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Abstract. This article presents a study on the use of the dynamical response of multi-laminated periodic bars to create resonance
band gaps within useful frequency ranges. The objective is to control, in a passive form, the longitudinal vibration transmissibility
in specific and wide enough frequency ranges of interest. This is achieved by the separation of two adjacent eigenfrequencies.
A relation between the modal analysis, the harmonic analysis and the Bloch wave theory is proposed, for which no reference
was found in the searched literature. As shown, the selection of appropriate material pairs is essential to obtain useful frequency
ranges. The use of pairs of steel and cork agglomerate is proposed, since it allows the design of attenuators at lower frequencies
through a prediction based on finite element analysis (FEA). This approach requires the storage modulus of cork for which
analytical and numerical FEA models were verified and validated. A methodology to obtain experimentally the storage modulus
of cork is presented. Regarding the structural improvement problem, we discuss a methodology to design periodic bars for a
specific location of the first attenuation’s frequency range and illustrate the main results through several examples.
Keywords: Passive isolation, vibration, multi-laminated bar, cork agglomerates, structural modification

1. Introduction
Active systems are commonly used in vibration isolation applications although they are expensive and in some
cases have low reliability. Passive vibration devices have considerable limitations that continue to receive attention
from researchers and continue to be improved as can be seen, for e.g., in [1]. In this context, several authors [2]
have demonstrated that in most cases the requirements for vibration isolation of a set of specific high precision tools
can be satisfied with a proper selection of passive isolators. Development of vibration isolators for low frequencies
is still a challenge. This can be seen in the works of [3] and [4] where dynamic vibration absorbers and lever type
anti-resonant vibration isolators are formulated and used to design lightweight and stiff uniaxial passive vibration
isolators with wide stop bands.
Multi-laminated structures have received considerable attention and extensive efforts have been made to analyze
the propagation of waves in periodic structures. Among these efforts is the unified approach of Brillouin for the
dynamic analysis of a wide variety of periodic structures [5]. Apart from their unique filtering characteristics,
the ability of periodic structures to transmit waves from one location to another, within the pass-bands, can be
greatly reduced when the ideal periodicity is disrupted or disordered [6]. Another relevant characteristic of periodic
structures is to stop wave transmission from one location to another within the stop-bands which can also be greatly
improved when the ideal periodicity is disrupted.
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Among the pioneering efforts is also the work of Mead and his co-workers [7] which includes many of the original
contributions to the analysis and characterization of the wave propagation in periodic structures. To study structures
built with infinite periodicity repetition, Bloch’s theorem [8], also related with Lyapunov-Floquet’s theorem [9],
can be used to obtain a characterization of longitudinal waves leading to the corresponding dispersion relation. For
structures with finite periodic repetition, a description of the basics can be found in [10–15].
In this study, multi-laminated periodic bars are used to separate two adjacent eigenfrequencies creating wide
resonance gaps at useful frequencies. For this purpose, three different but complementary approaches are considered:
the analytical, the numerical and the experimental. The main objective is to control, in a passive form, longitudinal
vibration transmissibility in a specific and wide enough frequency range of interest, designated as resonance gap,
also referred to as attenuation region.
The present study is motivated by the lack of work found dealing with frequency ranges of practical interest for
these types of structures even though they have been widely researched over the years. The layout of the materials
and the contrasting ratio of their properties (specifically, the wave propagation speed) determine the widths and
locations of the resonances gaps [15]. Thus, for low frequency ranges a high contrasting ratio of the properties
of the materials is required. We propose the use of steel and cork or cork agglomerate pairs because they present
such high contrasting ratio of properties [16]. However there is a considerable lack of research publications on cork
agglomerates in this area.
The multi-laminated periodic bar is used since it allows for obtaining a significantly wider resonance gap between
some selected adjacent eigenfrequencies relative to the homogeneous bar or to helicoidal springs that generally
present uniformly spaced resonances. The reason for using a steel-cork agglomerate, multi-laminated periodic bar
is its potential usefulness for low frequency ranges as well as its predictable response by FEA.
To simplify the problem, it is assumed that each material is isotropic and exhibits linear-elastic behavior. The
structural models are limited to the elastic bar model (i.e., link or rod elements). No damping effects are considered.
The multi-laminated bar is modeled using finite elements and verified relatively to existing work [17]. After verifying
the numerical models [18,19], an experimental analysis is performed to reproduce the numerical results obtained
and consequently validate the developed models.
Steel and cork agglomerate are used in the construction of the experimental specimens. As evidenced in creep
experiments [20] and from Dynamic Mechanical Analysis (DMA) the visco-elastic character of cork is presented
here. Indeed, the static modulus differs from the storage modulus, and therefore the static modulus cannot be used
for this purpose as it is done with steel (at ambient temperature and pressure). Through the experimental validation
process, a methodology to determine the storage modulus of cork [21] was used with similar results to those obtained
by DMA [22].
The design methodology presented has potential use in the development of vibration isolation structures, sound
isolation pads/partitions, and multiple band frequency filters, among other applications. The methodology proposed
reveals a new perspective on the problem from where a relation between the eigenfrequency results (modal problem),
the frequency response (harmonic problem) and the dispersion relations (Bloch wave problem) is observed and for
which no reference was found in the researched literature. To illustrate the new perspective a simple structural
improvement problem is introduced which reveals significant attenuations for the case of longitudinal vibrations.

