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The dynamic behavior of a single-stage planetary gear set with helical gears of multishaft automotive automatic transmissions has
been studied, in which one component of the planetary gear set is imposed by additional external vertical and axial loading from
countershaft gear pair in addition to the moment. Under these combined loading conditions, the contributions of the deflections of
the ring gear and the carrier cannot be neglected. A three-dimensional nonlinear time-variant dynamicmodel considering not only
the transverse, torsional, axial, and rotational motions of the gears but also the elasticity of the mounted shafts has been developed
by combining the lumped parametermethodwith finite elementmethod.The naturalmodes and the forced vibration responses due
to static transmission errors have been obtained.The proposed dynamic model is employed to describe the effects of the combined
external loading condition and positioning on the dynamic behavior of a four-planet system.

1. Introduction

Planetary gear trains (PGTs) are the core component of the
powertrain transmission systems used in many aerospace,
vessel, automotive, constructionmachinery, and wind-power
applications. Under dynamic conditions, the forces acting
on gears are amplified, which would lead to larger dynamic
loads and stresses and potentially reduce the fatigue life of
gears. Furthermore, high-frequency alternating forces due
to the dynamic behavior are transmitted to the radiating
surfaces as excitation for gear whine. Therefore, dynamic
analysis is essential in describing the vibration and noise and
even durability of any geared power transmission systems.
A dynamic model for predicting vibration amplitudes and
dynamic forces is necessary to evaluate the noise and durabil-
ity of a given gear system,which is helpful to identify potential
problems and find capable solutions.

Lumped parameter method is widely used to develop the
dynamic model of PGTs, in which the PGT is simplified
as a topology structure by assuming each component as
rigid and the connection through kinematical joints, springs,
and dampers. Various models have been proposed by many
researchers over the past decades.With respect to the number

of freedoms, there are pure torsional vibration models [1],
two-dimensional models [2], and three-dimensional models
[3]. In terms of considering the stiffness changes and backlash
or not, there are linear or nonlinear and time-invariant or
time-variant dynamic models [1, 4–6]. Those models can
analyze the vibration characteristics, such as natural modes
and forced vibration responses. Another unique behavior,
namely, modulation sidebands for PGTs, is studied by a few
researchers. Inalpolat and Kahraman [4] predicted modu-
lation sidebands of a simple-stage planetary gear train by
introducing the influence of manufacturing errors on the
gear transmission error excitations into a nonlinear time-
variant dynamic model. The inflexibility assumption of the
gear system in the lumped parameter method deviates from
the real elasticmechanical structure. Kubur et al. [7] proposed
a dynamic model combining a three-dimensional discrete
dynamicmodel of counter-shaft helical gear pairs with a finite
element model of shaft structures. Abousleiman et al. [8]
proposed a hybrid model for spur and helical gear planetary
drives inwhich the contributions of the deflections of the ring
gear and the carrier are introduced via substructures derived
from3Dfinite elementmethodswhile the sun gear is assumed
to be rigid.
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Figure 1: Schemes of two FWD AT examples with parallel-axis layouts.

Furthermore, there are many new developed multispeed
automatic transmission layouts in which planetary gear sets
and gear pairs are assembled in parallel axes in recent ten
years. Figure 1 shows two examples of this kind of structural
schemes. This kind of structural layout is well suitable
for front-wheel drive (FWD) vehicles. Only gear pairs are
mounted on the counter-shaft as shown in Figure 1(a) while
both planetary gear sets and gear pairs are mounted on the
countershaft as presented in Figure 1(b). One gear of a gear
pair is usually fixedly connected with one component of a
planetary gear set. For example, the driving gear of the gear
pair 5-2 in Figure 1(a) is fixedly connected with the carrier
of the planetary gear set on the far left through shaft, and
the driven gear of the gear pair 6-10 in Figure 1(b) is fixedly
connected with the ring gear of the planetary gear set on
the left side of the counter-shaft; the details are shown in
the dotted box in Figure 1. When the power is transmitted
through gear pairs, due to the gear tooth meshing forces,
additional vertical forces and even axial forces are generated
and transmitted to the supporting shafts of the gears. When
one gear is connected with one component of a planetary
gear set, the vertical and/or axial forces will be shared by the
planetary gear set too, whose force environment is different
from the traditional concentric automatic transmission based
on multiple planetary gear sets. As for this kind of structure,
the shafts of planetary gear sets imposed by vertical and/or
axial forces in addition to torque would have much more
deflection and thus influence the dynamic behavior of the
gear system. So it is necessary to investigate the dynamic
characteristics of this of kind gear system.

Without loss of generality, a single-stage PGT imposed
by combined external vertical forces and/or axial forces in

addition to the moment is introduced in the following. This
study aims at developing a dynamic model of this kind of
PGTs considering the flexibility of all components. As the
focus is not only on the gears but also on other components,
the model must have the capability of including the most
relevant design parameters of gears, shafts, and bearings to
quantify the direct influence of each of these parameters
on the overall dynamic behavior. Based on the model, the
dynamic behavior of PGTs under additional external vertical
force and/or axial forces will be predicted and analyzed.
Limited parameter studies will be performed to describe the
effect of some of the key system parameters on the dynamic
behavior. The intent of this model is to help designers
obtain themost favorable configuration for themost desirable
dynamic behavior at any stage of the development of the gear
system.

