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The generation and evolution of chaotic motion in double-well Duffing oscillator under harmonic parametrical excitation are
investigated. Firstly, the complex dynamical behaviors are studied by applying multibifurcation diagram and Poincaré sections.
Secondly, by means of Melnikov’s approach, the threshold value of parameter 𝜇 for generation of chaotic behavior in Smale
horseshoe sense is calculated. By the numerical simulation, it is obvious that as 𝜇 exceeds this threshold value, the behavior of
Duffing oscillator is still steady-state periodic but the transient motion is chaotic; until the top Lyapunov exponent turns to positive,
the motion of system turns to permanent chaos. Therefore, in order to gain an insight into the evolution of chaotic behavior after
𝜇 passing the threshold value, the transient motion, basin of attraction, and basin boundary are also investigated.

1. Introduction

Duffing oscillator, named after Georg Duffing, is a famous
damped and forced nonlinear dynamical system [1]. From the
last century, the Duffing-type nonlinear dynamical systems
have been investigated uninterruptedly in so many fields by
plenty of researches, such as physics, engineering, chem-
istry, economics, and biological and social sciences [2–5].
Moreover, it is famous for the existence of chaos behavior in
recent decades. In 1979, the chaotic phenomena in Duffing’s
equation had been investigated by Ueda [6]. In his research,
by using the numerical simulation, the changes of attractors
were obtained under the various parameters. From then on,
the chaotic behavior in Duffing’s equation under a harmonic
excitation is known as a common dynamical phenomenon.
Furthermore, the crisis which is a kind of bifurcation of
chaotic behavior is studied in many literatures [7–9], and it
had been defined and analyzed generally by Ott published in
[10]. In recent years, scientists are still concerned about the
problems in Duffing-type systems, for example, suppressing
and inducing of chaos, influence of time delay, fractional
dynamics, and stochastic dynamics [11–15]. In our previous

work [16, 17], the bifurcation and crises had been explored
deeply in double-well Duffing system under harmonic
parametric excitation, to exhibit the transformations between
different dynamical behaviors. However, the generation of
chaos was not mentioned, and it is really important in theory
and practice.

Melnikov method is a significant analytical approach to
giving the criterion of the existence of chaotic behavior, which
is introduced byMelnikov in 1963 [18] and investigated inten-
sively in [19] by Guckenheimer and Holmes. The main idea
of this method is to measure the distance between the stable
and unstable manifolds. If the stable and unstable manifolds
intensively intersect once, they will intersect infinite times.
Thus, according to Smale-Birkhoff theorem [19], it implies
the existence of the chaotic behavior in Smale horseshoe
sense. The Melnikov theory was firstly used to study chaos
in Duffing system by Holmes [20], and generalized Melnikov
function is developed by Wiggins [21, 22]. This criterion is
just the necessary condition but not sufficient condition for
chaos; therefore, it must be the sufficient conditions for the
suppression of chaos [23].
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Figure 1: Poincaré sections of system (2) for (a) 𝜇 = 0.10, (b) 𝜇 = 0.205, (c) 𝜇 = 0.35, and (d) 𝜇 = 0.90.

In this paper, we mainly investigate the occurrence of the
chaotic behaviors in double-well Duffing system forced by
parametrical excitation and explore the dynamical phenom-
ena between the occurrences of horseshoe chaos and perma-
nent chaos.The rest part of this paper is organized as follows.
In Section 2, the dynamical behaviors in a large parameter
range is studied. Section 3 gives the threshold curves for the
generation of Smale horseshoe chaos by Melnikov function.
In Section 4, the dynamical behaviors after the intersection
of manifolds and before the occurrence of permanent chaos
are investigated. Finally, some conclusions are given in
Section 5.

2. Dynamical Behaviors in Double-Well
Duffing System

The double-well Duffing system under a harmonic paramet-
rical excitation is shown as the following:

�̈� + 𝜀�̂��̇� − 𝑎𝑥 + 𝑏𝑥
3
= 𝜀�̂�𝑥 sinΩ𝑡, (1)

where 𝑎, 𝑏, and �̂� are positive coefficients, �̂� and Ω are the
amplitude and frequency of the excitation, and 0 < 𝜀 ≪ 1. By
denoting �̇� = 𝑦, (1) can be rewritten as the following form:

�̇� = 𝑦,

�̇� = 𝑎𝑥 − 𝑏𝑥
3
− 𝜀�̂�𝑦 + 𝜀�̂�𝑥 sinΩ𝑡.

