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A method is described to characterize shocks (transient time histories) in terms of the 
Fourier energy spectrum and the temporal moments of the shock passed through a 
contiguous set of band pass filters. The product model is then used to generate of a 
random process as simulations that in the mean will have the same energy and 
moments as the characterization of the transient event. ©1994 John Wiley & Sons, Inc. 

INTRODUCTION 

The methods used for characterizing transient vi
brations or shocks usually involve one of two 
methods, specification of the time history or 
specification of the shock response spectrum. 
Less commonly used are the Fourier energy 
spectrum (Baca, 1989), the method ofleast favor
able response (Shinozuka, 1970; Smallwood, 
1973), nonstationary models (Mark, 1972; Hi
melblau and Piersol, 1989), and most recently 
wavelets (Chui, 1992). In this article a new 
method is described based on temporal moments 
and the Fourier energy spectrum. 

Specification of Time History 

The specification of the time history (for exam
ple, a 100 ms, 10 x g peak, haversine) usually 
assumes the time history is relatively simple and 
deterministic. A very common practice is to de
fine the shock in terms of a waveform that can be 
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produced on a variety of shock machines like 
drop tables. A very common waveform is a 
haversine which can be completely described in 
terms of its amplitude and duration. Specifica
tions are carefully written to describe how 
closely a test time history must conform to the 
ideal waveform. 

In practice shocks are often complex and 
somewhat random in character. The shocks are 
double sided (have both positive and negative 
peaks) and are not easily characterized in terms 
of a simple waveform. 

Shock Response Spectrum (SRS) Method 

SRS was developed to reduce the complexity 
mentioned above to a simple measure, that is, the 
response of a single-degree-of-freedom (SDOF) 
system to the shock. The SRS is the peak re
sponse of a SDOF system to a transient input, as 
a function of the natural frequency of the SDOF 
system. A great variety of methods were de vel-
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oped to produce time histories with a specified 
SRS that could be used as test waveforms to 
qualify equipment to a shock environment de
scribed using the SRS (Smallwood, 1975, 1986). 

These time histories that matched a specified 
SRS could then be reproduced on shakers or 
other equipment. Classical waveforms on con
ventional shock machines are also used. Only 
recently the SRS method, instead of tolerances 
on the time history, has been used to define the 
requirements. The usual method is to require the 
SRS of the test to overlay the SRS ofthe require
ment within some tolerance. 

The SRS is the method most commonly used 
today to characterize shocks, and to specify 
shock environments. However, the shock spec
trum has its own set of limitations and is subject 
to misuse if these limitations are not well under
stood or are ignored. One of the most serious 
limitations of the SRS is that it says nothing 
about the duration of the event. To prevent mis
use of the SRS specification (as for example, 
meeting an SRS specification with a long sine 
sweep test, which has been done) limitations on 
the duration of the test input are often imposed. 
Another abuse arises because the environment is 
often an oscillatory waveform and the test simu
lates the environment with a simple nonoscilla
tory waveform. The test waveform often has a 
higher peak amplitude, a shorter duration, and a 
much larger velocity change than the actual envi
ronment, which can led to serious overtests and 
undertests. Again the SRS contains little infor
mation about the oscillatory nature of the wave
form. 

Ifthe SRS is accurately calculated over a wide 
range of natural frequencies, the following infor
mation can be deduced. The velocity change is 
contained in the low frequency end of the SRS. 
The peak level of the shock is equal to the SRS at 
very high frequencies. A large ratio of the peak 
level in the SRS to the value of the SRS at very 
high frequencies indicates an oscillatory wave
form. Unfortunately, the SRS is often not speci
fied over a wide enough frequency range. The 
SRS often is inaccurate at low frequencies, and 
the test specification is often an envelope of an 
ensemble of environments further obscuring the 
underlying SRS. 

Another abuse is to assume the SRS measures 
the spectral content of a shock. The SRS does 
tend to peak where the spectral content of the 
shock is higher, but an SDOF system can re
spond where the spectral content is very low. 

An example is at very high frequencies where the 
SRS equals the peak value of the shock although 
the spectral content of the shock can be very 
low. Further simplifications and assumptions 
must be used when applying the SRS to multiple 
DOF systems. It should also be recognized that 
the SRS does not directly characterize the shock, 
but rather characterizes the response of an 
SDOF system to the shock. Neither a time his
tory specification nor the shock spectrum specifi
cation lend themselves well to a statistical treat
ment of the uncertainties in the shock. Baca 
(1989), Hart and Hasselman (1976), and others 
have looked at different measures of shock envi
ronments to overcome some of the limitations of 
the above methods. 

Fourier Energy Spectrum 

The Fourier spectrum offers an attractive alter
native to SRS. The theory is rich with many ap
plications of the Fourier spectrum. The Fourier 
spectrum is easy to compute using modern FFT 
(fast Fourier transform) methods. The Fourier 
spectrum does measure the spectral content of 
the waveform, but a serious limitation of the 
Fourier Spectrum is the fact that it is complex. 
The magnitude has intuitive meaning, but the 
phase information is harder to present and inter
pret. Some authors have proposed using only the 
amplitude information and picking the phase to 
maximize the response. 

least Favorable Response 

One method of specifying the phase is the 
method of least favorable response (Hart and 
Hasselman, 1976; Shinozuka, 1970; Smallwood, 
1973). The idea is to pick the phase ofthe Fourier 
spectrum, given the envelope of the Fourier en
ergy spectrum, to maximize the response of the 
system under test. This is the least favorable in
put, from the viewpoint of system survival. This 
method has not gained wide acceptance for at 
least two reasons. One is the problem of deter
mining where on the structure to maximize the 
response, and the other is the perceived over 
conservatism of the test. 

Nonstationary Models 

Vibration environments have long been charac
terized with random vibration using stationary 
models. The principal tool for this description is 
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the auto (power) spectral density. We commonly 
run vibration tests controlling a specific power 
spectrum. We have only recently begun to seri
ously consider modeling and subsequent testing 
of nonstationary events (Hart and Hasselman, 
1976; Paez and Baca, 1988; Merritt, 1993; Hi
melblau and Piersol, 1989). The most common 
model for these environments is to assume a sta
tionary underlying process multiplied by a deter
ministic time varying modulating function (the 
product model discussed below). Sometimes the 
underlying stationary spectrum is allowed to 
vary slowly with time. These methods lead natu
rally to a stationary description as the record 
times become long. 

Wavelets 

A recent development has been to describe non
stationary waveforms in terms of wavelets (Chui, 
1992). This technique is most commonly applied 
to long records with a highly non stationary char
acteristic, like speech. The technique has been 
used to study the impulse response of systems, 
but the author is not aware of this technique be
ing extended to single transients with a large ran
dom component. This could be a subject of fu
ture research, but is not addressed here. The 
attempt in this article is to characterize the tran
sient with as few parameters as possible. Be
cause the wavelet transform is invertible, it con
tains all the information in the original 
waveform. The wavelet transform does not at
tempt to summarize the characteristics of a tran
sient in a few parameters. The wavelet transform 
does give a 3-dimensional view of the transient in 
amplitude, time, and frequency. 