2. Dynamic Model

2.1. Physical Model and Assumptions. A single-stage plane-
tary gear train (PGT) considered in this study consists of a sun
gear and a ring gear which are coupled to each other by 𝑁𝑝
planets. Figure 2 illustrates a PGT with four planets,𝑁𝑝 = 4,
in which the ring gear and carrier are the input and output,
respectively, while the sun gear is stationary. The ring gear
load includes the vertical 𝐹𝑦 and axial forces 𝐹𝑧 in addition
to the moment 𝑇𝑟 = 𝑅𝑟𝐹𝑥, where 𝑅𝑟 is base circle radius of
the ring gear and 𝐹𝑥 is the circumferential force. The planets
are mounted on a carrier through bearings and pins, and the
carrier is supported flexibly in all directions. The dynamic
model of the system shown in Figure 2 employs the following
assumptions:
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Figure 2: A typical PGTwith four equally spaced planet gears under
combined loading.

(i) The gear contact is treated as a solid-solid contact
problem, that is, the elastohydrodynamic lubrication
problem is not included in this study.Thenonlinearity
is due to the teeth separation, which will simplify the
equations of motion.

(ii) The elastic deformations of gear bodies are assumed
to be negligible.

(iii) The effects of the inertias connected to the PGT at
the input and output sides are not included here con-
sidering that these can only cause resonances at low
frequencies.

(iv) Frictional forces caused by tooth sliding motions are
assumed to be negligible.

The coupled three-dimensional (transverse-rotational-
axial) model must be general so that a PGT with any number
of planets can be analyzed, in which the planets can be spaced
equally or unequally around the sun gear at any phasing
relationship, and the sun and ring gear and carrier can be
floating in the radial direction.

For a single-stage planetary gear system with𝑁𝑝 planets,
each planet is in mesh with the sun gear (𝑠) and the ring gear

(𝑟) while it is supported through its axis by a bearing held by
the carrier (𝑐). So any planet branch located at an arbitrary
planet position angle 𝜓𝑘 can be considered as a combination
of three subsystems: a sun and planet gear pair, a ring and
planet gear pair and a carrier and planet gear pair, shown in
Figure 3.

The dynamicmodel of a PGT allows each element includ-
ing gears and the carrier to translate in 𝑥, 𝑦, and 𝑧 (axial)
directions, denoted by 𝑥𝑗, 𝑦𝑗, and 𝑧𝑗, and rotate about
these translation axes, denoted by 𝜃𝑥𝑗, 𝜃𝑦𝑗, and 𝜃𝑧𝑗 (𝑗 =𝑠, 𝑟, 𝑐, 𝑝1, . . . , 𝑝𝑁𝑝). For the sake of convenience, define three
variables in place of the rotations with 𝑤𝑥𝑗 = 𝑅𝑗𝜃𝑥𝑗, 𝑤𝑦𝑗 =𝑅𝑗𝜃𝑦𝑗, and 𝑤𝑧𝑗 = 𝑅𝑗𝜃𝑧𝑗, where 𝑅𝑗 is the base circle radius of a
gear or the radius of the circle passing through planet centers
of the carrier. Gears aremodeled as rigid diskswithmasses𝑚𝑗
and mass moments of inertias 𝐼𝑗. So a mass matrix m𝑗 and
a displacement vector q𝑗 are then defined for each element𝑗 as

m𝑗 = diag [𝑚𝑗 𝑚𝑗 𝑚𝑗 𝐼𝑗𝑅2𝑗
𝐼𝑗𝑅2𝑗

𝐼𝑗𝑅2𝑗 ] ,
q𝑗 = {𝑥𝑗 𝑦𝑗 𝑧𝑗 𝑤𝑥𝑗 𝑤𝑦𝑗 𝑤𝑧𝑗}𝑇 .

(1)

Before obtaining the dynamic model of the entire gear
system, the equations of motion of these three subsystems
will be formulated first based on lumped parameter method.
Figure 3(a) illustrates an external helical gear pair, that is,
the sun gear 𝑠 meshing with the planet gear-𝑘 located at an
arbitrary angle 𝜓𝑘. Figure 3(b) illustrates an internal helical
gear pair, that is, the ring gear 𝑟meshing with the same planet
gear-𝑘. Figure 3(c) illustrates the model of the carrier 𝑐 and
the same planet gear-𝑘 pair.
2.2. Model Formulation. The equations of motion of a single
central gear-𝑖 (𝑖 = 𝑟, 𝑠) and planet gear-𝑘 (𝑘 = 1, . . . , 𝑁𝑝) pair
are given as

[m𝑖 0
0 m𝑖

]{ q̈𝑖
q̈𝑝𝑘
} + ℎ𝑖𝑘𝑘𝑖𝑘 [[

P𝑇𝑖𝑘P𝑖𝑘 −P𝑇𝑖𝑘P𝑖𝑘
−P𝑇𝑖𝑘P𝑖𝑘 P𝑇𝑖𝑘P𝑖𝑘

]
]
{ q𝑖
q𝑝𝑘
} = { f𝑖

f𝑖𝑝𝑘
} , (2a)

