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The present research aims to develop an effective and applicable structural damage detection method. A damage identification
approach using only the changes of measured natural frequencies is presented. The structural damage model is assumed to be
associatedwith a reduction of a contribution to the element stiffnessmatrix equivalent to a scalar reduction of thematerialmodulus.
The computational technique used to identify the damage from the measured data is described. The performance of the proposed
technique on numerically simulated real concrete girder bridge is evaluated using imposed damage scenarios. To demonstrate
the applicability of the proposed method by employing experimental measured natural frequencies this technique is applied for
the first time to a simply supported reinforced concrete beam statically loaded incrementally to failure. The results of the damage
identification procedure show that the proposed method can accurately locate the damage and predict the extent of the damage
using high-frequency (here beyond the 4th order) vibrational responses.

1. Introduction

Damage or fault detection, as determined by changes in the
dynamic properties or response of structures, is a subject that
has received considerable attention in the literature. Since
the changes in the stiffness of the structure, whether local
or distributed, will cause changes in the modal parameters
(notably natural frequencies, mode shapes, etc.), the location
and the severity of damage in structure can be determined
by changes in the modal characteristics [1–5]. Furthermore,
since the natural frequencies are rather easy to measure
with a relatively high level of accuracy, the methods based
on the measurements of natural frequencies are potentially
attractive [6–10]. For applications to large civil engineering
structures the somewhat low sensitivity of frequency shifts
to damage requires either very precise measurements of
frequency change or large levels of damage. An exception
to this limitation occurs at higher modal frequencies, where
the modes are associated with local responses. However,
over recent decades, the practical limitations involved with
the excitation and identification of the resonant frequencies

associated with these local modes, caused in part by high
modal density and low participation factors, made them
difficult to identify [11]. Raghavendrachar and Aktan [12]
performed impact tests on a three-span reinforced concrete
bridge with a goal of detecting local or obscure damage, as
opposed to severe, global damage.The authors concluded that
modal parameters may not be reliable as damage indicators
if only the first few modes are measured. For this type
of damage, modal information for higher modes would
be required. Farrar and Cone [13] presented the results of
damage–detection experiment performed on the I-40 bridge
over the Rio Grande river.They identify themodal properties
from the ambient test, when the bridge was undamaged, and
from the forced-excitation tests for each of the damage cases.
The results indicate that modal frequencies, modal damping
ratios, and mode shapes may not be sensitive enough indica-
tors to detect damage at an early enough stage to be practical.
The destructive tests performed on the I-40 bridge highlight
the fact that damage typically is a local phenomenon. Local
response is captured by higher frequency modes whereas
lower frequency modes tend to capture the global response
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of the structure and are less sensitive to local changes in a
structure [11]. Consequently, the low-frequency vibrational
responses are insensitive to small damage and moreover,
small damage is more easily accommodated by higher-fre-
quency vibrational responses. Currently, new advanced
instrumentation typified by the scanning laser vibrometer
(SLV) preserves a high level of accuracy in high-frequency
vibration measurements providing the detection of small
levels of damage [14].

Ideally, a robust damage identification method should be
able to identify that damage has occurred at a very early
stage, locate the damage within sensor resolution being used,
provide some estimate of the severity of the damage, and
predict the remaining useful life of the structure. Several
frequency-change sensitivity analysis methods presented in
[6–8] can be used to detect and locate damage in structures;
however they cannot correctly quantify damage in general
cases. In order to avoid the insufficiency of the first-order
sensitivity analysis neglecting second-order terms, Bicanic
and Chen [9] presented a novel perturbation-based approach
using the exact relationship between the changes of structural
parameters and the changes of modal parameters.

Here, based on the nonlinear perturbation theory, an effi-
cient iterative computational procedure is presented in order
to identify damage in framed structures for which high-
order (beyond the 4th order) measured natural frequencies
are available. The efficiency of the proposed technique is
evaluated through an example of the real concrete girder
bridge with simulated damage and through laboratory testing
of a simply supported reinforced concrete beam subjected to
various levels of static load.

2. Direct Iteration Technique

The computational procedure for the direct iteration tech-
nique has been developed to solve the element scalar damage
parameters 𝛼𝑗 as well as the mode participation factors 𝐶𝑖𝑘
[9].The procedure consists of calculating the damage param-
eters, for example, crack location, from the frequency chan-
ges.

