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Inner product transform principle reveals that the basis functions most relevant or similar to the fault features are pivotal to the
meaningful fault detection. Customized multiwavelet methods and practices have continued to improve over the recent years,
focused on two-scale similarity transform (TST), lifting transform (LT), and lifting scheme (LS). Due to the respective advantages
and disadvantages, a comparative study on the multiwavelet construction methods by TST, symmetric and dissymmetric LT, and
LS is discussed in the paper, covering the differences of construction theories, the synthetic analyses of construction strategies, and
the comparison of waveform characteristics along with their applicable occasions. Comprehensively utilizing the capabilities of the
constructionmethods, a novel customizedmultiwavelet library is established for the accurate fault detection.The proposedmethod
is applied to incipient fault detection of rolling bearing for electric locomotive to verify the effectiveness and feasibility.

1. Introduction

Operating in long-term and/or complex severe conditions,
kernel components and important structures of key mechan-
ical equipment would inevitably generate various faults or
damage, yielding unscheduled downtime and costly break-
downs. Therefore, mechanical fault detection has received
considerable attention over the recent decades. Suchmechan-
ical fault detection methods of linear transform as Fourier
transform and wavelet transform [1, 2] are revealed as the
inner product transform based on Hilbert space [3].

As a typical inner product transform, the emerging
multiwavelets are the new development of wavelet theory,
attracting remarkable interest of researchers [4–8]. The par-
ticular superiority onmultiwavelets is as follows. (1)They can
possess the important signal processing properties of orthog-
onality, symmetry, short support, and vanishing moments
simultaneously, which traditional scalar wavelets fail to do
[9]. (2) Multiwavelets could offer multiple basis functions
different in the time-frequency characteristics potential and
promising for the weak and multiple feature extraction.

Multiwavelet transform is realized essentially by an inner
product operation ⟨𝑥(𝑡),Ψ

𝑎,𝑏
(𝑡)⟩ of a given signal 𝑥(𝑡) and

the vector-valued basis functions Ψ
𝑎,𝑏

(𝑡). Therein, the basis
functionsΨ

𝑎,𝑏
(𝑡) most relevant or similar to the fault features

are pivotal to the meaningful fault detection [3]. Thus, cus-
tomized multiwavelet methods and practices have continued
to improve over the recent years, inwhich two-scale similarity
transform (TST) [10], lifting transform (LT) [11], and lifting
scheme (LS) [12] have been focused on (note that LT and LS
are defined distinctly). The key TST matrix was constructed
for custom design of basis functions and applied to fault
diagnosis of rolling bearing and rub-impact fault of flue gas
turbine unit [13]. Symmetric LT strategy was proposed to
construct customized biorthogonal multiwavelets flexibly for
fault detection of air compressor [14]. Based on cubicHermite
multiwavelets, signal-adapted multiwavelets with various
vanishing moments were established by LTs and utilized to
diagnose gearbox fault of rolling mill [15]. Similar to second
generation wavelets, various vector prediction and update
operators were designed by Hermite spline interpolation for
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customized LS-basedmultiwavelets and applied to gear crack
detection of electric locomotive [16].

Despite the prior progress for customized multiwavelets,
such challenges as the appropriate selection of multiwavelet
construction methods for a given fault detection in engineer-
ing practice still remain. To overcome the problem, a study
on the aforementioned multiwavelet construction methods
is discussed in the paper. The advantages and disadvantages
of these construction theories are first discussed. Then, the
synthetic analyses of construction strategies are investigated.
Besides, the characteristics of each customized multiwavelet
by TST, symmetric and dissymmetric LT, and LS are summa-
rized along with their applicable occasions. Furthermore, an
extensive customized multiwavelet library by these construc-
tion methods is set up for the accurate analysis of mechanical
fault detection. The proposed multiwavelet library is applied
to the incipient fault detection of rolling bearing for electric
locomotive.

The remainder of this paper is organized as follows. A
brief introduction of multiwavelet theory and the aforemen-
tioned multiwavelet construction methods are reviewed in
Section 2. Their contrastive study is given in Section 3. A
customized multiwavelet library is addressed and validated
in Section 4. Section 5 provides conclusions.

