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Severe damage occurs frequently in mine pillars subjected to shear stresses. The empirical design charts or formulas for mine
pillars are not applicable to orebodies under shear. In this paper, the failure process of pillars under shear stresses was investigated
by numerical simulations using the rock failure process analysis (RFPA) 2D software. The numerical simulation results indicate
that the strength of mine pillars and the corresponding failure mode vary with different width-to-height ratios and dip angles.
With increasing dip angle, stress concentration first occurs at the intersection between the pillar and the roof, leading to formation
of microcracks. Damage gradually develops from the surface to the core of the pillar. The damage process is tracked with acoustic
emission monitoring. The study in this paper can provide an effective means for understanding the failure mechanism, planning,
and design of mine pillars.

1. Introduction

Studies on pillar size and stability have been conducted for
many years. The main research methods include the safety
factor, probabilistic analysis, numerical modeling, empirical
methods, and physical testing methods. Brady et al. [1]
developed a pillar strength formula accounting for pillar size
and geometry based on the existing representative design
theory for pillar spacing. Bieniawski [2] considered that the
compressive strength of coal cubes (short-term strength)
decreases with an increase in size and reaches an asymptotic
value at a cube size of about 1.5m which, according to
him, was the critical size for coal. Lunder and Pakalnis
[3] considered the role of confinement in hard rock pillar
strength. González-Nicieza et al. [4] proposed a new formula
considering Bieniawski’s rock mass quality classification and
the shear-resistance safety factor of pillars. Esterhuizen [5]
investigated some of the issues affecting pillar strength at low
width-to-height ratios in hard brittle rock and concluded that
the strength of slender pillars was more variable than that of
wider pillars. Mortazavi et al. [6] suggested that, at high WH
ratios, pillars behave in a very stiffmanner in the elastic range,

demonstrating a high load-bearing capacity. Esterhuizen et al.
[7] developed a pillar strength equation based on stable and
failed pillars observed. Ghasemi and Shahriar [8] proposed
a new coal pillar design method. Suorineni et al. [9, 10]
developed new knowledge on why pillars in ore bodies in
shear are more prone to catastrophic failures than would
normally be expected. They introduced the concept of shear
loading in orebodies and pillars.

Many scholars in China have carried out in-depth studies
on pillar stability. Liu and Xu [11] estimated rock mass
strength for the gob area of a phosphate mine according
to rock mass classification, analyzed stability of pillars in
the gob area using the safety factor and reliability analysis
methods, and represented the safety factor of pillars by
the average safety factor. Yang [12] proposed a new design
method for pillar spacing, which has been applied effectively
in engineering practice. Wang and Li [13] proposed the
concept of shear-resistance safety factor for mine pillars,
considering that pillars generally fail in shear.They suggested
that pillars were safe and reliable when the shear-resistance
safety factor was greater than 1.2. Wang et al. [14] proposed a
formula for pillar width for deep stope mining and suggested
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that the key factors affecting the proper pillar width were the
stopping span and depth. The relevant theory was verified by
field tests.

In summary, proper pillar design is the key to prevention
of pillar failure and reduction of related accidents [15].
Pillar design is mostly based on empirical formulas, limit
equilibrium, loading theory, and other analysis methods [12,
16] at present. Due to differences in geological conditions in
various regions and complex mining conditions, the above-
mentioned methods are not optimized approaches for the
design of pillars. Small pillar sizes would lead to surface
subsidence and affect the stability of mines, while too thick
pillars lead to waste of resources [17]. In this study, the rock
failure process analysis program, RFPA2D [18–21], was used
to simulate pillars of various sizes and to investigate the
failure mechanisms. The simulation results provide further
understanding of pillar mechanics and can be used for safer
design and construction of underground mine pillars.

