
Byeongsik Ko 
Benson H. Tongue 

Andrew Packard 
Active Noise Control Laboratory 

Department of Mechanical 
Engineering 

University of California at Berkeley 
Berkeley, CA 94720 

A Method for Determining 

the Optimal Location of a 
Distributed Sensor/Actuator 

The optimal location problem of distributed sensor/actuator for observation and con­
trol of a flexible structure is investigated. Using a property of controllability and 
observability grammian matrices, this approach employs a nonlinear optimization 
technique to determine the optimal placement of a distributed sensor/actuator. The 
effect of unimportant modes that do not strongly affect the structural behavior of a 
system is minimized and the effect of important modes is maximized. The final objec­
tive function is expressed as the combinational form of two different objective func­
tions. This technique is applied to several types of beam support conditions and the 
corresponding optimal locations are determined. © 1994 John Wiley & Sons, Inc. 

INTRODUCTION 

A major avenue for sound generation is through 
the action of vibrating structural surfaces. One 
example is the low-frequency interior noise 
(called boom) that occurs in automobile passen­
ger compartments. This is a particularly compli­
cated problem because the sound comes from the 
road, engine, and power train excitations trans­
mitted through the structure and into the cabin. 
The sound is transmitted due to the structural 
vibration of the surrounding surfaces of the en­
closure, and is especiaBy strong when the struc­
tural vibration modes and acoustic modes of the 
enclosure are coupled. This phenomenon occurs 
between 20 and 60 Hz in most passenger cars. 
Boom noise has become a critical issue as the 
automobile body has become lighter in order to 
save weight, thus leading to increased noise 
levels. 

The coupling effect is a critical problem in au­
tomobile design because it so strongly affects 
booming noise, due to the structural-acoustic 
coupling of an automotive cabin. There currently 
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exist two methods by which one can control 
acoustics in an active manner. The first is to in­
ject "antisound" by means of speakers, that is, 
sound that destructively interferes with the of­
fending noise. The second approach is to use a 
distributed sensor/actuator and implement a con­
trol strategy to control the structural vibrations 
that affect acoustic modes. If the structural vi­
bration modes can be controlled, the acoustic re­
sponse will be suppressed. 

The control of flexible structure has been stud­
ied for several years now. Piezoelectric material 
was first used to measure the vibration of a me­
chanical system by Lee and Moon (1990), who 
along with other researchers (Chiang, and O'Sul­
livan, 1991) tailored a piezoelectric sensor to 
measure a single vibration mode. The piezoelec­
tric sensor was designed to be very sensitive to a 
desired mode while remaining insensitive to the 
remaining modes. In this way, the sensor filtered 
out the contribution of the undesired modes. Be­
cause each sensor is tailored to detect a single 
mode, if mUltiple modes are to be measured, a 
single sensor is needed for each mode. To mea-
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sure a single mode while rejecting the remaining 
modes, the width of the sensor must be propor­
tional to the second derivative of the desired 
mode shape. Because it is very difficult to shape 
the piezoelectric sensor in accordance with this 
second derivative, an alternative approach is 
needed. To date, little work has been done to 
develop a systematic approach for finding the op­
timallocation of sensor/actuators, but much ef­
fort has been put into creating a definition of con­
trollability and observability (Arbel, 1981; 
Hamden and Nayfeh, 1989). Lim (1992) pro­
posed a method for finding optimal sensor and 
actuator locations. This approach is based on 
projecting eigenvectors into the intersection sub­
space of the controllability and observability sub­
spaces of each collocated sensor-actuator pair. 
Maghami and Joshi (1993) suggested the optimi­
zation of a function of the singular values of the 
Hankel matrix as a criterion for sensor/actuator 
placement. Each of these methods applies to the 
case of a discrete actuator and sensor pair. 

In addition to the problem of optimal sensor 
location, it is also necessary to find the optimal 
location of a distributed actuator. The distributed 
actuator is well-suited for the control of vibration 
modes because it is space efficient, light-weight, 
and requires no external supports. Bailey and 
Hubbard (1987) first applied a distributed actua­
tor to control the first vibration mode of a 
clamped-free beam. They demonstrated a drastic 
change in the decay rate of the impulse response 
when a distributed actuator is used as an active 
damper. Crawley and de Luis (1986) experimen­
tally evaluated the effectiveness of using a piezo­
electric actuator as a control source. 

In this article we consider the design problem 
of locating a distributed sensor/actuator to maxi­
mize performance indices with regard to mea­
surement and control of structural vibrations in a 
low frequency range. One objective of this work 
is to find the optimal location of a uniform piezo­
electric sensor to sense effectively the specific 
vibration modes of a flexible structure. The 
method used is based on the properties of the 
observability grammian matrix because this ma­
trix represents the degree of observability of a 
system's modes. A second objective of this work 
is to find the optimal location of a piezoceramic 
actuator to control effectively the specific vibra­
tion modes of a flexible structure. The method 
used is based on the properties of the controlla­
bility grammian matrix, which represents the de­
gree of controllability of the modes. In this work, 

the model is assumed to be a linear, second-order 
dynamic system. Another assumption is that we 
shall predetermine which are the important vi­
bration modes that must be controlled via opti­
mal feedback control. 

