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A new method for reducing ill-conditioning in a class of identification problems is 
proposed. The key point of the method is that the identified vibration of the sound 
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INTRODUCTION 

The diagnosis of vibration in machines has be
come very important in recent years for monitor
ing vibrations and reducing noise. It is necessary 
to identify the vibrations of a machine to diag
nose the vibrations further. The vibrations are 
measured by a vibration sensor attached directly 
to the machine or by a noncontact vibration sen
sor. When the vibration sensor is attached to a 
compact or a lightweight machine, however, the 
vibration mode changes and the identification of 
the vibration becomes inaccurate. In that case 
consideration should be given to identification of 
vibration by an acoustic measurement. The iden
tification method is based on the acoustic-vibra
tory inverse analysis. Generally, the inverse 
problem becomes an ill-conditioned problem in 
which the accuracy of the identified values is 
substantially influenced by a small error present 
in the measured data. In acoustic-vibratory in
verse analysis, the ill-conditioning problem is 
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that the accuracy of the identified vibration de
creases significantly, even if only a small error is 
present in the measured sound pressure data. In 
inverse analysis, it is impossible to completely 
remove the error expansion in the identified 
results. Therefore, it is important to reduce the 
error expansion from the measured data. 

There are two important methods of inverse 
analysis. They are the method of ill-conditioning 
estimation and the method of ill-conditioning re
duction. The condition number is generally used 
as an estimate of the severity of the ill-condition
ing. The condition number is the ratio of the max
imum singular value and the minimum non-zero 
singular value of the coefficient matrix. It is 
mathematically defined as the maximum error 
expanding ratio. It is not useful from the engi
neering viewpoint, and it does not give the prac
tical error expanding ratio. The computation of 
the condition number requires extensive calcula
tions because eigenvalue analysis has to be per
formed. 
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There are many studies on how the error ex
panding ratio or the condition number should be 
reduced in order to reduce the ill-conditioning. 
Kishimoto et al. (1989) studied this point in the 
inverse analysis of galvanic corrosion. When the 
problem is particularly severely ill-conditioned, 
for example, when the measuring points are far 
from the structure, many small singular values 
exist in the coefficient matrix. The method of ill
conditioning reduction sets the very small singu
lar values equal to zero. In this way, the mini
mum singular value becomes large and the 
condition number is reduced. Moreover, there 
are some studies about the threshold singular 
value for omission. Akaike (1974) proposed the 
Ale (an information criterion) value. This 
method is based on mathematical theory; but for 
acoustic-vibratory inverse analysis, a new 
method is considered. It uses the fact that the 
vibrations are expressed as a superposition of 
some vibration modes. 

Iwatsubo et al. (1990, 1991) proposed an ill
conditioning estimation method that uses the de
terminant of the coefficient matrix in the bound
ary element method (BEM) direct method. The 
BEM direct method is based on an approach in 
which the acoustic data is measured at the same 
number of measuring points as the number of 
elements of the sound source. The vibration of 
the sound source is then identified by solving si
multaneous linear equations. The measuring con
ditions to reduce the ill-conditioning are investi
gated numerically and experimentally. To 
identify the vibration accurately, however, the 
number of measuring points have to be in
creased. 

In this study, a new ill-conditioning reduction 
method is proposed. The key to the method is 
that the vibration of the sound source is ex
pressed as a superposition of the vibration 
modes, so that the number of identified parame
ters can be reduced. It also means that the num
ber of measuring points can be reduced. In the 
numerical example, a simply supported rectan
gular plate is picked up as the sound source, and 
the influence of the measuring condition on the 
ill-conditioning is investigated. The determinant 
and the condition number of the coefficient ma
trix are used as the ill-conditioning estimation 
index. The result is compared with the one ob
tained by the BEM direct method. Next, the er
ror expanding ratio is calculated using the mea
sured data, in which some errors are present. 

The result is compared with the one obtained by 
the BEM direct method. Finally, the new error 
expanding ratio is described. 

