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Jerk is the time rate of acceleration and mainly represents the nonstationary component in high frequency band of the earthquake
wave. The study on jerk and its response spectra can enhance the recognition of the nonstationary ground motion. The mechanical
meaning and research value of jerk are described. Jerk is recommended to be solved by establishing state-space equations and
Runge-Kutta method. The solution method of elastic and inelastic jerk response spectra under ground motion is established, and the
accurate jerk spectrum should be calculated directly according to numerical computing instead of pseudo-acceleration spectrum.
The characteristics of jerk response spectra are studied according to the influencing factors, such as site condition, amplification
factor, ductility factor, and reduction factor. The concept of impact reduction factor is presented. The statistical results show that
the jerk spectrum has similar rules as the acceleration spectrum, and the amplitude is relative to the predominant period, especially
for structures with short or medium period. If the ductility is improved, the effective jerk will reduce obviously, and the impact
reduction factor will be enhanced. Different from the strength reduction factor, the impact reduction factor is nearly not relevant
to the period.

1. Introduction
The ground motion is a process of random variation about
time and space. The seismic wave and propagation observed
in earthquake records demonstrate evidently nonstationary
characteristics for both time domain and frequency domain.
That is, the intensity of the ground motion (acceleration,
velocity, or displacement) varies with time, and the frequency
has wide content and dispersive effect [1, 2]. Thus, nonstationary characteristics of the intensity and frequency of
the ground motion are deeply concerned with and viewed
as the important factors having a significant impact on the
seismic response of structures. It is important to evaluate
the dynamic properties and spectral characteristics of actual
buildings using strong motion records because the structures
often reveal distinctive characters under seismic excitations
and the structures are both nonlinear and time variant under
such conditions.

At present, the primary measurement and analysis
parameters for ground motion are displacement, velocity, and
acceleration, which are well studied for various seismic source
mechanisms, ground motion characteristics, and engineering
applications in earthquake engineering. In addition, more
global or novel parameters such as P-wave energy, S-wave
energy [3], tectonic stress [4], seismic moment [5], and
seismic source location [6] are always very important for
ground motions, and the detailed variations and nonstationarity in time domain or frequency domain can be detected.
In general, the research on the time-frequency characteristic
of ground motions and the dynamic effect on the engineering structure needs more intensive study, especially on
the parameter property in the field of seismophysics and
earthquake engineering.
Even though study on the primary parameters can also
be enhanced in order to develop the spectra characteristic of ground motions, jerk which means the derivative
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of acceleration with respect to time is a parameter not
intensively studied as yet. In fact, the jerk record contains
a wealth of implicit information about ground motion; as
other critical parameters and responses, the research on
jerk and its spectrum can enhance the understanding of
the seismic nonstationarity more intensively and completely.
Furthermore, the limitations of some traditional solving
methods in structural dynamics can be found and the seismic
design philosophy also can be improved.
In this paper, the mechanic meaning and research value
of jerk are described firstly, and then the dynamic solution
method for jerk is discussed. The characteristics and the
factors of the elastic and inelastic response spectra are
studied.

