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This study proposes a novel substructural identification method based on the Bernoulli-Euler beam theory with a single variable
optimization scheme to estimate the flexural rigidity of a beam-like structure such as a bridge deck, which is one of the major
structural integrity indices of a structure. In ordinary bridges, the boundary condition of a superstructure can be significantly altered
by aging and environmental variations, and the actual boundary conditions are generally unknown or difficult to be estimated
correctly. To efficiently bypass the problems related to boundary conditions, a substructural identification method is proposed to
evaluate the flexural rigidity regardless of the actual boundary conditions by isolating an identification region within the internal
substructure. The proposed method is very simple and effective as it utilizes the single variable optimization based on the transfer
function formulated utilizing Bernoulli Euler beam theory for the inverse analysis to obtain the flexural rigidity.This novel method
is also rigorously investigated by applying it for estimating the flexural rigidity of a simply supported beam model with different
boundary conditions, a concrete plate-girder bridge model with different length of an internal substructure, a cantilever-type wind
turbine tower structure with different type of excitation, and a steel box-girder bridge model with internal structural damages.

1. Introduction

For the optimal maintenance of civil infrastructures with a
sufficient level of serviceability and safety, it is very important
to evaluate major structural integrity indices and to monitor
the changes of those values periodically [1–5]. In the case of
ordinary bridges, structural integrity can be represented by
several indices such as a remaining fatigue life, load carrying
capacity, and natural frequencies. Among those, the load
carrying capacity, which indicates the maximum allowable
live load for a certain bridge, is the most useful index for
decision on the structural integrity of a bridge and for bridge
rating and maintenance as well. The load carrying capacity is
related to many structural properties including flexural and
torsional rigidities, deck mass, and boundary conditions as
well. However, the flexural rigidity of a bridge deck is the
most governing factor, and monitoring of flexural rigidity

is essential for systematic and optimal bridge management
systems. To evaluate the flexural rigidity of a bridge deck,
several field testing methods can be carried out including a
static loading test and a dynamic vehicle test. However, for
a reliable evaluation, it is necessary to model accurately the
boundary conditions at the interfaces between a bridge deck
and supporting structural members such as abutments and
bridge piers by considering the current deteriorated status.

In cases of existing bridges in service, the support-
ing structural members may not behave according to the
designed supporting conditions even though they were fab-
ricated and installed as typical bearings such as rollers and
hinges due to aging and other environmental changes [6–8].
For example, rollers can behave similarly to fixed shoes due
to aging and deterioration, and this can reduce the vertical
deflections by partially constraining the rotational deflection
at the boundaries under vehicle loads, and therefore the load
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carrying capacity can be overestimated when the boundary
conditions are not correctly reflected. In this study, a new
concept for a substructural identificationmethod is proposed
incorporating a single variable optimization scheme for the
flexural rigidity estimation of a beam-like structure such as
a bridge deck without considering boundary conditions and
also without carrying out complex and complicated exper-
imental modal analysis. The applicability of the proposed
method is verified through numerical simulation and also
model tests for a simply supported beam model and a steel
box-girder bridge model.

The substructural identification method can efficiently
reduce the measuring points and identification parameters
by isolating the estimation region within an internal sub-
structure, and hence the instability during the identification
process, which is a kind of inverse analyses, can be signifi-
cantly reduced. This approach has been developed by many
researchers over the last two decades. Oreta and Tanabe [9]
proposed a Kalman filter-based substructural identification
for estimating structural damages, and Yun and Lee [10] pro-
posed a substructural identification using theARMAXmodel
in a time domain to identify damages in frame structures. Yun
and Lee utilized the sequential prediction errormethodwhile
Oreta and Tanabe incorporated Kalman filtering. While they
utilized time domain substructural identification methods,
Koh et al. [11] proposed an iterative method combining
substructural identification and progressive identification in
frequency domain, and Koh and Shankar [12] proposed a
substructural identification method that does not require
interface measurements to avoid problems related to mea-
surement at the interfaces. More recently, Zhang et al. [13]
extended Koh and Shankar’s method for applications to
arbitrary excitation cases to reduce computation time and
increase identification accuracy by introducing an exponen-
tial window method and they investigated the proposed
method with a 7-level small-scale steel frame model. Li et al.
[14] also proposed a substructural identification based on the
response reconstruction in frequency-domain model updat-
ing, and themethod could identify the substructural parame-
ters by reducing themeasured acceleration and reconstructed
responses obtained from the updated model. Li and Law [15]
developed the substructural damage identificationmethod to
apply themoving load excitation cases, and they verified their
scheme with numerical simulation tests. Weng et al. [16, 17]
proposed the substructural identification using substructural
flexibilitymatrix for damage detection andmodel updating as
well, and they applied the proposed substructural flexibility
matrix-based method successfully to identify the damages
and structural parameters of a 3-story small-scale portal
frame structure and also a large-scale 600m tall Guangzhou
New TV tower. Even though substructural identification
techniques are consistently being studied and further devel-
oped for the successful real applications, several issues are still
under development. One of the main issues in substructural
identification is related to the reliable measurement on the
interface region between internal and external substructures,
especially rotational responses. In the case of shear-building
models, the issue related to measure the rotational degree
of freedom can be bypassed, and some researchers resolved

