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Abstract. Frequency response functions are often utilized to characterize a system’s dynamic response. For a wide range of
engineering applications, it is desirable to determine frequency response functions for a system under stochastic excitation. In
practice, the measurement data is contaminated by noise and some form of averaging is needed in order to obtain a consistent
estimator. With Welch’s method, the discrete Fourier transform is used and the data is segmented into smaller blocks so that
averaging can be performed when estimating the spectrum. However, this segmentation introduces leakage effects. As a result,
the estimated frequency response function suffers from both systematic (bias) and random errors due to leakage. In this paper the
bias error in the H1 and H2 -estimate is studied and a new method is proposed to derive an approximate expression for the relative
bias error at the resonance frequency with different window functions. The method is based on using a sum of real exponentials
to describe the window’s deterministic autocorrelation function. Simple expressions are derived for a rectangular window and
a Hanning window. The theoretical expressions are verified with numerical simulations and a very good agreement is found
between the results from the proposed bias expressions and the empirical results.
Keywords: Frequency response functions, bias error, leakage effects, Welch’s method

1. Introduction
Estimation of Frequency Response Functions (FRFs) from experimental data is commonly carried out as a first
step in the system identification process. The FRFs provide a condensed overview of the system’s dynamic response
and often form the basis for selection of a more sophisticated, parametric, identification algorithm. This is the
case in experimental modal analysis where many parametric curve-fitting routines identify the model order and
corresponding modal parameters from measured FRFs. Hence, getting accurate FRF-estimates from experimental
data is critical for the subsequent analysis. Being able to understand, predict and, to some extent, compensate for
possible errors in the FRFs is therefore valuable.
This paper is concerned with the frequency-domain approach known as Welch’s method, which uses the discrete
Fourier transform and achieve averaging by segmenting the data as initially proposed in [1]. This is the most common
estimator implemented in signal analysis software due to its speed and low memory requirement. However, it is also
well known that this method introduces leakage errors in the spectral densities since only a finite measurement time
is studied. This windowing of the data introduces spectral smoothing and ripple in the signals’ spectral density. As
a result, the FRF estimator is affected by leakage errors since it is calculated from the spectral densities.
In practice, the measurement data is also contaminated by measurement noise. Systematic (bias) errors due to
measurement noise can normally be avoided depending on how the FRF-estimator is formulated (H1 , H2 , Hc , etc.).
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But the estimator will still be affected by a random error due to measurement noise and thus it is necessary to segment
the data and perform averaging over several blocks of data to obtain a consistent estimate. On the other hand, this
segmentation of the data makes the leakage effects more severe. As a consequence, for a given input and output
signal, a compromise needs to be made between the number of segments and the length on each segment when
estimating the FRF.
A comparison of transfer function estimators was shown in [2–4] where the bias and variance due to leakage were
studied for the H1 -estimate and compared with the raw quotient between the Fourier transform of the output and
the input. More recently, an extensive study on the bias and variance of the H1 -estimate was given in [5–7] where
different window functions and overlapping strategies were investigated. In [8,9] an approximate expression for the
bias error at the resonance frequency was derived for a single-degree-of-freedom system with white noise input.
The bias expression was found by assuming that the estimation is accomplished with an ideal rectangular spectral
window, which is an approximation that is not often appropriate in practice.
The aim of this paper is to derive a bias expression which shows better agreement with empirical results. The
study is carried out for the H1 -estimate, the H2 -estimate and the coherence function assuming white noise excitation.
Specifically, an approximation based on using a sum of real exponentials to describe the window’s deterministic
autocorrelation function is used to derive an expression for the relative bias error at the resonance frequency. Finally,
the accuracy of the proposed expressions is examined with numerical simulations.
2. System identification in the frequency domain
The problem studied is summarized below. For a single-input-single-output case an input signal, x[n], and an
output signal, y[n], both of length L samples, and both normally distributed and stationary random sequences, are
given as
x [n] = {x0 , x1 , . . . , xL−1 }

