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To investigate the changing rules between sound absorbing performance and geometrical parameters of porous fibrous metal
materials (PFMMs), this paper presents a fractal acoustic model by incorporating the static flow resistivity based on Biot-Allard
model. Static flow resistivity is essential for an accurate assessment of the acoustic performance of the PFMM. However, it is quite
difficult to evaluate the static flow resistivity from the microstructure of the PFMM because of a large number of disordered pores.
In order to overcome this difficulty, we firstly established a static flow resistivity formula for the PFMM based on fractal theory.
Secondly, a fractal acoustic model was derived on the basis of the static flow resistivity formula. The sound absorption coefficients
calculated by the presented acoustic model were validated by the values of Biot-Allard model and experimental data. Finally, the
variation of the surface acoustic impedance, the complex wave number, and the sound absorption coefficient with the fractal
dimensions were discussed. The research results can reveal the relationship between sound absorption and geometrical parameters
and provide a basis for improving the sound absorption capability of the PFMMs.

1. Introduction
Over the last two decades, the propagation characteristics of acoustic wave in porous fibrous metal materials
(PFMMs) have attracted considerable attention because of
their potential engineering applications [1–3]. The PFMM is
a new type of multifunctional structural material and has
demonstrated various novel physical properties, particularly
the sound absorption under extreme conditions such as high
sound pressure level and high temperature. Due to their
excellent sound absorption performance and distinctive heat
resistance, lightness, and stiffness, PFMMs are widely used in
aircraft engine liners and combustion chambers for the rocket
engines [4, 5].
In 1956, Biot [6, 7] constructed the constitutive equations
and fluctuation control equations of porous materials for
analyzing their acoustic properties. Cox and D’Antonio [8]
studied the static flow resistivity of porous absorbers and
summarized several empirical and semiempirical formulas
for the parallel and perpendicular fibers, random fibrous

arrangement, polyester fibers, and so forth. These empirical
formulas can be used to evaluate the static flow resistivity.
Kawasima [9] and Tarnow [10, 11] established the microstructure acoustic model and studied the sound propagation and
the static flow resistivity of fibrous materials. It was shown
that the static flow resistivity is important to describe sound
propagation and attenuation in fibrous materials. Although
the viscous dissipation of sound wave in a porous material
depends on the thermal exchanges due to the compression
and rarefaction instances between the air and the porous
walls, the static flow resistivity dominates in viscous losses.
Allard and Champoux [12] also found that the flow resistance
of porous fibrous materials is closely related to the porous
structure, but the accuracy of calculation for the static flow
resistivity depends on the extent of approximation of the
actual microstructures. In order to study the static flow
resistivity of fibrous materials, based on a great deal of
experimental data, Delany and Bazley [13] built an empirical
relationship between the characteristic impedance and airflow resistivity. Sebaa et al. [14] used the reflected acoustic
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Figure 1: The PFMM samples: (a) photograph of the samples; (b) SEM photo of micrographic surface.

wave to measure the static flow resistivity of porous material
and showed that the reflected wave is much more sensitive
to the static flow resistivity than to porosity. Fellah et al. [15]
introduced an acoustical transmission method to measure
permeability of porous materials at low-frequency range.
On the basis of a temporal model of the direct and inverse
scattering problem, the proposed method is simple, rapid,
and efficient. Experimental and numerical validation results
of this method were presented. Sadouki et al. [16] established
an acoustical method to measure static viscous permeability
of porous absorbing materials. This method was derived
without a priori estimation of the porosity, but by simply
using the transmitted waves. Van der Kelen [17] investigated
the static flow resistivity of two porous materials (fibrous glass
wool and melamine foam) and the measurement method
and inverse estimation were employed to determine the
anisotropic flow resistivity. The research results showed that
the homogeneities of the density and the static flow resistivity
for the two materials are different but seem to have no
correlation with each other. However, the sound propagation
pathways in the PFMM are tortuous because of the irregular
porous structure and there have been no theoretical models
properly demonstrating the variation rules of the static flow
resistivity with porous structures and pathways. Therefore,
it is essential to present a quantitative description of the
disordered pores in the PFMMs for evaluating the sound
absorption performance.
Wang et al. [18] studied the microstructure features of
FeCrAl fiber materials and obtained the fractal dimensions
by the scanning electron microscope (SEM) photographs.
The research results showed that the porous structure of the
PFMM demonstrated obvious fractal features. Figure 1(a)
displays the photographs of the PFMM samples and their
microstructures (fibrous clusters (at macrolevel) and fibers
(at microlevel)) are shown in Figure 1(b).
Based on the foregoing discussion, it can be found that a
quantitative description of the disordered PFMM structure
is crucial to the evaluation of the static flow resistivity.
Allard and Atalla [19] established the equivalent fluid model,
considering the impacts of heat conduction, air viscosity,
and the structure factor on sound propagation. However,
these parameters are difficult to measure directly. The static

