111

A consistent dynamic finite element
formulation for a pipe using Euler parameters

Ara Arabyan* and Yaqun Jiang changes in the orientation of its reference axis. The
Department of Aerospace and Mechanical formulation used to derive the element incorporates
Engineering, University of Arizona, the nonlinear coupling between torsional and bend-
Tucson, AZ 85721, USA ing deformations. The RC element differs from previ-
ous formulations by Bathe and Almeida [3], and Oht-
Received 10 June 1996 subo [6] in that it captures both constant strain and
Revised 25 February 1998 rigid-body modes, and can be applied to any cases
involving geometrically nonlinear large deformation

A pipe element developed earlier for the analysis of com- problemﬁ. iation in th f fth |
bined large bending and torsional deformations of blood ves- In [5] the variation in the performance of the RC ele-

sels under static loading is extended to model behavior in the Mentwith grid refinement was shown in comparison to
presence of large rotations and time-varying external forces. & pipe structure made up of four-node shell elements.
As in the case of the earlier element, the enhanced element It was shown that the stress resultants computed by the
supports ovalization and warping of its cross-section. The en- RC element converge to “exact” results (solutions ob-
hancements presented in this paper are comprised of a masstained using very large number of four-node shell el-
matrix and gyroscopic effects resulting from fast rotation ements) with a smaller number of degrees of freedom
rates and large deformations. The effectiveness of the ele- than those obtained using four-node shell elements in
ment is. demqnstrated by_ two examples, which si_mulate the ABAQUS [1]. These results were shown using static
three-(1_|men5|_onal behz_iwor of a highly flexible pipe under loading examples.
dynamic loading conditions. In this paper, the RC element formulation is ex-
tended to include dynamic loads via a consistent for-
mulation. In linear analysis, the simplest way to obtain
1. Introduction the vector of inertia nodal forces is to take the inner
product of a diagonal mass matrix with the nodal ac-

A straight pipe element that enables the efficient Celeration vector. This formulation and numerical pro-
computation of large, three-dimensional deformations cedure have been proven to be very effective in most
in blood vessels with initially circular cross-sections applications. However, in the case of this pipe element,
was presented in an earlier study by Jiang and Araby- d_ue to the special |_nterpol§1t|on functions use_d, rela-
an [5]. The important features of that formulation are tions between the field variables and nodal displace-
that it can account for both rigid-body and constant Ments are nonlinear. Therefore the method used in lin-
strain modes, and captures all stresses except the nor-8ar analysis cannotaccount for all inertia effects. In or-
mal stress across the wall thickness (i.e., thin shell is der to capture all inertia effects and coupling among
assumed). Euler parameters are used to describe rota£Xtension, torsion, and bending deformations, the dy-
tional rigid-body modes and are incorporated into the Namic formulation of the pipe element must be derived
element's vector of degrees of freedom. Under gen- from the full geometrically non-linear shell theory by
eral loading (axial, transverse, bending and torsion), & consistent formulation. _ _
the element (called the “RC element” in Jiang and This paper presents a consistent formulation for the
Arabyan [5]) allows large ovalization and warping of dynamic analysis of the three-dimensional pipe ele-

its cross section and large, three-dimensional, angular M&NtS in which the inertia forces due to large defor-
mations are fully accounted by capturing all the inertia

*Corresponding author: Tel.: +1 520 621-2116: Fax: +1 520 621- couplings. The assumption of a thin pipe wall is carried
8191; E-mail: arabyan@ame.arizona.edu. through from previous work. The nodal co-ordinates,

Shock and Vibration 5 (1998) 111-117
ISSN 1070-9622 / $8.001 1998, I0S Press. All rights reserved



112 A. Arabyan and Y. Jiang / A consistent dynamic finite element formulation for a pipe

incremental displacements and rotations are defined in
terms of a fixed global co-ordinate system.

2. Review of the formulation for static analysis

Here, some basic concepts and equations that were
developed in [5] are reviewed, these being essential for
the dynamic formulation that follows.

