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Eigenpath following for systems with
symmetric complex-valued stiffness matrices
U. Miller∗ , S. Bograd, A. Schmidt and L. Gaul
Institute of Applied and Experimental Mechanics, University of Stuttgart, Pfaffenwaldring 9, 70550 Stuttgart,
Germany
Abstract. A vibration analysis of a structure with joints is performed. The simulation is conducted with finite element software
capable of performing a numeric modal analysis with hysteretic damping assumption. The joints are modeled with thin layer
elements, representing dissipation and stiffness of the joints. The matrices describing the system consist of the mass, as well as
real and complex-valued stiffness matrices. If the eigenvalues of this system are found in one step, due to the mode crossing
occurring for the closely spaced modes, it is difficult and time consuming to assign calculated modal damping factors to the
corresponding undamped eigenvalues. In order to avoid this problem, an eigenvalue following method is used. The outcome
of the solution is the graphical presentation of continuous eigenvalue paths, showing the change in the eigenvalues from the
undamped to the fully damped case. For every undamped eigenvalue exists its equivalent eigenfrequency and damping factor
that can be used for further numerical analysis.
In scope of this article a Predictor-Corrector and a Rayleigh-Quotient Iteration algorithms are applied to the problem. The
algorithms are tested specifically on the type of matrices resulting from the weakly damped hysteretic formulation arising from
the simulation of metallic structures with joints.
Keywords: Hysteretic damping, complex eigenvalues, path following, complex stiffness matrix

1. Introduction
This article is part of an ongoing research project dealing with the modeling of damping in bolted joints [1]. The
main goal of the project is to be able to predict the damping in complex assembled structures subjected to micro-slip
behavior in joint areas. These type of structures usually have relatively small modal damping on the order of 0.01–1%
and can have high modal density. An automotive powertrain can serve as an example of this type of structure.
Viscous damping is usually used for modeling of dissipation in the finite element vibration analysis, because there
exists a relatively simple mathematical model in time and frequency domain, which is well studied and is available
in most of the finite element codes. However, viscous damping is proportional to the velocity, so it increases with
growing frequency, which is not a common behavior for most structures. In fact, experimental investigations have
shown that joint damping is nearly frequency independent [2–4]. Similar results have been shown for material
damping in metals, where the main cause of dissipation is inner friction in the material [5–7].
Another method to model vibration dissipation in structures is with hysteretic damping which is completely
frequency independent. A constant damping factor (loss factor) is taken for the modeling of the dissipation in
materials, and joints are modeled with thin layer elements representing equivalent dissipation and stiffness of the
joints [1]. This method shows a better correlation with real life structures, however it can be used only in frequency
domain, since in time domain it leads to non-causal material behavior [8,9]. Some investigations to this model have
been made already and show a good correlation with experimentally determined joint parameters [10,11].
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Since it is often needed to perform simulations in time domain, for example for transient analysis, the modal damping factors are calculated in frequency domain for each mode and then are used with the undamped eigenfrequencies
and modes for further simulations. So it is necessary to have a correspondence between the undamped eigenfrequencies and appropriate modal damping factors. The problem, discussed in this article, occurs for structures with closely
spaced modes, where it is possible that due to the different modal damping factors the undamped eigenfrequencies
do not correspond to the damped eigenfrequencies – mode order changes, making a direct damping assignment
difficult. Finding corresponding damping values for the eigenfrequencies can be done by visual comparison of the
damped and undamped modes, but for complicated structures with many modes this method is quite tedious and time
consuming. An alternative is to use the eigenpath following method to find the damping in the system. The results
of the eigenpath calculation can be represented by a table or graphically by plotting real and imaginary components
of the complex eigenvalues versus the homotopy number, which is a number between zero and one, corresponding
to the undamped and to the fully damped system respectively.
There exist numerous methods for pathfollowing algorithms. Two of them – Predictor-Corrector Method and
Rayleigh-Quotient Iteration – are tested in scope of this article [12]. The algorithms are implemented in Matlab and
their application is shown on a 64 degree of freedom mass-spring model as well as on some simple finite element
models with thin layer elements. In the second case the system matrices as well as the undamped eigenvalues and
eigenvectors are exported from MSC.Nastran.
The goal is to apply these methods, generally used with viscous damping matrices, to the specific problem with
hysteretic damping introduced by the thin layer elements. Issues such as convergence, parallelization possibility,
and accuracy are investigated. The ultimate aim of the authors is to apply the information acquired in this project,
and to implement these algorithms for finite element structures with several hundred thousand degrees of freedom.