the unmeasured rotational degree of freedom responses by
adopting the mode expansion technique or model reduction
technique. The latter techniques such as model expansion
and reduction rely on the reliable reference model, of course;
therefore the direct measurement can be considered owing
to the recent development on sensor technology and the
high-performance dynamic inclinometers can bemuchmore
feasible in the near future. It is notable that the substructural
identification methods need to carry out repeated tests to
narrow down the damaged region. If the failure critical
members can be predetermined through numerical analyses
and/or preliminary structural tests, the internal substructure
to be monitored can be more reasonably assigned and the
proposed method can be more efficiently applied. And also
the damaged locations can be known by means of other
nondestructive testing methods; the damage severity can
be more accurately assessed by the proposed substructural
identification method.

In this study, a novel substructural identification method
is proposed to estimate the flexural rigidity of a beam-
like structure using a single variable optimization scheme
based on the transfer function formulated utilizing Bernoulli
Euler beam theory and relatively simple measurement setups
with measuring the rotational responses by introducing two
sensors near the interface regions. And the performance
of the proposed method is also rigorously investigated
through experimental and numerical example studies with
a simply supported beam model with different boundary
condition, a concrete plate-girder bridgemodel with different
substructural length, a cantilever-type wind turbine tower
model with different type of excitation force, and a steel
box-girder bridge model with internal structural damages.
The identification performance is evaluated in the view point
whether it can identify the flexural rigidity of a beam-like
structure with different and unknown boundary conditions
and howmuch the length of an internal substructure and the
type of excitation force affect the estimation results.

2. Formulation of Substructural Identification
Using Single Variable Optimization

2.1. Layout of Substructural Identification. Flexural rigidity of
a beam-like structure is themost important structural param-
eter determining the load carrying capacity of a structure. It is
also a very simple and intuitive parameter used for evaluating
the deterioration level due to structural damages and aging.
For identification of the flexural rigidity of a bridge, the
boundary conditions at the connecting parts with abutments
and bridge piers need to be carefully considered since the
structural responses are related with not only the flexural
rigidity but also the boundary conditions which are apt to
change due to temperature and humidity variations as well as
aging and deterioration. However, it is generally very difficult
to examine the concurrent status of the boundary conditions
in operation.

Hence, a new concept for the substructural identification
technique is proposed based on the single variable optimiza-
tion, and this approach is very easy and simple to implement
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Figure 1: Substructural system of a bridge for estimating flexural rigidity.

to an existing structural healthmonitoring systembyutilizing
the divide and conquer strategy especially for complex civil
infrastructures with numerous structural members.

The fundamental concept of the substructural identifica-
tion is summarized in Figure 1. First, an internal substructure
of interest can be selected for identification and then the
vertical accelerations at both interfaces, ̈

𝑑

1
(𝑡) and ̈

𝑑

3
(𝑡);

and the rotational accelerations at the same positions, ̈𝜙
1
(𝑡)

and ̈

𝜙

3
(𝑡), are measured simultaneously with the vertical

acceleration at the center of the internal substructure, ̈

𝑑

2
(𝑡).

It should be noted that ̈

𝑑

2
(𝑡) is a function of the input

excitations ̈

𝑑

1
(𝑡), ̈

𝜙

1
(𝑡), ̈

𝑑

3
(𝑡), and ̈

𝜙

3
(𝑡) and the dynamic

properties of the substructure including flexural rigidity can
be estimated by identification based on the input and output
measurements.

The transfer function 𝐻(𝜔) between the input responses
at the boundaries and the output responses at the internal
substructure is derived from the Bernoulli-Euler beam theory
in Section 2.1 and the flexural rigidity estimation procedure
is formulated based on the single variable optimization in
Section 2.2.

2.2. Transfer Function of Substructure. The dynamic govern-
ing equation of the Bernoulli-Euler beam is represented as
follows:

(𝐸𝐼V)


+ 𝜌𝐴V̈ = 0, (1)

where 𝐸𝐼, 𝜌, and 𝐴 are the flexural rigidity, the mass density,
and the sectional area of the beam, respectively, and dots
denote derivatives with respect to 𝑡 and primes derivatives
with respect to 𝑥. By using separation of variables, V(𝑥, 𝑡) =
𝑋(𝑥)𝑇(𝑡), the above partial differential equation can be
transformed into a set of two ordinary differential equations
(ODEs) ((3) and (4)) with respect to𝑋(𝑥) and𝑇(𝑡) as follows:

𝑋

(4)

𝑋

= −

𝜌𝐴

𝐸𝐼

̈

𝑇

𝑇

= 𝜆

4
,

(2)

𝑋

(4)
− 𝜆

4
𝑋 = 0,

(3)

