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Abstract. The dynamic response of an elastic half-space with a cylindrical cavity in a circular cross-section is analyzed. The
cavity is assumed to be infinitely long, lying parallel to the plane-free surface of the medium at a finite depth and subjected to a
uniformly distributed harmonic pressure at the inner surface. The problem considered is one of plain strain, in which it is assumed
that the geometry and material properties of the medium and the forcing function are constant along the axis of the cavity. The
equations of motion are reduced to two wave equations in polar coordinates with the use of Helmholtz potentials. The method
of wave function expansion is used to construct the displacement fields in terms of the potentials. The boundary conditions at
the surface of the cavity are satisfied exactly, and they are satisfied approximately at the free surface of the half-space. Thus, the
unknown coefficients in the expansions are obtained from the treatment of boundary conditions using a collocation least-square
scheme. Numerical results, which are presented in the figures, show that the wave number (i.e., the frequency) and depth of the
cavity significantly affect the displacement and stress.
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1. Introduction

The problemof the dynamic response of an elastic medium that contains a cavity or shell-like structure has been the
subject of numerous studies. Underground pipelines, tunnels and underwater pipelines have been the major subjects
of this problem. Because of the mathematical simplicity of modeling, the dynamic response of an infinite medium
involving a cavity has widely been studied in the literature, including textbooks by Achenbach [1], Eringen and
Şuhubi [2], Graff [3] and Pao and Mow [4]. Compared with the large volume of literature on the dynamic response
of structures in an infinite medium, the corresponding problem in a half-space has not received much attention,
although it is more suitable for application. The authors presume that this limitation is mainly due to difficulties
in satisfying the boundary conditions at the free surface of the half-space. Thiruvenkatachar and Viswanathan [5]
investigated the dynamic response of an elastic half-space with a cylindrical cavity at a finite depth subjected to
time-dependent surface tractions on the boundary of the cavity. The solution was obtained by expanding the field in
a series of wave functions and applying the method of successive approximations. El-Akily and Datta [6,7] studied
the response of a circular cylindrical shell to disturbances in an elastic half-space. The external field represented
by a series expansion in cylindrical wave functions, whereas the shell was modeled using Flügge’s bending theory.
Matched asymptotic expansions and a successive reflection technique were used to determine the coefficients in the
expansion. Datta et al. [8] studied the dynamic response of a cylindrical pipe of circular cross-section lying in a
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828 İ. Coşkun et al. / Dynamic stress and displacement in an elastic half-space with a cylindrical cavity

concentric cylindrical region buried in an elastic half-space. The fields within each of the regions were expanded
in a series of wave functions. The unknown coefficients in the expansion were obtained by taking a finite number
of terms in the series. In another study, Wong et al. [9] considered the two-dimensional response of a tunnel with a
non-circular cross-section embedded in an elastic half-space by use of a technique involvingwave function expansion
in the half-space combined with a finite element representation of the tunnel and its vicinity. Balendra et al. [10]
studied the in-plane vibrations of a tunnel-soil-building system in a viscoelastic half-space. The displacement fields
were formulated by the method of wave function expansion and the boundary conditions were satisfied only at a
finite number of points along the traction-free surface, the tunnel-soil interface and the soil-foundation interface.
Thus, the unknown wave function coefficients were solved by a least squares approach. Lee and Karl [11] studied
the scattering and diffraction of plane waves by underground, circular, cylindrical cavities at various depths in a
half-space. In the study, they used the Fourier-Bessel series and approximated the half-space with a large diameter
elastic cylinder.

Luco and Barros [12,13] studied the seismic response of a cylindrical shell embedded in a layered viscoelastic
half-space by use of a technique that combines an indirect integral representation for the exterior domain with a
simplified shell theory for the internal tunnel representation. Guan and Moore [14] studied the dynamic response
of multiple cavities deeply buried in a viscoelastic medium that were subjected to moving or seismic loading by
using the Fourier-Bessel series. In another study [15], they investigated the dynamic response of twin lined tunnels
in an infinite medium subjected to seismic loadings using the method of successive reflection. They provided a
comparison of the half-space and full-space results. Stamos and Beskos [16] studied the dynamic response of an
infinitely long cylindrical tunnel buried in a half-space that was subjected to plane harmonic waves by using a special
boundary element method in the frequency domain. Davis et al. [17] studied the transverse response of cylindrical
cavities and pipes embedded in a half-space that were subjected to incident SV waves. The solution was obtained by
using Fourier-Bessel series and a convex approximation of the half-space free surface. Considering the half-space
to be a saturated poroelastic, Liang et al. [18] investigated the diffraction of incident plane SV waves by a circular
cavity using a wave-function series and a downward concave approximation of the half-space free surface. More
recently, Jiang et al. [19] studied the scattering of plane waves by a cylindrical cavity with lining in a poroelastic
half-space by using the complex variable function method.