2.1. Basic assumption

The following assumptions are made in the deriva-
tion of the non-linear behavior:

Y

1. The pipe is assumed to be thin-walled, i.e 4 if
is the wall thickness, an® is the radius of the
undeformed pipe, thelh/R < 1. As a result the
behavior of the pipe can be described by a single
surface which is chosen as the mid-surface (i.e.,
the surface exactly between the outer and inner
surfaces of the pipe).

2. The material is assumed to remain linearly elastic
throughout the range of deformation of the pipe. > ) ) . :

3. Normals to the mid-surface remain straight after pipe, andB is the rotation matrix for the pipe
deformation. cross section which varies only with

4. Stresses along the pipe thickness directionis neg- 3- The ovalization and warping of the rotated cross-

Z

Fig. 1. Co-ordinate systems.

2. The rigid-body rotation of the pipe cross-section,
denoted byBr, wherer = R[0, cosf), sin@®)]"
is the vector along the radius of the undeformed

ligible. section, denoted byB7, where 7(s,t) is the
change inr as a result of the deformation of the
2.2. Co-ordinate systems cross section.

To describe the motion of the element, three refer-  Leta be the position vector defining a point on the
ence frames (see Fig. 1) are defined: pipe axis in the reference configuration. Then the po-

1. Afixed global reference framy Z sition of a point on the mid-surface of the deformed

2. Anelementreference framgz in which the ini- configuration is
tial angular positions are defined.

3. Afloating reference frame moving with the unde-
formed pipe cross section. Ovalization and warp- ) ] ] o
ing are measured relative to this frame. The an- The director fieldt, of the deformed configuration is
gular position of this frame relative toyz is de- defined in terms of Euler parametessas:
scribed by a rotation vectas.

Z(s,t) = a(t) + v(t) + BOr +7(s,1). (1)

. - . 1) = A(e, t)To(s), 2
In addition, two curvilinear coordinatesandt, are ta(s,1) (e, )Tx(s) (2)

defined such thatis a measure of length on the mid-
surface along a direction parallel to the pipe’s longi-
tudinal axis ant is a measure of length on the mid-
surface in a direction perpendicularito

whereT5(s) is the unit normal of the mid-surface in
the undeformed configuratiod (e, t) is the rotation
matrix, ande is the vector of four Euler parameters
which are functions of the rotational vecte¢rdefined
2.3. Element interpolation functions in [5]. Note thatA(e, t) is defined independently from
B in order to include transverse shears strain.
The general displacement of the pipe element is as-

sumed to consist of three parts (see Fig. 1): 2.4. Generalized elasticity forces
1. The displacement of a point on the pipe axis, de-
noted by the vectow which is a function oft The virtual work method is employed to obtain the

only. generalized elasticity forces. The virtual work done by
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Ao

where 6 is the variation of the position vector of
a point on the deformed configuration of the mid-
surface, referred to an inertial frame of reference. The
guantitiessz and its time derivatives are expressed ex-

plicitly as:
N 6Z(s,t) = By dq, (8)
Fig. 2. Stress resultants acting on a differential shell element. and
internal stress resultants is given by Z(s,t) = Bng, 9)
§II= [ [NTée+MTér+QTé6v]d4o, (3) #(s,1) = Bng + Bnd, (10)

Ao

where N, M, and@ are the stress resultants as de- where
scribed by Cook and Malkus [4] shown in Fig. 2, and

K, v are membrane strains, bending strains, and trans- By = [L1(¢) (I, Rg1, B1Ny),

verse shear strains, respectively, as defined in [5]. Us-

ing this formulation, the strain variations are L2(¢) (I, Rz, B2N)], (11)
be = B.8U, inwhichL1(¢) = (1—¢)/2,L2(¢) = (1+¢)/2 are the
Sk — B.SU Lagrangian interpolation functions defined in [5], and
o= Dx0, Rg; (i = 1,2 for two axial-node element) is defined
6y = B, 60U, 4) by

whereUT = {q" p'}, q is the vector of translational OBi(r; +7;) = Rpid¢ps;, i=1,2 (12)

degrees of freedom anpl is the vector of rotational

degrees of freedomB., By, and B, are the mate-  Substituting Eqs (8) and (10) into Eq. (13), one obtains

rial constitutive matrices. By SUbStitUting the above re- the variational expression for the virtual work done by
lations into Eq. (3), the virtual work of the elasticity  the inertia forces:

force can be obtained as:

W = z' 6z dA
611 = | (NTB.+ M'B, a0 ’
Ao X
+ QTBV) dAo oU = / poiBN 5q dAo
Ao
=] §U, (5)
= BBy dAog
whereW, is the generalized elastic force defined as </Ao POENENEA
T
Ve = / (BIN + B[M + BIQ)d4o.  (6) + /A poB\ By dAod) oq
Ao 0
— (CU + MU sU
3. Dynamic equations
=] 6U, (13)

The virtual work of the inertia force can be ex-
pressed as whereyy is the generalized inertia force, and
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C— [ on poB&BN dAo 0 )
L 0 O_
[ poBTBN dAo 0 i

M = Ja g . (14)

In Eq. (14)C is a damping matrix and/ is a con-
sistent mass matrix.
In the development of the inertia force, the entire

mass of the pipe is assumed to be concentrated on the

mid-surface. Normally, this approximation leads to ad-
equate precision for thin walled pipes.

4. Equations of motion

Now the elastic force, the inertia force, and external
forceT can be added together to obtain the equations
of motion:

Uy+W.—T=0. (15)
Using the mass and damping coefficient matrices of
Eqg. (14), we obtain:

MU + CU +W(U) - T = 0. (16)

5. Numerical method

The equilibrium relation in Eq. (16) must be satis-
fied throughout the history of load application. Due to
its nonlinearity, Eq. (16) must be solved iteratively for
U (r) for any timer.

The basic approach described by Bathe [2], in an in-
cremental step-by-step solution is to assume that the
solutionU at timer is known. In other words it is as-
sumed that

v('U)=0 a7
is satisfied. The solution for the discrete time- Ar
is required, wherér is a suitably chosen time incre-
ment. Hence, considering Eq. (16) at time- AT we
want:

/s (7' +AT U)

_ T+ATW9 + T+ATWd . T+ATT _ O, (18)
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where the left superscript denotes “at timer Ar”.
Since the nodal forcegs™ ¥, + "t47w, depend non-
linearly on nodal point displacements;>” U must be
found by an iterative scheme. In this work, the gener-
alized Newton—Raphson method is used for this itera-
tion. The relations used in the Newton iteration are

T4+AT K(z—l)AU(l)

_ (T+A‘r!péifl) + T+A7‘WC(1’L'—1) _ T+ATT)’

T+ATU(i) — T+ATU(i—1) + AU(l), (19)
where™ 47 K(—1) is the tangential stiffness matrix in
iteration;— 1. This matrix is assumed to be nonsingular
and is given by Bathe [2].

T+ATK(i—1)
0P, 1 . 1

= — AT A ) 20
U |- aryi-n * a(AT)? (20)

whereq is an integration parameter (see below).

The basic iteration formulae (19) provides a solu-
tion for nodal displacements for dynamic equilibrium
at 7 + Ar. This solution must then be used to com-
pute nodal velocities and accelerations. The Newmark
method is used for that purpose, using the general for-
mula in Bathe [2]:

. 1 1 .
T4+AT _ T o T
U= al\T? u olAT U
1 .
(= _1)"
(220

U =TU + Ar(1- 86U

+6 AT, (21)

wherea andé are parameters that are chosen to ob-
tain integration accuracy and stability. Whénr= 1/2
anda = 1/6, relations (21) correspond to the linear
acceleration method (also called trapezoidal rule). In
this work, these parameters were pickedbas 1/2
anda = 1/4, making the integration unconditionally
stable with OQAr) accuracy. The relations employed in
the integration scheme are