̈

𝑇 + 𝜔

2
𝑇 = 0, (4)

where𝜆 and𝜔 are arbitrary constantswith the relation of𝜆4 =
𝜌𝐴𝜔

2
/(𝐸𝐼). The general solutions of a set of two ODEs in (3)

and (4) are obtained as

𝑋 (𝑥) = 𝐶

1
sinh (𝜆𝑥) + 𝐶

2
cosh (𝜆𝑥) + 𝐶

3
sin (𝜆𝑥)

+ 𝐶

4
cos (𝜆𝑥)

𝑇 (𝑡) = 𝐵𝑒

𝑖𝜔𝑡
,

(5)

where 𝐶
𝑖
’s and 𝐵 are arbitrary constants. Hence the general

solution of the governing equation in (1) can be derived as in
(6) by combining𝑋(𝑥) and 𝑇(𝑡) in (5)

V (𝑥, 𝑡) = 𝑋 (𝑥) 𝑇 (𝑡)

= [sinh (𝜆𝑥) cosh (𝜆𝑥) sin (𝜆𝑥) cos (𝜆𝑥)]C𝑒𝑖𝜅𝑡,

(6)

where C = [𝐶1
𝐶

2
𝐶

3
𝐶

4]

𝑇 is an arbitrary coefficient
column vector.

The particular solution can be obtained considering the
time varying boundary conditions at the interfacial locations
as follows:

V (0, 𝑡) = 𝑑
1
(𝑡) , V (𝐿, 𝑡) = 𝑑

3
(𝑡) ,

𝜕V(𝑥, 𝑡)
𝜕𝑥















𝑥=0

= 𝜙

1
(𝑡) ,

𝜕V (𝑥, 𝑡)
𝜕𝑥















𝑥=𝐿

= 𝜙

3
(𝑡) .

(7)

The above boundary condition constitutes the following
linear algebraic equation:

[

[

[

[

0 1 0 1

𝜆 0 𝜆 0

sinh 𝜆𝐿 cosh 𝜆𝐿 sin 𝜆𝐿 cos 𝜆𝐿
𝜆 cosh 𝜆𝐿 𝜆 sinh 𝜆𝐿 𝜆 cos 𝜆𝐿 −𝜆 sin 𝜆𝐿

]

]

]

]
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{

{

{

{
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𝑑
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𝜙

1
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𝑑

3
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𝜙

3
(𝑡)

}

}

}

}

}
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}
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(8)
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Figure 2: Transfer functions between interfacial and internal responses of the internal substructure.

When we set the matrix in left-hand side as A and the vector
in right-hand side as u(𝑡) as follows

A ≜
[

[

[

[

0 1 0 1

𝜆 0 𝜆 0

sinh 𝜆𝐿 cosh 𝜆𝐿 sin 𝜆𝐿 cos 𝜆𝐿
𝜆 cosh 𝜆𝐿 𝜆 sinh 𝜆𝐿 𝜆 cos 𝜆𝐿 −𝜆 sin 𝜆𝐿

]

]

]

]

,

u (𝑡) ≜ [𝑑1(𝑡) 𝜙1(𝑡) 𝑑3(𝑡) 𝜙3(𝑡)]
𝑇

(9)

then the particular solution can be obtained as (10) by
exchanging the coefficient column vector C𝑒𝑖𝜔𝑡 in (6) with
A−1u(𝑡) in (8):

V (𝑥, 𝑡) = [sinh 𝜆𝑥 cosh 𝜆𝑥 sin 𝜆𝑥 cos 𝜆𝑥]A−1u (𝑡) . (10)
And the transfer functionH(𝑥, 𝜔) of V(𝑥, 𝑡)with respect to the
input displacements u(𝑡) at both boundaries can be obtained
by applying Fourier transform to both sides of (10) as follows:

𝐹 {𝑉 (𝑥, 𝑡)}

= [sinh 𝜆𝑥 cosh 𝜆𝑥 sin 𝜆𝑥 cos 𝜆𝑥]A−1𝐹 {u (𝑡)}

= H (𝑥, 𝜔) 𝐹 {u (𝑡)} ,

∴ H (𝑥, 𝜔) = [sinh 𝜆𝑥 cosh 𝜆𝑥 sin 𝜆𝑥 cos 𝜆𝑥]A−1.

(11)

The transfer function for 𝑥 = 𝐿/2 (at the center of internal
substructure) can be derived as

H (𝜔)
𝑥=𝐿/2

= [ℎ1
(𝜔) ℎ

2
(𝜔) ℎ

3
(𝜔) ℎ

4
(𝜔)] , (12)

where ℎ
𝑖
(𝜔)’s are

ℎ

1
(𝜔) = ℎ

3
(𝜔)

=

1

2

sin (𝜆𝐿/2) + sinh (𝜆𝐿/2)
sin (𝜆𝐿/2) cosh (𝜆𝐿/2) + cos (𝜆𝐿/2) sinh (𝜆𝐿/2)

,

ℎ

2
(𝜔) = −ℎ

4
(𝜔) = −

1

2𝜆𝐿

⋅

cos (𝜆𝐿/2) − cosh (𝜆𝐿/2)
sin (𝜆𝐿/2) cosh (𝜆𝐿/2) + cos (𝜆𝐿/2) sinh (𝜆𝐿/2)

.

