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The dynamic response of a Timoshenko beam with immovable ends resting on a nonlinear viscoelastic foundation and subjected
to motion of a traveling mass moving with a constant velocity is studied. Primarily, the beam’s nonlinear governing coupled PDEs
of motion for the lateral and longitudinal displacements as well as the beam’s cross-sectional rotation are derived using Hamilton’s
principle. On deriving these nonlinear coupled PDEs the stretching effect of the beam’s neutral axis due to the beam’s fixed end
conditions in conjunction with the von-Karman strain-displacement relations is considered. To obtain the dynamic responses of
the beam under the act of a moving mass, derived nonlinear coupled PDEs of motion are solved by applying Galerkin’s method.
Then the beam’s dynamic responses are obtained using mode summation technique. Furthermore, after verification of our results
with other sources in the literature a parametric study on the dynamic response of the beam is conducted by changing the velocity
of the moving mass, damping coefficient, and stiffnesses of the foundation including linear and cubic nonlinear parts, respectively.
It is observed that the inclusion of geometrical and foundation stiffness nonlinearities into the system in presence of the foundation
damping will produce significant effect in the beam’s dynamic response.

1. Introduction
The topic of vibration study of structural elements such as
strings, beams, plates, and shells under the act of a moving
mass is of great interest and importance in the field of
structural dynamics. It should be noted that the review of
numerous reported studies related to the dynamic behavior of
mechanical/structural systems discloses that almost linear
behavior of such systems is considered. Indeed, in reality such
systems inherently and naturally have nonlinear behavior, for
example, due to the geometrical nonlinearity or when they are
subjected to external loadings comparatively large enough. As
we will see later on in the modeling of the problem, the
stretching of the beam’s neutral axis due to fixed ends condition adds another nonlinearity to the dynamical behavior of
the system. In addition, there are some other external distinct
mechanical elements having nonlinear behavior attached to
such structures like shock energy absorbers or viscoelastic
foundations which will add further other nonlinearities in the
model analysis. From mechanical point of view, any beam

structure can be modeled as a thin or thick beam for which
different theories usually can be implemented. In extending
the issue of the linear analysis of a Timoshenko beam resting on a viscoelastic foundation and under the act of a moving mass, certainly including the nonlinear behavior in the
analysis will well provide more reliable and accurate results
specifically in cases where the energy damping or any restraint on the beam’s amplitude vibrations plays an important
role in this filed.
Some examples of actual cases can be addressed as a
bridge when traveled by moving vehicles, moving trains on
railway tracks, simulation of high axial speed machining processes in milling operation, and internal fluid flow in piping
systems resting on a soil foundation. Moreover, shafts in the
rotating machinery resting on the elastic supports (journal
bearings) and floating in an industrial lubricant can be modeled as beams on viscoelastic foundation. This approach can
be viewed in modeling of rotating blades in a helicopter or in
rotating blades of turbomachineries.
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In [1], the linear finite element analysis of an EulerBernoulli beam resting on an elastic foundation modeled by
spring of variable stiffness subjected to moving point loads is
studied. The dynamic response of an infinite Timoshenko
beam on a viscoelastic foundation and under the act of a
harmonic moving load has been investigated in [2]. In [3],
the linear vibration and dynamic buckling of an axially loaded
infinite shear beam-column on an elastic foundation and subjected to traveling loads with constant amplitude or harmonic
amplitude variation with a constant velocity is studied. In this
paper, formulation in the transformed field domains of time
and moving space is developed and dynamic responses of the
beam are obtained using Fourier transform method. The
dynamic response of a simply supported Timoshenko beam
resting on an elastic foundation and traveled by a moving
concentrated load is obtained using method of images in [4].
In [5], the wave solution is obtained by the Laplace-transform
method for a semi-infinite Timoshenko beam traveled by
a concentrated moving load with a velocity which may be
supersonic, intersonic, or subsonic with respect to the bending and shear-wave velocities of the beam. In [6], using Galerkin’s method the dynamic stability of the transverse vibration
of a simply supported Euler-Bernoulli beam resting on a viscoelastic foundation and subjected to a continuous series of
equally spaced concentrated moving loads is analyzed. In this
paper, the Floquet theory is utilized to study the parametric
regions of stability of the beam’s response. In [7], the deterministic and random dynamic responses of a nonlinear EulerBernoulli beam on an elastic foundation and under the act of
a moving load are analyzed using Galerkin’s method in conjunction with the dynamic finite element method. In this
study, the effects of longitudinal and transverse deflections are
considered in the beam’s vibration analysis. In [8], a new finite
element method is extracted to analyze the small amplitude
vibration of a Timoshenko beam on variable two-parameter
Winkler type of foundation. The solution is based on using
cubic polynomial expressions for the total deflection and the
bending slope of the beam. The linear dynamic analysis of
transverse vibration of a simply supported Timoshenko beam
resting on a Winkler type of elastic foundation and traveled
by a moving concentrated mass/force is investigated in [9] by
applying Galerkin’s method using the mode summation technique. Besides, in [10] the linear finite element analysis of a
Timoshenko beam under the act of a moving mass is conducted. The linear dynamic responses of an axially loaded
damped Timoshenko beam resting on a viscoelastic foundation are studied in [11]. Recently in [12] a new analytical solution to alleviate difficulties related to Fourier analysis and
numerical integration for vibration analysis of an infinite
Timoshenko beam on a nonlinear viscoelastic foundation
and subjected to a moving load has been studied. A new semianalytical solution for the Timoshenko beam subjected to the
finite series of distributed moving loads harmonically varying
in time is considered as a representation of a moving train in
[13]. In [14], the dynamic response of a Rayleigh beam resting
on a nonlinear viscoelastic foundation and traveled by a
moving load is developed by employing the Adomian decomposition method in conjunction with coiflet expansion. An
approximate closed form solution has been derived and
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condition for the convergence of the decomposition series has
been introduced to study the dynamic response of the beam.
Then, a parametric study on vibration analysis is investigated
using wavelet filters of Coiflet type as a very effective tool
to adapt approximating method. Transverse vibrations induced by a load moving at a constant speed along a finite or
an infinite beam resting on a piece-wise homogeneous viscoelastic foundation are studied in [15]. The obtained results
have direct application on the analysis of railway track vibrations induced by high-speed trains crossing regions with significantly different foundation stiffness. In [16], a numerical
approach is developed to the stationary solution of an infinite
Euler-Bernoulli beam on a Winkler foundation and under a
moving harmonic load. In [17], a boundary element based
method is applied to study the nonlinear dynamic analysis of
shear deformable beams resting on tensionless nonlinear
Pasternak-type viscoelastic foundation under general boundary conditions and traversed by moving loads. Analyses are
performed to illustrate the accuracy of the developed method
to investigate the effects of various parameters such as the
load velocity, load frequency, shear deformation, foundation
nonlinearity, damping, and axial compression on the beam’s
displacements and stresses. In [18], the issue of instability
phenomenon of a three-mass oscillator uniformly moving
along a continuously viscoelastic supported Timoshenko
beam due to the excited Doppler waves is investigated. The
proposed model corresponds to a two-level suspension vehicle running on a track and it includes the wheel/rail contact
nonlinearities which contain the Hertzian contact characteristic and the possibility of contact loss. The velocities at
the stability limit are calculated by means of the D-decomposition method. The characteristic equation has been obtained using Green’s function of the differential operator
of the Laplace transformed equations of motion. The timedomain analysis of the dynamic behavior due to the stability
loss has been performed by solving the equations of motion in
virtue of the convolution theorem. Moreover, the limit cycle
characterizing the unstable motion is analyzed.
Based on this presumption and on the same line as the
other studies this work is initiated. In the present study for
the first time three nonlinear governing coupled PDEs of
motion for a Timoshenko beam resting on a nonlinear viscoelastic foundation and under the act of a moving mass are
derived. Then by applying Galerkin’s method, these three obtained governing nonlinear coupled second order ODEs are
solved numerically using Adams-Bashforth-Moulton integration method via MATLAB solver package. It should be noted
that in the present study the effects of changes of different
parameters on the dynamic response of the Timoshenko
beam including linear and nonlinear stiffness parts of foundation, damping coefficient of viscoelastic foundation, and
velocity of moving mass along with the inclusion of stretching
effect of the beam’s neutral axis are all considered in the
dynamic analysis of the beam’s deflection.