2. Modelling of material and joint damping
During the calculation of vibrational characteristics of a structure with the Finite Element Method the following
equation of motion for an undamped system is used
M ü + K u = 0 ,

(1)

where M and K are symmetric real-valued n × n mass and stiffness matrices, and u is the displacement vector.
An exponential assumption u i = φi eλi t leads to an eigenvalue problem
(M λ2i + K)φi = 0 .

(2)

Eigenvalues and eigenmodes can be determined by performing a numerical modal analysis with a standard finite
element software. Using the principle of constant hysteresis, the damping will be incorporated into the stiffness
matrix by augmenting it with the complex-valued product of experimentally determined dissipation multipliers α i
and βi for the material and the joint damping, respectively, and the associated elements stiffness matrices


(material)
(joint)
αi K i
+j
βi K i
.
(3)
K∗ = K + j D = K + j
For the considered systems, damping is low and α i , βi  1 holds. The solution of the complex-valued system
(M λ2i + jD + K)φi = (M λ2i + K ∗ )φi = 0

(4)

leads to complex eigenvalues λ i = δi + jωi and eigenvectors φ i = ri ejκi . The solution vector represented by an
exponential assumption may be written as
ui = φi eλi t = ri ejκi eλi t = ri eδi t+j(ωi t+κi ) ,

(5)

where r i is the amplitude of vibration, δ i is the modal damping, ω i and κi are the frequency and the phase shift,
respectively.
This modified Eq. (4) can be solved for complex eigenvalues and eigenmodes with some commercial finite
elements packages, which in this case was performed with Nastran. The modal damping factors of the structure are
read out from the solution.
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The thin layer elements used for the simulation of joints in the Finite Element model contain experimentally
determined contact stiffness and dissipation parameters as their material properties. They are normal hexa- or
pentahedral elements in which the length or width to thickness ratio can be up to 1000:1 without causing numerical
problems during the calculation [13]. They are implemented to describe the local (joint) dissipation in structures
and it has been shown that the simulated damping correlates better with the experimental results than traditional
damping modeling methods [1].

3. Path following
A transient or an operational vibration analysis of mechanical systems often requires a correspondence between the
damped and the undamped eigenvalues, where the modal damping factors are assigned to the undamped eigenmodes.
For systems with high mode density, it is difficult to find this correspondence if the damped system is solved in one
step without any relation to the undamped one.
To find this mapping between the eigenvalues, a so called homotopy parameter µ is introduced so that the solution
follows the eigenvalues from the undamped system at µ = 0 to the damped system at µ = 1 [12]. Then the calculated
paths can be constructed, showing clearly where the modes cross each other. In addition, the sensitivity of the
calculated modal damping factors may be analyzed [14].
The system equation of motion (4) with homotopy parameter µ has the following form
(M λ2i + µjD + K)φi = 0 , 0  µ  1 ,

(6)

where λi und φi are the complex eigenvalues and corresponding eigenvectors of the system which coincide with the
eigenvalues and eigenvectors of the undamped system for µ = 0 [15,16]. Now the path following, also known as the
numeric continuation method is implemented. Based on the undamped system at µ = 0, the homotopy parameter is
increased step by step and the eigenvalue problem (6) is solved. In this work, the steplength has been fixed.
There are two different methods described in this article. The first method shown – the Predictor-Corrector Method
– is based on the initial prediction of the desired solution of the eigenvalue problem and then it uses Newton’s method
for correction to achieve appropriate accuracy. Afterward, the Rayleigh-Quotient Iteration is presented which is a
widely used iterative method to compute eigenvalues and eigenvectors of symmetric systems.
The Rayleigh-Quotient Iteration as well as Newton’s Method can be regarded as an extension of the Inverse
Iteration, which is one of the oldest algorithms for finding eigenvalues [17–19]. Chatelin [20] and Amiraslani
and Lancaster [21] compare the methods directly and show that the Rayleigh-Quotient Iteration is an extension of
Newton’s Method.
The convergence rate of the Inverse Iteration is linear, Newton’s Method converges quadratically and the RayleighQuotient-Iteration cubically [20–22]. The three methods require the solution of a linear system of equations in each
iteration which can be parallelized [22].
3.1. Predictor-corrector method
Because the eigenvectors can be scaled arbitrarily, the eigenvalue problem (6) is expanded by a suitable scaling
equation
  

(M λ2i + µjD + K)φi
0
=
,
(7)
1
φH
i 0 φi
with the starting eigenvector φ i 0 (for µ = 0). If the eigenpair (φ i , λi ) is denoted by a vector
 
φi
zi =
,
λi
then Eq. (7) can be written as
  

(M λ2i + µjD + K)φi
g1
=
= 0.
g(z i (µ), µ) =
g2
φH
i 0 φi − 1

(8)

(9)
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This equation depends nonlinearly on λ i , and is solved with the help of the Predictor-Corrector Formulation with
the assumption

(10)
g(z i (µ), µ) = g(z̄ i (µ), µ̄) + g ,z z̄ ,µ̄ ∆z = 0 ,
i
where z̄ i , µ̄ are known values and ◦ ,x are derivatives with respect to different values of x [14]. The required
derivatives are
g

1,

i

= λ2i M + µjD + K

(11)

g 1,λi = 2λi M φi

(12)

= φH
i0

(13)

g

2,

i

g2,λi = 0 .

