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This paper deals with the investigation of optimum values of the stiffness and damping which connect two gyroscopic systems
formed by two rotors mounted in gimbal assuming negligible masses for the spring, damper, and gimbal support. These coupled
gyroscopes use two gyroscopic flywheels, spinning in opposing directions to have reverse precessions to eliminate the forces due
to the torque existing in the torsional spring and the damper between gyroscopes. The system is mounted on a vertical cantilever
with the purpose of studying the horizontal and vertical vibrations. The equation of motion of the compound system (gyro-beam
system) is introduced and solved to find the response measured on the primary system. This is fundamental to design, in some
way, the dynamic absorber or neutralizer. On the other hand, the effect of the angular velocities of the gyroscopes are studied, and
it is shown that the angular velocity (spin velocity) of a gyroscope has a significant effect on the behavior of the dynamic motion.
Correctness of the analytical results is verified by numerical simulations. The comparison with the results from the derivation of

the corresponding frequency equations shows that the optimized stiffness and damping values are very accurate.

1. Introduction

The attenuation of vibration caused by dynamic effects is
desired in many engineering fields. To reduce or eliminate the
undesirable motions, various types of structural control the-
ories have been developed and evolved for different dynamic
loads, and quite a few of them have been potentially practi-
cally useful. Structural control methods can be classified as
passive, active, and semiactive control methods according to
their energy consumption [1, 2]. In the last decades, different
types of structural control devices have been investigated for
the possibility of using active and semiactive control methods
to develop the control forces upon passive approaches for
mitigating structural responses [2-7]. However, the passive
control method is activated by the structural motion with-
out requiring external force or energy to reduce structural
responses and utilizes the motion of the structure at the
location of the device [8]. Active control method requires

considerable amount of external power to operate actuators
that supply a control force to the structure. Due to requiring
sensors and evaluator/controller equipment, active control
devices are more complex, and, furthermore, they do not
have reliability, low cost, and robustness compared to passive
control techniques [6]. On the other hand, the active control
is able to adapt to structural changes and to varying loading
conditions.

The gyroscopic moment induced by a rotating object
offers attractive means to protect structures against natural
hazards in various ways. The engineering community have
developed various stabilizer systems as a means for mitigating
the effects of dynamic loading on structures. The use of
gyrostabilizers has emerged, as they have an ability to control
vibration at low frequency and represent a weight and volume
saving, and, furthermore, the stored kinetic energy can pro-
vide emergency power [9-11]. For roll reduction, Dr. Schlick
carried out such a device that has a high speed rotating



Shock and Vibration

FIGURE 1: Cantilever model with end mass, coupled gyroscopes, and horizontal base excitation.

disk at a constant speed and yields producing a resistive
gyroscopic torque as a source of angular momentum [12, 13].
The mechanism does not require any other external source of
energy, in which the rotor speed is produced by an electric
motor in a rotating gimbal. Therefore, this can be classified
as a passive control device in a variation of passive vibration
control systems. The gyrostabilizer is effective for bending
moments rather than shear forces, because the gyrostabilizer
utilizes the gyroscopic moment to reduce or eliminate the
undesirable motions. Consequently, the purpose of this study
is to evaluate a passive coupled-gyroscopic stabilizer as a
modified form of Schlick’s gyroscope. The problem of the
Schlick gyroscope is solved by using an optimum torsional
spring and damper to control the precession of the coupled
gyroscopes that has also been developed for vibration mitiga-
tion of structures subjected to environmental and manmade
loads. The coupled gyroscopes use two gyroscopic flywheels,
spinning in opposing directions to have reverse precessions
0 to eliminate the forces due to the torque existing in the
torsional spring and the damper between gyroscopes. In
this paper, the optimal values of the rotor speed, torsional
spring, and damper are theoretically analyzed and derived
for a cantilever beam. The rotor speed, the torsional spring,
and the viscous damping for this gyrostabilizer are so tuned
that this system is more adaptable and has smaller mass than
other conventional control devices with the same ability to be
employed for vibration control.

2. Equations of Motion of the Gyros
(Coupled)-Beam System for Small Vibration

Here, the beam has mass density p, cross-sectional area A,
equivalent Youngs modulus E, moment of inertia of plane
area I, and moment of inertia I, of a tip mass. Figure 1 shows
a beam as a vertical cantilever with an end mass M, to
which an additional gyro system (coupled gyroscopes with

massless spring, damper, frame, and gimbal) is attached. The
horizontal displacement of base subjected to a harmonic base
excitation is z. The beam is assumed to be initially straight,
of length L. The horizontal and vertical elastic displacements
at the free end are v and u, respectively. Due to elastic
deformation of the beam, s represents the distance along arc-
length of the beam.