CONSTITUTIVE EQUATIONS OF 
PI EZOElECTRIC MATERIAL 

In this section, the governing equations for a pi­
ezoelectric material are derived. The constitutive 
equations for piezoelectric materials can be ex­
pressed in terms of the piezoelectric constants 
that couple the mechanical strain, stress, electric 
field, and electric displacement based on the 
IEEE standard on piezoelectricity (1987): 

(Iij = CVklekl - ekijEk 

Di = eiklekl + E.'fkEk 

(1) 

(2) 

where (I ij is the stress tensor, ekl is the strain 
tensor, Ek is the electric field, Di is the electric 
displacement (or electric flux density, the charge 
distributed uniformly over a surface), and Cijkf, 

ekij, and Eik indicate the stiffness matrix, the pi­
ezoelectric stress/charge constant matrix, and 
the piezoelectric permittivity constant of a piezo­
electric material. Because the stress and strain 
matrices (I ij and ekl are symmetric, the matrix 
notation can be replaced by vector notation (Ip 

and ekl, such that 11, 22, 33,12,13, and 23 of the 
subscripts ij and kl matches to 1, 2, 3, 4, 5, and 6 
of the subscripts p and q. Similarly, the stiffness 
matrix CVkl and the piezoelectric stress/charge 
constant matrix ekij can be expressed in the re­
duced-order matrix notation c:q and ekp' 

(I p = c:qeq - ekpEk 

Di = eiqeq + E'tkEk. 

(3) 

(4) 

The SUbscript in (Ip and ep denotes the normal 
stress and strain for p = 1, 2, 3 and the shear 
stress and strain for p = 4, 5, 6. The piezoelectric 
stress/charge matrix of piezoelectric material epq 

can be expressed as epq = c~sdps where dps repre­
sents the piezoelectric strain/charge matrix of 
the piezoelectric material and is defined as the 
ratio of the induced strain to the applied field in 
the stress-free state. As an alternative form, it 
can also be defined as the ratio of charge per unit 
area to the applied stress (with no external e1ec-
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tric field). The stiffness matrix c:q is given by 

A + 2JL A A 0 0 0 

A A + 211- A 0 0 0 

A A A + 2JL 0 0 0 [c:q] = 
0 0 0 0 0 JL 

0 0 0 0 11- 0 

0 0 0 0 0 11-

(5) 

where 

vE E 
A = (1 + v)(1 - 2v) and 11- = 2(1 + v) 

are two Lame's constants. The dielectric permit­
tivity matrix Elk can be expressed as 

o 0] 
E22 0 . 

o E33 

(6) 

For a thin film of a polarized material (taking the 
z-direction as the poling direction), the piezo­
electric strain constant dps is given by Sessler's 
work (1981) as 

o 0 

o 0 

o 
d'5 0] 
00. 

o 0 o 
(7) 

Thus, for linear isotropic materials under plane 
stress, the governing equations become 

8 
z 

x z ------ c 
f 

D 

undeformed beam 

where the stiffness matrix is 

E 
[C] = -1--2 -v 

(10) 

and where E is Young's modulus and v is the 
Poisson's ratio of the piezoelectric material. 

The strains are related to the displacements u, 
v, and w in x, y, and z directions. The displace­
ment in the x-direction from the undeformed to 
the deformed neutral axis is uo. It is assumed that 
the point C on the neutral axis undergoes a linear 
displacement Uo in the x-direction, the line per­
pendicular to the neutral axis, BD, remains 
straight and perpendicular to the neutral axis, 
and the displacement of any point on BD in the x­
direction is given by the linear relationship, 

awo 
u = Uo - ZA f3 = Uo - ZA ax (11) 

as shown in Fig. 1. 
Generally, the displacement u in the x-direc­

tion for any point at a distance z from the neutral 
axis is given by 

uO 

awo 
u = Uo - Z ax . 

deformed beam 

(12) 

wO 

FIGURE 1 Displacement in undeformed coordinate system. 
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The subscript 0 indicates that the deformation is 
expressed with respect to the undeformed coor­
dinate system. Similarly v, the displacement in 
the y-direction for any point at a distance z from 
the neutral axis, is given by 

awo 
v = Vo - z ay . (13) 

From linear elasticity, the strains are as follows: 

and 

Thus, 

au auG a2wo 
81 = ax = ax- - z ax2 (14) 

av avo a2wo 
82 = - = - - z--

ay ay ay2 
(15) 

au av auG avo a2wo 
83 = - + - = - + - - Z --. (16) 

ay ax ay ax axay 

auG 
ax 

(17) 

Consider the induced charge due to a mechani­
cal deformation. From Gauss' law, it is known 
that the charge enclosed by a surface S is 

q = Is J5 . drJ (18) 

where D is the electric displacement vector and 
drJ is the differential area vector normal to S. 
Because charge is built up on the surface of a 
piezoelectric lamina when it experiences me­
chanical strain, we can use an equivalent circuit 
model for a piezoelectric sensor, as shown in 
Fig. 2, to relate the closed-circuit charge signal 
measured from the surface electrode to the strain 
in the beam. 

By substituting Eq. (8) and Eq. (17) into Eq. 
(9), D 3 , the electrical displacement in the z-direc­
tion can be derived: 

Equivalent circuit for piezo sensor 

FIGURE 2 Equivalent circuit of piezoelectric 
sensor. 