The iterative solution procedure is described in the fol-
lowing section.Depending on the number of available natural
frequencies NF (number of equations) and the number of
structural damage parameters NXE (number of unknowns),
the eigenmode-stiffness sensitivity matrix 𝑆𝑖𝑗 may not be
square. When the number of the measured natural frequen-
cies for the damaged structure NF is much fewer than the
number of structural damage parameters NXE (finite-ele-
ments) (NF < NXE), the system of equations is signifi-
cantly underdetermined and the pseudoinverse solution can
become ill-conditioned. In order to find a solution for what
is in general an ill-conditioned system, the singular value
decomposition (SVD) technique [15] is applied.

A FORTRAN computer program for structural damage
identification has been developed based on the knowledge of
the computational procedure presented next [16].

2.1. Computational Procedure

Step 1. Assume the initialmode participation factors𝐶0𝑖𝑘 to be
zero, that is, no changes in eigenvectors. Establish the initial
values for 𝛼1𝑗 and 𝐶

1
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NXE
∑

𝑗=1

𝑆
1
𝑖𝑗𝛼
1
𝑗 = 𝑧𝑖, (1)

where 𝑆𝑖𝑗 and 𝑧𝑖 are the eigenmode-stiffness sensitivitymatrix
and vector, respectively, which are defined as

𝑆
1
𝑖𝑗 = 𝑎𝑖𝑗𝑖, (2a)

𝑧𝑖 = Δ𝜆𝑖, (2b)

𝐶
1
𝑖𝑘 =

𝑏
1
𝑘𝑖

𝜆𝑖
∗
− 𝜆𝑘 − 𝑏

1
𝑘𝑘

, (3)

where 𝑏𝑘𝑘, 𝑏𝑘𝑖, and 𝑏𝑘𝑙 can be defined in general form as

𝑏
1
𝑘𝑖 =

NXE
∑

𝑗=1

𝑎𝑘𝑗𝑖𝛼
1
𝑗 (4)

and 𝑎𝑖𝑗𝑖, 𝑎𝑖𝑗𝑙, and 𝑎𝑘𝑗𝑖 are the eigenmode-stiffness sensitivity
coefficients, which can be defined in a general form as

𝑎𝑘𝑗𝑖 = 𝜙𝑘
𝑇K𝑗𝜙𝑖, (5)

where 𝜙𝑖 is the 𝑖th original eigenvector,K𝑗 is the contribution
of the 𝑗th element to the global stiffness matrix, Δ𝜆𝑖 is the
change in the 𝑖th eigenvalue, 𝜆𝑘 is the 𝑘th original eigenvalue,
and a superscript ∗ refers to the damaged structure.

Step 2. Evaluate current estimate for 𝛼𝑛𝑗 from
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Step 3. Evaluate new modal participation factors 𝐶𝑛𝑖𝑘 from
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and return to Step 2 if solution has not converged.
Once the mode participation factor 𝐶𝑖𝑘 is found, the

eigenvectors for the damaged structure can be calculated as

𝜙𝑖
∗
= 𝜙𝑖 +

NM
∑

𝑘=1,𝑘 ̸=𝑖

𝐶𝑖𝑘𝜙𝑘, (10)
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Figure 1: Concrete girder bridge model problem.

where the pairing of the eigenvalues for the original structure
and the damaged structure can be checked using the MAC
factors (Modal Assurance Criterion) [17], defined as
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The highest MAC(𝑘, 𝑖) factors indicate the most possible
pairings of the original mode 𝑘 and the damaged mode 𝑖.

3. Numerical Example

Amodel of the real concrete girder bridge comprising 39 ele-
ments, 40 nodes, and 116 degrees of freedom (DOFs), shown
in Figure 1, is used to investigate the effect of the number of
original eigenvectors available and the natural frequencies of
the damaged structure adopted in the calculation.

It is interesting to note that, since the structure discussed
here is almost symmetric, convergence difficulties may arise.
From (5), it can be shown that if a structure is symmetric,
the set of governing equations (1) becomes singular, and
the identification process cannot proceed. If a structure is
“almost” symmetric, the governing equations (1) are ill-
conditioned, and in such a case the information of a larger
number of natural frequencies for the damaged structure
(greater than NXE) is required to correctly determine the
location and amount of structural damage. Due to ill-
conditioned governing equations (1), damage parameters 𝛼𝑗
converge very slowly, leading to convergence difficulties in
some cases. In order to avoid such difficult cases, some
methods may be used to render the structure nonsymmetric,
such as nonsymmetric element mesh generated, suitable
boundary conditions selected, and additional concentrated
mass applied. Consequently, the proposed method is also
applicable for symmetric or near symmetric structures and
a smaller number of natural frequencies for the damaged
structure are required to determine structural damage [9].