Method Based on Fou rier Energy and 
Band-limited Temporal Moments 

The proposed method addresses those environ
ments where the time durations are too short for 
even the nonstationary models mentioned above 
to be meaningful, but with a large random contri
bution that makes the method of time history 
specification or SRS specification less desirable. 
The nonstationary models require durations long 
enough or ensembles to make statistically signifi
cant statements about the underlying spectrum 
and the modulating envelope. The shock models 
should be based on methods that can lead to sta
tistically meaningful statements. 

The method will use the magnitude of the 

Fourier spectrum, more specifically the magni
tude squared or energy spectrum, to describe the 
spectral content of the shock. The spectrum is 
smoothed or formed from an ensemble average 
to generate statistically significant values. The 
method will use temporal moments of the time 
histories to describe how the energy is distrib
uted in time. It is shown that the distribution of 
the energy in time is related to the phase of the 
Fourier spectrum. 

Before proceeding with a description of the 
method, it is necessary to define the temporal 
moments, give an interpretation of the first few 
moments, and describe a few of the properties of 
the moments. 

TEMPORAL MOMENTS OF A 
TIME HISTORY 

The moments are analogous to the moments of 
probability density functions. The square of the 
time history is used for several reasons. The 
problem of negative amplitudes is avoided. By 
using the squared time history there are useful 
properties, relating time and frequency, between 
the temporal moments and moments in the fre
quency domain. 

The ith temporal moment, m;(a), of a time his
tory, x(t), about a time location, a, will be defined 
as 

The moments prove to be very useful to describe 
simple time history shapes and to describe the 
envelopes of more complicated shock time histo
ries. 

Two special cases are defined. First, if the time 
shift, a, is 0 the argument will be dropped for 
simplicity 

m; = m;(O). (2) 

Second, the central moments are defined about a 
value, 7, that produces a zero first moment, that 
is, 

(3) 

Solving Eq. (1) for a = 7 gives, 

(4) 
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The first five moments (0-4) about T are of spe
cial interest and will be given special names. 

The zero order moment is independent of the 
shift, a, and the centroid, T, 

mo(a) = mo = E. (5) 

This value is the integral of the magnitude 
squared of the time history and is called the time 
history energy. Assume the energy is finite. The 
energy in the time domain is related to the energy 
in the frequency domain through the Fourier 
transform. Let X(w) be the Fourier transform of 
x(t). Then Parseval's formula (Papoulis, 1962) 
gives, 

Jx 1 JX 
-x Ix(t)12 dt = 21T -x IX(w)12 dw. (6) 

The magnitude squared of the Fourier spectrum, 
IX(w)12 = <I>(w) , is called the energy spectrum. 
The square root of the energy normalized by the 
rms duration (to be defined later) will be called 
the root energy amplitude, REA or, An and will 
provide a convenient way to describe the energy, 

(7) 

The root energy amplitude will conveniently 
have the same units as x(t). 

As discussed earlier, the first moment normal
ized by the energy gives the time where the cen
troid of the energy is located, Eq. (4), and is 
called the central time or centroid, T. Because 
the origin of the time axis is often arbitrary, the 
central time is often important only in a relative 
sense. The higher moments are also calculated 
around the centroid for convenience, and to 
make the parameters independent of the time ori
gin. 

The second central moment normalized by the 
energy is defined as the mean square duration, 
D2, of the time history, 

D2 = m2(T)/E. (8) 

The rms duration, D, is useful to describe the 
duration of complex waveforms where more con
ventional definitions of duration are difficult to 
apply. As with probability distributions we ex
pect most of the significant part of the transient 
to be within plus or minus a few rms durations of 
the centroid. 

The third central moment normalized by the 
energy is defined as the skewness, St. The t sub
script is used to indicate this quantity has units of 
time. 

(9) 

A nondimensional measure of skewness, S, nor
malized by the rms duration is also useful. 

(0) 

Skewness is a parameter that describes the shape 
of the function. A positive skewness indicates a 
time history that has high amplitudes on the left 
of the centroid and a long low-amplitude tail on 
the right of the centroid. A negative skewness 
indicates a long low-amplitude tail on the left and 
high amplitudes on the right of the centroid. 
Waveforms that are symmetrical about the cen
troid have zero skewness. If a waveform enve
lope is unimodal (having only one peak) higher 
moments than skewness usually add little infor
mation. Note that if a family of shapes all have 
positive skewness, a family of shapes can easily 
be generated with negative skewness by simply 
reversing the time histories of the first family. 

The importance of matching the skewness in a 
shock test is not clear. In a qualitative sense, the 
rate of increase of the input will influence the 
peak response. This was demonstrated in the 
least favorable responses work (Smallwood, 
1973). Matching the central times and rms dura
tions is clearly more important. As will be seen 
later, matching the skewness improves the ap
pearance of the waveforms. A large skewness 
indicates a short rise or fall time which can effect 
the response of a system. Quantitatively the ef
fect on system response is not clear. 

The fourth central moment normalized by the 
energy, K t , is called kurtosis 

(11) 

A normalized kurtosis can be defined as 

(2) 

The kurtosis may be useful for time histories 
whose envelopes are not unimodal, that is, have 
more than one maximum, and as a descriptor of 
where the peaks in the envelope of the time his
tory occur. 

High moments can similarly be defined, but 
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are not necessary for this article. The intent is to 
describe the waveform with as few parameters as 
possible. Relationships between the various mo
ments can be easily derived and are stated below. 

First, the basic moments about time zero are 
given in terms of the normalized central mo
ments. 

ma = E 

mj = ET 

m2 = E(D2 + T2) 

m3 = E(S3 + 3TD2 + T3) 

(13) 

(14) 

(15) 

(16) 

Second, the normalized central moments are 
given in terms of the basic moments about zero 
time. 

D2 = (m2/ma) - (mj/ma)2 

si = (m3/ma) - 3(m2mj/m6) 

+ 2(mj/ma)3 

K: = (m4/ma) - 4(m3mj/m6) 

(18) 

(19) 

(20) 

(21) 

+ 6(m2mr/m6) - 3(mj/ma)4. (22) 

Third, the basic moments about a time, a, are 
given in terms of the normalized central mo
ments. 

maCa) = ma = E 

mj(a) = mj - ama = E(T - a) 

m2(a) = m2 - 2amj + a2ma 

= E(D2 + (T - a)2) 

m3(a) = m3 - 3am2 + 3a2mj - a3ma 

= E(Si + 3TD2 + T3 - 3aD2 - 3ar2 

+ 3a2T - a3). 

(23) 

(24) 

(25) 

(26) 

From Eq. (25), it is clear that m2(a) is a minimum 
when a = T. This is the reason the rms duration, 
D, is defined by the second moment about T. 

Some Properties of Temporal Moments 

RMS Duration and Ripple in Frequency Do
main. The following identity relates the rms du-

ration of a time history with unity energy to the 
ripple (variations in the first derivative of ampli
tude and phase) of the Fourier spectrum (Pa
poulis, 1962). 

(27) 

Ix [IdA 12 l'dcp!2] 
= -I + A2 -I dw 

-x dw, Idw 

where 

X(w) = A(w)eic/>(w) (28) 

From Eq. (27), we conclude that high ripple in 
the magnitude, A, or in the phase angle, cp, 
results in time histories with long durations. If 
the amplitude is fixed, the ripple in the phase 
directly controls the duration of the time history. 
As the phase becomes smooth the rms time dura
tion decreases. 