(2)

It is clear that Duffing system (2) is symmetrical to origin
(0, 0) as shown in Figure 1.The chaotic attractor in Figure 1(c)
is self-symmetrical, and the coexisting attractors are all
symmetrical with each other in Figures 1(a), 1(b), and 1(d).
Letting 𝑐 = 𝜀�̂� and 𝜇 = 𝜀�̂� in system (2), when denoting
𝜇 = 0.10, Duffing system keeps two 1𝑇 periodic attractors
symmetrical with each other; for 𝜇 = 0.35 or 𝜇 = 0.90, only
chaotic attractor exists but with one or two branches; and,
for 𝜇 = 0.205, two 1𝑇 periodic attractors and two chaotic
attractors coexist.The changes between different symmetrical
forms are all result from the bifurcations and crises.

In our previous work, plenty of interesting dynamical
behaviors have been investigatedwithin𝜇 ∈ [4.9, 7.2], such as
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Figure 2: Multibifurcation diagram of system (2) when 𝜇 ∈ (0, 4.5].

period doubling bifurcation cascades, chaos crises, periodic
windows, chaotic saddles, fractal boundary of basin, and
transition chaos. In this paper, from Figure 2, we can see that
the dynamics are much more complicated as shown in the
multibifurcation diagram. The “multi” we used means that
the data on this bifurcation diagram is simulated from a cer-
tain quantity of initial condition (IC), tomake sure that all the
coexisting attractors under the same parameter values can be
presented.

3. Melnikov’s Approach

Based on our previous work in [16, 17], it is shown that if
the system is once chaotic, then the behavior of this system
will always bifurcate between chaotic attractors and chaotic
saddles.Thismeans that the systemwill not go back to regular
motions with the increasing of 𝜇 and keep on bifurcating
between permanent chaos and transient chaos. Therefore, in
order to gain insight into the evolution of chaotic dynamical
behaviors, it is essential to obtain the sufficient conditions
for the generation of chaos. Thus, Melnikov’s approach and
the top Lyapunov exponents (TLE) [24, 25] are proposed to
calculate the threshold values for chaotic motions in Duffing
system (2).

If we let 𝜀 = 0, the unperturbed system can be written as

�̇� = 𝑦,

�̇� = 𝑎𝑥 − 𝑏𝑥
3
,

(3)

which is aHamiltonian system, and theHamiltonian function
is

𝐻(𝑥, 𝑦) =
1

2
𝑦
2
−
𝑎

2
𝑥
2
+
𝑏

4
𝑥
4
= ℎ (4)

with the corresponding potential function

𝑉 (𝑥) = −
𝑎

2
𝑥
2
+
𝑏

4
𝑥
4
. (5)

The curve of function (5) has two symmetrical wells separated
by the barrier at 𝑥 = 0 shown in Figure 3(a), such that system
(2) is called double-well Duffing system. In the unperturbed
system (3), we can find that there exist three equilibrium

points: hyperbolic saddle (0, 0) and two symmetrical center
points (±√𝑎/𝑏, 0) shown in Figure 3(b). Meanwhile, around
the centers (±√𝑎/𝑏, 0), there are two symmetrical homoclinic
orbits (6) beginning and ending at the hyperbolic saddle (0, 0)
as 𝑡 → ∞ drawn in Figure 3(b):

𝑥
0 (𝑡) = ±√

2𝑎

𝑏
sech (√𝑎𝑡) ,

𝑦
0 (𝑡) = ∓√

2𝑎

𝑏
√𝑎 tanh (√𝑎𝑡) sech (√𝑎𝑡) .

(6)

Based on the Smale-Birkhoff theorem [19], it is well
know that once a stable manifold and an unstable manifold
transversally intersect, the chaos will appear in the sense of
Smale horseshoe. In order to get the parameter regions for
chaotic motions, Melnikov’s approach, which is an analytical
and quantificational method, is applied in this section. This
method is to measure the distance between stable manifolds
and unstable manifolds of the saddle in unperturbed system.
If the Melnikov function has a simple zero, the stable and
unstable manifolds will transversally intersect infinite times.
Therefore, in order to investigate the occurrence of chaotic
behavior and get the threshold value of parameters, the simple
zero of Melnikov function should be solved.

