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The purpose of Part Il is to provide an experimental valida-
tion of the methodology presented in Part | and to consider a
representative engineering case, the study of which requires
arelatively large numerical model. A beam system with cu-
bic stiffness type non-linearity was used in the experimental
study. The non-linear response was measured at three loca-
tionsand the underlying linear system was obtained vialinear
modal analysis of low-excitation response data. The non-
linear parameter variations were obtained as afunction of the
modal amplitude and the response of the system was gener-
ated for other force levels. The results were found to agree
very well with the corresponding measurements, indicating
the success of the non-linear modal analysis methodology,
even inthe presence of true experimental noise. An advanced
numerical case study that included both inherent structural
damping and non-linear friction damping, was considered
next. The linear finite element model of a high-pressure tur-
bine blade was used in conjunction with threelocal non-linear
friction damper elements. It was shown that the response of
the system could be predicted at any force level, provided
that that non-linear modal parameters were available at some
reference force level. The predicted response levels were
compared against those obtained from reference simulations
and very good agreement was achieved in all cases.
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1. Experimental verification

The schematic view of the rig that was designed for
the experimental verification of the non-linear modal
analysismethodology isshownin Fig. 1. The objective
of the experiment was twofold: (i) to validate the har-
monic balance program that was used for reference da-
ta generation, and (ii) to validate the non-linear modal
analysis procedure by comparing directly- measured
and regenerated responsesfor several excitation levels,
the latter being obtained from the identified non-linear
modal parameters.

The linear part of the rig consists of uniform beam
A (420 x 12 x 18 mm, E=196 GN/m? and p =
7900 Kg/m?) which is clamped at one end. The non-
linear part is formed by two clamped-clamped beams,
B1 and B2, whose mid points are connected to the
free end of the linear beam A. The connection is via
a bolt, fastened to a force transducer on one side and
to a block mass on the other. With beams B1 and
B2 being clamped at both ends, a cubic stiffness type
non-linearity is produced by increasingthelongitudinal
tension under a large vertical displacement. For the
purposesof dynamictesting, three accel erometerswere
placed at 6 mm, 82 mm and 308 mm from the free end
of the linear beam. The experiment consisted of static
and dynamic testing of both the linear and non-linear
parts.

1.1. Satictests

The purpose of the static tests was to confirm the
linearity of Beam A and to evaluatethe non-linear stiff-
ness coefficient for Beams B1 and B2. During the
rig design stage, it was decided that a vibration ampli-
tude larger than 4 mm would be difficult to achievein
dynamic experiments and the non-linear part was de-
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Fig. 2. Displacement-force characteristic for Beams B1/B2.

signed to produce sufficient non-linear forcewithinthat
range. Thetestswerecarried out using alinear variable
displacement transducer (LVDT) and aload cell. The
displacement-forcecharacteristic of Beam A wasfound
tobelinear whilethat of BeamsB1/B2, showninFig. 2,
has the expected cubic stiffness characteristic. Itspoly-
nomial was estimated as P = 11800 x 10°z? + 6500z,
where P istheforceand x isthe displacement. Thead-
ditional mass dueto the non-linear element and sensors
was 0.048 Kg.

1.2. Vibration tests

Two separate dynamic tests were carried out to mea-
sure the response of the linear and non-linear parts of
thetestrig. Herelinear test refersto Beam A only while
the non-linear test refers to the whole assembly. Inter-
est was confined to thetranslational degreesof freedom
only and sine testing via a suitable frequency response
analyser (Beran 402) was used throughout.
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Fig. 4. Non-linear and linearised responses: - Measured non-linear response, . . . Low-excitation (linearised) response.

Beam A was excited for the 0—-1500 Hz range and 4
distinct modes were observed. A finite element (FE)
model of Beam A was built in parallel (Fig. 3). At
the clamped end of Beam A, a trandational spring of
20E6 N/m and a rotationa spring of 10 K Nm/rad
were added to simulate more realistic boundary con-
ditions. The additional mass and stiffness due to the
accelerometers, force transducer and shaker’s push rod
were also incorporated to the model. I1n addition to the
FE modelling, alinear modal analysis was also carried
out on the measured FRFs and the response was regen-
erated from the extracted linear modal parameters. It
wasfound that all three curves, namely theoriginal FRF
measurement, the regeneration using linear modal pa-
rameters and the FE prediction, were almost identical,
afeature that confirmsthe linearity of Beam A.