(13)

The transfer functions in (12) can be further simplified using
the nondimensional variable 𝜉 as

H (𝜉) = [ℎ
1
(𝜉) 𝐿ℎ

2
(𝜉) ℎ

3
(𝜉) 𝐿ℎ

4
(𝜉)
] , (14)

where

𝜉 =

𝜆𝐿

2

=

4
√

𝜌𝐴

𝐸𝐼

√𝜔𝐿

2

,

(15)

ℎ

1
(𝜉) = ℎ

3
(𝜉) =

1

2

sin 𝜉 + sinh 𝜉
sin 𝜉 cosh 𝜉 + cos 𝜉 sinh 𝜉

, (16)

ℎ

2
(𝜉) = −ℎ

4
(𝜉) = −

1

4𝜉

cos 𝜉 − cosh 𝜉
sin 𝜉 cosh 𝜉 + cos 𝜉 sinh 𝜉

. (17)

The transfer functions ℎ
1
(𝜉) and ℎ

2
(𝜉) with respect to the

nondimensional variable 𝜉 are plotted in Figure 2 and it can
be easily observed that the transfer function values are posi-
tive and monotonically increased as the variable 𝜉 increases.
And it can also be observed that the transfer function values
are very flat in the range of 0 to 1.5, which means that the
small errors in this region can arouse a significant level of
estimation errors due to the insensitiveness. From (17), it can
be also observed that the transfer function values are not
available (i.e., divergent) and there is a discontinuity point
when the denominator approaches to zero like tan 𝜉+tanh 𝜉 =
0.

2.3. Estimation of Flexural Rigidity. The input and output
relationship between the responses at the interfaces and at the
center of the internal substructure can be represented as

𝑑

2
(𝜔) = H (𝜉) [𝑑1(𝜔) 𝜙1(𝜔) 𝑑3(𝜔) 𝜙3(𝜔)]

𝑇

= ℎ

1
(𝜉) 𝑑

1
(𝜔) + ℎ

2
(𝜉) 𝐿𝜙

1
(𝜔) + ℎ

3
(𝜉) 𝑑

3
(𝜔)

+ ℎ

4
(𝜉) 𝐿𝜙

3
(𝜔) .

(18)
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By using the relationships ℎ
3
(𝜉) = ℎ

1
(𝜉) and ℎ

4
(𝜉) = −ℎ

2
(𝜉),

the equation above can be simplified as a two inputs and one
output system as follows:

𝑑

2
(𝜔) = ℎ

1
(𝜉) (𝑑

1
(𝜔) + 𝑑

3
(𝜔)) + ℎ

2
(𝜉) 𝐿 (𝜙

1
(𝜔) − 𝜙

3
(𝜔))

= ℎ

1
(𝜉) 𝑢

1
(𝜔) + ℎ

2
(𝜉) 𝐿𝑢

2
(𝜔) ,

(19)

where 𝑢
1
(𝜔) ≜ 𝑑

1
(𝜔) + 𝑑

3
(𝜔) and 𝑢

2
(𝜔) ≜ 𝜙

1
(𝜔) − 𝜙

3
(𝜔).

By multiplying lim
𝑇→∞

(1/𝑇)𝑑

∗

2
(𝜔) on both sides of (19), a

representation of spectral densities can be obtained as follows
for convenience of the calculation and interpretation of the
terms:

lim
𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑑

2
(𝜔) = ℎ

1
(𝜉) lim
𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑢

1
(𝜔)

+ ℎ

2
(𝜉) 𝐿 lim
𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑢

2
(𝜔) ,

(20)

𝑆

𝑦𝑦
(𝜔) = ℎ

1
(𝜉) 𝑆

1𝑦
(𝜔) + ℎ

2
(𝜉) 𝐿𝑆

2𝑦
(𝜔) . (21)

The power spectral density functions 𝑆
𝑦𝑦
(𝜔), 𝑆

1𝑦
(𝜔), and

𝑆

2𝑦
(𝜔) are auto- and cross-PSD functions defined as follows

and they can be easily obtained using themeasured four input
responses at both interfaces and the one output response at
the center of the internal substructure:

𝑆

𝑦𝑦
(𝜔) ≜ lim

𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑑

2
(𝜔) ,

𝑆

1𝑦
(𝜔) ≜ lim

𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑢

1
(𝜔) ,

𝑆

2𝑦
(𝜔) ≜ lim

𝑇→∞

1

𝑇

𝑑

∗

2
(𝜔) 𝑢

2
(𝜔) .