FORMULATION OF 
ACOUSTIC-VIBRATORY INVERSE 
PROBLEM 

Wave Equation 

To explain the acoustic-vibratory inverse prob
lem, a sound source model shown in Fig. 1 is 
considered. The governing equation for the 
acoustic field is the wave equation 

(1) 

where P(x, t) is the sound pressure, c is the 
sound velocity, and x is the position vector of the 
measuring point. If it is assumed that the sound 
pressure behaves harmonically with the angular 
frequency w, the governing equation becomes 
the Helmholtz equation: 

(2) 

where p(x) is the magnitude of sound pressure 
and k is the wave number defined as wlc. The 
boundary condition on the boundary r, that is 
the surface of the sound source, is as follows: 

ap(y) . -() -() (3) 
an(y) = -JWPV Y == q Y , 

where n is the vector normal to the surface, p is 
the density of air, iJ is the velocity on the surface, 
y is the position vector on the surface, and the 
overbar is the value of the variable on the sur
face. 

measuring point 

sound source 

x y 

FIGURE 1 Sound source. 



If Eq. (2) is transformed by Green's formula, 
the boundary integral equations are obtained as 
follows: 

p(x) = fr (p*(x, y')q(y') 

- q*(x, y')p(y')) dfCy'), 

~p(y) = fr (p*(y, y')q(y') 

(4) 

- q*(y, y')p(y'» dfCy'), 

where p*(x, y) is the basic solution of Eq. (2) 

'( ) I (.k) "'( ) __ ap*(x,y) P"x,y =-4 exp -IT, q'" x y 7fr ' - an(y) , 

(5) 

where r is the distance between x and y. 
To analyze Eq. (4) numerically, the surface of 

the sound source is divided into n elements, and 
it is assumed that p(y) and q(y) are constant on 
each element. Then the boundary integral equa
tion, Eq. (4), can be distributed as 

{p} = [G]{u} - [H]{p}, 

I - - (6) 
2 {p} = [G]{u} - [H]{fJ} , 

where {p} is the m-dimensional vector expressing 
the sound pressure at m measuring points, and 
{p} and {u} are the sound pressure and velocity 
vector at n nodal points on the surface. By elimi
nating {p}, the following simultaneous linear 
equations are obtained. 

{p} = {[G] - [H] G [1] + [S])-I 

[G]}{u} = [S]{u}, 
(7) 

where [S] is the constant matrix determined by 
the number of elements, the measuring condi
tion, and so on. These procedures have been de
scribed in Schenck (1968). 

By using Eq. (7), the sound pressure in space 
can be calculated by measuring the velocity on 
the surface. For the inverse problem in this 
study, however, the vibration {u} on the sound 
source has to be identified by measuring the 
sound pressure {p} in space. Therefore, in the 
previous method the number of the measuring 
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points of the sound pressure is the same as the 
number of the elements of the sound source (m = 
n). Then Eq. (7) becomes 

{u} = [S]-I{p}. (8) 

This method was called the BEM direct method 
by Iwatsubo et al. (1990, 1991). The ill-condition
ing problem is that the error in the measured 
sound pressure data {p} is expanded and the ac
curacy of the identified vibration data {u} deterio
rates. 

Formulation by Superposition of 
Vibration Modes 

The mode-superposition method consists of re
ducing the number of identified parameters, and 
the ill-conditioning is reduced by using the princi
ple of superposition. 

The eigenvalue analysis of the sound source is 
carried out first. Distributing the sound source by 
the finite element method (FEM), the mass ma
trix [M] and the stiffness matrix [K] are ob
tained. The eigenvalue analysis is performed us
ing the matrices as follows: 

([K] - wJ[M]){cpJ = {O}, (9) 

where Wi and {cf>i} are the eigenfrequency and 
mode vector for the ith vibration mode, respec
tively. 

Here the steady-state vibration vector {.K(y, 
t)} with the angular frequency w is expressed as 

{.K(y, t)} = {.K(y)} exp(jwt}. (10) 

The vector {.K(y)} can be expressed by the super
position of mode vectors {cf>}. Next the velocity 
vector {V(y, t)} is expressed as 

{V(y, t)} = jw{.K(y)} expUwt) = {u(y)} expUwt), 

(11) 

and the vector {u(y)} is expressed by the super
position of mode vectors as 

x 

{D(y)} = 2: Ak{cf>k(y)} = [<ll]{A}, (12) 
k~1 

where {u(y)} is the velocity vector at the position 
y, [<ll] is the modal matrix that consists of the 
mode vectors of the structure, and {A} is the 
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vector that consists of the influence coefficients 
for every mode vector. They are expressed as 
follows: 

