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Abstract. The validity of the application of energy flow analysis for beam structures under random excitations is investigated
in this paper. The approximate solutions of energy density and intensity in a beam subject to random loadings are obtained
by solving the governing equation of random energy flow analysis using Fourier transform technique. The formulations of
the exact energy density distribution and intensity in the beam are derived using the classical modal analysis method. For a
simply supported beam subject to distributed or concentrated random excitations, the validity of random energy flow analysis is
investigated through comparisons between solutions obtained from the approximate and exact methods for energy response as
well as intensity. The results indicate that, the mode countof the analysis frequency band, which means the number of modes
involved in the band, is the key factor affecting the prediction accuracy of random energy flow analysis, and that if the mode
count of the band is sufficiently large, random energy flow analysis can provide rather accurate estimates for both energydensity
and intensity in a wide frequency range.
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1. Introduction

Nowadays, the prediction of the dynamic behavior of structures in the high frequency range is a problem becoming
more and more important and demanding. Statistical energy analysis (SEA) method is currently the most commonly
employed simulation tool for the high frequency response estimation of structural/acoustical systems [16]. In SEA,
a complex system is divided into a number of coupling subsystems, and the lumped energy stored within each
subsystem is the primary variable of this approach. In the application of SEA, only a linear algebraic system equation
needs to be solved, thus SEA is very computationally efficient. However, since the development of the basic SEA
formulation is based on some restrictive assumptions and approximations [1,7], limited confidence can be put in the
predicted results by the method. Though theoretical improvements have been achieved to improve the performance
of SEA in response estimation [11,17,18], they apply to simple coupling structures and are difficult to be extended
to general complex ones. In addition, because SEA is a lumpedparameter method, which provides no information
about the local variation of the dynamic state on a subsystem, this method can not be applied efficiently in situations
where local features of a subsystem, such as localized excitation and damping, must be modeled.

In order to overcome limitations posed by SEA, researchers has made great efforts in the developmentof alternative
prediction techniques, which include the wave intensity analysis (WIA) [12,13] and energy flow analysis (EFA) [2,
3,10,15,24]. In WIA, the diffuse vibration wave filed assumption, which is required in conventional SEA, is
relaxed, and the directional dependence of the energy response of each subsystem is taken into account. WIA has
demonstrated improved evaluation accuracy on the conventional SEA with not too much additional computation
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effort than the latter. EFA is an analytical prediction approach based on energy variables as well, where the time
averaged over a period and space averaged over a wavelength energy density constitutes the primary variable of
the method. The analogy with the thermal conductivity is adopted in the development of the EFA approach, and
the governing equations of the method are derived based on a local power balance and a simplified relationship
relating power flow with energy density. Local response on a subsystem can be predicted by EFA, and the method
can be implemented relatively easily using finite element method, thus EFA has met a high interest in the scientific
community.

The basic equations of EFA are derived for single structures, such as a rod, beam, plate or membrane [2,3,
10,15,24], and the method can apply to built-up structures by utilizing the power transfer characteristics at the
junctions [5,6]. At present, the application of EFA has beenextended to practical engineering structures, such as
a plate reinforced with multiple parallel beams [19] and plate structures in contact with dense fluid [26–28]. In
other researches concerning EFA, the method is utilized in combination with other approaches to deal with specific
coupling situations. A hybrid method that combines EFA withconventional FEM is proposed to model different parts
of coupled structures [21,29], and another hybrid method, which combines EFA with boundary element method,
is developed to compute response of coupling structural/acoustic systems [22,23]. Because the assumption, which
is associated with a far-field incoherent plane wave approximation, is introduced in the derivation of the governing
equations of EFA, errors can be caused in the evaluation results of the method [14]. Theoretical efforts has been made
on the improvement of the EFA theory as well as its validity investigation especially for two-dimensional systems,
and it is indicated that the interference among propagatingwaves has also contribution to the energy propagation,
which is not analogous to heat conduction [4,20].