2. Summary of Multiwavelets and
Construction Methods

2.1. Multiwavelet Theory. By two-scale equations, multi-
wavelet decomposition is addressed by

c
𝑗−1,𝑛 = ∑

𝑘∈𝑍

H
𝑘−2𝑛c𝑗,𝑘,

d
𝑗−1,𝑛 = ∑

𝑘∈𝑍

G
𝑘−2𝑛c𝑗,𝑘,

(1)

where c
𝑗−1,𝑛 and d

𝑗−1,𝑛 are the low-frequency and high-
frequency coefficients, respectively, and {H

𝑘
} and {G

𝑘
} are the

matrix low-pass and high-pass filter coefficients, respectively.
And multiwavelet reconstruction is obtained by

c
𝑗,𝑘

= ∑
𝑛

H∗
𝑘−2𝑛c𝑗−1,𝑛 + ∑

𝑛

G∗
𝑘−2𝑛d𝑗−1,𝑛. (2)

The superscript∗ stands for the complex conjugate transpose.
Due to the initial expansion coefficients, preprocessing

must be conducted in advance, in which the oversampling
representation performs well for feature extraction and is
adopted in the paper [17]. Besides, the postprocessing is
canceled in the paper to extract the diverse fault feature based
on the inner product transform principle [15].

2.2. Two-Scale Similarity Transform. TST proposed by Strela
[17] can be used to transfer approximation order back and
forth between multiple scaling functions and their duals.
Suppose that M(𝜔) is a well-defined TST matrix in which
H(0) and M(0) share a common right eigenvector r. Let Φ,
Ψ and Φ̃, Ψ̃ be biorthogonal multiwavelets with the symbols
of H(𝜔), G(𝜔), H̃(𝜔), and G̃(𝜔). Therein, Φ and Φ̃ have the

approximation orders 𝑝 and 𝑝 ≥ 1, respectively. TST is
described by [17]

Hnew (𝜔) =
1
2
M (2𝜔)H (𝜔)M−1 (𝜔) ,

Gnew (𝜔) =
1
2
G (𝜔)M−1 (𝜔) ,

H̃new (𝜔) = 2M−∗ (2𝜔) H̃ (𝜔)M∗ (𝜔) ,

G̃new (𝜔) = 2G̃ (𝜔)M∗ (𝜔) .

(3)

By TST, Φnew has the approximation order 𝑝 + 1 and Φ̃new
has the approximation order 𝑝 − 1. Besides, another new
biorthogonal pair is formed by (3). The calculation of M(𝜔)

is proved to be the key for multiwavelet construction.

2.3. Lifting Transform. Taking initial multiwavelets, LT suc-
cessively modifies the multiple wavelet functions and fine-
tunes such properties as the numbers of vanishing moments.
DenoteΦ,Ψ and Φ̃, Ψ̃ as compactly supported biorthogonal
multiwavelets with the polyphase symbols of H(𝑧), G(𝑧),
H̃(𝑧), and G̃(𝑧). The multiwavelet LT is addressed by [11]

Hnew (𝑧) = H (𝑧) ,

Gnew (𝑧) = T (𝑧
2
) (G (𝑧) + S (𝑧

2
)H (𝑧)) ,

H̃new (𝑧) = H̃ (𝑧) − S∗ (𝑧
2
) G̃ (𝑧) ,

G̃new (𝑧) = (T∗ (𝑧
2
))
−1
G̃ (𝑧) .

(4)

Here, S(𝑧) and T(𝑧) are finite degree, which play the vital role
in multiwavelet construction, and the determinant of T(𝑧) is
a monomial. The new biorthogonal family shares the same
Φ with the initiating one. Besides, LT raises the vanishing
moments ofΨ. In particular, LTmixesΦ andΨ, whichmakes
Ψnew flexible and multivariate.

2.4. Lifting Scheme. LS is a powerful construction tool for
biorthogonal multiwavelets derived in the spatial domain.
Starting with the vector input signal f , LS consists of the split,
predict, and update steps. The decomposition and recon-
struction of multiwavelet LS are illustrated in Figure 1, where
P and U, respectively, represent the vector prediction and
update operators, significant for multiwavelet construction.
Furthermore, the biorthogonal perfect reconstruction multi-
filter banks can also be given by (5) through 𝑧 transforms [12]:

G (𝑧) = 𝑧 (I−
P (𝑧

2
)

𝑧
) ,

H (𝑧) = I+U (𝑧
2
)G (𝑧) ,

H̃ (𝑧) = I+
P (𝑧

2
)

𝑧
,

G̃ (𝑧) =
1
𝑧

(I−H (𝑧) 𝑧U (𝑧
2
)) .