P𝑠𝑘 = {cos𝛽 cos𝜑𝑠𝑘 − cos𝛽 sin𝜑𝑠𝑘 − sin𝛽 sin𝛽 cos𝜑𝑠𝑘 − sin𝛽 sin𝜑𝑠𝑘 cos𝛽} , (2b)

P𝑟𝑘 = {cos𝛽 cos𝜑𝑟𝑘 − cos𝛽 sin𝜑𝑟𝑘 sin𝛽 sin𝛽 cos𝜑𝑟𝑘 − sin𝛽 sin𝜑𝑟𝑘 − cos𝛽} , (2c)

f𝑠 =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

0
0
0
0
0
𝑇𝑠(𝑁𝑝𝑅𝑠)

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

+ ℎ𝑠𝑘𝑘𝑠𝑘𝑒𝑠𝑘

{{{{{{{{{{{{{{{{{{{{{{{{{{{

cos𝛽 cos𝜑𝑠𝑘
− cos𝛽 sin𝜑𝑠𝑘

− sin𝛽
− sin𝛽 cos𝜑𝑠𝑘
sin𝛽 sin𝜑𝑠𝑘
− cos𝛽

}}}}}}}}}}}}}}}}}}}}}}}}}}}

, (2d)
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Figure 3: Dynamic models of (a) a sun and planet gear pair, (b) a ring and planet gear pair, and (c) a carrier and planet gear pair.

f𝑠𝑝𝑘 = ℎ𝑠𝑘𝑘𝑠𝑘𝑒𝑠𝑘

{{{{{{{{{{{{{{{{{{{{{{{

− cos𝛽 cos𝜑𝑠𝑘
cos𝛽 sin𝜑𝑠𝑘

sin𝛽
− sin𝛽 cos𝜑𝑠𝑘
sin𝛽 sin𝜑𝑠𝑘− cos𝛽

}}}}}}}}}}}}}}}}}}}}}}}

, (2e)

f𝑟 =

{{{{{{{{{{{{{{{{{{{{{{{{{{{

0
0
0
0
0
𝑇𝑟(𝑁𝑝𝑅𝑟)

}}}}}}}}}}}}}}}}}}}}}}}}}}}

+ ℎ𝑟𝑘𝑘𝑟𝑘𝑒𝑟𝑘𝑠𝑘

{{{{{{{{{{{{{{{{{{{{{{{

cos𝛽 cos𝜑𝑟𝑘− cos𝛽 sin𝜑𝑟𝑘
sin𝛽

sin𝛽 cos𝜑𝑟𝑘− sin𝛽 sin𝜑𝑟𝑘− cos𝛽

}}}}}}}}}}}}}}}}}}}}}}}

, (2f)

f𝑟𝑝𝑘 = −f𝑟, (2g)

where 𝛽 is the helical angle; 𝑇𝑖 is the mean torque applied to
gear-𝑖; 𝜑𝑖𝑘 = 𝜓𝑘 − 𝛿𝑖𝑘𝛼𝑖, where 𝛼𝑖 is the transverse operating pressure angle and 𝛿𝑖𝑘 = 1 for external gear pair and 𝛿𝑖𝑘 = −1

for internal gear pair; 𝑘𝑖𝑘 is themeshing stiffness of gear-𝑖 and
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planet gear-𝑘; ℎ𝑖𝑘 = 0 if the teeth lose contact and otherwiseℎ𝑖𝑘 = 1 according to the assumption of solid-solid contact; 𝑒𝑖𝑘
is the static transmission error (TE) excitation function. And
the relative gear mesh displacement along the line of action𝑝𝑖𝑘 is given as

𝑝𝑖𝑘 = [P𝑖𝑘 −P𝑖𝑘] [ q𝑖
q𝑝𝑘
] − 𝑒𝑖𝑘. (3)

The planet is attached to the carrier through a pin and a
bearing. Since the planet gear is free to rotate, the torsional
motion of the planet gear is uncoupled from the carrier
motions. The relative displacement along all axis, denoted by

𝑝𝑥𝑐𝑘, 𝑝𝑦𝑐𝑘, and 𝑝𝑧𝑐𝑘, and rotation around these axis, denoted
by 𝑝𝜃𝑥𝑐𝑘 and 𝑝𝜃𝑦𝑐𝑘, are given as

𝑝𝑥𝑐𝑘 = 𝑥𝑐 − 𝑥𝑘 + 𝑤𝑧𝑐 sin𝜓𝑘, (4a)

𝑝𝑦𝑐𝑘 = 𝑦𝑐 − 𝑦𝑘 − 𝑤𝑧𝑐 cos𝜓𝑘, (4b)

𝑝𝑧𝑐𝑘 = 𝑧𝑐 − 𝑧𝑘 + 𝑤𝑦𝑐 cos𝜓𝑘 − 𝑤𝑥𝑐 sin𝜓𝑘, (4c)

𝑝𝜃𝑥𝑐𝑘 = 𝜃𝑥𝑐 − 𝜃𝑥𝑘, (4d)

𝑝𝜃𝑦𝑐𝑘 = 𝜃𝑦𝑐 − 𝜃𝑦𝑘. (4e)