(19) 

where 

( 8 31 ) = ~ [1 v] (d31 ). 

832 1 v v 1 d32 

The total induced charge q on the piezoelectric 
surfaces can be obtained by integrating the elec­
tric displacement D3 over the domain covered by 
two sides of the piezoelectric sensor 

q = J Is. D3 dx dy 

J f (avo a2wo) 
+ e32 So ay - z ay 2 dx dy. (20) 

Because we are interested in the charge signal in 
a dynamic range, we can set E3 = O. Then the 
charge signal in a closed circuit induced by the 
piezoelectric material can be expressed by 
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piezoelectric sensor 

beam 

FIGURE 3 Coordinates in beam-distributed sensor system. 

J J (auo a2wo) 
q = e31 So --a.; - z ax2 dx dy 

(21) 

where i is the distance between the center of 
piezoelectric sensor and neutral axis of the beam­
sensor system (Fig. 3). 

From the definition ofthe neutral axis (the axis 
with invariant length under bending), it is seen 
that Uo = Vo = O. The induced charge signal is 
given by 

-( J f a2wo q = -z e31 So ox2 dx dy 

J f a2wo ) 
+ e32 So oy 2 dx dy . (22) 

For a beam, 

(23) 

where hpe is the width of the piezoelectric sensor. 

GOVERNING EQUATIONS FOR A 
DISTRIBUTED ACTUATOR 

A piezoceramic actuator elongates or contracts 
as the polarity changes when it is exposed to an 

alternating voltage. A voltage applied across the 
piezoceramic actuator induces an interface stress 
and strain between the piezoelectric actuator and 
the underlying structure. Assuming a stress-free 
state initially, the induced strain of piezoceramic 
actuator under an applied voltage V will be de­
fined by 

e = d31 V 
P ta 

(24) 

where d31 is the ratio of the induced strain to the 
applied field in the stress-free state, and ta is the 
thickness of the piezoceramic actuator. The 
stress distribution over cross section is discontin­
uous at the interface between the piezoceramic 
and the beam. Because the piezoceramic actua­
tor is attached on one side of the beam, the stress 
distribution across the beam is not symmetric 
about the centerline of the beam. Therefore the 
stress distribution across the beam can be ex­
pressed as a combination of pure bending stress 
and pure extensional stress. 

The strain distribution across the beam, as 
shown in Fig. 4, is 

e = KZ + eo (25) 

where eo is the extensional strain and K is the 
curvature of the beam-distributed actuator sys­
tem. 

Beam 

FIGURE 4 Strain distribution in beam-distributed 
actuator system. 
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The stress distribution across the beam, as 
shown in Fig. 5, can be expressed by 

(26) 

where Eb is the Young's modulus of the beam. 
Similarly, the stress distribution across the dis­
tributed actuator is a combination of pure bend­
ing stress, pure extensional stress, and the in­
duced stress by the piezoceramic actuator under 
an applied voltage V. 

(27) 

where Ep is the Young's modulus of the distrib­
uted actuator. The frequency range under con­
sideration in the vibration control area is much 
lower in comparison to the thickness and length 
resonance frequencies of the distributed actua­
tor, which are typically over 20 kHz. Therefore, 
its effect can also be neglected in the dynamic 
behavior of composite structure. Requiring the 
extensional force and bending moment across the 
combined system to be in equilibrium, gives: 

fhl2 fhl2+ta 
(Tb dz + (Tp dz = 0 

-h12 hl2 
(28) 

and 

fh'2 fhl2+ta 
(TbZ dz + (TpZ dz = O. 

-h/2 h/2 
(29) 

From Eq. (28) 

1 
Ebeoh + Ep(eo - ep)t + 2 KEpt(h + t) = O. 

(30) 

and from Eq. (29) 

K (.l Eb h3 + .!. E [t 3 + l ht2 + l h2tJ) 12 3 p 2 4 

1 1 
+ 2 Epeot(h + 1) = 2 Epept(h + 1). (31) 

Introducing two nondimensional numbers, 13 = 
EplEb and k = tlh, Eq. (30) and Eq. (31) can be 
expressed as 

1 
(1 + f3k)eo + 2 Khf3k(l + k) = f3kep (32) 

Piezoceramic Actuator 

beam 

Strpss Distrihution dw, to an Input Voltage 

(a) 

Piezoceramic Actuator 

lwam f 
Strpss Distrihution of Seam-Distrihuted Actuator 

(b) 

FIGURE 5 Stress distribution in beam-distributed 
actuator system. 

Kh [.l + .!. (k 3 + l k 2 + l k)J 
12 3 2 4 

1 1 
+ 2 13k (1 + k)eo = 2 13k (1 + k)ep. (33) 

From Eq. (32) and Eq. (33) Kh and eo can be 
obtained as follows: 

Kh = K]ep 

eo = K 2ep 

where the coefficients KI and K2 are 

(34) 

(35) 

6(f3k + f3k2) 
K] = 1 + 4f3k + 6f3k2 + 4f3k3 + f32k4 (36) 

13k + f32k4 

K2 = 1 + 4f3k + 6f3k2 + 4f3k3 + f32k4' (37) 

The induced bending moment can be obtained 
by integrating (Tb over the cross section of the 
beam. The extensional strain component eo does 
not contribute to the bending moment. The line 
moment acting on an edge of the actuator is 