The kinetic energy of the compound system (gyro-beam
system) as shown in Figure 1 is

T=1oa 16 2 (1) +i(s, )] d
-1p L [((s,6) + 2 (0 + it (5,1)?] ds

+ %Mt [0 +2(0) +u ()] + %It(i’z "
b o [0+ 20 + a0

F o [0+ 20 + (0] + Ty, + Ty

where the motion of a gyro can be described by Euler’s angles
0 and ¢. It is not difficult to show that the kinetic energy of
gyroscopes can be expressed as

1 N2 21, 1 L 2
Ty = 5101 [91 + (¢ cos ) ] + EIpl (Q +¢sin6,)",

(2)
1 .2 . 1 .
T, = 5102 [62 + ((pcosez)z] + EIPZ (Q, + (psm02)2.

The potential energy of the compound system can be written
as

L L
V= %EI J q(s,t)’ds — pAg J u(s,t)ds — M,gu ()
0 0

(3)
+ %k 0, - 62)2 —mygu(t) —mygu(t).
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FIGURE 2: Coupled gyroscopes via a massless torsional spring with stiffness k and a massless torsional damper with coeflicient c.

The dissipation function D takes the form at free end, are assumed to have reverse angular speeds Q
and the precessions 6 and also resisted by a torsional spring
D= lc (92 - 91)2_ (4)  and damper torque defined by k(6, — 6,) and (0, - 0,),

2

respectively, as shown in Figure 2.
Equations of the beam and gyro have been expressed in

Th t ists of two disks, which in freel
€ BYTO SYSIEIm CONSISTs OF fwo CISKS, WRICH can spin treety equations (16), (17), and (18) in [14] as follows, respectively:

about their geometric axis via the massless gimbals mounted
to the tip mass of the beam. The disk masses, m1 of the gyros

1
PAG, +my +m, + M, + [,G2 + (pAG3 +(my +my, + M,)G? + ItGg) v+ ZItG§v4
%
1 2
( —sz ) [ (cos6;)” + I, (sin 01)2] + <G5 + Ev2G§> [Io2 (cos0,)” + I, (sin 92)2]

1
+ [pAG3 +(my +my + M,) G, + I,Gs + EItvaz] vi

+ [EIG6 — pAgGy — (my + my + M,) gG, + 2EIG,v* + ZEIG8V4:| %

(Iy - 1) (i/GS + %V%Gg) 6, sin 26, |
. 5)
+1, (vi*G?) (cos0,)’ (
+<G5+1v2Gg> 01( 5)( 1)
+p (WZGS) (sin 01)2
+11,1016'1 cos 6,

1 , ;
(I, - 1,) (i/GS + Ev%Gg) 6, sin 20,

+1, (vi*G?) (cos 6,
+ (G5 + %v2G2> 02( 5)( 2) - (pAG, + m; + my + M,) %,

+1,, (WZGg) (sin,)*

+IP29292 cos 0,

2
1,,6, - 1 (I, - 1,) (vcs + %vzvcg) sin 26, - I, (sz + %v%Gi) cos6, —c(0,-6,)-k(6,-6,) =0, (62)
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2
1,6, - B (I, -1,,) (sz + %v%Gé) sin 26, - 1,,Q, <1’/G5 + émcg) cosf, +c(0,-6,) +k(6,-6,) =0, (6b)

where the constants from G, to G, are given in Table 2.
o + oV + !

+1,, (cosB,)” + I, (sin 6,)"

1
+ [oc4 +agVt + a6v4] v+ <G5 + EVZGg) * (IP2

in which
o, = pAG, + my +m, + M, + ItGé,
a, = pAG; + (m, +m, + M,) G, + I,Gs,
1o 6
x3 = ZIth’

oy = EIG, — pAgG,y — (m; + m, + M,) gG,, (8)

as = 2EIG,,
3

o, = —EIGq,

6= 3 8

y = pAG, + my + m, + M,.