2. Analytical model
Consider the structure,
 as illustrated in Fig. 1, with parallel alternating layers (half-cells) of two-material differing
in wave speed c = E/ρ where E is the longitudinal modulus of elasticity (Young’s modulus) and ρ is the mass
density.
The axial vibrations are governed by the differential equation:
∂ 2 uα (x, t)
∂ 2 uα (x, t)
− ρα A
= F (x, t) , α = 1, 2
(1)
2
∂x
∂t2
where α is layer’s type, A is the cross-sectional area, E α is the longitudinal modulus of elasticity, ρ α is the mass
density, uα (x, t) is the displacement at the longitudinal coordinate x and at time t and F is a distributed force. The
Eα A
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Fig. 1. Periodic bar made of two different materials.

Fig. 2. Dispersion curves obtained from Eq. (3).

displacements uα (x, t) and stresses σα (x, t) will be considered continuous at the layer boundaries. Essentially, the
analyses in this study are restricted to linear elastic material.
By virtue of the structure’s periodicity, eigenmodes can be characterized by a quasi-wave number k = ω/c
assuming that the displacement field in a repetitive cell takes the form
√
(2)
ui (x) = u0 (x − iL)ej(kiL) , i = 1, 2, j = −1,
where i is the cell’s number, L is the structure’s period and u 0 is the periodic solution, i.e. k = 0. For this case, the
dispersion equation [23] is a function of the quasi-wave number




1
1 k1
k2
−1
k = cos
+
(3)
cos (k1 L1 ) cos (k2 L2 ) −
sin (k1 L1 ) sin (k2 L2 ) ,
L
2 k2
k1
where the wave numbers are k 1 = ω/c1 and k2 = ω/c2 , ω is the excitation frequency and c 1 and c2 are the wave’s
propagation speeds in the type 1 and 2 layers, respectively. L 1 and L2 represent the layer’s thicknesses (in axial
direction). Then, the structure’s period is given by L = L 1 + L2 (see Fig. 1). Equation (3) allows computing and
plotting the frequency as an implicit function of the quasi-wave number for this type of structure. For values of
frequency that make the wave number complex, the amplitude of the displacement is attenuated exponentially. Under
such conditions, the frequency bands where k is complex are called stop-bands while the bands within intervals
where k is real are called pass-bands. A common representation for these cases is the plot of dispersion curves,
illustrated by Fig. 2.