In order to avoid problems associated with structural
symmetry, a nonsymmetric element mesh is generated, as
shown in Figure 1. Since the bridge superstructure is simply
supported, the vertical and horizontal displacement at the
contact point between beams and column are constrained
to be the same for both the beams and column, while the

Table 1: Main data of the concrete girder bridge.

Member Number of cross
sections Area (m2) Moment of inertia

(m4)
Beam at support 1 8.605 3.312
Beam at support 2 7.477 3.025
Beam in span 3 6.245 2.750
Pier 4 3.140 0.785

rotations are free. The cross-sectional properties of each
component are listed in Table 1. All structural members have
the same material properties with 𝐸 = 3.4 × 107 kN/m2
and 𝜌 = 2.5 t/m3. The geometry of the structure, element
numbering, and hypothetical damage scenarios are shown in
Figure 1.

Twohypothetical damage scenarios are induced by reduc-
ing Young’s modulus of different elements, with different
magnitudes, as summarized in Figure 1. Scenario 1 simulates
5% damage in element 6. Scenario 2 has three damaged
elements. Element 6 has 5% damage, element 20 has 10%
damage, and element 28 has 15% damage.

Inmost cases, the effects of damage on structural stiffness
can be represented by locally reducing Young’s modulus.
In this study, a scalar damage model is assumed to be
based on the above consideration; that is, the change of
structural stiffnessmatrix can be expressed as the summation
of changes proportional to the element matrices in the form
ΔK = ∑NXE𝑗=1 𝛼𝑗K𝑗. This formulation makes possible the
interrelation of the local decrease in stiffness to the decreases
in the eigenvalues while it preserves the connectivity and
symmetry of the global stiffness matrix as presented in
previous researches [6–10].The result is a set of simultaneous
equations (1) that relate the changes in the eigenvalues to
those of the element stiffness.

The first 35 natural frequencies for the undamaged and
damaged structures of the bridge for each of the damage sce-
narios determined from the finite-element dynamic analyses
are listed inTable 2.This table shows the differences in natural
frequencies for the undamaged and damaged structures, that
is, effects of damage on the natural frequencies of the first
35 modes. At mode 1 (scenario 2), the minimum change
is Δ𝑓 = −0.01Hz which represents a reduction of 0.3%
(Table 2). All of the 35 modes show a reduction of their
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Table 2: First 35 natural frequencies for the undamaged and damaged structures.

Mode

Natural frequency Difference in frequency with respect to undamaged structure
(Hz) Scenario 1 Scenario 2

Undamaged
structure Scenario 1 Scenario 2 (Hz) (%) (Hz) (%)

1 2.996 2.996 2.987 0.00 0.00 −0.01 −0.30
2 3.606 3.606 3.539 0.00 0.00 −0.07 −1.86
3 3.760 3.745 3.745 −0.01 −0.40 −0.01 −0.40
4 6.239 6.239 6.235 0.00 0.00 −0.01 −0.06
5 11.928 11.928 11.813 0.00 0.00 −0.12 −0.96
6 14.293 14.292 14.186 0.00 0.00 −0.11 −0.75
7 14.980 14.926 14.926 −0.05 −0.36 −0.05 −0.36
8 18.934 18.930 18.742 0.00 −0.02 −0.19 −1.01
9 26.643 26.643 26.281 0.00 0.00 −0.36 −1.36
10 31.648 31.648 31.380 0.00 0.00 −0.27 −0.85
11 33.561 33.548 33.540 −0.01 −0.04 −0.02 −0.06
12 36.746 36.720 36.530 −0.03 −0.07 −0.22 −0.59
13 46.699 46.699 46.208 0.00 0.00 −0.49 −1.05
14 53.023 52.955 52.584 −0.07 −0.13 −0.44 −0.83
15 54.670 54.660 54.112 −0.01 −0.02 −0.56 −1.02
16 59.232 59.035 58.996 −0.20 −0.33 −0.24 −0.40
17 70.642 70.640 70.375 0.00 0.00 −0.27 −0.38
18 74.713 74.608 74.365 −0.10 −0.14 −0.35 −0.47
19 81.175 81.150 80.450 −0.02 −0.03 −0.72 −0.89
20 90.023 89.795 89.653 −0.23 −0.25 −0.37 −0.41
21 92.564 92.424 91.303 −0.14 −0.15 −1.26 −1.36
22 97.630 97.597 97.067 −0.03 −0.03 −0.56 −0.58
23 108.580 108.386 108.211 −0.19 −0.18 −0.37 −0.34
24 114.964 114.942 114.221 −0.02 −0.02 −0.74 −0.65
25 124.176 124.142 123.241 −0.03 −0.03 −0.94 −0.75
26 133.840 133.800 132.782 −0.04 −0.03 −1.06 −0.79
27 140.715 140.578 140.040 −0.14 −0.10 −0.68 −0.48
28 150.078 150.064 149.134 −0.01 −0.01 −0.94 −0.63
29 157.242 157.093 156.630 −0.15 −0.09 −0.61 −0.39
30 164.279 164.279 163.880 0.00 0.00 −0.40 −0.24
31 165.131 165.090 164.276 −0.04 −0.02 −0.85 −0.52
32 173.047 173.043 172.217 0.00 0.00 −0.83 −0.48
33 196.072 195.862 194.716 −0.21 −0.11 −1.36 −0.69
34 199.703 199.646 198.997 −0.06 −0.03 −0.71 −0.35
35 211.179 210.875 209.775 −0.30 −0.14 −1.40 −0.66

