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Abstract. This article describes studies into the flexural vibration of a cracked cantilevered beam in contact with a non-viscous
fluid. The crack has been represented by a mass-less rotational spring, the flexibility of which has been calculated using linear
fracture mechanics. The coupled system is subject to undisturbed boundary condition at infinity in the fluid domain. A range of
different boundary conditions have been analysed such as both incompressible and compressible fluid, with and without sloshing.
Various crack sizes and positions have been considered in order to assess the effect of damage in the fluid-structure interaction
problem.

1. Introduction

This article presents the results of research being conducted regarding the interaction of a cracked beam with a
surrounding non-viscous, irrotational fluid medium, a topic of direct significance and potential importance for a wide
range of practical applications, for example in offshore and irrigation engineering fields. Specifically, in the analysis
of offshore platforms and water dams, mathematical models are often simplified by assuming that certain parts of
the structure can be considered to be represented by beams in order to address issues related to the interaction with
the water.

The research presented in this article essentially incorporates recent developments from diverse areas of research,
specifically as concerning fluid-structure interaction and the dynamics of damaged structural components; corre-
spondingly the innovation relating principally to the introduction of a cracked beam into the analysis in order to
highlight the potential effect on the coupled frequencies of the structural system.

Firstly, as concerns the issues related to damage in structural systems, during the last decade a significant amount
of progress has been made, particularly the use of vibration based inspection has been a topic of active research. An
extended literature review of damage identification methods can be found in [13], while in [12] a state of the art
review of methods developed to deal with cracked structures is presented.

Furthermore, in order to investigate the prevailing effects of damage present in the structure under examination,
several studies introduced damage into the mathematical model through a simple reduction of the stiffness on a given
zone of the structure [22,31,42].
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With the scope of investigating the variation in dynamic properties due to the presence of real damage, several
papers have evaluated the changes in natural frequencies of a simple cantilever beam due to the presence of cracks [10,
11,15,16,18,27–29,32,33,35–38]. Moreover, in the same papers, the method for calculating the shift in natural
frequencies is also often proposed in order to address the inverse problem.

A second area of fundamental importance for the research presented concerns the coupling between the dynamic
behaviour of elastic structures and irrotational non-viscous fluids, an area which has been widely studied in the past
with a relatively large body of published literature available which refers to a range of different geometries and
structural elements. In particular, the resolution of the fluid-structure interaction problem has been conducted using
analytical methods [7,40], semi-analytical methods [1–6,8] and numerical methods [17].

Furthermore, in the past, the influence of the presence of a compressible fluid on the natural frequency of a plate
has been subject of numerous studies [26], the results demonstrating quite clearly that the natural frequencies of a
plate in contact with the fluid are lower with respect to the same plate in a vacuum.

The review of existing literature reveals that the main part of articles considers the behaviour of circular plates.
Among these [4] used the Hankel trasform to obtain the so-called NAMVI factors for a circular plate on the free
surface of a liquid of infinite domain; studied [5,9] the influence of the Poisson ratio on NAMVI for the same
geometry, examining the asymmetric vibrations of the elastic bottom of a cylindrical container and considering also
the effects of an elastic foundation.

In comparison, the number of works related to rectangular plates is very limited Bauer [7] studied the vibrations
of a simply supported elastic bottom of a prismatic container, while performed research regarding the vibrations of
rectangular clamped plates immersed in a fluid Kwak [24] determined the NAMVI factors for rectangular plates in
contact with a fluid of infinite domain, analysed the behaviour of an isotropic rectangular plate in contact with a
liquid domain, and in [14,30] the case of a rectangular plate clamped in the rigid bottom of a prismatic container has
been considered.

