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A mass-change-based method based on output-only data for the rescaling of mode shapes in operational modal analysis (OMA) is
introduced.Themass distributionmatrix, which is defined as a diagonalmatrixwhose diagonal elements represent the ratios among
the diagonal elements of the mass matrix, is calculated using the unscaled mode shapes. Based on the theory of null space, the mass
distribution vector or mass distribution matrix is obtained. A small mass with calibrated weight is added to a certain location of
the structure, and then the mass distribution vector of the modified structure is estimated. The mass matrix is identified according
to the difference of the mass distribution vectors between the original and modified structures. Additionally, the universal set of
modes is unnecessary when calculating the mass distribution matrix, indicating that modal truncation is allowed in the proposed
method. The mass-scaled mode shapes estimated in OMA according to the proposed method are compared with those obtained
by experimental modal analysis. A simulation is employed to validate the feasibility of the method. Finally, the method is tested on
output-only data from an experiment on a five-storey structure, and the results confirm the effectiveness of the method.

1. Introduction

Operational modal analysis (OMA) is an engineering field
in which the modal properties of structures under ambient
vibrations are studied [1]. Its development can be traced to
1965, when the method using the cross-correlation function
to estimate the frequency response function (FRF) was pro-
posed by Clarkson and Mercer [2], which was also the origin
of using the cross-correlation function instead of the impulse
response function (IRF) to identify the mode parameters in
cases where the excitation is unknown. After approximately
50 years of development, especially due to studies of autore-
gressive moving average (ARMA) [3], random decrement
technique (RDT) [4], operational deflection shapes (ODS)
[5], natural excitation technique (NExT) [6], and stochastic
subspace identification (SSI) [7], OMA has matured and has
been extended to awider range of applications in engineering.

Furthermore, if the identified mode parameters are fur-
ther used to predict structural response, structural modi-
fication, or health monitoring, the FRF or IRF should be
identified. In fact, the FRF is obtained using experimental

modal analysis (EMA) in the laboratory. Since the boundary
conditions of the structure during a laboratory test are not
entirely identical with real in-operation working conditions
of the structure, the FRF of the system in the laboratory is
different from that in an operating state. Therefore, recon-
structing the FRF based on the mode parameters (natural
frequencies, damping ratios, and mass-scaled mode shapes)
identified using the OMA method is necessary. Because the
excitation cannot be measured in OMA, the mode shapes
cannot be normalized or scaled by mass. As a consequence,
an additional procedure to obtain the mass-scaled modal
shapes is needed. In the past few years, many methods have
been proposed to solve this problem. Doebling and Farrar
[8] used a finite-element model (FEM) mass matrix that
is reduced to the measurement degree of freedom (DOF)
to normalize the mode shapes, according to the work of
Guyan [9]. However, their method is only valid for the
lower-frequency modes. Another method used the mode
parameters identified using the OMA technology to upgrade
the FEM, from which the mass matrix that scales the mode
shapes was obtained [10–15]. Randall et al. [16] strictly limited
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the form of excitation and developed cepstral methods for
updatingmode parameters identified using theOMAmethod
when the logarithmic spectrum of the excitation is smooth
and flat enough. Using the mass perturbation as a mode
shape scaling method originated from Parloo et al. [17, 18].
By adding one or more masses whose weights are calibrated
to the structure, the operational mode shapes can be mass-
scaled by the shift in mode frequencies between the original
andmodified structures. On the basis of this idea, muchwork
has been done. The approximate formula for determination
of the scaling factors based on the frequency shift when
introducing mass perturbation on the structure was derived
directly from the governing equation of motion [19]. It
explained how testing should be performed in order to
significantly reduce approximation errors. The uncertainties
of the estimated scaling factors were also investigated [20].
An exact formulation computing the square of the scaling
factors was given by Bernal [21, 22]. This formulation can
be used in structures with both non-closely spaced modes
and closely spaced modes. López-Aenlle et al. [23] provided
two new exact formulations for scaling factors, illustrated the
large difference in accuracy between the approximate and
exact formulations, and confirmed that the results are similar
only when the mass perturbation is relatively small. Taking
into account a drawback that the first mode of a structure is
less sensitive to the mass perturbation, a new mass-stiffness
perturbation method was suggested to scale the mode shapes
[24]. A procedure to optimize the mass perturbation strategy
was proposed by López-Aenlle et al. [25, 26], which used
the mode parameters (natural frequencies and shapes) of
the original structure as basic information. Different mass
perturbation methods were applied to estimate the scaling
factors of a 15-T concrete slab by Fernández et al. [27]. The
results showed that all of the methods estimate the scaling
factors with good accuracy when an appropriate mass change
strategy is adopted. Poozesh et al. employed the drive point
scaling method to scale optically measured operating deflec-
tion shapes (ODS) [28]. Additionally, they demonstrated the
benefits and drawbacks of the mass sensitivity technique.
However, the accuracy of the mass matrix obtained by the
finite-elementmethod commonly depends on the accuracy of
themodeling of the structure.Meanwhile, themass change in
the aforementioned method should not be too high in order
to minimize the difference of the mode shapes between the
original and modified structures.

