopes.

7. Conclusions
There is continuing interest in medical applications of Auger
electrons which accompany nuclear decay, particularly for
the targeted treatment of cancer cells at the DNA scale.
In most cases these applications are based on theoretical
predictions of the emitted Auger and X-ray spectra. As it
is evident from Table 1, there is a significant diﬀerence in
the Auger yields reported in the literature over the last
20 years. Most of this diﬀerence can be attributed to the
lack of detailed knowledge of the relevant atomic transition
rates, most prominently in the outer (M, N, etc.) shells.
Simplistic assumptions regarding the atomic configurations
during the intermediate steps of vacancy propagation and the
incomplete treatment of the eﬀect of multiple vacancies also
limit the validity of earlier calculations.
We are developing a new model using ab initio calculations based on the relativistic Dirac-Fock approach and
Monte Carlo techniques, which has the potential to overcome
these limitations. Pilot calculations for the isotopes Tc99m
and In111 , based on fixed transition rates from the EADL
database [30], are in satisfactory agreement with previous
computations.
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Mathematical and stochastic computer (in silico) models of tumour growth and treatment response of the past and current eras
are presented, outlining the aims of the models, model methodology, the key parameters used to describe the tumour system,
and treatment modality applied, as well as reported outcomes from simulations. Fractionated radiotherapy, chemotherapy, and
combined therapies are reviewed, providing a comprehensive overview of the modelling literature for current modellers and
radiobiologists to ignite the interest of other computational scientists and health professionals of the ever evolving and clinically
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1. The Need for In Silico Modelling
Modern treatment delivery methods for external beam
radiotherapy employ techniques such as intensity modulated
radiation therapy (IMRT) and image guided radiation
therapy (IGRT) to deliver high radiation doses to the
tumour planning target volume (PTV) or multiple PTV’s
with ever increasing accuracy and precision. However, to
further improve outcomes for individual patients it will
be necessary to explore in more detail the radiobiological
processes that occur in human tumours and to predict
optimal treatment plans for the individual patient. There
is an increasing need to incorporate cellular behaviour and
characteristics into individualised treatment planning and
delivery. Undoubtedly, the future of cancer research rests on
a multidisciplinary approach.
The pursuit of an enhanced treatment regimen is conventionally performed through well-designed, randomised
clinical trials. Clinical trials are indispensable prerequisites
to establish novel therapeutic principles. Nevertheless, trials
are lengthy processes which involve several influential factors
for a decisive outcome: trial design, patient selection and

followup, complex data analysis, and interpretation. Furthermore, trials cannot explore the sensitivity of the outcome to
input parameters and covariates.
Models are an eﬃcient way to complement the results of
clinical trials. Beside animal models and cell lines, which are
often used for preclinical studies, there are computer models
(in silico models) encompassing mathematical, physical, and
engineering concepts representing the biological world.
Models in cancer treatment are simplified tools to
reproduce the biological system, thus they do not accurately
reflect the fine details of the real scenario. To compensate for
some of its deficiencies, the approach of computer modelling
has several advantages:
(i) input parameters can be easily changed and results
rapidly obtained;
(ii) various mechanisms can be studied in isolation,
determining their impact on specific processes;
(iii) extreme values for diﬀerent parameters may be
considered, and limiting factors determined for biologically valid results;
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(iv) treatment outcome can be predicted with quantitative end points or “iso-eﬀects”;
(v) models can answer the complex question of “what
if?”

Computer models can be used to simulate tumour cell
kinetics and dynamics, drug pharmacokinetics, therapies and
give similar results to those in experimental tumours. Models
are needed to open further research avenues and to suggest
relationships between radiobiological parameters.
The in silico-in vitro-in vivo chain (Figure 1) is gaining
worldwide recognition among scientists and their mutual
role in cancer research is illustrated through the great
advances of the last decades. In silico models are valuable
data input sources for both in vitro and in vivo models
(solid arrow). Mutually, the latter oﬀer feedback to in silico
models in support of further developments and optimisation
(dashed arrow).
When modelling the processes involved in the damage
and elimination of tumour cells on the microscopic level,
development of an algorithm to propagate a virtual tumour
mass is first required. One approach has been to generate
a full-sized macroscopic tumour mass with a predefined
volume, cell type distribution, and so forth, based on average
tumour statistics or a particular tumour of clinical interest;
however, other modellers have used a first principles approach
and have “grown” the virtual tumour starting from a single
cell (or small group of cells). The tumour growth process is
in itself a large area of research, allowing for investigations
into the cell kinetics of malignant tissue. This line of study
also provides modellers with ideas about how to simulate
cell propagation during treatment, which is crucial because
many treatments are delivered over multiple weeks or even
months. As many of the models discussed are of the latter
variety (modelling tumour growth as well as treatment), the
proceeding section of this paper provides an overview of the
key analytical and stochastic tumour growth models in the
literature.

2. Tumour Growth Models
2.1. Introduction. The goals of tumour modelling vary
among researchers and may focus on one key biological/radiobiological mechanism or explore mechanisms and
ranges of parameter values. Many models aim to identify
mechanisms and parameter values at the cellular level which
are responsible for macroscopic tumour outcomes, for example, the cell kinetic properties aﬀecting the tumour growth
or shrinkage rates. Modelling can add to the understanding
of cellular proliferative hierarchy and the diﬀerentiation
processes, evolution of genetic mutations, tumour morphology, tumour pressure gradients, angiogenesis and oxygen
distributions, diﬀusion of nutrients, and so forth.
The modelling methodology employed to simulate a
biological system may be analytical or stochastic in nature.
Analytical (mathematical) methodology is more traditional,
utilising deterministic equation-based methods, often in the
form of a set of equations incorporating multiple parameters.
Stochastic methods use random number generation and

In vivo
Treatment
optimisation

Treatment
optimisation
New data
evaluation

Input
parameters
Input
parameters

In vitro

Model
validation

In silico
Experimental validation

Figure 1: The in silico-in vitro-in vivo chain. The solid arrows
illustrate data input whereas the dashed arrows represent the
feedback data used for model validation in support of further
optimisation.

probability distribution functions to simulate cell propagation and evolution of the tumour, for example, Monte Carlo
(MC) methodology. Monte Carlo methodology enables a
system to be modelled from first principles. It is a form
of computation using random sampling and iteration to
simulate the evolution of a physical or biological system
and involves the use of probability distribution functions for
decision making, for example, for the allocation of parameter
values from a range of possible values. This technique
is useful for modelling systems with a large number of
coupled degrees of freedom, which are diﬃcult to solve using
equation-based methods.
Tumours are complex entities, divers and heterogeneous,
yet all share the ability to proliferate beyond the constraints
limiting the growth in normal tissue. The growth of tumours
is best represented by an exponential increase of cell number
in time. Exponential growth is the simplest mode of growth
assuming no cell loss or infertility. By growing exponentially,
the tumour volume increases by a constant fraction in equal
time intervals. Many human tumours during their growth
show exponential behavior; however, there are tumours
going through irregular or decelerating growth [31]. A more
accurate description for the irregular tumour growth is
given by the Gompertzian growth curves (Figure 2). During
Gompertzian growth, the doubling time increases steadily
as the tumour grows larger. The progressive slowing of
Gompertzian growth may be more the result of decreased cell
production rather than increased cell loss [31].
It is generally accepted that human cancers grow in an
exponential or Gompertzian manner. This assumption is
based on analysis of the growth of transplantable animal
tumours and on averages of tumour growth in human
populations. Although not valid for all individual tumours,
exponential growth may accurately describe averages of
human tumour growth [32]. However, there is data showing
inconsistencies with exponential or Gompertzian kinetics,
explainable by irregular growth kinetics.
Model parameterisation greatly depends on the available
pool of biological, biochemical, or biophysical quantities
used within the equations or model algorithm. When it
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Figure 2: Tumour growth curves.

comes to tumour growth, modelling of both kinetic and
dynamic properties are envisaged. Cellular composition,
volume doubling time, growth factor, cell loss factor,
labelling index, cell cycle phase-related properties (length,
radiosensitivity), and oxygenation status are some of the
most commonly implemented modelling parameters. Also
depending on the objective of the model, treatment-related
factors are often found among input parameters.
2.2. Avascular Tumour Growth Models. One of the earliest
models of tumour growth and cell cycle simulation using the
Monte Carlo approach is CELLSIM [1]. CELLSIM operates
with a large initial number of cells, placed in diﬀerent
phases of the cell cycle whereby cells are modelled in groups
rather than being followed individually. Therefore each
group enters and exits a state together. When the number
of groups reaches a certain limit, a reassignment algorithm
will combine them making larger groups, where the new
parameters are calculated using the weighted average of the
previous ones. CELLSIM simulates cell cycle and distribution
of cells along the cycle with and without cytotoxic treatment
and it does not focus on tumour growth curves. However,
the description of the model implies exponential growth
behaviour.
Cellular automata models, also known as tessellation
automata or cellular structure models, are one of the first
types of cellular growth models developed in silico. These
models consist of a regular grid of cells, each cell having
assigned a certain state. New generations of cells are created
based on predefined rules determining the state of each cell.
For tumour growth simulations, cellular automata models
became popular due to their ease of use. Qi et al. [33]
developed such model describing the surveillance of the
immune system against cancer by taking into account as
main parameters the microscopic mechanisms of malignant
growth (cell proliferation), the cytotoxic behaviours of the
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immune system as well as the mechanical pressure inside
the tumour. The influence of these parameters on the
Gompertzian growth of tumours is modelled.
Several early tumour growth models have also considered
the Gompertzian distribution to describe the shape of the
tumour growth curve. Gyllenberg and Webb [34] explained
the Gompertzian growth curve by expressing the rates
of cells transitioning reversibly between the proliferative
and resting states as a function of tumour size, therefore
incorporating variable growth fractions. Their mathematical
model employs quiescence as a mechanism to explain
characteristic Gompertz-type growth curves. The model
distinguishes between two types of cells within the tumour,
proliferating and quiescent. The theory behind the tumour
growth model is based on empirical data suggesting that the
larger the tumour, the more likely it is that a proliferating
cell becomes quiescent and the more unlikely it is that
a quiescent cell reenters the proliferating cycle, therefore
diminishing the growth fraction. The same group [35] has
later incorporated into the model a new parameter defining
the size of individual cells and modelled the dependence
of tumour growth on this parameter, in addition to cell
transition between compartments.
A stochastic model of tumour growth and invasion
looking into the relationship between the histological pattern
of tumours and their functional properties was developed
by Smolle and Stettner [36]. The model showed that cell
division, migration, and death are influenced by both
autocrine and paracrine growth factors, inducing therefore
changes in tumour pattern. These findings support the
observation whereby the functional properties of tumours
together with the tumour microenvironment dictate the
histological pattern of tumours.
The implementation of growth regulation and control mechanisms into three-dimensional models (spatiotemporal) of epithelial cell populations was the focus of an
individual cell-based model aiming to simulate the growth
pattern and behaviour of a number of diﬀerent epithelial cell
populations from undiﬀerentiated stem cells up to tumour
cells [37]. The mechanisms implemented in the model are:
cell-cell adhesion, which plays a role in the inhibition of
epithelial growth at high cellular density, and cell-substrate
interaction, with role in cell cycle progress. The interplay
between cell parameter variation and selective knockouts
of regulations and control mechanisms shows that the cellsubstrate anchorage has the largest impact on the population
morphology. Furthermore, the balance between the strength
of cell-substrate anchorage and the trigger for contact
inhibition determines the way the intrinsic cell growth time
aﬀects the population growth. The authors have underlined
the advantages of individual cell-based models which are
parameterized by measurable cell properties in describing the
complex process of cell population growth.
2.3. Vascular Tumour Growth Models. When modelling
clinical-sized tumours comprising up to 108 to 1010 cells,
simulating tumour oxygenation is generally considered a
requirement for most tumour types in order for model
growth curves to match well with in vivo data. Lack of oxygen
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in tissue, hypoxia, is commonly defined by a pO2 (partial
pressure of oxygen) threshold of 10 mm Hg, although clinical
trials may use 2.5 or 5.0 mm Hg thresholds when reporting
experimental results such as the Hypoxic Fraction (HF) of
cells in the tumour. It is now commonly known that low
tumour oxygenation results in radioresistance and is a major
contributor to treatment failure due to tumour recurrence
[38]. Consequently tumour growth model research often
involves the consideration of tumour cell oxygen levels and
the mechanisms by which the cells receive the oxygen from
blood vessels, for example, radial diﬀusion from cylindrical
vessel to the surrounding tumour tissue. In models, the
vessels may be simulated three-dimensionally within a
lattice, or more simply, the final oxygen distribution to the
cells may be modelled without specifically modelling the
vessels themselves.
Since the initial experimental and subsequent mathematical modelling of tissue hypoxia by Gray et al. [39] based on
diﬀusion theory [40], interest in modelling tumour hypoxia
has been relatively constant, although segmented in its aims.
After initial interest in the late 1950s and into the 1970s
[41–45] during which more basic mathematical diﬀusion
based models and animal experimental work were carried
out regarding tumour hypoxia and growth, the 1980s to the
early 21st century saw the emergence of models that aimed
to simulate vascularised tumour treatment and/or growth
in the literature [2, 7, 46–51]. The modelled mechanisms
of oxygen delivery and responses of the tumour in these
models range from considerations of simple oxygen diﬀusion to considerations of oxygen consumption rates, vessel
size/density/location, slowing of the cell cycle, induced cell
death via necrosis and application of oxygen enhancement
ratios relating to ionising radiation sensitivity.
The 1980s saw the first real-time stochastic applications
of tumour computer models, which paved the path for
the complex Monte Carlo simulations of the current era.
The tumour models reported on during the last decade
tend to involve more detailed cell line specific kinetics and
also include one or more treatment modalities with the
option of individual patient data input, for example, spatial
PET imaging hypoxia information, the review of which will
be encompassed in the proceeding sections of this paper.
However, a group concentrating on tumour growth based
on the work of Anderson et al. [52, 53] provides a good
example of new modelling research not only on the process
of angiogenesis but also the distribution of chemical factors
including VEGF, ECM, DMA, and molecular oxygen [54].
Consequently distributions of blood vessel pressure and fluid
velocity related spatial distributions within a tumour could
be produced and their impact on tumour growth studied.
This group provides a thorough review of angiogenetic
modelling in their publications. Stochastic tumour growth
models from the 1980s to the present often simulate not
only tumour growth dynamics but also treatment of a virtual
tumour, for example, the work of Duchting et al. [7, 8],
Borkenstein et al. [20, 21], Stamatakos et al. [14, 15], HarrissPhillips et al. [29] and Marcu and Bezak [55].
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3. In Silico Cancer Treatment Models
3.1. Modelling of Radiotherapy-Induced Cell Kill. Predicting
the outcomes of fractionated radiotherapy using models
was initially developed utilising theories such as the Power
Law equation of the Nominal Standard Dose theory of
fractionated cell kill [56] and various extensions to the
theory, as well as multitarget and multihit cell kill models
of the 1960’s and 1970’s, for example, Cohen’s target-cell
model [57]. However from the early 1980s onwards, the
Linear Quadratic (LQ) model of radiation induced cell kill
has dominated the literature for its use in predicting the
relationship between fractionated radiation dose and cell
kill for doses per fraction near 2 Gy. LQ theory was based
on the pioneering work of Lea and Catcheside [58] and
on the hypothesis of single strand and double strand DNA
aberrations as the source of radiation induced cell damage.
Use of the standard LQ equation became extremely
popular in the mid 1980s and was soon extended by many
authors by the addition of various modification factors for
modelling eﬀects such as the “time-factor” [59] for rapidly
responding tumours and the oxygenation enhancement ratio
(OER) [60] for tumours experiencing radioresistance due to
hypoxia. Other equation-based models such as the binary
misrepair model and models of repair capacity saturation
were also devised and later compared to the LQ model [61],
which yielded similar results under specific conditions, for
example, 2 Gy per fraction. Dale and Jones have provided a
thorough review of the history of mathematical fractionated
radiotherapy models [62], which is recommended as a key
text for all tumour model researchers, as are review articles
by Fowler [63, 64] and Bentzen [65].
Alongside the development and widespread clinical
implementation of the LQ model, other models were emerging in the last two decades of the 20th century. These models
were initially mathematical based; however, a subset of
modellers soon branched out into the utilisation of stochastic
modelling techniques to describe the action and impact of
ionising radiation on living tissue. As the models became
more sophisticated, so too did the requirement not only to
describe the eﬀects of radiation more accurately, but also
to model on smaller and smaller scales. Imaging modalities
were beginning to collect data on the “mm” to cellular scales
depending on the modality used, creating huge data sets
when modelling tumours of macroscopic volumes.
Macroscopic tumour modelling is most relevant for
comparisons to human data and eventual translation into
clinical use, consequently the modelling of the tumour
vascular system became of interest. Inclusion of oxygenation
parameters in models was driven by the increasing realisation
of the importance of tumour hypoxia as reported from large
clinical trials for certain tumour sites, for example, head and
neck [66–68]. Consequently, use of techniques and theories
such as diﬀusion theory for the transport of oxygen through
tissue [40] were employed by modellers. This particular
theory was not a new one; however, theories such as this were
now becoming increasingly utilised and incorporated into
new sophisticated mathematical and hybrid mathematicalstochastic (automaton) models [6, 45].
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Due to the advances and increasing usability of personal
digital computers in the 1980s, the field of tumour and
treatment modelling was boosted, particularly in the US and
in European countries such as Germany and Norway. One
of the first stochastic tumour growth and/or radiotherapy
models of avascular tumours was called CELLSIM and later
the 2D CELLGROW [1, 2], as previously mentioned in this
paper. The treatment component of this model involves
randomised “cell groups” (representing groups of cells)
death based on LQ surviving fractions (SF) and focuses on
cell cycle kinetics the impact of cell grouping on the statistical
outcomes of phase blocking and cytotoxic drugs.
In the following decade, a mathematical model describing the changes in tumour growth during development and
LQ-based cell kill emerged [3], simulating exponential cell
proliferation at small sizes and Gompertzian-shaped growth
at larger sizes. Deterministic equations are used to plot
tumour mass curves as a function of time. Radiotherapy
is modelled, with varying regimes, and the surviving cell
fraction determined as a function of time. In the 1980s and
well into the 1990s, groups lead by Duchting and Kocher
were each developing stochastic models of tumour growth
and radiotherapy. Duchting et al’s. work was the first to
explore cell by cell modelling of a tumour cell population
in a growth medium (tumour spheroids), with the inclusion
of cellular oxygenation parameters as well as many cellular
kinetic and radiation schedule parameters (six schedules
reported on) available for modification by the user [7–
10]. Kocher et al.’s work [11, 12] also considered cellular
oxygenation by modelling a regular array of vessels in 3D
within a tumour mass, with 3 diﬀerent schedules simulated.
Both groups modelled slow versus rapid growth kinetic
and studied the impact on treatment response, and either
manipulated with the LQ equation by means of single OER
values or unique α and β parameter values for hypoxic tissue.
Another mathematical model was reported in the late
1990s from Wouters and group [13, 69], which was also
concerned with modelling tumour oxygenation and also
the process of reoxygenation, considering two levels of oxic
status versus a full range of pO2 values. In the next few
years a stochastic model of tumour growth was developed,
simulating cells with ranges of proliferative capacity (epithelial hierarchy), and investigating the kinetics of accelerated
repopulation and treatments including radiotherapy and
chemotherapy [4, 5, 70]. The model showed that while
cellular recruitment from the quiescent phase into the cell
cycle does not constitute a key mechanism in tumour
repopulation after radiotherapy, loss of asymmetry in stem
cell division, even for a small percent of stem cells, could be
the key process in tumour regrowth.
In 2002, two mathematical tumour treatment models incorporating stochastic parameter distribution were
reported on, one aiming to model and clinically verify accurate microvascular density and heterogeneity in a 2D tumour
cross section with cylindrical vessels [18, 19] and the other
simulating the delivering altered doses to diﬀerent cells based
on oxygen status. In the later model, chronic (permanent) as
well as acute (temporal) hypoxia was investigated, and overall
a 20% to 50% boost in dose to the hypoxic cell population
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(up to 20% chronic hypoxic volume) required the same dose
to control the tumour as for an oxic tumour.
Søvik and colleagues [27] have developed a model
aiming to “dose-paint” radioresistant tumour subvolumes
with higher than normal doses, using clinically relevant
oxygenation distributions in a mathematical spatial automaton model. Reoxygenation was also considered. The group
concluded that prescribing varying doses to diﬀerent parts
of the tumour can significantly increase tumour control
probability although the rate of reoxygenation was found to
be the crucial parameter. Tumours with no reoxygenation
had the most benefit of dose redistribution. The level of
chronic hypoxia influenced outcome more than the level of
acute hypoxia.
The modelling work of Daşu et al. [23, 71, 72] explored
not only the measurement process of key parameters in
tumour models and the eﬀects of hypofractionation, but
also the eﬀects of chronic and acute hypoxia on tumour
control in a mathematical probabilistic model [24, 25].
Results justified the need for a full description of tumour
oxygenation to predict treatment outcomes and showed that
temporal oxygenation changes between treatment fractions
are less important than the presence of chronic hypoxia.
Finally, there have been a number of stochastic vascularised tumour growth and/or radiotherapy treatment
models produced in the past decade. Of those reviewed
herein, one is a purely temporal model, while the others are
spatial-temporal. In general, most modern models simulate
cell growth on an individual cell basis; however, there is
a trend in some models to average cellular properties and
model “tumour voxels” or “geometrical” cells. This is often
performed because of the large tumour volumes being
applied and owing to the direct input of imaging (anatomy
and/or functional) data into the models. This direct input
is used in some model as an alternative to simulating the
tumour growth process, and rather the tumour is created
at full size based on clinical data, ready for treatment
simulation. There are advantages and disadvantages to this
technique, including the lack of understanding/research into
microscopic aspects of the tumour, that is, cellular kinetics
and how kinetic parameters change with tumour volume, but
also the benefits of individualising the model for a particular
patient and therefore providing more direct outcomes to
compare with clinical data.
The Greek modelling group led by Stamatakos have
published many papers regarding their models of growth
and radiotherapy for lung and brain tumours. Initial work
began with a 3D discrete time step model [16] (extending
upon pioneering work by Duechting in the 1980s) with
spatial visualisation and modelling in vitro tumour spheroids
for small lung cell carcinoma. Since 2004, the group has
published models of in vivo tumour systems [14, 15, 17,
73–75], concentrating on glioblastoma multiform and the
incorporation of experimental and clinical data into the
model. The model now uses the concept of a “geometrical
cell” (GC) to average cellular properties obtained from
imaging data and uses a grid size of up to 1203 . A comparison
between six radiotherapy fractionation schedules has been
performed by varying parameters such as the cell loss factor,
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OER, OERβ , cell cycle time and mutated versus wild type p53
status. Results show that accelerated schedules are superior to
conventionally fractionated ones and that wild type tumours
(higher α/β) respond well compared to mutated tumours.
Borkenstein et al. [20] considered angiogenesis in their
work and used an individual cell approach to spatially model
tumour growth and radiotherapy treatment. Capillaries are
placed at intervals in a 3D lattice, with cellular oxygenation
based on the distance to the nearest capillary cell. Cells in
a hypoxic state secrete an angiogenesis factor in proportion
to the number of hypoxic cells in the tumour. Radiotherapy
is based on LQ theory, with reoxygenation and accelerated
repopulation also modelled. Various radiotherapy schedules
have been compared, using OER values of 3.0 and 2.5. Results
show that total doses of 86 Gy versus 78 Gy are required
to achieve tumour control for conventional and accelerated
schedules, respectively. Harting has extended the work by
modelling a hypoxia-induced angiogenesis factor excreted
radially from hypoxic cells [21, 22].
HYP-RT is a temporal stochastic model [29, 30], simulating individual tumour cell division and the eﬀects of
fractionated radiotherapy, with assumed randomised spatial
cell placement in the tumour. The model is based on the
proliferative hierarchy of epithelial cells, simulating head and
neck squamous cell carcinoma growth and radiotherapy,
with hypoxia modelled using realistic oxygen distributions
and a dose per fraction dependent OER curve. The model is
capable of simulating the eﬀects of reoxygenation of hypoxic
tumours as well as accelerated repopulation. Results show
that accelerated repopulation and the percentage of stem
cells are the two most important parameters controlling
growth rate and radiotherapy outcome. An average simulated
hypoxic tumour requires an extra 16 Gy in total dose to
achieve tumour control using conventional fractionation.
Accelerated repopulation had the eﬀects of requiring an
increase in dose per fraction of 0.5 to 1.0 Gy to control the
extra cell growth. Hyperfractionated schedules using 2 ×
1.1 Gy per day were found to be most eﬀective, justified by
eﬃcient cell kill and relatively low early and late normal
tissue toxicities, as predicted by biological eﬀective dose.
A stochastic tumour simulation model [28] using cell line
specific parameters and functional pretreatment PET/CT
data was developed to investigate the eﬀects of oxygenation
on the radiation therapy outcome for HNSCC. Rather than
using a three-dimensional lattice, this group uses a onedimensional list of “cell groups” to store temporal cellular
data, in order to minimise the number of stochastic calculations and processes. Patient data is imported (oxygenation and proliferation information) based on image voxels
from PET scans, with one voxel representing approximately
106 cells. LQ cell kill is applied to simulate radiotherapy,
with OER values for voxels taken into account. Chronic
hypoxia and reoxygenation is considered, as were individual
cell cycle phases and radiosensitivities. The results show
that tumour responses vary as tumour oxygenation levels
decrease and that oxygenation varied in time throughout
treatment in a similar manner to human tumours. Tissue
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growth curves followed in vitro cell line data for unirradiated and irradiated cell lines (HNSCC-1), with an
accurate time delay of tumour shrinkage predicted.
As mentioned in a number of the preceding model
outlines, the majority of modern models use the standard LQ
theory as a basis for stochastic cell kill; however, some models
attempt to readdress cell survival theory by means of new
equation sets. Such an example of this is the model by Hanin
and Zaider [76] who have aimed to develop a cell survival
model accounting for micro-dosimetric eﬀects of radiation
damage. Poisson based theory of DNA damage is no longer
followed, instead normal shaped distributions are utilised
making the model potentially suited to low, intermediate and
high dose per fraction regimens.
In-silico tumour growth and/or treatment models have
various degrees of complexity, with numerous assumptions
applied, as is inherent in all modelling applications. Commonly, the goal of the modeller is to determine the optimal
treatment strategy, for example, dose fraction sizes and
timing, to achieve tumour control or total cell kill for a
specific tumour type. The goal should also be to achieve
optimised tumour cell kill within minimal normal tissue
toxicity levels, ideally on an individual patient basis. This
goal, however, is very challenging for reasons including:
data gathering from reliable in vivo experiments, the large
and varied patient sets in clinical trials and the extremely
complex biological and chemical processes involved in
carcinogenesis and tumour evolution. Tumour radiotherapy
modelling requires not only accurate radiation damage
models but also the implementation of how the tumour cells
respond to sublethal or lethal damage, which may change
with dose received, tumour volume, oxygenation levels and
numerous other cell line specific and individual tumourbased factors. Nevertheless, the development of models
has and will continue to assist radiobiologists and clinicians in predicting tumour behaviour and understanding
microscopic mechanisms and impact upon macroscopic and
measurable tumour parameters, and as such the research
should continue and be encouraged.
A selection of key tumour models from the literature are
tabulated below regarding avascular tumour radiotherapy
models (Table 1) and vascular tumours (Table 2). Readers
should note that many hundreds if not thousands of articles
have been published in peer-reviewed scientific journals on
expansions and clinical data fitting to the models mentioned
in this paper and many other models in the literature (for
example, the use of mathematical distributions of values
for radiosensitivity parameters or oxygenation parameters,
as well as splitting up the equations into those tailored
specifically for late and early responding tissues [77–81]).
However, it is beyond the scope of the current review to
explore the use and/or interpretation of clinical data by
means of in silico radiotherapy models.
While the vast majority of tumour growth and treatment
response models (such as the ones presented above) are
simulated on a cellular level, models on a smaller scale are
a hot topic of current investigation. Monte Carlo models
targeting the cell nucleus and cytoplasm have been developed
using the ever-expending GEANT4 MC simulation toolkit.
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Table 1: Models that simulate tumour growth and/or radiotherapy, without tumour oxygenation considerations (avascular tumours).
Model details