In previous development and applications of EFA, the methodis commonly employed to predict the single
frequency or frequency averaged energy response of structures. The energy flow characteristics of beams and plates
under random excitations were once investigated using EFA [8,9], where the energy response characteristics of the
structures in one frequency band in the relatively low frequency range were mainly focused on. The application of
EFA for beam structures under random excitation is systematically proposed by You et al. [25], which is referred to
as random energy flow analysis. In random EFA, the average energy density is not solved directly from the energy
conductivity equation of EFA but indirectly obtained from the spectral integration of an energy spectrum variable,
and a detailed relationship between random EFA and SEA is established with respect to both energy and power
flow variables for coupled beam structures. The proposed approach is applied to a frame subject to concentrated
random broadbanddisturbances, and good agreement betweenenergy as well as power flow solutions is demonstrated
for subsystems close to the location of excitations, based on which the validity of the random EFA application
is established. However, since SEA is an approximate approach offering solutions with limited reliability, it is
necessary for the validity investigation of the random EFA application to be performed based on some exact solutions
of structural response. In this paper, random EFA is appliedto a single beam structure subject to concentrated or
distributed random excitations, and both energy density distribution and intensity in the beam are calculated. The
exact energy and intensity of the beam under random excitation is obtained using classical modal superposition
method. Verification of random EFA is implemented through comparisons between approximate solutions and exact
results in consecutive frequency bands ranging from low to high frequencies, and meanwhile, factors affecting the
prediction accuracy of random EFA for beam structures are identified.

2. Random energy flow analysis of a single beam

2.1. Random EFA energy formulation

For a beam structure subject to a transverse concentrated random excitation, the differential equation of EFA,
which reflects the power balance relationship at local placeon the beam, should apply to the differential spectral
component of the relative energy variable and power input as

−

c2
g

ηω

∂2

∂x2
[E(x, ω)dω] + ηωE(x, ω)dω = δ(x − x0)Πin(ω)dω (1)
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whereE is an energy variable associated with position as well as frequency, which represents the time and locally
space averaged energy density spectrum [25],ω is the radian frequency of the excitation,cg is the group velocity
of bending waves,η is the structural loss factor,δ(x) is the Dirac delta function defining the location of the driving
force,Πin is the real part of the cross spectrum between the random force and velocity response at the driving point,
which is defined as the power input spectrum of the random excitation.

The time averaged energy density of waves with different frequencies are incoherent and can be superimposed,
and this accounts for the validity of applying the energy conductivity equation of EFA with respect to the differential
spectral component of relative spectrum quantities, as expressed in Eq. (1). Eliminating dω at both sides of Eq. (1)
yields

−

c2
g

ηω

∂2E(x, ω)

∂x2
+ ηωE(x, ω) = δ(x − x0)Πin(ω) (2)

The average energy density and intensity of a beam under stationary random excitation can be obtained from the
integration of the approximate energy density spectrum solved from Eq. (2), which are respectively given by [25]

e(x) =
1

2π

+∞
∫

0

E(x, ω)dω, (3)

I(x) = −

1

2π

+∞
∫

0

c2
g

ηω

∂E(x, ω)

∂x
dω (4)

2.2. Analytical solution of the random EFA energy equation for a single beam

Though finite element method has become the standard numerical implementation of the EFA energy equation,
for a single beam, in order to find the analytical solution of energy density and intensity, Fourier transform technique
is utilized to solve the random EFA governing equation. An advantage of using Fourier transform technique is that
both concentrated and distributed excitations can be treated in the same manner.