2. Mathematical Modeling
2.1. Problem Statement. In this study, the dynamic responses
of a pinned-pinned Timoshenko beam resting on a nonlinear
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Figure 1: Timoshenko beam under the motion of a concentrated point mass resting on a viscoelastic foundation. (a) Timoshenko beam with
no stretching effect on simply supported ends resting on a linear viscoelastic foundation, M-1 model, (b) Timoshenko beam with no stretching
effect on simply supported ends resting on a nonlinear viscoelastic foundation, M-2 model, and (c) Timoshenko beam with stretching effect
on pinned-pinned ends resting on a nonlinear viscoelastic foundation, M-3 model.

viscoelastic foundation and under the act of a moving mass
are the main subject in our analysis. In fact our analysis focused on the study of the effects of the nonlinearities introduced
due to large deflection of the beam (geometric nonlinearity)
and the nonlinear stiffness of the foundation on the dynamic
behaviour of above mentioned Timoshenko beam.
Consider an isotropic and homogenous Timoshenko
beam with beam density 𝜌, Young’s modulus 𝐸, shear modulus 𝐺, shear correction factor 𝑘, span length 𝑙, constant crosssection 𝐴, and diametral second cross-sectional moment 𝐼𝑑 .
To conduct our analysis, three Timoshenko beam models
illustrated in Figure 1 are considered. In the first system
shown in Figure 1(a), a simply supported Timoshenko beam
with no stretching effect resting on a linear viscoelastic foundation with damping coefficient 𝑐 and linear foundation stiffness
𝑘1 is subjected to the motion of a point mass 𝑚 traveling with
a constant velocity V along the beam length. From now on we
call this model M-1. In the next system, that is, Figure 1(b),
similar Timoshenko beam with the same specifications as M1 but in addition having cubic nonlinear stiffness 𝑘3 is considered. From now on we call this model M-2. And finally the
system shown in Figure 1(c) is also similar to the model M-2
but with immovable pinned-pinned end boundary conditions,
that is, with stretching effect. From now on we call this model
M-3. Note that in both M-2 and M-3 models, beam is resting
on a nonlinear viscoelastic foundation; that is, in addition to a
linear spring with stiffness of 𝑘1 a cubic nonlinear spring with
stiffness of 𝑘3 is also included. It should be mentioned that in
our upcoming analysis when the moving mass enters the left
end of the beam at time 𝑡 = 0, zero initial conditions are

assumed. Moreover, in our analysis it has been assumed that
the moving mass during its travel never loses its contact with
the beam.
2.2. Formulation. According to von-Karman’s theory, the
kinematics relations for the beam shown in Figure 1(b) are
[19–21]
1
𝜀𝑥𝑥 = 𝑢,𝑥 + 𝑤,𝑥 2 ,
2

𝛾𝑥𝑧 = 𝑤,𝑥 − Γ,

𝜅𝑥 = Γ,𝑥 .

