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In this paper, a dynamic model is proposed for analysis of non-
linear vibrations of rolling mills with fixed and time-varying
clearances. Self-excited vibrations of the system that is ba-
sically involved with piece-wise nonlinearity and discontinu-
ities are investigated via asymptotic method. It is shown by
numerical results obtained for the nonlinear system with a
time-varying clearance that different forms of nonlinear vi-
brations appear to be periodic, quasi-periodic and chaotic.
Influence of the system parameters on the nonlinear vibration
behaviors is examined by applying the Poincare sections, the
bifurcation diagram and the largest Lyapunov exponent. New
phenomena are observed in nonlinear motions of the rolling
mill mechanism and are of significant importance for design
of this type of mechanical systems.

1. Introduction

In modern rolling mills, the rolling power and speed
are gradually increased. Although the rolling mills are
designed with larger safety margin, some mechanical
defaults caused due to torsional vibrations still exist.
As the rolling mills work always with unavoidable slip-
pages between roll and workpiece, large oscillations are
possibly encountered and dangerous to the equipments.
During that time, the rolling mill, motor, foundation
and then whole building are obviously rocked. Dy-
namic interactions between the roll and the workpiece
influence directly both quality and stability of the mate-
rial processing technology. The overall interactive fac-
tors of the rolling mill including ferric oxides attached

to the surface of steel at rolling and some nonlinear
problems of the rolling mill system are studied.

Vibrations of the rolling mill caused by decreasing
coefficient of friction between the roller and the steel
was studied by Chen [3]. A simple model of the rolling
mill with fixed clearances is presented by Xu [9,10],
using Poincare-Bendixson theorem. It is shown that the
self-excited vibrations in the rolling mill is governed by
a generalized Lienard function and the corresponding
limit cycle in the phase portraits turns out to be stable.
Recent investigations to nonlinear vibration have been
made by Guckenhimer and Holmes [5], Thompson et
al. [7], Moon et al. [6] and Chen [2], pointing out im-
portance of chaotic motions to many real applications.
Some engineering problems with clearance have been
analyzed, e.g. the machine tool-cutting process system
with clearance by Wiercigroch [8], rub rotor system by
Zhu [11]. However, most investigations considered the
dynamic systems with a fixed clearance.

The present research is intended to establish a simple
dynamic model for the rolling mill with fixed and time-
varying clearances, and further to simulate a variety
of dynamic responses of the nonlinear system under-
going periodic, quasi-periodic and chaotic vibrations.
A new asymptotic solution is constructed to the initial
value problems based upon the theory of Bogoliubov
et al. [1], and numerical results are presented to gain a
clear insight into the origin of chaotic motions in the
rolling mill system.

2. Equations of motion

The governed differential equation about rolling mill
can be written as

∂2X

∂t2
= f

(
t,X,

∂X

∂t
, P

)
(1)

where X is displacement vector; P is parameters vec-
tor; f is forces vector depended on internal and exter-
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Fig. 1. A simplified model of the rolling mill.

nal excitations. In this paper, f is consisted of two
parts: f(t,X) is the restoring force, and f(Ẋ) is the
frictional force. Based on a SDOF model provided by
Xu [9], considering the effects of elastic oscillation of
driving system, unstable rotation of the rotor and so on,
we assume the boundaries of the model are moveable,
and illustrate a modified mechanical model in Fig. 1,
therefore f(t,X) and f(Ẋ) can be written as follows{

f(t, X) = ω2(X − e − XB1) X > e + XB1
f(t, X) = 0 −(e − XB2) ≤ X ≤ e + XB1
f(t, X) = ω2(X + e − XB2) X < −(e − XB2)

(2)

f(Ẋ) = −αẊ + βẊ3

the parameters of the system are expressed as

ω2 =
k

J
α =

(
D
2

)2
Nc

J
β =

(
D
2

)4
Nd

J

where c and d are constants, c ∈ (0.03 ∼ 0.09) and
d ∈ (0.0015 ∼ 0.0033) respectively, D is the diameter
of roll, N is press, J is rotating inertia of rotor, and k
is the rotating stiffness of driving system [3,9]. Con-
sidering the equilibrium of moments with fixed clear-
ances, XB1 = XB2 = 0, a differential equation can be
derived of the following form as

Ẍ + g(X) − αẊ + βẊ3 = 0 (3)

where g(X) is a piece-wise linear restoring force, that
is

g(X) =




ω2(X − e) X > e
0 −e � X � e
ω2(X + e) X < −e

with the clearances as illustrated in Fig. 2.
The motion of the system with fixed clearances is

governed by a nonlinear differential equation of the
second order.

3. Asymptotic solution

The equation (3) can be rewritten in the following
form as

e X

-e

g(X)

Fig. 2. Expression of piece-wise restoring force.

Fig. 3. Phase portrait of the system with a fixed clearance e = 0.001
via asymptotic solution.