(22)

Finally, the unknown parameter 𝜉 can be obtained by mini-
mizing the error norm of (21) as follows:

min 𝐽 (𝜉)

= ∫

Ω

{𝑆

𝑦𝑦
(𝜔) − (ℎ

1
(𝜉) 𝑆

1𝑦
(𝜔) + ℎ

2
(𝜉) 𝐿𝑆

2𝑦
(𝜔))}

2

𝑑Ω,

(23)

where Ω is the integral domain, that is, the frequency range
to be used for the identification. Even though there is no
limitation how to determine the integral domain among all
the frequency ranges, a frequency range around the first
natural frequency (𝑓

1
) is preferable. First of all, the level

of structural responses is certainly larger than the level of
measurement noise signals around the resonant frequency
regions. Secondly, the mode shape of the first mode fits
with the assumption used for formulation in this study.
The Bernoulli-Euler beam theory assumes that the flexural
deflection is dominant by ignoring the shear deformation,
and this assumption requires that the ratio of the effective
length (𝐿

𝑒
) over the height of the beam is greater than 10;

Measure time histories

Calculate power spectral density

Calculate flexural rigidity, EI

Syy(𝜔), S1y(𝜔), S2y(𝜔)

Find optimal parameter (𝜉) using optimization

= 16𝜌A𝜅21L
4/𝜉4

(𝜉) = {Syy(𝜔) − ( (𝜉)Sy1(𝜔) + (𝜉)LSy2(𝜔))}
2
dΩh1 h2∫minJ

1(t), 1(t), 2(t), 3(t), 3(t)

EIestimated

Figure 3: Procedure for flexural rigidity estimation using substruc-
tural identification.

that is, 𝐿/ℎ ≫ 10. For the several lower modes for a simply
supported beam, the effective length can be calculated as 𝐿

𝑒
=

𝐿

0
, 𝐿
𝑒
= 𝐿

0
/2, and 𝐿

𝑒
= 𝐿

0
/3 for the 1st, 2nd, and 3rdmodes,

respectively, and 𝐿
0
represents the span length of a beam.

Equation (23) is a single variable optimization problem,
and the unknown variable 𝜉 can be solved by any kind of
optimization procedure such as a steepest-decent method.
Using the optimal solution 𝜉opt, the flexural rigidity 𝐸𝐼 can
be estimated as follows based on (15):

𝐸𝐼estimated =
16𝜌𝐴𝜔

2

1
𝐿

4

𝜉

4

opt
(𝜔

1
= 2𝜋𝑓

1
) . (24)

The proposed algorithm for estimating flexural rigidity using
4 responses at the interfaces and 1 response in the internal
substructure is summarized as shown in Figure 3.

3. Verification Study

3.1. Simple Beam Structure with Different Boundary Condi-
tions. Theproposedmethod can estimate the flexural rigidity
of a bridge deckwithout considering the boundary conditions
by incorporating the substructural identification. To validate
the applicability, the test model with sectional dimension of
100mm × 6mm (Figure 4), which can change the boundary
conditions easily to fixed, hinged, roller, and friction, is
designed and dynamic tests are carried out with different
boundary conditions. The substructure is set as the internal
1.4m part among the beam with a 2m length, and the
two vertical accelerations (𝐴

1
and 𝐴

2
and 𝐴

4
and 𝐴

5
in

Figure 4(b)) at the interface parts and the vertical acceleration
(𝐴
3
in Figure 4(b)) at the center of the substructure are

measured. The vertical vibration at the interface is obtained
using the mean of the adjacent two accelerations (∴ ̈

𝑑

1
(𝑡) =

(𝐴

1
+ 𝐴

2
)/2, ̈

𝑑

3
(𝑡) = (𝐴

4
+ 𝐴

5
)/2) and the rotational

acceleration is obtained by dividing the difference of the
adjacent two accelerations with the distance between the two
sensors (𝐿dist = 5 cm) (∴ ̈

𝜙

1
(𝑡) = (𝐴

1
− 𝐴

2
)/𝐿dist, ̈𝜙3(𝑡) =

(𝐴

4
− 𝐴

5
)/𝐿dist).

Relaxation tests, which can be carried out by slightly
pushing and quickly releasing the beam, are performed
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(a) Overview

5 cm 5 cm

1.4m
1.9m

Adjustable boundary conditions

A1A2 A3 A4A5

(b) Sensor configuration

Figure 4: Simple beam test structure.

(a) Hinge condition (b) Roller condition (c) Fixed condition (d) Friction condition

Figure 5: Different boundary conditions.
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Figure 6: Input and output data for Case 1.

for the 4 different boundary conditions shown in Figure 5
and Table 1. Figure 6 shows the approximated responses
at the interfaces ( ̈𝑑

1
(𝑡), ̈

𝜙

1
(𝑡), ̈

𝑑

3
(𝑡), and ̈

𝜙

3
(𝑡)) and the

output response at the internal substructure ( ̈𝑑
2
(𝑡)) for

the corresponding Case 1. Figure 7 represents the PSD func-
tion of ̈

𝑑

2
(𝑡).

Finally, the nondimensional variable 𝜉 is obtained by
optimizing the PSD relationship of the substructural system
around the first resonant frequency. The flexural rigidity
(𝐸𝐼) is then estimated using (24). The estimated values

Table 1: Test scenarios.