(1)

Note that 𝑢 = 𝑢(𝑥, 𝑡) and 𝑤 = 𝑤(𝑥, 𝑡) represent the displacements of an arbitrary point located on the beam’s neutral
axis in the axial and the transverse, that is, the 𝑥 and 𝑧
directions, respectively, measured from the equilibrium position when unloaded. Moreover, Γ = Γ(𝑥, 𝑡) is the rotation of
any arbitrary section around 𝑦-axis. Also, in our notation the
subscripts (, 𝑡) and (, 𝑥) stand for the derivative with respect to
the time (𝑡) and spatial coordinate (𝑥), respectively. In addition, 𝜀, 𝛾, and 𝜅 are the longitudinal (or normal) strain, shear
strain, and curvature at a point located on the neutral axis of
the beam, respectively. To obtain the governing differential
equations of motion by applying Hamilton’s principle, the
kinetic energy 𝑇 and the strain energy 𝑈 of the beam under
consideration are [19]
𝑇=

𝜌 𝑙
∫ [𝐴 (𝑢,𝑡 2 + 𝑤,𝑡 2 ) + 𝐼𝑑 Γ, 𝑡 2 ] 𝑑𝑥,
2 0

1 𝑙
2
+ 𝐸𝐼𝑑 𝜅𝑥 2 + 𝑘𝐺𝐴𝛾𝑥𝑧 2 ) 𝑑𝑥.
𝑈 = ∫ (𝐸𝐴𝜀𝑥𝑥
2 0

(2)

4
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Now, we can establish the Lagrangian function of the system
as 𝐿 = 𝑇−(𝑈−𝑊𝑒 ). Applying Hamilton’s principle on 𝐿 yields
[19]
𝑡2

𝑡2

𝑡2

𝑡1

𝑡1

𝑡1

beam. Based on the separation of variables technique, the
response of the Timoshenko beam in terms of the linear freeoscillation modes can be assumed as follows [9, 19–21]:
𝑛

(3)

𝑢 (𝑥, 𝑡) = ∑ 𝜃𝑗 (𝑥) 𝑟𝑗 (𝑡) = Θ𝑇 (𝑥) R (𝑡) ,

Note that the total virtual work done 𝛿𝑊𝑒 by the nonlinear
viscoelastic foundation and the traveling mass acting on the
beam at the location 𝑥 = 𝜁(𝑡) is [9, 20, 21]

𝑤 (𝑥, 𝑡) = ∑ 𝜙𝑗 (𝑥) 𝑝𝑗 (𝑡) = Φ𝑇 (𝑥) P (𝑡) ,

𝛿 ∫ 𝐿 𝑑𝑡 = 0 ⇒ 𝛿 ∫ (𝑈 − 𝑇) 𝑑𝑡 = ∫ 𝛿𝑊𝑒 𝑑𝑡.

𝑛

𝑗=1

Γ (𝑥, 𝑡) = ∑𝜓𝑗 (𝑥) 𝑞𝑗 (𝑡) = Ψ𝑇 (𝑥) Q (𝑡) ,


𝛿𝑊𝑒 = ∫ [ − 𝑚𝑢,𝑡𝑡 𝛿𝑢𝑥=𝜁(𝑡) − 𝑚 (𝑔 + 𝑤,𝑡𝑡 + 2V𝑤,𝑥𝑡 + V2 𝑤,𝑥𝑥 )
0

(4)
After doing some mathematics, one would get the nonlinear
governing coupled PDEs of motion (EOMs) as follows [9, 20,
21].
Force relation in 𝑥 direction:
𝜌𝐴𝑢,𝑡𝑡 − 𝐸𝐴 (𝑢,𝑥𝑥 + 𝑤,𝑥 𝑤,𝑥𝑥 )

= −𝑚𝑢,𝑡𝑡 𝑥=𝜁(𝑡) 𝛿 (𝑥 − 𝜁 (𝑡)) 𝜒 (𝑡) .

(5)

𝑗=1

𝜌𝐴𝑤,𝑡𝑡 + 𝑘𝐺𝐴 (Γ,𝑥 − 𝑤,𝑥𝑥 ) − 𝐸𝐴

where P(𝑡), Q(𝑡), and R(𝑡) are vectors of order 𝑛 listing the
generalized coordinate 𝑝𝑗 (𝑡), 𝑞𝑗 (𝑡), and 𝑟𝑗 (𝑡), respectively, and
Θ(𝑥), Φ(𝑥), and Ψ(𝑥) are some vectorial functions collecting
the first 𝑛 mode shapes (eigen-functions) of 𝜃𝑗 (𝑥), 𝜙𝑗 (𝑥), and
𝜓𝑗 (𝑥), respectively.
In the next step primarily we substitute (8) to (10) into (5)
to (7); then on the resulting relations, premultiplying both
sides of (5) by Θ𝑇 (𝑥), (6) by Φ𝑇 (𝑥), and (7) by Ψ𝑇 (𝑥), integrating over the interval (0, 𝑙), and imposing the orthogonality along with Dirac’s delta function conditions, the resulting
nonlinear coupled modal equations of motion in matrix form
are as follows:
𝑛

𝑛

𝑗=1

𝑗=1

𝑛

𝑛

− 𝐸𝐴∑ ∑ 𝑝j (𝑡) L𝑖𝑗𝑘 𝑝𝑘 (𝑡) = 0,

3
× (𝑢,𝑥𝑥 𝑤,𝑥 + 𝑢,𝑥 𝑤,𝑥𝑥 + 𝑤,𝑥𝑥 𝑤,𝑥 2 )
2

𝑖 = 1, 2, . . . , 𝑛,

𝑗=1𝑘=1

(6)


= −𝑚 (𝑔 + 𝑤,𝑡𝑡 + 2V𝑤,𝑥𝑡 + V2 𝑤𝑥𝑥 )𝑥=𝜁(𝑡)

𝑛

∑ [𝜌𝐴M𝑖𝑗 + 𝑚B𝑖𝑗 (𝑡) 𝜒 (t)] 𝑝𝑗̈ (𝑡)

𝑗=1

𝑛

+ ∑ [2𝑚V𝜒(𝑡) A𝑖𝑗 (𝑡) + 𝑐M𝑖𝑗 ] 𝑝𝑗̇ (𝑡)

× 𝛿 (𝑥 − 𝜁 (𝑡)) 𝜒 (𝑡) .

