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Abstract. The frequency-response curve is an important information for the structural design, but the conventional time-history
method for obtaining the frequency-response curve of a multi-degree-of-freedom (MDOF) system is time-consuming. Thus,
this paper presents an efficient technique to determine the forced vibration response amplitudes of a multi-span beam carrying
arbitrary concentrated elements. To this end, the “steady” response amplitudes |Y (x)|s of the above-mentioned MDOF system
due to harmonic excitations (with the specified frequencies ωe) are determined by using the numerical assembly method (NAM).
Next, the corresponding “total” response amplitudes |Y (x)|t of the same vibrating system are calculated by using a relationship
between |Y (x)|t and |Y (x)|s obtained from the single-degree-of-freedom (SDOF) vibrating system. It is noted that, near
resonance (i.e., ωe/ω ≈ 1.0), the entire MDOF system (with natural frequency ω) will vibrate synchronously in a certain mode
and can be modeled by a SDOF system. Finally, the conventional finite element method (FEM) incorporated with the Newmark’s
direct integration method is also used to determine the “total” response amplitudes |Y (x)|t of the same forced vibrating system
from the time histories of dynamic responses at each specified exciting frequency ωe. It has been found that the numerical
results of the presented approach are in good agreement with those of FEM, this confirms the reliability of the presented theory.
Because the CPU time required by the presented approach is less than 1% of that required by the conventional FEM, the presented
approach should be an efficient technique for the title problem.

Keywords: Frequency-response curve, steady response amplitude, total response amplitude, numerical assembly method, finite
element method

1. Introduction

Because the mathematical model of some vibrating systems can be established by using a uniform or non-uniform
beam carrying various concentrated elements (such as lumped masses with rotary inertias, linear springs and/or
rotational springs) with various boundary (supporting) conditions, the literature concerned is plenty [1–22]. Among
the above-mentioned references, most of them concerning the “free” vibration analysis [1–17] and those relating to
the “forced” vibration analysis is relatively fewer [18–22]. For the “free” vibration analysis of beams with various
attachments (such as rigidly or elastically attached point masses, translational or rotational springs), some classical
analytical methods were presented [1–8]. Since the last analytical methods suffer difficulty when the total number of
attachments on the beam is great than two, an approximate analytical-and-numerical-combinedmethod (ANCM)was
presented [9,10]. In recent years, some researchers obtained the “exact” solutions for free vibration of a complicated
beam carrying any number of concentrated elements with various supporting conditions by using the numerical

∗Corresponding author. E-mail: jswu@mail.ncku.edu.tw.

ISSN 1070-9622/12/$27.50  2012 – IOS Press and the authors. All rights reserved



58 J.S. Wu and J.H. Chen / An efficient approach for determining forced vibration response amplitudes

Fig. 1. A uniform free-free beam composed of n uniform beam segments (denoted by (1), (2), . . . , (i-1), (i), (i+ 1), . . . , (n)) separated by n−
1 nodes (denoted by 1, 2, . . . , i− 1, i, i+ 1, . . . , n− 1) and carrying a lumped mass m̂i (with rotary inertia Ji), a translational spring kti, a
rotational spring kθi and a concentrated force Fi(t) at each node i, i = 0,1,2, . . . , n.

Fig. 2. A SDOF spring-mass system subjected to a harmonic force F̄ sin ωet.

assembly method (NAM) [11–13], and the “approximate” solutions for free vibration of rotor-bearing systems
by using the transfer matrix method (TMM) [14–17]. For the “forced” vibration problem of beams with various
attachments, it is solved with the polynomial coordinate function method [18], mode superposition method [19,20],
Green function method [21] or numerical assembly method [22].

From the foregoing literature reviewonefinds that, for the free vibration analyses of various beams (such as uniform
beam, stepped beam, tapered beam, etc.) carrying any number of various concentrated elements (such as linear spring,
rotational spring, lumped mass with rotary inertia and eccentricity) with various boundary conditions (such as free-
free, clamped-clamped, pinned-pinned, clamped-free, clamped-pinned or intermediate supports), the NAM is one of
the effective approaches. However, the information regarding NAM to be applied to the forced vibration analysis of
structural systems is little and reference [22] is found to be the one most concerned. In reference [22], based on the
formulation of NAM [11–13], Lin obtained a matrix equation of the form [B]{C} = {F̄} by considering the effect
of a harmonic exciting force Fi(t) with the specified exciting frequency ωe, the compatibilities of deformations
and the equilibriums of forces (including moments) at the attaching points of the concentrated elements and at the
two ends of the beam. In the last equation, [B] is a coefficient matrix to be a function of ωe, {C}is a column
vector of unknown integration constants of all beam segments composed of the entire beam and {F̄} is a column
vector consisting of the exciting force amplitudes F̄i. It is evident that from the relation {C} = [B]−1{F̄} one
can obtain the integration constant vector {C} and, in turn, the corresponding vibration response amplitude curve.
However, from the formulation of reference [22], one finds that the last vibration response amplitude is only the
“steady” component |Y (x)|s (associated with the exciting frequency ωe) of the “total” response amplitude |Y (x)|t
and the “complementary” component |Y (x)|c (associated with the natural frequency ω of the vibrating system) is
not considered. For this reason, the vibration response amplitude |Y (x)|s obtained from reference [22] is much
smaller than that (|Y (x)|t) obtained from the conventional finite element method (FEM) [23,24]. In this paper, a
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Fig. 3. The frequency-response curves for the total amplitudes obtained from formula ūt = |ūs| + |ūc| (or ūt = |ūs| + Ūc) (denoted by −−)
and conventional time histories ūt = |u(t)|max (denoted by −−−): (a) with “zero” initial conditions (i.e., u0 = u̇0 = 0); (b) with “non-zero”
initial conditions (i.e., u0 = 0.001 m and u̇0 = 0.1 m/sec).
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Fig. 4. A cantilever beam with an intermediate pinned support at mid-length (node 1) and subjected to a harmonic concentrated force F̄2 sin ωet
at free end (node 2).

simple approach is presented to determine the total response amplitude of a vibrating system by using NAM [22] and
the relationship |Y (x)|t = [1 + (ωe/ω)] · |Y (x)|s. The last relationship is derived from a single-degree-of- freedom
(SDOF) system and can also be extended to the multi-degree-of-freedom (MDOF) system, since, near resonance
(with ωe/ω ≈ 1.0), the entire MDOF system will vibrate synchronously in a certain mode (looking like a SDOF
system) and can be modeled by a SDOF system as one may see from reference [23] and the numerical examples
presented in this paper. The frequency-response amplitude curves denoted by the solid lines (−−) shown in Figs 5,
7–10 of this paper are obtained from the above-mentioned approach.

In order to confirm the reliability of the presented approach, the complete solution for the forced (transient)
vibration responses of themulti-span beamcarrying various concentrated elements and subjected to external harmonic
excitations (as shown in Fig. 6) is also determined by using the conventional FEM and the step-by-step numerical
integration method [24], and, corresponding to each specified exciting frequency ωe, the “total” vibration response
amplitude for each point of the beam is obtained from the maximum absolute response |y(x, t)|max of its time history
of transverse displacements, y(x, t). Since the frequency-response amplitude curves denoted by the dashed lines
(- - - - -) shown in Figs 5, 7–10 of this paper are obtained from this conventional FEM, good agreement between
the solid curves (based on the presented approach) and the corresponding dashed curves (based on the conventional
FEM) may be the fact that the presented approach is reliable.

