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Here we present a theoretical analysis on the nonlinear free vibration of a tri-cross string system, which is an element of space
net-antennas. We derived the governing equations from Hamilton’s principle and obtained a linearized solution by the standard
perturbation method.The semi-analytical solutions of the governing equations have not been provided referring to the solution of
plate vibrating problem. This analysis revealed that natural frequencies of the tri-cross string depend on the vibration amplitude
due to the geometrical nonlinearity in the constitutive equation. The geometric parameters, such as the diameters and the lengths
of the constituent strings, also affect the frequency through the nonlinearity of the tri-cross string.The nonlinear natural frequency
shows coupled characteristic; that is, the natural frequency of the tri-cross string varies with that of the constituent strings, but the
contribution of each constituent string to the natural frequency is in different proportions.

1. Introduction

Recently, we have analyzed the nonlinear dynamic response
of the cross string, the simplest net structure of strings such
as the space antennas, using Hamilton’s principle and the
perturbation method [1]. Tri-cross string is another simplest
net structure with odd constituent strings among all the
multi-cross strings, except for the cross string. It is difficult
to discuss their oscillation characteristics (such as natural
frequency) by a theoretical analysis because of the complex
nonlinearity. However, it is necessary to provide an analytical
result to compare with experiments to obtain insight on the
motion law of the structure and guide the structural design.

Natural vibration of an initially stressed and linearly elas-
tic string with small amplitudes has been extensively investi-
gated by theoretical analysis, simulations, and experimental
researches. However, the relevant researches on the initially
stretched string with finite amplitudes are still rare, despite
they are quite important for the engineering problems.
The Kirchhoff string equation is accepted as a good first

approximation of the nonlinear behavior in the transverse
direction of a string [2]. Molteno and Tufillaro studied
qualitatively the agreement between the analytical results
obtained via the truncated Kirchhoff string equation and the
experimental results [3]. Various numerical schemes, such as
the Galerkin method, were developed to simulate the large-
amplitude vibrating problem of the elastic strings based on
the nonlinear Kirchhoff string model [4]. Xiong and Hutton
used Hamilton’s principle to obtain the governing equation
and the boundary conditions of a multi-guided rotating
string [5], and they proved that Hamilton’s principle could be
used for the derivation of nonlinear vibration problems as we
presented in a recent paper [1]. Later on, more complicated
conditions of single string vibrating problem were analyzed,
such as moving boundary conditions [6], unsteady vibration
varying length [7], and the influence of friction force [8].
The transverse vibration of nonlinear strings is governed
by partial differential equations. A finite difference method
has been developed to obtain the numerical solutions of
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Figure 1: (a) The initial state of a tri-cross string. (b) The oscillating state of a tri-cross string.

these equations using the perturbation method [9], different
from the treatment of Carrier [10, 11]. The mentioned studies
mainly focus on the vibrating characteristics of a single elastic
string. The experimental and computational researches of
networks and space antennas most focus on the cases of
linear vibration [12, 13] and linear design [14, 15], while the
complex nonlinear behavior of the multistring networks is
still an open issue. However, few theoretical works on the
multistring networks were found in the literature. In this
work, we further consider the problem of a tri-cross string,
which is another simplest net structure with odd constituent
strings and the theoretical studies on tri-cross strings are
necessary, especially for the space antennas.

In this study, we studied the free nonlinear vibration
response of a tri-cross string, composed of three single strings
as shown in Figure 1, and attempted to provide a theoretical
method to analyze the nonlinear features of the tri-cross
string. The governing equations of the nonlinear vibration
of the tri-cross string are derived from Hamilton’s principle
and solved by the perturbation method. As the traditional
potential-function method used for the nonlinear vibration
of a single string is quite difficult to adopt for a tri-cross string,
novel semi-analytical solutions of the governing equations
were provided. Based on the obtained solutions, we discuss
the influence of the nonlinear feature and coupling properties
on the total frequency of the tri-cross string.The results show
that the contribution of each constituent string to the tri-
cross natural frequency is in different proportions. Moreover,
the frequencies of the tri-cross string are dependent on
the material properties of its constituent strings. The work
may provide theoretical guide for the free vibration of net
structures such as space antennas with flexible strings.

2. Derivation of the Motion Equations

2.1. Model. As shown in Figure 1, the three single strings
are connected to each other by two joints (later referred to
as node) in the tri-cross string, and these two nodes will
keep connected during vibration. This assembled structure
known as tri-cross string can be treated as another kind of
the simplest net of strings except for the cross string in [1].
In this study, the condition of geometrical nonlinearity and

material linearity is considered. It means the motion of the
tri-cross string is transverse and one-dimensional with large
amplitude, but the elongation of the string during vibration
is not negligible. Furthermore, the strains in these strings
remain elastic in the linear range. In nonlinear analysis,
the tension in the tri-cross should vary and can usually be
expressed as the function of position and time, that is,𝑇(𝑥, 𝑡).
For simplicity, the tension force can be further treated as the
only function of time 𝑇(𝑡) [2, 11]. In Figure 1, the axis is
applied to connect to each string. The strings connected to
y1-axis and y2-axis are jointed to the string of x-axis, which
are called y1-axis and y2-axis for short, respectively. During
the vibration, the vibrated modal of y1-axis and y2-axis can
be different orders and would differ in the characteristics of
vibrating plane. However, they are both connected to the x-
string and affected by each other by the constraint of nodes.
Considering the real structure of net strings such as space
antennas, the nonrigid boundary conditions and the finite
span of this tri-cross string are adopted in this paper. For the
sake of simplicity, the three single strings are chosen to be
made of the same material as well.

In the following section, we will try to simplify the
structure of the tri-cross string and transfer it into a dynamic
model. At first, the whole jointed tri-cross string structure
can be divided into three single strings with two nodal forces
applied onto each of them. Considering jogged two strings of
the whole tri-cross string, the separated nodal force on each
of the jogged two strings has the same amplitude but in the
opposite direction. In this study, the jogged tri-cross string
will be disassembled into the three strings separately, and one
of themwill be chosen as an object substituted intoHamilton’s
principle. In this way, the governing equation of one single
string belonging to the jogged tri-cross string structure can
be obtained, and it can demonstrate the common properties
of each single string.

Under the above assumptions, the governing equations of
the vibration of the tri-cross string are derived as follows.

2.2. Hamilton’s Principle. The Lagrange integral function J of
a single string can be expressed as

𝐽 = ∫𝑡2
𝑡1

𝐿 (𝑡) d𝑡, (1)
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Figure 2: Displacement of the x-string component of the cross
string in Figure 1.

where J is obtained by integrating Lagrange function L with
respect to the time t and L is expressed as𝐿 (𝑡) = 𝐾 (𝑡) − 𝑈 (𝑡) , (2)

where K is the kinetic energy andU is the potential energy of
the system.

As the derivation method and process of the mechanics
models for the three constituent single strings of the tri-cross
string are similar, it is convenient to present the derivation of
the mathematical expressions of K(t) and U(t) of one string.

In the present problem, the vibrating direction is vertical
to x-y plane. Therefore, the expression of the kinetic energy
K(t) is shown as

𝐾 (𝑡) = 12 ∫𝑙00 𝜌(𝜕𝑤𝜕𝑡 )2 d𝑥, (3)

where 𝑙0 is the length of the string in the initial static
equilibrium position, 𝜌 is the mass per unit length and is the
function of x, w is the displacement of the string, and x is the
longitudinal coordinate.