_ f,-hl2 _ bpa _ - bpa 
mx - (TbZ dz - COepe W - CV ill (38) 

hl2 b Yfb 

where Co and C are constants, which depend on 
the properties of the piezoceramic actuator and 
beam, (Tb is the bending stress in the beam, bpa is 
the width of the piezoceramic actuator, and Wb is 
the width of the beam. By oscillating the voltage 
applied to the actuator, the induced line moment 
me will oscillate at the same frequency. The 
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inertia force 

me 

M cC 
Vr'-----t.! V+dV 

dx 

M+dM 

FIGURE 6 Free-body diagram of an infinitesimal 
mass. 

equation of motion of the beam can be written in 
terms of the internal bending moment M and the 
actuator-induced moment me (Fig. 6): 

a2(M - me) + ' .. _ 0 (39) 
ax2 m w-

where m' is the mass per unit length. 
The internal bending moment M can also be 

expressed in terms of the displacements w as 

(40) 

In general, moments M and me acting on a struc­
ture can be expressed as dipole forces with mag­
nitudes M8'(x - xo) and m8'(x - xo), where Xo is 
the location of the moment. Thus applying a volt­
age to the piezoelectric actuator results in distrib­
uted line moments acting on the beam along the 
boundaries of the piezoceramic actuator. 

y 

L 

MATHEMATICAL MODELING OF BEAM 
WITH A DISTRIBUTED 
SENSORI ACTUATOR 

The mathematical modeling of clamped-free 
beams, simply supported beams, and clamped 
beams are considered. A piezoelectric film is at­
tached to one side of the beam as a sensor (Fig. 7) 
and a piezoceramic plate is bonded to the other 
side of the beam as an actuator (Fig. 8). The 
equation of motion for a beam can be represented 
as follows: 

(41) 

where me is a line moment due to a control input 
and m' is the mass per unit length of the beam. 
Assuming that the width of the beam and that of 
the distributed actuator are the same, the mo­
ment me due to a distributed actuator can be ex­
pressed as 

(42) 

where Xl a and X2a are two end points of the dis­
tributed actuator. The function (x - xo)O denotes 
the unit step function at x = Xo and the subscript c 
indicates the control input. Using the modal rep­
resentation 

" 
w(x, t) = 2: 'YJn(t)cf>n(x) 

n=1 

the partial differential equation can be trans­
formed to 

piezoelectric sensor 

FIGURE 7 Beam-distributed sensor system. 
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The right-hand side can be represented as fol­
lows: 

a2mc -
ax 2 = CV«x - Xl a)-2 - (x - X2a)-2) 

= tV[a'(x - Xl a) - a'(x - Xl a)). 
(44) 

Multiplying by CPm(x), integrating over the entire 
length of the beam, and using orthogonality leads 
to 

m'iim + EI (Atr TJm = bmu(t) 

m = 1,2, 3, .. (45) 

where u(t) is applied control input V. The repre­
sentation of bmu(t) is defined by 

bmu(t) = (L CPm a2~c = tv (dCPml _ dcpm l ). 
)0 ax dx ,FX" dx IFX,. 

(46) 

Next, the system equation of the beam can be 
expressed in a state-space form as 

where 

i = Ax + Bu 

x(t) = 

TJl 

TJ2 

TJN 

'l'jl 

(47) 

The A and B matrices are defined as follows: 

[ 
0 

A-
-!}2 -:~nllVx2N (48) 

(49) 

where ~ and n are diagonal matrices of modal 
damping factors and the corresponding natural 
frequencies. 

Because a piezoceramic plate induces a me­
chanical strain when it is charged, it can be used 
as a vibration actuator. Assuming that a piezo­
ceramic actuator runs from x = Xl a to X = X2a 
when it is attached to the beam, the effective line 
moment bm to the mth eigenmode of the beam 
due to the unit input voltage can be expressed as 
follows: 

(50) 

where T m is given by 

Tm = t (dcpml _ dCPmi ). 
dx Ix=x2. dx Ix=x,. 

Then the matrix B is defined as 

(51) 

Note that the matrix B is a function of the posi­
tion at two ends of the piezoceramic array. 

The piezoelectric film generates an electric 
charge when it is deformed; therefore the piezo­
electric film attached to the vibrating structure 
can be used as a vibration sensor. Assuming that 
a piezoelectric sensor runs from x = XIs to X = 

X2s, the induced charge signal yet) due to the mo­
dal deflections CPm, 1 ::; m ::; N, can be expressed 
as follows: 

(52) 

-ZOe~1 bp ~l (dJ:ml x=X2' - d1jx=xJ TJm(t) 

(53) 

(54) 

where Zo is the distance from the neutral axis of 
the beam to the centerline of the piezoelectric 
film, coefficient Kqm is defined as 

_ 0 b (dCPml dcpm'l) Kqm - -ZOe3l p -d I - -d . x X=Xls X IX=Xls 
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z 

piezoceramic actuator 

FIGURE 8 Beam-distributed actuator system. 

and e~1 is a piezoelectric stress/charge constant. 
The matrix C can then be constructed as the row 
vector: 

= [Kql K q2 ·•· KqN 0 0··· 01 I x(2N) • (55) 

Note that matrix C is a function of the position of 
the two ends of the piezoelectric film. 