2. Principles of RFPA

When rock is under load, it continuously gets microcracks
after a certain stress level resulting in nonlinear deformation.
The development and the accumulation of these microcracks
eventually lead to a final macrofailure of the rock. The
nonlinear deformation of rocks can be simulated with Finite
Element Method (FEM), but it only stays on macrodefor-
mation of the rocks; it cannot describe the development
of the microcracking process leading to the formation of
the macrofailure plane formation. In order to simulate the
process of rock failure, many numerical modeling methods
such as Finite Difference Method (FDM), Boundary Element
Method (BEM), Half Analytical Element Method (HAEM),
Discrete ElementMethod (DEM), and Extend Finite Element
Method (EFEM) have been applied for fully solving some
difficult rock engineering problems.These methods still have
many imperfections, for instance, problems of nonlinearity
and discontinuities of rocks, problems relating the effects
of step excavation, and backfill practice on stability of rock
masses. To solve these problems, in 1995, a new numerical
modeling method referred to as rock failure process analysis
(RFPA) was developed to conduct stress analysis based on
Finite Element Method and nonlinearity, nonhomogeneity,
and the anisotropic properties of rocks. The RFPA code has
several special features:

(1) Themacrofailure is an accumulation ofmicrodamage.
Elastic-brittle constitutive criterion is applied to each
element. When the stresses of some elements reach
peak strength, failure occurs. By this method, phys-
ically discontinuous problems can be resolved with
continuum mechanics.

(2) Heterogeneity of rock is accounted for in the elements
usingWeibull distribution in the code for modulus of
elasticity, strength, and some other parameters of the
elements.

(3) Acoustic emission associated with the progressive
failure process is included in the code by recording
the event-rate of failed elements.
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Figure 1: Weibull distribution for mechanical properties of rock
materials with different homogeneity indices𝑚.

In RFPA2D, Weibull statistical distribution is introduced
to describe the discrete physical-mechanical property as in
the following formula:
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In the formula, 𝜎 is a parameter for one element, 𝜎
0
is the

mean value of the same parameter for all the elements in one
grain, and𝑚 is a shape parameter. The shape parameter𝑚 is
defined as the homogeneity index of the rock.

For a practical rock material, the type of the statistical
distribution needs to be determined in the laboratory. At this
time, we assume the physical-mechanical properties of the
elements follow (1). A larger m implies a more homogeneous
material and vice versa. Figure 1 shows the shape of the
probability density function for various homogeneity indices.

Once the material fails, the mechanical property and
the ability to bear load will be changed. Usually, the
change is a degradation process, that is, reduction of
the physical-mechanical property parameter. Based on the
above-mentioned theory, RFPA2D deals with element failure
by introducing degradation of the element property. When
the stresses in some elements satisfy the Mohr-Coulomb
shear failure criterion or maximum tensile strain criterion,
the element is damaged and becomes weak according to the
rules specified by the strength criterion.The stress and defor-
mation distributions throughout the model are then adjusted
instantaneously after each rupture to reach the equilibrium
state. The stresses in some elements might be increased due
to stress redistribution. These updated stresses may exceed
the critical value specified by the strength criterion. Further
rupturesmay, therefore, be caused.The process is repeated till
no stable elements are present. By this way, the continuous
media mechanics method can be used to deal with the
discontinuous problem. And the Finite Element Method can
be used to simulate the whole failure process of rock material
from deformation, microfailure to macroscopic failure.
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Figure 2: Numerical model and boundary condition.
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Figure 3: Mining sequence and pillar geometry within the RFPA2D model.

3. Numerical Modeling of Pillars Using RFPA

3.1. Model Overview. Following the procedure used by Suori-
neni et al. [9, 10] the effects of pillar dip angle, width-
to-height ratio, and a certain stress ratio on the stability
of pillars in a room-and-pillar mine are investigated using
five width-to-height ratios, namely, 0.5, 1.0, 1.5, 2.0, and
2.5, at various degrees of orebody inclination, namely, 0∘
(Horizontal orebody resulting in vertical pillars), 10∘, 20∘,
30∘, and 40∘ (orebody dip angles result in inclined pillars).
A typical numerical model setup in RFPA2D is shown in
Figure 2. For comparative analysis of the impact and role of
various factors, the extraction ratio is kept constant at 75% in
accordance with Suorineni et al. [10]. The model dimension
is 100m × 60m. The height of orebody is 3m. The model
consists of 500 × 300 = 150000 elements. The loading was
applied in three stages. Firstly, loading was applied in both
𝑋 and 𝑌 directions at 𝑘

𝑜
ratios of 0.5, 1.0, 1.5, and 2.0. Then,

the stress in the𝑋 and𝑌 directions remained unchanged and
the excavation steps were carried out as shown in Figure 3

until the extraction ratio of 75% is reached for the given pillar
size. After finishing all the excavation steps, the loading in
the 𝑋 direction remained unchanged, and the loading in the
𝑌 direction was gradually increased until failure.The loading
was increased by 0.2MPa per step.

