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In this paper a new methodology is presented for applying
measured accelerations and forces as excitation on a struc-
tural finite element model in order to perform a forced fre-
quency response analysis. The computed vibration consti-
tutes the excitation for an acoustic boundary element analy-
sis. The new developments presented in this paper are asso-
ciated with: the equivalent force method that can prescribe
the acceleration at certain parts of the structure; the integra-
tion within a single process of test data that define the excita-
tion, with the vibration analysis, and the acoustic prediction;
the utilization of the new technology in simulating the noise
radiated from a running engine and determining the effects
of design changes. Numerical results for noise radiated from
a running engine are compared to test data for a baseline de-
sign. The effect of two structural design modifications on the
radiated noise is computed, and conclusions are deduced.

Keywords: Boundary element analysis, finite element analy-
sis, engine noise

1. Introduction

The objective of this work is to simulate numerically
the noise radiated from a running engine, and identify
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the impact of design changes to the emitted noise [7,
9–11,13]. A finite element model, including the cylin-
der block, the cylinder head, the flywheel housing, the
gearcase, and the crankshaft is constructed. It is uti-
lized to compute the structural vibration under an op-
erating load. Two major excitation sources are con-
sidered: the gas forces and the inertia loads [16]. The
gas forces are applied as pressure loads on the cylin-
der walls and the cylinder head. The inertia loads are
applied as measured triaxial acceleration at the bear-
ing caps. Measured acceleration is often employed as a
measurable for defining the loads applied on the block
of an internal combustion engine [8,12]. The necessity
of prescribing the structural vibration at points on the
structure other than the support locations led to the de-
velopment of an “equivalent force” method. In a gen-
eral purpose finite element software [14] the large mass
method is recommended for enforcing the desired mo-
tion at locations of interest [14,15]. A concentrated
mass, at least 103 times the structural mass must be at-
tached to each individual degree of freedom where the
motion must be enforced. A force equal to the large
mass times the desired acceleration must be applied
in that particular degree of freedom as excitation. The
large mass methodology works very well for base ex-
citation where the enforced motion is specified at the
support location of the structure, however, it is not ap-
plicable to the problem of interest. If the large mass
method is used to enforce the accelerations at the bear-
ing caps, the structural normal modes of the engine will
be altered and the natural frequencies will be shifted.
An initial attempt to utilize the large mass approach re-
sulted in normal modes for the engine block that did
not correlate with the available test data. Therefore,
the necessity to perform the analysis led to the devel-
opment of an “equivalent force” method. A method-
ology is developed for computing an equivalent force
for each one of the prescribed degrees of freedom. The
equivalent forces result in the desired vibration at the
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measurement locations when they are applied on the
structural finite element model. There is no require-
ment for a large mass to be attached to the location of
enforced displacement. Therefore, the modal basis of
the structure is not altered. In addition, the computa-
tion of the structural vibration by the equivalent force
method is integrated within an acoustic boundary ele-
ment analysis process. Thus, vibration test data, struc-
tural finite element analysis, and acoustic boundary el-
ement noise computations are combined into an inte-
grated simulation process. The dynamic characteristics
of the structure are represented in terms of the normal
modes and the natural frequencies and comprise part of
the input to the combined analysis process. The mea-
sured accelerations and the pressure combustion loads
are also components of the input. The equivalent force
method computes the structural vibration based on: the
normal modes and natural frequencies of the structure;
the prescribed acceleration and pressure loads; and the
structural damping.

The vibration results on the outer surface of the
structure are utilized as boundary conditions for the
acoustic analysis. Since the equivalent force method
is integrated within a noise prediction process, there
is no need for an external transfer of data. The noise
prediction is based on an indirect variational boundary
element formulation [5,6,17,18]. The selected bound-
ary element method can model ribs and other thin ap-
pendices that are often encountered in an engine block
[18]. The computed vibration, the discretization of the
structural model, and the discretization of the acous-
tic boundary element model are utilized in computing
the emitted noise. The development, utilization, appli-
cation, and validation of this approach to simulating
the noise radiated from the block of an operating diesel
engine are presented.