In this paper, the mass distribution matrix is defined
and calculated using unscaled mode shapes given that the
structure is discrete and themassmatrix is diagonal [8, 9, 29].
The mass matrix is the product of the mass distribution
matrix and a coefficient. Then, a small mass with calibrated
weight is added to a certain location of the structure, and
the mass distribution vector of the structure is estimated. It
is noteworthy that removing a small mass with calibrated
weight from a certain location of the structure is also feasible.
Based on the difference of the mass distribution vectors
between the original and modified structures, the mass
matrix is identified. Mode shapes are scaled by the mass
matrix. It is also worth noting that a universal set of modes is
unnecessary when calculating the mass distribution matrix.

This means that modal truncation is allowed in the proposed
method.

The rest of this paper is organized as follows. In Section 2,
the mass distribution matrix of the structure is defined and
calculated.Themass matrix is obtained based on the method
that a small mass with calibrated weight is added to a certain
DOF of the structure. Then, the unscaled mode shapes are
scaled by the mass matrix. Finally, a simulation and an
experiment are presented in Sections 3 and 4, respectively.

2. Scaling Mode Shapes

In this section, the mass distribution matrix is defined and
calculated by unscaled mode shapes. Then, the mass matrix
is obtained by the mass change method and the mode shapes
are scaled by the mass matrix. Finally, modal truncation is
discussed.

2.1. Mass Distribution Matrix. The equation of motion of a
linear time-invariant discrete system with 𝑁 DOFs can be
written as[𝑀] {�̈� (𝑡)} + [𝐶] {�̇� (𝑡)} + [𝐾] {𝑥 (𝑡)} = {𝑓 (𝑡)} , (1)

where [𝑀], [𝐶], and [𝐾] represent the mass, damping, and
stiffness matrices, respectively. [𝑀] is a real, symmetric,
positive definite matrix. [𝐶] and [𝐾] are real, symmetric,
and positive or semipositive definite matrices. 𝑡 denotes time.{𝑓(𝑡)} is the excitation, and {𝑥(𝑡)} represents the displacement
response vector.

According to the property that mode shapes are weighted
orthogonal with respect to the mass matrix, one has[Ψ]𝑇 [𝑀] [Ψ] = [𝐼] , (2)

where [Ψ] is the mass-scaled mode shape matrix and [𝐼] is
the identity matrix.

The relation between the unscaled or arbitrary scaled
mode shape matrix and the mass-scaled mode shape matrix
can be expressed as[Φ] = [Ψ] [𝛼]

= [[[[[[[
𝛼1{{{{{{{{{{{{{

𝜓11𝜓21...𝜓𝑁1
}}}}}}}}}}}}}

𝛼2{{{{{{{{{{{{{
𝜓12𝜓22...𝜓𝑁2

}}}}}}}}}}}}}
⋅ ⋅ ⋅ 𝛼𝑁{{{{{{{{{{{{{

𝜓1𝑁𝜓2𝑁...𝜓𝑁𝑁
}}}}}}}}}}}}}
]]]]]]]
, (3)

where [Φ] is the unscaled or arbitrarily scaled mode shape
matrix. The scaling factor [𝛼] is a diagonal matrix with
unknown but positive elements.