(5)
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Figure 1: Multiwavelet LS.

3. A Contrastive Study on the Multiwavelet
Construction Methods

3.1. Discussion of Construction Theory

3.1.1. Two-Scale Similarity Transform. TST is a new nonob-
vious construction method for customized multiwavelets.
Taking an existing multiwavelet system as an origin, a series
of new changeable biorthogonal multiwavelets could be
obtained by TST. Practically, the approximation order and
regularity of multiple scaling functions are raised in the TST,
with such good properties as finite support and symmetry
of multiwavelet system remaining uncharged. However, the
approximation order and regularity of the dual multiple
scaling functions are decreased in TST, which makes the
unbalance of basis functions and their dual ones. Hence, we
could not simultaneously construct the basis functions of
good properties along with their dual ones. Moreover, TST
constructs new multiple scaling and wavelet functions only,
respectively, using the corresponding original multiple scal-
ing and wavelet functions, which could not sharply change
the waveforms of basis functions. Furthermore, the TST
approach involves the operation ofmatrix division or singular
matrices, resulting in the complex and slow computation.

3.1.2. Lifting Transform. On the basis of the perfect
reconstruction filter bands, biorthogonal multiwavelets
are obtained by designing the lifting coefficients in LT,
modifying the characteristic of the original multiwavelets.
Without the matrix division, LT is simple, fast, and flexible
for construction. In LT, the vanishing moments of multiple
wavelet functions are modified with the symmetry or
dissymmetry to satisfy the requirement of different signals.
New multiple wavelet functions by LT are actually the linear
combination of the original multiple scaling and wavelet
functions, which could result in the large change of the
waveform. Moreover, LT always produces the short finite
support of basis functions, due to the flexible constrain
of the support length. In spite of the advantages, LT only
constructs the new multiple wavelet functions, without any
changes of the multiple scaling functions, leading to the
same decomposition coefficients of the lowest frequency
band. Furthermore, the dual multiple scaling and wavelet
functions show the low regularity, reducing the precision of

signal reconstruction. Thus, the signal decomposition using
LT-based customized multiwavelets is often applied in fault
detection, without signal reconstruction.

3.1.3. Lifting Scheme. Similar to second generation wavelets,
LS-based customized multiwavelets derived in the spatial
domain do not rely on Fourier transform. LS has the advan-
tages of simple structured design, flexible adaptive structure,
high speed calculation, and less occupied memory. In LS,
the multiwavelet construction turns out to be the design of
the vector prediction and update operators, in which the
vanishingmoments could be designed for a given signal. Such
properties as finite support, regularity, and symmetry could
be preserved in LS. However, the main peaks of waveforms of
diverse basis functions corresponding to the designed vector
prediction and update operators are very analogous. Different
free parameter in LS only changes the oscillation number and
waveform of the subpeaks of basis functions.

3.2. Analysis of Construction Strategy

3.2.1. TST-Based Customized Multiwavelets. TST modifying
the approximation order shows a nonobvious construction
for customized multiwavelets to detect rotating machinery
faults. Starting with GHM multiwavelets [18], a TST is first
performed with M1(𝜔) shown in (6) to construct a series of
changeable biorthogonal multiwavelets with the good prop-
erties of symmetry, regularity, and finite support. Moreover,
another TST with M2(𝜔) shown in (7) is carried out to
the dual multiwavelets H̃new(𝜔) and G̃new(𝜔) to improve the
properties of the dual ones [13]:

M1 (𝜔) = [

[

𝑎 (1 + 𝑒
−𝑖𝜔

) −2√2𝑎

𝑏 (1 − 𝑒
−𝑖𝜔

) 0
]

]

, (6)

M2 (𝜔) = [
𝑐 0

𝑑 (1 + 𝑒
−𝑖𝜔

) 𝑒 (1 − 𝑒
−𝑖𝜔

)
] . (7)

Here, [𝑎, 𝑏, 𝑐, 𝑑, 𝑒] are nonzero parameters, which influence
the customized multiwavelets together.