2. Mathematical formulation and numerical
implementation

2.1. Equivalent force method

In order to physically present how the large mass
method operates and demonstrate the error which is in-
troduced in the modal basis, a simply supported beam
structure can be used (Fig. 1). In this example the
vibration along the y-direction in the middle of the
beam is considered to be prescribed. In the large mass
method, a large mass is attached to the corresponding
degree of freedom (d.o.f.). The addition of the large

Fig. 1. Large mass method for a simply supported beam.

Fig. 2. Equivalent force method for a simply supported beam.

mass introduces artificial nodes in the normal modes of
the system. In the equivalent force method a mechan-
ical load is applied along the prescribed d.o.f. instead
of a large mass (Fig. 2). The value of the load is such
that it results in the desired motion for the prescribed
d.o.f. The process is similar to an algorithm utilized to
enforce constraints in a non-linear static and dynamic
structural response process [3,4].

The following approach is employed for deriving the
values of the equivalent forces from the prescribed dis-
placements or accelerations. In the frequency domain
the acceleration is equal to−ω2∗ displacement. The
structural system of equations can be written [2][

−ω2[M ] + iω[C] + [K]
]
{u} = {f }, (1)

where [M ] is mass matrix, [C] is damping matrix, [K]
is stiffness matrix, {u} is displacement of vibration,
{f } is force excitation, andω is frequency of analy-
sis×2π. This equation can be written in terms of the
modal d.o.f.[

−ω2[I] + iω[Φ]T[C][Φ] + [ω2
i ]
]
{η}

= [Φ]T{f } ⇒ [St]{ η} = { Φf }, (2)

where [I] is identity matrix, [Φ] is modal matrix, {η}
is modal d.o.f., [ω2

i ] is diagonal matrix containing the
eigenvalues as diagonal terms, {Φf } is modal force
vector, and [St] is finite element modal system of
equations. The modal approach for the frequency re-
sponse computations was chosen for two reasons:
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(i) It expedites the computational process in a mul-
tiple frequency analysis, which is often per-
formed in typical powertrain applications.

(ii) Since the equivalent force method has been in-
tegrated within the noise computational process,
it is considerably more efficient to import in the
acoustic process the modal basis of the struc-
ture, rather than the structural matrices.

When the equivalent forces are applied to the finite el-
ement model, the finite element equations become:

[St]{ ηe} = [Φ]T



0
·
fei
·
·
fej
·


= { Φfe}, (3)

where {ηe} are modal degrees of freedom derived as
response to the equivalent force excitation,fei,fej are
equivalent forces applied to the prescribed degrees of
freedom, and {Φfe} is vector of modal equivalent
forces. The vector of the equivalent forces has non-zero
entries only on thei-th andj-th degrees of freedom.
In deriving the equations, for simplicity, accelerations
are considered to be applied to only two d.o.f.i, j. In
practice an acceleration value can be prescribed to any
desired number of d.o.f. The first step in determining
the equivalent forces is to apply a unit force excitation
to each one of the d.o.f. where the accelerations will be
prescribed. The corresponding modal response can be
computed:

[St]{ ηi} = [Φ]T



0
·

(1.0, 0.0)
·
·
0
·


= { Φfi} and

[St]{ ηj} = [Φ]T



0
·
0
·
·

(1.0, 0.0)
·


= { Φfj}, (4)

where {ηi} and {ηj} are modal response to a unit
load applied at thei-th or thej-th d.o.f., respectively,

{ Φfi}, { Φfj} are modal forces corresponding to a unit
load applied to thei-th or thej-th d.o.f. The corre-
sponding physical displacements can be derived as:

[Φ]{ ηi} =



·
·
uii
·
·
uji
·


and

[Φ]{ ηj} =



·
·
uij
·
·
ujj
·


, (5)

whereuab is response of thea-th d.o.f. due to a unit
load applied on theb-th d.o.f. Then each one of the
Eq. (4) is multiplied by the corresponding yet unknown
equivalent force, resulting in:

[St]fei{ηi} = [Φ]Tfei



·
·

(1.0, 0.0)
·
·
0
·


and

[St]fej{ηj} = [Φ]Tfej



·
·

0.0
·
·

(1.0, 0.0)
·


, (6)

wherefei,fej are values of the yet unknown equiva-
lent forces associated with thei-th andj-th d.o.f. The
corresponding physical responses will be:

fei[Φ]{ ηi} = fei



·
·
uii
·
·
uji
·


and
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fej [Φ]{ ηj} = fej



·
·
uij
·
·
ujj
·


. (7)

Since this is a linear analysis, the two Eq. (6) can be
added together resulting into:

[St](fei{ηi} + fej{ηj }) = [Φ]T



·
·
fei
·
·
fej
·


. (8)

The corresponding combined physical response will
become:

fei[Φ]{ ηi} + fej [Φ]{ ηj}

= fei



·
·
uii
·
·
uji
·


+ fej



·
·
uij
·
·
ujj
·


. (9)

The response at thei-th and thej-th d.o.f. must be
equal to the prescribed value, therefore:

fei

{
uii
uji

}
+ fej

{
uij
ujj

}
=

{
ūi
ūj

}
⇒[

uii uij
uji ujj

]{
fei
fej

}
=

{
ūi
ūj

}
, (10)

where ūi, ūj are prescribed vibrations along thei-th
andj-th d.o.f. The equivalent loads can be computed
from the system of Eq. (10). The results are based on
the structural response due to unit loads on the defined
d.o.f., and the prescribed vibration values. In the en-
gine analysis combustion pressure loads must be ap-
plied on the cylinder walls along with the measured vi-
bration at the bearing caps. The combustion pressure
loads can also be accounted in the development of the
equivalent force method. Specifically, if a predefined
load (combustion loads) is part of the excitation, then
the vibration due to that load only is computed first

[St]{ ηn} = [Φ]T


·
·
Fn
·

 , (11)

whereFn is predefined load (the pressure combus-
tion load in the application of interest),uin,ujn are
responses to the predefined load. The corresponding
physical displacement will be:

[Φ]{ ηn} =



·
·
uin
·
·
ujn
·


. (12)

Since the equivalent forces (Eq. (8)), and the prede-
fined load (Eq. (11)) will act simultaneously on the sys-
tem, the equation for the total displacement becomes:[

uii uij
uji ujj

]{
fei
fej

}
+

{
uin
ujn

}
=

{
ūi
ūj

}
⇒[

uii uij
uji ujj

]{
fei
fej

}
=

{
ūi
ūj

}
−
{
uin
ujn

}
. (13)

The equivalent forces can be computed from Eq. (13).
The calculated values comprise the excitation in Eq. (2)
along with the predefined loads. The resulting response
will then demonstrate the measured acceleration values
at the d.o.f. where the equivalent loads are applied.

2.2. Integration with an indirect variational acoustic
boundary element formulation

The structural vibration computed through the equiv-
alent force method comprises the boundary conditions
for the noise analysis. The indirect variational bound-
ary element method is used for acoustic computations
[5,6,17,18]. It is based on the principle that the vibra-
tion is the source for the generation of noise. Through
an integral equation it associates the radiated noise to
the vibration on the surface of the structure which gen-
erates the noise

p(~rdr) =

∫
Sa

δp(~ra)
∂G(~ra,~rdr)
∂na

−G(~ra,~rdr)δdp(~ra) dS(~ra), (14)

whereδp, δdp are primary acoustic variables on the
surface of the vibrating structure, the former is related
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Fig. 3. Single degree of freedom system representing the structure.