Substituting (3) into (2) yields[Φ]𝑇 [𝑀] [Φ] = [𝛼]2 . (4)

On the basis of the assumption that the structure is a
discrete system whose mass matrix can be assumed to be
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diagonal [8, 9, 29], the expanded form of (4) can be written
as

[[[[[[[[[[

𝜙11 𝜙12 ⋅ ⋅ ⋅ 𝜙1𝑖 ⋅ ⋅ ⋅ 𝜙1𝑁𝜙21 𝜙22 ⋅ ⋅ ⋅ 𝜙2𝑖 ⋅ ⋅ ⋅ 𝜙2𝑁... ... ⋅ ⋅ ⋅ ... ⋅ ⋅ ⋅ ...𝜙𝑁1 𝜙𝑁2 ⋅ ⋅ ⋅ 𝜙𝑁𝑖 ⋅ ⋅ ⋅ 𝜙𝑁𝑁
]]]]]]]]]]

𝑇

diag ({𝑚})

⋅ [[[[[[[[[[

𝜙11 𝜙12 ⋅ ⋅ ⋅ 𝜙1𝑗 ⋅ ⋅ ⋅ 𝜙1𝑁𝜙21 𝜙22 ⋅ ⋅ ⋅ 𝜙2𝑗 ⋅ ⋅ ⋅ 𝜙2𝑁... ... ⋅ ⋅ ⋅ ... ⋅ ⋅ ⋅ ...𝜙𝑁1 𝜙𝑁2 ⋅ ⋅ ⋅ 𝜙𝑁𝑗 ⋅ ⋅ ⋅ 𝜙𝑁𝑁
]]]]]]]]]]

= diag
(((
(

{{{{{{{{{{{{{{{{{{{

𝛼21𝛼22...𝛼2𝑁

}}}}}}}}}}}}}}}}}}}
)))
)

,

(5)

where

{𝑚} = {𝑚1 𝑚2 ⋅ ⋅ ⋅ 𝑚𝑁}𝑇 , (6)

and diag({𝑚}) returns a square diagonal matrix with the
elements of vector {𝑚} on the main diagonal.

Considering the symmetry on the left-hand side of (5),𝑁(𝑁 + 1)/2 equations can be obtained from (5), in which𝑚𝑖 (𝑖 = 1, 2, . . . , 𝑁) is the independent variable.
When 𝑖 = 𝑗,𝑁 equations can be extracted from (5) as

[[[[[[[[[[

𝜙11𝜙11 𝜙21𝜙21 ⋅ ⋅ ⋅ 𝜙𝑁1𝜙𝑁1𝜙12𝜙12 𝜙22𝜙22 ⋅ ⋅ ⋅ 𝜙𝑁2𝜙𝑁2... ... d
...𝜙1𝑁𝜙1𝑁 𝜙2𝑁𝜙2𝑁 ⋅ ⋅ ⋅ 𝜙𝑁𝑁𝜙𝑁𝑁

]]]]]]]]]]

{{{{{{{{{{{{{{{{{{{

𝑚1𝑚2...𝑚𝑁

}}}}}}}}}}}}}}}}}}}
=
{{{{{{{{{{{{{{{{{{{

𝛼21𝛼22...𝛼2𝑁

}}}}}}}}}}}}}}}}}}}
. (7)

Equation (7) cannot be solved since the scaling factor
matrix [𝛼] is unknown.

