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Abstract. The present work is focused on the study of damping mechanism in layered and welded cantilever beams with unequal
thickness. It is observed that a number of vital parameters such as: thickness ratio, pressure distribution characteristics, relative
slip and kinematic co-efficient of friction at the interfaces, initial amplitude of excitation, length and thickness of the beam
specimen govern the damping capacity of these structures. Experiments have been conducted in order to study the effect of
these parameters and validate the developed damping model. The damping model of the structure is found to be in fairly good
agreement with the measured data. Finally, the results for the damping capacity are discussed and rationalized.
Keywords: Slip damping, tack welded joint, amplitude, unequal thickness, in-plane bending stress

1. Introduction
Built-up structures exhibit vibration damping due to slip at the joints. Although, numerous works have been carried
out on this aspect, still the mechanism of damping in fabricated structures remains one of the least well-understood
subjects for general vibration analysis. The major reason attributed for this is the absence of a universal mathematical
model to represent the damping forces. In many modern automotive, machine tool and aircraft industries, welded
joints are mostly used to assemble the parts. These joints have a great potential to reduce the vibration levels of these
structures, thereby attracting the interest of many researchers to understand the mechanism of vibration attenuation.
In an earlier attempt, Goodman and Klumpp [1] examined the energy dissipation due to slip at the interfaces of a
laminated beam. In fact, previous investigators such as; Cockerham and Symmons [2], Hess et al. [3] and Guyan
et al. [4] developed various friction and excitation models, while Barnett et al. [5] and Maugin et al. [6] considered
interfacial slip waves between two surfaces for the measurement of damping capacity of structures.
Studies by researchers such as; Goodman [7], Earles [8], Murty [9] have shown that the energy dissipation at
the joints occur due to frictional energy loss at the interfaces, which is more than the energy loss at the support.
In fact following the work of Goodman and Klumpp [1], early workers, such as Masuko et al. [10], Nishiwaki et
al. [11], and Motosh [12] studied the damping capacity of layered and bolted structures assuming uniform intensity
of pressure distribution at the interfaces of these structures. However, their work is limited to the layered and jointed
symmetric structures.
Hansen and Spies [13] investigated the structural damping in laminated beams due to interfacial slip. They
analyzed a two layered plate model with an assumption that there exists an adhesive layer of negligible thickness
and mass between the two layers such that some amount of micro-slip originates at the frictional interfaces which
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(a)

(b)

Fig. 1. (a) Two layered tack welded cantilever beam model; (b) Two halves of the beam depicting load and co-ordinates.

contributes to the damping. They have also shown that the restoring force is developed by this adhesive medium and
is proportional to the interfacial micro-slip.
Following the work of Masuko et al. [10], Nanda and Behera [14] examined the interfacial slip damping in
multilayered bolted structures and developed a theoretical expression for the pressure distribution at the interfaces
of a bolted joint by curve fitting the earlier data reported by Ziada and Abd [15]. Nanda and Behera [16,17] and
Nanda [18] further studied the distribution pattern of the interface pressure as well as the damping capacity of layered
and jointed structures by carrying out both numerical analysis and experiments to ascertain the effects of number
of layers, diameter of bolts and use of washers. However, they neglected the effect of in-plane bending stresses
on the dynamic slip and damping capacity. Moreover, their work was limited to layered and bolted structures with
symmetric cantilever beams.
Recently, Damisa et al. [19] examined the effect of non-uniform interface pressure distribution on the mechanism
of slip damping in layered beams, but their analysis is limited to the case of static load. Damisa et al. [20] also
examined the effect of non-uniform interface pressure distribution on the mechanism of slip damping for layered
beams under dynamic loads. Though these researchers considered the in-plane distribution of bending stresses but
all the analysis is limited to the symmetric structures with single interface.
A lot of work has been carried out on the damping capacity of bolted structures but little work has been reported
on the mechanism of damping in layered and welded structures. Recently, Singh and Nanda [21] proposed a method
to evaluate the damping capacity of tack welded structures and established that the damping capacity decreases with
the increase in the number of tack welds.
Research works reported till date is silent on the mechanism of damping in layered and welded beams of unequal
thickness. The present work is devoted on the development of a mathematical model, capable of accurately
incorporating the effects of welded joints on the damping capacity of layered and welded structure of unequal
thickness. Moreover, the damping capacity of un-symmetric structure has been evaluated theoretically and validated
experimentally. Further, the findings are compared with that of the equivalent welded symmetrical beams. Qualitative
trends are identified in the measurements and the suitability of capturing these effects is addressed.
2. Theoretical analysis
The tack welded two layered cantilever beam model with overall thickness 2h, width b, and length l as shown
in Fig. 1(a) is considered to evaluate the damping ratio. The loading consists of uniformly distributed pressure at
the interfaces due to perfect contact between two flat bodies, and a concentrated load P applied at the free end,
x = l. Each of the two halves of thickness h1 and h2 is considered separately with the loading as depicted in the
Fig. 1(b). The continuity of stress and vertical displacement ‘v’ is imposed at the interfaces. At some finite value of
P , the shear stress at the interfaces will reach the critical value for slip τxy = μp, where μ and p are the kinematic
co-efficient friction and interface pressure respectively. Additional static force due to excitation will produce a
relative displacement Δu (x) at the interfaces.
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2.1. Interface pressure distribution
The contact pressure for flat surfaces with rounded corners has been found out by Ciavarella et al. [22], which
shows a non-uniform distribution pattern at the interfaces. Contrary to this, the pressure distribution at the interfaces
is assumed to be uniform owing to the contact of the upper layer over the lower one. Therefore, the relation for
uniform pressure distribution as given by Johnson [23] and Giannakopoulos et al. [24] due to contact of two flat
bodies has been considered and the same is given by:
W
b
where W and b are the normal load per unit length and width of the beam respectively.
p (x) =