𝑗=1

Moment relation about 𝑦 direction:
𝜌𝐼𝑑 Γ,𝑡𝑡 − 𝐸𝐼𝑑 Γ,𝑥𝑥 + 𝑘𝐺𝐴 (Γ − 𝑤,𝑥 ) = 0,

(10)

∑ [𝜌𝐴J𝑖𝑗 + 𝑚O𝑖𝑗 (𝑡) 𝜒 (t)] 𝑟𝑗̈ (𝑡) − 𝐸𝐴∑ N𝑖𝑗 𝑟𝑗 (𝑡)

Force relation in 𝑧 direction:

+ 𝑘1 𝑤 + 𝑘3 𝑤3 + 𝑐𝑤,𝑡

(9)

𝑛

𝑙

× 𝛿𝑤|𝑥=𝜁(𝑡) + (𝑘1 𝑤 + 𝑘3 𝑤3 + 𝑐𝑤,𝑡 ) 𝛿𝑤] 𝑑𝑥.

(8)

𝑗=1

𝑛

(7)

where 𝐸𝐼𝑑 and 𝜌𝐴 are the beam’s flexural rigidity and beam’s
mass per unit length, respectively. Furthermore, 𝛿(𝑥 − 𝜁(𝑡)) is
Dirac’s delta function in which 𝜁(𝑡) is the instantaneous position of the moving mass traveling on the beam. In case where
the mass is traveling with a constant velocity V, then its instantaneous position is given by 𝜁(𝑡) = V𝑡 + 𝑥0 , where 𝑥0
represents the initial position of the mass at the start of its
motion. Also, the 𝜒(𝑡) is the pulse function which is equal to
1 while the mass is traveling on the beam and 0 when the traveling mass is outside the beam span, that is, 𝜒(𝑡) = 𝑢(𝑡) −
𝑢(𝑡 − 𝑙/V), in which 𝑢(𝑡) represents the unit step function.

+ 𝑘𝐺𝐴∑ F𝑖𝑗 𝑞𝑗 (𝑡)
𝑗=1

𝑛

+ ∑ [𝑚V2 C𝑖𝑗 (𝑡) 𝜒 (t) − 𝑘𝐺𝐴H𝑖𝑗 + 𝑘1 M𝑖𝑗 ] 𝑝𝑗 (𝑡)
𝑗=1

𝑛

𝑗=1𝑘=1 𝑙=1
𝑛

𝑛

− 𝐸𝐴 [∑ ∑ 𝑟j (𝑡) G𝑖𝑗𝑘 𝑝𝑘 (𝑡)
[𝑗=1𝑘=1
𝑛

𝑛

+ ∑ ∑ 𝑝j (𝑡) (R1 )𝑖𝑗𝑘 𝑟𝑘 (𝑡)
𝑗=1𝑘=1

3. Solution Method
In this study Galerkin’s method is chosen as a powerful mathematical tool to analyze the vibrations of a Timoshenko

𝑛

𝑛

+ 𝑘3 ∑ ∑ ∑𝑝𝑗 (𝑡) (R2 )𝑖𝑗𝑘𝑙 𝑝𝑘 (𝑡) 𝑝𝑙 (𝑡)

+

3 𝑛 𝑛
∑ ∑ 𝑝 (𝑡) I𝑖𝑗𝑘 𝑝𝑘 (𝑡)2 ]
2 𝑗=1𝑘=1 j
]
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= −𝑚𝑔𝜒(𝑡) a𝑖 (𝑡) ,
𝑛

𝑛

𝑗=1

𝑗=1

5
𝑖 = 1, 2, . . . , 𝑛,

4. Verification of Results and Case Studies
As mentioned in the introduction at the moment no specific
results exist for the problem under consideration in the
literature. Therefore, to verify the validity of the results
obtained in this study we primarily consider some special
cases by which our results can be compared with those
existing in the literature.

𝜌𝐼𝑑 ∑ S𝑖𝑗 𝑞𝑗̈ (𝑡) − ∑ [𝐸𝐼𝑑 K𝑖𝑗 − 𝑘𝐺𝐴S𝑖𝑗 ] 𝑞𝑗 (𝑡)
𝑛

− 𝑘𝐺𝐴∑ E𝑖𝑗 𝑝𝑗 (𝑡) = 0,

𝑖 = 1, 2, . . . , 𝑛,

𝑗=1

(11)
in which dot mark over any parameter indicates the derivative
with respect to the time (𝑡). All matrices appearing in above
relations are given in the appendix. It is clear that (11) is
three nonlinear coupled second-order ordinary differential
equations (ODEs). The boundary conditions for a pinnedpinned Timoshenko beam are
Essential BCs : 𝑢 (0, 𝑡) = 𝑢 (𝑙, 𝑡) = 0
therefore: 𝜃𝑗 (𝑥) = 0

at 𝑥 = 0, 𝑙,

𝑤 (0, 𝑡) = 𝑤 (𝑙, 𝑡) = 0
therefore: 𝜙𝑗 (𝑥) = 0 at 𝑥 = 0, 𝑙

(12)

Natural BCs : 𝑀𝑦 (0, 𝑡) = 𝑀𝑦 (𝑙, 𝑡) = 0
therefore: 𝜓𝑗,𝑥 (𝑥) = 0 at 𝑥 = 0, 𝑙.
Moreover, initial conditions (ICs) for the Timoshenko beam
are
ICs : 𝑢 (𝑥, 0) = 𝑢,𝑡 (𝑥, 0) = 𝑤 (𝑥, 0) = 𝑤,𝑡 (𝑥, 0)
= Γ (𝑥, 0) = Γ,𝑡 (𝑥, 0) = 0.