The total potential energy U(t) of one string consists of
one part due to tensionworkUT(t) and the other part coming
from the external excitation UF(t), i.e., U(t) = UT(t) + UF(t).
As shown in Figure 2, a string in the equilibrium position
presents an initial tension 𝑇0 and its initial length l0. We take
an infinitesimal element of the displaced string as an object,
and its length in the deformed configuration is ds. In the
equilibrium position under initial tension, the length of this
element is dx, under the definition of initial length being d𝑥0.
It is assumed that the string remains linearly elastic under the
varying tension during the vibration, and the tension 𝑇(𝑥, 𝑡)
can be expressed as 𝑇 (𝑥, 𝑡) = 𝐸𝐴𝜀, (4)

in which the total strain of the element 𝜀 is
𝜀 = d𝑠 − d𝑥0

d𝑥0 = d𝑠
d𝑥 d𝑥

d𝑥0 , d𝑥
d𝑥0 = 1 + 𝜀0, (5)

where 𝜀0 is the initial strain. According to the geometrical
relations, the vibrating string away from the initial equilib-
rium position can be expressed as

d𝑠
d𝑥 = √1 + (𝜕𝑤𝜕𝑥 )2. (6)

By inserting (5) and (6) into (4), (4) can be expressed as

𝑇 (𝑥, 𝑡) = 𝐸𝐴[[(1 + 𝜀0)√1 + (
𝜕𝜔𝜕𝑥)2 − 1]] , (7)

where E is Young’s modulus and A is the cross-sectional
area. For simplicity and emphasis of geometrically nonlinear
behavior, the tension in the one-dimensional and flexible
string can be regarded as the function of time only [2, 11].
With the solution of the nonlinear vibration problem of two-
dimensional thin plates, averaging the stress in one axis is
one effective method. In our previous study, the tension is
presented under the same assumption [1]

𝑇 (𝑡) = 𝑇0 + 𝐸𝐴𝑙0 (∫𝑙00 √1 + (𝜕𝑤 (𝑥, 𝑡)𝜕𝑥 )2d𝑥 − 𝑙0) (8)

or𝑇 (𝑡)
= 𝐸𝐴 + 𝑇0𝑙0 [[∫

𝑙0

0

√1 + (𝜕𝑤 (𝑥, 𝑡)𝜕𝑥 )2d𝑥 − 𝑙01 + 𝜀0]] . (9)

Using (9), the tension work stored in the potential energy of
the one single string with a length of dx can be expressed as

d𝑈𝑇 (𝑡) = 𝐸𝐴 + 𝑇0𝑙0 [[∫
𝑙0

0

√1 + (𝜕𝑤𝜕𝑥 )2d𝑥 − 𝑙01 + 𝜀0]]
⋅ [[√1 + (

𝜕𝑤𝜕𝑥 )2d𝑥 − d𝑥]] .
(10)

Integrating (10) along the string, we can obtain

𝑈𝑇 (𝑡) = 𝐸𝐴 + 𝑇04𝑙0 [∫𝑙0
0
(𝜕𝑤𝜕𝑥 )2 d𝑥]

⋅ {∫𝑙0
0
[ 2𝜀01 + 𝜀0 + (𝜕𝑤𝜕𝑥 )

2] d𝑥} . (11)

On the other hand, one external excitation work stored in the
potential energy is provided as

𝑈𝐹 (𝑡) = ∫𝑙0
0
𝐹1joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥joint)

⋅ 𝑤st (𝑥, 𝑦1joint, 𝑦2joint, 𝑡) d𝑥, (12)

where 𝐹1joint(𝑡), 𝐹2joint(𝑡) denote the nodal forces at the
joints, whose coordinates are (𝑥1,joint, 𝑦1joint, 𝑦2joint), (𝑥2,joint,𝑦1joint, 𝑦2joint), respectively; 𝑤st represents the displacement
of the whole tri-cross string; 𝛿(𝑥) is Dirac delta function.
Figure 3 shows the relation between the (inner) force and
the excitation. In fact, the nodal force should be regarded
as an inner constraint force by considering the whole
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Figure 3: Modeling of the tri-cross string by separating the three
strings of the structure and adding a joint force to the joint as the
joint condition.

tri-cross string. By dividing the tri-cross string into three
strings, the nodal forces in the same position but belonging
to two different jogged strings have the same amplitude and
opposite direction.

For one single string with more than one joint with other
constituent strings under multiple excitations, say, along 𝑥-
direction, (12) may be extended as

𝑈𝐹 (𝑡) = ∫𝑙0
0

𝑛∑
𝑖=1

𝐹𝑖joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥𝑖,joint)
⋅ 𝑤st (𝑥, 𝑦1joint, 𝑦2joint, 𝑡) d𝑥.

(13)

According to Hamilton’s principle, (1) can be expressed by
substituting (11), (12), (13) into (1) as

𝛿𝐽 = 𝛿∫ 𝑡2
𝑡1

[𝐾 (𝑡) − 𝑈𝑇 (𝑡) − 𝑈𝐹 (𝑡)] d𝑡 = 0. (14)

2.3. Governing Equations. According to (14) and the differ-
ential variational principle, the governing equation of the 𝑥-
string can be obtained as

𝜌𝜕2𝑤𝜕𝑡2 − 𝐸𝐴 + 𝑇0𝑙0 ((∫𝑙0
0
(𝜕𝑤𝜕𝑥 )2 d𝑥) + 𝜀0𝑙01 + 𝜀0)

⋅ 𝜕2𝑤𝜕𝑥2 = 𝐹1joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥1,joint) + 𝐹2joint (𝑡)
⋅ 𝛿 (𝑥 − 𝑥2,joint) ,

𝑦1 = 𝑦1joint,𝑦2 = 𝑦2joint.

(15a)

Similarly, by applying the kinetic energy K(t) and the poten-
tial energy U(t) on y1-string and y2-string, we can obtain the
governing equations of y1-string and y2-string as

𝜌𝜕2𝑤󸀠𝜕𝑡2 − 𝐸𝐴 + 𝑇1𝑙1 ((∫𝑙1
0
(𝜕𝑤󸀠󸀠𝜕𝑦1 )2 d𝑦) + 𝜀1𝑙11 + 𝜀1)

⋅ 𝜕𝜕𝑦1 𝜕𝑤󸀠𝜕𝑦1 = −𝐹1joint (𝑡) ⋅ 𝛿 (𝑦1 − 𝑦1joint) ,
𝑥 = 𝑥1,joint,𝑦2 = 𝑦2joint,

(15b)

𝜌𝜕2𝑤󸀠󸀠𝜕𝑡2 − 𝐸𝐴 + 𝑇2𝑙2 ((∫𝑙2
0
(𝜕𝑤󸀠󸀠𝜕𝑦2 )2 d𝑧) + 𝜀2𝑙21 + 𝜀2)

⋅ 𝜕𝜕𝑦2 𝜕𝑤󸀠󸀠𝜕𝑦2 = −𝐹2joint (𝑡) ⋅ 𝛿 (𝑦2 − 𝑦2joint) ,
𝑥 = 𝑥2,joint,𝑦1 = 𝑦1joint

(15c)

in which 𝑙1, 𝑙2 are the lengths of y1-string and y2-string
in the static equilibrium position, respectively; w, 𝑤󸀠, 𝑤󸀠󸀠
are the displacements of x-string, y1-string, and y2-string,
respectively; and𝑤st is the displacement of thewhole tri-cross
string structure,

𝑤 = 𝑤st (𝑥, 𝑦1joint, 𝑦2joint, 𝑡) ,
𝑤󸀠 = 𝑤st (𝑥1,joint, 𝑦1, 𝑦2joint, 𝑡) ,
𝑤󸀠󸀠 = 𝑤st (𝑥2,joint, 𝑦1joint, 𝑦2, 𝑡) .

(16)

The boundary conditions corresponding to 𝑥-string, y1-
string, and y2-string are shown as follows:𝑤 = 0, at 𝑥 = 0, 𝑥 = 𝑙0, (17a)

𝑤󸀠 = 0, at 𝑦1 = 0, 𝑦1 = 𝑙1, (17b)

𝑤󸀠󸀠 = 0, at 𝑦2 = 0, 𝑦2 = 𝑙2, (17c)

and the initial conditions corresponding to x-string, y1-string,
and y2-string are

𝑤st (𝑥, 𝑦1, 𝑦2)󵄨󵄨󵄨󵄨󵄨𝑥=𝑥𝑖 ,𝑦1=𝑦1𝑗 ,𝑦2=𝑦2𝑘 ,𝑡=0
= 𝑤st (𝑥𝑖, 𝑦1𝑗 , 𝑦2𝑘 , 0) , (18)

where 𝑤st(𝑥𝑖, 𝑦𝑗, 𝑧𝑘, 0) is the initial displacement.
It is well known that the natural frequency with non-

linearity of a geometrically nonlinear string is composed of
the linear natural frequency of the string and the nonlinear
fluctuation frequency [16, 17]. Based on the above derivations,
it is obvious that the vibration of the tri-cross string is coupled
with each other due to the two joint nodes. In the following,
we will discuss the nonlinearity and the coupling behavior
among the 𝑥-string, y1-string, and y2-string with the two
jogged mechanical connections.