Based on the kurtosis maximization principle, the con-
struction strategy for TST-based customized multiwavelets is
shown in Figure 2.
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Figure 2: Construction strategy for TST-based customized multiwavelets.

3.2.2. LT-Based Customized Multiwavelets with Various Van-
ishing Moments. In fault detection, basis functions should
have enough vanishing moments such that singularity sig-
natures can be extracted from the noisy signals. Hence,
LT is adopted to construct a series of biorthogonal multi-
wavelets of regularity and short support with various van-
ishing moments. Note that, because the localized faults often

generate the dynamic impulsive response characterized as the
unilateral oscillating decay, the symmetry of basis functions
is not deliberately constrained in the construction method
based on the inner product transform principle. On the basis
of the fixed cubic Hermite multiwavelets [19], the critical S(𝑧)

in LT from 1st to 7th vanishing moments are listed as follows
[15]:

1st: S1 = [
2.776 × 10−17

−0.694 × 10−17
𝑎1

𝑏1
] ,

2nd: S2 = [
0.028 1.219

−0.007 −0.208
] × 10−15,

3rd: S3 = [
−2.8916 × 10

−16

+ 0.0935𝑎
3

0.9833 + 0.7009𝑎
3

1.0364 × 10
−16

− 0.0935𝑎
3

−0.9833 + 0.7009𝑎
3

6.7571 × 10
−18

+ 0.0935𝑏
3

−7.3689 × 10
−16

+ 0.7009𝑏
3

−1.3696 × 10
−17

− 0.0935𝑏
3

7.3416𝑒 × 10
−16

+ 0.7009𝑏
3

] ,

4th: S4 = [
0 0.9833 0 −0.9833

−0.1996 −1.4969 0.1996 −1.4969
] ,

5th: S5 = [
0.1249 + 0.0488𝑎5 1.8599 + 0.2720𝑎5 −0.1875 −0.3963 + 0.9205𝑎5 0.0626 − 0.0488𝑎5 −0.5297 + 0.2720𝑎5

−0.1120 + 0.488𝑏5 −1.0088 + 0.2720𝑏5 0.1996 0.1551 + 0.9205𝑏5 −0.0876 − 0.0488𝑏5 0.4881 + 0.2720𝑏5
] ,
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6th: S6 = [
0.4629 3.7431 −0.1875 5.9776 −0.2754 1.3535

−0.2133 −1.5731 0.1996 −1.7547 0.0137 −0.0762
] ,

7th: S7

= [
0.4053 + 0.0198𝑎

7
3.4939 + 0.0973𝑎

7
−0.4958 + 0.0467𝑎

7
2.8178 + 0.6985𝑎

7
−0.0697 − 0.0467𝑎

7
−3.1685 + 0.6985𝑎

7
0.1601 − 0.0198𝑎

7
−0.8205 + 0.0973𝑎

7

−0.1918 + 0.0198𝑏
7

−1.4723 + 0.0973𝑏
7

0.2731 + 0.0467𝑏
7

−0.8484 + 0.6985𝑏
7

−0.0462 − 0.0467𝑏
7

1.0118 + 0.6985𝑏
7

−0.0351 − 0.0198𝑏
7

0.1769 + 0.0973𝑏
7

] .

(8)

Here, free parameters 𝑎
𝑖
, 𝑖 = 1, 3, 5, 7, affect S

𝑖
with odd

vanishing moments on the first row and 𝑏
𝑖
, 𝑖 = 1, 3, 5, 7, on

the second row. Meanwhile, there is only one multiwavelet
pair at each even level. Furthermore,T(𝑧) is also ignored (i.e.,
T(𝑧) = I) because it has no effect on themultiple wavelet basis
functions along with their vanishing moments.

Using the well-defined local spectral entropy minimiza-
tion rule for the typical mechanical faults [15], the con-
struction strategy for LT-based customized multiwavelets
with various vanishing moments is illustrated in Figure 3, in
which the appropriate vanishingmoments are also selected to
capture the hidden fault features effectively.