For a common loading situation, Eq. (2) can be written as

−

c2
g

ηω

∂2E(x, ω)

∂x2
+ ηωE(x, ω) = Πin(x, ω) (5)

whereΠin(x, ω) represents the power input spectrum of concentrated or distributed random force. Implementing
Fourier transform to Eq. (5) with respect tox to cast it into the wave number space yields

c2
g

ηω
k2Ê(k, ω) + ηωÊ(k, ω) = Π̂in(k, ω) (6)

whereÊ(k, ω) and Π̂in(k, ω) denote the Fourier transforms ofE(x, ω) andΠin (x, ω) with respect to position
respectively. Through algebraic transformation, Eq. (6) becomes

Ê(k, ω) = Ĥ(k)Π̂in(k, ω) (7)

where

Ĥ(k) =
ηω

(ηω)2 + (cgk)2
(8)

Based on convolution theorem,E(x, ω) can be obtained from convolution between the Fourier inversion of Ĥ(k)
andΠin(x, ω), which is given by

E(x, ω) =

L
∫

0

h(x − ξ)Πin(ξ, ω)dξ (9)
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where

h(x) =
1

2π

+∞
∫

−∞

Ĥ(k)ejkxdk =
1

2cg

e−(ηω/cg)|x| (10)

In Eq. (9),L denotes the beam length. The result given by Eq. (9) is the particular solution component of Eq. (5),
and when the general solution is included, the complete solution is expressed as

E(x, ω) =

L
∫

0

h(x − ξ)Πin(ξ, ω)dξ + Ae(ηω/cg)x + Be−(ηω/cg)x (11)

The last two items in Eq. (11) correspond to the general solution part of Eq. (5) whenΠin(x, ω) is set to zero. The
two unknown coefficientsA andB in Eq. (11) can be determined by applying energy boundary conditions at both
beam ends. For a simply supported beam, the energy boundary conditions are expressed as

−

c2
g

ηω

∂E

∂x

∣

∣

∣

∣

∣

x=0

= −

c2
g

ηω

∂E

∂x

∣

∣

∣

∣

∣

x=L

= 0 (12)

The energy density and intensity on the beam can be obtained respectively by substituting Eq. (11) into Eqs (3) and
(4).

3. Exact solution from modal analysis

3.1. Energy density response of a beam subject to random excitation

The motion equation for a transversely vibrating beam understationary random excitation is given by

EcI0
∂4u(x, t)

∂x4
+ m

∂2u(x, t)

∂t2
= f(x, t) (13)

whereu(x, t) is the transverse displacement,Ec = E0 (1+jη) is the complex modulus of elasticity,η is the structural
loss factor,I0 is the cross-section inertia moment, andm is the density per unit length. Through modal superposition,
the equation determining the response amplitude of an arbitrary mode can be obtained as

u′′
n + ω2

n(1 + jη)un =
1

M

L
∫

0

f(r, t)ϕn(r)dr (14)

whereun, ωn andϕn, respectively, are the amplitude, natural frequency and mode shape of thenth mode, andM
is the total mass of the beam. Performing Fourier transform to Eq. (14) for a finite time interval, 06 t 6 T , and
solving forun, it yields

Un(ω, T ) =
1

M

L
∫

0

ϕn(r)Hn(ω)F (r, ω, T )dr (15)

whereHn(ω) = 1
/

[ω2
n(1 + jη) − ω2] is thenth transfer function of the beam, andF and Un are the Fourier

transforms of the acting force and thenth modal displacement respectively. The displacement response of the beam
is obtained by summing the contributions of all modes as

U(x, ω, T ) =
∑

n

Un(ω, T )ϕn(x) =

L
∫

0

[

1

M

∑

n

ϕn(x)ϕn(r)Hn(ω)

]

F (r, ω, T )dr (16)
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In Eq. (16), the order of integral and infinite summation has been changed. The Fourier transform of the velocity
response can be obtained from that of the displacement response, as

V (x, ω, T ) = jωU(x, ω, T ) =

L
∫

0

[

jω
M

∑

n

ϕn(x)ϕn(r)Hn(ω)

]

F (r, ω, T )dr (17)

If the velocity mobility function between positionsx andr is defined as

Y (x, r, ω) =
jω
M

∑

n

ϕn(x)ϕn(r)Hn(ω) (18)

Equation (17) takes the following form

V (x, ω, T ) =

L
∫

0

Y (x, r, ω)F (r, ω, T )dr (19)