3. Solution of the Governing Equations

In the integrodifferential nonlinear governing equations
(15a), (15b), and (15c), the second terms all present the term𝜕𝑤/𝜕𝑥. It is difficult to obtain the analytical solutions of
the above integrodifferential nonlinear governing equations.
In this study, modal superposition method is adopted here
to solve these equations with semi-analytical formula first,
and the solutions were used to analyze their responses with
coupled behavior.

The boundary and initial conditions of the tri-cross
string are one kind of a net or special plate; thus similarly
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the tri-trigonometric series can be employed to expand the
displacement of the tri-cross string as

𝑤st (𝑥, 𝑦, 𝑧, 𝑡) = 𝑀∑
𝑚=1

𝑁1∑
𝑛1=1

𝑁2∑
𝑛2=1

𝑎𝑚𝑛1𝑛2𝑓𝑚𝑛1𝑛2 (𝑡) sin𝑚𝜋𝑥𝑙0
⋅ sin𝑛1𝜋𝑦1𝑙1 sin

𝑛2𝜋𝑦2𝑙2 , (19)

in which 𝑎𝑚𝑛1𝑛2 is the 𝑚𝑛1𝑛2th initial amplitude of the
vibration and 𝑓𝑚𝑛1𝑛2(𝑡) presents the dimensionless time-
domain function. In the tri-cross string, the time dependence
of x-string, y1-string, and y2-string is exactly the same.
Moreover, in order to make (9) satisfy the initial condition,
assume𝑓𝑚𝑛1𝑛2(𝑡 = 0) = 1. Considering the geometrical
structure in Figure 1, the magnitude of 𝑤st is zero when𝑥 ̸= 𝑥1,joint or 𝑦1 ̸= 𝑦1joint, 𝑦1 ̸= 𝑦1joint or 𝑦2 ̸= 𝑦2joint, and𝑥 ̸= 𝑥2,joint or 𝑦2 ̸= 𝑦2joint. Lining to (8) and (19), all 𝑎𝑚𝑛1𝑛2s
should be equal to zero based on the initial and boundary
conditions. Therefore, it is obvious that 𝑤st is nonzero only
at (𝑥, 𝑦1joint, 𝑦2joint) or (𝑥1,joint, 𝑦1, 𝑦2joint,t) or (𝑥2,joint, 𝑦1joint, 𝑦2,t)
according to the geometrical structure shown in Figure 1.

Considering the corresponding external excitation terms
in (15a), (15b), and (15c), we can describe the nodal forces in
modal form as trigonometric series

𝐹1joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥1,joint) = 𝑀∑
𝑚=1

𝐹1∗∗𝑚 sin𝑚𝜋𝑥𝑙0 , (20a)

𝐹2joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥2,joint) = 𝑀∑
𝑚=1

𝐹2∗∗𝑚 sin𝑚𝜋𝑥𝑙0 , (20b)

−𝐹1joint (𝑡) ⋅ 𝛿 (𝑦1 − 𝑦1joint) = 𝑁1∑
𝑛1=1

𝐹1∗𝑛1 sin𝑛1𝜋𝑦1𝑙0 , (20c)

−𝐹2joint (𝑡) ⋅ 𝛿 (𝑦2 − 𝑦2joint) = 𝑁2∑
𝑛2=1

𝐹2∗𝑛2 sin𝑛2𝜋𝑦2𝑙2 , (20d)

where 𝐹1∗∗𝑚 , 𝐹2∗∗𝑚 , 𝐹1∗𝑛1 , and 𝐹2∗𝑛2 are the trigonometric modal
parameters.

In this paper, we aim to consider the effect of geometri-
cally nonlinear displacement. The length of the string varies
rather than being constant. Meanwhile, we suppose the weak
nonlinearity of this problem such that the strains inside the
tri-cross string are not quite large during vibration.Thus, the
amplitudes of displacement (𝑎𝑚𝑛1𝑛2) are small in magnitude;
as a result, the nodal force is also quite small. By substituting
(19) and (20a) and (20b) into (15a), we can rewrite the
governing equation (15a), for simplicity,
𝜌 ̈𝑓𝑚𝑛1𝑛2 (𝑡)

+ 𝐸𝐴 + 𝑇0𝑙0 ((∫𝑙0
0

𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

(𝑖𝜋𝑙0 )
2 𝑎𝑖𝑗𝑙𝑎𝑖𝑘ℎ𝑓𝑖𝑗𝑙 (𝑡) 𝑓𝑖𝑘ℎ (𝑡)

⋅ cos2 𝑖𝜋𝑥𝑙0 ⋅ sin𝑗𝜋𝑦1joint𝑙1 sin
𝑙𝜋𝑦2joint𝑙2 ⋅ sin 𝑘𝜋𝑦1joint𝑙1 sin

ℎ𝜋𝑦2joint𝑙2 )
+ 𝜀0𝑙01 + 𝜀0) ⋅ (𝑚𝜋𝑙0 )

2 𝑓𝑚𝑛1𝑛2 (𝑡) = (𝐹1∗∗𝑚 + 𝐹2∗∗𝑚 )(𝑆1∗∗𝑦𝑧 𝑎𝑚𝑛1𝑛2)

(21a)

or𝜌 ̈𝑓𝑚𝑛1𝑛2 (𝑡)
+ 𝐸𝐴 + 𝑇02 (𝑀∑

𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

(𝑖𝜋𝑙0 )
2 𝑎𝑖𝑗𝑙𝑎𝑖𝑘ℎ𝑓𝑖𝑗𝑙 (𝑡) 𝑓𝑖𝑘ℎ (𝑡)

⋅ sin 𝑗𝜋𝑦1joint𝑙1 sin
𝑙𝜋𝑦2joint𝑙2 ⋅ sin 𝑘𝜋𝑦1joint𝑙1 sin

ℎ𝜋𝑦2joint𝑙2 )
⋅ 𝑓𝑚𝑛1𝑛2 (𝑡) (𝑚𝜋𝑙0 )

2 + 𝐸𝐴 + 𝑇0𝑙0 𝜀0𝑙01 + 𝜀0 ⋅ (𝑚𝜋𝑙0 )
2 𝑓𝑚𝑛1𝑛2 (𝑡)

= (𝐹1∗∗𝑚 + 𝐹2∗∗𝑚 )(𝑆1∗∗𝑦𝑧 𝑎𝑚𝑛1𝑛2) ,

(21b)

where

𝑆1∗∗𝑦𝑧 = 𝑁1∑
𝑛1=1

𝑁2∑
𝑛2=1

sin
𝑛1𝜋𝑦1joint𝑙1 sin

𝑛2𝜋𝑦2joint𝑙2 ,
𝑆1∗𝑥𝑧 = 𝑀∑

𝑚=1

𝑁2∑
𝑛1=1

sin
𝑚𝜋𝑥1,joint𝑙0 sin

𝑛2𝜋𝑦2joint𝑙2 , (22a)

𝑆2∗∗𝑦𝑧 = 𝑁1∑
𝑛1=1

𝑁2∑
𝑛2=1

sin
𝑛1𝜋𝑦1joint𝑙1 sin

𝑛2𝜋𝑦2joint𝑙2 ,
𝑆2∗𝑥𝑦 = 𝑀∑

𝑚=1

𝑁1∑
𝑛1=1

sin
𝑚𝜋𝑥2,joint𝑙0 sin

𝑛1𝜋𝑦1joint𝑙1 . (22b)

The orthogonality of trigonometric functions is applied in the
derivation of (21a) and (21b). By inserting (19) and (20b) into
(15b), we can get similar governing equation for y1-string as

𝜌 ̈𝑓𝑚𝑛1𝑛2 (𝑡) + 𝐸𝐴1 + 𝑇12 (𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

(𝑗𝜋𝑙1 )
2

⋅ 𝑎𝑖𝑗𝑙𝑎𝑘𝑗ℎ𝑓𝑖𝑗𝑙 (𝑡) 𝑓𝑘𝑗ℎ (𝑡) ⋅ sin 𝑖𝜋𝑥1,joint𝑙0 sin
𝑙𝜋𝑦2joint𝑙2

⋅ 𝑘𝜋𝑥1,joint𝑙0 sin
ℎ𝜋𝑦2joint𝑙2 ) ⋅ 𝑓𝑚𝑛1𝑛2 (𝑡) (𝑛1𝜋𝑙1 )

2

+ 𝐸𝐴1 + 𝑇1𝑙1 𝜀1𝑙11 + 𝜀1 ⋅ (𝑛1𝜋𝑙1 )
2 𝑓𝑚𝑛1𝑛2 (𝑡)

= 𝐹1∗𝑛1(𝑆1∗𝑥𝑧𝑎𝑚𝑛1𝑛2) .