When 𝑖 < 𝑗,𝑁(𝑁− 1)/2 equations can be extracted from
(5) as

[𝐴] {𝑚} = {0} , (8)

where[𝐴]

=

[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

𝜙11𝜙12 𝜙21𝜙22 ⋅ ⋅ ⋅ 𝜙𝑁1𝜙𝑁2𝜙11𝜙13 𝜙21𝜙23 ⋅ ⋅ ⋅ 𝜙𝑁1𝜙𝑁3... ... d
...𝜙11𝜙1𝑁 𝜙21𝜙2𝑁 ⋅ ⋅ ⋅ 𝜙𝑁1𝜙𝑁𝑁𝜙12𝜙13 𝜙22𝜙23 ⋅ ⋅ ⋅ 𝜙𝑁2𝜙𝑁3𝜙12𝜙14 𝜙22𝜙24 ⋅ ⋅ ⋅ 𝜙𝑁2𝜙𝑁4... ... d
...𝜙12𝜙1𝑁 𝜙22𝜙2𝑁 ⋅ ⋅ ⋅ 𝜙𝑁2𝜙𝑁𝑁... ... ... ...𝜙1,𝑁−1𝜙1𝑁 𝜙2,𝑁−1𝜙2𝑁 ⋅ ⋅ ⋅ 𝜙𝑁,𝑁−1𝜙𝑁𝑁

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]𝑁(𝑁−1)/2×𝑁

. (9)

Owing to the symmetry on the left-hand side of (5), the
case when 𝑖 > 𝑗 is similar to that when 𝑖 < 𝑗 and is
omitted here. In (8), there are 𝑁(𝑁 − 1)/2 equations. {𝑚} is
the null space of [𝐴]. Given that {𝑚} exists and is unique, the
dimension of the null space of [𝐴] is 1. Therefore, the rank of[𝐴] is𝑁−1.Themass distribution vector {�̃�}, which denotes
the ratios among the elements of {𝑚}, is the unique basis of the
null space of [𝐴]. Since singular value decomposition (SVD)
is an efficientmethod of calculating the null space of amatrix,
it is adopted to obtain {�̃�}:[𝐴] = [𝑈] [𝑆] [𝑉]𝑇 . (10)

Because the rank of [𝐴] is 𝑁 − 1 and the singular values
in [𝑆] are sorted in descending order, {�̃�} can be obtained as{�̃�} = {𝑉}𝑁 , (11)

where {�̃�} is scaled by its 2-norm because [𝑉] is a unit
orthogonal matrix. Consequently, the mass distribution
matrix is expressed as[�̂�] = diag ({�̃�}) . (12)

2.2.MassMatrix. A small mass with calibrated weightΔ𝑚𝑘 is
added to theDOF 𝑘 of the structure. According to themethod
similar to that used in Section 2.1, themass distribution vector
of the structure modified by Δ𝑚𝑘, denoted as {�̃�𝛿}, can be
obtained.

Owing to the fact that {�̃�} is scaled by its 2-norm, {�̃�}
can be rewritten as

{�̃�} = { 𝑚1‖{𝑚}‖ ⋅ ⋅ ⋅ 𝑚𝑘‖{𝑚}‖ ⋅ ⋅ ⋅ 𝑚𝑁‖{𝑚}‖}𝑇 , (13)

where ‖{𝑚}‖ is the 2-norm of vector {𝑚}.
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Similarly, {�̃�𝛿} can be rewritten as

{�̃�𝛿} = { 𝑚1(Δ𝑚2
𝑘
+ 2𝑚𝑘Δ𝑚𝑘 + ‖{𝑚}‖2)1/2 ⋅ ⋅ ⋅ 𝑚𝑘 + Δ𝑚𝑘(Δ𝑚2

𝑘
+ 2𝑚𝑘Δ𝑚𝑘 + ‖{𝑚}‖2)1/2 ⋅ ⋅ ⋅ 𝑚𝑁(Δ𝑚2

𝑘
+ 2𝑚𝑘Δ𝑚𝑘 + ‖{𝑚}‖2)1/2}𝑇 . (14)

Combining the kth equation in (13) and the kth equation
in (14), the following equations can be obtained:

𝑚𝑘‖{𝑚}‖ = �̃�𝑘,
𝑚𝑘 + Δ𝑚𝑘(Δ𝑚2

𝑘
+ 2𝑚𝑘Δ𝑚𝑘 + ‖{𝑚}‖2)1/2 = �̃�𝛿𝑘 .