The Melnikov function of system (2) is shown as

𝑀(𝑡
0
)

= ∫

+∞

−∞

𝑦
0
(𝑡) [−�̂�𝑦

0
(𝑡) + �̂�𝑥

0
(𝑡) sinΩ(𝑡 + 𝑡

0
)] 𝑑𝑡

= ∫

+∞

−∞

−�̂� (𝑦
0
(𝑡))
2
𝑑𝑡

+ ∫

+∞

−∞

�̂�𝑥
0
(𝑡) 𝑦
0
(𝑡) sinΩ(𝑡 + 𝑡

0
) 𝑑𝑡

= −�̂�𝐼
1
+ �̂�𝐼
2
(𝑡
0
) .

(7)

Then, taking the function of homoclinic orbits (6) into 𝐼
1
and

𝐼
2
, we can get

𝐼
1
= ∫

+∞

−∞

(𝑦
0 (𝑡))
2
𝑑𝑡 =

2𝑎
2

𝑏
∫

+∞

−∞

tanh2 (√𝑎𝑡)

⋅ sech2 (√𝑎𝑡) 𝑑𝑡 = 2𝑎
2

𝑏

1

√𝑎

1

3
tanh3 (√𝑎𝑡)



+∞

−∞

=
4𝑎√𝑎

3𝑏
,

𝐼
2
(𝑡
0
) = ∫

+∞

−∞

𝑥
0 (𝑡) 𝑦0 (𝑡) sinΩ(𝑡 + 𝑡

0
) 𝑑𝑡 = −

2𝑎√𝑎

𝑏

⋅ ∫

+∞

−∞

sech2 (√𝑎𝑡) tanh (√𝑎𝑡)

⋅ (sinΩ𝑡 cosΩ𝑡
0
+ cosΩ𝑡 sinΩ𝑡

0
) 𝑑𝑡 = −

2𝑎√𝑎

𝑏

⋅ cosΩ𝑡
0
∫

+∞

−∞

sech2 (√𝑎𝑡) tanh (√𝑎𝑡) sinΩ𝑡 𝑑𝑡
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Figure 3: When 𝑎 = 𝑏 = 1.0 in system (3); (a) potential function; (b) two homoclinic orbits (curve) and three equilibrium points (asterisks).
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−
2𝑎√𝑎

𝑏
sinΩ𝑡

0
∫

+∞

−∞

sech2 (√𝑎𝑡) tanh (√𝑎𝑡)

⋅ cosΩ𝑡 𝑑𝑡 = −
2𝑎√𝑎

𝑏
cosΩ𝑡

0
∫

+∞

−∞

sech2 (√𝑎𝑡)

⋅ tanh (√𝑎𝑡) sinΩ𝑡 𝑑𝑡 + 0 = −
2𝑎√𝑎

𝑏

⋅ cosΩ𝑡
0
Im(

1

4𝑎3/2
𝜋 csch( 𝜋

4√𝑎
) sech( 𝜋

4√𝑎
) 𝑖)

= −
2𝑎√𝑎

𝑏
⋅
𝜋Ω
2

4𝑎3/2
⋅ csch( Ω𝜋

4√𝑎
) sech( Ω𝜋

4√𝑎
)
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Figure 5: For Ω = 1.0, the critical curves for chaotic behaviors in
sense of Smale horseshoe in (𝑎, �̂�) plane.

⋅ cosΩ𝑡
0
= −

𝜋Ω
2

2𝑏
⋅ csch( Ω𝜋

4√𝑎
) sech( Ω𝜋

4√𝑎
)

⋅ cosΩ𝑡
0
.

(8)

After the integrations in (8), the Melnikov function (7) is
reduced into the following form:

𝑀(𝑡
0
) = −

4𝑎�̂�√𝑎

3𝑏
− �̂�

𝜋Ω
2

2𝑏

⋅ csch( Ω𝜋

4√𝑎
) sech( Ω𝜋

4√𝑎
) cosΩ𝑡

0
.