(23a)

Similarly, substituting (19) and (20c) into (15c), we have
similar form of the governing equation for y2-string as

𝜌 ̈𝑓𝑚𝑛1𝑛2 (𝑡) + 𝐸𝐴2 + 𝑇22 (𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

(ℎ𝜋𝑙2 )
2

⋅ 𝑎𝑖𝑗ℎ𝑎𝑘𝑙ℎ𝑓𝑖𝑗ℎ (𝑡) 𝑓𝑘𝑙ℎ (𝑡) ⋅ sin 𝑖𝜋𝑥2,joint𝑙0 sin
𝑗𝜋𝑦1joint𝑙1
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⋅ 𝑘𝜋𝑥2,joint𝑙0 sin
𝑙𝜋𝑦1joint𝑙1 ) ⋅ 𝑓𝑚𝑛1𝑛2 (𝑡) (𝑛2𝜋𝑙2 )

2

+ 𝐸𝐴2 + 𝑇2𝑙2 𝜀2𝑙21 + 𝜀2 ⋅ (𝑛2𝜋𝑙2 )
2 𝑓𝑚𝑛1𝑛2 (𝑡)

= 𝐹2∗𝑛2(𝑆2∗𝑥𝑦𝑎𝑚𝑛1𝑛2) .
(23b)

In order to connect (21a), (23a), and (23b), (20a), (20b), (20c),
and (20d) should be rewritten as follows:

∫𝑙0
0
𝐹1joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥1,joint) sin𝑚𝜋𝑥𝑙0 d𝑥
= ∫𝑙0
0
( 𝑀∑
𝑚=1

𝐹1∗∗𝑚 sin𝑚𝜋𝑥𝑙0 ) sin𝑚𝜋𝑥𝑙0 d𝑥, (24a)

∫𝑙0
0
𝐹2joint (𝑡) ⋅ 𝛿 (𝑥 − 𝑥2,joint) sin𝑚𝜋𝑥𝑙0 d𝑥
= ∫𝑙0
0
( 𝑀∑
𝑚=1

𝐹2∗∗𝑚 sin𝑚𝜋𝑥𝑙0 ) sin𝑚𝜋𝑥𝑙0 d𝑥, (24b)

∫𝑙1
0
−𝐹1joint (𝑡) ⋅ 𝛿 (𝑦 − 𝑦1joint) sin𝑛1𝜋𝑦1𝑙1 d𝑦1
= ∫𝑙1
0
( 𝑁1∑
𝑛1=1

𝐹1∗𝑛1 sin𝑛1𝜋𝑦1𝑙1 ) sin
𝑛1𝜋𝑦1𝑙1 d𝑦1, (24c)

∫𝑙2
0
−𝐹2joint (𝑡) ⋅ 𝛿 (𝑦2 − 𝑦2joint) sin𝑛2𝜋𝑦2𝑙2 d𝑦2
= ∫𝑙2
0
( 𝑁2∑
𝑛2=1

𝐹2∗𝑛2 sin𝑛2𝜋𝑦2𝑙2 ) sin
𝑛2𝜋𝑦2𝑙2 d𝑦2. (24d)

Based on (24a)–(24d), one has

𝐹1∗∗𝑚 = −𝐵1𝑚𝑛1𝐹1∗𝑛1 , (25a)

𝐹2∗∗𝑚 = −𝐵2𝑚𝑛2𝐹2∗𝑛2 , (25b)

where

𝐵1𝑚𝑛1 = 𝑙1sin (𝑚𝜋𝑥1,joint/𝑙0)𝑙0sin (𝑛1𝜋𝑦1joint/𝑙1) = 𝑙1𝑙0 𝑥
𝑚
1𝑦𝑛11 ,

𝐵2𝑚𝑛2 = 𝑙2sin (𝑚𝜋𝑥2,joint/𝑙0)𝑙0sin (𝑛2𝜋𝑦2joint/𝑙2) = 𝑙2𝑙1 𝑥
𝑚
2𝑦𝑛22 ,

𝑥𝑚1 = sin
𝑚𝜋𝑥1,joint𝑙0 ,

𝑥𝑚2 = sin
𝑚𝜋𝑥2,joint𝑙0 ,

𝑦𝑛11 = sin
𝑛1𝜋𝑦1joint𝑙1 ,

𝑦𝑛22 = sin
𝑛2𝜋𝑦2joint𝑙2 .

(26)

In the perturbation method, a properly chosen small pertur-
bation parameter should be provided during the solution. For
achieving this purpose, we defined

𝑔𝑚𝑛1𝑛2 (𝑡) = (𝐸𝐴 + 𝑇0) (𝐸𝐴1 + 𝑇1) (𝐸𝐴2 + 𝑇2) (𝑚𝜋𝑙0 )
⋅ (𝑛1𝜋𝑙1 )(𝑛2𝜋𝑙2 ) 𝑙0𝑇0 𝑙1𝑇1 𝑙2𝑇2𝑓𝑚𝑛1𝑛2 (𝑡) ,

(27)

where

𝐷𝑚𝑛1𝑛2 = (𝐸𝐴 + 𝑇0) (𝐸𝐴1 + 𝑇1) (𝐸𝐴2 + 𝑇2) (𝑚𝜋𝑙0 )
⋅ (𝑛1𝜋𝑙1 )(𝑛2𝜋𝑙2 ) 𝑙0𝑇0 𝑙1𝑇1 𝑙2𝑇2 .

(28)

From (27), 𝑓𝑚𝑛1𝑛2(𝑡) can be written as

𝑓𝑚𝑛1𝑛2 (𝑡) = (𝑚𝜋𝑙0 )
−1 (𝑛1𝜋𝑙1 )

−1 (𝑛2𝜋𝑙2 )
−1

⋅ 𝑇0(𝐸𝐴 + 𝑇0) 𝑙0 𝑇1(𝐸𝐴1 + 𝑇1) 𝑙1
⋅ 𝑇2(𝐸𝐴2 + 𝑇2) 𝑙2𝑔𝑚𝑛1𝑛2 (𝑡) .

(29)

By substituting (29) into (22a) and (22b), the governing
equation of x-string can be transformed from (21a) and (21b)
to

̈𝑔𝑚𝑛1𝑛2 (𝑡) + 𝑇02𝑇12𝑇22𝑙0−4𝑎2𝑚𝑛1𝑛2𝑚24𝜌𝜋2 (𝐸𝐴 + 𝑇0) (𝐸𝐴1 + 𝑇1)2 (𝐸𝐴2 + 𝑇2)2 (
𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑎𝑖𝑗𝑙𝑎𝑖𝑘ℎ𝑗𝑘𝑙ℎ𝑎2𝑚𝑛1𝑛2 𝑦𝑗1𝑦𝑘1𝑦𝑙2𝑦ℎ2𝑔𝑖𝑗𝑙 (𝑡) 𝑔𝑖𝑘ℎ (𝑡)) ⋅ 𝑔𝑚𝑛1𝑛2 (𝑡)
+ (𝜔0𝑚)2 𝑔𝑚𝑛1𝑛2 (𝑡) = 𝐷𝑚𝑛1𝑛2 (𝐹1∗∗𝑚 + 𝐹2∗∗𝑚 )(𝜌𝑆1∗∗𝑦𝑧 𝑎𝑚𝑛1𝑛2) .