2. Mechanical Significance of Jerk
Jerk can be defined as the changing rate of acceleration
with respect to time [7], and its international unit is m/s3 .
According to Newton’s second law of motion, jerk is viewed
as the change of force magnitude for a unit mass in unit
time. Studies have shown that jerk is closely related to the
physical mutation and destruction process. In recent years,
jerk and relative parameters are applied in the tracking
and positioning for Global Positioning System (GPS), the
high-speed dynamic vehicle tracking, the automatic control
of high-speed machines, and comfort evaluation for highspeed trains and elevators [8–10]. The physical and dynamic
meaning of the series dynamic parameters is summarized
in Table 1. It is obvious that the jerk and the integral of the
displacement with respect to time also have determined an
important significance.
In earthquake engineering, the basic characteristics of
jerk are evaluated based on records from the 1999 Chi-Chi
earthquake, earthquake and one of its aftershocks. It is found
that the maximum of jerk at a free-field station was over
312 m/s3 , and the effective duration, between the first and the
last time 20 m/s3 , was almost one minute near the epicenter
area [11]. A type of jerk sensor was developed for earthquake
wave measurement and its performance was proved in experiment and Wenchuan earthquake [12]. In structural control,
a quadratic regulator is derived for the total structural jerk
that produces a single algebraic Riccati equation to define the
control gains. The control method developed is shown to be
more effective than typical displacement-focused active and
semiactive civil structural control methods [13]. Although
jerk has potential significance for earthquake engineering,
the time-frequency characteristics of jerk are not definite
until now, not to mention the study on the jerk spectrum.
The jerk in strong nonstationary ground motion values
is often great. For example, in the Chi-Chi earthquake in
Taiwan, the peak of the maximum jerk obtained by the
seismic stations is more than 312 m/s3 , complex, and everchanging schedule, and the spectral properties have aroused
the attention of researchers. Typical acceleration and jerk
comparison of Taiwan Chi-Chi earthquake are shown in
Figure 1, including near-field and far-field records, indicating
the instantaneous changes of jerk and highlighting the pulse
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effect or the impact effect. As another example, the acceleration waves and jerk waves in Wenchuan earthquake in 2008
are shown in Figure 2. It is clear that the amplitude of jerk
changes dramatically, and the site effect and the distance from
epicenter affect the frequency spectrum of jerk evidently.
Hence, more research should focus on the characteristics of
jerk.

3. Solution Method for Dynamic Equations
Related to Jerk
For a damped structure system subjected to earthquake loads,
the corresponding equation of motion is generally written as
follows:
MẌ + CẊ + KX = −MẌ 𝑔 (𝑡) ,

(1)

where M, C, and K are the system mass, damping, and
stiffness matrix, respectively. X is the displacement response
for the structure and Ẍ 𝑔 (𝑡) is acceleration vector.
The above equation can be solved by numerical method;
thus, the structural dynamic response including acceleration
and displacement can be obtained. The jerk value can be
calculated by solving the time derivative of acceleration. For
solving jerk, it is worth noting that some traditional stepby-step integration methods such as the Newmark method
and Wilson-𝜃 method that are commonly used in earthquake engineering involve the dubious basic assumptions
and inaccuracy. In general, the above integration methods
assume that the acceleration is constant or linear variation
during the interval of time [14, 15], which will lead to
the jerk in the interval, is assumed to be 0 or a constant,
and this assumption is not in accordance with the real
condition.
In addition, the Newmark method is unconditionally
stable and the maximum accuracy is at the second order, and
the Wilson-𝜃 method also has second order accuracy. Hence,
these two methods do not fully meet the precision for solving
jerk. In this case, Runge-Kutta method which is constructed
based on Taylor series, especially the fourth-order RungeKutta method, has obvious advantages. For the fourth-order
Runge-Kutta method, the smoothness of time-varying signal
is completely considered, and this method with fourthorder accuracy is stable. In view of the Runge-Kutta method
it is required that a second-order differential equation be
transformed into a first-order differential equation; by using
the state space method and introducing state variable, (1) may
be written as first order differential equations.
T

̇ and
Define system state vector as follows: U = {X, X}
T
̈ ; then (1) is expressed as the following state-space
V = {XX}
equations:
U̇ = AU + BẌ 𝑔 (𝑡)

V = DU + EẌ 𝑔 (𝑡) ,

(2)
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Table 1: Significance of dynamic parameters and research level.

Dynamic parameters
Integral displacement
with respect to time
Displacement
Velocity

Acceleration

Physical meaning
(1) Work done by a unit force within
a unit time
(2) Energy change for a unit force
within a unit time
Change of position within a unit
time
Change of displacement within a
unit time
(1) Change of velocity within a unit
time
(2) Kinetic energy change for a
point mass within a certain time

Research extent

Rate of change of energy with respect
to time for a point mass

Needs further study

(1) Displacement for a point mass
(2) Deformation for a point mass
(1) Velocity or speed for a point mass
(2) Deformation rate for a point mass
(1) Rate of change of velocity with
respect to time for a point mass
(2) Instantaneous force for a point
mass
(1) Rate of change of acceleration with
respect to time for a point mass
(2) Rate of change of instantaneous
force for a point mass
(3) Impact effect for a point mass