In this study, dynamic response of an elastic half-space with a cylindrical cavity of circular cross-section is
analyzed. The cavity lies parallel to the plane-free surface of the medium at a finite depth and is subjected to a
harmonic normal pressure at the inner surface. By introducing potentials, the governing equations are decoupled
and reduced to Helmholtz equations satisfied by the potentials. The series solution for these equations is obtained
via the wave function expansion method. The boundary conditions at the invert of the cavity are satisfied exactly,
whereas they are satisfied only at a finite number of points along the traction-free surface of the half-space. Thus,
the unknown wave function coefficients are solved by a least squares approach. Once the unknown coefficients are
determined, the displacement and stress at any point in the medium can be calculated in a straightforward manner.

2. Formulation of problem

Consider a linearly elastic, homogeneous and isotropic half-space with a circular cavity of radius a. The cavity
is considered to be infinitely long, lying parallel to the plane-free surface of the medium at a finite depth of H , and
subjected to a uniformly distributed harmonic pressure P (t) = P0e

−iωt at the inner surface (Fig. 1). The axis of
the cavity is taken to coincide with the z-axis. Given that the loading and the geometry of the cavity are assumed to
be z-independent, the problem is two-dimensional along the x and y axes, and corresponds to the plane strain case.
Thus, with the use of polar coordinates, the displacement vector u of a point will be a function of r, θ and t. The
displacement vector u in the soil medium must satisfy the Navier equation in the absence of body forces

(λ+ μ)∇∇ · u + μ∇2u+ρω2u = 0 (1)

where λ and μ are the Lamé constants, and ρ is the mass density. It is assumed that the dependence on time is a
simple harmonic of the form e−iωt, where i =

√−1. For brevity, the harmonic term e−iωt is henceforth suppressed
from all expressions in the sequence. Using the Helmholtz separation theorem [3], the vector u can be written in
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Fig. 1. Cylindrical cavity embedded in a half-space.

terms of a dilatational scalar potential ϕ(r, θ) and an equivoluminal vector potential ψ(r,θ) = ψ (r,θ)ez with the
form

u = ∇ϕ+∇×ψ;∇·(ψ) = 0 (2)

where ez is the unit vector along the z-axis. Eq. (2) is a solution of Eq. (1) if the displacement potentials are solutions
of the following reduced wave equations for steady state two-dimensional wave propagation:

∇2ϕ+ k2
1ϕ = 0 (3)

∇2ψ + k2
2ψ = 0 (4)

where k1 = ω
√
ρ/(λ+ 2μ) and k2 = ω

√
ρ/μ are the longitudinal and shear wave numbers, respectively, ω

is the circular frequency, and ∇2 is the two-dimensional Laplacian operator ∇2 = (∂2/∂r2) + (1/r)(∂/∂r) +
(1/r2)(∂2/∂θ2).The components of the displacement vectoru in the radial directionur and circumferential direction
uθ are given by ur = ur er and uθ = uθ eθ . The unit vectors er and eθ are in the radial and circumferential
directions, respectively. Hence u=ur+uθ = urer + uθeθ where the components of the displacement vector are
given by

ur =
∂ϕ

∂r
+
∂ψ

r∂θ
(5)

uθ =
∂ϕ

r∂θ
− ∂ψ

∂r
(6)

Using Hook’s law and the expressions for the components of the strain-tensor, the components of the associated
stress field can be written as:

τrr = (λ+ 2μ)
∂ur

∂r
+
λ

r

(
ur +

∂uθ

∂θ

)
(7)

τθθ = λ
∂ur

∂r
+

1
r
(λ+ 2μ)

(
ur +

∂uθ

∂θ

)
(8)

τrθ =
μ

r

(
r
∂uθ

∂r
− uθ +

∂ur

∂θ

)
(9)
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Using the method of separation of variables and noting that the number n must be an integer for a periodic solution,
the solutions of Eqs (3) and (4) can be written [2] as

ϕ =
∞∑

n=−∞
[AnJn(k1r) +BnYn(k1r)] einθ (10)