Non-linear response measurements on the compl ete
system are much more difficult because of the need to
control either the force or the vibration amplitude. An
existing data acquisition system, designed to remove
the unwanted higher harmonics of the input force sig-
nal while controlling its amplitude, was used for this
purpose [3]. The non-linear response measurements

with feedback control were conducted for the 0-250 Hz
frequency range for force levels of 0.1 N, 0.5 N and
1N (Fig. 4). Theresponse was linearised by using the
lowest possible excitation and the corresponding curve
isalso plotted in Fig. 4. Itis seen that the non-linearity
affects mainly the 1st mode, probably due to the fact
that the response for the 2nd mode is much lower.

A linear modal analysis of the 1st and 2nd modes
was carried out and the regenerated responsewas found
to be very close to the linearised response, indicating
that agood underlying linear model had been obtained.
Next, a hon-linear modal analysis was performed on
theresponsesobtained for the 0.1 N excitation. The ex-
tracted non-linear modal parametersareshowninFig. 5
for the 1st mode. These are seen to exhibit the expected
characteristicsof stiffnesshardeningtypenon-linearity.
While the variation of the natural frequency parameter
is well captured by a cubic polynomial, the fit for the
bi; parameter is less satisfactory. This is somewhat
expected asthe by,; parameter is much smaller in mag-
nitude and, as was demonstrated in Part |, more prone
to measurement noise.

Once the extracted parameter variations were curve-
fitted, the non-linear responses were predicted at the
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forcelevels of 0.1, 0.5 and 1 N. Fig. 6 shows the pre- well-known characteristic of non-linear systems, name-
dicted and measured responses, all curves exhibiting a ly multiple states around resonances. These states con-
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Fig. 6. Predictions for the 1st mode: __ Predicted response, . . . Measured response.

sist of high and low responses on either side of theres- measurements, the unstable region cannot be obtained
onance and of an unstableregionaroundit. In standard because the structure cannot be made to vibrate in this
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particular state. However, the feedback control used
here enabled the beam-shaker system to remain stable
and continuous response curves were obtained by ap-
proaching the resonancefrom low and high frequencies
in two separate frequency sweeps. Therefore the mea-
sured responsecurvesarethe samein Figs. 6(a) and (b).
On the other hand, either increasing (Fig. 6(a)) or de-
creasing (Fig. 6(b)) frequency sweepswere used during
the numerical predictions. In both cases, the solution
at the previousfrequency was used asaninitial guessat
the current frequency. With this approach, theresponse
tendstofollow the samestateuntil instability isencoun-
tered and thereisajump to the higher (or lower) state at
thispoint. Because of the different use of theincreasing
and decreasing frequency sweeps, the location of the
jump phenomenonisdifferent for the measured and the
predicted responses. Although it would have been pos-
sible to obtain a better agreement by mixing increas-
ing/decreasing frequency sweeps during the numerical
simulations, it was decided to present the results asthey
werefirst obtained to highlight such subtle differences.
In any case, the results demonstrate that is possible to
obtain non-linear parameter variations from measured
response data. These variations can be used to predict
responselevelsat other forcelevels. It isnow proposed
to study a representative engineering case to illustrate
the applicability of the methodology to relatively large
numerical modelswith localised non-linearities.