3.2. Model Input Mechanical Parameters. The strength and
elastic modulus of each element were assigned according
to the Weibull distribution so as to reflect the rock mass
heterogeneity. The coefficient𝑚 reflects the degree of homo-
geneity of rock mass properties. The higher the coefficient𝑚
is, the more homogeneous the rock mass properties are; the
smaller the coefficient𝑚 is, the more heterogeneous the rock
mass properties are. The coefficient 𝑚 is determined by an
empirical formula [22]:

𝜎
𝑐

𝜎
0

= 0.85298 − 0.80668 exp (− 𝑚
10.68877

)

𝐸
𝑐

𝐸
0

= 1.02453 − 0.62081 exp (− 𝑚
2.59074

) ,

(2)
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Table 1: Mechanical properties of the model.

Parameter Coefficient of
homogeneity (𝑚)

Uniaxial compressive
strength (𝜎

𝑐
)/MPa Elastic modulus (𝐸

𝑐
)/MPa Poisson’s ratio (]) Angle of internal

friction (𝜑)/∘

Rock mass 4 170 70000 0.25 40
Orebody 7 60 20000 0.22 35

where 𝜎
𝑐
and 𝐸

𝑐
are, respectively, the simulated uniaxial

compressive strength and the elastic modulus and 𝜎
0
and 𝐸

0

are, respectively, the characteristic compressive strength and
the characteristic elastic modulus of mesoscopic elements.
According to the real mechanical parameters of rock masses
in a mine, the macroscopic parameters can be converted
to mesoscopic element parameters according to the above
empirical formulas. The material parameters for the rock
masses and orebody in the model are listed in Table 1.

4. Simulation Results and Analyses

4.1. Failure Characteristics of Vertical Pillars with Different
Width-to-Height Ratios. Mine pillars are in situ rock left
after mining to ensure mine safety. The determination of
pillar sizes dictates the cost of mining and mine safety.
Pillar instability refers to the compressional-shear or splitting
failure under uniaxial stresses when external loading reaches
a limit value. Upon failure, the pillar loses its bearing capacity
and can no longer transfer stresses from the overlying strata
[17] to the floor.

Accompanying these damage processes, an elastic stress
wave is generated, which travels from the point of origin
within the rock to a boundary, where it is observed as an
acoustic emission signal [23]. In rock, acoustic emission
is generated by crack formation under high stress [24].
This phenomenon provides a basis for a method which is
able to detect zones of microcracking or macrocracking or
highly stressed zones in rock without any knowledge of the
mechanical properties or the state of stress [24]. Currently,
acoustic emission is the most direct method to monitor and
predict the process of rock burst [25]. This study mainly
focuses on pillar rock burst. Here, only the failure processes
of pillars with various sizes under various 𝑘

𝑜
pressures of 0.5,

1.0, 1.5, and 2.0 are presented. In the plot of acoustic emissions,
the size of circles represents themagnitude of energy released
during acoustic emissions, and the number of circles indicates
the amount of acoustic emissions. As shown in Figure 4, the
location of pillarmonitoring point was set at pillarmidheight.

Figure 6 shows the corresponding shear stresses to the
various loading stages in Figure 5. As shown in Figures 5
and 6, at the initial loading stage, since the loading is low
no acoustic emission is observed (Figure 5(a)) and only a few
microcracks appear at some locations where the compressive
strength is low or tensile stress is high and a small amount of
acoustic emissions is detected (Figure 5(b)).Themicrocrack-
ing gradually propagates towards the pillar surface and tends
to develop towards the four corners (Figure 5(b): step 82-1).
At this point, cracks have not coalesced yet and the pillar still
has certain support capacity. With further increase in load,
the axial stress in the pillar increases and microcracks in the

Location of pillar
monitoring point

Figure 4: Location of stress and deformation monitoring points.

pillar propagate and coalesce as shown in Figure 5(c). Figures
5 and 6 both show that a shear failure zone is eventually
formed in the pillar and the pillar is completely failed (Figures
5(c) and 6(c)).

