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This paper presents a method, which allows one to use a single
point laser vibrometer as a continuous sensor measuring along
a line or a 2D surface. The mathematical background of the
curve-fitting procedure and the necessary signal processing
allowing one to extract the amplitude of sinusoidal vibration
are discussed. In the current work, use has been made with
an ordinary laser interferometer equipped with glavanometer-
based x, y mirros. This system is not designed for continuous
scanning therefore some effort needs to be spent in order
to overcome the dynamical characteristics of this system.
The potential of such an instrument, as demonstrated in this
work, may encourage the development of mechanically better
scanning devices.

1. Introduction

Laser interferometers are traditionally being used as
single point sensors. Since one wishes to obtain the
spatial as well as temporal information about a vibrat-
ing surface, the information is collected by discretely
stepping through a grid of points marked on the struc-
ture. In the discrete approach, the measuring beam is
being moved every time to one of many pre-selected
grid points on the tested structure and for each measured
point, the response needs to be acquired and curve-
fitted, mostly using fft-based methods. This process
is time-consuming and the obtained spatial resolution

1An earlier form of this paper was presented at the 1st Interna-
tional Conference on Vibration Measurements by Laser Techniques,
Ancona, Italy, October 1994. The conference was organized by the
Italian Association of Laser Velocimetry. The articles were selected,
edited, and reviewed by a committee chaired by: Professor Enrico
Primo Tomasini, Department of Mechanics, Faculty of Engineering,
University of Ancon, Italy.

depends on the density of the grid and on DFT-related
problems (i.e. leakage). Continuous scanning on the
other hand can be used to theoretically achieve an in-
finite spatial resolution. In order to achieve a good
spatial description of the operating mode shapes, all
the participating components of the instantaneous mea-
sured velocity signal should be understood and included
in a suitable parametric model. In this paper such a
parametisation in conjunction with an efficient and ac-
curate curve fitting method is described. The presented
method can accommodate generally shaped periodic
scanning trajectories and can also accommodate non-
smooth vibrating shapes using an arbitrary selection of
basis function to describe the spatial response.

2. Mathematical background

Consider a surface vibrating harmonically so that its
motion can be mathematically described as:

v(x, y, t) = A(x, y) sin(ωt + φ) (1)

Assuming that the amplitude functionA(x, y) can be
approximated sufficiently well by a linear combination
of some pre-selected basis functions-fk(x, y), one may
write:

A(x, y) ≈
P∑

k=1

akfk(x, y) (2)

where ak are some coefficients.
Given a continuous scanning trajectory, which de-

scribes the position of the measuring laser-beam in the
x-y plane as a parametric function of time, i.e.

x = η(t), y = µ(t) (3)

One can observe that due to the scanning opera-
tion, the observed amplitude function-A(x, y) becomes
a function of time (modulated by the motion of the
laser-beam):

A(x, y) = A(η(t), µ(t))
(4)

≈
P∑

k=1

akfk(η(t), µ(t))
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As will be shown below, continuous scanning al-
lows one to curve-fit the coefficients (ak) in order to
obtain the (sought) two-dimensional amplitude func-
tion. This will be illustrated by an example of one- and
two-dimensional scanning.

2.1. One-dimensional scanning

Assuming that the laser is performing a sinusoidal
scanning along the x-axis and that the measuring laser-
beam is always perpendicular to the vibrating surface,
we are able to write for this case:

x = η(t) = X0 sin(Ωt + θx)
(5)

y = Y0 = const.

The measured response (voltage) can be expressed
in terms of some basis functions as:

V (t) ≈
(

P∑
k=1

akfk(X0 sin(Ωt + θx))

)
(6)

sin(ωt + φ)

where we have dropped the dependence upon y in this
case.

