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Due to the significance of nonlinear systems and circuits
in many applications such as physics, control, biophysics,
and bioengineering, enormous research activities have been
highlighted to model the practical and experimental insights
of such phenomena. Chaotic systems are nonlinear dynam-
ical systems which are sensitive to initial conditions, topo-
logically mixing, and with dense periodic orbits [1–3]. The
chaos phenomenon was first observed in weather models
by Lorenz in 1963. This was followed by a discovery of a
large number of chaotic systems in many different fields like
computer sciences, mechanics, communication, economics
and finance, biology, chemistry, medicine, and geology.

Recently, the developments of nonlinear circuits and
memristors [4] have had a big impact on the way scientists
and engineers apply analytical and computational techniques.
In the last four years, many systems have been investigated
using the innovative features ofmem-elements in the analysis
and designs of nonlinear circuits and systems, such as chaotic
systems. Due to the difficulties of nonlinear circuit design,
contributions towards new ideas, techniques,modeling, anal-
ysis, design, or fabrication will have a direct impact on future
applications and the industry.

The chaotic dynamics of fractional-order systems began
to attract a great deal of attention in recent years due to the
ease of their electronic implementations. Due to the very

high sensitivity of these chaotic systems which is required for
many applications, there was a need to discuss the coupling
of two or more dissipative chaotic systems which is known as
synchronization. Chaotic synchronization has been applied
in many different fields, such as biological, physical systems,
structural engineering, and ecological models [1–4].

This special issue aims at presenting the latest develop-
ments, trends, research solutions, and applications of fractio-
nal-order and memristive chaotic systems with emphasis on
real-world applications.

We received a total of twenty submissions, and after two
rounds of rigorous review, seven papers were accepted.

In the paper “Fractional Order Memristor No Equilib-
rium Chaotic System with Its Adaptive Sliding Mode Syn-
chronization and Genetically Optimized Fractional Order
PID Synchronization,” K. Rajagopal et al. introduce a new
memristor based novel fractional order no equilibrium
chaotic system (FOMNE) and investigate its adaptive sliding
mode synchronization. Firstly the dynamic properties of
the integer order memristor based novel no equilibrium
system are analyzed. The fractional order memristor no
equilibrium system is then derived from the integer order
model. Lyapunov exponents and bifurcation with fractional
order are investigated. An adaptive sliding mode control
algorithm is derived to globally synchronize the identical
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fractional ordermemristor systems and genetically optimized
fractional order PID controllers are designed and used to
synchronize the FOMNE systems. Finally the fractional
order memristor no equilibrium system is realized using
FPGA.

In the paper “Generalized Fractional-Order Discrete-
Time Integrator,” D. Mozyrska and P. Ostalczyk investigate a
generalization of discrete-time integrator. The proposed lin-
ear discrete-time integrator is characterized by the variable-
fractional-order of integration/summation. Graphical illus-
trations are presented for an analysis of particular vector ma-
trices. Numerical examples show the relations between the
order functions and element responses.

In the paper “Dynamics, Circuit Design, and Synchro-
nization of a New Chaotic System with Closed Curve Equi-
librium,” X.Wang et al. propose a new systemwith an infinite
number of equilibrium points located on a closed curve.
It is worth noting that the new system generates chaotic
behavior as well as hidden attractors. Dynamics of the system
with closed curve equilibrium have been investigated by
using phase portraits, bifurcation diagram, maximal Lya-
punov exponents, and Kaplan–York dimension. In addition,
they introduce an electronic implementation to verify its
feasibility. Antisynchronization ability of the new systemwith
infinite equilibria is studied by applying an adaptive control.
This study suggests that there exist other chaotic systems with
uncountable equilibria in need of further investigation.

In the paper “Application of Topological Degree Method
for Solutions of Coupled Systems of Multipoints Boundary
Value Problems of Fractional Order Hybrid Differential
Equations,” M. Iqbal et al. have established the theory to a
coupled systems of multipoints boundary value problems of
fractional order hybrid differential equations with nonlinear
perturbations of second type involving Caputo fractional
derivative. For obtaining sufficient conditions on existence
and uniqueness of positive solutions to the system under
consideration, the authors have used the technique of topo-
logical degree theory. Finally, main results are illustrated by a
concrete example.

In the paper “CMOS Realization of All-Positive Pinched
Hysteresis Loops,” B. J. Maundy et al. have proposed two
novel nonlinear circuits that exhibit an all-positive pinched
hysteresis loop.These circuits employ two NMOS transistors,
one of which operates in its triode region, in addition to two
first-order filter sections.The authors show the equivalency to
a charge-controlled resistance (memristance) in a decremen-
tal state via detailed analysis. Simulation and experimental
results verify the proposed theory.

In the paper “A Novel Chaotic System without Equilib-
rium: Dynamics, Synchronization, and Circuit Realization,”
A. T. Azar et al. have proposed a novel unusual chaotic
system without equilibrium.The authors discover dynamical
properties as well as the synchronization of the new system.
Furthermore, a physical realization of the system without
equilibrium is also implemented to illustrate its feasibility.

In the paper “Understanding the Resistive Switching
Phenomena of Stacked Al/Al

2
O
3
/AlThin Films from the Dy-

namics of Conductive Filaments,” J. Molina and L. Hernan-
dez-Martinez present the resistive switching characteristics of

Metal-Insulator-Metal (MIM) devices based on amorphous-
Al
2
O
3
and deposited by Atomic-Layer Deposition (ALD). A

maximum processing temperature for this memory device
is 300∘C, making it ideal for Back-End-Of-Line (BEOL)
processing. Even though some variations in the forming,
set, and reset voltages (𝑉FORM, 𝑉SET, and 𝑉RES) are obtained
for many of the measured MIM devices (mainly due to
roughness variations of the MIM interfaces as observed after
atomic-force microscopy analysis), the memristor effect has
been obtained after cyclic 𝐼-𝑉measurements. These resistive
transitions in the metal oxide occur for both bipolar and
unipolar conditions while the 𝐼OFF/𝐼ON ratio is around 4–6
orders ofmagnitude and is formed at gate voltages of Vg< 4V.
In unipolar mode, a gradual reduction in VSET is observed
and is related to a combined (a) incomplete dissolution
of conductive filaments (made of oxygen vacancies and
metal ions) that leaves some residuals and (b) thickening
of chemically reduced Al

2
O
3
during localized Joule heating.

In conclusion, low-thermal budget MIM based memories
using Al/Al

2
O
3
/Al structures have been fabricated and the

memristor effect has been observed for the bipolar and
unipolar switching modes, which are dependent on the
amount of electrons tunneling through the device.
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We present the resistive switching characteristics of Metal-Insulator-Metal (MIM) devices based on amorphous Al2O3 which is
deposited by Atomic Layer Deposition (ALD). A maximum processing temperature for this memory device is 300∘C, making it
ideal for Back-End-of-Line (BEOL) processing. Although some variations in the forming, set, and reset voltages (𝑉FORM, 𝑉SET,
and 𝑉RESET) are obtained for many of the measured MIM devices (mainly due to roughness variations of the MIM interfaces as
observed after atomic-force microscopy analysis), the memristor effect has been obtained after cyclic 𝐼-𝑉 measurements. These
resistive transitions in the metal oxide occur for both bipolar and unipolar conditions, while the 𝐼OFF/𝐼ON ratio is around 4–6 orders
of magnitude and is formed at gate voltages of 𝑉g < 4V. In unipolar mode, a gradual reduction in 𝑉SET is observed and is related
to combined (a) incomplete dissolution of conductive filaments (made of oxygen vacancies and metal ions) which leaves some
residuals and (b) thickening of chemically reduced Al2O3 during localized Joule heating. This is important because, by analyzing
the macroscopic resistive switching behavior of this MIM structure, we could indirectly relate it to microscopic and/or nanoscopic
phenomena responsible for the physical mechanism upon which most of these devices operate.

1. Introduction

Since the invention and experimental demonstration of
the memristor (an integrated device with memory-resistance
properties, able to correlate electric charge to magnetic flux
𝑞-𝜑 [1]), several materials in the form of thin dielectric films
or solid electrolytes have been tested for these emergent non-
volatile memory devices in order to produce reliable and
reversible switching cycles of the resistive state of the oxide.
Thinfilmbasedmaterials able to switch fromahigh resistance
state (HRS/OFF) to a low resistance state (LRS/ON) and vice
versa are responsible for the typical “pinched hysteresis loops,”
which are observed during cyclic current-voltage (𝐼-𝑉) mea-
surements of these devices.This has contributed to the devel-
opment of important applications like nonlinear circuits,
chaotic systems, highly dense neural networks, and even
neuromorphic computing, where the diffusive dynamics of
memristors can be used as synaptic emulators. Nevertheless,

all these highly dynamic applications exploiting the memris-
tor effect do sowithout considering complexmicroscopic and
nanoscopic phenomena, mainly related to the evolution and
migration dynamics of atomic elements within the integrated
device. Recently, several Metal-Insulator-Metal structures
have shown the ability to switch between these two resistive
states (HRS ↔ LRS) after promoting resistive switching
phenomena (by forming/dissolving conductive filamentary
paths in mostly binary oxides) or ion migration mechanisms
(by cation or anion species in solid electrolytes) during high
electrical stress of the devices [1, 2]. In this sense, Resistive
switching Random Access Memory (ReRAM) devices have
attracted considerable attention in the recent years due to
their superior characteristics for nonvolatile data storage.
Some of these advantages are a simple memory structure
(usually composed of MIM stacks), deep scalability, ultralow
power consumption, fast write/erase speed, and long reten-
tion times [3]. Also, even though the precise physics behind
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Figure 1: 𝐼−𝑉 diagrams showing the (a) unipolar and (b) bipolar operationmodes for ReRAMdevices where no dependence of the “pinched
hysteresis loops” to frequency is involved (DC conditions).The unipolarmode is able to promote resistive switching using a positive or negative
polarity with 𝑉SET > 𝑉RESET and CCSET < CCRESET.

the operation mechanism is still not fully understood, by
using resistive switching and/or ion migration phenomena,
there have been some advances in which, for many cases,
single and/or multiple filamentary conduction paths can
be formed or dissolved in the oxide, thus connecting or
disconnecting both metal electrodes and, therefore, giving
origin to both LRS and HRS [4, 5]. This is important because
a better understanding of the resistive switching phenomena
could enable enhanced nonlinear applications like the ones
previously described, while also providing better modeling
tools for nonlinear devices and systems. ReRAM switching
modes can be classified into two groups: unipolar switch-
ing and bipolar switching. In unipolar mode, the resistive
switching transitions (HRS ↔ LRS) of the oxide layer are
obtained using the same polarity but different magnitudes of
applied bias (while limiting the gate current at two current
compliance levels). In bipolar mode, these transitions are
obtained using different polarities of applied bias so that
typical hysteresis loops in the 𝐼-𝑉 characteristics (Lissajous
curves) are observed [3, 5]. In any case, these resistive
switching transitions require specific voltages so that𝑉SET and
𝑉RESET would promote HRS → LRS (ON) and HRS ← LRS
(OFF) transitions, respectively (see Figures 1(a)-1(b)).

Depending on the MIM structure, an additional forming
voltage𝑉FORM is necessary in order to force the initial HRS→
LRS transition and, generally, 𝑉FORM > 𝑉SET > 𝑉RESET. It is
important to consider that, for any operation mode, a limit
in the current flowing through the MIM device should be
established in order to prevent permanent oxide breakdown
and, therefore, losing the memory effect. In the unipolar
mode, twodifferent current limitsmust be used so that during
the creation of a conductive path/filament by 𝑉SET a low
current compliance limit CCSET would enable a controlled
formation of these conductive paths, while a higher current

compliance limit CCRESET would be required for the disso-
lution of this conductive path/filament by 𝑉RESET (much like
the breakdown of a fuse after passing a large current density
through it). Usually, more reproducible characterization of
ReRAM devices based on MIM structures would require
that 𝑉FORM > 𝑉SET > 𝑉RESET and CCRESET > CCSET and
doing so by also using specific time-dependent waveforms
as polarization sources so that the time-dependent properties
of these devices could also be extracted (like the well-known
poor frequency dependence of experimental memristors,
where the total area of the pinched hysteresis loops decreases
with the frequency of applied bias). On the other hand,
it is known that, during the reset process in the unipolar
switching mode, a large current flow (needed to dissolve an
already formed conductive filament (CF)) would produce
localized Joule heating at this conductive filament which,
in turn, could lead to its partial dissolution and, therefore,
to a large amount of residuals around it (oxygen vacancies
and/or metal ions) [6, 7]. The amount and type of these
residuals are largely dependent on the CC levels as well
as the velocity during the voltage sweeps needed for the
cyclic HRS ↔ LRS transitions. The residual combination
of metal atoms/complexes/compounds within the remaining
oxide could contribute to higher leakage currents as well as
electrical instabilities (like charge trapping-detrapping events
or a gradual reduction in 𝑉SET) of ReRAM devices upon
more switching cycles, leading to narrowing of the resistive
window and, thus, lower endurance. Here, we monitor
the gradual reduction in 𝑉SET after the 5 initial switching
cycles of an Al/Al2O3/Al structure (unipolar operation) and
we relate this reduction of 𝑉SET to residuals of aluminum
ions (during partial dissolution of the conductive filament
by a large current flow) which act as trap centers that
lower the energy barrier of Al2O3 while decreasing the set
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voltage (25th International Conference on Amorphous and
Nanocrystalline Semiconductors).

2. Materials and Methods

For MIM device fabrication, stacked Al/Al2O3/Al thin films
were sequentially deposited on previously cleaned Corning
glass slides and standard photolithography steps were used
for gate pattern definition, while the whole stack is finally
annealed in N2 at 300

∘C. Initially, all glass slides were cleaned
by sequential immersion in trichloroethylene (TCE) and
acetone (10/10min) within an ultrasonic vibrator. This is fol-
lowed by rinsing in deionized water (DI water) by 10min and
the slides are gently dried using an ultrahigh purity N2 blow.
Aluminum is used as bottom and top electrode (BE/TE) for
the MIM device. The BE/TE consist of aluminum layers each
with 500 nm in physical thickness and they were deposited
by E-beam evaporation (Temescal BJD-1800 from Edwards)
under ultrahigh vacuum conditions using a deposition rate of
1-2 Å/sec. Al2O3 with 20 or 10 nm in thickness were deposited
on the BE by thermal ALD at 250∘C (Savannah S100 from
Cambridge NanoTech) using H2O and Trimethylaluminum
(TMA) as chemical precursors for the oxygen and aluminum
elements of Al2O3. Also, a thinner Al2O3 = 6 nm was used in
Metal-Insulator-Semiconductor (MIS) structures in order to
confirm the high electrical quality of this metal oxide via 𝐼-
𝑉 and 𝐶-𝑉measurements. The ALD process was performed
at 250∘C/200mTorr of temperature/pressure for all 200,
100, or 60 deposition cycles of Al2O3 deposition. All these
samples were quickly introduced into the e-beam evaporator
after ALD of Al2O3. There, the evaporation chamber was
vacuumed down to 1 × 10−7 Torr in order to minimize
the exposure time of the Al2O3 surfaces to atmospheric
oxygen or any other contaminant of the clean room. Standard
photolithography steps followed after complete metallization
of these MIM devices. For this, all samples were covered
with positive photoresist using standard spinning/baking
conditions and exposed to an UV system (Karl Suss MA6) in
order to transfer gate patterns to the TE. Gate capacitor areas
of 36 × 10−6 cm2 and 64 × 10−6 cm2 were used for theMIS and
MIM devices, respectively. After gate pattern definition, only
the Al/Al2O3/Al/Glass (MIM) structures were annealed in
pure N2 (99.999% purity) at 300∘C in order to promote den-
sification of Al2O3 along with interfacial layer development
of this metal oxide with BE/TE (nonstoichiometric Al𝑥O𝑦
interfacial layers are expected). The complete fabrication
procedure is very simple (see Figure 2), while the maximum
processing temperature is 300∘C. A low thermal budget in
the processing of these devices makes them ideal for their
integration in the BEOL stages of an integrated circuit, thus
further increasing the integration density ofmemory devices.

3. Results and Discussion

Given the thin physical thickness for Al2O3 used in the MIM
structures (20 and 10 nm), we have electrically characterized
MIS devices in which an even thinner Al2O3 = 6 nm has
been deposited on silicon by using the same ALD conditions
(without thermal annealing). Therefore, by using a silicon

surface with very low atomic surface roughness (as compared
to a metallic bottom electrode), we are able to assess the
intrinsic electrical quality of Al2O3. Figures 3(a)-3(b) show
the 𝐼-𝑉 and 𝐶-𝑉 characteristics of several Al/Al2O3/n-Si
MIS devices in which good uniformity is observed after
measuring at least 15 MIS devices for each data set. The 𝐼-
𝑉 data (normalized to gate area and oxide thickness) show
a high electric field required for oxide breakdown (Ebkd
= 7.1MV/cm) (under accumulation or substrate injection
condition), while the resistivity window before and after hard
breakdown can be as high as 10 orders of magnitude (for
𝐸g ≤ 2MV/cm). The 𝐶-𝑉 data, on the other hand, show a
large hysteresis window H (measured at flat-band voltage)
which is characteristic of a bad Al2O3/Si interface, so that
several defects (from a large density of dangling bonds to
chemical reduction of Al2O3 into AlSi𝑥O𝑦 silicates) would
promote higher densities of charge trapping.

Also, moderate capacitance in accumulation turns into a
dielectric constant of 𝑘 ∼ 6, a relatively low value compared
to what is expected for bulk Al2O3 (𝑘 ∼ 9) and yet the good
uniformity in the𝐶-𝑉 data is again observed for all measured
MIS devices. For the MIM structures, we could expect some
deviations from 𝐼-𝑉 data in particular, since large defects are
found at the interfaces of Al2O3 with both the bottom and top
metallic electrodes.

In order to show the cyclic resistive switching charac-
teristics of the metal oxide film, thicker Al2O3 = 20 nm
(deposited by ALD with the same conditions) was used
in an Al/Al2O3/Al/Glass stacked structure and electrically
characterized before and after the final thermal treatment
applied to the device. Figures 4(a)-4(b) show the resistive
switching characteristics (in unipolarmode) of this structure.
Even though the gate current levels are increased for the
annealed sample (especially during the HRS condition), we
notice that different current compliance levels are needed for
both samples whenever we promote a transition from the
HRS to the LRS condition and vice versa. For this thicker
Al2O3, the limit in CCSET is set to 100 𝜇A, whereas CCRESET =
100mA; both are large current densities flowing through the
oxide layer and that would increase the chances for leaving
large amount of residuals (after the RESET condition which
produce localized Joule heating in the previously formed
conductive filament) in the form of a high density of oxygen
vacancies (neutral or charged) and/or metal ions. We also
observe that some electrical instabilities in the gate current
𝐼g do occur after the initial resistive switching cycles, where
the as-deposited and annealed samples produce 8 and 16
cycles (HRS↔ LRS transitions), respectively.These electrical
instabilities are due to charge trapping-detrapping events
that, later, are related to conductionmechanisms, where trap-
energy levels are responsible for these phenomena.

The conduction mechanisms initially considered for
modeling these gate tunneling currents wereOhmic Conduc-
tion (OC),Thermionic Emission (TE), Space-Charge Limited
Current (SCLC), Trap-Assisted Tunneling (TAT), Poole-
Frenkel (PF), and Fowler-Nordheim (FN). After linear fitting
of the experimental 𝐼-𝑉 data (only for the HRS condition just
before oxide breakdown or conductive filament formation),
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Figure 3: Electrical characteristics of MIS devices based on thinner Al2O3 = 6 nm and without thermal annealing. Outstanding uniformity
is observed for both (a) 𝐼-𝑉 and (b) 𝐶-𝑉 data after testing at least 15 different MIS devices for each measurement. This confirms the good
quality of ALD method for deposition of thin Al2O3.

PF and FNmechanisms were confirmed as the main conduc-
tion models with specific trap/barrier energy levels Φ𝑡/Φ𝐵
for Al2O3 [8]. This Φ𝑡 level (PF model) is often associated
with some defects and/or impurities in the oxide layer and
this makes sense if we consider that some residuals could
remain after partial dissolution of the conductive filament.
This would impact the reliable operation of a ReRAM device
because it will also produce a gradual decrease in the voltage
needed for a new SET operation as will be shown later. Also,

it is important to notice that a broad resistivity window
between the HRS and LRS is obtained for these samples,
where 4–6 orders ofmagnitude secure high endurance during
continuous 𝐼-𝑉 resistive cycling of these devices.

For the annealed Al/Al2O3/Al/Glass MIM device (with
thicker Al2O3 = 20 nm), monitoring of the gate current 𝐼g
with time during a constant gate voltage 𝑉g applied (in
the two resistive states HRS and LRS) produces the results
shown in Figure 5(a). Initially, large 𝑉SET = 3.5 V forces 𝐼g to
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Figure 5: (a) Gate current versus stress time for Al/Al2O3/Al structure during the SET and RESET conditions. A gradual increase in 𝐼g
during the SET condition is evidence of positive charge trapping in the MIM device. Ideal energy band diagrams for the MIM structure
under positive bias and where (b) PF tunneling conduction throughΦ𝑡 is initiated; (c) a large density of trapped positive charge modifies the
energy gap of Al2O3.

reach the LRS almost immediately (formation of conductive
filament) and it is only limited by CCSET = 100 𝜇A.We notice
a gradual increase in 𝐼g with time until CCSET is reached and
this is related to continuous trapping of positive charge [9] in
the bulk and/or interfaces of Al2O3 (enabled by a PF model
with a givenΦ𝑡 level; see Figure 5(b)). It is thought that a high
density of trapped positive charge would be able to modify

the energy barriers of Al2O3 during tunneling of carriers [9–
12] (see Figure 5(c)), so that 𝐼g conduction enhances while
progressively reducing𝑉SET. For dissolution of the conductive
filament, large CCRESET = 100mA is required (producing
Joule heating) and this produces a sudden decrease in gate
current 𝐼g which, in this case, is obtained after the first
seconds of stressing bias.
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Figure 6: Resistive switching for annealed Al/Al2O3 (10 nm)/Al stacked structures. (a) Bipolar mode with CC = 100mA and (b) unipolar
mode with CCSET = 100 𝜇A. The 𝐼OFF/𝐼ON ratio for these structures is 104–106 for both operation modes. For the unipolar mode, a decrease
in 𝑉SET is observed during continuous resistive switching.

Having a large density of trapped positive charge (after
the partial dissolution of a conductive filament) will have
a profound impact on the endurance characteristics of a
ReRAM device. For this, we will examine the electrical char-
acteristics of annealed Al/Al2O3/Al/Glass stacked structures
having thinner Al2O3 = 10 nm. Figure 6(a) shows the first
breakdown voltage (forming voltage 𝑉FORM) of the memory
cell which is larger than the 𝑁th set voltage (𝑉SET) and also
the initial current in the HRS is much smaller compared to
the current in the LRS as expected. These 𝐼-𝑉 characteristics
correspond to the bipolar switching mode, where a double
sweep of voltage (using both polarities) is applied to the
same MIM device and 𝐼-𝑉 hysteretic loops are obtained,
while the maximum current is limited to CC = 100mA. It
is important to notice that limiting the maximum current
flowing through the device helps to prevent permanent
damage of the oxide and therefore more resistive switching
cycles could be obtained. For this MIM device,𝑉FORM > 𝑉SET
and the 𝐼OFF/𝐼ON ratio is ∼6 orders of magnitude, a large
resistivity window able to promote higher endurance during
cyclic ReRAM operation. Here, the 𝑁th cycle is the 8th 𝐼-𝑉
cycle and the gate current at this 8th HRS is lower compared
to the 1st HRS, which indicates trapping of negative charge.
Whether it was a positive or negative charge, it is clear that a
high density of trapped charge is able to decrease𝑉SET in both
modes.

For the same MIM structure in the unipolar mode,
Figure 6(b) shows that the first transitions to a LRS condition
cause a progressive reduction in 𝑉SET (during sequential
switching from HRS to LRS, up to 5 cycles) in the same
device. Here, the corresponding HRS ← LRS transitions are

not shown for clarity purposes. Again, even though a large
resistivitywindow is also obtained (4–6 orders ofmagnitude),
a progressive reduction in 𝑉SET will compromise both the
endurance and other reliability parameters for these memory
devices. The exact physical origin for this reduced 𝑉SET is
out of the scope of this work but there is plenty of evidence
pointing to (1) the chemical reduction of Al2O3 into off-
stoichiometric Al𝑥O𝑦 after oxygen scavenging by the BE/TE
metal layers [13, 14] (thus decreasing the total dielectric con-
stant) and/or (2) metal migration from the BE/TE into Al2O3
so that a localized conductive nanofilament (formed by a
SET process) could be partially dissolved by a RESET process
[6, 7], thus reducing both the effective oxide thickness and
the next 𝑉SET needed for a new HRS → LRS transition (see
Figure 7(a)). Since these memory devices can have two types
of switching modes (unipolar and bipolar), each switching
mode will mainly depend on the applied bias conditions,
on the magnitude of the compliance currents that will limit
the total current after breakdown, and, more importantly,
on the energy required to transport electronic and/or ionic
(oxygen vacancies andmetal ions) charge for cyclic formation
and rupture of conductive filaments. It is important to notice
that, for both the bipolar and unipolar modes, the minimum
current compliance during continuous resistive switching
of this device is set to CC ≥ 100 𝜇A. It has been recently
demonstrated that the level of CCfixed formemory switching
is quite important for transitioning between two resistive
states of a binary metal oxide [6, 7]. At lower CC < 10 𝜇A,
the switching occurs due to a conductive path formedmainly
by charged oxygen vacancies [Vo+], while for CC > 10 𝜇A,
the conduction path is formed by metal ions [M+] that
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Figure 7: (a) Proposed physical mechanism for the origin of single and/or multiple conductive filaments (CFs) for Al/Al2O3/Al structure
during the SET process (depending on the current compliance limit) and the effect that partial dissolution of this previously formed CF has
on the progressive reduction of𝑉SET. For larger CC,multiple formation of CFs should be expected, with their composition beingmostly based
onmetal ions [M+]. (b) Average surface roughness of the BE (after AFM) showing large surface roughness which is close to the physical Al2O3
thickness of the MIM device. High surface roughness would promote local electric-field enhancements.

diffuse or migrate from the metal electrodes (BE/TE) into
the oxygen vacancy-rich oxide defect network [15–17]. This
is very important, since, depending on the type of species
forming the conductive filament (Vo+ or M+), any residual
left after dissolution of the conductive filament (RESET pro-
cess) wouldmake the detrapping process from a shallow/deep
trap-energy level easier/harder, thus affecting the resistivity
windows, endurance, and other reliability issues. Of course,
a more precise estimation of the current needed to induce
Vo+ or M+ based formation of conductive filaments would
be normalizing 𝐼g to smaller device areas or, even better,
integrating the injected charge with time [18, 19] because, due
to highly different oxide thicknesses, very different current
levels would be required. Nevertheless, the oxide thickness
regime in our samples is in concordance with the migration

thermodynamics for Vo+/M+, described quite recently [6, 7].
In our samples, the 𝐼-𝑉 data of Figure 6 already show that
CC is set to 100mA and 100 𝜇A for the bipolar and unipolar
switching modes, respectively, thus suggesting that the main
species forming the conductive filament (by a SET process)
are based on metal ions [M+] which, in this case, would be
some specific oxidation states of aluminum (the same metal
material for both the BE andTE). A simplifiedmodel showing
the physical mechanisms behind a progressive reduction in
𝑉SET as well as the surface roughness of the BE is illustrated
in Figures 7(a)-7(b). During formation of single/multiple
conductive filaments, not only the current compliance but
also the surface roughness at the metal/oxide interfaces
are important, since this would lead to local electric-field
enhancements and then early breakdown [20, 21].
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Figure 7(a) suggests that, by using large CC, generation
of a single broad conductive filament or generation of more
than one conductive filament occurs. Generation of single
or multiple conductive filaments is in the end promoted
by the total current flowing through the device. We also
notice that, by using a sufficiently large CC limit during
each switching cycle, a partial dissolution of the CF would
mostly leave a high density of metal ions (close to the biased
anode)which then results in the progressive reduction of𝑉SET
(as observed in Figure 6(b)). Figure 7(b) shows the surface
morphology of the first aluminum layer which was used as
bottom electrode in the Al/Al2O3/Al structure. The average
roughness for this aluminum layer is 7.5 nm (which could be
related to formation of stacking faults during evaporation of
this metal) and since the physical thickness of Al2O3 = 10 nm,
reducing this severe surface roughness is critical in order to
enhance the reproducibility of hysteretic 𝐼-𝑉 characteristics.
Therefore, we could relate the observed variations in 𝑉FORM,
𝑉SET, and 𝑉RESET of Figures 4(a)-4(b) to variations in the
physical thickness of the effective oxide, since the roughness
[22] at the metal/Al2O3 interfaces is almost of the same
physical thickness as observed after atomic-forcemicroscopy.

Figure 8 shows the power (𝑉SET ⋅ 𝐼SET) needed to pro-
mote the HRS → LRS transitions already observed in
Figure 6(b) versus the memory window (𝐼ON/𝐼OFF ratios)
therein obtained.A seemingly desirable tendency is observed,
where, for 5 continuous resistive switching cycles (unipolar
mode), less power is required to produce these transitions,
while the memory window is also increased. This behavior,
however, is due to progressively reduced 𝑉SET which, in turn,
will severely compromise the endurance and the long-lasting
performance of these devices.

Al

Si

Al2O3

Figure 9: Scanning electron microscopy image for Al/Al2O3/Si
structure (Al2O3 = 20 nm, annealing in N2 at 300

∘C) after FIB
preparation of a traverse-cut face (using secondary electrons of an
intralens detector for morphology imaging). A smooth transition
between all materials is observed, while the polycrystalline nature
of the metal electrode is also visible.

Figure 9 shows the scanning electron microscopy image
(secondary electrons using an in-lens detector) of Al2O3-
based MIS device (Al2O3 = 20 nm, annealing in N2 at
300∘C) in which the ultralow atomic surface roughness of
the silicon substrate is used in order to show a relatively
smooth transition in the morphology and composition of all
the materials used for the stacked structure (seen as a sharp
difference in the contrast for all films).

The image shows the “curtaining effect” or ripple for-
mation after focused-ion beam (FIB) preparation [23] of a
specific face of this MIS device. Because of the sputtering
action of the ion beam, the FIB can be used to locally remove
or mill away material (exposing the desired face and its
interfaces) while getting surface roughening and shadowing
effects due to heavy ion bombardment. Although it is difficult
to confirm the chemical reduction of Al2O3 into Al𝑥O𝑦 after
annealing (as schematically illustrated in Figure 7(a)), we can
observe the high uniformity of the Al2O3 film after thermal
ALD and even the polycrystalline nature of the aluminum
electrode which is the material used for the BE and TE in our
MIM devices. This is important given the relatively large gate
area for these MIM devices (80 𝜇m × 80 𝜇m), where intrinsic
defects directly related to the resistive switching of the high-
𝑘 layer could be masked by extrinsic defects whenever larger
areas are under electrical characterization [24–26].

A full understanding of the complex resistive switching
phenomena is still a work in progress to which many
research labs across the globe have actively contributed so
that, by now, microscopic and nanoscopic details related
to migration dynamics of atomic elements within stacked
MIM structures have emerged. This is quite important since
it could contribute to a better definition of the “memristor
effect” which by now is still limited to the basic memristor
fingerprints [27–29] able to identify amemristive device:

(1) The device must exhibit a “pinched hysteresis loop”
in the voltage-current plane for any bipolar periodic
signal excitation. This “pinched hysteresis loop” must
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converge and cross the origin of this voltage-current
plane.

(2) The pinched hysteresis loop area should decrease
monotonically as the excitation frequency increases.

(3) The pinched hysteresis loop should shrink to a single-
valued function when the frequency tends to infin-
ity, which is similar to turning a memristor into
a common resistor, where well-defined linear 𝐼-𝑉
dependence is observed.