3. Numerical model
In this study, the formulation of the finite element is based on the following main assumptions: the material
presents a linear elastic behavior and is isotropic and homogeneous; the displacements and/or deflections are small
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in comparison to the characteristic dimensions of the element; the element is of length L and has two nodes, one at
each end; the element is connected to other elements only at the nodes; element loading occurs only at the nodes;
the bar element considers only axial loading thereby ignoring bending, torsion, and shear that are not transmitted to
the element via the nature of its connections to other elements.
In this study, no damping effects are considered and two different analysis are presented [24]:
Modal Analysis:


[K] − ω 2 [M ] {Φ} = {0} ,
(4)
Harmonic Analysis:



2
[M ] {u} = Fωap .
[K] − ωap

(5)

The modal analysis consists of calculating the natural vibration mode shapes {Φ} and eigenfrequencies ω of the
system by solving the free undamped problem, Eq. (4), reveals the possible existence of harmonic body motion when
no forces are applied. The harmonic response analysis expressed by Eq. (5) is used to find the steady-state response
of the linear structure subjected to axial load F ωap with excitation frequency ω ap .
The multi-laminated bar is modeled by a 1D elastic finite element bar with uniaxial tension or compression that
reduces the analysis to one degree of freedom at each of the two nodes: translations in the nodal x direction. The
finite element stiffness [Ke ] and mass [Me ] matrixes and force {F e } vector with length L are


 
E (x) A 1 −1
ρ (x) AL 2 1
F1
[Ke ] =
,
(6)
, [Me ] =
, {Fe } =
F2
−1 1
12
L
6
where A is the cross-sectional area, E (x) and ρ (x) are the longitudinal modulus of elasticity and mass density of
each material layer, respectively, and F 1 and F2 are the nodal forces.
The structural analyses of Eqs (4–5) [25] are computed with no transversal displacements, i.e. U y = 0 for all nodes
and Ux = 0 at x = Lt (see Fig. 1).

4. Selection of materials
The material selection is essential to this study since we are targeting low frequency ranges of practical interest.
Four different materials, namely aluminum, epoxy and cork agglomerate, are individually combined with steel.
As previously discussed, the widths and locations of the resonance gaps are determined by the material layout
and the contrasting ratio of the material properties used. Among the materials studied, steel and cork agglomerate
present the highest contrasting ratio in wave propagation speed. Thus, this combination is the recommended pair to
target the intended low frequency ranges in this study. For the dynamical analysis with cork or cork agglomerate, it
is necessary to have its storage modulus that is not usually available and may present considerable variability [20].

5. Experimental model
In the initial stage of the experimental study, routine hardware and software calibration tests and primary specimen
analysis were performed (e.g., to study the influence of the adhesive’s layer) which were useful in the improvement
of the finite element model. Several specimens were built and tested. An epoxy based structural adhesive was used in
the construction of the specimens to bond the different material half-cells along the specimen lengths. Even though
the adhesive introduces a relatively thin layer of material, a brief analysis was performed to determine how it affects
the experimental results, and as described in [26], we conclude that there was no significant influence.
The experimental setup is illustrated in Fig. 3. The input signals are generated and transmitted to a shaker; the force
effectively applied to the specimen was measured through a force transducer. The dynamical deformation propagates
through the specimen and, at the opposite extremity, an accelerometer measures the longitudinal acceleration (output
signal).
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Fig. 3. Scheme illustrating the experimental setup.

(a)

(b)

Fig. 4. a) Unit cell; and b) Frequency response curves illustrating fmin. , fmax. , flower , fupp er , CFreq and RG.