Choosing, for example, fk(x) = xk−1, it can be
shown that:

V (t) ≈ (a1 + a2X0 sin(ωt + θx)

+a3(X0 sin(Ωt + θx))2 + . . .) (6a)

sin(ωt + φ)

Expanding Eq. (6a) using standard trigonometric
identities, we can observe that each coefficient is mul-
tiplied by functions containing several harmonics. Ex-
panding Eq. (6a) and using some trigonometric identi-
ties we are able to isolate the coefficients of the sought
parameters:

a1 : sin(ωt + φ)

a2 :
1
2
X0(cos((Ω − ω)t + θx − φ)

+ cos((Ω + ω)t + θx + φ))

a3 :
1
4
X2

0 (2 sin(ωt + φ) − sin((2Ω + ω)t + 2θx

+φ) + sin((2Ω − ω)t + 2θx − φ)) (7)

a4 :
1
8
X3

0 (cos((3Ω + ω)t + 3θx + φ)

− cos((3Ω − ω)t + 3θx − φ) − · · ·
−3 cos((Ω + ω)t + θx + φ)

+3 cos((Ω − ω)t + θx − φ))

Eq. (7) illustrates the increasing complexity of the
coefficient-functions even for simple polynomials of
relatively low order. An approach attempting to extract
the coefficients from the amplitudes of some spectral
lines, has been used in the past for very simple cases [1,
2]. Previous attempts suffered from numerical difficul-
ties therefore a more direct approach with superior nu-
merical behavior and a much greater scope is developed
below.

2.2. Curve-fitting the coefficients of the amplitude
function, 1D and 2D cases

As the driving signals which determines the position
of the laser-beam are known, we are able to use these
signals (x = η(t), y = µ(t)), in our calculations (in
particular, when the driving signals are periodic or har-
monic). Substituting the known time functions for x
and y in Eq. (2), we can express the output of the laser-
interferometer for every instance of time (time sample)
as a weighted sum of known functions.

Here we have used ηj = η(tj), µj = µ(tj) and φ is
determined relative to the excitation signal.

As a large number of time samples is acquired, one
can combine Eq. (8) for tj ; j = 1 . . .N to obtain.

Eq. (9) can be solved (in the least-squares sense) for
the required coefficients a1, a2 . . . aP .

For example, choosing Eq. (5), we obtain Eq. (10)
for the one-dimensional case.

Eq. (10) can be directly solved and a continuous
estimate of the vibration amplitude along a scanned
line can be obtained in one step. The traditional usage
of the laser-vibrometer requires measurements from a
large number points where for each point, both the
amplitude and phase should be curve fitted. In the age
of the desktop PC, the bottleneck of the whole process
is the time needed to gather the time samples rather than
the curve-fitting operation. Using a standard PC the
larger problems which need to be solved once (Eq. (10))
consume much less time than the point-wise process
where tens to thousands of points are treated.

This saving in time becomes more significant for the
2D case as a single scan replaces a two-dimensional
grid of measurements.

3. An experimental example

A simple experiment was set-up in order to demon-
strate the proposed method. In this experiment (see
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Fig. 1. Vibrating surface and scanning laser beam.

Fig. 2. Experimental set-up showing the excitation and measurement devices.

V (tj) ≈ [ft(ηj , µj) f2(ηj , µj) f3(ηj , µj) . . .]




a1

a2

a3

...


 sin(ωtj + φ) (8)




V (t1)
...

V (tN )


 ≈




f1(η1, µ1) sin(ωt1 + φ) · · · fP (η1, µ1) sin(ωt1 + φ)
...

...
f1(ηN , µN ) sin(ωtN + φ) · · · fP (ηN , µN ) sin(ωtN + φ)






a1

a2

a3

...


 (9)

Fig. 2) a small silicon plate (20×100 mm) was attached to a vibrating exciter.
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Fig. 3. Experimental set-up showing the excitation and measurement devices.
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Fig. 4. A typical frequency response function of the vibrating plate.




V (t1)
...

V (tN )


≈



sin(ωt1 + φ) η(t1) sin(ωt1 + φ) η2(t1) sin(ωt1 + φ) ηP−1(t1) sin(ωt1 + φ)
...