Uncertainty Principle. To simplify the develop
ment assume that the energy is unity and the 
central moments are used. The duration in time 
is then given by 

(29) 

Let x(t) and X(w) be Fourier transform pairs. De
fine the mean square duration in frequency as, 

The uncertainty principle (Papoulis, 1962) states 
that, if x(t) vanishes at infinity faster than lIVt 
then 

(31) 

The equality holds for only one family of time 
histories, Gaussian time histories, of the form 

(32) 

The uncertainty principle states that we cannot 
have a signal that is both band limited and time 
limited. It also indicates that as we narrow the 
bandwidth of a signal, the duration will necessar
ily increase. 

For example, consider a band limited signal 
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with a flat spectrum from 0 to to, and an rms 
duration of 0.5 ms. This duration is chosen be
cause it is the approximate duration of a wave
form used in a later example. Equations (30) and 
(31) indicate this waveform can have a minimum 
cutoff frequency, to, of 276 Hz. If a broad band 
waveform with an arms duration of 0.5 ms is fil
tered with a low pass filter, the rms duration of 
the filtered waveform will be significantly length
ened if the cutoff frequency approaches this 
limit. The bandwidth chosen for a later example 
is 2500 Hz, almost 10 times this limit. Later it is 
proposed that a shock time history be filtered 
with a set of bandpass filters and the time mo
ments of the filtered signals estimated. The un
certainty principal will limit how narrow these 
filters can be. The bandwidth should be much 
larger than the limits imposed by the uncertainty 
theorem to avoid the time dilation caused by the 
filter. As the time duration of the waveform in
creases, the filters can become more narrow. As 
the filters narrow, the energy in the filtered signal 
can be normalized to provide a power spectrum 
estimate. 

For transients with a large random content we 
will see later that the variance of the estimates 
will also limit the bandwidth of the filters. 

Adding Moments. Let 

z(t) = x(t) + yet). (33) 

It can be easily shown that the jth moment of z(t) 
about a, zmj(a), is given by 

(34) 

Moments can be added for the special case where 
the integral in Eq. (34) is o. The integral will be 0 
if x(t) and y(t) are random, uncorrelated, and 0 
mean. In this case, 

(35) 

If the integral in Eq. (34) is 0 or small relations 
between the energy, time to the centroid, and 
rms duration can be given, 

(36) 

(37) 

D; = ExCD; + T;) + Ey(D~ + T;') 
- Ex + Ey 

_ (ExTx + EyTy)2 
(Ex + EyF . 

(38) 

Equations for the higher moments get more com
plicated. Thus, adding central moments for even 
the simple case of uncorrelated x and y gets com
plicated. It is probably better to use Eq. (35), and 
then compute the central moments from Eqs. 
(18)-(22). 

Time Reversals. Let 

get) = j(-t). (39) 

It can be shown that the jth moment of g(t), is 
related to the jth moment of j(t) by 

(40) 

Thus we see that the even moments are the 
same, and the odd moments differ only in sign. 
The properties of several common waveforms 
are given in Appendix A. 

Product Model 

A commonly used model for nonstationary ran
dom data, which will be used extensively in the 
simulation section, is the product model. Con
sider a stationary random signal with a fixed 
spectral density viewed through a window. 

x(t) = w(t)g(t) 

x(t) = w(t)g(t) 
(41) 

where x(t) is a realization of the random process, 
x(t), wet) is a deterministic window, and get) is a 
realization of a dimensionless stationary random 
process, g(t), with unity variance and mean /Lx. 

Variance of Temporal Moments 

Variance of Basic Moments. Later we will esti
mate the temporal moments to characterize tran
sients with a large random component. It will be 
useful to have a measure of the variance of these 
estimates. In general we cannot find the variance 
without a model for the non stationary process. 
All nonstationary processes obviously do not fit 
the product model, but the assumption of the 
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product model will lead to useful estimates of the 
variance. 

In this section we will assume that x(t) is a 
realization of a nonstationary random process, 
x(t). The random process possesses a well-de
fined specification, and this specification in
cludes finite values for the expected values of all 
finite temporal moments. 

If the time history contains a random compo
nent, only estimates of the temporal moments 
can be made. For most of this article it will be 
assumed that only one realization of the process 
is available. A short discussion at the end will 
discuss the handling of more than one realiza
tion. The estimator for the ith temporal moment 
about a is given by 

(42) 

The expected value of the ith temporal moment 
is given by 

E[mi(a)] = fx (t - a)i E[x2(t)] dt (43) 

E[ ] is the expectation operator, not energy. It 
can be seen that the estimate of the temporal 
moments given by Eq. (42) is unbiased by taking 
the expected value of Eq. (42) and comparing it 
with Eq. (43). 

E[mi(a)] = E[mi(a)]. (44) 

The variance of a temporal moment about 0 is 
given by 

var[mi] = E[(mi - E[m;])2] = E[mj - E[miF. 
(45) 

Combining Eqs. (43) and (45) for a = 0 gives 

var[m;] = fx fx t isiE[x2(t)X2(S)]dt ds - E[miF. 

(46) 

If we assume the product model, the variance 
can be written as 

var[mi] = f", fx t isiw2(t)w2(s)E[g2(t)g2(S)] 

dt ds - E[miF. (47) 

When the stationary random process, g(t), in Eq. 
(41) is normally distributed, the expected value 
of the g product in the above equation can be 
written as (Bendat and Piersol, 1986, p. 260) 

E[g2(t)g2(S)] = 2(R~g (t - s) - fL~) + 1/J~ 

= 2(C~g (t - s) + 2fL~Cgg(t - s)] 

(48) 

where 

Rgg(r) = E[g(t)g(t + r)], 
the autocorrelation function of get) (49) 

Cgg(r) = E[(g(t) - fLg)(g(t + r) - fLg)], 
the autocovariance of get) (50) 

fLg = E[g(t)], the mean of get) (51) 

1/J~ = E[g2(t)], the mean square of get). (52) 

Note 

(53) 

Note also that 

Substituting Eqs. (48) and (54) into Eq. (47), and 
letting t = r + s gives 

Let 

(55) 

fx «r + S)i w2(r + S)SiW2(S» ds dr. 

Note that by letting 

(57) 

and where Z(w) equals the Fourier transform of 
z(t) 

Z(w) = F{z(t)} (58) 

then 

(59) 
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When wet) is known, using the FFT and being 
careful to avoid circular convolution errors, Eqs. 
(57-(59) become a very convenient way to evalu
ate Eq. (56). 

Substituting Eq. (56) into Eq. (55) gives 

var[m;] = 2 roo Wii(T)[C~g(T) + 21L~Cgg(T)] dT. 

(60) 

Thus we see that the temporal moment variance 
is the integral of the product of two functions. 
The first is a function only of the deterministic 
window, and the second is a function of the mean 
and covariance of the random part of the model. 
This is a useful and general result for the product 
model. 