(1)

y [n] = {y0 , y1 , . . . , yL−1 }

(2)

It is assumed that the output signal is the input signal convolved with a linear, time-invariant and causal system
impulse response, h[n], with some added measurement noise, u[n]. In the H1 -case, it is assumed that the output
signal cannot be measured without noise, Eq. (3), while in the H2 -case it is assumed that the input signal cannot be
measured without noise, Eq. (4).
∞


h [k] · x [n − k]

(3)

h [k] · (x [n − k] − u [n − k])

(4)

y [n] − u [n] =

k=0

y [n] =

∞

k=0

The goal is then to find the best estimate of the linear system. With Welch’s method the problem is solved by
dividing the given signals in M , possibly overlapping, segments, each with length N samples. A window function,
w[n], is then applied to each segment and the discrete Fourier transform is calculated, for m = {0, 1, 2 . . . M − 1},
as
Xm [k] =

N
−1


w [n] · xm [n] · e−

j2πkn
N

(5)

n=0

Ym [k] =

N
−1


w [n] · ym [n] · e−

j2πkn
N

(6)

n=0

The spectral densities are then estimated by multiplying with the complex conjugate and averaging over M blocks,
as shown in Eq. (7) for the H1 -estimate or in Eq. (8) for the H2 -estimate.
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M−1
∗
m=0 Ym · Xm
Ĥ1 [k] = M−1
∗
m=0 Xm · Xm

(7)

M−1
∗
m=0 Ym · Ym
Ĥ2 [k] = M−1
∗
m=0 Xm · Ym

(8)

Since the ratio between these two estimators can be used as a quality measure of the estimated FRF, the ordinary
coherence function is defined as
2
γ̂yx
=

Ĥ1

(9)

Ĥ2

The coherence will give a value between zero and unity at each frequency, indicating how much of the measured
output that can be explained with a linear model and the measured input. Possible bias error due to measurement
noise can be avoided in either the H1 or the H2 -case (assuming that the noise is uncorrelated with the input signal).
However, the estimators – including the coherence function – still suffer from random error due to measurement
noise as well as, due to the finite-length record in Eqs (5)–(6), a bias- and random-error due to the leakage.

3. Bias errors due to leakage in the H1 - and H2 -estimate
The technique described above assumes that a windowed output block is identical to the system response of the
corresponding windowed input block which is true only if the linear system is an ideal delta-function. In practice,
transient terms from previous input blocks will always be present in a studied output block. Hence, any possible
correlation with previous input blocks is neglected with Welch’s method.
The bias error in the estimates due to leakage can be determined by studying the bias error in spectral densities
estimates, since the FRF is calculated as the quotient between two spectral densities. Bias error in spectral densities
estimates has been studied in for instance [9–11].
First, the discrete normalized (deterministic) autocorrelation function of the window, as a function of lag l, is
defined with Eqs (10)–(11).
 1 N −l−1
w [n + l] · w [n] l  0
kww [l] = N n=0
(10)
l<0
kww [−l]
rww [l] =

1
· kww [l]
kww (0)

(11)

A biased cross-correlation function of two windowed signal blocks can then be written as [10]
r̂yx [l] = E {ym [n] · w [n] · xm [n − l] · w [n − l]} = ryx [l] · rww [l]

(12)

where E {.} denotes the expected value. Similarly, a biased autocorrelation function of y[n] is given by
r̂yy [l] = E {ym [n] · w [n] · ym [n − l] · w [n − l]} = ryy [l] · rww [l]

(13)

If the excitation signal is assumed to be white noise with variance σx2 , the following relationships can be used [10,
11]
ryy [l] = σx2 · kww [0] · rhh [l]

(14)

ryx [l] = σx2 · kww [0] · h [l]

(15)

where rhh [l] denotes the discrete, deterministic, auto-correlation function of the impulse response. In Eqs (14) and
(15), σx2 · kww [0] denotes the variance of the windowed excitation signal x [n]. Using Eqs (7) and (8) gives an
expression for the biased estimates as
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Fig. 1. The biased H1 -estimate is obtained by taking the Fourier transform of a truncated impulse response (above). For the H2 -estimate, the
autocorrelation function of the impulse response is truncated (below) which gives a biased magnitude square function in frequency domain. The
latter is then divided with the conjugate of the biased H1 -estimate in order to obtain the H2 -estimate.