Nevertheless, this work tries to identify and correlate
some issues that occur simultaneously inMIMdevices during
cyclic resistive switchingmeasurements: (a) the origin of vari-
ations in the resistive switching phenomena of Al/Al2O3/Al
devices in both the bipolar and unipolar modes, (b) the
modeling of a mechanism responsible for these variations
(combining physical, chemical, and electronic phenomena)
andwhosemore accurate details, occurring at the nanoscopic
level, have been demonstrated for even higher dielectric
constant materials like HfO2 [24–26, 30, 31], and (c) the
connection of the former points from the perspective of
the formation/dissolution of conductive filaments. All these
issues are of the utmost importance in order to provide a
more precise physical explanation regarding the operation
mechanism of ReRAM devices and, therefore, enabling the
development of accurate electrical models (not only for the
DC regime but also for frequency-dependent conditions) that
could accelerate the research and application of nonlinear
phenomena with these memristive materials and devices.

4. Conclusions

MIM based ReRAM devices (using symmetric Al/Al2O3/Al
structures) have been fabricated at low processing tempera-
tures and the resistive switching effect has been observed for
both the bipolar and unipolar operation modes which are
dependent on the amount of electrons tunneling through the
device. For cyclic ReRAM operation,𝑉FORM > 𝑉SET > 𝑉RESET
was found and a relatively large 𝐼OFF/𝐼ON ratio of 4–6 orders
of magnitude is useful for higher endurance. In the unipolar
switching mode and by measuring several resistive switching
cycles in the same sample, 𝑉SET is progressively reduced
and that might be related to a combined mechanism of
(a) incomplete dissolution of conductive filaments (made of
oxygen vacancies and, mostly, metal ions) which leaves some
residuals close to the anode and (b) thickening of chemically
reduced Al2O3 during localized Joule heating. Also, even
though high uniformity of thicker Al2O3 films is observed
in MIS devices after SEM imaging, the surface roughness of
the aluminum-based bottom electrode (after AFM analysis)
is close to the physical thickness of Al2O3 itself, thus compro-
mising the performance and general reliability of these MIM
devices by localized electric-field variations. Nevertheless,
these samples have shown the memristor effect while using
low-temperature processing and standard materials used in
the BEOL stages of an integrated circuit. By optimizing the
physical and processing parameters of this structure, vertical
integration of dense memory arrays using MIM structures

could be implemented at BEOL processing in order to obtain
denser, smarter, and more efficient integrated circuits. Given
the importance of memristive devices (also memcapacitive
and meminductive elements) for modeling nonlinear phe-
nomena, experimental evidence relating resistive switching
behavior tomicroscopic and nanoscopic details of conductive
filament formation is necessary in order to use better models
for the analysis, design, and simulation of memristor-based
circuits (with analog, digital, logic, neuromorphic, secure
communications and several other applications).
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Two novel nonlinear circuits that exhibit an all-positive pinched hysteresis loop are proposed. These circuits employ two NMOS
transistors, one of which operates in its triode region, in addition to two first-order filter sections. We show the equivalency to a
charge-controlled resistance (memristance) in a decremental state via detailed analysis. Simulation and experimental results verify
the proposed theory.

1. Introduction

Pinched hysteresis was proposed to be a signature of mem-
ristive devices [1, 2], yet it can also be observed in several
other nonlinear devices such as nonlinear inductors (capac-
itors) with quadratic-type current (voltage) dependence [3].
Finding a general model for pinched hysteresis behavior was
attempted in [4] for specific devices labeled as memristors
[5]. In [6] and from a simplified mathematical point of view,
the following model was proposed and shown to exhibit
a pinched hysteresis behavior which can fit both charge-
controlled and flux-controlled memristance definitions:

𝑦 (𝑡) = 𝑥 (𝑡) × (𝑎 + 1𝑇 ∫𝑡
0
𝑥 (𝜏) 𝑑𝜏) , (1)

where if 𝑦(𝑡) = V(𝑡) and 𝑥(𝑡) = 𝑖(𝑡), the charge-
controlled memristance is obtained, while for the alternative
setting 𝑦(𝑡) = 𝑖(𝑡) and 𝑥(𝑡) = V(𝑡), the flux-controlled
memristance is obtained. In (1), the constants 𝑎 and 𝑇 are
scaling and integration time constants, respectively. Note
that circuit realization of this model for the purpose of
emulating its pinched hysteresis behavior in non-solid-state
devices requires a multiplier block, an integrator block, and
an adder [6]. Several other emulator circuits have recently

been proposed in the literature [7–13]. It is important to note
that (1) is nonlinear due to the multiplication term and that
pinched hysteresis cannot appear in a linear system. It is also
possible to include other forms of nonlinearity that apply to
the shaping of the loop as a result of shaping the applied
excitation. This means replacing 𝑥(𝑡) in (1) more generally
with 𝑓(𝑥(𝑡)).

Pinched hysteresis loop is generally observed as a result
of applying a bipolar sinusoidal voltage or current excitation
signal and is thus symmetrical around the origin. Nonsym-
metrical loops can also be obtained when the pinch point
is shifted away from the origin. However, an all-positive
pinched loop, to the best of our knowledge, has not been
demonstrated before. It is the purpose of this work to intro-
duce two simple circuits where this behavior is observed. We
rely on the inherent nonlinearity of a MOS transistor to
perform the multiplication operation required by (1) in order
to obtain a charge-controlledmemristance. Recall that aMOS
transistor current-voltage relation can be described by

𝑖ds = 𝑘[(Vgs − 𝑉𝑇) Vds − V2ds2 ] , (2)
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where 𝑖ds is the drain-to-source current, Vgs and Vds are,
respectively, the gate-to-source and drain-to-source voltage,𝑉𝑇 is the threshold voltage, and 𝑘 is a constant in 𝐴/𝑉2
units. It is obvious from (2) that a multiplication operation
is inherent through the term (Vgs − 𝑉𝑇)Vds. However, for
an NMOS transistor, the current is unidirectional and the
condition Vgs > 𝑉𝑇 is necessary for the transistor to switch on.
Therefore, if (2) is successfully reconfigured to implement (1),
an all-positive pinched hysteresis loop can be obtained. In the
first part of this work, we do not attempt to remove the extra
nonlinear term V2ds/2 and therefore it remains affecting the
pinched loop. However, this effect is minimized via proper
selection of the design parameters. In a later section of
the work, we employ a linearization circuit to remove this
quadratic term and hence ensure that only the multiplication
nonlinearity term remains. As a result and comparing (2) to
(1) assuming V2ds/2 is minimized or eliminated, it is clear
that the mapping 𝑖ds → 𝑦(𝑡), Vds → 𝑥(𝑡), and 𝐾(Vgs −𝑉𝑇) → 𝑎 + (1/𝑇) ∫𝑡

0
𝑥(𝜏)𝑑𝜏 is necessary. To achieve this,

we adopt a frequency-domain approach which also allows
independent adjustment of the fixed part and the charge-
controlled part of the memristance. We stress and clarify the
role played by the capacitors in the proposed circuits, which
is crucial to the understanding of pinched hysteresis behavior
in general, as clearly seen in [17, 18] for solid-state devices
as well. Note that, in reconfiguring (2) to realize (1) via this
mapping, we are essentially modifying the MOS transistor
transconductance such that it is state-controlled, with the
state variable being the terminal voltage of the transcon-
ductance Vds. The time constant 𝑇 necessary in (1) can only
be obtained with an embedded capacitance (physical or
parasitic) [17, 18]. Finally, it must be stated that this paper
is concerned with the “pinched hysteresis behavior” as a
behavior rather than with proposing yet another memristor
emulator. The design concept of the circuits under study
here is completely new and relies on a frequency-domain
approach rather than a time-domain approach. It also shows
for the first time that pinched hysteresis can even be unipolar,
something not possible with memristors as they are so
defined.

This manuscript is organized as follows. Section 2 looks
at the proposed circuits and presents the theory behind their
operation that leads to pinched hysteresis behavior. Section 3
computes the memristance of the proposed circuits, with
numerical simulations, and presents pinch-off analysis of the
proposed circuits. In Section 4, a method to linearize the
main transistor in triode is presentedwhich removes the extra
nonlinear term V2ds/2 in (2). In Section 5, simulation and
experimental results are presented, and finally our conclu-
sions are given in Section 6.

2. The Proposed Circuits

Consider the circuits shown in Figure 1 both consisting of
opamp 𝐴1 connected as a buffer and opamp 𝐴2 along with
the NMOS transistor 𝑀2 as a simple voltage to current
converter which converts the voltage of the noninverting
terminal of 𝐴2 into a current 𝑖in through NMOS transistor

𝑀1. It is essential for𝑀1 to remain in triode, hence acting as a
transconductance. Both circuits contain a lossy integrator
comprising 𝑅1, 𝐶1, and a DC bias voltage 𝑉dc1 required to
maintain 𝑀1 in triode (𝑉dc1 > 𝑉𝑇, 𝑉DS1 < 𝑉dc1 − 𝑉𝑇). The
difference between the two circuits can be seen in their high-
pass filter sections. In the case of Figure 1(a), it consists of𝑅2, 𝐶2 with an additional DC source 𝑉𝑑𝑐2 providing a DC
voltage to the drain of 𝑀1. For Figure 1(b), the high-pass
filter is made up of 𝑟1,2, 𝐶2 and here the drain-to-source DC
biasing of 𝑀1 comes from 𝑉dc1 through 𝑟1,2 as 𝛼𝑉dc1 , where𝛼 = 𝑟1/(𝑟1 + 𝑟2). Note that maintaining transistor 𝑀1 in
triode in both circuits requires that 𝑉dc1 − 𝑉dc2 > 𝑉𝑇 and(1 − 𝛼)𝑉dc1 > 𝑉𝑇 for Figures 1(a) and 1(b), respectively.

The lossy integrator of each circuit has a response given
in the frequency domain which can be written as

𝐻1 (𝜔) = 𝐻1 (𝜔) ∠ − 𝜃1 = 1
√1 + 𝜔2𝜏21 ∠tan

−1 (𝜔𝜏1) , (3)

where 𝜏1 = 𝑅1𝐶1. Meanwhile, the high-pass filter in
Figure 1(a) has a response

𝐻2𝑎 (𝜔) = 𝐻2𝑎 (𝜔) ∠𝜃2𝑎
= 𝜔𝜏2√1 + 𝜔2𝜏22 ∠ (90

∘ − tan−1 (𝜔𝜏2)) , (4)

with 𝜏2 = 𝑅2𝐶2, and likewise the response of the high-pass
filter in Figure 1(b) is

𝐻2𝑏 (𝜔) = 𝐻2𝑏 (𝜔) ∠𝜃2𝑏
= 𝛼√ 1 + 𝜔2𝜏2𝑧1 + 𝜔2𝜏2𝑝∠tan−1 (𝜔𝜏𝑧) − tan−1 (𝜔𝜏𝑝) , (5)

where 𝜏𝑧 = 𝑟2𝐶2 and 𝜏𝑝 = (𝑟1//𝑟2)𝐶2. Clearly, both high-
pass filters provide a leading phase shift by different amounts
while DC biasing voltages are allowed to be passed on to the
transistor 𝑀1 to set 𝑉DS1 . For an input voltage of amplitude𝐴 and frequency 𝜔𝑜 in the form Vin(𝑡) = 𝐴sin(𝜔𝑜𝑡) + 𝑉dc1 , it
follows that the time dependent 𝑉GS voltage of𝑀1 is

𝑉GS1 (𝑡) = 𝐴 𝐻1 (𝜔𝑜) sin (𝜔𝑜𝑡 − 𝜃1) + 𝑉dc1 , (6)

while the time dependent𝑉DS voltages in Figures 1(a) and 1(b)
are, respectively,

𝑉DS1 (𝑡) = 𝐴 𝐻2𝑎 (𝜔𝑜) sin (𝜔𝑜𝑡 + 𝜃2𝑎) + 𝑉dc2 ,𝑉DS1 (𝑡) = 𝐴 𝐻2𝑏 (𝜔𝑜) sin (𝜔𝑜𝑡 + 𝜃2𝑏) + 𝛼𝑉dc1 , (7)

where, for (7), 𝐴 < 𝑉dc2 and 𝐴 < 𝛼𝑉dc1 , respectively. Substi-
tuting (6)-(7) into (2) yields after considerable simplification

𝑖in𝑎 (𝑡) = −�̂� cos (2𝜔𝑜𝑡 − 𝜃1 + 𝜃2𝑎) + �̂� sin (𝜔𝑜𝑡 − 𝜃1)
+ �̂� sin (𝜔𝑜𝑡 + 𝜃2𝑎) + �̂� cos (2𝜔𝑜𝑡 + 2𝜃2𝑎)
+ �̂� + �̂�off ,

(8)
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Table 1: Summary of the coefficients in (8) and (9) for Figures 1(a) and 1(b).

Coefficient Figure 1(a) Figure 1(b)�̂� 12𝑘𝐴2|𝐻1(𝜔𝑜)||𝐻2𝑎(𝜔𝑜)| 12𝑘𝐴2|𝐻1(𝜔𝑜)||𝐻2𝑏(𝜔𝑜)|�̂� 𝑘𝐴|𝐻1(𝜔𝑜)|𝑉dc2 𝛼𝑘𝐴|𝐻1(𝜔𝑜)|𝑉dc1�̂� 𝑘𝐴|𝐻2𝑎(𝜔𝑜)|(𝑉dc1 − 𝑉dc2 − 𝑉𝑇) 𝑘𝐴|𝐻2𝑏(𝜔𝑜)|[(1 − 𝛼)𝑉dc1 − 𝑉𝑇]�̂� 14𝑘𝐴2|𝐻2𝑎(𝜔𝑜)|2 14𝑘𝐴2|𝐻2𝑏(𝜔𝑜)|2�̂� �̂� cos(𝜃1 + 𝜃2𝑎) − �̂� �̂� cos(𝜃1 + 𝜃2𝑏) − �̂��̂�off 𝑘[(𝑉dc1 − 𝑉𝑇)𝑉dc2 − 12𝑉2dc2 ] 𝛼𝑘[(1 − 𝛼2 )𝑉dc1 − 𝑉𝑇]𝑉dc1
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Figure 1: The proposed nonlinear circuits with unipolar pinched hysteresis loop.

for Figure 1(a), and

𝑖in𝑏 (𝑡) = −�̂� cos (2𝜔𝑜𝑡 − 𝜃1 + 𝜃2𝑏) + �̂� sin (𝜔𝑜𝑡 − 𝜃1)
+ �̂� sin (𝜔𝑜𝑡 + 𝜃2𝑏) + �̂� cos (2𝜔𝑜𝑡 + 2𝜃2𝑏)
+ �̂� + �̂�off ,

(9)

for Figure 1(b). The coefficients of the sin(⋅) and cos(⋅) terms
in (8) and (9) are given in Table 1. Note that, with the
exception of �̂�off , all coefficients in Table 1 are frequency
dependent. This implies that it is necessary to choose proper
values for time constants in order to observe the hysteresis
behavior.

Close inspection of (8) under the assumption that 𝜃2𝑎 ≅𝜋/2 − 𝜃1 shows that it can be rewritten in the dimensionless
form𝑦 (𝑡) + 𝑦off

= 𝑥 (𝑡) 𝐻1 (𝜔) [1 − 𝜔 𝐻2𝑎 (𝜔) ∫𝑡
0
𝑥 (𝜏) 𝑑𝜏]

+ 𝐻2𝑎 (𝜔)𝜔 �̇� (𝑡) − 𝐻2𝑎 (𝜔𝑜)22𝜔2 [�̇� (𝑡)]2 + 𝑥off ,
(10)

where 𝑥(𝑡) = sin(𝜔𝑡 − 𝜃1) represents an already phase
shifted input signal.The term in the square brackets is clearly
similar to (1) while additional �̇�(𝑡) and �̇�2(𝑡) terms outside the
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Table 2: Summary of several analog circuits with pinched hysteresis and actual analog memristor emulators to date and their designs. MB:
multiplier block; OPA: operational amplifier; CCII: second-generation current conveyors; AH: additional hardware, which may be in the
form of buffers, multiplexers, diodes, inverters, switches, and so forth; I/D: incremental/decremental memristance emulation. The number
(#) of transistors refers to the discrete number of external transistors. ∗An OTA was used here in place of an OPA.

Reference [ ] MB OPAs CCIIs # of trans. AH Quadrant I/D
[6] 1 — 3 — Yes 2 Both
[7] — 1∗ 2 — No 2 I
[8] 1 — 2 — No 2 I
[9] — 2 1 2 No 2 D
[10] 1 5 — 10 Yes 2 Both
[11] — 2 1 1 No 2 I
[12] — — 3 1 No 2 I
[13] 1 2 — — Yes 2 D
[14] 1 — 2 — Yes 2 I
[15] — 1∗ 1 2 No 2 Both
[16] — — 4 — Yes 2 NA
This work — 2 — 2 No 1 D

brackets are unwanted and will result in a nonsymmetrical
loop. Note that the offset terms 𝑦off and 𝑥off present are a
result of the input being DC level shifted. However, using (10)
and assuming that 𝜔 is sufficiently large such that the second
and third terms are negligible and in addition translating the
origin to (𝑥0, 𝑦0) = (𝑥off , 𝑦off ), we obtain
𝑦 (𝑡)

= 𝑥 (𝑡)
× [𝐻1 (𝜔) − 𝜔 𝐻2𝑎 (𝜔) 𝐻1 (𝜔) ∫𝑡

0
𝑥 (𝜏) 𝑑𝜏] ,

(11)

which compared to (1) has the slightly modified form 𝑦(𝑡) =𝑥(𝑡) × (𝑎 + (𝑎𝑏/𝑇) ∫𝑡
0
𝑥(𝜏)𝑑𝜏), where 𝑎 = |𝐻1(𝜔)| and 𝑏 =−|𝐻2𝑎(𝜔)|.

Finally, in comparison with other circuits which also
exhibit pinched hysteresis behavior and some of which are
labeled as analog memristor emulators as shown in Table 2,
about half of them use discrete multiplier blocks which are
inefficient. By far, the vast majority use second-generation
current conveyors with the only commercial one being the
AD844, and several use additional hardware in the form of
buffers, multiplexers, diodes, and switches. If the total com-
ponent count is used as a figure of merit, then the proposed
circuits of Figure 1 have the lowest count with their main
drawback being operation in one quadrant. Note that even
though our proposed circuits are listed among those iden-
tified as “memristors” or “memristor emulators,” we refrain
from labeling our proposed circuits as “memristor emulators”
and simply label them as among circuits having pinched
hysteresis behavior.

3. Charge-Controlled Resistance
(Memristance) Calculation

Using (11) and setting 𝑥(𝑡) = 𝑖(𝑡)/𝐼ref , 𝑦(𝑡) = V(𝑡)/𝐼ref𝑅𝑠,
where 𝐼ref is an arbitrary reference current and 𝑅𝑠 is an arbi-
trary scaling resistor, the memristance value for Figure 1(a)
can be obtained as

𝑅𝑚𝑎 = 𝑅𝑠 𝐻1 (𝜔) [1 − 𝜔 𝐻2𝑎 (𝜔)𝐼ref 𝑞 (𝑡)] , (12)

where 𝑞(𝑡) is the electrical charge. Note that since the input
signal has a fixed 𝜔 = 1/𝑇, we can rewrite this memristance
as

𝑅𝑚𝑎 = 𝑅𝑠 𝐻1 ( 1𝑇) [1 − 1𝑇
𝐻2𝑎 (1/𝑇)𝐼ref 𝑞 (𝑡)] , (13)

which has a fixed resistive part equal to 𝑅𝑠|𝐻1(1/𝑇)| and a
charge-controlled part equal to 𝑅𝑠|𝐻1(1/𝑇)||𝐻2𝑎(1/𝑇)|. It is
thus clear that while the transfer function 𝐻1 controls the
magnitude of both parts, 𝐻2𝑎 can change the magnitude of
the charge-controlled part alone. Note that this memristance
is decremental [6]. Furthermore, note that, for sufficiently
high frequency such that 𝜔 ≫ 1/𝜏1, |𝐻1(𝜔)| ≈ 1/𝜔𝜏1 and it
follows that the fixed part of the realized memristance
is approximately 𝑅𝑠(𝑇/𝜏1). However, for sufficiently high
frequency such that 𝜔 ≫ 1/𝜏2, we also note that |𝐻2𝑎(𝜔)| ≈ 1
and therefore the realized memristance can be approximated
as

𝑅𝑚𝑎 ≈ 𝑅𝑠 ( 𝑇𝜏1) [1 − 𝑅𝑠𝑇 × 1𝑉𝑞 (𝑡)] . (14)

We can further express the electrical charge as 𝑞(𝑡) = 𝐶1V𝐶1(𝑡)
since the only capacitor in the circuit in this case capable of



Complexity 5

0.4 1.61.41.210.80.6
2000

4000

6000

8000

10000

12000

C1
(volts)

R
m
a

(Ω
)

≅ Rs

(a)

6500

7000

7500

8000

8500

9000

R
m
a

(Ω
)

≅ Rs

101 102 103 104 105

Frequency (rad/s)

(b)

Figure 2: (a) Plot of memristance 𝑅𝑚𝑎 versus capacitor voltage V𝐶1𝑛 = V𝐶1/1𝑉 when 𝑚 = V𝐶1𝑛/100, 𝑅𝑠 = 6.7 kΩ, 𝑅off𝑎 = 12.67 kΩ, and𝜔 ≫ 1/𝜏1. (b) Plot of 𝑅𝑚𝑎 versus frequency when 𝐶1 = 10 𝜇F.

holding a charge is 𝐶1 following the fact that |𝐻2𝑎(𝜔)| ≈ 1.
Accordingly,

𝑅𝑚𝑎 ≈ ( 𝑅𝑠𝑇𝑅1𝐶1) [1 − 𝑅𝑠𝑇 𝐶1V𝐶1𝑛 (𝑡)]
𝑅𝑚𝑎 = 𝑅2𝑠𝑅1 ( 𝑇𝑅𝑠𝐶1 − V𝐶1𝑛 (𝑡)) ,

(15)

where V𝐶1𝑛(𝑡) is the normalized (by 1𝑉) voltage across 𝐶1. In
a final step, we may freely express the period 𝑇 of the applied
signal as a ratio of 𝑅𝑠𝐶1 (i.e., 𝑇 = 𝑚𝑅𝑠𝐶1) leading to the
simplified expression

𝑅𝑚𝑎 ≈ 𝑅2𝑠𝑅1 (𝑚 − V𝐶1𝑛 (𝑡)) = 𝑅𝑠 (𝑚 − V𝐶1𝑛 (𝑡)) , (16)

if we select the arbitrary reference resistance as 𝑅𝑠 = 𝑅1. Note
that, for the condition 𝜔 ≫ 1/𝜏1 to be satisfied, it follows that𝑚 ≪ 1.

The expression in (16) is significantly important for two
aspects:

(i) It shows that although the circuit has an all-positive
input resistance, theoretically and according to (16),
the memristance is not always positive. However, it
remains positive because the origin has been already
shifted to (𝑥0, 𝑦0) = (𝑥off , 𝑦off ). With reference back
to the origin (𝑥0, 𝑦0) = (0, 0), (16) then becomes

𝑅𝑚𝑎 ≈ 𝑅𝑠 (𝑚 − V𝐶1𝑛 (𝑡)) + 𝑅off𝑎 , (17)

where 𝑅off𝑎 = 𝑉dc1/𝑉dc2/𝑘[(2 − 𝑉dc2/𝑉dc1)𝑉dc1 −𝑉𝑇]. Figures 2(a) and 2(b) show the variation of the
memristance versus the capacitor voltage V𝐶1 and
versus frequency 𝜔, respectively. In Figure 2(a), for
the values chosen: 𝑚 = V𝐶1/100, 𝑉dc1 = 1V, 𝑉dc2 =

0.4V, 𝑉𝑇 = 0.35V, and 𝑘 = 0.15mA/V2, we
obtain 𝑅off𝑎 = 12.67 kΩ. Correspondingly, selecting
a suitable reference current such as 𝐼ref = 0.15mA
leads to a nominal value for 𝑅𝑠 of 6.7 kΩ (i.e., 𝐼ref𝑅𝑠 ≈1V). For Figure 2(b), we fixed V𝐶1 = 1V and𝐶1 = 10 𝜇F and show the decremental nature of the
memristance whereas the frequency increases when𝑅𝑚𝑎 asymptotically approaches 𝑅𝑠.

(ii) It highlights the significance and necessity of the
existence of a capacitor in order to hold the charge.
In this circuit, this capacitor is 𝐶1; however, in solid-
state devices, this capacitor may well be a parasitic
capacitor or equivalent of parasitic capacitances as
observed in [17, 18]. It thus appears to the authors that
it is not possible to isolate the appearance of pinched
hysteresis loops from the existence of a capacitive
effect.

In a similar manner, the memristance of the circuit in
Figure 1(b) can be obtained as

𝑅𝑚𝑏 = 𝑅𝑠 𝐻1 ( 1𝑇) [𝛼 − 1𝑇
𝐻2𝑏 (1/𝑇)𝐼ref 𝑞 (𝑡)] , (18)

which unlike (13) has a fixed resistive part equal to𝛼𝑅𝑠|𝐻1(1/𝑇)| but an identical charge-controlled part. Noting
that |𝐻2𝑏(1/𝑇)| = 𝛼 for 1/𝑇 ≫ 1/𝜏1 and making the same
assumptions as before, a generalized expression for 𝑅𝑚𝑏 can
be given as

𝑅𝑚𝑏 ≈ 𝛼𝑅2𝑠𝑅1 (𝑚 − V𝐶1𝑛 (𝑡)) + 𝑅off𝑏

𝑅𝑚𝑏 = 𝛼𝑅𝑠 (𝑚 − V𝐶1𝑛 (𝑡)) + 𝑅off𝑏 ,
(19)

where 𝑅off𝑏 = 1/𝛼𝑘[(2 − 𝛼)𝑉dc1 − 𝑉𝑇].
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Figure 3: Matlab simulation of the I-V characteristics of Figures 1(a) and 1(b) as given by (8) and (9), respectively. (a) 𝜏2 = 𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧
with 𝛼 = 0.4. (b) 𝜏2 = 10𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧 with 𝛼 = 0.4. (c) 𝜏2 = 𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧 with 𝛼 = 0.286 and 𝑉dc2 = 0.3V. (d) 𝜏2 = 𝜏1 = 0.1𝜏𝑧,𝜏𝑝 = 𝛼𝜏𝑧 with 𝛼 = 0.33, 𝑉dc2 = 0.3V, and 𝐴 = 0.5V and 𝐴 = 0.3V for Figures 1(a) and 1(b), respectively.

3.1. Numerical Simulations. Sample Matlab plots of (8) and
(9) are shown in Figures 3(a)–3(c) to normalized values of 𝑘 =1mA/V2, 𝐴 = 0.4V, 𝑉dc1 = 1V, and 𝑉𝑇 = 0.35V. In the first
of the plots shown in Figure 3(a), 𝜏2 = 𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧 with𝛼 = 0.4 and the applied sinusoidal voltage frequency 𝜔𝑜 >1/𝜏1 and 𝑉dc2 = 0.4V. Note that having 𝛼 = 0.4 is equivalent
to setting 𝑉dc2 = 𝛼𝑉dc1 and that 𝜃2𝑏 ≈ 𝜃2𝑎 = 𝜋/2 − 𝜃1.
In this figure, we see that neither loop is symmetrical which
is attributed to the �̇�(𝑡) and �̇�2(𝑡) terms (see (10)) and the
phase shift term introduced by the lossy integrator. In the
second plot, shown in Figure 3(b), 𝜏2 = 10𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧
with 𝛼 = 0.4 and𝑉dc2 = 0.4V as before but 𝜃2𝑎 ≈ 𝜃2𝑏 ≅ 0. The
pinched loops from the two circuits are nearly identical and
the upper lobe is far bigger than the lower one. In Figure 3(c),𝜏2 = 𝜏1 = 𝜏𝑧, 𝜏𝑝 = 𝛼𝜏𝑧 with 𝛼 = 0.286, 𝑉dc2 = 0.3V, and𝜃2𝑏 ≈ 𝜃2𝑎 = 𝜋/2−𝜃1. Clearly, as 𝛼 or𝑉dc2 decreases, the upper

lobe decreases in size and the pinch point increases. Note the
reduced value of 𝐴 for the circuit (Figure 1(a) or (8)). This
implies that the circuit of Figure 1(a) must work with reduced
input amplitudes compared to the circuit of Figure 1(b),
unless 𝑉dc1 and 𝑉dc2 are adjusted in tandem. This is not the
case for the circuit of Figure 1(b) where DC bias voltages are
related by 𝛼 which is fixed for 𝜔𝑜 > 1/𝜏1.

Finally, in Figure 3(d), 𝜔 < 1/𝜏1 with 𝜏2 = 𝜏1 = 0.1𝜏𝑧,𝜏𝑝 = 𝛼𝜏𝑧, 𝛼 = 0.33, and 𝑉dc2 = 0.3V. Under these conditions,𝜃2𝑏 ≪ 𝜃2𝑎 = 𝜋/2 − 𝜃1, and decreased amplitudes must now
be used in the circuit of Figure 1(b) or (9) compared to the
circuit of Figure 1(a) or (8). Therefore, we select 𝐴 = 0.5V
and 𝐴 = 0.3V for the two circuits, respectively, in this case.

3.2. Pinch Point Analysis. The unique form of (8) and (9)
allows for a closed-loop solution of the pinch-off point in
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Figure 4: (a) Matlab simulation of the I-V characteristic of Figure 1(a) governed by (8) to𝐴 = 0.3V, 𝜏2 = 𝜏1 = 500 𝜇s,Vdc1 = 1V,𝑉𝑇 = 0.35V,𝑘 = 1mA/V2, and𝑉dc2 = 0.325V. (b) Input voltage Vin(𝑡) and current 𝑖in𝑎 (𝑡) plotted as a function of time at a frequency of 𝜔 = 2𝜋×800 rad/s.

these circuits. It can be shown after considerable simplifica-
tion that (8) and (9) have a pinch-off point [�̂�in𝑝 , �̂�in𝑝] given
by

�̂�in𝑝 = 𝑉dc1 − 𝐴�̂� (Θ) ,
�̂�in𝑝 = −�̂� cos [2 sin−1 (𝑋 (Θ)) + 𝜃2𝑎,2𝑏 − 𝜃1]

− �̂� sin [sin−1 (𝑋 (Θ)) − 𝜃1]
− �̂� sin [sin−1 (𝑋 (Θ)) + 𝜃2𝑎,2𝑏]
+ �̂� cos [2 sin−1 (𝑋 (Θ)) + 2𝜃2𝑎,2𝑏] + �̂�
+ �̂�off ,

(20)

where

�̂� (Θ) = (�̂�/2) sin (−𝜃1) + (�̂�/2) sin (𝜃2𝑎,2𝑏)�̂� sin (𝜃2𝑎,2𝑏 − 𝜃1) − �̂� sin (2𝜃2𝑎,2𝑏) , (21)

and the subscripts 𝑎, 𝑏 refer to (8) and (9), respectively. The
frequency dependent nature of (20) makes their analysis
difficult; however, several observations can be deduced. First,�̂�(Θ) can be positive or negative depending on the values
of 𝜃1, 𝜃2𝑎, and 𝜃2𝑏 as observed in Figure 3. In addition, 𝐶2
plays an important role even though it is not the main charge
holding or integrating capacitor. In Figure 1(a), its minor role
is to block 𝑉dc1 as 𝑉dc2 is passed, but in both circuits, its main
contribution is to add a leading phase shift opposed to the
lagging phase shift caused by 𝐶1. For example, in the circuit
of Figure 1(b), in the absence of 𝐶2, that is, if 𝐶2 = 0, then
sin(𝜃2𝑏) = sin(2𝜃2𝑏) = 0, because 𝜃2𝑏 = 0, andwith |𝐻2𝑏(𝜔)| =𝛼, (21) reduces to �̂�(Θ) = 𝑉dc1/𝐴, setting �̂�in𝑝 = 0.That is, no
pinch point will occur.