OBSERVABILITY AND CONTROLLABILITY 
GRAMMIAN MATRICES 

Observability 

The state-space representation of a constant co­
efficient, linear system is given as follows: 

i = Ax + Bu 

y = Cx + Du. 
(56) 

The state x(t) can be obtained from the given 
initial state x(to) through the state transition ma­
trix: 

x(t) = <I>(t, to)x(to) + It <I>(t, T)Bu(T) dT (57) 
to 

where the transition matrix <I>(t, to) = eA(t-to). The 
sensing output from a uniform piezoelectric sen­
sor y (t) is given by 

y(t) = C<I>(t, to)x(to) + It C<I>(t, T)Bu(T) dT. 
to 

(58) 

Because the input u(t) is assumed to be known, 
we can assume u(t) = 0 without loss of general­
ity, yielding 

y(t) = C<I>(t, to)x(to). (59) 

If the columns of C<I>(t, to) are linearly indepen­
dent over [to, tf]' then 

[C<I>(t, to)x(to)]Ty(t) 

= [C<I>(t, to)x(to)]TC<I>(t, to)x(to) (60) 

Itl <I>(t, to) TCTy(t) dt 
to 

where I%<I>(t, to) TCTC<I>(t, to) dt is the observabil­
ity grammian matrix wo(tf, to). 

From Eq. (61), the initial state x(to) can be ex­
pressed in terms of the observability grammian 
matrix wo(tf, to) and the measured signal y(t). 

After obtaining x(to) and evaluating Eq. (57), the 
state trajectory x(t) over [to, tfl can be observed. 
It is seen that the state x(t), t E [to, tfl, explicitly 
depends on both W°(tf, to) and the measured sig­
nal y(t) based on Eqs. (62) and (57). Because the 
model is asymptotically stable for all linear 
damped flexible structures, the equilibrium solu­
tion W~ can be obtained from the following equa­
tion 
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W~ == lim wo(tj, to) 
IrOO 

(63) 

w~ satisfies the Lyapunov equation 

(64) 

If a knowledge of some of the modes of the 
structure are not required because they do not 
strongly affect the system's structural vibration 
or are not strongly coupled to the acoustic field, 
we need not consider those modes. If their asso­
ciated frequencies are between the natural fre­
quencies of modes that do strongly couple, it 
would be desirable for the sensor to ignore them 
and only respond to those modes that couple 
with the acoustics. Let us separate the problem 
into two distinct subsystems. Subsystem 1 is 
composed of the important modes whose gram­
mian matrix eigenvalues must be increased (thus 
magnifying their effect on the sensor) and sub­
system 2 consists of the unimportant modes 
whose grammian matrix eigenvalues must be de­
creased (thus minimizing their contribution). 

Subsystem 1: 

Subsystem 2: 

Xl = AlXl 

Yl = ClXl. 

X2 = A2X2 

Y2 = C2X2. 

(65) 

(66) 

(67) 

(68) 

The observability grammian matrices WYoo and 
W~"" of these systems satisfy the following 
Lyapunov equations 

Because the observability grammian matrix indi­
cates the degree of the observability of the 
modes, it is proposed that the minimum eigen­
value of Wy", be maximized to increase the de­
gree of observability of important modes. In a 
similar manner, we require that the maximum 
eigenvalue of W~'" be minimized in order to de­
crease the degree of observability of the unim­
portant modes. Mathematically, these conditions 
can be expressed as follows: 

Subsystem 1: 

max min Ai(WYoo) 

min 

Subsystem 2: 

min max A;(W~oo). (72) 
O~xls<Lb.Xb<X2s::sLb j 

The final optimization problem is to determine 
XIs and X2s in order to minimize the global perfor­
mance index JO. The performance index JO is the 
sum of two performance indices, if and n, de­
fined by 

Thus 

if = - min A;(WYoo) 
i 

J~ = - min Aj(W~oo), 
j 

JO = if + J~ = (- min A;(WYoc» 

+ max Aj(W~'xl 
j 

i 

Controllability 

(73) 

(74) 

(75) 

The control input will be chosen so that after 
some finite time the state must be zero. More­
over, the control energy applied to the control 
actuator must be minimized. The state x(t) can 
be obtained from the given initial state x(to), 

x(t) = cP(t, to)x(to) + fl cP(t, T)Bu(r) dT. (76) 
10 

The controllability grammian matrix wc(tf, to) is 
defined as 

The measure of controllability to be used for find­
ing the optimal placement of the distributed actu­
ator can be defined by 

J = max min A;[wc(tf, to)]. (78) 
x i 
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Because the model is asymptotically stable for all 
linear damping flexible structures, the equilib­
rium solution W~ can be obtained from the 
Lyapunov equation 

W;, satisfies the following Lyapunov equation 

The remaining derivation exactly parallels that of 
the previous section so we shall simply present 
the results. The final optimization problem is to 
design Xla and X2a to minimize the global perfor­
mance index jC. The performance index 1 is a 
combination of two performance indices 1j and 
12 defined by 

1j = - min Ai(Wjx) 
i 

12 = max Aj(W~",). 
j 

(81) 

(82) 

The global performance index jC that must be 
minimized over the domain composed of the de­
sign variables Xl a and X2a is defined by 