(1) Change of acceleration within a
unit time
(2) Force change for a point mass
within a certain time

Jerk

Dynamical meaning

2
0
−2
−4
−6

Comprehensively studied
and widely used

Almost empty
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4
Jerk (m/s3 )

Acceleration (m/s2 )

6

Comprehensively studied
and widely used
Comprehensively studied
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50
0
−50
−100

0

10

20

30

40

50

0

10

20

30

40

50

Time (s)

Time (s)
Near field (0.98 km to the epicenter)
Far field (82.49 km to the epicenter)

Near field (0.98 km to the epicenter)
Far field (82.49 km to the epicenter)

(a)

(b)

Figure 1: Comparison of acceleration waves and jerk waves in Chi-Chi earthquake.

...

̈ T and Z = {X, X,̈ X}T as the system
Define W = {X, X,̇ X}
state vector; then (1) can be expressed in the form of the
following state equation:

where
0
I
A = [ −1
],
−M K −M−1 C
D=[

I
0
],
−M−1 K −M−1 C

...

0
B = E = [ ].
−I

...

Z = HW + JX𝑔 (𝑡) ,

(5)

where

The structural acceleration response is solved from the
above equations, and the jerk response is obtained by calculating the time derivation of the acceleration. With the
improvement of acceleration measurement and the development of jerk acquisition instrument, a new state equation
can be established according to jerk response assuming the
structure is elastic and the jerk is calculated directly. On both
sides of (1) the derivative with respect to time is given as
...

Ẇ = FW + GX𝑔 (𝑡)

(3)

...

MX + CẌ + KẊ = −MX𝑔 (𝑡) .

(4)

0
I
0
0
I ],
F = [0
−1
−1
0
−M
K
−M
C]
[
I
0
0
0
I ],
H = [0
−1
−1
K
−M
C]
0
−M
[
0
G = J = [ 0 ].
[−I]

(6)
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Figure 2: Comparison of acceleration waves and jerk waves in Wenchuan earthquake.

where 𝜔𝑑 = 𝜔√1 − 𝜁2 represents the damped frequency. The
relative velocity, absolute acceleration, and absolute jerk are
expressed, respectively, as

4. Elastic Jerk Response Spectrum and the
Corresponding Characteristics
A response spectrum is simply a plot of the peak or steadystate response (displacement, velocity, or acceleration) of a
series of oscillators of varying natural frequency that are
forced into motion by the ground motion. The characteristics
and mechanisms of spectra for displacement, velocity, and
acceleration have been studied in all directions since the concept was presented by Biot and Housner in 1940s. However,
the jerk spectrum is a new statement, the relative study is
almost empty, and its characteristics need more attention.
Jerk response spectrum indicates the impulse effect of
different oscillators of varying natural frequency that are
subjected to earthquake. Study on the jerk response spectrum
will contribute to comprehending the nonstationarity and
impact effect of earthquake and improving the seismic design
method for normal structures.
For a SDOF elastic system which is located on a rigid
foundation, the mass, the damping coefficient, and the stiffness are expressed as 𝑚, 𝑐, and 𝑘, respectively. The equation
of motion when the system is subjected to a ground motion
is
𝑚𝑥̈ (𝑡) + 𝑐𝑥̇ (𝑡) + 𝑘𝑥 (𝑡) = −𝑚𝑥𝑔̈ (𝑡) ,

(7)

where 𝑥𝑔 (𝑡) is the displacement component and 𝑥(𝑡) is the
displacement vector relative to the ground. Noting that 𝜁 =
𝑐/(2𝑚𝜔), 𝜔2 = 𝑘/𝑚, substituting these into (7) gives
𝑥̈ (𝑡) + 2𝜁𝜔𝑥̇ (𝑡) + 𝜔2 𝑥 (𝑡) = −𝑥𝑔̈ (𝑡) .