The pin-bearing assembly is represented by the stiffness𝑘𝑥, 𝑘𝑦, 𝑘𝑧, 𝑘𝜃𝑥, and 𝑘𝜃𝑦. So the equations of motion of the
carrier 𝑐 and planet gear-𝑘 pair are given as

[m𝑐 0
0 m𝑝𝑘

]{ q̈𝑐
q̈𝑝𝑘
} + 𝑘𝑖𝑘 [ K𝑐11𝑘 −K𝑐12𝑘

−K𝑇𝑐12𝑘 K𝑐22𝑘
]{ q𝑐

q𝑝𝑘
} = {f𝑐

0
} , (5a)

K𝑐11𝑘 =

[[[[[[[[[[[[[[
[

𝑘𝑦 0 0 0 0 −𝑘𝑦 cos𝜓𝑘0 𝑘𝑥 0 0 0 𝑘𝑥 sin𝜓𝑘0 0 𝑘𝑧 𝑘𝑧 cos𝜓𝑘 −𝑘𝑧 sin𝜓𝑘 0
0 0 𝑘𝑧 cos𝜓𝑘 𝑘𝜃𝑦𝑅2𝑐 + 𝑘𝑧 cos

2 𝜓𝑘 −𝑘𝑧 cos𝜓𝑘 sin𝜓𝑘 0
0 0 −𝑘𝑧 sin𝜓𝑘 −𝑘𝑧 cos𝜓𝑘 sin𝜓𝑘 𝑘𝜃𝑥𝑅2𝑐 + 𝑘𝑧 sin

2 𝜓𝑘 0
−𝑘𝑦 cos𝜓𝑘 𝑘𝑥 sin𝜓𝑘 0 0 0 𝑘𝑥 sin2 𝜓𝑘 + 𝑘𝑦 cos2 𝜓𝑘

]]]]]]]]]]]]]]
]

, (5b)

K𝑐12𝑘 =

[[[[[[[[[[[[[
[

−𝑘𝑦 0 0 0 0 0
0 −𝑘𝑥 0 0 0 0
0 0 −𝑘𝑧 0 0 0
0 0 −𝑘𝑧 cos𝜓𝑘 −𝑘𝜃𝑦𝑅𝑐𝑟𝑘 0 0
0 0 𝑘𝑧 sin𝜓𝑘 0 −𝑘𝜃𝑥𝑅𝑐𝑟𝑘 0

𝑘𝑦 cos𝜓𝑘 −𝑘𝑥 sin𝜓𝑘 0 0 0 0

]]]]]]]]]]]]]
]

, (5c)

f𝑟 =

{{{{{{{{{{{{{{{{{{{{{{{{{

0
0
0
0
0
𝑇𝑐(𝑁𝑝𝑅𝑐)

}}}}}}}}}}}}}}}}}}}}}}}}}

, (5d)

K𝑐22𝑘 = diag [𝑘𝑦 𝑘𝑥 𝑘𝑧 𝑘𝜃𝑦𝑅2
𝑘

𝑘𝜃𝑥𝑅2
𝑘

0] . (5e)

In addition to the gear pairs, the elastic shafts and
bearings also influence the dynamic characteristics of the gear
transmission. Here, the housing holding some bearings is
assumed rigid. Considering that the system has𝑁𝑏 bearings,

the overall bearing stiffness matrix K𝑏 can be written in
terms of individual bearing stiffness K𝑏𝑙 (𝑙 = 1, 2, . . . , 𝑁𝑏) as
K𝑏 = diag [K𝑏1 K𝑏2 ⋅ ⋅ ⋅ K𝑏𝑁𝑏]. Themodel of shafts is devel-
oped with the finite element method (FEM). The stiffness
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and mass matrices of each finite shaft elements 𝑚 (𝑚 =1, 2, . . . , 𝑚𝑠𝑛) of each individual shaft 𝑛 (𝑛 = 1, 2, . . . , 𝑁𝑠) can
be calculated to be a stiffness K𝑠𝑛 and mass M𝑠𝑛 matrices of6V𝑛 (V𝑛 = 𝑚𝑠𝑛+1) dimension. Assembling all shaft stiffnessK𝑠
and mass matricesM𝑠 of the system of 6∑𝑁𝑠1 V𝑛 dimensions:

K𝑠 = diag [K𝑠1 K𝑠2 ⋅ ⋅ ⋅ K𝑠𝑁𝑠] ,
M𝑠 = diag [M𝑠1 M𝑠2 ⋅ ⋅ ⋅ M𝑠𝑁𝑠] . (6)

As a gear pair connects one node on one shaft to the other
node on the next shaft according to (2a) and (5a), overall gear
mass and stiffness matrices can be assembled with those of
shafts and bearings. So the mass and stiffness matrices of the
system are given asM = M𝑔 +M𝑠 and K = K𝑔 + K𝑠 + K𝑏.

The damping matrix C is not derived to this point in
the formulation. That is because the damping values are not
known in most cases even in the final stages of gear design.
Therefore, for practical engineering purpose, a set of constant
damping values are used in the forces response calculations
based on the experience on damping of gear meshes. Here,
2.5 percent modal damping is used when solving the forced
response.