ψ =
∞∑

n=−∞
[CnJn(k2r) +DnYn(k2r)] einθ (11)

where Jn and Yn are Bessel functions of the first and second kind, order n, and An, Bn, Cn and Dn are arbitrary
constants to be determined from the boundary conditions. Using the relations J−n =(−1)nJn and Y−n =(−1)nYn,
and considering the potentials ϕ and ψ to be symmetric and antisymmetric, i.e., ϕ(r, θ) = ϕ(r,−θ) and ψ(r, θ) =
−ψ(r,−θ), Eqs (10) and (11) can be written in the form

ϕ =
∞∑

n=0

[AnJn(k1r) +BnYn(k1r)] cosnθ (12)

ψ =
∞∑

n=0

[CnJn(k2r) +DnYn(k2r)] sinnθ (13)

Substituting Eqs (12) and (13) into Eqs (5) and (6), the displacement field is obtained as:

ur =
∞∑

n=0

[
An

(n
r
Jn(k1r) − k1Jn+1(k1r)

)
+Bn

(n
r
Yn(k1r) − k1Yn+1(k1r)

)

+ Cn
n

r
Jn(k2r) + Dn

n

r
Yn(k2r)

]
cosnθ (14)

uθ =
∞∑

n=0

[
−An

n

r
Jn(k1r) −Bn

n

r
Yn(k1r) − Cn

(n
r
Jn(k2r) − k2Jn+1(k2r)

)

−Dn

(n
r
Yn(k2r) − k2Yn+1(k2r)

)]
sinnθ (15)

Likewise, substituting Eqs (14) and (15) into Eqs (7–9), the associated stress field can be written as:

τrr =
2μ
r2

∞∑
n=0

{An [β1Jn(k1r) + k1rJn+1(k1r)] +Bn [β1Yn(k1r) + k1rYn+1(k1r)]

+ Cn [β2Jn(k2r) − nk2rJn+1(k2r)] +Dn [β2Yn(k2r) − nk2rYn+1(k2r)] } cosnθ (16)

τθθ =
2μ
r2

∞∑
n=0

{An [β3Jn(k1r) − k1rJn+1(k1r)] + Bn [β3Yn(k1r) − k1rYn+1(k1r)]

+ Cn [−β2Jn(k2r) + nk2rJn+1(k2r)] +Dn [−β2Yn(k2r) + nk2rYn+1(k2r)] } cosnθ (17)

τrθ =
2μ
r2

∞∑
n=0

{An [−β2Jn(k1r) + nk1rJn+1(k1r)] +Bn [−β2Yn(k1r) + nk1rYn+1(k1r)]

+ Cn [−β1Jn(k2r) − k2rJn+1(k2r)] +Dn [−β1Yn(k2r) − k2rYn+1(k2r)] } sinnθ (18)

where

β1 = n2 − n− 0.5k2
2r

2, β2 = n2 − n, β3 = −n2 + n+ k2
1r

2 − 0.5k2
2r

2.
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The boundary conditions associated with the problem will be written at the invert of the cavity and at the free surface
of the half-space. Given that the cavity is subjected to an internal pressure of P0 in magnitude at r = a, the boundary
conditions at the cavity surface are:

τrr = −P0 (19a)

τrθ = 0 (19b)

The zero-stress boundary conditions at the free surface of the half-space, at x = H , can be expressed as:

τxx = 0 (20a)

τxy = 0 (20b)

where τij is the stress tensor in Cartesian coordinates. To use the conditions given by Eqs (20a) and (20b), the stress
field, which is expressed in polar coordinates, must be transformed into Cartesian coordinates with the relations

τxx = τrr cos2 θ + τθθ sin2 θ + 2τrθ sin θ cos θ (21)

τxy = −(τrr − τθθ) sin θ cos θ + τrθ(cos2 θ − sin2 θ).

Similarly, the displacement components in Cartesian coordinates, which will be used to show the displacement
distribution at the free-surface, are given by

ux = ur cos θ − uθ sin θ; uy = ur sin θ + uθ cos θ (22)

Substituting Eqs (16–18) into Eq. (21) and arranging the terms appropriately, the transformed stress components are
obtained as:

τxx =
2μ
r2

∞∑
n=0

〈An

{
[S1Jn(k1r) + (S2Jn(k1r) + k1rJn+1(k1r)) cos 2θ] cosnθ
+[S3Jn(k1r) + nk1rJn+1(k1r)] sin 2θ sinnθ