Neglecting the terms of higher power for small vibrations (v =
0), (6a) and (6b) and (7) can be reduced to

. 1 . .
I = 5 (I — I,y) (¥G5)" sin 26,
~1,,Q, (¥G5) cos 0, — ¢ (92 - 91) (92)
_k(62 _61) =0,
. 1 . .
Tobs = 5 (Iz - 1,,) (¥G5)" sin 26,
~1,,Q, (¥G5) cos 0, + ¢ (92 - 91) (9b)

+k(6,-6,) =0,

1, (cos6,) + I, (sin@,) ] v+ {ocz +2a3° + G, (GS + lvZGg)

1 .
1) (G5 N §v2G§> 6, sin 26,
+IP20292 cos 0,
+Ip10191 cos 9,

After the rearrangement, (5) becomes

1, (cos8,)’ + I, (sin 6,) :| } >

5 2 vV
2 +1, (cos6,)" + 1, (sin6,)

1 .
(I, —1,,) ¥ (GS + 5sz§> 6, sin 26, (7)

= —)/2)

291

, | L1 (cos 0,) + I, (sin 0,7 |t
’ +I, (cosB,)’ + I, (sin 6,)*

4
+ {oc2+G5

+ o,V + Gs

I, (cos 01)2 + I,y (sin 91)2 5
)

+I, (cos6,)” + I, (sin 0,)

(I, - I,,) ¥Gsb, sin 26,

+(I,, - 1,5) VG50, sin 26,

+Ip20292 cos 0,
+11,1016'1 cos 6,

= —yZ.

3. Optimal Tuning about
the Equilibrium Position

The easiest way to approach this problem is from the point of
view of energy. We have chosen the kinetic to be zero when
the tip mass is at the bottom of its swing. Setting ¥ =~ 0 and
6 ~ 0 about the equilibrium position, (9a) and (9b) and (10)
are reduced to

1,0, - 1,9, (¥Gs) cos 6, — ¢ (92 - 91) -k (6,

(11a)
- 91) =0,
1,0, - 1,,Q, (¥Gs) cos 6, + ¢ (92 - 91) +k(6,
(11b)
-6,)=0,
{(xl +G: [Ial (cos6,)” + L, (sin 0,)° + 1, (cos6,)’
+ 1, (sin@z)z]} V+auv+ G <1p19191 cos 6, (12)

+ IP20292 cos 92) = —yZ.
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The natural frequencies of gyro and beam can be determined
as follows, respectively:
ok
9l Iol )
(13a)
Wy =
” 102 )
W2 = Xy
! {oc1 +G?2 [Iol (cos,)’ + I (sin 0,)° + 1, (cos6,)’ + I, (sin 92)2]} (13b)
Assume a harmonic disturbing base excitation z = ze/*" and v =7/,
the responses may be written as angular frequency w: (14)

Therefore, (11a) and (11b) and (12) can be rewritten in the

0 = 6/, matrix form:
- o, -
. . 2 2 . 2
jwGs1,,Q; cos 0, jwGs1,,Q, cos 6, -w , | T (cos0,)" + I, (sin6,) +oy
— _ +Gs
0, | -1,,0* + jew + k | +6, —jew -k +V +I, (cos6,)” + I, (sin 6,)"
_jca) -k - Dzwz + jC(U +k _ijPIQIGS CcoOS 91 (15)
L —jwl;Q,G5 cos 6, ]
w’yz
= 0
0
The responses of gyro-1and gyro-2 must become equal (|0, | = 6,

6,1) when I, = 15,1, =I5, and Q; = —€,. Hence, solving

7 (= jol OG, c0s0) [(~La® + jew + k) — (—jew - k)] (17D)
these equations yields w'yZ (=jol, 0G5 cos 0) [(-1,w’ + jew + k) - (~jew - )]

>

X

w’yz [(_IowZ + jew + k)z —(—jew - k)z] (16) where x = {(ijSIpQ cos 0)? [4(jew+k) - ZIOwZ] + [—a)z{oc1 +
o » 2G2[1,(cos )% +I,,(sin 0)° ]} + o, ] [(~ 1,0’ + jew+Kk)* — (~ jew—

= k)13

0

1

V=

w*yZ (- jwl 0G5 cos ) [(-L,w’ + jew + k) - (—jew — k)] (72) 37 The Undamped Gyroscopic Vibration Absorber. By elimi-
o g nating terms of damping, (17b) then yields

-w’yz (—ijpQG5 cos 9) (—Iow2 + 2k)

0, = :
’ {2 (ijslpﬂ cos 9)2 (~I,w? +2k) + [~w? {cxl +2G2 1, (cos0)” + I, (sin 6)2]} + oy | (~1,0?) (~I,w? + 2k)}

(18)
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FIGURE 3: The theoretical limit curves: natural frequency rad/s (a); gyro response rad (b).