The auto-spectrum of velocity can be expressed in terms of the cross-spectral function of the random distributed
loading between different positions, given by

Sv(x, ω) = lim
T→∞

1

T
E[V ∗V ] =

L
∫

0

L
∫

0

Y ∗(x, r, ω)Y (x, s, ω)Sf (r, s, ω)drds (20)

where

Sf (r, s, ω) = lim
T→∞

1

T
E[F ∗(r, ω, T )F (s, ω, T )] (21)

Sf is the cross-spectrum of the force between positionsr ands, which is related to the cross-correlation function of
the force at different locations through Fourier inversion, given by

Sf (r, s, ω) =

+∞
∫

−∞

Rf (r, s, τ)e−jωτdτ (22)

where

Rf (r, s, τ) = E[f(r, t)f(s, t + τ)] (23)

is the cross-correlation function of the acting force. If a single concentrated random force atx0 is considered, the
cross-spectrum of the force takes a simple form as

Sf (r, s, ω) = Sf (ω)δ(r − x0)δ(s − x0) (24)

Mean square value of the random velocity along the beam is calculated by the integration of its auto-spectrum,
v2
RMS = (1/2π)

∫ +∞

−∞
Sv(x, ω)dω, and mean square value of the displacement is obtained in thesame way. The

total average energy density of a beam is the sum of the average kinetic and potential energy responses, given by

ē(x) = ēk(x) + ēp(x) =
1

2
E0I0

∂2u2
RMS(x)

∂x2
+

1

2
mv2

RMS(x) (25)

where the overbar indicates the time averaged quantity.
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Table 1
Properties of beam

Young’s Modulus of Elasticity (N/m2) 7.0E+10

Mass Density (kg/m3) 2700.0
Structural loss factor 0.03
Length (m) 10
Cross-sectional Dimensions, width× height (m) 0.025× 0.025

f(x,t) [Π (x,ω) ]in

x=L

Fig. 1. A simply supported beam subject to distributed random excitation.

3.2. Intensity in the beam

Intensity in transversely vibrating beams is produced by two separate internal mechanisms: the shear force and
the bending moment. The instantaneous power flow associatedwith the shear force is written in terms of the
displacement and velocity as

psh(x, t) = E0I0
∂3u(x, t)

∂x3
v(x, t) (26)

The instantaneous power flow caused by the bending moment is

pmo(x, t) = −E0I0
∂2u(x, t)

∂x2

∂v(x, t)

∂x
(27)

Then power spectral density of the power flow can be obtained

SI(x, ω) = E0I0 · lim
T→+∞

1

T
E

{

Re

[

∂3U∗

∂x3
V −

∂2U∗

∂x2

∂V

∂x

]}

(28)

whereU andV are the finite Fourier transforms of the displacement and velocity responses of the beam respectively.
Using the mobility function defined in Eq. (18), Eq. (28) can be derived finally as

SI(x, ω)=E0I0

L
∫

0

L
∫

0

Re

[

j
ω

(

∂3Y ∗(x, r, ω)

∂x3
Y (x, s, ω)−

∂2Y ∗(x, r, ω)

∂x2

∂Y (x, s, ω)

∂x

)

Sf (r, s, ω)

]

drds (29)

The time averaged intensity in a beam subject to random excitation is obtained through the integration of the spectral
density of the power flow over frequency domain, asI(x) = (1/2π)

∫ +∞

−∞
SI(x, ω)dω.

4. Validation of random EFA for a single beam

In this section, the validity of random EFA in predicting energy density and intensity for beam structures is to be
investigated from low to high frequencies by comparing approximate results evaluated using it with exact solutions
from modal analysis.