(9)
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Figure 6:Themultibifurcation diagram (a) and multi-TLE diagram (b) of system (2) whenΩ = 1, 𝑎 = 1, and 𝑐 = 0.2, (c) and (d) are zoom in
figures for (a) and (b) separately. (The “multi-” in Figure (b) means that, for every certain value of 𝜇, the TLE value is simulated for numbers
of different ICs, and the largest one is preserved as the TLE value of this 𝜇.)

In order to get the simple zeros of Melnikov function, we
should suppose 𝑀(𝑡

0
) = 0 and 𝑀


(𝑡
0
) ̸= 0. By denoting

𝑀(𝑡
0
) = 0, the following identities can be found:

cosΩ𝑡
0

=
−4𝑎�̂�√𝑎/3𝑏

�̂� (𝜋Ω2/2𝑏) ⋅ csch (Ω𝜋/4√𝑎) sech (Ω𝜋/4√𝑎)

= −
�̂�

�̂�
⋅

8𝑎√𝑎

3𝜋Ω2 ⋅ csch (Ω𝜋/4√𝑎) sech (Ω𝜋/4√𝑎)
,

(10)

where | cosΩ𝑡
0
| ≤ 1. And because 𝑀


(𝑡
0
) ̸= 0 signifies

| cosΩ𝑡
0
| ̸= 1, then the necessary and sufficient condition for

Melnikov function to have simple zeros is

�̂�

�̂�
< (

𝜇

𝑐
)
cr

=



8𝑎√𝑎

3𝜋Ω2 ⋅ csch (Ω𝜋/4√𝑎) sech (Ω𝜋/4√𝑎)



,

(11)

where (𝜇/𝑐)cr is the threshold function. It implies that
condition (11) guarantees the transversal intersection of stable
and unstable manifolds and the possible occurrence of Smale
horseshoe chaoticmotion. In the following parts of this paper,

we aim to investigate the evolution of chaos, by considering
threshold condition (11).

In Figure 4, the critical curves for different value of 𝑎 are
drawn in (Ω, �̂�) plane. For a certain value of 𝑎, when the set of
parameters are taken above the critical curve, the transversal
intersection of stable and unstable manifolds occurs. In
addition, the relationship between �̂�, 𝑎, and �̂� can be found
in Figure 5, and the Smale horseshoe chaotic behavior will
happen in the parameter region above the critical curves too.
By analyzing the critical curves, it is evident that the critical
value of �̂� is proportional to 𝑎 and �̂� but inversely proportional
to Ω.

4. Evaluation of Chaotic Motion

Based on Melnikov’s approach, when Ω = 1, 𝑎 = 1, 𝑏 = 1,
and 𝑐 = 0.2, the threshold value of 𝜇 can be calculated,
which is approximately equal to 0.15. That is to say, when
𝜇 > 0.15, the stable and unstable manifolds will intersect
transversally for infinity times, which implies the generation
of chaotic behavior in horseshoe sense. However, in Figure 6,
from the multibifurcation and the corresponding multi-TLE
diagrams, it is obvious that the steady-statemotions of system
(2) are not chaotic but periodic when 𝜇 > 0.15. With the
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Figure 7: The transient responses (blue dots) and steady attractors (red asterisks) for different values of 𝜇: (a) 𝜇 = 1.0, (b) 𝜇 = 2.0, and (c)
𝜇 = 3.0.

increasing of parameter 𝜇 and resulting from the double
period bifurcation cascade, the permanent chaotic attractors
are firstly engendered when 𝜇 ≥ 0.205 coexisting with two
1𝑇 periodic attractors. After that, the behavior of Duffing
system (2) is keeping on transforming between permanent
chaos and chaotic saddles endlessly via bifurcations and crises
[17]. Furthermore, in order to study the evolution of chaos
on 𝜇 ∈ (0.15, 0.205), not only the steady states but also the
transient behaviors should be investigated in detail.