The formulation of this paper is based on the “continuous” model and that of the conventional FEM is based on
the “discrete” model. One of the main differences between the “continuous” model and the “discrete” model is
that the degree of freedom (DOF) of the former is infinite and that of the latter is finite. Thus, the results based on
the “continuous” model are the “exact” solutions and those based on the “discrete” model are the “approximate”
solutions [25]. This is one of the merits for the presented approach to be better than the conventional FEM.
Furthermore, because the formulation of this manuscript is based on the “continuous” model, for the uniform beam
shown in Fig. 1 carrying s sets of “intermediate concentrated elements” (ICE’s) with each set of ICE’s consisting of a
linear spring kti, a rotational spring kθi and a lumped mass m̂i (with rotary inertia Ji), one can model the entire beam
by using only s + 1 beam segments to achieve the “exact” solutions. In other words, for a uniform beam carrying
5 ICE’s, one requires a mathematical model consisting of only 6 beam segments (such as that shown in Fig. 6) to
arrive at the exact solutions. However, this is not true for the FEM, because the accuracy of its numerical results are
significantly dependent on the total number of beam elements (ne = 80 for the beam shown in Fig. 6). This is the
reason why the input data required by the developed computer program based on the formulation of NAM is simpler
than those required by the conventional FEM, as a result, the storage memory and computing time required by NAM
are much smaller than those required by FEM.

2. Determination of “steady” response amplitudes by using NAM

This section presents the theory of determining the “steady” response amplitudes of a uniform multi-span beam
carrying various concentrated elements (cf. Fig. 1) by using the numerical assembly method (NAM) [11,22].
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Fig. 5. The frequency-response curves for the three points p1, p2 and p3 on the beam (with “zero” initial conditions) shown in Fig. 4 located at:
(a)ξ = x/L =0.3, (b)ξ = x/L =0.8 and (c)ξ = x/L =1.0.

2.1. Equation of motion and displacement function for the beam segment

For transverse vibration of the i-th beam segment, its equation of motion is given by [22]

EIy′′′′
i (x, t) + ρAÿi(x, t) = Fi(t) · δ(x − xFi)(xi−1 � x � xi) (1)

where the prime (′) and overhead dot (·) respectively denote the differentiations with respect to the axial coordinate
x and time t, ρ and E are respectively the mass density and Young’s modulus, A and I are respectively the area and
moment of inertia of the i-th beam cross-section, while yi(x, t) denotes the transverse deflection of the i-th beam
segment at position x and time t. Besides, Fi(t) is a force with its magnitude equal to the external load per unit
length and δ(x − xFi) is the Dirac delta with xFi denoting the coordinate at which the force Fi(t) applies.

If Fi(t) is a harmonic force and takes the form

Fi(t) = F̄ie
jωet (2)
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Fig. 6. A uniform beam composed of 6 uniform beam segments ((1), (2), . . . , (6)) separated by 5 nodes (1, 2, . . . , 5) and spring-hinged at node
i with a rotational spring kθ i (i = 0, 2, 4 and 6): (a) no concentrated elements at the position of single force F̄3 sin ωet and no rotary inertia Jj

(j = 1, 3 and 5); (b) with concentrated elements at the position of single force F̄3 sinωet and with rotary inertia Jj (j = 1, 3 and 5); (c) the
same as (b) but having 3 forces F̄j sinωet at node j (j = 1, 3 and 5).
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Fig. 7. The frequency-response curves for the three points p1, p2 and p3 on the beam (with “zero” initial conditions) shown in Fig. 6(a), located
at: (a)ξ = x/L =0.125, (b)ξ = x/L =0.375 and (c)ξ = x/L =0.5, respectively.

then, in the steady state, one has

yi(x, t) = Yi(x)ejωet (3)

where F̄i and Yi(x) are the amplitudes of Fi(t) and yi(x, t), respectively, ωe is the exciting frequency of the external
load Fi(t) and j =

√−1.
Substituting Eqs (2) and (3) into Eq. (1), one obtains

Y ′′′′
i (x) − β4Yi(x) =

F̄i

EI
δ(x − xFi)(xi−1 � x � xi) (4)

where

β4 = ω2
e

(
ρA

EI

)
(5)
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Fig. 8. The legend is the same as Fig. 7 except that this is for the vibrating system shown in Fig. 6(b).

Equation (4) is a non-homogeneous equation with x as the independent variable and its complete solution takes the
form

Yi(x) = Āi cosβx + B̄i sin βx + C̄i coshβx + D̄i sinh βx − F̄i

β4EI
δ(x − xFi)(xi−1 � x � xi) (6)

2.2. Compatibility of deformations and equilibrium of forces (and moments) at an intermediate node

The continuity of displacements and slopes for the two beam segments, (i) and (i+ 1), joined at the intermediate
node i (cf. Fig. 1) requires that [22]

Yi(xi) = Yi+1(xi) (7a)

Y ′
i (xi) = Y ′

i+1(xi) (7b)
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Fig. 9. The legend is the same as Fig. 7 except that this is for the vibrating system shown in Fig. 6(c).

Besides, the equilibrium of shear forces and bending moments for the last two beam segments, (i) and (i+ 1), joined
at node i requires that

EIY ′′
i (xi) = EIY ′′

i+1(xi) + (ω2Ji − kθi)Y ′
i (xi) (7c)

EIY ′′′
i (xi) = EIY ′′′

i+1(xi) − (ω2m̄i − kti)Yi(xi) − F̄i (7d)

If xFi = xi, then the substitutions of Eq. (6) into Eqs (7a)–(7d), respectively, lead to

(Āi cosβxi + B̄i sin βxi + C̄i coshβxi + D̄i sinh βxi) − (Āi+1 cosβxi + B̄i+1 sin βxi
(8a)

+C̄i+1 coshβxi + D̄i+1 sinhβxi) = 0
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Fig. 10. The frequency-response curves for the three points p1, p2 and p3 on the beam (with “non-zero” initial conditions) shown in Fig. 6(a),
located at: (a)ξ = x/L =0.125, (b)ξ = x/L =0.375 and (c)ξ = x/L = 0.5, respectively.

( − Āi sin βxi + B̄i cosβxi + C̄i sinh βxi + D̄i coshβxi)
(8b)

−(−Āi+1 sin βxi + B̄i+1 cosβxi + C̄i+1 sinh βxi + D̄i+1 coshβxi) = 0

Āi(cosβxi − Ui sin βxi) + B̄i(sin βxi + Ui cosβxi)

+C̄i(− coshβxi + Ui sinh βxi) + D̄i(− sinhβxi + Ui coshβxi) (8c)

−Āi+1 cosβxi − B̄i+1 sinβxi + C̄i+1 coshβxi + D̄i+1 sinh βxi = 0

Āi(sin βxi + Ri cosβxi) + B̄i(− cosβxi + Ri sin βxi)

+C̄i(sinh βxi + Ri coshβxi) + D̄i(coshβxi + Ri sinh βxi) (8d)

−Āi+1 sin βxi + B̄i+1 cosβxi − C̄i+1 sinh βxi − D̄i+1 coshβxi = −F̄i

/
(EIβ3)
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where

Ui = (ω2Ji − kθ i)
/
(EIβ) (9a)

Ri = (ω2m̄i − kti)
/
(EIβ3) (9b)