(13)

This is typically a well-known eigen-function eigen-value
problem, out of which the final result for the mode shapes of
the Timoshenko beam with pinned-pinned ends is expressed
as the following [9, 19–21]:
𝜃𝑗 (𝑥) = √2 sin (

𝑗𝜋𝑥
),
𝑙

𝜙𝑗 (𝑥) = √2 sin (

𝜓𝑗 (𝑥) = √2 cos (

𝑗𝜋𝑥
)
𝑙

𝑗𝜋𝑥
),
𝑙

4.1. Verification of Results for the Linear and
Nonlinear Analyses
4.1.1. Linear Analysis. In the first attempt we set (𝑢,𝑥𝑥 +
𝑤,𝑥 𝑤,𝑥𝑥 ) and (𝑢,𝑥𝑥 𝑤,𝑥 + 𝑢,𝑥 𝑤,𝑥𝑥 + (3/2)𝑤,𝑥𝑥 𝑤,𝑥 2 ) in the lefthand side of (5) and (6), respectively, equal to zero. Moreover,
we take 𝑘3 = 0 and 𝑐 = 0. This will lead us to a set of
new relations for 𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡), and Γ(𝑥, 𝑡) representing the
linear form of governing EOMs of a Timoshenko beam on
a linear Winkler type of foundation. To verify the validity
of the obtained results out of our analysis, we consider the
data given in [9] as 𝑙 = 1 m, 𝐸 = 207 × 109 N/m2 , 𝐺 =
77.6 × 109 N/m2 , 𝑘 = 0.9, 𝜌 = 7700 kg/m3 , 𝑚 = 0.2𝜌𝐴𝑙 kg,
𝑘1 = 104 N/m2 , 𝛼 = 0.11, 𝑔 = 9.81 m/s2 , and 𝛽 = 0.03, in
which 𝛼 and 𝛽 are the velocity ratio and Rayleigh’s slenderness
coefficient, respectively. Note that 𝛽 = 𝜋𝑟0 /𝑙 with 𝑟0 taken
as the beam’s radius of gyration and 𝛼 = V/V𝑐𝑟 with V𝑐𝑟 as
the critical velocity of a concentrated moving force defined as
V𝑐𝑟 = 𝜔1 𝑙/𝜋 [9], with 𝜔1 as the first natural angular frequency
of transversal vibration of this beam given in general as (𝜔𝑖 ) =
(𝑖𝜋/𝑙)2 √𝐸𝐼𝑑 /𝜌𝐴(𝑖 = 1, 2, . . . , 𝑛) [9, 10]. In addition, it can be
seen that the critical velocity for the first mode (𝑖 = 1) is given
as V𝑐𝑟 = (𝜋/𝑙)√𝐸𝐼𝑑 /𝜌𝐴 [9, 10].
Based on the above data, the computer code was run for
this case, and the normalized instantaneous lateral displacement (𝑤𝑝 /𝑤𝑠 ) of the instantaneous positions of the moving
mass (𝑥/𝑙) is calculated and the dimensionless outcome
results are depicted and compared with other existing results
in Figure 2. The normalization parameter for the lateral
displacement, that is, 𝑤𝑠 , is actually a midpoint deflection of
a simply supported beam under midspan concentrated load
of mg; that is, 𝑤𝑠 = 𝑚𝑔𝑙3 /48𝐸𝐼𝑑 [9, 10]. A close inspection of
the curves in Figure 2 indicates perfect agreements between
the two outcome results.

(14)

with 𝑗 = 1, 2, 3, . . . , 𝑛.
Now, we use (14) to calculate all matrix quantities given in the
appendix. In the next step these evaluated matrices will be
used in (11) and later the set of equations will be solved
numerically using the Adams-Bashforth-Moulton integration
method via MATLAB solver package to obtain values of 𝑝𝑗 (𝑡),
𝑞𝑗 (𝑡), and 𝑟𝑗 (𝑡). By back substitution of 𝑝𝑗 (𝑡), 𝑞𝑗 (𝑡), and 𝑟𝑗 (𝑡) in
(8) to (10), 𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡), and Γ(𝑥, 𝑡) can be obtained, respectively. Subsequently, after obtaining values for 𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡),
and Γ(𝑥, 𝑡) the dynamic response of a pinned-pinned Timoshenko beam resting on a nonlinear viscoelastic foundation
and subjected to a moving mass traveling with a constant
velocity can be calculated.

4.1.2. Nonlinear Analysis. A simply supported Timoshenko
beam resting on a Pasternak-type viscoelastic and a shear
foundation and traveled by a constant velocity moving force
as shown in Figure 3 is considered. For this system, (5) and
(6) are rewritten as follows:
𝜌𝐴𝑢,𝑡𝑡 − 𝐸𝐴 (𝑢,𝑥𝑥 + 𝑤,𝑥 𝑤,𝑥𝑥 ) = 0,
𝜌𝐴𝑤,𝑡𝑡 + 𝑘𝐺𝐴 (Γ,𝑥 − 𝑤,𝑥𝑥 )
3
−𝐸𝐴 (𝑢,𝑥𝑥 𝑤,𝑥 + 𝑢,𝑥 𝑤,𝑥𝑥 + 𝑤,𝑥𝑥 𝑤,𝑥 2 )
2
−𝑘𝑝 𝑤,𝑥𝑥 + 𝑘1 𝑤 + 𝑘3 𝑤3 + 𝑐𝑤,𝑡
= −𝑃𝛿 (𝑥 − 𝜁 (𝑡)) 𝜒 (𝑡) ,

(15)
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Figure 3: A simply supported Timoshenko beam resting on a
nonlinear Pasternak viscoelastic foundation and subjected to a
moving force 𝑃 (see [17]).

