209

High efficiency computation of the variances
of structural evolutionary random responses

JH. Lin®*, W.X. Zhong?®, W.S. Zhang® and
D.K. SunP

aGate Key Laboratory of Sructural Analysis of
Industrial Equipment, Dalian University of
Technology, Dalian 116023, China

PDept of Civil and Structural Engineering, Hong
Kong Polytechnic University, Kowloon, Hung Hom,
Hong Kong

Received 23 April 1999
Revised 14 April 2000

For structures subjected to stationary or evolutionary white/
colored random noise, their variousresponse variances satisfy
algebraic or differential Lyapunov equations. The solution
of these Lyapunov equations used to be very difficult. A
precise integration method is proposed in the present paper,
which solves such Lyapunov equations accurately and very
efficiently.

1. Introduction

Many engineering structures, e.g. bridges, tal-
buildings, TV towers, offshore platforms, are very
sensitive to the ambient random loads such as wind-
gusts, earthquakes, irregular waves, etc. The analysis
methodology for these problems have received much
attention, and many contributions have been published
(e.g. [1,2,8,9,14]). For most problems, the variance
analysisis of mgjor interest. However, if the structures
are subjected to evolutionary random excitations, such
analysis is quite difficult. Recently, Lin et al. [3-7]
developed the pseudo excitation method (PEM) which
has enabled the computation of such problems rather
conveniently. Unfortunately, for structures subjected
to wide band excitations, a great number of frequency
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points still have to be taken in order to obtain accurate
variances, and the computation would still be rather
time-consuming. Further improvementisstill required.

In past few years, Zhong, X.N. [10] derived the
closed solutions of the algebraic and differentia Lya
punov equations based on the precise numerical com-
putation of the exponential matrix exp([A]t) proposed
by Zhong, W.X. [11-13]. In the present paper, these
methods have been combined and extended to the solu-
tion of the above mentioned variances. Two examples
are given which show that the proposed method is not
only accurate, but also extremely efficient.

2. Differential Lyapunov equation

The equations of motion of an n DOF (degrees of
freedom) structure subjected to an evol utionary random
excitation { f (¢)} can be expressed as

[M{§} + [CH9} + [Ki{y} = {f(®)}

= g(®){z(®)} @
Eqg. (1) can be expressed as
Bl
+]or | o)
or
{2} = [Al{z} + [G{=} ©)

where [M], [C] and [K] are the mass, damping and
stiffness matrices of the structure, {y}, {y} and {3}
areits displacement, velocity and accel eration vecters,
{z(t)} isastationary Gausian white noise random pro-
cess vector; g(t) isaslowly varying modulation func-
tion, and [] isaunit matrix of order n.

If the RHS (right hand side) of Eq. (1) is set to zero,
the term M [G]{x} in Eq. (3) will vanish, and so its
solution would be [3,4]

[@(,t0)] = [®(t — t0)] = exp([A](t — t0)) (4)
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If the RHS of Eqg. (1) is not zero, the solution of
Eqg. (3) would be

{2(8)} = [B(t, )] {z0)
" / (¢, 5)]{f(s)}ds

inwhich {z} isthe valuesof {z(¢)} at theinitia time
to. Usualy, the initial conditions can be regarded as
uncorrelated with the excitations, so that Eq. (5) leads
to the covariance matrix

[Rez(t1,12)] = E [{z(t) H{z(t2)}" |
= [®(t1,t0)][Ra=(to,to)][®(ta,t0)] "

t2
/ dsl/ tl 81 81
to t()

E [{a(s1)Ha(s2)}'] - [G(s2)]"

[q)(tg, 52)}Td32 (6)

For the stationary white noise process {z(t)} of

which theintensity function is [ D], its auto-correlation
functionis

[Rmm(SI» 32}

()

= E [{(s1)}H{z(s2)}"]

= [D]é(s2 — s1)

That makes Eq. (6), whent, = t5 = t, become
E [{z0)Hz0)}] = [@(t to)][Ra=(to to)]

(L to))” + | [@(t,5)]
/o ®)

(G DG

[@(t, )| ds

Denote [P] = E [{z( )Hz()}], its first order
derivative about timet is

[P]=E [{z()Hz()}"] + B [{=(6)} (1)} "]
= [&(t, to)][Rz=(to, to)][®(t, t)]T
+[D(t, t0)][Re (to, o) [D (¢, to)] " )