Ĥ1 [k] =

N
−1


h [n] · rww [n] · e−

j2πkn
N

(16)

n=0

Ĥ2 [k] =

N −1

− j2πkn
N
n=0 rhh [n] · rww [n] · e
N −1
j2πkn
−
N
n=0 h [−n] · rww [n] · e

(17)

Studying Eqs (16)–(17), it can be seen that the window function effectively truncates the true impulse response
function. The biased H1 -estimate is obtained by taking the Fourier transform of a truncated impulse response, while
the H2 -estimate is obtained as a quotient between the Fourier transform of a biased autocorrelation function of the
impulse response and the conjugate of the biased H1 -estimate. An example is given in Fig. 1 where the biased
impulse response and the biased autocorrelation function of the impulse response are illustrated.

4. A study of a single-degree-of-freedom system
The relative bias error obtained at the resonance frequency for a single-degree-of-freedom (SDOF) system is
considered next. In experimental modal analysis it is common to describe a general linear system with a set of modal
parameters such as natural frequencies, mode shapes and modal damping. The FRFs between any measurement
points can then be synthesized from the modal model. Hence, by relating the bias error to the modal parameters it
is possible to obtain an estimate of the bias error in the FRFs at each modal frequency.
Studying a linear, second-order, continuous-time, system with input x(t) and output y(t)
ÿ(t) + 2ζω0 · ẏ(t) + ω02 · y(t) = d · ω02 · x(t)

(18)

where ζ denotes the relative damping, ω0 is the undamped resonance frequency and d is a real constant. The causal
impulse response to this system, in continuous time τ , is given by [12]

d · ω0
h(τ ) = 
· e−ζω0 τ · sin(ω0 τ 1 − ζ 2 )
(19)
2
1−ζ

√
and, for ζ  1/ 2, the peak value in the FRF occurs at ω1 = ω0 1 − 2ζ 2 and can be written as [9]
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|H(ω1 )| =

d

2ζ 1 − ζ 2
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(20)

If the system is excited by a random input and Welch’s method is used to calculate the FRF, a bias error will be
introduced as shown in previous chapter. The difference between the true peak value at resonance frequency and
the
 biased
 peak value is considered here, and a normalized bias error can be defined as shown in Eq. (21) where


Ĥ(ω1 ) denotes the estimated quantity.




E Ĥ(ω1 ) − |H(ω1 )|
(21)
b =
|H(ω1 )|
This bias error will depend on the frequency resolution, window type (e.g. rectangular, Hanning) as well as system
properties (resonance frequency and relative damping). For the proceeding calculations, the input excitation is
assumed to be white noise so that Eqs (16)–(17) are applicable and the relative damping is assumed to be small so that
ω0 ≈ ω1 for ζ 2 ≈ 0. Furthermore, it will be assumed that the continuous, deterministic, normalized, autocorrelation
function of the window can be approximated as a sum of real exponentials, i.e.
rww (τ ) ≈

P
1 
an · e−kn |τ |
As n=0

(22)

P
where {an , kn } are real-valued constants, As = n=0 an and kn > 0. As it is shown in the next section, Eq. (22)
is a reasonable approximation given the shape of the windows typically used.
Starting with the H1 -estimate, Eq. (16) can be combined with Eq. (22) and the truncated impulse response can be
written as
h1 (τ ) = h(τ ) · rww (τ ) ≈