in which 𝑘𝑝 and 𝑃 are Pasternak or shear foundation modulus
and the value of moving force, respectively, and (7) remains
unchanged.
To check on the validity of our solutions based on (7)
and (15), we consider the reported results on [17] in which
analyses shear deformable beams on tensionless nonlinear
Pasternak-type viscoelastic foundations and subjected to
moving forces. The following data, that is, 𝑙 = 10 m, 𝐼𝑑 =
39.5×10−6 m4 , 𝐴 = 86.13×10−4 m2 , 𝐸 = 207×109 N/m2 , 𝐺 =
79.61 × 109 N/m2 , 𝑘 = 0.85, 𝜌 = 7820 kg/m3 , 𝑘1 = 20 ×
106 N/m2 , 𝑘3 = 0 N/m4 , 𝑘𝑝 = 69×103 N, 𝑐 = 138×103 N⋅s/m2 ,
𝑃 = 144 × 103 N, and V = 16.7 m/s, are adapted from [17].
Based on above mentioned equations, a computer program
was developed and the outcome nonlinear results are depicted and compared with [17] in Figure 4. A close inspection
of the curves reveals very close agreements between the two
solutions.
4.2. Results and Discussions. After being satisfied with the
validity of solution technique, the beam’s instantaneous
dynamic lateral deflection is calculated in the next step. In

7

8

9

10

Figure 4: Lateral displacement 𝑤(𝑥, 0.3) at instant 𝑡 = 0.3 s along
length of the beam; (—) nonlinear analysis, present study, (- - - - -)
nonlinear analysis, [17].

obtaining these results the following data [9] are taken into
consideration, unless otherwise specified:
𝑙 = 1 m,

𝐸 = 207 × 109 N/m2 ,

𝑘 = 0.9,

𝜌 = 7700 kg/m3 ,

𝐴 = 0.1146 m2 ,
𝑘3 = 1019 N/m4 ,

k1 , k3 , kp, c

6

x (m)

1

Figure 2: Instantaneous normalized lateral displacement 𝑤𝑝 /𝑤𝑠
under a moving mass of 𝑚 = 0.2𝜌𝐴𝑙 kg, 𝑘1 = 104 N/m2 , 𝛼 = 0.11,
and 𝛽 = 0.03; (—) linear analysis, present study, (.....) linear analysis,
[9].

z, w

1

𝐺 = 77.6 × 109 N/m2 ,
𝐼𝑑 = 1.045 × 10−3 m4 ,

𝑚 = 3𝜌𝐴𝑙 kg,
𝑐 = 103 N ⋅ s/m2 ,

𝑘1 = 104 N/m2 ,
𝛽 = 0.3.
(16)

It should be mentioned that all deflection variations
versus moving mass instantaneous positions are given in a
nondimensional form, that is, 𝑤𝑝 /𝑤𝑠 . Moreover, it has to be
pointed out that based on the conducted convergence study
related to the linear and nonlinear analyses, ten modes of
vibration are taken into account for the steady state answers
for 𝑢(𝑥, 𝑡), 𝑤(𝑥, 𝑡), and Γ(𝑥, 𝑡); that is, 𝑛 = 10.
The effect of variation of nonlinear part of foundation
stiffness, 𝑘3 , and geometrical nonlinearity due to the beam’s
end boundary conditions on the dynamic responses of a Timoshenko beam traversed by a moving mass are depicted in
Figure 5. In this analysis 𝑚 = 3𝜌𝐴𝑙 kg, 𝑘1 = 104 N/m2 , 𝑐 =
103 N⋅s/m2 , and 𝛽 = 0.3 and different speeds for the traveling
mass (𝛼 = 0.11, 0.25, and 0.5) are considered. It should be
noted that, under adopted data, the results for M-2 and M-3
models are similar and, hence, the variations are overlaid.
This means that as the beam gets thicker it resists more against
the stretching of midplane surface. Therefore, stretching does
not play an important role in the beam’s dynamical response
especially. In addition, in this figure the differences between
dynamical behavior of the beam between M-2 or M-3 models
and M-1 model are compared with each other. Out of this
figure and as it is expected, it can be concluded that by
increasing the value of 𝑘3 the difference between M-2 or M-3
models and M-1 model becomes more pronounced. In other
words, by including geometrical and foundation nonlinearities into the M-1 model as the reference beam, as the size of
nonlinearity increases the difference of the values of 𝑤𝑝 /𝑤𝑠
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Figure 6: Variation of dimensionless instantaneous dynamic lateral
deflection, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of
moving mass, 𝑥/𝑙, of the Timoshenko beam traveled at different
speeds with 𝑚 = 3𝜌𝐴𝑙 kg, 𝑘1 = 104 N/m2 , 𝑐 = 103 N⋅s/m2 , and
𝛽 = 0.3; (- - - - -) M-1 model, (—) M-2, or M-3 model with
𝑘3 = 1021 N/m4 .
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Figure 5: Variation of dimensionless instantaneous dynamic
response, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of moving mass, 𝑥/𝑙, of the Timoshenko beam with different 𝑘3 values
traveled at different speeds with 𝑚 = 3𝜌𝐴𝑙 kg, 𝑘1 = 104 N/m2 ,
𝑐 = 103 N⋅s/m2 , and 𝛽 = 0.3. (a) 𝛼 = 0.11, (b) 𝛼 = 0.25, (c) 𝛼 = 0.5;
(- - - - -) M-1 model, (—) M-2 model, or M-3 model.

in the nonlinear models (M-2 or M-3) compared to the M-1
model increases. This difference becomes more pronounced
for 𝑘3 = 1023 N/m4 . Furthermore, when the mass velocity
increases, the maximum value of the beam’s dynamic
response increases up to 𝛼 = 0.25 and decreases afterward.
In addition, it can be seen that for the 𝑘3 values greater than
1021 N/m4 , by increasing the value of 𝛼, the fluctuation of
dynamical response of the beam reduces accordingly and
finally, for 𝑘3 = 1023 N/m4 and 𝛼 = 0.11, this fluctuation
reaches its highest value.
Figure 6 shows the variation of normalized lateral
dynamic displacement, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of moving mass, 𝑥/𝑙, for three different Timoshenko beams of M-1, M-2, and M-3 traversed by a moving
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Figure 7: Variation of dimensionless instantaneous dynamic lateral
deflection, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of
moving mass, 𝑥/𝑙, of the Timoshenko beam with different 𝑘1 values
traveled at two different speeds with 𝑚 = 3𝜌𝐴𝑙 kg, 𝑐 = 103 N⋅s/m2 ,
and 𝛽 = 0.3. (a) 𝛼 = 0.11, (b) 𝛼 = 0.5; (- - - - -) M-1 model and (—)
M-2 or M-3 model with 𝑘3 = 1022 N/m4 .

