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Finite Dynamic Elements and 
Modal Analysis 

A general modal analysis scheme is derived for forced response that makes use of 
high accuracy modes computed by the dynamic element method. The new procedure 
differs from the usual modal analysis in that the modes are obtained from a power 
series expansion for the dynamic stiffness matrix that includes an extra dynamic 
correction term in addition to the static stiffness matrix and the consistent mass 
matrix based on static displacement. A cantilevered beam example is used to demon
strate the relative accuracies of the dynamic element and the traditional finite element 
methods. © 1993 John Wiley & Sons, 1nc. 

INTRODUCTION 

The dynamic element method (DEM) has been 
employed in the past by Przemieniecki (1968), 
Downs (1986), and others for computing accurate 
natural frequencies and mode shapes. The 
method entails expanding the transcendental dy
namic stiffness matrix d(w) in a Taylor series in 
powers of the frequency-squared, truncating the 
series to three or more terms. The above authors 
have demonstrated the highly efficient mode 
finding capabilities of the DEM in contrast to the 
traditional finite element method (FEM) , in 
which only two terms, the static stiffness matrix 
and consistent mass matrix, are retained. 

The current paper considers the superposition 
of modes computed using the DEM, and demon
strates the increased convergence rate as com
pared to the standard modal analysis based on 
the FEM. 

REVIEW OF BASIC OPERATORS 

First a review of the basic state variables and 
operators is undertaken. The theory developed 
here is based on the "mechanics of materials" 
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governing equations for a continuous linear elas
tic structural member, which can be summarized 
as 

s = EE 

D;s + pv = pO 

or the combined (displacement) form 

D;EDuu + Pv = pii 

(1) 

(2) 

(3) 

(4) 

in addition to initial and boundary conditions, 
where E is the column of generalized strains, 
which may include slopes, curvatures, etc.; U is 
the column of generalized displacements, such as 
extensions, deflections, or rotations; s is the 
column of generalized stresses, or stress-resul
tants, such as bending moments or shear forces; 
p is the generalized density matrix with compo
nents possibly containing radius of gyration 
terms to account for rotary inertia; finally, Pv 
represents the applied body forces. The body 
forces as well as the state variables depend on 
position x at time t. 

The differential operators Du and D~ are gen-

CCC 1070-9622/93/020171-06 

171 



172 Ferguson and Pilkey 

eralized forms of the gradient and divergence op
erators, respectively, as applied in the case of 
general elasticity. The divergence of the 3-D 
Cauchy stress tensor T, for example, can be writ
ten as Drs when s is a 6 x I column containing 
the six symmetric components of T. In light of 
these facts, the operators Du and Dr satisfy a 
certain formal adjoint relationship 

J uTuDTSdV =,( uTATs dS - J u1J);sdV 
v Jav v 

(5) 

where u and s are arbitrary vector columns 
smooth enough for the integrals to make sense, 
and AT is a direction cosine matrix that describes 
the relationship between the traction p on an 
oblique surface in a body and the generalized 
stress components 

(6) 

The symbols uDT and sD represent Du and 
D; transposed, and act on the vector to their 
left. 

MODAL ANALYSIS 

An initial-boundary value problem with nonho
mogeneous boundary conditions can be reduced 
to one with homogeneous boundary conditions 
by considering displacement from a reference so
lution. It thus suffices to consider the following 
problem as a model for the forced vibration prob
lem of a complex structure. 