Objectives

Stochastic, CELLSIM, and
CELLGROW, Donaghey,
1981–1983 [1, 2]

Phase transition probabilities,
Individual cell/cell group growth proliferation-based commands
model
on up to 90 cell groups, contact
inhibition modelled

Monolayer cell growth achieved
and RT/drug therapy applied

Mathematical,
O’Donoghue, 1997 [3]

Modelling exponential
proliferation at small tumour
sizes and Gompertzian at larger
sizes

3 LQ based parameters, 2 growth
related parameters and 1
radiation induced death rate
parameter

The eﬀects of RT described in
terms of cure (clonogenic cell
sterilization) and/or tumour
regression/regrowth

Modelling tumour growth and
response to radiotherapy

Cell cycle specific surviving
fractions (SF2 ) based on LQ
model. Repopulation
mechanisms during RT such as
cell recruitment, accelerated stem
cell division, and asymmetry loss
in stem division

The eﬀect of conventional and
altered fractionation
radiotherapy on cell survival
evaluated. The contribution and
likeliness of repopulation
mechanisms assessed

Stochastic, Marcu et al.,
2002–2006 [4, 5]

Key parameters

Barberet et al. have modelled diﬀerent cell geometries found
in a typical cell population in order to evaluate the absorbed
energy from alpha particles and their response to diﬀerent
irradiation protocols [82]. The pictorial results of this subcellular model of energy deposition after alpha-particle interaction were in agreement with the experimentally obtained
images of DNA double strand breaks signalling proteins.
Absorbed dose after cellular irradiation on a nano-scale was
the focus of another, technically similar paper, incorporating
diﬀerent alpha-particle sources [83]. While the emphasis of
these papers is on the microdosimetric aspects of radiation
interaction with tumour cells, this diﬀerent perspective can
bring more insight into the radiobiological processes on a
nano-scale, therefore a better understanding of the impact
of radiation on cell behaviour in its microenvironment.
3.2. Modelling of Chemotherapy-Induced Cell Kill. Chemotherapy agents act via many diﬀerent pathways and they
vastly diﬀer in biochemical structure, molecular mode of
action, pharmacology, clearance, and side-eﬀects. Furthermore, in chemotherapy there is no formalism equivalent to
the linear quadratic model used in radiotherapy which would
describe, in a simplistic yet practical way, cell survival.
While quantitative modelling has great potential, it
requires knowledge of the numerical values of multiple
parameters in order to characterize the chemotherapy dose
regimens. This information is rarely available; therefore, the
modelling of combination-chemotherapy regimens (drug
cocktails), or of large classes of chemotherapy agents, can
induce errors and inaccuracies in the simulation process.
The pool of chemotherapy-induced cell kill models is
vast. Similarly to radiotherapy, chemotherapy models are
divided between analytical and stochastic and they target various aspects of drug kinetics/dynamics and tumour response.
In the paragraphs below, the main chemotherapy model
categories are presented by listing the most representative
papers from each group. Besides the most common cell
kill models that investigate the correlation between tumour

Model outcomes

kill and drug concentrations/exposure times (area under
the time-concentration curve), there are models studying
the eﬀect of various drugs on tumour cell kill along the
cell cycle as well as compartment models focusing on
drug pharmacokinetics. In addition, there are models which
tackle the problem of drug resistance and repopulation
during chemotherapy—two major factors which can lead to
treatment failure. While models of drug resistance are more
commonly reported in the literature, tumour repopulation
during chemotherapy is usually a neglected factor when it
comes to modelling.
One of the first reviews on chemotherapy modelling was
published by Aroesty et al. [84]. The main focus of the paper
was on the eﬀects of cell-cycle specific therapy on tumour
growth and on the distribution of cells along the cell cycle.
Several mathematical models of chemotherapy were developed afterwards considering generalized analytical models
for cycle-specific and cycle-non-specific therapies, respectively. The main diﬀerences between these two categories lie
in the parameters quantifying cycle specificity and variation
in growth fraction [85]. Many such models assume that
the growth fraction of the tumour cell population responds
instantaneously to cell killing by chemotherapy. This is not
realistic, as drug pharmacokinetics indicates the existence of
a drug “binding time” to achieve cell damage, which does not
occur instantaneously. Some chemotherapeutic agents need
several hours to form cytotoxic DNA adducts [86]. Moreover,
numerous drugs express cytostatic properties, thus arresting
the cells into one of the cycle phases before dying. Cell arrest
can last for days [87]; therefore, the instantaneous kill is not
validated.
Despite the obstacles imposed by chemotherapy modelling, models of drug pharmacokinetics and pharmacodynamics have been developed in the past, using either analytical or probabilistic methods [85]. In fact, the first model
to describe pharmacodynamic eﬀects by means of druginduced tumour growth inhibition in vitro was reported by
Hill in 1910 [88]. Hill’s model, also called the logistic model,
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Table 2: Models that simulate tumour growth and/or radiotherapy, incorporating tumour oxygenation (vascularised tumours).

Model details

Key parameters
Distance to blood vessel (radial), pO2
Mathematical, To relate oxygen tension,
vessel radius, coeﬃcient of diﬀusion, rate
Tannock, 1972 radiosensitivity, and distance from
of O2 consumption, diﬀusion maximum
[6]
blood vessels
radius
Rapid versus medium or slow
proliferation (CCT adjustment 10 to 30
To grow and treat in vitro tumour
Stochastic,
hours), 120 hour dead cell clearance, LQ
spheroids (mouse brain and lung)
Duchting et al.,
radiosensitivity with separate αhypoxic and
in a nutrient medium as well as the
βhypoxic terms, 30% repair probability of
1981–1995
surrounding normal tissue
sublethal damage, 10% G0 phase
[7–10]
(epidermis)
recruitment, individual cell cycle phase
times
Cell cycle times of 2 or 5 days, regular
Stochastic,
capillary placement in the lattice, 100 μm
Kocher et al.,
Brain tumour growth and RT in a
oxygen diﬀusion limit to define hypoxia
1997–2000
regular 3D lattice
and 140 μm to define necrosis, constant
[11, 12]
OER value of 3.0, 5 day dead cell
clearance
Mathematical,
Wouters and
Brown, 1997
[13]

Stochastic,
Stamatakos et
al., 2001–2010
[14–17]

Mathematical,
Nilsson et al.,
2002 [18]
Mathematical
(stochastic
components),
Popple et al.,
2002 [19]
Stochastic,
Borkenstein et
al., 2004–2010
[20–22]

Mathematical
(stochastic
components),
Daşu et al.,
1999–2009
[23–26]

Objectives

Model outcomes
A full range of oxygen tension values are
required to accurately model tissue
oxygenation and radiosensitivity with
good agreement to clinical data
Six RT schedules simulated and
compared in terms of cell kill to assess
TCP and likelihood of epidermal side
eﬀects, 3 no./day produced high toxicity
and a reduction from 60 to 50 Gy total
doses is suggested

Three RT schedules simulated, with
accelerated RT more eﬀective on fast
growing tumours

Small impact of full reoxygenation
between fractions: hypoxia plays a
Radial distance of a cell from the tumour
significant role in determining outcome,
boundary to determine oxygenation
10% hypoxia and 30 × 2 Gy radiotherapy
(2-component model or complete range
equates to 104 times less cell kill using a
of pO2 values considered)
full pO2 range compared to the
2-component oxygenation model
Gaussian probability cell cycle times, G0
OERβ values of 3.0 to 3.5 provide cell kill
phase on 25 hours, reoxygenation during
in agreement with cell culture survival
Simulating lung and brain tumour shrinkage, S phase versus non-S phase LQ
curves, accelerated schedules are
growth in a 3D lattice to determine radiosensitivity values, cellular hypoxia if
beneficial, wild type tumours (higher
optimal individualised RT schedules more than three cells from nutrient
α/β) respond well compared to mutated
source, OER ranging from 1.0 to 3.0 with
tumours
separation into OERα and OERβ
Vascular heterogeneity impacts
Simulating realistic oxygenation
significantly on the hypoxic fraction,
gradients and cell densities to
Oxygenation, vessel geometry parameters
local and global dose responses are
explore their impact on
(density, radius, heterogeneity), oxygen
predicted from LQ theory using the
radiosensitivity at both the
consumption rate, distance from a vessel
initial clonogenic cell number and the
microscopic and macroscopic scale
eﬀective radiation distance
A 20% to 50% boost in dose to a
Predicting tumour control
Reoxygenation between doses, OER of 2.0 subpopulation of hypoxic cells increased
probability after selective boosting
for hypoxic cells, boost and nonboost
tumour control probability equal to that
hypoxic subvolumes within a
spatial cell compartments.
of an oxic tumour, a boost dose to regions
tumour mass
of transient hypoxia has little eﬀect
An increase in capillary cell cycle time
OER = 2.5 and 3.0 (continuous cell
oxygenation range in later work), vessels aﬀects tumour doubling time as does the
Simulating hypoxic tumour growth
modelled in a regular lattice, angiogenetic intercapillary distance, doses of 86 Gy
and RT considering hypoxia and
factors to induce vessel growth and hence versus 78 Gy are required to control the
angiogenesis
pO2 delivery to cells, distance of a cell
simulated tumours for conventional and
from a vessel.
accelerated schedules, respectively
Temporal oxygenation changes between
treatment fractions are less important
than the presence of chronic hypoxia, and
Simulating 2D cell distributions to
a small degree of hypoxia during every
2-compartment oxygenation (2.5 mm Hg
investigate the eﬀects of cell
treatment fraction has an eﬀect on
hypoxic threshold) versus full
heterogeneity, hypoxia (acute and
tumour response regardless of the
oxygenation range, cell heterogeneity
chronic) on RT outcome
changes in spatial hypoxia, a
2-component hypoxia model is not
suﬃcient in describing tumour
oxygenation
Equation-based modelling of
hypoxic tumour LQ cell kill for
tumours with a 2-compartment
oxygen level make-up versus
intermediate (0.5 to 20 mm Hg)
oxygen values
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Table 2: Continued.
Model details
Mathematical
(stochastic
components),
Søvik et al.,
2007 [27]

Stochastic, Titz
and Jeraj, 2007
[28]

Objectives

Key parameters
pO2 histograms (0 to 102.5 mm Hg),
hypoxia defined by 5.0 mm Hg threshold,
reoxygenation modelled, heterogeneous
Optimising tumour control through
cell density, dose delivery based on four
redistribution of the delivered dose,
pO2 thresholds: 2.5, 5.0, 20.0,
“dose painting”
102.5 mm Hg, OERα,max and OERβ,max of
2.5 and 3.0, OER equation maximum of
3.28
Simulating cell line specific
5-day cell dead clearance, 36-hour
parameters and functional
average cell cycle time, OER with K value
pre-treatment 3D PET/CT data to of 3.0, full pO2 range, 1 mm Hg necrotic
investigate the eﬀects of oxygenation threshold, individual phase
radiosensitivities
on RT outcome

Stochastic,
“HYP-RT,”
Harriss-Phillips Simulating hypoxic tumour growth
et al., and
and reoxygenation during RT of
Tuckwell et al., HNSCC
2008–2011
[29, 30]

LQ-based cell kill with OER
consideration, full cellular pO2
distribution (1 to 100 mm Hg), OER
curve changing with dose per fraction,
reoxygenation as well as accelerated
repopulation between dose fractions

is still commonly used to illustrate the concentration-eﬀect
relationship for various drugs based on statistical fits to a
sigmoidal curve. However, when cell cycle specificity comes
into play, the model has its own limitations.
There are several models studying the eﬀect of various
drug concentrations and exposure times on tumour control.
Gardner [89] proposed an exponential kill model to predict
the shape of dose-response curves based on several parameters: cycle phase specificity of the drug, cycle time, drug
concentration, and exposure time. The analytical equations
presented are able to predict the inhibitory concentration to
achieve a certain percentage of cell kill.
Numerous studies have used the “area under the timeconcentration curve” (AUC) as an approach to model
chemotherapy. The area under the curve is a commonly
used measure of total drug exposure and is obtained by
plotting the concentration of the agent as a function of
time and obtaining AUC by integration. While for some
drugs (like alkylating agents) the eﬀect is proportional
to the AUC [90], for others, the duration of exposure
may be more important than concentration; therefore, the
relationship between AUC and tumour response is weaker.
For certain drugs, such as Cisplatin, studies show that AUC
is a good predictor of response [91–93]. Moreover, since the
magnitude of exposure to Cisplatin is, through the DNAadducts formation, the major determinant of the response
rate, the AUA (area under the DNA adduct-time curve), also
oﬀers a reliable prediction in tumour response [93].
The AUC models are usually based on in vitro data
regarding time dependency of drug potency, slope of the
concentration-eﬀect curves, and relative degree of drug

Model utcomes
Prescribing varying doses to diﬀerent
parts of the tumour can significantly
increase TCP although the rate of
reoxygenation is crucial. Tumours with
no reoxygenation have the most benefit
of dose redistribution. Chronic hypoxia
influences outcome more than acute
hypoxia
Tissue growth curves and reoxygenation
data follow in vitro and human clinical
data, with an accurate time delay of
tumour shrinkage predicted
Hyperfractionation using 2 × 1.1 Gy per
day is optimal for HNSCC, hypoxic
tumours require 16 Gy extra dose during
conventional radiotherapy compared to
oxic tumours, and the maximum value
and shape of the oxygen enhancement
ratio curve that may be dependent on
dose per fraction are crucial for
prediction of TCP

resistance. Levasseur et al. [92] have created a pharmacodynamic model to facilitate the quantitative assessment of the
growth-inhibitory eﬀect of anticancer agents as a function
of concentration and exposure time. Empirical mathematical
expressions were built into a global concentration-timeeﬀect model which showed that it was possible to modulate
drug eﬀect, response heterogeneity, and drug resistance by
altering the time of exposure to the agents.
Compartment Models. There are convenient ways to describe drug pharmacokinetics inside the body, that is, the way
plasma concentration of a drug changes over time. Depending on their properties (distribution, metabolism, clearance)
drugs follow multicompartmental behaviour (usually two or
three-compartment models) (Figure 3). The common aim of
these models is to find optimal tumour control in cancer
chemotherapy via cell cycle specificity. One-compartment
models are very simplistic as they consider the whole body as
a single unit (compartment) in which the drug concentration
is assumed to be uniform. This assumption is not valid
for tumours, as the uptake of chemotherapeutic agents
varies as a function of cellular proliferation (cytotoxic agents
preponderantly target cells with high mitotic index). In
two compartment models drug disposition is biexponential,
whereby the drug is distributed into a second compartment
but is eliminated from the first. Three compartment models
are more complex as they have two peripheral compartments
where drugs are distributed before elimination from the
central compartment. Compartment models are commonly
used in PET studies to evaluate the pharmacokinetics of
specific radioisotopes.
On a cellular level, compartment models are designed
for investigations into cell-cycle kinetics. In these models,
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Figure 3: Schematic representation of a three-compartment model.

the compartments are represented by the phases of the cell
cycle, starting with the growth phase G1 which leads into
the DNA synthesis phase S, followed by another growth
phase G2 which then leads to mitosis, M. The options are
to divide the cell cycle into two (usually G1 + S and G2 +
M) or three compartments (usually G1 , S and G2 + M).
This division into compartments facilitates the modelling
of cell cycle-specific drugs, that is, diﬀerent classes of
chemotherapeutic agents (such as cytotoxic agents, cytostatic
agents or recruiting agents—when the G0 resting phase is
also taken into account). This type of cell cycle kinetics
modelling was introduced by Swierniak et al. in the 1980s
[94] and later extended into more complex simulations [95,
96].
Chemo-related factors such as drug diﬀusion, uptake/
binding, clearance and their eﬀect on cell cycle progression
are individually incorporated in various spatio-temporal
models [97–99]. A more complex mathematical simulation has accounted for all the above parameters with the
intention of modelling the interaction between drugs and
the heterogeneous tumour microenvironment [100]. In this
work, a multicompartment pharmacokinetic analysis of two
drugs (paclitaxel and 5-fluorouracil) with diﬀerent transport
characteristics is modelled with emphasis on drug diﬀusion,
clearance, and cytotoxicity, leading to a cell distribution
along the cycle similar to experimentally obtained data. A
major finding of the simulation was the observation that
cell-cycle specific drugs might not oﬀer unique advantages
over cell-cycle nonspecific drugs. An added result of the
model is the chemoresponsiveness to paclitaxel of slowly
growing tumours which was shown to be higher than of fast
growing ones due to high repopulation in between cycles of
chemotherapy in the latter tumour group (which could not
be compensated by the drug’s cytotoxic eﬀect).
Another multi-compartment model to predict cellular
response of diﬀerent cell lines to mitotic arrest when exposed
to paclitaxel was developed by Basse et al. [101] with
statistical results validated against flow cytometry analyses.
On similar principles of compartment modelling, the
pharmacodynamics of Cisplatin have been simulated [91]
by considering transport reaction processes between extracellular and intracellular compartments, with drug species
classified into extracellular concentration, intracellular concentration, concentration bound to DNA and concentration