(14)

Differentiating Eq. (9) with respect to µ leads to



g 1,λi 
g
φi,µ
1, i


g ,µ = g ,z z ,µ =
,
g
g2,λi
λi,µ
2,

i

and Eq. (10) reformulated yields


 
g
g 1,λi

g
1, i



∆z = − 1 .
g ,z z̄ ,µ̄ ∆z =
i
g
g2,λi
g2
2,

(16)

i

For the predictor step, the derivation


(2λi λi,µ M + jD)φi + (λ2i M + µjD + K)φi,µ
g ,µ =
=0
φH
i 0 φi,µ
is used, which leads to




g
g 1,λi
 1, i
 z ,µ = −(K + jD)φi .
g
0
0
2,

(15)

(17)

(18)

i

Equation (7) can be solved iteratively for the actual homotopy parameter
µn+1 = µn + h

(19)

with predictor
n+1

z i = n z i + h · n z i,µ

(20)

calculated from Eq. (18). Then the result is corrected with Newton’s Method from Eq. (16)
n+1 (t+1)
zi

=

n+1 (t)
zi

+ ∆z ,

t = 1, 2 , ...

(21)

until the residual reaches a predefined convergence parameter.
3.2. Rayleigh-quotient iteration
The Rayleigh-Quotient of a vector
T

r( ) ≡

T

K∗
M

,

is defined as [23–25]
(22)
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Fig. 1. Test structure: Mass spring system.

with symmetric n×n matrices K ∗ and M . If 0 is an approximation to an eigenvector of the generalized eigenvalue
problem K ∗ = λM , then r( 0 ) can be used to find an approximation to the corresponding eigenvalue λ 0 . On
the other hand, the solution of
(K ∗ − λ0 M )

0

=b

(23)

is almost always a good choice for the eigenvector of the generalized eigenvalue problem, if there exists an
approximate value λ 0 [23]. Also, Eq. (23) can be solved with a suitable assigned approximation to the eigenvector
for the right hand side b (e.g.: undamped eigenvector for the damped problem). In case there is no approximate
eigenvector available, one can choose a random vector, but this can lead to divergence and long solution times.
These two ideas are combined and adjusted to fit the available problem with symmetric real matrix M and complex
matrix K ∗ to the Rayleigh-Quotient Iteration algorithm. The starting vector 0 from the undamped eigenvalue
solution with  0  = 1 is taken. Now iterating for k = 0, 1, . . . using Eq. (22) the eigenvalue
λk = r(

k)

(24)

is found. In the next step equation
(K ∗ − λk M )z k+1 =

is solved for z k+1 . The approximation of the eigenvector from the previous iteration, starting with
the right hand side of the Eq. (25). Then the solution is normalized
k+1

= z k+1 /z k+1  .

(25)

k
0,

is taken for
(26)

The norm of the computed vector z k+1  increases while iterating and serves as a convergence criterion.
Sometimes the algorithm has problems converging to the eigenvalue next to the starting value λ 0 [17]. In order to
avoid this problem for the path following algorithm the eigenvector from the last homotopy step is taken as a starting
vector and the number of the homotopy steps can be increased.

4. Application and results
4.1. Test structures
The algorithms are tested on several models with symmetric mass and stiffness matrices, where the size of the
models varies between 64 and 38 469 degrees of freedom. The smallest one consists of masses and springs with
system matrices built in Matlab while the other systems are modeled using the finite element program Nastran.
The first small model is rather simple and was used for algorithm testing during the programming. It has 64
degrees of freedom consisting of a chain of masses connected by springs. In addition, each mass is connected to
ground by another spring (Fig. 1). Some of the springs in the middle of the chain have a stiffness with an imaginary
part dij to incorporate hysteretic damping into the system.
The following parameters are chosen for the chain of masses and springs:

402

U. Miller et al. / Eigenpath following for systems with symmetric complex-valued stiffness matrices

Fig. 2. Finite Element model of the tree structure (1464 degrees of freedom).

Fig. 3. Mode shape 7 (left) and 8 (right) of the tree structure.

mi = 1kg,
ki = 1000N/m,
kij = 1000N/m,


 0N/m for i < 30, j < 31,
dij = 30N/m for 30  i  35, 31  j  36,

0N/m for i > 35, j > 36.