Secondly, under the assumption 𝜏2 = 𝜏1, we find that�̂�in𝑝 = 𝑉dc1 when tan(𝜃1) = �̂�/�̂� or when 𝑉dc2 = (𝑉dc1 −𝑉𝑇)/2. Under this condition,𝑀1 remains in triode so long as𝑉dc1 > 3𝑉𝑇 which is easily satisfied. For the general case when𝜏2 = 𝛽𝜏1, implying that 𝜃2𝑎 ̸= 𝜋/2 − 𝜃1 (unless 𝛽 = 1), the
general solution to �̂�(Θ) = 0 yields

𝑉dc2 = 𝛽(𝛽 + 1) (𝜏
2
1𝜔2 + 1)(𝛽𝜏21𝜔2 + 1) (𝑉dc1 − 𝑉𝑇) . (22)

Likewise, the value for 𝛼 in the circuit of Figure 1(b) that
results in �̂�in𝑝 = 𝑉dc1 can be expressed as

𝛼 = 1 − 𝑉𝑇𝑉dc1 −
𝜔𝜏1csc (𝜃2𝑏)(𝜔2𝜏21 + 1) √

1 + 𝜔2𝜏2𝑝1 + 𝜔2𝜏2𝑧 . (23)

In both general cases, (22) and (23) are frequency dependent,
the exception being when 𝛽 = 1 for (22), but both can be
minimized for frequency dependance by ensuring that 𝜔𝜏1 >1,𝜔𝜏𝑧 > 1, and𝜔𝜏𝑝 > 1. Sample plots of the I-V characteristic
for the circuit of Figure 1(a) governed by (8) to the conditions𝐴 = 0.3V, 𝜏2 = 𝜏1 = 500 𝜇s, 𝑉dc1 = 1V, 𝑉𝑇 = 0.35V, 𝑘 =1mA/V2, and 𝑉dc2 = (𝑉dc1 − 𝑉𝑇)/2 = 0.325V are shown in
Figure 4(a).

Note that because 𝛽 = 1 and 𝑉dc2 = (𝑉dc1 − 𝑉𝑇)/2,�̂�in𝑝 = 𝑉dc1 is independent of the input frequency which is
verified at the three frequencies 𝑓𝑜 = [500, 800, 1500]Hz, as
theoretically predicted. In Figure 4(b), Vin(𝑡) and 𝑖in𝑎(𝑡) are
plotted as a function of time.
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Figure 5: An improved linear resistor obtained by replacing𝑀1 in Figure 1 with transistors𝑀1−6.

Finally, no pinch point occurs when �̂�(Θ) = 𝑉dc1/𝐴 or�̂�(Θ) = −𝑉dc1/𝐴 and if 𝛽 = 1 this happens at the two
frequencies 𝜔1,2:

𝜔1 = 1𝜏1√
2𝑉dc2 + 𝑉𝑇3𝑉dc1 − 2𝑉dc2 − 𝑉𝑇 ,

𝜔2 = 1𝜏1√
2𝑉dc1 − 2𝑉dc2 − 𝑉𝑇𝑉dc1 + 2𝑉dc2 + 𝑉𝑇 .

(24)

Furthermore, if 𝑉dc2 = (1/2)(𝑉dc1 − 𝑉𝑇), a unique frequency
at which no pinch point exists is

𝜔1 = 𝜔2 = 1√2𝜏1 . (25)

In the case of Figure 1(b), no easy closed-loop form of the
solution exists, but when 𝜏𝑧 = 𝜏1 the frequencies at which the
pinch point occurs can be obtained by numerically solving,
for 𝜔, the equation

𝛾1𝜔4 + 𝛿1𝜔2 + 2 (𝛼 − 1)𝑉dc1 + 𝑉𝑇 = 0, (26)

when �̂�(Θ) = 𝑉dc1/𝐴 or

𝛾2𝜔4 + 𝛿2𝜔2 + (2𝛼𝑉dc1 + 𝑉𝑇) (𝜏1 − 𝜏𝑝) + 2𝑉dc1𝜏𝑝= 0, (27)

when �̂�(Θ) = −𝑉dc1/𝐴, where𝛾1 = 𝜏3𝑝𝜏1𝑉dc1 + [(𝛼 − 1)𝑉dc1 + 𝑉𝑇] 𝜏2𝑝𝜏21 + 𝛼𝜏𝑝𝜏31𝑉dc1 ,
𝛿1 = [(𝛼 − 2) 𝜏2𝑝 + (𝛼 + 1) 𝜏𝑝𝜏1 + (2𝛼 − 1) 𝜏21]𝑉dc1

+ (𝜏21 + 𝜏2𝑝)𝑉𝑇,
𝛾2 = 𝜏4𝑝𝜏1𝑉dc1 + [(2 − 𝛼)𝑉dc1 − 𝑉𝑇] 𝜏3𝑝𝜏21

+ (𝑉𝑇 − 𝑉dc1) 𝜏2𝑝𝜏31 + 𝛼𝜏𝑝𝜏41𝑉dc1 ,
𝛿2 = [(2 − 𝛼)𝑉dc1 − 𝑉𝑇] 𝜏3𝑝 + (𝑉dc1 + 𝑉𝑇) 𝜏2𝑝𝜏1

+ [(2 − 𝛼)𝑉dc1 − 𝑉𝑇] 𝜏𝑝𝜏21+ [(2𝛼 − 1)𝑉dc1 + 𝑉𝑇] 𝜏31 .

(28)

4. Linearization of𝑀1
It is possible to reduce the distortion in 𝑀1 as a result of
the 𝑉2ds/2 term in (2) by a number of techniques. One such
technique is bisection of the input range first popularized by
[19–21] and exploited by many others. Consider therefore the
circuit shown in Figure 5 where𝑀1 is replaced by transistors𝑀1−6. Voltages Vgs𝑖 and Vdsℎ𝑝 form the output voltages of the
lossy integrator and high-pass filters, respectively. Transistors𝑀1,2 are identical in size as are 𝑀3,4 and 𝑀5,6. Transistors𝑀3,4 and𝑀5,6 are to function as an adder as first proposed by
[22] in the use of low voltage multipliers. Under the correct
bias conditions, it follows that V𝑜 = Vgs𝑖 + Vdsℎ𝑝 , and then
given that both𝑀1 and𝑀2 have the same Vds and each drain
current is governed by 𝐼1 = 𝑘[(Vgs𝑖 − 𝑉𝑇)Vdsℎ𝑝 − V2dsℎ𝑝/2] and𝐼2 = 𝑘[(V𝑜 − 𝑉𝑇)Vdsℎ𝑝 − V2dsℎ𝑝/2], the total current 𝐼𝑡 through𝑀1 and𝑀2 simplifies to 𝐼𝑡 = 𝐼1 + 𝐼2 = 2𝑘(Vgs𝑖 −𝑉𝑇)Vdsℎ𝑝 or an
equivalent resistance of 𝑅eq = 1/2𝑘(𝑉gs𝑖 − 𝑉𝑇). Under these
conditions, (8) and (9) change to

𝑖in𝑎 (𝑡) = −�̃� cos (2𝜔𝑜𝑡 − 𝜃1 + 𝜃2𝑎) + 𝐵 sin (𝜔𝑜𝑡 − 𝜃1)
+ �̃� sin (𝜔𝑜𝑡 + 𝜃2𝑎) + �̃� cos (𝜃1 + 𝜃2𝑎) + �̃�off , (29)

and for Figure 1(b)

𝑖in𝑏 (𝑡) = −𝐴 cos (2𝜔𝑜𝑡 − 𝜃1 + 𝜃2𝑏) + �̃� sin (𝜔𝑜𝑡 − 𝜃1)
+ 𝐶 sin (𝜔𝑜𝑡 + 𝜃2𝑏) + �̃� cos (𝜃1 + 𝜃2𝑏) + �̃�off , (30)

where the new coefficients �̃�, �̃�, and �̃� are given in Table 3.
Comparing (8)-(9) with (29)-(30) and likewise Tables 1 and
3, one notices fewer terms for the linearized resistor, with
coefficients �̃� = �̂� and �̃� = �̂�. In addition, both �̃� > �̂� and
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Table 3: Summary of the coefficients of the input current 𝑖in(𝑡) of Figures 1(a) and 1(b) in response to an input voltage Vin(𝑡) when 𝑀1 is
replaced by a linearized resistor such as the one shown in Figure 5.

Coefficient Figure 1(a) Figure 1(b)�̃� 12𝑘𝐴2 𝐻1 (𝜔𝑜) 𝐻2𝑎 (𝜔𝑜) 12𝑘𝐴2 𝐻1 (𝜔𝑜) 𝐻2𝑏 (𝜔𝑜)�̃� 𝑘𝐴 𝐻1 (𝜔𝑜) 𝑉dc2 𝛼𝑘𝐴 𝐻1 (𝜔𝑜) 𝑉dc1�̃� 𝑘𝐴 𝐻2𝑎 (𝜔𝑜) (𝑉dc1 − 𝑉𝑇) 𝑘𝐴 𝐻2𝑏 (𝜔𝑜) [𝑉dc1 − 𝑉𝑇]�̃�off 𝑘 [(𝑉dc1 − 𝑉𝑇)𝑉dc2] 𝛼𝑘 [𝑉dc1 − 𝑉𝑇]𝑉dc1

�̃�off > �̂�off , with all other terms in the coefficients being equal.
The corresponding new pinch point [�̃�in𝑝 , �̃�in𝑝] is given by

�̃�in𝑝 = 𝑉dc1 − 𝐴�̃� (Θ) , (31)

�̃�in𝑝 = −�̃� cos [2 sin−1 (�̃� (Θ)) + 𝜃2𝑎,2𝑏 − 𝜃1]
− �̃� sin [sin−1 (�̃� (Θ)) − 𝜃1]
− �̃� sin [sin−1 (�̃� (Θ)) + 𝜃2𝑎,2𝑏]
+ �̃� cos (𝜃1 + 𝜃2𝑎,2𝑏) + �̃�off ,

(32)

where

�̃� (Θ) = (�̃�/2) sin (−𝜃1) + (�̃�/2) sin (𝜃2𝑎,2𝑏)�̃� sin (𝜃2𝑎,2𝑏 − 𝜃1) . (33)

The benefits to linearizing 𝑀1 are immediately clear upon
close inspection of (31)–(33). In particular, for the circuit of
Figure 1(a) in the general case when 𝜏2 = 𝛽𝜏1, the general
solution to �̃�(Θ) = 0 now yields

𝑉dc2 = 𝛽 (𝜏21𝜔2 + 1)(𝛽2𝜏21𝜔2 + 1) (𝑉dc1 − 𝑉𝑇) , (34)

which, for 𝛽 = 1, implies that, for �̃�in𝑝 = 𝑉dc1 , 𝑉dc2 is chosen
such that𝑉dc2 = 𝑉dc1 −𝑉𝑇. Of course, under these conditions,
the composite linearized resistor is at the edge of the triode
and a more practical solution would be for a given 𝛽 ̸= 1,𝜔, and 𝜏1 to simply choose 𝛽(𝜏21𝜔2 + 1)/(𝛽2𝜏21𝜔2 + 1) >𝑉dc2/(𝑉dc1 − 𝑉𝑇). For the circuit of Figure 1(b) employing a
linearized𝑀1, the choice of 𝛼 does not affect the pinch point;
however, the value of 𝑉dc1 that results in �̃�in𝑝 = 𝑉dc1 is given
by

𝑉dc1
= 𝑉𝑇1 − 𝜔𝜏1csc (𝜃2𝑏)√(1 + 𝜏2𝑝𝜔2) / (1 + 𝜏2𝑧𝜔2) (1 + 𝜏21𝜔2) ,

(35)

which is still frequency dependent, but minimization is still
possible if 𝜔𝜏1 > 1, 𝜔𝜏𝑧 > 1, and 𝜔𝜏𝑝 > 1. Last but not

least, no pinching occurs for the circuit of Figure 1(a) using
the linearized resistor at frequencies

𝜔1 = 1𝜏1√
𝑉dc2 + 𝑉𝑇2𝑉dc1 − 𝑉dc2 − 𝑉𝑇 ,

𝜔2 = 1𝜏1√
2𝑉dc1 − 𝑉dc2 − 𝑉𝑇𝑉dc1 + 2𝑉dc2 + 𝑉𝑇

(36)

assuming 𝜏2 = 𝜏1 and at

𝜔1 = √ 2𝑉dc1 − 𝑉𝑇𝑉dc1𝜏1𝜏𝑝 − 𝜏21 (𝑉dc1 − 𝑉𝑇) ,

𝜔2 = √ (2𝑉dc1 − 𝑉𝑇) 𝜏𝑝 + 𝑉𝑇𝜏1(𝜏31 − 2𝜏21𝜏𝑝 − 𝜏2𝑝)𝑉dc1 + (𝜏𝑝 − 𝜏1) 𝜏21𝑉𝑇 ,
(37)

for the circuit of Figure 1(b) when 𝜏𝑧 = 𝜏1 = 𝛼𝜏𝑝.
5. Simulation and Experimental Results

The circuits in Figures 1(a) and 1(b) were simulated and built
experimentally. In the sections that follow, simulations of
Figures 1(a) and 1(b) without and with linearization of 𝑀1
were conducted. For the experiments, off-the-shelf discrete
components were used without linearization of𝑀1.
5.1. Simulation Results: Without 𝑀1 Linearization. For sim-
ulation purposes, Cadence was used employing the Design
Kit offered by the AMS 0.35 𝜇m CMOS process. The opamp
utilized in simulations is demonstrated in Figure 6, where the
bias scheme was 𝑉DD = −𝑉SS = 5V and 𝐼𝑜 = 300 𝜇A. The
MOS transistors’ aspect ratio is given in Table 4 with 𝑅𝑐 =140Ω and 𝐶𝑐 = 2 pF to achieve a phase margin of 60∘.
Also, the aspect ratio of transistor 𝑀1 in Figure 1(a) was
100 𝜇m/1 𝜇m; for 𝑀2, the aspect ratio was 12𝜇m/2 𝜇m and
thus its gain factor was 𝑘 = 1mA/V2.

The resistor and capacitor values used in simulationswere𝑅1 = 820Ω and 𝐶1 = 𝐶2 = 470 nF and, therefore, 𝜏1 =𝜏 2. The DC voltages were 𝑉dc1 = 2V and 𝑉dc2 = 0.74V.
Considering a sinusoidal input with 700mV amplitude and
variable frequency, the obtained 𝑖in𝑎-𝜐in characteristics, for𝑓 = 600Hz, 1 kHz, and 1.5 kHz, are demonstrated in Figure 7.
The time-domain behavior of the scheme in Figure 1(a) is
demonstrated in Figure 8 for a 1 kHz input voltage. Likewise,
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Figure 6: Opamp used in simulations.
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Figure 7: Simulated 𝑖in𝑎 -𝜐in characteristics for 𝑓 = 600Hz, 1 kHz,
and 1.5 kHz.

Table 4: MOS transistors’ aspect ratio for Figure 6.

Transistor 𝑊/𝐿𝑀𝑏1 50 𝜇m/2 𝜇m𝑀𝑏2-𝑀𝑏3 100 𝜇m/2 𝜇m𝑀𝑛1-𝑀𝑛2 200 𝜇m/0.5 𝜇m𝑀𝑝1-𝑀𝑝2 50 𝜇m/0.5𝜇m𝑀𝑝3 200 𝜇m/0.5 𝜇m

the obtained 𝑖in𝑏-𝜐in characteristics, for Figure 1(b) for 𝑓 =
400Hz, 700Hz, and 2 kHz, are demonstrated in Figure 9 with
the corresponding time-domain behavior shown in Figure 10
for a 700Hz input voltage.
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Figure 8: Time-domain behavior of the circuit in Figure 1(a) for𝑓 =
1 kHz.

The effect of 𝑟2 in the operation of the topology
in Figure 1(b) has also been studied under the condi-
tions 𝑟2 = 0.4𝑟1, 0.56𝑟1, and 0.7𝑟1, which sets 𝛼 =0.26, 0.36, and 0.41, respectively. The derived 𝑖in𝑏 − 𝜐in
characteristics, for 𝑓 = 700Hz, are given in Figure 11.

5.2. Simulation Results: With 𝑀1 Linearization. The im-
proved linear resistor shown in Figure 5 was also used for
linearizing transistor𝑀1.The power supply voltage was equal
to 2V and the aspect ratio of 𝑀1-𝑀2 and 𝑀5-𝑀6 was
1 𝜇m/2 𝜇m, while for 𝑀3-𝑀4 it was 3.2 𝜇m/2 𝜇m. Consid-
ering a sinusoidal input with 700mV amplitude and vari-
able frequency, the obtained 𝑖in𝑎-𝜐in characteristics, for the
circuit in Figure 1(a), derived at the same conditions as
in the previous subsection, and for 𝑓 = 600Hz, 1 kHz, and
1.5 kHz, are demonstrated in Figure 12. The corresponding
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time-domain behavior is depicted in Figure 13 for a 1 kHz
input voltage.

In a similar way, the plots for the circuit in Figure 1(b),
obtained at the same conditions as in the previous subsection,
are given in Figure 14. The time-domain behavior is given in
Figure 15 for a 700Hz input voltage.

5.3. Experimental Results. In the first of a series of experi-
mental tests, the circuit of Figure 1(a) was constructed using
741 opamps powered by a ±15 V supply. The resistor and
capacitor values used were 𝑅1 = 𝑅2 = 820Ω and 𝐶1 =𝐶2 = 470 nF ensuring that 𝜏1 = 𝜏2. Transistors 𝑀1 and𝑀2 were taken from Fairchild’s dual complementary pair
CD4007CN chip. The DC biasing voltages used were 𝑉dc1 =4.6V, 𝑉dc2 = 1.12V, and = 1Vpp. The current 𝑖in𝑎 was
measured by inserting a 10Ω resistor in series with Vin and
measuring the voltage drop across this resistor using an
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Figure 11: Simulated 𝑖in𝑏 -𝜐in characteristics for 𝛼 = 0.26, 0.36,
and 0.41.

instrumentation amplifier with a gain of 10; that is, 𝑖in𝑎 = V10Ω.
The results of Vin versus 𝑖in𝑎 are shown in Figure 16 for several
frequencies starting at 1 kHz with the pinch point remaining
nearly constant for 𝑉dc2 = 1.12V. Note that this result is
consistent with (22) where SPICE models for the CD4007
(the actual value of𝑉𝑇 is both foundry and process dependent
but unfortunately actual data on the CD4007CN chips used
was not available) place 𝑉𝑇 in the order of around 2∼2.3V.
Bending of the lobes can be observed towards a downward
trend when the frequency is decreased below 1 kHz and
upwards when the frequency is increased above 1 kHz. The
usable range of this circuit was found to be from 300Hz to
10 kHz. Note that the lower frequency limit on the operation
of the circuit (300Hz) is also consistent with (25) where,
for 𝑉dc2 = (1/2)(𝑉dc1 − 𝑉𝑇), 𝑅1 = 820Ω, 𝐶1 = 470 nF,
with 𝜏1 = 𝜏2, yields a calculated value of 𝜔1,2 = 292Hz.
The upper frequency limit was observed when the lobes
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Figure 13: Time-domain behavior of the circuit in Figure 1(a) for𝑓 = 1 kHz and linearization of𝑀1.

of the pinch hysteresis were too close to be distinguishable
and in addition would also be set by limitations associated
with 𝐴2 losing gain in its closed-loop configuration with𝑀2.

In a second experimental test, the circuit of Figure 1(b)
was set up and the resistor and capacitor values used were𝑅1 = 𝑟2 = 2 kΩ and 𝐶1 = 𝐶2 = 470 nF ensuring that𝜏𝑧 = 𝜏1. The current 𝑖in𝑏 was likewise measured through a10Ω resistor using an instrumentation amplifier set to a gain
of 10. Resistor 𝑟1 was adjusted by a potentiometer at a value of𝑟1 = 1031Ω which set 𝛼 = 0.34. Input voltages were set at𝑉dc1 = 4V and 𝐴 = 3Vpp and the initial frequency was set at
700Hz.The results shown in Figure 17 indicate that the pinch
point and symmetry of the lobes are highly dependent on the
input frequency. For this configuration, pinching was lost for
frequencies below 300Hz and above 10 kHz.
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Figure 14: Simulated 𝑖in𝑏 -𝜐𝑖𝑛 characteristics for the circuit in
Figure 1(b) with 𝑓 = 400Hz, 700Hz, and 2 kHz and linearization
of𝑀1.

Finally, it should bementioned that the circuits of Figures
1(a) and 1(b) were also tested using different time constants
such as 𝜏1 ̸= 𝜏2 and 𝜏1 ̸= 𝜏𝑧 and all results not shown here
were consistent with the expected theory.

6. Conclusion

Two simple nonlinear circuits that exhibit unipolar pinched
hysteresis behavior were presented in this paper. The
multiplication-type nonlinearity between a state variable and
its past history, as given in (1), is fundamental in obtaining
pinched hysteresis although the past history can also be
replaced by the rate of change of the present state as shown
in [3]. In this work, this multiplication is simply achieved
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Figure 16: (a) Experimental results of the plot of Vin(𝑡) and 𝑖in𝑎 (𝑡) at 1 kHz for the circuit of Figure 1(a). (b) Oscilloscope trace of the pinched
hysteresis loop of the memristor emulator circuit of Figure 1(a) at 1 kHz, (c) at 600Hz, and (d) at 1.5 kHz.
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Figure 17: (a) Experimental results of the plot of Vin(𝑡) and 𝑖in𝑏 (𝑡) at 700Hz for the circuit of Figure 1(b). (b) Oscilloscope trace of the pinched
hysteresis loop at 700Hz, (c) at 400Hz, and (d) at 2 kHz.

using the MOS transistor transconductance equation. The
proposed circuits have been analyzed, their pinch points were
determined, and their behavior was verified in Matlab and
experimentally. A method of linearization that enables the
elimination of undesired higher-order nonlinear terms was
also examined and verified via simulations in Cadence. Of
significant importance in this work is the clarification of
the role played by the charge holding capacitor in the value
of the charge-controlled memristance. We argue that, in
all solid-state devices that have been fabricated and that
show pinched hysteresis, a parasitic capacitor combined
with a modulation-type (multiplication-type) nonlinearity is
behind the appearance of this behavior. Arguably, the authors
of [18] conclude that both “memory resistance and memory
capacitance must coexist.”
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We established the theory to coupled systems of multipoints boundary value problems of fractional order hybrid differential
equations with nonlinear perturbations of second type involving Caputo fractional derivative. The proposed problem is as follows:
𝑐𝐷𝛼[𝑥(𝑡)−𝑓(𝑡, 𝑥(𝑡))] = 𝑔(𝑡, 𝑦(𝑡), 𝐼𝛼𝑦(𝑡)), 𝑡 ∈ 𝐽 = [0, 1], 𝑐𝐷𝛼[𝑦(𝑡)−𝑓(𝑡, 𝑦(𝑡))] = 𝑔(𝑡, 𝑥(𝑡), 𝐼𝛼𝑥(𝑡)), 𝑡 ∈ 𝐽 = [0, 1], 𝑐𝐷𝑝𝑥(0) = 𝜓(𝑥(𝜂1)),𝑥(0) = 0, . . . , 𝑥𝑛−2(0) = 0, 𝑐𝐷𝑝𝑥(1) = 𝜓(𝑥(𝜂2)), 𝑐𝐷𝑝𝑦(0) = 𝜓(𝑦(𝜂1)), 𝑦(0) = 0, . . . , 𝑦𝑛−2(0) = 0, 𝑐𝐷𝑝𝑦(1) = 𝜓(𝑦(𝜂2)), where𝑝, 𝜂1, 𝜂2 ∈ (0, 1), 𝜓 is linear, 𝑐𝐷𝛼 is Caputo fractional derivative of order 𝛼, with 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ N, and 𝐼𝛼 is fractional integral of
order 𝛼. The nonlinear functions 𝑓, 𝑔 are continuous. For obtaining sufficient conditions on existence and uniqueness of positive
solutions to the above system, we used the technique of topological degree theory. Finally, we illustrated the main results by a
concrete example.

1. Introduction

Due to a wide range of applications of fractional calculus
in various scientific disciplines such as optimization the-
ory, electric networks, signal processing, nonlinear control
theory, nonlinear biological systems, controlled thermonu-
clear fusion, viscoelasticity, chemistry, turbulence, mechan-
ics, oscillation, diffusion, fluid dynamics, stochastic dynam-
ical system, polymer physics, plasma physics, astrophysics,
chemical physics, and economics [1–4], the subject area has
received much attention among the scientific community.
Recently, the theory on existence and uniqueness of solutions
to boundary value problems (BVPs) of fractional differential
equations (DEs) are well studied and many results are
available in literature (see, e.g., [5–10] and the references
herein). The perturbed DEs are categorized into various
types. Dhage [11] classified different types of perturbations
for nonlinear integral and DEs. An important class of DEs
which captured great attention in last few decades is the

quadratic perturbations of nonlinear differential equations
known as hybrid differential equations (HDEs). This class is
well studied for BVPs with ordinary DEs. However, existence
theory for BVPs with fractional hybrid differential equations
(FHDEs) are not well explored and few results are available
in the literature (see [12, 13]). This class of DEs includes
perturbations of dynamical systems in different ways and
hence includes several dynamical systems as special cases.
Modern control-command systems often include controllers
that perform nonlinear computations to control a physical
system, which can typically be described by hybrid automa-
ton containing high dimensional systems of nonlinear DEs.
The hybrid systems are dynamical systems that involve the
interaction of continuous (real valued) states and discrete
(finite valued) states.

Recently, existence of solutions to some classes ofHDEs is
studiedwith the use of hybrid fixed point theory (see [14–18]).
Dhage and Jadhav [17] developed sufficient conditions for
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existence of maximal and minimal solutions to the following
first-order HDEs:

𝑑
𝑑𝑡 [𝑟 (𝑡) − Θ (𝑡, 𝑟 (𝑡))] = 𝜑 (𝑡, 𝑟 (𝑡)) , a.e 𝑡 ∈ 𝐼,

𝑟 (𝑡0) = 𝑟0 ∈ R,
(1)

where 𝐼 = [𝑡0, 𝑡0 + 𝑎) ∈ R for some 𝑡0, 𝑎 ∈ R with𝑎 > 0 and Θ, 𝜑 ∈ 𝐶(𝐼 × R,R). The results of [17] were
generalized by Lu et al. [18] to the case of fractional order
and developed conditions for existence and uniqueness to the
following FHDEs:

𝐷𝑞 [𝑟 (𝑡) − Θ (𝑡, 𝑟 (𝑡))] = 𝜑 (𝑡, 𝑟 (𝑡)) ,
a.e 𝑡 ∈ 𝐼, 0 < 𝑞 < 1,

𝑟 (𝑡0) = 𝑟0 ∈ R.
(2)

Bashiri et al. in [13] used coupled fixed point theorem, a
Krasnoselskii type generalization of fixed point theorem of
Burton [19] in Banach spaces, to the case of coupled systems
and developed sufficient conditions for existence of solutions
to the following coupled systems of two-point BVPs for
FHDEs:

𝐷𝑞 [𝑟 (𝑡) − Θ (𝑡, 𝑟 (𝑡))] = 𝜓 (𝑡, 𝑠 (𝑡) , 𝐼𝛼 (𝑠 (𝑡))) ,
a.e 𝑡 ∈ 𝐼,

𝐷𝑞 [𝑠 (𝑡) − Θ (𝑡, 𝑠 (𝑡))] = 𝜓 (𝑡, 𝑟 (𝑡) , 𝐼𝛼 (𝑟 (𝑡))) ,
a.e 𝑡 ∈ 𝐼, 0 < 𝑞 < 1, 𝛼 > 0,

𝑟 (0) = 0,
𝑠 (0) = 0.

(3)

Leray Schauder theory is powerful tool in solving operator
equations of the form (𝐼 − 𝑇)𝑢 = 𝑤, where 𝑇 is compact. But
inmany situations,𝑇 is not compact.Therefore, it is natural to
ask whether the solutions of the above operator equation are
possible if 𝑇 is not compact. Schauder constructed an exam-
ple and showed that it is impossible. But later on Browder,
Sadovski and Vath, and so on proved that it is possible to
define a complete analogue of the Leray Schauder theory for
condensing typemapping with compactness.They called this
method the “topological degree method”; see for detail [20].
In 1970, Mawhin introduced the mentioned degree theory
for nonlinear Volterra integral equations and differential
equations with boundary conditions. On the other hand,
using the classical fixed point theory such as “Schauder fixed
point theorem” and “Banach contraction principle” required
stronger conditions on the nonlinear functions and thus
restrict the applicability of these results to limited classes of
applied problems and to some specialized systems of BVPs.
Finding the fixed points of the respective operator equations
corresponding to fractional integral equations needs strong
conditions for the compactness of the operator. To relax the
criteria and establish weaker conditions in order to extend
tools to more classes of BVPs, researchers need to look for
some other refined tools of functional analysis. One of such

tools is “topological degree theory.” The topological degree
method is a powerful tool for existence of solutions to BVPs
of many mathematical models that arise in applied nonlinear
analysis. The concerned method is also called the “prior
estimate method.” By coincidence degree theory approach,
Mawhin [21] studied existence of solutions to the following
BVPs:

𝑑
𝑑𝑡𝑠 (𝑡) = 𝜓 (𝑡, 𝑠 (𝑡)) , 𝑡 ∈ [0, 1] ,
𝑠 (0) = 𝑠 (1) ,

(4)

− 𝑑2𝑑𝑡2 𝑠 (𝑡) = 𝜓(𝑡, 𝑠 (𝑡) ,
𝑑
𝑑𝑡 𝑠 (𝑡)) , 𝑡 ∈ [0, 𝜋] ,

𝑠 (0) = 𝑠 (𝜋) = 0,
(5)

under appropriate assumptions. Dinca et al. [22] used this
method together with Leray Schauder degree to prove the
existence of solutions of the Dirichlet problems with 𝑝-
Laplacian:

−Δ 𝑝𝑤 = 𝜓 (𝑡, 𝑤) , in Ω
𝑤 | 𝜕Ω = 0. (6)

Isaia [23] used this method along with “the degree for
condensing maps” and proved the existence of solutions
for the following integral equation by using appropriate
assumption on the functions 𝜑 and Θ, where 𝜑 : [𝑎1, 𝑎2] ×
R → R and Θ : [𝑎1, 𝑎2] × [𝑎1, 𝑎2] × R → R are continuous
functions, 𝑎1, 𝑎2 ∈ R,

𝑠 (𝑡) = 𝜑 (𝑡, 𝑠 (𝑡)) + ∫𝑎2
𝑎
1

Θ (𝑡, 𝜉, 𝑠 (𝜉)) 𝑑𝜉, 𝑡 ∈ [𝑎1, 𝑎2] . (7)

Wang et al. [24] used “topological degree method” to a class
of “nonlocal Cauchy problems” of the following form to study
the existence and uniqueness of solutions:

𝑐𝐷𝑝𝑠 (𝑡) = 𝜓 (𝑡, 𝑠 (𝑡)) , 𝑡 ∈ [0, 𝑇] ,
𝑠 (0) + 𝑔 (𝑠) = 𝑠0, (8)

where 𝑐𝐷𝑝 is the Caputo fractional derivative of order 𝑝 ∈(0, 1], 𝑠0 ∈ R, and 𝜓 : [0, 𝑇] × R → R is continuous. For
more study of fractional DEs via topological degree method,
we refer to [6, 24–26]. Recently, Shah et al. [27] applied
the “topological degree method” and established sufficient
conditions for the existence of at least one solution to the
following coupled system of nonlinear ordinary fractional
equations with four-point boundary conditions:

𝑐𝐷𝑝𝑥 (𝑡) = 𝜙 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) , 𝑡 ∈ [0, 1] ,
𝑐𝐷𝑞𝑦 (𝑡) = 𝜓 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) , 𝑡 ∈ [0, 1] ,

𝑥 (0) = 𝑓 (𝑥) ,
𝑥 (1) = 𝜆𝑥 (𝜂) , 𝜆, 𝜂 ∈ (0, 1) ,
𝑦 (0) = 𝑔 (𝑦) ,
𝑦 (1) = 𝛿𝑦 (𝜉) , 𝛿, 𝜉 ∈ (0, 1) ,

(9)
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where 𝑝, 𝑞 ∈ (1, 2] and 𝜙, 𝜓 : [0, 1] × R × R → R

are continuous, also 𝑓, 𝑔 ∈ ([0, 1],R). The above system
(9) contains two nonlinear functions, namely, 𝜙, 𝜓. While
the proposed coupled system contains four nonlinearities as
follows:

𝑐𝐷𝛼 [𝑥 (𝑡) − 𝑓 (𝑡, 𝑥 (𝑡))] = 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) ,
𝑡 ∈ 𝐽 = [0, 1] ,

𝑐𝐷𝛼 [𝑦 (𝑡) − 𝑓 (𝑡, 𝑦 (𝑡))] = 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) ,
𝑡 ∈ 𝐽 = [0, 1] ,

𝑐𝐷𝑝𝑥 (0) = 𝜓 (𝑥 (𝜂1)) ,
𝑥 (0) = 0, . . . , 𝑥𝑛−2 (0) = 0,

𝑐𝐷𝑝𝑥 (1) = 𝜓 (𝑥 (𝜂2)) ,
𝑐𝐷𝑝𝑦 (0) = 𝜓 (𝑦 (𝜂1)) ,

𝑦 (0) = 0, . . . , 𝑦𝑛−2 (0) = 0,
𝑐𝐷𝑝𝑦 (1) = 𝜓 (𝑦 (𝜂2)) ,

(10)

which made the considered problem more general and
complicated. Furthermore, in the proposed coupled system
(10) of FHDEs, the order of fractional differential operator
lies in (𝑛 − 1, 𝑛]. Moreover, the boundary conditions of the
proposed problem involve Caputo fractional order derivative
as well as ordinary derivative of higher order. Moreover, to
the best of our knowledge, the topological degreemethod has
not been applied properly for the systems of nonlinear hybrid
fractional differential equations.