The corresponding stress-strain curve to the loading steps
in Figures 5 and 6 is shown in Figure 7. Figure 7 shows that
the stress-strain curve is approximately linear up to the point
of failure. The figure shows that the maximum average axial
stress in the pillar is 32.8MPa. This is the pillar strength. The
figure also shows that the pillar has a residual strength of
about 12.5MPa.

As shown in Figures 8, 9, 11, and 12microcracks propagate
more from the outside of the pillar towards the pillar core and
the bearing capacity also increases with increasing pillar size
as shown in Figures 7, 10, and 13. In these figures the pillar
strengths are 32.8MPa, 33.2MPa, and 34.2MPa for pillar
W/H ratios of 0.5, 1, and 1.5, respectively.

When the width-to-height ratio is 2.0, a small amount of
acoustic emissions and microcracks occurs first at the pillar
corners (Figure 14(b)) and increases towards the centre of
the pillar as shown in Figure 14(c) where there is a great
amount of acoustic emissions occurring at that loading stage,
indicating that the pillar has reached its ultimate support
capacity. It can be seen from the corresponding stress-strain
curve shown in Figure 16 that the average pillar strength is
43.4MPa. As shown in Figure 14(c), cracks are formed on the
pillar surface and coalesce at the central region, leading to
formation of a compressive failure zone. Figure 15 shows plot
of shear stresses around a pillar with width-to-height ratio =
2.0.
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Figure 5: Plot of acoustic emissions for a pillar with width-to-height ratio = 0.5.
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Figure 6: Plot of shear stresses around a pillar with width-to-height ratio = 0.5.

0 1 2 3 4 5 6
0

5

10

15

20

25

30

35

40

Av
er

ag
e a

xi
al

 st
re

ss
 (M

Pa
)

Average axial strain (10−3)

Figure 7: Average axial stress-strain curve for a pillar with width-to-height ratio = 0.5.
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Figure 8: Plot of acoustic emissions for a pillar with width-to-height ratio = 1.0.
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Figure 9: Plot of shear stresses around a pillar with width-to-height ratio = 1.0.
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Figure 10: Average axial stress-strain curve for a pillar with width-to-height ratio = 1.0.
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Figure 11: Plot of acoustic emissions for a pillar with width-to-height ratio = 1.5.
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Figure 12: Plot of shear stresses around a pillar with width-to-height ratio = 1.5.
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Figure 13: Average axial stress-strain curve for a pillar with width-to-height ratio = 1.5.
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Figure 14: Plot of acoustic emissions for a pillar with width-to-height ratio = 2.0.
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Figure 15: Plot of shear stresses around a pillar with width-to-height ratio = 2.0.

As can be seen fromFigures 17 and 18, the failuremodes of
the pillars with width-to-height ratios of 2 and 2.5 are similar.
The average pillar strength is 44.9MPa for the pillar W/H
ratio of 2.5 indicating an increased pillar strength by 3.4%
compared to the case withW/H = 2.0 (Figure 19).

The simulation results indicate that, with increasing pillar
size, shear band failure from the surface to the interior is the
main failure mode. Elastic stresses start to build up at the
pillar edges and stress concentration rises at these points, and
the pillar edge failure leads to stress concentration shifting
towards the pillar core. Therefore, failure first occurs on the
pillar surface and gradually develops towards the core of the
pillar.

4.2. Effects of Various Pillar Inclinationson Pillar Strength. As
shown in Figure 20, the pillar strength increases with increas-
ing width-to-height ratio. When the orebody is horizontal,
the strength that the pillar can sustain is higher than that
in case of an inclined orebody and confirms the findings by
Suorineni et al. [10].

Generally speaking, larger rocks contain greater amount
of weak structural planes, which is the main cause of lower
pillar strength for the pillar with certain width-to-height
ratio. Hence, the bearing capacity of the pillar increases
and then keeps constant when the width-to-height ratio
increases to enough large value (the height remains con-
stant).
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Figure 16: Average axial stress-strain curve for a pillar with width-to-height ratio = 2.0.
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Figure 17: Plot of acoustic emissions for a pillar with width-to-height ratio = 2.5.
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Figure 18: Plot of shear stresses around a pillar with width-to-height ratio = 2.5.