D;EDuu(x, t) - pii(x, t) = -Wy(x, t) x E V 
(7) 

Buu(x, t) = 0 x E av (8) 

u(x, 0) = uo(x) (9) 

o(x, 0) = oo(x) (10) 

where Bu represents a differential operator (of a 
lower order than the operator D;EDu) that also 
evaluates its argument at the boundary; Uo and 00 
represent the prescribed initial displacement and 
velocity functions; and Py is given by 

(11) 

According to the classical eigenfunction ex
pansion method for a linear partial differential 

equation, the solution can be written as an ex
pansion 

'" 
u(x, t) = Luix)hj(t) 

j=\ 

(12) 

in terms of the eigenfunctions Uj(x) obtained by 
inserting this expansion into the homogeneous 
form of Eq. (7) and separating the space and time 
variables. The eigenfunctions thus satisfy the 
(regular) Sturm-Liouville problem 

D;EDuuAx) + pwJuix) = 0 x E V (13) 

Buuj(x) = 0 x E av (14) 

where the eigenpairs (wJ, uix) satisfy the usual 
properties (real unbounded positive monotonic
ity, orthogonality with respect to p, Rayleigh 
quotient property, and completeness) for the reg
ular Sturm-Liouville problem. Because the ei
genfunctions are determined only up to scalar 
multiples, they are assumed to be normalized 
with respect to p 

(15) 

Because the eigenfunctions satisfy the homoge
neous problems (13) and (14), they can be deter
mined as eigenpairs (u, w2) each satisfying the 
principle of virtual work 

J v auTuDTE DuudV - w2J v auTpudV 

= J v aUTpy dV (16) 

for arbitrary test functions au consistent with the 
geometric constraints. 

According to the familiar procedure for deriv
ing the modal superposition, one uses the conti
nuity of u(x, t) and EDuu(x, t) and the fact that 
u(x, t) and un(x, t) satisfy the same homogeneous 
boundary conditions, to insert the series (12) in 
Eq. (7). Taking inner products and invoking 
orthogonality, one arrives at the familiar solution 
for the displacement 

'" [1 I 
u(x, t) = ~uix) Wj Jo sin Wj(t - T) Iv 

uJ<x)p pY(x, T) dV dT 



+ cos wjl ivuJ(x)puo(x) dV 

+ ! sin wjlJ uJ(X)poo(x)dVJ. 
Wj v 

(17) 

This equation represents the classical eigenfunc
tion expansion method for a nonhomogeneous 
initial-boundary value problem. 

DISCRETIZA liON 

Turning to matrix methods, the structure under 
consideration is subdivided into M elements 
{ne}~1 with a total of N associated nodal points 
{X;}~I' The nodal values of the eigenfunction Uj, 
and possibly its derivatives, are stored in the 
nodal vector Vj. 

The eigenfunction u can be interpolated ex
actly by the global frequency-dependent shape 
function N 

u(x) = N(x, w)V (18) 

where V signifies the column of global nodal val
ues of the eigenfunction. These global functions 
can be written in terms of element shape func
tions N(x, w) that are found as solutions to the 
following boundary value problem 

(20) 

With the introduction of the shape function, 
the virtual work principle yields the following 
nonlinear eigenproblem 

[K(w) - w2M(w)]V = 0 (21) 

for the natural frequencies and mode shapes, 
where M is the global mass matrix, and K is the 
global stiffness matrix. These global matrices are 
assembled by a summation process of element 
matrices m and k according to the additive prop
erty of the Riemann integral. The element matri
ces are found according to 

(22) 

and 

(23) 
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The element dynamic stiffness matrix is then de
fined as 

d = k - w2m. (24) 

By assuming that the initial displacement and 
velocity can be interpolated exactly using the 
static global shape function No(x) 

uo(x) = No(x)Vo 

oo(x) = No(xyVo 

and that the applied load is of a form 

py(x, t) = f(x)f3(t) 

(25) 

(26) 

(27) 

with separated variables such that the spatial part 
can be interpolated exactly using No 

f(x) = No(x)a (28) 

where a is a vector of nodal values of f, Leung 
(1983) writes the modal sum of Eq. (17) in the 
form 

00 

u(x, t) = 2: N(x, w)VjVJM(Wj) 
j~1 

[ 1 ( 1. oJ - H Wj, t)a + cos wjfVo + - sm wiVo 
Wj Wj 

(29) 

where 

H(w, t) = J: sin wet - T)f3(T)dT (30) 

and M(w) is the global quasi-static mass matrix 
formed by summing element matrices defined by 