2.3. Boundary conditions for the whole vibrating system

For the “free-free” beam as shown in Fig. 1, from Eqs (7c) and (7d) one has

EIY ′′
1 (x0) + (ω2J0 − kθ0)Y ′

1(x0) = 0 (10a)

− EIY ′′′
1 (x0) + (ω2m̄0 − kt0)Y1(x0) = −F̄0 (10b)

EIY ′′
n (xn) − (ω2Jn − kθn)Y ′

n(xn) = 0 (10c)

EIY ′′′
n (xn) + (ω2m̄n − ktn)Yn(xn) = −F̄n (10d)

The substitutions of Eq. (6) into Eqs (10a–d), respectively, lead to

Ā1(− cosβx0 − U0 sin βx0) + B̄1(− sin βx0 + U0 cosβx0)
+C̄1(coshβx0 + U0 sinh βx0) + D̄1(sinh βx0 + U0 coshβx0) = 0 (11a)

Ā1(− sin βx0 + R0 cosβx0) + B̄1(cosβx0 + R0 sin βx0)
+C̄1(− sinh βx0 + R0 coshβx0) + D̄1(− coshβx0 + R0 sinhβx0) = −F̄0

/
(EIβ3) (11b)

Ān(cos βxn − Un sin βxn) + B̄n(sin βxn + Un cosβxn)
+C̄n(− coshβxn + Un sinh βxn) + D̄n(− sinhβxn + Un coshβxn) = 0 (11c)

Ān(sin βxn + Rn cosβxn) + B̄n(− cosβxn + Rn sin βxn)
+C̄n(sinh βxn + Rn coshβxn) + D̄n(cosh βxn + Rn sinh βxn) = −F̄n

/
(EIβ3) (11d)

where

U0 = (ω2J0 − kθ0)
/
(EIβ), R0 = (ω2m̄0 − kt0)

/
(EIβ3) (12a,b)

Un = (ω2Jn − kθn)
/
(EIβ), Rn = (ω2m̄n − ktn)

/
(EIβ3) (13a,b)

2.4. Determination of “steady” response amplitudes

For a beam composed of n beam segments and separated by n− 1 nodes as shown in Fig. 1, one may obtain four
equations for each intermediate node i from Eqs (7a-d), four equations for the two ends of the entire beam from
Eqs (10a-d), besides, from Eq. (6) one sees that there exist four integration constants (Āi, B̄i, C̄i and D̄i) for each
beam segment. Therefore, for a beam composed of n beam segments and separated by n− 1 nodes, one may obtain
a set of simultaneous equations consisting of 4(n − 1) + 4 = 4n equations and 4n unknown integration constants.
Writing the simultaneous equations in matrix form one has

[H]4n×4n{C}4n×1 = {f}4n×1 (14)

where {C} and {f} are the 4n×1 column vectors (i.e., {· · ·} ≡ {...} = [· · ·]T , with {...} and [· · ·] denoting the column
vector and row vector, respectively) to take the forms

{C}4n×1 = { Ā1 B̄1 C̄1 D̄1 · · · Āi B̄i C̄i D̄i Āi+1 B̄i+1 C̄i+1 D̄i+1 . . . Ān B̄n C̄n D̄n } (15)

{f}4n×1 =
{

0 −F̄0
EIβ3 · · · 0 0 0 −F̄i

EIβ3 0 0 0 −F̄i+1
EIβ3 · · · 0 −F̄n

EIβ3

}
(16)
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and [H] is a 4n × 4n square matrix with its “non-zero” coefficients given by (cf. Eqs (11a,b), (8a-d) and (11c,d)):

H1,1 = − cosβx0 − U0 sin βx0, H1,2 = − sinβx0 + U0 cosβx0,
(17a-d)

H1,3 = coshβx0 + U0 sinh βx0, H1,4 = sinhβx0 + U0 coshβx0

H2,1 = − sinβx0 + R0 cosβx0, H2,2 = cosβx0 + R0 sinβx0,
(18a-d)

H2,3 = − sinhβx0 + R0 cosh βx0, H2,4 = − coshβx0 + R0 sinh βx0. . .
. . . . . .

H4i−1,4i−3 = cosβxi, H4i−1,4i−2 = sinβxi, H4i−1,4i−1 = coshβxi,

H4i−1,4i = sinhβxi, H4i−1,4i+1 = − cosβxi, H4i−1,4i+2 = − sinβxi, (19a-h)

H4i−1,4i+3 = − coshβxi, H4i−1,4i+4 = − sinh βxi

H4i,4i−3 = − sinβxi, H4i,4i−2 = cosβxi, H4i,4i−1 = sinh βxi,

H4i,4i = coshβxi, H4i,4i+1 = sin βxi, H4i,4i+2 = − cosβxi, (20a-h)

H4i,4i+3 = − sinhβxi, H4i,4i+4 = − coshβxi

H4i+1,4i−3 = cosβxi − Ui sinβxi, H4i+1,4i−2 = sinβxi + Ui cosβxi,

H4i+1,4i−1 = − coshβxi + Ui sinh βxi, H4i+1,4i = − sinhβxi + Ui coshβxi, (21a-h)

H4i+1,4i+1 = − cosβxi, H4i+1,4i+2 = − sinβxi H4i+1,4i+3 = coshβxi, H4i+1,4i+4 = sinh βxi

H4i+2,4i−3 = sinβxi + Ri cosβxi, H4i+2,4i−2 = − cosβxi + Ri sinβxi,

H4i+2,4i−1 = sinhβxi + Ri coshβxi, H4i+2,4i = coshβxi + Ri sinh βxi, (22a-h)

H4i+2,4i+1 = − sinβxi, H4i+2,4i+2 = cosβxi, H4i+2,4i+3 = − sinh βxi, H4i+2,4i+4 = − coshβxi

. . . . . .

H4n−1,4n−3 = cosβxn − Un sin βxn, H4n−1,4n−2 = sin βxn + Un cosβxn,
(23a-d)

H4n−1,4n−1 = − coshβxn + Un sinh βxn, H4n−1,4n = − sinhβxn + Un coshβxn,

H4n,4n−3 = sin βxn + Rn cosβxn, H4n,4n−2 = − cosβxn + Rn sin βxn,
(24a-d)

H4n,4n−1 = sinh βxn + Rn coshβxn, H4n,4n = coshβxn + Rn sinh βxn,

For any specified exciting frequency ωe and force amplitudes F̄i (i = 0,1,2, . . . , n), from Eq. (5) one may obtain
the associated parameterβ and, in turn, the values of the integration constant vector {C}4n×1 from Eq. (14), i.e.,

{C}4n×1 = [H]−1
4n×4n{f}4n×1 (25)

Substituting the integration constants of each beam segment (Āi, B̄i, C̄i and D̄i) defined by the vector {C}4n×1 into
the displacement function defined by Eq. (6) (with F̄i = 0), one obtains the displacement-amplitude curve for the
entire system vibrating in steady-state condition. It is evident that one may obtain the frequency-response amplitude
curve for any point of the beam by repeating the last calculating procedures with a series of exciting frequencies ωe.