{iT} = {U(YI), V(Y2) , ... , v(Yn)}T 

{A} = {AI, A 2, ••• , A,,F 

[

cf>I:YI) cf>2:YI) 

[<1>] = : . 

cf>1(YII) cf>2(Yn) 

(13) 

When Eq. (12) is substituted into Eq. (7), the 
following equation is obtained: 

{p} = [S][<I>]{A} == [SM]{A}. (14) 

In this way, the acoustic-vibratory inverse prob
lem is formulated as a problem in which the influ
ence coefficient {A} is identified by measuring the 
sound pressure {p}. Generally, it is considered 
that the vibration of a structure is dominated by a 
small number of the vibration modes. Accord
ingly, the influence coefficients can be reduced 
by using the vibration modes included in the 
dominant frequency band. It is considered that 
the ill-conditioning can be reduced because the 
coefficient matrix [SM] consists of the dominant 
vibration mode vectors. It means also that the 
number of the measuring points can be reduced. 
For example, if the vibration of the sound source 
is expressed by q vibration modes, then Eq. (14) 
are n equations including q unknown parameters 
Ak(k = 1, ... , q). When Eq. (14) is solved by 
the method of least squares, the following equa
tion is obtained: 

Moreover, the velocity of the sound source is 
calculated by using Eq. (12). 

{v(y)} = [<I>]([SMF[SM])-I[SMF{p} == [Q]{p}. 
(16) 

ILL-CONDITIONING REDUCTION BY 
MODE SUPERPOSITION 

When the inverse problem is solved by using the 
measured data, the error expanding ratio is influ-

enced by the mathematical property of the coeffi
cient matrix. 

In this chapter, the mathematical property of 
the coefficient matrix and the error expanding 
ratio are compared between the mode-superposi
tion method and the BEM direct method. 

Mathematical Property of 
Coefficient Matrix 

The mathematical property of the coefficient ma
trix is investigated by using the "determinant" 
and "condition number" as the ill-conditioning 
index. 

The determinant is used as the index because 
the ill-conditioning can be considered mathemati
cally as a singularity condition. It is defined in 
this article as det([SMV[SM)). If the determinant 
is large, the ill-conditioning can be reduced. 

The condition number fL is mathematically de
fined as the ratio between the maximum singular 
value Kmax and the minimum, but nonzero, singu
lar value Kmin of the coefficient matrix expressed 
as follows: 

Kmax 
fL =-. 

Kmin 
(17) 

The condition number is the maximum error ex
panding ratio expressed as: 

11{8u}11 < 11{8p}11 
11{u}11 - fL· II{p}11 ' (18) 

where the value within the vertical bars is the 
Euclid norm ofthe value. However, the practical 
error expanding ratio seldom agrees with the 
condition number. 

The property of the coefficient matrix is inves
tigated using the above indicators. The following 
four measuring conditions are considered: the 
frequency of the sound source, the distance be
tween the measuring point and the sound source, 
the numer of the measuring points, and the num
ber of the adoptive vibration modes. The dis
tance between the measuring point and the sound 
source is expressed by the nondimensional dis
tance r z • This value is the vertical distance from 
the surface of the sound source to the measuring 
point divided by the characteristic length r", 
which is the square root of the surface area of the 
sound source. The vibration modes around the 
frequency w of the vibration are used as the 
adoptive vibration modes. 



Error Expanding Ratio Using Measured Data 

III-conditioning can be estimated by using the de· 
terminant or the condition number given in the 
last section. In practice, however, the error ex
panding ratio is also important because the error 
expanding ratio is closely related to the accuracy 
of the identified value. Therefore the error ex
panding ratio is investigated by using the Monte 
Carlo simulation. The relation between the ill
conditioning index and the error expanding ratio 
is also investigated. 

The procedures are as follows. First, the case 
in which the sound source is harmonically ex
cited with the angular frequency w is considered. 
Then the exact velocity Vex on the sound source 
is calculated by numerically integrating the equa
tion of motion. Next, the positions and the num
ber of measuring points are determined. The ex
act sound pressures Pex can be calculated by 
using Eq. (7). The measured sound pressure data 
with error is obtained by adding random numbers 
to the exact sound pressure data. 