Motivated by this consideration, our main focus in the
present article is to use topological degree approach for
condensing mapping to investigate existence of solutions of
coupled system (10). We would like to solve the dynamics of
the system to determine how the statewill evolve in the future,
that is, to find a function 𝑥(𝑡) called trajectory or solution of
the system.

2. Preliminaries

In the following, we provide some basic definitions and
results of fractional calculus and topological degree theory.
For detailed study, we refer to [1–4, 10, 28–30].

Definition 1 (see [1]). The fractional integral operator of order𝑟 ∈ R+ of a function 𝑓 : (0,∞) → R is defined as

𝐼𝑟𝑓 (𝑡) = 1
Γ (𝑟) ∫

𝑡

0
(𝑡 − 𝜉)𝑟−1 𝑓 (𝜉) 𝑑𝜉, (11)

provided that integral on the right is pointwise defined on(0,∞).

Definition 2 (see [1]). The Caputo fractional order derivative
of order 𝑝 ∈ R+of a continuous function 𝑓 : (0,∞) → R is
defined as

𝑐𝐷𝑝𝑓 (𝑡) = 1
Γ (𝑚 − 𝑝) ∫

𝑡

0
(𝑡 − 𝜉)𝑚−𝑝−1 𝑓(𝑚) (𝜉) 𝑑𝜉, (12)

where 𝑚 = [𝑝] + 1, provided that integral on the right is
pointwise defined on (0,∞).
Lemma 3 (see [1, 28]). The following results hold for fractional
integral and Caputo derivative.

(i) 𝑐𝐷𝑝[𝜆1𝑓(𝑡) + 𝜆2𝑔(𝑡)] = 𝜆1𝑐𝐷𝑝𝑓(𝑡) + 𝜆2𝑐𝐷𝑝𝑔(𝑡),𝜆1, 𝜆2 ∈ R.
(ii) 𝑐𝐷𝑝𝐼𝑞𝑓(𝑡) = 𝐼𝑞−𝑝𝑓(𝑡), 𝑐𝐷𝑝𝐼𝑝𝑓(𝑡) = 𝑓(𝑡).
(iii) 𝑐𝐷𝑝𝑡𝑞 = (Γ(𝑞 + 1)/Γ(𝑞 + 1 − 𝑝))𝑡𝑞−𝑝, 𝐷𝑝𝐶 = 0, where𝐶 is a constant.
(iv) 𝐼𝑞 𝑐𝐷𝑞𝑓(𝑡) = 𝑓(𝑡) − ∑𝑛−1𝑘=0 (𝐷𝑘𝑓(0)/Γ(𝑘 − 𝑞 + 1))𝑡𝑘 =𝑓(𝑡) − 𝑑0 − 𝑑1𝑡 − 𝑑2𝑡2 − 𝑑3𝑡3 − ⋅ ⋅ ⋅ − 𝑑𝑛−1𝑡𝑛−1, 𝑑𝑖 ∈ R,

for 0 ≤ 𝑖 ≤ 𝑛 − 1.
Let 𝐽 = [0, 1]; the spaces of all continuous functions𝑌 = 𝐶(𝐽,R) and 𝑍 = 𝐶(𝐽,R) are Banach spaces under the

usual norms ‖𝑦‖ = sup{|𝑦(𝑡)| : 𝑡 ∈ 𝐽} and ‖𝑧‖ = sup{|𝑧(𝑡)| :𝑡 ∈ 𝐽}, respectively. Moreover, the product space 𝑌 × 𝑍 is a
Banach space under the norm ‖(𝑦, 𝑧)‖ = ‖𝑦‖ + ‖𝑧‖ and norm‖(𝑦, 𝑧)‖ = max{‖𝑦‖ + ‖𝑧‖}. In the following, 𝑌 is a Banach
space andM ⊂ 𝑃(𝑌) is the family of all its bounded sets.

We recall the following notions, which can be found in
[29].

Definition 4. “The functionΥ : M → R+ defined as 𝜇(𝑀𝑘) =
inf{𝑑 > 0 : 𝑀𝑘 admits a finite cover by sets of diameter ≤𝑑}, where 𝑀𝑘 ∈ M is called the (Kuratowski-) measure of
noncompactness.”

Some of the properties of this measure are listed below
(without proof).

Proposition 5. The following assertions hold for Kuratowski
measure Υ:

(i) Υ(𝑀𝑘) = 0 iff𝑀𝑘 is relatively compact.
(ii) Υ is a seminorm; that is, Υ(𝜎𝑀𝑘) = |𝜎|Υ(𝑀𝑘) andΥ(𝑀𝑘1+𝑀𝑘2) ≤ Υ(𝑀𝑘1)+Υ(𝑀𝑘2), where𝑀𝑘1,𝑀𝑘2 ∈

M, and 𝜎 ∈ R.
(iii) 𝑀𝑘1 ⊂ 𝑀𝑘2 implies Υ(𝑀𝑘1) ≤ Υ(𝑀𝑘2) and Υ(𝑀𝑘1 ∪𝑀𝑘2) = max{Υ(𝑀𝑘1), Υ(𝑀𝑘2)}.
(iv) Υ(conv𝑀𝑘) = Υ(𝑀𝑘).
(v) Υ(𝑀𝑘) = Υ(𝑀𝑘).

Definition 6. Let L ⊂ 𝑌 and Θ : L → 𝑌 be a continuous
bounded mapping. Then Θ is Υ-Lipschitz if ∃ 𝑘 ≥ 0 ∋

Υ (Θ (𝐿)) ≤ 𝑘Υ (𝐿) (∀) 𝐿 ⊂ L bounded. (13)

Furthermore, if 𝑘 < 1, then Θ is a strict Υ-contraction.
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Definition 7. The function Θ is Υ-condensing if
Υ (Θ (𝐿)) < Υ (𝐿)

(∀) 𝐿 ⊂ L bounded with Υ (𝐿) > 0. (14)

If Υ(Θ(𝐿)) ≥ Υ(𝐿), then Υ(𝐿) = 0.
It may be noted that the class of strict Υ-contractions

contains the class ofΥ-condensingmaps. Also every member
of Υ-condensing map is Υ-Lipschitz with constant 𝑘 = 1.
Definition 8. Θ : L → 𝑌 is called Lipschitz if ∃ 𝑘 > 0 ∋

Θ𝑦1 − Θ𝑦2 ≤ 𝑘 𝑦1 − 𝑦2 (∀) 𝑦1, 𝑦2 ∈ L. (15)

If 𝑘 < 1, then Θ is a strict contraction.

Proposition 9 (see [23]). If Θ : L → 𝑌 is compact, then Θ isΥ-Lipschitz with zero constant.
Proposition 10 (see [23]). If Θ : L → 𝑌 is Lipschitz with
constant 𝑘1, then Θ is Υ-Lipschitz with the same constant 𝑘1.
Proposition 11 (see [23]). If Θ1, Θ2 : L → 𝑌 are Υ-Lipschitz
with constants 𝑘1 and 𝑘2, respectively, then Θ1 + Θ2 : L → 𝑌
is Υ-Lipschitz with constant 𝑘1 + 𝑘2.

The following theorem from [23] plays a vital role for our
main result.

Theorem 12. Let Θ : 𝑌 → 𝑌 be Υ-condensing and
𝑆 = {𝑦 ∈ 𝑌 : (∃) 𝜎 ∈ 𝐽 ∋ 𝑦 = 𝜎Θ𝑦} . (16)

If 𝑆 is a bounded set in 𝑌, so there exist 𝑟 > 0 ∋ 𝑆 ⊂ 𝐵𝑟(0);
then the degree

𝐷(𝐼 − 𝜎Θ, 𝐵𝑟 (0) , 0) = 1 (∀) 𝜎 ∈ 𝐽. (17)

Consequently,Θ has at least one fixed point and the set of fixed
points of Θ lies in 𝐵𝑟(0).
Definition 13 (see [31]). An element (𝑦1, 𝑦2) ∈ 𝑌 × 𝑌 is called
“a coupled fixed point of a mapping” 𝑇 : 𝑌 × 𝑌 → 𝑌 if𝑇(𝑦1, 𝑦2) = 𝑦1 and 𝑇(𝑦2, 𝑦1) = 𝑦2.
3. Main Result

Assume that 𝑓 : 𝐽 × R → R and 𝑔 : 𝐽 × R × R → R are
continuous functions. Consider the following hypotheses:

(A1) (𝜕𝑘/𝜕𝑡𝑘)𝑓(𝑡, 𝑥(𝑡))|𝑡=0 = 0.
(A2) There exist 𝑘1 ∈ [0, 1) ∋ ∀(𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐽 × R,

𝑓 (𝑡, 𝑥) − 𝑓 (𝑡, 𝑦) ≤ 𝑘1 𝑥 − 𝑦 . (18)

(A3) There exist 𝑐1,𝑁1 ≥ 0, ∋ ∀(𝑡, 𝑥) ∈ 𝐽 ×R,

𝑓 (𝑡, 𝑥) ≤ 𝑐1 |𝑥|𝑝1 + 𝑁1, where 𝑝1 ∈ (0, 1) . (19)

(A4) There exist 𝑐2,𝑁2 ≥ 0, ∋ ∀(𝑡, 𝑥, 𝐼𝛼𝑥) ∈ 𝐽 ×R ×R,
𝑔 (𝑡, 𝑥, 𝐼𝛼𝑥) ≤ 𝑐2 |𝑥|𝑝2 + 𝑁2, where 𝑝2 ∈ (0, 1) . (20)

(A5) There exist a continuous function ℎ ∈ 𝑌 ∋ |𝑔(𝑡, 𝑥(𝑡),𝑦(𝑡))| ≤ ℎ(𝑡), for 𝑥, 𝑦 ∈ R and 𝑡 ∈ 𝐽.
The following lemma is useful in the existence results.

Lemma 14. If H : 𝐽 → R is 𝛼-time integrable and
assuming that the hypothesis (A1) holds, then the solutions of
the multipoints BVPs:
𝑐𝐷𝛼 [𝑥 (𝑡) − 𝑓 (𝑡, 𝑥 (𝑡))] = H (𝑡) , 𝑡 ∈ 𝐽,

𝑐𝐷𝑝𝑥 (0) = 𝜓 (𝑥 (𝜂1)) ,
𝑥 (0) = 0, . . . , 𝑥𝑛−2 (0) = 0,

𝑐𝐷𝑝𝑥 (1) = 𝜓 (𝑥 (𝜂2))
where 𝜓 is linear, 0 < 𝜂1, 𝜂2 < 1,

(21)

are the following integral equation:

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼H (𝑡) + 𝑎1𝑡𝑛−1 + 𝑎2,
where 𝑎1, 𝑎2 ∈ R. (22)

Proof. Applying 𝐼𝛼 on 𝑐𝐷𝛼[𝑥(𝑡)−𝑓(𝑡, 𝑥(𝑡))] = H(𝑡) and using
Lemma 3, we obtain

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼H (𝑡) + 𝑑0 + 𝑑1𝑡 + 𝑑2𝑡2 + 𝑑3𝑡3
+ 𝑑4𝑡4 + ⋅ ⋅ ⋅ + 𝑑𝑛−2𝑡𝑛−2 + 𝑑𝑛−1𝑡𝑛−1,

where 𝑑𝑖 ∈ R, for 𝑖 = 0, 1, 2, . . . , 𝑛 − 1.
(23)

Now by conditions 𝑥(0) = 0, . . . , 𝑥𝑛−2(0) = 0 and hypothesis(A1), (23) implies 𝑑1 = 𝑑2 = ⋅ ⋅ ⋅ = 𝑑𝑛−2 = 0. Hence,
𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼H (𝑡) + 𝑑0 + 𝑑𝑛−1𝑡𝑛−1. (24)

Applying 𝑐𝐷𝑝 on (24) and using Lemma 3
𝑐𝐷𝑝𝑥 (𝑡) = 𝑐𝐷𝑝𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼−𝑝H (𝑡)

+ 𝑑𝑛−1 Γ (𝑛)
Γ (𝑛 − 𝑝)𝑡𝑛−1−𝑝.

(25)

By conditions 𝑐𝐷𝑝𝑥(0) = 𝜓(𝑥(𝜂1)) and 𝑐𝐷𝑝𝑥(1) = 𝜓(𝑥(𝜂2))
and linearity of 𝜓,

0
= 𝜓 (𝑓 (𝜂1, 𝑥 (𝜂1))) + 𝜓 (𝐼𝛼H (𝜂1)) + 𝜓 (𝑑0)
+ 𝑑𝑛−1𝜓 (𝜂𝑛−11 ) ,

(26)

𝑐𝐷𝑝𝑓 (1, 𝑥 (1)) + 𝐼𝛼−𝑝H (1) + 𝑑𝑛−1 Γ (𝑛)
Γ (𝑛 − 𝑝)

= 𝜓 (𝑓 (𝜂2, 𝑥 (𝜂2))) + 𝜓 (𝐼𝛼H (𝜂2)) + 𝜓 (𝑑0)
+ 𝑑𝑛−1𝜓 (𝜂𝑛−12 ) .

(27)
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Subtracting (26) from (27) and rearranging, we get

𝑑𝑛−1
= 1
{𝜓 (𝜂𝑛−12 ) − 𝜓 (𝜂𝑛−11 ) − Γ (𝑛) /𝛿2Γ (𝑛 − 𝑝)} [

𝑐𝐷𝑝𝑓 (1,

𝑥 (1)) + 𝐼𝛼−𝑝H (1) − {𝜓 (𝑓 (𝜂2, 𝑥 (𝜂2)))
− 𝜓 (𝑓 (𝜂1, 𝑥 (𝜂1))) + 𝜓 (𝐼𝛼H (𝜂2)) − 𝜓 (𝐼𝛼H (𝜂1))}] .

(28)

Using (28) in (26), we get

𝑑0 = −𝜓 (𝑓 (𝜂1, 𝑥 (𝜂1))) − 𝜓 (𝐼𝛼H (𝜂1))𝜓 (1)

− 𝜓 (𝜂𝑛−11 )
𝜓 (1) {𝜓 (𝜂𝑛−12 ) − 𝜓 (𝜂𝑛−11 ) − Γ (𝑛) /𝛿2Γ (𝑛 − 𝑝)} [

𝑐𝐷𝑝𝑓 (1,

𝑥 (1)) + 𝐼𝛼−𝑝H (1) − {𝜓 (𝑓 (𝜂2, 𝑥 (𝜂2))) − 𝜓 (𝑓 (𝜂1, 𝑥 (𝜂1)))
+ 𝜓 (𝐼𝛼H (𝜂2)) − 𝜓 (𝐼𝛼H (𝜂1))}] .

(29)

From (24), (28), and (29), it follows that

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼H (𝑡) + 𝑎1𝑡𝑛−1 + 𝑎2, (30)

where 𝑎1 = 𝜅3𝜓(1)/𝜅2, 𝑎2 = −𝜅𝑜 − (𝜅1/𝜅2)𝜅3, 𝜅𝑜 =(−𝜓(𝑓(𝜂1, 𝑥(𝜂1))) − 𝜓(𝐼𝛼H(𝜂1)))/𝜓(1), 𝜅1 = 𝜓(𝜂𝑛−11 ), 𝜅2 =𝜓(1){𝜓(𝜂𝑛−12 ) − 𝜓(𝜂𝑛−11 ) − Γ(𝑛)/𝛿2Γ(𝑛 − 𝑝)} and 𝜅3 =
𝑐𝐷𝑝𝑓(1, 𝑥(1))+𝐼𝛼−𝑝H(1)+𝜓(𝑓(𝜂1, 𝑥(𝜂1)))−𝜓(𝑓(𝜂2, 𝑥(𝜂2)))+𝜓(𝐼𝛼H(𝜂1)) − 𝜓(𝐼𝛼H(𝜂2)).

In view of Lemma 14, system (10) is equivalent to the
following coupled systems of integral equations:

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 𝐼𝛼𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) + 𝑎1𝑡𝑛−1
+ 𝑎2,

𝑦 (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) + 𝐼𝛼𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) + 𝑏1𝑡𝑛−1
+ 𝑏2,

where 𝑎1, 𝑏1, 𝑎2, 𝑏2 ∈ R.

(31)

Define operators 𝐹1, 𝐹2, 𝐺 : 𝑌 → 𝑌 by

(𝐹1𝑧) 𝑡 = 𝑓 (𝑡, 𝑧 (𝑡)) + 𝑎1𝑡𝑛−1 + 𝑎2,
(𝐹2𝑧) 𝑡 = 𝑓 (𝑡, 𝑧 (𝑡)) + 𝑏1𝑡𝑛−1 + 𝑏2,
(𝐺𝑧) 𝑡 = 𝐼𝛼𝑔 (𝑡, 𝑧 (𝑡) , 𝐼𝛼𝑧 (𝑡)) .

(32)

By virtue of these operators, system (31) can be written as

𝑥 (𝑡) = (𝐹1𝑥) 𝑡 + (𝐺𝑦) 𝑡 = 𝑇1 (𝑥, 𝑦) ,
𝑦 (𝑡) = (𝐹2𝑦) 𝑡 + (𝐺𝑥) 𝑡 = 𝑇2 (𝑥, 𝑦) .

Which implies (𝑥, 𝑦) = (𝑇1, 𝑇2) (𝑥, 𝑦) .
If 𝐹 = (𝐹1, 𝐹2) ,

𝐺 = (𝐺, 𝐺) ,
�̃� = (𝑇1, 𝑇2) ,

then (𝑥, 𝑦) = �̃� (𝑥, 𝑦) ⇒
𝑢 = �̃�𝑢, where 𝑢 = (𝑥, 𝑦) ;

(33)

and solutions of system (10) are fixed points of �̃�.
Lemma 15. Assume that hypotheses (A2) and (A3) hold, then
the operator 𝐹 : 𝑌 × 𝑌 → 𝑌 is Υ-Lipschitz with constant 𝑘1.
Proof. For = (𝑥1, 𝑦1), V = (𝑥2, 𝑦2) ∈ 𝑌 × 𝑌, using (A2), it
follows that(𝐹𝑢) 𝑡 − (𝐹V) 𝑡 = (𝐹1, 𝐹2) (𝑥1, 𝑦1) 𝑡 − (𝐹1, 𝐹2) (𝑥2,

𝑦2) 𝑡 = sup
𝑡∈𝐽

((𝐹1𝑥1) 𝑡, (𝐹2𝑦1) 𝑡)
− ((𝐹1𝑥2) 𝑡, (𝐹2𝑦2) 𝑡) = sup

𝑡∈𝐽

((𝐹1𝑥1) 𝑡
− (𝐹1𝑥2) 𝑡, (𝐹2𝑦1) 𝑡 − (𝐹2𝑦2) 𝑡) = sup

𝑡∈𝐽

[(𝐹1𝑥1) 𝑡
− (𝐹1𝑥2) 𝑡 + (𝐹2𝑦1) 𝑡 − (𝐹2𝑦2) 𝑡]
= sup
𝑡∈𝐽

[𝑓 (𝑡, 𝑥1 (𝑡)) + 𝑎1𝑡𝑛−1 + 𝑎2
− {𝑓 (𝑡, 𝑥2 (𝑡)) + 𝑎1𝑡𝑛−1 + 𝑎2} + 𝑓 (𝑡, 𝑦1 (𝑡))
+ 𝑏1𝑡𝑛−1 + 𝑏2 − {𝑓 (𝑡, 𝑦2 (𝑡)) + 𝑏1𝑡𝑛−1 + 𝑏2}]
= sup
𝑡∈𝐽

[𝑓 (𝑡, 𝑥1 (𝑡)) − 𝑓 (𝑡, 𝑥2 (𝑡)) + 𝑓 (𝑡, 𝑦1 (𝑡))
− 𝑓 (𝑡, 𝑦2 (𝑡))] ≤ 𝑘1 𝑥1 (𝑡) − 𝑥2 (𝑡) + 𝑘1 𝑦1 (𝑡)
− 𝑦2 (𝑡) ≤ 𝑘1 (𝑥1 − 𝑥2 + 𝑦1 − 𝑦2) = 𝑘1 (𝑥1
− 𝑥2, 𝑦1 − 𝑦2) = 𝑘1 ‖𝑢 − V‖ .

(34)

Thus, 𝐹 is Lipschitz with constant 𝑘1. Hence, by Proposi-
tion 10, 𝐹 is Υ-Lipschitz with constant 𝑘1. Moreover, by using
(A3), we get the following condition for 𝐹:𝐹𝑢 ≤ 𝑐1 ‖𝑢‖𝑝1 + 𝑁3, where𝑁3 = 𝑁1 + 𝑎1 + 𝑎2. (35)

Lemma 16. Assume that the hypotheses (A4) and (A5) hold;
then the operator 𝐺 : 𝑌 × 𝑌 → 𝑌 is Υ-Lipschitz with zero
constant.
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Proof. To show that 𝐺 is compact it is enough to show that
𝐺 is uniformly bounded and equicontinuous. Let 𝑆 = {𝑢𝑛 =(𝑥𝑛, 𝑦𝑛) : ‖(𝑥𝑛, 𝑦𝑛)‖ ≤ 𝑅} ⊂ 𝑌 × 𝑌 ∋ (𝑥𝑛, 𝑦𝑛) → (𝑥, 𝑦) as
𝑛 → ∞ in 𝑆. We have to show that ‖𝐺𝑢𝑛 − 𝐺𝑢‖ → 0.

lim
𝑛→∞

{(𝐺𝑢𝑛) 𝑡} = lim
𝑛→∞

{(𝐺, 𝐺) (𝑥𝑛, 𝑦𝑛) 𝑡}
= ( lim
𝑛→∞

(𝐺𝑥𝑛) 𝑡, lim𝑛→∞ (𝐺𝑦𝑛) 𝑡)
= ( lim
𝑛→∞

𝐼𝛼𝑔 (𝑡, 𝑥𝑛 (𝑡) , 𝐼𝛼𝑥𝑛 (𝑡)) ,
lim
𝑛→∞

𝐼𝛼𝑔 (𝑡, 𝑦𝑛 (𝑡) , 𝐼𝛼𝑦𝑛 (𝑡))) = ( 1
Γ (𝛼)

⋅ lim
𝑛→∞

∫𝑡
0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑥𝑛 (𝑡) , 𝐼𝛼𝑥𝑛 (𝑡)) 𝑑𝜉, 1

Γ (𝛼)
⋅ lim
𝑛→∞

∫𝑡
0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑦𝑛 (𝑡) , 𝐼𝛼𝑦𝑛 (𝑡)) 𝑑𝜉)

(36)

which by Lebesgue dominated convergence theorem gives

lim
𝑛→∞

{(𝐺𝑢𝑛) 𝑡} = ( 1
Γ (𝛼)

⋅ ∫𝑡
0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) 𝑑𝜉, 1

Γ (𝛼)
⋅ ∫𝑡
0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) 𝑑𝜉)

= (𝐼𝛼𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) , 𝐼𝛼𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)))
= ((𝐺𝑥) 𝑡, (𝐺𝑦) 𝑡) = (𝐺𝑢) 𝑡.

(37)

Thus, the image of a convergent sequence is convergent, so 𝐺
is a continuous on 𝑆. Moreover, in view of (A4), 𝐺 satisfies
the following condition:

𝐺𝑢 ≤ 𝑐2 ‖𝑢‖𝑝2 + 𝑁2. (38)

Now, using (A5), we obtain
(𝐺𝑢) 𝑡 = ((𝐺𝑥) 𝑡, (𝐺𝑦) 𝑡) = |(𝐺𝑥) 𝑡| + (𝐺𝑦) 𝑡
= 𝐼𝛼𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) + 𝐼𝛼𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡))
= 1
Γ (𝛼)

∫
𝑡

0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) 𝑑𝜉

+ 1
Γ (𝛼)

∫
𝑡

0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) 𝑑𝜉

≤ 1
Γ (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) 𝑑𝜉

+ 1
Γ (𝛼) ∫

𝑡

0
(𝑡 − 𝜉)𝛼−1 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) 𝑑𝜉

≤ 2 ‖ℎ‖
Γ (𝛼) ∫ (𝑡 − 𝜉)𝛼−1 𝑑𝜉 =

2 ‖ℎ‖
Γ (𝛼 + 1) 𝑡𝛼.

(39)

Upon using 𝑡 ≤ 1, (39) implies that

𝐺𝑢 ≤ 2 ‖ℎ‖
Γ (𝛼 + 1) . (40)

Hence, 𝐺 is uniformly bounded. Now, for 𝑡1, 𝑡2 ∈ 𝐽, and any
𝑢 ∈ 𝑆, consider

(𝐺𝑢) 𝑡1 − (𝐺𝑢) 𝑡2 = 𝐺 (𝑥, 𝑦) 𝑡1 − 𝐺 (𝑥, 𝑦) 𝑡2
= (𝐺𝑥) 𝑡1 − (𝐺𝑥) 𝑡2, (𝐺𝑦) 𝑡1 − (𝐺𝑦) 𝑡2 = (𝐺𝑥) 𝑡1
− (𝐺𝑥) 𝑡2 + (𝐺𝑦) 𝑡1 − (𝐺𝑦) 𝑡2
= 𝐼𝛼𝑔 (𝑡1, 𝑥 (𝑡1) , 𝐼𝛼𝑥 (𝑡1))
− 𝐼𝛼𝑔 (𝑡2, 𝑥 (𝑡2) , 𝐼𝛼𝑥 (𝑡2))
+ 𝐼𝛼𝑔 (𝑡1, 𝑦 (𝑡1) , 𝐼𝛼𝑦 (𝑡1))
− 𝐼𝛼𝑔 (𝑡2, 𝑦 (𝑡2) , 𝐼𝛼𝑦 (𝑡2)) = 1

Γ (𝛼)
∫
𝑡
1

0
(𝑡1

− 𝜉)𝛼−1 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉 − ∫𝑡2
0
(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉 +
1

Γ (𝛼)
∫
𝑡
1

0
(𝑡1

− 𝜉)𝛼−1 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉 − ∫𝑡2
0
(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉
= 1
Γ (𝛼)

[∫
𝑡
1

0
(𝑡1 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉

− ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉

+ ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉

− ∫𝑡2
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉]


+ 1
Γ (𝛼)

[∫
𝑡
1

0
(𝑡1 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉

− ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉

+ ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉

− ∫𝑡2
0
(𝑡2 − 𝜉)𝛼−1 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉]
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= 1
Γ (𝛼)

[∫
𝑡
1

0
[(𝑡1 − 𝜉)𝛼−1 − (𝑡2 − 𝜉)𝛼−1]

⋅ 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉 + ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉 + ∫0
𝑡
2

(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑥 (𝜉) , 𝐼𝛼𝑥 (𝜉)) 𝑑𝜉]
+ 1
Γ (𝛼)

[∫
𝑡
1

0
[(𝑡1 − 𝜉)𝛼−1 − (𝑡2 − 𝜉)𝛼−1]

⋅ 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉 + ∫𝑡1
0
(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉 + ∫0
𝑡
2

(𝑡2 − 𝜉)𝛼−1

⋅ 𝑔 (𝜉, 𝑦 (𝜉) , 𝐼𝛼𝑦 (𝜉)) 𝑑𝜉]
≤ ‖ℎ‖
Γ (𝛼) [

∫
𝑡
1

0
{(𝑡1 − 𝜉)𝛼−1 − (𝑡2 − 𝜉)𝛼−1} 𝑑𝜉


+ ∫
𝑡
1

𝑡
2

(𝑡2 − 𝜉)𝛼−1 𝑑𝜉
]

+ ‖ℎ‖
Γ (𝛼) [

∫
𝑡
1

0
{(𝑡1 − 𝜉)𝛼−1 − (𝑡2 − 𝜉)𝛼−1} 𝑑𝜉


+ ∫
𝑡
1

𝑡
2

(𝑡2 − 𝜉)𝛼−1 𝑑𝜉
] ≤

2 ‖ℎ‖
Γ (𝛼 + 1) [𝑡𝛼1 − 𝑡𝛼2  + 𝑡2

− 𝑡1𝛼 − 𝑡2 − 𝑡1𝛼] = 2 ‖ℎ‖
Γ (𝛼 + 1) 𝑡𝛼1 − 𝑡𝛼2  .

(41)

Since 𝑡𝛼 is uniformly continuous on 𝐽 for 𝑛 − 1 < 𝛼 ≤ 𝑛, so
for ∈ > 0 ∃𝛿 > 0 ∋ if |𝑡1 − 𝑡2| < 𝛿, then |𝑡𝛼1 − 𝑡𝛼2 | < (Γ(𝛼 +1)/2‖ℎ‖) ∈. Thus, (41) becomes

(𝐺𝑢) 𝑡1 − (𝐺𝑢) 𝑡2 < 2 ‖ℎ‖
Γ (𝛼 + 1)

Γ (𝛼 + 1)
2 ‖ℎ‖ ∈ . (42)

Thus, |(𝐺𝑢)𝑡1 − (𝐺𝑢)𝑡2| < ∈ if |𝑡1 − 𝑡2| < 𝛿; thus, 𝐺
is equicontinuous. Hence, by Arzela-Ascoli Theorem 𝐺 is
compact and by virtue of Proposition 9,𝐺 isΥ-Lipschitz with
zero constant.