}

+Bn

{
[S1Yn(k1r) + (S2Yn(k1r) + k1rYn+1(k1r)) cos 2θ] cosnθ
+[S3Yn(k1r) + nk1rYn+1(k1r)] sin 2θ sinnθ

}
(23)

+Cn {[−S3Jn(k2r) − nk2rJn+1(k2r)] cos 2θ cosnθ + [S4Jn(k2r) − k2rJn+1(k2r)] sin 2θ sinnθ}
+Dn {[−S3Yn(k2r) − nk2rYn+1(k2r)] cos 2θ cosnθ + [S4Yn(k2r) − k2rYn+1(k2r)] sin 2θ sinnθ} 〉

τxy =
2μ
r2

∞∑
n=0

〈An

{
[S2Jn(k1r) + k1rJn+1(k1r)] sin 2θ cosnθ
−[S3Jn(k1r) + nk1rJn+1(k1r)] cos 2θ sinnθ

}

+Bn {[S2Yn(k1r) + k1rYn+1(k1r)] sin 2θ cosnθ−[S3Yn(k1r) + nk1rYn+1(k1r)] cos 2θ sinnθ} (24)

+Cn {[−S3Jn(k2r) − nk2rJn+1(k2r)] sin 2θ cosnθ−[S4Jn(k2r) − k2rJn+1(k2r)] cos 2θ sinnθ}
+Dn {[−S3Yn(k2r) − nk2rYn+1(k2r)] sin 2θ cosnθ−[S4Yn(k2r) − k2rYn+1(k2r)] cos 2θ sinnθ} 〉

where

S1 = 0.5(k2
1r

2 − k2
2r

2), S2 = n2 − n− 0.5k2
1r

2, S3 = −n2 + n, S4 = −n2 + n+ 0.5k2
2r

2.

Because of the difficulty in taking into account an infinite number of terms in the series given above, especially for
the functions Yn for a small argument with a large index, the series are truncated at a finite numberN . In this case,
the number of unknown constants (An, Bn, Cn, Dn, n = 0, 1, 2, . . . , N ) in the equations becomes 4 ×N+ 2, in
which C0 = D0 = 0 for n = 0 in Eq. (16). In order to obtain these constants, the boundary conditions given by
(19a–20b) will be used. Substituting Eq. (16) into Eq. (19a) and considering that the solution must be valid for all θ,
N+ 1 algebraic equations are obtained. This solution is accomplished by equating the coefficient of cosnθ to P0 for
n = 0 and zero for n > 0, respectively. Similarly, substituting Eq. (18) into Eq. (19b) and equating the coefficient
of sinnθ to zero for n > 0, N equations are obtained. Thus, with the use of the boundary conditions at r = a,
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2 ×N+ 1 algebraic equations are obtained. The necessary 2 ×N+ 1 equations will be obtained from the boundary
conditions (20a) and (20b), which require the stresses at each point of the free surface to equal zero. Since there
are an infinite number of points along the surface, the use of these conditions leads to an infinite set of algebraic
equations. Besides, these boundary conditions cannot be satisfied exactly at each point as the series are truncated
by keeping only a finite number of terms in the summations. Therefore, the boundary conditions (20a) and (20b)
are satisfied approximately only at a finite number of points along the free surface by applying the least-squares
technique. For this purpose, 2 ×N+ 1 constants are solved in terms of other constants from the 2 ×N+ 1 equations
obtained above, i.e., A0 = f(B0), An = f(Cn, Dn) and Bn = f(Cn, Dn), and substituted into Eqs (23) and (24).
Thus, the number of constants in these equations reduces to 2 ×N+ 1. Subsequently, these 2 ×N+ 1 constants can
be obtained from a set of algebraic equations that will be established by taking rk = H/ cos θk in Eqs (23) and (24)
and using the least-squares technique given by

Π =
M∑

k=1

[
(τ (k)

xx − τ̂ (k)
xx )2 + (τ (k)

xy − τ̂ (k)
xy )2

]
= min (25)

Here,M is the number of points on the surface, τ (k)
xx and τ (k)

xy are the stress components to be computed approximately

at any point k, and τ̂ (k)
xx and τ̂ (k)

xy are the external stress components at these points. With the use of Eq. (25), a set of
algebraic equations for the unknownsB0, Cn andDn can be found from:

∂Π
∂B0

=
M∑

k=1

[
τ (k)
xx

∂τ
(k)
xx

∂B0
+ τ (k)

xy

∂τ
(k)
xy

∂B0

]
= 0 (26)