Nevertheless these works have not taken into account the presence of a fluid with free-surface overhanging an
elastic plate and, concerning this issue, the number of articles published is limited [25] described the behaviour
of liquid films on a stationary structure rapoport [34] formulated the equations for elastic bodies containing fluids,
but did not provide detailed solutions for specific cases. The work described in [23] considered the case of simply
supported rectangular plates that constituted a portion of the container wall Soedel [39] studied the free oscillations
of a beam in contact with a liquid with a free-surface.

Research related to elastic structures coupled to compressible fluids is the subject of even smaller numbers of
published articles. In [19–21] the exact solution for the dynamics of couples of concentric and eccentric cylinders
immersed in a compressible fluid was determined, while taking into account a boundary condition of free surface of
the fluid. In [41] the coupled dynamics of a basin of infinite dimensions with an elastic beam was analysed while
considering the compressibility of the fluid.

The present work analyses the flexural behaviour of a cracked dam modelled with a prismatic beam in contact with
a compressible fluid with free surface, the crack being represented by a massless rotational spring. Following the
approach of [41] the coupled beam-water eigen-problem has been solved using the method of variable-separation.
An exact solution has been obtained for several boundary conditions: an incompressible fluid (Laplace problem)
without sloshing, a compressible fluid without sloshing, and a compressible fluid (Helmholtz problem) with sloshing.
Different crack sizes and positions have been considered in order to assess the effect of damage in the fluid-structure
interaction problem.

2. Formulation of the problem

2.1. Generalities

An elastic beam (Fig. 1) with transversal sectionA, lengthL, moment of inertiaJ , Young’s modulusE and
densityρS has been considered. The beam is characterised by a one-edge non-propagating transversal crack of
lengtha at distanceL1 from the clamped end. The beam is in contact with an irrotational, non viscous fluid of
ρF density inside of which the speed of sound isc. The height of the free surface isL 2 and the fluid occupies a
spatially unlimited region in the opposite direction of the beam. The equations governing the phenomenon under
the hypothesis of small displacements of the beam and small variations of pressure are determined as described in
the following sections.
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Fig. 1. The coupled system: a cracked beam interacting with a free surface fluid.

2.2. Equations of the fluid

The pressure of the fluid can be expressed by the following equation:

∂2p

∂x2
+

∂2p

∂y2
=

1
c2

∂2p

∂t2
(1)

valid for 0 < x < ∞, 0 < y < L2

The boundary conditions of the problem are:

P = Ø, y = Ø (Free Surface Wave Not Included) (2a)

∂p

∂y
= −1

g

∂2p

∂t2
(Sloshing) (2b)

for y = L2, beingg the acceleration of gravity.
On the bottom of the reservoir the following condition is valid:

∂p

∂y
= 0 (2c)

for y = 0.
As the fluid domain is not limited, it is assumed that the pressure disturbance does not transmit to infinity in the

water; namely there is an undisturbed condition expressed as follows:

p = 0
(2d)

x →∞

2.3. Equations of the beam

The equation of motion for the cracked beam, according to Euler-Bernoulli theory is:

EJ

(
∂4u1

∂y4

)
+ ρsA

(
∂2u1

∂t2

)
= −p(0, y, t) for 0 < y < L1 (3a)
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EJ

(
∂4u2

∂y4

)
+ ρsA

(
∂2u2

∂t2

)
= −p(0, y, t) for L1 < y < L2. (3b)

EJ

(
∂4u3

∂y4

)
+ ρsA

(
∂2u3

∂t2

)
= 0 for L2 < y < L. (3c)

whereL1 andL2 are the positions of the crack and of the liquid free surface, respectively, andu 1 is the transversal
displacement.