Boundary conditions 1 2 3 4
Left end Fixed Roller Roller Friction
Right end Fixed Fixed Hinged Hinged

are summarized as shown in Table 2. From the results, we
can observe that the first natural frequency of the system
with different boundary conditions is changed from 8.179Hz
for Case 1 (fixed-fixed) to 5.981Hz for Case 2 (roller-fixed),
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Table 2: Estimated flexural rigidity (exact value: 128.2Nm).

Cases 𝑓

1
(Hz) 𝜉 𝐸𝐼 (Nm) Error (%)

1 8.179 1.718 122.0 −4.8
2 5.981 1.443 131.1 2.2
3 3.845 1.673 124.0 −3.2
4 4.883 1.308 129.6 1.0
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Figure 7: PSD function of output response at the internal substruc-
ture for Case 1.

3.845Hz for Case 3 (roller-hinged), and 4.883Hz for Case 4
(friction-hinged) according to the boundary conditions. Even
though the first natural frequency of substructure varies
significantly, the flexural rigidity is very precisely and accu-
rately estimated by the proposed method. The maximum
and minimum values are 131.1 Nm for Case 2 and 122.0Nm
for Case 1, and the relative difference between maximum
and minimum estimates of estimated values is about 7.2%.
The relative errors of the estimates with respect to the exact
value (128.2Nm) are −4.8%∼2.2%. The minimal amount of
errors may be due to the approximation for obtaining the
rotational acceleration using the difference of the acceleration
measurements at the adjacent two points. It can be concluded
that the proposed method can estimate flexural rigidity even
when the boundary conditions are not fully understood.

3.2. Application to Concrete Plate-Girder Bridge Model. From
the study described in Section 3.1, it is found that the
proposed method can be successfully applied to estimate the
flexural rigidity of a beam without considering an actual
boundary condition. In this section, the effect of the length
of an internal substructure is investigated using numerically
simulated data for a simple beammodel as shown in Figure 8.
This simple beam is assumed to be supported by a roller and
hinge at each end. Numerical simulation is performed using
the commercial structural analysis program SAP2000, and
band limited white noise is used for the input excitation as
a form of low amplitude ambient vibration of ground (i.e.,
microtremor).Themass density (𝜌) and Young’s modulus (𝐸)
of concrete are assumed to be 2402.8 kg/m3 and 24.82GPa,
respectively, and the area (𝐴) and the 2nd moment of inertia
(𝐼) of the section are considered as 0.2m2 and 6.6667 ×
10−4m4, respectively.

1 2 3 4 5 6 7 8 9 10 11

10@1m = 10m

Figure 8: The concrete plate-girder bridge model (10m = 10@1m).

1 2 3 4 5 6 7 8 9 10 11

Case 1 Case 3 Case 5 Case 7

Case 2 Case 4 Case 6

(a) 7 cases with substructure length of 2m

Case 8
Case 9

Case 10
Case 11

Case 12

1 2 3 4 5 6 7 8 9 10 11

(b) 5 cases with substructure length of 4m

Case 13
Case 14

Case 15

1 2 3 4 5 6 7 8 9 10 11

(c) 3 cases with substructure length of 6m

Case 16

1 2 3 4 5 6 7 8 9 10 11

(d) 1 case with substructure length of 8m

Figure 9: 16 different cases for the substructural system.

In this study, the effect of the length of an internal
substructure on the estimation accuracy is intensively inves-
tigated using 16 different substructural cases with 4 different
lengths as shown in Figure 9. For each case, the vertical
and rotational accelerations at both interfacial nodes are
obtained using the numerical simulation results. And the
flexural rigidity is estimated from the calculated acceleration
responses.

Figure 10 shows the input and output acceleration
responses at both interfaces and at the center of the internal
substructure for the Substructural Case 1. Figure 11 shows
the PSD function, 𝑆

𝑦𝑦
(𝜔), of the vertical acceleration at the

center of the internal substructure, ̈

𝑑

2
(𝑡), the cross spectral

density functions, 𝑆
1𝑦
(𝜔) and 𝑆

2𝑦
(𝜔), of the sum of vertical

accelerations at both ends, ̈

𝑑

1
(𝑡) +

̈

𝑑

3
(𝑡), and the difference

between rotational accelerations at both ends, − ̈𝜙
1
(𝑡) +

̈

𝜙

3
(𝑡),

with respect to the vertical acceleration at the center of the
internal substructure, respectively.