Fig. 4. Single degree of freedom system representing the acoustic
medium.

to the acoustic pressure and the latter is associated with
the vibration velocity,~ra and~rdr are position vectors
associated with a point on the surface of the structure
and the data recovery point where the noise level is be-
ing computed, andG is Green’s function. The primary
variables are computed first in the boundary element
methodology. A linear system of equations is gener-
ated and all the primary variables are computed from
the vibration information. Once the primary variables
are computed, Eq. (14) is utilized to evaluate the acous-
tic response at any point in space.

A simple representation of how vibration and acous-
tic computations are linked can be demonstrated by
two single degree of freedom systems, one represent-
ing the structure, and another representing the acoustic
medium. In Figs 3 and 4, Ks is stiffness of structure,
Ms is mass of structure, Xs is structural vibration, Fs
is structural excitation, Ka is stiffness of acoustic sys-
tem, Ma is mass of acoustic stiffness, Xa is response of
acoustic system, representing the radiated noise. The
finite element method is used to model the structural
system. The equivalent force method provides the ex-
citation, and the structural vibration is computed first.
Then it is applied as excitation to the acoustic system,
and the boundary element method is employed to com-
pute the acoustic response (i.e., noise).

The equivalent force method has been integrated
with the indirect variational boundary element method.
Since a structural finite element library is not available
within the acoustic code, instead of assembling or im-
porting the structural matrices, the modal basis is im-
ported in order to represent the structural system. Once
the vibration is computed (using Eqs (2) and (13)), the

acoustic velocities are generated on the surface of the
boundary element model using the relationship:

ua = n̂~ust, (15)

whereua is acoustic velocity,̂n is unit normal, and~ust

is structural velocity. The structural and the acoustic
models do not require equivalent discretization or co-
inciding nodes. A mapping technique is used for gen-
erating the acoustic velocities from the structural vi-
bration, and the indirect variational boundary element
method is utilized for computing the radiated noise.

3. Application, validation

The equivalent force method is utilized to perform
the structural vibration and the acoustic analysis for
an engine block of an inline six cylinder diesel en-
gine. The excitation is comprised by the measured tri-
axial acceleration at the bearing caps and the combus-
tion pressure loads applied on the cylinder head and
the cylinder walls. The equivalent force method is in-
tegrated with an indirect variational boundary element
formulation. The normal modes and the natural fre-
quencies of the structure are imported into the acous-
tic prediction software from a structural finite element
modal analysis. The test data for the measured accel-
eration and the combustion pressure loads are also part
of the input. The computed radiated acoustic power is
compared successfully to test data. The effect on the
radiated noise of two design changes introduced to the
engine assembly is computed and the information is
utilized in making decisions with respect to the design.

A structural finite element model including the
cylinder block, the cylinder head, the flywheel hous-
ing, the gearcase, and the crankshaft are constructed.
A modal analysis is performed initially to determine
the natural frequencies and the mode shapes. Table 1
summarizes the percentage of difference in the nat-
ural frequencies between the first 13 measured and
the computed normal modes. The results demonstrate
good correlation between test and finite element anal-
ysis. The largest differences are observed at nodes
dominated by total block motion. The skirt modes
demonstrate very good correlation. The modal basis
is computed up to a frequency of 2500 Hz, and 66
normal modes are extracted. The modal information
is imported into the acoustical analysis process. The
combination of measured triaxial data at the bearing
caps, and combustion pressure loads at the cylinder
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Table 1

Correlation table between test and numerical normal modes

Mode 1 2 3 4 5 6 7 8 9 10 11 12 13

% Diff 3.5 5.5 –0.8 –0.6 0.2 –0.3 4.3 5.8 4.8 –0.2 0.1 1.6 0.6

Fig. 5. Acoustic boundary element model and data recovery planes.

Fig. 6. Numerical and test data for the acoustic SPL at a point in front of the engine.
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Fig. 7. Additional ribbing on the block.