(8)

Assume the initial displacement and initial velocity are both
0; the solution of (8) can be calculated according to Duhamel
integral
𝑥 (𝑡) = −

1 𝑡
∫ 𝑥̈ (𝜏) 𝑒−𝜁𝜔(𝑡−𝜏) sin 𝜔𝑑 (𝑡 − 𝜏) 𝑑𝜏,
𝜔𝑑 0 𝑔

(9)

𝑡

𝜁

0

√1 − 𝜁2

𝑥̇ (𝑡) = ∫ 𝑥𝑔̈ (𝜏) 𝑒−𝜁𝜔(𝑡−𝜏) [

sin 𝜔𝑑 (𝑡 − 𝜏)
(10)

− cos 𝜔𝑑 (𝑡 − 𝜏)] 𝑑𝜏
𝑎 (𝑡) = 𝑥̈ (𝑡) + 𝑥𝑔̈ (𝑡)
𝑡

= 𝜔𝑑 ∫ 𝑥𝑔̈ (𝜏) 𝑒−𝜁𝜔(𝑡−𝜏) [(1 −
0

+

𝜁2
) sin 𝜔𝑑 (𝑡 − 𝜏)
1 − 𝜁2
2𝜁

√1 − 𝜁2

cos 𝜔𝑑 (𝑡 − 𝜏)] 𝑑𝜏
(11)

...

...

𝑗 (𝑡) = 𝑥 (𝑡) + 𝑥𝑔 (𝑡)
4𝜁3 − 3𝜁

𝑡

= 𝜔𝑑 2 ∫ 𝑥𝑔̈ (𝜏) 𝑒−𝜁𝜔(𝑡−𝜏) [
0

3/2

(1 − 𝜁2 )

+

sin 𝜔𝑑 (𝑡 − 𝜏)

1 − 4𝜁2
cos 𝜔𝑑 (𝑡 − 𝜏)] 𝑑𝜏.
1 − 𝜁2
(12)

According to the above equations, the maximum system
response for varying natural frequency can be continuously
obtained by numerical integration method; thus, the displacement spectra 𝑆𝑑 , the relative velocity response spectrum
𝑆V , the absolute acceleration response spectra 𝑆𝑎 , and the
absolute jerk response spectrum 𝑆𝑗 are obtained. It is worth
noting that the higher order terms of damping coefficient
and cosine function in (9) to (11) are often ignored when
the earthquake duration is long enough [6, 16]. Hence, the
relationships among spectral displacement, pseudospectral
velocity, and pseudospectral acceleration are given by
𝑆𝑎 ≈ 𝑆𝑝𝑎 ≈ 𝜔𝑆𝑝V ≈ 𝜔2 𝑆𝑑 .

(13)
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Table 2: The ground motions used in this study.
Time
1952
1966
1971
1975
1975
1976
1979
1979
1980
1984
1985
1986
1987
1988
1989
1992
1992
1994
1995
1996
1999
2008

Earthquake name
Northern
Haicheng
Tangshan
Coyote
Imperial
Livermore
Morgan
Mexico
Palm
Whittier
Lancang-Gengma
Loma
Petrolia
Landers
Northridge
Kobe
Lijiang
Chi-Chi
Shidian
Northern
Haicheng
Wenchuan

Magnitude (MS)
4.0
7.5
7.6
5.8
6.5
5.8
6.2
8.1
5.9
6.0
4.6
6.9
7.1
7.3
6.7
6.9
4.7
7.6
5.9
4.0
7.5
8.0

Records
14
11
7
15
9
14
15
5
15
14
4
8
14
15
15
12
12
15
4
14
13
5

It can be seen from Figures 4 and 5 that the jerk response
spectra and acceleration response spectra present similar
shape in elastic state. However, the jerk spectra decay rapidly
when the system period is larger than 1 s because the jerk
response contains more information about the impact effect
and high-frequency components in earthquake.
The amplification effect on jerk is obvious when the
natural period is close to the predominant period of the site,
and the maximum normal value is more than 6. Compared
to the rock site, the predominant period range in the soft
soil site is larger, and the jerk response is more obvious for
long period structure on soft site. In conclusion, the effect of
jerk is advised to be considered especially when the structural
fundamental period is less than the predominant period of
the site during the seismic resistance design.