Theorem 17. If 𝑓 : 𝑌 × 𝑌 → 𝑌 and 𝑔 : 𝑌 × 𝑌 → 𝑌 satisfying
conditions (A1)–(A5), then the integral equation

𝑢 (𝑡) = (𝑥 (𝑡) , 𝑦 (𝑡)) = (𝑓 (𝑡, 𝑥 (𝑡)) + 𝑎1𝑡𝑛−1 + 𝑎2
+ 𝐼𝛼𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) , 𝑓 (𝑡, 𝑦 (𝑡)) + 𝑏1𝑡𝑛−1 + 𝑏2
+ 𝐼𝛼𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡))) , 𝑡 ∈ 𝐽,

(43)

has at least one solution 𝑢 ∈ 𝐽 and the set of solutions of system
(10) is bounded in 𝑌.
Proof. Let 𝐹, 𝐺, �̃� : 𝑌 × 𝑌 → 𝑌 be the operators defined
in (32). These are continuous and bounded. By Lemma 15,
it follows that 𝐹 is Υ-Lipschitz with constant 𝑘1. Also by
Lemma 16,𝐺 isΥ-Lipschitz with zero constant.Thus, by using
Proposition 11, �̃� is Υ-Lipschitz with constant 𝑘1. Set

𝑆 = {𝑢 ∈ 𝑌 × 𝑌 : (∃) 𝜎 ∈ 𝐽 ∋ 𝑢 = 𝜎�̃�𝑢} . (44)

We will prove that 𝑆 is bounded in 𝑌 × 𝑌. For this let 𝑢 ∈ 𝑆;
then 𝑢 = 𝜎�̃�𝑢, where 𝜎 ∈ 𝐽. Now by (35) and (38),

‖𝑢‖ = (𝑥, 𝑦) = 𝜎�̃� (𝑥, 𝑦) ≤ �̃� (𝑥, 𝑦)
= 𝐹 (𝑥, 𝑦) + 𝐺 (𝑥, 𝑦)
≤ 𝑐1 ‖𝑢‖𝑝1 + 𝑁3 + 𝑐2 ‖𝑢‖𝑝2 + 𝑁2

1 ≤ 𝑐1‖𝑢‖1−𝑝1 +
𝑁3‖𝑢‖ +

𝑐2‖𝑢‖1−𝑝2 +
𝑁2‖𝑢‖ .

(45)

If ‖𝑢‖ → ∞, then 1 ≤ 0, a contradiction.Thus, ‖𝑢‖ is bounded
in𝑌×𝑌. Consequently, we deduced byTheorem 12 that �̃� has
at least one fixed point which is bounded in 𝑌 × 𝑌.
Remark 18. Here we remark that the conditions (A3), (A4)
hold for 𝑝1 = 𝑝2 = 1. Therefore, in view of this remark,
Theorem 17 is also valid for 𝑝1 = 𝑝2 = 1.

4. Illustrative Example

Example 1. Consider the coupled system of FHDEs given by

𝐷5/2 [𝑥 (𝑡) − cos 𝑡 |𝑥 (𝑡)|
4 (10 + |𝑥 (𝑡)|)] =

𝑡 [𝑦 (𝑡) + 𝐼5/2𝑦 (𝑡)]
10 + 𝑦 (𝑡) ,

𝑡 ∈ 𝐽 = [0, 1] ,
𝑐𝐷5/2 [𝑦 (𝑡) − cos 𝑡 𝑦 (𝑡)4 (10 + 𝑦 (𝑡))]

= 𝑡 [𝑥 (𝑡) + 𝐼5/2𝑥 (𝑡)]
10 + |𝑥 (𝑡)| , 𝑡 ∈ 𝐽 = [0, 1] ,

𝑐𝐷1/2𝑥 (0) = 10∑
𝑘=0

1
20𝑥 (

1
2) ,

𝑥 (0) = 0, . . . , 𝑥𝑛−2 (0) = 0,
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𝑐𝐷1/2𝑥 (1) = 10∑
𝑘=0

1
20𝑥 (

1
2) ,

𝑐𝐷1/2𝑦 (0) = 10∑
𝑘=0

1
20𝑦 (

1
2) ,

𝑦 (0) = 0, . . . , 𝑦𝑛−2 (0) = 0,
𝑐𝐷1/2𝑦 (1) = 10∑

𝑘=0

1
20𝑦 (

1
2) .

(46)

From system (46) we see that 𝑓(𝑡, 𝑥(𝑡)) = cos 𝑡|𝑥(𝑡)|/4(10 +
|𝑥(𝑡)|), 𝑔(𝑡, 𝑥(𝑡), 𝐼𝛼𝑥(𝑡)) = 𝑡[𝑥(𝑡) + 𝐼5/2𝑥(𝑡)]/(10 + |𝑥(𝑡)|),𝜂1 = 𝜂2 = 1/2, 𝛼 = 5/2, 𝑝 = 1/2, 𝜓(𝑥(𝜂1)) = 𝜓(𝑥(𝜂2)) =∑10𝑘=0(1/20)𝑥(1/2). Upon computation, we have 𝑐1 = 1/4,𝑝1 = 1, 𝑁1 = 0, 𝑝2 = 1, 𝑐2 = 1/4, 𝑁2 = 0, 𝑎1 = 0.0055,𝑎2 = 1.0852, and 𝑁3 = 1.0907. In view of Theorem 17,
𝑆 = {𝑢 = (𝑥, 𝑦) ∈ 𝑌 × 𝑌 : 𝑢 = (1/2)�̃�𝑢} is the solution
set; then

‖𝑢‖ ≤ �̃�𝑢 = 𝐹𝑢 + 𝐺𝑢
≤ 𝑐1 ‖𝑢‖𝑝1 + 𝑁3 + 𝑐2 ‖𝑢‖𝑝2 + 𝑁2.

(47)

From which, we have ‖𝑢‖ ≤ 2𝑁3 = 2.1814. Thus, system
(46) has at least one solution and the set of solutions of 𝑆 is
bounded in 𝐶(𝐽,R) × 𝐶(𝐽,R).
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Correspondence should be addressed to Dorota Mozyrska; d.mozyrska@pb.edu.pl

Received 10 February 2017; Accepted 23 April 2017; Published 6 July 2017

Academic Editor: Ahmad T. Azar

Copyright © 2017 Dorota Mozyrska and Piotr Ostalczyk. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

We investigate a generalization of discrete-time integrator. Proposed linear discrete-time integrator is characterised by the variable,
fractional order of integration/summation. Graphical illustrations of an analysis of particular vector matrices are presented. In
numerical examples, we show relations between the order functions and element responses.

1. Introduction

In order to build a dynamic system, one should define spec-
ifications to be met, apply synthesis techniques, if available,
analyse a mathematical model of a system, and simulate the
model on a computer to test the effect of various inputs
on the behavior of the resulting system. New classes and
categories of systems that could be used as new models are
still needed. One of the most important tools is an element
called “integrator.” In measurements and control applica-
tions, an integrator is an element whose output signal is the
time integral (in continuous case) or summation (in discrete
case) of its input signal. It accumulates the input quantity
over a defined time to produce a representative output. For
the classical theory, see, for instance, [1, 2]. An integrator
may be treated as a fundamental and is commonly used
in constructions of more complicated systems via Kelvin’s
scheme [2]. This leads to a variety of structures known as
realizations. As crucial realizations, those, which reveal such
important dynamic properties as stability, controllability, and
so forth, are considered.The first-order differential equations
can be generalized to the fractional-order ones [3–10]. Hence,
we get the fractional-order integrator, which can be used in a
modelling of fractional-order dynamic systems.

For discrete-time systems, an equivalent element is called
a summator or discrete integrator. This dynamic element
is described by linear time-invariant first-order difference
equation; see [11, 12]. As a generalization of the classical
discrete integrator, we can consider discrete summation of

fractional order [3, 13–20]. In this paper, we propose a
generalization of the fractional-order discrete integrator and
call it the variable-, fractional-order discrete-time integrator.

Besides applications of integrators in mentioned real-
izations, another important use is the integration action
in the PID controllers; see [1, 21]. The integration action
preserves a zero steady state in the closed-loop systems with
typical plants. Different types of the variable-, fractional-
order elements have been proposed in [22, 23]. For constant
orders (fractional or integer orders), all integrators are iden-
tical. This property is not valid in the variable-, fractional-
order integrators in the mentioned types. Comparing with
the model of integrator described in [22], we state here
a different and more general model with better motivated
initial conditions. Moreover, our investigations of values of
coefficients of matrices, that are used for calculations of
models, are much more advanced.

The proposed integrator may be used in the variable-,
fractional-order digital filters [11, 12], described by related
variable-, fractional-order difference equations. In the paper,
an equivalent but very useful vector matrix description of the
variable-, fractional-order integrator is applied. It becomes
a great tool in the variable-, fractional-order integrators
description. One shouldmention that to variable-, fractional-
order difference equations we cannot apply the 𝑍-transform.

Thepaper is organised as follows. After an introduction to
the variable-, discrete-, fractional-order calculus, a descrip-
tion of the variable-, fractional-order discrete integrator is
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given in Section 3. The formula for the variable-, fractional-
order integrator response is derived. Our investigations are
illustrated by numerical examples.

2. Preliminaries

The most important in the evaluation of the variable-,
fractional-order backward difference/sum is the kernel func-
tion, named after its action the oblivion function. For 𝑘, 𝑙 ∈ Z

and a given order function ](⋅) : Z→ R, the function of two
discrete variables is defined by its values: 𝑎[](𝑙)](𝑘).We assume
that order functions have values in the interval [0, 1].
Definition 1. For 𝑘, 𝑙 ∈ Z and a given order function ](⋅), one
defines the oblivion function, as a discrete function of two
variables, by its values 𝑎[](𝑙)](𝑘) given as

𝑎[](𝑙)] (𝑘)

=
{{{{{{{{{{{

0 for 𝑘 < 0
1 for 𝑘 = 0
(−1)𝑘 ] (𝑙) [] (𝑙) − 1] ⋅ ⋅ ⋅ [] (𝑙) − 𝑘 + 1]𝑘! for 𝑘 > 0.

(1)

It is easy to observe that for opposite values of order
function holds the following:

𝑎[−](𝑙)] (𝑘)

=
{{{{{{{{{{{

0 for 𝑘 < 0
1 for 𝑘 = 0
] (𝑙) (] (𝑙) + 1) ⋅ ⋅ ⋅ (] (𝑙) + 𝑘 − 1)𝑘! for 𝑘 > 0.

(2)

Formula (1) in Definition 1 is equivalent to the following
recurrence with respect to 𝑘 ∈ N:

𝑎[](𝑙)] (0) = 1,
𝑎[](𝑙)] (𝑘) = 𝑎[](𝑙)] (𝑘 − 1) [1 − ] (𝑙) + 1𝑘 ] for 𝑘 ⩾ 1. (3)

In [24], we have proved the following properties for
positive values of order function.

Proposition 2 (see [24]). Let the order function have values0 < ](𝑙) < 1 for 𝑙 ∈ Z. Then, the following properties hold:

(a) For all 𝑙 ∈ Z and 𝑘 ∈ N1, 𝑎[](𝑙)](𝑘) < 0.
(b) For all 𝑙 ∈ Z, the sequence (𝑎[](𝑙)](𝑘))𝑘∈N1 is increasing.
(c) For each increasing and bounded order function ](⋅)

with values in (0, 1) and for each 𝑙 ∈ N, there is𝑚𝑙 such
that for 𝑘 ≥ 𝑚𝑙 the sequence (𝑎[](𝑙)](𝑘))𝑙∈N is increasing;

that is, for 𝑘 ≥ 𝑚𝑙,
𝑎[](𝑙+1)] (𝑘) > 𝑎[](𝑙)] (𝑘) . (4)

Particularly for order functions with values in 1/2 ≤
](𝑙) < 1, the border𝑚𝑙 = 2.

(d) For each increasing and bounded order function ](⋅)
with values in (0, 1), there is 𝑚𝑘 ∈ N1 such that for𝑘 ≥ 𝑚𝑘

𝑎[](𝑘+1)] (𝑘 + 1) > 𝑎[](𝑘)] (𝑘) . (5)

In the sequel, we need to prove parallel properties for
oblivion function with negative values of order function with
values −](𝑙) ∈ (−1, 0) for 𝑙 ∈ Z.

Proposition 3. Let one assume that, ∀𝑙 ∈ Z, ](𝑙) ∈ (0, 1).
Then the following properties are satisfied:

(a) For all 𝑙 ∈ Z and 𝑘 ∈ N1, 𝑎[−](𝑙)](𝑘) > 0.
(b) For all 𝑙 ∈ Z, the sequence (𝑎[−](𝑙)](𝑘))𝑘∈N1 is decreas-

ing.
(c) For decreasing and bounded order function ](⋅) with

values in (0, 1) and for each 𝑙 ∈ N, the sequence(𝑎[−](𝑙)](𝑘))𝑙∈N is decreasing; that is, for 𝑘 ≥ N1,

𝑎[−](𝑙+1)] (𝑘) < 𝑎[−](𝑙)] (𝑘) . (6)

(d) For decreasing and bounded order function ](⋅) with
values in (0, 1) and for each 𝑙 ∈ N holds

𝑎[−](𝑘+1)] (𝑘 + 1) < 𝑎[−](𝑘)] (𝑘) . (7)

Proof. For 𝑙 ∈ Z, we have that 𝑎[−](𝑙)](0) = 1 and for 𝑘 > 0
𝑎[−](𝑙)] (𝑘) = ] (𝑙) (] (𝑙) + 1) ⋅ ⋅ ⋅ (] (𝑙) + 𝑘 − 1)𝑘! . (8)

Then, we directly have points (a), (b), and (c). In (b), we
need additionally to notice that (](𝑙) − 1)/𝑘 < 0, which gives𝑎[−](𝑙)](𝑘 + 1) < 𝑎[−](𝑙)](𝑘). We do the next calculations to
receive what we claim in point (d). We have the following:

𝑎[−](𝑘+1)] (𝑘 + 1) − 𝑎[−](𝑘)] (𝑘)
= (1 − −] (𝑘 + 1) + 1𝑘 + 1 ) 𝑎[−](𝑘+1)] (𝑘) − 𝑎−[](𝑘)] (𝑘) . (9)

Moreover, as 0 < ](𝑘 + 1) < 1, then 0 < 1+ (](𝑘 + 1) − 1)/(𝑘 +1) < 1 for 𝑘 ≤ 1. Knowing that 𝑎[−](𝑘+1)](𝑘) > 0, we receive(1−(−](𝑘+1)+1)/(𝑘+1))𝑎[−](𝑘+1)](𝑘) < 𝑎[−](𝑘+1)](𝑘). Hence,
𝑎[−](𝑘+1)] (𝑘 + 1) − 𝑎[−](𝑘)] (𝑘)
< 𝑎−[](𝑘+1)] (𝑘) − 𝑎[](𝑘)] (𝑘) (10)

and then from point (c) we have the thesis.



Complexity 3

In the next definition, theGrünwald–Letnikov fractional-
order backward difference (GL-FOBD) is generalized to
the Grünwald–Letnikov variable-, fractional-order back-
ward difference (GL-VFOBD) in part (a) and to the
Grünwald–Letnikov variable-, fractional-order backward
difference with initialization (GL-VFOBDwI) in part (b).
For definition and properties of the Grünwald–Letnikov
fractional-order backward difference (GL-FOBD) for con-
stant order, we refer to [10, 18, 25, 26].

Definition 4. Let𝑓 be a discrete-variable bounded real valued
function.

(a) The Grünwald–Letnikov variable-, fractional-
order backward difference with initialization (GL-
VFOBDwI) with an order function ] : Z → R+ ∪ {0}
is defined as an infinite sum, provided that the series
is convergent:

( 𝐺𝐿−∞Δ[](𝑘)]𝑓) (𝑘) = ∞∑
𝑖=0

𝑎[](𝑘)] (𝑖) 𝑓 (𝑘 − 𝑖)

= [1 𝑎[](𝑘)] (1) 𝑎[](𝑘)] (2) ⋅ ⋅ ⋅]
[[[[[[
[

𝑓 (𝑘)
𝑓 (𝑘 − 1)
𝑓 (𝑘 − 2)

...

]]]]]]
]
.

(11)

(b) The Grünwald–Letnikov variable-, fractional-order
backward difference (GL-VFOBD) with an order
function ] : Z → R+ ∪ {0} started at 𝑘0 is defined
as a finite sum

(𝐺𝐿𝑘0Δ[](𝑘)]𝑓) (𝑘) =
𝑘∑
𝑖=𝑘0

𝑎[](𝑘)] (𝑖 − 𝑘0) 𝑓 (𝑘 + 𝑘0 − 𝑖)

= 𝑘−𝑘0∑
𝑖=0

𝑎[](𝑘)] (𝑖) 𝑓 (𝑘 − 𝑖)

= [1 𝑎[](𝑘)] (1) ⋅ ⋅ ⋅ 𝑎[](𝑘)] (𝑘 − 𝑘0)]
[[[[[[[[[
[

𝑓 (𝑘)
𝑓 (𝑘 − 1)

...
𝑓 (𝑘0 + 1)𝑓 (𝑘0)

]]]]]]]]]
]

.

(12)

For 𝑘0 = 0, the GL-VFOBD becomes a discrete convolution:
(𝐺𝐿0Δ[](𝑘)]𝑓)(𝑘) = (a ∗ 𝑓)(𝑘) = (𝑓 ∗ a)(𝑘), where a(𝑘) fl𝑎[](𝑘)](𝑘). In particular case of constant order function, we
have the following (for 𝑘 > 𝑘0 and 𝑘0 can be finite or 𝑘0 =−∞):

(i) (𝐺𝐿𝑘0Δ[0]𝑓)(𝑘) = 𝑓(𝑘);
(ii) (𝐺𝐿𝑘0Δ[1]𝑓)(𝑘) = 𝑓(𝑘) − 𝑓(𝑘 − 1);

(iii) (𝐺𝐿𝑘0Δ[−1]𝑓)(𝑘) = ∑𝑘−𝑘0𝑖=0 𝑓(𝑘− 𝑖), if only the summation
exists.

Next, one assumes that ](𝑘) = 0 for 𝑘 ⩽ 𝑘0 − 1. Equality
(11) is defined for any 𝑘 ⩾ 𝑘0 > −∞, so it is also valid for any𝑘 − 1, 𝑘 − 2, . . . , 𝑘0 + 1, 𝑘0, 𝑘0 − 1, . . ..

Collecting all such equalities like (11) in one vectormatrix
form, one obtains

( 𝐺𝐿−∞Δ[](𝑘)]f) (𝑘) = −∞A[](𝑘)]𝑘0 ,𝑘 [f (𝑘)f𝑘0−1
] , (13)

where

f (𝑘) =
[[[[[[[[[
[

𝑓 (𝑘)
𝑓 (𝑘 − 1)

...
𝑓 (𝑘0 + 1)𝑓 (𝑘0)

]]]]]]]]]
]

,

f𝑘0−1 =
[[[[
[

𝑓 (𝑘0 − 1)𝑓 (𝑘0 − 2)...
]]]]
]
,

( 𝐺𝐿−∞Δ[^(𝑘)]f) (𝑘) =
[[[[[
[

𝐺𝐿
−∞Δ[](𝑘)]𝑓 (𝑘)...
𝐺𝐿
−∞Δ[](𝑘0)]𝑓 (𝑘0)

]]]]]
]
,

(14)

−∞A
[](𝑘)]
𝑘0 ,𝑘

fl [𝑘0A[](𝑘)]𝑘 −∞I
[](𝑘)]
𝑘0−1

] . (15)

Inside matrix (15) we extract the following parts:

𝑘0
A[](𝑘)]
𝑘

fl

[[[[[[[
[

1 𝑎[](𝑘)] (1) ⋅ ⋅ ⋅ 𝑎[](𝑘)] (𝑘 − 𝑘0)
0 1 ⋅ ⋅ ⋅ 𝑎[](𝑘−1)] (𝑘 − 𝑘0 − 1)... ... ...
0 0 ⋅ ⋅ ⋅ 1

]]]]]]]
]
, (16)

−∞I
[](𝑘)]
𝑘0−1

fl

[[[[[[[
[

𝑎[](𝑘)] (𝑘 − 𝑘0 + 1) 𝑎[](𝑘)] (𝑘 − 𝑘0 + 2) ⋅ ⋅ ⋅
𝑎[](𝑘−1)] (𝑘 − 𝑘0) 𝑎[](𝑘−1)] (𝑘 − 𝑘0 + 1) ⋅ ⋅ ⋅... ...

𝑎[](0)] (1) 𝑎[](0)] (2) ⋅ ⋅ ⋅

]]]]]]]
]
. (17)
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For ] = 1 and 𝑘0 = 0, appropriate matrices have the
following forms:

𝑘0
A[−1]
𝑘

=
[[[[[[[[[[[[
[

1 1 1 ⋅ ⋅ ⋅ 1 1
0 1 1 ⋅ ⋅ ⋅ 1 1
0 0 1 ⋅ ⋅ ⋅ 1 1
... ... ... ... ...
0 0 0 ⋅ ⋅ ⋅ 1 1
0 0 0 ⋅ ⋅ ⋅ 0 1

]]]]]]]]]]]]
]

, (18)

𝑘0
A[1]
𝑘
=
[[[[[[[[[[[[
[

1 −1 0 ⋅ ⋅ ⋅ 0 0
0 1 −1 ⋅ ⋅ ⋅ 0 0
0 0 1 ⋅ ⋅ ⋅ 0 0
... ... ... ... ...
0 0 0 ⋅ ⋅ ⋅ 1 −1
0 0 0 ⋅ ⋅ ⋅ 0 1

]]]]]]]]]]]]
]

. (19)

Moreover, it is worth noticing that 𝑘0A
[0]

𝑘
= 1𝑘−𝑘0+1, which

is the (𝑘 − 𝑘0 + 1) × (𝑘 − 𝑘0 + 1)-dimensional identity matrix.
We give now the series of properties of finite dimensional

matrices 𝑘0A
[](𝑘)]
𝑘

and 𝑘0A
[−](𝑘)]
𝑘

and their inverses, for order
function with values ](𝑘) ∈ (0, 1].
Proposition 5 (see [24]). Assume that for all 𝑘 ≥ 𝑘0, ](𝑘) ∈(0, 1] and ](𝑘) = 0 for 𝑘 ≤ 𝑘0 − 1. Then, all elements of the
inverse matrix (𝑘0A[](𝑘)]𝑘 )−1 are nonnegative.
Proposition 6 (see [24]). For an order function ](𝑘) > 0
and a constant order ]𝑐 > 0, the following equality holds:

0
A[](𝑘)]
𝑘 0

A(]𝑐)
𝑘

= 0A[](𝑘)+]𝑐]𝑘
.

By direct calculations, one can check that 0A
(]𝑐)
𝑘 0

A[](𝑘)]
𝑘

̸=
0A
[](𝑘)+]𝑐]
𝑘

. Proposition 6 confirms the fact that for ](𝑘) = ] =
const, we have

0
A(])
𝑘 0

A(]𝑐)
𝑘

= 0A(]+]𝑐)𝑘 .As a consequence of the
last equality, one has the following 𝑘0A

(])
𝑘
= (𝑘0A(−])𝑘 )−1. By

direct calculations, we can check that

(𝑘0A[](𝑘)]𝑘 )−1 ̸= (𝑘0A[−](𝑘)]𝑘
) . (20)

The crucial matrix in the VFODI response is 𝑘0A
[−](𝑘)]
𝑘

. We
prove the following in [22].

Proposition 7 (see [22]). For order functions with values 0 ≤
](𝑘) ⩽ 1 for 𝑘 ≥ 𝑘0, all elements of the matrix 𝑘0A

[−](𝑘)]
𝑘

are
nonnegative.

Proposition 8 (see [22]). For two order functions with values0 < ]1(𝑘) < ]2(𝑘) ⩽ 1, for 𝑘 ≥ 𝑘0, all elements of the matrix

(𝑎𝑖𝑗) = 𝑘0A[−]1(𝑘)]𝑘
are less than or equal to these of the matrix

(𝑏𝑖𝑗) = 𝑘0A[−]2(𝑘)]𝑘
; that is, 𝑎𝑖𝑗 ≤ 𝑏𝑖𝑗.

3. Variable-, Fractional-Order Difference
Integrator (VFODI)

3.1. Description of the VFODI. Let 𝑢 be the given function 𝑢 :
Z → R and 𝑓 : R2 → R be given bounded function of two
variables. Let ̄𝑓(𝑘) fl 𝑓(𝑦(𝑘− 1), 𝑢(𝑘)), 𝑘 ∈ Z. The variable-,
fractional-order discrete-time difference equation for the pair
of orders (], 𝜇) is described by the following fractional-order
difference equation:

( 𝐺𝐿−∞Δ[](𝑘)]𝑦) (𝑘) = (𝐺𝐿𝑘0Δ[−𝜇(𝑘)]𝑓) (𝑘) , 𝑘 ≥ 𝑘0 (21)

with initial conditions

y𝑘0−1 =
[[[[
[

𝑦 (𝑘0 − 1)𝑦 (𝑘0 − 2)...
]]]]
]

(22)

and values 𝑢(𝑘) = 0 for 𝑘 < 𝑘0.
From definitions of fractional operators, (21) has the

following recurrence solution:

𝑦 (𝑘) = −∞∑
𝑖=1

𝑎[](𝑘)] (𝑖) 𝑦 (𝑘 − 𝑖)

+ 𝑘−𝑘0∑
𝑖=0

𝑎[−𝜇(𝑘)] (𝑖) 𝑓 (𝑦 (𝑘 − 1 − 𝑖) , 𝑢 (𝑘 − 𝑖)) ,
𝑘 ≥ 𝑘0.

(23)

In the simplest situations, we present solutions given by (23)
in the form

(i) for ] ≡ 0, 𝜇 ≡ 0,
𝑦(𝑘) = 𝑓(𝑦(𝑘 − 1), 𝑢(𝑘)) and this looks like classical
difference equation;

(ii) for ] ≡ 1, 𝜇 ≡ 0,
𝑦(𝑘) = 𝑦(𝑘−1)+𝑓(𝑦(𝑘−1), 𝑢(𝑘)) and this is the case
of the so-called nabla operator equation;

(iii) for ] ≡ 0, 𝜇 ≡ 1,
𝑦(𝑘) = ∑𝑘−𝑘0𝑖=1 𝑓(𝑦(𝑘 − 1 − 𝑖), 𝑢(𝑘 − 𝑖));

(iv) for ] ≡ 1, 𝜇 ≡ 1,
𝑦(𝑘) = 𝑦(𝑘 − 1) + ∑𝑘−𝑘0𝑖=1 𝑓(𝑦(𝑘 − 1 − 𝑖), 𝑢(𝑘 − 𝑖)).
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In the next definition of variable-, fractional-order differ-
ence integrator (VFODI), we assume that 𝑓(𝑦(𝑘 − 1), 𝑢(𝑘)) =𝑏0𝑢(𝑘). Let us introduce the following notation:

y (𝑘) =
[[[[[[[[[
[

𝑦 (𝑘)
𝑦 (𝑘 − 1)

...
𝑦 (𝑘0 + 1)𝑦 (𝑘0)

]]]]]]]]]
]

,

u (𝑘) =
[[[[[[[[[
[

𝑢 (𝑘)
𝑢 (𝑘 − 1)

...
𝑢 (𝑘0 + 1)𝑢 (𝑘0)

]]]]]]]]]
]

,

𝑌 (𝑘) = [[[[
[

𝑦 (𝑘)
𝑦 (𝑘 − 1)

...
]]]]
]
, for 𝑘 ∈ Z.

(24)

If 𝑘 ≥ 𝑘0, then we can write 𝑌(𝑘) in the following way 𝑌(𝑘) =[ y(𝑘)
y𝑘0−1 ] .
The variable-, fractional-order difference integrator

(VFODI) is described by the following fractional-order
difference matrix-vector equation:

(−∞A[](𝑘)]𝑘 ) ⋅ 𝑌 (𝑘) = 𝑏0 (𝑘0A[−𝜇(𝑘)]𝑘
) u (𝑘) (25)

with initial condition 𝑌(𝑘0 − 1) = y𝑘0−1. On the right side of
(25), we use finite matrix 𝑘0A

[−𝜇(𝑘)]

𝑘
as on the left side there

is a rectangular (finite rows and infinite columns) matrix
operator. It is because we claim as in the classical cases that
values 𝑢(𝑘) = 0 for 𝑘 < 𝑘0. Then, even if we write infinite
operator matrix on the right side, it will give the same action
as multiplication by an infinite number of zeros of 𝑢(⋅).
Proposition 9. Equation (25) with initial condition 𝑌(𝑘0 −1) = y𝑘0−1 has the solution given by the following description:

y (𝑘) = (𝑘0A[](𝑘)]𝑘 )−1
⋅ (𝑏0𝑘0A[−𝜇(𝑘)]𝑘

u (𝑘) − −∞I[](𝑘)]𝑘0−1 y𝑘0−1) .
(26)

Proof. The proof follows from the fact that taking into
account the initial conditions vector 𝑌(𝑘0 − 1) and the
partition of the matrices −∞A

[](𝑘)]
𝑘0 ,𝑘

, we have from (25)

[𝑘0A[](𝑘)]𝑘 −∞I
[](𝑘)]
𝑘0−1

] [y (𝑘)
y𝑘0−1

] = 𝑏0 (𝑘0A[−𝜇(𝑘)]𝑘
) u (𝑘) . (27)

It is possible as matrices 𝑘0A
[](𝑘)]
𝑘

and 𝑘0A
[−𝜇(𝑘)]

𝑘
are always

nonsingular.

For example, for 𝑘 = 1 and zero initial conditions vector𝑌(𝑘0 − 1) = 0 with 𝑘0 = 0, we have that
y (1) = [𝑦 (1)𝑦 (0)] = 𝑏0 (A[](1)]1 )−1 A[−𝜇(1)]1 [𝑢 (1)𝑢 (0)] ,

y (1) = 𝑏0 [𝑢 (1) + 𝑢 (0) (] (1) + 𝜇 (1))𝑢 (0) ] .
(28)

Hence, 𝑦(0) = 𝑏0𝑢(0) and 𝑦(1) = 𝑏0(𝑢(1) +𝑢(0)(](1) +𝜇(1))).
Proposition 10. The VFODI of form (25) with fractional
orders satisfying the condition that for each 𝑘 ≥ 𝑘0, ](𝑘) +𝜇(𝑘) = 1 and zero initial conditions vector 𝑌(𝑘0 − 1) = 0 is
a classical first-order summator (discrete-time integrator).

Proof. By the assumption −𝜇(𝑘) = ](𝑘) − 1, then
𝑘0
A[](𝑘)]
𝑘

y (𝑘) = 𝑏0𝑘0A[](𝑘)−1]𝑘
u (𝑘) . (29)

Based on investigations in [24], we know that (29) is equiva-
lent to

𝑘0
A[](𝑘)]
𝑘

y (𝑘) = 𝑏0𝑘0A[](𝑘)]𝑘 𝑘0
A[−1]
𝑘

u (𝑘) . (30)

Matrix 𝑘0A
[](𝑘)]
𝑘

is always nonsingular as an upper triangular
matrix with ones on the main diagonal. Hence, from (30) one
immediately gets y(𝑘) = 𝑏0𝑘0A[−1]𝑘 u(𝑘) and equivalently

𝑘0
A[1]
𝑘
y (𝑘) = 𝑏0u (𝑘) . (31)

Matrix 𝑘0A
(1)

𝑘
has the form (19). From the first row of (31) with

(19), one obtains 𝑦(𝑘) − 𝑦(𝑘 − 1) = 𝑏0𝑢(𝑘) or equivalently𝑦(𝑘) = 𝑏0∑𝑘𝑖=0 𝑢(𝑖).
Example 11. In the numerical example, usefulness of the
VFODI is presented. In the first one, the discrete unit step
responses of the VFODI for assumed fractional-order func-
tion are presented. In the second example, some particular
application of the VFODI is shown.

Let us consider two fractional-order functions given by
their values for 𝑘 ∈ N:

] (𝑘) = 0.5 − 0.5𝑒−0.01𝑘,
𝜇 (𝑘) = −0.5 + 0.5𝑒−0.05𝑘. (32)

In Figure 1, plots of order functions ](𝑘), black line, and 𝜇(𝑘),
red line, are presented. As a consequence in Figures 2(a) and
2(b), images and 3D matrix values are presented.

In Figures 3(a) and 3(b), images and 3D matrix values of[𝑘0A[](𝑘)]𝑘 ]−1 are presented, where (𝑝1, 𝑝2) are pixels positions
and 𝑐(𝑝1, 𝑝2) are the color representations.

The image and values of matrix [𝑘0A[](𝑘)]𝑘 ]−1𝑘0A[−𝜇(𝑘)]𝑘
are

given in Figures 4(a) and 4(b).