(15)

Solving the equations in (15), one obtains

‖{𝑚}‖ = �̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘. (16)

Substituting (16) into (6) and (13) yields

{𝑚} = �̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘 {�̃�} . (17)

Then, the mass matrix of the structure is obtained as

[𝑀] = diag ({𝑚}) = �̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘 ⋅ [�̂�] . (18)

2.3. Scaling Factor. Since the mass matrix has been obtained
in Section 2.2, the mode shape matrix can be scaled. Sub-
stituting (18) into (4), one has

[𝛼]2 = �̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘 [Φ]𝑇 [�̂�] [Φ] . (19)

Since the matrix [Φ]𝑇[�̂�][Φ] is diagonal and all diagonal
elements are positive, [𝛼] can thus be written as

[𝛼] = (�̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘)1/2 ⋅ √[Φ]𝑇 [�̂�] [Φ], (20)
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Figure 1: Relationship between𝑁 and𝑁0.
where √[Φ]𝑇[�̂�][Φ] represents the square root of the diag-
onal element of matrix [Φ]𝑇[�̂�][Φ]. Substituting (20) into (3), one can scale the mode shapes

by the mass matrix:

[Ψ] = (�̃�𝑘 (1 − (�̃�𝛿𝑘)2) + √�̃�2𝑘 (�̃�𝛿𝑘)4 − �̃�2𝑘 (�̃�𝛿𝑘)2 − (�̃�𝛿𝑘)4 + (�̃�𝛿𝑘)2((�̃�𝛿
𝑘
)2 − �̃�2

𝑘
) Δ𝑚𝑘)−1/2 [Φ] ⋅ (√[Φ]𝑇 [�̂�] [Φ])−1 . (21)

2.4. Modal Truncation. Generally, a universal set of modes
cannot be obtained due tomodal truncation.When the order
of the modes is truncated as 𝑇 (𝑇 ≤ 𝑁), (8) becomes[𝐴]

𝑇(𝑇−1)/2×𝑁
{𝑚}𝑁 = {0}𝑁 . (22)

Considering the fact that the rank of [𝐴] is𝑁− 1, both 𝑇
and𝑁 should satisfy the following inequality:12𝑇 (𝑇 − 1) ≥ 𝑁 − 1. (23)

Solving the inequality in (23), one has

𝑇 ≥ ceil(√8𝑁 − 7 + 12 ) = 𝑁0, (24)

where ceil((√8𝑁 − 7+1)/2)means rounding (√8𝑁 − 7+1)/2
to the nearest integer greater than or equal to (√8𝑁 − 7 +1)/2 and 𝑁0 is the smallest positive integer that satisfies the
inequality in (24). The details of the relationship between 𝑁
and𝑁0 are presented in Figure 1.

When 𝑁 ≥ 4, as is shown in Figure 1, 𝑁0 < 𝑁. This
means that the universal set of modes is unnecessary when
calculating the mass distribution matrix. In other words, the
modal truncation is allowed. The growth rate of 𝑁0 is much

smaller than the growth rate of 𝑁. When 𝑁 is sufficiently
large, it follows that𝑁0 ≪ 𝑁.

It is worth noting that (24) is the premise of calculating
themass distributionmatrix in this paper. If the total number
of natural modes identified is smaller than 𝑁0, the mass
matrix or mass distributionmatrix cannot be obtained by the
aforementioned method.

Considering the modal truncation, when arbitrary 𝑁0
mode shapes are taken from all 𝑇 mode shapes, (22) can be
written as

[𝑖𝐴]
𝑁0(𝑁0−1)/2×𝑁

{𝑚}𝑖 = {0} , (25)

where 𝑖 = 1, 2, . . . , 𝐶𝑁0𝑇 (𝐶𝑁0𝑇 is the total number of com-
binations of taking𝑁0 items at a time from 𝑇). According to
(11), 𝐶𝑁0𝑇 mass distribution vectors can be obtained.