natural frequencies. These differences can be estimated with
precision of Δ𝑓 < ±0.01Hz in real modal tests as it
is presented in [18, 19]. Furthermore, because during the
modal tests performed in [18, 19] the temperature was almost
stationary, the observed changes in the natural frequencies
cannot be related to temperature changes. However, due to
practical testing limitations, only the natural frequencies of
the first three bending modes could be tracked reliably under
the test conditions in [18].

From a testing standpoint it is more difficult to excite
the higher frequency response of a structure as more energy
is required to produce measurable response at these higher
frequencies than at the lower frequencies [11]. These factors

contribute to only limited applications of vibration-based
damage detection technology to large civil engineering struc-
tures.

The pairings of the original eigenvectors and themodified
eigenvectors are assured by using MAC values as defined in
(11), resulting in diagonal values close to unit (higher than
0.997).This implies that themodes for the damaged structure
obtained from the direct iteration technique match very well
the corresponding modes for the original structure.

In order to study the effectiveness of the proposed direct
iteration technique with respect to the required amount of
modal information, various numbers of original eigenvec-
tors and natural frequencies for the damaged structure are
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Figure 2: Inverse damage predictions for scenario 1 affected by
the number of damaged-structure frequencies (NF), 60 original
eigenvectors (NM) used, (a) 13 damaged-structure frequencies used,
(b) 20 damaged-structure frequencies used, and (c) 35 damaged-
structure frequencies used.

selected for the identification process for damage scenarios
1-2, as shown in Figures 2 and 3.

From the results, it can be seen that only limited knowl-
edge of the original eigenvectors is required, even 60 original
eigenvectors (half the number of all original eigenvectors)
are sufficient to correctly predict the structural damage,
which makes the proposed approach applicable to large scale
structures. For a case with small damage (scenario 1) both
the location and the amount of damage can be correctly
estimated using only 13 natural frequencies for the damaged
structure. For a case with more serious damage (scenario 2)
structural damage can be roughly predicted using 20 natural
frequencies for the damaged structure. As expected, the
predictions of structural damage improve with an increase of
the number of damaged-structure frequencies used, reaching
the values very close to the exact solution when 35 damaged-
structure frequencies are used.

4. Experimental Study on a Beam Model

4.1. Experimental Setup. To demonstrate the effectiveness of
the presented damage identification method, a simply sup-
ported reinforced concrete beam was used as test structure.
Thebeamwas 3m long by 20 cmwide by 30 cmdeep.A sketch
of the structure tested in the lab and the experimental setup
is shown in Figure 4.
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Figure 3: Inverse damage predictions for scenario 2 affected by
the number of damaged-structure frequencies (NF), all original
eigenvectors (NM) used, (a) 20 damaged-structure frequencies
used, (b) 35 damaged-structure frequencies used, (c) 60 original
eigenvectors (NM), and 35 damaged-structure frequencies (NF)
used.
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Figure 4: Experimental setup for natural frequency measurements.

The natural frequency measurements were made on
reinforced concrete beam before and after damage. Damage
was introduced incrementally by static loading to three levels.