For this problem the following boundary conditions must be respected:

u1(0, t) = 0
(4a,4b)

∂u1(0, t)
∂y

= 0

at the clamped end and

∂3u3(L, t)
∂y3

= 0
(4c,4d)

∂2u3(L, t)
∂y2

= 0

at the free end.
Furthermore the following conditions of continuity on displacement, rotation, shear and bending moment must be

guaranteed in correspondence of the free surface:

u2(L2, t) = u3(L2, t)

∂u2(L2, t)
∂y

=
∂u3(L2, t)

∂y
(4e,4f,4g,4h)

∂2u2(L2, t)
∂y2

=
∂2u3(L2, t)

∂y2

∂3u2(L2, t)
∂y3

=
∂3u3(L2, t)

∂y3

and the following conditions in correspondence with the cracked section:

u1(L1, t) = u2(L1, t)

∂2u1(L1, t)
∂y2

=
∂2u2(L1, t)

∂y2

(4i,4j,4k,4l)
∂3u1(L1, t)

∂y2
=

∂3u2(L1, t)
∂y2

∂u1(L1, t)
∂y

− ∂u2(L1, t)
∂y

=
EJ

kT

∂2u1(L1, t)
∂y2

As only the transversal oscillations of the beam are considered, it is possible to model the crack according to [35]
where the stiffness of the spring representative of the crack has been evaluated in the following way:

kT =
1
cT (5a,5b)

cT =
6(1 − ν2)h

EJ
f
(a

h

)
whereh is the height of the transversal section of the beam,ν is the Poisson’s ratio, andf

(
a
h

)
has the following

expression:
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f
(a

h

)
= 1.8264

(a

h

)2

− 3.95
(a

h

)3

+ 16.375
(a

h

)4

− 37.266
(a

h

)5

+ 76.81
(a

h

)6

− 126.9
(a

h

)7

(5c)
+172

(a

h

)8

− 143.97
(a

h

)9

+ 66.56
(a

h

)10

2.4. Fluid-structure interaction

At the fluid-structure interface, the pressure of the water and the displacement field are related as follows:

∂p

∂x
= −ρF

∂2u1

∂t2
(6a)

for

x = 0; 0 < y < L1 (6b)

and:

∂p

∂x
= −ρF

∂2u2

∂t2
(6c)

x = 0; L1 < y < L2 (6d)

2.5. The proposed solution

Using the variable separation it is possible to write:

p(x, y, t) = fx(x)fy(y)ft(t)

u1(y, t) = u1(y)ft(t)
(7a,7b,7c,7d)

u2(y, t) = u2(y)ft(t)

u3(y, t) = u3(y)ft(t)

Substituting Eqs (7) in Eq. (1) and in the boundary conditions the three functionsf x(x)fy(y)ft(t) are obtained as
follows:

f ′′
t + Ω2ft = 0 (8a)

with solution:

ft(t) = a1 cosΩt + a2 sin Ωt (8b)

Then, for the variable that expresses the dependence of the pressure ony:

f ′′
y + k2fy = 0, (9a)

with the following conditions derived by Eqs (2a,b,c):

f ′
y(0) = 0 (9b)

fy(L2) = 0 (free surface waves not included) (9c)

f ′
y(L2) −

(
Ω2/g

)
fy(L2) = 0 (free surface waves included) (9d)
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The solution is:

fy(y) = a3 cos ky (9e)

Finally, for the spatial variable that expresses the dependence of the pressure onx:

f ′′
x − λ2fx = 0 (10a)

with:

fx(x) = 0
(10b)

x → ∞
and solution derived from Eq. (2d):

fx(x) = a4e
−λx (10c)

In the Eqs (8,9,10) the unknown parametersλ, k, Ω are real and are linked by the following relationship:

λ2 =
(

k2 − Ω2

c2

)
. (11)

3. The eigenvalue problem

3.1. Free surface wave neglected

In the case in which the surface wave is not considered, the boundary conditions Eq. (9c) are satisfied when

kn =
(2n − 1)π

2L2
, n = 1, 2 . . . (12)

At the same time, asλ in Eq. (10c) is real, the following inequality must be respected:

λ2
n =

(
kn2 − Ω2

c2

)
> 0 (13)

3.2. Free surface wave considered

When the surface wave is included, the boundary conditions Eq. (9d) are satisfied when

tan(knL2) = − Ω2

gkn
, n = 1, 2, . . . (14)

and contemporarily the inequality Eq. (13) has to be respected.