mass. The following data are considered: 𝑚 = 3𝜌𝐴𝑙 kg,
𝑘1 = 104 N/m2 , 𝑘3 = 1021 N/m4 , 𝑐 = 103 N⋅s/m2 , and 𝛽 = 0.3.
Moreover, different speeds for the traveling mass are considered (𝛼 = 0.11, 0.25, 0.5, 0.75, and 1.1). It can be seen from this
figure that the 𝑤𝑝 /𝑤𝑠 results for the M-2 or M-3 models are
always lower than the one obtained from the linear beam
model, that is, M-1 model. However, the 𝑤𝑝 /𝑤𝑠 results for M2 and M-3 are almost the same and independent of the value
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Figure 8: Variation of dimensionless instantaneous dynamic lateral
deflection, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of
moving mass, 𝑥/𝑙, of the Timoshenko beam with different 𝑐 values
traveled at two different speeds with 𝑚 = 3𝜌𝐴𝑙 kg, 𝑘1 = 1010 N/m2 ,
and 𝛽 = 0.3. (a) 𝛼 = 0.11, (b) 𝛼 = 0.5; (- - - - -) M-1 model and (—)
M-2 or M-3 model with 𝑘3 = 1022 N/m4 .

Figure 9: Variation of dimensionless instantaneous dynamic lateral
deflection, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of
moving mass, 𝑥/𝑙, of the Timoshenko beam with 𝑚 = 5𝜌𝐴𝑙 kg
and 𝛼 = 0.25 and different 𝛽 values. (a) 𝑘1 = 𝑘3 = 𝑐 = 0, (b)
𝑘1 = 104 N/m2 , 𝑘3 = 104 N/m4 , and 𝑐 = 103 N⋅s/m2 ; (- - - - -) M-1
model and (—) M-2 or M-3 model.

of velocity ratio. The maximum difference between M-1 and
M-2 or M-3 models always happens at 𝛼 = 0.25. Furthermore,
it can be seen that in this case the maximum lateral dynamic
deflection 𝑤𝑝 /𝑤𝑠 increases up to 𝛼 = 0.25 and a reversing
trend prevails afterward no matter what types of beam models
are used.
Using linear (M-1 model) and nonlinear (M-2 and M-3
models) Timoshenko beam models, Figure 7 shows the variation of normalized lateral dynamic displacement, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position of moving mass, 𝑥/𝑙.
As it was explained before these beams are resting on a viscoelastic foundation. For further analysis different values of
𝑘1 are considered for these beam models. The following data
are chosen: 𝑘3 = 1022 N/m4 , 𝑐 = 103 N⋅s/m2 , and 𝛽 = 0.3,
with mass moving at two different speeds (𝛼 = 0.11 and 0.5).
It can be seen from this figure that the results of 𝑤𝑝 /𝑤𝑠
obtained from the M-2 and M-3 models with 𝑘3 = 1022 N/m4
are the same and always lower than the one obtained from
the M-1 model, where the maximum difference between M-1
and M-2 or M-3 models always happens at 𝑘1 = 0 and is independent of the value of mass velocity. Also, when the value
of 𝑘1 increases, the difference between M-1 and M-2 or M-3
models decreases accordingly. For example, when 𝑘1 =
1011 N/m2 , this difference becomes negligible. Furthermore,
by comparing Figure 7(a) with Figure 7(b), it can be observed
that the beam’s nonlinear dynamic response for M-2 and M-3

models at 𝛼 = 0.5 is greater than the one related to 𝛼 = 0.11.
Nevertheless, a reversing trend is seen for the beam’s M-1
model dynamic response.
Figure 8 shows the variation of normalized lateral
dynamic displacement, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position 𝑥/𝑙 for three different Timoshenko beams of
M-1, M-2, and M-3 traversed by a moving mass. In this case
different values of 𝑐 are considered. The following data are
chosen: 𝑚 = 3𝜌𝐴𝑙 kg, 𝑘1 = 1010 N/m2 , 𝑘3 = 1022 N/m4 , and
𝛽 = 0.3, with mass moving at two different speeds (𝛼 =
0.11 and 0.5). It can be seen from this figure that the beams
dynamic responses of 𝑤𝑝 /𝑤𝑠 obtained from the M-2 or M3 models are always lower than the one obtained from the
M-1 model, where the maximum difference between M1 and M-2 or M-3 models always happens at 𝑐 = 0 no
matter what values of mass velocity would be. Also, when the
value of 𝑐 increases the beam’s dynamical response difference
between M-1 and M-2 or M-3 models decreases accordingly,
where for 𝑐 = 109 N⋅s/m2 this difference becomes negligible.
Furthermore, by comparing Figure 8(a) with Figure 8(b) it
can be concluded that for 𝑐 < 108 N⋅s/m2 the obtained beam’s
dynamic response at 𝛼 = 0.5 is almost greater than the one
obtained at 𝛼 = 0.11 no matter what type of beam models is
used.
Figure 9 shows the variation of normalized lateral
dynamic displacement, 𝑤𝑝 /𝑤𝑠 , versus normalized instantaneous position 𝑥/𝑙 for three different Timoshenko beams of
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M-1, M-2, and M-3. The following data are assumed: 𝑚 =
5𝜌𝐴𝑙 kg and mass traveling speed is 𝛼 = 0.25. The results
are presented for three different slenderness ratios (𝛽). Furthermore, it should be noted that in Figure 9(a) 𝑘1 = 𝑘3 = 𝑐 =
0 and in Figure 9(b) 𝑘1 = 104 N/m2 , 𝑘3 = 104 N/m4 , and 𝑐 =
103 N⋅s/m2 are considered. It can be seen from this figure that
the maximum value of dynamical response, 𝑤𝑝 /𝑤𝑠 , increases
as 𝛽 increases. Moreover, the position of maximum value of
𝑤𝑝 /𝑤𝑠 moves to the right end of the beam as 𝛽 increases. It
can be concluded from this figure that inclusion of nonlinear
foundation parameters will decrease the difference of linear
and nonlinear analyses. It should be further mentioned that
the results for linear and nonlinear analyses are the same for
𝛽 = 0.15 and 0.3.
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Appendix
The definition of different matrices used in calculation of the
nonlinear coupled ODEs of modal relations (11) is as
𝑙