flow resistivity is a key parameter which is a function of
the complex porous structure and porosity. Based on the
similarity of aperiodic characters between the PFMM and
sandstone or islands on the earth, they are analogous for
porous structure and the arrangement of pores [20, 21].
Fractal techniques have been used in diverse engineering
applications involving physical phenomenon in disordered
structures and multiple scales [22, 23]. Therefore, it is possible
to obtain the static flow resistivity formula of the PFMM by a
fractal analysis on the porous microstructures.
On the basis of Biot-Allard model and the proposed static
flow resistivity formula, a fractal acoustic model was presented to investigate the acoustic performance of the PFMM.
We focus our attention on the derivation of a fractal acoustic
model for the PFMM. The sound propagation pathways
and porous microstructure are characterized by two fractal
dimensions: one describing the tortuosity of the capillary
pathways and the other relating the size of the capillary flow
pathways to their quantity in the PFMM [24]. The fractal
flow resistivity formula yields an analytical expression for
the static flow resistivity which is a function of the two
fractal dimensions and porosity of the PFMM. Moreover,
the relationship between sound absorption performance
and geometrical parameters can be obtained by the fractal
acoustic model. The organization of the paper is as follows.
In Section 2, the derivation of the fractal acoustic model
and the static flow resistivity formula are presented, and
the calculation of the tortuosity fractal dimension, the pore
area fractal dimension, the maximum pore diameter, and the
fibrous cluster radius is carried out in Section 3. In Section 4,
the sound absorption is validated by experimental data and
the influences of the fractal dimensions on the specific surface
acoustic impedance, the complex wave number, and the
sound absorption coefficient are discussed. The conclusions
are drawn in Section 5.

2. Acoustic Models
2.1. Introduction of Biot-Allard Model. For the Biot-Allard
model, a layer of porous material is assumed to be a layer of
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equivalent fluid with the effective density 𝜌 and bulk modulus
𝐾. The effective density 𝜌 can be written as [19]
𝜌 = 𝛼∞ 𝜌0 (1 +

𝜎𝜙
𝐺 (𝑠)) ,
𝑗𝜔𝜌0 𝛼∞ 𝑐

(1)

where 𝐺𝑐 (𝑠) = −(𝑠√−𝑗/4)(𝐽1 (𝑠√−𝑗)/𝐽0 (𝑠√−𝑗))/[1−(2/𝑠√−𝑗)
(𝐽1 (𝑠√−𝑗)/𝐽0 (𝑠√−𝑗))] and 𝑠 = 𝑐(8𝜔𝜌0 𝛼∞ /𝜎𝜙)1/2 ; 𝛼∞ is the
tortuosity of the PFMM; 𝜌0 is the static density of air; 𝜎 is
the static flow resistivity; 𝜙 is the porosity; 𝜔 is the angular
frequency; and 𝑐 is the shape factor. In (1), the value of
static flow resistivity is usually measured but the relationship
between the static flow resistivity and geometrical parameters
of the PFMM cannot be revealed.
In addition, the effective bulk modulus 𝐾 can be
expressed as [19]
𝐾=

𝛾𝑃0
,
𝛾 − (𝛾 − 1) 𝐹 (𝐵2 𝜔)

(2)

where 𝐹(𝐵2 𝜔) = [1 + (𝜎𝜙/𝑗𝜔𝐵2 𝜌0 𝛼∞ )𝐺𝑐 (𝐵𝑠)]−1 ; 𝐵2 is Prandtl
number; 𝛾 is the air specific heat ratio; and 𝑃0 is the static
pressure of air. For air at 18∘ C, 𝑃0 = 1.0132 × 105 Pa; 𝜌0 =
1.213 kg m−3 ; 𝛾 = 1.4; and 𝐵2 = 0.71.
Moreover, the surface acoustic impedance 𝑍s , the characteristic impedance 𝑍c , and the complex wave number 𝑘 can
be calculated, respectively, as follows [19]:
𝑍c = √𝐾𝜌,
𝑘 = 𝑖𝜔√

𝜌
,
𝐾

(3)

𝑍s = 𝑍c coth (𝑘ℎ) ,
where ℎ is the thickness of the PFMM sample. Eventually,
the sound absorption coefficient 𝛼 at normal incidence is
obtained as
 𝑍 − 𝜌 𝑐 2

0 0 
𝛼 = 1 −  s
 .
 𝑍s + 𝜌0 𝑐0 

(4)

In Biot-Allard model, the change rule between the effective density 𝜌 and the static flow resistivity 𝜎 is revealed
by (1). The static flow resistivity is used to predict the
propagation constant and characteristic impedance of porous
media through the empirical formulas. In this paper, a
fractal acoustic model was presented based on the static flow
resistivity with the tortuosity fractal dimension, the pore area
fractal dimension, and the porosity of the PFMM.

mountain, river, and island on the earth are disordered and
irregular, and they do not follow the Euclidean description
due to the scale-dependent measurements of length, area,
and volume [21]. These objects are called fractals and can
be described using a nonintegral dimension called fractal
dimension. The measurable quantity of a fractal object 𝑀(𝜀)
is related to the length scale 𝜀 by the form [21]
𝑀 (𝜀) ∝ 𝜀𝐷,

(5)