(30)
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Similarly, the governing equation of 𝑦1-string becomes

̈𝑔𝑚𝑛1𝑛2 (𝑡)
+ 𝑇02𝑇12𝑇22𝑙1−4𝑎2𝑚𝑛1𝑛2𝑛124𝜌𝜋2 (𝐸𝐴 + 𝑇0)2 (𝐸𝐴1 + 𝑇1) (𝐸𝐴2 + 𝑇2)2
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑎𝑖𝑗𝑙𝑎𝑘𝑗ℎ𝑖𝑘𝑙ℎ𝑎2𝑚𝑛1𝑛2 𝑥𝑖1𝑥𝑘1𝑦𝑙2𝑦ℎ2𝑔𝑖𝑗𝑙 (𝑡) 𝑔𝑘𝑗ℎ (𝑡)
⋅ 𝑔𝑚𝑛1𝑛2 (𝑡) + (𝜔󸀠0𝑛1)2 𝑔𝑚𝑛1𝑛2 (𝑡) = 𝐷𝑚𝑛1𝑛2𝐹1∗𝑛1(𝜌𝑆1∗𝑥𝑧𝑎𝑚𝑛1𝑛2)

(31)

and the governing equation of 𝑦2-string becomes

̈𝑔𝑚𝑛1𝑛2 (𝑡)
+ 𝑇02𝑇12𝑇22𝑙2−4𝑎2𝑚𝑛1𝑛2𝑛224𝜌𝜋2 (𝐸𝐴 + 𝑇0)2 (𝐸𝐴1 + 𝑇1)2 (𝐸𝐴2 + 𝑇2)
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑎𝑖𝑗ℎ𝑎𝑘𝑙ℎ𝑖𝑗𝑘𝑙𝑎2𝑚𝑛1𝑛2 𝑥𝑖2𝑥𝑘2𝑦𝑙1𝑦ℎ1𝑔𝑖𝑗ℎ (𝑡) 𝑔𝑘𝑙ℎ (𝑡)
⋅ 𝑔𝑚𝑛1𝑛2 (𝑡) + (𝜔󸀠󸀠0𝑛2)2 𝑔𝑚𝑛1𝑛2 (𝑡) = 𝐷𝑚𝑛1𝑛2𝐹2∗𝑛2(𝜌𝑆2∗𝑥𝑦𝑎𝑚𝑛1𝑛2) .

(32)

As the three single strings have the identical displace-
ments at the joint, the joint condition can be defined as
follows:

𝑤(𝑥1,joint, 𝑡) = 𝑤󸀠 (𝑦1joint, 𝑡)
= 𝑤st (𝑥1,joint, 𝑦1joint, 𝑦2joint, 𝑡) , (33a)

𝑤(𝑥2,joint, 𝑡) = 𝑤󸀠󸀠 (𝑦2joint, 𝑡)
= 𝑤st (𝑥2,joint, 𝑦1joint, 𝑦2joint, 𝑡) . (33b)

Define

𝜔20𝑚 = 𝑇0𝜌 (𝑚𝜋𝑙0 )
2 , (34)

where 𝜔0𝑚 is the linear natural frequency of 𝑥-string, pro-
portional to the initial tension 𝑇0 and the square of the string
length 𝑙0. Similarly, the linear natural frequency of 𝑦1-string
and 𝑦2-string can be defined as

(𝜔󸀠0𝑛1)2 = 𝑇1𝜌 ⋅ (𝑛1𝜋𝑙1 )
2 , (35)

(𝜔󸀠󸀠0𝑛2)2 = 𝑇2𝜌 ⋅ (𝑛2𝜋𝑙2 )
2 . (36)

Three small perturbation parameters can be defined as

𝜀𝑥𝑚𝑛1𝑛2 = 𝑇02𝑇12𝑇22𝑙0−4𝑎2𝑚𝑛1𝑛2𝑚24𝜌𝜋2 (𝐸𝐴 + 𝑇0) (𝐸𝐴1 + 𝑇1)2 (𝐸𝐴2 + 𝑇2)2 , (37)

𝜀𝑦1𝑚𝑛1𝑛2 = 𝑇02𝑇12𝑇22𝑙1−4𝑎2𝑚𝑛1𝑛2𝑛124𝜌𝜋2 (𝐸𝐴 + 𝑇0)2 (𝐸𝐴1 + 𝑇1) (𝐸𝐴2 + 𝑇2)2 , (38)

𝜀𝑦2𝑚𝑛1𝑛2 = 𝑇02𝑇12𝑇22𝑙2−4𝑎2𝑚𝑛1𝑛2𝑛224𝜌𝜋2 (𝐸𝐴 + 𝑇0)2 (𝐸𝐴1 + 𝑇1)2 (𝐸𝐴2 + 𝑇2) , (39)

𝜀𝑥𝑚𝑛1𝑛2 = 𝑐𝑥−𝑦1𝑚𝑛1 𝜀𝑦1𝑚𝑛1𝑛2 , 𝑐𝑥−𝑦1𝑚𝑛1 = 𝑙0−4𝑙1−4 𝑚
2𝑛12 (𝐸𝐴 + 𝑇0)(𝐸𝐴1 + 𝑇1) , (40)

𝜀𝑥𝑚𝑛1𝑛2 = 𝑐𝑥−𝑦2𝑚𝑛2 𝜀𝑦2𝑚𝑛1𝑛2 , 𝑐𝑥−𝑦2𝑚𝑛2 = 𝑙0−4𝑙2−4 𝑚
2𝑛22 (𝐸𝐴 + 𝑇0)(𝐸𝐴2 + 𝑇2) . (41)

By substituting (24a), (24b), (24c), (24d), (27), (36), (37), (38),
and (39) into (30), (31), and (32), we obtain

̈𝑔𝑚𝑛1𝑛2 (𝑡) + 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 ((
𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑝𝑗𝑘𝑙ℎ
⋅ 𝑔𝑖𝑗𝑙 (𝑡) 𝑔𝑖𝑘ℎ (𝑡) 𝑔𝑚𝑛1𝑛2 (𝑡) + 𝑏𝑦1𝑚𝑛1𝑐𝑥−𝑦1𝑚𝑛1
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑞𝑖𝑘𝑙ℎ𝑔𝑖𝑗𝑙 (𝑡) 𝑔𝑘𝑗ℎ (𝑡) ⋅ 𝑔𝑚𝑛1𝑛2 (𝑡))
+ 𝑏𝑦2𝑚𝑛2𝑐𝑥−𝑦2𝑚𝑛2

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑉𝑖𝑗𝑘𝑙𝑔𝑖𝑗ℎ (𝑡) 𝑔𝑘𝑙ℎ (𝑡)
⋅ 𝑔𝑚𝑛1𝑛2 (𝑡))
+ (𝜔0𝑚)2 + 𝑏𝑦1𝑚𝑛1 (𝜔󸀠0𝑛1)2 + 𝑏𝑦2𝑚𝑛2 (𝜔󸀠󸀠0𝑛2)21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝑔𝑚𝑛1𝑛2 (𝑡)
= 0,

(42)

in which

𝑝𝑗𝑘𝑙ℎ = 𝑎𝑖𝑗𝑙𝑎𝑖𝑘ℎ𝑗𝑘𝑙ℎ𝑎2𝑚𝑛1𝑛2 𝑦𝑗1𝑦𝑘1𝑦𝑙2𝑦ℎ2 ,
𝑞𝑖𝑘𝑙ℎ = 𝑎𝑖𝑗𝑙𝑎𝑘𝑗ℎ𝑖𝑘𝑙ℎ𝑎2𝑚𝑛1𝑛2 𝑥𝑖1𝑥𝑘1𝑦𝑙2𝑦ℎ2 ,
𝑉𝑖𝑗𝑘𝑙 = 𝑎𝑖𝑗ℎ𝑎𝑘𝑙ℎ𝑖𝑗𝑘𝑙𝑎2𝑚𝑛1𝑛2 𝑥𝑖2𝑥𝑘2𝑦𝑙1𝑦ℎ1 ,

(43)
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𝑏𝑦1𝑚𝑛1 = 𝑆1∗𝑥𝑧𝐵1𝑚𝑛1𝑆1∗∗𝑦𝑧 ,
𝑏𝑦2𝑚𝑛2 = 𝑆2∗𝑥𝑦𝐵2𝑚𝑛2𝑆2∗∗𝑦𝑧 . (44)