Variance of Functions of Temporal Moments. 
We can directly compute the estimates of the 
temporal moments, mi, from Eq. 0), and esti
mates of the variance of the temporal moments 
estimators from Eq. (60), but we also would like 
estimates of the variance of functions of the esti
mated temporal moments. The functions of prin
cipal interest were previously defined and in
clude: the energy, E; the centroid, T; the rms 
duration, D; the skewness, St; the normalized 
skewness, S; the kurtosis, K t ; the normalized 
kurtosis, K; and the root energy amplitude, Ae. 

We can approximate the variances of these 
functions with the following technique. Let h be 
one of the functions of the estimated temporal 
moments 

(61) 

Expand this function with a Taylor's series about 
its mean 

+ higher terms (62) 

where IL is the mean of the function hand ILj is 
the E[mj]. The variance of h is given by 

var[h] = E[(h - h(IL»)2]. (63) 

Substituting Eq. (62) into Eq. (63) and neglecting 
the higher terms gives the first order approxima
tion 

II II 

var[h] = L L E[(mj - ILj)(mk - ILk)] 
j=O k=O 

(64) 
ah ah 

Using the same technique that was used to derive 
Eq. (60), it can be shown that the covariance 
between mj and mk is given by 

cov[mj, mk] = E[(mj - ILj)(mk - ILk)] 

= 2 roo ~k(T)(C~iT) (65) 

+ 21L~Cgg(T» dT 

where 

The special form for T = 0, is 

We can write Eq. (64) in the form of a matrix 
where 

c= 

cov(mo, mo)cov(mo, ml) ... cov(mo, m n) 

cov(mI, mo) 

cov(mn , mo) cov(mn , m n) 

(69) 

var[h] = prcp. (70) 

Remember that Eq. (70) is a first order approxi
mation. 

Special Case Where Bandwidth of Underlying 
Process Is Large. An important special case is 
when the bandwidth of the underlying random 
process, g(t), is large, such that of the autocorre
lation function of g(t), Rgg(t), becomes small in a 
time that is short compared with the duration of 
the window, wet). 
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For this case Eqs. (60) and (65) become 

var[m;] = 2Wii f" (C~iT) + 2f.L~Cgg(T» dT 

(71) 

cov[mi, mj] = 2Wij fx (C~g(T) + 2f.L~CgiT» dT. 

(72) 

The integral parts ofEqs. (71) and (72) have units 
of time because get) is a dimensionless random 
variable with unity variance. This integral can be 
expressed as an equivalent reciprocal bandwidth, 

Equations (71) and (72) become 

var[md = WulBeq 

cov[mi, mj] = WijlBeq 

and the variance becomes 

where 

W= 

TW 
var[h] = ~ 

Beq 

Woo W01 WOn 

WIO 

(73) 

(74) 

(75) 

(76) 

(77) 

The units of the product pTWp will be (units of 
the function h)2/time. 

Equation (76) is a very useful result. The vari
ance is expressed as the ratio of two functions. 
The numerator does not depend on the underly
ing random process, but depends on the temporal 
moment order, the deterministic window, and on 
the partial derivatives of the function h with re
spect to the temporal moments. The denomina
tor is an equivalent bandwidth that is a function 
of only the underlying random process. 

General Case of Nondimensional Error Mea
sures. Consider a nondimensional measure of 
the error, e 

2 _ var[h] 
e -~ (78) 

As shown above, for large bandwidths of the ran
dom process, g(t), this error measure will always 
be proportional to the inverse of the product of 
an equivalent bandwidth of the random process 
and an equivalent time parameter. 

Let 

(79) 

Teq can be thought of as an equivalent averaging 
time for the window and the temporal function 
being estimated. Combining Eqs. (76), (78), and 
(79) we get the familiar form 

1 
e = ---=== 

VBeqTeq· 
(80) 

For large bandwidths, these error measures, e, 
when plotted on a log-log graph as a function of 
the BeqTeq product will be a straight lines with a 
slope of -112. Comparing Eqs. (60) and (71), and 
noting that the maximum of WilT) is Wu, reveals 
that Eq. (80) overestimates the error for smaller 
bandwidths, and is hence a conservative result. 

A word of caution is needed. For the odd tem
poral moments the denominator of Eq. (78) can 
be 0, and the nondimensional error measure, e, 
becomes undefined. An example is the centroid, 
T, or the skewness, S or St. It is then necessary 
to look at the variance directly instead of the 
error, e. 

To evaluate Eq. (80) we need measures for 
estimates of Beq and Teq. Recall that the equiva
lent bandwidth, B eq , is a function of the underly
ing stationary random process only, and the 
equivalent averaging time, Teq , is a function of 
the temporal moment function and the window 
only. An estimate of Beq is determined from an 
estimate of the covariance and mean of the un
derlying random process, g(t), and Eq. (73). A 
crude estimate of the autocorrelation, and hence, 
the covariance [using Eq. (53)] can be made from 
the inverse Fourier transform of the Fourier en
ergy spectrum. If the transient is divided into 
bandwidths using bandpass filters, a common as
sumption is that the spectrum is flat within the 
bandwidth, and hence, the bandwidth used isjust 
the bandwidth of the filter. The mean is often 
assumed to be o. The mean can also be estimated 
from the data, x(t). 

To evaluate Teq we must evaluate Eq. (79), 
which means that we must have values for p, W, 
and h. The vector, p, is a sensitivity vector, relat-
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ing how the variance of a function of the tempo
ral moments, h, varies with a change in each of 
the temporal moments, mio in turn. Equation (68) 
defines the vector. Examples are given in Appen
dix C. The elements of the matrix W can be eval
uated from Eq. (67) if the window is known, or 
estimated if the window is unknown as follows, 

The expected value E[x 4(t)] is a constant, and 
can be assumed unity. Thus we can use the equa
tion 

to estimate the elements of W if the window is 
not known. Similarly we can use the estimate of 
h2, computed from estimates of the temporal mo
ments for h2 in Eq. (79), to estimate Teq. 

Teq is tabulated for example windows and the 
desired functions of the temporal moments in 
Appendix B. If the window can be approximated 
by one ofthe windows in Appendix B, Teq can be 
approximated by one of the values in the ap
pendix. 

Special Case where Underlying Process, get), is 
Bandlimited White Noise, and Window Is Rec
tangular of Length T. For the special case where 
g(t) is bandlimited white noise with 0 mean, the 
autocorrelation of g(t) is given by Bendat and 
Piersol (1986, p. 114), 

R (T) = sin(27rBT) 
gg 27rBT 

Beq = B 

w(t) = 1 O:s t :S T 

o elsewhere. 

From Eq. (67) 

Woo(t) = T (1 - I~) 
=0 

Woo = T. 

-T:St:sT 

elsewhere 

(83) 

(84) 

(85) 

(86) 

(87) 

The variance of the energy, using Eq. (60), be
comes 

Var[E] = 2T fT (1 - I~) (C~iT) 
+ 2J.L~Cgg(T» dT. 

(88) 

From Eqs. (1) and (5), the energy, E, is liT. The 
normalized variance of the energy is then 

which is Eq. 8.40 in Bendat and Piersol (1986, p. 
260) for the variance of a single sample time his
tory from a stationary (ergodic) random process 
with a unity mean square value. Thus we see that 
Eq. 8.40 in Bendat and Piersol is a special case of 
Eq. (60). 