where 𝑀(𝜀) means the length of a line, the area of a surface,
the volume of a cube, or the weight of an object; 𝐷 is
the fractal dimension. Equation (5) demonstrates the rule
of self-similarity, which means the value of 𝐷 remains a
constant over a range of length scales 𝜀. Many geometric
structures such as Koch curve and Sierpinski gasket are the
examples of exact self-similar fractals. However, exact selfsimilarity objects in nature are seldom observed and the
fractal description of many general objects is obtained based
on statistical self-similarity [23]. The fractal dimension 𝐷
used in this paper refers to the statistical fractal dimension,
which is usually estimated briefly as the slope of linear fit
of data on a log-log plot of average measurement 𝑀(𝜀)
against the length scale 𝜀. The concept of local, statistical
similarity introduced above is used in the following section
to demonstrate a geometric description of porous structure
for the PFMM.
2.2.2. Fractal Characteristics of the PFMM. The porous structure of the PFMM is related to the fiber diameter and length
and the arrangement of fibers. In reality, the fiber shape and
agglomeration in the PFMM are irregular and disordered. As
shown in Figure 2, 𝐿 0 -sized cylindrical PFMM with various
pore sizes can be regarded as a bundle of tortuous capillary
tubes having different cross-sectional areas. The diameter of
a capillary and its length along the incident sound wave are
defined as 𝑑 and 𝐿 t (𝑑), respectively, shown in Figure 2(a).
Due to the tortuous nature of the capillary, 𝐿 t (𝑑) is greater
than or equal to 𝐿 0 . The tortuosity of capillary depends on
its diameter 𝑑; the smaller the capillary diameter, the greater
its tortuous length, as illustrated schematically in Figures 2(a)
and 2(b).
The scaling relationship of the length 𝐿 and the tortuosity
𝐷
fractal dimension 𝐷t by using the formula 𝐿 t (𝜀) = 𝜀1−𝐷t 𝐿 0 t
was given by Wheatcraft and Tyler [25], where 𝜀 is the
length scale of measurement. By analogy with this model,
the relationship between the diameter and the length of
capillaries can be used to exhibit similar fractal scaling law
as
𝐷

2.2. The Fractal Acoustic Model
2.2.1. Fractal Geometry Theory. In general, regular objects
such as point, curve, surface, and cube are described by
integer dimensions 0, 1, 2, and 3 in Euclidean geometry. Each
dimension is a measurement of an object such as the length
of a line, the area of a surface, and the volume of a cube. However, a number of objects such as rough surface, coastline,

𝐿 t (𝑑) = 𝑑1−𝐷t 𝐿 0 t ,

(6)

where 𝐿 t (𝑑) is the total length of the tortuous capillary tube
and 𝐷t is the tortuosity fractal dimension of the capillary
path, which lies in the range 1 < 𝐷t < 2. A higher value
of 𝐷t corresponds to a highly tortuous capillary. Note that the
capillary pathway is a straight path when the tortuosity fractal
dimension 𝐷t = 1. It corresponds to a highly tortuous line
that sprawls a plane if the tortuosity fractal dimension 𝐷t = 2.
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Figure 2: Schematic of sound propagation pathways of the PFMM. (a) The d-sized capillaries; (b) the illustration of the decrease in tortuosity
with increasing capillary diameter.

The tortuosity of the capillary pathways can be described by
(6), which reflects the fractal properties of porous structure.
On the other hand, in order to describe the porous
structure of the PFMM, it is also important to calculate the
number of capillary pathways with the pore diameter 𝑑 by
considering a cross section of the PFMM perpendicular to
the flow direction. According to the fractal theory, the total
number of the islands whose area 𝐴 is greater than 𝑎 can
be expressed by 𝑁(𝐴 > 𝑎) ∼ 𝑎−𝐷/2 , where 𝐷 is the fractal
dimension [21]. Assuming that the pores in the PFMM are
analogous to the islands on the earth, the cumulative d-size
pores also follow the same fractal scaling law [24]
𝑁 (𝐿 ≥ 𝑑) = (

𝑑max 𝐷f
) ,
𝑑

ℎ

V

p1

p2

Figure 3: A differential pressure 𝑝2 − 𝑝1 induces steady airflow 𝑉 of
air per unit area of material.

(7)

where 𝐷f is the pore area fractal dimension and 𝑑max is the
maximum diameter of pores.
2.2.3. The Static Flow Resistivity Formula. As shown in Figure 1(b), the PFMM is composed of disordered metallic fibers
connected with the sintered points. The fibrous materials may
be regarded as transverse isotropic. Furthermore, because the
density and stiffness of the fibers are much larger than those
of the air in the porous materials, the propagation process
for the sound in the PFMM can be treated as motionless.
We assume that the sound wave remains in a plane when
it is incident normally on the PFMM. In this paper, a static
process for the sound propagation is applied.
As shown in Figure 3, the porous material is placed in
a pipe and a pressure difference across the porous material
induces a steady flow of air. The porous material is regarded
as an infinite periodic structure and sound wave propagates
unidirectionally from left to right. Based on the assumption
of the static process, the airflow velocity in the pores is small
so the nonlinear effects are not taken into account. The static
flow resistivity of a homogeneous isotropic porous material is
given by [19]
𝑝 − 𝑝1
𝜎= 2
,
(8)
𝑉ℎ
where 𝑝2 is the incident pressure; 𝑝1 is the exit pressure;
𝑝2 − 𝑝1 is a pressure difference across the porous material;

𝑉 is the mean flow velocity of air per unit area. The sound
propagation through the PFMM mainly depends upon the
static flow resistivity, the incident sound pressure difference,
and the air viscosity.
In this section, we aim to obtain an analytical formula
relating the static flow resistivity to the geometrical parameters because the static flow resistivity can be quantified by
the tortuosity fractal dimension 𝐷t , the pore area fractal
dimension 𝐷f , and the porosity 𝜙. For a unit cell which is
composed of tubes with various cross-sectional areas, the
total volumetric airflow rate 𝑄 can be obtained by integrating
the individual flow rate 𝑞(𝑑) over the whole pores. The flow
rate 𝑞(𝑑), through a single tortuous capillary, is obtained by
modifying the well-known Hagen-Poiseuille equation [26]
𝑞 (𝑑) = 𝑔q

Δ𝑃 𝑑4
,
𝐿 t (𝑑) 𝜇

(9)

where 𝜇 is the viscosity of air and 𝑔q is a geometric factor
based on the shape of the capillary cross section. Further, the
total flow rate 𝑄 through the cross section of the PFMM is
obtained by [27]
𝑄 = 𝑔q