1 0 = 1 1" + 12 = [- min Ai(WIoo)] + max Aj(W~<x,). 
i j 

OPTIMIZATION FOR OBSERVABILITY 
AND CONTROLLABILITY GRAMMIAN 
MATRICES 

(83) 

The observability grammian matrix W~x repre­
sents the degree of observability of the modes 
that must be controlled and the controllability 
grammian matrix Wloo indicates the degree of 
controllability of the modes. The minimal eigen­
value of the observability grammian matrix WYoc 
must be made as large as possible to observe the 
important modes well and the maximum eigen­
value of a different observability grammian ma­
trix W~oo must be made as small as possible to not 
detect the unimportant modes. In the case of the 
controllability grammian matrix the minimal ei­
genvalue of Wloc should be large to control the 
important mode well and the maximum eigen­
value of W~oc should be small, so as to not excite 

the unimportant modes. Thus the final optimiza­
tion problem for the observability grammian ma­
trix can be expressed as follows: 

mm (84) 
o:5xl s<Lb,Xls <X2s.:-:;:Lb 

The important modes must be chosen before pro­
ceeding with the optimization algorithm to deter­
mine the optimal location of the distributed sen­
sor. 

The numerical procedure for obtaining the op­
timal locations of the distributed piezoelectric 
sensor is as follows 

Step 1: Guess XIs and X2s, the locations of the 
two end points of the piezoelectric sensor. 

Step 2: Compute the matrices Cl(Xls , X2s) and 
C2(Xl s , X2s) functions of XIs and X2s, in y = Cx. 

Step 3: Solve the Lyapunov equations corre­
sponding to the unimportant modes and the im­
portant modes, 

WYooAl + ArWY", = -CrCl 

W~xA2 + AIw~x = -cIc2 

to obtain WYoc and W~oc. 
Step 4: Check the minimum eigenvalue of Wy", 
Step 5: Check the maximum eigenvalue of W~oc 
Step 6: If the optimum condition is satisfied, 

stop. If not, change the positions and go to the 
2nd step. 

The flow chart for the optimization corre­
sponding to observability grammian matrix is 
given in Fig. 9. 

The numerical procedure for obtaining the op­
timallocations for the distributed actuator is very 
similar to that of finding the optimal location for 
the distributed sensor. The flow chart for the op­
timization corresponding to the controllability 
grammian matrix is given in Fig. 10. 

SIMULATION: CLAMPED-FREE, SIMPLY 
SUPPORTED, AND CLAMPED·CLAMPED 
BEAM 

The beam used in this example has the following 
properties: length: Lb = 0.381 m; width: b = 
0.0381 m; thickness; tb = 3.175 e-3 m; density: 
Pb = 2,700 kg/m3, Young's modulus: Eb = 60 
Gpa. The properties of the piezoelectric sensor 
are as follows: width: bp = 0.01 m; thickness: tp 

= 110e-6 m; piezoelectric strain/charge constant: 
d31 = 23e-12 mIY; Young's modulus: Ep = 2 Gpa; 
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Guess initial positions 
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~ 

Obtain matTices C1 and C2 

t 
Solve Lyapunov equations 

t 
Change the positions 

Min. eigenvalue of system 1 

1 
Max. eigenvalue of system 2 

No <$>. Stop 

Yes 

FIGURE 9 Flow chart for optimization in case of a distributed sensor. 

Poisson's ratio: Vp = 0.3; piezoelectric stress/ 
charge constants: e~l and e~2' 

The eigenfunctions of a simply supported beam 
are given as follows: 

(85) 

The eigenfunctions of a clamped-free beam are 

(86) 
- am[sinh(~mx) - sin(~mx)] 

cosh(~mLb) + COS~mLb) 
am = sinh~mLb) + sin(~mx) 

cos~mLb)cosh~mLb) = -1. 

(87) 

(88) 

The eigenfunctions of a clamped-clamped beam 
are 

cosh~mLb) - cOS(~mLb) 
am = sinh(~mLb) - sin~mx) 

cos~mLb)cosh(~mLb) = 1. 

(90) 

(91) 

The optimization is performed using the Optimi­
zation ToolBox in Matlab (MathWorks, 1991). 

OPTIMAL LOCATION OF 
DISTRIBUTED SENSOR 

Table 1 shows the results from the optimization 
procedure to find the optimal location of a piezo­
electric sensor for the cases of a clamped-free, 
simply supported, and clamped-clamped beam. 
In the first column, the number in parentheses 
represents the highest vibration mode that is as-
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Guess initial positions 
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Obtain matrices Bl and B2 
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Solve Lyapunov equations 

1 
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Min. eigenvalue of system 1 

1 

Max. eigenvalue of system 2 

No <$> Stop 

Yes 

FIGURE 10 Flow chart for optimization in case of a distributed actuator. 

sumed to be present in the system. The remain­
ing numbers in the first column correspond to 
those modes whose contribution to the vibration 
of the system is assumed to be important. The 
numbers in parentheses in the second through 
fourth columns denote the normalized sensor po-

sitions, xlsILb and x2slLb, corresponding to a 
clamped-free, simply supported, and clamped­
clamped beam. The method through which the 
sensors observe the modes is by measuring the 
slope at given points. Thus an optimal sensor 
position occurs when the difference between the 