For the case of no external loads, i.e., F̄i = 0 (i = 0,1,2, . . . , n), Eq. (14) reduces to

[H]4n×4n{C}4n×1 = 0 (26)

Which is equivalent to the equation of motion for a freely vibrating system [11–13], non-trivial solution for {C}4n×1

requires that

|H| = 0 (27)

The values of ωe corresponding to the specified values of β obtained from Eq. (27) denote the natural frequencies, and
the displacement amplitudes based on the integration constants {C}4n×1 obtained from Eq. (26) give the associated
mode shapes of the vibrating system. The foregoing formulation is based on the numerical assembly method (NAM),
for the details one may refer to reference [11].
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3. Relationship between total and steady response amplitudes

In engineering, one requires the “total” response amplitude instead of the “steady” one obtained from the last
section. Thus, this section aims at determining the “total” response amplitude from its “steady” component. The
theory is as follows:

For a SDOF spring-mass system without damping and subjected to a harmonic force F̄ sin ωet as shown in Fig. 2,
its equation of motion is to take the form

mü(t) + ku(t) = F̄ sin ωet (28)

where ü(t) is acceleration, u(t) is displacement, m is lumped mass, k is stiffness coefficient, F̄ is force amplitude,
ωe is exciting frequency and t is time.

Equation (28) is a non-homogeneous equation, its total (or complete) solution ut(t) is given by

ut(t) = uc(t) + us(t) (29)

where uc(t) and us(t) denote the complementary and steady (or particular) solutions of Eq. (28), respectively. They
are to take the forms

uc(t) =
�

A sinωt +
�

B cosωt (30)

us(t) =
�

C sin ωet (31)

In the last two expressions,
�

A,
�

B and
�

C are unknown constants and ω is natural frequency of the vibrating system
given by

ω =
√

k/m (32)

For the case with “zero” initial displacement u0 and “zero” initial velocity u̇0, i.e.,

ut(0) = u0 = 0 and u̇t(0) = u̇0 = 0 (33a,b)

one obtains the total solution of Eq. (28) to be

ut(t) =
�

C
[
−

(ωe

ω

)
sin ωt + sin ωet

]
(34)

where
�

C =
F̄

m(ω2 − ω2
e)

(35)

In Eq. (34), the term consisting of “sin ωt” denotes the complementary solution and that consisting of “sinωet”
denotes the particular (or steady) solution. In other words, even if the initial conditions are “at rest”, the complemen-
tary solution exists always and is one of the important components of the total (complete) solution of the vibrating
system. For the equations shown in reference [22], Eq. (6a) is the “complete” solution of Eq. (4) because Eq. (4)
is a function of x (in the space domain). However, in the time domain (t), Eq. (6a) is only the “steady” solution
of Eq. (1) because Eq. (4) is obtained from Eq. (1) by assuming that F (t) = F̄ ejωet and y(x, t) = Y (x)ejωet as
one may see from Eqs (2) and (3) of reference [22]. Actually, from Eq. (5a) of reference [22] one also sees that the
frequency parameter β is a function of exciting frequency ωe (rather than the natural frequency ω), thus, the solution
given by Eq. (6a) or (6b) of reference [22] is only the “steady” component of the “total” solution of Eq. (1) and the
“complementary” component due to free vibration with natural frequency ω is not included.

If the amplitude of complementary component uc(t) and that of steady component us(t) are represented by ūc

and ūs, respectively, then from Eqs (34) and (35) one has

ūc =
F̄ωe

mω(ω2 − ω2
e)

(36a)

ūs =
F̄

m(ω2 − ω2
e)

(36b)
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Thus, Eq. (34) may be rewritten as

ut(t) = −ūc sinωt + ūs sin ωet (37)

From Eqs (36a,b) one obtains the amplitude ratio between ūc and ūs to be

ūc/ūs= ωe/ω (38)

From Eq. (38) one sees that ūc is less than ūs if ωe < ω and this trend reverses if ωe > ω, furthermore, for the case
of ωe ≈ ω (i.e.,ωe/ω ≈ 1.0), one has

ūc ≈ ūs (39)

From Eq. (37) one finds that the phase angle ε(t) between uc(t) and us(t) changes from time to time and it is given
by

ε(t) = (ωe − ω)t (40)

Therefore, at a certain instant, the two components (sinωt and sin ωet) in Eq. (37) will be “in phase” and the
amplitude of the total solution will be equal to the absolute values of ūc and ūs, i.e.,

ūt = |ūc| + |ūs| (41)

Thus, the amplitude ratio between ūt and ūs is given by

ūt

|ūs| =
|ūc| + |ūs|

|ūs| = 1 +
|ūc|
|ūs| = 1 +

(ωe

ω

)
(42)

It is seen that

ūt =
[
1 +

(ωe

ω

)]
· |ūs| (43)

The last equation reveals that one may obtain the total response amplitude ūt if its steady component ūs is given.
For the case of ωe ≈ ω (i.e., ωe/ω ≈ 1.0), Eq. (41) or (43) reduces to

ūt ≈ |ūc| + |ūs| ≈ 2|ūs| (44)

Since in reference [22] and most of the existing literature, the initial conditions of a vibrating system are assumed
to be “at rest” (i.e, the initial displacement u0 = 0 and initial velocity u̇0 = 0), the above formulation with “zero”
initial conditions is presented for this purpose. However, it is easy to be extended to the case with “non-zero” initial
conditions (i.e., u0 �= 0 and u̇0 �= 0) as one may see from Appendix A at the end of this paper.

It is well known that, near resonance, the entire MDOF (or continuous) system will vibrate synchronously in a
certain mode with the exciting frequency ωe so that its dynamic behavior looks like a SDOF system. For this reason,
a continuous system with infinite DOF’s can be modeled by a simple SDOF system as one may see from Section
2–6 on pages 29–30 of Ref. [23]. Furthermore, based on the theory of mode-superposition method introduced in
Section 13–2 on pages 193–194 of the same reference [23], a set of N (coupled) simultaneous equations of motion
for a MDOF vibrating system can also be transformed into N (uncoupled) independent equations of motion by using
the orthogonality conditions between the N normal mode shapes, where each of the N independent equations of
motion represents a SDOF equation of motion for mode r (r = 1 − N ). Therefore, the formulation based on the
SDOF system presented in this paper can also be extended to the MDOF system as one may see from the numerical
examples illustrated in the latter section.

In the existing literature, the forced vibration responses of a MDOF system are usually determined by the step-
by-step numerical method [24]. In which, the “final” values of displacements {u(t)}k and velocities {u̇(t)}k of the
k-th step (k = 1, 2, 3, . . .), during time t = (k − 1)Δt to t = kΔt(with Δtdenoting the step size of time), are used
as the “initial” values of displacements and velocities of the (k+ 1)-th step, during time t = kΔt to t = (k + 1)Δt.
Therefore, if the “initial” values of displacements and velocities for the 1st step (with k = 1) are called the “first-step”
initial conditions and those for the other steps (with k > 1) are called the “intermediate-step” initial conditions, then
the conventional initial conditions (u0 and u̇0) given by Eqs (33a,b) for the SDOF system at time t = 0 are equivalent
to the “first-step” initial conditions, and the responses due to the first term of Eq. (37) with natural frequency ω
are equivalent to those due to the “intermediate-step” initial conditions. It is noted that, the “intermediate-step”
initial values, {u(t)}k and {u̇(t)}k, are (usually) not equal to zero, even if the “first-step” initial values, {u(0)}1

and {u̇(0)}1, are equal to zero. This is the reason why the first term of Eq. (37) with natural frequency ω must be
considered. Furthermore, the first term of Eq. (37) cannot die out for an un-damped vibrating system.
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4. Determination of total response amplitudes with FEM

In this paper, the reliability of the theory presented in the last two sections is confirmed by using the conventional
finite element method (FEM) and the step-by-step numerical integration method [24]. In which, corresponding to
each specified exciting frequency ωe, the “total” response amplitude (including the “steady” component and the
“complementary” one) for each point of a multi-span beam carrying various concentrated elements and subjected to
external harmonic excitations (cf. Fig. 6) is obtained from the associated complete solution for the forced (transient)
responses of the vibrating system. The formulation concerned is given below.