U sing the value for Teq = T from Appendix B 
we get 

(90) 

which is equivalent to Eq. 8.58 in Bendat and 
Piersol (1986, p. 263). As before, Eq. 8.58 in Ben
dat and Piersol is a special case of Eq. (80). 

This is a fairly general result. The errors for 
other temporal moments, and other functions of 
the temporal moments, will have the same gen
eral characteristics. Equation (80) showed that 
all the desired functions of the temporal mo
ments will have the same form at large band
widths. The error will be a straight line with a 
slope of -112 on a log-log plot when plotted as a 
function of the product of a duration parameter 
and a bandwidth parameter. At smaller band
widths the error estimated with the large band
width assumption will always be larger than the 
actual error. The product of the bandwidth and 
rms duration needs to be only greater than about 
5 for the large bandwidth approximation to be 
very useful. This implies that the values in Ap
pendix B for Teq and Eq. (80) will yield useful 
approximations for the errors in most practical 
problems. 

Variance Estimates when More than One Real
ization is Available. When more than one real
ization is available, the temporal moments for 
each realization can be calculated. The resulting 
estimates can then be averaged. This should 
result in a variance reduction of the estimates by 
liN where N is the number of realizations avail-
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able. This is the only practical way to reduce the 
variance of the moment estimates. If only one or 
a few realizations are available, the bandwidth of 
the analysis must be restricted to values that will 
yield statistically significant results. 

APPLICATIONS TO TRANSIENT 
VIBRATIONS 

For the remainder of the discussion the time his
tory will be taken as an acceleration time history. 
With minor modifications the discussions could 
also apply to velocity, displacement, strain, 
force, or any other measure of vibration. 

The method proposed in this article models 
the shock as 

x(t) = xm(t) + X,.(t) (91) 

where, x(t) is the shock being characterized, 
xm(t) is the mean shock that contains the velocity 
change information and the deterministic part of 
the shock, and xr(t) is the shock with the mean 
removed, the nondeterministic or random part of 
the shock. xr(t) will be modeled later with the 
product model. 

The mean shock is found by ensemble averag
ing the individual shocks to estimate the determi
nistic part of the shock. If multiple records are 
not available for ensemble averaging, a determi
nistic model for xm(t) with the correct velocity 
change can be assumed, or the mean shock can 
be assumed to be 0 (which assumes a velocity 
change of 0). The mean shock is then subtracted 
from each ensemble record leaving a zero mean 
time history, x,.. Note, if an ensemble average is 
used, a zero mean in this context is stronger than 
saying the time history has a zero first integral or 
zero velocity change. It implies that the expected 
value of every point in time of the ensemble aver
age is O. The mean computed for a particular 
record will still not necessarily have a zero mean 
because of the uncertainty of the mean from a 
single realization. If this causes a problem, a 
slight modification of the procedure can subtract 
the sample mean instead of the ensemble mean 
from each record. The ensemble energy spec
trum of zero mean time histories, X,.(t) , is esti
mated by averaging the magnitude squared of the 
Fourier spectra of all records, 

As discussed earlier, a significant problem ex
ists when the Fourier energy spectrum is used to 
characterize a single time history: A lot of uncer
tainty exists in the spectrum, and the spectrum 
looks "noisy." This will be illustrated later. This 
objection can be overcome by smoothing the 
spectrum. One advantage of the SRS is that the 
shock is viewed through a SDOF filter that 
"smoothes" the spectrum. If we average adja
cent frequency lines of the. Fourier energy spec
trum we can achieve similar results. If we do the 
smoothing on a basis where the filter bandwidth 
is proportional to the center frequency we can 
preserve the low frequency character of the 
waveform while significantly smoothing the 
higher frequency "noise" in the spectrum. This 
is very much like the shock intensity spectrum 
defined by Baca (1989) and gives a "smooth
ness" very much like the SRS. This will be illus
trated by example later. The smoothed average is 
defined as 

_ 1 w+tl!2 , 

IX(w)12 = Li" w?t!2 IX(w)i2 dw (93) 

where ~ is the bandwidth of the smoothing filter. 
A combination of averaging, Eq. (92), and 
smoothing, Eq. (93), can be used when a few 
records are available. 

The zero mean time histories, X,.(t), are then 
filtered with a set of N contiguous band-pass fil
ters. In some cases for the analysis of transient 
data the mean is not removed. For these cases 
the first filter is a low pass filter, and the mean 
response is contained in this band limited time 
history. As explained earlier the uncertainty the
orem and the variance of the temporal moment 
estimates limits the bandwidth of these filters. 
The output of each filter is then characterized 
using the first four or five normalized central mo
ments of the band-passed time history; the en
ergy, E (or the root energy amplitude, Ae); the 
location of the centroid, r; the rms duration, D; 
the skewness, S; and optionally the kurtosis, K. 
For transient time histories these moments and 
the smoothed Fourier energy spectrum should 
give an adequate description of the data. By di
viding the data into bandwidths, the transient is 
described in both time and frequency. The num
ber of moments and the number of frequency 
bands is kept small so that statistically significant 
statements can be made about the parameters 
with a limited amount of data. 
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In summary the shock is characterized by: 

1. a mean shock that characterizes the veloc
ity change and any deterministic part of the 
shock; 

2. an averaged or smoothed Fourier energy 
spectrum that characterizes how the en
ergy is distributed in frequency; 

3. band limited temporal moments, E, A" T, 

D, S, and K that characterize how the en
ergy is distributed in time and frequency. 

Test conservatism can now be objectively 
evaluated. The energy spectrum, the band lim
ited energy or REA can be evaluated. The vari
ance of these quantities can be estimated. Con
servatism is controlled primarily through these 
energy measures, because of their linear nature. 
If all other things are held constant, raising the 
energy by a factor of four, or REA by two, will 
raise the response by a factor of two. Envelopes 
of different but similar events can be formed. The 
energy of the envelope will be conservative when 
compared with the underlying spectra. 

The temporal moments describe how the en
ergy is distributed in time. Values for these func
tions and their variance can be estimated. The 
change in response to variations in the moments 
can be described qualitatively, but a nice linear 
relationship, as for energy, does not exist for the 
higher moments. Decreasing the rms duration, 
D, typically produces higher responses because 
the same energy is applied in a shorter time. 
However, the increase is not linear. If the dura
tion of the waveform is short compared to the 
period of the test item, the input looks like an 
impUlse to the system. Making the input shorter 
will not significantly increase the response. 
Keeping the rms duration of the test shock equal 
or shorter than the environment will typically 
produce a conservative result. A similar skew
ness will imply that the rise and fall times of the 
test transient will be about the same as the use 
environment. A similar skewness should pro
duce a similar response. As the absolute value of 
the skewness increases, the time history tends to 
have a sharper rise time or fall time that tends to 
produce a larger peak response. The role of kur
tosis is less well understood. Kurtosis tells us 
something about the "peakedness" of the data 
envelope, and may be useful for data that has an 
envelope with more than one peak. If the enve
lope is shaped like a normal distribution curve 
the kurtosis will be 3. As the area of the window 

is more concentrated toward the center the kur
tosis becomes smaller. As the area is spread to
ward the tails, becoming even bimodal, the kur
tosis increases. The kurtosis for several common 
waveforms is given in Appendix B. It may also 
be useful for those environments where the dura
tion is long compared to the impulse response 
time of a system exposed to the environment. In 
this case the transient starts to look like nonsta
tionary vibration and the kurtosis gives us some 
information about the peak to rms ratio. 