Based on above equations, the three-dimensional dy-
namic model of the overall single-state planetary gear system
with𝑁𝑝 planets can be written in matrix form as

MẌ (𝑡) + CẊ (𝑡) + KX (𝑡) = F. (7)

2.3. Gear ContactModel. In order to analyze the forced vibra-
tions with above dynamic models, the excitations such as
the gear transmission error and stiffness and manufacturing
errors should be defined up-front through the loaded gear
teeth contact analysis. A load distribution model consid-
ering the conditions of compatibility and equilibrium was
initially proposed by Conry and Serieg [11] based on Hertz
mechanics and developed by the researchers from the gear
and powertrain lab of Ohio State University [12]. Given
the tooth compliance, applied torque, and the initial tooth
separation, elastic deformations at any point of the gear
surface are computed by using amodified Simplex algorithm.
Yue et al. [13] analyzed the teeth contact characteristics of
helical gear pairs with a finite element model and proposed
a computational method based on genetic algorithm to
optimize gear profile parameters to reduce the transmission
error, which is used here to calculate the excitations, whose
detailed modeling and simulation was introduced in [14] and
not discussed in this study.

The mesh stiffness due to tooth bending, base rotation,
and shear deformations is computed by using simplified finite
element formulations as a function of gear rotation. The
time-varying transmission error and mesh stiffness of each
external and internal gear pair are predicted as a periodic
function at the mesh frequency of the gear mesh, written as

𝑒𝑠𝑘 (𝑡) = 𝐿∑
𝑙=1

𝑒(𝑙)𝑠𝑘 sin (𝑙𝜔𝑚𝑡 + 𝑙𝑍𝑠𝜓𝑘 + 𝜙(𝑙)𝑠𝑘 ) , (8a)

𝑒𝑟𝑘 (𝑡) = 𝐿∑
𝑙=1

𝑒(𝑙)𝑟𝑘 sin (𝑙𝜔𝑚𝑡 + 𝑙𝑍𝑟𝜓𝑘 + 𝑙𝛾𝑠𝑟 + 𝜙(𝑙)𝑟𝑘) , (8b)

𝑘𝑠𝑘 (𝑡) = 𝑘𝑠𝑘 + 𝐿∑
𝑙=1

𝑘(𝑙)𝑠𝑘 sin (𝑙𝜔𝑚𝑡 + 𝑙𝑍𝑠𝜓𝑘 + 𝜙(𝑙)𝑠𝑘 + 𝑙𝛾𝑡𝑠) , (9a)

𝑘𝑟𝑘 (𝑡)
= 𝑘𝑟𝑘
+ 𝐿∑
𝑙=1

𝑘(𝑙)𝑟𝑘 sin (𝑙𝜔𝑚𝑡 + 𝑙𝑍𝑟𝜓𝑘 + 𝑙𝛾𝑠𝑟 + 𝜙(𝑙)𝑟𝑘 + 𝑙𝛾𝑡𝑠) .
(9b)

Here, 𝑒(𝑙)
𝑖𝑘

and 𝜙(𝑙)
𝑖𝑘

(𝑖 = 𝑠, 𝑟) are the amplitude and phase
angle of the 𝑙th harmonic term; 𝑘𝑖𝑘 and 𝑘(𝑙)𝑖𝑘 (𝑖 = 𝑠, 𝑟) are
the average and alternatingmesh stiffness amplitude; the gear
mesh frequency 𝜔𝑚 is defined as 𝜔𝑚 = 𝑍𝑠|𝜔𝑚 − 𝜔𝑐| =𝑍𝑟|𝜔𝑟 − 𝜔𝑐|, where 𝜔𝑖 and 𝑍𝑖 are absolute angular velocity
and teeth number of gear 𝑖 and 𝜔𝑐 is the absolute angular
velocity of the carrier; 𝐿 is the total number of harmonic term
considered; 𝛾𝑠𝑟 is the phase angle between 𝑒𝑠𝑘(𝑡) and 𝑒𝑟𝑘(𝑡); 𝛾𝑡𝑠
is the phase angle between time-varying transmission error
and mesh stiffness.

3. An Example Analysis

A 4-planet planetary gear set in Figure 2 is used here as an
application example, where the sun is stationary; the ring gear
and the carrier are the input and output, respectively. The
external vertical and axial loads in addition to the moment
transmitted from a counter-shaft gear pair are imposed on the
ring gear, and a design parameter𝐿1 is defined by the distance
between the middle plane of the counter-shaft gear pair and
the middle plane of the ring bearing, 𝐿1 (0 ≤ 𝐿1 ≤ 𝐿0)
where the maximum 𝐿0 is determined by the widths of the
gears and the bearing. One part of the imposed load is finally
burdened by the bearing of the ring gear, and the other part
is burdened by the ring gear and finally transferred to the
sun gear through planet gears.The load shares depend on the
value of 𝐿1 according to Newton’s equilibrium law; that is,
there is the minimum load share on the ring gear at 𝐿1 = 0
while the maximum is at 𝐿1 = 𝐿0.