For a MDOF un-damped vibrating system, its equations of motion take the form [24]

[M̃]{¨̃y(t)} + [K̃]{ỹ(t)} = {f̃(t)} (45)

where [M̃] and [K̃] are the “overall” mass matrix and stiffness matrix, respectively, while {¨̃y(t)}, {ỹ(t)} and
{f̃(t)} are the “overall” acceleration, displacement and external loading vectors, respectively. Before imposing the
boundary (constrained) conditions of the vibrating system, the order of [M̃] or [K̃] is 2(n + 1) × 2(n + 1) and that
of {¨̃y(t)}, {ỹ(t)} or {f̃(t)} is 2(n+1)× 1 with n denoting the total number of two-node beam elements. It is noted
that, for a beam composed of n two-node beam elements (with n + 1 nodes), its total degree of freedom (DOF) is
2(n + 1), since each node has two DOF’s (one for translation and one for rotation).

The overall mass matrix [M̃] and stiffness matrix [K̃] appearing in Eq. (45) are obtained from the element mass
matrix [m] and stiffness matrix [k] by using the standard assembly technique of FEM. For a two-node beam element
carrying various concentrated elements, its mass matrix [m] and stiffness matrix [k] are shown in Appendix B at the
end of this paper.

For free vibrations, one has

{ỹ(t)} = {Ỹ}ejωt (46)

Substituting Eq. (46) into Eq. (45) and setting {f̃(t)} = 0, one obtains the characteristic equations for free vibrations
of the beam to be

([K̃] − ω2[M̃]){Ỹ} = 0 (47)

In Eqs (46) and (47), the symbol {Ỹ} denotes the amplitude of {ỹ(t)}, ω denotes the natural frequency of the
vibrating system and j =

√−1.
Equations (45)–(47) are for the “unconstrained” vibrating system, and the associated equations for the same

system with specified boundary (constrained) conditions are given by

[M]{ÿ(t)} + [K]{y(t)} = {f(t)} (45)’

([K] − ω2[M]){Ȳ} = 0 (47)’

where the effective overall mass matrix [M] and stiffness matrix [K] appearing in Eqs (45)’ and (47)’ are obtained
from the corresponding ones, [M̃] and [K̃], appearing in Eqs (45) and (47) by eliminating the rows and columns
associated with the constrained degrees of freedom. Similarly, the effective overall column vectors, {ÿ(t)}, {y(t)},
{f(t)} and {Ȳ}, appearing in Eqs (45)’ and (47)’ are obtained from the corresponding ones, {¨̃y(t)}, {ỹ(t)}, {f̃(t)}
and {Ỹ}, appearing in Eqs (45) and (47) by eliminating the rows associated with the constrained degrees of freedom.

In this paper, for free vibration analysis, the natural frequencies and mode shapes of the multi-span beam carrying
various concentrated elements (cf. Fig. 6) are determined from Eq. (47)’ by using the Jacobi method [24], and
for forced vibration analysis, the complete solution for the transient responses of the latter beam are determined
from Eq. (45)’ by using the Newmark’s direct integration method incorporated with the step-by-step numerical
approach [24]. The “total” response amplitude |ut|max, corresponding to each specified frequency ratio ωe/ω,
is obtained from the maximum absolute value of transverse displacements in the time history. For the case with
non-zero initial conditions, the values of initial displacements and initial velocities are obtained from Eqs (54) and
(55) in the next section.
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Table 1
The lowest five natural frequencies of the cantilever beam shown in Fig. 4

Methods Natural frequencies, ωr (rad/sec)
ω1 ω2 ω3 ω4 ω5

Present (NAM) 633.9730 3961.5442 5705.7519 12837.9421 15849.3140
aFEM 633.9001 3961.0957 5705.1129 12836.6122 15847.7620
aTotal number of beam elements is ne = 40.

5. Numerical results and discussions

In order to confirm the reliability of the theory presented in this paper, the frequency-response amplitude curves of
a SDOF spring-mass system (cf. Fig. 2), a uniform cantilever beam with overhang (cf. Fig. 4) and a multi-span beam
carrying various concentrated elements (cf. Figs 6(a)–(c)) are plotted by two methods. For convenience, the method
based on Eqs (14) and (43) (or Eq. (A.6) in Appendix A) is called NAM, because the “steady” response amplitudes
|Y (x)|s are obtained from the numerical assembly method (except the SDOF spring-mass system) and the other
method is called FEM, because the “total” response amplitudes |y(x, t)|max are obtained from time histories for
transverse displacements of the vibrating system by using finite element method.

5.1. Frequency-response curve for a SDOF spring-mass system

For the SDOF spring-mass system shown in Fig. 2 with lumped mass m = 1 kg, stiffness constant k = 10,000N/m
and subjected to a harmonic force F (t) = 1.0 sinωet N, the natural frequency of the spring-mass system is
ω =

√
k/m =

√
10000/1 = 100 rad/sec and the period is T = 2π/ω = 0.062831852sec. Substituting the last

relevant values into Eqs (36a) and (36b) one obtains

ūs = F̄
/
[m(ω2 − ω2

e)] = 1
/
[1 × (10000− ω2

e)] (48)

ūc = (ωe/ω) · F̄/
[m(ω2 − ω2

e)] = (ωe/ω) · ūs (49)

For the case with conventional zero initial conditions (i.e., u0 = u̇0 = 0), Fig. 3(a) shows the frequency-response
curves for the total amplitudes obtained from the formula ūt = |ūs| + |ūc|(denoted by solid line −−−) and the total
amplitudes obtained from conventional time-history method ūt = |u(t)|max (denoted by dashed line − − −). In
the time-history method, the time histories for the total vibration responses ut(t) of the lumped mass m due to each
exciting frequency ωe are obtained from Eq. (37) with time step Δt = 0.001 second and duration time tmax = 6
seconds for general cases (tmax = 36 seconds for the cases near resonance). It is evident that the solid curve (−−−)
and the dashed curve (− − −) are in good agreement. Furthermore, the exciting frequency corresponding to the
peak of the curve is near natural frequency of the vibrating system, i.e., ωe ≈ ω = 100 rad/sec.