Similarly, when arbitrary 𝑁0 + 1 mode shapes are taken
from all 𝑇 ones, (22) can be written as

[𝑖𝐴]
𝑁0(𝑁0+1)/2×𝑁

{𝑚}𝑖 = {0} , (26)

where 𝑖 = 𝐶𝑁0𝑇 +1, 𝐶𝑁0𝑇 +2, . . . , 𝐶𝑁0𝑇 +𝐶𝑁0+1𝑇 .Thus,𝐶𝑁0+1𝑇 mass
distribution vectors can be extracted.
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Inductively, when 𝑇 mode shapes are taken, 𝐶𝑇𝑇 mass
distribution vector can be obtained.

Using the enumerating method, 𝑆𝑇 mass distribution
vectors can be obtained from 𝑇 identified modes; namely,

𝑆𝑇 = 𝐶𝑁0𝑇 + 𝐶𝑁0+1𝑇 + 𝐶𝑁0+2𝑇 + ⋅ ⋅ ⋅ + 𝐶𝑇𝑇. (27)

Theoretically, the mass distribution vectors calculated by
different mode shape combinations should be identical.

3. Simulation

In this section, a 10-DOF structure is designed to verify the
method of scaling mode shapes.

The mass matrix is[𝑀given]= diag ({3.8 13.0 4.6 3.8 0.6 1.8 0.6 18.8 3.2 2.0}𝑇) kg. (28)
The stiffness matrix is

[𝐾given] =
[[[[[[[[[[[[[[[[[[[[[[

317800 −88000 −16300 −63100 −70700 0 0 0 0 0−88000 312600 −19700 −16800 −4600 −96900 0 0 0 0−16300 −19700 279600 −32800 −65200 −35200 −65200 0 0 0−63100 −16800 −32800 280200 −33000 −65800 −30400 −25600 0 0−70700 −4600 −65200 −33000 342000 −73500 −19100 −29800 −46100 00 −96900 −35200 −65800 −73500 368100 −67100 −20200 −3000 −64000 0 −65200 −30400 −19100 −67100 311500 −44000 −41100 −446000 0 0 −25600 −29800 −20200 −44000 163500 −5400 −385000 0 0 0 −46100 −3000 −41100 −5400 192800 −972000 0 0 0 0 −6400 −44600 −38500 −97200 186700

]]]]]]]]]]]]]]]]]]]]]]

N/m. (29)

Consequently, the natural mode frequencies are 8.34,
18.92, 26.67, 33.74, 42.02, 48.69, 54.57, 70.05, 116.68, and
122.89Hz. Taking the damping ratio for every order of the
structure to be 𝜁1 = 0.008, 𝜁2 = 0.008, 𝜁3 = 0.008, 𝜁4 = 0.007,𝜁5 = 0.007, 𝜁6 = 0.007, 𝜁7 = 0.006, 𝜁8 = 0.006, 𝜁9 = 0.006, and𝜁10 = 0.006, the damping matrix of the system is computed
by [𝐶given] = [Φ]−𝑇 diag {𝑐1 ⋅ ⋅ ⋅ 𝑐𝑟 ⋅ ⋅ ⋅ 𝑐𝑁} [Φ]−1 , (30)

where 𝑐𝑟 = 2𝜁𝑟�̃�𝑟𝜔𝑟, �̃�𝑟 = {Φ}𝑇𝑟 [𝑀given]{Φ}, and 𝑟 =1, 2, . . . , 10.
3.1. Mass Distribution Matrix. The loads on the structure are
uncorrelated random signals subjected to Gaussian distribu-
tion. In this simulation, they fit 𝑁(0, 10000), 𝑁(0, 10000),𝑁(0, 10000),𝑁(0, 8100),𝑁(0, 8100),𝑁(0, 8100),𝑁(0, 6400),𝑁(0, 6400), 𝑁(0, 6400), and 𝑁(0, 6400), where 𝑁(𝜇, 𝜎2)
denotes a Gaussian distribution with 𝜇 being a mean value

and 𝜎2 the variance. In order to illustrate the advantage of
modal truncation, all of the random signals are filtered by
Chebyshev Type I filters, and the passband edge frequency𝑓𝑝 = 60Hz. The sampling frequency 𝑓𝑠 = 512Hz. All
responses of the structure are recorded.