3.3. Determinantal equation

In this paragraph it is shown how the frequencies of the coupled system are obtained through the resolution of a
classical eigenvalue problem associated at the annulment of the determinant.

If n1 is the minimum positive integer so that inequality Eq. (13) is satisfied, using the superposition principle it is
possible to write:

fx(x)fy(y) =
∞∑

n=n1

Gne−λnx cos (kny) (15)

with Gn real unknown.
Considering the following adimensional variables:
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Fig. 2. The first structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered to be
incompressible without sloshing.

Fig. 3. The second structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered to be
incompressible without sloshing.

ξ =
y

L
; r1 =

L1

L
; r2 =

L2

L
; γ =

ρF L

ρsA
; ω2 =

Ω
Ωb

; c =
c

ΩbL
; kn = knL; λ

2

n = k
2

n − ω4

c2 (16)

where:

Ωb =

√
EJ

L4AρS
(17)

and substituting formulas Eqs (15) and (16) into Eqs (3,4,6), it possible to rewrite the governing equation of the
problem in the following way:

u
(IV )
1 (ξ) − ω4u1(ξ) = −

∞∑
n1

A(1)
n cos(knξ)

0 < ξ < r1

u
(IV )
2 (ξ) − ω4u2(ξ) = −

∞∑
n1

A(2)
n cos(knξ) (18a,b,c)

r1 < ξ < r2
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Fig. 4. The first structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered
compressible without sloshing.

Fig. 5. The second structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered to be
compressible without sloshing.

u
(IV )
3 (ξ) − ω4u3(ξ) = 0

r2 < ξ < 1

with the following boundary conditions:

u1(0) = 0
(18d,18e)

u′
1(0) = 0

relative to the clamped end and:

u1(r1) = u2(r1)

u′′
1(r1) = u′′

2(r1)
(18f,18g,18,h,18i)

u′′′
1 (r1) = u′′′

2 (r1)

u′
1(r1) − u′

2(r1) =
EJ

LkT
u′′

1(r1)

relative to the damage section, imposing the continuity of displacement bending moment and shear and the change
of the rotation angle due to the presence of the crack.
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Fig. 6. The first structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered to be
compressible with sloshing.

Fig. 7. The second structural frequency parameter of the coupled system as a function of the position of the crack. The fluid is considered to be
compressible with sloshing.

Instead the following conditions:

u2(r2) = u3(r2)

u′
2(r2) = u′

3(r2)
(18j,18k,18l,18m)

u′′
2(r2) = u′′

3(r2)

u′′′
2 (r2) = u′′′

3 (r2)

represent the continuity in the interface section, in correspondence of the free surface of the fluid.
Furthermore the free end conditions must be respected:

u′′
3(1) = 0

(18n,18o)
u′′′

3 (1) = 0

The equations governing the fluid-structure interaction Eqs (5,6) become:

u1(ξ) = −
∞∑
n1

λnA
(1)
n

γω4
cos
(
knξ
)
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Fig. 8. The first natural frequency parameter of the beam in vacuum as a function of the position of the crack.

Fig. 9. The second natural frequency parameter of the beam in vacuum as a function of the position of the crack.