For the pillar with the width-to-height ratio of 2.0 under
various 𝑘

𝑜
pressures, the principal stress difference and axial

displacement are plotted in Figure 21.
As known from triaxial compression tests, brittleness

and plasticity are not intrinsic properties of rock, instead,
dependent on the stress state. Rock brittleness and plasticity
can be converted with each other with changing stress state
𝑘
𝑜
[26]. It can be seen from Figure 21, when the pressure ratio
𝑘
𝑜
is equal to 2.0, the principal stress difference increases to

a peak value first and then drops rapidly. The failure mode of
the pillar is brittle failure. With decreasing the pressure ratio
𝑘
𝑜
, the stress curves become gentle, indicating that plasticity

is more dominant. Therefore, the failure mode of the pillar
is plastic failure when the pressure ratio 𝑘

𝑜
decreases. The

higher the pressure ratio 𝑘
𝑜
is, the more prominent the brittle

failure characteristics are.

4.3. Pillar Stresses in Inclined Pillars. When mine pillars have
sharp corners stress concentration usually occurs at the sharp
corners. Hoek and Brown [27] suggest that in calculating
average pillar stresses the corner stresses should be ignored.
In this paper, the stresses and failure process of pillars at
various dip angles are simulated using the RFPA2D program.
The major principal stresses 𝜎

1
on the two diagonals and the
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Figure 19: Average axial stress-strain around a pillar with width-to-
height ratio = 2.5.
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Figure 22: Variation of 𝜎1 with distance from the first point (dip
angle = 0∘).
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Figure 23: Variation of 𝜎1 with distance from the first point (dip
angle = 10).

horizontal axis at midheight of the pillar are plotted as shown
in Figures 22 and 23 for a vertical pillar and an inclined pillar,
respectively.

As can be seen from Figures 22 and 23, stress concentra-
tion occurs in the four corners of the pillar. In order to better
explain microcracking initiated at the four corners, acoustic
emissions in a pillar with a width-to-height ratio of 2.0 under
the pressure ratio 𝑘

𝑜
of 1.0 are shown as an example.

It can be seen from Figure 24 that acoustic emissions or
microcracking first occurs near the four corners. With the
increase of loading, acoustic emissions propagate across the
pillar. At the same time, microcracks lead to the formation of
a shear band across the pillar.

Suorineni et al. [9, 10] asked if the empirical pillar strength
formulas are still applicable to pillars subjected to shear
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Figure 24: Acoustic emissions in the pillar when the dip angle is between 0∘ and 40∘.

loading.The empirical pillar strength formulas for hard rocks
are shown in Table 2.
𝑊 is the pillar width, 𝐻 is the pillar height, 𝜎

𝑐
is the

uniaxial compressive strength of the pillar intact rock, and
𝜎rm is the pillar rock mass strength.

Why inclined pillars are more prone to shear failure?
In Figure 25, 𝜎

1
can be decomposed into the axial stress

perpendicular to the pillar surface, 𝜎
1
cos 𝜃 (𝜃 is the dip

angle of the pillar) and the shear stress acting downward
along the pillar surfaces, 𝜎

1
sin 𝜃. As the pillar is under



Shock and Vibration 11

Table 2: Empirical formulae for hard rock pillar strength.

Empirical formula Reference

𝜎rm = 133
𝑊
0.5

𝐻
0.75

[30]

𝜎rm = 65
𝑊
0.46

𝐻
0.66

[31]

𝜎rm = 35.4 (0.778 + 0.222
𝑊

𝐻

) [32]

𝜎rm = 0.42𝜎𝑐
𝑊

𝐻

[33]

𝜎rm = 74 (0.778 + 0.222
𝑊

𝐻

) [34]

𝜎3

𝜎1

𝜃

Figure 25: Direction of 𝜎
1
acting on the pillar at various angles.

compression, its bearing capacity is enhanced. The shear
stress acting downward along the pillar surface is a driving
force for sliding. The overall shear resistance of the pillar is
𝜏 = 𝑐 + 𝜎

1
cos 𝜃 tan𝜑 − 𝜎

1
sin 𝜃 (𝜑 is the angle of internal

friction). It indicates that the pillar is more prone to shear
failure when the dip angle is greater.This is in agreement with
the simulation results by RFPA2D.