For the first verification case, a simply supported beam subject to distributed broadband excitation is considered.
The distributed loading is applied on the central region of the beam, as shown in Fig. 1. The acting region is half of
the beam length. The force is assumed to be spatially uncorrelated, which has the cross-spectrum function as

Sf (x1, x2, ω) = Sf (ω)δ(x1 − x2), (L/4 6 x1, x2 6 3L/4) (30)
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Fig. 3. Response of the beam when distributed force is applied. −−, exact solution from modal analysis; - - -, random EFA approximation. (a),
(c), (e): energy density distribution in different frequency bands; (b), (d), (f) intensity in different frequency bands. The reference energy is 1×
10−12 J m−1.

andSf (ω) is assumed to have flat and broadband spectral distributionas shown in Fig. 2, which can be considered
as being composed of many band-limited components. Beam properties are listed in Table 1. For three band-
limited white noise cases, of which frequency ranges are chosen to be 30–90 Hz, 2.3–2.7 kHz and 8.5–9.2 kHz
with bandwidth of 60 Hz, 500 Hz and 700 Hz respectively, the approximate and exact results of the energy density
and intensity are calculated. Each case of frequency band covers about 5 modes of the beam. For the numerical
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Fig. 4. Response of the beam when distributed force is applied. —, exact solution from modal analysis; - - -, random EFA approximation. (a),
(c), (e): energy density distribution in different frequency bands; (b), (d), (f) intensity in different frequency bands. The reference energy is 1×
10−12 J m−1.

implementation of the analytical solution of random EFA fora single beam, the exact mobility function is utilized
in computing the power input spectrum, and the energy density spectrum is evaluated at 500 discrete frequencies
in each frequency band to ensure convergence of the solution. A significant greater number of modes were chosen
for each frequency band than number of modes covered in the band to ensure exact results from modal method
converged.

Figure 3 displays the comparison between the energy densityand intensity predictions from random EFA and
modal analysis approach. It is observed that for each frequency band, the energy density evaluated by random
EFA is about 2 dB lower than the exact solutions along the beam. Considering that the three frequency bands have
different bandwidths, the nearly same error involved in each case implies that it is the mode count of the band not
the bandwidth that has the direct effect on the prediction accuracy of random EFA. The near field effect appears
at both boundaries of the beam, where relatively greater discrepancy between the approximate and exact results is
observed. The global value of the energy response is found todrop dramatically in high frequency, which is caused
by the much greater energy dissipation due to the structuraldamping in that frequency range. The approximate and
exact intensity solutions exhibit the same pattern from lowto high frequencies, as shown in Fig. 3(b), (d), and (f),
however, they do not correlate well with each other.

When the bandwidth for each case is widened to cover about 20 modes of the beam respectively, i.e., the frequency
ranges of the three bands change to 30–430 Hz, 2.3–4.0 kHz and8.5–11.5 kHz respectively, the corresponding
approximate and exact solutions for energy density and intensity are shown in Fig. 4. It is found that errors involved
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Fig. 5. Response of the beam when a concentrated force is applied at the beam center. —, exact solution from modal analysis; - - -, random EFA
approximation. (a), (c): energy density distribution for different bandwidth; (b), (d): intensity for different bandwidth. The reference energy is 1
× 10−12 J m−1.

with random EFA are very slight with respect to energy density, and the approximate predictions of intensity correlate
well with the exact ones. This indicates that random EFA prediction approaches the exact response if sufficient
modes are included in the frequency band, and this holds nearly over the whole frequency range. Two reasons
account for this characteristic of random EFA. The first is associated with the near field effect. It is known that the
near field terms of displacement response are neglected in the derivation of the EFA governing equation, causing
prediction error when the method is applied. Comparing the exact energy solutions for the three frequency bands in
Fig. 4 with their counterparts in Fig. 3, it is observed that the scope of the near field at beam boundaries decreases as
more modes are included in the frequency band, and this reduces the error due to the neglect of near field effects in
random EFA. The second reason is associated with the conceptof space averaging adopted in random EFA. Energy
solution provided by the method is the locally averaged overa wavelength result of the exact response, thus the
approximate result is expected to approach the exact one when the latter fluctuates with constant amplitude in spatial
range comparable with wavelength. When fewer modes are included in the frequency band, the exact energy density
exhibits fluctuation with amplitude varying significantly in space as shown in Fig. 3, which makes the approximate
result from random EFA deviate greatly from the exact response. When frequency band covers more modes, it
is shown in Fig. 4 that the exact energy response fluctuates inspace with little change in amplitude, making the
approximate result close to the exact solution.