From the estimation results in Figure 12, it can be eas-
ily observed that the estimation error can be significantly
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Figure 12: Estimation results (dotted line: exact EI value = 1.654 × 107Nm2).

reduced by increasing the length of an internal substructure.
In the case of Substructural Cases 1–6with aminimum length
of substructure (2m), the estimation errors aremostly around
10%, and the estimation errors are continuously reduced as
low as about 2%, 0.5%, and 0.1% as the substructure is getting
longer and longer to 4m, 6m, and 8m. This is because
that the longer substructural behavior can follow much
closely to the Bernoulli-Euler beam theory. And one more
interesting observation can be obtained from the estimation
errors in the results with the same substructural length,
that is, among Cases 1–6, Cases 7–12, and Cases 13–15. The
estimation errors for the cases with central substructures,
that is, Substructural Case 4 among Cases 1–7, Substructural
Case 10 amongCases 8–12, and Substructural Case 14 among
Cases 13–15, are slightly less than the others. This means that
the central part of whole structure is following closely to the
Bernoulli-Euler beam theory when it is compared with other
substructures with the same length.

3.3. Application to Wind Turbine Tower Structure. The pro-
posed method is applied for identifying the flexural rigidity
of a wind turbine tower structure. Recently wind turbine
systems are getting more popularly utilized to extract clean
energy from wind as much as possible and they are currently
considered as one of the major civil infrastructures. Up
to now, the tower structures are mostly damaged due to
strong typhoons or failures in top side including rotor blades
and drivetrain. However the structural integrity of a tower
structure will be also one of the major concerns because
towers are getting higher to utilize more stable and abundant
wind resources and the lengthening is structurally unfavor-
able due to high possibility of buckling. The applicability
of the proposed method is investigated using the numerical
simulation data for a NREL 5MW wind turbine system as
shown in Figure 13 [18].This tower structure is assumed to be
supported as a fixed condition at the bottom and the rotor and
nacelle are simply modelled as lumped mass at the top of the
tower. Two types of external loads are considered; the first is
a random excitation with broadband frequency components

and the second is a simulated thrust force obtained from
FAST code [19], to investigate the effect of the type of an
external load on the estimation accuracy. Even though the
tower structure consists of several nonuniform sections in
the NREL 5MW wind turbine model, the tower structure
is herein considered to have a uniform section with area of
0.355m2 and moment of inertia of 1.0705m4 because the
proposed method is formulated based on a Bernoulli-Euler
beam theory with a uniform section. The mass density and
elastic modulus are considered as 8,500 kg/m3 and 247.2GPa,
respectively, as in the reference [18].

As shown in Figure 14, we divided the internal substruc-
ture into 5 different cases. For each case, the horizontal
and rotational accelerations at the upper interfacial node are
obtained using the numerical simulation results. And the
flexural rigidity is estimated from the calculated acceleration
responses.

Figure 15 shows the input and output acceleration
responses at both interfaces and at the center of the internal
substructure for Substructural Case 1. Figure 16 shows the
PSD function of the vertical acceleration, ̈𝑑

2
(𝑡), at the center

of the internal substructure. The first natural frequency is
obtained as 0.270Hz. As seen from the PSD of Substructural
Case 1 under random and thrust force cases, the frequency
contents are quite different; several excitation frequency
components can be observed in the PSD plot for the case with
thrust force excitation. In the case of ordinary modal identi-
fication problem, this kind of exciting frequency component
is unfavorable for the modal identification. Figure 17 shows
the estimated EI values for the cases under random excitation
and thrust force excitation, and it can be easily observed
that the results under random excitation are better than the
results under thrust force excitation, which reveals that the
exciting frequency components (or colored components) are
acting as one of the adverse factors. In the cases of thrust
force excitation, the estimation errors are fluctuated and it is
relatively difficult to conclude that the longer substructure is
better for accurate estimation.However the estimation results
can be enhanced as longer substructure is utilized in the
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Figure 13: Wind turbine tower and thrust force.
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Figure 14: 3 Different cases for the substructural system.

cases of random excitations. It is noticed that the dynamic
responses under lowwind speed and/or before the rotor blade
rotateswould be better for identifying the flexural rigidity and
also the impulse responses after emergency stop or break-on
can be effectively utilized because the rotation of rotor blades
makes a certain excitation frequency component which can
make an adverse condition for identification.

3.4. Application to Steel Box-Girder Bridge Model: Experi-
mental Case. In this example, the structural damages are
artificially inflicted by loosening bolts between steel box
blocks and the equivalent flexural rigidity of the superstruc-
ture is estimated using the proposed method (see Figure 18).
Figure 19 shows the 6 damage scenarios. In Damage Case 1,
the exterior bolts in the upper connecting plates between
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Figure 15: Input-output time histories of Substructural Case 1 under thrust force.

the second and the third blocks are loosened. In Damage
Case 2, all the bolts are loosened in the same damaged
plate for Damage Case 1. In Damage Case 3, the two rows
of the side connecting plates are additionally loosened, and
in Damage Case 4 all the bolts are loosened in the upper
plate between the third and fourth blocks additionally. In
Damage Case 5, the bolts in the upper plate between the
fourth and fifth blocks are loosened instead of the upper plate
between the third and fourth blocks (in Damage Case 4). In
Damage Case 6, the bolts in the upper plate and the side plate
connecting the second and third blocks are tightened, and
this can be considered as the partially repaired condition.