Sinusoidal forced vibration tests were conducted on
a simply supported reinforced concrete beam to obtain
the frequencies. The vibration generator employed in the
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Figure 5: Typical structural acceleration responses: (a) time domain response and (b) spectrum of the time domain response.

vibration tests consisted of an electromagnetic actuator
mounted vertically in a frame with steel plates attached to
the free end of the rod of the actuator. The response of
the structure at a point was measured using a piezoelectric
accelerometer (Brüel&Kjær-DeltaTron type 4508). The actu-
ator and accelerometer were located at points of maximum
deflection for the first eight bending modes. Both the excita-
tion and response, after passing through a signal conditioner,
were captured by an A/D converter (ADC-200/50). In the
A/D converter, these analog signals were first digitized and
then processed further to a PC based oscilloscope/spectrum
analyzer (PicoScope software). All data were recorded and
analyzed using the PicoLog data acquisition software.

4.2. Experimental Results. Experimentally measured fre-
quencies are obtained before and after each level of static
concentrated load (10, 20, and 30 kN) applied at the middle
of the span of simply supported reinforced concrete beam.

Figure 5 shows a typical time domain response and the
associated frequency spectrum for a reinforced concrete
beam.

The experimental natural frequencies for the first eight
bending modes for the laboratory model subjected to three
levels of static load are given in Figure 6.

The estimated natural frequencies were then used in the
direct iteration technique to determine the location and the
extent of damage.

As expected, the development of cracks in the laboratory
beam does cause decrease of stiffness and consequently
decrease of structural natural frequencies.

4.3. Damage Identification. Based on the measured resonant
frequencies for the undamaged and the damaged structures,
a direct iteration technique was employed for structural
damage identification.

The computer program used here for dynamic analysis
and damage identification was developed for the solution of
two-dimensional (2D) framed structures which have used
beam-column elements.These elements each have six degrees
of freedom, incorporating two translations and a rotation at
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Parameters of the problem
Total degrees of freedom 18
Finite-elements 9
Damage parameters 9

10987321

41 2 7653

4 5 6

8 9

6 ∗ 25 3 ∗ 50

cm300

Figure 7: Beam model problem.

each node, although the axial displacement is ignored in this
example.

In order to avoid problems associated with structural
symmetry, 9 nonsymmetric finite-elementswith 10 nodes and
a total of 18 degrees of freedom are generated (Figure 7). All
elements have the same material properties with experimen-
tally estimated elastic modulus 𝐸 = 3.4 × 107 kN/m2 and
density 𝜌 = 2.5 t/m3 and the same cross-sectional area 𝐴 =
0.06m2 and second moment of area 𝐼 = 4.8721 × 10−4m4.
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Figure 8: Inverse damage predictions for 𝐹1 = 10 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.
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Figure 9: Inverse damage predictions for 𝐹2 = 20 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.
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Figure 10: Inverse damage predictions for 𝐹3 = 30 kN, (a) 5 experimental frequencies for damaged structure used, and (b) 8 experimental
frequencies for damaged structure used.

The geometry of the structure and element numbering are
shown in Figure 7.

The results in Figures 8–10 are obtained from the inverse
damage predictions from the direct iteration technique. All of
the eigenvectors for the undamaged structure are considered
in structural damage identification.

It is found that for a case with slight damage (due to
static force of 10 kN) both the location and the amount of
structural damage can be correctly estimated using only 5
experimental natural frequencies for the damaged structure
(Figure 8(a)). For cases with more serious damage (due to
static force of 20 and 30 kN) structural damage can be roughly
predicted using only 5 experimental natural frequencies

(Figures 9(a) and 10(a)). However, if 8 experimental natural
frequencies are used, both the location and the amount in
either case can be determined correctly.

5. Conclusions

In this paper, damage identification method using the chan-
ges of measured natural frequencies has been applied exper-
imentally. Results of the damage identification procedure are
similar to those obtained from a numerical example and show
that this method is capable of successfully identifying both
the location and the extent of structural damage, including
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small and multiple damage. Several distinct advantages have
been highlighted. Firstly, high-order (beyond the 4th order)
natural frequencies for the damaged structure not more
than NXE are required to identify structural damage. The
predictions of structural damage improve with an increase
of the number of natural frequencies for the damaged
structure adopted.The less the structural damage is, the fewer
natural frequencies are required. Secondly, no knowledge of
mode shapes for the damaged structure is required since
they can be obtained as a result of the proposed method.
Thirdly, the method is suitable for symmetric structures,
if a nonsymmetric element mesh is generated. Finally, the
research results indicate that the ability to use high-frequency
vibrational responses for the structural integrity assessment
of real engineering structures such as bridges is an area that
merits further investigation.
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