6. Structural improvement and structural optimization
To target a desired resonance gap frequency range, the design of a unit cell as illustrated in Fig. 4 a) may be
considered as one of the most important steps in the design stage of the multi-laminated periodic rod. Structural
improvement and structural optimization are used for this purpose.
6.1. Structural improvement
Consider a unit cell illustrated in Fig. 4 a) made of two materials with high contrast in their elastic properties (E
and ρ), e.g. steel and cork agglomerate. The length of each material layer, i.e. L 1 and L2 , is the design parameter.
The improvement problem is subject to several length constraints, namely, minimum and maximum material layer’s
length as well as a minimum and maximum total length of the cell.
As previously introduced in Section 2, the dispersion equation allows computing and plotting the frequency as
an implicit function of the quasi-wave number k obtaining the dispersion curves where the stop band and pass band
regions may be identified (see Fig. 2). Solving the dispersion equation would be an alternative to the numerical
finite element model for the design of a unit cell if it were differentiable in a specific domain. Figure 2 illustrates the
dispersion curves where points A and B represent the initial and final points, respectively, of the first stop band. In
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these points, the dispersion equation is not differentiable. The numerical identification of non-differentiable points
is not easy and is not considered in this study.
Alternatively, the numerical finite element model introduced in Section 3 is used. The modal and/or harmonic
problems are solved with a total of 5.5 unit cells, although more than three unit cells are considered to be enough for
the dynamic behavior of a finite periodic structure to qualitatively match that of the infinite periodic structure [12].
In addition, 16 finite elements per wavelength are used which is considered enough in this study [26].
The desired resonance gap (RG) may be defined by the minimum (f min.) and maximum (f max.) resonance gap
frequencies, that are equivalent to points A and B, respectively, illustrated in Fig. 2, or by a center frequency (CFreq.)
and bandwidth (BW).
A main concept introduced in [26] is that 1) the maximum frequency of the RG (f max.) increases when the length
of material layer 2 (L 2 ) is decreased and 2) increasing the length of material layer 1 (L 1 ) the minimum frequency of
the RG (fmin.) decreases. A design procedure for these types of cells is developed here based on this concept and
applied as illustrated in Fig. 5.
The design procedure starts with the option of the desired inputs parameters, i.e., the minimum and maximum
resonance gap frequencies or the center frequency and bandwidth. This is followed by defining the previously chosen
parameters as well as the elastic properties (E and ρ) and the length (L 1 and L2 ) of the material layers. Then, the
maximum and minimum geometrical parameters of each material are defined.
The modal analyses of Section 5 is in our case solved by the commercial finite element environment ANSYS .
The lower (f lower ) and upper (f upper) resonance gap frequencies are computed, which correspond to the fifth and
sixth eigenfrequencies for the case of 5.5 unit cells.
The upper (f upper) and maximum (f max. ) resonance gap frequencies are compared. While f max. > fupper the
length of material 2 (L 2 ) is decreased by 10% until L 2 < L2 min. Once this constraint is satisfied the lower (f lower )
and minimum (f min. ) resonance gap frequencies are then compared. While f min. < flower the length of material layer
1 (L1 ) is increased by 10% until L 1  L1 max. The order in which the material lengths change is important, since
an increase in the length of material 1 (L 1 ) will not significantly affect the value of the upper (f upper) resonance
gap frequency previously obtained, as it will be shown. If no constraint is violated when stopped, a feasible
solution is found. The value of 10% is used to increase/decrease lengths as it presents a good compromise between
computational speed and results convergence.
Alternatively, an optimization method may solve this problem. However, an objective function that considers
both design regions ([f min.; flower ] and [fmax.; fupper]) may have some problems regarding the upper region (from a
practical application point of view) which are discussed here.
6.2. Structural optimization
A structural optimization procedure that avoids including the upper and/or the lower design regions in the objective
function can be obtained by defining a mass ratio cost function. The optimization problem is formulated as,


ρ1 L 1
min
L1 ,L2
ρ2 L 2
s.t.


[K] − ω 2 [M ] {Φ} = {0} ,
fLmin.  flower  fLmax.
fUmin.  fupper  fUmax.

(7)

L1 min  L1  L1 max.
L2 min  L2  L2 max.
where ρ1 is the mass density of material 1, ρ 2 is the mass density of material 2, f Lmin. is the minimum lower
frequency allowed, f Lmax. is the maximum lower frequency allowed, f Umin. is the minimum upper frequency
allowed and f Umax. is the maximum upper frequency allowed.
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Fig. 5. Diagram of the design procedure/method applied to the design of a unit cell.