+ / [B(t, )G () DG [B(¢, 5)|Tds

(")

o~

+ / B(t, $)|[C(s) DG [B(¢, 5)]Tds

+Het, )[GOIDIGIT (@ )"
Asthe principal solution of ¢ satisfies
[(t, t0)] = [AM][®(¢,t0)], [®(¢,1)] = [1] (10)
That leads to the differential Lyapunov equation
[P) = [AI[P]™+ [P)[A]™+ [GO]DNG ()] (11)

3. Preciseintegration for Lyapunov equation
Consider the homogeneous differential Lyapunov
equations
[P] = [A][P]" + [P][A]" (12)

The values [Fy] at initial time ¢, are known. It is
readily verified that its solution is

[Pa(t)] = [@(1)][Po][@(1)]" (13
Next, let
[Q(s)] = [G(s)][D)[G(s)]" (14

and
[Py(1)] = / Bt — $)][Q(s)][@(t — 5)]Tds (15)
Because

%[g(m = [@2(0)][Q()][@(0)]

+ [ - slRElee - 9)Tds
v (16)
+ / [B(t — $)][Q(s)][B(¢ — )] ds

= [Q()] + [A][Ps ()] + [Ps ()][A]"

It shows that [P,(t)] is the particular solutions of
the non-homogeneous equations (11). Therefore, the
solutionsof Eq. (11) with non-zeroinitial valuesshould
be

[P(t)] = [Pu()] + [P(1)] = [2(1)][Po][@(t)]
(17)

" / Bt — )[Q(s)][@(t — 5)]7ds

Inthefollowing, only the case with [Py] = [0] (when
to = 0) isconsidered. The non-zero initial-value solu-
tion can be separately solved and then belinearly added
tothe zero-initial-value solutionin order to producethe
complete solution. Obvioudly, at timet,

P(t)] = / (¢ — 5)][Qs)][@(t — )|Tds (18)
Since
[D(t1 + t2)] = [®(t1)][P(t2)] (19)
thereforeat timet + 7
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[P@+rn=%j¢@+f—sMQ@n

[®(t+7—s)]Tds

t+T1
+[ Bt + 7 — $)][Q(s)]

[®(t+71—5)"ds (20)
= [e(n]P®))[@(T)]"

ﬁ[@ﬁ—%@@+%

[®(T — 5)]Tds
Similarly, the double-step solution (i.e. that at time
2t) can be obtained, being
t
[P(2t)] = [2@O)[PO)][@(1)]T + ; [©(t — )]
QU+ )t — 5))"ds &
The formulasfor some simple modulation functions
are given in the following. It is aways assumed that

when ¢t < 0, g(t) = 0. The response variances are
going to be computed at time 7, 27, 37, ...

3.1. For suddenly applied white noise

Letg(t) = 1.0 (whent > 0, theRHS of Eq. (1) with
this modul ation function correspondsto asuddenly ap-
plied white noise. Clearly, [G(¢)] and [Q(t)] are both
constants. Denote [Q(t) = [Qo], and so the solution of
Eq. (18) at timet;, = k7 would be

[P(O) (tk-)] :/0 [t — 9)][Q0]
[®(t — s)]Tds
Sothat attimetyy = kT + 7

(22)

POt = /0 (7 - 9)(Q0]
[®(ty +7 — 5)]Tds
= [Miotu - s
[®(ty +7 —s)]Tds
ﬁgwﬁm+rﬂM%1

[®(t + 7 —s)]"ds

~ o) [ 100~ i) @
(Dt — 5))T ds[ ()T
+ [ - 9let - sl
[®(T — 5)]Tds

= [@(n)] [POw0)] ()]

ol

Similarly, at time 2ty,, the double step solutionis
[PO@0)] = [@@)] [PO(t)] [@(0)]"
+ [PO )]
3.2. For time dependent modulation function

Provided g(t) = v/t (whent > 0), then [Q(t)] =
[Qo]t. Attimety, the variance matrix is[9]
t

pwwﬂzﬁﬁym—ﬂmw

[®(t) — s)]"ds
Thismatrix hastheform at timet¢,, +

tp+7
[P(l)(tk-_g_l)} :/0 [(I)(tk - S)HQO}S
[@(tr — s)]"ds

= [@()] [PD (1) [2(r)"

(25)

< [Br-s@l e
(ty + 8)[®(1 — )] ds
= [@()] [PD (1)) [0(r)”
+t [PO(R)] + [PO(7)]
and the corresponding double-step form would be
[P0 = [@@)] [PD (1) (@]

i [PO(t)] + [PO (1)

The integration formats for other modulation func-
tions g(t), so long as they are not too complicated,
can be similarly derived. Note that the above formulas
are al exact. The key problem is how to ensure high
precision on computers.