When @* = w? and § = 0, = 6, for equation of a stable
motion at w < w,, except for w? =k/I, = w;, (18) corresponds
to

n yzwn
0 x|\ = ——/————————. 19
| e | 2G5, cos 0, s)
Equation (19) can be modified into the following forms:
0, cos0 . =+ DnZ ,
21,GQ)
_ _ (20)
21,G500,5 €08 0,0
Opax = .

Yz
The minimum disk speed Q,;, should be chosen carefully to
eliminate the instability at w < w,,. Suppose that a minimum

disk speed Q,;, is required for a stable motion. Then, this
transforms to a minimum disk speed equation:

w,yz
_ n
min_i -

21,G0

Q

— . 21
max €08 6max ( )

Figure 3 shows that the theoretical limit of the amplitude at
resonance is one when absolute value of the precession 0,
approaches 0.86 rad. Suppose that |6, cosf,.. | = 0.5611
and Iémaxl = 0.86rad for -77/2 < 6 < 7/2. Equation (21) may
be rewritten as

w,yz
Q,;, = 0.8911 1% 22)
1,Gs
where (13b) is then
w, = i 23
"\ +2G2[0.4261, +0.5741, ] (23)
For the minimum tip mass displacement [v| = 0, the

excitation frequency should be w® =
(16).

2k/I, obtained from
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FIGURE 4: The theoretical frequency response curves of tip of beam
with Q_;, = 15850 rpm and z = 0.05 m; for (dotted) k = 0Oandc = 0,
for (dash-dot) k = [.w*/2 and ¢ = 0, and for (solid) k = I,w’/2 and
c= Iow2/4wg.

3.2. The Damped Gyroscopic Vibration Absorber. With the
help of (16), in order to reach the minimum tip mass
displacement [v| = 0, it can be rewritten as

w’yz [(—Ioa)2 + jew + k)2 - (—jew - k)z] =0. (24)
Then, optimal damping can be obtained:
2
= oL@ =2k (25)
2w

Set k = Lw’/2and w = w, = +/k/I, to eliminate the
instability due to the natural fiequency of the added gyro-
spring system. Equation (25) is then
_ L,

Copt - 4 wg .

(26)

Figure 4 shows the possible maxima and minima of the
theoretical frequency response at the tip of beam.

4. Numerical Simulations

In the following calculations, a rectangle-cross beam is
considered with thickness & = 100 mm, width b = 150 mm,
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TABLE 1: Physical properties of the system.

Symbol Numerical values Description

E 210 x 10° N/m? Young’s modulus

h 100 mm Beam thickness

b 150 mm Beam width

L 5m Length of the beam

P 7850 kg/m’ Density of the beam

M, 2000kg Tip mass

L/M, 0.2m’ Ratio of tip mass moment of inertia
400kg-m? Tip mass moment of inertia

1.25x107° m* Geometrical moment of inertia of beam
9.81m/s> Gravitational acceleration
0.015 m* Area of cross section of beam

I T O Qe ~~
Il
fay
byl

I,w, /4w, N-m-s/rad

Damping coefficient

I,w’/2N-m/rad Stiffness of torsion spring

=m, =m, 50kg Disk mass of gyroscope
r=r =1, 0.2m Radius of disk
L=0,=1,=m-r"/2 lkgm® Rotary inertia of disk
IL=I,=1,=1,/2 0.5kg:m’ Mass moment of inertia of disk
Q0=0Q,=-Q, 0-30000 rpm Rotating speed of disk

TaBLE 2: Constants of the equation of motion of the gyro-beam system in SI units.

Gl GZ G3 G4 G5 G6 G7 GS G9
1.1338 1.8169 0.0552 0.2467 0.3142 0.0244 6.0087e — 4 2.9652e - 5 0.3669

length L = 5m, density p = 7850kg/m’, and Young’s
modulus along the axial direction E = 210 x 10° N/m”.
Equations may be solved by using a Matlab software tool
that involves the fourth-order Runge-Kutta method. The
parameters of the numerical example are given in Table 1. In
order to identify the dynamical behavior, frequency response
is simulated, with the time step size of 0.1's and zero initial
conditions.