(1)

2.2. Analysis of static response
The static response is evaluated considering the layered and welded cantilever beams of unequal thickness. The
ratio of the two layers considered is given by:
h1
=n
h2

(2)

where h1 , h2 are the thickness of the upper and lower layers respectively and n is a constant.
Furthermore,
h1 + h2 = 2h

(3)

Solving expressions (2) and (3) thickness of the upper and lower layers is given by:
h1 = 2hn/n + 1

(4a)

h2 = 2h/n + 1

(4b)

The resultant moment at the centroid of each laminate as shown in Fig. 1 (b) is given by:
M1 = P1 (l − x) − μpb

nh
(l − x)
n+1

(5a)

h
(l − x)
(5b)
n+1
where the subscripts 1 and 2 refer to the upper and lower laminates respectively. Moreover, P1 and P2 are the static
forces acting on the laminates 1 and 2 respectively as shown in Fig. 1(b).
Furthermore,
M2 = P2 (l − x) − μpb

P1 + P2 = P

(6)

Invoking the relation between bending moment and curvature as derived by Warburton [25], we get;
d2 v
(7)
dx2
where E and I are the modulus of elasticity and moment of inertia of the welded beam cross-section, respectively.
Putting expression (5) in (7) the following expression is obtained;


d2 v1
1
μpbnh
=
−
P
(l − x)
(8a)
1
dx2
EI1
n+1
M = −EI

1
d2 v2
=
2
dx
EI2



μpbh
P2 −
(l − x)
n+1

(8b)
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where I1 bh31 12 , I2 bh32 12 , v1 and v2 are the moment of inertia and static response of the laminates 1 and 2
respectively.
Integrating expression (8) once we get;



1
μpbnh
dv1
x2
=
(9a)
P1 −
lx −
+ C1a
dx
EI1
n+1
2
1
dv2
=
dx
EI2




μpbh
x2
P2 −
lx −
+ C1b
n+1
2

(9b)

constant and is evaluated to be zero by putting the boundary condition,
where
C1a , C1b are


 the integration
dv1/
dv
2
/dx
= 0 in the expression (9).
dx x=0 =
x=0
Further, integration of expression (9) yields;
 2

3 
lx
x3
3 (n + 1)
μpbhn
v1 =
−
(10a)
P1 −
+ C2a
2Ebh3 n3
n+1
2
6
3

3 (n + 1)
v2 =
2Ebh3


 2

lx
x3
μpbh
−
P2 −
+ C2b
n+1
2
6

(10b)

where the integration constants, C2a = C2b = 0 since v1 |x=0 = v2 |x=0 = 0
Furthermore, it is assumed that the continuity equation prevails as such;
v1 = v2