The internal substructure is defined as shown in Figure 20
to estimate the equivalent flexural rigidity of a damaged

beam. The mean acceleration of accelerations from two
adjacent sensors is used as vertical acceleration ( ̈𝑑

1
(𝑡) and

̈

𝑑

3
(𝑡)) while the difference is used to calculate rotational

acceleration ( ̈𝜙
1
(𝑡) and ̈

𝜙

3
(𝑡)) as shown in Figure 21. PSD

function of acceleration response at the center of the internal
substructure is obtained as shown in Figure 22. The vertical
and rotational responses are approximately obtained by
averaging and differencing the responses measured from the
adjacent two sensors.

The estimated results for 6 damage cases are summarized
in Table 3 and the estimated flexural rigidity is gradually
decreased as the structural damage is getting more severe
fromDamageCase 1 toDamageCases 2, 3, 4, and 5.However
flexural rigidities are slightly increased from Damage Case 2
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Figure 18: Overview of experimental tests.

Table 3: Estimated flexural rigidity for each damage case.

Damage cases 𝑓

1
(Hz) 𝜉 𝐸𝐼 (Nm) (𝐸𝐼

𝑖
/𝐸𝐼

𝑜
) − 1 (%)

Intact 13.245 1.142 1.51 × 107 0.00
1 13.123 1.666 1.37 × 107 −9.27
2 12.695 1.666 1.28 × 107 −15.23
3 12.299 1.145 1.29 × 107 −14.57
4 11.932 1.142 1.23 × 107 −18.54
5 12.207 1.651 1.25 × 107 −17.22
6 13.153 1.657 1.42 × 107 −5.96

to Damage Case 3 by about 0.8% and it is expected that
the measurement noise and approximation errors affect the
accuracy of the estimation. Damage Case 4 and Damage
Case 5 are almost the same and the estimated results also
show that two damages are not significantly deviated. For
Damage Case 6, since the bolts in the connecting plates
between the second and third blocks are tightened again, it
is expected that the flexural rigidity is increased. The results
show that the flexural rigidity is increased from 12.5MNm to
14.2MNm and this estimated flexural rigidity is lower than
that of intact case and greater than that of Damage Case 1,
even though the Damage Case 1 is more slight damage than
Damage Case 6, which means the damage in side connecting
part is not more severe than the structural damage in central
part.

4. Conclusions

A new substructural identification method is proposed to
estimate the flexural rigidity of a beam-like structure such
as bridge deck without consideration on the actual boundary
conditions in service. The proposed method is fairly simple
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Figure 19: Inflicted damage scenarios.
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Figure 20: Substructure used for estimating flexural rigidity.

and effective since it requires only five acceleration measure-
ments around the internal substructure and the single vari-
able optimization scheme. The performance of the proposed
method is verified by estimating the flexural rigidity of a
beam-like structure with different boundary conditions by
experimental study using a simple beam model. It is also
verified that the proposed method can estimate the flexural
rigidity regardless of the definition of internal substructure
through numerical study using a concrete plate-girder bridge
model.However it is also found that the estimation results can
be enhanced by using longer internal substructure because
the dynamic behavior of a longer internal substructure fol-
lows much more closely to the Bernoulli-Euler beam theory.
The effect of the excitation type is also investigated through
a cantilever-type wind turbine tower structure, and it is
found that the random excitation with broadband frequency
components is better for the reliable identification.Therefore
it is recommended to use the dynamic responses under
low wind speed before the rotor blade rotates and/or after
emergency stop or break-on because the rotation of rotor
blademakes a certain excitation frequency component which
can make an adverse condition for identification. Finally,

the equivalent flexural rigidities of the damaged structures
can be easily estimated by the proposed method.

For the successful application of the proposed method,
it is crucial to measure the rotational responses, and it is
obtained by introducing two sensors at the adjacent locations
in this study. It can be more easily obtained in the near future
owing to the advanced dynamic inclinometers; therefore
this method can become much more feasible to identify
the flexural rigidity of beam-like structures such as long-
span bridges, high-rise buildings, and also very-tall wind
towers. For choosing the most appropriate inclinometers, the
effects of measurement performance including accuracy and
precision may be investigated in the further study.

It is also noticed that there still exist several limitations
for the successful real application of the proposed method
including the following: (1) the proposed method can be
effectively utilized to identify the flexural rigidity of a beam-
like structure where pure bending modes can be separated
from shear and torsional vibration modes, (2) this method
is developed based on the Bernoulli-Euler beam theory with
uniform section; therefore the identification results might
be inaccurate when the internal substructural section is
nonuniform, and (3) the external mass effects such asmoving
vehicles were not considered in formulation; therefore the
dynamic responses after passing away of moving vehicles
are preferable for reasonable identification by removing the
external mass effects. Further studies can be carried out
to resolve these limitations and also it is recommended
to extend this method to combine other newly proposed
approaches and data processing techniques including ant
colony optimization [20] and wavelet transform [21, 22].
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Figure 21: Input and output responses for prescribed substructural system.
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