The modal parameters 𝑓𝑟, 𝜁𝑟, and 𝜙𝑟 are identified by
the SSI method. Owing to the band-limited white noise,
only the first seven modes can be obtained. According to
(11) and (27), the 29 mass distribution vectors or the mass
distribution matrices of the structure can be calculated by
the unscaled mode shapes [Φ]. In practice, according to (24),𝑁0 = 5. Therefore, at least five mode shapes of the structure
are required to calculate the mass distribution vector or mass
distribution matrix. A different total number of identified
mode shapes can be used to calculate the mass distribution
vectors, the details of which are shown in Table 1.

Themass distribution vectors calculated by the first seven
modes are illustrated in Figure 2. Apparently, the given mass
distribution vector is

{�̃�given} = {0.1564 0.5349 0.1893 0.1564 0.0247 0.0741 0.0247 0.7741 0.1317 0.0823}𝑇 . (31)

In Figure 2, the dark, thin solid lines coincide well with
the thick dashed lines. Calculating the average of the 29
results, the identified mass distribution vector is

{�̃�} = {0.1558 0.5339 0.1885 0.1560 0.0256 0.0752 0.0248 0.7744 0.1317 0.0825}𝑇 . (32)
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Figure 2: Mass distribution vectors calculated by the first seven modes.

The consistency of the lines means that the method used
to calculate the mass distribution matrix is reliable.

3.2. Mass Matrix and Mass-Scaled Mode Shapes. To identify
the mass matrix of the structure, a small mass, Δ𝑚9 = 1.0 kg,
is added to DOF 9 of the structure. According to a method
similar to that used in Section 3.1, {�̃�𝛿} can be obtained as

{�̃�𝛿} = {0.1550 0.5320 0.1886 0.1553 0.0241 0.0734 0.0244 0.7686 0.1715 0.0822}𝑇 . (33)

According to (17) and (18), {𝑚} and [𝑀] can be acquired.
The relative error between the givenmassmatrix [𝑀given] and
the identified mass matrix [𝑀] is shown in Table 2.

As can be seen from Table 2, the maximum relative
error of the identified mass is 4.69% (DOF 5). Therefore, the

relative error between the given mass matrix [𝑀given] and the
identified mass matrix [𝑀] is acceptable.

Since the mass matrix was obtained in Section 3.2, the
mode scaling factor can be computed according to (20) and
is given by

[𝛼] = diag ({12.624 14.154 9.151 9.821 10.110 9.550 7.479 6.609 3.967 3.963}𝑇) . (34)

According to (21) or (3), themass-scaledmode shapes can
be obtained.

4. Experimental Verification

To verify the aforementioned theory, a five-storey prototype
structure was constructed for experimentation and is shown
in Figure 3.

As can be seen from Figure 3, in this experiment,𝑓(𝑡) is white noise. The acceleration responses {�̈�(𝑡)} ={�̈�1(𝑡) �̈�2(𝑡) �̈�3(𝑡) �̈�4(𝑡) �̈�5(𝑡)}𝑇 are measured and stored
by the SO Analyze© system (m+p international, Germany).
The sampling frequency 𝑓𝑠 = 512Hz.

The mode parameters are identified by the SSI method,
and the stability diagram is reproduced in Figure 4. The
natural frequency 𝑓𝑟 and the damping ratio 𝜁𝑟 are shown in
Table 3.

Five modes can be identified. However, in Figure 4, the
poles at the first modes are not as stable as the others.
Meanwhile, the coherence functions at the first modes are not
as satisfied as at the other modes. One reason for this is the
fact that the responses of the first mode are larger than that of
the others. This is also because the shaker in our laboratory
is not good enough in the low frequency band. According
to (24), 𝑁0 = 4. Therefore, at least four modes shapes of
the structure are required to calculate the mass distribution
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Figure 3: Experimental structure.
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Figure 4: Stability diagram (∗, frequency and damping stability
poles; ×, frequency stability poles; +, new poles).