Conservatism is controlled primarily with the 
energy spectrum. The centroidal times, T, the 
rms duration, D, the skewness, S, and the kurto
sis, K, should be kept as close to the actual envi
ronment as possible. To produce a more conserv
ative test than the field environment one should; 
make the energy larger; make the rms durations 
shorter; make the absolute value of the skewness 
larger; and make the kurtosis smaller. Two ex
amples in the next section will illustrate the 
method. 

Use of SRS to Replace Energy Spectrum 

Note that the shock response spectrum could be 
substituted for the energy spectrum, but this is 
not recommended. The band limited temporal 
moments would then serve as additional informa
tion about the shock to further quantify the envi
ronment, and to restrict the class of waveforms 
that could be used to simulate the environment. 
In this case the energy in each band must be 
included to calculate the normalized central mo
ments. This method removes the simplicity of 
the energy spectrum, complicates the synthesis 
of test realizations, and test conservatism be
comes more difficult to evaluate. However, the 
method does retain the long history of the SRS as 
a characterization of a shock. 

Example Characterization of a 
Projectile Shock 

Characterization. Projectiles were instrumented 
with accelerometers, and fired, penetrating a 
hard target. Five accelerometer records from 
transducers mounted near the nose of the pene
trator in the axial direction are discussed by 
Smallwood (1989). A typical record is shown as 
Fig. 1. The original data were digitized with a 50-
kHz sample rate. The accelerometer for each 
record was mounted in the same location and in 
the same direction for the five different tests. The 
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FIGURE 1 Penetration event 1. 

records form an ensemble of five field events. 
The mean time history was calculated, but the 
high frequency random content was too large for 
an ensemble of five to have a meaningful mean 
shock. The mean shock showed a large variance. 
For the analysis the mean shock is included in 
the first band (0-2.5 kHz). Later in the simula
tion section a mean shock will be included as a 
deterministic waveform with the correct velocity 
change and temporal moments. 

The energy was computed for each record by 
Smallwood (1989). The average energy was com
!,ut~d and is shown as Fig. 2. The units of energy 
10 FIg. 2 are g2 (not strickly energy, which would 
have units of g2/Hz or g2_s, because the spec
trum was computed with an FFT that did not 
divide by the frequency resolution, g is the accel
eration of gravity, 9.8 ml S2). The velocity change 
can be determined from the value of the spec
trum at 0 frequency (plotted at 10Hz for conve
nience). The average velocity change from Fig. 2 
is given by 

Au = Y5.76 x 1010 /50,000 = 4.8g - s 

= 47m/s(150ft/s). 
(94) 

The penetrator did not stop during the event but 
slowed down by about 150 ft/s. The records were 
filtered with four filters: 0-2.5,2.5-5,5-7.5, and 

10· ~ 
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FIGURE 2 Average energy of the penetration 
events. Zero frequency plotted at 10 Hz for conve
nience. Zero value = 5.76 x 1010. 

above 7.5 kHz. Narrower bandwidths are not 
statistically significant (Table 1). 

U sing the assumption that the equivalent 
bandwidth for a single transient is 10 kHz, the 
normalized errors can be estimated from Eq. (80) 
and are listed in Table 2. The standard deviations 
measured from the five measured events are also 
listed in Table 2 and are seen to be consistent 
with the estimated error. Decreasing the band
width by four to 2.5 kHz and increasing the num
ber of events to five will decrease the estimated 
errors by the factor of only V475 = 0.9 support-

Table 1. Moment Parameters Describing a 
Penetration Shock Environment 

Property 
Bandwidth (kHz) 

(ms) Overall 0-2.5 2.5-5 5-7.5 

T 2.5 3.6 3.6 3.6 
(0.5) (0.5) (0.4) (0.6) 

D 0.53 0.53 0.62 0.45 
(0.10) (0.12) (0.11) (0.12) 

Sf 0.52 0.46 0.56 0.11 
(0.11) (0.14) (0.17) (0.39) 

>7.5 

3.4 
(0.6) 
0.48 

(0.17) 
0.52 

(0.11) 

The first number in the table is the mean in milliseconds. 
The number in parentheses is the standard deviation in milli-
seconds. 
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Table 2. Normalized Errors for Penetrator Data 

Energy REA Centroid 
E Ae T 

Value 32k g2s 8200 g 2.7 ms 
Teq 0.7 ms 1.6 ms 1.4 ms 
e 40% 25% 27% 
Meas. SD 0.5 ms 

g is the acceleration of gravity, 9.8 m/s2• 

ing the argument for bandwidths of at least 2.5 
kHz. 

The moment parameters for each record in 
each bandwidth were then computed. The pa
rameters were averaged across the ensemble of 
five events and the results are listed in Table 3. 
The energy and REA are not included in Table 3 
because this information is included in the 
Fourier energy spectrum. For this example the 
kurtosis was not considered. For this environ
ment a strong dependence on frequency is not 
evident. Simulation of the environment using the 
overall unfiltered parameters would not be unrea
sonable. This is supported by the variance esti
mates given in Table 2. However, the frequency 
dependent parameters are retained to illustrate 
the method. The skewness parameter is always 
positive indicating a fast rise time and a slower 
decay time consistent with a casual observation 
of the data. It does illustrate the value of includ
ing the third moment. The energy spectra along 
with the table of normalized central temporal mo
ments give a good representation of this environ
ment. 

Simulation Using Product Model of Nonsta
tionary Random Vibration. The penetrator 
event was simulated (Smallwood, 1989) using the 
product model. A pulse of the form 

wet) = A(tn - P-PtP). (95) 

rms Dur. Skewness Kurtosis 
D S, K, 

0.48 ms 0.48 ms 0.68 ms 
2.7 ms 0.4 ms 7 ms 

20% 50% 12% 
0.1 ms 0.11 ms 

was used as the window and to simulate the por
tion of the event that includes the velocity 
change, xm(t). The waveform shown in the equa
tion above was reversed to give a positive skew
ness. The parameters A, T, n, and p for xm(t) 
were chosen to match the energy and the tempo
ral moments of the overall unfiltered mean event. 
The stationary random process used for the ran
dom portion of the product model had the same 
spectrum as the mean spectrum of the five 
events. This assured matching ofthe energy. The 
parameters A, T, n, and p were chosen for each 
bandwidth to match the properties in Table 3. A 
typical realization is shown as Fig. 3. For com
parison the average SRS of the five field events 
and the average SRS of five simulations is shown 
in Fig. 4. 