7. Results and discussion
The results obtained are presented and discussed in this section. We show that the steel and cork agglomerate
is the material pair that fits the intended frequency range of interest in this study. Two experimental steel-cork
agglomerate specimens were built and experimental results are compared with those obtained numerically. This is
followed by the presentation of some examples of structural improvement and optimization.
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Fig. 6. First wide resonance gap (i.e. position of point A indicated at Fig. 2) for some pairs of materials.

a)

b)

Fig. 7. Experimental setup for a 3.5 cells heterogeneous bar: a) steel-commercial cork agglomerate specimen; b) steel-cork agglomerate (ref.
8123 [27]) specimen.

7.1. Comparison of some results from material selection
As referred in Section 4, the material selection is essential in this study, since we are targeting frequency ranges of
practical interest. For it, four different materials were studied. Aluminum with E = 70 GPa and ρ = 2700 kg/m 3 ;
epoxy with E = 4.5 GPa and ρ = 1100 kg/m 3 and cork agglomerate with E = 43 MPa and ρ = 260 kg/m 3 were
individually combined with steel with E = 200 GPa and ρ = 7860 kg/m 3 .
Parametric finite element analysis were performed using modal analysis given by Eq. (4) to obtain the frequency
range locations targeted by each specimen, as illustrated by Fig. 6. For the specimen a total length L t between 0.036
m and 0.100 m and a total number of cells Ncel=6 (see Fig. 1) were considered. The left points (lower bounds) of
each horizontal line in Fig. 6 are calculated for L t = 0.1 m and the right points (upper bounds) of each horizontal
line are calculated for L t = 0.036 m.
The steel and cork agglomerate seems to fit the intended frequency range of interest in this study.
7.2. Comparison between experimental and numerical results
Two experimental specimens with 3.5 unit cells were built and tested. Fig. 7 a) illustrates the experimental
setup for a cylindrical bar specimen with a uniform diameter of 0.020 m composed of four steel and three standard
commercial cork agglomerate layers each with a length of 0.020 m. Fig. 7 b) illustrates the experimental setup for
a bar with a square cross-section with a side length of 0.050 m composed of four steel and three cork agglomerate
(ref. 8123, see e.g. [27]) half-cells each with a length of 0.010 m and 0.050 m, respectively. The half-cells were
bonded with an epoxy structural adhesive.
Figures 8 a) and b) illustrate the frequency response curves obtained numerically (dashed curves) and experimentally (fill curves) for each of the two specimens (see Fig. 7). The first resonance is indicated by the first vertical filled
black line and the first wide resonance gap is indicated by the shaded area. The storage modulus E’ of each cork
agglomerate is extracted from the first natural frequency of each specimen [21]. Figs 8 a) and b) illustrate the first
natural frequencies of each specimen that correspond to 352 Hz and 368 Hz, respectively. Based on these values,
the storage modulus E’ of each cork agglomerate was found to be approximately 27 MPa and 43 MPa, respectively.
These values are consistent with published work [20] and are validated by the correlation obtained between the
experimental and numerical results as it is illustrated in Figs 8 a) and b).
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(a)

(b)
Fig. 8. Frequency response curves: a) steel-commercial cork agglomerate specimen; b) steel-cork agglomerate (ref. 8123 [27]) specimen.

In Fig. 8 a) a flexural vibration mode is identified in the experimental analysis curve which was considered out of
the scope of this study.
The filtering characteristics of these types of structures were experimentally verified as can be seen from the
satisfactory correlation in the localization of resonance gaps as indicated by the shaded areas in Figs 8 a) and b).
Relative to the displacement amplitude, some discrepancy is noted at higher frequencies which we consider mainly
due to the following facts: the numerical model does not include damping; and the accelerometers sensitivity at
higher frequencies is affected by the use of mounting clips. This will be subject of future work.
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Table 1
Output results from the structural improvement case
Initial
Improved

L2 (m)
6.00 × 10−3
1.20 × 10−3

(a)

∆f =(fi+1 - fi ) (Hz)
3440
20160

(b)

(c)

Fig. 9. Results for i=Ncel=3 cells: a) Eigenfrequencies curve plot; b) Dispersion curves and c) Frequency response plot.