...
sin(ωtN + φ) η(tN ) sin(ωtN + φ) η2(tN ) sin(ωtN + φ) ηP−1(tN ) sin(ωtN + φ)






a1

a2

a3

...


(10)

A stepped sine analysis was conducted while mea-
suring at a single point close to the tip of the plate. The
result is depicted in Fig. 3.

3.1. Example of 1D scanning

By inspection of Fig. 3 it was decided to choose a
frequency of excitation close to a natural frequency, in
order to obtain a sufficiently large response. In this
example f = 1116 Hz was chosen. A sinusoidal scan-
ning function (see Eq. (5)) having a scanning frequency
of Ω = 6 Hz was used. The measured velocity signal in
addition to the scanning command signal are depicted
in Fig. 4.

As predicted by Eq. (7) the single frequency exci-
tation resulted in a large number of harmonics. The

spectrum of the measured laser response is depicted in
Fig. 5.

Eq. (10) was used in the curve-fitting process where
a 6th degree polynomial approximated the vibration
amplitude. This parametric model produced a good fit
of the measured response as compared to a fine point-
wise scan and the fitted amplitude is shown below.

Figure 6 shows the fitted spatial amplitude as ob-
tained by the parametric model in Eq. (2).

3.2. Example of 2D scanning

In this case a 2D scan pattern was used in order to
obtain the vibration amplitude of the vibrating surface.
Using Eq. (10) once more with a suitable set of basis
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Fig. 5. The measured velocity the sine excitation and sinusoidal scanning.

Fig. 6. Spectrum of measured signal while performing a continuous
scan. Top left: broad frequency range, main figure: zoom around
the excitation frequency.

functions, e.g.:

fk(x) ∈ {1, x, y, xy, x2y, xy2, x3, x4, . . .
}

(11)

We are able to construct a new set of equations sim-
ilar to Eq. (10) and solve for the required coefficients.

It can be observed that a good fit was obtained in the
time-domain, as shown in Fig. 8.

The resulted amplitude function (see Fig. 9) resem-
bled the Finite-element prediction and once more, due
to the parametric model a smoothing operation is not
required in this case.

3.3. Numerical and signal processing issues

It should be noted that the absence of certain har-
monics singularity of Eq.(10) may result in spurious
solutions. It was therefore found that a simple regular-
ization [3] yields good results. Other important factors
are (i) the effect of scanning: scanning introduces com-
ponents at the scanning frequency and multiples these

Fig. 7. Amplitude of plate vibrating at f = 1116 Hz.

Fig. 8. Measured and curve-fitted (shifted by a constant) response
signals.

frequencies should be eliminated or embedded into the
parametric model (ii) The scanning mirros posses some



208 I. Bucher and O. Wertheim / Measuring spatial vibration using continuous laser scanning

Fig. 9. Measured (curve-fitted) two-dimensional amplitude of vibra-
tion plate.

dynamical behavior, i.e. phase and amplitude distor-
tions. If one uses a high scanning frequency these
factors should also be incorporated in the model.

4. Conclusions

In this paper a direct mathematical approach to con-
tinuous laser scanning of vibrating surfaces was in-
troduced. The method makes use of the advance in
the computing power to replace more elaborate FFT-

based methods that are using a discrete measurement
grid. The usage of a parametric model, eliminates the
problems associated with the Discrete Fourier trans-
form, namely leakage. The method was proved suc-
cessful when the amplitude of vibration was harmonic
and sufficiently large to eliminate spurious effects such
as laser scan frequency. The dynamics of the mirrors
had to be taken into account and therefore a slow scan-
ning rate was used and some phase-lag parameters be-
yond what is described here were used for different
scan-conditions. Some more research is required to
apply this method for in-situ conditions and some more
progress in the performance of the scanning mechanism
will eliminate some of the unnecessary difficulties.
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