Ẍ + ω2X = h(X) + αẊ − βẊ3 (4)

where

h(X) =




ω2e X > e
ω2X X � |e|
−ω2e X < −e

According to the asymptotic method developed by
Bogoliubov et al. [1], the first approximation of the
equation (4) can be expressed as

X = a(t) cosψ(t) (5)

Substitution of equation (5) into the right side of
equation (4) results in

Ẍ + ω2X = h(a cosψ) − α · aω sinψ
(6)

+β(aω sinψ)3

in which

h(a cosψ) =



ω2e −θe > ψ > θe

ω2a cosψ θe � ψ � π − θe

π + θe � ψ � 2π − θe

−ω2e π − θe < ψ < π + θe

and θe = arc cos(e/a). Refering to the nonlinear term
on the right side of Eq. (6), the corresponding nonlinear
function is defined below
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εḟ(−aω sinψ) = h(a cosψ) − αȧω sinψ
(7)

β(aω sinψ)3

where ε is a small positive parameter. The differential
functions of both amplitude and phase presented as
following

da

dt
= − ε

2πω

∫ 2π

0

f(−aω sinψ) · sinψ · dψ
(8)

=
α

2
a− 3β

8
a3ω2

dψ

dt
= ω − ε

2πaω∫ 2π

0

f(−aω sinψ) · cosψ · dψ
(9)

= ω − ω

2πa[
4e sin θe + a

(
π − 2θe + 2

e

a
sin θe

)]
Integration of the equation (8) and imposition of the

initial value a = a0 at t = 0 lead to the approximate
solution for the amplitude of vibration

a =

√
α · a2

0e
αt

α− 3β
4 ω2a2

0 + 3β
4 ω2a2

0e
αt

(10)

Clearly, the amplitude of self-excited vibration in
the rolling mill increasingly varies with time, and ap-
proaches to the maximum of the time limit

α∞ = lim
t→∞ a(t) =

√
4α

3βω2
(11)

In fact, the amplitudea∞ is stable for the self-excited
vibration in the rolling mill. The overall amplitude is
equal to the amplitude of equation (11) and that of the
static force ω2e

A = a∞ + e =
√

4α/3βω2 + e (12)

substitution of Eq. (10) into Eq. (9) with considering
that e � a, sin θe ≈ 1, and yields the following equa-
tion as

dψ

dt
= ω − 3ωe

πa
(13)

As seen from the above equation (13), the frequency
of the self-excited vibration system is a function of time
but no longer a constant.

The solution to the equation governing self-excited
vibrations in rolling mill may be obtained. Equa-
tion (13) is valid when the parameter e is very small
in the first approximation. In Fig. 3, phase por-
trait of the system (6) by the asymptotic technique
is plotted. Taking a numerical example for the self-
excited vibration system with the specific parameters
ω = 102.5, α = 42.766, β = 0.383, and e = 0.001.

Fig. 4. Phase portrait of the system with a fixed clearance e = 0.001
via numerical solution.

Fig. 5. Phase portrait of the system with a fixed clearance e = 0.5
via numerical solution.

4. Numerical analysis

An extensive analysis can be performed by numerical
solution. By setting Ẋ = y in Eq. (3), the differential
equation of the second order can be transformed to the
state equations of form as{

Ẋ = y
ẏ = α · y − β · y3 − g(X)

(14)

where the restoring force g(X) is treated as piece-
wise like the one defined previously. The modified
Runge-Kutta algorithm of the fourth order developed
by Gear [4] is used for numerical solution of the initial
value problem in Eq. (14).
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Fig. 6. Bifurcation diagram of the nonlinear system with a
time-varying clearance.

4.1. The rolling mill with a fixed clearance

Numerical analysis of self-excited vibrations of the
rolling mill with a fixed clearance is carried out. As
known in Eq. (14), The dynamic system is nonlinear
and has a piece-wise linear restoring force. Small in-
crements of time are still required in the Runge-Kutta
algorithm. In each of iteration, the displacement X
may be predicted, because the restoring force g(X)
is composed of three folded lines described by linear
functions, respectively.

Numerical results for the phase plane trajectory of the
system (14) with a fixed clearance is illustrated in Fig. 4.
From comparison between the two phase portraits in
Fig. 3 and Fig. 4, it is demonstrated that both trajectories
are similar. Here, parameters required are provided
ω = 102.5, α = 12.06/0.282, β = 0.108/0.282, and
e = 0.001.

The trajectories in the Fig. 3 and Fig. 4 are in closed
agreement with each other, which are stable limit cy-
cles. The self-excited vibrations of the system are also
stable, and this coincides with the conclusion of the
asymptotic analysis. For examination of the clearance
effect on motions of the system, assumably taking the
clearance e = 0.5, numerical predictions computed by
the Runge-Kutta method are shown in Fig. 5 for the
phase plane trajectory.

The trajectory of the system with the clearance e =
0.5 are quite different from that of the system with the
clearance e = 0.001. In the case that the clearance is
broad enough, the velocity will be stable

ϕ̇ =

√
β

α
(15)

Fig. 7. The largest Lyapunov exponents for b = 0.3, � = 1.1 and
γ = 0.5.