(31) 

The eigenvectors Vj are assumed to have been 
normalized in accordance with Eq. (15), this be
ing accomplished by dividing each computed 
eigenvector Vj by the exact modal mass 

M· = [V!M(w·)V·]I12 ] ] ] ] . (32) 

The validity of the dynamic equivalent modal 
analysis rests on the orthogonality of the com
puted (normalized) eigenvectors with respect to 
the global form of the mixed mass matrix defined 
by Leung (1983) 
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(33) 

These orthogonality relations appear as 

(34) 

for distinct eigenpairs i =1= j. 
Another form of modal analysis is now de

rived as a simple consequence of Eq. (29) by re
placing the frequency-dependent quantities N 
and M by their corresponding Taylor series ex
pressions 

00 

N = L Nn w2n (35) 
n=O 

00 

M = L Mn w2n• (36) 
n=O 

This method is analogous to the finite dynamic 
element method used by Przemieniecki (1968), 
Downs (1986), and others in the analysis of free 
vibrations. The terms Nn are defined in terms of 
element shape function terms, calculated accord
ing to Eq. (19) by solving the recursive system of 
differential equations 

D;EDuNo = 0 

D;EDuNn + pNn- 1 = 0, n;::: 1. 

(37) 

(38) 

During the remainder of the discussion, it will 
be assumed that the eigenfunctions are ade
quately represented by a form that is quadratic in 
the frequency-squared, and thus each eigenfunc
tion Uj(x) can be interpolated between the nodal 
values, using the first two terms in the Taylor 
expansion for the shape function N(x, w) by 

- 2-Uj = (No + wjN1)Vj (39) 

where (w}, Vj) is the jth eigenpair of the qua
dratic eigenproblem 

the global matrices Ko, M o, and MI having been 
assembled from their element counterparts 
whose Taylor series terms are given by Pilkey 
and Fergusson (1990) as 

mn = (n + 1) Iv N!pNn-jdV, n;::: 0 (41) 

wherej is any integer between 0 and n inclusive, 
and 

k n = (n - 1) Iv NTuDTE DuNn-idV, n;::: 2 

(42) 

where i is any integer between 1 and n - 1 inclu
sive. The term ko is expressed using the appropri
ate equation for the static stiffness matrix, and 
the term kl vanishes identically. 

The eigenvectors Vj are assumed to have been 
normalized in accordance with Eq. (15), this be
ing accomplished by dividing each computed 
eigenvector Vj by the approximation to the jth 
modal mass given as 

(43) 

The insertion of the modes extracted from the 
quadratic eigenproblem along with the appropri
ate Taylor series for N and M yields the modal 
sum for the displacement 

U(x, t) = 
00 

L (No + w}N1)V!Vj(Mo + w}M1 + wJM2) 
j=1 

[~H(wj> t) a + cos Wjt Vo + ~ sin Wjt "0]. 
W) Wj 

(44) 

The fact that three Mi terms can be obtained from 
only two Ni terms is evidenced by the above 
mentioned results given in Eq. (41) and (42), 
along with the proportionality relationship given 
by Fergusson and Pilkey (1992) that states that 
for any n ;::: 1, the Taylor series terms for the 
stiffness, mass, quasi-static mass, and dynamic 
stiffness matrices are related according to 

(n + 1)kn+1 = nmn = 
n(n + 1)mn = -n(n + 1)dn+l • (45) 

Because the dynamic shape functions satisfy 
Boolean type boundary conditions at the nodes, 
they are not dependent on Wi there. The nodal 
solutions V(t) can thus be extracted from the ex
pression given in Eq. (44) for the modal sum. The 
three forms of such a solution, corresponding to 
the three types of modal analysis (usual modal 
analysis based on FEM; current modal analysis 
based on DEM; and dynamic equivalent modal 



analysis given by Leung, 1983), can be written, 
respectively, as 

Of course the three types of analysis differ also in 
the fact that the modes are computed using 1 
linear eigenproblem, quadratic eigenproblem, 
and highly nonlinear eigenproblem, respectively. 