3.2.3. Symmetric LT-Based Customized Multiwavelets. As
one of the important properties for multiwavelets, symme-
try could ensure the property of linear phase or at least

general linear phase of the multifilters, effectively avoiding
reconstruction errors. Therefore, the symmetric selection is
adopted in LT to obtain the symmetric or antisymmetric basis
functions. If𝜔0(𝑥) is employed as an origin to construct a new
wavelet with the specified numbers of vanishing moments,
then LT of (4) is equal to

𝜔
new
0 = 𝜔0 (𝑥) +

𝑘

∑
𝑖=1

𝑐
𝑖
𝜔
𝑖
(𝑥) , (9)

where 𝑐
𝑖
is the lifting coefficient. Lifting vanishingmoments𝑝

ofΨ up to 𝑝
, integrate both sides of (9); then the symmetric

selection for LT is obtained by [14]

[
[
[
[
[
[
[
[
[
[
[

[

∫ 𝜔1 (𝑥 + 𝑘
𝜔1,1) 𝑥

𝑝

𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,2) 𝑥

𝑝

𝑑𝑥 ⋅ ⋅ ⋅

∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,1) 𝑥

𝑝+1
𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘

𝜔1 ,2) 𝑥
𝑝+1

𝑑𝑥 ⋅ ⋅ ⋅

...
...

...

∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,1) 𝑥

𝑝

−1

𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,2) 𝑥

𝑝

−1

𝑑𝑥 ⋅ ⋅ ⋅

]
]
]
]
]
]
]
]
]
]
]

]

[
[

[

1 0
𝐵
𝜔0

𝐵
𝜔1

d

0

]
]

]

[
[
[
[
[
[

[

𝑐1

𝑐2

...

𝑐
𝑘

]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[
[
[
[

[

− ∫ 𝜔0 (𝑥) 𝑥
𝑝

𝑑𝑥

− ∫ 𝜔0 (𝑥) 𝑥
𝑝+1

𝑑𝑥

...

− ∫ 𝜔0 (𝑥) 𝑥
𝑝

−1

𝑑𝑥

]
]
]
]
]
]
]
]
]
]
]

]

, (10)

where 𝑘 is the translation quantity of basis functions and
𝐵
𝜔
𝑖

= ±1 represents the symmetry and antisymmetry of basis
functions.

By the kurtosis maximization principle, the construction
strategy for symmetric LT-based customized multiwavelets is
shown in Figure 4.

3.2.4. LS-Based Customized Multiwavelets. LS has an inher-
ent tool for custom design of multiwavelets for mechanical
fault detection. Based on Hermite spline interpolation, a
series of variable LS-based multiwavelets with the properties
of biorthogonality, symmetry, short support, and vanishing
moments are constructed. The vector prediction operator P
and vector update operator U satisfy [16]

P = {𝑃 (0) , 𝑃 (−1)} ,

𝑃 (0) = (

1
2

1
4

𝑐 −
1
4

) ,

𝑃 (−1) = (

1
2

−
1
4

−𝑐 −
1
4

)

(11)

U = {𝑈 (0) , 𝑈 (1)} ,

𝑈 (0) = (

1
4

−
1
8

−
𝑐

2
−
1
8

) ,

𝑈 (1) = (

1
4

1
8

𝑐

2
−
1
8

) ,

(12)

where 𝑐 is the free parameter.
Using the entropy minimization rule, the construction

strategy for LS-based customized multiwavelets is illustrated
in Figure 5.
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Figure 3: Construction strategy for LT-based customized multiwavelets with various vanishing moments.

3.3. Comparison of Waveform Characteristic and
Applicable Occasion

3.3.1. TST-Based Customized Multiwavelets. Based on GHM
multiwavelets, a series of TST-based customized multi-
wavelets are constructed. One improved multiwavelet exam-
ple with 𝑎 = −1, 𝑏 = −2, 𝑐 = 4, 𝑑 = 6, and 𝑒 = −9,
implementing the procedure of Figure 2, is shown in Figure 6.
The multiwavelets show an impact characteristic waveform
of compact support and quick oscillating decay. The main
peaks of the TST-based multiwavelets are sharp, similar to
the fault features of impact faults or friction faults. Thus, the
TST-based customized multiwavelets are quite suitable for
the impact and friction fault detection, for instance, the rub-
impact fault of flue gas turbine unit in [13].