2. A practical example: turbine blade
2.1. Nature of the problem

High-pressure turbine blades, which are suscepti-
ble to blade passing frequency excitation from the up-
stream stator rows, usually include small pieces of met-
al which are designed to dissipate energy via friction.
Such devices, the so-called friction dampers, are usu-
ally placed at the blade roots or between the platforms
of two adjacent blades. The centrifugal force provides
the normal load and, the friction forces, generated by
the blade motion, reduce the amplitude by dissipating
energy in ahysteresis-likeloop in each vibration cycle.
The phenomenon is non-linear since the friction force
is a function of the vibration amplitude. The problem
faced by industrial designersis twofold: (i) The fric-
tion dampers shift the resonant frequency by up to 15%
and this feature needs to be included into the numeri-
cal modelsfor accurateforced response predictions[1].
(i) The normal load, whichis afunction of the damper
mass, rotational speed and radius of rotation, dictates
the efficiency of the damper. Performance and geomet-
ric considerationsdeterminethelast two parameters. If
the damper massistoo small, thefriction forcewill not
be large enough to dissipate sufficient energy. On the
other hand, if it istoo large, the damper will not be able
to move, limiting the relative motion across the inter-
face, and hence the energy dissipation. Between these
two extremes, there will be an optimum damper mass
which will provide maximum damping by maximum
possible energy dissipation. The determination of an
optimum damper mass requires a non-linear vibration
model.

There have been numerous studies on the modelling
aspectsof friction damping [4—7]. Oneof thekey issues
isthe formulation a representative force- displacement
characteristic and several methods are available. The
so-called macro-slip model consists of alinear spring
and a dry friction element. Until the force reaches the
critical level, the force-displacement relationship re-
mains linear. When the force reaches this critical val-
ue, its magnituderemains constant regardlessof further
increases in the displacement values. A more refined
version, the micro- slip model, considers the effect of
partial slip at some parts of the interface before the
gross slip occurs. The load-displacement relationship
for the micro-dlip model can be expressed as[2]:

5 s 1)

T ==

F:{sx—thif 0<z< gy
at 2t
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where the parameters s and t depend on several fac-
tors, such as the effective contact area, surface asperity,
friction coefficient, etc.

2.2. Case study

2.2.1. Preliminaries

Thenon-linear modal analysistechniquewill now be
applied to the simplified blade-damper-blade assembly
of Fig. 7. The same case was also studied by [7,8]
who predicted the non-linear response under various
normal |oad conditionsusingaHBM simulation. Their
work also included the experimental determination of
a force-displacement characteristic which will also be

used here. The objective of the current work is to pre-
dict the forced response under various excitation con-
ditionsfrom anon-linear modal analysisof (simulated)
measurements taken at a single excitation condition.
The linear part of the blade was modelled us-
ing 8- and 6-node 2D isoparametric plate elements.
The FE model consisted of 300 nodes, each hav-
ing 2 DOFs. The following material properties were
used: Young's Modulus E = 211GN/m?, Density
p = T800K g/m?, Poisson'sratio v = 0.3. Figure 8
showsthelinear response of thebladefor the 1-3500 Hz
frequency range. Out of 10 modes, interest was con-
fined to the 3rd, 4th and 5th modes whose shapes are
shown in Fig. 9. Three non-linear friction damper -
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Fig. 11. Linear modal analysis of non-linear response: __ Original response, . . . Regeneration with linear modal parameter.

ements were attached along area A between the blade
and the shroud (Fig. 7). The friction damping charac-
teristics used for the simulationswere: the contact stiff-
ness K, = 550N /m, thecritical forcelevel FF = 20N
and the empirical parameter 5 = 0.01. The parame-
ters were chosen to introduce a noticeable amount of
non-linearity into the structure.

2.2.2. Determination of an underlying linear model
Before an actual non-linear modal analysis can be
conducted, itisnecessary toidentify theunderlyinglin-
ear model which isnot readily availablein this case. It
was decided to obtain non-linear responses for a num-
ber of excitation levels and see if the underlying lin-
ear model could be obtained via linear model analy-
sis. Such an approach simulates atypical vibration test
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wheretheresponsedataare acquired for several forcing
levelsin order to obtain a best experimentally-derived
model. The linear eigensolution of the FE model and
the friction damper elements were used to compute
a column of non- linear responses via HBM simula-
tions, the selected “measurement” points being shown
in Fig. 7. Figure 10 shows the blade’s response in the
vicinity of the 5th mode under force levels of 1000,
4000, 6000 and 9000 N.

To assess the influence of the underlying linear mod-
el for non-linear analysis, a series linear modal analy-
ses were performed for the above (simulated) response
data. Thefindingsare summarisedin Fig. 12 and some
aspects are discussed below.