Table 1 lists the basic gear parameters of the example gear
train. The planets are equally spaced but not in phase [15]
since 𝑍𝑖/𝑍𝑝 ̸= integer for equally spaced planets. Meanwhile,
the dynamic mesh forces are sequentially phased; that is,
sum of the phase angles is an integer multiple of 𝜋. This
case is one of the most common conditions used in product
applications because of its lower vibration and noise levels
[16]. Table 2 lists the input moment and forces of the ring
gear for gear contact model, which corresponds to about 80%
of the related maximum moment of this planetary gear set
in an actual automatic transmission. To be convenient for
comparison, the traditional driving way is named as “pure
moment loading”while the drivingway in this study is named
as “combined loading” since the driving source includes not
only the moment but also the vertical and axial forces.
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Figure 4: The influence of the design parameter 𝐿1 on average mesh stiffness (a) ring-planet gear pairs and (b) sun-planet gear pairs.

Table 1: Basic design parameters of the example gear train.

Parameter Sun Ring Planet
Number of teeth 23 73 24
Module (mm) 1.47
Pressure angle (∘) 17.5
Helical angle (∘) 15.5
Face width (mm) 18 20 19
Root diameter (mm) 31.25 114.61 32.45
Outside diameter (mm) 39.59 40.79
Minor diameter (mm) — 106.81 —
Tooth thickness (mm) 2.58 2.67 2.48
Backlash (𝜇m) 74

Table 2:The imposed combined forces and moment loading on the
ring gear.

𝐹𝑥 (N) 𝐹𝑦 (N) 𝐹𝑧 (N) 𝑇𝑟 = 𝑅𝐹𝑥 (Nm)
4267 1405 1387 385

Table 3 shows the results of the power flow analysis. It
is observed from these results that imposed vertical and
axial forces will lead to obvious disparity of mesh forces
and stiffness between planets, that is, the uniform load
sharing between planets is deteriorated. With the condition
of combined loading, the additional imposed vertical and
axial forces at different position on the ring gear would
change average gear mesh stiffness while they would not
change the gear mesh forces since there is different elastic
shaft deflection at different position even with the same
vertical and axial forces. Figure 4 shows the relative deviation
of calculated average mesh stiffness under the condition
of combined loading by comparing with the pure moment
loading condition, which has the following features:

M
es

h 
sti

ffn
es

s (
N

/
m

)

0

200

400

600

800

1 2 30
Mesh cycle

Pure torque
L1 = 0

L1 = L0/2

L1 = L0

Figure 5: Time-varying mesh stiffness of ring-planet 1 under
different loading conditions.

(i) The average mesh stiffness of each gear pair is differ-
ent when imposing the additional vertical and axial
forces, not similar to those under the condition of
pure torque loading.Themaximum change is for gear
pairs with planet 1 whose radial position is collinear to
the additional vertical force direction and away from
the imposed force position.

(ii) The average mesh stiffness of ring-planet gear pairs is
reduced seriously when imposing additional vertical
and axial forces on the ring gear. The maximum
reduction is for the planet 1 at 𝐿1 = 𝐿0. The detailed
time-varying mesh stiffness of ring-planet 1 is pre-
sented in Figure 5.The reduction of the average mesh
stiffness is tremendous for ring-planet gear pairs and
mild for sun-planet gear pairs. Here, the ring gear is
the driving gear and so the kinetic transfer path from
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Table 3: Static gear mesh forces and average gear mesh stiffness values.

Pure torque loading Combined loading
Mesh force

(N)
Mesh stiffness

(N/𝜇m)
Mesh force

(N)
Mesh stiffness (N/𝜇m)

𝐿1 = 0 𝐿1 = 𝐿0/2 𝐿1 = 𝐿0
s-p1 1697.2 396.9 1505.5 395.4 394.1 386.8
s-p2 1699.9 396.9 1814.1 397.6 397.0 397.0
s-p3 1697.2 396.9 1882.4 398.2 397.6 398.2
s-p4 1699.9 396.9 1587.5 396.1 396.7 397.1
r-p1 1769.5 581.4 1569.5 313.9 231.8 193.4
r-p2 1772.3 581.4 1891.3 287.4 294.7 297.3
r-p3 1769.5 581.4 1962.5 385.3 290.7 256.2
r-p4 1772.3 581.4 1655.0 254.2 268.4 277.8
Note. The symbol s-p1 represents the sun-planet 1 gear pair and the like.

ring gear to sun gear through planet gears can weaken
the changes of average mesh stiffness of sun-planet
gear pairs.

(iii) With the increasing of the design parameter 𝐿1,
starting at 0 to 𝐿0, the average mesh stiffness is
reduced for all gear pairs.

Figure 6 shows an example of the load distribution of
planet 3 with different design parameter 𝐿1. It is obvious
that there is less distributed load on planet 3 when there
is minimal load share on the ring gear; that is, 𝐿1 = 0.
Meanwhile, the bias load distribution on meshing gears is
found.The imposed vertical loadwould lead to the bending of
shafts of the planetary gear set and so destroy the uniformity
of load distribution.