Adjacent Missile Firing on an External Store 

Characterization. The response of an adjacent 
store to the firing of an AIM 120 (AMRAAM) 
missile will now be described in three different 
ways and compared. The first method will use 
the SRS. The second method will use a nonsta
tionary vibration model to describe the event. 
The third method will use the band-limited tem
poral moments described above. The response to 
the adjacent missile firing was measured at sev
erallocations in three axes, but a single acceler
ometer in a single axis will be used for the com-

Table 3. Normalized Central Temporal Moments for Penetration Data 

Property 
ms Overall 0-2.5 kHz 2.5-5 kHz 5-7.5 kHz >7.5 kHz 

T 2.5 3.6 3.6 3.6 3.4 
(0.5) (0.5) (0.4) (0.6) (0.6) 

D 0.53 0.53 0.62 0.45 0.48 
(0.10) (0.12) (0.11) (0.12) (0.17) 

S, 0.52 0.46 0.56 0.11 0.52 
(0.1l) (0.14) (0.17) (0.39) (0.11) 

The first number on the table is the mean. The number in parentheses is the standard 
deviation. 
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FIGURE 3 One realization of the penetration event 
simulation. 

parison here. The location chosen is a 
component located near the nose of the external 
store at a location away from the skin, but not 
isolated from the skin. The axis chosen is the 
transverse axis of the store and the aircraft. A 
typical time history of the event for this acceler
ometer is shown as Fig. 5. The short-term time 
averaged rms is also shown in Fig. 5. 
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FI~URE 4 Comparison of the SRS, the mean pene
tration event, and the average SRS of five penetration 
simulations. 
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FIGURE 5 Time history of the response in and the 
time averaged rms of the missile firing event. 

The short-term time averaged rms is defined 
as 

1 1+a12 

r(t) == - L x 2(t)dt. 
8 1-812 

(96) 

For this example 8 was 0.048 s. The SRS of the 
field event is shown as the solid curve with x's on 
Fig. 6. The other curves will be explained later. 

For the second method the autospectral den
sity was computed in two ways. First the spec
trum was computed in the usual way using 
Welch's method ignoring the nonstationary na
ture of the data. The sample rate of the data was 
10417 samples/so The data were filtered with a 4-
kHz lowpass filter. The total record was 4778 
samples (0.4587 s). The data were analyzed with 

5 % damping 
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FIGURE 6 SRS of the time history of Fig. 5 and 
three simulations. 
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FIGURE 7 Autospectrum of the time history of 
Fig. 5. 

a Hanning window, a block size of 512 with a 261 
point overlap. This result is shown as Fig. 7. This 
procedure might introduce some bias error, but 
the procedure is commonly done and is used for 
comparison with the other procedures. Next the 
acceleration was divided by the time averaged 
rms (called the running average, and shown in 
Fig. 5) to convert the time history into a pseudo
stationary process with a unity rms. The auto
spectrum of this time history was computed with 
the same analysis parameters as the previous 
spectrum. This result is Fig. 8. If the product 
model is correct we would expect these two 
spectra shapes to be the same within the statisti
cal error. We see that this is generally true ex
cept for an excess of high frequency energy 
above 2 kHz in the original spectrum (compare 
Figs. 7 and 8). The normalization process gives 

RadarT Spe<:lrum JKIImalized 10 I gmu;, 85=512, Hanning. 261 pt o",rlap 
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FIGURE 8 Normalized autospectral density of the 
time history of Fig. 5. 

more weight to the low levels at the beginning 
and end of the time history. This suggests that 
the product model is not quite correct, and that 
the adjacent missile firing excites more high fre
quencies than the background vibration present 
before and after the firing. If the product model 
can be assumed, the autospectrum and the run
ning rms give a fairly complete description of the 
event. The only weakness is the lack of fre
quency resolution necessitated by the require
ment for a reasonable Bandwidth-Averaging 
Time (BT) product to keep the statistical error at 
a reasonable value. This can be improved if more 
than one realization of the event is available and 
ensemble averaging can be used. 

The Fourier energy spectrum is shown as Fig. 
9. Notice the large uncertainty in this data as 
previously alluded to. The spectrum was 
smoothed by averaging the frequencies over a 
bandwidth 16% of the center frequency. This is 
comparable to the bandwidth of the SDOF filter 
used in the SRS analysis. The result is shown as 
Fig. 10. Note that the spectrum shape is very 
similar to the previous autospectrum if the differ
ence in frequency resolution is considered. Thus, 
as expected, the auto spectrum and the Fourier 
energy spectrum contain much the same infor
mation. Note that the SRS does not contain quite 
the same information. As above, the frequency 
resolution can be improved if ensemble averag
ing can be used. 

The temporal moments for the acceleration 
time history filtered into approximate 1/3 octave 
bandwidths are shown as Figs. 11 and 12. The 
energy, E, and the root energy amplitude, A e , are 
shown in Fig. 11. Note that these functions con-

b 
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FIGURE 9 Fourier energy spectrum of the time his
tory of Fig. 5. 
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Radar T: Smoothed Fourier Spectrum (BW=.16) 
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FIGURE 10 Smoothed Fourier energy spectrum of 
the time history of Fig. 5. 

tain much the same information as the auto spec
tra and the Fourier energy spectra. Just as for the 
other spectra the frequency resolution could be 
improved by using a narrower filter at the ex
pense of statistical accuracy. If the product 
model is correct, the normalized central tempo
ral averages (T, D, S, and K) (Fig. 12) should be 
independent of frequency except for statistical 
errors. The uncertainty of the moments can be 
estimated using the results of the previous sec
tions. For comparison, the parameters for a rec
tangular window of duration 0.4587 s are: T = 
0.229 s, D = 0.132 s, S = 0, K t = 0.153 s, and 
K = KtlD = 1.15. 

In Fig. 12 the first values plotted at 200 Hz are 
the values for a low pass filter with a cutoff fre
quency of 200 Hz. The next to the last value 
plotted at 3000 Hz are the values for a high pass 
filter with a cutofffrequency of 2800 Hz. The last 

FIGURE 11 Energy and root energy amplitude of 
the time history of Fig. 5. 
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FIGURE 12 Normalized temporal moments of the 
time history of Fig. 5. 

value plotted at 4000 Hz are the values for the 
overall unfiltered waveform. 

The centroid of the data is reasonably inde
pendent of frequency. The rms duration shows a 
systematic decrease as the frequency increases; 
this suggests that the product model based on the 
overall parameters is not quite correct. The data 
suggests that the high frequencies have a shorter 
duration than the low frequencies. This suggests 
that the excitation of the missile firing excites 
more high frequencies than the background exci
tation before and after the firing, which is consis
tent with the findings from the autospectrum 
data. 

The skewness data show a much larger varia
tion with frequency. It was expected that the sta
tistical uncertainty would be larger than for the 
other normalized moments, but the variation is 
larger than expected. This has not been ex
plained. 

The kurtosis is more consistent (Fig. 12) and 
the ratio of the kurtosis to rms duration is almost 
constant. This indicates that the kurtosis also de
creases with frequency along with the rms dura
tion. This indicates that the data peaks are more 
centralized for the higher frequencies, again sug
gesting that the high amplitudes caused by the 
missile firing preferentially excite the high fre
quencies. 