By adopting the perturbation method, 𝑔𝑚𝑛1𝑛2(𝑡) can be
decomposed by means of the perturbation expansion

𝑔𝑚𝑛1𝑛2 (𝑡) = 𝑔0𝑚𝑛1𝑛2 (𝑡) + 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝑔1𝑚𝑛1𝑛2 (𝑡)+ ⋅ ⋅ ⋅ . (45)

The frequency of the tri-cross string is also expressed as the
following expressions with a small perturbation parameter

(𝜔𝑚𝑛1𝑛2)2 = (𝜔0𝑚)2 + 𝑏𝑦1𝑚𝑛1 (𝜔󸀠0𝑛1)2 + 𝑏𝑦2𝑚𝑛2 (𝜔󸀠󸀠0𝑛2)21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2
+ 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝛼1
+ ( 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2)

2 𝛼2 + ⋅ ⋅ ⋅ .
(46)

By inserting (45) and (46) into (42), we obtain the follow-
ing relation accompanied with the perturbation parameter(𝜀𝑥𝑚𝑛1𝑛2/(1 + 𝑏𝑦𝑛1𝑚 + 𝑏𝑧𝑛1𝑛2))0

̈𝑔0𝑚𝑛1𝑛2 (𝑡) + (𝜔𝑚𝑛1𝑛2)2 𝑔0𝑚𝑛1𝑛2 (𝑡) = 0. (47)

By satisfying 𝑓𝑚𝑛1𝑛2(0) = 1, 𝑔0𝑚𝑛1𝑛2(𝑡) can be taken as

𝑔0𝑚𝑛1𝑛2 (𝑡) = 𝐷𝑚𝑛1𝑛2cos𝜔𝑚𝑛1𝑛2𝑡. (48)

The terms accompanied with the perturbation parameter(𝜀𝑥𝑚𝑛1𝑛2/(1 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2))1 are
̈𝑔1𝑚𝑛1𝑛2 (𝑡) + (𝜔𝑚𝑛1𝑛2)2 𝑔1𝑚𝑛1𝑛2 (𝑡) = 𝛼1𝑔0𝑚𝑛1𝑛2 (𝑡)
− (𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑝𝑗𝑘𝑙ℎ𝑔0𝑖𝑗𝑙 (𝑡) 𝑔0𝑖𝑘ℎ (𝑡) 𝑔0𝑚𝑛1𝑛2 (𝑡)
+ 𝑏𝑦1𝑚𝑛1𝑐𝑥−𝑦1𝑚𝑛1

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑞𝑖𝑘𝑙ℎ𝑔0𝑖𝑗𝑙 (𝑡) 𝑔0𝑘𝑗ℎ (𝑡)
⋅ 𝑔0𝑚𝑛1𝑛2 (𝑡)) + 𝑏𝑦2𝑚𝑛2𝑐𝑥−𝑦2𝑚𝑛2
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑉𝑖𝑗𝑘𝑙𝑔0𝑖𝑗ℎ (𝑡) 𝑔0𝑘𝑙ℎ (𝑡) ⋅ 𝑔0𝑚𝑛1𝑛2 (𝑡) .

(49)

From (49), 𝑔1𝑚𝑛1𝑛2(𝑡) can be obtained as

𝑔1𝑚𝑛1𝑛2 (𝑡) = 𝐷𝑚𝑛1𝑛24 𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑝𝑗𝑘𝑙ℎ
⋅ 𝐷𝑖𝑗𝑙𝐷𝑖𝑘ℎ{{{

cos (𝜔𝑖𝑗𝑙𝑡 + 𝜔𝑖𝑘ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑖𝑘ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 + 𝜔𝑖𝑘ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑖𝑘ℎ − 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 − 𝜔𝑖𝑘ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 − 𝜔𝑖𝑘ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 − 𝜔𝑖𝑘ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 − 𝜔𝑖𝑘ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2

}}}
+ 𝐷𝑚𝑛1𝑛24 𝑏𝑦1𝑚𝑛1𝑐𝑥−𝑦1𝑚𝑛1

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑞𝑖𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑘𝑗ℎ
⋅ {{{

cos (𝜔𝑖𝑗𝑙𝑡 + 𝜔𝑘𝑗ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 + 𝜔𝑘𝑗ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ − 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 − 𝜔𝑘𝑗ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ − 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗𝑙𝑡 − 𝜔𝑘𝑗ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ − 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2

}}}
+ 𝐷𝑚𝑛1𝑛24 𝑏𝑦2𝑚𝑛2𝑐𝑥−𝑦2𝑚𝑛2

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑉𝑖𝑗𝑘𝑙𝐷𝑖𝑗ℎ𝐷𝑘𝑙ℎ
⋅ {{{

cos (𝜔𝑖𝑗ℎ𝑡 + 𝜔𝑘𝑙ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗ℎ + 𝜔𝑘𝑙ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗ℎ𝑡 + 𝜔𝑘𝑗ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗ℎ𝑡 − 𝜔𝑘𝑗ℎ𝑡 + 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗𝑙 + 𝜔𝑘𝑗ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2
+ cos (𝜔𝑖𝑗ℎ𝑡 − 𝜔𝑘𝑙ℎ𝑡 − 𝜔𝑚𝑛1𝑛2𝑡) − cos𝜔𝑚𝑛1𝑛2𝑡(𝜔𝑖𝑗ℎ + 𝜔𝑘𝑙ℎ + 𝜔𝑚𝑛1𝑛2)2 − (𝜔𝑚𝑛1𝑛2)2

}}}

(50)



Shock and Vibration 9

𝛼1 = 14 𝑀∑
𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑝𝑗𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑖𝑘ℎ + 14 𝑏𝑦1𝑚𝑛1𝑐𝑥−𝑦1𝑚𝑛1
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑞𝑖𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑘𝑗ℎ + 14 𝑏𝑦2𝑚𝑛2𝑐𝑥−𝑦2𝑚𝑛2
⋅ 𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑉𝑖𝑗𝑘𝑙𝐷𝑖𝑗ℎ𝐷𝑘𝑙ℎ.
(51)

𝑔𝑚𝑛1𝑛2(𝑡) include the linear part 𝑔0𝑚𝑛1𝑛2(𝑡) and 1st-order
perturbation parameter (𝜀𝑥𝑚𝑛1𝑛2/(1 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2))1 term𝑔1𝑚𝑛1𝑛2(𝑡)

𝑔𝑚𝑛1𝑛2 (𝑡) = 𝑔0𝑚𝑛1𝑛2 (𝑡) + 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝑔1𝑚𝑛1𝑛2 (𝑡) (52)

and lastly, 𝑓𝑚𝑛1𝑛2(𝑡) in (29) can be determined as

𝑓𝑚𝑛1𝑛2 (𝑡) = cos𝜔𝑚𝑛1𝑛2𝑡
+ 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦𝑛1𝑚 + 𝑏𝑧𝑛1𝑛2 1𝐷𝑚𝑛1𝑛2 𝑔1𝑚𝑛1𝑛2 (𝑡) .

(53)

Thus, the circular frequency of the tri-cross string can be
obtained as

(𝜔𝑚𝑛1𝑛2)2 = (𝜔0𝑚)2 + 𝑏𝑦1𝑚𝑛1 (𝜔󸀠0𝑛1)2 + 𝑏𝑦2𝑚𝑛2 (𝜔󸀠󸀠0𝑛2)21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2
+ 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝛼1
= (𝜔0𝑚)2 + 𝑏𝑦1𝑚𝑛1 (𝜔󸀠0𝑛1)2 + 𝑏𝑦2𝑚𝑛2 (𝜔󸀠󸀠0𝑛2)21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2
+ 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 (14 𝑀∑

𝑖=1

𝑁1∑
𝑗=1

𝑁1∑
𝑘=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑝𝑗𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑖𝑘ℎ
+ 14 𝑏𝑦1𝑚𝑛1𝑐𝑥−𝑦1𝑚𝑛1

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁2∑
𝑙=1

𝑁2∑
ℎ=1

𝑞𝑖𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑘𝑗ℎ
+ 14 𝑏𝑦2𝑚𝑛2𝑐𝑥−𝑦2𝑚𝑛2

𝑀∑
𝑖=1

𝑀∑
𝑘=1

𝑁1∑
𝑗=1

𝑁1∑
𝑙=1

𝑁2∑
ℎ=1

𝑉𝑖𝑗𝑘𝑙𝐷𝑖𝑗ℎ𝐷𝑘𝑙ℎ) .