— A linear modal analysis may produce good curve-
fits but the regenerated response may be signifi-
cantly different from the original response mea-
surement. Such a situation is shown in Fig. 11
where alinear modal analysis has been conducted
on the non-linear responses obtained for a 6000 N
excitationforcelevel. The curve-fitisgoodfor the
Nyquist circlebut theregenerated responsereveas
the inadequacy of the linear model.

— For the cases considered, mode shape errors were
found to be smallest at low or high excitation lev-
els.

— The non-linearity is provided by the friction
damper, whose behaviour islinear not only at low
forcelevels(small amplitude) but also at highforce
levels (no relative motion because of the damper
locking). Therefore, a linear modal analysis will
yield reasonably good resultsboth for low and high
force levels, though the modal parameters will be
differentin each case. Unlike cubic stiffness, non-
linear effectsarising from friction damping cannot
easily be detected by visual inspection alone.

— In mid-force ranges, the friction damper will be-
come effective and the total damping values will
be higher than those for inherent structural damp-
ing only (dottedlinein Fig. 12). Therefore, damp-
ing errors are seen to be largest for those excita-
tion forces (around 1000 N) that yield maximum
non-linear friction damping.

— As mentioned earlier, high force levels prevent
relative motion and the damper locks. Therefore,
the natural frequency tends to that of the linear
system, shown in dotted linein Fig. 12(b).

2.2.3. Non-linear modal analysis

Detailed numerical studies of different underlying
linear modelsindicated that the non-linear modal anal-
ysis procedure was sensitive to mode shape errors but
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less so to other parameters. It was found that an er-
roneous linear mode shape could seriously undermine
the accuracy of the results and such a case is shown
in Fig. 13. While the variation of damping is consis-
tent with the equivalent linearisation assumption, the
same cannot be said about the variation of natural fre-
guency which exhibits two distinct branches, leading
to two distinct values for a single modal amplitude. It
was found that this problem could be resolved if the
underlying linear mode shape was more accurately es-
timated. Further numerical studies, not reported here,
indicated that the coal escence of the two branches was
areliable indicator the suitability of the assumed un-
derlyinglinear model. Anunderlyinglinear model was
obtained on the basis of this criterion and a non-linear
modal analysis was conducted for responses obtained
for an excitation level of 500 N. The variation of the
extracted parametersis shownin Fig. 14.

The identified non-linear modal parameters were
used to predict the response of the system at force lev-
els of 500 N, 1000 N and 2000 N. The findings were
checked against HBM simulations and the results are
plotted in Fig. 15. It is seen that there is good agree-
ment between the two approaches, indicating success
both for non-linear modal parameter identification and
prediction of forced response from asingle set of (sm-
ulated) non-linear measurements.

3. Concluding Remarks

— The experimental resultsindicate that the harmon-
ic balance technique can accurately predict there-

sponse of systemswith non-linear elementswhose
force-displacement characteristic isknown. Com-
pared to time-domain methods, such a frequency-
domain approachiscomputationally very efficient.
The experimental work demonstratesthat is possi-
ble to obtain non-linear parameter variationsfrom
true measured response data. These variations can
subsequently be used to predict response levels at
other force levels.

Thetechniqueis well suited for the study of large
systems because of its modal-based representa-
tion. Furthermore, case studies indicate that non-
linear contributions are usually confined to a few
neighbouring modes only, thus allowing the trun-
cation of the “away” modes for computational ef-
ficiency.

It is found that an approximate knowledge of the
underlying linear system can be sufficient in most
practical situations. Such a feature greatly im-
provesthe practical applicability of the non-linear
modal analysis technique to engineering struc-
tures.

— The non-linear modal analysis technique has a

number of limitations.

1. It will work best with weakly non-linear sys-
tems. However, its significance liesin the fact
that its formulation is compatible with both
FE methods and existing linear modal analysis
techniques. Therefore, it is an incremental but
significant improvement over current methods
that ignore non-linear behaviour altogether.
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2. The modes need to be well separated in order or sub harmonics.

to satisfy the non-linear normal mode assump-
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