For the second verification case, a simply supported beam excited by a concentrated random force at the center is
considered. Auto-spectrum of the force is the same as that described in Fig. 2. The characteristic of random EFA
that its prediction approaches the exact result when mode count of the frequency band is sufficiently large also holds
for this loading situation, and only the comparison betweenapproximate and exact solutions for frequency bands
of 2.3–2.7 kHz and 2.3–4.0 kHz are presented in Fig. 5. The twophenomena associated with the boundary near
field effect and spatial fluctuation of the exact response arealso observed in this figure, besides, new features can be
found with respect to the exact solution. In Figs 3 and 4, no obvious near filed effect appears at the acting region
of the distributed force, whereas when concentrated force is applied, near field effect occurs near the acting position
of the force as shown in Fig. 5. Moreover, the approximate intensity is seen not to correlate with exact one as well
as the case for distributed excitation in the same frequencyrange. Though the scope of the near field at the driving
position decreases as frequency band becomes broader, it isexpected that random EFA gives less accurate prediction
for concentrated excitation than for distributed excitation when the same frequency range is considered.
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Fig. 6. Total energy response of a beam subject to random distributed force: -•-, exact total energy response; -◦-, approximate total energy
response. Each frequency band contains: (a) 5 modes; (b) 10 modes; (c) 20 modes. The reference energy is 1× 10−12 J.

In order to further investigate the effect of the mode count of frequency band on the prediction accuracy of random
EFA, the verification calculation for distributed and concentrated loadings are performed over the whole frequency
range when frequency band with different mode counts are considered. Total energy responses of the beam in each
frequency band are obtained for both approximate and exact solutions by integrating the energy density over the
beam length. Figures 6 and 7 present the comparisons betweenthe approximate and exact total energy responses for
the two cases of distributed and concentrated loadings respectively. For the case of distributed excitation, it is shown
in Fig. 6 that when each frequency band has the same mode count, the estimation error of the total energy using
random EFA nearly keeps constant over the whole frequency range. For the situation of concentrated excitation,
similar characteristic can be found when each frequency band covers adequate number of modes, however, when
mode count of the frequency band is low, total energy response estimated by random EFA is unreliable as indicated
in Fig. 7(a).

5. Conclusions

The validity of random EFA for beam structures is investigated through comparisons between results of approx-
imate and exact responses with respect to both energy density and intensity. The Fourier transform technique is
used to find the analytical solution to the random EFA governing equation, and the exact average energy density and
intensity of a beam under random excitation is derived through mode superposition method. Validity investigation
of random EFA is carried out from low to high frequencies, andthree characteristics of the method being applied to
a single beam are identified:

(1) The random EFA prediction approaches the exact result ifthe mode count of the frequency band is sufficiently
large, and this holds nearly over the whole frequency range.The verification cases imply that random EFA
can provide rather reliable results when the frequency bandcovers more than 5 modes.

(2) Due to the near field effects caused by concentrated forces at driving positions, for the same frequency band,
random EFA gives less accurate energy estimation for concentrated excitation than for distributed excitation.
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Fig. 7. Total energy response of a beam subject to a concentrated force at the beam center: -•-, exact total energy response; -◦-, approximate
total energy response. Each frequency band contains: (a) 5 modes; (b) 10 modes; (c) 20 modes. The reference energy is 1× 10−12 J.

(3) For distributed excitation, when each frequency band has the same mode count, the estimation error of the
total energy response of beam structures using random EFA nearly keeps constant over the whole frequency
range, and this also holds for concentrated excitation wheneach frequency band covers adequate number of
modes.
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