Δ𝑃
𝐷
𝜇𝐿 0 t

𝐷f
𝑑3+𝐷t .
3 + 𝐷t − 𝐷f max

(10)
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Table 1: The physical parameters of air used in this paper.
Air properties
𝑇0 (K)
Numerical values 293

𝜌0 (kg m−3 )
1.213

𝑃0 (Pa)
1.013 × 105

𝜇 (Pa⋅s)
1.8 × 10−5

Incident sound

u

L Ｎ (d)

In addition, the total flow rate 𝑄 passing through the
PFMM can be calculated by Darcy’s law
𝑄 = 𝐴𝑉,

(11)

where 𝐴 is the total area of the cross section of the PFMM.
Compared with the static flow resistivity formula, 𝑉 is also
the mean flow velocity of air per unit area of material. The
thickness of the PFMM is set as 𝐿 0 . Substituting (10) and (11)
into (8), the static flow resistivity formula can be obtained as
𝐷 −1

𝜎=

𝜇𝐴𝐿 0 t

(3 + 𝐷t − 𝐷f )
3+𝐷

𝑔q 𝐷f 𝑑max t

.



L0

Figure 4: Schematic illustration of the PFMM with pores of
constant and equal radius, with respect to the normal of surface.

(12)

This demonstrates that the static flow resistivity 𝜎 is a
function of the tortuous fractal dimension 𝐷t , the pore area
fractal dimension 𝐷f , and the geometrical parameters 𝐴, 𝐿 0 ,
and 𝑑max . In addition, aiming to describe the convolute extent
of sound propagating pathway, the concept of tortuosity is
presented. As shown in Figure 4, the tortuosity of the sintered
fibrous metal material is defined as [19]
𝛼∞ =

𝐿 (𝑑) 2
1
) ,
=( t
2
cos 𝜑
𝐿0

(13)

where 𝜑 is the angle between the axis of the pores and the
surface. And then (6) can be modified as
𝐿 𝐷t −1
𝐿 t (𝑑)
= ( 0)
.
𝐿0
𝑑

(14)

Substituting (14) into (13), the tortuosity formula related
to the tortuosity fractal dimension can be deduced:
𝛼∞ = (

𝐿 0 2(𝐷t −1)
.
)
𝑑

(15)

Then, substituting (15) into (1) and setting 𝐿 0 /𝑑 = 𝑇, we
can get the effective density formula as
𝜌 = 𝜌0 𝑇2(𝐷t −1) (1 +

𝜎𝜙
𝐺 (𝑠)) .
𝑗𝜔𝜌0 𝑇2(𝐷t −1) 𝑐

(16)

Figure 5: Schematic of the irregular porous shapes in the PFMM
sample.

the large ones are formed between fibrous clusters. It can be
seen from Figure 5 that the porous structures demonstrate
different shapes, that is, triangular, quadrilateral, pentagonal,
and so on. The calculation of the effective density 𝜌 was performed for cylindrical tubes having different cross sections
corresponding to different shape factors [19]. The shape factor
of equilateral triangle is set as 1.11. For the presented PFMM
sample, the unit cell is assumed to be an equilateral triangle
and its porosity is analyzed.
Due to the structural similarity between the PFMM and
bidispersed porous media, the maximum pore diameter 𝑑max
can be approximately given by [27]
𝑑max = 𝑅√ 2 (

1 − 𝜙𝑖
− 1),
1−𝜙

(17)

Therefore, the sound absorption performance of the
PFMM can be calculated by using (2), (3), (4), (12), and (16).
The physical parameters of air for the acoustic calculation in
this paper are shown in Table 1.

where 𝑅 is the radius of fibrous clusters; 𝜙𝑖 is the porosity of
fibrous cluster; and 𝜙 is the porosity of PFMM sample.

3. Determination of 𝑑max , 𝐷t , 𝐷f , and 𝑅

3.2.1. Evaluation of 𝐷t . In this section, we present two
methods for the calculation of 𝐷t : one is the determination by
employing the fractal relationship between the total distance
the sound wave travels and the straight-line distance along the
𝑥-axis and the other one is the box-counting method. Figure 6

3.1. Evaluation of 𝑑max . The architecture of the PFMM can
be thought to be built with cylindrical fibers and fibrous
clusters. The small pores are distributed between fibers and

3.2. Determination of 𝐷t and 𝐷f
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Figure 6: The illustration of sound propagation pathway 𝐿 t versus
the thickness 𝐿 0 of the sample.

plots an x-y coordinate system on the fractal pathway and the
sound wave propagates along the 𝑥-axis. According to Monte
Carlo simulations, Wheatcraft and Tyler [25] presented an
average fractal travel distance 𝐿 t (𝜆) versus the scale 𝜆 by
the fractal random walk model to simulate the dispersity in
heterogeneous media. They obtained the tortuosity fractal
dimension 𝐷t = 1.081.
For the present analysis, it is assumed that the fractal
dimension is a constant when the value of 𝑥 is assigned from
0 to 𝐿 0 . The relationship between 𝐿 t and 𝐿 0 can be obtained
by (6). By taking natural logarithms on both sides of (6), the
𝐷t formula can be obtained as
𝐷t =

ln 𝐿 t − ln 𝑑
.
ln (𝐿 0 /𝑑)

(18)