3.2. Particular Forms ofVFODI. Weconsider here two special
cases of (25), the first one for 𝜇(𝑘) ≡ 0 and the second one for
](𝑘) ≡ 0.
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Figure 1: Plots of order functions defined by formula (32).
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(b) 3D plot of values of the matrix

Figure 2: Image of the matrix and 3D plot of values of the matrix [𝑘0A[](𝑘)]𝑘 ]−1.
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(b) 3D plot of values of the matrix

Figure 3: Image of the matrix and 3D plot of values of the matrix 𝑘0A
[−𝜇(𝑘)]

𝑘
.
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Figure 4: Image of the matrix and 3D plot of values of the matrix [𝑘0A[](𝑘)]𝑘 ]−1𝑘0A[−𝜇(𝑘)]𝑘
.
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(b) The unit step response

Figure 5: Plots of the order function ]1 given by (35) and the unit step response of the 1st form of VFODI represented by formula (34) with𝑏0 = 0.001, 𝑘0 = 0.

(i) Let us consider 𝜇(𝑘) ≡ 0. Then, (25) takes form

(−∞A[](𝑘)]𝑘 ) ⋅ 𝑌 (𝑘) = 𝑏0u (𝑘) (33)

and theVFODI response,with initial condition𝑌(𝑘0−1) = y𝑘0−1, is described by the formula proved in
Proposition 9:

y (𝑘) = 𝑏0 (𝑘0A[](𝑘)]𝑘 )−1 ⋅ u (𝑘) − (𝑘0A[](𝑘)]𝑘 )−1
⋅ −∞I[](𝑘)]𝑘0−1 y𝑘0−1.

(34)

One should emphasise that the initial condition vec-
tor is infinite dimensional. This is characteristic for
systems with “memory” of the state.

Example 12. In the following numerical example, we examine
the discrete unit step responses of the first formof theVFODI.
We present plots of order functions and solutions of VFODI,
given by (34) with 𝑏0 = 0.001, 𝑘0 = 0.

(a) Let us consider order function given by

]1 (𝑘) = 1 − 𝑒−0.01𝑘. (35)

The order function ]1 is plotted in Figure 5(a). The
graph of the unit step response is given in Figure 5(b).
The considered order function is characterised by
two time intervals separated by a time instant 𝑘 =400. In the first one, the order function increases
monotonically from 0 to 1. Hence, the summation
force is weaker but growing. In the second interval,
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(b) The unit step response

Figure 6: Plots of the order function ]2 given by (36) and the unit step response of the 1st form of VFODI represented by formula (34) with𝑏0 = 0.001, 𝑘0 = 0.
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(b) Plot of response to y2−1

Figure 7: The VFOI homogenous responses to y1−1 and y2−1 with 𝑏0 = 0.001, 𝑘0 = 0 in formula (34) and the order ]1(𝑘) = 1 − 𝑒−0.01𝑘.

the function is almost constant. This means that the
VFODI acts as a classical integrator. The VFODI
response presented in Figure 5(b) is similar to the
response of the ideal summator with lag.

(b) Now we consider decreasing order function given by

]2 (𝑘) = 1 + 𝑒−0.01𝑘. (36)

The graph of the order function (36) is given in
Figure 6(a). Values of order function begin at 2 and
monotonically tend to 1. This means that summation
force successively declines to the classical summator.
The response is shown in Figure 6(b).

Example 13. The VFOIE possesses also the property related
to the classical integrator. For zero input signal and nonzero

initial conditions, it preserves a nonzero output. In this
example, we split our consideration to two different initial
conditions:

y1−1 =
[[[[[[
[

1000...

]]]]]]
]
,

y2−1 =
[[[[[[
[

0010...

]]]]]]
]
.

(37)
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We change in the item order functions, considering increas-
ing and decreasing order functions.

(c) For the order function ]1(𝑘) = 1 − 𝑒−0.01𝑘, we obtain
the VFOIE homogenous responses presented in Fig-
ures 7(a) and 7(b), respectively. Indeed responses
differ a little from each other. The second response
reaches slightly lower steady state. This statement
confirms that the oblivion function decreases due to
the initial condition placed in the past. For the order
function ]2(𝑘) = 1 + 𝑒−0.01𝑘, we obtain the VFOIE
homogenous responses presented in Figures 8(a) and
8(b), respectively.

(d) In this part, we examine the homogenous response to
y1−1 with a periodic order function given by ]3(𝑘) =1 + sin(𝜋𝑘/40). The plots of order functions and
the simulated solutions are presented in Figures 9(a),
9(b), and 9(c), respectively. Values of both responses
are tending to zero.

(ii) Let us take ](𝑘) ≡ 0. Then, (25) takes the form

𝑌 (𝑘) = 𝑏0 (𝑘0A[−𝜇(𝑘)]𝑘
) u (𝑘) (38)

and theVFODI response,with initial condition𝑌(𝑘0−1) = y𝑘0−1, is described by the formula proved in
Proposition 9:

y (𝑘) = 𝑏0𝑘0A[−𝜇(𝑘)]𝑘
u (𝑘) − −∞I[](𝑘)]𝑘0−1 y𝑘0−1. (39)

4. Final Conclusions

The form of the variable-, fractional-order difference inte-
grator (VFODI) is characterised by the two independent
fractional-order functions. Both order functions are assumed
to be nonnegative. There is no restriction concerning their
equality. There is an immense choice of the fractional-order
selection. One of the promising choices appears to be a
relation of the order function with the input and output
signals ][|𝑢(𝑘)|] and 𝜇[|𝑢(𝑘)|] or ][|𝑦(𝑘)|] and 𝜇[|𝑦(𝑘)|]. In
the closed-loop systems with VFO PID controller, the order
functions can be related to the closed-loop error signal.
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This paper introduces a fractional order memristor no equilibrium (FOMNE) chaotic system and investigates its adaptive sliding
mode synchronization. Firstly the dynamic properties of the integer order memristor no equilibrium system are analyzed. The
fractional order memristor no equilibrium system is then derived from the integer order model. Lyapunov exponents and
bifurcation with fractional order are investigated. An adaptive sliding mode control algorithm is derived to globally synchronize
the identical fractional order memristor systems and genetically optimized fractional order PID controllers are designed and used
to synchronize the FOMNE systems. Finally the fractional order memristor no equilibrium system is realized using FPGA.

1. Introduction

Chaotic systems are a special case of nonlinear systems which
can be categorized as chaotic if the system possesses at
least one positive Lyapunov exponent and hyperchaotic if
the system possesses two or more positive Lyapunov expo-
nents. Lyapunov exponents and fractal dimension studies
are important in defining the complexity of chaotic and
hyperchaotic systems [1, 2]. Chaotic systems found significant
importance after the discovery of a 3D weather model by
Lorenz [3].

By early 21st century many researchers have announced
different chaotic systems such as Chen system [4] Liu system
[5], Sundarapandian system [6], Sundarapandian system [7],
and Pham system [8]. Chaotic systems with no equilibrium
are of great interest in chaos literature. If sum of all the
Lyapunov exponents is zero then the system is a conservative
system [9].

Memristors popularly known as the fourth fundamen-
tal circuit element were characterized as a nonlinear and
low power device was proposed by Chua [10, 11]. In 2008

Hewlett-Packard [HP] engineers announced the first physical
realization of memristors. In memristor literatures several
models had been presented such as linear and nonlinear ion
drift model and threshold adaptive memristor model [12–
14]. A Murali-Lakshmanan-Chua’s circuit with a piecewise
linear active flux controlled memristors with hyperchaotic
behavior was investigated by IshaqAhamed and Lakshmanan
[15]. A memristor based hyperchaotic complex Lu system
and its adaptive synchronization were studied by Wang et al.
[16].

Synchronization of chaotic systems is of great importance
when one chaotic oscillator drives the other. Because of high
sensitivity to initial conditions two identical chaotic systems
may have exponentially diverging state trajectories. Many
methods have been proposed in the literature such as active
control method [17, 18], adaptive control method [19, 20],
extended back stepping control [21, 22], sliding mode control
[23, 24], and adaptive sliding mode [25–27].

Fractional calculus [28–31] has fully emerged into a
mathematical field with applications in nonlinear controls,
electrical and mechanical controls, and so forth. Fraction
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Figure 1: 3D state portrait of the novel memristor no equilibrium system (𝑋𝑌𝑍 plane; 𝑌𝑍𝑊 plane).

chaotic systems have been investigated by many researchers
[28–35]. Fractional order controllers [24–27, 36–38] aremore
effective compared to its integer order models especially in
chaos control and synchronization. Fractional order systems
with no equilibrium are announced and investigated by Li
and Chen [39]. For the numerical simulation of fractional
order chaotic system Ivo [40] explained a methodology with
a register memory component.

For chaos to exist there should be at least one unsta-
ble equilibrium point. Recently many researchers have an-
nounced chaotic systems with no equilibrium or one equi-
librium [32–34]. Chaotic systems with no equilibrium exhibit
hidden attractions as the orbit of attractions does not intersect
with any equilibrium points [35, 41]. An algorithmic search
methodology was developed by Jafari et al. [42] to discover
chaotic flows with no equilibrium.

PID controllers are objects of steady effort for improve-
ments of their quality and robustness. One of the possibilities
to improve PID controllers is to use the fractional order con-
trollers (FOPID) with noninteger derivation and integration
parts; they generalize the integer order PID controller, used
and verified their effectiveness in [38, 40, 43–45], and add
more flexibility to control design with accuracy for the real
world processes. But finding appropriate parameters values
for the FOPIDcontroller is still a difficult task, so in practice
control engineers still often use trial and error for the tuning
process.

Motivated by the above, in this paper we announce a
novel integer ordermemristor no equilibrium chaotic system.
We then derive a fractional order model of the proposed
novel system. The dynamic properties of both integer order
and fractional order novel systems are investigated. A frac-
tional order adaptive sliding mode control and genetically
optimized fractional order PID are proposed to synchro-
nize the identical novel fraction order systems. Finally
the proposed fractional order system is implemented in
FPGA.

2. Memristor No Equilibrium Chaotic System

In this section we introduce a novel 4D memristor no
equilibrium chaotic system (MNECS) with three parameters
derived from the Sundarapandian system [46] by including a
fourth state which is a combination of state feedback and the
flux controlled memristor [47, 48] as described by

�̇� = 𝑎𝑧 + 𝑥𝑦
�̇� = 1 − 𝑥2 − 𝑧2 − 𝑤2
�̇� = −𝑏𝑥 + 𝑦𝑧
�̇� = 𝑐𝑧 − 𝑤 − 𝑤 (𝑥) 𝑧

(1)

and the parameter values are 𝑎 = 10, 𝑏 = 9, and 𝑐 = 8.7
and 𝑤(⋅) is the memductance of a flux controlled memristor
characterized by the cubic nonlinearity𝑤(𝑥) = 𝑎1+𝑏1𝑥2, 𝑎1 =4, and 𝑏1 = 0.01 [47].

Figure 1 shows the state portrait of system (1).
For numerical simulations, we take the initial values of

the hyperchaotic system (1) as
𝑥 (0) = 1,
𝑦 (0) = 1,
𝑧 (0) = 1,
𝑤 (0) = 1.

(2)

3. Properties of the 4D Memristor No
Equilibrium Chaotic System

3.1. Equilibrium Points. The equilibrium points of system (1)
can be found by solving

0 = 𝑎𝑧 + 𝑥𝑦
0 = 1 − 𝑥2 − 𝑧2 − 𝑤2
0 = −𝑏𝑥 + 𝑦𝑧
0 = 𝑐𝑧 − 𝑤 − 𝑤 (𝑥) 𝑧.

(3)



Complexity 3

Parameter “a”
0 10 15

At
tr

ac
to

r

−6
−4
−2

0
2
4
6
8

10

5

(a)

At
tr

ac
to

r

−8
−6
−4
−2

0
2
4
6
8

Parameter ‘‘b’’
0 10 155

(b)

0 10 155
Parameter ‘‘c’’

−10

−8

−6

−4

−2

0

2

4

At
tr

ac
to

r

(c)

Figure 2: (a) Bifurcation plot versus 𝑎. (b) Bifurcation plot versus 𝑏. (c) Bifurcation plot versus 𝑐.

From (3) it can be clearly seen that 𝑎𝑧2 + 𝑏𝑥2 = 0. As 𝑎 > 0
and 𝑏 > 0 the only solution is 𝑥 = 𝑧 = 0. It can be seen that𝑐𝑧 − 𝑤 − 𝑤(𝑥)𝑧 = 0 and 𝑥 = 𝑧 = 0make 𝑤 = 0; we conclude
that 𝑦 = 0. Hence system (1) has no equilibrium points.

3.2. Lyapunov Exponents and Kaplan-Yorke Dimension. The
Jacobian matrix of the novel system (1) is calculated as

𝐽 (𝑋) =
[[[[[
[

𝑦 𝑥 𝑎 0
−2𝑥 0 −2𝑧 −2𝑤
−𝑏 𝑧 𝑦 0

0.02𝑥𝑧 0 𝑐 − 4 − 0.01𝑥2 −1

]]]]]
]
. (4)

The eigenvalues of the Jacobian matrix at equilibrium are𝜆1 = −1.0000, 𝜆2 = 9.4868𝑖, 𝜆3 = −9.4868𝑖, and 𝜆4 = 0. The
Lyapunov exponents of the system are 𝐿1 = 0.033426, 𝐿2 = 0,𝐿3 = −0.028964, and 𝐿4 = −1.005153. The existence of
positive Lyapunov exponents confirms the chaotic behavior
of system (1). The sum of all the Lyapunov exponents is
negative confirming that the system is dissipative.

The Kaplan-Yorke dimension of a chaotic system is
defined as

𝐷KY = 𝑗 +
𝑗∑
𝑖=1

𝐿 𝑖𝐿𝑗+1 , (5)

where 𝑗 is the maximum integer such that ∑𝐿 𝑖 < 0.
𝐷KY = 3 + 𝐿1 + 𝐿2 + 𝐿3𝐿4 = 3.004439. (6)

3.3. Bifurcation, Bicoherence, and Poincare Map. In order
to understand the dynamical behavior of the MNECS, the
bifurcation plots are derived for three cases as follows.

Case 1. Fix 𝑏 = 9, 𝑐 = 8.7, 𝑎1 = 4, and 𝑏1 = 0.01 and vary 𝑎
between [0 20].
Case 2. Fix 𝑎 = 10, 𝑐 = 8.7, 𝑎1 = 4, and 𝑏1 = 0.01 and vary 𝑏
between [0 20].
Case 3. Fix 𝑎 = 10, 𝑏 = 9, 𝑎1 = 4, and 𝑏1 = 0.01 and vary 𝑐
between [0 20].

As discussed in [49], the transient behaviors occurring
in memristor based nonlinear systems may result in longer
simulation times to reach steady states. Hence we used the
ode45 solver for numerical simulations. Figures 2(a), 2(b),
and 2(c) show the bifurcation plots of the system for the
parameters 𝑎, 𝑏, and 𝑐, respectively.The variation in Lyapunov
exponents with reference to the parameters 𝑎, 𝑏, and 𝑐 is also
derived and compared with the bifurcation plots. Figure 3
shows the variation of the Lyapunov exponents with the
parameters. As it is observed from Figures 2 and 3, for the
values of 8.5 ≤ 𝑎, 𝑏, 𝑐 ≤ 10.5, the bifurcation plots show
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Figure 3: Positive Lyapunov exponent for variation in parameters (𝑎, 𝑏, 𝑐).

denser points confirming the existence of a stable positive
Lyapunov exponent.

The regular power spectra investigations cannot be used
to analyze nonlinear systems as it does not have the required
phase information. Hence researchers have adopted bicoher-
ence or bispectrum analysis to analyze the period doubling
sequence occurring in chaotic systems. Bicoherence contour
of the novel system (1) as shown in Figure 4 shows the
coupling between Fourier modes and is centered about
the dominant frequencies composing the limit cycles [50].
As the system exhibits positive Lyapunov exponents, the
chaotic behavior of the system increases resulting in period
doubling and motions at additional frequencies because of
the quadratic interactions between the dominant frequencies
and itself. In Figure 4, the dominant frequencies are shown
in a circled area which contributes to the bispectrum as
indicated.

The autobispectrum with the Fourier coefficients can be
derived as

𝐺 (𝜔1, 𝜔2) = 𝐸 [𝐹 (𝜔1) 𝐹 (𝜔2) 𝐹∗ (𝜔1 + 𝜔2)] , (7)

where 𝜔𝑛 is the radian frequency and 𝐹 is the Fourier coeffi-
cients of the time series.Thenormalizedmagnitude spectrum
of the bispectrum known as the squared bicoherence is given
by

𝑔 (𝜔1, 𝜔2) =
𝐺 (𝜔1, 𝜔2)2𝑃 (𝜔1) 𝑃 (𝜔2) 𝑃 (𝜔1 + 𝜔2) , (8)

where 𝑃(𝜔1) and 𝑃(𝜔2) are the power spectra at 𝑓1 and 𝑓2.
The Poincare map is usually constructed by plotting the

value of the state variable for every time it passes through
a particular plane. Plotting the value every time it passes
through the 𝑥 = 0 plane where 𝑥 is changing from negative
to positive is the normal practice done when studying most
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Figure 4: Contour of bicoherence for the novel system (1).

of the chaotic attractors. In the case of the proposed novel
system (1), the regular method of plotting zero crossing of
the 𝑥 plane is of no interest because of the nature of the
system. Hence we plotted the zero crossing of system (1) with
reference to the 𝑧 plane. Figure 5 shows the Poincare sections
in the 3D state portrait of system (1).Σ+ indicates the negative
to positive crossing and Σ− indicates the positive to negative
crossing in the 𝑧 plane.
4. Fractional Order Memristor No Equilibrium
Chaotic (FOMNE) System

In this section we derive the fractional order model of
the memristor no equilibrium system (1). There are three
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commonly used definitions of the fractional order differ-
ential operator, Grunwald-Letnikov, Riemann-Liouville, and
Caputo [28–31].

In this section, we will study the dynamical behavior of
fractional order system derived from novel system (1) with
the Grunwald-Letnikov (GL) definition, which is defined as

𝑎𝐷𝑞𝑡 𝑓 (𝑡) = lim
ℎ→0

{{{
1ℎ𝑞
[(𝑡−𝑎)/ℎ]∑
𝑗=0

(−1)𝑗 (𝑞𝑗)𝑓 (𝑡 − 𝑗ℎ)
}}}

= lim
ℎ→0

{ 1ℎ𝛼Δ𝑞ℎ𝑓 (𝑡)} ,
(9)

where 𝑎 and 𝑡 are limits of the fractional order equation,Δ𝑞
ℎ
𝑓(𝑡) is generalized difference, ℎ is the step size, and 𝑞 is

the fractional order of the differential equation.
For numerical calculations the above equation is modi-

fied as

(𝑡−𝐿)𝐷𝑞𝑡 𝑓 (𝑡) = lim
ℎ→0

{{{
ℎ−𝑞𝑁(𝑡)∑
𝑗=0

𝑏𝑗 (𝑓 (𝑡 − 𝑗ℎ))}}}
. (10)

Theoretically fractional order differential equations use infi-
nite memory. Hence when we want to numerically calculate
or simulate the fractional order equationswe have to use finite
memory principal, where 𝐿 is the memory length and ℎ is the
time sampling.

𝑁(𝑡) = min {[ 𝑡ℎ] , [𝐿ℎ]} . (11)

The binomial coefficients required for the numerical simula-
tion are calculated as

𝑏𝑗 = (1 − 𝑎 + 𝛼𝑗 ) 𝑏𝑗−1. (12)

Using (10), the fractional order model of system (1) is derived
as

𝐷𝑞𝑥𝑥 = 𝑎𝑧 + 𝑥𝑦
𝐷𝑞𝑦𝑦 = 1 − 𝑥2 − 𝑧2 − 𝑤2
𝐷𝑞𝑧𝑧 = −𝑏𝑥 + 𝑦𝑧
𝐷𝑞𝑤𝑤 = 𝑐𝑧 − 𝑤 − 𝑧𝑤 (𝑥) ,

(13)

where 𝑎 = 10, 𝑏 = 9, 𝑐 = 8.7, 𝑎1 = 4, 𝑏1 = 0.01, 𝑞𝑥, 𝑞𝑦, 𝑞𝑧,
and 𝑞𝑤 are the fractional orders of the system, and 𝑤(⋅) is the
memductance of a flux controllermemristor characterized by
the nonlinearity𝑤(𝑥) = 𝑎1 + 𝑏1𝑥2, 𝑎1 = 4, and 𝑏1 = 0.01 [46].
For numerical simulations, we take the initial values of the
hyperchaotic system (1) as 𝑥(0) = 1, 𝑦(0) = 1, 𝑧(0) = 1, and𝑤(0) = 1. Figure 6 shows the 3D state portrait of the fractional
order system (13) for 𝑞𝑥 = 𝑞𝑦 = 𝑞𝑧 = 𝑞𝑤 = 0.99.
5. Stability Analysis of FOMNE System

As the FOMNE system has no defined equilibrium points,
direct calculation of eigenvalues is impossible and hence we
consider the origin [0, 0, 0, 0] as the only time bound trivial
solution and use it for stability analysis of the system.

5.1. Commensurate Order. For commensurate FOMNE sys-
tem of order 𝑞, the system is stable and exhibits chaotic
oscillations if |arg(eig(𝐽𝐸))| = |arg(𝜆𝑖)| > 𝑞𝜋/2, where 𝐽𝐸
is the Jacobian matrix at the equilibrium 𝐸 and 𝜆𝑖 are the
eigenvalues of the FOMNE system where 𝑖 = 1, 2, 3, 4. As
seen from the FOMNE system, the eigenvalues should remain
in the unstable region and the necessary condition for the
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Figure 6: 3D state portrait of the FOMNE system (𝑋𝑌𝑍 plane; 𝑌𝑍𝑊 plane).

FOMNE system to be stable is 𝑞 > (2/𝜋)tan−1(|Im 𝜆|/Re 𝜆).
As the eigenvalues of the system are 𝜆1 = −1.0000, 𝜆2 =9.4868𝑖, 𝜆3 = −9.4868𝑖, and 𝜆4 = 0, it is clearly seen that the
value 𝜆2 is a saddle point and remains in the unstable region
contributing to the existence of chaotic oscillations.

5.2. Incommensurate Order. The necessary condition for
the FOMNE system to exhibit chaotic oscillations in the
incommensurate case is 𝜋/2𝑀 − min𝑖(|arg(𝜆𝑖)|) > 0, where𝑀 is the LCM of the fractional orders. If 𝑞𝑥 = 0.9,𝑞𝑦 = 0.9, 𝑞𝑧 = 0.8, and 𝑞𝑤 = 0.8, then 𝑀 = 10.
The characteristic equation of the system evaluated at the
equilibrium is det(diag[𝜆𝑀𝑞𝑥 , 𝜆𝑀𝑞𝑦 , 𝜆𝑀𝑞𝑧 , 𝜆𝑀𝑞𝑤] − 𝐽𝐸) = 0
and by substituting the values of𝑀 and the fractional orders
det(diag[𝜆9, 𝜆9, 𝜆8, 𝜆8]−𝐽𝐸) = 0, the characteristic equation is𝜆34−2𝜆27−3𝜆26+𝜆20+5𝜆19+𝜆18+90𝜆17−2𝜆12−4𝜆11−91𝜆10−180𝜆9 + 𝜆4 + 𝜆3 + 90𝜆2 + 90𝜆. The approximated solution of
the characteristic equation is 𝜆34 = 1.414 whose argument is
zero which is the minimum argument and hence the stability
necessary condition becomes 𝜋/20 − 0 > 0 which solves for0.0785 > 0 and hence the FOMNE system is stable and chaos
exists in the incommensurate system.

6. Dynamic Analysis of the Fractional Order
Memristor No Equilibrium System

Most of the dynamic properties of the integer order system
(1) like the Lyapunov exponents, eigenvalues, and bifurcation
with parameters are preserved in the fractional order if 𝑞𝑖 >0.90, where 𝑖 = 𝑥, 𝑦, 𝑧, 𝑤. The most important analysis
of interest when investigating a fractional order system is
the bifurcation with fractional order. The resistance of the
memristor increases from the initial value until it reaches
its maximum 𝑅off in a certain time period which is called
the saturation time 𝑡sat [51]. The fractional order parameter
can be used to control the saturation time from a part of a
second up to several minutes under the same input voltage
[51, 52]. The saturation time can be controlled through the
fractional order where it can be less than 1 sec when 𝛼 < 0.5

up to higher values when 𝛼 > 0.5. This specific character of
the fractional order memristor is useful in determining the
largest positive Lyapunov exponent of the system. Figure 7
shows the 3D state portrait (𝑋𝑌𝑍 plane) of the FOMNE
system for various fractional orders 𝑞𝑥 = 𝑞𝑦 = 𝑞𝑧 =𝑞𝑤 = 𝑞. The largest positive Lyapunov exponent (𝐿1 =0.038174) of the FOMNE system appears when 𝑞 = 0.99
against its largest integer order Lyapunov exponent (𝐿1 =0.033426). Hence fractional order chaos suppression/control
and synchronization prove efficient than the integer order
controls as the systems show the largest positive Lyapunov
exponent in fractional order close to 1. It can also be seen
that, as the fractional order 𝑞 decreases, the FOMNE system
starts losing its largest positive Lyapunov exponent. When𝑞 ≤ 0.9 the only positive Lyapunov exponent of the system
becomes negative and thus the chaotic oscillations in the
system disappear.

7. Adaptive Fractional Order Sliding Mode
Synchronization

In this section we investigate the adaptive fractional order
sliding mode synchronization of identical systems. Let us
define a generalized fractional order master system as

𝐷𝑞𝑚𝑥𝑚 = 𝑓 (𝑥𝑚) + 𝐹 (𝑥𝑚) 𝑎, (14)

where 𝑞𝑚 is the fractional order of the master system and
generalized slave system with adaptive controller as

𝐷𝑞𝑠𝑥𝑠 = 𝑔 (𝑥𝑠) + 𝐺 (𝑥𝑠) 𝑏 + 𝑢 (𝑡) , (15)

where 𝑢(𝑡) is the adaptive controller for synchronizing the
nonidentical systems and 𝑞𝑠 is the fractional order of the slave
system.

Let us define the synchronization error as

𝑒 = 𝑥𝑠 − 𝑥𝑚. (16)
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Figure 7: 3D state portrait (𝑋𝑌𝑍 plane) of FOMNE system for various fractional orders.

The sliding surface for the integral sliding mode control [26,
27, 36] is defined as

𝑠 (𝑒) = 𝑒 + 𝑘∫ 𝑒 (𝜏) 𝑑𝜏. (17)

The fractional first derivative of the sliding surface is derived
as

𝐷𝑞𝑠 = 𝐷𝑞𝑒 + 𝑘𝑒. (18)
The fractional order error dynamics are defined as

𝐷𝑞𝑒 = 𝐷𝑞𝑠𝑥𝑠 − 𝐷𝑞𝑚𝑥𝑚. (19)

Using (14) and (15) in (19),

𝐷𝑞𝑒 = 𝑔 (𝑥𝑠) + 𝐺 (𝑥𝑠) 𝑏 + 𝑢 (𝑡) − 𝑓 (𝑥𝑚) − 𝐹 (𝑥𝑚) 𝑎. (20)

Let us define the adaptive controller as

𝑢 (𝑡) = −𝑔 (𝑥𝑠) − 𝐺 (𝑥𝑠) �̂� + 𝑓 (𝑥𝑚) − 𝐹 (𝑥𝑚) �̂� − 𝑘𝑒
− 𝜂 sgn (𝑠) − 𝜌𝑠, (21)

where 𝑘, 𝜂, and 𝜌 are positive gain values, �̂� and 𝑏 are
parameter estimates of master and slave systems, and 𝑠 is the
sliding surface.
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Using (21) in (20), the error dynamics simplify to

𝐷𝑞𝑒 = 𝐺 (𝑥𝑠) [𝑏 − �̂�] − 𝐹 (𝑥𝑚) [𝑎 − �̂�] − 𝜂 sgn (𝑠)
− 𝜌𝑠. (22)

The Lyapunov candidate function to analyze the stability of
the controller is defined as

𝑉 = 12𝑠2 + 12 (𝑏 − �̂�)
2 + 12 (𝑎 − �̂�)2 . (23)

The Lyapunov first derivate is derived as

�̇� = 𝑠 ⋅ ̇𝑠 + (𝑏 − 𝑏) (− ̇̂𝑏) + (𝑎 − �̂�) (− ̇̂𝑎) . (24)

By definition of fractional calculus [29, 30],

�̇� (𝑡) = 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡𝑥 (𝑡) . (25)

Using (25) in (24),

�̇� = 𝑠 ⋅ 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠 − (𝑏 − 𝑏) (𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑏)
− (𝑎 − �̂�) (𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 �̂�) .

(26)

Finding the sign of the Lyapunov first derivative using (26)
seemsdifficult andhenceweuse themodified fractional order
Lyapunov method defined by Rajagopal et al. [37] as

12𝐷𝑞𝑡𝑥2 (𝑡) ≤ 𝑥 (𝑡) 12𝐷𝑞𝑡𝑥 (𝑡) , 𝑞 ∈ (0, 1) . (27)

Using (27), (20), and (18) in (24),

�̇� ≤ 𝑘𝑠 [𝐺 (𝑥𝑠) (𝑏 − �̂�) − 𝐹 (𝑥𝑚) (𝑎 − �̂�) − 𝜂 sgn (𝑠)
− 𝜌𝑠] − (𝑏 − 𝑏) ( ̇̂𝑏) − (𝑎 − �̂�) ( ̇̂𝑎) . (28)

Let us define the parameter estimate laws as

𝐷𝑞�̂� = 𝑘𝑠 ⋅ 𝐺 (𝑥𝑠)
𝐷𝑞�̂� = 𝑘𝑠 ⋅ 𝐹 (𝑥𝑚) . (29)

Using (29) in (28)

�̇� ≤ −𝜂 𝑠𝑤 − 𝜌𝑠2 (30)

as 𝜂 and 𝜌 are all positive and �̇� is negative definite. Using
Barbalat’s lemma [53], we conclude that 𝑒𝑖(𝑡) → 0 as 𝑡 → ∞.

7.1. Adaptive Sliding Mode Synchronization of Identical
FOMNE Systems. For synchronization let us define the mas-
ter system as

𝐷𝑞𝑥𝑥𝑚 = 𝑎𝑧𝑚 + 𝑥𝑚𝑦𝑚
𝐷𝑞𝑦𝑦𝑚 = 1 − 𝑥2𝑚 − 𝑧2𝑚 − 𝑤2𝑚
𝐷𝑞𝑧𝑧𝑚 = −𝑏𝑥𝑚 + 𝑦𝑚𝑧𝑚
𝐷𝑞𝑤𝑤𝑚 = 𝑐𝑧𝑚 − 𝑤𝑚 − 𝑧𝑚𝑤 (𝑥𝑚)

(31)

and the slave systemwith the adaptive controller is defined as

𝐷𝑞𝑥𝑥𝑠 = �̂�𝑧𝑠 + 𝑥𝑠𝑦𝑠 + 𝑢𝑥
𝐷𝑞𝑦𝑦𝑠 = 1 − 𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑢𝑦
𝐷𝑞𝑧𝑧𝑠 = −�̂�𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑢𝑧
𝐷𝑞𝑤𝑤𝑠 = �̂�𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑤 (𝑥𝑠) + 𝑢𝑤,

(32)

where �̂�, �̂�, and �̂� are the unknown system parameters and 𝑢𝑥,𝑢𝑦, 𝑢𝑧, and 𝑢𝑤 are the adaptive controllers.
The synchronization error dynamics are defined as

𝐷𝑞𝑥𝑒𝑥 = 𝐷𝑞𝑥𝑥𝑠 − 𝐷𝑞𝑥𝑥𝑚
𝐷𝑞𝑦𝑒𝑦 = 𝐷𝑞𝑦𝑦𝑠 − 𝐷𝑞𝑦𝑦𝑚
𝐷𝑞𝑧𝑒𝑧 = 𝐷𝑞𝑧𝑧𝑠 − 𝐷𝑞𝑧𝑧𝑚
𝐷𝑞𝑤𝑒𝑤 = 𝐷𝑞𝑤𝑤𝑠 − 𝐷𝑞𝑤𝑤𝑚,

(33)

where 𝑒𝑥, 𝑒𝑦, 𝑒𝑧, and 𝑒𝑤 are the synchronization errors given
by

𝑒𝑖 = 𝑖𝑠 − 𝑖𝑚 (34)

and 𝑖 = 𝑥, 𝑦, 𝑧, 𝑤, 𝑠, and 𝑚 are slave and master systems,
respectively.