(M)𝑖𝑗 = ∫ 𝜙𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝑑𝑥,
0

𝑙

(F)𝑖𝑗 = ∫ 𝜙𝑖 (𝑥) 𝜓𝑗 (𝑥) 𝑑𝑥,
0
𝑙

(K)𝑖𝑗 = ∫ 𝜓𝑖 (𝑥) 𝜓𝑗 (𝑥) 𝑑𝑥,
0
𝑙

(J)𝑖𝑗 = ∫ 𝜃𝑖 (𝑥) 𝜃𝑗 (𝑥) 𝑑𝑥,
0

5. Conclusions
The longitudinal and lateral deflections as well as the rotation
of warped cross section of three different Timoshenko beams
of M-1, M-2, and M-3 models resting on viscoelastic foundation and subjected to a moving mass with constant velocity
are all considered by including the nonlinear nature in the
beam’s geometry and the stiffness of viscoelastic foundation.
The outcome results are as the following.

𝑙

(H)𝑖𝑗 = ∫ 𝜙𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝑑𝑥,
0

𝑙

(S)𝑖𝑗 = ∫ 𝜓𝑖 (𝑥) 𝜓𝑗 (𝑥) 𝑑𝑥,
0

𝑙

(E)𝑖𝑗 = ∫ 𝜓𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝑑𝑥,
0
𝑙

(N)𝑖𝑗 = ∫ 𝜃𝑖 (𝑥) 𝜃𝑗 (𝑥) 𝑑𝑥,
0

𝑙

(G)𝑖𝑗𝑘 = ∫ 𝜙𝑖 (𝑥) 𝜃𝑗 (𝑥) 𝜙𝑘 (𝑥) 𝑑𝑥,
0

𝑙

(I)𝑖𝑗𝑘 = ∫ 𝜙𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝜙𝑘2 (𝑥) 𝑑𝑥,
0

𝑙

(L)𝑖𝑗𝑘 = ∫ 𝜃𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝜙𝑘 (𝑥) 𝑑𝑥,
0

𝑙

(1) It is concluded that by including geometrical and
foundation nonlinearities into the reference M-1
model, as the size of nonlinearity increases the difference of the beam’s dynamic response in the nonlinear
models (M-2 or M-3) and M-1 model increases. This
difference becomes more pronounced for the comparatively large enough values of nonlinear stiffness part
of viscoelastic foundation.
(2) It is observed that the beam’s dynamic response results
for the fully nonlinear beam model, that is, M-3
model, are always lower than the one obtained from
the linear beam model, that is, M-1 model.
(3) It is concluded that when the value of linear stiffnesspart of foundation increases, the difference between
M-1 and M-2 or M-3 models decreases accordingly,
where forthe large values of linear stiffness part of
foundation this difference becomes negligible. Moreover, when the value of foundation damping increases
the beam’s dynamical response difference between M1 and M-2 or M-3 models decreases accordingly.
(4) Because both stretching effect and nonlinear stiffness
part of viscoelastic foundation in conjunction with
moving mass condition and the other values of the
foundation’s parameters are significant factors in the
nonlinear dynamic behavior of the beam, with changing the beam’s slenderness ratio 𝛽 it appears that for
𝛽 ≤ 0.015 nonlinear behavior predominantly can be
seen. However, for 𝛽 > 0.015 no specific values for the
critical value of the traveling mass 𝑚 and foundation
nonlinear stiffness 𝑘3 were obtained which could be
an idea for further investigation.

(R1 )𝑖𝑗𝑘 = ∫ 𝜙𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝜃𝑘 (𝑥) 𝑑𝑥,
0

𝑙

(R2 )𝑖𝑗𝑘𝑙 = ∫ 𝜙𝑖 (𝑥) 𝜙𝑗 (𝑥) 𝜙𝑘 (𝑥) 𝜙𝑙 (𝑥) 𝑑𝑥,
0

(A)𝑖𝑗 = 𝜙𝑖 (𝑥 = 𝜁 (𝑡)) 𝜙𝑗 (𝑥 = 𝜁 (𝑡)) ,
(B)𝑖𝑗 = 𝜙𝑖 (𝑥 = 𝜁 (𝑡)) 𝜙𝑗 (𝑥 = 𝜁 (𝑡)) ,
(C)𝑖𝑗 = 𝜙𝑖 (𝑥 = 𝜁 (𝑡)) 𝜙𝑗 (𝑥 = 𝜁 (𝑡)) ,
(O)𝑖𝑗 = 𝜃𝑖 (𝑥 = 𝜁 (𝑡)) 𝜃𝑗 (𝑥 = 𝜁 (𝑡)) ,
(A.1)
where 𝑖, 𝑗, 𝑘, 𝑙 = 1, 2, 3, . . . , 𝑛, in which prime mark over any
parameter indicates the derivative with respect to the position
(𝑥). Furthermore, the vector of a in the form of 𝑛 × 1 column
is given by
𝜙𝑖 (𝑥 = 𝜁 (𝑡)) = (a)𝑖 .

(A.2)
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