(27)

The second structure is called the tree model and shown in Fig. 2. It is modeled with steel parameters using
brick elements and consists of a stem with eight attached arms. Every arm is assembled from two identical beams
connected by thin layer elements to simulate joints with damping in the system. The stiffness of the thin layer
elements on the left is slightly higher than on the right side whereas the damping is higher on the right side so that
there are some eigenfrequencies lying close together and crossing when the damping is increased. Figure 3 shows
the shapes of modes 7 and 8 with eigenfrequencies of the undamped system of 111.3 Hz and 115.0 Hz, respectively.
Finally, three structures, made out of two 3 mm thick steel plates joined by bolts, were used for timing purposes.
The joints are modeled with thin layer elements with constant damping. Since steel has very low damping and no
macro-slip occurs in the joints, damping of the assembly for the first 10 modes is lower than 0.2%. The structures
are modeled with brick elements and have 3468, 6936 and 38 469 translational degrees of freedom.
The undamped eigenvalues and eigenmodes of the four finite element models are found with Nastran and mass,
stiffness, and damping matrices are exported into ASCII files which in turn are imported into Matlab in sparse format.
4.2. Results
An example of an eigenpath following for the tree model with 1464 degrees of freedom is shown in Fig. 4 where
the eigenvalues for modes 7 until 18 are plotted. There are no mode crossings for modes 1 through 6, hence they are
omitted to make the figure more readable. The eigenvalues of modes 7 and 8 as well as of modes 16 and 17 cross
each other because of the significantly different damping values, which are plotted on the right side of the figure.
The Predictor-Corrector Method needs at least 10 homotopy steps to follow the paths of the tree model correctly,
i.e. every eigenvector of the damped system converges to the corresponding eigenvector of the undamped one. For
the mass-spring system, the Rayleigh-Quotient Iteration needs 4 homotopy steps to find the correct eigenpaths.
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Fig. 4. Imaginary and real part of 12 eigenvalues of the tree model.

To follow the eigenpaths of the tree system, the Rayleigh-Quotient Iteration actually needs only two homotopy
steps. The eigenvalue of mode 16 crosses that of mode 17 and if only one step is used, the eigenvector of mode 18
converges to the damped eigenvector of mode 16. For the other finite element models with bolted steel plates, only
one step of Rayleigh-Quotient Iteration was sufficient to follow the first 20 eigenpaths.
By loosening the convergence criterion, which was set to 0.001 in all cases, both algorithms have problems
converging to the right modes so that more homotopy steps are needed.
4.3. Computational time and accuracy
Calculations were performed on a computer with four 3.0 GHz dual core processors with 16 GB RAM. Matlab
(version 7.6) automatically parallelizes the solution of linear systems so that for both algorithms all the processors
were used.
For each model, 20 natural modes were calculated and the average values of the computational times related to
the calculation of each natural mode are plotted in Fig. 5. For both algorithms, the lowest number of homotopy steps
needed to correctly follow the eigenvalues was used, i.e. 10 steps for the Predictor-Corrector Method and 4 steps for
the Rayleigh-Quotient Iteration. As a reference, the Rayleigh-Quotient Iteration was also performed with 10 steps.
The Rayleigh-Quotient Iteration is faster, since it needs fewer homotopy steps. If it has to calculate 10 homotopy
steps, it is still a little bit faster than the Predictor-Corrector Method, because it has the better convergence rate and
needs less iteration steps in order to converge. No relevant difference in time is noticed for the calculation of the
eigenvalues for closely spaced modes and for those located far apart from each other.
Apart from the differences resulting from non-identical matrix operations, an important role in computational
time plays the accuracy of the results, which in turn is dependent on the convergence criterion – residual error and
number of homotopy steps needed for the problem to converge and to give appropriate accuracy.
The benchmark solution for the finite element models is performed with the complex eigenvalue solver in Nastran.
Both algorithms showed nearly identical results with marginal difference between the Nastran and Matlab values.
Experimental investigations for the largest model were made as well and they correlate well with the simulation
results [1].

5. Conclusions
This article gives a short overview and comparison of two eigenvalue following algorithms: Predictor-Corrector
and Rayleigh-Quotient Iteration. Both algorithms are applied to a weakly damped finite element model with
hysteretic damping. They achieve comparable results in terms of accuracy, however Rayleigh-Quotient Iteration
converges faster and requires lower number of homotopy steps.
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Fig. 5. Computional times for one mode for the models with different degrees of freedom.

The next steps in the project will concentrate on modification of algorithms. In particular – implementation of
adaptive homotopy step-length and introduction of block variant algorithms to ensure the correct path following
when mode crossings occur. In the end the algorithms will be implemented in a higher level programming language
like Fortran or C++.
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