(11)

Solving expressions (10) and (11) we get;


n3 P + n 2n3 − n + 1 Q
P1 =
n3 + 1
P + n (n − 1) Q
n3 + 1
The two dimensional parameters Q and R are defined as;

(12a)

P2 =

(12b)

Q = μpbh

(13a)

Ebh3
(13b)
l3
Using the expressions (10), (12) and (13), the static response in terms of “Q” and “R” are finally found to be;
 x 2  x 3
(n + 1)3
(P
−
Q)
3
−
(14)
v1 = v2 =
4R (n3 + 1)
l
l
R=

2.3. Evaluation of relative dynamic slip
The displacement at any axial position x and y1,2 = ∓h/2 are given by:
1
u1 =
E
1
u2 =
E

x

σx1 dx −

h1 dv1
2 dx

(15a)

σx2 dx +

h2 dv2
2 dx

(15b)

0
x

0
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These displacements are produced by the resultant axial force F1,2 and moment M1,2 , about the centroid of each
half of the beam as shown in Fig. 1 (b).
where v1 , v2 are the vertical deflections, E is the modulus of elasticity and σx1 , σx2 are the in-plane bending
stresses. It is assumed that the continuity equation prevails, i.e., v1 = v2 = v.
From the force equilibrium, the in-plane bending stresses in the upper and lower laminates are computed as:
μp (n + 1)
σx1 =
(l − x)
(16a)
2nh
μp (n + 1)
(l − x)
(16b)
2h
Combining expressions (14), (15) and (16) and simplifying, the relative slip displacement at the interfaces is given
by:
 3
     
3
n + 3n2 + 3n + 1
x
x 2
3 (n + 1) h
Δu = u2 − u1 =
P−
Q 2
−
(17)
3
4 (n + 1) Rl
3n (n + 1)
l
l
σx2 = −

(n3 +3n2 +3n+1)
Q.
Slip will occur only if P > Pc =
3n(n+1)
where, Pc is the critical static load applied at the tip of the welded cantilever beams.
2.4. Analysis of energy dissipation
The energy is dissipated due to friction and relative dynamic slip at the interfaces. For completely reversed
loading, the product of the shear force, μp and the relative displacement, Δu are integrated over the length of the
beam and is found to be equal to one-fourth of the energy dissipated in a complete cycle.
Thus, energy dissipation per cycle as established by Goodman and Klumpp [1] is given by:
l

Eloss = 4b

l

τxy Δu (x) dx = 4μpb
0

(u2 − u1 ) dx

(18)

0

where, u1 and u2 are the displacements in the x-direction of points on the adjacent faces of the upper and lower half
beam respectively.
Substituting the expression (17) in (18) considering the beam to be loaded cyclically between the loads ±Pm and
integrating, the energy dissipation per cycle in terms of static load is given by:

 3
 
n + 3n2 + 3n + 1 Q
2 (n + 1)3 Q
Pm −
(19)
Eloss =
(n3 + 1) R
3n (n + 1)
where, Pm is the maximum static load applied at the tip of the welded cantilever beams.
The maximum tip displacement vm , corresponding to P = Pm is obtained from Eq. (14) by putting x = l as
follows;
3

(n + 1)
(Pm − Q)
2 (n3 + 1) R
On rearranging expression (20a), Pm in terms of vm is given by:


2 n3 + 1 Rvm
Pm =
+Q
(n + 1)3
Putting the expression (20b) in (19), the energy dissipation in terms of displacement is given by:


2
(n + 1) Q
Eloss = 4Q vm −
6n R
vm =

From the expression (19), it is evident that the slip will occur only if v = vc =
displacement.

(n+1)2 Q
6n
R,

(20a)

(20b)

(21)

where, vc is the critical tip
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2.5. Evaluation of damping ratio
In vibration problems, it is most convenient to express the dissipative properties of the system in terms of
non-dimensional quantities such as the damping ratio (ψ) and loss factor (ηs ), defined by:
ψ=

Eloss
Ene

(22a)

Eloss
ψ
(22b)
=
2πEne
2π
where, Ene is the maximum strain energy stored in the system.
The maximum strain energy stored in the system in terms of maximum load and tip deflection is given by:
 
vc
1
P2
(23a)
Ene = Pm
Pm = m
2
Pc
4R
ηs =

Inserting expression (20b) in (23a) and simplifying we get;
2
 

2 n3 + 1 Rvm
1
Ene =
+Q
3
4R
(n + 1)