The undamped natural frequencies 𝜔𝑒 predicted by the
model are listed in Table 4. It is observed that the elastic
modelmodifies the original results𝜔R of the rigidmodel.The
maximummodification (𝜔𝑒 − 𝜔R)/𝜔R is about ±10% for low
orders such as below order 10th, and less than −20% for high
orders such as order 20th, shown in Figure 7(a). The relative
error to the result at 𝐿1 = 0, calculated as (𝜔𝑒 − 𝜔𝑒𝐿1=0)/𝜔𝑒𝐿1=0,
is shown in Figure 7(b). It is observed that nonzero design
parameter 𝐿1 will reduce natural frequencies for low orders,
such as before 16 orders here, due to the cantilever effect.

The amplitudes, 𝑒(𝑙)
𝑠𝑘

and 𝑒(𝑙)
𝑟𝑘
, of the first five mesh har-

monics (𝑙 ∈ [1, 𝐿]) of the static transmission error excitations
are given in Table 5 for pure moment loading and combined
loading conditions. Here, phase angles, 𝜙(𝑙)

𝑠𝑘
and 𝜙(𝑙)

𝑟𝑘
of each

harmonic are assumed to be zero. The steady-state response
X of the planetary gear set to the force vector F defined by
(2a) is predicted.Thedynamic force on each gearmesh is then
obtained using the expression

𝐹𝑖𝑘 (𝑡) = 𝑐𝑖𝑘 (𝑡) �̇�𝑖𝑘 (𝑡) + ℎ𝑖𝑘𝑘𝑖𝑘 (𝑡) 𝑝𝑖𝑘 (𝑡)
(𝑖 = 𝑠, 𝑟 𝑘 = 1, . . . , 𝑁𝑝) . (10)

The proposed dynamic model is used to analyze the
forced vibration responses at pure and combined loading
conditions. Figures 8 and 9 show a set of curves of dynamic

Table 4: Predicted natural frequencies of the example gear train
system.

Rigid shaft 𝜔R (Hz) Elastic shaft 𝜔𝑒 (Hz)𝐿1 = 0 𝐿1 = 𝐿0/2 𝐿1 = 𝐿0
2.9 2.8 2.8 2.9
468.8 447.6 472.2 459.6
622.2 584.9 612.3 592.1
715.5 695.5 789.2 772.9
978.6 962.9 978.9 983.3
1112.7 1071.7 1112.6 1112.7
1168.2 1112.7 1128.3 1142.1
1210.5 1138.2 1169.9 1206.9
1463.3 1370.8 1449.9 1517.6
1698.8 1698.5 1698.6 1698.6
1976.5 1940.9 1959.7 1958.0
2205.8 1991.6 2009.3 1996.5
2496.3 2436.7 2511.2 2562.0
3397.9 3193.5 3211.0 3220.5
3566.6 3292.1 3305.9 3310.1
4474.8 3865.4 3941.4 3938.1
4517.4 4504.9 4504.5 4504.6
4997.7 4611.5 4602.8 4672.5
5539.0 4945.4 4885.9 4886.5
6816.6 5233.9 5149.3 5156.6

gear mesh forces for this system plotted against the mesh
frequency. The following observations merit attention.

(i) For pure moment loading condition, the dynamic
gear mesh forces are quite the same for each planet.
It is noteworthy that the peak dynamic mesh force for
sun-planet pair is smaller wholly than the one at pure
torque loading condition, no matter what the design
parameter 𝐿1 is.

(ii) For combined loading condition, the dynamic gear
mesh forces are different for each planet. There is a
similar trend for planets on a diagonal line.Thedesign
parameter 𝐿1 influences the dynamic gear mesh



Shock and Vibration 9

(N/mm)

Ro
ll 

an
gl

e (
m

m
)

0

78

156

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(a) Ring-planet 3 at 𝐿1 = 0

(N/mm)

Ro
ll 

an
gl

e (
m

m
)

26.5

63.9

101.2

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(b) Sun-planet 3 at 𝐿1 = 0
(N/mm)

Ro
ll 

an
gl

e (
m

m
)

0

111

223

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(c) Ring-planet 3 at 𝐿1 = 𝐿0/2

(N/mm)

Ro
ll 

an
gl

e (
m

m
)

8.3

70.2

132.1

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(d) Sun-planet 3 at 𝐿1 = 𝐿0/2
(N/mm)

Ro
ll 

an
gl

e (
m

m
)

0

134

267

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(e) Ring-planet 3 at 𝐿1 = 𝐿0

(N/mm)

Ro
ll 

an
gl

e (
m

m
)

6.7

74.1

141.4

9
10
11
12
13
14
15
16
17
18
19
20

2 4 6 8 10 12 14 16 18 200
Face width (mm)

(f) Sun-planet 3 at 𝐿1 = 𝐿0

Figure 6: Load distribution of planet 3 along the face width.
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Figure 7: The predicted natural frequencies by the proposed dynamic model. (a) Modification to the results by rigid shaft model and (b)
relative error to the results at 𝐿1 = 0.
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Table 5: The first five harmonic amplitudes of the static transmission error excitations.