4.2. The rolling mill with time-varied clearance

Numerical analysis of the model with a time-varying
clearance is also undertaken, in particular, for the pur-
pose of exploring nonlinear dynamic behaviors of the
system with inclusion of movable boundaries. In fact,
the clearance becomes changeable with time, since
elastic torsional oscillation of the driving system, and
unstable rotational speed of the rotor cause compli-
cated motions of the boundaries. For simplicity, it is
assumed in the dynamic system that vibrations of the
two boundaries are periodic, and are expressible as

XB1 = XB2 = δ sinωBt (16)

Thus, the restoring forces can be written in piece-
wise form as follows{

f(t, X) = ω2(X − e − δ sin ωBt) X > e + δ sin ωBt

f(t, X) = 0 −(e − δ sin ωBt) ≤ X
≤ e + δ sin ωBt

f(t, X) = ω2(X + e − δ sin ωBt) X < −(e − δ sin ωBt)

(17)

Therefore, the differential equation of the dynamic
model can be presented below

Ẍ + g(t,X) − αẊ + βẊ3 = 0 (18)

where g(t,X) = f(t,X). Introduction of non-
dimensional variables and parameters

ωt = τ
X

e
= y a =

α

ω

b = β · ω · e2 ω =
ωB

ω
γ =

δ

e

and insertion to the governing equation (18) result in
the equation of the non-dimensional form as

y′′ + h(τ, y) − ay′ + by′3 = 0 (19)

where
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(a) a=0.01, b=0.3 (b) a=0.17, b=0.283

Fig. 8. The Poincare sections of the dynamic model with a time-varying clearance at � = 1.1 and γ = 0.5.

h(τ, y) =




(y − 1 − γ sin#τ)
y > 1 + γ sin#τ

0
γ sin#τ − 1 � y � 1 + γ sin#τ

(y + 1 − γ sin#τ)
y < γ sin#τ − 1

The state of motion of the dynamic system defined
by nonlinear equations (19) is determined whenever
parameters a, b, # and are specified. For a typical
example, however, only a is chosen to vary in the range
of 0.01 to 0.6 in the bifurcation and stability of the
system, provided that b = 0.3, # = 1.1 and γ = 0.5.

In Fig. 6 are also shown different paths of bifurcation
from periodic to chaotic vibrations. Motion of the sys-
tem is chaotic at the beginning, and suddenly becomes
P2 motion. The periodic attractor went through period-
doubling bifurcation to chaos. Being cross critical val-
ues, chaotic motion of system changes to P5 oscilla-
tion, and further to quasi-period motion at a = 0.42.
Corresponding curve obtained for the largest Lyapunov
exponent is given in Fig. 7, by which the existence
of positive Lyapunov exponents testifies appearance of
chaotic behaviors of the rolling mill.

Investigation to geometrical structures of the strange
attractors is made by the Poincare sections. Two di-
agrams of Poincare sections of the chaotic motions in
the rolling mill system with a time-varying clearance
are demonstrated respectively in Fig. 8(a) for the pa-
rameters a = 0.01, b = 0.3, # = 1.1 and γ = 0.5, and
in Fig. 8(b) for the parameters a = 0.17, b = 0.283,
# = 1.1 and γ = 0.5.

5. Concluding remarks

Asymptotic and numerical analysis of self-excited
vibrations of the rolling mill with clearances have been
performed according to the simplified dynamic model
and the corresponding nonlinear differential equation
developed herein. From the viewpoint of real applica-
tion, the dynamic model is established with consider-
ation of fixed and time-varying clearances. The theo-
retical and numerical solutions to the nonlinear equa-
tion of the dynamic system counting for a fixed clear-
ance by the asymptotic and Runge-Kutta algorithms
are made and resembled when the clearance is small
enough. This means that the asymptotic method can
be employed to construct an effective solution to the
nonlinear system with piece-wise restoring force. It
has been clearly shown by numerical examples that
the self-excited vibration behaviors of the rolling mill
system are great affected by the clearances.

It is also found that the bifurcation diagram for the
self-excited vibrations of the rolling mill with a time-
varying clearance can not be classified into standard
period-doubling sequences, but is unique for nonlinear
dynamic systems. As observed clearly from the above
nonlinear vibrations, a series of states of motion such
as periodic, quasi-periodic and chaotic vibrations exist
in the nonlinear dynamic model.

The present research may be extended to deal with
some nonlinear problems of the self-excited vibration
systems. For example, a railway steel bridge that has
some clearances in joint supports due to long term wear
and tear may vibrate severely in the horizontal plane
while the train passes fast through the bridge in the
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S-shaped way. Vibratory screening and conveying ma-
chines that would certainly contain clearances and mov-
able boundaries often oscillate seriously and cause big
damage. In those nonlinear systems, periodic, quasi-
periodic and chaotic vibrations may occur.
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