5. Inelastic Jerk Response Spectrum and the
Corresponding Characteristics
The structure subjected to strong ground motion will
inevitably be nonlinear, and the traditional inelastic response
spectra of displacement and acceleration are widely studied
in recent years. As the mechanism described above, the structural jerk inelastic response spectra will embody the damage
induced by impact and pulse for the ductile structures.
The equation of motion when the SDOF inelastic system is
subjected to a ground motion is expressed as follows:
𝑚𝑥̈ (𝑡) + 𝑐𝑥̇ (𝑡) + 𝑓 (𝑥, 𝑡) = −𝑚𝑥𝑔̈ (𝑡) ,

Through the assumption that the higher order terms
of damping coefficient and cosine term are often ignored,
the difference between relative velocity response spectrum
and pseudo velocity spectrum is obvious in the lower frequency band for the structural responses in many earthquake records. The accumulated error will enlarge if the
absolute jerk spectrum is calculated simply according to the
recurrence formula 𝑆𝑗 = 𝜔𝑆𝑎 . As an example, the real
spectrum and pseudospectrum with varied response in El
Centro NS record are shown in Figure 3, and this verifies
the aforementioned conclusion. Thus, it is suggested that the
absolute jerk spectrum is obtained by the statistical results of
the numerical integration method and the specific formulas
are shown as (2), (5), or (12).
To obtain the absolute jerk spectrum on different types
of sites, a total of 250 horizontal acceleration records (see
Table 2) from significant earthquakes in the world were used
for the analysis. The records are classified based on the soil
type and shear wave velocity according to NEHRP2009. By
using the Runge-Kutta method and statistical analysis, a
variety of elastic acceleration response spectra and elastic jerk
response spectrum are calculated.
The normal response spectra (the spectrum about the
absolute ratio of the maximum response value to the maximum amplitude of ground motion) with 5% damping ration
on different sites are shown in Figures 4 and 5. In each figure,
the subgraphs represent the spectra of A to E soil type and the
mean spectra of each soil type, respectively.

(14)

where 𝑓(𝑥, 𝑡) is the restoring force of the system and other
parameters are described as (7).
Assume that the yield displacement is 𝑥𝑦 and the nondimensional time history is 𝑢(𝑡) = 𝑥(𝑡)/𝑥𝑦 ; then the equation
above will be transformed as a nondimensional form
𝑥𝑔̈ (𝑡)
𝑓 (𝑥, 𝑡)
𝜔2
, (15)
=−
𝑢̈ (𝑡) + 2𝜁𝜔𝑢̇ (𝑡) + 𝜔2
𝑓𝑦
𝜂 max (𝑥𝑔̈ (𝑡))


where the system damping ratio is expressed as 𝜁 = 𝑐/(2𝑚𝜔),
the system circular frequency is 𝜔 = √𝑘/𝑚, 𝑓𝑦 is the
yield strength, and the standard intensity is defined as 𝜂 =
𝑓𝑦 /[𝑚 ⋅ max(|𝑥𝑔̈ (𝑡)|)]. The displacement ductility factor is
𝜇 = max(|𝑥(𝑡)|)/𝑥𝑦 = max(|𝑢(𝑡)|).
It can be seen from the above equation that the dynamic
responses such as maximum acceleration, maximum jerk,
and the ductility factor of a specified earthquake record
can be determined, assuming that elastic period, damping
ratio, and the restoring force form of the SDOF system are
known. Thus, the inelastic response spectra with different
displacement ductility can be established after the statistical
induction for large number of earthquake records. The
restoring force model is selected as the elastic perfectly plastic
model in this paper, and the inelastic response spectra for
different sites are obtained based on the records used for
establishing the elastic response spectra.
Assuming that the damping ratio is 5%, the acceleration
inelastic response spectra for site A and site C are shown in
Figures 6 and 7. The jerk inelastic response spectra for site A
and site C are shown in Figures 8 and 9.
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Figure 3: Comparison of real spectrum and pseudospectrum.