Using (31) and (32) in (33), we simplify error dynamics as

𝐷𝑞𝑥𝑒𝑥 = �̂�𝑧𝑠 + 𝑥𝑠𝑦𝑠 − 𝑎𝑧𝑚 − 𝑥𝑚𝑦𝑚 + 𝑢𝑥
𝐷𝑞𝑦𝑒𝑦 = −𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑥2𝑚 + 𝑧2𝑚 + 𝑤2𝑚 + 𝑢𝑦
𝐷𝑞𝑧𝑒𝑧 = −�̂�𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑏𝑥𝑚 − 𝑦𝑚𝑧𝑚 + 𝑢𝑧
𝐷𝑞𝑤𝑒𝑤 = �̂�𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑤 (𝑥𝑠) − 𝑐𝑧𝑚 + 𝑤𝑚

+ 𝑧𝑚𝑤 (𝑥𝑚) + 𝑢𝑤.

(35)

The parameter estimation errors are defined as

𝑒𝑎 = 𝑎 − �̂�;
𝑒𝑏 = 𝑏 − �̂�;
𝑒𝑐 = 𝑐 − �̂�.

(36)

The first derivatives of (36) are

𝐷𝑞𝑒𝑎 = −𝐷𝑞�̂�
𝐷𝑞𝑒𝑏 = −𝐷𝑞𝑏
𝐷𝑞𝑒𝑐 = −𝐷𝑞�̂�.

(37)

Let us define the integral sliding surface as

𝑠𝑖 = 𝑒𝑖 + 𝑘𝑖 ∫ 𝑒𝑖 (𝜏) 𝑑𝜏, (38)
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where 𝑖 = 𝑥, 𝑦, 𝑧, 𝑤 are the states, 𝑘𝑖 > 0, 𝑠𝑖 is the
sliding surface, and 𝑒𝑖 is the synchronization errors. The first
derivative of the sliding surface (38) can be derived as

𝐷𝑞𝑖𝑠𝑖 = 𝐷𝑞𝑖𝑒𝑖 + 𝑘𝑖𝑒𝑖. (39)

Let us define the Lyapunov candidate function as

𝑉 = 12 [𝑠2𝑥 + 𝑠2𝑦 + 𝑠2𝑧 + 𝑠2𝑤 + 𝑒2𝑎 + 𝑒2𝑏 + 𝑒2𝑐] . (40)

The first derivative of the Lyapunov candidate function (40)
is

�̇� = 𝑠𝑥 ̇𝑠𝑥 + 𝑠𝑦 ̇𝑠𝑦 + 𝑠𝑧 ̇𝑠𝑧 + 𝑠𝑤 ̇𝑠𝑤 + 𝑒𝑎 ̇𝑒𝑎 + 𝑒𝑏 ̇𝑒𝑏 + 𝑒𝑐 ̇𝑒𝑐. (41)

By definition of fractional calculus [29, 30],

�̇� (𝑡) = 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡𝑥 (𝑡) . (42)

Applying (42) in (41)

�̇� = 𝑠𝑥𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠𝑥 + 𝑠𝑦𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠𝑦 + 𝑠𝑧𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠𝑧
+ 𝑠𝑤𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠𝑤 + 𝑒𝑎𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑒𝑎 + 𝑒𝑏𝐷1−𝑞𝑡
⋅ 𝐷𝑞𝑡 𝑒𝑏 + 𝑒𝑐𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑒𝑐.

(43)

As observed in (43), analysis of the Lyapunov first derivative
is difficult; hence we use the modified fractional order
Lyapunov method defined by Rajagopal et al. [37] as

12𝐷𝑞𝑡𝑥2 (𝑡) ≤ 𝑥 (𝑡) 12𝐷𝑞𝑡𝑥 (𝑡) , 𝑞 ∈ (0, 1) . (44)

Applying (44) in (41),

�̇� ≤ 𝑠𝑥𝐷𝑞𝑥𝑠𝑥 + 𝑠𝑦𝐷𝑞𝑦𝑠𝑦 + 𝑠𝑧𝐷𝑞𝑧𝑠𝑧 + 𝑠𝑤𝐷𝑞𝑥𝑠𝑥
+ 𝑒𝑎𝐷𝑞𝑒𝑎 + 𝑒𝑏𝐷𝑞𝑒𝑏 + 𝑒𝑐𝐷𝑞𝑒𝑐

�̇� ≤ 𝑠𝑥 [�̂�𝑧𝑠 + 𝑥𝑠𝑦𝑠 − 𝑎𝑧𝑚 − 𝑥𝑚𝑦𝑚 + 𝑢𝑥 + 𝑘𝑥𝑒𝑥]
+ 𝑠𝑦 [−𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑥2𝑚 + 𝑧2𝑚 + 𝑤2𝑚 + 𝑢𝑦
+ 𝑘𝑦𝑒𝑦] + 𝑠𝑧 [−�̂�𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑏𝑥𝑚 − 𝑦𝑚𝑧𝑚 + 𝑢𝑧
+ 𝑘𝑧𝑒𝑧] + 𝑠𝑤 [�̂�𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑤 (𝑥𝑠) − 𝑐𝑧𝑚 + 𝑤𝑚
+ 𝑧𝑚𝑤 (𝑥𝑚) + 𝑢𝑤 + 𝑘𝑤𝑒𝑤] − 𝑒𝑎𝐷𝑞�̂� − 𝑒𝑏𝐷𝑞�̂�
+ 𝑒𝑐𝐷𝑞�̂�.

(45)

After some mathematical simplifications,

�̇� ≤ 𝑠𝑥 [�̂�𝑒𝑧 + 𝑥𝑠𝑦𝑠 − 𝑥𝑚𝑦𝑚 + 𝑢𝑥 + 𝑘𝑥𝑒𝑥] + 𝑠𝑦 [−𝑥2𝑠
− 𝑧2𝑠 − 𝑤2𝑠 + 𝑥2𝑚 + 𝑧2𝑚 + 𝑤2𝑚 + 𝑢𝑦 + 𝑘𝑦𝑒𝑦]
+ 𝑠𝑧 [−�̂�𝑒𝑥 + 𝑦𝑠𝑧𝑠 − 𝑦𝑚𝑧𝑚 + 𝑢𝑧 + 𝑘𝑧𝑒𝑧] + 𝑠𝑤 [�̂�𝑒𝑧
− 𝑤𝑠 − 𝑧𝑠𝑤 (𝑥𝑠) + 𝑤𝑚 + 𝑧𝑚𝑤 (𝑥𝑚) + 𝑢𝑤 + 𝑘𝑤𝑒𝑤]
− 𝑠𝑥𝑧𝑚𝑒𝑎 + 𝑠𝑧𝑥𝑚𝑒𝑏 − 𝑠𝑤𝑧𝑚𝑒𝑐 − 𝑒𝑎𝐷𝑞�̂� − 𝑒𝑏𝐷𝑞𝑏
+ 𝑒𝑐𝐷𝑞�̂�.

(46)

Let us define the adaptive controllers as

𝑢𝑥 = −�̂�𝑒𝑧 − 𝑥𝑠𝑦𝑠 + 𝑥𝑚𝑦𝑚 − 𝑘𝑥𝑒𝑥 − 𝜂𝑥 sgn (𝑠𝑥)
− 𝜌𝑥𝑠𝑥

𝑢𝑦 = 𝑥2𝑠 + 𝑧2𝑠 + 𝑤2𝑠 − 𝑥2𝑚 − 𝑧2𝑚 − 𝑤2𝑚 − 𝑘𝑦𝑒𝑦
− 𝜂𝑦 sgn (𝑠𝑦) − 𝜌𝑦𝑠𝑦

𝑢𝑧 = 𝑏𝑒𝑥 − 𝑦𝑠𝑧𝑠 + 𝑦𝑚𝑧𝑚 − 𝑘𝑧𝑒𝑧 − 𝜂𝑧 sgn (𝑠𝑧) − 𝜌𝑧𝑠𝑧
𝑢𝑤 = −�̂�𝑒𝑧 + 𝑤𝑠 + 𝑧𝑠𝑤 (𝑥𝑠) − 𝑤𝑚 − 𝑧𝑚𝑤 (𝑥𝑚) − 𝑘𝑤𝑒𝑤

− 𝜂𝑤 sgn (𝑠𝑤) − 𝜌𝑤𝑠𝑤.

(47)

And parameter estimation adaptive laws can be defined as

𝐷𝑞�̂� = −𝑠𝑥𝑧𝑚
𝐷𝑞𝑏 = −𝑠𝑧𝑥𝑚
𝐷𝑞�̂� = −𝑠𝑤𝑧𝑚.

(48)

Using the adaptive controllers (47) and the parameter estima-
tion laws (48) in (46),

�̇� ≤ −𝜂𝑥 𝑠𝑥 − 𝜂𝑦 𝑠𝑦 − 𝜂𝑧 𝑠𝑧 − 𝜂𝑤 𝑠𝑤 − 𝜌𝑥𝑠2𝑥
− 𝜌𝑦𝑠2𝑦 − 𝜌𝑧𝑠2𝑧 − 𝜌𝑤𝑠2𝑤

(49)

as 𝜂𝑥, 𝜂𝑦, 𝜂𝑧, and 𝜂𝑤 and 𝜌𝑥, 𝜌𝑦, 𝜌𝑧, and 𝜌𝑤 are all positive
and �̇� is negative definite. Using Barbalat’s lemma [53], we
conclude that 𝑒𝑖(𝑡) → 0 as 𝑡 → ∞. For numerical simulations
we take the initial conditions as 𝑥𝑚(0) = 1, 𝑦𝑚(0) = −1,𝑧𝑚(0) = −1, 𝑤𝑚(0) = 1, 𝑥𝑠(0) = −2, 𝑦𝑠(0) = 3, 𝑧𝑠(0) = −2,𝑤𝑠(0) = 4, and �̂� = 1, �̂� = 4, and �̂� = 13. Figure 8 shows the
time history of the synchronization errors. Figure 9 shows the
adapted parameters.

8. Genetically Optimized Fractional Order PID
(FOPID) Controller for the Synchronization
of FOMNE Systems

In this section we investigate the synchronization of FOMNE
systems using genetically optimized (GA) FOPID controllers
(𝑢𝑥, 𝑢𝑦, 𝑢𝑧, 𝑢𝑤) [38, 44, 45] implemented in feedback loops
given by

𝑢𝑖 = 𝐾𝑃𝑒𝑖 + 𝐾𝐼 ∫𝑡
0
𝑒𝑖𝑑𝜏𝛽 + 𝐾𝐷𝑑𝛿𝑒𝑖𝑑𝑡𝛿 , 𝑖 = 𝑥, 𝑦; 𝑧; 𝑤, (50)

where 𝑢𝑖 is the fractional order PID action control for 𝑖 =𝑥, 𝑦, 𝑧, 𝑤 and 𝛿, 𝛽 are the fractional order differential and
integral operators, 𝑒𝑖 is the error signal, and 𝐾𝑃, 𝐾𝐼, and𝐾𝐷 are the proportional, integral, and the derivative gains
to synchronize the fractional order model of the memristor
no equilibrium system (1). We use genetic algorithm [54, 55]
to optimize the controller gains such that the error 𝑒𝑖 is
minimized. Matlab tools are used for numerical simulations
with the following constraints defined.
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Figure 9: Estimated Parameters (𝑎, 𝑏, 𝑐).

Variable bounds matrix of the proportional, integral,
and the derivative gains = [−0.001, 0.001]; population size
= 80, GA. Genetically, bigger population size give bet-
ter approximation; number of generations = 100; selection
function = stochastic uniform; crossover fraction = 0.8;
mutation function = Gaussian; stopping criteria = error per-
formance criterion; length of the chromosome = 12 (decimal
codage).

Tuning of PID controllers involves the selection of𝐾𝑃,𝐾𝐼,
and𝐾𝐷 gains for better control performance which is defined
with reference to the required performance index. There are

two important performance indices ISE (Integrated Squared
Error) and IAE (Integrated Absolute Error) as given in the
following:

ISE = ∫∞
0
𝑒2𝑖 (𝜏) 𝑑𝜏,

IAE = ∫∞
0

𝑒𝑖 (𝜏) 𝑑𝜏.
(51)

In this paper we use IAE as the objective function and the
fitness functions is as given below
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fitness function = 1
∑ abs (𝑒𝑖) ,

𝑒𝑖 = 𝑒𝑥 + 𝑒𝑦 + 𝑒𝑧 + 𝑒𝑤.
(52)

We synchronize the master system (31) and the slave system
(32) using the GA optimized PID controllers with parameters
known (Case 1) and parameters unknown (Case 2).

Case 1 (parameters known). In this section we assume that
the parameters of the slave system are known. We take the
same master system defined by (31) and the slave system (32)
is modified with FOPID controllers as given below.

𝐷𝑞𝑥𝑥𝑠 = 𝑎𝑧𝑠 + 𝑥𝑠𝑦𝑠 + 𝑢𝑥
𝐷𝑞𝑦𝑦𝑠 = 1 − 𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑢𝑦
𝐷𝑞𝑧𝑧𝑠 = −𝑏𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑢𝑧
𝐷𝑞𝑤𝑤𝑠 = 𝑐𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑊(𝑥𝑠) + 𝑢𝑤.

(53)

The initial conditions and the parameters are taken as

𝑥𝑚 (0) = 1,
𝑦𝑚 (0) = −1,
𝑧𝑚 (0) = −1,
𝑤𝑚 (0) = 1,
𝑥𝑠 (0) = −2,
𝑦𝑠 (0) = 3,
𝑧𝑠 (0) = −2,
𝑤𝑠 (0) = 4,

𝑎 = 10,
𝑏 = 9,
𝑐 = 8.7,
𝑎1 = 4,
𝑏1 = 0.01.

(54)

The synchronization error dynamics are defined as,

𝐷𝑞𝑥𝑒𝑥 = 𝑎𝑒𝑧 + 𝑥𝑠𝑦𝑠 − 𝑥𝑚𝑦𝑚 + 𝑢𝑥
𝐷𝑞𝑦𝑒𝑥 = 𝑥2𝑚 − 𝑥2𝑠 + 𝑧2𝑚 − 𝑧2𝑠 + 𝑤2𝑚 − 𝑤2𝑠 + 𝑢𝑦
𝐷𝑞𝑧𝑒𝑥 = −𝑏𝑒𝑥 + 𝑦𝑠𝑧𝑠 − 𝑦𝑚𝑧𝑚 + 𝑢𝑧
𝐷𝑞𝑤𝑒𝑥 = 𝑐𝑒𝑧 − 𝑒𝑤 − 𝑧𝑠𝑊𝑠 (𝑥𝑠) + 𝑧𝑚𝑊𝑚 (𝑥𝑚) + 𝑢𝑤.

(55)

Table 1 shows the FOPID gain values of the controllers
achieved using genetic algorithm for known parameter val-
ues.We get the best solutions tracked over generations for the
complete synchronization of the FOMNE systems.

Figure 10 shows the time history of the synchronization
errors using genetically optimized fractional order PID con-
trollers; Figure 11 shows the synchronized states and Figure 12
shows the time history of the fractional order PID controllers.

Case 2 (parameters unknown). In this sectionwe assume that
the parameters of the slave system are unknown. We take the
same master system defined by (31) and the slave system (32)
is modified with FOPID controllers as given below.

𝐷𝑞𝑥𝑥𝑠 = �̂�𝑧𝑠 + 𝑥𝑠𝑦𝑠 + 𝑢𝑥
𝐷𝑞𝑦𝑦𝑠 = 1 − 𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑢𝑦
𝐷𝑞𝑧𝑧𝑠 = −�̂�𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑢𝑧
𝐷𝑞𝑤𝑤𝑠 = �̂�𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑊(𝑥𝑠) + 𝑢𝑤,

(56)

where �̂�, 𝑏, and �̂� are the unknown system parameters of the
slave system. The initial conditions are taken as

𝑥𝑚 (0) = 1,𝑦𝑚 (0) = −1,𝑧𝑚 (0) = −1,𝑤𝑚 (0) = 1,𝑥𝑠 (0) = −2,
𝑦𝑠 (0) = 3,
𝑧𝑠 (0) = −2,
𝑤𝑠 (0) = 4,

�̂� = 1,
𝑏 = 4,
�̂� = 13.

(57)

The synchronization error dynamics are defined as

𝐷𝑞𝑥𝑒𝑥 = �̂�𝑧𝑠 + 𝑥𝑠𝑦𝑠 − 𝑎𝑧𝑚 − 𝑥𝑚𝑦𝑚 + 𝑢𝑥
𝐷𝑞𝑦𝑒𝑦 = −𝑥2𝑠 − 𝑧2𝑠 − 𝑤2𝑠 + 𝑥2𝑚 + 𝑧2𝑚 + 𝑤2𝑚 + 𝑢𝑦
𝐷𝑞𝑧𝑒𝑧 = −�̂�𝑥𝑠 + 𝑦𝑠𝑧𝑠 + 𝑏𝑥𝑚 − 𝑦𝑚𝑧𝑚 + 𝑢𝑧
𝐷𝑞𝑤𝑒𝑤 = �̂�𝑧𝑠 − 𝑤𝑠 − 𝑧𝑠𝑤 (𝑥𝑠) − 𝑐𝑧𝑚 + 𝑤𝑚

+ 𝑧𝑚𝑤 (𝑥𝑚) + 𝑢𝑤

(58)

and the parameter update laws are defined as

𝐷𝑞�̂� = −𝑒𝑥𝑧𝑚
𝐷𝑞�̂� = −𝑒𝑧𝑥𝑚
𝐷𝑞�̂� = −𝑒𝑤𝑧𝑚.

(59)

Table 2 shows the FOPID gain values achieved using
the genetic algorithm optimization technique for unknown
parameters.
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Table 1: FOPID controller gain values optimized with GA.

FOPID controller 𝐾𝑃 𝐾𝐼 𝐾𝐷𝑢𝑥 −0.0271 −0.0095 0.0015
𝑢𝑦 −0.0469 −0.0809 −0.0029
𝑢𝑧 −0.0072 0.0011 0.0146
𝑢𝑤 −0.0199 −0.0063 0.0124

Table 2: FOPID controller gain values optimized with GA.

FOPID controller 𝐾𝑃 𝐾𝐼 𝐾𝐷𝑢𝑥 −0.0826 −0.1885 −0.0836𝑢𝑦 −0.2150 −0.1586 0.0027
𝑢𝑧 0.1637 −0.1444 0.0888𝑢𝑤 −0.2177 −0.0121 0.0304
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Figure 10: Time history of synchronization errors (𝑒𝑥, 𝑒𝑦, 𝑒𝑧, 𝑒𝑤).
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Figure 11: State synchronization (𝑥𝑚, 𝑥𝑠).
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Figure 12: Time history of PID controllers 𝑢𝑥, 𝑢𝑦, 𝑢𝑧, and 𝑢𝑤.
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Figure 13: Time history of synchronization errors (𝑒𝑥, 𝑒𝑦, 𝑒𝑧, 𝑒𝑤).

Figure 13 shows the time history of the synchroniza-
tion errors using genetically optimized fractional order PID
controllers, Figure 14 shows the synchronized states, and
Figure 15 shows the time history of fractional order PID
controllers. Figure 16 shows the time history of the parameter
estimates.

As can be seen from Figures 8, 10, and 13, adaptive GA
optimized PID control converges much faster (𝑡 = 40mS)
than adaptive sliding mode control (𝑡 = 190mS). Figure 17
shows the comparison of synchronization errors using adap-
tive sliding mode control (ASMC) and GA optimized PID
control (GAPID).

9. FPGA Implementation of
the FOMNE System

In this section we discuss the implementation of the novel
hyperchaotic system in FPGA using the Xilinx (Vivado)

system generator toolbox in Simulink. Firstly we configure
the available built-in blocks of the system generator toolbox.
The Add/Sub blocks are configured with zero latency and
32/16-bit fixed point settings. The output of the block is
configured to rounded quantization in order to reduce the bit
latency. For the multiplier block a latency of 3 is configured
and the other settings are the same as in Add/Sub block. Next
we will have to design the fractional order integrator which
is not a readily available block in the system generator. Hence
we implement the integrators using themathematical relation
discussed in (11) and (12) and the value of ℎ is taken as 0.001
and the initial conditions are fed into the forward register.
Figure 18 shows the Xilinx schematics of the FOMNE system
(13) implemented in Kintex 7 (device = 7k160t; package =
fbg484 S) and Figure 19 shows the Xilinx Kintex 7 schematics
of the fractional order integrator. Figure 20(a) shows the
power consumed by the FOMNE system and Figure 20(b)
shows the power consumption for variation in fractional
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Figure 14: State synchronization (𝑥𝑚, 𝑥𝑠).
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Figure 15: Time history of PID controllers 𝑢𝑥, 𝑢𝑦, 𝑢𝑧, and 𝑢𝑤.

orders. As it can be seen from Figure 20(b), the FOMNE
system consumes maximum power when its fractional order𝑞 = 0.99 compared to the integer order 1 thus confirming
that the fractional order memristor system exhibits largest
Lyapunov exponent compared to the integer order. Figure 21
shows the 2D state portraits of the FOMNE system using
Xilinx system generator.

10. Conclusion

In this paper we have announced a novel 4D no equilib-
rium memristor chaotic system. The dynamic properties of
the proposed system are investigated to prove the chaotic
behavior of the system. The fractional order model of the
4D no equilibrium memristor chaotic system is derived
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Figure 16: Time history of parameter estimates.

from its integer model. Fractional order bifurcation property
of the FOMNE system is investigated and it is seen that
largest Lyapunov exponent of the system exists when the
fractional order is close to 1. The identical FOMNE systems
are synchronized using adaptive sliding mode controllers
and genetically optimized PID controllers. Numerical simu-
lations are done to validate the theoretical results. Finally the
proposed FOMNE system is implemented in FPGA to show
that the system is hardware realizable.
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Figure 17: Comparison of synchronization errors (ASMC and GAFOPID).
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Figure 18: Xilinx schematics of the FOMNE system implemented in Kintex 7 (device = 7k160t; package = fbg484 S).
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Figure 19: Xilinx schematics of the Fractional order integrator implemented in Kintex 7 (device = 7k160t; package = fbg484 S).
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After the report of chaotic flows with line equilibrium, there has been much attention to systems with uncountable equilibria in
the past five years. This work proposes a new system with an infinite number of equilibrium points located on a closed curve.
It is worth noting that the new system generates chaotic behavior as well as hidden attractors. Dynamics of the system with
closed curve equilibrium have been investigated by using phase portraits, bifurcation diagram, maximal Lyapunov exponents, and
Kaplan–York dimension. In addition, we introduce an electronic implementation of the theoretical system to verify its feasibility.
Antisynchronization ability of the new systemwith infinite equilibria is studied by applying an adaptive control.This study suggests
that there exist other chaotic systems with uncountable equilibria in need of further investigation.

1. Introduction

Although chaos has been an object of research since the 1960s,
investigating chaotic systems is still a continuing concern
within nonlinear dynamics field [1–7]. A great amount of
different chaotic systems has been reported in the literature
such as modified Lorenz chaotic system [8], jerk–based
chaotic oscillators [9], three-dimensional (3D) system [10],
3D autonomous chaotic systemwith a single cubic nonlinear-
ity [11], chaotic system with butterfly attractor [12], systems
withmultiscroll chaotic attractors [13–15], or fractional-order
chaotic systems [16, 17]. Moreover, the past decade has seen
the rapid development of chaos-based applications in many
areas from hardware pseudorandom number generators
[18], autonomous mobile robots [19], MOS oscillators [20],
encryption [21], chaotic masking communication [22], to
information processing [23].

Recently, there has been renewed interest in chaotic
systems with uncountable equilibria [24] (see the illustration
in Figure 1). One of the most important discoveries is the
finding of chaotic flows with line equilibrium [24–26]. The
presence of parallel lines of equilibrium points [25] and
perpendicular lines of equilibria [26] has also been studied.

Recent trends in systemswith uncountable equilibria have led
to systems with open curve equilibrium [27, 28] and closed
curve equilibrium [29]. The issue of finding different shapes
of closed curve equilibrium especially has received consider-
able critical attention [29–31]. Chaotic system with circular
equilibrium has been obtained by using a search routine [29].
Gotthans and Petržela have constructed a chaotic flow with
square equilibrium [29]. Chaotic system with uncountable
equilibria located on a rounded square has been reported
in [32]. From the computation point of view, it is now well
established that systems with infinite equilibrium can be
classified as special systems with “hidden attractor” [33–36],
which have not treated much detail [37–39]. Discovering
new chaotic systems with closed curve equilibrium is still an
attractive research direction.

The main aim of this study is to investigate a novel
chaotic system with closed-curve equilibrium. In Section 2,
the model and the dynamics of the system are presented.
Circuital implementation of the new system is reported in
Section 3 while the ability of antisynchronization of such
systems is discussed in Section 4. Finally, Section 5 gives
conclusion remarks of our study.
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Figure 1: Systems with uncountable equilibria in which there has
been an increasing interest in discovering different shapes of closed
curve equilibrium.

2. Description and Dynamics of the System
with Closed Curve Equilibrium

Recently, Gotthans et al. [30] have introduced chaotic systems
with circle equilibrium and square equilibrium. Gotthans et
al. system with circle equilibrium is given by

�̇� = 𝑧,
�̇� = −𝑧 (𝑎𝑦 + 𝑏𝑦2 + 𝑥𝑧) ,
�̇� = 𝑥2 + 𝑦2 − 1,

(1)

while the system with square equilibrium is described as

�̇� = 𝑧,
�̇� = −𝑧 (𝑎𝑦 + 𝑏 𝑦) − 𝑥 |𝑧| ,
�̇� = |𝑥| + 𝑦 − 1,

(2)

in which 𝑎 and 𝑏 are constants. This investigation is signifi-
cantly important because authors indicated the existence of
chaotic systems with different shapes of equilibrium points
[30]. Moreover, by generalizing the systems of Gotthans et
al. we may get other new systems with an infinite number of
equilibrium.

Based on the systems of Gotthans et al., we concentrate
on a general model given by

�̇� = 𝑧,
�̇� = −𝑧𝑓1 (𝑥, 𝑦, 𝑧) ,
�̇� = 𝑓2 (𝑥, 𝑦) ,

(3)

in which three state variables are 𝑥, 𝑦, and 𝑧. The functions
𝑓1(𝑥, 𝑦, 𝑧), 𝑓2(𝑥, 𝑦) are two arbitrary nonlinear functions. By
solving �̇� = 0, �̇� = 0, and �̇� = 0, it is straightforward to obtain

0 1 2−1−2
x∗

−2

−1

0

1

2

y∗

Figure 2:The special shape of equilibrium points in the new system
(9).

the equilibrium point of general model (3). It means that we
calculate

𝑧 = 0, (4)

−𝑧𝑓1 (𝑥, 𝑦, 𝑧) = 0, (5)

𝑓2 (𝑥, 𝑦) = 0. (6)

As can be seen from (4), we have 𝑧 = 0. By substituting 𝑧 = 0
into (5) and (6), it is easy to confirm that the equilibrium
points of general model (3) are laid on the curve described
by (6) in the plane 𝑧 = 0. Therefore numerous systems
with closed curve equilibrium can be constructed by selecting
appropriate functions 𝑓1(𝑥, 𝑦, 𝑧) and 𝑓2(𝑥, 𝑦).

In this work, we select two nonlinear functions𝑓1(𝑥, 𝑦, 𝑧)
and 𝑓2(𝑥, 𝑦) described by the following forms:

𝑓1 (𝑥, 𝑦, 𝑧) = 𝑎𝑦 + 𝑏𝑦2 + 𝑥𝑧, (7)

𝑓2 (𝑥, 𝑦) = 𝑥2 − 𝑥𝑦 + 𝑦2 − 1, (8)

in which 𝑎 and 𝑏 are two positive parameters. Substituting (7)
and (8) into the general model (3), our new system is derived
as

�̇� = 𝑧,
�̇� = −𝑧 (𝑎𝑦 + 𝑏𝑦2 + 𝑥𝑧) ,
�̇� = 𝑥2 − 𝑥𝑦 + 𝑦2 − 1.

(9)

Combining (6) and (8), it is simple to verify that system (9)
has an infinite number of equilibrium points 𝐸(𝑥∗, 𝑦∗, 0).
Remarkably, such equilibrium points are described by

(𝑥∗)2 − 𝑥∗𝑦∗ + (𝑦∗)2 = 1. (10)

In other words, the proposed system (9) has cloud-shaped
curve equilibrium as illustrated in Figure 2. It is interesting
to note that the cloud-shaped curve is different from basic
shapes like circle, square, or ellipse [29–31]. Furthermore,
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Figure 4: Bifurcation diagram of the system with closed curve
equilibrium (9) when decreasing the value of the bifurcation
parameter 𝑏 from 3.5 to 2 for 𝑎 = 4.

system (9) belongs to a rare class of systems with “hidden
attractors” [39]. Therefore the investigation of system (9) will
enhance our understanding of systems with “hidden attrac-
tors” which is an increasingly important area in practical
engineering [40–42].

It is worth noting that system (9) with infinite equilibria
displays chaotic attractors (see Figure 3) for 𝑎 = 4, 𝑏 = 2.5 and
the initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) = (0.01, 0.02, 0.01).
Chaotic behavior of the system is confirmed by the Lyapunov
exponents 𝐿1 = 0.13 > 0, 𝐿2 = 0, and 𝐿3 = −0.6853. The
well-known Wolf et al.’s method has been used to calculate
the Lyapunov exponents [43] and the time of computation is
10,000. In this case, the corresponding Kaplan–York dimen-
sion of system (9) is𝐷KY = 2.1897. It is noted that unexpected
jumps in the values of the local Lyapunov exponents and
Lyapunov dimensionmay occur.Thus the infimum over time
interval often gives better estimates. In addition, it is difficult
to get the same values of the finite-time local Lyapunov
exponents and Lyapunov dimension for different points.
Therefore the maximum of the finite-time local Lyapunov
dimensions on the grid of point has to be considered [44–46].
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b
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0.1

0.15

M
LE

Figure 5: Maximal Lyapunov exponents of the system with closed
curve equilibrium (9) in the range 2 ≤ 𝑏 ≤ 3.5 for 𝑎 = 4.

By changing the value of the parameter 𝑏, the dynamical
properties of the systemwith infinite equilibria (9) are able to
be discovered. Figures 4 and 5 display the bifurcation diagram
and the diagram of maximal Lyapunov exponents of system
(9), respectively. As can be seen from Figures 4 and 5, there
is the presence of the classical period doubling route to chaos
when decreasing the value of the bifurcation parameter 𝑏.The
system with cloud-shaped equilibrium generate periodical
states in the range of 2.83 ≤ 𝑏 ≤ 3.5. For instance, system (9)
can display the period–1 state for 𝑏 = 3.25 (see Figure 6(a))
and the period–2 state for 𝑏 = 2.95 (see Figure 6(b)). For
𝑏 < 2.83, chaotic states are able to be observed in system (9).

3. Circuit Design of the New System with
Closed Curve Equilibrium

In order to illustrate the feasibility of the theoretical system
with a closed curve of equilibrium points (9), we present its
circuital implementation in this section. For the sake of sim-
plicity, we applied the design approach based on operational
amplifiers [47–49]. It is noting that this design approach is not
complex and requires common electronic elements only [13,
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50]. Our designed circuit is shown in Figure 7, in which there
are three integrators (𝑈1–𝑈3) with corresponding output
voltages (V𝐶1–V𝐶3).The absolute nonlinearity is realized by the
circuitry including two operational amplifiers (𝑈4, 𝑈5) and
two diodes (𝐷1, 𝐷2).