The frequency resolution of the band-limited 
temporal moments is not as good as the auto
spectrum or the Fourier spectrum, but they do 
provide temporal information missing from the 
spectra. The combination of the running rms and 
normalized autospectrum provides a good de
scription of data for which the product model is 
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valid , but lacks the informat ion giving the varia
tion of temporal information as a function of fre
quency. A two-dimensional (time and frequency) 
spectral model might be appropriate if enough 
data are available to support the analysis. 

Simulation. The adjacent missile firing was sim
ulated with the product model, neglecting the ob
served changes in temporal moments with fre
quency. A window with the approximate 
temporal moments of the overall unfiltered wave
form was used. The window was the sum of a 
rectangular window and a time shifted Hanning 
window. The window is shown as the solid line 
of Fig. 13 . The stationary random signal was cho
sen to have the same spectrum as the smoothed 
Fourier spectrum of Fig. 10. A realization of this 
process is shown as Fig. 13. 

The SRS of three simulations and the event of 
Fig . 5 are shown in Fig. 6. The most significant 
deviation between the simulations and the field 
event is in the area of 600-700 Hz. The simula
tions produced responses about 30% larger than 
the field data . Figures 14 and 15 show the re
sponse of a 661-Hz (one of the frequencies at 
which the SRS was calculated) SDOF system 
with 5% damping to the field event and the third 
simulation , respectively. As can be seen the re
sponse to the simulation is more concentrated 
around 0.25-0.35 s, where the response to the 
field event is more uniformly distributed over the 
whole frame of data. If we look back at Fig. 12 , 
we see that the rms duration , D, was longer in 
this frequency band than was the overall rms du
ration, which was used in the simulation. Thus 
we would expect the rms duration of the simula-

o 0.2 0.4 
Time (5) 

FIGURE 13 Realization of the simulation of the ad
jacent missile firing response of Fig. 5. 

o 0.2 0.4 
Time (5) 

FIGURE 14 Response of a 661-Hz SDOF system 
with 5% damping to the input time hi sto ry of Fig. 5. 

tion to be shorter than the rms duration of the 
field event in this frequency band , and because 
the energy is the same, the simulation should 
produce slightly larger responses , as observed. 
The change in rms duration detected a character
istic of the data not evident in either the auto
spectrum, the Fourier spectrum , or the SRS . 

CONCLUSIONS 

The band-limited temporal moment method de
scribed offers significant advantages over other 
methods used to characterize shock environ
ments. The method is particularly useful to de
scribe oscillatory shocks. The method is simple 
and the characterization easy to interpret. The 
method uses functions (Fourier transforms and 

o 0.2 0.4 

Time (5) 

FIGURE 15 The response ofa 661-Hz SDOF system 
with 5% damping to a simulation of the event of Fig. 5. 
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temporal moments) that are easy to implement. 
The method characterizes the shock and not the 
response to the shock (as does the SRS), and 
therefore does not depend on a structural model. 
The procedures lend themselves to a statistical 
treatment encouraging a probabilistic approach. 
It is shown that simulations can be generated that 
include the essential characteristics of the envi
ronment. Further work such as more compari
sons with the method of shock response spec
trum and other techniques need to be done. More 
examples and other windows need to be exam
ined. A general procedure to develop windows 
that match specified moment parameters needs 
to be developed. This will aid the simulation pro
cess and allow studies to test the robustness of 
the procedure. The use of random parameters to 
modify the mean shock and windows should be 
developed. 

This work was performed at Sandia National Labora
tories and was supported by the U.S. Department of 
Energy under Contract DE-AC04-94AL85000. 
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Moments of Some Common Waveforms (continues) 

Function ~v E A, T D S, S K, K 

Terminal peak (tg(j T~~ -T/~ V80 
sawtooth T/2 T/3 

v'M 
3TI4 -0.18T -~V3 0.257T 1.32 

fit) = tIT 0.19T -0.95 
OstsT 

1.33 

Exponential lIV'"4a ~ V3 V3 
f(t) = e-al lIa 1I2a 1I2a 1I2a 

0.63/a 1.26 2a 1.73 
t2:0 0.866/a 

fit) = tHe-a' f(n + I) f(n + I) ~ f(2n + 1) 2n + 1 V2II+1 --Y4n + 2 ~ 
t 2: 0 --;;tt (2a)",+l (2a)"'(2n + I) 2a 2a 2a ~2n + 1 

f(t) = t" - P-PtP ~v. E. VE.ID. T. D. S,. S,.ID. 
OstsT 

Note: f(2n + 1) = (2n)! if n is an integer >0. 

~v = JX f(t)dt ~v. = T"+' (_1 ___ 1_) liz _ 1 _ 2 + __ _ 
-x n+1 p+1 j-2n+j+1 n+p+j+l· 2p+j+1 

_ _ _ 2 (liz2 liz i) 3 (liz, 31n,liz, 2ml) 
E, = T2n+lmo T, = Tmdmo D, = T2 -=- - -::-;; S,I = T' -=- - -_-,- +-::-;-
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APPENDIX B 

Equivalent Averaging Times for Several Common Windows and Several Common Functions of 
Temporal Moments 

Energy REA Centroid rms Duration Skewness Kurtosis 
Window E Ae T" D SIb KI 

Rectangular T 3.33T T 5T 0.49T 9T 
w(t) = 1 
O:St:sT 
Triangle 0.55T l.3T 1.17T 2.6T 0.33T 6.4T 
O:St:sT 
Terminal 0.56T 1.6T 0.7ST 3.ST 0.30T 7.3T 
peak 
sawtooth 
O:St:sT 
Half sine 0.67T 1.7T l.lT 3.5T 0.34T 7.ST 
O:St:sT 
Hanning 0.51T l.3T 0.92T 2.7T 0.27T 6.3T 
O:St:sT 
Exponential lIOl 2.510l 210l S/Ol 0.4410l 26.210l 
w(t) = e-at 
t2::0 
w(t) = te-at 2.610l 6.410l 5.310l 1610l 1.210l 4010l 
t2::0 

aFor this odd temporal moment Teq corresponding to e2 = var[TjlD2 is given. 
bFor this odd temporal moment Teq corresponding to e2 = var[S~]lD6 is given. 
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APPENDIX C 

Listing of Vectors, p, for Commonly 
Desired Functions of Temporal Moments 

Energy, E 

PE = 1. (C.l) 

Centroid, T 

(C.2) 

rms duration squared, D2 

P1)2 = [(-m2/m 5 + 2milm~) (-2ml/m5)1/moF 
(C.3) 

rms duration, D 

(C.4) 

Kurtosis to the fourth power, K1 

Skewness cubed, S~ 

PS~ = 

3 
_ m3 + 6m2ml _ 6ml 

m5 m~ m3 
2 

-3 m2 + 6 ml 
m5 m~ 

1 
mo 

Skewness, St 

_ Ps~ 
PS, - 3S2 

t 

Normalized skewness, S 

- m4m o2 + 8m3mlmo3 - 18m2mjmo4 + 12mtmo5 

-4m3mo2 + 12m2m l m o3 - 12m~mo4 

Kurtosis, K t 

PK: = 6mj m o3 

-4mlmo2 

mol 

Normalized kurtosis, K = KrI D 

Root energy amplitude, Ae 

(C.9) 

(C. 10) 

(C.5) 

(C.6) 

(C.7) 

(C.8) 
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