0 < ξ < r1
(19a,19b)

u2(ξ) = −
∞∑
n1

λnA
(2)
n

γω4
cos
(
knξ
)

r1 < ξ < r2

whereAn = GnL3

EJ is non-dimensional parameter defined for everyn 1 � n � ∞.
The solution of these equations can be obtained as follows:

u1(ξ) =
4∑

j=1

Djφj(ξ) +
∞∑

n=n1

B(1)
n cos

(
knξ
)

u2(ξ) =
8∑

j=5

Djφj(ξ) +
∞∑

n=n1

B(2)
n cos

(
knξ
)

(20a,20b,20c)

u3(ξ) =
12∑

j=9

Djφj(ξ)
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with B
(1),(2)
n = −A(1),(2)

n

k
4
m−ω4

The functionsφj are defined as:

φ1 = cos(ωξ); φ2 = sin(ωξ); φ3 = cosh(ωξ); φ4 = sinh(ωξ)

φ5 = cos(ω(ξ − r1)); φ6 = sin(ω(ξ − r1)); φ7 = cosh(ω(ξ − r1)); φ8 = sinh(ω(ξ − r1)) (21a,21b,21c)

φ9 = cos(ω(ξ − 1)); φ10 = sin(ω(ξ − 1)); φ11 = cosh(ω(ξ − 1)); φ12 = sin h(ω(ξ − 1))

Using the following orthogonality conditions:∫ r2

0

cos
(
knξ
)
cos
(
kmξ

)
dξ = 0 if m �= n (22a)

∫ r2

0

cos
(
knξ
)
cos
(
kmξ

)
dξ =

r2

2
+

sin
(
2knr2

)
4kn

= In if m = n (22b)

and defining:

Inj =
∫ r2

0

cos
(
knξ
)
φj(ξ)dξ (22c)

the following coefficients are obtained:

A(1)
n = En

4∑
j=1

DjImj(ξ)

A(2)
n = En

8∑
j=5

DjImj(ξ)

B(1)
n = En

4∑
j=1

DjImj(ξ)

(23a,23b,23c,23d,23e,23f)

B(2)
n = En

8∑
j=5

DjImj(ξ)

En =
1

In

[
1

k
4
n−ω4

− λm

γω4

]

En =
1

In

[
1 − λm(knω4)

γω4

]
The substitution of these expressions into the boundary conditions Eqs (18d–18o)gives the following linear system

with the associated eigenvalue problem:

RD = 0
(24)

det R = 0

whereD is a vector of twelve elements andR is a square matrix of which the non-zero parameters are:

R1j = φj(0) +
∞∑

n=n1

EnInj

j = 1, 2, 3, 4
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R2j = φ′
j(0)

j = 1, 2, 3, 4

R3j = φ′′
j (1)

j = 9, 10, 11, 12

R4j = φ′′′
j (1)

j = 9, 10, 11, 12

R5j = φj(r1) +
∞∑

n=n1

EnInjfyn(r1)

j = 1, 2, 3, 4

R5j = −φj(r1) −
∞∑

n=n1

EnInjfyn(r1)

j = 5, 6, 7, 8

R6j = ωφ′
j(r1) +

∞∑
n=n1

EnInjf
′
yn

(r1)

j = 1, 2, 3, 4

R6j = −ωφ′
j(r1) −

∞∑
n=n1

EnInjf
′
yn

(r1) − EJ

LkT

(
ω2φ′′

j (r1) +
∞∑

n=n1

EnInjf
′′
yn

(r1)

)

j = 5, 6, 7, 8

R7j = ω2φ′′
j (r1) +

∞∑
n=n1

EnInjf
′′
yn

(r1)

j = 1, 2, 3, 4

R7j = −ω2φ′′
j (r1) −

∞∑
n=n1

EnInjf
′′
yn

(r1)

j = 5, 6, 7, 8

R8j = ω3φ′′′
j (r1) +

∞∑
n=n1

EnInjf
′′′
yn

(r1)

j = 1, 2, 3, 4

R8j = −ω3φ′′′
j (r1) −

∞∑
n=n1

EnInjf
′′′
yn

(r1)

j = 5, 6, 7, 8

R9j = φj(r2) +
∞∑

n=n1

EnInjfyn(r2)

j = 5, 6, 7, 8

R9j = −φj(r2)

j = 9, 10, 11, 12
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R10j = ωφ′
j(r2) +