3.3.2. LT-Based Customized Multiwavelets with Various Van-
ishing Moments. Taking cubic Hermite multiwavelets as an
origin, a family of LT-based customized multiwavelets with
various vanishingmoments is obtained according to Figure 3.
Figure 7 displays multiple wavelet functions of vanishing
moments from 1 to 7, with 𝑎

𝑖
= 2 and 𝑏

𝑖
= 1, 𝑖 =

1, 3, 5, 7. It could be seen from Figure 7 that the amount of

unilateral oscillating decay is enhanced with the increase
of the vanishing moments. Meanwhile, the waveforms of
𝜓1change a little within the low vanishing moments, shown
in (a)∼(d) in Figure 7. Nevertheless, the waveforms of 𝜓2
change variously. The multiwavelet family presents unilat-
eral oscillating decay, potential of optimally matching the
dynamic impulsive response of mechanical localized faults
based on the inner product transform principle. Hence,
LT-based customized multiwavelets with various vanishing
moments could be adopted for mechanical localized fault
diagnosis such as the slight scratch fault of rolling bearing in
[15].

3.3.3. Symmetric LT-Based Customized Multiwavelets. Intro-
ducing the symmetric selection into LT, symmetric multiple
wavelet functions are designed following the flowchart of
Figure 4. One example of the symmetric LT-based multiple
wavelet functions with c = [ −0.2 −0.2 0.1 −0.5

1 0.5 0.1 0.3 ] is illustrated
in Figure 8. Compared with the LT-based multiwavelets with
various vanishing moments in Figure 7, some of the wavelet
functions are similar due to the same origin basis functions
and construction theory. However, the symmetric family is
not more changeable than the dissymmetric one. Like the
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Figure 4: Construction strategy for symmetric LT-based cus-
tomized multiwavelets.

LT-based customized multiwavelets with various vanishing
moments, symmetric LT-based customized multiwavelets
are also appropriate for mechanical localized fault diagno-
sis. Importantly, the symmetric restriction of multiwavelets
brings benefits to avoiding reconstruction error of signal
processing. Hence, if the signal processing of fault detection
requires high quality, the symmetric LT-based customized
multiwavelets are more suitable than the dissymmetric ones.

3.3.4. LS-Based Customized Multiwavelets. On the basis of
Hermite spline interpolation, the vector prediction and
update operators are, respectively, designed according to
Figure 5. One example of LS-based multiwavelets corre-
sponding to the vector prediction operator and vector update
operatorwith 𝑐 = −1 is shown in Figure 9.The basis functions
perform as the impulsive characteristic of quick oscillating
decay with the main peak dominating in the finite support,
similar to the fault feature response of the large damping

Input signal

Is the entropy min?

Fault detection

No

Genetic 
algorithms 

Signal decomposition

P U

Optimum parameters 

LS-based customized 
multiwavelets

Yes

c

Figure 5: Construction strategy for LS-based customized multiwa-
velets.

system. Hence, the LS-based customized multiwavelets are
befitting for capturingmechanical faults in the large damping
system such as rolling mills or electric locomotives in [16].

3.4. Summary. In conclusion, different construction theories
and strategies have their respective advantages and disad-
vantages. Meanwhile, the above four types of customized
multiwavelets are distinctive in the waveform characteris-
tics. Thus, an appropriate multiwavelet construction method
is selected according to the properties and waveforms of
basis functions in the custom design of multiwavelets in
engineering practice. Therein, the most similar or relative
multiwavelets are constructed and selected according to a
given analyzed signal based on the inner product transform
principle for the meaningful and effective mechanical fault
detection.

4. A Customized Multiwavelet
Library and Validation

4.1. A Customized Multiwavelet Library. Considering the
various advantages and disadvantages among the afore-
mentioned construction theories and strategies along with
the multiwavelet characteristics, an extensive customized
multiwavelet library is established byTST, symmetric anddis-
symmetric LT, and LS for the accurate analysis of mechanical
fault detection. Figure 10 shows the strategy of customized
multiwavelet library, in which the selection rule could be the
kurtosis maximization, the entropy minimization, and so on.

4.2. Experimental Validation. Theproposed customizedmul-
tiwavelet library is validated for bearing fault detection on
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Figure 6: TST-based multiwavelets: (a) multiple scaling and wavelet functions; (b) dual multiple scaling and wavelet functions.