released from DNA as a result of DNA repair. The model
is based on the assumption that cell kill depends on the
peak level of DNA-bound intracellular platinum and for
short exposure times it yields predictions similar to those
resulting from AUC-type models. The major problems with
compartment models, as with any other chemotherapy
simulations, are the identification of cell cycle parameters
which can influence drug kinetics, thus short- and long-term
eﬀects.
One of the major challenges of chemotherapy is associated with drug resistance caused by mutations in cancer
cells. Models of drug resistance started to be developed in the
late 1970s, with the Goldie Coldman [102] model on the
theory of evolution of drug resistance by clonal selection.
Their model was based on biological assumptions stating
that drug resistance results from clonal selection of randomly
occurring mutants which are completely impervious to the
drug. The analytical model followed the development of
the mutant cell population as well as the sensitive tumour
cells, considering that the same growth kinetics applies to
both groups of cells. Clinically, such an assumption is not
realistic, as sensitive cells are killed more easily than mutant
resistant ones. Another oversimplification of their model was
to consider drug resistance as all-or-none (mutants, deemed
to be more resistant, were completely unreceptive to the
drug). Therefore, progressively higher levels of resistance can
be expected to emerge with continued treatment.
Birkhead et al. [103] have designed a model that brings
the principles of the Goldie-Coldman model closer to the
actual clinical practice. The modelled tumour includes three
cell categories: cells presenting with intrinsic resistance,
the second group characterized by acquired resistance, and
the third group being a sensitive population, responsive
to the drug. Various drug concentrations are administered
to study tumour response in time. The model relates to
chemotherapy treatment in general, therefore, in order to
simulate treatment strategies, specific values have to be used
for cell-kill and resistance. This requirement is a limitation
to the model, due to the lack of biological data and the
uncertainties in the existing values for larger groups of
patients.
Mathematical models of gene amplification were developed by Kimmel and Axelrod [104] to study cellular drug
resistance. Their models are based on the principle whereby,
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at each cell generation, there is a probability of increasing/decreasing the gene copies per cell. The consequence of
this probabilistic mechanism is reflected in the increased
number of genes (gene amplification) found in tumour
cells which confer resistance to chemotherapeutic agents.
The novelty of the model lies in the description of the
probabilities of the changes in numbers of gene copies
in each cell, that is, the rates of gene amplification and
deamplification. The model investigates the mechanisms
and conditions responsible for a stable distribution of the
number of gene copies as supported by experimental data.
Ample modeling of drug resistance was undertaken by
Komarova [105] and Komarova and Wodarz [106]. Using a
stochastic approach involving a discrete state space Markov
process, their model allocates each cell type resistance
properties. Cells can acquire resistance to drugs by means
of mutations (where resistance to one drug does not imply
resistance to another drug). In order to develop resistance to
a number of n drugs, a cell must accumulate n mutations.
Drug-induced cell death is regulated by the extent of drug
resistance, whereby cells resistant to all drugs are not killed by
the drug while cells susceptible to certain drugs are labelled
with a drug-induced death rate dependent on treatment
intensity. The model concluded that the success of the treatment is independent on turnover rate (the ratio of the natural
death rate and replication rate) for one-drug treatments but
dependent on turnover rate for multiple-drug treatments.
A more specific Monte Carlo model, looking into tumour
resistance to Cisplatin was developed by Marcu et al. [107]
by modelling two classes of drug-resistance mechanisms: one
leading to low drug uptake and the other responsible for
the decreased susceptibility to the induction of apoptosis. To
quantify the extent of drug resistance, the Cisplatin resistance
factor (CRF) was defined. Drug resistance was shown to be a
cumulative process: for low drug uptake, resistance seemed to
cumulate linearly or even supralinearly for very low uptake.
When decreased susceptibility to the induction of apoptosis
was modelled, resistance increased over a sigmoid pattern.
Modelling of crossresistance in cyclic chemotherapy
treatment was tackled by Katouli and Komarova [108]
showing that the general rule in cyclic treatment in order
to avoid cross-resistance would be “best-drug-first, worstdrug-longer,” meaning that the optimal strategy is to start
the chemocycle with the more powerful drug but use longer
cycles for the weaker drug.
While repopulation during radiotherapy is an extensively
studied aspect associated with treatment failure, tumour
repopulation during chemotherapy is usually a neglected
factor. As shown by Davis and Tannock [109] the impact of
repopulation between cycles of chemotherapy on treatment
response may be comparable to that of intrinsic or acquired
chemoresistance. These findings have been confirmed by
a stochastic model of tumour growth and response to
chemotherapy [110]. Cellular recruitment was modelled by
releasing various percentages of quiescent cells into the
mitotic cycle after each drug-caused cell kill. The onset
of repopulation was also simulated, with both immediate
onset and late onset of cell recruitment. Repopulation
during chemotherapy was shown to be a highly potent
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phenomenon; similar to drug resistance, therefore it should
not be neglected during treatment.
Models are useful tools to simulate novel treatment
schedules designed to improve treatment outcome by means
of higher therapeutic ratio. Such a novel regimen for
Cisplatin was suggested by Marcu and Bezak [55] in a
neoadjuvant setting, based on previously grown tumour
model using probabilistic methods of tumour development
and response to therapy. The proposed model suggests that
Cisplatin be delivered every three days leads to similar
tumour control as the daily regimen, but with better organ
sparing and higher therapeutic ratio than the weekly drug
schedule.
Mechanistic mathematical models developed to improve
the design of chemotherapy regimen were summarised by
Gardner [111] and Gardner and Fernandes [112]. Mechanistic models are tools which incorporate patient-specific cell
kinetic parameters and allow for prediction of heterogeneous
outcome across patients. Such models, based on drug pharmacokinetics and dynamics incorporating subpopulation
drug resistance, cell division, and apoptotic rates were
designed by Gardner [113] to kinetically tailor treatment
(KITT model) to individual patients. An impressive number
of 26896 tumours were modelled to build a decision tree
for prognosis and the simulated predictions were in good
accord with clinical trial results. These models are needed
to explain multiple-drug interactions, the evolution of drug
resistance inside tumour cells, cellular kinetics and the choice
of chemotherapeutical agents.
The literature on chemomodelling shows that optimum
treatment strategies are hard to derive mainly because of lack
of quantitative knowledge of the biological parameters of
cancer chemotherapy. While quantitative data for a specific
drug can be obtained from specific in vitro experiments, the
number of unknown parameters originating from multidrug
interaction turns modelling into an exigent task.
3.3. Modelling of Tumour Response to Combined Treatment.
The literature is scarce on combined chemoradiotherapy
models, a possible reason being the lack of quantitative
experimental data on radiation-drug interactions. Studies
which model combined treatment techniques aim their
focus towards factors such as (1) timing between agents,
(2) optimal combined schedules, (3) the extent of agent
interaction (additive, antagonistic, or synergistic), (4) doseeﬀect and (5) acquired resistance to treatment, to name just
a few.
Goldie and coworkers [114] simulated alternating chemotherapy and radiation on a hepatoma, based on experimental data. The model was built on a previously developed
tumour growth model with three discrete compartments:
stem cells, diﬀerentiating cells, and end cells. The main focus
of the model was on stem cells, which have been classified
into various resistant groups: cells resistant to chemotherapy
but radiation sensitive, cells resistant to radiation but chemo
sensitive, cells sensitive to both treatments, with the final
group of cells resistant to both therapies. The aim of
the combined model was to alternate radiotherapy with
chemotherapy (cyclophosphamide) in various protocols in
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Table 3: Diﬃculties in tumour growth and treatment response modelling relating to suitable input biological data.

Parameters/information that are
diﬃcult to obtain (quantitatively)
Aggressiveness and time of onset of
accelerated repopulation
The extent of various mechanisms
responsible for tumour
repopulation during treatment

Reason for the diﬃculty

Overcoming the diﬃculty

Intertumour variability that is unknown
cannot measure/estimate for individual
patients without cell biopsy sample used in in
vitro tests which may alter results
The interplay between recruitment, accelerated
stem division, abortive division and loss of
asymmetrical division, in stem cells makes it
diﬃcult to evaluate their individual eﬀect

Grouping patients into tumours that are likely
to have slow or fast repopulation by some
means of genetic/pathologic testing—however
methods currently unknown
Research stem cell properties for rapidly
proliferating tumours.
Sensitivity study on each individual and
combined parameter when modelling
Research cell type/proliferative
capacity-dependent radiosensitivities for
diﬀerent tumour cell lines, individualised
radiosensitivity pre-treatment testing (requires
staﬀ/money/time)
Access and research into to the feasibility and
drug development for daily/weekly PET scans,
with tracers that can image hypoxic regions
with various thresholds, for example, 2.5, 5.0,
10 mm Hg
Using in vitro data if existent, parameter
estimation and sensitivity study. Molecular
pharmacological modelling is required
Using in vitro data if existent for that particular
agent

Input of individualised tumour
data, for example, intrinsic
radiosensitivity, diﬀerences in
stem/transit or quiescent cell
radiosensitivity

Currently no pretreatment testing due to
logistics and time of testing

Tumour oxygenation/reoxygenation

Diﬀerent in every tumour, changes in time,
access to equipment, for example, daily/weekly
PET, invasive nature of in vivo quantitative data
gathering, for example, Eppendorf/Oxy Lab
probe

Drug pharmacokinetics

Lack of quantitative in vivo assays

Cell survival data for chemotherapy

Lack of mathematical formalism equivalent to
the LQ model used in radiotherapy

order to achieve an optimal tumour control. They have
concluded that combined regimen is more eﬀective in
eliminating the stem cells than any of the two modality
regimens alone.
Cisplatin and radiotherapy for advanced head and neck
cancers was stochastically modelled by Marcu et al. [70]
looking at cell survival (tumour control) after various
combined schedules. The treatment modules were applied on
a previously developed virtual tumour consisting of kinetic
parameters characteristic to squamous cell carcinomas of
the head and neck. The model showed that while weekly
Cisplatin, which is the current standard of care, has improved
radiotherapy by only 6%, daily administration of Cisplatin
led to a 35% improvement in tumour control as compared
to radiation alone. Furthermore, optimal treatment outcome
was obtained when Cisplatin was administered very closely to
radiotherapy (immediately before or after irradiation) due to
Cisplatin pharmacokinetics.
Besides radiotherapy and chemotherapy, immunotherapy has become an important aspect of today’s cancer
management. Based on logistic tumour growth law, the
combination of chemotherapy with immunotherapy was
recently simulated by Hu and colleagues [115] to address
the antagonistic, additive and/or synergistic eﬀect of the
combined treatment in silico, in order to select an optimal
chemotherapeutical protocol. The theoretical model simulates the dynamic evolution of tumour population density
under dual coupling periodic interventions (treatment). The
model outcome is in fine agreement with Loewe’s additivity
model, a universal reference model for drug interaction,
showing that the curative eﬀect of the combined treatment

is strongly dependent on the intensity, nature (sub/supraadditive) and the timing of the individual treatments. This
study could serve as a useful preclinical pharmacokinetic
assessment of drug-drug or drug-immunotherapy interaction.

4. Conclusions
To further increase the power of complex tumour modelling
into the future, greater depth of knowledge of tumour
biology on an individual tumour basis will be required.
This data is likely to be at micro(cellular) level as well as
genetic and chemical level within the tumour. The data
required for model input, necessitating the need for in vivo
tumour measurement and/or imaging (before and at regular
intervals during treatment), may include levels of specific
protein synthesis and activity, a full description of tumour
oxygenation from 0 to approximately 40 mm Hg, intrinsic
radiosensitivity levels and cell kinetic behaviour of all cell
types involved including all primary tumour cell types, vessel
(endothelial cells), surrounding normal cell information,
patient condition variable such as immune system responses
in the form of DNA damage repair eﬃciency.
Specific diﬃculties of data gathering for tumours models
are listed in Table 3 and generally include the following:
(i) variations between patients;
(ii) the dynamic nature of the parameters desired;
(iii) time/expense due to complexity of testing procedures, for example, protein analysis;
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(iv) understanding the mechanisms of microscopic processes within the tumour which are often interrelated.
While overcoming the diﬃculties imposed by these parameters can be a complicated task due to clinical confines
in obtaining quantifiable data, there is always an option
to undertake computational sensitivity studies of specific
parameters within biologically plausible limits.
The future of in silico tumour modelling is challenging,
but wide open for expansion through the dedication of
radiobiology, medical physics, and computational science
researchers. Assumptions, estimations, idealisations, and
trial-end-error situations will constantly be part of the modelling process. Nevertheless, despite its limitations, mathematical and computational modelling is already playing an
integral role in several aspects of cancer management and
it is expected to gain more ground in the near future by
complementing other preclinical studies.
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A. Daşu, I. Toma-Daşu, and M. Karlsson, “Theoretical
simulation of tumour oxygenation and results from acute
and chronic hypoxia,” Physics in Medicine and Biology, vol.
48, no. 17, pp. 2829–2842, 2003.
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[49] K. Måseide and E. K. Rofstad, “Mathematical modeling of
chronical hypoxia in tumors considering potential doubling
time and hypoxic cell lifetime,” Radiotherapy and Oncology,
vol. 54, no. 2, pp. 171–177, 2000.
[50] T. S. Deisboeck, M. E. Berens, A. R. Kansal, S. Torquato, A. O.
Stemmer-Rachamimov, and E. A. Chiocca, “Pattern of selforganization in tumour systems: complex growth dynamics
in a novel brain tumour spheroid model,” Cell Proliferation,
vol. 34, no. 2, pp. 115–134, 2001.
[51] A. A. Patel, E. T. Gawlinski, S. K. Lemieux, and R. A. Gatenby,
“A cellular automaton model of early tumor growth and
invasion: the eﬀects of native tissue vascularity and increased
anaerobic tumor metabolism,” Journal of Theoretical Biology,
vol. 213, no. 3, pp. 315–331, 2001.
[52] A. R. A. Anderson, “A hybrid mathematical model of
solid tumour invasion: the importance of cell adhesion,”
Mathematical Medicine and Biology, vol. 22, no. 2, pp. 163–
186, 2005.
[53] A. R. A. Anderson, M. A. J. Chaplain, C. Garcı́a-Reimbert,
and C. A. Vargas, “A gradient-driven mathematical model
of antiangiogenesis,” Mathematical and Computer Modelling,
vol. 32, no. 10, pp. 1141–1152, 2000.
[54] Y. Cai, S. Xu, J. Wu, and Q. Long, “Coupled modelling of
tumour angiogenesis, tumour growth and blood perfusion,”
Journal of Theoretical Biology, vol. 279, no. 1, pp. 90–101,
2011.
[55] L.G. Marcu and E. Bezak, “Neoadjuvant cisplatin for head
and neck cancer: simulation of a novel schedule for improved
therapeutic ratio,” Journal of Theoretical Biology, vol. 297, pp.
41–47, 2012.
[56] F. Ellis, “Dose, time and fractionation: a clinical hypothesis,”
Clinical Radiology, vol. 20, no. 1, pp. 1–7, 1969.
[57] L. Cohen, “A cell population kinetic model for fractionated
radiation therapy. I. Normal tissues.,” Radiology, vol. 101, no.
2, pp. 419–427, 1971.
[58] D. E. Lea and D. G. Catcheside, “The mechanism of
the induction by radiation of chromosome aberrations in
Tradescantia,” Journal of Genetics, vol. 44, no. 2-3, pp. 216–
245, 1942.
[59] H. R. Whithers, J. M. G. Taylor, and B. Maciejewski, “The
hazard of accelerated tumor clonogen repopulation during

Computational and Mathematical Methods in Medicine

[60]
[61]

[62]

[63]

[64]
[65]
[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

radiotherapy,” Acta Oncologica, vol. 27, no. 2, pp. 131–146,
1988.
T. Alper, Cellular Radiobiology, Cambridge University Press,
Cambridge, UK, 1979.
D. J. Brenner, L. R. Hlatky, P. J. Hahnfeldt, Y. Huang, and R. K.
Sachs, “The linear-quadratic model and most other common
radiobiological models result in similar predictions of timedose relationships,” Radiation Research, vol. 150, no. 1, pp.
83–91, 1998.
R. G. Dale and B. Jones, Radiobioloigcal Modelling in Radiation Oncology, The British Intistitue of Radiology, London,
UK, 2007.
J. F. Fowler, “The linear-quadratic formula and progress in
fractionated radiotherapy,” British Journal of Radiology, vol.
62, no. 740, pp. 679–694, 1989.
J. F. Fowler, “21 years of biologically eﬀective dose,” British
Journal of Radiology, vol. 83, no. 991, pp. 554–568, 2010.
S. M. Bentzen, “Quantitative clinical radiobiology,” Acta
Oncologica, vol. 32, no. 3, pp. 259–275, 1993.
J. Dunst, P. Stadler, A. Becker et al., “Tumor volume and
tumor hypoxia in head and neck cancers: the amount of
the hypoxic volume is important,” Strahlentherapie und
Onkologie, vol. 179, no. 8, pp. 521–526, 2003.
M. Nordsmark and J. Overgaard, “Tumor hypoxia is independent of hemoglobin and prognostic for loco-regional
tumor control after primary radiotherapy in advanced head
and neck cancer,” Acta Oncologica, vol. 43, no. 4, pp. 396–403,
2004.
D. Rischin, R. J. Hicks, R. Fisher et al., “Prognostic significance of [18 F]-misonidazole positron emission tomographydetected tumor hypoxia in patients with advanced head and
neck cancer randomly assigned to chemoradiation with or
without tirapazamine: a substudy of Trans-Tasman Radiation
Oncology Group study 98.02,” Journal of Clinical Oncology,
vol. 24, no. 13, pp. 2098–2104, 2006.
B. G. Wouters, S. A. Weppler, M. Koritzinsky et al., “Hypoxia
as a target for combined modality treatments,” European
Journal of Cancer, vol. 38, no. 2, pp. 240–257, 2002.
L. Marcu, E. Bezak, and I. Olver, “Scheduling cisplatin and
radiotherapy in the treatment of squamous cell carcinomas
of the head and neck: a modelling approach,” Physics in
Medicine and Biology, vol. 51, no. 15, pp. 3625–3637, 2006.
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As a result of advanced treatment techniques, requiring precise target definitions, a need for more accurate delineation of the
Clinical Target Volume (CTV) has arisen. Mathematical modelling is found to be a powerful tool to provide fairly accurate
predictions for the Microscopic Extension (ME) of a tumour to be incorporated in a CTV. In general terms, biomathematical
models based on a sequence of observations or development of a hypothesis assume some links between biological mechanisms
involved in cancer development and progression to provide quantitative or qualitative measures of tumour behaviour as well as
tumour response to treatment. Generally, two approaches are taken: deterministic and stochastic modelling. In this paper, recent
mathematical models, including deterministic and stochastic methods, are reviewed and critically compared. It is concluded that
stochastic models are more promising to provide a realistic description of cancer tumour behaviour due to being intrinsically
probabilistic as well as discrete, which enables incorporation of patient-specific biomedical data such as tumour heterogeneity and
anatomical boundaries.

1. Introduction
Advanced radiotherapy techniques like 3D Conformal Radiotherapy (3D-CRT), Intensity-Modulated Radiation Therapy (IMRT), and Image-guided Radiation Therapy (IGRT)
restrict the high dose region to defined target volumes to
spare adjacent normal tissue. The margins are generally
reduced for modern radiotherapy techniques due to (a) more
accurate organ specification with the use of daily image
guidance that results in minimization of set up error, and
(b) superior conformity of dose distribution to irradiation
target volumes. However, a successful implementation of
these techniques, that is, achieving an acceptable Tumour
Control Probability (TCP) and Normal Tissue Complication
Probability (NTCP), requires very accurate target volume
delineation. According to ICRU report 50, the “Clinical Target Volume (CTV) is a volume encompassing visible Gross
Tumour Volume (GTV) and subclinical malignant disease”
[1]. Since subclinical disease cannot be detected by imaging

technologies, in contrast to gross tumour volume, which
is the visible extent and location of malignant disease [1],
CTV needs to be estimated. To ensure that CTV receives
the prescribed dose, the Planning Target Volume (PTV) is
drawn to account for several possible uncertainties. These
uncertainties are due to both physiologic movements which
are not controllable (e.g. patient’s respiration) and to daily
set-up variations. PTV is then the volume for which dose
calculation is performed and ensures that the whole of
CTV will receive the full prescribed radiation dose. Figure 1
schematically illustrates radiotherapy irradiation volumes
and their respective uncertainties regarding volume delineation.
Among radiotherapy target volumes, delineation of the
Clinical Target Volume (CTV) is the most controversial. To
date, there is no consensus regarding the extent of histological disease, thus the question of how far CTV is extended
beyond GTV is mostly left to the discretion of radiation
oncologists based on their experience, depending on patient’s
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Figure 1: Schematic diagram of radiotherapy irradiation volumes.

histopathological data. The uncertainty in CTV represents
a limitation on reduction of the irradiated target volume.
When the irradiated target volume is reduced due to dose
conformity of new treatment modalities, NTCP is improved.
On the other hand, the issue of CTV fuzziness becomes a
cause of concern because any PTV reduction enhances the
risk of missing a part or a few cells of subclinical disease,
as illustrated in Figure 2. It is worth mentioning that
missing one single cell reduces TCP to 37%. (The Poisson
distribution definition for TCP: TCP = e−n(D) , where n(D) is
the expected number of surviving clonogens.) Therefore, in
order to confidently reduce the irradiated target volume, as
is the trend with current treatment techniques, the pattern of
microscopic extension needs to be known or predicted.
1.1. Biological Background. Normal growth and regeneration
of an organ requires cells to undergo cell division and to proliferate. The rate of proliferation, however, is systematically
regulated to ensure the balance between cell proliferation
and cell loss as well as integrity and functionality of each
organ. This regulation occurs at cell cycle check points
where progression to a subsequent phase is prevented unless
prerequisites are satisfied. DNA lesions are recognized at
check points that lead onto repair pathways [4]. Normally,
cells with unrepaired DNA cannot continue their cycle
and are led to apoptosis (programmed cell death). Any
uncontrolled proliferation of cells, ensuing a series of DNA
mutations, results in abnormal aggregation of cells called
a tumour. An evolving tumour population undergoes two
stages, namely, avascular phase and vascular phase and
transition between these two phases requires angiogenesis,
a process which involves development and recruitment of
blood vessels to supply tumour cells with nutrients [5, 6].
Tumour commences its growth primarily via cell proliferation in an avascular phase. Further in its growth, individual
tumour cells secrete a substance called Tumour Angiogenesis
Factor (TAF) that initiates angiogenesis [6]. At this stage,
that is, the beginning of a vascular phase, tumour acquires
the capability to invade locally in the adjacent normal
tissue, and later tumour cells can detach themselves from
the primary mass and migrate through blood or lymphatic

Figure 2: Schematic diagram of CTV and PTV correlation for conventional treatment techniques, on the left, as compared to modern
treatment techniques, on the right. CTV is indicated by red contour
and blue contour defines the PTV. As shown, the reduction of PTV
may result in missing a part of microscopic disease that leads to poor
treatment eﬃcacy.

system to other sites in the body to produce new colonies
(i.e., metastasis) [6–9].
The Extracellular Matrix (ECM) is the external part of
tissue on which cells reside. It provides structural support
to the cells, regulates intercellular communications and so
forth. The ECM also imposes spatial constraint on tumour
proliferation. On the other hand, the tumour invasion is
known to be facilitated by gradients in the ECM density (i.e.,
an ECM gradient is a directional rise in ECM density, and
its magnitude determines how fast the ECM density rises in
that direction). These gradients cause the cells in the outer
layer of a tumour to break away from the primary tumour
mass and move along the gradient, a phenomenon called
haptotaxis [9]. It is known that, Matrix Degrading Enzymes
(MDEs) produced by cancer cells degrade the surrounding
ECM resulting in development of ECM gradients [9].
Apart from proliferation and haptotaxis, other factors
like cell-cell adhesion, cell-matrix adhesion, and ECM density also aﬀect cell motility in the course of tumour invasion
[6].
In summary, tumour evolution is an interrelated multistage process that starts from a series of cancer-associated
gene mutations leading to formation of a colony that could
further invade adjacent tissues and finally metastasize in distant organs. Better understanding of biological mechanisms
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of cancer development helps to anticipate the behaviour of
the tumour that undoubtedly leads to a better treatment
eﬃcacy.
1.2. Mathematical Modelling. Mathematical modelling is
a suitable tool to generate algorithms to correlate information acquired from imaging techniques to the pattern
of growth and tumour invasion. In a typical course of
model development, biological phenomena are represented
in mathematical equations. The solutions of the equations,
in return, provide predictions of tumour evolution, tumour
aggressiveness in a given patient, and so forth. The validity
of a model is then examined by comparison with available
actual data, and iteration is performed until an adequate
match is reached and thus a plausible model is obtained.
A semirealistic model developed in this manner provides
an insight into biological mechanisms of tumour growth
and invasion under a variety of circumstances. It also allows
for assessment of potential treatment regimens. The model
could be useful for clinicians in clinical tumour volume
definition.
Oncogenesis can be modelled at three levels: (1) subcellular level, (2) cellular and microscopic level that concerns
individual cell behaviour while taking into account cellextracellular matrix (ECM) interactions, and (3) macroscopic level that is related to the evolution of tumour in terms
of cell density and mostly is based upon reaction-diﬀusion
equations [10].
In this paper, some of the recent computational and
mathematical models developed for tumour growth and
invasion are reviewed. Two approaches used for modelling,
analytical and stochastic, are discussed individually in the
following sections.