(27)
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4. Preciseintegration of Lyapunov equation and
itsimplementation on computers

In order to achieve preciseintegration on computers,
the step size 7 should be divided into 2V equal inter-
vals, N = 20 isusualy adequate [10]. Take the values
of [®(n)] and [P(n)] a timen = 7/s asthe initial
values for the step-by-step integration. Because 7 is
extremely small, therefore taking only the first 3 or 4
termsin the related Taylor’'s expansionswould achieve
extremely high precision. This is the essence of the
precise integration approach. The first step in imple-
mentation is to execute the double step formulasfor N
times starting from the initia time ¢ = 0, to produce
their valuesat time 7. Secondly, the preciseintegration
is executed with the same step size T to generate the
response variances at time 27, 37, ... The implemen-
tation process for g(t) = +/t is given here in detail.
For other modulation functions, the processes are quite
similar, and will be referred to the users.

1. Divide 7 into 2V equal parts, let n = 7/2%,
tt = .

2. Use Taylor's expansion to compute

[@(n)] ~ L] + [Ta),
[Ta] = [Aln + ([Aln)* [[I] + ([Aln)/3 (28)
+([A]n)*/12] /2

[POm)] ~ [Qoln + (14][Q0] + [Qo][A)7)
/2 + ([A2[Qo] +2[Al[Qo][A]”
+HQI[AI") 7°/6 + ([A]*[Qo) (29)
F3LAP[QoIIAI" + 3[AI[Qu][A*"
+HQoJ[ATT) - n*/24

[POm)] = 1Qli/2 + ([A)[Qo] + [QolA]")

n*/6 + ([A]*[Qo] + 2[A][Qo] (30)
[A]" + [Qo][A]*") n* /24

With N = 20, the errorsdueto neglecting the higher
order terms in the Taylor's series are all of the order
of O(n°) = O(7°/103°), which is within the double-
precision of available computers.

3. Repeat thefollowing processfor IV times, towork
out the variance matrix [P] at time 7:

Fig. 1. Three DOF system.

[Ta] = [Ta] % 2+ [To] * [Ta]; tt = 2+t (32)

To avoid possible numerical ill-conditioning, it is
advisablethat the above equations are used only for the
first N/2 iterations; while for the last N/2 iterations,
the matrix [®,,] is used to replace ([I,,] + [T%]), and
correspondingly the above equation [T',] = [T,] * 2 +
[T.] * [T,) should bereplaced by [®,,] = [®,,] - [Pn].

Thus, matrices | P\" [Pl(o)] at time 7 have been
produced. Denote ’

7] 0]

[Pl(o)] = [P(O)(T): ;=T

~—

(33)

4. Compute the response variance matrix at time 27,

37, ..., by executing the following computations for
k=1,2...
[P] = @] [PP] [@n(r)”
(34)
+tt* [Po(7)] + [P1(7)]
[P] = @) [P0 [@n(r)”
(35

+ [Po(7)]

The above processisfor zero-initial value problems.
The linear superposition should be executed for the
contribution of non-zero initial conditions.
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Fig. 2. Displacement variances for g(t) = 1.0.
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Fig. 3. Velocity variances for g(¢) = 1.0.
. 2
5. Numerical examples 144 ((yw/wy)
Sww(w) = g g 250 (37)

Example 1. The equation of motion of a single de-
gree of freedom system is

i + 2Cwoy + wiy = g(t)x(t) (36)

Its RHS represents a suddenly applied filtered white
noise excitation, i.e. g(t) = 1.0 (when ¢ > 0) and the
PSD of the stationary random process z(t) is

(1 — w?/w2)” + 4 (Cuw/wy)

For simplicity, dimensionless parameters are used
here. Anditisassumedthatw_w, = 1.0, = (; = 0.5
and Sy = 1.0. For this simple example, anaytica
solutions are available [9], i.e. the variances of y and
yae P = 1.5m = 4.71238898...and Pyy = 7 =
3.14159265. . .
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10

Fig. 4. Displacement variances for g(t) = v/t.