To evaluate the tortuosity fractal dimension 𝐷t , 𝐿 0 is
set as the thickness of sample; 𝐿 t and 𝑑 are measured by
the microstructure of the PFMM sample. For instance, the
approximate measured parameters 𝐿 t = 32 mm, 𝑑 = 0.5 mm,
and 𝐿 0 = 25 mm can be used for our considered samples.
The calculated value of the tortuosity fractal dimension 𝐷t is
1.063.
Next, the tortuosity fractal dimension is determined by
the box-counting method. We can approximately simulate
the sound propagation pathways by employing the fractal
random walk model. Figure 7 shows five random pathways
for the sound propagation in the PFMM when the sound
wave is incident from left to right.
The fractal software FractalFox was used to calculate
the tortuosity fractal dimension of the sound propagation
pathways shown in Figure 7(a). By this method, the cross
section is discretized by square boxes of size 𝐿, and the
number of such 𝐿-sized boxes along the perimeter of the pore
regions is recorded as 𝑁(𝐿). This step is repeated for various
box sizes, and a ln-ln plot of 𝑁(𝐿) versus 𝐿 is constructed. The
slope of the best-fit straight line indicates the tortuosity fractal
dimension. As for the first sound propagation pathway in
Figure 7(a), the calculated procedure of the tortuosity fractal
dimension is as follows: (1) transform the format of the graph
for the pathway to JPG format and import the new photo to
the FractalFox software; (2) set the initial box size and the
final box size as 5 mm and 50 mm, respectively, and the step
size is set as 5 mm; (3) select the box-counting method and
run the “L. Current Fractal” order. Then, the regression data
of the number of boxes and box sizes can be obtained. Finally,

the tortuosity fractal dimension is obtained by the slope of the
best-fit straight line of the ln-ln plot of 𝑁(𝐿) versus 𝐿.
Figure 7(b) illustrates the calculated result of the tortuosity fractal dimension for the first pathway and 𝐷t = 1.05.
By repeating the same procedure, the calculated results of
the tortuosity fractal dimensions for other sound propagation
pathways are 1.08, 1.02, 1.07, and 1.10, respectively. The average
value 𝐷t = 1.06 is very close to the theoretical calculated
value.
3.2.2. Calculation of 𝐷f . The pore area fractal dimension can
be obtained through an analysis of microstructural images
of the PFMM’s cross sections [28]. The SEM photographs of
the PFMM for the fractal analysis are shown in Figure 8. The
box-counting method is used to calculate the pore area fractal
dimension and the calculation procedure for the FractalFox
software is presented. The number of boxes 𝑁(𝐿) is required
to cover the pore area completely.
Similarly, the pore area fractal dimension is also determined by the slope of linear fit through the data on a ln-ln
plot of 𝑁(𝐿) versus 𝐿. The logarithmic plots of the cumulative
number of pores 𝑁(𝐿 ≥ 𝑑) versus 𝑑 are shown in Figure 9
(𝜙 = 0.81, 0.86, and 0.90). It can be seen that the number of
the cumulative pores decreases with the pore size.
As shown in Figure 9, the pore area fractal dimension
can be obtained as 𝐷f = 1.49 (Figure 9(a)), 𝐷f = 1.57
(Figure 9(b)), and 𝐷f = 1.59 (Figure 9(c)).
3.3. Fibrous Clusters Radius 𝑅. Based on the microstructure
photographs of the PFMM samples, we measured the radius
of fibrous clusters by SEM. As shown in Figure 10, we obtained
the SEM photographs (×50 times) of the PFMM samples.
Then, the particle size measurement software SmileView
was employed to measure the radius of fibrous clusters.
The procedure of the calculation of the radius of fibrous
clusters is as follows: (1) import the SEM photograph to the
software SmileView; (2) set the scale of the measurement as
1 : 1000 (𝜇m); (3) measure the radius of fibrous clusters.
Figure 11 shows the photographs of the micrographic
surface and the radius of fibrous clusters for each sample
is measured five times. As shown in Table 2, the measured
values of average radii are 359, 355, and 346 𝜇m.

4. Sound Absorption Verification
and Discussion
In this section, the established fractal acoustic model is validated by the values of Biot-Allard model and experimental
data. We measured the values of the static flow resistivity for
three PFMM samples and the static flow resistivity formula is
validated.
4.1. Experiment and Verification of 𝜎. Two measuring methods of the static flow resistivity are introduced by the ISO 9053
standard [29]: one is steady airflow method and the other
is alternating airflow method. In this section, we used the
steady airflow method to measure the static flow resistivity.
Figure 12(a) shows a simplified sketch of the device for the
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Figure 7: The results of the tortuosity fractal dimension 𝐷t calculated by the box-counting method. (a) Five possible random sound
propagation pathways; (b) the result of 𝐷t for the first pathway.
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Figure 8: The SEM photographs of the PFMM’s cross sections: (a) sample #1; (b) sample #2; (c) sample #3.

steady airflow resistivity measurement and Figure 12(b) is
blanked since it is an in-house apparatus of the Institute
of Acoustics at the Chinese Academy of Sciences and was
published without their permission.
The setup is made up of differential gauge, flow meters,
and specimen tube. The inner diameter of the measuring
tube is greater than 95 mm and the minimum air velocity can
reach 0.5 × 10−3 m/s. The measured values of the static flow
resistivity for three PFMM samples are shown in Table 3.
Furthermore, we calculated the static flow resistivity of
the PFMM in terms of the presented static flow resistivity
formula considering the influences of the tortuous fractal
dimension, the pore area fractal dimension, and the porosity.
Firstly, in order to evaluate the average effect of the tortuosity
fractal dimension on the static flow resistivity, we calculated
the values of the static flow resistivity and the deviations
between calculated results and experimental data for three
PFMM samples with 𝐷t = 1.02, 1.05, 1.07, 1.08, and 1.10,
respectively. The calculated values and the deviations are
shown in Table 4.
It can be seen that the maximum absolute deviations
of the static flow resistivity (sample #1 to sample #3) are