2. Deterministic Models
2.1. Analytical Models. Analytical modelling of tumour
growth has been typically done based on the reactiondiﬀusion equations in the literature. Swanson et al. [11]
reviewed some recent models developed for glioma of the
brain. The problem was initially formulated as a conservation
equation by Murray’s group [12–14] as: the rate at which
tumour cell population changes is equal to diﬀusion (motility) of tumour cells plus proliferation of tumour cells. For
untreated glioma, this can be represented in a mathematical
form as [11, 15]
∂c
= −∇ · J + ρc,
∂t

∂c in 3D
−→ J = −D∇c.
∂x

∂c
= ∇ · (D∇c) + ρc,
∂t

(2)

(3)

where D is diﬀusion coeﬃcient representing active motility
of cancer cells and ∇ denotes spatial gradient operator. The
first term, the diﬀusion component, is related to the periphery of the tumour while the second term, the proliferation
component, pertains to active part of tumour core and is
described by cellular proliferation laws (e.g., exponential
growth) [10]. The assumptions considered in this model
were the following.
(i) Brain tissue is homogeneous thus diﬀusion coeﬃcient, D, is constant throughout the brain.
(ii) Tumour growth is generally exponential thus ρc is
constant.
(iii) Boundary condition: c(x, 0) = f (x), where f (x) is
initial profile of the tumour and there is no migration
beyond brain boundaries.
Thus (3) reduces to
∂c
= D∇2 c + ρc.
∂t

(4)

One of the consequences of (4) is that tumour density
distribution, c, is a function of the ratio of ρ/D thus two
diﬀerent tumours whose diﬀerent combinations of ρ and D
result in the same ratio of ρ/D, appear the same at a single
observation time. Hence, just a single MRI/CT image is not
suﬃcient to estimate CTV correctly without knowing the
pattern of tumour cell density distribution.
A more realistic approach was taken by Swanson et al.
[2, 17]who introduced the geometry of the brain into the
model, thus in the revised form of the model, the following
assumptions were considered.
(i) Complex geometry of brain is introduced, thus diﬀusion coeﬃcient, D, is not uniform and is a function
of location in the brain tissue.
(ii) Equation (3) is applied to describe the pattern of
growth in diﬀusive models with D being a function
of x as follows:
D(x)

(1)

where c(x, t) denotes the density of tumour at location x and
time t, ∇· J is the diﬀusion component (i.e., outflow of material out of the system), and ρc is proliferation component
(inflow of material in the system), where ρ is the proliferation
coeﬃcient. Using the Fick’s first law that assumes the diffusive flux flows from high-concentration regions to lowconcentration regions, the diﬀusion component is related to
tumour cell density as follows:
J = −D

Thus (1) takes the form

=

⎧
⎪
DW ,
⎪
⎪
⎪
⎪
⎨
⎪
DG ,
⎪
⎪
⎪
⎪
⎩

(diﬀusion coeﬃcientin
white matter of the brain),
(diﬀusion coeﬃcient in

gray matter of the brain ,

(5)

where DW > DG .
To determine the model parameters, 12 serial CT scans of
a patient, diagnosed with astrocytoma, during his terminal
year were examined to derive estimations for velocities of
tumour margin advance through grey and white matter, νG
and νW , respectively. Fisher’s approximation (D = ν2 /4ρ)
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was then applied to correlate velocity, ν, of detectable tumour
margin with proliferation rate and diﬀusion coeﬃcients.
According to CT scans of the right hemisphere (predominantly grey matter), νG was identified to be 0.008 cm/day,
thus Fisher approximation gives DG = 0.0013 cm2 /day, and
DW being almost five times of DG becomes 0.0065 cm2 /day.
To assign diﬀusion coeﬃcients to corresponding brain cells,
spatial distribution of white and grey matter was adopted
from the brain web database [31]. Applying these determined
parameters in the simulation based on (3) describing virtual
gliomas growth, two-dimensional plots of tumour cell
density on coronal, sagittal and axial planes were generated,
as shown in Figure 3. Using these plots, they determined
the part of tumour volume that can be visualized using
MRI technique. Enhanced MRI technique has a detection
threshold of 400 cells/mm2 . This means that any part of
tumour having a concentration below this threshold is
not detectable on a MRI image. The comparison between
detectable part and simulated profile provides an insight
into how far and at what concentration microscopic disease
is invaded beyond visible tumour. This model that derived
the behaviour of glioma according to two factors (“D” and
“ρ”) demonstrates that the distribution of ME in invasive
gliomas does not follow an isotropic pattern that is invariably
assumed by clinicians for definition of CTV.
The biomathematical modelling based on (3) in conjunction with serial pre-treatment MRI images of the patient also
provides a tool to quantify patient-specific proliferation and
diﬀusion rates. Wang et al. [32] examined two pretreatment
MRI images of each of a population of 32 patients diagnosed with Glioblastoma (GBM) to quantify patient-specific
kinetic rates of glioma cells (net proliferation and diﬀusion
rates). These parameters are used to predict the course
of disease and, more importantly, to assess the eﬃcacy of
diﬀerent treatment plans for each individual patient through
a survival analysis. In the survival analysis, the eﬀectiveness
of any treatment was measured via the ratio of actual survival
time after respective therapy to the calculated survival time
(by the model) without therapy.
The evolution of mathematical modelling to gain insight
into the mechanism of GBM growth and invasion initiated
by Swanson et al. [11, 17] was followed by Stein et al.
[20] who developed a continuum model and compared the
outcome of the model with 3D in vitro experiments on the
three dimensional pattern of growth of GBM spheroids. It
was concluded that GBM spheroids consist of two classes
of cells, namely, proliferating core cells and peripheral
migrating cells. This finding was later included in other
models like the model of Thalhauser et al. [22] in which
three dependent variables, namely, the concentration of
migrating cells, proliferating cells and oxygen (mmHg) were
correlated in three partial diﬀerential equations for tumour
development around a central blood microvessel. Analysis
of the density distribution profiles of these two classes of
cells led to a hypothesis regarding emergence of metastatic
phenotype to occur for population of cells containing highly
motile cells. This hypothesis is based on the evidence that
populations of motile cells grow to lower densities compared
to aggressive growers (mobile cells), and hence they are
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unlikely to cause vascular network collapse since they cause
less compressive pressure on microvessel walls. In a more
recent progress, Eikenberry et al. [8] incorporated haptotaxis
in GBM models and also extended the model stochastically
to form a deterministic-stochastic system for modelling.
The mathematical model was developed based on four
dependent variables: the concentration of migrating cells,
proliferating cells, ECM, and matrix degrading enzyme.
The system of partial diﬀerential equations was discretized
to allow for stochastic estimation of the transition probability between proliferating and migrating class of cells
at each grid point. The stochastic nature of the model
allows for applying patient-specific geometry of brain and
location of tumour inside the brain during simulation. The
simulation was performed for an actual clinical case of a
GBM patient undergoing a course of treatment including
surgical resection, gamma knife, and chemotherapy. The
model qualitatively reproduced the actual tumour growth
of the patient. However, the model failed to simulate the
deformation of surgical cavity.
The spatial-temporal evolution of the brain tumour in
the presence of chemotherapy was investigated by Tracqui et
al. [2, 12]. Twelve successive CT scans during the terminal
year of a patient diagnosed with astrocytoma were studied.
The patient received two courses of chemotherapy during 12
months before death, thus (3) can be modified as
∂c
= ∇ · (D∇c) + f (c) − g(c),
∂t

(6)

where g(c) is the cell loss due to chemotherapy and defined
as
g(c) = [K1 (t) + K2 (t)]c

(7)

with
⎧
⎪
k1 ,
⎪
⎪
⎪
⎪
⎨

K1 (t) = ⎪

0,
⎪
⎪
⎪
⎪
⎩
⎧
⎪
0,
⎪
⎪
⎪
⎪
⎨

K2 (t) = ⎪

k2 ,
⎪
⎪
⎪
⎪
⎩

during the time the first course
of drug was delivered,
during the time the second course
of drug was delivered,
(8)
during the time the first course
of drug was delivered,
during the time the second course
of drug was delivered,

where k1 and k2 are positive constants.
The proliferation term, f (c), is typically taken as a linear
function of c (exponential proliferation) or a nonlinear function of c (logistic proliferation) when the proliferation is
limited, since cell density is close to its maximum:


f (c) =

ρc,
ρc(1 − c),

exponential proliferation,
logistic proliferation.

(9)

The area of tumour was evaluated at each successive CT
scan and then the data was compared to the values derived
from (6). The comparison between time evolution of
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Figure 3: The left column corresponds to the tumour at diagnosis and right column corresponds to tumour at death. The dark black contour
defines the detectable edge of tumour by (MRI), red contour indicates high density of tumour cells, and blue contour denotes low-density
disease. Courtesy of Swanson et al. [2].

simulated tumour area and tumour areas acquired from CT
scans showed a distinctive discrepancy, particularly before
the end of the first course of chemotherapy. Consequently,
the assumptions were revised and it was postulated that there
is a second cell density c2 (x, y, t) present which is resistant
to the first course of chemotherapy but sensitive to the
second course. The insensitivity of the second population
was considered to be due to mutations from the radiotherapy
administered three years earlier. Given this condition, the
system was described mathematically as follows:
∂c1
= ∇ · (D∇c1 ) + ρ1 c1 (1 − c) − [K1 (t) + K2 (t)]c1
∂t
∂c
= ∇ · (D∇c) + ρ1 c1 (1 − c) + ρ2 c2 (1 − c) − K1 (t)c1
∂t
−K2 (t)c,
(10)

where ρ1 and ρ2 are proliferation rates corresponding to
the first and second cell density, respectively, and variable c
represents the total density of tumour cells (c = c1 + c2 ).
After optimization and identification of unknown
parameters, the identified values were found to be in agreement with known biological data (e.g., D = 1.2 × 10−7 cm2 /s
which is comparable with estimation of glioma cell migration rate obtained from in vitro experiments [33]).
Woodward et al. [15, 34] modified Tracqui’s model for
the same case study in terms of initial conditions related
to distribution of type one and two of cancerous cells. In
contrast to Tracqui’s model that assumed an approximate
initial distribution of 90% of type one and 10% of type
two cancerous cells, Woodward included another parameter
as the number of type one cells remaining after surgery
followed by X-ray therapy 1000 days before the first scan and
also assumed that type two cancerous cells are the result of
mutations of type one cells three years earlier. This allowed
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for prediction of distribution of each type of cells at the time
of diagnosis (rather than making a rough estimation) and
at any time during the terminal year. Furthermore, the simulated evolution of the tumour was used to retrospectively
evaluate diﬀerent courses of treatments (e.g., diﬀerent extent
of surgical resections instead of chemotherapy) in terms of
their respective subclinical recurrence.
Swanson et al. [11, 35] investigated the incorporation of
cell loss due to chemotherapy in a more general formulation
by defining g(c) to be a periodic function such that for the
time periods chemotherapy is on, g(c) is equal to a specific
positive constant, k (indicating the rate of cell loss due
to chemotherapy), and otherwise is zero. The model was
originally formulated assuming homogeneous drug delivery
and further developed to take into account heterogeneity
in drug delivery, whereby drug delivery is expected to be
less in white matter compared to that in gray matter. The
experimental observation of shrinkage of gliomas in specific
areas together with persistent growth in other areas of the
brain following chemotherapy was explained by this model.
Clatz et al. [10] developed a numerical model to simulate
the three-dimensional pattern of growth and invasion of
Glioblastomas. To account for diﬀerent diﬀusion coeﬃcients
which are dependent on the brain tissue, the anatomical atlas
of the brain in conjunction with Diﬀusion Tensor Image
(DTI) were employed. The algorithm comprised of four
steps. First, the patient MRI images were registered on the
brain atlas on which gross volumes were delineated by a
radiation oncologist. In the second step, the image registered
on atlas was used to produce patient’s tetrahedral mesh of
brain in which diﬀusion coeﬃcients respective to each voxel
were specified using brain atlas and DTI of the patient.
Simulation was performed in the third step by applying
reaction-diﬀusion equation on initial tetrahedral mesh of
brain. Ultimately, to measure the validity of the model, the
simulated profile was compared with brain deformation seen
on the patient MRI images in six months later.
Bondiau et al. [36] applied the virtual model of glioma
growth developed by Clatz on actual data of a single patient
and compared tumour growth pattern derived from the
model with current radiotherapy margins. Tumour growth
was studied in two scenarios, namely, high diﬀusion-low
proliferation (HD-LP) and high proliferation-low diﬀusion
(HP-LD) tumours. It was observed that, with 2 cm margin,
2.1% and 15.1% of microscopic invasive tumour cells fall
outside margin in HP-LD and HD- LP tumours, respectively.
Also 53.5% and 55.5% of cells inside margin in HP-LD and
HD- LP, respectively, are normal brain cells. Therefore, it
was concluded that uniform clinical margins may not be
adequate to cover whole tumour neither to spare normal
tissue. Although this conclusion is supported by many other
studies, the rationale of this comparison is argued on the
basis that a model which is based on a single patient
clinical data, though sophisticated, cannot be considered as
a criterion to assess clinical margins. It first needs to be
validated against some actual clinical data (e.g., recurrence
rate) in a statistically suﬃcient number of patients.
The eﬀect of external beam radiation therapy was incorporated in the reaction-diﬀusion model in the study of
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Rockne et al. [23]. Therefore, the conservation of cells (3)
can be modified as:
∂c
=
∂t

∇ · (D∇c)


+ ρc 1 −

Diﬀusion of glioma cells



c
k

Logistic proliferation

c
,
k

+ R(x, t, Dose)c 1 −


Cell loss due to radiotherapy

⎧
⎨0,

R(x, t, Dose) = ⎩
2
1 − e−(αD+βD ) ,

for t ∈
/ therapy,
for t ∈ therapy,
(11)

where D and k denote the dose and tumour carrying capacity,
respectively. R(x, t, Dose) is the probability of death of cancer
cells (one minus cell survival fraction given by the linear2
quadratic model of cell survival (S = e−(αD+βD ) )) due to
radiotherapy.
In previous models, passive translocation of cells due
to ECM-cell interactions and active cell migration were
overlooked. Retaining reaction-diﬀusion formula as the
framework, Tracqui [16] introduced the eﬀects of passive
translocation of cells due to ECM-cell interactions and
active cell migration up to adhesivity gradient. The variables
u, ρ, and c were designated for mechanical displacement
of cell-ECM composite, density of ECM, and cell density,
respectively. The parameter r denotes the proliferation rate
of cancer cells. Thus the reaction-diﬀusion formula (cell
conservation equation) takes the bllowing form:
∂c
= − ∇ · (Jc + Jd + Jh ) + rc(1 − c),
∂t
Jd = − D∇c (diﬀusion term),

(12)

c∂u
(convection term),
Jc =
∂t
Jh = hc∇ρ.

The convection term addresses ECM displacement due to
cells convection with velocity ∂u/∂t. Equation (12) indicates
that the two new terms inhibit tumour growth. Moreover, the
conservation of ECM density reads as




∂ρ
ρ∂u
= −∇ ·
+
∂t
∂t




S c, p





ECM biosynthesis

−



G c, p





,

ECM degradation

convection

(13)
where S(c, p) and G(c, p) denote the rate of formation and
loss of ECM, respectively. For the sake of simplicity, ECM
turnover was neglected, that is, S(c, p) = G(c, p) = 0. Thus
(12) and (13) together with the equation regarding viscoelastic response of ECM to cells’ traction force formed a set of
diﬀerential equations for modelling. Nonhomogeneous and
nonsymmetric profile at the tumour surface was obtained
by the model. To validate the model, it was suggested to
compare growth pattern generated by the model with that
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acquired from in vitro experiments. To our knowledge, no
article addressing such a comparison associated with this
model has been found. Synthesis and degradation of ECM
which was neglected in primary calculation could be further
included.
More recently, the interactions of cell-cell and cellECM were considered in a more elaborate way in reactiondiﬀusion models. Gerisch and Chaplain [6] developed
an analytical Partial Diﬀerential Equation (PDE) model
to simulate tumour growth and invasion both one and
two dimensionally. In the study of Gerisch, firstly a local
continuum model was formulated based on the system of
reaction-diﬀusion equations proposed by Anderson et al.
[21]. It was assumed that the movement of the cells is due
to random motility with constant diﬀusion coeﬃcient D1
(assuming constant ECM density), and haptotactic response
to the ECM gradient. As a matter of fact, cancer cell motility
depends on both ECM gradient and density, thus this was a
simplifying assumption. The series of diﬀerential equations
constituting the model are as follows:


∂c
= ∇ · D1 ∇c − χc∇ν + μ1 c(1 − ϑ1 c − ϑ2 ν),
∂t

∂v
= −γmv + μ2 (1 − ϑ1 c − ϑ2 ν),
∂t

(14)

∂m
= ∇ · [D3 ∇m] + αc − λm,
∂t
where c(x, t), v(x, t), m(x, t) denote the cancer cell density,
the ECM density and the concentration of Matrix Degrading
Enzyme (MDE), respectively. The parameters ϑ1 and ϑ2 are
fractions of unit volume occupied by cancer cells and ECM,
respectively. μ1 , μ2 , γ, D3 , α and λ denote proliferation
rate of cancer cells, remodelling rate of ECM, degradation
rate of ECM, MDE diﬀusion coeﬃcient, the rate of release,
and removal of MDE, respectively. Finally, χ is designated
for haptotactic function. Equation (14) diﬀers from that of
Anderson in two aspects: Employing logistic proliferation
and applying modified haptotactic function to prevent
cellular overcrowding at boundaries. There is also a slight
diﬀerence in definition of Initial Conditions (IC) associated
with ECM.
In the second step, Gerisch modified this model (14)
to a nonlocal continuum model to include cell-cell and
cell-ECM adhesion. To this end, the haptotactic term was
substituted with a nonlocal flux term in (14). The nonlocal
term represents the velocity of cancer cells due to cellular
adhesion (cell-cell adhesion) and to the ECM (cell-ECM
adhesion). The growth profile was simulated for both local
and nonlocal models and surprisingly the detachment of a
cluster of cells that degrades ECM on its way and migrates
was obtained.
Within the realm of continuum modelling, the approach
that regards a tumour as a continuum medium whose overall
dynamic and morphology is dependent on the microenvironment material concentration is reflected in some other
works in literature [37–46]. In these models, the concentration of microenvironment materials such as nutrition supply,
like oxygen and glucose, and growth inhibitor, which is either

anticancer drugs or chemicals produced by immune system,
is assumed to influence individual cells phenotype.
2.2. Hybrid Models. The above-addressed models, both
deterministic reaction-diﬀusion equations whose solutions
is in the form of invading travelling waves of cancer cells
and mechano-cellular formalism (e.g., Tracqui, 1995 [16])
provide spatio-temporal spread of tumour at macroscopic
level. However, the behaviour of tumours at cellular and subcellular levels, which becomes important when individual
cell eﬀects dominate in the course of tumour growth and
invasion, such as the spatio-temporal evolution of tumour
cell heterogeneity, cannot be predicted by these modelling
approaches [47, 48]. Therefore, the continuum modelling is
appropriate for studying systems at a large scale. Discrete
modelling can overcome this limitation since it can track
individual cells and update their states at each time step.
Thus it is an appropriate tool to investigate the interaction
between cells and ECM, phenotypic transitions of cells which
leads to a nonlinear cancer system to another state that
in return aﬀects the overall behaviour and morphology of
tumours and so forth. The important drawback of discrete
modelling is its increasingly high computational demands as
the number of cells being modelled increases. An alternative
to these scale-specific models is a multiscale approach that
refers to the models that contain more than one spatial and
temporal scale to take into account cross-scale mechanisms
in the course of tumour growth and evolution [49]. This
approach is classified as “hybrid” modelling. A hybrid model
comprises of a continuum deterministic part that controls
the concentration of ECM and chemicals, and a stochastic
discrete part governing cell migration and interactions.
Such a hybrid model of tumour growth and invasion
was developed by Anderson [19]. The formalism of hybrid
modelling enables to simulate specific cell processes (e.g.
proliferation and cell-cell adhesion) and also inclusion of
diﬀerent tumour cell phenotypes at cellular level in a continuum chemical/ECM surrounding. The model parameters
consisted of concentration distributions of tumour cell (n),
ECM ( f ), MDE (m), and oxygen (c). The interaction of these
parameters was represented in a set of diﬀerential equations,
as follows:
oxygen diﬀusion

oxygen production


Dc ∇2 c

∂c
=
∂t

+



βf

oxygen uptake



−

γn

oxygendecay

−



αc

,

MDE diﬀusion

∂m
=
∂t

MDE production


2
Dm ∇ m +
μn
−

ECM degrdation

∂f
=
∂t


−δm f

random motility

∂n
=
∂t


Dn ∇2 n

,
haptotaxix



− χ ∇ · n∇ f .

MDE decay



λm

,

(15)
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As indicated in the first line of (15), oxygen is diﬀused
into the ECM, consumed by tumour and decayed naturally at
rates γ and α, respectively. The hybrid model, that follows the
path of each individual cell, requires discretising the system
of diﬀerential equation based on finite diﬀerence method in
a given time and space steps [21]. Each point on the grid is
correlated to neighbouring grids via coeﬃcients indicating
the probability of transition from that grid to another. For
example, tumour cell density is expressed as
q+1

q

q

q

q

q

ni, j = ni, j P0 + ni+1, j P1 + ni−1, j P2 + ni, j+1 P3 + ni, j −1 P4 ,
(16)
where indices i and j represent the location and q specifies
the time. The coeﬃcients P0 , P1 , . . . , P4 are probabilities
of transition from the grid in question to the respective
neighbouring grids. Unlike purely continuum modelling,
the hybrid model, being intrinsically multiscale, allows for
investigation of the eﬀect of tumour cell heterogeneity
on the morphology and phenotypic diversity of invading
vascular tumours (e.g., capturing the emergent property of
invasive cells) [50]. In the more recent studies of Anderson
et al. [51, 52], the hybrid model was used to simulate
the shape of a growing tumour under homogeneous and
heterogeneous matrix distribution and a phenotypically
heterogeneous tumour cell population. Also, the impact of
nutrient availability during tumour development on tumour
morphology was examined. The models predicted that harsh
microenvironment conditions lead to a tumour mass with
invasive morphology (fingering margins) dominated with
a few aggressive phenotypes. Other studies independently
conducted in vivo and in vitro experiments to examine the
role of harsh environment (e.g., hypoxia) in the invasive
morphology of tumours [18, 53]. The results of their
investigations corresponded to those predicted by the hybrid
model. However, neither of them examined phenotypic composition of the resulting tumours, thus these experiments
just partially validate the hybrid model.
Malignant tumour invasion, driven by haptotaxis, both
in the form of travelling waves (continuum models) [54–
56] and hybrid models [57–59], has been also modelled by
others. The model developed by Anderson and Chaplain
[58] was mathematically analysed by Kubo [60] to investigate
asymptotic profiles of solutions. The simulated tumour cell
distribution illustrated that a cluster of cells detaches from
the original tumour mass and migrates further away from
the tumour as the time evolves. The simulated tumour cell
distribution shows an explicit detachment of a cluster of cells
and qualitatively corresponds to the results of Gerisch’s study
[6].
The most recent work in the continuum deterministic
framework is the study of Swanson [61]. In this study the
Proliferation-Invasion (PI) model was developed to produce
a Proliferation Invasion Hypoxia Necrosis Angiogenesis
(PIHNA) model incorporating the mechanisms related to
angiogenesis cascade. Three diﬀerent cellular types, namely,
proliferative, hypoxic, and necrotic were described mathematically in a form of three partial diﬀerential equations in
which conversions of each type to others due to microenvironmental changes were included. It is known that, while

tumour cells grow and invade according to their respective
proliferation and diﬀusion rates, the microenvironment
becomes harsh and leads to the production of Tumour
Angiogenic Factor (TAF) by proliferative and hypoxic cells
in response to the metabolic demands of tumour. It is
worth noting that the rate of production of TAF by hypoxic
cells is significantly higher compared to that by proliferative
cells. The presence of TAF in tumour microenvironment
stimulates vascularisation. These two processes were also
represented in two diﬀerential equations that formed a
system of five equations for modelling. The in silico prediction of malignant progression of tumour corresponded
well with imaging (MRI) and histologic data of three GBM
patients who had approximately similar size of tumour but
diﬀerent hypoxic and necrotic ratios on their MR images.
In the context of microscopic extension, this model can
predict local invasion. However, it cannot visualize those
microscopic clusters of cells detached from main mass of
tumour, since it overlooks migration (via haptotaxis).
Table 1 Summarizes the major analytical models of tumour proliferation and diﬀusion reported in the literature.
Analytical modelling based on conservation of cells has
evolved from basic models such as the one proposed by Murray’s group [12–14] to very sophisticated models considering
many biological mechanisms involved in tumour growth and
invasion (e.g., Gerisch and Chaplain [6]). Some significant
achievements regarding prediction of tumour behaviour in
the course of its progression can also be obtained using
this class of modelling. However, in order to obtain a
realistic model, other critical characteristics of tumour cell
growth are yet to be taken into account. The heterogeneity
of diﬀusion coeﬃcients and multilayer nature of tumours
(necrotic, hypoxic, and proliferative layers) brought about
by nutrient gradient exemplify the overlooked parameters.
Moreover, purely analytical (continuum) modelling seems
to be too inflexible to represent the biological phenomena
which are intrinsically probabilistic. Therefore, what is
actually favoured is not one single precise solution for a
given situation provided by analytical models, but rather a
probability distribution which better describes the behaviour
of such systems.