(54)

Therefore, the frequency of the tri-cross string is in the
following form:

𝑓st
𝑚𝑛1𝑛2

= 12𝜋
⋅ √ (𝜔0𝑚)2 + 𝑏𝑦1𝑚𝑛1 (𝜔󸀠0𝑛1)2 + 𝑏𝑦2𝑚𝑛2 (𝜔󸀠󸀠0𝑛2)21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 + 𝜀𝑥𝑚𝑛1𝑛21 + 𝑏𝑦1𝑚𝑛1 + 𝑏𝑦2𝑚𝑛2 𝛼1.

(55)

According to the initial conditions, the amplitude 𝑎𝑚𝑛1𝑛2 can
be obtained by the following relation:

𝑀∑
𝑚=1

𝑁1∑
𝑛1=1

𝑁2∑
𝑛2=1

𝑎𝑚𝑛1𝑛2𝑓𝑚𝑛1𝑛2 (𝑡) sin𝑚𝜋𝑥𝑖𝑙0 sin
𝑛1𝜋𝑦1𝑗𝑙1

⋅ sin 𝑛2𝜋𝑦2𝑘𝑙2 = 𝑤st (𝑥𝑖, 𝑦1𝑗 , 𝑦2𝑘 , 0) ,
(56)

where 𝑚 = 1, 2, . . . ,𝑀; 𝑛1 = 1, 2, . . . , 𝑁1; 𝑛2 = 1, 2, . . . ,𝑁2.
In this study, approximate semi-analytic formulas on

the natural analysis of the structural displacements and
frequencies are presented. To approach the exact solution as
close as possible, large value of𝑀, 𝑁1, 𝑁2 should be chosen,
where the number of the chosen sampling points on the three
strings should be identical as well. To improve the accuracy of
the solution derived from the above perturbationmethod, the
order of magnitude of the parameter (𝜀𝑥𝑚𝑛1𝑛2/(1+𝑏𝑦1𝑚𝑛1 +𝑏𝑦2𝑚𝑛2))
also needs to be increased. Next we will demonstrate it with
various numerical examples.

4. Results and Discussion

We choose the geometrical and mechanical properties of the
tri-cross string as follows: 𝑙0 = 1m, 𝑙1 = 0.95m, 𝑙2 = 1.05m,𝑥1,joint = 0.32𝑙0, 𝑥2,joint = 0.64𝑙0, 𝑦1joint = 0.33𝑙1, 𝑦2joint = 0.63𝑙2,
E = 210 × 109 Pa, 𝜌 = 0.1543 kg/m, 𝜀 = 0.2×10−3. The three
strings all have the same diameter, that is, 0.005m. The
magnitude of the maximum displacement is taken to be
10−3m. The perturbation parameters (𝜀𝑥𝑚𝑛1𝑛2/(1 + 𝑏𝑦1𝑚𝑛1 +𝑏𝑦2𝑚𝑛2)) (𝑚, 𝑛1, 𝑛2 = 1, 2, . . . , 𝑁) are chosen to be much smaller
than unity with a maximum value of 10−7.

In order to discuss the accuracy of the solution equation
(55), Table 1 presents the first three-order natural frequencies
with different 𝑀, 𝑁1, and 𝑁2. It is shown that (55) with 4
or 5 perturbation terms already provides sufficient accuracy
for the current tri-cross string structure. This fact confirms
that the perturbation procedure with the above parameters is
sufficient for the problem considered here. In the following
discussions, we will choose𝑀 = 𝑁1 = 𝑁2 = 5.

Until now, the nonlinear free vibration analysis of a tri-
cross string with geometrical linearity cannot be accurately
simulated with a commercial finite element code to provide
a numerical solution because the nonlinearity from varying
arc length and the coupled characteristics caused by jogged
joints are quite complicated. In this work, we focus on the
discussion of the nonlinearity and couple characteristic of the
prestressed tri-cross string.

With similar process, we can obtain the nonlinear fre-
quency of one single string. The frequencies of the three
strings corresponding to the tri-cross string are given below
in an explicit form:
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Table 1: The first three frequencies with different amplitudes (Hz).

𝑤st(𝑥 = 0.5, 𝑦1joint = 0.33, 𝑦2joint = 0.63, 0)/m 3 terms (N = 3) 4 terms (N = 4) 5 terms (N = 5)𝑓st
111 𝑓st

222 𝑓st
333 𝑓st

111 𝑓st
222 𝑓st

333 𝑓st
111 𝑓st

222 𝑓st
333

1.2 × 10−3 37.74 75.60 114.53 37.03 74.03 111.96 36.95 73.82 111.63
2.4 × 10−3 37.89 75.92 115.05 37.22 74.38 112.52 37.46 74.77 112.92
3.0 × 10−3 38.02 76.16 115.43 37.56 74.66 113.95 37.82 75.47 114.24
4.0 × 10−3 38.27 76.67 116.26 38.66 75.25 114.86 38.59 76.97 115.92

𝑓Ι𝑚 = 12𝜋√𝜔20𝑚 + 𝑎2𝑚 (𝐸𝐴 + 𝑇0) 𝑙−202𝜌𝑇20 (𝑚𝜋𝑙0 )
2 ⋅ [12𝑎2𝑚𝑦𝑚1 (𝑚𝜋𝑙0 )

2 + 𝑁∑
𝑖=1

12𝑎2𝑖 𝑦𝑖1 (𝑖𝜋𝑙0 )
2],

𝑓ΙΙ𝑚 = 12𝜋√(𝜔󸀠0𝑚)2 + 𝑎2𝑚 (𝐸𝐴1 + 𝑇1) 𝑙󸀠−202𝜌𝑇21 (𝑚𝜋𝑙1 )
2 ⋅ [12𝑎2𝑚𝑥𝑚1 (𝑚𝜋𝑙1 )

2 + 𝑁∑
𝑖=1

12𝑎2𝑖 𝑥𝑖1 (𝑖𝜋𝑙1 )
2],

𝑓ΙΙI𝑚 = 12𝜋√(𝜔󸀠󸀠0𝑚)2 + 𝑎2𝑚 (𝐸𝐴2 + 𝑇2) 𝑙󸀠−202𝜌 (𝑇2)2 (𝑚𝜋𝑙2 )
2 ⋅ [12𝑎2𝑚𝑦𝑚2 (𝑚𝜋𝑙2 )

2 + 𝑁∑
𝑖=1

12𝑎2𝑖 𝑦𝑖2 (𝑖𝜋𝑙2 )
2].

(57)

In the following discussions, the natural frequencies of
the tri-cross string will be compared with those of the
corresponding constituent single strings. Comparing (55)
with (57), it can be seen that (55) includes not only linear
frequency [(𝜔0𝑚)2+𝑏𝑦1𝑚𝑛1(𝜔󸀠0𝑛1)2+𝑏𝑦2𝑚𝑛2(𝜔󸀠󸀠0𝑛2)2]/(1+𝑏𝑦1𝑚𝑛1+𝑏𝑦2𝑚𝑛2),
combined with the linear frequencies from the three single
strings, but also nonlinear fluctuation ((𝜀𝑥𝑚𝑛1𝑛2/(1 + 𝑏𝑦1𝑚𝑛1 +𝑏𝑦2𝑚𝑛2))𝛼1), where the terms such as 𝑝𝑗𝑘𝑙ℎ𝐷𝑖𝑗𝑙𝐷𝑖𝑘ℎ reflect the
coupling characteristics from the jogged strings.

In the following sections, we will discuss the nonlinear
frequencies of the tri-cross string by varying structural
parameters, such as the vibration amplitude, the diameter of
one string, the diameters of two strings, the length of one
string, and the lengths of two strings.