Relative to the values of the resonant frequencies, some discrepancy is noted for the second and third resonances
which we consider mainly due to the following facts: in the numerical model the storage modulus of elasticity of
cork was considered constant but, due to the viscoelastic character of cork [20], it may be frequency dependant;
for frequency dependant material properties, the techniques for viscoelastic material characterization [22] may be
adopted but were not considered necessary to demonstrate the method presented in this work; also, the finite element
model updating [28] on the mass, stiffness and damping matrices and/or the use of correlation functions [29] of the
frequency response function, e.g., Frequency Response Assurance Criterion (FRAC) values [30] could improve the
FE model match to the experimental curves. These issues will be subjects of future work.
7.3. Structural improvement results – Example 1
The first structural improvement problem consists of increasing the axial length L 2 of each unit cell while
maintaining the total length L 1 +L2 of the repetitive cell (see Fig. 1).
It was assumed that the bar has a uniform diameter of 0.01 m, a total length of L t = 0.036 m and the two material
properties are: E 1 = 205.0 GPa, ρ 1 = 7860 kg/m 3 and E2 = 0.003 GPa, ρ 2 = 1140 kg/m 3 . The initial design
consisted of L1 = L2 = Lt /(2*Ncel) with Ncel=3.
Improvement in the separation of two adjacent frequencies (i and i+1) relative to the initial design, i.e. from
initial separation ∆fini to improved final value ∆f f in , were obtained as shown by the values in Fig. 9 a), for i =
3. The dispersion curves obtained as described in Section 2 are presented in Fig. 9 b). The frequency response
of displacement at node x=(L t -(Lt /Ncel)) is presented at Fig. 9 c) for an applied axial harmonic force with 200 N
of magnitude at x = 0 m. The resonance gaps are identified (by the gray areas) and related with the stop-bands
given by the dispersion curves. The Bloch wave analysis previously introduced in Section 2 consists of solving the
characteristic equation Eq. (3), whose roots give the corresponding wave number k for each given frequency ω.
The separations of the adjacent eigenvalues, expressed by ∆f, are evident (see Table 1) when comparing the initial
design curves with corresponding curves of the improved design.
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Table 2
Target and design values for example 2
f (Hz)
f (Hz)
L1 (m)
L2 (m)
LT (m)

Target
fmin. < 1000
fmax. > 4100
0.01  L1  0.05
0.01  L2  0.05
0.02  LT  0.10

Design (obtained)
flower =980
fupper =4139
0.01
0.05
0.06

Fig. 10. Resonance gap obtained for example 2.

7.4. Structural improvement results – Example 2
The second example considers the experimental specimen illustrated in Fig. 7 b). This specimen is designed to
have a resonance gap with a minimum (f min. ) and maximum (f max. ) bounds of 1000 Hz and 4100 Hz, respectively.
The length of each material should be 0.01  L 1  0.05 m and 0.01  L 2  0.05 m. Fig. 10 is obtained by applying
the developed design procedure.
Figure 10 illustrates the resonance gap obtained where the dotted lines represent the desired minimum (f min.) and
maximum (f max. ) bounds of the resonance gap. The solid line’s asterisk represent the obtained design lower (f lower )
and upper (f upper) bounds of the resonance gap. Table 2 indicates the target and the obtained values.
The lower bound of the resonance gap (f lower ) is 20 Hz lower than the minimum required (f min. ), see Table 2,
leaving room for some optimization of the length of material 1 (L 1 ) which can be decreased in order to approximate
the lower and minimum bounds of the resonance gap. A decrease in L 1 may be seen as advantageous since the
total size of the structure will decrease, and if the weight of the structure and/or the cost of the material are to be
accounted for, these will decrease.
7.5. Structural improvement results – Example 3 – Decrease in L 1 min.
In this third structural improvement example, let us continue to consider that material 1 is steel and material 2 is
cork agglomerate and a desired resonance gap with minimum (f min.) and maximum (f max. ) bounds of 1000 Hz and
4100 Hz, respectively. The length of each material, which differs from example 2, should be 0.001  L 1  0.05 m
and 0.01  L 2  0.05 m. By applying the developed design method Fig. 11 a) and b) are obtained.
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Table 3
Target and design values for example 3
f (Hz)
f (Hz)
L1 (m)
L2 (m)
LT (m)