∞∑
n=n1

EnInjf
′
yn

(r2)

j = 5, 6, 7, 8

R10j = −ωφ′
j(r2)

j = 9, 10, 11, 12

R11j = ω2φ′′
j (r2) +

∞∑
n=n1

EnInjf
′′
yn

(r2)

j = 5, 6, 7, 8

R11j = −ω2φ′′
j (r2)

j = 9, 10, 11, 12

R12j = ω3φ′′′
j (r2) +

∞∑
n=n1

EnInjf
′′
yn

(r2)

j = 5, 6, 7, 8

R12j = −ω3φ′′′
j (r2)

j = 9, 10, 11, 12 (25)

Imposing that the determinant ofR is null, the adimensional frequency parameters of the coupled system are
obtained.

The coefficients of the characteristic polynomial associated to the determinant depend on the adimensional
frequency parameter when the fluid is compressible or when the effect of free surface is considered. In this case an
iterative procedure is used for the solution.

4. Numerical results

Using the formulation described in the previous sections, numerical results have been obtained considering the
following values for the geometry and the material of the beam coupled with the fluid:h = 1 m, b = 1 m,
γ = 10, r2 = 0.8, Young’s modulusE = 2.94e10Pa, density of the beamρS = 2400 kg/m3, density of the fluid
ρF = 1000 kg/m3.

For each of these cases, the trend of the first and the second frequency parameters has been plotted as a function
of the crack position (r1) for different ratios a/h relatively to the following cases:

– uncompressible fluid without sloshing (Figs 2 and 3);
– compressible fluid without sloshing (Figs 4 and 5);
– compressible fluid with sloshing (Figs 6 and 7).

Here the parameters have been obtained by annulling the determinant of matrixR and, for the case relative to the
free surface proceeding through an iterative calculation due to the dependence of (k n) on the frequency. When an
undamaged uncompressible beam without sloshing is considered the adimensional frequency parameters obtained
by [41] have been determined(ω1 = 1.6273, ω2 = 3.6610).

As regards the cases with sloshing and compressible fluid, a comparison with the work of [41] has not been made
as it is not possible to define an adimensional frequency parameter which is independent of the geometry of the
beam.

While in the case of incompressible fluid without sloshing there is a decrease of the natural frequencies and
consequently the fluid can be considered as an additional mass, the presence of compressibility and of the free
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surface gives a contribution in term of potential energy (due to the deformations of the fluid and the elevation of the
centre of gravity of the water mass) and in terms of kinetic energy.

Figures 4 and 5, relative to the case of compressible fluid without sloshing, practically coincide with Figs 2 and
3, as the compressibility of the fluid chosen for the calculation (water) is very low.

The effect of the sloshing appears to have greater influence when the frequencies are low, as has been observed
in [41]. The effect of compressibility in the example is not obvious due to the low value of the compressibility of the
fluid considered. However, coherently with the work of Xing et alii, the effect exhibited is more evident at higher
frequencies.

In order to check the validity of the results ,the case relative to the beam in absence of fluid has been studied.
In this case the adimensional frequencies coincide with those already known relative to cracked beams in vacuum
(Figs 8 and 9). The first frequency parameter trend is increasing when the crack is further from the clamped end.
For successive frequencies the trend is not monotone as has been demonstrated in past studies.

5. Conclusion

In this the flexural behaviour of a cracked dam modelled with a prismatic beam in contact with a compressible
fluid with free surface has been analysed, the crack being represented by a massless rotational spring.

Following the approach in ref. [41], the coupled beam-water eigen-problem has been solved using the method
of variable-separation. An exact solution has been obtained for several boundary conditions: incompressible fluid
without sloshing, a compressible fluid without and with free surface.

In order to evaluate the effect of damage in the fluid-structure interaction problem, different crack sizes and
positions have been considered. Finally the case of the cracked beam in vacuum has been studied to compare the
results with those present in literature.
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