4.1. The Undamped Gyroscopic Vibration Absorber. In the
case of the base excitation with z = 0.05 cos(w,t), Figure 5
shows the rotational speed curve for case k = I,w?/2. It can
be seen that tip response of beam is effectively reduced over
minimum rotational speed (Q,;, = 15850 rpm).

Figure 6 represents the frequency response curve of the
beam and gyro for cases Q;, = 15850 rpm and k = [,w’/2.
It presented that the displacement response is effectively
reduced before the case w = w,. But resonance occurs when
w = w,. However, over the resonance frequency, reduction
of the vibration continues to reach the optimum scale at
minimum rotational speed.

min

4.2. The Damped Gyroscopic Vibration Absorber. In the case
of the base excitation with z = 0.05 cos(w,t), Figure 7 shows
the rotational speed curve for cases k = I,w’/2 and c,

pt
L’ /4w,. The response of the beam is effectively reduced and
effect reaches low rotational speeds compared to undamped

gyros. When damping coefficient is zero, the response of gyro
can jump into unstable zone at resonance as seen in Figure 5.

It can be seen that the case of ¢, = Iowfl/4wg N-m-s/rad
is an optimum damping coeflicient, which effectively reduced
the response of the beam at resonance shown in Figure 8.
When optimum damping coefficient is chosen, the frequency
response of the beam can improve compared to Figures 5 and
6; therefore, cases k = Iowﬁ /2and ¢y, = Igwfl/4wg are chosen
to reach the optimum scale for minimum rotational speed.
As a result, it is shown that optimum values of the stiffness
and damping which connect two gyroscopic systems have a
significant effect on the the performance of the gyroscopic
vibration absorber. On the other hand, the performance of the
system is improved as we increase the rotor speed as shown

in Figure 9.

5. Conclusions

The optimal parameters of the rotor speed, the spring,
and damper for the minimum responses of the gyroscopes
and beam are studied. This paper provides some analytical
equations to investigate these optimal parameters of a gyro-
beam system. The effectiveness is presented by computer
simulations and the numerical results agree with the analyt-
ical solutions. From the consistency of the present study, the
following conclusions are found:

(1) Up to a certain rotor speed there is no mitigation in
the vibration of beam at free end. But beyond this,
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FIGURE 6: Frequency response curves for Q.. = 15850 rpm: tip response of beam (a); gyro response (b) for k = I,w’/2 = 6.4 Nm/rad with
the base excitation of z = 0.05 cos(wt).
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FIGURE 7: Rotational speed response curves: tip response of beam (a); gyro response (b) for k = I,w?/2 = 6.4 Nm/rad and Copt = Iowi/4wg =
0.9 Nms/rad with the base excitation of z = 0.05 cos(w,t).

as we increase the rotor speed, the gyro system has (2) There exist optimum parameters for the spring and
significantly reduced the vibration of beam. Hence damper for minimum response of the beam. The
this value is selected as the minimum rotor speed stiffness of the spring and damper affect the per-
(Qin = 0.8911(w,yz/1,Gs)). The rotary inertia of formance of gyroscopes. The gyroscopes can jump
the rotor can be reduced by increasing rotor speed, into unstable zone when the stiffness is not taken
which is proportional to the mass of disk. Therefore, properly. Optimum spring and damper parameters

the weight and volume of the system can be reduced. for minimum response are obtained from frequency
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FIGURE 8: Frequency response curves for Q. = 15850 rpm: tip response of beam (a); gyro response (b) for k = Ioa)f,/Z = 6.4Nm/rad and
Copt = Iowfl/4a)g = 0.9 Nms/rad with the base excitation of z = 0.05 cos(wt).
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= Iowﬁ/4wg = 0.9 Nms/rad: tip response of beam (a); gyro

response (b) for (0) Q = 0rpm, (+) Q = 7500 rpm, and (O0) Q = 10000 rpm with the base excitation of z = 0.05 cos(wt).

equation of beam. The minimum displacement hav-
ing optimum spring coefficient should be chosen for
optimal damper at the resonance frequency. Then,
setting w = w, to eliminate the instability due
to the natural frequency of the added gyro-spring
system results in optimal damping. Coupling the
gyroscopes with the optimal spring (k = I,w?/2) and
damper (¢ = Iuwfl/4wg) is a practical and effective
approach to mitigate the undesired motions of beam
and gyroscopes.
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