Target
fmin. < 1000
fmax. > 4100
0.001  L1  0.05
0.01  L2  0.05
0.02  LT  0.10

Design (obtained)
flower = 987
fupper = 4139
0.0098498
0.05
≈ 0.05985

(a)

(b)

Fig. 11. Example 3: a) Resonance gap obtained; b) Frequencies and material length convergence.

Figure 11 a) illustrates the resonance gap obtained between the lower f lower and upper f upper frequencies. Figure 11
b) illustrates the convergence history for the frequencies and material length where the asterisk line represent the
obtained design lower (f lower ), the circle line represent the obtained upper (f upper) bounds of the resonance gap, the
diamond line represent the obtained length for material 1 (L 1 ) and the square line represent the obtained length for
material 2 (L2 ). Table 3 indicates the target and the obtained design values.
In this example, the obtained design length of material 1 (L 1 ) is 0.0098 m, which is less than the value of 0.01 m
obtained in example 2 due to the inputted length of material layer 1 which was of 0.001 m. So being, it is noticed
that the input length of material 1 (L 1 ) should be the minimum length allowed, i.e., L 1 = L1 min, in order to obtain
a solution that presents a lower length of material 1 which is advantageous, as previously stated in example 2. For
this example, an approximate reduction of 1.6 kg/m 3 is obtained (reduction in terms of mass density).
It is also confirmed that as the length of material 1 (L 1 ) increases the lower bound frequency of the RG (f lower )
decreases and the upper bound frequency of the RG (f upper) is not significantly affected, being nearly constant.
7.6. Structural improvement results – Example 4 – Increase in f max.
In example 4, let us continue to consider that material 1 is steel and material 2 is cork agglomerate. The desired
resonance gap minimum and maximum bounds should be of f min. = 1000 Hz and f max. = 10000 Hz, respectively.
The length of each material, are the same as in example 3 and should be 0.001  L 1  0.05 m and 0.01  L 2 
0.05 m. By applying the developed design method Fig. 12 a) and b) are obtained.
Figure 12 a) illustrates the resonance gap. Figure 12 b) illustrates the frequencies and material length convergence.
Table 4 indicates the target and the obtained design values.
The same line of thought may be applied to the length of material layer 2 which should be inputted as the maximum
length allowed, i.e., L 2 = L2 max, in order to obtain a solution that presents a lower length of material 2 which is
advantageous for the same reasons as those presented for material 1.
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Table 4
Target and design values for example 4
f (Hz)
f (Hz)
L1 (m)
L2 (m)
LT (m)

(a)

Target
fmin. < 1000
fmax. > 10000
0.001  L1  0.05
0.01  L2  0.05
0.02  LT  0.10

Design (obtained)
flower = 964
fupper = 10668
0.028102
0.019371
≈ 0.037

(b)

Fig. 12. Example 4: a) Resonance gap obtained; b) Frequencies and material length convergence.