If the initial conditions of the vibrating system is given by u0 = 0.001 m and u̇0 = ωu0 = 0.1 m/sec, then from
Eqs (A.4) and (A.5) (cf. Appendix A) one obtains

Ūc =
√

[(−ωeūs + 0.1)/ω]2 + 0.0012 (50)

θ = tan−1{[(−ωeūs + 0.1)/ω]/0.001} (51)

Based on Eqs (48), (50), (51), (A.6) and (A.3) (cf. AppendixA), and following the similar steps for the foregoing zero
initial conditions (i.e., u0 = u̇0 = 0), one obtains the frequency-response curves for the total response amplitudes
obtained from the formula ūt = |ūs| + Ūc(denoted by −−−) and the total response amplitudes obtained from
conventional time-history method ūt = |u(t)|max (denoted by − − −) as shown in Fig. 3(b) for the “non-zero”
initial conditions (i.e., u0 = 0.001 m and u̇0 = 0.1 m/sec). It is seen that the solid curve (−−−) and the dashed curve
(− − −) are in good agreement.
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Table 2
The dimensionless vibration amplitudes at different posi-
tions of the cantilever beam (with “zero” initial conditions)
having an intermediate pinned-support and subjected to a
concentrated harmonic force at free end (cf. Fig. 4)

Locations, ξ = x/L aDimensionless steady amplitudes,
|Y ∗(ξ)|s = |Y (ξ)|s/CY

Present Reference [22]

0.0 0.000000 0.000000
0.1 −0.001380 −0.001380
0.2 −0.004136 −0.004136
0.3 −0.006196 −0.006197
0.4 −0.005500 −0.005501
0.5 0.000000 0.000000
0.6 0.011746 0.011747
0.7 0.028811 0.028814
0.8 0.049707 0.049712
0.9 0.073017 0.073026
1.0 0.097461 0.097467

aCY = F̄L3
/

(EI) = 0.15754 × 10−4.

5.2. Frequency-response curves for a uniform cantilever beam with overhang

The vibrating system studied in this subsection (with zero initial conditions) is shown in Fig. 4. It is a cantilever
beam with an intermediate pinned support at mid-length (node 1) and subjected to a harmonic concentrated force
F̄2 sin ωet at free end (node 2). For comparison, all given data are the same as those of reference [22]: mass density
ρ = 7836.7896 kg/m3, Young’s modulus E = 2.069 × 1011 N

/
m2, diameter d = 0.05 m, moment of inertia of

cross-sectional area I = 3.06796 × 10−7m4, mass per unit length m̄ =15.3875kg/m, and total length L =1m.
Comparing Fig. 4 with Fig. 1, one sees that total number of beam segments is n = 2 and all concentrated elements
are equal to zero (i.e., m̂i = ji = kti = kθi = 0, i = 0, 1, 2) except that kt0 = kt1 = 1.0 × 1016 ≈ ∞ N/m and
kθ0 = 1.0 × 1016 ≈ ∞ N-m/rad.

The lowest five natural frequencies of the vibrating system obtained from Eq. (26) and those obtained from the
conventional FEM are shown in Table 1. It is seen that the NAM results are in good agreement with the FEM ones
(with total number of beam elements ne = 40). For the case of F̄2 = 1.0 N and Ω = [ω2

em̄L4
/
(EI)]1/4 =

√
5,

one has ωe = Ω2
√

EI
/
(m̄L4)= 321.1735 rad/sec. By using Eq. (14), the dimensionless “steady” vibration

amplitudes |Y ∗(ξ)|s = |Y (ξ)|s/CY at different positions of the cantilever beam (with ξ = x/L = 0, 0.1, 0.2, 0.3,
. . . , 0.9, 1.0) are shown in Table 2, where CY = F̄L3

/
(EI) = 1.0 × 1.03

/
[(2.069× 1011)(3.06796× 10−7)] =

0.15754×10−4. From the table one finds that the present results are in good agreement with those of reference [22].
Because all amplitudes given by reference [22] are only the “steady” components of the “total” response amplitudes
|Y (x)|t, the frequency-response curves of |Y (x)|t versus ωe are shown in Figs 5(a)–(c) for the three points p1, p2

and p3 located at ξ = x/L = 0.3, 0.8 and 1.0, respectively. In which, the solid curves (−−−) denote the total response
amplitudes |Y (x)|t obtained from NAM, and the short dashed curves (− − −) denote those |y(x, t)|max obtained
from FEM (the time-history method). Note that the time histories for the total vibration responses of the beam due to
each exciting frequency ωe are obtained with time step Δt = 0.0001 second and duration time tmax = 6 seconds for
general cases (tmax = 36 seconds for the cases near resonance). Because of the good agreement between the solid
curves (−−−) and short dashed curves (− −−) in Figs 5(a)–(c), the theory for the SDOF vibrating system studied in
the last section can also be extended to the MDOF system studied in the current section. From Figs 5(a)–(c) one also
sees that the exciting frequency corresponding to the peak of each curve is very close to the first natural frequency
of the vibrating system, i.e., ωe ≈ ω1 = 633.9730 rad/sec.

5.3. Frequency-response curves for a multi-span beam carrying various concentrated elements with “zero” initial
conditions

Figures 6(a)–(c) show the three vibrating systems with “zero” initial conditions (i.e., yi(x, t) = 0 and ẏi(x, t) = 0 at
t = 0) studied in this subsection. They are the 3-span uniform beams with given data: mass density ρ =7850 kg/m3,
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Young’s modulusE = 2.068×1011 N
/
m2, diameter d = 0.05 m and total length L = 4 m. They are spring-hinged

at ξ = 0.0, 0.25, 0.75 and 1.0, and subjected to the action of a harmonic concentrated force F̄ ejωet at ξ = 1.0, 0.5
or/and 0.9, respectively. The magnitude of the applied force is F̄i = 1.0 N. The main differences between the three
vibrating systems are: In Fig. 6(a), the rotary inertias of all lumped masses are equal to zero (i.e., Ji = 0, i = 1,3,5),
besides, all external forces are equal to zero except the one applied at node 3 (i.e., F̄3 sinωet) and there exists no
concentrated elements at node 3 (i.e., m3 = J3 = kt3 = kθ3 = 0). In Fig. 6(b), all conditions are the same as
Fig. 6(a) except that the rotary inertias of all lumped masses are considered (i.e., Ji �= 0, i = 1,3,5), besides, there
exist one set of concentrated elements (including m3, J3 and kt3) at the applied point (i.e., node 3) of the single
external force F̄3 sinωet. In Fig. 6(c), all conditions are the same as Fig. 6(b) except that two additional external
forces (F̄1 sinωet and F̄5 sinωet) are applied on nodes 1 and 5, respectively.

Comparing Figs 6(a)–(c) with Fig. 1 one sees that, for the current vibrating systems, the total number of beam
segments is n = 6 (denoted by (1), (2), . . . , (6)) and total number of nodes is 7 (denoted by 0, 1, 2, . . . , 5, 6). For
convenience, the following parameters are introduced: reference mass m̃ = ρAL =61.653753 kg, reference rotary
inertia J̃ = ρAL3 =986.459888 kg-m2, reference translational spring constant k̃t = EI

/
L3 =991.33505968 N/m,

reference rotational spring constant k̃θ = EI/L =15861.360955N-m/rad, with A = πd2
/
4 = 19.63495×10−4m2

and I = πd4
/
64 = 30.679615×10−8m4. Besides, it is assumed that kti = 1016 ≈ ∞N/m (for the pinned supports)

and the magnitudes of the “non-zero” concentrated elements are: m̂i = m̃ =61.653753 kg, Ji = 0.01J̃ = 9.86460
kg-m2, kti = 0.1k̃t = 99.133506N/m, and kθi = 0.1k̃θ = 1586.13606N-m/rad. The lowest five natural frequencies
of the three vibrating systems as shown in Fig. 6(a)–(c) are listed in Table 3. It is seen that the lowest five natural
frequencies of Fig. 6(a) are much higher than those of Fig. 6(b) or 6(c), this is because all concentrated elements
are removed from center of the beam (at node 3) and the rotary inertias of the lumped mass are also neglected in
Fig. 6(a). Besides, the lowest five natural frequencies obtained from NAM are very closed to those obtained from
FEM (with total number of beam elements ne = 80).