(23b)

Putting expressions (21) and (22) in expression (23) and simplifying, the damping ratio in terms of tip displacement
and load is given by:

 
(n+1)2
Q
v
−
6n
R
16Q m
(24)
ψ=

2
R 2(n3 +1)Rvm
+
Q
3
(n+1)
Putting expression (24) in (22) the expression for loss factor for two layered welded structures with unequal thickness
is given by:
 

(n+1)2
Q
v
−
m
6n
R
8Q
(25)
ηs =

2
πR 2(n3 +1)Rvm
+
Q
(n+1)3
3. Experimental setup and experiments
Experiments have been conducted to validate the developed mathematical model for the loss factor of layered and
tack welded mild steel beams of unequal thickness. An experimental set-up as shown in Fig. 2 has been fabricated
to conduct the experiments. The specimens are prepared from the stock of mild steel flats by tack welding two
layers of various thickness and cantilever length. The details of the mild steel specimen used for experimentation
are given in Table 1. Experiments have been performed to analyze the influence of contact pressure developed at
the interfaces by distributed tack welded joints on the damping of layered and tack welded un-symmetric beams.
Experimental loss factor have been estimated using the half-power band width method. The cantilever specimens
are excited transversally at the amplitudes of 0.1, 0.2, 0.3, 0.4 and 0.5 mm at their free ends with the help of an
exciter. The input excitation and output vibration are sensed with vibration pick-ups and the corresponding signal is
fed to a digital storage oscilloscope which is connected to the computer with vibration analyzer software i.e., Lab
View of National Instruments limited.
The acquired input and output amplitude signals are analyzed using the vibration analyzer software. The frequency
response function (FRF) has been generated using the measured amplitudes of input and output signals. The damping
ratio is evaluated from the frequency spectrum generated using the experimental data. To estimate damping ratio
from frequency domain, half-power bandwidth method has been used. In this method, FRF amplitude of the system
is obtained first. Corresponding to each natural frequency, peak in frequency spectrum at resonance condition is
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Table 1
Details of mild steel specimens used for layered and jointed beams
Thickness of the
specimen (h1 +h2 )
(mm)
(6 + 6)
(8 + 4)
(9 + 3)
(10 + 2)
(6 + 6)
(8 + 4)
(9 + 3)
(10 + 2)
(6 + 6)
(8 + 4)
(9 + 3)
(10 + 2)

Width of the
specimen
(mm)
40.2
40.2
40.2
40.2
40.2
40.2
40.2
40.2
40.2
40.2
40.2
40.2

Cantilever
length
(mm)
520.6

Type of
welding
Tack Welding

560.4

Tack Welding

600.6

Tack Welding

Fig. 2. Experimental setup.

observed. The maximum dynamic displacement (Xmax ) at resonance and resonant frequency
√ (ωn ) is located in the
frequency spectrum, the half-power points are determined when the amplitude is Xmax 2 and the corresponding
frequencies on either side of the resonant frequencies, ω1 and ω2 are also determined as shown in Fig. 3. It is
observed that at the lower amplitudes of excitation frequency range is more between these two points. Half-power
bandwidth is defined as the ratio of the frequency range between the two half power points to the natural frequency
at this mode. The damping ratio is then evaluated using the half-power bandwidth expression as given by:
ψ=

ω2 − ω1
2ωn

(26)

The loss factor is evaluated using the damping ratio and is given by:
ψ
(27)
2π
The damping ratio measurements are recorded using the storage oscilloscope and laptop interface for welded
specimens. The test specimens are fixed at one end with the help of mechanical vice as shown in Fig. 2. Proper care
has been taken to ensure the perfect cantilever condition. The vibration generator is placed at the driving point just
below the free end of the cantilever specimen. This shaker is used to excite the structure via a function generator
with excitations in a frequency range from 0 to 500 Hz. The signal has been amplified by a power amplifier before
being fed to the vibration exciter. The natural frequency is also measured under the excitation from the function
ηs =
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Fig. 3. Half-power bandwidth method for damping measurement.