It is confirmed that as the length of material 2 (L 2 ) decreases the upper bound frequency of the RG (f upper)
increases and the lower bound frequency of the RG (f lower ) also increases. It is re-confirmed that as the length of
material 1(L1 ) increases the lower bound frequency of the RG (f lower ) decreases and the upper bound frequency of
the RG (fupper) is not significantly affected, being nearly constant.
In this example and similar to the previous two, there is room for some optimization of the length of material 1
(L1 ) which can be decreased in order to approximate the lower and minimum bounds of the resonance gap.
The upper bound frequency of the RG (f upper) is slightly higher than the maximum required (f max. ), leaving room
for some optimization of the length of material 2 (L 2 ) which can be increased in order to minimize the difference
between the two values. An increase in length of material 2 (L 2 ) may be seen as disadvantageous since the optimized
RG would present a smaller bandwidth then the obtained RG, the total size of the structure will increase, and if the
weight of the structure and/or the cost of the material are to be accounted for, these will increase. On the other hand,
one may be lead to maximize the RG by maximizing the difference between the upper bound and the maximum
required frequency (f max. ) of the RG. But in contrast to the insignificant effects that an increase in the length of
material 1 (L1 ) have in the upper bound frequency (f upper), a decrease in the length of material 2 (L 2 ) leads to an
increase of the lower bound frequency of the RG (f lower ). Consequently this would have to lead to an increase of
the length of material 1 (L 1 ) to decrease the lower bound frequency of the RG (f lower ) below the minimum required
(fmax. ) and to all the disadvantages previously referred of a longer, heavier and possible more expensive structure.
7.7. Structural optimization results
From the previous examples, let us consider examples 3 and 4 for which the structural optimization problem
formulated in Section 6.2 is solved. The results obtained are presented in Tables 5 and 6 for the examples 3 and 4,
respectively.
The structural optimization results present a lower frequency bound (f lower ) nearby the minimum required frequency (fmin.) due to the decrease of the length of material 1 (L 1 ), as intended. So being, the disadvantages previously
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Table 5
Target, design and optimized values for example 3
f (Hz)
f (Hz)
L1 (m)
L2 (m)
LT (m)

Target
fmin. < 1000
fmax. > 4100
0.001  L1  0.05
0.01  L2  0.05
0.02  LT  0.10

Design procedure
flower = 987
fupper = 4139
0.0098498
0.05
≈ 0.05985

Design (optimization)
flower = 999.57
fupper = 4173
0.0097947
0.049844
≈ 0.05963

Table 6
Target, design and optimized values for example 4
f (Hz)
f (Hz)
L1 (m)
L2 (m)
LT (m)

Target
fmin. < 1000
fmax. > 10000
0.001  L1  0.05
0.01  L2  0.05
0.02  LT  0.10

Design procedure
flower = 964
fupper = 10668
0.028102
0.019
≈ 0.0471

Design (optimization)
flower = 998
fupper = 10185
0.025356
0.020303
≈ 0.0457

referred of a longer, heavier and possible more expensive structure are now minimized in the considered constraints
domain.
8. Conclusions
A study on the dynamical characterization of passive attenuation of longitudinal vibrations through multi-laminated
periodic bars is presented. Analytical, numerical and experimental results are presented to validate the models used.
In order to work in a lower frequency range of interest we proposed to use a pair of steel and cork agglomerates due
to the high contrast of the wave propagation speed for which a linear analysis showed to be enough to characterize
its dynamical behavior in the tested conditions. The main conclusions are:
– It is possible to design, develop and build specimens for frequency ranges with interest for mechanical engineering applications by the proposed methodology. The proposed design procedure obtains, whenever it
is possible, the cell parameters necessary to satisfy the values of lower frequency bound (f lower ) nearby the
minimum required frequency (f min.)
– An effective structural optimization based on the main concepts developed with the improvement problem can
be formulated and implemented to obtain shorter and lighter weight periodic structures.
– A relation to analyze the wave propagation in simple finite structures is achieved through a modal analysis (finite
repetitive structure), harmonic analysis (finite medium) or a Bloch wave analysis (infinite repetitive structure)
as it is presented (see Fig. 9). No mention to this triple relation was found in the researched literature.
Several assumptions in this work will be subject to future work. One is the introduction of damping in the model
together with the effects of the temperature and humidity changes. Another main concern is on the possible variations
of stiffness and strength in long-term use or in overloads.
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