Table 1. Normalized Optimal Locations of a Piezoelectric Sensor 

Modes Clamped-Free Beam Simply Supported Beam Clamped-Clamped Beam 

1 (2) (0,0.47082) (0,1) (0.22415,0.77585) 
1 (3) N/A (0.16667,0.8333) (0.20774,0.79226) 
1, 2 (3) (0.18342,0.76865) (0.08334,0.58333) or (0.16208,0.53957) 

(0.41667,0.91667) 
1, 3 (3) (0.0505,0.4025) (0,1) (0.35008,0.64992) 
1, 2, 3 (3) (0.49645,1) (0,0.3333) or (0.13020,0.41322) or 

(0.6667,1) (0.58678,0.86980) 
1 (4) N/A (0.16667,0.8333) (0.20774,0.79226) 
1, 2 (4) (0.039156,0.73629) (0.41667,0.91667) or (0.11187,0.56941) 

(0.08333,0.58333) 
1, 3 (4) N/A (0,1) (0.35008,064992) 
1, 2, 3 (4) (0.38362,0.87001) (0.083168,0.41683) (0.23272,0.67944) 
1, 2, 4 (4) (0.35101,0.63812) (0.041662,0.70833) (0.22602,0.48296) 
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Modes Clamped-Free Beam Simply Supported Beam Clamped-Clamped Beam 

I (2) 
I (3) 
I, 2 (3) 
I, 3 (3) 
I, 2, 3 (3) 
I (4) 
I, 2 (4) 
I, 3 (4) 
1,2,3(4) 
I, 2, 4 (4) 

(4055.7,3.2202e-6) 
N/A 

(521.7,5.506e-9) 
(36.6673,1.9367e-5) 

(106.173,0) 
N/A 

(267.95,5.3105e-6) 
N/A 

(63.3421,5.0307e-9) 
(64.0562,2.0Ie-1O) 

slopes at the two sensor positions is maximized 
for the important modes, and minimized for the 
unimportant modes. In the case of the clamped­
free beam, it was impossible to maximize the dif­
ference in slope for the first mode while minimiz­
ing the difference in slope for the other modes. In 
fact, when the first mode is assumed to be the 
important mode, and the second and third modes 
were labeled unimportant, the minimum eigen­
value of the observability grammian matrix w~"" 
for the unimportant modes was much greater 
than the maximum eigenvalue of the matrix wy"" 
for the important mode. This failure illustrates 
the limitation in using a uniform distributed pi­
ezoelectric sensor to measure specific vibration 
modes. 

(1086.8,2.915e-23) 
(815.08,3.377e-7) 

(50.919,1.0978e-7) 
(13.4145,0) 

(13.40,0) 
(815.08,1.0935e-6) 
(50.919,4.06e-6) 

(13.4145,0) 
(6.6999,8.9684e-5) 
(3. 1821, 1. 2292e-6) 

(297.02,3.6446e-9) 
(294.1,3.635e-7) 
(50.67,5.215e-8) 

(19.515,4.782e-7) 
(9.995,0) 

(294.1,1.024e-5) 
( 46.078,6.855e-7) 
(l9.515,4.782e-7) 

(6.7903, 1. 6872e-5) 
(5.3444,1.8006e-7) 

Table 2 represents the minimum eigenvalue in 
subsystem 1 and the maximum eigenvalue in sub­
system 2. The numbers in parentheses in the sec­
ond column through the fourth column denote 
the minimum eigenvalue in subsystem 1 and the 
maximum eigenvalue in subsystem 2. As shown 
in Table 1, the minimum eigenvalues in subsys­
tem 1 are maximized while the maximum eigen­
values in subsystem 2 are minimized. When the 
highest mode is the third mode and the important 
modes are the first, second, and third modes the 
minimum eigenvalues of WYoo are plotted for sev­
eral types of beam (Fig. 11-13). These figures 
illustrate the objective function - Jo when the 
normalized locations, Xls/ Lb and X2s1 L b , are var­
ied from 0 to 1. The peak notes the maximum 

Clamped-Free Beam (the highest mode = 3, significant modes = (1,2,3» 
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0> 
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i3 80 
.9 
~ 60 
." 
Q) 

'" 1 40 

$ 20 

E 
E 0 
:& 1 
~ 

(0.49645,1,106.173) 

o 

o 1 

FIGURE 11 Minimum eigenvalue of W~ in clamped-free beam. 
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Simply Suppoted Beam (the highest mode = 3, significant mode = (1,2,3)) 
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FIGURE 12 Minimum eigenvalue of W~ in simply supported beam. 

value of the objective function - Jo and its posi­
tion indicates the optimal locations of a distrib­
uted sensor. Because X2s is always greater than 
XIs, the value of -Jo is set to zero in the region 
that X2s is less than XIs. From the results, we can 
use the optimization criterion to find the optimal 
location of a uniform piezoelectric sensor to ef­
fectively sense the specific vibration modes. 