T+ATK(i—1)AU(i) - _ (T-‘y—ATwé’l:—l)
+ T+A‘rwéifl) _ T+ATT),

T+ATU(i) _ T+ATU(i—1) + AU(l)’
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rargr) — L Ao - L1 op 6. Examples
vt = alAT? AU aATU P
1 L Two examples are given below to demonstrate the
B <Z B 1) U, effectiveness of the formulation described above in dy-
. . .. namic analysis.
THTO®) = TU + Ar(1 - 6)U

4§ ArTHATEO). (22) 6.1. Flexible pipe with end rotation

It is evident that the iterative scheme used in dy- [N this example, a pipe rotating vertically about a
namic analysis is the same as that used in Jiang and horizontally axis passing through one end is consid-

Arabyan [5], except that the tangential stiffness matrix €'€d- Figure 3 shows the geometry of the pipe, which
K now contains contributions from the inertia of the 12as the following prozpernea'ﬂ = 200 N/m", v =
system. 0.3, p = 1.0% kg/m", L =2mR = 005m,

All the numerical results presented in the follow- and7 = 0.01 m. The pipe is subjected to a time-
ing sections have been obtained using this numerical Yarying moment at the cantilevered end, and the other
scheme. For most dynamic analysis examples, the time IS frée. The external moment increases linearly with
step sizes were of the order of 19-102s. time, beginning with zero and reaching a final value of

692 Nm. The pipe is discretized using ten elements.

) ), ¥
' %BF M ’ M&f \
v Lo Mo L=3m
=-m R=005m
X R=0.05m X h=0.01 m
\ h=0.001 m
Z z
Fig. 3. Rotation of flexible pipe. Fig. 5. Rotation of flexible pipe with end force.

Fig. 4. Motion of rotating pipe.
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(d)

Fig. 6. Motion of flexible pipe forr = 0.0 ~ 0.15 s: (a)r = 0.07 s; (b)r = 0.10 s; (c)r = 0.12 s; (d)7 = 0.15s.

Fig. 7. Motion of flexible pipe forr = 0.17 ~ 0.24 s: (a)r = 0.17 s; (b)T = 0.20 s; (c)7 = 0.22 5; (d)7 = 0.24 s.
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The time step size was set td01 and the relative er-  sectional ovalization and warping. This is a capabil-
ror tolerance was set to 18. The deformation of the ity that other pipe elements (Bathe and Almeida [3],

pipe at several points in time are shown in Fig. 4. Ohtsubo [6], and ABAQUS theory manual [1]) do not
have.
6.2. Fast rotating pipes with end lateral force In addition, the new element is substantially more

cost efficient computationally than other elements be-

The second example is a pipe rotating about a fixed cause a pipe-like structure can be modeled with few
horizontal axis passing through one end as illustrated elements. This advantage was demonstrated earlier in
in Fig. 5. The pipe has the following propertids:= Jiang and Arabyan [5].
200 N/m?, v = 0.3,p = 1.0% kg/m?, L = 3 m, In its present form the new element cannot model
R = 0.05 m, andh = 0.01 m. In this simulation, 15 large strains (by virtue of the strain definition and the
elements were used. Around the pipe cross section two total Lagrangian formulation used). The element can
Fourier terms were included for ovalization and warp- be easily modified to model large strains by replacing
ing deformations. This pipe was subjected to a time the strain definitions and the constitutive laws with the
varying moment at one end, and a lateral force was ap- appropriate relationships. Such modifications would
plied at the other end (see Fig. 5). The moment was also have a significant impact on Egs (13) and (14)
increased linearly with time beginning with zero and and make the dynamic formulation substantially more
reaching a final value of 376 Nm at= 0.2365 s. The complex, but remove the thin-shell restriction.
final lateral force was 2 N (linearly increasing). The
time step size is set t0.@005 second and the rela-
tive error tolerance was set to 19 The deformation Acknowledgements
at several points in time are shown in Figs 6-7. For a
better view of the deformation, the radius of the pipe  This work is partially supported by the National Sci-
was magnified by a factor in Figs 6—7. The computa- ence Foundation, Grant Number ECS-9057062.
tion time this simulation was approximately 3 hours on
a Sun Sparc Station 5.
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