3. Stochastic Models
Stochastic models are guided by probability distribution. The
various techniques used in stochastic modelling are dominated by Monte Carlo and Markov approaches which are
generally employed in the simulation of biological systems.
3.1. Markov Model. Markov models are stochastic models
which simulate the state of systems with time-dependent
random variables possessing Markov property. A stochastic
process has Markov property (or memoryless property), if
the probability distribution of future states depends only on
the present state and not on the preceding sequence of events.
This reads mathematically as
P(Xn+1 = x | X1 = x1 , X2 = x2 , . . . , Xn = xn )
= P(Xn+1 = x | Xn = xn ),

(17)
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Table 1: A summary of analytical models of tumour proliferation and diﬀusion.
Type

Continuum

Continuum

Mechanochemical

Continuum

Continuum

ContinuumStochastic

Continuum

Continuum

Site of
modelling

Incorporated
mechanisms

Model validation
and results

Comments

Glioma

Random motility
with uniform
diﬀusion; exponential
proliferation

N/A

Prediction of basic
behaviour of
gliomas (e.g.,
tumour cell density
is a function of
ρ/D)

Astrocytoma

Random motility
with uniform
diﬀusion; logistic
proliferation; cell loss
due to chemotherapy

12 CT images of a
patient/agreement
between model
parameters and
experimental data

The model is
applicable for a
specific course of
treatment

Multisite

Uniform diﬀusion;
logistic proliferation;
ECM-cell adhesion;
haptotaxis

N/A

Glioma

Random motility
with nonuniform
diﬀusion; exponential
proliferation

Virtual MRI
image/obtaining
nonisotropic
invasion pattern

Glioblastoma

Nonuniform
diﬀusion; exponential
proliferation; mass
eﬀect

MR
images/capable to
simulate complex
tumour behaviour

Multisite

Random motility
with uniform
diﬀusion; haptotaxis;
three-population
tumour cells;
heterogeneous ECM

Model predictions
consistent with
clinical findings
[18]

Glioma

Random motility
with uniform
diﬀusion; logistic
proliferation; radially
biased motility;
shedding of invasive
cell at tumour surface

The model
reproduces in vitro
experiments data

Multisite

Random motility
with uniform
diﬀusion; logistic
proliferation;
ECM-cell adhesion;
haptotaxis, Cell-cell
adhesion

Comparison to
simulation results
of Anderson et al.
[21]

While important
mechanisms in
tumour invasion
are considered, the
behaviour of
tumour at cellular
level cannot be
predicted
Rough prediction
of the extent and
concentration of
local invasion.
Applicable for
tumours >1 (mm)3
Migration and
departure of cells
not taken into
account
Stochastic nature
of the model allows
to predict avascular
invading tumour
morphology by
following
individual cells
with diﬀerent
phenotypes at each
time and space step
Assuming
two-population
tumour cells,
proliferative (core)
and invasive
(periphery), and
modelling invasive
cells. Applicable for
tumours <1 (mm)3
Simplifying
assumptions:
uniform diﬀusion
and that haptotaxis
is independent of
ECM density; the
simulation is 2D

Reference

Cruywagen et al.
1995 [14]

Tracqui et al. 1995
[12]

Tracqui 1995 [16]

Swanson et al.
2002, 2000 [2, 17]

Clatz et al. 2005
[10]

Anderson 2005
[19]

Stein et al. 2007
[20]

Gerisch and
Chaplain 2008 [6]
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Table 1: Continued.

Type

Continuum

ContinuumStochastic

Continuum

Site of
modelling

Model validation
and results

Comments

multisite

Random motility
with uniform
diﬀusion; logistic
proliferation;
two-population
tumour cells; oxygen
concentration

In vivo tumour
growth
observation

Assumption: cells
could either
proliferate or
migrate where
transition between
these two classes is
environmentdependent;
haptotaxis not
considered

Thalhauser et al.
2009 [22]

Glioma

Random motility
with nonuniform
diﬀusion; logistic
proliferation;
two-population
tumour cells;
haptotaxis

The model predicts
the tumour growth
pattern of a clinical
case

Stochastic step of
the model allows
for introduction of
patient-specific
parameters (e.g.,
tumour location)

Eikenberry et al.
2009 [8]

The biopsies of
nine patients/the
model reproduces
RT response

In contrast with
imaging-based RT
response, this
model
incorporates
patient-specific
tumour growth
kinetics to quantify
RT outcome

Rockne et al.
2010 [23]

Glioma

Incorporated
mechanisms

Random motility
with nonuniform
diﬀusion; logistic
proliferation;
radiotherapy

Reference

where Xi s are random variables having Markov property.
A Markov chain is the simplest Markov model which is a
chainlike random process that transforms from one state (i)
to another ( j) by a transition matrix whose elements are
described as

regions, requiring certain modifications such as revising
supplementary data added to FMA. The procedure starting
from model inputs to model validation followed by iteration
is diagrammatically shown in Figure 4.

pi j = P Xn+1 = j | Xn = i .

3.2. Monte Carlo Model. Monte Carlo (MC) models are
widely used in the field of cancer biology and treatment since
this method is particularly useful for simulating systems with
considerable uncertainty in parameters.
The earliest developed MC models of tumour growth
date back to early 80’s, for example the work of Duchting
and vogelsaenger [64] for small tumours which took into
account nutritional needs of tumours. Aiming to investigate
the pattern of in vivo cancer development, Qi [65] simulated
the distribution of cancer cells in a given biochemical
environment as a two dimensional cellular automaton on
a square lattice. Qi et al. [66] later advanced the model
to take into account proliferation of cancer cells, nutrition
supply, mechanical pressure, and the cytotoxic behaviour
of immune system and reproduced Gompertz model which
is typically used to describe the growth of cancer tumour
volume (Gompertz model of cancer tumour volume growth
is V = V0 exp(A/B(1 − exp(1 − Bt)), where V is the volume
of tumour at time t and V0 is the initial volume. A and
B are parameters). Smolle and Stettner [67] considered
a two-dimensional tumour growth model and correlated
macroscopic behaviour of tumour (tumour morphology)
with the functionality of tumour cells at microscopic level
(e.g., interaction of tumour cells with microenvironment).





(18)

Benson et al. [3] produced a theoretical model to predict
the microscopic spread of tumour to regional lymph nodes
based on anatomical information adopted from the Foundational Model of Anatomy (FMA) in the head and neck
cancer. A computational rule-based model was previously
proposed in this area, based on clinical data rather than
anatomical principles, by Kalet et al. [62]. FMA provides
information regarding an almost complete set of drainage
pathways or lymph chains which is known to be followed
by subclinical spread [63]. The information acquired from
FMA was supplemented by clinical data pertaining to lymph
chains that span multiple regions. The inputs to the model
were primary tumour location and T-stage. In FMA every
primary site is associated with its respective lymphatic
chains, thus lymphatic chains with subparts corresponding
to the primary tumour location were derived from FMA.
A sequence of Markov models were developed such that
each hidden Markov model was assigned to one position
in the pathway where position “0” was labelled for the
original tumour. The validity of the model was examined
by comparing the model results with two surgical data.
Overall, the model overpredicted the metastasis in specific
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Input revision
and iteration
Tumour
location

T-stage

Anatomical
information

Corresponding lymph
chains assigned

Development of a
series of Markov
models (one for
each position in
pathway)

Allocation of
growth states
and metastasis
probability

Validation of the
model by
comparison
against two
surgical data

Overprediction
of metastasis by
model in some
regions

Figure 4: Schematic diagram of the Markov model developed by Benson et al. [3].

Later, the invasiveness of tumour in the absence of active
motility was studied in a stochastic cellular automata by
Smolle et al. [68]. Aimed to provide an algorithm to predict
the extent and direction of spread of a brain tumour,
another elegant approach was presented in a patient-specific
in vivo brain tumour growth model which was developed
by Wasserman et al. [69]. The model involved a variety of
forces associated with microenvironmental (e.g., nutrient
and growth inhibitor distributions) and mechanical factors
(e.g., cell adhesiveness and resistance of brain parenchyma
to expansion) and was implemented via the finite element
method. To validate, the model was implemented on a
patient MRI data to retrospectively predict the extension of
tumour with respect to time. An approximate agreement
between simulated tumour extension and MRI image was
achieved. It is worth noting that this model explicitly addresses the problem of subclinical boundaries (CTV) in
irradiation target definitions.
One of the common approaches in stochastic modelling
is the Cellular Automaton (CA) method which employs a
grid lattice, with each site in the grid accommodating a
finite number of cells in specific states, to grow a tumour
from a few cells to macroscopic stages. When the time is
incremented by one, the defined biological rules determine
the updated states of cells in terms of their current states
and microenvironment. A 3D cellular automaton model
of untreated brain tumour was developed by Kansal et al.
[24, 70]. The site of tumour growth was modelled as a
Delaney lattice, made of Voronoi network by connecting
those sites whose polyhedra share a common face. Therefore,
the density of lattice varied continuously with the radius of
tumour, being greater in the centre and reduced towards
the surface of the tumour. The tessellation lattice was
isotropic, thus it precluded the anisotropies encountered

in the models in which cubic lattice was adopted (e.g.,
the model presented by Duchting and Vogelsaenger [64]).
However, a purely random distribution could result in
some regions with either very high or very low cell density
corresponding to small and large Voronoi cells, respectively.
To preclude biologically unreasonable variations in size
of cells, a technique called Random Sequential Addition
(RSA) was used. In this technique, during the generation
of random points, they are checked for not being within a
given distance from neighbouring points. The tumour was
proposed to be as a self-organising and ideally spherical
biosystem with three diﬀerent layers (necrotic, nonproliferative, and proliferative) whose thicknesses are governed
by nutrition supply gradient diﬀusing into inner layers.
This hypothesis was later supported by an in vitro study
conducted by Deisboeck et al. [71] and was used in the
model developed by Yang and Torquato [72], whereby the
eﬀect of microenvironment heterogeneity on morphology
of invasive tumours was investigated. Four time-dependent
variables investigated in the Kansal’s model consist of overall
tumour radius, proliferative and nonproliferative thickness,
and probability of division. Once the lattice was generated,
the initial set up was designated whereupon proliferation
algorithm was applied. In the algorithm, the probability of
transition of cells between nonproliferative and necrotic was
considered to be a function of distance from the edge of
tumour (nutrient supply) such that nonproliferative cells
located at more than a specific distance from the surface of
tumour were turned to necrotic. In addition, the transition
between proliferative to non-proliferative occurs when there
is no suﬃcient space for the new cell to be generated by a
dividing cell. These transitions were considered stochastic in
the 2D cellular automata model presented by Qi [66]. In
the same framework, clonal competition (emerging a more
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rapidly growing tumour from a more slowly growing parent)
was also quantitatively analysed by introducing another set
of inputs in the model after a specific time [73].
Aimed to simulate untreated tumour growth and also the
response of tumour to diﬀerent schemes of radiotherapy, a
four dimensional, patient-specific, in vivo stochastic model
was developed by Stamatakos et al. [25, 74, 75]. The model is
outlined as a 3D discretising cubic mesh structure in which
each mesh accommodates a specific Number of Biological
Cells (NBCs) which is called a Geometric Cell (GC). In
addition, diﬀerent phases of tumour cell cycles have been
taken into account according to the cytokinetic model
proposed by Duchting et al. [76], as illustrated in Figure 5.
Three metabolic subregions were considered: proliferating
cell regions, resting G0 cell regions and dead cell regions.
The metabolic state of each GC was determined depending
on the distribution of its contained cells in diﬀerent phases.
The initial NBC distribution is derived from imaging and
histopathological data of each individual patient, whereby
the tumour region is apportioned to three metabolic layers:
proliferating, resting, and necrotic. Time is discretized and
at the end of each time step the GC mesh is updated
such that transitions between diﬀerent metabolic states are
estimated and applied (e.g., M cells in a GC for which
the mitosis time is over are transited to G0 or G1 with
the probability depending on the subregion they belong).
The time was incremented at the end of each scan and the
process iterated. In order to investigate the radiotherapy
eﬀect on tumour shrinkage, the Linear Quadratic (LQ)
2
model of surviving fraction (S = e−αD−βD ) is employed.
Three sets of radio sensitivity parameters (α and β) were
assumed corresponding to proliferative, necrotic, and resting
states and the tumour regression was simulated for three
specific cases: standard fractionation/radiosensitive tumour,
standard fractionation/moderately radiosensitive, and hyper
fractionation scheme/radiosensitive tumour [77]. The simulations of tumour shrinkage under various therapeutic
regimens qualitatively reproduced the clinical observations.
The model was gradually improved to take into account
possible parameters involved in tumour growth and response
to radiotherapy to achieve a more biologically realistic
description of cancer biology and treatment. Antipas et al.
[26] studied the eﬀect of hypoxia in radio sensitivity of
tumours by introducing Oxygen Enhancement Ratio (OER)
parameter and investigated the influence of OER as well as
parameters corresponding to cell cycle duration on tumour
growth and shrinkage under standard and accelerated fractionation regimens. The model was applied to two GBM
cases, a qualitative agreement between simulation results
and clinical experience was achieved. In addition, the eﬀect
of oxygen on tumour behaviour appeared to conceptually
correspond to that derived by Anderson et al. [19, 50, 51].
More recently, Stamatakos et al. [27] introduced the role
of neoangiogenesis distribution in a 4D model of in vivo
tumour growth and response to radiation. In the same
framework, Dionysiou et al. [78, 79] conducted parametric
studies to investigate the eﬀect of varying parameters on
the radiotherapy treatment outcome with emphasis on
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Figure 5: The pathway of cells through cell cycle: G1 phase (gap 1);
S phase (DNA synthesis); G2 phase (gap 2); M phase (mitosis); G0
phase (if nutrition and oxygen is not suﬃcient, the cell enters this
phase for a limited time); N phase (the cell enters necrotic phase, if it
does not receive nutrition until the resting time is expired, otherwise
it enters G1 ); A phase (apoptotic).

genetic profile of tumour. Though the model includes some
simplifying assumptions or may lack some parameters (since
biological mechanisms in cancer are not fully understood),
the discrete and modulated nature of the model allows for
inclusion of further improvements. While this approach,
initiated by Stamatakos et al. [25, 74] and refined later
by his team [26, 27, 75, 77–79], was aimed to simulate
tumour growth and response to radiotherapy, it has the
potential to be improved to take into account infiltration
of a malignant tumour (e.g., by introducing haptotaxis and
cell-cell adhesion). This is enabled due to the discrete and
modular character of the model which allows incorporation
of further mechanisms without extensive modifications.
Individual-Based Modelling (IBM), which has gained
popularity for modelling of biological processes, is another
class of stochastic modelling [80]. In IBM approach, the
biosystem population is regarded as being composed of
individual cells whose sets of traits which determines their
interaction with microenvironment vary. The IBM allows for
explicit inclusion of variations in specifications of individual
cells (heterogeneity). Aiming to investigate cancer invasion
and the eﬀect of microenvironment on growing tumour
morphology and phenotype a novel IBM model was developed and further extended by Gerlee et al. [9, 30, 81, 82]. The
model was constructed on a two-dimensional grid representing ECM, with each point possessing ECM, nutrition and
oxygen concentration respective to that point in the ECM.
Each point on the grid could either be occupied by a cancer
cell or be empty. It was assumed that the cell’s behaviour
or phenotype is determined based on its interaction with
neighbouring cells and microenvironment. Hence, a forward
neural network fed with microenvironment variables as
inputs to give the response of the cell (phenotype) was
established. Three layers were considered for this network:
(1) input layer which receives input microenvironment
parameters (e.g., number of neighbours, oxygen, glucose
consumption and ECM gradient); (2) hidden layer which
is connected to the input layer via connection matrix
consisting of regulatory genes which control the behaviour
of cells via weighting factors (w) of the connection matrix;
(3) output layer which is connected to the hidden layer
via connection matrix (W) and determines the phenotype
(e.g., metabolism, proliferation, quiescence, haptotaxis). The
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Table 2: Summaries of stochastic models of tumour growth and invasion.
Type

Monte Carlo (cellular
automaton model)

Monte Carlo

Monte Carlo

Site of
modelling

Brain

multisite

Multisite

Monte Carlo

Multisite

Markov model

Head and
Neck

Monte Carlo
(individual-based
model)

Monte Carlo
(individual-based
model)

Multisite

Multisite

Incorporated
mechanisms
3D tessellation lattice
grid, three-population
tumour, nutrition
gradient, clonal
competition,
intercellular mechanical
stress
Diﬀerent phases of cell
cycle, three-population
tumour cells, shrinkage
of tumour due to
radiotherapy, cubic grid
Diﬀerent phases of cell
cycle, three-population
tumour cells, shrinkage
of tumour due to
radiotherapy, cubic grid,
hypoxia
Diﬀerent phases of cell
cycle, three-population
tumour cells, shrinkage
of tumour due to
radiotherapy, cubic grid,
hypoxia,
neo-angiogenesis
Lymphatic drainage
pathway, T-stage,
tumour location
Three-population
tumour, 2D grid,
nutrition and oxygen
concentration, diﬀerent
phases of cell cycle
Three-population
tumour, 2D grid,
nutrition and oxygen
concentration, diﬀerent
phases of cell cycle,
haptotaxis

nutrition concentrations were modelled by reaction diﬀusion
equations according to which concentrations were calculated
for each grid at every time step (10−1 cell cycle). The
emergence of glycolytic phenotype associated with anaerobic
metabolism pathway of cells was investigated in subsequent
extension of the model [81], and more recently haptotaxis
was taken into account [9]. The eﬀect of haptotaxis was
included in the model by a diﬀerential equation describing
degradation of ECM at grid points. Accordingly, cells take
the direction with maximum ECM gradient, and when
there is no gradient, the existing cells go into proliferation
mode until the gradient is suﬃcient to move. The switch
between proliferation and haptotaxis was also depended on

Model validation and
results

Comments

N/A

Since active motility is
not taken into account,
the tumour invasion
cannot be investigated

Kansal et al.
2000 [24]

Application of the model
to small cell lung
cancer/qualitative
correspondence to in
vitro experiments

The microscopic
extension cannot be
predicted since each grid
element is almost 1 mm3
accommodating 106 cells

Stamatakos
2001 [25]

Application of the model
to two GBM
cases/qualitative
correspondence to
clinical observations

The possibility to
optimize radiotherapy
fractionation regimens,
unable to depict
microscopic spread

Antipas et al.
2004 [26]

Parametric validation
against two diﬀerent
categories of
GBM/qualitative
correspondence to
experiments

Generally, the discrete
nature of these models
allows for inclusion of
other parameters

Stamatakos et
al. 2006 [27]

Comparison to two
surgical data/over
prediction of metastasis

Quantitative prediction
of microscopic spread
was found to be feasible

Benson et al.
2006 [3]

Comparison to the study
of Anderson [19] and
also experimental results
[28, 29]/good agreement

Haptotaxis is not taken
into account thus
tumour invasion is not
depicted

Gerlee and
Anderson
2007 [30]

Comparison to the study
of Anderson [19] and
also experiment
results/good agreement

The influence of
evolution of tumour cell
phenotype in response
to microenvironment on
tumour development
and progression is an
important conclusion to
be used in the study of
microscopic extension

Gerlee and
Anderson
2009 [9]

Reference

the number of vacant neighbours. The more number of
vacancies, the more probable the cell stays in proliferation
mode. Finally, it was demonstrated that with the emergence
of haptotaxis, tumour growth is altered showing diﬀerent
morphologies (compact or branched) depending on the oxygen and ECM concentration. This outcome was supported
by other analyses of the model [82, 83] and conceptually
corresponded to the simulation results of the hybrid IBM
model of Anderson et al. [19, 51].
To summarize, in clinical situations, physicians propose
CTVs based on their experience of the extent of malignant
tumours growth. Therefore, the ability to accurately model
the tumour extension at microscopic scale is highly desirable.
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Within the realm of stochastic modelling, a significant
number of research works has been developed to contribute
to the understanding of the tumour growth and invasion
via a variety of classes of Monte Carlo models. However,
irrespective of the class, these studies aim to gain insight
into either the biology of cancer growth in general terms
or the response of tumour to radiotherapy rather than the
microscopic extension of tumour which is to be incorporated
in CTV. Hence, there is room for investigation in this respect,
in the light of information acquired from these studies.
Table 2 summarizes a few major models of tumour growth
and invasion which represent various classes of Monte Carlo
models.

4. Conclusion
An infiltrating neoplasm undergoes several stages in the
course of its growth and progression and understanding
of the mechanisms governing the evolution of tumour is
required to deliver an appropriate therapy which results
in optimal tumour control and reduced normal tissue side
eﬀects. Mathematical modelling is recognized as a great tool
to facilitate this understanding. Furthermore, mathematical models provide predictions of the probable response
of tumour to therapeutic regimens in a variety of circumstances, diﬀerent in terms of factors such as the
tumour microenvironment, and stage. In this paper, we
have reviewed the evolution of mathematical modelling of
tumour growth and invasion in both analytical and stochastic approaches. Analytical models are capable to describe
the behaviour of tumour at macroscopic level for specific conditions; however, they fail to provide predictions at
microscopic (cellular and subcellular) level. In addition, the
ongoing research to enhance the limited insight into complex
and dynamic cancer systems may reveal some further
parameters which have to be included in models. However,
analytical models are not flexible for these modifications.
On the other hand, stochastic models eﬃciently depict the
characteristic and behaviour of tumour as this class of
modelling enables introducing new parameters as well as
specific anatomical boundaries. Finally, we came to believe
that while none of the above-mentioned models address
explicitly the microscopic extension of tumour, they have
the potential to be used to deduce the extent of subclinical
disease which is not detected by imaging techniques. To
serve this purpose, however, models have to be further
modified, applying the relevant biological parameters, to
become site-specific. The tumour sites that have a relatively
high histopathological data available, such as prostate and
gliomas can be potentially modelled and validated faster
than those having little or no clinical data related to their
microscopic extension.
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Objectives. Simultaneous integrated boost (SIB) for prostate cancer allows increases in tumor control probability while respecting
normal tissue dose constraints. Biological optimization functions that optimize based on treatment outcome can be used to create
SIB prostate plans. This study investigates the feasibility of biologically optimized volumetric modulated arc therapy (VMAT) for
SIB prostate radiotherapy. Methods. Five prostate cancer patients with diﬀusion-weighted MR images were selected for analysis. A
two-step VMAT optimization was performed, which consisted of an initial biological optimization of a static gantry angle delivery
followed by conversion of the static delivery to a single arc VMAT plan. A dosimetric analysis was performed on the resulting plans.
Results. The VMAT plans resulted in a ΔEUD between the prostate and the boost volume of between 15.1 Gy and 20.3 Gy. Rectal
volumes receiving 75.6 Gy ranged from 4.5 to 9.9%. Expected rectal normal tissue complication probabilities were between 8.6%
and 21.4%. Maximum bladder doses ranged from 73.6 Gy to 75.8 Gy. Estimated treatment time was 120 s or less. Conclusions. The
presented biological optimization method resulted in deliverable VMAT plans that achieved suﬃcient modulation for SIB without
violating rectal and bladder dose constraints. Advances in knowledge. This study presents a method for creating simultaneous
integrated boost VMAT treatments using biological outcome objective functions.

1. Introduction
The benefit of a simultaneous integrated boost (SIB) for
prostate cancer is that it allows one to increase the expected
tumor control probability (TCP) while at the same time
respecting normal tissue dose constraints, compared to
the whole prostate dose escalation for plans delivering the
same equivalent uniform dose (EUD) to the entire prostate
[1, 2]. When delivering an SIB for prostate cancer, biological
objective functions for optimization of dose distributions, as
opposed to physical dose objective functions can be utilized.
That is, direct optimization of biological outcomes can be
performed. Using this technique, it has been shown that, for

prostate cancer, SIB can be delivered to a subvolume within
the prostate while adhering to normal tissue constraints.
[1, 3] SIB techniques allow one to take advantage of
advanced imaging techniques to selectively boost the dose
to a subvolume of the treatment target that may not be
controlled with standard doses and hence require a dose
higher than the minimal peripheral prescription dose to be
delivered to them to achieve adequate local control.
SIB delivery requires increased modulation of the dose
so as to achieve the desired boosting level while maintaining
a suﬃcient dose gradient outside of the target to minimize
the dose to surrounding healthy tissues. Kim and Tomé have
shown that static gantry angle IMRT can achieve the required
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modulation [1, 3–5]. In recent years, volumetric modulated
arc therapy (VMAT) has become an attractive method to
eﬃciently deliver modulated dose distributions. VMAT has
been shown to result in equivalent dose distributions in
prostate cancer in shorter delivery times when compared
with static gantry angle intensity modulated radiation therapy (IMRT) [6–8]. Biological optimization of VMAT plans
for prostate cancer has also been investigated [6, 9]. The
vast majority of these studies have concentrated on prostate
only or prostate plus seminal vesicles as the target volume.
It can be argued that achievement of suﬃcient modulation
in these cases is more accessible than for more complex
treatment geometries. Jolly et al. [10] have provided a robust
planning strategy for an SIB technique with VMAT, treating
to three dose levels including the prostate and seminal
vesicles according to the Conventional or Hypofractionated
High-Dose Intensity-Modulated Radiotherapy for Prostate
Cancer (CHHiP) protocol [11]. The volume receiving the
highest dose under the CHHiP protocol, however, is the full
prostate plus a 5 mm margin, so the complexity of these
targets is limited. The present study extends the investigation
of VMAT for SIB to a more complex geometry, by using a
risk-adaptive VMAT optimization method, where the boost
volume is a subvolume of the prostate.