Table 1
Comparison of computational precision and time

Method used  Time step 2 Error  CPU(s)

Tya
Present paper 0.02 2803 0.0% 16
HPD-S 0.1 2803 0.0% 226
HPD-L 0.02 2778 0.9% 434
Newmark 0.01 2786 1.0% 657
Duhamel 0.05 2887 45% 647

Thisexamplehas also been computed in terms of the
proposed scheme. Note that when the response vari-
ancesat time 7 have been obtained (in the computation,
7 was arbitrarily taken as 0.0015707963); the double-
step formula, Eq. (24), was repeatedly used to compute
the response variances at times 27, 47, 87, ... until
convergenceisachieved. Throughonly 14 such passes,
i.e. att = 16384, the responses reach the stable val-
ues P;; = 4.71238898 ... and Pyy = 3.14159265. ..
Clearly, their first 9 effective digits are both identical
to those of the analytical solutions.

Example 2. Consider the 3 DOF system of Fig. 1in
which M = 10.2, C = 85.0 and K = 14000.0. Its
mass, damping and stiffness matrices are, respectively

102 0 0
M]=| 0 102 0 |,
0 0 102
170 —85 0
[C] = | —85170 —85 | , (38)
0 —85 85

28000 —14000 0
[K]= | —14000 28000 —14000
0 —14000 14000

Assume that the system is subjected to a suddenly
applied filtered white noise excitation, i.e. whent > 0,

1
{£()} =10.29(¢) { 1 } (1) (39)
1

where the PSD of z(t) has the form of Eq. (37) with
So = 142.75, wy = 19.07 and ¢, = 0.544.

The integration step size was 7 = 0.02 and 200
steps were computed. The displacement and veloc-
ity variance curves of the three masses are shown
in Figs 2 and 3. Computation shows that when
t = 4.0, the variances of such displacements are
{0.5605, 1.807, 2.803}. Thisexamplewas previously
computed [7] where the pseudo excitation method was
used; and when ¢t = 4.0, the first four digits of these
variances are still {0.5605 1.807 2.803}, exactly the
same as those computed here. Some differences oc-
cur after their fourth digits because alimited frequency
band w € [—200, 200] was used previously [7], while
the variances based on the Lyapunov equation corre-
spondtotheintegrationfrequency bandw € (—o0, 00).

Four different methods have been used [7] to com-
putethe present example. The precision and CPU time
used for all the five methods (including the present one)
are listed in Table 1. It can be seen that previously
the best way is the HPD-S method which used 226
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Fig. 5. Velocity variances for g(t) = v/%.

S(CPU) to obtail the accurate result for 053. However,
the method proposed in the present paper used only 16 s
to producethe sameresult. All computationswere exe-
cuted on a 586 personal computer with main frequency
133 MHz.

For this example, if the modulation function is re-
placedby g(t) = v/t (Whent > 0), and repeat theabove
computations, the corresponding results are shown in
Figs 4 and 5. Comparing Fig. 2 and Fig. 4 shows that
when ¢ < 1, the responses due to g(t) = +/t are ob-
viously smaller than those dueto g(¢t) = 1.0. When
t > 2, however, inverse phenomenon takes place. That
is because the responses due to g(t) = +/t increase
much faster after ¢ > 1 and so they demonstrate much
stronger non-stationary property. The CPU used was
19 s, about 20% more than that for g(¢) = 1.0.

Although only proportional damping matrix [C] was
used in the above, the process would be al the same if
any non-proportional damping matrix is used.

6. Conclusions

The solution of algebraic or differential Lyapunov
equations is a basic problem in the random vibration
field. This problem has long been considered as very
difficult to resolve. Based on the previously devel oped
precise integration method, i.e. its HPD-L and HPD-S
forms, the authors now further propose a new precise
integration scheme, which can solve such Lyapunov

equations accurately and very efficiently. The excita-
tionscan be stationary or non-stationary (evolutionary),
white or colored random noise, therefore the proposed
method applies to awide range of problems.
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