For the vibrating system shown in Fig. 6(a) subjected to a central vertical force F̄3 sin ωet (applied at node 3) with
F̄3 = 1.0 N, the frequency-response curves of the three points p1, p2 and p3 on the beams located at ξ = x/L =
0.125, 0.375 and 0.5 are shown in Figs 7(a)–(c), respectively. Because the structural system and the external load
are symmetric with respect to the vertical line passing through beam center (at node 3), the frequency-response
curves of the other two points p4 and p5 on the beams located at ξ = x/L = 0.625 and 0.875 are exactly the same
as those of the two points p2 and p1 located at ξ = x/L = 0.375 and 0.125, respectively, and are neglected in this
paper. In Figs 7(a)–(c), the solid curves (——) are obtained from NAM (cf. Eqs (14)–(25)) and the relationship
|Y (x)|t = [1 + (ωe/ω1)] · |Y (x)|s, while the dashed curves (– – –) are obtained from time history method by using
FEM (with time step Δt = 0.001 sec, tmax = 6 seconds for general cases and tmax = 36 seconds for the cases near
resonance). It is seen that the solid curves (——) are very close to the dashed curves (– – –), besides, the exciting
frequency corresponding to the peak of each curve is very close the first natural frequency (i.e., ωe ≈ ω1 = 194.5373
rad/sec), thus the presented approach can also be extended to the title problem. Since the CPU time required by
NAM is about 2 seconds (for IBM PC Pentium III) and that required by FEM is more than 1 hour (3600 seconds),
the efficiency of the presented approach is much higher than that of the conventional time-history method (FEM).

The last conclusions obtained from the frequency-response curves of Figs 7(a)–(c) are also suitable for those
shown in Figs 8(a)–(c) (for the vibrating system of Fig. 6(b)) and in Figs 9(a)–(c) (for the vibrating system of
Fig. 6(c)), respectively. In addition to the resonant frequencies, the other main difference between Figs 7, 8 and
9 is the magnitudes of response amplitudes. From last three figures, one sees that the response amplitudes shown
in Fig. 9 (for the vibrating system of Fig. 6(c)) are smaller than those shown in Fig. 7 (for the vibrating system of
Fig. 6(a)) or Fig. 8 (for the vibrating system of Fig. 6(b)), this is due to the fact that the responses of the structural
system (cf. Fig. 6(c)) induced by F̄3 sinωet (applied at node 3) are opposite to those induced by both F̄1 sinωet

(applied at node 1) and F̄5 sin ωet (applied at node 5). In addition, one of the major differences between Figs 6(a)
and (b) is that there exists a translational spring kt3 located at the applied point (node 3) of the single force F̄3 sinωet

in Fig. 6(b) and this should be one of the reasons why the response amplitudes shown in Fig. 8 (for the vibrating
system of Fig. 6(b)) are smaller than those shown in Fig. 7 (for the vibrating system of Fig. 6(a)).



J.S. Wu and J.H. Chen / An efficient approach for determining forced vibration response amplitudes 75

Table 3
The lowest five natural frequencies of the three vibrating systems shown in Figs 6(a)–(c), respectively

Vibrating systems Methods Natural frequencies, ωr (rad/sec)
ω1 ω2 ω3 ω4 ω5

Fig. 6(a) Present (NAM) 194.5373 246.1372 340.3893 833.9799 1636.7596
aFEM 194.5373 246.1372 340.3893 833.9808 1636.2302

Figs 6(b) and 6(c) Present (NAM) 104.6888 195.6329 252.6310 255.5445 297.3698
aFEM 104.6888 195.6329 252.6310 255.5445 297.3698

aTotal number of beam elements is ne = 80.

5.4. Frequency-response curves for a multi-span beam carrying various concentrated elements with “non-zero”
initial conditions

The purpose of this subsection is to show the availability of the presented theory for the case with “non-
zero” initial conditions. The structural system is the same as Fig. 6(a) studied in the last subsection except that,
instead of “at rest”, the initial displacements and velocities of the beam are given by y(x, 0) = 0.001Ȳ1(x)m and
ẏ(x, 0) = ω1y(x, 0) = 0.001ω1Ȳ1(x)m/sec, respectively. Where ω1 (=194.5373 rad/sec) is the 1st natural frequency
of the beam and Ȳ1(x) is the corresponding 1st normal mode shape (with maximum mode displacement being equal
to 1.0). From the last subsection one obtains the 1st normal mode shape of the beam shown in Fig. 6(a) to be

{Ȳ(x)}1 = [. . . Ȳ1(0.5) . . . Ȳ1(1.5) . . . Ȳ1(2.0) . . .]T = [. . . 0.4055 . . .-0.6858 . . .− 1.0 . . .]T (52)

Thus, the initial displacements{y(0)}and initial velocities {ẏ(0)}of the beam are given by

{y(0)} = 0.001{Ȳ(x)}1 = 10−4[. . . 4.055 . . .− 6.858 . . .− 10.0 . . .]T m (53a)

{ẏ(0)} = 0.001ω1{Ȳ(x)}1 = 10−2[. . . 7.888 . . .− 13.341 . . .− 19.454 . . .]T m/sec (53b)

In the above equations, the symbols {} and [] represent the column and row vectors, respectively. In Eq. (53a),
the coefficients of the vector {y(0)} include the initial displacements of various points along the beam length, while
in Eq. (53b), the coefficients of the vector {ẏ(0)} include the initial velocities of the corresponding points. For the
NAM, only the initial displacements and initial velocities located at p1 (at x = 0.5m), p2 (at x = 1.5m) and p3 (at x =
2.0 m) are required, because only the frequency-response curves for points p1, p2 and p3 are studied here. However,
for the FEM, the entire beam is composed of 80 identical beam elements (i.e., ne = 80) and 81 nodes with length
of each beam element being Δ
 = L/ne = 4/80 = 0.05m. Since each node has two DOF’s (one for translation
and one for rotation), the entire vibrating system has 162 DOF’s. Therefore, the 1st normal mode shape{Ȳ}1,FEM ,
the initial-displacement vector {y(0)} and the initial-velocity vector {ẏ(0)} are the 162 × 1 column vectors, before
imposing the boundary (constrained) conditions. Where the 1st normal mode shape {Ȳ}1,FEM of the beam is
obtained from the FEM and is to take the form

{Ȳ(x)}1 = {Ȳ}1,FEM = [ Ȳ1 Ȳ ′
1 · · · Ȳ41 Ȳ ′

41 · · · Ȳ81 Ȳ ′
81 ]T (withȲ41 = 1.0) (54)

In such a situation, the initial displacements {y(0)} and initial velocities {ẏ(0)} of the beam for FEM are given by

{y(0)} = 0.001(Ȳ}1,FEM = 0.001[ Ȳ1 Ȳ ′
1 · · · Ȳ41 Ȳ ′

41 · · · Ȳ81 Ȳ ′
81 ] m (55a)

{ẏ(0)} = 0.001ω1(Ȳ}1,FEM = 0.001ω1[ Ȳ1 Ȳ ′
1 · · · Ȳ41 Ȳ ′

41 · · · Ȳ81 Ȳ ′
81 ] m/sec (55b)

In Eqs (54) and (55a,b), Ȳj and Ȳ ′
j denote the translational and rotational mode displacements of node j (j = 1, 2,

. . . , 41, . . . , 81), respectively. In other words, the coefficients of the vectors {y(0)} and {ẏ(0)} respectively include
162 initial displacements and 162 initial velocities of the points located at xj = (j − 1)Δ
 and are determined by
Eqs (55a,b).