P
1 
h(τ ) · an · e−kn |τ |
As n=0

(23)

A multiplication with a single real exponential only changes the relative damping of the system [9]. As a result,
the truncated impulse response can be seen as the sum of P + 1 impulse responses, each with modified relative
damping and each weighted with the an -coefficients. Using Eq. (20), and assuming that the relative damping is
small so that each frequency response has a purely imaginary value at the resonance, the biased peak value can be
written as
P


1  an · d


(ω
)
≈
(24)
Ĥ
 1 0 
As n=0 2 · ζn
where ζn = ζ + kn /ω0 . By using the following relationship
P


an
=
ζω
+ kn
0
n=0

∞
0

e−ζω0 τ ·

P


an · e−kn |τ | dτ

(25)

n=0

an approximation can now be derived for the relative bias error by combining Eqs (21)–(25) which gives
|H1 |

b

≈ ζω0 ·

∞
0

e−ζω0 τ · rww (τ )dτ − 1

(26)

Next, the relative bias error obtained at the resonance when using the H2 -estimate is examined. Studying the
numerator in Eq. (17), the deterministic autocorrelation function of the impulse response can be written as [8]
rhh (τ ) ≈

d2 ω0 −ζω0 |τ |
·e
· [cos(ω0 |τ |) + ζsin(ω0 |τ |)]
4ζ

(27)


when 1 − ζ 2 ≈ 1. If this function is weighted with a single real exponential, the biased magnitude square function
can be written as
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d
F (rhh · e−k|τ | ) ≈ F (dω0 · e−ζω0 |τ | · sin(ω0 |τ |) · e−k|τ | ))
4
d
+ F (dω0 · e−ζω0 |τ | · cos(ω0 |τ |) · e−k|τ | ))
4ζ

(28)

where F (.) denotes the Fourier transform. The value at the resonance can be approximated as
F (rhh (τ ) · e−k|τ | )ω=ω0 ≈

d
d
d
+
+
4 j2ζ0
−j2ζ0
d d(ζ0 + j) d(ζ0 − j)
+
4ζ
j2ζ0
−j2ζ0

d
d
·
=
2ζ 2ζ0

(29)

when higher-order terms, ζ 2 and ζ02 are neglected. In Eq. (29), ζ0 denotes the modified relative damping given by
ζ0 = ζ + k/ω0 . Extending this to the general form of rww (τ ), shown in Eq. (22), gives the numerator in Eq. (17) as
P

2
1  an · d
d


·
Ĥ(ω0 ) ≈
2ζ As n=0 2 · ζn

(30)

Since the denominator in Eq. (17) can be described with Eq. (24) it follows that the H2 -estimate gives the true
peak value as given by Eq. (20). Hence,
|H2 |

b

≈0

(31)

Using Eq. (9) it then follows that the coherence value at the resonance can be approximated with
|H1 |

2
γ̂yx
≈ b

+1

(32)

The bias in the H1 -estimate, as given by Eq. (26), can be calculated when the window type is given. Consider,
as an example, the rectangular window and the Hanning window which have deterministic autocorrelation functions
given by [13]
Rect
rww
(τ ) = (1 − |τ | · Δf ) · 1 − θ |τ | −

1
Δf

(33)

2 1
+ cos(2πΔf · τ ) . . .
3 3
1
1
sin(2πΔf · |τ |)) · 1 − θ |τ | −
... +
2π
Δf

Hann
(τ ) = ((1 − |τ | · Δf ) ·
rww

(34)

where θ(τ ) denotes the step function and Δf is the frequency increment. Using Eq. (33) in Eq. (26) and carrying
out the calculations gives the relative bias error for the rectangular window as
|H1 |

b

≈

Δf −πBr /Δf
(e
− 1)
πBr

(35)