Generating M numbers of p at each measuring 
point, M sets of the sound pressure data {ph 
(I = 1, ... ,M) are made. In the case of the 
mode-superposition method, M sets of the influ
ence coefficient {A h (l = 1, . . . ,M) are calcu
lated by Eq. (15), and M sets of the identified 
results {iih (l = 1, . . . , M) are calculated by 
Eq. (12). In the case of the BEM direct method, 
M sets of the identified results {ii} I (l = 1, . . . , 
M) are calculated by Eq. (8). At each nodal 
point, the average liilav and the standard devia
tion <Tlvl of the amplitude of the velocity ii are 
obtained, and the average Liiav and the standard 
deviation <T Lv of the phase of the velocity are 
obtained. The coefficients of variation <Tlvi/liilav 
and <T Lvi Liiav are calculated and compared with 
the error in the measured data. 

Stochastic Error Expanding Ratio 

The error expanding ratio based on a stochastic 
method of calculation is described in this section. 

The velocity at the ith nodal point Vi is ex
pressed by Eq. (16) as: 

n 

Vi = 2: qij . Pj, 
j=l 

(19) 

where qy and Pj are the elements of the matrix [Q] 
and vector {p}, respectively. The average of Vi is 
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approximated as follows; 

n 

(vJav = 2: qij . (P)av, (20) 
j=l 

and the standard deviation is approximated as: 

n 

(<TvY = 2: (qij)2 . (<Tpy. (21) 
j=l 

If the coefficient of variation of the pressure data 
is assumed to be constant at all the measuring 
points, the coefficient of variation of the velocity 
is obtained using Eqs. (19) and (20) as: 

LJ=l (qij)2 . (<TPY 
(LJ=l (qij . p)2 

LJ=I (qij' p)22' (<TpY == Rf. (<TpY 
( L;= I qij' pj) P P 

(22) 

In this way, the coefficient of variation of the 
velocity can be expressed by using the coefficient 
of variation ofthe sound pressure data. The coef
ficient Ri is considered as the stochastic error 
expanding ratio. The magnitude of Ri is com
pared with the error expanding ratio by using the 
Monte Carlo simulation. 

NUMERICAL EXAMPLES 

As a sound model, the simply supported rectan
gular plate (16 cm x 12 cm x 0.5 mm) shown in 
Fig. 2 is picked up. The dimensions of the plate 
are shown in Table 1. The surface of the model is 
divided into 32 triangle elements. The natural fre
quencies and the vibration modes of the model 

X excitation point 

FIGURE 2 Rectangular plate. 
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Table 1. Dimensions of Sound Source 

Length 1.6 x 10-1 [m] 
Width 1.2 x 10-1 [m] 
Thickness 5.0 x 10-4 [m] 
Modulus of elasticity 2.05 x 10+11 [Pal 
Poisson's ratio 0.3 

Mass density 7.86 x 10+3 [kgJm3 ] 

are calculated. Table 2 shows some of the natural 
frequencies. 

Mathematical Property of 
Coefficient Matrix 

The property of the coefficient matrix is investi
gated using the determinant and the condition 
number. The four measuring conditions, shown 
in the last section, are considered. Here the fre
quency of the sound source is set as 100,300, and 
500 Hz. The adoptive vibration modes are the 
ones whose natural frequencies are near the fre
quency of the sound source. Table 3 shows the 
adoptive vibration modes for the frequency of 
the sound source. The sound pressures are mea
sured at five or nine points shown in Fig. 3. The 
determinant and the condition number are calcu
lated and compared. 

Figure 4(a)-(d) shows the change ofthe deter
minant, det([SMY[SMD, when the measuring dis
tance, the number of the measuring points, and 
the number of the adoptive vibration modes are 
changed for three frequencies. 

Figure 4 shows the following: 

1. When the frequency of the sound source is 
higher or when the measuring points are 
closer to the sound source, the ill-condi
tioning can be reduced. 