2. Methods and Materials
Five patients were selected for analysis. These included two
patients using rectal balloons and three patients without
rectal balloons. All the patients received a planning kVCT
scan as well as a T2 contrast-enhanced magnetic resonance
(MR) image. The prostate was contoured as the CTV, which
was expanded by 7 mm to obtain the PTV. A biopsyconfirmed subvolume of enhanced contrast uptake on the
diﬀusion weighted imaging (DWI) MR was outlined as the
high-risk CTV. The high-risk CTV plus 8 mm was subtracted
from the PTV to obtain the residual PTV, PTV-R. A 5 mm
expansion was applied to the high-risk CTV to obtain the
high-risk PTV, PTV-H. This process resulted in no overlap
between PTV-R and PTV-H. The rectal wall was outlined
on the patients with rectal balloon, and the full rectum
was outlined on the patients with no rectal balloon. The
bladder and femoral heads were also outlined. An avoidance
structure was outlined, which consisted of a 5 cm wide ring
around the PTV plus 2 cm.
All planning was performed with the Pinnacle radiotherapy planning system using the SmartArc VMAT optimization
algorithm (v9.100, Philips Radiation Oncology Systems,
Fitchburg, WI, USA). A set of research optimization objectives, built into the Pinnacle RTPS as a plugin, that optimize
directly on TCP and NTCP were used. The plugin and
objective function have been described in detail elsewhere
[3]. Briefly, the objective function maximizes the TCP for
target volumes while minimizing the NTCP for organs at risk
(OARs). The objective function takes the form of
UTCP = TCP(1 − NTCP).

(1)

The TCP and NTCP calculations utilize phenomenological logistic dose response functions that are evaluated

Table 1: Biological objective functions and parameters.
ROI
PTV
PTV-H
PTV-R
Rectum
Rectum
Normal

Objective
NTCP
TCP
TCP
NTCP
NTCP
NTCP

Dose
95
84.5
64.5
76.9
55.9
55

m
0.11
—
—
0.13
0.15
0.13

γ
—
8
8
—
—
—

on a voxel-by-voxel basis. That is, the TCP and NTCP are
calculated for each voxel, where each voxel has its own
value of D50 and γ50 (for TCP) and D50 and m (for NTCP)
based on the physiological makeup of the tumor. D50 is
the dose that yields a tumor control probability or normal
tissue complication probability of 50% for TCP and NTCP
respectively, and γ50 and m are parameters describing the
slope of the dose response curve at the 50% probability
point for TCP and NTCP, respectively. TCP and NTCP are
calculated on a voxel-by-voxel basis so as to be able to
account for subtumor variations in the dose response curves
for tumor control and normal tissue complication. In this
study, the tumor is divided into two subvolumes requiring
separate parameters to describe their dose response curve,
and normal structures are approximated as one subvolume.
The reader is referred to Kim and Tomé for details and
derivation of the TCP and NTCP functions. [3]
A two-step process was used for optimization. In the first
step, a set of 15 beams were distributed every 24◦ around
the patient. These were selected to mimic the positions of
the initial fluence maps used in the SmartArc optimization
process. Intensity modulation of the ideal fluence was
then performed using the biological optimization function
described above. The optimization objectives for each organ
and target are given in Table 1. TCP objectives were used
on the PTV-H and the PTV-R. In addition to these TCP
objectives on the target, an NTCP objective was used on
the original PTV to limit the PTV dose to less than 100 Gy.
Two NTCP objectives were used on the rectum. The first
used the values of D50 and m representing grade 2 or higher
rectal bleeding from the QUANTEC study [12]. Since the
QUANTEC values are related to grade 2 or higher rectal
bleeding these tended to penalize only the high dose region
of the rectum. Therefore, a second NTCP objective function
was used to reduce the mid-low doses, the values of which
were taken from the NTCP parameter fitting by Tucker et al.
[13]. We note that although these values were derived also
for grade 2 or higher rectal bleeding, the parameter values
penalize mid-low doses thus were used as a surrogate for
rectal toxicities related to mid-low doses.
The optimization was run until the objective value was
reduced below a given value, typically 5–10 iterations. The
second step of the optimization involved creating a single
arc VMAT plan using the SmartArc optimization tool and
an Elekta Infinity linear accelerator with the X MLC for
delivery (Elekta North America, Atlanta, GA, USA). A 360◦
arc was selected, with a collimator angle of 30◦ and dose
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P1

P2

P3

(a)

(b)

(c)

P4

P5

40 Gy
20 Gy

84.5 Gy
70 Gy
60 Gy
(e)

(d)

Figure 1: Isodose lines for the five patients. PTV-H is the green colorwash, PTV-R is the red colorwash and the rectum is the yellow
colorwash. P1 and P2 each had a rectal balloon; P3, P4, and P5 had no balloon.

rate set to be discretely variable from 0 to 300 MU/min. The
final gantry spacing was 4◦ , and the maximum delivery time
was 120 seconds. Physical dose optimization objectives were
created based on the ideal dose distribution derived from
the biological optimization. Two steps of 40 iterations were
performed. Dose calculation based on a 2 × 2 × 2 mm3
dose grid was then performed using the adaptive convolution
dose algorithm. The rationale for the two-step optimization
process was to allow the optimizer to create an “ideal” set
of fluence maps, which would adhere to the optimization
objectives as close as possible, before using this “ideal”
dose distribution as the basis for the deliverable SmartArc
optimization. That is, the initial biological optimization
allows one to obtain the highest boost dose possible to
the subtumor volume without violating the normal tissue
constraints on the normal tissue volumes.
The plans were the transferred to Computational Environment for Radiotherapy Research (CERR, University of
Washington in St. Louis) for analysis [14]. For all plans,
the following metrics were calculated: EUD of the PTV-H
and PTV-R and the diﬀerence between these values ΔEUD,

percentage volume of the rectum receiving 25 Gy, 50 Gy, and
70 Gy, the rectal NTCP (calculated using the QUANTEC
values for ≥ grade 2 rectal bleeding of D50 = 76.9 Gy, m =
0.13, and n = 0.09), the bladder volume receiving 55 Gy, and
the maximum bladder dose. The maximum bladder dose was
taken as the dose 1 cc of the bladder receiving the highest
dose. EUD was calculated using Equation 8 in [15] with an
SF2 of 0.48.
In addition to the plan quality analysis, one treatment
plan was selected for delivery quality assurance on an Elekta
Infinity linear accelerator. The treatment plan for patient 3
was calculated on a kVCT of the Delta4 phantom (Scandidos,
Uppsala, Sweden). The plan was delivered and the dose was
measured in the phantom. Comparison of the delivered dose
with the planned dose was performed using the 2D gamma
metric with 3%/3 mm criteria.

3. Results
The dose distributions and metrics were compared for the
five patients. Figure 1 shows the isodose lines for the five
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Figure 2: DVHs for the five patients. The bladder line is dashed.
Table 2: Dosimetric metrics for the target and OAR structures.
Patient
P1
P2
P3
P4
P5

PTV-H
EUD (Gy)
92.8
92.2
93.3
94.8
88.3

PTV-R
EUD (Gy)
72.9
72.5
72.9
74.2
73.1

ΔEUD
19.9
19.7
20.3
20.6
15.2

V50 Gy (%)
17.2
26.5
15.3
22.8
25.4

Rectum
V70 Gy (%)
V75.6 Gy (%)
8.7
5.2
7.5
3.2
7.5
3.8
11.0
6.2
12.3
6.3

patients, showing that suﬃcient modulation was achieved
with one arc to conform the boost dose to the PTV-H volume
with limited coverage of the rectal volume with the boost
dose. Figure 2 shows the DVHs for the five patients for both
the PTVs and the OARs.
The dosimetric metrics are presented in Table 2. The
PTV-H targets received EUDs of between 88.34 Gy and
94.75 Gy; however, these had an upper dosimetric limit
placed on them during optimization, without which dose
volume histograms (DVHs) would exceed 100 Gy. Subtumor
boosting allowed an increase in EUD to the high-risk PTV
of between 15.22 Gy and 20.55 Gy over the dose the PTV-R
received.

NTCP (%)
11.1
8.2
9.9
20.0
13.0

Bladder
V55 Gy (%)
Max (Gy)
7.4
78.7
11.8
74.5
26.0
74.9
17.5
75.6
23.0
74.1

The rectal DVH values for all patients met the V50 Gy
< 30% objective presented by Mohan et al. for the 2.5 Gy
× 28 fractions regime [16]. Due to the increased doses
per fraction used in this planning study, the maximum
rectal dose objective of 74 Gy used by Mohan et al. was not
considered [16]. Instead, the volumes receiving 75.6 Gy were
analysed as per the 86.4 Gy treatment regime reported by
Zelefsky et al. [17]. All patients easily met this treatment
objective of V75.6 Gy < 30%, with the maximum being 6.3%
(patient 5). The rectal NTCP values for ≥grade 2 rectal
bleeding range from 8.2% to 20.0%. The bladder DVH values
all met the V55 Gy < 30% specified by Mohan et al. [16].
There was no discernible dosimetric diﬀerence between the
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Figure 3: VMAT delivery QA for patient 3. (a) shows the axial distribution obtained by delivering a risk adaptive VMAT plan to the Delta4
phantom. (b) shows the respective distributions for the dose deviation, distance to agreement, and gamma index found for this plan.

two patients with balloons and the three patients without
balloons.
The measured dose in the Delta4 phantom was compared
with the planned dose for the treatment plan selected for
delivery. Using a gamma criteria of 3%/3 mm, 95.9% of all
points passed (cf. Figure 3(b)).

4. Discussion
The capability of VMAT for achieving suﬃcient modulation
for prostate radiotherapy with simultaneous integrated boost
has been investigated in this study. Despite the more complex
target geometry, one treatment arc was suﬃcient to meet
treatment objectives. This allows one to take advantage of

advanced imaging techniques such as MRI and PET to
identify subregions in the heterogeneous tumor environment
and eﬃciently escalate the dose to selected volumes. It should
be noted that this technique could potentially be applied
to other treatment sites where simultaneous integrated
boosting could be advantageous. %
Despite the large diﬀerences in the rectal anatomy
between patients with a rectal balloon and patients without
a rectal balloon, there was very little diﬀerence in the
planned rectal dose between patients with and without a
rectal balloon. However, due to the high doses delivered to
the PTV-H volume, which is often in the posterior lobe of
the prostate, adjacent to the rectum, any small changes in
prostate or rectal position, size or shape could lead to large
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diﬀerences between the planned and delivered doses. As a
result, use of a rectal balloon would be beneficial due to the
improved setup reproducibility and consistency of the rectal
size and shape provided by the use of a rectal balloon.
Although contoured, the bladder and femoral head
structures were not used for optimization due to their having
very little impact on the optimization result. That is to
say, optimization on these structures was not required to
obtain the low bladder and femoral head doses observed
here. This is likely a consequence of the combination of
delivery technique, where the dose is delivered from all angles
which spreads out the dose distribution, minimizing the dose
delivered to each critical structure, and the optimization
using the normal structure, which has the eﬀect of steepening
the dose gradient outside of the target volume.
The prostate dose in the presented plans was limited
by treating the PTV-H and PTV-R as target volumes but
the whole PTV as a normal tissue structure. This is akin to
the method for optimizing target dose based on the EUD
function presented by Wu et al. [18], who treated the target
volume as both a target and a normal tissue structure to
improve the homogeneity of the dose distribution. The result
of our target optimization method was that the dose to
the PTV-H was boosted to an EUD of 88–95 Gy whilst still
maintaining an EUD between 72.5 Gy and 74.2 Gy to the
PTV-R. This limits the dose to the urethra and rectum to
doses less than that allowed in the MSKCCC dose escalation
trial. [17] Our current method diﬀers from that presented
by Kim and Tomé [3], who did not limit the dose on the
prostate and as such observed a more heterogeneous target
dose. The dose to the normal structures using the VMAT
technique was less than that achieved by Kim and Tomé [3]
who used a static gantry angle IMRT technique. The current
method also used two NTCP objectives on the rectum (as
opposed to one in Kim and Tomé [3]) to reduce the rectal
volumes receiving both high and mid-low doses. This is also
a contributing factor to the reduced rectal doses observed in
the current study.
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5. Conclusions
We have shown that biologically optimized VMAT plans
can be derived from a risk-adaptive subtumor dose escalation strategy for prostate cancer. A single arc provides
suﬃcient modulation to achieve dose escalation to a highrisk subvolume of the prostate of up to a ΔEUD of 20.3 Gy
above the gEUD of the remainder of the prostate. This was
achieved without violating rectal NTCP constraints, allowing
for eﬃcient delivery of risk-adaptive prostate radiotherapy.
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The HYP-RT model simulates hypoxic tumour growth for head and neck cancer as well as radiotherapy and the eﬀects of
accelerated repopulation and reoxygenation. This report outlines algorithm design, parameterisation and the impact of accelerated
repopulation on the increase in dose/fraction needed to control the extra cell propagation during accelerated repopulation.
Cell kill probabilities are based on Linear Quadratic theory, with oxygenation levels and proliferative capacity influencing cell
death. Hypoxia is modelled through oxygen level allocation based on pO2 histograms. Accelerated repopulation is modelled by
increasing the stem cell symmetrical division probability, while the process of reoxygenation utilises randomised pO2 increments
to the cell population after each treatment fraction. Propagation of 108 tumour cells requires 5–30 minutes. Controlling the extra
cell growth induced by accelerated repopulation requires a dose/fraction increase of 0.5–1.0 Gy, in agreement with published
reports. The average reoxygenation pO2 increment of 3 mmHg per fraction results in full tumour reoxygenation after shrinkage
to approximately 1 mm. HYP-RT is a computationally eﬃcient model simulating tumour growth and radiotherapy, incorporating
accelerated repopulation and reoxygenation. It may be used to explore cell kill outcomes during radiotherapy while varying key
radiobiological and tumour specific parameters, such as the degree of hypoxia.

1. Introduction
Multiple studies have shown that hypoxia decreases cellular
sensitivity to ionising radiation in living tissue. Consequently, there is an increase in radioresistance of hypoxic tumour
cells following single or multifraction radiotherapy compared to oxic cells. Approximately 70% of locally advanced
head and neck squamous cell carcinomas (HNSCC) have
been reported to exhibit hypoxic regions, with median
oxygen levels having a significant influence patient prognosis
[1–3]. Reports from HNSCC clinical trials and experimental
work commonly express hypoxia as the percentage of cells in
the tumour having pO2 values less than 10, 5, or 2.5 mmHg,
which is often very high (>50%) [4, 5]. In contrast, the
average pO2 for healthy epithelial cells is approximately
40 mmHg [5].

Tumour hypoxia occurs when the diﬀusion of oxygen
from the surrounding tissue becomes insuﬃcient in a nonvascularised tumour mass. It has been shown that tumours can
grow up to a diameter of 1 to 2 mm without an independent
blood supply [6, 7], after which neovascularisation is necessary for sustained growth. However, the new blood vessels
may be chaotic in nature and possess faults such as holes and
shunts. Consequently, an unstable and insuﬃcient oxygen
supply may develop causing tumour hypoxia. However,
when a tumour is treated with fractionated radiotherapy,
oxygen levels may begin to increase again during the process
of tumour shrinkage, a phenomenon named reoxygenation
(ROx).
In aggressive tumours of epithelial origin such as
HNSCC, cellular repopulation after trauma such high-dose
irradiation, occurs through cell division of the surviving cell
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population. This repopulation can occur at an increased rate,
a phenomenon named accelerated repopulation (AR). AR
can have a detrimental impact on radiotherapy outcome,
especially if the total treatment time is relatively long [8].
Multiple published HNSCC clinical trial reports conclude
that the onset time of AR, or the so-called kick-oﬀ time, is
between 2 and 5 weeks [8–12] after the start of treatment.
As a supplement to clinical trials, Monte Carlo (MC)
models can provide treatment response predictions which
are (i) readily obtained and low in cost, (ii) reproducible,
(iii) have the ability to account for the statistical nature of
cellular kinetics and radiotherapy physics, and (iv) tumour
specific depending on the data input into the model. MC
methods and modern computing technology now make it
possible to simulate the progression of individual tumour
cells throughout the growth and treatment of a tumour
approaching clinical sizes.
The first reported computer model to employ MC
methods was named CELLSIM by Donaghey and coworkers,
published in the early 1980s [13]. One of the first models to
include cellular-based stochastic methods as well as oxygen
and nutrient diﬀusion factors came from work led by
Dutching in the early 1980s and into the following decade
[14–17]. Using their approach, a tumour up to 1 mm in
diameter could be simulated and then treated with radiotherapy. Recent reports regarding stochastic hypoxic tumour
modelling over that past two decades have come from work
by group leaders such as Kocher, Titz, Borkenstein, and
Stamatakos [18–24], in which the modelling of individual
cells and hypoxia-related parameters have been applied.
The HYP-RT model reported on here is based on
the biological proliferative hierarchy of epithelial tissue to
simulate oxic as well as hypoxic head and neck squamous
cell carcinoma evolution. Cell division is tracked throughout
growth and fractionated radiotherapy. HYP-RT takes into
account the reoxygenation process of hypoxic tumours and
the increased proliferation caused by accelerated repopulation. Stem cell symmetrical division is applied as the sole
mechanism of AR, that is, the division of a stem cell into
two daughter stem cells, based on reports of the dominance
of this mechanism over other mechanisms such as cell
cycle time shortening [8, 25]. A nonspatial approach in this
probabilistic model means that cells are considered randomly
placed within the tumour which is a justified approach
considering that hypoxic tumour cells have been shown
in multiple studies to be spatially irregular down to the
submillimeter level, for example, in immunohistochemistry
studies [26]. Compared to other models in the literature,
HYP-RT has the benefits of fast computation, a high cell
number, simple oxygenation data input in the form of a pO2
histogram, and the simulation of the combined eﬀects of AR
and ROx.
The aim of the current modelling work was to extend the
previous hypoxic tumour growth algorithm [27] and simulate conventionally fractionated radiotherapy. Improving the
cell data storage and random cell selection aspects of the
algorithm was also a goal, so that a full simulation could be
completed in less than one hour. It was also important to
model a suﬃcient cell number to surpass the approximate
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avascular exponential growth phase (106 cells [28]) and reach
a cell number approaching clinical levels, that is, 108 -109
cells, while achieving statistically stable results (≤5%).
This report outlines the methodology of the radiotherapy
eﬀect algorithm and discusses the key parameters of the
model. Focus is placed on the ROx and AR modules of
the algorithm and the eﬀects of varying related parameters
during simulations. The model is validated for the oxic
tumour case through a comparison with linear quadratic
(LQ) theory. The current work builds on a previous detailed
description of the original hypoxic tumour growth algorithm
[27] and the recently published conventional radiotherapy
model outcomes [29] using the default parameters defined
in the current report. In the following sections, modelling
methods and algorithm design are detailed, along with the
validation of modelling AR by means of increasing the stem
cell symmetrical division probability and the consequential
rise in dose per fraction needed to control the extra cell
growth.

2. Methods
2.1. The Tumour Growth Algorithm. Carcinogenesis is initiated through cell division of a single oxic stem cell. Cell
proliferation and subsequent tumour progression have been
modelled by the continual division of cells into one or two
viable daughter cells, with attributes allocated and saved to
computer memory in an object vector array referred to as
the cellarray The current data storage method diﬀers from
the two dimensional array methods previously reported.
Methods were modified to allow for more eﬃcient data
storage that is 100% memory eﬃcient at the time of
tumour growth completion and enhanced eﬃciency relating
to random sampling procedures.
In the model, each element in the cellarray represents one
cell object containing all cellular attributes as well as a pointer
value indicating the position of the next chronological cell
due to divide (the linked list method). MC methods are
implemented to allow the random nature of the cellular
kinetics and the eﬀects of radiation treatment to be simulated using probability distributions. Cellular parameters,
such as cell cycle time (CCT) and the cell type, resulting
from mother cell division and the diﬀerentiation process,
are allocated based on random number generation using
uniform, normal, or exponential probability distributions
and the Ziggurat random number generator [36].
Stem cells (S) first pass through the G0 quiescence
phase with an exponential probability of duration and then
enter the cell cycle. These cells are considered clonogenic
and infinitely proliferating; however they may diﬀerentiate
upon division or enter state of quiescence induced by low
oxygenation. Other types of cells in the model include
transit amplifying cells that cycle for a limited number of
generations (T cells), diﬀerentiating cells (D1 and D2 cells),
as well as fully diﬀerentiated cells (D3 cells). Stem cells may
divide into S, T, or D1 cells, while transit cells may divide into
D1 or D2 cells. In normal epithelium, the D1 cells correspond
to those created in the basal layer, while D2 to those created
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Table 1: Default parameter values and ranges available in the tumour growth algorithm.
Parameter

Default

References

Cell total

108

N/A

Comments
The fully grown tumour cell limit.

Spercent, symmetrical stem cell division
probability (%)

3%

N/A

This parameter was set to produce a 1% total stem
cell population in the tumour.

1 mmHg

[43, 44]

At this pO2 level hypoxia-induced quiescence may
be initiated.

Percentage of cells exiting the cell cycle
(with pO2 <1 mmHg) (%)

50%

N/A

Tumour cell number threshold for
hypoxia

106

[6, 7, 28, 45]

Hypoxia is modelled after the cell number is
reached by allocating pO2 from the modelled pO2
histogram.

4 days

[46, 47]

Due to the 4- to 10-day hypoxic cell lifetime in
human colon carcinoma spheroids, and 2 days in
xenograft HNSCC.

Low oxygen limit for cell cycle arrest
(mmHg)

Hypoxic cell half life due to necrosis:
pO2 < 1 mmHg (days)

above the basal layer. The percentages of each cell type in
the model were verified as biologically plausible based on
experiment epithelial tissue reports and other modelling
studies [37–39].
The parameter Spercent controls symmetrical stem cell
division and represents the probability of a stem cell dividing
into two daughter stems cells. This parameter was assigned
a default value of 3.0%, which was based on achieving a
total stem cell population of approximately 1% [27], a
diﬀerentiated cell population of approximately 85% [37, 38],
and an average tumour doubling time of 50 days [40]. Note
that doubling times for tumour of diﬀering oxygenation
levels fell within a 35- to 65-day range.
Due to the high percentage (85%) of noncycling cells
required to ensure suitable tumour growth rates, the modelled tumours may be roughly equated to mid- to welldiﬀerentiated HNSCC disease. This is in contrast to poorly
diﬀerentiated tumours. However, this distinction is diﬃcult
to quantify. The modelling of tumours exhibiting specific
levels of diﬀerentiation was not a goal of the current work,
nor was the interplay between the number of diﬀerentiated
cells and tumour oxygenation status.
The oxygenation of oxic tumours utilises a uniform pO2
distribution, ranging from 5 to 100 mmHg. These pO2 limits
were set due to 5 mmHg often being used in published clinical trial reports as a hypoxic threshold and due to 100 mmHg
[41] being the highest value measured experimentally in
HNSCC Eppendorf studies. To model a biologically relevant
range of tumour cell pO2 values for head and tumours,
normalised data from Eppendorf studies [5, 41, 42] were
implemented using a log-normal function and a random
number algorithm written by J. Filliben (1982).
Tumour growth parameters values were set using biological data from the literature (e.g., oxygen distribution).
If this was not possible, the model was used to explore
the relative eﬀects of certain parameters on other variables
and parameters during the growth and treatment process
(e.g., ROx increment size during radiotherapy). Key growthrelated parameters and associated references are presented in
Table 1.