𝑙 s-p1 s-p2 s-p3 s-p4 r-p1 r-p2 r-p3 r-p4

Pure torque loading

1 0.115 0.054
2 0.046 0.030
3 0.022 0.004
4 0.008 0.009
5 — —

𝐿1 = 0
1 0.079 0.15 0.15 0.081 0.694 0.96 0.567 1.03
2 0.034 0.0595 0.0599 0.035 0.161 0.209 0.141 0.27
3 0.018 0.0287 0.029 0.018 0.023 0.026 0.015 0.043
4 0.0065 0.011 0.011 0.0068 0.035 0.034 0.022 0.059
5 0.0005 0.0016 0.0016 0.0005 0.036 0.032 0.019 0.057

𝐿1 = 𝐿0/2
1 0.12 0.154 0.262 0.037 1.04 0.887 1.04 0.976
2 0.047 0.06 0.098 0.025 0.306 0.191 0.225 0.246
3 0.022 0.029 0.044 0.015 0.049 0.023 0.028 0.037
4 0.0077 0.011 0.016 0.0062 0.065 0.031 0.037 0.053
5 0.0005 0.0016 0.0023 0.0008 0.059 0.029 0.035 0.054

𝐿1 = 𝐿0
1 0.214 0.104 0.283 0.046 1.21 0.851 1.33 0.954
2 0.078 0.044 0.105 0.028 0.426 0.182 0.323 0.234
3 0.034 0.022 0.048 0.016 0.066 0.022 0.044 0.035
4 0.012 0.009 0.018 0.006 0.074 0.03 0.058 0.049
5 0.0006 0.0013 0.0025 0.0007 0.081 0.028 0.045 0.053
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Figure 8: Dynamic mesh forces at the ring-planet gear pairs with mixed dynamic model; (a) ring-planet 1, (b) ring-planet 2, (c) ring-planet
3, and (d) ring-planet 4.
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Figure 9: Dynamic mesh forces at the sun-planet gear pairs; (a) sun-planet 1, (b) sun-planet 2, (c) sun-planet 3, and (d) sun-planet 4.

forces of each ring-planet gear pair differently. The
largest peak mesh force is for ring-planet 1 because of
its special position.The increasingmagnitude is about
2 times.

(iii) Peak dynamic mesh force amplitudes are observed
at a number of frequencies. Each of these resonance
peaks can be linked to a certain natural mode and
certain transmission error harmonic amplitude excit-
ing that particularmode. For instance, with themixed
dynamic model at 𝐿1 = 𝐿0, the peak at 𝜔𝑚 = 2560Hz
is due to the natural model at 𝜔𝑒 = 2562.0Hz excited
by first harmonic of transmission errors, representing
the condition 𝜔𝑚 ≈ 𝜔𝑒/1, so as the other peaks.

Figure 10 shows a set of curves of dynamic bearing forces
for this system plotted against the mesh frequency. The
dynamic bearing force excited by the transmission error from
sun-planet gear pairs or ring-planet gear pairs is almost
identical and so only outstood in the sun-planet 1 and ring-
planet 1, shown in Figures 10(a) and 10(b), by the right
secondary axis because of different magnitudes. In the
condition of pure moment loading, the reached bearing

dynamic force originated from gearmeshing is tiny. However,
the magnitude of bearing forces under combine loading
conditions is expanded significantly regardless of which gear
tooth meshing the transmission error excitation is generated
from. These dynamic forces will propagate from there to the
vehicle body through the transmission mountings and thus
lead to noise and vibration.

4. Conclusions

In this study, by combining the lumped parameter method
with finite element method, a three-dimensional, nonlinear,
time-variant dynamic model has been developed to simulate
the dynamics of a single-stage helical planetary gear set
under combined force and moment loading conditions. The
periodic excitation functions have been derived in terms of
functional transmission error and mesh stiffness parameters
from an elastic contact analysis. The proposed model has
been employed to investigate the effects of the combined
loading and positioning on the overall dynamic behavior of a
four-planet planetary gear set system quantitatively.
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Figure 10: Dynamic bearing force on the output side of the planet carrier shaft excited by the transmission error of (a) sun-planet 1, (b)
ring-planet 1, (c) sun-planet 2, (d) ring-planet 2, (e) sun-planet 3, (f) ring-planet 3, (g) sun-planet 4, and (h) ring-planet 4.



Shock and Vibration 13

Based on the results presented, the following conclusions
can be derived:

(i) Under combined force and moment loading condi-
tion, bias load distribution on meshing gears easily
occurs, which is determined by the collinearity of the
positioning of external vertical force with the bearing
of the driving component significantly.

(ii) The refined natural frequencies have been revealed
after considering the flexibility of all components in
the proposedmodel, comparingwith lumped dynam-
ic models with rigid assumptions, which is helpful to
explain the linkage between the resonance peaks.

(iii) Different from the previous results from pure mo-
ment loading, assuming that all planets have good
consistencies, dynamic mesh forces would not be
identical for all planets under combined force and
moment loading conditions. The maximum peak
dynamic mesh force amplitude occurs for planets
whose radial position is collinear to the additional
vertical force direction and most away from the
imposed force position. An interesting point is that
peak dynamic mesh force amplitudes are mostly
reduced formeshing gears in addition to a few planets
meshing with the driving gear.

(iv) Themagnitude of bearing dynamic forces is expanded
significantly under combined force and moment
loading nomatterwhat the positioning is.Thebearing
dynamic forces will propagate from there to the vehi-
cle body through the transmission mountings and
thus lead to potential vibration and noise problem.
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