Figure 4 shows the first four natural frequencies of the
whole tri-cross string (𝑓st

111, 𝑓st
222, 𝑓st
333, 𝑓st
444) with different ini-

tial amplitudes 𝑤st(𝑥 = 0.5𝑙0, 𝑦1joint, 𝑦2joint, 0). First, the natural
frequencies with the same mode in the three constituent
strings, that is, 𝑓st

111, 𝑓st
222, 𝑓st
333, 𝑓st
444, are chosen in the discus-

sion. It is seen that the natural frequencies of the tri-cross
string and the three single strings increase with increasing
amplitudes. Moreover, the frequencies of the tri-cross string
are among those of the three single strings, reflecting the
averaging effect of the three strings. It is one kind of the
coupling effect of the tri-cross string.The total frequencies are
not only the average of the nonlinear frequencies of the three
constituent single strings in any way. To some extent, the total
frequency 𝑓st

𝑚𝑛1𝑛2
can be regarded as one kind of nonlinear

combination of frequencies of the three constituent single
strings. Therefore, the variation tendency of the frequency of

the tri-cross string presents a nonlinear response by varying
the amplitudes of the tri-cross string shown in Figure 4. If
geometries of the constituent single strings are changed, the
differences among the tri-cross string and the three single
strings become rather complicated according to the results
from our calculations.

Figure 5 shows the influence of increasing the diameter
of one constituent string on the first four natural frequencies
of the strings, with the initial displacement of 1 × 10−3m at
the point with the maximummagnitude. By setting 𝑙0 = 1m,𝑙1 = 0.95m, 𝑙2 = 1.05m, the initial natural frequencies
of the single strings are different from each other, which
has been shown in Figure 5. In the case of increasing the
diameter of one single string, its own frequencies increase
and the frequencies of the whole tri-cross string also increase.
It is shown that the change of the frequencies of the whole
tri-cross string accompanies the varying of diameter of 𝑦1-
string. In contrast, the 𝑥-string and 𝑦2-string have not been
changedwhile changing the diameter of𝑦1-string.The results
demonstrate that changing the diameter of one single string
does not change the frequencies of the whole structure and
the frequencies of the other two constituent strings too
much.

In the following, we study the effect of changing the
diameters of two strings. Figure 6 depicts the profiles of the
first four natural frequencies of the strings, by increasing the
diameters of two constituent strings (with 𝑑2 = 𝑑3 (𝐴1 =(1/4)𝜋𝑑22, 𝐴2 = (1/4)𝜋𝑑23)), with the initial displacement of1×10−3mat the point inmaximummagnitude. By setting 𝑙0 =1m, 𝑙1 = 0.95m, 𝑙2 = 1.05m, the initial natural frequencies
of the single strings are different from each other, which
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Figure 4: The influence of the vibration amplitude 𝑤st(𝑥 = 0.5𝑙0, 𝑦1joint, 𝑦2joint, 0) on the first four frequencies of the strings: (a) the first mode𝑓st
111, (b) the second mode 𝑓st

222, (c) the third mode 𝑓st
333, and (d) the fourth mode 𝑓st

444.

has been shown in Figure 6. When the diameters of these
two strings increase, their own frequencies increase and the
frequencies of the whole tri-cross string also increase. Similar
to the case of changing the diameter of only one string, the
tri-cross string changes its frequencies less than that of the𝑦1-string. The frequency of the 𝑦2-string does not change
too much as well. This confirms the important fact again
that the frequencies of tri-cross string cannot be treated as
a mere combination of the nonlinear frequencies of the three
constituent strings in any way.

In addition to the diameters, the lengths of the strings
also have profound influence on the vibration of the tri-cross
string; see Figure 7 for the effect of the length ratio of the two
strings 𝑙1/𝑙0 (here 𝑙0 and 𝑙2 keep constant) on the first four
natural frequencies of the cross string (𝑓st

111, 𝑓st
222, 𝑓st
333, 𝑓st
444),

with the initial displacement being 1 × 10−3m at the point
with the maximum magnitude. With the consideration of
increasing the string length ratio, it is indicated that the
natural frequencies of the tri-cross string at different modes
will decrease. The length ratio factor by varying the length
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Figure 5: The influence of the diameter of one constituent string on the first four frequencies of the strings: (a) the first mode 𝑓st
111, (b) the

second mode 𝑓st
222, (c) the third mode 𝑓st

333, and (d) the fourth mode 𝑓st
444.

of one string provides pronounced effect on the tri-cross
string, however, not as that on the varying single string. That
is to say, the frequency of the tri-cross string is determined
by the properties of its constituent strings, but the response
sensitivity of the tri-cross string on local structural variation
decreases due to its coupling characteristics and nonlinear
response.

Furthermore, we increase the lengths of 𝑥-string and 𝑦2-
string proportionally. The first four natural frequencies of
the tri-cross string (𝑓st

111, 𝑓st
222, 𝑓st
333, 𝑓st
444) resulting from the

influence of the length ratio of the two strings 𝑙1/𝑙0, 𝑙2/𝑙0
(here 𝑙0 and 𝑙2/𝑙1 keep constant) are shown in Figure 8,
where the initial displacement is 1 × 10−3m at the point
with the maximum magnitude. With the consideration of
increasing the string length ratio, it is indicated that the
natural frequencies of the tri-cross string at different modes
will decrease. Compared with the results shown in Figure 7,
the frequencies of tri-cross string are much closer to the
frequencies of the single strings which increase its own
lengths. The reason could be that the variation of the two
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Figure 6: The influence of diameters of two constituent strings on the first four frequencies of the strings: (a) the first mode 𝑓st
111, (b) the

second mode 𝑓st
222, (c) the third mode 𝑓st

333, and (d) the fourth mode 𝑓st
444.

constituent strings is more effective on the whole structure
than that of single constituent string.

Figure 9 shows the first four natural frequencies of the
tri-cross string (𝑓st

212, 𝑓st
222, 𝑓st
232, 𝑓st
242) with different initial

amplitudes 𝑤st(𝑥 = 0.5𝑙0, 𝑦1joint, 𝑦2joint, 0). It is also shown
that the natural frequencies of the tri-cross string and the
three single strings increasewith increasing amplitudes.More
importantly, the frequencies (𝑓st

212, 𝑓st
222, 𝑓st
232, 𝑓st
242) show that

the order of the modes is not a simple integer. It agrees with
(55), where the subscript and symbol𝑚𝑛1𝑛2 in the expression
provide a multiple order of the natural frequencies of the
tri-cross string. In another way, the subscript and symbol𝑚𝑛1𝑛2 in the expressionmean the different orders ofmodes of
the constituent strings. Therefore, the results in Figure 9 and
(55) reflect the coupling characteristics that are the contri-
bution from the different orders of modes of the constituent
strings.
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Figure 7:The influence of the length of one constituent string on the first four frequencies of the strings: (a) the first mode𝑓st
111, (b) the second

mode 𝑓st
222, (c) the third mode 𝑓st

333, and (d) the fourth mode 𝑓st
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5. Conclusion

In this paper, we derived the governing equations of the tri-
cross string fromHamilton’s principle.The analytical solution
of the coupled structure is obtained by using the perturbation
method. Furthermore, the accuracy and convergence analysis
of the analytical solution has been carefully conducted. As
for the properties of natural frequencies of the vibrating tri-
cross string, the results show that the overall feature of the
tri-cross string is combinedwith the nonlinear characteristics

and coupling features; that is, the natural frequencies of the
tri-cross string are composed of the linear natural frequencies
of the three constituent strings and the nonlinear parts. For
the nonlinear part, we use the analytical solution to study
the effect of the structural parameters on the nonlinear fre-
quencies of the tri-cross string, such as vibration amplitudes,
diameters and lengths, and the different orders of natural
modes of the constituent strings. The results demonstrated
that the contribution of each constituent string to the tri-cross
natural frequency is in different proportions. In addition,
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Figure 8:The influence of lengths of two constituent strings on the first four frequencies of the strings: (a) the first mode 𝑓st
111, (b) the second

mode 𝑓st
222, (c) the third mode 𝑓st

333, and (d) the fourth mode 𝑓st
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the frequencies of the tri-cross string are dependent on
the material properties of its constituent strings as well.
More importantly, the configuration of a string net or space
antennas (here the simplest net, i.e., a tri-cross string) tends
to decrease the sensitivity to local structural variation. The
solution obtained in this work may provide a theoretical
reference for similar free vibration problem of net structures
such as space antennas with flexible strings.
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