The total number of hypoxia-induced quiescent
cells (<1 mmHg) = 3% using this parameter
value, in line with the pO2 histogram used.

Table 2: Tumour oxygenation histogram data for the three
modelled oxygenation levels, indicating the modelled percentage of
cells in four commonly reported pO2 ranges.
pO2 range
(mmHg)
0 to 2
0 to 5
0 to 10
0 to 20

Oxic (%)
2.1
5.2
10.4
20.8

Moderately
hypoxic (%)
7.3
22.1
45.6
65.4

Severely hypoxic
(%)
9.4
33.2
54.5
69.6

To implement tumour hypoxia, a pO2 probability distribution is used to allocate values to daughter cells. For a
mother cell producing only one cell, the mother cell pO2
is passed to the daughter cell. When two daughter cells are
generated, one cell is randomly chosen to retain the mother
cell pO2 and the other receives a new pO2 value from the
distribution.
The first hypoxic pO2 distribution modelled is named
moderate hypoxia. A second pO2 distribution representing a
tumour with more severe hypoxia is also modelled. The
severe hypoxia pO2 distribution is generated to achieve a
relatively high number of cells in the low pO2 range
(<10 mmHg) compared to moderate hypoxia and is tested
in the model for the impact on tumour growth rate.
Distributions with a higher (>3%) percentage of cells below
1 mmHg result in tumours that are too hypoxic and result in
tumour shrinkage instead of growth. Both pO2 distributions
along with published data are shown in Figure 1(a). Numeric
histogram data for published versus modelled percentages of
cells in diﬀerent pO2 ranges are presented in Figure 1(b) and
Table 2.
Cellular pO2 influences CCT [43, 48], implemented
using an exponential function to slow the cell cycle with
decreasing pO2 . To account for the eﬀects cell quiescence due
to very low oxygenation, a threshold value of 1.0 mmHg is
applied. These quiescent cells then die with a half life value of
4 days unless subsequently reoxygenated. As some cells have
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(a) Tumour oxygenation histrograms from the model and published data.
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(b) Oxygenation Statistics in Human Head and Neck tumours.

Figure 1: The distribution of tumour oxygen levels used (a) to simulate moderate and severe tumour and (b) in simulations (sim) compared
to published data for three oxygenation ranges [4, 30–35]. The distributions in (a) represent the pO2 histogram outputs from the model using
a log-normal random number generator.

been shown experimentally to continue cycling even at very
low oxygenation levels through anaerobic metabolism, only
a percentage of cells with pO2 of less than 1 mmHg are made
quiescent. The percentage for this parameter was determined
by trial and error and ensuring that the total population of
cells with this very low oxygenation corresponded with the
log-normal pO2 distribution at the 0 to 1 mmHg level (3%).
An analysis of the growth algorithm was performed to
analyse the eﬀects of the symmetrical stem cell division
probability (Spercent) on tumour growth rate (doubling
time, TD ) and total growth time. This was carried out for oxic
and hypoxic tumours, with the cell types in the population
being validated. All of the current modelling work was
programmed in the FORTRAN95 programming language
within the Microsoft Visual Studio framework (2003).
2.2. The Radiotherapy Algorithm. The radiotherapy algorithm was developed to simulate the eﬀects of fractionated
therapy, assuming that a uniform dose is delivered to all
cells. LQ theory is used to define the average cycling cell
survival probability using the standard surviving fraction
(SF) equation based on alpha and beta parameters. This is
calculated for each cell individually for each dose fraction
in the schedule. For example, using alpha and beta values of
0.3 and 0.03, respectively (α/β = 10 Gy), and a standard 2 Gy
per day treatment schedule, the SF value is 48.7%. However,
this calculation is adjusted for the individual cell based on
the cellular pO2 . The adjustment is based on the oxygen
enhancement ratio (OER) (1), which is implemented in the
program by normalising the OER curve to a maximum value
of one at 60 mmHg [49]:


1 + 0.81 pO2 0.616



.
OER = 
1 + 0.324 pO2 0.616

(1)

For each fraction, all cells in the cellarray are chronologically
assessed to determine if they will survive or die. Figure 2 represents the relationship between (a) OER and pO2 (mmHg)
and (b) probability of lethality and pO2 (mmHg) used in the
model. Note that the eﬀect of the actual dose being delivered
is not shown in Figure 2, only the influence of pO2 on cell
death when a specific dose per fraction is applied [50, 51].
To model the gradual rise in tumour oxygenation during
treatment, pO2 increments (3 mmHg) are distributed to the
cell population at set time intervals. During reoxygenation
events, a percentage of cells have their pO2 values increased
by one or more pO2 increments, that is, by 0, 3, 6, 9, or
12 mmHg. Events are set to occur a few hours after each
treatment fraction (default value of 4 hours [44]). The
number of cells randomly chosen to receive the various
increases in pO2 is based on Binomial theory (2):
 

Pk =

n−k
n k
p 1− p
,
k

(2)

where n is the total number of oxygen increments (equal to
the number of cells in the population at the current time),
k is the number of pO2 increments applied to a cell, and Pk
is the probability of a cell receiving a k × 3 mmHg increase
in pO2 . The probability of five or more increments is below
0.5% and regarded as negligible.
Default parameters in the ROx algorithm were set
through observation of the rate at which hypoxia-induced
quiescent cells were brought back into the cell cycle and
the rate of change of the resulting pO2 histograms from the
cycling cell population. Oxygen increment size was set by
default to ensure that tumours shrink to between 105 and
106 cells (1 mm in diameter) with a final pO2 histogram
resembling a uniform oxic distribution with all pO2 values
≥5 mmHg.
Cells assigned to quiescence due to hypoxia (pO2 <
1 mmHg) have a probability of having their pO2 levels
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(a) Oxygen Enhancement ratio (OER) versus pO2 and dose per fraction.

(b) The factor used to reduce the probability of cell death versus pO2 and
dose per fraction.

Figure 2: (a) Oxygen Enhancement Ratio (OER) curves implemented in the model for adjusting the radiosensitivity of cells during
radiotherapy, based on cellular pO2 and dose per fraction, and (b) conversion of the OER curves into a probability of cell death factor,
through OER curve normalisation.

Initiate radiation treatment
Read in fractionation information
• If necessary, read in pregrown tumour, time, and hypoxic status information
•

Deliver a radiation fraction:
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Figure 3: A flow diagram of the fractionated radiotherapy algorithm, where initiation of treatment is followed by continual cell proliferation
between dose fractions.
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Table 3: A list of model parameters used in the fractionated radiotherapy algorithm.

Parameter

Default

References

Accelerated repopulation (AR)—time of onset
after initialisation during RT (weeks)

No onset

[8, 10–12, 25, 53–55]

Reoxygenation (ROx)—time of onset after
initialisation during RT (weeks)

No onset

N/A

Time of ROx after a particular RT fraction
(weeks)

4 hours

[44]

×10

[23, 25, 40]

AR boost factor

Comments
The number of weeks into RT that AR is
onset, 2–4 weeks observed in literature;
however 0 week onset has been made
possible for modelling microscopic response
in a small tumour system.
An extremely variable parameter and open
to user input.

The factor applied to increase the
symmetrical stem cell division probability
during AR.

N/A

The pO2 increment size during randomised
reoxygenation after an RT fraction (linearly
SF dependent), set to obtain full
oxygenation by ∼ 1 to 2 mm tumour
diameter.

60%

N/A

The percentage of hypoxia-induced
quiescent cells brought back into the cell
cycle upon ROx after an RT fraction
(linearly SF dependent), set to obtain full
oxygenation when the tumour has reduced
to 105 to 106 cells (from 108 initial cells).

Alpha (LQ model) Gy−1

0.3

[56, 57]

Beta (LQ model) Gy−2

0.03

Used in SF calculations (linear quadratic
equation).

0.5

Factor for the decreased radiosensitivity of
noncycling cells, based on the likely increase
in resistance of cells in resting phase (transit
cells and stems cells however assumed to be
equally radiosensitive in tumour cells).

ROx-induced incremental increases in pO2
(mmHg)

ROx percentage of the very low oxygenated cell
population (%)

Noncycling cell radiosensitivity compared to
oxic cycling cells

3 mmHg

increased using a parameter to control the percentage of cells
to be retrieved from the quiescent group and reentered into
the cellarray that stores the cycling cells.
Accelerated repopulation is modelled by increasing the
Spercent variable by a multiplicative factor (the AR boost
factor) to simulate rapid tumour regrowth. As the range of
possible onset times of AR varies in literature reports, a
range of 0 to 3 weeks is analysed. This time range covers
the possibility of immediate cell response as well as the latest
onset time to have eﬀect on total dose outcomes in the model.
The default AR boost factor is based on a study of the
extradose required to kill the cells that exist due to AR. When
simulating no AR eﬀects in oxic tumours 30 × 2 Gy (6 weeks
of treatment) is required to control a tumour, therefore for
all AR- and ROx-related simulations the eﬀects of AR are
calculated using 6 weeks at the iso-eﬀect total treatment
time. The duration of treatment for total cell kill was then
compared to the 6-week standard time and the extradose per
fraction required calculated for each simulation. Note that

[58, 59]

Used in SF calculations (linear quadratic
equation).

the extradose per fraction applies only during the weeks in
which AR is occurring. The extra dose per fraction, d, is
calculated using standard biological equivalent dose theory
(3):




dα
,
BED = nd 1 +
β

(3)

where BED is the total dose required from simulations to
kill all cells after onset of AR, α/β =10 Gy, and n is the
number of fractions for which AR is applied [52]. The
default irradiation schedule used in the treatment module
for this work is the conventional 2 Gy per day, 5 day per week
dose schedule. Figure 3 outlines the flow of the radiotherapy
algorithm. The key parameters utilised in the model to
simulate ROx and AR during radiotherapy are outlined in
Table 3.
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Tumour cell type population percentages versus
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Figure 4: The average percentage of cell types within simulated
tumours of 108 cells, where (a) the symmetrical stem cell division
probability parameter, Spercent, has been varied from 2 to 30%
(standard deviation <1%).

3. Results
All tumour growth simulation results apply to 108 cell virtual
tumours. The results summarise the impact of the Spercent
parameter on growth rate and cell types percentage and
verify that the modelling of hypoxia does not change the cell
population structure, as intended. Treatment results relate to
verification of the default AR boost factor for diﬀerent AR
onset times for both oxic and hypoxic tumours. Hypoxic
tumour results are also presented for simulations varying the
hypoxia-induced quiescent cell death half-life. Note that it
may be possible for tumour cell of any proliferative capacity
to avoid radiation cell kill due to hypoxia and become
reoxygenated after treatment, contributing to local tumour
recurrence. Moreover, hypoxia may cause mutations in the
tumour cell population including dediﬀerentiation which
may result in more aggressive tumour growth [60, 61].
Consequently, although survival of only the stem cells is
traditionally considered to result in treatment failure, the
number of fractions required to kill all stem, transit, and
first-generation diﬀerentiating cells is presented.
Hypoxic tumour radiotherapy results use the moderately
hypoxic pO2 distribution shown in Figure 1(a). Severely
hypoxic tumours with a higher number of cells in the 0 to
10 mmHg range were also modelled, but results did not diﬀer
significantly from moderately hypoxic results. This issue will
be investigated in future work to discern the necessary change
in the shape of the pO2 curve (peak width and peak height)
required to obtain statistically diﬀerent outcomes for very
hypoxic tumours.
3.1. Tumour Growth Analysis and Algorithm Eﬃciency. The
constituent tumour cell population and the dependence of

10

15
20
Spercent (%)

25

30

Oxic
Hypoxic

30

(a) Oxic vs. moderately hypoxic tumour doubling time (TD ) versus the
symmetrical stem cell division probability (Spercent).
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(b) Oxic vs. moderately hypoxic tumour total growth time (108 cells)
versus the symmetrical stem cell division probability (Spercent).

Figure 5: (a) The doubling time (TD ), and (b) the total tumour
growth times, versus the symmetrical stem cell division probability
(Spercent) ranging from 2 to 30% for oxic and moderately hypoxic
simulations of tumour growth up to 108 cells. In Figure (a) the size
of the error bars are negligible.

cell type percentage on the Spercent parameter are shown in
Figure 4. The default value used for the Spercent parameter
(3%) results in a distribution of cell types that closely match
literature reports and a realistic statistically stable tumour
growth rate after 104 cells [38, 40, 62]. The tumour growth
characteristics for oxic and hypoxic tumours are displayed
in Figures 5(a) and 5(b). These tumour growth times (for
a small 0.5 to 1.0 cm diameter tumour mass) agree with
reported values of TD for head and neck cancers [40].
Note that hypoxia-related parameters are set to maintain the
distribution of cell types in the tumour throughout growth.
Experimental data relating to how the cell percentages
change when tumours are in a hypoxic state is diﬃcult to
obtain; therefore this eﬀect has not been considered.
The linked list method of data storage allows for flexible
and eﬃcient cell data storage and enables 108 cells to be

8

Computational and Mathematical Methods in Medicine
Oxic tumour radiotherapy simulations
varying the beta parameter (β) in the α/β ratio (constant α = 0.3 Gy−1 )
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Figure 6: Comparison of the number of 2 Gy fractions required in
the HYP-RT model to kill all basal or all stem cells compared to the
linear quadratic (LQ) model (the first fraction that achieves <1.000
cells remaining), for oxic tumour conventional radiotherapy.

propagated on a standard oﬀ-the-shelf computer. For oxic
tumour growth simulations the average computation time
is now less than fifteen minutes. For hypoxic tumours this
may be extended up to thirty minutes. Total tumour growth
times increase for hypoxic tumours due to the extracell
death and therefore a longer time was required to propagate
cells up to an equivalent tumour volume. Treatment-related
parameters, especially the Spercent and AR boost factor, also
alter the computation time because of their impact on stem
cell exponential growth and the reduction in (non-cycling )
cells.
3.2. The Dependence of Cell Kill on the Alpha/Beta Ratio. The
default α/β value in the model is 10 Gy. However, results for
a range of α/β values help to verify that the model predicts
the same level of cell kill as LQ theory for oxic tumours
(Figure 6). In the comparison, α values were held constant
(0.3 Gy−1 ) while the beta value was varied (from 0.1 to
0.015 Gy− 2 ), producing α/β values in the range of 3 to
20 Gy. For this analysis basal cell elimination as well as the
elimination of stem cells only is considered. The stem cell
simulation results are in good agreement with the LQ model,
while results involving the cell kill of all basal cells are on
average 2 to 3 fractions higher.
3.3. Oxic Tumour Radiotherapy. A factor is used in HYP-RT
to increase the stem cell symmetrical division probability to
model accelerated repopulation (the AR boost factor). To
determine the most plausible AR boost factor, the onset times
of AR are varied from 3% to 15% and from 0 to 3 weeks,
respectively, and the consequential extra dose per fraction
is required to account for the extracell growth calculated
(Figure 7). Note that the increases in doses per fraction

shown in Figure 7 apply during the period of AR only
therefore the week of AR onset is not a critical parameter.
An AR boost factor value of 10 results in an extra dose
between 0.5 and 0.8 Gy per fraction, which is consistent with
clinical trial reports [8, 63, 64]. An AR boost factor less than
10 increases the dose per fraction by 0.3 Gy or less, while an
AR boost factor more than 10 results in an extra dose per
fraction above 1.0 Gy. An AR boost factor of 10 was intuitively
expected to impact on tumour response in a biologically
plausible manner, as there have been reported increases in
tumour growth rate of up to 10 times (reducing the potential
doubling time (Tpot ) from approximately 10 to 20 days down
to as low as 2 days [8, 65], approaching the stem cell division
time.
An AR boost factor of 10 decreases the tumour doubling
time after the onset of AR; for example, for moderately
hypoxic tumours the tumour doubling time decreases from
65 days down to 4.4 days after the onset of AR. Similarly for
oxic tumours, doubling times decrease from 37 days down to
3.7 days after the onset of AR (all standard deviation errors
<1 day). For moderately hypoxic tumours these doubling
times have good agreement with HNSCC published data [8].
3.4. Hypoxic Tumour Radiotherapy. Interfraction pO2 histograms for a reoxygenating tumour are shown in Figure 8.
ROx events are initiated in simulations after the first dose
fraction in this example, with full ROx occurring by fraction
11. The model smoothly moves the peak of the histogram
curve to the right-hand side, to higher average pO2 levels,
simulating gradual ROx in the tumour, as desired.
Cells exhibiting very low oxygenation (pO2 < 1 mmHg)
levels enter a hypoxia-induced quiescent state. The modelled
half-life of cells in this state does not impact significantly
on the number of fractions required to control the tumour;
however it does alter the timing of full ROx. Figure 9 shows
the impact of the hypoxic cell half life on cell kill and full ROx
timing when varied from 2 to 6 days.
The timing of ROx applied after completion of each
fraction of conventional therapy was analysed for the impact
on the total dose required to kill all cells. No significant
diﬀerence was found between applying ROx either 4 or
23 hours (just preceding the next daily fraction) after a
fraction. This result is expected since only conventional
treatments were simulated in this study, with 24 hours
between fractions. However, for future simulation work
involving alternate schedules (hyperfractionated schedules
with less than 2 Gy per fraction), this may change since ROx
may occur during or after the next, same day fraction.
The eﬀects of AR on the dose per fraction required to
maintain total treatment times for hypoxic tumours were
also studied. During these calculations, 8 weeks is used
for the standard treatment time, as this is the treatment
time required in hypoxic tumour simulations with no AR
considered. The increase in dose per fraction (above the
standard 2.0 Gy) is 0.5 to 0.9 Gy using an AR boost factor
of 10 (Figure 10), closely matching oxic tumour results. The
dose per fraction required during AR to control the extracell
growth is relatively consistent for diﬀerent AR onset times
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The doses per fraction required to account for the extra cell growth during
accelerated repopulation (AR)
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Figure 7: The increase in dose per fraction (d/#) required during conventional radiotherapy of oxic tumours to account for accelerated
repopulation (AR), assuming a fixed total treatment time of 6 weeks and the increase in d/# coinciding with the onset of AR.

pO2 histograms immediately after reoxygenation (ROx)
for a tumour programmed to begin ROx after fraction 1 of
radiotherapy (4-hour proceeding treatment)
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Figure 8: Oxygenation (pO2 ) histograms after each fraction of
simulated conventional radiotherapy, ranging from fractions 1 to
8 of a moderately hypoxic tumour. In this example, treatment is
initiated when the tumour population has reached 108 cells and
hypoxic quiescent cells are reoxygenated above 1 mmHg by fraction
number 11 (5 × 106 cells) and above 5 mmHg by fraction 20 (5 × 105
cells).

(as it is in the oxic tumour study), because the dose increase
only applies after AR onset. With ROx simultaneously
considered, the dose per fraction reduces slightly but is still
approximately an extra 0.5 Gy per fraction.
An AR boost factor of 10 is considered the most valid
value for this parameter based not only on the dose per
fraction study but also according to the decrease in tumour
doubling times predicted by the model; for example, the
tumour doubling time reduced to 1 to 5 days after onset of
AR compared with 35 to 65 days before onset of AR, with the
range depending on oxygenation status.
These results also indicate that the onset time of AR is
likely to be ≤2 weeks if ROx occurs at ≤2 weeks. However, the
onset time of AR could be >2 weeks if ROx also occurs late or
not at all (based on dose per fraction increases within 0.5 to
1.0 Gy). Note that in all text and figures, error bars represent
standard deviations based on nine simulations per parameter
set. The statistical software package Prism 5 (v5.02, GraphPad
Software Inc.) and Microsoft Excel 2003 were used in the
analysis of the data.

4. Discussion
Onset times of ROx may be varied in the model from
zero (immediately after treatment initiation) to three weeks.
Immediate ROx is biologically possible because of the
reduced demand of oxygen arising from the death of the
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Figure 9: A comparison of the average number of conventional
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no accelerated repopulation, required for cell kill of moderately
hypoxic tumours when varying the half life of hypoxic quiescent
cells.

first lethally hit cells (some hours after the first fraction).
Variability of onset of ROx occurs because of other considerations such as the structure of the vascular and supporting
tissues of the tumour and the dynamics of dead cell clearance
from the tumour mass. All of these factors are likely to vary
among patients, making the prediction of onset time of ROx
for a particular tumour especially challenging. The timing
of ROx events after each treatment fraction does not impact
on the final cell kill results for the simulated conventional
treatments in this study beyond the statistical error of the
algorithm. The impact was not expected to be significant
because all ROx events were programmed to occur before the
next daily fraction.
ROx is ideally modelled continuously throughout
tumour shrinkage. Modelling increases to cellular pO2 levels
at every hour of the radiotherapy regimen is computationally
exhaustive; therefore as a compromise, ROx events are
modelled after every daily dose fraction. Ideally, modelling of
ROx would also be based on human pre- and midtreatment
tumour oxygenation assay or imaging data, for example,
PET, CT, MRI, or US imaging methods; however such data
is not readily available for every patient. In the future more
data of this kind may become available through research
eﬀorts including stratification of patients in clinical trials
investigating tumour oxygenation dynamics. Trial outcomes
would be very useful for radiobiological modelling of
tumour treatment response; however they may never be able
to predict individual tumour oxygenation behavior for a
specific patient. At this stage, the model can provide quantitative information about the relative importance of hypoxia
and reoxygenation during radiotherapy. Results highlight the
need to pursue research into techniques for noninvasively
and eﬃciently collecting individual tumour data for input
into oxygenation specific models.

Modelling the onset time of AR as early as zero weeks
is based on the hypothesis that the microscopic response of
tumour cell injury may start after the first radiative damage
event. This somewhat contradicts reports based on clinical
trial data of AR onset or kick-oﬀ times in the order of 2 to
5 weeks [8, 9, 11, 55, 65]. However, these reports are based
on large patient averages of total treatment time eﬀects and
results of which are not necessarily representative of when
AR is initiated at the microscopic level. Like ROx, AR onset
times are likely to vary from patient to patient; thus for this
study a range of onset times of 0 to 3 weeks is used.
Due to the complexity of biological factors required
in the model, it was necessary to make a number of
assumptions/limitations. The reduction of the cell cycle time
as an AR mechanism has been shown to have a significant but
relatively small eﬀect on tumour response; however this was
not modelled. It is likely that a number of these mechanisms
are induced together and are more significant if used in
combination [8, 25, 65, 66]. Abortive division of sterilised
stem cells (rather than diﬀerentiating) may also contribute to
repopulation of tissue after irradiation [67]. However, these
eﬀects are not as well understood, with limited studies in the
literature.
The radiotherapy eﬀect algorithm does not take into
account repair of radiation-induced cell damage; however
the modelling of cellular repair will be considered in future
work. Spatial information of the tumour cells was not taken
into account; however this was not a hindrance to the
current results which are concerned with homogeneous dose
delivery. For future spatial dose delivery application, such as
IMRT or dose painting, the modelling of specific hypoxic
subvolumes of hypoxia will be a necessary addition to the
model.
HYP-RT modelling methods vary from other recent
stochastic hypoxia and radiotherapy modelling methods,
involving individual cells or cell groups [20, 24, 68], because
the tumour oxygenation data required is simple and easily
input in the form of a pO2 histogram. The pO2 histogram
may also be manipulated during tumour growth (or treatment) if required to model dynamic oxygenation eﬀects.
Current issues with this model and other models of
this kind include the requirement of data gained through
methods that are invasive for the patient; however this is
improving as imaging techniques and associated marker
drugs are being researched and trialled.
Possible current uses for the model include the study
of cellar kinetic mechanisms and observations of (i) the
relative diﬀerences in total doses required when AR and ROx
are onset at various times, (ii) the diﬀerences in the total
doses required for tumours of varying oxygenation levels,
and (iii) the prediction of the eﬀects of treatment breaks on
the extradose required to compensate for the break.