15.21%, 19.14%, and 15.55%, respectively; the minimum absolute deviations are 1.67%, 0.08%, and 2.41%, respectively.
Particularly, the deviations of the static flow resistivity calculated by employing the average tortuosity fractal dimensions
are 1.95%, 3.63%, and 3.96%, respectively. Therefore, the
calculations for the static flow resistivity by using the average
value of 𝐷t can reduce the stochastic errors and improve the
prediction accuracy.
In addition, to evaluate the average effect of fibrous radius
𝑅, the static flow resistivities with different fibrous radii are
calculated. The calculated values and the deviations of the
static flow resistivity are shown in Table 5. The results show
that the maximum absolute deviations of the static flow
resistivity are 17.85%, 17.23%, and 22.32%, respectively; the
minimum absolute deviations are 0.83%, 6.75%, and 4.77%,
respectively. The average errors are 1.95%, 1.93%, and 2.41%,
respectively. It can be concluded that the calculations of
the static flow resistivity by employing the average radii are
reasonable.
Next, the tortuosity fractal dimension 𝐷t is set as 1.06
and the pore area fractal dimensions 𝐷f are set as 1.49,
1.57, and 1.59, respectively. The shape factor 𝑔q is set as 1.11
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Figure 9: The calculated results of the pore area fractal dimension 𝐷f for the PFMM samples.

Table 2: The measuring results of R for fibrous clusters (unit: 𝜇m).
Fiber clusters
Sample #1
Sample #2
Sample #3

𝑅1
354
343
336

𝑅2
358
347
340

and the fibrous cluster radii are 3.59 × 10−4 m, 3.55 × 10−4 m,
and 3.46 × 10−4 m, respectively. And then the calculated
results of the static flow resistivity of three PFMM samples
are compared with experimental data. Figure 13(a) shows the
comparisons between the calculated results and experimental
data at different porosities. It can be seen that the theoretical
results agree well with the experimental data.
Due to the limitation of our experimental data, the static
flow resistivity formula has been further verified by the
calculated values in the literature. The physical parameters of
the PFMM and the calculated data are shown in Table 6.
Figure 13(b) displays the comparisons between the results
evaluated by the static flow resistivity formula and the data in

𝑅3
363
371
366

𝑅4
347
351
353

𝑅5
375
364
334

Mean value
359
355
346

[30]. It can be shown that the static flow resistivity decreases
with the porosity and the results calculated by the theoretical
formula coincide very well with the literature’s data, which
proves the accuracy of the static flow resistivity formula.
4.2. Sound Absorption Verification. In order to validate the
fractal acoustic model, we measured the sound absorption
coefficients of three PFMM samples. The tested samples are
made of stainless steel fibers with the same diameter and the
thickness is 25 mm. The sound absorption coefficients are
measured by employing the transfer function method and the
tested setup is B&K 4206 impedance tube.
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Table 3: The physical parameters of the PFMM samples and experimental results of static flow resistivity.
Sample parameters
Sample #1
Sample #2
Sample #3

Porosity
𝜙 (%)

Fiber diameter
𝑑 (𝜇m)

Thickness
ℎ (mm)

Shape factor
𝑔q

Flow resistivity
𝜎 (Nm−4 s)

81
86
90

50
50
50

25
25
25

1.11
1.11
1.11

98756
34655
19748

Fibrous cluster

2R1

2R2

Measuring scale
1 : 1000

1000 m

Figure 10: Typical porous morphology of fibrous clusters where
𝑅 denotes the fibrous cluster radius and the measuring scale of
calculation is 1 : 1000.

Figure 14 plots the predictions evaluated by the fractal acoustic model and Biot-Allard model compared with
experimental data. It can be seen that the theoretical results
for sound absorption agree well with experimental data.
As shown in Figure 14, the values calculated by the fractal
acoustic model fit the measured ones better than BiotAllard model at low frequencies. The small deviations may
be attributed to the computational errors of 𝐷t and 𝐷f . In
summary, the sound absorption coefficient of the PFMM
increases with the frequency. In frequency domain, the sound
absorption coefficient increases monotonically from 100 to
2000 Hz but decreases from 2000 to 4000 Hz. When the
frequency is higher than 4000 Hz, the sound absorption
coefficient is increased. For the sound absorption of the
PFMM, the peak value of the curve is mainly formed by
the resonance between sound wave and the PFMM. What is
more, the PFMM has superior capability of energy dissipation
for high-frequency sound wave and the sound absorption
coefficient reaches a peak value when the energy dissipation
ability of the PFMM approaches its maximum value.
4.3. Influences of Fractal Dimensions. In this section, the
influences of the tortuosity fractal dimension and the pore
area fractal dimension on the specific surface acoustic
impedance 𝑍s /𝑍0 , the complex wave number 𝑘, and the
sound absorption coefficient 𝛼 are presented and discussed.
4.3.1. Influences of 𝐷t and 𝐷f on 𝑍s /𝑍0 . Figure 15 plots the
real and imaginary parts of 𝑍s /𝑍0 for sample #1 with 𝐷t =
1.06, 1.08, and 1.10, respectively. As shown in Figure 15(a),