It can be concluded that the inelastic jerk response spectrum evidently attenuates compared to the corresponding
elastic spectrum, and the attenuation effect is more noticeable
while the attenuation degree decreases gradually for higher
ductility spectrum. The jerk amplitude will reduce especially
for long-period structures with various ductilities. Hence, it is
effective to enhance the ductility or damping in the structural
design to reduce the resistance force and the impact induced
by earthquake. For soft ground conditions, the predominated
period stage in jerk spectra is longer and the amplitude
is larger compared to the response from rock site, so it is
necessary to pay more attention to the jerk amplitude of the
structure on soft site. Despite the site type, it is advised to
consider the influence of the jerk as long as the structural
period is less than 0.4 seconds even though the structure has

high ductility. Hence, the dynamic design for the small and
medium-sized structures should be paid more attention in
order to assure adequate performance.
The actual design strength of structure will be lower than
the structural strength assuming that the structure is elastic
during the earthquake, considering the elastic and plastic
deformation capacity of structure. Based on the existing
research results, the strength reduction factor is defined as
the ration of the maximum inertia force 𝑓𝑥𝑒 of SDOF elastic
system subjected to a given ground motion to the yielding
strength 𝑓𝑦 required to maintain the displacement ductility
ratio demand:
𝑅=

𝑓𝑥𝑒
.
𝑓𝑦

(16)
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Figure 4: Normal acceleration response spectra for different sites.
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Figure 5: Normal jerk response spectra for different sites.
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Figure 7: Acceleration inelastic response spectra for site C.

With the development of numerical technology, now it
is possible to determine the strength reduction factor 𝑅 by
theoretical analysis. The corresponding results suggest that
earthquake magnitude and epicenter distance have no great
influence on 𝑅, but ductility 𝜇, period of structures 𝑇, shape of
hysteresis loop, and site profile exactly influence 𝑅. Different
𝑅 − 𝜇 − 𝑇 were proposed by many researchers [16–21].
Although the fitting formula for the strength reduction factor
spectra with equal ductility is over ten forms, the physical
meaning of the formula proposed by Vidic et al. is concise
and could be easily accepted [20]:
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Figure 9: Jerk inelastic response spectra for site C.

𝑐

𝑅 = 𝑐1 (𝜇 − 1) 𝑅
𝑐

𝑇
+ 1,
𝑇0

𝑅 = 𝑐1 (𝜇 − 1) 𝑅 + 1,

𝑇 ≤ 𝑇0

𝑇 ≥ 𝑇0

(17)

𝑇0 = 𝑐2 𝜇𝑐𝑇 𝑇1 ,

where 𝑇1 is the period about peak ground motion and
amplification factors and 𝑐1 , 𝑐2 , 𝑐𝑅 , and 𝑐𝑇 depend on the
hysteretic behavior and damping.
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Figure 10: Impact reduction factor for different soil types.

To study the jerk effect on the dynamic performance of
the elastic-plastic structure, the concept of impact reduction
factor is presented in this paper as follows:
𝑅𝐽 =

𝐽𝑥𝑒
,
𝐽𝑥𝑝

(18)

where 𝐽𝑥𝑒 is the maximum jerk of SDOF elastic system subjected to a given ground motion and 𝐽𝑥𝑝 is the maximum jerk
response of the structure with the determined displacement
ductility.
According to the site type and the specified ductility
factor, the impact reduction factor spectra are obtained by
computation and statistics, and the corresponding ground
motions are listed in Table 2. The impact reduction factor for
different sites and ductility are shown in Figure 10. The results
show that the impact reduction factor is nonstationary, and
the coefficient variation is over 0.8 in some cases. Different
from the strength reduction factor, the impact reduction
factor is nearly not relevant to the period but has limited

values for different ductilities, especially for structure with
short period, because of the high nonstationary behavior
of jerk whether in low frequency band or high frequency
band. The empirical formula of the upper limit of the impact
reduction factor can be written as
𝑅𝐽 (𝑇, 𝜇, 𝜁) ≤

𝜁𝑛
(1 + 0.1𝜇) ,
𝜁

(19)

where 𝜁𝑛 is the normal damping ratio 0.05. The trends and
range of impact reduction factor suggest that the attenuation
of jerk is nearly not relevant to the period.
As expressed in (17), the strength reduction factor in
the predominant period is a linear function on the natural
period. However, the impact reduction factor is irrelevant to
the natural period. It is liable to understand the difference
considering jerk is the derivative of acceleration, but the
essence relationship between the impact reduction factor and
the strength reduction factor needs to be further studied.
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spectrum in conjunction with the normal building design is
also needed.
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