∂Π
∂Cn

=
M∑

k=1

[
τ (k)
xx

∂τ
(k)
xx

∂Cn
+ τ (k)

xy

∂τ
(k)
xy

∂Cn

]
= 0, n = 1, 2, ..., N (27)

∂Π
∂Dn

=
M∑

k=1

[
τ (k)
xx

∂τ
(k)
xx

∂Dn
+ τ (k)

xy

∂τ
(k)
xy

∂Dn

]
= 0, n = 1, 2, ..., N (28)

in which it is assumed that τ̂ (k)
xx = τ̂

(k)
xy = 0 at rk = H/ cos θk as the surface is traction-free. These 2 ×N+ 1

equations are used in the determination of the 2 ×N+ 1 constants. After the determination of these constants,
the other 2 ×N+ 1 constants (A0, An, Bn) are obtained from the relations A0 = f(B0), An = f(Cn, Dn) and
Bn = f(Cn, Dn). Then, with the use of these constants in the solutions, the displacement and stress components at
any point can be calculated. The numerical results, which will be presented in the next section, were obtained with
the use of non-dimensional spatial coordinates and non-dimensional cavity depth in the displacement and stress field
quantities. For this purpose, the spatial coordinates and the cavity depth were non-dimensionalized with respect to
radius a(x̄ = x/a, ȳ = y/a, r̄ = r/a and H̄ = H/a) and parameters k̄1 = k1a and k̄2 = k2a were introduced in
the displacement potentials ϕ and ψ. The overbars were then dropped in the evaluation of all field quantities.

3. Numerical results and discussion

As indicated in the foregoing, the least-squares technique is used for the boundary conditions on the free surface
of the half-space. This technique requires the use of numerical values for satisfying the boundary conditions at the
points along the surface; thus, modal behavior cannot be observed in the system. In contrast, a simple harmonic
distributed force with frequency ω is applied at the invert of the cavity, which causes forced motion in the system;
therefore, the response of the system is dependent on the forcing frequency because the material properties of the
medium are known. The dependence on the frequency is determined by the well-known relations k1 = ω/c1 and
k2 = ω/c2, where k1 and k2 are longitudinal and shear wave numbers and c1 =

√
(λ+ 2μ)/ρ and c2 =

√
μ/ρ are

the longitudinal and shear wave speeds, respectively. Using these relations, the wave numbers (k1, k2) are obtained
numerically for a given forcing frequency and are then used to represent the behavior of the system. Moreover, it
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Fig. 2. Variation of the radial displacement (ur) with θ at r = a for various values of wave number k1a.

should be noted that a dispersion relation, which is encountered in typical wave propagation problems, cannot be
obtained here because not all of the boundary conditions are homogeneous; additionally, some of them are treated
numerically at the free surface (i.e., they are approximately satisfied for a finite region by considering a finite number
of terms in the series solutions).

The numerical computations were carried out for a rock-like medium with properties ρ = 2665 kg/m3, E =
7.567 × 109 N/m2 and ν = 0.25 [8]. The internal pressure P0 on the cavity surface, the number N , and the
region at the free surface were taken to be P0 = 0.1 MPa, N = 8 and −10 ×H � y � 10 ×H , respectively. The
non-dimensional wave number (k1a) and the non-dimensional depth (H/a) were used to represent the behavior.
The figures, in which the displacement and stress distributions are shown for the cavity surface, were depicted with
respect to the absolute values. Due to the symmetry of the system with respect to the x-axis, the displacement and
stress distributions become symmetrical about this axis in all figures.

Figures 2–4 show the effect of varying the wave number on the radial displacement, circumferential displacement
and the circumferential normal stress at the cavity surface r = a for a fixed depth H/a = 4. Figure 2 shows that
radial displacement in the upper half of the cavity decreases as k1aincreases. However, in the lower half of the cavity,
radial displacement initially increases as k1a increases and then decreases as k1a increases further. Also, it is found
that the maximum values, which depend on the wave number, occur at θ = 0◦ and θ = 180◦, i.e., at the nearest and
farthest points from the free surface. The distribution of circumferential displacement is shown in Fig. 3. Depending
on the k1a values, there are two local maxima in the lower and upper half of the cavity. As for the radial displacement,
maximum circumferential displacements occur in the lower half of the cavity. Comparisons of the displacements in
Figs 2 and 3 show that the radial displacements are larger than the circumferential displacements. Figure 4 shows the
distribution of the circumferential normal stress along the cavity surface. As for the circumferential displacement,
the circumferential normal stress initially increases as k1a increases and then decreases as k1a increases further. The
circumferential normal stress is found to be nearly symmetric about the horizontal (y) axis at small values of k1a,
with maxima occurring at θ = 90◦ and θ = 270◦.