the specific acoustic resistance (the real part of 𝑍s /𝑍0 )
increases with the tortuosity fractal dimension in lowfrequency range but decreases in high-frequency range.
Furthermore, the peak value of the real part of 𝑍s /𝑍0
curve is increased with the tortuosity fractal dimension and
moves to the low frequency. Figure 15(b) shows that the
specific acoustic reactance (the imaginary part of 𝑍s /𝑍0 )
decreases slightly with the tortuosity fractal dimension in
low-frequency range but increases in high-frequency range.
In other words, the specific acoustic resistance changes
obviously with the increase of 𝐷t but the specific acoustic
reactance changes slightly in the whole frequency range.
On the other hand, the influences of the pore area fractal
dimension on the specific surface acoustic impedance 𝑍s /𝑍0
are illustrated in Figure 16.
As shown in Figure 16(a), the specific acoustic resistance
decreases with the pore area fractal dimension in lowfrequency range but increases in high-frequency range. The
peak value of the real part of 𝑍s /𝑍0 curve increases with the
pore area fractal dimension and moves to the high-frequency
range. Figure 16(b) shows that the specific acoustic reactance
decreases slightly with the pore area fractal dimension in lowfrequency range but increases in high-frequency range.
4.3.2. Influences of 𝐷t and 𝐷f on 𝑘. The changing rules
between the complex wave number and the fractal dimensions are discussed in this section. Figure 17 shows that both
the real and the imaginary parts of the complex wave number
increase with the tortuosity fractal dimension. The real part
of 𝑘 increases with the frequency but the imaginary part of 𝑘
decreases.
Figure 18 illustrates the variation of the complex wave
number with the pore area fractal dimension. As shown
in Figure 18(a), the real part of 𝑘 increases with the frequency and decreases with the pore area fractal dimension.
Figure 18(b) shows that the imaginary part of 𝑘 decreases
with the frequency and finally keeps constant. Furthermore,
the imaginary part of 𝑘 decreases with the pore area fractal
dimension.
4.3.3. Influences of 𝐷t and 𝐷f on 𝛼. The effects of 𝐷t and 𝐷f on
the sound absorption coefficient 𝛼 are plotted in Figure 19. As
shown in Figure 19(a), the variations of the sound absorption
coefficient with different tortuosity fractal dimensions (𝐷t =
1.06, 1.08, and 1.10) and 𝐷f = 1.49 are plotted. The results
show that the sound absorption coefficient increases with
the tortuosity fractal dimension in 500–2500 Hz and 4800–
6400 Hz ranges but decreases in 2500–4800 Hz range. With
the increasing of the tortuosity fractal dimension, the fluid
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Figure 11: The photographs of the micrographic surface for 𝑅 measuring: (a) sample #1; (b) sample #2; (c) sample #3.

Differential
gauge

Sample

Flow meters
Airflow

(a)

(b)

Figure 12: The static flow resistivity measurement. (a) Schematic of the setup. (b) This Figure is blanked since it is an in-house apparatus of
the Institute of Acoustics at the Chinese Academy of Sciences and was published without their permission.
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Figure 13: Comparisons between the calculated and experimental results of the static flow resistivity: (a) compared with the test data; (b)
compared with the calculated results in [30].

𝐷t

1.02
1.05
1.07
1.08
1.10
1.06

Number

#1
#2
#3
#4
#5
Mean value

Static flow
resistivity
𝜎 (Nm−4 s)
83737
93381
100410
104120
111960
96834
98756

Sample #1
Measured
value
𝜎 (Nm−4 s)
15.21
5.44
1.67
5.43
13.37
1.95

Deviation
(%)

Static flow
resistivity
𝜎 (Nm−4 s)
31233
34684
37190
38510
41289
35915
34655

Sample #2
Measured
value
𝜎 (Nm−4 s)
9.87
0.08
7.31
11.12
19.14
3.63

Deviation
(%)

Static flow
resistivity
𝜎 (Nm−4 s)
16677
18366
19584
20223
21564
18965

Table 4: The calculated and measured static flow resistivities of different tortuosity fractal dimensions.

19748

Sample #3
Measured
value
𝜎 (Nm−4 s)

15.55
7.00
8.30
2.41
9.20
3.96

Deviation
(%)
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𝑅1
(𝜇m)

354
358
363
347
375
359

Number

#1
#2
#3
#4
#5
Mean value

Sample #1
Static flow
Measured
resistivity
value
𝜎 (Nm−4 s)
𝜎 (Nm−4 s)
102510
97937
92574
98756
111170
81123
96834
3.80
0.83
6.26
12.57
17.85
1.95

Deviation
(%)
343
347
371
351
364
355

𝑅2
(𝜇m)

Sample #2
Static flow
Measured
resistivity
value
𝜎 (Nm−4 s)
𝜎 (Nm−4 s)
40625
38757
29541
34655
36995
31916
35331
17.23
11.84
14.76
6.75
7.90
1.93

Deviation
(%)

336
340
366
353
334
346

𝑅3
(𝜇m)

Table 5: The calculated and measured static flow resistivity of different fibrous radii.
Sample #3
Static flow
Measured
resistivity
value
𝜎 (Nm−4 s)
𝜎 (Nm−4 s)
21708
20690
15340
19748
17766
22241
19272

9.93
4.77
22.32
10.04
12.62
2.41

Deviation
(%)
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Figure 14: Comparisons between the calculated and measured sound absorption coefficients of the PFMM samples: (a) sample #1, (b) sample
#2, and (c) sample #3.