5. Conclusion
Due to the complexities and dynamic nature of tumour
oxygen and reoxygenation during radiotherapy, MC methods remain the most comprehensive and simplistic way of
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incorporating hypoxia into a tumour model. The HYP-RT
model builds upon previous tumour growth modelling work
and is capable of modelling radiation cell kill for tumours
comprised of up to 108 individual cells. Computational and
temporal eﬃciency has been improved compared to previous
model versions, with better use of memory space and more
eﬃcient selection and allocation of randomised parameters.
Simulations of tumour growth and radiotherapy treatment
can be performed in approximately thirty minutes or less.
The way in which tumour hypoxia has been modelled is
simple yet specific, enabling individual tumour data input in
the form of a pretreatment pO2 histogram.
The reoxygenation algorithm provides a method of
gradually altering the initially hypoxic tumour oxygenation
histogram throughout treatment, to model the process of
oxygenation increase for a hypoxic tumour. The accelerated
repopulation algorithm provides a method of increasing the
cell propagation rate, using a parameter that increases the
symmetrical stem cell division probability, with a factor
of ten found to be most suitable value based on a study
involving the increase in dose per fraction required to the kill
the extracell growth during conventional radiotherapy.
Future aims include eﬃciently modelling 109 cell virtual
tumours to provide an even larger individual cell-based
model and the conversion of the code into the more modern
C++ programming language. The model has already been
used to explore the conventional radiotherapy schedule for
hypoxic tumours [29] and will be reported on in the near
future regarding alternate radiation regimens for tumours of
diﬀerent oxygenation levels.
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[50] J. Denekamp, A. Daşu, A. Waites, and B. Littbrand, “Hyperfractionation as an eﬀective way of overcoming radioresistance,” International Journal of Radiation Oncology Biology
Physics, vol. 42, no. 4, pp. 705–709, 1998.
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The long-held view that radiation-induced biological damage must be initiated in the cell nucleus, either on or near DNA itself, is
being confronted by mounting evidence to suggest otherwise. While the eﬃcacy of cell death may be determined by radiation
damage to nuclear DNA, a plethora of less deterministic biological responses has been observed when DNA is not targeted.
These so-called nontargeted responses cannot be understood in the framework of DNA-centric radiobiological models; what is
needed are new physically motivated models that address the damage-sensing signalling pathways triggered by the production
of reactive free radicals. To this end, we have conducted a series of in silico experiments aimed at elucidating the underlying
physical processes responsible for nontargeted biological responses to radiation. Our simulation studies implement new results
on very low-energy electromagnetic interactions in liquid water (applicable down to nanoscales) and we also consider a realistic
simulation of extranuclear microbeam irradiation of a cell. Our results support the idea that organelles with important functional
roles, such as mitochondria and lysosomes, as well as membranes, are viable targets for ionizations and excitations, and their
chemical composition and density are critical to determining the free radical yield and ensuing biological responses.

1. Introduction
The theory of radiation interactions with matter, established
over the course of the last century by celebrated physicists
such as Bohr [1], Bethe [2], Bethe and Heitler [3], and Fano
[4], now underpins a vast range of cutting-edge technologies
and applications, from high-energy particle detectors for the
Large Hadron Collider, to atmospheric, space and astrophysics, to electron-beam lithography and materials analysis
techniques (e.g., electron microscopy, X-ray spectroscopy).
For medical applications, such as imaging and radiation
therapy, electromagnetic interactions that take place in living
biological systems are of paramount importance because
collisions can excite and ionize the constituent molecules,
leading to impaired biological function. When this occuring
inside a cell nucleus, there is an increased likelihood of
damaging DNA and compromising the cell’s viability [5].

The physical and chemical mechanisms of radiationinduced nuclear DNA damage (i.e., strand breaks and other
lesions resulting from interactions on or near DNA) have
been generally well understood for several decades [6] and
an extensive body of literature now exists on radiobiology [7–
11]. Radiation target theory [9], in particular, has provided
a successful framework for achieving the fundamental aim
of radiation therapy, which is to maximise tumour cell kill
while sparing normal cells, assuming that initial damage to
nuclear DNA is central to the killing of a cell by reproductive
cell death (i.e., mitosis inhibited by loss of large amounts
of genetic material). But when electromagnetic interactions
occur primarily outside the nucleus, the ensuing biological
damage is poorly understood [12].
Compelling evidence for such nontargeted damage is
now emerging from the increasing incidence of secondary
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malignancies among cancer survivors treated with radiotherapy, attributed to the unavoidable exposure of healthy
tissue to low-dose radiation [13–15]. At low doses, radiation
can miss nuclear DNA altogether because of the small
relative volume it occupies in the cell. If damaged cells that
would normally be eliminated instead escape apoptosis and
undergo cell cycle division, carcinogenesis may develop due
to the survival and proliferation of cells with accumulating
damage or mutations. Molecular signalling pathways that
disrupt cellular tissue homeostasis can give rise to both
acute and late eﬀects in normal tissue following radiotherapy
[16]. Indeed, there is growing concern in particular over
the low-dose radiation bath into which relatively large volumes of normal tissue are immersed in modern conformal
radiotherapy delivery techniques. An increasing number
of radiotherapy studies are now paying more attention to
normal cells surrounding irradiated tumours [17]. However,
quantitative, physically motivated models are lacking in the
literature, primarily because the DNA-centric approach of
classical radiobiology is no longer valid at low doses. For this
reason, models predicting normal tissue complications have
had limited success in describing clinically observed normal
tissue reactions [18].
Further independent evidence demonstrating the limitations of the existing DNA-target paradigm for radiationinduced damage has emerged from cell irradiation experiments using microbeams, which deliver a focused beam
of low-energy (typically tens of keV) radiation to spatially
localised regions in a cell up to several microns away from
the nucleus. These experiments provide new insights into
the complex biological pathways triggered by extranuclear
radiation energy deposition and resulting damage to cytoplasmic structures such as lysosomes, membranes, and mitochondria (Figure 1). Several newly recognised responses,
collectively referred to as nontargeted responses, are manifested by eﬀects such as mutagenesis (stable mutations in
cell progeny), genomic instability (unstable eﬀects caused by
changes in genetic information), bystander eﬀect (responses
in neighbouring, unirradiated cells), changes in gene expression, and even adaptive responses [12, 19–24]. These eﬀects
are markedly diﬀerent from the mechanistic response to
DNA-targeted radiation; nontargeted responses are not
directly related to the amount of energy deposited in or near
the nuclear DNA of the cells traversed by the radiation. The
microbeam results suggest instead that nontargeted biological responses are determined by cell’s entire state, including
all proteins and macromolecules in its cytoplasm, some of
which may cause functional damage when released from
lysosomes and mitochondria, while structural membrane
damage can potentially also aﬀect intra- and intercellular
signalling pathways.
Low-energy electrons are the most abundant product of
radiation interactions, and their collisions with surrounding molecules are primarily responsible for initiating the
sequence of biochemical events that leads to radiationinduced damage in biological systems [25]. Much of our
present understanding of radiation-induced biological damage on subcellular scales (down to nanometric volumes)
stems from microdosimetry and nanodosimetry studies.
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Figure 1: Schematic illustration of a cell, showing potentially
important extranuclear targets that have been implicated in triggering complex damage signalling pathways induced by radiation
(shown in red).

A significant limitation of experimental studies, however,
is that single particle detection methods rely on gas counters, which are a poor approximation to biological tissue.
Nevertheless, significant progress has been made in understanding DNA damage by measuring ionization clustersize distributions and particle tracks [26–29]. Monte Carlo
(MC) simulations provide an alternate method for advancing
our understanding of radiation-induced DNA damage and
many independent MC models have been developed for
determining DNA strand break yields by simulating electron track structure and ionization clusters in nanometric
volumes or simple DNA models [30–35]. To date, however,
no MC simulations have investigated the biological damage
observed as nontargeted responses resulting from extranuclear irradiation.
In this paper, we briefly report in silico nanodosimetry
studies which aim to reveal new insights into radiationinduced biological damage beyond nuclear DNA. Our simulation studies consider primary particles of diﬀerent types
(electrons, protons, and alphas), since nontargeted eﬀects
have been observed for radiation types of diﬀerent linear
energy transfer (LET) [21]. Section 2 presents the theoretical
background and the MC computational approach relevant
to modelling low-energy electromagnetic interactions on
subcellular scales. We present and discuss our preliminary
results in Section 3, and conclusions are given in Section 4.

2. Theoretical Background and
Computational Approach
At energies below a few keV, which are relevant for electron
scattering on subcellular scales, the wave properties of the
incident electrons become increasingly important. Thus, the
probability of inelastic scattering of incident electrons must
be derived from electrodynamics rather than mechanics.
Scattering cross-sections need to be derived for liquid water,
which is the main constituent of biological tissue.
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The Geant4 software toolkit provides state-of-the-art
capability in depth and scope of Monte Carlo based
approaches to modelling radiation interactions in biological
systems; new models for low-energy electromagnetic crosssections for liquid water are available for nanodosimetry and
electron track structure simulations.
2.1. Low-Energy Electromagnetic Interactions. In the classical
treatment of inelastic scattering of low-energy electrons [36,
37], the stopping power is the retarding force experienced by
the incident electron due to the polarization field induced
in the medium through which it propagates. The electron
energy loss and momentum transfer are determined by the
dielectric function , which describes the electromagnetic
response of the medium to the disturbance caused by
the incident electron. The corresponding diﬀerential crosssection for inelastic electron scattering can be expressed in
terms of the inverse mean free path Λ:




−1
1
d2 Λ
 ,
=
Im 
dqdE πa0 qT
 q, E

(1)

where T and E are the electron energy before and after
scattering, respectively, q is the momentum transfer, and
a0 = 2 /e2 me is the Bohr radius. For electron energies large
compared with atomic energies, the valence electrons can be
regarded as approximately free. Using the electron plasma
dielectric response for  in (1) gives a solution consistent
with the standard Bethe-Bloch stopping power derived from
nonrelativistic quantum mechanics [36].
In the quantum treatment of inelastic electron scattering,
the diﬀerential cross-section can be written as [2, 38, 39]
dσ =


me q 
 2

 δ(E + En − E0 )dq dE,
T
f
i
4π2 T

(2)

where E0 and En are the energies of the atom before
and after scattering, respectively, and T f i is the transition
matrix for transitions between initial and final states of the
electron-atom system. The calculation of T f i in the first Born
approximation using an appropriate Coulomb interaction
potential [38] yields
dσ = 4π

dq
2
|n|d |0| δ(E + En − E0 )dE,
a0 qT

(3)

where d is the matrix element of the atom’s dipole moment
due to the space density distribution of its electrons. The
sum over all final states n gives the following relation for the
polarizability of the atom: Im[−1 ] ≈ 4πNΣn |d0n |2 δ(E+En −
E0 ), where N is the number of atoms per unit volume. The
relation Λ = Nσ then recovers (1) [36, 38, 40].
The probability of inelastic scattering of low-energy electrons, as described by (1), requires determination of (q, E),
which has proven challenging for biological tissue. Valence
electrons in soft-condensed matter cannot be regarded as free
or nearly free, as they are in metals and other conductors,
so the commonly used Lindhard dielectric function for an
electron plasma is a poor approximation to the collective
response of bound molecular electrons. Furthermore, the

eﬀective intermolecular potential in the condensed phase
acts as a screen on the polarization field induced by an
incident electron, and collective plasma excitations can
delocalize energy deposition. The problem is further compounded by the lack of direct measurement data due to
the inherent practical diﬃculties in conducting scattering
experiments with condensed molecular targets. Although
experimental data to date is only available in the optical limit
(zero momentum transfer), they have nevertheless enabled
improved semiempirical dielectric models to be derived and
extended into the finite momentum transfer domain, q > 0
(i.e., finite scattering angles; e.g., [41, 42], and references
therein). An alternative approach to modelling low-energy
inelastic electron scattering is to use the method of partial
wave expansion, which is relevant at low energies, where
the Born plane wave approximation breaks down. When
the incident electron energy becomes comparable to the
binding energy of atomic electrons, scattering can no longer
be considered a small perturbation to the system and the free
electron wavefunction (i.e., a plane wave) can no longer be
assumed. Champion [43] has derived new theoretical results
using the partial wave approach to describe ionization of
molecular water by low-energy electrons.
2.2. Geant4. Geant4 is an open-source software toolkit
developed for general-purpose Monte Carlo radiation transport simulations [44, 45]. Its object-oriented structure and
approach has enabled an impressive scope of applications,
ranging from high-energy particle physics and astrophysics,
to medical physics and imaging. The medical applications,
in particular, are growing rapidly and are becoming more
versatile; Geant4 models have been developed for radiotherapy scenarios (e.g., brachytherapy, medical linear accelerator
beams, hadrontherapy, internal and radionuclide dosimetry), imaging techniques (e.g., CT, emission tomography,
electronic portal imaging), and also for micro- and nanodosimetry studies, including electron track structure down
to nanometric length scales. Microbeam cell irradiation
experiments can also be modeled with Geant4.
In addition to the standard interaction cross-section
databases for atomic collisions (i.e., NIST), Geant4 also
provides additional low-energy electromagnetic classes with
several choices of cross-section model data (e.g., Livermore,
Penelope), including the new Geant4-DNA module (http://
geant4-dna.org/), which can explicitly model all interaction
events as discrete processes [46]. This extension has been
specifically designed for radiobiology and nanodosimetry
applications and includes implementation of a semiempirical
Born model (c.f., Section 2.1) for ionization and excitation
of liquid water by electrons, protons, and alphas (and a few
other ions) valid for energies down to eV scales [42]. New
developments currently underway include the capability
to model key radiation chemistry processes such as water
radiolysis.
We have been using Geant4 to develop a suite of in
silico experiments designed to give us a better understanding
of the physical processes underlying biological responses to
radiation damage that occurs outside the cell nucleus. Biological damage, both structural and functional, is initiated
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Figure 2: (a) Energy loss function (ELF) for low-energy electrons (c.f. (1)) in liquid water plotted as a function of energy and momentum
transfer (the so-called “Bethe ridge”). (b) Corresponding track of a 100 eV electron in a 10 nm cube of liquid water.

by ionizations which produce the free radicals that have been
implicated in intra- and intercellular signalling. Our models
represent the first simulation studies aimed at directly
addressing nontargeted biological responses triggered by
radiation damage beyond nuclear DNA.

3. Results and Discussion
Here, we present preliminary results of three separate studies:
(1) electron track structure on nanometric scales in liquid
water using the Geant4-DNA semiempirical models for
excitations and ionizations of low-energy electrons, (2) the
spatial distribution of clustered ionization events resulting
from the traversal of protons and photons through a subcellular scale volume of water, and (3) simulation of a
microbeam cell irradiation experiment, showing localized
energy deposition and ionization distributions in a realistic
cell model when only the cytoplasm is irradiated by an alpha
particle beam.
3.1. Nanometric Electron Tracks. Figure 2 shows plots of the
energy loss function (ELF), Im[−1/ (q, E)], for low-energy
electrons (c.f. (1)), and the corresponding electron track
structure resulting from an electron with an initial energy
of 100 eV in a 10 nm cube of liquid water. The electron
ELF plotted in the energy-momentum plane, referred to as
the ”Bethe ridge,” has been calculated for liquid water using
semiempirical models for inelastic scattering [41, 42] based
on those implemented in Geant4-DNA. The electron track
structure has been simulated using the models for elastic and
inelastic electron scattering available in Geant4-DNA (the
Champion and Born models, resp.). A quantitative evaluation of these models has been presented by Incerti et al [46].
The Bethe ridge plot exhibits a prominent peak at 21 eV,
which is close to the plasma frequency of water, as has

been noted in previous studies [41, 42]. It should be noted,
however, that other inelastic channels, such as collective
excitations and autoionization [47, 48], are not taken into
account in this ELF. Collective excitations include plasmonlike resonances that can delocalize energy deposition away
from the electron track. Autoionization is the process
by which water molecules, in the liquid phase, undergo
spontaneous decay. When excited by an incident electron,
(H2 O)2 molecules dissociate rapidly, producing secondary
electrons and H2 O+ ions [49, 50]. How these additional
energy loss processes might change the shape of the Bethe
ridge is not clear and more theoretical work is needed.
3.2. Ionization Cluster Distribution. In this study, we used
Geant4 (version 9.4) to model monoenergetic proton and
X-ray pencil beams incident on a liquid water cube, of
length 40 mm, to investigate the distribution of ionization
clusters and relative biological eﬀectiveness of these diﬀerent
forms of radiation. The photon interactions were modelled
with the low-energy electromagnetic package (based on the
Livermore data libraries), including processes for the photoelectric eﬀect, compton scattering, rayleigh scattering, and
pair production. In the case of protons, the standard electromagnetic package models were used to model ionization and
multiple scattering for protons with E ≥ 10 MeV. In both
cases, protons and electrons with energies <200 MeV and
<10 keV, respectively, were transported in the water medium
down to a few eV, using the Geant4-DNA model extensions.
The processes for electron ionization, excitation, and elastic
scattering (the Champion elastic model) were included and
the lower energy limit for the excitation and elastic scattering
models was set to 8.23 eV [51]. The physics processes of
the low-energy protons (<10 MeV) included charge decrease,
excitation, and ionization [52, 53]. The simulation produced
the number of ionizations in voxels of a few nanometers in
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Figure 3: Cluster distribution of 200 MeV monoenergetic pencil
beam protons in liquid water, showing the number of ionizations
per 2 × 2 nm voxel at a depth of 0.25 mm.
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Figure 4: Cluster distribution of 100 keV monoenergetic pencil
beam photons in liquid water, showing the number of ionizations
per 2 × 2 nm voxel at a depth of 20 mm.

size at diﬀerent points along the particle trajectory (cluster
size distribution).
Figures 3 and 4 show the cluster ionization distribution of
incident 200 MeV pencil beam protons and incident 100 keV
pencil beam photons, respectively. The total number of
each particle type was chosen to give approximately the
same dose deposited in the water phantom. The number of
ionizations occurring within nanometric voxels (the cluster
size distribution), with dimension 2 × 2 nm, is shown at two
diﬀerent depths in the water phantom: 0.25 mm for protons
and 20 mm for photons. In each case, the plots show the
ionization clustering on the Y Z plane. The incident pencil
beam is directed along the x-axis and the colourbar shows the
number of ionizations per voxel. For 200 MeV protons, the
depth of 0.25 mm is well before the Bragg peak, but a large
number of ionizations are still evident and are concentrated
around the beam (c.f. Figure 3). Photons on the other hand
show very few ionizations at the same depth. At 20 mm
depth, however, the number of ionizations in the vicinity
of the beam is comparable to that produced by protons
at 0.25 mm depth and although more scattering produces
a broader spread of ionizations away from the beam, the
cluster distribution around the beam axis is remarkably
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Figure 5: (a) Geant4 visualization of a microbeam cell irradiation
simulation, showing a 5 micron beam of 3 MeV alpha particles
(blue lines, incident from the right) targeting the cytoplasm (red)
and avoiding the nucleus (green). (b) corresponding histogram of
ionizations in the cytoplasm per incident particle for 104 incident
alphas.

similar. This suggests that 100 keV photons have a similar
potential to cause biological damage as 200 MeV protons.
3.3. Microbeam Cell Irradiation. Figure 5 shows a visualization of our microbeam cell irradiation simulation and
the corresponding histogram of ionizations per incident
particle in the cytoplasm. The simulation was based on the
microbeam example in Geant4 (version 9.4), which is modelled on a cellular irradiation beamline facility configured to
deliver a beam of 3 MeV alpha particles focussed down to
5 μm in diameter. The cell geometry is a voxelized 3D model
based on a human keratinocyte cell line. See Incerti et al. [54]
for more details.
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Figure 6: Top row: 2D projection of mean energy deposit (in eV) per voxel in the microbeam irradiated cell, showing the cross-sectional
plane (left) and the longitudinal plane (right). Bottom row: corresponding distribution of number of ionizations in the cytoplasm. All plots
were calculated for 104 incident alpha particles.

In our simulation, the beam was displaced oﬀ-centre, so
only the cytoplasm was irradiated and not the nucleus. We
used the Livermore physics processes, rather than GeantDNA, since this allowed us to investigate the eﬀect of
chemical composition (the Geant4-DNA processes are only
available for liquid water). The Livermore processes are
valid down to 250 eV, corresponding to a physical scale-size
∼30 nm. The cell cytoplasm and nucleus were based on a
realistic chemical composition with a density of 1 g cm−3 .
The mass-fraction constituents of the cytoplasm were oxygen (58%), carbon (20%), hydrogen (9%), nitrogen
(8.5%), and phosphorus (4.5%). The primary massfraction constituents of the nuclear material were oxygen

(74.5%) and hydrogen (11%), with lower amounts of
carbon (9%), nitrogen (3%), and phosphorus (2.5%)
compared to the cytoplasm [55]. In addition, a number of
localized overdensities (10 g cm−3 ) with the same material
content as the nucleus were also distributed throughout
the cytoplasm. These substructures, which could represent
organelles, aﬀect the ionization histogram (Figure 5) by
reducing the average number of ionizations per event. This
can be attributed to the combined eﬀects of chemical
composition and density. Despite the higher oxygen content
of the substructure targets, the lower relative amounts of
high atomic number elements such as carbon and nitrogen,
with respect to the rest of the cytoplasm, results in an overall
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lower mean excitation energy and an increased probability of
ionization. The higher density of the substructures increases
the number of ionizations per incident alpha particle. The
material density aﬀects the overall frequency of ionizations.
This result demonstrates the importance of chemical composition and density in determining the probability of ionization events and hence, production of free radical species
in a real cell and subcellular structures such as organelles,
membranes, as well as macromolecules and other proteins.
Figure 6 shows the 2D projection of mean energy deposition per voxel and ionization events in the microbeam cell
irradiation simulation. The average specific energy deposited
per event is 0.08 J kg−1 . The spatial distribution of mean
energy deposition is clearly correlated with the ionization
distribution in the cytoplasm. Both distributions are localized but exhibit spreading around the 5 μm beam due to
scattered secondary electrons. In particular, a finite number
of ionizations is also found to occur along the cell and
nuclear membranes, where structural damage can impair
membrane-mediated inter- and intracellular signalling (i.e.,
via binding of ligands, diﬀusion of molecules through gap
junctions). Within the cytoplasm, ionizations that occur in
the organelles can aﬀect the release of proteins and macromolecules, leading to functional damage. Realistic physical
models for these organelles, including their spatial distribution in the cell, molecular composition, density, and size, are
needed to better quantify the probability of ionizations.
A limitation of the current model is that it employs interaction probabilities based on atomic rather than molecular
collisions. This means that it is not currently possible to
simulate the direct production of key free radical species
such as hydroxl radicals (OH− ) and superoxide anions (O2 − )
which are implicated in intra- and intercellular signalling.
However, a preliminary model for simulating radiolysis of
molecular water and diﬀusion of free radical species has
been implemented in the latest release of Geant4 (version
9.5). We note that the steep gradient in number density of
ionizations evident in Figure 6 suggests rapid diﬀusion of
radiolytic products across regions of the cell. We aim to
explore this in future work.

4. Conclusions
We have presented a summary of preliminary results from
a series of simulation studies investigating nontargeted
responses to radiation using Geant4. Our study on lowenergy electromagnetic interactions demonstrates that secondary electrons, with energies well below 100 eV, can ionize
and excite liquid water on nanometric scales. More theoretical work is needed, however, to enable modelling of
collective excitations and autoionization of molecular water
and other molecules such as lipids which are relevant
for membrane-mediated signalling. Such modelling would
enable more quantitative evaluation of the likelihood of
cellular dysfunction, lysis, or death resulting from primary
damage to membranes and membrane-bound organelles
(e.g., lysosomes, mitochondria) throughout the cell.
We also investigated the role of ionization clustering
on nanoscales in liquid water without assuming a priori
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a nuclear DNA target. Our results demonstrate that lowenergy photons can generate clustered ionization distributions similar to that produced by protons, suggesting a
similar potential to cause biological damage. This has important implications for situations such as radiotherapy, where
secondary low-energy photons are produced in abundance
and can readily reach normal tissue surrounding a tumor.
Our simulation study on extranuclear microbeam irradiation of a realistic cell demonstrates the importance of
chemical composition and density of cellular substructures
in determining the level of radiation damage by ionizations.
Although it is not yet possible to explicitly simulate within
Geant4 the production of molecular free radical species that
have been implicated in signalling, the spatial distribution
of ionization events outside the nucleus is suggestive of the
possible structural and functional damage that would trigger
damage-response signalling by the cell. In future work, we
plan to take advantage of the ongoing developments in
Geant4, particularly the developing capability to model water
radiolysis and diﬀusion of free radicals.
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