Fig. 8. Ladder frame stiffener.
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Fig. 9. Radiated sound power per 1/3 octave frequency band for three designs.

walls and the cylinder head comprise the excitation.
The equivalent force method is utilized for comput-
ing the vibration of the block between 0–2500 Hz at
5 Hz increments. The vibration of the outer surface
of the block is mapped on the acoustic boundary ele-
ment model. This process is also automated and there
is no need for external exchange of data. The acous-
tic boundary element model represents the geometry
of the outer surface of the block. Two data recov-
ery planes are defined at one meter distance from the
block. They are positioned at its left side and in front
of it. The data recovery planes represent the micro-
phone locations in the numerical simulation. Figure 5
presents the acoustic boundary element model and the
two data recovery planes. The entire analysis is per-
formed for two load cases representing two combina-
tions of RPM and engine load (1950 RPM at 50% load,
and 2100 RPM for 100% load). Test data are available
for the latter, and all the results presented here con-
cern the latter case. Figure 6 presents numerical results
and test data for the sound pressure level at a single
point in the front of the engine. The results demon-
strate similar trends and similar absolute values for
the sound pressure level. The correlation is better for
lower frequencies (below 1600 Hz). This is expected
because although the modal analysis is performed up
to 2500 Hz the modal information is extracted only up
to the same frequency. Therefore, a modal truncation
error is introduced in the high frequency range of the

analysis. In addition, the test data included noise from
engine accessories, which are not present in the numer-
ical model. The correlation of the acoustic response
between analysis and test data is considered very sat-
isfactory. The effect of two design changes on the ra-
diated noise is determined through numerical simula-
tions. Specifically, the effect of additional ribbing on
the block (Fig. 7) and the influence of a ladder frame
(Fig. 8) are analyzed. The overall radiated sound power
did not change significantly between the baseline and
the two modified designs. The changes altered the ra-
diated power by+0.5 dB and−0.2 dB, respectively.
The change in the sound power per 1/3 octave fre-
quency band is presented in Fig. 9. It can be observed
that the two structural modifications considered in this
work have a small effect to the total radiated power
for the analyzed operating conditions. In addition, the
change in the sound pressure level between the base-
line and the two modified designs is presented for the
two points located in the front and the left side of the
engine (Figs 10 and 11, respectively). The acoustic
pressure results demonstrate that the addition of rib-
bing on the block tends to overall reduce the SPL at
the two data recovery points more than the addition
of the ladder frame. It must be pointed out however,
that in the comparative analysis presented in this pa-
per the acceleration data at the bearing caps are con-
sidered the same for all three designs. Such an assump-
tion is made because hardware is available only for the



N. Vlahopoulos et al. / Development of an equivalent force method 121

Fig. 10. Change in the acoustic response in the front of the engine.
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Fig. 11. Change in the acoustic response at the left side of the engine.
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baseline design. In reality the structural modifications
introduced in the block will affect the interaction be-
tween the block and the crankshaft, and alter the exci-
tation transmitted to the block. Thus, the need for de-
veloping in the future a predictive capability for cal-
culating the interaction between the crankshaft and the
block through the bearings is demonstrated.

4. Conclusions

The mathematical formulation of the equivalent
force method is presented. It allows to prescribe the
vibration at any degree of freedom of a structural
finite element model without introducing any errors
in the modal basis. The integration of the equivalent
force method with an indirect variational boundary el-
ement formulation is utilized in computing acoustic
results for the noise radiated from a running engine.
A combination of measured acceleration and combus-
tion pressures provides the excitation. Numerical re-
sults are successfully compared to test data. The effect
of design changes on the radiated noise are also com-
puted. This application demonstrates how the equiv-
alent force method can be utilized to integrate test
data into numerical analysis. In addition, it identifies
how the structural finite element method can be com-
bined with acoustic boundary elements in performing a
structural-acoustics simulation. The correlation to test
data validates the numerical process. Finally, by com-
puting numerically the effect of design changes on the
radiated noise, the power of the numerical simulations
is demonstrated. It allows to identify the impact of
modifications on the performance of a system without
the need to construct any prototype. It can therefore re-
duce the design cycle and lead to cost and time sav-
ings. Future developments for the overall improvement
of the simulation process are also identified.
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