Table 6: The physical parameters of the porous metallic samples and calculated static flow resistivities.
Sample
number
#1
#2
#3
#4
#5
#6
#7

Porosity
𝜙 (%)

Fiber radius
𝑟 (𝜇m)

Thickness
ℎ (mm)

Tortuosity
𝛼∞

Static flow
resistivity
𝜎 (Nm−4 s)

76.38
79.08
81.34
83.25
84.89
87.51
90.33

50
50
50
50
50
50
50

25
25
25
25
25
25
25

1.12
1.11
1.10
1.08
1.08
1.06
1.04

40323
28057
20523
15594
12209
8009
4797
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Figure 15: Predictions of specific surface acoustic impedance 𝑍s /𝑍0 with different tortuosity fractal dimensions. (a) The real part of 𝑍s /𝑍0 .
(b) The imaginary part of 𝑍s /𝑍0 .
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Figure 16: Predictions of specific surface acoustic impedance 𝑍s /𝑍0 with different pore area fractal dimensions. (a) The real part of 𝑍s /𝑍0 .
(b) The imaginary part of 𝑍s /𝑍0 .

pathways for sound propagation become more tortuous and
the static flow resistivity is increased. At 500–2500 Hz range,
the number of sound waves in the PFMM is increased with
the tortuosity fractal dimension and more sound energy can
be dissipated sufficiently. Therefore, the sound absorption
coefficient increases with the tortuosity fractal dimension.
When the frequency is increased and reaches the 2500–
4800 Hz range, the wavelength of sound wave is reduced and
approaches the porous diameter. Then, it becomes difficult

for the sound wave to be incident and the sound absorption
coefficient decreases with the tortuosity fractal dimension.
Finally, from 4800 to 6400 Hz, the wavelength of sound wave
is reduced further and the number of incident sound waves is
increased. So the sound absorption coefficient increases again
with the tortuosity fractal dimension.
On the other hand, Figure 19(b) plots the changing
rules of the sound absorption coefficients with the frequency
for different pore area fractal dimensions (𝐷f = 1.2, 1.4,
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Figure 17: Predictions of the complex wave number 𝑘 with different tortuosity fractal dimensions. (a) The real part of 𝑘. (b) The imaginary
part of 𝑘.
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Figure 18: Predictions of the complex wave number 𝑘 with different pore area fractal dimensions. (a) The real part of 𝑘. (b) The imaginary
part of 𝑘.

and 1.6) and 𝐷t = 1.06. The results show that the sound
absorption coefficient decreases with the pore area fractal
dimension in 500–2500 Hz and 5000–6400 Hz range but
increases in 2500–5000 Hz range. From 500 to 2500 Hz, the
porosity is increased with the pore area fractal dimension
and the acoustic resistance plays a major role. Furthermore,
the larger the porosity, the smaller the acoustic resistance
and the acoustic reactance. Therefore, the sound absorption
coefficient decreases with the pore area fractal dimension
when the frequency is lower than 2500 Hz. However, when

the frequency is higher than 2500 Hz but lower than 5000 Hz,
the acoustic reactance plays a major role. Then, the porosity
is increased and the larger the spaces among fibers, the
more absorbed the acoustic energy. So the sound absorption
coefficient is increased. At 5000–6400 Hz range, due to the
reduction of sound energy attenuation, the sound absorption
coefficient decreases again with the increasing of the pore area
fractal dimension.
In summary, the sound absorption coefficient is associated with the tortuosity fractal dimension, the pore area
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Figure 19: The Sound absorption coefficient versus the fractal dimensions. (a) 𝐷f = 1.49 and 𝐷t = 1.06, 1.08, and 1.10, respectively; (b)
𝐷t = 1.06 and 𝐷f = 1.2, 1.4, and 1.6, respectively.

fractal dimension, and the porosity. Furthermore, the geometrical parameters such as the pore diameter, the thickness,
and the arrangement of fibers are related to the sound absorption performance of the PFMM. Therefore, the optimization
of sound absorption capability for the PFMM is dependent on
the design of geometrical parameters which are determined
by the fractal acoustic model.

5. Conclusions
A quantitative fractal acoustic model of the PFMM considering the geometrical microstructure is derived in this paper.
The fractal acoustic model is mainly related to the tortuosity
fractal dimension and the pore area fractal dimension. Based
on the presented acoustic theoretical model, the acoustic
performance including sound absorption, the specific surface acoustic impedance, and the complex wave number
are investigated both theoretically and experimentally. The
experimental results and the values of Biot-Allard model are
adopted to validate the theoretical model predictions and a
good agreement is achieved. The fractal acoustic theory is
also applicable to other materials having a microstructure
similar to the PFMMs. The main conclusions are summarized
as follows:
(1) In frequency domain, the sound absorption coefficient increases in 100–2000 Hz and 4000–6400 Hz
range but decreases in 2000–4000 Hz range. At a fixed
value of 𝐷f , the sound absorption coefficient increases
with the tortuosity fractal dimension in 500–2500 Hz
and 4800–6400 Hz ranges but decreases from 2500
to 4800 Hz. In addition, the sound absorption coefficient decreases with the pore area fractal dimension in

500–2500 Hz and 5000–6400 Hz ranges but increases
from 2500 to 5000 Hz.
(2) The specific acoustic resistance changes obviously
with the increase of the tortuosity fractal dimension
but the specific acoustic reactance changes slightly in
the whole frequency range. The specific acoustic resistance decreases with the pore area fractal dimension
in low frequencies but increases in high frequencies;
the specific acoustic reactance decreases slightly with
the pore area fractal dimension in low frequencies but
increases in high frequencies.
(3) Both the real and imaginary parts of the complex
wave number increase with the tortuosity fractal
dimension. The real part increases with the frequency
and decreases with the pore area fractal dimension;
the imaginary part decreases with the frequency and
the pore area fractal dimension and finally keeps a
constant.
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