where Br is the 3dB-bandwidth for the system [9] defined as Br = ζω0 /π. Similarly, combining Eq. (26) with
Eq. (34) gives the relative bias error for the Hanning window as
|H1 |

b

≈

2Δf
3

1
B3
2Br
+ r2 −
πBr
πA
πA

(e−πBr /Δf − 1) +

1
Br2
−
3A 3

(36)

with A = Br2 + 4Δ2f . Hence, if the modal damping and resonance frequency are given or estimated, Eqs (35)–(36)
can be used to approximate the bias error at the resonance frequency.
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Fig. 2. A simulation on a mass-spring-damper system is performed and the result with Welch’s method and the H1 -formulation is compared with
the system’s true FRF. After averaging, a relatively large bias error is obtained at the resonances. Finally, the simulation results are verified by
comparing with the theoretical biased FRF (-) as given in Eq. (16).

5. Numerical simulations and comparisons
Results from numerical simulations are shown next where the bias error is demonstrated and compared with the
previously derived formulas. All simulations are performed with white noise excitation and the time-response is
calculated using ramp-invariant digital filters [14].
At first a discrete mass-spring-damper system with two degrees of freedom is studied with matrices given by
[M ] =

20 0
0 25

[K] =

3 −1
· 106 N/m
−1 1.5

kg,

[C] =

90 −50
−50 80

N s/m

(37)
(38)

The simulation is performed with a sampling frequency of 2048 Hz, and Welch’s estimator is used for the analysis
with 50 percent overlap and a Hanning window. No external noise is added to the simulated data, i.e. u(n) = 0, and
the high sampling frequency ensures that truncation errors when calculating the time-responses are negligible. The
errors in the estimated FRFs are then dominated by a random error due to leakage and a bias error due to leakage.
16384 averages are taken in order to remove the random error and 2048 points are used for the fft-blocksize giving
a frequency resolution of Δf = 1 Hz.
Both the H1 - and H2 -formulations are tested in the analysis. Figure 2 shows the actual FRF for the system
together with the estimated FRF when using the H1 -estimate. Similarly, Fig. 3 shows the actual FRF together with
the estimated FRF when using the H2 -estimate.
When comparing the actual FRF for the system with the estimated FRFs it is clear that the fft-blocksize is small
in this example and relatively large bias errors are obtained. In the H1 -case, this can be seen around the resonance
peaks in Fig. 2, while in the H2 -case the biased FRF tend to broaden the resonance peaks and gives a larger bias
error at the anti-resonance as shown in Fig. 3.
The theoretical biased FRFs can be obtained by using the true impulse response for the system and the deterministic
autocorrelation function of the window as given in Eq. (11). Using Eqs (16)–(17) then produces the biased FRFs,
which agrees well with the simulation results as shown in Figs 2 and 3.
Next, the bias error at the resonance frequency for a single-degree-of-freedom is considered and the formulas
derived in Section 4 are compared with simulation results. In the derivation, it was assumed that the deterministic
autocorrelation function of the window can be approximated with a sum of real exponentials. The validity of this
assumption is demonstrated in Fig. 4 for a 256-point rectangular window and a Hanning window. Referring to
Eq. (22), 100 kn -values are generated for this example and the best an values are found with a least-square technique,
which yields a very good approximation of the window functions as shown in Fig. 4.
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Fig. 3. Based on the same system as in Fig. 2 but the analysis is carried out with the H2 -formulation. In this case, the estimated FRF over-predicts
the true FRF value before and after the resonance and gives a larger bias error at the anti-resonances. The simulation results agrees well with the
theoretical biased FRF (-) as given in Eq. (17) for the H2 -estimate.

Fig. 4. The discrete deterministic autocorrelation function of a rectangular window (above) and a Hanning window (below) is shown together
with a curve fit consisting of a sum of real exponentials as given in Eq. (22). 100 coefficients are used in this example.