Table 2. Natural Frequencies 

Natural Frequency [Hz] 

11 133.3 

12 275.7 

h 385.4 

14 510.6 

is 520.8 

16 731.2 

Table 3. Adoptive Vibration Modes 

Frequency w[Hz] Vibration Modes 

100 {<pd, {<pd, {<P3}, {<P4}, ... 
300 {<P2}, {<P3}, {<pd, {<P4}, ... 
500 {<P4}, {<Ps}, {<P3}, {<P2}, ... 

2. Comparing Fig. 4(a) and (b), when the 
number of the measuring points is larger, 
with the same number of adoptive vibration 
modes, the ill-conditioning can be reduced. 

3. Comparing Fig. 4(b), (c), and (d), even if 
the number of the adoptive vibration 
modes is larger, the ill-conditioning cannot 
necessarily be reduced. It is basically pos
sible that the number of the adoptive vibra
tion modes be as high as the number of the 
measuring points. Sometimes, however, an 
increase in the number of the adoptive vi
bration modes causes ill-conditioning. 
Therefore, in practical applications, the se
lection of the adoptive vibration modes is 
important. 

Figure 4( e) shows the variation of the determi
nant [S] in the BEM direct method. From this 

z d 
!... 

.. 
!... 

FIGURE 3 Arrangement of measuring points: (a) 5 
measuring points and (b) 9 measuring points. 
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30.------------. 
-- 10CWz 
············300HZ 
-.-.- .. 500Hz 

O~------------~--~---I 

Nondimensional 
distance rz 

1.0 

30r----------~ 

\ --100Hz 
·············300Hz 
-.-.-.. 500Hz 

-300~.0-~-~--L--~-~ 
Nondimensional 1.0 

distance rz 

120r-----------, 

--100Hz 
·············300Hz 
-.-.-.. 500Hz 

-1200~.0=---'---'---'---'--~1.0 
Nondimensional r 

distance z 

FIGURE 4 Variation of det([SMV[SM]): (a) 4 adoptive vibration modes, 5 measuring 
points; (b) 4 adoptive vibration modes, 9 measuring points; (c) 6 adoptive vibration modes, 
9 measuring points; (d) 8 adoptive vibration modes, 9 measuring points; and (e) BEM direct 
method, 32 measuring points. 

figure, the vanatIOn of the measuring distance 
influences the ill-conditioning considerably in the 
BEM direct method. 

The variation of the condition number JL is 
shown in Fig. 5. From the figure, similar results 
are obtained as with the determinant. It has been 

found, however, that the condition number is 
more influenced by the adoptive vibration modes 
than by the frequency of the sound source. 

It is found that the ill-conditioning can be re
duced by using the necessary minimum number 
of adoptive vibration modes and many measuring 
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---------' 
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5.-------------------~ 
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_._._ .. 500Hz 

Nondimensional 
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1.0 

8r-------------------~ 

:l. 

OJ 
.Q 

--- 100Hz 
............ ·300Hz 
_._._ .. 500Hz 

Nondimensional r 
distance z 

o 1.0 

FIGURE 5 Variation of condition number j.t: (a) 4 adoptive vibration modes, 5 measuring 
points; (b) 4 adoptive vibration modes, 9 measuring points; (c) 6 adoptive vibration modes, 
9 measuring points; (d) 8 adoptive vibration modes, 9 measuring points; and (e) BEM direct 
method, 32 measuring points. 

points. In practice it is necessary that the best 
measuring condition is found considering the 
model shape, the required frequency band, and 
so on. In this numerical example, due to good 
accuracy, the ill-conditioning can be reduced 
when six adoptive vibration modes and nine mea
suring points are used. It can be also reduced 

when four adoptive vibration modes and five 
measuring points are used for w = 100 or 300 Hz. 