OPTIMAL LOCATION OF DISTRIBUTED 
ACTUATOR 

The optimal locations of a distributed actuator in 
a clamped-free, simply supported, and clamped­
clamped beam are identical to those of a distrib­
uted sensor when the important modes and unim­
portant modes are the same for either case. The 

Clamped-Clamped Beam (the highest mode = 3, significant modes = (1,2,3)) 

sa 6 
CD 
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(0.58678,0.8698,9.995) 
(0.1302,0.41322,9.995) 

o 1 

FIGURE 13 Minimum eigenvalue of W~ in clamped-clamped beam. 
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Table 3. min [A;(W~ .. )] and max [Aj(W~,,)] 

Modes Clamped-Free Beam Simply Supported Beam Clamped-Clamped Beam 

1 (2) 
1 (3) 
1, 2 (3) 
1, 3 (3) 

(9.048e-5,5.7137e-14) 
N/A 

(2.098e-5,2.8804e-ll) 
(l.6712e-6,2.8667e-14) 

(3.3895e-6,0) 
N/A 

(l.0773e-5,1.8143e-1O) 
N/A 

(4.078e-6,2.3138e-11) 
(l.145e-6,1.060ge-13) 

(5.0937e-5,3.8e-32) 
(3.82035e-5,3.2005e-11) 
(2.3866e-6,7.023e-15) 
(6.2874e-7,1.32e-28) 

(5.3041e-6,4.1512e-20) 
(5.252e-6,4.7105e-12) 

(9.0491e-7,1.3401e-12) 
(3.4716e-7,8.8645e-15) 

1, 2, 3 (3) 
1 (4) 
1, 2 (4) 
1, 3 (4) 
1, 2 3 (4) 
1, 2, 4 (4) 

actuator position is chosen to ensure that impor­
tant modes are highly controllable, and to ensure 
that unimportant modes are not excited. The 
method through which the actuators control the 
modes is by exciting the slope at given points. 
Therefore, optimal actuator position occurs 
when the difference between the slopes at the 
two actuator positions is maximized for the im­
portant modes, and minimized for the unimpor­
tant modes. The failures for finding an optimal 
location of a distributed actuator in the case of 
the clamped-free beam is the same as the failures 
in the case of a distributed sensor. Table 3 repre­
sents the minimum eigenvalue in subsystem 1 
and the maximum eigenvalue in subsystem 2. 
The numbers in parentheses in the second 

(6.2805e-7,0) 
(3.8203-e5,8.3831e-1O) 
(2.3866e-6,8.3217e-15) 
(6.2874e-7,2.1843e-27) 
(3. 1402e-7 ,2. 1492e-14) 
(1.4915e-7 ,5. 7283e-15) 

(1.7844e-7,0) 
(5.252e-6,4.056ge-12) 

(8.2284e-7,1.4615e-1O) 
(3.4716e-7,8.8645e-15) 
1.2121e-7,1.1157e-15) 
(9.4257e-8,3.026ge-14) 

column through the fourth column denote the 
minimum eigenvalue in subsystem 1 and the 
maximum eigenvalue in subsystem 2. As shown 
in the preceding table, the minimum eigenvalues 
in subsystem 1 are maximized while the maxi­
mum eigenvalues in subsystem 2 are minimized. 
When the highest mode is the third mode and the 
important modes are the first, second, and third 
modes the minimum eigenvalues of Wioc are plot­
ted in the case of several types of beam (Fig. 14-
16). It is interesting to note that the optimalloca­
tions of the piezoceramic actuator and the 
piezoelectric sensor are exactly the same when 
the important and unimportant modes are the 
same for either case. The reason is that the matri­
ces Band C are related to the difference of the 

Clamped-Free Beam (the highest mode = 3, significant modes = (1,2,3)) 

c 
,Q 

1j 3,5 
.2 
1i 3 

CD 
g> 
~2,5 
o 

.9 2 
CD 

" ~1,5 
" 1 1 

mO,5 
E 
E 0 
'2: 1 
~ 

(O,49645,1,3,3895e-6) 

o 

o 1 

FIGURE 14 Minimum eigenvalue of W~ in clamped-free beam. 
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Simply Suppoted Beam (the highest mode = 3, significant mode = (1,2,3» 

(0,0.333,6.2805e-7) 
(0.6667,1,6.28059-7) 

o 

o 1 

FIGURE 15 Minimum eigenvalue of W~ in simply supported beam. 

slopes at two end points as follows: 

em = (dtxmlx=X2s - dtxmlx=xJ 

bm = (dJ:mlx=x2a - dtjx=xJ 

where the subscript m denotes the mth vibration 
mode. Thus it is reasonable that the optimalloca­
tions of the distributed sensor and actuator are 
identical. From these results, we can systemati­
cally find the optimal location of a uniform piezo­
electric actuator to effectively control specific vi­
bration modes. 

Clamped-Clamped Beam (the highest mode = 3, significant modes = (1,2,3)) 
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FIGURE 16 Minimum eigenvalue of W~ in clamped-clamped beam. 
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CONCLUSION 

In this article we have formulated a design 
method to find the optimal location of a uniform 
distributed sensor/actuator pair for a beam with 
several types of boundary conditions. The ob­
servability grammian matrix was chosen to pro­
vide a performance index for the optimal location 
of distributed sensors and the controllability 
grammian matrix was chosen to provide a perfor­
mance index for the optimal location of distrib­
uted actuators. From the examples, we can see 
that using the minimum eigenvalues of the ob­
servability/controllability grammian matrices as 
performance indices is appropriate for determin­
ing the optimal location of a distributed sensor/ 
actuator pair. The optimal locations of distrib­
uted sensor/actuator pairs are identical in the 
case of a beam when the important and unimpor­
tant vibration modes are the same for both the 
sensor and actuator. 
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