EXAMPLE 

Consider as an example, a cantilevered beam 
with unit material parameters and length, subject 
to a transverse driving force at the free end of 
magnitude 1000(t4 - t5), and zero initial condi
tions. This is the same beam studied by Leung 
(1983). 

The quantity L MiwJia appearing in Eq. (44) 
and (47) can be replaced by a column of zeros 
with a "1000" as the second to last component. 
The various matrices and state vectors are given 
by 

u = [w] (49) 

E = [K] (50) 

s = [M] (51) 

Du = [-ail (52) 

Dr = [ail (53) 

E = [EI] (54) 

p = [p] (55) 
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with EI and p each set equal to unity. The sym
bols w, K, and M represent the transverse deflec
tion, curvature, and bending moment, respec
tively. The element nodal vector takes the form 

v = [w(O) w'(O) w(1) w'(1)]T. (56) 

The present method using one dynamic cor
rection term to the shape function and two dy
namic corrections to the mass matrix has been 
implemented for the beam example, and the 
transverse response Weale of the free end at time t 
= 1.0 s computed. The results are compared to a 
similar analysis made using the more traditional 
static equivalent form (FEM) of modal analysis 
using mass and stiffness matrices derived with 
static shape functions. For the traditional 
method only half as many modes as the number 
of degrees of freedom are considered accurate, 
whereas all the modes computed by the dynamic 
element are of sufficient accuracy to be used in 
the modal sum. 

Although a simple iteration procedure was 
used to calculate the modes, the solution effort 
can be decreased by employing the methods used 
by Gupta (1973) for solving the quadratic eigen
problem. Gupta's method enables solution ofthe 
quadratic eigenproblem with not much more ef
fort than is required in solving the analogous lin
ear eigenproblem associated with the FEM using 
the same number of elements. 

The percentage relative error in the response 

= Weale - Wexaet 100 
ere) 

Wexaet 
(57) 

where Wexaet is the exact deflection of the free end 
of the beam, is displayed graphically in Fig. 1 for 
the two methods. 

0.1 

% 0.01 
Error 

0.001 

0.0001 

FEM n modes -E7-
DEM n modes +

DEM 2n modes 08-

1e-05 L...-_.L..-_--'------'''''"-_--'-_---'_==-.L..------' 
1 4 5 7 

N umber of Elements 

FIGURE 1 Percent error in the calculated deflection 
of the free end at time t = 1.0 s using available modes. 
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For the FEM, half of the available modes were 
included; for the DEM half the modes and all the 
modes were included, resulting in three curves 
corresponding to 

1. FEM using n modes in the modal sum; 
2. DEM using n modes in the modal sum; 
3. DEM using 2n modes in the modal sum; 

where n is the number of elements. 
The advantage of the new method is readily 

apparent upon examination of the graph shown 
in the figure. To achieve an accuracy of three 
decimal places in the response, for example, a 
percentage error of 0.0018 or better is needed. 
This would require seven elements using the tra
ditional FEM, but only two or three elements 
using the DEM, depending on whether n or 2n 
modes are used. The results are based on an ex
act value of Wexact = 27.137519088 computed us
ing exact eigenfunctions. 

CONCLUSIONS 

The dynamic element method, involving the so
lution of a quadratic eigenproblem for the (high 
accuracy) modes of a vibrating structure, has 
been extended to the calculation of the response 
via modal analysis. The new method differs from 
the conventional modal analysis in that the 
modes employed are found using the high accu
racy dynamic element method. In addition, the 

associated modal masses used to normalize the 
computed modes are evaluated using a dynamic 
correction term in the mass matrix. 

The results for the transverse vibration of a 
cantilevered beam show that a much greater ac
curacy is obtained for the response when the dy
namic element is used instead of the usual finite 
element method. 

This work was supported under Grant NAG1745 from 
the NASA Langley Research Center. 
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