From Eqs (53a,b) one sees that the initial displacements and initial velocities of points p1, p2 and p3 are given by
(u0,p1 = 4.055×10−4 m, u̇0,p1 = 7.888×10−2m/s), (u0,p2 = −6.858×10−4 m, u̇0,p2 = −13.341×10−2 m/s) and
(u0,p3 = −10.0 × 10−4 m, u̇0,p3 = −19.454×10−2m/s), respectively, and from the last subsection (for zero initial
conditions) one has obtained the “steady” components of the total response amplitudes (ūs,p1 , ūs,p2 and ūs,p3) of
points p1, p2 and p3 corresponding to the exciting frequenciesωe = 144 to 244 rad/sec. Therefore, by using Eqs (A.4)
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and (A.6) (cf. Appendix A), one obtains the frequency-response curves for points p1, p2 and p3, with “non-zero”
initial conditions, as shown in Figs 10(a), (b) and (c), and denoted by the solid lines (——), respectively. Instead of
the conventional “zero” initial conditions, if the “first-step” initial conditions in the last subsection are replaced by
the “non-zero” ones given by Eqs (55a,b), the frequency-response curves for points p1, p2 and p3 obtained from the
time-history method by using the FEM are also shown in Figs 10(a), (b) and (c), and denoted by the dashed lines (–
– –), respectively. Good agreements between the solid lines and the corresponding dashed lines in Figs 10(a), (b)
and (c) confirm the reliability of the presented theory for the case with “non-zero” initial conditions.

6. Conclusions

1. For the structural design, the forced vibration amplitude of a vibrating system near first natural (resonant)
frequency ω1 is one of the important information. Based on the relationship |Y (x)|t = [1+(ωe/ω1)] · |Y (x)|s,
with |Y (x)|t and |Y (x)|s respectively denoting the total and steady response amplitudes at position x and
ωe denoting the exciting frequency, one may easily determine the forced vibration response amplitudes of a
multi-span beam carrying arbitrary concentrated elements by using NAM with the CPU time to be much less
than that required by using FEM. It is noted that |Y (x)|t ≈ 2|Y (x)|s if ωe ≈ ω1. The above conclusion is for
the conventional case with “zero” initial conditions, for the case with “non-zero” initial conditions one may
refer to the Appendix A at the end of this paper. Furthermore, it can also be extended to the higher vibration
modes such as ωe ≈ ω3 and ωe ≈ ω4 shown in Fig. A.2 of Appendix C (with “zero” initial conditions), where
the solid lines (−−) denote the frequency-response curve of point p1 on the beam shown in Fig. 6(c) near ω3 =
252.6310 rad/sec obtained from NAM, the dashed lines (−−−) denote that near ω4 = 255.5445 rad/sec≈ ω3

obtained from NAM and the dash-dot lines (− · −) denote that in the range of exciting frequencies ωe = 230
∼ 275 rad/sec obtained from the conventional FEM. Because ω3 ≈ ω4, the solid lines are vary close to the
dashed lines and both of them are very close to the dash-dot lines.

2. In general, checking the numerical values of forced vibration response amplitudes of a multi-degree-of-freedom
(MDOF) structural system is not easy, from the foregoing numerical results and discussions one sees that the
presented approach will be significant for this matter.

3. The presented approach is suitable for the general vibrating systems. For example, the beam may be single or
multiple spans and with or without carrying various concentrated elements; the external force may be single
or multiple and with or without various concentrated elements attached to each of the applied points, and the
initial conditions may be “zero” or “non-zero”.

4. In theory, the presented approach can be extended to the determination of frequency-response curves of
multi-step beams or framed structures.
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Appendix A

Response amplitude for the case with “non-zero” initial conditions

For a SDOF system, its response due to initial displacement u0 and initial velocity u̇0 is given by [23]

u(t) = u0 cosωt + (u̇0/ω) sin ωt (A.1)

From Eqs (A.1) and (37), one obtains the total response of the SDOF system at time t is given by

ut(t) = [−ūc + (u̇0/ω)] sin ωt + u0 cosωt + ūs sin ωet (A.2)
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Fig. A.1. A two-node beam element carries a linear spring kti, a rotational spring kθi, and a lumped mass m̂i with rotary inertia Ji at each
node i (i = 1,2) and has four degrees of freedom (DOF’s), v1, v2, v3 and v4, where v1 and v3 are the translational DOF’s and v2 and v4 are the
rotational DOF’s.

or

ut(t) = Ūc cos(ωt − θ) + ūs sinωet (A.3)

where

Ūc =
√

[(−ωeūs + u̇0)/ω]2 + u2
0 (A.4)

θ = tan−1{[(−ωeūs + u̇0)/ω]/u0} (A.5)

Based on Eq. (A.3), one obtains the total response amplitude of the SDOF system to be

ūt = Ūc + |ūs| (A.6)

Equation (A.4) indicates that, for a SDOF system with natural frequency ω, one may obtain the value of Ūc if the
“steady” component ūs (corresponding to the exciting frequency ωe) and the initial conditions (u0 and u̇0) are given.
Finally, the total response amplitude ūt is determined by Eq. (A.6).

Appendix B

Property matrices for a two-node beam element carrying various concentrated elements

For a two-node beam element carrying a linear spring kti, a rotational spring kθi, a lumped mass m̂i with rotary
inertia Ji at each node i (i = 1,2) as shown in Fig. A.1, its mass matrix [m] and stiffness matrix [k] are given by [23,
24]

[m] =
ρA


420

⎡
⎢⎢⎣

156 + m̂1 22
 54 −13

22
 4
2 + J1 13
 −3
2

54 13
 156 + m̂2 −22

−13
 −3
2 −22
 4
2 + J2

⎤
⎥⎥⎦ (A.7)

[k] =

⎡
⎢⎢⎣

(12EI
/

3) + kt1 6EI

/

2 −12EI

/

3 6EI

/

2

6EI
/

2 (4EI/
) + kθ1 −6EI

/

2 2EI/


−12EI
/

3 −6EI

/

2 (12EI

/

3) + kt2 −6EI

/

2

6EI
/

2 2EI/
 −6EI

/

2 (4EI/
) + kθ2

⎤
⎥⎥⎦ (A.8)

where ρ and E are mass density and Young’s modulus of the beam material, respectively, A is cross-sectional area
of the beam, I is moment of inertia of the cross-sectional area A and 
 is length of the beam element. It is noted
that, in Refs [23,24], only the mass matrix [m] and stiffness matrix [k] of the two-node beam element without any
attachments are given.
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Appendix C

Frequency-response curves near 3rd and 4th natural frequencies for point p1 in Fig. 6(c) obtained from
NAM and FEM

Fig. A.2. The frequency-response curves of point p1 located at ξ = x/L = 0.125 on the beam shown in Fig. 6(c) (with “zero” initial conditions)
near ω3 = 252.6310 rad/sec obtained from NAM (denoted by −−), near ω4 = 255.5445 rad/sec obtained from NAM (denoted by − − −) and
in the range of exciting frequencies ωe = 230 ∼ 275 rad/sec obtained from FEM (denoted by − · − ), respectively.
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