generator at the point of resonance. The response is measured with an accelerometer which is placed normal to
the surface at a specific point i.e., at the free end of the welded cantilever beams. The storage oscilloscope has
been setup to measure averages of 25 readings within the frequency range of 0 to 500 Hz, in order to measure
the input (channel 1) and output (channel 2) signals. The acquired input and the output signal are transmitted to
the computer using the visa software and USB channel via amplifier. The amplifier is used to amplify the low
frequency response. The Lab View software is used to analyze the acquired vibration signals. After connecting
the set-up along with the analyzer, the start button on the analyzer is pressed in order to start the averaging of the
25 readings. After finding out the averages, FRF curves are generated and the data is saved in a storage drive. FFT
based measurements are subject to errors because of an effect known as leakage. Appropriate window function
has been applied to correct this problem. The window reduces the leakage and provides more accurate amplitude
measurements for the resonant frequencies. This process is repeated for the various specimens and the corresponding
experimental results are recorded. The frequency response curves at different amplitudes of excitation loadings have
been generated. Some of the frequency response curves obtained at various initial amplitudes of excitation is shown
in Fig. 4. The experimental damping ratio is then evaluated using the expression (27) and experimentally generated
FRF curves. Experiments are performed to evaluate the experimental loss factors for different mild steel specimens.
These experimental results are compared with the theoretical ones and the detailed discussions are presented in the
succeeding section.

4. Results and discussion
The loss factor of two layered and tack welded mild steel specimens of unequal thickness have been found out
numerically using the expression (25). From the analysis following inferences are drawn as detailed below.
Energy loss in welded structures with various thickness ratios for a particular configuration has been plotted in
the Fig. 5. All other parameters remaining constant, initiation of slip requires a larger displacement for a thickness
ratio greater than one and the energy loss is lower compared to the welded beams of equal thickness. This signifies
that the energy dissipation is maximized by having the slip interface at the centroid of the total beam cross-section.
The variation of critical load and amplitude has been plotted in Fig. 6. From the plots it is evident that the critical
load and amplitude of vibration increases with the increase in thickness ratio. Slip interface is shifted away from the
centroid of the total beam cross-section with the increase in thickness ratio, hence greater critical load is required
to initiate the slip at the interface. The variation of relative slip with an axial distance from the fixed end has been
plotted in Fig. 7. From the figure it is quite evident that the relative slip increases with the distance from the fixed end.
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(b)

(c)
Fig. 4. (a) FRF plot at 0.1 mm initial amplitude of excitation for jointed and welded cantilever beams of dimensions = 600.6 × 40.2 × 6 mm3 ;
(b) FRF plot at 0.2 mm initial amplitude of excitation for jointed and welded cantilever beams of dimensions = 600.6 × 40.2 × 6 mm3 ; (c) FRF
plot at 0.3 mm initial amplitude of excitation for jointed and welded cantilever beams of dimensions = 600.6 × 40.2 × 6 mm3 .

Fig. 5. Variation of normalized energy loss with thickness ratio for welded cantilever beams.

Moreover, the relative slip is maximum at thickness ratio of one and decreases as the ratio is increased. In welded
beams of equal thickness, the slip surface is at the centroid of the total beam cross-section. It is evident from the
expression (25) that for the beam with the same total thickness, the loss coefficient is increased by having laminates
of equal thickness. However, for jointed beam with laminates of unequal thickness, the onset of slip is delayed due to
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(a)

(b)

Fig. 6. (a) Variation of normalized critical load with thickness ratio for welded cantilever beams; (b) Variation of normalized critical amplitude
with thickness ratio for welded cantilever beams.

Fig. 7. Surface plot of relative slip with axial position and
thickness ratio.

Fig. 8. Surface plot of energy loss with amplitude and
thickness ratio.