4.4. Verification of Numerical Results against Field Data. As
illustrated in Figure 26most of failed pillars liewithin the 0.5–
1.5 width-to-height ratio. It is also noticeable that there are
few recorded failed pillars with width-to-height ratio greater
than two. Looking at field data very similar trend can be
observed. Therefore, the application of empirical formulas
is limited to the width-to-height ratios smaller than two.
Actually, the empirical curves [28] have wrong trends after
width-to-height ratio greater than two. If considering this
issue by limit analysis method, the average pillar stress would
be infinite, as width-to-height ratio reaches infinite and does
not keep a constant like empirical curves.

4.5. Stress Distribution of Failure Process due to Excavation.
In order to demonstrate the stress distribution of room
excavation and pillar failure process, two groups of models
were built with inhomogeneous and homogeneous materials
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Figure 26: The study result superimposed on Lunder and Pakalnis
[28] empirical design chart.
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Figure 27: Pillar load history as a function of excavation step.

under certain loading condition with the factor of safety less
than 1.0. It is easy to observe the failure process during the
excavation.The data from Figures 27 to 30 were derived from
the midheight of pillar as shown in Figure 4.

(1) For Inhomogeneous RockMaterials (𝑚 = 4).Rock is a kind
of inhomogeneousmaterial which embeddedmuch structure
planes. Under the external loading, the macroscopical defor-
mation and failure characteristics for rock were determined
by the interaction of crack initiation, crack propagation, and
crack coalescence. We define 𝑚 as the homogeneity index of
the rock, which satisfied Weibull distribution. A larger value
of𝑚 represents a more homogeneous material and vice versa
[29].

Figure 27 illustrated the pattern of stress change within
the pillar during the excavation process for width-to-weight
ratio equal to 1.5. It can be seen from this figure that, inmining
step 7, pillar load drops noticeably indicating the pillar failure.
Figure 28 showed the maximum principal stress in the pillars
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Figure 28: Pattern of stress change within the pillar during the
excavation process,𝑊/𝐻 = 1.5.
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Figure 29: Pillar load history as a function of excavation step.

during excavation process. As can be seen from the figure,
before excavation, the magnitude of maximum principal
stress is equal to the in situ principal stress. As excavation
started on both sides of pillar, the maximum principal stress
started to build up at the edges of pillars. This is followed by
the pillar edge failure leading to stress concentration shifting
towards the pillar core (shown in Figure 28 step 7). Pillar core
failure implied that the entire pillar lost its support capacity
and the stress decreased sharply (shown in Figure 28 step 9).

(2) For Homogenous Rock Materials (𝑚 = 100). Figures
29 and 30 have the same trend with Figures 27 and 28,
however, which curves keep more smoother. Moreover, since
homogeneous materials were adopted in this case, stress
concentration is insignificant and peak value of curves is less
than inhomogeneous materials cases.
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Figure 30: Pattern of stress change within the pillar during the
excavation process,𝑊/𝐻 = 1.5.

5. Conclusions

By simulating the failure process of pillars with different dip
angles and the stress ratio 𝑘

𝑜
using the rock failure process

analysis program, the following conclusions can be drawn:

(1) Shear failure often occurs in orebody under shear
loading. The failure of pillars subject to shear stresses
is related to the increase of the pressure ratio 𝑘

𝑜
and

the increase of brittleness.
(2) The application of empirical formulas is limited to the

width-to-height ratios smaller than two. Actually, the
empirical curves [28] have wrong trends after width-
to-height ratio greater than two, as most empirical
design charts and formulas for pillars only consider
the axial strength and neglect insufficiency in shear
strength. Hence, they are not applicable for orebody
under shear loading.

(3) In a dipping orebody, 𝜎
1
acts on the orebody similar

to gravity. It has an obliquely downward component.
As a result, the pillar under shear stress is more prone
to failure. Therefore, the angle between 𝜎

1
and the

orebody is another factor for pillar rock bursts.
(4) With increasing dip angle of the pillar, stress con-

centration first appears at the four corners, leading
to microcracking. As the stress in the pillar con-
tinuously increases, microcracks gradually coalesce.
Subsequently, shear band occurs across the pillar and
failure occurs.Therefore, it is inappropriate to neglect
the corner stresses for determination of average stress
in the pillar.

(5) The pattern of stress changes within the pillar as
excavation proceeds. Elastic stresses start to build up
at the pillar edges and stress concentration rises at
these points, and the pillar edge failure leads to stress
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concentration shifting towards the pillar core. The
heterogeneity of rock material has an effect on the
pattern of stress concentration in pillars.
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