Figure 5 shows the variation of the free-surface vertical displacements (ux) with respect to the horizontal coordinate
(y/a) for different values of k1a at a fixed depthH /a = 4. It can be seen that vertical displacements decrease as y/a
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Fig. 3. Variation of the circumferential displacement (uθ) with θ at r = a for various values of wave number k1a.

Fig. 4. Variation of the circumferential normal stress (τθθ) with θ at r = a for various values of wave number k1a.
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Fig. 5. Variation of the vertical displacement (ux) with y/a at the free surface of the half-space for various values of wave number k1a.

increases for all values of k1a. Maximum displacements occurred at y/a = 0, x = H /a, i.e., at the point nearest the
top of the cavity, and their values decrease as k1a increases. It should be noted that the horizontal displacements (not
shown here) are zero at this point due to symmetry about the vertical (x) axis, and that the horizontal displacement
values are small compared with the vertical displacements at other points of the free surface.

Figures 6–8 show the effect of varying the cavity depthH /a on the radial displacement, circumferential displace-
ment and the circumferential normal stress at the cavity surface r = a for a fixed wave number k1a = 0.3. Figure 6
shows that the maximum radial displacement occurs at depth H /a = 4, where the cavity is neither far away from
the free surface nor very close to it. Also, it is observed that the radial displacement is nearly symmetric about the
cavity center for H /a = 10. With further increases in the cavity depth (not shown here), the contribution becomes
more and more symmetric about the cavity center, which is consistent with the full-space solution. The distribution
of circumferential displacement is shown in Fig. 7. It can be seen that increasing the cavity depth results in lower
displacements at the cavity surface. Maximum values occur for the case H /a = 2, i.e., when the cavity is nearest to
the free surface. The distribution of circumferential normal stress is shown in Fig. 8. It can be seen that maximum
values occurred at θ = 90◦ and θ = 270◦. As in the case of radial displacement, circumferential normal stress
distribution is found to be nearly symmetric about the center of the cavity forH /a = 10.

Figure 9 shows the variation of the free-surface vertical displacements (ux) with respect to the horizontal coordinate
(y/a) for different values ofH /a at a fixed wave number k1a = 0.3. It is seen that the vertical displacements decrease
as y/a increases for all cavity depths, and that the vertical displacement values at the points far away from the cavity
become small compared with the respective values around the cavity. Maximum displacements occurred at y/a = 0,
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Fig. 6. Variation of the radial displacement (ur) with θ at r = a for various values of depth H/a.

Fig. 7. Variation of the circumferential displacement (uθ) with θ at r = a for various values of depth H/a.
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Fig. 8. Variation of the circumferential normal stress (τθθ) with θ at r = a for various values of depth H/a.

Fig. 9. Variation of the vertical displacement (ux) with y/a at the free surface of the half-space for various values of depth H/a.
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x = H /a, i.e., at the point nearest to the top of the cavity, and the displacement values decreased significantly as the
cavity depthH /a increased.

4. Conclusion

The dynamic response of a half-space with a cylindrical cavity subjected to a uniform harmonic pressure at the
inner surface has been studied. The effects of the wave number and depth on the displacement and stress distributions
at the cavity surface, and at the free surface of the half-space have been presented in the figures. In general, it is found
that maximum radial displacements at the cavity surface occurred at the top and bottom points, i.e., at the nearest
and farthest points from the free surface of the half-space. With the increase of wave number and cavity depth, these
values decrease at the top of the cavity, whereas they increase first and then decrease at the bottom of the cavity.
Thus, it is concluded that the wave number and cavity depth have similar effects on the radial displacements. For a
fixed wave number, the circumferential displacements on the cavity surface are found to decrease as the depth of the
cavity increases. Maximum displacement is found to occur when the cavity is nearest the free surface. Maximum
circumferential normal stresses at the cavity surface are found to occur on the horizontal and vertical axes depending
on the wave number and depth. Maximum vertical displacements at the free surface of the half-space are found
to occur at the point nearest to the cavity. These values, in absolute terms, decrease as the wave number and the
depth of the cavity increase. It is concluded that both the displacements and stresses at the cavity surface, and the
displacements at free surface of the half-space are significantly influenced by the wave number (i.e., the frequency)
and the proximity of the cavity to the free surface.
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