higher critical load, as compared to that of the laminates of equal thickness as evident from the expression (17). The
reason being, slip interface is not at the centroid of the beam in case of layered and welded non-symmetric beams
thereby raising the critical load. The energy loss and critical load varies non-linearly with increase in thickness ratio
as evident from Figs 5 and 8.
The variation of energy loss with the initial amplitude of excitation for the layered and jointed beams of symmetric
and non-symmetric beams has been plotted in Fig. 8. From the figure it is apparent that the energy dissipation
increases with the increase in initial amplitude of excitation. From the expressions (19) and (21), it is deduced that the
energy loss due to friction is directly proportional to the initial amplitude of excitation which establishes that energy
dissipation is enhanced with increase in initial amplitude of excitation. Further, the relative slip at the interfaces is
increased due to increase in initial amplitude of excitation as shown in expression (17) thereby enhancing the energy
loss due to friction.
The static deflection of the two layered welded beams with various thickness ratios have been shown as a sample
in the Figs 9 and 10. From the figure, it is evident that the static deflection decreases with the increase in thickness
ratio.
The theoretical loss factor has been evaluated for various configurations and vibration conditions using the
expression (25) as well as the corresponding experimental ones are plotted as solid (——) and dotted lines (——) in
Figs 11 to 13 respectively for comparison. It is observed that both the curves are in good agreement with a maximum
variation of 7.8% which shows the authenticity of the theoretical analysis.
Loss factor decreases with the increase in the initial amplitude of excitation at the free end of the beam model
although increase in the amplitude of vibration raises energy loss due to friction, as evident from Fig. 11. The strain
energy introduced into the system is proportional to square of the amplitude as given by expression (23). However,
the increase in amplitude of excitation increases the input strain energy at a higher rate compared to the energy loss
due to friction which is linearly proportional to the initial amplitude as given by expressions (19) and (21), thereby
reducing the damping capacity.
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Fig. 9. Surface plot of static deflection of the welded beam with
axial position and thickness ratio greater than one.

(a)
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Fig. 10. Surface plot of static deflection of the welded beam with
axial position and thickness ratio less than one.

(b)

Fig. 11. (a) Variation of loss factor with amplitude for jointed and welded cantilever beams of dimensions = 600.6 × 40.2 × 6 mm3 ; (b) Variation
of loss factor with amplitude for jointed and welded cantilever beams of dimensions = 560.2 × 40.2 × 6 mm3 .

(a)

(b)

Fig. 12. (a) Variation of loss factor with thickness for jointed and welded cantilever beams of dimensions = 600.6 × 40.2 mm2 and amplitude =
0.1 mm; (b) Variation of loss factor with thickness for jointed and welded cantilever beams of dimensions = 560.2 × 40.2 mm2 and amplitude
= 0.2 mm.

From the Fig. 12, it is concluded that the damping capacity decreases with the increase in thickness. From the
expression (23), it is evident that the strain energy introduced in to the system is enhanced with the increase in
thickness. Expression (17) reveals that the increase in thickness increases the relative slip thereby raising the energy
loss. Although the energy loss is enhanced with the increase in thickness, the damping capacity is reduced as the
dissipation of energy is at a slower rate compared to that of the input strain energy.
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(a)

(b)

Fig. 13. (a) Variation of loss factor with length for jointed and welded cantilever beams of dimensions = 40.2 × 6 mm2 and amplitude = 0.1 mm;
(b) Variation of loss factor with length for jointed and welded cantilever beams of dimensions = 40.2 × 6 mm2 and amplitude = 0.2 mm.

Damping capacity of the layered and welded structures increases with the increase in length as shown in Fig. 13.
With the increase in length, the interface area is increased resulting in greater dissipation of the energy due to friction.
Furthermore, with increase in the length of the jointed beam, strain energy introduced into the system is reduced as
evident from the expression (23). Hence, the overall effect is an increase in the damping capacity of the system.

5. Summary and conclusion
In the present work, the mechanism of slip damping in layered and welded structures with unequal thickness
has been proposed. Proposed mathematical model for damping is validated by conducting experiments. A set of
measurements have been taken, which served as a qualitative, experimental validation of the procedure. It is found
that the damping capacity of layered and welded structures is substantially enhanced by fabricating the structures
with symmetric beams. It is also observed that the onset of slip is delayed in the structures fabricated with beams
of unequal thickness. Energy dissipation is maximized by having the slip interface at the centroid of the total beam
cross-section which is true in case of jointed beams of equal thickness. Further, it is also deduced that the pressure
distribution characteristics, relative slip and kinematic co-efficient of friction at the interfaces, length, thickness,
and initial amplitude of excitation are the vital parameters influencing the damping capacity of fabricated structures
with unequal thickness. The present analysis can further be extended to include the laminates of different materials.
This investigation will help the designers to model the complicated realistic structures in which slip damping is
predominant.
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