The accuracy of the proposed bias expressions for the rectangular window and the Hanning window is demonstrated
next. The time-response from a second-order system, with relative damping ζ = 0.005 and natural frequency f0 =
50 Hz, is simulated using a sampling frequency of F s = 2000 Hz.
The theoretical FRF value at the resonance frequency is then compared with the estimated FRF value, as obtained
with Welch’s method, and the relative bias error, as defined in Eq. (21), is calculated. This is repeated with increasing
fft-blocksizes in order to get the bias error as a function of frequency resolution. The analysis is carried out with 50
percent overlap and 100 000 averages for both the rectangular window and the Hanning window.
Simulation results for the H1 -estimate agree well with results from Eqs (35)–(36) as shown in Fig. 5 and Table 1.
It can be observed that the Hanning window gives a smaller bias error when the frequency increment is low but a
larger bias error at a larger frequency increment. However, it should be emphasized that Fig. 5 only demonstrates the
accuracy of the derived bias expressions. For a meaningful comparison between window functions it is necessary to
also study the variance due to leakage noise.
Table 1 shows the simulation results for the Hanning window where the H2 -estimate and the coherence value at
the resonance are included as well. The H2 -estimate is close to zero and the coherence value depends on the relative
bias error in the H1 -estimate as discussed in Section 4.
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Table 1
The relative bias error at the resonance frequency obtained with the H1 and H2 -estimate and
the coherence value for the Hanning window, together with theoretical results for different
frequency increments
Δf [Hz]
1
5/6
2/3
1/2
1/3
1/4
1/6
1/14

Rel. Bias Error, H1
Simulation
Eq. (35)
−0.612
−0.612
−0.557
−0.558
−0.491
−0.489
−0.397
−0.397
−0.271
−0.270
−0.194
−0.193
−0.109
−0.109
−0.025
−0.025

Rel. Bias Error, H2
Simulation
Eq. (31)
0.002
0
−0.001
0
−0.001
0
−0.001
0
−0.003
0
0.002
0
−0.000
0
−0.000
0

Coherence Value
Simulation
Eq. (32)
0.388
0.389
0.444
0.441
0.510
0.511
0.604
0.603
0.731
0.729
0.805
0.807
0.891
0.890
0.975
0.975

Fig. 5. An FRF is calculated from simulated time-responses for a single-degree-of-freedom system. The result is compared with the true FRF
and the relative bias error at the resonance is determined. This is done for both the rectangular window and the Hanning window using the
H1 -formulation. Numerical results, which agree well with the proposed bias expressions, are shown with increasing frequency increment.

6. Discussion
Calculation of frequency-response-functions (FRFs) from finite data sequences often requires a segmentation of
the data (Welch’s method) in order to obtain a consistent estimator when contaminating measurement noise is present.
This segmentation can in turn introduce severe stochastic errors due the leakage noise. In practice, it is necessary to
trade between the number of segments and the length on each segment in order to find an acceptable compromise
between the bias error and the random error due to leakage noise and the random errors due to measurement noise
in the estimated transfer function.
The systematic (bias) error due to leakage has been studied in this work for two common estimators; H1 and H2 .
It is shown that the resulting biased FRF depends on what type of estimator is used. In practice, it can therefore be
beneficial to combine the results from both estimators in order to find a better approximation of the system’s actual
FRF.
An effective technique has been proposed in this work, based on using a sum of real exponentials to describe the
effect of the window, which makes it possible to determine the relative bias error at the resonance frequency for
different window functions. The calculations were carried out for a rectangular window and a Hanning window,
but the principle can be applied to other window functions as well. The derived formulas give a simple relationship
between bias error, frequency resolution and 3dB-bandwidth for the resonance.
A simulation study was carried out and the results from the bias expressions were found to agree very well with
empirical results. By replacing the unknown parameters with the estimated parameters, these formulas can be useful
for quantifying the bias errors in the FRF analysis. Further studies on the random error due to leakage noise with
different estimators are recommended.
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