Error Expanding Ratio Using Measured Data 

The error expanding ratio is investigated when 
the measured sound pressure data has some er-



ror. The case in which the rectangular plate is 
excited harmonically at the excitation points 
shown in Fig. 2 is considered. The magnitude 
and frequency of the external force are set as 1.0 
Nand 300 Hz, respectively. In the mode-super
position method, the number of the adoptive vi
bration modes is four and the number of the mea
suring points is five. In the BEM direct method, 
the number of measuring points is 32. 
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The coefficient of variation U"p/Pex == U"jpj/!pl = 

U" LP/ Lp of the normal random number, which is 
added to the exact value, is changed from 0.0 to 
0.5. The sample number M of the Monte Carlo 
simulation is 1000, and the velocity at the center 
of the sound source model is picked up as a rep
resentation. The result is shown in Fig. 6. In the 
mode-superposition method, the average of the 
amplitude and the phase almost agrees with the 

phase 
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FIGURE 6 Error expanding ratio by Monte Carlo simulation: (a) mode-superposition 
method and (b) BEM direct method. 
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exact value. In the BEM direct method, the aver
age amplitude is close to the exact value when 
rz = 0.1; but the accuracy of the identified values 
is rather poor when rz > 0.1, and the accuracy 
when rz = 0.5 is very poor. Regarding the coeffi
cient of the variation of the amplitude and the 
standard deviation of the phase, in both methods 
the value is large when the nondimensional dis
tance is large. The variation in the BEM direct 
method is especially larger than one in the mode
superposition method. This agrees with the 
results in the last section that the determinant 
and the condition number are larger in case of the 
BEM direct method than in the mode-superposi
tion method. The identified values in the BEM 
direct method are likely to be influenced by the 
measuring distance. This also agrees with the 
results in the last section. 

The accuracy of the sound pressure data when 
some errors are present in the measuring dis
tance data has been investigated in the same 
way. It is shown that the variation of the sound 
pressure data is smaller than that of the measur
ing distance data. 

As a result of this simulation, when some er
rors are present in the sound pressure data, the 
closer the measuring distance is to the sound 
source, the smaller the change of the variation of 
the velocity is. The mode-superposition method 
is more suitable for solving the inverse problem 
by using the measured data that includes some 
errors than the BEM direct method. 

Stochastic Error Expanding Ratio 

The coefficient R in Eq. (22) at the center of the 
plate is investigated by using the same sound 
model and the same measuring condition as the 
above. It is assumed, however, that the phase of 
the velocity is 45 because if the phase is zero, the 
coefficient of variation cannot be calculated. The 
coefficient of variation of the pressure data (J" pip 
is constant and equal to 0.1. The result is shown 
in Fig. 7. The broken line expresses the expand
ing ratio calculated from the result of the Monte 
Carlo simulation. It is considered to be a practi
cal expanding ratio. In Fig. 7, the coefficient R 
calculated by using Eq. (22) is close to the practi
cal expanding ratio. This coefficient can be used 
as an indicator of accuracy of the identified val
ues. If the measured sound pressure data is suffi
ciently reliable, the accuracy of the identified val
ues, when some errors are present in the 
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FIGURE 7 Stochastic error expanding ration: (a) 
real part and (b) imaginary part. 

measured sound pressure data, can be predicted 
by calculating the coefficient R in Eq. (22). 

CONCLUSIONS 

A new ill-conditioning reduction method has 
been proposed. The key point of the method is 
that the identified vibration of the sound source is 
expressed as a superposition of the vibration 
modes. In the numerical example, a simply sup
ported rectangular plate is chosen as the sound 
source. The mathematical property of the coeffi
cient matrix was investigated first by using the 
determinant and the condition number. The fol
lowing results were obtained: 

1. When the frequency of the sound source is 
higher, or when the measuring points are 



closer to the sound source, the ill-condi
tioning can be reduced. 

2. When the number of the measuring points 
is larger with the same number of the adop
tive vibration modes, the ill-conditioning 
can be reduced. 

3. Even if the number of the adoptive vibra
tion modes is larger, the ill-conditioning 
cannot necessarily be reduced. 

4. In the BEM direct method, changes in the 
measuring distance influence the ill-condi
tioning considerably. 

The error expanding ratio was investigated when 
the sound pressure data include some error. It 
was found that the closer the measuring distance 
is to the sound source, the smaller the change of 
the variation of the velocity is. The mode-super
position method is more suitable for solving the 
inverse problem when using measured data with 
some errors than the BEM direct method. Fi
nally the stochastic error expanding ratio was in
vestigated. The ratio was found to be close to the 
practical expanding ratio, and the ratio can be 
used as an index of the accuracy of the identified 
values. Therefore, the mode-superposition 
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method is shown to be an effective method in 
acoustic-vibratory inverse analysis. 
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