It is simple to derive the circuital equation of the circuit
in Figure 7:

𝑑V𝐶1
𝑑𝑡 = 1

𝑅𝐶1 (
𝑅
𝑅1 V𝐶3) ,

𝑑V𝐶2
𝑑𝑡 = 1

𝑅𝐶2 (−
𝑅

𝑅210𝑉V𝐶2V𝐶3

− 𝑅
𝑅3102𝑉2

𝑅9 + 𝑅10
𝑅9 V2𝐶2V𝐶3 − 𝑅

𝑅4102𝑉2 V𝐶1V
2
𝐶3
) ,

𝑑V𝐶3
𝑑𝑡 = 1

𝑅𝐶3 (
𝑅

𝑅510𝑉V2𝐶1 − 𝑅
𝑅610𝑉

V𝐶1V𝐶2 
+ 𝑅

𝑅710𝑉V2𝐶2 − 𝑅
𝑅8𝑉1) .

(11)

The dimensionless system (12) is obtained by normalizing the
circuital equation with 𝜏 = 𝑡/𝑅𝐶, that is,

�̇� = 𝑅
𝑅1𝑍,

�̇� = − 𝑅
10𝑅2𝑌𝑍 − 𝑅

102𝑅3
𝑅9 + 𝑅10

𝑅9 𝑌2𝑍 − 𝑅
102𝑅4𝑋𝑍2,

�̇� = 𝑅
10𝑅5𝑋

2 − 𝑅
10𝑅6 |𝑋𝑌| + 𝑅

10𝑅7𝑌
2 − 𝑅

𝑅8
𝑉1
1𝑉.

(12)

As can be seen in (12), the state variables (𝑋,𝑌, 𝑍) are
equivalent to the voltages of capacitors (V𝐶1 , V𝐶2 , V𝐶3). The
dimensionless system (12) corresponds to the proposed sys-
tem (9) with 𝑎 = 𝑅/10𝑅2 and 𝑏 = (𝑅/102𝑅3)((𝑅9 + 𝑅10)/𝑅9).

We select the values of electronic components to realize
the theoretical systems (9) for 𝑎 = 4 and 𝑏 = 2.5 as follows:

𝑅1 = 𝑅8 = 𝑅 = 100 kΩ, 𝑅2 = 2.5 kΩ, 𝑅3 = 4 kΩ,
𝑅4 = 1 kΩ, 𝑅0 = 𝑅5 = 𝑅6 = 𝑅7 = 10 kΩ, 𝑅9 = 11 kΩ,
𝑅10 = 99 kΩ, 𝑉1 = 1VDC, and 𝐶1 = 𝐶2 = 𝐶3 =
𝐶 = 4.7 nF. The PSpice projections of chaotic attractors with
infinite equilibria are presented in Figure 8. From Figure 8 we
can see that the designed circuit displays chaotic signals. The
PSpice results also indicate that the circuit can emulate the
theoretical model (9). It is necessary to remark that results
of circuit simulation depend on the discretization step. As
a result, we should consider the discretization step seriously
when simulating electronic circuits, especially in the case of
hidden oscillations [51, 52]. Moreover, it is worth noting that
realizing the circuit with real analog devices is better than
realizing the circuit in PSpice. Therefore, realizing the circuit
with real analog devices will be our next work.

4. Antisynchronization of the Identical
Systems with Infinite Equilibria

After the investigation of Pecora and Carrol related to syn-
chronization in chaotic systems [53], various synchronization
techniques were studied extensively, for example, global
chaos synchronization [54], hybrid synchronization [55],
ragged synchronizability [56], and so on [57]. Remarkably,
the possibility of synchronization of two identical chaotic
systems has received considerable attention due to the vital
role in practical applications [57, 58]. In this section, we
discover the antisynchronization of two new systems with
cloud-shaped equilibrium, named the master system and the
slave system.

We consider the master systemwith closed curve equilib-
rium

�̇�1 = 𝑧1,
�̇�1 = −𝑎𝑦1𝑧1 − 𝑏𝑦21𝑧1 − 𝑥1𝑧21 ,
�̇�1 = 𝑥21 − 𝑥1𝑦1 + 𝑦21 − 1,

(13)
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in which three state variables are 𝑥, 𝑦, and 𝑧while 𝑎 and 𝑏 are
two unknown parameters.

The slave system is described by

�̇�2 = 𝑧2 + 𝑢𝑥,
�̇�2 = −𝑎𝑦2𝑧2 − 𝑏𝑦22𝑧2 − 𝑥2𝑧22 + 𝑢𝑦,
�̇�2 = 𝑥22 − 𝑥2𝑦2 + 𝑦22 − 1 + 𝑢𝑧,

(14)

in which the adaptive control is u = [𝑢𝑥, 𝑢𝑦, 𝑢𝑧]𝑇.
To indicate the difference between the slave system (14)

and the master system (13), the state errors are defined as

𝑒𝑥 = 𝑥2 + 𝑥1,
𝑒𝑦 = 𝑦2 + 𝑦1,
𝑒𝑧 = 𝑧2 + 𝑧1.

(15)

Similarly, we calculate the parameter estimation errors

𝑒𝑎 = 𝑎 − �̂�,
𝑒𝑏 = 𝑏 − 𝑏, (16)

in which �̂�, 𝑏 are the estimations of two unknown parameters
𝑎, 𝑏, respectively. It is trivial to get the dynamics of the
parameter estimation errors:

̇𝑒𝑎 = − ̇̂𝑎,
̇𝑒𝑏 = − ̇̂𝑏.

(17)

The aim of our work is to get the antisynchronization
between the slave system and the master system; therefore,
the adaptive control is proposed by

𝑢𝑥 = −𝑒𝑧 − 𝑘𝑥𝑒𝑥,
𝑢𝑦 = �̂� (𝑦1𝑧1 + 𝑦2𝑧2) + �̂� (𝑦21𝑧1 + 𝑦22𝑧2)

+ (𝑥1𝑧21 + 𝑥2𝑧22) − 𝑘𝑦𝑒𝑦,
𝑢𝑧 = −𝑥21 − 𝑥22 + 𝑥1𝑦1 + 𝑥2𝑦2 − 𝑦21 − 𝑦22 + 2 − 𝑘𝑧𝑒𝑧.

(18)

In (18), three positive gain constants are 𝑘𝑥, 𝑘𝑦, and 𝑘𝑧 while
the parameter update law is defined by

̇̂𝑎 = −𝑒𝑦 (𝑦1𝑧1 + 𝑦2𝑧2) ,
̇̂𝑏 = −𝑒𝑦 (𝑦21𝑧1 + 𝑦22𝑧2) .

(19)

The antisynchronization of the slave system (14) and the
master system (13) is verified by applying Lyapunov stability
theory [59] as follows.

We select the Lyapunov function described by

𝑉(𝑒𝑥, 𝑒𝑦, 𝑒𝑧, 𝑒𝑎, 𝑒𝑏) = 1
2 (𝑒2𝑥 + 𝑒2𝑦 + 𝑒2𝑧 + 𝑒2𝑎 + 𝑒2𝑏) . (20)

Therefore, the differentiation of the Lyapunov function is
given by

�̇� = 𝑒𝑥 ̇𝑒𝑥 + 𝑒𝑦 ̇𝑒𝑦 + 𝑒𝑧 ̇𝑒𝑧 + 𝑒𝑎 ̇𝑒𝑎 + 𝑒𝑏 ̇𝑒𝑏. (21)

Combining (13)–(16) and (18), we get

̇𝑒𝑥 = −𝑘𝑥𝑒𝑥,
̇𝑒𝑦 = −𝑒𝑎 (𝑦1𝑧1 + 𝑦2𝑧2) − 𝑒𝑏 (𝑦21𝑧1 + 𝑦22𝑧2) − 𝑘𝑦𝑒𝑦,
̇𝑒𝑧 = −𝑘𝑧𝑒𝑧.

(22)

By substituting (17) and (22) into (21), the differentiation
of 𝑉 is rewritten in the form

�̇� = −𝑘𝑥𝑒2𝑥 − 𝑘𝑦𝑒2𝑦 − 𝑘𝑧𝑒2𝑧. (23)

Obviously, the differentiation of the Lyapunov function �̇�
is a negative semidefinite function. As a result, it is simple
to verify 𝑒𝑥 → 0, 𝑒𝑦 → 0, and 𝑒𝑧 → 0 exponentially
as 𝑡 → ∞ based on Barbalat’s lemma [59]. The complete
antisynchronization between the master system and the slave
system is proved.

We take an example to illustrate the calculation of the
antisynchronization scheme. The parameter values of the
master system and slave system are fixed as

𝑎 = 4,
𝑏 = 2.5. (24)
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Figure 9: Antisynchronization of the slave system and the master system (a) 𝑥1, 𝑥2 state variables, (b) 𝑦1, 𝑦2 state variables, and (c) 𝑧1, 𝑧2
state variables (state variables of the slave system (red dashed lines), state variables of the master system (blue solid lines)).

We assume that the initial states of the master system (13) are

𝑥1 (0) = 0.01,
𝑦1 (0) = 0.02,
𝑧1 (0) = 0.01,

(25)

while the initial states of the slave system (14) are taken as

𝑥2 (0) = −0.19,
𝑦2 (0) = 0.07,
𝑧2 (0) = 0.15.

(26)

The positive gain constants are chosen as 𝑘𝑥 = 5, 𝑘𝑦 = 5,
and 𝑘𝑧 = 5. For numerical simulations, we take the initial
condition of the parameter estimate as

�̂� (0) = 4.1,
�̂� (0) = 2.6. (27)

It is apparent from Figure 9 that there is antisynchronization
of the respective states of the systemswith cloud-shaped equi-
librium (13) and (14).The time-history of the synchronization
errors 𝑒𝑥, 𝑒𝑦, and 𝑒𝑧 is shown in Figure 10. It is straightforward
to verify that Figure 10 depicts the antisynchronization of the
master and slave systems.

5. Conclusions

The main goal of the current study is to propose a novel
unusual system with infinite number of equilibrium points
which lay on a closed curve.Dynamics of the new systemhave
been investigated via different tools such as phase portrait,
bifurcation diagram, Kaplan–York dimension, and maximal
Lyapunov exponents. The feasibility of the theoretical model
is clearly verified by the circuit implementation. In addition,
the research also shows that antisynchronization of systems
with closed curve equilibrium is obtained by introducing an
adaptive control. The findings in this study provide a new
understanding of system with infinite equilibria. In terms
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Figure 10: Time-history of the antisynchronization errors between
the systems with cloud-shaped equilibrium (13) and (14).

of directions for future research, further work could explore
chaos-based applications of such new system. For example,
chaotic behaviors of other systems which are similar to the
new one are useful for generating hardware pseudorandom
number [18], controlling motions of autonomous mobile
robots [19], or using in secure communications [22].
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A few special chaotic systems without unstable equilibrium points have been investigated recently. It is worth noting that these
special systems are different from normal chaotic ones because the classical Shilnikov criterion cannot be used to prove chaos of
such systems. A novel unusual chaotic system without equilibrium is proposed in this work. We discover dynamical properties
as well as the synchronization of the new system. Furthermore, a physical realization of the system without equilibrium is also
implemented to illustrate its feasibility.

1. Introduction

A considerable amount of literature has been published on
chaotic systems in last decades, for example, Lorenz’s system
[1], Rössler’s system [2], Chen and Ueta’s system [3], simple
chaotic flows [4, 5], memristive chaotic system with heart-
shaped attractors [6], chaotic circuit based on memristor [7,
8], MOS-transistors based oscillators [9, 10], mixed analog-
digital designs [11], fully digital realization of chaotic systems
[12, 13], or electromechanical oscillator [14]. Complexity of
chaotic systems has been used in various engineering applica-
tions from asymmetric color pathological image encryption
[15, 16], control and synchronization [17, 18], a chaotic video

communication scheme via WAN remote transmission [19],
and image encryption with avalanche effects [20] to audio
encryption scheme [21] and so on.

It is now well established from a variety of studies that
equilibrium points play a vital role in our understanding of
chaos in nonlinear systems [22–24]. In general, conventional
chaotic systems have unstable equilibria and we are able to
verify chaos in such systems with the Shilnikov criterion [25,
26]. However, recent researches have consistently shown that
chaotic behavior can be observed in three-dimensional (3D)
systems with no equilibrium [27].

The study of systems without equilibria has a long history,
describing various electromechanical models with rotation
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and electrical circuits with cylindrical phase space. One of
the first such examples has been described by Arnold Som-
merfeld in 1902 [28], by studying the oscillations caused by a
motor driving an unbalancedweight and discovered the reso-
nance capture, which is called “Sommerfeld effect.”This phe-
nomenon represents the failure of a rotating mechanical sys-
tem to be spun up by a torque-limited rotor to a desired rota-
tional velocity due to its resonant interaction with another
part of the system [29, 30]. Many decades later, in 1984-
85, Nosé [31] and Hoover [32] have led the study with their
proposed dynamical systemwithout equilibria and its various
modifications, where hidden chaotic oscillations can be
found [4, 33–36].

Systematic search routine was developed by Jafari et al. to
determine simple quadratic flows with no equilibria [24, 27].
Wang and Chen found a new system without equilibrium
while studying a chaotic systemwith any number of equilibria
[24]. Wei discovered dynamical properties of a no-equilib-
rium chaotic system by applying a constant to the Sprott D
system [37]. Multiple attractors in a three-dimensional sys-
tem with no-equilibrium point were reported in [38]. Akgul
et al. designed a random number generator with a 3D chaotic
system without equilibrium point [39]. In addition, 4D no-
equilibrium systems with hyperchaos were presented in [40–
42]. It is interesting to note that chaotic systems without equi-
librium display “hidden attractors” [43–46]. There has been
considerable interest in discovering hidden attractors because
they cannot be localized by applying common computational
procedures [47–52].

This study makes a contribution to research on systems
with hidden attractors by exploring a new chaotic system
without equilibrium. In the next section, the description
and dynamics of the no-equilibrium system are presented.
Synchronization of two new chaotic systems without equi-
librium is studied in Section 3. The theoretical system has
been realized by an electronic circuit as reported in Section 4.
Finally, conclusion remarks are drawn in the last section.

2. Description and Dynamics of
the System without Equilibrium

Jafari et al. have introduced an effective approach for inves-
tigating potential systems without equilibrium [27]. Authors
constructed general models and applied a systematical search
routine to obtain seventeen simple flows with no equilibrium
[27]. Motivated by Jafari et al.’s systems, in this work we
consider a general form as follows:

�̇� = 𝑦,
̇𝑦 = 𝑧,
�̇� = 𝑎0 |𝑥| + 𝑎1𝑦 + 𝑎2𝑧 + 𝑎3𝑦2 + 𝑎4𝑧2 + 𝑎5𝑥𝑦 + 𝑎6𝑥𝑧

+ 𝑎7𝑦𝑧 + 𝑎8,

(1)

in which three state variables of the general form are 𝑥, 𝑦, and
𝑧, while nine parameters are 𝑎𝑖 (𝑖 = 0, . . . , 8) with 𝑎0 ̸= 0. An
absolute nonlinearity has been included in (1) because it is a

potential term for designing nonlinear systems with special
characteristics [53, 54].

In order to find the equilibrium of system (1), we solve the
three following equations:

𝑦 = 0, (2)

𝑧 = 0, (3)

𝑎0 |𝑥| + 𝑎1𝑦 + 𝑎2𝑧 + 𝑎3𝑦2 + 𝑎4𝑧2 + 𝑎5𝑥𝑦 + 𝑎6𝑥𝑧
+ 𝑎7𝑦𝑧 + 𝑎8 = 0.

(4)

By substituting (2), (3) into (4), we have

|𝑥| = −𝑎8𝑎0 . (5)

It is easy to verify that the equation is inconsistent for

𝑎0𝑎8 > 0. (6)

In other words, in this case the general model (1) has no
equilibrium.

By applying a systematic search procedure [27] into (1), a
simple three-dimensional system is obtained in the following
form:

�̇� = 𝑦,
̇𝑦 = 𝑧,
�̇� = −𝑎 |𝑥| − 𝑦 + 3𝑦2 − 𝑥𝑧 − 𝑏,

(7)

inwhich three state variables are𝑥,𝑦, and 𝑧while twopositive
parameters are 𝑎, 𝑏 (𝑎 > 0, 𝑏 > 0). According to condition
(6), it is trivial to verify that there is no equilibrium in the
new system (7).

It is interesting that system (7) can generate chaotic
signals although there is the absence of equilibrium. For 𝑎 =
0.35, 𝑏 = 0.05 and the initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) =
(0.1, 0.1, 0.1), system (7) generates chaotic behavior as shown
in Figure 1. As can be seen in Figure 1, chaotic waveforms and
broadband spectra indicate the chaoticity of system (7). In
addition, chaotic phase portraits of system (7) are illustrated
in Figure 2. Calculated Lyapunov exponents andKaplan-York
dimension of the system without equilibrium (7) are 𝐿1 =0, 0594, 𝐿2 = 0, 𝐿3 = −0.358, and𝐷KY = 2.1659, respectively.
In other words, system (7) has hidden attractors, which is
important for a wide range of scientific and engineering
processes [55–58]. In our work, the well-known algorithm
of Wolf et al. [59] has been applied to calculate Lyapunov
exponents. The time of the computation is 10,000. It is
noted that, due to the different values of the finite-time local
Lyapunov exponents and Lyapunov dimension for different
points, the maximum of the finite-time local Lyapunov
dimensions on the grid of point has to be considered [60–62].

Dynamics of the system without equilibrium have been
investigated by changing the value of the bifurcation param-
eter 𝑎 in the range from 0.2 to 0.36. Figures 3 and 4 show the
bifurcation diagram and the diagram of maximal Lyapunov
exponents (MLEs) of the no-equilibrium system. As can be
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Figure 1: Chaotic waveform and the frequency spectra generated from system (7): (a) time series of 𝑥(𝑡), (b) single-sided amplitude spectrum
of 𝑥(𝑡), (c) time series of 𝑦(𝑡), (d) single-sided amplitude spectrum of 𝑦(𝑡), (e) time series of 𝑧(𝑡), and (f) single-sided amplitude spectrum of
𝑧(𝑡).
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Figure 2: Four views of the chaotic attractors in system without equilibrium (7) in (a) 𝑥-𝑦 plane, (b) 𝑥-𝑧 plane, (c) 𝑦-𝑧 plane, and (d) 𝑥-𝑦-𝑧
space for 𝑎 = 0.35, 𝑏 = 0.05, and the initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) = (0.1, 0.1, 0.1).
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Figure 5: Four views of limit cycles in the system without equilibrium (7) in (a) period-1 oscillation (𝑎 = 0.25), (b) period-2 oscillation (𝑎 =
0.3), (c) period-4 oscillation (𝑎 = 0.325), and (d) period-8 oscillation (𝑎 = 0.333) for the initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) = (0.1, 0.1, 0.1)
and 𝑏 = 0.05.

seen from Figures 3 and 4, system (7) displays periodical
oscillations for 𝑎 < 0.335. For instance, different periodical
oscillations of system (7) are illustrated in Figure 5. For 𝑎 ≥
0.335, complex behaviors of the system can be observed.
Moreover, it is easy to verify the presence of a period-
doubling route to chaos when increasing the value of the
parameter 𝑎.

3. Synchronization of Two Identical
Systems without Equilibrium

The past decade has seen the rapid development of syn-
chronization schemes for numerous chaotic systems because
synchronization plays a critical role in practical applications
[63–67]. Therefore, when investigating a new chaotic system
it is important to consider its synchronization ability. In this
section, we study the synchronization of two new systems
without equilibrium (the master and slave systems) via an
adaptive controller, which has been reported as an effective
approach [68–70].

Here the master system without equilibrium is presented
by

�̇�1 = 𝑦1,
̇𝑦1 = 𝑧1,
�̇�1 = −𝑎 𝑥1 − 𝑦1 + 3𝑦21 − 𝑥1𝑧1 − 𝑏,

(8)

where three state variables are𝑥1,𝑦1, and 𝑧1 and the unknown
system parameters are 𝑎, 𝑏. The slave system without equilib-
rium is given by

�̇�2 = 𝑦2 + 𝑢𝑥,
̇𝑦2 = 𝑧2 + 𝑢𝑦,
�̇�2 = −𝑎 𝑥2 − 𝑦2 + 3𝑦22 − 𝑥2𝑧2 − 𝑏 + 𝑢𝑧,

(9)

in which 𝑥2, 𝑦2, and 𝑧2 are system’s variables and u = [𝑢𝑥, 𝑢𝑦,
𝑢𝑧]𝑇 is an adaptive control. By calculating the difference
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between the slave system and the master system, the state
errors are defined as

𝑒𝑥 = 𝑥2 − 𝑥1,
𝑒𝑦 = 𝑦2 − 𝑦1,
𝑒𝑧 = 𝑧2 − 𝑧1.

(10)

As a result, the state error dynamics are calculated by

̇𝑒𝑥 = �̇�2 − �̇�1,
̇𝑒𝑦 = ̇𝑦2 − ̇𝑦1,
̇𝑒𝑧 = �̇�2 − �̇�1.

(11)

The parameter estimation error is denoted as 𝑒𝑎
𝑒𝑎 = 𝑎 − 𝑎, (12)

where the estimation of the unknown parameter (𝑎) is 𝑎. By
differentiating (12), we get

̇𝑒𝑎 = − ̇̂𝑎. (13)

We design an adaptive control to synchronize the slave
system without equilibrium (9) with the master system (8)
without equilibrium as follows:

𝑢𝑥 = −𝑒𝑦 − 𝑘𝑥𝑒𝑥,
𝑢𝑦 = −𝑒𝑧 − 𝑘𝑦𝑒𝑦,
𝑢𝑧 = 𝑒𝑦 − 3 (𝑦22 − 𝑦21) + 𝑥2𝑧2 − 𝑥1𝑧1 + 𝑎 (𝑥2 − 𝑥1)

− 𝑘𝑧𝑒𝑧.

(14)

In the adaptive control (14), three positive gain constants are
𝑘𝑥, 𝑘𝑦, and 𝑘𝑧 while the parameter update law is constructed
by

̇̂𝑎 = 𝑒𝑧 (𝑥1 − 𝑥2) . (15)

It is simple to verify that the slave system (9) and
the master system (8) are synchronized when applying the
proposed adaptive control (14). We prove this result by using
the selected Lyapunov function:

𝑉(𝑒𝑥, 𝑒𝑦, 𝑒𝑧, 𝑒𝑎) = 12 (𝑒
2
𝑥 + 𝑒2𝑦 + 𝑒2𝑧 + 𝑒2𝑎) . (16)

From (16), we have the differentiation of 𝑉:
�̇� = 𝑒𝑥 ̇𝑒𝑥 + 𝑒𝑦 ̇𝑒𝑦 + 𝑒𝑧 ̇𝑒𝑧 + 𝑒𝑎 ̇𝑒𝑎. (17)

By combining (8), (9), and (14), synchronization error
dynamics are achieved as

̇𝑒𝑥 = −𝑘𝑥𝑒𝑥,
̇𝑒𝑦 = −𝑘𝑦𝑒𝑦,
̇𝑒𝑧 = −𝑒𝑎 (𝑥2 − 𝑥1) − 𝑘𝑧𝑒𝑧.

(18)
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Figure 6: Time-history of the synchronization errors between the
slave system without equilibrium (9) and the master system without
equilibrium (8).

Finally, by substituting (13) and (18) into (17), the differentia-
tion of the Lyapunov function can be simplified as

�̇� = −𝑘𝑥𝑒2𝑥 − 𝑘𝑦𝑒2𝑦 − 𝑘𝑧𝑒2𝑧. (19)

Obviously, the differentiation of 𝑉 is a negative semidefinite
function. Therefore, according to Barbalat’s lemma [71], we
have 𝑒𝑥 → 0, 𝑒𝑦 → 0, and 𝑒𝑧 → 0 exponentially as 𝑡 → ∞.
As a result, the synchronization between the slave system (9)
and the master system (8) is verified.

In order to confirm the calculation of the synchronization
scheme, we consider an example where the parameter values
of the master system and the slave system are fixed as

𝑎 = 0.35,
𝑏 = 0.05. (20)

The initial states of the master system are assumed as

𝑥1 (0) = 0.1,
𝑦1 (0) = 0.1,
𝑧1 (0) = 0.1,

(21)

while the initial states of the slave system are selected as

𝑥2 (0) = 0,
𝑦2 (0) = −0.1,
𝑧2 (0) = 0.2.

(22)

We take the positive gain constants which are 𝑘𝑥 = 6, 𝑘𝑦 =6, and 𝑘𝑧 = 6 and set the initial condition of the parameter
estimate, that is,

𝑎 (0) = 0.3. (23)

The time-history of the synchronization errors 𝑒𝑥, 𝑒𝑦, 𝑒𝑧 is
reported in Figure 6. Furthermore, the time series of the
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master and the slave systems are illustrated in Figure 7. From
Figures 6 and 7 it is straightforward to see the synchroniza-
tion of the slave system and the master system.

4. Realization of the Proposed
System without Equilibrium

The issue of realizing theoretical chaotic models has received
considerable critical attention due to its practical applications
[65, 72–76]. Thus, an electronic circuit for realizing the
proposed systemwithout equilibrium (7) is introduced in this
section. We rescaled three state variables of system without
equilibrium (7), that is, 𝑋 = 10𝑥, 𝑌 = 10𝑦, and 𝑍 = 10𝑧, to
get enough larger signals in our electronic circuit. Therefore,
the system without equilibrium (7) is transformed into the
following equivalent system:

�̇� = 𝑌,
�̇� = 𝑍,
�̇� = −𝑎 |𝑋| − 𝑌 + 3

10𝑌
2 − 1

10𝑋𝑍 − 10𝑏.
(24)

Figure 8 shows the schematic of the circuit for realizing
system (24). As shown in Figure 8, there are three inte-
grators (𝑈3–𝑈5) implemented with operational amplifiers.
The circuit of absolute nonlinearity (|𝑋|) is based on two
operational amplifiers (𝑈6, 𝑈7) and two diodes (𝐷1, 𝐷2). By
applying Kirchhoff ’s circuit laws into the designed circuit, the
following circuital equation is derived:

�̇� = 1
𝑅𝐶𝑌,

�̇� = 1
𝑅𝐶𝑍,

�̇�
= 1
𝑅𝐶 (−

𝑅
𝑅𝑎 |𝑋| − 𝑌 +

𝑅
𝑅110𝑉𝑌

2 − 1
10𝑉𝑋𝑍 − 𝑉𝑏) .

(25)

The variables𝑋,𝑌, and𝑍 in (25) correspond to the voltages in
the outputs of three integrators (𝑈3,𝑈4, and𝑈5), respectively.
It is simple to verify that system (25) is equivalent to the
system without equilibrium (24) by normalizing it with
𝜏 = 𝑡/𝑅𝐶. In order to get 𝑎 = 0.35 and 𝑏 = 0.05, the
electronic components have been selected as 𝑅 = 10 kΩ,
𝑅𝑎 = 28.571 kΩ, 𝑅1 = 3.333 kΩ, 𝐶 = 10 nF, and 𝑉𝑏 =0.5VDC.The power supplies of all active devices are ±15VDC.
Implementation of the circuit on a breadboard is shown in
Figure 9.We havemeasured signals in the real circuit by using
oscilloscope. Experimental results are reported in Figure 10,
which display a good agreement with numerical results in
Figure 2.

5. Conclusions

The present study provides an additional system without
equilibrium, which has received significant attention in
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Figure 7: Time series of the master system (blue solid) and the slave
systems (red dashed): (a) 𝑥1 and 𝑥2, (b) 𝑦1 and 𝑦2, and (c) 𝑧1 and 𝑧2.

the research community recently. Dynamics of the pro-
posed system are studied by numerical tools and physical
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Figure 8: Schematic of the circuit including 16 resistors, seven operational amplifiers, two analogmultipliers, two diodes, and three capacitors.

Figure 9: Physical realization of the theoretical system by using common electronic components.
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(a) (b) (c)

Figure 10: Captured chaotic attractors of the designed circuit in (a)𝑋-𝑌 plane, (b)𝑋-𝑍 plane, and (c) 𝑌-𝑍 plane.

implementation. It is interesting that the system can generate
chaotic signals despite the fact that there is an absence of
equilibrium. The system is realized easily by using common
electronic components; therefore, it would be interesting to
assess the practical application of the new system. Further
studies related to the possible real-time applications of the
system will be investigated in our future works.
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[2] O. Rössler, “An equation for continuous chaos,” Physics Letters
A, vol. 57, pp. 397–398, 1976.

[3] G. Chen and T. Ueta, “Yet another chaotic attractor,” Interna-
tional Journal of Bifurcation and Chaos in Applied Sciences and
Engineering, vol. 9, no. 7, pp. 1465–1466, 1999.

[4] J. C. Sprott, “Some simple chaotic flows,” Physical Review E, vol.
50, no. 2, pp. R647–R650, 1994.

[5] J. C. Sprott, Elegant Chaos Algebraically Simple Chaotic Flows,
World Scientific, Singapore, 2010.

[6] J. Wu, L. Wang, G. Chen, and S. Duan, “A memristive chaotic
system with heart-shaped attractors and its implementation,”
Chaos, Solitons & Fractals, vol. 92, pp. 20–29, 2016.

[7] R. Wu and C. Wang, “A new simple chaotic circuit based on
memristor,” International Journal of Bifurcation and Chaos in
Applied Sciences and Engineering, vol. 26, no. 9, Article ID
1650145, 11 pages, 2016.

[8] A. G. Radwan, K. Moaddy, and I. Hashim, “Amplitude modula-
tion and synchronization of fractional-order memristor-based
Chua’s circuit,” Abstract and Applied Analysis, vol. 2013, Article
ID 758676, 10 pages, 2013.

[9] A. G. Radwan, A. M. Soliman, and A.-L. El-Sedeek, “An induc-
torless CMOS realization of Chua’s circuit,” Chaos, Solitons and
Fractals, vol. 18, no. 1, pp. 149–158, 2003.

[10] A. G. Radwan, A. M. Soliman, and A.-L. El-Sedeek, “MOS real-
ization of the conjectured simplest chaotic equation,” Circuits,
Systems, and Signal Processing, vol. 22, no. 3, pp. 277–285, 2003.

[11] A. Radwan, A. Soliman, and A. S. Elwakil, “1-D digitally-
controlled multiscroll chaos generator,” International Journal of
Bifurcation and Chaos, vol. 17, no. 1, pp. 227–242, 2007.

[12] M. A. Zidan, A. G. Radwan, and K. N. Salama, “Controllable V-
shape multiscroll butterfly attractor: system and circuit imple-
mentation,” International Journal of Bifurcation and Chaos, vol.
22, no. 6, Article ID 1250143, 2012.

[13] A. S. Mansingka, M. Affan Zidan, M. L. Barakat, A. G. Radwan,
and K. N. Salama, “Fully digital jerk-based chaotic oscillators
for high throughput pseudo-random number generators up to
8.77 Gbits/s,” Microelectronics Journal, vol. 44, no. 9, pp. 744–
752, 2013.

[14] A. Buscarino, C. Famoso, L. Fortuna, and M. Frasca, “A new
chaotic electro-mechanical oscillator,” International Journal of
Bifurcation and Chaos in Applied Sciences and Engineering, vol.
26, no. 10, Article ID 1650161, 7 pages, 2016.

[15] H. Liu, A. Kadir, and Y. Li, “Asymmetric color pathological
image encryption scheme based on complex hyper chaotic
system,” Optik, vol. 127, pp. 5812–5819, 2016.

[16] A. G. Radwan, S. H. AbdElHaleem, and S. K. Abd-El-Hafiz,
“Symmetric encryption algorithms using chaotic and non-
chaotic generators: a review,” Journal of Advanced Research, vol.
7, no. 2, pp. 193–208, 2016.

[17] K. Moaddy, A. G. Radwan, K. N. Salama, S. Momani, and I.
Hashim, “The fractional-order modeling and synchronization
of electrically coupled neuron systems,” Computers & Mathe-
matics with Applications, vol. 64, no. 10, pp. 3329–3339, 2012.

[18] A. G. Radwan, K. Moaddy, K. N. Salama, S. Momani, and I.
Hashim, “Control and switching synchronization of fractional
order chaotic systems using active control technique,” Journal of
Advanced Research, vol. 5, no. 1, pp. 125–132, 2014.
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