It is well known that transient chaos and fractal boundary
of basin both coexist with chaotic saddle [10], and chaotic
attractor and chaotic saddle or transient chaos are the
different forms of chaotic behaviors. If the responses of
system are captured by the chaotic saddle, they will possibly
stay near the saddle for a time chaotically. However, chaotic
saddle is nonattracting; eventually, the responses will escape
from the saddle and asymptotes to a steady state such as
stable periodic orbits, which is called transient chaos. In
any case, no matter permanent or transient chaos, they are

all described as chaotic, and both play a significant role in
theory and reality. It is known that Melnikov criterion is
only a necessary condition, just signifying the possibility
of occurrence of permanent chaos, which means that this
method is an effective approach in giving the necessary
condition of suppressing chaos. However, some literatures
point out that the transient chaos and fractal basin boundary
are associated with this criterion [26–29].

Through the above analysis, we denote the first-threshold
value as 𝜇

1
= 0.15 for the generation of chaotic behavior

in Smale horseshoe sense and the second-threshold value
as 𝜇
2
= 0.205 for TLE changing from negative to positive.

The attractors and transient states of system (2) are shown in
Figure 7 for 𝜇

1
= 0.1, 0.2, and 0.3. When 𝜇 = 0.1 < 𝜇

1
, there

are two coexisting 1𝑇 periodic attractors, and the transient
behaviors are nonchaotic; and when 𝜇

1
< 𝜇 = 0.2 < 𝜇

2
, the

attractors are still periodic, two 1𝑇 attractors together with
two 2𝑇 attractors, but the transient state becomes chaotic.
With the increasing of 𝜇, the permanent chaos first appears



Shock and Vibration 7

10 2 3−2 −1−3

x

−3

−2

−1

0

1

2

3

y

(a)

−2 −1−3 1 2 30
x

−3

−2

−1

0

1

2

3

y

(b)

−2 −1−3 1 2 30
x

−3

−2

−1

0

1

2

3

y

(c)

Figure 8: The basins of attractions for different values of 𝜇: (a) 𝜇 = 1.0, (b) 𝜇 = 2.0, and (c) 𝜇 = 3.0.

at 𝜇
2
when TLE turns to positive as shown in Figures 1(b) and

6. Since then, the behaviors of system (2) begin to transform
between different chaotic states, such as transient chaos in
Figure 7(c) for 𝜇

1
= 0.3 and permanent chaotic attractor

in Figure 1(d) for 𝜇
1
= 0.35. Thus, it is clear that once 𝜇 >

𝜇
1
, the behavior of system will be either transient chaos or

permanent chaos.
From the basins of attraction in Figure 8, when 𝜇 < 𝜇

1
,

the boundary is smooth and regular accompanied with a pair
of 1𝑇 attractors as shown in Figure 1(a). Since 𝜇 > 𝜇

1
, the

boundary becomes fractal even for the basins of periodic
attractors as shown in Figures 8(b) and 8(c). It can be drawn
that there must be chaotic saddle resulted from the existence
of transient chaos and fractal boundaries. Above all, it is
illustrated that once the Melnikov function has simple zero,
indeed, system (2) is chaotic in sense of Smale horseshoe
according to the Smale-Birkhoff theorem, in the forms of
transient chaos or permanent chaos, which can be separated
by checking the sign of TLE.

5. Conclusions

In this research, the double-well Duffing system with har-
monic parametrical excitation is studied, and the aim is to
examine the process and mechanism of chaotic behavior
from birth to the growth. By checking the dynamics in the
view of Poincaré sections and multibifurcation diagram of
parameter 𝜇, we can see that there are plenty of complex
dynamical behaviors, such as coexistence and symmetry
of attractors, a variety of bifurcations, and different kinds
of crises. In order to find the origin of chaotic motions,
Melnikov’s method is used. Based on the Smale-Birkhoff
theorem, the critical condition for the generation of chaos
in Smale horseshoe sense is explored, by calculating the
sample zeros of Melnikov’s function. We find that, before
the appearance of chaotic attractor, the system has already
been chaotic after the transversal intersection of the stable
and unstable manifolds, existing as chaotic saddle. What is
more, the existence of chaotic saddle also can be testified
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by the appearance of transient chaos and fractal basin
boundary. Taking all the above and our previous research into
consideration, consequently, this double-well Duffing system
with parametrical excitation will keep on switching between
chaotic saddle and permanent chaos by bifurcation and crisis,
once the systembecomes chaotic in sense of Smale horseshoe.
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