Table 1: Total number of mass distribution vectors calculated by
(27).𝑇 5 6 7𝑆𝑇 1 7 29

vector or mass distribution matrix. According to the stability
diagram in Figure 4, the second, third, fourth, and fifthmode
shapes are employed to calculate the mass distribution vector
that is shown in Figure 5(a).

In Figure 5(a), the mass distribution vector can be
identified as

{�̃�} = {0.6100 0.3783 0.3711 0.5099 0.2951}𝑇 . (35)

To identify themass matrix of the structure, a small mass,Δ𝑚3 = 0.311 kg, is added to DOF 3 of the structure. Repeated
modal testing after changing the mass is undertaken. Simi-
larly, the mass distribution vector of the modified structure
can be computed, with the results shown in Figure 5(b).Then,{�̃�𝛿} can be obtained as

{�̃�𝛿} = {0.5961 0.3690 0.4250 0.4954 0.2874}𝑇 . (36)

According to (17) and (18), {𝑚} and [𝑀] can be acquired,
where

[𝑀] = diag ({𝑚})
= diag ({2.9231 1.8130 1.7781 2.4453 1.4143}𝑇) . (37)

According to (21) or (3), mass-scaled mode shapes can
be obtained, which are shown in Figure 6. For comparison,
the mass-scaled mode shapes estimated by EMA serve as the
control group.

In Figure 6, the mass-scaled mode shapes obtained using
EMA are represented by the light, thick, and dashed lines,
while those identified using the proposed method are repre-
sented by the dark, thin, and solid lines. The dark, thin, and
solid lines coincide with the light, thick, and dashed lines.
The consistency of the dashed and solid lines means that the
relative error between the mass-scaled mode shapes identi-
fied using EMA and those identified using the method pro-
posed in this paper is acceptable.

5. Conclusions

In this paper, a mass-change-based method for the rescaling
of mode shapes in OMA is introduced, which only requires
response data.The features of the proposed method are listed
as follows.(1) The mass distribution matrix, which is defined as
a diagonal matrix whose diagonal elements represent the
ratios among the diagonal elements of the mass matrix, was
calculated using the unscaled mode shapes given that the
structure is discrete and the mass matrix is diagonal. Based
on the theory of null space, the mass distribution vector or
matrix was obtained.(2) A small mass with calibrated weight was added to a
certain DOF of the structure, and then the mass distribution
vector of the modified structure was estimated. Based on
the difference of the mass distribution vectors between
the original and modified structures, the mass matrix was
identified. In this method, the mass with calibrated weight
was not necessary to be of light weight in order to minimize
the difference between the original and modified structures.(3) A universal set of modes was unnecessary when
calculating the mass distribution matrix, indicating that
modal truncation is allowed in the proposed method.(4) A simulation was employed to validate the feasibility
of the method. Furthermore, the method was tested on the
output-only data from a five-storey structure under labora-
tory conditions. The mass-scaled mode shapes estimated by
OMA according to the method proposed in this paper were
compared with those obtained using EMA. The effectiveness
of the method was confirmed and validated.

This method is not only enforceable in the simulation
and experimental cases proposed in this paper but is also
applicable for other engineering problems.
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Figure 5: Mass distribution vector calculated by four modes.
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Figure 6: Mass-scaled mode shapes obtained using EMA (light, thick, and dashed lines) and the proposed method (dark, thin, and solid
lines).

Table 2: Relative error between the given mass matrix [𝑀given] and the identified mass matrix [𝑀].
DOF 1 2 3 4 5 6 7 8 9 10[𝑀given] (kg) 3.8 13.0 4.6 3.8 0.6 1.8 0.6 18.8 3.2 2.0[𝑀] (kg) 3.820 13.094 4.622 3.826 0.628 1.843 0.609 18.991 3.231 2.022
Error (%) 0.52 0.73 0.48 0.69 4.69 2.41 1.56 1.02 0.96 1.10
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Table 3: Identified mode frequencies and damping ratios.

Order 1 2 3 4 5
Frequency (Hz) 7.965 24.833 36.758 43.678 49.593
Damping ratio (%) 0.66 0.83 0.79 1.03 0.85
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