Table 1: The geometric parameters of the tested bearing.

Parameter Value
Bearing specs 552732QT
Inner race diameter 160mm
Outer race diameter 290mm
Roller diameter 34mm
Roller number 17
Contact angle 0∘

electric locomotive test facility shown in Figure 11. The loco-
motive was jacked up and the shafts were idling at a speed of
650 r/min. Vibration signals were collected by accelerometers
magnetically attached on the bearing housing by a sampling
frequency 12.8 kHz.The geometric parameters of test bearing
are listed in Table 1.The characteristic frequency of outer race
fault for the bearing is calculated at 78.169Hz, that is, 0.0128 s.

One noisy signal is displayed in Figure 12, which does
not provide any warning of bearing fault. We apply the
proposed customized multiwavelet library to analyze the
data. The entropy minimization of spectral envelope is rec-
ommended to select the optimalmultiwavelets, bymeasuring
the sparsity of the spectral envelope [15]. Considering the
abundant information, the high-frequency coefficients at
the three-level decomposition are subjected to the entropy
minimization rule. According to the strategy of Figure 10, the
signal-adapted multiwavelets are the LT-based multiwavelets
dominated by 𝑎1 = 39.4933 and 𝑏1 = 62.6189 with vanishing
moment 1, shown in Figure 13. The purified high-frequency

result at the three-level decomposition on the first channel by
the optimal multiwavelets is illustrated in Figure 14. Evenly
spaced impulses exist in the result, whose inverse is about
0.0128 s, coinciding with the characteristic frequency of outer
race fault. This implies that there is a localized fault on the
outer race of the test bearing.

In order to affirm the effectiveness of the proposed
method, it is also compared with the TST-based and sym-
metric LT-based and LS-based customized multiwavelets,
whose purified results are displayed in Figure 15.We see from
Figure 15 that only part of the impulsive sequence is extracted
by the symmetric LT-basedmethod, along with themeaning-
less disorder signals acquired by the other twomethods.Thus,
the contrastive results could hardly provide information to
the diagnostic conclusion. After being disassembled, a slight
rub was found on the outer race of the test bearing shown
in Figure 16, consistent with the diagnostic conclusion of the
proposedmethod.Moreover, the experimental case coincides
with the applicable occasion of each customizedmultiwavelet
family proposed in Section 3.3.

5. Conclusions

Owing to the respective advantages and disadvantages of
the obvious multiwavelet construction methods, customized
multiwavelets for mechanical fault detection suffer from such
main challenges as the appropriate construction approach.
Thus, a study on the TST, symmetric and dissymmetric LT,
and LS multiwavelet construction methods is discussed in
the paper, covering the differences of construction theories,
the synthetic analyses of construction strategies, and the
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Figure 7: LT-based multiple wavelet functions with various vanishing moments: (a) 1st; (b) 2nd; (c) 3rd; (d) 4th; (e) 5th; (f) 6th; (g) 7th.

comparisons of waveform characteristics along with their
applicable occasions. In engineering practice, the simple
and straightforward selection approach for an appropriate
multiwavelet construction method is as follows.

(1) TST-based customized multiwavelets are quite suit-
able for the impact and friction fault detection, for
instance, the rub-impact fault of large mechanical
unit.

(2) LT-based customizedmultiwavelets with various van-
ishing moments could be adopted for mechanical
localized fault diagnosis such as the slight scratch fault
of rolling bearing.

(3) Symmetric LT-based customized multiwavelets are
also appropriate for mechanical localized fault diag-
nosis, especially in the case of the high requirement
of signal processing.
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Figure 8: Symmetric LT-based multiwavelets.
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Figure 9: LS-based multiwavelets.
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Figure 10: Construction strategy of customized multiwavelet library.

(4) LS-based customized multiwavelets are befitting for
capturing mechanical faults in the large damping
system such as rolling mills or electric locomotives.

Comprehensively utilizing the capabilities of the con-
struction methods, a novel customized multiwavelet library
is established for the more effective fault detection than
that of each single method. The experimental validation of
the proposed library is conducted on incipient bearing fault
diagnosis for electric locomotive to verify the effectiveness
and feasibility.
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Figure 16: Slight rub fault on the outer race of the testing bearing.
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